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INTRODUCTION

The results presented in this Ph.D. thesis concern variational convergences for functionals
and differential operators depending on Lipschitz continuous vector fields. This setting has
been introduced by Folland and Stein in [59] and it has found numerous applications in
recent years, see e.g. [2, 16, 27, 40, 58, 76, 95, 113|.

The two convergences taken into account, namely I'-convergence and H -convergence, were
developed during the '60s by two different mathematical schools: the school of Pisa of Ennio
De Giorgi, which studied abstract results and applications of I'-convergence, and the school
of Paris of Jacques-Louis Lions, which formulated the theory of H-convergence.

The notion of I'-convergence, introduced by Ennio De Giorgi and Tullio Franzoni in |50,
51], occupies a prominent place in the world of variational convergences by its applications
in material sciences. Moreover, the vastness of results concerning I'-compactness of integral
functionals and the fact that almost all the other notions of convergences can be expressed
in its language enhance its importance. The precursors of this theory are Epi-convergence,
originally called infimal convergence by Robert Arthur Wijsman in [124], which consists
in the Hausdorff convergence of the epigraphs, Mosco convergence, introduced by Umberto
Mosco in [97], which deals with sequences of functions (and convex sets) in infinite dimen-
sional Banach spaces, and G-convergence, developed by Sergio Spagnolo in [116] to study
asymptotic behaviours of sequences of elliptic operators in divergence form. We also remind
that Dirichlet forms, whose theory was initiated by Arne Beurling and Jacques Deny in [18]
and that allows to study Laplace and heat equations on spaces that are not manifolds, have
applications related to I'-convergence. We refer the interested reader to [12, 29, 30, 31, 33,
34, 35, 36, 37, 38, 47| for a general overview on I'-convergence, to [24, 25, 31, 54, 61, 108, 109,
110, 111, 122| for applications of I'-convergence and to [5, 10, 11, 19, 23, 43, 52, 74, 85, 91,
92, 96, 98, 112, 115] for what concerns Epi-convergence, Mosco convergence, G-convergence

and Dirichlet forms.



The results presented in the first part of the thesis, contained in the papers [86, 87, 88,

90], deal with a class of integral functionals that can be represented by

F(u) = [ flo. Xu(z) ds )
Q
where 2 is an open subset of R", « is sufficiently smooth on  and f : Q2 x R"™ — R is a

Borel measurable function, which is convex in the second variable and satisfies the growth

condition

co NP —ao(z) < flz,n) < e |nf’ + a(x)

a.e. v € Q for each n € R™, with p > 1, ¢y < ¢ positive constants and ag,a; € L'(Q)
nonnegative functions.

The X-gradient X = (X3,...,X,,) that appears in (1), represents a family of m vector
fields with locally Lipschitz coefficients on Q) satisfying a linear independence condition, (LIC)
condition in short, which consists in requiring the existence of negligible closed subsets of (2
outside of which X;(z),..., X,,(x) are linearly independent as vectors of R". Vector fields
of this form embraces many relevant families already present in literature: for instance, if
m =n, then X = D := (d,...,0,) trivially satisfies the (LIC) condition (other examples
can be found in Example 1.1.2).

The main result of the thesis is Theorem 2.3.12, that shows the I'-convergence, up to
subsequences, of sequences of functionals as in (1) in the strong topology of LP(Q2), for p > 1.
If the convexity properties and the growth conditions of the sequence of integrands are also
uniform, Theorem 2.3.12 ensures that the I'-limits are also represented by integral functionals
of the same form. In Section 2.3.4, we show that the same conclusions still remain true in
two interesting subcases: from one side, the class of integrands that are quadratic forms with
respect to the second variable (this result will be crucial in Chapter 3) and, from the other
side, the subclass of integrands that do not depend anymore on the point, but just on the
X-gradient. This last result, combined with Theorem 2.2.12, will provide a I'-compactness

theorem for sequences of left-invariant functionals on Carnot groups, namely Theorem 2.3.33.



A problem strictly related to the I'-convergence of integral functionals as in (1) is the
asymptotic behaviour of solutions of elliptic partial differential equations whose coefficients
are subject to strong perturbations. This kind of problems are object of study of the theory
of the H-convergence, which was initiated by Francois Murat and Luc Tartar in the ’70s.
In our framework, H-convergence studies simultaneously the convergence of solutions and

momenta of sequences of differential operators appearing in problems of the form
pu+ divy(a(x)X)(u) =g in Q (2)

where, called W4?(Q) the Sobolev space of LP-functions whose derivatives with respect to
the vector fields X still belongs to LP(2) for any j =1,...,m and 1 < p < oo, u belongs to
the closure of C}(Q) NW?() in W?(Q), namely H (), g € L*(Q), p > 0 and a = [a;j]
is a m x m symmetric matrix such that a;; € L>(2) for any 4,j = 1,...,m and satisfying

the standard ellipticity and continuity conditions
coln|? < {a(x)n, n)rm < ci|n* ae. x € QVn € R™, cy,c1 > 0.

In Chapter 3, we study H-compactness results for two families of operators depending
on vector fields with two different approaches. In the first case, we show that the class of
linear differential operators in X-divergence form, whose domain D(L£) is the set of functions

u € W*(Q) such that the distribution defined by the right hand side of
L= divy(a()X) = > X (a;(z)X;)

belongs to L*(2), is closed in the topology of the H-convergence. The variational technique
adopted here, which makes a comparison between I'-convergence and H-convergence, was
developed by Nadia Ansini, Gianni Dal Maso and Caterina Ida Zeppieri in |7, 8, 9]. We
remind that a comparison between Spagnolo’s G-convergence and ['-convergence already
existed in literature (see e.g. [5, 49]). Moreover, as for I'-convergence, also H-convergence for
subelliptic PDEs have been also widely studied, always assuming the X-gradient satisfying

the Hormander condition (see, for instance, [20, 21, 22, 64, 73]).



The results contained in the second part of Chapter 3, which are studied in [86] and
are set in the sub-Riemannian framework of Carnot groups, are motivated by the recent
works of Annalisa Baldi, Bruno Franchi, Nicoletta Anna Tchou and Maria Carla Tesi [13,
14, 72|, where the authors studied linear counterparts of Tartar’s H-compactness theorem
for monotone operators ([122, Chapter 11]) in Carnot groups. The willing of adapting the
original techniques in [13, 14, 72| needed a generalization of the Murat and Tartar’ Div-curl
Lemma 122, Lemma 7.2|, which is a classical tool in the theory of the H-convergence. The

monotone operators taken into account in [13, 14, 72| are of the form
A(u) := —divg(A(x)Vgu)

where A is a (m X m)-matrix-valued measurable function, m < n is the dimension of the
first layer of the Lie algebra associated with the Carnot group G and Vg and divg are,
respectively, the intrinsic gradient and the intrinsic divergence (see Section 1.3 for details).

Differently from the works of Baldi, Franchi, Tchou and Tesi, we deal with a class of

nonlinear monotone operators of the form
A(u) := —divg(A(x, Vgu))

with © open subset of G and for a given Carathéodory function A such that A(z,0) = 0 and

satisfying the following ellipticity and continuity conditions

<A(Q?,§) - A(ﬂfaﬁ)af - 77>Rm Z O“f - 77’p

Az, €) — Alz,m)| < B[L+ € + [nP)7 1€ — ]

for every £&,m € R™ ae. x € , for a < [ positive constants and p > 2. In Theorem
3.2.9, we show that our class of monotone operators is still closed in the topology of the H-
convergence by using standard techniques and adopting the version of the Div-curl Lemma
proved in [13]. We remind the interested reader to [17, 99, 100, 103, 118, 119, 120, 121, 122,

123] for a general overview on H-convergence.



A characterization of the fractional Sobolev spaces depending on Lipschitz continuous
vector fields form the basis of the fourth chapter of the thesis. In the classical theory
of (Euclidean) fractional Sobolev spaces, a well-known defect of the fractional Gagliardo

seminorms is that they do not converge when the fractional parameter s tends to 0 or 1

lufa) — uy)
|2l e (rmy - // dx dy
Mo (R R" xR™ ’1’ - Z/’MSP

where, for any s € (0,1) and 1 < p < oo, called W*P(R™) the fractional Sobolev space of

since, by definition

LP-functions such that w € LP(R™ x R™), the space WJ"(R™) is defined as the closure
z—y|P
of CL(Q) N W#P(R") in W#P(R").
At the beginning of this century, many mathematicians tried to answer a natural question:

“There exist nontrivial correctors f = f(s) and g = g(s), depending only on s, such that the

following limits converge and recover, up to constants, their local counterparts, that is

| .
g S0l ey = €1 10y
i 9 (3) 0y gy = €2 [l

with ¢y, co positive constants, independent of s, for suitable functions u?”
In 2001, Jean Bourgain, Haim Brezis and Petru Mironescu showed in [28] that, in any
smooth bounded domain €2 of R", the fractional Gagliardo seminorm recovers its local coun-

terpart as s goes to 1 by choosing the corrector f(s) = (1 — s), in the sense that

Ju(z) —u(y)
lim ( 1—3// dedy = Ki(n,p Vu(x)P de
st QxQ ‘x_y‘MSP 1(m.p) Q’ (@)l

for any u € LP(Q), 1 < p < oo, where the constant K; depends only on n and p, with the
convention that [ullw1r) = oo if u & W?(Q).
The complementary question was instead answered, one year later, by Vladimir Maz’ya

and Tatyana Shaposhnikova in [93], as a consequence of the following Hardy-type inequality

[ gy g [ W,
R |$"9p R7 xR™ |37_ y|nrep



with K positive constant independent of s. In [93], the authors showed that

. Ju(z) — u(y)[” /
1 dx dy = Ks(n, Pd
Slﬁ)l S//ann 7 — y\"+5p Y 2(n, p) e ul? dx

for any u € |J,. 1) WSP(R™). The constant K, still depends only on n and p.

The last chapter of the thesis is devoted to some generalizations of the previous formulas
for a particular class of anisotropic fractional Sobolev spaces depending on vector fields and
on Orlicz functions (or Nice Young functions) in the setting of Carnot groups. The fractional

seminorms taken into account are, respectively

// < U(y)|> dx dy
GxG |y 95”5; ly=t - SCHg

where G is a step k& Carnot group of homogeneous dimension () and ¢ is an Orlicz function,

for a generalization of the Bourgain-Brezis-Mironescu formula, namely (BBM) formula, and

(%) W) dedy

u(r) —e u
L s n
nxRr [ =yl |z =y

for a generalization of the Maz’ya-Shaposhnikova formula, (MS) formula, in fractional mag-

netic Orlicz-Sobolev spaces. We refer to Section 1.4 for details.

The generalization of the (BBM) formula was obtained in [41] in collaboration with Marco
Capolli, Ariel Martin Salort and Eugenio Vecchi, by adapting the technique introduced by
Fernandez Bonder and Salort in [57] to families of homogeneous norms ||-||¢ that are invariant
under horizontal rotations and that satisfy the triangular inequality (see Remark 1.3.2 for
details). Instead, the generalization of the (MS) formula in the framework of fractional
magnetic Orlicz-Sobolev spaces on R™ was obtained in collaboration with Salort and Vecchi
in [89], as a consequence of a Hardy-type inequality, proved recently in [3, Theorem 5.1| by
Angela Alberico, Andrea Cianchi, Lubos Pick and Lenka Slavikova. We finally remind that

[89] complements the paper [26], where the case s 1 1 was studied.
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Chapter One

Function spaces depending on vector

fields

Notation

Throughout the following chapters, 2 C R” is a fixed open set and R = [~00, 00]. If v,w €
R™, we denote by |v| and (v,w) the Euclidean norm and the scalar product, respectively.
If 2 and Q' are subsets of R" then ' € 2 means that ' is compactly contained in €.
Moreover, B(x,r) is the open Euclidean ball of radius r centered at x. If A C R™, then |A|
is its n-dimensional Lebesgue measure £" and, by notation a.e. x € A, we will simply mean
L"a.e. € A. 14 and x4 denote, respectively, the indicator and the characteristic function
of A, that is,

0 ifzeA 1 ifzeA

La(e) = and  xa(z) =

oo  otherwise 0 otherwise
Finally, we denote by C¥(Q) the space of R-valued functions k times continuously differen-
tiable, by C¥(€Q) the subspace of C*(2) whose functions have support compactly contained
in Q, by D(Q) := C°(2) and by D'(Q) its dual space.



Function spaces depending on vector fields

1.1 Framework and examples

Let 2 C R™ be a bounded open set. We define X-gradient a family of first order linear

differential operators with Lipschitz coefficients X (x) := (Xi(x), ..., X;u(z)), that is,
Xj(@) =) ei(2)d,
i=1

with ¢j;(z) € Lip(Q) for j=1,...,mandi=1,..., n.
In the sequel, we will identify each X; with the vector field (¢;1(x), ..., ¢ju(z)) € Lip(£2, R™).

Moreover, we define

C(CL’) = [Cji<l’)]3;1,’m,m, (11)

the coefficient matriz of the X -gradient.

The following structural assumption on the X-gradient turns out to be a key point.

Definition 1.1.1. We say that the X-gradient satisfies the linear independence condition,
(LIC) condition in short, on an open set 2 C R™, if there exists a set Nx C 2, closed in the
topology of €, such that |[Nx| = 0 and, for each 2 € Qx := Q\ Ny, Xi(z),..., X;n(x) are

linearly independent as vectors of R"™.

Many relevant families of vector fields embraces the (LIC) condition, as shown by the

following example:

Example 1.1.2.

(i) (Euclidean gradient) Let X = D := (0y,...,0,). In this case, the coefficients matrix C'(x)

of X is the n X n matrix

Cx)=1, VreR",
denoting I,, the identity matrix of order n.

ii) (Grushin vector fields) Let X = (X, X5) be the family of vector fields on R2, defined as
(i) ( y

Xl(l') = 81, XQ(Z') = I 82 if z = (l’l,l'Q) € RQ.



Function spaces depending on vector fields

Here, C'(z) is the 2 x 2 matrix

1 0
C(z) = Va € {(x1,72) €ER?* | 21 # 0}

01‘1

(iii) (Heisenberg vector fields) Let X = (X1, X5) be the family of vector fields on R3, defined
as

Xl(ZE) = 81 - %83, XQ(.I’) = 82 + %83 if v = (ZL’l,IQ,Jfg) c ]R3 .
In this case, C'(x) is the 2 x 3 matrix

10 —w9/2
O(z) = S
0 1 I1/2

(iv) (Vector Fields not satisfying the Hormander condition) Let X = (X7, X3) be the family
of vector fields on R3, defined as
Xi(z) = 01, Xo(x):= 0y if v = (x1, 20, 23) € R?.
Now, C(z) is the 2 x 3 matrix

1 00
C(z) = Ve R
010

Let us notice that, if X = (X3,...,X,,) satisfies (LIC), then m < n. Moreover, by the
well-known extension result for Lipschitz functions, without loss of generality, we can assume

that vector fields’ coefficients c¢j; € Lipo.(R™) for each j =1,...,m,i=1,...,n.
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1.2 Sobolev spaces depending on vector fields

Definition 1.2.1. Let 2 C R” be an open set. For 1 < p < co we define

WEP(Q) = {u € LP(Q) : Xju € LP(Q) for j =1,...,m}
W)l(’ﬁoc(ﬂ) = {u:uly € WP (Q) for every open set Q' € Q}.

Moreover, we set
HP(Q) := closure of C1(Q) N WP(Q) in WP(Q).
The following Proposition is proved in [59]:
Proposition 1.2.2. W"(Q) endowed with the norm
oy = elley + 3 10l e

i=1
is a Banach space, reflexive if 1 < p < o0.
Proposition 1.2.3. The following properties hold for functions in W;?OC(Q)

(i) letu € LP(QY) and assume the existence of an open set A C § such that u|s € W)l(’ﬁoc(A).

Then, for every open set A" € A, there exists

w € WiP(Q) such that ulay = w|a . (1.2)

(i) Let A C §2 be an open subset and let w € LP(A). Suppose that there exists M > 0 such

that HuHW;(,p(A,) < M for any A’ € A. Then u € Wy (A).

(iii) Let {A,..., An} be a finite family of open subsets of 0 and let u € LP(Q). If uja, €
WiP(A) foralli=1,...,N then u € WP (UZ]\; AZ»).

(iv) Let A C Q be an open subset and let u € W)lgp(A). Then up € W)l(’p(B) for any open
set B C A.
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Proof. (i) Let ¢ € CL(A) be a cut-off function such that ¢ =1 in A’. If
w(z) = u(z)p(z) if z € Q,

then it is easy to see that w satisfies (1.2).
(ii) Let us consider a sequence of open subsets of A, {A;};ey with A; € Ay and A C J;2, A,

Then

/ |Xu|pdx§/ |Xu|pdleim/ | XulPde < M

A Ufil A; 1o A;

and the conclusion follows.

iii) For every A’ & ]i A; there exists a partition of unity subordinate to the covering
=1

{Ay,..., Ax}, ie., nonnegative functions {n,...,ny} C C° (vazl Ai> such that each n;

has support in some A; and Zjvzl n;j(z) =1 for all x € A’. Set u; := un;. Since the support

of 7; is contained in some A;, it is clear that u; € Wy (Ufil AZ-) and u € WyP(A"). Let us

estimate
N
||u||W)1(*p(A/) < Z ”unj”W)l(’P(A’) < CHUHW;("’(AZ-)
j=1
where C' > 0 is independent of A’. The conclusion then follows using (ii).

(iv) The thesis follows easily observing that C°(B) C C°(A). O

Remark 1.2.4. Since vector fields X; have locally Lipschitz continuous coefficients, then

Oic;i € L2 (R™) for each j = 1,...,m, 4 = 1,...,n. Thus, by definition, it is immediate

loc

that, for each open bounded set 2 C R",
WP (Q) c WP(Q) Vp e [l, 0] (1.3)
and, for any u € Wh?(Q),
Xu(x) = C(x) Du(x) for ae. x € Q) (1.4)

where W1P(Q) denotes the classical Sobolev space, or, equivalently, the space W)l(’p (Q) as-
sociated to X = D := (0y,...,0,) (see Example 1.1.2 (i)). Moreover, it is easy to see that

inclusion (1.3) can be strict and turns out to be continuous, as well as the inclusion

WP () € Wk (Q) Vp € [1,00].

loc
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1.2.1 Approximation by regular functions

Let us recall in this section some results concerning approximation by regular functions
in these anisotropic Sobolev spaces. First, we recall the following version of the Jensen’s

Inequality in Banach spaces proved, for instance, in [47].

Lemma 1.2.5. [47, Lemma 23.2] Let X be a Banach space and let F' : X — [0,00] be
a lower semicontinuous convex function. Let (E, e, p) be a measure space with p > 0 and

w(E) = 1. Then,

F([orans) < [ P (1.5)

for every p-integrable function u: E — X.

Definition 1.2.6. Let {p.}. be a family of mollifiers, i.e., p. € C*(R™), p. > 0 on R,
Jgn pedz =1 and supp(p.) C B(0,¢). For any u € L} (R™), the convolution p. *u is defined

loc
by
porue)= [ pla-pudy= [ pGul-pdy (16
B(gj,g) B(O,e’;‘)
Here and in the sequel, if u : © — R, we will denote by @ : R* — R its extension to the

whole R™ being 0 outside €.

Proposition 1.2.7. [68, Proposition 1.2.2] Assume u € W)l(’p(Q) for 1 < p < oo. Then, if
e
lii% e+ u — UHW;P(Q/) =0,

—-n

where p € C2(B(0,1)) is a smooth compactly supported function and p.(x) = e "p(e~*|x])

is a mollifier supported in B(0,¢).

The following theorem, proved independently in [68] and [75], is the analogous of the
celebrated Meyers-Serrin Theorem [94, Theorem|. Analogous results in the weighted cases

and in metric measure spaces are proved in [67] and [6], respectively.
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Theorem 1.2.8. /68, Theorem 1.2.3] Let Q2 be an open subset of R™ and 1 < p < oco. Then
Hy"(Q) = Wi ().
The following proposition will be useful in the sequel.

Proposition 1.2.9. (i) Let {up}, and u be in L} (R™) and let Q@ C R™ be a bounded open
set such that

up, — u in Ly, (Q) as h — 0o.

Then, for each open set ' € Q, for given 0 < & < dist(QY,R" \ ),

Pe * U, — pe * u uniformly on ', as h — oo. (1.7)

(ii) Let f: R™ — [0,00) be a convex function and let w € L} (R™;R™). Then, for each

loc

bounded open sets ' and Q with Q' € Q, for each 0 < ¢ < dist(Y,R" \ ),

[ fprwyin < [ fwds

Proof. (i) Let Q" € Q and let ¢ € (0,dist(©',R™\ ©2)). For any = € €, it holds that

| (o= un) () = (pe * u)(2)] =

/B( )[uh(y) —u(y)lp-(x —y) dy
< / ) = wlpete ) dy

< ool / L mly) )y
B(x,e

Therefore, passing to the supremum in €', and taking the limit as h — oo, we get (1.7).
(ii) The result trivially follows by the Jensen’s inequality. In fact, by the Jensen’s inequality

and a change of variables, it holds that

Q/f(ps*w)dx:/g,f(/B | w(iv—y)[pe(y)dy]> d

06)
< / (fow)(z — y)pe(y) dz dy
B(0,¢)

< [rowa: [ Ly = | stwa
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1.2.2 Approximation by piecewise affine functions

It is well known (see, for instance, [55, Chap. X, Proposition 2.9]) that the class of piecewise
affine functions is dense in the classical Sobolev space W1?(Q), provided that €2 is a bounded
open set with Lipschitz boundary. This result is crucial in the proof of the classical integral
representation theorem with respect to the Euclidean gradient (see, for instance, [47, Theo-
rem 20.1]). The aim of this section is to prove that no results of this kind are available for
a general family X = (X3,...,X,,) in R" by extending, in a natural way, the notion to be

affine with respect to the X-gradient.
Definition 1.2.10. We say that u € C*(R") is X -affine if there exists ¢ € R™ such that
Xu(z) =c for any z € R".

Let Q C R™ be open. We say that u : Q — R is X-affine if it is the restriction to 2 of a
X-affine function over R™. Moreover, we say that u : R” — R is X -piecewise affine if it is
continuous and there is a partition of R" into a negligible set and a finite number of open

sets on which u is X-affine.

Let us show that, for Heisenberg and Grushin vector fields, the approximation of functions

in W)l(’p (Q) by X-piecewise affine functions may fail.

Example 1.2.11. (a) Let X = (X, X5) be the Heisenberg vector field on R® (see Example

1.1.2 (iii)). Let us notice that any function u € C*(R3) is X -affine if and only if
u(x) = C1T1 + Cox9 + C3 for each Tt = (xl, ZEQ,ZE:’,) S Rg, (1'8)

for suitable constants ¢; € R i = 1,2,3. Indeed, it is trivial that a function u in (1.8) is
X-affine. Conversely, if Xiu = ¢; and Xou = ¢y on R3, for some u € C*(R?), then the
commutator

[Xl, Xg] u = (X1X2 — XQXI) u = 831,6 =0 on RS,

which gives u(x) = c1x1 + oo + ¢3 for each v = (x1, T2, v3) € R3, for some c3 € R.
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Let u(z) = x5. Then u € WP(Q), whenever |Q| < co. Since any X -piecewise affine
function does not depend on x3, there cannot be any sequence of X -piecewise affine functions

{up}n such that up(xy1, 2, x3) — u(xy, 29, 23) for a.e. (xq,x,13) € L.

(b) Let X = (X1,Xs) be the Grushin vector fields on R* (see Example 1.1.2 (i)). Let
u € C®°(R?) be such that X1u = ¢; and Xou = ¢y on R%. Then it is easy to prove, arquing
as before, that u(x) = 11 + c3 for each x = (1, 73) € R?, for some c3 € R. The conclusion
follows as in the previous case taking u(zy, x2) = xo, which belongs to W)l(’p(Q) foranyp > 1

and for any bounded open set Q C R2.

1.2.3 Poincaré inequality
Definition 1.2.12. For 1 < p < oo we set
W)l(%(Q) = closure of C1(Q) N WP(Q) in W (Q)
and, given o € WP(Q), we define the affine subspace W;’;(Q) of WiP(Q) as
WEL(Q) = {u € WE(Q) | u—p € WE()},

. . 1,
It is proven in [59] that, for any 1 < p < oo, the normed spaces (Hy"(Q), | - [ly1r(q)
and (W;{’%(Q), I| - ||W)1(,p () are Banach spaces. We conclude this section proving a Poincaré-

type inequality, which ensures that, when €2 is bounded and the family X satisfies suitable

el = (/ﬂ |Xu|pdx) (1.9)

defines an equivalent norm on W;(%(Q) Moreover, we show that W3 (Q) can be compactly

properties, then

embedded in L} () for any 1 < p < 0.

To this aim, we should ask for stronger hypotheses on the family X.

Definition 1.2.13. Let Q be a bounded open set and X = (Xj,...,X,,) be a family of
Lipschitz continuous vector fields in a neighbourhood € of Q satisfying (LIC) on €. Let us

now define the following three conditions:
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(H1) Let d : R™ x R" — [0,00] be the so-called Carnot-Carathéodory distance function
induced by X (see, for instance, [67, Section 2|). We assume d(x,y) < oo for any
x,y € o, so that d is a standard distance in §29. Moreover, we assume that d is

continuous with respect to the usual topology of R"™.

(H2) For any compact set K C € and for any r < rx and any x € K there exists a constant
Ck > 0 such that

| Ba(,2r)| < Ck|Ba(z,7)|,
where By(x,r) == {y € Qo | d(x,y) < r} is the (open) metric ball with respect to d.
(H3) There exist geometric constants ¢, C' > 0 such that for any B = By(Z,7), T € Qo, if
cB := By(T, cr) C Qy, then

1 d(z,y)
) g [ <o [ xswlg Y

for any f € Lip(cB) and z € B.

Remark 1.2.14. Assumptions (H1), (H2) and (H3) are satisfied by several important families

of vector fields. Let us point out two classes of vector fields:

1) If the vector fields are smooth and the rank of the Lie algebra generated by X1, ..., X,,
equals n at any point of € (the so-called Hérmander condition), then (H1), (H2) and
(H3) hold (see, [101] for (H1) and (H2), and [66] for (H3)).

2) If the vector fields are as in [62], [63] and [65], then conditions (H1), (H2) and (H3)
still hold (see, [62, 63, 65] for (H1) and (H2), and [67, Remark 2.8] for (H3)).

Before proving the main results of this section, that is, Proposition 1.2.17 and Proposition

1.2.18, we need to recall the following theorems, proved in [67].

Theorem 1.2.15. [67, Theorem 2.11] Let Q and Sy be, respectively, a bounded open set and

an open set with Q C Q. Let 1 < p < oo and let X = (X1,...,X,) be a family of Lipschitz

10
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continuous vector fields defined on Q. If X satisfies conditions (H1), (H2) and (H3), then,
for each metric ball B = By(x,7) C Q and for every u € WP(Q), there exist constants

c(u,B) € R and C € R, independent of u, such that

/ lu(z) — c(u, B)|Pde < CrP / | XulP dx .
B B

Theorem 1.2.16. [67, Theorem 3.4] Let Q@ € Qy be a bounded open set, 1 < p < oo and
X = (Xq,...,X,,) be a family of Lipschitz continuous vector fields defined on Q. If X
satisfies conditions (H1), (H2) and (H3), then W)l(%(Q) is compactly embedded in LP(Q).

A first consequence of Theorem 1.2.16 is the following result.

Proposition 1.2.17. Under the assumptions of Theorem 1.2.16, W)l(’p(Q) can be compactly
embedded in LY (§2).

Proof. Since Q is open, there exist open subsets {Q;}ien of € such that Q; is compact for
every i € N, ) # CQ; € Qy C ... and Uf;ﬁz = 0. Let {u,}nen C W)l(’p(Q) be a
bounded sequence and let p € C°(Q2), with 0 < p(z) < 1 for every x € Q and p =1 on €.
Then, the sequence {US)}%N, whose general term is o) = pUnlo,, is a bounded sequence

in W}(%(Q) Therefore, by Theorem 1.2.16, there exist a subsequence {v&)}keN of {vq(ll)}neN

and ut) € LP(Q) such that

vﬁ}}} — oV in LP(Q) and ul) —u® in LP(Q),

where {ug)}neN is the subsequence of {u, },en such that ol = pug)|gl.

Starting now from the sequence {ug)}neN, let us repeat the same procedure described
above, finding the existence of u? € L?(Q) and {u,(f)}neN, a subsequence of {u,(ll)}neN, such

that
ug) —u® in LP(Qs) and u) =u®  ae. in Q.

Let us iterate the same procedure for any i € N and let us define {v, },en, whose general

o

term is v, := uy", the n—th element of the n—th subsequence of {u,, }nen, and (x) := u®(z),

11
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if z € ;. By construction, @ is well-defined and w € L”(2). To conclude the proof, let us

show that
v, =T in LP(Q) for any open set Q € Q.

This conclusion trivially follows since, for any open set Q € €, there exists i € N such that

Q € O, and since

/ v, —ulP dz < / |v, — u|P do = / lul™ — uD P de — 0.
Q Q; Q;

]

As a consequence of Theorem 1.2.15 and Theorem 1.2.16, a global Poincaré inequality

holds in Wy ().

Proposition 1.2.18. Under the assumptions of Theorem 1.2.16, and also assuming that €}

is connected, then there exists a positive constant c,q > 0 such that
/ |ul? dx < cpvg/ | XulP dx for each u € W;(%(Q) : (1.10)
Q Q
Proof. By contradiction, assume the existence of a sequence {up}, C W)lf%(ﬂ) such that
/ lunlP dar > h/ | Xup|? da for each h € N. (1.11)
Q Q
By definition of W)lgf)(Q), there exists a sequence {vy}, C C(Q2) such that
1
|up — UhHW)l(,p(Q) < T for each h € N. (1.12)

P

Moreover, by (1.11) and (1.12), it follows that

1 1
/ lop|Pdx+ — > h (/ | X vp|P dx — —) for each h € N (1.13)

and, by homogeneity and (1.13), we can assume

1
/Q\'Uh|pdx— 1_E for each h > 2, (1.14)

12
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and

2
/ | Xop|P dx < for each h > 2. (1.15)
o h—1

Let §2; be a bounded connected open set such that € ©; € Qp and let {v),}, C C(£2y),
where vy, : €; — R is the extension of v, defined as v, = 0 in € \ Q. By (1.14),(1.15) and

Theorem 1.2.16, up to subsequences, there exists v € W)l(’f)(Ql) such that

Up — v in LP(§2;) and a.e. in €, (1.16)

/ ol dz = 1 (1.17)
1951
and

Xv=(0,...,0) ace. in Q. (1.18)

By Theorem 1.2.15 and (1.18), it follows that v is locally constant on the connected set €.

Then v is constant, that is, there exists £ € R such that
v(x) = k for a.e. x € Q.

By (1.17), k # 0 and this yields a contradiction since, by (1.16), 75, = 0 in Q; \ Q for each

h and, therefore, v = k= 0 a.e. in Q \ Q. m

Corollary 1.2.19. Let p, Q2 and X as in Proposition 1.2.18. Then, the function || - ij(»%:

defined in (1.9), is a norm in W;(%(Q) equivalent to || - Hw;(,p(Q).

13
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1.3 Sobolev spaces on Carnot groups

Sometimes, in the sequel, we will work in frameworks requiring a stronger structure than
before, the Carnot groups. Here, we present few definitions and properties concerning Carnot

groups and we refer the interested readers to [27|, for a complete reading on this topic.

A Carnot group G = (R", ) is a connected, simply connected and nilpotent Lie group,
whose Lie algebra g admits a stratification, namely there exist linear subspaces, usually

called layers, such that
g=Vie.eV, WV]=Vi, Vi#{0}, Vi={0}ifi>F,
where k is usually called the step of the group (G, -) and
Vi, V;] :=span{[X,Y]: X € V)Y € V}}.

The explicit expression of the group law - can be deduced from the Hausdorff-Campbell
formula, see e.g. [27]|, and the group law can be used to define a diffeomorphism, usually

called left-translation v, : G — G for every y € G, defined as
Y(z) :=y-x for every x € G.

A Carnot group G is also endowed with a family of automorphisms of the group 0, : G — G,

A € R, called dilations, given by

6A($1a s 7':En) = (Adlxlﬂ <y )\dnxn)a
where (z1,...,2,) are the exponential coordinates of v € G, d; € N for every j = 1,...,n
and 1 =dy = ... =dy, < dpy1 < ... < d, for m := dim(V}). Here the group G and the

algebra g are identified through the exponential mapping.
It is customary to denote with @ := Y2 i dim(V;) the homogeneous dimension of G,
which corresponds to the Hausdorff dimension of G (w.r.t. an appropriate sub-Riemannian

distance, see below). @ is generally greater than or equal to the topological dimension of

14
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G and it coincides with it only when G is the Euclidean group (R",+), which is the only
Abelian Carnot group.

Carnot groups are also naturally endowed with sub-Riemannian distances which make
them interesting examples of metric spaces. A first well-known example of such metrics is
provided by the Carnot-Carathéodory distance d.., see e.g. |27, Definition 5.2.2], which is
a path-metric resembling the classical Riemannian distance. In our case, we will work with

metrics induced by homogeneous norms.

Definition 1.3.1. A homogeneous norm | - |¢ : G — R{ is a continuous function with the

following properties:
(1) |z|c = 0 if and only if x = 0 for every = € G;
(i1) |x7t|g = |z|g for every x € G;
(i17) |0rz|g = A|z|g for every A € RT and for every x € G.
A homogeneous norm induces a left-invariant homogeneous distance by
d(x,y) = |y~ " z|g for every z,y € G.

We remind that a generic distance d is left-invariant if and only if d(z -z, z - y) = d(z,y) for
every x,y,z € G. A concrete example of such kind of homogeneous distance is given by the
Koranyi distance, see e.g. [45].

For our purposes, we are also interested in introducing the right-invariant distance
d®(z,y) = |z-y e forevery z,y € G.

As before, d® is right-invariant if and only if d®(x - 2,y - 2) = d®(z,y) for every x,y,2 € G.
From now on we will write B(x, &) and B®(z,¢) to denote the balls of center x € G and

radius € > 0 w.r.t the distances d and d® respectively. We notice that for any ¢ > 0
B(0,¢) = BR(0,¢).

15
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Remark 1.3.2. In chapter 4, we will ask for the following stronger hypotheses on the homo-

geneous norm | - |g:
(7v) invariance under horizontal rotations;

(v) the validity of the classical triangular inequality
Hy\«; — ’$‘G| <|ly ' zlg < |7lg + |yle

An example of such kind of norm, whose induced distance is equivalent to the Carnot-

Carathéodory distance, is given in [69, 71].

We also define two left-translation operators, one acting on functions and the other one

acting on sets, which will be relevant in the upcoming sections.

Definition 1.3.3. Let y € G. We define 7, : L},

loc

(R™) — LY

loc

(R™) as

ru(r) == u(y~' - x) for every x € G.

With an abuse of notation, we also define 7, : Ay — Ag as
A=y A={ze€G .y ' e A}
where A, denotes the family of all bounded open sets of G.

Let u : G — R be a sufficiently smooth function and let (X, .., X,,) be a basis of the

horizontal layer Vi, made of left-invariant vector fields, i.e.,
X;(ryu) = 7,(Xju) forany j=1,...,m, for any y € G.

The sub-bundle of the tangent bundle T'G, which is spanned by the vector fields X, .., X,,,
is called the horizontal bundle and it is denoted by HG. The sections of HG are called
horizontal sections and are identified with canonical coordinates with respect to this moving

frame, that is, a section ® will be identified with a function ® = (®4,..,9,,) : G — R™.

16
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Definition 1.3.4. Let (X3, .., X,,,) be a basis of V4, let u € L] _(R™), for which the partial
derivatives X;u exist in the sense of distributions, and let & = (®q,..,®,,) a horizontal
section such that X;®; € L. _(R") for i = 1,..,m. The intrinsic gradient of u and the

intrinsic divergence of ® are defined, respectively, as

Veu := Z(Xju)Xj = (Xyu, .., X;u);

Jj=1

dive(®) = > X;®;.
=1

A definition of intrinsic curl in the setting of Carnot groups, curlg, can be found in [13,
Section 5.
Let us also recall the notion of intrinsic differentiability, due to Pansu [102], or inspired

by his ideas. We refer the interested reader to [70, 71| for more details.

Definition 1.3.5. A map L : G — R is G-linear if it is a homomorphism from G to (R, +)

and if it is positively homogeneous of degree 1 with respect to the dilations of G, that is, if
L(6x(z)) = AL(z) for every A >0, x € G.
If (X1, .., X,,) is a basis of V;, then L is G-linear if and only if there exists a € R™ such that

m
L(zx) = Zajxj for each x = (21, ..., Zm, Tmi1, ..., Tn) €G.
j=1

Definition 1.3.6. A function f : G — R issaid to be Pansu differentiable (or G-differentiable)

at x € G if there exists a G-linear map Lf : G — R, called Pansu differential, such that

i L& h) — f(2) — Li(W) _0,
|hlc—0 |h|<G

where h = (h/,h") € G, with ' = (hy, ..., hy) and b = (b1, ..., hy). We will say that f
is Pansu differentiable in G if it is Pansu differentiable at any x € G.

Notice that, if f is Pansu differentiable at = € G, then X f(z) exist for j =1,...,m and

L) = (Vef W)en = 3 X, f(2)h;.
j=1

17
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A notion of smoothness for functions defined on Carnot groups is that of being C!

functions with respect to the horizontal vector fields (X, ..., X,,).

Definition 1.3.7. f : G — R is said to be in C;(R") if X;f : G — R exist and are
continuous for j = 1,...,m. Moreover, we define C(R", HG) the set of all sections ® of

HG, whose canonical coordinates ®; € C¢(R") for j =1,...,m.

The previous definition is stronger that being Pansu-differentiable, but requires less reg-

ularity than being C! with respect to the Euclidean vector fields, since
C'(R™) C C;(R™).
We also remind that the inclusion can be strict (see, for instance, [71, Remark 5.9]).

Theorem 1.3.8. [71, Theorem 5.10] If f € CL(R™), then f is Pansu-differentiable at any

point v € G.

The n-dimensional Lebesgue measure L™ of R provides the Haar measure on G, see e.g.

[27, Proposition 1.3.21]. The following proposition provides its construction on G.

Proposition 1.3.9. [15, Proposition 2.10] The Haar measure on G is given by the image
through exponential mapping of the Lebesque measure on the Lie algebra g associated to G,
that is, given f : G — R, the integration on G can be expressed as the following integral in

canonical coordinates on R"

[ t@dnta) = [ s m) o do,

G R™

where (x1,...,x,) are the exponential coordinates of v € G.

Remark 1.3.10. From now on, we will keep the same notation for integrals on G and R".
Proposition 1.3.11. Let f € L'(R"). Then, the Haar measure on G

(i) is invariant under left and right translations, i.e.
[t@ds= [ s pdo= [ jy-0)de e,
G G G

18
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(i) scales under group dilations by the homogeneous dimension of G, that is

/f(5AI)dI—)\Q/f(x)dx VA > 0.
G G

Remark 1.3.12. It trivially follows that |B(z,7)| = r¢|B| = r?C, for all z € G and r > 0,

where B = B(0, 1) and C}, denotes its Lebesgue measure.

The following three propositions will be very useful in the sequel.

Proposition 1.3.13. [59, Proposition 1.13] Let f € Li (R™\ {0}) be an homogeneous

loc

function of degree —Q, i.e., f(6xx) = \"9f(x). Then, there exists a constant My, mean

value of f, such that
dr

r

+oo
[ t@gllalerds =a; [ g0
G 0
for any g € L*(RT, ).
As a consequence of the previous result, we are able to compute explicitly integrals on

balls of radial functions, in terms of integrals on the real line.

Proposition 1.3.14. Let f € LY(R") and R > 0. Then

R
/ Fly™ - le) do = / F(lle) de = QG / rOf () dr
B(y,R) B(0,R) 0

and
+o00o

[ ptadede= [ fllale)de= Q0 [ @) dn
G\B(y,R) G\B(0,R) R
Proof. At first, let us compute the constant M; for the function f(z) = |z|5°.

By Proposition 1.3.13, taking g(|z|g) = ]x|gx[071](|m]¢;), we get

Q@ "o Mz
Cuo= [ o= [ 1olclel@xoalsle) o = 21,0 [ 197t ar = —2E2,
B G ¢ Jo Q

i.e., M|x|(EQ = QCb

Therefore, still by Proposition 1.3.13, we have

| #ale)do = [ lalcai@xon lele) f(lele) do
B(0,R) G

R R
= MW«EQ/O r@ () dr = QCb/O r@tf(r) dr

19
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and

| flele)dn = [ jols%lelxm(iale)f(lele) da
G\B(0,R) G

= QC, /+00 rOLE(r) dr.

R

]

Proposition 1.3.15. [59, Proposition 1.15] There exists a unique Radon measure o on S

such that for all u € L*(R™)

u(z)de = m u(6,2)r9 Vdo(2) | dr
G 0 S

where S is the unit sphere in G.

1.3.1 Approximation by regular functions

The following section is entirely devoted to the introduction and a brief recap of the main
properties of global and local convolution on Carnot groups, since this tool is far more
delicate in this sub-Riemannian framework. We refer the interested reader to [27, 44| for
more details.

First, we need to recall the notion of smooth mollifiers. Given a standard mollifier p,
that is, p € C°(R™), supp(p) C B(0,1) and [ p(z) dz = 1, for € > 0 we define p. : G = R
as

pe(x) == 5%p (0c1).

The sequence {p.}. is still a family of mollifiers, in the sense of Definition 1.2.6.

Definition 1.3.16. Let v € L (R") and let + € G. We define the global convolution on

loc

the Carnot group G as

w(z) = (p. % w)(z) = / p(x -y Yuly)dy for amy = > 0.
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Following [44], we move to a proper definition of local convolution on Carnot groups.

From now on, let 2 C G be an open and, for every € > 0, define the open set
OF = {2 € G :dist?(z,G\ Q) > e},
where
dist®(z,G \ Q) := inf {d®(z,y) : y € G\ Q}.

Definition 1.3.17. For any u € L{ () and = € G, we define the local convolution as

loc

wla) = (oo v u)(w)i= [ pula-y uty)dy.
Q
If we restrict the domain of definition by considering z € QF, we can write

(o)) = | o el ) dy = [ ety

B(0,¢)

(1.19)
- /B(O 1) p()u((6:2)7" - x) dz

since, for every € > 0, BR(0,¢) = B(0,¢).

We are finally ready to state the natural counterparts of the classical results holding for

the Euclidean convolution, see e.g. [56].

Proposition 1.3.18. Let 1 < p < oo, u € L} (Q) and let {p-}. a family of mollifiers. Then

loc

pe *u —> u (strongly) in LE (Q). (1.20)

loc
Moreover, if u € Wé;{’OC(Q), then
pe *u —> u  (strongly) in Wé’foc(ﬁ). (1.21)

Proof. Let u € LY (Q) and let z € V€ W € Q, with V, W being open sets. Since for € > 0
small enough V' C QF, we can exploit (1.19). We first prove an auxiliary estimate which

[l

holds true for p € (1,00). In this case, let us set p’ to be the conjugate exponent of p, namely
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- — 1. We find

1
Ty

1
P

1

1
wl< [ (@ o) di= [ plera)
B(O,l) B(0,1)

1 1
g(/ p(z)dx)p (/ (2) Ju ((6:2)7" - ‘pdz)p
B(0,1) B(Oal)
1
:</ !u ((62)~" )|pdz)
B(O,l)

Hence, and now for every p € [1,00), we obtain that

||u€||ip(\/) = / (/ ’u 5 2) )’p dx)
gﬁwawwzww;w

Let us now fix § > 0. Since u € LP(W), there exists v € C(W) such that ||u — ||z < 6.

u((6:2)~" - z)| dz

for € > 0 sufficiently small.

Moreover, by the last estimate, ||u. — ve||zp(vy < [Ju — V|| zpewy < 6. Thus
luse = ullrvy < llue = vello) + llve = vllee) + v = wllry < 36

since v, converges uniformly to v in any compact subset of W.

Let us now move to the proof of (1.21). Thanks to (1.20), it is enough to prove that
Xju. = p. * Xju in Q?

for every j =1,...,m. Let us fix x € QF. By the left-invariance of each vector field X, we

get

Xjue(r) = X; ( /B . )ps(y)U(y”w) dy) B )Xj(ps(y)u(y1 ) dy

N /B(o )ps(y)(Xju)(y” x)dy = (pe x Xju)(z),

as desired. O
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1.4 Fractional Orlicz-Sobolev spaces depending on vector
fields

Definition 1.4.1. Let ¢ : Rf — R{ be a real valued function such that:
(1) #(0) =0, and ¢(t) > 0 for any ¢ > 0;
(ii) ¢ is nondecreasing on R{;

(4ii) ¢ is right-continuous in Ry and lim,_,, ¢(t) = cc.

Then, the real valued function defined on R} by

t
o) = [ os)ds
0
is called Orlicz function (or Nice Young function).

It is easy to show that hypotheses (i) — (i77) imply that ¢ is continuous, locally Lipschitz
continuous, strictly increasing and convex on Ry . Moreover, »(0) = 0 and ¢ is superlinear

at zero and at infinity, i.e.,

t t

im 20— g 2
t—0+t ¢ t—oo 1t

Up to normalization, we can assume ¢(1) = 1. Hypotheses (i) — (#i7) also guarantee the

1

existence of p~! : Ry — Ry, which is continuous, concave and strictly increasing, with

0 1(0) =0and p~ (1) = 1.

From now on, the following growth condition will be required on :

where p~ < p* are positive constants grater than 1. It holds that

sPo(t) < p(st) < sPp(t), (1)
ols +1) < Z—(pls) + (1) (v2)
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for any s,t € Ry, where 57 := max{s?",s”" } and s” := min{s” , s }.
Let us notice that p— = p™ if and only if ¢(t) = t?, being p(1) = 1.

We remind that the conjugate function of ¢, defined as its Legendre’s transform, is

" (s) := sup{st — @(t)}.

t>0

Definition 1.4.2. The smallest C' € R" such that the following As-condition holds
p(2t) < Cop(t) VteRy,
is called the As-constant and it is denoted by C. By (y2), we have that
2<C< 2 (1.22)

It is not difficult to show that (L) is equivalent to require the A,-condition both on ¢ and

©* (see for instance [104, Chapter 4]).
The following Lemma can be seen as an improvement of (ys).

Lemma 1.4.3. [57, Lemma 2.6] Let ¢ be an Orlicz function and let s,t € Ry . Then, for

any 6 > 0, there exists a positive constant Cs such that
(s +1) < Csip(s) + (1+0)7 ().

We conclude this section recalling a fundamental definition which is the natural counter-
part of [57, Remark 2.15| in the context of Carnot groups. From now on, when necessary, a
generic z € G will be denoted as z = (2, 2”) where 2’ = (21, .., 2,,,) is the horizontal part and

2" = (Zm41, -, Zn) 1is the vertical one.

Definition 1.4.4. For an Orlicz function ¢ and ¢ € Rt we define the bounded function

F(0) = msup(1 — /0 1 < /S go(t|z’|RmT1_s)d0(z)> %

A similar definition with lim inf instead of lim sup is used to define »~. When they coincide,

we will define
5(t) = lim(1 — s) /01 (/S gp(t|z'|Rmr1_s)da(z)) ar. (1.23)

sT1 r
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Proposition 1.4.5. The functions ¢* are still Orlicz functions, both of them equivalent to

©, i.e., there exist ¢y, co > 0 such that
cp(t) < ¢5(t) < cap(t)
for any t € RT.

Proof. * are Orlicz functions by similar arguments of [57, Proposition 2.16]. Moreover, by

(1), we can notice that

/o1 (/s s0<7§|Z,|RMI_S)da(z)) % = /S|Z'|pmda(2) /Olsp(trl‘s)%

e QG
< QCyp(t / PP =lgr — 22 (¢
bSO( ) 0 (1 — S)p,QD( )
and
! ’ 1—s dr npt ' 1—s dr
p(t 2 |[pmr ") do(2) | — = [ |[Z[gmdo(2) [ o(tr ") —
0 s r s 0 r
1
C
> t eaptige — QG
= QCbSO( )A r T (1 — s)p*‘(p( )
Thus, taking c; := % and ¢y 1= %, we get the thesis. O

Remark 1.4.6. Let us notice that ¢; = ¢y = % if and only if ¢(t) = t*. We also remind

that explicit examples of ¢, in the Euclidean case, are given in [57, Example 2.17|.

We conclude this section defining the Orlicz function @: Ry — Ry, still naturally asso-

ciated to ¢, and which is defined as

B(t) = /Otgo(T)d—T, teRE. (1.24)

Following [4], ¢ and @ are still equivalent Orlicz function and, in particular, the following

estimate holds true

t
%) (5) <p(t) < (t) foreveryteR{. (1.25)
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1.4.1 Fractional Orlicz-Sobolev spaces on Carnot groups

Definition 1.4.7. Let G be a Carnot group, let ¢ be an Orlicz function and let 0 < s < 1.
We define, with a little abuse of notation, the Orlicz-Lebesgue space and the fractional

Orlicz-Sobolev spaces, respectively, as

L?(R"™) :== {u : G — R measurables such that ®,(u) < oo}

WEP(R™) == {u € L¥(R") such that @, ,(u) < oo},
where

D, (u) = / o(Ju)]) dz,

[[ o(mm)y dedr gy
b ) = | Mos "\l ) g |

b, (|Veulpn) ifs=1

These spaces are usually endowed with the so-called Luxemburg norms, studied by Luxem-

burg in [84], and defined as
: u
lull, =inf{A > 0: @, <X> <1}
[ulls.e = llully + [ulse
where
[]s. = inf{A > 0: D, , (;) <1}

is the (s, ¢)-Gagliardo seminorm. Moreover, the space W¢'§(R™) in defined as the counterpart
of the one introduced in Definition 1.2.12, in the framework of Carnot groups and depending
on Orlicz functions.

By well-known results given in [53, 77| for the Euclidean case, it is easy to characterize

these spaces as follows.

Theorem 1.4.8. Let ¢ be an Orlicz function. Then, L?(R™) and Wg¥(R") are separable

Banach spaces. Moreover, if both ¢ and ¢* satisfy the Ay-condition, then the spaces L¥(R™)
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and Wg? (R™) are also reflexive and the dual space of L#(R™) can be identified with L¥™ (R™).
Finally, C°(R") is dense in both L¥(R") and Wg¥(R™).

The proof of Theorem 1.4.8 trivially follows from the Euclidean case. The reader can
see for instance [53, Theorem 2.3.13, Theorem 2.5.10| and [77, Theorem 5.3, Theorem 5.5,

Corollary 3.7, Corollary 3.9|, where a more general theory is treated.

Following the same technique of |57, Proposition 2.11|, we can also state the following

theorem.

Theorem 1.4.9. Let us assume the same hypotheses of Theorem 1.4.8. Then, for each
s € (0,1), the space WZ¥(R") is a reflexive and separable Banach space. Moreover, C°(R™)
is dense in W7 (R™).

As in the Euclidean case, the immersion of the space WZ¥(R") can be compactly em-

bedded into L?(R™).

Theorem 1.4.10. Let 0 < s < 1 and let ¢ be an Orlicz function. Then, from every bounded

sequence {un}, C WEP(R™), there exist u € WEP(R™) and {un, }x C {un}n such that
Up, — u in L¥(R").
The proof of Theorem 1.4.10 is a consequence of the following theorem.

Theorem 1.4.11. [80, Theorem 11.4] Any sequence of functions {vy}r C L¥(R™) is compact

if and only if the following two conditions are satisfied:
(i) ®y(vk) is bounded;
1) for any € > 0 there exists 6 > 0 such that ®,(1,v, — vi) < € for any h € G such that
©
|h|g < 9§, where Tpu(z) = u(z - h) for any z € G.

Proof of Theorem 1.4.10. Let us fix u € WZ¥(R"). In order to apply Theorem 1.4.11, we

want to show the existence of a constant M > 0 such that

Dy (Thu —u) < M|h|E @4 ,(u) (1.26)
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for every h € G such that |h|g < 3. For any y € B(z, |h|g), by the monotonicity of ¢, the

Ay-condition and since |B(z,r)| = r?|B| = r2C), by Remark 1.3.12, then we have
b= ) = [ plluta-h) = u(y) +u(y) — u(o)]) da

< S| [etute-m - uao+ [ plut) - uto) ae]

- th‘g / . ( [ tute- 1) = ) dx) dy

Tl (] i
; o(July) — ulx)) dx) dy — (I + L),
20b|h|g B(z,|hle) \JG 2Cb|h|g

Let us notice that, by the triangular inequality,

(1.27)

ly ™ x-hle < |yt zle + |hle < 2/hs.

Therefore, by (1), the monotonicity of ¢ and a change of variables, we have
w(x - h) —uly)|, _ Ny t-z-hl¢
]1:/ /¢(|<_1> hi)'wl-x-hi«;)'_l—'gdﬂf dy
B(x,|hlg) \J/G ly=t -z hlg ly=t -z hlg
u(@ - h) —u(y)] dx
< 2Q|hIQ/ / @ (l 2hle)* ) ———a |
S e \Je T\ Iy bl ly=t - - hig

- - u(z) — u(y dz
oo [ [o(MEEEN ) g
B(elhle) \/G ly=tzle )yt 2l

<2V HQURE 0D, (w).

Similarly

I < ‘h|g_+Q®s,w(u)'

Thus, by (1.27), we finally have

C _ _ _
Oy (Thu — u) < ﬁ(281’ T L D|AE o, (u) = M|B|E g (u).

- 20y
Let now {u,}, C WZ¥(R™) be a bounded sequence in WZ¥(R™). In particular, {u,}, is

bounded in L¥(R"™). Therefore, by (1.26)

sup Dy (Thty — u,) < sug(@s,go(un) + O, (un)) M| .
ne ne
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Thus, by Theorem 1.4.11, there exist u € L¥(R") and {uy,, }x C {un}n such that u,, — u
in L#(R™). In order to conclude the proof, we show that u € WZ¥*(R™).

By Fatou’s Lemma and the continuity of ¢, we have
u(x) —u(y dx dy
b= [[ (MO0l _tris
GxG ly—t- x’((;, ly=t - x|g

- dx d
ghmmf// . ('“nk(ﬂf_)l unsk(y)|> rdy
k=00 GxG ly=t -z - 2|9

< sup Dy, (up, ) < 00.
neN

The two following Lemmas will be useful in Chapter 4.

Lemma 1.4.12. Let u € L?(R™) and let {u.}. be a sequence of reqularized functions of u,

in the sense of Definition 1.3.16. Then
@S,w(ua) < @s,w(u)
for any e >0 and 0 < s < 1.

Proof. Let x,y € G and let h := y~! - 2. Then, by the Jensen’s inequality and the mono-

tonicity of ¢, we have

. (r%(as - sz|z: u5<x>|) <o ( / Ny fuly™ - %é w o)l dy>

< /B(O’E) @ (‘u(y_l = %(; Uy~ x)‘) pe(y) dy.

Therefore, by the invariance of the norm under translations, we have

Lo () i = L (M) o)
—/G </Gso ('u(y_l x@,g - .x)|) ,Z%) p=(y) dy

[ )i

The thesis follows by integrating in G with respect to h. m
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Definition 1.4.13. Given n € C°(R") such that 0 < n < 1, supp(n) C B(0,2), n = 1 in

B(0,1) and |Vgn|gm < 2, we define the family of cut-off functions {7} as
me(x) = n(dg-12) for any k € N,

that is, 0 < ny < 1, m, = 1 in B(0, k), supp(n) C B(0,2k) and |Vgnglrm < 2. For any

u € Li (R™), we define the family of truncated functions {uy} as

loc

up = mpu for any k € N.

Lemma 1.4.14. Let u € L¥(R™) and let {uy}x be the sequence of truncated functions of u.

@57¢<uk) S g (@s#,(u) + (%) %@w(U) + 2p+ Qcib @(U))

sp

Then

forany k € N and 0 < s < 1.

Proof. Let us fix x,y € G. Then, by the Ay-condition and the monotonicity of ¢, we have

ug(z) — uk(y)|) - (Ink(:c)U(:r) — e(y)u(x) + ne(y)u(z) — nk(y)U(yH)
(o)) _ )
ly=t -zl ly=t-xlg
C [(|u(@)llm(z) —m)\  C (|Ine@)|u(z) —u(y)]
<o )+ 7o )

— 2 ly=' -z

Hence, being 7, < 1 for any k € N, we get

) // (|uk )zl _dedh
Pas GxG ly=t -t ’yfl x|g
< <I> // ( Hm;(l) Sﬁk(Q)’) dmdyQ
GxG “Lexfg ly=t - x|
C C w(x)||ne(x) — ne(y dx dy
= Co S // 90(|()|| 7(1) : ()] drdy
& Jyrale<} [y~ - 2fg ly=t - z[g
|u(@)| | (@) —m(y)| | dady
T ¥ -1 s -1 Q-
&y ale21) =t -l ly=t - zlg
Since |Vilgm < 2, then, by (¢1), assuming without loss of generality k& > 2, and by
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Proposition 1.3.14, we have

// S0(IU(I)IIm(x)—m(y)|> dx dy
6 J{lytale<1) =t -2l - zlg
2 Ju(z)] dy
S / / 2 (E 1. s—1 1 Q dl‘
¢ \J{ytale<t) lytzlg )yt g
2\ " dy
<(3) [/ : >¢xmcwndx
k G ( {ly=ta|g<1} ‘y*l . :E'g pt+Q

2 1 P
= O, (u) (%) QCb/o PP =1 gy — (%) —(1 ?(j;p"‘ Dy (w).

// ¢(IU(%)H%(%’)—nk(y)!) dz dy
G J{ly=1ale>1) =t -2l =t - x|g
2|u(x dx dy
s// (p< _|1( )IS) drdy
e Jyralezy \WWTHxlg )yt 2l

dy
swﬂ/ / — W) (u()]) de
G ( fy-rale>1y |yt ol *Q)

o).

Sp

Moreover

= <I><p(u)2p+QCb/ PP gy = 2"
1

1.4.2 Fractional magnetic Orlicz-Sobolev spaces on R”

We conclude the first chapter of the thesis by introducing the function spaces appearing in
Theorem 4.3.1. To simplify the readability, we will use the following compact notation: let

s € (0,1), we denote the magnetic Holder quotient of order s as

i(w—y)A( ELY
Diu(e, y) = = €|(I y)y(s : )u(y). (1.28)
We will also denote
du(z,y) == |$didyy|n-
u(r) — u(y)

We notice that when A = 0, D%y = Dgu := is the usual s-Holder quotient

|z —y|*
appearing in the definition of fractional Sobolev spaces.
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Definition 1.4.15. Let ¢ be an Orlicz function, s € (0, 1) be a fractional parameter and let
A :R"™ — R" be a smooth enough vector potential. Similarly as section 1.4.1, we define the

spaces L?(R"; C) and W37 (R"; C) as follows:

L?(R"™;,C) := {u: R" — C measurable: ®,(u) < oo},

Wi?(R" C) := {u € L?(R%; C): @ﬁw(u) <oo},

where ®, and @f,‘p are defined as

and
w0 = [[ e (D)) du (1.29)

These spaces become Banach spaces when endowed with the so-called Luxemburg norms

defined through <I>;4’<p, namely

A

lullZy = llully + lulZ,,

where

lull = inf{A > 0: ®, (%) < 1}

is the usual (Luxemburg) norm on L?(R™; C) and
A . A (u
ulf, = inf{A >0: & (}) < 1}

Finally, we define the fractional Magnetic Orlicz-Sobolev space WZ’,‘S(R"; C) as the closure

of C!(R"; C) with respect to the magnetic fractional Orlicz seminorm |u|? .
c g S,

Remark 1.4.16. We note that, when ¢(t) = P, we recover the magnetic fractional Sobolev
spaces defined in [105, 106, 117]. At the same time, if we assume A = 0, the above definitions
lead to the fractional Orlicz-Sobolev spaces considered in |3, 4]. Combining the last obser-
vations, it is also obvious that for ¢(t) = t¥ and A = 0 we recover the classical fractional

Sobolev spaces.
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Remark 1.4.17. In the definition of the Holder quotient of order s, and hence in the definition

of the fractional Orlicz-Sobolev spaces, we actually chose the so-called midpoint prescription

(x,y)>—>A<x+y),

2

which is closely related to the magnetic fractional Laplacian

_ ila—y)-A(%Y)
(—A)u(z) = 2 lim ulz) e LW g seRrn (1.30)
4 e=0% JRn\ B(z,¢) |z — y|nt2s

It is noteworthy to mention that actually, for s = %, the definition of the fractional operator
(—A)5 dates back to the ’80s, and it is closely related to the proper definition of a quantized

operator corresponding to the symbol of the classical relativistic Hamiltonian, namely

VE—A@2Z+m2+V(z), (£1)€R" xR

In particular, it is related to the kinetic part of the above symbol. In 78], it is explained that
there are at least three definitions for such a quantized operator appearing in the literature:
two of them are given in terms of pseudo-differential operators, while the third one as the
square root of a suitable non-negative operator. In [78], Ichinose showed that these three
nonlocal operators are in general not the same, but they do coincide whenever dealing with
a linear vector potential A. A well studied example of a linear potential A is the so-called
Ahronov-Bohm potential. We finally notice that, in the physically relevant case of R3, the

linearity of A is actually equivalent to require a constant magnetic field.

Remark 1.4.18. As mentioned before, one may then replace midpoint prescription with other

prescriptions, e.g. the averaged one

(x,y) r—)/o A((1 =z +vy)dd = Ay(z,y).

From the physical point of view, the latter has the advantage that the magnetic fractional
Laplacian associated to it, i.e. (_A)f“u’ turns out to be Gauge covariant (see e.g. |[78,

Proposition 2.8]), namely

(_A)fAJFWS)ﬁ = eid)(_A)ixﬁe_i(ﬁ'

33



Function spaces depending on vector fields

34



Chapter Two

['-convergence

Notation

In this chapter, we identify the space of real matrices of order m x n with R™" or L(R™,R"™),
where L£(R™,R") denotes the class of linear maps from R™ to R™ endowed with its operator

norm. Given a matrix A = [a;;] of order m X n, its operator norm is defined as

| Al := lSl‘lp |Az|
z|=1

|AHRM” = MZQU

(see [82, Chap. 7]). Since the norms are equivalent, we can also identify the spaces

and its Hilbert-Schmidt norm as

CO(Qy, R™) = CY(Qy, L(R™, R"))

where we recall that Qx = Q \ Ny (see Definition 1.1). For each x € Q, let L, : R* — R™
be the linear map

L,(v):= C(zx)vifveR" (2.1)

where C'(z) denotes the matrix in (1.1). Let N, and V respectively denote the subspaces of
R™ defined as
N, :=ker(L,), V,:= {C(x)"z : z € R™}. (2.2)



['-convergence

It is well-known that N, and V, are orthogonal complements in R”, that is
R"=N,®V,.

Therefore, for each z € (2 and £ € R", there exist £y, € N, and &y, € V,, unique vectors of

R™, such that
§= &N, + &y, (2.3)

Let II, : R™ — V, C R"™ be the projection

I1.(¢) := &va- (2.4)
Moreover, by using the definition of V, it is easy to see that
V. = spang {X1(2),..., Xmn(2)},

i.e., the so-called horizontal bundle, denoted also by H,.
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2.1 Characterizations of local functionals depending on
vector fields

Let Q2 C R™ be a bounded open set, let 1 < p < oo and let X be an X-gradient. For a given
Borel function f: Q x R™ — R, we consider F, Fy : LP(2) — R U {oo} defined by

Pl = Jo fl@, Xu(z))dr if ue CY(Q) 2.5

00 otherwise

and

Jo [z, Xu(z))dx if u.c W(Q)

loc

Fi(u) = , (2.6)

00 otherwise

where the integrands taken into account satisfy the following standard structural conditions:

(I;) for every n € R™, f(-,n) : Q@ — R is Borel measurable on ;
(Iy) for a.e. z € Q, f(z,-) : R™ — R is convex;

(I3) there exist two positive constants ¢y < ¢; and two nonnegative functions ag, a; € Ll(Q)

such that
colnlf —ao(z) < f(z,m) < aafnf’ + ai(x) (2.7)

for a.e. x € (2 and for each n € R™.

Definition 2.1.1. We denote by I,,, ,(2, co, ¢1, ag, a1) the class of functions satisfying hy-
potheses (I1) — (I3). When ap = a; =0, the class I,,,(€, co, ¢1,0,0) will be simply denoted
by [m,p(Q7 Co, Cl)-

Notice that both functionals (2.5) and (2.6) always admit an integral representation with
respect to the Fuclidean gradient, that is, taking for instance in mind functional (2.5), it can

be represented by

F(u) = /Qfe(x,Du(x)) dz  for each u € C'(9)
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where f, : 2 Xx R™ — R denotes the Fuclidean integrand, defined as
fe(z,€) = f(z,C(x)€) for a.e. x € Q for each £ € R", (2.8)

where C'(x) is the coefficient matrix of the X-gradient.
Now, set A the class of open sets contained in €2, we are going to study whether a local

functional F' : LP(Q2) x A — R U {oo}, defined by

flz,Xu(z))dr if Ae Aandue CH(A
F(u, A) = Jatt ( )7 (2.9)

00 otherwise
can be equivalently represented both with respect to the X-gradient and the Euclidean
gradient.
In virtue of (2.8), it is clear that, for each A € A and u € C'(A), the following charac-

terization of (2.9) can be given:

F(u,A) = / flx, Xu(z))dx = /f(x,C(:v)Du(x))aM = /fe(x,Du(x))dx. (2.10)
A A A
Question: Given an X-gradient, an integrand f. : 2 x R® — R, convex in the second

variable for a.e. x € Q, and a functional F': LP(Q) x A — RU {co}, defined by
Flu, A) = /Afe(x, Du(z))dz e CY(A), (2.11)
there exists a function f : © x R™ — R such that
F(u,A) = /Af(:r;,Xu(x)) dx  for every u € C'(A)?

The following counterexample shows that, in general, the answer is negative, without

further additional assumptions on f,.

Counterexample 2.1.2. Let X be the family of Heisenberg vector fields (see Example 1.1.2
(i17)), let © C R? be a bounded open set containing the origin and let F': L?(Q)x.A — [0, o0]

be the local functional defined as

|Du(x)|*dz  if u € C*(A)
F(u,A) = Ja :

00 otherwise
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Let us show that there not exist any function f: Q x R? — [0, 00) such that
F(u,A) = / f(z, Xu(z))dz for every u € C'(A).
A
By contradiction, if such integrand f exists, then, by (2.26), we get

|§|2 = fe(x7£) = f(l’,C(SL’)f) = fe(x7Hx(€>> = |Hac<€>’2

for a.e. x € Q, for any £ € R3, where II, is defined in (2.4). Since, by Lemma 2.1.3 (44i),
function Q > x +— I1,(£) is continuous, the previous identity must hold for any =z € Q and
£ eR3.

Let x = 0, then IIH(¢) = (&,&,0) for each & = (&1,&,&3) € R3. Thus, if we choose
for instance & = (0,0,1), then the previous identity is not satisfied and then we have a

contradiction.

In Lemma 2.1.9, in according with Theorem 2.1.5, we will show that, if there exist a

1

le(€2) and a positive constant b such that for a.e. z € Q

nonnegative function a € L
fe(x, &) < alz) +b|C(x)E[P VEER",
then
F(u, A) = /Afe(a:, Du(z)) dx = /Af(x,Xu(x)) dr VA€ A Yue CHA),

that is, the answer to the previous question is positive.

Before proving Lemma 2.1.9, let us study some algebraic properties of our framework.

Lemma 2.1.3. Assume that the family X satisfies (LIC) on Q. Let C(x) be the matriz in

(1.1) and L, be the map in (2.1). Then

(i) dimV, = m for each v € Qx and L,(V,) = range(L,) = R™, where range(L,) denotes
the range of L, that is, range(L,) := {L.(v) : v € R"}. In particular L, : V, — R™

s an isomorphism.
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(7i) Let
B(z):= C(z)CT(z) z€Q. (2.12)

Then, for each x € Qx, B(x) is a symmetric invertible matriz of order m. Moreover

the map B™': Qx — L(R™ R™), defined as
B (z)(z) = B(x) 'z ifz€R™, (2.13)
18 continuous.
(¢4i) For each x € Qx, the projection 11, can be represented as
() = &v. = C(@)" B(x)'C(z)§, VEER".
If m =n, then 11, = Id,, : R™ — R" s the tdentity map in R™.

Proof. (1) The claim is a well-known result of basic linear algebra.

(ii) It is straightforward that B(x) a symmetric matrix of order m for each x € Q. We have

only to show that it is invertible for each x € Q2x or, equivalently, that
if B(xz)z = 0 for some z € R™, then z = 0. (2.14)
Let 2T denote the transpose of a column vector z € R™. If B(x)z = 0, then
0= 2"B(2)z = TC(2)CT(2)z = |CT(2)z]s,, == CT(x)2=0. (2.15)
By (LIC) and (2.15) and, since
rank C(r) = rank C7 (z) = m Vax € Qy,

then we get that z = 0 and (2.14) follows. Let us now prove that the map (2.13) is continuous.
Let us recall that, given a matrix A € C°(Qx, RmQ), by the definition of determinant (see,

for instance, [82, Chap.3, Theorem 6]), the determinant map
det A: Qx — R, (det A)(z) := det(A(x))
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is continuous. Moreover
A(z) is invertible <= det A(z) # 0.

By Cramer’s rule (see, for instance, [82, Chap.3, Theorem 7|), if B(z)~" = [b};(z)], then

det Bij (.T)

z](x) ( ) detB(q:) T Cilx, 1) ’ y T,

where B;; is the (m — 1) x (m — 1) matrix obtained by striking out the ith row and jth
column of B, i.e., the (ij)th minor of B.
This implies that B! € C%(Qx, R™) = C°(Qy, L(R™,R™)).

(iii) We have
IL,(&) = &, = C(z)'w (2.16)

for a suitable (unique) w = w(x,&) € R™ depending on = and . On the other hand, by
(2.16),

C@)€ = Lo(§) = Lolén.) + La(évs) = Cl2)8y, = C(2)C(a)'w = Bx)w.  (2.17)
Since B(z) is invertible, then, by (2.16) and (2.17), we get the desired conclusion. O

Corollary 2.1.4. Assume that the family X satisfies (LIC) condition on §2. Then, the map
L, : V, — R™ is invertible and the map L™ : Qx — L(R™ R"™), defined as

L™ z) = L;" if v € Qx, (2.18)
belongs to C°(Qx, L(R™, R™)).
Proof. The fact that the map L, : V, — R™ is invertible follows from Lemma 2.1.3 (7). Let

us now prove that

L;Y(2) = CT(2)B(x) 'z VzeR™, (2.19)

x

where B(z) is the matrix in (2.12). Let us fix z € R™ and let v = L;'(2) € V. By Lemma

2.1.3 (44i), there exists w € R™ such that v = C7(z)w. Hence
z= L,(v) = Ox)CT(z)w = B(x)w.

41



['-convergence

By Lemma 2.1.3 (4i), it holds w = B(z)~'z. Therefore, we get
LY (2)=v=Cl(z)B(x) 'z (2.20)
and (2.19) follows. Let us define

A(x) := CT(2)B(x)™" ifx € Qx.

Then, from Lemma 2.1.3 (i7), A € C°(Qx,R™) = C°(Qx, L(R™,R")) and, by (2.20), we

get the desired conclusion. O]

The following theorem provides a necessary and sufficient condition for integral function-

als depending on the Euclidean gradient to be represented with respect to a given X-gradient.

Theorem 2.1.5. Let Q C R™ be an open set and let X be an X-gradient satisfying (LIC)
condition on Q. Moreover, let F': C1(Q) x A — R be defined as

F(u,A) = / folx, Du(z))dz if A€ Aue CHA),
A
where f,: Q x R™ — R is a Borel measurable function satisfying
fo(+,€) € Ll (Q) for each £ € R™ (2.21)

and

fe(z,:) : R® = R convex for a.e. x € ). (2.22)

Finally, define f: Q@ x R™ - R as

felx, L7 (@)(n))  if (v,m) € Qx x R™
flz,m) = : (2.23)

0 otherwise

where L™' 1 Qx — L(R™ R") is the map in (2.18). Then, f is a Borel measurable function
satisfying
f(z,+): R™ = R convex for a.e. x € Q. (2.24)
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Moreover, for any A € A and u € C'(A)

F(u,A):/Afe(:v,Du(x))dx: /Af(x,Xu(ac))dx (2.25)

if and only iof

fe(x,&) = fo(x,11.(€)) for a.e. z €Q, VEER™. (2.26)

In addition, function f (for which (2.25) holds true) is unique, that is, if there exists another
Borel measurable function f*: Q x R™ — R satisfying f*(x,-) : R™ — R conver a.e. x € 2

and satisfying (2.25), then f(x,n) = f*(x,n) for a.e. x € Q and for each n € R™.

Remark 2.1.6. If m = n, providing X satisfies (LIC) condition on €2, then condition (2.26)

always holds true, since I, = 1,,, in virtue of Lemma 2.1.3 (7).

Proof. 1st step. Let us prove that f is Borel measurable. Let ¥ : Qx x R™ — Qx x R”

denote the map

U(z,n) = (x, L (z)(n)) if (z,n) € Qx x R™.

By Corollary 2.1.4, ¥ is continuous and, therefore, it is also Borel measurable. Since f, is
Borel measurable, the composition f = f,o ¥ : Qx x R™ — R is still Borel measurable.
Moreover, since f.(z,-) : R" — R is convex for a.e. z € Q and L7!(z) : R™ — R" is

linear for x € Qx, then (2.24) follows by
f(z,) = fox,")o L (z) VuxcQy.
2nd step. Let us prove the uniqueness of representation in (2.25). Assume that

/ [z, Xu(z))dx = / [ (z, Xu(x))de = / folx, Du(x))dr VYA€ Aue CHA)
’ ! ! (2.27)
for given Borel measurable functions f, f*: 2 x R™ — R, convex in the second variable a.e.
x € Q. Let
w(x) = ue(z) == ({,z) =R forfixed £ € Q". (2.28)
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By (2.21) and (2.27), it follows that the functions

Q3y— fly,Cy)E) and Q3 y — f*(y,C(y)§) are in Ly, ().

Let A = B(x,r), r > 0. Then, by (2.27) and by Lebesgue’s differentiation theorem, we get

the existence of a negligible set N C  such that for any = € Q\ M,

f(@, Ls(€)) = [z, C(2)§) = [*(x,C(x)€) = (2, L(£)) - (2.29)

If N := UgegnMNg, then (2.29) holds for any z € Q \ N and { € Q™. Moreover, since
f(x,"), f*(z,-) : R™ — R are continuous for each z € Q\ N, then (2.29) holds for any
x € Q\ N and ¢ € R™ and, since the map L, : R" — R™ is onto, then we get the desired
conclusion.
3rd step. Let us assume (2.26). To prove (2.25) it is sufficient to show that for each A € A
and u € C*(A)

flx, Xu(z)) = fo(z,Du(x)) ae. xe€. (2.30)

Given A € A and u € C'(A), let us recall that
Xu(z) = C(z)Du(x) VzeA.
Thus, by (2.26), Lemma 2.1.3 (i77) and the definition of V., if v, := Du(z)

[z, Xu(z)) = f(z,C(z)v,) = f(2, Le(Tle(vs))) = fe(x7L;1<L:v(H£(Uw)))
= fe(z,1L;(vz)) = fe(z,vs) = fe(x, Du(x))

(2.31)

a.e. x € Q and (2.30) follows. On the other hand, let us assume that for every A € A and

u € CH(A)
/fechu dx—/fou

where f is the function in (2.23). By (2.31), for every A € A and u € C'(A)

f(z, Xu(z)) = fe(z,lI,(Du(x))) VzeA,
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which implies
Af@XM@MWZAﬁ@EﬂM@»w.

Thus, for every A € A and u € C'(A)

Aﬁ@ﬂﬂM@DM=Aﬁ@DWM®

and the conclusion now follows by proceeding as in the second step of the proof. O

Remark 2.1.7. Observe that (2.30) actually holds for each u € W'P(A). As a consequence,

(2.25) holds for each A € A and u € WP(A).

Counterexample 2.1.8. If the X -gradient does not satisfy (LIC) condition, the uniqueness
of representation (2.25) may trivially fail. For instance, let X = (X1, X3) := (01, 0) be the
family of vector fields on @ = R? and let f, f* : R? — R be defined as f(n) := n?+ g(n2) and
f*(n) == n? + g*(n) for each n = (m1,m2) € R?, where g, g* : R — R are conver functions
satisfying

9(0)=g*(0) =0, butg# g"

Then, it is clear that f and f* are integrands of the same functional F defined in (2.25),

even though f # f*.

The following lemma, that will turn out to be a key result through the thesis, provides
a sufficient condition to represent an integral functional both with respect to the Euclidean

gradient and the X-gradient.
Lemma 2.1.9. Let f.: Q2 x R® — R be a Borel measurable function such that
(1) for a.e. x € Q, fe(x, ) : R* = R is convex;

(ii) there exist a nonnegative function a € Ll () and a positive constant b such that

fe(z, &) < a(x) +b|C(x)E|P  for a.e. x € Q, for each & € R™.

45



['-convergence

Then, f. satisfies (2.26).

Proof. Let us prove that, for a.e. x € €,

fe(@,&n, +¢) = fe(z, () VE (R, (2.32)
which is equivalent to (2.26). Since t&y, € N, for every t € R, then, by (ii),
fe(z, tén, + () < a(x) + b|C(z)(|P for a.e. x €, for every t € R.

Therefore, for a.e. x € Q, the function R > ¢t — f(z,t&n, + () is bounded from above and
also convex, in virtue of (7). Hence, it is constant and considering its values at t = 1 and

t =0, then we obtain (2.32). O

2.2 Representation theorems

Let us recall some notation about set functions on A, the class of open sets contained in €2,

and local functionals defined on LP(€2) x A, in according with [47].
Definition 2.2.1. Let o : A — [0, 00] be a set function. We say that:
(1) «is increasing if a(A) < «(B), for each A, B € A with A C B;
(17) «a is inner reqular if a(A) = sup{«a(B): B € A, B € A} for each A € A,
(171) « is subadditive if a(A) < a(Ar) + a(As) for every A, Ay, Ay € A with A C Ay U Ay;

(iv) « is superadditive if a(A) > a(A;) + a(Ay) for every A, Ay, Ay € A with AjUA; C A
and Al N A2 = @7

(v) ais a measure if there exists a Borel measure p : B(€2) — [0, 00| such that a(A) = p(A)

for every A € A.
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Remark 2.2.2. Let us recall that, if « : A — [0,00] is an increasing set function, then it is
a measure if and only if it is subadditive, superadditive and inner regular (see [47, Theorem

14.23]).
Definition 2.2.3. Let F': LP(Q)) x A — [0,00]. We say that:

(1) F is increasing if, for every u € LP(Q), F(u,-) : A — [0,00] is increasing as set

function;

(13) F is inner reqular (on A) if it is increasing and, for each u € LP(Q2), F(u,-) : A — [0, 00]

is inner regular as set function;

(13i) F is a measure if, for every u € LP(2), F(u,-) : A — [0,00] is a measure as set

function;

(tv) F is local if
F(u,A) = F(v,A)

for each A € A and for each u,v € LP(Q2) such that uw = v a.e. on A;

(v) F is lower semicontinuous if, for every A € A, F(-,A) : LP(Q) — [0,00] is lower

semicontinuous;
(vi) F'is convez if, for every A € A, F(-,A) : L*(Q) — [0, 00] is convex.

Remark 2.2.4. Let F' : LP(2) x A — [0,00] be a non-negative increasing functional such
that F'(u,0) = 0 for every u € LP(2). Then, by [47, Theorem 14.23|, F' is a measure if and

only if F' is subadditive, superadditive and inner regular.

2.2.1 Functionals depending on vector fields

The following representation theorem is the main result of this section.
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Theorem 2.2.5. Let Q@ C R™ be a bounded open set, let 1 < p < oo and let X be an
X-gradient satisfying (LIC) condition on Q. Moreover, let F' : LP(Q2) x A — [0,00] be an

increasing functional satisfying the following properties:
(a) F is local;
(b) F is a measure;

(¢) F is lower semicontinuous;

(d) F(u+c,A) = F(u,A) for eachu € LP(Q2), A € A and c € R;

(e) there exist a nonnegative function a € Li. () and a positive constant b such that

ogz«mApg/kq@+bum@W)m
A
for each A € A and u € C*(A).

Then, there exists a Borel function f: Q x R™ — [0, 00] such that:

(1) for each u € LP(QY) and for each A € A with u|, € W)l(’ffoc(A)
Plu.A) = [ fla Xu(a) di:
A

(i7) for a.e. x €, f(z,): R™ —[0,00) is conves;

(1i1) for a.e. x € Q,

0< f(z,n) < a(x)+ blnlP VneR™.

Remark 2.2.6. Let us first observe that inequality in assumption (e) can be extended to each
ue WyP(A), Ae A
Let A € A, let u € Wy"(A)N LP(Q) and let @ be the extension of u to R™ which vanishes

outside 2. Moreover, let {p.}. be a family of mollifiers, and let
u. =ux*p(zr) xeR™
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By Proposition 1.2.7, for each A’ € A with A’ € A, we have
ue — u in LP(Q); (2.33)

uc| a0 € WiP(A') and u, — u in WP(A'). (2.34)
Therefore, by assumptions (¢) and (e), and by (2.33) and (2.34), it follows that

F(u, A" < limiglfF(ug,A') < lir% (/ (a(x) + b| Xuc(z)[P) dx)
e— e—

_ / (a(z) + b| Xu(@)?) dz.
Since F(u,-) is a measure, it is also inner regular (see Remark 2.2.4). Thus, taking the

supremum on all A" € A with A" € A, we get the desired conclusion.

Proof of Theorem 2.2.5. We will divide the proof into three steps.
1st step. Let us first prove that there exists an integral representation of F' with respect
to a Euclidean integrand, that is, there exists a Borel function f, : 2 x R" — [0, 00) and a

positive constant by such that

Flu, A) = /A £.(z, Du(x)) do (2.35)

for cach u € LP(Q) and A € A with ul, € W P(A);

loc

for a.e. x € Q, fe(z,-): R" = [0,00) is convex; (2.36)
fora.e. 2 €Q,0< fo(z,8) < alx) + b | VEERY (2.37)
(2.26) holds, that is, for a.e. € Q, fo(z,€) = fe(x,11.()) V& e R™ (2.38)

By (1.4), if u € W'P(Q), then, for a.e. x € Q, there exists b < oo such that
[ Xu(@)]” < sup||C(2)||” [Du(z)[” = b|Du(x), (2.39)
zeQ

since the coefficients of the X-gradient are Lipschitz on Q. By (2.39) and assumption (e), it
follows that

0< Flu, A) < /A (a(z) + bs| Du(2)?) da (2.40)
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for every u € W1P(Q) and for every A € A, with by := bb. Therefore by (a), (b), (), (d) and
(2.40) and in virtue of [47, Theorem 20.1], there exists a Borel function f, : Q@ xR" — [0, c0)
satisfying (2.35), (2.36) and (2.37).

Observe now that, by (2.35) and assumption (e), for u = ug (see (2.28)) we get

/Afe(:c,f) dx < /A(a(x) +b|C(x)EP)dr VAe A VEER".

From this integral inequality, we can infer the pointwise inequality, that is, there exists a

negligible set A/ C €, such that, for each x € Q\ N
fe(x,&) < a(x) +b|C(z)¢|P VEeR™. (2.41)

From (2.36), (2.41) and Lemma 2.1.9, (2.38) holds.

2nd step. Let us prove the existence of a Borel function f: 2 x R™ — [0, 00) such that

F(u,A) = /Af(a:,Xu(x))da: (2.42)

for each A € A, u € C'(A) satisfying claims (iz) and (ii1).
By (2.36), (2.37) and (2.38), (2.42) follows at once with f: 2 x R™ — [0, 00) defined as
in (2.23), which also satisfies claim (ii), in virtue of Theorem 2.1.5.

Moreover, by assumption (e) and (2.42), assuming u = ug, it follows that

0< / Fly, Cy)e) dy < / (a(y) +BICW)EP) dy YA€ A VEER",
A A

Taking A = B(x,r), applying Lebesgue’s differentiation theorem and arguing as before, from

the previous inequality we get the following pointwise estimate: for a.e. x € €2, it holds that
0< f(z,C(2)6) < alw) + bIC(2)El? V€ € R,

Observe now that, by (LIC), for a.e. x € Q the map L, : R" — R™, L,(§) := C(z)&, is

surjective. Then, claim (ii7) also follows.

3rd step. Let us prove that the integral representation in (2.42) can be extended to functions

u € W)l(’ﬁoc(A). Therefore, claim (i) will follow.
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Let us begin to observe that, given A € A, the functional
WP (A) 3 u— / f(z, Xu(z))dx is (strongly) continuous. (2.43)
A

Indeed, since for a.e. = € Q, f(z,) : R™ — [0,00) is continuous and claim (zii) holds, we
can apply the Carathéodory’s continuity theorem (see, for instance, [47, Example 1.22]).
Let u € WyP(Q) and let A, A’ € A with A’ € A. Since F(-, A’) : LP(Q) — [0, oc], then

by (2.33), (2.34), assumptions (c¢) and the dominated convergence theorem, it follows that

F(u,A") < liminf F(u., A') = lim [ f(z, Xu.(z))dz= [ f(z,Xu(z))dz.

e—0+ e=0t J 4 w
Since F' is a measure and, therefore, inner regular by Remark 2.2.4, we get
F(u,A) < /Af(m,Xu(m)) dx (2.44)
for every u € WyP(Q), for each A € A.
Let us fix w € W4?(Q) and let us consider the functional G : LP(Q) x A — [0, o]

G(u,A) = Flu+w,A).

It is easy to check that G still satisfies assumptions (a) — (e).
Thus, by the second step, there exists a Borel function g : Q@ xR™ — [0, 00) satisfying claims

(i1) and (4i7) with f = g, for suitable a € L} _(©2) and b > 0, such that

loc

G(u,A) = /Ag(x,Xu(:L’))dx (2.45)

for each A € A, u € C'(A) and

G(u,A) < /Ag(x,Xu(ac))dx (2.46)

for every u € W)l(’p(Q), for each A € A. Moreover, arguing as in (2.43), one can prove that,

for each A € A, the functional

WP (A) 3 u— / g(x, Xu(x)) dzx is (strongly) continuous. (2.47)
A
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Let w be the extension of w to R™, which vanishes outside €2, and let
w. = w*p.: R" =R
and fix A € A. Thus, by Proposition 1.2.7, for every A’ € A with A’ € A, ase — 07,
w. — w in LP(Q) and w, — w in WP(A').
Moreover, by (2.43), (2.44), (2.45) and (2.47), we obtain

// g(z,0)dx = G(0,A") = F(w,A") < flz, Xw(z))dx = lim [ f(z, Xw.(z))dx

A’ e—0t A

= lim F(w;,A") = lim G(w. —w,A") = lim [ g(z, Xw.(r) — Xw(x))dx

e—0t e—0t e=0t J 4/

z//g(x,O)dx.

This implies that
F(w,A") = f(x,Xw(z))dx for each A" € Awith A’ € A.
A/
Taking the supremum for A" € A in the previous identity, we get that

F(w,A) = / f(x, Xw(x)) dz for each w € WyP(2) and A € A. (2.48)
A

Ifue LP(), Ae Aand ulsa € W)I(’ffoc(A) then, for every A" € A with A" € A, by

Proposition 1.2.3 (i), there exists w € Wy (Q) such that
ular = w|ar.
Since F' is local, by (2.48), we obtain
f(z, Xu(x))dx = F(u,A") = F(w,A") = f(z, Xw(zx))dx

Al Al

and, by taking the supremum for A’ € A, we finally get

F(u,A) = /Af(x,Xu(x))dm,

which concludes the proof. O]
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2.2.2 Left-invariant functionals on Carnot groups

In this section, G = (R",-) denotes a step k Carnot group and (X1,.., X,,) is a basis of
the horizontal layer V; of G, made of left-invariant vector fields. Moreover, taking in mind
Definition 1.3.3, if Ay denotes the class of all bounded open subsets of GG, we define the class

of left-invariant functionals on G as follows.

Definition 2.2.7. A functional F : L

loc

(R") x Ay — R is left-invariant if, for every y € G,
F(ryu,1,A) = F(u, A) (2.49)

for every u € L}, (R™) and for every A € Ay.

loc

We stress that, whenever G = (R"™, +), the above definition boils down to the one consid-
ered in [47, Chapter 23] and it is therefore possible to provide many examples of left-invariant
functionals. A less trivial example, directly adapted to the Carnot group setting, is provided

by the functional

(Veu(z))dr if u € Wi (A)
F(u, A) = Ja sloet (2.50)

00 otherwise

where f is a non-negative Borel function. We remind that the functional F', defined above, is
increasing, subadditive, superadditive and inner regular on Ay and, therefore, it is a measure

on Ay by Remark 2.2.4 (for details, see e.g. [47, Example 15.4]).
Proposition 2.2.8. Let F' be as in (2.50). Then, F is left-invariant.

Proof. First, we notice that, due to the left-invariance of the vector fields Xi,...,X,,, for

any v € LY (R") and A € Ay

loc

T,u € Wé’;lloc(TyA) if and only if w € Wé’;lloc(A).

Therefore, it is sufficient to prove the result for functions v € L} (R™) such that the restric-

tion u|4 € Wé;lloc(A).

23



['-convergence

Let us fix u € LP (R"™) and A € A such that ul4 € Wé’;lloc(A). By a change of variables,
it follows that
F(rund) = [ f(Veru(@)de = [ f(Vou(z)) dz = Fu,4).
TyA A

as desired. ]

Remark 2.2.9. The previous result trivially holds true by replacing Wéﬁoc(A) with Wézfoc(A),

for any p > 1.

Before stating the main theorem of this section, we need two preliminary results.

Theorem 2.2.10. Let F : I[?

P (R") x Ay — R be a left-invariant, increasing, convexr and

lower semicontinuous functional and let {pp}n, h € N, be a sequence of mollifiers. Then

F(u, A" < lignian(ph xu, A') < limsup F(pp *u, A') < F(u, A)
—00

h—o00

for every u € LY (R™) and for every A, A’ € Ay with A" € A.

loc

Proof. The first inequality follows from the lower semicontinuity of F', while the second one

is always trivially satisfied. It remains to prove that

lim sup F(up, A') < F(u, A), (2.51)

h—o0

where uy, := pp, * u for any h € N.

Let w € L} (R™) and let A, A" € Aj be such that A’ € A. Moreover, let h € N be such
that + < dist™(A4’,G \ A) and let us define By, := B(0,+). We can notice that, for every

re A
un(z) = / aly™ - 2)puly) dy = / ru(@)on(y) dy (2.52)

By (2.52), Lemma 1.2.5 and by the left-invariance of F', we get
Pl ) = F ([ mumtan ) < [ ot dy
Bh Bh

:/B F(u,Ty—lA/),Oh(y)dZ/S/ F(u, A)pn(y) dy = F(u, A)

By,
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where the last inequality follows observing that 7,-1A’ C A for each y € Bj,. Indeed, for any

x € 7,—1A’, which means y -z € A" in according with Definition 1.3.3, if z € G \ A we would

have
1
d®(z,y-2) = |ylg < 7 < d®(A' G\ A),
which is impossible. Thus, taking the limsup as h — oo, we get (2.51). O

The next result yields the lower semicontinuity of integral functionals of the form (2.50),

under appropriate assumptions on the integrand. See [114] for the Euclidean case.

Theorem 2.2.11. Let f : R™ — [0, 00] be a convezr and lower semicontinuous function and

let A be an open subset of G. Then, the functional F : Wé;lloc(A) — [0, 00], defined as

= / f(Veu(r))dx
A

is lower semicontinuous on Wé’;lloc(A) with respect to the topology induced by Ly (A).

Proof. Let us fix A open subset of G and uy, u € Wé’;lloc(A) such that u;, — uin L{ (A). We

need to show that

) < 11m1nf/ f(Vgup(x

h—o00

and, since F is inner regular, it is sufficient to show that

f(Vgu(z))de < li}rln inf [ f(Vgun(z))dz forany A" € A. (2.53)
—00 A

A/

To this aim, let us fix A’ € A, k € N such that + < dist™(A’, G\ A) and let us consider a
sequence of mollifiers {py }r. Moreover, let us denote By := B (O, %) Then, by Lemma 1.2.5
and Proposition 2.2.8, and using similar arguments used in the proof of Theorem 2.2.10, we

have

25



['-convergence

= /Bk ( A/f(VGTyUh(Jf))diU) pr(y) dy 250
-/ ( /. f<vGuh<x>>dx> (o) dy
é(/vahNM)m dy = [ F(Teus(a) de
Let us now show that k
Pr ¥ Up — px u in C(A), (2.55)

Recalling that u;, — w in Li (A) as h — oo, then, for each o, h € N and for every z € A’

loc

and j = 1,..,m, it holds that

(X7 (e un) = X (e w)) ()] = [ X5 (pn x = p % ) (@)

= X2 (/BR(%D(uh(y) - U(y))pk(fc~y1)dl/>>‘

B /BR< () = u) -y )

< /Bn(z,,g) lun(y) — u(y)| | X5 pr(z - y)| dy

<1l | funto) = o) dy.
Passing to the supremum in A’ and taking the limit as h — oo, we get (2.55). As a
consequence, the sequence { Vg (py*up)}, uniformly converges to Vg (pr*u) in A, as h — oo.
We can also notice that, by the lower semicontinuity of f, by (2.54) and applying Fatou’s

lemma, then

f(Ve(pr xu)(z))de < li}{n inf f(Ve(pg * up)(z)) de < h]ILIl inf/ f(Vgup(x)) dex.
A’ —oo Jar —00  J g
(2.56)
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Moreover, since Vg (py *u) converges to Vgu in L*(A’), in according with Proposition 1.3.18,

then, by the lower semicontinuity of f, Fatou’s lemma and by (2.56) we finally get

f(Vgu(z))dr < lilzn inf | f(Ve(pr*u)(z))de < hm 1nf/ f(Veup(z
A’ —00 A
and (2.53) holds. O

The main result of this section is the following representation theorem.

Theorem 2.2.12. Let 1 < p < oo and let Ay the class of all bounded open subsets of G. Let

F.L?

loc

(R™) x Ag — [0, 00] be an increasing functional satisfying the following properties:
(a) F is local and left-invariant;
(b) F is a measure;
(¢) F is conver and lower semicontinuous;
(d) Flu+ ¢, A) = F(u, A) for each u € Lj (R"), A€ Ay and c € R;
(e) there ezist two positive constants a,b such that
0< Flu, A) < /A(a+b]VGu(J:)|p) i
for each u € Wéﬁoc(A), Ae A
Then, there ezists a convez function f:R™ — [0,00) such that:
(i) for each u € L}, (R™), for each A € Ay with u|s € Wé’,lloc(A)
F(u,A) = /Af(VGu(x))da:;
(i)

0< f(n) <a+ bln|? for each n € R™.
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Proof. We start defining the auxiliary function u¢ : G — R as
ug(x) = (&, II(x))rm for every £ € R™, (2.57)

where II : R®™ — R™ denotes the projection over the horizontal layer V;, here identified with

R™. By definition, u¢ is smooth and
Veue(x) =€ for every x € G. (2.58)
Moreover
Toue(y) = ue(z™' - y) = (E (27 y))pm = Z& Vi — ;) = ue(y) — ug(x) (2.59)
for every z,y € G. Therefore, by the left-invariance of F', (2.59) and assumption (d), we get

F(ug, By(0)) = F(ug(y), By(0)) = F(maue(y), 7.8,(0))

= Fluely) — ¢, By(x)) = Flug, B,(x)

(2.60)

for every x € G. We stress that ¢ := ug(z) is a constant with respect to y.

Now, in virtue of Theorem 2.2.5, there exists a function f : G x R™ — [0, c0) such that

Plug Byfa)) = [ f(z Voug(2)) ds.

By ()
Since, by Remark 1.3.12 |B,(x)| = |B,(0)| for every x € G, then, by (2.60) and Lebesgue’s

differentiation theorem, taking the limit as p — 0T we have

£(0,6) fieVoue de = e | fte Voula) ds = 1@,

1
1B,(0)] J,0)

for every x € G. Therefore, considering the well-defined function fy : R™ — [0, 00), given by
fo(&) == f(0,&) for every £ € R™,
which inherits all the properties of f proved to hold in Theorem 2.2.5, i.e., fy is convex and
0< fo(&) <a+0b|gP for every £ € R™,

o8



['-convergence

then we get
Flu, A) = /A fo(Veu()) da (2.61)
for every u € C*(R") and for every A € Ay.
It remains to show that the same representation (2.61) holds for every u € L} (R™) with
uls € Wé’;lloc(A) (for every A € Ay).
Let A’ € Ay such that A" € A and let {p,}, be a family of smooth mollifiers (here with

h = 1). Hence, by (1.21), Fatou’s lemma, the representation among smooth functions (2.61)

and by Theorem 2.2.10, we get

fo(Veu(x))de <liminf [ fo(Vgup(x))de =liminf F(uy, A") < F(u, A),
A/

A h—o00 h—o00

where uy, := pp, * u for every h € N.

Therefore, by taking the supremum for A’ € A, we get

/Afg(VGu(a:)) dr < F(u, A) . (2.62)

We now proceed with the proof of the opposite inequality. Since, by Theorem 2.2.11,

. . . : : 1,1
functional F' is lower semicontinuous in W) .(A), then

F(u, A") < liminf F(up, A"). (2.63)

h—o0
Now, as before, we denote by By, := B (0, +) for every h € N. Whenever + < dist®(A', G\ A)

then, by Lemma 1.2.5 and the left-invariance of F', it holds that

P )= [ ([ Feuts-mint)ay) ae

< / ( 5 fo(Veu(y™ - x))pn(y) dy) dx (2.64)

— /Bh ( 3 fo(Veu(y™ ~$))d$> pr(y) dy

<[ h ( [ f(veuto) das) p)dy = [ f(Veu()ds.

We stress that the last inequality follows from the same argument used in the proof of

Theorem 2.2.10.
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Combining (2.63) with (2.64), we get

Flu, A') < /A Fo(Veu(z)) da
which in turn gives
Flu, 4) < / fo(Veu(a)) dr, (2.65)

by passing to the supremum for A’ € A. The thesis follows by (2.62) and (2.65). O

As for the classical case, we can prove that left-invariant functionals are uniquely deter-
mined on LY (R™) by their prescription on a class of regular functions. First, let us recall a

definition which will be useful in the sequel. See, for instance, [47, Chapter 15| for details.

Definition 2.2.13. Let X be a topological space and let F : X x Ay — R be an increasing
functional, in according with Definition 2.2.3. We define the inner regular envelope of F' the

increasing functional F_ : X x Ay — R defined as
F (x,A) :=sup{F(z,B): B € Ay,B € A}

for every x € X and for every A € A,.

Moreover, we define the lower semicontinuous envelope of F, sc™F : X x Ay — R, as

(sc” F)(x,A) := sup inf F(y, A)
UGN(x)yGU

for every x € X and for every A € Ay, where N () denotes the set of all open neighbourhoods
of x in X and, finally, we define the inner reqular envelope of the lower semicontinuous
envelope of F as

F:=(sc F)_.

Remark 2.2.14. If the functional F' is increasing and lower semicontinuous, then F_ is also
increasing, lower semicontinuous and inner regular. If F' is just increasing, then sc™ F is still
increasing and lower semicontinuous, but, in general, it is not inner regular, even if F' is
inner regular. Finally, F is the greatest increasing, inner regular and lower semicontinuous

functional less than or equal to F'. See e.g. [47, Example 15.11] for details.
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Before stating the last result of this section, we need the following preliminary theorem.

Theorem 2.2.15. Let F : LP

loc

(R™) x Ay — [0,00] be an increasing functional satisfying
assumptions (a) — (e) of Theorem 2.2.12 and let f : R™ — [0,00) be as in Theorem 2.2.12.

Moreover, let F : L¥ (R™) x Ag — [0, 00] be defined as

loc

Flu, A) = Jaf(Voule)de  if u€ Wejor(4)

00 otherwise

and let F be the inner reqular envelope of the lower semicontinuous envelope of F. Then

]_:(u,A)—/Af(VGu(:U))dx (2.66)

for every A € Ay and for every u € LY (R™) such that u|s € Wé’;l (A) and also

loc loc

F(u,A) = F(u, A) (2.67)

for every u € L (R™) and for every A € A,.

loc

Proof. By Theorem 2.2.11, the functional F is lower semicontinuous on Wé;lloc(A) with re-

spect to the topology induced by Ll _(A). Moreover, by Proposition 2.2.8, F is also left-

loc
invariant. Finally, it is easy to check that F satisfies properties (a) — (e) of Theorem 2.2.12
and, therefore, (2.66) directly follows.

Concerning (2.67), we first recall that F is an increasing, inner regular and lower semi-

continuous functional, which is also the greatest functional with these properties less than

or equal to F. Therefore, since

F(u,A) < F(u,A) VA¢€ Ay, Yu € L}

loc

(R™),

then we get

F(u,A) < F(u,A) VA€ Ay, Vu € L¥

loc (Rn)
To conclude the proof we need to show that the opposite inequality holds true as well. To
this aim, let us consider v € L (R") and A, A" € Ay such that A’ € A. Moreover, let {p,}5

loc

be a sequence of mollifiers.
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Since wuy, := pp, * u is smooth, then, by Theorem 2.2.12 (see in particular (2.61)), we have
F(up, A') = F(up, A") for every h € N.
Now, the lower semicontinuity of F, implies that

Flu, A" < li}fn inf F(up, A") <limsup F(uy, A") < F(u, A),
—00

h—o0

by Theorem 2.2.10.

Finally, since F is inner regular, then, taking the supremum among sets A’ € A, we get

Flu, A) < F(u, A)

for every A € Ay and for every u € LI (R"). O

loc

As a direct consequence, we can finally prove the following result.

Theorem 2.2.16. Let F,G : L? (R™)x Ay — [0, 00] be two increasing functionals satisfying

loc

(a) — (€) of Theorem 2.2.12. Let O # Ay € Ay and, for every & € R™, let ue : G — R be

defined as in (2.57). Moreover, assume that
F(ug, Ag) = G(ug, Ag)  for every & € R™. (2.68)
Then, F = G on L} (R™) x A,.

loc

Proof. By Theorem 2.2.12, there exist two convex functions f, g : R™ — [0, 00) such that

Flu, A) = /A f(Veu(@)dr and  G(u, A) = /A o(Veu(z)) d

for every A € Ay and for every u € L (R") such that u|4 € Wé’;lloc(A).

loc

Moreover, by (2.58) and (2.68), we get
f(E)[Ao| = F(ug, Ag) = G(ug, Ag) = g(§)[Ao| for every £ € R™.
The thesis follows by applying Theorem 2.2.15. ]

In the last section of this chapter we will come back to the setting of Carnot group to
prove a '-compactness result for classes of left-invariant functionals (see Theorem 2.3.33 for

details).
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2.3 [I'-convergence for functionals depending on vector

fields

This is the main section of the thesis and it is devoted to studying ['-convergence results for
sequences of integral functionals depending on vector fields, in the strong topologies of LP((2)
and W3P(Q), with 1 < p < co. The main results of this section are Theorem 2.3.12 and
Theorem 2.3.26. In the first one, we study I'-compactness of sequences of integral functionals
whose integrands belong to I,,,(€2, co, ¢1, ag, a1), while the second result is an extension of
Theorem 2.3.12 to the subclasses .J; and J, made, respectively, of integrands in 1,,, 2(2, ¢o, ¢1)
that are quadratic forms with respect to the second variable and integrands belonging to
I, (€2, co, c1) that are independent on the point.

In the sequel, functionals F' and F}, defined in (2.5) and (2.6), will be seen as local
functionals. With a little abuse of notation, in according with [47, Chapter 15| and called A

the class of open sets contained in Q, let F, F; : LP(Q2) x A — [0, 0] be defined as

fA z, Xu(z))dz if A€ Aand ue C'(A)NLP(A)
F(u, A) == ;

00 otherwise

\

[, flx, Xu(z))de if A€ Aand ue W (A)NLP(A)
Fi(u,A) := ,

00 otherwise

\

A first step in the study of the I'-convergence consists on the characterization of the relaxed

functionals of F' and Fj. This is the topic of the next paragraph.

2.3.1 Characterization of relaxed functionals

We are going to characterize the relazed functionals of F' and Fj in the strong topology of

LP(Q2). Following [32, 60|, let us recall the definition of relaxation of a functional.
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Definition 2.3.1. Let G : LP(Q) — [0, 00]. The relaxed functional of G is defined as
G(u) := inf {li}lln inf G(up) : {un}n C LP(), up, = w in LP(Q)} (2.69)
—00

for any u € LP(Q). It is well known that G is the greatest LP()-lower semicontinuous
functional smaller than or equal to G and that it coincides with G in C'(Q) N LP(2). See

e.g. [32] for details.

The study of the relaxed functionals F and F; dated back to [68] and it is summed up

in the following result.
Theorem 2.3.2. Let Q) be an open subset of R", 1 < p < oo and let f € I, ,(2, co, c1, g, az).
Then
(i) dom F = {u € LP(Q) : F(u) < 0o} = WP (Q);
(i) F(u) = [, f(z, Xu(z))dz for every u € WyP(Q);
(iii) F(u) = Fi(u) for each u € LP(Q).
Proof. Claims (i) and (i7) are proved in [68, Theorem 3.1.1] for a smaller class of integrands.
We adapt that proof to our framework for the sake of completeness.
(i) Let u € dom F. By (2.69), there exists a sequence {uy}, C CHQ) N LP(2) such that
up — win LP(Q). Moreover, by (2.7)
liminf | f(z, Xup(z))de < ¢ liminf/ | Xup(2)[P do + [|ar || L1 @) < oo

and

CO/ | Xup ()P dr — ||ao|| L1 (o) < / flz, Xup(x)) de < 0o.
Q Q

Therefore, {uy}; is bounded in Wy?(Q) and, by the reflexivity of the space, u € Wy ().
On the other hand, if u € W)l(’p (Q) then, by Theorem 1.2.8, there exists a sequence

{up}n € CHQ) N WP(Q) such that w, — u in WyP(Q). Thus, by the lower semicontinuity
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of F and since F = F in C1(Q) N W4”(Q), it holds that

F(u) < liminf F'(uy,) —11]£n1an(uh) —hmmf/ flz, Xup(z))de < co.

h—o0

(ii) Let F*: LP(2) — R U {oo} denote the functional

z, Xu(z))dz if u e WP(Q)
Fr(u) = Jo Tt U (2.70)

00 otherwise

By [32, Theorem 2.3.1|, F* is LP(2)-lower semicontinuous and, therefore, F* = F*. More-
over, since by definition F* < F on LP(Q), then F* < F on LP(Q).

Let now u € W3”(Q). By Theorem 1.2.8, there exists {uy}, € C'(Q) N WP (Q) such
that up, — u in W)l(’p(Q) and, up to subsequences, u, — u and Xu, — Xu a.e. in Q. Since,
{f(-, Xup)}n is bounded by a function g € LP(Q2) by (2.7) then, by dominated convergence

theorem

h—o0 h—o00

F(u) < lim F(uy) = hm/fouh d:p—/fou (x))dx = F*(u).
(iii) Let u € LP(Q) and {up}, € CHQ)NLP(Q) be such that uj, — u in LP(Q). In particular,

{up}n € WH(Q) N LP(Q). Therefore

loc

Fi(u) < li}lLrn inf Fy (up,) = li}{n inf [ f(x, Xup(z))dr =liminf F(uy),

0 h—o0

which implies

Fi(u) < F(u). (2.71)

Let now F™* be as in (2.70) and let w € dom(F}). Then, by (2.7), it holds that
CO/Q\Xu(:L’)P’ dr — ||agl|L1(0) < Fi(u) < oo.

Therefore v € WP(Q), dom Fy € WP(Q), F* < Fy on LP(Q) and, by lower semicontinuity

of F*, F* < Fy on LP(2). Thus, by (2.71) and (i7), we have
F*<F, <F=F* onL”Q),

which completes the proof. O]
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When p = 1, the domain of relaxed functional F' gives rise to the space of functions of

bounded variation function associated to X, BVx(£2). See [68, Theorem 3.2.3] for details.

Remark 2.3.3. From Theorem 2.3.2 we get the non-occurrence of Lavrentiev phenomenon
for F, as well as the existence of minimizers of suitable perturbation of F'in Wy”(Q) and in
W;{;(Q) for any ¢ € Wy”(Q) (see Section 2.3.5). We refer the interested reader to [39, 81]

for more details about Lavrentiev phenomenon.

2.3.2 A quick overview on ['-convergence

Let us now recall some notions and results concerning I'-convergence’s theory, which are
contained in the fundamental monograph [47] and to which we will refer through this section.
We also recommend monograph [29] as exhaustive account on this topic, containing also

interesting applications of I'-convergence.

Definition 2.3.4. Let (X, 7) be a topological space and let {F}}, be a sequence of func-
tionals from the space (X, 7) to R. For every x € X, if U(x) denotes the family of open
neighbourhoods of z, we define the T'-lower limit and T-upper limit of the sequence { F, }; in

the topology 7 as

(I'(7)-liminf Fy,)(x) := sup liminf inf Fj(y),

h—o0 Ueld(x) h—oo yeU

(I'(7)-limsup Fy)(x) := sup limsup inf F},(y)
h—00 UeU(z) h—oo YEU

and, if I : (X,7) — R, we say that {F},},, ['-converges to F in the topology T or, more briefly,

that {F),}, T'(7)-converges to F, at x € X if

([(7)-liminf Fy,)(x) = (I'(7)-limsup £},)(z) = F(x)

h—o0 h—o0

and we write

F(z) = (T'(7)- lim Fy)(x).

h—o00

The following result will be useful in the sequel.
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Theorem 2.3.5. Let F), and F be functionals from space (X,7) to R, h € N.

(1) ([47, Proposition 6.1]) If {Fy}n T'(7)-converges to F', then each of its subsequences still

[(7)-converges to F.

(13) ([47, Proposition 6.3]) Let 71 and 15 be two topologies on X such that Ty is weaker than
To. If {Ep}n T(m1)-converges to Fy and {Fp}p T'(12)-converges to Fy, then Fy < Fy.

(i13) ([47, Theorem 7.8]) (Fundamental theorem of I'-convergence) Assume that {F}y is

equicoercive (on X), that is, for each t € R there exists a closed countably compact set

K, C X such that
{reX: F(x)<t}C K, foreachheN.
Let us also assume that {Fy}p T'(T)-converges to F. Then, F is coercive and

min F'(z) = lim inf Fj(x).

zeX h—oo z€X

() ([47, Proposition 8.1]) Assume that (X, T) satisfies the first countability axiom. Then

{Fi}n T(7)-converges to F if and only if the following two conditions hold:

(1) (I-liminf inequality) for any x € X and for any sequence {x}, converging to x
i X one has

F(z) < liminf F,(z) ;
h—o0

(2) (I-lim equality) for any x € X, there exists a sequence {Ty}, converging to x in
X such that

h—o0

(v) ([47, Theorem 8.5]) Assume that (X, T) satisfies the second countability axiom, that is,
there 1s a countable base for the topology 7. Then, every sequence of functionals from

X to R has a I'(7)-convergent subsequence.
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Remark 2.3.6. It is well-known that inequality in Theorem 2.3.5 (i7) can be strict, even in
the case of a (infinite dimensional) Banach space. Take e.g. 7 = weak topology of X and
Ty = strong topology of X (see [47, Example 6.6]). An instance of such a phenomenon can

occur in the case of non-coercive quadratic integral functionals (see [1] for details).

Definition 2.3.7. Let F,, : LP(Q2) x A — [0,00], h € N, be a sequence of increasing
functionals. We say that {F},}, [-converges to F' : LP(2) x A — [0,00], and we will
write F = T-limp_,o0 F}, if F is increasing, inner regular and lower semicontinuous and the

following conditions are satisfied:

(1) (T-liminf inequality) for each u € LP(R), for every A € A and {up}, C LP(2) con-

verging to u in LP(£2), it holds

F(u,A) < liminf Fj,(up, A) ;
h—o0

(2) (T-limsup inequality) for each u € LP(Q), for each A, B € A with A € B, there exists
{tup}n C LP(Q2) converging to u in LP(Q2) with

F(u,B) > limsup Fy(up, A) .

h—o00

Remark 2.3.8. Let us F, : LP(Q) x A — [0, 00] be a sequence of increasing functionals and
assume the existence of a measure functional F': LP(§2) x A — [0, oc] such that {Fy(-, A)}
I-converges to F(-, A) for each A € A. Then {F,}, ['-converges to F. Indeed, since F is
a I'-limit, it is lower semicontinuous (see [47, Proposition 6.8]) and it is also increasing and
inner regular, because it is a measure. Inequalities (1) and (2) immediately follows by the

characterization of the I'-limit, given in Theorem 2.3.5 (iv).

Definition 2.3.9. Let F': L?(Q2) x A — [0, 00] be a non-negative functional. We say that
I satisfies the fundamental estimate if, for every € > 0 and for every A’, A”, B € A, with

A" € A”, there exists a constant M > 0 with the following property: for every u, v € LP(Q),
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there exists a function ¢ € C(A”), with 0 < ¢ <1 on A”, ¢ =1 in a neighbourhood of A’,

such that
F(pu+ (1= 9o, A'UB) < (1+2)(F(u,A") + F(v, B))
e (ullps) + 01y + 1) + Ml = vl ),
where S = (A”\ A’) N B. Moreover, if F is a class of non-negative functionals on L”(Q2) x A,
we say that the fundamental estimate holds uniformly in F if each element F' of F satisfies

the fundamental estimate with M depending only on ¢, A’, A” and B, while ¢ may depend

also on F, u, and v.

Remark 2.3.10. Let us recall that, if Fj, : LP(2) x A — [0,00] are measures, then F' =
[-limy,_o F) need not be a measure (see [47, Examples 16.13 and 16.14]). In fact, if the
sequence { Fj, }5, satisfies the fundamental estimates uniformly with respect to h, then F is a

measure (see [47, Theorem 18.5]).

Let us now state a result which assures the coincidence between the I'- lim F), and I'- lim F),
for a sequence of local functional F}, : LP(Q) x A — [0, o0], provided that the fundamental

estimate holds uniformly for the sequence {F},}, (see [47, Theorem 18.7| for details).

Theorem 2.3.11. Let {F,,}, be a sequence of non-negative increasing functionals, defined
on LP(Q) x A, which T-converges to a functional F. Assume the existence of two constants
c1 > 1 and ca > 0, a non-negative increasing functional G : LP(Q) x A — [0,00] and a

non-negative Radon measure p : B(2) — [0, 00| such that
G(“) A) < Fh(“’ﬂ A) < a G(uv A) + CQHUHPLP(A) + M(A)

for every u € LP(Q2), A € A and h € N. Assume, in addition, that G is a lower semicon-

tinuous measure and that the fundamental estimate holds uniformly for the sequence { Fy}.

Then, {Fy(-, A)}n T'-converges in LP(QY) to F(-, A) for every A € A such that u(A) < oc.
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2.3.3 TD-compactness in the strong topologies of L?(Q) and W (Q)
The main result of this section is the following I'-compactness theorem.

Theorem 2.3.12. Let 2 C R" be a bounded open set, let 1 < p < oo and let X be an
X-gradient satisfying (LIC) condition on 2. Let {fn}n C I p(£2, co,c1,a0,a1) and, for any
heN, let Fy: LP(Q2) x A — RU{oo} be the local functional defined as

z, Xu(z))de ifAe A ue WyP(A
Fru A) S fn( (x)) fAe€ € Wi'( )‘ (272)

00 otherwise
Then, up to a subsequence, there exist a local functional F : LP(Q) x A — RU {oco} and
f € Ln,( o, c1,a0,a1) such that:
(7)
F(-,A) = T(L’(Q))- im Fy(-,A) for each A € A, (2.73)

h—o00

(1) F admits the following representation

Flu, ) = S [, Xu(z))de if Ae A ue WyP(A) | 0.1

00 otherwise
The proof of Theorem 2.3.12 requires several preliminary results. Let us begin to recall
a fundamental result about representation of I'-limits with respect to a Euclidean integrand,
namely [47, Theorem 20.3], which applies to a large class of integral functionals, defined as

follows.

Definition 2.3.13. Let cy, ¢y, c3 be positive constants and let a € L*(2) be nonnegative.
We denote H = H(p, ¢1, 2, c3,a) the class of all local functionals F': LP(2) x A — [0, <]

for which there exist two Borel functions f., g : £ x R” — [0, 00) such that:

[, fe(z, Du(x))dx  if A€ Aue Wy (A)

loc

(a) F(u,A) = ;

00 otherwise
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(b) g(x,€) < fe(z,§) < gz, §) + a(x);
() 0< g(x,8) < e ([EF +1);

(d) g(z,-) is convex on R™;

(e) g(x,28) < es(g(x,§) +1)

for every u € LP(Q)), z € Q, £ € R™.

Theorem 2.3.14. For every sequence {F),}, C H there exist a subsequence {Fy, }x and an

increasing functional F: LP(Q) x A — [0, 00| such that
{F,,}r T-converges to F.
Moreover, there exists a Borel function f.: £ x R" — [0,00) such that
(i) for a.e. x € Q, fe(x,-) is convex on R™;
(1) 0 < fo(x, &) < a(x) + ¢ c|&|P for a.e. x € Q, for each & € R™

and
F(u, A) ::/Afe(x,Du(x))d:z:

for every A € A, for every u € LP(Q) such that u|, € W,5P(A).

loc

(2.75)

We recall an useful criterion for proving that a class of local functionals on LP(§2) x A

satisfies the fundamental estimate uniformly [47, Theorem 19.4] and a [-compactness result

in this class [47, Theorem 19.5].

Theorem 2.3.15. Let ¢y, ¢, c3,c4 be nonnegative real numbers and let o

: A — [0,00] be

a superadditive increasing set function such that o(A) < oo for each A € Q. Moreover,

let F' = F'(p,c1,co,c3,cq4) be the class of all non-negative increasing local functionals F,
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defined on LP(Q)) x A, with the following properties: F is a measure and there exists a non-
negative increasing local functional G : LP(Q2) x A — [0,00] (depending on F') such that G

18 a measure and
G(u,A) < F(u,A) < aG(u, A) + eolullf 4+ 0(A4); (2.76)

Glou+ (1 —p)v, A) < ¢4 (G(u, A) + G(v, A)) + c3¢4 max | Dp|”|lu = v|[}p 4y + 2ca0(A)
(2.77)
for every u, v € LP(Q), A € A, p € CX(Q) with 0 < ¢ < 1. Then, the fundamental

estimate holds uniformly on F'.

Theorem 2.3.16. Let F' = F'(p,c1,ca,c3,¢4) be the class of local functionals defined in
Theorem 2.3.15. For every sequence {Fy};, C F', there exists a subsequence {Fy, }r which

[-converges to a lower semicontinuous functional F € F'.

Let us now introduce some results concerning functionals depending on vector fields. Let
us first prove a I'-compactness result (see Theorem 2.3.18) for a class of local functionals
on LP(Q2) x A satisfying suitable growth conditions with respect to the local functional
U, LP(Q2) x A — [0, 00] defined as

| Xu(z)Pde if Ae Aue Wyl (A)
U, (u, A) = Ja A (2.78)

00 otherwise
As a consequence, we will get a ['-compactness result for a class of integral functionals
represented with respect to Euclidean integrands, but still with growth condition with respect
to ¥, (see Theorem 2.3.20). The former is an extension of [47, Theorem 19.6], the latter of

[47, Theorem 20.4].

Lemma 2.3.17. Let 1 < p < oco. Then ¥, : LP(Q) x A — [0,00] is a measure and lower

semicontinuous.
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Proof. Let us start by proving that for any A € A the function u — ¥,(u, A) is lower
semicontinuous in LP(Q), ie., for any A € A and {un}, C LP(R), wp, — w in LP(Q), it

satisfies

U, (u, A) < liminf W, (uyp, A). (2.79)

h—300
We can assume liminf, . ¥, (up, A) < oo and, up to subsequences, we can also assume
that limy,_s ¥, (up, A) exists. Hence {uy}, is bounded in WyP(A) and, since WyP(A) is
reflexive (recall Proposition 1.2.2 and that p > 1), then there exists a subsequence (not
relabeled) such that w, — u in WyP(A) and, in particular, Xu, — Xu in LP(A). Thus
the conclusion follows, recalling the lower semicontinuity of the LP-norm with respect to the
weak convergence.

We now prove that for any v € LP(2) the function ¥,(u,-) : A — [0, 00| is a measure,
i.e., there exists a Borel measure p, : B(£2) — [0, 00] such that U, (u, A) = u,(A) for every
A € A. Since ¥,(u,-) is nonnegative, increasing and ¥,(u,?) = 0, by Remark 2.2.2, it
suffices to prove that W,(u, -) is subadditive, superadditive and inner regular.

VU, (u,-) is subadditive if for every A, A;, As € A, with A C A; U A, it holds
U, (u, A) < W,(u, Ay) + U, (u, Ag). (2.80)

We can assume u € WP (A) MWy (A,) and Ay, Ay € A, otherwise the conclusion is trivial.
Proposition 1.2.3 (i) gives u € WyP(A; U Ay), therefore U, (u, A; U Ay) = fA1UA2 | Xu(z)|P dx
and (2.80) follows.

U, (u, -) is superadditive if for every A, Ay, Ay € A, with Ay UA; C Aand A;NA; =10

U, (u, A) > U, (u, Ay) + U, (u, Ay). (2.81)

We can assume u € Wy?(A) and A € A, otherwise the conclusion is trivial. Proposition
1.2.3 (iv) gives u € W)l(’p(B) for any open set B C A. Let A, A;, Ay € A, Ay UA; C A and
Al N Ag = Q) Then

\I/p(u, Al) + \pr(u7 Ag) = /

| Xu(z)Pdx < / | Xu(z)|P dx
A1UAs A
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and (2.81) follows.

U, (u,-) is finally inner regular if for every A € A
U, (u, A) =sup{V,(u,B) | Be A, BE A}. (2.82)

Let M :=sup{¥,(u,B) | Be A, B€ A} €[0,00]. If M = 400, there exists {B; }ien C A,
B; € A such that U, (u, B;) — oo as i — oo and the conclusion follows by observing that for
alli € N, W, (u, B;) < U, (u, A). If M € [0,00), then HUHW)I(,p(B) < M for any B € A, B € A.
Then, Remark (1.2.3) (iii) gives u € Wy”(A) and, by definition, ¥, (u, A) = [ | Xu(x)P de.
For any ¢ > 0 there exists 6 > 0 such that [, |Xu(z)[Pdz < e for any F € A with |E] < 6.

Let B € A such that |4\ B| < 4, then

/A|Xu(x)|pdx:/B|Xu(x)|dac+/A\B]Xu(x)|”dxS/B|Xu(x)|pdx—|—£

and the thesis follows. O

Theorem 2.3.18. Let €2 C R” be a bounded open set, 1 < p < 00, ¢g < ¢ be positive
constants and let a € L' () be a nonnegative function. Denote by M = M(p, ¢y, c1,a) the

class of local functionals F': LP(Q2) x A — [0, 00| such that F' is a measure and
Wy, 4) < Flu,4) < e (W, (0 A) + [l ) + lallinga (2.83)

for every u € LP(Q) and for every A € A. Then, the fundamental estimate holds uniformly
in M and every sequence {Fy}, C M has a subsequence {Fy, }r which T-converges to a
functional F of the class M. Moreover, {F}, (-, A)}x T'-converges to F(-, A) in the strong

topology of LP(£2) and
dom F(-, A) == {u € LP(Q) : F(u,A) < oo} = Wy"(A) (2.84)
for every A € A.
Proof. Let us begin to prove that the fundamental estimate holds uniformly in M . Let
g(x, &) = ¢ |C(x)E|P ifre, £€R". (2.85)

74



['-convergence

Notice that, since the entries of matrix C'(z) are Lipschitz continuous functions, then

g9(x, &) < ¢ sgp IC(x)||P [EP = cofl]P  ifx e, &R, (2.86)
g(2,26) = 271 2g(2,€) = c32g(z,€) v €D, £ ER (2.87)

and
g(x,-) is convex on R". (2.88)

Thus, from (2.86), (2.87) and (2.88), arguing as in [47, (19.6)], it follows that

gla, t&+ 1 —tn+¢) < ez (g(x, &) + gla,n) + 2 [¢]P) (2.89)

for every x € Q, t € [0,1], £, 7 € R". In order to apply Theorem 2.3.15, observe that,

choosing G = ¢ ¥, then, from (2.83), (2.76) immediately holds true with

= C—l, o =cq, 0(A) :/a(x)da:.
A

Co

Let us prove (2.77). By (2.89), it follows that

Glpu+(1—¢)v,A) = /Ag (x,oDu+ (1 — ¢)Dv + (u—v)Dyp) dx

< / ¢3 (g, Du) + g(xr, Dv) + ca| DglP|u — v]P) dx
A

< ¢ (G(u, A) + G, A) + ¢ (mgx leolp) Ju — vll’zp<,4))

for each u, v € LP(Q), A€ A, p € C(2) with 0 < ¢ < 1. Thus (2.77) holds true with
¢4 = c3 and c3¢q4 = cacs

and we get the desired conclusion.

From Theorem 2.3.16, every sequence { F}, }, C M has a subsequence { F},, }1 T-converging
to a functional F': LP(2) x A — [0, 00] which is a measure. As each functional F}, satisfies
(2.83), the functional F' satisfies (2.83), since ¥, is lower semicontinuous and inner regular
by Lemma 2.3.17 and Remark 2.2.2. By applying Theorem 2.3.11, we get that {F}, (-, A) }«
[-converges to F'(-, A) in LP(Q2) for each A € A, since 2 is bounded. Finally, by (2.83),
(2.84) follows. O

75



['-convergence

Definition 2.3.19. Let €2 C R™ be a bounded open set, 1 < p < 00, ¢y < ¢; be positive
constants and let a € L*(€2) be a nonnegative function. We denote by Z = Z(p, ¢y, ¢1, a) the
class of local functionals F' : LP(Q) x A — [0, 00] for which there exists a Borel function

fe: @ xR™ — [0,00) such that

(7) claim (a) of properties defining H holds;

(1) co |C(2)EP < fo(x,€) < 1 |C(2)€]” + a(z) ae. x € Q, for each £ € R™.

Theorem 2.3.20. For every sequence {Fy}, C I there exist a subsequence {Fy, }r and a
measure functional F': LP(2) x A — [0,00] such that {F}, (-, A)}x I'-converges to F(-, A)
in the strong topology of LP(Q2) and (2.84) holds for every A € A. Moreover, there ezists a
Borel function f,: Q x R" — [0,00), convez in the second variable and satisfying (ii) of Z,

for which (2.75) holds.

Proof. By Theorem 2.3.18, for each {F},}, C Z there exist a subsequence {F}, }, and an inner
regular functional F': LP(Q) x A — [0, 00| such that {F}, (-, A) }r T-converges to F(-, A) in

LP(Q) for every A € A. Moreover, since VU, is lower semicontinuous and inner regular, then

coVp(u, A) < F(u, A) < a1 W,(u, A) + / a(x) d (2.90)
A

for any u € L?(§2) and A € A, where V¥, is the local functional in (2.78). If g(x,&) is as in
(2.85), then Z(p, cy.c1,a) C H(p, c1, c2,2¢3,a) and, in virtue of Theorem 2.3.14, there exists
a Borel function f.: Q x R” — [0, 00), also convex in the second variable, for which (2.75)
holds.

Let us now prove that (i¢) of properties defining Z holds. Let u¢(z) := (£, z)rn for any

x € Q. From (2.90), it follows that

o [1cwerans [ L@ s [cweras [ o
A A A A
for each £ € R™ and A € A. By means of the usual procedure, we can infer that there exists

a negligible set N' C 2 such that, for each z € Q\ N,
co [C(2)é]” < fe(,8) < 1 [C(@)E]" +a(zx) VE€Q".
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Finally, since fe(x,) : R™ — [0,00) is continuous a.e. = € (), then we can extend the

previous inequality to any & € R”™. m

Theorem 2.3.21. Let 2 C R™ be a bounded open set, 1 < p < oo, {fr}n C Imp(£2, co,c1,0,a)
and, for each h € N, let F} : LP(Q2) x A — [0,00] be the local functional defined in (2.72).
Then, there exist a subsequence {F}; }x and a measure functional F': LP(2) x A — [0, oc]
such that {Fy; (-, A)}x I'-converges to F'(-, A) in the strong topology of LP(2) and (2.84) holds
for every A € A. Moreover, there exists a Borel function f.: Q x R" — [0,00), conver in

the second variable, satisfying (ii) of properties defining I, for which (2.75) holds.

Proof. For any h € N, let f., : Q@ x R* — [0, 00) denote the Euclidean integrand

fe,h(xvg) = fh(xu C(x)f) S Qa g € R™ (291)
and let Fy, : LP(Q2) x A — [0, 00] be the local functional defined by

fA fen(x,Du(z))de fAec A ue WM(A)

loc

Fr(u, A) == : (2.92)
00 otherwise
Thus, by (2.7) and (2.92), {F}, belongs to the class Z and, in virtue of Theorem 2.3.20,
there exist a subsequence {F}, }; and a measure functional F' : LP(Q2) x A — [0, oo] such
that {Fj, (-, A)}x T-converges to F'(-, A) in the strong topology of LP(Q2), for every A € A.
Moreover, there exists a Borel function f, : Q x R" — [0, 00), convex in the second variable,
satisfying (i7) of properties defining Z, for which (2.75) holds.
If Fy(-,A) : LP(Q) — [0,00] denotes the relaxed functional of F,(-, A) with respect to

the strong topology of LP(Q2), then, by Theorem 2.3.2 (iii), it follows that
Fi(-,A) = F(-,A) foreach he N,;Ac A

and, in virtue of [47, Propostion 6.11], we finally get that { F}; (-, A)}, I'-converges to F'(-, A)

in the strong topology of LP(£2), for every A € A. O
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Theorem 2.3.22. Let Q2 C R"™ be a bounded open set and let X be an X -gradient satisfying
(LIC) condition on Q. Let {fo}tn C Lmp(2,co,c1,0,a) and let {Fy}), be the sequence of local

functionals defined in (2.72). Assume that:

(1) there exists a measure functional F: LP(2) x A — [0, 00| such that, for each A € A,

{Fy (-, A)}, T-converges to F(-, A) in the strong topology of L*(2);

(17) there exists a Borel function f. : Q x R" — [0,00), convex in the second variable,

satisfying (1) of Z and for which F' admits the integral representation (2.75).

(i13) (2.84) holds for every A € A.
Then, there ezists f € I, ,(£2, co, c1,0,a) for which F' admits representation (2.74).

Proof. Let us first notice that f. satisfies the assumptions of Lemma 2.1.9, taking b = ¢;.
Thus, we can assume that f. satisfies (2.26).

Let f: Q@ x R™ — [0,00) be defined as

felw, L=H(x)(n)) if (z,n) € Qx x R™
fla,m) = , (2.93)

0 otherwise
where L' : Qx — L(R™,R") is the map in (2.18). Let us show that f € I, ,(2, g, ¢1,0,a).
Properties (/1) and () directly follow from Theorem 2.1.5. Moreover, since f. satisfies (i)
of properties defining class Z, then (I3) holds.

By Theorem 2.1.5 and Remark 2.1.7, F' admits the integral representation (2.74), but
only for functions u € W'P?(A). We are going to extend this representation to all functions
UNS W)l(’p (A), by means of Theorem 2.2.5. Since F' a I'-limit, then it is lower semicontinuous
(see [47, Proposition 6.8|) and, by [47, Proposition 16.15], it is also local and, by assumptions,
it is a measure.

Hence, assumptions (a), (b) and (c) of Theorem 2.2.5 are satisfied. Let us prove assumption
(d). For every h € N, we have F}f(u + ¢, A) = Fy(u, A) whenever u € LP(2), with ¢ € R.

Then, it is easy to see that this property also holds for the I'-limit F'.
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Let us now prove assumption (e). By the integral representation (2.75) and Remark 2.1.7,

it follows that, for each A € A, u € W'P(A)

Flu, A) = /A £.(z, Du(z)) do — /A Fo, Xu(z)) dz < /A (a(z) + o[ Xu(@)) dz,  (2.94)

which implies property (e).
Therefore, there exists a Borel function f*: Q x R™ — [0, 00) satisfying (i) and (i) of

Theorem 2.2.5. In particular, for each A € A and u € WP(A)

Flu, A) = /A F (2, Xu(z)) da .

By (2.94) and Theorem 2.1.5, we get that f(x,n) = f*(x,n) for a.e. z € Q and for each

n € R™. This concludes the proof. O]

We are now in the position to prove Theorem 2.3.12.

Proof of Theorem 2.3.12. For any f;, € I, (2 co,c1,a0,a1), let @5 : Q x R™ — [0,00) be
defined as

on(z,n) == fulx,n) +ap(z) ae €, for each n € R™ and h € N.

Then, {¢n}n C Imp(82, co,c1,0,a0+a1) and if @ : LP(Q2) x A — [0, 00] is the local functional
defined by

on(z, Xu(z))dz if Ae A ue WyP(A)
O} (u, A) := fA X |

o0 otherwise
then, in virtue of Theorems 2.3.21 and 2.3.22, (up to subsequences) there exist a local
functional @ : LP(Q) x A — [0, 00] and ¢ € I, ,(£2, ¢, ¢1,0, a0 + ay) such that
(2)
O(-,A) = I'(LP(Q))- lim &;(-,A) for each A € A;

h—o0
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(ii

) ® admits the following representation

o(z, Xu(z))dr if Ae Aue WiP(A)
O(u, A) == Ja *

00 otherwise
Let now F': LP(2) x A — R U {oo} be the local functional defined by

z, Xu(z))dz if Ae Aue Wi (A)
F(u, A) = St *

00 otherwise

where the integrand f : 2 x R™ — R, defined as

fz,n) == p(x,n) —ao(z) ae. z €, for each n € R™,

belongs to the class I,,,(£2, co, c1, ag, a1) by construction. Hence, by (7) and in virtue of [47,

Pro

position 6.21], we finally get

F(-,A) = T'(LP(Q))- lim F;(-,A) foreach A€ A.

h—o00

]

Following [47, Theorem 21.1], we prove the following I'-compactness result for functionals

including boundary conditions.

Theorem 2.3.23. Let Q2 C R" be a bounded open set, 1 < p < 0o, let X be an X-gradient

satisfying (LIC) condition on 2, let fr, f € Ly ,(€, co,c1,a0,a1) and, for each h € N, let

Fp, F: LP(Q) x A— RU{oo} be the local functionals defined by

and

Fh(”,A) - fA fh(anu(x))d$ Zf Ace A’ = W)l(v,p(A)

00 otherwise

[, flx, Xu(x)de if A€ A, ue Wy (A)

00 otherwise
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Moreover, fited p € WP(Q), let FY, F¥ . LP(Q) x A — R U {00} be the local functionals

defined by
folx, Xu(z))de if Ac A, uec WP (A)
Pty = X’“”
00 otherwise
and )
[, [, Xu(z))de if A€ A ue W (A
Fo(u,A) =7 e (2.96)
00 otherwise

\

Suppose that {Fy(-,Q)}n T'-converges to F(-,QQ) in the strong topology of LP(Y). Then,

{EF7 (-, )}, T-converges to F¥(-,Q) in the strong topology of LP(£2).

Proof. Case 1. Let us first show the result for f;, f : Q x R™ — [0,00), h € N, belonging

to the class I, ,(€, co, 1,0, a), for a given nonnegative function a € L' (£2).

Let ¢ € WP(Q). By Theorem 2.3.18, there exist a subsequence {Fj, } of {F},}, and a
functional G € M such that {F}, (-, A)}x I-converges to G(-, A) in the strong topology of
LP(Q2) for every A € A. To conclude the proof of the first case, it is enough to show that
{Fy (-, ) }x -converges to G¥(, ) in the strong topology of LP(S2), where G¥ is defined by

Gu,Q) ifue Wy (Q)
G (1, Q) == B

00 otherwise

In fact, since {Fy(-,2)}, T-converges to F(-,Q) in LP(Q2), then F(-,Q) = G(-,Q) and
F?(-,Q) = G?(-,9). Therefore, the I'-limit of {F} (-,Q)}, does not depend on the choice
of the subsequence of {Fy’(-,2)}, and, in virtue of [47, Proposition 8.3|, the whole sequence
{E7(-, )}, D-converges to F¥(-, Q).

We divide the proof in two steps.

1st step. First, let us prove that

G?(u, Q) > (I-limsup Fy )(u, Q) for every u € LP(Q). (2.97)

k—o0
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Let us assume u € W)l(’fo(Q), otherwise (2.97) is trivial. Since {F}, (-,2)}r I'-converges

to G(-,§2) in LP(§2) then, by Theorem 2.3.5 (iv), there exists {uy}r C LP(§2) converging to u
in LP(2) such that

G(u,Q) = klggo F, (ug, $2) . (2.98)

Therefore, {Fy,, (ux, Q) }x is bounded and so uy, € Wi*(Q) for any k € N.

Since u € W)l(’p (), then for any £ > 0 there exists a compact set K C 2 such that
/ (| Xu(x)]? + |u(z)P +1)dz < €. (2.99)
O\K

Let now A’; A” € A be such that K C A’ € A” € Q and let B := Q\ K. Then, by Theorem
2.3.18, there exist M > 0 and a sequence of cut-off functions between A’ and A”, namely

{ok}k, such that for each k € N
Fhk <Qkuk =+ (1 — Qk)u, Q) S (1 + 8) (Fhk (Uk, A//) + Fhk (U, B)>
+ 5(HukHiP(Q) + HuHiP(Q) + 1) + My, — UHZ[?,P(Q) :

If wy = opup + (1 — og)u, then wy € W;{;(Q) for any & € N. Moreover, by the previous

inequality and (2.83), it follows that
B
&l + Ml ey 1) + Mlfur =l

where ¢, := max{cy, ||a||L1(p)}. Thus, by (2.98), (2.99), by [47, Proposition 8.1| (c) and since

{wy }x, converges to u in LP(2), then

(P-tim sup F, )(u, ) < limsup FY, (wy, Q) < (1+ ) (G(u, Q) + &1) + = (2jullfyq) +1)
k—o0 k—o0

Since G(u, Q) = G¥(u, ), then, as £ goes to zero, we get (2.97).

2nd step. We conclude the proof of the first case by showing that
G?(u, Q) < (I- li;n inf Fyf )(u,(2) for every u € LP(2). (2.100)
—00
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Let u € LP(2) and assume that (T'-liminf, . F}; )(u, ) < 0o, otherwise the conclusion is
trivial. Then, by [47, Proposition 8.1] (a), liminf,_, F} (ux, Q) < oo for a suitable sequence
{ur}r converging to u in LP((2). It implies the existence of a subsequence {uy,}; of {ux}x
such that

sup Fy (ug,;, ) < o0

jeN %
that is, uy, € W)I(Z(Q) and {uy, }; is bounded in WiP(Q). Thus, by the reflexivity of the
space WiP(Q), u € WP(Q) and {u, }; converges to u weakly in WP (Q). Moreover, since
W)I(’;(Q) is closed in the weak topology of Wy () and uy, € W)I(Z(Q) for every j € N, then

u € W (Q), G#(u, Q) = G(u,Q) and, since F), (-, Q) < FY (-, Q), then

G?(u, Q) = G(u, ) = (I'- lim Fp,)(u, 2) < (I- li}gn inf FyY ) (u, )

k—o0

and (2.100) follows.

Case 2. Let fj,, f : @ x R™ — [0,00), h € N, be defined by

fh(xvn) = fh(xan)+a0(x) and f(xﬂl) = f($7ﬁ>+a0<17>
By definition, {fi}n C Lnp(€2 co,c1,0, a0 + ay) and, set Fy, Ff : LP(Q) x A — [0, oc], where

fh(U,A) — fA fh(l’,XU(fﬂ))d{E if Ae A7 = W)l(’p(A)

00 otherwise

and

Fu(u, A) if A€ A, ue WP (A)
Fr(u, A) == Xyp ,

00 otherwise

then, in virtue of [47, Proposition 6.21], {F(-, )}, I'-converges to F(-,2), defined by

Flu, A) := fAf(m,Xu(x))dx if Ac A, ue W)l(,p(A)

00 otherwise
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and, by Case 1, {F;(-,Q)}n -converges to F#(-, Q) in the strong topology of LF(£2).
Finally, since

F2(u, Q) = F7 (- 9Q) = llaoll e ,
then the conclusion follows by [47, Proposition 6.21]. O

We conclude this section dealing with functionals F': W)l(’p (©2) — R of the form

Flu) = /Q flo, Xu(z)) dz, (2.101)

with  bounded open subset of R*, p > 1 and f € I, ,(9, co, c1, a0, a1), and showing that
the pointwise convergence of a sequence of functionals as in (2.101) is equivalent to the

['-convergence of the sequence in the strong topology of W)l(’p ().

Proposition 2.3.24. Let {fn}, and f be functions in I, ,(S2, co, c1, a0, a1), for any h € N,

and let Fy,, F: WP(Q) — R be the corresponding integral functionals as in (2.101). Then
Fy, — F (pointwise) in WiP(Q) it and only if {Fj,}» T-converges to F
in the strong topology of W)l('p(Q), i.e.,
Fu) = (TOV()- Jim () Yo e WE(@).

Proof. Let {fy}tn, h € N, be a sequence of functions in 1,,,(2, ¢, ¢1, a0, a1) and let {F}p
be the sequence of the corresponding integral functionals. Then, by (I3), F}, is convex on
W)l(’p (Q) for any h € N and, by (I3), {Fr}n is equibounded in any neighbourhood of any
u e WiP(Q).

Therefore, by [47, Proposition 5.11], {F},}, is equicontinuous in W4”(Q) and, in virtue

of [47, Proposition 5.9], we get the thesis. O

2.3.4 Two important subclasses

Definition 2.3.25. Let (2 C R™ be a bounded open set, let 1 < p < oo and let ¢y < ¢; be

positive constants. We define:
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o J; = J1(Q, co, 1) the subclass of 1,,,2(£2, ¢y, ¢1) composed of integrands f € I,,, 2(€2, co, 1)
which are quadratic forms with respect to n, that is,

m

f(x,n) = {a(z)n,n)gm = Z xr)nm; ae x€QVneR™,

with a(x) = [a;;(x)] m X m symmetric matrix.

o Jy = J5(9, ¢y, 1) the subclass of integrands f € I,,,(€2, co, c1) such that f = f(n),
that is, f is independent of x.

Theorem 2.3.26. Let X be an X -gradient satisfying (LIC) condition on Q2 and, fori = 1,2,
let {futn C Ji(Q,co,c1) and {F;} be the sequence of local functionals defined in (2.72).
Then, up to a subsequence, there ezist a local functional F' : LP(Q2) x A — [0,00]| and

f e Ji(Qco,c1) (i =1,2) such that
(i) (2.73) holds;
(1) F admits representation (2.74).

Proof. 1st case. Let us first show the conclusion for the subclass .J;.

Let {fn}n C J1. By definition, we can assume that
fu(z,m) = Aan(@)n, M) © € Q,nER™,
where ap(x) = [apj(x)] is a m x m symmetric matrix satisfying
co[nl* < (an(@)n, n)an < o1 (I +1) ae x€Q,VneR™ (2.102)

api; € L>(Q) for each 4,5 =1,...,m, h € N. (2.103)

By Theorem 2.3.12, there exist F' : LP(2) x A — [0,00] and f € I,,,2(2, ¢o, ¢1) such that,

up to subsequences, (2.73) holds and F' admits representation (2.74). Let us show that
fed. (2.104)
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By previous considerations, we can assume that F' admits representation (2.75) with
fe(x, &) := f(z,C(x)¢) for a.e. x € Q, for each £ € R"™.

Moreover, by Theorem 2.1.5 (see (2.19) and (2.23)), it also holds the opposite representation,

that is, for each x € Qy,

f.n) = f(z,L;*(n) VneR™, (2.105)
with
L;'(n) == C(a)" B(x)™"n.
Let us now consider the sequence of Euclidean integrands
fe,h(xvg) = fh(xa C($)§) = <ah($)C(I)f7C(ZL‘)€>Rm
= <C(9€)Tah(l’)c($)faf>Rm = (aen(T)E, E)rm
and the related local functionals Fj, : LP(2) x A — [0,00] defined in (2.92). Since for

cach u € WL (A) Fy(u, A) = Fj(u, A), by using well-known results of I'-convergence for

loc

quadratic functionals (see [47, Theorem 22.1] and Remark 2.3.8), then there exists a n x n

symmetric matrix a. = [ae;], with a.;; € L>(Q2) for each i, j = 1,...,n such that

fo(2,6) = (ao(x)E,E)pn ace. £ €Q,VEER.

By (2.105), for each = € Qx,

with

a(z) == (B(x)™) C(x)ac(z)C(x)" B(x)™"

m X m symmetric matrix. Then f(z,-) turns out to be a quadratic form on R™, induced by

the matrix a(z) for a.e. z € . Thus (2.104) follows.
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2nd case. Let {fy}, C Jo and notice that, for each h € N, f;, : R™ — [0,00) is a se-
quence of locally bounded, convex functions. Thus, by a well-known result (see, for instance,
[47, Proposition 5.11]), {fx}x is also locally equilipschitz continuous. From Ascoli-Arzela’s

Theorem, we can assume that, up to subsequences, there exists f € J, such that
fn — f uniformly on bounded sets of R™ as h — . (2.107)
Let us define F': LP(Q) x A — [0, 0] as

. [, f(Xu(z)de if Ae Aue WgP(A)

00 otherwise

and let us prove that, for each A € A,
lim Fyf(u, A) = F(u, A) YueWyP(A), (2.108)

h—o00

where Fj is defined in (2.72). Let us fix A € A and u € WyP(A). Since |Xu(x)| < oo for

a.e. x € A, by (2.107), it follows that
hlgEo fn(Xu(z)) = f(Xu(x)) for ae. z € A. (2.109)
On the other hand, as
0 < fu(Xu(z)) < c1(1 4 | Xu(x)|P) for a.e. x € A, for each h € N,
by (2.109) and the dominated convergence theorem, (2.108) follows. Let us show that
F(u,A) = F(u,A) YAc A VYuecLP(Q), (2.110)

in order to get our desired conclusion. By (2.84), it is sufficient to prove (2.110) for each

A € A and for each u € WP (A). Inequality

F(u,A) < F(u,A) YA€ A YVueWgP(A) (2.111)
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follows by noticing that, for each u € W4”(A), I-lim inf inequality and (2.108) implies that

F(u, A) <liminf F; (u, A) = F(u, A).

h—o0

Let us now prove the opposite inequality
F(u,A)> F(u,A) YAe A YueWy(A). (2.112)
Let us first recall that, for each A € A, by (2.108) and Proposition 2.3.24,

Fu,A) = (T(WP(A)- lim Fy)(u) Yu e WyP(A). (2.113)

h—o0

Fix A € Aand let u € LP(2) with u|4 € W)l(’p (A). By I'-lim equality, there exists a sequence
{up}n C LP(Q2) such that

up, — win LP(Q), as h — oo (2.114)
and
hlim Fy(up, A) = F(u,A) < 0. (2.115)
—00

By (2.115), we can assume that
{up|a}n C WiP(A). (2.116)

Let A € A with A’ € A. From Proposition 1.2.9 (ii), if w := Xuy, : R” — R™, that is,

Xu, = Xuy on A and Xuy, = 0 outside, then, for each 0 < & < dist(A’, R™\ A)

. fu(pe x Xup) dr < /Afh(X_uh) dx for each h € N. (2.117)
By (2.114), (2.116) and Proposition 1.2.9 (i), for given 0 < ¢ < dist(A",R™ \ A),

X (pe * tip,) — X (pe * u) uniformly on A" as h — oo (2.118)

and

pe ¥ Xup, — pe * Xu uniformly on A" as h — 0o (2.119)
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In particular,

pe % T, — pe * @ in WP(A') as h — oo, (2.120)
Observe now that, by (2.117), for each 0 < ¢ < dist(A’,R™ \ A) and for each h € N,
Fy (pe * tip, A') = . Jo(X (pe x up)(x)) dzx
= | B Kw)do+ [ (R (o in)(a) = il X)) da

< / fu(Xun(x)) dz + / (Fu(X (pex @) (2)) — Fulpe * Xun(z))) da
A Al

= F,f(uh,A) + Re,h-

(2.121)

From (2.107), (2.118) and (2.119), it follows that, for given 0 < ¢ < dist(A’,R™\ A)

lim R, — R.i— / (F(X(p. % 0)(2)) — f(pe » Xu(x))) dr. (2.122)

h—o0

For given 0 < ¢ < dist(A,R" \ A), by (2.113), (2.115), (2.120), and (2.122), passing to the
limit in (2.121) as h — oo, it follows that

F(pe xu, A') < liminf F}(pe * up, A')
hee (2.123)
< lim F}(up, A) + lim R, = F(u,A) + R..
h—00 h—00

Let us notice that, since f is continuous,
X(pe 1) — Xu and p x Xu — Xuin LP(A'), as e — 0
and
F(X(pexu)) < c1(14 | X (pex@)P) and f(pe * Xu) < c1(1 4 |pe * XulP) a.e. in A
Therefore, in virtue of Vitali’'s convergence theorem,

lim R, = 0. (2.124)

e—0t
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By the semicontinuity of F', with respect to the LP-topology, and by (2.124), we can pass to

the limit as ¢ — 07 in (2.123) and we get

Fu,A') < lim F(p.x @, Ay < F(u, A) for cach A’ € A. (2.125)
e—0
Finally, taking the supremum in (2.125) on all A’ € A with A’ € A, we get (2.112). O

2.3.5 Convergence of minima and minimizers

Let {fu}n C Lnp(82, co, 1, a0, a1) and let F(-, Q) : LP(2) — RU{oo} be the local functionals
defined in (2.72). In virtue of Theorem 2.3.12, there exists F': LP(Q2) x A — RU {oc} such

that, up to subsequences,

F(-, A) = T(LX(Q))- lim Fy(-, A)

h—o00

and F admits the representation (2.74). If, in addition, {Fj(-, A)} is equicoercive in the
strong topology of LP(Q2) for each A € A, then, in virtue of Theorem 2.3.5 (iii), F(-, A)

attains its minimum in LP(Q2) and

min F(u, A) = lim inf Fy(u,A) = lim min Fj,(u, A).
u€eLP(Q) h—o00 ueLP(Q) h—o0 ueLr ()

Let us now study related minimum problems and the convergence of minima and mini-

mizers in the weak topology of Wy (2) and in the strong topology of LP(Q).

Theorem 2.3.27. Let Q € Q0 be a bounded open set, 1 < p < oo, let X = (Xq,...,X;n) be a
family of Lipschitz continuous vector fields defined on Qg and satisfying conditions (H1), (H2)
and (H3). Moreover, let f € I, ,(€2, co, c1,a0,a1) and let g : Q@ x R — R be a Carathéodory

function such that there exist two positive constants dy < dy and two nonnegative functions

bo, b1 € LY(Q) such that

do|s|? — bo(z) < g(x,s) < dy|s|? + by (x) (2.126)
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for a.e x € Q and for every s € R. Finally, let F,G : W)l(’p(Q) — R be the functionals

defined, respectively, by

F(u) ::/Qf(m,Xu(x))dx and  G(u) ::/Qg(x,u(x))dx,

and, fired o € WP(Q), let 1, : WP (Q) — {0; 00} be the indicator function of W)I(Z(Q) and

let =, =% : W)l(’p(Q) — R be defined, respectively, by
E=F+G and =Z¥:=F+G+1,.

Then, the minimum problems

min  =(u) (2.127)
uEW P (Q)
and
min  =Z¥(u) (2.128)
uGW)l(’fp(Q)
have at least a solution. Moreover,
min  Z(u) = inf =E(u) (2.129)
u€W P (Q) ue€CH(Q)NW P ()

and, if in addition g(x,-) is strictly convex on R for a.e. x € Q, then (2.127) and (2.128)

have exactly one solution.
Before giving the proof of Theorem 2.3.27, we need two preliminary results.

Lemma 2.3.28. Under the hypotheses of Theorem 2.5.27, functional G s sequentially lower

semicontinuous in the weak topology of W)l(’p(Q).

Proof. Let {up}, € WiP(Q) and u € WP(Q) be such that u, — u in the weak topology of

WP (Q) and, in virtue of Proposition 1.2.17, in the strong topology of L? (). The thesis

loc

follows from the lower semicontinuity of G in the strong topology of L} () (see e.g. [47,

loc

Example 1.21]). O
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Lemma 2.3.29. Ifp > 1, the functional | - HW)I(,p(Q) cWP(Q) — [0,00), defined by

Jullwgooy = [ P do+ [ Puld,
Q Q
1s lower semicontinuous and sequentially coercive in the weak topology of W)lgp (Q).

Proof. The lower semicontinuity of the functional follows since it is convex and continuous
in the strong topology of Wy (Q).

Let us show that the functional is sequentially coercive in the weak topology of Wy (Q).
For any t € Ry, the set {]| - lwiriqy < t}is a closed ball in a reflexive Banach space and,

therefore, sequentially compact in the weak topology of W)l(’p (). n

Proof of Theorem 2.3.27. Let W, : WP(Q) — [0, 00) be defined as

() = /Q Xu(z)? dz

By growth conditions (2.7) and (2.126), it holds that

E(u) = coWp(u) + dolull ) — llaoll i) — [1boll @)

> el 0, — laollzre) = ltollzrco

for every u € W)l(’p (Q), where ¢ := min{cg,dp} and, therefore, = is sequentially coercive,
in virtue of Lemma 2.3.29. Moreover, since by Theorem 2.3.2 (ii) and Lemma 2.3.28 both
F and G are sequentially lower semicontinuous in the weak topology of W)l(’p (), then =
satisfies the hypotheses of [47, Theorem 1.15] and the existence of a minimizer of (2.127)
immediately follows.

In order to prove (2.129), we start observing that = is continuous with respect to the
strong topology of WP (Q).
Let {up}n C WiP(Q) and u € W4P(Q) be such that u, — u in WyP(Q) and, additionally,

let assume, up to subsequences, that u;, — u and Xwu, — Xwu almost everywhere. Then,
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from (2.7) and (2.126), we get

E(un) < c1Wp(un) + diflunllfrq) + larlli) + 101 r1e)

< lunll0 g + Nt 3y + o0

where ¢ := max{c;,d;} and, via Pratt’s Theorem (see, for instance, [107, Theorem A.10]),

we can infer that

(1]

(up) — Z(u) as h — 0.

Since this holds for a subsequence of any subsequence of the original sequence {uy, }p, then the
strong continuity of = follows. Thus, (2.129) now follows readily, since C*°(2) is (strongly)
dense in Wy (9).

Let us now define ¥ : WP (Q) — [0, 00] as

Jo | Xu(@)|Pde. ifue W)I(I;(Q)

00 otherwise

Then, for every u € W)l(’i’o(Q), it holds that

E9(u) = oWy (u) + dollullToq) — llaollzr ) — [1boll1(o)

> 5”““%,}1(,17(9) — llaollzr ) — lboll L1 (e

and, as before, we conclude that =¥ is sequentially coercive in the weak topology of W)l(’p (Q).
Therefore, the existence of a minimum follows since F', G and 1, are sequentially lower
semicontinuous in the weak topology of Wy () (see e.g. [47, Example 1.6]).

Finally, if g(z,-) is also strictly convex for a.e. x € Q, then both = and =¥ are strictly

convex and, therefore, the solutions of (2.127) and (2.128) are unique. O

The following result ensures the existence and convergence of minima and minimizers, in

the strong topology of LP(€), for a class of functionals that will be useful in the sequel.
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Theorem 2.3.30. Let 2,2, p, X and g satisfy the hypotheses of Theorem 2.3.27, and also
assume that X satisfies (LIC) condition on 2 connected. Let fy, f € I (2, co, 1, a0,a1),

Fp, F: LP(Q) - RU{oo} be the functionals defined, respectively, by

Fifu) = Jo fo(z, Xu(z))dz if ue WP(Q)

00 otherwise

and
[o flo, Xu(z))de  if u € WiP(Q)
00 otherwise

and let G : LP(2) — R be the functional

G(u) ::/Qg(x,u(x))da:.

Finally, for any h € N, fized ¢ € W)l(’p(Q) let =7, 29 : LP(Q)) — RU {oo} be, respectively,
defined as

E o =F+G+1, and EZ¥:=F+G+1,. (2.130)
If {Fy}n, T-converges to F' in the strong topology of LP(2), then

(i) for each h € N, both Zf and =% attain their minima in LP(2) and

in E%(u) = li in =7 (u); 2.131
2Bty =) = I, 20t SR (2151

(1) if {un}n C LP(Q) is a sequence of minimizers of {=7}n, i.e.,
=f(up) = min = or any h € N,
Flu) = win Zfw) for any
then there exists u € W)l(’;(ﬂ) such that, up to subsequences,
u, — @ weakly in WP (Q) and strongly in LP(Q)
and

=0(g) = min =
=P(u) = ueHg]lJI(lQ)__‘ (u).
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Proof. (i) By (2.128), for each h € N, both functionals Zf and =% attain their minima in the
weak topology of W}(I;(Q) and, by definition, in the strong topology of LP(2). Moreover, by
Theorem 2.3.23, {F}, + 1}, I'-converges to F' + 1, and, since G is continuous in the strong
topology of LP(2) (it is readily seen, proceeding exactly as in the proof of Theorem 2.3.27),
then {Z7}, T-converges to =¥ in the strong topology of LP(2), in virtue of [47, Proposition
6.21).

Finally, arguing as in [47, Propositions 2.10 and 2.11], it is readily seen that the sequence
of functionals {=7'}, is equicoercive in the strong topology of LP(£2) and, in virtue of Theorem

2.3.5 (i1i), =¥ is coercive in the strong topology of LP(2) and (2.131) follows.

(ii) Let {up}n C LP(Q2) be a sequence of minimizers of {7 },. Without loss of generality, in

virtue of Theorem 2.3.27, we may assume {uy}, C W)I(Z(Q) and since for any h € N

00 > Ef(un) 2 min{co, er Hlullf o) — llaolliio) = llboll e

then {uy}5 in bounded in W)I(Z;(Q) Hence, the reflexivity of Wi”(Q) ensures the existence

of & € WP(Q) such that, up to subsequences
u, — @ weakly in WyP(Q), as h — oo

and so

up — @ — @ — @ weakly in WiP(Q), as h — co.

Moreover, since up, — ¢ € W;{’%(Q), which is closed with respect to the weak convergence of

WP (Q), then 7 € W)I(Z;(Q) and, by Theorem 1.2.16, we yield that
up — win LP(Q), as h — oo (2.132)
Finally, in virtue of [47, Corollary 7.20], it holds that
=P(u) = min Z¥(u).

ueLr(Q)
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2.3.6 Convergence of perturbed functionals

In this section we provide the following I'-convergence result for perturbed functionals de-

pending on vector fields.

Theorem 2.3.31. Let {fn}n C Inp(Q, co,c1,a0,a1) and let {Fy}y, be the sequence of func-

tionals defined in (2.95). Assume that, for each A € A, there exists

F(-, A) = (D(L(Q))- lim F,)(-, A) (2.133)

h—o0

and

flo, Xu(z))de if u € WgP(A)
Flu, A) = Jat A (2.134)

00 otherwise
with f € I, ,(Q, co, c1,a0,a1). Let ® € LP(Q)™ and GF : LP(Q) x A — RU {0} be defined
by

x, Xu(x x))dr  if u “P(A
N LA R CI P

00 otherwise

Then, for each A € A, there exists

G*(-,A) = (D(LP(Q))- lim G)(-, A)

h—o00

and

) i [, (@, Xu(z) + ®(z)) da iquW)lgp(A).

00 otherwise

Before giving the proof of Theorem 2.3.31, let us recall the following well-known result

(see, for instance [46, Proposition 2.32|).

Lemma 2.3.32. Let g € I, ,(2, co, 1, a0, a1). There exists a positive constant co = c2(p, ¢1),
depending only on p and c1, such that

—1
gz, m) — g(z,m)| < ealm —ma| (Im] + ma| + ar(2)7)" (2.135)

for a.e. x € Q, for each ny,my € R™.
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Proof of Theorem 2.3.31. Let us begin to observe that, by (2.135), it follows that

| fu(z,m) — fu(z,me)l < colm —mal (Im] + |2l + al(l’)l/p)p_l (2.136)
for each h, for a.e. x € (), for each 1y, 7y € R™. Define, for every x € €2, for each h, for each
neR™

gy (x,n) = falw,n+ @(x)).
Thus, gF € 1,u,(9Q, o, c3, a0, 1), with ag(z) :== ag(x) — co|®|P and a;(x) := a;(x) +c3| P[P
for a suitable constant c3 = c3(cqy,p) > 0, depending only on ¢; and p. Therefore, in virtue

of Theorem 2.3.12, up to subsequences and for each A € A, the sequence of functionals

{GR(-, A)}y T(LP(Q2))-converges to a functional of the form

G A) a9 (2, Xu(x))de ifue WP (A) |

00 otherwise
with

9" € Lnp(Q, co, 3,00, d1) - (2.137)
We want to show that, for each A € A,
G (u, A) = /A o, Xu(z) + D(2) de if uc WP(A). (2.138)
We split the proof of (2.138) in three steps.

1st step. First, let us show the existence of a positive constant ¢y, = ¢4(cg, c1, Co, ag, a1, p),

depending only on ¢y, ¢1, ¢o, ag,a; and p, such that

|G** (u, A) = G*(u, A)| < ca[|®1 = Pollze (| Xullze + [|191][e + [[Dof|ze + )71 (2:139)

for each @, @y € LP(Q)™, A € A and u € WyP(A). All norms above refer to the set A.
Let @, &y € LP(Q)™, let A € A and let u € Wy?(A). By definition of T'(LP(£2))-limit,

there exists {up,}, C LP(Q) N WP (A) such that
up, — win LP(Q) and G2 (up, A) — G*2(u, A), as h — 0o. (2.140)
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Applying (2.136) and Holder’s inequality, we get that
G un, 4) = G (un A < i X + @) = ol X+ @) d
A

< oy ||®) — Bollre (| Xunllpe + [ @illze + | ®olle + 1)
—1
< ||®y — Bollre (G (un, AP+ [|®1]| 1o + || Po) e + 1)"

for some «; > 0 (i = 1,2) depending only cq, ¢1, ¢o, ag, a; and p, where all norms above

refer to set A. Then, (2.140) and I — lim inf inequality give
¥, 4) — G, A)] < a3 — Ball o (G™ (1, A7 4 @10+ [ 0e]) 1o+ )"

Using (2.137), the upper bounds in (I3) and exchanging the roles of ®; and ®,, then we
obtain (2.139).

2nd step. Let us prove (2.138) if ® has the form
d(z) = C(x) ®(z) ae. z€Q, (2.141)

for some ® € LP(Q)", where C(z) denotes the coefficient matrix of the X-gradient. Let us
divide this step in three cases.
Case 1. Suppose that ® = @, with ®¢(z) := C(z)¢, that is, d(z) = & = constant. Let

ug(x) == (&, x)rn if x € R™. By definition,
G%(u, A) = Fh(u + Ug, A)

hence

G (u, A) = F(u+ ug, A)

so that

G (u, A) = /Af(:v,Xu(x)—i-C'(:U)ﬁ)dx— Af(x,Xu(x)+<I)5(x))dx

for every u € Wy?(A), for each A € A.
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Case 2. Suppose that ®(z) = C(z) ®(z) with & piecewise constant, that is,

B@) = 3 ()€

with ..., ¥ € R" and A, ..., Ay pairwise disjoint open sets such that |Q\ UN, A;| = 0.

Since G®(u, -) is a measure, by additivity on pairwise disjoint open sets and by locality, we

have
N N
GPu, A) =) G®(u, ANA) =) G*(u,ANA).
i=1 i=1
Hence, by case 1,
N N

G®(u, A) = Zl/AQAi f(z, Xu(z) + C(z)¢") do = E/Armi fla, Xu(z) + ¢ (z)) da

= /f(a:,Xu(x)+<I>(x))da:.
A

Case 3. Let ® be as in (2.141), let {®;}; be a sequence of piecewise constant functions
converging to ® strongly in LP(Q)" and let ®; = C@j. Since C' € L>(2)™", it also holds

that {®;}, strongly in L”(Q)™. Moreover, (2.139) implies that
G% (u, A) — G*(u, A)
for every A € A, u € WP(A). By case 2, (2.135) and (I3), we obtain that
G (u, A) = /Af(x,Xu(x) + ®;(x))dr — /Af(a:,Xu(x) + O(z)) dx

as j — oo. Therefore, (2.138) holds for each ® of form (2.141).

3rd step. Let us now prove (2.138) in the general case. Let ® € LP(2)™ and let us recall

that, in virtue of Lemma 2.1.3, for each = € 2x the exists ®(z) € R™ such that
Clz)®(z) = ®(x).
Moreover, ® can be represented as

d(z) = C(x)" B(z)"'®(x) if € Qx, (2.142)
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where B(x) is the m x m matrix defined by

with B(z) invertible for each x € Qx. Since B(z) is positive semi-definite for each x € Q

and it is a positive definite matrix if and only if x € Qx, it holds that
Vx| =2\ Qx| =0 (2.143)
and
Qx = {x €Q: detB(x) > 0}, Nx = {x € Q: detB(z) = 0}. (2.144)

Let

Q.= {xeQ:detB(zx) > ¢}, ife > 0.
Observe that, since B € LOO(Q)m2 then, by Cramer’s rule,

2

Bt e L™ (Q)™. (2.145)
By (2.142) and (2.145), it follows that ® € LP(Q,)".
Let @, : Q — R™ be defined by
5 C(x)' B(z)'®(z) ifze.
P (z) :=
0 if xeQ\Q
and let ®, : 2 — R™ be
5 C(z)C(x)T B(x)"'®(z) = ®(z) ifzxe .
O (z) :==C(z)P(x) = :
0 if e Q\ Q.
By (2.143) and (2.144), it follows that
O, — ¢ in LP(Q)", as e — 0. (2.146)
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Notice now that, for each A € A and u € W)l(’p (A), by the second step of the proof, for e > 0

‘Gq’(u,A)—/Af(:c,Xu—i—@dx < |G®(u, A) — G¥(u, A)|

+

/Af(a:,Xu+<I>g)dac—/Af(x,Xu—l—CI))dx.

Therefore, by the first step of the proof and since f satisfies also (2.135), then, by using
Holder’s inequality, we can pass to the limit as € — 0 in the previous inequality, and (2.138)

follows. ]

2.3.7 TI'-convergence for left-invariant functionals on Carnot groups

We conclude this chapter with an application of Theorem 2.2.12 and Theorem 2.3.26 to

sequences of left-invariant functionals in the framework of Carnot groups.

Theorem 2.3.33. Let 1 < p < oo, let Ay be the class of all open bounded subsets of G and
let {fu}n C Jo(R™, co,c1). Moreover, for each h € N, let F), : L}

loc

(R™) x Ay — [0, 00] be
defined as

Fyu ) o [y fn(Veu(x))de if A€ Ay, u e Wgh (A) |

00 otherwise

Then, up to subsequences, there exist f € Jo(R™, o, 1) and a local left-invariant functional

F: [P

loc

(R") x A — [0, 00] such that:

(¢)
F(-;A)=T-lim Fy,(,A) for each A € A

h—o0

in the strong topology of Lt (R™);

loc

(i) F admits the following representation

Pl ) [4 f(Vou(x))de if A€ Ay, u € Wgh (A)

00 otherwise
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Proof. By Theorem 2.3.26, there exist a local functional F' : L} (R™) x Ay — [0,00] and
f € Jo(R™, co, 1) such that (i) and (i7) hold.
Finally, by Proposition 2.2.8 and Remark 2.2.9, we can infer that the I'-limit F is left-

invariant. O

Remark 2.3.34. We remind that Theorem 2.3.33 cannot be expected to hold in general even
for p = 1, since this is false already in the Euclidean case. We refer to [47, Example 3.14]

for more details.
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H-convergence

Notation

Let X = (Xi,...,X,,) be a family of Lipschitz continuous vector fields on an open neigh-

bourhood Qg of €, open set of R" and let u € L*(€2). Since for any j =1,...,m

X](ZL‘) = Zcﬂ(x)(?z with Cji<l’) € LZP(Q) s

i=1
then, Xu is an element of D'(£2; R™) and, for any ¥ = (¢1,...,¥,) € D(Q; R™) and for any

7 =1,...,m, it holds that
Xju(thy) = = (Xju, ¥5)p@)xp@ / Xjugp; de = / Zcﬂa u; dx

:/Q;@U(Cjﬂ/}j)dl’: —/Qu;&(cﬁwj)d:c:Aquij dx

where, once identified each X; with the vector field (c¢;i(x),...,¢jn(z)) € Lip(2,R™), then

the (formal) adjoint of X; in L*(Q2) is defined as
Za cip) = — (div(X;) + X;) ¢ Yo e CX(Q). (3.1)

Thus, if we set X7 = (XTapy, ..., XTe),,), then the aspect of Xu(¢)) becomes even

more familiar, i.e.

Xu(y) == (Xiu(r), ..., Xpu(Pn)) = /QuXTw dr Vi € CX(;R™).
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3.1 Linear operators depending on vector fields

In this section, we are going to study H-convergence results for linear differential operators
depending on vector fields. In according with [47, Chapter 13|, the class of operators in

X-divergence form, we are interested in, is defined as follows.

Definition 3.1.1. Let a = [a;;(z)] be a m x m symmetric matrix such that

a; € L>*(Q) Vi,j=1,...,m;
(3.2)
coln* < (a(@)n, mrn < crln?> ae. x € Q, ¥y e R™

We denote £(€2;¢o,c1) or, equivalently, £(2), the class of linear differential operators in

X-divergence form, that is
L= divy(a(x)X) =Y X](a;(z)X;). (3.3)
The domain of L is the set

D(L) = {u e W) : > X[ (ay(x)X;) € LQ(Q)} .
ij=1
The following H-compactness theorem for operators belonging to £(£2) is the main result

of this section. From now on, the space Hy ,(€2) identifies W;%(Q) and Hy'(9) its dual

space.

Theorem 3.1.2. Let Q) and Qy be, respectively, a bounded open set and an open set, with
QO CQandlet X = (X1,...,X,) be a family of Lipschitz continuous vector fields defined
on Qo and satisfying conditions (H1), (H2) (H3) and (LIC) on 2. Moreover, let Ly, € E(X),
h €N, and let a"(x) = [al;(x)] be the associate matriz, in according with Definition 3.1.1.
Then, up to subsequences, there exist a symmetric matriz a®f = [afjﬁ(a:)] satisfying (3.2) and
an operator Lo, = divx(a®(x)X) € E(Q) such that if, for any g € L*(Q), p >0 and h € N,
up, and u., denote, respectively, the (unique) solutions of

pu+ Lp(u) =g in pu+ Loo(u) =g in §2
and ,

= H}(’O(Q) u € H}QO(Q)
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then, as h — oo, the following convergences hold:
Up, — Use strongly in L*(Q)  (convergence of solutions) (3.4)

and

a"Xuy, — aWXuy, weakly in L*(Q)™  (convergence of momenta). (3.5)

Remark 3.1.3. If, in Theorem 3.1.2, we just assume g € H)_(I(Q), then the conclusion remains

true, by replacing the strong convergence of the solutions in L?*(Q) with the weak one in

Hy o(9).

Proof of Theorem 3.1.2. We divide the proof of the theorem in two steps.
1st step. Let us prove that, up to subsequences, there exists a limit operator L., € £(£2)
for which (3.4) holds true.

Let {a"}), be the sequence of matrices associated to {£,}, and let F}, : L?(2)x A — [0, o0]

be the quadratic functionals defined by

2

Fy(u, A) = 1 [ila" (@) Xu(z), Xu(z))pm dz  if A€ A ue W)lf(A) |

00 otherwise

Then, by Theorem 2.3.26, there exist a subsequence {F}, }x of {Fy}n, a local functional

F: L*(Q) x A— [0,00] and a m x m symmetric matrix a*(z) satisfying (3.2), such that
{Fh, (-, )} T-converges to F(u, §2)
in the strong topology of L*(Q) and F(u, ) is represented by

L {a®(2) Xu(z), Xu(x))gm dz  if u )1(’2
Flu,9) = 3 Jola® (@) Xu(z), Xu(@))pm dv if weW @

00 otherwise

Let now L., be the elliptic operator associated with af, that is
Lo = divg(a®(2)X).
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Taking into account [47, Definition 12.8], it is easy to see that L., is the operator associated

to the functional F° : L*(Q) — [0, oc]

2

L@ (@) Xu(x), Xu())em do if u € Hk o(Q)
Fo(u) = ) '

00 otherwise

Let us consider the sequence of functionals F} : L?(2) — [0, 0o] defined by

L[ (e (@) Xu(x), Xu(@))gm dz if u € Hko(Q)

F}?(U): )

00 otherwise

whose associated operators are {L£;},. Using Theorem 2.3.23, with ¢ = 0 and A = Q, we

get that

{F}}, T-converges to F” in L*(12).

Let now g > 0 and g € L*(2). We denote by G : L*(€) — R the functional

G(u) = /Q <%u2 — gu) dx.

(3.6)

Since G is (strongly) continuous in L?(2), then, by [47, Proposition 6.21] and (3.6), it follows

that

{F) + G}, T-converges to (F°+G) in L*(Q).

(3.7)

Let us show that, for any h € N, the functions u;, and u., are, respectively, the unique

elements of the sets

argmin { F}) (u) + G(u) | u € Hx ()}

argmin { F°(u) + G(u) | u € Hx y(Q)} .

Let ¢ > 0. Then, for any h € N, by (3.2), Young inequality and in virtue of Proposition

1.2.18, there exists a positive constant co o > 0 such that

o W € 1
FH(0 + G0) = PIX ey + Sl — (Sl + 5ol

o C20f 9 1 9
9 o HUHH}(’O(Q) - 2_8”9”L2(Q)
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which, combined with Theorem 1.2.16, gives that {F} + G}, is equicoercive in Hy (),
upon taking e sufficiently small (F° + G is coercive in virtue of Proposition 2.3.5 (iit)).

Therefore, by Theorem 2.3.30 (ii), we get (3.4). Moreover

lim (Fy(up) + Gup)) = lim min  (F(u) + G(u))

h—o00 h—o0 ueH)l( O(Q)

= min (F(u) + G(u)) = F'(ux) + G(uc) -

uEH)l(YO(Q)

]

Remark 3.1.4. Since no definition of curl is already given in this general setting, we cannot
adapt standard techniques to prove the convergence of the momenta. In the following section,
we are going to study a new variational technique to obtain the convergence of momenta,
to conclude the previous proof. This technique was introduced by Ansini, Dal Maso and
Zeppieri in [7, 8, 9]. We will come back later on the proof of Theorem 3.1.2, after proving

few auxiliary results.

3.1.1 Convergence of momenta by variational methods

Remark 3.1.5. Let 1 < p < oo and f € I,,,,(£2, co, ¢1,a0,a1) and assume that the function
f(z,-) is of class CH(R™) for a.e. x € Q. Moreover, let us denote by 9, f(x,n) the gradient
of f(x,-) at n € R™ for a.e. x € Q. Since f satisfies (2.135) in virtue of Lemma 2.3.32, then

there exists a positive constant ¢y = ¢o(p, ¢1), depending only on p and ¢y, such that
|0, f(z,m)| < ¢ (2]n] + ay ()PP for ae. x € Q, Yy € R™.
Therefore, the functional F : LP(Q)™ — [0, 00), defined as
F(P) := /Qf($, ®)dx for any ¢ € LP(Q)™,
is of class C' and its Gateaux derivative, dpF : LP(Q)™ — L (Q)™, is given by
0 F(®) = 0, f(x,®) for any & € LP()™ a.e. z € Q.
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Theorem 3.1.6. Let F}, : LP(Q) — [0,00] and F), : LP(Q)™ — [0,00] be, respectively,
defined by

Fu(w) = Ffu, Q) = Jo fulx, Xu(z))de  if ue WiP(Q) |

00 otherwise
Fo(®) = / fule. ®(@)) de if ® € LP(Q)"
Q
with fn € I, »(€2, co, c1, agp, a1) nonnegative for each h € N. Moreover, assume that

(i) fu(z,-): R™ — [0,00) belongs to CL(R™) and, for 0 < a < min{1,p — 1}, there exist

a constant co > 0 and a non negative function b € LP(QY), such that

O fa(@,m) = By fu(w, )| < el = ma|* (] + 2| + b())"~
for a.e. x € Q and for each h € N;
(13) there exists F = T'(LP(Q))-limy,_ o0 Fp, with

o f(z, Xu(x)) dx if u € WiP(Q)
F(u) = F(u,) := Jol

00 otherwise
and f(z,-): R™ — [0,00) belongs to C'(R™) for a.e. x € Q;
(1ii) there exist a sequence {up}n, C LP(2) and a function u € LP(§2) such that
up, — uw in LP(Q) and Fp(Xup) = F(Xu) as h — oo,
where F(®) := [, f( ) dz if ® € LP(Q)™.

Then
Do Fn(Xup) = 0pF (Xu) weakly in LP (Q)™ as h — oo (3.8)

Remark 3.1.7. We do not know whether assumption (i) of Theorem 3.1.6 actually implies

that f(z,-) € CYR™) a.e. x € €, as in in the Euclidean setting (see [8, Theorem 2.8]). On
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the other hand, the extension of the result from the Euclidean setting to the one of vector
fields looks nontrivial. We are now working to solve this issue. However, the application of
Theorem 3.1.6 to obtain the convergence of momenta in Theorem 3.1.2 is justified by the

fact that the integrands are quadratic forms and, therefore, the C'-assumption is satisfied.

Proof of Theorem 3.1.6. The proof follows the techniques of [8, Theorem 4.5]. We repeat it

here for the sake of completeness. In order to get (3.8) it is sufficient to show that
<a<b]:(XU); \I]>LP’(Q)"L><LP(Q)M < hgglﬂa@fh()(uh): \I/>LP’(Q)meP(Q)m (3-9)

for every ¥ € LP(Q)™.
Let {t;}; be a sequence of positive numbers converging to 0. By assumptions (i), (4ii)

and by Theorem 2.3.31, for every j € N, it follows that
]-"(Xu—l—tj\IJ)—]:(Xu) fh(th+tj\I/)—fh(th)

< lim inf )

Therefore, there exists an increasing sequence of integers {h;}, such that for each h > h;

J tj

Let now ey, := t; for h; < h < hj,y, j € N. Then, from (3.10), we get
lim inf F(Xu+en¥) = F (Xu) < liminf Fn (Xun +en V) = Fn (Xup) .

h—o0 Eh h—o0 €n

Moreover, since both Fj, and F are of class C!, then

. F(Xu+e, V) - F(Xu
(&p}"(Xu),\I/)Lp'(g)mep(Q)m = hh_frolo hgh> )

and, by mean value theorem, for each h € N, there exists 7, € (0, ep,) such that

Fu (th + &y \If) —Fu (th)
€hn

= (9o Fn(Xun + 7¥), V) 1o ymx 1o (ym -

Finally, by assumption (i), we are under the hypotheses of [8, Lemma 4.4|, with Hy, = 0, f&,

&, = Xuy and ¥y, = 7, ¥ and, therefore, we get

h}{gglﬂa@fh()(uh + Th\I/), \I/>Lp/(Q)m><Lp(Q)m - ll’ﬂgf(a@‘rh (th), \I/>Lp/(9)m><Lp(Q)m .
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Corollary 3.1.8. Let Q2 € Qy be a bounded and connected open set, let 1 < p < oo and let
X = (Xy,...,X) be a family of Lipschitz continuous vector fields defined on Qo and satisfy-
ing conditions (H1), (H2) and (H3) and (LIC) on Q2. Moreover, let f € I, ,(2, co, c1, ag, a1),
let g : QxR — R be a Carathéodory function such that there exist two positive constants

do < dy and two non negative functions by, by € L'(Q2) such that
do|s|? — bo(z) < g(x,s) < dy|s|? + by (x) (3.11)

for a.e x € Q and for every s € R, and let G : L*(Q2) — R be defined as

Finally, let Fy, fn, F and f satisfy the hypotheses of Theorem 3.1.6 and (2.73), and let
© € WP(Q). We consider the functionals Z£,2¢ : LP(Q) — R U {oo} defined by

E=F+G+1, and E¥:=F+G+1,,
that is

Jo (falw, Xu(@)) + g(z, u(x)) deif u e Wi ()
00 otherwise

and

(x, Xu(x)) + g(z,u(x))) de  ifu € W)I(I;(Q)
=P (u) = Z9(u, Q) == Sl ! LA

00 otherwise

If {un}n is a sequence of minimizers of {=¢}, then, up to subsequences, there exists a mini-

mum u of Z¥ such that
up, — u weakly in WyP(Q) and strongly in LP(Q).

Moreover, (3.8) holds.
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Proof. By Theorem 2.3.30 (i) and (ii), up to subsequences, there exists a minimum wu of =¥
such that

uj, — u weakly in Wy (Q) and strongly in LP(), (3.12)
E5 (up) — Z%(u). (3.13)

Since G is continuous, by (3.12), we have that
Gup) — G(u). (3.14)

Thus, by (3.13) and (3.14), we also have that
Frn(Xup) = Fp(up) = F(u) = F(Xu). (3.15)

Therefore, by (3.12) and (3.15), we can apply Theorem 3.1.6 and the proof is accomplished.
O

Continue of the proof of Theorem 3.1.2. 2nd step. Let
fu(@,n) := {an(x)n, nrm and f(x,n) = (a(x)n, n)rn for any 2 € @ and n € R™.

Then, it is easy to see that the integrands f;, and f satisfies assumptions (i) and (i7) of

Theorem 3.1.6 and that
OpFn(Xup) = apXup, and e F(Xu) = aXu.

Thus, by the first step of the proof and by Corollary 3.1.8, (3.4) and (3.5) follow. O
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3.2 Monotone operators on Carnot groups

The second part of this chapter is devoted to a H-compactness result for monotone operators
on Carnot groups, namely, Theorem 3.2.9. As explained later, Theorem 3.2.9 generalizes
well-known results of Murat and Tartar [122, Theorem 11.2]|, for the Euclidean setting, and
Baldi, Franchi, Tchou and Tesi |72, Theorem 4.4], [14, Theorem 6.4] and [13, Theorem 5.4],
for the setting of Carnot groups. Differently from Theorem 3.1.2, the proof of Theorem 3.2.9
relies on a classical tool introduced by Murat and Tartar [122, Theorem 7.2|, the Div-curl
lemma, whose adaptation to the setting of Carnot groups, Theorem 3.2.12, was studied by
Baldi, Franchi, Tchou and Tesi in [13, Theorem 5.1]. Nowadays, this classical technique
is still not adaptable in the general case of Sobolev spaces depending on locally-Lipschitz
continuous vector fields, object of the first part of the chapter, since no definition of curl is

already given in that framework.

Let © C G be open, connected and bounded, 2 < p < oo and let p,p’ be a Holder
conjugate pair. From now on, we denote V := Wézg(Q) and V* = (WéLS(Q))’ = W@l’p,(Q).

In this section, we are interested in (nonlinear) operators A : V' — V* of the form
A(u) := —divg(A(z, Vgu)) (3.16)
for a given A € M(a, 5;2), where the class M(«, 8;Q2) is defined as follows:

Definition 3.2.1. Let 2 C G be open, 2 < p < oo and let a < [ be positive constants. We

define M(«, 5; Q) the class of Carathéodory functions A :  x R™ — R™ such that
(i) A(z,0)=0;
(i) (A(z,€) = A(z,1),§ = Ngm = € —n";

(i60) |A(x, &) = Ala,n)] < BIL+IEP + P | —n

for every £,m € R™ ae. x € ().
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Operators as in (3.16) are monotone in the sense of the following definition (see e.g. |79,

Chapter III] for more details).

Definition 3.2.2. Let V be a reflexive Banach space, V* its dual space and let A:V — V*

be a mapping. We say that
- A is monotone, if
(A(uw) — A(v),u — )y, > 0 for all u,v € V;

- A is coercive, if there exists an element v € V' such that

(A(w) — A(V), U — V) yyr

|u —vllv

— 00 as ||ul|ly = o0;

- A is continuous on finite dimensional subspaces of V if, for any finite dimensional

subspace M C V., A: M — V* is weakly continuous.

The following result shows the existence and uniqueness of (weak) solutions for Dirichlet

problems associated to A.

Proposition 3.2.3. Let A € M(«,5;Q). Then, for every f € V*, there exists a unique
(weak) solution u € V' of

—divg(A(z,Vgu)) = f in Q, (3.17)
1.€.,
/(A(x,VGu),VGg0>Rm dx = / feodx Yo e CX(Q). (3.18)
Q Q
Remark 3.2.4. By Proposition 1.3.18, (3.18) holds for every ¢ € V.

The proof of Proposition 3.2.3, follows from the following well-known result.

Theorem 3.2.5. [79, Corollary 1.8, Chapter I11] Let X be a Banach space, let K be a closed,
nonempty and convex subset of X and let A : K — X* be monotone, coercive and continuous

on finite dimensional subspaces of K. Then, there exists u € K such that

(A(u),v —u) yur g >0 for anyv € K.
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Proof of Proposition 3.2.3. Let f € V* and let ® : V' — V* be defined as
(P(u), v)vexy = / [(A(z, Veu), Vev)rm — fo] do Vu,v € V.
Q
To prove the existence of solutions of (3.17) as a consequence of Theorem 3.2.5, let us show
that ® is monotone, coercive and continuous on finite dimensional subspaces of V.
For any u,v € V', we have

(®(u) — P(v),u — V) yury = /Q(A(x, Veu) — A(x,Vgv), Ve(u — v))rm do

> a / Veu — Veol? de = afju —v|[%, > 0
Q

and

(®(u) — @(v),u —v)

V*xV p—1
> ollu —v

that is, ® is monotone and coercive. Let now {u,}, C V be convergent to u in V. By the

Holder inequality, it holds that
<¢@m)—wNuLun—%OWNVZiAkA@;VGuw——A@;VGULV&ﬂww—U»Rmdx
< AC, Veua) = A, Vo)l v e llun — ullv
and since
JAC. Veun) = ACVeu)2y g e = /Q Az, Veun) — Alz, Veu)| de
<" [ [+ IVeul + Vel [V, - Veul” ds
< 3719 + lluall, + all?) 5 flun — ull,

then @ is strongly continuous on V', Banach space, and therefore, continuous on finite di-
mensional subspaces of V.

Thus, in virtue of Theorem 3.2.5, there exists u € V such that

(®(u),v — uyyxy >0 YoeV
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and, by choosing v, := u + ¢ and vy := u — ¢, we finally get

(®(u), P)vexy =0 Ve V.

We conclude the proof by showing the uniqueness of the solutions. Let u,v € V be weak

solutions of (3.17). Thus, taking into account Remark 3.2.4
/ (Alz, Veu) — Az, Vev), Vephan dz = 0 Yo € V.
Q
Therefore, choosing ¢ :=u —v € V, we get the desired conclusion, since

0= /(A(x, Veu) — A(z, Vgv), Veu — Vev)rm dz > aof|u — v||j, > 0.
0

Corollary 3.2.6. The operator A is continuous and invertible in V.
Let us now show three estimates that will be useful in the sequel.

Proposition 3.2.7. Let A € M(a, 3;Q), let A be defined as in (3.16) and let A~ : V* -V

be its inverse operator. Then, the following estimates hold:
(a) (A(u) = A(v),u — v)vexy = aflu — vl

(b) AY(F) — A Q% < (B IIf - glltn;

p—

(c) @) — A@)llv- < B + [ulf, + o]} [lu = vllv

for any u,v € V, for any f,g € V*.

Proof. Let u,v € V and let f,g € V* be such that A(u) = f and A(v) = g in Q. Estimate

(a) immediately follows from the definition of M(a, 3;£2), since

(A(u) — A(v),u — V)ysxy = /Q(A(x, Veu) — A(z,Vgv), Veu — Vgu)gm dx

> a/ Veu — VeulP de = alju — v}
Q
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Moreover, recalling that
(A(u) = A(v),u = )y < JA(u) = A@)[lv+llu = vlly Yu,0 €V
and applying (a), with u = A71(f) and v = A7!(g), we get

a A7) = AN DI < If = gllv-Il AT () = A (g)llv,

Ve
which implies (b). Finally, estimate (¢) holds since

JAC, Veu) = AC, Veo)ll e < B191+ lullf + [0l3]F [lu—vilv
and, therefore,

(A(u) — A(v),u — V)ysxy = /Q(A(x, Veu) — A(z,Vgv), Veu — Vgu)gm dx

< [|AC Veu) = AC Ve) |l o,ue) v = vilv

p—

p—2
< BUQL+ [lully, + 0I5 [lu = vl

Let us now state an adaptation of the notion of H-convergence to this framework.

Definition 3.2.8. Let {A"}, C M(a, 3;Q) and let A € M(o/, 3; ) for some positive
constants o < 3, o < f8'. Moreover, for any f € W(Gfl’pl(Q) and n € N, let u,, and u. be,

respectively, the unique solutions of

—divg(A™(x, Vgu)) = f in Q —divg (A (2, Vgu)) = f in Q
and

ue WEH(Q) ue WiH(Q)

We say that {A"},, H-converges to AT if the following convergences hold:
Up, — Uoo Weakly in Wé’f’)(ﬂ) (convergence of solutions)
and
A", Vguy) = A%(. Vguo) weakly in LP (Q, HG) (convergence of momenta),

where LP(€2, HG) denotes the set of all measurable sections ® € LP(2)™.
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The main theorem of this section is the following H-compactness result.

Theorem 3.2.9. Let 2 C G be open, connected and bounded and let 2 < p < oo. Moreover,
let a < B be positive constants and let { A"}, C M(«, 5;Q). Then, up to subsequences, there

exists AT € M(a, 3;2) such that {A"},, H-converges to A%/,

The proof of Theorem 3.2.9 consists on a combination of several parts. At first, let us

show the convergence of solutions.

Lemma 3.2.10. Let {A"}, C M(«, 3;82) and let A, : Wé:ﬁ(@) — W@l’p,(Q) be monotone

operators of the form
A, (u) := —divg(A"(z, Vgu)) in Q, n € N,

Then, there exist a continuous and invertible operator Ao : Wé’,ﬁ(Q) — W@l’p/(Q) and a

subsequence { Ay, }m of {An}n such that, for every f € W(Gfl’p,(ﬂ)

AL(f) — AL (f) weakly in Wé’g(Q)
Proof. For the sake of simplicity, let us still denote by V' = Wé’fg(ﬂ) and by V* its dual space
wg P "(€2). We divide the proof of the lemma in three steps.

1st step. Fixed X a countable and dense subspace of V*| let us show that {u,},, sequence

of unique solutions of

A (u)=finQ, neN, (3.19)

weakly converges in V', up to subsequences, for any fixed f € X. Moreover, let us provide

an upper-bound for its limit, in terms of f.

Let f € X and let {u,}, C V be the sequence of solutions of (3.19). By Proposition
3.2.3 and Proposition 3.2.7 (b), it holds that

Up = A;I(f))

1
1\s,1 1
o < (2) 1A for any e
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that is, the sequence {u,}, is bounded in V, reflexive Banach space.
Thus, there exist us(f) € V, dependent on f, and {u,,}m,, diagonal subsequence of
{tn}n, such that

U, — Uso(f) weakly in V.

By the lower semicontinuity of the norm || - ||y, and in virtue of Proposition 3.2.7 (a), it

holds that

(f o) vexy = Wlliglm(f, U )Vrxy = Wlllglm(Am(um), U ) Ve xV

> o lim |Jup [y, > aliminf [[uy [}, > of us]y
m—0o0 m—0o0
and, since

V*

(fs too)vexv < | f]

uoo”\/a

then

1

1\ 71
ol < () 0

2nd step. Let S : X — V be defined by

1
p—1
Vo

S(f):= lim A, '(f) for any f € X.

m—0o0

We show now that S can be extended to the whole space V*. Since X is countable and dense

in V*, then we just show that S is continuous in the space (X, || - |

o).

Let f,g € X. Then, by Proposition 3.2.7 (b), it holds that

1\ 1 1
1A = Aol < () 1F =gl forany m e

Therefore, by the lower semicontinuity of the norm || - ||y, we get

IS(f) = S(9)llv < liminf LA (f) = A (9)]lv < (é) I - gl
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For the sake of completeness, the extension of S to V*\ X is defined by

S(f):= lim S(f,)

n—oo

for any f € V* and {f,}, C X such that f, — f in V*.

3rd step. We show the invertibility of S in V* in terms of Theorem 3.2.5. First, let us

show that S is monotone and coercive.

Let f,g € V*. Then, by Proposition 3.2.7 (a), it holds that

<S(f>_S(g)7f_g>V><V* :n,lbl_1>20<"4 Ar?ll(g>7f_g>\/><v*
— n}gréo (A (um) = Am(Um), U — V) ey

> a lm ||ty — vnlf), > 0.
m—00

Moreover, by Proposition 3.2.7

[ A () — A (vm) I}

[|Q| + Hum”p + ”Um”p ]p ? <~Am(um) - Am(vm)aum - Um>V*><V

1 N -
|Q|+ LA +{ =) lgl

V*] (A = AL 9), f — ghvxvs

Ve < B0+ Nwllf + lomlB 1 lwm = vnlly

Q|Q Q|ﬁ> 'Jk

and, passing to the limit, we get

1 P’ p—2
1l + (—) 11
(@]

~ v+ (3) ng@l] (S(F) = S(0).] — g}y

—qgll?, < =—
Hf 9||V =,

Therefore, in virtue of Theorem 3.2.5, S is invertible in the whole space V*.

We get the thesis by defining Ay, : V — V* as

Aso(u) := S (u) for any u € V.
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3.2.1 Convergence of momenta by Div-curl lemma

Differently from the first section of this chapter, the convergence of momenta for monotone
operators on Carnot groups is obtained by adapting the well-known technique of compensated
compactness introduced by Murat and Tartar in the '70s and well explained in [122].

The first result in this direction shows that the sequence of momenta converges to a

continuous operator M in the weak topology of L” (2, HG).

Lemma 3.2.11. Let {A,}, satisfy the hypotheses of Lemma 3.2.10. Then, up to subse-

quences, there exists a continuous operator M : W@l’p/(Q) — LY (Q, HG) such that
A VG AN (f) = M(f) weakly in LP (0, HG)
Jor every [ € W(Gfl’p/(Q).

Proof. Let X be a countable and dense subspace of L (2, HG) and let f € X. Repeating the
same techniques of the previous lemma, let us show the existence of a diagonal subsequence

of {A™(-, Vg A (f))}n, weakly convergent in L7 (2, HG).

Since {A™},, C M(a, ;) then, by the Holder inequality, it holds that

—2
1

zwaWMﬁmwwmw{éh+wWMUWFWWﬁJme

<p” </Q[ + Ve A, (f) )5(;)(/ VeA,! |pd$)€;

= 8 191+ 1A DI 1A I
ie.,
1A, Ve AL ()l v o,mey < B 191+ AL (S DI AT Dy

Therefore, by Proposition 3.2.7 (b), we get

p—2

N ]
o1+ (2) Wﬂﬂl

B

a1

I|A™ (-, VGAgl(f)) HLP’(Q,HG) <
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that is, the sequence {A"(-, VA7 (f))}, is bounded in LP'(Q, HG). Then, there exists a

diagonal subsequence of {A"(-, Vg A7 (f))}, weakly convergent in L” (2, HG) to

M(f):= lim A™(-,VeA,!(f)) forany f e X.

m— 00

We conclude by extending M to the whole space V*. Let f,g € X. By Proposition 3.2.7,

we have

|A™(, VGAfnl(f)) — A™(, VGA;LI (9)) ”LP/(Q,HG)

p—2

5 1" P 1" P B 1
<— 1+ { =) -+ { =) lgllv-| lIf=allv-"
ar—1 « «
Then, by the lower semicontinuity of the norm || - [| . s, We finally have
/ / E
g 1\" 4 1\" v =
M) = Ml one) < — [1Q1+ | =) Iflv-+1{ =) lalv-| 1f =gl
ap-1 « 0%

]

In order to complete the proof of Theorem 3.2.9, we need a last step. The following result
was given by Baldi, Franchi, Tchou and Tesi in [13, Theorem 5.1|. The definitions of weights

and curlg, omitted here, can be found in [13, Section 5].

Theorem 3.2.12 (Div-curl lemma). Let Q C G be an open set and let p,q > 1 be a Holder
conjugate pair. Moreover, following the notations of [13], if o € T3 (where T2 is defined in
[13, (20)]), let a(c) > 1 and b > 1 be such that

Qp Qq
Q(U)>m and b>m

Taking into account [13, Definition 2.3/, let us now consider the sequences of horizontal vector

fields {E"},, LY (Q, HG) and {D"}, C L}

loc loc

(Q, HG), weakly convergent, respectively, to
Eell

loc

(Q,HG) and D € L}

loc

(Q, HG) and such that:

(1) the components of {curlgE"},, of weight o are bounded in La(a)(Q, HG);

loc
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(ii) {divgD"},, is bounded in L} (9, HG).
Then
(D", E™")gm — (D, E)gm in D'(Q),
that s,
|0 @) B @enipta) do — [ (D), B@)hsoo(a) do
for any ¢ € D(Q).
Proof of Theorem 3.2.9. Given the operators A, and M, defined in the proofs of Lemma
3.2.10 and Lemma 3.2.11, let us consider the following composition
C:=Mo Ay : Wgh(Q) — LY (Q, HG)
and let us show the existence of AT € M(a, 8;Q), such that
C(u) = A (2, Ve AL (f))

for every f € W@l’p/(Q) and for any u € Wéiﬁ(Q) such that Ay (u) = f a.e. z € (.

Let f € W=H(Q), let w be an open set such that @ C Q and let v € WA?(Q) be the
G G0

solution of

—divg(A(z,Vgv)) = f in Q.
We define AT : Q x R™ — R™ as
A (2 &) = C(v) if Vgu(z) =€ ae z€w.
The previous definition makes sense if
Aeﬂ(x,é“l) = Aeﬂ(x,ﬁg) for any & = & € R™ ae. x € wy Nwsy,

where wy, wy are open sets such that wy,wy C 2.

For i = 1,2, let us consider the following spaces, functions and sequences:
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(a) w; open sets such that w; C Q;
(b) @i € CL(Q) such that o, = 1;
(c) & € R™;
(d) {vip}n C Wéiﬁ(Q) weakly convergent, up to subsequences, in Wé:’é(@) to
Vio(2) = i(2) (i, 7(2) ) mm
where 7(x) = (21, .., xy,) for every z = (21, .., 2,) € Q;
(e) fi € W5 " (Q) such that f; = —diveC (viee) ;
(f) AD}}n == {A"(, Vevin)ba € LY (Q, HG);
(9) {E'}n = {Vevint, C LP(Q, HG).

Notice that, by definition

vai,oo = 61 in wi,i = 1,2

Moreover, there exist {D!"},, and {E"},, diagonal subsequences of {D!'}, and {E!},, and
there exist D; € L” (Q, HG) and E; € LP(Q, HG) such that

D™ — D; weakly in L” (Q, HG),

E™ — E; weakly in LP(Q, HG) .
Since, for any m € Nand i = 1,2
curlg(E") = 0, Di(+) = A*(-,&) and E; = & in w;,
then, by Theorem 3.2.12

/<D£n - DV", Ey' — Ef")grmp dox — /<D2 — Dy, Ey — Ey)pmpdx
Q Q
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for any ¢ € D(w; Nwo), i.e.,

/<Am($7 V(G7U2,m> - Am(a’ja VGULm>7 VGUQ,m - VGULm>Rm§0(«r) dx
Q
5 / (A (2, 63) — A(2,61), & — & )pmip(x)
Q

for any ¢ € D(w; Nws).
Let ¢ € D(w; Nwy) be such that ¢ > 0. Since {A™},, C M(«q, 3;), then

/Q (A (2, &) — A (2,6), & — E)mmip(e) da

> lim inf/(Am(x, Vevam) — A™(x, Vevim), Vevem — Ve m)rme(x) do
Q

m—r0o0

> lim infa/ |Vevom — Vevim|Po(z) de
Q

m—00

> a/ V2,00 — Veur o Pp(z) de = a/ & — & [Pp(x) do
Q Q

and

/ (A( £) — ATz, £1), € — E1)mmip(x) dz > liminf o / Vevam — Voo Pelr) de
9] Q

m—0o0

> lim inf % 1+ |Vgvem|’ + ]Vle,m\p]2_p |A™(x, Vguam) — A™ (2, Vevrm)[Pe(x) dx
Q

m— 00

a _
> @ 1+ |Vgveeol” + |V¢;,v1700|p]2 P |Aeﬁ(a:, Veva00) — Aeﬁ(a:, Vi) Po(x) dx

p p12—p | peff »
57’/ [+ &P + &7 A (2, &) — A (2, &) Pp(x) da

Restricting the integrals to wy M wy and varying ¢, we get
(a) (AM(x, &) — A (2,&1), 8 — E)rm > & — &I7;

(b) (A*(x,&) — AM(2,61), & — &)z 1+ [l + [P 1A (2, &) — A (a, &)

o
5
a.e. r €wiNws.

For &, = &, we obtain A% (z, &) = A% (z, &) ae. © € wy Nws, while, taking & # &, and

recalling that A°T(- 0) = 0 by definition, we deduce that
AT € M(a, 5:9).
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Remark 3.2.13. For the sake of completeness, we show below the validity of condition (i)

of Definition 3.2.1. Observe that

/ 1€ — & [Po(x) do > limﬁinf/ |Veve,m — Vevrm|Pe(x) de
Q m—00  Jo
1
Z lim inf _p/ [1 + ‘VGU27m|p + ’val,m‘p]Q_p ’Am(x, VG'UQ,m) — Am(:lj‘7 Vle’m)’pgp<x> dx
Q

m—oo [

Z ﬁ []- + |VGUQ,oo|p + |val,oo|p]27p |Aeﬁ<x7 VGUQ,OO) - Aeﬁ(xa VGUI,OO)V?@(x) dz
Q

1 —
= % /Q [+ & + & PP 1A (2, &) — A (2, &) Po(x) da
Let now us, € Wézg(ﬁ) be the solution of
Ax(u) = f inQ

and let {up}m C Wé:g(Q) be weakly convergent to s, in Wég(Q) We conclude the proof

of the theorem by showing that
Cto) = A2, Vgus,) ae. € Q.

For DJ* = A™(x,Vgun), EY = Vgu, and for every ¢ € D(w;) such that ¢ > 0, we have,

by Theorem 3.2.12
/Q(Am(x, Veum) — A™(2, Veuim), Veum — Vv m)rme(x) dz
— /Q(C(uoo) — A2, &), Vo — &1)rmip(2) da .
Then, following the techniques of the first part of the proof, we get
(€) {Clue) — A (2, &), Vo — E1)rm > | Veus — &P
(d) (Cluse) =AM (2, &1), Voo —Er)rm > % [1+ [Vetool” + P17 O (uoe) = A (2, &)
It follows that

|C(us) — A (2,&)| < B[1+ |Veus |’ + |§1|p}% Veus — &1 ae. z € wy.

Therefore, varying w;, and &1, we get the thesis. ]
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Chapter Four

Asymptotic behaviours in fractional
Orlicz-Sobolev spaces depending on

vector fields

The last chapter of the thesis is devoted to generalizations of Bourgain-Brezis-Mironescu
and Maz’ya-Shaposhnikova formulas in the setting of Orlicz-Sobolev spaces. In the first
part of the chapter, we prove a Bourgain-Brezis-Mironescu formula in the framework of
Carnot groups (see Section 1.4.1 for details), while a Maz’ya-Shaposhnikova formula in the
magnetic setting is provided in the second part (see Section 1.4.2). This last result follows
from Theorem 4.2.1, which is a generalization of the Hardy-type inequality, given by Maz’ya

and Shaposhnikova in [93, Theorem 2].

4.1 Bourgain-Brezis-Mironescu formula for fractional Orlicz-
Sobolev spaces on Carnot groups

The main result of this section is the following generalization of the classic Bourgain-Brezis-
Mironescu formula [28, Theorem 2| to the framework of Orlicz-Sobolev spaces on Carnot

groups, introduced in Section 1.4.1.
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Theorem 4.1.1. Let ¢ be an Orlicz function satisfying condition (L) and let ¢ be as in
(1.23). Then, for any uw € L?(R™), it holds that

u(z (y)|) dx dy / B
lim(1 — s) _ Vel da
sTl //ch, < Y- zls |y—1'x|g G‘P(| cUu|rm)

with the convention that ®(|Vgulgm) = 0o if u ¢ Wg¥ (R™).

The proof of Theorem 4.1.1 relies on the application of the following two lemmas.

Lemma 4.1.2. Let u € Wg¥(R"). Then, for any 0 < s < 1, it holds that

C 1 C
i) < 20 (0, (Veulen) + So ),

where C is the Ay-constant given in (1.22), p~ is given in (L) and C, denotes the Lebesgue

measure of the unit ball B(0,1).

Proof. Let u € C2(R"). By definition, we can split ®;, as

Cbsm(u) = [1 + 12 s

o [ (e (M) ) o
b </{hg>lf () \Zﬁ%) i

Since, in virtue of Theorem 1.3.8, u € Cz (R™) implies that u is Pansu differentiable, then,

where, for h = y=!

defining the auxiliary function £(t) := u(z - §;h), and noticing that

u(e - h) - u(z) = (1) - £(0) = / Sty dt = / (Vule - h), W) d,

by the monotonicity and convexity of ¢, we get

()« ([ St

<[ (|<vGu<x|h6|%h>,h’>Rm\) " @

1
< [ et smfanlhl )
0
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Thus, by (¢1) and Proposition 1.3.14

I g/@(/{hm} (/1 S|Vl - 5,1 [am Il S)dt) |d";> iz

|(1 s)p~

S/‘f?’(/{hml} (/01 w(IVGu(x'éth)!Rm)dt) e~ e dh> di

=[BT [ e Veulo)e) do
{lhlc<1} G

1
= QC’b/ rU=P" 1 dr @ (|Vulgm) = (PrE QG —d,,
] _

T el Vuln).

Moreover, by (1), (p2), Proposition 1.3.14, the monotonicity of ¢ and by a change of

variables, we have

dh
IzS[G(/{hIG>1}90(‘U(x.h)’+’u<I)|) |h|sp+Q> da
C dh
2 s dr+ u(@)|) ———5 | dx
< /(/{%N} (lu(z - B)1) el +Q> + 2/@</{|h|@>1}¢(| ()]) \h\g‘+@>
dh h
~-C TS RS .
/‘L?’(/{h'@’”}@(' o U +Q> /{hm>1} A /«;@(' @)

:CQCb/JFOOrs]”ldrCI)@( ) = C%@ (u).
1

Let us now fix u € W5?(R?) and let {uz}r € C*(R") be convergent to u in Wg#(R™).

Then, by Fatou’s Lemma and the continuity of ¢, we finally have

D, ,(u) < liminf &, ,(uy,) < lim {QCZ) ( 1 D, (|Veug|rm) + gq)@(uk))}

k—o0 k—oo | D™ 1—s
QCY 1 C
= T e(IVeulrn) + —®p(u) | .

]

Lemma 4.1.3. Let ¢ be an Orlicz function such that ¢ exists and let u € C*(R™). Then,

for every fized x € G, we have that

@\ Ay o
mii—s) [ o e L)

sT1 ly=t-x[g
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Proof. As before, for any x € G, let us split

u(x) —u d
[o(norly oy,
S\ Tyl )y

u(z) —u(y dy
I ::/ §0<| (_)1 <s>|> 1 Q
Iy telecty N W7ozl oyt el

u(z) — u(y) dy
IQ 2:/ 90(‘ (_1 3 ’) 1 Q'
(vt ale>1) ly=tezlg ) gtz

Let us first notice that

where

151%1(1 —s)l, = 0.

In fact, by () and Proposition 1.3.14, we have

u(@) —u()]\  dy dy
/ w( )Y W < o2lfulle) —
(-1 zlo>1) ly=tezle )yt alg {ly-talo>1} [y~ - 2ld

+o0
—90(2||u|!oo)ch/ oty
1

_ QG
=__¢
sp

(2l[uloo)-

Moreover, by the local Lipschitzianity of ¢, for any x,y € G such that z # y, we have

‘gp (W) . (r<vGu|<;|>éh'>Rm|) ‘ < ) —uly) —|h<|§@,u<x>, Ml o oy

where L is the Lipschitz constant of ¢ in the interval [0, || Vgu||s], C is a constant depending
on the C?-norm of u and h := y~!-2. The last inequality follows from standard results about
the Taylor polynomial that can be found, for instance, in |27, Chapter 20].

Since, by Proposition 1.3.14

d 1 C
[ ket ooy [rmar - K
{Inle<1} A& 0 2—s

) u(z) —u(y dy
hm(l—S)/ 90<| ( 21 (S)l) .0
st fytale<y N Tl Syt ealg

/
st {Inle<1} |h|E h|2
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Finally, by Proposition 1.3.15 and the invariance of | - |g under horizontal rotations, we

have

o = g [ (Lo () ) o
L () 5 e
= /01 (/S 90(|VGu(l’)|RmIz’lRmrl—S)dg(z)) %

lim(1 - )11 = $(|Vu(@)ln).

ie.,

We are now in the position to prove Theorem 4.1.1.

Proof of Theorem 4.1.1. We divide the proof of the theorem in three steps.

1st step. First, let us prove the result for any u € C*(R").

Let R > 1 and let u € C*(R") be such that supp(u) C B(0, R). For any 0 < s < 1 and

Fy(z) = /GSO (|uy(;)1_-g|(§)l) |y—1d-yl“lg '

If |z|g < 2R, we can split Fy as

r € G, let us define

FS<I> = [1 4+ _[27

where

ulx) —u d
I ;:/ SO(I (@) (Sy)l) W
(ly-1wlo<1) vzl )yt oalg

ulz) —u d
pe [ (ko) _w
{ly-1ele>1) lytezlg )yt owlg
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1

By (4.1), (¢1), Proposition 1.3.14 and the monotonicity of ¢, named h := y~' -z, we have

! 1—s dh
[ (] eVeute - amfannl)ar)
{Irle<1} \Jo |hlg

1 ‘h‘(lﬂ")p_
< / (/ o(|Veu(z - 6:h)|gm) dt) G—Q dh
{Inle<1} \Jo |l

< oIVerllQey [ = ar = 290 vl
_90 G 0 b o - (1_S)p_90 G 00

I

IN

and

dy
I < / o (fu(@)] + [u(y)) — 2
{ly—1-zlg>1} ly=t- x|

0 e QC
< pCll)QCs [ = (2l ll),
1

that is,

C C
Fila) £ T2 (| Veulle) + S22l (4.2

(=)
If |z|g > 2R, since supp(u) C B(0, R), then

u(y)| dy
R = | 90<| S ) T
(yle<r} \I¥ &/ |ly=t-xlg

and, by the triangular inequality, it holds that

_ 1
vy zle > |zl — lyle > |zle — R > §|$|G for any |ylc < R.

Therefore, for any s > %, by the monotonicity of ¢, the As-condition and (¢1), we get

) @l N dy g “Ju(y)]) —2Y
Fy(x) < /{|y¢;§R}¢ <<%|I|G)S) (%|ZE|G)Q <2 /{lyGSR}‘P(Q [u(y)l) |x|g*+Q

2¢ 2Q
<c—a | eluwhdysc—— [ () d.
|zlg {lyle<R} |z|2 {lyle<R}
that is,
K
|
Fi(z) < i (4.3)

where K is a constant independent of s.
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Combining (4.2) and (4.3), we finally have

Fufx) < (%wv@,uuw) T %muunoo)) xB(028)(2)

K
+ WXG\B(WR)(“") = H(z),
that is,
(1—s8)Fy(z) < (1 —s)H(x) € L'(R™).
The thesis follows by the dominated convergence theorem and Lemma 4.1.3.

2nd step. We now extend the result to any v € Wé’@(]R”).

Let u € Wg#(R"), & > 0 and let {u,}x € C%(G) be convergent to u in W ¥ (R™). Since

(1= 8)®; o (u) — Pp(|Vgulrm)| < [(1 = 5)Psp(u) — (1 — 5) Py (up)|
+ (1 = 8)Ps o (ur) — P(|Veur|rm)|

+ [Pa(IVeurlrm) — o(|Veulrn)|
then, in virtue of the first step of the proof, we show the existence of k € N such that
(1= )|®y (1) = Do ()] + [ Vtunlan) — ([ Voulgn)| <= for any k> . (4.4)
By Theorem 1.4.8, there exists ky € N such that
05| Vaurlzn) — (| Voulan)| < 5 for any k > ko
and, by Lemma 1.4.3, for any 6 > 0, there exists Cs > 0 such that
o(s +1) < Csp(s) + (14 0)P p(t) for any s,t > 0.

Moreover, there exists § > 0 such that (1+ )" <1+ 6. It follows that

o) = )| < [[fp(Mm =l Z L fut) =)l

ly=t - o3 ly=t-xlg
<\uk(w) - uk(y)\)
— SO ) 3
|?/ ‘37|<G
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By Lemma 4.1.2, there exist k; € N and a positive constant M such that

(1—5)D;(u—ug) < 4—06

and
Qg p(up) < M for any k > k; .

Therefore, taking § < , we get (4.4) assuming k := max{ko, k1 }.

_c
AM(1 — s)
3rd step. Let u € L¥(R"). If ®5(|Vgulgrm) = oo, then the thesis trivially follows. To

conclude the proof of the theorem, we show that if

limTilnf(l —5)P; ,(u) < 00, (4.5)

then u € Wé’“"(R”).
Let the approximating family {uy }r. C C°(R™), k € N and € > 0, be defined as
uk,E = pé * (nku) )
where {p}. is a family of mollifiers and {7}, is a family of cut-off functions. By (4.5),

Lemma 1.4.12 and Lemma 1.4.14, there exists N > 0, independent of k and ¢, such that

limTilnf(l —5)P; o (up:) < N. (4.6)

Then, by (4.6) and the first step of the proof,
(I>¢(|VGuk7g|Rm)| = hHléHf(l — S)CDS,@(U%,&) < 00,

that is, the sequence {ug.}r. is bounded in Wg#(R") and then, in virtue of Proposition
1.4.5, {ug tr is bounded in W5 ¥ (R").

Therefore, by the reflexivity of the space W ¥ (R"), there exists & € W4*(R") such that,
up to subsequences,

up,. — i weakly in Wg#(R")

as k 1 oo and € | 0 and, since ug. — u in L#(R"), then @ = u in W¥(R™).

The thesis follows by the second step of the proof. n
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4.2 Magnetic Hardy-type inequality

In this section we prove the following Hardy-type inequality in the magnetic setting

Theorem 4.2.1. Given a Orlicz function ¢ satisfying (L) and s € (0,1) such that s < o5

then there exists a constant C' = C(n, s,p*) such that

[o(May g ff S0<u(w)—ei“”-y”*(“”?y>u<y>

[z —yl*
for any v € WE(R™ C).

|z —y|"

) dr dy (4.7)

The proof of Theorem 4.2.1 comes out as a combination of the Hardy-type inequality
proved in [3] with the fractional diamagnetic inequality, which in turn heavily relies upon
the so-called diamagnetic inequality. The latter is well-known in the classical setting, see e.g.

[83, Theorem 7.21], and it reads as follows:
Proposition 4.2.2. Let A: Q — R" be a measurable magnetic potential such that |A| < oo
a.e. in Q and let w € W, (R"; C). Then
V]ul(2)] < [Vu(z) —iA(z)u(z)], (4.8)
for a.e. x € Q.
The fractional analogue of (4.8) was provided in [48, Lemma 3.1 and Remark 3.2

Proposition 4.2.3. Let A: R" — R" be a measurable magnetic potential such that |A| < oo

a.e. in R™ and let u: R" — C be a measurable function such that |u| < oo a.e. in R™. Then

i(x_y)A(”C—;”f

)u(y) ) (4.9)

|u(@)] = luy)]] < |u(z) —e
for a.e. x,y € R".

Remark 4.2.4. Observe that, using the compact notation introduced in Section 1.4.2, the
fractional diamagnetic inequality (4.9) can be re-stated as
|Dylul(z,y)| < |Dlu(z,y)| for ae. z,y € R", (4.10)

v(z)—v(y)

xT)—v
lz—yls -

where Dyv(z,y) =
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With this at hand, we are now ready to prove Theorem 4.2.1.

Proof of Theorem 4.2.1. Given an Orlicz function ¢, by |3, Theorem 5.1], there exist an

Orlicz function ¢ and a positive constant C' = C(n, s) > 0 such that

/n (|2|Li|)|)d <(1-s) //R p(C|Dsulz,y)]) du (4.11)

Moreover, in light of [42, Propositions 5.1 and 5.2], since s < p%, then ¢ and ¢ are equivalent

Orlicz functions, i.e., there exist two positive constants ¢; < c¢o such that
o(ert) < P(t) < p(eot) for all t € R

Therefore, by using inequality (4.11) on |u| and the Diamagnetic inequality (4.9), it holds

that
Lo wsa-s [[ ecnilena
<=9 [[e(CDtutep)) do
Thus, the result follows by (¢1). O

Remark 4.2.5. Let us notice that, accordingly to the Hardy-type inequality proved by Maz'ya-
Shaposhnikova, see [93, Theorem 2|, and to the analogous result holding in the case of Orlicz
spaces, see [3], inequality (4.7) holds just for small values of the fractional parameter s,
meaning that s < -%. Here, the term p*, which is defined in (L), is bigger or equal to
the upper Matuszewska-Orlicz index I(y), taken into account in [4]. We stress that, if one
is interested in proving a Hardy-type inequality for all s € (0,1), one has to reinforce the
assumptions on the Orlicz function, see e.g. [3, Section 5]. On the other hand, as explained
in [4], the validity of condition (L) ensures that for s small enough such assumptions are

satisfied by all Orlicz functions. Finally, we notice that, as a consequence of Theorem 4.2.1

and the equivalence of ¢ and @ (see (1.25) for details), it holds that

/n¢ (a%> dr < /n © (a%) dr < 00 (4.12)

for any v € W1E(R™; C) and for any o > 0.
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4.3 Maz’ya-Shaposhnikova formula for magnetic fractional
Orlicz-Sobolev spaces

In this final section of the thesis we are going to prove to following Maz’ya-Shaposhnikova-

type formula for magnetic fractional Orlicz-Sobolev spaces.

Theorem 4.3.1. Let ¢ be an Orlicz function satisfying (L) and let A: R" — R™ be a
magnetic field. If u € U, o) Wah(R™ C), then

i(xfy)A(mTw

, u(z) —e )u(y) dedy 2w, [ _
18%15//nwg0 — R /ngo(|u(:c)|)d:c. (4.13)

The proof of Theorem 4.3.1 follows from the combination of two estimates, the first one

for the liminf and the other one for the limsup.
Lemma 4.3.2 (Liminf estimate). Let u € 1) Wap(R™ C). Then

hn%nfsq)A (u) > — D5(|ul).

Proof. 1f liminf, ws@fm(u) = 00, the result follows. Otherwise, there exists a sequence

{sk}r € (0,1), k € N, such that s; | 0 and

: A
hrglig)nfscb so( u) = lcll_g)sk o (u).

By (4.10) and the monotonicity of ¢, we get

se [ etDadulbdn < s [ o(DLu)da.
RZ" R2n

that is, for any k£ € N,
sk Py o ([u]) < sp. ®?k so( u).
Thus, taking the limit as k& — oo in the last inequality and applying [4, Theorem 1.1] to |u],

we get
an

P5(|ul) < lim sp O (u),

Sp—r00 Ska¥

which concludes the proof. O]
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We can now move to the upper estimate for the limsup.

Lemma 4.3.3 (Limsup estimate). Let u € U g,y Wig(R";C). Then

2wy,

).

lim sup s @ﬁw(u) <
sJ0

Proof. Let us first observe that, by Fubini’s Theorem and a change of variables
ue) = @O u(y)

/ / 2 dy dx
n \ lyl<lal} |z —yl* lz —y|
u(x) — ei(x_y)A(%)u T
_ / / o 1@ B (y) i ) 4y
n \ >y} |z —y| |z —y|
_ / / o(|pw) e uw \ ay
n \Jlyl> e} |z —y[* |z —y["

Since
ufy) = A (@) | A | ufe) - A u)
|z —yl* i) A(5Y) gy )
then

s () = /R </{y|>|z|} P(ID:u@y)) E iyyl") dx
i / (/{|y|<x|} PP (e ) |z iyw) o
- / (/{|y2x|} PP (e ) |2 ﬁyyln) o

Let us now fix € > 0. By the monotonicity and convexity of ¢, we can split the previous

integral as

dy
s (u :25/ </ o(| D2z, y )dx
o) o \J{lyl22la1) ([P )D|~”C—y|"

d
+2s / ( / @(\D?u(x,y)\)%) dz (4.14)
n \J(lel<lyl<2la]} |z =y

2s 2se
< Ji+ Jo + 2sJ3,
_14—&?1 1+&?2 573
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n (/{|y|>2lz|} ( " 8) ’Luixyn’s) ’55 iy3/|n) e
1+¢ |uly d

n E/{ymx} ( 27— ’3‘5 E ;lf ) |z —yy|”) e
)

where

||
—

dy
[ttt de
R™ {|x\<\y|<2|x\} |z —y|

Taking into account [4, (2.22) and (2.23)], it holds that
<l 3 ((1 ol (x)|> dx (4.15)
ns Jge |z[*
and
1
Jy < wn/ @ (%28%) dy . (4.16)

To conclude the proof, we only need to provide a suitable upper estimate from above for J3.

We claim that, fixed N > 3, there exists 5 € (0, 1) such that

J3 < // ® (N§78|Dg4u(x,y)|) dp + Z (4.17)
"xE

for any s € (0,3), where £ := {|z| < |y| < 2|z, |z —y| < N}.

In order to prove (4.17), we first notice that J; can be written as
Js = (4) + (@),
where, denoting by F := {|z| < |y| < 2|z|, |x — y| > N}, we write

[ eptuan, G- [[ et dn

Since u € U1y Wah(R™; C), then there exists 5 € (0,1) such that u € Wf"ﬁ(R";C).

Let now s <'5. Then
([ ela-urptu ) du< [[ o (VD) du (@19
"xE "xE
Moreover, since |z| < |y| < 2|z| and |z — y| > N imply that

N N
|z| > 3 and |y| > 3 (4.19)
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then, by (4.19), the monotonicity and convexity of ¢, by a change of variable and taking
pile=A(TF)|

into account that

2 2
053 [, (F5) // ()
R x F |z —yl* R x F |z —yl*
o () )
2 Sy \Jgaysny - \lz—yl*) |z —y|?
1 2 d
o G20 25
2 S>3y \J—yisny "\l —y*/ |z =y
2 d
oo U G50 5555)
{lz[>&} \S{jz—y[>N} |z —y| |z —y|

Finally, the last inequality and a change of variables gives that

teo /9 d 2/u(@)] J
s () B ([ o) o
o Jiz>8y \Un e r ns Jya>43 \Jo T

n 2 n j—
= @( |u(:v)|> dz < 2 2(2Ju(x)]) dx < =
{Jz|>5} o

s
ns N ns {\x|>%}

=1, we get

for N sufficiently large. From this, (4.17) easily follows.
In order to justify the passage to the limsup, we can argue as in [4] once again. In this
way, by the arbitrariness of €, by gathering (4.14), (4.15), (4.16) and (4.17), by (4.12) and

by using Fatou’s Lemma, we close the proof. n

Proof of Theorem 4.3.1. Combining the lower bounds obtained in Lemma 4.3.2 with the

upper bounds provided by Lemma 4.3.3, we finally get (4.13). H
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