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Introduction

The aim of this thesis is to give results on long-standing problems in the theory of Ten-
sor Decomposition, namely on the problems of identifiability and singularity of points in the
secant varieties of lines of both Grassmannians and Spinor varieties, and possible generaliza-
tions to other homogeneous spaces. The main spirit of this thesis is to investigate such topics

from a representation-theoretical perspective, considering the action of groups on such varieties.

Tensors are everywhere in our world: they can be thought as collections of data, and as
such they appear in several scientific areas, eg. Statistics, Data Science, Quantum Information,
Phylogenetics and so on. In some sense, the Wachowski sisters got very close in their film “The
Matrix”, a better name would have been “The Tensor”: nowadays tensorists would say that
they just got the format wrong.

But what are tensors? Matrices are the simplest example (besides the trivial one, eg. vec-
tors): a matrix A € Maty,xm, (k) with coeflicients in a field k is a tensor in the vector space
k™ @ k™ of order 2 and format n x m. More in general, given d k—vector spaces V1,...,Vy of
dimensions dim V; = n;, an element of the tensor k—vector space Vi ® ... ® Vy is a tensor of
order d and format (nq,...,nq).

Certain tensors have the nice property that they are the “building blocks” for constructing
any other tensor: here the intuition should be the same as in certain toys like LEGO and GE-
OMAG. In the case of matrices, these are the rank—1 matrices, as any matrix A € Mat,, xm (k)
of rank r is sum of r matrices A; = v; - (w;) € Mat,xm(k) of rank 1 (here v; € k™ and
w; € kK™ are vectors). Similarly, any tensor T € V} ® ... ® Vy is sum of tensors of the form
vgl) ®...® vgd) eVi®...® Vg, called decomposable or simple or rank-1.

This setting can be extended to any irreducible non-degenerate projective variety X C PM.
Given a point f € Plj(w , one defines the X —rank of f with respect to X as the minimum number
of points of X whose linear span contains f. In particular, point of X have X-rank 1. Then,
starting from X, for any r € Z-( one can define the r—th secant variety o,.(X) C PM as the

Zariski closure of points of PM of X-rank at most 7.

The theory of Tensor Decomposition studies tensors, their decompositions and the varieties
related to them in an algebro-geometric perspective. Its widely-recognized importance relies in

the fact that decomposing tensors into simpler ones is equivalent to extracting simpler (more

vii
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feasible, hence more efficient) information from arbitrarily confusing collections of data: correc-
tion of noises, image resolutions, entanglements of quantum states can all be restated in terms
of tensors and their decompositions. We refer to | ; ; | for a general overview
on secant varieties and tensors, and | ; ; ] for applications of the study of
secant varieties and tensors. Motivated by most of the applications in the sciences, the theory
of Tensor Decomposition is considered over fields of zero characteristics, mainly either the real
field R or the complex field C. However, even when the applied setting is over the real numbers,
almost all results are obtained by working in the complexified setting. In this respect, in the

following as well as all along the thesis, we assume k = C.

Secant varieties have been studied for decades, but several aspects of their geometry are
still mysterious and difficult to handle with. Even computing their dimensions is a hard task
and a current topic of research. A state of the art on the dimension of such varieties can be
found in [ |, and more detailed results are in | ; ; ]. Two crucial aspects
of secant varieties which are fundamental for applications and are still unknown in general are
the identifiability and the singularity of their points.

Identifiability means uniqueness. Namely, a given point f € PM of X rank r is identifiable if
it admits a unique decomposition as sum of r elements of X. From an applicative point of view,
this corresponds to uniqueness in recovering data. On the other hand, singularity means unfea-
sibility in computations. Formally, singular points in ¢,.(X) are those such that the dimension
of the tangent spaces at these points overcome the dimension of the secant variety. The bigger
the tangent space at a point, the more unfeasible the computations in a neighbourhood of that
point. Of course, singularities are of great impact to theory too: results having the smooth-
ness (ie. non-singularity) of the variety among the hypotheses are a dense in Geometry. For
instance, in | , Prop. 5.1] the authors give a criterion for identifiability of specific tensors
in a secant variety under the assumption that these tensors are smooth. In fact, identifiability
and smoothness are quite related each other and often one notion suggests the other (as in this

work), although in general both implications admit counterexamples.

Owned to the above, determining the singular locus Sing(c, (X)) of a secant variety o,(X) is
a central problem in both theory and applications. Classically, if 0,.(X) is not a linear space, it
is known that the singular locus Sing(c,(X)) contains the secant variety o._1(X) but only in
few cases Sing(o,.(X)) is actually determined. For instance, the case r = 2 for Segre varieties is
solved by M. Michalek, L. Oeding and P. Zwiernik in | | via tools from toric geometry;
for Veronese varieties V. Kanev | ] and K. Han | | solve the cases r =2 and r = 3
respectively, while partial results for higher cases r > 4 are obtained by K. Furukawa and K.
Han in | ]; L. Manivel and M. Michalek in | ] obtain partial results for the 2-nd secant
variety of Grassmannians and other cominuscule varieties. The latter case is exactly the one
we focus on in this thesis.

Segre varieties, Veronese varieties and Grassmannians are example of homogeneous vari-
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eties (ie. varieties on which a group acts transitively), and more precisely of projective rational
homogeneous varieties (RHV). Also known as generalized flag varieties, which we assume to be
projective, they are a class of varieties described as quotients G/ P of a semisimple complex Lie
group G by a parabolic subgroup P, or equivalently as unique closed orbits (of the highest weight
vectors) into projectivized representations of such groups. The Representation Theory behind
these varieties allows to derive several geometric properties: in this respect, the geometry of
RHVs has been largely studied by J.M. Landsberg and L. Manivel | ; ]. In particular,
a wide literature has been devoted to the secant variety of lines o2(G/P) (ie. Zariski closures
of the union of all secant lines) and the tangential variety 7(G/P) (ie. unions of all tangent
lines) to a RHV G/ P, starting with Zak’s key work [ ] and continuing with | ; ;
; ; ].

A RHV G/P which is defined by a maximal parabolic subgroup P (ie. for which the Picard
group Pic(G/P) ~ Z is monogenic) is called generalized Grassmannian: besides the classical
Grassmannians (of Dynkin—type A), other well-known examples are the isotropic Grassmanni-
ans (of type C) and the orthogonal Grassmannians (of type B or D). However, some of the
generalized Grassmannians have nicer properties than the other ones: these are the cominuscule
varieties and are characterised by the property that their tangent space g/p is an irreducible
P-module (or equivalently, their tangent bundle 7(G/P) is irreducible as homogeneous bundle).
All classical Grassmannians are cominuscule, but the only isotropic and orthogonal Grassman-

nians to be cominuscule are the ones whose subspaces have maximum dimension.

The main part of this thesis is devoted to the study of the 2-nd secant varieties (aka. secant
varieties of lines) to Grassmannians and to Spinor varieties (ie. maximal orthogonal Grassman-
nians). The Grassmannian Gr(k, N) C P(A" C¥) is the projective varieties of k-dimensional
linear subspaces of CV, and it is homogeneous with respect to the action of the special linear
group SLy.

On the other hand, given a non-degenerate quadratic form ¢ € Sym? (C2N)V | the set of ¢—
isotropic subspaces of C2N of maximal dimension N splits into two connected components,
namely the Spinor varieties ST, or also the maximal orthogonal Grassmannians OG* (N, 2N).
These varieties live in the so-called half-spin representations \“° C and /\Od CY and are ho-
mogeneous under the action of the Spin group Spin,,. Roughly known as the universal double
cover of the special orthogonal group SOsy, the spin group has an elegant and formal descrip-
tion via Clifford algebras. Despite their description as maximal orthogonal Grassmannians,
already known to Cartan | ], Spinor varieties are not well understood as well as the clas-
sical Grassmannians. However, their intrinsic relation with Clifford algebras makes them an
interesting and rich topic of research.

However, the beauty of such varieties rests not only in the very elegant combinatorial and al-
gebraic description of them, but also in their versatility in several applied sciences: they are sets
of separable states in bosonic and fermionic spaces respectively in Quantum Information | ;

; ]; tropical Grassmannians appear as spaces of phylogenetics trees | |; nonlinear

eigenvalue problems on Grassmannians are of interest in Quantum Chemistry [ ]; positive
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Grassmannians have been introduced for studying scattering amplitudes in Quantum Physics

[Wil21].

The key idea giving the kick-off to the whole thesis is that the action of a group G (SLy for
the Grassmannian Gr(k, N), and Spin,, for the Spinor varieties Sﬁ) leaves the secant variety
of lines invariant, which then splits into G-orbits, actually finitely many ones. But there’s
more: the properties of identifiability and singularity are invariant under such an action, and in
particular the singular locus of the secant variety of lines is union of orbits. This implies that
it is enough to check such properties for only one representative of each orbit.

Let’s denote by X either the Grassmannian Gr(k, N) or the Spinor variety S]i\,. We treat sep-
arately orbits of points lying on bisecant lines to X, and orbits of points lying on tangent lines
to X: we refer to the former as secant orbits, to the latter as tangent orbits. We parametrize the
secant orbits via the notion of Hamming distance between points of X: namely, the Hamming
distance between two points of X is the minimum number of lines lying in X and connecting the
two points. The tangent orbits are instead parametrized by the notion of rank in the tangent
space g/p. We describe the poset (partially ordered set) of G—orbits in the secant variety of lines
together with their dimensions. Our first result is the following: we collect at once the results
obtained separately fro Grassmannians and Spinor varieties. By duality of Grassmannians we

also assume k < |5 ].

Theorem (Theorem 4.1.12, Theorem 5.1.12). Let (X,G,d) be either (Gr(k,N),SLy,k) or
(SX.Spingy, [ 5 ]). Then the poset of G-orbits of the secant variety of lines o3(X) is

O =3

T

X

where arrows denote the inclusion of an orbit into the closure of another orbit, the orbits O
are made of tangent points to X, the orbits X; are made of points lying on bisecant lines to X.
Moreover, the orbits ©4 and X4 are respectively dense in the tangential variety 7(X) and in the

secant variety of lines o2(X).

We completely determine such orbits, by exhibiting representatives and inclusions of their
closures (cf. Sec. 4.1 and Sec. 5.1), and computing their dimensions (cf. Sec. 4.4 and Sec. 5.4).

Next we consider the problem of identifiability and tangential-identifiability: we say that a
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tangent point in 7(X) is tangential-identifiable if it lies on a unique tangent line to X (cf. Def.
2.1.1). The results for Grassmannians are obtained by considering suitable wedge-multiplication
maps between different fundamental SLy-representations. The case of Spinor varieties is a little
bit trickier and we use the theory of nonabelian apolarity, introduced by J.M. Landsberg and
G. Ottaviani in [ | and extending the classical apolarity theory: when applied to Spinor
varieties, such theory allows to define what we call Clifford apolarity (cf. Sec. 3.6). The solutions
to the problems of (tangential-)identifiability for both Grassmannians and Spinor varieties are

collected in the following theorem.

Theorem (cf. Sec. 4.2, Sec. 5.2). In the notation of the previous Theorem, the following facts
hold:

the points in the orbits ¥y for 3 <1 < d are identifiable;

the points in the orbits ©; for 3 <1 < d are tangential-identifiable;

for 3 <k < 5], each point in the orbit S5 C o2(Gr(k,N)) is unidentifiable and its set

of equivalent decompositions is 4—dimensional;

e for N >4, each point in the orbit Yo C o9 (Sj\}) is unidentifiable and its set of equivalent

decompositions is 6-dimensional.

The undentifiability of the orbit ¥s in both cases follows inductively from the fact the Grass-
mannian Gr(2,4) C P° and the Spinor variety S; C P7 are just quadrics.
We go one step further by also determining the 2-nd Terracini locus Terra(X) of X, namely

the locus of pairs of points of X whose tangent spaces have non-trivial intersection.

Theorem (Theorem 4.5.2, Theorem 5.5.1). The 2-nd Terracini locus Terra(X) corresponds to
the orbit closure o = X LI Xg.

The Terracini locus tells us where the differential of the projection from the abstract secant
variety onto the secant variety drops rank. More importantly, combined with the identifiability,
it is a very useful tool for deducing smoothness of points lying on bisecant lines. However, for
tangent points other arguments are needed. Our main results on the singular loci of secant

varieties of lines to Grassmannians and to Spinor varieties are the following.

Theorem (Theorem 4.6.10). For any N > 7 and any 3 < k < \_%J, the singular locus of the
secant variety of lines oo(Gr(k,N)) is

Sing(o2(Gr(k, N))) = 3o
of dimension k(N — k) + 2(N — 2) — 3.

The above result corrects a previous statement in | , before Figure 1] in which the
authors stated that Sing(o2(Gr(3,7))) = Gr(3,7).
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Theorem (cf. Sec. 5.6). For any N > 7, the singular locus of the secant variety of lines o2(S};)
is bounded as follows:
¥, C Sing(02(Sy)) € 7(Sy) -

We conjecture that the first inclusion on the left actually is an equality, as for the Grassman-
nian case. This is suggested by some arguments with Hilbert schemes of 2 points and secant
bundles (cf. Sec. 7.3).

Quite remarkably, for other cominuscule varieties we partially deduce a poset of G-orbits
in the secant variety of lines which is similar to the one obtained for Grassmannians and Spinor
varieties (cf. Sec. 6.1): we say partially because the only inclusions that we haven’t proved yet
are the ones ©; — ;.

We conclude our study by exhibiting an example of a non-cominuscule variety for which such
a poset graph fails. Our example is the (non-maximal) isotropic Grassmannian (cf. Sec. 6.2):

we show that the orbits in the tangential variety are not totally ordered.

The thesis is organized as follows.

e Chapter 1 is thought as a crash course in the theory of Lie algebras, Lie groups and
their representations. We start by recalling the notions of Lie algebras, root systems, Lie
Groups and their parabolic subgroups, as well as the theory of representations. Then we
introduce the rational homogeneous varieties, study homogeneous bundles on them and

get our focus on the cominuscule varieties.

e Chapter 2 collects basic notation and results from Tensor Decomposition. We introduce
secant varieties, abstract secant varieties and the problem of identifiability, and we give
an overview on the apolarity theory, from the classical one for symmetric tensors to the
skew-apolarity for skew-symmetric tensors, ending with the nonabelian apolarity. A small
section on the notion of Hamming distance concludes the chapter.

o Chapter 3 is devoted to the world of spinors. First we define algebraically the spin groups
as multiplicative subgroups of Clifford algebras, then we give the definition of the spin
representations. In the second part of the chapter we introduce Spinor varieties and
we determine their diameter. Finally, we describe some homogeneous bundles on them

playing a central role in the Clifford apolarity.

e In Chapter 4 we determine the poset of SLy—orbits in the secant variety of lines to a
Grassmannian Gr(k, N), we solve the problem of identifiability of its points, and as a
consequence we compute the orbit dimensions. Moreover, we determine both the second
Terracini locus to the Grassmannian and the singular locus of the secant variety of lines.
The results in this chapter appear in the work [ ] joint with R. Staffolani.

e In Chapter 5 we move our focus to the secant varieties of lines to Spinor varieties. We

determine their poset of spin-orbits and we use Cliffors apolarity for solving the problem
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of identifiability of their points. After computing the orbit dimensions, we also determine
the second Terracini locus to a Spinor variety. The last section of the chapter contains
partial results on the singular locus of the secant variety of lines to a Spinor variety and a

conjecture for the complete result. All results of this chapter are collected in the preprint

[Gal23].

¢ In Chapter 6 we investigate generalizations of results obtained on the poset of orbits in the
previous chapters. We give a partial description of the poset in the case of cominuscule
varieties. Finally, we show that such a poset does not hold for non-cominuscule variety,
by determining the poset of parabolic orbits in the tangent space to an isotropic Grass-
mannian. The results in the last section have been obtained during a visit at Institut de

Mathématiques de Toulouse under the supervision of L. Manivel.

e The first two sections in the appendix in Chapter 7 collects well-known results for which
we haven’t been able to find a proper reference, thus we propose them as solved exercises.
The last section on secant bundles is a motivation to the conjecture at the end of Chapter

5.






Notations

INDICES AND INDEX SUBSETS

l=a:b Le{a,a+1,...;b0—1,b} Va<begZsg

[n] {1,...,n} Vn € Zsg
ol {1c )}

(0 {{ii<...<ix}Cln]}  Vk<neZs
er €y N . Nej, VI = {i1,... ik}

RooTs, GROUPS AND REPRESENTATIONS

G semisimple (simply conn.) complex Lie group
g complex Lie algebra
A:={ay,...,an} simple roots
Wiy, WN fundamental weights
ATT CAT CA regular C dominant C weight lattice
wy € Wa longest element in the Weyl group of G
Py parabolic subgr. def.cd by I C A
V/\D =Vy = V)\G irred. repres. of g of Dynkin type D
vy, €A highest and lowest weight vectors in V/\D
Sy =NA"CV spin repres. of type By (cf. Sec. 3.2)

SE=N"CN, Sy = AYCN  half-spin repres. of type Dy (cf. Sec. 3.2)

(SEMI*)SIMPLE COMPLEX LIE ALGEBRAS OF CLASSICAL TYPE

Ay glyy1 = Matyp

Apn 5[N+1 = {X GMatN+1 ‘ tI‘(X) :0}

By s0$y., = {A€Matonyr | 'AQ = —QA} Q€ Sym?C2N+!
Cn  spfy = {A € Maty, |'AQ = —QA} Qe N CN
Dy sody = {A € Matyy | 1AQ = —QA} Q € Sym? C?N

XV
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SIMPLE COMPLEX LIE GROUPS OF CLASSICAL TYPE

Ay SLyy = {A€GL(N +1)] detA=1}
By  SO%y,, = {A€SLoyyi |[4QA=Q} Q€ Sym*C2N+!

By Spingy,; = cf. Sec 3.1

Cn Spiy = {A€SLoy | TAQA = Q) Qe NPC
Dy SO%y = {AeSLyy | 'AQA = Q} Q € Sym? C?N
Dy Spingy = cf. Sec 3.1

GENERALIZED GRASSMANNIANS OF CLASSICAL TYPE

Q™ m — dim. smooth quadric in P!
An/Pi = Gr(k,N + 1) Grassmannian
Cn/P, =1G(k,2N) isotropic Grassmannian Vk e [N —1]
Cn/Pn = LG(N,2N) Lagrangian Grassmannian
Dy /P, = OG(k,2N) orthogonal Grassmannian Vk € [N — 2]

Dy/Pn_1~Dyn/Pny =Sn Spinor variety (cf. Sec. 3.3)

Notations
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Chapter 1

Preliminaries from

Representation Theory

1.1 Toolkit on Lie groups and Lie algebras

We refer to [ ; s ] for the theory about Lie Groups and Lie algebras appearing
in this section. We restrict to consider only Lie groups and Lie algebras over the complex field

C which are semisimple.

Let G be a semisimple complex Lie group, and let T' C B C G be a maximal torus and
a Borel subgroup respectively. We denote the corresponding complex Lie algebras by gothic
letters g, t and b: from now on we adopt the gothic notation for any other Lie algebra.
Given ® C t¥ \ {0} an irreducible root system for G, let ®* = ®(B) be the set of positive
roots with respect to the Borel subgroup B, and ®~ = ® \ &7 its complement. We set
A ={ay,...,an} C ®T to be the set of (positive) simple roots.
For any o € ® we denote by g, := {v € g | [h,v] = a(h)v Yh € t} the corresponding weight

space (or eigenspace). In particular, one gets the Cartan decomposition

g=to @ga@ @ Jo -

acdt aed—
=b

The algebraic properties of (isomorphism classes of) irreducible root systems are encoded in
the Dynkin diagrams. We list them in Table 1.1 following the Bourbaki notation.

1
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a s an-1  an a asz an-1  an ai az an-1  an ay s

o To) o 0 o 0 o
AN Bn Cn
anN
Dn
az az z
ay as T oy as g o as T as s ag ar ay as T . as ag ar ag
(e} O O O (o} O
Eg Er Eg
[e5] (o3 g g aq [e%)
O O C D
F4 G2

Table 1.1: Dynkin diagrams of irreducible root systems.

Weights. Let (-,-) be the standard scalar product in (®)g = RY. For any two roots «, 3 € ®,

the Cartan integer (8|a) = 2 Eggg € Z is linear only in 3, not in a. Then one defines the lattices
in RN = <(I)>]RZ

o (weights) A == {A € RY | (\|a) € Z Va € ®};
o (dominant weights) AT :={X € A | (A|a;) > 0 Va; € A}
o (regular dominant weights) AT :={A € A | (\a;) > 0 Vo; € A};

The fundamental weights w,...,wny € A are those such that (w;|o;) = d;; for any o € A.
In particular, for any A € A it holds A = >, (Aa;)w;, and A = )", Zw,. Notice that the root
lattice ), Zay; is a subgroup of the weight lattice A of index det({a;|a;)). On the weight lattice
A one considers the partial dominance order: for any two weights A\, u € A

A-p = A—pe Y RxB.
Bea+

The Weyl group. For any a € @, let s, € Orth((®)g) be the reflection sq(v) = v — 2(((;"2‘))01.
We denote by s; = s, the simple reflection for o; € A. Then the Weyl group of G is the finite

group

W(;::Ng(T)/T:<Sa|(X€(I’>=<Si|i=1:N>.

Since W preserves @, it preserves the weight lattice A too.

We recall that any Weyl element w € Wg admits a reduced expression in terms of the simple
reflections w = s;, -+ 5;,,,,, Where £(w) is the length of w. We denote by wg € We the (unique)
longest element of Wg such that £(wg) = |®7| and wo(P1) = &~

REMARK 1.1.1. The involution —wq defines an involution on the Dynkin diagram D of G. Thus
for groups D = By,Cy, E7, Eg, Fy, Go whose Dynkin diagram does not admit an involution
different from the identity, it holds —wy = id. For the other types —wq acts as follows:
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wn—1 ¢ wy if N=1 (mod 2)
AN:wkHwN+1,kaE[N] N Dy : s Fg: wy <> we , w3 <> ws -
id if N =0 (mod2)

Bruhat decomposition. To any root a € ® one can associate the unipotent subgroup U,
such that Lie(U,) = ga, called root subgroup. Such subgroups generate G and allow to describe
the Bruhat cells. More precisely, given the Bruhat decomposition G = | |, ¢y, BwB, any Bruhat
cell BwB is isomorphic (as an algebraic variety) to B X (Haeqﬁ’ w-1(a)ed- Ua>. The Bruhat
cells stratify G/B and their closures BwB inside G/B (which is a projective variety, see Sec.

1.3) are called Schubert varieties.

Parabolic subgroups and Levi decomposition. For any subset of simple roots I C A,
one defines the parabolic subgroup Pr:= (B,U_,, | a ¢ I) (any parabolic group arises as such).

In particular, any simple root a; € A defines a maximal parabolic subgroup P; := Pq,)-
REMARK. We stress out that we fix the notation such that the parabolic subgroup P; defined
by the subset I C A is generated by the root subgroups whose roots do not lie in I.

Set <I>( ) i={a € ®| (aw) >0Vi eI}, dI)° := {a € | (a|w;) = 0 Vi € I} and
O(I)T :=®(I)\ ®(1)°. At the Lie algebra level, one has

pr=to P e =te P we P (1.1.1)

acd(I) Q€D (I)0 acd(I)+

I Py
where [; and pY are respectively reductive and nilpotent (with respect to the adjoint action)

Lie algebras. Notice that p; actually contains the Borel subalgebra b: indeed, for any positive
root B € 1 such that = Z —1Mq, (B)a; for my, (B) € Zso, it holds for any i € I

(aj,
6|wz ZmaJ aj‘wz Zmaj . J)51j207
(wi, w;)
hence &+ C ®(I). As a reductive Lie algebra, [ splits as direct sum of a semisimple component

s7 and its centre 3;: more precisely, given t,, the semisimple element in the sly-triplet for

a; € A, it holds
@Ct(xl@ @ (o P s 31 = t\t[.

a; &1 aed(I)0
———
tr
In particular, ®(I)? is a linear section ®, hence it is a root system itself whose Dynkin diagram
is obtained by keeping the I-indexed nodes from the one of g. Moreover, ®(I)? is the root
system of the semisimple Lie algebra s;: in this respect, we say that ®(I)° are the roots of the

parabolic algebra p;. Similarly, we can define the weights of p; (strictly formally, of s;) as

= ZZ&%CA,

iel
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and denote by A}r and A}r+ its dominant weights and regular dominant weights respectively.
Going back to the group level, the splitting p; = [;®p} corresponds to the Levi decomposition
Pr = L Py, where L; and P} are respectively reductive and unipotent subgroups. Finally, the
Weyl group of P; is
Wp, := Np,(T)/T = (s; | a; ¢ I) .

Z-gradings on Lie algebras. Fix a simple root o, € A and consider P = Py its correspond-
ing maximal parabolic subgroup. For any root 8 € ® we denote by m(3) the coefficient of ay
in 8. Then we consider on g the Z-grading g = @, g; defined by

o=to P e . 6= P . (1.1.2)

Be(A\{ar})z my(B8)=i
In particular, p = @,~,0; and g/p ~ g1 D g2 ® ... ~ p*, where p* is a P-module after
adjoint action and the last identification of P-modules is given by the Killing form on g. Notice
that only the summand g_; is a p-submodule of g/p. Moreover, given p the longest root in @,
one has my(5) < mg(p). Thus, g/p splits in as many summands as my(p). We list the Dynkin

diagrams labeled with the coefficients in p of the corresponding simple roots.

-
-
-
-
N
N
N
o
o
N
-
-
)
o

AN BN CN

H
©
——0
w
©
-
©
"
— ©
w
©
-
©
——0
(=2
.
-
w
©

Eg Er Eg

N
w
IS
N
w
N

Fy G2

Table 1.2: Coefficients of simple roots in the longest root.

1.2 Irreducible representations of semisimple Lie algebras

In this section we recall the main results of irreducible representations of semisimple Lie
algebras and semisimple (simply connected) Lie groups.

Our main references are [ ; ]

We use the terms “G-representation” and “G-module” indistinctly. We recall that a G-
equivariant map is a map between G-structures (eg. G-modules, G-varieties) commuting with
the group action. By Weyl’s theorem, every finite-dimensional representation of a semisimple
complex Lie group G splits as a direct sum of irreducible G-modules. A key result in the theory

of representations is the following.
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Schur’s Lemma (| ], Sec. 1.2, Lemma 1.7). Let V,W be irreducible G-representations
and let f,g:V — W be G-equivariant maps. Then the following facts hold:

(i) either f is an isomorphism (of G-modules) or f = 0;

(i) if V=W, then f = X-Idy for some A € C*;
(#it) f = Ag for some X\ € C*.

From the Lie group-Lie algebras correspondence one knows that every G-module is a g-

module, and that, under the (necessary) assumption that G is simply connected, every g-module

comes from a G-module.

In this respect, from now on G is a simply connected semisimple complex Lie group.

Let V be a finite-dimensional irreducible g-module (hence an irreducible G-module). The
Cartan subalgebra t acts diagonally on V', which decomposes as

V=P Va , Va={veV|h-v=ahpVhet},
actY

where « and V,, are said weights and weight spaces of V' respectively. Actually, the weights

appearing above are exactly the weights in A defined from the root system.
Finite-dimensional irreducible G-representations are in one-to-one correspondence with the
dominant weights AT of g. In particular, given u := b\ t, every (finite-dimensional) irreducible
g-representation V admits a unique dominant weight Ay € AT such that the weight space Vy,,
coincides with the 1-dimensional subspace V' := {v € V | u-v = 0}. The weight A\, € AT is

said highest weight of V| while a non-zero vector vy,, € V7 is called a highest weight vector of V.

Given G simply connected semisimple of Dynkin type D, we denote by V& or VP the irre-
ducible g-representation with highest weight A, and by vy € VAG its highest weight vector.

REMARK. We distinguish the weight space Vy = VT from the irreducible representation V,*
by writing G (or its Dynkin type) at exponent.

Recall that the dominant weight lattice At = 3~ Z>ow; is spanned by the fundamental weights
wi1,...,wy: then for any dominant weight A = ajwi + ...+ aywy € AT it holds

Ve C Sym* (V) ®...@Sym™ (V) .

WN

We refer to an irreducible representation Vwcli, for wy a fundamental weight, as to fundamental

representation.

ExAMPLE. For Dynkin type Ay the simply connected simple Lie group is G = SLy4+1. Then for
any k € [N] the k-th fundamental G-representation is V,$ = Vv = A" CN+L For any k € [N]
and any a € Z-g, the dominant weight awy € AT defines the irreducible G-representation
VAN Syma(/\k CN+1). Notice that the latter inclusion is strict for any k # 1.

aWi
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The theory of characters provides a formula for the dimension of irreducible representations.
In the following x denotes the Killing form, while

N
¢:= Z Wi
i=1

is the sum of all the fundamental weights.

Wey!’s dimension formula ([ ], Sec. 11.10.5). The irreducible G-representation V& of
highest weight X € AT has dimension

dim V,& = KA+ G a) (1.2.1)
g Q w(¢,a)

Dual representations. Let V¢ be a G-representation and let (V)Y be its dual space. The
action of G on (V%)Y is defined by (g- f)(v) = f(g~!-v) forany g € G,v € V& and f € (VF)V,
If A(VS) denotes the weights of V&, then A(VE)Y) = —A(VY). Now assume V¢ = V& to be
irreducible of highest weight A\ € AT and consider wy the longest element in the Weyl group
We. Then —) is the lowest weight of (V7)Y and —wo is the highest weight of (V7)Y implying

vV
(V)" = VS0 -

Parabolic representations. Let P; be a parabolic subgroup with Levi decomposition Py =
LiPp, where Ly and P} are reductive and unipotent respectively. Let pr, [; and p} be the
corresponding Lie algebras. Recall that p¥ is nilpotent, and that I7 is reductive with semisimple
component s7. The irreducible root system associated to s; is ®(1)? as in (1.1.1) and irreducible
sy-representations are in bijection with the dominant weights A}“. Moreover, for any A € A}“, the
irreducible s;-representation Vi’ is also an irreducible [;-representations V/\[’ , which extends

to an irreducible p;-representation VAp " by letting the nilpotent component p} act trivially.

1.3 Rational homogeneous varieties

Rational homogeneous varieties are the main characters of the Geometric Representation
Theory, studying the geometry arising from representations. However they are of great interest
in several areas of Algebraic Geometry as they offer promising driving examples for the
behaviour of more general varieties. All notation and assumptions from the previous section

are assumed. For references we suggest [ ], [ , Sec. 5-6] and [ , Sec. 23.3].

Rational homogeneous varieties. Let G be a simply connected simple complex Lie group
and let V)\G an irreducible G-representation with highest weight A € At and highest weight
vector vy € V/\G. Then G acts on the projective space IE”(VAG): in particular, the point [vy] €
P(V¥) corresponds to the weight space V¥ = C - vy. The orbit G - [v,] is the unique closed
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G-orbit in P(V,¥), hence it is a projective homogeneous variety. Moreover, the stabilizer of [v}]

is a parabolic subgroup (as it contains the Borel subgroup): more precisely,
Stabg([’l))\]) = Pb\ , Iy = {Oél' eA | <)\‘OLZ> 7£ 0} .

As parabolic subgroups are closed, G/ Py, = G-[v)] C P(V,€) is compact, and one can prove it is
rational too. On ther other hand, every projective rational homogeneous variety is isomorphic
to a product of finitely many compact rational homogeneous varieties G;/P; for certain G;
simple and P; parabolic subgroups. The compact rational homogeneous varieties G/P are also
called generalized flag varieties, as they generalize the complete flag varieties G/B. When G is
simple simply connected of Dynkin type D, we use indistinctly the notation G/P = D/P.

The following result highlights a very important geometric property of rational homogeneous
varieties: the statement appears in | , Theorem 6.10.6.5] and a proof is sketched in [ ,
Sec. 16.2.2].

Kostant’s Theorem. Let V.& be an irreducible G-module with highest weight X\ € A+, and let
G/P C P(VE) be the orbit of a highest weight line [vy\]. Then the ideal Z(G/P) C Sym® (V)Y
is generated in degree 2 by (VQC/’;)J- - Sym2(V)\G)V, In particular, rational homogeneous varieties

are intersections of quadrics.

Generalized Grassmannians. We are interested in the varieties G/Pj where G is simply
connected simple and P, = P,, is a maximal parabolic subgroup defined by a simple root
ay € A. Such G/ Py, are called generalized Grassmannians as they are generalization of Grass-
mannians (length-1 flags). They are the unique closed orbits in the projective spaces of the
irreducible representations Vdf)k defined by the highest weights dwy as d € Z~( varies: indeed,
given A the highest weight such that G/P, C P(V,E), one has (A a;) = 0 for any i # k, that is
A = dwy, for some d € Z~.

ExXAMPLE 1.3.1 (Grassmannians). For G = SLy 41 and k € [N], the unique closed orbit G/ Py, =
AN/Py, in the fundamental representation P(V,$) = P(AF CNH1) is the Grassmannian

k
Gr(k,N +1) := {[vl/\.../\vk] eP(/\CN+1>} ~{W cCVNt | W ~CF} .

We denote points in Gr(k, N 4+ 1) by both [W] and [wy A ... A wg] where W = (w1, ..., wk)c.
After fixing a basis (eq, . .., ex11) of C¥*1, the point corresponding to the highest weight vector
is [E] =[e1 A...Aex] = [v,,]. Then, as stabilizer of [E], the parabolic subgroup Py, is

e

In particular, Py, has Levi decomposition given by Ly ~ GLg x GLy 41—k and P! ~ Mat, yy1-)-

A B
c

€ GLy 41 } AeGLg, Be Mat(k7N+1,k), Ce GLN+1—k} .

Notice that the Levi Lie algebra [, is semisimple of Dynkin type A;_; and it acts on E with high-
est weight wy. As any irreducible [ -module with a given highest weight extends to an irreducible
pr-module with the same highest weight, we get that E is the irreducible Pg-representation with
highest weight w;.
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EXAMPLE 1.3.2 (Isotropic Grassmannians). Let Q € A*(C2V)Y be a non-degenerate symplectic
form on C2N. For any W C C?V, let W+ be its orthogonal with respect to . Recall that W is
Q-isotropic it W € WL, For G = Spyy and k € [N — 1], the k-th fundamental representation
is VG = A" C2Y and the unique closed orbit G/Py, = Cy /Py, is the isotropic Grassmannian

k
1Gq(k,2N) ::{[le.../\vk}eP</\C2N> |Q(Ui,vj)=()‘v’i,je[k]}
~{WcCN | Wx~Ch, Wcwt} .

EXAMPLE 1.3.3 (Lagrangian Grassmannians). In the same notation as Example 1.3.2, for k = N
the variety G/Py = Cn /Py is defined in the same way. It is called Lagrangian Grassmannian
and denoted by LGq(N,2N).

EXAMPLE 1.3.4 (Orthogonal Grassmannians). Let ¢ € Sym?(C?M)Y be a non-degenerate quadratic
form on C2V (similarly on C2N+1). For any W C C?V (resp. C2V*1), let W+ be its orthogonal
with respect to ¢: then W is g-isotropic if W C W=. The simply connected simple group G of
Dynkin type Dy (resp. By) is the spin group Spind, (resp. Sping]\,_i_l)7 which will be defined
in Sec. 3.1. However, the fundamental representations Vwci for k € [N — 2] (resp. [N —1]) are
also representations for the group SO%,, (resp. SO, +1) and they are Vwi = /\k C2N. For such

a k, the unique closed orbit G/P, = Dy /Py (resp. Bn/Py) is the orthogonal Grassmannian

k

OGy(k,2N) ::{[le...Avk]€P<AC2N> q(vi,vj):OVi,je[k]}
~{WcCN | W~Ch, WcWt} .

(similarly for type By). However, for k = N —1, N (resp. N) the fundamental representations
of the spin group Spin,y (resp. Spinyy, ;) are not representations of SOFy (resp. SO3y ;)
and the above description fails: we describe them in Sec. 3.2. The varieties G/P arising in this

way are the Spinor varieties, which will be the topic of Sec. 3.3.

EXAMPLE 1.3.5 (Veronese varieties). Consider G = SLyy; and d € Zsg. The irreducible
representation of highest weight dw; is Vdﬁll" = Symd(V‘j}N ) = Sym? CN+1: this is not true for
the other fundamental weights, as for k,d > 2 the representation Symd(Vuf,‘cN ) is not irreducible
anymore. After fixing a suitable basis (e1,...,eny1) of CN*1 the highest weight vector in
Sym? CN+1 is the monomial vy, = e? and the unique closed orbit Ax/P; = SLy,1-[ed] in
]P’(Vd’iflv) is the degree-d Veronese variety

va(PN) = {[vd] € P(Sym? CN+1) | [v] eIE”N} .

In the language of homogeneous bundles (see next paragraph), one says that the degree—d
Veronese variety v4(PY) is the rational homogeneous variety Ay /P; projectively embedded via

the (homogeneous) line bundle O(d).
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Homogeneous bundles. Let G be a simply connected semisimple complex Lie Group and
let P be a parabolic subgroup. A rank-r vector bundle £ on G/P is G-homogeneous if there
exists a G-action on £ commuting with the fibration & — G/P. The action of G permutes
the fibers of £: given [gP] € G/P and h € G, one has h - Eyp) = Epgp)). Moreover, given
[P] € G/P the base point, one has P - &p; = &p), hence & p) is a P-representation. On the
other hand, starting from a representation p : P — GL(VT) such that V¥ ~ C", one can
construct a rank-r G-homogeneous bundle &, (cf. | , Sec. b]): one defines £, as the
quotient G x, V¥ = (G x V),
for some p € P. If VP = VP is an irreducible P-reprensentation of highest weight A, then &,

where (g,v) ~p (h,w) if and only if (h,w) = (gp~!, p(p)v)

is said irreducible G-homogeneous bundle, and we denote it by Ey.
The above construction allows to describe the global sections of £,:

HY(G/P,&,) ~{s:G—= V" |s(gp™")=p-s(g) Vg€ G,pe P} .
In particular, the vector space H°(G/P,E,) is endowed with the natural action of g
(g-s)(h) =s(g™*h) Vg,h€Qq, SEHO(G/P,EP) ,
hence it is a G-representation.

All line bundles on G/P are G-homogeneous and, if P; is the parabolic subgroup defined
by the subset of simple roots I C A, then | , Theorem 6.4]

Pic(G/P;) ~Z' ~ Aj = ZZwi .
icl

In particular, if Py is maximal defined by the simple root aj € A, then the Picard group of
G/Pk is PiC(G/Pk) = ZOg/pk(l) >~ Zwk.

Recall that Aj, A}*‘ and A}"" denote the lattices of weights, dominant weights and regular
dominant weights respectively. Recall that A; is in one-to-one correspondence with the line
bundles on G/ Py, while the dominant weight lattice A* is in one-to-one correspondence with

the irreducible G-representations.

Borel-Weil’s Theorem (] ], Theorem 6.5). Let G be a semisimple simply connected
complexr Lie group and let P; be a parabolic subgroup defined by the subset of simple roots
I C A. Let Ly € Pic(G/Pr) be a line bundle with highest weight A € A;. Then:

(i) Ly is spanned at one point of G/ Py iff L is spanned at every point of G/Pr, iff X € A} ;
(ii) Ly is ample iff L is very ample, iff X € ATT;
(i3i) HY(G/Pr, L) =0 dif A€ A;\ A};

(iv) HOG/Pr, Ly) =~ (VE)" if xe AF.
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The above result generalizes to G-homogeneous bundles of higher rank too. It is a consequence
of the fact that any irreducible G-homogeneous bundle on a rational homogeneous variety G/P
is isomorphic to the pull-back 7* L of a line bundle £ on G/B via the projection 7 : G/B — G/B:
a proof is sketched in | , Sec. 10].

Borel-Weil’s Theorem (Generalized). Let G be a semisimple simply connected complex Lie
group and let Pr be a parabolic subgroup defined by the subset I C A of simple roots. Let £\ be
an irreducible G-homogeneous bundle with highest weight A € A} . Then

HY(G/Pr, &) = (V)Y =VE, 0 -

EXAMPLE 1.3.6 (Minimal homogeneous embedding). Let G/Py be the generalized flag defined
by the maximal parabolic subgroup Py. The highest weight defining the line bundle O(1) is
the fundamental weight wy, which is regular dominant. Then by Borel-Weil’s Theorem we get

the minimal homogeneous embedding
G/Py = B (H°(G/P:,0(1)Y) =P (V) .

ExAMPLE 1.3.7 (Universal bundles). In the notation of Example 1.3.1, let ¢V be the rank-k
bundle (dual to the universal bundle U/) on the Grassmannian Ay/P, = Gr(k, N + 1) with
fibers Uy, ~ W for any [W] € Gr(k, N +1). Since P = staba, ([E]), the fiber Uy, ~ E is a
P-representation with highest weight w;. Then

HO(Gr(k, N + 1),u") ~ (VA¥)" ~ (CV+)Y

EXAMPLE 1.3.8 (The bundle /(1) on Grassmannians). In the notation of the above examples,
consider the rank—k vector bundle #(1) = U ® O(1) on the Grassmannian Gr(k, N + 1). The
rank—k universal bundle &/ has no global sections, but its twisting ¢(1) does. Indeed, the
determinant bundle of U is det(U) := /\kZ/{ ~ O(1) and it holds

k—1
URO(1) ~ UedetU) ~ U .

In particular, the fiber at [W] € Gr(k, N + 1) of the bundle U(1) is (U(1)) ) = AT WY, and

its global sections are
k—1

HO(Gr(k, N +1),U(1)) ~ /\ (CVFTH)Y .

We stress out that the above description does not always apply: for instance, it fails for Spinor

varieties (cf. Sec. 3.5).

EXAMPLE 1.3.9. Let 7g/p be the tangent bundle on G/P. The fiber at [P] € G/P is
(Ta/p)ip) =~ 9/p =~ p*, which is a P-module under the adjoint action. We know that in
general g/p is not irreducible as P-module (neither if P is maximal, cf. Sec. 6.2), hence the
tangent bundle is not always an irreducible homogeneous bundle. The generalized flags G/P

for which it is irreducible are the cominuscule varieties (see Sec. 1.4).



1.4 Cominuscule varieties

1.4 Cominuscule varieties

The “cominuscule” varieties appears in different corners of the literature: in the theory of
algebraic groups and their representations (eg. parabolic subgroups with abelian unipotent
radical [ ]), in differential geometry (eg. compact hermitian symmetric spaces [ ,

Sec. 8]), in Quantum Information (eg. varieties parametrizing certain simple quantum states

[ST13]).

DEFINITION. A fundamental weight w; is cominuscule if the longest root p € ® has coefficient
1 on the simple root «;. Given P; a maximal parabolic subgroup defined by a fundamental

weight w;, the generalized Grassmannian G/P; is cominuscule if w; is so.

Table 1.2 shows that cominuscule (fundamental) weights (and cominuscule varieties) only
appear in Dynkin types ABCD and Fg, Fr.

Proposition 1.4.1. Let G a simple simply connected complex Lie group. Let w be a cominuscule
weight and let P be the corresponding maximal parabolic subgroup. The following facts are

equivalent:
1. The weight w is cominuscule;
2. The Z-grading of g with respect to P is g=g¢g_1® go D g1,
3. The tangent space g/p is an irreducible p-module;
4. The unipotent radical P* is an abelian group.

Proof. Let a be the simple root corresponding to the fundamental weight w. Consider the Z-
grading on g induced by « as in (1.1.2). The non-zero component of highest grade corresponds
to the coefficient m,(p) of « in the longest root p. Moreover, the only p-submodule of g/p =
9-199-26...9_m.(p) 18 g—1. Thus the equivalence among 1, 2 and 3 is straightforward. The
equivalence between I and 3 is proved in [ , Lemma 2.2]. O

The above proposition and Example 1.3.9 imply the following characterization of cominuscule

varieties.

Corollary. Let G/P be a projective rational homogeneous variety defined by a mazximal parabolic

subgroup P. The following facts are equivalent:
1. The variety G/P is cominuscule;
2. The tangent bundle T(G/P) is an irreducible P-homogeneous bundle.

In Table 1.3 we list all the cominuscule varieties together with their tangent bundles. We
denote by U both the rank-k universal bundle on the Grassmannian Gr(k, N + 1) and, when
N + 1 = 2M, its pullbacks on the Lagrangian Grassmannian LG(M,2M) (cf. Example 1.3.3)
and on the Spinor varieties S3, (cf. Sec. 3.3); Q (italic style) is the rank-(N 4 1 — k) quotient
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bundle on the Grassmannian Gr(k, N + 1); Q™ (non-italic style) is the m-dimensional quadric
in Pt the variety OP? := Eg/P; is called Cayley plane; Vw% is (one of) the half-spin

representation of type Dy (cf. Sec. 3.2).

’ Dynkin‘ G H cominuscule weights G/P T(G/P) ‘
AN SLn 41 o——o—e——o——o | Gr(k,N+1) U’ e Q
Wk
By Sping g ——o0——o==0 QN U’ @ (UHU)
Cn Spon O —O———C—t—9 LG(N,2N) Sym? UV
wN
Dy Spin, - o QN2 uv @ U+
w1

WN-1
Dy Spin, xr o——o— S?\}, Sy /\2 uv

wN
Es Es ._O_I_o_. oP? VDs = N\ CP

w1 Wwe
Er Er ° T . E;/P; Ve
wr

Table 1.3: Cominuscule weights, cominuscule varieties and their tangent bundles.

REMARK 1.4.2. The varieties Gr(3,6), LG(3,6), ST and E7/P; are known as Legendrian va-
rieties, while OP? is a Severi variety. They fit in the third and second row respectively of the
Freudenthal’s magic square (Table 1.4), which has been studied in detail by J.M. Landsberg

and L. Manivel in | ; ].

vo(Qh) P(TP?) | LG(2,6) OP?

vy (P?) P2 x P2 | Gr(2,6) QP?
LG(3,6) | Gr(3,6) Sg E;/P;

Fad Ead Ead Egd

Table 1.4: Freudenthal’s magic square.

In the above table, G denotes the adjoint variety of G, that is the unique closed orbit in P(g)
under the adjoint action. The fourth row contains some adjoint varieties, while the third row
(the Legendrian one) is given by the varieties of lines through a point of the adjoint variety in
the same column. The second row contains the Severi varieties, which have the property that

a generic hyperplane section is still homogeneous: such hyperplane sections give the first row.



Chapter 2

The geometry of tensors

2.1 Secant varieties and identifiability

Our main references about the geometry of tensors are [ ; ; ). In this
section we recall some notions and results from the theory of tensor decomposition.
We work over the complex field C.

Secant varieties. Given X C PM an irreducible non-degenerate projective variety, the X-
rank of a point p € PM denoted by rx(p), is the minimum number of points of X whose span
contains p. The r-th secant variety o,.(X) of X in PM is defined as the Zariski closure of the
set 02(X) := {p € PM : rx(p) <7} C PM of points of rank at most 7, i.e.

0r(X):=02(X)={pePM :rx(p) <r} CPM.

r

The border X -rank of a point p € PM | denoted by brx (p), is the minimum integer r such that
p € 0,-(X). Although computing the dimension of secant varieties is a hard problem in general,

the following inequality always holds:
dimo,(X) < expdim 0,-(X) := min{r(dim X + 1) — 1, M } |

where the right-hand side is called expected dimension of the secant variety. This is a straight-

forward consequence of the celebrated Terracini’s Lemma.

Terracini’s Lemma. In the above notation, let py,...,p, € X be r distinct general points and
let g € (p1,...,pr) Co2(X). Then

Tyor(X)={Tp, X,..., T, X) .

If dimo,(X) < expdimo,(X), then the secant variety o,.(X) is said to be defective. We say

that o,.(X) overfills the ambient space if dim 0,.(X) = M < r(dim X 4+ 1) — 1, while it perfectly
fills the ambient space if dimo,.(X) = M = r(dim X 4+ 1) — 1. The latter is said perfect case.

13



14

2. The geometry of tensors

In the above notation, quite often one refers to points in P as to “tensors” and to the
points of X-rank 1 (i.e. points in X) as to “simple (or decomposable) tensors”. As the chain
of secant varieties to X always stabilizes at PM, it is quite common to look at points in X as
to “building blocks” for the whole space PM.

This general theory comes from a more concrete setting, motivating the choice of the word
“tensor”. Indeed, the most basic example is the one of matrices, for which the ambient space
PM = P(C" ® C™) is given by all n x m matrices, the variety X = Seg(P"~! x P™~1) is given
by rank-1 matrices and the secant variety o,.(X) is given by the matrices of rank less or equal
than r. Although basic, this is a “degenerate” case in which rank and border rank coincides.

However, the situation gets more complicated (and more interesting) when considering tensor
spaces of higher order d > 3 (i.e. with d tensor entries) C("»-"a) .= C™ ® ... ® C". An
element f € C(™»-ma) is said to be a tensor of format (ny,...,ng) (and order d). Ten-
sors of the form f = v, ® ... ® vg € C"md) for some v; € C" are said decompos-
able or simple or rank-1: the set of projective classes of such elements is the Segre vari-
ety Seg(ni,...,ng) = Seg(P™~! x ... x Pra~1) c P(C™na)), Clearly, any element
f € Cmma) can be written as sum of decomposable elements, and the notion of rank is
quite immediate as previous X-rank where X = Seg(n,...,nq).

Other examples of tensors which are ubiquitous in the literature are the space of symmet-
ric tensors Sym? C" whose “symmetric rank”-1 elements define the degree-d Veronese variety
vg(P"1) (cf. Example 1.3.5), and the space of skewsymmetric tensors A" C™ whose “skewsym-
metric rank”-1 elements give the Grassmannian Gr(k,n) (cf. Example 1.3.1). More in general,
from Sec. 1.3 we know that any (projective) rational homogeneous variety G/P embedded in

an irreducible representation V,¥ is a rank-1 variety.

Identifiability. For any p € PM with rx(p) = r, the decomposition locus of p is the set of all
r-tuples of points of X giving a minimal (i.e. length-r) decomposition of p

DeCX(p) = {(plv""pT) |pi GX» pE <p17~~~7p7’>7 T:TX(p)} C X/TGT ’

where X;“GT denotes the symmetric quotient of X" by the symmetric group &, acting on r
elements. An element (py,...,p.) € Decx(p) is called a decomposition of p. A point p is
identifiable if there exists a unique decomposition of p, i.e. Decx(p) is a singleton. Otherwise
one says that p is unidentifiable.

For any subset Y C PM we say that Y is (un)identifiable if any point of Y is so. In particular,
an orbit is (un)identifiable if and only if a representative of it is so.

Tangential-identifiability The tangential variety of X in PM is the union of all lines in PM
which are tangent to X, i.e. it is the set of all tangent points to X

T(X) = J X cPM.
pEX
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In particular, X C 7(X) C 02(X). Moreover, from Zak’s key result | , Theorem 1.4] it
holds that either dim 7(X) = 2dim X and dimo2(X) = 2dim X + 1, or 7(X) = 02(X).

DEFINITION 2.1.1. A tangent point ¢ € 7(X) is tangential-identifiable if it lies on a unique
tangent line to X, or equivalently if there exists a unique p € X such that ¢ € T, X. Otherwise

it is tangential-unidentifiable.
We say that an orbit is tangential-(un)identifiable if all of its elements are so.

DEFINITION 2.1.2. Given a tangent point ¢ € 7(X), its tangential-locus is the set of points
p € X such that ¢ € T, X.

Clearly, if ¢ is tangential-identifiable, then its tangential-locus is given by a single point at X.

Hilbert scheme of 2 points. Given X a smooth projective variety of dimension n, the
Hilbert scheme of 2 points Hilby(X) on X is the scheme of 0-dimensional subschemes of X of
length 2: since X is smooth, Hilbe(X) is smooth too (this is false for Hilbert schemes of higher
lengths). The subschemes in Hilby(X) are of two types: the reduced subschemes, corresponding
to subsets of distinct points {p,q} C X, and the non-reduced subschemes supported at only
one point, lying on the boundary and parametrized by points of X along with their tangent
directions (a.k.a. 2-jets), that is {p,v} such that p € X and v € T,X. The Hilbert scheme
Hilby(X) admits the universal subscheme

®:={(z,2) € X x Hilby(X) | x € Z}

X Hilby(X)

Notice that ;' (Z£) ~ Z. The universal subscheme @ is isomorphic to the blow-up Bla (X x X)
of the product X x X along the diagonal Ax (see | , Section 3], | , Section 1]).

REMARK 2.1.3. Let X/262 := (X xX)/6G3 be the symmetric square of X obtained by quotienting
X X X by the action of the symmetric group acting on two elements and switching the entries
in every pair: it is singular along the diagonal Ax (which by abuse of notation we denote in
the same way as the diagonal in X x X). The isomorphism ® ~ BIa(X x X) leads to the

commutative diagram

Bla(X xX) —2L 5 x x x

/Gzl l/e’z

Hilby(X) ——— X7,

in which the projection wg : ® — Hilby(X) corresponds to the quotient by the Ga-action
BIA(X x X) — Hilba(X). In particular, the Hilbert scheme of 2 points can be realized as the

blow-up of the symmetric square X?GQ along the diagonal, i.e.

Hilby(X) ~ Blay (XTs,) -
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Abstract secant varieties of lines. Motivated by the problem of identifiability and tangential-
identifiability of points in the secant variety of lines, one can consider an incidence variety which
“solves” the unidentifiabilities by distinguishing among the different bisecant or tangent lines on
which each point lies. Such a variety is the 2-nd abstract secant variety. In the literature there
are several (and non—equivalent) definitions of abstract secant varieties. Due to our purposes,

we define the 2-nd abstract secant variety as the smooth variety
Aboa(X) :={(Z,p) € Hilby(X) xPY | pe (2)} ,

where Hilby(X) is the Hilbert scheme of 2 points on X, and (Z) C PM denotes the linear span
of Z. The 2—nd abstract secant variety comes with the natural projections onto the two factors
71 1 Aboa(X) — Hilby(X) and mo : Aboo(X) — PM: in particular,

T2 (AbO’Q(X>) = O‘Q(X) .

The fiber of 75 at an identifiable point [a + b] € 05(X) is given by just the reduced subscheme
{[a], [b]} C X, while the fiber at a tangential-identifiable point [q] € 7(X) such that [q] € T}, X
is just the 2-jet {[z],[q]} € Hilba(X). More in general, the fiber at a given point p € o35(X)
coincides with the decomposition locus of p. On the other hand, the projection 7, onto the first

factor is a P'-fibration, i.e. fibers are isomorphic to projective lines.

REMARK 2.1.4. With this definition, Abos(X) is smooth (as Hilbe(X) is so) and closed. How-
ever, different definitions of the 2—nd abstract secant variety may require to take the closure,
and may even be singular. For instance, if one replaces the Hilbert scheme by the product
X x X, then one needs to take the closure and gets a smooth variety. On the other hand,
one can also replace Hilba(X) by the symmetric square X/262 = (X x X)/Gy: in this case,
again the closure is needed but the variety is singular along the preimage of the diagonal via

the projection onto the first factor.

2.2 Apolarity Theory: from classical to nonabelian

Apolarity Theory is a very rich toolbox for studying several properties of tensors: historically
it was born in the setting of symmetric tensors [ | and then spread to wider classes of

varieties | s s . We assume notation and arguments from previous sections.

Classical apolarity. Given a degree-d homogeneous polynomial (i.e. symmetric tensor)
fe Symd CN+1 the Waring decomposition problem consists in finding a minimal decomposition
(i.e. as many summands as the symmetric rank) of f as sum of d—powers of linear forms (i.e.

rank—1 symmetric tensors):

f:Z£f ,  LeCNtt |
=1
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In the language from Sec. 2.1, this is equivalent to asking for which r € N the point [f] €
P(Sym? CN+1) lies in the set o°(vg(PN)) \ 69, (va(PN)). A problem of great interest, both
in pure and applied mathematical areas, is whether a minimal Waring decomposition of f is
either unique (i.e. f is identifiable) or there are either finitely or infinitely many of them.

Consider the dual space Symd((CN 1)V whose elements can be seen as degree—d homogeneous
derivations. Given f € Sym? CN*!, for any h < d the pairing

Ch,d*h : Symd (CN+1 ® Symh(CN+1)V N Symdfh CN+1
induces the h-th catalecticant map of f

C?’dih: Sym"(CN+1)V  —  Sym?~"CN+H!
0 — a(f)

The apolar ideal of f is the ideal of the graded algebra Sym®(CN+1)V

(Ht = {g € Sym"® (CNTYY | g(f f)=0}= @ker C’hd h) ,
h>0
where we also admit the values h > d for which ker(C}“d_h) = Sym"(CN*1)V. The apolar ideal
plays a central role in the following key result in Apolarity Theory [ ]

Apolarity Lemma. Let f € Sym?CNt! be a degree-d homogeneous polynomial and let
by, ... 0. € CNTL be r distinct linear forms. Then

f= Zé? = I([t],....[:]) C (H)*.

Roughly, Apolarity Lemma allows to look for decompositions of f among the saturated 0—
dimensional ideals inside (f)*.

REMARK 2.2.1. As the pairing C"9~" is SLy,1-equivariant, one can read it in terms of rep-
resentations as Vd N ® (Vhﬁj\’) o~ Vd‘zl ® Vh N V(’;‘Nh)w As there is only one copy of the
irreducible module V( deh)w, B8 summand in the tensor module on the left-hand side, by Schur’s
Lemma it follows that the map C"9" is the unique (up to scalars) SLy;-equivariant map
between the two above modules. Since Sym? CN+1 = HO(PN,O(d))V, another interpretation

of the map C™4—"

comes from the natural contraction map between spaces of global sections of
line bundles on PV indeed, the classical apolarity is a special case of the nonabelian apolarity

which we introduce later in this section.

Skewsymmetric apolarity. An analog of the h-th catalecticant map from the classical ap-
olarity for skewsymmetric tensors is the following | , Def. 4]. We denote decompos-
,,,,, Wy = Vi Ao ANy € /\k CN*! and their dual elements by
w’ = wlinded =l AL AWk € /\k((CNH)V. For any h < k and any rank—1 skewsymmetric
tensor v; € A" CN*1, one considers

Cc;k—h . /\h((CNJ,_l)\/ - /\krfh (CN+1

w’ = (W) (vi)

able elements by v; = vy
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where
(w') - (vi) = Z sign(S) det (wj” (vs,))VI\s
Se(5)
for S varying among the (ordered) subsets of h elements in I, sign(S) being the sign of the per-
mutation that sends the sequence {i1,...,ix} to the sequence {s1,...,sp, I\ S}, and (wi*(vs,))
being the h x h matrix with J-indexed rows and S-indexed columns. Then the skewapolarity

action is defined by extending by linearity the above map to the bilinear map

k h k—h
chk—h . /\CNJrl ® /\((CNJrl)\/ N /\ N+ (2.2.1)

The restriction C?’k_h € Hom(A"(CN+1)Y, A\*" CN+1) are called skew-catalecticants. Given

fe /\k CN*1 one defines its orthogonal with respect to the skew-apolar action

R<N-+1
fre= {96 /(€N Ig-f=0} :

Moreover, given r decomposable elements v, = v;1 A ... Av; € Gr(k, N + 1) for i € [r] corre-

sponding to the k-dimensional subspaces H,, C CN*! one defines Z(vy,...,v,) := ﬂie[r] HvL
and by Z(vy,...,v.)g := Z(v1,...,vs) N /\k CN+1 its k-degree component. There is a result
similar to the Apolarity Lemma holds | , Lemma 12].

Skew-apolarity Lemma (ARRONDO-BERNARDI-MARQUES-MOURRAIN). In the above nota-

tion, the following are equivalent:
(l) f= Zie[r] Vis
(i1) Z(Vi,...,v,) C f*;

(iii) (Z(v1,...,ve)), C (f k-

REMARK 2.2.2. Similarly to Remark 2.2.1, the skew-apolarity action can be interpreted in
terms of SLyi-representations as the SLy.yj—equivariant map ViN ® Vj}vf‘i e Vw‘]‘cf L
Again, by Schur’s Lemma one can prove that this map is uniquely determined (up to scalars).
Moreover, also in this case one can translate everything in the language of vector bundles, since

/\k CN+1 — wa}cN ~ HO(Gr(k, N +1),0(1))V.

Nonabelian apolarity The classical apolarity action and the skew-apolarity action are par-
ticular cases of a more general apolarity, namely the nonabelian apolarity, introduced at first in
[ , Section 1.3]. Let X C P" be a projective variety and let £ be a very ample line bundle
on X giving the embedding X C P" = P(H%(X,L)Y). Let € be a rank-e vector bundle on X
such that H%(X,£EY ® L) is not trivial, where £V denotes the bundle dual to £. The natural
contraction map

HY(X,&) @ H(X,EV @ L) — H°(X, L)
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leads to the morphism A : HO(X, ) ® H*(X, L)Y — H°(X,EV ® L)V and, after fixing a given
f € HYX, L)V, one gets the linear map

Ay HY(X,E) — HY(X, &V @ L)Y

defined as Af(s) := A(s ® f) for any s € H°(X, &), and called nonabelian apolarity action.
Let HY(X,Z; ® £) and H°(X,Zz ® £Y @ L) be the spaces of global sections vanishing on a
0-dimensional subscheme Z C X, and let (Z) C H°(X, £)V be the linear span of Z. For a proof

of the following result we refer to | , Proposition 5.4.1].

Proposition 2.2.3 (LANDSBERG-OTTAVIANI). Let f € H(X,L)Y and let Z C X be a
0-dimensional subscheme such that f € (Z). Then it holds H*(X,Z; @ £) C ker Ay and
HY(X, Iz ® €Y © L) C Tm Ay,

It is worth remarking that the above result holds for non-reduced subschemes Z C X too.
The schematic non-reduced version of the nonabelian apolarity has already been considered
in [ , Theorem 6.10] for Veronese varieties, and more generally in | , Proposition 7).
In the classical apolarity, the case of minimal subschemes is considered with respect to cactus
varieties and cactus rank | ; |, while for non-minimal subschemes see | ]. Finally,

for reduced subschemes we recall the following result | , Proposition 4.3].

Proposition 2.2.4 (OEDING-OTTAVIANI). Let f € HO(X, L)Y and let Z C X be a 0-dimensional
reduced subscheme of length v, minimal with respect to the property f € (Z). Assume that
Rk Ay =r-RkE. Then it holds H*(X,I; ® £) =ker Ay and H*(X,Z; @ Y ® L) = ImA}-.

In particular, Z is contained in the common zero locus of ker Ay and Im A}-.

2.3 Hamming distance on projective varieties

We introduce a notion of distance between points of a projective variety with respect to its
embedding. The name “Hamming” comes from the similarity with the Hamming distance in
Code Theory, which measures how much two code arrays differ. This notion has already
appeared in [ ; ; .

DEFINITION 2.3.1. Let X C PM be an irreducible projective variety. The Hamming distance
d(p,q) between two points p,q € X is the minimum number of lines in PM which are fully

contained in X and connect p to ¢, that is
d(p,q) :=min{r | Ip1,...,pr—1 € X s.t. L(pi,pi+1) C X, i1 =0:7—1}
where pg = p and p, = ¢ and L(p;, p;+1) is the line passing through p; and p;41.

In particular, d(p,q) = 0 if and only if p = ¢, while d(p,q) = 1 if and only if L(p,q) C X and
p # q. The maximum Hamming distance possible between points of X is called the diameter
of X:
diam(X) := max {d(p,q) | p,g € X} .
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REMARK 2.3.2. Given G a group, W a G-representation and X C P(W) a variety which
is invariant under the G-action induced on P(W), then the G-action preserves the Hamming
distance between points in X, that is d(g - p, g - q) = d(p, q).

REMARK. As any generalized flag variety G/P is intersection of quadrics, for any two distinct
points p, g € G/P by Bézout one gets d(p, q) > 2 if and only if L(p,q) N (G/P)) = {p,q}.

REMARK. For cominuscule varieties the Hamming distance coincides with the minimum possible
degree of rational curves passing through the two points | , Lemma 4.2]. For non-

cominuscule varieties this is not true in general (a counterexample is given in Sec. 6.2).



Chapter 3
Diving into spinors

3.1 Spin groups from Clifford algebras

Spin groups are known as the universal double coverings of the special orthogonal groups. This
section is devoted to construct algebraically spin groups starting from Clifford algebras.
We refer to [ , Secc. 5.4, 5.5].

Clifford algebras. Let V' be an N-dimensional complex euclidean space endowed with a non-
degenerate quadratic form ¢q € Sym2 VY. We denote the norm and the inner product defined
by q as q(v) = ||v]|* and g(v,w) respectively. We recall the polarization formula 2q(v,w) =
q(v+w)—q(v) —q(w). Given T(V) = @~ VE" the graded tensor algebra over V, one defines
the Clifford algebra of q over V as the quo_tient algebra

(V)
(v®2 —q(v))

We denote by v - w (or simply, vw) the ring product in Cl,(V): for any v,w € V,

Cly(V) :=

vowtw-v=(v+w)? -0 —w?=q+w) —q) - qw) =2q(v,w) .

In particular, orthogonal elements in V' anticommute in Cly(V): v Lw = v-w=—w-v.
Although the ideal I = (v®2 —g(v)) is not homogeneous, it is of even degree and it decomposes
as Iy @ I, where I is the even-degree component and I; the odd-degree one. It follows that
the quotient algebra Cl, (V) is Z/2Z-graded with graded decomposition

_ Tev(v) TOd(V)

Cly(V) = —— &~

— ot -
=Cl;(V)@eCL (V).
The [0]o—degree component Cl:;(V) is called even Clifford algebra of q over V.

It is useful to give a functorial definition for Clifford algebras.

21
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UNIVERSAL PROPERTY. The Clifford algebra Cl,(V') of g over V is the algebra with the following
universal property: for any algebra R such that V' C R and for any linear map ¢ : V' — R such
that ¢(v)? = q(v) - 1R, there exists a unique algebra homomorphism 1 : Cl, (V) — R making

the following diagram commuting

¢
Vv R

Q 1
-
\ //;l)

Cly (V)

REMARK. By functoriality, for any orthogonal transformation of vector spaces f : (V,q) —
(V',q") there is an algebra homomorphism f, : Cl,(V) — Cly(V’). This also leads to the
identification of the orthogonal group as subgroup of the automorphism group of the Clifford
algebra: O(V,q) < Aut(Cl,(V)).

Given (eq,...,en) a g-orthogonal basis of V', then (e;, ---e;, | k>0, i1 < ... <) is a basis
of Cl,(V) [ , Sec. 5.4.1, Lemma 1]: in particular, dim Cl,(V) = 2V. As dimensions may
suggest, Clifford algebras are strictly related to exterior algebras. Indeed, there is a canonical

isomorphism of vector spaces | , Sec. 1.1, Proposition 1.3]

AV = Cl,(V) (3.1.1)
|_>

(O I ANAN )/ 8 %Zoegk(_l)gvg(l) Vo (k) '

REMARK. One can always reduce to study Clifford algebras over even-dimensional vector spaces.

Indeed, given dimV = 2N + 1 and (ey,...,ean+1) a g—orthonormal basis of V| the element
¢ = ey -eany1 is central in Cly(V) and ¢ = (—1)V | , Sec. 5.4.1, Lemma 2]. Since
€aN+1 = eanean—_1 - - ezerc, one has Cly (V) = Cl,({e1,...,ean)c) + Cly({e1,...,ean)c) - ¢. In

particular, as (—1)" has a square root in C, the following isomorphism holds
Cly(V) ~ Cly({e1, ... ean)c) @ Cly({e1, ..., ean)c) - (3.1.2)

Clifford multiplication. In respect of the previous remark, we assume dimV = 2N. Con-
sider a hyperbolic standard basis (e1,...,en, f1,--., fn) of V such that ¢ is described by the

symmetric matrix

€ Sym? C?V .

Then V decomposes as V = E @ F, where E = (e1,...,en)c and F = (f1,..., fn)c. In
particular, £ and F are two fully isotropic subspaces of V (i.e. E = Et and F = F') of
maximal dimension L%j = N. Up to isomorphism, we identify F' = EY and V = E® EV: via
this identification, it holds ¢((v,¢)) = ¢(v) for any v € E and ¢ € EV.
Consider the linear maps
p: E — End(AE)
v = VA e
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A BV — End(A E)

3.1.3
P (111/\.../\vk|—>Zf:1(—1)l’1<p(w)v1/\.../\171/\.../\1%) ( )

A straightforward count shows that p(v)? = M¢)? = 0 and p(v)A(¢) + AMe)u(v) = p(v) - id.
Hence the linear map p+ A : E® EY — End(/\ F) is such that

(L + M) (0,0)* = () + Ae)? = o(v) = q((v,9)) ,

that is, by the universal property of Clifford algebras, there exists an algebra homomorphism
(actually, an isomorphism | , Sec. 5.4.1, Theorem 2 ])

0:Cly(V) =Cly(E® EY) = End(\ E) . (3.1.4)
From (3.1.2) and (3.1.4), it follows that
Cl, (C*NV+1) ~ Matyn (C) @ Matyn (C) ,  Cl,(C*N) ~ Matyn (C) . (3.1.5)
In particular, Cl,(V') has centre

C if dimV even

Z(Cly(V)) = o
C+C-c~CopC ifdimV odd

REMARK. The isomorphisms above hold since we are over an algebraically closed field. We

refer to | , Sec. 5.4.2] for details over more general fields.

The contraction map A (3.1.3) and the isomorphism (3.1.1) lead to a nice description of the
multiplication in the Clifford algebra, which we call Clifford multiplication. As E = E*, the
map A extends to V = E @ EV trivially, and for any v € V and = € Cl,(V), via the vector
space isomorphism Cl, (V) ~ AV, it holds

ver~vAz+ Av)(x) . (3.1.6)

Even Clifford algebras. Now assume V of dimension dimV = N + 1, endowed with a non-
degenerate quadratic form ¢ € Sym? VY. Let (c,e1,...,en) be a g-orthogonal basis of V and
set V! = (e1,...,en)c: then V=C-¢c¢@®V'. Let ¢ € Sym?(V')Y be the restriction of ¢ to V".
Given v := ¢? = ¢g(c) € C*, one can construct an algebra isomorphism between the Clifford
algebra of —y¢’ on V' and the even Clifford algebra of ¢ on V' | , Sec. 4.4, Proposition 1]

fiClyg (V)= CIE(V) . (3.1.7)

Spin groups. Let V be a complex vector space and let ¢ € Sym? VY be a quadratic form
on it. Let Clg(V) be the Clifford algebra of ¢ over V and let Clg(V)* be the multiplicative
subgroup given by the invertible elements in the Clifford algebras. Clearly, Cl,(V)* acts by
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conjugacy on Cl, (V). One defines the Clifford group T'(V,q) to be the normalizer in Cl,(V')*
of V
L(V,q) :={z € Cly(V)* |2Va~ ! =V} .

Let TH(V,q) = T(V,q) N Cl;(V) be the intersection between the Clifford group and the even

1

Clifford algebra. Given z € I'(V, ¢), the conjugacy endomorphism conj,, : v — zvz~"' on V is

2 2

orthogonal: indeed, since v? = q(v), it holds g(zvz~!) = (zvr~1)? = 20?2~ = q(v). Thus one

has the group homomorphism
conj: I'(V,q) — oY V)
T — (conjgc :v»—>xva:_1) )

Notice that, for any v € V such that ¢(v) # 0, v is invertible and it holds v=! = q(vv). Moreover,

given v, w € V with v invertible, one has

2
conj, (w) = vwv ™ = (2¢(v,w) — wv)v~ ! = q(zj,)w)v —w=—py(w) ,
q(v
where p, is the orthogonal reflection with respect to the hyperplane v*. This implies that any
x =wv--vx € I'(V,q) induces a product of k reflections. In particular, any = = vy ---vg €
I't(V,q) (in the even Clifford algebra) induces an even product of reflections, hence it induces

a special orthogonal transformation, that is
conj : TT(V,q) — SOY(V) .

REMARK. By the Cartan-Dieudonné theorem, any special orthogonal trasnformation is an even
product of reflections, thus the conjugacy map above is surjective. Moreover, if dim V' is even,
then conj, = —p, is in O9(V) \ SOY(V) and the map I'(V, q) — O%(V) is surjective too, while
for dim V' odd the image is SO%(V) | , Sec. 5.5, Proposition 1].

Let x € ker(conj) C T'(V,q): then zvz= = v for any v € V and, since V generates the
Clifford algebra, it means that € Z(Cl,(V')). Thus we have the exact sequence

1 — Z(Cl(V))* —T'(V,q) — O4(V) .

REMARK. For dimV even, we know that Z(Cl,(V))* = C*. On the other hand, for dim V'
odd the map I'(V, ¢) — O%(V) has image SO?(V'), thus any element x € I'(V, q) is of the form
T = avy vy for a € Z(Cly(V))* and vy, ..., va, reflections. In particular, if z € T (V,q)
then a € C*.

The above remark implies that the restriction of the latter exact sequence to the even Clifford
group I'"(V, q) leads to the short exact sequence

1 — C* —T%(V,q) — SOYV) — 1. (3.1.8)

independently from the parity of dim V.

For any = = vy --- vy € T'(V, q), one defines its spinor norm as

N(z) =xa* = q(v1)---q(vg) € C* |
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where * is the involution on Cly (V') given by (v1 - - - vg)* = vy - - - v1. When restricted to the even
Clifford group, the spinor norm induces a group homomorphism N : TH(V, q) — C*, whose

kernel is the spin group
Spin(V) :={z e T*(V,q) | N(z) =1} .
If V = C¥, we write Spin%, for the spin group Spin?(C").
REMARK. The spin group Spin?(V) is a double covering of SO?(V): in particular, they share
the same Lie algebras ,
Lie(Spin?(V)) ~ s0?(V) ~ /\ V.

Indeed, for any x = vy ---vg, € I'H(V, q), there exists a € C such that N(az) = a?N(z) = 1,
hence ax € Spin(V). It follows that the map conj in the short exact sequence (3.1.8) restricted
to Spin?(V) is still surjective onto SO?(V). Moreover, for any a € C*, it holds N(a) = a® =1
if and only if a = +1. Thus one gets the short exact sequence

1 — {£1} — Spin(V) 25 S0Y(V) — 1 .

REMARK. The (complex) spin group Spin?(V') is simply connected. This is a consequence
(actually, equivalent to) the fact that the fundamental group of SO%(V) is isomorphic to Z/2Z:

for details we refer to | , Sec. 23.1].

3.2 Spin representations

Following [ , Sec. 11.7] we introduce the spin representations, that is the fundamental
representations of the spin group which are not representations for the special orthogonal
group. In the even dimensional case, the two half-spin representations are known to physicists

as “chiral spin representations”, whose sum gives the “fermionic Fock space” [ /.

Let V be a M—dimensional complex vector space endowed with a non-degenerate quadratic
form ¢ € Sym® VY. Depending on the parity of dim V, say either M = 2N or M = 2N + 1, we
assume q to be described by the symmetric matrix

1
10 In 1
ith == ==
either Q 2 |:IN O:| or Q 3 0 In| ,
In O
where the rescaling by % is in order to simplify counts. We fix either (e1,...,en, f1,..., fn) Or

(u,e1,...,en, f1,..., fn) respectively for the standard hyperbolic basis so that the quadratic
form g is described by the matrix @ with respect to this basis.

Consider the linear subspace of the even Clifford algebra L := (v-w | v,w € V)¢ C Cl;‘(V)

and the linear map
e: NV — CLS (V)

1

vAw = iv,w] = L(ow —wv) (3.2.1)
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Given (eq,...,en) a g-orthogonal basis of V', we have

1 1
ele; Nej) = §(eiej —eje;) = 3 2e,e; = e;ej

thus € is injective and we can identify \*V as subset of Cl;(V). After this identification, the
subset L is precisely C @ A?V and it is a subalgebra of CI¥ (V). Moreover, [L, L] = A’V and,
under the adjoint action, L acts as 507(V) on V' | , Sec. 5.4.4, Proposition 2].

As algebra, CI;F(V) is generated by A>V. It follows that any irreducible representation of
Cl;Ir (V') is an irreducible representation of Spin?(V'): indeed, given an irreducible representation
of Cl;’(V)7 if it was reducible as Spin?(V)-module, then it would be so as s09(V)-module,
that is as A V-module, hence as C[A* V]-module; but C[A*V] = CIF (V) would leads to a
contradiction.

Thus we study the irreducible representations of Cl;r(V) in order to find the ones of Spin?(V').
As the Lie algebra of the spin group is so(V'), we talk about “type-By case” if dimV = 2N +1
and about “type-Dy case” if dimV = 2N.

Type—-Dy case. Set V = FE & EY with dimV = 2N. Then from the isomorphisms (3.1.5)
and (3.1.7) one gets

ClF (V) = Cly (C*N ™) ~ Matyn -1 (C) ® Matgn—1(C) ,

hence CII(V) has only two non-isomorphic irreducible representations of dimension 2¥~1. Via
the isomorphism (3.1.4) Cl,(V) ~ End(A E), the even Clifford algebra Cl; (V) embeds in
End(/\ E) and the two irreducible representations correspond to A’ E and A\°* E.

DEFINITION. The two irreducible Spingy-modules

ev od
SJJ{,::/\E , S&::/\E.
are said half-spin representations. Given (e1,...,€ey) a suitable orthogonal basis of (<I>DN>R,

the half-spin representations are defined by the fundamental weights of Dynkin type Dy
1 1
wN_1:5(61+...+6N_1—6N) , wNzi(elJr...JreN_lJreN).
More precisely, given (e1,...,en, f1,---,fn) a hyperbolic basis of V = E @& EV, the highest
weights, the highest weight vectors and the lowest weight vectors (we denote them by 4,,,) of
Sy and Sy depend on the parity of dim E (hence on the value of dim V' modulo 4) as follows:
we denote by 1 the scalar 1 € C in order to remark its property of being a lowest weight vector.

| N =0 (mod 2) |
| | v | v R
WN—-1 S;[ Z/\OdE eN-1]=€e1N...Nen—1 ey
wN Sy =AN"E enj=e1N...Nen 1

Table 3.1: Half-spin representations of Spin,y for N =0 (mod 2).



3.2 Spin representations

| N =1 (mod 2) |
’ H VweN ‘ Vw, gwl ‘
WN_1 SR}:/\GUE €e[N-1] =e1 N...Nen_q 1
WN S;/:/\OdE e[N]zel/\.../\eN el

Table 3.2: Half-spin representations of Spingy for N =1 (mod 2).

Type—By case. Let V be of dimension 2N + 1 and let (u,eq,...,en, f1,...fn) be a hy-
perbolic basis of it. By setting a; = e;u and b; = uf;, one defines E = (aq,...,an)c and
¢ € Sym*(E @ EV)V (induced by ¢). From (3.1.4) one gets the isomorphism

Cli (V) =Cly(E® EY) ~ End(\ E) .

In particular, A E is the only irreducible representation of Cl;(V) of dimension 2%V, hence of
Spin(V).

DEFINITION. The irreducible Spingy, ;-module

Sv=/\E.

is said the spin representation of type By. Given (e1,...,€ex) a suitable orthogonal basis of
(®B~)g, the highest weight of the spin representation is the fundamental weight of Dynkin type
By

1
wN:§(61+...+€N)

and its highest weight vector is v,y = a1 A... Aay =eju ... ANenu.

REMARK. We stress out the fact that in the odd case the even Clifford algebra is isomorphic
to End(/\ E), while in the even case it just embeds in the latter. Moreover, in the odd case the
subspaces A®’ E and A" E are not CIy (V)-invariant: indeed, in the notations above, for any
p € A\ E it holds

o ifpe \“FE
—p ifpe \E 7

thus for any w € V'\ (u)¢ we get by (3.2.1)

U-p=

1 1
(uAw) @ ==[u,wlp = —uwp — —w up
2 2 ~~

te

1
(—wu + q(u,w)) ¢ F iwgo

1 1
5 q(u,w) o F §w¢ = Fwe
——
0

that is (u A w) - @ = Twep is in A E (resp. A\°* E) if @ is in A° E (resp. \® E).
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REMARK 3.2.1 (Duality). From Remark 1.1.1 and the duality of irreducible representations,
one gets the following duality between the two half-spin representations

(VDN )V:VDN _ VP~ if N =1 (mod 2)
m Twolew-) VPN if N =0 (mod 2)

WN-—1

and similarly for V‘EVN . On the other hand, the spin representation of type By is always
self-dual.

REMARK (Triality). The case of Dynkin type Dy is very special. Indeed, there exists a subgroup
of automorphism of the Dynkin diagram of type D, isomorphic to &3 which acts on the three
extremal nodes corresponding to the fundamental weights w1, ws,wy. In particular, it induces

isomorphisms among the three 8-dimensionall irreducible Sping-representations

3 2 4
Vhi=ct | v2i=cCc'e \C* |, VIi=ceAC'o AC'.

3.3 Spinor varieties

Spinor varieties are the generalized Grassmannians lying in the spin representations. Their
elements are called “pure spinors” and they have been studied since E. Cartan [ ] and C.
Chevalley [ |. Spinor varieties are of interest to physicists as Spin—orbits of the vacuum

state in the fermionic Fock spaces [ . We keep notation from previous sections.

From the theory of rational homogeneous vareities in Sec. 1.3 one can abstractly define

the Spinor varieties to be the Generalized Grassmannians
Sn = Bn/Puy = Spingn 1 [vuy] CP(VIY)
S§ := Dn/P., = Spinyy -[v..] CP(SY) ,
Sy 1= Dn/P._ = Spingy [0, ] CP(Sy) ,

where wy,w_ are the fundamental weights wy_1,wy of Dynkin type Dy depending on the
parity of IV, accordingly to Table 3.1 and 3.2: namely, for N even it holds S}, = Dy /wy and
Sy = Dn/wn-1, while for N odd one gets S}, = Dn/P.,_, and Sy = Dn/P,,. In the
literature, the elements of the above orbits are said pure spinors while the element of the spin

representations are said spinors.

REMARK. From Sec. 1.4 we know that the Dy-type Spinor varieties S]i\, are cominuscule vari-
eties, while the By-type Spinor varieties Sy are not. However, in Theorem 3.3.1 we are going
to see that the Spinor varieties of type By and Dy are projectively equivalent, and that one
can always consider an action of Spinyy,, on the Spinor variety Sy. In particular, Sy and

S]j\[, 41 share the same geometry inside their minimal homogeneous embedddings.
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It is useful to enlight the geometry of the Spinor varieties, by giving a description of them
analogous to the one of the Grassmannian Gr(k, N) as variety of k-planes in CV. More precisely,
we are going to exhibit a correspondence between Spinor varieties and the maximal orthogonal

Grassmannians.

Spinors and isotropic subspaces. Given ¢ a non-degenerate quadratic form, let H+ be
the g—orthogonal space to a subspace H: recall that a subspace H is g—isotropic if and only if
H C H*, and for any ¢-isotropic subspace H C V it holds dim H < LWJ We denote by

OG(N,2N +1):={H € Gr(N,2N +1) | H = H*}

the connected mazimal orthogonal Grassmannian of maximal (i.e. N—dimensional) g—isotropic
subspaces of C2V*1, and by

OGJ(N,2N) :={H € Gr(N,2N) | H=H"*, dim(H N E) =0 (mod 2) }

OG, (N,2N):={H € Gr(N,2N) | H=H*, dim(HN E) =1 (mod 2) }

the two connected components of the mazimal orthogonal Grassmannian of g—isotropic N-—
planes in C2V.

Let V be a complex vector space of dimension 2N (resp. 2N +1) endowed with ¢ € Sym? V'V,
Let V.= FE®EY (resp. V=F & EY ¢ Cu) a hyperbolic decomposition of V' with respect to
¢, where E = (eq,...,en)c and EY = (fi1,..., fn)c are such that g(e;, e;) = q(fi, fj) = 0 and
q(es, fj) = 6;: in particular, E = E+ and EV = (EV)=*.

For any spinor a € A E (not necessarily pure), the Clifford multiplication (3.1.6) defines a

map
Ye: V. — AE (3.3.1)
v vea o

We denote by
H, :=ker(¢,) ={veV|v-a=0} . (3.3.2)

REMARK. For any non-zero spinor a € A F (not necessarily pure) the subspace H, is always

g-isotropic (hence dim H, < |42V | = N): indeed, for any v € H, one has
0=v-(v-a)=q)a i q(v)=0.

On the other hand, given H C V a g—isotropic subspace, one can consider the subspace of
NE
Sii={ve NE|H-b=0}
of spinors annihilated by H. For pure spinors the subspaces H, C V and Sy C A E gives a

correspondence between Spinor varieties and maximal orthogonal Grassmannian.

Lemma. In the above setting and notation:
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. If a is a pure spinor, then H, has mazimal dimension N.

. For any q-isotropic subspace H C V it holds dim Sy = 2N~ H - In particular, if H is

mazximal q—isotropic, then dim Sy = 1.

. If H is mazimal q—isotropic, then Sy = Cay for a certain pure spinor ay.

1. | , Sec. 11.7.2, Theorem 1] It is useful to work with the lowest weight vectors as

they do not depend on the parity of N: indeed, 1 is always the lowest weight vector
of SJr and VﬁVN , while e; is always the lowest weight vector of Sy. From the Clifford
multiplication (3.1.6), elements of E acts via wedge-multiplication while elements of EY
acts as derivations. Thus for any v € V it holds v-1 = 0 if and only if v € EV, and v-e; =0
if and only if v € {eq, fo..., fn)c. In particular, Hy = EY and H., = {e1, fo..., fN)C
are of maximal dimension V.

Now we work with 1 € SE but the same argument apply to the other orbits S, and Sy.
For any pure spinor a € Sf\, there exist g € G = Spin(V) and A € C* such that a = g- 1.
Pick v € H,. Since by definition Spin(V') normalizes V', we can consider w € V such that

v = gwg~! and

0=v-a=(qwg Hg-A)=g-(w-A) <= w-1=0

that is H, = gH1 g~ = gEVg~!. As conjugation of subspaces preserve dimensions, one
gets dim H, = N.

. , Sec. 3, Theorem 1] Given H g-isotropic, one can complete a basis of it to obtain

a maximal g-isotropic subspace H giving an equivalent decomposition V = E ® EY =
H @ HY. Thus we may assume H = (f1,..., fs)c C EV for s = dim H. Then a basis of
SH is

(Lesy, Ao Aeg, [ t=1:N—s, {i1,...,51} C{s+1,...,N}) ,
hence dim Sy = ZN g (N. ) =2N=s,

. For any g € Spin(V') and any ¢—isotropic subspace H C V it holds
1
SgHgl{be/\E|gHg b=0, = {g~a€/\E|gHoa:0}
=:a
&
:{g-ae/\E\H-azo}
:gSHa

where the equality (&) holds as g € Cl,(V)* is an automorphism of A E. In particular, if
H is maximal g-isotropic, then it is Spin(V')-conjugated to either Hy or H., (depending
on the parity of dim V', on the parity of N and on the connected component in which H
lies). For instance, if H = gHyg~!, then ag = Ag - 1 for some A € CX, that is ag is a

pure spinor.
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REMARK. We stress out the action of Spin(V') on H, and Sy (cf. the above proof):
Hg<a :gHa971 ’ SgHg_1 :gSH .

Theorem. The Spinor varieties SE, Sy and Sy are in correspondence with the connected maz-
imal orthogonal Grassmannians OGT(N,2N), OG™(N,2N) and OG(N,2N + 1) respectively.

More precisely, the one-to-one correspondence is given by
S§ —

[a] —

[CLH] = ]P(SH) —

OG™*(N,2N)
H, (3.3.3)
H

and similarly for the other Spinor varieties.

Proof. The previous lemma shows that pure spinors and maximal g—isotropic subspaces are in
one-to-one correspondence. Moreover, the fact that this correspondence preserves the connected
components (in the sense that pure spinors in Sﬁ correspond to maximal g—isotropic subspaces
in OG* (N, V)) follows from | , Sec. VI.I.124]. O

REMARK. The map 4, (3.3.1) allows to give equations for Spinor varieties. Indeed, a spinor
a € \ E is pure if and only if H, = ker(¢,) has maximum dimension N, hence if and only if
Rk(¢,) < N. Thus pure spinors are determined by the vanishing of the (N + 1) x (N + 1)

minors of 9.

Parametrization. Being generalized Grassmannians, the Spinor varieties Sﬁ and Sy are

rational varieties. In particular, they are parametrized by skew-symmetric matrices /\2 CY and

. N
dlmSﬁ: (2> .

Indeed, given a pure spinor a, up to choosing a Pliicker basis, the subspace H, is defined by the

they have dimension

2N x N matrix X, = [3] Given @ = [ In I ] the symmetric matrix defining the quadratic
form ¢, by isotropicity of H, it holds 0 = ‘X, -Q - X, = Y, +'Y,, that is 1Y, = —Y,.

Dny1 — By projective equivalence. The spin representations S5 4 € {Vw]?vNJrl,Vw[J)\f\_’;{l}
and Sy = VfVN have both dimension 2V, hence they are isomorphic as vector spaces. Actually,

a stronger result holds.

Theorem 3.3.1. The Spinor varieties S]iv_H C IP(VUJDNﬁtl) and Sy C P(VEN) are projectively

equivalent.

Proof. We describe an isomorphism between Sf, 41 and Sy in terms of maximal orthogonal
Grassmannians as follows. Any ¢'-isotropic subspace W C C?V*! has dimension at most N,

and the set of maximal (i.e. of dimension N) ¢’—isotropic subspaces is connected. On one hand,
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any ¢-isotropic subspace W C C?N+2 of maximal dimension N + 1 restricts to a ¢'—isotropic
subspace W/ = W N H of dimension at least N, hence of dimension exactly N. On the other
hand, any maximal ¢’isotropic subspace W’ C C2N+1 lifts to two possible maximal g-isotropic
subspaces of C2V*+2 namely W; = W @Cen 1 and Wy = W/ @ Cfn41. One concludes that the
maximal ortoghonal Grassmannians OGy (N, 2N +1) and OG,:JIE (N +1,2N +2) are isomorphic.
This isomorphism among pure spinors maps basis elements of A® C2N*1 to basis elements of
A’ C?N+2inducing the aimed projective equivalence. O

In respect of Theorem 3.53.1, from now on we only work with the Dy —type spin group

Spin(2N) for N even. In particular, we focus on the Spinor variety

S§ = Dn/Puy CP(VEY) =P (/\E)

The setting in Table 3.1 is assumed.

Pfaffian coordinates. Let N be even (cf. Table 3.1). Consider the Spinor variety S} =
Spinyy -[vwy] C P(A® CV) where v, = en] = €1 A ... Aey is the highest weight vector. A
neighbourhood of [v,,] is given by pure spinors [a] such that the subspace H, is described by

the matrix in Pliicker form [;N } where Y, € A>CY. On the other hand, any skew-symmetric

matrix Y = (y;;) € A’ CV defines in a neighbourhood of [v,,] the pure spinor (cf. | ,
Sec. 2.3])

N N-1
ay = (61 + Z?h,ifi) AREERA <€N +> yN,ifi) = > Pi(Y)ep (3.3.4)

=2 i=1 #1 even

where Pf;(Y) is the pfaffian of the principal submatrix of ¥ whose rows and columns are
indexed by I, and ejy)\; = €j, A ... Aejy_,. indexed by the set [N]\ I = {j1,...,jn_2:}.

REMARK. The middle-term in the above chain of equations describes the subspace H,, but it
is not an element of the half-spin representation as the vectors f;’s appear; on the other hands,
the termn on the right-hand side is an element of A“” C" and one can prove the second equality
by multiplying on the right both terms by f1--- fy € Cl; (C2N).

11

In particular, after the isomorphism ]P’(S;([) ~ P2 , one gets the following coordinate

description for pure spinors in a neighbourhood of [v,,,]
St = p2" -1

lay] +— [1:Pf (V). cPE(Y): ]

From OGT(N,2N) to S}. We assume the notation for V. = E @ EV as in the previous
paragraphs, for dimV = 2N and N even. Recall that, under these assumptions, the highest
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weight vector [v,,] corresponds to the maximal isotropic subspace vaN =F.

Given H € OGT(N,V) U OG™(N,V), we are interested in expliciting the coordinates (in
the standard basis of A\ E) of the corresponding pure spinor [ay] € S} U Sy with respect to
the coordinates of a given basis of H. Given (hq,...,hy) a basis of H, via the correspondence

(3.3.3) we know that the pure spinor [ap] is given by the (unique up to scalars) spinor

aHZZﬁ[e] E/\E
I

such that hj -a=0forall j=1:N.
Assume p = dim(H N E) = 0 (mod 2), so that H € OGT(N,V) and [ay] € S}. Up to
rotations we may assume H = (e1,...,€p,gp+1,--.,9gn)c Where forall j =p+1: N

N
g; = fj + Z i€k Qkj = —Qjk (3.3.5)
k=p+1
where the coefficients «j;, define a skew-symmetric matrix A = (ojx) € /\2 CN-P. Since
[ax] € S§; € P(A® E), one gets B; = 0 for any I € 2] such that #I is odd. Moreover,
as basis elements of H, the vectors eq,...,e, annihilates af, hence fr = 0 also for any I not

containing [p]. Thus we restrict to consider spinors of the form

ag = Z ﬁje[p]/\ef .
IC[N\[p] , #I even
Proposition 3.3.2. Letp = N =0 (mod2). Let H = {eq,...,ep,gp+1,---,gn)c € OGT(N,2N),
where g; are as in (3.3.5) and define the matriz A = (ag;) € N CN=P. Then H corresponds
to the pure spinor in SE

ag = > Pf(Aj)ep, Aer . (3.3.6)
IC[N\[p] , #I even
Proof. Tt is enough to prove that each generator of H annihilates (via Clifford multiplication
(3.1.6)) the above spinor ag. This clearly holds for ei,...,e,. Consider the generator g; for
J € [N]\ [p] fixed. Then

N
gira=| > anjen | Aam+A(fj)an
h=p+1

N
= Z Z Qpj Pf(A[)eh A €[p] Ner + Z Pf(A[)(*l)pos(I’j)Jrle[p] A en{j}
h=p+1 IZh 13j
where: in the first summand one restricts only to subsets I not containing h, since for h € I it
holds e, A ey = 0; in the second summand one restricts only to subsets I containing j since for
J & 1 it holds A(f;)(ep) Aer) = 0; pos([,j) denotes the position of the index j in the ordered
subset I. Notice that, for h € [N]\ [p] and t =0: % — 1 fixed, it holds

> ang PE(Ar)en Aepp Aer = Y ang PEA/ ) (1P e ney

1) on re(3RY)
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since for the J’s not containing h the submatrix A () = Ay is of odd size, hence its pfaffian

is zero. By a similar argument, after fixing j € [N]\ [p] and ¢ =1: %, one gets

> PHANCLeU I epnen gy = Y PHAuup)(-D)PRUR IR e ne;
1e(WIP)) : 135 Je (e

Thus one has

N—p
N — 1
gira= Y, > ang PE(AS () (=1)7 " ep Ay +

h=p+1 t=0 JG([Igtli[lp])

N;p_l
> PE(A ) (1)U e A,

=0 se(3)

Nz—p 1

5 N
= > > | DD an PHAN ) (1P L PRy (— 1P e ney
=0 se(IN\wly Lh=p+1
2t41

=: Ty

Consider the Heaviside step function

1 fxz>0
H(LL‘) =150 = .
0 otherwise

Notice that H(z) = 1 — H(—x). Then, for any t = 0: Y2 — 1 and for any subset J € (J]\P),

2t+1
one has
N N
Y ang PEAN ) (1P = 3 T (—agn) PEAG U ) o)) (- DP
h=p+1 h=p+1
N . .
= > apm PHAGugy ) (1P R HER=D)
h=p+1

- (_l)pos(JU{j},j) Pf(Asu01)

where the last equality follows by the recursive equation for the pfaffian (for an index i fixed)

Pf(B) = (—1)" 7 HHHE=Dp, PE(B; )
i

It follows that for all index subsets J it holds

Ly = (1)U PE(A ) + ()P PR(A ) = 0,

hence g; - a = 0 for any j € [N]\ [p]. This concludes the proof. O
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3.4 The diameter of Spinor varieties

In this section we describe the Hamming distance between points on Spinor varieties as
codimension of the intersection of their corresponding maximal isotropic subspaces, hence we
determine the diameter of Spinor varieties. These computations have been made before finding
out that the distance on Spinor varieties (as well as on any cominuscule variety) was already
known in [ , Sec. 4].

In light of Theorem 3.3.1 we assume N to be even and we consider the 2 N—-dimensional
complex vector space V = E & EV with basis (e1,...,en, fi,--., fn) which is hyperbolic with
respect to the quadratic form ¢ = Zf\il z;y;. Consider the Spinor variety S}, € P(A“’ E) being
the closed Spin,y-orbit of the highest weight vector v, = e =e1 A... Aen, as well as of
the lowest weight vector ¢, = 1.

Let [a], [b] € S be two pure spinors and let H,, H, € OG™ (N, V) be their corresponding max-
imal g-isotropic subspaces. Consider the line L([a], [b]) = {[Aa+pub] | [\ : 4] € P} C P(A®" E).
Any point in L([a], [b]) defines via the map (3.3.1) a g-isotropic subspace Hj,q ) of dimension
dim Hi,q4 2 < N. Moreover, Spinor varieties being intersections of quadrics, by Beézout it
holds either L([a],[b]) C Sk or L([a], [b]) N SL = {[a], [b]}. In particular, in the former case
[a], [b] have Hamming distance d([a], [b]) = 1 and

(lal, b)) €S <= [a+b €S, < dimH,,=N.

L
Ifd([a], [b]) = k =

1, then L([a], [b]) € S} and we look for distinct pure spinors [c1], ..., [cx—1] €
Sk such that L([¢;], [cj+1]) C S& (or equivalently H e, , € OGT(N,V)) forall j =0:k—1,
where [co] = [a] and [cx] = [b]. Moreover, since each H,, has to lie in the same connected

component OGT (N, V), it holds codimpy, (He, N He,,,) =0 (mod 2) for any i =0: k — 1. For

simplicity we write H; for H,,.

i+1

Lemma 3.4.1. Let [al,[b] € S]J(, be two pure spinors corresponding to the subspaces H,, Hy €
OG*(N,V). Then
d([a],[b])) =1 <= dim(H,NHy)=N—-2.

Proof. From Remark 2.3.2, the action of Spin, preserves the Hamming distance between pure
spinors in S}: thus we may assume a = v, = e[y] with H, = He,, = E.
Let p := dim(EF N Hy) = 0 (mod 2) and consider a basis (e1,...,€p, gp+1,-..,9n) of Hy for

g; as in (3.3.5). From Proposition 3.3.2 we know that

b= Z Pf(A[)e[N] Ner,
IC{p+1,....N}
where A = (ay;) € /\2 CN~P is defined by the coefficients in the g;’s, and we set ey := 1.
If p=dim(E N Hy) = N — 2, then we can write b = e;y_9) A (1 +an_1,n(en—1 Aen)) and

e[N] +b= (1 + aN_l,N)e[N] + €[N -2, hence

He b = (€1, .. en—2, fn—1— (1 —an_1n)en, fv + (L —an_1n)en—1)c € OGT(N, V),



36

3. Diving into spinors

implying d([efn], [b]) = 1.

Conversely, if d([en],[b]) = 1, then EN Hy, & Hey4b € OG™(N,V), hence He b =
(€1,....€p,€pt1...,€q, Rgt1,...,hn)c for some g > p: actually, it has to be ¢ = p, otherwise
HE[N]er NE = He[N]er N er[ C HB[N]erfe
has He y+p = (€1,-..,€p, hpy1,...,hn)c for some vectors h; as in (3.3.5) defined by a certain

B e \>CN-?. By Proposition (3.3.2) one gets

] o~ = Hp would lead to contradiction. Then one

€[N] +b= Z Pf(B[)E[p] Ner .
Ic{p+1,....,N}

Notice that both in b and e[y] + b the summand e[, A ey = ef,] appears with coefficient 1, thus

it cancels out in the above equation leading to

e[N} = Z (Pf(B[) — Pf(A[))e[p] Ner .
0#IC{p+1,....,N}

If it was p < N —2, then for any I = {i,j} C {p+1,..., N} the coeflicient Pf(B;) —Pf(Ar) has
to be zero, hence all the 2 x 2 pfaffians of A and B would coincide: in particular, by recursiveness
of pfaffians, also the maximum pfaffians Pf(A,41,. n}) and Pf(Byp41,... n}) should coincide,
leading to the contradiction e[y = 0. Thus it has to be p= N — 2.

This completes the proof. O

Proposition 3.4.2. Let [al, [b] € S}, be two pure spinors with corresponding subspaces Hy,, Hy, €
OGT(N,V). Then

N — dim(H, N Hy)
(o], 1) = ; .
Proof. As in the previous proof, we may assume a = epyjand b =3 ;.1 vy Pi(Ar)epAer,
where A = (ag;) € A’ CH1=P. Then Hy = (e, . . ., €p, Yp+1; - - -, gN)c Where p = dim(ENHy) =
0 (mod 2). Let d([efn1], [0]) > 2.
—p

For any j =1 : NT consider the pure spinor [¢;] € S§ corresponding to the maximal

q—isotropic subspace
Hj=(e1,...,€p,€pt1,...,€N-2j, N—2j41,---,IN)C € oGH(N,V) .
Notice that H? = Hj so that [(:?] = [b]. Moreover, for any j =1: % it holds
dim(E N Hy) = dim(H; N Hjpq) = N — 2
which by Lemma 3.4.1 is equivalent to d([e[n1], [c1]) = d([c;], [cj11]) = 1: in particular, we get

N—p N —dim(EnNH,)
2 2 '

d(lern], [b]) <

Let d := d([e[n1], [b]) and assume the thesis holds for d — 1. Consider a minimal sequence of

pure spinors [p1], ..., [ps—1] € S§ such that for any j = 0: d—1 it holds d([p;], [pi+1]) = 1 where
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we set po = ey and pg = b, that is dim(H,, N H,

pi+1) = 2. By minimality of the sequence and

by inductive hypothesis, it holds

N —dim(ENH,, ,)
2 )

d—1= d([e[N]L [Pa—1]) =
hence dim(E N H,, ,) = N —2d + 2. From the Grassmann dimension formula we get

dim(ENH,, ,NH,) =

=dim(E N Hy,_,) + dim(H,,_, N H,) —dim ((EN Hp,_,) + (Hp,_, N Hy))
=(N—-2d+2)+ (N —-2)—dim(ENH,, ,)+ (Hy, , N Hy))

=2N —-2d—dim((ENHp, ,)+ (Hp, , NHy)) .

The latter dimension can be a value in {N — 2, N — 1, N}, then one has
N-2d<dim(ENH,, NHy) <N-2d+2.

If it was N —2d+1 < dim(ENH,, ,NHy) <N —2d+2, from the inequality d < % already
proven, one would get

N-2d+1<dm(ENH,, ,NH,)<dm(ENH,)=p<N-2d,

leading to contradiction. It follows that dim(E N H,p, , N Hy) = N — 2d must hold and, from a
similar chain of inequalities as above, one conclude that 2d = N — p, that is the thesis. O

It follows straightforward from Proposition 3.4.2 that the maximum possible distance between
two pure spinors [a], [b] € S} is realized when H, N H, = {0}. Moreover, similar argument

apply to the case of N odd. The following result is now just a corollary.
Theorem 3.4.3. The Spinor variety Si C P(VEN) has diameter

diam (Sy) = BJ

REMARK 3.4.4. The Spinor varieties S ~ P! and ST ~ P? are linear spaces, thus their diameter
is trivially 1. The Spinor variety Sff is isomorphic to the 6-dimensional quadric Q® ¢ P7 and
it has diameter 2: this holds for any quadric QY < PN+, The first Spinor variety having
diameter at least 3 is S C P3!.

3.5 Some homogeneous bundles on Spinor varieties

In this section we describe some homogeneous bundles on the Spinor varieties which will be
useful for defining the Clifford apolarity in Sec. 3.6.
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We keep the notation from previous sections. We recall that we may assume N to be even

in light of Theorem 3.3.1 and of the duality between the half-spin representations. In particular,
Dy/Py =Sk cP(VEy) =P </\E> .

Consider the half-spin representations V2N = A E and VPN = A’ E with highest weight
vectors vy, = env—1) =€e1/A...Aen—1 and v, = e =e1N...Aen—1 respectively: since N
is even, by Remark 3.2.1 both half-spin representations are self—dual. Let Vle N=V=FE®EY
be the standard representation with highest weight vector v,, = e;.

Let (e1,...,ex) be an orthonormal basis of the vector space (®P¥)g ~ RN spanned by the
Dn—type root system, so that the simple roots of type Dy are of the form

Q) =€ —€ , ... , QN-1=€EN-1—€EN , QN =€EN_1TEN,

while the fundamental weights are

wp =€ , Wwp=¢€ +€ , ... , WN-2=€ FTe+...+€eN_2,
1 1
UJN,1:§(€1+...+€N,1—6N> , wN=§(€1+...+6N,1+€N).

The line bundle Og(1). Being a generalized Grassmannian, the Picard group of the Spinor
variety SE is monogenic, generated by the very ample line bundle

OS(l) = ng

defined by the irreducible Py—representation with highest weight wy. Moreover, by Borel-Weil

Theorem such line bundle gives the minimal homogeneous embedding (cf. Example 1.3.6)
Sk = P(H(S§, 0s(1))Y) =P (VIN) .

After the identification between the Spinor variety S} and the maximal orthogonal Grassman-
nian OG™ (N, 2N), one gets the inclusion

t: S} — Gr(N,2N) .

The pull-back via ¢ of the line bundle Og,(1) on the Grassmannian is related to the line bundle
Os(1) on the Spinor variety as follows:

1*Oar(1) = 0s(1)%% = 05(2) .

REMARK. This relation follows from the fact that the maximal g-isotropic subspaces in Gr(N, 2N)
splits in two isomorphic connected components, and it is classicaly stated as “the line bundle
on the Spinor variety is the square root of the one on the Spinor variety” or also, by abuse of
notation Os(1) = Og:(3).
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The dual bundle Uy. The pull-back via ¢ of the bundle 4%, dual to the universal bundle on
the Grassmannian Gr(N,2N) (see Example 1.3.7) gives the dual bundle

U =i'Ug,

on S}, defined by the Py-representation of highest weight wy, hence by Borel-Weil Theorem
it holds
v
HO (Sj\}’uv) = (VleN) = VwD1N ’

where the last equality follows from —wg(w;) = wy (see Remark 1.1.1).

The twisted bundle Us(1). Consider the rank—N bundle
Us(1) = Us ® Os(1)
on the Spinor variety S}. Notice that the description in Example 1.3.8 fails in this case: indeed,
det(Us) = det(t"Ugy) = 1" det(Uay) = 1" Ocr (1) = Os(2) .

However, as a homogeneous bundle, Us(1) is defined by a Py-representation whose weights are
of the form A\ + p as A and p vary among the weights defining Us and Og(1) respectively. The
line bundle Og(1) has unique weight wy, while the rank—N bundle Us has weights —eq, ..., —en:
then the bundle Us(1) has weights % (c1e1 4. ..+cnen) for ¢; € {£1} such that Zjv:l ¢ =N-1
In particular, the highest weight of the Py—representation defining Us(1) is %(61 4. ten_1—
en) = wn-_1, and by Borel-Weil’s Theorem we get the global sections

HO (S, Us(1)) = (VDN )V — VD~

WN-—1 WN-—1 7

where the last equality follows from Remark 1.1.1 under the assumption that N is even.

3.6 Clifford apolarity

In this section we analyze the nonabelian apolarity in the case of Spinor varieties. For certain
vector bundles, this leads to what we call “Clifford apolarity”. We also exhibit the vanishing

condition of some global sections on Spinor varieties.

We assume the same setting, notation and results from Sec. 3.5. We recall that we
may assume N to be even in light of Theorem 3.3.1 and of the duality between the half-spin
representations.

In light of the global section spaces exhibited in Sec. 3.5, the contraction map HO(S?\},UV) ®
HO(SE,U(1)) — HO(S}, O(1)) is equivalent to
Dn\VY D v Dn\VY
V) e (VEY,) — (vE)”,

WN-—1
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which under the assumption of N even and after the duality of half-spin representations (Remark
3.2.1) coincides with

od ev

(EeoEV)o N\E— \E. (3.6.1)

Such map is uniquely determined as Spin(V')-equivariant morphism (up to scalars): this is a

consequence of Schur’s lemma applied to the following result.

Theorem 3.6.1. The irreducible Spin(V)-module \°° E (resp. \°* E) appears with multiplic-
ity 1 in the Spin(V)-module V & N\°* E (resp. V& N\ E).

Proof. In light of the natural inclusion SL(F) C Spin(V), for any Spin(V)-module W among

gil(“E(;/)(W) we lighten up

the notation by simply writing W and specifying its module structure. Since N is even, one
can rewrite the SL(E)-module (E & EY) ® \°* E as

the above ones we can consider its restriction as SL(E)-module Res

od a2 2k+1 2k+1
(EoEV)o NE=E <E® A E) @ (EV® A E) .
k=0
For each Kk =0: %, from Pieri’s formula [ , Sec. 9.10.2], one gets the following decom-

positions into irreducible SL(E)-modules:

2k+1 2k+1 N-—-2-—2k
2k+1 —_—— 2k+2 2k+1 —A— 2k
E® /\Ezs(Q,l,...,l)@ /\E , EV® /\E25(2,4.4,2,1,...,1)@/\E.

where we used that EY ~ AN ' E, CV ~ AN E and A" E =0 for any h > N + 1. Thus in the
decomposition of (E @ EY) ® \°* E into SL(E)-modules

N—4 2k+1 2k+1 N-—-2-2k

2% N A ARy
/\E @AEGB @3(2,1,...,1)@5(2 ..... DX
1 k=0

od
Ve ANE=Ca2
k=

there is only one copy of A“’ E, hence there has to be only one copy in the Spin(V)-module
decomposition as well. O

By fixing ¢ € A“" E, from the map (3.6.1) we get a Spin(V)-equivariant map ¢, : (E ®
EY) — A\°* E which is unique (up to scalars) by Theorem 3.6.1, thus it coincides with the map
g : V. — A E defined in (3.3.1). Moreover, the natural contraction (3.6.1) is equivalent to a

map

ev od

q):/\E@/\EV—nE@EV

which again by Theorem 3.6.1 is uniquely determined as Spin(V')-equivariant morphism: more

precisely, it is the projection onto the unique copy of the irreducible Spin(V')-submodule E® EV.
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REMARK 3.6.2. By uniqueness, the map ® is intrinsically related to the skew-apolarity map
(2.2.1). Consider the splitting in SL(E)-modules

ev od % N2_2 2r 2541
NENE =B P (/\E@ A EV> .
r=0 s=0

The map @ is Spin(V')-equivariant, hence SL(E)-equivariant, so are its restrictions
2r 2s+1
Do ostt /\E® /\ EVY —SE®EY.

By Schur’s lemma, each restriction @5, 2,11 is non-zero if and only if either E or EV appears
as irreducible SL(E)-summand in the tensor product on the left-hand side: this happens if and
only if |2r — (2s + 1)| = 1. In particular, it holds

E if2r=(2s+1)+1
Im (®o,0s41) = BV if2r=(25+1) -1 .

0 otherwise

For 2r = (25 + 1) 4+ 1 (resp. 2r = (25 + 1) — 1), the module A*" E @ A**"' EV has a unique
copy of E (resp. EV) as irreducible SL(E)-submodule, thus (up to scalars) there exists a unique
SL(E)-equivariant morphism from the tensor product onto E (resp. EV). By uniqueness, the
restrictions ®3,.0541 are given (up to composing with a projection mggrv onto E & EVY) by

generalizing the skew-catalecticant maps C; 475 i (2.2.1) as follows:

By oir : /\2rE ® /\2s+1 EY /\QT—(23+1) Ea /\25+1—2r BV EGEY EaEY
e® f N Cgs+1,2r7(2s+l)(f) + CJ2¢7",2$+1—27"(6)
where C47* = 0 for s > d: roughly, depending on the sign of 2r — (2s+ 1), one looks at vectors
t

in BV as derivations on E, or viceversa.
DEFINITION 3.6.3. The Clifford apolarity action is the Spin(F @ EV)-equivariant map

d: AN“ERAN'EY — E®EY

cef o G+ Cre) (36.2)

lev

where C¢(f)), (resp. Cy(e),,., ) is the projection onto E (resp. EV) of the contraction f-e € A E
(resp. e f € \ EV) obtained via Clifford multiplication.

Vanishing of sections in H°(S},,U(1)). Via the isomorphism

HOSEu) ~ (V) = 7<EV ,

WN—1

any section j; € H°(S%,U(1)) corresponds to a spinor f € A°* EV: we describe the zero locus
of a section j¢ by generalizing an argument from [ , proof of Prop. 2].
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For any [a] € S}, one has the fiber (U4(1))[q) ~ Hom((O(1 ))[a],u[a]) In particular, it holds
(01 ))[a = (a)c C AN E and Uy, = H, := {v € E®& EY | v-a = 0}. Thus we can iden-
tlfy j¢(la]) € (U(1))[q with a homomorphism j¢([a]) : (a)c — Ha. We want to determine

)€

[a
js([a))(Aa

REMARK 3.6.4. The scalar product ¢(-,-) on V = E® E" extends to a scalar product (-,-) on
AV defined on decomposable elements x = 21 A ... Axy € /\}C Vandy=y1 A... Ay, € /\h 1%

as

H, as the scalar A € C varies.

det(q(zi,y;)) ifk=nh

0 otherwise

(z,y) =

and extended by linearity. The isomorphism of vector spaces A\ V ~ Cl(V, q) defines such scalar
product on the Clifford algebra too. The well-known adjointness between exterior product and
contraction (v A z,y) = (z,v-y) for v € V, z € A" 'V and y € A"V, together with the
Clifford multiplication (3.1.6), implies (x,v - y) = (v - z,y) for any x,y € AV and any v € V:
in the Clifford algebra, this property extends to any element z € CI(V, q) as (z, zy) = (z*z,y),

where z* is the reverse involution
Z=x1 - To = 2F=Top- T

The function vy ,(v) = (f,v - a) is linear in v € V and vanishes on H,, thus it belongs to
H:f ={¢y:V - C|¢(H,) = 0}. But H, = H} (since a is a pure spinor), thus ;e €
Hom({a)c, H,). It follows that we have two maps

NYEY — HO(SL,U))
J: f > Jr
v f — ’(/Jf’.

where j is the Spin(V)-equivariant isomorphism given by Borel-Weil Theorem. Next remark

shows that the maps j and ¥ coincide up to scalars.

REMARK 3.6.5. The map ¥ is Spin(V)-equivariant too. Indeed, for any G-homogeneous bun-
dle on a variety G/P, the G-action on a global section s is given by (g - s)(a) = s(g™* -

, one gets (z-4re)(a) = Pre(r¥a) =
= H,+ is the functional on V given by

*

a). Since for any z € Spin(V) it holds 271 = z
Vfavq € Hom ((z*a), Hyq) where 5 40 (A*a) € Hy,, =
Yrora(Az*a)(v) = (f,v- Az*a). But z* € Spin(V') acts by conjugacy on V, thus V = z*Vz and
by adjointness one concludes (f,v - Az*a) = (f, (z*wz) - \x*a) = (f, z*w - \a) & (x- fyw- Aa),

that is - Yfe =1z 7.

Lemma 3.6.6. In the previous notation, the zero locus Z(j;) of a global section j; € HO(SL,U(1))
corresponding to a spinor f € /\Od EVY is

2 =SEn (V- Dt (3.6.3)
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Proof. By Schur’s lemma, the equivariant maps j and ¥ coincide up to scalar, hence the section
jr € HY(SE,U(1)) is such that j([a])(Na) = (f,e- (Aa)) € H, for any A € C. We conclude
that the zero locus Z(j;) of the global section j; is given by the pure spinors [a] € S}, such
that 0 = (f,v-a) = (v f,a) for any v € V, that is the thesis. O






Chapter 4

Identifiability and singular locus
of o9(Gr(k, N))

Despite Grassmannians are ubiquitous objects in theoretical and applied areas of Mathematics,
there are several aspects of their geometry still mysterious. Among these, only partial results
have been obtained about their secant varieties (eg. see [ ]). This chapter is devoted to
solve the identifiability problem and to determine the singular locus of the secant varieties of

lines to Grassmannians. The results appearing in this chapter come from the work [ ]
joint with Dr. Reynaldo Staffolani.

Let V be an N-dimensional complex vector space. After the identification with CV, we fix

the standard basis (eq,...,en). For k < N we consider the Grassmannian (cf. Example 1.3.1)
k
Gr(k,N)=An_1/P CP(Vi¥1) =P (/\ (CN> .

We recall that the highest weight vector and the lowest weight vector in V‘,ﬁ_” ~* are respectively
Vo, =€) =€1 N ... Aeg and £, = eIN\[N—-k] = EN—k+1 N ... NeN. For any [Ul AN vk] €
Gr(k, N) we denote the corresponding k—-dimensional linear subspace by H, = (v1,...,vg)c.

Secant variety of lines to Gr(k, N). Counsider the secant variety of lines

02(Gr(k, N)) = G3(Gr(, N)) = {[a+ 8] € POV ) | [a), ] € Gk, N) } < B(VZ—1)

The dense subset 05 (Gr(k, N)) is given by the union of bisecant lines, while the union of tangent
lines defines the tangential variety 7(Gr(k, N)). It is known that the secant variety of lines is
quasi-homogeneous, in the sense that it admits a dense orbit: more prcisely, o2(Gr(k, N))
SLy -[vw, + €u,] [ , Theorem 1.4]. Moreover, it is non-defective for any 3 < k <

S
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[ , Theorem 2.1], thus its dimension is the expected one

dim o3(Gr(k, N)) = min {2dim Gr(k, N) + 1,dim P (V;}VN*)}

ok iy, (V) 1}

On the other hand, the secant variety of lines 02(Gr(2, N)) to the Grassmannians of (affine)
planes is defective for any N > 5 with defect equal to 4 | , Theorem 2.1].

REMARK 4.0.1. In same terminology from Sec. 2.1, the secant variety o2(Gr(3,6)) is a perfect
case. The Grassmannian Gr(3,6) is a Legendrian variety and, as such, its secant variety of lines
has been studied by J.M. Landsberg and L. Manivel (cf. Remark 1.4.2).

The duality of irreducible representations A¥(CN)Y = (VAN-1)V = Viv-t = AN kN
induces a duality of Grassmannians

Gr(k,N) ~ Gr(N —k,N) .

Toy-case Gr(2,N). For k =2, the SLy—module Vit = A’ CN parameterizes the space of
N x N skew-symmetric matrices, while the secant variety of lines o5 (Gr(2, N)) parameterizes the
N x N skew-symmetric matrices of rank at most 4. Since 02(Gr(2,4)) = P° and 02(Gr(2,5)) =
P?, we assume N > 6.

By defectivity we know that dim oo(Gr(2, N)) = 4(N — 2) — 3. Moreover, from the key result
[ , Theorem 1.4] one has the identity 7(Gr(2, N)) = 02(Gr(2, N)).

Theorem. For N > 6 the singular locus of the secant Sing(o2(Gr(2, N))) is exactly Gr(2, N).

Proof. Since Gr(2, N) parametrizes the N x N skew-symmetric matrices of rank 2 (i.e. skew-
symmetric rank 1), the variety o2(Gr(2, N)) is given by the union of only two orbits: Gr(2, N)
and 02(Gr(2,N)) \ Gr(2, N). Since in general Sing(o,(Gr(k, N))) D o,-1(Gr(k, N)) holds, the
thesis follows. O

In respect of the duality of Grassmannians and of the above theorem,

through out all this chapter we assume

4.1 The poset of SLy—orbits in o9(Gr(k, NV))

The secant variety of lines to the Grassmannian Gr(k, N) is invariant under SLy—action, and
its subsets o9 (Gr(k, N)) and 7(Gr(k, N)) too. We refer to the orbits in o2(Gr(k, N)) as secant
orbits and to the ones in 7(Gr(k, N)) as tangent orbits: we already stress out that there could

be points being both secant and tangent (see Remark 4.1.9). The spirit is at first determining
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such orbits separately, and then analyzing how they interacts. We fix the notation for any
l e [k]
® = e[y AN elk+i\[k] = €1 NoooNeg— g Negpp1 Ao  Negyg -

In particular, ey = egy1 A ... A eg,. Moreover, for any | € [k] we fix the notation for the
intersection

Ekfl = <€1, .. .,ek,l>@ =H

ey N He, -
We are going to use a more linear-algebraic description of the Hamming distance between
two points in Gr(k, N) (cf. Sec. 2.3).

Lemma 4.1.1. Let [pl, [q] € Gr(k, N) and let H,, H, C CN be their corresponding k-dimensional
subspaces. Then [p], [q] are joined by a line in the Grassmannian if and only if the corresponding

subspaces H,, H; meet along a common hyperplane. In particular,
d([pl, lq]) = k — dim(H, N Hy) .

(i.e. H, = H,) implies d([p],[¢q]) = 0 = k — dim(H, N H,).

Proof. The trivial case [p| = [q] = ]
) C Gr(k,N) and [p + ¢q] € Gr(k,N), which is equivalent to

It d({p), a]) = 1, then ([s); g
dim(H, N H,) =k — 1.

For the general case, assume d([p], [¢]) = ¢ > 2 and let dim(H, N H;) = s. First, we prove
that £ < k—s. Wemay assume p=xz1 A...2sA... Az and g =21 A ... AZs AYsp1 A ... A Y.
Consider the points [p1], ..., [pk—s—1] € Gr(k, N) corresponding to the k-dimensional subspaces

Hy, = (@1, Ty oy Ty Yhjit1s - Yk)  , Vi=1:1k—s—1.

Since dim(H,, N Hy,,,) =k — 1 for any j = 0: k — s (where py = p and pr_s = q), it follows
that d([p;], [pj+1]) =1 for any j = 0: k — s, that is d([p],[¢]) = ¢ < k — s.

On the other hand, from Definition 2.3.1 there exists [c1],...,[ci—1] € Gr(k, N) such that
([ei], [ci1]) € Gr(k,N) for any ¢ = 0 : £ — 1, where ¢g = p and ¢, = q. Clearly it holds
d([p], [ce-1]) = € — 1, hence by induction one has ¢ — 1 = d([p], [co—1]) = k — dim(H, N H,, ,),
that is dim(H, N H., ,) = k — {4+ 1. Now consider the intersection H, N H., , N H,: using

Grassmann Formula its dimension is

dim(H, N H., , NH,) =
= dim(H, N H,, ,) + dim(H,, , N Hy) — dim ((H, N He, ) + (He,_, N Hy))

=2k —{—dim((HyNH,, ,)+ (He, , NHy)) .
Since the latter dimension can be either k£ — 1 or k, one has
k—¢<dim(H,NH, NHy) <k—{+1.

If it was dim(H, N H,

Ce—1

NHy) =k —{¢+1, from the inequality £ < k — s one would get

k—{0+1=dim(H,NH,

Ce—1

H,)) <dim(H,NHy)=s<k—-1{,
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leading to contradiction. It follows that dim(H, N H,, , N H,) = k — £ must hold and, from a
similar chain of inequalities as above, we conclude that ¢ = k — s, that is the thesis. O

Corollary. The Grassmannian Gr(k, N) has diameter diam Gr(k, N) = k.
Notice that for any [ € [k] it holds d([ep], [®/]) = [ as the intersection He,, N He, = Ej—

has dimension k — (.

4.1.1 The secant branch

We show that the secant SLy-orbits in o2 (Gr(k, N)) are as many as the diameter of Gr(k, N),

and the points [efy 4 ;] are their representatives. For any [ € [k], we denote
SN = {p + q] € o2(Gr(k, N)) | d([p], [q) =1} - (4.1.1)

Notice that $¥ = Gr(k, N). Since the SLy-action preserves the Hamming distance between
points in Gr(k, N) (cf. Remark 2.3.2), the action of SLy preserves Ef’N

Proposition 4.1.2. For any | € [k|, the set Zf’N is an SLy-orbit. More precisely,:
EkN =SLy - [ €[k +(Bl] .
In particular, the SLy-orbit partition of the dense subset o5 (Gr(k, N)) is
k
05(Gr(k, N)) = Gr(k, N) |_| woN
Proof. Clearly7 the orbit SLy -[e[s) 4 @] is contained in ¥ N but actually equality holds: given
[p+q] € El’ , We can write it as

PHq=v1 A AU A (Vg1 A AUk + Vg1 A== AUgyg)

and one can always find a g € SLy such that g(v;) =e; for any ¢ € [k + 1], that is g - [p+¢] =
lejn) + @i. N

REMARK 4.1.3. The orbit EZ’N is dense: indeed, another representative is given by [ep) +

eN\[N—k]] = [Vw, + Lu,]. Moreover, the closures Ef’N are already known in the literature as

restricted chordal varieties | , Hard exercise 15.44].

In the following we reinterpret the vector subspaces corresponding to Grassmannian points
as kernels and we associate certain vector subspaces to secant points too: we underline that the
latter is not a 1:1 correspondence, in the sense that to any vector subspace could correspond
more secant points.

For any point ¢ € /\k C™, we consider the multiplication map

by ! cN /\k+1(CN

4.1.2
x — T Aq ( )
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and we associate to the point ¢ the subspace
Hy :=ker(¢y) .

For instance, for [q] = [v1 A ... Awvg] € Gr(k,N) one recovers the corresponding subspace
ker(¢,) = Hp. Notice that at the moment we know the dimension and a basis of H, only for
lq] € Gr(k,N).

Lemma 4.1.4. Let [p+4] € EQ’N be a generic secant point. Then Hpyq = {0}.

Proof. By homogeneity of the dense orbit EZ’N7 we may assume p + q = e, + e;. Notice that
{0} = H,NH, C Hyyq =ker(¢ppyq). Let y € Hyyy C CN with y = Zf\il Bie;: then

0=yA (E[k] +(Bk)

N k N
= Z (—1)*Biep Aes + Zﬁiei Aer + Z (-1)*Biex Aei .
i=k+1 i=1 1=2k+1

From the linear independence of the summands above in /\’c+1 C¥, it follows 3; = 0 for any
i € [N], that is y = 0 and the thesis follows. O

Proposition 4.1.5. Let 2 <[ <k and let [p+¢| € Ef’N. Then
Hyy,=H,NH, .

Proof. By Lemma 4.1.4 we know that the thesis holds for | = k. Fix 2 <[ < k-1 and a
point [p+¢| € Ef’N. Let p=vi A...Avgand ¢ =v1 A ... Avg—; Awg—i+1 A ... Awg, so that
H,NHy=(v1,...,v_1)cC.

Consider the multiplication map 4, as in (4.1.2): then it clearly holds H, N Hy C Hpyq :=

ker(¢p4+4). Take y € H,i4 being linearly independent from wvq,...,v,—;: in particular, if we
complete {v1, ..., v5_;} to a basis of CIV, we may assume that y does not depend on vy, . .., vk_;.
Then we get

O=yApP+q) =yAv1 A . AVg_ g A (Vg—i1 Ao e AV + Wi—jo1 AL A wg)

= (=D A A A [y A vl A AU F YA WR_ i1 AL A wg
| ——

—a — b
Since y A (a + b) is linearly independent on vy, ..., vk, it follows that y A (a + b) = 0. Notice
that, if we denote V' := CN/H, N H, ~ CN=k*! we have [a], [b] € Gr(l, V') with d([a], [b]) = I,
thus [a + b] lies in the dense orbit Eﬁ’vl. Moreover, y € ker (1/1a+b LV AT V’) =: Hupp
and by Lemma 4.1.4 it holds H,4p = {0}. It follows that y = 0, thus H,y, = H, N H,. O

4.1.2 The tangent branch

Now we focus on orbits in the tangential variety 7(Gr(k, N)). By homogeneity of the Grass-

mannian, it is enough to study only one tangent space. Indeed, it holds

g+ Ty Gr(k,N) =T, ,Gr(k,N) ,Vge€SLy, Vz € Gr(k,N) ,
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hence the SLy—orbits in 7(Gr(k, N)) are in bijection with the orbits in Tje, ) Gr(k, N) under
the action of the parabolic subgroup P, = stab(e).
It is known that the (affine) tangent space at [ef;)] is

T[ek] Gr(k,N) Zel/\ /\.../\ek (4.1.3)

]

~

= <e[k], etN...ANEN...NexNep | j € K], T € [N]\ [K])
where €; denotes that the vector e; has been removed.

REMARK 4.1.6. For a given [p] = [v1 A ... Avg] € Gr(k, N) one has the following isomorphism
[ , Example 16.1] which is compatible with the action of stabgy,, (p):
k—1
Ty Gr(k,N) = /\ H, AV ~ Hom (H,,CN/H,) .

REMARK 4.1.7. One can describe the tangent space to the Grassmannian at some point [p] €
Gr(k, N) using the notion of Hamming distance. If p = vy A--- A vy, then from (4.1.3) one gets
that

Ty Gr(k,N) = ({[] € Gr(k,N) | d((pl[a)) < 1})

that is the tangent space at a point is generated by lines passing through that point.

Consider the k elements in Tje, | Gr(k, N)
0, ::Zel/\"'/\ej—l/\ek—i-j/\ej—i-l/\"'/\ek ,VZE[k] (414)

From Remark 4.1.6, any element of Tl ) Gr(k, N) corresponds to an (N — k) x k matrix
in CN=% @ C*: in particular, any 6; corresponds to an (N — k) x k matrix of rank I. The
only invariant in CV~* ® CF is the rank and, since the isomorphism is compatible with the
group action, so is for Te, ) Gr(k, N). In particular, all points in Tieq] Gr(k, N) of rank [ are
conjugated to §;. Finally, by homogeneity of Gr(k, N), the action of SLy conjugates all tangent
spaces, and for any [ € [k] the unions of all the rank— orbits (as the tangent space varies) gives

an SLy-orbit in the tangential variety, namely
OpN = {t € 7(Gr(k,N)) | Rk(t) =1} . (4.1.5)
From the arguments above we conclude the following result.
Proposition 4.1.8. For any | € [k], the set G)f’N coincides with the SLy—orbit
OFN =SLy (6] .

In particular, the SLy-orbit partition of the tangential variety is

7(Gr(k, N))

Ew

=1
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REMARK 4.1.9. From (4.1.4) we have [01] = [ea A ... Aeg Aegy1] € Gr(k, N), thus
O8N = Gr(k, N) = 2PN |

Morover, 3 = ea A...Nex Aegr1 +e1 AesA... Aeg Aegro is sum of two points in Gr(k, N)
having Hamming distance 2, thus [f3] € ES’N and we get

kN kN
Yy =057 .

Finally, the orbit @:’N is given by points corresponding to (N — k) x k matrices of maximum
rank, which are a dense subset in C¥ =% © C¥. Thus the orbit ©)" is dense in 7(Gr(k, N)).

4.1.3 Inclusions among closures of SLy—orbits

From the previous subsections we get the SLy—orbit partition

k k
02(Gr(k, N)) = Gr(k, N) U <|_| zf»N> U <|_| eva>
=2

=3

<

In the following we determine the closures of the orbits and we prove that the above “weak

union” actually is a “disjoin union”.
Proposition 4.1.10.

1. For anyl € [k — 1] it holds Ef’N C Eﬁq’

2. For anyl € [k — 1] it holds O @ﬁr]}[

3. For anyl =3 :k it holds @f’N - Ef’N.

Proof. 1. Fix | € [k — 1]. By homogeneity, it is enough to show that a representative of
the distance—! orbit lies in the closure of the distance—(I + 1) orbit. The representative
lep) + @ € Ef’N is limit for € — oo of the sequence

1 k,N
€[k + €[k—i—1] A\ ex—1 + E€k+l+1 Negpy1 N ... Negqr € El-‘rl .

2. The tangent points in Gf’N correspond to (N — k) X k matrices of rank [, while points
@;ﬁg to (N — k) x k matrices of rank [ + 1. The thesis follows from the fact that the
former matrices lie in the closure of the latter ones.

3. Given [e] + @] and [¢] the representatives of the orbits Ef’N and @f’N, respectively, it
is enough to find elements g. € GLx such that lim ,o(ge - (€] +®;)) = 0;. For any € > 0

consider the element g. € GLy acting as

2 2
€ —— € +¢€:€kti; E€ktj > €kyj—| TE €ktj, €kl > —€p +E ek
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for any ¢ € [I] and j € [l — 1], and as the identity on the other basis vectors: since the
images of the basis vectors are all linearly independent, the linear map g, actually belongs
to GLy. From a straightforward count one gets g. - (e +®;) = €-0; + €2 -1 for a suitable
T e NFCV, hence lim_,o(e g, - (e +@1))) = 0y, that is the thesis.

O

We complete Remark 4.1.9 by showing that for any [ = 3 : k it holds @f’N #* Zf’N. For
the dense case [ = k the equality does not hold since for & > 3 the secant variety is always
non-defective and 7(Gr(k, N)) C 02(Gr(k, N)) | , Theorem 1.4].

Proposition 4.1.11. For anyl=3:k —1 it holds Ef’N # @f’N.

Proof. By contradiction, we assume that there exists 3 <! < k — 1 such that Ef’N = @f’N.
Then from the inclusions in Proposition 4.1.10 we easily get that Ef’N = @f’N forany 2 <i <lI:
in particular, Eg’N = @g’N. Thus it is enough to assume by contradiction that E’;’N = @’;’N.
Since we don’t want the dense orbit, we consider k > 4. Consider the representative of @§’N

Os=easN...Nex Negr1+erNesA... Neg ANegra+eg Nea Neg... Neg A egys

=esN...Neg N|eaNesNegp1+er NesANegra+er Nea Aegis

=0

From the multiplication map g, as in (4.1.2) we get the subspace Hy, = ker(tg,) = (ea, ..., ex)c
having dimension dim Hy, = k — 3. Define W := (e1, €2, €3, €541, -, EN)C-

Since [05] € OFY = 25N there exist [p],[q] € Gr(k,N) such that [5] = [p + ¢] and
d([pl, [g]) = 3. Then, by definition as kernels, one gets (e, ..., ex)c = Hp, = Hprq = Hpy N Hy,
where the last equality follows from Proposition 4.1.5. This implies that we can write p + ¢ =
ea N...Nep A (a+Db) for a certain [a+b] € Eg’w. Given the multiplication map

p: NPw — Ay
t = eg A Aep At

it holds u(n) = 03 = p+q = p(a+b), and by injectivity of u we get n = a+b. But [n] is exactly
the representative of the orbit @g’W, while [a 4 b] is in the orbit Eg’W: in particular, it follows
that 7(Gr(3,W)) = 2(Gr(3, W)) which is a contradiction. O

Theorem 4.1.12. Forany 3 <k < L%J , the poset of SLy —orbits in the secant variety of lines
o2(Gr(k, N)) is described by the graph in Figure 4.1, where the arrows denote the inclusion of
an orbit into the closure of the other orbit. In particular, the orbits GQ’N and EZ’N are the

dense orbits of the tangential and secant variety respectively.
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Figure 4.1: Poset graph of SLy—orbits in oo(Gr(k, N)).

4.2 Identifiability in o5(Gr(k, N))

In this section we prove that the secant orbit ES’N is unidentifiable while the secant orbits
Ef’N for | = 3 : k are identifiable. We refer to | , Theorem 1.1] for the most updated
results about generic identifiability for skew-symmetric tensors when N < 14. We refer to Sec.

2.1 for the notions of identifiability and decomposition locus.

Unidentifiability of Zé”N. The unidentifiability of the distance-2 orbit Zg’N is a consequence
of the fact that the Grassmannian Gr(2,4) is just a quadric in P°. This is clear if one considers

the representative
[e[k] + (]32] = [e[k_g] AN (6}671 Neg + epr1 N 6k+2)] S ZS’N R

and notices that the sum in the round brackets actually is a sum of two points lying on a quadric

in IP’(/\2<ek,1, €ks Ek+1,Ek+2)C ), Which is unidentifiable: for instance, another decomposition is
eh—1 Nek+ ept1 Aepra =€rp—1 A (er + €xt1) + €rt1 A (€ry2 + €x—1) -

Thus the point [e;) + ®2] is unidentifiable too, hence the orbit Eg’N is so. Moreover, given
W := (ex-1,...,en)c, the dimension of the decomposition locus of [ex_1 A ex + €x11 A €xy2]
in 22" < 03(Gr(2,W)) is equal to the defect of 5(Gr(2,W)) which is 4, as recalled at the
beginning of this chapter.

Corollary 4.2.1. The distance-2 orbit Z’;’N s unidentifiable. Moreover, the decomposition

locus of any point in ES’N has dimension 4.
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Identifiability of Ef’N for [ > 3. First we prove that the dense EZ’N is identifiable for k > 3,
and then we conclude the identifiability of any orbit Ef’N for I > 3.

Lemma 4.2.2. For any 3 <k < L%J, the dense orbit EZ’N is identifiable.

Proof. Consider the multiplication map A"V @ A?V — AF™?

elements as z ® y — = Ay and extended by linearity. Given a secant point [p + q] € Zz’N, the
induced multiplication map (p+ ¢) Ae: A>V — A2V has kernel

V' defined on decomposable

ker((p-i-q)/\O):{Zvi/\w” Zp/\vi/\wi:—Zq/\vi/\wi}:Hp/\Hq

where the last equality follows from the fact that d([p], [¢]) = k, that is H, N H; = 0. Then,
given the point [p+¢], the subspaces H, and H, (hence [p] and [¢]) can be recovered in a unique
way as follows. First, one recovers H, & H, as kernel of V Aker((p + q) A ®) — A V.

Let [p" + ¢'] = [p + ¢q] be another decomposition: since Hy N Hy C Hyiqy = Hprq =
H,NnH, = {0}, it holds d([p'], [¢']) = k. Clearly, as kernel of a multiplication map with respect
to [p+q] = [p + ¢'], it holds

Hp/\Hq:le/\Hq/ s Hp@Hq:Hp/EBHq/.
In particular, for any v € H, it holds either v € H, or v € Hy (similar for w € Hy):
indeed, if v = vy + vy and w = wy +wy in Hy @ Hy for some vy, vy, wy, we 7# 0, then 0 =
(VAW)A(pHw) = (v Awp +Vp AWgr +Vgr AWy +0gr A ) N(D'+q') = vy Ay NG +vg Awgr AP,
leading to a contradiction since dim Hy = dim Hy = k > 3 (together with H, N Hy = {0})
implies (Hpr, vgr, wq) # (Hyr, Vpr, Wpr).

Now, assume by contradiction that {H,, H,} # {H, , Hy }, that is there exist v1, vy € H, such
that v; € Hy and vy € Hy, and similarly w;, w2 € H, such that wy; € Hy and wy € Hy . Then
one gets

0= (1 Awy +va Awa) A (p+¢q) = (v1 Awy +v2a Awa) A (p' +¢')
= Awi AP+ Awa Ag #0,

hence a contradiction. We conclude that {H,, H,} = {H,, Hy}, hence {[p], [q]} = {[P], [¢']}-
O

Theorem 4.2.3. Forany3 <k < L%J and any 3 <1 < k, the secant orbit Ef’N is identifiable.

Proof. From Lemma 4.2.2 we already know that the dense orbit ZZ’N is identifiable, thus we
fix 3 <1 <k —1. By homogeneity, it is enough to prove the thesis for the representative

[e[k] + (Bl] = [e[kfl] A (ek—l+1 NoooNeg+epr1 A A ek_,_l)] S Ef’N .

Let [p,[q] € Gr(k,N) be such that [p + q] = [ey) + &]: in particular, H, N H, = H,y, =

He[k_H_QZ = Ej_;. Given W := (ex_141,...,en)c ~ CN7*H we can write
D=e€_y NV—i41 \... NV , g =€y NWk—i+1 N\... \NWg ,
—_————

=:a =:b
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and it holds H, N H, = {0}, that is [a + ] € Zﬁ’w. Now, the multiplication map

p: AW —  AFCY
t — E[k,l]/\t

restricts to the map Eﬁ’W — Ef’N. Since
pla+b)=p+qg=ep+e =pler—p1 A ANeg+epr1 Ao Aeryr)

by injectivity we get a +b = ex—i+1 A ... Aeg+err1 A ... ANegy € 2§’W. But from Lemma
4.2.2 the orbit Ei’w C 02(Gr(l,W)) is identifiable (as dense orbit), thus {a,b} = {ex_1+1 A... A
ek ekt A ... Aepyr} and {p,q} = {ey, @}, that is [e,) + @] is identifiable. O

4.3 Tangential-identifiability in 7(Gr(k, N))

In this section we focus on the tangent orbits @f’N C 7(Gr(k,N)). We point out that each
tangent orbit @f’N for I > 2 is unidentifiable: indeed, any representative [0;] € @f’N in (4.1.4)
admits the equivalent decomposition

l
(e1 A (ent2+ert1) +ent1 A(er +e2))AeSA.../\ek+2e1/\---/\ej,l/\ek+j/\ej+1/\~--/\ek )
j=3

REMARK 4.3.1. The distance-2 orbit ¥5" = @5 is not tangential-identifiable: indeed, the
representative [0a] = [ex11 Aea A... Aeg +e1 Aegra Aes A... Aeg] lies on both the tangent
spaces

[02] € T[e[k]] Gr(k,N)n T[e[ 1] Gr(k,N) .

k+2]\[2

However, for any equivalent decomposition of [f] one can exhibit two tangent spaces on which
that decomposition lies. Thus we conclude that the tangential-locus of [02] has the same di-

mension of the decomposition locus of [02], which by Corollary 4.2.1 is 4.

Theorem 4.3.2. Forany3 <k < \_%j and any 3 <1 < k, the tangent orbit @f’N 1s tangential-
identifiable.

Proof. Fix | > 3. By homogeneity, it is enough to prove the thesis for the representative
[0:] = [Zé’:l 0,,] € @f’N where

el,j =er N ANeji NeggjNejpr A Neg
are the summands appearing in (4.1.4). We already know that [6;] € Tje x) Gr(k, N). We want

to prove that, if [¢] € Gr(k, N) is such that [0;] € Tjy Gr(k, N), then [¢] = [e[y].
Assume [0;] € Tj, Gr(k, N) for some [q] € Gr(k, N), hence [0,] € Te,, Gr(k, N)NTjy Gr(k, N).
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Notice that

k—1 k—1
Tie,,) Gr(k, N) N Tjy Gr(k, N) = (/\ Heyy A V) n </\ Hy A V)

_ k—2
:/\ o NH) AV + )\ (Heyy NHy) A Heyy A Hy
(4.3.1)
If dim(Hey,, N Hy) < k —2 (ie. dep[q]) > 3), then Tle, ) Gr(k, N) N Tjy Gr(k, N) = {0},

leading to a contradiction. If k — 2 < dim(He,,, N Hy) < k —1 (ie 1 < d(leplq]) <2), as

each summand 6; ; for j € [I] is a simple element in the space (4.3.1), it follows that in each §;

k]

there are at least k — 2 wedge-entries lying in He, N Hg, that is

He[k]ﬂHqC <61,...,€Aj,€k+j,...€k>(c , Vje [l] .
Since [ > 3, one deduces H, = He,,,, which is in contradiction with the condition 1 <
d([ejx], [q]) < 2. We conclude that dlm( ewy N Hy) = k must hold, that is [q] = [ey] and
the point [0;] is tangential-identifiable. O

4.4 Dimensions of SLy—orbits in o9(Gr(k, N))

This section is devoted to the computation of the dimensions of the SLy—orbits in the secant
variety og(Gr(k, N)). Since k > 3, the secant variety is non-defective and the tangential variety

has codimension 1, thus the corresponding dense orbits have dimensions
dim 2P = dim o9 (Cr(k, N)) = 2k(N — k) + 1,
dim O = dim 7(Gr(k, N)) = 2k(N — k) .
First, we determine the dimensions of the secant orbits: unlike the case of the tangent orbits,

the computation for secant orbits does not require information about identifiability.

N

Proposition 4.4.1. Forl=2:k — 1, the distance-l secant orbit has dimension

. kN E(N—k)+2(N—-2)—3 forl=2
dim ¥, =
E(N-K)+I(N-01)+1 forl>3.
Proof. Fix | =2 :k — 1. Consider the fibration
¢: 2PN — Gr(k-1I,N)
p+q ~ Hy, N H,
which is well-defined by Proposition 4.1.5. Define W := (ex—;41,...,en)c =~ CN=k+l Then,
following the same arguments in the proof of Proposition 4.1.11, one gets the fibre

¢ E) = {[P+Q] € Ef’N | HoNH,; = Ek—l}

={[ew—nA(a+b)] |[a],[b] € Gx(l, W), d([a], [0]) =}
:E;W
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where the last isomorphism is given by restriction of the multiplication map
l k
ey Ne: /\W — /\CN .

In particular, Eﬁ’w is the dense orbit in the secant variety oo(Gr(l, W)), thus

2dimGr(2, W) —3=4(N —k)—3 fori=2

dim &~ (Byy) =
2dimGr(I, W)+1=2[(N—-k)+1 forl{>3.

From the fibre dimension theorem we conclude that
E(N—k)+2(N—-2)—3 forl=2

dim Ef’N = dim Gr(k — I, N) + dim ¢ (Ey_;) =
E(N—-K)+I(N-0)+1 forl>3.

O

Next we determine the dimensions of tangent orbits by using the results from Sec. 4.3. From
the equality ZS’N = @g’N we only consider [ > 3.

Proposition 4.4.2. For any 3 < k < L%J and any 3 <1 < k, the distance—l tangent orbit
@f’N has dimension
dim Oy = k(N — k) +I(N - 1) .

In particular, for any l > 3 the closure @f’N has codimension 1 in the closure Ef’N.

Proof. By definition (4.1.5), the orbit @f’N exactly corresponds to the set of all rank— matrices
in Tj, Gr(k,N) ~ H, ® (CN/H,) ~ C* @ CN~* as [p] € Gr(k, N) varies. We recall that the
subset of rank—{ matrices [C* ® CV~*]; has dimension I(N —k +k —1) = (N — ).

Finally, since [ > 3, the tangential-identifiability (cf. Proposition 4.3.2) implies that any tangent
point lies on a unique tangent space to the Grassmannian, hence @f’N = Gr(k,N) x [CF @
CN=Fk),. Tt follows that

dim 0" = dim Gr(k, N) + dim[C* @ CN~F]), = k(N — k) + (N —1) .

4.5 The 2-nd Terracini locus of Gr(k, N)

In the following we determine the Terracini locus, introduced in [ ; ]. Its impor-
tance relies in the fact that it gives information on the singularities of points lying on bisecant

lines.

DEFINITION 4.5.1. The r-th Terracini locus of a variety X is

Terr,(X) := {{p1,...,pr} € Hilb(X) | dim(T,,, X,..., T, . X) < dimo,.(X)} ,

where Hilb,(X) is the Hilbert scheme of 0-dimensional subschemes of X of length r (see Sec.
7.3 for details).
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From Sec. 2.1 we also recall the definition of the abstract secant variety
Aboo(X) :={(Z,p) € Hilbay(X) xP™ | pe (Z)} ,

together with the two natural projections m : Aboa(X) — Hilba(X) and mo : Aboe(X) —
o2 (X) c P,

Theorem 4.5.2. For any 3 < k < |§], the second Terracini locus Terrs (Gr(k, N)) of the

Grassmannian Gr(k, N) corresponds to the distance-2 orbit closure Eg’N. More precisely, in

the above notation, it holds
Terrs (Gr(k, N)) = (my o w3 ) ( ohN ) .

Proof. Consider a point [p + ¢q] € o2(Gr(k, N)) for certain [p], [q] € Gr(k, N). We show that
dim (T, Gr(k, N), Tjy Gr(k, N')) drops only for [p+q] € sEN = Gr(k, N) Uz, Asin (4.3.1),
it holds

k—1 k—2
Tiy) Gr(k, N) N Tig Gr(k, N) = \ (H, NHy) AV + N (H, N Hy) A Hy NHy .

In particular, for d([p], [¢]) > 3 one gets T}, Gr(k, N)NTjy Gr(k, N) = {0}, hence the dimension
of the span does not drop. On ther other hand, for d([p],[g]) < 2 the above intersection has

positive dimension and the dimension of the span drops. O

4.6 The singular locus of 0y(Gr(k, N))

We are now ready to determine the singular locus of the secant variety oo(Gr(k, N)), proving

that it exactly coincides with the distance-2 orbit closure Zg’N. From the previous sections, we

recall that we assume 3 < k < L%J

REMARK. From Remark 4.0.1, we recall that the Grassmannian Gr(3,6) has been studied in
[ | as one of the Legendrian varieties, and it has been proven that the tangential variety
7(Gr(3,6)) has singular locus coinciding with $3° (corresponding to o in | D.

In the respect of the above remark, from now on we consider k¥ > 3 and N > 7: for any
N > 7, the secant variety o2(Gr(k, N)) does not fill up the ambient space p(¥)-1,
In the following we deduce the singularity of the distance-2 orbit z’g’N in the secant variety
from its tangential-unidentifiability. First, we recall two general lemmas which are well-known
to experts. The first result is a weaker version of classical Terracini’s Lemma (cf. | ,
Theorem 1.3.1]).

Lemma 4.6.1. Let X C PM be an irreducible smooth projective variety. Given any p,q € X
and p+ q € 05(X), the following inclusion holds

(T,X,T,X) C Ty q02(X) .
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Proof. By symmetry, it is enough to prove the inclusion T, X C Tp,y,02(X). For any curve
~(t) C X such that v(0) = p and +/(0) = v € T, X, the curve d(t) := ¢+ y(t) C 02(X) is such
that 6(0) = ¢+ ~v(0) = p+ g and 0’(0) = 7/(0) = v, that is v € Ty402(X). O

Lemma 4.6.2. Let X C PM be an irreducible smooth projective variety. For any q € 7(X)
and any p € X such that g € T, X, it holds

T,X C T,05(X) .

Proof. Let ¢ € 02(X) and p € X such that ¢ € T, X. Given a tangent vector v € T, X, the
line y(t) := ¢+t - v lies in the tangent space T, X C o2(X), where the latter inclusion holds by
definition of secant variety. Since v(0) = ¢ and +/(0) = v, we conclude that v € T,02(X). O

Lemma 4.6.3. Forany3 <k < L%J, the distance-2 orbit is singular in the secant variety, i.e.
ZS’N C Sing (02 ( Gr(k, N))) .
Proof. By homogeneity, it is enough to prove the singularity of the representative
e e =er A ANep_a A(er—1 Aeg +epr1 Aerya)

From Lemma 4.6.1 we know that <Te[k] Gr(k,N),Ts, Gr(k,N)) C Toy +e,02(Gr(k, N)). On the
other hand, from Remark 4.3.1 we deduce that the tangential-locus of ef; + @2 contains the

points

pr=e1N---Neg_2Neg_1/Ne€egy1, p2=e€1 N Neg_aNeg_1 /N erta

p3=er N---Neg_a2 Nep Neg+1 pr=€er N Neg_a2NegNegra,

that is e + ez € Tp, Gr(k, N) for any i € [4], hence from Lemma 4.6.2 we get the inclusions
Ty, Gr(k, N) C Tey+e,02(Gr(k, N)) for any i € [4]. In particular, since T, 1e,02(Gr(k, N)) is
a linear space, it must contain the sum

Ty, Gr(k,N) + Ts, Gr(k,N) + T, Gr(k, N) + T}, Gr(k, N) =

e[k
k—1 k—1 k—1
= (/\ He, Av> + (/\ Hez/\V> + </\ H,, Av> + (/\ H,,2Av> . (4.6.1)
Given Ey_ := (e1,...,ex_2)c, for any p € {ep), @z, p1,p2} one has Ej_» C H, and
H,ANV = Ep_o A Hy N
/\ /\ 2 Ek 2 By o

and an easy computation of the generators (and their repetitions among the four tangent spaces)
shows that the sum in (4.6.1) has dimension (N — k)(4k — 4) — 4k + 6. If we prove that

(N — k)(4k — 4) — 4k + 6 > 2(N — k)k + 2 = dim 05(Gr(k, N)) + 1
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we are done. Notice that the above strict inequality is equivalent to (N —k)(2k—4)—4(k—1) > 0.
Moreover, since N > 2k, it holds (N — k)(2k — 4) — 4(k — 1) > 2k? — 8k + 4.

Now, for k > 4 > 2 4+ /2 one gets 2k? — 8k + 4 > 0, while for £ = 3 and N > 8 one has
(N—Fk)(2k—4)—4(k—1) =2(N —3) —8 > 0. Finally, for kK =3 and N =7, Lemma 4.6.2

implies that the tangent space Te,; +e,02(Gr(3,7)) must contain the sum
Te,, Gr(3,7) + Te, Gr(3,7) + Ty, Gr(3,7) + T, Gr(3,7) + Tp, Gr(3,7) + Ty, Gr(3,7)

which, by similar computations as above, has dimension 30 > 26 = dimo2(Gr(3,7)) + 1. In
each one of the above cases we conclude that e + @2 is singular in go(Gr(k, N)), hence the
orbit ZS’N is so. O

We are left with proving the smoothness of all the secant and tangent orbits of distance

greater or equal than 3.

REMARK 4.6.4. In order to prove the inclusion Sing(o2(Gr(k,N))) S5V it is enough to
prove the smoothness for the distance-3 tangent orbit ®§’N, as it is contained in the closure of

all the orbits (both secant and tangent) of distance greater or equal than 3.

REMARK 4.6.5. We point out that one can deduce the smoothness of the secant orbits Ef’N
for I > 3 also from the information about both the second Terracini locus (Theorem 4.5.2)
and identifiability (Theorem 4.2.3). In order to see this, it’s more convenient to consider the

alternative definition of abstract secant variety (cf. Remark 2.1.4)

k
Abors(Gr(k, N)) = {([a], 8, [q]) € Gr(k, )2, x P (/\ CN) | g] € ([a, [b1>} .

Indeed, in light of the identifiability of the orbit Ef’N, the projection from such abstract secant
variety onto the second factor restricts to a bijection « : ﬂgl(Ef’N) — Ef’N. Moreover,
the differential of this restriction at a point ([p],[¢],[p + q]) € W{l(Zf’N) is injective: since
Terry(Gr(k, N)) corresponds to X5V, the tangent spaces at [p] and [¢] do not intersect and
the differential maps T, Gr(k, N) x Tj, Gr(k, N) to T, Gr(k, N) @ Tig Gr(k, N), hence it is
injective. It follows that the projection ms is locally an isomorphism onto Zf’N, implying the
smoothness of the latter orbit.

In the following we prove the smoothness in o5(Gr(k, N)) of the tangent point
gz :=eaN...egNegr1—ertNesN... NegNegrat+er NeaNeaN...NepNegy3 € Te[k] Gr(k,N)

lying in the orbit @/;’N (it differs from the representative 03 by a sign). Consider the dual space
(CN)Y with coordinates (z1,...,2x) such that x;(e;) = §;;. We denote by Z(q) C \*(CN)Y
the ideal of a point q € 02(Gr(k, N)), by (Z(q)?)x the k-th graded component of its squared
ideal and by

k
(T(aP)t = { e NC¥ | a(w) =0va e z<q>2}

the subspace of /\’C CV orthogonal to Z(q)2.
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Lemma 4.6.6. For any q € o2(Gr(k, N)), it holds
T,05(Gr(k, N)) C (Z(9)*)i; -

Proof. Consider v € T,o2(Gr(k, N)) being the direction of a curve y(t) C o2(Gr(k, N)) passing
through v(0) = ¢. As any a € (Z(q)?) is continuous and linear, being a derivation, one has

o ) —q cont . a(y(t) —q) 1n d do dy(t)

Since a € (I(g)*)x, we can write a = Y. f; A g; for some f;, g; € Z(q). Hence

dy(t) d®l) - ~- ~

df; dg; ’ ’
O‘(”)—zj:{j/\ngrfj/\gjL -v:Z fj/\g\j(/q_)/fgj/\f\j(/q_)/ cv=0.

O

The next step is to compute the dimension of (Z(g3)?);-. As it is clear that the multiplication
we consider is the wedge product, in the following we lighten up the notation by omitting the
wedges: for instance, x;x; means x; A ;. The ideal of g3 is generated by

Z(g3) = (Thta ,---5s TN , T1Thy1 5 T2Thi2 , T3, Thts3 ,
(1) (2)

Te4+1Tk+2 5 Th4+1Tk4+3 5 Tk4+2TE43
(3)

L]
NV
ToTpq1 + T1Tpy2 , T3Tht1 + T1Tp43 , L2Tht3 + T3Tpq2 ) C /\((C )

4)

and a direct computation shows that the generators of the squared ideal Z(g3)? are

0?  ax; Vi,j€{k+4,...,N}
TiT T4 Vi € {k+4,7N}, Vj e {1,2,3}
TiTpyjTrys Vi€ {k+4,...,N}, Vj,s€{l,2,3}

(
(1)
)
(2)?  xjrsThyjThes Vi, s € {1,2,3}
)
)
)

(1

2
(1

(2)(4)  z3zrys(ToTryr + T1%R12) 5 T2Thi2(T3Thy1 + T1Tp13) , T18k41(T2Tht3 + T3Tpt2) -

3) LTy 1 Th2Thy3 VJ € {1, 273}

Consider the sets of generators A := {(1)%,(1)(2), (1)(3)} and B := {4,(2)%,(2)(3)}. In partic-
ular, it holds

(Z(@))x = (B 0 (V1) (2)4)), -

(
(4)  xi(@2Tig1 + T12p12) 5 Ti(X3Tha1 + T1Tp43) 5 Ti(ToThgs + T3Tpq2) Vi€ {k+4,...,N}
(
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First we compute the dimension of (B)i and then we compute the linearly independent relations
imposed by the generators (1)(4) and (2)(4). Given [r] := {1,...,r} for any r € N and given
s < r, we denote by ([Z]) the set of all subsets of [r] having s distinct elements. In the
following we distinguish the cases k = 3 and k > 4: the arguments are the same although the

computations are slightly different as (Z(g3)*)s = (4, (1)(4)),-

Proposition 4.6.7. For any N > 7, the subspace (Z(q3)?)s has dimension 6(N — 3) + 2, i.e.
dim(Z(g3)?)5 = dim o(Gr(3, N)) +1 .

Proof. Since (Z(qs3)*)3 = (4, (1)(4));, first we study (A)3 and then we cut it by the relations
obtained from (1)(4).

Since A is given by monomials, also (4)3 has to be spanned by monomials of the form
ei, N ei, Negy. Let ez = er Aea Aesg be the (unique by tangential-identifiability) point of
tangency of g3. Set e; A e; A e; a possible generator of (B)3, and d := d(efz), e; A ej Aeg).

o If d =3, then {i,j,¢} C {4,...,N}. Since e; A ej A e; has to vanish on A, the conditions
from (1)? impose that at least two indices lie in {4,5,6}. However, the conditions from
(1)(3) imply that there cannot be an index lying in {7,..., N}. Thus the only possibility
is that {i,j, ¢} = {4,5,6}, leading to a unique generator of (A)3 having distance 3 from

9[3].

o If d = 2, then we may assume ¢ € {1,2,3} and {j,¢} C {4,...,N}. The relations from
(1)? imply that {j,¢} ¢ {7,...,N}. If j € {4,5,6} and ¢ € {7,..., N}, the conditions
(1)(2) impose that j # 3 4 ¢, thus one gets 3-2- (N — 6) generators. On the other hand,
the case {j,¢} C {4,5,6} leads to other 3 -3 generators.

e The case d = 1 leads to 3(N — 3) generators as from Remark 4.1.7 these elements span

the tangent space at €[3]-
o The case d = 0 trivially leads to the generator e itself.
As the above generators are all linearly independent, we get dim(A)3 = 9(N —3) — 7.

Next we impose on (A)3 the equations from (1)(4): since the 3(N — 6) elements in (1)(4)

impose linearly independent relations on (A)3 we get

dim(Z(g3)%)5 = dim(B)3 — dim((1)(4)) = 9(N —3) —7—3(N —6) =6(N —3) + 2.

Proposition 4.6.8. In the above notation, for k > 4 the dimension of (B)é‘ i
dim(B)j =5+ 3(N —k —3)(k—1) +6(k —2) + k(N — k) .

Proof. Since (B);, ¢ AF(CN)Y is spanned by monomials of the form z;, A ... A z;,, then
(B)y has to be spanned by monomials of the form ej, A ... Aej,. More precisely, if (B), =
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(g Nooo Ny, | (B < ... < ig) € I} for a certain subset of ordered k-tuples I C ([N]), then
(B = ey Ao Aej | (i S - S k) € I}, We recall that gs € Te,,, Gr(k, N)x5™N where
e = e1/\...Aek, and that e is the only point of tangency for g3, by tangential- 1dent1ﬁability.
We analyze the possible generators e;, A...Ae;, of (B )é— as the Hamming distance with respect

to e varies. We set d := d(ep, 5, A ... Neg,).

((¢) If d > 4, we may assume iq,...,ix—q € [k] and ix—g+1,...,0x € {k+1,...,N}. The
conditions imposed by the generators (1)? imply that there cannot be two or more in-
dices in {ig—gt1,.--,i} N{k +4,...,N}. Moreover, if it was i, € {k+4...,N} and
Uh—dt1y .-y 0k—1 € {k+1,k+2,k+3}, then it would be d = 4 leading to contradiction with
the conditions imposed by (1)(3). Finally, it cannot be ix_g41,...,4x € {k+1,k+2,k+3}
as it would imply d = 3. Thus there are no generators in (B)ﬁ having distance at least 4

from ejy.

(i4) If d = 3, we may assume iq,...,ix_3 € [k] and ix_o2,9k—1,9 € {k+1,...,N}. Again, it
has to be {ix_2,ix_1,ix} N {k +4,..., N} = 0 because of the conditions from (1)? and
(1)(3). On the other hand, for {ix_o,ix—1,ix} = {k+ 1,k + 2,k + 3} the conditions from
(2)? and (2)(3) impose {i1,...,ik—3} = [k]\ [3]. Thus there is only one generator in (B);

having distance 3 from e[r), namely eg A ... Aeg Aegy1 Aegyo Aegys.

(#31) If d = 2, we may assume 41, ...,i5—2 € [k] and ix_1,% € {k+1,...,N}. Similarly to
the above cases, the conditions from (1) impose that {ij_1,ix} ¢ {k+4,...,N}. If
ir €{k+4,...,N}and i1 € {k+1,k+2,k+ 3}, then the conditions from (1)(2) imply
{#1,. .. ik—2} C [k]\ {ik—1 — k}, leading to (N — k —3) -3 (k — 1) generators. Finally, if
{ik—1,ix} C {k+1,k+2,k+3}, then (2)? implies that {ix_1 —k,ix —k} & {i1,....ix—2}:
in particular, the case {i1,...,ix—2} = [k] \ {ix—1 — k,ix — k} leads to 3 - 1 generators,
while the case [{ix—1 — k,ix — k} N {i1,...,ik—2}] = 1 leads to 2- 3 - (k — 2) generators.

(iv) All of the k(N — k) monomials e;; A ... Ae;, of distance d = 1 from e are generators,
as by Remark 4.1.7 they span T¢,, Gr(k, N).

(v) For d = 0 there trivially is the generator e itself.
Clearly, all of the above generators are linearly independent, hence the thesis follows. O

Proposition 4.6.9. For k > 4, the subspace (Z(g3)?)ir has dimension 2k(N — k) + 2, that is

dim(Z(g3)?)¢ = dim o2 (Gr(k, N)) + 1

by the relations in ((1)(4), (2)(4)),.
which are linearly independent from (B);. Notice that any generator in (2)(4 multlphed by
x; for it =k +4,..., N lies in the ideal generated by (1)(4).

Proof. In order to compute the dimension of (Z(g3)?)% = ((1)(4), (2)(4 )) N(B)i, we cut (B)kJ-
Thus we determine the generators from ((1)(4 ))k
)

Let us start from the relations in ((2)(4));. By symmetry, we may consider the element
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212k4+1(T2Zp43 + T3xp42) € (2)(4). The generators in degree k coming from the above ele-
ment are obtained by multiplying it with monomials z;, A ... Az, € A*7*(CN)Y. Clearly,
{i1,...,ik—4} cannot contain 1,k + 1, otherwise the multiplication goes to zero. On the other
hand, it cannot contain 2,3,k +2,..., N, otherwise the multiplication would give linear combi-
nations of elements of B. Thus the generators in degree k coming from 212541 (T22k+3+T32k12)
are obtained from the k — 3 monomials with indices {iy,...,ix_4} € (Uz]i[j})_ By symmetry, the
same holds for the other two generators in (2)(4). Moreover, a direct computation shows that

the generators of ((2)(4)) obtained as above

K]\ [3])

$1$k+1(1’2.’[k+3 -+ $3$k+2) NTgy - Xy, V{il, R 7Z'k,4} € < o4

. . kl\ [3
ToTk42(T1Tk+3 + T3Tht1) A Tjy = Tjy_, V{1, .o, Jh—a} € (%ji[j)

kl\ [3
T3Thy3(TaTpt1 + T1Tp42) ATy - Toy_y  V{S1,...,5k-4} € ([k] i [4])

are linearly independent. It follows that ((2)(4))x imposes 3(k — 3) conditions on (B);-.

Finally, we focus on the relations from ((1)(4))x. By symmetry, we consider the set of
elements z;(z1xk 2 + Toxps1) € (1)(4) for ¢ € {k+4,..., N} and we multiply it with a mono-
mial x;, A ... Az, _,. Similarly to the previous argument, the set of indices {i1,...,ik_3}
cannot contain 1,2,k 4+ 1,..., N otherwise we would get linear combinations of elements of
B. However, in this case one can have 3 € {iy,...,ix_3}, thus we get (N — k — 3)(k — 2)
generators of ((1)(4))x from {x;(x12k12 + Toxks1) | ¢ = k 4+ 4 : N} by multiplying it with the
k — 2 monomials indexed by {i1,...,ix—3} C {3,...,k}. Analogously, the remaining sets of
elements {z;(z12p43 + T32p41) | j = k+4: N} and {z (232442 + 222k43) | s=k+4: N}
in (1)(4) give (N — k — 3)(k — 2) generators each, after multiplying with monomials indexed by
{41, Jk—3} C{2,4,...,k} and {s1,...,s6—-3} C {1,4,...,k} respectively. Again, one has to
check possible linear combinations among the above 3(N — k — 3)(k — 2) generators: a direct

computation shows that the only possible linear combinations are of the form

Zi(T1T 2 + ToLhp1) A T3Tiy -+ Tiy o + Ti(T1Tp43 + T3Tht1) A TaZiy -+~ Tipy_ 4+

+1’i(f£31'k+2 +£C2£L’k+3) /\xla% R 7 RN =0

as i € {k+4,...,N} and {ia,...,ix_3} € ([Iz]i[j’]) vary. It follows that ((1)(4))r imposes
3(N —k—3)(k—2) — (N — k — 3)(k — 3) conditions on (B);.
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We conclude that the dimension of (Z(g3)?){ is

dim(Z(g:)?)} = dim ((B)t A (1)), <2><4>):)

= [5+3(N—k—=3)(k—1)+6(k—2)+ k(N —k)] —3(k—3)
— BN =k =3)(k—2) — (N —k—3)(k—3)]
= 2%k(N —k)+2.

O

Theorem 4.6.10. For any 3 < k < % and N > 7, the singular locus of the secant variety of

lines to the Grassmannian Gr(k, N) coincides with the closure of the distance-2 orbit, i.e.

Sing (02(Cr(k, N))) = S5 .

Proof. From Lemma 4.6.3 we already know that the inclusion X5"" € Sing(o2(Gr(k, N))) holds.
From Remark 4.6.4 it is enough to prove the smoothness of 6§’N for deducing the smoothness
of all the remaining orbits. Moreover, by homogeneity it is enough to check the smoothness of
a representative of @g’N, say ¢q3. Finally, from Lemma 4.6.6, Proposition 4.6.7 (for k¥ = 3) and
Proposition 4.6.9 (for & > 4) we get the chain of inequalities

2k(N — k) + 2 < dim Ty, 02(Gr(k, N)) < dim(Z(g3)?)j = 2k(N — k) +2,

leading to dim Ty 02(Gr(k, N)) = dimoo(Gr(k, N)) + 1, hence the point g3 is smooth in the

secant variety. O

REMARK. Theorem 4.6.10 corrects a previous statement in | , before Figure 1] in which
the authors states that Sing(o2(Gr(3,7))) = Gr(3,7).






Chapter 5

Identifiability and singular locus
of 09(ST)

Similarly to the Grassmannian case, only partial results appear on the secant variety of lines to
Spinor varieties (eg. see | ; ]). In this chapter we solve the identifiability problem
and we determine upper and lower bounds for the singular locus of the secant varieties of lines

to Grassmannians. The results appearing in this chapter are collected in the preprint [ ).

In light of Theorem 3.3.1 we work in the Dy-type setting for NV even. In particular,
we assume notation in Table 3.1. We consider a 2N-dimensional complex vector space V =
E @ EY endowed with the quadratic form ¢ = Zivzl z;x N+ and we fix the g-hyperbolic basis
(e1,...,en, f1,-.., fn). We focus on the Spinor variety

Sk =Dn/P.y CP(VEN) =P (/\E) .

We recall that, under these assumptions, the highest weight vector and the lowest weight vector
are respectively v, = en) = e1/A...Aey and £, = 1, with corresponding maximal g—isotropic
subspaces I/ = He,, and EY = H;.

Secant variety of lines to S}. Consider the secant variety of lines of S}

02(S%) = 05(8%) = {la+b] € P (V) | lal. o] e S | < BVEX) .

A dense subset is 03(S}), given by the union of bisecant lines, while the union of tangent
lines defines the tangential variety T(SE). It is known that the secant variety of lines is

quasi-homogeneous, in the sense that it admits a dense orbit: more precisely, JQ(S}) =

Sping n [Vuy + lwn] | , Theorem 1.4]. Moreover, it is non-defective for any N | ;
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], thus its dimension is the expected one:

oN-1_ 1 for N <6

dim 02(SE) = min {2dim S§; + 1, dim P (V2~)} = _
" { " (Ve)) N(N=1)+1 for N>6

We list the dimensions of Spinor varieties and their secant varieties for NV < 8.

Spingy | S5 | dimSy | dimoy(SE) | P (VL) |
Spiny Sy ~ P! 1 1 P(A\“ C?) ~ P!
Sping Sy ~ 3 3 3 P\ C3) ~ P3
Sping Sy ~Q° 6 7 P(\®’ C*) ~ P7
Spin, Sy 10 15 P(\° C5) ~ P15
Spin,, Sa 15 31 P(\’ C%) ~ P3!
Spin, , ST 21 43 P(A°YCT) ~ Ps3
Sping Sq 28 57 P(A® C?) ~ P27

Table 5.1: Spinor varieties in low dimensions, and their secants of lines.

REMARK. In same terminology from Sec. 2.1, for N < 5 the secant variety UQ(SE) overfills
the ambient space PQN*l_l, for N > 7 it is strictly contained, while for N = 6 we are in the
perfect case. We recall that the Spinor variety Séﬁ is a Legendrian variety and, as such, its
secant variety of lines has been studied by J.M. Landsberg and L. Manivel (cf. Remark 1.4.2).

5.1 The poset of Spin,y—orbits in oy(S%)

The secant variety of lines 05(S};) is invariant under Spin,y—action, as well as its subsets
05(S%;) and 7(S%). We refer to the orbits lying in 05(S%) as secant orbits, and to the orbits
lying in 7(S%) as tangent orbits. Recall that the Spinor variety has diameter diam(S}) = %
(cf. Theorem 3.4.3). Moreover, for any [ =1 : (% — 1) we consider the following pure spinors

and their corresponding maximal g—isotropic subspaces

eN-21 = €1 N...NeN_9 € Sﬁ ,
(5.1.1)
En-—21 = He\y_,,; = (€1, eN—21, fN-2141,- -+, [N)c € OGH(N, V).
By convention, for [ = % we set ey = fuy = 1. On the other hand, for [ = 0 one gets

e[N] = Vuy -

Spingy—orbits in S} X S}. The action of Sping on SE naturally induces the action on the
direct product S¥, x S} given by g - ([a], [b]) = ([g - al, [g - b]). We recall that the notation g - a
stands for the action of Spin?(V) C (Cly(V))* on A E via Clifford multiplication (3.1.6).
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REMARK 5.1.1. Via the bijection (3.3.3), the action on S}, x S¥ is equivalent to the action of
Spin?(V') on OG™(N,V)*2 given by g - (H,, Hy) = (9 - Ha,g - Hy), where g - H, = gH,g™ " is
the conjugacy action: this follows from the inclusion Spin?(V') C Ny, (v)x (V).

From Remark 2.3.2, the Hamming distance in Sﬁ is invariant under Spin?(V')-action, as well
as the dimensions of subspaces in V' are preserved under conjugacy. In particular, the actions
of Spin?(V) on S}, x S§ and on OG™ (N, V)*2 restrict to actions on the subsets

O = {([a], b)) € S% x S% | d([al, o)) = 1} (5.1.2)

Oun = {(H,, Hy) € OGT(N,V)*? | dim(H, N H,) = N — 21} (5.1.3)

respectively, for any [ =0 : % where % = diam(SE). Since for [ = 0 one gets the diagonals AS;
and Apg+(n,v) we consider [ > 1. From Proposition 3.4.2, for any distance [ > 1, the subsets
O;,n and @l, N are equivalent one to the other, and they give partitions of the corresponding
direct products (as sets). Since dim(Hey, N He,) = dim(E N E;) = N — 21, for any [ = 1: ¥
one gets the inclusion Spin?(V) - ([e(n1], [e(n—21]) C Oun-

2N -2 % Q2N_2

REMARK. It is likely well-known that the Spin,y—orbit partition of Q is uniquely

determined by the Hamming distance: in particular,

QN TEx QPN = Aqgen-2 U Spingy +([ed], [e2]) U Spingy ([ed], [f1]) -
However, we haven’t been able to find a proper citation, hence we prove this result in Sec. 7.2.

Proposition 5.1.2. For any | = 1 : diam(S};), the spin group Spin?(V) acts transitively on
O,n C SE X S}, In particular, it holds

On = Spin? (V) - ([epn], [ev—2y]) -

Proof. Given ([a], [b]) € Oy n, by homogeneity of S}, we may assume a = e[y).

First we prove the result for [ = . Since d([e;n], [b]) = &, it holds E N H, = {0} and
we may assume Hy, = (g1,...,gn)c for generators g; as in (3.3.5). In light of Theorem 7.2.1
Spin? (V') conjugates the g—isotropic vector g; = f; + vaﬁ a;1e; (having Hamming distance
2 from e;) to f1 by leaving e; fixed. Now, consider V' = (es,...,en, fo,..., fn)c and the
subspaces E' = ENV’ and H{ = Hy/(e1, f1)c: again Spin(V’) conjugates go — a12e1 € H| to
f2 by leaving es fixed. In particular, Spin?(V) conjugates go € Hjp to fo by leaving eq, fi,es
fixed. By iterating, Spin?(V') conjugates Hy to EV, hence ([ejn1], [0]) to (enj, [1]).

On the other hand, for | < % one has Hy = (h1,...,An_21, gN—2141,---,gn)c for g;’s as
in (3.3.5) and EN Hy = (h1,...,hn_2)c. Up to reordering hq,...,hn_q, one gets that h;
has Hamming distance 1 from e; for any j = 1 : N — 2[, hence by applying Theorem 7.2.1
and similar arguments as above one can conjugates £ N Hy to Ey_9;. Finally, by working in
W := V/EpN_q; one can conjugates E/FEn_o to Hy/En_o; via Spin(W) and lifting this to a
conjugation under Spin?(V) leaving Ex_o; fixed. The thesis follows. O



70

5. Identifiability and singular locus of 05(S%)

Corollary 5.1.3. The product Sf\, X S} splits in the Spingn —orbits

N

SJJ\FI x Sf\, = AS; U |_| Spin,y - ([e[N]]’ [e[N72l]]) .
=1

5.1.1 Secant orbits in o35(S})

We deduce the orbit partition of the dense subset o3 (S};) from Proposition 5.1.2. We recall
that each spinor [a+b] € P (A" E) defines, via the map (3.3.1), a g-isotropic subspace Hy4p =
ker(¥q4) € Q*N 2, which has maximal dimension N if and only if [a 4 b] is pure. By definition
of these subspaces as annihilators, it clearly holds

H,NH, CH,yp .

For any two distinct pure spinors [a], [b] € S}, such that d([a], [b]) = 1, the spinor [a + b] is
pure too, since the line L([a], [b]) fully lies in the Spinor variety: in particular, in this case one
has dim(H, N Hy) (3é2) N — 2 while dim H, 4, = N, thus the strict inclusion H, N Hy C Hy4p
holds. However, for higher Hamming distances the equality holds.

Lemma 5.1.4. In the above notation, the following holds:

He =FENEN_qg <— l#l

IN]te[N—21

In particular, for any 1 > 2, it holds dim Hey, te, =N —2I.

N —21]

Proof. We already know that (e1,...,en_o;))c = EN Enx_9 C Hey ey, holds. Assume
that there exists v € He such that v ¢ (ENEn_g;)\ {0}. Thus, since He

g—isotropic, up to linear combinations we can consider a decomposition of v with respect to the

vHein -2y vitev—zy 18

standard hyperbolic basis (e1,...,en, f1,-.., fn) of the form v = @jeny_941 + ... + ageny +
ﬂlfN—2l+1 + ...+ ﬂZlfN for some Oéi,ﬂj € C. Since He[N]+e[N72” = ker(we[N]+e[N72l]), it holds

0=v-(en +en-2)
(3.1.6) 2 2l » R
= Zai(el AN...NenNy_o N €N72l+i) + Z(—l)ﬁrlﬁj(el NoooNeN—2i45 N A eN) ,
i=1 j=1

where éy_g9;4; denotes that the vector is missing in the wedge product.
Now, the summands above may simplify one to each other if and only if [ = 1, otherwise
they do not since they are all independent vectors in the standard basis of A E. It follows
that, for [ > 2, it holds v - (en] + e(n_2yy) = 0 if and only if a; = 3; = 0 for all 4,5 € [21],
that is He y tey_n = £ N E;. On the other hand, for I = 1, the conditions a; = B2 and
ag = — 1 give a non-zero vector 0 # v € He \y+e(n_a \(ENE)), thus ENFE; C He\yi+ein_oy =

(e1,...,en—2,en—1+ fn,en — fn—1)c. O

Corollary 5.1.5. For any [a +b] € 05(SK) \ S§, the equality Hop = H, N Hy, holds.
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Proof. Let [a+b] = [c+d] € 0°(S§) \ S be such that d([al, [b]) = [ and d([c],[d]) = m for
certain 2 < I,m < & By Proposition 5.1.2 there exists g € Spin?(V') such that g - ([a], [b]) =
(fom) lep—au)) and g - (ich[d) = (€], [d]). In particular, [ex) + epy_ay] = g - [a +b] =
g [c+d] = [ + d], and by Proposition 5.1.4 we get Ho N Hy C Hyyq = He i veiy oy =
E N En_q;, where the last equality follows from Lemma 5.1.4 since [ > 2. Dimensionally we
have N —2m = dim(Hos N Hy) < dim(E N Ex_g) = N — 2I. But, by symmetry, one also gets

N -2l =dim(Hy NHy) < dim(ENEn_2m) = N —2m, thus I = m and the thesis follows. [
Corollary 5.1.5 allows to define for any [ = 2 : % the subset

Sin = {la+b] €5(S}) | dimHa+b:N—2l}
={[a+0b] € 05(SY) | d([a],[b]) =1} . (5.1.4)

Moreover, we set X1 y := SN. Our claim is that the subsets ¥; x are exactly the Spin?(V)-
orbits in o3 (S%)-

The action of Spin?(V) on 02(S};) preserves the subsets ¥; x, as by Remark 5.1.1 the spin
group acts on V' and its subspaces by conjugacy. Moreover, by Proposition 5.1.2 any two pairs
([al], [0]) and ([¢],[d]) of Hamming distance [ are conjugated, hence their lines L([a], [b]) and
L([c], [d]) are so. Finally, the following result proves that Spin?(V') acts transitively on points
on a same line L([a], [b]) \ {[a], [b]} too.

Lemma 5.1.6. For any two distinct pure spinors [al, [b] € S}, the spin group Spin?(V) acts
transitively on L([a], [b]) \ {[a], [b]}-

Proof. Since the lines defined by pairs of pure spinors having the same Hamming distance are
all conjugated, it is enough to prove the transitivity on the line L([en], [e[n—2y]). Moreover,
given a point [Ae;y) + pev_an] = [epn] + zenv—2] € L([ejn]; [en—2y]), we can rewrite it as
eN) +zen_gy =e1AN...Nen_og Alen—2i41 A ... Aen + z1). Since [exy_2141 A ... Aen] and
[21] are pure spinors in SJ;, we can restrict to consider the line L([e;n1], [1]).

Given e[y] + 21, we look for a spin element g € Spin?(V) such that e;n) + 21 = k(e + 1)
for some k € C*. We consider the element § = (a1e; + b1 f1) - (anyen + by fn) € Cl;(V) for
certain a;,b; € C*: it is product of an even number of vectors in V' by the assumption as N is

even. Then g € Spin?(V) if and only if it is invertible and it has unitary spinor norm, that is
N
g e Splnq(V) <~ Hai N 2 1.

Via Clifford multiplication (3.1.6) it holds (aiei + b1 f1) - (e(n) +21) = a1ze1 +biea A... Aen,
and by iterating for i = 1: IV one gets §- (en]+21) = a1 ---anzen)+by---by1. In partlcular,

the second required condition is

N N
§~(e[N]+z]l):k(e[N]+]l) < Zl_[algl_[bZ

By putting together the conditions

(o
o=ay= Nz Tland b, =...=by

) and (), it is straightforward that for the choice a; =
= *{/z one gets G- (e;n) + 21) = /z(en) + 1). O
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It follows that for any I = 1 : & the subset ¥ y is a Spin?(V)-orbit in 05(S};). Moreover, by
Proposition 5.1.2 we deduce that for any 7 it holds ¥; y = Spin(V') - [e(n] + e[v—ar]-
In conclusion, we have proved the following theorem.

Theorem 5.1.7. The dense set a5(S}) splits under the action of Spin,y in the orbits

[Cu=

05(S%) =| | Spingy -[e[n] + en—2y] -

~

1

5.1.2 Tangent orbits in 7(S})

From the non-defectivity of o2(S}) and the dicotomy between tangential and secant varieties
[ , Corollary 4], we know that 7(S]) = 02(S]) = P7 and 7(S¥) = 02(SF) = P'®, while for
N > 6 the tangential variety 7(S};) is a divisor in 02(S¥) C P2"*~1 We deduce the orbit
partition of T(SE) from the tangent bundle on the Spinor variety.

Tangent bundle. Let TS; be the tangent bundle on the Spinor variety Si;. Under the
identification S¥; = Spin,y /P, the base point [P] € Dy /P corresponds to the pure spinor
[vwy] = [e[n], hence to the maximal g-isotropic subspace E € OG™(N,V), and

2
P = stab(E) ~ {[“‘ Ai} | Ae SL(E), Be /\CN} :

Tt follows that the fiber of the tangent bundle at the base point [P] is (TSIJQ) - ~ pt o~ /\2 CN.

From the parametrization of Spinor varieties, one can describe the fiber at any pure spinor
[a] € S} as

(TS;)M = TuS¥ /\H

In particular, this leads to the isomorphism of homogeneous bundles

2
T =~ \uY, (5.1.5)

where U is the rank—N universal bundle on S} obtained by pulling back the universal bundle on
the Grassmannian Gr(N, V) (cf. Example 1.3.7). Notice that the fiber at the point [v,,] ~ F
is Tj,, S+ ~ A’ E and it is an irreducible SL(E)-module with highest weight ws: as such the

P*Ofblts in the tangent space are uniquely determined by the rank of skew-symmetric matrices.

Tangent orbits. By homogeneity of Sf\,, all tangent spaces are conjugated one to each other
by transformations in Spin,y \P. Thus the Spin,y—orbits of points in the tangential variety
T(Sj\',) are in bijection with the P—orbits in the tangent space T[va]S% which are parametrized
by the possible ranks in /\2 CN.

Let [T[G]SJHQZ be the set of tangent points to S} at the pure spinor [a] corresponding to
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skew-symmetric matrices of size N and rank 2[. Then for any [ =1 : % we denote the set of

all tangent points corresponding to rank—2[ skew-symmetric matrices by
O N = {[q} er(SY) | 3lal €Sk : [g € [T[Q]S}]Ql} . (5.1.6)

The above arguments ensure that each subset ©; y is indeed a Spin?(V')-orbit, and all together
they give the Spin?(V)-orbit partition of 7(S%).
Finally, for any [ =1 : % the tangent orbit ©; y admits as representative the spinor

!
@] = [Z €2i—1 A\ 621'] . (5.1.7)
i=1

Indeed, the curve of rank—2] skew-symmetric matrices of size N
Py

- 0 1
tC) =t L where P,:L1 0} (5.1.8)

ON—21

defines the curve of maximal g—isotropic subspaces

N N
Hewy = <f1 +tzck1€ka~uva+tZCkNek> e OG™(N,V),
C

k=1 k=1
which by Proposition 3.3.2 corresponds to the curve of pure spinors c(t) = Y ; oiv PE(C(t)1)er
passing at ¢(0) = 1 with direction ¢/(0) = g, thus [q] € TjySK.

Theorem 5.1.8. The tangential variety 7(S}) splits in the Spinyy -orbits

¥ 1
T(SE) = |_| SpiIlQN . lz €2;—1 N 621"|
=1

i=1

5.1.3 Inclusions among closures of Spin,y—orbits

We have treated the secant orbits and the tangent orbits separately, now we analyze the
behaviour of their inclusions. First of all, notice that the tangent representative [g1] = [e; Aea] €
O, is a pure spinor, hence

1N =S =21n.

REMARK. The orbit ©; y is given by skew-symmetric matrices having rank (as matrices) 2,
hence it is described by the Grassmannian of planes Gr(2,N). This agrees with the more

theoretical result [ , Prop. 2.5 + Subsec. 3.1] T,,S§ NS§ ~ Gr(2, N) for any = € S}.
Moreover, for [ = 2, a representative of Oy n is [g2] = [e1 A ez + e3 A eq]. But [e1 A eg]
and [es A ey4] are pure spinors with corresponding subspaces He,pe, = Ep) and Hegpe, =

(f1, f2,e3,€e4, f5,..., ), hence they have Hamming distance 2 and [ga] € X2 n. Thus

Oy =2a2 N .
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REMARK 5.1.9. Via the map 1, in (3.3.1) every [q] € ©; y defines a subspace H, € OG(N —
21,V): indeed, the representative [g;] (5.1.7) defines the subspace Hy, = (fa+1,.-.,fn)c of
dimension N —2[ and Spin? (V') acts by conjugacy on the subspaces, preserving their dimensions.
Moreover, by definition, a tangent point [¢] € T[a]S} N O, n is the direction of a curve v(t) =
{[a(®)] | t € (—€,€)} C S& passing at v(0) = [a] and, up to considering a smaller neighbourhood
one can assume d([al, [a(t)]) = m for any ¢ € (0,¢). Then for any ¢ > 0 the spinor = ( ) defines
a subspace H; € OG(N — 2, V) and one gets the equality H, = lim;_,o H; € OG(N 2L, V).

From the previous arguments we deduce the following description of the secant variety of

lines
¥ 5
UQ(SE) ZSEH |_|Zl,N U U@u\/ R
=2 =3

where non-disjoint unions appear since we haven’t proved ¥; y # O, n for [ > 3 yet. Since we

are interested in considering [ > 3, we assume N > 6.
Lemma 5.1.10.

1. Foranyl=2: % it holds ¥1_1 v C X N

2. Foranyl=2: % it hols ©;_1 y C O n.
3. Foranyl=3: % it holds ©; y C ¥ n.
Proof. 1. For € > 0 consider the sequence [e[y] + ac] € ¥; n for the pure spinors [a.] defined

by the maximal g—isotropic subspaces

H,, = (e1,...,en—a1, gN—2111(€), gn—2142(€), gN 2143, - - - ’9N><c
where
1
gN—21+1(€) = ng72l+1 +en—oir2 ,  gN-242(€) = ;fN72l+2 — eN—20+1

and gp = fr + ZQ:N—21+3 agjer as in (3.3.5). Then the sequence [e[y) + ac] has limit
[e[n] +a] where the pure spinor [a] € S}; corresponds to the maximal g—isotropic subspace
Hy,=(e1,...,eN—2142,9N—21+3,---,gN)¢: in particular, [ejy)+a] € ¥;_1 n. By reversing
this argument, one can always look at a point in ¥;_; x as limit of a sequence in 3 y.

2. The tangent points in ©;_; y correspond to skew-symmetric matrices of size N and rank
2] — 2, while points in ©; y to rank-2[ skew-symmetric matrices of size N. As the former
matrices lie in the closure of the latter ones, the thesis follows.

3. Consider [g] € O,y C 7(SL): then by Remark 5.1.9 dim H, = N — 2] and there exists a
curve of pure spinors y(t) = {[a(t)] | t € (—¢,€)} C Sk with direction 4/ (0) = [g] such that
(up to a smaller €) d([a(t)], )]) = lforany t € (0,¢). In particular, for any ¢ > 0 it holds

[a(0
[M} € ¥, v and by definition [¢] = {hmtﬁo M} = lim;_g {M} €EXIN.
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Lemma 5.1.11. Forany N > 6 andl =3 %, it holds ¥y n # O .

Proof. For |l = % the equality does not hold since for N > 6 one has 7(S§) € 02(S}).
By contradiction, assume that there exists 3 <1 < % — 1 such that the equality holds. Then
Lemma 5.1.10 implies ¥; y = ©; n for any 3 < ¢ < [: in particular, ¥3 5y = O3 n. Since we
want to deal with 3 < %, we assume N > 7.

Consider the tangent representative [g3] = [e1 Aea+esAes+esAeg] € Og . It defines the sub-
space Hy, = (fr,..., fn)c of dimension dim H,, = N —6. Set EN Ejg = (e1, €2, €3, €4, €5, €6)C-
Since [g3] € X3, v, there exist pure spinors [a], [b] € S{; such that [g3] = [a+b] and d([a], [b]) = 3.
Then, being kernels, one gets (f7, ..., fn)c = Hyy = Hoqp = H, N Hy, where the last equality
follows from Corollary 5.1.5. This implies that a + b € A" (E N Ejg) and [a],[b] € S{: in
particular, the equality [g3] = [a + b] holds in X3¢ for the representative [¢3] € ©3. But this
means that ©3 ¢ = Y3 6, that is 7(S§) = 02(S¢) which is a contradiction. O

Theorem 5.1.12. For any N > 6, the poset of Spin,y —orbits in the secant variety of lines
02(S%) is described by the graph in Figure (5.1), where arrows denote the inclusion of an orbit
into the closure of the other orbit. In particular, the orbits 9%’]\, and X n n are the dense

orbits of the tangential and secant variety respectively.

I L
O3 N
O n =Yoo N
Sy

Figure 5.1: Poset graph of Spin,y—orbits in o2(S%).

5.2 Identifiability in o,(S})

In Sec. 2.1 we have defined a point [q] € 05(S};) to be identifiable if there exists a unique pair

of pure spinors ([a], [b]) € (S})/Xéz

lies on a unique bisecant line to S]J(,. On the contrary, [q] is unidentifiable (or non-identifiable) if

such that [¢] = [a + b], which geometrically means that [g]

it lies on at least two distinct bisecant lines to S§. Recall that we say that a subset Y C 05(S%,)
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(eg. an orbit) is (un)identifiable if any of its points is so. Finally, the decomposition locus of

[a] € 93(8%) is the set Dec((q]) = { (1], [v]) € (5%) 72, | [+ +9] = [a]}

Unidentifiability and decomposition loci for ¥5 y The 6-dimensional Spinor variety
Sj{ C P7 coincides with the 6-dimensional quadric Q® ¢ P7. In this case, the secant orbit
Y4 is dense in 09(S;) = P7. Given [g] € P7\ Q°, for any pair ([z],[y]) € Dec(]g]) in the
decomposition locus it holds d([z], [y]) = 2, since L([z], [y]) € Q°.

Proposition 5.2.1. For any [q] € P7\ Q°, the decomposition locus Dec(|q]) is parametrized by

the lines P* C P7 passing at [q] and intersecting Q° in two distinct points, i.e.
Dec([q]) ~P°\ Q.
In particular, the distance-2 orbit ¥o 4 is unidentifiable.

Proof. The set of lines P! C P7 passing through [g] and intersecting Q° in two distinct points is
isomorphic to P9\ Q°: indeed, points in Q® € P® correspond to lines P! C P7 which are tangent
to Q°. A pair ([z],[y]) € (Q°)*? gives a decomposition for [q] = [z + y] if and only if the line
L([z], [y]) € P7 contains [¢] and intersects Q° exactly in the distinct points [z],[y]. Thus the
thesis follows. O

EXAMPLE 5.2.2. For S}, consider the representative [els) + 1] of the dense orbit ¥, 4: an

alternative decomposition is
e +1] = [(ejq — ep) + (e + 1)]
where both summands are pure spinors since d([eyy], [ejy)]) = d([efy], [1]) = 1.

Proposition 5.2.3. For any N > 6, let [q] € 3¥a v defining the (N — 4)—dimensional isotropic
subspace H, € C?N wia ¢, in (3.3.1). Let Q° C P7 = P(H-/H,) be the quadric in the
(projectivization of the) orthogonal quotient of Hy. For any [a] € Q°, we denote by [a] = [@NHg)
the pure spinor in S}, Then the decomposition locus of [q] is 6—dimensional and isomorphic to

the open set
Dec(lq)) ~ Q°\ {[a] € Q° | L([al,[q]) € S} -

In particular, the distance-2 orbit ¥o n is unidentifiable.

Proof. Fix [q] € g n. For any ([a],[b]) € Dec(|q]), the pure spinors [a], [b] have Hamming
distance 2 and define two maximal g-isotropic subspaces H,, H, such that H, N H, = H,.
In particular, dim(H, N Hp) = N — 4 and dim (%) = 8. Thus, in the orthogonal
quotient space W := H qL JHy ~ C8, they give the 4-dimensional (maximal) isotropic subspaces
H,/H,, Hy/H, which intersect trivially, hence they correspond to two pure spinors [d], [l;] €
S; =~ Q° such that d([a], [b]) = 2: in particular, the line L([a], [b]) ¢ Q° as well as L([a], [b]) =

L([a], [q)) £ Sk-
On the other hand, start from a pure spinor [d] € Q° (look at the quadric as the Spinor
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variety S} constructed from W) and consider the lifting of its corresponding subspace H; €
OG™(4,W) to the subspace H := (Hz, H,)c € OG+(N V) which corresponds to the pure

spinor [a] = [a A H,] € S§. Tf [a] € Q° is such that L(] 1) ¢ Sk, then by Bézout (S} is
intersection of quadrics) there exists a unique [ } e S§ such that L([a ] [q) NS% = {[al, [b]}.

We conclude that each [a] € Q° such that L([a], [q]) € S} corresponds to a unique pair ([a], [b]) €
Dec([g]) in the decomposition locus of [q], hence the thesis. O

Identifiability of orbits ¥; ; for [ > 3. We show the identifiability of the secant orbits
¥y~ for I > 3 via an inductive argument, based on the injectivity of a wedge-multiplication
map. The base case of the induction is given by the identifiability of the dense orbit X NN
which we prove via Clifford apolarity introduced in Sec. 3.6.

REMARK. The case of the 15-dimensional spinor variety Sg C P3! was already known | ,
Example 5] as an example of variety with one apparent double point (OADP variety), namely
a n—dimensional variety X C P2"*+! such that through a general point of P?"*! there passes a

unique secant line to X [ , Definition 3].
Lemma 5.2.4. For any N > 6, the dense secant orbit E%,N is identifiable.

Proof. We prove that the representative [ejy+1] € Yy y is identifiable. In the notation of Sec.
3.6, consider the map ®e 41 : HO(SE, U(1)) — HO(SL,UY)" corresponding to the Clifford
apolarity (3.6.2)
Depi1 0 ANEY — E® EY
f = Cop1(f)s + Crlen + 1),
Since Rk @¢ 41 = 2N = 2RkU(1), from Proposition 2.2.4 it is enough to prove that the

COmMmon zero locus of ker(®ey 41) is Z (ker(Peyy 1)) = {lepv], [1]}-

Given f = Zk o ZIE( )C[f] e N°*EV, one gets

Cepyr1(f) = (frem+F-1), + (e F+1-f) = (Fen), +fi

hence

N-3
ker(® /\EV o N\ EY.
N
Consider a = ZSQZOZIG([N])aJeJ € A“E such that [a] € Z (ker(®ey,11)). From the
“ 2s
vanishing of global sections in Lemma 3.6.6, we know that (V- f, a) = 0 for any f € ker(®e y,+1)-

In particular, for any index subset I C [N] of odd cardinality from 3 to N — 3 (so that f lies
in the kernel), and for any basis vector ey € F, we get

N
2
0:<e>\~f17a> = <f1,e>\/\a> = Z aJ<f1,e)\ /\6J> (521)
5=0 ye(13)
>
= Z (_1)POS(A7JU{)\})+1aJ<f17eJU{)\}> _ (_1)pos()\,1)+1a1\{>\} ’ (522)
]

s=0 JE([N

2s

) s JEA
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where pos(\, I) denotes the position of A in the ordered subset I, and the last equality follows
from Remark 3.6.4. Thus in a there is no summand indexed by a subset J such that J C [
and |J| = |I| — 1 for any subset I with |I| = 3,5,..., N —3. On the other hand, for any subset
I C [N] of odd cardinality from 3 to N — 3 (i.e. f; € ker(®e(y,+1)) and for any basis vector
fv € EY such that v ¢ I, it holds

nt1
2
0=(fy-fr,a) = (fo Afr,a) = (=1)PIOEDIN TN 081510y, €0) (5.2.3)
s=0 ye (1)
= (1Pt I D gy (5.2.4)

implying that @ has no summand indexed by a subset J such that 4 < |J] < N —2. We deduce
that every [a] € Z (ker(@e[N]Jrl)) is such that a = a+ fe|y) € Ce A" E. Since d(1, enn)) = 2
the line L([e[n],[1]) does not lie in S§: as Spinor varieties are intersections of quadrics, by
Bézout the only points of the form [+ Beyj] being pure spinors are for either a = 0 or § = 0,
that is Z (ker(fbe[N]+1)) = {[lep]; [1]}. O

Theorem 5.2.5. For any N > 6 and [ > 3, the secant orbit ¥; y C 02(8}) 1s identifiable.

Proof. Fix [ > 3 and consider the orbit ¥; xy = Spin,y -[e[n] + en—2;j]. By homogeneity, it is
enough to show that the spinor [e[n] + e[y_zy] is identifiable.

Assume ad absurdum that there exist two pure spinors [a], [b] € S§ \ {[e(n)], [e(v—21]} such
that [a+b] = [e;n] +e;y—2y]. In particular, since [ # 1, Corollary 5.1.5 implies that H, N H} =
Hatp = Hejy +eny_ay
Since (e1,...,en—21)c = ENEn_o C H,, Hy, by Proposition 3.3.2 it follows that there exist
two spinors a’, 0" € A\ ((en—2141,- - -, en)c) such that a = epy_oy Ad’ and b = e;y_oy AV': by
maximality of H, and Hy, the spinors [a'], [b'] € S5, are pure in a smaller Spinor variety where
they have maximum Hamming distance I. Moreover, since [a], [b] € S§ \ {[e(n)], [epv—2y]}, we
also know that [a/],[b'] € S5, \ {len—2141 A ... Aen], [1]}.

The spinor [a + b] = [epy_2 A (¢’ +1)] € ¥ is the image of [a’ + V'] € X 2 via the wedge-

multiplication map
ev ev

ev_ayAe o Nlen aisr,...,en)c — N\E (5.2.5)
restricting to (ejy_o A ®) : Xj21 — X n. Since the above linear map is injective, the equality
(e[N,Ql] /\0) ([o'+¥]) = (e[N,Ql] /\o)([eN,ng A...ANen~+1]) implies that [a' 4+ '] = [en—2141 A
... N ey + 1]. But the spinor [exy_g9;41 A ... A ey + 1] is a representative for the dense orbit
Y121 C 02(S3;), which is identifiable by Lemma 5.2.4 (since I > 3). Thus it holds {[a/], [']} =
{len—2141 A ... Aen],[1]}, in contradiction to [a'], [b'] € SF; \ {[en—241 A ... Aen], [1]}. O

5.3 Tangential-identifiability in 7(S})

In this section we prove that any point of a tangent orbit ©; 5 for I > 3 is tangential-
identifiable (cf. Definition 2.1.1), and we do so via Clifford apolarity (cf. Section 3.6). The

= ENEnN_g;, where we recall that En_o; = <€17 e, EN—2], fN_2l+1, R fN>(C-
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setting at the beginning of the chapter is assumed. Since for NV < 5 it holds Oy xy = T(SE) =
02(S%), in the following we assume N > 6.

REMARK 5.3.1. The 15-dimensional Spinor variety Sg C P3! has been deeply studied in the
context of the Freudenthal’s magic square, (cf. Table 1.4). Indeed, S{ is the third of the four
Legendrian varieties lying in the third row of the square (associated to the group Sping, - see
[ 1), while P3! = 55(Sg)™ is the third prehomogenous space in the fourth row (associated
to the exceptional group E7 - see [ ). In both the above references the generic tangential-
identifiability of 7(Sg) is obtained: we refer to | , Propp. 5.8-5.12] and | , Propp. 8.4,
9.8] for details.

In the notation of Section 3.6, for a tangent spinor [g] € 7(S};) \ S we consider the map
o, : H (Sh.u(1)) — H (S§,u")"

corresponding to the Clifford apolarity in (3.6.2). Similarly to the proof of Lemma 5.2.4, we
apply the nonabelian apolarity, but in this case we deal with non-reduced subschemes. Let
Y C S} be a non-reduced subscheme of S}; of length 2 such that [q] € (Y), and let Yy, be
its support: in particular, such a Y corresponds to {[p], [q]} for [p] € S{ such that [q] € T},;;S,
and Yyup, = {[p]}. Then by Proposition 2.2.3 we get H° (S}, Iy @ U(1)) C ker(®,) and in
particular Z(ker(®,)) C Ysupp, where Z(ker(®,)) is the common zero locus of global sections
in ker(®,). If such common zero locus is given by only one pure spinor [p] € S{, then for any
0-dimensional subscheme Y C X of length 2 such that [¢] € (V) it holds Ysup, = {[p]}, that is

[q] lies on only one tangent space, namely T},S%, and [q] is tangential-identifiable.

Theorem 5.3.2. For any N > 6 and |l > 3, the tangent orbit O n C T(SE) is tangential-
identifiable.

Proof. Fix | =3 : &, From the above argument it is enough to prove that Z (ker(®,,)) = {[1]}
for [q)] € Tj1;S§ \ S, | being the representative of ©; x as in (5.1.7):

l 2
Q= Z@Zi—l Neg; € /\E .
i=1
From the Clifford apolarity, for any f € /\Od EY we have

q)Qz(f) = qu(f>|E + Cf(ql)lEv .

First, notice that for any f = Zi\;l B, fr € EY one gets

N I
Co(f) = Z Br[fr - (e2i-1 Aezi)] = Z (Bai—1€2i — Baieaio1)

r=11i=1 i=1
implying that ker(®,,) N EY = {0}. Moreover, since q; € A> E, it is straightforward that

0d>5 2k+1

N EY = )\ EY Cker(d,) .

k>2
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As the images @, ( /\%Jrl EV) are linearly independent one to each other, we get

od>5 3
ker(®g,) = N EV & (ker(qul) m/\EV> ,

thus Z (ker(®,,)) is the intersection of the common zero loci of the two summands above.
N
Consider [a] € Z(ker(®g,)) such that a =Y 2 ZJE( My asey. From Lemma 3.6.6 it holds

V]
2s
od>5

3
(V-fa)=0 Vfe N\ EV@<ker(<I>ql)ﬁ/\Ev> :

The same computation in (5.2.1) shows that for any index subset I C [N] such that |I| =
2k+1 > 5 and for any basis vector ey € E it holds 0 = (ey - f7,a) = (=1)P***DFlap (y where
again pos(\, I) denotes the position of A in the ordered index subset I. We deduce that in a
there is no summand indexed by a subset J such that J C I and |J| = |I| — 1 for any |I| > 5,
hence a € CH A E @ A" E. On the other hand, the same computation as in (5.2.3) shows
that for any I C [N] such that |I| = 3 and any basis vector f, € EY such that v ¢ I, it holds
0={(f, fr,a) = (—1)p08(v71U{V})+1a1U{V}, hence a has no summand in /\N E either. It follows

Z (ker(®,,)) =P (C@/\E) Nz (/\EV N ker (@q,)> :

Clearly, [1] € Z(ker(®,,)) since for any A € C and any f € A® EY one has (f,v-\) = A(f,v) =
0. Moreover, for any b € A® E it holds that b € Z (ker(®g,)) if and only if A +b € Z (ker(®,))
for any A € C: in particular, it is enough to prove that Z (ker(®g,)) N P(A*E) = 0 in order to
conclude.

Let [a] € Z (ker(®q,)) be such that a = 3 ¢}y () Qstes Aer. First, consider an index subset
I C [N] such that |I| = 3 and {2k — 1,2k} ¢ I for any k € [I]: the condition C¢,(q;)|., =0
implies fr € ker(®,,). Then, for any ey € E one gets

eV

0= (exfr,a) = dx i, Wiy iy — Onin iy ig + Oxis Vi iy

for d,, being the Kronecker symbol. Since N > 6, given any two distinct indices {7 < j} C [N]
such that {4, j} # {2k — 1,2k} for any k € [I], one can always find a third index r € [N]\ {3, j}
such that {2k — 1,2k} ¢ I = {i, j,r} for any k € [l]. Thus for any {¢,j} # {2k — 1,2k} it holds
a;; =0 and

2 !
Z (ker(®g,)) NP (/\ E> C {[a} = [Z 02k —1,2k€2k—1 A EQk] } .

k=1
Now, for any {k < h} C [l] and any r € [N]\ {2k — 1,2k,2h — 1,2h} consider for_1 2%, —
for—12nr € /\3 EY: it is a straightforward count that fop_1 2k, — fop—1,2n,r € ker(®,). In

particular, 0 = (e, - (fop—1,2k,r — fon—1,2h.r), €r - @) = Q2k—1 2k — Q2p—_1,28, hence it holds
Qop—12k = Qon—12n ViR Sk} C[] .

It follows that a = « - ¢; for some o € C. But [g;] & S{ (since [ > 3), thus it has to be a = 0
and Z (ker(®,,)) NP(A> E) = 0. We conclude that Z (ker(®,,)) = {[1]}. O
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5.4 Dimensions of Spin,y—orbits in o5(S})

In this section we compute the dimensions of each orbit in the secant variety of lines to a
Spinor variety. We have postponed this computation as we apply tangential-identifiability for
computing dimensions in the tangent branch.

From | , Theorem 1.4] the secant orbit Xy , is dense of dimension

oN-1 1 for N <6
dimXy 5 =dimoy(S}) = : (5.4.1)
2’ N(N—-1)+1 for N>6
Moreover, for N > 6 the tangential variety has codimension 1, hence its dense orbit © NN has
dimension
dlmG%’N—dlmT(SN)—N(N 1), VN>6.
Recall that for N < 5 the Spinor variety S} has diameter 2, and the distance-2 orbit ¥ y
either does not exist (for N < 3) or it is the dense one. In this respect, in the following we

assume N > 6.

Lemma 5.4.1. For any N > 6 and anyl = 2: % — 1, the fibration

f: Zl,N — OG(N — 2l,V)
[CL+ b] — Ha+b

Cor.:?).lf) Ha me
has fibers isomorphic to the dense orbit on the smaller Spinor variety S;‘l, namely €~ 1(H) ~
Y12 C 02(S5;). In particular,

E1(H) = 0(Sy) -

Proof. Consider the distance-I orbit ¥ v = Spingy -[e(n] + e[y_2y] and the above fibration &.
By homogeneity, it is enough to determine the fiber at the subspace {([ejn] + eny—_2]) = E N
En_oi={e1,...,en—2)c. Weset V' = (en_241,-.- €N, fN-2141,---, [n)cand E' =V'NE.

Let [a+b] € &Y (ENENn_9): then ENE; C H, (resp. ENE; C Hyp) and, by definition
of the maximal g-isotropic subspaces as kernels of (3.3.1), we can write [a] = [e[y_2 A wq]
(resp. [b] = [e[n—_o A wp]) for some w, € A® E' (resp. wy € A® E’). In particular, since w,
and wy, are defined by 2[ linearly independent columns in the matrices describing H, and Hy,
they corresponds to maximal isotropic subspaces H, Hj C OG™ (21, V"), hence [w,], [wy] € S3.-
Finally, the condition H, N Hy, = E N En_g implies H, N H; = (0), hence [w,] and [wy]
have maximum Hamming distance d([w,], [wp]) = 1 in Sj,. Therefore the injective wedge-

multiplication map (e;y_o;j A®) : Xj9 — ¥y in (5.2.5) gives the biregular isomorphism
EYENEN_2)={la+b €S n|H,NHy,=ENEn_x}
= {lepv—ay A (wa +wp)] € Bin | [wa], [we] € S5, d([wa], [wy]) = 1}
~ {[wa +wp] € 05(S3) | d([wa], [wp]) =1}
=0 -
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Proposition 5.4.2. For any N > 6 and | = 2 : § — 1, the secant orbit ¥ x C 05(S};) has
dimension
N-D 4 4N — 15 ifl=2

dimZZ’NZ
N 2N —1) -2 +1 ifl>3.

Proof. Consider the fibration £ in Lemma 5.4.1. From the fiber dimension theorem we get
dim ¥ v = dim OG(N — 21, V) + dim 02(S3;) .

In general, the orthogonal Grassmannian OG(r, M) coincides with the kernel of the global
section s, € H(Gr(r, M), Sym? ) induced by the quadratic form g on CM where U is the

rank-r universal bundle on Gr(r, M). Thus

1
dim OG(r, M) = dim Gr(r, M) — Rk (Symz(l/l)) =r(M—r)— (r—;— ) .
The thesis follows by substituting r = N — 2] and M = 2N, and recovering dim UQ(S;I) from
(5.4.1). O

The above computation puts on light a particular feature of the second-to-last secant orbit.
In the following result we need N > 8 in order to get an intermediate proper secant orbit

between g y and X .
R

Corollary 5.4.3. For any N > 8, the closure of the second-to-last orbit X n—2 , is a divisor
T,

n UQ(SJJ(,) parametrized by the vanishing of a pfaffian. Indeed, up to chart-changing, all pure

spinors [a] € S, such that d([e(n], [a]) = Y52 correspond to mazimal q-isotropic subspaces H,

described by matrices [IN} where Rk(A) = N —dim(E N H,) =N — 2.

A

Proof. The thesis “being a divisor” is a straightforward count from Proposition 5.4.2. We show
that the closure of ¥ n_» v Is parametrized by the vanishing of a pfaffian.

The pure spinors [a]2 € S}, having Hamming distance ! from [e[y;] correspond to subspaces
H, € OGT(N,V) such that dim(E N H,) = N — 2I. Up to chart-changing, we may assume
that H, is described by the matrix [IX } for a certain A € A°CY: in particular, Rk(A4) =
N — dim(E N H,) = 2I. It follows that the pure spinors having Hamming distance | = ¥-2
from [e[N]] are described (up to chart-changing) by skew—symmetric matrices of rank N — 2,
that is they are parametrized by the vanishing of the pfaffian of such matrices. Now, given the

pure spinor [e[y1], the subvarieties

€[N]» 2 5

Fop iz = {[e[N] +a] | [a] €%, d(lepy), a]) < N_Q} CTaan,

Few) = {lepv) +a] | [a] € SF} Co3(SY)

are such that Fom 22 = Fepy N V(Pf(A)): more in general, for any pure spinor [b] € S it

holds Fpn=z =Fp0 V(Pf(A)), giving the rational isomorphism in the thesis. O
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We are left with computing dimensions in the tangent branch for NV > 6. From Proposition
5.4.2 we know that ©; y = 32 ny has dimension NIN=1) 4 4N — 15. Thus in the following we

2
assumeNZGandl:?):%fl.

REMARK. In the following proof we use that the tangent orbits ©; y for [ > 3 are tangentially-
identifiable (cf. Theorem 5.3.2): each point [¢] € ©; x lies on a unique tangent space Tj,S};

Proposition 5.4.4. For any N > 6 and any |l = 3 : % — 1, the tangent orbit O,y C T(SE)
has dimension

Mﬂ(zN—l)—zF.

dim ®l,N = B)

In particular, for such N,l, the closure ©; N is a divisor in ¥ n.

Proof. Given [/\2 CN]y; the space of rank-2l skew—symmetric matrices of size N, from Sec.
5.1.2 we know that for any [ = 2 : % it holds

2
on= U [MuSkly~ U |ACY

[a]es}; [a]es];

21

For | > 3, any tangent [g] € ©; y belongs to a unique tangent space T MSE, hence

2

/\(CN] L VI>3.
21

The space [A* CN]y is the GL(N)-orbit in CN @ CN of the skew-symmetric matrix C; in (5.1.8)
having stabilizer isomorphic to Sp(2l) x GL(N — 21) x (C? @ C¥~2). Therefore one gets

dim ©; y = dim S} + dim

2
204+1
dim | ACV| =N?- [( ; ) +2I(N —21) + (N — 21)2] =1I(2N —1) — 21
21
and the thesis straightforwardly follows. O

EXAMPLE 5.4.5. The Spinor variety S¢ C P(A“’ C%) ~ P3! has diameter 3. Set G' = Spin(12)
and v, = €1 A ... A eg. The secant variety oo(Sy) stratifies in the Spin(12)-orbits

31 Y36 =G " [vwg + 1]
/

30 Os36 =G -[e1 ANea +es Aes+ e5 A eg]

24 @2,6_\22,6 =G - [vwg + €1 Ae2]

15 STE?

Figure 5.2: Poset graph of the Spin;,—orbits in o2(Sg), and their dimensions.
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This poset and the dimensions were already known to J.M. Landsberg and L. Manivel | ]
in the context of Legendrian varieties. Actually, as confirmed by the authors (which we thank
for the confrontation), our arguments allow to recognize a misprint in | , Proposition 5.10],
where the dimension of the orbit o4 (in the authors’ notation, corresponding to our ¥g ¢ for
m = 4) is 5m + 4 instead of 5m + 3.

EXAMPLE 5.4.6. The Spinor variety S§ C P(A®" C®) ~ P'?7 has diameter 4: this is the only
case in which the inclusion ©35 C ©4,8 N X35 actually is an equality.

57 Yag
/

56 O4s 33,8
/

55 O3

45 r\@z,s =38

28 SZ*

Figure 5.3: Poset graph of the Spin;s—orbits in o2(Sg ), and their dimensions.

5.5 The 2-nd Terracini locus of S}

We recall the definition of the second Terracini locus from Sec. 4.5:

Terrg(SE) = {{pl,pg} € Hilbg(Sﬁ) | dim(TplS},TmS§> < dimag(S})} .

We consider the abstract secant variety (cf. Sec. 2.1)

Abos(SY) = {(z, [q]) € Hilby(S}) x P </\E> | la] € <z>}

and the diagram
AbO’Q (SE)

where 71 and 7y are the natural projection from the abstract secant variety onto the first and
second factor respectively.

As already pointed out in Remark 4.6.5 for the case of Grassmannians, the second Terracini
locus tells us where the differential of the projection from the abstract secant variety onto the

secant variety drops rank: this information, combined with the identifiability, allows to deduce
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the smoothness on the locus of points which are both identifiable and outside the Terracini
locus. In the following we consider N > 7 as for IV < 6 the second secant variety coincides with

the ambient space.

Theorem 5.5.1. For any N > 7, the second Terracini locus Terry (SE) of the Spinor variety
Sx corresponds to the distance—2 orbit closure ¥o n. More precisely, in the above notation, it
holds

Terra(SY) = (7r1 o 7r2_1) (2271\;) )

Proof. Given a point [a+b] € 02(S;) for certain [a], [b] € S, we show that dim(T},SE, Tj5S)
drops if and only if [a + b] € Xo x = S§ U X v, that is if and only if d([a], [b]) < 2.

If d([a], [b]) = 1, then any point on the line L([a], [b]) C S} is direction of the curve defined
by such line, that is L([a], [b]) C TSk N TpSk-

If d([a], [b]) = 2, then there exists [c] € S}; such that L([a], [c]), L([c], [b]) C S§;. In particular,
from the previous case we deduce [¢] € T[Q]SE N T[b]S}.

On the other hand, if the dimension drops, then there exists a common non-zero tangent point
[2] € TiyjSE N TSk In particular, [z] is not tangential-identifiable, hence [2] € O3 y. From
the definition (5.1.6) of Oz y N T[Q}SJJ(, as the set of rank—4 skew-symmetric matrices in T[G]S;,
we know that [z] = [y + 2] for [y], [2] € O1 8 N T[S = S§ NT},S} skew-symmetric matrices
of rank 2. In particular, [a + y] and [a + 2] lie in S}, that is d([a], [y]) = d([a], [2]) = 1. The
same argument shows that also d([b], [y]) = d([b], [2]) = 1. We conclude that d([a], [b]) < 2. O

5.6 Results on the singular locus of 05(S})

This section is devoted to study the singular locus of the secant variety of lines oo (S;) to a

Spinor variety S§. We use results on identifiability from previous sections.

REMARK. As defective cases, the secant varieties 02(S;) = 7(S]) = P7 and 09(S3) = 7(SF) =
P'5 overfill the ambient space. On the other hand, the secant variety ag(Sg' ) = P3! perfectly
fills the ambient space (hence it is smooth), but the tangential variety 7(S{) is a quartic
hypersurface in it. Accordingly to Remark 5.3.1, S{ has been widely studied in [ ; ]
and it has been proven that Sing(7(S{)) = Y26 (corresponding to oy in | D-

According to the above remark, we assume N > 7, so that 02(S%) P2""=1. In the same
spirit of Remark 4.6.5, in the following we consider the alternative definition of abstract secant
variety (cf. Remark 2.1.4)

Abo(Shy) = {([aL 1], la)) € (5%)}g, X P (/\ E) \ lq] € {(al, [b]>} ,

i S, via the projection onto

the first factor. In particular, given 7 the projection onto the second factor, the preimage
7Y o2(SE) \ X2,n) is smooth in Aboa(SE).

which is smooth outside the preimage of the diagonal Ax C (SE)
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Lemma 5.6.1. For any N > 7, the distance-2 orbit $o y lies in the singular locus Sing(o2(S%))

of the secant variety of lines to the Spinor variety S?\}. In particular,
227]\{ C Slng (JQ(S})) .

Proof. Clearly, the Spinor variety is singular in its secant variety of lines, hence we just have
to prove the singularity of the distance-2 orbit 33 ;. We assume by contradiction that g
is smooth: then the poset in Theorem 5.1.12 implies that all the open subset o2(S%) \ S% is

smooth. Consider the projection from the abstract secant variety onto the second factor

T Aboo(S§) — 02(SE)

([a] ) [b]’ [Q]) = [Q]

The (tangential-)identifiability of the orbits ¥; y and O,y for | > 3 (cf. Theorem 5.2.5
and Theorem 5.3.2) implies that the restriction of 7 to the open subset 7 1(02(S%) \ Z2.n)
is a bijection of smooth open subsets, hence it is an isomorphism. On the other hand, the
orbit Yo n is unidentifiable and any of its points has 6-dimensional decomposition locus (cf.
Proposition 5.2.3), thus the differential d()(a},[1),[q)) drops rank exactly at the points in the
preimage 7~ 1(32 v).

It follows that the restriction

7 Aboa(S5) \ 7N (S%) — 0a(S%) \ Sk

is a morphism of smooth varieties of the same dimension: in particular, the locus of points where

the rank of the differential drops is a (determinantal) divisor. We show that the preimage
{([al, [t], [q]) € Aboo(SE)\ 7 (SK) | Rkd(T) (a)plfq) < NN =1} =77 (Z2.n)

cannot be a divisor (leading to a contradiction). Indeed, from Proposition 5.4.2 we know that
dim ¥, v = W + 4N — 15, and from Proposition 5.2.3 that the decomposition locus of any
point in ¥, y is 6-dimensional, thus from the fiber dimension theorem we get dim 7r|_ 1(%) =
dim Sy v +6 = Y=Y 4 4N — 9 and

N(N = 1) N>7

dim Aboo(S},) — dim 7 1 (e n) = —4N+10 > 1.

| 2
Thus 7r|_ 1(22, ~) cannot be a divisor for N > 7, giving the contradiction. We deduce the

inclusion o y C Sing(o2(SE)). O

Lemma 5.6.2. Forany N > 7 and anyl =3 : %, the secant orbit ¥ N is smooth in the secant
variety of lines UQ(SE). In particular, the singular locus of the secant variety of lines to the

Spinor variety S} lies in the tangential variety:

Sing (02(S%)) € 7(SK) -
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Proof. From Proposition 5.2.5 we know that the secant orbits ¥; 5 for [ = 3 : IV are identifiable.
Moreover, from the poset in Figure 5.1 it holds

San U USy v =0a2(SH) \ 7(SY) -

Then the projection 7 : Aboa(S}) — 02(S};) from the abstract secant variety onto the second

factor restricts to a bijection
w5 (S5 \ 1(61) ) - oa(81) \ 85

Finally, the points in o2(S%) \ 7(S}) are outside the Terracini locus Terry(S};) (cf. Theorem
5.5.1), thus for any point [p + q] € 02(S};) \ 7(S},) it holds 7,S% N T,S% = {0}. In particular,
ollal.[p+q) ADS TPSE X TqS} to TPSE &) TqSE, hence it is
injective. It follows that 7’ is an isomorphism and the open subset o2(S%) \ 7(S}) is smooth

for such points the differential d’ﬂ'z[

in the secant variety of lines. O

Collecting Lemma 5.6.1 and Lemma 5.6.2 we get the bound on the singular locus
EQ’N C Sing (O’Q(SE)) C T(SK) .

However, at this point we haven’t been able to get more information on the singular locus of

UQ(SE)7 but we have a conjecture whose proof is left for future work.

Conjecture 5.6.3. For any N > 7, the singular locus of the secant variety of lines to the

Spinor variety S} 1s the closure of the distance—2 orbit, i.e.
Sing (O’Q(S?\})) = ZQ’N = Sj\} [ EQ’N .

Although we don’t have a proof yet, in Sec. 7.3 we propose an argument suggesting that the

conjecture is actually true.






Chapter 6

What about other generalized

Grassmannians?

The identity between the poset graphs of G-orbits in the secant varieties of lines to
Grassmannians (cf. Figure 4.1) and to Spinor varieties (cf. 5.1) suggests that such poset
graph may hold for other generalized Grassmannians too. This chapter is addressed to
investigated so. In Sec. 0.1 we show that cominuscule varieties are very good candidates: a
complete proof is left for future work. In Sec. 6.2 we show that such graph does not hold for
every generalized Grassmannian, by erhibiting an example: this has been obtained during a
visit at Institut de Mathématiques de Toulouse with Prof. Laurent Manivel, whom the

candidate thanks for the inspiring suggestions.

We assume notation and results from Chap. 1. Let G be a semisimple simply connected
complex Lie group and let P, be a maximal parabolic subgroup corresponding to the simple
root a € A, or equivalently to the fundamental weight wy. Let W and Wp, be the Weyl
groups of G and Py respectively. Given Vﬁ the irreducible G-representation with highest
weight wy, we denote by v,, € Vw(]i a highest weight vector, so that P, = stabg(v.,). Let
G/Py, = G+ [v,,] C P(VE) be the projective generalized Grassmannian minimally embedded in
P(H(X, Oy, (1))V) = B(VS).

In the notation of Sec. 2.1, let 02(G/Py;) C P(V,S) be the secant variety of lines to G/P;
in its minimal embedding, obtained as union of the dense subset o5 (G/Py) of points lying on
bisecant lines to G/ Py, and of the tangential variety 7(G/Py), whose points lie on tangent lines
to G/Pk

G—orbits in ¢5(G/P;). The G-orbits in the dense subset 05 (G/Py) are in bijection with the
G-orbits in (G/Py) x (G/Py), on which G acts diagonally:

g-([z,[y]) =(g-[=,9-[y]) , VgeG, V[z],[y] € G/Py .

89
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By homogeneity of G/ Py, any pair ([z],[y]) € (G/Px) x (G/Py) is G—conjugated to a pair of
the form ([vw,],[y']), whose first entry is left fixed by P, = stabg(v,,, ). Since Py moves only
the second entry, the G—orbits in (G/Py) x (G/Py) are in bijection with Py—orbits in G/Py: in

particular, we get the bijection between the cosets

JS(G/Pk) G/Pk
I < Pk

= P\G/P; .

From the Bruhat decomposition of G (cf. Sec. 1.1) one recovers the Bruhat decomposition of
G/P, = |—|w€W/ka BwP;, so that

Pk\G/Pk = |_| Pkak .
wEka\W/ka

REMARK 6.0.1. The Py—orbits in G/P;, (hence the G-orbits in ¢5(G/Py)) are always finitely

many.

G—orbits in 7(G/P;). As already pointed out in the previous chapters, by homogeneity
of G/Py, the action of G on the tangential variety 7(G/Py) conjugates all tangent spaces
T1.1(G/Py) as [z] € G/Py varies, since g - T1,1(G/Py) = Tig.0)(G/Py). It follows that any
G-orbit O in 7(X) is of the form

o= |J (OnTu(G/P))
[z]€G/ Py

hence it is enough to determine O N T}, 1(G/Px) and then move it by G-action. But O N
Tjy,,)(G/Py) is a Py-orbit, hence determining the G-orbits in 7(G/Fy) is equivalent to deter-
mining the Py—orbits in Tj,,, 1(G/Px) ~ g/p @ Cvg, ~ pj:

r(G/Py) o T (G/P) e/

G Py Py

REMARK 6.0.2. Unlike the orbits in 0§(G/Py) (cf. Remark 6.0.1), the tangent space g/pi >~ p}
may contain infinitely many Py—orbits. The cases in which the nilpotent algebra p} has finitely
many P-orbits have been classified by L. Hille and G. Rohrle | , Theorem 1.1].

REMARK. It is surprising that the algebra g/p (hence the tangential variety 7(G/P)) may have
infinitely many orbits although the ones in G/P (hence in the dense subset 0§ (G/P)) are always

finitely many. This means that a secant orbit may degenerate to infinitely many tangent orbits.

6.1 G-orbits in 05(G/P) for G/P cominuscule

In this section we restrict to consider only fundamental weights wy, (hence generalized Grass-
mannians G/P;;) which are cominuscule. We assume notation and results from Sec. 1.4.

From the first part of this chapter we know that the dense subset o2(G/ Py;) has always finitely
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many G-orbits parametrized by double cosets Wp, \W/Wp, of the Weyl group. Moreover, from
Proposition 1.4.1 we know that the tangent space g/pr = g—1 is an irreducible Py—module.

In the following we collects already-known results which allow to prove that the Py—orbits in
g/py are finitely many too, and they are as many as the Py—orbits in G/Py: we denote by dg

such value.
Proposition 6.1.1. In the above notation, let G/Py be a cominuscule variety. Then:

1. There are dg,p,~many Py-orbits in G/ Py, for dg as in Table 0.1:

da .k

G/Pk = |_| Pkwjpk ;

Jj=1

2. For any j = 2 : dg, the points w;_1 Py, w; P, € G/P, have Hamming distance 1 and
d(idPy,w;Py) = j. In particular, the variety G/Pj has diameter dg ;

Moreover, the Py—orbits in G/ Py, are totally ordered:

J
Pkijk = |_| Pow; P, V] S [dG,k] .
i=1
Proof. (2) is proved in | , Sec. 4, Lemma 4.2]. (1) is proved in | , Sec. 2, Table
1], while the total order of the orbits is proved in | , Corollary 3.7(a)]: here one uses
the characterization of cominuscule varieties as the generalized Grassmannians having abelian

unipotent radical (cf. Proposition 1.4.1). O

In the following table we list all the cominuscule varieties together with dimensions and
values dg j of their secant varieties. For the Grassmannian Gr(k,N), the symbol (%) is to
remark that for k& € {2, N — 2} and N > 6 the secant variety of lines is defective of dimension
min{2k(N — k) + 1, (}) — 1} — 4 (cf. Sec. 4). We have computed the values dj ¢ for Gr(k, N),

Q*N~2 and SJj\E, in Sec. 4.1.1, Sec. 7.2 and Sec. 3.4 respectively, while for the other values we
refer to | , Table 1] or also] , Sec. 4].
] G/ Py | dmG/P | PVS) | dim 02(G/ Py) \ dok \
Gr(k,CN) (%) | k(N —k) P(A\"CN) min{2k(N — k) + 1, () — 1} min{k, N —k}
QN2 2N —2 P(C*) 2N — 1 (whole space) 2
LG(N,2N) D) PA" C?) min{N(N +1) + 1, (>)) — 1} N
s% () P\ °C CN) min{N(N — 1) + 1,287t — 1} 1Y)
0l 16 P26 25 ( hypers. ) 2
E;/P; 27 P 55 ( whole space ) 3

Table 6.1: Secant varieties of lines to cominuscule varieties: dimensions and dg .

We are left with analyzing the tangent orbits in o2(G/Py), or equivalenlty the Py—orbits in
9/pk ~ py. We recall some arguments due to L. Hille and G. Rohrle | | implying that for
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cominuscule varieties such orbits are finitely many.
Given a parabolic subgroup P; defined by the subset I C A of simple roots, the nilpotency
class of the radical unipotent P* (or equivalently of the nilpotent algebra p*) is

(P = > malp), (6.1.1)

GEA\D(I)O

where p is the longest root in ®, m,(p) the coefficient of a in p, and ®(I)° are the roots of the

parabolic algebra p; (cf. (1.1.1)). For I = {ax} and wy cominuscule, one gets
UPY) = () = 1.

Then by | , Theorem 1.1] we get that, for any cominuscule variety G/ Py, the tangent space
g/pi has finitely many Py—orbits. Actually, there is more than this.

Proposition 6.1.2. In the above notation, let G/ Py, be a cominuscule variety. Then the tangent
space T[vwk](G/Pk) ~ g/py has finitely many Py—orbits. More precisely, there are dg —many
orbits for dg i as in Table 6.1 and they are totally ordered:

G

Tio,,.] G/Pk:|_| ., R = |_|R Vi € [da.s] -

Proof. We already know that there are finitely many orbits. Their exact number and the
inclusions among their closures can be deduced from the fact that cominuscule varieties are
compact hermitian symmetric spaces, and as such their tangent spaces stratify accordingly to a
notion of rank. However, although unelegant, we avoid to formalize the latter description, and
we prove the thesis by analyzing the tangent space case by case.

The cases of the Grassmannians and Spinor varieties have been settled in Sec. 4.1.2 and
Sec. 5.1.2 respectively: their tangent spaces are spaces of matrices and the stratification by
rank is immediate. Moreover, the maximum ranks are respectively da, r = min{k, N} and
dpy.n = 5]

The case of Lagrangian Grassmannians is analogous. Accordingly to Table 1.3, the tangent
space at vy, | to the Lagrangian Grassmannian LG(N,2N) is isomorphic to the space of N x N

symmetric matrices
Ty, ) LG(N,2N) ~ Sym*CV

and the unique invariant is the rank of matrices: the maximum rank is dg, v = V.

The case E7/ Py is already known among the Legendrian varieties | , Sec. 5]: thedg, 7 =
3 orbits in T, 1(E7/Pr) are obtained as intersections with the orbits (in the authors’ notation)
Ez /P, 04\ (Er/Pr) and 7(E7/P7) \ 0.

Finally, the case of the quadric Q*¥~2 is trivial, while the secant variety to the Cayley plane
OP? is defective and oo(QP?) = 7(OP?): in particular, there are just dg, 1 = 2 orbits. O

The results in Proposition 6.1.1 and Proposition 6.1.2 allows to give a partial (actually,

almost complete) description of the poset graph of G—orbits in the secant variety of lines to a
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cominuscule variety.

For any Pj-orbit R; in the tangent space Tj,,, (G/Py) from Proposition 6.1.2, we denote by
@j =G [ka + R]’] Cc 7(G/Py) , Vj € [dG,k]

the corresponding G-orbit in the tangential variety. Moreover, any Py—orbit Pyw, Py in G/ P
from Proposition 6.1.1 defines the G—orbit

Ej ZG[Zde-‘rijk] CO’S(G/Pk) s V]E [dG,k]
in the dense subset of points lying on bisecant lines to G/ P.

REMARK. Since d(idPy, w1 P;) =1 (cf. Proposition 6.1.1), the line L(idPy, w1 Py) lies in G/ P,
hence the representative [idP; + wiPy] is a point on G/Py. Moreover, from the proof of
Proposition 6.1.2 any 6 € R4 corresponds to a rank—1 matrix, hence it defines a point [v,, + 0]
of G/ Py as well. In particular, it holds

O, =G/P, =Y .

Finally, any point in 6 € Ry corresponds to a rank—2 matrix, hence it is of the form 6 = 6; + 65
for 61,602 rank-1 matrices. Since both [v,, + 61] and [v,, + 02] lies in G/Py, we conclude
that the point [v,, + 61 + 62] lies on the bisecant line L([3v., + 01],[50w, + 62]) such that
d([3vwy, + 01], [300, + 02]) = 2, that is

22:@2.

The above remark leads to the following graph, where the arrows denote the inclusion of an
orbit into the closure of the other orbit:

EdG,k

T I

s

Os

AN

Oz =3

I

G/Py

Figure 6.1: G-orbits in 02(G/Py) for G/Py, cominuscule, and some inclusions.
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Conjecture 6.1.3. The poset graph of the G—orbit in the secant variety of lines oo(G/Py) to
a cominuscule variety G/ Py is obtained by adding to the graph in Figure 6.1 the inclusions
©; C X forany j € [da k-

REMARK. Conjecture 6.1.3 is very close to be a theorem. Indeed, it has been proved for Grass-
mannians and Spinor varieties in Theorem 4.1.12 and Theorem 5.1.12 respectively. Moreover,
as pointed out in the proof of Proposition 6.1.2, the cases of the quadrics Q> =2 and of the
Cayley plane OP? are trivial as their secant varieties of lines coincide with the tangential va-
rieties, and split in just two orbits. Finally, the cases LG(3,6) and E7/P; have been proved
among the Legendrian varieties. Thus the only case for which the conjecture hasn’t be proved

yet is for any Lagrangian Grassmannian LG(N,2N).

6.2 A non-cominuscule example: the isotropic Grassman-
nian IG(k,2N)

In this section we show that the graph in Figure 6.1 does not hold for generalized Grassman-
nians which are not cominuscule. As a counterexample, for k& < N, we consider the isotropic
Grassmannian IG(k,2N) (cf. Example 1.3.2). Notice that the condition k& < N is necessary, as
for k = N one gets the Lagrangian Grassmannian which is cominuscule. Moreover, for k£ = 1

one gets the trivial representation. Thus in this section we assume 2 < k < N — 1.

Setting. Let V ~ C?N be a complex vector space endowed with a non-degenerate symplectic

form w € A®VV. For any m € Z~( we fix the notation

1

2
0 Jm
I = € Mat,,xm , Q= [Jm 0 } € /\sz .
1
Let (e1,...,en,e_n,...,e_1) be a basis of V such that the symplectic form w is represented

by the skew-symmetric matrix Qy € /\2 C2N: in particular, for any 4,5 € [N] it holds
wle;,ej) =wle_j,e_;) =0 , wle,e_;)=25;.
Then we consider the symplectic group
Sp§y = Sp*(V) = {A € SL(V) | "AQxA = Qx}
and, for any k < N, the isotropic Grassmannian
1Gw (K, 2N) =1G,(k, V)= {W CcV | W ~CF, W c Wt}
of k-dimensional linear subspaces of V' which are w-isotropic. For simplicity we write Spyy =

Sp(V) and 1G(k,2N) = IG(k, V) by omitting the symplectic form w. We recall that

k
IG(k,2N) = Spyy /Py = On /P, CP(VSN) =P (/\ <C2N> ,
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where Py is the parabolic subgroup associated to the fundamental weight wj of Dynkin type
Cn. The highest weight vector and its corresponding w—isotropic subspace are

vwk:e[k]:el/\.../\ek R Ek:<61,...,€k>cCV.
Moreover, the w—orthogonal and the dual subspaces to Ej are respectively

Eif ={e1,....en,e_N,...ne_p_1)c , El={e_j,....e_1)c.

Levi decomposition of P,. We lighten up the notation by fixing P := Pj. The parabolic
subgroup P = stab(v,, ) = stab(F}) stabilizes the subspace Ej. In particular, it admits the
Levi decomposition P = LP" where

y

is the Levi factor of P stabilizing the consecutive quotients Fy, E,}/Ek and EY ~ V/Ekl in the
flag By C Ef C V, and

G
S

‘ G € GL(Ey)

~ iR
S e sp(E,f/Ek)} ~ GL(Ex) x Sp(Ej/E}) (6.2.1)

IR Ik

I A B A € Ey®E}/Ey
P* = Ion—2r  Qn—i(PA)Tg Be EL,®E) (6.2.2)
Tk BIj, — I('B) = AQn—x(*A)

is the unipotent radical of P acting trivially on the consecutive quotients of E C Er C V.

The tangent bundle. The inclusion ¢ : IG(k,2N) < Gr(k,2N) defines the universal bundle
Uic on the isotropic Grassmannian IG(k,2N) as pull-back of the universal bundle Ug, on the
Grassmannian Gr(k,2N). Moreover, the dual bundle

Ul =¢&,,

is defined by the irreducible Py—representation of highest weight w .
One way to describing the tangent bundle Tigx,v) is through the short exact sequence

0—UY @ UU) — Ticpv) — Sym°UY — 0,

fitting in the commutative diagram

0—— UYL, ® (ul /uIG) — Uy ® (uL /uGr)

IG Gr

0 Tia Tar =UY ®Q

2 \ \
0 Sy, s UY, B,
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Another way to describe Tig(r,v) is by determining its fiber at [v,,]. From the theory in Sec.
1.1 we know that the simple root «y, defines a Z—grading on the Lie algebra spy whose degrees
are bounded by the coefficient my, (p) of oy in the longest root p. From Table 1.2 we know

that mq, (p) = 2, hence
T['uuk] IG(k7 2N) =~ pu = 5)321\//}3 =01 S g—2 .

Recall that, as we are not in the cominuscule case, the p* is not irreducible as P-module, and
its only submodule is g_;. Deriving the description of the unipotent radical P* in (6.2.2) we
get the nilpotent algebra

P = (B ® Bi/Bp) & Sym*Ey

whose only P-invariant (for the adjoint action of P) summand is g_1 = E) ® Ej-/E). Notice
that such summand is the fiber of UV ® (U*/U), which is a P-homogeneous sub-bundle of

Tic(k,v) being the kernel in the above short exact sequence.

6.2.1 P,—orbits in sp,y/p

We keep notation from the beginning of the section. We want to determine the poset of
P-orbits in the tangent space Tj,,, ] IG(k,2N) ~ Sym’EY & (EY ® Ej-/Ey).

REMARK. The parabolic subgroup P C Spyy has nilpotency class £(Py) = 2 (cf. (6.1.1)),
hence from | , Theorem 1.1] we know that p* has finitely many P-orbits.

An element of the tangent space is of the form
o+ H € Sym’E) & (E) ® Ejf/Ey) .

Notice that the action of GL(Ej) C L conjugates the above element to one of the form (e?, +
et )+ H, where r is the rank of o € Sym?E). In this respect, we may assume

2 2
O=0p =€ +...+€ 411 -

In the following we describe separately how the Levi factor L and the unipotent radical P

act on an element of the form o, + H for a certain r < k.

The action of P*. We start from the action of the unipotent radical P* C P in (6.2.2),
which depends only on the entries A € B ® E,i-/Ek and B € E;, ® E},.

REMARK. The action of B on Sysz,\c/ is identically zero since there is no non-zero projection
from (Ej, ® Ej) ® Sym*E) onto Sym*E) & (E) ® Ei/E}). Similarly, also the actions of 4 and
B on EY ® E/E}, are identically zero.

The only non-trivial action is the one of A on Sym2E,¥, which by Schur’s theorem coincides

with the contraction map
(Ex ® E/Ey) ® Sym*EY  —  EY ® Bif/Ey,
(Zi,j aijei@)ej) ® f — Ei,j aij% ® e '
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In particular, given A = Zz 1 Z a;je;i ®e; € By ® E,ﬁ/Ek, one gets

j= k+1
k
= E E 2aije_i®ej.
J i=k—r+1

It follows that, for any unipotent element g4 € P* depending on A € Fx ® E,i‘/Ek, and for any
H= Zi,j hijefi Kej € El\c/ X EkL/Ek, it holds

gA'(JTJrH):(Ik~07n)+(]2N_2k~H)+(A~JT):0T+H+A~0r

—ar—i—z Zh”ez®ej+ Z (hij + 2a;5)e—; ®e;

i=k—r+1

Thus acting by P* allows to “truncate” the summand H. We conclude that there are infinitely
many P"~orbits in o, + (E)! ® Ei/Ey), namely

k—r
+ (EY ® Ej/Ey) = | ] P <or +) e ®Q"> :
=1

QGCk7T®C2N72k
where @ denotes the i-th column of the matrix Q € CF—" @ C2N~2k,

REMARK. We point out that to be infinitely-many are the P“—orbits (not P—orbits) for a fixed
o € Sym*EY. The additional action of the Levi factor L will reduce the number of orbits in

the whole tangent space to finitely many.

The action of L. Now we deal with the action of the Levi factor L C P in (6.2.1). In light
of the previous arguments, up to acting by both GL(Ey) C L and P*, we may assume
k—r

or+H = (2, +...+e 1) +Ze,i®qi (6.2.3)
i=1

for certain vectors g; € Eé‘/ E}, and we are left with considering the action of the stabilizer in
L of o,:

X O € Orth(r)
* M eGL(k—r
staby (,) = Vo e Yt [ stebaue (o) x Sp(EL/Ey)
M N € Sp(EE/Ey)

where the first block (the one with asterisks, of size k X k) uniquely depends on the last block
o)
Let Q := (q1,---,qr—r)c C Ej-/E) be the subspace spanned by the second tensor-entries in
H (6.2.3), and let
h:=dimQ < min{2N — 2k, k —r}

be its dimension. Acting by a proper permutation matrix in GL(k — r) C stabgrg,)(or),
we can reorder the summands in H such that (qi1,...,qn) is a basis of Q. Then for any
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h+1<i<k—r wecan write ¢; = 2?21 aj;q; with respect to this basis, for a suitable matrix
(Oéij) cCkrhg (Ch, getting

h k—r
Ur+H=Ur+Z <€z‘+ Z Oé&@@) ¢ -

i=1 {=h+1

Moreover, by applying a base change via GL(k — r) C stabgrg,) C L in the above first
tensor-entries, we can move such o, + H to the point o, + 2?21 e_; ® ¢;. Thus for any
Q= {q1,--.,qn)c € Gr(h, Eit/E)) we set

h
op+Hg=0,+) ei®q . (6.2.4)
=1

REMARK 6.2.1. The dimension h = dim @ is an invariant for the P*—action too (hence for the
P-action). Indeed, given supp(o,) = (x € Ei | o.(z) # 0)c = (€x—r41,---,€k)c C Ek, one has
P“ (0, + Hg)={o, + Hg+H' | H € supp(o,)" ® Ei-/Ey} .

Then h is well defined as the invariant

h := min{Rk(Q|Q’) | Ho' € supp(c,)" @ Eit/Ey} .

Up to now, we have used the action of both L and P" on o, + H for minimizing the number
of summands appearing in H. The next step is to find representatives for such “minimal”
summands.

Let w’ € Sym*Ej-/E.)Y be the non-degenerate symplectic form obtained as restriction of
w € Sym? VV. It is represented by the skew-symmetric matrix Qn_j € A> C2V—2k,
For any subspace Q € Gr(h, Ei/E}), the restriction of w’ to @ has rank

Rk(w/,) = h —dim(@QN Q") =0 (mod 2) .
Notice that:
o IfQ C Qt,ie. Q €1Gy(h, E/Ey) and Rk(wl'Q) =0, then h < N —Fk and the symplectic
group Sp(Ei/Ey) conjugates o, + Hg to the point o, + Zle €_i ® epti-

o fQNQ* = {0}, then Q ® Q" = Ey/E), and Rk(w/,) = h is even. Thus the symplectic
n n
group Sp(Ej/Ey) conjugates o, + Hg to the point o, + Y 2 e ®epri+ Y 2y e_n_;®
€_fk—i-
In general, assume that
Rk(w(,) =h—t

for a certain 1 < ¢ < h such that h = ¢ (mod 2). Then the intersection QNQ* € IG. (¢, Ei-/ Ey)
is w’-isotropic and (Q/(Q N Q1)) ® (QH/(QNQY)) = (Q+Q1)/(QNQ™Y), hence the action of
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Sp(Eit/Eyx) conjugates the subspace Hg in (6.2.4) to the subspace

h—t h—t
t 2 2

Hpypy = Z e_; @ epyi+ Z et Qeprtri+ Z € ¢ hot Qe_k—t—i, (6.2.5)
i=1 i=1 i=1

that is the point o, + Hg to the point o + Hp 1.

Theorem 6.2.2. For any 2 <k < N —1, the tangent space Tj,,, | 1Go(k,2N) ~ sp,yn /P splits
in the finitely many Py—orbits
Rk(o) =r
ker(H) C supp(o)
dimIm(H) =h
Rk (w), ) =h—t

O(rhy) == 0+ H € Sym*E) @ (E) @ Ei/Ey) =P (o + Hpy))
(6.2.6)
where: Rk(o) and supp(o) := {z € Ey | o(x) # 0} C E) are respectively the rank and the
support of the quadratic form o € Sym? EY; the matriz H € EY ® Ekl/E;C is considered as
a linear map in Hom(Ey, Ei-/Ey); Rk(wy,,, ;) s the rank of the restriction of the symplectic
Jorm w e N> VV to the subspace Im(H) C El/Ey; or + Hpy is the representative in (6.2.5).

Proof. The thesis has been proved all along the previous arguments. However, we recap the
steps remarking how the parabolic subgroup P acts on a given point ¢ + H € Sym2E,Z @
(EY ® Ej/Ey):

« given r := Rk(c), the action of GL(E})) C L conjugates o to o, = €2, +...+€%,  1;

o the unipotent radical P* maps o + H to a certain o + H' such that ker(H’) C supp(o),
so that H' is obtained by truncating from H the component in supp(c)¥ ® Ei/Ej (cf.
(6.2.3));

« the action of GL(k —r) C stabgrg,)(0,) C L allows to reduce the number of summands
in (6.2.3) to as many summands as h := dim Im(H), leading to the form (6.2.4);

o therank Rk(wy, ) is invariant under the action of Sp(Ej+/Ey) C L, which conjugates the
form (6.2.4) to the representative o, +H, 1) in (6.2.5) where t := dim Im(H)—Rk(wy,,. -

Finally, we notice that, as r, h,t vary, the points o, + H(j ;) cannot be conjugated with each
other via P-action: indeed, even if the unipotent radical P* moves o, + H(j, ) to o + Hp ¢y +
Zf:k—r+1 e_; ® q; for arbitrary ¢; € Ej-/E}, then the Levi factor L could not mix the vectors

€_ky---,€_ktr—1 With the vectors e_g,,...,e_; without also changing the quadric o,. O]

6.2.2 Inclusions and dimensions of the orbits

We know that the invariants of the P-action on the tangent space to IG,,(k,2N) are given
by the triplet

&Rk(__/o’) ’ dim Im (HlEk/SuPp(a)) ’ dim Im (H‘Ek/supp(d)) — Rk (wlm (HEk/SuPI)(O‘))>

=:r

=:h =:t
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We stress out that such invariants satisfy the inequalities:
r<k , h<min{k—r,2N -2k} , t<min{h,N—k} , t=h(mod2). (6.2.7)

Proposition 6.2.3. The inclusions among the closures of the Pi—orbits in spoy /pr are ruled
by the degeneracies of the ranks in the matrixz spaces

- E. \"_, .. A [ (Bx/supp(o)t\"
SymeEL (Supp(0)> @ (EL/B) /\( B/ supp(o) )

In particular, the following inclusions hold (where the constraints on the right-side also respect
the conditions (6.2.7)):

©) Oty C Onrary Vh <h' <min{k —r,2N — 2k}, Vt <t' < H;
i) Oy C m vr<r' <k-h;
W) Op—1h+1,4-1) C Oprnt) Vh < min{k —r — 1,2N — 2k} ;
i) Opn—1,t41) € Oty Vi< h-—2;
v) Oty € Or—1,1,1) V(r, h,t) # (k,0,0) ;
i) m:mzspm\,/]ﬂ .

Proof. (i) For r fixed, and h,t > 2 when necessary, the sequences in O, j, 1)

1
a(e) == op + Hpy + <e — 1) e_t ® €eptt ,

1
ble) = op+Hpp)+ (6 — 1) (e_t_% e pyyiot teint ®e_k_t_%) (ifth—t>2),

1 1
cle) == op +Hppy+e 141 ® —e—k—t +e+® Kf - 1) Ch+t T ekt+1:|
have limits for e — oo respectively
a(e) = or+ Hp—1,0-1) € O h—1,4-1)

ble) = or + Hin—2.4) € Oprn—2.1) »
c(€) = or + Hp—2) € O nt—2) -
Then Oty C Oppr ey for (B 1) € {(h+1,t4+1),(h +2,t), (h,t +2)} and the thesis follows

by an iterative argument.
(#9) Given t < h < (k —r), the sequence
1
<62—k +..t 662—k+(r+1)—1> +Hmnyy € Opiginn

has limit o + Hp, 1) € Opp,e) for € — 00, hence the thesis.

(#i1) The sequence

1
o, + (e — 1) e%k +Hpgy +ep®@e_jy
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lies in Oy p4) (as it is P*-conjugated to o, + (% - 1) e, + Hj,4)) and for € — oo has limit in

O(r—1,h41,t-1)-
(iv) The sequence

1
o, + H(h,t) + (6 — 1) e_p eikitih%t

lies in O 4y and has limit o + H(j,—24) + €_y_hot ® Chytphizt € O(rh—1,t+1)-
(v) If h > 1, the sequence

1
or + g(ezkw +...4+€2y) + Hpy

lies in O_1,1,1) (as under P*-action one can reduce Hppytoe1 ® er+1) and has limit o, +
H gy € Ogopyy- If h =0, the thesis follows by (i) and (i4).

(vi) In the orbit O, 0,0y = P - 0% there are all the points of the form oy + Zle e_; ® q; for
any ¢; € Eit/Ey, (via the action of P%). In particular, for any triplet of invariants (r,h,t) the

sequence
1
o)+ (6 - 1) (€ pur -+ €21) + Hpyp
lies in O(y,0,0) and for € — oo it has limit o, + Hp¢) € O(r,n,r), hence the thesis. O

Corollary 6.2.4. The orbit O .0y is dense in spyy /pr. Moreover,

Oe=1,1,1) = (P2n/Px) \ O(k,0,0)

is the hypersurface defined by the vanishing of the determinant in Sysz,\c/.

Dimensions. We conclude the study of the Pj-orbits in spy 5 /pr by computing their dimen-
sions. From the description of p* ~ Sym? EY ® E/E), we know that

k(k+1)

dimIG,, (k,2N) = dim spyy /pr =

RN —2k) = k (4N_3k+1> :

2

REMARK. One can recover the above dimension also by noticing that IG,, (k,2N) is the kernel
of the section s, € H%( Gr(k,2N), A’ U) corresponding to the symplectic form w € A2 (C2N)VY
(via Borel-Weil’s Theorem). Thus the fiber dimension theorem implies

2
4N — 1
dimIG,, (k,2N) = dim Gr(k, 2N) — Rk (/\“) =k (23k+> '

Proposition 6.2.5. In the above notation, the orbit O, p, 1 has dimension

1 1
dim O 1) = % +(r+h)2N —k—7r)+ @ —h? -t (6.2.8)

Proof. For any h,t satisfying conditions (6.2.7), consider the incidence variety

Int = {(Q,Q) € IGu(t, Eif/Ey) x Gr(h, Ef/Ey) | @ = QN Q*+}
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whose projection onto the first factor 7 : Zj, ; — IGy, (¢, Ej-/Ey) has fiber

T (W) ~{Q € Gr(h, Ef/Ex) | QN QT =W}
~{Q e Gr(h—t, WH/W)| QnQ*+ ={0}} .

As the latter set is a dense in the Grassmannian Gr(h —t, W-/W), from the fiber dimension

theorem we get

dim 7y, ; = dim G, (t, Eif/ Eg) + dim Gr(h — t,2N — 2k — 2t)

:@+t(2N_2k—2t)+(h—t)(2N—2k—h—t)

Let [Sym® C*] be the set of k x k symmetric matrices of rank r, having dimension w +

r(k — ). For any triplet of invariants (r, h,t) we consider the fibration

p: Owny — [Sysz,X]T X Ipt
c+H (0,[Im(H)ﬂIm(H)J‘CIm(H)])'

Given U := (e_j4r,...,e_1)c C EY and supp(c,)" = (e_k,...,e—ktr—1)c C E), the fiber of
p at the point z,, g = (0., [QNQ* C Q]) is

h

p_l(xng) = {O'T + Zvi ®q+ H' | v; €U, H €supp(o,)’ ® E,CL/E;,C}
i=1

and it has dimension dim(U ® C") 4 dim (supp(o,)¥ ® Ej-/Ex) = h(k —r) +r(2N —2k). From

the fiber dimension theorem again, we deduce

dim O(;. p, ¢y = dim [SmeE,\f/]T +dimZy, ¢ + dim p~ ! (z,, o)

_ T(r;l) RN —k—r)+ D

e

EXAMPLE 6.2.6. Consider the isotropic Grassmannian IG(3,8). From the constraints in (6.2.7),

the invariants (r, h,t) are such that
0<r<2 , h<min{2,3—r} , t<min{h,1}.

Moreover, the condition ¢ = h (mod 2) implies that, in such a case, the value ¢ is uniquely
determined by the value h: the first non trivial case in which r, h,t are not redundant is
IG(3,10). Then the tangent space spg/ps has the following poset of Ps—orbits, where the
arrows denote the inclusion of an orbit into the closure of another.
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Figure 6.2: Poset graph of Ps—orbits in spg/ps, and their dimensions.

REMARK. Recall that each P3-orbit O, 5 4 in the tangent space spg/p3 corresponds to a Spg—
orbit, say Spg-O( 1), in the tangential variety 7(IG(3,8)). Then the graph in Figure 6.2
also describes the poset of Spg—orbits in 7(IG(3,8)):

Sps *O(r,n,¢) depend on the tangential-identifiability of their points.

of course, the dimensions of the orbits






Chapter 7
Appendix

This chapter collects some results which either are not relevant to the rest of the chapters
(but they were made as an exercise) or are well-known but we haven’t been able to find a proper

reference.

7.1 The degree of Spinor varieties

This section is mainly intended as an exercise and it is independent from the results appearing
in other chapters. We have determined a general formula for the degree of Spinor varieties by
ourselves. Only after evaluating it in small dimensions (up to N = 8), we have found out that
the sequence of degrees matches with the series A003121 on the “Online Encyclopedia of
Integer Sequences” (OEIS) [Slo].

As usual, we assume notation from previous sections and we treat the case of Dy—type in
light of Theorem 3.3.1. Given ® the root lattice of type Dy with (e1,...,€ex) an orthonormal
basis of (®)g, the simple roots A = {ay,...,ay} are

Q1 =€ —€ , ... , QN_1 =€EN_-1—€EN , QN =€EN_1TEN

and they define the positive roots @+ = {e; — €;}i<j U {€; + € }i<j. Recall that the Dy—type
fundamental weights are

wp =€ , wp=¢€ +e€ , ... , WN-2=€ FTe+...+env—2,

1 1
wN_lzi(elJr...JreN_lfeN) , (.ON:§(61+...+6N_1+6N).
We denote the sum of all the fundamental weights by

1

N _
C3:Z%’: (N = De .
i=1

=1

105
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REMARK. Given a projective variety X C PM of dimension m, its degree deg(X) is the number
of points in which a general PM~™  PM intersects X. One can define the Hilbert polynomial
of X to be the Euler characteristic

m

Hilbx (1) == x(X,0(t)) := Y (=1)'h(X,0(1)) ,
=0
where h(X,0(t)) := dim H (X, O(t)). When O(t) is spanned, all cohomology groups vanish

but the one of global sections, thus the above value coincides with

Hilbx (t) = h°(X,0(1)) .

A key result about the Hilbert polynomial is | , Sec. 13] is that
. deg(X) _aim x dim(X)—
Hilbx (t) = ——=t4™ O(dim(X)=1y
ibx(t) = fm(x), O )

Theorem 7.1.1. For any N, the spinor variety S]j\[, C P(Sﬁ) has degree

BN [licicjen @N = (i+7)) .

Proof. We assume N to be even and we work with S}, = Dy /Py C P(V,2~). We compute the
Hilbert polynomial of SE, and from its leading coefficient we deduce the degree.

For any ¢ > 1 the line bundle O(t) on S} is defined by the irreducible Py-representation
with highest weight twy: the latter weight is dominant for any ¢ > 1, hence by Borel-Weil
Theorem the line bundle O(t) is spanned at any point of S§,. Thus Hile} (t) = hO(SL, O(t)).
Moreover, again by Borel-Weil Theorem, the latter dimension coincides with the dimension of
the irreducible representation thjg , which can be computed by the Weyl’s dimension formula
(1.2.1):

dmv,2y = I sltwy +¢,a)

acdt K(C’a)
- 11 Rltwn + (6 —¢j)  K(twn +¢ 6+ ¢)
1<i<j<N (G 6 — ej) (¢, € + €j) ’

By direct computation one gets

N
t
Iﬁ:(th-l-C,Gi—ej):h:( (N—l+2>el,ei—ej>
1=1

(N i+ ;) s, ) (N i+ ;) (e €5)
J

._Z.,
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N
t
/{(th+C,ei+ej):/<;<E (N—l—|—2> el,ei—f—ej)
=1

t t
= N_Z+2) H(Ei,éi)-F (N—]+2> /i(ﬁj,éj)

=2N —(i+j)+t,
k(G € —€j) = (N —i) ke, e) = (N = j) k(. 6) =j — i,

k(C e €)= (N — i) ke, €) + (N —j) k(ej, ) =2N — (i +5) .
We conclude that the Hilbert polynomial for SE is the degreef(gf ) polynomial

| . 2N — (i+j) +t
I _ Dy _ Ton (s
ithsg (0 =dim VY =[] S5

1<i<j<N

having leading coefficient
deg(Sy) 1

3)! ILg@N=(G+4)

O

REMARK. The degrees of the Spinor varieties S} for N = 2 : 8 are (also cf. integer sequence
A003121 on OEIS [Slo])

L~ [ 2 [ 3 [ &« [ 5 [ 6 [ 7 | 8 |
[ deg(sy) || 1 [ 1 [ 2 | 12 | 28 [ 33592 | 23178480 |

Table 7.1: Degrees of small Spinor varieties Sy for N = 2 : 8.

From Table 5.1 we recall that S ~ P! and Sz ~ P? are linear (hence of degree 1), while Sy ~ Q°

is a quadric (hence of degree 2). The first non-trivial case is the ten—fold Spinor variety Ss.

7.2 Spin,,—orbits in QM2 x QM2

Let V be an M—dimensional complex vector space and let ¢ € Sym2 V'V be a non-degenerate
quadratic form on it. Let Q™~2 be the projective quadric in PM~1 = P(V) defined by q.
The action of the special orthogonal group SOy, splits PM~! into the two orbits QM=% and
PM-1\ QM~2, depending on the g—isotropicity of points. In particular, the SO,-action on
PM=1 % PM~1 pegtricts to an action on QM2 x QM~2,

M—2 % QIMfQ

For points in Q one can consider the notion of Hamming distance (cf. Sec. 2.3).

Since quadrics have Hamming distance 2, one gets the set partition

QM_2 X QM_2 = AQM—Q LUO1UO,
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where Aqgu -2 is the diagonal and Oy := {([v], [w]) | d([v],[w]) = i} for i = 1,2. By Remark
2.3.2 the Hamming distance is invariant under the action of SOy, hence SO, acts on each O;

for i = 0,1,2: clearly, the action on the diagonal is transitive.

REMARK. From now on we assume V to be of even dimension M = 2m and equipped with the
quadratic form g(z) = >0 | ;T4 € Sym? V'V represented by the matrix
Lro 1.
Q=3 5]
Let (e1,...,em, f1,..-, fm) be a standard hyperbolic basis with respect to ¢q. For any w € V

the scalar g(e;, w) is the coefficient of f; in the decomposition of w with respect to the above

basis (and viceversa, q(f;,w) is the one of ¢;).
Proposition. SOy, acts transitively on O1. In particular, O1 = SOa,, -([e1], [e2])-

Proof. Given ([v],[w]) € O;, we may assume [v] = [e;] up to moving via SOs,,. Since
d([e1],[w]) = 1, the line L([e1], [w]) lies in Q*™ 2, hence the subspace (e1,w)c is g-isotropic,
that is (e, w)c € OG(2,V). Since OG(2,V) is homogeneous under the action of SOg,,, it
follows that (e;,w)c is conjugated to the g—isotropic subspace (e1,e2)c, hence the thesis. O

Proposition. SOs,, acts transitively on Os. In particular, Oy = SOa,, -([e1], [f1])-

Proof. Given ([v],[w]) € O, we may assume [v] = [e1] up to moving via SOg,,. Since
d([e1], [w]) = 2, the line L([ey], [w]) does not lie in Q™2 but there exists [2] € Q*™ 2 such
that L([e1],[2]), L([2], [w]) € Q*™ 2. The subspace (e, z, w)c is not ¢-isotropic since (e1,w)¢
is not so, but (e, z)c € OG(2,V), hence there exists A € SOy, conjugating it to (e, ea)c and
we may assume z = ea.

Since ¢(e1,w) # 0 and g(ez,w) = 0 we may assume ¢(e;,w) = 1 so that w = ¢(f1,w)e; +
f1+q(fa,w)es + w' where w' € V' := (es,...,em, f3,..., fm)c. Notice that up to acting by
SO(V’") < SOg,, we may assume w’ = 0. Hence we reduce to consider an action of SO4 on
(e1, €2, f1, f2)c. Finally, the condition ¢(w) = 0 implies q(f1,w) = 0, that is w = f1+¢q(f2, w)ea,
which is SO4—conjugated to fi1 + es. At the end of the day, we have reduced to prove that
1
0

0 0 1

1 0 0 -1
(e1, f1 +e2) and (eq, f1) are SO4—conjugated, and this is done by the matrix [2 . 2] )

Corollary. The group Spin,,, acts transitively on O1 and on O,.

Proof. The spin group Spin,,, is the universal double cover of SOs,, and the following SES
holds
1 — {£1} — Spin,,,, — SOg;, —> 1.

Thus any transformation A € SOsgp, lifts to two transformations £A € Spin,,, differing by
a sign. But the sign does not affect the action on O; and Oj since their points are pairs of

projective points. O]
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REMARK. The above results still hold for V' of odd dimension M = 2m + 1. In this case

one considers the quadratic form described by the matrix [Q ;} with respect to the standard
2

hyperbolic basis (e1,...,€m, f1,.-., fm,u) for g(u) = 1. Then it is enough to repeat the same

arguments in the previous proves up to substituting every matrix A with the matrix [A J.
We conclude the following result.

Theorem 7.2.1. Let G be either SOpr or Spiny,. The Hamming distance is the unique G-

M—2 % QM72

invariant in Q , splitting in the G-orbits

QX QM = Aquau000: = (6 (erllen)) ) u (G- (fal ) ) U (G- (. [AD)

7.3 Secant bundle on Spinor varieties

The arguments in this section are inspired from [ ; 5 [: we thank L. Manivel
for suggesting these references. They have been investigated in the attempt of proving the
smoothness of both secant and tangent orbits of distance greater or equal than 3 in the secant
variety of lines to a Spinor variety. The idea was to prove that the secant bundle gives a
desingularization of the secant variety, but we have just been able to exhibit a bijection (as

sets) between dense subsets.

We recall that a line bundle £ on a smooth projective variety X is k—very ample if every
O0—dimensional subscheme Z C X of length & + 1 imposes independent conditions on L, or
equivalently if the restriction map H°(X,L£) — H°(X,L ® Oz) is surjective: in particular,
L is 1-very ample if and only if it is very ample, and L is k—very ample if and only if there
does not exist a 0—dimensional subscheme Z C X of length k + 1 lying on a linear subspace
Pkl Cc P(HO(X, L)V).

REMARK 7.3.1. The line bundle OSK (1) on the Spinor variety S}; is very ample, giving the
embedding in P (HO(S}7 OS;(I))V) ~ P (A E), but not 2-very ample. Indeed, it would be
2—very ample if and only if there would not exist a 0—dimensional subscheme of Sj\} of length 3

lying on a line P! € P(A®’ E). But we know that the Spinor variety contains lines, defined by
pairs of pure spinors having Hamming distance 1.

Secant bundle. Let £ = O(1) be the very ample line bundle on X := S};, and let Hilbs(X)
be the Hilbert scheme of 0-dimensional subschemes of S}; of length 2. We denote by £, the
locally free sheaf of rank 2 on Hilbe(X) having fibers (££); = HY(X,L ® Oz): formally,
Er = (m2)«(7])(L) where m; and my are the natural projections from the universal family
O :={(x,2) € X x Hilbo(X) | x € Z} onto X and Hilby(X) respectively. From the projection
formula, one gets the following global sections of sheaves:

HY(Hilby(X),Er) = HY(®, (nx)*L) = H(X, L ® (1x).0s) = H*(X, L) ,
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where the last equality follows since mx is a proper projection and (7x).0¢ = Ox.
By pushing forward via 7y the morphism HY(X, £) ® Og — (mx)*L (of sheaves on ®) one gets

the evaluation morphism of sheaves on Hilby(X)
ev: H'(X, L) ® O, (x) — Ec
defined on the fibre as the restriction: for any Z € Hilby(X) it holds

evz: HYX,L) — (&)z =HY(X,L®Oz)

S — S|z

As L is very ample, the evaluation
evz : H'(X, L) —» H(X,20z%)

is a surjection for any Z € Hilby(X), hence the morphism of sheaves H°(X, L)2O i, (x) —+ Ec

is surjective. Moreover, again by very ampleness of £, one can get the injective morphism

Vv Hilby(X) — Gr (2, HY(X, L))
Z — [HY(X, L) » HY(X,L® Oz)]

Now, we may think at PM = P(H°(X, £)V) as to the 1-dimensional quotients of H°(X, £), i.e.
PM ={H(X,£) » Q| dmQ =1} .

We denote by @' a 1-dimensional vector space. Then one defines the (first) secant bundle
P&, as the P'-bundle on Hilby(X) with fibers (PE)z = {(Z, [HY(X,L® Oz) - Q'])}. The

following morphism is well-defined:

f: PE, — P (HO(X’ E)v)
(2. [H'(X.L20z) » Q') = [H'(X.L)»Q']

Notice that [H?(X, L) — Q'] C Im(f) if and only if it factors through a certain H*(X, L& Oz)
for some Z € Hilby(X): in particular,

f(PEL) = 0o(X) C P(HY(X, L)) .

For any Z € Hilby(X), the fibre (PEz); = {(Z,[H*(X,L® Oz) - Q'])} is bijectively
mapped via f to the secant line L(Z) C o2(X) intersecting X in the points of Z: if Z = {p, ¢}
is a reduced subscheme, then the fibre at Z gives the bisecant line (P&.) ; i L(p, q), while if
Z is a non-reduced subscheme corresponding to {p, v}, where p € X and v € T, X, then the
fibre at Z gives the tangent line (PE) - B L,(p) = p+ tv. Finally, in our setting, for any two
distinct subschemes Z,Y € Hilba(X) the lines L(Z) and L(Y) coincide if and only if they lie

in X, as the Spinor variety is intersection of quadrics.

Lemma 7.3.2. The restriction of f to f~1(02(S) \ S2.n) ds a bijection.
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Proof. By Theorem 5.2.5, the points in the secant orbits ¥; 5 for I > 3 are identifiable, thus
any two bisecant lines (given by points in ¥; y for { > 3, except for the two points in which they
intersect SE) do not intersect away from S?\}. By Theorem 5.3.2, the points in the tangent orbits
O, n for [ > 3 are tangential-identifiable, liying on a unique tangent line, hence any two tangent
lines do not intersect away from Y5 n. Finally, by the orbit partition of oy (SE) in Theorem
5.1.12, since Oy # ;v for any [ > 3, a tangent line and a bisecant line never intersect away
from 3, n. It follows that f : P€; — o(SY) is a bijection away from f~! (3o n). O

REMARK. We point out that Vermeire in | , Proposition 1.2, Theorem 2.2] and Ullery in
[ , Lemma 1.1] prove the smoothness of o9(X)\ X under the assumption of the line bundle
giving the embedding to be 3-very ample: this assumption is the one separating secant and
tangent lines away from X. In our case, the previous hypothesis is not satisfied (see Remark
7.3.1). At the set-level, the identifibiability and the tangential-identifiability allow to separate
secant and tangent lines (away from m) as well. What is missing is that the above restriction

has injective differential, so that it would be an isomorphism.
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