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Introduction

Over the last 60 years multilinear algebra made its way in the applied sciences. As a con-
sequence, tensors acquired an increasingly central role in the applications and the problem
of tensor rank decomposition has started to be studied by several non-mathematical com-
munities. One of the main advantages of working with tensors instead of matrices is that
tensors wvery often admit a unique rank decomposition. Under this perspective, after
translating applied problems of different fields in the language of tensors, the uniqueness
of the tensor rank decomposition represents a unique way of interpreting the initial datas
of the corresponding application.

In the following we will always work over an algebraically closed field of characteristic
zero. The central problem studied in this thesis is the so-called identifiability problem
for tensors and it amounts to understand whether a tensor admits a unique tensor rank
decomposition. Fix vector spaces Vi, ...,V of dimensions n; +1,...,n; + 1 respectively.
A tensor QQ € V] ® --- ® V}, is called an elementary tensor if Q = v1 ® -+ ® v, for some
v; € V; with ¢ = 1,... k. Elementary tensors are the building block of the tensor rank
decomposition and the rank of a tensor () € V; ® - - - ® V}, is the minimum integer r such
that we can write () as a combination of r elementary tensors

szvl,i®"'®vk7ia where all v;; € V; for j =1,... k.
i=1

A rank-r tensor @) is identifiable if admits a unique rank decomposition up to reordering
the elementary tensors and up to scalar multiplication.

Keeping this parallelism with applied sciences, we want to remark that the word
identifiability find its scientific roots in the field of statistic: indeed, a statistical model
is identifiable if it is possible to understand the values of the underlying parameters of
the model itself. Perhaps it is not a coincidence that the first modern contribution on
identifiability of tensors has been given by J. B. Kruskal [Kru77|, a mathematician by
training that worked at the Bell Labs for over 30 years. Kruskal criterion represents a
milestone of the literature related to this problem, it has been reproved different times
(see e.g. [Rhol0], [Lan09], [SS07]) and it has been generalized in many ways (cf. [SB00],
[COV17], [Chil9]). The result relies on the so-called Kruskal rank of a set S of vectors,
which is the maximum number & such that any subset of k£ vectors of S is indeed a subset
of linearly independent vectors. Kruskal theorem involves 3-ways tensors () of the form

i=1
Starting with a decomposition of @) given by r elements as above, if 2(r — 1) is less or
equal than the sum of the Kruskal ranks of {ay,...,a.},{b1,...,b.},{c1,...,¢}, then

the rank of () is 7 and the decomposition of ) we started with is actually unique.
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The standpoint from which we study the identifiability problem for tensors is a ge-
ometrical point of view and we propose to tackle the identifiability problem with tools
coming from classical algebraic geometry, such as Segre varieties and secant varieties of
Segre varieties. Let N = Hle(ni + 1) — 1. The map going from a multiprojective space
Yoioom, =PV X xPVto PV ® - @ V) = PV sending classes of vectors into
the class of their tensor product is the Segre embedding. The Segre variety X,, . ., is
the image of the Segre embedding of Y,,, ,, and it is the projective algebraic variety
parametrizing classes of elementary tensors. The variety needed to study higher rank
tensors is the secant variety of the Segre variety. If we fix a positive integer r, the r-th
secant variety o.(Xn, . n,.) of a Segre variety X,,, _,, is the Zariski closure of the union
of all possible points spanned by projective (r — 1)-planes given by r independent points
of the Segre variety. Another auxiliary variety needed to study the identifiability problem
is the so-called 7-th abstract secant variety of a Segre variety X,,, ., C PY, namely

AbSeCT(th“an) = {(CL (p17 s 7p7’)) € PN x (an ,,,,, nk)r ‘ qE <p1, - ,pr> = Pr_l}_

The first projection 7, of the open part AbSec(X,,  ..) = {(q,(p1,...,p)) € PN x
(Xnyoon)" @ € {p1,...,pr) = P71} onto the ambient space PV that contains the r-th
secant variety is the Terracini map. Under this perspective it is possible to rephrase the
identifiability problem as follows:

a rank-r tensor ¢ € PV is identifiable if the fiber T,(¢)~! is a singleton.

Starting from Kruskal result, over the years there have been a lot of contributions on
the identifiability problem coming from the field of pure mathematics as well as applied
sciences. Most of the mathematical literature on the subject is related to the identifiability
problem for generic tensors of fixed rank. Knowing if a generic tensor of a certain rank
is identifiable can be useful in the applications because it gives an indication on the
identifiabilty of specific tensors of the same rank. Indeed, looking at the Terracini map,
we recall that the dimension of the fiber of an element of the r-th secant variety of a Segre
variety is greater or equal than the difference between the dimension of the r-th abstact
secant variety and the dimension of the r-th secant variety itself and equality holds for
the generic element. Therefore, the dimension of the space containing all rank-1 tensors
computing a rank decomposition of a specific tensor is at least the dimension of the space
of rank-1 tensors computing the rank decomposition of a generic element of the same
rank.

A whole line of research on the identifiability of generic tensors begun after the results
of L. Chiantini and C. Ciliberto collected in [CC02], where the authors introduced in a
modern language the concept of weak defectivity. Before stating this concept it is useful
to recall the notion of defectivity. A Segre variety X,,, ., is r-defective if the dimension
of the r-th secant variety of X, ., is strictly smaller than the minimum between the
dimension of the ambient space in which X,,, _,, lives and the value r(dim X,,, _,,+1)—1.
A Segre variety X,,, . C P isr-weakly defective if the general r-tangent hyperplane has
a contact variety of positive dimension, where by general r-tangent hyperplane we mean
the general hyperplane H C P containing the span of the r tangent spaces to X, .
at generic r points of X,,, .. In a second work [CC06], the authors linked the notion of
weak defectivity with the notion of identifiability. They proved that if the secant variety of
a Segre variety is non defective, the fiber with respect to the corresponding Terracini map
can be positve dimensional only if X, is weakly defective. Few years later, the second
author together with G. Ottaviani introduced in [CO12| the notion of r-tangentially weak



defectiveness, which is a useful concept related to the identifiability of generic tensors. A
Segre variety X,,, ., is r-tangentially weakly defective if the span of the tangent spaces
at r general points of X,,, ., is tangent also in some other point. In [CO12], the authors
introduced also an inductive method for the study of the identifiability of generic 3-way
tensors based on the notion of weak defectivity but we refer to Section 2.1 for a more
detailed literature review on the identifiability of generic tensors.

Working in the applied fields, one may also be interested in the identifiability of
specific tensors. Indeed, when translating an applied problem in the language of tensors
one may be forced to deal with a very specific tensor that has a precise structure by
reasons related to the nature of the applied problem itself. In these cases the knowledge
of the identifiability of the generic tensor of the same rank may not be useful because
it may happen that the tensor we are dealing with is not identifiable even if the generic
element of the same rank is identifiable. If we address the identifiability problem to
specific tensors, we can no longer use tools of weak defectivity and of tangential weak
defectivity introduced in the generic context because the existence of a particular r-uple of
points that have the behaviour described by the notion of (tangentially) weak defectivity
does not imply the existence of a whole contact subvariety having the same behaviour.
Hence these concepts cannot be adapted to a non-generic framework.

In this thesis we focus on the identifiability of specific tensors of fixed rank. Working
with specific tensors, the literature review became more scattered and the few results can
be considered extensions and /or generalizations of Kruskal’s result (cf. [DDL14], [SDL15],
[DDL13] and [LP21]). As a consequence, a complete classification on the identifiability
of all tensors of small ranks was still missing.

The first project presented in this thesis is devoted to classify all identifiable tensors
of rank either 2 or 3.

One of the building blocks on which our classification is based on is the classical
concision Lemma (cf. |[Lanl2, Prop. 3.1.3.1]). The lemma states that for any tensor
QeVi®---®V, there exists a unique minimal tensor space included in V} ® --- ® V},
that contains both the tensor and all its possible rank decompositions. In the first part
of this thesis, we deal with the identifiability of all tensors of rank r» < 3 working with
concision assumptions. In particular, for » = 2 we prove that the only non-identifiable
rank-2 tensors are 2 X 2 matrices. A more interesting situation occurs with rank-3 tensors.
All possible cases of non-identifiable rank-3 tensors are collected in Theorem 2.6.1, which
is the main theorem of the second chapter. In the theorem we present the following 6
different families of non-identifiable rank-3 tensors.

1) Matrix case

The first trivial example of non-identifiable rank-3 tensors are 3 x 3 matrices, which is a
very classical case.

2) Tangential case

The tangential variety of a variety is the tangent developable of the variety itself. A point
q lying on the tangential variety of the Segre image X ;1 of three copies of the projective
line is actually a point of the tangent space 7,X; 1, for some p = © ® v ® w. Therefore
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there exists some a, b, ¢ € C? such that ¢ can be written as
=aRUOUW+URbIW+URVRcC

and hence ¢ is actually non-identifiable.

3) Defective case

Working with concision assumptions, the only defective case of a third secant variety
of a Segre variety occurs for the third secant variety of the Segre variety X1, of 4
copies of the projective line (cf. [AOP09, Theorem 4.5]). By defectivity, the dimension
of 03(X111,1) is strictly smaller than the expected dimension and this proves that the
generic element of 03(X7 1 1,1) has an infinite number of rank-3 decompositions and there-
fore all the rank-3 tensor of this variety have an infinite number of decompositions.

4) — 5) Conic cases

In this case we consider the Segre variety X» 11 given by the image of a projective plane
and two projective lines.

Consider the Segre embedding of the two projective lines in P? and take a hyperplane
section which intersects the 2-dimensional Segre variety in a conic C. Let L¢ be the Segre
image of the product given by a projective plane and the conic C, therefore Le C Xy ;.
The family of non-identifiable rank-3 tensors are points lying in the span of Le. In this
case, the non-identifiability comes from the fact that the points on (C) are not identifi-
able and the distinction between the two cases reflects the fact that the conic C can be
irreducible or not.

6) General case

The last family of non-identifiable rank-3 tensors relates the Segre variety X,,, ,,, 1x—2 that
is the image of the multiprojective space Y, ,,, 142 = P" x P"2 x (Pl)(’“_2), for some k > 3
and ny,ny € {1,2}. The non-identifiable rank-3 tensors of this case are as follows. Let
Y := P! x P! x {ug} x - -+ x {uy} be a proper subset of Y, ., 1x-2, take ¢’ in the span of
the Segre image of Y with the constrain that ¢’ is not an elementary tensor. Therefore ¢
is a non-identifiable tensor of rank-2 since it can be seen as a 2 x 2 matrix of rank-2. Let
p € X, n,1+—2 be a rank-1 tensor taken outside the Segre image of Y’. Now any point
q € ({¢',p}) \ {¢,p} is actually by construction a rank-3 tensor and it is not identifiable
since ¢’ has an infinite number of decompositions and each of these decompositions can

be taken by considering p together with a decomposition of ¢'.

This is a first step towards a complete classification of the identifiability of all tensors
of small rank. A natural question that arises after the short analysis we just provided, is
to understand what happens in the case of higher rank tensors. In the present thesis we
will not go further in this direction but it is reasonable to think that as the rank grows
it also grows the number of families of non-identifiable tensors.

Changing perspective on this problem, as mentioned above, given the projective class
q € (Xny,.mp) C PV of a tensor, to prove that ¢ is identifiable we have to look at the
fiber T,(q)~! and verify that it is a singleton. To do so, we can start by verifying that the
fiber T,(q)~! is O-dimensional. Indeed, given a non-defective variety X C P" and taken
points pi,...,pr € X, . .n., if the p;’s are contained in a family of decompositions of

77777
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positive dimension, then the dimension of the span of the r tangent spaces of the variety
Xn,,..n, at points py, ..., p, is strictly smaller than the dimension of the r-th secant variety
of Xy, ny (cf. [COV17, Lemma 37]). Therefore, starting with a rank decomposition,
the first preliminary test to understand if the corresponding tensor is identifiable, is to
compute the dimension of the span of the corresponding tangent spaces.

This idea brings us to the second part of this thesis.

We recall that an extremely powerful tool to compute dimensions of secant varieties
is the Terracini’s Lemma (cf. [Terll]). This lemma says that for an irreducible non-
degenerate projective variety X, ., C PV, taken a generic point ¢ € or( Xy i)
such that ¢ € (p1,...,p,), for generic py,...,p, € X,, _n,, then the tangent space of
0+ (Xn,...n.) at g is equal to the span of the r tangent spaces of X,,, . at points py, ..., p,.
Even when X,,, ,, is not r-defective, there may exist special points qi,...,¢ € Xy, n,
for which

dim (T, Xy -5 Loy Xngomy) < min{ N, r(dim X,,, _,, +1)—1}.

)

We define the r-th Terracini locus of the Segre variety X,,, .,
all r-uples of points that have this behaviour.

In the third chapter of the present thesis we introduce the notion of r-th Terracini
locus of a Segre variety and we completely characterize it for r = 2,3 working with
minimality assumptions, i.e. working with the smallest multiprojective space containing
the set of particular points whose differential of the Terrcini map drops rank.

For r = 2 the minimal multiprojective space containing a set of two distinct points
is a multiprojective space given by the product of just projective lines, i.e. Yjx = (P1)**
for some k& > 1. In this case we prove that the Terracini locus is always empty.

Let now k = 3. The minimal multiprojective space is given by products of projective
lines and planes, i.e. Y, ., =P"™ x---x P™_ where all n; € {1,2}. We prove that the
third Terracini locus is empty if and only if either k = 1,2 or Yor = (P?)*, for all £ > 3.
Moreover the non-empty sets S of three points lying in a third Terracini locus can only
be as follows:

. as the space containing

e ForY,, ;» = P™x (P')*~! with k > 4 the points of the corresponding third Terracini
locus are all set S = {a,b,c} of three points such that a and b share all the last
k — 1 components and the projection of a and b in the first factor are linearly
independent. The projection on the last k —1 components of the point c is different
from the values of @ and b and if m = 2 then we request the projection of ¢ on the
first factor to be linearly independent with respect to the projections of a and b.

e For Y, ,,qk-2 = P™ x P" x (P1)*=2 with k > 3 the points of the corresponding
third Terracini locus are given by all sets S = {u, v, 0} of three points such that the
projections of u and v coincide on all the last k — 2 factors and they are different
on the first two factors. For the other point o, its projection on each of the last
k — 2 factors differs from the projection of v and if n; = 2 for j = 1,2 then the
projection of S on the j-th spans a two dimensional projective plane. If £ > 4 then
these are the set of three points in the corresponding third Terracini locus. If k = 3
then we will need to add more restrictive conditions to the points to get them in

the corresponding third Terracini locus.

e For Y« = (PY)* all set of three points that have Y;s as minimal multiprojective
space lie in the corresponding third Terracini locus.
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Given a multiprojective space Y, , = P™ x --- x P" we look at the problem of
finding all finite sets S C Y whose differential of the Terracini map drops rank from an
algebraic point of view by means of O-dimensional scheme of r double fat points. Given
a point p € Yy, ., denote by (2p,Y,, ,.) the first infinitesimal neighbourhood of p
in Y}, ., which is the closed subscheme of Y,,, ., with (Ip,yn1 ,,,,, . )% as its ideal sheaf.
For any finite set S C Y, . let (25,Y,,  n.) = Upes(2p, Yo, . n,.)- Consider the exact
sequence of the inclusion of (25,Y,,, . n.) inY,, ., with respect the Segre embedding. If
we consider the corresponding cohomology exact sequence and we look at its dimensions
we get

WOy, (L 1) = hTas, (L 1) = deg(25, Yoy o) = W' (Zsivy o (Lo 1) (F)

where we recall that the codimension of the span of the tangent spaces to X,,, .,
at all points of S is actually the dimension of the global section of the ideal sheaf of
(25,Y,, .. n,) embedded via Segre. Fixing Y,,, ., and r, the only integers that change in
(*), as S varies, are h*(Zasy, ., y(1,...,1)) and A (Zeasy,, . )(1,...,1)). These values

represent the defect of that particular S. In order to get a proper defect, we require at
the same time that

W (L8 Y, (Ls- -, 1) > 0 and 2 (Zosyy,, ) (L5 1)) > 0. ()

The r-th Terracini locus is the set containing all r-uples S C Y, . that show this
behaviour.

Remark that this idea can be developed for any pair (Y, £) given by an irreducible
non-degenerate projective variety Y embedded via a line bundle £ for which (Y, £) = 0.
Moreover, if we are dealing with a O-dimensional scheme of generic r» double fat points
satisfying conditions (¢), then the corresponding r-th secant variety is defective and does
not fill the ambient space. There are a lot of results working with generic points because
of its link with defectivity and complete classifications have been made in the following
cases

Y, L) reference
P, O(d)) [AH95]
(PHY%, O(dy, .. .,dy)) | [LP13]
P x P, O(dy, dy)) | |GO21]

(
(
(
(

As mentioned, these classifications are related to generic 0-dimensional schemes of double
fat points, while, to the best of our knowledge, nobody tackled the same problem when
the 0-dimensional scheme is not necessarily supported on generic points.

Working with non-generic points we lose the equivalence between the codimension of
the secant variety and the dimension of the global sections of the ideal sheaf related to
the scheme of double fat points. Nevertheless, this remains an interesting problem from
the pure mathematical point of view and it has turned out to be an interesting problem
also for the numerical community working on tensor rank decomposition (cf. [BV1§],
[BV20], also the introduction of Chapter 2 for a more elaborate discussion).

The thesis is organized as follows.
Chapter 1 contains the basic notions of tensors and secant varieties of Segre varieties
that will be used in the sequel.

X



Chapter 2 is devoted to the identifiability problem for any tensor of rank at most 3.
After a literature review on the identifiability of tensors, we worked on the identifiability
of rank-2 tensors. The rest of the chapter is devoted to the study of rank-3 tensors. We
first presented all 6 families of non-identifiable tensors and then we proved that any non-
identifiable rank-3 tensor belongs to one of these 6 families. We concluded the chapter
by presenting an algorithm that is able to recognize if a tensor belongs to one of these
families.

Chapter 3 is devoted to first introduce the notion of r-th Terracini locus of a Segre
variety and then to completely characterize it for r = 2, 3.
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Chapter 1

Preliminary notions

The first part of this chapter is devoted to review basic notions on tensors from a geo-
metrical perspective and to fix the notation used in the sequel. The second part contains
some standard cohomological tools that are used in the second and third chapter of the
present thesis respectively.

Unless specified we always work over C.

1.1 Geometry of tensors

For this part we refer to |[Lan12|, [Chi04] and [Har95].
Let Vi,...,V, be vector spaces of dimensions n; + 1,...,n; + 1 respectively and
consider the tensor space V; ® -+ ® Vj. Any element () € V; ® - - - ® V}, of the form

Q=v1® @y

where v; € V; for all i = 1,... k is an elementary tensor (also called simple tensor
or indecomposable tensor). Given a tensor ) € Vi ® --- ® Vj, one may wonder which
is the minimum number of elementary tensors needed in order to write () as a linear
combination of these elementary tensors, that is the rank of the tensor.

Definition 1.1.1. The rank of a tensor Q € V; ® --- ® V}, is

T

r(Q) :=min{r e N| T = Zvu ® - -+ @ vg;, where all v;; € V;}.
i=1

Therefore elementary tensors are by definition rank-1 tensors. For all : =1,...,k let
{€i0,-..,€in;} be a basis of V; and denote by (o ;)j—o.. n, = v; the coordinates of the
vector v; € V; with respect to the above bases. A rank-1 tensor () = v; ® - - - ® vy can be
written in coordinates as

= Y ook e @ @erg, = (ty)- (1.1.1)
—_——

i1 reerig
tin i
llk

The coordinate description of () completely characterizes () and the scalars ¢, _;, can be
stored in a multidimensional array of size (n; + 1) x -+ x (ng + 1).

Remark 1.1.2. The characterization of rank-1 tensors as multidimensional arrays can
be extended by linearity to any element () € V| ® - -+ ® V.



Moreover, since the rank of a tensor is invariant under scalar multiplication, it becomes
natural to look at tensors in the projective space.

Multidimensional arrays describing tensors can be parametrized by points of PV where
N = Hle(ni + 1) — 1. If we consider the Segre embedding

V:PV1><---><PVk—>P(V1®...®Vk):pN
([Ul]a"'a[vk])'_)[U1®"‘®'Uk]

it becomes immediately clear that Segre varieties parametrize rank-1 tensors. Note that
if we use the coordinate expression of v; ® -+ ® v;, as in (1.1.1), then [v; ® -+ @ vg] =
[to.0:t001  ttiyig i g

Example 1.1.3. Fix the tensor space C* ® C? @ C%. Let {e;,e3} C C? be the canonical
basis of C? and let Q € C? ® C?> ® C? be

RQ=e1R®e Qe+ e Qe X es.

The point p; = ([e1], [e1], [e1]) is sent to v(p;) =[1:0:0:0:0:0:0: 0] via the Segre
map and similarly p, = ([ez], [e2], [e2]) is sent to v(p2) =[0:0:0:0:0:0:0:0: 1].
Their sum is therefore v(py) + v(p2) = [Q] = [e1 ® €1 ® e1] + [e2 ® e2 ® e9]. Since we
are considering a three factors tensor its representation as multidimensional array can
be seen as a cube in which each direction corresponds to a factor of the tensor space
C? ® C? ® C2. Each vertex of the cube represents a coordinate of Q and we can mark the
coordinates of (). Therefore a picture of the coordinate description of () is the following.

O O
(2,1,1) (2,2,1)

We recall that Segre varieties are irreducible non-degenerate smooth projective vari-
eties (cf. [Har95, Example 2.11]). For the sake of completeness, we recall the action of

the general linear group on tensor spaces.

Remark 1.1.4. Fort =1,...,k, let V; be a vector space of dimension n;+1 and consider
Vi1® -+ ® Vi The group GL(V}) x -+ x GL(V}) acts on V] ® - - - ® V}, and the action of
g=1(91,---,9x) € GL(V}) x -+ x GL(V}) on a rank-1 element v; ® - - - ® vy, is defined as

g-® - Qup = (g1v1) @ - - @ (grr).

This action is extended by linearity on any element Q € V; ® --- ® V), and preserves the
rank of ).

Notation 1.1.5. We will use use lower case letters p, ¢ to denote the projective classes of
tensors, while we will use capital letters T', () to denote tensors in their natural vectorial
ambient space.



1.1.1 Notation and concision of tensors
We will keep the following notation for Segre varieties.

Notation 1.1.6. We denote by Y, . ,, the multiprojective space
Yn1,...,nk = P™M o ... x P

and by X,,, ., the image of Y,,, ., via Segre embedding, i.e. X,  n, =v(Yo . n)- If
ny =--- =n, =n we will simply write Y,,x.
We denote the projection on the i-th factor as

it Yoyme — P

The space given by all factors of Y,,, ,, but the i-th one is denoted by Y., s, n.is
where, as usual, the hat symbol represents eliminating the corresponding element:

Yn1,...,ﬁi7,,,7nk;i = F)n1 X -+ X Pnl X o0 X Pnk

Let N/ = H#i(nj +1)—1. Withv; : Yo, sy — PN we denote the corresponding
Segre embedding, in particular X; := v(Yy, 4. npi)-
The projection on all the factors of Y,,, ., but the i-th one is denoted with 7;:

U Ynl,...,nk — Ynl,...,ﬁi,..‘,nk;i-
Obviously all fibers of n; are isomorphic to P™:.
A very basic property of Segre vareities is the following.

Remark 1.1.7. Since the Segre variety X,, ., C PV is cut out by quadrics (cf.
[Gro77]), any projective line L C PY = (X,,, ) that intersect the Segre variety X, .
in more than two points is actually all contained in X,,, ., .

1.1.1.1 Concision Lemma
It is also useful to recall the so-called Concision Lemma (cf. [Lanl2, Prop. 3.1.3.1]).

Lemma 1.1.8 (Concision/Autarky). Let Y,, . = P™ X --- x P™. For any q €
(V(Yo, . n))s there is a unique minimal multiprojective space Y' ~ P" x ... x P C

Yo, .m, withn, <mn;, i=1,...,k such that

{ACY'|#A=r(g)andg € (W(A)} ={AC Yo, n |#A=r(¢)andqg € (v(A))}.

One may look at a tensor in the smallest tensor space containing all its possible
rank decompositions. Let us review more in details the concision process working in
coordinates.

Concise tensor space of a tensor

Fix a tensor T' € C" ® - -- ® C™, where k > 2 and nq,...,n; > 1.
For all £ = 1,...,k, denote by B, = {et, ... ,efle} an ordered basis of C™ and by B} =
{nf,...,n5,} the corresponding dual basis. Let T = (t;,4,.... ;,) be the coordinates of T
with respect to those bases.

A useful operation that allows to store the elements of a tensor as a matrix is the
flattening, also called matrix-unfolding of a tensor in [DLDMV00, Definition 1|, which is

the oldest reference we found for a formal definition of this operation.



Definition 1.1.9. The ¢-th flattening of a tensor T' € C™ ® --- ® C"™ is the linear map

o (C" @ - @C*" 1T @C"! .- @C")" — C"
[ Z tz‘l...ikf<€%1 R et ef‘k)@?

ig—1 te41 ip*

We denote by A, the n, x ([, »y n;) associated matrix with respect to bases B, and
me-entene- oo et en @ @, e e ®
Moty @ - @ ).

Definition 1.1.10 ([Hit28]). Let T € C" @ ---®@ C™. For all ¢ = 1,...,k let A, be the
(-th flattening of T" as in Definition 1.1.9 and denote by 7, := r(A,). The multilinear rank
of T is the k-uple

mr(T) = (rq,...,7%)

containing all the ranks of the flattenings.

We remark that (cf. [CK11, Theorem 7]) for all ¢ =1,...,k

re <r(T) < Hri (1.1.2)

and moreover it is classically known that
r(T) =1 <= the multilinear rank of T is (1,...,1).

We are ready to describe a procedure that gives the concise tensor space Ty .. n, of a
given tensor 7' € C™ ® --- @ C™ (cf. [Lanl2, Subsection 3.1.3|).

Let T = (ti,. ) €C"®---®@C", where all n; > 1and k> 2. Forall £ =1,...,k
consider the ¢** flattening A, of T as in Definition 1.1.9. For the sake of simplicity take
¢ = 1. The first column of A; is

ni ni

T 1 171

(T, tot, 1y sty 1,1) = E ti,..1U; = E tig,.105(u;),
i=1 ij=1

which is referred to u? ® - - - ® u}. The same holds for the other columns of A;. Once we
have computed n} := r(A;) we can extract nj linearly independent columns from A;, say
u, ...,y . Since Im(pr) = (ug, ..., up, ) = C" C C™, we rewrite the other columns as
a linear combination of the independent ones. The resulting tensor 7" will therefore live
in a smaller space C" ® C™ ® --- ® C™. By continuing this process for each flattening

we arrive to a concise tensor space
/ /
7;/17...,71;@/ =C"®---@CWw

where we may assume n; > 1 for all i = 1,...,k and ¥’ < k since C"' @ --- ® C'v ®



Minimal multiprojective space containing a set of points

Let us see now how to recognize the minimal multiprojective space containing a set of
points S C Y,

1yeeesNg®

Remark 1.1.11. Let Y,,, ,, = P" x-.-x P"™ be a multiprojective space and consider
a set of r distinct points S CY,,, .. Foralli=1,... k we can look at

#(mi(5))-

If #(m;(S)) > 1 then we can actually reduce ourselves to consider on the i-th factor the
projective space (m;(S)) = P™. If there is a factor j € {1,...,k} for which #(7;(S)) = 1
then we can ignore it. Indeed, since P" x {o} = P, if we denote by {0} = 7;(5), then
each point p € S is such that 7;(p) = o, which means that the contribution of the j-th
factor of Y;,, ., to each point of v(S) is always the same and therefore it can be ignored.
Therefore, rearranging the factors of Y,,, ,, if necessary, we may reduce to work with
the following multiprojective space

V' i=P" x o x P C Yo
where the integer £’ < k is the maximum integer such that #(m;(S)) > 1 for all i =
1,..., k. By construction Y’ is the minimal multiprojective space containing S.

Notation 1.1.12. If S is a set of multiprojective points, when we write dim(S) we will
mean the projective dimesnion of the projective space spanned by the points of §

Dealing with the problem of tensor rank decomposition, it is useful to consider the
object containing all (r — 1)-projective linear spaces spaned by r elementary projective
classes of tensors. This brings us to the notion of secant variety.

1.1.2 Secant varieties

Secant varieties are very classical objects an their interest dates back to the beginning of
the 20th century when the italian school started a systematic study of dimensions of such
varieties with the works of F. Palatini (|Pal06], [Pal09]), G. Scorza ([Sco08],[Sco09]) and
A. Terracini (|Terl1]|, [Ter21])). The interest on these varieties has then been renewed
due to the work of F. Zak (|Zak93]) and since then they have been continuously studied
(cf. e.g. [AHI5], [CCO2], [CGGO2], [AOPO9], [LO13], [BL13]).

To introduce secant varieties we start with the notion of join of two varieties.

Definition 1.1.13. Let X,Z C P¥ be two irreducible non-degenerate projective vari-
eties. The join of X and Z is the Zariski closure of the union of all lines in PY spanned
by a point of X and a point of Z, namely

Join(X,Z) :={q € (z,2) |r € X and z € Z, with z # z}

The definition of join of two varieties can be naturally extended to more than two
varieties. Indeed, if we consider r varieties Xi,...,X, C PY we define the join of r
varieties as

Join(Xy,..., X,) ={q € (z1,...,2,) | z; € X; and if ¢ # j then z; # x;}.



Considering the join of a variety X C PY with itself r times corresponds to the
definition of the r-th secant variety of X.

Definition 1.1.14. Let X C P¥ be and irreducible non-degenerate projective variety
and let r be a positive integer. The r-th secant variety of X is

o (X) = U (P, 0r)s

pl:"'7p7‘€X

where the closure is the the Zariski closure. If r = 1 then ¢;(X) = X. Moreover, the set
of points of X-rank equal to 7 is denoted as ¢%(X).

Secant varieties form a chain of subvarieties in which the previous variety is contained
in the subsequential variety until we reach the ambient space:

X Coy(X)C - Co1(X) Coy(X) =PV,
where the smallest integer s such that o,(X) = PV is called the generic rank.

Remark 1.1.15. Any of the above inclusions is proper until we reach the ambient space.
Indeed assume by contradiction that o,(X) = 0441(X) for some positive integer ¢ < s.
Consider a point ¢ € oy42(X), i.e. q¢ € (p1,...,p+2) where all p; € X. Since by
assumption oy(X) = o0;11(X), then there exist ¢ points ¢i,...,¢ € X such that ¢ €
(q15- -G, Prro), therefore ¢ € o,.1(X) = 04(X). We can continue this procedure for all
t until we reach o4(X) = PY but this is in contradiction with the fact that ¢ < s.

A first step to better understand these objects would be computing their projective
dimensions.

Let X C PV be an irreducible non-degenerate projective variety of dimension n and
let r > 1. Let us count the number of parameters needed to define a point in o,(X).

We recall that, since dim X = n, to define a point of X we need n parameters. To
define a generic point of 0,(X) we need r points of X (which require rn parameters) and
then we need to specify a point on the linear space of projective dimension r — 1 spanned
by those r points. Therefore we expect that the r-th secant variety o,.(X) has dimension
min{rn +r — 1, N}.

The integer arising from the parameter count is called the expected dimension of the
r-th secant variety and we talk about an expected dimension because in general

dimo,(X) < min{rn +r — 1,dim(X)}
and sometimes the inequality is strict.
Definition 1.1.16. An irreducible non-degenerate variety X C PV is r-defective if
dimo,(X) < min{rn +r —1, N}.

If X is r-defective, the difference 6, = min{rn +r — 1, N} — dimo,(X) is called the r-th
secant defect of X.

In general, studying secant varieties is very challenging and the following lemma is a
powerful tool to compute dimensions of secant varieties.



Lemma 1.1.17 (Terracini’s Lemma [AdI87, Corollary 1.11], [Ter11]). Let X C PN be an
irreducible non-degenerate projective variety. Let q € 0,.(X) be a generic point such that
q € (p1,-..,pr), for generic py,...,p. € X. The tangent space of 0,.(X) at q is

T,0.(X) = (T, X, ..., T, X).

Example 1.1.18 (|Lanl2, Example 5.1.2.2]). Let X,,,, be the Segre variety of Y,,, =
P™ x P". The variety X,,, parametrizes projective classes of rank-1 matrices of size
(m+1) x (n+ 1) and the generic element of o5(X,,,) parametrizes projective classes of
rank-2 matrices of the same size. Let us bound its dimension with the expected dimension

dimoy(Xy, ) < min{2(m+n)+1,(m+1)(n+1) — 1}.

It is easy to see that actually dim o9(X,,,) = 2(m+1)+2(n—1). Indeed let v, w € C™*!
with v # aw for all @ € C with a« #0 . Fori =1,...,n—1let a,8 € C be non-zero
scalars. A general rank-2 matrix A of size (m + 1) x (n + 1) can be written as

A=v w aw+pw o*v+pfw - oo+ ).

Therefore it is sufficient to use 2(m + 1) + 2(n + 1 — 2) parameters to describe a general
rank-2 matrix. Thus X, ,, is 2-defective with 2-nd secant defect oo = 1.

From the following more general result we see that the above example is the only case
of a 2-defective Segre variety.

Proposition 1.1.19 ([Lanl2, Proposition 5.3.1.6]). Let Y, . = P"™ x --- X P™ be a
multiprojective space of at least 3 factors and let r < min{n; +1 |i =1,...,k}. Then
0 (Xny..n) 18 of the expected dimension, i.e.

dim(o,(Xn,y,.m,)) =701 4+~ +ng) + 17— 1.

The second secant variety of a Segre variety X, ., is a well understood object. C.
Raicu proved in [Rail2] that the defining ideal of o3( Xy, . »,.) is generated by the 3 x 3
minors of all generalized flattenings (cf. also [LMO04]). Moreover, even though a general
tensor of 09(X,,  n,) is a rank-2 tensor, in this variety we can find all ranks r < k.
To better explain this behaviour we can to introduce another auxiliary variety that is
contained in the second secant variety of an irreducible non-degenerate projective variety
X c PV,

Definition 1.1.20. Let X C PY be an irreducible non-degenerate projective variety.
The tangential variety of X is the tangent developable of X that we denote by 7(X). In
other words 7(X) is defined by the union of all tangent spaces to X.

We recall that the tangent space to a Segre variety X,,, ., = v(PVix---xPVy) C pN
at a point p = [v; ® --- @ vg] € X, _n, is defined by its tangent affine cone as

LX=Vidno Qu+tu@hlu® Qu+ -+ ® Qv ® V.

Indeed, taken w; € V; for ¢« = 1, ..., k, it is sufficient to compute
lim i((?ﬁ + twl) KRR (Uk + twk)) =
t—so dt

W QU QU+ 1 QuWa U3 QUi+ F+ 11 Q- QUp_1 @ Wg.



Let p € X and consider the tangent space 7,X of X at p . Given a point ¢ € T, X, then
there exists a curve C C X such that ¢ € T,C (cf. [Har95, Example 15.7]). This makes
possible to express 7(X) as the Zariski closure of the collection of all points that lie on all
the tangent lines. Tangential varieties are contained in the closure of the second secant
varieties. Moreover by [Zak93, Theorem 1.4] when o2(X) is not defective then 7(X) is
always a hypersurface, otherwise 7(X) = 09(X). In general we have

02(X) = o X) U (7(X)\ X) U X.

Example 1.1.21. If we consider a Segre variety X, , of two factors, by Example 1.1.18
we know that X,, , is always 2-defective. Therefore in this case

T(Xmn) = 02( X))

Another way to look at this equality is to observe that the limit of a rank-2 matrix cannot
have rank greater than 2.

Set-theoretic defining equations of tangential varieties of Segre varieties have been
found in [Oed] by L. Oeding. Moreover, it was found independently by Ballico-Bernardi
and Buczynski-Landsberg all possible tensor ranks that appear in a tangential variety of
a Segre variety (cf. [BB13b, Theorem 1], [BL14, Proposition 1.1]).

Theorem 1.1.22. Let X,,, ., be the Segre image of the multiprojective space Y,, . . =
P™ x ... x P™ and let 7(X,, . n,) be its tangential variety. The rank of a point p €
T(Xny,..m,) s such that

1<r(p) <k
and all such integers appear.

In [BB13b] the authors proved that the concise space of a rank-r tensor T’ € 7(X,, _n,)
is actually P((C?)®"), which means that the minimal multiprojective space Y’ such that
T € (v(Y")) is given by Y’ = (P)".

Remark 1.1.23. An element g € 7(X,,, .. n,.) \ Xn,...n, has rank equal to 2 if and only
if the minimal multiprojective space Y’ such that ¢ € (v(Y")) is Y’ = P! x P,

Before proceeding, it is worthwhile to mention that classifying dimensions of secant
varieties of Segre varieties is still an open problem and we refer to [BCCT18, Sections 3
and 4] where there are collected several results on this problem.

Since it will be useful in the sequel, we recall the classification of any defective third

secant variety of a Segre variety X,,, ...

Theorem 1.1.24 ([AOP09, Theorem 4.5|). The third secant variety of a Segre variety
Xy, 18 never defective unless either X1111 = v(P* x Pt x P* x P!) or X;,, =
v(P! x P! x P%), with a > 3.

Another extremely useful object to study secant varieties is the so-called abstract
secant variety of a given X C PV,

Definition 1.1.25. Let X C P¥ be an irreducible non-degenerate projective variety and
denote by X, the set of non-singular points of X. The r-th abstract secant variety of
X is

AbSec,(X) :=={(q, (p1,....p;) EPN x XI_|q € (p1,...,p,) 2P 1} Cc PV x X".

reg



Denote by
AbSec)(X) = {(a, (p1, -, p,) € PV x Xl la € (pr,...,p,) =P
Consider the projection T} of AbSec?(X) onto PV
T, : AbSec?(X) — o2(X).
The projection T, is called the r** Terracini map.
Definition 1.1.26. A rank-r point ¢ € PV is identifiable if T, (q) is a singleton.

Identifiable tensors are very important for the applications and we will introduce the
identifiability problem more in detail together with some applications in Section 2.1.
Before going further, let us just recall that matrices are non-identifiable tensors.

Example 1.1.27. Let A € C™ ® C" be a rank-r matrix, i.e. there exist column vectors
u; € C™, v; € C" such that

T T

T

A:E ui®v2-:§ Uv;
i=1 =1

Let us denote the matrix whose columns are the vectors u; by U = [u; - - u,] and the
matrix whose columns are the vectors v; by V = [vy---v,] for all i = 1,... 7. Then

A=Y up] =UV" = UXH)(VX")"
=1

for any X € GL,(C). If we denote by Ux = UX~! and by Vx = VX7, then for any
X € GL,(C) we have a different decomposition of A given by A = UxV{.

1.2 Cohomology for tensors

In this section we introduce all the cohomological tools needed in the sequel. For standard
notion related to this part we refer to [Har77].

,,,,, ny = P™ x --o x P™. We recall that for all ¢ = 1,...,k we denoted by
,,,,, n, — P™ the projection of Y,,, ., onto the i-th factor (cf. Notation 1.1.6).
The Segre embedding is the map associated to the linear system |Oy, . (1,...,1)] =
|75 (Opri (1)) @ - - - @ 7 (Opni (1)) | and we recall that

1111

Notation 1.2.1. for 1 <i <k, ¢; :=(0,...,0,1,0,...,0), where the only 1 is in the i-th
place and &; which is a k-uple with all one’s but the i-th place, which is filled by 0, i.e.
& :=1(1,...,1,0,1,...,1). If we denote by e; := >, &, where I C {1,...,k}, then &
is a k-uple with 0’s in position of the indices appearing in €; and 1’s everywhere else.



We saw that problems related to rank-r tensors can be translated into problems
related to r independent points of a Segre variety. Therefore, working with tensors,
we are implicitly working with 0-dimensional schemes of reduced points, namely simple
points. Simple points are not the only type of 0-dimensional schemes that one can
use when dealing with tensors. Indeed, by means of the Terracini’s Lemma, there is
a very powerful connection between secant varieties and schemes of double fat points.
Before stating this connection, let us introduce the notion of double fat point adapted
for multiprojective spaces.

Definition 1.2.2. . For any p € Y,,, .., denote by (2p,Y,, ., ) the first infinitesimal
neighbourhood of p in Yy, ., i.e. the closed subscheme of Yy, ., with (Z,y, nk)Q as
its ideal sheaf. For any finite set S C Y,,, ., let

-----

Tk

(257 Ynl,...,nk) = U (2]9, Ynl,...,nk)-

peS

Remark 1.2.3 (|[CGGO02, Corollary 1.2]). Let py,...,p. € Xy, n,. be generic points and
consider a generic point ¢ € (p1,...,p,). By Terracini’s Lemma

dim o, (Xn, . n) = AM(Tp, Xy ongs -+ oo X o) -

The Segre variety X, ., is embedded in PY = PH? ((’)yn1 77777 (L 1))* and we
can look at elements of H° (Oy, (L 1)) as hyperplanes in PY. A hyperplane con-

.....

if we denote by (2S,Y,, ».) the O-dimensional scheme of double fat points such that
S ={p1,...,pr}, we have that hyperplanes containing (T, X, e -+ Lp, Xny...n,) are

taining T, X, n, corresponds to an element of H° (I(Qpi,ynl ao (L 1)). Therefore,

7777

,,,,,

Therefore, another way to compute the dimension of the r-th secant variety of a given
projective variety X is to compute the dimension of the global sections of the ideal sheaf
associated to a scheme of r generic double fat points on X. A very useful tool to compute
such dimensions is the so-called Horace method.

1.2.1 Horace method and differential Horace method

The postulation of a O-dimensional scheme Z C P" is the sequence of values

(h(Z2(d))az1-

The Horace method was introduced by A. Hirschowitz in [Hir85] and it was aimed to
compute the postulation of a O-dimensional scheme Z in a projective space P".
Given a 0-dimensional scheme Z C P", in order to prove that

h' (Zz(d)) =0

for some d > 0, we can use two other ideals sheaves that are related to Zz(d) through an
exact sequence and we can prove that the dimensions of their global sections are equal
to zero. More precisely, given a hyperplane H C P",

10



e the trace of Z with respect to H is the scheme-theoretic intersection H N Z;

e the residue Resy(Z) of Z with respect to H is the 0-dimensional scheme defined
by the ideal sheaf Z,: Ty, which is the ideal sheaf corresponding to the colon ideal
I;: Iy that contains all polynomials p such that ply C I.

This leads to consider the exact sequence of sheaves

0— IResH(z)(d —1) > Z4(d) - Zunzu(d) — 0,
from which follows that

h'(Z2(d)) < W (TRes,m(d — 1)) + h (Zunzu(d)).

Remark that on the left hand side of the exact sequence we deal with the ideal sheaf of a
zero-dimensional scheme in degree d — 1, while on the right hand side we deal with a zero-
dimensional scheme that belongs to a hyperplane of P" and therefore we are working in
dimension n — 1. Therefore, proving that both A" (IRGSH (Z)(d —1)) = K (Zpnzu(d)) =0
is easier than proving that h° (IResH(Z)(d — 1)) = 0. The idea behind this method is to
kill one member at a time in order to solve our final problem, just like, in the ancient
roman legend, Publius of the Horatius brothers killed one at a time all the three Curiatus
brothers, which is where the name of the method comes from.

The differential Horace method ([AH92, AHO00]) is a degeneration of the Horace
method and it has been introduced to overcome situations in which the Horace method
does not succeed. We refer to [BCCT18, Subsections 2.2.1 and 2.2.2] for a more de-
tailed introduction of both methods and we present here a particular application of the
differential horace method that will be used in the following.

Lemma 1.2.4. Let X be an integral projective variety, D an integral effective Cartier
divisor of X and L a line bundle on X such that h'(L) = 0 for alli > 0 and h*(L(—D)) =
0. Let Z C X be a closed subscheme. Suppose

hl (X, IResD(Z) ® E(—D)) = 0 and hl (Da:ZZﬂD,D ® ‘C|D) = O

Fiz i € {0,1}. To prove that a general union A of Z and one double point satisfies
h' (Za ® L) =0 it is sufficient to prove that

hi (IResD(Z)U(2o,D) ® »C(_D)) =0

and 4
W (D, Zzapyuey @ Lip)) =0,

where o is a general point of D.
Since o is general in D, h! (D,I(ZQD)U{O} ® £|D)) =0 if and only if

ht (D,IZmD,D & ﬁ\p) =0 and h° (D,IZmD,D ® £|D) > 0.

Remark 1.2.5. The Horace method together with its differential version was used by
J. Alexander and A. Hirschowitz to completely characterize the postulation of a 0-
dimensional scheme of generic double fat points in the projective space P™ (cf. [AH95]).
Therefore, knowing the postulation of a 0-dimensional scheme of generic double fat points
in the projective space P" corresponds to find all dimensions of secant varieties of any
Veronese variety. We refer to [BO08| for a modern and simplified proof of the classi-
fication theorem and in particular to [BO08, Section 7| for some interesting historical
remarks on the problem.

11



At the end of the section we provide an example of the use of this method.

When dealing with multiprojective spaces Yy, ., = P™ x --- x P™ (not necessarily
embedded via Oy, . (1,...,1)) one can use another method to compute the dimension
of the global sections of the ideal sheaf of a 0-dimensional scheme.

The Multiprojective-Affine-Projective Method [CGGO05]

Fori=1,...,klet d; > 1 and let V; be a vector space of dimension dim V; = n; + 1. The
Segre-Veronese embedding of Yy, ,, =PVi x--- x PV} is

V(dy,...,dy) * PVi x - - x PV, — P(Symdlvl R---® Symdkvk)

([oa], s [oe]) = [0 @ -~ @ ).

Segre-Veronese varieties parametrize rank-1 partially symmetric tensors and the Segre-
Veronese embedding corresponds to the linear system

..........

The multiprojective-affine-projective method was introduced by Catalisano-Geramita-
Gimigliano in [CGGO5] to compute dimensions of some Segre-Veronese varieties. The
method allows to avoid the multigraded structure of the problem by passing to a standard
projective space. Indeed, given a zero-dimensional scheme Z C Y, ., , the idea is to
construct a scheme W C P"1 % guch that h° (Zy (dy + - - + d)) = h° (Zz(dy, ..., dy)).
Let n = ny+- - -+ny, consider the map g : Y, . ,, — A" and then take the embedding
A" — P". Composing the two maps one gets f: Y, ., — P" Let Z CY,, ., bea
zero-dimensional scheme contained in the affine chart on which ¢ is defined and let

7' = f(2).

We recall that given an integer £ > 0 and a linear space L C P", then kL represents the
scheme given by ZF as its ideal sheaf. Fori =1,... k let A; = P"~! C P" and set

W, = (Z nj> A;.

J#i
We have now all the necessary tools to state the result.
Theorem 1.2.6 (|[CGGO5, Theorem 1.1|). Let Z,Z' Wy, ..., Wy be as above and con-

sider W = Z' + Wy + -+« + W, C P™, which is the smallest projective space containig
Z' Wy, ..., Wy. Then we have

RO (Zw (dy + -+ di)) = h° (Zz(dy, .. ., dy)).

We conclude this subsection with the following example in which we compute the
dimension of the global sections of the ideal sheaf of a zero-dimensional scheme with
both methods.

Example 1.2.7. Let Z C Y111 = P! x P! x P! be a zero-dimensional scheme given by
the union of 1 double fat point and 4 simple points in general position. We will show
that

h(I(1,1,1)) =0

12



by using both the Horace method in the multiprojective space and the multiprojective-
affine-projective method.

Horace method in the multiprojective space
Let H € |Oy,,,(0,1,1)| containing the double point and one of the generic simple points.
The residual exact sequence of Z with respect to H is

0— IRGSH(Z)(17 0,0) = Zz(1,1,1) = Tunzu(1,1,1) — 0.

In this case Resy(Z) is given by 3 simple points, while H N Z is given by the double
point and the simple point we selected. Now h®(Zznp (1,1,1)) = h°(Zp1(1,1)) and since
there are no hyperplanes of P3 containing both a double point and a generic point then
h%(Zpiyp1(1,1)) = 0. On the other side h° (IRGSH(Z)(L 0,0)) = 0 because a hyperplane of
P! cannot contain 3 simple points. Therefore we conclude that h°(Zz(1,1,1)) = 0. Now
let us prove the same result with the other method.

Multiprojective-affine-projective method
Keeping the notation of Theorem 1.2.6, in this case we have n = 3, dy = dy = d3 = 1.
Therefore

R(Z(1,1,1)) = K(Zw (3))
where W is a zero-dimensional scheme given by 4 double fat points and 4 simple points
in P™.

Let H C P? be a plane containing 3 double points of W. We want to specialize
another simple point on H. We can do this specialization since we recall that if there
exists a hypersurface of degree k passing through ¢ generic points then there exists a
hypersurface of the same degree passing through ¢ specific points. In other words, if we
denote by W the specialization of W in which one of the simple points lie on H, then we
have that

h(Zw (k) < h° (L (K))
for all k > 0. Therefore, since we want to show that h°(Zy (3)) = 0 then it is enough
to show that h°(Zw#(3)) = 0. Thus let us work with W and consider the following exact
sequence
0= TRes, 7 (2) = Lw(3) = Zyrw,u(3) = 0.

In this case Resy (W) is the scheme of what is left from W outside the plane, i.e. it is
given by 6 simple points and a double point, while H NW is the zero-dimensional scheme
containing 3 double fat points and a simple point.

Let us focus for the moment on Zy; 5 ;(3). The intersection H N W is the scheme
of 3 double fat points and a simple point on a plane. We recall that a zero-dimensional
scheme S has a good postulation if for all k¥ € Z we have either that h%(Zgs(k)) = 0
or that h'(Zg(k)) = 0. If £ # 2,5 then ¢ double fat points on a plane have a good
postulation. Therefore, in this case it is sufficient to make a parameter count to verify
that h° (IHmW, H(3)) = 0. Having 6 degrees of freedom, we see that the double point
gives us 3 conditions and we have to add another 3 conditions given by the remaining 3
simple points. Therefore h° (Zp~w (3)) = 0.

To conclude, we have to show that h° (IResH (W)(2>) = 0. Let us call T = Resy (W)

and denote by T its specialization obtained by specifying the double fat point on a
hyperplane H " C P3. Therefore H' C P? contains 3 simple points and a double fat point
of T and we can consider the exact sequence

0— IResH,(T)(l) — I7(2) = Lypeg g (2) — 0.

13



In this case h° (IResH, (T)(l)) = 0 because Resy/(T) is the union of 4 simple points and

there is no plane of P? passing through 4 general points. One can easily prove that
also hY (IH/mT, w(2)) = 0 since one double point has a good postulation in the plane.
Therefore, going back to the beginning, we get that

h(Zr(2)) = h*(TRes, a7 (2)) = 0-
Thus h%(Z#(3)) = 0, from which follows that

h(Zw (3)) = 0.

1.2.2 A very useful lemma for zero-dimensional schemes

An extremely useful tool that will turn out to be crucial in many proofs of Chapter
2 is [BB13a, Lemma 5.1]. We first recall the analogous statement given in [BBCG19,
Lemma 2.4| in the setting of zero-dimensional schemes and then we explain how to use
the forthcoming lemma in our context.

Lemma 1.2.8 (Ballico-Bernardi-Christandl-Gesmundo). Let X C P" be an irreducible
variety embedded by the complete linear system associated with L = Ox(1). Let p €
P" and let A, B be zero-dimensional schemes in X such that p € (A), p € (B) and
there are no A" C A and B' C B with p € (A') or p € (B'). Suppose h*(Zp(1)) =
0. Let C C P™ be an effective Cartier divisor such that Resc(A) N Resq(B) = 0. If
W (X, Zrese(aum) (1)(—=C)) = 0 then AUB C C.

Let us rephrase it in terms of sets of points of multiprojective spaces embedded via

|O(1,...,1)].
Let k > 2, letY,, , =P x..-xP"%. Letqe PN = (X,,.. ) be a point of rank r and
let A, B CY,,.  n, besetsof points evincing the rank of ¢, i.e. such that #4 = #B =r

and g € (v(A)) N (v(B)). Write S:= AU B.

In this setting, the irreducible variety X considered in Lemma 1.2.8 is the Segre
variety X,,, .. The residual scheme Resq(S) is therefore S\ (S N C). The assump-
tion h'(Zp(1)) = 0 of [BBCG19, Lemma 2.4], in the setting of Segre varieties becomes
hY(Zp(1,...,1)) = 0, which means that the points of v(B) are linearly independent and
this assumption is satisfied since both A and B are sets evincing the rank of gq.

With all this said we can state the specific version of [BBCG19, Lemma 2.4] and
[BB13a, Lemma 5.1] which is needed in the following chapter.

Lemma 1.2.9. Let k > 2 and consider Y,,
Let q € PN, A/B C Y,

-----

-----

for some I C {1,...,k} as introduced in Notation 1.2.1. If

ht (IS\SQD(é)) =0
then S C D.

The above lemma gives a sufficient condition so that the whole S = AU B is contained
in a given divisor D of the variety X,,, ... As already mentioned, in the next chapter

.....
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we will use Lemma 1.2.9 by taking as D a divisor which is still a multiprojective space,

D= P™M x oo x Pl P PR L x P

Working in the Autarky assumption (c¢f. Lemma 1.1.8), by using this type of divisor in
Lemma 1.2.9 one can easily get a contradiction because in this way we would have that
our two distinct decompositions lie in a smaller multiprojective space.

Remark 1.2.10. If A, B are two disjoint distinct sets evincing the rank of a tensor ¢
then the assumption AN B C D of Lemma 1.2.9 is always satisfied.

Since in the next chapter we will study the identifiability of rank-3 tensors, we will deal
with sets of three points in some Segre variety. Therefore it is convenient to understand
the structure of the dependent sets of at most 3 points of a Segre variety (i.e. 3 rank-1
tensors).

Lemma 1.2.11. A set of points E C Y, ,, =P™ X --- x P" of cardinality at most 3
does not impose independent conditions to multilinear forms over Y,, s,  nui i=P™ X
X X - x P for somei=1,....k, (i.e. B} (Zg(&;)) > 0) if and only if one of the
following cases occurs:

1. #(E) =3 and thereisj € {1,...,k}\{i} such that #(mn(E)) =1 for all h ¢ {i,j};
2. there are u,v € E such that u # v and n;(u) = n;(v).

Proof. The fact that both items 1. and 2. imply that h'(Zg(&;)) > 0 is obvious. Let us
describe the other implication.

,,,,, 2 RN PR ;i(17 s
not a very ample line bundle. kSo we cannot be sure about the injectivity of the restriction
ny\ e of n; to the finite set £.

If ;g is not injective one immediately gets that h'(Zg(é;)) > 0. Moreover if ;5 is not
injective it means that there are 2 distinct points of F, say u and v which are mapped
by n; onto the same point, i.e. we are in item 2. of this lemma.

Now assume that 7,z is injective (i.e. we are not in item 2.). This implies that
#(E) = #(n;(F)). We have by hypothesis that h!'(Zg(é;)) > 0. Since by definition
"W (Ze(€)) = b (Yay,.iuongsis Los(ey (1, - .., 1)) we have that 7;(E) does not impose inde-
pendent conditions to the multilinear forms over Y,,, 7. . n,..i, therefore #(n;(E)) > 3
which clearly implies that #(n;(£)) = 3 since by hypothesis the cardinality of E is at most
3. Now n;(E) is a set of 3 distinct points on Yy, . s, n.: which does not impose indepen-
dent conditions to the multilinear forms over Yo, s, ngi: and Oy, . (1,...,1)is
very ample, therefore the 3 points of 7;(E) must be mapped to collinear points by the
Segre embedding v; of Y;. Hence, by the structure of the Segre variety v;(Yo,,  ai...npi)s
we get that (v;(n:(E))) C vi(Ya, . #;..nei) and there is j € {1,...,k} \ {¢} such that
#(mp(ni(E))) =1 for all h & {i,j}. Since h # i, we have m,(n;(F)) = mh(FE). O

1.2.3 Tools for a scheme of double fat points

As we said at the beginning of the section, zero-dimensional schemes of double fat
points are strictly connected to secant varieties (cf. Remark 1.2.3). In the following

AAAAA

S CYong
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Notation 1.2.12. for a zero-dimensional scheme A C Y,,, ., we denote by (A, Yy, n.) =
hY(Z4(1,...,1)). In particular, given a set of points S C Y, .. we will denote the di-
ne) €mbedded via

-----
.....

Segre as

,,,,,

Let us first observe how two zero-dimensional schemes A C B C Y,,, ., are related
to each other.

.....

) + deg(B) — deg(A). (1.2.3)

...............

Indeed the first inequality is clear since A C B. Moreover we remark that if A C B
then h%(Zp(1,...,1)) < h%(Z4(1,...,1)). So by the restriction exact sequences of both
A and B with respect to Y,,, .., we get the second inequality. In particular for all
S"C S CY,  n, wehave

825, Yo, ) < 0(2S, Yo,

..........

.....
77777

77777

.....
.....

---------

,,,,, ne) Via 6(25,W). Case
(b) can be considered as a strong version of concision because the achievement of equality
3258, W) = 0(2S,Yn,....n,) is telling that the defect of 25 is independent from the number
of factors of the multiprojective space where S is embedded.

Lemma 1.2.14. Let W C Y,
Then:

ne be multiprojective spaces. Let S C W be a finite set.

.....

(a) 5(28, W) < 6(2S,Y,, o — dim ).

..........

(b) If W is isomorphic to a factor of Y, ., G Yo 0 = W xY' withY' a
multiprojective space of positive dimension and v(S) is linearly independent, then
(28, W) =0(25,Yn,....n.)-

etk T dng .,

.....

.....

77777

Oy, . - (¢i)]. Note that W N (2S,Y,, . n,) = (25, W) and that Resy (25, Y,,,..n.) = S.

,,,,,
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Since the restriction map H® (Y, .n,, Oy, . (1,...,1)) — H°(W,0n(1,...,1)) is
surjective, h' (Yo, . nps Zosw) (L, ..., 1)) = h' (W, Zaswy(1,...,1)). Since S is a finite

set, h'(L) = 0 for all i > 0 and all line bundles £ on S. The long cohomology exact
sequence of the exact sequence

gives h? (Zs(é;)) = h* (Oy,, . (&) = 0. Since h' (Oy, nk(A &) =0and Oy, . (&)
is globally generated, h' (Zs(;))) < #S — 1. Thus (1.2.5) gives part (a). Note that we
have hl (W I(QSW ( ].)) = h (Y ..... nk;I(QS,Y)(la ceey )) if hl (15(81)) = 0.

Now assume dim Yn1 _____ , > dimW 4 2. We can always find a multiprojective space
M such that W C M C Yn1 ,,,,, n, and in particular we take M € |Oy, . (&;)| for some

1. The inductive step follows by applying the codimension one case to the inclusion
n, and we conclude by applying the inductive assumption on the inclusion

.....
..........

----- n
for some m > 0, where W = W’ x {o} for some o € P™ and some positive dimensional

projective space W’. We will work by induction on m > 1.
We remark that the Segre embedding vy of W can be seen as the restriction to W
of the Segre embedding of Y,,, ... Thus v(S) is linearly independent if and only if
15(S) is linearly independent. Note that the linear independence of 14(S) is equiva-
lent to h'(Zs(1,0)) = 0 because m(S) = {o}. Since we already proved part (a) and
h' (Zs(1,0)) = 0 we get the result.

Assume now m > 2 and fix H € |Oy, , (2)| containing W. By induction we get
§(2S,W) = 6(2S, H). Since H is a divisor of Yy, . and h'(Zs(0,1)) = 0 we get the
result by applying the base case of (a).

Assume now Y, ., has k > 3 factors, i.e. Y, ., =W xY' where Y’ is a multipro-
jective space with at least two factors. Let P be the last factor of Y,

-----

.....

,,,,,

containing W and by induction we get §(2S, W) = 6(25, M). We remark as before that
the Segre embedding of v(S) is linearly independent if and only if 14(S) is linearly inde-
pendent and this is equivalent to say that h'(Zg(é;)) = 0. Since M = ;' (0), for some
o € P! we get the result by applying (a).

Assume now ny > 2, and take some M € Oy, . ()| containing W. By induction
we get §(25, W) = §(2S, M), since h'(Zs(é;)) = 0 and M is a divisor of Yy, ., we get
§(2S, M) = 6(25,Y,,.n) by (a). O

Let us prove now that, working with two factors, to compute §(25,Y,, »,) for some
particular S C Y}, »,, it is enough to compute the dimension of the first cohomology
group of the ideal sheaf of 25 seen in the smallest multiprojective space containing the
set of points.

Lemma 1.2.15. Let Y, ,, = P™ x P™ and Y’ C Y, ,, with Y’ :=P™ x P™ for some
my,mg > 0. Let S C Y’ be a finite subset such that Y’ is the minimal multiprojective
space containing S and suppose that both m s and mas are injective and both m(S) and
mo(S) are linearly independent. Then

mip =My = #S —1 and hl (Y/,I(257y/)(17 1)) = hl (Yn1,n27Z(QS7Yn1,n2)(]-7 1)) .
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Proof. Since m;(S) is linearly independent and Y” is the minimal multiprojective space
containing S, then m; = my = #S5 — 1. Moreover since h" (Zg(1,0)) = h° (Z5(0,1)) = 0,
then h' (Zs(1,0)) = k' (Zs(0,1)) = 0. To conclude it is sufficient to use the proof of part
(a) of Lemma 1.2.14. O

ne = P XY, .. Fizo € P™ and take a closed
ne- Lhen

-----

.....

dim(v(Z1)) = (n1 + 1)(dim(y(Z1)) + 1) — 1.

.....

Proof. By assumption
hO(Ynz ,,,,, nk;bIZLYnQ ,,,,, nk;l(]‘7 SR 1)) = hO(OYn2 ,,,,, nk;1(17 RS 1)) - dim<V1<Z1)> -1
W (ZzQ1,...,1)) = (m +1)(h°(Oy,, . .@1,...,1)) —dim@(Z)) - 1) - 1.

Since h° (O, . w (L 1)) = (n1 + 1)h0(0yn2 77777 et (Lo 1)), we get the lemma. [

We conclude the section by proving that if there exists an index ¢ = 1,..., k such that
;s is injective for some S C Y, ., then to prove that 6(2S,Y;, . n.) = 0 it is enough
to prove the same result working with 27;(5).

77777

Proposition 1.2.17. Fiz a finite set S C Y, . n,.. Assume that there exist and index i €
{1, ...k} for which the projection n;s : S — Yy, . ne 15 ingective. If 6(20;(S), Yo,,..nesi)
0, then also §(25,Y,,...n.) = 0.

.....

..........

AAAAA

an isomorphism of global section. By assumption 25" imposes s(n — ny + 1) indepen-
(1,...,1)). Thus the scheme n; '(25’) imposes

(21)). The scheme ;' (.S”) is the union
k

,,,,,

-----

to H°(Oy,, . G P 1)), i.e. the s connected components of 7; ' (25’) spans linearly in-
dependent linear spaces. For each o € S the scheme 1, '(20') = 2, (0'), o' := 1:(0), con-
tains the double point (20,Y,,  ,,.). In the Segre embedding the scheme v((20,Y,,.  n.))

-----
77777

,,,,,

independent, i.e. §(2S,Y,,  n.) =0. O
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Chapter 2

Identifiability of tensors

The present chapter is devoted to the description of the identifiability problem for ten-
sor rank decomposition, namely, understanding if a given tensor admits a unique rank
decomposition. Section 2.1 is an introductory section to the problem and it is structured
as follows. First, we present the concept of identifiability of tensors, which is a very
useful notion in numerous applications, and we provide a classical example to explain
the importance of studying the identifiability problem in applied fields. Then, we make a
brief literature review of the identifiability of both generic tensors and specific tensors, by
recalling interesting and useful results. After that, we start working on the identifiability
of rank-3 tensors, which is the main core of the present chapter.

We provide a complete classification of the identifiability of any tensor up to rank 3.
In particular, in Section 2.2 we recall the notion of concision for a tensor and we prove
the identifiability result in the case of rank-2 tensors. In Section 2.3 we present all the
families of rank-3 tensors that are not identifiable. We prove that these families are the
only non-identifiable ones in both Sections 2.4 and 2.5. Section 2.6 is devoted to actually
present the main theorem of the present chapter, which recollect the results proved in
the previous sections. We conclude the chapter with an algorithm aimed to recognize if
a given tensor is a non-identifiable rank-3 tensor.

2.1 Literature review of the identifiability of tensors

A very interesting question related to tensors is to understand if a given tensor T €
Cmtl ... ®Cm*l can be decomposed in a unique way as a sum of elementary tensors.
Clearly, the uniqueness of decomposition is understood up to both permutation of the
summands and scalar multiplication. Therefore, it is natural to extend the definition of
uniqueness of a decomposition in the projective setting.

Definition 2.1.1 (A). Let T € C"*!' @ ... ® C"*! be a rank r tensor. The tensor T is
tdentifiable if it can be decomposed in a unique way as

T
T = E V1; @+ @ Vg,
i1

where all v;; € C** foralli=1,..., k.

Another way to look at the identifiability property is by looking a the fiber of the r-th
Terracini map

77777
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where we denoted by X, . =v(PC"" ®...®PC"*!) the Segre variety.

k

Definition 2.1.2 (B). A point ¢ € P(C" ™! @ .- ® C™*1) of rank r is identifiable if the
fiber T 1(q) is just a singleton.

From a pure mathematical point of view, the identifiability problem is a very interest-
ing problem on its own. Nevertheless, knowing if a tensor admits a unique decomposition
can be meaningful when working with the applications. A straightforward result is that
matrices are highly not identifiable (cf. Example 1.1.27). Contrary to this, a rank decom-
position of a tensor is often unique and therefore, it can be useful to model an applied
problem with tensors instead of matrices. To better explain the importance of the iden-
tifiability problem in the applications, we present the following example (cf. [HLB"1§],
[AGH™14]).

Example: identifiability of tensors for topic models

A topic model is a statistical model used to recover abstract topics that occur in a
collection of documents. If we denote by W a finite set of words, then every document D;
can be described by a finite number of elements of W, fori =1,..., N, with N > 0. Any
document D; is described by r distinct topics coming from W and we denote by T'C W
the set of those r elements. We assume that the order of appearance of the topics in
each D; is irrelevant and that the topics in a document are independently and identically
distributed, conditional on the topic. Moreover, the probability of each topic to appear
in a document is conditional to the topic of the document itself. With these assumptions,
we would like to recover the probability distributions p; for each topic t; € T, where the
total probability distribution is

PW) = ZP(T =t,)P(W|T =t;) = Z%’pi,

where all p; are vectors of size N containing the probability distributions of each topic
conditioned to each document. It is clear that one cannot recover the conditional proba-
bilities since there does not exist a unique choice of py,...,p, whose linear combination
gives P(W).

To overcome this issue, one may think of looking at the total joint probability distribu-
tion, which is >, a;p;p! . This is done by counting word pairs and it leads to working
with stochastic matrices. However, also in this case one cannot recover the initial param-
eters since also matrices are not identifiable.

Working with triplets of words we are able to solve the problem. More precisely, we
consider

PW =w;, W =w;, W =uwi) =Y a;P(W =w;|T = t)P(W = w;|T = t,) P(W = wi|T = t,).
=1

We are now working with a (symmetric) tensor and if the above 3-way tensor is iden-
tifiable, then computing its unique rank-r decomposition allows us to recover all the
conditional probability distributions py, ..., p;.

The problem of identifiability of tensors has widely been treated from both mathe-
maticians and other areas. From an applied point of view, the problem has been tackled

20



in a non generic scenario, i.e. working with specific tensors, while the geometrical per-
spective focused more on the identifiability of generic tensors. We will give an overview of
the state of the art in both cases by recalling interesting and useful results proved either
for generic tensors (of fixed rank) or for specific tensors.

Remark 2.1.3. The literature review that we are going to present focuses on tensors
without any kind of symmetries, therefore we will only report results on identifiability of
tensors lying in the ambient space of some Segre variety.

2.1.1 Identifiability of generic tensors of fixed rank

Working with the applications, knowing if a generic tensor of a certain rank is identifiable
can give an indication regarding the behaviour of specific tensors of the same rank. Recall
the following result.

Proposition 2.1.4 ([Har77, Cap II, Ex 3.22, part (b)]). Let L, M be two irreducible and
reduced projective varieties and let f: L — M be a dominant morphism, i.e. f(L) is
dense in M. For any point v € f(L) every irreducible component of the fiber f~'(v) has
dimension

dim (f~'(v)) > dim L — dim M.

We want to apply the above proposition in the following framework, where we denote
by Y., .n. = P™ x .- x P™ a multiprojective space of k > 1 factors and we call
Xy = V(Yn,...n,.) the corresponding Segre variety. Applying the above result to the
Terracini map, i.e. taking L = Abs,(X,, ) and M = 0,(X,, ) for some r > 0, it
tells us that the dimension of the space S(Y,, ., [T]) of rank-1 tensors computing the
rank of a specific rank-r tensor [T (cf. Definition 2.2.2) can only be bigger or equal than
the dimension of S(Y,, n,.,q), where ¢ is a generic tensor of rank equal to the rank of
[T']. Therefore the knowledge of the behaviour on the generic element of some fixed rank
can be useful to understand the behaviour of specific tensors of the same rank.

Moreover, if the generic tensor of rank r is identifiable, then there exist a Zariski set
that can be seen as an euclidean set of measure zero in which the elements of o,.(X,,, )
outside this set are r-identifiable.

From the pure mathematical point of view, the identifiability problem remains a
very interesting problem related to the behaviour of the fiber of the r-th Terracini map.
Moreover, the knowledge of the generic non-identifiability is a necessary condition for
r-defectivity, a problem which is still far from being completely understood. Indeed if
X is r-defective (cf. Definition 1.1.16) then by Proposition 2.1.4 the fiber of the general
element of the r-th Terracini map is positive dimensional. Therefore the general element
of 0,.(X) is not identifiable and so any other specific tensor of the same border rank is
not identifiable.

We recall also that when the r-th secant variety o,(X) C P fills the ambient space
such that dimo,(X) > N the general fiber of the r-th Terracini map is trivially posi-
tive dimensional. For the purpose of this subsection, it is useful to recall the following
definitions that hold in the more general setting of X C P being any irreducible non
degenerate projective variety and that we adapt to the case of X being a Segre variety.

Definition 2.1.5. Let X C P¥ be the Segre image of a multiprojective space of k > 0
factors. We say that
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1 X is r-identifiable if the general element of the r-th secant variety o,(X) is identi-
fiable;

2 X is generically identifiable if the general element of PV is identifiable.

There is a vast literature on the identifiability of generic tensors and a lot of results
are scattered through the literature. We recall some of them in the following discussion,
by focusing on identifiability of tensors.

From weak defectivity to identifiability

Numerous contributions on generic identifiability rely on the concept of weak defectivity.
Given an irreducible, non-degenerate projective variety X C PV, we say that X is r-
weakly defective if the general r-tangent hyperplane has a contact variety of positive
dimension, where by general r-tangent hyperplane we mean the general hyperplane H C
PV containing (T}, X,...,T,,X), where pi,...,p, are general points of X. The first
time this notion appeared was in the paper [Ter21| of A. Terracini, as stated in [CC02].
The notion of weak defectivity has then been both rediscovered and reformulated in a
modern language by L. Chiantini and C. Ciliberto in [CC02]. This notion is strictly
connected to the notion of r-defectivity. Indeed, by the Terracini’s Lemma if X c PV
is r-defective, then the general hyperplane H containing T,0,.(X) is tangent to X along
a variety X(pi,...,p,) of positive dimension containing py, ..., p,. Clearly, a r-defective
variety is also r-weakly defective, but the viceversa does not hold. In [CC02], the authors
introduced the concept of weak defectivity to better tackle the defectivity problem.

In a second work |[CCO6], both authors linked the notion of weak defectivity with the
notion of identifiability. They proved that, in a non-defective framework, the fiber of
the general element with respect to the corresponding Terracini map is zero dimensional
unless the variety is weakly defective.

A very useful concept related to the identifiability of generic tensors, is the notion of
r-tangentially weak defectiveness, introduced in [CO12] by L. Chiantini and G. Ottaviani.
More precisely, an irreducible non-degenerate projective variety X C PV is r-tangentially
weakly defective if the span of the tangent spaces at r general points of X, is tangent
also in some other point. Since we are interested in recalling the consequences of the
introduced tools for the identifiability of generic tensors (of some fixed rank), we will not
go further into details of these notions and we refer to [Chi04] for a clear introduction to
the topics.

In |[CO12], the authors introduced also an inductive method for the study of the
identifiability of generic 3-way tensors based on the notion of weak defectivity. The main
result of the method is the following bound on the dimensions of the vector spaces forming
the tensor space.

Theorem 2.1.6 ([CO12, Theorem 1.1]). Let a < b < ¢ be dimensions of C-vector spaces
A, B, C respectively. Let a, 3 be mazimal such that 2¢ < a and 2° < b. The general
tensort € A® B® C of rank k has a unique decomposition if k < 297672,

They also extended the above bound in the case of an arbitrary number of factors in
[CO12, Theorem 6.7].

Remark 2.1.7. Note that the notions of both weak defectivity and tangetially weak
defectivity cannot be rearranged in a non-generic scenario since these contact varieties
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arise from a behaviour of generic points. Indeed, the existence of such contact varieties
depends intrinsically on the fact that in the notion of (tangentially) weak defectivity we
are considering generic points and the existence of a particular r-uple of points that have
the behaviour described by the notion of (tangentially) weak defectivity does not imply
the existence of a whole contact subvariety.

Identifiability for generic rank-r tensors in (v((P")))

Let X,» = v(P" x -+ x P") be the Segre image of the product of k copies of P", with
n > 1. For n =1 (binary case), the identifiability of the generic element holds. This case
is relevant in different applications such as for example quantum physics (cf. [BFZ19]).

A qubit is a state of a two dimensional quantum system, i.e. a vector in the Hilbert
space H = C2. In the case of a k-qubit system the corresponding Hilbert space is
H = (C?)®F and a state ¢ € H is separable if it can be written as ¢ = ¥ ® -+ @ Uy,
otherwise it is entangled. Thus separable states are rank one tensors and entangled state
are tensors of higher rank in (C?)®*. The rank of a tensor can be considered as a measure
of the entanglement and this turns out to be extremely useful in quantum physics.

Remark 2.1.8. The identifiability of rank-2 tensors in the case of binary Segre products
is classically known for & = 3,4 factors. The case k = 4 has been explicitly treated by
C. Segre in [Seg21|, where he worked on quadrilinear forms, i.e. elements in (v(P! x
P! x P! x P)). For the case of trilinear forms, i.e. k = 3, one can follow the same
argument produced by Segre. Indeed, working in the affine setting, we can consider the
contraction C? ® C2 — C2. In this case, the kernel of a general tensor is a line in P? that
meets the quadric v(P! x P1) in two points that correspond to the two summands of the
decomposition. This was a standard argument for Segre and, even though we cannot find
an explicit reference for the 3-factors case, it is reasonable to attribute also this case to
Segre.

Recently, in [BC13] the authors proved that working with & > 6 copies of P! embedded

via Segre, the general tensor of rank r + 1 is identifiable if » +1 < 2*~1/k  improving
the first bound given by [AMRO09]. In the follow up paper [BCO14], the two authors
jointly with G. Ottaviani improved the bound working with & > 12 factors (cf. [BCO14,
Theorem 4.4]). The bound was then improved by A. Casarotti and M. Mella in [CM22,
Theorem 26| in which they also proved generic identifiability for all sub-generic binary
tensors.
In the same paper [BCO14], the authors also worked on Segre varieties of many copies of
P™, with n > 2. They implemented an algorithm based on the notion of weak defectivity
that relies on the computation of the Jacobian matrix of the locus C' containing points
p € X for which T,X C (T, X, ..., T, X), where py,...,p, are random chosen points of
a Segre variety X (cf. [BCO14, Section 9]). Their general result on many copies of P" is
the following theorem.

Theorem 2.1.9 (|[BCO14, Theorem 7.1|). Let k > 3 and consider the Segre image of k
copies of P". The general rank r tensor is identifiable for
(n+1)* = Bn+1)(n+ 1)k2

nk+1 '

The algorithm of [BCO14, Theorem 4.4] was then improved in [COV14, Algorithm
3.1] based on the following sufficient condition for generic identifiability.

r <

23



Proposition 2.1.10 ([COV 14, Proposition 2.3|). Let X be a non defective Segre variety,
let v be a sub-generic rank and assume that X 1is not generically r-identifiable. Then,
for r general points p1,...,p, € X the r-th tangential contact locus C, contains a curve
passing through py, ..., p,.

The main result they proved on generic identifiability is the following.

Theorem 2.1.11 ([COV14, Theorem 1.1]). A general tensor in (v(P™ x --- x P™)) of
subgeneric rank r is r-identifiable if Hle(ni + 1) < 15000 unless we have one of the
following:

(ny,...,ng) r Type
(3,3,2) 5 defective [AOP09, Proposition 4.10]
(3,3,3) 6 sporadic [CO12, Theorem 1.3]
(5,5,2) 8 sporadic [CMO14]
(n,n,1,1) 2n — 1 defective [AOP09, Proposition 4.7]
(1,1,1,1,1) 5 sporadic [BC13, Proposition 4.1]
ny > Hf:2 n; — ZfZQ(ni -1) r> HfZQ n; — Zfﬂ(ni - 1) unbalanced [BCO14|

The above statement is still a conjecture for Hle n; > 15000. We also include the
following defective case since it provides an obvious instance of generic non-identifiability.

e (ny,...,n;) =(1,1,1,1), r = 3 (cf. Theorem 1.1.24).

In the same paper the authors gave also a sufficient condition for specific identifiability
but we will be more precise about this on the next Subsection 2.1.2 in which we focus on
the identifiability of specific tensors.

Generic identifiability

Another interesting case that has been analyzed is the so-called perfect case, that oc-
curs when the biggest r-th secant variety fills the ambient space sharply. In [HOOS19],
the authors used homotopy continuation techniques to tackle the problem of classifying
identifiability for the general tensor (see 2 of Definition 2.1.5). The homotopy technique
works as follows. Let T" € C" ® --- ® C™ be a rank-r tensor. Starting with a rank
decomposition of 1", one can consider the equation

T
T = E V1 Q- Q Vg,
i=1

where all v;; are unknown for j = 1,...,k. One can fix a closed path and move 7T'(s)
along the path such that T'(0) = 7(1) = T, where s € [0, 1], i.e.

r

T(s) = Z V1,i(5) ® -+ @ vp(s).

=1

The key point is that the elements appearing in the decomposition of T may not be the
same for s = 0 and s = 1. This method allows to prove with high probability non-
identifiability if the computations provide different decompositions. Otherwise it is not
possible to claim identifiability.
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Denote by g the generic rank of the corresponding Segre variety. The authors used
the homotopy technique in [HOOS19] working with a rank-g tensor T' that is given by the
sum of g random rank-1 tensors. The computations made were useful for two different
reasons. First, with the computations they observed that the cases of (ny,...,ng) =
(2,4,5),(2,2,2,3) had a different behaviour and indeed in these cases they proved the
uniqueness of decomposition. Second, based on their computational evidence, they for-
mulated the following conjecture.

Conjecture 2.1.12 ([HOOS19|). Let k > 3 and let ny > -+ > np > 1. Let X =
v(P™ x -+ x P") be the Segre variety in P(C" ! @ .- @ C™*1) and denote by Tx the
generic rank. Then X is not generically 7x- identifiable unless it is one of the following
cases:

1. X =v(P*x P? x P?);
2. X = v(P? x P! x P! x P1);
3. X = v(P* x P* x PY) for some k — matrixz pencils.

From an applied point of view, tensors encode very precise models and, in these cases,
knowing the behaviour of the generic tensor of the same fixed rank may not be effective.

2.1.2 Identifiability of specific tensors of fixed rank

In the literature of the applied fields, tensor decomposition is also called canonical
polyadic decomposition (CPD). It was first described by F. Hitchcock in 1927 ([Hit27]),
finding numerous applications in statistics, signal processing, computer vision, computer
graphics, psychometrics, linguistics and chemometrics. That is why it is also called
CANDECOMP, PARAFAC, or CANDECOMP /PARAFAC (CP). While mathematicians
where most interested in the identifiability of generic tensors (of fixed rank), in the applied
fields one may also be interested in the identifiability of specific tensors.

Addressing the identifiability problem to specific tensors is far more complicated. It
is only right to mention one of the firsts contributions that we found on identifiability
of specific tensors, namely the work of R. A. Harshman [Har70], whom turns credit to
R. Jennich for the result. His result is related to the identifiability of 3-way arrays and
gives a sufficient condition for a 3-way tensor to be identifiable. Few years later, the most
celebrated criterion for identifiability has been published in [Kru77|. In order to state
properly the result, we need the notion of the so called Kruskal rank for a set of vectors.

Definition 2.1.13. Let V be a C-vector space of finite dimension. Let S = {vy,...,v,.} C
V. The Kruskal rank of S is

max{n € N| every S’ C S with #S5’ = n is a set of linearly independent vectors}.

Theorem 2.1.14 ([Kru77]). Let T € AQ BRC, where T =3, a;®b; ®¢;. Denote by
ka, kg, ko the Kruskal ranks of {as,...,a,}, {b1,...,b.} and {cq,...,c.} respectively. If

1
Tgé(k?A—i-k?B—i-k(j)—l

then T has rank r and it is identifiable.
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A first generalization of the above theorem for an arbitrary number of factors can
be found in [SBO0, Theorem 3]. The result itself has been analyzed and reproved by
different authors coming from the field of pure geometry as well as engineering (see e.g.
[Rhol0], [Lan09], [SS07]) and we also refer to [DDL13, Section 1.2| for an interesting
literature review on identifiability results related to Kruskal criterion. H. Derksen proved
in [Der13] that Kruskal’s inequality is sharp by finding examples of non-identifiable tensors
lka+kB+kC:2T+1

Recently B. Lovitz together with F. Petrov proved a generalization of Kruskal criterion
in which they replaced the assumptions on the Kruskal ranks with the standard notion
of rank (cf. [LP21]). More precisely, they proved the following statement.

Theorem 2.1.15 ([LP21, Theorem 2|). Let r > 2,k > 3. Let
T=) 2.0 - QuucVi® -V,
i=1

where Vi, ..., Vi are finite dimensional C-vector spaces. For each subset S C {1,...,r}
and each index j € {1,... k}, let df = dim span{z,;: £ € S}. If

k
2(#9) < Z(df — 1) + 1 for every subset S C {1,...,r} with2 < (#S) <r

i=1
then the above decomposition of T constitutes a unique tensor rank decomposition.

By using the same examples created by Derksen, they proved that their inequality is
sharp (cf. [LP21, Section 6]) and they also compared in [LP21, Section 10] the produced
criterion with the previous extensions of Domanov, De Lathauwer, and Sgrensen (see
[DDL14], [SDL15] and also [DDL13]).

We conclude our literature review with [COV14|, in which they adapted their algo-
rithm ([COV14, Algorithm 3.1|) to the case of specific tensors under the assumption that
the fixed tensor is not a singular point of the corresponding secant variety (cf. [COV 14,
Remark 4.6]). They showed with some examples that their method can get uniqueness
of decomposition for a specific tensor in cases where neither Kruskal’s nor Domanov—De
Lathauwer’s criterion apply (cf. e.g. [COV14, Table 2|)).

However, to the best of our knowledge, nobody tried to give a complete classification
on the identifiability of any tensor of a given fixed rank, due to the difficulty of the problem
itself. In the following, we start working on the identifiability of all tensors of ranks 2
and 3. We give a complete classification of these first cases describing the structures and
the dimensions of all the sets evincing the rank. As already discussed above, in terms of
generic tensors of rank either 2 or 3, everything was already well known but, untill now,
a complete classification for all the tensors of those ranks was still missing.

In Proposition 2.2.7 we show that a rank-2 tensor 7' is always identifiable except if T
is a 2 X 2 matrix.

Our main Theorem 2.6.1 states that a rank-3 tensor 7" is identifiable except if

1. Tis a 3 x 3 matrix and dim(S(Ys2,7)) = 6;
2. there exist vy, v9,v3 € C?st. TEC?R v, ®v3 + 11 ® C?2®@v3 + 11 ® v, ® C? and
dim(S(Y1,11,7)) > 2;
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3. T e (C2)®4 and dim(S(YLLLl,T)) >1;
4. T € C*®C?®C? and it is as in Example 2.3.7. In this case dim(S(Yz11,7T)) = 3;

5. T € C* ® C?*® C? and it is as in Example 2.3.9. In this case S(Y5;1,T) contains
two different 4-dimensional families;

6. T € Cm ® C™ @ (C?)*2 where k > 3 and my,my € {2,3}. In this case
dim(S(Y, mpak-2,T)) > 2 and T is as in Proposition 2.3.14. If my + ma+k > 6
then dim(S(Ymhm%lk—% T)) = 2.

We will proceed as follows. After introducing the main ingredients needed for the set up,
we show the identifiability of rank-2 tensors in Section 2.2. In Section 2.3 we explain in
details the examples where the non-identifiability of a rank-3 tensor arises. In Sections
2.4 and 2.5 we show that the examples of the previous section are the only possible
exceptions to identifiability of a rank-3 tensor. Section 2.6 is devoted to collect all the
information needed (but actually already proved at that stage) to conclude the proof of
our main Theorem 2.6.1. This part has alredy been published in a joint work [BBS20a].

2.2 Concise Segre of a tensor and identifiability of rank-
2 tensors

After defining the notion of concise Segre of a given tensor, in this section we study and
completely determine the identifiability of points on the second secant variety of a Segre
variety.

Definition 2.2.1. (Concise Segre) Given a point ¢ € PV, we will call concise Segre of ¢
the variety Xy, n, = V(Yri’p--m/k) where Yriﬁ,...,n; C Y,,....n, is the minimal multiprojec-
tive space Y,

(oot © Yoy, such that g € <V(Y7;’1 ...n;)> as in Concision/Autarky Lemma
1.1.8.

For the rest of this chapter, we will work with the concise Segre X,.,,, ., of a given
tensor ¢, since its span (X, . n.) is the projectivization of the smallest tensor space
containing q.

Definition 2.2.2. For any ¢ € PV, define

.. (@) and g € (v(A))}.

If Ae S(Yo, . n»q), we will say either that A evinces the rank of ¢ or that A is a solution
of q.

.....

In the following remark we see how one can build the concise Segre variety of a given
tensor ¢ € PV, starting from one of its decompositions.

Remark 2.2.3. To obtain the minimal Yé,l n defining the concise Segre of a point

q fix any A € S(Yo,. . n.,q) and set A; := m(A) C P™, i = 1,...,k, where the m;’s
are the projections on the i-th factor of Notation 1.1.6. Each (A4;) C P™ is a well-
defined projective subspace of dimension at most min{n;,rx(q) — 1} and we will denote
by n; = dim(A4;) for alli = 1, ..., k. By Concision/Autarky we have Yéiv---vnk = Hf:1<Ai).
In particular ¢ does not depend on the i-th factor of Y, .,
Ae SV . nts q) the set m;(A) is a single point.

. if and only if for one
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We remark that, given a solution A € S§(Y,,, ., q) of some ¢ € PV, any line L C X
contained in the corresponding Segre variety, can contain at most one point of v(A).
More precisely, let us state the following.

Remark 2.2.4. Let ¢ € PY and consider A € S§(Y,,, . n.,q). We claim that there is no
line L C X,,, . n, such that #(LNv(A)) > 2. Clearly, if #(LNv(A)) > 2 we would have
at least 3 points that evince the rank of ¢ on a line, which is a contradiction with the
linearly independence property that sets in S(Y;,,.. »,,¢q) have.

Assume that there exists a line L C X, ., such that #(L Nv(A)) = 2 and denote
by u,v € A the preimages of those points, i.e. u # v and (v(u),v(v)) = L. Then,

..........

,,,,,

Now we have all the necessary tools to work on the identifiability of any rank-2 tensor.

2.2.1 Identifiability on the 2-nd secant variety

By Remark 2.2.3, the concise Segre of a border rank-2 tensor ¢ is X q» = I/((Pl)k).
Indeed fix a solution A € S(Y,,,. »,,¢q) and note that foralli =1,... k

dim(m;(A)) < 1.
Now
if #m;(A) = 1 then clearly (m;(A)) = PY, otherwise (m;(A4)) = P'.

Therefore, for the rest of this section we will focus our attention on Segre varieties of
products of PY’s. We start with the two factors case.

Remark 2.2.5. If the concise Segre X,.11 of a tensor ¢ € 02(X,,, _n, ) is (Pt x P!), then
02(Xy1,1) parameterizes the 2 x 2 matrices for which it is trivial to see that they can be
written as sum of two rank-1 matrices in an infinite number of ways.

Recall that, by Remark 1.1.23, a tensor ¢ € 7(X;1,1) \ X1,1,1 has rank equal to 2 if
and only if the concise Segre of ¢ is a two-factors Segre, moreover it is not identifiable for
any number of factors.

For the rest of this section we will therefore focus on Segre varieties of Yir = (P
with k£ > 3.

1)k

Remark 2.2.6. If ¢ € X« is a non-identifiable rank-2 tensor, then all its decompositions
must be disjoint. Indeed let A, B € S(Yix,q) and assume #(A N B) = 1. This means
that the line spanned by (v(A)) meets the line spanned by (v(B)) in two distinct points,
namely ¢ and the image of the intersection point. Therefore (v(A)) = (v(B)) = L and L
is actually a trisecant line of Xix, so it is all contained in X (cf. Remark 1.1.7), which
is in contradiction with the fact that rx , (¢) = 2.

For k = 3, the non-identifiability is classically attributed to Segre (cf. Remark 2.1.8).
The following proposition proves our first result on identifiability of non-generic tensors
and it focuses on identifiability of any rank-2 tensor.
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Proposition 2.2.7. Let ¢ € 09(Xyx). Then #S8(Yix,q) > 1 if and only if the concise
Segre of q is Xy11 = v(Pt x P1).

Proof. We only need to check the case of k& > 4 since k = 2, 3 are classically known. The
case of matrices is obviously not identifiable (cf. Remark 2.2.5), while the identifiabily in
the case of k = 3 factors is classically attributed to Segre and we refer to Remark 2.1.8.
We assume therefore that k > 4.

Let A, B € §(Yix,q). By Remark 2.2.6 A and B are two disjoint sets:

A ={a,d'}, where a = (a1,...,ax),d = (a},...,a;) € Yix,

B ={b,b'}, where b= (by,...,bp), 0 = (B,...,b,) € Vix.

Since a # o', we may assume that at least one of their coordinates is different. Actually we
can assume that all the a; # a}, otherwise, by the concision property, one could consider
one factor less. The same considerations hold for B.

In order to proceed further we claim that {a;, a,} = {b;,0;} forall i =,1... k. Indeed,

suppose that there exists an index ¢ € {1,...,k} such that {a;,a}} # {b;, b} and let such
an index be i = 1, i.e. {ay,a}} # {b1,b]}. We proceed by induction on k > 4. Since
a similar argument stands for both the base case k = 4 and the inductive step, we will
show only the inductive step.
Let mg, vk, and Xi be as in Notation 1.1.6. Let ¢ = (q1,...,qk—1) be the projection
mk(q), then ny(A) # mi(B) and 0 # (ve(ne(A))) N (ve(me(B))) D {G} because {q} C
(v(A)) N (v(B)). So rx,(G) = 2 and #S(Y1x-1,G) > 2, which is a contradiction because
X is a concise Segre of k — 1 factors (where k£ > 4) and a point of it cannot have more
than a decomposition. Thus for all i = 1...,k we have that {a;,a;} = {b;,}}.

Without loss of generality assume that a; = b; and a} = b}, moreover up to permuta-
tion, there exists an index e € {1,...,k — 1} such that

b; =a; and consequently b, = a; for 1 <i < e and

b; =a; and consequently b; = a; for e + 1 < i < k.

Eventually, by exchanging the role of the first e elements with the others, we have that
k — e > 2 because by assumption k > 4. Let H € |Oy(0,...,0,1)| be the only element
containing @', i.e. H =P!x .- x Pl x{a,} = (P1)*~!. The residue of AU B with respect
to H is Resy(A U B) = {a,b'} and since k — e > 2 we have that ng(a) # n(b), ie.
h! (IResH(AUB)(17 o1 0)) = 0. Therefore, by applying Lemma 1.2.9, we get AUB C H
which is in contradiction with the concision property. O

The following result is based on the previous Proposition 2.2.7 and explains the ge-
ometry of the space of solutions of a non-identifiable rank-2 tensor.

Corollary 2.2.8. Let q be any rank-2 tensor. If q is not identifiable, then there is a
bijection between S(Y11,q) and P?\ L, where L C P? is a projective line, q € 7(X11) and
L parametrizes the set of all degree 2 connected subschemes V of Y11 such that ¢ € (v(V)).

Proof. Tt suffices to work with a Segre variety of 2 factors only because by Proposition
2.2.7 it is the unique not-identifiable case in rank-2. Thus X;; C P? is a quadric surface.
Denote by H, C P? the polar plane of X;; with respect to ¢, i.e. H,:={p € X;,|q €
T,X11}. Since ¢ ¢ X1 we have that ¢ ¢ H, and the intersection X;; N H, is a smooth
conic. Remark also that by definition a point o € X ; is such that ¢ € T, X, ; if and only
if o € Xl,l N Hq C T(lel).

Fix o € H,, then
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e if 0 ¢ X, the line given by (o,q) is not tangent to X;; and when considering
the intersection (o0,¢) N X1, it is given by two points pi,ps ¢ {o0,q} such that

{p1.p2} € S(Y11,9);

o if o€ Xy, 1e o€ Xy N H,, then the line (o, q) is tangent to X ;.

Consider I, = {lines L C P? passing through ¢} = P? and consider the following iso-
morphism ¢ : H, — II, defined by p — (p,q). Clearly ¢(X;, N H,) is a smooth conic
C of II,. Moreover one can notice that II, \ ¢(X11 N H,) = P?\ C are just the points of
the first case. 0

2.3 Examples of non-identifiable rank-3 tensors

We start now working with rank-3 tensors. The purpose of this section is to explain in
details the phenomena behind the non-identifiable rank-3 tensors. We first recall how
to build the concise Segre of a rank-3 tensor, then we review some well known cases of
non-identifiable rank-3 tensors, namely the matrix case, points on the tangential variety
of v(Y111) and points of the defective variety o3(v(Y1111)). New instances of non-
identifiability are contained both in Subsections 2.3.1, with Examples 2.3.7 and 2.3.9,
and in Subsection 2.3.2, with Proposition 2.3.14. We will show that essentially, this new
cases, together with the well known ones mentioned above, represent the only classes of
non-identifiable rank-3 tensors. More precisely, we will see in Theorem 2.6.1 that they
will turn out to be the unique cases of non-identifiability for a rank-3 tensor.
From now on we always consider ¢ € PY such that "Xy (@) =

Concise Segre of a rank-3 tensor

By Remark 2.2.3, we may assume that ¢ is an order-k tensor with at most 3 entries in
each mode. Indeed, if we fix a solution A € S(Y,,,...n,), then for all i =1,... k we get

dim(m;(A)) < 2.
Clearly,

o if #m;(A) =1 then (m;(A)) = P® and in this case we can consider the concise Segre
of ¢ without the i-th factor;

e if the three points of 7;(A) are linearly dependent in P™ then (m;(A)) = P;
e otherwise (m;(A)) = P2

Therefore, the concise Segre of ¢ is Xy, = V(P™ X+ xP™), withny,...,n, € {1,2}.
First of all, let us remark that the matrix case is highly non-identifiable even for the
rank-3 case.

Remark 2.3.1. For the two factors case, i.e. k=2, a rank-3 tensor ¢ is a 3 X 3 matrix
of full rank. The dimension of the concise Segre of ¢ is dim(X,22) = 4 and

dim(o3(Xy2)) = min{dim(P?), 3dim(X,02) + 2} = min{8, 14} = 8.

Therefore dim S(Y32,q) = 14 — 8 = 6 for all ¢ € P® of rank 3.
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Another well known example of non-identifiable rank-3 tensors is given by points on
the tangential variety 7(v(Y111)).

Remark 2.3.2. For the three factors case, the concise Segre of a rank-3 tensor ¢ lying
on the tangential variety is X111 = v(Y111) (cf. Remark 1.1.23). Since ¢ € 7(Xy111),
there exists some p = [u®v®@w| € X1 such that ¢ € T,X1 11 =PVR@vw+ueVe®
w+u®v® V), where we denoted by V' the affine vector space of dimension two such
that PV x PV x PV =Y ;. Therefore there exists some a,b,c € V' such that ¢ can be
written as

=aRvuw+uRbRw+u®vR .
Now it is straightforward to see that ¢ is actually non-identifiable.
In the following remark we explain the behaviour on o3((P)?%).

Remark 2.3.3. It has been shown in Theorem 1.1.24 that the third secant variety of
a Segre variety X, . is never defective unless either X, = v(P' x P! x P! x P1)
or X171, = v(P' x P! x P%), with a > 3. The case in which ¢ is a rank-3 tensor in
(v(P! x P! x P%)) with a > 3 corresponds to a not-concise tensor (cf. Remark 2.2.3)
therefore it won’t play a role in our further discussion.

The case of X113 and ¢ € (Xy111) can also be easily handled. Indeed the fact
that dim(o3(X;1,1,1)) is strictly smaller than the expected dimension proves that the
generic element of o3(X7 1 11) has an infinite number of rank-3 decompositions. By def-
inition of dimension, there is no element of 3(X;1,1,1) such that its tangent space has
dimension equal to the expected one: dim(7,(03(X11,11))) < dimos(Xy1,1,1) for all ¢ €

PRkt ]

03(X11,11). This does not exclude the existence of certain special rank-3 tensors ¢ such
that dim(Tq(a3(X1 1.1 1))) = dlm(Tq/ (AbSGCg(XLLLl))) < 14 where AbS@Cg(XLLLl)iS the

3-th abstract secant of Xj;,; as in Definition 1.1.25 and ¢’ is the preimage of ¢ via
the projection on the first factor. The impossibility of the existence of such a point is
guaranteed by Proposition 2.1.4. This proves that all the tensors of ¢9(X711,1) have an

infinite number of rank-3 decompositions.

Remarks 2.3.1, 2.3.2 and 2.3.3 correspond respectively to items (a),(b) and (c) of
Theorem 2.6.1 and they are all well known cases of non-identifiable rank-3 tensors.

Before describing new instances of non-identifiability, we point out the behaviour of
the projection m;(A) C P™ of a solution A € S(Y;,. n,,q) of a rank-3 tensor ¢ when
n; =2, forsome:=1,... k.

Remark 2.3.4. Let Y, ,, bea multiprojective space with at least two factors where at
least one of them is of projective dimension 2. By relabeling, if necessary, we can assume
Segre of ¢ and let A, B € S(Yan,....n,,q) be two disjoint subsets evincing the rank of g.
By Autarky (m(A)) = (m1(B)) = P?. Moreover when considering the restrictions of the
projections 74 and 75 to the subsets A and B respectively, they are both injective and
both 71 (A) and 71(B) contain linearly independent points.

2.3.1 Two new examples of non-identifiability

For the first two new examples of non-identifiable tensors, we work on Y31, = P2x P! x P!
Before going into details, we need some preliminary results.
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Remark 2.3.5. Let Y5;; = P? x P! x P! and consider an irreducible divisor G €
|O0y,.,,(0,1,1)]. Then

02(V(G)) € 03(v(G)) = (W(G)) = P

Indeed G is nothing else than the Segre-Veronese variety of P? x P! embedded in bi-
degree (1,2), ie. G = P2 x P!, Oy, (1,1,1), = Op2yp1(1,2) and Oy,,,(1,0,0) =
Oy,,,(1,1,1)(=G). When considering the inclusion exact sequence, we get

0 — Oy,,, (1,0,0) — Oy, ,(1,1,1) — Oy, ,(1,1,1);c — 0.

By direct computation one has that (v(G)) = P® and consequentially that oo(v(G))
(v(@)). The only non trivial fact to be proved is o3(v(G@)) = (¥(G)) = P8,

Fix three general points pi, ps,p3 € P? x PL. By Terracini’s Lemma, it is sufficient to
prove that h%(P? x P, Ty, o004 (1,2)) = 0. This is done with the multiprojective-affine-
projective technique explained at the end of Section 1.2.1 (c¢f. Theorem 1.2.6). Let Z C G
be the 0-dimensional scheme union of the three fat points 2p;, 2po, 2p3 and consider line
Wi ~ P! and subscheme W, C P! of the second factor of G defined by W, = 2p, where
p € P!is a generic point. Let Z' = 2p; + 2ps + 2p3 C P? be the corresponding zero
dimensional scheme of Z and consider W + Z’ C P? where we denoted by W = W, + W.
Then we have that dim(Zap,u2p,02ps)(1,2) = dim(Zyw 4 2)3, which is zero.

Proposition 2.3.6. For the Segre embedding of Y511, fix Gy € |Oy,, ,(0,1,0)] and G, €
|0y,.,,(0,0,1)| and define G := G1UGy to be their union. We have that for {i, j} = {1, 2},
dim(v(G;)) =5, dim(v(G)) = 8, 02(v(G;)) = (V(Gy)) and (V(G)) is the join of oo(V(G;))
and v(Gj).

Proof. First of all remark that, for i = 1,2, G; = P> xP', Oy,, ,(1,1,1), = Opz,p1(1,1)
and G is a reducible element of |Oy,, (0,1,1)|. With an analogous computation of
the one in Remark 2.3.5, one sees that dim(v(G)) = 8 and o2(v(G;)) = (V(G))). It
remains to show that (v(G)) = J, where J denotes the join of o5(v(G;)) and v(G;) with
{i,7} = {1,2} as in Definition 1.1.13. We remark that since o3(v(G)) = P°, then J =
Join(P® v(G;)). In order to show that J = P® it is sufficient to see that dim(o(v(G;) N
v(G;))) = 1 and this is a straightforward computation since the elements of v(G;) are
tensors with a second factor fixed, while the elements of v(G3) have the third factor
fixed, and in order to have the equality between an element of o5(v(G1)) and an element
of v(G,) it is sufficient to impose two linear independent conditions. Therefore since
dim(v(G2)) = 3 we have that the intersection has dimension 1. O

We are now ready to present the first new example of a non-identifiable rank-3 tensor.

Example 2.3.7. Take Y511 = P? x P! x P!, consider the Segre embedding on the last two
factors and take a hyperplane section which intersects v(P! x P) in a conic C, then take a
point ¢ € (¢(P? xC)). Such a construction is equivalent to consider an irreducible divisor
G € |Oy,,,(0,1,1)], s0 G = P? x P! embedded via O(1,2), then dim o3(v(G)) = 7, thus
o2 (v(G)) € (v(G)) = P8, As a direct consequence we get that a general point g € (v(G))

has v(G)-rank 3 and it is non-identifiable because of the non-identifiability of the points
on (C) and by Proposition 2.1.4. Thus dim(S(G, q)) = 3. See Figure 2.1.

Let us rewrite in coordinates the above example.
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Example 2.3.8 (Coordinate description of Example 2.3.7). Let C be an irreducible conic
arising from the above description. This is equivalent to consider the following framework.
Let L C v(P' x P!) be a rational curve. So L = P! and we consider G = P? x L embedded
via O(1,2). The rank-3 tensor we are looking for is [T'] € (v(G)). Therefore, there exist
bases {uy,us, uz} C C3, {vy,v2} C C? such that

T =u ®v}+uy ®vs + uz ® (vy + Bug)*.

P2

v(G)
Hnv(P' x P') C P

Figure 2.1: Pseudo-picture of Example 2.3.7.

The following example is in the same setting of the previous one, but in this case we
deal with a reducible conic and in such a case we get a 4-dimensional family of solutions.

Example 2.3.9. Fix Y5;; = P?> x P! x P, Consider G; € |0y,,,(0,0,1)], Gy €
|0y,,.(0,1,0)] and call G = G; U Gy which is a reducible element of |Oy,,,(0,1,1)].
By Proposition 2.3.6, dim(v(G)) = 8 and (v(G;)) = 02(G;), for i = 1,2, both having
dimension 5. By Proposition 2.3.6 we also have that

(@) =T =T,

where J; = Join(o9(v(G1)),v(G2)) and Jo = Join(o9(v(G3)),v(G1)). A general ¢ €
(v(G)) has rank 3 and for the subsets evincing its rank we have a 4-dimensional family
of sets A such that

#(A) =3, #(ANG) =2, #(ANGy) =1, ANG NGy =0 and q € (v(A)).

Such a family has dimension 4 since G; is a non defective threefold in P®, therefore
there exists a 2-dimensional family of sets of cardinality 2 in G; spanning a general point
of P%; moreover ¢ sits in a 2-dimensional family of lines joining points of G; and G.
Analogously, by looking at ¢ as an element of J5, we get the existence of a 4-dimensional
family of sets B such that

#(B) =3, #(BNGs) =2, #(BNGy) =1, ANG, NGy =0 and g € (v(B)).

So we proved that S(G,q) contains at least two dimensional families of solution. Thus

dim (S(G, q)) > 4.

Let us rewrite in coordinates the above example.

33



Example 2.3.10 (Coordinate description of Example 2.3.9). Let C be a reducible conic.
In this case, we take Gy € |Oy,,,(0,0,1)], Gy € |Oy,,,(0,1,0)] and set G := G U Go.
So G 2 P? x P! x {[p]} and G5 = P? x {[g]} x P!, for some [p], [¢] € P'. We consider

[T) € (v(Q)) = Join(o2(v(Gh)), v(Ge)) = Join(oo(v(G2)), v(G1)).

Since [T] € (v(G)) = Join(oa(v(G1)),v(Ge)), there exist bases {u1, ug, uz} of C*, {vy, va}
of the second factor and {p, w} of the third factor such that 7' can be written as

T:U1®U1®]5+UQ®U2®]5+U3®Q®UJ-

In Examples 2.3.7 and 2.3.9 we computed the dimension of S(G,q) in the case of G
being either an irreducible or a reducible element of |Oy,, ,(0,1,1)|. The only thing left
to do in order to conclude both examples, is to show that the space of solutions of ¢ with
respect to G coincide with the space of solutions of ¢ with respect to Y51 1.

Proposition 2.3.11. Let ¢ € o3(v(P? x P! x P')) and suppose that there exist A, B €
S(Ya11,q) s.t. #(AU B) =6. Then there exist a unique G € |Oy,,,(0,1,1)| containing
S =AU B. For such a G we have that S(Ya211,q9) = S(G,q).

Proof. Call S := AU B, by Remark 2.3.4, both m4 and 75 are injective and both
m1(A) and m;(B) are sets containing linearly independent points. So h'(Z4(1,0,0)) =
h'(Zp(1,0,0)) = 0. Now h%(Oy,,,(0,1,1)) = 4, so there exists G € |Oy,,,(0,1,1)]
containing B. Moreover S\ S NG C A but since h'(Z4(1,0,0)) = 0 we have that
S C G. This holds for any G € |Zp(0,1,1)|, so (v1(ni(A))) C (vi(m(B))). The same
holds exchanging the roles of A and B, thus (v1(n:(A))) = (v1(m(B))).

Assume G is irreducible, then B contains three linearly independent points on G, so
the points of B are uniquely determined by G.

Assume G is reducible, ie. G = G UGy, with Gy € |Oy,,,(0,1,0)] and Gy €
|0y,.,,(0,0,1)]. Remark that, by Autarky, it does not exist any £ € S(Y21,1,¢q) which
is all contained in G;, for ¢« = 1,2, because G is a multiprojective subspace of Y5 ;.
Without loss of generality, we may assume that two points of E lies in (G;; then the three
points of E are uniquely determined by a reducible conic, i.e. by the reducible element
G = (G; U G5 that contains them. O

Corollary 2.3.12. If g € oJ(v(P? x P! x P1)) is such that there exist two disjoint sets
A, B € S(Ya11,q), then q can be either as in Example 2.5.7 and dim(S(Y211,q)) =3 or
as in Example 2.3.9 and dim(S(Y21.1,¢q)) = 4.

Proof. This is a direct consequence of the uniqueness of the G € |Oy, (0, 1,1)| such that
S(Y211,9) = S(G, q) as shown in Proposition 2.3.11. O

2.3.2 A new family of non-identifiable rank-3 tensors

We build now a new family of non-identifiable rank-3 tensors.
Let Y/ := P! x P! x {ug} x -+ x {ux} be a proper subset of Y,,,
where we assumed k& > 2. Take

e w¥N\vY'), AecSY' ¢)and p€eY,,

.....

Assume also that Y,,, . ,, is the minimal multiprojective space containing A U {p} and
take ¢ € ({¢',v(p)}) \ {¢,v(p)} as shown in Figure 2.2.
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Figure 2.2: A new family of non-identifiable rank-3 tensors

Before proving under which conditions this construction leads to a non-identifiable
rank-3 tensor, we remark the following.

Remark 2.3.13. With notation as above, observe that
L4 Zle n; Z 37
.n17n2§27n37"'7nk§1;

o if k >3 then ry,, , (q) > L.

,,,,,

,,,,,

S(Yo,...n.»q) and by Autarky we would get {o,p} C Y, contradicting the assumption
that p ¢ Y.

The fact that ny + - - 4+ ng > 3 is obvious from the fact that p ¢ Y' so Y,,, ., # Y.
Since ¢’ is a 2 x 2 matrix of rank 2, we get that dim (S(Y’,¢’)) = 2 and that Y’ is the
minimal multiprojective subspace of Y,,, ,, containing A. The minimal multiprojective
subspace containing YU {p} is Y,,, ., so since P" = (m;(Y' U {p})), we get 1 <n; <2
fori=1,2 and n; = 1 for all 7 > 2.

We are now ready to prove that if £ > 3 and ) ., n, > 4, any tensor ¢ as above is
actually a non-identifiable rank-3 tensor. Moreover we see that all possible decompositions
of ¢ are given by the union of all possible decompositions A € S(Y”,¢’) of ¢’ and p.

Proposition 2.3.14. Let Y’ := P' xP!x {ug} x---x{ux} be a proper subset of Yy, _n, =
P x -« x P™ where k > 3, ny,ne < 2, alln; =1 fori=3,....k and Zleni > 4.
Take ¢ € (v(YN\v(Y'), Ae SY',¢)andp € Yy, . o \Y'. Assume thatY,, ., isthe
minimal multiprojective space containing A U {p} and take q¢ € ({¢’,v(p)}) \ {¢,v(p)}.
Then

.....

2. v(Yn,...n.) is the concise Segre of q.
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Proof. Ttem 2 will be a consequence of item 1, in fact if the structure of the elements on

77777

concise Segre of ¢. So let us prove item 1.

The proof is by induction on the number of factors. Step (A) is the basis of induction
for the case in which Y,,, _,, has at least one factor of projective dimension 2 (k = 3),
Step (B) is the basis of induction for the case in which all the factors of Y, ,, have
projective dimension 1 (k = 4), Steps (C) and (D) are the induction processes of Step
(B) and Step (A) respectively.
Let E € S(Ya,...n., q), if we will show that E D {p} and that there exists B € S(Y’,¢'),
such that £ = BU{p}, we will be done. Assume that there is no B € S(Y”,¢’) such that
E=BU{p}. Fixany A€ S(Y’,¢) and set S := AU{p} U E.

(A) [Case k =3, n1 =2, nyg =n3 = 1]
First assume p € E and set E' := E\ {p} and ' = AU E’. Since by Remark 2.2.6

ﬂ n3(B) =10,

BeS(Ya11,9')

taking another A € S(Y211,¢) if necessary we may assume 73(A) N n3(E') = 0.
Set {D} := |Z,(0,0,1)], i.e. D = P? x P! x {m3(p)}. By Lemma 1.2.9, we have
W' (Zs\snp(1,1,0)) > 0, where we note that actually S\ SN D = F. Therefore by the
inclusion exact sequence, since #F < 4, we get h° (Ig\gm p(1,1, 0)) > 3. This must be
true for all A € S(Y’,¢’) and hence we have h®(Ya1;3, Zy,(vyums(er)(1, 1)) > 3. Since
n3(Y') € |Oy,,4(1,1)] we have h®(Ya13,Z,,v1(1,1)) = 1, contradicting the previous
inequality.

From now on suppose p ¢ E. As above we may assume n3(A) Nn3(E) = 0.

Fix o € E. Since h’(Oy,,,(1,1,0)) = 6 and #(A U {p} U {o}) = 4 there is G €
|Oy;.,,(1,1,0)| containing AU {p} U {o}. Assume for the moment S ¢ G, i.e. E € G.
By Lemma 1.2.9 we have hl(Ig\SmG(O,O, 1)) > 0, which means that #F > 3. Since
by construction #E < 3, we get #E = 3 and hence ¢ has rank 3 and v(Y511) is the
concise Segre of g. Moreover we get that S\ SN G = E \ {o} and #m3(E \ {o}) = 1.
By applying the same argument taking a different element of £ we get that actually
#m3(E) =1, i.e. v(Ya11) is not the concise Segre of ¢, a contradiction.

Now assume S C G. Since this must be true for all G € [Zayg,(1,1,0)|, we get
1 Zaup,oy(1,1,0)] 2 |Zppue(1,1,0)] # 0. Note that n3(Y’) € |Oy,,,(1,1)| and hence
h0 (}/2’1;3,.2—7]3(5//)(1, 1)) = 1. Since the first factor of Y51, has projective dimension 2
and Y571 is the minimal multiprojective space containing ¢, we have n3(p) ¢ ns(Y”).
Thus h° (Y271;3,Ing(y/)u{m(p)}(l, 1)) = 0, a contradiction since |Zaugpo1(1,1,0)| # 0.

(B) |Case k =4, ny =ny =n3 =ng = 1]
Fix G € |Oy,,,,(0,0,1,1)| containing £. Assume S ¢ G. Since S\ E = AU {p},
by Lemma 1.2.9, we have h' (IAU{p}(l, 1,0,0)) > 0. Call p’ the projection of p via
Yi111 — Y'. Since Opiypi(1,1) is very ample we get that either p’ € A or that
#(m(AU{p'})) =1 for some ¢ € {1,2}. The second possibility is excluded, because
#(m(A)) = #(m(A)) = 2 for any A € S(Y’',¢'). The first possibility is excluded
taking instead of A another general A; € S(Y’,¢'). Now assume S C G, hence in
particular A C G. This is ruled out taking another A € S(Y’,¢’) since a general
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a € Y’ is contained in some B € S(Y’,¢'). Thus we would have that Y’ C G which is
a contradiction.

[Case k > 5, n; =1 for all i’s|

We exclude this case by induction on k, the base case k = 4 being excluded in (B).
Fix 0 € P\ {py, up}, set M := m; '(0), i.e. M = (P1)k~! x {0} and call A := (v(M)).
Note that (YU{p})N M = 0. Denote by r = 2F —1 and define r’ := dim A = 2*"1 —1.

Consider the following linear projection form A:
(:P"\A—P". (2.3.1)

Note that v(Yix) N A = v(Yie-14) X {o} and that £, )\ = ve(me(Yie \ M)). We
identify P with the target projective space of Yix-14. Since (Y’ U {p}) N M = 0), we
get that ¢ is well-defined on Y'U{p} and it acts as the composition of 7 and the Segre
embedding.

By the inductive assumption S(Yir-14,4(q)) = {B U n(p)} Bese(v/)m(qy)- Thus for
any E € S(Yir,q) there is B € S(Y’,¢') such that n,(E) = n(B U {p}). Since nyx
is injective, by Remark 2.2.4 and S(Yix,q) 2 {B U {p}}Besyy ¢y, we get S(Yir,q) =
{BU {p}}sesor.a)-

[Case k >3, n1 =2, n1 + - +ny > 5

If only one of the factors is a P? we use Step (A) as base of the induction and then we
construct a projection similar to (2.3.1). Indeed Y, -1 = P? x (P!)*~! where k > 4.
Fix 0 € P\ {py, us.}, set M := 7 '(0) and define A := (v(M)). Denote r = 3-2F1 -1
and 7’ = dim A := 3-2F"2 —1. We consider the linear projection £ : P"\ A — P" which
acts as the composition of 7, and the Segre embedding. By the inductive assumption
S(Ya1r—240(q)) = {BUM(P)}Bestme (v m(q))- Thus for any £ € S(Yp15-1,q) there is
B e S(Y',¢) such that n,(E) = ni(B U {p}). Since nyg is injective by Remark 2.2.4
and S(Yy 161, q) 2 {BUA{p}}pesa g, we get S(Yoir-1,q) = {B U {p}}pespg)-
Now assume also ny = 2, so that we must have k& > 3. Let Y55 -2 = P% x P% x (P1)F=2
and fix 0 € P2\ my(Y’). Set M := 7, (0), and A := (v(M)). Then r = 9282 — 1,
dimA = 9-2¥3 — 1. Let v/ := 9-2%3 — 1 and consider the linear projection ¢ :
P"\ A — P" from A which acts on v(Y") as the composition of the Segre embedding
and the map P? x P2 x (P1)*=2\ P2 x {0} x (P})¥=2 — P2 x (P})¥~1, which is the linear
projection P?\ {0} — P! on the second factor and the identity on any other factor.
Since (YU {p}) N M = 0, £(q) is well-defined. We conclude since we already proved
the statement in the case where only one of the factors is a P2. n

We conclude this part with a coordinate description of the family of non-identifiable

rank-3 tensors presented in the above proposition adapted for the three factors case.

Example 2.3.15 (Coordinate description 3-factors case). Let Y’ = P! x P! x {w} C
Yo11 =P?x P! xPL Take ¢ € (v(Y"))\v(Ya11) and p € Yo 11\ Y’. Then [T] € (¢, v(p))
is a rank-3 tensor and it is not identifiable. Therefore there exist bases {u1, us, us} C C?
of the first factor, {vy,vo} C C? of the second factor and {w,w} C C? of the third factor
such that 7' can be seen as

T =u; @ v; @ W+ us ® v @ w + (1uy + gz + u3z) @ (B1v1 + Bava) @ W
=(u1 @ v1 + Uz ® v2) @ W + (Q1u1 + Uz + u3z) @ (B1v1 + Pavs) @ W.
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Figure 2.3: Two distinct decompositions with 2 common points

2.3.3 Two different decompositions of a non-identifiable rank-3
tensor can share at most one common point

Now we prove that all the previous examples are the only exceptions. More precisely, for
any non-identifiable rank-3 tensor ¢ we either show that ¢ belongs to one of the above
examples, or that the non-identifiability assumption leads to a contradiction.

Before proceeding, we can make some reduction by looking at the geometry of the union
of two distinct solutions of a rank-3 tensor. In particular, the following two lemmas
describe two very basic properties that two different sets A and B evincing the rank of
the same rank-3 point ¢ have to satisfy.

Lemma 2.3.16. Let q be a non-identifiable tensor and let A, B be two distinct sets
evincing the rank of q. Define S :== AU B. If #(S) > 5 and dim(v(S)) = 2, then the

rank of q¢ cannot be 3.

Proof. Assume the existence of such a rank-3 tensor ¢ with 2 distinct decompositions A
and B such that #(A U B) > 5. The plane (v(S)) contains at least five not-collinear
points. Note that (v(S)) € X, otherwise also ¢ € X which contradicts rx(q) = 3. So
(v(S)) N X contains a conic C. Either if it is reduced or not, the two secant variety of C
fills (v(S)) = P2. So rx(q) <2, which is a contradiction. O

Lemma 2.3.17. Let q be a not identifiable rank-3 tensor and let A, B € S(Y,,....n,.,q) be
distinct. Then #(ANB) < 1.

Proof. Suppose by contradiction that A and B have 2 distinct points in common and call
the set of these two points F. Let A = F'U {u} and B = F'U {v}. Since the rank of ¢
is 3 we know that ¢ ¢ (v(E)), but since by definition ¢ € (v(A)) N (v(B)) we have that
(v(E)) € (v(A)) N (v(B)). Clearly (v(E)) is a line, therefore dim(r(A4)) N (v(B)) > 1,
but since (v(A)) and (v(B)) are both planes we get that (v(A)) = (v(B)). In the plane
(v(A)) we have two different lines: v(F) and (v(u),v(v)), which mutually intersect in
at most a point ¢/, as shown in Figure 2.3. Remark that ¢’ ¢ X because otherwise the
line (v(£)) would have at least 3 points of rank 1 and so we would have (v(E)) C X,
contradicting Remark 2.2.4. This means that rx(¢') = 2 and #S(Yo, . .n..¢) > 2,
therefore by Proposition 2.2.5 we get that actually ¢’ € (v(Y/,)), where Y/, = P! x P,
But also F,{u,v} C Y{,, so ¢ € (v(Y{,)), which contradicts the fact that ¢ has rank
3. [

An immediate corollary of Lemma 2.3.17 is the following.
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Corollary 2.3.18. If q is a rank-3 tensor and A and B are two distinct sets evincing its
rank, then the cardinality of AU B can only be either 5 or 6.

This corollary turns out to be extremely useful for the proof of our main result,
Theorem 2.6.1. We will be allowed to focus only on the structure of not-identifiable
points of rank-3 with at least two decompositions A and B as in Corollary 2.3.18. This
is the reason why we will study separately the case #A U B = 5 in Section 2.4 form the
case #A U B = 6 in Section 2.5.

2.4 Two different solutions with one common point

We have seen in Corollary 2.3.18 that if a rank-3 tensor ¢ is not identifiable and A, B
are two sets of points on the Segre variety computing its rank, then #A U B can only be
either 5 or 6. This section is fully devoted to the case in which #4U B =5, i.e. A and
B share only one point that we denote p:

S:=AUB, #5=5 AnNB={p}and A=A\ {p}, B'=B\ {p}. (2.4.2)

The matrix case is well known, therefore we will always assume that ¢ is an order-k > 3
tensor, i.e. ¢ € (V(Y,, ) With Y, . = Hle P™ and k > 3.
We will study separately the cases in which:

e the multiprojective space contains at least one factor of projective dimension 2 and
all the others of dimension either 1 or 2 (Proposition 2.4.1);

e the multiprojective space is a product of P!’s only (Proposition 2.4.2).

More precisely, in the first case we show that a non-identifiable rank-3 tensor with two
distinct solutions sharing a common point is actually as in Proposition 2.3.14. Working
with Y;x = (PY)*, we will prove that two distinct solutions with one common point exist
only if k = 3,4.

This will completely cover the case of non-identifiable rank-3 tensors satisfying con-
dition (2.4.2) since, by Remark 2.2.3, the concise Segre of a rank-3 point ¢ is X, ;.. n, =
v(P™ x --- x P™) where ny,...,n; € {1,2}.

Proposition 2.4.1. Let Y5, ., be a multiprojective space with at least 3 factors and
at least one of them of projective dimension 2, i.e. Yaon,  n. = P2 x P™ x ... x P™ with

-----

concise Segre of q. If there exist two sets A, B € S(Yan,...n.,q) evincing the rank of q
such that #A N B =1 then q is as in Proposition 2.5.1/.

Proof. Let M € |Oy,,, . (e1)| be a divisor containing A" = A\ {p}, therefore M =
Pl x P™ x ... x P%. By Concision/Autarky S ¢ M, so, by Lemma 1.2.9, either
W (Zs\srm(€1)) >0 or p ¢ M and A'U B’ C M. We study separately the two cases.

1. First assume h' (IS\SQM(él)) > 0.

The divisor M contains A’ by definition so #(S \ SN M) < 3. Moreover, if we define
Y1 :=P™" x ... x P™ with n; = 1,2 for i = 2,..., k, we have that Oy, (1,...,1) is very
ample, therefore we can apply Lemma 1.2.11 and say that one of the following occurs:
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(i) #(S\ SN M) = 3 and there exists an index j € {2,...,k} such that #(m (S \
SNM))=1 for all i # j;

(ii) There exist u,v € (S\ SN M) such that v # v and 1 (u) = n1(v).

We remark that case (ii) implies that m;(u) = m;(v) for all ¢ > 1, i.e. that u and v are
contained in a line L C X. Since M contains A’, we have that S\ SNM = {u,v} C B,
we can exclude case (ii) thanks to Remark 2.2.4.

Therefore only case (i) is possible. Since #(S\ SNM) = 3 we have that S\SNM = B.
Case (i) implies that for at least k—2 indices the projections of the points of B coincide,
where we assumed k£ > 3. A direct consequence is that B only depends by 2 factors
n, at most, contradicting Autarky.

-----

2. Now assume A’ U B’ C M.

Let Y” be the minimal multiprojective space containing A" U B’ and contained in
M. Since q € ((v(Y")) U{r(p)}) and p ¢ Y, there is a unique o € (v(Y")) such
that ¢ € ({v(p),o0}). Since (v(A)) (resp. (v(B))) is a plane containing v(p) and
q, there is a unique o; € (v(A’)) (resp. 02 € (v(B’))) such that ¢ € ({v(p),o01})
(resp. ¢ € ({v(p),02})). The uniqueness of o gives 0 = 07 = 0y. Therefore o is
a rank-2 tensor with A" and B’ as solutions. By Proposition 2.2.7 this means that
o € (v(P! x P')). Moreover, since p ¢ M D Y”, the minimal multiprojective space
containing ¢ is Yy, ,, 1r-2 = P™ X P™ x P! x ... x P! where ny, ny € {1, 2}. Therefore
q is as described in Proposition 2.3.14. =

We just treated the case in which the multiprojective space contains at least one factor
of projective dimension 2, so from now on we can work with a multiprojective space made
by P'’s only.

Proposition 2.4.2. Let Yy = (PY)* with k > 3 and let ¢ € o3(v(Yix)) be such that there
exist two different sets A, B € S(Yix,q) with #(AU B) = 5, where v(Y1x) is the concise

Segre of q. Then k can only be either 3 or 4. If k = 3 then q belongs to a tangent space
of v((PY)?) and dim(S(Y111,q)) > 2. If k = 4 then dim(S(Y111.1,9)) > 1.

Proof. Cases k = 3,4 are covered by Remarks 2.3.2 and 2.3.3 respectively.
Assume k > 4 and write Yix = Hle Pl. Let S = AUB be as in (2.4.2), we build now
a recursive set of divisors as follows:

1 divisor: My € |Oy,, (e4)| containing AN B = {p};
27 divisor: let o3 € P! be such that w3 (03) N (S\ (SN My)) # 0 ad call Mz := 73" (03);

If M3 U M, already covers the whole S (i.e. S C M3 U My), set M, to be any
divisor M, € |Oy1k (82)|.

3 divisor:
Otherwise S ¢ Mz U My. In this case choose 0, € P) such that m; *(0y) N (S'\
SN (MsUMy)) #0 and set My := 7, (0y).

Now it may happen that either S C My U M3 U M, or not. We study those two cases in
(a) and (b) respectively.
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(a) Here we assume that S C My U M3 U My. Since # (S) = 5 there is at least one of the
M;’s containing at least two points of S and there are two of the M;’s whose union
contains at least 4 points of S. More precisely, it is easy to see that #(SN(M;UM,)) > 4
for some ¢ = 2,3, otherwise we would have #(S N (My U M3)) = 4 and by Lemma
1.2.9 we would get h! (IS\SOMQUM%(L 0,0,1,... )) > 0, which is impossible. Therefore,
by relabeling if necessary, we may assume #(S N (M3 U My)) > 4.

o If #(SN (MU M,)) =4, since Oy(1,1,0,0,...) is globally generated, we have that
W (Zs\snuny(1,1,0,0,1,1,...)) = 0, which is in contradiction with Lemma 1.2.9.

e Assume S C M3UM,. In this case, one of the M;’s contains at least 3 points of S for
1 = 3,4 and we may assume ¢ = 4. Indeed if #5 N M3 > 3, by Lemma 1.2.9 we have
h! (Is\(SQM?’)(ég)) > 0 which is equivalent to say that there exists v € S such that
mi(p) = mi(u) for all i # 3, contradicting Remark 2.2.4. Therefore we may assume
#(MynS) > 3. Since S ¢ My, we get h* (Zs\snn, (€4)) > 0 (by Lemma 1.2.9), hence

#(S\ SN M,) =2 and

S\ SN My ={u,v} with m;(u) = m;(v), Vi # 4. (2.4.3)

Since h'(Zs\sna(€3)) > 0 (again by Lemma 1.2.9), we get that either there are
w,z € S\ SN Mj such that w # z, m(w) = m(z) for all i # 3 or vy(ns(S N My))
(remind Notation 1.1.6) is made by 3 collinear points, say with a line corresponding
to the i-th factor. The latter case cannot arise because S does not depend only on
the third, fourth and i-th factor of Y. Thus there exist

w,z € S\ SN Mssuch that w # z, m;(w) = m;(2) Vi # 3. (2.4.4)

In (2.4.3) and (2.4.4) we have 4 distinct points u, v, w, z such that #(m5({u, v, w, z})) =
1. Take M;s € |Oy(e5)| containing {u, v, w,z}. Since h!(Zs\snus(€5)) = 0, Autarky
and Lemma 1.2.9 give a contradiction.

(b) Assume S ¢ My U M3 U My. By Lemma 1.2.9 we get

h' (Zs\sn(mumsunsy(1,0,0,0,1,1,...)) > 0.

Thus #(S\(MaUM;5UMy)) = 2, say S\ (MaUM3UM,) = {u, v} and 7;(u) = m;(v) for all
i #2,3,4. Let M, € |Oy,, (1)| contain u, v and note that by definition of the M;’s each
one of them contains at least one point of S. Therefore #(S N (M; U M3 U My)) > 4.
Since the case S C M; U M3 U M, has already been excluded in step (a), we may
assume #(S N (M; U M3 U My)) = 4. But then by Lemma 1.2.9 we would have
W (Zs\snvmumsunn) (0,1,0,0,1,...)) > 0 which is a contradiction. -

From the above result we deduce that all the solutions of a non-identifiable rank-3
tensor ¢ € (v(Yix)) must be disjoint if & > 4. This concludes the case in which two
distinct solutions of a rank-3 tensor share a common point.

2.5 Two disjoint solutions

We have seen in Corollary 2.3.18 that if a rank-3 tensor ¢ is not identifiable and A, B
are two sets of points on the Segre variety computing its rank, then #A U B can only be
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either 5 or 6. This section is fully devoted to the case in which #4 U B = 6, i.e. A and
B are disjoint:

S:=AU B, #S = 6, A= {&1,&2,@3}, B = {bl,bg,bg} and ANB= @ (255)

More precisely, let £ > 3 and let Y,,, _,, besuch that all n; € {1,2}. Let ¢ € (v(Ya, . n))
be a non-identifiable rank-3 tensor such that v(Y,, ., ) is the concise Segre of g.
In Proposition 2.5.2 we manage the case in which the multiprojective space has at least
two factors of projective dimension 2, proving that two distinct solutions of a non-
identifiable rank-3 tensor cannot be disjoint. Then we focus on the number of factors
k > 3. Since cases Y;1; and Y5, are treated in Remark 2.3.2 and Corollary 2.3.12
respectively, we can focus on the 4-factors case. The case in which Y; 111 = (P1)4 is
considered in Remark 2.3.3. Therefore we may focus on Y111 = P? x (P')? (Proposition
2.5.3 below), proving that there are no two disjoint solutions in this case. We conclude the
discussion with Proposition 2.5.5 in which we prove that there do not exist two disjoint
solutions if Y}, jx-1 = P™ x (PY)*! with n € {1,2}, k > 5.

Before starting the discussion, let us see how to apply Lemma 1.2.9 in its contrapositive
formulation when dealing with a set of 6 distinct points, 4 of which are contained in a
divisor of the corresponding Segre.

Remark 2.5.1. Let Yy, 0 = (P?)" x (P1)®2 and S C Yo, 1x, a set of 6 distinct points.
Consider I C {k; +1,..., ki + ko} and € := Y ._;&;. Suppose there exists a divisor
M € |Oy(e)| intersecting S in 4 points. Call {u,v} := S\ (SN M). In this setting one
can apply Lemma 1.2.9 and get that h'(Z, .1 (€)) > 0 (where € is a (k; + k)-uple with
0’s in position of the indices appearing in € of I and 1’s everywhere else, as described in
Notation 1.2.1) and 7, (u) = m,(v) for any h € {1,... ki + ko} \ I.

We prove now that if ¢ is a non-identifiable rank-3 tensor whose concise Segre has at

least two factors of projective dimension 2, then two different solutions of ¢ cannot be
disjoint.
Proposition 2.5.2. Let Y25, . », be a multiprojective space with at least three factors
and at least two of them of projective dimension 2, i.e. Yo py  ny = P2xP2xPm x. .. xP"
with n; € {1,2} fori=1,...,k and k > 3. Let ¢ € 03(v(Ya2.ns...ni))s With v(Ya2. sy )
the concise Segre of q. If A,B € S(Yaons...n.,q) evince the rank of q, then A and B
cannot be disjoint.

Proof. By contradiction, assume that there exist A, B € §(Y22.1,....n,.,¢) With ANB = ().
By Remark 2.3.4 we have that (m;(A)) = (m;(B)) = P? fori = 1,2. Fix W € |Zp(e2+¢3)],
Since 74 is injective, h(Z4(1,1,0,0,1...,1)) = 0. Thus S C W by Lemma 1.2.9. In
this way we have shown that

any divisor D € |Oy,,,,. . (€2 +€3)| containing B contains also A. (*)

.....

Claim 1. 7w3(a;) = m3(b;) where a;,b; are as in (2.5.5), for i = 1,2, 3.

The proof of this claim can be repeated verbatim for all the other projections with only
one caution that we will highlight in the sequel. Therefore, by repeating the argument
for all the projections, we will get that m;(a;) = m;(b;) for i =1,2,3 and for j =1,...,k
which is a contradiction with A and B being distinct. This will conclude the proof.
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Proof of the Claim 1. Take a general hyperplane J3,; C P containing m3(b;),
(where the b;’s are as in (2.5.5), i = 1,2, 3) by genericity we may assume that
if ng = 2 then Js; is a line which does not contain any other point of that
projection. Set Ms; := 75 '(J3,). Take a line

Ly jx C P? containing {my(b;), ma2(bg)} with j, k # i (**)
and set My = 7T2_1(L27j7k).

We have B C My U M3; € |Oy(e2 + €3)]. Thus from (*) we get that
My i, U My, contains also A. Since A € M, ;) by Autarky, there is a €
AN Ms,, ie. there is a € A such that

m3(a) = m3(b;), (2.5.6)

in fact if n3 = 1 it is trivial, if ng3 = 2 then we have already remarked that
m3(b;) is the only point of J3,; belonging to m3(.S).

Remark that at most one point of A projects onto m3(b;). Indeed assume by
contradiction that m3(a) = m3(b;) = m3(a) for some a,a € A. By Autarky
A ¢ Ms,; and moreover BN M3,; = {b;}, hence S\ (SNMs;) = {a,b;, by} with
a € A\ {a,a}. Therefore, by Lemma 1.2.9, we get h'(Zs\(snas.)(€3)) > 0,
which is equivalent to say that there exists j € {1,...,k} \ {3} such that
#mp({a,b;,0;}) = 1 for all h ¢ {3,h} (cf. Lemma 1.2.11). This leads to a
contradiction since 7, 5 is injective for i = 1,2 (cf. Remark 2.3.4). By repeat-
ing all the above argument permuting ¢ with j and then ¢ with £ respectively,
we get that the points of A projecting on m3(b,) are different for different ¢'s
except if there are b; # b; such that m5(b;) = m3(b;).

Suppose that this is the case. By Lemma 1.2.11 we get that #(S\SNM; ;) = 2.
Thus if 73(b;) = m3(b;) for ¢ # j, there are 2 points of A and 2 points of B
in Ms,, i.e. #(SN Ms;) = 4. To fix ideas take i = 3 and j = 2, i.e. sup-
pose that SN Ms; = {as, b3, az,bz}. By Lemma 1.2.9 h' (IS\SQMS(ég)) > 0,
i.e. mi(a;) = m(by) for all @ # 3. This is a contradiction since we already
know that m3(as) = m3(by) and we would have ay = by, which contradicts the
assumption that AN B = (). Again, taking j instead of 7 (k instead of i) one
can repeat an analogous argument.

Therefore the points a € A of (2.5.6) are all different for different choices of i’s.
So we may assume that m3(a;) = m3(b;) for i = 1, 2,3 and that m3(b;) # m3(b;)
for i # j. O

The argument of the proof of Claim 1 can be repeated verbatim for all the others m,’s
with the only caution that when we do the case £ = 2 we have to use a line L; j, C P2
containing {7 (b;), 71 (b)} with j, k # i and set M, j, := 7, *(L1) instead of My and
Ly ;i in (**). Moreover (*) clearly holds if we replace the €5 with €; and €3 with ¢; for any
Jj =3,...,k. As already highlighted this concludes the proves since 7;(a;) = m;(b;) for

1=1,2,3 and for j = 1,..., k which is a contradiction with A and B being distinct.

This shows that under the assumption (2.5.5), we can exclude the case where the
Segre variety has at least two factors of projective dimension 2.

Let us focus on the 4-factors case.
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PI'OpOSitiOIl 2.5.3. Let }/2?171’1 =P2xP!'xP!'x P! Let qc O‘g(V()/QJ?LI)); with V()/271?171)
the concise Segre of q. There do not exist two disjoint sets A, B € S(Ya111,q) evincing
the rank of q.

Proof. Assume by contradiction that there exist two disjoint sets A, B € S(Y211.1,9)
evincing the rank of q.

We want to fix the maximal number of points of S that share the same component,
i.e. define

ay := max{#(m; 1 (0) NS) }oepriiza... a- (2.5.7)

By rearranging if necessary, we can assume that the index ¢ = 2,... 4 realizing ay is
i = 4. Denote by o, € P! the point realizing such value and call K, := 7r4_1(04). Note
that 1 < a4 < 5, where the first inequality holds by definition and the second one by
Autarky. Moreover, it is easy to see that a4 cannot be 5. In fact if ay = 5, then
#(S\ SN Ky) =1 which implies that h'(Zs\snx,(1,1,1,0)) = 0, contradicting Lemma
1.2.9.

Since ay < 4 we can look for another integer such that the preimages of points o € P!
intersect maximally the points in S\ (S N K,). Define

a3 == max{#(1(0) N (S \ (S N K1) boeptiioos. (2.5.8)

By rearranging if necessary, we can assume that the index ¢ = 2, 3 realizing ag, is © = 3.
Call K3 := 75 '(03), where o3 € P! is the point for which we reach 3. Therefore we have

I1<a3<ay <4
In order to show that S C K3 U K, or equivalently that as + a4 = 6, define
g = max{# (7 (0) N (S\ (SN Ky UK3)))Yoepr. (2.5.9)

Therefore, if we denote by o; € P!, j = 2, 3,4 the points realizing as, a, oy respectively
then we call
K :=m; ' (0;) for j =2,3,4. (2.5.10)

Let us prove that acually ay = 0. Assume by contradiction that ag # 0. Since 1 < ap <
a3z < ay < 4, the only possibility is

(i, a3, ) € {(1,1,4), (1,1,3), (1,1,2), (1,1, 1), (1,2,3), (1,2, 2), (2, 2, 2)}.

If (g, a3, 4) = (1,1,4), by Lemma 1.2.9 we get h' (IS\(SQ(KNKB))(L 1,0,0)) > (0 which
is impossible since #(S \ (S N (K4 U K3))) = 1. An analogous argument holds for the
case (ag,as,a4) = (1,2,3). For the same reason (a9, as,aq) = (1,2,2) is also impos-
sible because #(S \ (S N (K4 U K3 U K5))) = 1 and by Lemma 1.2.9 we would have
W (Zs\ (sn(raursurea) (1, 0,0,0)) > 0.

Now assume that (ag,a3) = (1,1). Then 7y is injective. The idea is to build a di-
visor I € |Oy,,,,(¢)] with e = . ;¢&;, for some finite I € {1,...,k}, such that
#(S\ FNS) =2 and apply Remark 2.5.1 to F: the existence of such a F will con-
tradict the injectivity of m3s. Let H; € |Oy(e;)| such that H; N (S \ SN Ky) # 0 for
1 =2,3. The divisor F' is either F' = K, U H3 or K, U Hy U H3 if oy = 3, 2 respectively.

Assume that (as, a3, ay) = (1,1,1). In such a case the divisor Ky U K3 U K4 € |Oy(&1)]
would contain exactly 3 points of S. Therefore, by Lemma 1.2.9, we get that

h! (IS\(SQKQUK3UK4)(51>) >0,
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which is equivalent to say that there exists j € {2,3,4} such that #m,(S\ (SN (Ky U
K3UK,)))=1for all h # j (cf. Lemma 1.2.11), contradicting (as, ay) = (1, 1).
Let ay = a3 = a4 = 2. By the definition of the K;’s in (2.5.10) for i = 2,3,4, we note
that A

S = SNK;

i=2
So, since S = ]_[?:25 N K; and #(S N K;) =2 for i = 2,3,4, we can apply Remark 2.5.1
separately to the divisors K; U K; with ¢ # j and get that A (ISﬂKi(El + 5Z)) > 0 for
i =2,3,4and so m(SNK;) =1 fori =234 In order to get a contradiction it is
sufficient to apply again Remark 2.5.1 to 7, ' ({71 (S N K3), m (SN K3))). This shows that
#(m(SNK,)) =1fori=2,3,4. Now since also #(m (SN Ky)) = 1, then #(SNKy) =1,

which is a contradiction with the assumption az = 2.
Thus we proved that as =0, i.e. az+ a4 = 6.

The case (a3, ay) = (2,4) can be excluded using the same argument of the case (aw, ag, ay) =
(2,2,2) above applying Remark 2.5.1 and in this case K, plays the role of M in the remark.

We are therefore left with the unique possibility of (as, ay) = (3, 3).

Claim 2. #(WQ(S N K4)) =1.

Proof of Claim 2: Assume by contradiction that #(me(SNKy)) # 1, since we
are in the hypothesis oy = 3, the projection of SN K, onto the second factor
is made by either 2 or 3 points.

If #(ma(S N Ky)) = 2, there exist at least two points, u,v € S N Ky such
that they share the same image under the projection. Let H € |Oy,, , ,(e2)]
contain u, v, then by Lemma 1.2.9 h' (Is\(gm(HuK3))(1, 0,0, 1)) > (, but this is
impossible since #(S\ (SN (H U K3))) = 1.

If #(m(SNKy)) =3, fixz e SN Ky and take H € |Oy,, ,,(e1)| containing
x. By applying Remark 2.5.1 with M = H U K3 we would get that #(m (SN
K4\ {z})) = 1 which is absurd. O

Using the third factor instead of the second one, one gets #(m3(K4NS)) = 1 and since
we assumed that a4 is reached on the fourth factor we also have #(my(K,NS)) = 1. The
same argument can be applied to SN K3 which leads to #(ma(K3NS)) = #(ma(K3NS)) =
1. Thus #(m;(K4NS)) = #(m(K3NS)) =1 for all ¢ > 1 which contradicts Autarky. [

Since the identifiability of rank-3 tensors in (v((P')*)) is already fully described by
Remark 2.3.3, we are therefore done with the order-4 tensors and we can focus on tensors
of order bigger or equal than 5. So we will deal with Y = P" x (P})*~! with n = 1,2
and k£ > 5.

Lemma 2.5.4. Let g be a rank-3 tensor of order at least 5 and let v(Y,, . n.) be its
concise Segre where all n; € {1,2}. If there exist two disjoint sets A, B € S(Yo, . nysq)
as in (2.5.5), then there exists at least an indexi € {1,... k} such that n;s and m;s are
mjective.

Proof. |Injectivity of 7,s.] We remark that
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1. If n;(u) = m;(v) for some distinct u,v € S then, by Remark 2.2.4, v and v cannot
be points of the same decomposition, i.e. w € A and v € B (or equivalently u € B

and v € A).

2. Foralli =1,... k if n;(u) = n;(v) for some u € A,v € B, then n;(u) # n;(v) if
i # j, otherwise we would have v = v, contradicting AN B = ().

3. Let w € A and v,v" € B with v # v". If n;(u) = 1;(v') and n;(u) = n;(v") for some
i # j then ng(u) # ng(v), where v is the other element of B, i.e B\ {v/,v"} =
{v}. Otherwise the minimal multiprojective space containing B = {v,v’,v"} (and
therefore containing ¢) would have at most 3 factors, but this is in contradiction
with the assumption k£ > 5.

Before proceeding, we need to prove one last result on the behaviour of the maps 7;s’s.

Claim 3. Let o, 5,7 € {1,...,5} be distinct indices. Take u,,u, € A and
Vo Ug, Uy € B. If o(ua) = 1a(ve) and nz(ue) = nz(vg), then we cannot have
neither that 7,(v,) = 1,(u,) nor that n,(vg) = n,(u,).

Proof. Assume by contradiction that 7,(v,) = 7, (u,) and call

S" = {Ua, Uy, Vo, U5}

Note that #S5” > 2 since AN B = (). We want to prove that actually #S5’ = 4.
Indeed if v, = v then we would have u, = v, which is again in contradiction
with the fact that AN B = (). Therefore #S5’ > 3. Moreover, by item 2 of the
above remark, we know that u, # ug. Therefore #5" = 4. Thus 5’ is given
by 4 distinct points that share all the same image under the projection onto
two factors, i.e. there exist two indices p,¢ € {1,...,5} \ {«, 3,7} such that

#(mp(5) = #(me(5)) = 1.
Let H € |Oy,, . (¢,)| contain S" and note that #(5\ (8" N H)) < 2. By

Lemma 1.2.9, h*(Zs\(snm)(€,)) > 0 and hence #(S \ (S’ N H)) = 2, which is
equivalent to say that

there exist x,y € S\ S’ such that m;(z) = m;(y) for all i # p.

.....

,,,,,

By Lemma 1.2.9, we would get h' (Iy(gp/—iig)) > 0, but this is impossible.

With a similar argument one can prove the second statement of the claim, i.e.
that n,(vg) # n,(u,). O

Now we are ready to prove that 7, s is injective for at least one ¢ € {1,...,5}. Assume
by contradiction that none of the ;s is injective, therefore

forall i =1,...,5, there exist w; € A,v; € B such that n;(u;) = n;(v;). (2.5.11)

We show that this condition, applied to two disjoint sets of 3 points each, and at least
five n;’s, imposes a contradiction. Since #(A) = #(B) = 3, at least two of the u; must
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be equal (the same for the v;’s) where j € {1,...,5}. By relabeling if necessary, we may
assume u; = uy. For i = 1 we have

M (u1) = m(vr).

Let now ¢ = 2. Since u; = us, we get

n2(u1) = 12(v2).

By item 2 we have v; # vy. Now let ¢« = 3. By item 3 u; cannot be used anymore and
moreover, by the above Claim 3, neither v; nor v, can be used, therefore we have

ns(uz) = n3(vs3),

where vy ¢ {vy,v2}. Now let i = 4. As a point of B we are forced to consider again vs.
Moreover, items 2 and 3 tells us that we cannot use again neither us nor u;. Therefore
we have

na(us) = na(vs),

where ug ¢ {u;,us}. Now we finally reached a contradiction since we cannot use anymore
neither points of A nor points of B for the non-injectivity of 7ss.

[Injectivity of m;s.|

AAAAA

.....

both cases we get that #(m;(S N H)) = 1. Since by Autarky S ¢ H, by Lemma 1.2.9 we
have that

W' (Zs\snu(€:)) > 0. (2.5.12)

Note that #(S \ S N H) < 4 otherwise we would have a contradiction with (2.5.12). To
prove the result, we distinguish different cases depending on #(S\ SN H).

1. Assume #(S\ SN H) = 4 and call " := n,(S\ SN H); let A C S be such
that #A" = 2 and call B' := S"\ A’, so #B’ = 2. Since 7,s is injective and

which means that we have at least a point ¢ € (Vi(Yn, . ni1mis,..,
for which A" and B’ are different subsets evincing its rank. Thus by Proposition
2.2.7, since #8(Y;,q') > 1, the points in A" and B’ only depend on two factors, i.e.
#(m;(S")) = 1 for at least two indices j € {1,...,k}. Without loss of generality as-
sume it happens for j = 1,2. If the first factor of Y is P?, let M, € |Z,, (s (¢1)] be the
preimage of a general line containing 7 (S”) and let {Ms} := |Z,(s1y(€2)|. Otherwise
let {M;} := |Zx,(s)(c;)], for j = 1,2; in both cases then h'(Zg\ s, (£5)) > 0. So
S\SNM; = SNH and #(n;(SNH)) =1, for j = 1,2. If we call SNH = {u, v}, it fol-
lows that 1y (u) = 1 (v) and 12(u) = n2(v), so in particular we get that 7;(u) = 7;(v)
for any j, which is a contradiction.

2. Assume #(S\ SN H) = 3. By Proposition 1.2.11 there exists j # ¢ such that
#(mp(S\ SN H)) =1 for all h # i,j. For all h # 4,7, if n, = 2 take M), €
[ Zs\sn(en)] as the preimage of a general line. Otherwise, since h° (Oy,, . (en)) =
2 we have hO(IS\SmH(eh)) = 1 and we set {M} = |Zs\snu(en)|. Since we took
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H such that #(m;(S N H)) = 1, there exists at least an index t # i such that
#m (SN H) > 2. Thus we can find D € |Oy ()| containing exactly one point of
SNH.

For all s # t set W := M;UD, so #(S\SNWj) = 2; we remark that W;NS = W,NS
for any j, s thus we may call £ := 5\ SNW;.

By Lemma 1.2.9 we have that h' (ZE(&/#—\&)) >0, s0 #(m;(E)) =1 for all j # s,t.
Since F C H we have that m;(E) = 1, moreover taking s = 1,2,3, if ¢t # j, we get
that #F = 1, thus a contradiction. It remains to study what happens when ¢t = j,
Le. if #(m;(SNH)) > 2. In such a case, when we let s vary in {1,..., k}\ {i,j}, we
get #(ms(SNH)) = 1. Thus n;(SN H) =1, i.e. the three points of SN H actually
lies on a line, which is a contradiction with Remark 2.2.4, because two of them are
points of A or B.

3. Assume #(S\ SN H) < 2. Since h' (Zs\snu(€;)) > 0, we get that #(S\SNH) =2
and that #n;(S\ SN H) = 1, which is a contradiction.

With the above lemma we can conclude the case of two disjoint sets A, B € S(Y,,,...n, ¢
with ¢ of rank-3.

Proposition 2.5.5. Let ¢ € 09(v(Y,,1x-1)) be a tensor of order k > 5 and let v(Y,, jx-1)
be its concise Segre, where n € {1,2}. Then S(Y,, 1x-1,q) does not contain two disjoint
sets.

Proof. By Lemma 2.5.4 there exists at least an index i € {1,...,k} such that n;s is
injective, from which follows that the corresponding ;s is also injective. Now if 7 g is
not injective for some j # ¢ then 7;g is not injective, which is a contradiction with the
assumption that 7; g is injective. Therefore thus 7;s and ;s have to be injective for all
j=1,... k.

Write A := {a1,as,a3} and B := {ay,as,a¢}. If the first factor is a P? take L, € P?
as a general line containing m(a;) and define H, € |Z, (1) as H; := 7w *(L;). For
i=2,...,4 take {H;} := |Z,,(¢;)| (this is possible since by hypothesis £ > 5). Otherwise
for all i = 1,...,4 take {H;} := |Z,,(¢;)|. In both cases, since every m;s is injective we
get that H; U --- U Hy contains exactly 4 points of S. Thus from Lemma 1.2.9 we get
that h' (IS\(SQHIU...UH4)(O, 0,0,0,1,..., 1)) > (0 which is a contradiction since all ;5 are
injective (cf. Remark 2.5.1). O

2.6 Identifiability of rank-3 tensors

We are now ready to state and prove the main result of the present chapter that completely
characterizes the identifiability of any rank-3 tensor. Indeed the following theorem collects
all the results proved in the previous sections by stating a comprehensive list of non-
identifiable families of rank 3 tensors.

Theorem 2.6.1. LetY,, ., = P"™ x---xP"™ be the multiprojective space of the concise
Segre of the projective class ¢ = [T'] of a rank-3 tensor T'. Denote with S (Yo, . n,,q) the
set of all subsets of Y computing the rank of q. The rank-3 tensor T is identifiable except
in the following cases:

(a) T is a 3 x 3 matriz and in this case dim (S (Ya2,q)) = 6;
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(b) there exist vy, ve,v3 € C? such that T € C* @ vy @ vz + v; ® C* @ v3 + v ® vy ® C?,
in this case dim (S (Y111,¢q)) > 2;

(¢c) T € (C*)® in this case dim (S (Y1111,9)) > 1;

(d) T € C2@C?®C? and there exists a basis {uy, uz,us} C C* and a basis {vy, vy} C C?
such that T' can be written as

T =u ® v} +uy @ vs + uz ® (vy + Bug)?,
for some o, B # 0 (cf. Example 2.5.7). In this case dim (S (Ya11,q)) = 3;

(e) T € C3@C*®C? and there exists a basis {uy, us,u3} C C* and a basis {vy,v,} C C?
such that T can be written as

T=u QU Pp+us@ua@p+uz ®qRw,

for some G € {vy,v2), where p,w € C* must be linearly independent (cf. Example
2.3.9). In this case S (Ya11,q) contains two different 4-dimensional families;

(f) T € C"®@C™®(C?)*2, where k > 3, my, mg € {2,3} such that mi+mgy+(k—2) >
4. Moreover there exist distinct ay,as € C™, distinct by, by € C™ and for all 1 > 3
there exists a basis {u;, U;} of the i-th factor such that T' can be written as

T:(al®b1+a2®b2>®U3®"'®Uk+a3®b3®ft3®"'®ﬂk,

where if my = 2 then ag € (a1, as) otherwise ai,as,as are linearly independent.
Similarly, if me = 2 then by € (b1, by), otherwise by, by, by form a basis of the second
factor. In this case dim (8 (le_l’mz_l’lk—Q,Q)) >2andifmi+me+k—22>6
then dim (S (Ym1_17m2_172k—2, q)) = 2.

Proof. In Case (a) the point ¢ is a rank-3 matrix therefore it is highly not identifiable.
See Remark 2.3.1 for the computation of the dimension of (Y32, q).

Case (b) is also well known: see Remark 2.3.2.

Case (c¢) corresponds to the defective 3-rd secant variety of the Segre embedding of
Y1111 = (PY)* and it is treated in Remark 2.3.3.

Cases (d), (e) and (f) are treated in Examples 2.3.7 and 2.3.9 and in Proposition
2.3.14 respectively.

All the above considerations prove that the list of cases enumerated in the statement
corresponds to non-indentifiable rank-3 tensors. We need to show that such a list is
exhaustive. Since the matrix case is already fully covered by case (a), we only need to
care about tensors of order at least 3.

First of all recall that by Remark 2.2.3, the concise Segre of a rank-3 tensor ¢ is
v(P™ x .. x P™) with ny,...,nx € {1,2}. Then consider two distinct sets A, B €
S(Yo,...n.,q)- By Corollary 2.3.18 it can only happen that #(AU B) = 5, 6.

If #(AU B) = 5, the fact that our list of non-identifiable rank-3 tensors is exhaustive
is proved in Propositions 2.4.1 and 2.4.2.

If #(AU B) = 6 we can firstly use Proposition 2.5.2 to exclude the all the cases in
which Y,,, ., has at least two factors of dimension 2. Then we start arguing by the
number of factors of Y, ..

If Y111 has 3 factors and it is the product of P'’s only, then the unique tensors of rank-3
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are those of the tangential variety to the Segre variety and this is case (b) of our theorem.
The case of Ya11 = P? x P! x P! is completely covered by Proposition 2.3.11 together
with Examples 2.3.7 and 2.3.9 (cf. Corollary 2.3.12).

If Yz111 has 4 factors and one of them is a P?, there is Proposition 2.5.3 assuring that
S(Y31.11,q) does not contain two disjoint sets. If Y ;1 is a product of four Pl’s we are
in case (c). of our theorem.

ceey

S(Yo,....n.» q) does not contain two disjoint sets. O

2.7 An algorithm for non-identifiable rank-3 tensors

In this section we present an algorithm aimed to recognize if a tensor " € C™" ® - - - @ C"*
is a non-identifiable rank-3 tensor. In the first part of the section we recall some basic
facts on matrix pencils that are used for the algorithm, while Subsection 2.7.2 is devoted
to present the algorithm.

2.7.1 Matrix pencils

Let us review some basic facts on matrix pencils. In particular, we describe how to
achieve the Kronecker normal form of any matrix pencil and we refer to [Gan59, Vol. 1,
Ch. XII] for a detailed exposition. For the rest of this subsection, unless specified, we
will work over an arbitrary field K of characteristic 0.

Fix integers m,n > 0. A polynomial matriz A()\) is a matrix whose entries are polyno-
mials in A, namely

A()\) = (CLZ"j(/\))izl’m,m,jzlw.’n, where Q5 5 (/\) = agg) + CL(,I)/\ + -+ Cll(g)\l,

0]

(k)

1,J

AN) = Ag + AAL + -+ N A,

for some [ > 0. If we set Ay := (a; /), then we can write A(\) as

The rank r(A(XN)) of A()N) is the positive integer r such that all » 4+ 1 minors of A(\) are
identically zero as polynomials in A and there exists at least one minor of size r which is
not identically zero.

Definition 2.7.1. A matriz pencil is a polynomial matrix of type A(\) = Ay + AA;.

Given two matrix pencils A(A\) = Ag + AA; and B(\) = By + ABj, we say that A(\)
and B(\) are strictly equivalent if there exist two invertible matrices P, @) such that

P(Ag+ AA)Q = By + AB,.

We shall see that the Kronecker normal form of a matrix pencil is determined by a
complete system of invariants with respect to the strict equivalence relation defined above.
Any matrix pencil A + AB of size m x n can be either regular or singular:

Definition 2.7.2. Let A, B € M,, ,(K). A pencil of matrices A+ AB is called regular if

1. both A and B are square matrices of the same order m;
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2. the determinant det(A + AB) does not vanish identically in A.
Otherwise the matrix pencil is called singular.

Now we describe how to find the normal form of a pencil A+AB depending on whether
it is regular or not.

2.7.1.1 Normal form of regular pencils

In the case of regular pencils, normal forms can be found by looking at the elementary
divisors of a given matrix pencil. In order to introduce them, it is convenient to consider
the pencil A + AB with homogeneous parameters \, i, i.e. pA + AB.

Let A+ AB be the rank » homogeneous matrix pencil associated to A+ AB. For all

j=1,...,7, denote by D(\, n1); the greatest common divisor of all the minors of order j
in pA + AB and set Dy(A, u) = 1. Define the following polynomials
D,_iiq(\, ,
i (A, p) = M, forall j=1,...,7.

Dr—j(>‘7 ﬂ)

Note that all i;(\, 1) € K[\, ] can be splitted into products of powers of irreducible
homogeneous polynomials that we call elementary divisors. Elementary divisors of the
form p? for some g > 0 are called infinite elementary divisors.

Example 2.7.3. Consider the following pencil
A0 O
A+AB=1{0 X 0
0 01

By looking at the corresponding homogeneous pencil A + AB we can compute 7;(\, ft)
for all j = 1,2, 3, namely

_ Ds(hp)  Np
7'3(/\7”) - DQ()\,,U) - A - )‘:uv
Dy()\,
ia( A, p) = D?E)\ Z; =\
Dy,
= P

Therefore the elementary divisors of A+ AB are {\, u}, where 4 is an infinite elementary
divisor.

Theorem 2.7.4 ([Gan59, Vol. 2, Ch. XII, Theorem 2|). Two regular pencils A + A\B
and Ay + ABy are strictly equivalent if and only if they have the same elementary divisors
and infinite elementary divisors.

Remark 2.7.5. From the above theorem we deduce that elementary divisors and infinite
elementary divisors are invariant with respect to the strict equivalence relation. Moreover
they form a complete system of invariants for the strict equivalence relation since they are
irreducible elements with respect the fixed field K. This is the reason why the polynomials
i;(A, p) defined above are actually called invariant polynomials for all j =1,...,r.
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Example 2.7.6. Let A 4+ AB be the pencil of the above Example 2.7.3 and let

7 17
—4N A =%

A+ 2By = | 3¢ —2x g
—r x —%y

It is easy to see that A + AB and A; + AB; have the same elementary divisors {\, u}.

Therefore they are strictly equivalent, indeed one can easily see that A+ AB = P(A; +
AB1)Q, where

—4 7/3 —17/9
P=|3 -2 5/3|,0=1L.
-1 1 -5/6

Before going further, we recall how to find the Frobenius normal form of a square
matrix, which is a generalization of the Jordan form of a matrix that does not require
the ground field to contain all eigenvalues of the considered matrix.

Frobenius normal form of a square matrix

We briefly describe a procedure to find the Frobenius normal form of a square matrix,
also called rational normal form. Let A € M,,(K), one can consider A\l — A and look for
its elementary divisors. This allows us to talk about elementary divisors of a matrix.

Theorem 2.7.7 (|Gan59, Vol. 1, Ch. VI, Theorem 7]). Two matrices A, B € M,,(K)
are similar if and only if they have the same elementary divisors, i.e. the pencils \I — A
and A\ — B have the same elementary divisors.

Example 2.7.8. Consider the following two matrices

0 01 1 0 0
A=1(0 1 0|,B=|0 -1 0
001 0 1 1

To compute the elementary divisors of A we have to look at invariant polynomials of
A — p A, namely

(z —y)*(z +y)

is(A, p) = p—y = (z —y)(z+y),
. T —

ZQ()\a = 1 =Y,

(A p) =1

It is easy to see that they are exactly the invariant polynomials of A\ — pB. Therefore
the elementary divisors of A and B coincide. Moreover note that A and B are similar,
since A = M~'BM, where

M=

o = O

11
0 0
01
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The knowledge of invariant polynomials and elementary divisors of A enables us to
investigate better its structure. Indeed one can compute the Frobenius normal form of
A, also called the rational canonical form of A.

We recall that, given a polynomial g(\) = ag+ay A ++ - -+a,_12" ' +2", the companion
matriz of g(\) is

[0 1 0 0 |
L=1 0 0 1 0
0 0 1

_—ao —ay ... ... —Clnfl_

By computing det(IA — L), one can easily see that actually g()\) is the characteristic
polynomial of L and that g(\) is the only invariant polynomial of L different from 1.

Fix A € M,,(K) with elementary divisors e;(A), ..., e,()\) and denote by L™t ... L
the corresponding companion matrices. The elementary divisors of the block diagonal
matrix

LM
Lf = T )
()

coincide with the elementary divisors of A, therefore, by Theorem 2.7.7, we get that A
and Ly are similar. Ly is called the Frobenius normal form of A.

Remark 2.7.9. Assume that A has an elementary divisor of the form (A — AP, for some
A e K, and let J € M,(K) be

—_

R

One can casily see that the only elementary divisor of J is (A— 5\)1’ and hence by Theorem
2.7.7, J is similar to the companion matrix associated to the block of (A — 5\)7’ . Therefore,
if the base field K contains all the roots of the characteristic polynomial associated to
A, the elementary divisors of A are (A — A)P', ..., (A — Ay )P, with p; + -+ + p, = m.
Moreover in this case the Frobenius normal form of A actually coincides with the Jordan

form of A.

Computing the normal form of regular pencils

We have now all the necessary tools to completely determine the normal form of a regular
pencil with the following theorem. We also provide an idea of a constructive proof since
it involves all the tools defined above.

Theorem 2.7.10 (|Gan59, Vol. 2, Ch. XII, Theorem 3|). Every regular pencil A+ \B
can be reduced to a (strictly equivalent) canonical form of the following type

[N(ul);...;N(us);Jvl;--';Jvt;Lwl;"‘;LU’p]’

where

93



o The first s diagonal blocks are related to infinite elementary divisors p*, ..., u" of
the pencil A+ AB and for alli=1,...,s

1 A

1 A
1

e The blocks J,, are the Jordan blocks related to elementary divisors of type (A— ;).

o The last p diagonal blocks L., ..., Ly, are the companion matrices associated to
the remaining elementary divisors of A+ \B.

Idea of the proof. Let A+ AB be a regular pencil of size m. Since A + AB is regular, by
definition there exists ¢ € K such that det(A + ¢B) # 0. Rewrite the pencil as

A+ AB = A+ (A —c¢)B, where A = A+ ¢B.
Multiplying on the left by A7 we get
ATM A+ (A =e)B) =T+ (A—)A]'B.

Consider the following block diagonal matrix J = [Jy; J;] obtained from A;'B by simi-
larity, where J; is the maximal order nilpotent block of the form

and J; is a non singular block. One can look at the pencil as

I+(N=c)J = =1+ A=c)Jo; I+ (N—c)]h].

[I+()\—C)J0 L. (/\—c)JJ [

By looking at the form of Jy we note that I — cJj is invertible. Multiplying on the right
by the block diagonal matrix [(I — cJo)™"; I] we get [I + X1 — o)~ Jo; I + (A = ¢)Ji].
Since also (I — c¢Jy)~!Jy is nilpotent, we can consider its Jordan form J, hence we get

N (u1)

I+ (/\ — C)J1:| N N(US) ’
I+ ()\—C)Jl

{IJFAJA

where for alli =1,...,s

—_
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Multiplying on the right by [I; J;7'!] and setting J; the Frobenius normal form of J;* — ¢l

we get
N (u1)

M+ J,
O

We conclude the subsection with an example that illustrates how to build the Kro-
necker normal form of a regular pencil.

Example 2.7.11. Consider the pencil

A+3 0 A+2 1 1

0o x 1 0 0
A4+AB=|A+3 X 22X 1 2
A+3 0 1 A+4 0

0O 0 X A+3 1

The determinant det(uA + AB) = —7(u?)(A + 3)?) and this is the only invariant poly-
nomial of A+ AB different from one. Therefore the elementary divisors of the pencil are
{1, (A + 3)%, A} and the Kronecker normal form of A + AB is

1 A
1

A+3 1
A+3

2.7.1.2 Normal form of singular pencils

In the previous case, a complete system of invariants was made by both elementary
divisors and infinite ones (cf. Remark 2.7.5). We shall see that, in case of singular
pencils, this is not sufficient to determine a complete system of invariants with respect to
the strict equivalence relation. Fix m < n and let A+ AB be a singular pencil of rank r,
where A, B € M, ,(K). Since the pencil is singular, the columns of A+ AB are linearly
dependent, therefore the system

(A+AB)z =0 (2.7.13)

has a non-zero solution with respect to x. Note that any solution Z of the above system
is a vector whose entries are polynomials in A, i.e. T = Z(A).

Theorem 2.7.12 (|Gan59, Vol. 2, Ch. XII, Theorem 4|). If equation (2.7.13) has a
solution of minimal degree € # 0 with respect to \, the singular pencil A+ \B is strictly
equivalent to

L.
A+ \B|’
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where

Lo=1| - | € M..1(K),
Al

and A+ \B is a pencil of matrices for which the equation analogous to (2.7.13) has no
solution of degree less than ¢.

By applying the previous theorem iteratively, a singular pencil A + AB is strictly
equivalent to (L. ;...; L., A, + AB,|, where 0 # ¢ < --- < ¢, and the last block is
such that (A, + AB,)z = 0 has no non zero solution, i.e. the columns of A, + AB, are
linearly independent. The same idea can be applied to the rows of A, + AB, if they
are linearly dependent, by considering the associated system of the transposed pencil.
Therefore A + AB is strictly equivalent to

L., 5

LT’

Mg

Ag + ABg

were 0 # e < --- < gy, 0#m < --- <1, and both the columns and rows of Ay + AB
are linearly independent, i.e. Ay + ABy is a regular pencil.

Now let us treat the case in which there are some relations of degree zero (with respect
to \) between the rows and the columns of the given pencil A+ AB. Denote by g and h
the maximal number of independent constant solutions of equations

(A+ AB)x =0 and (A" + ABT)x = 0 respectively.

Let eq,...,e, € K" be linearly independent solutions of the system (A + AB)x = 0,
completing them to a basis of K" and rewriting the pencil with respect to this basis, we
get A+ AB = [Ong A+ )\Bl] . One can do the same by taking h linearly independent

vectors that are solutions of the transpose pencil and hence the first h rows of 4; + \B;
are zero with respect this new basis. Thus we obtain

Ohxg
Ao+ ABy |’

where Ayg+ A\By does not have any degree zero relation, and hence either Aq+ A\ By satisfies
the assumptions of Theorem 2.7.12 or it is a regular pencil. There is a quicker way, due
to Kronecker, to determine the canonical form of a given pencil, avoiding the iterative
reduction just explained. It involves the notion of minimal indices. These last, together
with elementary divisors (possibly infinite) will form a complete system of invariants for
non singular pencils.

Let A + AB be a non singular pencil and let z;(\) be a non zero solution of least
degree ¢; for (A+AB)x = 0. Take z2()) as a solution of least degree €5 such that z5()) is
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linearly independent from z;(\). Continuing this process, we get a so called fundamental
series of solutions of the system

21(A), ..., 2p(A), of degrees e; < --- <¢,, for some p <n.

We remark that a fundamental series of solution is not uniquely determined, but one can

show that the degrees €4, ..., ¢, are the same for any fundamental series associated to a
given system (A + AB)x = 0. The minimal indices for the columns of A+ AB are the
integers €1, ...,¢&,. Similarly, the minimal indices for the rows are the degrees n,...,1,

of a fundamental series of solutions of (AT + ABT)z = 0.

Proposition 2.7.13 (|Ganb9, Vol. 2, Ch. XII, Sec. 5, Par. 2|). Strictly equivalent
pencils have the same minimal indices.

Now let A + AB be a singular pencil and consider its normal form
_Ohxg ;
L

€g+1

- . (2.7.14)

Nh+1

ALT

Mg

f40-+'A130
Remark 2.7.14. The system of indices for the columns (rows) of the above block diagonal
matrix is obtained by taking the union of the corresponding system of minimal indices of
the individual blocks.

We want to determine minimal indices for the above normal form (2.7.14). By the
previous remark, it is sufficient to determine the minimal indices for each block. Clearly
the regular block Ay + ABy has no minimal indices, the zero block 0y, has g minimal
indices for columns and h minimal indices for rows all equal to zero respectively, namely
gp=---=¢4=1m =---=1np, =0. The block L., € M., .,+1(K) has linearly independent
rows, therefore it has just one minimal index for column ¢; for all = 1,..., p. Similarly,
for all j =1,...,q the block L, has just one minimal index for rows 7;.

We conclude that the canonical form (2.7.14) is completely determined by both the
minimal indices €1,...,€,, 71, ...,n, and the elementary divisors.

Theorem 2.7.15 (Kronecker). Two arbitrary pencils A+AB and Ay +ABy of rectangular
matrices are strictly equivalent if and only if they have the same minimal indices and the
same elementary divisors (possibly infinite).

Example 2.7.16. Consider the pencil

1 0 A 3A+1 1 2
24 A A 3 A0
A+AB=1 "1 o 1 11
IM+1 A 2241 3M+44 A+1 2
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The kernel of the system (A 4+ AB)xz = 0 is generated by

(1] 1] [ -]
1] (3] [22-a-t
- A
Ker(A+28)= (| °| .| o |- A
ol |1 0
-1 [-1] | 0 ]

Since the minimum integer of the non constant solution is € = 2, we know that the normal
form of the pencil contains the following block

A10
LQ_{O A 1]

Moreover, we see that there are g = 2 linearly independent constant solutions. Consid-
ering the transpose pencil, then

-1
Ker((A+B)") = (| '),
1

so there is just one constant solution. Therefore, keeping the above notation, n = 0 and

h = 1. Moreover the invariant polynomials of the pencil are is(\, u) = 0, is(\, ) = p
and all the others are equal to 1. Therefore the Kronecker normal form of A+ AB is

0 0

o >
> =
— O

2.7.1.3 3-factors tensor spaces and matrix pencils

From now on we work over C. Any tensor 7' € C? ® C™ ® C" can be seen as a matrix
pencil via the isomorphism

C?® (C™)*® (C")* = {C™ x Cc" 3 ).

We can easily pass from a tensor 7' € C? @ C™ @ C" to its associated matrix pencil
(and viceversa) by fixing a basis on each factor and looking at 7" in its coordinates with
respect to the fixed bases. For example, let us fix the canonical basis on each factor and
let T = (t;) € C* ® C™ ® C™. We can associate to T the map

dp: C™ x C* —» C2

(v, w) — (VT Aw, v’ Bw)

where
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Example 2.7.17. To the tensor
T:61®€1®€1+€2®€2®€2+(€1+62)®61®62 €C2®C2®C2

we can associate the following matrix pencil

o o 2o )

Fixing the integer m equal to either 2 or 3 in C? ® C™ @ C" leads us to consider very
special tensor formats, i.e. C2®C?®C" and C?> ® C3® C", because in these cases there is
a finite number of orbits with respect to the action of products of general linear groups.

Theorem 2.7.18 ([Kac80]). The only spaces of tensors with a finite number of G Ly, +1 X
-+ X GLy, 11-orbits are

1. Cr®Cm,
2. C2eCixCr,
3. C*xC3xCnr.

The last two items of the above theorem have been widely studied. In [Par0O1], P.
Parfenov gave a complete orbit classification working in the affine setting. Moreover, for
any tensor belonging to any of these tensor spaces, one can consider the associated matrix
pencil and, by computing its Kronecker normal form, it is possible to understand its
rank. This last result comes from the following more general statement that is historically
attributed to Grigoriev, JaJa and Teichert. We refer to [BL13, Remark 5.4 for a historical
note on the theorem.

Theorem 2.7.19 (|Gri7g], [JaJ79], [Tei86]). Let T € C* @ C™ @ C" and let A be the
corresponding pencil with minimal indices €1, ...,€p, M, ..., N, and reqular part C' = Ay +
ABqy of size N. Let 6(C) be the number of non-squarefree invariant polynomials of C.
Then T is a tensor of rank

p

Z(gi +1) +i(77j + 1)+ N +4(C). (2.7.15)

i=1

In [BL13], J. Buczynski and J. M. Landsberg reviewed the orbits classification made
in |Par01] for the last two items of Theorem 2.7.18 and gave a geometric interpretation
of the projectivization of all the orbits closures appearing in both cases.

Since it will be useful in the sequel, we report here two tables taken from [BL13].
Table 2.1 represents the orbit classification of C? ® C? ® C", while Table 2.3 contains all
orbits in C? ® C3 ® C3. In each table, we presented the projective closure of any orbits,
a tensor representative together with its rank and border rank. In both cases we will use
the following notation.

Notation 2.7.20. Let A, B, C be C-vector spaces of dimensions 2, m and n respectively
and let X ,,_1,-1 = V(PA x PB x PC) be the corresponding Segre variety. Let Sub;;; C
P(A® B ® C') be the space of tensors ¢ = [T] € P(A® B ® C) such that there exist
linear subspaces A’ C A, B'’ ¢ B, ¢! C C of dimension i, j, k respectively such that
T ¢ AR B () ie. A ® B ® (' is the concise tensor space of T. Denote by
Xim-1n-1+ C P(A* ® B* ® C*) the Segre variety in the dual projective space and by
XY m1n-1x« CP(A® B® C) its dual variety.
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Orbits in C?® C*> @ C"

Orbit closure Kroneker normal form brank | rank
1 X a; ® b1 X cy 1 1
2 Sub221 a; ® bl ®cr+ar® bQ &y 2 2
3 Sub122 a; ® b1 ®cr+a @ bQ & Cc 2 2
4 Subaio a1 @b ®ci+as @b ey 2 2
b} T(X11,1) a1 @ (b1 @c1+by®ca) +as @b ® ey 2 3
6 | 02(X11,1) = Subag a1 @b ®cp +ay @by @ co 2 2
7 XI/,I,Q* CL]®(b1®61+b2®63)+a2®b1®62 3 3
8 0'3(X17172) = Subggg a; ® (bl X1+ bz ® 02) + a9 ® (bl & co + bQ & Cg) 3 3
9 P(C2®C2®C4) a1®(b1®cl+b2®03)+a2®(bl®02+bg®c4) 4 4

Table 2.1: Normal forms of tensors in C? @ C?> @ C? (cf. [BL13, Table 1])

We remark that in Table 2.1 all a; € C?, b, € C? and ¢;, € C" are considered as linearly
independent vectors of the corresponding spaces.

In terms of matrix pencils and taking A, ;1 as parameters of the first factor, each orbit
representative can be seen as follows.

1

2 3

4 ) 6 7 8

A

)

P

Table 2.2: Matrix pencils associated to Kronecker normal forms of table 2.1

Orbits in C*® C3 ® C?

We present in the following table all orbits of C? ® C3 ® C3 that are not contained in
Subsgs C C?® C3®C3. The unnamed orbits 13 — 16 are components of the singular locus

Orbit closure Kroneker normal form brank | rank
10 Sublgg a; ® (b1 ®cp + bg X co + b3 ® C3) 3 3
11 XY,Q,l* C Sub232 a1®(b1®01+b3®62)+a2®b2®01 3 3
12 Subggg a1 ® (bl X c1 + b2 & Cg) + a2 ® (bg X c1 + b3 & CQ) 3 3
13 CL1®(bl®C1+bg®63)+a2®(b1®62+63®63) 3 4
14 a1®(b1®01+b2®62)+a2®b3®03 3 3
15 al®(bl®C1+b2®02+b3®63)a2®b1®02 3 4
16 CLl®(b1®01+b2®02+b3®63)+a2(®b1®02+b2®03) 3 4
17 XY’ZQ* C 5233 a; ® (bl X +b2®02)+a2® (bl ®02+b3®03> 3 4
18 Sub233 a; ® (bl X c1 + bg ® CQ) —+ a9 ® (b2 X co + b5 ® 03) 3 3

Table 2.3: Normal forms of tensors in C?* ® C* @ C? (cf. [BL13, Table 3|)

In terms of matrix pencils, taking A, 4 as parameters of the first factor, each orbit
representative can be seen as follows.
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10 11 12 13 14 15 16 17 18

SR 1 e R R A

Table 2.4: Matrix pencils associated to Kronecker normal forms of Table 2.3

For an analogous table representation of both orbits and tensors in C? ® C* ® C" for
all n > 4 we refer to [BL13, Tables 4,5].

2.7.2 The algorithm

All possible cases of non-identifiabile rank-3 tensors are collected in Theorem 2.6.1.

The input of the algorithm we propose is a tensor 7' = (¢, 4,.. ;) € C" ® -+ - @ C",
where k > 3, allny > 1and alli; = 1,...,n;. The output of the algorithm is a statement
telling if the given tensor is a rank-3 tensor that falls into one of the cases mentioned
above or not.

The first step of the algorithm is to compute the concise tensor space 7;/1 e, = C"®

.-@C" of T, that is the smallest tensor space containing the cone of the concise Segre
of T' (cf. Definition 2.2.1). We refer to Subsubsection 1.1.1.1 for a detailed description of
the concision process in coordiantes. Based on the resulting concise tensor space 7;/1 sl
we split the algorithm into 2 different parts depending on whether 7, — is made by
three factors or not. Subsubsection 2.7.2.1 is devoted to the 3-factors case while we refer
to Subsubsection 2.7.2.2 for the other case.

Remark 2.7.21. Fix a tensor 7' € C" ® - - - ® C™ and compute the multilinear rank of
T. By using the left inequality in (1.1.2) on each flattening ¢,, we are able to exclude
some of the cases in which r(7") is higher than 3. In those cases the algorithm stops since
we are interested in rank-3 tensors. Moreover, if the multilinear rank of T' contains more
than k — 3 positions equal to 1 then 7' is either a rank-1 tensor or a matrix and we can
also exclude these cases. Lastly, we remark that since the concise Segre of a rank-3 tensor
is y(P™ x -+« x P™) where all m; € {1,2} for all i = 1,...,k, if one of the values in
mr(T) = (dim(C™*1)),=; _ is different from either 2 or 3 then we can immediately stop
the algorithm. Therefore, at the end of the concision process, we deal with a

TeClig . ®C¥
such that
o (1) = 2,
e 3<K <k
e all n} € {2,3}.

Now, depending on whether k' = 3 or k£’ > 4, we split the algorithm into 2 different
parts. In Section 2.7.2.1 we treat the 3 factors case and Section 2.7.2.2 contains the
remaining cases.
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2.7.2.1 Three factors case

This subsubsection is devoted to treat the case in which the concise tensor space of
the tensor T given in input has three factors. By Remark 2.7.21, the concise space
Tormy =C" @ ---®C™ of a tensor T' is such that all n; € {2,3}. Moreover, if k = 3

.....

the only possibilities for 7y, n,n, up to a reordering of the factors are
1. T22,=C*®C*®C?%
2. Tz320=C*®C*®C?
3. T332=C*®C*®C?%
4. Tz33=C*®C*® C3.

Remark 2.7.22. The presence of a C? in T2.22, T3.2,2, T3 32 allows to see all their elements
as a matrix pencil (cf. Section 2.7.1.3), in these cases we are also able to compute the rank
of one of those tensors by classifying their at its associated matrix pencils (cf. Theorem
2.7.19).

All the considerations made in the following will be summed up in Algorithm 1 at the
end of the subsubsection.

To22=C*®@C?*®C?

The second secant variety of X;1; = v(P' x P! x P!) C P7 fills the ambient space, i.e.
dim o5(X;11) = 7. Consequently, any tensor [T] € P™\ X 1, is either an element of the
open part 09(X711) or an element of the tangential variety 7(X; 1) of X;11. Therefore
if the concise tensor space of T is T222 = C?* ® C?> ® C? rank-1 is excluded and T has rank
either 2 or 3. We detect the rank of T" with the Cayley’s hyperdeterminant which is the
defining equation of 7(Xy 1) (cf. [GKZ08]).

Definition 2.7.23 (|[GKZ08]). Let A = (ayr)ijr=01 € C* ® C* ® C*>. The Cayley’s
hyperdeterminant Hdet(A) of A is
)2

Therefore if T is a concise tensor in 7329 and Hdet(T) = 0 then 7" has rank 3 and it
is not identifiable, otherwise it has rank 2.

ap10  Aoo1
a110 Aaio1

Qpoo  Aoo1
G100 A111

4 Qpoo  Aoo1
@100 Aa101

_|Go10  Qo11
aio G111

Haer(4) = (

Ts22 =C3® C*® C?

The non-identifiable rank-3 tensors of 7329 = C* ® C?® C? come from cases (d), (e) and
(f) of Theorem 2.6.1.

If 732, is the concise tensor space of T', then obviously (7T") > 3. One can show that
actually r(T") = 3 by using the following result.

Theorem 2.7.24 (|Lanl2, Theorem 3.1.1.1]). Let T € C™ @ C™ @ C™3. Then r(T)
equals the number of rank one matrices needed to span (a space containing) T ((C™)*) C
C™ @ C™ (and similarly for the permuted statements).
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Therefore every concise T' € T35 is a rank-3 tensor. Moreover, since the dimension
of the third secant variety of X571 = v(P? x P! x P!) € P! is min{14, 11}, the generic
fiber of the projection from the abstract secant variety to the secant variety has projective
dimension 2, so the generic element of 03(X5 1) has an infinite number of decompositions.
Therefore, by Proposition 2.1.4, any rank-3 tensor in o3(Xs 1) is not identifiable, from
which follows that any tensor whose concise tensor space is T322 = C* ® C? ® C? is a
non-identifiable rank-3 tensor.

Remark 2.7.25. Note that rank-3 tensors can also live in 02(X5 ;1) but a concise rank-3
tensor T' € T3 22 lies only on the third secant variety of Xs 1 ;.

The distinction between cases (d), (e) and (f) of Theorem 2.6.1 arises by looking at the
space of solutions of the given tensor in C* ® C? ® C? (cf. Definition 2.2.2). All the three
examples can be treated by looking at the matrix pencil associated to the corresponding
tensor. We refer to Subsection 2.7.1 for a brief review of matrix pencils and in particular
to Subsubsection 2.7.1.3 for the connection with 3-way tensors.

Remark 2.7.26. In order to be consistent with the matrix pencil notation used in Sub-
section 2.7.1 in which the first factor is used as a parameter space for the pencil, we swap
the first and third factor of T34, working now on 733 = C* ® C* @ C.

Table 2.1 offers a complete description of all orbits in C? @ C? ® C3, providing also
the orbit closure in each case together with the Kronecker normal form of each orbit
representative and its rank. Since we are working with concise rank-3 tensors of 7343,
we are interested in cases 7 and 8 of Table 2.1, i.e.

.[)\MO

00 )\:| Na1®(b1®Cl+b2®03)+a2®b1®c27

A p 0
°* o ) i ~ap @b ®ci+a @b @cy+a; @by @ cy+ ay @by @ cs,

where all a;, b;, ¢;, are linearly independent elements of the corresponding factors.

Let us see which is the relation between the above Kronecker normal forms and our
examples of non-identifiable rank-3 tensors in 755 3.

Lemma 2.7.27. The matriz pencil associated to any tensor T € C* ® C? ® C3 belonging
either to Example 2.5.10 or to Example 2.3.15 is of the following form:

A 0 A p 0
00 Ao 0 ul
Proof. Let T € C?> ® C?> ® C? be as in Example 2.3.10, so
T=pRv@u; +pR vy ®uy +w X (av; + fug) @ us.

The matrix pencil associated to T" with homogeneous parameters A, i referred to the basis

{p,w} C C?is
A0 au
A_[O ! m}
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Since A is a singular pencil (cf. Definition 2.7.2), in order to achieve the normal form of
A, we have to look at the minimum degree € of the elements in

—au
Ker(4) = (| =pu|)
A

with respect to A, u (cf. Section 2.7.1.2). Since € = 1, by Theorem 2.7.12, the normal
form of A should contain a block of size € x (¢ 4 1) of this type

A p

Therefore we can conclude that

A e 0
a=[o 55

If T € C2®C%®C3is as in Example 2.3.15, then
T=w® (v ®@u+ vz ®uz) + 0 @ (Bro1 + Pav2) ® (g + azuz + ug).

The matrix pencil associated to 7" with homogeneous parameters A, yu referred to the basis
{w,w} C C?is

A — {)\ + o fip a1 51#]

aifopt A+ aofop Popu|”
The kernel of A is
—bip
Ker(4) = ( o ).
A+ (a1 + asfa)p

As before, by Theorem 2.7.12, we know that 7" must contain a block of size 1 x 2 of the

form [)\ /L}. Therefore
o]

00 X 0O

Corollary 2.7.28. Let T € C?> @ C2 ® C3. The tensor T is a non-identifiable rank 3
tensor coming from either case (e) or case (f) of Theorem 2.6.1 if and only if the pencil
associated to T is of the form

Ap 0

{0 0 )\} '

Proof. By Lemma 2.7.27, the matrix pencil associated to any tensor that belongs to either
Example 2.3.10 or Example 2.3.15 is

A p 0O

0 0 A~

The viceversa also holds since actually the above pencil corresponds to the tensor
a1 Qb ®c1+a; @by ®cg+as®by ®cy
which is as in Example 2.3.10. O
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Lemma 2.7.29. The matriz pencil associated to a tensor T € C* ® C?® C? that is as in
Example 2.5.8 1is
A 0
0 X pl’
Proof. Let T € C?> ® C?> ® C? be as in Example 2.3.8, i.e. there is a basis {u;};,<3 C C?
and a basis {v,v2} C C? such that
T=v®v ®u +v2®vs @ uy + (a1 + Pug) @ (avy + ) @ us,

for some (o, 3) € C*\ {(0,0)}. The matrix pencil associated to T with homogeneous
parameters \, y referred to the basis {vy, vy} C C? is

[N 0 aPA+aBu

A= 0 u afA+3%ul|’
The kernel of A is
o’ A+ abp’
Ker(A) = (| aBN + B2 u|),

so the minimum degree ¢ of the elements in Ker(A) with respect to A, p is 2. Therefore,
by Theorem 2.7.12, the normal form of A is

Ao 0
0 A pl|’

Corollary 2.7.30. Let T € C?> ® C?> ® C3. The tensor T is a non-identifiable rank-3
tensor coming from case (d) of Theorem 2.6.1 if and only if the pencil associated to T is

of the form
A p 0O
0 XN pl’

Proof. By Lemma 2.7.29, the matrix pencil associated to any tensor that belongs to

Example 2.3.8 is
A 0
0 X pul’

The viceversa also holds since actually the above pencil corresponds to the tensor

]

er®er e+ (61 Res+ea®e1)Reg+ e ey @ e

which is as in Example 2.3.8. O

Ts32=C"®C*®C?

Let 7332 be the concise tensor space of the tensor 7' we have in input. We recall that
the only non-identifiable rank-3 tensors in this case are the ones of Proposition 2.3.14, i.e.
case (f) of Theorem 2.6.1. More precisely, let Y/ = P! x P! x {w} C Ya51 = P2 x P2 x PL.
Take ¢ € (v(Y'))\v(Yao1) and p € Yo21\Y’. Then [T] € (¢, v(p)) is a rank-3 tensor and
it is not identifiable. If we take {u;};<3 C C? as a basis of the first factor, {v;};<3 C C?
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as a basis of the second factor and {w,w} C C* as a basis of the third factor, then T is
of the form

T=u QU QW+ U @V QW + uz Q@ v3 @ W. (2.7.16)

Again we can look at this case by considering the associated matrix pencil of T. As
before (cf. Remark 2.7.26), to be consistent with the matrix pencil notation we already
introduced, we swap the first and third factor of 73 3 2, working now on 7333 = C2C3xC3.

Table 2.3 collects all Kronecker normal forms contained in 75 33. Since we are inter-
ested in rank-3 tensors having 75 3 3 as concise tensor space, the only possibilities in terms
of matrix pencils are

A0 0 A0 0
0O A O] and [0 A+p Of. (2.7.17)
0 0 p 0 0 L

Remark 2.7.31. The matrix pencil associated to (2.7.16) is the first one in (2.7.17) and
it is easy to check that the tensor corresponding to the first matrix pencil in (2.7.17) is
actually 7.

Therefore, if the concise tensor space of T'is Ty 33, it is sufficient to consider the
normal form of the concise tensor T” related to T" and check if it corresponds to

A0 0
0 A O
0 0 p

Moreover, as in the previous case, we are able to detect the rank of any tensor having
7233 as a concise tensor space (cf. Remark 2.7.22).

Ts33=C'®C*®C?

By Theorem 2.6.1, all rank-3 tensors whose concise tensor space is 73 3 3 are identifi-
able. Therefore if the concise tensor space of T"is as in 4 we can immediately say that T
does not belong to one of the 6 families of non-identifiable rank-3 tensors.

We collect all the considerations made in this subsubsection in the following algorithm.

Algorithm 1 (Three factors case)

Input: Concise tensor T' = (%, jy.45) € C" ® C"? @ C™, with n; = 2,3 for all i = 1,2, 3.
Output: A statement on whether T" belongs to one of the six cases of non-identifiable
rank-3 tensors or not.

0. Permute the three factors in a reverse lexicographic order.
1. Case (ny,n2,n3) = (2,2,2).
If T satisfies Cayley’s hyperdeterminant equation

) -

the output is T belongs to case (b) of Theorem 2.6.1 therefore it is not identifiable.
Otherwise the output is T is an identifiable rank-2 tensor.

to1,0 toa,1
ti10 tia1

to0,0 to,0,1
t100 t1,01

to1,0 to,0,1
ti11,0 t1,0:1

to0,0 to,0,1
t100 ti1,1

Hdet(T) := (
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2. Case (n1,ng,n3) = (2,2,3) (Remark that we already know that 7" is not identifiable,
so we only need to classify it).
Compute the Kronecker normal form of 7.

e If the Kronecker normal form of T is

A 0
0 0 p
then T is either as in Example 2.3.10 or as in Example 2.3.15 and the output

is T' belongs to either case (e) or (f) of Theorem 2.6.1, therefore it is not
identifiable.

e Else, T is as in Example 2.3.8 and the output is T' belongs to case (d) of
Theorem 2.6.1 and it is not identifiable.

3. Case (n1,n9,n3) = (2,3, 3).
Compute the normal form of T

e [f the Kronecker normal form of T is

A0 0
0 A0
0 0 u

then the output is T belongs to case (f) of Theorem 2.6.1, therefore it is not
identifiable.

e Else the output will be the rank of 7' computed via (2.7.15) of Theorem 2.7.19
and T s not on the list of non-identifiable rank-3 tensors.

4. Otherwise (n1,nq,n3) = (3,3,3) and the output is T' is not on the list of non-
tdentifiable rank-3 tensors.

2.7.2.2 More than three factors

Before proceeding, we need to recall some results on secant varieties of Segre varieties
that will be useful in the sequel.

Given a tensor T' € T, . n,, the j-th flattening of T is a linear map ¢;: (C™)* —
C"®---@C% 1Cut®-.-@C" (cf. Definition 1.1.9). Note that the j-th flattening is
referred to the partition {1,... .k} ={j}U{l,...,7—1,7+1,... k}. We can generalize
this notion as follows.

Definition 2.7.32. Let T €e C" ® --- ® C™ and let I,J C {1,...,k} be set of indices
partitioning {1,...,k}. Fix a partition I U J = {1,...,k}, the generalized flattening of
T is the linear map
$r,J: ®(an)* — ® Cni.
iel jeJ
Minors of generalized flattening are useful to compute equations of some secant vari-

eties.

Remark 2.7.33. The equations of 02(X,, . ,,) for some Segre variety X, ., are given

by the 3 x 3 minors of all generalized flattenings (cf. [LMO04]).

.....
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Let us focus on the third secant variety of a given projective variety. In order to recall
set theoretic defining equations of this variety, we need to recall the Strassen’s equations.

Let A, B,C' be C-vector spaces of finite dimensions and let 7" € A ® B ® C, i.e.
T: B* - A® C. Consider the linear map

Ilda@T: A9C - AR A®C

and the projection
2
T A A— \A

By composing the two maps we get

2
Thy: A®B = NA®C.
Strassen’s equations are given by minors of the map T ,.

Theorem 2.7.34 ([Qi13, Theorem 1.4|). 1 The third secant variety of the Segre product
of k projective spaces o3(X,, . n,) is set theoretically defined by Strassen’s equations for
all partitions TUJUK = {1,...,k} and all 4 x 4 minors of generalized flattenings. More
precisely, when n; < 2 for each i, 03(Xn,,  n,) is set theoretically defined by Strassen’s
equations of degree 4 for the partitions {i} U{j} U{l,...,%,...,J,...,k} and all 4 x 4
minors of generalized flattenings.

Moreover we recall the following result on the stratification by rank of the third secant
variety of a Segre variety.

Theorem 2.7.35 ([BB19, Theorem 1.8]). Let X,,, ., be a Segre variety with k > 3
factors. Denote by « the cardinality of {i € {1,...,k} | n; > 2}. Then for any x €
{3,...,a+k —1} there is an element p € 03(Xn, .n,) \ 02(Xny...ny,) with r(p) = x.

For completeness, since it will be mentioned in the sequel we also recall how to find
equations for the tangential variety of a Segre variety. Given a tensor space V; ® - ® V,
these equations arise by looking at the decomposition of Sym™(V;®- - -®V}) in irreducibles
(GL(V;) x -+ x GL(V}))-modules. Given a partition A = (A1,..., ;) of an integer n and
given a vector space V', we denote by S,V the Schur module associated to A\. We refer
to [Lanl2, Ch. 6] for a detailed exposition of these notions.

Theorem 2.7.36 (|Ocd, Theorem 1.3]). The tangential variety T(v(PVy* x - -- x PV}¥)) is
cut out set-theoretically by the cubics in Sym?(Vy @ - -- @ Vi) with four Sy factors and
all other factors S(3), and the quartics in Sym*(Vi @ - - ® Vj,) with three S2)’s and all
other factors S ).

We are now ready to develop the case in which a concise tensor space of a tensor has
more than 3 factors, i.e.
7;L1,...,nk - Cnl ® te ® an

where k£ > 3 and all n; € {2,3}. We will first treat the case in which k& = 4 and
ny = ng = ng = ng = 2 and then we will treat all together the remaining cases.
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Non-identifiable tensors with at least 4 factors
Consider for the moment the 4-factors case, i.e.
7;1,712,713,714 =Cc" ® c ® cr ® Cn47

where all n; € {2,3}. Following our classification theorem (cf. Theorem 2.6.1), working
with 4 factors there are only two families of non-identifiable tensors, namely items (c) and
(f) of Theorem 2.6.1. Case (f) is referred to non-identifiable rank-3 tensors of Proposition
2.3.14 adapted to the 4-factors case, while case (c) contains any rank-3 tensor in C? ®
C? ® C? ® C2. Let us first treat the case of 752 = C? ® C?> ® C? @ C2.

T =C?®C?® C?® C?

We recall that the third secant variety of the Segre variety X4 is defective (cf. Remark
2.3.3). Moreover, by Theorem 2.7.35, any element of o3(X74) \ 02(X74) is a rank-3 tensor.
Therefore any tensor in o3(Xj4) \ 02(X14) is a non-identifiable rank-3 tensor.

Thus, working over 73229, to detect whether a given tensor 7" € 73229 is a non-
identifiable rank-3 tensor it is sufficient to verify if [T] € o3(X14) \ 02(X14), ie. if T
satisfies the equations of o3(Xj4) given in Theorem 2.7.34 and 7' does not satisfies the
equations of oy(X;4) given in Remark 2.7.33.

T 2C?@C?®@C*®C?  with k >4, n; =23 foralli=1,... k

Let now k > 4 with 7, ,, # C?®C?*®C?®C?. In this case, any non-identifiable rank-3
tensor comes from case (f) of Theorem 2.6.1. More precisely, let

YV =P x PUx {ug} x - x {ug} C Y mgar—2 = P™ x P™ x P! x ... x P,

with my,me € {1,2}. Let ¢ € (v(Y")) \ v(Yon, mpar—2) and p € Yy, 1o 162 \ Y. We saw
that any [T] € (¢/,v(p)) is a non-identifiable rank-3 tensor. Let {u;, @;} be a basis of the
C" arising from the i-th factor of Y,,,, ,,,, 1s—2 for all ¢ > 3. Take distinct a1, a € Crmtl
and distinct by, by € C™2 %1 and if m; = 1 then let a3 € (ay, as) otherwise we let ay, as, as
form a basis of the first factor. Let b3 € (b, be) if mo = 1, otherwise by, by, b form a basis
of the second factor. With respect to these bases T' can be written as

T=(1®b+a®b)Qus @ @up+ a3 Qb3 QUs Q-+ ® Up. (2.7.18)

Since the only type of tensors that we have to detect correspond to (2.7.18), we may
restrict ourselves to consider the following tensor spaces:

¢ i1 =CRC®C®- - - 1C%
¢ To3002=C0C®C®- - -@C%
e T =C*®C*®C*® - -®C? (with k > 5).

.....

be a partition of {1,...,k}. A reshape of T of type I,..., I;s is a bijection

nk_>CN1®...®CNk”

.....

where CYi = @, C" foralli =1,..., k', i.e. N; =[], niand CVi is the vectorization

of @, C.

Jel;

69



In other words a reshape of a tensor space 7,, ., is a different way of grouping
together some of the factors of 7y, ., (eventually it is also necessary to reorder the
factors of Ty . ny)-

In the following we will be interested in the reshape grouping together two factors
of a tensor space Ty, . . and we will denote by ¥J;; the corresponding map for some
,7=1,...,k, ie.

k

~

9;;:C"® - ®C™ 5 (CH"@CY)@C"® - ®Cu® - ®CY®- ®C™.

Example 2.7.38. Let 7,, ,, = C"®-.-®C" and denote by 9, » the reshape grouping
together the first two factors of T, ..

191,2 : 7:11,...,7% — (Cnl ® Cn2) ® Cn3 ® ttt ® an
T= Z ti17~-~7ik€i1 Q- @ ey Z til,...,il(eil ® e’ig) RKeyy K- R ey,.

Since C™ ® C™ = C™™2, by sending the basis {e;; ® €;,}iy =1 ny.is=1,...ny of C" @ C™?
to the basis {ej,...,€n,n,} of C"™2 then we write

191,2(T) = Z tjm-&“_,ikejl ® 61'3 ® s ® €Z'k - Cn1n2 ® Cng ® s ® an

3148350 ig
j1=1,...;n1ng, ip=1,...,np,l=3,....k

The following lemma tells us how to completely characterize non-identifiable rank-3
tensors lying on either 7T or—1 or 75 3962 or Tar.

Lemma 2.7.39. Let T € T, o002 =C" @C"? @ C*® --- ® C? be a concise tensor in
Ty ng 2h—2, where ny,ng € {2,3}, k >4 and Ty, pyon—2 7 Toa. Then T is as in case (f) of
Theorem 2.6.1 if and only if the following conditions hold:

1. the reshaped tensor 01 5(T) € C*"2 @ (C*)®"2) s an identifiable rank-2 tensor with
respect to C™""2 & (C2)®(k—2)

o) =Ti+ T =2Qus @+ Qup+y vz @ -+ @y € CM™ @ (C*)#*2)

for some independent x,y € C™"2 and some u;,v; € C* with u;, v; linearly indepen-
dent for all 1 =3,...,k;

2. looking at x,y € C™™ as elements of C" ® C" then {r(x),r(y)} = {1,2}.
Proof. Let T' € Ty, n,2:-2 be as in case (f) of Theorem 2.6.1, so T' can be written as
T=00b QU3 X - RQup+aR0by QU R -+ Rup + a3 Rb3 QU3 R -+ X v,

where u; # v; for allt = 3,...,k, a1, as, az are linearly independent if ny = 3 and by, bs, b3
are linearly independent if ny = 3. Let ¥} 2 be the reshape grouping together the first
two factors of T, .. Let v :=a; ® b1,y := a2 ® by and 2z := az ® bz and remark that
r(z +vy) =2 and r(z) = 1. Therefore

191,2(T>:$®U’3®”'®uk+y®u3®"‘®uk—|—2®v3®...®vk
=r+yY)Quzs Q- Qup+2RQU3 R+ ® Uy
=Ti+T,eC'"™xC’w. - C2
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Note that the rank of (71 + T%) € T, p, 262 is at most 2 and in fact r(7% + T3) = 2
since u;, v; are linearly independent for all + = 3,..., k. Moreover, we recall that the only
non-identifiable rank-2 tensors are matrices (cf. Proposition 2.2.7). Therefore, since the
concise tensor space of T7 +T5 is made by at least 3 factors, then T +T5 is an identifiable
rank-2 tensor.

Viceversa let T € T, ., 002 such that ¥1,(T) € C™™ ® (C?)* 2 is an identifiable
rank-2 tensor

DoT)=Ti+Th=aQus Q- Qup+bRuz3 @ - ® vy,
for some unique a,b € C""™ with (a,b) = C? and unique u;, v; € C* with (u;, v;) = C? for
all i = 3,...,k. By assumption a,b € C" ® C™ are such that {r(a),r(b)} = {1,2} and
by relabeling if necessary we may assume r(a) = 2 and r(b) = 1.

Let us see 9, 5(T) as an element of 7, ,,, ot—2 = C" @ C™ ® C’®---®C2. Since Ty
is a rank-1 tensor, there exist v; € C", vy € C" such that b = v; ® v9, i.e.

Th=11QUQU3Q -+ & v.

Moreover, since r(a) = 2 then there exist independent a;,as € C™ and independent
bi,by € C™ such that a = a1 ® by + as ® by, i.e.

IN=a00Qus Q@ - Qurp+ a2 Qb Quz @ -+ @ Uy.

We remark that the concise space of T is Ty, , 2r-2, therefore if ny = 3 (or ny = 3) then
ai,az, vy are linearly independent (by,by, vo are linearly independent). Thus 7' is as in

case (f). O

Remark 2.7.40. In Lemma 2.7.39 we assumed that dealing with a tensor as in (2.7.18)
the non-identifiable part of the tensor was in the first two factors because it is always
possible to permute the factors of the tensor space in this way. This assumption cannot
be made in the algorithm and we have to be careful if either (ny,ns) = (3,2) or (ny,n2) =
(2,2). More precisely, for all i, j = 1,..., k denote by

9;;:C"®---®C* 5 (C*®CY) C"® - ®Cig---®Cu®--- @C™

the reshape grouping together the i-th and j-th factor of 7., n,.

Dealing with (nq,n2) = (3,2), we have to check if there exists i = 2,... &k such that
¥1,/(T) satisfies the conditions of Lemma 2.7.39.

Similarly, for the case of (ny,n2) = (2,2) we have to check all reshaping of 7" if necessary,
i.e. we have to check if there exist ¢,j € {1,...,k} with i # j such that 0, ;(T) satisfies
the conditions of Lemma 2.7.39.

Recall that a concise tensor T € C™"2® (C*)®*~2) is an element of 02 (X (1, 1) 15-2) \
T(X(n2n2,1)71k—2) if and only if there is a specific change of basis on each factors g =
(9,93,---,9k) € GLyny, X GLy X -+ X G Ly such that

IT=2Qus®@ - U + YR U3 Q-+ ® V. (2.7.19)

By Lemma 2.7.39, given an identifiable rank-2 tensor 1" € 7,,,,, ox—2, in order to verify if
T is as in case (f), we do not need to find an explicit decomposition of 7" as in (2.7.19)
but it is enough made the following steps:

e distinguish z,y € C™"™ and look at them as elements of C™ @ C"?;

e prove that either r(z) =2 and r(y) = 1 or that r(z) =1 and r(y) = 2.

Let us explain in detail how to do so.
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Reshape procedure for an identifiable rank-2 tensor of 7, ,, ox—2
(how to find z,y € C" ® C™)

Let T be an identifiable rank-2 tensor in 7,,,,s—2 = C"" ® (C%)®*=2) " Remark
that the first factor of 7, ,,9t—2 is not concise. Indeed the rank of the first flatten-
ing p: (C?)2k=2) 5 (CM72)* of T is r(p1) = 2 and to complete the concision process,
we can take as basis of the first new factor two independent elements Z,y of Im(p;).
Therefore T' can be written as

T=TQus®  Qupy +JRuU3®--- Dy € C2® (C?H®F,

If we reshape our tensor space by grouping together all factors from the 4-th one onwards,
then we look at 7" as

u v
A

Ve

——f
TOUI R (U ® - Qug) +Y QU3 @ (14 ® -+ R g) =
TQusQU+7®vs®0 € C2®C?® ((C*)®Hk-3)
We want to look at this three factors tensor as a pencil of matrices with respect to

the second factor of C2 ® C?® (C2)®*=3). Let uz = (us1,us2), v3 = (v31,v32) and denote
by

U3 T DU U327 DU 2 2\®(k—3)
Ci = ], Oy = “.—_leC C )
! |:U3,1?/ ® U] P {U&zy ® U] ® ()

We can write T' as
Cl)\ + CQ/,L.

Call X3 the matrix whose columns are given by ¥ and ¥ and denote by X, the matrix
whose rows are given by u and v. Therefore

e afiy 21wl 2

0 wsi| |V 0 wvs
T~ o~ | U32 0 iL\ . Uus,2 0
el ] =l

Remark that C5 is right invertible and denote by C, ! its right inverse. Moreover 7(X3) =
r(X4) = 2, therefore X3 is invertible and there exists a right inverse of X, that we denote

by X;'. Thus
-1
-1 _ us,1 0 u3,2 0
acrt= (a0 (s[5 0 x)

u3,1
wz O |yt

V3,2
We have now an eigenvalue problem that we can easily solve to find 7,7 € C?.

Remark 2.7.41. When computing the concision process of T" with respect to the first
factor of Ty, ,, 2r—2, we concretely find a basis of Im¢;. Therefore, after we found z, 5 € C?
with the above procedure, we can easily get back to z,y € C™"™ = C™" ®C"? and compute
the rank of both z,y seen as elements of C™ & C"2.

Let us sum up how to find a non-identifiable rank-3 tensor of at least 4 factors in the
following algorithm.
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Algorithm 2 (Non-identifiability with at least 4 factors)

Input: Concise tensor T = (t;,,..,) € Ty, ny26-2, for some k > 3,2 < ny,ny < 3.
Output: A statement on whether 7' belongs to one of the six cases of non-identifiable
rank-3 tensors or not.

0. For all 4,5 = 1,...,k with ¢ # j denote by ¥J; ; the reshape grouping the i-th and
J-th factor of 7, .,

1. Case (n1,n2) = (2,2).

o Case k = 4. Test if T € 03(X14) \ 09(X14), 1e. if T satisfies the equa-
tions of o3(X14) given in Theorem 2.7.34 and T does not satisfy the equa-
tions of 03(X14) given in Remark 2.7.33. In this case the output is T' is a
non-identifiable rank-3 tensor, otherwise the output is 1" is not on the list of
non-identifiable rank-3 tensors.

e Case k > 5. Forallt =1,....k—1and for all j =i+ 1... k follow this
procedure.

o Test if ¥, ;(T) satisfies the equations of oy(Xj35-2) and does not satisfy
the equations of 7(X3k-2) (cf. Remark 2.7.33 and Theorem 2.7.36). If
V;;(T) € 0a(X510-2) \ 7(X310-2) then ¥;;(T) is an identifiable rank-2
tensor. Make the concision process on the first factor of 73 ;x—2 and call 7"
the resulting tensor. Consider 7" as a matrix pencil of C2®C?®((C?)®(*~2))
with respect to the second factor

T = )\01 + HOQ

Find the eigenvectors x,y € C? of C;C; ' and then rewrite z,y as elements
of C* =~ C*® C% If {r(x),r(y)} = {1,2} then the output is T is a non-
identifiable rank-3 tensor.

e Else, if one of the previous conditions is not satisfied, then stop and restart
with another j (and another ¢ when necessary).

If the algorithm stops at some point when ¢ = k — 1,5 = k then stop and the
output is 1" is not on the list of non-identifiable rank-3 tensors.

2. Case (ng,n9) = (3,2).
For all 2 = 2,...,k — 1 follow this procedure:

o Test if 1, ,;(T) satisfies the equations of (X5 14-2) and does not satisfy the
equations of 7(X5s-2) (cf. Remark 2.7.33 and Theorem 2.7.36). If ¥ ,(T) €
02(X515-2) \ T(X51%—2) then ¥y ;(7") is an identifiable rank-2 tensor. Reduce
the first factor of 7 ox—2 via concision, working now on 751 with 7”. Consider
T" as a matrix pencil with respect to the second factor of C? @ C? @ (C?)®(*=3),
ie.

T, = /\Cl + MCQ.

Find the eigenvectors z,y of C;C; ' and then rewrite z,y as elements of C® =
C3® C% If {r(x),r(y)} = {2,1} the output is T is a non-identifiable rank-3
tensor.

e Else, if one of the previous conditions is not satisfied then stop and restart
with another 7.
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If the algorithm stops at some point when ¢ = k£ then stop and the output is T is
not on the list of non-identifiable rank-3 tensors.

3. Case (n1,n2) = (3,3).

o Test if ¥, 5(T) satisfies the equations of o2(Xgx-2) and does not satisfy the
equations of 7(Xgk-2) (cf. Remark 2.7.33 and Theorem 2.7.36). If ¥1(T) €
09(Xg 10-2) \ T(Xg1r-2) then 1 5(T) is an identifiable rank-2 tensor. Reduce
the first factor of 7g - via the concision process, working now with 7" on
(C%)®+=1 Consider 7" as a matrix pencil with respect to the second factor of

C?®C?® (CH)®¢=3) je,

T = /\Cl + ,LLCQ.
Find the eigenvectors z,y of C;C5 ' and then rewrite z,y as elements of C? =
C3®@ C3 If {r(x),r(y)} = {1,2} the output is T is a non-idenfitiable rank-3
tensor as in case (f).

e If one of these conditions is not satisfied then stop and the output is 1" is not
on the list of non-identifiable rank-3 tensors.

Example 2.7.42. Let T32292 = C?®C?2®C%2®C? and for all j,k, ¢ = 1,2 and for all
t=1,2,3 denote by €;1s = €; ® e; ® e ® e,. Similarly, we set e; ; = e; ® e;. Consider
the tensor

T =12e1111 +8e1112 +6e1121 +4e1122 +30e1 211 +20€121,2 + 15€1 221+
10e1 2922 +8e2111 +8e2112 4+ Hea121 4 6€2122 4 35e221.138€22.1 2+
23€22901 + 30€22290 + 16€3 1,11 + 16€3112 + 10€3 121 + 12€31 22+
52e32,1,1 + 64e3212 + 37€3221 + 54€322.

Let ¥12: T3922 — C%® C? ® C? be the reshape grouping together the first two factors of
7572’2’2. Let

f1 = €11, f2 = €1,2, f3 = €21, f4 = €29, f5 = €31, f6 = €32

be a basis of C® such that 9 5(T) can be written as

V2(T) =12fi ®e11+8fi®e12+6f1 ®ear +4f1 ®eao+30fa @ers + 20f @ er 2+
15fs ®eaq +10fa @ eao+8f3 @ e11 +8fs3@e12+0f3®ean +6f3 X exat
30fa®ei1 +38f1®ero+23fa®@ext +30fy Regn+16f5s ®ern + 16f5 @ eq 2+
10fs ®eaq +12f5 @ €29 +52fs ®e11 + 64fs @ e12+ 37f6 @ €1 + 5dfs @ ea0.

One can verify that U1 5(T") € 02(X5,13)\7(X5,13), therefore we can continue our procedure
by considering the matrix associated to the first flattening ¢;: (C* ® C?)* — C% of T

[12 8 6 4]
30 20 15 10
8 8 5 6
35 38 23 30
16 16 10 12
52 64 37 54
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The rank of A is 2 and we take the first two columns Z, ¥y of A as linearly independent
vectors of Im(p;) and rewrite all the others as a linear combinations of Z,%7. Denote by
T’ the resulting tensor

~ ~ 1. 3. 1. 5.
T'=T®e 1 +7®en+ (ijt gy) ® e + <—§x+ Zy) ® €g9.

Let us consider now 7" € C? ® C? @ C? as a matrix pencil with respect to the second

factor / /
; 10 1/4 —1/2
N P T e

It is easy to see that the eigenvectors of

OO = [10/4 1}

~3/4 1/2
are r = (—2,1) and y = (—2/3, 1), i.e.

16 40
—(1661’1 + 406172 + 862’1 + 326272 + 1663’1 + 406372) = — 8 32
16 40
and
y=—2/3r+y=28/3f3+44/3f, +16/3f5 + 88/3fs =
0 0
8/36271 + 44/36272 + 16/36371 + 88/36372 = 8/3 44/3
16/3 88/3

It is easy to see that r(z) = 2 and r(y) = 1, therefore 7" is a non-identifiable rank-3 tensor
as in case (f). Indeed by multiplying 7" with

(03 ) e S
we get

T=e®e e ®e+ea@e@e ey +e3R (2e1 + 3e3) ® ez R es.

Remark 2.7.43. Since we already considered all concise spaces of tensors related to all
non-identifiable rank-3 tensors of Theorem 2.6.1, any other concise tensor space will not
be considered. Therefore, for any other concise space, the output of the algorithm will
be T' is not on the list of non-identifiable rank-3 tensors.

To conclude, it is sufficient to collect all together the steps made until now.
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Algorithm (Non-identifiable rank-3 tensors)
Input: Tensor T' = (¢;,,.,.) € C" ®---® C", for some k > 3.
Output: A statement on whether 7" belongs to one of the six cases of non-identifiable

rank-3 tensors or not.
1. Compute the concise tensor space Ty — of T.

If ¥ = 3 run Algorithm 1.
2.4 Elseif Tor n, € {T3ow-1, Ty 500—2, Tow }, where K > 4, run Algorithm 2.

Else the output will be T' is not on the list of Theorem 2.6.1.
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Chapter 3

Terracini Locus

The celebrated Terracini’s Lemma is a well known and extremely powerful result in
Algebraic Geometry that allows to compute the dimensions of r-th secant varieties of a
given variety X in terms of the dimensions of the sum of tangent spaces at r generic
points of X. If X is the embedding of a variety Y into a projective space via a complete
linear system L, then the codimension of the r-th secant variety of X is equal to the
value h°(Y, Iz ® L) where Z is a 0-dimensional scheme of r double generic fat points
(cf. Remark 1.2.3). A first complete classification of dimensions of all secant varieties
has been made for the case of Veronese varieties. The well-known Alexander-Hirschowitz
Theorem treats the case in which Y = P" is embedded via O(d) (cf. [AH95]). Another
complete classification is for secant varieties of Segre-Veronese embedding of products of
Y = (P')’s via O(dy, .. .,d;) due to Laface-Postinghel (cf. [LP13]). Recently Galuppi-
Oneto determined dimensions of secant varieties in the case of Segre-Veronese embedding
of Y = P™ x P™ in bidegree (dy,ds) for all dy,dy > 3 (cf. [GO21]).

All these classifications relates the study of generic O-dimensional schemes of double fat
points, but almost nothing has been said for the case in which the 0-dimensional scheme
of double fat points is not necessarily supported on generic points. Clearly if the points
are not generic, the equivalence between h°(Y, I, ® £) and the codimension of the secant
variety of X is not valid anymore. Indeed the Terracini’s Lemma states that the tangent
space of an r-th secant variety of a variety X at a generic point ¢ € (p,...,p,), with
pi € X generic and hence p; € X, is equal to the span of the tangent spaces of X at
pi’s, but if the p;’s are not generic one can only say that (T, X,...,T, X) C T,(0.(X))
where T, (0, (X)) is the tangent space at ¢ € (p1,...,p,) of the r-th secant variety of
X. This phenomenon is related to the fact that codim(7,, X, ..., T, X) = h°(Y, Iz ® L)
which may be higher than the one for generic points. Consider the exact sequence

0—>IZ—>OY—>OZ—>O

and tensorize it by L:
0 —>Z;,L—L—L; — 0.

If h'(Y, L) = 0, then we get the exact sequence
0— H (Y, Z;,® L) — H(Y,L) — H*(Z,L|;) — H (Y, I, ® L) — 0.
We will always take (Y, L) such that h!'(Y, L) = 0. Therefore, one gets

WY, L) — (Y, T, ® L) = h(Z,L|7) — h' (Y, T, ® L)
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that is to say that the dimension of the span of embedding of Z via £ can be computed
as

W(Z,L|z) —h(Tz® L)~ 1.

From this one easily sees the role played by the h!'(Zz ® £) in controlling the value of
(Y, Z; @ L).

In this chapter we fix our attention to the case of Segre varieties, i.e. the embedding
of Yo, e =P™ x--- x P™ via O(1,...,1) and Z a scheme of either 2 or 3 double fat
points. The key object of the discussion is the r-th Terracini locus that will essentially
contain all the sets of r points, seen in the smallest multiprojective space possible that
contains them, for which

R(Z(1,...,1)h (Z(1,...,1)) > 0.

We like to point out the geometric importance of the r-th Terracini locus. Let
(th,_,,nk):eg contain all the r-uple of non-singular points of X. Consider the open part

of the r-th abstract secant variety AbSec,(X,, . n,) of a Segre variety X,,, ., C PN,
namely

AbSec) (X, ) = {(@, (P1, - ,0,) € PV X (X i reg | € € (1, 0r) 2P

Remark that in the definition of AbSec?(X,, . »,) we only take pi,...,p, linearly inde-
pendent. Consider the projection T, of AbSec®(X,, . n.) onto PV, namely

T, : AbSecg(Xm,m,nk) — US(Xm,.--,nk)a

where we recall that

O'O(thn_’nk) ={q € pN lq € (p1,...,pr) = P! where all p; € D, G

T

The projection T, is the r-th Terracini map. The differential of the r-th Terracini map
is defined on each point of AbSec?(X,, ., ) and the r-th Terracini locus is nothing else
than a measure of the degeneracy of such a linear map. Remark that any point of

AbSec?(X,, .. n,) is smooth since X,,,  ,, is smooth.

A numerical point of view on the Terracini locus

Working with tensors coming from applied problems measurement errors may occur.
Moreover, working with a machine, one is forced to use non-exact arithmetic and, even
if we start with an exact tensor, round-off errors may occur due to the possibly inexact
representation of the given tensor into the machine.

Therefore, when running algorithms that involve tensors, our actual input is a per-
turbed tensor and the error representation we are starting with may be amplified when
performing algorithms.

The condition number of a function measures the rate of error that happens to the
output element conditioned to a small change on the element in the domain. Moreover,
a problem is said to be well conditioned if it has a small condition number and it is
ill-conditioned when the condition number is very high. In this case we say that the
problem is sensitive to small perturbations.

Terracini loci are involved when measuring the sensitivity of a tensor rank decompo-
sition, also called CPD canonical polyadic decomposition (cf. [Hit27], [DDL14]).
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Denote by T”"Té)h---,pr) the local inverse of T, at (py,...,p) € (Xn, .. n,)"- If the differen-

tial dg, . Ty of T, at (p1,...,p,) is invertible, then a local inverse exists at (pi1,...,py).
Moreover, we recall that (d,.. ,nTr) " = quTT(Llw-ypr). To define the condition number
of a r-uple (p1,...,pr) € (Xn,...n) s we follow the spectral characterization of [BV1S,
Theorem 1.1].

Denote by U; an orthonormal basis of the affine tangent space 7}, X, ., for all
i=1,...,rand let U = [U;---U,]. We recall that the spectral norm ||U]||y of U is the
largest singular value ((U) of U, i.e. ((U) is the square root of the biggest eigenvalue of
uu-.

If 7T, is locally invertible at (p1,...,p,) then

1
~ min{\ | ) is a singular value of U}’

[(deprcpnTr) "2 = [IUH 2 = C(UT)
In this case they define the condition number of (py,...,p,) as

K;(p]J st 7p7’) = ”(d(pl’,Pr)Tr)il‘b‘

Otherwise, if d7, is not invertible at (p;...,p,), then U has an eigenvalue equal to 0,
which is also the smallest singular value of U, and in this case we set k(p1,...,p,) = 00.
Therefore, the condition number of the r-uple (p1,...,p,) is

1(d(py,..pnTr) Ml if AT} is invertible at (py, ..., py),

00 otherwise.

Iﬁ?(pl, . 7pr) = {

The condition number of a tensor rank decomposition is therefore a measure of the
sensitivity of the decomposition itself under errors perturbations. One would like to
avoid points of (X, .. )" whose condition number is infinite since in these cases to a
unique element ¢ € PV correspond different r-uples in (X, )" and this behaviour
generates ambiguity in the interpretations of the results when performing algorithms of
tensor rank decomposition.

In [BV18], the authors defined the ill-posed set of a decomposition (py,...,p.) as

ZJF’ = {(pla cee 7p7“) € (Xn1,...,nk)r: "i(pla cee 7p7”) = OO}

This locus contains precisely all r-uples (py,...,p,) € (X, n,)" for which the differential
of the map T, has not maximal rank. Therefore, the distinction between the r-th Terracini
locus of a multiprojective space and the ill-posed locus ¥p relies on

e considering the r rank-1 tensors as a set of points instead of a tuple;
e working with the minimal multiprojective space containing the r points.

Remark 3.0.1. Even though we will work under minimality assumption for the mul-
tiprojective space containing a set of points, the result we will achieve in this chapter
are interesting from a numerical point of view since in [DBV21| they proved that the
condition number of a CPD does not change under Tucker compression of the CPD itself,
which is the analogous of considering the minimal multiprojective space containing both
the tensor and all its possible rank decompositions.
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In this chapter we will work on both the second and third Terracini locus. We will
prove that the second Terracini locus is always empty for any multiprojective space, while
for r = 3 we will completely determine all cases for which the third Terracini locus is not
empty in Theorem 3.3.14. More precisely, the chapter is organized as follows.

In the first section we introduce the notation and we show that the second Terracini locus
is empty. Section 3.2 is a crucial section where we show all the examples that will turn
out to be the only non trivial cases in which the 3-rd Terracini locus will be non-empty.
Section 3.3 is devoted to the proof of the main theorem (Theorem 3.3.14) that essentially
will be a discussion on why the already highlighted examples in Subsections 3.2.1 and
3.2.3 are the only non-trivial elements in the 3-rd Terracini locus. In the last section we
prove that for any multiprojective space Y,,, ,, of dimension n > 3, one can always find
r > 3 points S C Y, ., belonging to the corresponding r-th Terracini locus. Moreover,
we compute the maximal value max,~q,>2{h' (Zz(1,...,1)) > 0}, where we denoted by

Z C Yy, . n azero-dimensional scheme of r double fat points. We will show that

RY(Zz(1,..., 1)< (r—1)(n+1)

and that equality holds if and only if ¥;, = P™. Since if Y, = P" then h° (P", Zp. (1)) = 0,
we compute the maximal value of such dimension providing that also h° (Zz(1,...,1)) >
0. A preprint [BBS20b| has already been extracted from this work.

3.1 Introduction to the problem and 2-nd Terracini lo-
cus

In this section we set up the framework of the present chapter. First, we introduce a useful
notation for the integer h'(Zz(1,...,1)), where Z C Yy, _n, is a zero-dimensional scheme
of some multiprojective space Y,,, . ,,. Then, we define the minimal multiprojective space
containing a given set of points and lastly, we define the r-th Terracini locus of a given
multiprojective space and we describe it in the case r = 2.

Notation 3.1.1. Let Y,,, ,, =P" x--- x P"_ for some k > 1 and all n; > 0. For any

zero-dimensional scheme Z C Y, ., set

Let W C Y, . . n», be a multiprojective subspace, i.e. W = P™ x ... x P where
0<m;<mjforalli=1,....k It Z C W, set 6(Z,W) :=h(W,Zzw(l,...,1)). We
remark that §(Z, W) = 6(Z, Yy, »,) since h'(Zy(1,...,1)) =0 for i = 1, 2.

For the specific case of double fat points, §(25,Y,, . ,,) will be called the Terracini
defect of S'in Yy, . n, (see Definition 3.1.2 below).

We have now introduced all the necessary tools to define the r-th Terracini locus
that will be the main actor of the present chapter.

Definition 3.1.2. For all positive integers r and for any multiprojective space Y,,,
define

Nk

1111

T2 Vo ™) = {5 € Yo | #08) = 18 (Tisya, (1 +51)) > 0 and 8(28, Yoy ny) > 0}

We will call the r-th Terracini locus T(Yy, ... n,,7) of all r-uple of points of Y,,, . the

set

k
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TYoyn,7) = {S eTi(Yoyn7)

Y., ..., 1s the minimal multiprojective
space containing S '

Y CY, .
integer

. 1s the minimal multiprojective space containing a finite set S, the

5(28, Y/) = hl (Y/>I(QS,Y’)(1> ey 1))
is called the r-th Terracini defect of S.

3.1.1 The 2-nd Terracini locus is empty

In this subsection we prove that no sets of two distinct points S C Y, ., such that
Yy, . n, is the minimal multiprojective space containing .S, is contained in the 2-nd Ter-
racini locus T(Yy,, . ny» 2)-

Proposition 3.1.3. The 2-nd Terracini locus T(Y,,  n,.,2) is empty for any multipro-

jective space Yy, -

Proof. Let S C Y,, . n. be aset of two distinct points such that Y,,, ,, is the minimal
multiprojective space containing S. Therefore #(m;(S)) = 2 for all ¢ = 1,...,k and
hence all n; = 1, i.e. we are working with Yix = (PY)*, for some k > 1. By definition
of the second Terracini locus, we need to prove that either h° (I(g&ylk)(l, cee 1)) =0or
W (Zizsyy) (1, .-, 1)) = 0. Clearly, if k =1 then 2° (Ziz5p1)(1)) = 0.

If k = 2, then A" (1(25,;/1,1)(1, 1)) = 0 since S can be seen as a general subset of 2 distinct

points by the action of (Aut(P))* and a general 2 x 2 matrix has rank 2.
Let k£ > 3 and define

E={ACY |#A=#(m(A)=2foralli=1,... k}.

The group (Aut(Pl))k acts transitively on E. Thus S may be considered as a general
subset of Y} with cardinality 2. By Proposition 1.1.19 we know that dim o9 (Xx) = 2k+1
for all £ > 3, hence by Terracini’s Lemma we conclude that h' (I(g SﬁYlk)(lv e 1)) =0. O

We remark that, since we are dealing with finite subsets S of two distinct points,
the minimal multiprojective space containing S is Y;» = (P)* for some k > 1, which is
equivalent to say that #(m;(S)) = 2foralli =1,..., k. Thus we may look at S := {py, p2}
as a general set of two distinct points using the action of (Aut(P*))".

The emptiness of the 2-nd Terracini locus T(Yx,2) means that the differential of the map
Ty : AbsY(X1x) — 09(Xyx) has full rank for any X;x = v((P')¥), with arbitrary k& > 2.

Since in this case we can consider S as a general set of two distinct points, the condition
h° (I(QS7Y1k)<17 ceey 1)) >0

corresponds to prescribe that the 2-nd secant variety o9(X;x) does not fill the ambient
space. This condition together with

ht (I(ngylk)(l, cey 1)) >0

are equivalent to say that the dimension of the tangent space T,05(X;x) at a general
q € P~ such that g € (v(p1), v(p2)), is strictly less than 2(k + 1) — 1.
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3.2 Two families of points in the third Terracini locus

We start now working with three points. The aim of this section is to present two
different families of sets S C Y,,, . n,., with #(S) = 3 for which Y},, . ,, is the minimal
multiprojective space containing S, such that

k

~~~~~

These two different families of points will turn out to be the only non-trivial examples of
points in the 3-rd Terracini locus. Therefore, they will be crucial for the main theorem
of the present chapter.

We point out that, by dimensional reasons, if we focus on Yjs then all S C Yj4 of cardi-
nality three that have Y74 as minimal multiprojective space in which they are contained
belong to T(Y14,3). We will always refer to this case as a trivial example of points lying
in the third Terracini locus. Anyhow, we will discuss more accurately this case in Remark
3.3.4.

3.2.1 Example: Products of P!’s with at most one P?

In the first example we work over Y,, jx-1 = P™ x (P')*~! where m € {1,2} and k > 3.
We consider a set of three distinct points S C Y, 151 with S := {a,b,c} such that
a and b share all the last & — 1 coordinates and we request that Y, jx-1 is the minimal
multiprojective space containing .S. In the following proposition we prove that a necessary
and sufficient condition for S to lie in the third Terracini locus T(Y,, 1x-1, 3) is that k& > 4.

Example 3.2.1. Let Y, js-1 = P™ x (P1)*~! for some k > 3, with m € {1,2}. Define
S :={a,b,c} CY,, k-1 be such that

a:= (a1, ug,...,ux),b:= (by,ug, ..., ug),c:=(c1,...,c), with
ay, by, c; € P™ such that a; # by and u; # ¢; for all i > 1.

Moreover if m = 2 assume also dim(m;(5)) = 2.

Proposition 3.2.2. Let Y, ;i-1 = P™ x (PY)* for some k > 3, where m € {1,2}. Let
S C Y, 16-1 be as in Example 3.2.1. Therefore

S € T(Y,1x,3) if and only if k > 4.
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Figure 3.1: Picture of Example 3.2.1 with m = 1.

Figure 3.2: Pseudo-picture of Example 3.2.1 with m = 2 (the red axis is a P?)

Proof. We remark that since #(m;(S)) > 2foralli =1,... k and #(m(S)) = 3if m = 2,
then Y,, 1x-1 is the minimal multiprojective space containing S. If we consider the subset

S":={a,b}
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of S we may apply Remark 1.2.13 and have that §(25,Y,, 1v-1) > 0(25",Y,, 1k-1). Since
S C P™ x {ug} x -+ x {up} C Y, q10-1, one can use case (b) of Lemma 1.2.14, with
W :=P™, to get

5(25’, Ym71k—1) =m+ 1.

Thus in order to see if S € T(Y,, 1x-1,3), it suffices to understand whether
hO(I@&ym’lkfl)(l, ..., 1) >0.

o Ifk>4thenh®(Oy (1,...,1)) = (m+1)2"1 > 3(m+k+1) = deg(25, Y, 15-1) >
0. Therefore, if k& > 4 then S € T(Y,, 1x-1,3).

e Let now £ = 3. If we show that in this case none of the sets S C Y, 1,1 as above
belongs to T(Y,,,.1,1,3) we will be done.

Remark that by assumption u; # ¢; for i = 2,3. To determine whether

h (Zas,yvpa(1,1,1)) >0

or not, we distinguish two cases depending on m being equal to either 1 or 2.

(a) Assume m =2, ie. Y15 = P? x Pt x P,
Since h"(Oy,,,(e1)) = 3, there exists H € [Ty, (e1)| and remark that

H~P'xP' x P!,

Since (m;(S)) = P?, then H NS = {a,c}. Consider the residual exact sequence of
S with respect to H:

0 — TResy (25.v2.1.1)(0, 1, 1) = Ziagys, (1,1, 1) — Tanesys,,)(1,1,1) — 0.

Since H is smooth then H N (25,Y211) = (2(SN H),H) = (2{a,c}, H) and the
residue of (25, Y5 11) with respect to H is

Resp(25,Y211) = {a,c} U (2b,Ys11).

Remark that h® (Zges, (25,v511)(0,1,1)) = h® (Y151, Ty (Res 28,v21.1)) (1, 1)) (cf. No-
tation 1.1.6).

Since m;(a) = m(b) # m(c) for ¢ = 2,3, then n(Resy(2S5,Y211)) = m({a,c} U
(20,Y2,1,1)) = mu(e) U (2m(b), Yi,151)-

In order to compute h® (Y111, Ly, cyu@m (0)vi1.1) (1, 1)), we have to look at the hyper-
planes of P? containing both v (n:(c)) and T}, 5))¥1(Y1,1,1). Note that the tangent
space T, V1 (Y1,1;1) is the union of two lines through v4(b), i.e. the image by v,
of the set of all x € Y; with my(x) = me(v) and the set of all y € Y;,, with
m3(y) = m3(v). Thus, since u; # ¢; for ¢ = 2, 3, there are no such hyperplanes, hence

h'O (-}/3.71;17IWI(RGSH(QS,YQJJ)(]‘) 1)) =0.

So by the residual sequence of S with respect to H recalled above, it is sufficient to
prove that h° (H, Tioga,er,m) (151, 1)) =0.

Since (m(S)) = P? then m;(a) # m;(c) for i = 1,2,3. Since H = P! x P! x P! thus
{a,c} is in the open orbit of v(P* x P! x P!) for the action of (Aut(P'))® on H.
Since aa(v(Pt x P! x P1)) = P7, then

h (Hu I(Q{a,cLH)(lv L 1)) =0.
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(b) Assume m =1, i.e. Y117 = (P')%.
Fix H € |Z,(e3)]. Since u; # ¢; for i = 2,3 and H is smooth we have that
HNS = {a,b} and Resy(25,H) = {a,b} U (2¢,Y111). As in the last part of
step (a), we remark that h°(Zres; 2sv11.)(1,1,0)) = A% (Y113, Loy ({abjueris))) and
in order to compute it we have to look at the hyperplanes of P? containing both

Tosma(epvs(Y1,:3) and vs(ns({a, b})).
So h? (IRGSH@S,YLM)(L 1, 0)) = 0. Moreover, identifying v(H) with a smooth quadric
surface, by looking at case k = 2 of the proof of Proposition 3.1.3 we get

ho (H, -’Z'—(QS,YLl,l)(17 17 1)) =0.

Thus any set of points S C Y constructed as above is in the 3-rd Terracini locus
T(Y,,15-1,3) if and only if k& > 4. O

3.2.2 Example: Products of P!’s with at most two P?’s

In this second example, we work over Y, ,, jx—2 = P™ x P x (P1)*2 where ny,ny €
{1,2}. We consider S C Y}, ,,,10-2, With S := {u, v, 0} such that v and v share just the
last k —2 components and we request that Y,, ., ix-2 is the minimal multiprojective space
containing S.

Example 3.2.3. Let Y,,, ,, 1s-2 := P™ x P" x (P')*=2 where ny,n, € {1,2} and k > 3.
Let S := {o,u,v} where

w = (ug, U, Ug ..., Up),v = (U1, Ve, Uz, ..., U,),0=(01,...,0,) with
(uj,v;) == L; 2P for i = 1,2 and o; # u; for all j =3,... k.

Moreover if n; = 2 assume also that o; ¢ L; for i =1, 2.

Remark 3.2.4. Example 3.2.1 is not a particular case of Example 3.2.3. To fix the ideas
let Ya11 = P? x P! x P! and take S,S” C Y as in Examples 3.2.1 and 3.2.3 respectively.
Then S = {a,b,c} with

a = (ay,as,a3),b = (by,as,a3),c = (cy,cs,c3) such that

a; # c; for all i = 2,3 and (ay, by, ;) = P?,
while S” = {o,u,v} with

u = (uy,ug, ug),v = (v, V2, u3),0 = (01, 09,03) such that

uz # o3 and (uy,v1,0,) = P?.
Notice that S” cannot be as in Example 3.2.1 even if 0y € {ug, v2}.
Taking S C Y, n,1+-2 as in Example 3.2.3, we will prove that
o If k>4 then S € T(Y,, , 1+-2,3).
o If k=3 and n; =ny =2 then S € T(Y22,1,3).

e If k = 3 and either {n;,na} = {1,2} or ny = ny = 1 then we need to add more
restrictive conditions to the points of S in order to get S € T(Y,, ny.1,3).
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More precisely, we state and prove the following result.

Proposition 3.2.5. Let Y, ,, 152 = P™ x P" x (PY) =2 where ny,ny € {1,2} and
k>3. Let S ={u,v,0} CY,, n,1k-2 be as in Example 3.2.3. Set

Y':= Ly X Ly x {m3(w)} x -+ x {mp(u)} C Yy, py1v-2.
Therefore
(i) If k > 4 then 0(2S,Y,, nyar—2) = 2.
(11) If k =3 and ny = ny =2 then §(25,Y221) =2 .

(i) If k=3 and ny =ny =1 then 4 < 6(25,Y111) <5 and h®(Zsy,,,)(1,1,1)) > 0 of
and only if m;(u) = m;(0) and 7p(v) = 7p(0) for some i, h € {1,2}.

(w) If k =3 and {ny,ne} = {1,2} then 6(25,Y211) > 3 and h°(Ziasy,, ,)(1,1,1)) > 0
if and only if m(0) € ma(S').

Figure 3.3: Picture of Proposition 3.2.3.

Proof. Remark that S := {u,v} C Y’, and Y’ is actually the minimal multiprojective
space containing S” while Y,, ., k-2 is the minimal multiprojective space containing 5.
Part (b) of Lemma 1.2.14 gives

W (YVagmoai-2, Zesy,  wa)(lyo1) = (Y, Zosyn(1,1))
and hence

' (Zsy

ny,ng,

(1, 1) = W (Zes vy (1,1,0,...,0)). (3.2.1)

Proposition 3.1.3 (or rather its proof for £ = 2) and Lemma 1.2.15 give

hl (Y/71(2S/,Y’)(1a ]_)) = 2
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(i)

(i)

(iii)

Assume k > 4. Take M € |Oy ., (€x)| containing o. By looking at the residual
ng,l

exact sequence of M, we remark that Resys(25,Y,,, np1v-2) = {0} U (25, Y,y 15-2)
and M N (25,Y,,, n,1x-2) = (20, M). Since h! (I(QO,M)(l ,1)) =0, by (3.2.1) we get

hl (Ynl,nz,lk*2 ) I(2S’,Ynl’n2’1k,2)u{o} (ék)) = hl (Y'nl,ng,ﬂc*2 5 I(QS’,Y’) (ék))

and we conclude the proof of part (i).

Assume k = 3 and ny = ny = 2.

Consider the subgroup G of Aut(P?) x Aut(P?) x Aut(P!) fixing pointwise Y’. The
action of G on Y32, has an open orbit U and o € U. Since h'(Zg/(1,1,0)) = 0, case (a)
of Lemma 1.2.14 gives h' (Ya2,1, Zas'v351)(1,1,1)) = h* (Y, Za5,y7)(1,1)). Obviously
hl (Y’,I(2S/’Y/)<1’ 1)) = hl (3/27271,1-(25/’3//)(53)). Since ho (}/2,271,1—(25/ y/)( )) > 0 and o
is in the open orbit U, we have h° (}/'2,271,1(25/,1//)%0} (ég)) =hn° (YZZbI(QS/,y/)( )) —1.
Therefore

h' (Yoo 1, Zoosr ynutor (€3)) = B' (Yoo, Zas v (£3)) -

Thus to prove that k' (Zs/v,,,)u(0}(€3)) = 2 and hence to prove part (ii), it is
sufficient to observe that h® (W Ziaa,w) ( 1)) > 0, because not all 3 x 3 matrices have
rank at most 2, where we took W P2 P2 and A C W as a general subset of two
distinct points.

Assume k =3 and ny = ny = 1.

Since h° (Oy, ,,(1,1,1)) = 8 and deg(25, Y1 11) = 12, we have h' (Zpsy,, ,)(1,1,1)) =
44 1% (Ziasyi 1) (1,1, 1)), so k' (Ziasy,,,)(1,1,1)) > 4. To conclude this case it is
sufficient to show the following claim.

Claim 4. With the notation as above h° (Zssy; ,,)(1,1,1)) > 0 if and only
if m;(u) = m;(0) for some i € {1,2} and 7;(v) = m;(0) for some j € {1,2}.
In this case h° (Zias,yy,1)(1,1,1)) =1 and h' (Zpsy,, (1,1,1)) = 5.

Proof. Take H € |Zg,y(e3)|. Since m3(u) = m3(v), then H NS = S’ Since H
is smooth, (25,Y111) N H = (25, H) and Resy(25,Y11,1) = 5" U{20}. We
identify v(H) with a smooth quadric surface Q C P3. Since a tangent plane
to a smooth quadric surface () is tangent to () at a unique point, then we
have the vanishing of h® (H, Zas,y; , 1ynm,u (1, 1,1)).

Consider the residual exact sequence of S with respect to H:
0 — Tsrug01(1,1,0) = Ziasyy 1) (1, 1,1) = Ziasyyy naa(1,1,1) — 0.
Since h° (H, Tosyianma(l, 1, 1)) =0, then
W (Zasyin(1,1,1)) = B° (Zoueoy (1, 1,0)) -

Moreover h (Islu{zo}(]_, 1,0)) = Ao (}/171;37ZﬁB(S/)U(zni’,(O),YI,I;S)(17 1)) and we
can think of v3(Y31,3) as a smooth quadric surface. Since T,,(,)v3(Y1,1;3) is a

plane 1 (Y118, Ly (s7)0(2ms(0),v1,0) (1 1)) < 1.
Now h® (Y113, Zyy(s0(2ns(0)v1.1.5) (1, 1)) = 1 if and only if both v3(ns(u)) and
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v3(ns3(u)) are contained in v3(Y11:3) N Thyms(0)) (v3(Y1,1:3)). We remark that
Ty (ns(0)) (V3(Y1,1;3)) is the union of two lines through 15(n3(0)), i.e. the image
by vs of the set of all x € Y3 with m(z) = m(0) and the set of all
y € Y113 with ma(y) = m(0). Hence Claim 4 is just a translation of this

observation. N

(iv) Assume {ni,no} = {2,1} and k = 3.

With no loss of generality we may assume ny = 2 and np = 1. Since h° (Oy, (1,1, 1))
12 and deg(2S, Ya11) = 15, we have h' (Zps )y, , 1)(1,1,1)) = 34+ h° (Zasy,, (1, 1,1)).
Hence 6(25,Y211) > 3.

We remark that by assumption 7 (o) ¢ (m1(u),m(v)), m(u) # m(v) and m3(0) #
m3(u) = m3(v).

To conclude this case we have to show that h° (Z2s)y,,,)(1,1,1)) > 0 if and only if
ma(0) € ma(S').

e Assume my(0) € mo(S’). Without loss of generality we may assume that my(u) =
T2(0). Since h° (Oy,,,(e2)) = 2 then |Z,(e2)| is a singleton. Set {H} := |Z,(es)].
Since H = P? x P! it is smooth, hence (25,Y311) N H = (2{o,u}, H) scheme-
theoretically and Resy(2S5,Y211) = (2v,Y211) U {0, u}. Remark that

he <I(2”’Y2x111)u{0’“}(1’ 0, 1)) = h’ (YQJ;?’1(2712(U)7Y2,1;2)U{772(0)ﬂ72(u)}(17 1)) :

Moreover, Y3 1.0 = P? x P! and

h (OY2,1;2(1> 1)) =6= deg((2772(v), }/2,1;2) U {772(0)> 772(,“)})
This last equality implies that

R (Y212, Zeamo0), Yoo U)o} (1 1) = B (Yo, 12, Lo (0),¥a10)Umao) mo ()} (1, 1)) -

To show that h® (Y12, Z(2ns(0),¥a12) 0 (0)ma(w} (1, 1)) > 0, we have to look at the
hyperplanes of P? D v5(Y31,2) that contain both the tangent space T, (y, () V2(Y2,1:2)
and the points v5(n2({0, u})). Remark that T, w))v2(Y2,1;2) Nv2(Y2,1;2) is the union
of 2 linear spaces containing v5(1n,(v)), one of dimension 2 and one of dimension 1,
spanning the 3-dimensional projective space T,,, (y,(v))V2(Y2,152). Since m3(u) = m3(v),
then v5(n2(u)) is a point of the 2-dimensional irreducible component of the tangent
space Ty, (n(0))V2(Y2,1,2) N 12(Yo1,2)-

Thus h° (IRGSH(QS,Y&M)(LO,1)) > 0. Hence, by the long cohomology exact se-
quence induced by the exact sequence of the residue of S with respect to H, we get
K (Ziasvy,0)(1,1,1)) > 0.

o Assume my(0) ¢ m2(S). Since h° (Oy,, ,(g3)) = 2 then |Z,(e3)| is a singleton. Set
{M} = |Z,(e3)|. Since M is smooth and M NS = S’, then (25,Y511) N M =
(257, M) scheme-theoretically and Resp(25,Y211) = 5" U (20,Y211). We have
hO (IS/U(QO,YQJJ)(]‘? 1, 0)) = hO (}/Qa]-;37InS(S’)U(27]3(O)7Y2,1;3)(17 1)) ObViOUSly

ho (}/2,1;37I(2n3(0)7Y2’1;3)(]—7 1)) = 2.

Since n3(S) is in the open orbit of S(Yz1.3,3) for the action of Aut(P?) x Aut(P?!),
WO (Ya,133, Zig(5)u(@ns(0), o) (1, 1)) = 0. The set S is in the open orbit of Aut(M)
for its action in Sys(3) (cf. Definition 3.4.1). Since any 3 x 2 matrix has rank at
most 2, we know that oo(v(M)) = P°. Thus h° (H, Z2s,y,, 1)nm,m(1,1,1)) = 0. The

residual exact sequence of S with respect to M gives h° (I(Q&Yzl,l)(]_, 1, 1)) = 0.
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In summary if k¥ = 3 and {ny,ne} = {1,2}, then S € T(Y211,3) if and only if m(0) €
ma(S"). O

3.3 Characterization of the third Terracini locus

In this section we prove the main theorem of the present chapter, i.e. we prove that the
previous examples are the only non-trivial sets of points lying in the third Terracini locus.

-----

.....

where n, € {1,2} for all i = 1,..., k. We will treat all the possible cases for Y’. In
particular, we will consider the case in which

e the multiprojective space is a product of P'’s only in Lemma 3.3.2, Remark 3.3.4
and Lemma 3.3.7 respectively.

Then we start arguing by number of factors, more precisely:
e the 3-factors case is treated in Lemmas 3.3.8,3.3.9 and 3.3.10 respectively;
e for k = 4 we refer to Lemma 3.3.12;
e case k > 5 is done in Lemma 3.3.11.

In all these cases, if Y}, », is not equivalent neither to Y34 nor to Yor we will prove that
any S € T(Y,,, . n.,3) is either as in Example 3.2.3 or as in Example 3.2.1. If Y = Y}4 then
we will see in Remark 3.3.4 that any set S of three points such that Yis is the minimal
multiprojective space containing S lies in T(Y}4,3). While for the case of multiprojective
spaces given by products of P?’s only, we will prove that T(Yax, 3) = 0.

Therefore from now on we will work with multiprojective spaces Y,
P™ such that n; € {1,2} foralli=1,... k.

Let us begin our discussion with the case of products of P'’s and by recalling that the
action of the group (Aut(P'))* on sets of points S having all ;s injective is transitive.

np = P™M XX

-----

Remark 3.3.1. Let Yix = (PY)*, for some k > 2. Given any two subset S, S’ C Yjx of
three distinct points such that #(m;(S)) = #(m(S")) = 3 for all i = 1,...,k, one can
always find f € (Aut(P!))* such that S = f(S’). Since Y;« is the minimal multiprojective
space containing both S and S’, then S € T(Yix, 3) if and only if S’ € T(Y7x, 3).

Lemma 3.3.2. Let Y111 = P! x P! x Pt and let S := {u,v,0} C Y111, with #S = 3, be
such that Yy 11 is the minimal multiprojective space containing S. Then S € T(Y111,3)
if and only if there exist h € {1,2,3} and i,7 € {1,2,3}\ {h}, with i < j such that

mh(u) = mn(v) #ma(0), mi(0) = mi(u) and m;(0) = m;(v),
where both m;(u) # m;(v) and m;(u) # m;(v).
Proof. Up to a permutation of the index h € {1,2,3} we may assume h = 3.
Take S C Yy, with #5 = 3 and let Xy, = v(Y111). Since dimog(X;1,1) = 7 (cf.
Theorem 1.1.24), if #(m;(S)) = 3 for all i = 1,2, 3, by Remark 3.3.1 we have that

W (Zosyiaa(1,1,1)) = 0.
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Hence S ¢ T(Y111,3).

Now assume #(m;(S)) < 2 for some i. Remark that since Y; ;1 is the minimal multipro-
jective space containing S then #(m;(S)) = 2. We distinguish different cases depending
on the number of indices i € {1, 2,3} for which #(m;(S5)) = 2.

e If there exists only an index ¢ such that #(m;(S)) = 2 then S is as in Example 3.2.3
and by case (iii) of Proposition 3.2.5 we know that h° (Zgy, , ,)(1,1,1)) = 0.

o If #(m;(S)) = 2 for two indices, then S is as in Example 3.2.3 or as in Example 3.2.1.
For both cases we have h° (Zias,y,,,)(1,1,1)) = 0.

e Finally, if #(m;(5)) =2 for all i € {1,2,3}, then S is as in Example 3.2.3 and by case
(iii) of Proposition 3.2.5 we get that h° (I(QS,YMJ)(L 1, 1)) = 1. -

Remark 3.3.3. Let Y;;; = P! x P! x P! and let S € S(Y111,3) such that Y;; is
the minimal multiprojective space containing S. We remark that the characterization
of the elements T(Y]11,3) presented in Lemma 3.3.2 is the well known description of
the general element of the tangential variety 7(X; 1), which is also called W-state in
quantum information literature (cf. [Cab02]). Indeed let S = {u,v,0} € T(Y111,3) and
without loss of generality take {7, j,h} = {1,2,3}. Then

U = (a’b77)7?’}: (aaﬁa’)/)aoz (a’/87c>’

for some distinct a, 8,7, a,b,c € P'. Now it is straightforward to see that the general
q € (v(S)) is actually an element of T, X111 where p = (a, 3,7).

Remark 3.3.4. Fix Y1« = (P!)* and let A C Yi4 be a general subset of three distinct
points. Since the 3-rd secant variety of X4 := v/(Y14) C P19 is defective with defect 1 (cf.
Theorem 1.1.24), then dim(o3(X14)) = 13 and 2° (Z2a,v,4)(1,1,1,1)) = 2, so by looking
at the restriction exact sequence we get h' (I(2 Ay (11,1, 1)) = 1. By the semiconti-
nuity theorem for cohomology (cf. [Har77, Ch. III §12]) ' (I(Qs’ylél)(l, 1,1, 1)) > 1 and
h? (Zias,y,)(1,1,1,1)) > 2 for all S C Yis with #(S) = 3. Moreover we remark that Y4
is the minimal multiprojective space containing a set S of three distinct points if and
only if #(m;(S)) > 2 for all i =1,2,3,4.

Thus for all S C Y74 such that #(S5) = 3 we have that

5(2S, Yia)R? (I(QS,YH)(L 1,1,1)) >0

and the 3-rd Terracini locus T(Yj4,3) contains all subsets S of Yjs of cardinality three
such that #(m;(S)) > 2 for all i = 1,2, 3,4.

Remark 3.3.5. Let Y;» = (PY)* with & > 5. By Theorem 1.1.24 we know that
dim(o3(Xx)) = 3k + 2. Take a general S of cardinality 3, by looking at the restric-
tion exact sequence of 25 with respect to Yix, we get that hl(I(Q&YIk)(l, ce 1)) =0. So
a general S C Yir with #(S) = 3 is not in the 3-rd Terracini locus T(Yx,3). Thus by
Remark 3.3.1, for all S C Yjr with #(S5) = 3 such that #(m;(S)) =3 foralli=1,... k,
then S ¢ T(Yyx, 3).

Lemma 3.3.6. Let Yix = (PY)* with k > 5. Fiz S := {a,b,c} C Yix such that Yyx is the
manimal multiprojective space containing S. Assume that there are at least k — 2 indices
i’s for which m;(a) = m;(b). Then S is either as in Example 3.2.3 or as in Example 3.2.1.
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Proof. Define E := {i € {1,...,k} | m(a) = mi(b)}, by assumption #(E) > k — 2 and
since a # b then #(F) < k — 1. By permuting the factors of Y}« if necessary, one can
always assume that E contains the last & — 2 indices and that the index 1 ¢ E. I[f2¢ E
then S is constructed as in Example 3.2.3 with n; = ny = 1, else S is as in Example 3.2.1
where we took m = 1. O

Lemma 3.3.7. Let Yy = (PY)* with k > 5. Fiz S C Yix with #(S) = 3 such that Yix
is the minimal multiprojective subspace containing S. If S € T(Yix,3) then S is either as
i Example 3.2.53 or as in Example 3.2.1.

Proof. Write S := {u,v,z}. Since S € T(Y}x,3), by Remark 3.3.5 we may assume that
mi(u) = m;(v) for at least one ¢ € {1,...,k}. With no loss of generality we may assume
i = 1. Since h° (Oylk (ei)) = 2 for i = 1,2, both |Z,(e1)| and |Z.(e5)| are singletons. Set
{H} := |Z,(e1)| and {M} :=|Z,(e2)|. Since v € H, then S C H U M. Moreover, since
Yir is the minimal multiprojective space containing S, then z ¢ H and #(S N M) < 2.

Claim 5. h' (Z5(0,0,1,...,1)) = 0 unless S is either as in Example 3.2.3 or
as in Example 3.2.1.

Proof. Call n: Yix — (P1)*=2 the projection onto the last k — 2 factor of Y}«
and set Y’ := (P1)*=2,

Assume h'(Zg(0,0,1,...,1)) > 0. Therefore either ng is not injective or
#(n(S)) = 3 and h' (Y',Z,5)(1,...,1)) > 0, which means that the points
of n(S) are collinear. In the first case S is either as in Example 3.2.3 or
as in Example 3.2.1 by Lemma 3.3.6. In the second case we would have an
i€ {3,...,k}suchthat #(m,(S5)) = Lforall h € {3,...,k}\{i}, contradicting
the minimality of Y for n(S), which is a consequence of the minimality of Y}«
for S. O

Assume by contradiction that S is neither as in Example 3.2.3 nor as in Example
3.2.1.

(a) Assume #(SN M) =1,ie. SN(HNM) = 0. So S is contained in the smooth

part of H U M and Resgupn(25) = S. Since S is not as in one of the examples, by
Claim 5 we get h' (Zresyoy 25)(0,0,1,...,1)) = k' (Z5(0,0,1,...,1)) = 0. More-
over, by the restriction exact sequence of S, we get h°(Z5(0,0,1,...,1)) = 2k=2 — 3.
Since by assumption S € T(Yj, 3), then hY (I(gsylk)(l, ...,1)) > 0 and more precisely
W (Zasy,)(1,...,1)) > 28 — 3(k 4+ 1), where k > 5. Thus the residual exact se-
quence of HU M gives h! (H U M, Zios,momny,maum (1, - - -, 1)) > (. Since by assumption
SN(HNM) =0, (2S,HU M) is equal to (2u, H) U (2v, H) U (2z, M).
Denote by G the set of all g € (Aut(P'))* acting as the identity on the last k — 1
factors of Yjx; we remark that the elements of G are 3-transitive on the first fac-
tor. Let G, be the subgroup of G fixing also the first component m(u) of u € S.
Hence, since we assumed m(u) = m(v), any g € G, fixes both v and v. Obviously
W' (H U M, Z(au, myu(2v, 20z 0y, 5UM (L -, 1)) = bt (H U M, Ziau myu(2e, myu2g(),0), UM (L -5 1))
for all g € G,,. Thus it is sufficient to find a contradiction for a single 2/ € M\ H N M
with m;(2") = m(2) for i > 1.
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We may specialize z by considering a general o € H N M. So it is sufficient to work
on H rather than H U M. Denote by Z := (2u, H) U (2v, H) and call A the union of
Z and the double point (20, H N M). We want to use the Differential Horace Lemma
with H N M as a divisor of H (cf. Lemma 1.2.4). We remark that Z C H satisfies the
assumptions of the Differential Horace Lemma, i.e. both

W (H, Tes gy (z) @ L(=H N M)) =0

and h' (H N M, Tznnmy,mom @ Ligon) =0,

where £ = O(1,...,1). Indeed the latter is trivially zero since by assumption #(S N
M) = 1. The former is zero since H is the minimal multiprojective space contain-
ing Z and by Proposition 3.1.3 we know that T(H,2) = 0 and in particular that
§(2{u,v}, H) = 0. Thus by Lemma 1.2.4, in order to show that h' (H,Zs(1,...,1)) =
0, it suffices to show that both

h' (H N M, Zizomonnyofep (L, ..., 1)) =0
and h' (H, Tresyon(4)(1,0,1,...,1)) = 0.
Clearly since (Z N (H N M)) U {o} = {0} then h' (H N M, L znmnnryuier(1,...,1))

is trivially zero. The second equality follows from (1.2.3) of Remark 1.2.13 since we
already pointed out that §(2{u,v}, H) = 0.

Assume #(SN M) = 2. Taking {M;} = |Z.(¢;)| for ¢ = 3,..., k and applying step (a)
to H U M;, we see that it is sufficient to handle the case with #(m;(S)) = 2 for all 4.
Write S = {a,b,c}. Since Aut(P!) is 2-transitive, by composing with an element of
(Aut(P1))*, we may assume 7;(S) = {a, 3} for all i.

Without loss of generality we may also assume m;(a) = « for all i. Thus § €
{mi(b), mi(c)} for all i. Moreover, since S is neither as in Example 3.2.3 nor as in
Example 3.2.1, for all A C S with #(A) = 2 then #(m;(A)) = 2 for at least 3 indices

1’s. We define the maximum number of common components that any two points of
S can have as

t:=max{#([)|I C {1,...,k} and 3A C S with #(A) = 2 such that Vi € [ m;(A) = 1}.

By relabeling if necessary, we may assume that {a,b} is one of the subsets of S
reaching such ¢. By assumption t < k — 3.

We distinguish different cases depending on the integer £ > 5. In particular, for
k = 5,6, we will get to a contradiction with the assumption §(25,Y;x) > 0 by direct
computation with Macaulay2 (cf. [GS02]).

(i) Assume k = 5. So t < 2 and since #(m;(S)) = 2 for all ¢ and k& > 3 then ¢t = 2.
Permuting the factors of Y we may assume m;(b) = « for i = 1,2 and m;(b) = 8
for i = 3,4,5. Since #(m;(S)) = 2 for all 7, then m(c) = me(c) = . Since a and
¢ have at most 2 common projections, then we may assume m;(c) = « for ¢ = 3,4

and m5(c) = B. Thus S = {a, b, c} is such that
a = (a7a7&7a7a)7 b: (a7a757ﬂ76)7 Cc= (ﬁ?ﬁ?CK?a?/B)

and up to a permutation of the elements of S and of the factors of Yis, there is a
unique such S.
By direct computation one can see that h° (I(g&yls)(l, 1,1,1, 1)) = 14 and conse-

quentially h! (1(2573/15)(1, 1,1, 1, 1)) = 0 contradicting the assumption.
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(i)

(i)

Assume k = 6. We have ¢ < 3. Moreover, since #(m;(S5)) = 2 for all ¢, then t > 2.
We distinguish two different cases in dependence on the value ¢t € {2, 3}.

Assume t = 3. Permuting if necessary the factors of Yis, we may assume m(b) =
mo(b) = m3(b) = o and m4(b) = m5(b) = m(b) = . Thus since #(m;(S)) = 2 for all
i’s, then m(c) = ma(c) = m3(c) = . Moreover ¢ and a can have 2 or 3 common
components. In the first case S = {a, b, ¢} is such that

a:(a7a7a7a’a’a)7 b: (a7a7a’/8’/87/8)7 CZ(ﬁ’ﬂ’ﬁ?/B7O{7a)'

In the second case S = {a, b, ¢} is such that

a:<a7a7a7a7a7a)7 b:(a7a’a7/87ﬂ7/6)7 Cc= (/87/87B7Q7a7a>‘

We remark that up to permuting the factors of Yis and relabeling the elements of
S, these are the only cases for t = 3. As before, by direct computation, one gets for
both cases 6(2S5,Y1s) = 0 contradicting the assumption.

Assume t = 2. Permuting the factors of Y we may assume m(b) = m(b) = «
(and hence m(c) = m(c) = B) and m3(b) = ma(b) = m5(b) = me(b) = B. Since
#{mi(a),m(c)} = #{mi(b), mi(c)} = 1 for at most 2 indices, among the set {3,4,5,6}
exactly 2 i’s have m;(c) = [, while the other ones have 7;(¢) = a. Thus S = {a, b, c}
is such that

a=(a,a,a,a,a,a), b= (a,,8,8,5,8), c=(B,05,5,5,q,a).

Up to relabeling the points of S and a permutation of the factors of Yis, there is a
unique such S. By direct computation one gets h" (I(QS,Y16)(1, 1,1,1,1, 1)) = 20, so
§(2S,Y1s) = 0 contradicting the assumption.

Now assume k > 7. Exchanging if necessary the names of the points of S we may
assume 7y (a) = m(b) = a and hence 7, (c) # a. For any t € P! set S; := {a,b, ¢;},
where 7 (¢;) :=t and m;(¢;) := m;(c) for all i > 1. Since any two of points of S differ
in at least 3 coordinates, #(S;) = 3 for all t. Since Aut(P') is 3-transitive, for each
t € P\ {m(a)} there is

g € ((Aut(PY))¥) c Aut(Y)

such that ¢;(S;) = S. Thus 6(25) = §(2S;) for all t € P\ {m(a)}. Denote by
ay := m(a), by the semicontinuity theorem for cohomology it is sufficient to prove
§(25,,,Yr) =0.

To show that §(2S,,,Yix) = 0, we proceed by induction on the integer n :=k — 7.
Assume n = 0, i.e. k = 7. Since h°(Oy,, (e1)) = 2, [Zu(e1)| is a singleton. Set
{H} = |Zu(e1)], so H D S, by definition. Since any two points of S differs in at
least 3 coordinates, by Lemma 1.2.11 we know that h' (H, Zs,, (él)) = 0. By case
(b) of Lemma 1.2.14 we know that §(25,,, Yir) = 6(2S,,, H). In item (ii) we proved
that for any subset S C (P')% of three points such that any two of them have at
least 3 distinct components, then §(25, (P1)%) = 0. Thus §(2S5,,, H) = 0, and hence
§(2S,,,Yr) =0.

Assume now n > 0, i.e. k > 7. As before, we set {H} := |Z,(¢1)|, so H D S, by
definition. By the same argument we get 6(2S,,,Y1r) = 0(2S,,, H). If ¢,, differs
from a and from b in at least 3 coordinates, then the inductive assumption gives
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§(2S,,, H) = 0 and hence 6(25,Y;x) = 0. We conclude since k > 7 and #(m;(S)) = 2
for all 4, so not all pairs of points of S may differ in only 3 coordinates.

Thus we proved that for all £ > 7, then 6(2S,,,Yix) = 0, so by the semicontinuity
theorem for cohomology, for all k& > 7 we get §(25,Y;x) = 0 contradicting the
assumption. L

This concludes the case of Yjx = (Pl)’C for all £ > 3. Therefore let Y,,, ., 2 Yir and
let us distinguish different cases based on the number of factors of Y,,, . ,,. The following
three lemmas treat the 3-factors case depending on whether the integer ny + no + ng is
equal to 4,5 or 6 respectively.

Lemma 3.3.8. Let Yo 11 = P?xP'xPL. IfS € T(Ya11,3) then S is either as in Example
3.2.1 or as in FExample 3.2.5.

Proof. Let S C Ya 11, with #(S) = 3, be such that Y5, ; is the minimal multiprojective
space containing S, i.e. mys is injective, dim(m(S)) = P? and #(m(S)) > 2 for all
i € {2,3}. We remark that S is as in Example 3.2.3 or as in Example 3.2.1 if and only if
there exists an index ¢ € {2,3} such that #(m;(5)) = 2.

Assume by contradiction that S is neither as in Example 3.2.3 nor Example 3.2.1, i.e.
assume that #(m;(S)) = 3 for i = 2,3. Since Aut(P?) is transitive on the set of triples
of linearly independent points of P? and Aut(P!) is 3-transitive, S is in the open orbit
for the action of Aut(P?) x Aut(P') x Aut(P!) on the set of three points of Y5 1. So we
can deal with a general set S C Y5, of cardinality three. By Theorem 1.1.24 we know
that o3(X5,1,1) is not defective, so 03(X51,1) = P'! and hence h® (Zsy,,,)(1,1,1)) =0,
contradicting the assumption. O]

Lemma 3.3.9. Let Y = P? x P2 x P1. Then each S € T(Ya21,3) is as in Example 3.2.3
for k=3 and ny = ngy = 2.

Proof. Set

U:={S CYan1|#(S) =3 and Y, is the minimal multiprojective space containing S}.

So any S € U is such that #(ms(S)) > 2, myjs and myg are injective and dim(m(S)) =
dim(my(S)) = 2. The group Aut(P?) x Aut(P?) x Aut(P') acts on U with exactly 2 orbits:

1. #(m3(9)) = 3;

2. #(m3(9)) = 2.
Call O the first orbit and O, the second one. Obviously for all S, S in the same orbit
we have n'(Zasy,,,)(1,1,1)) = M (Z95y,,,)(1,1,1)). Among the elements of O there
is the general subset of Yy with cardinality 3. Since o3(v(Y221)) = P (cf. Theorem

1.1.24) h' (Zias,v55.)(1,1,1)) = 0 for all S € O;. We conclude since the elements of O,
are exactly the sets S described in Example 3.2.3 for ny = ny = 2 and k = 3. O

Lemma 3.3.10. Let Vo020 = P2 x P2 x P2. The 3-rd Terracini locus T(Ya22,3) is empty.

Proof. Let S C Y39, with #(S5) = 3, be such that Y55, is the minimal multiprojec-
tive space that contains S, i.e. ;g is injective and dim(m;(S)) = 2 for all © = 1,2,3.
By the action of (Aut(P?))?, we can reduce to work with a general set S C Ya45 of
cardinality three. Since o3(X322) is not defective (cf. Theorem 1.1.24) we know that
dim(o3(X222)) = 20, so h®(Z(2s,y5..,)(1,1,1)) = 6. Hence, by the restriction exact se-
quence, 6(25,Y525) = 0. m
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With the previous proposition we are done with multiprojective spaces of £k = 3
factors. Let us focus for the moment on the integer £ > 5. In this case we deal with
,,,,, ne = P™ X -+ - x P™ where all n; € {1,2}. We will prove by induction on the integer
t:=dimY,, ., —kthat any S C Y, .., with #(5) = 3, that belongs to T(Y,,.. ., 3)
is either as in Example 3.2.1 or as in Example 3.2.3, by using Lemma 3.3.7 as a base case
t=0.

,,,,,

Lemma 3.3.11. Let Y,
i’s. If S € T(Y,,
particular T(Y,,

..... ne = P™ X - X P™_where k > 5 and n; € {1,2} for all
,,,,, nes 3) then S is either as in Example 3.2.1 or as in Example 3.2.3. In
nes3) = 0, unless n; =1 for at least k — 2 indices i.

-----

Proof. We proceed by induction on the integer ¢ := dimY,, ., — k.
The base case t = 0 corresponds to Lemma 3.3.7. Assume ¢ > 0 and that the lemma is
true for any multiprojective space Y, ., of dimension at most k +¢ — 1. Since t > 0,
there exists at least an index 7 such that n; = 2, without loss of generality we may assume
i=1 Fix S € T(Yan,. . n.>3). So we know that 6(25,Y5,, n».) > 0and Ya,, ., is the
minimal multiprojective space containing S. Thus s is injective and (m(S)) = P?. Fix
o € P2\ m(S). Choose a system of homogeneous coordinates {xg, z1, 2} of P? such that
o=[1:0:0], the line L := {xy = 0} contains no point of m(S) and o is not contained
in one of the 3 lines spanned by 2 of the points of 71(S). Let ¢, : P?\ {0} — L denote
the linear projection from o, i.e. the rational map defined by [ag : a; : as] — [0 : a1 : ag).
Write Yo, n, = P? x Y with Y’ = [[,.; P" and set H := L x Y’ € |Oy,,_ . (e1)l.

.....

The morphism /¢, extends to a morphism

........

fo: (PP\{o}) xY" — H
(a,b) = (€o(a), b),

We remark that #(f,(S)) = 3 and that H is the minimal multiprojective subspace of
n, containing f,(.S).

For each A € K\ {0} let uy : P* — P? denote the automorphism of P? defined by the
formula [ag : a; @ as] — [Aag : a1 @ ag). Let K" C K\ {0} be the set of all A € K\ {0} such
that no line spanned by 2 of the points of uy(m(S)) contains o. For each A € K’ we have
#(ux(m(9))) = 3 and wuy(m1(5)) spans P2

For each A € K’ define

Composing f, with the inclusion j : H C Ya,,
is a limit for A going to 0 of the family {g)}rex of automorphisms of Y5,
semicontinuity theorem for cohomology §(2(j o f,(5)), Ya.n,

n, We see that the rational map j o f,
n.- By the
ng) > 0.

.....

.........

Claim 6. 6§(2go(S), H) = §(2(j o f,(5)), Yo,

n, = dim H + 1, part (a) of Lemma 1.2.14 gives

.....

0(290(5), H) < 6(2(j 0 fo(S)), Yams...n) < 0(290(S), H) + h' (Zs(1)) -



To conclude the proof of Claim 6 it is sufficient to prove that h' (Zs(£1)) = 0.
Assume h' (Zs(¢1)) > 0. By Lemma 1.2.11 either there are u,v € S such that
u # v and 7y (u) = (v) or there is i € {2, ..., k} such that #(m,(5)) =1 for
all h € {2,...,k}\ {i}. In the former case, i.e. if m;(u) = m;(v) for all i > 1,
S is as in Example 3.2.1. In the second case we are either in Example 3.2.3
or in Example 3.2.1 and for both cases we have h'(Zg(¢;)) = 0. O

By Claim 6 and the inequality h° (Og(1,...,1)) > 3dim H (true because k > 5) f,(S) €
T(H,3). By the inductive assumption f,(S) is as in one of the Examples 3.2.3 or 3.2.1 and
in particular nj, = 1 for at least k — 2 of the last (k — 1) indices h, say for h € {3,...,k}.
Moreover there is A C f,(.5) such that #(A) = 2 and #(m,(A)) = 1 for all A > 2. Since
fo act as the identity on the last (kK — 1) components of any p € Ya,,, ., \ H, we get that
S is described by the same Example which describes f,(.5). O

The only case left in the discussion is the 4-factors case, where we work with mulit-
projective spaces Y, . , 2 Yja.

ny = P™ X P2 x P x P™ with n; € {1,2} for all i and
nes 3), then S is either as in Example 3.2.3 or as

.....

.....

m Bxample 3.2.1.

Proof. We will show the result by induction on the integer t = ny +--- +ngy — 5 > 0.
First assume ¢t = 0, i.e. ny + ny + n3 + ny = 5. With no loss of generality we may
assume Ys1 11 = P? x P! x P! x P!, Since Y5 is the minimal multiprojective space
containing S and n; = 2, then w5 is injective. Assume for the moment ;g injective
for i = 2,3,4. Since Aut(P!) is 3-transitive, S is in the same orbit for the action of
Aut(P?) x (Aut(P'))? of 3 general points of Y51 11. We know that dimo3(v(Ya111)) = 17
(cf. Theorem 1.1.24), so 6(25,Y211.1) = 0 contradicting the assumption. Thus we may
assume #(m;(S)) = 2 for some i € {2,3,4}. With no loss of generality we may assume
that at least #(m3(S)) = 2. Since s is injective, nyg is injective. The set 7,4(S) is as
in case (iv) of Proposition 3.2.5. Using 7, and 73 instead of 1, we see the existence of
at least two indices h € {2,3,4} such that #(m,(S)) = 2. With no loss of generality
we may assume #(m3(S)) = #(ma(S)) = 2, i.e. neither myg nor myg are injective. If
there is S C S such that #(5") = 2 and #(m3(S")) = #(m4(5’)) = 1, then we are in
Example 3.2.3 or Example 3.2.1. The non-existence of such S’ shows that we may name
S ={a,b,c} so that my(a) = ms(b), m3(a) = w3(c). We distinguish two cases:

(1) #(m2(9)) = 2;
(ii) #(m(S)) = 3.

Write a = [ay, as, as, as], b = [by, ba, b3, by] and ¢ = [c1, o, 3, ¢4]. Since Aut(P?) is transi-
tive on the set of all triples of linearly independent points, we may assume a; = [1: 0 : 0],
by =[0:1:0and ¢; = [0 : 0 : 1]. Since Aut(P') is 3-transitive we may assume
ay =az =ay =, bg =3, by = a, c3 = a and ¢4 = 3, for some a # [ € P'. Moreover,
in case (i) we may assume by = ¢y = 3, while in case (ii) we may assume by =  and
¢y = 7, for some v € P! with v # «, 8. For both cases, by direct computation one gets
K (Zias,vs101)(1,1,1,1)) = 17, s0 8(25,Ya11,1) = 0 contradicting the assumption.

Now assume t > 0, i.e. ny + ny + n3z +ny > 6. As in the proof of Lemma 3.3.11, we
will use a linear projection from a general point of a 2-dimensional factor of Y,,, . ,, to
conclude by induction on the integer ny + ny + ng + ny. O
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The previous proposition concludes the analysis on the study of the third Terracini
locus of any multiprojective space. Now we collect all together the above results in the
upcoming theorem. Before proceeding, note that the case of Yo = (P?)*F with k > 4 is
already contained in both Lemma 3.3.12 and Lemma 3.3.11 but it can be easily treated
as follows.

Remark 3.3.13. Let S C Y, with #(S) = 3, be such that Yy is the minimal multi-
projective space containing S, i.e. ;g is injective for all i« < k. We can look at S as
a general set of three distinct points by the action of (Aut(P?))*. By Theorem 1.1.24
o3(Xyx) is never defective, therefore h'(Zasy,,)(1,...,1)) = 0 and hence T(Yax,3) = 0.

We are ready to state the main theorem of the present chapter that completely de-
scribes the third Terracini locus of any set of three points.

Theorem 3.3.14. Let Y, ., be the minimal multiprojective space of k > 1 factors
containing a set S of 3 points, where all n; € {1,2}. Then the following characterization
of the 3-rd Terracini locus holds.

77777

Moreover the non-empty S € T(Yy, .. .n.,3) can only be either as in Example 3.2.1 or as
in Ezample 3.2.3 or Yia = (PY)4, in this last case all S C Yya with #(S) = 3 that have
Yir as minimal multiprojective space lie in T(Y14,3).

Proof. Let S € T(Y,,...n.,3) be such that Y,,, _,, is the minimal multiprojective space
containing S, so Yy, . = P™ x --- x P™ is such that n; € {1,2} foralli=1,... k.
If k = 1 we always have h°(Zy5(1)) = 0, thus the case of either Y5 = P? or ¥; = P! is

clear.

Assume k = 2. In this case Y, ,, = P™ xP" with 1 <n; <2and 1 <ny <2. If
ny = ny = 1, then obviously h°(Zys(1,1)) = 0. If n; = 2, then g is injective and
m;(S) is linearly independent. Thus if n; = ny = 2, then S is in open orbit for the
action of Aut(P?) x Aut(P?) on the set of three points of Y5. Since a general 3 x 3
matrix has rank 3 we get o3(v(Y22)) = P®. Hence h(Z(25y,,)(1,1)) = 0, contradicting
the assumption S € T(Y32,3). Now assume n; = 1 for exactly one i, say for i = 1.
Since Y] 5 is the minimal multiprojective space containing containing S, #(m(S)) > 2
and #(mo(S)) = 3. Thus there is S" C S such that #(S5") = #(m1(5")) = 2. S is in the
open orbit for the action of Aut(P') x Aut(P?) on Sy,,(2). Since a general 2 x 3 matrix
has rank 2, o9(v(Y12)) = P°. Thus h°(Ziag' v, ,)(1,1)) = 0. Hence h°(Zias,y; )(1,1)) =0,
contradicting the assumption S € T(Y)2,3). This concludes the case of two factors.

The case of k = 3 is completely covered by Lemmas 3.3.2, 3.3.10, 3.3.8 and 3.3.9.

In the case of k = 4 there is the defective 3-rd secant variety of the Segre embedding of
Yis = (PY* (cf. Remark 3.3.4).

For any other couple (S,Y,, . ,,) where Y, . 2% (PY)* Lemma 3.3.12 shows that S
must be either as in Example 3.2.1 or as in Example 3.2.3.

If £ > 5 it is sufficient to use Lemma 3.3.11. O]

,,,,,
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3.4 Computing the maximal Terracini defect

An interesting question related to the discussion we faced, is to determine the maximal
value of defect §(25,Y,,.  n.) that a set of points S C Y, ., could have and, as a
consequence, to also understand for which multiprojective space it happens. The present
section is dedicated to compute the maximal defect §(25,Y,,  n,.), for all S C Y,
and all Y,,, ,, . More precisely, note that, if we fix any multiprojective space Y, . n,
of dimension n > 0, then for any p € Yy, _,, the very ampleness of Oy, . (1,...,1)

----- ng

44444 te 150Nk

with #S = r that have 0(2S5,Y,, »,) > 0. In the following we compute the maximal
value of all 0(2S,Y,, ) for some multiprojective space Y, . . of dimension n. This
maximal value is obtained when n; = n and all ny = --- = n, = 0 i.e. for Y, = P"
(cf. Proposition 3.4.4). But of course in this case h® (P", Zs5pn)(1)) = 0 for any finite
set S C P" with S # (). Therefore we will compute the maximal value of §(25,Y,, )

Before proceeding, we need to introduce the following objects that will be used only in
the present section. They encode coulpes (Y,,, . n,,S) of multiprojective spaces Y, .,
and set of points S such that S C Y, . once fixed the integers n := ) ., n; and

r= #(S5).

Notation 3.4.1. Let Y, be any multiprojective space of £k factors. For all positive
integers r define

k

(1) ={S C Yo | #S =1}

Definition 3.4.2. For any integer n > 0, denote by U(n) the set of all isomorphism
classes of multiprojective spaces Y,,, ., such that dimY,, .,
For any integer r > 2, n > 2 define

.....

k:n.

En,r) ={(Ya, .n,S) €U(n) x Sy,
E(n,r) :={(Ya,. n.,S) €U(n) x Sy,

Treens n
() 15 €Ty ng )}

Lreees n

We remark that in the definition of £(n,r) we do not require the points of S to lie in
the minimal multiprojective space containing them.

The set of all (n,r) such that £(n,r) # 0 will be easily computed in Lemma 3.4.7
and we will show that £(n,r) # 0 if and only if n > 3 and r > 2. We introduce now a
notation for the maximal value of 6(25,Y,, ., ) once fixed integers n,r.

Notation 3.4.3. Fix integers n,r > 0. Denote by
51(n,7) = max{3(25, Yir...m) | Vs §) € E(n,1)).

If we prescribe that (Y, n,.,S) € E(n,z), i.e. if we assume that Y, ., is the minimal
multiprojective space containing S, then we get the definition of the integer d(n, z).

In Proposition 3.4.8 we will show that
d(n,r)=(r—1)(n+1)—1.

In order to do so, let us start by finding an upper bound of 6(2S5,Y,,  ».), for any
couple (Y, n,.,S) such that S CY,, .,

E*
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Proposition 3.4.4. Fiz integers n > 0 and r > 2. Fiz Y,, ., € U(n) and S €
Yo, (). Then

M (Zesya, (L., 1) < (r=1)(n+1)
and equality holds if and only if the multiprojective space is Y, = P™.

77777 ne € U(n), with n; > 0 for all i’s and ny +- - - +ny = n and assume k > 2,
i.e. assume Yy, ., ZP" FixS€ Sy, . (r)andtakeo € S. Since Oy, . (1,...,1)
is very ample, we have h! (I(Qo,ynl """ nk)(l, cee 1)) = 0. Therefore we can easily bound
3(25,Y,,....n,) as follows

.....

,,,,,

(cf. (1.2.4) of Remark 1.2.13). This concludes the proof of the inequality.
The “if” part of the equality is clear, so we just need to prove the “ only if” part. We
will use induction on the integer n starting with the case n = 2.

Let n = 2 and assume by contradiction that Y, ., 2 P2, so we are working with
Yip = P! x P, Thus A°(Oy,,(1,1)) = 4. Since each tangent plane to v(P' x P')
is tangent at a unique point of the smooth quadric v(P! x P!) and r > 2, we have
K (Ziasvi1)(1,1)) = 0 and hence h' (Zpsy, y(1,1)) = 3(r — 1) — 1 # 3(r — 1). Now
assume n > 2. We distinguish two different cases depending on whether » = 2 or not.

,,,,,
..........

.....

contains two points of T, v(Yn,...n,) and hence it is contained in Ty yv (Yo, .. n,)-
Since v(u) € L, L is tangent to v(Y,, . n,.) at v(u). Hence L Nv(Y,, ., ) contains a
zero-dimensional scheme of degree strictly greater than 2. Since v(Y;,, . ,,) is scheme-
theoretically cut out by quadrics, we get L C v(Y,,. . n,.), i.e. thereis D C Y, ...,
such that v(D) = L, D = P! and #(m;(D)) =1 for k — 1 indices i. Let i € {1,...,k}
be the index such that #(m;(S)) # 1. Since #(7;(S)) = 1 for all j # i and S C D,
by case (b) of Lemma 1.2.14, we know that §(25,Y,,, . ..) = 0(25,P™), where n; < n.
By the inductive assumption we get 0(25,P™) = n; + 1 < n + 1 which is absurd since
by assumption 6(25,Y,,  ..) =n+ 1L

77777
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(b) Assume r > 2. Write S = AU B with #(A) = 2 and #(B) = r — 2. By part
(a) we have h' (Zgay,, .. ao (L 1)) < n. Thus by 1.2.4 of Remark 1.2.13 we get
h! (I(QSVYnl,...,nk)(la ) 1)) < h! (I(2A7Yn1,...,nk)(]" BE) 1)) + deg(QB»Ynl ,,,,, nk) <n-+ (T - 2)(” + 1&1
which is absurd since by assumption k' (Ziasyy,, . a (Lo, 1)) =(r—1)(n+1).

..... o € Uln)
and S € Sy, . (r) the maximum value of h' (I(Q&Ynl ,,,,, ao (L 1)) is achieved when
the multiprojective space is P". Clearly, in this case, h° (I(ggyn)(l, e 1)) = 0. Thus

,,,,,,,,,, - (r) evincing 01(n,r) is such that Y, ., is a
multiprojective space with k& > 2 factors.

.....

The following example shows that for a precise family of couples (Y,,, . n,,S), where we
take Y,,, ., asamultiprojective space with at least two factors, the value (r—1)(n+1)—pu
is attained for §(25,Y,,, . n,.) for any positive integer 1 < n — 1. Moreover we will show
in Theorem 3.4.8 below that this example is the only one with maximal d;(n, 7).
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Example 3.4.6. Let n > 3, fix an integer 1 <y <n—1andletr > pu+1. Let L C P!
be a p-dimensional linear subspace and let Y,,_;; := P~ x P!. Fix o € P! and a finite
set S C L x {o} with #S = r and such that (m(S5)) = L. The aim of this example is to
show that

(5(25, Ynfl,l) = (7’ — 1)(n + 1) — U.

Take H := m,"'(0) € |Oy,_,,(e2)|. Note that S C H. Thus the residual exact sequence
of (25,Y,,—11) with respect to H is

0— Is(l, 0) — I(QS’Yn_Ll)(]_, 1) — I(ngH)yH(l, 1) — 0. (342)

We remark that S # @) and in particular #(S) > 2. Moreover, sinceH = P"! we get
h’ (H,Z2s,my(1,1)) = 0. Since by assumption (m(S)) = L, where dim L = p, we get
h°(Zs(1,0)) =n — 1 — p. So by (3.4.2) we get h° (Zias,y, ,,)(1,1)) =n —1 — p. Thus

028 Y)=r(n+1)—2n+n—p—1=(r—-1)(n+1)—pu

In particular for p = 1, i.e. if L is a line, we obtain 6(25,Y,,—11) = (r — 1)(n + 1) —
1. Since h°(Oy, ,,(1,1)) = 2n and deg(2S,Y,—11) = r(n + 1), when p = 1 we get
W(Zosy, ,n(1,1)=2n—r(n+1)+(r—-1)(n+1)—1=n—-2>0.

Thus if © = 1 then §(25,Y,-11)h°(Zi2s,y,_,.)(1,1)) > 0 and in particular 6;(S,Y,_1,1) =
(r—1)(n+1)—1.

Obviously also P! x P"~! gives an example, taking an L in the second factor of Y7, 1.

-----

.....

non-zero. In addition to this, we have to consider multiprojective spaces of dimension
n > 3.

Lemma 3.4.7. Fiz integers n > 2 and r > 2. E(n,r) # 0 if and only if n > 3.

Proof. For n = 2 we remark that U(2) = {[P?],[P' x P']}. For both cases we get
K (Ziasp2)(1)) = A% (Zaspixpy(1,1)) = 0 (cf. e.g. proof of Proposition 3.4.4). Viceversa,
if n > 3 we may take Y,,_1; = P! x P! and S as in Example 3.4.6. O

n.) can achieve,

.....

~~~~~

Theorem 3.4.8. Fiz integers n > 3 and r > 2. Then 6;(n,7) = (r —1)(n+1) — 1 and
any (Yo, ...n..S) evincing d1(n,r) is as in Example 3./.6 with pn = 1.

-----

Proof. By Remark 3.4.5 we may work with multiprojective spaces Y,
factors. So, by Proposition 3.4.4, for all (Y, ., S)

ny s of k > 2

Tyeesy

..... m) < (r=1(n+1)—1.

The case p = 1 of Example 3.4.6 gives the inequality d;(n,r) > (r —1)(n+ 1) — 1. Thus

it remains to prove that this is the only case.
Fix (Yn,...n.,S) evincing 01(n,r). Thus Y,

and are such that n; +--- + ny = n. The finite set S € Sy, .

hO (I(Q&ynl )(17 ooy ].)) > (0 and ]’Ll (I(QS,Ynl AAAAA "k)(l’ cey ].)) > (7” — 1)(n + 1) —1.
We will show the result by induction on n > 3.

n, = P™ X --- x P"™ where all n; > 0
. (r), is such that

.....
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If n = 3 then U(3) = {[P?],[P? x P!, [(P')?]}. Clearly the case Y3 = P? is excluded by
Remark 3.4.5. If Y51 = P? x P!, it suffices to show that for any other r-uple of points
S € S8(Ya4,r) that is not as in Example 3.4.6, we get §(25,Ya1) < 4(r—1) — 1. If r = 2
this is true since §(25, Y1) = 2 unless S € Sy, ,(2) is as in Example 3.4.6. If r > 3 then
W (Zi2s,y,.1)(1,1)) = 0 for all S € Sy, (r).

Let Y111 = (P')?. By Proposition 3.1.3 we exclude the case r = 2 since either §(25,Y111)
or h° (1(25'73/1’171)(1, 1, 1)) is zero. If r = 3, Lemma 3.3.2 gives the only cases for which
S € T(Y11.1,3) and for such cases we already proved that §(25,Y111) = 5 < 6:(3,3)
and R (Ziasy;,,)(1,1,1)) = 1. Thus for r > 4 we get h® (Zagy,, ,)(1,1,1)) = 0 for all
S € Sy, ,(r) that are not as in Example 3.4.6.

Assume that the proposition is true for all n’ < n. We will prove the inductive step by
induction on r > 2. Case (a) will be the base case and in case (b) we will show the
inductive step.

(a) Assume r = 2 and let L := (v(9)).

First assume that we are dealing with a multiprojective space of k = 2 factors, i.e.
Yo, n, = P™ x P™. With no loss of generality we may assume n; > ny. To conclude
this case it is sufficient to prove that ny = 1 and #(m2(5)) = 1 and we will do it by
contradiction.

First assume ny > 2. Since h°(Oy, . (0,1)) = ny + 1 > 2, there is M € |Zg(0,1)].
Thus S C M. If (S, M) is as in Example 3.4.6 there is nothing to prove, otherwise by
the inductive step we get h'(M,Zpsan(1,1)) < n— 2. Since dim Yy, ,, = dim M + 1,
part (a) of Lemma 1.2.14 gives h' (Zssy,,,.,)(1,1)) < n —2+ 1 < n which is absurd
since we took (Y, n,,S) evincing 61(2,n) = n.

Assume now that #(m(S)) = 2. Again if #(m(S)) = 1 then S is as in Example
3.4.6, so assume also #(m(S)) = 2. Thus the minimal multiprojective space contain-
ing S is Y11 = P! x P, So S is in the open orbit for the action of (Aut(P'))? on
S(Y11,3). Hence h° (Ziasy,,)(1,1)) = 0 and consequently, since deg(25,Y;;) = 15
and h° (Oy,,(1,1)) =9, we get §(25,Y71) = 6 < 81 (4, 3).

Assume now that we are dealing with a multiprojective space Y, ., of k > 2 factors.
By Lemma 1.2.14 and the equality 6,(n/,2) = (r — 1)(n’ + 1) — 1 for all n’ < n, we
know that Y,,, _,, is the minimal multiprojective space containing S. Thus we are
working with Yix = (P')*. Fix H € |Oy,, (ex)| containing at least on point of S. Since
SZ H, #(SNH)=#(S\SNH)=1. Denote by S := {a,b} and by relabeling if
necessary, assume S N H = {a} and S\ SN H = {b}.

Consider the residual exact sequence of H:
0— I(2b7Y1k)U(a,Ylk)(ék) — I(2S,Y1k)(17 ey 1) — I(Za,H),H(la ceey 1) — 0. (343)

Since #(SNH) = 1 and Og(1,...,1) is very ample, 6(2a,H) = 0. Since #(S \
SNH)=1, 0y, (1,...,1) is very ample and dimY}» — dim Yjx-15 = 1, we have
W (Zab,y,) (Ex)) = 0. Since #(SNH) = 1, h' (H, Zipv, ey, (Ex)) < 1. Thus (3.4.3)
gives h! (I(gsylk)(l, ce 1)) < 1 < n, a contradiction.

(b) Assume now r > 3. Fix any A C S such that #(A) = r — 1. Since §(25,Y) <

0(2A,Y) 4+ n+1 (cf. Remark 1.2.13), the inductive assumption tells us that the pair
ns A) is as in Example 3.4.6. Thus either Yy, ., = P" ! xPlorV,, . &

7777777777777
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P! x P»~1. With no loss of generality we may assume P"~! x P!. The inductive
assumption gives the existence of a line Ly C P"! and a point 04 € P! such that
A C Lx{oa}. Since r > 3 thereis B C S with #(B) =r—1, BNA# () and B # A.
We get {04} = ma(A) = ma(B) = {op}. Thus #(m(S)) = 1.

To conclude the proof it is sufficient to show that m1(S) spans a line and we will do
it by induction on r > 3. Take for the moment r = 3, assume that (m(S5)) is a
plane and set M := (7(S)) x P'. By part (a) of Lemma 1.2.14 and the assumption
§(25,Y,-11) =2(dimY;,_1 1 + 1) — 1, we have (25, M) > 2(dim M + 1) — 1. Moreover
§(25, M) = 2(dim M + 1) — 1 =7, because M is not a projective space. However, by
direct computation, one gets 6(25, M) = 3(dim M + 1) — 6 = 6.

Let r > 4. Take any 2 distinct subsets A, B of r with #(A) = #(B) = r — 1. Since
#(ANB) =r—2 > 2, the lines L4 and Lp have at least 2 common points. Thus
La = Lp. Hence 7(S) spans a line. [

Example 3.4.6 gives the following result, the last equality being true by Theorem
3.4.8.

Theorem 3.4.9. Fix integers n > p > 2 and r > pn+ 1. Then there is (Yo, n.,S) €
E(n,r) such that (25, Y, n) =0 —1)(n+1)—pu=>o(n,r) —pu+1.

.....

Untill now we worked without minimality assumption on the multiprojective space we
.. (2) is such that Y,,, ., is the minimal

.....

-----

Proposition 3.1.3 gives E(n,2) = (). If we set r = 3, Theorem 3.3.14 gives that E(n, 3) is
the set of all P" x Pm2 x (P1)"=m1=2 with 1 < ny < ny; <2 and n > n; + ny. Therefore,
we wonder if it always exists a couple (S,Y, . ,,) with S C Y}, . such that Y, .,
is the minimal multiprojective space containing S, that have both §(25,Y,, .. ) and
""" nk)) non-zero. In other words, we ask whether E(n,r) is not empty for r > 3,
In this example we present a family of sets S C Y, ,, such that Y, ., is the
minimal multiprojective space containing S, that always belong to the r-th Terracini
locus of Y,,, . ,,, for some r,n > 3.

,,,,,

Example 3.4.10. Let 7,n > 3 and let Y := (P')". Take A C P! such that #(A) =r—1
and define S := {p1,...,p.} C Yi» where

pi = (a;,ug, ..., uy,) fori:1,...,7”—1withadlaiEAaJndadlujGP1
pr=(01,...,0,), witho, €P'\ A o, €P' : o #upforallk=2,...,n

Set 8" = S\ {p,} and let Y’ := P! x {uy} x -+ x {u,}. Note that Y’ = P! is the
minimal multiprojective subspace containing S’ and that Yi» is the minimal multiprojec-
tive subspace containing S. From (1.2.4) of Remark 1.2.13 we know that 6(25, Y1) >
§(28",Yin) > 6(25",Y") = 0(2A,PY) = 2(r — 2) > 0. Take H := 7, (un) € |Oy;n(gn)]-
Since S’ C H, the residual exact sequence of 25" with respect to H gives

0—Zs(1,...,1,0) = Zas v,y (1,..., 1) = Zpsmyu(l,...,1) — 0 (3.4.4)

Thus (3.4.4) gives h® (Zias vy (1,...,1)) > h° (Zg(1,...,1)). Since v(S’) spans a

line, h° (Zg/(1,...,1)) = 2" — 2. Since n > 3, h® (Zasry;)(1,...,1)) > n+ 2. Thus
6(25,Y1n) > 0 and A (Zasyyn)(1, ..., 1)) > 0.
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We conclude the chapter by proving that if n,r > 3 then E(n,r) # (). This conclusion
might open to further investigation of the introduced locus.

Proposition 3.4.11. E(n,r) # 0 if and only if n > 3 and r > 3.

Proof. If n > 3 and r > 3, Example 3.4.10 shows that E(n,r) # (). The other implication
follows from Lemma 3.4.7 since E(n,r) C E(n,r) and T(Y,, _n.,2) = 0 (cf. Proposition
3.1.3). O
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