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Abstract

This thesis addresses the characterization of geometric properties for problems
in Partial Differential Equations (PDEs), geometric analysis and functional in-
equalities, with particular interest in the study of symmetry and quantitative
stability issues. The thesis consists in four chapters.

Chapter 1 is about symmetry and quantitative studies for hypersurfaces
embedded in space forms with some curvature close to a constant. The starting
point is the well-known Alezandrov Soap Bubble Theorem which asserts that
the distance spheres are the only embedded closed connected hypersurfaces in
space forms (i.e. the Euclidean space, the hyperbolic space and the hemisphere)
having constant mean curvature. Actually the theorem can be extended to more
general functions of the principal curvatures f(ki,...,k,—1) satisfying suitable
conditions. The main result in Chapter 1 are sharp quantitative estimates of
proximity to a single sphere for Alexandrov Soap Bubble Theorem in space forms
when the curvature operator f is close to a constant. Under an assumption that
prevents bubbling (the uniform touching ball condition), the proximity to a
single sphere is optimally quantified in terms of the oscillation of the curvature
function f. Our approach provides a unified picture of quantitative studies of
the method of moving planes, i.e. the original method introduced by Alexandrov
to prove its theorem, in space forms.

Chapter 2 is about symmetry results for Serrin-type overdetermined prob-
lems. Serrin’s symmetry results asserts that if there exists a solution to an
overdetermined boundary value problem associated to the equation Au = —1
in an open domain of the Euclidean space, then the domain must be a ball.

The first result in Chapter 2 is a Serrin’s symmetry result for an overdeter-
mined boundary value problem in a particular class of Riemannian manifolds,
the so-called model manifolds. We prove an Euclidean symmetry result under
a suitable compatibility assumption between the solution and the geometry of
the manifolds.

The second result in Chapter 2 is a Serrin’s symmetry result for overde-
termined boundary value problems in convex cones for (possibly) degenerate
operators, such as the p-Laplace operator, in the Euclidean space as well as for
a suitable generalization of the problem for convex cones in space forms. We
prove symmetry results by showing that the existence of a solution implies that
the domain is a spherical sector.

Chapter 3 is about symmetry results for critical anisotropic p-Laplace equa-
tions in convex cones. Given 1 < p < n, we consider the critical p-Laplacian
equation Ayu + uP ~1 = 0, which is related to critical points of the Sobolev
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ABSTRACT

inequality and to the Yamabe problem. Exploiting the moving planes method,
it has been recently shown that positive and entire solutions to the ciritical p-
Laplacian equation are classified and are given by the so-called Aubin-Talenti
bubbles. Since the moving planes method strongly relies on the symmetries
of the equation and the domain, in Chapter 3 we provide a new approach to
this Liouville-type problem that allows us to give a complete classification of
solutions in an anisotropic setting and in convex cones. More precisely, we
characterize solutions to the critical p-Laplacian equation induced by a smooth
norm inside any convex cone of the Euclidean space. One can show that the
critical p-Laplace equation that we consider is related to the critical points of
the anisotropic Sobolev inequality in convex cones. Since a sharp Sobolev in-
equality was missing in this setting, in Appendix B, we prove a general class
of (weighted) anisotropic Sobolev inequalities inside arbitrary convex cones by
using the optimal transport approach.

Chapter 4 is about functional inequalities on a particular class of Rieman-
nian manifolds. In particular we consider the so-called Cartan-Hadamard man-
ifolds, i.e. complete, simply connected, non-compact Riemannian manifolds
with negative sectional curvatures everywhere. It is well-known that on every
Cartan-Hadamard manifold the Sobolev inequality holds true, moreover if the
sectional curvatures are bounded above by a negative constant then also the
Poincaré inequality holds true. In Chapter 4 we investigate the validity, as well
as the failure, of Sobolev-type inequalities on Cartan-Hadamard manifolds un-
der suitable bounds on the sectional and the Ricci curvatures. More specifically,
we prove that if the sectional curvatures are bounded from above by a negative
power of the distance from a fixed pole (times a negative constant), then all the
LP-inequalities that interpolate between Poincaré and Sobolev hold in the ra-
dial setting; provided such power lies in the interval (—2,0), except the Poincaré
inequality. If the power is equal to —2 then p must necessarily be strictly larger
(in a quantitative way) than 2. Upon assuming similar bounds from below on
the Ricci curvature, we show that the non-radial version of such inequalities
fails, except for the Sobolev one. Finally, we prove optimal smoothing effects
for a porous medium equation set up on the Cartan-Hadamard manifolds we
are considering which follows from the Sobolev-type inequalities that we prove.
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Introduction

This thesis addresses the characterization of geometric properties for solutions
to problems in Partial Differential Equations (PDEs), geometric analysis and
functional inequalities, with particular interest in the study of symmetry and
quantitative stability issues. The thesis is divided in four parts.

Part I is about symmetry and quantitative studies for hypersurfaces embed-
ded in space forms with some curvature close to a constant, for instance the
mean curvature, and overdetermined problems for PDEs. This part collects the
results obtained in [63, 65, 196].

Part ITis about symmetry results for critical anisotropic p-Laplace equations
in convex cones and functional inequalities on a particular class of Riemannian
manifolds. Part II collects the results obtained in [57] and [174].

Part IIT contains the four appendixes of the thesis and Part IV collects the
bibliographic references of the thesis.

This is a first introduction to the topics and results contained in this thesis.
We refer to the introductions to Part I and to Part II for a more detailed descrip-
tion of the results contained in this thesis. We will start by describing classical
results about the isoperimetric inequality and the Sobolev inequality, which mo-
tivate most of the results contained in this thesis. Roughly speaking, we can
say that most of the problems that we will consider in the thesis are related to
the Euler-Lagrange equations associated to these two inequalities. Moreover we
will emphasize several similarities that arise when considering different proofs
of these problems.

The isoperimetric problem goes back to the ancient Greece (the well-known
Dido’s Problem) and it has been object of studies for generations of mathe-
maticians. The isoperimetric problem consists in minimizing the surface area
among all domains having fixed volume, or equivalently maximizing the volume
among all domains whose boundary surface has fixed (n — 1)-dimensional area.
It is well known that is that the unique extremal of these problems is the ball.
An equivalent and more analytic formulation of the isoperimetric problem is
the so-called isoperimetric inequality: if @ C R™ is a bounded domain, and 02
denotes its boundary, then

169 > nwi [Q7F | (1)

where w,, denotes the volume of the unit sphere in R™ and |- | denotes either the
n-dimensional (Lebesgue) measure or the (n — 1)-dimensional surface measure
of a subset of R™. Moreover, the equality in (1) is attained if and only if the
domain is a ball (see [78] and also [179]).

vi



INTRODUCTION

The natural functional associated to (1) is the isoperimetric functional given
by:
|0Q™
Q)= ———. 2
P = far 2)

We are interested in studying critical points of the functional P. The most direct
approach is to perform the methods of the calculus of variations in order to write
the Euler-Lagrange equation associated to (2). Let 2 C R™ be a critical domain
for the functional (2) and assume that  is bounded by a smooth hypersurface
S, i.e. S =09Q. The idea is to compute the first variation of the functional P:
we take a smooth function h : S — R and we consider the normal variation of
S defined by ¢; : S — R™ such that

Uy(p) = p + th(p)v(p),

where v is the unitary exterior normal field to S. We denote by S; the hy-
persurface given by :(S;) and by Q; the domain enclosed by S;; observe that
S; is nothing but the displacement of each point of S by the vector thr. For
simplicity of notation, we set

A =1si = [

do and  V(t) := || :/ dx .
St

Q¢

Then the first variation of the functional (2) above is given by (see e.g. [161]
and [208])

A(0) = —(n— 1)/

hHdo and  V'(0) = / hdo, (3)
S S

where H is the mean curvature of S. Since € is a critical domain, we have that
d
— Q)=0
dt ‘t:op( 2 ’
or equivalently, from (2) and (3),
/ h(n|QUH — |S]) do =0, for all h,
s

and this implies that S has constant mean curvature. Hence we prove that
the Euler-Lagrange equation associated to the functional (2) (and so to the
inequality (1)) is
109
=—. (4)
n|Q|

Now the following characterization proved by Alexandrov in the 50’s comes into
play:
Theorem A ([6]): let S be a C?-regular, connected, closed (i.e. compact and

without boundary) hypersurface embedded in the Euclidean space R™. Then S
has constant mean curvature if and only if is a sphere.

Putting the previous computation and Theorem A together, we prove that
critical points of the functional (2) must be spheres, and in particular the equal-
ity in (1) is attained if and only if the domain is a ball.
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INTRODUCTION

We mention that the previous argument (in particular Alexandrov’s Theo-
rem) works if we assume to work with smooth boundaries and this is not the
general situation where one wants to prove the isoperimetric inequality (we refer
to the theory of sets of finite perimeter developed by Caccioppoli and De Giorgi
in the 30-50s, see also [163] for a recent reference). So we emphasize that in
this first part of the Introduction we only wanted to stress the link between the
isoperimetric inequality and Alexandrov’s Theorem because this is, probably,
the most important motivation in order to study Alexandrov’s Theorem. We
mention that Theorem A is stated in its simplest formulation, indeed Alexan-
drov’s Theorem has been widely studied and extended in several directions.
Moreover, in the last years, also the quantitative version of the isoperimetric
inequality has been the object of several studies. In [104] the sharp quantitative
version of the isoperimetric inequality in R™ has been proved. Once one has a
quantitative result for the minimizers of (2) it is of strong interests to under-
stand the shape of critical points of (2) (see [58, 67]). In Chapter 1 we study
a quantitative version of Alexandrov Theorem for hypersurfaces embedded in
space forms with some curvature (not necessary the mean curvature) close to a
constant.

Alexandrov Theorem is also related to an important and well-known result
in the theory of elliptic PDEs, which is the following characterization of domains
which support a solution to an overdetermined problem.

Theorem B ([204]): let Q@ C R™ be a bounded domain with boundary of class
C? and let v be the outward normal to ). Then there exists a solution u €
C?(Q)NCHQ) to

Au=-1 inQ

5
u=20 on 082 , Q

such that, for some constant c,
ou=c ondQ, (6)

if and only if Q is a ball and u is a radial function.

Theorem B was proved by Serrin in 1971 by using the so-called method of
mowving planes, which takes inspiration from the reflection principle introduced
by Alexandrov to prove Theorem A. As we will show in Appendix D, a further
link between these two theorems is that they are "equivalent", in the sense that
we can prove Theorem A assuming Theorem B holds and viceversa (we mention
that the technique used to prove this equivalence takes inspiration from the
proof of Theorem B proposed by Weinberger in [215]).

Before giving an idea of the proofs of the two theorems, we mention that
Serrin’s problem (5)-(6) is called an overdetermined boundary value problem
since the Dirichlet problem (5) already admits a unique solution; hence condition
(6) is an additional requirement and in general the whole problem (5)-(6) may
not admit a solution. Thus, the remaining data of the problem, the domain €2,
cannot be given arbitrarly, i.e. there is a requirement also on the domain: this
phenomenon is called rigidity and it implies that the domain and the solution
itself satisfy some symmetry.

We emphasize that overdetermined boundary value problems like (5)-(6)
arise in many context. The following is one of the physical interpretations given
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INTRODUCTION

by Serrin in [204]: consider a viscous incompressible fluid moving in straight
parallel streamlines through a straight pipe of given cross sectional form €,
then it is standard that the velocity flow u satisfies (5). In this context, Serrin’s
result can be formulated as follows: the tangential stress on the pipe wall is the
same at all points of the wall if and only if the pipe has a circular cross section.

The same differential equation and boundary condition arise in the linear
theory of torsion of a solid straight bar of cross section  (see [204] for more
details), In this context, Serrin’s result states that, when a solid straight bar is
subject to torsion, the magnitude of the resulting traction which occurs at the
surface of the bar is independent of position if and only if the bar has a circular
cross section. Moreover, overdetermined problems like (5)-(6) arise when one
study critical domains for the torsional rigidity.

Now we describe the proofs given by Alexandrov and Serrin for Theorems A
and B, respectively. The idea behind Alexandrov’s proof is the following: under
the assumptions of Theorem A, S is a sphere if and only if for every w € R”
there exists a hyperplane 7, orthogonal to w such that the hypersurface S is
symmetric about 7,,. In order to achieve this symmetry property, let w € R™ be
a fixed direction and let 7y be a 1-parameter family of hyperplanes orthogonal
to w. We move these hyperplanes towards .S until we touch S and we continue to
move them until we find a critical hyperplane 7*. In order to define the critical
hyperplane 7* we define: 7* is the halfspace such that 97* =7*, ' =SNT*
is the part of S contained in 7* and S* is the reflection with respect to 7* of
S’. With these notations the critical hyperplane 7* is defined in the following
way:

(7) either S* is tangent to S at a point p € S\ 7;

(#4) or m* is orthogonal to S at a point ¢ € SN 7*.

Since S and S* are tangent to p (or ¢), we can locally write the two hypersurfaces
as graphs of function v and u*, respectively, on the tangent space at p (or q).
Moreover, by construction u — «* has a sign, and v and u* satisfy the following

elliptic equation:

1 . Vv

H n—ldlv <W> , (7
with H constant (equal to the value of the mean curvature) and where the right-
hand side is the expression of the mean curvature of the graph of a function v. At
this point the PDE’s tools come into our help: by using the strong maximum
principle in case (i) and the Hopf’s boundary point Lemma in case (ii) we
conclude that v = uv*, which implies that the hypersurface S and its reflection
S* with respect to the plane 7* coincide. Since the direction w is arbitrary we
conclude that S must be spherically symmetric and hence S is a sphere.

The proof of Theorem B given by Serrin generalizes Alexandrov’s reflection
principle. Also in this case the goal is to prove that 2 is symmetric with respect
to the hyperplane 7,, orthogonal to w € R™. As before, let 7* be the halfspace
such that 97* = 7*, ' = QN T* is the part of Q contained in 7* and Q*
is the reflection with respect to 7* of '. We consider the critical hyperplane
7 at the two critical positions (i) and (i4) with S = 0. We compare the
solution u to (5)-(6) to its reflection v, defined in Q*. Since u — v is harmonic
and non negative either u —v > 0in Q* oru —v =0in Q*. Ifu—v >0

ix



INTRODUCTION

occurs, the Hopf’s Lemma gives a contradiction in case (i). Case (ii) is more
delicate and one has to use Serrin’s corner Lemma (see [204, Lemma 1]) to find
a contradiction. Hence v —v =0 in Q* and 2 is symmetric about 7*.

Both Alexandrov’s and Serrin’s results and proofs originate a great interest
in geometric analysis and PDE’s communities. Indeed the method of moving
planes is a powerful tool which has been used to prove several results in geometric
analysis, for elliptic and parabolic PDEs, Harnack’s inequalities and many others
results (see e.g. [9, 23, 24, 36, 37, 38, 146, 155, 168, 192, 193, 202]). Moreover,
one of the most influencing application of the method of moving planes in the
theory of PDEs is the approach of Gidas-Ni-Nirenberg in [109] and [110] where
the authors prove symmetry results for positive solutions of elliptic PDEs.

As for Alexandrov Theorem, we mention that Theorem B is stated in its
simplest version and many generalizations have been studied. In Chapter 2
we will study symmetry results in the spirit of Theorem B in more general
Riemannian manifolds (see Section 2.1) and for quasilinear operators in convex
cones (see Section 2.2).

As already mentioned, the inequality that motivates the study in Part II
is the Sobolev inequality (see [210] and also [105, 177]) in R™, n > 2: given
1 < p < n there exists a constant C), , > 0 such that the following inequality

§ p/p"
(/,, |ul|P dx) < Cn’p/n |Vul? da (8)

holds for every function w in the homogeneous space
DR = {ue I (R") : Vue 'R}, 9)

where p* is the critical Sobolev exponent, i.e.

% np

Sobolev inequality appears when one considers the embedding of the Sobolev
space in some LP-space. Moreover it naturally appears in regularity theory for
PDEs and it is related to the isoperimetric inequality as well as to many other
important topics in mathematical analysis.

The natural functional associated to (8) is the Sobolev functional given by:

) e fRn |VulP dx
= (1)

We are interested in critical points of this functional 7 and we want to write
and study the Euler-Lagrange equation associated to (11). Let u be a (positive)
critical point of (11) and we compute the first variation of the functional. Let
e >0 and let p € C°(R™) be a test function. Since w is a critical point we get

d

. E:Oj(qusgo):O,
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or equivalently, from a direct computation,

. | VulP d .
/ |Vu|P~2Vu - Ve dr — fR|u*x/ uP Trodr =0,
n Jan [0l dz Jgn

for all ¢ € C(R™). By multiplying v by an appropriate constant we may
assume that u satisfies

/ |Vu|P~2Vu - Vi dr — / P Lodr =0, forall pe CXR"). (12)

Equation (12) is the weak formulation of the following quasilinear PDE:
Apu+u? 1 =0 inR",

where Apu is the usual p-Laplace operator, i.e.
Ayu = div (|[Vu[P~2Vu),

and p* is the Sobolev critical exponent defined in (10). Hence we prove that the
Euler-Lagrange equation (for positive critical point) associated to the functional
(11) (and so to the inequality (8)) is the following critical p-Laplace equation in
R™:

{Apu+up 1=0 mR" (13

u>0 in R™.

We observe some properties of (13) which will be useful in the following: if u is

a solution to (13) then also u(z +a), for @ € R, and A7 u(Az), for A € R, are
solutions to (13). These two properties are called invariance under translations
and invariance under rescaling of (13).
As mentioned in [224], it is well known that the profile of solutions of the
equation
Apu+ ulf" 2u=0 inR",

plays a central role in the blow-up theories of critical equations. Problem (13)
is also interesting from the point of view of the calculus of variations. Since
the embedding W1P(R™) < LP"(R") is not compact, the classical tools of the
calculus of variatons (e.g. the Mountain Pass Lemma or the direct method of
the calculus of variations) do not apply to

1 1 .
E(u)zf/ \Vu|pdx——*/ uf dr,
p n p n

which is the energy functional associated to (13).

Equation (13) is also related to the Yamabe problem. We recall that the
Yamabe problem (see [10, 201, 220, 226]) is the following: given a compact
Riemannian manifold (M, go) of dimension n > 3, is it possible to find a metric
g conformal to go such that its scalar curvature R, is equal to a prescribed
constant R? One can show that this problem boils down to showing the existence
of a positive solution u to the nonlinear PDE

4n—1)

— Agou—RgOu—I—RuZ*tg =0, (14)

xi



INTRODUCTION

where A, is the Laplace-Beltrami operator of the metric go and Ry, denotes
the scalar curvature of the metric go. Indeed, if u solves (14) then the metric
g= uﬁgo is such that Ry = R.

When (M, go) is the round sphere then Ry, = n(n— 1) and (14) can be read
on R™ by means of the stereographic projection. More precisely, consider the
inverse stereographic projection F' : R®™ — S"™. Then v : S — R solves (14) if
and only if the function

n—2

we) = (1) T olrG)

1+ |z|?

solves
n+2

n—2
Au+4(n_1)Ru" 2 =0,
which is, up to a multiplicative constant, equation (13) with p = 2.

We mention that an important task related to the Sobolev inequality (8) is
the following: to compute the value of the best constant in (8), i.e. to obtain
the sharp Sobolev inequality. The value of the best constant was obtained inde-
pendently by Talenti [217] and Aubin [10]; moreover they showed that equality
in the sharp Sobolev inequality is achieved by the following Aubin- Talenti radial
functions (or bubbles):

U(z) = a4 —  for some a,b > 0 and g € R™. (15)

n

(b+¢$**$0P£T) ?

The idea to prove this result is to minimize the functional (11) in D'?(R™).
By using the Schwarz symmetrization technique Talenti proved that the spher-
ically symmetric radial rearrangement of u preserves ||ul|,+gn) and makes
|[Vu||r(mn) smaller. Hence, minimizers are forced to be spherically symmetric
radial functions and, by computing the Gateaux differential of the functional
J for these type of functions, one obtains that minimizers of 7 (we assume for
simplicity that they are positive) satisfy the following ode:

1

rn—l

(Tnfl(quAJ)/+_up*fl ::O,

where 7 = |z|. This yields to the Aubin-Talenti functions (15).

We observe that the results of Aubin and Talenti classify minima of the
functional (11). An interesting issue in PDE’s community is to look for a char-
acterization of critical points of the functional (11), i.e. a characterization of
solutions to (13). The classification of all solution to (13) started in the seminal
papers [110] (see also [178]) and [48] for p = 2 and it has been the object of
several studies. Recently in [224] and [203], solutions to (13) belonging to the
class D1P(R") have been completely characterized. In particular, the following
Liouville-type theorem holds:

Theorem C ([224, 203]): let n > 2, 1 < p < n and let u be a solution to (13)
such that u € DVP(R™). Then there exist A > 0 and zo € R" such that

n—p
p—1

e ()
u(@) = Una () =

P F (16)
AEiT'+|$'—:EM5iT
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INTRODUCTION

We mention that the previous result is not true if u may change sign (see
e.g. [84, 79, 80]). Actually, in the semilinear case p = 2 a more general version
of Theorem C is available in literature, indeed the assumption u € DVP(R™)
can be removed by using the Kelvin tranform. The other crucial ingredient to
prove Theorem C is a generalization of the method of moving planes introduced
by Serrin (see e.g. [27, 109]). In the quasilinear case p # 2 the problem is more
complicate because one has to tackle the nonlinear nature of the p-Laplace
operator and Kelvin type transform is not available. A first version of Theorem
C for 2% < p < 2 was proved in [76]; this result was extended to the range of
exponent 1 < p < 2in [224]. Finally, in [203] the range 2 < p < n was considered
and this concludes the picture. The key point in the proof of Theorem C is to
show that the solutions to (13) are radial and then, from [123] one knows that
the only positive, radially symmetric solutions of (13) are of the form (16).

Motivated by recent studies on the Sobolev inequality in convex cones and
on the anisotropic Sobolev inequality in Chapter 3 we prove a generalization
of Theorem C for critical anisotropic p-Laplace equations in convex cones. We
mention that the Kelvin transform and the method of moving planes are not
helpful neither for anisotropic problems nor inside cones. For this reason, in
Chapter 3, we provide a new approach to the characterization of solutions to
critical p-Laplacian equations, which is based on integral identities rather than
moving planes. This approach takes inspiration from [206] where non-existence
results are considered and also from [29, 30, 40, 215] where classical overde-
termined problems for PDEs are considered (see also [63, 180] for analogous
problems in convex cones). We mention that our approach is new also in the
Euclidean space with the Euclidean norm (see Appendix C)

In Chapter 4 we investigate the validity of Sobolev-type inequalities in a
particular class of Riemannian manifolds. The investigation of functional in-
equalities on Riemannian manifolds is a very wide and active research field (see
e.g. [131, 129] where the discussion is mainly devoted to the rigorous definition
of Sobolev spaces on Riemannian manifolds and the properties of the associated
embeddings or functional inequalities). As already mentioned the first result
dealing with the optimal constant of the Euclidean Sobolev inequality is due to
the celebrated papers [12] and [217]. Then, T. Aubin continued the investigation
of Sobolev-type inequalities as well as related optimality issues on Riemannian
manifolds: see [10] (in the case of compact manifolds with applications to the
Yamabe problem), [11] (where higher-order inequalities are also considered) and
[13] (for estimates of the best constants of subcritical Sobolev embeddings).
Some of the results of [12] were then improved in [130, 132], essentially by re-
quiring bounds on the Ricci curvature in place of the sectional curvatures.

Functional-analytic issues on the hyperbolic space H™ have drawn a lot of
interest recently, the latter being in a sense the simplest example of a noncom-
pact Riemannian manifold with negative curvatures. In this regard, we mention
[25], where an improved version of the Poincaré (or spectral-gap) inequality
is obtained with optimal remainder terms of Hardy type. In fact Hardy-type
inequalities were also considered in [50], for non-standard weights satisfying
suitable differential inequalities (with explicit applications to Cartan-Hadamard
manifolds). Finally, in [175] the author establishes an inequality on H" yielding
the optimal Sobolev and Poincaré inequalities simultaneously.

For a rather complete survey dealing with connections between the Poincaré
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inequality, the logarithmic Sobolev inequality, measure-concentration issues and
isoperimetric bounds (not only on Riemannian manifolds actually), we refer to
[153], while in [18] the authors, starting from inequalities that interpolate be-
tween Poincaré and log-Sobolev, provide a method to obtain weighted inequal-
ities of the same type for weights complying with optimal growth conditions.

Most of the results we have mentioned above are focused on proving the va-
lidity of Sobolev (or Poincaré, or Hardy) inequalities. One can also investigate
topological consequences: in [51, 152] it is shown (under suitable curvature or
volume-growth assumptions, respectively) that a Riemannian manifold support-
ing a Sobolev inequality with Euclidean constant is necessarily isometric to R™.
For similar problems, but rather different methods of proof, see also [185].

More specifically, in Chapter 4 we study Sobolev-type inequalities on a par-
ticular class of Riemannian manifolds: the so-called Cartan-Hadamard man-
ifolds (i.e. Riemannian manifolds with negative sectional curvatures) under
curvature bounds. The situation is the following: given a Riemannian manifold
with everywhere nonpositive sectional curvatures then the Sobolev inequality
holds true. Moreover if the sectional curvatures are bounded above by a nega-
tive constant then also the Poincaré inequality holds true. Motivated by these
results in Chapter 4 we study what happens in between, explicitly we will as-
sume that the sectional curvatures of the Riemannian manifold are bounded
from above by a negative power of the distance from a fixed pole (times a neg-
ative constant), then all the LP inequalities that interpolate between Poincare
and Sobolev hold in the radial setting, provided such power lies in the interval
(—2,0), except the Poincaré inequality. Moreover, if the power is equal to —2
then p must necessarily be strictly larger (in a quantitative way) than 2. Upon
assuming similar bounds from below on the Ricci curvature, we show that the
nonradial version of such Sobolev-type inequalities fails, except for the Sobolev
one. Finally, in Section 4.6 we prove optimal smoothing effects for a porous
medium equation.

xiv
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Introduction to Part 1

Part I of this thesis deals with quantitative studies for hypersurfaces embedded
in space forms with some curvature close to a constant (in Chapter 1) and
symmetry results for overdetermined problems (in Chapter 2). This part collects
the results obtained in the following papers: [63, 65, 196].

In this Introduction we describe in more details the results contained in
Chapters 1 and 2.

Chapter 1. The first chapter of this thesis is dedicated to quantitative
studies for hypersurfaces with almost constant curvature. The starting point
that motivates the study in this chapter is Alexandrov’s Theorem (Theorem A
in the Introduction). Alexandrov’s Theorem has attracted a lot of interest in
the last decades and several possible generalizations have been considered. It
is well-known that Alexandrov’s Theorem is in general false for non-embedded
submanifolds (see e.g. [139] and [216] for classical counterexamples in higher
dimension and in R3, respectively). However, for immersed hypersurfaces, one
can add some condition in order to guarantee that S is a sphere: in particular
Hopf proved in [136] that every constant mean curvature C?-regular sphere
immersed in the 3-dimensional Euclidean space is necessary a round sphere (see
also [1, 169, 170] for a very recent generalization of Hopf’s theorem to simply-
connected homogeneous 3-manifolds), and Barbosa and DoCarmo [19] proved
that every compact, orientable and stable hypersurface immersed in R™ is a
round sphere (see also [20] for generalizations of this result). It is also well-known
that there exists non-closed constant mean curvature hypersufaces embedded
in R? which are not diffeomorphic to a sphere, like for instance unduloids (see
[81] and [140] for a possible generalization to higher dimensions).

Another interesting generalization was provided by Alexandrov himself. In
[5] and [7] a generalization of Theorem A for hypersurfaces embedded in the
hyperbolic space H" and in the hemisphere S”. Here and in the following, we
will indicate with M} the three spaces: R", H", S and we call them space
forms. Moreover the theorem holds true for a large class of curvature operators,
not only the mean curvature (see [7, 52, 125, 141, 145, 158, 199, 212, 227]).
This is the type of generalization that we are interested in. In order to properly
describe the result, we introduce some notation.

Let S be a C%-regular, connected, closed hypersurface embedded in M.
Then S is always the boundary of a relatively compact connected open set
2 € M} and we orient S by using the normal vector field to S inward with
respect to Q. Let {kq,...,k,—_1} be the principal curvatures of S increasingly
ordered.

We denote by Hg one of the following functions:
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(I) the mean curvature H, with

1
_nflzki
=1
(II) f(k1,...,kn—1), where
f:{m:(xla"'axn—l)eRn71 : $1S$2§"‘S$n_1}—>R,

is a C?-function such that
f(x) >0, ifx; >0foreveryi=1,...,n—1

and f is concave on the component T of {z € R : f(z) > 0} contain-
ing {r e R"! : 2, >0}.

For instance, if H, denotes the r-higher order curvature of S defined as the
elementary symmetric polynomial of degree r in the principal curvatures of 5,
then H,'" satisfies (74). By using this notation, Alexandrov’s theorem can be
stated as follows:

Theorem I.A: let S be a C?-reqular, connected, closed (i.e. compact and
without boundary) hypersurface embedded in M} and let Hg be as in (I) or (1T).
Then Hg is constant if and only if S is a distance sphere.

The proof of this theorem can be done with the same technique introduced
by Alexandrov, but we mention that for particular choices of the function f
n (I1) different proofs, based on integral inequalities and geometric identi-
ties, are avaible in literature (see e.g. [30, 127, 128, 172, 194, 198, 197]). For
more recent generalizations of Alexandrov’s Theorem we refer to [41], where
constant mean curvature hypersurfaces are studied in rotationally symmetric
Riemannian manifolds (e.g. the space forms, the Schwarzschild, the DeSitter-
Schwarzschild and Anti-DeSitter-Schwarzschild manifolds), to [82] where the
regularity assumptions on S are minimal and to [45, 56] where the non-local
version of Alexandrov’s Theorem is proved.

Theorems A, B and I.A have the same conclusion: a solution exists if and
only if it is a sphere/ball. The rigidity of these problems is due to the following
overdetermined conditions: the curvature Hg is constant in Alexandrov Theo-
rems and the normal derivative d,u is constant on Jf) in Serrin Theorem. In
view of this remark it is natural to investigate the stability of this results:

if the overdetermined condition is slightly perturbed, can we say that the
domain is close to a ball? Can we quantify the closedness?

Stated like that, the answer to the questions is in general negative. Indeed, it has
been showed in [39] for Serrin Theorem and in [58] for Alexandrov Theorem that
if the overdetermined condition is close to a constant then bubbling phenomena
can appear, i.e. the domain can be close to a bunch of balls connected by
small necks. We mention that both [39] and [58] do not use the moving planes
method and they perturb proofs based on integral identities. Nevertheless if
some hypothesis is introduced in order to prevent bubbling phenomena then
the moving planes method can be studied in a quantitative way to obtain sharp

3
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quantitative information of the proximity of the solution to a single ball. In
[67, 69] one condition that can prevent bubbling phenomena is the so-called
touching ball condition (we will comment a little bit on it after the theorem).
Our stability result related to Theorem I.A proved in [65] can be stated as
follows

Theorem I.B: let S be a C?-regular, connected, closed hypersurface embedded
in M} satisfying a uniform touching ball condition of radius p. There ewist
constants £, C > 0 such that if

Hg) := Hs(p) — min Hs(p) < L1
osc(Hs) mex s(p) mip s(p) <e, (L.1)

then there are two concentric balls B, and Bgr in M} such that
S C Br\ B, (1.2)

and
R —r < Cosc(Hg) . (L.3)

1

The constants € and C depend only on n, on upper bounds on p~" and on the

area of S.

The uniform touching ball condition of radius p in the previous theorem
means that at any point of S there exist two balls of radius p tangent to S
one from inside and one from outside. Since the constant p is fixed, a bubbling
phenomenon can not appear as shown in [58, Theorem 1.1]. We emphasize
that in Theorem I.B the stability estimate (I.3) is optimal and it is new in
the general setting of Theorem I.B; moreover we mention that Theorem I.B
remarkably improves the previous stability results available in literature (see
Chapter 1 for a more detailed discussion).

Chapter 2. The second chapter of this thesis is dedicated to Serrin’s overde-
termined problem and related issues. We mention that the celebrated moving
planes method introduced by Serrin can be used to prove a more general ver-
sion of Serrin’s Theorem involving uniformly elliptic quasilinear equation (see
[204]). Moreover the moving planes method has been used to prove an ana-
logue result in space forms (see [150, 171]) and in a nonlocal setting (see [90]).
As for Alexandrov theorem, Serrin theorem can be proven by using different
approaches, based on integral identities (see [215]). This allows to extend Ser-
rin’s theorem to possibly degenerate quasilinear equations and to fully nonlinear
equations (see [3, 22, 29, 31, 33, 40, 42, 44, 55, 68, 70, 74, 75, 92, 102, 103, 106,
126, 133, 134, 135, 182, 190, 191, 196, 207, 209, 213]) and also for domains with
Lipschitz singularities or contained in a convex cone (see [63, 180, 188]).

We now review Serrin’s original proof and some alternative proofs of Serrin
theorem, in particular the one due to Weinberger [215] and the more recent
integral approach due to Brandolini-Nitsch-Salani-Trombetti in [40] (see also
[164] and [176]).

The moving planes method. Let u be the solution to (5)-(6). For a fixed
direction w € R™, the moving plane procedure gives a critical hyperplane 7*
such that

(1) either Q* is tangent to Q at a point p € 90\ 7%,

4
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(#4) or m* is orthogonal to 0} at some ¢ € 0Q N7,

where we recall that Q* is the reflection with respect to 7 of the cap €. Now
we define the reflection of u with respect to 7*, i.e. v(z) = u(z*), for x € Q*,
where z* is the reflection of x with respect to 7*. Is it easy to show that u — v
satisfies the following problem:

Alu—v)=0 inQ*
u—v=20 on ON*N7*
u—v>0 on ON* \ 7 |

where the last inequality follows from the weak comparison principle. Then, by
the strong maximum principle we have that either v —v > 0in Q* oru—v =0
in Q*. The first case leads to a contradiction, indeed in case (i) by the Hopf
Lemma we have that

O,(u—v)(p) <0,

but from (6) we have that d,u(p) = d,v(p). In case (ii) one shows that all the
first and second derivatives of u and v coincide at ¢, and this is in contradiction
with the so-called Serrin’s corner Lemma [204, Lemma 1] (a refinement of the
maximum principle).

Hence v = v in Q% i.e. 2 is symmetric with respect to 7*. This implies that
for every direction w, €2 is symmetric with respect to the hyperplane orthogonal
to w; moreover, by construction, € is simply connected, and then it has to be a
ball.

Weinberger’s proof. Let u be the solution to (5)-(6) and consider the follow-
ing function:

Plu(z)) == [Vu(@) + %u(m) . (1.4)

We compute the Laplacian of this function and, by using Cauchy-Schwarz in-
equality, we get AP(u) > 0. Since P(u(z)) = ¢ on 99 (due to the boundary
conditions) from the strong maximum principle we conclude that either

P(u(z))=c* inQ, (I.5)

P(u(z)) <c® inQ. (1.6)

In the second case, by integrating (I1.6) over Q and by using the divergence
theorem, we get

n+2/udx<c2\§2|. (L7)
n Q

The classical Pohozaev identity (see e.g. [186]) yields

) 2
“ /\Vu|2dx+i/ x-l/dozn/udaz, (L.8)
noJa 2 Joa Q

and from (5) and (6) we obtain

(n+2)/ﬂudx:c2n|ﬂ|, (L.9)
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which contradicts (I.7). This means that (I.5) holds true, hence P(u) is a har-
monic function and this implies that the equality in Cauchy-Schwarz inequality
holds, i.e.

1
Viu = —=1Id. (1.10)
n
Hence 1
u(z) = o (R2 — |z — x0|2) , (I.11)

for some R > 0 and zy € R™; from (I.11) and since u = 0 on 992 we immediately
conclude that € is the ball of radius R centred at xzg.

We mention that the approach of Weinberger inspired several works in the
context of elliptic PDEs (see e.g. [48, 93, 181, 211]), in particular in [92, 103, 106]
Weinberger’s argument is used to prove symmetry result for overdetermined
problems associated to more general PDE’s.

An integral approach. Given a symmetric matrix A = {a;;} € R"*", for any
k =1,...,n we denote by Si(A) the sum of all the principal minors of A of
order k. Observe that

Si(A)=Tr(4), S2(A)= > XX, Su(4d)=det(4), (L12)

1<iy<ia<n

where Tr (A) is the trace of A, det(A) is the determinant of A and A1,---, A\,
are the eigenvalues of A.

We are interested in S; and Si: suppose Tr(A) > 0, then the following
Newton’s inequality for symmetric matrices (see e.g. [124]),

n—1

< 2 .
Sa(4) < = (51(4)) (1.13)
holds, and the equality in (I.13) holds if and only if
PREELICOIY (L.14)
n

Newton’s inequality (I.13) can be used to prove Serrin overdetermined Theo-
rem. Indeed, by taking A = V2u we have that S;(V2u) = Au and a direct
computation shows that S>(V?u) can be written in the following divergence
form

Sy (V2u) = %&(S’%(Vgu)ﬁju) where S%(VQu) = —afju + 045 Tr (V2u)
(I.15)
(here we are adopting the Einstein summation convention for repeated indices).
Let uw be the solution to (5)-(6). First we observe that, from (I.15) via an
integration by parts,

/ |Vu|? de = —2/ |Vul|? dz + 2(n — 1)/ H|Vul? dz + ¢*|09) (1.16)
Q Q Q
where we used the fact that the mean curvature H of a level set of u (at a

regular point) satisfies

8% ud;udju

—Au=(n—1)H|Vu| — N
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From (I.16) and the fact that the constant c in (6) is given by —|Q|/|09| we get
3 3 2 c?

(n—=1) | HVul®de == [ |Vu|*dz— —|9Q], (I.17)
Q 2 Ja 2

Then, from (I.9) and (I1.17) we obtain

2\Q|

/ H|Vu|*dx = — (I.18)
where we used the divergence theorem and (5)-(6) to prove that
/ |Vu|2dm:/udx.
Q Q
From (1.18) we get
2|Q| 2 (g2
S (V2u)0;udju dz, (I.19)
n— n—1
where we used the following pointwise identity
SZ.(V2u)d;ud;u
n—1H =9 I
Integrating by parts and by using (I.13), (5) (I.9) we obtain
2|9 2 9 1 2|9
= dz < — Au)de = —— . 1.20
o n_l/QSQ(Vu)u mfn/gu( u)® dz R (1.20)

The conclusion follows because (1.20) implies that equality holds true in (I.13)
o (1.10) holds true.

In Chapter 2 there are three symmetry results: the first one is contained
in [196] and is related to a generalization of Weinberger’s proof to a particular
class of Riemannian manifolds; the remaining ones are contained in [63] and are
related to a Serrin-type result for domains inside convex cones of the Euclidean
space and in space forms. In what follows we will give the flavour of the results
that we are going to prove in Chapter 2 and we refer to Chapter 2 for the precise
definitions and statements.

Weinberger argument on Riemannian manifolds. The first symmetry re-
sult in Chapter 2 is a generalization of Weinberger’s proof to the so-called model
manifolds with non-negative Ricci curvature. Model manifolds are rotationally
symmetric Riemannian manifolds (M7, gur ), i.e. M} = [0, R) x S"~1, for some
R > 0, and the metric is

gvn = dr @dr + o2 (r)ggn-1 ,

for some smooth function o : [0, R) — [0, +00) and where ggn-1 is the usual met-
ric on the round sphere S"~! (see Definition 2.1 for the precise definition). We
mention that important examples of model manifolds are the already celebrated
space-forms. In particular
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e the Euclidean space R" is isometric to the model manifold M? with o(r) =
r: [0,400) = [0, +00);

e the hyperbolic space H" is isometric to the model manifold M” with o(r) =
sinh(r) : [0, +00) = [0, +00);

e the standard sphere S” \ {N}, where N is the north pole, is isometric to
the model manifold M? with o(r) = sin(r) : [0,7) — [0, +00).

Under the assumption that the Ricci curvature of the model manifold is non-
negative and under a suitable “compatibility” assumption between the solution
of the overdetermined problem and the geometry of the model, in Section 2.1,
we will prove the following rigidity result

Theorem 1.C: let (M}, gy ) be a model manifold such that
Ricyn >0,  and o' >0.
Let Q C M7 be a smooth domain and assume that Q0 supports a solution u of

Au=-1 inQ
u=0 on 0N (I.21)
dyu=c on 0N).

(where A is the Laplace-Beltrami operator). If u satisfies the following “com-

patibility” condition

1 n—1\/

/ ((’(;;7_1)# >0, (1.22)
Q

then Q is a Euclidean ball.

The proof of Theorem I.C is based on the Weinberger’s approach. Explicitly
we consider the P-function (I.4), and we show that it is a subharmonic function.
The proof is achieved by using Bochner formula

AV = 2|V ()| + 2¢(V(Au), Vu) + 2Ric(Vu, Vu),  (1.23)

and the inequality
(Au)? < n |V2(w)|” (L.24)

which can be easily obtained by using Cauchy-Schwarz inequality. Moreover,
again by Cauchy-Schwarz inequality we have that the equality sign holds if and
only if

V3(u) = %g. (1.25)
We mention that (I.23), (I.24) and (I1.25) hold in every n dimensional Rieman-
nian manifolds (M, g) and for every C%-map u: (M, g) — R.

Since P is subharmonic, the strong maximum principle yields that either
(I.5) or (1.6) holds. By using a suitable generalization of the Pohozaev identity
(2.58) we can exclude (I.6). Hence P is constant and harmonic, and from (1.25)
the conclusion follows.

Symmetry results in convex cones. The second result that we present in
Chapter 2 are two symmetry results for domains in convex cones. The starting

8
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observation that motivates our study is the following. Let X be an open cone
in R™ with vertex at the origin O, i.e.

S={tr:xcw,te[0,+00)}, (1.26)

for some open domain w C S"~!. We notice that if the point x¢ in (L.11) is
chosen appropriately then u given by (I.11) is still the solution to the following
problem:

Au=—1 in Br(zg)NE
u=0and d,u=c ondBgr(xy)\ X (1.27)
du=0 on Br(zo) NOX .

More precisely, xp may coincide with O or it may be just a point of 90X \ {O}
and, in this case, Br(xo) N X is half a sphere lying over a at portion of 9.
Hence, it is natural to look for a characterization of symmetry in this direction,
as done in [180]. In order to properly describe the results, we introduce some
notation. Given an open cone ¥ such that 93\ {O} is smooth, we consider a
bounded domain Q C 3 and denote by T’y its relative boundary, i.e.

Tp=00NnY,

and we set -
=00\ Ty.

We assume that H,_1(I'1) > 0, Hp—1(To) > 0 and that I'g is a smooth (n —
1)-dimensional manifold, while 0T = dI'y C 90 \ {O} is a smooth (n — 2)-
dimensional manifold. Following [180], such a domain € is called a sector-like
domain. In the following, we shall write v = v, to denote the exterior unit
normal to 9 wherever is defined (that is for x € To UT; \ {O}). Under the
assumption that X is a convex cone, in [180] it is proved that if € is a sector-like
domain and there exists a classical solution u € C%(Q)NCH(QUTLUT; \ {O})
to

Au=-1 in Q,
vu=0and d,u=c on Dy, (1.28)
d,u=0 on I'; \ {O},

and such that
u € WhHe(Q)nWw2(Q),

then
Q= BR(QZ()) N

for some xzp € R™ and w is given by (I.11). Differently from the original paper of
Serrin [204], the method of moving planes is not helpful (at least when applied in
a standard way) and the rigidity result in [180] is proved by using two alternative
approaches. One is based on integral identities and it is inspired from [40], the
other one uses a P-function approach as in [215].

In [63], we generalize the rigidity result for Serrin’s problem in [180] in two
directions. The former is by considering more general operators than the Lapla-
cian in the Euclidean space, where the operators may be of degenerate type.
Here, the generalization is not trivial due to the lack of regularity of the solu-
tion (the operator may be degenerate) as well as to other technical details which
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are not present in the linear case. The operator that we are going to consider

is the following:
!/
Lyu =div (‘/:|(|VV1|L|)VU> , (1.29)
u

where f is a positive, convex and super-linear function (we mention that overde-
termined problems associated to the operator Ly has been considered in [92, 103,
106]).

The latter is by considering an analogous problem in space forms, i.e. the
hyperbolic space and the (hemi)sphere. The operator that we consider is linear
and it is interesting since it has been shown that it is a helpful generalization
of the torsion problem to space forms (see e.g. [68, 189, 190]).

The first problem that we are going to consider is the following mixed bound-
ary value problem:
Liu=—-1 1inQ,
u=0 on Iy (1.30)
du=0 on I'1 \ {0},
where Ly is given by (1.29), Q is a sector like domain in R"™ and f : [0, +00) —
[0, 4+00) is such that

f e ([0,00)) NC3((0,00)) with f£(0) = f'(0) =0, f’(s) >0for s >0
f(s)

and lim —* = +4o00.
s—+oo S
(1.31)
The key observation that motivates our study is the following: we notice that
the solution to Lyu = —1 in Br(xo) (a ball of radius R centered at xz() such

that u = 0 on OBRr(zo) is radial and it is given by

u(z) = /{R I (%) ds, (1.32)

o]
where g denotes the Fenchel conjugate of f (see for instance [73] or [103]), i.e.
g =sup{st — f(s) : s >0}
(hence for us ¢’ is the inverse function of f”).
With these prelimiaries, the second rigidity result in Chapter 2 is the follow-
ing
Theorem 1.D: let f satisfy (1.31). Let ¥ be a convex cone such that ¥\ {O}

is smooth and let Q) be a sector-like domain in X. If there exists a solution
u e CHQUTEUT \ {O}) N Whe2(Q) to (1.30) such that

O,u=—c on I'y (1.33)
for some constant ¢, and satisfying
f (I Vul) 12
Vue WH2(Q,R"), 1.34

then there exists xy € R™ such that Q = ¥ N Bgr(xo) with ¢ = ¢'(|Q|/|Tol),
R =n|Q]/|Ty|. Moreover u is given by (1.32), where xq is the origin or, if 0%
contains flat regions, it is a point on 0X.

10
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We refer to Section 2.2 for a detailed discussion on the hypothesis of the
Theorem. The proof of Theorem 1.D s based on the integral approach introduced
in [40] (see also [180] and [29]). The idea is the following: we set V(§) = f(|€])
and we define the matrix W(x) = (w;;(x));; such that

wij(z) = 0; Ve, (Vu(z)) .

The matrix W is such that L;u = Tr(W); writing the operator as a trace has
the advantage that we can use Newton’s inequality (I.13). By using a Pohozaev-
type identity, integral inequalities and the convexity of the cone we are able to
prove that the equality holds in (I.13) and this implies the rigidity result.

The second result in Section 2.2 deals with an overdetermined problem in
space forms: recall that a space form is a complete simply-connected Rieman-
nian manifold (M, g) with constant sectional curvature K. Up to homotheties
we may assume K = 0, 1, —1: the case K = 0 corresponds to the Euclidean
space R™, K = —1 is the hyperbolic space H” and K = 1 is the unitary sphere
with the round metric S™. More precisely, in the case K = 1 we consider the
hemisphere S7. These three models can be described as warped product spaces
M =TI x S"! equipped with the rotationally symmetric metric

g=dr® + h(r)? ggn-1,
where gsn—1 is the round metric on the (n — 1)-dimensional sphere S"~! and
- h(r) = r in the Euclidean case (K = 0), with I = [0, 00);
- h(r) = sinh(r) in the hyperbolic case (K = —1), with I = [0, c0);
- h(r) = sin(r) in the spherical case (K = 1), with I = [0, 7/2) for S’}

By using the warping structure of the manifold, we denote by O the pole of
the model and it is natural to define a cone ¥ with vertex at {O} as the set

Y={tz:z€w, tel}

for some open domain w C S"~'. Moreover, we say that X is a convex cone if
the second fundamental form II is nonnegative defined at every p € 9.

The second problem that we are going to consider is the following mixed
boundary value problem

Au+nKu= -1 in Q,
u=0 on I'y (1.35)
Ou=0 on Ty \ {0},

where 2 is a sector-like domain in a smooth and convex cone ¥ in the Euclidean
space (K = 0), in the hyperbolic space (K = —1) or in the hemisphere (k = 1).

With these preliminaries, the third rididifity result in Chapter 2 is the fol-
lowing

Theorem L.E: let (M, g) be the Euclidean space, hyperbolic space or the hemi-
sphere. Let ¥ C M be a convex cone such that ¥\ {O} is smooth and let

11
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Q be a sector-like domain in X. Assume that there exists a solution u €
CHQUT UT\ {0} NWhee(Q) N W22(Q) to (1.35) such that

O,u=—c on Iy (1.36)

for some constant c. Then Q = XN Br(xg) where Br(xo) is a geodesic ball of
radius R centered at xy and u is given by

with

”
H(r)= / h(s)ds
0
and where d(x,xo) denotes the distance between x and x.

The strategy to prove Theorem LE follows the Weinberger approach and
uses the following P-function, introduced in [68] and in [190],

P(x) = |Vu(z)]* + %u(:c) + Ku?(z).

One can show that, if u solves (1.35)-(1.36) then P satisfies:

AP(z)>0 in Q,
P(x)=c*> onTy
0,P(z) <0 onIy\{O}.

This implies that
P(z) <c® in Q.

We can exclude the case P(x) < ¢? in Q, so
P(z)=c* in Q.

In particular, AP(z) =0 in Q and this implies that
2 1 .
Vi (u) = —E—Ku g inQ,

and this equation implies the rigidity result.
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Chapter 1

Quantitative stability for
almost constant mean
curvature hypersurfaces

The main result of this chapter is the following sharp stability estimate of prox-
imity to a single sphere for Alexandrov’s theorem.

Theorem 1.1. Let S be a C?-regular, connected, closed hypersurface embedded
in M satisfying a uniform touching ball condition of radius p. Let Hg given by
(I) or (II). There exist constants €, C > 0 such that if

osc(Hg) < e, (L.1)

then there are two concentric balls B¢ and B% of M} such that
Sc B\ BY, (1.2)

and
R —1r < Cosc(Hg). (1.3)

1

The constants € and C depend only on n and upper bounds on p~ and on the

area of S.

For the sake of clarity we mention that the balls in the statement of Theorem
1.1 are distance or geodesic balls in M, i.e. if we denote with d the distance
induced by the metric g of the space form then BZ(p) denotes the ball centred
at p of radius r with respect to the distance d. The center of the two balls in
the statement will be specified later.

We recall that the uniform touching ball condition of radius p in Theorem
1.1 means that at any point of S there exist two balls of radius p both tangent
to S one from inside and one from outside. As mentioned in the introduction
the assumption that p is fixed implies that a bubbling phenomenon can not
appear (see for instance [58]). As can be shown by a calculation for ellipsoids,
the estimate in (1.3) is optimal and it is new in the general setting of Theorem
1.1. In the Euclidean space, quantitative results, in the spirit of Theorem 1.1,
for constant mean curvature hypersurfaces are avalaible in literature only under

13



the assumption that S bounds a convex domain. In particular, in [147, 151, 173]
the case when the domain is an ovaloid is considered. Moreover in [144], where
the results in [8, 200] are improved, an explicit Holder type stability estimate
like (1.3) is proved. We emphasize that, in Theorem 1.1 we do not consider any
convexity assumption and, as already mentioned, the estimate that we prove is
optimal; hence (1.3) remarkably improves the previous stability results.

Theorem 1.1 follows the research line initiated in [67] and pursued in [69]
and is contained in [65].

Theorem (1.1) has a quite interesting consequence which is a pinching result.
It is well-known that, in the Euclidean space (see for instance [121]), if every
principal curvature k; of S is pinched between two positive numbers, i.e.

<k <

1 146
- + , fori=1,...,n—1,
,

r

then S is close to a sphere of radius . One can ask if this happens when only
the mean curvature is pinched or, more in general if one consider the class of
curvatures Hg defined in the introduction. As a consequence of Theorem 1.1 we
have the following

Corollary 1.1. Let py, Ag > 0 and n € N be fized. There exists € > 0,
depending on n, py and Ag, such that if S is a connected closed C* hypersurface
embedded in M} having area bounded by Ay, satisfying a touching ball condition
of radius p > po, and such that

osc(Hg) < e, (1.4)

then S is C'-close to a sphere and there exists a C*-regular map ¥ : 90B? — R
such that

F(p) = exp, (¥ (p)Np)
defines a C?-diffeomorphism from BS to S and

1¥lcr(oms) < Cosc(Hs)'?, (1.5)

where N is a normal vector field to OBZ.

Before explaining the proof of Theorem 1.1 and Corollary 1.1, we give a
couple of remarks on the bounds on p and on the Area of S in Theorem 1.1 and
Corollary 1.1. The upper bound on the Area of S is a control on the constants
e and C, which clearly change under dilatations. The upper bound on p~!
controls the C2-regularity of the hypersurface, which is crucial for obtaining an
estimate like (1.3). Indeed, if we assume that p is not bounded from below in the
Euclidean case, it is possible to construct a family of closed surfaces embedded
in R?, not diffeomorphic to a sphere, with osc(H) arbitrarily small and such that
(1.3) fails to hold (see Figure 1.1).

As already mentioned in the introduction, we tackle the problem by doing a
quantitative study of the method of the moving planes, i.e. we study the original
proof of Alexandrov from a quantitative point of view. There are other possible
approaches for proving the symmetry result (i.e. of Alexandrov’s Theorem)
which are based on integral and geometric identities. The interested reader can
refer to [172, 194, 197, 198], and to [41] for a recent generalization (see also
[82] for minimal assumptions on the regularity of S). The approach in [194] has
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Figure 1.1: counterexample obtained by gluing pieces of suitable small pertur-
bations of unduloids.

been exploited in [58] to tackle the problem of bubbling (see also [83] and [148]).
Symmetry and quantitative studies of proximity to a single sphere by using an
integral approach can be found in [30, 45, 56, 96, 127, 128, 164, 165, 166, 189].
Coming back to our approach, it is based on a quantitative analysis of the
method of moving planes and uses arguments from elliptic PDEs theory. Since,
as explained in the Introduction, the proof of symmetry (i.e. of Alexandrov’s
Theorem) is based on the maximum principle, our proof of the stability result
will make use of Harnack’s and Carleson’s (or boundary Harnack) inequalities
and Hopf Lemma, which can be considered as the quantitative counterpart of
the strong and boundary maximum principles.

For the sake of completeness we have to say that a quatitative study of the
method of moving planes was first performed in [2], where the authors obtained
a stability result for Serrin theorem (see the introduction), and it has been
used in the following series of papers [60, 61, 62] to study the stability of radial
symmetry for Serrin’s and other overdetermined problems (see also the survey
[641).

In order to prove Theorem 1.1 we follow the approach of [2], but in our case
the setting is complicated by the fact that we have to deal with Riemannian
manifolds. As we will show in Section 1.4 the main task is to prove the ap-
proximate symmetry result for one direction. To prove this result we apply the
method of moving planes and show that the union of the maximal cap and of
its reflection provides a set that fits S well. This is done in Theorem 1.4; by
the method of moving planes we know that the hypersurface and the reflected
cap are tangent (internally or at the boundary) at some point py. We write the
two hypersurfaces as graphs of two functions in neighbourhood of pg. We set
w the difference of these two functions and we have that it satisfies an elliptic
equation

Lw=f,

where || f||~ is bounded by osc(Hg). Then via Harnack’s inequality and interior
regularity estimates we are able to prove a bound on the C' norm of w, which
implies that the two surfaces are close in the following sense: not only the
distance between points is controlled by a constant times osc(Hg), but also the
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1.1. THE METHOD OF THE MOVING PLANES

two corresponding Gauss map are close (always by a constant times osc(Hg))
in a neighbourhood of py. To propagate this estimate we connect any point of
the reflected cap with pg via a chain of balls and by using careful estimates and
interior or boundary Harnack inequality we propagate the estimate (assuming
that osc(Hg) is small).

The chapter is organized as follows. In Section 1.1 we review the method
of the moving planes in space forms and set up some notation. In Section 1.2
we give technical local quantitative estimates in space forms. In Section 1.3
we find estimates on curvatures of projected surfaces in conformally Euclidean
spaces. In Section 1.4 we prove the approximate symmetry in one direction. In
Section 1.5 we show how to prove global approximate symmetry result by using
the approximate symmetry in any direction. Finally, in Section 1.6 we complete
the proof of main results.

We will use the following models of space forms:

e H" is the half-space {z € R” : x, > 0} with the Riemannian metric

9o = = (), for every z € R" (1.6)

n

where (-, -) is the Euclidean product on R™; for simplicity of notation, we
will indicate it also with “-7;

e S" is the n-dimensional unitary sphere {z € R"™! : |z| = 1} with the
round metric g induced by the Euclidean metric in R"*!. Here we recall
that if we consider the stereographic projection S™\{one point} — R™,
then ¢ is projected to the Riemann metric

9z = m <'7 > s for every r R™. (17)
We recall that M™ denotes the space forms, i.e. the Euclidean space R™, the
hyperbolic space H" and the sphere S™; while M} denotes the Euclidean space
R™, the hyperbolic space H" and the hemisphere S". Moreover, in all the
chapter S denotes a C2?-regular, connected, closed hypersurface embedded in
M’} and € C M denotes a relatively compact connected open set such that
0y = S (such an Q exists since S is an embedded hypersurface).

1.1 The method of the moving planes

In this preliminary section we recall the method of the moving planes in M.

We begin by recalling the definition of center of mass in the context of
Riemannian geometry (see e.g. [142] for more details).

Let (M,g) be an oriented complete Riemannian manifold and let Q be a
bounded domain (i.e. a bounded connected open set). Let Po: M — R be the

function
1

_ 2
Po(x) = 2|Q|g/ﬂd(x,a) da,
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1.1. THE METHOD OF THE MOVING PLANES

where ||, is the volume of © with respect to g. Then the gradient of Py takes
the following expression

VPq(x) = —mllg/ﬂexp;l(a) da, (1.8)

where exp,, : T, M — M denotes the exponential map of the Riemannian man-
ifold (M, g) at « € M (T, M denotes the tangent space to the manifold M at
x € M) and exp,! denotes its inverse. In some cases Py is a convex map and
it attains the minimum at only one point O, which is usually called the center
of mass of Q). For instance this occurs in the following cases:

e all the sectional curvatures of M are non-positive;

e (2 is contained in a geodesic ball of radius r < % min {inj M, ﬁ}, where

K is an upper bound on the sectional curvatures of M and inj M is the
injectivity radius of M,

e M = S™ and  is contained in Sﬁ.

We further recall that a Riemannian manifold (M, g) is a symmetric space
if for every p € M there exists an isometry f: M — M such that f(p) = p and

Fup = —1d.

Lemma 1.1. Let (M, g) be a symmetric space, Q0 a bounded domain in M and
x € M be such that VPqo(x) = 0. Assume that for every hyperplane m in M
not containing v there exists a hyperplane m passing through x and such that
7Nm NQ =0. Then every hyperplane of symmetry for 2 contains x.

Proof. Assume by contradiction that there exists a hyperplane 7 of symmetry
for  not containing x. Let m; be a hyperplane passing through x and disjoint
from 7 inside 2, i.e. #N7y NQ = . Since m; and 7 are disjoint, they subdivide
2 in three disjoint subsets €, Q2 and Q3, with |€;|, > 0, ¢ = 1,2,3. Since Q is
symmetric about 7, we have that

‘Ql|g + |92‘g - |QS|g-

Moreover formula (1.8) implies

/Q1 exp; ' (a) da = _/ expz ! (a) da. (1.9)

QU0
Let f: M — M be the isometry such that f(x) = x and f},, = —Id. Then
exp, ' f(a) = —exp;'(a)
and

- / exp, *(a)da = / exp, !(a)da.
Q2003 f(Q2003)

Therefore (1.9) implies
]y = [Q2]g + 23]

which gives a contradiction since |Qz]g > 0. O
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1.1. THE METHOD OF THE MOVING PLANES

Lemma 1.1 can be in particular applied in space forms M}, where we have
the uniqueness of the center of mass, to prove the following result

Proposition 1.1 (Characterization of the distance balls in M'}). Let S = 0Q
be a C?-regular, connected, closed hypersurface embedded in M, where ) is a
relatively compact domain. Assume that for every geodesic path v: R — M"
there exists a hyperplane m orthogonal to v such that S is symmetric about .
Then S is a distance sphere about O.

The previous result is a generalization of the following characterization theo-
rem, due to H. Hopf, of the sphere in the Euclidean space (see also [136, Chapter
VII, Lemma 2.2])

Theorem 1.2. Let S = 9Q be a C?-regular, connected, closed hypersurface
embedded in R™, where Q) is a relatively compact domain. If for every direction
w € R™ there exists a hyperplane of symmetry of  orthogonal to w, then S is a
round sphere.

Proof of Proposition 1.1. In view of Lemma 1.1 any hyperplane of symmetry
of S contains the point . Therefore S is invariant by reflections about every
hyperplane passing through O. For all the three possible cases of space forms
we can choose a model where M} is a ball in R", O is the origin of R™ and the
hyperplanes passing through O are Euclidean hyperplanes. In such a model S is
invariant by reflections about every Euclidean hyperplane passing through the
origin and hence it is an Euclidean ball, since every rotation in the Euclidean
space can be obtained as the composition of two reflections about hyperplanes.
Hence S is a round sphere in M’} as required. O

We describe the method of the moving planes in M} and we introduce some
notation. The method consists in moving hyperplanes along a geodesic path
orthogonal to a fixed direction and it is similar in R", H" and S. The method
can be described in terms of a point o that we fix. Since M’} is a homogeneous
space, the construction does not depend on the choice of the point we fix. In
particular we choose o to be:

e the origin in R";
e ¢, in H";
e the north pole in S%.

For every direction v € T,M", we consider the geodesic path ~,: I — M}
satisfying 7,(0) = o and 4,(0) = v. The domain of -, is I = R in R and H"
and I = (=%, %) in S. For any s € I we denote by , , the hyperplane passing
through ~,(s) and orthogonal to 4,(s), and we define
Sps={peS : pem,, for somet > s}.
We denote by S7 ; be the reflection of S, s about 7, 5. Note that
o Sys={pesS : p-v>s} if M} =R"

e Sys=1{peS : p-H(s) >0} if M} =S7.
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1.2. LOCAL QUANTITATIVE ESTIMATES IN SPACE FORMS

In the hyperbolic case, giving an explicit description of S, ; is more complicated,
but it can be simplified by assuming v = e;. This assumption is not restrictive
since we can always rotate every direction v in e; by using an isometry of H"™.
In this case we have

® Se,s=1{p€S : preg > s}, if M =H"

Let
m, =inf{s €l : Sy, C Qfor every t > s}.

The hyperplane m, := 7y, is called the critical hyperplane. By construction
Sy m, is contained in 2 and S and S7,, ~are tangent at some point pp which
can be either interior to S7 or on 9S7 . (and in this last case py € 7).

Now for the sake of completeness we recall the generalized version of Alexan-
drov’s theorem (Alexandrov theorem II in the introduction) that we study in
this chapter and its proof in M (see [5, 145, 172, 194, 197, 198]).

Theorem 1.3. The only closed C%-reqular connected hypersurfaces embedded
in Mt and such that Hs is constant are the distance spheres.

Proof. The proof consists in showing that for every unitary vector v € T,M7,
S is symmetric about 7,. This is obtained by showing that SN Sy, is open
and closed in S7,, . Note that SN Sy, ~is not empty since S, is tangent
to S at some point and SN ST, is closed in Sy, . The only nontrivial step
is that SN Sy, is open, which is obtained by using maximum principles for
solutions to elliptic equations.

Let po € SN S7,,, . By construction we have that

Tp,S =Tp,S™,

where S™ is the reflection of S about m,. From the implicit function theorem, S
and S™ are locally the Euclidean graph of C2-regular functions v and 4, respec-
tively, defined in a (Euclidean) ball B, of radius r centered at the origin O in
T, S. The functions u and @ satisfy the elliptic equation Lu(z) = Hg(z, u(x))
for x € B,; here the operator L is the mean curvature operator or, more gen-
erally, a fully nonlinear operator. The ellipticity of L is standard in the case
of the mean curvature operator and it follows from [145] for the other cases
considered.

Since Hg is constant, the difference u — 4 satisfies an elliptic equation of the
form L(u — a) = 0 with u(O) — 4(O) = 0.

If po is interior to ST, then we can choose r sufficiently small such that
u—u > 0in B, and by the strong maximum principle we obtain that v — 4 = 0
in B,.

If po is on the boundary of Sy, , then by construction v — @ > 0 in a half
ball B;f, u(O) — 4(0) = 0 and Vu(O) = Vu(O) = 0. By applying Hopf’s
boundary point lemma at the point O we obtain that u — 4 = 0 in B;.

Hence, we have proved that SNS7 . “is open, and the conclusion follows. [J

1.2 Local quantitative estimates in space forms

In this section we prove some preliminary estimates which we will use in the
proof of Theorem 1.1. We have the following preliminary lemma about the local
equivalences of distances (we will denote the Euclidean norm with |- |).

19



1.2. LOCAL QUANTITATIVE ESTIMATES IN SPACE FORMS

Lemma 1.2. e Let d be the distance induced by the hyperbolic metric (1.6) in
H" and let q be such that d(q,e,) < R; then

clg—en| < d(g,en) < Clg—enl, (1.10)

for some positive constants ¢ and C depending only on R.

e Let d be the distance induced by the round metric (1.7) in R™ and let p,q
in R™ be such that |p|, |q| < R. Then

2
——lp—gq| <d < —q|. 1.11
1+R2|p ql < d(p,q) < 7lp—q| (1.11)
Proof. e We recall that the hyperbolic distance induced by the hyperbolic metric
(1.6) is given, in terms of the Euclidean distance, by the following expression

2
d(p, q) = arccosh (1 + |pq|) )
2pngn

In particular
d(en,te,) = |log(t)|, for any t € (0,00).

This expression and the fact that d(q, e,) < R imply that

e <q, <ef. (1.12)
For simplicity, we set
_ g — en]?
t=14 220
2Gn
hence, from (1.12),
e B 2 efl 2
I+ —-la—e <t <1+ lg—enl”, (1.13)

and, since |¢ — e,| < R(eft — 1), then
t< A, (1.14)

where A is a constant which depends only on R. Now we set ¢(t) = arccosh(t),
for t € [1,400). Since, from (1.14), 1 <t < A we have

1 1 ) 1
VA+1VE—1 <o)< 7=

where we used the fact that ¢'(t) = (t> — 1)~/2, hence

1
2vA+1

The conclusion (1.10) follows combining (1.15) with

VEt—1<¢(t) < -vt—1 forevery t €[l, A]. (1.15)

N | =

e
V2
which follows from (1.13).

R
2

R
ez
lg —en| < Vt*1§ﬁ|Q*€n|
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e We recall that the spherical distance induced by the round metric (1.7) is
given, in terms of the Euclidean distance, by the following expression

. lp—4q|
d(p, q) = 2arcsin ’
(p:q) <\/(1+ )1+ |q|2)>

Since |pl,|q| < R and from the previous expression we get

2 arcsin <1p+—1;12|> < d(p,q) < 2arcsin(|p — ¢l)
i.e. | | d(p,q)
pP—q . b,q
e S s (2 > <lp—dl (1.16)

The conclusion (1.11) follows combining (1.16) with the following trivial prop-
erty of the sine function:

2t
— <sin(t) <t, for0<t<
™

recall that, being on the sphere d(p, q) < 7. O

Let us consider now, as in Alexandrov theorem, a C?-regular, connected,
closed hypersurface S = 0€) embedded in M}, where 2 is a relatively compact
domain and denote by N the inward normal vector filed (inward with respect
to Q). For p € S we denote by ¢,: M’} — R" the following function whose
definition depends on the geometry of M™:

o if M" is R", ¢, € SO(n) x R™ and it is such that ¢,(p) = 0 and
Pps|p (TpS) = {z, =0};

e if M" is H", ¢, is an orientation preserving isometry of H" such that
ep(p) = e and @y (T,S) = {z,, = 0};

o if M" is S™, ¢, is the stereographic projection form the antipodal point
to p restricted to S’ composed with a rotation of R™ in order to have

Ppulp (TpS) = {zy, = 0}

Note that in all the three cases we have that ¢,(S) is a hypersurface embedded
in R™ and
Opulp (TpS) = {xy, = 0} .

For » > 0, we denote by U,(p) the open neighbourhood of p in S such that
op (Uy(p)) is the (Euclidean) graph of a C?-function u: B, — R defined in the
ball of radius r of R"~! centred at the origin. Even if we don’t have a canonical
choice of ¢, the subsets U, (p) do not depend on the choice of ¢,. Moreover,
the implicit function theorem implies that any p € S has a neighbourhood U,.(p)
for r sufficiently small. In order to establish the quantitative estimates we need
in the proof of the main Theorem, we have to show that r can be uniformly
bounded from below with a bound depending only on p. The following lemma
also introduces the quantity p; which will be largely used in what follows.
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Lemma 1.3. Let S be a C?-regular closed hypersurface embedded in M" and
satisfying a touching ball condition of radius p and let py be defined in the
following way:

® p1=0p; Zan:]R”’
e p1 = (1 —e Psinhp)e?sinhp, if M" = H";
® p1 = g’ ifM” =S".

Then

(i) any point p € S admits a neighbourhood U,, (p) and ¢,(U,,(p)) is the
graph of a C*-function u: B, — R satisfying

lu(x) = u(O)] < p1 —1/pf — |27, (1.17)

(1.18)

and
Vu(r)] € ——=——=
NG
where B, denotes the Euclidean ball of radius pi centred at the origin O
of Rn—1.

(ii) There exists a universal constant C such that for any 0 < a < % min(1, pfl)
and q in Uap, (p) we have

ds(p,q) < aCpr, (1.19)

where dg is the geodesic distance on S.

Proof. We analyse each case separately and for every case we show that (i) holds
true.

e p; = p, if M"™ = R". By the implicit function theorem, we have that there
exist r > 0, u: B, — R and U, (p) as in (i), i.e.

p(Ur(p)) ={p+x+u(x)y, : € B}

where v, denotes the (Euclidean) inward unitary normal vector at p to S.
Moreover we may assume r < p. The bound (1.17) in B, follows easily
from the definition of the interior and exterior touching balls at p. We now
prove the estimate (1.18) in B,., which allows us to enlarge the domain of
u to B,. Let g € v,(Ur(p)), then ¢ = p + x + u(x)v,, with |z| < r. Since
B,(p + pvp) N By(q — pvy) = 0, then

Ip+pvp —q+prgl > 2p.
Analogously, since B,(p — pv;,) N B,(q + prg) = 0, then
lg + prq —p+ prp| = 2p.
By adding the squares of the last two inequalities we get
p—al* + 20wy - vy > 297,
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and from (1.17) we get

1

Vp Vg > —/p?>—|z]? and |y, — | < \/5m (1.20)

p p

Moreover, since ¢ = p +  + u(x)v, then
vp — Vu(z)
Vg = ——o—o,
V14 [Vu(z)|

and from (1.20) we get (1.18) in B,.. Since |Vu]| is bounded in B,, we can

extend u to a larger ball where (1.18) is still satisfied. It is clear that we
can choose = p and (1.17) and (1.18) hold.

e p; = (1 —e Psinhp)e P sinh p, if M = H™. It is enough to observe that
©p(S) satisfies an Euclidean touching ball condition of radius p; (this
motivates the choice of p;1). This can be easily deduced by using Lemma
1.2. Hence the statement follows from the Euclidean case.

e p = B, if M™ = S™. Also in this case it is enough to observe that
Y

©p(S) satisfies an Euclidean touching ball condition of radius p; (by using
Lemma 1.2). Hence, as before, the statement follows from the Euclidean
case.

Now we show that (ii) holds true. Let ¢ € U,, (p). Then ¢,(q) = (z,v(z))
for some |z| < p1. Let v :[0,1] = ¢,(S) be the curve joining ¢,(p) to ¢,(q)
defined as v(t) = (tx,v(tx)). Then

y(t) = (z, Vo(tz) - z)
and the Cauchy-Schwarz inequality implies
(O] < [z[v1 4 [Vo(tz)]? .
Then (1.17) yields

: p1lz] 2] 2
()] < < < —=lzl,
@)l Vol —2z2 T V1—a? \/§| |

for 0 < |z| < ap;. Since
ds(p,q) <1(v)
and

1
I(y) = / |9] dt, in the Euclidean case,
0

1 .
I(y) = / bl dt, in the hyperbolic case,
o v(tz)

1
2

l :/ ———1|%|dt, in the spherical case,

") ; 1+|7|2h|

we obtain that
ds(p,q) < Clz|

for a universal constant C' and (1.19) follows.
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From Lemma 1.3 it follows the following

Corollary 1.2. Let S be a compact C?-reqular embedded hypersurfaces in My
satisfying a touching ball condition of radius p. Let ¢ € Uyp, (p), with 0 < a <

Lmin(1, p;"). Then

ds(p,q) < Cd(p,q),

where C' depends only on p. In particular for every p € S the geodesic ball B,.(p)
centred at p and with radius r < L min(1,p7") satisfies

Area(B,(p)) > cr™ 1, (1.21)

and c is a constant depending only on n.

1.2.1 Quantitative stability of the parallel transport

In this section we study quantitative estimates involving the parallel trans-
port which will be useful in the proof of the main result. We recall that the
parallel transport along a smooth curve « : [to,¢1] — M™ is the linear map
T: T.y(to)Mn — T'y(tl)Mn given by

7(v) = X(t1)
where X : [to, t1] — M™ is the solution to the following linear ODE:

Xk-i-ZZj:ldeijj(a) =0 k=1,...,n
Xy (to) = vg k=1,...,n,

where X (t) = (X1(t),..., X, (1)), &(t) = (a1(t), ..., én(t), v = (vi,...,v,) and
Ffj are the Christoffel symbol in M". In what follows we adopt the following
notation: given p,q € M’} with p # ¢, we denote by

Tgi T,M"™ — T,M"

the parallel transport along the unique geodesic path o connecting p to q. We
further assume that 7 is the identity of 7,M". A direct computation shows
that:

o if M™ is R", then 7} is the identity for every p, ¢;

e if M" = H" and if p and ¢ belongs to the same vertical line, then we have

Pn

moreover, if p and ¢ do not belong to the same vertical line, then in the
following lemma we provide the expression of the parallel transport in this
general case (for simplicity we assume p = e,,).

Lemma 1.4. Let g € H" be such that ¢ € Span{e,_1,e,} and let v € R™.
Assume that g, 1 # 0, then

1

T;"(”) = —(v1,-+ - Vn—2,Pn-1,7n),
qn
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where

Un—1) _ 1 a(@=Gn-1)+an 0= Gn-1—aGn | (VUn-1
Un, 1+a?2 \—(a—gn-1—0aqn) ala—gn-1)+aqn/) \ vn

and

oy la? =1
Qanl

Proof. Let «: [tg,t1] — H"™ be defined in the following way

a(t) = (V14 a?cos(t) + a)en—1 + V1+ a?sin(t)e, ,

such that a(typ) = ¢ and «a(t1) = e,. Then, up to reparametrization, « is
a geodesic path connecting g to e,. The parallel transport equation along
« yields

(qu"(’()))kzpk, k=1,...,n—2,

while
(7 @)n1 = Xnoa(t) and (757 (0)n = Xa(t1),

where the pair (X,,—1, X,,) solves the following system

()= (7 o) (5

and
(i) = ()
Therefore,
() (5
T (e )
and the claim follows. O

o if M" is S, then 7] = (Py o R )|r,sn, where R, acts as the rotation of
the angle o = d(p, ¢) in the plane 7 containing o and as the identity in
the orthogonal complement of m and P, is the orthogonal projection onto

T,S™.
Moreover, we introduce the following notation:

e given p € M"™ and v € T,M", |v|, := g,(v,v)/?;

e if S =00 is a compact C%-regular embedded hypersurface in M7, where

(1is a relatively compact domain in M, N is the inward unitary normal
vector field on S.

The first result of this section is the following
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Proposition 1.2. Let S be a compact C?-regular embedded hypersurface in My
satisfying a touching ball condition of radius p. There exists o = do(p) such
that if p,q € S with

dS(pa Q) < 50a

9p(Np, 74 (Ng)) = /1 = C%ds(p, )%, (1.22)

then

and
N, = 78 (Ng)l, < Cds(p,a), (1.23)

where C' is a constant depending only on p.

Proof. We divide the proof in three parts where we consider the Euclidean,
the hyperbolic and the spherical case. Let dp = min(p1, %), where C' will be
specified later.

o If M} = RR™ then (1.22) (1.23) follow immediately from (1.20).

o If M} = H", after applying the isometry ¢, we may assume that p = e,
and ¢ = te,. As already observed, from the definition of p;, we have
that S (actually ¢,(5)) satisfies an Euclidean touching ball condition of
radius p;. Let dp = min(po, %), where po and C will be specified later.
From Lemma (1.2) we get that there exists 0 < ro < 72(p) such that if
d(en,q) < ry then |e, — q| < p1/2; this implies that, being

d(p, q) < ds(p7 q) < r2,

we have

s

1

1—tl=|p—q| <

~ DN

Hence we can apply the Euclidean estimates
and we get

1.20) (with 7y in place of p)

/ ]2
Vp Vg 2 1_|pp2q.
1

where, we recall that, v denotes the Euclidean inward normal vector field
on S. Since d(p,q) < p, from (1.10) we have that |p — ¢| < Cid(p,q) <
C1ds(p, q) for some constant C; = C(p), and hence

Vp : Vq Z 1-— C2d5’(p7 q)2 ) (124)

where C depends only p (actually C = C4/p;) and provided that ds(p, q) <

& (observe that this implies that d(p,q) < &). Moreover the inward g-

unitary normal vector field IV to S satisfies

1
Ny =vp, Vq:qu:Tg(Nq)a

and (1.24) implies

1
9p(Np, 75 (Ng)) = 7V 1 —C2ds(p,q)?,
which is (1.22). Inequality (1.23) follows by a direct computation.
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o If M} =S It is convenient to regard S as a hypersurface of R" equipped
with the spherical metric (1.7). We may further assume that p is the
origin O of R™ and ¢ belongs to a straight line passing through O. Let
o = min(p1, &), where C will be specified later. If d(p, q) < p1 = £, then
we can apply the Euclidean estimates (1.20) and obtain

p—ql?
1—L‘7Lv

Vp - Vg >
p Vg Z
P1

where, we recall that, v denotes the Euclidean inward normal vector field
on S. Since, from

d(p,q) < 7lp—4ql,

Vp * Vq > V 1- CQdS’(pa q)27 (125)

where C' depends only p. Moreover the inward g-unitary normal vector
field N to S satisfies

we have

1 2

N:— 7]\[:
P Tx e

Vg = 2T5(Nq)7

and (1.25) implies

1
gAN@tﬂNﬁ)2§vl—fﬁdd%qya

which is (1.22). Inequality (1.23) follows by a direct computation and the
claim follows.

O

The last result of this section will be used several times in the proof of the
main result, for the sake of clarity we split the result in two lemmas: in the first
one we state and prove the result in the hyperbolic space while in the second one
we state its “spherical counterpart”; in the Euclidean space the result is trivial.

Lemma 1.5. Let ¥ and & be two compact embedded hypersurfaces in H" sat-
isfying both a touching ball condition of radius p. Assume that e, € ¥ and
T.,Y = {x, = 0} and that there exist two local parametrizations u, 4 : B, — R
of ¥ and fl, respectively, with 0 < r < py1 and such that v — 4 > 0.

Let p1 = (v1,u(21)) and p; = (x1,0(w1)), with x1 € 0B, 4, and denote by v
the geodesic path starting from p1 and tangent to —vy,, at p1. Assume that

d(plvﬁi) + ‘Vpl - Vﬁf < 97 (126)

for some 6 € [0,1/2], where v is the Euclidean unitary normal vector field to X
There exists 7 depending only on p such that if r < 7 we have that yNX # 0
and, if we denote by py the first intersection point between v and X, then

d(pl,ﬁl) + |N;D1 - 7_1;;711 (Nﬁ1)|;ﬂl <9,

where C' is a constant depending only on n and p, and provided that CO < 1/2.
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Proof. We first notice that, by choosing r small enough in terms of p, from
Lemma 1.3 we have that |v,, —e,| < 1/4. Let BT and B~ be the exterior
and interior touching balls of ¥ at py = (0,4(0)), respectively. A standard
geometrical argument shows that it is possible to choose 7 small enough in
terms of p such that v intersects BT and B~ at points which are distant from
the origin less than 7. This implies the existence of the point p; in the assertion
for any r < 7.

Now we estimate the distance between p; and p; as follows. Let ¢ be the
unique point having distance 2¢ from p; and lying on the geodesic path con-
taining p; and p. Let T' be the geodesic right-angle triangle having vertices p;
and ¢ and hypotenuse contained in the geodesic passing through p; and p; (see
Figure 1.2). Since the angle «a at the vertex p; is such that |sin«| < 1/4, then
from the sine rule for hyperbolic triangles we have that

d(p1,p1) < CO. (1.27)
Moreover, the cosine law in hyperbolic space gives that

d(pi,p1) < CO (1.28)
for some constant C, and from Proposition 1.2 we obtain that

|NP1 -7 (Nﬁl)lpl < |NP1 - Tg’{l(Nﬁ ) p T |T§’1‘1 (Nﬁi‘) - 7_511 (Nﬁ1)|P1 . (1.29)

*
p1 1

Since p; and pj are on the same vertical line, we have that

|NP1 - 7,11;1 (Nﬁf)

*
1

<Co. (1.30)

p1 = |V;01 — Vpy
where the last inequality follows from (1.26). Now we show that

751 (Nir) — 75 (Np, ) py < C6. (1.31)
We obtain (1.31) by showing that if ¢, ¢ and 2z in H" are such that ¢ and §
belong to the Euclidean ball centred at z of radius R, then

7 (0) = 5 ()] < C (d(z,0) + d(z,0) + (g, @) + Jo — T{(w)l) ,  (1.32)

for every v, w € R™ with |v|, = |w|; = 1, where the constant C' depends only on
R. In order to prove (1.32) we may assume, up to apply the isometry ., that
z = en, q and ¢ belong to the same vertical line and z, g and ¢ belong to the same
plane generated by e,_1 and e,. Note that, by construction, ¢,_1 = ¢n—1 # 0.
Taking into account that

ol =gn, [wl=Gn, [g@[I=1, [7Fw)]=1,

where we used Lemma 1.4, and that

dn
v——w
n

v =73 (w)lg =
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where we used the fact that ¢ and ¢ belong to the same vertical line, we have
el (G- ae)
|- —w
An dn

|ﬁw—ﬂwnsb—%hﬁw+

1 z z 1 z
+T|Tq(w)—Tq(w)l+ ?_1 |77 (w)]
1 1, .
=— \qnfllJr +d*|7q(w)*Tq(’W)l
k] 1gn — 1]

Gn
1 . 1, . i
= (lan = Ut lo = 7)) + -7 () = 75 w)]
o
L a i N
Gn
Moreover, from Lemma 1.4 we have that
1
— |75 (w) — 75 (w)| < Cd(q,4),
Gn

where C'is a constant depending only on R, and from Lemma 1.2 we get (1.32).
Now we are ready to prove (1.31), indeed from (1.32) we get

|7_p1 (Npl) - 7_113711 (N;ﬁ1)|;01
SO( (pl,p1)+d(p1,p1)+d(p1,p1)+|Np1 ( p1)|p1) ,

and from (1.26), (1.27), (1.28) and (1.30) we obtain (1.31). By using (1.31) and
(1.30) in (1.29) we get

|N;D1 -7t (Nﬁ1)|171 < 097

P1
and therefore, from (1.27) we conclude. O

P

p1
by

p1
P
q
€n
Too

Figure 1.2: Proof of Lemma 1.5.

Lemma 1.6. Let ¥ and ¥ be two compact embedded hypersurfaces in R™ with
the round metric (1.7) satisfying a touching ball condition of radius p. Assume
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O € ¥ and TpY = {x, = 0}, where O is the origin of R™, and that there
exist two local parametrizations u,4 : B, — R of ¥ and 2, respectively, with
0 <r < p; and such that u— 4 > 0. Let p1 = (x1,u(z1)) and py = (x1,4(z1)),
with x1 € 0B, /4, and denote by v the geodesic path starting from p1 and tangent
to —vp, at p1. Assume that

d(p1, P1) + [vp, —vpy| <0 (1.33)
for some 0 € [0,1/2]. where v is the Euclidean unitary normal vector field to
Y. There exists 7 depending only on p such that if r < 7 we have that yNX # U]
and, if we denote by py the first intersection point between v and X, then

d(pbpl) + |N;D1 - 7_11;711 (Nﬁ1)|171 < 097
where C is a constant depending only on n and p, and provided that CH < 1/2.

Proof. We first notice that, by choosing r small enough in terms of p, from
Lemma 1.3 we have that |v,, —e,| < 1/4. We observe that the geodesic v is
almost flat, i.e., viewed as an Euclidean circle its radius R satisfies

R=0 (1) as x| — 0. (1.34)
|21 [?
Indeed, up to apply a rotation, we may assume that both p; and v,, belong to
the plane m; spanned by {ej, e2}. In this way, the geodesic path -y belongs to the
plane 7 and we can work in a “bidimensional way”. We can write p; = (21, 41)
and v,, = (v1,12) and we compute the geodesic v passing through p; and
tangent to v,,. We solve

(14 a)? + (y1 +b)? =1+ a? + b?
(1 +a,y1+0) - (v1,12) =0

and we find

(1 — [p1|*)va + 2y1(p1 - v) =1 = |p1]P)v1 — 221 (p1 - v)

a= h—
2(x1ve — Y111) ’ 2(x1v2 — Y111)

If |z1| — 0, according to Lemma 1.3, we have that y; = O(2?), 11 = O(z;) and
ve =1+ 0(1); so we get that a ~ i, b is bounded and (1.34) follows.

Let B* and B~ be the exterior and interior touching balls of S at po =
(0,4(0)), respectively. A standard geometrical argument shows that it is possible
to choose 7 small enough in terms of p such that ~ intersects BT and B~ at
points which are distant from the origin less than 7. This implies the existence
of the point p; in the assertion for any r < 7.

Now we estimate the distance between p; and p; as follows. Let ¢ be the
unique point having distance 2¢ from p; and lying on the geodesic path con-
taining p; and p;. Let T be the geodesic right-angle triangle having vertices p;
and ¢ and hypotenuse contained in the geodesic passing through p; and p; (see
Figure 1.3 and recall (1.34)). Since the angle « at the vertex p; is such that
|sina| < 1/4, then from the cosine rule for spherical triangles we have that

d(p1,p1) < C6. (1.35)
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Moreover, the triangle inequality gives that
d(pi,p1) < CO (1.36)
for some constant C, and from (1.22) we obtain that
|Np, — 7'511 (Np,)lpy < |Np, — Tﬁf (Np:)|p, + |7}13);1 (Npy) — 7'511 (Np)lp, - (1.37)

Since p; and pf are on the same vertical line (1.33) implies

[Npy = 752 (N3 ) lpy = [vp, — v;| < C6. (1.38)
As next step we show that
752 (Npz) — 750 (Np, )lp, < C6. (1.39)

We obtain (1.39) by showing that if p,q € R™ belong to the Euclidean ball
centred at the origin and having radius s, then

(1+4s)? d(p. OV + d(a.O)2
1 (A, 0)* +d(q,0)) (1.40)

9
+ v = 7P (w)lp + §d(p7 q)-

2l (v) = 73 (w)| <

for every v,w € R", |v|, = |w|; = 1. We have

1

1
o ] _
s (v) T (w) = 1108 |q|2w.

1Y

and using Cauchy-Schwarz inequality and taking into account Lemma 1.2 we
have

lal> = pl*[ = (¢ —p) - (a+ )| < g —pllg+p| < s(1+ %) d(p,q)

since

lw| = L+]g*
2
we have
1 1 lql” = Ip?
2 77'0(10) - To(w)‘ =
L+ g2 " 1+ [q* 9 (L4 [pI*) (1 + lgl?)
<2s(1+ %) d(p,q)-
Now using
2 }Tpo(v)| =1, 2 |qu(w)| =1;
and ) )
_ 1+4]pl _1+1q|
o = LEBE -y = L
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we compute

1 1
2\7’170(11) —qu(w)| <2 Tpo(v) 17 |p|27'po(v)' +2’1+ |p|27'pO(v)—Tf(w)
1 1
<211—- ———||7%@w +2‘7’O’U TO’UJ‘
= g O 2|t -
1 1 1
—|—2’7’Ow —TO’LU‘—FQ‘I— 79w
e T T ) T g | )
1
<|1-— +2 90) = ———79%w
_‘ 1+ [p|? ’1+Ip|”() 1+Iql“’< )’
1
+ 4d(p, q) + ’1 REFpE
<Ppl? + 2| 7O(v) - 7O (w)| + 4d(p, ) + ol
= 1+ [p2 e 1+ g2'®
1 2
S% (d(p,0)* +d(q,0)?)

1
+2‘ TPO(U)

Now we show that
1
2|—— 79
‘1 + [p[*

1+ |pl?

! 0<w>] T ad(p ).

EEENTEK:

)| <o+ ).

TR

Let o be the geodesic path connecting p with q. Then ¢ is contained in a circle
of R™ and denotes by C' its center and by « the angle between p — C and ¢ — C.

Then

1+ [p|?
1+1q|?

— 2 n
w = Ro7jw, for every w € R™,

where R, is the rotation (clockwise or anti-clockwise) about « in the plane
containing C' and is the identity in the complement. Therefore we have

1
2 (@]
e Y

and, consequently, we

which implies (1.40).

deduce,

)=

v)— T,
L+|q?”

IN

‘ 1 1

v — w
L+[p)> 1+]qf |,
‘ 1+ |p[?
v 2

1+ql* |,

_ P ‘
‘U Raqu »

_ 4P | |p _ D ‘
|v quer Ty W Raqu

1
|7Pw — Rarg’w|p <ol < §d(p,q)
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Therefore, by applying (1.40) to |T5I1 (Npz) = 751 (Np,)|p,, we have

2
<O (a5 + (1))

+ | Npz — 751 (Np:)

|7—P"1 (Nﬁf) -7 (Nﬁ1)|171

Py P1

Sk

P
9
+§d(plap1)
<Co,

where the last inequality follows from (1.33),(1.35),(1.36) and (1.22). This last
inequality, (1.37) and (1.38) imply that

|Np1 _T‘gll(Nﬁlﬂpl < 00,

and therefore from (1.35) we conclude. O

Figure 1.3: Proof of Lemma 1.6.

1.3 Curvatures of projected surfaces in confor-
mally Euclidean spaces

In this section we consider a connected open set  in R™ equipped with a
metric g(-,-) = h? (,-) conformal to the Euclidean metric. We further assume
the existence of an Euclidean hyperplane 7 of R™ such that Q N7 is a totally
geodesic hypersurface in €. This setting includes the Euclidean space, the
hyperbolic space and R™ with the round metric (1.7). For instance in the half-
space model of the hyperbolic space we can take as 7 any vertical Euclidean
hyperplane; in the spherical case we can consider Euclidean hyperplanes passing
through the origin.

For our purposes, we consider a hypersurface U of class C? embedded in
Q which intersects 7w transversally. The implicit function theorem implies that
U’ = U N is a C?-submanifold of 7. Furthermore if v, is an Euclidean unit
normal vector field to U and w is a unit normal vector to 7, we have that

;o (D)™ (x(vg Aw) Aw)

v, = , el
q | # (x(vg Aw) A w) 1
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is an Euclidean unitary normal vector field to U’ in 7, where * is the Euclidean
Hodge star operator in R™. In particular U’ is orientable in 7. Let

1 1
N - Nl - /
TR T h(g)

be the normal vectors with respect to the metric g and

wp = w, pe.

1
h(p)
Proposition 1.3. Let x;, j = 1,...,n—1 be the principal curvatures of U with
respect to metric g and to the orientation induced by N. Then the principal

curvatures ki of U’ (viewed as submanifold of ) with respect to the orientation
induced by N' satisfy

1 1
r1(q) < () < Kn-1(q) (1.41)
1 — gq(wq, Ng)? 1 — gq(wq, Ng)?

for every q € U'. Moreover, the principal curvatures &l of U' seen as a hyper-
surface of U satisfy

|gq(wanq)‘

Vi1- 9q(wg, Ng)?

LAY max{|r1(q)]; [n-1(q)[}, (1.42)

for every q € U’.
Proof. Let v € T,U’ satisfy |v|, =1 and
’%q(v) = gq(vaﬂ)) 9

where N denotes an extension of N in Q and V is the Levi-Civita connection
of g. For p € U’, N, is orthogonal to T,U’ and consequently it lies on the plane
spanned by w and N(; and hence

N =aw+bN',

where a is a function on U’ and
b=g(N,N’).

If @, b and N’ are extensions of a, b and N” in (,

N=aw+bN’
defines an extension of N and a direct computation yields

ip(v) = a(p) gp(Vow, v) +b(p) g, (Vo N',v) = b(p) gp(VuN',v) ,

where we used that 7N Q is totally geodesic. Therefore

1

—— ko(v) =g, (V,N", v
gq(Nané) Q() gq( v )
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and consequently

1 1
— o~ k1(q) < Ki(Q) £
ng(quNé)

forevery ge U' and i =1,...,n — 2.
Now we show
gq(Nq,Né) =1/1— g4(wy, Ng)?, (1.43)
which implies (1.41). We have

(=)™ (x(vg Aw) A w)

I
Yarte T |*(>«<(Vf/\w)/\w)| 'Vq (1.44)
*l " (*(Vq/\w)/\w)\(il)n* (Vg ANw) Aw - *1g .
Let {vg,e1,...,e,—1} be a positive-oriented orthonormal basis of R™ such that
e {e1,...,en_1} is a positive-oriented Euclidean-orthonormal basis of T,U;
o {e2,...,en_1} is a basis of T,U’.

In this way w € span{v,, e},

(Vg ANw) = (w-e1)ea A+~ Nep_1, *Ug=e€e N Nep_1,
and
| % (x(vg Aw) Aw)| = | * (Vg Aw) Aw|=w - e; .

So, from (1.44) we get
(=n"

Vq.y‘;:w-el * (Vg Aw) Aw - %1,

(=n"

= (w-er)ea AN~ ANepr Aw-er--+ ANepa

w - er
=(—1)"(w-e1)ea A~ ANep_1Aep e A+ Aep_q
=(w-ep)eg A Nep_1-€1 N ANep_q

=w:-e€1.

Since |w| =1, we have w - e; = /1 — (w - 14)? and so
Vg Vg =11 — (w-1rg)?. (1.45)

Since
Vg - 1/('1 = gq(Nq,N(;) ,and  w- vy = gg(wg, Ny),
(1.43) follows.
Now we prove (1.42). In this case we regard U’ as a submanifold of U.
Let ¢ € U’, v € T,U' such that |v|; = 1 and let a: (—6,0) — S be a unitary
speed curve satisfying «(0) = ¢ and &(0) = v. Let N’ be a unitary normal

vector field of U’ in U near q. We may complete v with an orthonormal basis
{v,va,...vp—2} of T,U’ such that

Ni = s5g(Ng Av AV A+ Avp_),
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1.3. CURVATURES OF PROJECTED SURFACES IN CONFORMALLY
EUCLIDEAN SPACES

where *, is the Hodge star operator at ¢ in 2 with respect to g and to the
standard orientation. Let

Fip(v) = Gq(kg(Ng Av Avg A-ev A Un—2), Diéi—) ,

where Dy is the covariant derivative in (€2, g). Since D;c;—o € 7, we have

Fog (V) = 9q(Ng, wq)gq(¥q(wg AV ANy A=+ Avp_2), Dycrp—) -

Now, #4(wg Av Ava A--- Av,_g) is a normal vector to T,U’ in 7 and so
/%/q(’l)) = QQ(Nleq)gq(vaa’U) 1)

where N is an arbitrary extension of N in a neighbourhood of ¢. From (1.41)
we obtain

N,
‘IVQ;(UNS |gq( q7wq)‘ =
1 — gq(wq, Ng)

max{|k1(q)|, |kn-1(q)|}

as required. O

Remark 1.1. It may be convenient to explain the meaning of (1.45) when n = 3.
In this case *(v A w) is the vector product v x w, so

(Vg X W) X w
A TR and (v x w) % w| = /v Plwl? — (v - w)?.

So
1

Vv Plwl? = (vg - w)?
1
=T ey ) )
_ |lvg % wl?
\/|Vq|2|w|2 - (Vq : w)2
‘Vq|2|w|2 - (Vq . w)2

T aPTwE = (v - w)?
=4/1— (vg-w)?.

Now we focus in a different setting. Let Q be the projection of Q onto
{2, = 0} and let 7 C Q be the graph of a C? function F': A — R, where A C
is a open subset.

(v vy) = (Vg X W) X w1y

Proposition 1.4. Let U’ be a C? regular oriented hypersurface of m and let U"
be the orthogonal projection of U’ onto {x, = 0}. Then the principal curvatures
of U" satisfy

"

Vh@) 1.46)
/ / q
(max{|f€1(Q)>“n1(Q)|}+4 h(q)? ) )

for every i =1,...,n — 2, where {k'} are the principal curvatures of U with
respect to the Euclidean metric, ¢ = (q,q,) € U’ and v, = h(q)N,.
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Proof. If X is a local positive oriented parametrization of U’, then
X=X—(X-eyen
is a local parametrization of U”, and we can orient U” with
Vo X i=vers(x(X1 AXo Ao AXpaAen)), (1.47)

where X, is the k*" derivative of X with respect to the coordinates of its domain
and * is the Hodge star operator in R™ with respect to the the Euclidean metric
and the standard orientation.

Now we prove inequalities (1.46). Fix a point ¢ = (7, ¢,) € U’ and v € T;U’
be nonzero. Let 5: (—d,5) — U” be an arbitrary regular curve contained in U”
such that _

B0)=q, pB(0)=0.

Then

1"(= 1 /)
kg (0) = o Va -B(0)

is the normal curvature of U" at (g, ), viewed as hypersurface of {z,, = 0} with
the Euclidean metric. We can write

1
1(0) = —5 vl &(0)

q(@) = o]z 7

K
where a = (3, &) whose projection onto U’ is 8. From
X = Xk — (X - en)en,
and the definition of v (1.47) we have
_ *(.XI(Q) A AN Xna(q) Aen) - 6(0) _
1B0)[2[X1(q) A~ A Xn—2(q) A€y

We may assume that {X1(q),. .., X,—2(¢)} is an orthonormal basis of T,U’ with
respect to the Euclidean metric. Let

N _(CVF@.1)
CVIHIVE@P

be the Euclidean normal vector to 7w at ¢ and let

a= 1+ VE@P.

Therefore {X1(q), ..., Xn—2(q), ¥, Ny} is an Euclidean orthonormal basis of R"
and we can split R™ in

kg (0)

R" = T,U @ (v,) ® (Ng) , (1.48)
and e, splits accordingly into
en=c¢l +el +el.

Therefore

#(X1(@) A A Xna(g) Aen) - @(0) = x(Xa(g) A -+ A Xna(g) Aey) - 6(0),
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") = — .

alB(0)]? [X1(g) A -+ A Xna(q) Aenl
We may assume that « is parametrized by arc length with respect to the metric
g, i.e.

j6]* = h(a)~?
and so .
1B = h(a) ™ — a2,

which implies
L vg - 6(0)

0 = ) =) @A A K@ hen . )

Since

X1(@) AN+ AN Xn—a(g) Ney
=X N AN Xna(@) ANep + Xa(g) A A Xna(q) Aey

n

and
Xi(g N ANXnalg) Aep = (v - en) Xi(g) A+ A Xn_a(q) A1y,
Xaa) A+ A Xz (@) A€l = 2 Xalg) A+ A X oa(a) ANy

we obtain

1/2
X1 (@) A AXn_a(q) Nen| = ((1/; cen)? 4 ! ) )

On the other hand

’i;(”) = gq(Néa Dtd\tzo)

where D; is the covariant derivative in 7. It is well-known that the Christoffel
symbols of g are given by
Tl = 650, f +0650if = 6]0nf .

where f = logh. We have

Dic=d+ Y  TH(a)did,ep

= + Z (050, f (o) + 650, f(a) — 6101 f (@) dicy; ex
i k=1

=i+ Y (20f(@)didy — a0 f () ex + Y df(@)df e
k=1

i,k=1

38



1.3. CURVATURES OF PROJECTED SURFACES IN CONFORMALLY
EUCLIDEAN SPACES

and

n

Didy—o = &(0) + Y (20i f(a)vive — v}k f(q)) ex + Zakf q)vi ek -

ik=1 k=1

Therefore

ik=1 —

Fig(V) = gq (Né, a(0) + (20; f(q)vivr — v20kf(q)) ex + Z@kf q)vy, ek>

n

=h(q)v, - Z (20 f (q)vive — viOkf(q)) ex - v,

i,k=1
h(q) Zamq)vz e

= ) + Z (20;h(q)vivr — v OKA(q)) ek - v,
i,k=1

+ Z Oeh(q)vivy - ek ,
k=1

and we get
!/ n
v - &(0) :Kq(v) L (20;h(q)vivi, — v; Okh(q)) ek - v,
h(g)  ha) 4=
Ly Ih(q)vi vy - ex,
hq) &=

Fig(v) 1 ¢ 2
(h,(q r Z 28h vzvk—vi(‘?kh( ) €k - V Zakzh UkV ) )

for every v € T,U’ such that g4(v,v) = 1. Therefore

P p— ((v;.en)2+12)1/2 inf A,(v),

ah(q) a vesy 2
L 1 ) , 1 —-1/2
]GRBT )
where
Ag(v) = ,1 X
h(q)=2 = vj,

(H;(U) - Z (20;h(q)vivy — v?@kh(q)) €k - l/é - Zakh@)vl%”; : €k)
i k=1

i k=1
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and S77% = {v € T,U" : |v|, = 1}. Since |[v|2 = 1, then [v]* = h(¢)? and we
can rewrite A, (v) as

1
A =g
<K;(v)_y (2(Vh( ) - v)v — h(q) " 2Vh(q +Z@kh Wk)) :
k=1
Since |k} (q)| < max{|&{ (@), |k} _5(@)|}, i=1,...,n — 2, we obtain
"= 1 ! 2 i e y
|7 (q)] < ah(a) ((z/q cen)’ + a2> vebélgp* |44 (v)]. (1.50)
We have
1
|Aq(v)] Zm X
Ky(v) — vy - (2(Vh(q) “v)v— %q)zv}z(q) + ; 8kh(q)v,%ek> ‘
< 1 X
IO
kg (V)] + 2(Vh(q) - v) v — @V’M) + Y Okh(q)viex >
k=1
1
G
kg ()] +2[(VA(q) - v) vl + -5 ( E IVh(g)| + | dkhlg)vier )
k=1
1
U R
1 1
(1 + i V@ + s [VA(@) + = V0G0
ie.,

1 4
A <— ! —— |Vh .
4401 = 1 (IR0 + o (900 )
Since R" = T,U" @ (N,) @ (v,), we can write

1
€n:€;;+g+(1/q'en)y(/17
where €, is the orthogonal projection of e,, onto T,U’. Therefore

1
L= Jef® = 5+ (v en)?.

Since h(g)v lies in T,U’ and it has unitary Euclidean norm, we have
lenl? = h(g)*(en - v)* = h(q)*v;
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and so 1
1 — h(g)*v? > = + (v - en)?,
ie.
) ? = (o ) i)
Hence

A, (0)] < (1%, ()] + 4h(a) > [Vh(@)]) ( !

a?
which yields
"= h( ) / 2 1 e / -2
W@ < S (e + 5 ) s (0] + 4() FVR()) , (151)
vesy 2
which implies (1.46). O

Now we use (1.46) in space forms.
In the Fuclidean space we have ! = R™ and h(q) = 1 and (1.46) reduces to

|l€;’/((j)| S 1 maX{|K]/1(q)|a |'%/n—1(q)|}

. (1.52)
VI+VE(@Q)P L )2
R Ppp—
In particular, if 7 is an hyperplane and if we set w; = % and we = e,
then we have
_ |w1 ~w2|
ki (@) < 573 max{|K1 ()] [, 1 (q)]}, (1.53)
((wl cw9)? + (wa - V{Z))
foreveryi=1,...,n— 2.

In the Hyperbolic space we have Q = {¢, > 0} and h(q) = q% and (1.46)
reduces to

()] < 1 (max{|r} (q)], w71 (@)[} + 4)

B dn\/ 1 + ‘VF(Q)‘2 ((V(; . en)2 +

: 5 (1.54)
1+WFT>|2>

In particular, if 7 is a half-sphere of radius R with center in 7, then we have

2\ "3
)< g (0 e+ &) sl o @ +0) . 15)

foreveryi=1,...,n — 2.
Now we focus on R™ equipped with the spherical metric. In this case h(q) =

ﬁ and (1.46) gives

2 (max{|%} (9], |rp_1(a)[} + 4lq|)

i (q)] < v
(1+ g1+ [VF(q)] ((vg “en)’ + TRFGE V1F(<7)|2)
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In particular if 7 is the hemisphere of some hyperplane which does not contain
the origin, then we have

h(9)|(q = Ox)n| (max{|ri(q)l, 57, 1 (a)]} +4lal) .

K7 (q)] < 5
i /2
R ((V/ . en)Q + (q_RO;r)%)

, (1.56)

q

for every i = 1,...,n — 2, where O, and R are the center and the radius of T,
respectively.

1.4 Approximate symmetry in one direction

We consider the following set-up: let S = 9 be a C?-regular connected closed
hypersurface embedded in M" , where €2 is a bounded domain. Assume that S
satisfies a uniform touching ball condition of radius p > 0. We fix a direction v
in T,M"™ and we apply the method of the moving planes as described in Section
1.1. Let m = m,,,, be the critical hyperplane and in order to simplify the
notation we set

Sy={peS : pem,, for somet>m,},
S_={peS : pem,, for somet <m,}.

From the method of the moving planes we have that the reflection ST of S with
respect to 7 is contained in €2 and it is tangent to S_ at a point py (internally
or at the boundary). Let ¥ and 3 be the connected components of ST and S_
containing pg, respectively.

The main result in this section is the following

Theorem 1.4. There exists € > 0 such that if
osc(Hg) <,
then for any p € X there exists p € S such that
d(p,p) + |Np — 75 (Np)|p < Cosc(Hs).

Here, the constants € and C' depend only on n, p and the area of S. In particular
e and C do not depend on the direction v.

Moreover, ) is contained in a neighbourhood of radius Cosc(Hg) of XU X™
(X7 is the reflection of ¥ about ), i.e.

d(p,XUX"™) < Cosc(Hg),

for every p € Q.

Before giving the proof of Theorem 1.4, we provide two preliminary results
about the geometry of 3. For ¢ > 0 we set

Ye={peX: ds(p,oX) > t}.

The following lemmas quantitatively show that ¥; is connected for ¢ small
enough.

Here we use the results in Section (1.3) and we consider the unitary normal
vector field w to 7 directed as the geodesic v in M’} satisfying ¥(0) = v.
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Lemma 1.7. Assume
gp(NpaWp) <p (1.57)

for every p on the boundary of X, for some p < 1/2, and let to = p/1 — p2.
Then X, is connected for any 0 < t < tg.

Proof. We can work in R” for every space form considered, and we may assume
that 7 is an Euclidean hyperplane of R™ (in the spherical case we can consider
the projection from a point antipodal to a point inside 7).

Let X' be the subset of m obtained by projecting ¥ onto 7 (for any point
p € X we define the projection of p onto 7 as the point on 7 which realizes the
distance d of p from 7). ¥’ is an open set of 7 with 9%/ = 9. Proposition 1.3
gives

IKi(p)] < L max{lm ) s ()
\/1 — (9p(Np; wp))

for any p € 0¥ and ¢ = 1,...,n — 1, where &} are the principal curvatures of
0% viewed as a hypersurface of 7. Since S satisfies a touching ball condition of
radius p, we have

=

max{|k1(p)l], [kn—1(p)|} <

and, consequently,
1

/J'\/1 - (gp(vawp))2

fori=1,...,n—1. From (1.57) and (1.58) we have that 9%’ satisfies a touching
ball condition of radius

ki (p) <

, (1.58)

2
P> P\/l — (9p(Np,wp))” = to .
Therefore if s < t,
Cs={zem: d(z,0%) < s}

is a collar neighbourhood of 9% in ¥’ of radius s. Since 7 is a critical hyperplane
in the method of moving planes, if p belongs to the maximal cap S; then any
point on the geodesic path connecting p to its projection onto 7 is contained in
the closure of €. It follows that the preimage of Cs via the projection contains

a collar neighbourhood of 0¥ of radius s in ¥. This implies that ¥ can be
retracted in X; for any ¢t < s which completes the proof. O

Lemma 1.8. There exists 6 > 0 depending only on p with the following property.
Assume that there exists a connected component U's of s, for some 0 < § <9,
such that one of the following two assumptions is fulfilled:

i) 0 < gq(Ng,wq) < 5 for any q € OT'5,
i1) for any q € O'5 there exists § € S such that
d(g,q) + |Ng — 74(Ng)lq < 6.

Then

0 < gq(Ng,wq) < (1.59)

=

for any q € 0% and X is connected.
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Proof. Case i). The crucial observation is that we can choose ¢ small enough
such that § < &y, where & is the bound appearing in Proposition 1.2, and the
set ¥\ I's is enclosed by 7 and the set obtained as the union of all the exterior
and interior touching balls to the reflection of S about 7, S™. This implies that
for any p € ¥\ T's there exists ¢ € O's such that ds(p,q) < 6 and we can apply
the estimates in proposition 1.2. Indeed from (1.22) and (1.23) we have that

Ny =75 (Ng)l, €8, and  gy(N, T8 (Ny) = V1 - 0262,
where C' = C(p). Therefore

9p(Np, wp) = gp(Np — Tg(Nq)va) + gp(Tg(Nq)aWp)
< Ca"'gp(Tg(Nq)awp)

and by using
gp(T(f(Nq):wp) = 9q(Ng, Tg(wq))

we obtain
Ip(Np,wp) < C + gq(Ng,wq) + gq(Ng, Tg(‘*’p) — wg)
< CO6+ gq(Ngywq) + |Tg(‘*’p) — Wylq -
Since
|Tg(‘*’p) —wglg =0,
we deduce

Ip(Np,wp) < C + gq(Ng,wy) -

This last bound holds for every p € 0% and by choosing § small enough in terms
of p we obtain (1.59), as required.

Case ii): T'5 satisfies ii). Let ¢ € 0T's. By construction of the method of
moving planes, g4(Ng, wy) > 0. We denote by ¢™ the reflection of ¢ about 7 and
we have

d(q™,q) <d(q",q) +d(q,q) < 30.

Up to consider a smaller ¢ in terms of p, from Corollary 1.2 we find C = C(p)
such that ds(¢™,¢) < Cd and ¢ € U,,(¢). Hence we can apply (1.22) and
obtain

9e(Ng, 7 (Ng=) > /1 - 0262 and [Ny — 7 (Ngr)|g < C6.

Since N4~ and ¢” are the reflection of IV, and ¢ about 7, respectively, we have
that

9q(Ng,wq) = _Q(TgW(Nq”)qu)v
and hence

294(Ng,wq) = gq(Ng — Tg= (Ng ), wyq)

This implies that

0 < 2g4(Ng,wq) < [Ng — Tg(Nd”q + |T§(Nq) — T (Ng=)g -
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Next we observe that

[T(Ng) = 7 (Ngw)lg = |Ng = 787 (Ng= )l g < e(8)|Ng — 7 (Ng=)lq

where ¢(6) — 0 when § — 0. Hence for a suitable choice of § we get

0 < 2g4(Ng,wq) < (1.60)

ool —

and the claim follows from case 7). O

Now we can focus on the proof of the first part of Theorem 1.4, and show
that there exist constants ¢ and C, depending only on n, p and |S|, (the area
of S with respect to g), such that if

osc(Hg) < e,
then for any p in ¥ there exists p in & satisfying
d(p,p) + |Np — 75 (N3)|p < Cosc(Hs). (1.61)

In the proof of Theorem 1.4 we are going to choose a number § > 0 sufficiently
small in terms of p, n and |S|,. A first requirement on J is that the assumptions
of Lemmas 1.7 and 1.8 are satisfied. Other restrictions on the value of § will be
done in the development of the proof. We subdivide the proof of the first part
of the statement in four cases depending on the whether the distances of pg and
p from 0% are greater or less than 4.

Case 1: dx(pg,0%) > ¢ and dx(p,0%) > 4.

In this first case we assume that py and p are interior points of ¥, which are far
from 0% more than §. We first assume that py and p are in the same connected
component of Ys; then, Lemma 1.8 will be used in order to show that X is in
fact connected.

Let 7o > 0 be such that U,,(p;) C ¥ for every p; € 3s5. The value of rg
follows from (ii), Lemma 1.3 by letting

ro = min(7, apy) , (1.62)

where 7 is given by Lemmas 1.5 and 1.6, a € (0,1 min(1, p;")) is such that
aCp; < g, and C' is the constant appearing in (1.19).

Lemma 1.9. Let ey € [0,1/2], po and p be in a connected component of X5 and
ri = (1 — €3)'ro. There exist an integer J < J;5, where

2n-118
J(S = max (47 577.|1|g> , (1.63)
and a sequence of points {p1,...,ps} in Xs/o such that

J

Po,p € Uzjn/él(pi)v
=0
uro(pi)gza i=0,...,J,

Pi+1 ea’ri/él(pi)a ZZO,,J—l

45



1.4. APPROXIMATE SYMMETRY IN ONE DIRECTION

Proof. In view of Corollary 1.2, for every z in 3 and r < pg, the geodesic ball
B,(z) in X satisfies
Area(B,.(z)) > cr™ !

where ¢ is a constant depending only on n. A general result for Riemannian
manifolds with boundary (see Proposition A.1) implies that there exists a piece-
wise geodesic path parametrized by arc length «: [0, L] — X5/, connecting pg
to p and of length L bounded by ¢Js, where Js is given by (1.63).

We define p; = ~(r;/4), for i = 1,...,J — 1 and p; = p. Our choice of
ro guarantees that U,,(p;) C X, for every i = 0,...,.J, and the other required
properties are satisfied by construction. O

Since p and pg are in a connected component of s, there exists a sequence
of points py,...,ps in the connected component of Y5/, containing py, with
J € Nand p; = p, and a chain of subsets {U/,(pi)}{i=o,....s; of ¥ as in Lemma

1.9. We notice that ¥ and 3 are tangent at py and that in particular the two
normal vectors to ¥ and ¥ at po coincide. Now we apply the map ¢, (see
section 1.2). Then ¢,,(X) and ¢,,(3) can be locally parametrized near ¢y, (po)
as graphs of two functions ug, 4o: By, C {x, = 0} — R. Lemma 1.3 implies
that |Vugl, |Vie| < M in B,,, where M is some constant which depends only
on rg, i.e. only on p. Hence the difference uy — g solves a second-order linear

uniformly elliptic equation of the form

‘C(UO - ﬂo)(l‘) = HGraph(uo)(xaUO(x)) - HGraph(ﬁo)(x7a0(m))

with ellipticity constants uniformly bounded by a constant depending only on
n and p. Since ug(0) = 1o(0) and uy > 19, Harnack’s inequality (see Theorems
8.17 and 8.18 in [112]) yields

sup (ug — 4g) < Cosc(Hg),
Br0/2

and from interior regularity estimates (see e.g. [112, Theorem 8.32]) we obtain
[uo — tiollcr(s,,,.) < Cosc(Hs), (1.64)

where C' depends only on p and n. Now we use Lemmas 1.5 and 1.6. Since
p1 € OUy, 4(po), we can write p,,(p1) = (z1,uo(21)), with x1 € 0B, /4. Let
pi € 32 be such that

Ppo (P1) = (21, 0(71)) ,
and let p; be the first intersection point between 3 and the geodesic path ~y
starting from p; and tangent to —NN,, at p;. From (1.64) we have

d(®po (1), Ppo (P1)) + [V (1) — Vepyy (37)| < C 05¢(Hs) (1.65)

which implies that the assumptions in Lemmas 1.5 and 1.6 are fulfilled, and we
obtain
d(p17ﬁ1> + |N;D1 - 7113711 (N;ﬁ1>|p1 < COSC(HS)a (166)

where C' depends only on n and p.
Now we apply ¢,,. By definition of ¢, , we have ¢,, (p1) = te, for some t €

R (¢ depends on the geometry of the ambient space). A standard computation

yields

N,

|V¥’p1(1’1) - V%"pl(ﬁl)| = | p1 7}13)11 (Nﬁ1)|P1
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which in view of (1.66) implies
|VP1 - Vﬁ1| < COSC(HS) )

where C is a constant that depends only on p and n. Since osc(Hs) < ¢ then
|vp, — v, | < Ce and by choosing € such that Ce < 1, we can use the implicit
function theorem and obtain that ¥ and X are locally graphs of two functions

’LL1,7:L1 : Brl — R+7

such that u;(0) = ¢, (p1) and @1(0) = @,, (f1). Since both ¥ and 3 satisfy a
touching ball condition of radius p; then r; < pp; in particular one can show
that

r=(1-C%*p<p.

Now, we can iterate the argument we did before. Indeed, since

0 < inf (u; —@1) < uy(0) —41(0) < Cosc(Hg),

r1/2

by applying Harnack’s inequality we obtain that

sup (u3 — 41) < Cosc(Hg)
Bryy2

and from interior regularity estimates we find
||’LL1 — ’IAL1||01(BT1/4) S OOSC(Hs) 5 (167)

where C' depends only on p and n. Hence, (1.67) is the analogue of (1.64), and
we can iterate the argument. The iteration goes on until we arrive at p; = p
and obtain a point p; € X such that

d(p, ) + [Ny — 75 (Np,)|p < Cosc(Hs).
In view of Lemma 1.8 we have that s is connected and the claim follows.

Case 2: dx(po,0%) > ¢ and ds(p,0%) < 4.

We extend the estimates found in case 1 to a point p which is far less than §
from the boundary of . Let ¢ € ¥ and pi, € 0% be such that

ds(q,0%) =06, ds(p,q) +ds(p,0X) =46, and  ds(p, pmin) = ds(p,0%).
From case 1 we have that there exists ¢ in 3 such that
d(g,q) + |Ng — 77 (Ng)lg < Cosc(Hs).
Lemma 1.8 (case (i7)) yields that
0 < go(Nzyw2) < 4, (1.68)

for any z € 0¥ and X; is connected.
Let g™ € S be the reflection of ¢ about 7 and fix » < p; in order to define
U-(¢™). We denote by U,(q) the reflection of U,.(¢") N S about 7 and U’ =
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U,(¢™) N w. Proposition 1.3 implies that U’ is a hypersurface of m with an
induced orientation and its principal curvatures x; satisfy the following bounds

! k1(2) < Ki(2) < !

Kn—1(2),
]‘_gZ(NZ7wZ)2 B \/1_gz(Nz»Wz)2 1( )

for every 2 € U’ and i = 1,...,n — 1. From (1.68) and since |x;(2)| < p~* for
any z € S (this follows from the touching ball condition), we have

ki (2)] < =, (1.69)

SRR

for any z € U’. Let U” be the Euclidean orthogonal projection of ¢4(U’) onto
{z, = 0}. In order to apply Carleson estimates in |26, Theorem 1.3|, we need
to prove the following

Lemma 1.10. Let {x},...,k"_5} be the Fuclidean principal curvature of U"
viewed as a hypersurface of R"~1. Then

|6/ |e <C, i=1,....,n—2, (1.70)
for some constant C' = C(p).

Proof. Here we use the same notation as in Section 1.3 and we analyse each
case separately.

e M? =R". Up to apply ¢, we may assume that ¢,(¢) = 0 and that the
normal vector to ¢q(S) at ¢4(q) is e,. Hence Proposition 1.4 (actually
formula (1.53)) and (1.69) yield, for every i =1,...,n — 2,

2 |w . €n| 2 |w ' 6n|
- <= 1.71
p (W en)?+ (en-vL)?32 7 p (en-vL)*’ (L7)

|57 (2)] <

for every z = (Z, z,,) € ¢4(U’). Now we estimate e, - v, in the following
way: by writing
en V= (en —1v) V., +v, V.,

exploiting (1.45) and from (1.59) we get

1
I/Z~V;:\/1—(w-l/z)22§. (1.72)
Moreover, from (1.20) we get
1
len, — .| < 1 (1.73)

where we use the fact that z € U” where U"” is the orthogonal projection
of 0, (U') and U" = U, (¢") N with r < p; = p. So, from (1.72) and (1.73)

we obtain 1

5 .
The conclusion now follows from (1.74), (1.68) and (1.71).

en VL > (1.74)
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1.4. APPROXIMATE SYMMETRY IN ONE DIRECTION

e M? =H". Up to apply the isometry ¢, we may assume that ¢,(q) = e,
and the normal vector to ¢,(S) at @q(q) is e,. It is clear that ¢4 () is
either a vertical plane or a half-sphere intersecting ¢,(5). In the first case
we immediately conclude since the curvatures of U” vanish. Thus, we may
assume that ¢4 (7) is a half-sphere. A straightforward computation yields
that the radius of ¢4 () is

R W@+
210]|a® + gy |’

where

__sin(6)
1+ cos(9)’

and a is the Euclidean distance of ¢ from 7. It is easy to see that

0= cos(f) =g - e,

a < gy, sinh(4)

and so
1 < 2|0©|(sinh(4)|0] + 1)
R~ 02+1
which implies
1
= <1+ 2sinh(6). (1.75)

Now we show (1.70). Proposition 1.4 (actually formula (1.55)), (1.69)
(1.75) imply

1 2\ 2401
‘ ;/(—)‘ < E ((V./z . en)2 4 ;2) M
p (1.76)
< 4(1 + p)(1 + 2sinh(6))
- plv - enl? ’
for every z = (2, 2,) € pg(U’') and i = 1,...,n — 2. Now we show a lower

bound on v, - e,. We write

/ /

v,en =Vl (en —vy)+ V. v, =V, (en — 1)+ g.(NL,N,). (L.77)
From (1.43) we get
9:(NZ, Nz) = /1 = g (w2, N2)?
and from (1.59) we obtain

1

Since gq(v4) = e from (1.20) we have that |e,, —v.| < 1/4, by choosing

r small enough in terms of p;. Hence

1
V; “ep = V; (en —vz) Jrgz(N;,Nz) > )

Therefore (1.70) follows from (1.76) and (1.78).

(1.78)

- ‘V; (en —v2)| >

1=
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1.4. APPROXIMATE SYMMETRY IN ONE DIRECTION

e M? =S". If we apply the stereographic projection ¢, then it is clear that
©q(m) is a hemisphere in R™ of center O, and radius R. We notice that
the radius of ¢4() is given by

1 ,a
R_2a+2’

where a is the Euclidean distance between ¢q(7) and the origin of R™.
This follows from the proof of lemma 1.6: indeed, up to apply a rotation,
we may assume that the point on 7 having minimal Euclidean distance
from the origin is (a,0,...,0), with ¢ > 0, and that the normal to 7 in
(a,0,...,0) is e;. From a straightforward calculation we obtain the value
of R. Since d(g, ) < § we have a < § which implies

R>—. 1.79
> 35 (1.79)
Since U’ C U,(q) and ¢4(¢) = O, our choice of r implies that for any
z € ¢q(U") we have

p
< == 1.80
2| < p1 - (1.80)

and
|z — Oz <|z—q|+|¢—Ox <56+ R<2R. (1.81)

Now we show (1.70). Proposition 1.4 (actually formula (1.56)), (1.79),
(1.80) and (1.81) yield

|57 (2)] < 812 - en) ™" (max{|wy (2)], k7,1 (2)[} + 4p1) (1.82)

for every z = (2, 2,) € pq(U’) and for every i =1,...,n — 2.

Now, as in the hyperbolic case, we give a lower bound of v, - e,. We
can write (1.77) and arguing as before we obtain (1.78) (here we can
change configuration by considering the stereographic projection from the
antipodal point to goq_l (z) in order to regard 7 as a vertical hyperplane of
R™). Also in this case (1.70) follows from (1.82), (1.78) and (1.69).

O

We denote by x and E, the projections of ¢q(pmin) and ¢q(U-(¢g)) onto
{z, = 0}, respectively. The Euclidean distance of = from JF, is less than C§
where C depends only on p and, up to chose a smaller § in terms of p, the
projection of p,,, stays close to U” C OF, and we can apply Theorem 1.3 in
[26], Corollary 8.36 in [112] and Harnack’s inequality (see e.g. [112, Corollary
8.36]) to obtain

sup (v —14) < C(u—1u)(z) + osc(Hs) (1.83)
Basc(z)NEr

with z = x 4+ 4C6v)], where v/ is the interior normal to U” at x. Thanks to

(1.70) and by choosing § small enough in terms of p, from (1.83) and Harnack’s
inequality we obtain

0 < flu—dlc(Bes@ne,) < C((u(0) = a(0)) + osc(Hs)) - (1.84)
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1.4. APPROXIMATE SYMMETRY IN ONE DIRECTION

Since dx(q,0%) = ¢, from Case 1 we know that
d(q,q) + [Ng — 75 (Ng)|q < Cosc(Hs),
and from (1.84) we obtain that
0 < |lu—1i|cr(Bosz)ne,) < Cosc(Hs) . (1.85)
From Lemmas 1.5 and 1.6 we deduce
d(p, ) + |Np — 75 (Np)|p < Cosc(Hs),
as required.

Case 3: 0 < ds(po,0%) < 4.

We first prove the following preliminary lemma which implies via Lemma 1.7
that ¥ is connected.

Lemma 1.11. By choosing § small enough in terms of p, the following inequal-
ity holds

0 S gpo (Npo’wpo) S N (186)

] =

Proof. We first prove the statement in the Euclidean case: in this setting (1.86)

reads as follows 1
Ogupo-wgz. (1.87)

Since pg is the tangency point, it is easy to show that the center of the interior
touching sphere of radius p to S at pg lies in the half-space {¢ € R™ : ¢-w < m}
(see e.g. [61, Lemma 2.1]). From this and since

[po - w —m| < ds(po, %) <6
we obtain (1.87). Indeed let pf be the reflection of py about 7 and let
t=Vp, w.

By construction of the moving planes, it is clear that ¢ > 0 and the first in-
equality in (1.87) follows. We denote by v,r the inner normal vector to S at pf.
Since vy, - w = —vpr - w and vp, — vpr = 2tw, we have

Z/;DO'Vpar:l*?tz.

We notice that pf and pg both lie in S and [pf — po| < 24, which implies that
po € Uy(pf), provided that 26 < p. Hence, (1.20) yields

452
I/po l/p"\' 2 ]. — ? y
i.e.
462
1—2t% > [1— —;
P
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and by choosing ¢ small enough in terms of p we obtain the second inequality
in (1.87).

Now we show how to deduce, from the Eulidean case, the claim in the hy-
perbolic and in the spherical case. We first consider the Hyperbolic case. Up
to apply an isometry we can assume that py = e, and 7 = {z; = 0}. Our
assumptions on S imply that its diameter is bounded in terms of p and |S|, (see
Proposition A.2 in Appendix A). Therefore S is contained in an Euclidean ball
about the origin and of radius depending only on p and |S|,. Up to choose &
small enough in terms of p, we have that (1.87) holds, i.e.

1
0 S Vpo * €1 S i .
Since vp, - €1 = Ggpo (Npy>wp,), the claim follows. In the spherical case the
proof is analogue once the setting is modified as follows: we work in (R", g),
where g is the round metric (1.7), assuming that po = O and 7 is an Euclidean
hyperplane. O

Then we prove the existence of a point ¢ € ¥ such that

{d(q, q) + [Ny — 78 (Ng)ly < Cosc(Hs)

ds(q,0%) > § (1.88)

and we apply cases 1 and 2 to conclude.

In the same fashion as in case 2, we can locally write @, (2) and @, (2)
as graphs of function u,%: E, — R near ¢, (po), respectively. Without loss
of generality we can assume r < 1 (indeed r must be chosen small enough in
terms of §). Let U” C OE, be the projection of ¢, (U, (po) N 7) onto {z, = 0}.
Analogously to case 2, the Euclidean principal curvatures of U” are bounded
by a constant K depending only on p. Then let € U” be a point such that

|Z] = min |z|.
er//
Notice that |Z| < c.ds(po, 0X) < c.0, where ¢, is 1 in the Euclidean and in the

spherical case, while it is the constant ¢ appearing in (1.10) in the hyperbolic
case. Let vZ be the interior normal to U” at Z, and set

Y =17+ 2c. VY

(see Figure 1.4) By choosing ¢ sufficiently small in terms of p, we have 2¢.0 <
K1 and the ball By, s(y) is contained in E,. and it is tangent to U at Z, with
vz = —/|Z|. Since u(0) = 4(0) from Harnack’s inequality and from interior
regularity estimates we find that

lu = @l[cr(Bos a()) < Cosc(Hs),

which implies that

d(w, W) + |V — vg«| < Cosc(Hg) ,

where w = (y,u(y)) and @* = (y,4(y)). Up to choose a smaller §, we can
assume that 2c¢,0 < 7, so that Lemmas 1.5 and 1.6 yield

d(q,q) + |Ng — Tg(Né)|q < Cosc(Hs),
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1.4. APPROXIMATE SYMMETRY IN ONE DIRECTION

where ¢ = o, H(w), ¢* = ¢, }(1*) and § the first intersection point between 3
and the geodesic path starting from ¢ and tangent to —N, at q.

Let z be a point on OU,(pg) realizing d(q,0U,(po)). By construction and
from Lemma 1.2 we have

dz(q762) 2 d(Qz'Z) Z C*|90p0(q) - 90110(2” Z 25

Since dx(q,0%) > ¢ then ¢ satisfies (1.88) and the claim follows.

Figure 1.4: Case 3 in the proof of Theorem 1.4.

Case 4: py € 0.

This is the limit configuration of case 3 when dx(pg, 9X) — 0. Indeed, here E,
is a half-ball in R™ and the argument used in case 3 can be easily adapted. This
completes the proof of the first part of Theorem 1.4.

Last step: d(z,XUX"™) < Cosc(Hg) for every x € Q.

Assume by contradiction that
d(z, XU X™) > Cosc(Hg)
for some x in . Since 2 is connected, it is possible to find y € Q, such that
yeQ_ and Cosc(Hs) < d(y,X%) < 2Cosc(Hs),

where

QL ={peQ : pem,, for some t >m,},

Q_={peQ : pem,, for some t <m,}.
Let p be a projection of y over YUX™. If p € Q4 , then y belongs to the exterior
touching ball of S at p, which gives a contradiction. The same contradiction is
obtained when p € 7 since, in that case g,(Np,wp) < 1/4. If p € Q_, we can
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1.5. GLOBAL APPROXIMATE SYMMETRY

find a point p € S such that p and p lies on the geodesic v starting from p and
orthogonal to X7 and such that

d(p,p) + |Np — 75 (Np)| < Cosc(Hs) .

By the smallness of osc(Hg) we obtain that y belongs to the exterior touching
ball of S at p, which is a contradiction.
O

1.5 Global approximate symmetry

From the previous section we have that if a C?-regular closed hypersurface
S = 081 embedded in M’} satisfies the assumptions of Theorem 1.4 then it
is almost symmetric with respect to any direction, with the almost symmetry
quantified by the deficit osc(Hg). In this section we show how this result leads
to the almost radial symmetry of S. Such procedure is not peculiar of the kind
of deficit considered, but it can be applied whenever one has the approximate
symmetry in any direction with respect to some deficit. More precisely we
consider the following

Definition 1.1. Let T be the space of open sets {2 in M’} whose boundary
is a C?-regular connected closed embedded hypersurface, with the topology
induced by the Hausdorff distance. A deficit function is any continuous function
def(Q) : ¥ — [0, +00) such that def(Q) = 0 if and only if © is a ball.

Form now on we fix a deficit function def.

Definition 1.2. We say that a bounded open set () satisfies the approximate
symmetry property (ASP) if there exists a constant I > 0 satisfying the follow-
ing condition: for every direction v there exists a connected component 3 of the
maximal cap in the direction v such that

d(p, LU X™) < K def(Q2),
for every p € Q.
The main theorem in this section is the following
Theorem 1.5. Let S = 9Q be a C?-regular closed hypersurface embedded in
M, with Q satisfying (ASP) and

def(Q) < % (1.89)

There exist O in MM and two balls BS(O) and B%(O) centred at O of radius r
and R, respectively, with r < R, such that

BY(0) € Q C B{(0)

and
R—r <Cdef(Q), (1.90)

where C' depends on n, p,|S|, and K.
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1.5. GLOBAL APPROXIMATE SYMMETRY

The following lemma is needed in order to prove Theorem 1.5; here we show
that if def(2) is small enough, then 7, is close to a point O (we will call it the
approzimate center of symmetry), for every direction v.

Lemma 1.12. Let S = 9Q be a C?-reqular closed hypersurface embedded in
M, with Q satisfying (ASP) and (1.89). Then there exists O in M} such that

d(O,m,) < Cdef(Q), (1.91)
for every direction v in T,M"™, where C' depends on n, p,|S|, and K.

Before proving it, we observe that: given a direction v, let €, be the corre-
sponding maximal cap. If Q satisfies (ASP) then we have

Q
0], > % — Cdef(Q), (1.92)

for some constant C' depending only on n, p, |S|, and K. Moreover we have
[QAQT |, = 2(|]g — 2|y ]g) < 4Cdef(), (1.93)

where QAQ™ denotes the symmetric difference between 2 and Q7 and, we re-
call that Q™ denotes the reflection of €2 about the critical hyperplane 7 in the
direction v.

Proof of Lemma 1.12. We fix an orthonormal basis {ey,...,e,} of the tangent
space at the “origin” o and we consider the corresponding critical hyperplanes
Te,. We define an approximate center of symmetry O as follows:

n
0= ﬂ Te, -
i=1

We notice that in the Euclidean case O is well-defined. In S the existence
of O is always guaranteed. Indeed every ., is given by the intersection of a
plane II., of R"*! with S and the intersection of all the Il.,’s is a straight
line r which, by construction, can not lie in the plane {x,1+1 = 0}; hence O =
r NS # (. Although in the hyperbolic space n orthogonal hyperplanes do not
always intersect, but we show that (1.89) implies the existence of O. Indeed it
is enough to show that

Te, NTe, 0 forevery i, j=1,...,n. (1.94)

For simplicity, we may assume that e, € S. To simplify the notation we set,
accordingly to the notation introduced in Section 1.1,

szﬂ'ek,mek-‘rs for k€ {1,...,n} and s € R,

so that the critical hyperplane in the direction ey is denoted by 79. We prove
(1.94) by contradiction. Assume that 7 N 7§ = () for some i # j. Then 7 and
7r;-) divide Q in three disjoint sets which we denote by Q;, Q5 and Q3 and we
may assume that € is the maximal cap in the direction e; and €7 U €5 is the
maximal cap in the direction e; (see figure 1.5).
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|
|
|
| \
e
| I”Yl

Figure 1.5: a picture of the proof of (1.94) in H?. Here e; = e and e; = ea.

Moreover, in view of (1.92) we have that

Q Q
], > % — Cdef(Q), and  |Q], + [, > % — Cdef(Q).

From this, and since the reflection €2, about 7r? is contained in Q5 U Q3 and the
reflection of Q1 U Q5 about w? is contained in 23 we have that

1Qs], < 2Cdef(Q).
We notice that for every & = 1,...,n, we have that 7rz+t and ﬂz_t are two
connected components of the set of points which are far ¢ from 7. We define

E::min{d(ﬂ'?ﬂQ,w?ﬁQ) c4,j=1,...,n and i # j}.

Since 7 and 7} do not intersect S C B, (g)(en), we have that £ > 0 and
Proposition A.2 implies that ¢ depends only on n, p and |S|,. Therefore

QD& = U QN
s€(0,1)

and hence |€1|, < 2Cdef(Q). By reflecting & about 1) we obtain that most of
the mass of Q; must be at distance more than ¢ from 7?0, i.e.

i

Qe e

0
o> % — Cdef(Q)),

where
Qe 0= U Qnmrs.
s€(l,+00)
Since d(Qe, ¢, ) N Q) > 2¢, we have that most of the mass of 3 is at distance
2¢ from 7). This implies that the set
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is such that |&2|, < 4Cdef(Q2). By iterating the argument above we find m € N
such that mf¢ > diam (S) and
_ 19
0= |Qei,m€|g > 9 (m + I)C'def(Q) .

This leads to a contradiction provided that Cdef(Q) is small in terms of n, p
and |S|,. Therefore (1.94) holds true and the point O is well-defined also in the
hyperbolic case.

Now we prove (1.91). Let R be the reflection about O. Note that

R(p) =Te, 00, (p),

where we identify ., with the reflection about the corresponding hyperplane.
Next we work as in [56, Lemma 4.1]. Here we only sketch the argument referring
to [56] for details.

Without lost of generalities, we may assume O € 7, 1, —,, for some p > 0
and for £ € N we define

pe=[{p € QN my + (k=1 <s<my+ku}],

here we use the notation introduced in Section 1.1. By construction uy is de-
creasing and, in particular,

e < po = ‘{Qﬂﬂ'v,s My —p <8< mv}‘g.
Moreover, pg is bounded by Cdef(Q). Indeed, formula (1.92) yields
IQAR(Q)], < Cdef(2),

and then we obtain
Q
QAR > [, - RAR@), > 22 - Cack(@).

Since

R(Qv) - U 7Tv,'rnv—sa
5<0

we obtain that
po == {QN Tyt my —p<s< mv}|g < Cdef(Q).

Therefore
e < Cdef(92) (1.95)

for every k in N. Again from (1.92) we get

Q
192 Cdef(2) < |Qyly

ko
< Z P
k=0

< koo
diam ()

My

IN

Cdef(Q),
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£ diam ()

where k¢ is the integer part o . From Proposition A.1 we have

m, < Cdef(Q),
where C' depends only on n, p, |S|, and K, as required. O

Proof of Theorem 1.5. Let O be as in Lemma 1.12 and define
r=sup{s >0: BYO)cQ} and R=inf{s>0: BY0O)>Q},
so that
BY(0) € C BLO).

Let p,q € S be such that d(p,O) = r and d(¢, O) = R. We can assume that
p # q (otherwise r = R and S is a round sphere). Let v € T,M"™ be the direction

1

V= d(p’q)n?(exp; (9))

and m, the critical hyperplane in the v-direction. We denote by ~ the geodesic
path passing through p and ¢ and let s, and s, in R be such that

V(sp) = p and y(sq) = q.
Let z € m, be such that d(z, O) = d(O,m,). We have
peﬂv,spy q€7TU75q, Sq:5p+t;

see Section 1.1 for the definition of 7, ,, and 7, s . We first show that d(q,z) <
d(p,z). Assume by contradiction that d(g,z) > d(p, z). Since ¢ and p belong to
a geodesic orthogonal to the hyperplanes 7, s and s, < s4, then s, > m,. Since
Ty = Ty,m, corresponds to the critical position of the method of the moving
planes in the direction v, we have that vy(s) € Q for any s € (m,,s,). Since
sp < sq we have that |s, —m,| > |sq — m,| and since v is orthogonal to m, we
obtain d(q, z) < d(p, z), which gives a contradiction. Since d(q, z) < d(p,z) we
have
r>R—d(0,z) =R—d(0,m,)

and Lemma 1.12 implies (1.90). O

1.6 Proof of Theorem 1.1 and Corollary 1.1

We have all the ingredients to prove Theorem 1.1 and Corollary 1.1.

Proof of Theorem 1.1. Let S = 0Q be a C?-regular, connected, closed hyper-
surface embedded in M} satisfying a uniform touching ball condition of radius
p, where € is a relatively compact domain. Theorem 1.4 implies that there exit
€ and C positive such that if

osc(Hg) < e,

then
d(p, X UX™) < Cosc(Hs),

for every p € Q. O
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Proof of Corollary 1.1. The proof consists in one more application of the method
of the moving planes and it is in the spirit of [56, Theorems 1.2 and 1.5]. Let
B2(0) and B%(0) be as in Theorem 1.5 and let 0 < t < 7 — Cdef(Q2). We aim
at proving that for any p € 5, there exist two cones with vertex at p and of
fixed aperture, one contained in {2 and one contained in the complementary of
Q. The first cone C~(p), is obtained by considering all the geodesic path con-
necting p to the boundary of B#(0O) tangentially. The second cone C*(p) is the
reflection of C~(p) with respect to p. We show that C~(p) is contained in 2 and
an analogous argument shows that C*(p) is contained in the complementary of
Q. We assume, by contradiction, that p ¢ BZ(O) (otherwise the claim is trivial)
and that there exists a point ¢ € C~(p) N dBZ(O) such that the geodesic path
~ connecting ¢ to p is not contained in 2. We apply the method of the moving
planes in the direction v defined by

mﬂ(expgl(p)) .

Since v is not contained in €, the method of the moving planes stops before
reaching ¢ and one can prove that

d(O,m,) >r—t.
Since 0 < t < r — C'def(Q2), from Lemma 1.12, we obtain
Cdef(Q) <r—t <d(O,m,) < Cdef(Q),

which gives a contradiction. The argument above shows also that for any p € S
the geodesic path connecting p to O is contained in 2. This implies that there
exists a C?-regular map ¥ : 9B4(0) — R such that

F(p) = expz(\ll(p)Np) )

defines a C2-diffeomorphism from B¢(O) to S. By choosing t = r — 1/Cdef(Q)
we have that for any p € S there exists a uniform cone of opening m— /Cdef(2)
with vertex at p and axis on the geodesic connecting p to ©. This implies that ¥

is locally Lipschitz and the bound (1.5) on || ¥||c1 follows (see also [56, Theorem
1.2]). O

Remark 1.2. We observe that if Hg = H is the mean curvature of 02, then
(1.5) can be improved and we can obtain the optimal linear bound

|¥]|c1.e < Cosc(H)

by using elliptic regularity. Indeed, let ¢: U — 0B%(O) be a local parametriza-
tion of BZ(0), where U is an open set of R"~1. From the proof of Corollary
1.1, F' o ¢ gives a local parametrization of S. A standard computation yields
that

L(V o) = H(F o)~ Hs,

where Hg,_ is the mean curvature of 0B, and L is an elliptic operator which,
thanks to the bounds on ¥ above, can be seen as a second order linear operator
acting on Wo ¢. Then [112, Theorem 8.32] implies the bound on the C1:®*-norm
of U, as required.
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Chapter 2

Symmetry results for
Serrin-type overdetermined
problems

In this chapter we consider symmetry results for Serrin-type overdetermined
problems, in particular in Section 2.1 we prove a Serrin-type result for domains
inside the so-called model manifolds by using a generalization of Weinberger’s
proof; in Section 2.2 we prove a Serrin-type result for domains inside convex
cones od the Euclidean space and in space forms.

2.1 A symmetry result in model manifolds

As already mentioned, in [204], J. Serrin proved the following celebrated result:
if there exists a positive solution u € C?({2) to the following semilinear problem

{Au:f(u) in Q, 2.1)
u=20 on 0},

where 2 C R” is a bounded domain with boundary of class C? and f is a
function of class C*, such that

J,u=c on 01, (2.2)

for some constant ¢, where v denotes the outward unit normal to 0Q2. Then
must be a ball and u radially symmetric. We have also already mentioned that,
in [215], H. Weinberger provided a simpler proof in the case Au = —1 based on
what are nowadays called P-function and using integral identities.

In literature there are generalizations of Serrin’s result for domains in the
so-called space forms, i.e. complete, simply connected Riemannian manifolds
with constant sectional curvature. Thanks to the Killing-Hopf theorem (see
[137, 143]) it is well-known that space forms are isometric to the Euclidean
space R™, to the hyperbolic space H" or to the sphere S™. In particular in [150]
and [171] the moving planes method is used to prove the analogue of Serrin’s
result for the problem (2.1)-(2.2) for domains in H" and in S? (we mention that
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in S™ the theorem is not true, see e.g. [91]). In [196] we extend Weinberger’s
approach to a particular class of Riemannian manifolds: the already cited model
manifolds, i.e. rotationally symmetric Riemannian manifolds. We recall the
precise definition of model manifolds:

Definition 2.1. A n-dimensional Riemannian manifold (M7, gur) is called a
model manifold if

M = [0, R) x Sn—1

~

and gy = dr @ dr + 02(r)g§n_1 ,

where R € (0, +00], ~ is the relation that identifies all the points of {0} x S*~1
and o : [0, R) — [0, +00) is a smooth function such that:

o(r)>0, forallr >0, o®®0)=0, forall k=0,1,2,..., o'(0)=1.

The point 0 € M corresponding to r = 0 is called the pole of the model and o
is called the warping function.

The importance and the convenience of the model manifolds lies in the fact
that their geometry and some natural differential operators (such as the Lapla-
cian, see formula (2.8) below) have a particularly simple and explicit description.
In particular we will use the following explicit expression of the Ricci curvature
(see e.g. [184]): given x € M” and X € Vr(x)* in T,M” a unit vector we have

' 1 (O_/)Q o
(X, X)=(n—2)— 0L 7
Ricyn (X, X) = (n —2) g ot
and .
: o
Ricyn (Vr, Vr) = —(n — 1)7.

With these preliminaries, the main Theorem of the first section is the following
(see also Theorem I.C in the introduction to Part I)

Theorem 2.1. Let Q@ C MY be a smooth domain with o € 2. Assume that
) € Bj(0) where the ray R > 0 is such that the following conditions on o are
satisfied on the interval [0, R):

(a) Ricyn >0, i.e. 0" <0 and (n—2) (1— (0)?) —00” > 0;
(b) o' > 0.
If Q supports a solution v € C%(Q) N CH(Q) of

Au=-1 inQ
2.3
{u =0 on 09, (2:3)
such that, for some constant c,
du=c ondf, (2.4)

and u satisfies the following “compatibility” condition

1" n—1\/
Q

0—7l
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then we have that Q2 is a Fuclidean ball of radius p centred in the pole o of the
model and u has the specific form:

u(r) = (5 —1?) (2.6)

where r(x) = dist(z,0).

We briefly analyse the hypothesis of the Theorem: the condition ¢’/ > 0
appears in other articles on the subject (see e.g. [66]). The “compatibility”
condition (2.5) describes a property of the solution in relation to the geometry
of the model. It is automatically satisfied by any solution of (2.3)-(2.4) in the
case of the Euclidean space and it can not be reduced to a simple condition on
the model, like

(U//O_nfl)/ Z 0.

Indeed, in this case, the three conditions are compatible only with the flat case:
consider f(r) := o’ (r)o™"!(r). Then f(0) = 0 and if f'(r) > 0, i.e. f(r) is
non-decreasing, so f(r) > 0 for » > 0. But ¢”(r) < 0 according to (a), so we
have that ¢”(r) = 0. In this case the result is well known and is presented
in Weinberger’s article. Moreover, an analogue condition can be found in [4]
where they consider a symmetry result for a overdetermined problem and they
assume a “compatibility” condition as an integral on the boundary of the domain
involving the solution and its gradient.

We mention that also in [189] and [68] a P-function approach is used to
prove a symmetry result in space forms for the following equation

Au+nKu= -1 (2.7)

where K = 0 in R", K = 1in S} and K = —1 in H". The big difference
between the conclusion of Theorem 2.1 and the results in [189] and [68] is that
in Theorem 2.1 the domain is a Euclidean ball, while in [189] and [68] the domain
is a geodesic ball.

2.1.1 Explicit computations towards the proof of Theorem
2.1

The Laplace-Beltrami operator A of M” acts on C?-functions u : M? — R as
follows:

n—1
O™ Opu) %Au, (2.8)

on—1 o

/
1 -
Au=0%*u+ (n— l)a—&u—i— —Au =
o o

where A denotes the Laplacian on the standard sphere (S" !, ggn—1). Using this
expression we obtain:

Lemma 2.1. The following general formula holds:

Ao 0ru) = 0 0, Au+ 20" Au+ (2 — n)o” d,u. (2.9)
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Proof. We compute

B 3 oo — (o')? o' 5 o - 1 <
00, (Au) =0 {(‘Lu +(n— 1)Taru +(n— 1);8Tu — 2;Au + ;&(Au)

N2 N2
=003u + (n —2)"dru+ 0" 0pu —2(n — 1) (@) Oru+ (n —1) @) oru
g o

/
+ (n 4+ 1)0’0?u — 20" 0?u — Q%Au + l8T(Au) + %A(O’@TU)
o o o

- iA((r@ru)

o2
=A(c0,u) + (n —2)0"0pu — 20" Au + l&(Au) — %A(O’@TU),
o o
ie.
A(odpu) = 00, (Au) + (2 — n)o” Opu + 20" Au.
O
Now we focus on the solution u of (2.3)-(2.4) and we show the following

Lemma 2.2. Let Q) and u as in Theorem 2.1. Then:

(n+2)/ﬁua’:ncz/gal+ (n2)/g(0”0n1)/u2. (2.10)

2 U-n—l

Remark 2.1. In particular, if o(r) = r and, hence, M = R™, we obtain

(n+2)/ﬂu:n02\9|, (2.11)

which is (1.9).
Proof. First of all we observe that, in this setting, formula (2.9) becomes
Ao 0yu) = —20" + (2 — n)o” O,u.

So by Green’s Theorem
/ [—20" u+ (2 — n)o" Ouu + o 0,u] :/ [A(0 Opu)u — o Opu Aul
Q )

:/ [0, (0 Opu)u — o Opu Dy u]
7]

Ry S
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where we have used the fact that © = 0 on 99 and that d,u = c on 99).

Now note that
/aaru:/gMg(Vu,V(/ o(s)ds))
Q Q 0

—— [ua([ o5
= —n/ﬁua’.

Using this and the previous computation we have

(n+ 2)/ uo' = an/ o +(2- n)/ " udu. (2.12)
Q Q Q

Finally we observe that

/U"u&u:/gMn(VJ’,V(luQ)) (2.13)
Q o 7 2

where the second and the third equations are obtained using the condition v = 0
on 9N and the expression (2.8), respectively.
O

Remark 2.2. Observe that, by the Strong Maximum Principle, a solution u of
(2.3) is positive in Q. Moreover since d,u = ¢ # 0 on 2 we obtain that |Vu| # 0
on JNQ and the smooth hypersurface 9 = {u = 0} has exterior normal given by

_ Vu
[Vl

V= |3Q.

This implies that
Oyu = —|Vu| on 9.

2.1.2 Proof of Theorem 2.1

Now we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. Let u and € as in the statement of Theorem 2.1; by the
Bochner formula (I.23) and the Cauchy-Schwarz inequality (I1.24) we get

2 2
A <|Vu2 + nu) = 2|V?(u)|? + 2Ricyy (Vu, Vu) + —Au (2.14)
> 2 (Iv2ul2 + 1AU>
n

2 (|V2u|2 - :L(Au)2>

>0 onQ,
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and the equality holds if and only if

Au
V3 (u) = —guy

n o

and
Ricy (Vu, Vu) = 0.

Since, according to Remark 2.2,
2, 2 2
|Vul® + —u=con o0, (2.15)
we conclude from the Strong Maximum Principle that either
2, 2 2
|[Vul* + —u < ¢ on Q2 (2.16)
n

or
2
|Vul?> + Zu=c? on Q. (2.17)
n

By contradiction assume that condition (2.16) is satisfied. According to (b) we
can multiply both the members of (2.16) by ¢’ and integrate in order to obtain

n/ |Vu|20'+2/ uo' <n(:2/ a'. (2.18)
Q Q Q

Now we use the identity (2.10) to deal with the second term i.e.

-9 1" n—1\/
2/uo’:n02/a’+(n2 )/(0 ifl)uQ—n/ua’. (2.19)
Q o) Q 0 0

Note that, by the divergence theorem,

n/ o'div(uVu) = —n/ o’ u Opu. (2.20)
Q Q

n/ o'div(uVu) :n/ o’'|Vul? —n/ o'u.
) Q Q

n/ o' |[Vul? :n/ J’u—n/ o' u Oru. (2.21)
Q Q Q

Substituting (2.19) and (2.21) in (2.18) we obtain

n02/0’>—n/0"u37.u+n/a’u—i—an/o’
Q Q Q Q

—9 1" n—1Y\/
+(n )/(U iil)uQ—n/ua’.
2 Q 0 0

Lastly, we use the identity (2.13) to deduce

1" _n—1\/ —9 1" n—1\/
n/(aa PG )/(aa V2 <o,
Q Q

2 o-n—l 2 O-n—l

Moreover,

So
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ie.
1" n—1\/
—(n- 1)/ Muz > 0; (2.22)
Q@ 0"
and this contradicts the “compatibility” condition (2.5).
Therefore (2.17) holds true and [Vu|? + 2u must be constant in . Since its
Laplacian then vanishes, we conclude from (2.14) that equality must hold in

Cauchy-Schwarz inequality, i.e. we have proved that u is a solution of (recall
that Au=—11in Q)

1
V3 (u) = ——guy in Q. (2.23)
Now, let p := dist(o, 02) and take B,(0) C Q. Since 02 is compact, there exists

p € 092 such that p € 02N IB,(0). In particular, since u = 0 on 0f2, we have
that

u(p) = 0.

If we prove that v is a radial function in B, (o) then
u =0 on 0B,(0).
On the other hand, by the Strong Maximum Principle,
u > 0in Q.

Therefore we can conclude that 0B,(0) N Q = () and, hence, Q = B,(0).

So the key point is to prove that v : B,(0) — R, solution of (2.23), is a radial
function in B,(0). To this end, take z € B,(0). Since M} is geodesically
complete there exist a minimizing and normalized geodesic v C B,(0) from o to
z. Let y(t) := uwo~(t) and note that, along v, equation (2.23) implies

d2

= & gy (Vul(0)) (1)

= gvn (D5 Vu(y(t)), ¥(1) + gun (Vu(y(t)), D47(t))
= gun (D4 ) Vu) (v(2)), 5(¢))
= V2(u) |y (5(1),5(1))

y"(t) uo7)(t)

1
o

1
The solutions of y”(t) = —— are given by
n

L 5
t) = ——1 t
y(t) = —5 " +at+f
where a, f € R. Now taking ¢ = r(z) we get

u(@) = uoy(r(@)) = y(r()) = —5-r(z)* + ar(z) + 8 (2.24)
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which is radial. To determine the two constant in (2.24) we recall that u satisfies
the following

u(p) =0
u(r) >0 for0O<r<p
i.e., using the explicit formula of u we obtain

1
—5—p*+ap+B=0
2n

1 2
(B) +ag+ﬁ>0 forr:g

2n\2
N . 1, . .
substituting the expression g = 5, P —ap in the second equation we get
n
< 3
o< —op.
4np

But, since u must be a C?-function we have that oo = 0; indeed, if we consider
the Euclidean case where r(z) = d(z,0) = |z| the gradient of u becomes
1 T
\Y% = —— — 2.25
ua) = —pa+a (2.25)
which is not a C! function in the origin (i.e. the pole of the Euclidean space)
unless @ = 0. In a generic model the expression (2.25) holds in a system of

normal coordinates in the pole. So the same conclusion holds and 8 = —p?;

2n
with this constants the function u becomes

1 1
u(r) = —%rz + %pQ

which is exactly the expression (2.6); observe that, since w is radial, d,u = u'(r)
and the condition 0,u = constant in 02 = 0B, (0) is automatically satisfied.
Moreover we recall that if f : M} — R is a smooth radial function, then its
Hessian takes the following expression

V3(f) = fdr@dr + f'oo’ ggn-1. (2.26)
Using this expression with the function u we get
1 1
V2 (u) = —Edr ® dr — ETO'O'/ggn—17 (2.27)

and using this latter in (2.23) we obtain

1 1 1
——dr @ dr — —roo’gsn1 = ——(dr @ dr + 0% ggn—1)
n n n
ie.
/ 1 2
——T00 ggn—-1 = ——0 (gsn—1.
n n

It follows that o(r) = r, so in the ball B,(0) not only the solution of (2.23) is
radial but also the metric gy is the Euclidean metric. This implies that the
ball B,(0) is a Euclidean ball and the claim follows.

O
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Remark 2.3 (An alternative end of the proof). From the equality sign in the
Bochner inequality (2.14) we get

Ricym (Vu, Vu) = 0. (2.28)

From the explicit expression of u (formula (2.6)) we see that the only critical
point is in r = 0, i.e. in the pole o of the model. So the condition on the Ricci
curvature becomes

Ricygn (Vr, Vr) = 0 in B,(0) \ {o}. (2.29)

From the explicit expression of Ricy» (Vr, Vr) we get o’ = 0 in (0, p) and we
conclude that o(r) = r, i.e. B,(0) is an Euclidean ball.

Remark 2.4. In [197] by Ros we can find a similar spirit where, using the Reilly’s
formula, he obtained a generalization of Alexandrov theorem for compact hy-
persurfaces with constant higher order mean curvatures; in this article equation
(2.23) is used to prove a Euclidean symmetry result on a generic compact Rie-
mannian manifold of non-negative Ricci curvature with smooth boundary with
mean curvature positive everywhere.

Remark 2.5. In this remark we provide an example that shows that if the “com-
patibility” condition (2.5) is not satisfied then we can not have Euclidean sym-
metry. According to the result of Kumaresan and Prajapat result [150] we know
that if we take a domain © C S™ such that Q2 C S and there exist a solution u
to the Serrin’s problem (2.3)-(2.4) then 2 must be a geodesic ball and v must be
radially symmetric. We know that the hemisphere is isometric to the model M7
with o(r) = sin(r) |[o,x/2); 80 in this example conditions (a) and (b) of Theorem
2.1 are clearly satisfied and the “compatibility” condition (2.5) becomes:

AWUQZL—nCOS(r)UQ(T)7

which is negative due to the monotonicity of the integral and to the fact that
the function r + cos(r)u?(r) is positive in €.

In conclusion the “compatibility” condition is not satisfied and the symmetry
result is not Euclidean since the ball Q) is a geodesic ball, i.e. the metric in this
ball is the metric of the sphere.
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2.2 Symmetry results in convex cones

Before stating the results that we are going to prove, we brefly recall some
notations that we already introduced in the introduction to Part I. Let X be an
open cone in R™ with vertex at the origin O, i.e.

Y={tr: zcw,te(0,+0)}

for some open domain w C S"~!. Given an open cone X such that 9% \ {O}
is smooth, we consider a bounded domain 2 C ¥ and denote by I’y its relative

boundary, i.e.
Ly=00n%,

and we set ~
Iy =00\Ty.

We assume that H,_1(I'1) > 0, H,—1(To) > 0 and that Ty is a smooth (n —
1)-dimensional manifold, while 0Ty = 0T’y C 90 \ {O} is a smooth (n — 2)-
dimensional manifold. Following [180], such a domain  is called a sector-like
domain. In the following, we shall write v = v, to denote the exterior unit
normal to 92 wherever is defined (that is for z € Ty UT; \ {O}).

As already mentioned, under the assumption that ¥ is a convex cone, in
[180] it is proved that if € is a sector-like domain and there exists a classical
solution u € C2(Q)NCHQUTLUT \ {0}) to

Au=-1 in Q,
u=0and d,u=—c onTy, (2.30)
Oyu=0 onT;\ {0},

and such that
u € WhHe(Q)nWw2(Q),

then
Q= BR(I'()) nx

for some g € R™ and u is given by (I.11). Differently from the original paper of
Serrin [204], the method of moving planes is not helpful (at least when applied in
a standard way) and the rigidity result in [180] is proved by using two alternative
approaches. One is based on integral identities and it is inspired by [40], the
other one uses a P-function approach as in [215].

In this Section, we generalize the rigidity result for Serrin’s problem in [180]
in two directions. The former is by considering more general operators than the
Laplacian in the Euclidean space, where the operators may be of degenerate
type. Here, the generalization is not trivial due to the lack of regularity of the
solution (the operator may be degenerate) as well as to other technical details
which are not present in the linear case.

The latter is by considering an analogous problem in space forms, i.e. the
hyperbolic space and the (hemi)sphere. The operator that we consider is linear
and it is interesting since it has been shown that it is a helpful generalization
of the torsion problem to space forms (see [68, 189, 190]).

Overdetermined problems for quasilinear and possible degenerate operators
have attracted a lot of interest in the last decades, see for instance [92, 103,
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106, 107, 192, 193]. As Fosdick and Serrin noticed in [204] and [100], Serrin’s
overdetermined problem for quasilinear elliptic operators is also interesting for
possible applications to the study of steady rectilinear motion of viscous incom-
pressible fluids and incompressible non-Newtonian fluids (see also [106]), and in
the theory of torsion of a solid straight bar. Roughly speaking, a rigidity result
as the one given by Serrin proves that the tangential stress on the pipe wall is
the same at all points of the wall if and only if the pipe has a circular cross
section or that when a solid straight bar is subject to torsion, the magnitude
of the resulting traction which occurs at the surface of the bar is independent
of position if and only if the bar has a circular cross section. There are other
possible applications for Serrin’s type rigidity results, and we refer to [103, In-
troduction] for connections to capillarity theory, torsional creep, Born-Infeld
theory and other applications to quantum-physics.

As explained in [180], the study of Serrin’s overdetermined problem in convex
cones is related to relative isoperimetric inequality and Alexandrov soap bubble
theorem. In this manuscript we extend this study to non-Euclidean manifolds, in
particular to space forms. The study of isoperimetric inequality and Alexandrov
theorem in non-Euclidean manifolds has recently attracted a lot of interest in
the geometric analysis community (see [41, 156, 189] and references therein). We
believe that, by taking inspiration from our results and the ones in [156, 189],
one can study Alexandrov theorem and relative isoperimetric inequalities for
sector-like domains in more general Riemannian settings.

The study of rigidity problems in convex cones appears also in the context of
critical points for Sobolev inequality (which in turns can be related to Yamabe
problem), see [57, 160].

We also mention that the approach used in this paper originated from [40],
which in turns has been later used for proving quantitative estimates for Serrin’s
overdetermined problem in [39]. As for the symmetry result, this approach is
also useful when considering quantitative versions of Alexandrov soap bubble
theorem, in particular to describe the appearance of bubbling [58].

More general operators in the Euclidean space. Let {2 be a sector like
domain in R™ and let f : [0, +00) — [0,400) be such that

f e ([0,00))NC3((0,00)) with f(0) = f'(0) =0, f’(s) > 0for s >0
f(s)

and lim —* = +o00.
s——+oo S

(2.31)
We consider the following mixed boundary value problem

Lyu=-1 1in €,
u=0 on I'y (2.32)
d,u=0 onT;\{O},

where the operator Ly is given by

qu:div( "(|Vu |)‘v |) (2.33)

and the equation Lfu = —1 is understood in the sense of distributions

/f (V) Vu~Vgpdx:/<pdx
[Vl )
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for any
eeT(Q):={peC(Q): p=0 onTo}.

Notice that the operator Ly may be of degenerate type.

We notice that the solution to Lyu = —1 in Bgr(zo) (a ball of radius R
centered at () such that u =0 on OBg(x¢) is radial and it is given by
R s
u(x) :/ g (7) ds, (2.34)
|z —o] n

where g denotes the Fenchel conjugate of f (see for instance [73] or [103]), i.e.

g =sup{st — f(s) : s >0}

(hence for us ¢’ is the inverse function of f’). Our first main result is the
following.

Theorem 2.2. Let f satisfy (2.31). Let X be a convex cone such that ¥\ {O}
is smooth and let Q) be a sector-like domain in X. If there exists a solution
ue CH{QUTEUT \ {O}) N Wh>(Q) to (2.32) such that

Ou=—c on Ty (2.35)

for some constant ¢, and satisfying

f'(IVul)

wh2(Q, R 2.36
T VU EWHQRY, (2.36)

then there exists xo € R™ such that Q = ¥ N Br(xo) with ¢ = ¢'(|1Q|/|Tol),
R =n|Q|/|To|. Moreover u is given by (2.34), where o is the origin or, if 0¥
contains flat regions, it is a point on 0X.

When Ly = A (i.e. f(t) =t%/2), Theorem 2.2 is essentially Theorem 1.1 in
[180]. Condition (2.36) holds locally in 2 for a large class of elliptic operators,
such as the mean curvature operator (f(t) = v/1+ t?), and for the p—Laplace
operator (f(t) = t?/p, p > 1), see [14, Theorem 4.1] and [54, Theorem 2.1].
We stress that the validity of (2.36) up to the boundary is more subtle, since
it depends strongly on how T’y and T’y intersect. Some global results may be
obtained by following the approach in [54], where (2.36) is proved for Dirichlet
or Neumann boundary value problems of p-Laplace type in domains which are
convex or satisfying minimal regularity assumptions on the boundary.

We observe that the overdetermined problem (2.32) with the condition (2.35)
can be seen as a partially overdetermined problem (see for instance [94] and [95]),
since we impose both Dirichlet and Neumann conditions only on a part of the
boundary, namely I'y, while a sole homogeneous Neumann boundary condition
is assigned on T'; (where, however, there is the strong assumption that it is
contained in the boundary of a cone).

We notice that the proof of Theorem 2.2 still works when I'y = @ (hence
0 = Tp). In this case we obtain the celebrated result of Serrin [204] for the
operator Ly (see also [29, 40, 59, 92, 103, 106, 196, 215]). Moreover, the proof is
also suitable to be adapted to the anisotropic counterpart of the overdetermined
problem (2.32) and (2.35) by following our approach and in [29] (see also [55]
and [213]). We also mention that rigidity theorems in cones are related to the

71



2.2. SYMMETRY RESULTS IN CONVEX CONES

study of relative isoperimetric and Sobolev inequalities in cones, and we refer
to [180] for a more detailed discussion (see also [21, 46, 97, 122, 160, 159]).

Serrin’s problem in cones in space forms. A space form is a complete
simply-connected Riemannian manifold (M, ¢g) with constant sectional curvature
K. Up to homotheties we may assume K = 0,1,—1: the case K = 0 corresponds
to the Euclidean space R™, K = —1 is the hyperbolic space H” and K =1 is
the unitary sphere with the round metric S”. More precisely, in the case K =1
we consider the hemisphere S} . These three models can be described as warped
product spaces M = I x S*~! equipped with the rotationally symmetric metric

g = dr? +h(r)? ggn-1,
where gg.—1 is the round metric on the (n — 1)-dimensional sphere S*~! and
- h(r) = r in the Euclidean case (K = 0), with I = [0, 00);
- h(r) = sinh(r) in the hyperbolic case (K = —1), with I = [0, c0);
- h(r) = sin(r) in the spherical case (K = 1), with I = [0,7/2) for S'}..

By using the warping structure of the manifold, we denote by O the pole of
the model and it is natural to define a cone ¥ with vertex at {O} as the set

Y={tr : x€w, tel}

for some open domain w C S™!. Moreover, we say that 3 is a convez cone if
the second fundamental form II is nonnegative defined at every p € 9%.

Serrin’s overdetermined problem for semilinear equations Au + f(u) = 0 in
space forms has been studied in [150] and [171] by using the method of moving
planes. If one considers the corresponding problem for sector-like domains in
space forms, the method of moving planes can not be used and one has to
look for alternative approaches. As already mentioned, in the Euclidean space
these approaches typically use integral identities and P-functions (see [40, 215])
and have the common feature that at a crucial step of the proof they use the
fact that the radial solution attains the equality sign in a Cauchy-Schwartz
inequality, which implies that the Hessian matrix V?u is proportional to the
identity. Since the equivalent crucial step in space forms is to prove that the
Hessian matrix of the solution is proportional to the metric, then the equation
Awu = —1 is no more suitable (one can easily verify that in the radial case the
Hessian matrix of the solution is not proportional to the metric) and a suitable
equation to be considered is

Au+nKu= -1 (2.37)

as done in [68] and [189], [190]. It is clear that for K = 0, i.e. in the Euclidean
case, the equation reduces to Au = —1. For this reason, we believe that, in this
setting, (2.37) is the natural generalization of the Euclidean Au = —1 to space
forms.

A Serrin’s type rigidity result for (2.37) can be proved following Weinberger’s
approach by using a suitable P-function associated to (2.37) (see [68] and [190]).
This approach is helpful for proving the following Serrin’s type rigidity result
for convex cones in space forms, which is the second main result of this section.
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Theorem 2.3. Let (M, g) be the Euclidean space, hyperbolic space or the hemi-
sphere. Let ¥ C M be a convex cone such that ¥\ {O} is smooth and let
Q be a sector-like domain in X. Assume that there exists a solution u €
CHQUTEUT \ {O}) N Wh>(Q) N W22(Q) to

Au+nKu=—-1 1inQ,

u=0 on Ty (2.38)
A,u=0 on IT'1\ {O},
such that
du=—c on Ty (2.39)

for some constant c. Then Q = XN Br(xo) where Br(xo) is a geodesic ball of
radius R centered at x¢ and u is given by
H(R) — H(d(z,x0))

=T

with

Hr) = /0 h(s)ds

and where d(z,xy) denotes the distance between x and xg.

The Section is organized as follows: in Subection 2.2.1 we introduce some
notation, we recall some basic facts about elementary symmetric function of a
matrix and prove some preliminary result needed to prove Theorem 2.2. Theo-
rems 2.2 and 2.3 are proved in Subsections 2.2.2 and 2.2.3, respectively.

2.2.1 Preliminary results for Theorem 2.2

In this section we collect some preliminary results which are needed in the proof
of Theorem 2.2. Let f satisfy (2.31) and consider problem (2.32)

Liu=—-1 1in ,
u=20 on I'y

du=0 onTIi\ {0},

where the operator Ly is given by

Lyu = div (f’(Vu|)|§Z|) .
Definition 2.2. u € C'(QUT U \ {O}) is a solution to Problem (2.32) if

f'(IVul) _
/QWVwacpdwf/ngdx (2.40)

for any
e eT(Q):={pecC Q) : p=0 onTy}. (2.41)
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We observe some facts that will be useful in the following. Since the outward

normal v to Iy is given by
Vu

v= —W\po , (2.42)
then (2.35) implies that
[Vu|=c¢ on T. (2.43)
Moreover we observe that the constant c in the statement is given by
c=¢g <||FQO|> , (2.44)
as it follows by integrating the equation Lyu = —1, by using the divergence

theorem, formula (2.43) and the fact that 9,u = 0 on T'; \ {O}. We also notice
that
z-v=0 on TIy. (2.45)

It will be useful to write the operator L; as the trace of a matrix. Let
V :R™ — R be given by

V() = f(l¢]) for & e R™, (2.46)
and notice that
0V(E) = Ve (O) = £ (1D and
iSJ / iSj 51"
2 V(©) = Vee (©) = D S5% - 16D (55 - 7). @am
Hence, by setting
W= (wij)i,jzl,...,N
where
wij(z) = 0;Ve,(Vu(z)) (2.48)
we have
Ly(u) =Tr (W). (2.49)

Notice that at regular points, where Vu # 0, it holds that
W = ViV (Vu)Vu. (2.50)

Our approach to prove Theorem 2.2 is to write several integral identities and
just one pointwise inequality, involving the matrix W. Writing the operator
Ly as trace of W has the advantage that we can use the generalization of the
so-called Newton’s inequalities, as explained in the following subsection.

Elementary symmetric functions of a matrix

Given a matrix A = (a;;) € R™*™, for any k = 1,...,n we denote by S (A) the
sum of all the principal minors of A of order k. In particular, S;(A) = Tr (A4) is
the trace of A, and S, (A) = det(A) is the determinant of A. We consider the
case k = 2. By setting
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we can write

Sa(4) = 3 3083 (A)ay = 3(Tr (4)2 = Tr (42)). (2.52)

The elementary symmetric functions of a symmetric matrix A satisfy the so
called Newton’s inequalities. In particular, S; and Ss are related by (cfr. (1.13)
in the Introduction to Part I)

n—1
2n

$2(4) < B (51(4))2. (2.53)

When the matrix A = W, with W given by (2.50), we have
Sizj(W) = 7‘/5_7‘519 (Vu)a,%iu +6;5Lyu, (2.54)

and S7;(W) is divergence free in the following (weak) sense
—S55(W) =0. (2.55)

If V and w are sufficiently smooth, (2.55) was proved in [55, Equation (4.14)].
In Lemma 2.7 below we will prove (2.55) under weaker regularity assumptions
on V and wu by approximation (notice that (2.55) is implicitly written in (2.70),
as follows from (2.52)).

We will need a generalization of (2.53) to not necessarily symmetric matrices,
which is given by the following lemma.

Lemma 2.3 ([55], Lemma 3.2). Let B and C be symmetric matrices in R"*"™,
and let B be positive semidefinite. Set A = BC. Then the following inequality
holds:

n—1

Sy(A) < Tr (A)% (2.56)

2n
Moreover, if Tr (A) # 0 and equality holds in (2.56), then

_ Tr(A)

A Id

and B is, in fact, positive definite.

Some properties of solutions to (2.32)

In this subsection we collect some properties of the solutions to (2.32). We
assume that the solution is of class C1(Q)NW>°(Q). From standard regularity
elliptic estimates one has that u is of class C1*(Q) and C?® where Vu # 0.

In the following two lemmas we show that v > 0 in QUT; \ {O} and we
prove a Pohozaev-type identity.

Lemma 2.4. Let [ satisfy (2.31) and let u be a solution of (2.32). Then

u>0 in QUI\{O} (2.57)
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Proof. We write u = u™ —u~ and use ¢ = u~ as test function in (2.40):

A
02—/ M|Vu*|2dw:/ u dr >0,
QN{u<0} |Vl QN{u<0}

which implies that v > 0 in Q. Moreover, if one assumes that u(zg) = 0 at some
point xg € QUI1 \ {0}, then Vu(zg) = 0. Since xg € QU \ {0} and I'1 \ {O}
is smooth, there exists a ball B,. C © such that g € 0B,.. Let v be the solution
of

Liyv=-1 in B,,
v=20 on 0B, .

By comparison principle we have that v < u in B,; from Vu(xg) = 0 and since
Vu(zg) # 0 we get a contradiction. O

The following Pohozaev-type identity is a typical tool to prove symmetry
results. In a similar setting as the one in this paper, a Pohozaev identity was
proved in [106].

Lemma 2.5 (Pohozaev-type identity). Let Q2 be a sector-like domain and as-
sume that f satisfies (2.31). Let u € C1(QUToUT; \ {O}) N WH>(Q) be a
solution to (2.32). Then the following integral identity

/ [(n+ Lyu— nf(|Vu])] dz = / (V)| Vul - f(Vale-vdo  (258)
Q

To

holds.

Proof. We argue by approximation. We first approximate f with functions f.
such that

f € C*(]0,00)) with f.(0) = fL(0) =0, f/(s) >0 for s >0, (2.59)
and
fe—f and f.— f' uniformly on compact sets of [0, +0o0). (2.60)

We notice that such an approximation exists as shown in [106, Section 3].
We recall that V(&) = f(|¢]) (see (2.46)) for & € R™, and we define V¢ :
R"” = R as

V() = feI€D)-

We notice that V¢V® and V¢V can be continuously extended to 0 at £ = 0.

We approximate by domains s obtained by chopping off a d-tubular
neighborhood of dI'y and a d-neighborhood of O. For j € N, we consider
uj € C>(Qs) N C'(Qs) such that

ug —u in C1(Qy),

as j goes to infinity (see for instance [43, Section 2.6]).
Since

div (2 - VujVeVe(Vuh)) = 2 - Vujdiv (VeV(Vu)))
+V(z-Vul) - VeVE(Vul)
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and from
V(z-Vul) - VeVE(Vil) =Vl - VeVE(Vul) + 2V2 (u)) - VeVE(Vad)
—div (u}VeVe (Vi) ) — ujdiv (VeV (V)
+div(aVE(Vud)) — nVE(Vui),
we obtain
div (gajvgva(vug) - fo(vug)) = p;div (VEVE(vug)) —nVE(Vaul), (2.61)

where

p(x) = & - Vuj(x) - uj(x).

Moreover, from the divergence theorem we have

VeVE(Vul) - Vi do = —/ eidiv (VeVE(V)) do
s 4 (2.62)

+/ 0;VeVE(VU)) - vdo.
Qs
We are going to apply the divergence theorem in s; to this end we set
F01§ =IgnN 0Qs , FL(; =I'1NoQs and T's= 00 \ (F075 U 1_‘1,5) .
From (2.62) and by integrating (2.61) in 25 we obtain
VeVE(Vu)) - Vjde =—n | VE(Vul)de
Qg QS
f/ div (gojV§V€(Vug)) dz
Qs
+/ div (xVE(Vué)) dx,
Qs

and from z-v =0 on I'y 5, we find

/ VEVE(VU@ Vojdr =— n/ VE(Vug) dx
Qs Qs
- / @i VeVE(Vu)) - vdo
To,sUly s
+ / VE(Vul)z - vdo
Lo,s
*/ [0 VeVE(Vul) — 2VE(Vu))] - vdo .
I's

By taking the limit as ¢ — 0 and then as j — oo, using that Vu-v =0o0nTI'; 5
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(since ,u = 0 on T'y), we obtain

VeV(Vu) - Vedr = — n/ V(Vu) dzx

Qs

- / ©VV(Vu) - vdo
To,s

Qs

(2.63)
+ /FM V(Vu)x - vdo
- /F [eVeV(Vu) — 2V(Vu)] - vdo
where we let
o(x) =z - Vu(z) —u(z). (2.64)

Now, we take the limit as 6 — 0. Since u € W1>°(Q) and H,,_1(T's) goes to 0
as 6 — 0, we have that the last term in (2.63) vanishes and we obtain

VeV(Vu) - Vedr = —n/ V(Vu)dz
Q Q

- / ©VV(Vu) - vdo +/ V(Vu)x -vdo,
Ty To

i.e. (in terms of f)

e.
/f/ V) Vu-chd:c:—n/ f(|Vul) dz
Q

[Vl
f'(IVul)
FOSD IV ‘

dyudo —|—/ f(Vu))x - vdo.
T'o

Since u satisfies (2.40), we get

/Qcpdx:fn/Qf(\Vu\)dx

!/
AN gudr [ f(Vul-vdo. (265)
ro  |Vul To

From (2.64) and since u = 0 on I'g and d,u = 0 on I'y, we have

/andx:—(n—i-l)/gudx

f([Vu
L VUl

Io [Vl
where we used the expresion of the unit exterior normal on I'g given by (2.42).
From (2.66) and (2.65) we obtain

and
Byuda:/ F (V)| Vulz - vdo, (2.66)
To

—(n—l—l)/ﬂudw—i—n/gfﬂVu\)dx: —/F ' (|Vu))|Vulz - vdo
f(Vu))x - vdo.
To

which is (2.58), and the proof is complete. O
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We conclude this subsection by exploiting the boundary condition d,u = 0
on I';. Before doing this, we need to recall some notation from differential
geometry (see also [88, Appendix A]). We denote by D the standard Levi-
Civita connection. Recall that, given an (n — 1)-dimensional smooth orientable
submanifold M of R™ we define the tangential gradient of a smooth function
f+ M — R with respect to M as

Vi f(z) = Vf(z) = v Vf(z)v

for x € M, where V f denotes the usual gradient of f in R™ and v is the outward
unit normal at z to M. Moreover, we recall that the second fundamental form
of M is the bilinear and symmetric form defined on TM x T M as

II(v,w) = Dv(v)w - v;

a submanifold is called convex if the second fundamental form is non-negative
definite.

Lemma 2.6. Let u be the solution to (2.32). Then
VeV(Vu) - v=0 on Ty, (2.67)

and
V(VeV(Vu)-v)-Vu=0 on Iyt (2.68)

Proof. Since d,u = 0 on I'1, we immediately find (2.67). By taking the tangen-
tial derivative in (2.67) we get

0=VI(VeV(Vu)-v) =V(VeV(Vu) - v) —v-V(VeV(Vu) - v)y on Ty,
By taking the scalar product with Vu we obtain
0=V(VeV(Vu)-v)-Vu—v-V(VeV(Vu) - v)dyu,

and since d,u = 0 on I'y, we find (2.68). O

Integral Identities for S,

In this Subsection we prove some integral inequalities involving So(W) and the
solution to problem (2.32).

Lemma 2.7. Let Q C R™ be a sector-like domain and assume that f satisfies
(2.31). Let u € W1>°(Q) be a solution of (2.32) such that (2.36) holds. Then
the following inequality

Q/QSQ(W)ud:c > f/stj(W)vgi(vu)ajudx (2.69)

holds. Moreover the equality sign holds in (2.69) if and only if (VT u, VTu) =0
onI'y.

'We remark that (2.68) is understood to be zero at points where Vu = 0.
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Proof. We split the proof in two steps.
Step 1: the following identity

/Sg Yodr = — / W)Ve,(Vu)0;¢ dx (2.70)

holds for every ¢ € C3(9).

For t > 0 we set ; = {z € Q : dist (z,0Q) > t}. Let ¢ € C}(2) be a test
function and let g9 > 0 be such that Q., C Q and supp(¢) C Q.. For e < g
sufficiently small, we set

a'(z) = Vg, (Vu(z)) forevery i=1,...,n, v € Q.

From (2.36) we have that a® € Wh2(Q), i = 1,...,n. With this notation, the
elements w;; = 0; Ve, (Vu) of the matrix W are given by

Wiy = @-az .

Let {p-} be a farnily of mollifiers and define a® = a’xp.. Let W¢ = (w5)ij=1,...n
where w . = 0jal, and notice that

al —»a"  inWH(Q.,) and W =W in L*Q.),

as € — 0. Moreover, since

T W) = [ p )T Wia =) dy
and Tr W = —1, we have that
Tr We(z) = -1 (2.71)

for every z € (..
Let i,j =1,...,n be fixed. We have

€, At I _ AP 40
wiwi; = 0;(at0ial) — al0;0;al

jiWij
= (9]‘ (aé@iaj) — aia-é)-aj
= Bj(aéaia]) ald; ws;

for every x € Q., and by summing up over j = 1,...,n, using (2.71) (hence
9; Y- ; ws; = 0), we obtain

Zwﬂ wy; Z@ a@aj

:wimwa Za (S%(W9)al), x€ Q..

By summing over i = 1,...,n, from (2.52) and (2.55) we have

255 (W*) Za SH(We)al), € Q.. (2.72)
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Since
/ 9;(S5(We)a (;de+/ S5 (We)ald;¢ d
:/ S%(We)aéujgbdaz(),
09,

from (2.72) and by letting ¢ to zero, we obtain (2.70).

Step 2. Let § > 0 and consider a cut-off funtion 7° € C§°(Q) such that
7’ =1in Qs and |Vn?| < C in Q\ Q5 for some constant C not depending on ¢.
By taking ¢(z) = u(z)n’ (z ) for z € Q in (2.70) we obtain

/SQ Jun® dz = — / W)V, (Vu)djun’ da

/ W)V, (Vu)ud;(n®) de.  (2.73)

From (1.34) we have that W € L?() and the dominated convergence theorem
yields

2 /Q So(W)un® dz — 2 /Q S (W )u da (2.74)
as 6 — 0. Analogously,
/ W)V, (Vu)djun’ de — / S W)Ve, (Vu)0ju dx (2.75)
as 6 = 0.

Now, we consider the last term in (2.73). We write 2 in the following way:
Q=A5U A4S, (2.76)

where
AS={x € Q: dist(2,T9) <6} and A =0\ A).

Since u = 0 on 'y, we get that
w() < |lullw.= o dist (2, To) < |lulls.=(0) 6

for every x € AY and we obtain
|/ W)Ve, (Vu)uds (o) de| < Cil4f]

where C is a constant depending on ||u|y1.0 () and |[W||r2(q), which implies
that

lim [ S%(W)Ve,(Vu)ud;(n°) dz = 0. (2.77)

§—0 Aé

Now we show that

lim [ S2(0 (2)Ve, (Vu(2))u(2)d; () () dz > 0. (2.78)
A8
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By choosing ¢ small enough, a point = € A$ can be written in the following way:
x =2+ tv(x) where T = T(z) € Ty and t = |z — Z| with 0 < ¢ < §. Moreover,
by using a standard approximation argument, 7° can be chosen in such a way

that 7°(z) = 1dist (z,T1) for any « € A3, so that

1
Vi (@) = —5v(), (2.79)
for every = € A$\ ;. For simplicity of notation we set F' = (F, ..., F,,), where
Fj(z) = u(@) S5 (W (2)) Ve, (Vu()) (2.80)
for j =1,...,n, and hence
/ S2 (W)Ve, (Vuud, (1) dz = / Fl2)- Vi () dz.  (2.81)
A A
Since V’ = 0 in Qs and Vn’(z) = —3v(Z), for every x € A} \ Qs, we have
F(x) -V’ (z)dx = 1 F(z) v(z)ds
A3 0 Jany

1 6
= —7/ dt/ F(z) -v(z)do
d 0 {z€A? : dist (z,T'1)=t}

where we used coarea formula. Since we are in a small §-tubular neighborhood
of (part of) I'y, we can parametrize A \ Qs over (part of) I'; as from [112,
Formula 14.98] we obtain that

1 /9
/ F(a) - VrP(e)do = — / it [ P2+ (@) (@) det(Dg)| do . (2.82)
AS 0 Iy
We notice that, by using this notation, proving (2.78) is equivalent to prove
lim [ F(z)-Vy’(z)dz >0, (2.83)
6—0 AS

for § > 0 sufficiently small.
From (2.79), (2.80) and the definition of S7; (2.51), we have

F(z) - v(Z) = = 05Ve, (Vu(®))u(x)v; (2) — w;i(2) Ve, (Vu(z))u(z)v; (T)
= — 04 Ve, (Vu(z))u(x)v; (T)
—umww"w u(x)v; (T

for almost every x = 7 + tv(Z) € AJ \ Qs, with 0 < ¢ < 4. Since
wijl/iaju = 83(‘/51 (Vu)uz)aju — Vél (Vu)ajyiaju,
we have

F(IVu()))
Vu(@)|

@w(x)@u(m)@m(m)} (2.84)

F(z) - v(Z) = —u(z)VeV(Vu(z)) - v(Z) — u(z)

f'(IVu(@)])

(VO Tue) vio)  vuw - RS
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for almost every = = 7 + tv(z) € AJ \ Qs, with 0 < ¢ < 4. Let
9t = {z e AS : dist (z,I) = t}.
We notice that if 2 € TS then v(z) = v!(z) where v!(z) is the outward normal
to I“ls’t at z. Hence
Avi(%)0ju(x)dsu(x) = T2 (VT u(x), VEu(z)) (2.85)

where I1%" is the second fundamental form of F‘ls’t at z. Since X is a convex cone
then the second fundamental form of I'; \ {O} is non-negative definite. This
implies that the second fundamental form of I“ls’t is non-negative definite for ¢
sufficiently small (see e.g.[112, Appendix 14.6]) and hence

0;v;(Z)0ju(x)d;u(z) > 0. (2.86)
From (2.86) and (2.84) we obtain

F(z) - v(Z) > —u(z)VeV (Vu(z)) - v(Z)
iy (V)
[Vu(z)|

for almost every x = 7 + tv(Z) € A9 \ Qs, with 0 <t < §. We use (2.87) in the
right-hand side of (2.82) and, by taking the limit as § — 0, we obtain

V(VeV (Vu()) - v(z)) - Vu(z) (2.87)

lim F(x)-Vn’(z)dzx
6—0 AS

S (IVul)
> — /Fl U <V§V(Vu) v+ WV(VH/(VU) V) - Vu) do .

From (2.67) and (2.68) we find (2.83), and hence (2.78). From (2.73), (2.74),
(2.75), (2.76), (2.77) and (2.78), we obtain (2.69).

O
2.2.2 Proof of Theorem 2.2
Proof of Theorem 2.2. We divide the proof in two steps. We first show that
1
W=—-—Id a.e. in Q. (2.88)
n
and
(VTu,vT'u) =0 onTy, (2.89)

and then we exploit (2.88) in order to prove that u is indeed radial.
Step 1. Let g be the Fenchel conjugate of f (in our case ¢’ = (f’)~!), using
(2.47) we get that
div (g(|VeV (Vu)|) VeV (V) =¢'([VeV (Vu) )VIVV (V) [Ve (V)
+9(IVeV (Vu) )Tx (W)
Ve, (V)
/ ! i
=9’ (f'(IVul)) e~
VeV (V)
+g(f' (IVu)Tr (W),
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a.e. in €, where we used (2.47). Since 9;Vg,(Vu) = w;; and ¢’ = (f')7!, we
obtain

div (g(IVeV (Vu) ) VeV (Vu)) = duwi; Ve, (Vu) + g(f'([Vul)) Tr (W)
a.e. in €2, and using again (2.47) we find

7l

div (g(|VeV(Vu))VeV (V) = Yl iuwi;Oju + g(f'(|Vul)) Tr (W)

a.e. in Q. Since
g(f'(8) = tf'(t) — f(#) (2.90)
and Tr (W) = —1, we obtain

f'(IVul)

div (9(|VeV(Vu) ) VeV (Vu)) = Waiuwijaju
+ f(IVul) = [Vul f/(|[Vul)  (2.91)
a.e. in Q.
Since (2.54), (2.47) and (2.49) yield
!
=S5 (W)Ve,(Vu)dju = ! |(|vvul|t|)wji8iu8ju + f(|Vu])|Vul

a.e. in €, from (2.91) we obtain

= SH(W)Ve,(Vu)dju = div (9(|VeV (Vu) VeV (V)
+2f/(IVul)[Vul = f(|Vul), (2.92)

a.e. in Q.
From Lemma 2.7 and (2.92), we obtain

/52 Judz > — / W)Ve, (Vu)0ju de
— [ 9V (V) VeV () v do
o
+ [ 7 (vulVal = F(9u))] de

From (2.47) and (2.67) we find

/52 udw>/ (|V5V(Vu)|)fl|(|vvlzr|)8uuda

+ [ 27 (Va)ITul - £(Vul)] do
Q

From (2.47) and (2.35) we have

> / So(Wyudz > —g(f'(e))f(0)|To] + / 2 (IVul)|Vul — (| Vul)] da
Q Q
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and from (2.90) we obtain

2 / So(Wudz > — [ef' () — F()If (@[Tl

(2.93)
+ [ R (vulal = F(Tup) de.
From the Pohozaev identity (2.58) and (2.43) we get
(0 1) [ wds—n [ F(Vul)do = (£/(e ~ Fe)niol;
Q Q
which we use in (2.93) to obtain
!/
IR
2/ SQ(W)udarz—M [(n+ Du—nf(|Vul)] dz
+ [ RFOVuIvul = F(Vul)] da.
We notice that from (2.44) we have
19 = f'(c) Tl
and from (2.94) we obtain
n+1 ,
2| Ss(Wyudx > ——— [ udz+2 | f'(|Vu])|Vu|dx. (2.95)
Q noJo Q
By using u as a test function in (2.40) we have that
/ udr = / I (IVu))|Vu| dz ,
Q Q
and from (2.95) we find
n—1
2/ So(W)udz > / udz. (2.96)
Q noJo

From (2.56) and using the fact that Tr (W) = Lyu = —1, we get that also the

reverse inequality
n—1

. /Q udz > /Q 255 (W )u da (2.97)

holds. From (2.96) and (2.97), we conclude that the equality sign must hold in
(2.96) and (2.97). From Lemma 2.3 we have that

_ Tr (W)

w Id

a.e. in , and since Tr (W) = —1 we obtain (2.88). Moreover, Lemma 2.7 yields
(2.89).

Step 2: w is a radial function. From (2.88) we have that
1
—0i; = 0V, (Vu(@))
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for every ¢,7 = 1,...,n, which implies that there exists x¢p € R™ such that
1
VeV(Vu(z) = —— (@~ w0),

i.e. according to (2.47)

f'(IVu(@)])

1
V()] Vu(z) = —ﬁ(x — ) .

Hence

Vu(x)g’('xmd) S in €.

n |z — o]

Since u = 0 on I'y, we obtain (2.34) and in particular u is radial with respect to
xo. Moreover, from (2.89) we find that z¢ must be the origin or, if 0¥ contains
flat regions, a point on 9. O

2.2.3 Cones in space forms: proof of Theorem 2.3

The goal of this section is to give an easily readable proof of Theorem 2.3.
More precisely we assume more regularity on the solution than the one actually
assumed in Theorem 2.3 in order to give a concise and clear idea of the proof
in this setting, and we omit the technical details which are, in fact, needed. A
rigorous treatment of the argument described below can be done by adapting
the (technical) details in Section 2.2.2 and in [180].

Before starting the proof we declare some notations we use in the state-
ment of Theorem 2.3 and we are going to adopt in the following. Given a
n-dimensional Riemannian manifold (M, g), we denote by D the Levi-Civita
connection of g. Moreover given a C?-map u : M — R, we denote by Vu the
gradient of u, i.e. the dual field of the differential of u with respect to g, and by
V2u = Ddu the Hessian of u. We denote by A the Laplace-Betrami operator
induced by g; Au can be defined as the trace of V2u with respect to g. Given a
vector field X on an oriented Riemannian manifold (M, g), we denote by divX
the divergence of X with respect to g. If {ex} is a local orthonormal frame on
(M, g), then

divX = g(De, X, ex);
k=1

notice that, if u is a C'-map and if X is a C! vector field on M, we have the
following integration by parts formula

/g(Vu,u)dx: —/ udidex+/ ug(X,v)do,
Q Q o9

where v is the outward normal to 92 and 2 is a bounded domain which is
regular enough. Here and in the following, dx and do denote the volume form
of g and the induced (n — 1)-dimensional Hausdorff measure, respectively.

Proof of Theorem 2.3. We divide the proof in four steps.

Step 1: the P-function. Let u be the solution to problem (2.38) and, as in [68],
we consider the P-function defined by

2
P = |Vu|2+gu+Ku2.
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2.2. SYMMETRY RESULTS IN CONVEX CONES

Following [68, Lemma 2.1], P is a subharmonic function and, since u =0 on I'y
and from (2.43), we have that P = ¢ on I'g. Moreover,

VPH:ZV%Ahr%%Vu+2KUVu. (2.98)

From the convexity assumption of the cone ¥, we have that
g(V*uVu,v) <0. (2.99)
Indeed, since d,u = 0 on I'; and by arguing as done for (2.68), we obtain that
0 = g(V(0,u), Vu) = g(V*uVu,v) +11(Vu, Vu) > g(V>uVu,v) on Ty,
which is (2.99). From (2.98) and (2.99) we obtain
@P:ZﬂV%me+%@u+ﬂ@@u§O in 'y \ {O}.

Hence, the function P satisfies:

AP >0 in Q,
P=c on I'y
0,P<0 only\{O}.

Moreover, again from [68, Lemma 2.1|, we have that

1
AP =0 ifandonly if VZu= <— - Ku) g. (2.100)
n

Step 2: we have
P<c i Q. (2.101)

Indeed, we multiply AP > 0 by (P —c?)* and by integrating by parts we obtain

oz/ |VH%M—/(P—8V@PM.
QN{P>c?} 0N

Since P = ¢? on I'y and 9, P < 0 on I'; we obtain that

oz/ |VP|*dz >0
QN{P>c?}

and hence P < 2.

Step 3: P = ¢®. By contradiction, we assume that P < ¢2 in Q. Since h > 0,

we have
. . 2 ; .
&/hm>/Mwﬁm+7/mm+K/mww
Q Q nJa Q
Since _ ) _ )
div(huVu) = h|Vul? + huAu + hud,u
and

h=—-Kh,
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2.2. SYMMETRY RESULTS IN CONVEX CONES

and from v = 0 on I'y and 9,u = 0 on I'y \ {O}, we have that

. . .. 2 . .
02/hdx>—/huAudx—/hu8rudx+f/hudx+K/hu2dx
Q Q Q nJo Q

:(n+1)K/huzdm+(1+2)/hudx+K/hu@rudx.
Q n/Ja Q

From div(hd,) = nh we have
div(u?ho,) = nhu? + 2hud,u

and from v =0 on I'g and d,u = 0 on I'1 \ {O} we obtain

62/ hdx > (1+2> (/ hudx—K/ hu@rudx> . (2.102)
Q n Q Q

Now we show that if u is a solution of (2.38) satisfying (2.39) then the equality
sign holds in (2.102). Indeed, let X = hd, be the radial vector field and, by
integrating formula (2.8) in [66], we get

2

2 [ . .
- — g(X,I/)daJri/hudxf(an)K/hu2d:c
n Joo nJa Q

2
+ <n - 3) K/ ug(X,Vu)dex =0. (2.103)
Q
Since divX = nh we obtain
02/ hdx = n+2/ hudx—(n—Z)K/ hu? da
Q n Q Q
2
+ < — 3) K/ ug(X, Vu) dx ,
n Q

CQ/ide: <1+2> (/ iwdm—K/hu@Tudx) ,
Q n Q Q

where we used that u =0 on I'g, d,u =0 on I'1 \ {O} and ¢g(X,v) =0 on I'y.
From (2.102) we find a contradiction and hence P = ¢? in Q.

i.e.

Step 4: u is radial. Since P is constant, then AP = 0 and from (2.100) we find
that u satisfies the following Obata-type problem

V2u:(—%—Ku)g in Q,
u=0 on Iy, (2104)
O,u=0 on I't \ {O}.

We notice that the maximum and the minimum of » can not be both achieved
on I'g since otherwise we would have that « = 0. Hence, at least one between
the maximum and the minimum of u is achieved at a point p € Q UTI'y. Let
v : I — M be a unit speed maximal geodesic satisfying v(0) = p and let
f(s) =u(v(s)). From the first equation of (2.104) it follows

f1(s) = — — K f(s).

n
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2.2. SYMMETRY RESULTS IN CONVEX CONES

Moreover, the definition of f and the fact that Vu(p) = 0 yield

f(0)=0 and f(0) =u(p),

and therefore

This implies that v has the same expression along any geodesic strating from p,
and hence u depends only on the distance from p. This means that 2 = XN Bg
where Bp is a geodesic ball and u depends only on the distance from the center
of BR. O]
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Symmetry and validity results
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Introduction to Part 11

Part II is about symmetry results for critical anisotropic p-Laplace equations in
convex cones (in Chapter 3) and functional inequalities on a particular class of
Riemannian manifolds (in Chapter 4). This part collects the results obtained
in the following papers: [57, 174].

In this Introduction we present the results that we are going to prove in the
Chapters 3 and 4.

Chapter 3. In the last years, Sobolev inequality (8) has been studied for
more general norms as well as in convex cones of R™ (see [15, 46, 97, 98, 159,
160]), where it takes the following form

p/p”
( / up*dx) < Sy u / H(Vu)Pdz, (IL.1)
b)) 2

where H is a norm (i.e. H : R™ — R is convex, positively one-homogeneous and
positive) and ¥ as in (I.26) is an open convex cone in R", i.e. ¥ = R* x C where
k €{0,...,n} and C is a convex cone in R"~* with only one vertex {O}.

As for the usual Sobolev inequality in R™, the natural functional associated
to (II.1) is the following;:

jH(u) = M (I1.2)

(fz |u|P*d:1c) o

We observe that (IL.2) is the natural generalization of (11).

We are interested in critical points of the functional 7. Let u be a (positive)
critical point of (II.2) and we compute the first variation of the functional. Let
e >0 and ¢ € C(R") be a test function, then

d "
e e:oj (utep)=0.

This condition leads to the following boundary value problem:

div (a(Vu)) +u? "1 =0 in %
u>0 in ¥ (1.3)
a(Vu) -v=0 on 0%,

where v is the outward normal to 9%,

a(§) = HP Y (E)VH(E)  VEER". (IL.4)
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We will sometimes write
Afu = div (a(Vu)),

where Af is called the Finsler p-Laplace (or anisotropic p-Laplace) operator.
It is clear that when we consider the case ¥ = R™ no boundary conditions are
given. In [57] we study problem (II.3) which is called ecritical anisotropic p-
Laplace equations in convex cones. In [57] we prove the sharp version of (II.1)
by suitably adapting the optimal transportation proof of the Sobolev inequality
[72] to the case of cones (see Appendix B). It is interesting to observe that our
proof applies also to the case of weighted Sobolev inequalities for the class of
weights considered in [46], thus generalizing [46, Theorem 1.3] to the full range
of exponents p € (1,n).
Hence, as shown in Appendix B, the extremals of (II.1) are of the form

n—p
p—1 3

1 1
Ae—ipw (2=2) 7
p—1

)\% + ﬁo(&? — 3?0)%

L{/{{wo (z) := (I1.5)

for some A > 0 (see also [12, 72, 160, 217] and the references therein), where
Ho(¢) == Ho(—()  V(eR", (IL.6)
and Hy denotes the dual norm associated to H, namely

Ho(¢):= sup (-6 V(eER™
H(¢§)=1

Moreover, if ¥ = R™ then zy may be any point of R”; if ¥ = RF x C with
k€ {1,...,n—1} and C does not contain a line, then zo € R* x {O}; otherwise,
o — 0.

The main result of Chapter 3 is to provide a complete classification result for
critical anisotropic p-Laplace equations in convex cones with the hypothesis that
the solution belongs to the space D'P(X) (as in Theorem C in the Introduction).
More precisely, we consider the problem

div(a(Vu))+u? ~1=0 inX

u>0 in ¥ (IL7)
a(Vu) -v=0 on 0%
u € DV (),

the space D1'P(X) is defined as in (9) (with R™ replaced by ¥). The main goal of
this Chapter 3 is to classify the critical points for (IL.2), i.e. the classification of
the solutions to (II.3). In [57] we prove the following result (which is the main
result of Chapter 3)

Theorem IL.A: let n > 2,1 <p<n, and let ¥ = R¥ x C be a convex cone,
where C does not contain a line. Let H be a norm of R™ such that H? is of
class C?(R™ \ {O}) and it is uniformly convez and C*' in R™, namely there
exist constants 0 < X\ < A such that

AMd < H(E)D?*H(€)+VH() @ VH(E) < A1d, VEeR"\{O}. (IL8)
Let u be a solution to (11.3). Then u(z) = L{fwo (z) for some A >0 and zg € X,

where Ufmo is given by (IL.5). Moreover,
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(1) if k =n then ¥ =R"™ and x¢ may be a generic point in R™;
(ii) if k € {1,...,n — 1} then 2o € R*¥ x {O};
(#i1) if k =0 then xo = O.

As already mentioned, case (¢) in the previous Theorem has been already
proved in [48, 76, 203, 224] when ¥ = R™ and H is the Euclidean norm. In
that case, thanks to the symmetry of the problem, the authors can apply the
method of moving planes. In the Euclidean case and for p = 2, the classification
of solutions in convex cones was proved in [160, Theorem 2.4] by using the Kelvin
transform and inspired by [108] and [178]. Unfortunately, the Kelvin transform
and the method of moving planes are not helpful neither for anisotropic problems
nor inside cones for a general p € (1,n). In this case non-existence results
generalizing the one in [108] to p € (1,n) are given in [206].

In Chapter 3 we provide a new approach to the characterization of solu-
tions to critical p—Laplacian equations, which is based on integral identities
rather than moving planes. This approach takes inspiration from [206] and also
from [29, 30, 40, 215] where classical overdetermined problems for PDEs are
considered (see also [63, 180] for analogous problems in convex cones).

The strategy of the proof can be explained as follows. First, using that
u € DP(X) we show that u is bounded and satisfies certain decay estimates at
infinity (in particular it behaves as the fundamental solution both from above
and below), so that one has optimal upper bounds on H(Vu) in terms of the
fundamental solution. We notice that, differently from [203], we do not need
asymptotic lower bounds on Vu; instead, we use a Caccioppoli-type inequality
to prove some asymptotic estimates on certain integrals involving higher order
derivatives. Then we consider the auxiliary function v = u” "% . We find the
elliptic equation satisfied by v and then, thanks to the asymptotic estimates
on u, we show that v and Vv satisfy explicit growth conditions at infinity. By
using integral identities, the convexity of ¥, and some suitable inequalities, we
are able to prove that V(a(Vwv)) is a multiple of the identity matrix, from which
the symmetry result follows.

We mention that also in this case the hypothesis that w > 0 is fundamental,
indeed in [71] the authors construct a nonradial sign-changing solution when
p =2 and H is the Euclidean norm.

Chapter 4. In Chapter 4 we focus on a particular class of Riemannian
manifolds: the so-called Cartan-Hadamard manifolds M of dimension n > 3,
namely complete, noncompact, simply connected Riemannian manifold with
everywhere nonpositive sectional curvatures. On the one hand, it is well known
that the Sobolev inequality (8) with p = 2 holds also on any Cartan-Hadamard
manifold M; explicitly the following Sobolev inequality holds

[ullL2* (ary < ClIVul|p2(ar (I1.9)

for every function w € C}(M). On the other hand, if the sectional curvatures
are everywhere bounded from above by a negative constant k, then in addition
to (11.9) also the following Poincaré inequality

[ul|z2(ar) < C[IVul|z2(an (I1.10)
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holds for every function u € C}(M). We mention that (I1.10) is equivalent to the
fact that the infimum of the spectrum of (minus) the Laplace-Beltrami operator
on M is bounded from below by k(N —1)2/4, i.e. A has a spectral gap (see the
celebrated paper by McKeans [167]). For the sake of completness we mention
that, in contrast with McKean’s Theorem, in [162] (see also references therein)
it was shown that, on any complete non-compact Riemannian manifold, the
essential spectrum of the Laplace-Beltrami operator starts from zero as soon
as the Ricci curvature vanishes at infinity. This generalizes [214], where the
same thesis was established upon assuming an at-least-quadratic decrease of
the negative curvatures.

So, the situation is the following: if the sectional curvatures are bounded
from above by k& = 0 then M supports (11.9), and as soon as such bound becomes
strictly negative M also supports (I11.10). In other words, there is a “jump" of
the L? exponent in the left-hand side of the inequality || f||L»(ar) < C|Vul|p2(ar)
which depends on the curvatures. So the natural question is the following: what
happens in between? That is, suppose that the sectional curvatures of M satisfy
the following decay estimate

K
r(z)?

for some 8 € (0,2] and K, Ry > 0 where r(x) denotes the geodesic distance
from x to a fixed point o € M (the pole of the manifold). Then, what kind
of inequalities does a Cartan-Hadamard manifold M with sectional curvature
satisfying (II.11) support? In [174] we find nontrivial answers and we will present
them in Chapter 4. First of all one has to distinguish between two cases: [ €
(0,2) and 8 = 2, the first case is called the sub-hyperbolic range and the second
is called the quasi-Euclidean range (this terminology was introduced in [120]).
Another distinction is between radial and nonradial functions. In [174] we focus
on the following Sobolev-type inequalities:

Sect(x) < — for all x € M \ Bg,, (T1.11)

[|ull Lr(ary < Cpl|Vullp2(ary  for some p € (2,27]. (I1.12)

In the case 8 € (0,2) we show that (I1.12) holds in the radial setting for all
€ (2,2*], for a positive constant C, = C(n,p, K, Ry, §); moreover the result
is optimal with respect to the dependence on p. In case 8 = 2 we show that
(I1.12) starts to holds in the radial setting from a certain exponent 2 € (2,2*)
that depends on n and K, which tends to 2* as K — 0 and to 2 as K — 1;
also in this case the result is optimal with respect to p. Finally, we prove that
out of the radial setting all of the above results fail: it is enough to assume
that (I1.11) is satisfied with the reverse inequality to be able to construct a
sequence of nonradial functions that make the constant C, in (II.12) blow up
for every p < 2*. We mention that the case 8 > 2 is not interesting because it
is essentially Euclidean, i.e. the sole inequality of the type of (II.12) that holds,
even if restricted to radial functions, is the standard Sobolev one: this is an
immediate consequence of our results. The techniques of proof that we exploit
take advantage of two main ingredients: one-dimensional weighted functional
inequalities and Laplacian-comparison theorems; the idea is to first study the
radial inequalities on the already mentioned model manifolds.
The main motivation to study inequalities like (I1.12) in Cartan-Hadamard
manifolds is related to the asymptotic behavior of nonnegative solutions of diffu-
sion equation. The link between the Sobolev inequality (or Gagliardo-Nirenberg
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and Nash inequalities in low dimensions) and a sharp decay estimate for the heat
kernel is a well-studied topic, which goes back to some pioneering works between
the 50s and the 80s: see the monograph [77]. In this regard, let us also men-
tion the recent paper [116], where the behaviour of Faber-Krahn inequalities
(which are strictly related to the Sobolev ones) on Riemannian manifolds under
removal of compact subsets or gluing of noncompact manifolds is investigated,
with applications to heat-kernel bounds.

In the last decades, several results that connect the validity of functional
inequalities of Sobolev, log-Sobolev or Poincaré type with smoothing effects for
nonlinear diffusion equations (mostly modeled on the porous medium equa-
tion) have been established: see [119] for weighted porous medium equations in
the presence of weights and Poincaré inequalities, [101, 117] for optimal short
and long-time smoothing estimates for porous medium equations (or the more
general filtration equation) on Euclidean domains in the case of homogeneous
Neumann problems, and the above-mentioned paper [118] for similar analyses
focused on the consequences of the validity of families of Sobolev-type inequal-
ities of the type of (II.12). Previous results in this direction, having already
in mind the manifold case, can be found in [34]. As a general reference on
smoothing effects, we also quote [222]. It is worth pointing out that in order to
prove some of the main theorems of these papers, the authors often exploit a
very powerful equivalence tool between families of Gagliardo-Nirenberg-Sobolev
inequalities and one single inequality, which is due to [16].

Among recent works that take advantage of connections between functional
inequalities and fast diffusion flows we refer to [86, 87], where the latter have
been thoroughly exploited in order to prove or disprove the achievement of op-
timality by radial functions in Caffarelli-Kohn-Nirenberg inequalities. For a
functional-analytic investigation of fast diffusions on Cartan-Hadamard mani-
folds, see also [35]. Finally, the monograph [17] is devoted to a wide-scope dis-
cussion on the interplay between analytic, geometric and probabilistic features
of Markov diffusion semigroups, which involves functional inequalities related
to those treated here and curvature-dimension conditions in more general met-
ric frameworks. More explicitly, it is well-known that in R™ there is a close
connection between the Sobolev inequality (I1.9) and the heat equation:

{@u =Au inR" xR, 1L13)

u=ug in R"™ x {0}.
Indeed, by classical results (mainly due to Nash, Varopoulos, Fabes and Stroock

between 1958 and 1986), the Sobolev inequality is equivalent to the following
smoothing estimate for solutions of (II.13):

lu(t)]|oo < Ct % [Juol| L1 (@) - (I1.14)
Similar results have recently been extended to suitable nonlinear diffusions like

the porous medium equation:

u = U in M x {0}.

for m > 1 and uy € L'(R™). That is, if M = R" then the Sobolev inequality
is equivalent to the smoothing estimate (see Bonforte, Grillo, Muratori between
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2006 and 2013)

llu()l|oe < Ct™ 0= 1>HHOH§¢6§3 i (IL.16)
When M = H", the porous medium equation (II.15) had been also studied (see
[223]). In particular in [118], as a sole consequence of the Sobolev inequality

(I1.9) and Poincaré inequality (I1.10) which hold in H", the following smoothing
estimate is proved

log(2 + t[[uol |77 gn) T
IMMMSC< ( Hdhm)> _ (11.17)

t

Moreover, the porous medium equation (II.15) had been studied also when M is
a Cartan-Hadamard manifold. In particular, since the Sobolev inequality (II.9)
holds on any Cartan-Hadamrd manifold then one can prove an estimate like
(I1.16). In addition, if the sectional curvatures are negatively bounded away
from zero, then (I1.10) holds true and (II.16) can be improved for large times
by an estimate like (I1.17). A natural question is: what happens in between,
i.e. for vanishing curvatures? In [118] they prove that if the sectional curvature
of M satisfies (II.11) then, an estimate (II.17) does hold provided M supports
(I1.12), i.e. a family of Sobolev-type inequalities. That’s why we study these
type of inequality on Cartan-Hadamard manifolds and in [174] we have a partial
result.
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Chapter 3

Symmetry results for critical

anisotropic p-Laplacian

equations 1n convex cones

As mentioned in the introduction to Part II, in this chapter we consider the

following problem

div (a(Vu)) +u? 1 =0 in %

u >0 in X
a(Vu)-v=0 on 0%
u € DVP(Y),

where: H is a norm', ¥ is a convex open cone in R" given by
Y={tr :xcw,t € (0,+00)},
for some open domain w C S™~!, v is the outward normal to 0%,
a(¢) = H 1 ()VH()  VEER",

and the space D1P(Y) is defined as follows

DYP(B) = {u e’ (%) : /E|vu|p dr < oo} :

where p* is the usual critical Sobolev exponent, i.e.

* np
p = .
n—p

(3.5)

Since it will be useful, we mention that, in general (up to a change of coordinates)

every convex cone % of R™ is of the form

Y =RFxC,

1By abuse of notation, we say that H : R® — R is a norm if H is convex, positively
one-homogeneous (namely, H(¢¢) = ¢H (¢) for all £ > 0), and H(¢) > 0 for all £ € S*~L. Note

that we do not require H to be symmetric, so it may happen that H (&) # H(—¢).
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where k € {0,...,n} and C C R"* is a convex cone containing no lines.
Moreover we will sometimes write

Ay = div (a(Vu)),

where Af is called the Finsler p-Laplacian (or anisotropic p-Laplacian) opera-
tor.
As already observed if u € D}'P(X) is a positive critical point for the Sobolev

functional f H(Vu)vd
u)Pdx
iy = S (3.6)

(/s lul?" dz) "
then u satisfies (3.1). The main goal of this chapter is to classify the critical
points for (3.6), i.e. the classification of the solutions to (3.1). The functional
(3.6) is related to the sharp anisotropic Sobolev inequality that we prove in
Appendix B where we also show that the analogue of the Aubin-Talenti bubbles
are the following functions:

U, (x):= 5 = 3.7
2 0( ) )\F’fl"|'£’0(33‘0—J})Pf1 ( )
for some A > 0, where

Ho(¢) == Ho(—=¢)  V(eR", (3.8)

and Hj denotes the dual norm associated to H, namely

Ho(¢) :== sup (-§ V(¢ eR™
H(g)=1

Moreover, if ¥ = R™ then zy may be any point of R”; if ¥ = RF x C with
k€ {l,...,n—1} and C does not contain a line, then o € R* x {O}; otherwise,
2o = O (from now on, O denotes the origin).

The main result that we prove in this chapter is the following Liouville-type
Theorem (Liouville-type Theorem II.A in the introduction to part II)

Theorem 3.1. Letn > 2,1 <p <n , and let ¥ = R* x C be a convex cone,
where C does not contain a line. Let H be a norm of R™ such that H? is of
class C?(R™ \ {O}) and it is uniformly convez and C*' in R™, namely there
exist constants 0 < X\ < A such that

Md < HED?*H(E)+VHE @VH(E) <AId  VEER"\ {0} (3.9

(note that D*(H?) = 2H D*H +2VH ® VH).
Let u be a solution to (3.1). Then u(z) = L{{{IO(JE) for some A > 0 and

zo € 3, where Z/lfzo is given by (3.7). Moreover,
(#) if k =n then X =R" and x¢ may be a generic point in R™;

(ii) if k € {1,...,n — 1} then z¢o € R* x {O};
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(#i1) if k =0 then xo = O.

The strategy of the proof can be explained as follows. First, using that u €
DYP(3) we show that u is bounded (see Subsection 3.1.1). Then, in Subsection
3.1.2 we prove that u satisfies certain decay estimates at infinity (in particular
it behaves as the fundamental solution both from above and below), so that
one has optimal upper bounds on H(Vu) in terms of the fundamental solution.
We notice that, differently from [203], we do not need asymptotic lower bounds
on Vu; instead, we use a Caccioppoli-type inequality to prove some asymptotic
estimates on certain integrals involving higher order derivatives (see Subsection
3.1.3).

Then, in Section 3.2 we consider the auxiliary function v = u”"F. We find
the elliptic equation satisfied by v and then, thanks to the asymptotic estimates
on u, we show that v and Vv satisfy explicit growth conditions at infinity. By
using integral identities, the convexity of ¥, and some suitable inequalities, we
are able to prove that Va(Vv), recall that a is given by (3.3), is a multiple of
the identity matrix; from this fact the symmetry result follows.

In Appendix B we prove, via the optimal transport approach introduced by
[72], the sharp version of the following anisotropic Sobolev inequality in convex

cones .
p/p
(/ up*dx> < Sg,H/ H(Vu)Pdr, (3.10)
b by

for general norms and cones, and even in a weighted setting (for the general
inequality, not the sharp one we refer to [46]).

Most, of the chapter will focus on the case in which ¥ is a convex cone with
nonempty boundary. Indeed our approach perfectly works also when ¥ = R™.
However, since the whole space case is simpler to be proven, we prefer to focus
the exposition to the case when ¥ has boundary (the case when ¥ = R"™ can be
found in Appendix C).

3.1 Preliminary results

In this section we collect some results that are well established when ¥ = R"”
and H is the Euclidean norm. Since we are dealing with problem (3.1) and some
modifications are needed, we report here their counterpart when ¥ is a convex
cone and H a general norm, and provide a sketch of the proofs emphasizing the
main differences.

In the whole chapter we denote by B,(x) the usual Euclidean ball, and by
B, the ball B,.(O) centered at the origin.

3.1.1 Boundeness of solutions

In the following lemma we prove that solutions to (3.1) are bounded. The result
holds for more general Neumann problems, in particular for problems with a
differential operator modelled on the p-Laplace operator.
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Lemma 3.1. Let X C R" be a convex cone as in (3.2) and let u € DVP(X) be
a solution to

div(a(Vu)) +u? 1 =0 in %
uw>0 in'% (3.11)
a(Vu) -v=0 on 0%,
where a : R — R”™ is a continuous vector field such that the following holds:
there exist « > 0 and 0 < s < 1/2 such that

1 I
0O <ol +)°F and g0l 2 - [ (PleP+ )T P, (312)

for every £ € R". Then there exists 6 > 0 with the following property: let p > 0
be such that
[ull o (B, (zo)) S0 Vo € R™
Then
[ul| oo (5ABg 2 (20)) < CR™%||ullrmnBr() VR <p,

where C' depends only on n, a, p and the Sobolev constant of .

Proof. We closely follow [183, Theorem E.0.20] and [205, Theorem 1] and we

only give a sketch of the proof. We first prove that u € Lﬁfc* (¥) for any g < p*/p.

Given ! >0and 1 < ¢ < %*, we define

a ifu<l
Fluy=4" | L= (3.13)
gt u—=0+19 ifu>l,
and
wla—Dp+1 ifu <l
G(u) = _ _ :
(g — D)p+ D)I@=DP(qy — 1) 4 (a=DpHL i g > ],
Let n € C§°(R™) and use
§=n"G(u)
as a test-function in (3.11); then an integration by parts gives
/ a(Vu) - V(PG (u)) do = / P PG (u) da (3.14)
b b>

We aim at proving that
c/ PG’ (u)|VulP dz S/ P G(u)|a(Vu) - V| dx
b b
+/up**17]pG(u) dx (3.15)
b
+sp/77pG’(u)dx
s
holds for 0 < s < 1/2. We distinguish between the cases 1 < p < 2 and

2<p<n.
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If p > 2, then (3.12) implies

1
£ a() > el

and from (3.14) we get

1 «
a/ G’ (u)|VulP dz Sp/ PG (u)]a(Vu) ~V77|d3;+/ uP” TP G(u) dr
b b b

which implies (3.15).

If 1 < p < 2 then (3.15) is obtained by using a more careful argument. We
claim that

1 s
| @16k + )% e ae > i - o0). (316)

To prove this we consider two cases. If s > |¢] then the left-hand side of (3.16)
is negative, and so the result is clearly true. Otherwise, if s < || then

21 + 52 < 2/¢)? for t € [0, 1],
and therefore
! p=2 ! p=2 p2 1
| @er ) T ez [ AeP)T e ae = 2T el = e,
0 0

that again implies (3.16).
Thanks to (3.14), (3.12), and (3.16), we obtain

1
—/ G’ (u)|Vul? dzx Sp/ PG (u)|a(Vu) - V| d
20[ b »
3 P
+/up _1an(u)das+%/n”G’(u)d$,
5 5

and the proof of (3.15) is complete.
Note now that, by Young’s inequality and (3.12), for any € € (0,1) we have

7 Ha(Vu) - Vil < 7T a(Vu) 7T + e Pur T Vil
< CoemTu (IVul? + )" + € Pur ™! |V,

where Cj depends only on « and p. Thanks to this inequality and recalling
(3.15), since G(u) < uG’'(u) (note that G is convex and G(0) = 0), for any
e € (0,1) we obtain

c/E PG (u)|VulP do <Coer T /Ean’(u)|Vu|p dx + (Co + 1)s? /Z PG’ (u) dz
+6_p/ZG(u)up_1|Vn|p dm—l—/zup*_lan(u) dx .
Hence, choosing € small enough so that Coe# = ¢/2, we deduce that
c'/zan’(u)|Vu|p dr < sp/zan’(u) dr + /2 G(u)uP~|Vn|P dx

—|—/up*_177pG(u)dm, (3.17)
)
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where ¢/ > 0 depends only on n, «, and p. Using now that G’'(u) > ¢[F']P and
that uP~1G(u) < C[F(u)]?, we obtain

é/ |V(77F(u))|pd1:§sp/an'(u)d:c+/ [Vn|? F?(u) da
b ) )
+/npup*7pr(u)dz.
b

Hence, thanks to the Sobolev inequality (3.10) we get

D

c(/ FP" (u)n?” dx)p Ssp/an'(u)dx—l—/ |Vn|PFP(u) dz
) ) b
- / nPuP” TPEP(u)dz, (3.18)
2

where ¢ > 0 depends only on n, «, p and the Sobolev constant for 3.
Now, choose § = (¢/2)Y/ (" =P) 50 that for any R < p it holds

*
b —p <

n
Lr* (Br(z0)) Vo € R".

[full

NN

Then, if we choose 1 such that supp(n) C Bg(zo), it follows from Holder’s
inequality that we can reabsorb the last term in (3.18), and we get

¢ (/ FP" (u)n?” dl‘) ’ < sp/ "G’ (u) dx
2 P SNBr(zo)

+/ [Vn|P FP(u) dx .
SNBr(zo)

~

Hence, taking the limit as [ — oo in the definition of F' and G, by monotone
convergence we conclude

P
E3

/ np*qu* dx < s”/ w(@=VP g
YNBr(zo) YNBr(zo)

T
EOBR(wo)

Since gp < p* it follows that the right hand side is finite, hence by the inequality
above and the arbitrariness of z( we conclude that v € L{¥ ().
Thanks to this information, we can rewrite the equation satisfied by w as

follows:

[N oY

—div (a(Vu)) = f(a)u ™" + g(z)

f(x):{o* ifu<1

uwP 7P fu>1,

where

and
0 ifu>1
g(z) = { .

WP Tl ifu<.
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Since u € Lf’f: we get that f € L" with r > 2 and g € L>. Hence, as in
the proof of [205, Theorem 1], a classical Moser iteration argument yields the
result. O

Remark 3.1. As observed in the proof of [183, Theorem E.0.20], the Moser
iteration argument can also be used to show that w is uniformly C¢ up to the
boundary.

3.1.2 Asymptotic bounds on v and Vu

The main goal of this subsection is to prove Proposition 3.1 below. Proposition
3.1 is a generalization of [224, Theorem 1.1] to the conical-anisotropic setting.
The proof of Proposition 3.1 follows the one given in [224], although the lack of
smoothness of ¥ creates some nontrivial extra difficulties.

Proposition 3.1. Let 1 < p < n and let u be a solution to (3.1). Then there
exist two positive constants Cy and C1 such that

Ln_p <u(z) < Ln_p and |Vu(z)| < Ln_la (3.19)
TR 1+ o5 14 Jof35
for all x € 3.

Before giving the proof of Proposition 3.1, we first introduce a useful defini-
tion.

Definition 3.1. Given L > 0, we say that a convex cone C is L-Lipschitz if for
any point x € 9C there exist r, > 0 and a unit vector v, such that

B, (x+ Lryv,) CC.

Note that, by convexity of C, also the convex hull of B, (x + Lv,) U {z} is
contained in C.

In the spirit of [224, Lemma 2.3], we now prove a general lower bound on the
L?" norms of solutions to our equation in convex cones, with a bound depending
only on the Lipschitz constant.

Lemma 3.2 (Lower bound on the mass). Let u be a nontrivial solution to

div (a(Vu)) +u? "1 =0 inC
u>0 in C
a(Vu) -v=0 on OC
u € DLP(C),

(3.20)

where C is a L-Lipschitz convez cone and a(§) is as in (3.3). Then there exists
a constant kg > 0, depending only on n, p, L, and ming.—1 H, such that

[l o ¢y > Ko-

Proof. As in [224, Lemma 2.3], the proof is based on the Sobolev inequality
in C, and on the integral identity that one obtains by multiplying (3.20) by u
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and integrating in C. However in this case a bit more carefulness is needed,
especially to quantify the dependencies.

First of all, up to a translation, we can assume that C has vertex at O.
Then, since C is L-Lipschitz, there exist g > 0 and a unit vector v such that
B, (Lrovg) C C. Therefore, since C is a convex cone, this implies that the cone

Cr = U B, (Lrvy)
>0

is contained inside C.
We now want to estimate the Sobolev constant of C. To this aim we define
the constant Sy, as

pdx)l/p

inf{ (fQ Vo

(f,, lglP da) ¥

Since the set of convex domains ) C B; containing By N €y, are uniformly
Lipschitz, standard arguments in the calculus of variations show that Sy, is
positive.

We now notice that, given any function ¢ € C!(C), there exists A > 0
large such that ¥ (z) := ¥(A\z) satisfies ¢ € C*(C) and Ualpp,ne, = 0 (since

0B N (f'L C 9B1 NC). Hence, we can bound

: Qs convex, By NC, € QC By, p € CHQ), Clop,ne, = 0}.

(Jo IV
(Jelv

Since 1 € C1(C) is arbitrary, it follows by approximation that

1/p X 1/p”
(/ |v¢|de) > Sy </ |4|P daz) V4 € DVP(C).
C C

Applying this inequality to u and defining cy := minj¢—; H(§), we get

pdaﬁ)l/p - (fc |V1/J,\|pdac)1/p y

- w = ©OL-
p*dx)l/P (fc |’(/))\|p*d.’b)1/p

p/p"
/H(Vu)pdx > C’;I/ |VulPdz > (cuSL)? (/ up*d:r) .
c c c

On the other hand, multiplying (3.20) by u and integrating in C, we get

/H(Vu)pdx:/up*dx.
c c

Combining the last two equations yield the desired lower bound. O

Remark 3.2. An alternative proof of Lemma 3.2 can be obtained by computing
the optimal Sobolev constant of C (using Appendix B) and noticing that this
constant is bounded below in terms only of n, p, Hy, and the volume of C N B;.
In particular, whenever C is L-Lipschitz then C;, CC and ICNBy| > |(fL N By|,
and one concludes that the Sobolev constant of C is controlled by (actually, it
is larger or equal than) the one of Cr.
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We shall also need a doubling-type property on u which is proved in [187,
Lemma 5.1] (see also [224, Lemma 3.1]). Below we state a version of this
doubling property which is suitable for our setting.

Note that, by convexity, there exists a constant Ly, > 0 such that ¥ is Ly-
Lipschitz. Then we let ky > 0 be the constant provided by Lemma 3.2 with
L=Ly.

Lemma 3.3 (Doubling property [187]). Let u be a solution to (3.20), let Ly, be
the Lipschitz constant of 3, and let kg > 0 be the constant provided by Lemma
3.2 with L = Lx.

Let k € (0,ko), > 0, and v' € (0,7) be fived, and set

/
r+r
"
r= .
2

Then for any v € X\ By and o > 0 such that the distance d between x and
¥ N By satisfies

d(z,% N By )u(z) ™7 > 2a, (3.21)
there exists a point yo € ¥\ B such that
d(yo, X N By )u(z) ™5 > 20, ulag) < ulyo), (3.22)
and -
u(y) <277 u(yo) for all y € XN Br(yo), (3:23)

where 7 = au(yo) 77

Proof of Proposition 8.1. We divide the proof of Proposition 3.1 in three steps.
In Step 1 we give a preliminary decay estimate on u (which is not sharp). In
Step 2 we prove that u € LP~1°°(X) for a suitable p. Finally, in Step 3 we prove
(3.19).

o Step 1: Let u be a solution of (3.1), and for k € (0, ko) define
ri(u) == inf{r >0 : [|ul| o+ 5\ B,) < K} (3.24)

Then, for any fived k € (0,ko) and r > r(u), there exists a constant Ky such
that
lu(z)| < KoHo(z) 7 forall z € T\ B,. (3.25)

In order to prove the assertion, it suffices to show the existence of a constant
K such that
d(z,2 N By )u(z)™7 <K; forallz € T\ By, (3.26)

where 1" = (r+7')/2 and 7" € (0,r) is fixed. We prove (3.26) by contradiction.
Suppose there exists a sequence of points {z4 }aen C X\ B, such that

d(T e, $ N B u(zg) ™7 > 2. (3.27)

Since B,» C By, it follows from (3.27) and Lemma 3.3 that there exists a
sequence of points {y, }aen C X\ B~ such that

Ao, SN Bo ) u(ye) ™7 > 20, u(za) < u(ya), (3.28)
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and
u(y) < Q%U(ya) for all y € XN Br(ya) - (3.29)

We observe that, since u is bounded, the sequences {4 }aen and {yo tacn are
both divergent as o — co.
For any o € N and y € X, we define

ta(y) = u(ya) "u(mg 'y + ya) (3.30)
where mg = u(ys) " 7. From (3.1) we obtain
—Alfg, =ar - in %,
1 (0) =1, (3.31)
a(Vig) - v=20 on 0%, ,
where
Yo = Mma(B—ya) ={y €R" : m 'y +y, € X}

is a convex cone.
It is immediate to check that the cones ¥, are Lx-Lipschitz. Furthermore,
if we set p1o == u(ya) "1, (3.29) and (3.30) yield that

n—p

lUa(=Yama) = pau(0) #0 and ua(y) <277

for all y € ¥,NB,. (3.32)

At this point we consider the ratio

Mea
Qo ' = 7 -
Yl
Observe that (by (3.28)) go — 0 as a — oo.
Since |yo| — 400, the ratio between —y,m, and the scaling factor m,, goes
to infinity. Hence, one of the following two cases may occur as o« — 00 :

(7) the sequence of cones {X, }aen converges to R™ (this happens if the dis-
tance between m,y, and 9%, goes to infinity);

(74) the sequence of cones {X,, }qoen converges to a Ly-Lipschitz convex cone C,
not necessarily centered at the origin (this happens if the distance between
MaYo and %, remains bounded).

We now look in both cases at the behaviour of the functions {uq}aen. We
consider the two cases separately.

- Case (7): fix a ball Bg. Then there exists @ € N such that ¥, N B = Br
for every o > @; moreover 4, (for every a > @) is a solution of (3.31) in Bg.
From (3.9), (3.32), and [85], there exist a constant C' > 0 and a real number
6 € (0,1) such that

ldallcroBg,,) < C (3.33)

for any a > @. Since R > 0 is arbitrary, Ascoli-Arzela Theorem and a diagonal
argument imply that {Gq}aen converges (up to subsequence) in Cl _(R™) to
some function . By construction we have that ., € DYP(R"), i (0) = 1,
and s, is a weak solution of

~Alge = @' in R". (3.34)
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- Case (i7): consider a ball Br. Then for every compact set K CC B NC
there exists @ € N such that K C X, N Bg for every a > @. As in Case (i),
for every oo > @ the function 4, is a solution of (3.31) in K, and there exist a
constant C' > 0 and a real number ¢ € (0,1) such that

l|ttallcroky < C (3.35)

for any o > @ and K’ cC K. In addition, it follows by Remark 3.1 that the
functions i, are uniformly C%? inside Bg N C for any R > 0. Hence, again
Ascoli-Arzela Theorem and a diagonal argument imply that {@, }aen converges
(up to subsequence) in C°(BrNC)NCL (BrNC) to some function @, for any
R > 0. Taking the limit in the weak formulation of the equation, we obtain that
oo € DVP(C), 1iso(O) = 1, and i, is a weak solution of

Hy  _ ~p*—1
_Ap~uoo = ub, inC (3.36)
(Vi) - v =0 on OC.
We now notice that, in both cases, for any p > 0 we have
dall Lo (sanB,) = 1ulle” (£nBym.. (ya)) - (3.37)
Also, by (3.28), since ri(u) < r” we get
Bp’ma (ya) n Brk(u) =0 (338)

for o large. Thus, from (3.37), (3.38), and by definition of r4(u), we obtain
| ta ] o= (ZanB,) = k (3.39)

for « large. Thus, taking the limit in (3.39) as @ — oo and then as p — oo,
yields
ool Lo mny <k O |ltoo|l o= (c) < K, (3.40)

in Case (i) or Case (i), respectively. Since k < ko with kg > 0 as in Lemma 3.2,
it follows by (3.34) (resp. (3.36)) and (3.40) that 4., = 0 in Case (i) (resp. Case
(7)), a contradiction to the fact that @, (0O) = 1. This completes the proof of
the assertion of Step 1.

e Step 2: Let u be a solution of (3.20). Then u € LP~1°°(X) for p := p(::pl).
Recall that, given a set 2 and r > 1, one defines the space L™*°(2) as the

set of all measurable functions v : Q — R such that

[[v][ 7.0 () := sup {hmeas ({lul > h})l/r} < o00. (3.41)
h>0

Using the Sobolev inequality in cones, the proof of this step can be easily adapted
from the case of R™ (see [224, Lemma 2.2]) and for this reason is omitted.

e Step 8: Proof of (3.19).

The proof of this step closely follows the proof of [224, Theorem 1.1], which
in turn uses [220, Theorem 1.3] and [205, Theorem 5]. Even if [220, Theorem 1.3]
and [205, Theorem 5] are stated in a local setting, thanks to the homogeneous
Neumann boundary condition they can be easily extended to our setting. For

107



3.1. PRELIMINARY RESULTS

this reason we only give a sketch of the proof, following the argument of [224,
Theorem 1.1].
Let k& and r be as in Step 1. For any R > 0 and y € X, we define

ur(y) == R7Tu(Ry). (3.42)
From (3.1) we obtain
~Allyp =R 7ul, "' 3. (3.43)

Also, writing ulg*l = ug “Pyb~! and using (3.25), we have

Ryl V< KPPl inS\ By, (3.44)

provided that R > r. Thus, it follows from (3.43), (3.44), and [220, Theorem
1.3], that for any € > 0 it holds

l[urllLo (sn(Ba\B2)) < Cellurl|Lr-1+e(sn(Bs\B1)) (3.45)

for some constant C. > 0. We fix g = g¢(n, p) such that 0 < g9 < p — p, where
p is as in Step 2. Since

||UR||LP*1+EO(EO(BS\BI)) < CO'|’U’R||L1571’°°(Eﬁ(35\31)) )

for Cy = Cy(n, p), recalling Step 2 we obtain that

[[url| Lo (2n(B.\Bs)) < C1 (3.46)

for some constant C7. Hence, by (3.43), (3.46), and elliptic regularity theory
for p-Laplacian type equations [85, 218], we get

IVur|| L (5n(B,)2\Bs0)) < C2 (3.47)

for some constant Cy. Here we notice that, even if (3.47) is proved in [85,
Section 3] in a local setting (see also [53], where the authors prove global Lip-
schitz regularity in convex domains for the case when H coincides with the
Euclidean norm), the argument easily extends to our setting by an approxima-
tion argument. Indeed, as in the proof of Proposition 3.2 below, one can work
in regularized domains and, because of the presence of the boundary, with re-
spect to [85, Section 3] it appears an extra boundary term. However, this can
be dropped since the second fundamental form of 0¥ is nonnegative definite
(compare with (3.57)-(3.60) below, or with [53, Proof of Theorem 1.2, Step 1]).
Finally, for any = € R™ \ Bs,, applying (3.46) and (3.47) with R = |z|/3 we

obtain - .
u(z) < Cslz|?=t  and |Vu(z)| < Cslz|r=1 (3.48)

for some constant Cs3. Since v and Vu are uniformly bounded in Bs,., (3.19)
follows. Finally, to prove the lower bound in (3.19) one argues as in [224, pages
159-160). O
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3.1.3 Asymptotic estimates on higher order derivatives

By using a Caccioppoli-type inequality, in this subsection we prove Proposition
3.2 below which will be useful in the proof of Theorem 3.1. In particular it will
avoid the use of an asymptotic lower bound on |Vu|, which is crucial in [203].

Proposition 3.2. Let 3 be a convex cone, and let u be a solution to (3.1) with
a(-) given by (3.3), where H satisfies the assumptions of Theorem 3.1. Then
a(Vu) € VVliCZ(E), and for any v € R the following asymptotic estimate holds:

/ IV (a(Vu)) [0 do < 0(1 + r—"—’*%) V>, (3.49)
B,N%

where C is a positive constant independent of .

Proof. The estimate (3.49) is obtained by using a Caccioppoli-type inequality.
We argue by approximation, following the approach in [14, 54].

We approximate ¥ by a sequence of convex cones {X;} such that ¥y C X
and 0% \ {O} is smooth. Also, we fix a point T € N Xy, and for & fixed we let
ug be the solution of?

ug (%) = u(x) (3.50)
a(Vug)-v=0 on 0%

Set
a’(2) := (a* ¢y)(2) for z € R", (3.51)

where {¢¢} is a family of radially symmetric smooth mollifiers. Standard prop-
erties of convolution and the fact a(-) is continuous imply a’ — a uniformly on
compact subset of R”. From [99, Lemma 2.4] we have that a’ satisfies the first
condition in (3.12) with s replaced by sy, where s; — 0 as £ — oco. In addition,
since

1 pP—
~(12P +7) T ¢* < Va'(2)6 €, for every €,z € R,

for some & > 0, we obtain that a’ satisfies also the second condition in (3.12).
Let ug¢ be a solution of
div (a*(Vuge)) +uP =1 =0 in %y (3.52)
a (Vukj) -v=20 on 8Ek

(this solution can be constructed analogously to uy).
We notice that u ¢ is unique up to an additive constant. Also, because u

is locally bounded, the functions wuy ¢ are Cll.gf =k \ {0} N C%Y(S}), uniformly

loc
in ¢. In particular, assuming without loss of generality that uy ((Z) = u(z) for

2The function uy can be found by considering first the minimizer v, r of the minimization
problem

1 *
min / [7H(Vv)p7up “ly| dr:v=00n %, NIBR ¢,
v SpNBgr LP

then setting ug r(x) := vk, r(z) + u(Z) — vg,r(Z), and finally taking the limit of uy r as
R — oo (note that the functions @y, r are uniformly C19 in every compact subset of 3, and
uniformly Hdlder continuous up to the boundary).
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some fixed point T € Xy, as £ — oo one sees that uy ¢ converges in CL_ to the
unique solution uy of

div (a(Vag)) +u? ~1 =0 in X
(%) = u(T) (3.53)
a(Vug) -v=0 on 9%y .

Since uy is also a solution of the problem above, it follows by uniqueness that
Uy, = ug and therefore uy ¢ converges to uy as £ — oco. Analogously, ur — u as
k — oo.

Given R > 1 large, we define

Q=X N Bgr, Tio:= YrNOBR, Tia:= 0¥, N Bg.

Note that, since « is uniformly positive inside X (see Proposition 3.1), for k large
enough (depending on R) also uy, is uniformly positive inside €, and hence for ¢
large enough we have that uy, ¢ is also uniformly positive inside €. In the sequel
we shall always assume that k& and ¢ are sufficiently large so that this positivity
property holds. We now fix k£ and deal with the functions uy .. To simplify
the notation, we shall drop the dependency on k and we write up, X, Q, g, I’y
instead of uy ¢, Xk, Qk, I'i,0, 'k 1, respectively.

The idea is to prove a Caccioppoli-type inequality for u, and then let £ — oco.
Since uy solves a non-degenerate equation, we have that u, € C*NW>2(2) and
furthermore we have a‘(Vug) € WL2(Z). In addition, since ¥ is smooth outside
the origin, u is of class C? in Q away from I'; U {O}.

Multiply (3.52) by o € C2°(Br \ By/r) and integrate over € to get

/ div (a*(Vug))y dx = —/ uP Yy da,
Q Q
that together with the divergence theorem gives

Ya*(Vuy) -vdo = —/ P Y da (3.54)

—/ a*(Vuyg) - Vo da +
Q Q

o0
Since
Ya(Vuy) - vdo = Ya’(Vuy) - vdo + Yat(Vuy) - vdo,
oN I To

from the fact that ¢ € C°(Bgr \ Bi/r) and from the boundary condition in
(3.52), we obtain that the second term in (3.54) vanishes; hence (3.54) becomes

—/ a*(Vug) - Vip dx = —/ uP " da (3.55)
Q

Q

Let ¢ € C°(Br \ Bi/r), and for § > 0 small define the set
Qs :={x e Q : dist (z,00) > d}.

Since Q2 Nsupp(y) is smooth, for § small enough we see that 25\ Qg5 is of class
C* inside the support of ¢. In particular, every point z € (25 \ Qas) Nsupp(p)
can be written as

r=y—|r—ylv(y)
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where y = y(x) € 95 is the projection of x on 9Qs and v(y) is the outward
normal to 925 at y. Moreover the set (€25 \ £225) Nsupp(p) can be parametrized
on 9Qs by a C! function g (see [112, Formula 14.98]).

Let (5 : Q — [0,1] be a cut-off function such that ¢s = 1 in Qas, (s = 0 in
0\ Qs, and

1 .
Vis(z) = fgz/(y(x)) inside Qs \ Qa5 .

Using ¢ = O (¢Cs) in (3.55) with m € {1,...,n} and integrating by parts, we
get

Z </ amaf(Vug)C(;@i(p dx —I—/ amaf(Vw)go@i(g dx)
— \Jo Q

_ / O (4”1 pCs
Q

where we use the notation a* = (af,...,a’) to denote the components of the

vector field a’.
Observe that, from the definition of (5, we have

lim 8maf(Vug)C58i<pdx:/8maf(Vw)8iapda:.
5—0 O Q

Also, if we set
f(@) = Omai (Vue(2))p(x)

by the coarea formula we have

/ fOi(s dx = —% vi(y(x)) fdz
Qs5\Qa2s

Qs\ Q26

24
- /5 dt /d (@) Sy~ () |det(Dg o (y)

_ / s / F(y — s60(y))vi(w)|det(Dg)|do(y) -
1 ONss

Since f € C9, we can pass to the limit and obtain

lim amaf(Vug)go@iC(; dx = —/ (“)maf(Vug)apl/idJ.
5—0 Q Ko

Hence, we proved that

> ( / Omat (Vug)dyep dz — / amaf(Vu»swida) = / O (P )pda.
i1 \JQ o0 Q

(3.56)
Now, let
Of = {x € Qs : dist (x,085) > t}.

We notice that, if @ € (Qs \ Q25) Nsupp(y) with z = y — tv(y), then = € 9Qf
and the outward normal to BQg at z coincides with the outward normal to 9
at y. Hence, by writing v(z) in place of v(y), we have

Ona; (Vug(x))p(x)vi(x) = p(2)0m (0’ (Vue(2)) - v(z))

— p(@)al (Vug(x))dpnri(z) (3.57)
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Now, we take a cut-off function n € C°(Br \ By gr), and for m € {1,...,n} we
set ¢ = a’, (Vug)u)n? where v € R, and in (3.57) we obtain

Oma;(Vue(2))p(2)vi(x) = ap, (Vug(@))uf (@)1 ()0 (0" (Vue(@)) - v(z))
)

— ab, (Vue(2)u) (2)n*(x)al (Ve () Opmvi(z) .
(3.58)
We notice that d,,v;(x) is the second fundamental form IT}, of 9Q% at

Z Omvi(x)a; (Vug(x))ay, (Vue(x)) = I (a"(Vue(2)), o (Vug(x)))

i,m=1

Since the cone ¥ is convex then IT’ is non-negative definite, which implies that

Z Omi(x)al (Vug(z))al, (Vue(x)) > 0. (3.59)

i,m=1

Hence (3.58) becomes

S Ol (V@) p(a)vi(x)

i,m=1
n

< Y an(Vun(@)ud (@)n*(@)0p (a (Vue(z)) - v(x)) ,  (3.60)

i,m=1

and so, with the choice ¢ = a’,(Vug)u)n?, we obtain

/ ama (Vug)prdo < Z / upn a (Vug)Om (Z(V’LLg)'V> dx

i,m=1 i,m=1
—Z/ un? a* (Vug) - V(a* (V) - v) dz =0,
o9

where the last equality follows from the condition a‘(Vug) - v = 0 on 9%. In-
deed, this condition implies that af(Vuy) is a tangent vector-field and that the
tangential derivative of a‘(Vuy) - v vanishes on 9¥.

Hence, recalling (3.56), we proved that

Z /8 a$(Vue)d; (ab, (Vue)u dm<n/ IV (P )| |a" (Vue)|ujn? da .

i,m=1
(3.61)
Inequality (3.61) can be used in place of Equation (4.11) in [14, Proof of Theorem
4.1], and by arguing as in [14] we obtain

/ IV (a*(Vue)) *n?u) do <
Q

C/|V(GZ(VW))HCLZ(VW)|W?IV(WENd“C/|V(up*‘1)||ae(Vw)\UZ772dw-
Q Q
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From Holder and Young inequalities, for any € € (0,1) we can bound

¢ [ 196 (Fue)lla’ (V) 190 )| do
C 1
< Ce [ V(@ (Vu)Priu o+ G [ Jo! (Vu PV )P do.
Q Q

so choosing e small enough such that Ce = 1/2, we obtain

/ IV (! (V)PP de < C / ! (Vug) 2|V ()| da
Q Q
+C/ \V(up*fl)Haé(Vwﬂuandr.
Q

Recall that here n € C2°(Bg \ Bi/r). However, by approximation the same
property holds for any n € C>°(R").
Now, we recall that we were writing u, in place of uy ¢. Then, since ug ¢ — ug

in CL_ and a’ — a locally uniformly, we can let £ — oo to deduce that

/Q IV ((Vur))PrPu] de
k

SC/ \a(ka)|2|v(,7u§)|2dx+C/ V("= H)lla(Vur) luln? dz. (3.62)
Qk Qk

In particular, taking v = 0, (3.62) proves that a(Vuy) € W22 (Sg), and {a(Vug) }ren

loc
is uniformly bounded in Wﬁ)cz Hence, letting k& — oo in (3.62) we obtain

/Q|V(a(Vu))|2772u7dx
a(Vu)|? u?)|? dz w? Y |la(Vu)|un? dz.
SC/Q\(V)\ IV(n )|d+C/Q\V( Na(Vu)|[un”d

Finally, the asymptotic estimate (3.49) follows from (3.19). O

3.2 Proof of Theorem 3.1

As already mentioned in the introduction, we consider the auxiliary function

v=u "> (3.63)

where v is a solution of (3.1). A straightforward computation shows that v > 0
satisfies the following problem

Afv = f(v,Vv) inX
{d(Vv) v=0 on 9%, (3:64)
where Afv = div (a(Vwv)) with
a(§) = H''(OVH(E)  VEeR", (3.65)
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and where we set

flo,Vv) =

p \"'1, n(p—1) H(Vv)
<n_p) st et (3.66)

with ~
H(¢) =H(-¢) VE e R™. (3.67)

It is clear that v inherits some properties from w. In particular v € Cllo’f, and it

follows from Proposition 3.1 that there exist constants Cy, C7 > 0 such that
Cola| ™71 < w(x) < Cyla| 77 (3.68)

and )
V()] < Cyfo| 7 (3.69)

for |z| sufficiently large. Higher regularity results for v are summarized in the
following lemma.

Lemma 3.4. Let v be given by (3.63). Then, for every o € R, the asymptotic
estimate

/ IV (a(V)) 20 de < 0(1 + r”Wf’ﬁ) Vr>1 (3.70)
B,.N%

holds.

Proof. We notice that

D P=l
a(Vv) = — ( ) u” = a(Vu)

n—p
and
P\
V(a(Vv)) = —
v =- ()
_n-1 n(p—1) ra-m
u” n=r V(a(Vu)) — —u »» Vu ®@a(Vu)| ,
n—p
so it follows from Proposition 3.2 that
a(Vv) e WA (E). (3.71)
Finally, the asymptotic estimate (3.70) follows from (3.49) and (3.19). O

3.2.1 An integral inequality

In this subsection, by using the convexity of the cone, we show that v satisfies
an integral inequality.

We recall that the second symmetric function S?(M) of a n x n matrix
M = (m;;) is the sum of all the principal minors of A of order two, and we have

S2M) = 5 3 8% (M)ymy, (3.72)
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where
SZQJ(M) = —My; + 5ijT1" (M) .

As proved in [55, Lemma 3.2] (see also Lemma 2.3), given two symmetric ma-
trices B,C € R™*™ with B positive semidefinite, and by setting M = BC, we
have the following Newton’s type inequality:

n—1

2n
Moreover, if Tr (M) # 0 and equality holds in (3.73), then

S%(M) < Tr (M)?. (3.73)

Tr (M)

M = Id,

and B is positive definite. As we will describe later, we will apply (3.73) to the
matrix M = V[a(Vv)].

We start from the following differential identity (see [29]). We use the Ein-
stein convention of summation over repeated indices.

Lemma 3.5. Let v be a positive function of class C° and let V : R® — R* be of
class C3(R™) and such that V(Vv)div (VV(Vv)) can be continuously extended
to zero at Vv = 0. Let

W =V[VeV (V)] = Vee, (Vo) O]v. (3.74)
Then, for any v € R we have
207 S*(W) = div (07 S} (W) Ve, (Vo)) — ) 1S3 (W) Ve, (Vo)dv (3.75)
and

div (0757 (W)Ve, (Vo) +~(p — D)oV (Vo) Ve, (Vo))
= 20783 (W) +~(y — D) (p — 1)o7 2V (Vo) Ve, (Vo) 9w

" (3.76)
+707 (P = DV(V) + Ve, (Vo) div) Tr (W)
+707 7 ((p = DVe (Vo) Ve, (Vo) + Ve, (V)30 Ve, (Vo) Do)
In particular, if
V() = Hl;(g) forp>1and £ € R", (3.77)

where H is a norm, then
207 S (W) =div (07 S5, (W)Ve, (Vo) +7(p — 1)) ' V(Vo) VeV (V)
—y(y = Dp(p — 102V (Vo) (3.78)
—v(2p — 1)1)“’_1V(Vv)Afv
where Afv = div (a(Vv)) and a(-) is given by (3.65). Observe that, in this

particular case,

W(z) := V]a(Vu(z))].
Proof. See [29, Lemma 4.1]. O
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The idea is to apply the above lemma to the function v solving (3.64) and
integrate the identity above on 3. Due to the lack of regularity of v, Lemma
3.5 cannot be applied directly but we can still prove its integral counterpart.

Lemma 3.6. Let v be given by (3.63), let V be as in (3.77), and W as in (3.74).
Then, for any ¢ € C°(X), we have

/z: (21}752(W) + (v = Dp(p — Do 2V3(Vo) +v(2p — 1)v7_1V(VU)Afv) odx

=— /2 Do (VIS (W)Ve, (V) +v(p — 1)o" 'V (V) Ve, (Vo)) da .
(3.79)

Proof. We argue by approximation. So, first we extend v as 0 outside ¥, and
then for € > 0 we define v® = v*p® and V© = V xp°, where p° is a standard mol-
lifier. Also, we set a° = VV® and W* = (wg;)i j=1,....n where wi; = 9;(a; (Vv?)).

Since V € CY(R"™) then a5 = a; * p° for i = 1,...,n, where a is given by
(3.65). Also, since a(Vv) € WL2(2), then as(Vo®) — a;(Vv) and wi; — wjj in

loc
2 .
Ly .(¥). Moreover, since

Ho(VH(E) =1  VEeR™\ {0},
we have that R R
Ho(a(§)) = HP7H(€)  VEeR™\ {0},
which implies that
pV(€) = BT (@(€) Ve R\ {0}.

Since IQ’O”% is locally Lipschitz and a(Vv) € I/VI}DCQ(E) then V(Vo) € WI})CQ(E)
and we have that
0, (VE(V07)) = 0,,(V(V))  in LY ().

loc

Now we write (3.76) for the approximating functions v, V¢ and W*¢, we multiply
by ¢ € C°(X) and integrate over X. Since ¢ has compact support inside %, it
follows from the divergence theorem that

[ S2 07 420 = 1= 1))V (Vo) (Vo)) o
—I—/E'y(vs)'y_l ((p = HVE(V%) + VE (Vo) 90°) Tr (We)p da
+ /E (%) ((p — DVE (VO )VE (VoR) 0" + VE ¢, (Vo) i VE (vuf)ajvs) ode

— /2 8j<p((v5)75'i2j(W5)V§ (Vo) +~v(p — 1)(05)7_1V€(V1}5)V§j (VUE)) dx .

(3.80)
Since V¢ (Vof)dZv° = 0y, (VE(V7)), recalling (3.78) we conclude easily by
letting € — 0. O

Now we extend Lemma, 3.6 to cut-off functions defined on a ball centered at
the origin. Here, the convexity of ¥ plays a crucial role.
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Lemma 3.7. Let v be given by (3.63), let V be as in (3.77), and W as in (3.74).
Consider a non-negative cut-off function n € C°(R™). Then

/E (ZUWSQ(W) + (v = Dp(p — D 2V3(Vo) +v(2p — 1)v7_1V(VU)A§v) ndz

>— /E Am(vTSHEW)Ve, (Vo) + ~(p — 1)V (Vo) Ve, (Vo)) da.
(3.81)

Proof. As in the proof of Proposition 3.2, this proof requires a regularization
argument considering the solutions of the approximating problems

div (@*(Voge)) = f(v, Vo)  in 3y

(Vo) - v=0 on 9%y,
where a‘ are defined as in (3.51) with a replaced by @ given by (3.65) and
f(v, Vv) is given by (3.66). Note that, since v € C’llo’f(Z \ {O}), the functions
vg,¢ are of class C’fo’g in 3, \ {O}, and this allows one to perform all the desired
computations on the functions v ¢, and then let ¢ and k to infinity. Since this
approximation argument is very similar to the one in the proof of Proposition
3.2, to simplify the notation and emphasize the main ideas we shall work directly
with v, assuming that v is of class C’IQO’S in ¥\ {O} in order to justify all the
computations.

Set

F=20"S*(W) +~(y = Dp(p — D)o >V*(Vo)
+4(2p - DV (V) ATy (3.82)
and L = (Ly,...,L,) with
Lj = "SEH(W)Ve, (Vo) +7(p — DV (Vo) Vg, (Vo)

for j =1,...,n. Then we apply Lemma 3.6 with ¢ = n(s, where n € C°(R"™)
is a cut-off function as in the statement, and (s € C°(X) is a cut-off function
of the distance from 0X that converges to 1 inside ¥ as § — 0. In this way,
as in the proof of (3.56), letting § — 0 the term involving V(s gives rise to a
boundary term: more precisely, we obtain

/Fndxz—/Vn-Lda:—&—/ nL-vdo. (3.83)
) b o%

Now, to conclude the proof, we need to show that the last integral in (3.83) is
non-negative; indeed, for z € 93 \ {O}, by using the explicit expression of L
and of SZ;(W) we get

L(z) -v(z) =
vV (x)a(Vo(x)) - v(x) [Tr (W) (z) +~(p— 1)v_1(;v)V(Vv(ac))} (3.84)
7 (@) (Vo(2))a: (T (@)e(z)

where we used that w;;(z) = 0;a;(Vv(z)) and Vg, = a,.
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We notice now that d;v,(x) is the second fundamental form of % at x, which
is non-negative definite by the convexity of ¥. Hence

Oive(x)a;(Vu(zx))a;,(Vu(z)) > 0. (3.85)
From (3.84) and (3.85) we get

L(z) - v(w) 207 (2)a(Vo()) - v(y) [Tr (W)(@) +5(p — Do~ (2)V (Vo(z))]
— 07 (@)V(a(Vo(z)) - v(y)) - a(Vo ().

Now, since a(Vv) - v = 0 on 9%, the first term on the right-hand side vanishes.
Moreover, since the tangential derivative of a(Vv) - v vanishes on 9% and a(Vv)
is a tangential vector-field, also the second term vanishes. This proves that
L-v >0on 0%\ {0}, that together with (3.83) (recall that n > 0) concludes
the proof. O

Proposition 3.3. Let v be given by (3.63), let V be as in (3.77), and W as in
(3.74). Then

Z/Evvsz(W) dx +~v(y—=1)p(p—1) /Z VI T2VE(Vo) da

+v(2p — 1)/ U'Y_lV(Vv)Afvdx >0, (3.86)
b

for any v < 7771(;0[;1)'

Proof. From (3.64), (3.68), and (3.69) we know that |Alfv| < C'in %, and from
Newton’s inequality (3.73) we also have |S?(W)| < C (recall that Tr (W) =
Aflv).

Now, let 77 be a non-negative radial cut-off function such that n =1 in Bg,
n = 0 outside Bsg, and [Vny| < %. Thanks to (3.68) and (3.69), we can take
the limit as R — oo in the left-hand side of (3.81) to obtain the left-hand side
of (3.86). Hence, in order to prove (3.86) it is enough to show that

Jim (v S5 (W)Ve, (Vo) +7(p— )0 'V (Vo) Ve, (Vo)) dz = 0, (3.87)
— 00 ER

where we set for simplicity
Er:=%YnN (BQR\BR) .

Since |S7;(W)| < [W|, using Holder’s inequality we get

c(n)

0, S%(W)Ve, (Vo) di| <

n
WLQE X
5 ) W12

(/ER v VV (V)2 dm) C

W72 (g, < CR™.

Observe that (3.70) yields
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Also, from (3.68) and (3.69) we have
/ V| VV (Vo) de < CRi-T 12,
Er

Hence, since by assumption v < 7@’ this proves that

. 2
thgo . 0y S (W) Ve, (V) dz = 0.

Analogously, using (3.68) and (3.69), the second term in (3.87) can be bounded

as

8TV (Vo) Ve, (Vo) de| < CR#=1H™ (3.88)
Er

which also goes to zero as R — oo since v < —"“’Tfl). This proves (3.87) and
hence (3.86). O

3.2.2 Conclusion

We multiply (3.64) by v~™ and integrate over . By using the divergence
theorem, the boundary condition in (3.64), and the decay estimates (3.68) and
(3.69), we get

p—1 n B
( p ) /v_"_ldx— f/ v P (V) da = 0. (3.89)
n—p by pPJs

Now we use Newton’s inequality applied to W in (3.86). More precisely, since
Tr (W) = Aflv, we have

- 1(A§v)2 : (3.90)

2
<
253 (W) <

and from (3.86) we obtain

n ; ! / U’Y(AEU)Q dx +v(y—1)p(p—1) / V2V 2(Vo) da
by by

+v(2p — 1)/ zﬂ*lV(Vv)Afvdx >0, (3.91)

b
for any v < —@. Since p < n we can choose ¥ = 1 —n in (3.91), and using
(3.64), (3.66), and (3.77), we obtain
p—1
( b ) / v e — ﬁ/ v " HP (Vo) de > 0. (3.92)
n—p b pJs

Recalling (3.89), this implies that the equality case must hold in (3.92). Hence
the equality case must hold in (3.90) a.e., which implies that

W(z) = Aax)Id for ae. z€X, (3.93)

for some function A\ : ¥ — R, where Id is the identity matrix.
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Now we show that the function ) is constant. Since

Ax) = %Tr(W) = %Afv(m) = %f(v,Vv)

(see (3.64)), and since v € C’llo’f(E), we get that A € C2?(X). Moreover, elliptic

loc

regularity theory yields that v € CQ’O(E N {Vv # 0}), which implies that A €

Cll.jf (XN {Vwv #0}). From (3.93) ngchave that
04 (Vo(2))) = A(x)0sy (3.94)

for i,j € {1,...,n}, which implies that a(Vv) € C=?( N {Vv # 0}).

loc

Then, given i € {1,...,n}, choosing j # 7 and using (3.94) we obtain
0iX(x) = 0:(0;(a;(Vo(x)))) = 8;(9:(a;(Vo(x)))) =0

for any z € ¥ N {Vv # 0}, which implies that A is constant on each connected
component of ¥ N {Vwv # 0}. Since A is continuous in ¥ and {Vv = 0} has no
interior points (this follows easily from (3.64)), we deduce that A is constant.
In particular, recalling (3.93), we get

Via(Vu(z))] = W(z) = A1d inX¥.

Hence a(Vv(z)) = Mz —x¢) for some x¢ € X, and from the boundary condition
in (3.64) we obtain that zo € OX. This implies that v(z) = ¢1+coHo(x—10) 71,
or equivalently (recalling (3.63)) u(z) = Z/Ilfwo (x) for some p > 0. Finally, it is
clear that:
- if ¥ = R"™ and zy may be a generic point in R";
-if k€ {1,...,n — 1} then x5 € R* x {O};
-if k =0 then 2o = O.

This completes the proof of Theorem 3.1.
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Chapter 4

Sobolev-type inequalities on
Cartan-Hadamard manifolds

4.1 Statements of the main results

As already mentioned in the Introduction, in this Chapter we consider Sobolev-
type inequalities on Cartan-Hadamard manifold M of dimension n > 3, namely
on complete, noncompact, simply connected Riemannian manifold with every-
where nonpositive sectional curvatures. The starting remark which motivates
our study is the following: from one hand it is well known that on any Cartan-
Hadamard manifold M the Euclidean Sobolev inequality

2n
n—2

1Al 2=y < Cs IV Fllpzary VI € Co(M), 2" = (4.1)
holds. On the other hand, if the sectional curvatures are everywhere bounded
from above by a negative constant —k, then in addition to (4.1) also the Poincaré
inequality

2

1Al L2y < N IVfllpeary  Vf € Co(M) (4.2)

holds, or equivalently the infimum of the spectrum of (minus) the Laplace-
Beltrami operator on M is bounded from below by k(n — 1)?/4, i.e. A has a
spectral gap. This is a celebrated result due to H.P. McKean [167], which we
discuss extensively in Section 4.4 (Theorem 4.4). Note that the spectral bound
is optimal since it is attained by the hyperbolic space H™ of curvature —k.

As already mentioned in the Introduction, in this Chapter, we suppose that
the sectional curvatures of the Cartan-Hadamard manifold satisfy a bound of
the following type

Sect(z) < —Kr~" Ve € M \ Bg, , (4.3)
for some 8 € (0,2] and K, Ry > 0, where r = r(z) := dist(x,0) denotes the

geodesic distance from z to a fixed point o (the pole of the manifold). Then the
question is:
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what kind of inequalities does M support?

The answers we show in the Chapter are nontrivial. First of all, one has to
distinguish between the so-called sub-hyperbolic range (8 € (0,2)) and the quasi-
FEuclidean range (5 = 2), following a terminology originally introduced in [120].
Another crucial difference is between radial and nonradial functions. We shall
focus on the following Sobolev-type inequalities

11l 2oary < Co IV Fll L2 (ar) » (4.4)

where p is a suitable exponent belonging to the interval (2, 2*].

Let us briefly describe the results we prove, which are stated precisely later.
In the case 8 € (0,2) we show that (4.4) holds in the radial setting for all
p € (2,2*], for a positive constant C,, of the form

2+p3
C p2@C-5)
(p—2)77

C being another positive constant that depends only on the constants n, 8, K, Ry
appearing in (4.3). The result is optimal with respect to the dependence on p
(see Theorem 4.1). In the case § = 2, namely negative curvatures that can decay
quadratically at infinity, inequalities (4.4) (still in the radial setting) start to
hold from a certain exponent 2 € (2,2*) that depends on n and K, which tends
to 2 as K — 0 and to 2 as K — oo. Hence, one is no more allowed to let p | 2.
This result is also optimal with respect to p, see Theorem 4.2 for the details.
Finally, we prove in Theorem 4.3 that out of the radial setting all of the above
results fail: namely, it is enough to assume that (4.3) is satisfied with reverse
inequality (in fact it suffices to require the same bound on the Ricci curvature)
to be able to construct a sequence of nonradial functions that make the constant
C, in (4.4) blow up for every p < 2*. We point out that the case f > 2 is not
interesting because it is essentially Euclidean, i.e. the sole inequality of the type
of (4.4) that holds, even if restricted to radial functions, is the standard Sobolev
one: this is an immediate consequence of our results, see Remark 4.2.

The techniques of proof that we exploit take advantage of two main ingredi-
ents: one-dimensional weighted functional inequalities and Laplacian-comparison
theorems, which are recalled in Subsections 4.2.4 and 4.2.2, respectively. The
idea is to first study the radial inequalities on model manifolds, namely spherically-
symmetric Riemannian manifolds whose metric g can be written as

Cp

(4.5)

g =dr? +(r)? d@gn_l

for some regular “model” function ¢ : Rt — R* (see Definition 4.7), where
degn,l is the usual metric on the (n — 1)-dimensional unit sphere. In this con-
text, (4.4) becomes a family of one-dimensional weighted inequalities, where the
associated weight is just ¢ (r)"~1. Then, by resorting again to Laplacian com-
parison, as well as to surface-measure comparison (see also Subsection 4.2.1),
one can extend the results to general Cartan-Hadamard manifolds.

As we mentioned in the Introduction an important motivation to study the
validity of (4.4) on Cartan-Hadamard manifolds under curvature bounds like
(4.3) came from the recent work [120], where the authors investigate the asymp-
totic behavior of nonnegative solutions to the porous medium equation (see the
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monograph [223])
up = A(u™) in M xRt

u = ug on M x {0}, (4.6)

where m > 1. They prove (in particular) that if Sect(x) ~ r~# for some
B € (0,2) then solutions to (4.6) starting from nontrivial compactly-supported
data satisfy

1
248 248 | m—1
2

u(x,t)wfﬁ v (logt)2=7% —r ast — 0o,

+

for a suitable positive constant . Such bounds are compatible with the L!-L>
smoothing effects proved in [118] under the sole assumption that inequalities
(4.4) are satisfied with a constant C, as in (4.5). It was by combining these
results that we conjectured that, at least in the radial framework, the above
inequalities might hold indeed. Completely analogous connections can be es-
tablished in the quasi-Euclidean case. For more details on this discussion, we
refer to Section 4.6.

Concerning the organization, the Chapter is organized as follows: in Section
4.1 we state our main results, after a brief introduction to notations. Section
4.2 recalls some preliminary tools in Riemannian geometry and functional in-
equalities, which are key concepts in order to carry out our methods of proof.
In Section 4.3 we provide the proofs of the radial inequalities (Theorems 4.1
and 4.2), while in Section 4.4 we focus on the Poincaré case p = 2 and give an
alternative proof of McKean’s Theorem, under somewhat weaker assumptions
(see Theorems 4.5 and 4.6). Section 4.5 deals with the nonradial case, namely
the disproof of the analogues of Theorems 4.1 and 4.2 for nonradial functions
(see Theorem 4.3 and Remark 4.2). The last section shows how the functional
inequalities established here yield optimal smoothing estimates for the (radial)
porous medium equation flow on the manifold at hand (Theorems 4.7 and 4.8).

4.1.1 Basic notations

Given an n-dimensional (n > 2) Riemannian manifold (M,g) and x € M, we
shall denote by Sect(z) the sectional curvature w.r.t. any 2-dimensional tangent
subspace at x € M and by Ric(z) the Ricci curvature at « € M, as a quadratic
form on T, M, the latter being the tangent space at x.

We shall denote by C! (M) the space of all C' functions on M, with
compact support, which are radial with respect to some (fixed) point o € M,
ie.

Coaa(M) == {f € Co(M) : f(z) = f(d(z,0)) Vzxe M},

where r = r(z) := d(x,0) is the geodesic distance from o, which is called pole,
to x. Furthermore, for all 1 < p < oo

1l = ( / f|p)” ,

where the integral is computed with respect to dv: the Riemannian measure
of M; while || f| e (ar) stands for the essential supremum of |f|. The Sobolev
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critical exponent is, as usual,

o . % ifn>3,
00 fn=2.

In many parts of the Chapter we shall need to deal with spherically symmet-
ric, complete and noncompact manifolds M for which the Riemannian metric
has the following special structure:

g=dr? + ¢(T)2 d@én,l ,

where df3,_, is the standard metric on S*~!' and ¢ : R — R™ is a function
belonging to the class A, which is defined as

A= {1 € C>((0,00)) NC'([0,00)) : 1(0) =0, ¢(r) >0 Vr>0, ¢'(0) =1}.

(4.7)
Such Riemannian manifolds are referred to as model manifolds, and will be
denoted by M. For example, the Euclidean space corresponds to i(r) = r,
while the hyperbolic space corresponds to 1 (r) = sinhr.

By an n-dimensional Cartan-Hadamard manifold M = M"™ we mean a com-
plete, noncompact, simply connected Riemannian manifold with everywhere
nonpositive sectional curvatures. First of all, we observe that on Cartan-Hadamard
manifolds the cut locus of any point o is empty; hence, for every z € M \ {o}
one can define polar coordinates with pole at o, namely r(x) = d(z,0) and
6 € SN ~1. We then denote by B, the Riemannian ball of radius 7 centered at o
and S, := 0B,.. In the case of Cartan-Hadamard manifolds, we also denote by
Sect,, (z) the sectional curvature w.r.t. to any 2-dimensional tangent subspace
w at = containing a radial direction, and by Ric,(x) the Ricci curvature at x
evaluated in the radial direction corresponding to the pole o.

4.1.2 The sub-hyperbolic radial case

In the first result of this paper, we prove that if the (radial) sectional curva-
tures of a Cartan-Hadamard manifold do not decay too fast at infinity, namely
slower than an inverse-quadratic rate with respect to r, then a suitable family
of Sobolev-type inequalities holds in the radial framework. The terminology
sub-hyperbolic is borrowed from [120].

Theorem 4.1. Let M" be a Cartan-Hadamard manifold such that
Sect,,(r) < —Cor~" Vo € M"\ Bg,, (4.8)

for some B € (0,2) and Cy, Ry > 0. Then there exists a positive constant
C, depending only on n, 3, Coy, Ry, such that for every p € (2,2*] N (2,00) the
following radial Sobolev-type inequalities

2458
C p2E=5

Plaaqueny <
lzmen <

HVfHLZ(M") Vf € Cclzrad(Mn) (49)

hold. Moreover, the dependence on p of the multiplying constant in (4.9) is
optimal, in the sense that for each B € (0,2) there exists a model manifold My,
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complying with (4.8), such that

IV Sl 2 (i _ 975
inf o) PZ2TE e (2,20 (200) (4.10)

el dmy), 520 oy — cpem

for another positive constant C depending on n, 3, Cy, Ry-

4.1.3 The quasi-Euclidean radial case

In the case of curvatures that decay with a rate which is at most quadratic,
we still have radial Sobolev-type inequalities: however, in this case, they start
to hold from a certain exponent which is strictly larger than 2. Again, the
terminology quasi-Euclidean is in agreement with [120].

Theorem 4.2. Let M" be a Cartan-Hadamard manifold such that
Sect,,(z) < —Cy ™2 Vz € M"™\ Bg, (4.11)

for some Cy and Ry > 0. Then there exists a positive constant C, depending
only on n,Cy, Ry, such that for every p € [2,2*] N [2,00) the following radial
Sobolev-type inequalities

1y < CVBIVlageny  VF € Clug@®I7)  (412)
hold, where

- n ~ 1++v1+4 -1
5= ~2”27 N ; Citn=1) (4.13)
P

Moreover, the result is optimal w.r.t. to the exponent p, in the sense that for
each Cy > 0 there exists a model manifold M, complying with (4.11), such that

(4.12) fails for all p € [2,2) and, in the case n = 2, the optimal constant in
(4.12) does behave like \/p (up to multiplicative constants) as p — oc.

Remark 4.1 (Ricci bounds from above). It is worth pointing out that actually
the thesis of Theorem 4.1 still holds if one replaces Sect, (z) with Ric,(z) in
assumption (4.8): this is due to the fact that Laplacian-comparison results with
model manifolds, which we exploit extensively throughout the paper, can also be
established under such a weaker hypothesis. The argument applies to Theorem
4.2 as well, except that in this case the analogue of exponent 2 in (4.13) is no
more optimal, just because one has (4.24) in place of (4.20). Same observations
can be made with regards to Theorems 4.5 (no optimal constant however) and
4.6, both dealing with the Poincaré inequality. The key result on which these
extensions rely can be found in the monograph [228]: see Subsection 4.2.2.

4.1.4 Failure of the nonradial inequalities

Surprisingly enough, all of the above inequalities (except the Fuclidean Sobolev
inequality) fail in the nonradial framework under reverse curvature bounds.
Indeed, we have the following.
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Theorem 4.3. Let M" be a Cartan-Hadamard manifold such that
Ric(z) > —Cyr =" Vo € M"\ Bpg,, (4.14)

for some 8 € (0,2) and Ry,Co > 0. Let p € [2,2*). Then there exists no positive
constant C' for which the following Sobolev-type inequality

1l @amy < CUV Il 2y Vf e Co(M™) (4.15)
holds.

Remark 4.2 (Optimality of the curvature bounds). It is plain that Theorem 4.3
implies that the conclusions of Theorems 4.1 and 4.2 cannot hold, in general,
in the nonradial framework: indeed, for each given § € (0,2], it is enough to
consider a Cartan-Hadamard manifold (e.g. a model) satisfying

Sect(z) ~ =7 asr — 00.

Any such a manifold clearly complies with both the assumptions of Theorem 4.1
(or Theorem 4.2 if 8 = 2) and the ones of Theorem 4.3, so that the thesis of the
latter prevents the validity of (4.9) (or (4.12)) extended to nonradial functions.

For analogous reasons, we do not treat the case § > 2: by following a
strategy similar to proof of optimality of Theorem 4.2, it is not difficult to check
that for any 3 > 2 one can construct a model manifold such that Sect(z) ~ r=#
as r — oo, for which any of the radial inequalities (4.9) fails as long as p < 2*
(we omit details and refer to [120, Section 2.3, Type IV]). Hence, in general no
inequality of the type of (4.9) different from the classical Sobolev one can hold.

Remark 4.3 (Validity of the inequalities for more general functions). For sim-
plicity, we have stated the above results of Theorems 4.1-4.2 (as well as those
of Theorems 4.4, 4.5 and 4.6 below) for functions in C}(M"). Nevertheless,
by means of standard density arguments, it is apparent that they also hold for
compactly supported Lipschitz functions or, more in general, for all functions
belonging to the closure of C'}(M") w.r.t. the L? norm of the gradient.

4.2 Geometric and functional preliminaries
In the following, we recall some basic facts in Riemannian geometry concern-
ing volume, surface and Laplacian comparison (Subsections 4.2.1-4.2.3), along

with a key result related to weighted one-dimensional Sobolev-type inequalities
(Subsection 4.2.4).

4.2.1 Notations from Riemannian geometry

We shall adopt the same notations as in Section 4.1.1. If M" is an n-dimensional
Cartan-Hadamard manifold, then one the surface measure of spheres reads

meas (S,) = / A(r,0)do, where df :=df; ...db,_1 (4.16)
S§n—1

and A(r, 0) is the weight associated with the volume measure of M w.r.t. polar
coordinates, which turns out to be the square root of the determinant of the
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metric matrix written in such coordinates (see e.g. [115, Section 3]). In particu-
lar, the latter is a nonnegative C>°(R* x S"~1) function. Hence, if f is a radial
function as in (4.9) or in (4.12), then by Fubini’s Theorem

o = (] |f|p)’1’ ([ [ oracsa)’
_ (/OOO £ ()| meas (S,.) dr>; ,

so that radial Sobolev-type inequalities can be rewritten as one-dimensional
weighted inequalities (see Subsection 4.2.4).

(4.17)

It is direct to see that the Laplace-Beltrami operator on M"™ in polar coor-
dinates has the form
82

0
A—W+m(r,9)E+AST,

where Ag, is the Laplace-Beltrami operator on the submanifold S, and
m(r,0) = g (log A(r,0)  Vr=(r6) cR* x (S"I\P), (413
T

where P is the (finite) set of poles on S"~!, namely all angles § € S*~! at which
A(r, 6) vanishes identically. Elsewhere, A(r,0) is always strictly positive. Note
that m(r, 0) is just the Laplacian of the distance function « = (r,6) — r. So, by
integrating (4.18) from a fixed o > 0 to r > ry we deduce that

/ m(s, 6)ds = log A(r,0) — log A(ro,0),

0
i.e. |
A(T, 9) = 6‘[’7'0 m(s,0) ds+co

with cg :=log A(ro,0). As a result, recalling (4.16), we get that

meas (ST) = / 6'/‘:0 m(s,@) ds+cy dG .
§n—1

4.2.2 Laplacian comparison

We recall here some classical results which allow one to compare the Laplacian
(as well as the Hessian in some cases) of the distance function of a Cartan-
Hadamard manifold with the Laplacian of the distance function of a suit-
able model manifold corresponding to the curvature bounds (as a reference see
e.g. [114, Section 2] or [115, Section 15]). More precisely, if

Secty (z) < o) Vo = (r,0) € M\ {o} (4.19)
for some function ¢ € A, then
m(r n— v(r) r u n-l
(r,0) > ( 1) o) V(r,0) e RT™ x S" . (4.20)
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Similarly, if

Rico(2) > —(n — 1) fb(gf)) Vz = (r,0) € M\ {o}
for another function ¢ € A, then
m(r,0) < (n—1) 12)/((:)) Y(r,0) € R* x S"71.

Though we shall mostly use them in the Cartan-Hadamard setting, let us point
out that the above inequalities are true in more general Riemannian manifolds
(at least manifolds with a pole).

As a simple consequence of Laplacian comparison with the Euclidean space
(just use (4.19)—(4.20) with ¢ (r) = r), on any Cartan-Hadamard manifold there

holds
n—1

m(r,0) > Y(r,0) € RT xS"1. (4.21)

r

In particular, thanks to (4.18) and the fact that M™ is locally Euclidean, we
immediately deduce that

the function r — A(r,6) is nondecreasing for all § € S*~'\ P (4.22)

and oA
a—(o, 0)>0 VOeS"I\P. (4.23)

r

Actually, in the special case of Cartan-Hadamard manifolds, a comparison
result similar to the first one can be deduced by replacing the (radial) sectional
curvatures Sect,, (z) with the Ricci curvature evaluated in the radial direction
w.r.t. the pole o, which we denote Ric,(x). Namely, if

¥"(r)

Ricy,(z) < —(n —1) e

Vo = (r,0) € M"\ {o}
for some function ¢ € A, then

m(r vn — 7@@'( n—1r)
(r6) 2 V=1 =)

This is basically due to the fact that the Hessian of the distance function on
M™ has nonnegative eigenvalues: we refer to [228, Theorem 2.15].

Y(r,0) € R* x S"~1. (4.24)

By exploiting Laplacian comparison with carefully chosen model functions
1 € A, one can easily prove the following (for the details see e.g. [120, Lemma
4.1]).

Lemma 4.1. Let M" be a Cartan-Hadamard manifold satisfying (4.8) for some
B € 10,2) and Cy, Ry > 0. Then there exzist ro = ro(8,Co, Ro) > 0 and ¢ =
c(n, B, Co, Ro) > 0 such that

B
2

m(r,0) > cr~ Y(r,0) € [rg,00) x S"71.
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4.2.3 Geometric interpretation of the scalar curvature

Given a generic n-dimensional Riemannian manifold (M, g), it is well known
(see for instance [28, Introduction] or [49, p. 133]) that the scalar curvature Sy
is linked to the volume of balls: in particular, when S, is positive the volume of
the balls in M is smaller than the volume of the balls of the same radius in the
Euclidean space. On the other hand, when S, is negative we have the opposite
relation. This facts can be made quantitative, at least for small balls. More
precisely, the ratio between the volume of a ball B.(p) C M of radius € > 0
centered at p € M and the Euclidean volume of the corresponding ball B, C R™
centered at the origin is given by

Vol(B:(p)) Sg 2 1
— = =1-———="4+0(c"),
B EETRE
where | - | stands for the Euclidean volume. Moreover, the boundaries of these

balls, i.e. 0B.(p) = S¢(p) and OB, = S, are (n—1)-dimensional geodesic spheres
of radius € > 0 whose ratio of the corresponding surface (or Hausdorfl) measures

satisfies

4.2.4 One-dimensional weighted inequalities

In the following, by a weight in R* we simply mean any positive L{ ([0, 00))

function, even though in the rest of the paper we shall in fact deal with more
regular functions. The techniques we exploit in Sections 4.3 and 4.4 take ad-
vantage of some results for one-dimensional weighted Sobolev-type inequalities
(or Hardy-type inequalities according to the terminology of [149]), which have
been known for a long time. In this regard, we shall mainly refer to the mono-
graph [149] by A. Kufner and P. Opic, which collects several results from this
perspective (not only in the one-dimensional framework by the way).

Proposition 4.1 (|149, Theorem 6.2]). Let w be a weight in RY. Letp € [2,00).
Then the Sobolev-type inequality

2

([ o weyir) <o ([ weom) voe oo

(4.26)
holds for some C > 0 if and only if

s oy ([s) ([ o) = o

and the optimal constant C' appearing in (4.26) satisfies the two-sided bound

D=

1
2

B(w,p) < C < (1 + g)% (1 + ;) B(w, p). (4.28)

4.3 Proofs of the radial results

We devote this section to the proof of Theorems 4.1 and 4.2, so that here we
shall focus only on radial functions. Nonradial issues will then be addressed in
Sections 4.4 and 4.5.
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4.3.1 The sub-hyperbolic case

We start this subsection by a key result showing that, under suitable assump-
tions on the weight w(r) = ()"~ !, where ¢ € A (recall (4.7)) is any function
corresponding to sub-hyperbolic model manifolds (according to the terminol-
ogy adopted in Subsection 4.1.2), the supremum appearing in the statement of
Theorem 4.1 can be bounded from above in a quantitative way.

Lemma 4.2. Let ¢ € A satisfy the following assumptions:

Cc

(o3

Y(r)y=r Vr>0, '(r)>0 Vr>0,

Vr > rg, (4.29)

<

—
=

=
=

for some a € (0,1) and ¢,79 > 0. Let n € N be larger than or equal to 2. Then
there exists a positive constant C, depending only on n,«,c,rg, such that for
every p € (2,2*) there holds

1 1 1+a
" _ B > 1 2 Cp2(1*a>
sup P(s)" ! ds) (/ YRy dS) < ——=. 4.30
re0,00) </o o Ok (p—2)7= (430

Proof. First of all, let us establish that the Lh.s. of (4.30) is finite. To this end,

set
Qr) = (/OT¢(S)"—1 ds>; (/Oo W ds)é Wr>0.  (431)

The integration of the last inequality in (4.29) from rq to 7 > rg, along with the
first inequality, yields the bound from below

l1—a

P(r) > ketss™ " vy >, where k = k(o, ¢,r9) :=rge Ta’o |

(4.32)

which readily ensures that Q(r) is a smooth function on (0,00). In addi-

tion, because ¥(r) ~ r as r — 0 and p < 2*, it is immediate to check that

lim, 0 Q(r) = 0. In order to deal with the behaviour of Q(r) at infinity, we

need some more integral estimates. To this aim, upon rewriting the last in-
equality in (4.29) as

et () O B
“e¢(n—1) dr -

and integrating (by parts) between ¢ and r > rg, we obtain:

[ vertas s oty [ g oas

_ ﬁ {rw(r)nlrgézz)(ro)"la /Wd}
1

ce(n—1)

IN

()t
(4.33)

130



4.3. PROOFS OF THE RADIAL RESULTS

By plugging estimate (4.33) in (4.31), exploiting (4.32) and the fact that ¥ (r)
is nondecreasing, we deduce that

o= ([ s ></>

R i > ( e )

=

) 00 3
1 ro 1 P s
< s)" " tds + — s
< (g |, w0 et o) S
r
§ 1
. enmd)i-a ) »
< ()" tds+ X
kn—1pa 0 ce(n—1)
& 20 7((71(11)(])) 2) -« 2
sSpP e a)p
ds

(n=1)(p—2)
P

for all » > rp, whence lim,_, ., Q(r) = 0. As a consequence, because Q(r) is
smooth and positive in (0, 00), it admits a maximum at some 7 > 0, which is a

critical point. Since
1 r %—1 00 1 %
s)"t ds) (/ _— ds)
([ v O

p

at » =7 we find the identity

Q'(r) =

_ B 1 T n—1
P(s)n1 ds = 2 h(F)2n2 (s) ds, (4.34)
so that .
_ pys 1 g - 3
In particular,
p % n 1 pt,z
o 0= @) o ([ e

Therefore, in order to establish (4.30), it is enough to prove an analogous upper
bound on the r.h.s. of (4.36). To this aim, first of all note that the first two
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inequalities of (4.29) entail

p+2 p+2

2p T o2p (n—=2)(2* —p)

1 A S\ 2B/

n (m\n—1 (/ ¢ n ds) = (n=—1)(p—2) =r = ’
P(r)

that is, upon taking the supremum over (0,rg),

L (n=2)(2*~p)
sup (/ ()"~ 1ds) <r, = ) (4.37)
re(0,m0) 1/1

where in the case n = 2 we mean (n — 2)(2* — p) = 4. On the other hand, by
exploiting (4.32), (4.33), (4.37) and the fact that ¢ is nondecreasing, we obtain:

p+

sup /1/1 n- 1ds)
T6(70,00)¢ (

1 T0 1 1 T L p2p2
< suwp | — ey P(s)"™ ds+m/ Y(s)" " ds
r€(ro,00) \ )(rg)” »+2 0 Y(r) vrz JIro
pt2
(n72><+22*7p> ro 2p
S sw |71 7 + (=D (p=2)
r&(ro,00) C(TL _ ]_) w(r) T2
p+2
(n—2)(2* —p) ro 2p
)
S sup ro + (n—D(p-2) c(r-D®=2) 1o
r€(r0,00) c(n—1)k~ »rz e 0 r
p+2
(n—=2)(2* —p) = C(n=1)(P=2)  o(n_ _ W 2p
<|r, "** ’ + lolp + )] — PR e Tt
eln — D] 7% (p—2) 5
(4.38)

where we have computed explicitly the last supremum in (4.38) (over the whole
R* actually) recalling the definition of k given in (4.32). Hence, by combining
(4.36), (4.37) and (4.38), we end up with

([ ([ k) < (3)

(n=2)(2*—p) f= _=DG=D e (p-2) 1-a a
<7"0 e [a(pﬁQ)] —r, e Ui o ~Tow

[eln— D] (p—2)7=

from which (4.30) easily follows just by letting p | 2 and (in the case n = 2
only) p — co. O

We are now in position to prove Theorem 4.1.

Proof of Theorem 4.1. We consider only the case p < 2* since, as recalled in
the Introduction, it is well known that the Euclidean Sobolev inequality holds
on any Cartan-Hadamard manifold.

Let us first establish the validity of (4.9) and then show optimality according
0 (4.10). To our purposes, we introduce the following function:

Yu(r) = (meas(s)) - Vr >0, (4.39)

Wn—1
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where w,,_; is the Hausdorff measure of the Euclidean unit sphere S*~! and
S, is the sphere of radius r in M" centered at the pole o. It is an elementary
fact that ¢, € A. Indeed, recalling (4.16), it is apparent that ¢, € C*((0,00))
thanks to the regularity of A(r,6) outside the pole (recall the corresponding
discussion in Subsection 4.2.1). On the other hand, by applying (4.25) with
e = r, we easily deduce that 1, € C1([0,00)), ¥x(0) = 0 and ¢, (0) = 1. Now
we aim at showing that +, fulfills the hypotheses (4.29) of Lemma 4.2 for some
positive g = ro(8, Co, Ro), ¢ = ¢(n, 8,Co, Ro) and a = 3/2. Indeed, thanks to
(4.18), (4.21) and Lemma 4.1, the following inequalities hold:

9 A(r,0) S n- 1

or n—1
00 = 7 Y(r,0) € (0,00) x S"7"\ P (4.40)
and o A(r.9)
= A(r, 0 ]
or ’ > -5 n—1
A0 = cr Y(r,0) € [ro,00) x S"TH\ P, (4.41)

for suitable constants rg,c > 0 as above. By integrating (4.40) from € > 0 to
r > €, we obtain:

Ale, 0)

en—l

A(r,0) > rn V(r,0) € (g,00) x S\ P,

whence, upon integrating over S*~!,

n—1 eas (S:)

meas (Sy) > wp_1 7 =w,_1r" " (1+0(e?)), (4.42)

meas (S;)

where we have used (4.16) and again (4.25). If we let ¢ | 0in (4.42), we therefore
end up with
w* (71) >r Vr > 0.

The fact that ¢} (r) > 0 everywhere is a trivial consequence of (4.40), so that
we are left with establishing the last inequality of (4.29). To this aim, note that
the integration of (4.41) over S"~! yields

d 0
o, meas (Sr) = /Snil EA(T, 0)do

zcr—é/ A(r,0) do
Snfl

which readily entails

W) . e
Yu(r) " m—1

namely the last inequality of (4.29) with a = /2, upon relabeling c. Hence, we
have proved that the function v, defined in (4.39) satisfies all of the assumptions
of Lemma 4.2, with « = §/2. Thus, as a consequence of (4.30), we deduce that

1 1 243
" n— P 1 2 CpEm
sup </ e (s)" ! ds) (/ RO ds) < —— (4.43)
re(0,00) 0 r < (S (p — 2) 3-8
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for a suitable C' = C(n, 8, Cy, Rg) > 0. Thanks to (4.43), we can apply Propo-
sition 4.1 with w(r) = 9, (r)"~1, which ensures the validity of the Sobolev-type

inequalities
([Tt v rar) <
0

T 7 P RN
(1+2)" (1+2) — ([T vy ar)
Vg € C1(]0,00)), Vp € (2,2%).

Finally, we need to show how to pass from (4.44) to (4.9). To this purpose, it is
enough to observe that f € C!_ (M") implies r — f(r) € C([0,00)), which,
along with Fubini’s Theorem, allows us to apply (4.44) in the following way:

limey = ([ [ 150 pAr@)d@dr)’l’
~ (w170 w0 >"-1dr)’1’

1 2+ 1
o) (1 2) O e e
<ula (105)" (102) S ([T woer

p—2)77F

1_1 i 2 3 C u%—ﬁm
=W,y 1+£>p (1+> piax

2 P/ (p-2)77

(/000 /s, |/ (r)* A(r,6) db dr>;

1_1 i 2 (
it (142 (1+2) P L
P/ (p-2)==
(4.45)
namely (4.9) upon relabelling C.
Let us now deal with optimality. It is enough to consider any function ¢ € A
such that

Y"(r)
Y(r)
which ensures that the associated model manifold Mfy is Cartan-Hadamard and

complies with (4.8). Indeed, following e.g. [120, Lemma 4.1], it is not difficult
to prove that (4.46) implies

W)
e

where by a(r) ~ b(r) we mean that the ratio a(r)/b(r) tends to 1. In particular,
(4.47) entails

wu(?“) 2 0 Vvr> O, = CO ’I“_ﬁ vr Z Ro, (446)

Co P2 as r — 0o, (4.47)

v'(r) : =

<2y/Cor~2 Vr>rg = (r)>cie?" * Vr>rg,

(4.48)
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70, €1, c2 > 0 being suitable constants that depend on ¢ but not on p € (2,2*]N
(2, 00), whose exact values are not relevant to our purposes. Hence, (4.48) plus
a simple integration by parts in the same spirit as above, yield

B

o 1 7?2
> Vr>rg. 4.49
/T o1 S 2Tl — 1) ol R
Similarly,
[ wtortas
1 8 1 s B! }
— |72 T g et — d Vr>rg,
s e = =5 [ M a vee
which implies, upon picking ry so large that
a <1,
4\/Co(n—1)
the validity of the estimate
[ eyt Py wr) | ez
—4\/00(71—1) 0 -
(4.50)

From (4.50), it is then apparent that one can select another 7y > 7o in such a
way that

"1d>”w() Vr > 7. 451
/1/) S_Sﬂ(n—l) T >To (4.51)
Hence, by combining (4.48), (4.49) and (4.51), we deduce that
- 1 o 1 B(pt2)
P 2 r  4p
w(s)n_ld5> ( - dé’) >2C——Few
(A r 1/}(8)” ! 1#(7“)%;)
Bpt2)
>C r Vr > 7
P CEH P =0
(4.52)

where from here on C denotes a general positive constant that can be taken
independent of p € (2,2*] N (2, 00), that we shall not relabel. A straightforward
calculation shows that the maximum over r € (0,00) of the last term in (4.52)
is attained at

T [«a(n gg”ﬂ))(pz)] o

which ensures that

1 1 B
n 1 » > 1 2 p+2 -8
aw (foerme) ([ gapme) 2e(35) ww

provided

\Y

Y

B(p+2) =
an DB QJ (4.54)
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It is therefore clear that (4.53)—(4.54), together with (4.28), yield (4.10) at least
in the case n > 3, where 2* < oo. What is left in the case n = 2 is just the
correct estimate on the behaviour of the supremum in the Lh.s. of (4.53) as
p — oo. To this aim, it is enough to observe that, as a simple consequence of
the fact that ¢(r) ~ r as r — 0, there holds

1

sup </T1/)(s)ds> (/00 1ds) i >C sup re (=logr)z > Cp2,
r€(0,00) 0 r ¢(5) re (O’ﬁ)

which, upon exploiting again (4.28), ensures the validity of (4.10) also as p —
0. O

=
M=
[N

4.3.2 The quasi-Euclidean case

Similarly to Subsection 4.3.1, we start by a crucial result showing that, for
appropriate weights w(r) = ¢(r)"~! (¢ € A) associated with quasi-Euclidean
model manifolds (still according to the terminology of Subsection 4.1.2), one can
bound quantitatively the supremum appearing in the statement of Theorem 4.1.

Lemma 4.3. Let ¢ € A satisfy the following assumptions:

Pr)y>r Vr>0, ¢'(r)>0 Vr>0,

for somec>1,¢ >0,qg>1andrg > 0. Let n € N be larger than or equal to
2. Then

r % 0o 1 % 2%,
n—ld 76[ C *
o (/ Vi) ) (/ B ) SCvp W’E[ﬁ—ﬁ)’

(4.56)
where N == fi(n,c) == c(n — 1)+ 1 and C is a positive constant depending only
on n,c,c,q,ro.

Proof. The strategy relies on arguments close to the ones used in the proof
Lemma 4.2. Indeed, let Q(r) be defined by (4.31). By integrating the last
differential inequality in (4.55) from rg to r > r¢ (and taking advantage of the
first one as well), we obtain:

W(r) > kr® Vr>r, where k = k(c',q,7m9) > 0, (4.57)

which ensures that Q(r) is a smooth function of r > 0, given the finiteness of
the integrals involved. Moreover, because ¥ (r) ~ r as r — 0 and p < 2*| it
is immediate to check that lim,_,o Q(r) = 0. In order to deal with the limit
at infinity, we need again some integral bounds. Clearly, the last inequality of
(4.55) yields

!
1
ii((:)) > c;; Yr > 7y, for some 7o = 7o(c’, q,70) > 70 ; (4.58)
note that inequality (4.58) can be rewritten as
2r d
[ —— 7/ Vr > 7. 4.59
1/’(7’) = (C + 1)(7'L — 1) dr (1/’ )(T) r=ZTo ( )
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Hence, if we integrate (by parts) (4.59) between 7y and r > 7y, we deduce that

" n— " d n—1
/Fow(s) Lds < (c—f—l)(n—l)/,:osds(w )(s)ds

= m |:7’1/J(7")n—1 — 7o 7/)(770)"_1 _ /T w(s)n—l ds]
2r p(r)n—1
T (e+1D)(n-1) .
Let us now rewrite (4.58) as :
1 2r d 1 )
P(r)nt = (c+1)(n—1)dr <¢(7~)n1) Vr > 7o (4.61)

The integration (by parts) of (4.61) between r > 7y and oo (along with (4.57))
ensures that

/TOO ¢<$n—1 do=- /7:<c+ 1§<n —1) di <w<§> o

(c+1D)(n—1)p(r) !
2

1

Ter Dm0 / ST

whence
/°° 1 s < 2 r
S
ro Y T (== 1) +2(n—2) P(r)!
By plugging estimate (4.60) into (4.31), exploiting (4.57), the fact that ¢ (r) is

nondecreasing and (4.62), we obtain:
i 1
L ds)
(/’r‘ P(s)n!
oo

To _— 27“’(/J(’I“)n_1 % 1 < %
) Y d”(cﬂ)(nl)) ([ )

Vr>Fy.  (4.62)

S
=
S~—
|
/N
S—

3
<
—

)
S~—
3
L
QL
)
+
—
o 3
<
—
®
S~—
7
—
QU
@
~
]

1 7o . 9 VAP w(r)_m—l)p(p—z) 3
= (rw(r)"—l /0 VT s+ T s 1)) ((c “D(n—1)+2(n-2)
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for all » > 7y, where from here on C stands for a general suitable positive
constant depending only on n, ¢, ¢/, q, ro (that we shall not relabel). In particular,

limsup Q(r) < C

r—00

since

p2~2n N p+2 cn—1)(p—2)

<0. 4.
n—2 2p 2p =0 (4.63)

There are two possibilities: either Q(r) does not admit an internal maximum,
in which case
Qry<C ¥Yr>o0, (4.64)

or Q(r) does admit an internal maximum at some 7 > 0, which is a critical
point. Note that, in this case, by carrying out the same computations as in the
proof of Lemma 4.2, equations (4.34), (4.36) and (4.37) (with 7o replaced by 7o)
are still true. On the other hand, by exploiting (4.37) (with ro replaced by 7o),
(4.57), (4.60) and the fact that ¢(r) is nondecreasing, we end up with

p+2

2
sup </ P(s)"~ 1d8> ’
re(ro,oo)w

1 o n—1 1 " n—1 ”
< sup ey Y(s)" N ds + —— Y(s)" " ds
r€(Fo,00) %D(fo)W 0 ¢(7=) P2 )

pt2

(=2 -p) 1 27”1/)(7“)”_1 2p
sup 7o PP + —
r€(fg,00) ( 0 Qp(r)% (C+ 1)(” - 1)

p+2

IN

(n=2)(2" =p) 2 r 2
< sup T ° + —
re(o00) \ (e+1)(n=1) y( )( ==

(n=2)(2" —p) c(n=1)(p—2) 2p

re(fp,00)
p+2
(n=2)z" =) EEUETE
o 7 +C7 v ,

where in the last line we have taken advantage of (4.63). Hence, by collecting
(4.36), (4.37) (with rg replaced by 79) and (4.64), we finally obtain

" n—1 é
o ([otora) ([ ws“ )

P % (n=2)(2* —p) 1—cen=D(p—2)
S(§) o TP 4+ O e \/C,

which establishes (4.56) up to relabelling C. O
We can now prove Theorem 4.2.

Proof of Theorem 4.2. We argue similarly to the proof of Theorem 4.1: our aim
is to show that the function ¢, defined by (4.39) satisfies the hypotheses of
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Lemma 4.3. In order to establish the validity of the first two inequalities of
(4.55), as well as the fact that ¢, € A, one can reason exactly in the same way.
As concerns the third one, some adaptations have to be performed: we shall
mainly refer to [120, Subsection 8.1]. First of all, note that the general solution
of the differential equation

¢"(r)=Crr2p(r)  VreRT
is explicit, i.e.
d(r) =a; ™ +agr®®  VreRT

for arbitrary real constants a; and ag, where g1 2 = (1++/1+4C1)/2. It is not
difficult to show (just by following the same ideas as in [120, Subsection 8.1])
that one can construct a function ¢ € A such that

@'(r)=Cyir=24(r) Vr>2Ry, W(r) < Crr29(r) Vr € (Ro,2Ry),
" (r)=0 Vrel0,Ryl,
which therefore complies with (4.3.2) for every r» > 2Ry =: ¢ and constants
ay > 0, as € R depending only on C1, Ry. In view of (4.11), we are in position to

apply the Laplacian-comparison results of Subsection 4.2.2 (specifically (4.20)),
guaranteeing that

m(r,8) > (n—1)

q1 h
e >(n-1) (r pisT™e=ren m) (4.65)

for all » > rg, where h is a suitable positive constant depending on a1, as, g1, g2, 70-
Thanks to (4.65), we can now proceed as in the proof of Theorem 4.1, observing
that

WL (r) :WM(Z = <mzaj(fr>>"lll /SM m(r,0) A(r,0) df

L1
- 1 (meas (ST)> "

Twpo1(n—1) Wn—1

0 h
(n — ].) <7" — Mm) ‘/Sn_1 A(T, 9) do

(4 h
- (T - T1+m> 7/}*(7")

for all 7 > ro. Hence, the function 1, satisfies the hypotheses of Lemma 4.3
with ¢ =¢q1, ¢ = h and ¢ =1+ /1 + 4C;. As a consequence, we deduce that

s % o0 1 % ~
* nild d ) * )
ot </ vuls) ) </ (e ) sevrrelt 2<) )
4.66

where 2 is defined in (4.13) and C is a positive constant as in the statement.
Once (4.66) has been established, the conclusion follows as in the proof of Theo-

rem 4.1, i.e. by applying Proposition 4.1 and carrying out the same computations
that led to (4.45).
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Let us finally deal with optimality. To this aim, it is enough to consider any
function ¥ € A such that

" (r)>0 VYr>0 and w(r)xr% asr — oo,

where by a(r) =< b(r) we mean that the ratios a(r)/b(r), a’(r)/b'(r), a" (r)/b" (1)
tend to some positive numbers and 7 is related to C; by (4.13). This ensures
that the associated model manifold My, is Cartan-Hadamard and complies with
(4.11). Recalling that 7 — 2 > 0, we therefore obtain

© P
(/T w(s)”—lds) =r7 2 as r — oo (4.67)

1
(/ P(s)n ! ds) =7y asr — oo, (4.68)
0
for all p > 2. The combination of (4.67)—(4.68) then yields

(/()Tfﬂ(s)n_lds)p(/Toow(s;Mds>2er asr —o0o. (4.69)

Clearly, the r.h.s. of (4.69) stays bounded as r — oo if and only if 2i—pn+2p <
0, namely p > 2. Hence, thanks to Proposition 4.1, we can conclude that in this
case (4.12) fails for all p € [2,2). As for the behaviour of the optimal constant
as p — oo (for n = 2), one reasons exactly as in the end of the proof of Theorem
4.1. O

and

Remark 4.4 (On the Cartan-Hadamard assumption). It is worth pointing out
that, in Theorems 4.1 and 4.2, in general it is not possible to drop the assumption
that M is a Cartan-Hadamard manifold, i.e. it is not enough to require that
the sectional curvatures satisfy only (4.8) or (4.11). Indeed, consider a model
manifold M, with ¢ € A such that Y(r) < e ™" as r — oo, where a = 3/2 €
(0,1). It is straightforward to check that such a manifold complies with (4.8);
however, it is apparent that all of the inequalities (4.9) fail, since the supremum
appearing in (4.27) in Proposition 4.1 is identically oo because of the second
integral. Similarly, with regards to Theorem 4.2, one can consider a model
manifold M{X with ¢(r) = r® for large r, where g3 < 0 is the power appearing
in (4.3.2). It is plain that all such manifolds are not Cartan-Hadamard, since a
local change of sign of the second derivative of 1) necessarily occurs.

Remark 4.5 (The case p € [1,2)). Throughout the whole paper we have as-
sumed that p > 2. In fact there is a simple reason for such a restriction: it
was proved in [118, Theorem 4.6] that on any Cartan-Hadamard manifold the
inequality ||f|l, < C||Vf|2 always fails as soon as p is strictly smaller than

2. Moreover, since the argument used in the corresponding proof relies only on

radial functions, the inequality is false even if restricted to C%, ,(M™).

4.4 The Poincaré inequality: McKean’s Theorem
and related issues

As discussed in the Introduction, one of the main motivations for this work was
a celebrated paper by H.P. McKean [167], which is fully devoted to the proof of
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the following result.

Theorem 4.4 (McKean 1970, original statement). Consider a smooth, n-
dimensional, simply-connected Riemannian manifold M with negative sectional
curvatures Sect bounded away from 0: specifically, suppose Sect < —k for some
constant k > 0. Then the spectrum of the corresponding Laplace-Beltrami op-
erator A acting in L>(M) is also bounded from 0: specifically, the top of the
spectrum lies to the left of
k(n—1)°
i

and this bound is sharp.

We point out that Theorem 4.4 can be rephrased equivalently by asserting
that on any Cartan-Hadamard manifold M" with sectional curvatures bounded
from above by —k < 0, the following Poincaré inequality

2 n
1l 2 amy < NCTE) IV flzqeny V€ Ce(M)

holds. This is the form of the statement that we shall refer to below.

The original proof of McKean is far from trivial. He had already under-
stood that it all amounted to establishing the inequality for radial functions,
since the extension from radial to nonradial in the pure Poincaré case (p = 2)
is straightforward, see the proof of Theorem 4.5 below. However, in order to
prove that the weight associated with the volume measure on M"™ (recall Sub-
section 4.2.1) satisfies a differential inequality of the type of (4.70) (actually
of second order) w.r.t. the variable r, which is at the core of the problem, he
employs several technical tools that involve the second fundamental form, Ja-
cobi fields and the so-called index form of Morse theory. Here we shall only use
elementary arguments related to weighted one-dimensional inequalities, in the
spirit of Section 4.3. Of course the main nontrivial result behind our methods
lies in the Laplacian-comparison Theorem recalled in Subsection 4.2.2, which
allows one to pass from model manifolds to general manifolds with very little
effort. Furthermore, through these techniques, we are able to slightly generalize
McKean’s Theorem, by requiring that only the radial sectional curvatures are
negative away from zero.

In order to carry out our alternative proof, we need a preliminary lemma.

Lemma 4.4. Let v € C1([0,00))NC((0,00)) be a positive function on (0, 00)
such that 1(0) = 0. Let n € N be larger than or equal to 2. If

Y'(r)
e >Vk Vr >0, for somek >0, (4.70)

then

oy ([ o d8>% ([ Mw“)% < ooy 4

Proof. For convenience, let us assume that k& = 1: the general case can be
obtained by a simple scaling argument, as we shall see in the end of the proof.
So, given any € > 0, upon integrating (4.70) from ¢ to r we infer that

(r) = v(e)e™  Vr=e. (4.72)

141



4.4. THE POINCARE INEQUALITY: MCKEAN’S THEOREM AND
RELATED ISSUES

On the other hand, inequality (4.70) can be rewritten as

1 d
n—1dr
so that an integration between 0 and r yields (recall that ¢(0) = 0)

P(r)" <

(w"_l)(r) Vr >0,

/T Y(s)"lds < . Pt e > 0. (4.73)
0 n—1

Similarly, another way of rewriting (4.70) is
1 1
< —
()1 = n—1dr (
by integrating (4.74) from r to co we obtain
> 1 1 1
ds < v 0 4.75
[ so=tsisigm= oo (47

where we have exploited the fact that lim,_, . ¥ (r) = oo, trivial consequence of
(4.72). By combining (4.73) and (4. 75) we finally deduce that

/1/1 "1d/ )T 7(71_11)2 Vr >0,

namely (4.71) for k = 1. In order to deal with the general case, it is enough to
apply the just proved result to r — vk (r/Vk). 0O

We are now ready to give an elementary proof of McKean’s Theorem, by tak-
ing advantage of Lemma 4.4 along with the basic facts in Riemannian geometry
recalled in Subsections 4.2.1-4.2.3.

Theorem 4.5 (McKean’s Theorem revisited). Let M"™ be a Cartan-Hadamard
manifold satisfying

() Ve >0; (4.74)

Secty, (x) < —k Ve e M™, (4.76)

where k > 0 and Sect,,(x) denotes the sectional curvature w.r.t. any 2-dimensional
tangent subspace w at x containing a radial direction. Then

2 n
1N L2 uny < m IVl L2 an) VfeCiM"). (4.77)

Proof. Thanks to (4.76), we can apply the Laplacian-comparison result recalled
in Subsection 4.2.2 with the explicit model function ¥ (r) = sinh(\/Er), which
corresponds to the hyperbolic space of curvature —k and trivially satisfies

P(r)
=k Vr > 0.
o(r)
Hence, upon recalling identity (4.18), we deduce that
9 A(r,0)
or ’ _
A(T, 9) m(?", 0)
Y'(r)
—1
ST

=(n—1) Vk coth(\/Er)
>n-1)Vk Yr>0, VoeS"I\P,
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namely

d
W¢A(T’9) > f n—1
MY Sk Wr>0, YoeSI\ P, 478
a8 2 \ (4.78)
where 1 4(r, 0) := A(r, Q)ﬁ.
Thanks to the basic properties of the function (r, ) — A(r,8) described in
Subsection 4.2.1, in view of (4.78) we can apply Lemma 4.4 to ¢ = ¢ 4(+,0), for
every fixed § € S"~! \ P, which ensures that

6)"1d - 4 -
T:‘(EEO) </o vato) S) (/ Ya(s, )t 8) = Vi (n—1)

Vo e ST\ P.
(4.79)
As a consequence, from Proposition 4.1 with p = 2 and w(r) = ¥ (r,0) we

deduce that
| st aeodr < —— [0 v ar
0 E(N—-1)" Jo

Vg€ Ci([0,00)), VOeS"I\P.

(4.80)

On the other hand, if f € C}(M") then r + f(r,0) € CL([0,0)) for every
6 € SN71, so that by exploiting (4.80) with g(r) = f(r,0), integrating over
S"~1 and using Fubini’s Theorem, we end up with

/SM /OOOf(r,e)zA(r,a)drdagk(?f_l)2 /SH /Ooo‘grf(r,e)

4 oo ,
Skm-1 /S/o V1. 0)" Alr,0) drdf,

2
A(r,0)drdo

namely (4.77), recalling (4.17). O

As concerns the sharpness of the constant, which of course had already been
established by McKean, note that it is easily verified e.g. by observing that the
r.h.s. of (4.79) is attained on hyperbolic space, i.e. when ¥4 (r,0) = Sil’lh(\/ET).

4.4.1 Negative curvatures outside a ball

In fact the previous techniques allow us to obtain a McKean-type result under
the weaker assumption that curvatures are bounded above by a negative con-
stant only in the complement of a ball. To the best of our knowledge, this result
is new even if, in some sense, expectable.

We first establish the following lemma.

Lemma 4.5. Let ¢ € C1([0,00))NC°((0,00)) be a positive function on (0, 00)
such that 1(0) = 0 and ' (0) > 0. Let n € N be larger than or equal to 2. If

P'(r)>0 Yr>0  and >c Vr=rg (4.81)
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for some c,rg > 0, then there exists a positive constant C, depending only on
N, c,rq, such that

" n—1 >~ 1 %
o (o) ([ ggme) <o am

Proof. First of all we observe that the integration of the last inequality in (4.81)
from 7o to r > 7o, along with the fact that v is positive, yields the bound from
below

[N

i)y > Ke" Nr>rg, where K :=¢)(rg) e” 0. (4.83)

We proceed similarly to the proof of Lemma 4.4. Upon rewriting the last in-
equality in (4.81) as

d 1
e e ez

and integrating between r¢ and r > rg, we obtain:

/1/) s < M/T:ji(w"—l)(s)ds

= ﬁ [’l/}(r)n*l _ 1/}(7'0)7171] (4.84)
1

= e(n—1)

v <

()"

Another way of rewriting such an inequality is

7/}(7&“71 < _c(nl— 1) % (™" () vrzro, (4.85)

whence by integrating (4.85) from r to co we infer that

/T P(s)n! ds = c(n—1) ¥(ryn—1 vrzro, (4.86)

where we have used the property lim,_,~, ¥(r) = oo, consequence of (4.83). The
combination of (4.84), (4.86) and the first inequality of (4.81) yields

/w nld/ o
(/ sr—ass [ veras) [ T

nl
Sc(nfl nl/ (s ds + (,1)2

< To + 1
“en—-1) A(n—1)2

for all » > rg, namely

sup Q(r) < —— 1

= C?. 4.
r€[re,00) “c¢(n—-1) * c2(n —1)2 c (4.87)
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We are left with bounding the analogous supremum for r ranging between 0
and ro. There are two possibilities: either sup,.¢ g, ,,) Q(r) < C?, in which case
(4.82) trivially follows, or sup,.¢ (g ) Q(r) > (?, in which case there necessarily
exists 7 € (0, 70) such that Q(7) = SUP,¢ (0,00) Q(r) (note that lim, o Q(r) = 0).
In particular, we can reason exactly as in the proof of Lemma 4.2 to deduce the
analogue of (4.35) with p = 2:

A~

\/% = W /OT P(s)" tds <T <, (4.88)

where we have taken advantage again of the elementary fact that «(r) is non-
decreasing. Hence, as a consequence of (4.87)—(4.88),

sup \/Q(r) <CVrq,
)

r€(0,00
namely (4.82) up to relabelling C. O

We are now ready to prove the following version of McKean’s Theorem out-
side a ball.

Theorem 4.6 (McKean’s Theorem outside a ball). Let M"™ be a Cartan-Hadamard
manifold such that

Secty,(z) < =k Vo € M"\ Bpg,

for some k, Ry > 0, where Sect,,(x) denotes the sectional curvature w.r.t. any
2-dimensional tangent subspace w at x containing a radial direction. Then there
exists a positive constant Cp, depending only on k and Ry, such that

HfHL?(Mn) <Cp ||foL2(M”) VfeCy(M"). (4.89)
Proof. By applying Lemma 4.1 with S = 0, we infer that
m(r,0) > c Y(r,0) € [rg,00) x S"71,
for suitable positive constants ro = ro(k, Rg) and ¢ = ¢(n, k, Ro), that is
2 4
ERZIGL) >c  Vr>ry, V9eSTNP, where ¢ (r,0) = A(r, Q)ﬁ .
Ya(r,0)
(4.90)

Thanks to (4.22) and (4.23), in view of (4.90) we can apply Lemma 4.5 to
W =a(-,0) at each fixed € S*~! \ P, which ensures that

T % o 1 2
su s,0)" 1 ds) (/ _— ds) <C Vo e SV P,
re(00) </0 vals,) r Yals, O)r \

where C' is the same constant as in (4.82). Hence, by Proposition 4.1 with p = 2
and w(r) =¥ a(r,0), we end up with

/Oo g(r)? A(s,0) dr < 4C* /OO g (r)? A(r,0) dr
0 0
Vg € CX([0,00)), VOeS" 1\ P.

Once (4.91) has been established, inequality (4.89) follows with Cp = 2C just
by reasoning as in the final part of the proof of Theorem 4.5. O

(4.91)
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4.5 Failure of the inequalities in the nonradial
framework

In this section we prove Theorem 4.3 by constructing an explicit sequence of
nonradial functions that make the Rayleigh quotient associated with inequality
(4.15) blow up.

Proof of Theorem 4.3. For later convenience, we set A := (2—3)/2 € (0,1). We
want to prove that the Sobolev-type inequality

1

(/Mnlfp)pgc*Uanﬁ)%, (4.92)

supposed to be valid for all f € C}(M"), actually fails as soon as p < 2* under
the running assumptions on M”. To this purpose, we provide the following
family of functions that we denote by fgr, for which the Rayleigh quotient of
(4.92) blows up as R — +oo:

fr(z) = (1 - Rl_k)>+ Vo e M™, (4.93)

where op € Sk, namely R = d(og, 0). Note that each fg is in fact only Lipschitz
regular, but this is not an issue (one can always regularize it in order to obtain
a C} function close enough to fg, see also Remark 4.3). In view of (4.93), we
have:

1
|va(x)‘ = F XBRI—)\(OR)(x) Vz e M", (4'94)

1 n
FR@)| 2 5XB s om(@) Vo EMT, (495)
2

B, (or) being the Riemannian ball of radius r > 0 centered at og. Thanks to
(4.95), the L? norm of f is readily estimated from below:

/ SRl = 2% V(B# (OR)) > 2“;1;; R(—Mm (4.96)
where in the last inequality we have used the simple fact that, because M"™
is Cartan-Hadamard, the volume of balls (w.r.t. any pole) grows at least with
Euclidean rate (recall that w,,_; is the Hausdorff measure of the Euclidean unit
sphere of dimension n —1). This is just a consequence of Laplacian comparison,
see Section 4.2 (in particular Subsections 4.2.1-4.2.3). Let us now deal with the
L? norm of the gradient. By (4.94), we have:

1
/MN IV frl* dv = AN v(Bgi-»(0R)); (4.97)

in order to estimate the volume in the r.h.s. of (4.97), we need to exploit (4.14).
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First of all, note that in Bri-»(og) condition (4.14) can be rewritten as follows:

Ric(z) > — d(z, 0)7 2%
> — Cs
= 2—2)\
[d(0,0r) — d(z,0R)] (4.98)
S__ &
=" R’- Rl—’\)Q_Q'\
20
> RT}M Vx € Bri-»(0r)

provided R is so large that (1 — R=*)272* > 1/2 and R — R'=* > Ry. Thanks
to (4.98), we can then apply comparison with the surface measure of the balls
in the hyperbolic space with sectional curvature

20, C?

(N —1)R2-22 T RZ-2)0

which corresponds to the model function

R C
1,0(7") = C" sinh <‘R1_>\ 7‘)

(recall again Subsections 4.2.1-4.2.3, here the reference “pole” is og). To this aim
we take advantage, in particular, of the validity of (4.98) along radial directions
emanating from og, which yields

R(l—)\)(n—l) R'7 ] N n—1
v(Bri-»(0r)) < wp—1 Ai/ [Slnh(% ’I“):| dr
0

i e (4.99)
=Wp_1 —= / sinh(s)" ! ds.
cn 0
Hence, by virtue of (4.97) and (4.99), we obtain:
5 Wn_1 fC sinh(s)" "1 ds
/ IV fr|*dv < 0 z RN (n=2) (4.100)
Mn "

So, if inequality (4.15) was true, in view of (4.96) and (4.100) we would end up
with

N

1 ¢ . _
wut ROVMNT (o Jy sioh(s)" M ds iy
2ptn p - cn

namely
Ri~7 <C(n, A\, Cp),

and the contradiction is achieved upon letting R — oo, since p < 2*. O
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4.6 The porous medium equation on Cartan-Hadamard
manifolds

Theorem 4.1 has some interesting consequences concerning smoothing effects for
the porous medium equation (4.6), at least when the initial datum belongs to
L'(M") and is radially symmetric with respect to the pole 0. We shall denote
by LL ,(M™) the space constituted by all such functions.

rad

Theorem 4.7. Let M" be a Cartan-Hadamard manifold such that
Sect,,(r) < —Cor~" Vo € M"\ Bg,, (4.101)

for some 5 € (0,2) and Cy, Ry > 0. Then there exists a positive constant K > 0,
depending only onm,n, B, Co, Ry, such that for any initial datum ug € L}, ;(M™)
the solution u of (4.6) satisfies the smoothing estimate

2453

JaOll iy < K [rog(t o7y +¢) |77 07T w0,

(4.102)

Moreover, the result is optimal w.r.t. long-time dependence, in the sense that

if (4.101) holds with reverse inequality and Sect,,(z) replaced by Ric,(x), then

there ezist initial data ug € Ll (M") for which the analogue of (4.102) holds
with reverse inequality for large t.

The above result is a consequence of arguments that follow the lines of [118,
Theorem 3.1] and [120, Theorem 3.2]. For the reader’s convenience here we
write down a concise proof (mostly borrowed from the proof of [118, Theorem
3.1]), which should allow one to realize how the Sobolev-type inequalities (4.9)
come into play.

Proof. Let ¢ > 0 and o = p/2 € (1,2*/2], both being for the moment free
parameters. We can suppose with no loss of generality that uy € L'(M™) N
L>°(M™). In order to make rigorous the computations we shall carry out, one
needs some approximation procedures, which we skip because they are out of
the scope of this section: see [118] and references therein for more details. To
improve readability, throughout the proof we mean | - [|; = || - || Lo un)-

So, by multiplying the differential equation in (4.6) by u?, integrating by
parts and using (4.9), we obtain:

e e MR O] |

(m+q ? (4.103)
< JAEEDT ot
= (m+¢)2C2 o(qg+m)’
where
CpTam

and C' is the same constant as in (4.9). Taking advantage of standard interpo-
lation and the well-known fact that the L! norm does not increase along the
evolution, we infer that

CCE B Ry o= ey
lullg+r < Nul)ll gm0 ol VE>0.  (4.105)
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For notational convenience, let us assume that ||ug|[; = 1 (the case of a general
L! norm can be handled by a routine time-scaling argument). As a consequence,
from (4.103) and (4.105) there follows

d g+1 4q(¢ + )m (g+1) Zatmi=t
a”u(t)‘lq-i-l < _m ||U(t)||q+1 . (4.106)
The integration of (4.106) yields
om—1 1
v(O) T S gm0 vO= @l
o B T eaFmreE
whence

o(q+m)2C? @ (em=D
dm(q+1)(om — 1)

tT@EDETD V> 0.

(4.107)
By previous results (see e.g. [117, Corollary 5.6] or [34, Theorem 1.5]), the
validity of (4.1) for a fixed p/2 = 0 = 0¢ € (1,2*/2) entails the smoothing
estimate

[u®)llg+1 <

(og—1)(a+1)

lu(t)|l o < Kt o=@ DFegm=T) [luo| [;101*1)(q+1)+00(mf1) Vi >0, (4.108)

where from here on by K we shall denote a general positive constant that
depends only on m,n, 3,Cy, Ry (which will not be relabelled). Therefore, the
combination of (4.107) (evaluated at time ¢/2) and (4.108) (with the time origin
shifted from 0 to t/2) yields

oq(opg—1)

o(q+m)2C2 (em=D[(eo—1)(a+1)Foo(m—1)]
[4m(q +1)(om — 1)]

[u(®)ll 0 < K X

og(om—1)+oq(og—1)

= Tom=DIleg—D(gF1)Foo(m—1)] (4_109)

for all t > 0. Because ¢ > 0 is a free parameter and (4.109) holds at any time
for any such ¢, we can let ¢ = log(t + ¢) in (4.109) to obtain

o(cgm—1

< ollog(t + e) +m]? - (am—1>{<ao—1)[1o§(t+e>)+11+ao(wl)}
t
lu(®)lloe = 4dm[log(t + €) + 1](om — 1)

og—o 2 =T
X ¢ @D {(eg=Dlos(-+e) T Foo(m=17] oll +m/log(t +c)]
dm[l + 1/ log(t + €)](em — 1)

20(cgm—1)

x (C, D= Dles(FeFIFoo(m=—10} [log(t te) CQ] =T t=m—T
(4.110)
forallt > 0. If o € (1, 09), it is apparent that the first two factors in the r.h.s. of
(4.110) can be bounded from above by another general positive constant K, so
that (4.110) reads

20(cgm—1)

||U(t)HOO g KO(: (om—1){(cg—1)[log(t+te)F1]+og(m—1)) %

[log(t +e) C2] 7T ¢~ w1 | (4.111)
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for all ¢ > 0, which implies, upon recalling (4.104),

wu(t < K (0 — 1) TP AT esat o= x
)]l < K ( )

log(t + €) (o — 1)*22—5/3] T e (4.112)
for all t > 0. We can now set

g0 -1
= ]_ _—
7 + log(t + e)

so that from (4.112) (using the fact that the first factor stays bounded) one
deduces that

b

lu(t)|l, <K [log(t+ e)] =D (2=F) ~ ["=D) 1og<t+(f>i?z(<fr%:11>>1<m—1)(2—13)

og—1

-1 4 0
X t m—1 7T [(m=T)log(t+e)+m(og—1)](m—1)

for all t > 0, i.e.
lu(t)ll < K [log(t + )] 707 7751 Vi >0,

which is equivalent to (4.102) in the case ||up|1 = 1.

As concerns optimality, it is enough to recall that [120, Theorem 3.2] en-
sures, provided the curvature assumption (4.101) holds with reverse inequality
and Sect,, () is replaced by Ric,(z), that any (nontrivial) bounded, compactly
supported and positive initial datum ug gives rise to a solution of (4.6) satisfying
(in particular) the lower bound

24

m— ~ (logt)2=
Jutplizt > 0 18O

@

|

for large ¢, (4.113)

where C is a suitable positive constant depending on M"™, m, ug. It is plain that
(4.113) matches (4.102) (with respect to time behaviour) from below. O

Remark 4.6 (The case 8 = 0). It is worth pointing out that Theorem 4.7 actually
holds for 8 = 0 as well: in fact in such case the result is true for all L*(M™)
initial data, not only the radial ones. This is a direct consequence of Theorem
4.6 and [118, Theorem 2.1], whereas optimality follows from the sharp estimates
of [221].

Finally, in the quasi-Euclidean case, thanks to Theorem 4.2 we can obtain
the analogue of Theorem 4.7. The proof follows by combining [117, Corollary
5.6] (the fact that it is stated on Euclidean domains is inessential) and [120,
Theorem 6.2], so we shall omit it since the argument is just a simplified version
of the one used in the proof of Theorem 4.7.

Theorem 4.8. Let M" be a Cartan-Hadamard manifold such that
Sect,,(z) < —Cyr ™2 Vo € M"™\ Bg, (4.114)

for some C1 and Ry > 0. Then there exists a positive constant K > 0, depending
only on N,C1, Ry, such that for any initial datum uy € Liad(M") the solution
u of (4.6) satisfies the smoothing estimate

2

w(t) || 00 g SKt*“ﬁgﬁ*“ wg|| 2y am =) Vi >0, 4.115
Lee (M) L1 (M™)
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where 1 is defined in (4.13).

Moreover, the result is optimal w.r.t. long-time dependence, in the sense that
if (4.114) holds with reverse inequality and Sect,, (x) replaced by Ric,(x)/(n—1),
then there exist initial data ug € L}, 4(M™) for which the analogue of (4.115)
holds with reverse inequality for large t.
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Appendix A

A general result on
Riemannian manifolds with
boundary

In this appendix we prove a general result on Riemannian manifolds with bound-
ary, in particular let (M, g) be a n-dimensional orientable compact Riemannian
C?-manifold with boundary M. For § € R, we denote

Ms:={pe M : dy(p,0M) > 6},

and for r € Ry and z € M we denote by B,.(z) the geodesic ball centred at z of

radius r, i.e.
Br('z) = {p EM : dM(Zup) < 7’}7
where dj; is the geodesic distance on M induced by g. Moreover we denote by

| - |4 the Riemannian volume with respect to g.

Proposition A.1. Assume that there exist positive constants ¢ and dy such that
|B-(2)|g > er™, (A1)

and B,.(z) belongs to the image of the exponential map, for every z € Ms and
0<r<d<ip.

Fiz p and q in a connected component of Ms. Then there exists a piecewise
geodesic path «y : [0,1] — Ms/, connecting p and q of length bounded by 6 Ns,
where

2" M|
Nj = 4 g . A2
s max< egn ) (A.2)
Proof. We proceed in three steps:

1. We observe that we can join p and ¢ by a continuous path 4 : [0, 1] — M;
such that 4(0) = p and 5(1) = q.

2. We construct a chain of pairwise disjoint geodesic balls {By, ..., Bn+1} of
radius /2 such that:

— By is centered at p;
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— B; is centered at ¥(¢;), where {¢;} is an increasing sequence in [0, 1];
— By contains g;

— B; is tangent to B;41 for any i =0,..., N.

In order to construct this chain we consider the increasing sequence {to,t1 ..., tn}
in [0, 1] recursively defined as follows:

and
tipr =i t € [0,1] : Bsja(y U 50(3(t) =0, Vs € [t,1] ¢, (A.3)

if the set in brackets is non-empty, and ;11 = ¢y otherwise. Therefore, by
construction, {tg,t;...,tx} is an increasing sequence in [0, 1] satisfying

Bsa(3(ti)) N Bsa(3(t;)) =0 fori#j,4,j=0,....N, (A.4)

and
Bs2(7(ti)) € Mssa i=0,...,N.

We complete the sequence by adding ty+1 = 1 as the last term. Since

N
U Bsa(G(t))| < M,

g
from (A.1) and (A.4) we get
N+1<Ns. (A.5)
From (A.3) it is clear that
Bs /2 (7 UE&/Q )#0, foreveryi=1,...,N.

3. We construct the piecewise geodesic path . The idea is the following: for
every i = 0,..., N we choose a tangency point p; between B; and B;y;. The
piecewise geodesw path + is constructed by connecting (¢;) with p; and p; with
A(t;+1) by using geodesic radii, for i = 0,..., N — 1, and connecting 5(¢x) with
q by using a geodesic path contained in By 1. Hence

length(y) < N§ < JNs,

as required.
In order to construct the path v we set

o(i) =max{j > i : Bya(3(t:)) N Bs/2(7(t;)) # 0} -

Then we set 02(i) = o(o(i)), 03(i) = o(o(o(i))) and so on and fix 7 € N such
that 07(0) = N. We define y; as a minimal geodesic joining p and 7(, (o)) and
such that

Y1 C Bsja(p) U Bs2(Y(to(0))) 5
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fori=2,...,7, welet v; be a minimal geodesic joining ¥(t,i (o)) and 7(t,i+1 (o))
and such that - B
Vi C Bsj2(¥(toi(0))) U Bssa(V(tsi+1(0))) -

Moreover, we let 4,41 be a minimal geodesic joining ¥(tx) and ¢ and such that

Yr4+1 C 55/2(’7(%7“(0))) U 35/2(11) .

Let v be the piecewise geodesic obtained as the union of 1, ..., v,4+1. It is clear
that each ; has length § fori =1,...,7, and < ¢ for i = 7+ 1. Since 7 < N,
from (A.5) we obtain

length(y) < (7 +1)§ < N5,
as required. O

The second result of this appendix is the following Proposition in which we
give an upper bound of the diameter of M when M = (). The proof is analogue
to the one of Proposition A.1 and it is omitted.

Proposition A.2. Assume OM = () and that there exist positive constants c
and § such that
|B-(2)|g > cr™, (A.6)

for every z € M and 0 < r <. Fizp and q in M, then there exists a piecewise
geodesic path v : [0,1] = M connecting p to q of length bounded by N5 where
N5 is given by (A.2).

In particular the diameter of M is bounded by 6 Ns.
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Appendix B

Sharp anisotropic Sobolev
inequalities with weight in
convex cones

In this appendix we prove a sharp version of the anisotropic Sobolev inequality
in cones by suitably adapting the optimal transportation proof of the Sobolev
inequality in [72, Theorem 2]. As we shall see, the proof not only applies to the
case of arbitrary norms, but it also allows us to cover a large class of weights. In
particular, our result extends the weighted isoperimetric inequalities from [46,
Theorem 1.3] to the full Sobolev range p € (1,n) (note that the case p = 1 can
be recovered letting p — 17).

Theorem B.1. Let p € (1,n). Let X be a conver cone and H a morm in R™.
Let w € C°(X) be positive in 3, homogeneous of degree a > 0, and such that
w'/® is concave in case a > 0. Then for any f € DYP(X) we have

(/2 |f(2)|Pw(z) dm)p/ﬁ < Cz(n»p,a,H,w)/EH”(Vf(x))w(ac) dv  (B.1)

where ( )
pn+a

= B.2

e (B.2)

Moreover, inequality (B.1) is sharp and the equality is attained if and only if
f= Z/lf’a where

, o’

1 7L+;*P
M{\{,a () = )\pp—l c(7~17p7 a, H, w)p (B.3)
o Ap—T <|>I{0(1‘7$0)F
with X > 0 where ~
Ho(¢) == Ho(—=¢) ~ V(ER™, (B.4)

and Hy denotes the dual norm associated to H, namely

Ho(¢):= sup (-6 V(ER™
H(&)=1
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Furthermore, writing ¥ = R* x C with k € {0,...,n} and with C C R"* q
convex cone that does not contain a line, then:

(#) if k =n then ¥ =R" and z¢ may be a generic point in R";
(ii) if k € {1,...,n — 1} then xo € R* x {O};
(71) if k =0 then zo = O.

Proof. We aim at proving that for any nonnegative f, g € L?(X) with I fllzes) =
llgll s sy and such that V f € LP(X), we have that

~ 1/p , 1/p'
/ g wdx < (/ Hp(Vf)wda:> (/ HY ¢°w dsc) , (B.5)
b n+a\Js b

with equality if f =g = L{g;g. The value of v will be specified later. As shown
in [72], inequality (B.5) implies the Sobolev inequality (B.1).

Let F' and G be probability densities on ¥ and let T": 3 — 3 be the optimal
transport map (see e.g. [225]).! It is well known that, by the transport condition
Ty F = G, one has

F

(see for instance [?, Section 3]). Then, if we choose
F=ffw and G=g°w,
the Jacobian equation for T' becomes

B
| det(DT)| woT _ _f
w

We observe that, since
Ty (fw) = gw,

then for any 0 < v < 8 we have

B—~
wol | 7

2 — =8 o B — Y
/Eg wdx—/z(g T)fPwdx //E{|det(DT)| " ffwdx. (B.6)

We choose v such that

B—v__1 . 7:;D(n+&—1)
B n+a n+a—p

I As explained in [97] (see also [98]), the argument that follows can be made rigorous using
the fine properties of BV functions (we note that T" belongs to BV, being the gradient of a
convex function). However, to emphasize the main ideas, we shall write the whole argument
when T : ¥ — ¥ is a C! diffeomorphism, and we invite the interested reader to look at
the proof of [97, Theorem 2.2] to understand how to adapt the argument using only that
T € BVioo (5 5).

Alternatively, arguing by approximation, one can assume that w is strictly positive in 3\ {0},
and that f and g are both strictly positive and smooth inside 3. Then, if T : £ — X denotes
the optimal transport map from fPw to gPw, [?, Theorem 1 and Remark 4] ensure that
T :Y — X is a diffeomorphism. This allows one to perform the proof of (B.5) avoiding the
use of the fine properties of BV functions.
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Since T' = V for some convex function ¢, then DT is symmetric and nonneg-
ative definite. In particular det(DT) > 0, and it follows from Young and the
arithmetic-geometric inequalities that

L 1/a
T n+a
| det(DT)| 22 ] < " Qet(pT)Vm 4 4 (w °T>
w n-+a n—+a w

<

woT 1/a
w

div (T)+a(

n-+a

Also, from the concavity of w'/® we have that

1/a .
a(umT) ng T
w w

(see [46, Lemma 5.1]), hence

<

(B.7)

woT) " 1
n+a

[| det(DT)| (div (T) +

Vw - T)
(If @ = 0 then w is just constant and (B.7) corresponds to the arithmetic-
geometric inequality.) Noticing that

Vw- T 1

div (T) + = —div (Tw),
w

combining (B.6) and (B.7) we have

1
Twde < —— | div(Tw)f”
/ng x*n—ka/g iv(Tw) 7 dx

1
7 /wf"’_lT-Vfdx—i—T wfIT - vdo.
b

- n+ta n—+a Jon

Here we notice that, since T'(x) € 3 for any x € %, the convexity of ¥ implies
that T - v < 0 on 9X. Thus we obtain

/ngdg;g —L/ PV wde < L/ P (T H(V ) wdz,
) n—+a » n »

+a

where the last inequality follows from the definition of the dual norm Hy of H
and from the definition of Hy (B.4). Finally, setting p’ = #, it follows by
Holder’s inequality that

~ s 1/p
/fHHO(T)H(Vf)wdxg </ fP“‘l)‘p'HP(Vf)wdx) x
> >

~ 1/17/
</ HY (T) fﬁwdx)
=
1/p ., 1/p
= =

where we used the transport condition Ty (f’w) = g®w and the identity

B
7—1—]?:0.
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Hence, by this chain of inequalities we get (B.5).

In order to prove the sharpness of our Sobolev inequality we choose f = g =
Z/lfloa In this particular case the transport map reduces to the identity map
T(x) = Ve(z) = « and det(DT') = 1. Also the homogeneity of w implies that
Vw-x = aw. This implies that all the inequalities in the previous computations
become equalities and we obtain (B.1).

Finally, to prove the characterization of the minimizers one can argue as in
[98, Appendix A] and [72, Section 4]. More precisely, choose g = L{floa and let
f be a minimizer. As noticed in the proof of [72, Theorem 5], one can assume
that f > 0.

First one shows that the support of f is indecomposable (this is a measure-
theoretic notion of the concept that {f > 0} is connected, see [98, Appendix A]
for a definition and more details). Indeed, otherwise one could write f = f1+ fa
with

/ZHP(Vf)w(x)dx:/Z:Hp(Vfl)w(z)d:ch/EH”(Vfg)w(x)d:r

and then by applying (B.1) and the fact that f is a minimizer, we would get

</2 fﬁw(:v)dg;)P/B > (/E flﬁw(x)dx>p/6 N (/2 ffw(x)dx)p/ﬂ.

[ ruteis = [ s+ [ s

(because f; and f, have disjoint support), by concavity of the function ¢ — tP/#
we conclude that either f; or fo vanishes.

Ouce this is proved, one can then argue as in the proof of [72, Proposition 6]
to deduce (from the fact that all the inequalities in the proof given above much
be equalities) that T must be of the form T'(z) = A(x — z¢) for some A > 0 and
xg € X, from which the result follows easily. Finally, properties (i) — (éi) — (4i%)
on the location of xg follow for instance from the fact that 7" has to map 3 onto
3. O

Since
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Appendix C

Symmetry results for critical
p-Laplace equation in R"

The goal of this section is to revisit the proof of Theorem 3.1 when the cone ¥ is
R™ and the norm H(-) is the Euclidean norm |- |, which is the simplest possible
case. In this case, a proof of Theorem 3.1 is already available in literature
[48, 203, 224] and asymptotic estimates on v and Vu are already known (see
Lemma C.1 below). The knowledge of those asymptotic estimates allows us to
give a more readable version of the proof of Theorem 3.1 and to emphasize the
main ideas without entering in technical details.
The theorem that we are going to prove in this Appendix is the following:

Theorem C.1. Letn > 2 and 1 < p < n. Let u be a solution to
Apu+u? "t=0 inR"
u>0 in R" (C.1)
u € DP(R™)

then u(x) = U 4, (), for some A > 0 and xy € R", where

n—p

p—1 —

AT (pp (=2} ” ’
nv (=%

uk,zo(x) = D B
AP=T 4 |z — | 7T

(C.2)

We will need the following three preliminary results which are collected in the
following three lemmas: in the first lemma we prove explicit growth conditions
on u, Vu and V?2u, in the second lemma we recall the Newton’s inequality and
in the third lemma we recall a general differential identity which holds in a very
general setting.

Lemma C.1. Letn > 2,1 <p <mn and u be a solution to (C.1). Then

(i) there exist two constants Cy and Cy depending only on n, p and u such
that

C1 02

u(z) < ———— and |Vu(z)| < C
1+ |z

n—1 7
—1

< ————, (C3)
L [af>

7

— <u(z) <
1+ Jaf

n—p
p—1
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for every x € R™.

(ii) There exist a radius Ry and a constant Cs depending only on n, p and u
sucht that o
— (C.4)

no1
|z »=1

[Vu(z)] =

for every x € R™\ Bp,.

(#i1) There exists a costant Cy depending only on n, p and u sucht that such

that o
V2u(r)| < ———
a5

: (C.5)

for every x € R™ \ Bp,.

Proof. (i) and (i7) are shown in [224, Theorem 1.1] and in [203, Theorem 2.2],
respectively. In order to prove (iii) we argue as in [29, Theorem 3.3]; let p > 4R,
be fixed. For y € E' = By \ By,4, we define

i(y) = prtu(py). (C.6)

We notice that, from (C.1),

Hence 4 satisfies an elliptic equation (thanks to (C.4)) of the form

n
- Ly
E aij0ijt = ———1 )

—1
ij=1 pr

where the coefficients a;; are given by

ai;(y) = |Va(y)|P—? {(p - 2)W + @zjﬂ(y)} :

From (C.3) and (C.4) we have that there exists v depending only on n and p
such that

1
;|§|2 < aij(y)&& < ¢

for every y € F and £ € R™. Notice that interior Schauder’s estimates (see e.g.
[112]) apply to @(y). This entails |V2a| < C, for some positive constant Cy,
that is

V2u(py)| < Capvi 2,

for y € By \ By /2 and (i7i) follows. O

Lemma C.2 ([55], Lemma 3.2). Let B and C be symmetric matrices in R"*™,
and let B be positive semidefinite. Set A = BC. Then the following inequality

holds:
n—1

Sy (A) < Tr (A)%. (C.8)

2n
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Moreover, if Tr (A) # 0 and equality holds in (C.8), then

and B is, in fact, positive definite.

Lemma C.3 ([29], Lemma 4.1). Let v be a positive function of class C* and
let V:R™ — RT be of class C3(R™) and such that V(Vv)div (VV(Vv)) can be
continuously extended to zero at Vv = 0. Let

W = V[V V (V)] = Ve, (V)90 (C.9)
Then, for any v € R we have
207 S*(W) = div (0757, (W)Ve, (Vo)) = ) 71S% (W) Ve, (Vo)djo - (C.10)
and

div (0755 (W)Ve, (Vo) +~(p — D)o~V (Vo) Ve, (Vo))
=207S* (W) + (v — 1)(p — D)2V (Vo) Vg, (Vo) Osv

+07 7 ((p = 1)V (Vo) + Ve, (Vo) div) Tr (W)
+ 77 ((p = DVe, (Vo) Ve, (V)00 + Ve,e, (V)0 Ve, (V0)0;v)
(C.11)
In particular, if
P
V(€)= |i forp>1and £ € R, (C.12)
then
207S*(W) =div (075, (W)Ve, (Vo) + ~(p — 1) 'V (Vo) VeV (Vo))
(v = Dp(p = 1)o7 2V3(Vo) (C.13)
—y(2p — D)oV (Vu) Ay
Observe that, in this particular case,
W(z) := V[|Vv(z)|P2Vo(2)] .
We are now ready to give the proof of Theorem C.1.
Proof of Theorem C.1. We consider the following auxiliary function:
v=uTTT . (C.14)
An easy computation shows that v is a positive solution to
p—1
1 —1 p
—Apu+(p> Ly nle= DVl _ (C.15)
n—p v D v
By using Newton’s inequality (C.8) we get
n—1 9
207855(W) < - v (Apv)7, (C.16)
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for any v € R, where W is as in Lemma C.3. From (C.16) and from formula
(C.13) (here we can perform an approximation argument as in Subsection 3.2.1
which is simpler in this case because, thanks to Lemma C.1, we know that
u € C%%(R" \ Bg,)) we obtain

n—1

0T (Ap0)? Zdiv (7S (W)V, (Vo) +1(p — Lo V(Vo)VeV (Vo))

= (v = Dp(p = D 2 VA (V)
—y(2p — D)V (Vo) Ay .

n

(C7)
Observe that choosing v = 1 — n from Lemma C.1 we get that

v'YSfj(W)Vgi (V) +7(p — DV (Vu)VV (Vo) = o(|z|" 1), (C.18)

as |z| — oo. Hence, by integrating (C.17) in a ball of radius R, by using the
divergence Theorem and by sending R to infinity (using (C.18) and recalling that
|Vu|P~2Vu € W,22(R™), see Proposition 3.2) we obtain (here we can perform
an approximation argument as in Subsection 3.1.3)

AR > s =)= p [ VAT de

" RN (C.19)
—v(2p—1) / VTV (Vo)Apude,
RN

and by using (C.15) (recall that v =1 —n) we get
—n—1 n—1 p o —n—1
—(n—-1) v V(Vv)de + —— v dx > 0. (C.20)
n n n—op n

Now we show that the equality holds in (C.20), indeed by multiplying (C.15)
by v~™ and integrating by parts we obtain

~1 p—l
—(n— 1)/ vV (Vo) do + n-- ( P ) / v lde =0.
" n n

n—p

This implies that all the previous inequalities are equalities and then the equality
holds in Newton’s inequality (C.16), that is (from Lemma C.2)

W(z) = Ma)Id for a.e. z €R", (C.21)

for some function A : R®™ — R. To conclude the proof, we show that the function
A is constant. Since

- <n€p>pl e R

and since v € Cllo’ca (R™), we get that A € C’lo oo (R™). Moreover, elliptic regularity
theory yields that v € C1%(R™ \ Bp, ), which implies that A € C.;%(R™ \ Bg, ).
From (C.21) we have that

0;(|IVu(z)[P~20v(z)) = Mx)d;;  fori,j € {1,...,n}, (C.22)
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which implies that |Vo|P~2Vv € C2%(R™ \ Bg,). Then, given i € {1,...,n},

loc

choosing j # i and using (C.22) we obtain
OiM@) = 8;(0;(IVu(@)[P~*0;0(x))) = 0;(8i(|Vu(z)P29;0(x))) = 0,

for any = € R"™ \ Bpg,, which implies that A is constant on R"” \ Bg,. In order
to deduce that A is constant in the whole R", we can argue as in Subsection
3.2.2. For this reason we omit the details and conclude that A is constant. In
particular, recalling (C.21)

V[|Vu[P72Vv] =W = AId  in R".
Hence |Vu(z)|P~2Vo(x) = A« — ) for some xo € R™; this implies that
v(z) = ¢ + colw — ao|7T

or equivalently (recalling (C.14)) u(z) = Uy z,(x). This completes the proof of
Theorem C.1. O
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Appendix D

Serrin vs Alexandrov

In this appendix we show that the celebrated theorems by Alexandrov and
Serrin (Theorem A and Theorem B in the Introduction) are in some sense
equivalent. In particular, one can use Serrin’s Theorem to prove Alexandrov’s
one and viceversa. The Appendix is divided in two sections: in the first one
we show how to deduce Serrin’s Theorem from Alexandrov’s Theorem, while
in the second one we show how to deduce Alexandrov’s Theorem from Serrin’s
Theorem.
We recall that Serrin’s result is the following:

let @ C R™ be a bounded domain with boundary of class C?. Then there exists
a solution u € C*(Q) N CL(Q) to

Au=-1 1inQ
u=0 on 00)
o,u=c on 09).

if and only if Q is a ball.
While Alexandrov’s result is the following:

the sphere is the only C?-regular, connected, closed hypersurface embedded in
the Euclidean space with constan mean curvature.

D.1 Serrin implies Alexandrov

Let S be a connected, C?-regular and closed hypersurface embedded in R™ with
constant mean curvature. Thanks to the embededness we may assume that
S = 09, where Q C R" is a bounded domain. We want to prove that 9 is
a sphere. In order to do this, we consider the unique solution to the following
Dirichlet problem

{Au =1 inQ (D.1)

u=0 on Of) .

Our goal is to assume that H, the mean curvature of .S, is constant and to show
that u satisfies
O,u=c on 0. (D.2)
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D.1. SERRIN IMPLIES ALEXANDROV

Then according to Serrin’s result, applied to —u, 2 must be a ball and we prove
Alexandrov’s Theorem.

To prove (D.2), we follow the approach in [194, Theorem 5] (see also [30,
Appendix B]). Thanks to (I.15) and thanks to Newton’s inequality (I1.13) we
get, for all x € Q,

n—1 mn-1

1.
o = o (Au)22§dlv(5i2j(vzu)8iu). (D.3)

By integrating over €, using the divergence theorem on the right hand side and
using that v = Vu/|Vu| we obtain

n 1\Q| > }/a S3(VPu)duv; do

2n -2 Q
1 2 (2 , dju
=3 /afz S (V u)81u|vu| do
n—1

H/ |Vu|* do,
2 o0

where we used the following formula (see e.g. [30, Formula 61])
Sfj (V2u)0;udju = (n — 1)H|Vul?,
and the fact the mean curvature H of 0f) is constant. Hence we get

Q
/aﬂ |Vu|? do < % . (D.4)

On the other hand, from Holder’s inequality, we have

2
(/ Vu|da) §|a§2|/ |Vul|? do . (D.5)
on oN

Moreover, from the divergence theorem,

Q] = / Audx:/ |Vu|do . (D.6)
Q Eto)
Hence, from (D.5) and (D.6) we get

Q% < \am/ |Vul|? do .
o0

Recalling (D.4) we have proved that

L]

nH '

Now, thanks to the Minkowski’s identity (see e.g. [195])

2 < 09

Hz-vdo =109,
19)

and the fact that, by assumption, the mean curvature H of 0f) is constant we

obtain that
_ |09

o’
and hence the equality in (D.7) holds. This entails that equality holds in both
Newton and Holder inequalities and hence |Vu| must be constant on 9Q and
from this fact we immediately obtain that (D.2) holds true and we conclude.
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D.2. ALEXANDROV IMPLIES SERRIN

D.2 Alexandrov implies Serrin

Let @ C R™ be a bounded domain with boundary of class C? and suppose that
there exists a solution u € C%(Q) N C*(Q) to

Au=-1 1inQ
u=0 on 05} (D.8)
d,u=c on 0N).
If we show that the mean curvature H of 0f) is constant, then according to
Alexandrov’s Theorem, 02 must be a sphere.

To prove that the mean curvature of 92 is constant, we argue as in [92, 215].
We use the already cited P-function introduced by Weinberger

2
P(z) = |Vu(30)|2 + Eu(m) ) (D.9)
We notice that P is subharmonic. Indeed
2 1
AP =2|V3u|* + EAu =2 (n|V2u|2 - n(Au)2> )

and this is non-negative according to Cauchy-Schwarz inequality. Moreover, P
is constant on 0f), hence from the strong maximum principle we obtain that

either
P=c inQ. (D.10)

or
P<c inQ. (D.11)

Arguing as in Weinberger’s proof of Serrin’s theorem (see Introduction to Part
I) one can prove that (D.10) holds true. From (D.10) and (D.9) we get

V()| = /& = 2u(@) = glu(x)), (D.12)

for all 2 € . Obviously g is a function of class C! in (0, maxu). Moreover,
since the function t — v/t is strictly monotone we have that Vu = 0 only where
u attains its maximum on §; then the vector field v = —Vu/|Vu| is well-defined
on the set U := {z € Q : u(z) € (0, maxu)}.

We observe that d,u = —|Vu| = —g(u) and that

Au=0?u+(n—1)Hou (D.13)

where H is the mean curvature of the level set of u. From (D.13) and (D.8)
we get that H depends only on u, actually on g(u) and on 92,u; moreover we
observe that, on the one hand

0, (IVul?) = 20,ud},u,
and on the other hand, from (D.12),
0 (|Vul*) = 29(u)g' (u)dyu,

SO
9y u = g(u)g' (u). (D.14)
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D.2. ALEXANDROV IMPLIES SERRIN

Hence, from (D.13) and (D.14), we get

1+ g(u)g' (u)
=Dl

and this identity says that the mean curvature of each level set of u at height
between 0 and max u is constant. By Alexandrov’s Theorem we deduce that the
connected components of each level set must be spheres. Since 0f is connected
this implies that  must be simply connected (otherwise a particular level set
would contain two nested spheres of equal radius, which is a contradiction).
Therefore each level set consists of exactly one sphere, and because of (D.12)
these spheres are concentric and € is a ball.

in U,
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