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On the variation of the Fredholm résolvent.

Nota <li EiCHARD BELLMAN (a Santa Monica)^

Sunto, - Si ottiene un'equazione differemiale non lineare, che fornisce la-
variasione del nucleo di FREDHOLM con la lunghszza delVintervalle

Summary. - A vonlinear differential équation is obtained, showing the
variation of the FKEDHOKM kernel with the length of the interval.

% 1. • Introduction.

Consider the intégral équation

t

(l) «lx) = v{x) -+- I k x,y)u{y)dy

solution, nnder suitable assumptions concerniüg the kerneï
^y), may be written in the form

•2) u(x) = v(x) -+- f K[x,y,a)v{y)dy.

o

The function K{x,y,a) is called the Fredholm résolvent. We have
deliberately indicated the dependence upon a, since it is the
variation of K(xjj,a) as a function of the end-point a which we
Avish to discuss.

In a previous paper. [1], we considered the problem in the-
special case where k{x,y) is symmetrie, and such that the functional

i i i

(H) J(u) = f u\x)dx — M k(x.y)u(x)u{y)dxdy

a a a

is positive defiiiite for some range of a values such as 0 < a < 1̂
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Using the fmictional équation technique of dynamic programmiug,
we derived the resuit

(4) 'fa^^ ~ " K(x,a,a)K{a,y,a).

In this paper, using a different technique, we shall prove

THEOREM 1. - Let us assume that

a) k(x,y) ÎS continuous in x and y for 0 < : x , j < 1.

(5) b) the solution o f {1\ may be written in the form given in (2)
for 0<a<l .

Then (4) holds for 0 < a < L
Using the same technique we shall give an alternative proof of

a resuit of SCHIFFER [2] concerning the dependence of the GREEN' Ŝ

function of

(6) if" -H (p(x) + tq(x))u.

upon .̂

§ 2. • Proof.

Without loss of generality, take v(x) to be continuous over |0,l]~
Then from (1,2) we obtain

1

ƒ 2 TT

— {x,y,a)v(y)dy,
a

while (1.1) yields

i

(2) «.(a) = - ^ , a M a ) •*-Jk{x,y)ua(y)dy.

a

Regarding this as an intégral équation for the function ua{x\ we-
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see that tta(x) is given by

l

<3) ua(x) — — k(x,a)u{a) -+- u(a)

Beplacing n(a) by the expression obtained from (1.2), we see thàt

utt(x) = — v(a) -H ƒ K(a,y,a)v{y)dy

k(x,a) +- j K(x,y,a)k(y,a)dy

Equatiug the expressions for ua(x) given in (1) and (4), we obtain
the two results

i

,a) = k(x,a) -H j K{x,y,a)k{y,a)dy ,

dK
— (x,2/,a) = — K(x,a,a)K{a,y%a).

first is readly derived from either FKEDHOLM theory or the
IiiOTJviijijE-NEUM:A.NN solution, while the second is the result we
wish to demonstrate.

§ 3 . • 1 resuit of Schiffer.

Consider the équation

u" -h \p(x) -h tq(x))u — v{x),

Avhose solution may be written

i

<2) u{x)=fK{x,y,t)v(y)dy.
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~We wish to study the variation of K with t.
We have

i
Cd K

<3) ut{x) = f -j£ (x,yj)v{y)dy ,
o

.and. from (1),

ut' -+- (p(x) -4- tq[x))ut = — q(x)u ,

(4)

u,(0) = «l(l) = 0 .

Thüs, from (4),

i

^ — — f K{x,yj)q(y)u(y)dy
o

1 1

<5) = - ƒ K{x,y,t)q(y) J ƒ K(y^t)v{z)dz J dy

t i

= - ƒ [ I K(x,y,t)K(y^t)q(y)dy ] «(0)der.

IBquating (3) and (5), we see that

i

<6) -^ (x,y,t) = - j K(x,z,t)K(z,y,t)qWds •

is is the formula of SCHIFFER, [2], l t is clear that the same
method can be used to study the GTRÊEN'S functions for a variety
of bouudarv conditions.
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