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On a generalized Henni te polynomial.

Nota di WALEED A. AL-SALAM (Durham II. S. A.)

Suuto. - We obtain several relations concerning generaïised HERMITE poly-
nomials which have studied recently by TOSCANO.

1. TOSCANO [8] studied the polynomial defined by

(1.1) GnA*) = xGn-iiV(x) - (» H- v)Gn-2,,(x) ( n > 2)

Go,v(a:) = l, Gi,v(x) = x.

Obviously for v -= — 1 we have the HERMITE polynomial, and for
v = 0 we have polynomial associated with the HERMITE polynomial.

The purpose of this note is to obtain further results concerning
these polynomials. In particular we shall obtain an analog of a
formula of Nielsen (see formula 2.1 below). We shall also show
that the derivate of Gn,v(x) satisfy the TURAN inequality.

2. First we prove the formula

(2.1) Hm(x)Gn, v(x) = J o r ! fy (* + ^ *) Gw+W - &., v(x)

where Hm(x) is the HERMITE polynomial and m <: n.
The special cases of (2.1) for v = — 1 and v = 0 were given by

NIELSEN [3]. The case v = — 1 was rediscovered by DHAR [3] and
FELDHEIM [4]. Recentïy CARLITZ [1] proved by induction that if
Uix(x) is any solution of

then

Hm(x) UJx) = J o r !

where [x is an arbitrary complex number.
To prove (2.1) we shall employ the method of CARLITZ. Indeed
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(2.1) is true for m = 0. Assume it is true for m = Ie, and consider

Hk+i(x)Gn,v(x) = | xHk(x) — kHk-i(x) | G„,v(aj) =

) - (» + * + v + 1 - 2r)

S r ! ( ) ( n + 1 •*" ) (» -4- v + 1 — 2r)G„+k-i-2r, v(x) =
=0 \ r / \ r Ir=0

(k\ Inl
fc+l

n

which complètes the proof.
In a siniilar fashion we can prove that the inverse formula

of (2.1) is

(2.2) Gm+n, v(x) = J o ( - iyr !

where m <C w.
We point out here that (2.1) and (2.2) can be proved without

the assumption that n is an integer. Indeed we can replace GMjV(^)
bj any solution U^^x) of the différence équation (J.l).

Similarly the formula

( 2*3 )

can be proved by induction. This formula reduces to a formula
of CARLITZ' S for v — — 1.

n -H v -+- l
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3.Now we shall prove the formula

(3.1) G'n+

+ VH- 1

d
where G'M, v(x) = -^ GH, v(x).

From (1.1) we have

G«+1lV(«) = xGn,y{x) — (n -+- V

Hence

(n x — y

= î rl(n*l~hl) G»-r.v(»)ffi.-rI v(»).

Now (3.1) follows from (3.2) if we let x — y.

4. For a séquence of functions j fn(x) \, let

SZEGÖ [7] proved that A„(x) > 0 for the LEGENDRE, HERMITE, aud
ultraspherical polinomials in certain régions. Several other authors
extended this resuit to other functions.

New define

If TV e differentiate formula (l.l) we get

G'n,M) = asG'n-i, v(Jî) H- G«-l, V(ÎC) ~ (» "+• v)G'H-2, vfc)

and, if we replace n by n +- 1,

G'n+i, v(ac) = asG'n, v(aî) -+- G»|V(x) — (»-+- v -H l)G'n-i, v(«)

Multipiying the first by G'w,v(a:) and the second by G'«_i)V(a;) and

16
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then subtracting the resulfcing equatious we get

-H (

Now by (3.1)

DB+i(a5) = 2 r ! (* *" l + 1 ) e i »- r , v(as) +• [ffV v(x)]' + (n -+- v •+• l)Dn(x).

From this we see that

(4.1) Dn(x) > O (n > 1, — oo < x < -+- oo).

[n f act we have the explicit formula

Dn+1(x) = S r ! (* + * "*" J ) [G-n-rA^Y •*
r=0 \ r /

" /n -+• v -f- l\ »-» / n - 8 + v + l i
S s ! S r ! )Gl

w_r_s,v(x).

Interchanging the order of summation in the double sum, we
finally get

(4.2) Dn+l{x) = 5 (n + 1 + l) I [G'„_r,.'as)]1 + (r
r=0 \ ' /

TOSCANO proved

An+1(«) = (1 -+- v)B+i + S r !

Hence

(4.3) D«+\{n) = àn+2(x) — (1 •+- v)w+i

But the last term in the series on the right hand side of (4.3) is
greater than (1 -\- v)n+i. Hence we obtain

(4.4) Dn(x) > A„(ac) (n > 1, — oo < ac < -+- oo).

We also note here that (4.3) reduces for the case v = — 1 to the
relation

which was obtained previously [1] by the present author for the
ordinary HERMTTE polynomials.
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5. Let us now consider the expression

Zn(x) = [GniV(x)Y - e"n-l,v(*)ff'/«-lIv(*) (* > 2),

d2

where G"„(a;) = ^—a ©«(as).

In this section we shall prove

(5.1) on(x) > 0 (n > 2, — oo < a? < -4- oo),

First we require the following lemmas:

LEMMA 1.

rn{x) = [G'n, V(X)Y - Gn, v(tf)G"«, y(x) > 0 (v > — 2, - oo < iC < + oo)

This follows from the fact that Gn,A
x) a r e orthogonal polynomials

for v > — 2 and hence has all its zeres real. Bat [5] any polyno-
mial pn{x) with real zeroes satisfy

Hence

LEMMA 2.

then

(5.2) A»H_i(fl

and hence

- If

n
t) = 21

k=0

Ip't

ki(

- Pn(x)p"„(x) > 0.

r„(a;j>0.

t)Gn,M)-Gn+i,

l+1\,[G'^,M

(n>2, _oo<cc<^ oo).

PROOP. - If we differentiate the récurrence relation (1.1) once
then we get easily

&Wi,»Wfl'.,»M - G'n,v[x)G'n+1Jy)
x—y = trn,v(a:)Gr«,v(x) -+-

«,Ax) - GnJy)G'„Jx)
x-y
'n,v(*)S'„-i,v(y) - G'n, v(x)G'n-^(x)

= fcSQ k ! (M + * + ^ I G'»_fcf v(a;)G'„-frl v(y)

^ t , v(t/) - Gn-k, ,fy) g'»-fc, ,
—y
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Takiug the limit as x —- y, formula (5.2) follows.
Now to prove (5.1), differentate (1.1) twice. We obtain

**+i[x) = (n -t- v + l)K(x) -+• [ff"*, v(x)Y -

2

Hence

(5.3) 8 .̂1(8!) = £ k ! ( n "*" * "+" * ) | (2fc

and formula (5.1) follows from (5.3).
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