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Abstract

In this thesis we study metrics with special curvature properties on some homogeneous almost-
Kéhler manifolds. More precisely, given a symplectic manifold (M, w) equipped with a compat-
ible almost-complex structure J, we consider the homogeneous equation p = Aw, where p is the
Chern-Ricci form of J, that we call speciality condition. In particular, we focus on two classes
of symplectic manifolds: symplectic T2-bundles over 72 and adjoint orbits of semisimple Lie
groups.

Symplectic T%-bundles over T? are distributed in five classes. We prove that the ones be-
longing to four of these classes admit a special (Chern-Ricci flat) locally homogeneous compat-
ible almost-complex structure, while the ones in the remaining class do not admit Chern-Ricci
flat locally homogeneous compatible almost-complex structures. It is an open problem whether
they admit non-locally homogeneous special compatible almost-complex structures.

Adjoint orbits of non-compact semisimple Lie groups turn out to be naturally almost-Kéhler
manifolds endowed with the Kirillov-Kostant-Souriau symplectic form and a canonically defined
almost-complex structure. We give explicit formulae for the Chern-Ricci form, the Hermitian
scalar curvature and the Nijenhuis tensor in terms of root data and we discuss the speciality
condition, which may be translated in terms of root data as well. Moreover, we examine when
compact quotients of these orbits are Kdhler manifolds.
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Introduction

One of the fundamental question that has been driving the research in the area of Riemannian
geometry for years is the one formulated by René Thom in 1958, but probably older, “Are there
any best Riemannian structures on a smooth manifold?” [10, Pg. 1]. It is an extremely vague
question since there is no a precise meaning for the word best in this context. A motivation for
examining this problem is that metrics with privileged structure should give information about
topology or other geometric properties of a manifold. In dimension 2 the problem was solved
in virtue of the Uniformization theorem, proved by Poincaré and Koebe independently in the
first decade of the 900 [51,70]. The theorem states that a compact Riemann surface admits
a unique Riemannian metric of unit volume with constant Gauss curvature, or, equivalently,
the universal cover of a Riemann surface is conformally equivalent to the unit disk, C or the
Riemann sphere. Thus, a Riemann surface always has a canonical Riemannian metric: the
one with constant Gauss curvature. In higher dimension, the situation is quite different and
there are no general results. From the uniformization theorem, we can grasp that a preferred
metric on a manifold should have special curvature properties, in particular its curvature needs
to be constant. But which curvature? Saying just “curvature” makes sense for surfaces since
all curvature tensors coincide with the Gauss curvature, which is a scalar. However, in higher
dimension, a Riemannian metric induces many curvature tensors, each capturing different fea-
tures of the metric, and it is not clear which one to choose. The constancy of the Riemann
tensor or the sectional curvature imposes many constraints on the metric, producing few man-
ifolds admitting this kind of metrics, the so-called space forms [49, Chapter 5, Section 3].
Three typical examples of space forms are the hyperbolic space H", the Euclidean space R"
and the sphere S™, with negative, zero and positive sectional curavature respectively. Since
many other curvature tensors may be defined from the Riemann curvature, one may try to
consider these ones. For the scalar curvature, one has that it is always possible to find a metric
with constant scalar curvature on a compact manifold, as a consequence of the solution to the
Yamabe problem [5,80,84]. In addition, in dimension greater than 3, the moduli space of met-
rics with constant scalar curvature is infinite-dimensional. From this, we infer that the scalar
curvature gives a quite weak geometric characterization of the manifold. Taking the traceless
component of the Riemann tensor gives the Weyl tensor, and manifolds in dimension greater
than 3 having vanishing Weyl tensor are said locally conformaly flat. However, the vanishing
of the Weyl tensor is quite hard to check in general. In the very special case of dimension 4,
by Hodge duality, one may loosen the vanishing condition on the Weyl tensor and consider
metrics having vanishing self-dual or antiself-dual part of the Weyl tensor. These metrics are
called antiself-dual and self-dual respectively and they have been extensively studied [4]. In-
teresting intermediate candidates seem to be metrics with constant Ricci tensor, the Einstein
metrics [10]. Actually, Einstein metrics are one of the central subjects in modern Riemannian
geometry. Thus, a suitable condition for canonical metrics seems to be the Einstein condition.

When a manifold carries further structure beyond the Riemannian one, it is quite natu-



ral to look for best metrics which are also compatible with the existing structure. An im-
portant example of this situation is Kéhler geometry, which has been a fruitful area about
advancements on canonical metrics. This is due mostly to the Calabi’s conjecture [14], which
became a theorem after Yau’s proof [85]. The Calabi-Yau theorem implies that a compact
complex manifold of Kéhler type admits a Ricci-flat Kéhler metric if and only if it has vanish-
ing first Chern class and that there is a unique Ricci-flat metric in each Kéhler class. Hence
Ricci-flat Kéhler manifolds, the Calabi- Yau manifolds, are good examples of manifolds admit-
ting preferred metrics which preserve the underlying geometric structure. Actually, canonical
metrics in the Kéhler case have been deeply studied, and there are many cornerstones theo-
rems which say whether a manifold admits a Kéhler-Einstein metric, i.e., with constant Ricci
form, [6,20-22,77-79,86] together with more recent works concerning Kahler metrics with con-
stant scalar curvature [17-19]. In particular, the existence of Kéhler-Einstein metrics imposes
strong restrictions on the topology of a manifold as it gives a relation between the first two
Chern numbers of the manifold [10, Chapter 2, Section E]. This constraint extends to the
broader class of general type manifolds and, in this context, it takes the name of Bogomolov-
Miyaoka-Yau inequality [11,63, 85, 86].

Leaving the context of Kéhler manifolds, a quite natural and interesting question is to ask
what is the right condition that a best metric needs to satisfy on a symplectic manifold. In
other words, what is a canonical metric on a symplectic manifold? More precisely, given a
symplectic manifold, we ask if it admits a preferred metric which, at the same time, preserves
the symplectic structure. This area is quite unexplored at the moment and, there are very few
examples of symplectic manifolds admitting metrics with distinguished curvature properties,
thus it seems significant to find new ones. On the contrary, in Kéhler geometry, projective
manifolds provide a wide class of examples of manifolds admitting metrics with special curva-
ture properties. A convenient way of choosing a metric on a symplectic manifold is by picking
the metric induced by the symplectic structure and a selected compatible almost-complex
structure on it. Notice that finding a compatible almost-complex structure is not a big deal, as
compatible almost-complex structures exist in abundance on each symplectic manifold. These
triple structures consisting of a symplectic form, a compatible almost-complex structure and
a metric, take the name of almost-Kdhler structures and they have been previously considered
in [37,38,74]. Manifolds carrying an almost-Kéhler structure are called almost-Kahler mani-
folds. Observe that the chosen compatible almost-complex structure needs not to be integrable,
thus this class of structures is quite more general than the ones of Kéhler structures. In ad-
dition, very often there cannot exist Kéhler structures at all on such symplectic manifolds. A
suitable curvature tensor on a symplectic manifold that ties-up the properties of the symplectic
form and the compatible almost-complex structure is the Chern-Ricci form, which generalizes
the usual Ricci form on a Kéhler manifold. Thus, given an almost-Ké&hler structure on a sym-
plectic manifold, what may we say about its Chern-Ricci form? Is the symplectic topology
of the manifold constrained by the existence of a metric having Chern-Ricci form equal to a
multiple of the symplectic form? At the moment, answers to these questions are still partial
and incomplete, mostly because of the fact that examples of symplectic non-Kéahler manifolds
are rare in literature. The first known example of non-Kéhler compact symplectic manifold is
the celebrated Kodaira- Thurston manifold [76]. This example has been generalized allowing to
produce examples of simply-connected symplectic non-Kéhler manifolds [25,59]. Note that the
condition on the Chern-Ricci form to be a multiple of the symplectic form may be considered
as a natural generalization of the Kéhler-Einstein condition to the non-integrable case.

In this thesis, we will focus on symplectic manifolds admitting compatible almost-complex
structures whose Chern-Ricci form si a multiple of the symplectic form. More precisely, given
a symplectic manifold (M,w) equipped with a compatible almost-complex structure J and



induced Riemannian metric g, define the Chern-Ricci form of J as p = tr(JR) € Q?(M,R),
with R the curvature tensor of the Chern connection associated with J. We then say that
the almost-complex structure is special [3,27] if it has constant Chern-Ricci form, i.e., its
Chern-Ricci form satisfies p = Aw, for some A € R. In analogy with the Kéhler case, (M, w) is
symplectic general type, symplectic Calabi-Yau and symplectic Fano when A is negative, zero or
positive respectively. In particular, special almost-complex structures have constant Hermitian
scalar curvature, thus they are zeros of the moment map on the space of compatible almost-
complex structures of a compact symplectic manifold acted on by the group of Hamiltonian
diffeomorphisms introduced by Donaldson [29]. In connection with the problem of finding
non-integrable zeros of this moment map, Lejmi showed that the complex structure of any lo-
cally toric Kéhler-Einstein surface can be deformed to a non-integrable special almost-complex
structure [56]. More recently, a moment map picture tailored specifically for Kahler-Einstein
metrics has been proposed by Donaldson [30] and extended by Garcia-Prada, Salamon and
Trautwein [34] to non-integrable almost-complex structures. Even within this framework, one
may see the problem of finding special almost-complex structures on a symplectic manifold as
the problem of finding zeros of a moment map. Notice that metrics associated with such special
(non necessarily integrable) almost-complex structures fit in the picture described above about
canonical metrics since they provide preferred metrics for symplectic manifolds. The main goal
of this thesis is to provide new classes of examples of compact symplectic manifolds admit-
ting special compatible almost-complex structures, also pointing out some of their geometric
and topological properties. In particular, all our examples turn out to be locally homogeneous
manifolds, i.e., compact quotients of manifolds carrying a transitive action of a Lie group. This
assumption allows to handle both geometric and algebraic tools to explore the problem. In this
context, a systematic approach to the issue of finding symplectic manifolds admitting special
compatible almost-complex structures has been provided by [2,27]. The final hope is to shed
some light on the topic of canonical metrics on symplectic manifolds.

The contents are developed as follows. The first chapter is preliminary and contains the
tools and the notations we are going to use throughout the thesis. In particular, we review
in some detail symplectic manifolds (Section 1.1) and almost-complex manifolds (Section 1.2)
and we provide examples of them. Then we focus on the differential geometry of almost-K&hler
structures (Section 1.3). We introduce all the geometric objects that we are going to study
in the subsequent chapters and we discuss the main equation of the thesis: the speciality
condition p = Aw. Then we specialize all the given definitions to homogeneous symplectic
manifolds (Section 1.4). In the second chapter we study the homogeneous speciality condition
on 4-dimensional symplectic torus bundles. In the first Section 2.1, we introduce symplectic
Lie groups and compact solvmanifolds, and in the second one (Section 2.2) we concentrate
on particular 4-dimensional solvmanifolds, which are torus bundles over T2. These come in
five classes and for each of them we study the homogeneous speciality condition (Section 2.3).
We discover that manifolds belonging to four of these classes admit Chern-Ricci flat compat-
ible almost-complex structures, i.e., special with A\ = 0, while for manifolds belonging to the
remaining one, we prove that in each cohomology class there exists a symplectic form not ad-
mitting Chern-Ricci flat locally homogeneous compatible almost-complex structures (Theorem
2.3.5, Corollary 2.3.6). It would be interesting to understand whether there exist non-locally
homogeneous special compatible almost-complex structures, especially for a comparison with
the Calabi-Yau theorem in Kéhler geometry. We plan to come back on this point in the
future. The subject of the last chapter is concerned with the study of a different class of ho-
mogeneous manifolds: adjoint orbits of semisimple Lie groups. The results are all contained in
the work [28]. In the first Section 3.1 we set up the theoretical background on adjoint orbits,
while in the second one (Section 3.2) we describe the Lie algebra structure of the Lie algebra



underlying an adjoint orbit. Section 3.3 and Section 3.4 are dedicated to the definition of a
canonical homogeneous almost-complex structure on adjoint orbits and to the reformulation
of the speciality condition in this precise context. We find a necessary and sufficient condition
for an adjoint orbit to admit special canonical compatible almost-complex structure (Corollary
3.4.8) and other results concerning uniqueness and finiteness of such adjoint orbits (Proposi-
tion 3.4.2, Proposition 3.4.3). In Section 3.5 we provide explicit formulae for the Hermitian
scalar curvature (Lemma 3.5.1) and the Nijenhuis tensor associated with the canonical almost-
complex structure (Lemma 3.5.3, Theorem 3.5.5), while in Section 3.6 we describe the locally
homogeneous almost-Kéahler structure induced by the canonical almost-complex structure on
compact quotients of adjoint orbits. In Section 3.7 we translate the speciality condition in a
combinatorial condition on the Vogan diagram of a real semisimple Lie algebra. This allows
to find many infinite families of adjoint orbits of classical simple Lie groups admitting spe-
cial canonical almost-complex structure (Theorem 3.7.5). More generally, it is possible to list
algorithmically all adjoint orbits of simple Lie groups admitting special canonical compatible
almost-complex structure. In particular, we implemented an algorithm that is able to do it
(Appendix A) and we ran it for Vogan diagrams up to rank 8 (Appendix B), hence all adjoint
orbits of exceptional simple Lie groups admitting special canonical almost-complex structure
are classified (Section B.2). The intricate combinatorics of root systems prevented us to grasp a
more direct way of checking whether an adjoint orbit admits special canonical almost-complex
structure, but one may control it by following the steps of the algorithm in each case. In the
last part of the section, we discuss integrability of the canonical almost-complex structure on
adjoint orbits of classical simple Lie groups (Theorem 3.7.15) and exceptional ones (Theorem
3.7.16). Finally, we sum up the contents of the chapter and we discuss a couple of problems
that are missing to complete this broad picture (Section 3.8).



Unless otherwise specified, the results presented in this thesis are original. In particular, the
original results in Chapter 3 are contained in [28].



Chapter 1

Geometry of almost-Kahler
manifolds

In this chapter we collect definitions, results and examples concerning symplectic, almost-
complex and homogeneous manifolds in order to set up the background for future chapters.
The first Section 1.1 is dedicated to symplectic manifolds. Examples and properties about the
local structure of symplectic manifolds are given. Section 1.2 deals with almost-complex struc-
tures, important geometric objects which are closely related to symplectic structures. The in-
terplay between symplectic and almost-complex structures leads to the notion of almost-Ké&hler
manifold, treated in Section 1.3. As we are interested in homogeneous structures, Section 1.4 is
about homogeneous symplectic manifolds and homogeneous almost-Kéhler structures on them.

1.1 Symplectic manifolds

Symplectic geometry is concerned with the geometry of a closed differential 2-form on a smooth
manifold. It arose in the classical mechanics of Hamilton and Lagrange, for the phase space
of a closed system is naturally equipped with a symplectic structure. In the recent years, it
has become an independent research area within differential geometry and topology, carrying
many links to other branches of mathematics and theoretical physics. Despite the definition
requires a smooth background, symplectic geometry turns out to be quite different from the
Riemannian geometry we are used to. Indeed, the characterizing properties of a symplectic
manifold are basically topological and free of the differential structure of the manifold. In this
section we recall basic definitions, examples and results concerning symplectic manifolds and
their geometric properties.

Let M be a smooth connected manifold of dimension m without boundary. A symplectic
form on M is a 2-differential form w € Q2(M) which is closed, i.e., dw = 0, and non- degenerate,
meaning that w(X,Y) = 0, for every vector field X € X(M), implies Y = 0. A manifold M
equipped with a symplectic form is called a symplectic manifold. Some examples of symplectic
manifolds are the following.

Example 1.1.1. The Euclidean space R?" with coordinates (z1,. .., Z2,) is a symplectic man-
ifold with symplectic form

wo = Zda:i Adztn, (1.1)

i=1
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The symplectic form wy is often called standard.

Example 1.1.2. Cotangent bundles make up a class of symplectic manifolds which is funda-
mental in classical mechanics. Indeed, they may be seen as phase spaces with coordinates p
and ¢ corresponding to momentum and position respectively. More precisely, given a smooth
manifold M, its cotangent bundle T*M is the vector bundle having as sections the 1-forms
on M and it carries a canonical 1-form 6 € Q' (T*M), called the Liouville form. It is defined
in local coordinates by 6 = sz:fM p;dg; and it has the property that, called 7 the projection
m:T*M — M and chosen x € M and o € T; M, one has

9|(m,a): T a. (1.2)

A symplectic form on T*M is then defined by w = —dé and, in local coordinates, it has the

expression
dim M

w= Z dg; A dp;. (1.3)
i=1

Further details on this topic may be found in [60, Chapter 3].

Example 1.1.3. Every orientable surface is a symplectic manifold with symplectic form given
by the volume form.

Example 1.1.4. The 2-sphere S? is the unique symplectic sphere. In other words, the 2n-
sphere S?" admits a symplectic structure if and only if n = 1. To see this, let w € Q2(5%") be
a symplectic form on S?" and consider the integral

/Szn W £ 0, (1.4)

by non-degeneracy of w. Since w is closed, it represents a 2-cohomology class in H, gR(SQ”, R).
In particular,
0 [ wr= [ (15)
S2n S2n
showing that 0 # [w] € H3z (S*",R). However, H3p (5%", R) is non-trivial only for n = 1 and
this shows that w may be a symplectic form only for n = 1, as an exact symplectic form on
a compact manifold would produce a vanishing volume. In local coordinates (z,y) on S?, the

symplectic form is defined by
dx A dy
=2—F=. 1.6
YT 1 )2 (16)
Example 1.1.5. The complex projective space CP™ is a symplectic manifold with the Fubini-
Study form, defined in local affine coordinates z = (z1, ..., 2,) by

wpg = 100 1log(1 + |2]?). (1.7)

Observe that, for n = 1, CP' is diffeomorphic to S? and the Fubini-Study form coincides
exactly with (1.6).

Some properties of symplectic manifolds may be immediately deduced from the definition.
Non-degeneracy of the symplectic form implies that a symplectic manifold is even-dimensional
and orientable, for the top exterior power of the symplectic form is a volume form. Thus,
in the following we will always assume that the dimension of M is even m = 2n. Moreover,

11



non-degeneracy of the symplectic form provides a canonical identification between tangent and
cotangent bundle via the map

TM - T"M, X i(X)w=uw(X,). (1.8)

On the other hand, closedness of w reads that w represents a 2-cohomology class a = [w] €
H?(M,R). In particular, one may see from Example 1.1.4 that a compact symplectic man-
ifold cannot have exact symplectic form. Indeed, the cohomology class a® € H?"(M,R) is
represented by the volume form w” and, if w is exact, its integral over M vanishes, leading
to a contradiction. This fact shows that a smooth compact manifold needs to have the right
topology in order to be symplectic. For example, the second Betti number of M needs to
satisfy by > 1.

Two symplectic manifolds may be considered “the same” from the symplectic point of
view if there exists a diffeomorphism between them that preserves the symplectic structure.
More precisely, a symplectomorphism of a symplectic manifold (M,w) is a diffeomorphism
¥ € Diff (M) such that ¥*w = w. The symplectomorphisms of (M,w) form a group

Symp(M,w) = {¢y € Diff (M) | p*w = w}, (1.9)

which is generally infinite-dimensional. As we have seen above, the map (1.8) establishes a
one-to-one correspondence between vector fields and 1-forms, and a vector field X € X(M)
is said to be symplectic if 1(X)w is closed. Observe that this is equivalent to require that
Lxw = 0, where £ denotes the Lie derivative, as a consequence of the Cartan formula

Lxw = (X)dw + d(t(X)w). (1.10)

Among the symplectic vector fields we find Hamiltonian vector fields, for which the associated
1-form is not just closed, but exact. More precisely, a vector field Xy € X(M) is said to be
Hamiltonian if there exists a smooth function H, called the Hamiltonian function, such that

U(Xpg)w =dH. (1.11)
The Hamiltonian vector fields generate the subgroup of Hamiltonian symplectomorphisms
Ham(M,w) C Symp(M,w). (1.12)

A feature of symplectic manifolds is that they locally look all the same, or, in other words,
they have no local invariants. Globally the situation is slightly different as there exist global
invariants, such as the cohomology class [w] € H3z (M, R) or the first Chern class ¢; of (M, w)
in H3;(M,R). The key point for the lack of local invariants is Moser’s argument, which says
that for every family of symplectic forms w; € Q2(M) satisfying

d
&wt :dO't, (113)

there exists a family of diffeomorphisms v, € Diff (M) such that ¢fw; = wg. Among the
consequences of Moser’s argument, we find Darboux’s Theorem [60, Theorem 3.2.2] which
states that symplectic manifolds are modeled on (R?",wy), hence they have no local invariants.

Theorem 1.1.6 (Darboux). Ewvery symplectic form w on M is locally diffeomorphic to the
standard symplectic form wo on R?™.

12



As a corollary, we have that every symplectic manifold (M,w) may be covered by charts
(Ua,a : Uy — a(Uy))a such that a*wp = w. Charts with this property are called Darboux
charts and their transition maps consists of symplectic matrices,

d(Boa ) (z) € Sp(n,R), =z € a(U,NUs), (1.14)
where

Sp(n,R) = {A € GL(2n,R) | A'JoA = Jp} (1.15)
and Jy = <(1)” _01") Darboux’s theorem says also that the tangent bundle of a symplectic

manifold carries a reduction of the structure group to Sp(n,R).
The next section is concerned with almost-complex structures, which are geometric objects
highly related with symplectic structures.

1.2 Almost-complex manifolds

Almost-complex geometry is the geometry of an endomorphism of the tangent bundle of a
manifold which squares to —id. This endomorphism may be thought as a generalization of the
multiplication by the imaginary unit performed fiber by fiber on the tangent bundle. Generally
the existence of almost-complex structures finds some obstructions which are topological in
nature. Nevertheless, on symplectic manifolds there is plenty of almost-complex structures.
Not only that, many of them also satisfy a compatibility relation with the symplectic form.
An almost-complex structure on a smooth manifold M is an endomorphism of the tangent
bundle J € End(T M) satisfying J? = —id. A manifold M equipped with an almost-complex
structure is called an almost-complex manifold. As in the symplectic case, almost-complex
manifolds are orientable and have even dimension. In addition, the tangent bundle of an
almost-complex manifold is a complex vector bundle, hence its structure group reduces to

GL(n,C) = {A € GL(2n,R) | AJy = JoA}.

Example 1.2.1. The Euclidean space R?>" with coordinates (z1,...,%s,) and equipped with
the almost-complex structure

0 0 o 9 .
JO (ax'L) o 6Ii+n’ JO <8xl+n> - _81:1‘7 1= 17 cee, N, (116)

is an almost-complex manifold. We often call the almost-complex structure Jy standard.

Actually each even-dimensional smooth manifold may be equipped with an almost-complex
structure defined in local charts, for example as in (1.16). When these charts may be patched
together to give a globally defined almost-complex structure, we say that the almost-complex
structure is integrable and the couple (M, J) is a complex manifold. Notice that the notion of
almost-complex structure is weaker than the one of complex structure, for which each complex
manifold is also almost-complex, but the vice versa is false, as the following example shows.

Example 1.2.2. A famous theorem of Borel and Serre [13] states that among the spheres 52",
the only admitting an almost-complex structure are S? and S Observe that S? carries the
usual almost-complex strcture of the Riemann sphere, hence it is actually a complex manifold.
On the other hand, S%, which may be thought as the unitary sphere in the imaginary octonions
ImQ

S ={z €ImO | |z|* =1}, (1.17)
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inherits an almost-complex structure from the octonion algebra @, which is non-integrable.
Whether if admits an integrable almost-complex structure is an open problem [1]. For more
details about the proof of the result about S° see the self-contained paper [52].

Given an almost-complex manifold (M, J), one may associate with J a (2, 1) skew-symmetric
tensor N; defined by

Ny(X,Y)= i ([JX,JY] = JJX,Y] - J[X,JY] - [X,Y]), (1.18)

for X,Y € X(M), which takes the name of Nijenhuis tensor of J. A celebrated theorem by
Newlander and Niremberg [66] relates the integrability of an almost-complex structure with
its Nijenhuis tensor.

Theorem 1.2.3 (Newlander-Niremberg). Let (M, J) be an almost-complex manifold. Then J
is integrable if and only if Ny = 0.

Given a symplectic manifold (M,w) equipped with an almost-complex structure J, we say
that J is w-compatible (or, simply, compatible when there is no ambiguity) if it satisfies two
conditions: w is J-invariant, i.e., w(JX,JY) = w(X,Y) for every X,Y € X(M), and

w(X,JX) >0, VXeX(M)\{0} (1.19)
Condition (1.19) allows to define a Riemannian metric g on M by putting
9(X,Y) = w(X, JY). (1.20)
Notice that the induced metric g is J-orthogonal, meaning that g(JX, JY) = g(X,Y) for every
X,Y € X(M).

Example 1.2.4. On R?", the standard symplectic form wy defined in (1.1) and the standard
almost-complex structure Jy (1.16) are compatible. The induced Riemannian metric coincides
with the identity.

Actually, compatible almost-complex structures are very common in symplectic geometry.
Indeed, it holds that the space J(M,w) of w-compatible almost-complex structures on M is
always non-empty.

Lemma 1.2.5. J(M,w) is non-empty and contractible.

In short, non-emptiness of J(M,w) follows by the existence of a Riemannian metric on M
and non-degeneracy of w. For contractibility, note that J(M,w) is the space of sections of
a fiber bundle on M with fiber at each point z € M the space of compatible linear complex
structures on T, M, called the Siegel half-space. Moreover, each fiber turns out to be isomorphic
to Sp(n,R)/U(n), which, in turns may be identified with the space of 2n x 2n symmetric
complex matrices with positive definite imaginary part via the map

{X+4Y | X,Y symm, Y >0} = Sp(n,R)/U(n)

XYy-! —(Xy-'Xx+ Y)) . (1.21)

X+ZY—>(Y1 7Y71X

This explains the reason for the name “half-space”. However, Sp(n,R)/U(n) is contractible,
as U(n) is a maximal subgroup of Sp(n,R) and the Cartan polar decomposition [48, Theo-
rem 6.31(c)] induces the U(n)-equivariant diffeomorphism

p = Sp(n,R)/U(n),

1.22
X X ( )
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where p is a U(n)-invariant subspace of u(n) in sp(n,R). This shows that the fiber is con-
tractible, hence J (M, w) is contractible.

A symplectic manifold (M, w) together with a compatible almost-complex structure J is
said to be an almost-Kahler manifold. An almost-K&hler manifold with an integrable almost-
complex structure turns out to be a Kahler manifold. For a couple of decads from the discovery
of almost-Kéhler manifolds, it was an open problem whether each symplectic manifold was
actually Ké&hler. However, Thurston provided the first examples of symplectic non-Ké&hler
manifolds [76], among which we find the well-known Kodaira- Thurston manifold. The class of
almost-Kéahler manifolds is the subject of the next section.

1.3 Almost-Kahler manifolds

At the intersection between symplectic, almost-complex and Riemannian geometry we come
across almost-Kéhler manifolds, which were firstly introduced in [74]. These manifolds turn out
to be rich of structure and many interesting properties arise from the fact of being symplectic,
Riemannian and almost-complex. In this class we find the well known K&hler manifolds,
which share many properties but carry a more rigid framework. This section is a little survey
about the differential geometry of almost-Kéhler manifolds. In the final part, we will focus the
attention on almost-Kéhler manifolds admitting special compatible almost-complex structures,
which are the main theme of this thesis.

A symplectic manifold (M, w) of dimension 2n equipped with a compatible almost-complex
structure J and induced Riemannian metric g is said to be an almost-Kdhler manifold. The
presence of a symplectic structure together with a compatible almost-complex structure allows
to further reduce the structure group of TM to U(n) = {A € GL(n,C) | AA* = id}, since
Sp(n,R) N GL(n,C) = U(n) (see for example [60, Lemma 2.2.1]). When the almost-complex
structure is integrable, M turns out to be a Kédhler manifold. Notice that a wide class of ex-
amples of Kéhler manifolds is the one of complex projective manifolds. On the other hand, for
strictly almost Kéhler manifolds, i.e., with non-integrable compatible almost-complex struc-
ture, such a rich class of examples is not known. One of the best known examples of symplectic
non-Kéahler manifold is the Kodaira- Thurston manifold, a torus-bundle over a 2-dimensional
torus discovered by Thurston in 1976 [76]. We recall its construction below and we will use
this example as a guide as the various concept are introduced.

Example 1.3.1 (Kodaira-Thurston manifold). Let Heis(3,R) be the 3-dimensional Lie group
defined by

1 =z =z
Heis(3,R) = 01 y z,y,z € Ry C GL(3,R) (1.23)
0 0 1
and consider its central extension
et 0 0 0
0 1 x« =z
G = 00 1 y x,y,z,t €R 3 C GL(4,R). (1.24)
0 0 0 1

The discrete subgroup I' = GNGL(4,7Z) of G acts by left multiplication on G. In coordinates,
if vy =(a,b,¢,d) €T and h = (x,y,2,t) € G, with a,b,¢,d € Z and z,y, z,t € R, then

v-h=(a+a,bt+yctay+zd+t). (1.25)
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We define the Kodaira-Thurston manifold as the quotient M =TI'\ G of G by the left action of
I'. By identifying the 2-torus T2 with the quotient T2 = Z? \ R?, we may give M the structure
of a T?-bundle over T? through the projection

T M =T [y 2] e [y, (1.26)

where (z,y, z,t) are local coordinates on M. Indeed, 7 is well defined and the fibers are
diffeomorphic to 72. Define the local basis of vector fields

(e1,e9,e3,€4) = (0y,0y + 205, 0, 0,), (1.27)

and observe that these vector fields are left-invariant, meaning that (dLg)(e;) = e;, 1 <i <4,
for every g € G, where Ly denotes the left multiplication by g. Moreover, the unique non-
vanishing commutator is [e1, ea] = e4. A dual coframe is then given by

(¢1, 02,03, 1) = (dz,dy, dt,dz — zdy). (1.28)

An almost-Kéhler structure on M may be defined by the symplectic form
w=@1 A p3+ Y2 A q, (1.29)
the compatible almost-complex structure
J=e3@p1—€e1 ®p3+es®p2—ex® py, (1.30)

and the induced Riemannian metric
9 =97+ 95+ 03+ 1. (1.31)

The almost-Kéhler structure defined in this way is G-invariant, in a sense that will be made
more precise in Section 1.4.

Almost-K&hler manifolds carry three compatible structures and it would be useful to have
connections which are compatible with all three of them. As shown below, this happens only
if the almost-complex structure is integrable, hence the almost-Kéahler manifold is actually a
Kahler manifold, showing that this condition is too strong to be required on generic almost-
Kahler manifold. Thus, some properties should be relaxed. In particular, on an almost-K&hler
manifold one may define a connection which takes into account not only the metric g but also
the almost-complex structure J. This connection is called Chern connection and it was firstly
introduced by Gauduchon in [35].

Definition 1.3.2. The Chern connection V on T'M is the unique metric connection having
as torsion tensor TV the Nijenhuis tensor N;. More explicitly, denoted by D the Levi-Civita
connection of g and given two vector fields X,Y € X(M), V is defined by

1
VXY:DXY—iJ(DXJ)Y. (1.32)
The reason for defining this new connection is that, in general, the Levi-Civita connection

on an almost-Kéhler manifold does not behave very well with respect to J. Indeed, J is parallel
with respect to the Levi-Civita connection only in the Kéhler case.

Theorem 1.3.3 ( [50, Chapter IX, Corollary 3.5] ). DJ =0 if and only if Ny = 0.
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Since TV = N, the above definition shows that the Levi-Civita connection coincides with
the Chern connection if and only if the manifold is K&hler. Thus, on a Kéhler manifold, the
geometry of the Chern connection is the same as the usual Riemannian geometry of the induced
metric. On the other hand, both J and w are parallel with respect to the Chern connection
(see for example [67, Proposition 1.4.4]).

Lemma 1.3.4. VJ =0 and Vw = 0.
Proof. Let X,Y,Z € X(M) be three vector fields on M. Then
(VxJ)Y =Vx(JY) - JVxY
=Dx(JY) — %J(DXJ)JY —JDxY — %(DXJ)Y

D (JY) % (1.33)

=Dx(JY) = JDxY — (DxJ)Y
=0

1
(Dx )Y = IDxY — o(DxJ)Y

where in the in the first and last equalities we used the formula for the covariant derivative of a
(1,1)-tensor (DxJ)Y = Dx(JY)—JDxY, and in the second equality the fact that J? = —id,
hence J anticommutes with Dx J.

For the symplectic form, the connection V acts on w as follows

(V20)(X,Y) = Z@(X,Y)) ~ (V2 X, Y) - w(X, VY. (1.34)
By the definition of w in terms of g, w(X,Y) = g(JX,Y), and the fact that VJ = 0, one gets
(Vzw)(X,Y) =Z(w(X,Y)) —w(VzX,Y) —w(X,VzY)

=Z(g(JX,Y)) —g(JVzX,Y)—g(JX,VzY) (1.35)

=Z(9(JX,Y)) =g(Vz(JX),Y) = g(JX,VzY),
which vanishes as V is a metric connection. O

The curvature of the Chern connection is defined as usual by
RY(X,Y)=VxVy —VyVx — Vixy] (1.36)
for every X, Y € X(M). Observe that, by Lemma (1.3.4),

JRY =RV J. (1.37)
Example 1.3.5 (continued). By expanding Example 1.3.1, with some computations one may

get the Nijenhuis tensor of J

1
N;= 1 (e2 ® (P23 — @14) + €4 ® (Y34 — ¥12)) , (1.38)

where ¢;; is a short notation for ¢; A ¢;. The Chern connection is given by V = d + A, where
the connection 1-form A € I'(0(4) ® T*M) has the form

0 P4 0 P2

41 0 —p2 0 pa |’
—p2 21—y 0
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while the Chern curvature RV is

0 —3p12 —P2s P14

1 3p12 0 P14 V24
RY == . 1.40
8| paa  —pua 0 —3p12 (1.40)

—p14  —p24  3p12 0

The presence of multiple structures on an almost-Kéahler manifold allows to define tensors
which tie-up the properties of J and w. One of them is the Chern-Ricci form p € Q3(M),
defined by

p = trg(JRY). (1.41)
More explicitly, given two vector fields X,Y € X(M) and an orthonormal basis ey, ..., e,, we
may write
2n
p(X,Y)=> g(RY(X,Y)Jei,e;), (1.42)
i=1

by (1.37). If J is integrable, p(X,Y") coincides with 2Ric(JX,Y’), the usual Ricci form on a
Kéhler manifold. Observe that V is a complex linear connection on T'M, hence by Chern-Weil
theory, the Chern classes of TM may be expressed in terms of the curvature RY. In particular,
the first Chern class ¢; € H3g (M, R) is defined as

c1 = {;trc(iRv)} . (1.43)

™

Since 2trc(iRY) = trg(JRY),

L. (1.44)

e = {1trR(JRV)} =0

4T
Thus the Chern-Ricci form p represents 47wcy € H, fiR(M ,R). Another object which comes with
the Chern connection is a function called the Hermitian scalar curvature s € C*°(M,R),
defined by

sw" =np Aw" L (1.45)

Our main interest in this thesis is the study of almost-complex structures inducing some
specific curvature properties of the Chern connection. We will focus mainly on the following
condition, which has been considered previously by Apostolov and Draghici [3].

Definition 1.3.6. A compatible almost-complex structure J on (M, w) is said to be special if
there exists a constant A € R such that

p=w. (1.46)

Condition (1.46) is sometimes called Chern-FEinstein condition [2] or Hermite-Einstein con-
dition [57]. The reason for the last terminology is the analogy with Hermite-Einstein metrics
on holomorphic vector bundles. However, we prefer to avoid the terms “Hermite” or “Einstein”
in our definition since metrics on symplectic manifolds satisfying (1.46) are neither Hermite
nor Einstein in general. Indeed, it was proved first by Sekigawa [72] and then by Draghici [31]
that if a special compatible almost-complex structure J on a closed symplectic manifold has
A > 0, then the metric being Einstein implies that J is integrable. The general case is still open
and it is called the Goldberg conjecture. Since we are principally interested in special almost-
complex structures on strictly almost-Kéhler manifolds, our manifolds will be neither Ké&hler
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nor Einstein in general. In addition, when J is integrable, M is Kahler-Einstein, thus condition
(1.46) may be considered as the natural generalization of the Ké&hler-Einstein condition to the
non-integrable case.

The existence of a special almost-complex structure on a symplectic manifold (M,w) has
some immediate topological consequences. First, if J is such that p = Aw, then the first Chern
class ¢; of M and [w] must satisfy

dmey = Aw], (1.47)

as elements of H3g(M,R). According to the sign of A\, (M,w) is special symplectic general
type if A < 0, symplectic Calabi-Yau if A = 0 and symplectic Fano if A > 0. Moreover, if J is
special with constant A, it follows from the definition of Hermitian scalar curvature (1.45) that
s =nA.

Example 1.3.7 (continued). By computing explicitly the trace of the endomorphism JRY for
the G-invariant almost-Kéhler structure on the Kodaira-Thurston manifold defined in Example
1.3.5, one gets that p = 0 and so also the Hermitian scalar curvature vanishes. Thus, the
almost-complex structure J on the Kodaira-Thurston manifold is special, with constant A = 0.
In particular, the Kodaira-Thurston manifold is special symplectic Calabi-Yau. When the
constant A is equal to 0, we will often say that J is Chern-Ricci flat. Actually, all G-invariant
almost-Kéhler structures are Chern-Ricci flat on the Kodaira-Thurston manifold, being it a 2-
step nilmanifold [82]. More generally, we will explore Chern-Ricci flatness condition on certain
solvmanifolds in Chapter 2.

Examples of Kéhler-Einstein manifolds are numerous in the Ké&hler context. On the other
hand, strictly almost-Kéahler manifolds with special compatible almost-complex structure are
quite rare in literature, thus having new examples turns out to be notable. The main goal of
this thesis is to study new examples of symplectic manifolds admitting non-integrable special
compatible almost-complex structures. In particular, all our examples will be compact quo-
tients of almost-Kéhler homogeneous manifolds, that is, manifolds carrying a transitive Lie
group action and an invariant almost-Kéahler structure. They will be the subject of the next
section.

1.4 Homogeneous symplectic manifolds

Homogeneous manifolds constitute a class of important spaces both in mathematics and physics
because of the large number of symmetries they have. They carry the action of a group which
preserves some geometric structure, thus they “look the same” from each point. Because of
this property, geometry and algebra are highly intertwined so that many geometric questions
may be answered in an algebraic way and vice versa. In this section we review the geometric
features of homogeneous manifolds, focusing on homogeneous symplectic manifolds equipped
with a compatible almost-complex structure. We follow [10, Chapter 7] and [27, Section 3] for
this discussion.

A smooth manifold M is said to be a G-homogeneous manifold, or, simply, homogeneous
manifold, if there is a closed and connected Lie group G acting transitively on it. For example,
when M is a Riemannian manifold G may be its group of isometries. Fix once for all a point
x € M. Transitivity of the action together with the orbit-stabilizer theorem imply that M is
diffeomorphic to the quotient G/Stab(z). Notice that the stabilizer V = Stab(x) is a closed
subgroup of G, thus compact as G is closed. We will often call it the isotropy of M. Before
specializing our definitions to homogeneous symplectic manifolds, we give few of examples of
homogeneous spaces.
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Example 1.4.1. A Lie group is trivially a homogeneous manifold, as it acts transitively on
itself by left multiplication and the stabilizer of each point is trivial.

Example 1.4.2. One of the typical examples of homogeneous space if the n-sphere S™. The
group SO(n+1) acts transitively and by isometries on the n-sphere S™ with stabilizer of a point
SO(n). Hence S™ may be viewed as the homogeneous manifold SO(n + 1)/SO(n). Similarly,
R™ may be identified with the quotient of F(n), the group of isometries of the Euclidean space,
by O(n), and the hyperbolic space H" with SO(n,1)/SO(n).

Example 1.4.3 ( [26] [33, Section 2.3.3] [27, Section 4.2.1]). By extending the previous ex-
ample, the group SO(2n, 1) acts transitively on the twistor space of H?", that is, the space of
all orthogonal ortientation-preserving complex structures on T, H?" for x € H?", with isotropy
U(n). Thus, the twistor space of the hyperbolic space turns out to be diffeomorphic to the
homogeneous space SO(2n,1)/U(n).

Example 1.4.4 ( [10, Example 7.15] ). The group SU(n+1) acts transitively on the projective
space CP" with stabilizer of a point S(U(1) x U(n)). Therefore

CP" = SU(n + 1)/S(U(1) x U(n)). (1.48)

Example 1.4.5. The Grassmannian Gr(k,n) is defined as the set of all k-dimensional linear
subspaces of an n-dimensional vector space V. We may give the Grassmannian Gr(k,n) the
structure of homogeneous space via the quotient O(n)/O(k) x O(n — k). Indeed O(n) is the
group of isometries of V' endowed with the Euclidean scalar product, while O(k) and O(n — k)
stabilize a k-dimensional vector subspace and its orthogonal complement respectively.

Remark 1.4.6 ( [10, Note 7.12] ). For the above definition of homogeneouos manifold to make
sense, the group G needs to act effectively on G/V, i.e., V contains no non-trivial normal
subgroups of G. However, in general, G does not necessarily act on G/V in an effective
way. Denoted by C' the maximal normal subgroup of G contained in V| then G/C acts on
G/V effectively with isotropy V/C. Usually, in the examples it is not given the group acting
effectively, as it is always possible to determine it. In the cases treated in this thesis, the action
of G on G/V will be almost-effective on G/V, meaning that V' contains no non-discrete normal
subgroups of G. In this case, the Lie algebras of G and G/C are the same.

Let now (M,w) be a G-homogeneous symplectic manifold endowed with a compatible
almost-complex structure J and denote by g the induced Riemannian metric. We say that
w and J are homogeneous, or G-invariant, if G acts on M by symplectic and holomorphic
transformations, i.e., for every element h € G,

hWw=w  Jdh=dhJ (1.49)

By compatibility, also h*g = g, hence h acts also as an isometry of M.

Homogeneous structures are quite important in the context of homogeneous manifolds, as
they are completely determined from their value at a subspace of the Lie algebra of the acting
Lie group. We make more precise this statement in the next lines. Notice that the Lie algebra
g = T.G of G may be identified with a subalgebra of the Lie algebra X(M) of vector fields on
M, as each element X € g naturally induces a vector field on M in the following way. Let
X € g and let ¢; be the one-parameter group of diffeomorphisms of M

Gr: M — M,  ¢(y) = eth. (1.50)
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The infinitesimal generator of the flow ¢; defines a vector field

d
XMy = 4| ey, (1.51)
t=0

called the induced vector field. Then the map
g— X(M), Xw—xM (1.52)

defines an antihomomorphism of Lie algebras, meaning that [X, Y], = —[X™, Y], From now
on we will identify X € g with the induced vector field X € X(M).

Let now v C g be the Lie algebra of V' in g. With the identification of g with a subalgebra of
X(M), v is isomorphic to the Lie subalgebra of vector fields which are symplectic, holomorphic,
Killing and vanish at z. Then V acts on g via the adjoint representation, that we recall here
below. Let G be a Lie group with Lie algebra g and observe that G acts on itself by conjugation

O, =LyroRy-1:G—G, he khk™!, (1.53)

where Lj, and Rj-: are the left and right multiplication by k € G and k~! respectively. Define
the homomorphism Ady as the differential of @ at the identity e € G : Adg = dPx : g — ¢.
Then the adjoint representation of G is defined as the representation

Ad: G — Aut(g), k— Ady. (1.54)

Taking again the derivative of Ad at the identity e € G one may define the adjoint represen-
tation of the Lie algebra g,

deAd = ad : g — Der(g)

(1.55)
X —adyx:Y — [X,Y],

where Der(g) is the set of derivations of g. As V is a subgroup of G, it acts on g by restriction
of the adjoint representation on it, that we denote Ad” : V — Aut(g). Moreover, as V
is compact, Ad" is completely reducible [40, Theorem 4.28] and there exists a V-invariant
complement m C g satisfying

g=o0&m, (1.56)

since v is V-invariant by definition. Fix once for all the complement m. Then, it may be
identified with the tangent space to the orbit M at x in a canonical way. Indeed, consider the
map which evaluates at x the induced vector field of an element X € g,

g— T, M, Xw— XM(z). (1.57)

Since g decomposes as g = v @ m and the vector fields induced by elements in v vanish at x,
the evaluation (1.57) descends to an isomorphism between m and T, M. As a consequence, by
evaluating the symplectic form w and the compatible almost-complex structure J at x, one
may define a linear symplectic form ¢ and a linear complex structure H on m as

o(X,Y)=w,(X,Y), HX=J,X, (1.58)
with XY € m. Notice that closednenss of w implies that o satisfies the following relation

o([X,Y]m,Z) + o([Y, Z]m, X) + 0([Z, X]|m, Y ) = 0, (1.59)
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for X,Y,Z € m. By compatibility, it is also defined the scalar product (X,Y) = ¢.(X,Y)
on m such that (X,Y) = o(X,HY). The key point about ¢ and H is that they are V-
invariant, for z is fixed by K = Stab(x), m is V-invariant and w and J are homogeneous.
Again by compatibility, the induced scalar product is V-invariant too. Summing up, given an
homogeneous almost-Kéhler structure on a homomgeneous manifold (M, w, J, g), one is allowed
to study it just by looking at a suitable subspace of the Lie algebra of the acting Lie group.
On the other hand, given a connected Lie group G and an even-dimensional compact subgroup
V C @G, a homogeneous almost-Kéhler structure on the coset space G/V is fully determined
by a suitable linear structure on the Lie algebra g. This statement is summarized rigorously
in the following theorem.

Theorem 1.4.7 ( [27, Theorem 20] ). Let G be a connected Lie group and let V. C G be
an even dimensional compact subgroup of G which contains no non-discrete normal subgroups
of G. Let M be the coset space G/V and denote by g and v the Lie algebras of G and V
respectively. Fiz a V -invariant subspace m C g such that g = v@m. Then, given a V -invariant
linear symplectic form o on m satisfying

o([X,Y]m, Z) + o([Y, Z]m, X) + 0([Z, X]|m,Y) =0, (1.60)

for X,Y,Z € m and a V-invariant compatible complex structure H on m, it is defined a
homogeneous almost-Kdihler structure on M by letting

w(u,v) =o(dLp-1u,dLp-1v), Ju=dLyHdLy-1u, (1.61)
for all u,v € Ty M.

Recall that the subgroup V as in the above theorem is called the isotropy of G/V.

Up to now, we have learnt that dealing with invariant objects allows to treat problems in
an algebraic way, as all the geometric quantities related to the almost-Kéhler structure may
be studied at the Lie algebra level. More precisely, invariance of w and J implies invariance
of the Nijenhuis tensor N; and the Chern-curvature RY. Thus, all tensors involving RV, J
and w may be completely written in terms of the Lie algebra g, the symplectic form ¢ and
the complex structure H. Since we are principally interested in the study of the speciality
condition (1.46) on homogeneous almost-Kéhler manifolds, we recall formulae for the objects
we are going to compute in the next chapters: the Chern-Ricci form, the Hermitian scalar
curvature and the the Nijenhuis tensor of J for homogeneous almost-Kéaher structures. For the
details about the proofs see [27, Section 3.

Proposition 1.4.8. Let X,Y € m. Then
pe(X,Y) = tr(adpx,y], — Hadx y],)- (1.62)

Note that the above formula for the Chern-Ricci form at the Lie algebra level is completely
analogous to the one for the homogeneous Ricci form in case the almost-complex structure
induced by H is integrable [53]. Formula (1.62) may be written in terms of the Lie algebra
cohomology of the acting group G. Following [47, Chapter IV, Section 3], we recall briefly few
definitions and properties concerning the cohomology theory for Lie algebras, as we will use
these tools for computations in the next chapters. Let g be a finite dimensional Lie algebra
over R. Define the vector space of n-cochains C™(g,R) as

C"(g,R) = Homg(A"g, R), (1.63)
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where A™g is the n-th exterior power of g, and the coboundary operator 6, : C"(g,R) —
C"*(g,R) by

n+1
(0na)(X1, .o, Xng1) = (D" XXy, X X))+
=1
Y (D)X, X, X K K X)), (164)

r<s

where X'j denotes that the j-th entries is omitted. The coboundary operator §, is often
called Chevalley-Filenberg differential. Then define the spaces of n-cocycles and n-coboundaries
respectively by

Z"™(g,R) =ker(,)

1.65
B"(g,R) =Im(6,,—1). (1.65)

Since 6,0,—1 =0, B"(g,R) C Z"(g,R), hence it makes sense to define the quotient
H"(g,R) = 2"(g,R)/B" (g, R), (1.66)

called the n-th cohomology group of g with coefficients in R. In small dimension, the cohomol-
ogy groups of g are

H°(g,R) =R
H'(g,R) =(g/[g,9])", (1.67)

where equality (1.67) comes from the fact that §; : g* — C?(g,R) is simply (610)(X,Y) =
—a([X,Y]). In the next chapter, we will repeatedly use formula (1.67) for studying the topology
of certain torus bundles.

Coming back to the Chern-Ricci form, let ¢ € g* be the linear form defined by

C(X) = 7t1‘(adHX - HadX). (168)

Then, by the discussion above, the Chern-Ricci form p, at a point = turns out to be the
Chevalley-Eilenberg differential of ¢, that is

pz = 01 (1.69)

Expression (1.69) of p, as differential of a linear form will be useful in the theory developed in
the next chapters.

The Hermitian scalar curvature s, defined by sw” = np Aw™ !, may be treated in a proper
way in the context of homogeneouos spaces, since it has an explicit expression by mean of
symplectic basis. Thus, let eq,...,en,€nt1, ..., €2, be a symplectic basis for o, i.e., a basis of
T, M such that o(e;, e;j) = o(€itn,€j4n) =0 and o(e;, ej1,) = d;5, for 1 <i,5 <mn. At a point
x € M, s has the following expression in terms of ¢ and p

so™ =np, Ao L. (1.70)
In order to find s explicitly, we plug the symplectic basis into expression (1.70) getting

n _ n—1
so (ei176i1+n7 €iss Cigtny .-y einuein+n) - np(ei17ei1+n)0 (ei27ei2+n7 L) ein76in+n)7

(1.71)
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which, by definition of symplectic basis, simplifies as
§= np(eiUeilJrn)’ (172)

Summing over all indices reads the formula

n

§= Zp(eiaeiJrn)' (1.73)

i=1

This explicit expression of s will be useful in the computations in Chapter 3.

The remaining geometric object that will come into our computations is the Nijenhuis tensor
of J. The following proposition gives the formula of the Nijenhuis tensor for homogeneous
almost-Kahler structures.

Proposition 1.4.9. Let X,Y € m. Then N;j(X,Y), = Ny(X,Y), where
1
Nu(X.Y) = (HX,HY] - HIHX,Y] - H[X, HY] - [X,Y)) (1.74)

defines the Nijenhuis tensor of the complex structure H.

To conclude this section, we stress that the aim of this thesis is to study the equation
p = Aw on compact symplectic manifolds endowed with a compatible almost-complex structure.
However, in our context, homogeneous manifolds G/V are not compact in general. A way of
making them compact, is to take the quotient of G/V by the action of a discrete co-compact
subgroup T' C G (or lattice), i.e., a discrete subgroup of G without torsion such that the quotient
I'\G/V is compact. Notice that not all Lie groups admit such kinds of subgroups. Indeed, a
necessary condition for G to admit lattices is to be unimodular [61, Lemma 6.2], meaning that
the Haar measure on G is both left-invariant and right-invariant. Equivalently, G is unimodular
if its Lie algebra g satisfies tr(adx) = 0 VX € g. Among the unimodular Lie groups we find
nilpotent and semisimple ones, which exhaust almost completely the classes of Lie groups we
are going to examine.

Given a homogeneous space G/V, with G unimodular, equipped with a homogeneous
almost-Kéahler structure (w, J, g), and a lattice I' C G, the homogeneous almost-Kéhler struc-
ture descends to an almost-Kéhler structure (wr, Jr, gr) on the quotient, which is called locally
homogeneous. Also the quotient T'\G/V takes the name of locally homogeneous manifold. Ob-
serve that (wr, Jr, gr) is not homogeneous, as the action of I' does not commute with the action
of G in general. Since, by G-invariance of the almost-Kéhler structure, also the Chern-Ricci
form p is homogeneous on G/V, in order to study the speciality condition on locally homoge-
neous compact symplectic manifold, it suffices to study the homogeneous equation p = Aw on
G/V. Indeed, if it is satisfied on the covering G/V, then the induced equation pr = Awr is
satisfied on the quotient I'\G/V. This will be the strategy to follow in the subsequent chapters.

Summing up, in the following chapters we will study the speciality condition on locally
homogeneous compact symplectic manifolds of the form T'\G/V by studying the homogeneous
equation p = Aw on the covering G/V.
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Chapter 2

Symplectic T2-bundles over T?

The first class of compact symplectic manifolds that we consider is made of certain 4-dimensional
fiber bundles having both base space and fiber diffeomorphic to the 2-torus 72. They may
be obtained by the action of a lattice on a 4-dimensional solvable Lie group, thus they are
4-dimensional solvmanifolds. In Section 2.1, we give basic definitions and results concerning
symplectic Lie groups and solvmanifolds. In Section 2.2, we describe the geometries of symplec-
tic T2-bundles over T2, which turn out to be distributed in five classes. Finally, in Section 2.3,
we study the existence of special locally homogeneous compatible almost-complex structures
for each of the aforementioned classes.

2.1 Compact solvmanifolds

In this section we introduce the manifolds on which we are going to study the speciality
condition. They are compact symplectic manifolds that may be obtained as quotients of
solvable Lie groups by discrete subgroups, and they are called solvmanifolds. We will see later
on that they also admit a further bundle structure which is intertwined with the symplectic
structure. For the first algebraic part we refer to [48, Chapter I].
We start with some algebraic background. A Lie algebra g is said to be solvable if its derived
series
g2¢' 2¢°2--, (2.1)

k—1 krfl]

where gF = [gF 1, g and g° = g, terminates, i.e., there exists an integer k such that
g% = {0}. The Lie algebra g is said to be nilpotent if its lower central series

g2gMDg? ... (2.2)

)

where g®) = [g,g* D] and g = g, terminates, i.e., there exists an integer k such that
g® = {0}. A nilpotent Lie algebra having lower central series terminating at step k is called
a k-step nilpotent Lie algebra. Observe that a nilpotent Lie algebra is solvable, but the vice
versa is false in general. Moreover, note that an abelian Lie algebra is nilpotent, as its lower
central series terminates at the first step. A Lie group G is said to be solvable (respectively
nilpotent or k-step nilpotent, if k is specified) if its Lie algebra g is solvable (resp. nilpotent
or k-step nilpotent).

Example 2.1.1. The Lie group G whose quotient gives the Kodaira-Thurston manifold (see
Example 1.3.1) is a 4-dimensional 2-step nilpotent Lie group. Indeed, its Lie algebra thy turns
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out to be the central extension R & hs, where

0 =z =z
hs = 0 0 y z,y,2 €ER 3. (2.3)
0 00
The generators of th; may be chosen as
e1=FEy, ex=FE3, e3=E);, ei=Ey, (2.4)

where E;; denotes the matrix having 1 in the entry (i, j) and 0 elsewhere. One may check that
the unique non-trivial commutation relation is

[617 62] = €4, (25)
showing that the Lie algebra ths is nilpotent, as its lower central series terminates at step 2.

After this algebraic round up, we may introduce our principal objects of study: compact
quotients of symplectic Lie groups. The goal is to study the speciality condition for compatible
almost-complex structures on these manifolds. We start by setting the background. A sym-
plectic Lie group G is a connected Lie group equipped with a G-invariant symplectic form w.
In particular, it is a homogeneous space with trivial isotropy. As we discussed in Section 1.4,
the symplectic form w is then completely determined by the linear symplectic form ¢ on the
Lie algebra g of G that satisfies

o([X,Y]g, Z)+0o([Y,Z]g, X) + 0([Z,X]g,Y) = 0. (2.6)

Symplectic unimodular Lie groups have been extensively studied by Chu in [23]. He proved
that unimodular symplectic Lie groups are solvable, and moreover that in dimension 4 the
same result holds even without unimodularity assumption on G.

Remark 2.1.2. Since Lie groups are parallelizable, a symplectic Lie group has trivial first Chern
class.

In order to get compact manifolds, we need a discrete lattice I' C G making the quotient
I'\G compact, as we explained in Section 1.4. Hence the group G needs to be unimodular.
Recall that a Lie group G is unimodular if its Lie algebra g satisfies

tr(ady) =0 forall X € g. (2.7)

In particular, as we observed in Section 1.4, nilpotent Lie groups are unimodular. Indeed, a
nilpotent Lie group has a nilpotent Lie algebra that, by Engel’s Theorem [48, Theorem 1.35],
embeds in the Lie algebra of strictly upper-triangular matrices, which have vanishing trace.
By Chu’s results [23, Theorem 9, Corollary to Theorem 11], we may restrict our attention to
compact quotients of solvable Lie groups. Quotients I'\G of connected and simply-connected
solvable Lie groups by lattices are called solvmanifolds, or nilmanifolds if the Lie group is
nilpotent.

Remark 2.1.3. The original definition of solvmanifold is slightly different from the one given
above. Indeed, a solvmanifold is usually defined as the quotient of a connected solvable Lie
group by a closed subgroup [7,64]. However, since we will consider only solvmanifolds of the
form T'\G, we decided to include the more restrictive definition in this presentation. Notice
that the original definition is not equivalent to the one involving just discrete co-cocompact
subgroups, as not all solvmanifolds may be written as the quotient of a solvable Lie group by
a lattice. A counterexample is given by the Klein bottle [7, Chapter 3]. On the other hand,
the two definitions are equivalent for nilmanifolds [58].
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Nilmanifolds were introduced by Mal’cev in the seminal paper [58], while solvmanifolds
appeared few years later in Mostow’s work [64]. Compact solvmanifolds and nilmanifolds are
very rigid from the topological point of view, since they are completely determined, up to
diffeomorphism, by their fundamental group [64], which is isomorphic to I'. Moreover, they
are aspherical spaces, meaning that their homotopy groups 7, vanish for n > 2. This may
be seen from the long exact sequence in homotopy induced by the couple (G,I"), by using
connectedness and simply-connectedness of G and discreteness of I'. For more details, a good
survey concerning the structure of solvmanifolds and nilmanifolds is Auslander’s work [7].

We conclude this section with a couple of examples.

Example 2.1.4. The n-dimensional torus T is a compact nilmanifold. Indeed, T™ may be
defined as the quotient Z™\R™ and R™ is an abelian, hence nilpotent, Lie group.

Example 2.1.5. The Kodaira-Thurston manifold (Example 1.3.1) is defined as the quotient
of a nilpotent Lie group G by the action of a discrete co-compact subgroup I', thus it is a
nilmanifold. Actually, as the commutation relation (2.5) shows, it is a 2-step nilmanifold, as
G is a 2-step nilpotent Lie group.

2.2 T?-bundles over T2

Compact solvmanifolds and nilmanifolds are examples of geometries in the sense of Thurston.
Such a geometry is a pair (X, G) where X is a complete and simply connected Riemannian
manifold and G is a group of isometries acting transitively on X that contains a discrete
subgroup I' such that I'\X has finite volume. A manifold '\ X is then called a geometric
manifold modelled on the geometry X. In our cases, X = G is a connected and simply-
connected solvable Lie group, T is a discrete co-compact subgroup of G and so I'\G is a compact
geometric manifold modelled on G. In particular, this chapter is dedicated to study these
geometries in dimension 4, which is the smallest non-trivial dimension to consider. Geometries
in dimension 4 have been classified in nineteen families by Filipkiewicz [32] and, among these,
the ones that model symplectic manifolds are the ones listed in [36] and that we report below.

(a) X = E*, the Euclidean space, with G = R* x SO(4), the rigid motions of R*.

(b) X = Nil®> x E', G = X, where Nil®> x E' is the 2-step nilpotent Lie group defined in
Example 1.3.1

et 00 0
Nil® x E* = 8 (1) f ; z,y,z,t €R p C GL(4,R). (2.8)
000 1

Notice that the Kodaira-Thurston manifold is a geometric manifold modelled on Nil? x
B!

(c) X = Sol® x E', G = X, where Sol?® x E' is the solvable Lie group

e 0 0 0

Solf x 1= |0 ¢ 0w iR (2.9)
0 0 e~ % ¢ y Y, 2, . .
0 0 0 1
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Given zg,z € Sol®> x E, g = (0, Y0, 20,%0), © = (2,9, 2,t), the left multiplication in
coordinates is given by

xo - = (2o + x,y0 + ye™, zo + 2, tg + te”°). (2.10)

X = Sol} x E', G = X, where Sol3 x E! is the solvable Lie group

e? 0 0 0
0 cos(x) —sin(z) y
3 1_
Sol} x B = 0 sin(z) cos(z) ¢t z,y,2,t €R 5. (2.11)
0 0 0 1

Actually, this geometry does not appear in Geiges’ list, but it needs to be considered in the
aim of finding homogeneous Chern-Ricci flat almost-complex structures on symplectic Lie
groups. However, geometries modelled on this group are all diffeomorphic to the 4-torus
T*, as we will see in Section 2.3.3.

X = Nil*, G = X, where Nil* is the 3-step nilpotent Lie group

Nil* = r,y,z,t ER 3. (2.12)

o OO =
S O = o+
O~ T
— 8 nw

Given xg,r € Nil*, zo = (v0,%0,20,t0), * = (7,9, 2,t), the coordinates for the left
multiplication are

1
x0T = (xo +x,y0 +y + toz + itgac,zo + 2z +tox, to +t> (2.13)

Observe that the Lie algebras of the Lie groups itemized above correspond to the 4-
dimensional symplectic unimodular Lie algebras classified by Ovando in [69]. We list them
in Table 2.1, following the notation of the paper.

Lie algebra | Geometry Relations Type
R? (a) trivial abelian
thy (b) [e1,e2] = ey 2-step nilpotent
T3 g (c) [e1,e2] = ea, [e1,e4] = —e4 solvable
s (d) [e1,e2] = —eq, [e1,e4] = e solvable
ny (e) [es,e1] = e3, [ea,e3] =e2 | 3-step nilpotent

Table 2.1: Unimodular symplectic Lie algebras of dimension 4. In column 2 we specify to
which of the geometries listed above the Lie algebra corresponds to, while in column 3 we find
the non-trivial commutation relations of the Lie algebra. The last column indicates whether
the Lie algebra is abelian, solvable or nilpotent and in the last case we also write the step at
which the lower central series vanishes.
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R* is the 4-dimensional abelian Lie algebra and we will not consider this case in our analysis,
as compact quotients are all diffeomorphic to the 4-torus 7. The Lie algebra th; has been
discussed in Example 2.1.1 and is the Lie algebra of the Lie group giving the Kodaira-Thurston
manifold. vt} o is the central extension of the Lie algebra of the rigid motions of R?, while ny
is often reffered in literature as filiform Lie algebra [46, Section 2].

Geometric manifolds modelled on the geometries (a), (b), (¢), (d), (e) admit the structure
of orientable T2-bundle over T? and, except for (d), they have been classified in [81] through
the classification of T2-bundles over T? [71]. For the sake of completeness, we recall briefly
the technical construction of T2-bundles over 72 [71]. Let A, B € GL(2,7Z) be two commuting
matrices and let m,n be two integers. A T2-bundle over T? denoted by 7 : {A, B, (m,n)} — S

is constructed as follows. Let Lﬂ be the point of the torus 72 = Z2\R? corresponding to

(;) € R2. Let F =T? S =T? and define {4, B, (0,0)} to be F x R?/ ~, where

GOV~ G)-6))
)| (

(2.14)
([-G2)~(=0)-6))
Denote the point of {4, B, (0,0)} corresponding to <m , <Z)> by { i 5 ] Then
7 {A, B,(0,0)} = S (2.15)

X ] = {x] Now let D be a small
y Y

is a T2-bundle over T2, with projection 7 defined by 7 { i

disk in S of radius e centered at Bg} and define {A, B, (m,n)} by

{A,B,(m,n)} = ({A, B,(0,0)} \ 7~ *(Int(D)) U (F x D), (2.16)
where F' x 0D is glued to 7=1(9D) via the homeomorphism
7~ Y0D) =F x dD

(o) (g om). o

1/2 + e cos(h)

where ¢(6) = (1/2 + esin(f)

). The projection 7 : {A, B, (m,n)} — S is then defined as

SCARTRIE
(G ED-E) o Eler

Then 7 : {A,B,(m,n)} — S is a T?bundle over T2. A and B are called the monodromy
matrices of the bundle, while (m,n) is the Euler class.

(2.18)

Remark 2.2.1. As we will see in Section 2.3.3, geometries of type (d) are all diffeomorphic to
the 4-torus T, thus T2-bundles over T2 modelled on Sol; x E* are all equivalent to the ones
modelled on R*. This is why the geometry Sol3 x E' does not appear in Ue’s classification.
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The reason why we are interested in orientable torus bundles is that they are compact
manifolds admitting a symplectic structure [36, Theorem 1], hence they are suitable spaces for
studying the speciality condition. In addition, these bundles have further geometric structure.
Indeed most of them turn out to be symplectic fibrations, meaning that the symplectic structure
on the total space restricts to a symplectic form on each fiber. More precisely, except for
cases (b) and (e), the fibration as torus bundle is unique and it may always be chosen to be
symplectic. In case (b) there are two distinct ways of writing the torus bundle and one of these
is a symplectic fibration. Finally, if the total space is modelled on the geometry (e), then it
may not be written as symplectic fibration. On the contrary, the torus fibration is always a
Lagrangian fibration, meaning that the symplectic form vanishes on each fiber.

2.3 Chern-Ricci flatness condition on symplectic unimod-
ular Lie algebras

Now that we have introduced our objects and described their structure, we may study the
speciality conditions on them. Let M = I'\G be an orientable T2-bundle over T2, where G
is a connected and simply-connected solvable Lie group and I' C G is a discrete co-compact
subgroup. As we observed in Section 1.4, in order to study the speciality condition for locally
homogeneous almost-Kéhler structures, it suffices to study the homogeneous equation p =
Aw on the covering. More precisely, given w a homogeneous symplectic structure and J a
homogeneous compatible almost-complex structure on G with Chern-Ricci form p, it holds that
p is homogeneous too. Hence the condition p = Aw on G descends to a locally homogeneous
equation pr = Awr on I'\G, and if it is satisfied on the cover G, then it is satisfied also on
the quotient. In addition, by G-invariance, the homogeneous equation p = Aw on G may be
studied as an algebraic equation on the Lie algebra g of G. More precisely, there is an explicit
formula for the Chern-Ricci form for homogeneous almost-Kéahler structures (1.62) that we
recall in a while. Following the notation of Section 1.4, call o and H the symplectic linear form
and the linear complex structure on T,G = g respectively obtained by evaluating at © € G the
symplectic form w and the almost-complex structure J. The Chern-Ricci form at the point x
may be written as

p(X,Y) = tr(adpy(x,y] — Had[x v}), (2.19)

for all X, Y € g. If in addition G is assumed to be unimodular, by (2.7), the Chern-Ricci form
simplifies to
pz(X,Y) = —tr(Had[x,y1). (2.20)

Observe that a solution to equation p = Aw on G may exist only with A = 0. Indeed, by
Remark 2.1.2, p is an exact 2-form, hence its cohomology class is trivial in H3gz(G,R). If
p = Aw is satisfied, then also w is exact on G. However, by G-invariance, also its projection
on the locally homogeneous compact manifold T'\G is exact, a contradiction as a symplectic
form on a compact symplectic manifold cannot be exact. We are then reduced to study the
homogeneous equation p = 0 on connected and simply-connected solvable Lie groups, or, in
other words, the equation

on symplectic unimodular Lie algebras, which are the ones reported in Table 2.1. We often
call Chern-Ricci flat the symplectic manifolds having identically zero Chern-Ricci form.

Remark 2.3.1. Observe that all symplectic linear forms o on the Lie algebra g of G are linearly
symplectomorphic, as one may always find a o-standard basis [60, Theorem 2.1.3]. In order
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words, one may always find an isomorphism v : g — g such that ¥*c = wqy, where wy is the
linear standard symplectic form (1.1). However, not all the symplectic forms induced on the
quotient I'\G are symplectomorphic, as ¢ does not commute with action of " in general.

In the following sections, for each T%-bundle over T? of geometric type (b), (c), (d), (e), we
first describe the underlying Lie algebra and the de Rham cohomology of the bundle. Then we
discuss whether, in each 2-cohomology class of the compact symplectic manifold I'\G, there
exists a locally homogeneous almost-Kéhler structure for which p = 0. In other words, we
discuss whether in each 2-cohomology class of the given Lie group, there is a symplectic form w
and a w-compatible almost-complex structure J, such that their corresponding evaluation o and
H satisfy the equation tr(Had[x y]) = 0. Finally, we make some remarks about integrability
of compatible almost-complex structures.

2.3.1 Geometric type Nil® x E!

We amply discussed the geometry of Nil® x E!, mostly through examples. However, for the
sake of clarity, we repeat definitions and results. The Lie algebra underlying the geometry
(Nil® x E',Nil®> x E') is th;, the 4-dimensional 2-step nilpotent Lie algebra generated by
e1, es, €3, €4 with non-trivial commutation relation

[e1,ea] = eq. (2.22)

The generators may be represented through the matrices

000 0 000 0

|00 10 o000

710 0 0 0 27 1o 0 0 1

000 0 000 0
(2.23)

1000 000 0

000 0 00 0 1

“=10 00 0 “=1o 00 0

000 0 000 0

Let I' C Nil3 x E' be a lattice. For the topology of I'\INil3 x E'! notice that

HIR(T\Nil®> x EY) 2R, Hiz(T\Nil® x B') 2R, (2.24)

as T\ Nil® x E! is connected and orientable, thus the O-th and 4-th Betti numbers are by =
by = 1. The cohomology group Hiy (I'\Nil® x E',R) may be understood in terms of the Lie
algebra cohomology of th;. Indeed, by Nomizu’s results [68], the de Rham cohomology of the
nilmanifold T\ N4/ x E! is isomorphic to the Lie algebra cohomology of ths. So, by identity
(1.67),

H'(ths, R) = (ths/[ths, ths))" = (spanfeq, ez, e3})* = R?, (2.25)
which implies Hip (T\Nil® x E') =2 R? and b; = 3. By Poincaré duality, also b3 = 3, as
['\Nil® x E' is compact and orientable. Finally, since the quotient T\ Nil® x E' is a T?-
bundle over T2, the Euler characteristic x(I'\Nil® x E') of T\Nil? x E! turns out to be the
product x (T\Nil® x EY) = x(T?)x(T?), by the fibration property of the Euler characteristic [62,
Section 9]. However, the Euler characteristic of the torus vanishes, implying x(I'\Nil® x E') =

0. By definition,
4

0= x(D\Nil® x E') = (=1)'b; = by — 4, (2.26)
1=0
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hence by = 4.

For what concerns Chern-Ricci flatness, notice that a result of Vezzoni [82] says that any
homogeneous compatible almost-complex structure on a symplectic 2-step nilmanifold is Chern-
Ricci flat. As I'\Nil® x E' is a 2-step nilmanifold, every locally homogeneous compatible
almost-complex structure on it is Chern-Ricci flat. Recall that, for I' = (Nil® x E1) N Z*, the
manifold T\ Nil® x E! is the Kodaira-Thurston manifold discussed in Example 1.3.1.

Finally, as we proved above, the first Betti number b; of T\ Nil® x E! is equal to 3, hence
['\Nil® x E' cannot be a Kéhler manifold. This shows that there are no integrable compatible
almost-complex structures once we have fixed the symplectic form on I'\Nil® x E'. On the
other hand, it is well known [8, Chapter V, Section Fibre bundles] that the Kodaira-Thurston
manifold admits integrable complex structures, but they cannot be compatible with a chosen
symplectic form.

2.3.2 Geometric type Sol® x E!

The Lie algebra underlying the geometry (Sol® x E',Sol® x E') is vr3 _1, the 4-dimensional
solvable Lie algebra generated by e, es, €3, e4 with commutation relations

le1,e2] = €2, [e1,e4] = —eq. (2.27)

The generators may be represented as

00 0 O 0 00 O
01 0 O |0 0 0 1
7100 -1 0] ®“ oo o0 o0
00 0 O 0 0 0 O
(2.28)
10 00 0 00 O
o0 o0 o0 o0 o0 o0
“=1o o0 0] “"|oo o1
0 00O 0 00O
and the adjoint representation of an element Z € g, Z = Z?:l Z'e;, has the form
0 0 0 0
-Z? 7z 0 0
adz=| "0 0 o0 o (2.29)
zt 0 0 -zt

The topology of I'\Sol® x E' may be fully understood in terms of the Lie algebra tts 1.
Indeed, the Lie algebra trs _ is split-solvable, thus by the result of Hattori [43], the de Rham
cohomology of the solvmanifold I'\Sol? x E! is isomorphic to the Lie algebra cohomology
of vv3 ;. First, a Lie algebra g is said to be split-solvable, or completely solvable, if the
eigenvalues of ady are real numbers for each Z € g. In our case, the adjoint of an element
Z =}, Z'e; in vrs_; has matrix representation (2.29) which has eigenvalues {0, +Z'} C R.
As this holds for each Z, vrs 1 is split-solvable. Actually, we know that HJg (I'\Sol® x E',R)
and Hig (I\Sol® x E',R) are isomorphic to R as I'\Sol® x E! is connected and symplectic,
hence orientable, so by = by = 1. For the first cohomology group we need the Lie algebra
cohomology of tr3 _1. By the results of Hattori, Hig (I'\Sol® x E',R) = H'(vt3_1,R), so, by
(1.67),

Hl(t‘t37_1, R) = (tt37_1/[t‘t37_1, tt37_1])* = (span{el, 63})* = RQ, (230)
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which implies H}z (I'\Sol® x E',R) = R? and b; = 2. Since I'\Sol® x E' is compact and
orientable, Poincaré duality reads b; = b3. Finally, as we argued for T\ Nil® x E!, the Euler
characteristic x(I'\Sol® x E') vanishes as I'\Sol® x E! is a T?-bundles over T2 and the 2-torus
has vanishing Euler characteristic. Then

4
0= x(T\Sol® x B') = > (~1)'b; = by — 2, (2.31)
=0

reads by = 2.

Now we may discuss Chern-Ricci flatness condition. First we need to parametrize the
homogeneous symplectic forms for varying the 2-cohomology class in H3g (I'\Sol® x E',R). In
order to do this, observe that a basis of Sol® x E'-invariant 1-forms on Sol® x E' is given by

el =elde, e?2=dy, e>=eldz, e*=dt, (2.32)

where the coordinates are as in (2.9). Then
elned=dzAdz, e2Aet=dyndt (2.33)

are Sol® x E'-invariant closed 2-forms whose cohomology classes generate H3g(I'\Sol® x
E',R) 2 R? Thus, a cohomology class a € H3z (I'\Sol® x E',R) may be written as

a = ale! Ae?] + Ble? Ael], (2.34)

and it contains a symplectic form if and only if a® # 0, that is, a8 # 0. Hence, the generic
homogeneous symplectic form may be written as

o=oae' A+ e At (2.35)

with o and g different from 0.
Choose the standard linear complex structure on tt3 _;

H=e3Qel—e10e+es®e? —ey® et (2.36)
and observe that it is compatible with o and the induced scalar product on rr3 _; is
(,)=ac'@e' + B2 @e? +aec®@ed + Bet @ el (2.37)

Then, one may compute tr(Had[x y]) and observe that it vanishes identically for each X,Y €
tt3 _1, showing that the homogeneous almost-complex structure J induced by H on the Lie
group Sol® x E' is Chern-Ricci flat. Thus, also the induced structure on the quotient I'\Sol® x
E', for a lattice I' C Sol® x E', is Chern-Ricci flat. As this result holds for each a and 3
different from 0, we have found that in each cohomology class of H3g(I'\Sol® x E',R) for
which af # 0 there exists a symplectic form w admitting a Chern-Ricci flat w-compatible
almost-complex structure.

As regards integrability, since tr3 _; is a split-solvable Lie algebra, we say that '\ Sol®> x E* is
a solvmanifold of completely solvable type. A compact solvmanifold of completely solvable type
has a Kahler structure if and only of it is a complex torus [42]. Thus, by Geiges’ classification
[36], T'\\Sol® x E' is not a complex torus and so it cannot be a Kiihler manifold.
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2.3.3 Geometric type Sol} x E!

The Lie algebra underlying the geometry (Sol} x E',Sol} x E') is vt , that is, the 4-
dimensional solvable Lie algebra generated by eq, es, €3, €4 with commutation relations

le1,e2] = —eq, [e1,eq] = ea. (2.38)

The generators may be represented as

0 0 0 O 0 0 0O
0 0 1 0 10 0 0 1
“=1o -1 0 0] ®?"|oo0o0o0
0 0 0 O 0 0 0O
(2.39)
1 0 00 0 0 0O
10 0 0 O 0 0 0O
“=1o o0 o] “"fooo01
0 0 0O 0 0 0O
The adjoint representation of an element Z € g, Z = Z?zl Z'e;, takes the form
0 0 0 O
-z* 0 o0 Zt
ady = 0 o o ol (2.40)
Z? -Z' 0 0

while the commutator of two elements X,Y € g, X = Z?Zl Xie;, Y = Z?Zl Ye; has coordi-
nates
[(X,Y] = (X'Y* = XV Hey + (—X'V2 + X2V )ey. (2.41)
1.2

Let now e', €2, e?, e* be the dual basis of eq, es, e3, e4 and consider the standard symplectic
form o = e! A e + €2 Ae? defined in [69] and the compatible linear complex structure

H=e;®e' —e1 @3 +es 06— ey @ et (2.42)

on trg ;. With some standard computations involving the formula in Proposition 1.4.9, one
may check that the Nijenhuis tensor of H vanishes identically. So the almost-complex structure
J induced by H on Sol$ x E; descends to an integrable almost-complex structure on I'\Sol3 x
Ej, making it a Kéihler manifold. In particular, I'\Sol§ x E; turns out to be diffeomorphic to
the product T2 x T?2. This follows from Wall’s result [83] (and the correction [54]) which says
that the unique compact homogeneous Kéhler solvmanifolds are complex tori. By concluding,
I'\Sol} x E; is diffeomorphic to the Kéhler manifold T, and its Betti numbers are given by
b= (}): bo=bs=1,b; =bs =4 and by = 6.

For Chern-Ricci flatness, choose the standard linear complex structure H which is compat-
ible with the standard linear symplectic form o. Then

tr(Hady) = 227, (2.43)

but one may check from (2.41) that the commutator of two elements has vanishing first com-
ponent, so
tr(Hadxy)) =0, VX,Y €g. (2.44)

Thus, H is a Chern-Ricci flat linear complex structure inducing a locally homogeneous Chern-
Ricci flat integrable complex structure on I'\Sol§ x E;, which is diffeomorphic to the 4-torus
T4,
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2.3.4 Geometric type Nil*

The Lie algebra underlying the geometry (Nil*, Nil*) is n4, the 4-dimensional 3-step nilpotent
Lie algebra generated by eq, es, e3, e4 with commutation relations

[64,61] = €3, [64, 63] = €3. (245)
Therefore, the only non-trivial structure constants are
AEn=1 =1 (2.46)

The generators may be represented as

00 0O 0 0 0 1
o1 — 00 00 ey — 0 0 0 O
0 0 0 1 0 0 0O
00 0 0 0 0 0 O
(2.47)
00 0O 01 00
o5 — 0 0 0 1 e = 0 010
00 0 0 0 0 0 0}’
00 0 O 0 0 0 O

while the commutator of two elements X,Y € g, X = Z?:l Xie;, Y = Zle Y'e; has coordi-
nates

[(X,Y] = (X*Y3 - X3YHey + (XY — X'V )es. (2.48)

As for Nil® x E', the topology of the nilmanifold I'\ Nil* may be understood in terms of the

Lie algebra cohomology of ny. Actually, we know that HJz (I\Nil*) 2 R and Hiz (T'\Nil*) 2 R
as I'\IVil* is connected and orientable. Thus, by = by = 1. In order to compute by, notice that

H' (ng,R) = (ng/[n4,n4])" = (span{es, eq})” = R?, (2.49)

so Hip (P\Nil*) = R?, by Nomizu’s result [68], and b; = 2. By Poincaré duality, also b3 = 2,
since I'\ Nil* is compact and orientable. For by, as in the previous cases, the Euler characteristic
x(T\Nil*) of T'\Nil* vanishes and equation

4

0= x(D\Nil*) = "(=1)'b; = by — 2, (2.50)
=0

reads by = 2.

Remark 2.3.2. By Theorem [36, Theorem 1], Nil* is the unique geometry such that torus
bundles modelled on it do not admit the structure of symplectic fibrations.

Now we discuss Chern-Ricci flatness condition. We anticipate that ny does not admit o-
compatible linear complex structures that are Chern-Ricci flat, for o varying in the cohomology
classes of H ER(F\N il*,R). In order to prove this fact, we have to show that for each o-
compatible linear complex structure H on ny, the quantity tr(Hadpx y)) is non zero for each
X,Y € ny. First, as above, we need to parametrize the homogeneous symplectic structures
on Nil*, for varying the cohomology class. To do this, observe that a basis of Nil*-invariant
1-forms on Nil* is given by

£2
el =dz, €?= de +dy —tdz, €3 =—tdz+dz, e*=dt, (2.51)
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where the coordinates are as in (2.12). Then
t2
etnet =dzndz, e net= (2dx+dy—tdz> Adt (2.52)

are Nil*-invariant closed 2-forms whose cohomology classes generate H3p (I'\Nil*, R) = R2.
Thus, a cohomology class a € H3z (T'\Nil*,R) may be written as
a = ale! Ae?] + Ble? Ael], (2.53)

and it contains a symplectic form if and only if a? # 0, that is, o3 # 0. Thus, the generic
homogeneous symplectic form may be written as

o=ae' Ned + Be? At (2.54)

with « and f different from 0. By performing the change of coordinates (we always take the
positive result of the square root)

1 _ sgn(a) ft > _ sgu(B) F2, &= 1 f3 et = sz;’

= s e = e = e = (255)
Ve E Vel 5]
o takes the standard form
o=fIAP 4+ AL (2.56)
Moreover, the basis of ny and the commutation relations change as
er = lo] fi, ex= Ll fa, ez =+/l]alfs, es=/IB]fa (2.57)
sgn(a) sgn(p)
and (@) )
sgn(«
[f4af1] = f37 [f47f3] = 7.}[27 (258)
18] sgn(B)+/|al
so that the new structure coefficients are
1
= senlo) (2.59)

B T sen(B)vial

A suitable parametrization for compatible linear complex structures on a vector space is
given by the one of the Siegel half-space (1.21). More precisely, a o-compatible linear complex
structure H € J(ny4,0) may be written as

(2.60)

o (XY —(XYTIX 4Y)
“\vy! —Y-lX ’

where X and Y are 2 x 2 symmetric matrices and Y is positive-definite. A fitting way of
expressing X and Y is via the following matrices

X = (Il 172)
o X3

Ve (T i) o (356 )
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with z1,29,23,5,t € R and r > 0. In order to write Y, we used the fact that a matrix is
positive definite if and only if it may be written as the exponential of another matrix, together
with further computations.

Let ¢ € nj} be the linear form defined by ((X) = —tr(Hadx), as in Section 1.4 (up to
change the sign), and observe that

XY= X0y ¢(f) + B (xay - XY ()

1
sgn(8)/lal ( V18l
(2.62)

by the form of the structure coefficients (2.59) in the new basis. In the basis of the f;’s the
linear form ( takes the values

((fi) = — tr(Hady,)

4
== f(Hadg,(f)))

Jj=1

4
- Z FI(H ;i)
jik=1 (2.63)
4 .
=- & (HY )
3.k, 1=1
4 .
=— ckinjk.
k

J,k=1

By (2.62), in order to compute p(X,Y) we need just to compute ((f2) and ((f3). However,
¢(f2) =0 and

1
((f3) = =g HY, = mH42~ (2.64)
Hence
s0(0)  yayr _ xryayge (2.65)

PEY) = ) y/IaB]

which is zero for each X,Y if and only if H%, = 0. However, the coefficient H%, turns out to

be
2

H* = (Y™1)", = e *(cosh(r) + cos(t) sinh(r)), (2.66)
which never vanishes, as equation
tanh(r) ! (2.67)
n = - .
ST cos(t)

has no real solutions. This shows that ns does not admit Chern-Ricci flat o-compatible lin-
ear complex stuctures, thus neither I'\ Vil* admits locally homogeneous Chern-Ricci flat w-
compatible almost-complex structures. As this result holds for each «, 8 # 0 and in each such
cohomology class of H gR(F\N il*,R) there exists a locally homogeneous symplectic form [36,
Theorem 2], we have proved that in each such cohomology class of H3g (I'\Nil*, R) there ex-
ists a locally homogeneous symplectic form which does not admit Chern-Ricci flat compatible
almost-complex structures.
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Remark 2.3.3. An interesting problem is to establish whether the symplectic forms considered
above on '\ Nil* admit non locally homogeneous Chern-Ricci flat compatible almost-complex
structures. As there are no locally homogeneous ones, we are pushed to suspect that neither
there are non locally homogeneous Chern-Ricci flat compatible almost-complex structures on
I'\Nil*. In other words, that there exist symplectic structures not admitting Chern-Ricci flat
compatible almost-complex structures at all. This should be compared with the Kéhlerian
case, in which the Calabi-Yau theorem [85] guarantees that condition ¢; = 0 is equivalent to
have Ricci-flat compatible complex structures. We plan to come back on this point in the
future.

Remark 2.3.4. Since there are no homogeneous special compatible almost-complex structures
on I'\IVil4, it is quite natural to ask whether there exist some other related objects on this
manifold, namely Chern-FEinstein solitons. A Chern-Einstein soliton is a compatible almost-
complex structure J for which there exists a holomorphic vector field X (i.e., a real vector field
satisfying Lx.J = 0) such that equation

p—dw=Lxw (2.68)

is satisfied for a constant A\ € R. Notice that in the case under examination the constant
A has to be 0. The answer to this question is again no if X is a holomorphic vector field
generated by a derivation of ny4, which is a natural characteristic to require [55]. In this case,
once a compatible complex structure H is fixed on ny, the differential condition (2.68) may be
translated in the following two algebraic equations on ny:

p(X,Y) =0(D(X),Y) +0o(X,D(Y)), (2.69)
[H,D] =0, (2.70)

where X,Y € ny and D is a derivation of ny. With similar computations to the ones above,
one may show that any derivation satisfying (2.69) actually does not satisfy condition (2.70),
i.e., they are not compatible with H.

Finally, remember that a nilmanifold with a G-invariant almost-complex structure is a
Kihler manifold if and only if it is a complex torus [9,41]. As T'\ Nil* is a non-trivial bundle by
Geiges’ classification, compatible almost-complex structures on I'\ Nil* cannot be integrable.

To conclude, we sum up the main results of this chapter.

Theorem 2.3.5. Let G be a symplectic unimodular Lie group of dimension 4 and let w be
a symplectic form on it. If G # Nil*, then there exist a homogeneous special compatible
almost-complex structure on (G,w). If G = Nil* there exist no homogeneous special compatible
almost-complex structures on (G,w).

Corollary 2.3.6. Let (M,w) be a symplectic T*-bundle over T?. Then (M,w) admits a special
locally homogeneous compatible almost-complex structure if it admits the structure of symplectic
fibration.
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Chapter 3

Adjoint orbits of semisimple Lie
groups

A wide class of symplectic manifolds admitting a special compatible almost-complex structure is
the one of adjoint orbits of semisimple Lie groups. The homogeneous almost-Kéhler geometry of
these manifolds is entirely determined by the geometry of a suitable vector that depends on the
real Lie algebra structure of the underlying Lie algebra. In particular, all geometric quantities,
such as the Chern-Ricci form, the Hermitian scalar curvature and the Nijenhuis tensor, may be
expressed in terms of root data. This allows to deduce many properties about the geometry of
adjoint orbits and algorithmically establish which ones admit a special homogeneous compatible
almost-complex structure. Even if the intricate combinatorics of root systems prevents to spot
a full classification of orbits admitting a special compatible almost-complex structure, many
infinite families of adjoint orbits and all the exceptional ones have been classified.

The contents of this chapter are contained in [28] and are organized as follows. In Section
3.1 and Section 3.2, we recall the homogeneous almost-Kéhler geometry of adjoint orbits and
the structure properties of the underlying Lie algebra. In Section 3.3 and Section 3.4, we define
a canonical compatible almost-complex structure on adjoint orbits of semisimple Lie groups
and we discuss the speciality condition for it. Section 3.5 is dedicated to explicit formulae
for the Hermitian scalar curvature and the Nijenhuis tensor of the canonical almost-complex
structure, while in Section 3.6, we study compact quotients of adjoint orbits of semisimple Lie
groups, with an eye on the integrability of the canonical almost-complex structure. Section
3.7 contains the main classifications results, while in Section 3.8 we sum up the results of the
chapter and we discuss some open problems.

3.1 Adjoint orbits

In this section we recall some definitions and facts concerning adjoint orbits of semisimple Lie
groups, mostly to introduce the main objects of study and to set up the notations. For this
part we refer principally to [27].
Let G be a connected Lie group with Lie algebra g. Then G acts on the dual g* by coadjoint
action Ad*, defined by
Ad}0 =00 Ad," (3.1)

for all 6 € g*, where g € G and Ad is the adjoint representation of G on g (see Section 1.4 for
the defintion of adjoint action). Fix § € g* and consider its coadjoint orbit, that is, the orbit
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of # under the coadjoint action. Observe that, by the orbit-stabilizer theorem, the coadjoint
orbit of # is diffeomorphic to the coset space G/Stab(6), with Stab(6) the stabilizer of 6 under
the coadjoint action. The important feature of coadjoint orbits is that they carry a canonically
defined homogeneous symplectic form making them homogeneous symplectic manifolds. More
precisely, let o € A%(g) be the skew-symmetric bilinear form defined by

o(X,Y) = 0(]X,Y)). (3.2)

The canonical symplectic form w € Q2(G/Stab(6)) on G/Stab(f) is then defined as the homo-
geneous symplectic form induced by ¢ and it is called the Kirillov-Kostant-Souriau symplectic
form on G/Stab(#). Coadjoint orbits constitute an extensively studied class of manifolds and
they are especially important in representation theory and geometric quantization. Moreover,
they play an important role in the context of finding examples of homogeneous symplectic
manifolds admitting special compatible almost-complex structures. Indeed, under certain hy-
potesis on the Lie group G and the isotropy, coadjoint orbits admit a homogeneous special
w-compatible almost-complex structure.

Theorem 3.1.1 ( [27, Theorem 27]). Let G be a connected semisimple Lie group and let
M C g* be a coadjoint orbit equipped with the Kirillov-Kostant-Souriau symplectic form w.
Assume that the isotropy of M is compact and contains no non-discrete normal subgroups of
G. If the first Chern class of (M,w) satisfies 4wcy = dw for some A € R, then there exists a
homogeneous special compatible almost-complex structure on (M, w).

In the following, we discuss some parts of the proof of Theorem 3.1.1, mostly to introduce
some objects and results that we are going to use in the next sections. For more details, see
the complete proof in [27, Theorem 27]. Recall that, a semisimple Lie group G is a Lie group
having semisimple Lie algebra g, meaning that it splits as a direct sum of simple Lie algebras,
i.e., non-abelian Lie algebras having no non-trivial ideals. Let G be a connected semisimple Lie
group with Lie algebra g and let (M,w) be the coadjoint orbit of an element 6 € g* equipped
with the Kirillov-Kostant-Souriau symplectic form w. Assume that the isotropy V = Stab(6)
of M is compact. Remind that Lie algebras carry the G-invariant symmetric bilinear form
defined by

B(X,Y) = tr(adxady), (3.3)

for X,Y € g, that takes the name of Killing form. This bilinear form plays an important role
in the context of semisimple Lie algebras. Indeed, by Cartan’s criterion, the Killing form B is
non-degenerate on g, hence g may be canonically identified with its dual g*. Thus, one may
associate with 6 a unique element v € g such that

9(X) = B(v, X), (3.4)

for all X € g. By G-equivariance of this identification, the coadjoint action turns out to
coincide with the adjoint one. Therefore, V is the isotropy subgroup of v with respect to the
adjoint representation and its Lie algebra coincides with v = {X € g | [v, X]4 = 0}. Being the
Lie algebra of a compact Lie group, v is a compact Lie algebra. Moreover, by the existence of
the Cartan decomposition explained in Section 3.2, the Killing form B restricts to a negative-
definite scalar product on it (see also [10, Lemma 7.36]). On the other hand, as we explained
in Section 1.4, the orthogonal V-invariant complement

m={Xeg|BX,Y)=0VY €v} (3.5)
is canonically isomorphic to the tangent space at the identity coset e € G/V of the adjoint

orbit G/V of v. Observe that v is V-invariant by definition and, by compactness of V, also m
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is V-invariant. In the next sections, we will always refer to adjoint orbits instead of coadjoint
ones.

Let 2n be the dimension of m and consider the induced splitting g = v & m. We will denote
by o both the 2-form defined by (3.2) and its restriction to m. By the identification (3.4), ¢
may be expressed as o(X,Y) = B(v, [X,Y]y) or as

o(X,Y) = B([v,X|m,Y), (3.6)

for X,Y € m, by G-invariance of the Killing form. In particular, by V-invariance, the adjoint
representation ad, restricts to an endomorphism of m which is also invertible, by definition of
v. Thus B is non-degenerate on m too. Let T" C V be the torus generated by the center of V.
Since ad, is invertible on m and T is abelian, thus it has only irreducible representations of
real dimension 2, the action of 7' on m via ad, induces the decomposition

m=m; - Hmy,, (3.7)

where each m; is a T-invariant symplectic subspace of dimension 2. In addition, B restricts
to a definite symmetric bilinear form on each m;. Put ¢; = 1 if B is positive-definite on
m; and g; = —1 otherwise. Moreover, let {u;,v;} be an orthogonal basis of m; such that
B(u;,u;) = B(vi,v;) = €;. By skew-symmetry of ad, with respect to B, one may find A\; # 0
such that

[v,ui] = )\ﬂ}i, [’U,’UZ‘} = —)\iui. (38)

Up to exchange the role of u; and v;, we may assume that \; > 0. At this point, the endomor-
phism H of m defined by
= Z —ad (3.9)

where X € m and each X; is the component of X along m;, is a V-invariant o-compatible
complex structure on m. In addition, the basis defined by e; = (1/v/A;)ui, €ivn = (€:/vVNi)vi,
for 1 < i < n, is a symplectic basis of m satisfying He; = e;y,, He;4n, = —e;. Then,
by Theorem 1.4.7, H induces a homogeneous almost-complex structure J on M which is
compatible with w.

Remark 3.1.2. The homogeneous almost-complex structure J induced by H has been recently
studied also by Alekseevsky and Podesta [2]. In that work, the authors classify special com-
patible almost-complex structures on adjoint orbits of the form G/L, with G a non-compact
classical simple Lie group and L a maximal torus. In our notation, this means that the weight
@ associated with the orbit lies in a general position, i.e., does not belong to any wall of the
dominant Weyl chamber. In particular, they found that special compatible almost-complex
structures on such orbits exist only when the Lie algebra g of G is sl(2,R), and A < 0, or
su(p + 1,p) with p > 1, and A = 0 [2, Theorem 1.1]. Interestingly, they also proved that J is
the unique homogeneous almost-complex structure that is compatible with w.

As we showed in Section 1.4, the Chern-Ricci form p of J is determined by the linear
form ¢ € g* defined by ((X) = tr(adgx — Hadx). By semisimplicity assumption of G, g
is unimodular, that is, tr(adx) = 0 for each X € g, and this implies that tr(adgx) = 0.
Thus, the form ¢ reduces to ((X) = —tr(Hadx), X € g. Using the symplectic basis {e;}, by
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G-invariance of the Killing form and the definitions of {u;,v;} one has

(X)=- o([X, eilm,ei) + o([X, Heilm, He;)

I

s
Il
-

I
NE

B([v, [X, éi]m]m, €:) + B([v, [X, He;]m]m, He;)

-
Il
_

B(X, [[U7 ei]n‘u ei]g) + B(X7 Hq}, Hei]my Hei]g) (3.10)

|

N
Il
-

-(B(X, [[v; uilg, wilg) + B(X, [[v, vilg; vilg))

\

\
-
>l

1

=9 B(X, [Wﬂh’]g)'

- -

=1

Hence the form ¢ may be written as ((X) = B(v', X), with

n

v =2 [ug,vi). (3.11)

i=1

Observe that, by V-invariance of ( and G-invariance of B, v' belongs to the center of v.

At this point, if v/ = Av for some A € R, then ( = A\ and so, by the relation between
p and ¢ (1.69) (up to a sign), it holds that p = Aw, showing that J is a special compatible
almost-complex structure on (M,w). On the other hand, if J satisfies p = Aw, semisimplicity
of g together with compactness of V', reads that v/ = Av.

Summing up, the condition for the existence of a homogeneous special compatible almost-
complex structure is translated in checking whether v’ is a multiple of the given vector v:

p=Iw & v =)\, (3.12)

for some A € R. Thus, as in the previous chapter, we have rewritten the speciality condition
as a pure algebraic equation on the Lie algebra g of the semisimple Lie group G. In order to
study this equation, we need to understand the structure of g, that is the topic of the next
section.

3.2 The Lie algebra structure of g

The present section is a brief summary of the main important facts concerning the Lie algebra
structure of g and the structure theory of real semisimple Lie algebras. The contents we treat
are discussed in [44, Chapter 3] and [48, Chapter II, Chapter VI] and we principally follow [39].
Even if the theory we develop covers the extensively studied case in which the Lie group G is
compact (see for example [10, Chapter 8]), we will focus on real non-compact semisimple Lie
groups.

Let G be a real non-compact semisimple Lie group with Lie algebra g. Then G acts on g by
adjoint action and let v € g be a chosen element with compact stabilizer V' C G. The adjoint
orbit G/V of v comes equipped with the Kirillov-Kostant-Souriau symplectic form w. Observe
that compactness of V' ensures that the orbit G/V is not compact, thus it is not forced to be
a Kéhler manifold a priori. Indeed, orbits of compact semisimple Lie group turns out to be
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Kéhler manifolds by a result of Borel and Weil [73]. On the other hand, as semisimple Lie
groups are unimodular, one may always get compact manifolds by modding out the orbit G/V
by a discrete co-compact subgroup of G. Compact quotients of adjoint orbits will be treated
extensively in Section 3.6.

In what follows, we are going to study the real Lie algebra structure of g. Let gc be the
complex Lie algebra obtained from g by complexification, that is

gc=9g®C. (3.13)

Being g a real form of gc, it is fixed by a unique complex conjugation 7 on gc. Let € C g be
the maximal compact subalgebra of g such that v C . Then g splits as

g=tap, (3.14)

where p = pc N g, with pc the ad(€c)-invariant complement of the complexification ¢c. The
decomposition (3.14) is called Cartan decomposition of g and the subspaces £ and p satisfy the
following relations

eEgce [pplCt [&p] Cp. (3.15)

A compact real form of gc, i.e., a real form on which the restriction of the Killing form is
negative definite, is given by
go =t D ip. (316)

Indeed, by maximality of ¢, B is positive definite over p. Let 79 be the complex conjugation
induced on gc by go and let hy be a maximal abelian subalgebra of £ such that v € hg. As
the stabilizer V' of v is compact, £ and g have the same rank, thus complexifying by provides
a Tp-invariant Cartan subalgebra hc of gc.

The adjoint representation of hc on g¢ induces a decomposition

gc = be @ P o2 (3.17)
a€A

where the set of roots A C b is a finite subset of the dual hE and the root spaces
¢ ={Xe€gc|[hX]=ah)X Vhebhc} (3.18)

have complex dimension 1. The decomposition (3.17) is called root space decomposition. In
addition, for two roots a, 8 € A, [gg,gfé] = gg+5 ifa+p €A, and [g%,gg] = 0 otherwise.

By compactness of go, all roots assume real values on the real vector space hr = ihg [48,
Corollary 6.49], hence one may regard A as a subset of b instead of the full dual space h.
Since bhgr is a purely imaginary subspace of hc with respect to the conjugation 7p, the root
spaces satisfy

0(0¢) =9c, a€A. (3.19)

Before proceeding, we recall a couple of properties concerning the conjugations 7 and 7y
that will be useful to explain compact and non-compact roots.

Lemma 3.2.1. The conjugations T and 19 commute, hence 0 = T7¢ is an involutive automor-
phism of gc. Its 1 and —1 eigenspaces are tc and pc respectively. Moreover the adjoint action
of the Cartan subalgebra hc commutes with 6.
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Proof. Let a1,b; € € and ag, bs € p. Put
A=a;+as+ ’L(bl + bQ) =aj +ibsy + Z(b1 — iag) € gc, (320)
according to the real forms g and go. Then

770(A) =770(a1 + ibs + i(by — iaz))
=7(a1 +iby —i(by — iaz)) (3.21)
=a1 — az +i(br — ba).

On the other hand

70T (A) =707(a1 + ag + i(by + b2))
=79(a1 + az — i(by + b2))
—ro(a1 — ibs — i(ias + b)) (3.22)
=aq — by + i(iag + b1)
=ay — ag +i(by — be).

Thus, 797 = 719. The commutativity of 7 and 7y together with the fact that they are involutions
yields that the composition § = 77 is involutive too. Hence its eigenvalues are {£1}. In order
to compute the eigenspaces, take A defined as above. Then, it holds that §(A) = A if and only
if

ay — az + Z(bl — bg) =a; +az+ ’L(bl + bg), (323)
hence if and only if ag + iby = 0. Since ag + iby € pc, 0(A) = A if and only if A € £¢, showing
that the 1-eigenspace of 6 coincide with #c.

Similarly, (A) = —A if and only if

—a1 +ag — Z(bl — bQ) =aj; +az+ Z(bl + bg), (324)

hence if and only if ay +4b; = 0. Since aq +1iby € ¢, 8(A) = — A if and only if A € p¢, showing
that the —1-eigenspace of 6 coincide with pc.
For the last part of the statement, recall that he C €c and let h € hc. We prove that 6

commutes with ad; on £¢ and pc separately, as this implies that they commute on gc. Let
X € tc. Then 6(X) = X and
adp(0(X)) = adp X € & (3.25)

since ¢ is a subalgebra of gc. But £ is the 1-eigenspace of 0, so adp, X = 6(ad,X). This shows
that ad,(0(X)) = 0(adp(X)). Now, let X € pc. Then 0(X) = —X and

adp(0(X)) = —adn(X) € pc, (3.26)

by the properties of the Cartan decomposition (3.15). Since pc is the —1-eigenspace of 6,
adp (0(X)) = 6(adpX), and this concludes the proof. O

The involution 6 defined in Lemma 3.2.1 is called the Cartan involution of g. With the

previous results at hand, one has that each root space is contained in one of the eigenspaces
of 6.

Proposition 3.2.2. Fach root space g¢ is contained in either ¢ or pc.
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Proof. Let X be a vector inside the root space g¢, o € A, so that ad;(X) = a(h)X for every
h € hc. By Lemma 3.2.1, ad;, commutes with 6, thus

adpd(X) =0(adp(x))
=6(a(h)X)
=770(a(h)X) (3.27)
=a(h)T70(X)
=a(h)f(X).

This shows that 6(X) is a root vector with respect to a.. Since g¢ is 1-dimensional, (X ) = pX,
implying 4 = £1, being 0 an involution. As a consequence, X belongs to either £¢c or pc. O

A root o € A is said to be compact if its root space g¢ is contained in ¢ and non-compact
if its root space is contained in pc. Thus, to each root o € A one may associate a coefficient
€4 defined to be equal to —1 if « is compact and 1 otherwise. From the fact that 6 is a Lie
algebra automorphisms, we have that €, = c_, and e,43 = —€4€3, for o, B, + 8 € A.

A positive root system is a subset AT C A satisfying:

1. For all a € A, either o or —a belongs to A™;
2. Ifa,B€ AT and a+ € A, then a+ 5 € AT,

A positive root is called simple if it cannot be written as a sum of positive roots and we call
¥1 the set of such roots. It turns out that X7 is a basis of hr, once we have fixed a positive
root system A1, In addition, each root o € A may be written as

o= Z Ny, (3.28)

yEXT

with n, € Z all positive if o is positive and all negative if « is negative. The compactness
of a root o expressed as in (3.28) is entirely determined by the compactness of v € X1 and
the coefficients n.,. More precisely, it holds a formula for determining if a root is compact or
non-compact.

Lemma 3.2.3. Let a € AT be a positive root expressed as o = Zyez+ N+, Ny € Z positive.
Then
Ea = (—1) et T el (3.29)

NEXT

Proof. We prove the result by induction on the sum o = Zvez+ n,7y. Thus, for o = v; +;

Erity; = TEvily T (*1)1+n”+nwj Exi€y;> (3.30)

as stated. Now suppose that the formula (3.29) holds for o = Z«/ezﬁ n,7y and we want to
compute the coefficient ¢ for the root ¢ + nyezfr n,7y, with ¢ € ¥ and n¢ = 1. Then

Ecta = — EcEq = —Ec(—1)H2nent ™ H ey
yeSt

(e e ] e
yeLTt

(3.31)

as stated. O

45



Observe that compactness of simple roots induces a splitting
»t=xruxt, (3.32)

where 1 = {y € 1 | e, = —1} is the set of simple compact roots and X} = {y € £t |, =1}
is the set of simple non-compact roots. As the product

I & =1 (3.33)

vesy
formula (3.29) reduces to the following one.

Lemma 3.2.4. A root a of the form o = 2762+ Ny has

Eq = (1) T Enent ™, (3.34)

More explicitly, lemma above says that in order to determine the compactness index of a
root it suffices to count how many simple non-compact roots there are in its epression (3.28).
If they come in an even number, the root is compact, otherwise it is non-compact.

By compactness of b, the Killing form restricts to a positive scalar product on hg. Indeed,
for X,Y € ho, ¢X and ¢Y belong to hr and so

B(iX,iY) = —B(X,Y) > 0, (3.35)

as B is negative definite on . Therefore, one may define a positive scalar product on by by
letting

(1, ¥') = Blhy, hy), (3.36)
where hy and hy are the elements in hr corresponding to ¢ and ¢’ via the canonical isomor-
phism defined by the Killing form. The set of hyperplanes P, = {¢ € by | (¢,a) = 0}, for

o € A, divides by into a finite number of closed convex cones, called Weyl chambers. Moreover,
each positive root system AT corresponds bijectively to a dominant Weyl chamber defined by

C={vebl|(Wa)>0 YacAt). (3.37)

We have chosen v inside hg, so that iv € hg, hence there exists a unique co-vector ¢ € hg
such that h, = —iv. Moreover, one may always choose a positive root system A such that
¢ belongs to the dominant Weyl chamber C. From now on, we will always assume to have
picked the dominant Weyl chamber in such a way that it contains .

A proper way of expressing the elements in the fundamental Weyl chamber is through the
fundamental dominant weights, which we are going to recall in a while. Denote by ¢ the rank
of g, i.e., the dimension of the Cartan subalgebra hg, so that one may label the simple roots
such that ¥ = {y1,...,%}. Let A = (A;;) be the Cartan matriz associated with the root
system of g, defined by

Aij _ 2(71"’”) . (338)
(’71'7 ’Yi)
The fundamental dominant weights @1, ...,p, are the linear forms on hr determined by
E ..
0; =y Ay, (3.39)
i=1

where (A%) = A~! and they constitute a basis of hg with a nice property.
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Lemma 3.2.5. Fundamental dominant weights and simple roots satisfy the following relation

(‘p]‘a ,V’L)
p R RIAVARSY [ (3.40)
(i, i) !
‘s £ ki
Proof. By definition, ¢; = >, _; A"™~;. Therefore
1
(5,7 ZA’” (Vs i) = ZA’”A (ir i) = 5055 (%> %) (3.41)
and the thesis follows. O

Actually, the basis of fundamental dominant weights turns out to be well suited to our
purposes.

Lemma 3.2.6. Let ¢ € by and write it as ¥ = Zle wjgpj, for some reals w', ..., wt.

Then (,a) > 0 for each o € AT if and only if w* > 0 for every i. Moreover At \ ot =
span{vy; | w? #0} N AT,

Proof. For each o € AT of the form o = Zle n'~,, for appropriate non-negative integers n?,
using Lemma 3.2.5, one computes

Z w'n’ (¢i,7;) Zwlnl|%|2 (3.42)

i,j=1
which is non-negative if and only if all the w?’s are non-negative. O

As a consequence of the above lemma, the dominant Weyl chamber C' turns out to be the
closed convex cone spanned by the fundamental dominant weights ¢1, ..., ¢,, and co-vectors
belonging to it are called dominant weights. In particular, our element ¢ such that h, = —iv
turns out to be a dominant weight, as it may be written as

¢
v = Zvigoi, (3.43)
i=1

with v* > 0 for every i =1,... 0.
To conclude this part, we recall the following properties which will be useful in the subse-
quent sections (see for Example [48, Theorem 6.6], [39, Section 3]).

Theorem 3.2.7. For each root a € A one may choose vectors eq € g& such that:
1. lea,e—a] = ha;

Blea,ep) =0, _p;

B(ha,h) = a(h) for every h € be;

lea,eg] =0ifa+B#0and a+ 5 ¢ A;

lea,ep] = N, geatp if a+ B € A, where N, 5 € R are non-zero and satisfy

[0}

NB,O( = _Na,,@ == Nfa,fﬁ = Nﬁﬂ’a+6 = Na+6,7o¢; (344)
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6. To(eq) = —€_a;
7. T(eq) = €ab—q-

A basis with these properties is sometimes reffered as Weyl basis [44, Chapter IX, Section 5].
Note that one may define N, 3 = 0 whenever o + B #0and a+ S ¢ A, so that, by abuse of
notation, one may write [eq, e5] = N, geatp for all a, 3 € A even when a + 3 is not a root
(s0 eq+p is not defined). This is going to be useful in some subsequent computations.

We end this section by recalling the definitions of some tools which are quite handy for
studying real Lie algebras and that we will use extensively: Vogan diagrams. However, in
order to define these diagrams, we need other graphs associated to Lie algebras, called Dynkin
diagrams. For this part we refer to [48, Chapter II, Section 5 and Chapter VI, Section 8]. Let
gc be a complex semisimple Lie algebra with root system A, set of simple roots ¥+ and let A
be the associated Cartan matrix. We equip gc with a graph defined as follows. To each simple
root «; we associate a vertex of a graph and we attach to that vertex a weight proportional
to |vi|?. Two vertices, say i, 7;, are connected by A;;A;; edges. The resulting graph is said
to be the Dynkin diagram of (g, A). Often we will draw an arrow above multiple edges, with
the tip pointing towards the shortest root. Such diagrams played an important role in the
classification of complex simple Lie algebras, as they determine completely the associated Lie
algebra. The list of connected Dynkin diagram which led to the classification of complex simple
Lie algebra may be found in [48, Chapter II, Figure 2.4]

Let now g be a real semisimple Lie algebra with Cartan involution 6 and let g = ¢ ® p be
the associated Cartan decomposition. A Cartan subalgebra hh C g is said to be 0-stable if

h=(bnt)a(bhnp), (3.45)

and in this case we put t =hNe and a = h Np. A f-stable Cartan subalgebra § is said to be
mazimally compact if the dimension of t is as large as possibile. So let h € g be a maximally
compact #-stable Cartan subalgebra, denote by he = tc & ac € gc its complexification and
let A be the associated root system. Let AT be a set of positive roots chosen such that it
takes it before ac and call ¥ T the set of simple roots. By definition of maximally compact 6-
stable Cartan subalgebra, there are no real roots in A. Moreover, § permutes the simple roots,
hence it fixes the roots which are purely imaginary and permutes in 2-cycles the complex ones.
The Vogan diagram of (g,h,¥7) is then defined as the Dynkin diagram of A™ with the 2-
element orbits under 6 so labeled and the 1-element orbits painted or not, according as the
corresponding imaginary simple root is non-compact or compact.

Example 3.2.8. Let g = su(p, ¢) with negative conjugate transposition as Cartan involution
and take hy = ty be the diagonal subalgebra. Then 6 is 1 on all the roots. With the standard
ordering, the positive roots are e; —e; with 1 <14 < j < p+q, where ey, ..., ep14 is the standard
orthonormal basis of RPT9. A positive root is compact if both ¢ and j belong to {1,...,p} or
{p+1,...,p+ ¢} and non-compact if ¢ is in {1,...,p} and jisin {p+1,...,p + ¢}. Thus,
among the simple roots e; — €;41, €, — €p41 is non-compact while all the others are compact.
Thus the Vogan diagram of su(p, q) is

e1 — ez €p — €p+1 €pt+q—1 — €ptgq

Actually each Vogan diagram is equivalent to a Vogan diagram with one painted node. This
result is known as the Borel and de Siebenthal Theorem [48, Theorem 6.96].
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Example 3.2.9. Consider the Vogan diagram of G4

| ==0,

ha! 72

Thus, 71 is non-compact and 5 is compact. Then, by Lemma 3.2.4, the compact and
non-compact positive roots are respectively

AT ={v2,271 + 72}

N (3.46)
AY ={y1,71 + 72,371 + 272,371 + 12}

The root system of G5 together with compact and non-compact roots is depicted in Figure 3.1.

h3y, 4240

R Py 42 P2y 4o PR3y, 4

v

Figure 3.1: The root diagram of (Go. Thick black arrows represent the positive non-compact
roots, while the red arrows represent the compact ones. The names at the end of each arrow
indicates the vector corresponding to the given root. The negative roots are identified with
dashed black arrows.

Now that we have set the necessary algebraic background, we are ready to study the almost-
Kéhler geometry of adjoint orbits, starting with the definition of a canonical almost-complex
structure.

3.3 The canonical almost-complex structure
In this section we specialize some definitions given in Section 3.1 and we provide a homogeneous

almost-complex structure for adjoint orbits which turns out to be compatible with the Kirillov-
Kostant-Souriau symplectic form w.
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For each root a € A one may define the real number
Aa = Sala, @), (3.47)

where s, is the signum of «, meaning that s, = 1 if « is a positive root and s, = —1 if it is
negative. Remember that we have chosen ¢ inside the dominant Weyl chamber, thus A, > 0
for every « and, in particular, A, = 0 when « is orthogonal to . Then, define the vectors

1 2 ( + ) (3
—F7=\a T €_q) Vo=
V2

and notice that u, = u_, and v, = v_,. Moreover, these vectors satisfy some useful relations.

U =

Sa(a —€—q) (3.48)

Lemma 3.3.1. For all roots o, B € A the following hold:
1. B(ua,ug) = B(Va,vp) = (04,5 +04._p5)as
2. B(ug,vg) = 0;
3. Un, Vo €9
4. [v,ua] = Aava and [V,v4] = —Ag e
Proof. The statements are consequences of Theorem 3.2.7. More precisely:

1. By item 2 of the theorem on has

‘275(175;3
i 2
B(ug,ug) =———

Bleq+€—a,e5+€_3)

=——(0a,—p T 0ap+0_n_p5+0_op) (3.49)

=1 2 (6a,,8 + 6@,—6)
:(6a,ﬁ + 604,7[3)601

and similarly for the scalar product of v, and vg.

2. Likewise the previous point,

‘475(,75[3
B, vs) = %(5%—5 G+ p—0_ag) =0 (3.50)

3. In order to check whether u, and v, belong to g it suffices to show that they are invariant
under the conjugation 7. By point 7 of Theorem 3.2.7 one may write

1-ca 3-ca
7 2 77 2
T(Up) = —=(€aboa T €ata);, TWa) = —F=—5a(Eab—a —Eankt 3.51
and the result follows by considering separately the cases ¢, = 1 and ¢, = —1.

4. Finally, by writing explicitly u,, one has

l—eq
2

[v,uq] = ﬁ[% €a +€_al- (3.52)
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Since v € b, by definition of root space, v satisfies [v,e,] = a(v)e,. Moreover, by item
3 of Theorem 3.2.7 and recalling that h, = —iv,

Ao = Sal, @) = $aB(ha, hy) = —i5qaB(hqa,v) = —isq(v). (3.53)

Putting everything together we get

l—eqn l—eq

172 17 2
V, Ue| = a(v €a — €_q) =tAaSa——(€q — €_a) = AaVa. 3.54
[v, ua] = a(v) 7 ( ) 7 ( ) (3.54)

Similar computations prove that also [v,v,4] = —Aqua.
O

As a consequence of the lemma above, g has the B-orthogonal decomposition

g=bo® @ span{ua,val. (3.55)

aceAt

Observe that this decompositon may be refined by splitting the set of positive roots as
At = (At nph) U (At ¢h) (3.56)

where (AT N ™) is the set of positive roots which are orthogonal to ¢ and (A1 \ ¢*) is the
set of roots which are not orthogonal to ¢. By the definition of A, (3.47), a root a belongs to
A1\ ot if A, > 0, while it belongs to AT N if A, = 0. Hence, by item 4 of Lemma 3.3.1,
the Lie algebra v of the stabilizer V' of v decomposes as

b="0hoD @ span{uq, Vo }- (3.57)

aeAtNpt

Since V is compact, all roots belonging to AT N ¢ must be compact, while

m= @ span{uq, v }- (3.58)

a€AT\pt

Notice that the subspaces span{uq, vy}, for a € A1\ ¢, play the role of the m;’s in Section
3.1. Putting together the last observations, we deduce a formula for the dimension of the
adjoint orbit G/V of v in terms of ¢ and the positive roots.

Proposition 3.3.2. The summands of the B-orthogonal decomposition g = v @& m are given
by
v="0yD @ span{ug, Vo }s m= @ span{ug, Vo }- (3.59)

aEATNEL a€AT\pt

Moreover, all roots of AT N L are compact and the dimension of G/V is given by
dimG/V =dimg — ¢ —2|/{a € AT | (o, ) =0}, (3.60)

where £ = dim bg is the rank of g.

o1



At this point we are able to define a canonical homogeneous almost-complex structure J
on G//V. In order to do this, let H be the complex structure on hg = span{u,, v, | « € AT}
defined on the basis by

Huy = eqvq, Hv, = —cquq, (3.61)

for « € AT. Note that H makes complex the splitting
by = span{ug, ve | @ € AT Nt} @ span{uy, v | a € AT\ ¢}, (3.62)
where the second summand is exactly m. Then we define the canonical almost-complex structure

J on G/V as the homogeneous almost-complex structure induced by H on m.

Remark 3.3.3. By decomposing X € mas X = ZaeAﬂ@L X, where X, € spanf{ug, v, }, and
by using item 4 of Lemma 3.3.1, one has

HX = ) igth@} (3.63)

acAT\pt T
Hence J on the orbit G/V coincides with the almost-complex structure defined in Section 3.1.
The basis {tuq,va}, @ € AT\ o1, on m defined in (3.48), turns out to be useful as it allows

to define a symplectic orthonormal basis for m.

Lemma 3.3.4. The vectors (1/v/Aa)ta, (Ea/VAa)Va, for a € AT\ oL, constitute a symplectic
basis of m which is also orthonormal with respect to the scalar product induced by H and o.

Proof. Put eq, = (1/v/Aa)ua and fo = (6a/vVAa)va. Recall that the basis {eqn, fo}, for a €
AT\ pt is symplectic if 0(eq,e5) = 0(fa, f5) = 0 and o(eq, f5) = 0o for a, B € AT\ ot.
Some computations together with Lemma 3.3.1 read

1 1 Aa
(3] =—B s Y]y =
)\O)\BU(U ug) VoW ([v, ual, up) WY

o(eq,e3) = B(vq,ug) = 0. (3.64)

And similar computations show that o(fu, f3) = 0. Then

€ 5 £8\a
o(eq, f5) = A 0 (U, v8) = A B([v, ua),v) = s

Xos Xos Vs

since @ and f are both positive roots. This shows that the basis {eq, fo} is symplectic.
For the orthonormality, we compute

B(va,vp) =045, (3.65)

1 €
5 o(ta, Hug) = /\B/\
a\g a\B

(ea,ep) = o(eq, Heg) = 0 (U, v8) = (€, fp) = 045, (3.66)

>

as the basis is symplectic. Similarly (f., f3) = 04,5- We are left with the mixed terms

€s
€aq, = 0(Uuq, Hug) = — o(Uq,ug) =0, 3.67
(60 J3) = Lm0t Hos) = = ——ta,u3) (3.67)
again since the basis is symplectic. O

We end this section by showing some results concerning fibrations of adjoint orbit. First,
the canonical almost-complex structure is compatible with the projections of adjoint orbits.
More precisely, one has the following property.
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Proposition 3.3.5. Let ¢ € bi such that for all roots o € A it holds that (o, ) = 0
whenever (a, p) = 0. Then the stabilizer V oof o = thg contains V' and the induced projection
Tm: GV = G/f/ is pseudo-holomorphic with respect to the almost-complex structures J and J
induced by the canonical complex structures on the adjoint orbits of v and v.

Proof. As a consequence of Proposition 3.3.2, the Lie algebra of the stabilizer of ¥ is given by

0="ho® @ span{q, Vo } (3.68)

aEATNEL

and it contains v since all roots which are orthogonal to ¢ are orthogonal also to ¢. Therefore
V C V. The induced projection 7 : G/V — G/V is G-equivariant, being defined at the Lie
algebra level. We are left with proving that m is pseudo-holomorphic, i.e., its differential is a
complex linear map between the two complex vector bundles T G/V and T G/ V. Since 7 is
G-equivariant, it suffices to prove that the differential d.7m at the identity coset e € G/V is
complex linear. To this end, observe that

m= @ span{ug, vq } (3.69)
acA+\gt

is contained in m and the differential d.7 is by definition the B-orthogonal projection f :m —
m, defined as

LY. Xfua+XSva | = D Xfua+ Xva (3.70)
a€AT\pt a€AT\pt

with ZQGAerL X3uq + XJvs € m an element expressed on the basis of m. Then

IH Z Xpta + Xjve | = Z Xy fH(ua) + X7 fH(va)
a€At\pt acAt\pt

[0} [0
E X eaVa — X Ealla
aeAt\g+

(3.71)
:H Z Xgua +X,;X’Ua
acAT\gt

=Hf [ > Xfua+ X0,
aEAtT\pL
Thus f commutes with H, showing that the differential dr is complex linear. O

In the situation of the previous proposition, choosing ¢ € C being orthogonal to no roots,
yields the following corollary.

Corollary 3.3.6. There exists an element w € g whose stabilizer is a mazimal torus T C G
such that T C V. Then the natural projection

G/T — GV (3.72)

is pseudo-holomorphic, where the orbit G/T is equipped with the homogeneous almost-complex
structure induced by H.
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Observe that, in general, the element w as in the statement above is far from being unique
as it corresponds to the choice of ¢ in an open dense subset of C. Instead, choosing ¢ € C' in
a very special position gives the next result.

Corollary 3.3.7. If there exists a non-zero ¢ € C' which is orthogonal to all compact roots,
then there exists v € g whose stabilizer is a maximal compact subgroup K C G such that
V C K. Then the natural projection

GV = G/K (3.73)

is pseudo-holomorphic, where the orbit G/K is equipped with the homogeneous almost-complex
structure induced by H.

At this point, we are ready to discuss the speciality condition for the canonical almost-
complex structure J on adjoint orbits.

3.4 Speciality condition for the canonical almost-complex
structure

Along this section we consider adjoint orbits G/V equipped with the homogeneous almost-
Kahler structure defined by the canonical almost-complex stucture J and the Kirillov-Kostant-
Souriau symplectic form w. The main goal is to characterize when J is special, i.e., its Chern-
Ricci form p satisfies p = Aw.

As shown in Section 3.1, as the symplectic form w is determined by ¢ and v, so the Chern-
Riccei form p of J is determined by the 2-form on m defined by B(v/, [, ]), where

V=2 > [ta,val. (3.74)
a€AT\pt
By writing explicitly u, and v, and by item 1 of Theorem 3.2.7, one may compute

L4—2eq

)
o =9 Z 5 [ea + €—a),ea — €_4]
a€AT\pt

—_2 Z 2% ey, e_q]

acAT\p (3.75)

=—2 > i,

acAt\pt

=—2i Z cala-

acAt\p+

Thus v/ = —2i ZQGA+\¢L €aha, hence the co-vector

o =2 Z eq € bp (3.76)
aEAT\pt

defines an element of the root lattice such that h, = —iv’. As we discussed in Section 3.1,
the speciality condition for the Chern-Ricci form p = Aw is equivalent to v’ = Av, hence also
to ¢’ = A\p:

p=Xv & ¢ = Ap. (3.77)
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Notice that ¢’ depends only discretely on ¢, in the sense that it depends on which roots ¢ is
orthogonal to, but not on the distance between ¢ and those roots.

The equation ¢’ = A turns out to be quite complicated from the combinatorial point of
view. However, it becomes more tractable by introducing the element of the root lattice n € by
defined as the sum of all positive roots weighted by their compactness index

n=-2 Z Ea . (3.78)

Observe that the element 7 depends on the semisimple Lie algebra g and on the chosen set
of positive roots only. Since the roots which are orthogonal to ¢ are necessarily compact,

expressing ¢’ as
o'=-2 Z Eat =1 —2 Z a, (3.79)
aeAt\pt a€ATNpL

allows to rewrite the condition p = \w as

n=2 > a=lp (3.80)

acAtnpt

Equation (3.80) permits to deduce the sign of A, for it is entirely determined by the scalar
product between ¢ and 7.

Lemma 3.4.1. If ¢’ = A, then X = (n,9)/]p|?.

Proof. Taking the scalar product of ¢ with equation (3.80), one gets

me)=2 > (9)=Agp.9) (3.81)

aceATNpL

but the second summand on the left-hand side vanishes since the sum is performed over the
roots which are orthogonal to . O

Up to now we have considered a fixed element v, hence a fixed . However, the main goal
of this thesis is to solve the equation p = Aw, that is, to find ¢ such that ¢’ = A\p. The next
lemma shows that the sign of X is uniquely determined by the semisimple Lie algebra g, hence
by the group G, and by the choice of the dominant Weyl chamber, hence by the choice of the
set of positive roots At.

Proposition 3.4.2. Let 1, € by be elements belonging to the dominant Weyl chamber C.
Suppose that both ihy,ihy € g have compact isotropy and that ¢’ = Ag, ¥’ = wp for some real
constants A\, . Then \ and p have the same sign. Moreover, ¢ and i are one multiple of the
other whenever A\, u < 0.

Proof. By (3.80) one may write conditions ¢’ = Ay, ¥’ = u1) as

n—2 Z a = Ap, n—2 Z a = . (3.82)

aEATNpL aeA+AYL

By Lemma 3.4.1, taking the scalar products of the previous equations with v and ¢ respectively
reads

PP =AM, ) =2 Y (), Aef—pe) =2 Y (a9).  (3.83)

acAtNpL acAtnyt
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Since ¢ and v are dominant, (a,¢) > 0 and (a, ) > 0 for each positive root a and (¢, ) > 0.
Thus the right-hand sides of the above equations are non-negative, implying

ulvl? = Xe,) >0, o> — p(, 9) >0, (3.84)

which gives a contradiction as soon as A and p have different signs.
Finally, by taking a linear combination of the equations in (3.83), one gets

S 2ulah)+ Y 2\, 9) = [Ap — p (3.85)
acAtnpt acA+tnyL
and this shows that A = ui when A and p are both negative. O

In particular, the above lemma says that if the equation ¢’ = Ay is satisfied with A < 0,
then it has a unique solution up to scaling. However, this is a special feature of the case A < 0.
Indeed when A > 0 the set of solutions is just finite up to scaling, as the following proposition
and the examples in the Appendix B show.

Proposition 3.4.3. The set of all ¢ € by belonging to the dominant Weyl chamber C, such
that v = ihy, has compact isotropy and satisfying ¢’ = Ay for some X # 0 is finite up to scaling.

Proof. Given ¢ as in the statement, after having rescaled it to [A|¢, by (3.80) one may write
¢ = Ay in the form

n=2 Y a=d4p (3.86)

and this shows that ¢ belongs to the root lattice. As a consequence, since no non-compact
roots may be orthogonal to ¢, triangle inequality reads

ol <l +2 ) lal, (3.87)
aEA,

where A, C A is the set of compact roots. Since the right-hand side depends on g only, we
may conclude that ¢ belongs to a bounded subset of the root lattice, hence finite. O

Collecting together the results stated up to now, we get the following two results that give
necessary and sufficient conditions for the existence of elements ¢ having orbits admitting
special canonical almost-complex structure.

Theorem 3.4.4. An element ¢ € by belongs to the dominant Weyl chamber C, the stabilizer
of v = ihy is compact and @' = A for some X # 0 if and only if there exists a non-empty
subset S C {1,...,£} such that:

1. all non-compact simple roots of X belong to {~; | i € S};
2. The element
1
1|2 > o (3.88)

a€span{~y;|i€Sc}INA+

belongs to the open convex cone spanned by {p; | i € S};

3. The co-vector ¢ has the form

1
v=7 n—2 Z al. (3.89)

a€span{~y;|i€Se}INAt
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Proof. Assume that ¢ belongs to the dominant Weyl chamber C' C b, the stabilizer of v = ih,,
is compact and ¢’ = Ay for some A # 0. Since ¢ is dominant, it belongs to the convex cone
spanned by 1, ..., .. In particular, ¢ = Zle vip; for suitable non-negative coefficients v°.
Notice that the coefficients v* must be non-zero whenever ; is non-compact, by our assumption
on the compactness of the stabilizer of v. The set S constituted by all indices 1 < ¢ < ¢ such
that v® # 0 is non-empty, satisfies the first item of the statement and reads ¢ = Yics vip;.
On the other hand, Lemma 3.2.6 implies that AT N ¢+ = span{y; | i € S°}. Hence, using
expression (3.79) for ¢/, we have that the equation ¢’ = Ap may be written as in the third
item of the statements and the second one follows.

Conversely, if ¢ € bhi and there is a set S C {1,...,¢} satistying all three items of the
statement for some real A # 0, then (p, ) > 0 for any positive root «, so ¢ € C. In addition,
v = ihy, has compact stabilizer and the relation ¢’ = Ap holds. O

In a similar fashion, the set of all ¢’s such that their ¢’ vanish may be described in terms
of certain subsets of {1,...,¢}. However, in contrast with the case A # 0, such a set is very
often infinite even up to scaling. More precisely, this happens when the set S in the statement
below has cardinality bigger than one.

Theorem 3.4.5. An element ¢ € by belongs to the dominant Weyl chamber C, the stabilizer
of v =ihy, is compact and ¢’ = 0 if and only if there exists a non-empty subset S C {1,...,¢}
such that:

1. all non-compact simple roots of X7 belong to {~; | i € S};
2. 0= cq Vi withv' >0 for every i € S;

3.n—2 ZaEspan{'yi\iESC}ﬁA+ a=0.

Proof. Assume that ¢ belongs to the dominant Weyl chamber C' C b, the stabilizer of v = ih,,
is compact and ¢’ = 0. Since ¢ is dominant, it belongs to the convex cone spanned by
V1,...,p¢. In particular, ¢ = Zle vi; for suitable non-negative coefficients v’. Notice
that the coefficient v’ must be non-zero, hence positive whenever ; is non-compact, by our
assumption on the compactness of the stabilizer of v. The set S constituted by all indices
1 < i < £ such that v* # 0 is non-empty, satisfies the first two items of the statement. By
(3.80), the condition ¢’ = 0 may be written as

n—2 > o =0, (3.90)

a€span{v;|vi=0}NA+

and by definition of S, we have that v* = 0 if and only if i € S¢. Thus, also the third item of
the statement is satisfied.

On the other hand, if ¢ € b and there is a set S C {1, ..., ¢} satisfying all three items of
the statement, then (¢, «) > 0 for any positive root «, implying ¢ € C. In addition, v = ih,
has compact stabilizer and ¢’ = 0. O

Putting together Theorem 3.4.4 and Theorem 3.4.5, one has a summary result, which needs
the following lemma.

Lemma 3.4.6. The reflection 0., with respect to a compact simple oot v preserves compactness
of the roots.
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Proof. Let a € A be a root and let v € ¥ be a compact simple root. Then

oy(a) =a—2 y (3.91)

(7:7)
and it is a root as reflections with respect to simple roots permute the roots [45, Section 10.2,
Lemma B]. If a is compact, o, (a) is the sum of two compact roots, hence it is compact as

a consequence of Lemma 3.2.4. Using the same result, if « is non-compact, then o, () is the
sum of a non-compact and a compact root, thus it is non-compact. O

Corollary 3.4.7. For any ¢ € by and any real A € {—1,0,1}, the following conditions are
equivalent:

e  belongs to the dominant Weyl chamber C, the stabilizer of v = ihy, is compact and
o = Ap.

o There exists a subset S C {1,...,0} such that i € S if v; is a non-compact simple root,
and

ps=n—2 Z « (3.92)

aespan{~; |[i€SeINAT

satisfies (ws,v:) = A|(¢s,7i)| for alli € S. Moreover

Aps if A=41
Y= { iies vip; for some v' >0 if A=0 (3.93)
Proof. First, we show that, given S C {1,...,¢} such that ¢ € S whenever ~; is a non-compact
simple root, the element g belongs to the span of ¢;, i € S. To see this, let pg = ijl wip;
and notice that, by equation (3.42), w? = 2(¢s,v;)/|7j|>. We are then reduced to prove that
(ps,7j) = 0 for each j € S°. In order to do this, we will show that, for every j € 5S¢, pg is
fixed by the reflection o, with respect to the hyperplane orthogonal to «;. Observe that, by

definition of 7, one has
77:2201—4204. (3.94)

aeAt acA}L

Since any root is either positive or negative and the reflection of a root by o, is still a root, one
may conclude that the reflection o, () of a positive root « is a positive root, unless a = ;.
On the other hand, by Lemma 3.4.6, a reflection with respect to a compact root preserve
compactness, in particular o, (c) has the same compactness as . Hence

a4, (n) =0 —4y;. (3.95)

By the properties of root systems, the vector 2 lieseyna+ O Is twice the d-vector

a€span{~y;
associated with the root subsystem span{vy; | i € S°}N AT, where the d-vector of a root system
is defined as the half sum of all positive roots. Similarly as for n, one has

o, | 2 > al =2 > o — 4. (3.96)

a€span{y;[i€Sc}NAT a€span{y;|i€Sc}NAT
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Putting everything together,

0y, (ps) =0, |12 > o
aespan{y;|i€Sc}INAt
=n —4dv; — 2 > a+ 4y,

(3.97)

aespan{~; [t€SeINAT

=n—2 Z o

aespan{y;|i€Sc}NAt

=ps-

This proves that pg belongs to span{y; | i € S}. The condition (¢s,7v:) = A|(¢s,~:)| for all
1 € S, is then equivalent to g € A\C' if A = £1 and to pg = 0 if A = 0. With all this at hand,
the statement follows by Theorem 3.4.4 and Theorem 3.4.5. O

Actually, the statement of Corollary 3.4.7 may be slightly refined. Indeed, in order to
establish whether there exists a vector having orbit with special canonical almost-complex
structure, it suffices to check the second condition of the above statment for S the set of
indices of simple non-compact roots.

Corollary 3.4.8. For any ¢ € by and any real A € {—1,0,1}, the following conditions are
equivalent:

e  belongs to the dominant Weyl chamber C, the stabilizer of v = ih, is compact and
o' = Ap;

o for S={i| v €X} 05 =0 =23 copan{rlicseina+ O satisfies (ps,7i) = Al(es, )]
for alli € S. Moreover

_ ] Avs if A=+l
v= { YicgVip; for some v! >0 if A=0 (3.98)

Proof. In order to simplify the notation, put P = {i | v; € X;F }. We discuss the cases A\ = —1,0
and A = 1 separately. In the first case we will prove that if there exists a set S O P such that
(ps,vi) = Al(ps,vi)| for all i € S, then S = P. For the case A = 1, we will prove that if there
exists a set S O P such that (pg,7;) = Al(ps,7:)| for all ¢ € S, then the same condition is
satisfied also for P and @p, thus it suffices to prove it for P. The statement then follows by
Corollary 3.4.7.

Assume that there exists a set S O P such that the vector

ps=n—2 Z «@ (3.99)

aespan{~;[i€SeINAT

satisfies (ps,7:) = A|(¢s,7vi)l|, for each ¢ € S, with A = —1,0. Thus, by Corollary 3.4.7, the
adjoint orbit of g is special symplectic general type or special symplectic Calabi-Yau. Choose
an index 7 € S\ P, so that the simple root 7; is compact and consider the reflection of pg with
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respect to y;

U"/i(gps) =0y, | n—2 Z «Q
a€span{y;|[i€ScINAT

Q, Y4
=n—4y; — 2 Z a+4 Z ( ’7)% (3’100)

a€span{y;|i€Sc}NA+ a€span{y;|i€Sc}NA+ (%’%)
a5 Y
Sohl CECINNND DI o) B
a€espan{~; [i€SeINAT Yis Vi
From the explicit formula for reflections, one has
9_9 3 (%) _ (ps,7%) (3.101)
a€span{~y; |[t€SeINAT (’Y“,%) (77'772)
which simplifies as
1
val® — Z (o, %) = 5(@57’)’1’)- (3.102)

a€span{~;|[t€SeINAT
By writing the second summand of left-hand side in (3.102) in terms of simple roots
> a= > aly (3.103)
a€span{y;|[i€Sc}NA+ jese

one has

Z o, | = Z aj’YJw%: = Z aj(’Yj,%) <0 (3.104)

aespan{~; [t€SeINAT jese jES*®

since j € S and the a’’s are positive. Thus

(ps,7i) = 2nl> — 2 > (a, i) >0, (3.105)

a€span{y;|[i€Sc}INAt

a contradiction by the assumption that the orbit is special symplectic general type or special
symplectic Calabi-Yau. This shows that S\ P = (), hence S = P.

Assume now that there exists a set S O P such that the vector ¢g as above satisfies
(ps,7v:) = Al(@s, )|, for each ¢ € S, with A = 1. Hence, by Corollary 3.4.7, the adjoint orbit
of pg is special symplectic Fano. Notice that, since S¢ C P¢, one has

pp=n—2 Z o

a€span{~; i€ P¢}NA+

=n—-2 Z a—2 Z @

a€span{y;|[i€S°INA+ aespan{~;|[t€Pc\S¢}NA+

s 2 3 o (3.106)
aespan{y;|i€ Pe\Se}NA+
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By writing Zaespan{'yi\iePc\Sc}ﬂA+ « in terms of simple roots

> a= > by (3.107)

a€span{~y; i€ Pc\Sc}NA+ iePe\Se

and arguing as above, it turns out that for j € P

(ep, ) = (ps,7) =2 > b(v,%) > 0. (3.108)
i€Pe\Se

This shows that P and ¢p satisfy (¢p,v:) = A|(¢p, ;)| for all i € P, hence the adjoint orbit
of pp is special symplectic Fano too. O

Corollary 3.4.8 shows that the condition for a vector to admit adjoint orbit with special
compatible almost-complex structure does not depend on the choice of the set S, but on the
algebraic structure of the underlying Lie algebra g. In particular, it depends on the Vogan
diagram of g only, in a sense that will be more clear in Section 3.7. Notice that corollary above
gives a further proof of uniqueness for special symplectic general type adjoint orbits.

One may give a geometric flavour to Corollary 3.4.8. Let ¢p and g be two distinct vectors
belonging to the dominant Weyl chamber such that there exist ¥ p, 1g satisfying ¥p = Appp
and s = Agpg, with § O P. Called Vp and Vg their respective stabilizers, the adjoint
orbits G/Vp and G/Vg of ¢p and g respectively admit special canonical almost-complex
structures. The inclusion P C S induces an inclusion Vg C Vp which, in turn, induces a
fibration G/Vs — G/Vp with compact fibers Vg/Vp. In particular, the fibers are compact
homogeneous complex manifolds admitting a Ké&hler-Einstein metric, by the result of Borel
and Weil [73]. Moreover, they are compact and homogeneous of Fano type. If the associated
metric on G/Vg is special, then the basis of the fibration should be symplectic Fano, that is
As > 0, since the metric on G/Vy is locally a product of the ones on G/Vp and Vg /Vp.

The next section is concerned with some geometric objects attached to an almost-complex
structure. In particular, we study them in case the almost-complex structure is special.

3.5 Geometric formulae

In this section we provide formulae for the Hermitian scalar curvature and the Nijenhuis tensor
of the canonical almost-complex structure in terms of root data, as they are quite natural
objects arising in the study almost-complex structures. We are going to use these formulae for
computations on explicit examples (Appendix B).

3.5.1 Hermitian scalar curvature

In this section we give a formula for the Hermitian scalar curvature associated with the canon-
ical almost-complex structure on the adjoint orbit G/V of . Since, in our context, both the
symplectic form w and the almost-complex structure J are homogeneous on G/V'| the Hermitian
scalar curvature s of J is constant. Thus, it suffices to compute it at the identity coset e € G/V'.
By Lemma 3.3.4, a symplectic basis of m is given by (1/v/Aa)ua, (Ea/vAa)Va, for @ € AT\ pt.
As we have seen at the end of Section 1.4, the Hermitian scalar curvature has a very explicit
expression once one has a symplectic basis (1.73). So let eq,...,e,, Jer, ..., Je, € Te(G/V)
be a symplectic basis at the identity coset e € G/V. Then the Hermitian scalar curvature at
e is given by

s(e) = Z plei, Je;). (3.109)
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We observed in Section 3.4 that the Chern-Ricci form of J is defined by p(X,Y) = B(v/, [X,Y])
where v/ =23 x4\ ,1 [Ua, va]. Thus, the Hermitian scalar curvature is given by

5= Z /\ip(umaava): Z

aEA+\pt T aEAT\pL

! B, [tug, Eaval)- (3.110)

A
Collecting all the terms inside B, one has s = B(v', z), where

2= Y i—i[ua,va]. (3.111)
acAtT\pt
By the definition of u, and v, (3.48), the expression of z may be simplified as
)
r=— > )\—aha. (3.112)
aEAT\pt

However, writing the Hermitian scalar curvature in terms of weights is more suitable for our
purposes.

Lemma 3.5.1. The Hermitian scalar curvature of J is given by

(a, B)
§s=-2 Z Eo . (3.113)
apeatpr  (#B)

Proof. Write z = ih¢ and v' = ih, where (, ¢’ € bj are defined by

¢(=- Z L04, o'=-2 Z Ea. (3.114)

Then
S:B(U/,Z) = _(Solvc)' (3115)

By writing explicitly ¢’ and ¢
s=—(,0=-2 >  Z(ap) (3.116)
afent\pt P

Then the formula follows by recalling the definition of Ag = (¢, ), if 5 is a positive root. O

When an almost-complex structure on a symplectic manifold satisfies p = Aw, the Hermitian
scalar curvature is constant and equal to s = nA, where 2n is the dimension of the manifold.
In particular, in our context, we have the following dimension formula.

Proposition 3.5.2. If ¢’ = Ao with X\ # 0, then

4 2
dim G/V =~ |‘p|> Yooe (o, 8), (3.117)
1P) o pent\pr

Proof. Since ¢’ = Ay, J satisfies p = Aw and, by the observation above, s = nA. Thus,
dim G/V = 2n = 2s/\. By Lemma 3.4.1, A = %, so that

: 4 (a, 8) 4lp|? (o, B)
dim G/V = —— Z Ea =-— Z €a . (3.118)
X ppeatrer @B o)
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3.5.2 Nijenhuis tensor

In this section we provide some formulae expressing quantities related to the Nijenhuis tensor
of the canonical almost-complex structure in terms of root data. Recall that the Nijenhuis
tensor of an almost-complex structure J on a manifold M is a skew-symmetric (2, 1)-tensor
defined by

1
N(X,Y) = 1 ([JX,JY] - JJX,Y] - JX,JY] - [X,Y]). (3.119)
We recall the following identities
N(JX,Y)=N(X,JY)=—-JN(X,Y), (3.120)

that will be useful in the next computations.

If J is compatible with a symplectic form w, then the pointwise norm | N |? of N with respect
to the induced Riemannian metric defines a smooth function on M. Moreover, J is integrable
if and only if [N|? = 0. In order to compute |N|? at a point p € M, choose a symplectic basis
of the form ey, Jei,...,en, Je, of T, M so that

INP(p) =2 ) [N(esep). (3.121)

,j=1

In our context, the almost-complex structure J is homogeneous on the adjoint orbit G/V, thus
its Nijenhuis tensor is homogeneous as well. In particular, it is completely determined by its
value at the identity coset e € G/V, where it may be described by the skew-symmetric bilinear
map

Ny :mxm—m. (3.122)

As the symplectic form w is homogeneous too, the squared norm |N|? is a constant function
on G/V. In what follows, we compute Ny and |[N|? in terms of root data.

Recall that we defined the basis {uq, v} on m by (3.48) and the almost-complex structure
H by (3.61). So, by Proposition 1.4.9, Ny is given by

Nu(ta,ug) = €asVa, V8lm — €aH Vo, uglm — €aH[Ua, V8]m — [Uas Us)m, (3.123)

where the subscript m denotes the projection of the commutator onto m. In addition, by the
identities (3.120), Ny satisfies

Ny (ug,vg) = —egHNg (ua,ug), Npg(va,vp) = —caeaNp(uq,ug). (3.124)

Identities (3.124) together with skew-symmetry of Ny imply that Ny is entirely determined by
Ny (g, up), for a, 8 € A*\ o1, which has an explicit formula as the following lemma shows.

Lemma 3.5.3. For all o, 3 € AT\ ot one has

€a+1)(eg+1 €afp —1)Sa_gt+€a—¢
NH(UOHUB> = (4)\>;)Na,ﬂva+ﬁ + ( 2 )4\/5 BNa,—ﬁ (Ua—ﬁ)ma
(3.125)
where (Va—g)m denotes the component of va_g along m according to the decomposition g = vdm
and the constants Naﬂ , N _p are as in Theorem 3.2.7.

«
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Proof. The component N (uq,ug) has the explicit form
1
NH(ua»uﬁ) :Z ([HUOH Huﬁ}m - H[Huwuﬁ]m - H[uavHuﬁ}m - [umuﬁ]m)

1
=1 (€atpVa, V8]m — EaH Vo, uglm — €gH g, Va]m — [Uas Uslm) - (3.126)

We compute separately all summands of (3.126). Let o, 3 € AT\ ¢*. In the computations
several identities are used: the definintion of u, and v,, the identities characterizing the
coefficients N, 5 and €atp = —€acp.

—1—5Q—Eﬁ—sasﬁ

[Vas V8 lm = — - \% (Na,gVa+s = Sa—pNa,~(Va—p)m)
e eqeep—sats
[vas s = = 75— (N gttass + Nov-p(ta3)m)
e ea—sp—cacs (3.127)
[te, V= — - \/25 (Na,gtta+s = Na,—g(tia—p)m)
deq—eg—tats
[Ua, uglm =ZT(Na,ﬁva+5 + Sa—pNa,—(Va—p)m)

Before continuing, we make a couple of observations which clarify the notation. First, for
a,B € AT\ ¢, the sum o + B may not be a root. In this case, N, s = 0 so that we do not
have to care about v,45. On the other hand, if a+ 3 is a root, then it belongs to AT\ ot as
@ belongs to the dominant Weyl chamber and

(p,a+B) = (p,a) + (v, 8) > 0. (3.128)

Then, for all a,3 € AT \ ¢, the difference a — 3 is not necessarily a positive root and,
moreover, it may be orthogonal to ¢. The former is not a big deal, as N, a,3 Va—p 1s invariant
under switiching a and § and it vanishes when o — 8 is not a root. On the other hand, one
has

(9070‘ - ﬂ) = (QD,OZ) - (503/8)’ (3129)

thus one among o — 8 and B — « belongs to AT \ ¢ precisely when (¢, a) # (p, ). In this
case sq—g(p,a — ) > 0. Hence, either (v4—g)m = 0 and (p,a — 8) =0, or (Vo—g)m = Va—s

and (Q0,0é - B) 7& 0.
Plugging all summands in identity (3.126), we get

.7175(175575,15;3
7 2
Nr(ua,up) :T(Na,ﬁvwrﬂ(_gagﬁ + €aCatp + EpEatp — 1)+

+ No,—p(va—g)m(Sa—patp + €afa—p — €4€a—p — Sa—p))

—l-ca—cg—cacg
(3
= (No gVatp(—€atp — €8 —€a — 1)+

4\@ ( B +ﬁ( B B ) (3130)

+ Nao,—(Va—p)m(Sa—peatp — € + Ea = Sa—p))
.—1—sa—sﬂ—sa25
) p)

B NG

+ No,—p(Va—p)m((Eatp — 1)Sa—p + €a — €5).

(=Na,gatp(ea +1)(ep + 1)+
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Hence

—1—5a_55_5a55

7

42

+ No,—p(Va—p)m((Eatp — 1)Sa—p + €a — €5))-

Ni(t,ug) = (=Na,gatp(ea +1)(ep + 1)+

(3.131)

The first summand is non-zero only if both @ and 8 are non-compact and, in this case, the
*1*5a*55*5a5ﬁ
2

42
be non-zero if @ and § have different compactness indices and, in this case, the coefficient

—1—€a—65—5a55

coefficient & is equal to —1. On the other hand, the second summand may

7 2 . .

s B8 equal to 1. This concludes the proof. O
Remark 3.5.4. As we have seen in the above proof, the coefficients (¢, + 1)(eg + 1) vanish as
soon as one root among « and S is compact. In a similar way, (ag — 1)Sa—p +€a —g =0
when « and S are both compact or non-compact. Summing up, we have

0 if o B€Ar
NH(U(MU,B) = %NQ’BII-}(X"’_B if Oé,ﬁ (= A’j; (3132)
= ;\S/C{B N, 5 Wa—p)m otherwise

where AT and A} are set set of positive compact and non-compact roots respectively.

At this point we may express the squared norm of N in terms of root data. Recall that, by
Lemma 3.3.4, there is a symplectic orthonormal basis on m constituted by {(1/vAa)ta, (a/vVAa)Va }-
Thus, by Lemma 3.5.3 and the formula for the norm of N at a point (3.121), one may compute
explicitly the squared norm of N as follows.

Theorem 3.5.5. The squared norm of the Nijenhuis tensor of J is given by

NP* = {2t h) o |45 g) 210 =B) N 5133

M= 2 fpae et 2 O gy e 315
xBEAN a€AT\p
geAat

where the coefficients NQQﬁ are as in Theorem 3.2.7.

Proof. Recalling the definition of A\, = (¢, a), for a € AT\ !, by identity (3.121) and the
defintion of the symplectic basis {(1/vAa)ta, (Ea/VAa)Va} one has

N 2 N 2
AaA (0, @) (0, 8)
a,BEAT\pt d a,BEAT\pt

Thus, by Lemma 3.5.3 and Remark 3.5.4, one gets

NQOC |Uo¢+5|2 (1+5(X— )2
2 _ N plVatsl” (14 5a-0)" 1o )
V= 2 G T2 i) mo el

a,BeAT\ @t acAT\pt
peaing®t

+ 2 : (1 — Sa—ﬂ)Q N2a s |('Ua—/3)m‘2~
—  Ap,a)(e,B) @
a€AT\p

peat\p*

(3.135)
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By the identities N2a,—5 = NQH,_Q, Vaf = Vg—a, Sa—p = —Sg—a and (1 + s4-5)? = 2(1 +
Sa—pg), one may sum the last two summands in (3.135) to obtain

N2, slvatsl® L+ sa-
NP= Y Caed T X e acal@esl (3130
a,BEAT\pL ’ ’ aeat\pt 7’ ’
BeAT\pt

To conclude, observe that, by Lemma 3.3.1 and the definitions of ¢ and H, one has

[Vatsl® =0 (vass, Hvatp)
= — ca+pB([v, vat]; tatp)
=Cat+pAatpB(Uat s, Uatp) (3.137)
=Xa+8
=(p,a+ )

and, similarly, |(va—g)m|? = Sa—s(p, a — B). The thesis follows by substituting these norms in
(3.136) and observing that A} \ ot = AF since non-compact roots cannot be orthogonal to
©. U

Remark 3.5.6. As we observed in the proof of Lemma 3.5.3, sq—g(¢, @ — ) > 0, since ¢ belongs
to the dominant Weyl chamber C. This shows that all summands of the formula for |N|? in
Theorem 3.5.5 are positive. In particular, the almost-complex structure J turns out to be
non-integrable as soon as there are two non-compact positive roots a and 8 such that o+ 3 is
a root.

3.6 Compact quotients

As in the previous sections, let v € g be an element with compact stabilizer V' C G and
consider its adjoint orbit G/V endowed with the Kirillov-Kostant-Souriau symplectic form and
the canonical almost-complex structure J. This section is concerned with locally homogeneous
compact manifolds of the form

M =T\G/V, (3.138)

where I' C G is a discrete co-compact subgroup without torsion, whose existence is guaranteed
by a theorem of Borel [12]. Since w and J are G-invariant, they descend to a symplectic
form and an almost-complex structure on M, that we denote wr and Jr respectively. Thus
(M,wr, Jr) is a compact almost-Kéhler manifold. Leaving out for a moment the almost-
complex structure Jr we, ask the following question.

Question 3.6.1. Does the compact symplectic manifold (M,wr) admit a (non-necessarily
locally homogeneous) compatible complex structure?

In other words, we ask if, on M, there exists an integrable almost-complex structure, say
J’, among all almost-complex structures which are compatible with wr. This would make
(M,wr,J') a Kéhler manifold.

The aim of this section is to give some partial answers to Question 3.6.1. Notice that all
geometric objects on G/V such as the Chern-Ricci form, the Hermitian scalar curvature and
the Nijenhuis tensor of J, descend to the corresponding objects on (M,wr, Jr), as they are
G-invariant, hence I'-invariant. In particular, answer to Question 3.6.1 is affirmative when J
is yet integrable on G/V, so that (M,wr, Jr) is a Kéhler manifold.

66



On the other hand, under certain hypothesis involving just the Lie group, answer to Ques-
tion 3.6.1 is negative, as a consequence of the theorem due to Carlson and Toledo [15, Theo-
rem 8.2].

Theorem 3.6.2. Let K C G be a mazimal compact subgroup. If G/K is not Hermitian
symmetric, then (M,wr) is not of the homotopy type of a compact Kahler manifold.

Observe that, in order to fit with the statement of Theorem 3.6.2, one has to drop the
symplectic form wr and to endow G/V with a homogeneous complex structure, say J, which
always exists by the hypothesis on G and V' [39, Section 2]. The key point is that J is integrable,
but it is not compatible with wr, as positiveness of the associated Riemannian metric fails.

Coming back to our adjoint orbit (G/V,w, J), assume that J satisfies p = Aw, so that the
same equation holds on the quotient M. Then one may conclude that the first Chern class ¢;
of (M,wr), which is represented by pr/4m (see identity (1.44) or [27, Section 2]), satisfies

4re; = Nwr] € Hig (M, R). (3.139)

Therefore, if the canonical almost-complex structure J is special on G/V, i.e., p = Aw for some
A € R, then the compact symplectic manifold (M, wr) turns out to be:

e symplectic general type if A < 0,
e symplectic Calabi-Yau if A = 0,
e symplectic Fano if A > 0.

In the symplectic general type case, it might be that J itself is integrable. Hence Jr is
integrable as well, providing many instances of positive answer to Question 3.6.1. In particular,
this happens when G/V is Hermitian symmetric. We refer to Section 3.7 for many examples in
the case G is simple. On the other hand, answer to Question 3.6.1 is always negative whenever
M is special symplectic Fano. The obstruction has topological nature also in this case.

Lemma 3.6.3. If (M,wr) is special symplectic Fano, then it is not of Kahler type.

Proof. If J' were an integrable almost-complex structure compatible with wr, then (M, wr, J')
would be a compact Kéhler manifold with positive Ricci curvature. Thus, by Myers’s Theorem
[65], it would have finite fundamental group, contradicting the fact that M is covered by G/V,
which is non-compact. O

With the techniques discussed in Section 3.7, we were able to produce several examples
of adjoint orbits (G/V,w, J) with G a non-compact simple Lie group. After having examined
these examples, we are pushed to suspect that the answer to Question 3.6.1 is that a compact
quotient (M,wr) is of Kéhler type if and only if Jr is integrable. This proposal should be
compared with the result of Carlson and Toledo [16, Theorem 0.1]. In that work, they consider
a homogeneous complex structure J on G/V (which always exists but it is rarely compatible
with w) and establish when the complex manifold (M, Jr), with M = I'\G/V, admits a Kéhler
metric. Unfortunately, their approach seems to be hardly adaptable to our situation. We plan
to come back to Question 3.6.1 in the future.

With the results developed through the previous sections, we are ready to give explicit
examples of adjoint orbits admitting special canonical almost-complex structure. This is the
goal of the next section.
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3.7 Vogan diagrams

Vogan diagrams are combinatorial tools by which one may classify real semisimple Lie algebras
[48, Chapter VI]. As we will see, they turn out to be useful objects for studying (and hopefully
classify) adjoint orbits (G/V,w, J) of non-compact simple Lie groups satisfying p = Aw. This
final section is entirely dedicated to this purpose.

Let g be a real semisimple Lie algebra. Recall that the Vogan diagram of g is the Dynkin
diagram of g with some painted vertices (including no one and all) and some pairs of unpainted
vertices related by an automorphism of order two that intertwines the elements of the pair. A
vertex is painted when the corresponding simple root is non-compact, while paired unpainted
vertices correspond to roots that are exchanged by the Cartan involution 6. Actually, not all
Vogan diagrams are well behaved for our analysis. Indeed, the ones with non-trivial automor-
phism, meaning that there is at least one couple of automorphism-related vertices, will be ruled
out form our study because of the following result.

Lemma 3.7.1. Elements of a real semisimple Lie algebra having Vogan diagram with non-
trivial automorphism cannot have compact isotropy.

Proof. Let g be a real semisimple Lie algebra with Cartan involution 6 and corresponding
Cartan decomposition g = £€@p. The strategy is to prove that if g has Vogan diagram with non-
trivial automorphism, then its Cartan subalgebras are not contained in a maximally compact
subalgebra. By [48, Proposition 6.59], it suffices to consider #-stable Cartan subalgebras h C g,
i.e., such that h = (hN€) @ (hNp). In this case, we put t = hNE a = hNp and, by
Proposition [48, Proposition 6.70], purely imaginary roots are contained in t, while real ones
are contained in a. So, assume that the Vogan diagram of g has non-trivial automorphism and
let v € g such that it is contained in a #-stable Cartan subalgebra h = t @ a. Then, a # {0},
as the Cartan involution acts non-trivially on the diagram, hence h cannot be contained in a
maximally compact subalgebra of g. Since b is contained in the Lie algebra v of the stabilizer
of v, v cannot be compact and so neither V. O

In view of our applications, by lemma above, we are reduced to consider Vogan diagrams
with trivial automorphism. For this reason, from now on, a Vogan diagram will be simply a
Dynkin diagram with some painted vertices. Moreover, dealing with adjoint orbits or Vogan
diagrams is equivalent in this context, due to the following result.

Lemma 3.7.2. Let G be a real semisimple Lie group with Lie algebra g and let £ be the rank
of g. To any v € g with compact stabilizer, one may associate a Vogan diagram and a vector
(vh,...,v") € R® with v* > 0. Moreover, v* > 0 if the i-th node of the Vogan diagram is
painted.

Proof. As we explained in Section 3.2, given v as in the statement, it is possible to find a Cartan
subalgebra by € g containing v. Since the Killing form B restricts to a positive-definite scalar
product on hr = ihg C gc, one may define ¢ € bk by ¢(h) = —B(iv,h), for all h € hr. At
this point one may choose a positive root system AT C b so that ¢ belongs to the associated
dominant Weyl chamber C' or, equivalently, so that (¢, ) > 0 for all « € AT. The dominant
Weyl chamber also determines the set of simple roots X7 C A™, which splits as X* = ST UX
where X7 is the set of compact simple roots and X is the set of non-compact ones. With all
this at hand, one may define a Vogan diagram by taking the Dynkin diagram associated with
T and painting all the nodes corresponding to elements in X}

Actually, one may label the simple roots from 1 to £, X% = {v,..., v}, since the rank
of g is exactly £. Denoted by A = (Aij) the Cartan matrix of g¢, the fundamental dominant
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weights @1, ..., are given by
‘

©; = Z Al (3.140)
i=1
where (A%) = A~'. As ¢ belongs to the dominant Weyl chamber C, by Lemma 3.2.6, one
may write ¢ as

¢
Y= Zvigoi (3.141)
i=1

with all v* > 0 for i = 1,...,¢ and v* > 0 whenever 4; € X', by compactness assumption on
the stabilizer of v. Thus, the vector (v!,...,v%) € R’ is the one claimed in the statement, and
the thesis follows by the rule for painting the nodes in a Vogan diagram. O

Observe that one may associate different Vogan diagrams to the same element v. Indeed,
by the above proof, the choice of a Cartan subalgebra containing v and the dominant Weyl
chamber are not canonical at all. More precisely, uniqueness of the associated Vogan diagram
fails when ¢ belongs to some walls of the dominant Weyl chamber C, so that there exists a
different Weyl chamber C’ that contains . Nevertheless, the vector (v!,...,v%) is uniquely
determined once the Vogan diagram is chosen and the simple roots are labelled.

The correspondence established in Lemma 3.7.2 may be reversed. Indeed, starting with a
connected Dynkin diagram, one may algorithmically find a positive root system AT for the
associated complex Lie algebra. In a similar way, by Lemma 3.2.4, starting with a connected
Vogan diagram for a real Lie algebra g, one may algorithmically find a positive root system
AT and determine for each root & € A™ whether it is compact or not. Thus, denote by C the
dominant Weyl chamber associated with At and choose ¢ € C of the form ¢ = Zle v,
where the ¢;’s are the fundamental dominant weights and v* > 0. Since we consider only
Vogan diagrams with trivial automorphism, the element v = ih, € g has compact stabilizer
V for the action of any Lie group having g as Lie algebra. Actually, one may be more precise
about the Lie algebra v of the stabilizer V' of v.

Proposition 3.7.3. Up to isomorphism, the Lie algebra v of the stabilizer of v decomposes as

v=01D - Do, DR™, (3.142)

where v1 @ -+ D v, is the compact Lie algebra associated with the Vogan diagram obtained
by removing from the original Vogan diagram all vertices corresponding to the coefficients v
that are non-zero, while m is the number of removed vertices. Moreover, r is the number of
connected components of the obtained Vogan diagram and all the v;’s are simple.

Proof. By Proposition 3.3.2, the Lie algebra of the stabilizer of v is given by

v=hod O span{ua,va}. (3.143)
aEATNPL
Consider the splitting
At Nt =ATU---UAT (3.144)

as union of irreducible positive root systems. It induces a decomposition of v as in (3.142),
where each v; is the Lie algebra corresponding to AZ’ and R™ is the center of v. Since no
non-compact root is orthogonal to ¢, each vy is compact. We are left with proving that the
dimension m of the center 3(v) of v is the same as the number of v¥’s that are non-zero. Note
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that 3(v) is a subalgebra of the Cartan subalgebra bhy. Thus, as a vector space, one may
identify it with a subspace of b, by mapping each element z € 3(b) to the co-vector ¢ defined
by z = ihy. By definition of u, and v, (3.48), item 3 of Theorem 3.2.7 and the fact that
3(0) € by, one gets

[z,u ]_Zl’;“ [2,e0 + €—0]
y Yol T \/i pge? —Qx
S e e
g Ve T Cma (3.145)
i
= y &) €q — €
7 (1, a)( )
=1, @)v,.
for & € AT N . Thus, with similar computations for [z, v4],
[Za 'LLQ] = (wv O[)Ua, [Zvvoz] = _(1/}7 a)ua- (3146)

Since both commutators above have to be zero when z belongs to 3(v), the center 3(v) turns
out to have the same dimension as the orthogonal complement to AT NpL. As ¢ is expressed

as a sum of fundamental dominant weights ¢;’s which satisfy 2(‘5?7’3’:; =0,
VERN

At Nt =span{y; | o' =0} NAT. (3.147)

one may write

Thus, the orthogonal complement of A+ N o' coincides with span{y; | v* # 0}, which has
cardinality equal to the number of nodes which have been removed from the Vogan diagram. [

At this point, we may consider the adjoint orbit G/V of v equipped with the Kirillov-
Kostant-Souriau symplectic form w and the canonical almost-complex structure J. As we
discussed in Section 3.4, deciding whether J satisfies p = Aw reduces to a combinatorial
problem on ¢ (see Theorem 3.4.4 and Theorem 3.4.5) that may be treated at the Lie algebra
level. In order to simplify the results below, we define ¢ to A-special (or just special) if the
orbit (G/V,w,J) of v = ih, € g satisfies p = Aw. Hence, for any real non-compact simple
Lie group G, all adjoint orbits G/V endowed with the Kirillov-Kostant-Souriau symplectic
form w and the canonical almost-complex structure J satisfying p = Aw, for some A, may be
algorithmically listed up to isomorphism and scaling. Indeed, by what we said above, this is
equivalent to list (up to scaling) all special ¢’s for all possible connected Vogan diagrams.

As one may expect, the number of such ¢’s grows quite fast with the rank ¢ of the Vogan
diagram. However, it is possible to implement an algorithm on a computer which lists all Vogan
diagrams admitting a special . We did it and we ran the algorithm on a standard computer
for Vogan diagrams of rank up to 11, thus including all diagrams of exceptional type. Actually,
the program turned out to be extremely useful in order to make predictions and to understand
which direction to follow. By making experiments, we learnt many aspects concerning the
relations between special ¢’s and their Vogan diagrams that we were able to prove at a later
time. All the details of the algorithm, including the flow chart and the full code, may be found
in Appendix A, while in Appendix B we list all special ¢’s for all connected Vogan diagrams
up to rank ¢ = 8.

Even if the general pattern is still unclear, leaving little hope for a complete classification,
some general existence and non-existence results may be red off directly from the Vogan dia-
gram. The first result in this direction says that, under precise hypothesis, the fundamental
dominant weights 1, ..., @y are special.
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Proposition 3.7.4. Given a Vogan diagram with a unique painted node, let X7 = {~v1,...,v¢}
be the associated set of simple roots. Assume that the unique painted node corresponds to the
simple root 7y,. Then ¢, is special.

Proof. Let C be the dominant Weyl chamber associated with ©*. By definition, ¢, belongs to
C, as ¢, lies in a wall of C. Moreover, by Lemma 3.2.6, the set AT\ @t of all positive roots
that are not orthogonal to ¢, is constituted by all positive roots o = Zle n'~y,, with n? > 0.
Since the unique painted node is the p-th one, all simple roots «; with i # p are compact. So
let ¢ # p and call o, the reflection with respect to the hyperplane orthogonal to «;. For any
1 € bg one has

(Vis i)

since and (p, 7:) vanishes when i # p. Thus for all a € AT\ ¢

(5017’ Oy ("/))) = ((va 1/)) —2 (90;0’ ’Yi) = (‘va ¢) (3'148)

0y (@) € AT\ gy, (3.149)

Consider now the co-vector ¢’ = =237 A4\ ,+ €ac and observe that, by (3.149), for i # p,

o () = =2 Z Ea0y, () = =2 Z cqar = ¢’ (3.150)

aEAJr\Lppi aEA*\g@é

This shows that ¢’ is orthogonal to all compact simple roots, as the above equality holds for
each i # p. As a consequence of Lemma 3.2.5, ¢’ must be a multiple of ¢, thus ¢, is special
by (3.77). O

Proposition 3.7.4 shows that Vogan diagrams with one painted node always admit a special
. In addition, one may classify all the corresponding adjoint orbits. Here we prove this facts
for adjoint orbits of classical non-compact simple Lie groups, while in Section B.2 one may
find adjoint orbits of non-compact exceptional Lie groups corresponding to Vogan diagrams
with one painted node. Recall that a simple Lie group is said to be classical if the underlying
Dynkin diagram of its Lie algebra is of type Ay, By, Cp, Dy and exceptional if the underlying
Dynkin diagram if of type Gs, Fy, Egs, Er, Es.

Theorem 3.7.5. Let G be a real non-compact simple classical Lie group. There exists orbits
(G/V,w,J) satisfying p = \w if the Lie algebras of G and V' and the constant A are as in the
following table

g v A
su(p,q) | su(p) ®su(q) ®R -1 pqg>1
s0(2p,q) | su(p) ®so(q) R | p—g—1 pg=1
50*(20) su(f) @R -1 >4
sp(p,q) | su(p) @sp(qg) ®R | p—2¢+1 p,g=1
sp(¢,R) su(f) &R -1 (>3

Proof. By Proposition 3.7.4, we know that Vogan diagrams with one painted node admit a
special vector. In order to understand which Lie algebra corresponds to a Vogan diagram it
suffices to look at the diagrams in [48, Page 414], while for the stabilizers we use Lemma 3.7.3.
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For the coefficients A some work is required. Observe first that su(p,q), s0*(2¢) and sp(¢,R)
have the property that the quotient of their associated Lie groups by a maximal compact
subgroup is Hermitian symmetric [48, Appendix C.3], hence A\ < 0 (see for Example [50,
Chapter XI, Section 9]). For the other real forms, some computations involving roots are
necessary and in the following we show the ones made for sp(p,q). The other cases may be
treated similarly. By the diagrams in [48, Page 414], the Vogan diagram of sp(p, ¢) corresponds
to the Dynkin diagram of Cp, with the p-th node painted and ¢ > 1. The element providing
the adjoint orbit is ¢, (up to scaling), by Proposition 3.7.4. By Lemma 3.2.5 and Lemma 3.4.1,
A may be determined from the equation

)‘:(r?ﬁg =] |2 > calangy)
¥p i acAt

B Y e %’%) (3.151)

|<Pp a€At

where a = Zle ntv;. If one chooses the simple roots and ¢, to be normalized with unitary
norm, the equation simplifies further to

==Y eanh=— Y ek, (3.152)

acAt acAt\pt

asnP =0if a € AT N @j. Since sp(p, ¢) has an underlying diagram of type Cp44, its set of
positive roots is of the form

AT ={e;—e; |1<i<j<p+qtU{eite; |1 <i<j<p+qtU{2e|1<i<p+gq}, (3.153)
where ey, ..., ey, denotes the orthonormal basis of RPT? (see for example [48, Chapter II,

Section 5]). The set of simple roots is {y; =e; —e;41 |1 <i <p+¢qg—1} U{2¢e,14}. Thus the
roots may be written in terms of simple roots as

J—1 J—1
ez'*ejig Bk*€k+1:E Vi)
k=1 k=1

p+gq—1 p+q—1
eitei= > Wt D T+ Vpre (3.154)
p+q—1
2e; =2 Z Y& + Vptq
k=1
so that
AT\ ¢ = Ry URy URs, (3.155)
where

Ri=fei—e¢ | 1<i<p<j<p+yq},
Ry ={ei+e;|i<pori<j<p} (3.156)
R3 :{261‘ | lfigp}.

Notice that, by Lemma 3.2.4, Ry C A, Ry C A}, while

R§:R20Aj:{ei+ej|1§i<j§p},

2T e _ . (3.157)
Y=RyNAT ={e;+e; |1<i<p<j<p+q}
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Moreover, roots o belonging to Ry and R have n?, = 1, while they have n? = 2 if they belong
to Rs or RS. Putting all these information together one gets

A== > 1+ > 2= > 1+ > 2

aERy a€ERS aERY aER3

p
=—pg+2> (p—k) —pg+2p

P (3.158)
— g2 (Lo 1p) w2
= Pq 217 217 P
=p(p — 2¢ + 1).
Hence, up to scaling, A = p — 2¢q + 1. O

We highlight that the statement of Theorem 3.7.5 cannot be reversed. First of all, because
rescaling the orbit has the effect of rescaling A in a consistent way. In addition, a non-compact
simple Lie group may have more than one orbit satisfying p = Aw in general (see tables in
Appendix B). In the general case of V being a torus, a classification of all orbits (G/V,w,J)
has been provided by Alekseevsky and Podesta [2, Theorem 1.1].

Many well known examples appearing in the general theory, are included in the table of
Theorem 3.7.5, thus they are adjoint orbit with special almost-K&hler structure.

Example 3.7.6 (Hyperbolic Riemann surfaces). The hyperbolic plane H? may be represented
as the adjoint orbit SO(2,1)/U(1), so it sits in the class represented by the second line of the
table. Since SO(2, 1) is semisimple, it admits lattices T' C SO(2,1) and the Riemann surfaces of
genus strictly greater than 1 may be obtained as quotients I'\SO(2,1)/U(1), as a consequence
of the uniformization theorem. Due to dimensional reasons, the canonical almost-complex
structure is always integrable on these manifolds. As an example, if I' = SL(2,Z) C SO(2,1),
then IT'\SO(2,1)/U(1) is the modular curve.

Example 3.7.7 (The Siegel half space). Another space that we have seen throughout the
thesis, is the Siegel half space Sp(n)/U(n). This space turns out to be an adjoint orbit belonging
to the class of the last line of the table, as u(n) = su(n). The quotient of Sp(n)/U(n) by the
lattice Sp(n,Z) is the moduli space of principally polarized abelian varieties. Observe that, for
n = 1, this moduli space is exactly the modular curve defined above. We will prove later that,
also in this case, the compatible almost-complex structure is always integrable.

Example 3.7.8 (Twistor space of H?"). The twistor space of the hyperbolic space H?" turns
out to be diffeomorphic to the adjoint orbit SO(2n,1)/U(n) (see Example 1.4.3), so it sits in
the class represented by the second line of the table, for p = n, ¢ = 1. The almost-complex
structure on these adjoint orbits is integrable only for p = ¢ = 1, as we will see at the end of
the section. Moreover, taking compact quotients I'\H?", for a lattice I' € H?", one gets the so
called hyperbolic manifolds. Then the twistor space of the hyperbolic manifold I'\H?" is the
quotient I'\SO(2n,1)/U(n).

Example 3.7.9 (Period domains of weight 2 [27, Section 4.2.2]). More generally, Griffiths
period domains of weight 2, i.e., homogeneous manifolds of the form SO(2p,q)/U(p) x SO(q),
belong to the class represented by the second line of the table, for p and g greater than 1.
The canonical almost-complex structure on these manifolds is not integrable in general. Notice
that, for p = ¢ = 1, one recovers the twistor space of the hyperbolic space discussed above.
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Example 3.7.10 (G3(2)/U(2)). The non-compact split real form Gy of the complex Lie
group G2 may be seen as the automorphism group of the split-octonions Q. In particular
Ga2) = Aut(Qy) is contained in SO(3,4) and it has dimension 14. A possible representation

of the Lie algebra gy(2) of Ga(s) is through the 7 x 7 matrices ( gt g) with

0 Ti0 — T4 Ti2 + T13
A=|—-z10+ 214 0 11 — 9 |,
—ZT12 —T13 —T11 + T9 0

Ty — Ty —Tg— T3 T2+ Ts Te— T

B = 1 T2 €3 Ty ) (3 159)
x5 xg x7 xg '
0 Z9 T12 T14
o= | % 0 Ti0  T13
—X12 —T10 0 11

—r14 —x13 —z11 0

This construction is similar to the one given in [45, Section 19.3], but we use split-octonions
instead of octonions, as we are dealing with the split real form of Gs. The element v =
(0,0,0,0,0,0,0,0,0,0,0,1,1,0), written in coordinates, has stabilizer isomorphic to U(2), since
the matrices in the Lie algebra of the stabilizer have the form

0 0 a+b O 0 0 O
0 0 0 0 0 0 O
—a—b 0 0 0 0 0 0
0 0 0 0 ¢ a df, (3.160)
0 0 0 —c 0 d b
0 0 0 —a —d 0 ¢
0 0 0 —-d —-b —c 0

for a,b,c,d € R. Thus, the orbit of v is isomorphic to Gy(2)/U(2) and it carries a special
compatible almost-complex structure. To see this, one has to choose the positive roots of go
such that the weight ¢ satisfying v = ih, belongs to the dominant Weyl chamber. Then one
has to compute the vectors u,, and v,, for each positive root a that is not orthogonal to v, and
the canonical linear complex structure H. At this point the vectors v and —23% A\t Ealt
turn out to be one multiple of the other, thus the canonical almost-complex structure is special
on the adjoint orbit of v, by (3.77).

The next lemma shows that when the canonical almost Kéhler structure of an adjoint orbit
satisfies p = Aw, the sign of X is determined a priori by the Vogan diagram. Moreover, it gives
an effective criterion for deciding whether a Vogan diagram admits no special ¢.

Lemma 3.7.11. Let a Vogan diagram admitting a A-special element o be given and let T+ =
{71,.--,7ve} be the associated set of simple roots. Assume that ¢ belongs to the dominant Weyl
chamber. If v; € 3}, then (n, ;) has the same sign as .

Proof. Recall that the vector n € by is defined by

n=-2 )Y . (3.161)

acAt+
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and it depends on the Vogan diagram only. By Theorem 3.4.4 and Theorem 3.4.5, the hypoth-
esis of ¢ being A-special may be rewritten as

n—2 > a = \g, (3.162)

acspan{y;|j€ScINAT

where S C {1,...,¢} is the subset of indices such that ¢ = >, ¢ v'¢; with v* > 0. Let now
v; € X7, so that ¢ € S, since indices of non-compact simple roots belong to S. Consider the
scalar product of equation (3.162) with ¢;

(n, i) — 2 > (o, 01) = A, 03). (3.163)
aespan{y;|jeScINA+

The second summand of the left-hand side in (3.163) vanishes, as ¢; with ¢ € S is orthogonal
to all roots belonging to span{~y; | j € S}, thus we are left with (n,¢;) = Ay, ;). However,
(¢, i) is always positive since ¢ belongs to the dominant Weyl chamber, hence the sign of
(1, p;) coincides with the one of . O

Observe that the statement of theorem above cannot be reversed for special diagrams of
type symplectic general type or symplectic Fano, as there exist many Vogan diagrams of these
types for which (7, ¢;) have the same sign for each i € {j | 7; € £/}, but admitting no special
vectors. On the other hand, Vogan diagrams such that (n,¢;) = 0, for i € {j | v; € I} 1,
always admit special vectors.

Corollary 3.7.12. A Vogan diagram admits 0-special elements belonging to the dominant
Weyl chamber if and only if (n,¢;) =0 forie {j |~ € Tt}

Proof. The “only if” part is exactly the content of Lemma 3.7.11. For the other implication,
if (n,¢;) =0foralliec P={j|~v €X}l}, then 7 is a linear combination of simple compact
roots. Hence, the vector
op=1n—2 > a, (3.164)
acspan{~y;|jEP}

lies in the subspace spanned by the simple compact roots. Moreover, as we proved in Corollary
3.4.7, all simple compact roots belong to the stabilizer v of ¢p, as it may be written as a linear
combination of ¢;, with ¢ € P. Thus, pp is a vector belonging to the subspace spanned by
the simple compact roots and it is orthogonal to each of them. As the Killing form is negative
definite on v, pp must be 0. By Corollary 3.4.8, each ¢ = Ziepvigai, with v* > 0, admits a
special symplectic Calabi-Yau adjoint orbit. O

In the remaining part of this section, we consider adjoint orbits (G/V,w,J) satisfying
p = Aw and we discuss integrability of the canonical almost-complex structure J. Again, by
Theorem 3.5.5, to establish whether J is integrable or not reduces to a problem on the special
co-vector . In order to simplify the statements of the next results, we give the following
definition.

Definition 3.7.13. An element ¢ is integrable if the orbits (G/V,w, J) of v = ih,, has inte-
grable canonical almost-complex structure J.

Actually, adjoint orbits of semisimple Lie groups may be built from simple ones just by
taking the product, as a semisimple Lie group decomposes as the product of simple ones. The
canonical almost-complex structure on an adjoint orbit of a real non-compact semisimple Lie
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group is then integrable if and only if it is integrable on each factor. Moreover, it is special
if and only if it is special on each factor, with the same constant A. Hence, in order to study
the canonical almost-complex structure on adjoint orbits of real non-compact semisimple Lie
groups it suffices to study it on adjoint orbits of real non-compact simple Lie groups.

Remember that a Vogan diagram is said to be classical if the underlying Dynkin diagram
is of type Ay, By, Cp or Dy. The next result says that integrable ¢’s for such diagrams appear
quite seldom.

Theorem 3.7.14. Given a Vogan diagram of classical type heaving at least two painted nodes,
any ¢ belonging to the associated dominant Weyl chamber is not integrable.

Proof. First, observe that the integrability of the canonical almost-complex structure depends
quite weakly from ¢ itself. Indeed, by Theorem 3.5.5, the norm of the Nijenhuis tensor of
the canonical almost-complex structure on G/V is non-zero as soon as there are two non-
commuting non-compact roots. We are then reduced to show that classical Vogan diagrams
with at least two painted nodes always admit a couple of non-commuting non-compact roots.
The proof of this fact is done case-by-case. The explicit form of the roots has been taken
from [48, Chapter II, Section 5].

o Ay: theroots of Apare A = {e;—e; | # j}, whereeq, ..., esqq form an orthonormal basis
of R“1. In particular, {e; — e;+1 | 1 < i < ¢} form a basis for A* and v; = e; — €41,
1 < i < ¢, are the simple roots of AT. Let P = {i1,...,%,} be the (ordered) set of
painted nodes of the given Vogan diagram, with |P| > 2, and put

ig—1 ia—1
o= Z V= Z €j —€j41 = €4, — €4y € AJr' (3165)
Jj=i1 j=i1

Observe that, by Lemma 3.2.4, « is non-compact since the sum of the coefficients relative
to non-compact simple roots is just the coefficient of «;, which is 1. Then the linear

combination ‘ ‘
12 12
p= Z V= Z €j —€j1 = €y —€ipp1 € AT (3.166)
Jj=i1 j=i1

gives a root such that 8 = o+ +;,. This shows that [gZ, g%’é] C gé and [, 7;,] # 0. Thus

the commutator of the non-compact roots o and +;, is non-zero.

o By: the roots of By are A = {%ey, *(e; £ ¢;) | i # j} and a basis is given by X7 =
{ei—eit1 |1 <i<€—1}U{es}. As above, put v; = e; —ej41, 1 <i < £—1, and
ve = eg and let P = {i1,...,4m} be the (ordered) set of painted vertices of the given
Vogan diagram, with |P| > 2. We have to distinguish two cases.

— 41,42 € {1,...,£—1}: it holds the same argument as for Ay;
— 11 € {1,,5—1}, io = £: put

-1 -1
a=) =) ejeri=en —e € AT (3.167)
Jj=t1 j=is

and observe that « is non-compact by Lemma 3.2.4. Then
B=a+v=¢; —er+e =e, €AT (3.168)

and so, as above, [, 7] # 0.
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o Cy: the roots of Cy are A = {£2ey, +(e; £ e;) | i # j} and a basis is given by £t =
{ei —eit1 |1 <i<{l—1}U{2es}. As above, put v, = ¢; —e;41, 1 <i < ¢ —1, and
ve = 2¢4 and let P = {iy,...,4,} be the (ordered) set of painted nodes of the given
Vogan diagram, with |P| > 2. Again, we have to distinguish two cases.

— i1,i2 € {1,...,£—1}: it holds the same argument as for Ay;
— i1 €{l,...,0 =1}, io ={: put

-1 -1
a= =) ¢ er=e, —e €AT (3.169)
J=t1 J=1i2

and observe that « is non-compact by Lemma 3.2.4. Then
B=a+v =¢;, —er+2e =e;, +e,€AT, (3.170)
thus [a, ve] # 0.

e Dy: the roots of Dy are A = {£(e; £ ¢e;) | i # j} and a basis is given by Lt =
{ei—eir1| 1 <i<l—1}U{es—1 +es}. As above, put v, =¢; —ejy1, 1 <i<l—1,and
Yo = ep—1 + e and let P = {i1,... i} be the (ordered) set of painted vertices of the
given Vogan diagram with |P| > 2. We have to consider four cases.

— 41,42 € {1,...,£ —1}: it holds the same argument as for Ay;
— i1 €{l,...,£ =2}, is =4 —1: put

02 (2
“= Z Vi Z ej—ejp1 =e; —e—g € AT (3.171)
Jj=u1 j=io

and observe that « is non-compact by Lemma 3.2.4. Then
B=a+v_1=e;, —er_1+er1—e=e;, —e €A, (3.172)

hence [a, v¢-1] # 0;
— i1 €{1,...,£ =2}, is ={: put

£—2 £—2
a=) = e =en e €AT (3.173)
Jj=i1 j=ia

and observe that « is non-compact by Lemma 3.2.4. Then
B=a+v=e;, —e_1+e_1+e =e;, +e €AT, (3.174)

so, as above, [a, 7] # 0;
— (i1,12) = (£ —1,¢): put

O="Yp_2o+Y=¢€p_o—€_1+e_1+e =e—_a2+e € AT (3.175)
and observe that « is non-compact by Lemma 3.2.4. Then
08=a+ Ye—1 = €p—2t+e€p+e€p_1 —€ =€p_2+ep_1 € AT (3.176)

and this shows that [a, v,] # 0.
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As a consequence of Theorem 3.7.14, a classical Vogan diagram may admit an integrable
element ¢ only when it has one painted node. If in addition ¢ is special, we can state which
are the Vogan diagrams having integrable ¢.

Theorem 3.7.15. Given a Vogan diagram of classical type having only one painted node,
assume that there exists ¢ belonging to the associated Weyl chamber that it is special and
integrable. Then the Vogan diagram is one of the following:

Ay all diagrams
e O—0O O—CO—>0
Be 5 Y2 Ye-1 e
O——C0O0—"0 Oo—C=x®
Ce 5 V2 Ye-1 e
Ye—1
D, @&—O——0O-
7 V2 Ye—2 e
Ye—1
O—O——0
71 2 Ye—-2 e

Moreover, up to scaling, ¢ coincides with the fundamental dominant weight corresponding
to the painted node.

Proof. By Theorem 3.7.14, the considered Vogan diagram has a single painted node. So,
assume that the unique painted node is the p-th one and the Lie algebra has rank ¢. Since ¢
belongs to the dominant Weyl chamber, it is a non-negative linear combination of fundamental
dominant weights ¢ = Zle vip;, with vP > 0. Suppose that ¢ is not a multiple of ¢,. As ¢
is special, Proposition 3.4.2 and Theorem 3.4.5 force the orbit to be special symplectic Fano,
contradicting the integrability condition by Lemma 3.6.3. Thus, ¢ is a multiple of ¢,,. Finally,
consider a maximal compact subgroup K of G. By Theorem 3.6.2, the integrability assumption
of the canonical almost-complex structure on the orbit forces G/K to be Hermitian symmetric.
The thesis follows by the fact that Vogan diagrams having G/K Hermitian symmetric are
classified [48, Appendix C.3]. O

Theorem 3.7.15 classifies all classical Vogan diagrams admitting integrable and special ¢. In
the remaining part of the section, we treat the exceptional cases. Let g be a real non-compact
exceptional Lie algebra with trivial automorphism, that is, one among

92(2)» f4(4), f4(—20)7 €6(2)s €6(—14), €7(7)s €7(—5), €7(—25), €8(8), ©€8(—24), (3.177)

where we follow the notation of [44]. Let v € g be an element having compact stabilizer V' C G,
define v = ih, and suppose that ¢ is integrable. Then the canonical complex structure J on
G/V descends to an integrable almost-complex structure Jr on M = I'\G/V, for ' C G a
discrete co-compact subgroup, making M a K&hler manifold. Hence, in force of Theorem 3.6.2,
the quotient G/K, with K a maximal compact subgroup, has to be Hermitian symmetric. In
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particular, the only possibilities for g are g = eg(_14) and g = e7(_25) [48, Appendix C.4]. By
the Borel and the Siebenthal Theorem [48, Theorem 6.96], in order to find exceptional Vogan
diagrams admitting special and integrable ¢, it suffices to look at the ones equivalent to the
Vogan diagrams of g = eg(_14) and g = e7(_25). To do this, we look at the tables of Eg and
E7 in Section B.2 and we consider each case. In order to determine the equivalence class of a
Vogan diagram, i.e., to which diagram with one painted node a Vogan diagram is equivalent
to, we used the rules discussed in [24].

e § = ¢g(—14): there are three Vogan diagrams equivalent to the one of g = eg(_14). First,
the diagram with v3 and ~5 painted is excluded from our analysis since the associated
orbit is special symplectic Fano, hence it cannot admit integrable complex structure by
Lemma 3.6.3. For the diagram with ; and ~¢ painted, observe that the roots

T+ Y2 + 3+ Y4+ 55 V6 (3.178)

are both non-compact and their sum 2?21 ~; is a root. Thus, we have found two non-
compact non-commuting roots and, by Theorem 3.5.5 and Remark 3.5.6, the canonical
almost-complex structure is not integrable. We are left with the Vogan diagram of eg(_14)
which is special symplectic general type. Uniqueness of the special vector then follows by
Theorem 3.7.4 and Proposition 3.4.2, while integrability follows from the fact that G/K
is Hermitian symmetric.

e ¢7(_g5): in this case there is only one diagram to consider. As above, since the Vogan
diagram is special symplectic general type, the special vector is unique by Theorem 3.7.4
and it is integrable as G/K is Hermitian symmetric.

Summing up, we have the following result.

Theorem 3.7.16. Given a Vogan diagram of exceptional type, assume that there exists ¢
belonging to the associated dominant Weyl chamber that is special and integrable. Then the
Vogan diagram is one of the following

Moreover, up to scaling, ¢ coincides with the fundamental dominant weight corresponding to
the painted node.

In the next section we sum up the main results proved through this long chapter and we
point out some remaining open problems.

3.8 Conclusions and open problems

In this chapter, we learnt how to understand whether an adjoint orbit of a real non-compact
semisimple Lie group admits a special compatible homogeneous almost-complex structure. The
speciality condition is encoded in the geometry of a particular vector which depends on the
underlying Lie algebra only. More precisely, there is a canonically defined compatible almost-
complex structure on these orbits (3.3, precisely (3.61)). We have necessary and sufficient
conditions for an adjoint orbit to admit canonical special compatible almost-complex structure
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(Theorem 3.4.4 and Theorem 3.4.5) which, put together, lead to Corollary 3.4.7 and Corollary
3.4.8. They say that speciality of the canonical almost-complex structure depends on the
signs of the coefficients of a certain vector ¢p, determined by the Lie algebra. If some precise
coefficients of pp, with respect to the basis of fundamental dominant weights, are all negative,
zero or positive, then the orbit is special symplectic general type, symplectic Calabi-Yau and
symplectic Fano respectively. Moreover, special vectors belonging to the same Lie algebra are
of the same type (Proposition 3.4.2) and they come in a finite number (Proposition 3.4.3).
Since knowing special adjoint orbits of simple Lie groups permits to build special adjoint
orbits of semisimple Lie groups, just by taking products of special adjoint orbits of simple Lie
groups having the same constant A, it is quite natural to restrict the concrete analysis to real
non-compact adjoint orbits of simple Lie groups. By using some combinatorial tools, such as
Vogan diagrams, we were able to detect many infinite families of non-compact simple classical
special adjoint orbits (Theorem 3.7.5) and to classify all the exceptional ones (see Section B.2
of the appendix). Actually, one may algorithmically list all special non-compact adjoint orbits,
however, in practice, it is not possible to find a pattern among the examples of low rank. This
suggests that the classification of all such orbits is quite complicated and very likely some
new ideas are required in order to complete it. Nevertheless, there is an algorithmic method
which allows to understand if a simple Lie algebra admits special vectors (see Section A.1),
thus drawing us up to a classification. For convenience of the reader, we collect altogether the
existence results obtained so far.

Theorem 3.8.1. Let G be a real non-compact simple Lie group. If G is classical, there exists
orbits (G/V,w, J) satisfying p = Aw if the Lie algebras of G and V' and the constant \ are as
in the following table

g Y A
su(p,q) | su(p) @su(q) ®R -1 pg>1
50(2p,q) | su(p) ®so(q) ®R | p—q—1 pg=>1
50%(20) su(f) @R -1 0> 4
sp(p,q) | su(p) ®sp(q) ®R | p—2¢+1 pg=>1
sp(¢,R) su(f) @R -1 >3

If G is exceptional, then there exists orbits (G/V,w, J) satisfying p = dw if the Lie algebras of
G and V' are as in the tables in Appendix B.2 and the sign of the constant \ is determined by
the sign of the Hermitian scalar curvature s.

Notice that, among the simple classical special adjoint orbits we find also the compact
ones, which are Kéhlerian as the formula for the norm of the Nijenhuis tensor (Theorem 3.5.5)
and Remark 3.5.6 show. On the other hand, in the non-compact case, we recover many well
known examples coming from the general theory (see the examples right after Theorem 3.7.5).
The non-compact Kéhlerian special adjoint orbits of simple Lie groups, i.e., the ones for which
the canonical almost-complex structure is integrable, are in a small number beside the non-
Kéhler ones (Theorem 3.7.15 and Theorem 3.7.16), thus many special adjoint orbits of real
non-compact simple Lie groups provide examples of symplectic non-Ké&hler manifolds carrying
a “best metric”.

To complete this wide picture, we are led to consider few problems. First, we know that
special symplectic Fano adjoint orbits come in a finite number on a Vogan diagram, but we do

80



not know exactly how many they are, neither which they are. From (3.87), one may deduce
just a very rough estimate on the number of special symplectic Fano adjoint orbits

el <l +2 ) lel, (3.179)

aeAT

but it would be useful to know a more precise upper bound on it and to understand the form
of the special vectors. This number should be related to the number of fibrations such that
both the base and the fiber may be combined to give a total space which is a special symplectic
Fano adjoint orbit. However, the intricate combinatorics of Lie algebras prevented us to clarify
this relation.

For what concerns Vogan diagrams, in Section 3.7 we stressed out that Vogan diagrams
for which the scalar products (7, ;) have the same signs for each ¢ in the indices of simple
non-compact roots, are not necessarily associated with special vectors, as this happens only for
Vogan diagrams of type symplectic Calabi-Yau (Corollary 3.7.12). Still, there is an algorithmic
method to know if a Vogan diagram has the above property, but a more direct rule would be
preferable. It would be handy to shed some light on this point, since understanding the above
property for Vogan diagrams may help to understand whether there exist special vectors.

Finally, Theorem 3.7.15 and Theorem 3.7.16 say which special adjoint orbits are Kéhler
manifolds and the remaining ones carry a non-integrable canonical almost-complex structure.
However, it is not known whether they admit a non necessarily homogeneous compatible in-
tegrable almost-complex structure making them Kéhler manifolds. Notice that adjoint orbits
G/V for which the quotient G/K by a maximal compact subgroup is not Hermitian symmet-
ric are ruled out from this discussion by Theorem 3.6.2. In particular, all special symplectic
Fano and symplectic Calabi-Yau adjoint orbits need not to be considered in this context, as
integrability of the almost-complex structure forces G/K to be Hermitian symmetric, thus to
have negative curvature [50, Chapter XI, Proposition 9.7]. On the other hand, the question is
completely open for special symplectic general type adjoint orbits for which G/K is Hermitian
symmetric. It would be interesting to give an answer to this question and compare it to the
results of Carlson and Toledo [16, Theorem 0.1]. A possible way to work out the problem may
be to find some topological obstructions related to the first two Chern classes.
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Appendix A

The classification algorithm

This appendix is dedicated to the explanation of the algorithm that we used to produce the
tables in Appendix B. After we have coded it, we were able to make experiments and to
understand many facts that we have proved at a later time. In the following, we give few
technical details about the code and we explain the algorithm in general. Then we examine
the original Code A.1 and we discuss a couple of examples.

A.1 The algorithm and the theory behind it

The program that we used to produce examples of adjoint orbits admitting special canonical
almost-complex structure is called specialAdjointOrbits.sage and it is written in the Sage-
Math sintax. SageMath is a free open-source mathematics software system licensed under the
GNU GPL [75]. The code may be run as a SageMath script. Once the script is executed, one
is asked to insert the Lie algebra type of the adjoint orbit (so one among the letters A, B,
C, D, E, F, G) and the rank of the Lie algebra. Then, for each vector v = ih, admitting a
special adjoint orbit, the script prints:

e The normalized vector ¢ expressed in the basis of the fundamental dominant weights;

e The set of indices of simple non-compact roots and the set S of Theorem 3.4.4 and
Theorem 3.4.5;

e The symplectic type of the special orbit, so symplectic general type, symplectic Calabi- Yau
and symplectic Fano. If the canonical almost-complex structure on the orbit is integrable,
then the word “symplectic” is omitted;

« The dimension of the stabilizer V' and the orbit G/V of v = ih;
e Whether ¢ is a root;

o The Hermitian scalar curvature of the canonical almost-complex structure (computed
with the formula in Lemma 3.5.1);

e The Lie algebra g and the Lie algebra of the stabilizer v.

The heart of the algorithm lies in Corollary 3.4.8. The key point is that a Vogan diagram
Dp of a simple real Lie algebra, with P the set of indices of painted nodes, admits a special
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vector if and only if the vector

gpp:’l]—? Z a, (Al)

agspan{y;|[i€ Pc}NAT

(ep,vi)
(vivi)

written as p = Y, p Whe; in the basis of fundamental dominant weights, with w}, = 2
satisfies one of the following conditions:

1. wh <0 forallie P;
2. wh >0 for all i € P;
3. (pPZO.

In case 1, the diagram admits a unique (up to scaling) special symplectic general type adjoint
orbit associated with ¢ = — 3, p whe;. In case 2, the diagram admits a finite number (up
to scaling) of special symplectic Fano adjoint orbits. In the last case, the diagram admits a
continuous family of special symplectic Calabi-Yau adjoint orbits with special vectors of the
form v = ih,, with o =37, p vip;. In particular, if |P| = 1, the diagram admits a unique (up
to scaling) special symplectic Calabi-Yau adjoint orbit.

Corollary 3.4.8 gives then a practical way of finding special vectors once the Vogan diagram
is given. Indeed, the compact and non-compact roots, the vector 7 and P come with the Vogan
diagram. Hence, one is reduced to check whether the coefficients of the vector ¢p, expressed
on the basis of the fundamental dominant weights, satisfy one of the conditions 1, 2, 3 above.
In case 2, there may be more special vectors associated with the given Vogan diagram. In
order to find them all, for each set S O P one needs to check whether

ps=n—2 Z a= ngnpi (A.2)

a€span{y;|i€Sc}NAT €S

has w > 0 for each i € S. If this happens, Yics wi; gives a special vector. The flow chart
of the algorithm is illustrated in Figure A.1 and it gives the idea of how the algorithm works.

A.2 The code

In the following, we comment briefly the lines of the Code A.1. We tried to keep the same
notation as in the theory developed up to now.

1-171 : Two definitions of functions, one for determining the Lie algebra and the other for
computing the isotropy of the orbit, are defined. More explicitly, the first function
determines the equivalence class of the Vogan diagram through the rules in [24], while
the second determines the stabilizer of the orbit using Proposition 3.7.3.

172-182 : The lieType and the rank of the Lie algebra are inserted by the user and the
corresponding Dynkin diagram is printed (so the Vogan diagram without painted nodes).
Then the positive roots positiveRoots, the Cartan matrix C and the scalar product
between simple roots B are defined. Finally, the dimension of the Lie algebra of type
lieType and rank rank is printed.

183-188 : A for cycle over the all possible Vogan diagrams of type lieType and rank rank is
defined and, up to the end, the code sits inside the cycle. The compact and non-compact
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roots compactroots, noncompactroots, the compactness index epsilon and the n vector
eta are defined. Then the vector phiP is defined as

phiP=Cx [ —2 Z a . (A.3)

a€span{~y;|ie P¢}NAT

Notice that phiP is expressed in the basis of fundamental dominant weights, as the Cartan
matrix changes the basis.

189-201 : If phiP=0, the adjoint orbit is special symplectic Calabi-Yau. Then, the continu-
ous family of special vectors is printed (in the basis of fundamental dominant weights),
together with the set of non-compact simple roots. After that, the dimensions of the sta-
bilizer and the adjoint orbit, whether varphiP is a root, the Hermitian scalar curvature,
the Lie algebra and the Lie algebra of the stabilizer of the orbit are printed.

202-224 : If the coordinates of phiP corresponding to the indices in P are all negative, then
the orbit is special symplectic general type and, as in the symplectic Calabi-Yau case, all
the information are printed. Notice that the special vector phiP is printed normalized.
Since this is the unique case for which the compatible almost-complex structure may be
integrable, in the lines 205-215, using Remark 3.5.6, integrability is checked.

225-240 : If the coordinates of phiP corresponding to the indices in P are all positive, the orbit
is special symplectic Fano. Then, another for cycle over the possible sets S containing P
starts and, if the vector

phiS=Cx [ n—2 Z al, (A.4)

a€espan{~y;|[i€SeINA+

has positive coefficients corresponding to the indices in S, its orbit is special symplectic
Fano and all the information as above are printed.

241 : The time required for the computation is printed in seconds.

A.3 Examples and discussion

In this section we give some examples of how the algorithm works together with few comments
about the outputs.

Suppose that we want to compute all Vogan diagrams of type As admitting special vectors.
The output of the program will be as follows.

Type: A
Rank: 3
0---0---0

1 2 3

A3
Dimension: 15

(1, 0, 0 Non-compact simple roots: [0] general type
Dimension V: 9 Dimension G/V: 6
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Is phi a root? No

Hermitian scalar curvature: -24

Lie algebra: su(1,3)
Stabilizer: su(3) x R1
(0, 1, 0) Non-compact simple

Dimension V: 7

Is phi a root? No
Hermitian scalar curvature:
Lie algebra: su(2,2)
Stabilizer: su(2) x su(2) x Rl

Dimension G/V:

-32

(0, 0, 1
Dimension V: 9
Is phi a root? No

Non-compact simple
Dimension G/V:

Hermitian scalar curvature: -24
Lie algebra: su(1,3)

Stabilizer: su(3) x R1

(1, 0, 1) Non-compact simple

Dimension V: 5 Dimension G/V:
Is phi a root? Yes
Hermitian scalar curvature:
Lie algebra: su(2,2)

Stabilizer: su(2) x R2

-10

0.916521

There are 3 general type adjoint orbits with integrable canonical almost-complex structure
corresponding to the diagrams with one painted node.
diagram of As, orbits associated with diagrams having painted nodes in symmetric position
Then there is one orbit corresponding to the Vogan diagram with two
symmetric painted nodes which is special symplectic general type. The special vector ¢ is a
root only in the last case. The Lie algebras are all of type su(p,q), p + ¢ = 4, which are the
real forms of s[(4,C). Overall, the computations requires 0.916521 seconds to be completed.
Now suppose that we want to compute all Vogan diagrams of exceptional type G2 admitting

are diffeomorphic.

roots:

roots:

roots:
10

special vectors. The output will be as follows.

Type: G
Rank: 2

0=<=0

1 2

G2
Dimension: 14
(1, 0)

Dimension V: 4 Dimension G/V:

Non-compact simple roots:

10
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[1]

(2]

o, 2]

general type

general type

symplectic general type

By the symmetries of the Dynkin

symplectic general type



Is phi a root? Yes

Hermitian scalar curvature: -30
Lie algebra: g2(2)

Stabilizer: su(2) x R1

(0, 1 Non-compact simple roots: [1] symplectic general type
Dimension V: 4 Dimension G/V: 10

Is phi a root? Yes

Hermitian scalar curvature: -10

Lie algebra: g2(2)
Stabilizer: su(2) x R1

0.788584

In this case there are just two orbits corresponding to Vogan diagrams with one painted
node and they are not of Kahler type. Notice that, despite they have the same dimension and
they are both diffeomorphic to Goa)/U(2), where Gy(gy is the split real form of G, they are
not diffeomorphic as the two stabilizers correspond to two non-conjugate copies of su(2) in
g2(2)-

We conclude with special adjoint orbits of type B4. The output is

Type: B
Rank: 4

B4
Dimension: 36

(1, 0, 0, 0 Non-compact simple roots: [0] general type
Dimension V: 22 Dimension G/V: 14

Is phi a root? Yes

Hermitian scalar curvature: -98

Lie algebra: so(2,7)

Stabilizer: so(7) x Rl

(0, 1, 0, 0) Non-compact simple roots: [1] symplectic general type
Dimension V: 14 Dimension G/V: 22

Is phi a root? Yes

Hermitian scalar curvature: -88

Lie algebra: so(4,5)
Stabilizer: so(5) x su(2) x R1

(0, 0, 1, 0) Non-compact simple roots: [2] symplectic general type
Dimension V: 12 Dimension G/V: 24

Is phi a root? No

Hermitian scalar curvature: -24

Lie algebra: so(6,3)

Stabilizer: su(3) x su(2) x Rl
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(0, 0, 0, 1) Non-compact simple roots: [3] S: [3] symplectic Fano
Dimension V: 16 Dimension G/V: 20

Is phi a root? No

Hermitian scalar curvature: 80

Lie algebra: so(8,1)

Stabilizer: su(4) x R1

(2, 0, 0, D Non-compact simple roots: [3] S: [0, 3] symplectic Fano
Dimension V: 10 Dimension G/V: 26

Is phi a root? No

Hermitian scalar curvature: 52

Lie algebra: so(8,1)

Stabilizer: su(3) x R2

0.956499

There are four special adjoint orbits corresponding to Vogan diagrams with one painted node.
The first one, corresponding to the Vogan diagram with the first node painted, is Kahler-
Einstein general type and it is one of the cases appearing in Theorem 3.7.15. Notice that the
stabilizer is obtained by removing the first node of the Vogan diagram and considering the re-
maining Dynkin diagram, which in this case is of type Bs. The remaining ones are symplectic
general type and symplectic Fano. Notice that there are two symplectic Fano adjoint orbits
corresponding to the Vogan diagram with the 4-th painted node, one having S = P = {4} and
the other having S = {1,4}. In particular, the latter is fibered over the first. The Lie algebras
are all of type s0(2p, ¢), with 2p + ¢ = 9, as they are real forms of s0(9,C). The time required
is less than a second.

The runtimes depends strongly from the type and the rank of the chosen Lie type. Up to
rank 8, the computations require less than 11 seconds on a 1.80 GHz 64-bit Intel Kaby Lake R
processor. This allows to classify all special adjoint orbits carrying special canonical almost-
complex structure up to rank 8. In particular, as one may see from the tables in Appendix
B, all orbits of exceptional type are classified. However, the runtimes and also the number of
special orbits grow very fast with the rank. Unfortunately, the outputs are often unpredictable
and it is hard to catch a glimpse of a possible pattern.
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Cartan matrix

Vogan diagram Dp

Simple roots {v1,...,7e}
and compactness

Fund. dom. weights
{(plv ey 995}

Positive roots AT
and compactness

_ — 8
pp=n—2 Zaespan{w,\z‘epc}mA+ =3 iep Wppi

yes v =1ihg, o =D ;cp Vi, Yu; >0

= 0?
pp =01 has a sCY adjoint orbit

no

. es
wiy <0Vi€ P? D>y =ih_,, has sGT adjoint orbit

no

: es
wp >0 Vi€ P? y4> v = ihy, has a sF adjoint orbit

no

Dp does not admit
special ¢’s

Choose S C {1,...,/(}
such that P C S

— — P
ps=n—2 ZaEspan{’yﬂiGS“}ﬂA*‘ a = ZiES WsPi

; ; no
wg > 0 Vi € S?

yes

v = th,g has a sF adjoint orbit

Figure A.1: Flow chart of the algorithm for the classification of Vogan diagrams admitting
special adjoint orbits.
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45
46
47
48
49
50
51
52
53
54
55
56
57
58
59

def lieAlgebraType(lieType,rank,P):
lieAlgebra=""
if lieType=='A":
equivclass=sum((-1) " (len(P)-s)*(P[s-1]+1) for s in range(l,len(P)+1))
if equivclass<=((rank+1)/2).floor():
eqclass=equivclass
else:
eqclass=rank+l-equivclass
lieAlgebra='su('+str(eqclass)+','+str(rank+l-eqclass)+')"
elif lieType=='B':
eqclass=sum((-1) " (len(P)-s)*(P[s-1]+1) for s in range(l,len(P)+1))
lieAlgebra='so('+str(2*eqclass)+','+str(2+rank-2*eqclass+1)+')"
elif lieType=='C':
if rank-1 in P:
lieAlgebra='sp('+str(rank)+',R)'
else:
N=sum((-1) " (len(P)-s)*(P[s-1]+1) for s in range(l,len(P)+1))
if N<= rank/2:
eqclass=N
else:
eqclass=rank-N
lieAlgebra='sp('+str(eqclass)+', " '+str(rank-eqclass)+')"'
elif lieType=='D':
if (rank-2 in P and rank-1 not in P) or (rank-2 not in P and rank-1 in P)
lieAlgebra='so*('+str(2*rank)+')"'
elif Set([rank-2,rank-1]) in P:
N=sum((-1) " (len(P)-s)*(P[s-1]+1) for s in range(1,len(P)-1))
if N<=rank/2:
eqclass=N-1
else:
eqclass=rank-N-1
lieAlgebra='so('+str(2*eqclass)+','+str(2*rank-2*eqclass)+')"’
else:
N=sum((-1) " (len(P)-s)*(P[s-1]+1) for s in range(l,len(P)+1))
if N<=rank/2:
eqclass=N
else:
eqclass=rank-N
lieAlgebra='so('+str(2*eqclass)+','+str(2*rank-2*eqclass)+')"’
elif lieType=='G':
lieAlgebra='g2(2)"'
elif lieType=='F':
if Set(P).intersection(Set([0,1]))!=Set([]):
lieAlgebra='f4(4)"'

else:
lieAlgebra='f4(-20)"
elif lieType=='E' and rank==6:

II=[j for j in P if j<=3 and j!=1]
JJ=[j for j in P if j>3]
if 1 in P:
s=1
else:
s=0
if II!'=[] or JJ!=[1:
if ITI'=[] and O not in II:
I=sum((-1) " (len(II)-a-1)*(II[al) for a in range(len(II)))
elif O in II:
I=(-1)"(len(II)-1)+sum((-1) " (len(II)-a)*(II[al) for a in range(len(II)))
else:
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60
61
62

63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83

84
85

86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105

107
108
109

I=0
J=sum((-1) " (len(JJ)-a-1)*(JJ[a]l) for a in range(len(JJ)))
if P==[0] or P==[5] or P==[2,4] or P==[0,3,4] or P==[0,1] or P==[1,2] or P==[1,4] or P==[1,5] or
— P==[1,3,5] or (len(JJ)!'=1 and J==2-I and (I+s)%2==1) or (len(JJ)!=1 and J==4-1 and (I+s)’%2==0)
— or (len(JJ)!'=1 and J==1-I) or (len(JJ)==1 and ((J==4+I and (I+s)%2==1) or J==1+I)):
lieAlgebra='e6(-14)"
else:
lieAlgebra='e6(2)"'

else:
lieAlgebra='e6(2)"'
elif lieType=='E' and rank==7:

I1=[j for j in P if j<=3 and j!=1]
JJ=[j for j in P if j>3]
if 1 in P:
s=1
else:
s=0
if II!=[] or JJ!=[]:
if II'=[] and O not in II:
I=sum((-1)"(len(II)-a-1)*(II[a]) for a in range(len(II)))
elif O in II:
I=(-1)"(Qen(II)-1)+sum((-1) " (len(II)-a)*(II[a]l) for a in range(len(II)))
else:
I=0
J=sum((-1) " (len(JJ)-a-1)*(JJ[a]l) for a in range(len(JJ)))
if P==[0] or P==[3] or P==[5] or P==[3,5] or P==[3,4,6] or P==[1,4] or P==[1,6] or P==[1,2,4] or
— P==[0,1,3,4] or (len(JJ)!'=1 and (((J==1-I or J==3-I) and (I+s)%2==1) or ((J==2-I or J==4-I) and
—  (I+8)%2==0) )) or (len(JJ)==1 and (((J==1+I or J==2+I or J==3+I or J==5+I) and (I+s)%2==0) or
—  (J==4+I and (I+s)%2==1))):
lieAlgebra='e7(-5)"
elif P==[6] or P==[2,4] or P==[0,3,4] or P==[0,1] or P==[1,2] or P==[1,5] or P==[1,3,5] or
— P==[1,3,4,6] or P==[1,3,4,5,6] or (len(JJ)!=1 and ((J==1-I and (I+s)%2==0) or (J==2-1 and
—  (I+s)%2==1))) or (len(JJ)==1 and ((J==1+I or J==2+I or J==5+I) and (I+s)%2==1)):
lieAlgebra='e7(-25)"'
else:
lieAlgebra='e7(7)"'
else:
lieAlgebra='e7(7)"'
elif lieType=='E' and rank==8:
II=[j for j in P if j<=3 and j!=1]
JJ=[j for j in P if j>3]
if 1 in P:
s=1
else:
s=0
if II!'=[] or JJ!=[]:
if II'=[] and O not in II:
I=sum((-1) " (len(II)-a-1)*(II[a]l) for a in range(len(II)))
elif O in II:
I=(-1)"(len(II)-1)+sum((-1) " (len(II)-a)*(II[a]) for a in range(len(II)))
else:
I=0
J=sum((-1) " (len(JJ)-a-1)*(JJ[al) for a in range(len(JJ)))
if P==[7] or P==[2] or P==[3] or P==[0,2] or P==[1,2] or P==[1,5] or P==[1,6] or (len(JJ)!=1 and
—  ((J==1-I or J==5-I) and (I+s)%2==0)) or (len(JJ)!=1 and (J==3-I and (I+s)%2==1)) or (len(JJ)!=1
— and (J==2-I or J==6-I)) or (len(JJ)==1 and ((J==1+I or J==5+I) and (I+s)%2==1)) or (len(JJ)==
— and ((J==3+I and (I+s)%2==0) or J==2+I or J==6+I)):
lieAlgebra='e8(-24)"'
else:
lieAlgebra='e8(8)"'
else:
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111 lieAlgebra='e8(8)"'

112 return lieAlgebra

113 def stabilizer(lieType,rank,P):

114 stabiliz=""

115 if len(P)<rank:

116 st=str(CartanType([lieType,rank]) .subtype([i+1 for i in range(rank) if i not in P])).translate(None,
— "I,

117 stab=""

118 for i in range(len(st)):

119 if st[i] in ['A','B','C','D','E']:

120 if st[i]=='A":

121 stab=stab+'su('

122 for j in range(i,len(st)):

123 if st[jl=='r' or st[jl=='x' or j==len(st)-1:

124 if j==len(st)-1:

125 stab=stab+str(int(st[i+l:len(st)])+1)+') x '

126 break

127 else:

128 stop=j

129 stab=stab+str(int(st[i+1l:stop])+1)+') x '

130 break

131 if st[i]l=='B"':

132 stab=stab+'so ('

133 for j in range(i,len(st)):

134 if st[jl=='r' or st[jl=='x' or j==len(st)-1:

135 if j==len(st)-1:

136 stab=stab+str(int(st[i+l:len(st)])*2+1)+') x '

137 break

138 else:

139 stop=j

140 stab=stab+str(int(st[i+1:stop])*2+1)+') x '

141 break

142 if stli]l=='C":

143 stab=stab+'sp('

144 for j in range(i,len(st)):

145 if st[jl=='r' or st[jl=='x' or j==len(st)-1:

146 if j==len(st)-1:

147 stab=stab+str(int(st[i+i:len(st)]))+') x '

148 break

149 else:

150 stop=j

151 stab=stab+str(int(st[i+1:stop]))+') x '

152 break

153 if st[i]l=='D":

154 stab=stab+'so('

155 for j in range(i,len(st)):

156 if st[jl=='r' or st[jl=='x' or j==len(st)-1:

157 if j==len(st)-1:

158 stab=stab+str(int(st[i+1:len(st)])*2)+') x '

159 break

160 else:

161 stop=j

162 stab=stab+str(int(st[i+l:stop])*2)+') x '

163 break

164 if st[i]=='E':

165 if stli+1]=='6":

166 stab=stab+'e6 x '

167 elif st[i+1]=='7":

168 stab=stab+'e7 x '

169 return stab[:-2]+'x R'+str(len(P))+'\n'

170 else:
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175

191

223
224
225

return 'R'+str(len(P))+'\n’
[lieType,rank]=[raw_input ('Type: '),input('Rank: ')]
print DynkinDiagram([lieType,rank])
W=WeylGroup([lieType,rank] ,implementation='permutation')
positiveRoots=W.positive_roots()
C=CartanMatrix([lieType,rank])
if lieType=='F':
B=(1/36)*matrix([[4,-2,0,0],[-2,4,-2,0],[0,-2,2,-1],[0,0,-1,2]1])
else:
B=matrix(QQ,gap('BilinearFormMat (RootSystem(SimpleLieAlgebra("'+1lieType+'", " '+str(rank)+',Rationals)))'))
print "Dimension:",2*len(positiveRoots)+rank
print ' '
for P in [q for q in Combinations(range(rank)) if q!=[]]:
compactroots=[root for root in positiveRoots if sum(root[k] for k in P)J2==0]
noncompactroots=[root for root in positiveRoots if sum(root[k] for k in P)%2!=0]
epsilon={root: (1 if root in noncompactroots else -1) for root in positiveRoots}
eta=-2+sum(epsilon[alphal*alpha for alpha in positiveRoots)
phiP=(C) * (eta-2*sum(root for root in positiveRoots if all(root[k]==0 for k in P)))
if all(phiP[k]==0 for k in range(len(phiP))):
print [var('v'+str(k)) if k in P else O for k in range(len(phiP))],' for all vi>0 Non-compact
— simple roots:',P,' ','symplectic Calabi-Yau'
print "Dimension V:",(2*sum(all(root[k]==0 for k in P) for root in positiveRoots)+rank),"
— Dimension G/V:",2*(len(positiveRoots)-sum(all(root[k]==0 for k in P) for root in positiveRoots))
if len(P)==1:
if C.inverse()*vector([1 if i in P else O for i in range(rank)]) in W.roots():
print 'Is phi a root? Yes'
else:
print 'Is phi a root? No'
else:
print 'Is phi a root? No'
print "Hermitian scalar curvature:",0
print 'Lie algebra: '+lieAlgebraType(lieType,rank,P)
print 'Stabilizer: '+stabilizer(lieType,rank,P)
elif [sgn(phiP[k]) for k in range(len(phiP))]==[-1 if k in P else O for k in range(len(phiP))]:
OmegaO=[root for root in Set(positiveRoots).difference(Set([root for root in positiveRoots if
— all(root[k]==0 for k in P)]))]
OmegaOnc=[root for root in Set(Omegal).intersection(Set(noncompactroots))]
typeOrbit=""
if len(P)>1:
typeOrbit="'symplectic general type'
else:
for alpha in OmegaOnc:
for beta in OmegaOnc:
if alphatbeta in OmegaO:
typeOrbit="'symplectic general type'
break
if typeOrbit!='symplectic general type':
typeOrbit='general type'
print -phiP/(gcd(phiP)) ,! ', 'Non-compact simple roots:',P,' ', typeOrbit
print "Dimension V:",(2*(len(positiveRoots)-len(Omega0))+rank)," Dimension G/V:",2xlen(Omega0)
if C.inverse()*(-phiP/(gcd(phiP))) in W.roots():
print 'Is phi a root? Yes'
else:
print 'Is phi a root? No'
print "Hermitian scalar
< curvature:",4*gcd(phiP)*sum(sum(epsilon[alpha] * ((alpha*B*beta)/(sum(phiP[z] *beta[z]*B[z,z] for z
< in range(rank)))) for alpha in OmegaO) for beta in OmegaO)
print 'Lie algebra: '+lieAlgebraType(lieType,rank,P)
print 'Stabilizer: '+stabilizer(lieType,rank,P)
elif [sgn(phiP[k]) for k in range(len(phiP))]==[1 if k in P else O for k in range(len(phiP))]:
T=Combinations([i for i in range(rank) if i not in P])
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227
228
229
230
231

232

233

234
235

237
238

239
240
241

for i in range(T.cardinality()):
S=T[i]+P
phiS=(C) *(eta-2*sum(root for root in positiveRoots if all(root[k]==0 for k in S)))
if [sgn(phiS[k]) for k in range(len(phiS))]==[1 if k in S else O for k in range(len(phiS))]:
print phiS*(1/gcd(phiS))," ', 'Non-compact simple roots:',P,' ','s:',s," ', 'symplectic

—

Fano'

Omega=[root for root in Set(positiveRoots).difference(Set([root for root in positiveRoots if

—

all(root[k]==0 for k in S)1))]

print "Dimension V:", (2*(len(positiveRoots)-len(Omega))+rank)," Dimension

—

if

G/V:",2%len(Omega)
C.inverse()*(phiS/(gcd(phiS))) in W.roots():
print 'Is phi a root? Yes'

else:

print 'Is phi a root? No'

print "Hermitian scalar

>

—

curvature:",-4*gcd(phiS) *sum(sum(epsilon[alpha] * ((alpha*B*beta)/(sum(phiS[z]*betal[z]*B[z,z]
for z in range(rank)))) for alpha in Omega) for beta in Omega)

print 'Lie algebra: '+lieAlgebraType(lieType,rank,P)
print 'Stabilizer: '+stabilizer(lieType,rank,S)

print (cputime())

Code A.1: Source code of the classification algorithm.
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Appendix B

Vogan diagrams with special ¢

In this appendix we classify all special ¢’s associated with connected Vogan diagrams having
rank at most £ = 8, where notations and terminology are as in Section 3.7. This classification
is a consequence of the results discussed in Chapter 3. In particular, we have the following
result.

Proposition B.0.1. Let G be a non-compact real simple Lie group with rank £ < 8 and let
(G/V,w,J) be an adjoint orbit of G endowed with the canonical almost-Kihler structure. If
(G/V,w,J) satisfies p = Iw, then it is isomorphic up to scaling to the orbit of v = ihy, for
some ¢ contained in the following tables.

Few comments for reading the tables are in order. For each Lie algebra type, we specify
the dimension and its real forms together with the fundamental dominant weights 1,..., @
written in terms of simple roots 7i,...,7,. For each Vogan diagram we list all special ¢’s
expressed as a sum of fundamental dominant weights ¢;’s and for each of them we provide the
following data.

o Whether ¢ is a root;

o The symplectic type of the special orbit of v such that v = ih, and the integrability of
the canonical almost-complex structure J. More precisely, we write sGT, sCY, sF if the
orbit satisfies p = Aw with A < 0, A =0, A > 0 respectively and we remove the ‘s’ when
J is integrable;

e The Hermitian scalar curvature s of the canonical almost-complex structure .J. Note that
from s one may compute A through the identity s = % dim G/V;

o The dimension of the stabilizer v of V' and of the orbit G/V;
o The Lie algebras of G and V.

The choice of the acronyms at the second point is motived as follows. Given an adjoint
orbit (G/V,w, J) satisfying p = Aw and a discrete co-compact subgroup I' C G, the quotient
(I\G/V,wr, Jr) is a compact almost-Kéhler manifold satisfying pr = Awr as soon as I'\G/V is
smooth. Thus, as discussed in Section 3.6, (I'\G/V, wr, Jr) is special symplectic general type,
symplectic Calabi-Yau or symplectic Fano according to the sign of A\. In other words, sGT,
sCY, sF denote the symplectic type of any compact quotient of (G/V,w).

94



B.1 Special classical adjoint orbits

Rank 2

Ay

Dimension of g = 8
One non-compact real form with trivial automorphism: su(1,2).

Fundamental dominant weights: ¢; = %fyl + %72
1 2
P2 =37 + 372
Vogan diagram %) pe A | Type s dimV | dimG/V g v
P1 no GT -12 4 4 su(1,2) | su(2) ®R
7 72
o—0 t1p1 + tap2 2
7 Y2 for all ¢t1,t2 >0 no sCY 0 6 su(1,2) R
By
Dimension of g = 10
Two non-compact real forms: so(4,1), s0(2, 3).
Fundamental dominant weights: ¢ = 1 + 72
2 =37+
Vogan diagram © pe A | Type s dimV | dimG/V g v
2 1
e 0O ©1 yes GT | —18 4 6 50(2,3) | su(2) ®R
7 72
2 1
omom ©2 no sCY 0 4 6 s0(4,1) | su(2) @R
71 V2
Rank 3
As
Dimension of g = 15
Two non-compact real forms with trivial automorphism: su(1,3), su(2,2).
Fundamental dominant weights: 1 = 24, 4+ 175 + 173
P2 = %’71 + 72 + %’73
1 1 3
Y3 =737+ 372+ 773
Vogan diagram @ p €A | Type S dimV | dimG/V g v
e—(C—=O
" v > o1 no GT | —24 9 6 su(1,3) su(3) &R
O—e——O 2
5 m a 02 no GT | —32 7 8 su(2,2) | (su(2)2 @R
oe—O—@
b e 3 »1+ ¢3 yes sGT | —10 5 10 su(2,2) su(2) ®R
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Bs

Dimension of g = 21
Three non-compact real forms: s0(6, 1), so(4,3), s0(2,5).
Fundamental dominant weights: ¢1 =71 + 72 + 73

Cs

P2 =71+ 272+ 273
@3 =57+ + 37
Vogan diagram ¢ | €A | Type s dimV | dimG/V g 0
2 2 1
(T >0 | v yes GT | =50 11 10 50(2,5) s50(5) ®R
7 V2 V3
2 2 1
O—@—0 | ¢ yes sGT | —28 7 14 50(4,3) | (su(2)? @R
7 V2 V3
2 2 1
O— O > @ | v no sF 24 9 12 s0(6,1) | su(3)@R
71 72 73
Dimension of g = 21
Two non-compact real forms: sp(1,2), sp(3,R). L
Fundamental dominant weights: ¢1 =1 + 72 + 573
p2=71+272+73
Y3 =71+ 272 + %V:s
Vogan diagram ) p €A | Type s dimV | dimG/V g v
1 1 2
e — (O <O o1 no sGT | —20 11 10 sp(1,2) s50(5) R
71 Y2 V3
1 1 2
O—e&—=<0O 02 yes sF 14 7 14 sp(1,2) | (su(2))2 @R
7 V2 V3
O—O=<® T | -4 12 R R
ot ot Vs v3 no G 8 9 sp(3,R) su(3) @
1 1 2
O — (<X @ | vty no sQT | —16 5 16 sp(3,R) | su(2) @ R?
7 V2 V3
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Rank 4
Ay

Dimension of g = 24
Two non-compact real forms with trivial automorphism: su(1,4), su(2,3).

Fundamental dominant weights: ¢1 =

I+t iutin

3 6 4 2
p2r=tMN+ 512+ 3573+ 504
2 4 6 3
PY3=FN + 572+t 35713+ 57
_1 2 3 4
pa=tnt+ 12+ 513+
Vogan diagram ) p €A | Type S dimV | dimG/V v
& O—0O—=O
A P1 no GT —40 16 8 su(1,4) su(4) ®R
Oo—e—0O—=O
A P2 no GT —60 12 12 su(2,3) | su(2) dsu(3)dR
o—O—0O—e
M oY v V1 + P4 yes sGT | —28 10 14 su(2,3) su(3) @ R?
O—e—e—O
M v oy w2 + 3 no sF 16 8 16 su(1,4) (su(2))2eR
o—©0 o o 4t ] 4
S99 fo%:;ﬁlti Zi, | mo | sev | o 4 20 | su(2,3) R
By
Dimension of g = 36
Four non-compact real forms: so0(8,1), s0(6, 3), s0(4,5), s0(2,7).
Fundamental dominant weights: @1 =1 + 72 + 73 + 74
P2 =71+272+273+ 2%
w3 =m+272+ 373+ 37
1
Pa=3Nn+r2+313+27%
Vogan diagram %) peA | Type s dimV | dimG/V g v
2 2 2 1
v1 yes GT —98 22 14 50(2,7) so(7T)®R
Moo 3 M4
2 2 2 1
O—e—(CO—0 P2 yes sGT | —88 14 22 50(4,5) | su(2) ®so(5) @R
MoY2 3 M4
2 2 2 1
O—0O—e—0 P3 no sGT | —24 12 24 50(6,3) | su(3) ®su(2) ®R
7 72 V3 Y4
2 2 2 1
O—0O0—C—>® o no 80 16 20 s0(8,1) su(4) ®R
7 72 3 Y4
201 + 4 no 52 10 26 50(8,1) su(3) @ R?
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Cy

Dimension of g = 36
Three non-compact real forms: sp(1,3), sp(2,2), sp(4,R).
Fundamental dominant weights: ¢ = v, + 5 + 73 + %74

P2 =71+ 272+ 273+ 74
@3 =71+ 272 + 373+ 574
pa=71+272+33+2n

Vogan diagram © peA | Type s dimV | dimG/V g b
1 1 1 2
o1 no sGT | —56 22 14 sp(1,3) sp(3) &R
7 72 73 Y4
1 1 1 2
O—e—(CxX0 w2 yes sGT —22 14 22 sp(2,2) | su(2) dso(5) &R
02 O 7 T 7: S 71
1 1 1 2
O—0O0—e&xX0 ©3 no sF 48 12 24 sp(1,3) | su3) @®su(2) @R
Mmoo 3
301 + 3 no sF 28 8 28 sp(1,3) (su(2))? @ R?
1 1 1 2
oO—O0—CX® N no GT —100 16 20 sp(4,R) su(4) ®R
T2 3 T4
Dy
Dimension of g = 28
Two non-compact real forms with trivial automorphism: so(2, 6), so(4,4).
Fundamental dominant weights: @1 = v + v + %’)/3 + %74
p2=m+272+ 73+ 74
1 1
©3 =571 +72+VY3+ 5N
1 1
Pa=3M+Y2+ 373+
Vogan diagram © pe A | Type S dimV | dimG/V g v
V3
»1 no GT —72 16 12 50(2,6) su(4) ®R
st 2 Y4
V3
P2 yes sGT | —54 10 18 s0(4,4) | (su(2))® @R
Y1 2 Y4
s t +t
191 +t3¢3 2
for all £1,15 > 0 no sCY 0 10 18 50(2,6) | su(3)dR
Mmoo "4
73
01 + 03 + @4 no sGT | —22 6 22 50(4,4) | su(2) ©R3
! 2 V4
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Rank 5
As

Dimension of g = 35

Three non-compact real forms with trivial automorphism: su(1,5), su(2,4), su(3, 3).

Fundamental dominant weights: ¢,

%71 + %72 + %Ws + %74 + %75

2 4 2 1
P2 =371+ 372 +73+ 57+ 375
1 3 1
p3=5M +72+ 573 +Ya+ 37
1 2 4 2
pa=z3N+ 37 +tr3+37+357
1 1 1 2 5
Y5 =51+t 302t 373+ 35%+ 5§
Vogan diagram ) p €A | Type S dimV | dimG/V g b
e—O—COCO—CO——=0
N e 01 no GT | —60 25 10 su(1,5) su(5) O R
o—e—O0O——C0CO——=0
N v 02 no GT | —96 19 16 su(2,4) | su(2) ®su4) ®R
o—OC—=e—0—-o0
S 9 oy W T 3 no GT | —108 17 18 su(3,3) (su(3))2®R
e—O—O—~C0C—e
Mo T M s P1+ @3 yes sGT | —54 17 18 su(2,4) su(4) @ R?
O—e—O—e O :
b2z +t4pa no sCY 0 11 24 su(2,4) | (su(2)® @ R2

7 "2 73 V4 Y5

for all to,t4 >0
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Bs

Dimension of g = 55

Five non-compact real forms: s0(2,9), so(4,7), s0(6,5), s0(8,3), s0(10,1).

Fundamental dominant weights: 1 =v1 +v +v3+v + 75

P2 =m+272+273+27+27s
p3=71+272+313+37+37
pa=m+272+33+4u+4ys
ps=3n+r2+ 37+ 21+ 37

Vogan diagram © pe A | Type S dimV | dimG/V g v
2 2 2 2 1
®1 yes GT | —162 37 18 50(2,9) s0(9) ®R
Mo 3 Y4 s
2 2 2 2 1
O—e—0O0—CO—>0 2 yes sGT | —180 25 30 s0(4,7) | su(2)®so(7) R
MToY2 B YA s
2 2 2 2 1
O—O—e—(C—0 ©3 no sGT | —180 19 36 50(6,5) su(3) ®so(5) ®R
o2 3 Y4 s
2 2 2 2 1
O—O—0O—@&—>0 4 no sCY 0 19 36 50(8,3) | su(4) ®su(2) ®R
MToY2 B YA s
2 2 2 2 1
O—O0—0O0—C—>® ©s5 no sF 180 25 30 50(10,1) su(5) ® R
Y1 Y2 Y3 Y4 Y5
501 + 45 no sF 38 17 38 50(10,1) su(4) © R?
502 + 205 no sF 42 13 42 50(10,1) | su(2) @ su(3) @ R?
»1 + 202 + @5 no sF 88 11 44 50(10,1) su(3) ®R3
2 2 2 2 1
e—O0—0O0—@—>0 201 + ¢4 no sGT —42 13 42 50(6,5) | su(3) @ su(2) ® R?
Y1 Y2 Y3 Y4 Y5
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Dimension of g = 55

Three non-compact real forms: sp(1,4), sp(2,3), sp(5,R).

Fundamental dominant weights: 1 =y, + 72 + 73 + 74 + 375
P2 =71 +272+273+ 271+ 75
e3=m+270+3s+3u+ 3
Pa =71+ 272+ 373 +4ya + 275
05 =71+ 272+ 373+ 4ys + 25

Vogan diagram © e e A | Type S dimV | dimG/V g v
1 1 1 1 2
P1 no sGT | —108 37 18 sp(1,4) sp(4) ®R
71 72 73 Y4 5
1 1 1 1 2
O—e—0O0—CxX0 v2 yes sGT | —90 25 30 sp(2,3) | su(2) ®sp(3) ®R
T2 B YA s
1 1 1 1 2
O—0O0—e—CX0 3 no sCY 0 19 36 p(2,3) | su3)@so(5) @R
71 Y2 3 Y4 5
1 1 1 1 2
O0—0O0—0O—&xX 0 P4 no sF 108 19 36 sp(1,4) | su(4) ®su(2) ®R
oY B YA s
201 + @4 no sF 84 13 42 sp(1,4) | su(3) dsu(2) @ R2
4o + 4 no sk 44 11 44 sp(1,4) (su(2))® ® R?
Y1+ 2¢5 no sF 38 17 38 sp(1,4) su(4) ® R?
201 + 32 + @4 no sF 46 9 46 sp(1,4) (su(2))? o R3
1 1 1 1 2
O0—0O0—0—(CX® ®5 no GT | —180 25 30 sp(5,R) su(5) @ R

gat 72 73 Y4 5
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Dimension of g = 45
Three non-compact real forms with trivial automorphism: so(2, 8), s0(4,6), s0*(10).
Fundamental dominant weights: o) =y, +~2 + 93 + 174 + 375

P2 =71 +27 +2v3+7+ s

3 3
w3 =71 +272+33+ 357+ 57
1 3 5 3
wa=5mM+Yr2+51B+ 37+ 1
1
P5 =371+ 72+ %’73 + %74 + %75
Vogan diagram %) p €A | Type s dimV | dimG/V g v
Y4
w1 no GT | —128 29 16 50(2,8) s0(8) ®R
71 Y2 73 Y5
Y4
P2 yes sGT | —130 19 26 50(4,6) su(2) ®su(4) R
o2 3 -
Y4
3 no sGT | —60 15 30 50(4,6) | su(3) @ (su(2))2®R
71 Y2 3 Y5
Y4
P4 no sGT | —160 25 20 50*(10) su(5) ®R
Y1 Y2 Y3 Y5
Y4
P4+ @5 no sF 28 17 28 50(2,8) su(4) @ R?
71 Y2 3 Y5
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Asg

Dimension of g = 48

Three non-compact real forms with trivial automorphism: su(1,6), su(2,5), su(3,4).
Fundamental dominant weights: ¢, = S~y + 295 + 23 4+ 3y + 295 + 174

p2=3m+ P2y + 3+ Su+ i+ 3w
Pz =37+ 372+ 2+ 24+ S5 + 2
pi=3m+2n+ s+ But s+ 7
@5 =371+ 372+ Ss + Bra+ s+ 3%
Y6 =771 2+ s+ 7+ 35+ 2%

Vogan diagram © p €A | Type s dimV | dimG/V g v
e—O0—OC—C0O—C0C——0
Mmoo T o Y6 1 no GT -84 36 12 su(1,6) su(6) @R
Oo—e—OC——0O—C0C——0
Mmoo Y v T Y6 ©2 no GT | —140 28 20 su(2,5) su(2) @ su(5) R
Oo—OC0—8—0O0—C0C——=0
M Y2 3 v v Y6 ©3 no GT —168 24 24 su(3,4) su(3) dsu(4) R
e—O0—C—C—e—oO
O S v S vt p1 + 4ps no sGT —28 20 28 su(3,4) su(4) @ su(2) @ R?
e O—O—1C0C——0C—e
Mmoo o Y 6 1+ w6 yes sGT | —88 26 22 su(2,5) su(5) @ R?
Moo YoM Y6 w2 + P no sGT | —32 16 32 su(3,4) | (su(2))? @ su(3) @ R?
o—OC—~e—e—0O0—oO '
M Y2 3 v Y6 3+ pa no sF 60 18 30 su(1,6) (su(3))? & R2
3p1 + @3 + 204 no sF 34 14 34 su(1,6) su(2) @ su(3) @ R3
301 + @3 + w4 + 306 no sF 38 10 38 su(1,6) (su(2))? @ R*
o—0 0 0 0 ©° 6 ¢
iy tipi no | sCY | 0 6 42 su(3,4) RS

71 Y2 73 9z V5 Y6

for all t; >0
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Dimension of g = 78
Six non-compact real forms: s0(2,11), s0(4,9), s0(6,7), s0(8,5), 50(10,3), so(12,1).
Fundamental dominant weights: ¢1 =v1 + 72 + 73 +v4 + 75 + 76

P2=7+272+2y3+ 271+ 27+ 27
®3 =71+ 272 + 3v3 + 374 + 375 + 376
pa=m+27v2+ 33+ 471+ 4y + 4ye
w5 =71+ 272+ 373 + 471+ 9575 + 576
©6 = 501+ P2+ 303 + 204 + 305 + 396

Vogan diagram %) pe A | Type s dimV | dimG/V g v
2 2 2 2 2 1
—0O0—0O0—0—0O>0 »1 yes GT | —242 56 22 50(2,11) s0(11) @R
o2 B YA Y5 V6
2 2 2 2 2 1
O—e—0O0—0O0—C—>0 v2 yes sGT | —304 40 38 s0(4,9) su(2) @ s0(9) R
MToooY2 3 Y4 Y5 6
2 2 2 2 2 1
O—O—e—0O0—C—0 ©3 no sGT | —240 30 48 50(6,7) su(3) @so(7) R
o2 B YA Y5 V6
2 2 2 2 2 1
O—0O0—0O0—e—0—>0 04 no sGT | —104 26 52 50(8, 5) su(4) ®so(5) ®R
0 E T T B 7 S O e (3
2 2 2 2 2 1
O—O0—O0—0O0—e&—0 ©s5 no sF 50 28 50 50(10,3) su(5) ®su(2) @R
7 72 3 Y4 5 Y6
2 2 2 2 2 1
oO—0O0—0O0—0—C—>® ©6 no sF 336 36 42 50(12,1) su(6) @R
0 E T T S 7 S O e (3
©1 + e no sF 312 26 52 50(12,1) su(5) @ R?
303 + @6 no sF 120 18 60 50(12,1) (su(3))? ® R?
3p2 + 206 no sF 116 20 58 s0(12,1) su(2) @ su(4) © R?
2¢1 + 592 + 4pe no sF 60 18 60 50(12,1) su(4) @ R3
301 + 593 + 2906 no sF 64 14 64 50(12,1) su(2) @ su(3) @ R3
302 + 43 + 2906 no sF 64 14 64 50(12,1) su(2) @ su(3) @ R3
P14 02 + 203 + g no sF 132 12 66 s0(12,1) su(3) @ R*
2 2 2 2 2 1
O—e—0O0—0O—e—>0 ©2 + s no sGT | —62 16 62 50(6,7) | (su(2))? @ su(3) ® R?
MTooY2 3 Y4 Y5 6
2 2 2 2 2 1
O—O0—0O0—e—(O—>® . t‘“‘ﬁ‘ ;r tt“"g 0 no | sCY 0 20 58 50(4,9) | su(4) ®su(2) dR2
MmooY2 Y4 5 6 orallls,le
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Dimension of g = 78
Four non-compact real forms: sp(1,5), sp(2,4), sp(3,3), sp(6,R).
Fundamental dominant weights: o = v, + v5 4+ 43 + v4 + 75 + %76

w2 =71+ 272 + 273 + 274 + 275 + 6

@3 =714 272 + 373 + 374 + 375 + 376
pa=m+ 272+ 373 + 4y +4ys + 2%
¢5 =71+ 272 + 373 + dva + 575 + 56
Y6 =71+ 272+ 373+ 41+ 575 + 37

Vogan diagram ) p €A | Type S dimV | dimG/V g v
1 1 1 1 1 2
e—O0—0O0—0O0—QOxX0 ®1 no sQT | —176 56 22 sp(1,5) sp(5) @R
71 Y2 3 Y4 5 Y6
1 1 1 1 1 2
O0—e—0O0—0O0—OX0 2 yes sGT | —190 40 38 sp(2,4) su(2) @sp(4) @R
Y1 Y2 Y3 Y4 5 e
1 1 1 1 1 2
O—0O—8—0O0—0O<X 0 3 no sGT | —96 30 48 sp(3,3) su(3) ®sp(3) ® R
0T R % T VO T B 10
1 1 1 1 1 2
O—0O0—0—e—(OX0 4 no sF 52 26 52 sp(2,4) su(4) ®so(5) ®R
T R % B 7 I 18
1 1 1 1 1 2
O—O0—0O0—0O0—@&X0 5 no sF 200 28 50 sp(1,5) su(5) @ su(2) @R
T T % T VR T B 10
501 + 3¢5 no sF 58 20 58 sp(1,5) su(4) @ su(2) @ R?
52 + 25 no sF 62 16 62 sp(1,5) | (su(2))? @ su(3) @ R?2
503 + @5 no sF 62 16 62 sp(1,5) | su(3) @ (su(2))? @ R?
w5 + e no sF 104 26 52 sp(1,5) su(5) @ R?
01 + 202 + @5 no sF 128 14 64 sp(1,5) su(3) @ su(2) R3
31 + 43 + @5 no sF 66 12 66 sp(1,5) (5u(2))3 @ R3
501 + @5 + 206 no sF 60 18 60 sp(1,5) su(4) @ R3
32 + 303 + @5 no sF 66 12 66 sp(1,5) (su(2))® @ R3
201 + 2p2 + 303 + ©5 no sF 68 10 68 sp(1,5) (su(2))2 @ R*
1 1 1 1 1 2
O—0O0—O0—0—COCX® 6 no GT | —294 36 42 5p(6,R) su(6) @R
T R % T VO T B 1
1 1 1 1 1 2
o O OO0 foﬁlg‘;ll j tt‘“”; 0 no | sCY | 0 20 58 p(3,3) | su(3) @ so(5) @ R2
Mmoo Y3 Y4 Y 6 1;t4
1 1 1 1 1 2
O—e—0——0——C<e 202 + 6 no sQT | —58 20 58 sp(6,R) | su(2) @ su(4) @ R?
71 Y2 3 Y4 5 Y6
1 1 1 1 1 2
O—0O—e—0O0—@&<X0 ©3 + 5 no sF 62 16 62 sp(2,4) | su(3) @ (su(2))® © R?
0T - T 7O I (¢
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Dimension of g = 66
Three non-compact real forms with trivial automorphism: so(2,10), so(4, 8), s0*(12).

Fundamental dominant weights: ¢ = ~v; + o + 3 + 74 + %75 =+ %%
P2 =71+ 272+ 273+ 271+ 75 + 76
P3 =7+ 272 + 373+ 371+ 575 + 5%

Pa ="+ 272 + 373 +4ya+ 295 + 27
1 3 3
s =5Mm+12+573+27+ 575+
1 3 3
Ye=5N+tY2+T513+27u+75+35%
Vogan diagram o) p €A | Type S dimV | dimG/V g v
V5
P1 no GT —200 46 20 s0(2,10) s0(10) & R
ToY2 B M 76
Vs
02 yes sGT | —238 32 34 s0(4,8) su(2) ®so(8) ®R
0 I OB % B 71 76
5
®3 no sGT | —168 24 42 50(6,6) su(3) @su(4) R
Mmoo B M4 6
5
o4 no sGT | —44 22 44 50(4,8) | su(4) ® (su(2))?’ @R
71 Y2 Y3 Y4 Y6
5
s no GT —300 36 30 50*(12) su(6) ®R
T2 3 M4 6
Y5
©5 + v6 no sF 80 26 40 50(2,10) su(5) @ R?
0 I OB % S 71 76
501 + 5 + 6 no sF 48 18 48 50(2, 10) su(4) @ R3
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Dimension of g = 63

Four non-compact real forms with trivial automorphism: su(1,7), su(2,6), su(3,5), su(4,4).
Fundamental dominant weights: ¢y = Iy + 295 + 3y3 4+ Sy + 375 + 176 + 577

P2 =3m +
3= g™ +

%72 +
372 +

Frs vt s+ 3%+ 1
IV VO VR T
8 V3 + 274"’ 875 + 476"" V7

p1=gm+ 72+ 57+ 2%+ 57 + %6 + 377
p5=Fn+ 3+ g+ dut ¥+ e+ i
Yo = 171+ 372+ 13+ Y4+ 5+ 576 + 3
pr=3n+ i+ in+tinut it ivnt i

Vogan diagram ® @ €A Type s dimV dimG/V g v
GT —112 49 14 su(l,7 su(7) @R
Moo WM™ B %W o1 e wen u
GT —192 39 24 su(2,6 2 su(6 R
MY Y3 YA Y Y6 T w2 = w0 @ @@ ®
GT —240 33 30 su(3,5 su(3 su(5 R
Y12 Y3 Y4 Y Y% T ®3 ne u(8,9) 43 B oul®) @
GT —256 31 32 su(4,4 4 ®R
Mmoo Y3 Y4 B %6 T o4 e u(4,4) (su(4))
2 5 sGT —34 29 34 su(3,5 su(5 su(2 R
Yoo B B Y% T #1576 me | s u(8,5) u(5) & su(2) &
+ 5 sGT —130 37 26 su(2,6 su(6) @R
0 T - B T O (I e ¢ LTer e ® 0 o
O . O O O . O 2 2
sGT —80 23 40 4,4 su(2 su(4 R
" 72 "3 "1 Pt 76 v p2 + v6 no s su(4,4) | (su(2)” ®su(4) &
5 2 sGT —34 29 34 3,5 su(2 5 R
I T 7 S 7S I (I g2t e A I IR b
" 72 ~3 4 5 6 ~7 4p3 + @04 no sF 38 25 38 su(l,7) su(3) @ su(4) R
3¢ + 3p3 + 4 no sF 42 21 42 su(l,7) su(2) @ su(4) @ R3
3o + 2¢3 + w4 no SF 42 21 42 su(1,7) su(2) @ su(4) @ R3
201 + 202 + 203 + ©g no sF 44 19 44 su(l,7) su(4) @ R4
O O . O . O O 2 2
sE 42 21 42 2,6 su(3 su(2 R
Yoo oY Y Y% T #3 s ne s su(2,6) | (su(E)? @ su(x) @
" 72 3 4 ~5 6 ~7 w4 + 4e5 no sF 38 25 38 su(l,7) su(4) @ su(3) DR
©4 + 205 + 3¢g no sF 42 21 42 su(l,7) su(4) EB.f;u(Z)éB]}R“5
4 + 3¢5 + 307 no SF 42 21 42 su(1,7) su(4) @ su(2) @ R3
w4 + 205 + 206 + 207 no sF 44 19 44 su(l,7) su(4) EBR4
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Dimension of g = 105

Seven non-compact real forms: so(2,13), s0(4,11), s0(6,9), s0(8,7), 50(10,5), s0(12, 3), s0(14,1).
Fundamental dominant weights: o1 =71+ +7v3+ 74 + 7 + 7 + 77

w2 =+ 272 + 293 + 274 + 295 + 276 + 277
w3 =71 + 272 + 373 + 3714 + 375 + 376 + 37
w4 =71+ 272+ 373 +4va + 4y + 4y + 47
05 =71+ 272 + 373 + 4y4 + 575 + 5% + 57
w6 =71+ 272 + 373 + 474 + 55 + 676 + 677

p7 =301+ P2 + 303+ 204 + 305 + 36 + 57

Vogan diagram v peA | Type s dimV | dimG/V g v
2 2 2 2 2 2 1
o ©1 yes GT —338 79 26 s0(2,13) 50(13) R
71 Y2 Y3 Y4 5 Y6 Y7
2 2 2 2 2 2 1
O—.—Q—O—Q—Oj:@ va yes sGT —460 59 16 50(4,11) su(2) @ so(11) G R
71 2 73 Y4 5 6 0ks
2 2 2 2 2 2 1
O—0O0O—e—0O0—0O0—C0—>0 w3 no SGT | —420 45 60 50(6,9) su(3) @ s0(9) R
71 72 73 iz V5 6 7
2 2 2 2 2 2 1
O—0O0—O0O—e—0O0—C—0 4 no sGT | —272 37 68 50(8,7) su(4) ® so(7) R
71 V2 Y3 Y4 5 6 7
2 2 2 2 2 2 1
O—O—Q—O—.—Oj:@ @5 no sGT —70 35 70 50(10,5) su(5) @ so(5) ®R
71 72 73 iz Y5 6 Y7
2 2 2 2 2 2 1
O—0O0—O0—O0—0—e@—0 v no sF 132 39 66 s0(12,3) su(6) ® su(2) R
7 72 3 V4 5 6 i
601 + ¢6 no sF 76 29 76 s0(12,3) su(5) ® su(2) ® R?
w6 + 207 no sF 68 37 68 s0(12,3) su(6) EB]R2
2 2 2 2 2 2 1
O—O0—0O0—0O0—0—C0C—>® w7 no SF 560 49 56 s0(14, 1) su(7) @R
71 72 73 iz Y5 6 Y7
7o1 + 8p7 no sF 68 37 68 s0(14,1) su(6) @ R2
Too + 607 no SF 76 29 76 s0(14,1) s5u(2) @ su(5) @ R?
7oz + 4p7 no SF 80 25 80 s0(14, 1) su(3) @ su(4) @ R2
Teq + 207 no sF 80 25 80 so0(14,1) su(4) @ su(3) @ R2
»1 + 302 + 3p7 no SF 156 27 78 s50(14, 1) su(5) @ R3
3p1 + 693 + 47 no SF 84 21 84 s0(14,1) su(2) ® su(4) @ R3
201 + 3p4 + @7 no sF 172 19 86 s0(14,1) (su(3))2 @ Rr3
B3¢0 + 5¢3 + 4pr no SF 84 21 84 s0(14, 1) su(2) ® su(4) @ R3
400 + 504 + 207 no sF 88 17 88 s0(14,1) | (su(2)? @ su(3) @ R3
203 + 204 + @7 no sF 172 19 86 s0(14,1) (su(3))2 @ Rr3
2p1 + 299 + 5e3 + 47 no sF 86 19 86 s0(14,1) su(4) ® R4
2¢1 + 3¢9 + 54 + 207 no SF 90 15 90 so0(14,1) su(2) ® su(3) @ R:
3p1 + 303 + 4p4 + 207 no SF 20 15 20 s0(14,1) su(2) @ su(3) @ RY
3po + 203 + 404 + 207 no sF 90 15 90 s0(14,1) su(2) ® su(3) @ RY
Y1 + 2+ e3 + 204 + @7 no sF 184 13 92 s0(14,1) su(3) G}]R5
2 2 2 2 2 2 1
e O0—0O0—0O—e—(C0—>0 1 + 205 no SGT —78 27 78 50(8,7) su(4) @ so(5) @ R?

71

72 73 Y4 75 6 7
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Dimension of g = 105

Four non-compact real forms: sp(1,6), sp(2,5), sp(3,4), sp(7,R).

Fundamental dominant weights:

=n+r+1+r+rs+%+ 377

w2 =7+ 272+ 273 + 274+ 275 + 296 + 7

p3 =71+ 272 + 373+ 374 + 375 + 376 + 37
pa=m+272+ 33 + 471+ 4y + 4y + 297
@5 =71 + 272 + 373 + 41 + 575 + 576 + 37
w6 =71 + 272 + 373 + 4v4 + 55 + 676 + 377
©7 =71 4 272 + 373 + 4y4 + 575 + 676 + L7

Vogan diagram v ¢ €A | Type s dimV | dimG/V 8 v
1 1 1 1 1 1 2
e (O—O0O—O0O0—0—CX0 @1 no SGT | —260 79 26 sp(1,6) sp(6) ® R
7 72 3 Y4 5 6 Yt
1 1 1 1 1 1 2
Oi.—Q—O—Q—O:CO = yes sGT —322 59 46 sp(2,5) su(2) @ sp(5) R
71 72 73 oz V5 6 Y7
1 1 1 1 1 1 2
Oio—.—Q—Q—O:CO 3 no sGT —240 45 60 sp(3,4) su(3) @ sp(4) B R
71 72 V3 oz 75 6 V7
1 1 1 1 1 1 2
%O—Q—.—Q—Q:CO P4 no sGT —68 37 68 sp(3,4) su(4) @ sp(3) ®R
7 72 3 Y4 5 6 Yt
1 1 1 1 1 1 2
O—O0—0—0O0—e—(CX0 ©s no SF 140 35 70 5p(2,5) su(5) @ so(5) R
71 72 V3 oz V5 6 V7
501 + @5 no sF 78 27 78 sp(2,5) su(4) @ so(5) @ R?
1 1 1 1 1 1 2
%O—O—O—Q—.:CO ©6 no sF 330 39 66 sp(1,6) su(6) @ su(2) @R
71 72 V3 oz V5 e V7
301 + 2¢¢ no sF 152 29 76 sp(1,6) su(5) ® su(2) @ R2
200 + ¢g no SF 246 23 82 sp(1,6) (su(2))? @ su(4) @ R?
3¢3 + vg no SF 168 21 84 sp(1,6) (su(3)2 @ su(2) ® R?
604 + ©6 no sF 82 23 82 sp(1,6) su(4) @ (su(2))? @ rR2
306 + 207 no SF 68 37 68 sp(1,6) su(6) @ R?
201 + 599 4 3¢g no sF 84 21 84 sp(1,6) su(4) @ su(2) G R3
3p1 + 5p3 + 206 no sF 88 17 88 sp(1,6) (su(2))? @ su(3) @ R3
401 + 5p4 + vg no sF 88 17 88 sp(1,6) su(3) @ (su(2)? o r3
3p1 + w6 + @7 no sF 156 27 78 sp(1,6) su(s5) @ R3
3po + 493 + 206 no sF 88 17 88 sp(1,6) (su(2))? @ su(3) @ R3
4po + 4oy + vg no sF 90 15 90 sp(1,6) (su(2))* @ r3
600 + 96 + 207 no SF 84 21 84 sp(1,6) su(2) ® su(4) @ R3
493 + 3p4 + g no sF 88 17 88 sp(1,6) su(3) @ (51!(2))2 @ R3
®1 + ®2 + 2¢3 + ¢g no sF 180 15 90 sp(1,6) 5u(3)€Bsu(2)®]R4
201 + 3po + 404 + ¢g no sF 92 13 92 sp(1,6) (su(2))3 @ r?
2¢1 + 599 + g + 207 no sF 86 19 86 sp(1,6) su(4) @ ®RrR4
3p1 + 393 + 3p4 + 9g no sF 92 13 92 sp(1,6) (su(2))3 @ Rr*
300 + 2¢3 4 304 + ¢g no sF 92 13 92 sp(1,6) (su(2))3 @ R4
201 + 2p0 4 203 + 304 + ©g no sF 94 11 94 sp(1,6) (su(2))? @ R®
1 1 1 1 1 1 2
%O—Q—O—Q—OK:. e7 no GT —448 49 56 sp(7,R) su(7) @R

7

72 3 Y4 Y5 6 v
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Vogan diagram @ w A Type s dimV dimG/V g 0
1 1 1 1 1 1 2
O—e—0O0—0—0—CX e 0o + 207 no sGT | —76 29 76 sp(7,R) su(2) @ su(5) @ R?
7 Y2 3 Y4 V5 Y6 ok
1 1 1 1 1 1 2
O—Q—O—.—Q—.on 204 + vg no SF 82 23 82 sp(2,5) | su(4) @ (su(2))? @ r2
gat 72 V3 Y4 Y5 6 v
401 + 04 + 06 no SF 88 17 88 sp(2,5) su(3) @ (su(2))?2 @ r3

D~

Dimension of g = 91

Four non-compact real forms with trivial automorphism: s0(2,12), so(4, 10), s0(6,8), s0*(14).
Fundamental dominant weights: o1 =1 + 72 + 73 + 74 + 75 + 37 + 377

P2a=71+272+273+27% + 2% +v% + 7

¢3 =71 +272 + 373+ 37 + 375 + 576 + 37
pa =1+ 272 + 33 +4ya + 45 + 276 + 277

@5 =7 + 272 + 373 + 4y + 57 + 376 + 377
Yo =g+ Y2+ 573+ 2%+ 575 + 6 + 3
pr=3m+72+31+2v+ 3+ 5%+ 1

Vogan diagram @ ® €A Type s dimV dimG/V g v

/O Y6
e —O—O—O0O——~C(O °1 no GT —288 67 24 50(2,12) s50(12) ® R
0 F U e - B 71 75\0 7

O
O——O0—O0——=C(O ®2 yes sGT —378 49 42 s0(4,10) su(2) @ s0(10) R
Moo WOV B NOr

O
O—O—e8—O0——C(O 3 no sGT —324 37 54 50(6,8) su(3) ®so(8) BR
0 IS TS & B 1 75\0 v

O
O—0O——O0O—e—CO w4 no sGT —180 31 60 50(6,8) (su(4)2 @ r
Mmoo 3 M 75\0 7

/O 76
O—0O—O0O—0O—@ ©5 no sCY 0 31 60 s0(4, 10) su(5) ® (su(2)? R
T2 Y3 M4 Ws\o 7

/. Y6
oO—0O——O——O0O——~CQO %6 no GT —504 49 42 s0%(14) su(7) @R
0 F U e - B 71 75\0 7

O
.—O—O—O—. 3p1 + 5 no sGT —68 23 68 s0(6,8) su(4) @ (51‘(2)2) @ R2
Moo WOV B NOr

/. Y6
O—0O——(O—0O0——~CO ©6 + ©7 no sF 162 37 54 s0(2,12) su(6) @ R?
0 P TS & B 1 75\. v

3p1 + v + ¥7 no sF 128 27 64 s0(2,12) su(5) EBR3
699 + @6 + ©7 no sF 70 21 70 s0(2,12) su(2) @ su(4) ®R3
201 + 5o + v + 7 no sF 72 19 72 50(2,12) su(4) @ R?
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Rank 8

As

Dimension of g = 80
Four non-compact real forms with trivial automorphism: su(1,8), su(2,7), su(3,6), su(4,5).

Fundamental dominant weights: ¢ = %71 + %'yg + %’yg + 374 + %75 + %76 + %fw + %78

p2=Fn+gntyrt+gut it it it
P53 =3N+ 572+ 273+ 3+ 5% + %6 + 377 + 58
pi=gn+gr+ i+ Pt g+ 3+ 57+ 5
ps =gm+ 812+ 51+ P+ B+ 5+ P+ 5
Yo =371+ 312+ 3+ 574+ 5% + 2% + 377 + 38

_ 2 4 2 8 10 4 14 7
pr=gMnt+gr2t+ 313 t+gratgrst+376+ 577+ 578
ps=gmn+ 372+ 573+ gma+ 5% + 576 + g7+ §s

Vogan diagram @® e €A Type s dimV dimG/V g v
M Y2 V8 4 V5 V6 VR e1 no GT —144 64 16 su(l,8) su(8) @R
Y1 Y2 3 Y4 ¥5 Y6 Y7 Y8 =P} no GT —252 52 28 su(2,7) su(2) @ su(7) @R
Y1 Y2 Y3 Y4 ¥5 Y6 Y7 Y8 3 no GT —324 44 36 su(3,6) su(3) @ su(6) @R
T Y2 v3 Y4 5 6 ¥7 v8 w4 no GT —360 40 40 su(4,5) su(4) @ su(b) ®R
, _ N N o 2
M Y2 Y8 i V5 Y6 T W vl + 207 no sGT 120 40 40 su(3,6) w(6) @ su(2) @R
a 5 — 5 2
T Y2 Y8 4 V5 Y6 T 8 v1 + v8 yes sGT 180 50 30 su(2,7) su(7) @R
, _ R . 25, 2
M Y2 Y3 Y4 5 Y6 VT I8 po + o7 no sGT 144 32 48 su(4,5) (5u(2))” @ su(5) @R
. R o 3 2
Y Y2 3 Y4 5 Y6 YT I8 ¢3 + v no sCY 0 26 54 su(3,6) (su(3))° &R
. . . 2 2
Y Y2 Y8 Y4 5 Y6 r W pa + o5 no sF 144 32 48 su(1,8) (su(4)?2 @R
401 + 204 + 3¢5 no sF 54 26 54 su(1,8) su(3) @ su(4) @ R3
400 + @4 + 35 no sF 56 24 56 su(1,8) | (su(2)2 @ su(4) @ R3
2¢1 + 3p2 + ©4 + 3¢5 no sF 58 22 58 su(l,8) su(2) 69511(4)@IR4
401 + 2p4 + o5 + o7 no sF 62 18 62 su(1,8) | su(3) @ (su(2))? @ k4
201 + @4 + @5 + 208 no sF 120 20 60 su(l, 8) (su(3))2 @ r?
400 + @4 + @5 + do7 no sF 64 16 64 su(l,8) (su(2)?* @ r4
4p9 + @4 + 205 + 4oy no sF 62 18 62 su(l,8) (su(2)? @ su(3) @ r*
34 + @5 + 307 + 208 no SF 58 22 58 su(l,8) su(4) @ su(2) @ RY
201 + 302 + @4 + o5 + der no sF 66 14 66 su(1,8) (su(2))3 & R®
201 + 39 + @4 + 205 + 4oy no sF 64 16 64 su(l,8) su(2) @ su(3) ® RS
201 + 300 + @4 + @5 + 307 + 208 no sF 68 12 68 su(l, 8) (su(2))2 @ rS
8 o 8
T Y2 Y3 Va4 Y5 Y6 Y7 78 >5—1 tiw forall t; >0 no sCY 0 8 72 su(4,5) R
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Bg

Dimension of g = 136

Eight non-compact real forms: so(2,15), so(4, 13), s0(6,11), s0(8,9), 50(10,7), s0(12,5), s0(14, 3),

50(16,1).

Fundamental dominant weights: ¢y1 =71 +Y2 +7v+7+v+% +77+ 78

Y2 =71+ 272 + 293 + 294 + 2795 + 2796 + 277 + 278
w3 =7+ 272 + 373 + 374+ 375 + 376 + 37 + 378
P4 =71+ 272 + 373 +4va +4ys + dye + 4yr +4s
05 =71 + 272 + 373 + 4y4 + 55 + 5v6 + 57 + 578
w6 =71 + 272 + 373 + 4v4 + 55 + 696 + 697 + 67
w7 =1+ 272+ 373 + 474 + 55 + 676 + Tyr + T

ps = 371 + 2+ 573+ 271 + 375 + 376 + g7 + 4

Vogan diagram @ P €A Type s dimV dimG/V g v
2 2 2 2 2 2 2 1
©1 yes GT —450 106 30 s50(2,15) 50(15) ® R
Y2 Y3 Y4 % Y6 YT 8
2 2 2 2 2 2 2 1
©2 yes sGT —648 82 54 s0(4,13) su(2) @ so(13) &R
Y2 3 Y4 Y5 Y6 YT 08
2 2 2 2 2 2 2 1
®3 no sGT —648 64 72 s0(6,11) su(3) ®so(1l) B R
YrooY2 Y3 Y4 %5 Y6 VT 8
2 2 2 2 2 2 2 1
w4 no sGT —504 52 84 s50(8,9) su(4) @ so(9) &R
YroY2 Y3 Y4 Y5 Y6 YT 8
2 2 2 2 2 2 2 1
O— v5 no sGT —270 46 90 50(10,7) su(5) @ so(7) B R
YiooY2 Y3 Y4 Y5 Y6 V7T 8
2 2 2 2 2 2 2 1
©6 no sCY 0 46 90 s0(12,5) su(6) ® so(5) DR
Y12 Y3 Y4 Y5 Y6 VT 8
2 2 2 2 2 2 2 1
w7 no sF 252 52 84 so0(14,3) su(7) @ su(2) @R
Y2 3 Y4 Y5 Y6 YT 08
Te1 + 207 no sF 96 40 96 s0(14,3) su(6) @ su(2) @ R2
T + o7 no sF 104 32 104 s0(14, 3) (su(2))2 & su(5) ® R2
o7+ v8 no sF 172 50 86 s0(14, 3) su(7) @ R2
2¢1 + 602 + @7 no sF 106 30 106 so0(14, 3) su(5) @ su(2) & R3
Te1 + o7 + 208 no sF 98 38 98 so(14,3) su(6) @ R3
2 2 2 2 2 2 2 1
s no sF 864 64 72 s0(16,1) su(8) &R
Y Y2 Y3 Y4 Y5 Y6 YT 8
491 + 5pg no sF 172 50 86 s0(16,1) su(7) @ R2
v + vg no sF 768 40 96 50(16, 1) su(2) @ su(6) @ R2
4¢3 + 3pg no sF 204 34 102 s0(16,1) su(3) @ su(b) & R2
204 + ¢8 no sF 416 32 104 50(16,1) (su(4))? @ r2
405 + o8 no sF 204 34 102 50(16, 1) su(5) @ su(3) @ R2
2¢1 + Tpa + 8¢y no sF 98 38 98 s0(16,1) su(6) & R3
31 + Tez + 6y no sF 106 30 106 s0(16,1) su(2) ® su(5) @ R3
401 + Ty + 4oy no sF 110 26 110 50(16, 1) su(3) @ su(4) @ R3
501 + Tes + 208 no sF 110 26 110 50(16,1) su(4) @ su(3) EB]R3
po + 203 + 28 no sF 318 30 106 s50(16,1) su(2) ® su(5) & R3
209 + 3p4 + 208 no SF 224 24 122 50(16,1) | (su(2))2 @ su(4) @ rR3
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Vogan diagram ® p €A | Type s dimV | dimG/V g v
403 + 504 + 4oy no SF 110 26 110 50(16, 1) su(3) @ su(4) O R3
503 + 5p5 + 208 no sF 114 22 114 50(16, 1) (su(3)2 @ su(2) ®R3
504 + 405 + 208 no sF 110 26 110 s0(16,1) 5u(4)€95u(3)€BR3
w1 + @2 + 303 + 3eg no sF 216 28 108 50(16, 1) su(5) @ R
201 43¢0 + 604 + 4pg no SF 114 22 114 50(16,1) su(2) @ su(4) O R
P14 209 + 305 + @3 no SF 232 20 116 s0(16, 1) (su(3))? @ r%
3p1 + 393 + 5oy + ey no sF 114 22 114 50(16, 1) su(2) @ su(4) O R
301 + 403 + 505 + 208 no SF 118 18 118 50(16,1) | (su(2)2 @ su(3) & R
201 + 204 + 205 + 98 no sF 232 20 116 s0(16,1) (su(3)2 @ r*
3¢ + 203 + 5oy + ey no sF 114 22 114 50(16, 1) su(2) @ su(4) @ R:
3p0 + 303 + 505 + 208 no SF 118 18 118 50(16,1) (su(2)? @ su(3) @ R4
4o + 3py4 + des + 298 no sF 118 18 118 s0(16,1) (su(2)2 @ su(3) ® rR*
203 + @4 + 205 + o8 no sF 232 20 116 50(16, 1) (su(3))? o r?
201 + 22 + 2903 + 594 + 4eg no sF 116 20 116 s0(16,1) su(4) GBIRS
2p1 + 299 + 393 + 55 + 298 no sF 120 16 120 50(16, 1) su(2) @ su(3) @ R®
2p1 + 3¢9 + 304 + 4e5 + 208 no sF 120 16 120 s0(16, 1) su(2) @ su(3) ® RO
3¢ + 3¢3 + 2904 + 405 + 203 no sF 120 16 120 s0(16,1) 5u(2)€95u(3)®R5
3y + 203 + 204 + 4e5 + 208 no SF 120 16 120 50(16, 1) su(2) @ su(3) & R®
01+ @+ ©3 + 04 + 205 + w8 no sF 244 14 122 50(16,1) su(3) @ RO
509 + 605 + 208 no sF 114 22 114 s0(16,1) su(2) @ (51{(3))2 @ Rr3
2 2 2 2 2 2 2 1
401 + g no sGT —100 36 100 50(10,7) su(5) @ so(5) @ R2
YoY2 Y3 Y4 Y5 Y6 Y7 8
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Cs

Dimension of g = 136
Five non-compact real forms: sp(1,7), sp(2,6), sp(3,5), sp(4,4), sp(8,R).
Fundamental dominant weights: ¢, = v 4+ vo 4+ v3 + 74 + 75 + 6 + V7 + %’Ys

w2 =71+ 272+ 273+ 294 + 2795 + 279 + 297 + s

e3=m+272+313+37+37 +37% + 377 + 398
w4 =71+ 272+ 373 +4vs + 45 + 4y + 4yr + 278
P5 =M + 292 + 373 + 4ya + 5y5 + 5Y6 + 57 + 58
06 =71 + 272 + 373 + 474 + 55 + 676 + 677 + 3
Q7 =71+ 272 + 373 + 4va + 575 + 676 + Ty7 + 278
w8 =7+ 272+ 3v3 + 474+ 575 + 676 + Ty7 + 4

Vogan diagram @ €A | Type s dimV | dimG/V o o
1 1 1 1 1 1 1 2
01 no sGT —360 106 30 sp(1,7) sp(7) OR
Y12 Y3 Y4 Y5 Ve Y71 8
1 1 1 1 1 1 1 2
=D yes sGT —486 82 54 sp(2,6) su(2) @sp(6) PR
Yroo2 Y3 Y4 Y5 Y6 YT 8
1 1 1 1 1 1 1 2
©3 no sGT —432 64 72 sp(3,5) su(3) @sp(5) BR
Y12 Y3 Y4 Y5 Y6 YT 8
1 1 1 1 1 1 1 2
ea no sGT —252 52 84 s5p(4,4) su(4) ® sp(4) ® R
Y2 Y3 Y4 Y Y6 YT 8
1 1 1 1 1 1 1 2
©5 no sCY 0 46 90 sp(3,5) su(5) @sp(3) DR
Yo Y2 Y3 Y4 Y5 Y6 Y7 Y8
1 1 1 1 1 1 1 2
6 no SF 270 46 90 s5p(2,6) su(6) @ so(5) R
71 Y2 73 Y4 V5 Y6 Y78
301 + vg no SF 200 36 100 sp(2,6) su(5) @ so(5) ® R
602 + 96 no SF 106 30 106 sp(2,6) | su(2) @ su(4) @ so(5) ®R2
201 + 509 + g no sF 108 28 108 sp(2,6) su(4) @ so(5) @ R3
1 1 1 1 1 1 1 2
©7 no sF 504 52 84 sp(1,7) su(7) @ su(2) R
Yroo2 Y3 Y4 Y5 Y6 YT 8
Te1 + 507 no sF 96 40 96 sp(1,7) 511(6)69511(2)69]}22
Teoo + dp7 no sF 104 32 104 sp(1,7) (su(2))2 @ su(5) @ R2
T3 + 307 no SF 108 28 108 sp(1,7) | su(3) @ su(4) @ su(2) @ R2
Toq + 207 no sF 108 28 108 sp(1,7) su(4) @ su(3) ﬂ)su(2)€9h§2
Tos + @7 no SF 104 32 104 sp(1,7) su(5) @ (su(2))? @ R2
207 + ¢g no sF 172 50 86 sp(1,7) su(7) @ R2
©1 + 309 + 207 no SF 212 30 106 sp(1,7) su(5) @ su(2) @ R3
e1 4 203 + o7 no SF 336 24 112 sp(1,7) (su(2))2 @ su(4) ®R3
201 + 304 + @7 no SF 228 22 114 sp(1,7) (su(3))? @ su(2) ® R3
501 + 605 + @7 no sF 112 24 112 sp(1,7) su(4) @ (su(2)? @ r3
Te1 + 37 + 208 no SF 98 38 98 sp(1,7) su(6) @ R3
3¢o + 503 + 307 no sF 112 24 112 sp(1,7) (su(2)? @ su(4) ® R3
49 + 5oy + 207 no sF 116 20 116 sp(1,7) (su(2))3 @ su(3) @ rR3
509 + 505 + @7 no sF 116 20 116 sp(1,7) (su(2))3 @ su(3) @ R3
oo + 207 + 208 no sF 106 30 106 sp(1,7) su(2) @ su(5) @ RS
203 + 204 + @7 no SF 228 22 114 sp(1,7) (su(3))2 @ su(2) ®R3
503 + 4p5 + @7 no sF 116 20 116 sp(1,7) su(3) @ (su(2))3 @ R3
7e3 + o7 + 208 no SF 110 26 110 sp(1,7) su(3) @ su(4) @ R3
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Vogan diagram % o €A | Type s dimV | dimG/V a v
504 4 3¢5 + @7 no sF 112 24 112 sp(1,7) su(4) @ (su(2))?2 @ Rr3
201 + 209 + 5pg + 307 no SF 114 22 114 sp(1,7) su(4) @ su(2) ®RE
201 + 3¢9 + 504 + 207 no sF 118 18 118 sp(1,7) (su(2))? @ su(3) @ R4
201 + 4pg + 5o5 + @7 no sF 118 18 118 sp(1,7) (su(2)? @ su(3) @ r*
P14 302 + ¢7 + vg no SF 216 28 108 sp(1,7) su(5) @ R4
301 + 303 + 404 + 207 no SF 118 18 118 sp(1,7) | (su(2))? @ su(3) @ R*
3p1 + 4e3 + o5 + o7 no sF 120 16 120 sp(1,7) (su2)? @ r?
31 4 693 + ¢7 + 208 no sF 114 22 114 sp(1,7) su(2) @ su(4) @ R
401 + 4p4 + 305 + o7 no SF 118 18 118 sp(1,7) | su(3) @ (su(2)2 o r?
3po + 203 + 404 + 207 no sF 118 18 118 sp(1,7) (su(2))? @ su(3) @ R
3po + 3p3 + 405 + @7 no SF 120 16 120 sp(1,7) (su(2)? @ r4
309 + 503 + @7 + 208 no SF 114 22 114 sp(1,7) su(2) @ su(4) @ R4
499 + 3p4 + 305 + @7 no sF 120 16 120 sp(1,7) (su(2)?* @ rt
403 + 204 + 3¢5 + @7 no SF 118 18 118 sp(1,7) | su(3) @ (su(2))? @R
01+ o + 3 + 204 + o7 no SF 240 16 120 sp(1,7) su(3) @ su(2) ® RO
201 + 209 + 303 + 4e5 + @7 no sF 122 14 122 sp(1,7) (su(2))3 @RS
21 + 2¢p2 + 503 + ©7 + 208 no sF 116 20 116 sp(1,7) 51((4)®R5
201 + 3¢ + 3¢4 + 3¢5 + @7 no sF 122 14 122 sp(1,7) (su(2))3 @ RS
301 + 3p3 + 204 + 305 + @7 no sF 122 14 122 sp(1,7) (su(2))3 @ R®
300 + 203 + 204 + 305 + @7 no SF 122 14 122 sp(1,7) (su(2))3 @ RS
201 + 299 + 203 + 204 + 3¢5 + 7 no sF 124 12 124 sp(1,7) (su(2)? @ rS
1 1 1 1 1 1 1 2
e no GT —648 64 72 sp(8,R) su(8) @R
Y1 Y2 Y3 Y4 Y5 Ve Y71 V8
1 1 1 1 1 1 1 2
3¢5 + @7 no SF 104 32 104 sp(2,6) su(5) @ (su)? @ R2
YIoY2 Y3 Y4 Y5 Y6 YT 8
501 + 205 + @7 no SF 112 24 112 sp(2,6) | su(4) @ (su(2))2 @ R3
500 + @5 + o7 no sF 116 20 116 sp(2,6) (su(2))3 @ su(3) ® RS
201 + 409 + o5 + 07 no SF 118 18 118 sp(2,6) su(3) @ (su(2))? @ rd
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Dg

Dimension of g = 120

4 non-compact real forms with trivial automorphism: so0(2,14), so(4,12), so(6,10), so*(16).

Fundamental dominant weights: ¢

=m+re+r+rat+r+Y6+ 57+ 378
w2 =71+ 272+ 273+ 274+ 29 + 27 + 7 + 8

@3 =71+ 272 + 373 + 374 + 375 + 376 + 377 + 378
pa=71+272 + 373 +4va + 4y +4dye + 297 + 27
@5 =7 + 272 + 373 + 4v4 + 575 + 56 + 577 + 378
w6 =71+ 272 + 373 + 474 + 575 + 676 + 377 + 378
r=3m+r+in+2nu+ 3 +36+ 27+ 3
es =31 +72+ 33+ 274+ 5795 + 3% + 377 + 298

Vogan diagram ® pEeA Type s dimV dimG/V g v
ks
@1 no GT —392 92 28 s0(2,14) s50(14) B R
Y1oY2 Y3 Y4 Y5 V6 Y8
7
02 yes sGT | —550 70 50 s0(4,12) su(2) @ so(12) R
Y1 Y2 Y3 Y4 V5 V6 8
v
©3 no sGT —528 54 66 s0(6,10) su(3) @ s0(10) B R
Y1 Y2 Y3 Y4 V5 6 8
v
©a no sGT —380 44 76 50(8,8) su(4) ®so(8) DR
T2 B YAV V6 O
i
©s no sGT —160 40 80 50(6,10) su(5) @ su(4) ®R
T2 B YA V5 V6 Os
ks
e no sF 78 42 78 50(4,12) | su(6) @ (su(2))’ ®R
Y1oY2 Y3 Y4 Y5 V6 Y8
7
o7 no GT | —784 64 56 50*(16) su(8) R
Y1 Y2 Y3 Y4 V5 V6 8
i
209 + g no sGT —94 26 94 50(8,8) | (su(2))® @ su(4) ® R?
Y2 Y3 Y4 V5 V6 8
v
o7 + ¢s no sF 280 50 70 s0(2,14) su(7) @ R?
Yroov2 Y3 Y4 Y5 V6 Y8
71 + 3¢7 + 38 no sF 82 38 82 50(2,14) s5u(6) ® R3
T2 + 207 + 28 no sF 90 30 90 s50(2,14) su(2) @ su(5) @ R®
Tos + o7 + @8 no sF 94 26 94 s50(2,14) su(3) @ su(4) @ R®
P14 302 + 07 + w8 no sF 184 28 92 s0(2,14) su(5) ® R*
3p1 + 603 + @7 + @8 no sF 98 22 98 s50(2,14) su(2) @ su(4) ® R
32 + 593 + o7 + s no sF 98 22 98 s0(2,14) su(2) @ su(4) @ R*
201 + 202 + 53 + o7 + @8 no sF 100 20 100 50(2,14) su(4) ® RS
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B.2 Special exceptional adjoint orbits

Go

Dimension of g = 14
One non-compact real form: gao) = G.

Fundamental dominant weights: ¢1 = 2y; + 72

w2 =371+ 27
Vogan diagram v | €A | Type S dimV | dimG/V g v
1 3
[ ==@) »1 yes sGT | —30 4 10 g2(2) | su(2) ®R
7 V2
1 3
(% P2 yes sGT | —10 4 10 g2(2) | su(2) ®R
71 72
Fy
Dimension of g = 52
Two non-compact real forms: f44y = FI, f4(—20)= FIL
Fundamental dominant weights: ¢ = 2+ 4+ 3vo + 473+ 274
P2 =371+ 672 +8y3+47a
3 =271 +4y2+0673+ 37
w4 =71+ 272 +3v3 + 27
Vogan diagram © pe A | Type s dimV | dimG/V g v
2 2 1 1
©1 yes sGT | —180 22 30 fa(a) sp(3)dR
10 e - T & T O
2 2 1 1
O—e—>0—O0 2 no sGT | —40 12 40 fay | su(2) @su(3) &R
Mmoo Y3 M
2 2 1 1
O—C—®8—0 ©3 no sF 120 12 40 fa(—20) | 5u(3) Dsu(2) ®R
Moo 3 Y4
301 + 3 no sF 44 8 44 fa(—20) (su(2))? ® R?
p3 + pa no sk 84 10 42 Fa(—20) su(3) ® R?
2 2 1 1
O—O—>0—=e 04 yes sF 90 22 30 fa(—20) so(7)®R
Moo 3 Y4
2 2 1 1
e (O —-0—e 01 + 204 no sGT | —40 12 40 faca) s0(5) ® R?
ga! Y2 3 Y4
2 2 1 1
oO—O0—>9o—e 03 + @4 no sF 84 10 42 fa(—20) su(3) ® R?
0 B OB 7 S 7
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Eg

Dimension of g = 78

Two non-compact real forms with trivial automorphism: eg(2) = EII, eg(_14)= EIIL

Fundamental dominant weights: ¢1 = %71 +v2 + %73 + 24 + %% + %76
P2 =m1+272 + 273+ 374+ 275+ 76
Pz =371 + 272+ Pz + 4+ 575+ 5%
01 =271 + 372+ 4y3 + 674 + 4y5 + 276
p5 =31 + 272+ 53 + 4+ B + 5
06 =271+ + 3573 +27+ 5+ 5%

Vogan diagram o) p €A | Type S dimV | dimG/V g v
72
©1 no GT | —384 46 32 ¢6(—14) s0(10) & R
Y3 Y4 Y5 6
72
©2 yes sGT | —378 36 42 ¢6(2) su(6) ®R
Y3 Y4 Y5 6
2
©3 no sGT | —150 28 50 ¢6(2) su(2) dsu(b) ®R
Y13 74 Y5 6
Y2
P4 no sGT | —58 20 58 e6(2) (su(3))2 @ su(2) ®R
Y3 Y4 Y5 6
Y2
foflﬁll I: ’i‘;"’i 0 no sCY 0 30 48 e6(_14) 50(8) ® R2
Y3 Y4 Y5 6
72
w3+ ©5 no sF 62 16 62 eo(—14) | (5u(2))? & su(3) B R?
Y3 Y4 Y5 76
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E;

Dimension of g = 133

Three non-compact real forms: ez(7y = EV, e7(_5= EVI, e7(_25= EVII
Fundamental dominant weights: p; = 2v; 4 2v5 + 373 + 44 + 375 + 276 + 7
P2 =2m1 + 572 + 43+ 674 + 575 + 376 + 37
p3 =371 + 472 + 673 + 84 + 675 + dys + 277
@4 =4 + 672 + 83 + 1294 + 9795 + 676 + 377
05 =37 + 572 + 673 + 971+ Ty + 576 + 377
6 = 271 + 372 + 4y3 + 674 + 575 + 476 + 277
1=+ 372+ 293 + 3 + 375 + 276 + 377

Vogan diagram v | pe A | Type s dimV | dimG/V g v
Y2
P1 yes sGT | —990 67 66 e7(—5) s0(12) ® R
Y13 Y4 V5 Y6 7
72
w2 no sGT | —504 49 84 e7(7) su(7) &R
" Y3 Y4 Y5 Y6 V7
72
©3 no sGT —94 39 94 e7(—5) su(2) ®su(6) R
Y13 Y4 Y5 Y6 T
72
e no sCY 0 27 106 er(—5) | su(3) ®su(2) ®su(4) OR
Y1 Y3 Y4 Y5 Y6 V7
Y2
5 no sGT | —200 33 100 e7(7) su(5) ®su(3) @R
Y1 Y3 Y4 Y5 Y6 V7T
Y2
e no sGT | —252 49 84 e7(—5) s50(10) ®su(2) &R
Y1 Y3 Y4 V5 Y6 7
72
©7 no GT —972 79 54 e7(—25) eg O R
Y Y3 Y4 Y5 Y6 V7
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Es
Dimension of g = 248

Two non-compact real forms: egsy = EVIII, eg_a4y= EIX.
Fundamental dominant weights: ¢1 = 4y + 52 + 7v3 + 1074 + 875 + 676 + 47 + 278

P2 =571 + 872 + 1073 + 1574 + 1295 + 976 + 677 + 378
3 =771 + 1072 + 1473 + 2074 + 1675 + 12796 + 877 + 47
w4 = 10y + 15v2 + 203 + 3074 + 2475 + 18 + 1277 4 675
w5 = 8y1 + 1292 + 1673 + 2494 + 2075 + 1576 + 1077 + 57
e = 671 + 9v2 + 1273 + 1874 + 1575 + 1296 + 8v7 + 45
7 =4y + 672 + 833 + 1274 + 1075 + 876 + 677 + 373

w8 =271+ 3v2 +47v3 + 674 + 575 + 4v6 + 37 + 278

Vogan diagram o) p €A | Type s dimV | dimG/V g v
Y2
@1 no | sGT | —1404 | 92 156 es(s) s0(14) ® R
Y3 Y4 Y5 Y6 Y7 8
72
©2 no sGT —552 64 184 eg(8) su(8) ®R
Y13 Y4 Y5 Y6 YT 8
72
©3 no sk 196 52 196 eg(—24) su(2) ®su(7) @R
Y3 Y4 Y5 Y6 Y7 8
Y2
o no sF 212 36 212 eg(—24) | su(3) D su(2) ®su(5) R
Y3 Y4 Y5 Y6 Y7 8
Y2
s no sGT —208 40 208 €g(8) su(5) dsu(4) &R
Y3 Y4 Y5 Y6 Y7 8
72
©6 no sGT | —388 54 194 es(s) 50(10) ® su(3) ® R
Y Y3 Y4 Y5 Y6 YT 78
72
exe no sGT —166 82 166 eg(—24) e Dsu(2) ®R
Y13 Y4 Y5 Y6 YT 8
72
©s yes sGT | —3078 134 114 eg(—24) e7 O R
Y3 Y4 Y5 Y6 Y7 8
Y2
3 + s no sGT | —208 40 208 es(s) su(2) @ su(6) @ R?
Y3 Y4 Y5 Y6 Y7 8

120




Bibliography

[1]

[5]

[6]

I. AcricoLA, G. BAzzoNI, O. GOERTSCHES, P. KONSTANTIS, AND S. ROLLENSKE, On
the history of the Hopf problem, Differential Geom. Appl., 57 (2018), pp. 1-9.

D. V. ALEKSEEVSKY AND F. PODESTA, Homogeneous almost Kihler manifolds and the
Chern-FEinstein equation, arXiv:1811.04068v2 [math.DG].

V. ArosToLov AND T. DRAGHICI, The curvature and the integrability of almost-Kdihler
manifolds: a survey, in Symplectic and contact topology: interactions and perspectives
(Toronto, ON/Montreal, QC, 2001), vol. 35 of Fields Inst. Commun., pp. 25-53.

M. F. AtivAH, N. J. HiTcHIN, AND I. M. SINGER, Self-duality in four-dimensional
Riemannian geometry, Proc. Roy. Soc. London Ser. A, 362 (1978), pp. 425—461.

T. AUBIN, Equations différentielles non linéaires et probléme de Yamabe concernant la
courbure scalaire, J. Math. Pures Appl. (9), 55 (1976), pp. 269-296.

—, Equations du type Monge-Ampére sur les variétés kihlériennes compactes, Bull. Sci.
Math. (2), 102 (1978), pp. 63-95.

L. AUSLANDER, An exposition of the structure of solvmanifolds. I. Algebraic theory, Bull.
Amer. Math. Soc., 79 (1973), pp. 227-261.

W. P. BArTH, C. A. M. PETERS, AND A. VAN DE VEN, Compact complex surfaces,
Springer-Verlag, Berlin Heidelberg, 1984.

C. BENSON AND C. S. GORDON, Kdhler and symplectic structures on nilmanifolds, Topol-
ogy, 27 (1988), pp. 513-518.

A. L. BESSE, Finstein manifolds, vol. 10 of Ergebnisse der Mathematik und ihrer Gren-
zgebiete (3) [Results in Mathematics and Related Areas (3)], Springer-Verlag, Berlin,
1987.

F. A. BocomoLov, Holomorphic tensors and vector bundles on projective manifolds, Izv.
Akad. Nauk SSSR Ser. Mat., 42 (1978), pp. 1227-1287, 1439.

A. BoREL, Compact Clifford-Klein forms of symmetric spaces, Topology, 2 (1963),
pp. 111-122.

A. BOREL AND J.-P. SERRE, Groupes de Lie et puissances réduites de Steenrod, Amer.
J. Math., 75 (1953), pp. 409-448.

121



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

E. CaLaBI, On Kdhler manifolds with vanishing canonical class, in Algebraic geometry and
topology. A symposium in honor of S. Lefschetz, Princeton University Press, Princeton,
N. J., 1957, pp. 78-89.

J. A. CARLSON AND D. TOLEDO, Harmonic mappings of Kdihler manifolds to locally
symmetric spaces, Inst. Hautes Etudes Sci. Publ. Math.

——, Compact quotients of non-classical domains are not Kdihler, in Hodge theory, com-
plex geometry, and representation theory, vol. 608 of Contemp. Math., Amer. Math. Soc.,
Providence, RI, 2014, pp. 51-57.

X. CHEN AND J. CHENG, On the constant scalar curvature Kdahler metrics, apriori esti-
mates, arXiv:1712.06697v1 [math.DG].

——,  On the constant scalar curvature Kdhler metrics, existence results,
arXiv:1801.00656v1 [math.DG].

—, On the constant scalar curvature Kdhler metrics, general automorphism group,
arXiv:1801.05907v1 [math.DG].

X. CHEN, S. DONALDSON, AND S. SUN, Kdihler-FEinstein metrics on Fano manifolds. I:
Approzimation of metrics with cone singularities, J. Amer. Math. Soc., 28 (2015), pp. 183—
197.

—, Kdhler-FEinstein metrics on Fano manifolds. II: Limits with cone angle less than
2w, J. Amer. Math. Soc., 28 (2015), pp. 199-234.

—, Kahler-Einstein metrics on Fano manifolds. III: Limits as cone angle approaches
27 and completion of the main proof, J. Amer. Math. Soc., 28 (2015), pp. 235-278.

B. Y. CHU, Symplectic homogeneous spaces, Trans. Amer. Math. Soc., 197 (1974), pp. 145—
159.

M.-K. CauaH AND C.-C. Hu, Equivalence classes of Vogan diagrams, J. Algebra, 279
(2004), pp. 22-37.

L. A. CORDERO, M. FERNANDEZ, AND A. GRAY, Symplectic manifolds with no Kdhler
structure, Topology, 25 (1986), pp. 375-380.

J. Davibov, G. GRANTCHAROV, AND O. MUSKAROV, Curvature properties of the Chern
connection of twistor spaces, Rocky Mountain J. Math., 39 (2009), pp. 27-48.

A. DELLA VEDOVA, Special homogeneous almost complex structures on symplectic mani-
folds, arXiv:1706.06401v2 [math.SG].

A. DELLA VEDOVA AND A. GATTI, Almost Kaehler geometry of adjoint orbits of semisim-
ple Lie groups, arXiv:1811.06958v2 [math.DG].

S. K. DONALDSON, Remarks on gauge theory, complex geometry and 4-manifold topology,
in Fields Medallists’ lectures, vol. 5 of World Sci. Ser. 20th Century Math., World Sci.
Publ., River Edge, NJ, 1997, pp. 384-403.

——, The Ding functional, Berndtsson convexity and moment maps, in Geometry, analysis
and probability, vol. 310 of Progr. Math., Birkhduser/Springer, Cham, 2017, pp. 57-67.

122



[31]

[32]
[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

T. DRAGHICI, Symplectic obstructions to the existence of w-compatible Einstein metrics,
Differential Geom. Appl., 22 (2005), pp. 147-158.

R. FILIPKIEWICZ, Four dimensional geometries, PhD thesis, Univ. of Warwick, 1984.

J. FINE AND D. PANoOvV, Hyperbolic geometry and non-Kdihler manifolds with trivial
canonical bundle, Geom. Topol., 14 (2010), pp. 1723-1763.

O. GARCIA-PRADA, D. SALAMON, AND S. TRAUTWEIN, Complex structures, moment
maps, and the Ricci form (Extended Version), arXiv:1805.00536 [math.SG].

P. GAUDUCHON, Hermitian connections and Dirac operators, Boll. Un. Mat. Ital. B (7),
11 (1997), pp. 257-288.

H. GEIGES, Symplectic structures on T?-bundles over T?, Duke Math. J., 67 (1992),
pp- 539-555.

S. I. GOLDBERG, Integrability of almost Kaehler manifolds, Proc. Amer. Math. Soc., 21
(1969), pp. 96-100.

A. GrAy, Curvature identities for Hermitian and almost Hermitian manifolds, Téhoku

Math. J. (2), 28 (1976), pp. 601-612.

P. GRIFFITHS AND W. SCHMID, Locally homogeneous complexr manifolds, Acta Math.,
123 (1969), pp. 253-302.

B. HALL, Lie groups, Lie algebras, and representations. An elementary introduction,
vol. 222 of Graduate Texts in Mathematics, Springer, Cham, second ed., 2015.

K. HASEGAWA, Minimal models of nilmanifolds, Proc. Amer. Math. Soc., 106 (1989),
pp. 65-71.

——, A note on compact solvmanifolds with Kahler structures, Osaka J. Math., 43 (2006),
pp. 131-135.

A. HATTORI, Spectral sequence in the de Rham cohomology of fibre bundles, J. Fac. Sci.
Univ. Tokyo Sect. I, 8 (1960), pp. 289-331 (1960).

S. HELGASON, Differential geometry, Lie groups, and symmetric spaces, vol. 80 of Pure
and Applied Mathematics, Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers],
New York-London, 1978.

J. E. HUMPHREYS, Introduction to Lie algebras and representation theory, Springer-
Verlag, New York-Berlin, 1972. Graduate Texts in Mathematics, Vol. 9.

Y. KHAKIMDJANOV, M. GOZE, AND A. MEDINA, Symplectic or contact structures on
Lie groups, Differential Geom. Appl., 21 (2004), pp. 41-54.

A. W. KNAPP, Lie groups, Lie algebras, and cohomology, vol. 34 of Mathematical Notes,
Princeton University Press, Princeton, NJ, 1988.

——, Lie groups beyond an introduction, vol. 140 of Progress in Mathematics, Birkhduser
Boston, Inc., Boston, MA, second ed., 2002.

S. KoBayasHI AND K. NowMmizu, Foundations of differential geometry. Vol I, Interscience
Publishers, a division of John Wiley & Sons, New York-London, 1963.

123



[50]

[51]

[52]

[53]

[54]

[55]

[56]
[57]

[58]

[59]

[60]

[61]

[62]

[63]

—, Foundations of differential geometry. Vol. II, Wiley Classics Library, John Wiley
& Sons, Inc., New York, 1963.

P. KOEBE, Uber die uniformisierung der algebraischen kurven. I, Mathematische Annalen,
67 (1909), pp. 145-224.

P. KONSTANTIS AND M. PARTON, Almost complex structures on spheres,
arXiv:1707.03883 [math.DG].

J. L. KoszuL, Sur la forme hermitienne canonique des espaces homogénes complexes,
Canadian J. Math., 7 (1955), pp. 562-576.

D. KOTSCHICK, Remarks on geometric structures on compact complex surfaces, Topology,
31 (1992), pp. 317-321.

R. LAFUENTE AND J. LAURET, Structure of homogeneous Ricci solitons and the Alek-
seevskii conjecture, J. Differential Geom., 98 (2014), pp. 315-347.

M. LeiwM1, Extremal almost-Kdihler metrics, Internat. J. Math., 21 (2010), pp. 1639-1662.

—, Stability under deformations of Hermite-Einstein almost Kdhler metrics, Ann. Inst.
Fourier (Grenoble), 64 (2014), pp. 2251-2263.

A. 1. MAL'CEV, On a class of homogeneous spaces, Amer. Math. Soc. Translation, 1951
(1951), p. 33.

D. McDurr, Examples of simply-connected symplectic non-Kéihlerian manifolds, J. Dif-
ferential Geom., 20 (1984), pp. 267-277.

D. McDuUrF AND D. SALAMON, Introduction to symplectic topology, Oxford Graduate
Texts in Mathematics, Oxford University Press, Oxford, third ed., 2017.

J. MILNOR, Curvatures of left invariant metrics on Lie groups, Advances in Math., 21
(1976), pp. 293-329.

J. W. MILNOR AND J. D. STASHEFF, Characteristic classes, Princeton University Press,
Princeton, N. J.; University of Tokyo Press, Tokyo, 1974. Annals of Mathematics Studies,
No. 76.

Y. MIYAOKA, On the Chern numbers of surfaces of general type, Invent. Math., 42 (1977),
pp- 225-237.

G. D. MosTtow, Factor spaces of solvable groups, Ann. of Math. (2), 60 (1954), pp. 1-27.

S. B. MYERS, Riemannian manifolds with positive mean curvature, Duke Math. J., 8
(1941), pp. 401-404.

A. NEWLANDER AND L. NIRENBERG, Complex analytic coordinates in almost complex
manifolds, Ann. of Math. (2), 65 (1957), pp. 391-404.

L. I. NICOLAESCU, Notes on Seiberg- Witten theory, vol. 28 of Graduate Studies in Math-
ematics, American Mathematical Society, Providence, RI, 2000.

K. Nowmizu, On the cohomology of compact homogeneous spaces of nilpotent Lie groups,
Ann. of Math. (2), 59 (1954), pp. 531-538.

124



[69]

[70]

[71]

[72]

[73]

[74]

[84]

[85]

[86]

G. OVANDO, Four dimensional symplectic Lie algebras, Beitrdge Algebra Geom., 47
(2006), pp. 419-434.

H. POINCARE, Sur l'uniformisation des fonctions analytiques, Acta Math., 31 (1908),
pp. 1-63.

K. SAKAMOTO AND S. FUKUHARA, Classification of T?-bundles over T2, Tokyo J. Math.,
6 (1983), pp. 311-327.

K. SEKIGAWA, On some compact Einstein almost Kihler manifolds, J. Math. Soc. Japan,
39 (1987), pp. 677-684.

J.-P. SERRE, Représentations linéaires et espaces homogénes kdhlériens des groupes de
Lie compacts (d’aprés Armand Borel et André Weil), in Séminaire Bourbaki, Vol. 2, Soc.
Math. France, Paris, pp. Exp. No. 100, 447-454.

S.-1. TACHIBANA AND M. OKUMURA, On the almost-complex structure of tangent bundles
of Riemannian spaces, Tohoku Math. J. (2), 14 (1962), pp. 156-161.

THE SAGE DEVELOPMENT TEAM, SageMath (version 8.6). https://www.sagemath.org,
2019.

W. P. THURSTON, Some simple examples of symplectic manifolds, Proc. Amer. Math.
Soc., 55 (1976), pp. 467-468.

G. TiAN, On Calabi’s conjecture for complex surfaces with positive first Chern class,
Invent. Math., 101 (1990), pp. 101-172.

——, Kdhler-FEinstein metrics with positive scalar curvature, Invent. Math., 130 (1997),
pp. 1-37.

——, K-stability and Kahler-Einstein metrics, Comm. Pure Appl. Math., 68 (2015),
pp. 1085-1156.

N. S. TRUDINGER, Remarks concerning the conformal deformation of Riemannian struc-
tures on compact manifolds, Ann. Scuola Norm. Sup. Pisa (3), 22 (1968), pp. 265-274.

M. UE, Geometric 4-manifolds in the sense of Thurston and Seifert 4-manifolds. I, J.
Math. Soc. Japan, 42 (1990), pp. 511-540.

L. VEZZONI, A note on canonical Ricci forms on 2-step nilmanifolds, Proc. Amer. Math.
Soc., 141 (2013), pp. 325-333.

C. T. C. WALL, Geometric structures on compact complex analytic surfaces, Topology,
25 (1986), pp. 119-153.

H. YAMABE, On a deformation of Riemannian structures on compact manifolds, Osaka
Math. J., 12 (1960), pp. 21-37.

S. T. YAu, Calabi’s conjecture and some new results in algebraic geometry, Proc. Nat.
Acad. Sci. U.S.A., 74 (1977), pp. 1798-1799.

——, On the Ricci curvature of a compact Kdahler manifold and the complexr Monge-
Ampére equation. I, Comm. Pure Appl. Math., 31 (1978), pp. 339-411.

125



