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Introduction

The notion of heat kernel has long represented an essential milestone in the development
of the theory of parabolic partial differential equations. It is widely known, for example,

that the Laplace operator A on RY has the explicit kernel
_N _lz—yl? N
pa(t,z,y) = (dnt)"2e” 1, >0, 2,y € RV, (1)
so that the heat equation 0,u — Au = 0, u(0) = f has, for suitable initial data f, the explicit

solution

e f(z) = /RN palt,z,y)f(y) dy. (2)

The properties of heat kernels play a fundamental role in approaching several important
questions of different sections of analysis. For instance, based on (1) and (2), one can derive

all the main inequalities of the theory of Sobolev spaces, in particular the Sobolev inequality

| fll 2x < C|V fll2,
N—-2

and the Nash inequality
2+4 4
£l < CIUVAIE I

which are valid for every f € C° (]RN )

It appears clear that one of the most significant problems becomes to determine whether
the heat kernel of a general elliptic operator admits some Gaussian bounds. From an upper
estimates one can infer, for example, LP — L9 estimates, the analyticity of the semigroups in
LP for any 1 < p < 00, the p-independence of the spectrum, a bounded functional calculus,
whereas a lower Gaussian bound is intimately related to some Harnack inequality for the
solutions. For a detailed survey on the topic we suggest the classical books by Davies [23],
Grigor’yan [35], Ouhabaz [67], Saloff-Coste [70] and references therein.

Historically the starting point of the theory was a 1967 paper of Aronson [6], where
the author, using Moser’s parabolic Harnack inequality [62], proved that if the Laplacian is



replaced by a real elliptic operator A = div(a(x) - V) satisfying A < a(x) < AI, then its
heat kernel p4 satisfies

|o— |z —y)?

‘2
C’lt_%e_clfy <pa(t,z,y) < C’gt_%e_c2 ¢

Since then, different proofs of this result appeared in literature, each one revealing a
different aspect of the theory, especially its deep connection with the ideas developed by De
Giorgi [25, 1957] and Nash [64, 1958] for the regularity of elliptic and parabolic equations
and by Moser [62, 1964] for the Harnack inequalities. We mention the proof by Davies [22]
based on a perturbation method (the ”Davies’s trick”) together with logarithmic Sobolev
inequalities, the one by Fabes and Stroock [30] using earlier ideas of Nash and the one by
Coulhon [19] based on Moser’s iteration technique (see also [8], [72]).

Nowadays Gaussian estimates have a compelling formulation in several branches of
Mathematics, for example in the context of weighted Riemannian manifolds. Let (M, g)
be a complete Riemannian manifold equipped with a measure u = ¢dv, where dv stands
for the Riemannian measure and ¢ is a smooth positive weight. If V, is the Riemannian
gradient, the associated Laplacian A = ¢~ !div (¢Vg) is a self-adjoint operator on L3(M, 1)
and its heat kernel, when it does exist, is the positive function p4 (¢, z,y) which is defined

fort > 0, z,y € M and satisfies

e () = / palt. 2 ) F @) nly), f € LAM.p).
M

In many favourable cases, one tries to realize if p4 satisfies the two-side Gaussian estimate

C dg (2,9)*
pa(t,x,y) ~ \/ e , t>0, z,y e M. (3)

V(z, VOV (y, V1)

Here V(z,/t) is the measure of the geodesic ball B(z,+/t), d, is the Riemannian distance
induced by ¢ and ~ means that both upper and lower inequalities hold for possibly different
constants C, ¢ > 0.

For the sake of completeness we summarize below the inspiring ingredients which usu-

ally occur in the derivation of (3).

Regarding the upper inequality, the crucial key is the derivation of the on-diagonal upper
bound

c
tr,r) < ————, t>0, 1€ M. 4

The general theory, indeed, allows to automatically improve (4) into the upper bound of (3):

some known methods are the Davies perturbation method [22, 23], the integrated maximum



vi

principle [34, 36], the finite propagation speed for the wave equation [74] and an approach
based on suitable Phragmén-Lindel6f theorems [21].

Typically one requires a control over the growth of V', namely the doubling condition
V(z,2r) < CV(z,r), >0, z€ M. (5)

In this manner (4) becomes equivalent to some generalized local Faber-Krahn inequality
[35]. In the uniform case, the estimate p(¢,z,z) < () can also be characterized in terms
of Log-Sobolev [22, 23] or Nash type inequalities [20]. In particular, in analogy with the
euclidean case, when V(z,+/t) has polynomial growth V(z,/t) ~ ct%, with d > 0, (4) is
equivalent to each of the following properties (see for example [35, Corollary 14.23]):

d
e The ultracontractivity of e*: ||e!]|; 400 < Ot~ 2.

2 4
e The Nash inequality: |20 % < C|V,fIZIf]|#, for every f € C (M).

e The Sobolev inequality: (if d > 2) || f||%a < C||V4fl|3, for every f € C°(M).
d—2

e The Log-Sobolev inequality: [,, f*log Wdu < €||[Vyfl3+B8(€) || f|l2, for every positive
felC>® (M), e>0, where f(e) = C — %loge.

e The Faber-Krahn inequality: A(B) > cu(B)fg, for every open relatively compact
subset B of M, where \(B) is the lowest Dirichlet eigenvalue in B.

On the other hand the lower estimates of (3) is intimately related to the regularity of
the solutions of the heat equation, namely to the validity of the Harnack inequality which,
for every positive solution u of dyu — Au = 0 in the cylinder D = (0,7%) x B(z,r), reads as

supu < Cinf u, 6
upu < Cnf (©)
where D~ = (1/4 v2,1/2 r?) x B(x,1/2 r) and D" = (3/4 r?r?) x B(x,1/2 r). Indeed
the two-side estimate (3) is characterized by the following equivalent properties (see for

example [71, Theorem 3.1)):
e The parabolic Harnack inequality (6).

e The Poincaré inequality | f — fBll12(B(zr)) < CTIVefllL2(B@,)) (for every r >0, x €
M, f € CYHB(z,r)), with fp its mean over B(z,7)) and the volume doubling property

(5)-

Unfortunately there is no general way to recognize when some of these characterizing

conditions are satisfied since their validity heavily depends on the geometry of the manifolds.
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The first eminent result was obtained by Li and Yau in their pioneering work [45], where
they proved that the parabolic Harnack inequality (6) and the two-side heat kernel bounds
(3) hold for every complete Riemannian manifold with non-negative Ricci curvature.

On the other hand few results are known in the case of incomplete Riemannian manifolds
and the same happens if the Laplace-Beltrami operator is replaced by an elliptic operator
with singular lower order terms. In the euclidean setting, Gaussian estimates are known
when

A =div(a(z) - V) +c(x) -V —V(x)
and V, ¢ belong respectively to the Kato classes Ky, Ky (see for example Simon, Liske-

vich, Semenov, Voigt, Escauriaza, etc.., [1, 29, 40, 44, 73]). For N > 3, Ky is defined as

the space of function ¢ such that

r—0 zeRN

1
lim sup/ ——=|q(y)|dy = 0.
B(z,r) |$ - y|N_2‘ ( )‘

Roughly speaking a singularity of V, say at 0, can be at most like || 727 and that of c like
|z|~17¢. Non-autonomous cases are also treated and V, b are assumed to belong to suitable

non-autonomous Kato classes.

Our goal, in this dissertation, is to prove sharp upper and lower bounds for the heat

kernels of the operators

xixj
|z

T g b (7)

|z ? ]’

N
L:A—i—(a—l)z

1,j=1

Dij +c

where a > 0, b, ¢ € R. The leading coefficients of L are uniformly elliptic but discontinuous
at 0, if a # 1, and singularities in the lower order terms appear when b or ¢ is different from
0 and, correspondingly, the potential # or the drift term cﬁ does not belong to the Kato
classes Ky, Kn+41. L is associated with the Riemannian manifold (R \ {0},g) (see (2.5)

in Proposition 2.1.1) where ¢ is the Riemannian metric

N
1 l’iibj
g= Z <6ij + (a — 1> BE > dz; ® dx;.

,j=1

As a reflection of the singularity at 0 of the operator, the manifold is not complete for a # 1.

Moreover it is flat if either N =2 or a = 1. For N > 3, its Ricci tensor Ric satisfies
(I —-a)Ric>0

and, if a > 1, Ric is not bounded from below (see Proposition 2.1.4).
In the special case b = ¢ = 0, these operators have been introduced to provide coun-

terexamples to the elliptic regularity (see for example [69] and [78]). Positive results have
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also been obtained by Manselli and Ragnedda, see [47], [48] and [49], who proved existence
and uniqueness results in Sobolev spaces in a bounded domain containing the origin and
spectral properties in the two-dimensional case. When a = 1, ¢ = 0 the operator becomes

the Schrodinger operator with inverse square potential

b

for which we recover sharp heat kernel bounds even in the critical case D := b+ (%)2 =0.

Concerning (8), Milman and Semenov prove in [58, Theorem 1] the same upper and
lower bounds as in our Theorem 7.1.1 with (almost) precise constants in the Gaussian
factor and including the critical case; we also mention Ishige, Kabeya and Ouhabaz [38],
Barbatis, Filippas and Tertikas [11] and [43, 44]. We refer to [32] for sharp bounds in
bounded domains when the potential in (8) degenerates as the inverse of square of the
distance from the boundary.

Our methods work for the more general operators (7). This generalization is impor-
tant to obtain precise bounds on the heat kernels of certain operators with unbounded
coefficients, as shown in Chapter 7.

We point out that generation properties and domain description for our operator have
been previously investigated in [56]. If 1 < p < oo, we define the maximal operator Ly max

through the domain
D(Lpmaz) = {u € LPRY) n W2P(RN \ {0}) : Lu € LP(RN)}

and Ly, min C Lp mas is defined as the closure, in LP(RN) of (L, C(RN\ {0}).
The equation Lu = 0 has radial solutions |z| %1, || %2 where s1, so are the roots of the

indicial equation f(s) = —as* + (N —1+c—a)s +b = 0 given by

N—-14+c—a N—-14+c—a
8“:444%447_¢5’8”:44i£447+wﬁ

where

b (N—1+c—a)?
Di=—4(——F— ] . 9
a+< 2a > )

The above numbers are real if and only if D > 0. When D < 0 the equation u — Lu = f
cannot have positive distributional solutions for certain positive f, see [56] and [55]. This
fact constitutes an elliptic counterpart of a famous result due to Baras and Goldstein, see
[10], in the case of the Schrédinger operator with inverse square potential where the above
condition reads b+ (N — 2)2/4 > 0.

Assuming D > 0 it has shown in [56] and [54] that there exists an intermediate operator
Lypmin C Lpint C Lpmae which generates a semigroup in LP(RYN) if and only if % €
(s1,82 + 2).
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The main result of the dissertation consists in the following two-side estimates for the

heat kernel p of L with respect to the measure |y|” dy, see Theorem 4.2.2,

~Y+1+vD 9
2 —
p(t, z,y) ~ clt*%]x]*%\yr% Kw A 1) (|y1\ A 1)] exp (_@]azy[) (10)
.1

3 t3 t
where D > 0 is defined in (9) and v = (N — 1+ ¢)/a — N + 1. Here c1, c2 are positive
constants which may be different in the lower and upper bounds. Our estimates involve
a Gaussian factor, a power |z|? which takes into account the asymmetry of the operator
in L2, with respect to the Lebesgue measure, and the term (\ac|/\/1>e A 1)7%H+\/5 which
is related to the singularity at 0. A different but equivalent form of the above bounds, in
terms of the eigenfunction |xz|~5!, is shown in Corollary 4.2.4, see also Remark 4.2.3.

The upper bound can be improved and extended for complex time z € C:

d?(z, *
\p(z,x,y)\ < C(Re Z)ig (1 + Re 9(421/)> |x’7%’y‘7%

- Y +14vD
Ed |yl ’ et [ e o 9)*
(uwa/”><mwﬁAQ] p (- 255).
(11)
2

. — . 2 . .
where o = % if0<D< (%) ,a = w if D > (%) and d, is the distance on

X

=

RN\ {0} associated to the operator L and which is expressed by

1
dg(x,y) = \/ [|:c\2 + y|? = 2|z||y| cos <7r A y/a arccos <<|x’7 |y|>> )} (12)
a x| |y
As a consequence we improve the result proved in [57] and we obtain sharp bounds for
the Green function. For example, if N > 2 and D > 0, then (writing the kernel with respect

to the measure |y|? dy)

/D2
Uﬂwﬁam%w:eCﬁ”yu—y2N0A|”ML>
r—y

The critical cases N = 2 and D = 0 are also considered.

Let us briefly describe the contents of the individual chapters.

In Chapter 1 we collect some preliminary properties about L and we write it in spherical
coordinates. We observe that, on subspaces defined as tensor products of radial functions
and spherical harmonics, it reduces to one-dimensional Bessel operators. This property
allows, in Chapter 4, to decompose the kernel of L in terms of its one-dimensional coun-
terparts. We construct the operator, via form methods, in the weighted space L? (RN , du),

where L is a self-adjoint operator and generates an analytic semigroup of angle 7/2. In



Section 1.3 we treat the one-dimensional case, i.e. the Bessel operator, and we give an
analytic proof of the explicit form of its heat kernel. We conclude with Section 1.4, where
we present the main results concerning the generation in LP(R™) proved in [56].

Chapter 2 is devoted to the study of the Riemannian manifolds (R™ \ {0}, g) associated
to L. The core of this chapter is Section 2.2, where we compute the explicit formula (12) of
the geodesic distance induced by ¢. Basic knowledge of Riemannian Geometry is required
and we refer the reader to Appendix A for a brief survey on the main notions needed.

The proof of the optimal upper bounds (11) is the subject of Chapter 3. As observed in
the first part of the intoduction, there are different methods to prove Gaussian estimates.
Here we follow the approach of [21] where the authors use the Phragmén-Lindel6f theorem
to deduce them from the ultracontractivity of the semigroup and some L? Gaussian bounds,
the so-called Davies-Gaffney estimates (3.17). In Section 3.1, to overcome the singularity
at 0, we perform another change in the measure and use form methods to construct an
equivalent operator in the space L? (]RN ,dl/), where dv is defined in (3.10). In Section
3.4 we show that the the analytic semigroup generated by L satisfies the Davies-Gaffney
estimates. This property, combined with some ultracontractivity bounds, obtained using
Gagliardo-Nirenberg type inequalities, and with [21, Theorems 4.1], ensures the validity of
(3.2). The upper bound of (10) immediately follows from Corollary 3.5.5.

Chapter 4 deals with the lower estimate of (10). Section 4.1 is devoted to the decompo-
sition of the heat kernel of L as the (infinite) sum of heat kernels of one-dimensional Bessel
operators. In Section 4.2 we get the main result by combining kernel estimates near the
origin, obtained thanks to the explicit formula of one-dimensional Bessel operators, with
Gaussian estimates faraway from the origin already known for uniformly elliptic operators.

In Chapter 5 we prove that the spectrum of L coincides with (—o0,0] and compute
estimates of the Green functions G, whereas Chapter 6 treats the derivation of some
Gaussian bounds for the time derivative and for the space gradient of p.

We conclude with Chapter 7, where we present some application to some special cases,
including Schédinger operators and homogeneous operators with unbounded coefficients
introduced in [52]. In Section 7.4 we derive a new proof of Gegenbauers generalization of
the Poisson integral representation of Bessel functions I, ,, where v = (%) and n € Ny.

The last part of the dissertation contains some reference material. Appendix A and
B collect, respectively, the main results about Riemannian geometry and spherical har-
monics which are used throughout the exposition; in Appendix C we recall, following [67],
the equivalence between ultracontractivity and Gagliardo-Nirenberg type inequalities and
provide a brief survey on the approach of Coulhon and Sikora [21] for the derivation of
Gaussian estimates.

Unless otherwise specified, all the original results contained in this dissertation are based
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on [15, 50, 51].
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Chapter 1

The elliptic operator

This Chapter is devoted to the introduction and the analysis of the elliptic operator L
defined in (1.1). In section 1.1 we collect some preliminary properties and we write L in
spherical coordinates. We observe that, on subspaces defined as tensor products of radial
functions and spherical harmonics, it reduces to one-dimensional Bessel operators. This
property allows, in Chapter 4, to obtain a decomposition of the kernel of L in terms of
its one-dimensional counterparts. Section 1.2 is concerned with the construction of the
operator, via form methods, in the weighted space L? (RN , du), where L becomes a self-
adjoint operator. In Section 1.3 we treat the one-dimensional case, i.e. the Bessel operator,
and we give an analytic proof of the explicit form of its heat kernel. Finally, in Section 1.4,
we present the main results concerning generation in LP(RY) proved in [56].

Unless otherwise specified, all the results of this Chapter are based on [50].

1.1 The operator on smooth functions: first properties

Let @ > 0, b, ¢ € R and let L be the elliptic operator formally defined, on smooth

functions, by

N
. T35 B T
t,j=1

The leading coeflicients are uniformly elliptic (see Proposition 1.1.1 below) but discontinuous
at 0, if @ # 1, and singularities in the lower order terms appear when b or ¢ is different from

0. We note that:

e Ifa=1,c=0, L becomes the Schrédinger operator with inverse-square potential:

b
L=A—-_—.
j?



1.1 The operator on smooth functions: first properties 2

e If N =1, L is the one-dimensional Bessel Operator:

b

C
L=aDy, + -D, — —.
T T

e [ is equivalent, after a suitable isometry in LP spaces (see Lemma 7.3.1), to the

operator with unbounded coefficients:

JyoLoJyb = [2*A 4zt 2

|z]

L is invariant by rescaling that is, if A € R and M), is the dilation defined by Mu (x) :=
u(Az), then

-V — blz|*2.

L(Myu)(x) = N2Lu (\z),

and if Q is an orthogonal matrix in RY and Mgu(z) = u(Qz), then
L(Mqu)(z) = Lu(Qu).

For every z € RV \ {0}, let @(z) be the diffusion matrix of L at . If I is the identity

matrix and z ® x = (xixj)i,jzl,...,N’ then
_ rRx
a(z) =1+ (a—1) i
and L takes the compact form
T b N T b
_ =12 — ... . . -
Lu = tr(aD*) + CW -V - e ijz»:l a;;Di; + c‘x|2 \Y el

We list, in the following Proposition, the main properties about the matrix a(x) whose

proofs are immediate to check.

Proposition 1.1.1 Let 2 € RV \ {0} and a(z) := I+ (a — 1)%. The following properties
hold.

(i) a(z) - £ =€+ (a— 1)(x’|§2)x, for every & € RN,

|z

(ii) a(x) is positive definite and it has eigenvalues a with eigenvector x and 1 with eigenspace

the orthogonal complement of x.
(iti) (L Aa)lEf? < (a(x)§, &) < (1V a)lgf?, for every € € RY.

(iv) deta(x) =a > 0, a(x) is non-singular and its inverse is given by the matriz

1 TR

atz) =1+ <a - 1> P




1.1 The operator on smooth functions: first properties 3

Let us employ spherical coordinates on R™ \ {0} (see Section B.1 in Appendix B for
further details). For every z € RY \ {0} we write

Ifu e C? (RN), let D,u and D,,u be the radial derivatives of u and let V,u be the tangential

component of its gradient. They are defined through the formulas

Vru

(1.2)

N N

Dyu = g Diju =, D, u= E Djju %, Vu=D,u— +
— r T ||
1=

ij=1
Moreover let Ag be the Laplace-Beltrami operator on the sphere S ~! (see Definition A.3.4).
Besides its geometric intrinsic definition, we can define Ay as follows. Given a function
f e C*(SN1), we consider its extension f to RN \ {0} given by f(z) := f(%) The
gradient V. and the Laplacian Ag on SY¥~1 are then given by

V. f(x) = Vf(x), Aof(z) = Af(z), for every z € SV 1,

In spherical coordinates, we have the following decomposition for the Laplacian A on RY

in terms of radial derivatives and of the Laplace-Beltrami operator Ag on SN—1:

N-1 Ao

A=Dy+——Dr+ . (1.3)

We refer the reader to Sections A.3 and A.4.2 in Appendix A and to Appendix B for a
geometric definition of the differential operators introduced so far and for further details.
In particular a proof of formulas (1.2) and (1.3) can be found in Proposition B.1.4. We
suggest, furthermore, [79, Section 5, Chapter IX] for finding the explicit expression of Ag

in spherical coordinates.

In analogy with formula (1.3), we highlight, in the following proposition, the expression
of L in spherical coordinates. We recall, preliminary, that a spherical harmonic P of order

n € Ny is the restriction to SV—1

of a homogeneous harmonic polynomial of degree n (see
Section B.2). P is an eigenfunction of the Laplace-Beltrami operator Ay whose eigenvalue

is =\, = —(n? + (N — 2)n); P, therefore satisfies:
AgP = —(n* + (N — 2)n)P.

Proposition 1.1.2 Let Ag be the Laplace-Beltrami operator of SN~1. Then, employing

the spherical coordinates x = rw, the operator L defined in (1.1) admits the following

decomposition:
N i T b
L:A+(a—1)§ ﬁDzj%—c‘—z-V——Q (1.4)
N-1 b—A
e aD?“’I“ + + C.Dr — 0.

r r2



1.1 The operator on smooth functions: first properties 4

Let P be a spherical harmonic of order n and u € C°(R*). IfuP is the function of R\ {0}
defined by (uP)(z) = u(r)P(w), then uP € CX(RN \ {0}) and
N-1+c b+ A,
— u

L(uP):<aurT+ - )P(w). (1.5)

PRrROOF. (1.4) follows by inserting formulas (1.2) and (1.3) into the expression (1.1). The
second claim is, then, a consequence of the decomposition of L just proved and of the
relation AgP = -\, P.

O

According to equation (1.4), L splits into a sum of two operators, namely

A
L=Lo+>,
r
where Lg is the radial operator
N-1+c¢ b

Lo :=aDyp + ——— "D, — —.
r T

The latter equality defines a one-dimensional Bessel operator which is the one-dimensional
counterpart of L. A detailed analysis of Bessel operators will be the object of section 1.3.

Defining L,, as the Bessel operator

N-1+c¢ b+ A
Ly = aDy + ——— "D, — — "
T T

: (1.6)

then equation (1.5) becomes

N-1 b+ A
L(uP) = <auw o Ee, 2t
T T

u) P(w) = (Lpu)(r)P(w).

L, is obtained from the radial part of L, substituting b with b+ A,,. The last relation shows
that, on subspaces defined as tensor products of radial functions and spherical harmonics,
the operator L reduces to one-dimensional Bessel operator. This property is the starting
point which leads, in Section 4.1, to a complete decomposition of L in terms of its one-
dimensional counterparts (L, )nen,-

On the other hand, formula (1.4) allows to find radial solutions of the homogeneous
equation Lu = 0.
Indeed, if s € R, r = |z| and u(x) = r®, then Lu = 0 is equivalent to Lor® = 0. A simple

calculation shows, therefore, that Lu = 0 has radial solutions

—s1 —S2
I P e
where s1, s9 are the roots of the indicial equation

f(s)=—as’+(N—1+c—a)s+b=0.
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s1 and s9 are consequently given by

N -1 — N-—-1 -
s =~ tremae p g ATl ema (1.7)
2a 2a
where D is the discriminant
b (N—-1+c—a\’
D= — B e 1.
a + < 2a > (18)

The above numbers are real if and only if D > 0. In what follows we refer to D as
the discriminant of the operator L and, unless otherwise specified, we will always assume
D >0.

Remark 1.1.3 In [56] the authors show that the positivity of D, as well as the reality of
s1 and so, takes a fundamental role in the generation properties of L in LP(RN).

Indeed assuming D > 0 and 1 < p < oo, there exists a realization of L which generates a
positive semigroup in LP(RN) if and only if % € (s1,82 +2) (see section 1.4).

On the other hand, when D < 0, the equation uw — Lu = f cannot have positive dis-
tributional solutions for certain positive f, see [56], [55] and Proposition 1.3.1. This fact
constitutes an elliptic counterpart of a famous result due to Baras and Goldstein (see [10])
in the case of the Schrodinger operator with inverse square potential where the above con-
dition reads D = b+ (N — 2)%/4 > 0.

We point out, however, that even when b+ (N — 2)2/4 is negative there are realizations of
the Schrédinger operator L in L?(RY) which generate analytic semigroups, see [53]. Such

semigroups are not positive and these realizations are necessarily non self-adjoint.

1.2 The operator in L*(R"Y, du)

Let

i) x b N—-1+c¢ b— Ay
’3;“2 DZJ—{_CWV_W_GDTT_F - DT‘_ 7"2 9

N
L=A+(a-1))

4,j=1

where D,, D,, denote radial derivatives and A is the Laplace-Beltrami on S™V~1. In what
follows we consider also the one-dimensional situation, by agreeing that Ag is not present
and that RY stands for (0,00) when N = 1.

Let us introduce the parameter

N -1
7::7—1_6—]\7—!—1, (1.9)
a

Recalling the definition of the diffusion matrix @ = (a;;),

@ij(z) = 65 + (a — 1)|z| 2ziz;, =€ RV )\ {0},
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the operator L can be written in the weighted divergence form

b

ER

L = |z "div(jz['a - V) — (1.10)

We recall that the condition

2
D:b+<N—1+C—a> >0
a 2a

is necessary and sufficient to get positive solutions, see [56], and we shall always assume
it. Note that L is formally self-adjoint with respect to the measure dy := |z|7dz and,
in particular, v = 0 if and only if L is formally self-adjoint with respect to the Lebesgue
measure.

Using (1.10), we define L through a symmetric form in a weighted space. To this aim
we note that, by Proposition 1.1.1, the matrix a(x) has eigenvalues a with eigenvector x

and 1 with eigenspace the orthogonal complement of .

Definition 1.2.1 Consider the sesquilinear form a in Li = L2(RY, du) with dp = |z|"dx
defined by

a(u,v) == /]RN ((aVu, Vu) + m%uv) du,
D(a) := CP(RY\ {0}).

Denoting by V,u the tangential component of the gradient and recalling that Vu = urﬁ +
Viu

~z%, the form a becomes

*[/_ x Viu x Vv b ] N-oite
a(u,v) == a | w— + , Up— + + Suv| r e drdo
sv-1 Jg || r |z| r r
& _ V-uV, o b N—l+c
= AU Vp + ——5— + Zuv | r e drdo.
sN-1 Jo r r

We provide preliminary a simple proof of the Hardy inequality which can be found in
[24, Lemma 5.3.1].

Lemma 1.2.2 Let b,s € R. For every u € C° ((0,400)) setting v = ur’T one has

00 00 -1 2 2
/ [|u'|2 + b2u2:| ré$dr = / [|U’|2 + <b + (8)) 1)2:| rdr.
0 T 0 4 T

Proor. We have

b —1)2 92 —1 b
]u'|2 + —u =yt ]v’\Q + (s ) vz v+ —0?
2 2 2
r r r

4 T
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and observing that fooo vv’ dr = 0 we obtain
00 o) 2 2
/ [|u'|2—|—62u2] rsdr:/ [|v’|2+<b+(8_1) )z—s_lvv']rdr
0 r 0 4 r r
> /12 (3 — 1)2 ’1)2
= b — | rdr.
i s (e B o

We immediately deduce from the last lemma Hardy’s inequality in RY. We recall that
D is defined in (1.8).

N—14c—a N—1+c—a

Corollary 1.2.3 Givenu,v € C(RV\{0}) letu = wi|z|”" 2¢  andv = vi|z|”" 2
Then

— Vaur Vor  aD
mez/)wFNLWM(1)+|g21+|Pmm]M

_ D
/ / r [a u1)r(v1), + Vs u12V 1 + a2 ulvl] drdo.
SN-1 T T

In particular

o) - 2 D
a(u,u) = / / r [a|(u1)r|2 + v Zl‘ + a2|u1]2} drdo >0 (1.11)
sN-1 Jo r r

if D > 0.

Note that if a = 1, ¢ = 0 then v = 0 and D = b+ (N —2)?/4 and we recover the classical
Hardy’s inequality

_ o (N =2)%[uf?
“%“%TLNOVM £1|P>d >0, (1.12)

The following lemma corresponds to the Friedrichs extension of a. We give a direct

proof which is elementary and allows to describe the domain of the closure.

Lemma 1.2.4 If D > 0, a is nonnegative, symmetric and closable in Li = L2(RY,dp).
Denoting by a the closure of a, the following properties hold:

+

@)#l)zo,IX@zz{uELi:me;%kaEfﬁ(RN\{MWMP_NMQ}

where H (RV\ {0}, |#]>Ndz) is the closure of CZ°(RN \ {0}) with respect to the

norm
2 2 —N
Jolpe an-vamy = [ (190 + [of?] o Na
Rn

m)UD>0mmuxaz{ueLguuﬁeﬂng”;
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(111) if My is the dilation defined by Mgu(z) = u(sz) then for every u,v € D(a) and s > 0
we have Msu, Msv € D(a) and

a(Myu, Mgv) = s>~ 7N q(u, v);

() if Q is an orthogonal matriz in RN and Mgu(z) = u(Qz), then for every u,v € D(a),
Mqu, Mgv € D(a) and

a(Mqgu, Mgv) = a(u,v).

PROOF. Clearly a is a non-negative symmetric form in L?(R", dy), from the previous corol-
lary. To prove its closability, by [67, Proposition 1.13], it is sufficient to show that if
(un)n C C (RY\ {0}) satisfies up, — 0 in L2 as n — 0o and a(un — tm, tn — Up) — 0 as
n,m — oo, then a(uy, u,) — 0 as n — oo. Since a is locally uniformly elliptic then wu,, — 0
in H.. (RN \ {0}) Passing to a subsequence we may assume that u,,, Vu,, — 0 pointwise.

From (1.11) setting u,, = vn|1:]_N_12tc_a we have

& V,u,l2  aD
a(Un, Up) = / / r [a(vn),«|2 + % + —Z\Un\Q drdo.
sN-1 Jo T T

and then Fatou’s Lemma yields

(U, up) < liminf a(w, — U, Uy — Up,).
m—0o0

This proves the closability of a.
Let now a be the closure of a. By [67, Proposition 1.13] D (a) is the closure of C2° (R \ {0})
with respect to the norm ||ul|q := \/a(u, w) + [|ul]2, .

m

N—14c—a

If D=0,let ue C* (R \ {0}) and set u =v|z|~" 2 . From (1.11)

AL
a(u, u) :/ 22N [a|vr|2+| g‘ } dx
RN |z|

A
r

and recalling that ¢ > 0 and Vv = UTI%I + we easily recognize that the last integral is

equivalent to HVUH%Q( . Since also the norms of « in LZ and v in L?(|z|>~ dx)

RN |z|2-N dz)
coincide, we see that the norms ||u||q and ||v] ]Hol(RN’mQ_Ndx) are equivalent on C°(RV\ {0})
and (i) follows.

Suppose now that D > 0 and let u € C2° (RV \ {0}). Setting u = v|z|"7 and proceeding
as before we obtain

A (V =22\ o2
= " D TE) Uy
a(u, w) /RN {a!v |“+ BE +a< 1 B x

Then from the Hardy inequality (1.12), ||u||q and ||v|| H}(RN) are equivalent norms and so

D(@) = {u e 2@ du) ulsf € 1} (V) )
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since C2°(RN\ {0}) is dense in H}(RY), N > 2, and clearly C2°(0, 00) is dense in H{ (0, 00)
when N = 1.

Consider now the third statement. Let u € D(a) and s > 0. From the definition of a,
there exists a sequence {u, }, € C° (R \ {0}) such that u, — u in Li and a(uy, — U, Up —

Upm) — 0 as n,m — oo. Therefore Mgu,, = Mu in Lz,

a(Msuy, — Msty,, Msu, — Mguy,)

= 526 Up — U ST Up — U ST i Up — U ST 2 ZL‘A/ T
= [ (@t = )52, Tl = )50} + = ) 500 ol

b

sl - um><y>2> " dy

_ 2N /R ) <<av<un ) (1), V (10 — ) (1)) +

= 82_7_Na(un — Uy Uy, — Upy) — 0,

and hence M;u € D(a).
Finally let u, v € D(a) and s > 0. By approximating u and v with {up}n,{vn}n €
C2° (R \ {0}) as above and using

a(Msuy, Msv,) = §2 N a(tn, vp)

we obtain (iii) letting n to infinity. The proof of (iv) is similar. O

Remark 1.2.5 We point out that, by construction,
WheRM\ {0}) := {ue WHR(RNY) ¢ suppu is compact in RY \ {0}} € D(a)

and, for every u,v € W™ (RN \ {0}),
- _ b _
a(u,v) = / (@Vu, Vo) + —suv | dpu.
RN ||

If D >0, let —L be the operator associated to a, that is

D(L) := {u € D(a); Jv € L7, s.t. a(u,w) = /R vidy Yw € D(a)} ,

N
—Lu := . (1.13)

The basic properties of L are listed below, see also [50, 56].

Proposition 1.2.6 If D > 0, the operator —L defined in (1.13) is nonnegative and self-

adjoint. Moreover,
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(i) C(RN\ {0}) — D(L) and for every u € C* (RN \ {0})

N
Lu = Z aijDiju +c
i,0=1

T

BRI v/
EEh

(ii) D(L) = {u € L2NW2PRN\ {0}) ; Lu € L2}.

loc

(iti) C (RN \ {0}) — D(L"™) — H2" (RV \ {0}).

loc

(iv) L is invariant under orthogonal transformation and its scale homogeneity is 2, which

means
s’L = M;'LM,, L= Mg-LMy, (1.14)
where s > 0 and Q is an orthogonal matrix.

(v) L generates a contractive analytic semigroup {eZL Dz E (C+} mn Li which satisfies
s 2l = M te*E M, el = Mg-e*l Mg ze€Cq, s>0. (1.15)

For t > 0 the semigroup ' is positive and irreducible, that is e!* f > 0 a.e. if f >0,

f#0.

(vi) The semigroup is represented by a kernel p with respect to the measure du = |y|” dy

which satisfies

_N— Ty
p(SZvavy) =S N ’Yp (Z, ;a 7) ) p(Z,aJ,y) :p(zanaQy) (116)
forz€ Cy, s >0, 2,y € RV\ {0}.

PROOF. (i) is clear by construction and (ii) follows from interior elliptic regularity. (iii)

follows from (i) and (ii), by induction. Concerning (iv), let u € D(L) and v € D(a). Then

a(Myu,v) = s> 7 Na(u, My-1v) = —SQVN/ (Lu)Mg—1vdp = —32/ (MgLu)vdp
RN RN

hence Msu € D(L) and LMgyu = s?MgLu. Similarly for M. The generation property of
L follows by standard results on non-negative and self-adjoint operators (see also Section
C.1); (1.15) reflects (1.14). Concerning the positivity of e'*, it follows from [67, Theorem
2.6], since the form is real, u™,u~ € D(a) when u € D(a) and a(u™,u™) = 0. Irreducibility
follows from [67, Theorem 4.5]. The existence of the Heat kernel p will be proved in
Theorem 3.5.3 in Chapter 3. Finally, properties (vi) are simple consequences of (v), taking
into account that the reference measure is |y|? dy.

O
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In Chapter 4 we will prove that the resolvent of L and the generated semigroup are the
direct sum of the corresponding resolvents and semigroups generated by the one-dimensional
Bessel operators L,, n € Ny, defined in (1.6). In the following section, we analyse this

operators in details.

1.3 The one dimensional case: Bessel operators

In this section we find an explicit formula for the heat kernel of the operator

Lu=up + Eur — %u
r r
considered in L?((0,00),7%dr). L is the one dimensional version of the operator defined in
(1.13) choosing a = 1 and restricted to the positive half-line (0,00). As before we assume
the condition D = b + @ > 0, which is necessary and sufficient for the existence of
a positive resolvent. In fact, when D < 0, the next proposition shows that, through the
change of variable r = e¢® and the Sturm Comparison Theorem, that every solution of the
homogeneuous equation Au — Lu = 0, A > 0, oscillates near zero and therefore there is no
way to construct a positive resolvent. We refer the reader also to [52] for the proof and
to [53] and [55] for an investigation of the generation properties of L when D < 0 and for

uniqueness problems.

Proposition 1.3.1 [52] Let D = b + (6;21)2 < 0. Then for every X > 0 there ezists a
nonnegative function 0 < ¢ € C°((0,00)), ¢ # 0, such that the problem

A—Lv=2¢ (1.17)
does not admit any positive solution in (0,00).

PRrROOF. By scaling we may assume that A = 1. Suppose that there exists a distributional
solution v > 0 of (1.17) in (0,00). By local elliptic regularity, v € C°°(0,+00). Setting
e—1

w(s) = elZ %u(e’) we get

ct+

w”(s) = (D + e**)w(s) — el 23)5(25(65), s € R,

c—1\2
pose () <o

We choose m € R such that (D + €2*) < D/2 < 0 for s < m. By the Sturm comparison

where, by hypothesis,

theorem all non-zero solutions of the homogeneous equation

¢"(s) = (k +€*)¢(s) (1.18)
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are oscillating for s < m. In particular any solution of the homogeneous equation (1.17),
with ¢ = 0, is oscillating near 0.
By variation of parameters we write

wls) = usls) |

— 00

S

up(t)g(t)dt + ui(s) /OO ug(t)g(t)dt + crui(s) + caua(s),

where c¢1,¢9 € C, g(s) = e(c%g)sgb(es) and u;, 1 = 1,2 are linearly independent solutions of

(1.18) with Wronskian equal to 1. Since g is compactly supported we have for s near —oo
w(s) = w(s) [ ung®dt + crun(s) + cauals).
supp g

However w is non-negative, because v > 0, and also oscillating near —oo since solves (1.18).

Hence w = 0 near —oco and therefore

= —/ ua(t)g(t)dt, co=0.
supp g

This gives
w(s) = ua(s ) U dt +uq(s - U dt —ui(s U d
9 =uals) | O+ mis) [ —ul) [ e
—us(s) [ gt — () [ ugltde =
[ ) - n ).
For fixed s the function t — G(s,t) = ui(t)ua(s) —uq(s)ua(t) is also oscillating near t = —oo.

Therefore, if we choose g # 0 such that G(s,t) < 0 on suppg, we get w(s) < 0 and this
contradicts v > 0.

O

The heat kernel of the Bessel operator is usually deduced by probabilistic tools. We
refer, however, to [41] where the author uses the Weyl-Kodaira theory for Sturm Liouville
problems. We give a purely analytic proof of the heat kernel formula which has also the

advantage to appear consistent with the construction of the operator, see also Remark 1.3.9.

1.3.1 Definition of the operator

Let us consider now b, ¢ € R such that D = b+ (%)2 > 0 and

c b b

d
Lu = upy + —tup — su=1""— () — .
T r? dr (rur) 72

Note that the parameter v in (1.9) coincides with ¢. If u = r~2v and setting 12 = b+ (05—1)2

then )
c -1 1 c
Lu=1r"2 [vw - <b+ <C 7 ) — 4) :2] =r 2L,0.
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As in the N-dimensional case L can be defined through a symmetric form in the weighted
space L2 ((0,00),r%r). Let

b(u, v) = /OOO <urvr+b:fg> redr,  D(b) == C ((0,00))

The following Lemma is the one-dimensional version of Lemma 1.2.4.

Lemma 1.3.2 b is a nonnegative, symmetric and closable form in L*((0,00),7r%dr). De-
noting by b the closure of b, the following proprieties hold:

(i) if b+ (54" =0, D(B) = {u € L2 ((0,00),7°dr) : 7% u € H((0, ), rdr) |

(i) if b+ (5)? > 0, D(b) = {u € L2 ((0,00), rédr) : r5u € HL((0, oo),dr)};

(iii) if My is the dilation defined by Myu(r) = u(sr) then for every u,v € D(b) and s > 0

we have Msu € D(b) and

b(Mgu,v) = s*¢b(u, My-1v), b(Myu, Myv) = s'Cb(u,v).

Let —L be the operator associated to b, that is
~ - o0
D(L) := {u € D(b) ; Jv € L?((0,00),7%r) s.t. b(u,w) = / v rédr Yw € D(b)} ;
0
—Lu :=w.
The next proposition shows the basic properties of L.
Proposition 1.3.3 —L is nonnegative and self-adjoint. Moreover,
(i) Lu = upp + Sy — 7«%“ for every u € C ((0,00)).

(ii) s?L = M;1LM,, s> 0, where My is the dilation defined by Msu(r) = u(sr).

If ¢ = 0 The operator L becomes a Schrodinger operator with inverse square potential.

Since we have assumed b > —% in order to get positive solutions, we may write our operator

1\ u
Lou=up — <1/2 — 4> 2

It follows from the previous results that L, is the operator associated to the the Friedrichs

in the form

extension d,, of the sesquilinear form a, defined in L?(0,c0) by

1 uv
— 2
v(u,v) = Uy + —— ) — ) dr,
a (U U) /O (U v <l/ > 2)

D(a,) := C ((0,00)).
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We investigate now the relation between the operators L and L,. Let us set v? =

b+ (05—1)2 and consider, for this reason, the map
®:ue L?((0,00),r%dr) = r2u e L*(0,00).

Obviously @ is an isometry which preserves C2° (0, 00). Moreover integrating by parts we
easily obtain a,(®u, ®v) = b(u,v), for u,v € C(0,00). This relation between the two
forms translates into a similar relation between the associated operator which we point out

in the next proposition.

Proposition 1.3.4 Let L and L, be the operators defined above. Then
L=0"1L,®.

PROOF. We have already observed that a,(®u, ®v) = b(u,v), for u,v € C° ((0,00)). The
same relation is inherited by the extensions and so b(u, v) = d,(Pu, dv). For every u € D(b)

and w € C° (0, 400)
—/ (é_lLyq)u)wrcdr = —/ (L,®u)wr2dr =
0 0
= d,(Pu, dPw) = b(u, w)

This proves L = &1L, . O

1.3.2 The resolvent and the heat kernel of L

We first consider the case ¢ = 0 corresponding to the operator L, and then apply Propo-

sition 1.3.4.

We recall some well-known facts about the modified Bessel functions I, and K, which

constitute a basis of solutions of the modified Bessel equation

d*v dv
2 2, 2\, _
rdr2+rdT—(r +v9v=0, r>0.

We recall that

L(r) = (g)y Z m!I‘(V—il— 1+m) (g>2m’ Ky(r) = gW’

m=0

where limiting values are taken for the definition of K, when v is an integer. The basic
properties of these functions we need are collected in the following lemma, see e.g., [2, 9.6
and 9.7].
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Lemma 1.3.5 For every v > 0, I, is increasing, K, is decreasing and satisfy the following

asymptotic behaviour. If r — oo,
IL(r)| ~rze™, L) ~rzet, |K, ()| ~r2e T, |KL(r)| ~r e
Moreover, if v > 0, then as r — 0,
L)~ L)~ K)o, K e
and
[Io(r)| ~ 1, [Ij(r)| =0, |Ko(r)| = |logr|, |Kj(r)|~r".

Note that

CLAAr) T2 S <L) < Co(1ar)te (1.19)

9]
%‘ﬁ

Q]
S‘*

for suitable Cq,Cs > 0.

Figure 1.1: Io, Ko, I1 and Kl.

K1(x)

1 1 1 1 | T
0.0 0.5 1.0 1.5 20 25 3.0

Let us compute the resolvent operator of L,,.

Proposition 1.3.6 Let A > 0. Then, for every f € L*((0,00)),

— i - - r, S s)ds
(A= L)' f /0 G\ 7, 5) f(5)d
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with

Vs L (VANK,(VAs) r<s
G\ 1 s) = (1.20)

VrsL(VAS)K,(VAr) r>s.

PROOF. Let us first consider the case A = 1. The homogeneous equation

transforms into

2

( 14
Urr+r_<2+1>vz

T T

by setting v(r) = %? Therefore uy(r) = +/rl, and us(r) = /rK, constitute a basis of

solutions. Since the Wronskian of K, I, is 1/r, , see [2, 9.6 and 9.7] that of /7K, ,\/rI, is

1. It follows that every solution of

is given by -
u(r) = / G(1,r,8)f (s)ds + c1V/TL(r) + cav/T K, (r), (1.21)
0
with ¢, 3 € R and

VrsT,(r)K,(s) r<s
VrsT,(s)K,(r) r>s

Elementary computations using Lemma 1.3.5 show that

G(1,rs) =

sup / G(1,r,s)ds < 4o0.
r€(0,400) J0

By the symmetry of the kernel and Young’s inequality the integral operator 1" defined by
G is therefore bounded in L?((0, 00)).

Let f € C°((0,00)) with support in (a,b) and u = (1 — L,)"'f € D(L,). Then u is
given by (1.21) with ¢; = 0, since T is bounded in L?((0, >)), K, is exponentially decreasing

and [, is exponentially increasing near co. Since

r b
u(r) = /0 VK, (1)L (s)f (s) ds + / VISK (), (1) f (s) ds + eay/T K (1),

we have for r < a

b
u(r) = / VrsK,(s)L,(r)f (s)ds + cov/TK, = c/rl,(r) + cov/TK, (1)

for some ¢ € R. If ¢o # 0, by Lemma 1.3.5 u/(r) ~ cz(% — y)'r_%_” when v # 0 and

% =cl,(r) + 2K, (r) for r < a when v = 0. In both cases, by Lemma 1.3.2 (i), (ii), with
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c=0,u ¢ D(a,). Therefore co = 0 and, by density, (I — L,)~! = T, since both operators
are bounded and coincide on compactly supported functions.

Finally let us compute the resolvent for a general A > 0. Recalling that M 5L, M 1=
ALy,

A=L)7'f = A_lMﬁ(I - LV)_lMﬁflf = i/ooo G, VA, s)f <\%> ds
1 o
— \F/\/o G(1, 7V, sV f (s)ds

which gives (1.20). O

Remark 1.3.7 Observe that the above proof shows also the boundedness of (A — L,)™*
LP((0,00)) for every 1 <p < oo, A > 0.

Remark 1.3.8 We point out that the function \/rK, does not belong to the domain of
the form, but belongs to L?(0,00) if and only if v < 1 or b < 3/4. In this range other
boundary conditions at r = 0 are possible and our choice, consistent with the rest of the

paper, corresponds to a minimal resolvent, in the sense of positivity, see [55].

Remark 1.3.9 When b > 3/4, L, is essentially self-adjoint on C2°((0, oo)) Moreover,
when b > 3/4, the domain of L, is given by D(L,) = {u € H?*(0,00) : 3, € L?(0,00)},
see [52, Example 7.1]. This last coincides with HZ((0, oo)) = {u € H*((0,00)) : u(0) =
u'(0) = 0}. In fact, the inclusion {u € H*((0,0)) : € L*((0,00))} C H3((0,00)) is

immediate since a function u € H?((0,00)) has finite values u(0),u'(0) and these vanish

7"2’7’

when u/r2 u’/r are integrable near zero. Conversely, if u € HZ((0,00)), then |u(r)| =
| o (r s)ds| <r [y [u"(s)|ds and u/r? € L*((0,00)), by Hardy inequality. A similar

argument holds for ' /r.

We denote now by p,(t,r,s) the heat kernel of the operator L,. Its existence is well-
known, due to the local regularity of the coefficients. We show below a simple way to
compute it, even without assuming its existence. We look for a smooth function p(t,r, s)
such that, for every f € L%((0,00))

etL”f(T) = /0 p(t,r,s)f(s)ds.
The function p should then satisfy
pt(t7 T, S) = pT‘T'(t7 T, 3) - 7‘% (Vz - %) p(ta T, S)
p(0,7,5) = .

(1.22)
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Since \’L, = M/\_lLVM)\ we obtain e\ v = My LetLv My, Rewriting this identity using the
kernel p and setting A\*t = 1 we obtain

o= (o ) = G )

Then (1.22) becomes
r s 1 /45 1 r oS
A\ T g0 4T 9 —— | tF —= = | T
(i) (2=3) (7 %)

i G s ) 5 () -

that is

Frr(hS)—TlQ<v2—i>F(r,s)+;F(r,s)+;rF (r,s) + 5 Ler, <\[ \‘})

Since for large r the operator L, behaves like D?, having in mind the Gaussian kernel, we

\/% exp {— (r _48)2 } H(rs)

with H depending only on the product of the variables. By straightforward computations,

look for a solution of the form

F(r,s) =

we deduce

1 1
$2H,(rs) + s>H,(rs) — - (1/2 - 4> H(rs)=0
r

or

Setting H(z) = u(z)e” 2, u solves

and v(z) = u(2z) satisfies
1 1
Vg — 0(T) — o <1/2 — 4) u(z) = 0.
It follows that v(z) = c1v/xl, (z)+cav/z K, (). Since the function H captures the behaviour
of the heat kernel near the origin (the behaviour at infinity is governed by the Gaussian
factor) and since the resolvent of L, is constructed with I, near the origin we choose co = 0

and write ¢ instead of ¢;. Therefore u(z) = v (%) = c\/51, (%), H = u(rs)e” 2z =

eVEL (3)e %,

c (r —s)? rs_ (TS\ _rs c rs r? + s? rs
F(r,s) = — - 1 (*) - — v (*)
(r.s) Var P { 4 } 2 2)¢ " \ﬁ P { 4 2

piteros) = it (e - - R (22 ().
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Theorem 1.3.10 Let p,(t,r,s) be the heat kernel of L,. Then

pu(t,r,s) = WI( >exp{ ! +32}.

4t

PRrROOF. The Laplace transform of the right hand side of (1.23) is given by, see [28, p.200],

7‘8

L(sVA) r<s
F B (sVNE, (V) T2 s,

For ¢ = /27 it coincides with the kernel G(),, s) of the resolvent operator (A — L, )™, see
Proposition 1.3.6 (note that /27 appears in the asymptotic expansion at infinity of I,)).
Let S(t) be the operator defined through the kernel p,, that is p with ¢ = /27 and let G( )
be the Gauss-Weierstrass semigroup in R. By (1.23) and since H(r) = cf 1, ( )e 3 s
bounded by Lemma 1.3.5, then |S(t) f| < CG(t)|f]|, pointwise and ||.S (¢ )|| < C'in L?((0,00)).
Given f € C°((0,00)), let u(t,r) = S(t)f(r). By the construction of the kernel p we have
u; = Lyu pointwise. Finally, for A > 0,

/Oooe—ktu(t,r)dt /OO —Atdt/ p(t,r,s)f ds_/ f(s / e Mp(t, 7, 5) dt
/ G(\ 7, 5)f(s) ds.

It follows that the Laplace transform of S(t)f coincides with the resolvent of L,, hence, by

uniqueness, S(t) is the generated semigroup and p = p,, its kernel, as in the statement. [

Remark 1.3.11 Observe that in the proof we have avoided the verification of the semigroup

law and of the strong continuity, which hold a-posteriori.

The general case, now, immediately follows.

Proposition 1.3.12 Let A > 0. Then, for every f € L?((0,+00),r%r),
A=L)ylf=r2 /000 G\, 7, 8)s72 f(s) s¢ds

with G(\,r, s) defined in (1.20).

PROOF. The result immediately follows by Proposition 1.3.6 by observing that

AN—L)y'=dt(N-L,) '



1.3 The one dimensional case: Bessel operators 20

The same argument gives the heat kernel of L.

Theorem 1.3.13 Let p be the heat kernel kernel of L with respect to the measure s€ds.

Then ) )
el TS r°+s _
p(t,r,s)=r 22—t\/rsly (27) exp{— py }5

Nlo

that is for every [ € LQ((O, +o0), rédr)

L F(r) = 1 / \FI )exp{ r +82}3_§f(s)scds.

4t

The asymptotic behaviour of Bessel functions allows to deduce explicit bounds for the

heat kernel p. We need first the following elementary lemma.

14+4/1+2
Lemma 1.3.14 With C(e) := 5— we have for every r,s >0
1< L < C(e) €E|T_S‘2.

(LAT)(IAs) —

PrROOF. We observe preliminarily that

(

1, if r,s<1 or r,s>1;
s, if rs<1 and r<1<s;
M = 71,, if rs>1 and r<1<s; (1.24)
T, if rs<1 and s<1<r;
\i, if rs>1 and s<1<nr.

It is easily seen from (1.24) that (1/\1/;% > 1 in every case. To prove the other inequality

we fix € > 0 and consider the function g(r, s) := (1#6*“"“5'2. For fixed 0 < 79 < 1 the

1AT)(1As)
+y/r3+2
function 0 < s — f(s) := se~dr0=sl” has maximum in sy = % which gives
ro+4/ré+ 2 1+4/1+2
se=dro=sl < f(s9) = LTVt eclro—sol < V€
- 2 - 2
Now, using (1.24), we distinguish three cases:
o 2 144 /1+2
(i) if r,s <1orrs>1wehave g(r,s) =e " <1< TR
oy . g2 1Hy/1+2
(ii) if rs <1 and r < 1 < s we get, recalling (1.3.2), g(r,s) = se—I"=sI" < R

1+,/1+§
(iii) similarly, if rs > 1andr <1 <s, g(r,s) = 1 e—elr=s® < ge—elr—sl® R

The other cases follow by symmetry interchanging the role of r and s. O
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Proposition 1.3.15 The heat kernel p of L, with respect to the measure dy = s¢ds, satisfies

plt.rs) < 0O E | (18 2 ) (14 5] R (~a-ol2)

wrazeyors () (oo )] o (155

PRrROOF. From Theorem 1.3.13 and using (1.19) we have

4t

1 c v+i — 5|2
~ %(rs)*ﬁ (1 A Tt—s> * exp <_|r 4;’ ) .

Applying lemma 1.3.14 we conclude the proof.

1 _c TS r? + s
p(t,r,s) = ﬂ(rs) 2y/rsl, <ﬂ> exp {— }

1.4 The elliptic operator in L?(RY)

In this section we analyse elliptic and parabolic problems in LP(RY) associated to the

operator

ﬂfil‘jD T b

N
i,7=1

]2 2P

where a > 0 and b, ¢ real coefficients. We collect, without proofs, the main results concern-
ing generation and domain characterization proved in [56]. We recall that the condition
D > 0 is necessary to get positive solutions.

If 1 < p < o0, we define the maximal operator Ly max through the domain
D(Lpmax) = {u € LPRN) nW2P(RN\ {0}) ; Lu € LP(RV)}
and note that, by local elliptic regularity, L, max is closed and
D(Lpmax) = {u € LP(RY) ; Lu € LP(RY) as a distribution in RY \ {0}}.

The operator Ly min is defined as the closure, in LP(RY) of (L, C°(RYN \ {0}) (the closure
exists since this operator is contained in the closed operator L, max) and it is clear that
Ly min C Lp max-
The formal adjoint of L is given by
N
I'=A+(-1)Y 7D+ 0V - a2 (1.25)

PR af?
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where ¢* =2(N —1)(a—1) —cand b* =b+ (N —2)(c — (N — 1)(a — 1)).
From Proposition 1.1.2 we have, in spherical coordinates = = rw,

N -1 b—A
L:aDM—l—JDT— 20
T T

)

where Ag is the Laplace-Beltrami on S¥~! and, if P is a spherical harmonic of degree n,
then AgP = —\, P, where A\, = n? + (N —2)n,n € N.
We recall, from Section 1.1, that the equation Lu = 0 has radial solutions |z| ™%, |z| %2

where s1,s9 are the roots of the indicial equation f(s) = —as? + (N —1+c—a)s+b=0

given by
N -1 — N -1 —
51 :ﬁ_‘/pj 9 :ﬂ_i_./p (1.26)
2a 2a
where )
b N—-14c—a
D :=- _ . 1.2
a+< 2a > (127)

The above numbers are real if and only if D > 0 and when D < 0 the equation u — Lu = f
cannot have positive distributional solutions for certain positive f, see Proposition 1.3.1.

The main result consists in showing that, assuming D > 0, there exists an intermediate
operator Ly min C Lpint C Lpmax which generates a semigroup in LP(RYN) if and only if
% € (s1,s2 + 2). Before stating the relative theorems, we give a short explanation of this
result referring to [56, Section 3] for the proper proofs and further details.

For a fixed 1 < p < oo, let us decompose LP(R”) into the direct sum
LPRM)=1IE, ©IE,,

where the spaces L7, Lgn are the closure of the linear span of functions of the form
>-; [i(r)Pj(w), where the sums are finite and the spherical harmonics P; have degree less
than n or greater or equal than n, respectively.

Using improved Hardy and Poincaré inequalities it can be proved that, if n is large
enough, L, min = Lpmax is complex dissipative on Lgn(]RN ) and so generates an analytic
semigroup of contraction in Lgn; the domain can be characterized using Rellich inequalities
proved in [54].

On the other hand

L2, = @ (Lfad ® PJ)
i€J
where LP = LP((0,00),rN~!dr), J is finite and {P;,j € J} is an orthogonal basis of
spherical harmonics of degree less than n. If v(z) = u(r)P;(w) € C(RN \ {0}), using
Proposition 1.1.2 and recalling (1.6), it follows that

N-1+4c b+ A\
Lv = { aupr + Uy — 5 U
r r

) Pj = Lktu,
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where k = deg P; < n and the Bessel operator

N—1+C, b+)\k
u — D) u

Liyu = au” +
r r

is obtained from the radial part of L, substituting b with b + A;. The equation Lyu = 0

. (k) (k) . .
has solutions r—=1" , =% where the numbers sgk), sgk) are defined as in (1.26), (1.27) with

b+ )y instead of b; sgk) decrease to —oo, whereas sgk) increase to +oo.

The operator in LY, is, therefore, reduced to a finite number of ordinary differential

operators of Bessel type Lj. As k increases the potentials —(b + A\z)r~2 become more and
more negative and, correspondingly, L have more regularizing effect. Thus the most critical
equation appears for £k = 0 and corresponds to radial functions.
The conditions D > 0 and % € (s1,52 + 2) come from the 1-d analysis and guarantees
the existence of a positive resolvent in L ((0, oo),rN _ldr) which can be written explicitly,
using the same methods as in Section 1.3.

Finally, putting together the results in Lgn and in L”,, we obtain the necessary and

sufficient conditions for the generation in LP(R™). When these conditions are satisfied, the

semigroup turns out to be analytic and positive.

We list, below, the main theorems about the generation results presented so far and
proved in [56]. We refer the reader, also, to section 4.1 where the decomposition of L is
proved in L2(RN, dpu).

1.4.1 Generation results and domain characterization

The following lemma follows from elliptic regularity, see [52, Proposition 2.2].

Lemma 1.4.1 Let 1 < p < oco. Then the adjoint of Lpmin, Lpmax are L L

p/,max’ ~p’ min’

respectively.

Let us compute the numbers s7, s3, D* defined as in (1.7), (1.8) and relative to L*. We have

* _ * 2
oo (NHCG> _ D, (1.28)
a 2a

N-14c - )N - 1) —
84{72::2—ZCGZF\/D*:SL2+(G )(a )CZN—z—sm. (1.29)

Observe that % > s1 is equivalent to g < 85+ 2 and % < sg is equivalent to g > 57+ 2.

Similarly, % > 51 + 2 is equivalent to g < s and % < s2 + 2 is equivalent to g > s7.
L is formally self-adjoint, that is L = L*, if and only if ¢ = (a — 1)(IN — 1). In this case

N-2_ o (N-2p
S19g = —— — 4=
1.2 2 TVa 1

When D = 0 we write sg for s; = ss.
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Theorem 1.4.2 [56] Assume that D > 0. If % € (s1,82 + 2) that is 51 < % — 20 < sy for
some 6 € (0,1], then L endowed with domain

D(Lpint) = {u € D(Lpmas) ; |2|*%u € LP}
generates a bounded positive analytic semigroup on LP. Moreover,
D(Lpint) = D(Lpreg) = {1 € D(Lpumas) i (LA 2} 2 D2, (1A [a]) =V, 2] ~%u € L7}
for all/one 0 as above. In particular, if s1+ 2 < % < S99+ 2, then 0 =1 and
D(Lpint) = {u € W*P(RY) ; |2|'Vu, |z| 2u € LP}.
When % & (s1,52+2), then o(L) = C for every Ly min C L C Lpmaz-
Theorem 1.4.3 [56] Assume that D = 0. If % € (s0,80+2), then L endowed with domain
D(Lynt) = {1 € D(Lymaz) 5 217 |log|al| »u € LP(By)}

with 6y = %(50 — %) € (0,1) generates a bounded positive analytic semigroup on LP. More-

over,
u e WZP(RN\BL)’
2
D(Lpint) = D(Lp,rey) D) T 1Tog 2l "> D € LP(By),
. = = U e ; 1
p,int p,reg p,max |$|1—290| log |m| |_%Vu c Lp(B

2
2|72 |log |z[| v u € LP(B)

1)
2

1
2

When % & (s0,50 + 2), then o(L) = C for every Ly min C L C Ly mag-

As a consequence, L generates a semigroup in some LP(R), 1 < p < oo, if and only if
(s1,52+2)N(0,N) # @.

Corollary 1.4.4 [56] If p,q satisfy the hypotheses of Theorems 1.4.2 or 1.4.3, then the

generated semigroups coincide in LP(RN) N LY(RY). Moreover (Lyint)* = Ly int-

Next we state when L, ;s coincides with Ly, min or Ly maz-

Proposition 1.4.5 [56] Assume that D > 0. Then Lpint = Lpmax if and only if % <
(81, 82] and Ly int = Ly min if and only if % € [s1+2,52+2). Therefore, if s1+2 < s3 and
if & € [s1+2, 2], then Lyint = Lpmin = Lp,maz-

However, if D =0 and % € (s0,50 +2), then Ly min C Lpint € Lpmaz-
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We refer the reader to [56, Theorem 3.29] for a detailed discussion of the inclusion
D(Lypint) C WHP(RY),
We conclude the section with the following result concerning the action of the operator

in the space of continuous functions, referring to [57] for its proof.

Theorem 1.4.6 [57] If s1 < 0 < sy + 2, then L generates a positive bounded analytic
semigroup T(z) of angle 5 in Co(). If s1 = 0, then T(z) is positive bounded analytic

semigroup of angle T in Co(RY).



Chapter 2

The Riemannian manifold
associated with the elliptic

operator

In this Chapter we study the Riemannian manifolds (RY \ {0}, g) associated with the

self-adjoint elliptic operator

A=A+ (a—1) Z ’T;Dzﬂ— 1) (N — )W V = div (a(z)V),

1,j=1
where N > 2, ¢ > 0 and a(x) = I + (a — 1)%. The core of this chapter is Section 2.2,
where we compute the explicit formula of the geodesic distance induced by g: such formula
plays, in Chapter 3, an essential role in the derivation of sharp upper estimates for the heat
kernel of the general operator L defined in (1.1).
Basic knowledge of Riemannian Geometry is required throughout the chapter and we refer
the reader to Appendix A for a brief survey on the main notions and results needed.

This Chapter is mainly based on [15].

2.1 The Riemannian manifold

Let a > 0 and let us consider the Riemannian manifold (R" \ {0}, g), where N > 2 and
g is the Riemannian metric defined in Cartesian coordinates by

N

1 T
g= Z <<51-j + <a — 1) MQJ> dr; ® dz;. (2.1)

ij=1

Let us set

2
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where I is the identity matrix and x@x = (a;,a;]) . The matrix a(x) has eigenvalues

ij=1,..,N
a with eigenvector x and 1 with eigenspace the orthogonal complement of z. In particular
det@ = a > 0 and @ is non-singular with inverse given by the matrix

- 1 &®
=1+ (2-1) T

a

that defines the metric tensor.
Throughout the chapter we always assume the canonical identification of the tangent
space T,(RY) = {p} x RN = R¥ given by (A.8). With this assumption, denoting by (-, -)

the euclidean inner product of RY, we have for every vector fields XY,
g(X,Y)= (@ 'X,Y), |X|,=(@@ 'X,X)2=l|a2X|. (2.2)

In particular

(m\}&) X| < |X], < <1v\}a> IX]. (2.3)

The manifold (RY \ {0}, g) is naturally associated with its Laplace-Beltrami operator
(see Section A.3) defined as the second order elliptic operator in divergence form

l’il'j x

N
A=div (@(@)V)=A+(a—1) Y o Dt (a = 1)(N - 1)@ V.

1,j=1

For a = 1, the metric tensor g reduces to the Euclidean metric of RY \ {0} and A becomes
the classical Laplace operator A of R \ {0}.

Let us employ spherical coordinates on R™ \ {0} (see Section B.1 in Appendix B for
further details). For every z € RY \ {0} we write # = rw, where r := |z|, w := ﬁ e SV-1,
If u € C%(R"), O,u, Opu are the radial derivatives of u and V,u is the tangential component

of its gradient. Recalling Proposition B.1.4, they can be defined through the formulas

N N

X Tik; x V:iu

&«uzz&uf, Opru = Z aiju%? vu:arum"f’ ;— .
i=1 ij=1

Moreover, in spherical coordinates, we have the following relation between the Laplacian A

and the Laplace-Beltrami operator Ag on the sphere SV—1:
N-—-1 A

A:Drr—i—iDr—k—Qo.
r r

The following Proposition gives the expression, in Cartesian coordinates, of the g-

gradient of functions of RV \ {0} .
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Proposition 2.1.1 For every u € C* (RN \ {0}) the gradient V u, taken with respect the
metric g, is given, in Cartesian coordinates, by

x
2]’

where Opu is the radial derivative of w. In particular, for every u,v € C* (RN \ {0}), one

Vou=aVu=Vu+ (a—1)0u (2.4)

has

(i) 9(Vgu,Vgv) = (aVu, Vv);

1

(i1) |Vgu]§ = (aVu, Vu) = |a2Vul?.

Furthermore,

s b
L = |z|77div(|z]"Vy) — EEk (2.5)

where y = Y=14¢ — N 1 and |z|~7div(|z[YVy) is the weighted Laplace-Beltrami operator
on (RV\ {0}, 9).

PRrOOF. Let u € C* (RV\ {0}) . Using (A.2), one has

Vou=aVu=Vu+ (a—1) <x,Vu> L= Vu ot (a— 1)8Tu£.
] ] |z
(i) and (ii) are then trivial consequences of (2.2). (2.5) follows from (2.4) and the relation
L = |z|7div(|z|"a V) — |xb2,

which can be checked directly.
O

Remark 2.1.2 Let d, be the distance function on RN \ {0} induced by the metric tensor
g and let f be a function on RN \ {0}. Then, by standard result on Lipschitz functions on
Riemannian manifold (see for example [35, Theorem 11.3]), f € Lip(RN \ {0},d,) if and
only if f € WE°(RN \ {0}) and

loc

Lip(fidy) = sup (VoS = {0V, VA% < . (2.6)
xTe N

We compute, now, the metric tensor g in spherical coordinates.

Proposition 2.1.3 Let (R™ \ {0},9) be the Riemannian manifold defined by (2.1). The

metric tensor g has the following representation in spherical coordinates x = rw:
1
g = —dr? +r%h.
a

Here h is the canonical spherical metric on SN™1 and dr? := dr ® dr is the canonical
N Tily dr; ® dxj.

euclidean metric on RT which satisfies dr? =" =1 Tal?
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PRrROOF. The claim follows immediately by applying Proposition B.1.1.
O

The previous Proposition shows that the metric tensor g is homothetic by a factor % to
g = dr* + ar’h. (2.7)

This gives us a useful interpretation of (R \ {0}, g) in terms of warped products (see

Section A.4.3 in Appendix A). More specifically we have the following result.

Proposition 2.1.4 The Riemannian manifold (RN \ {0},§) is isometric to the warped

SN=1. As a consequence the metric tensor g can be extended smoothly at

product RY x /o,
0 if and only if a = 1 and, in such a case, it coincides with the Euclidean metric of RY.

(RN\ {0}, g) is flat if either N =2 or a =1 and, for N > 3, its Ricci tensor Ric satisfies
(1 —a)Ric>0

i.e. (RV\{0},9) has non-negative or non-positive Ricci curvature accordingly to whether

a <1 ora>1. Furthermore, in the last case, the Ricci tensor is not bounded from below.

PrOOF. Recalling Definition A.4.12, the first claim is an immediate consequence of equation

(2.7). The required isometry is, in particular, given by the map
QR {0} 10,6, 2 Qo) = (lal, ).
x

The second assertion follows from a result on rotationally symmetric metrics (see for ex-

TiTj

ample [68, page 12-13]) or directly observing that the term L N (2.1) cannot be extended

smoothly to 0.

To prove the last two claims we apply Proposition A.4.14 of the Appendix A with
(B,gg) = (RT,dr), (F,gr) = (S¥"1,h) and f(r) = ar. We follow the same notation
adopted there to denote vector fields on B and F' and their respective lifts on B x F'.

Let R be the Riemannian curvature tensor of R* x 7 SV=1. Since (RT,dr) is flat and
f'(r) =+/a, f"(r) = 0, all the curvatures in (i)-(iv) of Proposition A.4.14 vanish identically
and we have only to manage the spherical terms in (v).

Let RS" ™'

(SNﬁl, h); let X,Y, Z be vector fields on S¥~!. Example A.4.11 shows that

, Ric®" ™" be respectively the Riemannian curvature and the Ricci Tensor of

SN71

RTN(X,Y)Z = |h(Y,2)X — h(X,2)Y

Ric®" ' (X) = (N - 2)X.
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Inserting the first of the last equalities in the expression (v) of Proposition A.4.14, we get

SN—l

R(X,Y)Z =R (X,Y)Z — Tig [ar® (Y, Z)X — ar*h(X, Z)Y]

=(1-a)R" (X, V)2

This implies R = 0 if either BS" ' = 0 or @ = 1. Since RS" ' = 0 only for the one

dimensional sphere, the previous conditions are equivalent to a =1 or N = 2.

To prove the last claim let (Ey, ..., Eny—1) be an orthonormal frame on (SN_l, h); then
(Fy,...,Fn):= (ﬁEl, e ﬁEN—l, 8r) is an orthonormal frame field on R™ X Jar SV-1,

An analogous computation shows that

1—a

Ric(0y) = 0;

(see also [68, Section 3.2.3, page 70]). This implies, recalling Definition A.2.14, that the
warped product RT x Jar SN¥=1 has non-negative Ricci curvature for a < 1 and non-positive
Ricci curvature for @ > 1. In the last case, Ric is not bounded from below since, from (2.8),

one has

1—a
ar? g(E’Fi)

1—a
ar?

Ric(F;, F;) = (N - 2)

=(N—-2) — —o00, as r— 0.

Being g = 1 3, the same result holds for (R™ \ {0}, g).
O

Remark 2.1.5 The non-completeness of the manifold and, for N > 3, a > 1, the unbound-
edness from below of its Ricci tensor Ric are the geometric reflection of the singularity which

appears, for a # 1, in the leading term of the operator L defined in (1.1) .

The next Proposition points out the spherical symmetry of (RY \ {0},g). For every
k < N, we consider the Riemannian Manifolds (RY \ {0}, g) and (R*\ {0}, g), where we
keep the same notation g to denote both metric tensors on R \ {0} and R\ {0}.

Proposition 2.1.6 Let O(N) be the group of the orthogonal transformations of RY. Then
every T € O(N) induces an isometry of (RN\{0}, g). Moreover every Hyperplane containing

the origin is a totally geodesic Riemannian submanifold of (RN \ {0}, g). In particular, for
every k < N, (R*¥\ {0}, g) is a Riemannian submanifold of (RN \ {0}, g).
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PROOF. Let T € O(N). Since T'T = I and |T'z| = |z|, we have, for every x € RV \ {0},

_ 1 T Tx
T a Y (Tz2) T =T'T S 1 I ety o
@ (Te) *(a ) Taf?
1 (T'T)z @ (T'T)x
—7+(=-1 2.9
*(a > Tal? (2.9)

1 T®r  __4
S Y - .
* < > pE ¢ @

Recalling (A.6) in Appendix A, the last equation implies that T is an isometry of (RY \

{0}, 9).
To prove the second claim we observe that every Hyperplane containing the origin coincides,
for some subset © C o(N), with the set Fix(Q) = {z € RV : T(z) = v VT € ©}. The
required property, then, follows from Proposition A.4.10.
Finally, arguing as in (2.9), we can easily prove that the immersion i of R¥ \ {0} onto
RN\ {0} is, actually, an isometric immersion of (R¥ \ {0}, g) onto (R™ \ {0}, g).
O

2.2 The distance function

In this section we denote by d, the distance function on RY \ {0} induced by the metric
tensor g defined in (2.1). By definition, dy(p, ¢) is given by the infimum of the lengths £(v)
of all piecewise C! curves 7 from P to Q. Analogously we write dj to denote the distance
function on R \ {0} induced by the metric tensor § = dr? + ar?h.

Proposition 2.1.3 shows that the metric g is homothetic by a factor é to g. Therefore,
by the definition of d,, we have , for any p,q € RV \ {0},

1
dg(p, q) = 7a dg(p, q)- (2.10)
Moreover, recalling (2.3), d, is equivalent to the euclidean distance on RY \ {0}:

(1/\\}5> lp—q| < dg(p.q) < <1V\}a) lp —ql. (2.11)

The main result of this chapter consists in proving the following explicit expression for

the distance function d,.

Theorem 2.2.1 For any p,q € RV \ {0}, given in spherical coordinates by p = rpwy, q =

rqwq, the distance d, between p and q is given by

dg(p,q) = \/i [rg + 12 — 2rpry cos (77 A Vaarccos ((wp, wq)) )] (2.12)
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Before proving Theorem 2.2.1, we give an interpretation of dz in terms of cone metrics.

We recall the following.

Definition 2.2.2 [14] A cone con(X) over a topological space X is the quotient of the
product X x [0, 00), obtained by gluing together (identifying) all points in the fiber X x {0}.
This point is called the origin (or apex) of the cone, and denoted by O.

A point p € con(X) can be described as (z,r), where z € X and r = |Op|. If (X,dx)
is a metric space, then dx induces a metric dc on con(X) (called cone metric), explicitly

given, for any p = (z,7),q = (y,s) € con(X), by

V12 + 82— 2rscos(dx (z,y)  ifdx(z,y) <,
dC(p7 Q) =
r+s ifdx(z,y) >

(see [14, pp. 90-93]). Observe that r 4+ s = \/r2 + s2 — 2rscos(n), so that we can rewrite
dc as dc(p,q) = /12 + 52 — 2rscos(m A dx(z,y)).
Clearly, the above extremely general construction applies to (RY \ {0},dj) (the case

when a = 1 was explicitly described in [14]). In fact, (R™ \ {0}, d3) can be seen as the cone
over (SN-1, d;,), where h = ah and dj is the corresponding distance.
Consider now two points p = r,wp, ¢ = rqwg € R™\ {0}, where (rp,w,) are the spherical

coordinates of p , so that 7, = |p|,w, = p/|p| (and correspondingly for ¢). Then, we have

dg(p,q) = \/T% + 12 = 2rprg cos(m A dj (wp, wy)).-
On the other hand, it is well known that
dp(wp, wq) = arccos({wp, wy) ).

Since h = ah, we have d;, = y/adp, so that the above equation permits to calculate d; (p, q).
Substituting into the above formula for dg(p, ¢) and using (2.10), we obtain (2.12).

Remark 2.2.3 Let (X,gx) be a complete Riemannian manifold. The latter construction
fails to be applied in the context of Riemannian manifolds since, in general, con(X) is not
smooth at its apex O. In our case, indeed, the metric tensor § cannot be extended smoothly
at 0 if a # 1 (see Proposition 2.1.4). On the other hand, con(X) is a complete metric space
provided that (X,dx) is complete.

In order to prove Theorem 2.2.1, we need some preparation. We start by finding a lower

bound for dj which will be a crucial key to prove (2.12).
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Proposition 2.2.4 Let h be a metric tensor on the sphere SN=1 and let us consider the
warped product RY x,. SN=L. Then, for every C* curve v : [a,b] — Rt x SN=1 ¢ = 4(t) :=
(r(t),w(t)), one has

L(v) > \/r(a)2 + 1 (b)? — 2r(a)r(b) cos (w A E(w)).

Here L(7) is the length of the curve v in Rt x, SN~1 and L(w) is the length of w in
(SNﬁl,ﬁ). In particular, if do and dj are the Riemannian distances on Rt x, SV and

(SN_l,E) respectively, then, for every p = (rp,wp), ¢ = (rq,wq) € RT x SN=1 one has

de(p,q) > \/7“2 + 7“ — 2rprg COS (7r A di; (wp, wq)). (2.13)

PROOF. Let 7 : [a,b] — RT x SV=1 t s ~(t) := (r(t),w(t)) be a C! curve of RT x SV-!
and, for simplicity, let us assume [a,b] = [0, 1]. Let 6(¢t) := L ( |[07t]) be the length of w

in (SN_l,TL). Since
w'[Ot / \/

a simple application of the fundamental theorem of calculus yields 8(t) = \/h (w(t),w(t)).

Let us define, now, the curve o of R? given in polar coordinates by a(t) = (r(t),0(t))

and let p = a(0), ¢ = a(1). Then it follows, by construction,

:/01\/7'"(15)2—1—7*@)2 (( ) dt = /\/ 0(1)2 dt = L(«).

If L(w) =6(1) < 7 ( see Figure 2.1), then it follows immediately by the properties of the
Euclidean distance of R? that

\/ [7(0)2 +1(1)2 = 2r(0)r(1) cos(6(1))] = |pal < £(a) = £(3).

Analogously, if L(w) = 60(1) > 7 ( see Figure 2.2), then

r(0) + (1) = |pl + lg| < L(e) = L(7).

Putting together the previous inequalities, we get

L) > \/[r(0)2+r(1) — 2r(0)r(1) cos (Ma(w))]

To prove the last claim, let p = (rp,wp), ¢ = (rg,wy) € RT x SV~ and let y(t) :=
(r(t),w(t)) be a C! curve of Rt x S¥~! connecting p to g. Then the previous estimate and
L(w) > dj (wp, wy) yield

L(y) > \/[rg + 12 — 211 cos (7r A E(w))] > \/[T% + 12 — 211y cOs <7r A d, (wp, wq)>].

Optimizing over v we get the desired claim.
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- 80 = 4w)

(1) = 4(w)

Figure 2.1: L(w) <7 Figure 2.2: L(w) > 7

The Riemannian manifold (R?\ {0}, g) is, by Proposition 2.1.4, a flat manifold and,
consequently, it is locally isometric to the Euclidean plane. This property allows to solve,

at a first stage, the two-dimensional problem.

Proposition 2.2.5 For any p,q € R? \ {0}, defined in spherical coordinates by p = rpwp,

q = rqwq, the distance dg between p and q is given by

ds(p,q) = \/7“12, + 12 — 2ryry cos (77 A Vaarccos ((wp, wq)) ) (2.14)
PROOF. Let us employ polar coordinates on R? \ {0}:
R* x [0,27[3 (r,0) — (2,y) = (rcosf,rsinf) = re'? € R2\ {0}.
The metric tensor takes the form
G = dr® + ar’d6®.
On the other hand we have, for every e e¢fs € S1,
dp, (€%, 1) = arccos ((ew”, ei9q>> = min {|6, — 0,4],27 — [0, — 04|} .

Let p = rpei®r, g = r e € R?\ {0} and let us define

di(p,q) == \/T% + 72 — 2rprq cos (77 A Vady (e, ei9q))_
Applying Proposition 2.1.4 and Proposition 2.2.4, with h = ah, we immediately get

dg(p,q) > di(p, q)- (2.15)

It is, therefore, sufficient to prove dg(p,q) < di(p, q).
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Since, by Proposition 2.1.6, (R2 \ {0}, g) is invariant under rotations, we can suppose,
without loss of generality, 2 < 6, < 0, < 3. In particular dj,(e, e) = (6, — 6,).

Let us treat, firstly, the case \/a (0, — 6,) > .
For every 0 < € < min{ry,r,}, let us consider the curve of R2\ {0} 7, := Y,e Uy2,e U73e
defined as the union of the three curves y1 . : [e,7p] D 7 = 7€, yo : [0,,0,] > 0 — ee'?,

Y3e : [6,mg] 2 7 = re?a (see Figure 2.3). Obviously 7. connects p to ¢ and a direct
Figure 2.3: the support of the curve v = 71, U2 U73.e.
y

Yi,e

Y2,e

Y3,e

computation easily gives L(V1,e) = rp — €, L(72,e) = e/a(0y — 0y), L(73,) = 1y — €. This
yields

dg(p,q) < L(ve) =1p +7¢ — 26+ y/a(bg — 0,).

Taking the limit, in the last inequality, as € — 0, we get dz(p,q) < rp +rq = di(p,q). This

implies, recalling (2.15), d3(p, q) = di(p, ¢) which is the required claim for \/a (8, —6,) > =.
Let us suppose, now, v/a (6, — 6,) < .

(R2 \ {0}, g) is, by Proposition 2.1.4, a flat Riemannian manifold and therefore it can be

locally developed on the euclidean plane. Let us fix, to this aim, a sufficiently small € > 0

such that I :=]6,—¢,0,+¢[C [0, 2n[ and \/a (0, —6,) +2¢\/a < 7. Then, setting by := 0, —¢

and J :=+/a I — /aby, we have

J =10,v/a (0, — 0,) + 2ev/a €0, 7.

Let U, V be the open cones of R? \ {0} defined by U = {re? : r € R*, 0 € I} and
V ={re? :r € Rt, # € J} (see Figure 2.4). Clearly p,q € U and V, having opening angle
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k= +/a(0; — 0,) + 2ey/a < 7, is convex. Let f: U — V be the application given, in polar

coordinates, by
fiRT XT3 (r,0)— (r,va(—6)) e R x J. (2.16)

f is, clearly, a diffeomorphism whose Jacobian, at any point, satisfies Jf = (é \/2)
Let go = dr? 4+ 72d#? be the euclidean metric of R? \ {0}. Since

1 0 _ st 1 0 .
(O ar2>_Jf (0 r2> 1

equation (A.6) in Appendix A proves that f is a Riemannian isometry between (U, ) and

the euclidean cone (V] gp).

Figure 2.4: the action of f(r,0) = (r,v/a (6 — 6p)).

y y
v f
—
v
f(q)
/4
P
f_1 G N f
N I N A ()
1 X . X
q

Since V' is convex, the segment v that joins f(p) = rpei\/a(aﬂ_eo) to f(q) = rqei\/a(eq_eo) lies

entirely in V' and has euclidean length equals to

FOF@| = /12 + 12 — 2rrgcos (Valty — 6,)) = di(p.q).

Since f is length preserving, the curve o := f~ o of U joins p to ¢ and satisfies

dg(p,q) < L(a) = [f(p)f(q)| = d1(p, q)-

The last inequality, recalling (2.15), proves dz(p,q) = di(p, q) i.e the required claim in the

remaining case.

O
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Remark 2.2.6 Ifa <1, the same proof of Proposition 2.2.5 shows that (R*\ {0}, ) can be
globally developed on the quotient Riemannian manifold V/ ~ (see [13, Chapter 3, Definition
2.1]), where

V={re’ :rcR",0<0<a2r}

is the cone equipped with the euclidean metric gy induced by the immersion in R? and ~
is the equivalence relation that identifies the boundary rays given by 6 = 0, = \/a27w (see

Figure 2.5). The isometry is described, in polar coordinates, by
F:RY x[0,27[> (r,60) = (r,v/af) € RT x [0,/a2n].

In this case, denoting by dg, the distance induced on (V/ ~,go), one can recognize that

dg(p, q) = dgo(F(p), F(q)) = \/7‘]% + 12 — 2ryry COS (ﬁdh(ei(’p, eif’q))_

If a > 1, F is well defined only for \/a® < 2w. To overcome this limit one can consider the

helicoid of R3,
M ={(rcosf,rsind,0) c R3:r >0, 0 cR}

provided with the metric tensor dr? 4+ r2df?. We remark that the projection
p:Rg\{O} _>R2\{O}a p(%yaz) = ($,y)

is a Riemannian covering map from (M, dr? 4+ r?d6?) to (R*\ {0},g0) (see [66, Chapter
7, Definition 11]. With this setting, (R*\ {0}, g) is isometric to M’/ ~ where

M = {(rcosf,rsind,0) €R>:7>0,0<6<+a2r}

is a Riemannian submanifold of M and ~ 1is the equivalence relation that identifies the

boundary rays given by 0 =0, 6 = /a2 (see Figure 2.6). The isometry is given by

F:R2\ {0} = M/ ~, re?? — (r cos(v/ah), rsin(y/ab), \/56>.

In this case, if d' is the distance induced on (./\/l’/ ~, dr? + r2d92), one can recognize that

dg(p,q) = d'(F(p), F(q)) = \/1"]% + 12 — 2rpry cos <7T AV ady, (e, ei‘9q)>,
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Figure 2.5: the action of F(r,0) = (r,v/a0) for a < 1.

R?\{0} R

Figure 2.6: the action of F(re') = (r cos(v/ab),rsin(y/ab), \/50) for a = 2.

R?\{0} F F( M)
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Finally, for N > 2, the spherical symmetry of (R™V\ {0}, g), proved in Proposition 2.1.6,
combined with the lower bound (2.13), allows to deduce the N-dimensional distance from

the two-dimensional one.

PROOF OF THEOREM 2.2.1. Let p,q € RV \ {0}, given in spherical coordinates by

P =Tpwp, ¢ =rqwy. Recalling (2.10), we can equivalently prove

dg(p,q) = \/rg + 12 — 2rprg cOS <7r A Vaarccos ((wp, wq)) )

By Proposition 2.1.6, (]RN \ {0}, g) is invariant under orthogonal transformations. We can,
therefore, suppose p, ¢ € R?\ {0} since, otherwise, we can find an orthogonal transformation
T that maps the plane 7 containing {p, ¢, 0} into R? and for which d3(T'(p), T(q)) = d3(p, q).

(R2\ {0}, 9) is, by Proposition 2.1.6, a Riemannian submanifold of (RY \ {0},§): in
particular, if da is the induced distance on (R?\ {0}, §) given by Formula (2.14), we apply
Propositions A.4.3 and deduce

ds(p,q) < da(p,q) = \/1"[2) + rg — 2rpTq COS (7‘1’ A Va arceos ({wy, wq)) )

On the other hand, the result of Proposition 2.2.4, with h = ah, yields

ds(p,q) > \/rg + 12 — 2rpry cos (77 A Vaarccos ((wy, wq)) )

Combining the last two inequalities we prove the Theorem.

2.3 A characterization of the Riemannian distance

Let (M, g) denote a Riemannian manifold of dimension N and d, the distance function
on M induced by the metric tensor g. By definition, d, is given by the infimum of the
lengths L(7) of all C* curves v from P to Q.

We denote by Lip(M, d,) the class of real functions defined on M which are Lipschitz-
continuous with respect to the distance d4. For f € Lip(M,d,), we write Lip(f,dy) to
indicate the best constant L such that |f(p) — f(q)| < Ld4(p,q) for every p, ¢ € M.

We start by recalling a result which allows the regularization of Lipschitz functions. For

the proof, we may refer to [9].

Lemma 2.3.1 [9, Theorem 1] Let (M, g) be a Riemannian manifold and let 1) € Lip(M, dy).
For every € > 0 there exists 1 € C°°(M), such that
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(i) sup [vpe — Y[ <€
M

In particular, e — 1 uniformly on M as € — 0, and limsup Lip(¢¢, dy) < Lip(, dy).

e—0

Remark 2.3.2 The same result with Lip(1e, dg)=Lip(v, dg)+€ holds if (M, g) is a complete
Riemannian manifold (see [33, Theorem 2]).

The following proposition provides a useful characterization of the Riemannian distance

function in terms of Lipschitz functions.
Proposition 2.3.3 Let (M,g) be a Riemannian manifold. Then, for every p,q € M,
dg(p,q) = sup {¢(p) — ¥(q) : ¥ € Lip(M, dy), Lip(¥,dy) < 1}. (2.17)

PrRoOF. Given two points p,q € M, we first consider the function f defined for every
z € M by f(z) =d4(z,q). The triangle inequality then yields at once that f € Lip(M,dy)
and Lip(f) < 1. Since dg4(p,q) = f(p) — f(q), we immediately deduce that

dg(p,q) < sup {9 (p) — ¥(q) : ¥ € Lip(M, dy), Lip(f) < 1}.

For the converse inequality, let v : [0,1] — M be a C*! curve with v(0) = p, v(1) = ¢ and
let ¢ € Lip(M, dy) with Lip(¢,dy) < 1. For every € > 0 let ¢ € C*°(M) as in the previous
Lemma. We observe that by definition we have % (v 0 7)(t) = g (Vgibe((t)),%(t)), where
Ve(p) is the (M, g) gradient of ). at p. The Cauchy-Schwarz inequality then yields

1
vee) = velo) = [ Zweon 0 at

1 1
:/0 9 (Ve (7(2)), ¥(1)) dté/o IVge(Y(E) g [I7(8)lg dt.

Since sup [|Vgthe(2)ly = Lib(te, dg)<Lip(th, dy) + €, we get
zeM

be(p) — belq) < / (1+€) [5(0)lly dt = (14 €) £(7).

Minimizing over v and taking the limit for e — 0, we conclude that ¥ (p) — 1 (q) < dy(p,q).
This proves the desired inequality. O

Remark 2.3.4 Since for every ¢ € Lip(M,d,), — € Lip(M,d,) with Lip(—v,dy) =
Lip(v,dy), one has, equivalently,

dg(p,q) = sup {|¢(p) — ¥(q)| : ¥ € Lip(M, dy), Lip(¢),dy) < 1}.
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Moreover, every 1 € Lip(M, dg) with Lip(v, dy) < 1 can be approzimated in L3S (M) (in

loc

L> (M) if ¥ is bounded) with a sequence of function ¢. € C*°(M) such that Lip(¢e,dy) =
sup,eaq [|Vg@e(2)llg < 1. Indeed, if 1. is the approxzimating sequence of Proposition 2.3.1,

then the sequence ¢ = 1%_6 e satisfies the required property. This implies, also,
o) = s {0l0) — 0(a) 6 € M), sup [Vl < 1)
ze

~ up {|w<p> ()] € CFM), sup [Va(a)]ly < 1}-
zeM

We now come back to the Riemannian manifold (R™ \ {0}, g), where

N
1 ZTil
g = Z <52] + (a — 1) |$|2 > dazidxj,

1,7=1

and let us define the set

v = {y e C®R¥\{0}) : (ave,Vy) <1}, (2.18)

Recalling (2.6), VU is the set of the functions ¢ € C>(R" \ {0}) N Lip(RY \ {0},d,) which
satisfy Lip(f,dg) < 1.

Proposition 2.3.5 The distance d; on RY \ {0} induced by the metric (2.1) can be equiv-
alently defined as

dg(z,y) = sup{¥(z) —¥(y); ¥ € ¥}, =,y € RV \ {0} (2.19)

PROOF. The claim is an immediate consequence of Remark 2.3.4.

O

Remark 2.3.6 For a generic metric space M, formula (2.17) defines a distance on M
which is called the functional distance. Functional distances play a preferred role in the
discussion of second-order operators: for example in [22] Davies uses them to implement
his famous perturbation method to prove Gaussian upper bounds for symmetric purely second
order operators with L*°-coefficients.

We also remark that equality (2.19) shows, in particular, that dg is consistent with the
metric used in [57, Lemma 4.11] to deduce upper estimate for the heat kernel of L with

unspecified constants.



Chapter 3

Gaussian upper bound for the
Heat Kernel

In this Chapter we prove optimal upper complex bounds for the heat kernel of the
operator
;T D x b

N
i,7=1

a>0,b, ceR.
The main result is Theorem 3.5.3 where we prove that the heat kernel p of L, with

respect to the measure p = |x|7dy, satisfies

d?(z, “
p(z 2,y)| < C(Rez) 2 (1 + Re 9(42y)> [~ H 1y

_N.1.D
2 1y ST gy
@) @] )

(3.2)

where D > 0 is defined in (3.5),y= (N —1+c)/a—N+landa= 5 if0< D < (%)2,
a= % it D> (%)2 . dg is the distance on RY \ {0} associated to the operator L

which, as proved in Chapter 2, is expressed by

dg(z,y) = \/1 [|x\2 + |y|? — 2|z||y| cos <7r A va arccos <<x’ y>) )}
a =] [yl
As a consequence we improve the result proved in [57].
There are different methods to prove Gaussian estimates. Here we follow the approach
of [21] where the authors use the Phragmén-Lindeldf theorem to deduce them from some L?
Gaussian bounds, the so-called Davies-Gaffney estimates (3.17), and the ultracontractivity

of the semigroup.
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Such technique is known to apply, for example, to the Laplace-Beltrami operator on a
complete Riemannian manifold M (see [21, Theorems 1.1]): if ¢(z, x, y) is the corresponding

heat kernel, the Davies-Gaffney estimates and the on-diagonal upper bounds
q(t,z,z) < C't_%7 Vt>0,x € M,

imply

2 D/2 )
la(z,2,y)| < C(Rez)""/? <1 + Re d(;,y)) exp <—Re dii’”) ;

where z € Cy, z,y € M and d is the Riemannian distance on M.

In this paper we apply the method to the operator defined by (3.1) whose associated
Riemannian metric g, as a reflection of the singularity of L, is not complete for a # 1 (see
Chapter 2).

In Section 3.1, we analyse the operator in the metric measure space (RN \ {0}, dy, u),
where it is nonnegative and self-adjoint. To overcome the singularity at 0 we perform
another change in the measure and use form methods to construct an equivalent operator
in the space L? (R™,dv), where dv is defined in (3.10).

In Section 3.4 we show that the the analytic semigroup {e* : z € C+} generated by L
satisfies the Davies-Gaffney estimates (3.17). This property, combined in Section 3.5 with
some ultracontractivity bounds and with [21, Theorems 4.1], ensures the validity of (3.2).

We refer the reader to Appendix C for a brief survey on the main notions and results
needed.

Unless otherwise specified, all the results presented in this Chapter are collected in [15].

3.1 Symmetric forms associated to —L

Let

N
i b N-1 b—A
L=A+(-1)Y 0D, te 0 Vo o =aDy + tp, - 0

2 |z] 2 r rz

ij=1

where D,, D,, denote radial derivatives and Ag is the Laplace-Beltrami on SV1.

Setting @ = (aij) with

N -1
Gij(x) = 05 + (a — 1)|:c|_2xixj, reRN \ {0}, ~v= T—i_c - N+1, (3.3)
L becomes
b
L = |z|7"div(]z|"a V) — W (3.4)

Note that v = 0 if and only if L is formally self-adjoint with respect to the Lebesgue

measure.
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In Chapter 1 we showed that —L is associated with the sesquilinear form a defined in
Li = L*(RN,du), where dy = |z|"dx and

b
a(u,v) := /]RN <(aVu, Vo) + Wuv) d,

D(a) := CZ(R™ \ {0}).

We recall that the condition

b (N—-1+c—a\?
D:+<+C“> >0 (3.5)
a 2a

is necessary and sufficient to get positive solutions (see Proposition 1.3.1) and we shall
always assume it. For the reader’s convenience we summarize below the main properties
about L proved in Section 1.2. See also [50, Lemma 3.4, Proposition 3.5] and [57, Lemma
4.2].

Proposition 3.1.1 If D > 0, then a is a non-negative, symmetric and closable form in

Li. Denoting by a the closure of a, the Friedrichs extension operator

D(L) = {u €D(@@); v e L] st au,w) = /

vwdp Yw € D(a)} ,
RN

—Lu:=v

1s well-defined, non-negative and self-adjoint. Moreover,

(i) C* RN\ {0}) = D(L) and for every u € C* (RN \ {0})

N

b
Lu = Z a;;Diju + c% “Vu — —=u.
P 7] ]
(ii) D(L) = {u € L2NWZP(RN\{0}) ; Lu € L2}.
(iii) The scale homogeneity of L is 2:
$°L = M;'LM,, Mgu(z)=u(sz), s>0. (3.6)

(iv) L generates a contractive analytic semigroup {eZL CzZ € C+} n Li which satisfies

es*7 L = M Ye* M, Mou(z) = u(sz), zeCy,s>0. (3.7)

(v) Fort >0 the semigroup '’ is positive and irreducible, that is et f > 0 a.e. if f >0,

f#0.
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To derive kernel estimates, we introduce the following functions which allow to control

the singularity of L at 0.

Definition 3.1.2 We fix n € C°°((0, 00)) satisfying n = 1 on (0,1/2] and n = 0 on [2,00)
and define a radial function ¢ € C°(RY \ {0}) by

$(r) = n(r)r + (1 =n(r)r 2, r=|z|>0, (3.8)
where s1,v are defined above (recall that L|z|~** = 0).

We also define for a, 5 € R,

lz|7* if 0 < |z|] <1, s Catp
0a,p(2) := = [N [2)7 (3.9)
lz| = if 1 < 2] < oo

The following lemma describes some properties of ¢.

Lemma 3.1.3 ¢ satisfies the following properties:

(i) There exists a constant 0 < co < 1 such that
C00s,,3(7) < (@) < ¢5l 0y, 2 (x) = € RV \ {0}
where, since s = N/2 —1—+/D +~/2,

_ _N
0513 (x) = |2 TF(AL A Ja) "D,
1) There exists a constant c, > 0 such that
0
IV (%2]")| < ol ™2 X fjajeny (@), = € RV \ {0},
(iii) ¢ is a Lyapunov function for L, that is there exists Cy > 0 such that

Lo(x) < Cod(w), = €RY\ {0},
PrOOF. (i) If r € (0,00) \ [3,2], then ¢(z) = gsl,%(m) for || =r. If r € [$,2], then noting
that ¢ and g, 3 are continuous and positive on [£,2], we see that there exists 0 < ¢ < 1
such that ¢ < ¢(z) < ¢ Vand ¢ < 51,2 < ¢ L Choosing ¢y = c?, we obtain the first
inequality. (ii) is proved similarly.
(iii) For r € (0,3), L = 0. For r € (2,00), we have

Lo=-[p+2(N-14c—a- D)2 <o

For r € [%, 2], from the continuity of ¢, ¢’ and ¢"” we deduce Lo < Co¢p. Therefore ¢ is a

X
2

= (9.

Lyapunov function for L.
O
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Following the argument used in [23, Section 4.2], we perform another change in the
measure to get rid of the potential term b|z|~2. We introduce the Hilbert space L? =

L*(RN, dv), with dv = ¢? dj and the non-negative and symmetric form
b(u, v) = a(pu, dv),
D(b) = CZ(RY\ {0}).
Observe that

|| 250 dg = |z NT2H2VD gz if 2] < 1/2,
dv = (3.10)
dx, if || > 2.

If u,v € C°(RN \ {0}) and Lu = ¢~ ' L(¢u), then
—/ (Lu)odv = —/ L(pu)¢pv dp = a(¢pu, ¢pv) = b(u,v)
RN RN

so that b is formally associated to —L. Moreover, if u,v € D(b) are real, then by (3.4) and

integration by parts,

/ ( aVu - Vv)¢? 4 (@Ve - Vu)vp + (@Ve - Vo)ue

+ (@Ve - Vo)uv + bla|” 2¢2uv) dy
/ ( (@Vu - Vv)¢? + (@Ve - V(uvg)) + blz| 24 uv> (3.11)
- / ((EVU-Vv)gsz - (L¢)¢uu) d

RN
In particular b is quasi-accretive:

b(u,u) > /RN (@Vu - Vu)dv — Cy /RN u? dv. (3.12)

Remark 3.1.4 We point out that, as in Remark 1.2.5, if b is the closure of the form b in
L2, then

WLe(RN\ {0}) := {ue WL(RYN) ; suppu is compact in RN \ {0}} C D(b)
and, for every u,v € W™ (RN \ {0}),
b(u, v) = a(du, dv) = /R i ((avu V)¢t — (L¢)¢uv) dy. (3.13)

In particular,

b(u,u) > / (@Vu-Vu)dv — Co/ u? dv. (3.14)
RN RN
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Since u € L2 — ¢u € Li is an isometry which maps D(b) onto D(a), we can define L

as the operator
D(L) = ¢~ D(L),
Lu = ¢~ L(¢u).
The following result is easily verified.

Proposition 3.1.5 —L is the non-negative and self-adjoint operator associated to the clo-
sure of the form b in L2. L generates a contractive analytic semigroup {eZL : 2z € C+} mn
L? which satisfies )

ef=o7le (of), feLl.

Furthermore, for every t > 0, the operator e is positive and
e flloo < €| flloss  f € LENLZRY), ¢ >0,
where Cy > 0 is the constant which appears in Lemma 3.1.5.

PROOF. The first claim follows immediately by construction. The positivity of etl is a
consequence of [67, Theorem 2.6] since, for every u € D(b), one has Reu, (Reu); € D(b)

and
b(Reu,Imu) € R,
b((Reu)t, (Reu)_) =0.
To show the L* bound, by [67, Theorem 2.13] it suffices to show that for every non-

negative function u € D(b), (1 Au) € D(b) and

b((1 Aw), (u— 1)) > —C /RN(u— 1)* du, (3.15)

(note that u — (1 Au) = (u—1)"). Indeed, the above inequality implies
[ flloe < €@ fllscy [ € LENL®RY), [ 20,
which, combined with the positivity of e”, gives
le® Flloo < eI fllloe < € fllso. £ € L2NLORY).

To prove (3.15) we note that V(1 A u) = xqu<13Vu and V(u — 1)" = xqu513Vu. This
implies, recalling (3.11),

b((1Au), (u—1)1) = /]RN _Le

5 (u—1)" dv > —C’o/ (u—1)"dv.

RN
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3.2 Caffarelli-Kohn-Nirenberg type inequalities

Some integral inequalities due to Caffarelli-Kohn-Nirenberg are crucial in deducing ker-
nel estimates. We state those we need, providing a simple self-contained proof (see [57] for

further details). The following lemma follows from Sobolev inequality, by scaling.
Lemma 3.2.1 Let N € N. Then for every q € (2,00) satisfying % > % — %, there exists

C~'q > 0 such that for every v € WH2(RN),

- N(i_1 1-N(1_1
[vllg < Cql[Vvll, < Q)HUHQ ( q)-

The following lemma is a special case of Caffarelli-Kohn-Nirenberg inequalities. We

provide a short proof for completeness.

Lemma 3.2.2 [57] Let 0 € R\ {—=N}. Then for every q € (2,00) satisfying
there exists Cy > 0 such that for every u € C°(RY \ {0}),

Q=

PROOF. Set y = ®(x) := |z|Nz. Since o # —N, ® is bijective, ®~1(y) = |y| =y and

dy = 2%|2|7 dx. Setting v(y) := u(®~'(y)) in Lemma 3.2.1 we have

(/. ru<x>rq:c|"dx)3
(ot L |v<y>|@ldy)é

< NN o 56 ([t an) i (/. ,v(yﬂzdy)%—a(;—;)
)15(%2)

,(l,l) 1_1~ 2
<N 27 d|N+o|27aCy / [Vo(®(z))|?|z|° dx
RN

Noting that
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we see

voe)] < max {1, A el  Tu) < max 1A el F 9l

IN + o
Therefore
. N(i_1
</RN |U($)|q‘x|0d:ﬂ> <N~ (3- ;)|N+o-|§_}1max{1’|]v]—\if_a|} (2 q) C~'q
N( _l)
2
< ([, IwuPlel0-Har)

O

In the next lemma we use Hardy inequality to have the same weights in front of v and
Vu.

Lemma 3.2.3 [57] Let o > 0. Then for everyr € (2,00) satisfying : > 5~ Nz when N >
3and 2 >1-— m when N = 2, there exists C, > 0 such that for every u € C'SO(RN \{0}),

(/. \u<x>|f|xwdx)’l”

N+4o ;_;) 1_N+o ,_,)
2| 10 2T 2(,.|0 2
<y |Vu(x)|*|z|” dz |u(z)|*|z|” dx
RN RN
PRroOF. First we observe that U(T 2) <1 and
1
% a(r4—2) %(1_0(?"4—2)) r
([ urtolas) = ([ (o) (uPlol) a)
RN RN
o(r—2) 1_o(r=2)

T 4r
g(/ |u12|xr”da:) (/ u|qra:\%”dx) ,
RN RN
4r—20(r—2)

where we set ¢ = T2 € (r,00). By Hardy inequality, we have

2 2

2| ,.|0—2 2(,.|0

dr < V dz.
/]RN ’u‘ ’x‘ = (N—Z—i—a) /RN‘ u’ ‘x’ “

1

1 1 _ r—2
+o -

_1 __r=2 _ 1
we have 773 ppo 2) N and therefore

Moreover, by the assumption % > %—
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applying Lemma 3.2.1 to \x|%u, and using Hardy inequality again, we deduce

_ . N=2) 9
/ ult]2] 37 dz < BV (2|3 w2 (/ \ummr’da:)
RN RN

N(q—2)

_N(g=2)

~ o o o1 N(‘12*2) 5 q
< &g (It 9l + Sllol3ullzn) * ([ fuPlelas)

~ (N —2+420
1
q(N—Q—I—a)

N(q—2) N(g—2)

</ ]Vu\zlx\gdx>
]RN
><</ |u|2|x|"daz)
RN

cr(r—2)> N(¢g—2) _ N(r—2)

IN

q— N(q—2)

, we obtain

4r 4 - 47

the desired inequality. O

Combining the above inequalities and noting that (% —

3.3 Ultracontractivity estimates

Using the Caffarelli-Kohn-Nirenberg type inequalities of Section 3.2, it is possible to
prove the following two lemmas that provide some Gagliardo-Nirenberg type inequalities
which are the main technical tool to prove upper bounds for the heat kernel of L. We refer
the reader to [15, 57] for their proof.

For technical reasons we distinguish between the cases 0 < D < (%)2 and D >
(#)2 which, recalling (3.10), correspond respectively to the negativity and positivity of

the exponent of the weight defining the measure dv in a neighbourhood of 0.
Lemma 3.3.1 Assume that N > 2 and that 0 < D < (%)2 Then for every q € (2,00)
such that % > 1 — 1 and for every u € D(b),
6
3 1-6
lullzg, < €4 (Collulls + bluyu))* flul ("

where 0 = N (% — %) € (0,1] and C('I s a positive constant independent of u.
PROOF. Since 0 < D < (¥52)2, then 0 = v — 251 =2 — N 4+ 2v/D < 0 and hence
cgmax{1, [2]7"*1} = Go—o0(x) < ¢°(2)|z[" < g 0-00(x) = ¢ max{l, |z[77*1}.

Therefore, with § = N (% - %) € (0,1] as in the statement, we obtain from Lemma 3.2.1

(v s swear’ (] o)

e </RN ,W(x)mw)g </RN |u<x>|2dy>2
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Using Lemma 3.2.2 with ¢ = v — 2s; and the same 6 as above we have also

1 0
(/ |u<x>|‘1|x“f—281d:c>q§0q(/ V() 2] - B0~ 281>dm)2
RN RN

1-6

" (/RN Ju) 22 dx)g

0
S0, ([ 19uP ety oy o)

1-6

« (/RN \u(x)\2du)2
<elc, (/RN |Vu(m)]2dl/>g (/RN |u(g;)|2du>g
Then

</RN \U(x)\qdu> <cy < )|? max{1, |z~ 281}dx>;

<y T1(C 4 Oy (/RN |Vu(x)]2du>

(/ |u(x)|2d1/) :
RN
Since (3.12) yields

(IA a)/ |Vu|* dv < / (@Vu, Vuy dv < Collul|72 + b(u, u)
RN RN i

(S5

the proof is complete. O

Lemma 3.3.2 Assume that N > 2 and that D > (%)2 Then for every q € (2,00) such
0
2 1-0
lullgg, < €5 (L4 Co)llullfs, +bluw))*Jlul 2

where § = (N + v — 2s1) <f — %) € (0,1) and Cy is a positive constant independent of u.

PROOF. Puta:'y—Qsl:2—N+\/T?>Os0that0:(N+a)<%—l) (0,1), by the

assumption on ¢. Let 1 be defined in (3.8). Then noting that % > > 5 — N and

N-‘rO‘

ale|” < ¢(@)e|" < ¢ Yel”,  x € suppn,

2 < ¢()?z]" < e, z € supp (1 —n),
we see from Lemmas 3.2.3 and 3.2.1, respectively, that
_1 -
Inulzs, < ex *lllal Enull
(N+ff2)(q 2) 1— (N+<f2)(q 2)
te zZV )y > |2l 2ull, !
11 (N+0)(g—=2) 1— (N+o')(q 2)

SC;TiCqHWHWLwO\UHLg+HVUHL3> Tl
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and
_1
(X =n)ullpz < ey *[|(1—nullg

N(qa—2) _N(g=2)

¢ “C V(L =mu)lly ** I(1=n)ul, >

IN

1 1 N(q—2) N(g—2)

e Collnllwros (lullzz + 1Vullzg) ™l ™

IA

11 (N+o)(9=2) _ (N+0)(g=2)

9 2~ 2
&' 2 Collnllwre (lullzg +1Vullzg) ™ Jully,

IN

(observe that (A + B)"A'™" is increasing in r € [0,1], for A, B > 0). Combining the above
estimates, we deduce
(N+02)(qf2) 1_ (N+0)(a=2)
q
fullg, < € (g + 19l P
Using (3.12) we complete the proof. O

Using the equivalence between ultracontractivity and Gagliardo-Nirenberg type inequal-

ities given by Theorem C.1.1, we obtain some pointwise kernel estimates for L.

Proposition 3.3.3 Let Q@ = RN \ {0} and let L be the operator defined by Proposition
3.1.5. Then there exists p,(z,-,-) € L®(RN x RN) such that for z € Cy

@)= [ pnaa)f@)dn e Ly 0 LEERY),

pu has a representation for which, for every z € C4, x,y € Q, p, (-, x,y) is analytic on C4,
pu(z,-,-) is symmetric on Q x Q and for which p, is continuous on Cy x £ x €.

pu(t,-,-) > 0, for real positive t, and, furthermore, there exist two positive constants
C1, Cy such that

w2

C1 (Rez)~ ¥ exp (CoRez), if0< D < (N52)°,

P (2, 2,y)] <

N+~v—2s7

Ci(Rez)™ 7 " exp(CoRez), if D> (¥52)2,
for every z € Cy, z,y € RV,

PROOF. Let us suppose, preliminarily, 0 < D < (%)2

—CotetL

We apply Theorem C.1.1 to the semigroup e whose generator is associated to

the symmetric and accretive form

b+ Co(, )2

and which is, by Proposition 3.1.5, L>-contractive. Lemma 3.3.1, Theorem C.1.1 and (C.2)

give, for some C > 0, the ultracontractivity estimate

le=Cotetl|l oo < Ot 2.
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Proposition C.1.3 then proves

2

le=0%e* ||} oo < O (Rez) 2
and the existence of a kernel p, such that, for z € C,,

L@ = [ nlenf@)dn feLLnI=EY),

with
ess sup |pu(z,x,y)| < C(Rez)” 2 e“0fez
z,y€RN\{0}

and such that p, (-, x,y) is analytic on C, for every x,y € Q. The symmetry, in the space
variables, of p, and its positivity for ¢ > 0, are consequences of the positivity and self-
adjointness of the semigroup.

To prove the continuity, we observe that, for fixed y € RN¥\{0}, p, (-, -,y) is a distributional
solution of the equation (@ ) py = 0, where the coefficients of the operator L are C™®
far away from the origin . Then, by local parabolic regularity, p, (¢, x,y) is a continuous
function of t > 0 and z € RV \ {0}; for the same reason, since the constant of ellipticity
of L does not depend on y, p, (-, -,) is locally Holder continuous uniformly in y € Q. The
last property, combined with the symmetry in the space variables, implies the continuity of
py for t > 0, x,y € 2. The uniqueness theorem for holomorphic functions then proves the
continuity for z € (C+ as well.

The case D > ( ) follows similarly using the form
b+(1+00)<7 >L12,

and Lemma 3.3.2 instead of Lemma 3.3.1.
O

Remark 3.3.4 The continuity of p,(z,-,-) on Q x Q, for every z € C,, can be proved in a
more direct way. Indeed using (3.22) and the expansion in spherical harmonics of the heat
kernel of L proved in Proposition 4.2.7 (see also [50, Proposition 6.7]), we obtain for ¢ > 0,
r=rw,y=pn, 1 p>0,lw=n=1,

Pt ,y) = d’(x)lﬂs(y);lt (re) ‘/Eexp{ 4at }Z VD <2at) Z5 (). (3.16)

Here I, is the modified Bessel function of order o > 0, Z(™ is the spherical harmonic of order
n € Nyg and D,, :== D+ M (we refer the reader to Chapter 4 and to [50] and references

therein for further details and for the proof of the convergence of the series involved). Fixing
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x,y € €, the functions on both sides of the equation (3.16) are holomorphic on C.: the

same equality, therefore, extends to z € C,. producing

_ 1 1 —s1—VD 40\ v TP\ 7(n)
pu(z,2,y) = #(2)0(y) 2az (rp) exp {— };I\/ﬁn (%) LY (n).

From the last equality one can deduce, in particular, the continuity of p,.

3.4 Davies-Gaffney estimates

In order to add a Gaussian term in the estimates found in Proposition 3.3.3, we need to
prove that the contractive semigroup generated by L satisfies the so-called Davies-Gaffney

estimates.

Definition 3.4.1 Let (M, d, u) be a metric measure space. Suppose that, for every z € Cy,
T(z) is a bounded linear operator acting on L*(M, dp) and that T(z) is an analytic function

of z. Assume in addition that
IT(2)|o2 <1 VzeCy.

For Uy, Uy open subsets of M, let d(Uy,Us) = infyev,, yev, d(z,y). We say that the family
{T(2): z € Cy} satisfies the Davies-Gaffney estimate if

r

2
(O 2] < cap( =T ) Il (3.17)
for all t > 0, Uy, Us open subsets of M, fi € L*(Uy,du), fo € L*(Us,dp) and r :=
d(Uy, Uz).

In our case M is the Riemannian manifold (R™V\ {0}, g) associated to the operator L, where

N
g= Z <5z~j + <i — 1> a’;ﬁ;]) dx;dx;,
ij=1
and which is studied in details in Chapter 2. We recall that, by Proposition 2.1.4, as
reflection of the singularity which appears in the leading term of the operator L, (RV\ {0}, g)
is non-complete for a # 1.
The reference measure is dv = ¢? du and the distance is the Riemannian distance dyg

induced by the metric g. Theorem 2.2.1 proves that

dg(p,q) = \/1 [rg + 72 — 2rprq cos (77 A Vaarceos ({wy, wq)) )} (3.18)

a
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where p = rpwp, ¢ = rqwy € RN \ {0} and r, = [p|,w, = p/|p| (and correspondingly for gq).
Recalling (2.11), d4 is equivalent to the euclidean distance:

1 1
1IN — dg(p,q 1v— — 3.19
(A\f)Ip q < dg(p,q) < (V\[>Ip ql- (3.19)
Proposition 2.3.5 shows also that
dy(z,y) = sup{e(x) —¥(y) ; ¥ € ¥}, z,y € RV \ {0},

where

- {w e C*MRN\{0}) : @V, Vi) < 1}.

Before stating the next Theorem we recall that Proposition 3.1.5 gives the contractivity

i T2 L
in L7, of e** for z € C}..

Theorem 3.4.2 The family el zecC satisfies the Davies-Gaffney estimate that is
+

. 2
e o)l < exp (=5 ) Il Il
for all t >0, Uy, Uy open subsets of RN \ {0}, f; in L*(Us;,dv) and r = dy(Uy,Us).

Proor. For f € L2 t > 0, x € RV \ {0}, we put fi(z) = e“if(x). Let £ > 0 and
¢ € Lip(RN \ {0},dy), both to be chosen later, such that Lip(¢,dy) < k. We recall that, by

(2.6), the last requirement is equivalent to

sup  |Veé(2)]2 = [(@VE, VE) oo < K,
z€RN\{0}

where V¢ is the weak gradient of &. For every ¢ > 0 let us define

B(O)= [ 1)@ < .

We want to prove that

E(t)—/ () e dy<exp{(k22+26’0>t}E(0),

where (Y is the constant which appears in (3.12). To this aim let us set, forn € N, &, = £An,

and

B(t) = /R @)@,

Let us prove, preliminarily, that E,(t) < exp { (% + 2C’0> t} E,(0).
By a density argument, we can suppose, without loss of generality, f € C®(R™ \ {0}).
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Otherwise we apply the latter inequality to a sequence of functions (i )men € C2°(RV\{0})
converging to f in L2 and then take the limit for m — co. Supposed f € C°(RN \ {0}),
we have, in particular, f;, fyef» € W™ (RV \ {0}) C D(b). Then, differentiating under the
integral and recalling (3.13), we get

En;t) = O fi(x) fi(z)er ) dy _/ (f/ft(ﬂf))ft(a:)e‘fn(m)dy
RN RN
= —E(fufte&”) = —/ (@Vft,V(ftefn))(f . (L¢)¢’ft‘2€£"> dp
RN
=~ | (@95 Ve 6? + @V i, 596065 62 = (Lol i) d
Using (iii) of Lemma 3.1.3 and the CauchySchwarz inequality, we obtain

@V 1,V f1)) — @V fr, fiVE) + Col fi]?) e ¢*du

INA IA
\ \

2

e
( @V fe, Vi) + <ant7Vft)>%<5ftV§mftvén»%+Co\ft|2> esrdy

| N
—

( avén, Va2 +Oo|ft\2) esndy
< <4/€2 +C'o> n(t).

We therefore deduce 2
Eu(t) < exp { (2 i 2co>t} Fa(0).

Taking, in the last relation, the limit as n goes to infinity, we get, by monotone convergence,

,g

the required inequality

E(t):/ | fo(z)[%e du<exp{<k§+200>t}E(0).

Consider now two disjoint open sets Uy and Uy in R \ {0} and choose & := kdy(-, Uy).
Then ¢ € Lip(RN \ {0},d,), Lip(€,dy) < k, € =0 on Uy and for every g € L2 (RY,dv)
lg[e*dv > e [ |g|dv,
Us Us
where r = d(Uy, Up). Therefore, for f € L2 with supp f C Uy and for g = f; we get, recalling
that £ =0 on Uy,

|fi|2dv < e " E(t) < exp { (f + QCg)t - k:r} E(0)

k?2
—exp{<+2Co)t—kr} |f|?dv.
2 o
2

2 2
/ |eth )| dl/<exp{r+200t} |f|2dV:exp{2Cbt}exp{r}/ |f|dv.
t U, 2t ) Ju,

Us

By choosing k = 3, we obtain

2
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We finally deduce that, for every f € L?(Uy,dv),
tL tL 2 : r?
sup (e f, 9)| = e f(@)l"dv | < exp{Cot}exp { — | IIfllzz-
QGLQ(U27dV)7 ||gHL12/:1 U2

Using Lemma C.3.3, we can eliminate, in the last estimate, the exponential term
exp {Cpt} proving the desired claim.
O

Using the isometry v € L2 — ¢u € Li, we deduce, immediately, the same result for the

semigroup generated by L.
Corollary 3.4.3 The family {e** : z € C.} satisfies the Davies-Gaffney estimate in
(RN \ {0}, dg, dp) that is
tL r’
e o el < exp (=5 ) sl el

for allt > 0, Uy, Uz open subsets of RN\ {0}, f; in L*(Ui,dp) and r := dy(Uy, Us).

3.5 Kernel estimates for e*L

Using Theorem C.4.1 we can, finally, prove the announced kernel estimates for the
semigroup generated by L. We start by adding a Gaussian term in the bounds found in

Proposition 3.3.3.

Lemma 3.5.1 There exist two positive constants Cy, Co > 0 such that the heat kernel p,

of L, with respect to the measure dv, satisfies the following estimates.

(i) If0< D < (%)2 then, for every z € C1, x,y € RV \ {0},

N
d2 , 2 d 2
lpw (2,2, y)|] < C1(Re z)_% <1 + Re g(jzy)> exp (CgRez —Re g(m,y)> .

4z
(3.20)
(ii) If D > (%)2 then, for every z € C4, z,y € RV \ {0},
9 N+~v—2s1
o, d2(z, : dy(z,7)?
Ipu (2, 2,9)| < C’l(Rez)_NMQ “ (14 Re M exp [ CoRez — ReM .
4z 4z
(3.21)

Here d is the metric defined in RN \ {0} by

1
dg(p,q) = \/a [rg + 12 — 2ryry cos (77 A Vaarccos ((wp, wq)) )],

where p = Tpwp, ¢ = Tqwg € RY \ {0} and r, = |p|,w, = p/|p| (and correspondingly for q).
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PRrROOF. Let us suppose, preliminarily, 0 < D < (%)2

CotetL

As before we consider the semigroup e~ whose generator is associated to the form

b+Co(, )r2-
Proposition 3.3.3 gives the ultracontractivity estimate
le=Cotet |1 e < C7E,

which in terms of kernels reads as 0 < e~ %!p, (¢, z,y) < Ot % Furthermore, for every
z € Cy, p(z,-,-) is continuous on R \ {0} x RV \ {0}.

Theorem 3.4.2 assures that the family {ezz : z € C4} satisfies the Davies-Gaffney
estimate in (RV \ {0},dy,dv) and so does {e_COZeZ’i .z € Oy} since |e=%0?| < 1 for
ze€Cy.

Applying Theorem C.4.1 to the operator Co— L, we get, for every z € C, z,y € RN\ {0},

N
d2 , 2 d 2
Ipv(2,2,9)| < eC(Re z)fg (1 + Re W) exp <C’0Rez — Re g(i;y)> .
z

—(14Co)t ot L

The case D > ( ) follows similarly using the semigroup e associated to

the form
b+ (1 +Co)(, )r2-

O

Remark 3.5.2 The different exponents in (3.20) and (3.21) are due to the different pa-

rameters 0 which occur in Lemmas 3.5.1 and 3.3.2.

We can finally deduce the estimates for the heat kernel associated to the initial operator
L.
For z € Cy, x,y € RV \ {0} let us define

p(z,2,y) = o(x)d(y)py (2, 7, Y). (3.22)
By Lemma 3.1.5 and Proposition 3.3.3 we have, for every f € L2,

@) = o) [0 )] @) = [ ot era)ots) S ) dvio)
= [ pe ) @)dn). (323)

The scaling property (3.7) of e*”, taking into account that the reference measure is dy =

|x|Ydx, implies that, for z € C4, s > 0, z,y € Q,

p(s?z,z,y) =s N p (z, f’ Q) . (3.24)

S S
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We can state and prove, now, the main Theorem. Note that, using the scaling (3.24),
the distinction between the cases 0 < D < (%)2 and D > (%)2 appears only in the
polynomial term and that s; = N/2 — 1 — /D + /2.

Theorem 3.5.3 Let Q@ = RN \ {0}. There exists p(z,-,-) € L®(Q x Q) such that, for
A (CJ,_,

e f(z) = /RN p(z,z,y)f(y)dp, [ € L.

p is continuous on C4 x Q x Q and, for every z € C4 and x,y € Q, p(z,-,-) is symmelric
on Q x Q and p(-, z,y) is analytic on C,..
Furthermore, for real positive t, p(t,-,-) > 0 and there exists a positive constant C' > 0

such that the following estimates hold.

(i) If0 <D< (%)2, then for every z € C4 and (z,y) € Q x £,

4z

- & 4+1+vD
] lyl ’ ot R da(@:9)*
((RezﬁM) ((Rez> M)] p (e #E).

(ii) If D > (%)2, then for every z € C4 and (z,y) € Q x Q,

N
d2 ) 2
Pz y)| < C (Rez) (1+ReM) a3y

=

N+~v—2sq

d?(x, 2
<1+Re 4loy) y)) |3 ly| 3
4z

N1 D
2 H T (e dal)?
((RezﬁM)((Rez)%“)] p (ne )

Here d is the metric defined in RN \ {0} by

w2

Ip(z,z,y)| < C(Rez)”

1
dg(p,q) = \/a [rg + 12 — 2rpry cos (77 A Vaarccos ((wp, wq)) )],
where p = Tpwp, ¢ = Tqwg € RY \ {0} and r, = |p|,w, = p/|p| (and correspondingly for q).

PROOF. The existence of p as well as its regularity properties follows from (3.22) and
(3.23) above. Consider ¢ € C; satisfying Re( = 1. Then Proposition 3.3.3, Lemma 3.1.3

and the relation between the kernels yield

(¢, 2, y)| < Crog, 3 (2)0s,,3(4)IPu(C, 2, y)].

On the other hand, for z € C4, x,y € €, the scaling (3.24) implies that, setting ( =
(Rez)~ !z,

= ez_¥ x y .
p(za$7y) - (R ) p (Ca (Re Z)%a (Re z)é)
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Therefore, using the previous estimates we have

¢ T
p ) )
(Rez% Rez%
Ny
< Ci(Rez)” 2 51,3 ((Rezé>Q8h;< ;>

Recalling (i) of Lemma 3.1.3

e\ el \
Cor ((Rezﬁ) ((Rez)%)

Furthermore, from (3.18), we easily deduce

m y = ez_% x, ).
% ((Rez);7(Rez)é>_(R )72 dy(.0)

The claim then follows by using the estimates of p, proved in Lemma 3.5.1.

For example, if 0 < D < (832 ) then using (3.20) to estimate (3.25) we get

_ Nty x
p(z,2,9)] <Ci(Re2)™ 2 oy 2 ( ) Os1.3 < )

(Re z)%
N

p(z,2,y)| = (Rez) "2

X
2

W\ TR
X
— A1l . (3.26)
(U%zﬁ )

N

(Re z)

Recalling (3.26), we get the desired bound. The case D > (%)2 can be treated in a
similar way.
O

2 k
dq Ef;’y)) into the exponential we get the following Corol-

By absorbing the term (1 + Re

lary, in which there is no distinction between the cases 0 < D < (%)2 and D > (%)2

Corollary 3.5.4 Let D > 0. For every ¢ > 0 there exists C. > 0 such that, for every
z€Cy and (z,y) € Q x Q,

B bl e
_N 7, _a T Yy
p(z,2,y)] < Ce (Rez)” > [z[ 2[y| 2 A1 A

(Rez)% (Rez)%

X exp <—Re M) .
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Moreover there exists CL > 0 such that for z € Cy satisfying |argz| < § — ¢, and (z,y) €
QxQ

| - S+1+vVD 0. y)?
\pwwnyﬂfzcuzrgtﬂ-%yr¥[(’x‘A1> ('ylAl)] oxp (-,

2|2 Ek mel2|

4+e
cos(5—e€) "

where me =

PRrROOF. The first claim is consequence of Theorem 3.5.3 and of the inequality

k xT €T
—— 1 < — > 0.
(1+x) exp{ 4}_C(e,k)exp{ 4+6}, x>0

For the second it is enough to observe that, for z € C satisfying |argz| < T — ¢, one has

cos(§ —¢€) < }Tz‘z <1

O

Using the equivalence (3.19) between d, and the euclidean distance, we can improve [57,

Theorem 4.14]. We point out that lower estimates of p for z =t € Rt are proved in [50].

Corollary 3.5.5 Let Q = RV \ {0}. For every ¢ > 0, there exists C. > 0 such that for
z € Cy satisfying |argz| < § — ¢, and (z,y) € 2 x Q

N (e N e

S A A x Y Y

’p(27$,y)|SC€|Z’ 2’1-‘ Z‘y’ 2 l/\l l/\l eXp<_ / )a
e PL m|z|

_ _ 4te N1 44e
where me = cos(Z=0) (1Al = cos(£ =) (I1Va).

The previous kernel estimate can be rewritten into the following equivalent form. For

simplicity we only consider real positive ¢.

Corollary 3.5.6 There exist C > 0 and m > 0 such that for t >0 and (z,y) € Q x Q

—s1 —s7 2
0 <p(t,x,y) < Ct_%\y|_7 <‘xl’ A 1> <\y1] A 1) exp <—M> (3.27)
t2

t2 mt

where s1 is defined in (1.7) and s7 in (1.29).

PROOF. Let us recall that

_N Yo« N Y
81—5 1 \/5"‘5, 31 = 2 1 \/5 2

-X+1+vD 2
2 —
t2 t2 mt

—s1 —s7 1— 12
<ot () (B a0 o (U,
t2 t2 mt

We prove that

()



3.5 Kernel estimates for e?~ 62

By scaling it is enough to show that

<‘\y$|’>_ =¢ (ly;‘ 2 1)_ oxp (d]z — y/*). (3.28)

If 2| < 1and |y| < 1 thisis clearly true. Assume that |y| < 1 < |z|. Then |z—y[? > (|z|—1)?

R

and
o % < Cexp {8(1a] - 1} < Cexp {31 - y1)?)

and (3.28) holds. If |z| <1 < |y| we argue in similar way. Finally, when |z| > 1, |y| > 1 we
write © = rw,y = pn with |w| = |n| = 1 and we may assume that r > p > 1. Writing r = sp

with s > 1, the inequality s~ 2 < Ceds=D? < Cedls—1)%p? (s,p > 1) implies that

(S

<7“> 7 el < gyl
P



Chapter 4

Gaussian lower bound

In this chapter we find the following two-side estimates for the heat kernel p of L with

respect to the measure |y|? dy

~¥+1+vD 5

2 —_—

p(t,,y) ~= ext ™= [a] 3|y 73 K'f' A 1) <|y1| A 1)} exp <_62|‘L‘ty|> ‘
t2

t2
Since upper estimates were already proved in Chapter 3, we focus on lower estimates
for real positive t. Section 4.1 is devoted to the decomposition of the heat kernel of L as
the (infinite) sum of heat kernels of one-dimensional Bessel operators. In Section 4.2 we
get the main result by combining kernel estimates near the origin, obtained thanks to the
explicit formula of one-dimensional Bessel operators, with Gaussian estimates faraway from
the origin already known for uniformly elliptic operators.

The Chapter is mainly based on [50].

4.1 Decomposition of the N-dimensional operator

Let us consider, for a > 0 and b, c real coefficients, the elliptic operator

b

ER

N
TiTj T
ij=1

Let v = % — N 4+ 1 and let us consider the weighted space Li = L?(RN,du) with

dp = |z|7dx. Setting @(x) := I + (a — 1)%2Z and recalling (1.10), L can be written as

|=[?

b
L = |z|7div(|z|"a V) — FER

As usual, let us assume D := 2 + (WY > 0.

Following the construction of Section 1.2, —L is the operator associated with the closure a
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of the nonnegative and symmetric form in Li

a(u, v) == /RN <<aVu Vo) + |;f| >du, D(a) := C2(@®RN \ {0}).

Let us introduce some notation.
For fixed n € Ng let {P",i = 1,...,a,} be an orthonormal basis of spherical harmonics of
degree n and let H,, denote the space of spherical harmonics of degree n, with dim#,, = a,.

Let us define the subspace of Li

1+c

L% = L2((0,00), 7" & dr) ® Hy
:é(L2((o,oo)7 AE @L% (4.1)
where 7
L% = L2((0,00),r 2~ dr) @ P. (4.2)

Let qun) be the zonal harmonic of degree n with pole w € SV~ defined by

Z3) () == 2 (w, ) ZP"

where w,n € SV1

Zonal harmonics provide a simple way to describe the orthogonal projection of Lz onto

L2. We refer the reader to Section B.2 for further details.
Proposition 4.1.1 The following properties hold.
(i) L* (RY, |z[7dz) = @2, L2.

(ii) for every u € L? (]RN, |:E|”’da:) the orthogonal projection on L2 is given by

:“n 7 w(r,w)PMw)dw = u(r,w)ZM w
P= R [ = [ 20

and moreover u =Y 0" 1 Qn(u) in L* (RY, |z|dx).

PRrROOF. The result follows by setting o = v = % — N + 1 in Proposition B.2.3 in
Appendix B. O

Note that, if P is a normalized spherical harmonic of degree n, the projection on L2 D is
given by
Qr(w(rn) =P [ ulrw)P(e)d.
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Moreover Q, = Y i", Q pr, Qp is symmetric and, for every u € Cg° (RN \ {0}), Qp com-
mutes with the radial derivative that is

(@Qpu)y = P(n) / (1, 0) P() dow = Q.

SN-1

This follows, since u, = Vu - ﬁ, by differentiating under the integral sign.

In this section we prove that on each L2, defined in (4.1), L coincides with a one-
dimensional Bessel operator. Since Li =@, L2, this provides us a complete decomposi-
tion of the N-dimensional resolvent and kernel in terms of its one-dimensional counterparts.
We write

L=aD, + Y"1t b4

2
T T
where Ag is the Laplace-Beltrami on SV~! and recall that AgP = —\,, P if P is a spherical

harmonic of degree n.
If v(x) = u(r)P(w) € CX (RN \ {0}) N L2 then, from Proposition 1.1.2,

N -1
va(aurr+ +Cur—b+)\

r r2

nu) P(w) = (Lpu)(r)P(w). (4.3)
The one dimensional Bessel operator —L,, is associated to the form

o
an(u,v) = / (aurvr + b+2)\nuv> = dr
0 T

considered in Section 1.3. Observe that if uP,vP € C®(RN \ {0}) N L2, with u, v €

C(0,00), then (4.3) can be written in the equivalent form

o0 b+ A\, c
a(uP,vP) = / (aurvr + +2 uv> R dr = an(u,v).
0 T

However, this is not yet sufficient to conclude that the part of L into L2 is the Bessel
operator L, since domain questions arise (both at the level of the domains of the operators
and of the closures of the forms).

In the following we fix a normalized spherical harmonic P of degree n. First we show

that L and the projection @ p, defined in Section 2, commute.
Lemma 4.1.2 Let u € C° (RN \ {0}). Then LQpu = QpLu.

PROOF. Let w(rw) = (Qpu)(rw) = v(r)P(w), where

/SN 1 (w) dw.
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Since Ay is self-adjoint in L2(SN~1) and AgP = —\, P we get

N -1 b+ A\, N -1 b+ A\,
AQUpy — + C’Ur _ bt v = / (auw - Jur _ot u> P(w) dw
SN—I

r r2 r r2

An A An 1
—/ Lu— 28qy - 208 P(w)dw-/ Lu— —u | dw— — ulAgP dw
gN-1 72 r2 gN-1 72 r2 Jono1

N -1 b+ A
Lw = P(w) (avr,, — + CUT - +2 nv) ,
r r

the claim follows. O

We prove now the continuity of (Qp with respect to the norm
ullf = [ull + alu, w) = [Jull3 — (Lu, u)
Lemma 4.1.3 Let u € C° (RN \ {0}). Then |Qpul? < ||ul|?.
PROOF. We write u = uy + ug where u; = Qpu and ug = (I — Qp)u. Then
a(u,u) = —(Lu,u) = —(Lug,u1) — (Lug,ug) — (Luy,ug) — (Lusg, uy).

By observing that, by Lemma 4.1.2,

(—Luy,ur) = (=LQpu, Qpu) = a(Qpu, Qpu);

(=Lug,uz) = (—L(I = Qp)u, (I = Qp)u) = a((I — Qp)u, (I — Qp)u);
(=Luy,uz) = (—LQpu, (I — Qp)u) = —(QpLu, (I — Qp)u) = 0;
(—Lug,ur) = (—L(I — Qp)u,Qpu) = —((I — Qp)Lu,Qpu) =0,

we get,
a(u,u) = a(Qpu, Qpu) + a((I — Qp)u, (I — Qp)u).

The thesis follows from the positivity of the form and the boundedness of Qp in Li. O

Remark 4.1.4 Observe that the above proof yields

n

a(u,u) = Z a(u; Py, ui ;)

=1

if u=">31", ui(r)Pi(w) with P; spherical harmonics.

Lemma 4.1.5 Let u, v € D(a). Then Qpu, Qpv € D(a) and a(Qpu,v) = a(u, Qpv).
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PrROOF. If u, v € CX(RN \ {0}), the claim follows by Lemma 4.1.2. Let u, v € D(a).
There exist (un)nen, (Un)nen € C2(C (RN \ {0})) such that up, — u and v, — v in L2
and a(up, uy), a(vy,v,) are Cauchy sequences. By Lemma 4.1.3, (Qpun)nen is a Cauchy
sequence in D(a). Since Qpu, — Qpu in Li we get Qpu in D(a) and Qpu, — Qpu in

D(a) . The same applies to v. Since, by Lemma 4.1.2,

a(QPUn, vn) = a(u’ru QPUn)y

the claim follows by letting n to infinity. O

Lemma 4.1.6 Let uw € D(L), then Qpu € D(L) and LQpu = QpLu. In particular, for
fell, A=L)'Qpf =Qp(A—L)'f, A >0, and e"Qpf = Qpe'" f.
ProoF. By assumption

a(u,v) = —(Lu,v), YwveD(a).

The above lemma yields

a(QPU,U) = a(uv QPU> = _(Lu7 QPU) = _<QPLU7 U)'
Therefore Qpu € D(L) and LQpu = QpLu. The last assertion follows immediately. O

Finally let us prove that the part of L in L2 is L, by showing that the restriction of a
onto L2 coincide with a,. Note that this last form is defined on functions of one variable

u = u(r) However, for a fixed P, we identify u with «P and use a,(uP,vP) for a,(u,v).

Lemma 4.1.7 The forms & and @, coincide on L%. It follows that u(r)P(w) belongs to
D(L) if and only if w € D(Ly) and, in this case, L(u(r)P(w)) = P(w)Lyu(r). Finally,
(A= L) "Yu(r)P(w)) = P(w)(A — L) tu(r) and e (u(r)P(w)) = P(w)eFru(r).

PROOF. Let u, v € C2°(0,00). Then, as shown at the beginning of this section,
an(u,v) = a(uP,vP).

Let now u, v € D(a,). There exist (uz)ren, (Vr)ren such that u; — u in L?(0,00) and
an(ug, ux) is a Cauchy sequence. Then upP — uP in Li and a(ugP,uiP) is a Cauchy
sequence. This implies that uP € D(a). In similar way we can argue for v. Since
an (ug, vg) = a(ugP, v P) the equality a,(u,v) = a(uP,vP) follows letting k to infinity.
Conversely, let uP € D(a) N L% and let up € C°(RYN \ {0}) such that uy goes to uP
in Li and a(ug,ug) is a Cauchy sequence. Then Qpuyr — uP in Lz and, by Lemma 4.1.3,

a(Qpuk, Qpuy) is a Cauchy sequence. Since

a(Qpuk, Qpuk) = 6,(Qpug, Qpuy),
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then uP = Q,(uP) € D(a,).
The last statements now follow using also Lemma 4.1.5, since for v € D(a), Qpv € D(a,,)

and
a(uP,v) = a(Qp(uP),v) = a(uP,Qpv) = a,(uP, Qpv).

The above two lemmas yield

A—=L)"YfP)=P\—Ly,)"'f, for x>0,

el (fP) = Petln f,

when f = f(r) and P is a normalized spherical harmonic of degree n.
This fact, together with the decomposition Li =@, L2, allows to factorize etl as the
direct sum of the one dimensional semigroups e!*». We consider, using Proposition 4.1.1,

the projection onto L2 given by

ZP" ) [, fenP

If f=>7" fi(r)P"(w), then Lemma 4.1.7 gives

L = Quetthy = Y P (w) )

i=1

which we shorten to ' f, with a little abuse of notation. Then we can prove the announced

decomposition of the semigroup generated by L.

Proposition 4.1.8 For every f € Li one has
oo
eth = Z Qneth Qnf.
n=0

PROOF. Let f € Li, using Lemmas 4.1.6, 4.1.7 we obtain

L= S Q) = 3 et Qu(f) = S et S [Pl / F(rom) P (m)di
n=0 n=0 n=0 =1
=Y m@et | [ seri] - 3 Que Q.
n=0 =1 SN=1 n=0
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4.2 Kernel estimates

In order to state and prove the main result of this Chapter we recall that the formal
adjoint of L, with respect to the Lebesgue measure, is given by
N s x
L* :AjL(afl) Z uDij+C*—'vfb*|x|_2

2 TP 2P

where ¢* =2(N —1)(a—1)—cand b* =b+ (N —2)(c— (N —1)(a — 1)). Let us compute
the numbers s7, s5, D* defined as in (1.7), (1.8) and relative to L*. We have

o (N—H—):D

a 2a

. N—-1+c"—a a—1)(N—-1)—c
8172:—20/:FVD*—8172+( )(a ) :N—2—32,1.

Recalling that v = Y=14¢ _ N 4+ 1 we have also

a

slzg—l—\/ﬁ—i—%, st ::%—1—\/5—%.
Since upper and lower bounds for N = 1 have been already deduced in Proposition
1.3.15, we assume N > 2.
We write f(x) ~ g(x) if for some C1,C2 > 0, C1 g(z) < f(z) < Cyg(z).
Before stating the main result, we recall that in Chapter 3 we proved that the semigroup

is analytic in the right half plane and satisfies the following complex upper bounds.

Proposition 4.2.1 (Corollary 3.5.5) Let Q = RN\ {0}. For everye > 0, there exist C. > 0
and me > 0 such that the heat kernel p of L, with respect to the measure dp = |y|7dy,
satisfies for z € Cy with |argz| < § — ¢ and (z,y) € 2 x Q

Ny D
_N, 3, 2 || lyl 2 FVD |‘T_y|2
Ip(z,,y)| < Celz| 2 |z[2fy[72 || =7 A1) | =7 AL exp | —
Bt Bt melz]

The main result of this chapter consists in showing that the above upper bound admits a

lower bound for positive ¢.

Theorem 4.2.2 Let Q = RV \ {0}. The heat kernel p of L, with respect to the measure
du = |y|'dy, satisfies for (xz,y) € Q x Q

~ &Y +1+vD 2

2 —

pit) = e F a2y 2| (B an) (a0 e I
t2 t2

The constant ¢ > 0 may differ in the upper and lower bounds.
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Clearly the upper bound follows from Theorem 4.2.1
Remark 4.2.3 Using Lemma 1.3.14 one can replace
-2 +1+vD ~ & +1+vD
2 2
K'f’ A 1) <|y1 A 1)} with ('xHy’ A 1)
t2 ta t
in the above Theorem, slightly changing the constant c.

The previous kernel estimate can be rewritten in the following equivalent form, as in Corol-
lary 3.5.6.

Corollary 4.2.4
—s1 —s7 2
plt,z,y) =t [y <|xl’ A 1> <|yl’ A 1> exp (—M)
t2 t2 t
Remark 4.2.5 We remark that the estimate in (4.5) becomes
pltya,y) = Co VP, g oy
and, using Corollary 4.2.4,

2
p(t,x,y) ~ C’t*%|y\*7 exp <_m|l‘ty|) , lz] >1 lyl > 1.

We need some further preparation for the proof of the lower bound.
Let p,(t,r, p) be the parabolic kernels of the Bessel operators L, with respect to the

N—-1+4c¢

measure p- « dp. Theorem 1.3.13 yields

1 _ N-ltc—a TP r2 4+ p2
t 9 = 55 2a I (447) - ’
palt, T, p) 2at (rp) VDn 2at P { dat

2 .
where D,, = b+a)‘" + (N _1220_“) and we write D for Dy.

In order to show that the heat kernel of L is the sum of the heat kernels of L,, we need
the following lemma which will be also useful to prove lower bounds for small values of

||, |y|. For this reason, we do not make any attempt to improve the bounds below for large

T, p.
Lemma 4.2.6 There exists h € C([0,00[), with h(0) # 0 such that

) E),

T
> paltsr )ZE ()| < 3 paltsr, )2 (@) < Cpoltrp) (15 Tl

4at
n>1 n>1

In particular for every t > 0 the series Y, <, pn(t, T, p)Z&n)(n) converges uniformly on com-

pact sets of £ x §Q.
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PRrROOF. We use Proposition B.2.2 (ii) for the estimate \Zf]‘) ()] < Z (w) < CnN=2. Then

7”2 2
> palt,r, p)Z8 (n)] < 5 (7P) exp{— 4th }me (m) Z{) (w). (4.6)

n>1 n>1

We use I'(a 4 8) > CsT(a)I(B) if o, B > § to obtain T'(m + vD + 1 + v/D,, — VD) >
CT(m+ 1+ VD)T'(v/D,, — VD) for every n > 1. Then

[e.e]

rp (n) rp 2m++v/Dn—vVD+VD
ZI\/ZT” <2at> “ ZZ Z m!l m—i—\/i—i—l) (4at>

n>1 n>1 m=0

VDn—VD & m-++v'D
_;Z (4at) ’ Om'F(m—l—l\/i—i—l) (4at)2 o

No2 (TP \VDn—VD 1 > 1 rp \2m+VD
SCZ” (4at) F(@—@)n;)mlf(m+1+\/5) <4at>

n>1

VDi—VD VDD
=15 (50) (i) D;”Nz(ﬁl) T R

nz

Since /Dy, = cn, ¢ = 1/y/a as n — oo, by the asymptotic of the Gamma function the series

1
s) = ZnN—QS\/DTL—\/Di
= I'(v/D, — VD)

converges uniformly on compact sets of [0, co[ and does not vanish at 0. Then (4.6) yields

C _ N—-1l4c—a 7’2 —|— p2 7“p rp \/Dl—\/ﬁ frp
nz>:1p (1.7, p)ZE7 ()| < 2at (rp) ’ exp{ dat } VD (2at) (4at) h (4at

emrn ()7 7H(2)

We can now obtain the announced kernel decomposition.

Proposition 4.2.7 Letp be the heat kernel of L with respect to the measure du(y) = |y|? dz.
Then for x =rw, y=pn, r, p>0, |w| = |n| =1 we have

N—l+c—a 72
plt..9) = 5 (o) TE exp {7 +p}ZwT<2at) 20 ()
= palt,r,p)Z5 (7).

n>0
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PrOOF. We use Proposition 4.1.8. For f € Li

o0 ap

et = ZQnetL"an > Plw //SN1 (¢, )P (0) f(pem)p” = dndp

n=0 i=1

3 h n 1+c
- Z/o /Swl palt,r, p)ZE () f(pym)p” = dndp.
n=0

If f is continuous with compact support in RV \ {0}, since by Proposition 4.2.6 the series

o(t,z,y) Z pn(t,r, p)Z (77) converges uniformly on compact sets, we interchange the
n>0
series with the integrals thus obtaining from above

el f(z) / /SN o(trw, p) f(p, me e dndp = / o(t,z,y) f(y)ly[dy.
On the other hand
e fla) = /RN p(t,z,y) f(y)|ydy —/ / plt.rn, p)f(p,m)p” o dindp.

For any fixed t > 0, z € RV \ {0} the L

against any continuous and compactly supported function. Therefore it vanishes. [

L ~function p(t,z,-) — ¢(t,x,-) has integral zero

We now start proving the lower estimate (4.5) near the origin, that is for |z|/v/%, |y|/Vt

small, see also Remark 4.2.5. 1. In this case the behaviour of p is the same as its radial part

bo-

Lemma 4.2.8 There exists 6 > 0 such that zf M <6 and \\yfl <6, then

p(t.z.y) > Cpo(t,r,p) = Ct 1P |a| =1 |y[ =1,
Proor. By Proposition 4.2.7

plt..) = po(t. 1) Ty + 3 pultor. 2 (0)

n>1

Next we choose 6 > 0 such that 1f|\x[| < § and l\:)}‘ < (5thenC’( )F \Fh(

and use Proposition 4.2.6 to infer that

4at)

1
pol(t,r, p)‘SN_1|.

bD\kA

> oalt,r, )28 ()] <

n>1

The proof is now completed by the explicit expression of

1 _N-ltc—a TP r2 + p?
t’ s = — 2a I ( > _ ,
po(t:r:p) 2at (rp) VD \ 24t exp{ 4at

taking into account that the exponential term plays no role near the origin and using the

behaviour of I /D hear 0. O



4.2 Kernel estimates 73

Remark 4.2.9 Observe that the above proof works if the product % is less than 9.

The lower bound in (4.5) for large values of % and % is in the next Proposition. Note

that if p is the heat kernel of L with respect to the measure du = |y|” dy, then the heat
kernel with respect to the Lebesgue measure is p(t, z,y)|y|”. We prove, first, a preliminary

lemma which shows a regularity property of the semigroup when applied to test functions.

Lemma 4.2.10 Let Q = RN \ {0}, f € O (Q) and set u(t,x) := e f(x). Then u €
C12(]0,00[x2) N C ([0, 00[xQ) and for every § > 0 there exists Cs > 0 s.t. |u(t,z)| < Cs
for every t > 0 and |z| > 9.

PROOF. By using (4.5) we immediately have the required boundedness of u for t > 0 and
|| > d. To prove the regularity properties we preliminarily observe that by Proposition
1.2.6 we have C° (Q2) — D(L") — H?2" () and so fixing a sufficiently large n € N we
get D(L™) — C%(Q). Let us consider now the semigroup in D(L"); we have obviously
u(t,”) € D(L™) € C?(Q) and since u is a solution of Lu(t,") = Lu(t,-) in D(L"), the
embedding D(L") < C%(Q) yields that the time derivative is a classical derivative and we
have also %u(t, x) = Lu(t,z) pointwise. This proves u € C1?(]0,00[xQ). Analogously
u(t,-) = fin D(L™) as t — 0 and so pointwise and this implies u € C ([0, co[x€2). O

Proposition 4.2.11 Let § > 0 be fized. Then there exist positive constants C,c such that
for%Zdand%zé

2
plt,2) > Ct- ¥y exp (—'xty') |

PROOF. Given § > 0 let us set wg := 0if b < 0 and wy := g—b if b > 0. We consider
the uniformly elliptic operator Ly := L + # in Cy (]RN \ Bs ) with Dirichlet boundary
2

conditions. The generated semigroup e is represented by a kernel qo(t, x, ) satisfying

z| -3 — N T —
qo(t,x,y) > C <1/\ | |\/7E2> (1/\ |y|\/£ 2) ™2 exp <—c‘ ty‘2> (4.7)

for some positive constants C,c and ¢t > 0, |x|,|y| > %, see [18, Theorem 3.8]. Given
0< fel® (R” \ Bg), let u(t,-) = e*ot !l £(-) and v(t,-) = e f(-). Then both u and v
2

are positive and satisfy

gult,z) = (Lo — g +wolu(t,x)  t>0, z€Q,
u(0,z) = f(x) r €,
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and
Su(t,x) = Lov(t, ) t>0, |z| >3,
v(0,2) = f(x) x| >,
v(t,z) =0 |z| :§7

respectively. Both u,v are bounded classical solution, continuous up to ¢ = 0, see Lemma

4.2.10 for u.

Now we observe that (0;—Lo)(u—v) = (wo—#)u > 0in]0, 1]xRM\ Bs, u(0,z)—v(0,2) =0
2

for |z| > % and u(t,x) —v(t,z) = u(t,z) > 0for 0 <t <1, |z| = % By the maximum

principle u(t, ) > v(t,z) for 0 <t <1, [z > 3, that is

/ etp(t, x4y f(y)dy > / aolt.x,9) f(y)dy.
RN\ B;

RN\ B;
By the arbitrariness of f € C° (R" \ g) and using (4.7), we get for t = 1, |x|, |y| > o
2
p(Lz, )yl > qo(1,z,y)e™™ > Cexp (—clx —y[?) .

The scaling equality (1.16) now gives immediately the statement. O

Finally, we can prove the lower bound in Theorem 4.2.2
(Proof of Theorem 4.2.2) By the scaling property (1.16) we may assume that ¢t = 1
and prove that

p(Lz,y) > C(zllyl) "% ((jz] Ayl A1) 2P exp {—cle — yI?}. (4.8)
We use Proposition 4.2.7 to write

L) = o (rp) T e (- }me(rp)zy(n). (4.9

Since by Lemma 4.2.8 and Proposition 4.2.11 inequality (4.8) holds if |z| < 4, |y| < § or

|x| > 4, ly| > 0, then it holds whenever |z| = |y|. Let therefore x = rw, y = rn. Then we

obtain

1 N-ltca 72 n — —~N+242VD _—cr?|jw—n|?
" exp{—}z F( )Z()<)>CT T(r AT emertlol,

Since (N —1+c¢—a)/a —~v = N — 2 we obtain

- r? (n) N—2 —N+2+2vD r? 2 2
ZI . \ 5, Z.V(n) > Cr (rnl) exp % exp {—cr lw — 7| }
n=0

and, changing 2 to rp,

S 1yms (52) 28001) 2 Co) T () A1) NP s L70% e {—erplos — P}

n>0
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By putting the last estimate in (4.9) we deduce

p(lz,y) > C(rp)¥_N712tcw ((rp)% A 1)7N+2+2\@

2 2
re+p rp
X exp{— 1a }exp{%}exp{—crmw_m?}

N—-—2 N-l4c—a 1 _ T — 2
=C(rp) 2 2 ((rp)2 A1) N+2+2VD exp {—( 4ap) }exp {—cr,o\w — 77]2}

R

> C(rp) "2 ((rp)2 A1) NF2VD oxp L mja — g2},

with m > ¢, . To complete the proof of (4.8) it suffices now to apply Lemma 1.3.14. [J



Chapter 5
Green function estimates

In this chapter we prove sharp upper and lower bounds for the Green function G defined
by -
G,\(a:,y) ::/ e_)‘tp(t,x,y) dt> x,yERN\{O}
0

For A > 0 the integral converges pointwise, due to Theorem 4.2.2; and defines the resolvent
of A— L (the kernel being written with respect to the measure |y|? dy). However we consider
also the case A\ = 0 when the integral converges, that is when D > 0.

All the results presented in this Chapter are collected in [50].

Fori>1,m>1,a>0, 8 €Rlet

Py =t (S 1)4+m exp <—ff> .

We write also F(I,m,«, 3,t) := F(t) in order to emphasize the explicit dependence on the
parameters. With this notation the estimates in Theorem 4.2.2 (see also Remark 4.2.3) take

the form
v N
p(t,x,y) ~ (|zlly)) 2 F 5,1+\/5,!$||ylvclx—y|,t :

with the understanding that the constant ¢ may differ in the upper and lower bounds.

Defining
o] a 52 o) 52
I(a, B) ::/ e MF(t)dt :/ e_’\tt_le_tdt+a_l+m/ e MM T dt (5.1)
0 0 e’
Wehaveforl:% and m =1+ +vD

Ga(w,y) = (2lly) "% I (|2llyl, ez — yl). (5-2)

We treat separately the cases A = 0 and A > 0 for clarity and also because of technical

details.
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5.1 The Green function G

Our main result is the following.

Theorem 5.1.1 Let Q = RN \ {0} and let us suppose that D > 0. For (z,y) € Q x Q with
x # vy, the Green function Go of L, with respect to the measure dy = |y|"dy, satisfies the

estimates
if N >2
VD2
||y %Gom,y Em_yQ—N 1A |z||y| 53
jz —y|?
and if N =2
D
(lally)¥” ol s g,
. o — y[2VD’ o Rer 2 B
(lzllyl)2 Go(z,y) ~
‘CL’ - y‘Q . |z—y|?

s (pt) o s

Remark 5.1.2 We remark that (5.3) becomes
7 - |z — yl?
(l2llyD)? Go(z,y) = |z — y[*~7, <
|zl
and /B N3
1 (|[[y )"~ "= |z —y|?
llyl)? Go(z,y) ~ , > 1.
(el Gote ) = It B

The asymptotic behaviour of Gy depends on the sign of VD — (N —2)/2, see Remark 5.1.4

below.

The proof is an immediate consequence of (5.2) and the lemma below, recalling that

a = |z||ly| and 8 = |z — y|. We use the incomplete Gamma functions defined by

o r
I(a,r) :—/ et tat,  ~(a,r) ;—/ e "1 at.
" 0

Clearly I'(a,r)+~(a,r) = I'(a), moreover I'(a,r) ~ % te™" asr — oo and I'(0,7) ~ —logr,
r
a

v(a,r) =~ = as r — 0. In particular,
T
(a,7) ~ 7% forr>1,a,b>0 V(a,r) ~ ¢t forr <1,a,b>0. (5.4)
(b, r) v(b,7)

Lemma 5.1.3 Letl>1, m>1, o, >0 and

Ft) =t (% A 1) T e <—ﬁ2> .

t
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Then if I > 1
[eS) m—l
/ Ft)dt ~ g2 (1 A ag>
0 B
and if | =1
1-m
o0 (%2) ; if %2 > 1;
/ Ft) dt ~ (5.5)
0 1—10g(%2>, if %2<1

PRrROOF. By the change of variables s = BTQ we have

o 0o ﬁ
/ F(t)dt =p~2+2 /52 s'72exp (—s) ds + a(lm)BQmH/ T gm2 exp (—s) ds
0 & 0

5° 5
— gy <l _1, ) 4o lmg2mE2 (m _1, ) '
(6%

(%

l—m
F(l—l,f):(iﬁ) F<m—1,i2>.
Then
(%S) l—m
/ F(t)dt f:omeﬁ_zm”’y <m -1, BQ) + p2+2 <52> T (m -1, BQ)
0 (6 (6%

(6%
= o brmg-2m+2 [’Y <m -1 BZ) +T (m —1 52)]
a (6%

— a—l+m6—2m+2 T (m _ 1) )

It 2 > 1, (5.4) yields

The case ’%2 <1and! > 1 is similar. Using
2 2\ m—l 2
(1 2)- () 2)
« o «
we get,

o] m—I
/ F(t)dt =a~Fmp=2m+? (f) v <z —1, ﬁ:) + BT (z ~1, f)
0
=g [v <l -1, 62) 4T <z ~1, BQ)] =B (1 - 1).
« «

Finally, if ’%2 <1and ! =1, then

52 N ﬁ2 m—1 52 N 52
V(m - 17 ;) — <> ) F(O, E) =~ —log <a>

[0}

00 m—1
[ rom st (£ e (2) 1 (%)

and
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Remark 5.1.4 Observe that when m > 1 > 1, then fooo F(t)dt is bounded from above by
6272 and tends to 0 as a™ ! for oo — 0. When m < 1, instead, it blows up as o — 0 like

a™ b and is bounded if a, 3> 6 > 0. If | = 1, the integral behaves as log a for a — oco.

5.2 The Green function Gy, A >0

Let us consider now A\ > 0. Using again (5.2) we look for estimates of I(«, ().

We observe that if M /5 is the dilation defined by M su(x) = u(vAz), the scaling
property M LM 1= % implies that

(=17 ) @) = 5 [MysT = 1) Mg f] )

1 w
= — G )\ = ’Yd
N Jax 1““”’””(&) o e
1+N-2 gl
=3 Gr(VAz, VAy)f () |yl dy.
This proves that

Ga(z,y) = X2 G1(VAz, VA y) (5.6)

and allows us to treat only the case A = 1 by estimating the integral
(03 52 00 52
I(a,B) = / e e T dt + aler/ et me— 5 dt.
0 [0

For [,m > 1 let

2

h(t) = et le™ T, g(t) = ™ h(1)

and

We have the following identities, see [28], formula (29), pag. 146,

H(B) = /OOO h(t)dt =267 K (28),
(5.7)

G(B) := /Ooo g(t)dt =26V K,, 1 (25)

where the K, are the modified Bessel functions. With this notation the integral in (5.1)

takes the form
I(a, ) := H(a, B) + o™ (G(B) — G(a, B)) .
Let us observe that I(«, ) is decreasing with respect to 5 and, considered as a function of

«, is increasing when m — [ > 0 and decreasing otherwise, since

;’a I(a, 8) = (m — 1) a™ =1 (G(B) — G(av, B)).
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We split the proof between the cases 0 < D < (N —2)?/4 and D > (N —2)?/4 and note that
for Schrodinger operators the above conditions correspond to b < 0, b > 0, respectively.
The case 0 < D < (%)2

Since [l = N/2 and m =1+ \/5, this corresponds to m < [.

Theorem 5.2.1 Let A > 0, Q = RV \ {0} and let us suppose D > 0. For (z,y) € Q x Q
with x # y, the Green function Gy, with respect to the measure du = |y|dy, satisfies the

estimates

(i) if N >2 and D >0

vD-£32
(I2lly))F Gz, y) = e~V Ne=vl g — y2=N (1 A |x\yr2>
|z =yl
(i) If N =2 and D =0
b i VAl 2,

(J2|ly))? Ga(z,y) =
1=tog (VAlo—yl) , i VAlo—yl <l

(i1i) If N > 2 and D = 0:

For |z —y| > 1

(el Ga (o) = =33 (alll) 1 222

For VAz —y| < 1

(ellgh? Gale.y) = o = w2~V v ((zlly) =" (1 = log(VA | — ).

All the constants appearing in the above estimates, including those hidden in the symbol ~,
do not depend on \; the generic constants ¢ in the exponentials may differ in the upper and

lower bounds.

The logarithmic term is due either to the dimension N = 2 or to the degeneracy of the
discriminant, D = 0. Note that when N > 2 but D = 0 the estimates are influenced both
by the terms |z — y|>~" and (|1:]|y|)¥(1 —log(VX |z — yl).

The proof of the theorem follows immediately from the scaling property (5.6) and from
the following lemma, by noticing that powers of |z —y| can be absorbed into the exponential,

when |z — y| is large.
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Lemma 5.2.2 Ifm <[ we have
max { H(8),a""'G(8)} < I(a, B) < 2max {H(8),a""'G(8) | (5.8)
and therefore

(1) if 1 <m <1 we have
am— lﬁ**m ( g)m—l , if B>1;
I(a, ) = n
p2-2 (1 A ﬁ%) L if B<1.

(i) Ifm=1=1
B2e 2 | if B> 1;

I(awB) = 2K0 (2/8) =
1—-logB , o B<1.

(i1i) If 1 =m <l we have
e P B (@np)t i B2
I(a, B) =
B22val=l(1—-logp) , if B<1.

Proor. We have

m\

t)dt + ™" ’/ dt</ (t)dt + o™ /Oog(t)dt
«a 0
9) + am-1G(5) £ 2ma {H(B),amc(3)].

On the other hand
I(Oz,,@):/ h(t)dt+am_l/ tl_mh(t)dtz/ h(t)dt+/ h(t)dt = H(B)
0 « 0 «
and

I(a, B) = /Oa t"lg(t)dt + o™t /oo g(t)dt

> qm-! [ /0 " gyt + /a h g(t)dt] — o™ lG(B).

It follows that I (e, 8) > max {H(3), ™ 'G(8)} and this proves (5.8). It follows from (5.7)
that

max { H(5), 0" 'G(8) } = max {251 K1_1 (28) , " 26" K, 1 (26)}
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If m = I then I(a, B) = 28~ K;_1 (28) and Lemma 1.3.5 gives the result. The same Lemma

applies in the other cases and we get for § > 1
Ie, B) = ™3~ max { B, a7 1g1 7 = 72 g (0 n B)"

For 8 <1 we have, if m > 1,

m—l
I(a, B) ~ max{ﬁ2’21,am’lﬁ2’2m} _ g2 <1 A ;;)

andif 1 =m

I(a, B) ~ max {52*21, ol (1—log 6)} .

The case D > (%)2
Since [ = N/2 and m =1+ VD, this corresponds to m > I.

Theorem 5.2.3 Let A > 0, Q = RY \ {0} and let us suppose D > (%)2 For (z,y) €
Q x Q with x # y, the Green function Gy, with respect to the measure du = |y|"dy, satisfies
the estimates

(i) if N> 2

—2

>\/52

(I2lly])? Ga(w,y) = e=VAr=vl |3 — y2-N (1 " |xr|y||2
-y

(ii) If N = 2:
For VXz—y|>1

(|lly])? Ga(e,y) ~ e~V =yl (1A X ||y VP .

For ﬁ|x—y| <1< A|z|ly|

(Ielly))? Ga(w,y) =1~ log (VAlz — 1)

For Alzllyl. VX|z —y| <1, e > 1
VD
1 |z — y|?
(elly)? Cale,y) = ( )
|| |y|
For Mallyl, VAlz —y| <1, B2 <1

I

7 M—yF>
z||ly])2 Ga(z,y :1—10g< .
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All the constants appearing in the above estimates, including those hidden in the symbol ~,
do not depend on \; the generic constants c in the exponentials may differ in the upper and

lower bounds.

As before, the proof follows from some elementary but tedious lemmas on the integrals
(e, B).
Lemma 5.2.4 If m > [ we have
I(e, B) < min { H(B),a"'G(8)}

In particular

(i) if I >1

I, B) < Ce BB (1 A ;)m_l .
(i) Ifl =1
e 28 am_lﬁéfm (1 A §>m—1 , if B>1;

I(a, ) < C m
min{(ﬁo?) ,1—1og5} Cif B<l.

Proor. We have

I(a,B) = /Oa h(t)dt + o™ /OO g(t)dt = /Oa Lo (t)dt + o™ /oo g(t)dt < o™ 'G(B)

(o, B) = /0 h(t)dt + o™ /a =" h(t)dt < H(B).
It follows that
I(a, B) < min { H(8),a™"'G(8) }
— min {251—%_1 28), a™ 268K, (25)} .
Using Lemma 1.3.5 we have for § > 1
I(a,8) < Ce~? 7% min {51—l, am—lﬁl—m}

a

1 5 m—I 62 m—I
= Ce B ogm-lga—m <1 A > < Cy e Pamipg2—2m <1 A > :
Q@

For g <1, by Lemma 1.3.5 again we have, if [ > 1,

62 m—l
I(O[”B) < C min {62_%7 am—lﬁQ—Qm} — C’am_lﬁQ_zm <1 A )

«

and if [ =1

2\ 1—m
I(a, ) < Cmin{l —log 83, 5272mam71} = (C'min {1 —log 3, <ﬁa> } .
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The lower bound for I(a, ), in the case [ > 1, is proved in the following Lemma.

Lemma 5.2.5 If m > [ > 1 we have for some constant C = C(\,m,l), ¢ >0

m—I1
I(a,B) > Ce P22 <1 A ;) :

PROOF.

1. Case o, < 1.
Assume first 82 < 2a. Then

“ 1 -8 oo [ 4 1
I(a, ) > / e ltTlem T dt > e 5% / s"'e " sds
0 0
1

2
> e—a52—2l/ s le~ 3 ds > 022,
0

Assume now 32 > 2a. Then

52 52 ) 52 ﬂZ
I(c, B) Z/ e ta™ e T dt > e P am—l/ PR
B2 52
2 2
2
Z 6752am7l672 /B2 tfmdt Z CamflIB272m'

2

2. Casea <1, B >1.

Since I(«, 3) is decreasing in S we may assume that g > 1> «. Then

B 82 B 82
e tam e T dt > eﬁaml/ﬁ e~ T dt > o™ le P
o 8

2

I(a, B) ™

Y

w\m\
o)

Ce 2Bom—t,

Y

3. Case <1, a>1.

2 2
Lt B 52 _ B _ _
I(O%ﬁ)Z/ﬂQ et le dt > e B e 2[32 t ldt2052 20
2 5

4. Case a>1, > 1.
Since I(a, () is increasing with respect to a, we have I(«a, §) > I(1,3) > Ce™25.

Finally we treat the case [ = 1.
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Lemma 5.2.6 If m > 1= 1 we have for some constant ¢ > 0

(

e (Ina)" , if B>
1—logp , if B<1<
I(o, B) ~
1-m
(%) i aB<1 Bz
1—10g(%2) L if aB<1,B<a

PrROOF. The upper estimates follow immediately by applying Lemma 5.2.4 (ii) in the
cases # > 1 and 8 < 1 < « and, for o, < 1, by applying (5.5) after observing that
I(a, B) < [J° F(t)dt.

Let us prove, now, the lower estimates. We write I(l,m, a, 3) to make explicit the depen-

dence on the parameters. With this notation we have from Lemma 5.2.5

m—1
—(jﬂl(l,m,a,ﬁ) =28112,m+1,a,8) > Ce Pp! <1/\§2> . (5.9)
1. Case g > 1.

This follows as in cases 2 and 4 of Lemma 5.2.5.

2. Case <1<
This follows as in case 3 of Lemma 5.2.5, integrating between 3 and 1, instead of 32 /2
and (2.

3. Case a, B < 1, B2 > au.
Observing that ma I(a, B) = 0, we integrate (5.9) between S and co. Then
—00

oo
I(1,m,«a,fp) > Cam_l/ e~ SsTimtl gg > ComTlgT2mA2,
B

4. Case a, B < 1, B? < au.
Integrating (5.9) between 8 and /o we have

Ja 2
I(l,m,a,ﬂ)zl(l,m,a\/&)—i—C'/ 1dsZClog\//8a——§log(ﬁ>.
8 S (6%

By comparing the estimates for G and Gy we obtain the following Corollary.

Corollary 5.2.7 If N > 2 and D > 0, then Gy(x,y) ~ e_c\[\‘x_y'Go(x,y).
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Note that the above corollary does not hold for N = 2, D > 0, since GG is bounded when

|z||y| — oo, whereas Gy is not, see Remark 5.1.4.

Using the estimates proved in the previous theorems we obtain the following result (note

that (\m||y|)% G (x,y) is symmetric).

Corollary 5.2.8 Assume that \, D > 0 and that D > 0 when A\ = 0. For any fized y # 0

the following asymptotic relations hold.

(i) Asx — 0
(|zlly])? Galz,y) = |2|VP~ 75",

(ii) As |z| — o0

N e_c\mx', if A>0;
(12lly)? Ga(a.y) = .
iz VP, if A=0.

(iii) Asx —y
-y N, if N>

X
(lzlly[)? Ga(z, y) ~
log |z — gy, if N=2.

5.3 Resolvent and spectrum of L

We start by proving that the spectrum of L coincides with (—oo, 0].

Proposition 5.3.1 The operator L generates a bounded positive analytic semigroup of an-

gle w/2 in L7 and its spectrum is the half-line (—o0,0].

PRrROOF. The analyticity of angle 7/2 and the inclusion o(L) C (—o0,0] follow from the
selfadjointness in Li proved in Section 1.2. To prove that the equality holds, let us assume
that the resolvent set p(L) contains a point in the negative real axis. If Msu(z) = u(sx),

the scaling property M,LM -1 = s~!L implies that
(A —L) ' =s2M,(\— L) "M, (5.10)

It follows that the resolvent set contains the point —1, hence the unit circle S' and the
resolvent estimate ||(A— L)~!|| < C|A|~! holds for every A # 0. This implies that A\(A—L)~*
is a bounded entire function and then it coincides with a constant operator A. Letting

A — o0, we get A = I and hence L = 0, which is a contradiction. 1
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Next we prove that, for A # 0, the resolvent (A — L)™' is given by an integral kernel
K (z,y), which we still call the Green function. Clearly, K)(x,y) = Gi(z,y) whenever the
integral defining G\ converges. This happens if Re A > 0, since
o0 oo
|GA(z,y)| = ‘/0 e Mp(t,z,y) dt‘ < /0 e*(Re/\)tp(t,x,y) dt = Grex(z,y).
By using the upper estimates for the Green function G for positive A proved in the previous
section and the kernel estimates of the semigroup for complex z provided by Theorem 4.2.1,

we show bounds for the Green function Ky for every A # 0.

Theorem 5.3.2 Let Q = RV \ {0}. For every A € C\ (—o0,0], the resolvent (A— L)™' can
be represented trough an integral kernel Ky(x,y) with respect to the measure du = |y|"dy.
Moreover for every e > 0, there exist C., m. > 0 such that, for A € C\ (—o0,0] with
largA\| <7 —¢ and (z,y) € Q x Q,

[Ka(z,y)] < CeGn (2, ).

PROOF. Let € > 0, and let us consider the sector ¥;_. := {A € C | |arg A\| < 7™ — €}. Let
us fix A € ¥\ {0} and let 6 be the angle defined by 6 = 5 — § if argA > 0 and by
0 = -5 + § if arg A < 0. Let us denote by T(e%t) the semigroup generated by e’ L in LZ.
Setting p = e ¥\ = |\|e'®8A=0) gince |arg pu| < 5 — 5, we have obviously Reu > 0. Let
us define
S .
Goulz,y) = / e Hp(et, ,y) dt.
0

We observe, preliminarily, that by Theorems 4.2.1 and 4.2.2 there exist C., C’e, me > 0 such
that, after a suitable choice of a constant m. > 0 in the argument of the real kernel, we

have
~ % +1+vD 2
. 2 J—
p(e?t,2,)] < Culal 3 F | (B an) (B an exp (20 4
t2 t2 met
< C’ap(mgt,l‘, y)

From now on let C. and m. be different at each occurrence. After a change of variable

™ _ €

in the integral and observing that cos(argu) > cos(§ — §) = sin(5), it follows from the

previous relation that G ,(x,y) satisfies

o0 [ee]
Gl y)| < C: / e Ryt ) di < C / emmeNsin(s) by oy
0 0

= CeGrn_sin(5) (T, ) (5.11)

Since -
(u—e0)~ ! = / e M (et) dt
0
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it follows that Gy ,(x,y) is the integral kernel of of (i — e L)™' (the kernel being written
with respect to the measure |y|”dy). By multiplying by ¢ we deduce that the Green
function K)(x,y) of (A — L)~! satisfies

K)\(JJ, y) = eieGG,,u(xu y)

and the proof is concluded using (5.11). O



Chapter 6

Gradient estimates

In this chapter we prove some Gaussian bounds for the time derivative and for the space

gradient of the heat kernel of the operator

xzj x b
TSNS R P TR Y T R

ij=1

where a > 0, b, ¢ € R. The holomorphy of the heat kernel as function of ¢ and the Cauchy
formula for the derivatives of holomorphic functions, combined with the kernel estimates
previously proved, easily yield estimates for the time derivative. For the spatial gradient
more effort is needed and an essential role is played by the series decomposition of the kernel
proved in Chapter 4 and in [50]. After differentiating term by term and by using the well
known properties of the derivatives of Bessel functions and of zonal harmonics, we will get
the gradient estimates in some space-time regions. Interior a-priori estimates for L with
precise coeflicients will allow to cover all the cases.

In the following we write f(z) ~ g(z) if for some C1,Cs > 0, C1 g(z) < f(z) < Cag(x).
The results of this chapter are collected in [51].

6.1 Estimates for the time derivatives of p

In order to state and prove the main result we recall, for the reader’s convenience, some
properties concerning the kernel decomposition and its estimates proved in Chapter 4, see
also [50].

Let py(t,r,p) be the parabolic kernel, with respect to the measure pw dp, of the

one-dimensional Bessel operators

N-1 b+ A,
L, i=aD,, +~_+TC¢p 2% An

r r2
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It has been shown in Section 1.3 that

1 _N-ltc—a TP r? 4+ p2
1 p) = — 20" ] (—) - : 6.1
palt, T, ) 2at (rp) VDn \ 9t exp{ dat (6.1)

where D,, b+)‘” + (N 1226 “) and we write D for Dy.

Let p be the heat kernel of L with respect to the measure du(y) = |y|” dx. Then for
r=rw,y=pn,r, p>0, ]w|:\n\:1wehave

1 N—14c—a
pltz,y) =5 (rp) 2= exp

}Z Lo (30) 2000 (62
= pult,r, P)ZP ().

n>0

Moreover, setting 2 = RY \ {0}, for (z,5) € 2 x Q, the heat kernel p satisfies

- S+1+vD 2
2 —_
plt,g) = e Hal % (5 a1) (M 1) e (-2,
t2 t2 t

The constant ¢ > 0 may differ in the upper and lower bounds.
The Cauchy formula for the derivatives of holomorphic functions allows to estimates the

time derivative of p.

Proposition 6.1.1 Let Q = RN\ {0}. The heat kernel p of L, with respect to the measure
dup = |y|dy, satisfies

~ &Y +1+vVD 2
’8 (t,x y)' <Ot r g Ty 3 K‘x' m) (‘y| m)] i exp <_M>
ot t2 t2 t

fort >0, (x,y) € QxQ and for some constants C,c > 0. In particular, up to a modification
of the constants involved,
Ltz < Opletn)

PROOF. By Theorem 4.2.1, the kernel p(z, x,y) is holomorphic as a function of z. Let us fix
t > 0. Using the Cauchy formula for the derivatives of holomorphic functions in B (t, %),
we get for some constants C,c > 0 and for z,y € (2

dp
ot

1
o (b y)’ <Cy max p(z, @, y)]-
z

2

Applying the estimate (4.4) with ¢ = 5, we obtain

—Z+1+vD _ a2
Beasfce e () ()] o 28)

The last claim is a consequence of (

l\J
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0
Since the kernel satisfies the equation P _ Lp, Proposition 6.1.1 implies

ot
-J+1+vD 2
2 —
Lp(tz,y)| < CE 5ol F )yl 3 K'I’ A 1> ('3/‘ A 1>] exp <_M> |
t2 t2 t
(6.3)
for t >0, (z,y) € 2 x Q

6.2 Estimates for the space derivatives of p

The main result of this chapter is the following estimate for the gradient of p.

Theorem 6.2.1 Let Q = RV \ {0}. The heat kernel p of L, with respect to the measure
dp = |y|'dy, satisfies

-1 -J+1+vD
IVp(t, z,y)| < C <1 A |‘”> 2 |2yl K'”ﬁ' A 1> ('yl’ A 1”
Vit t2 t2

2
X exp <—C|xty|> (64)
fort >0, (z,y) € QxQ and for some constants C,c > 0. In particular, up to a modification

of the constants involved,

—1
Vp(t, 2, y)| < 0\2 (1 A ‘\2) plct,z.y). (6.5)

Here the gradient is taken with respect the x variable. Similar results hold, by symmetry,

for the gradient respect the y variable.

Remark 6.2.2 The scaling property of the kernel

_ N+~ X y
t,CC, =t 2 17777
p(t,z,y) p< i t)

implies the analogous scaling for its gradient:

NA~+1

Vp(t,z,y) =t~ 2 Vp <1, %, \%) . (6.6)

From the last relation, in the proof of Theorem 6.2.1, one may assume t = 1 without

loss of generality.

Remark 6.2.3 Recalling Corollary 4.2.4, the estimate (6.4) becomes, for some possibly
different constants C,c > 0,

£l
=)

Vp(t, z,y)| < Ot 1 VP|g|=s1=1|y|=51, = <5, <6,
IVp(t,z,y)| < |z| |y NN
18 el ol |z Y|
Vp(t,z,y)| < Ot~ 3~ 3 VD |g|=s1-1g—c W5 Y55
[Vp(t, =, y)| || NN

<
!
—~~
o+
&
S
A
Q
~
N
N
=
=2
o
=
>
=
N————
“
e}
|
el
8
||
<
o
N————
~)—
<z
v
&



6.2 Estimates for the space derivatives of p 92

wheres’f:%—l—\/f?—%and5>0isﬁxed.

Let us employ spherical coordinates to write, for z, y € R, x = rw, y = pn and let p,,
V:p be respectively the radial and the tangential component of the gradient. We, formally,
differentiate the series in (6.2) obtaining the following expression for the derivatives of the

heat kernel

9 1 —N=lde—a r? 4 p? ™\ = g (n)
giPthwy) =g (o) eXp{_ dat }(_2at2)7§ff<2 t>Z () (6:7)

1 r24p?
—= t
+< Pl FIGERTE

1 _N-ltc—a P24+ p — rp
vt 3,y) =— 2 - L T (52) 28 6.8
polt,2,9) =5 (rp) exo { - o 2= Lo () 2w (69
N—-14c—a 2r
- o t
(T ) et
Vp(t,x )—i(r )_N_l;frzc “exp 2+,0 Z /7< ) V-Z () (6.9)
(L, T,y _2at P 4at Dy, 2at T n), .
r  Vqp
Vp :PrmﬁL — (6.10)

In order to rigorously prove (6.7), (6.8), (6.9) we need to assure the convergence of the

series involved. Some basic properties about the derivative of I, and Z(™ are needed.

Lemma 6.2.4 For every v > 0, the modified Bessel function I, is a regular function and

its derivative I], satisfies the following relations:

(i) I,(r) = $1(r) + Lya(r);

(i) 0 < I'(r) < (1 n %)5 L(r) < (14 %) L(r).
PROOF. See e.g., [2, 9.6 and 9.7] for (i) and [12] for (ii). O

Lemma 6.2.5 The tangential derivative of the zonal harmonics Z\™) satisfies, for some

constant C = C(N) > 0,

V-2 oo < Cn™5

PROOF. See corollary B.4.7 in the appendix. O

Lemma 6.2.6 Let (cy)nen be a sequence of strictly positive real numbers such that ¢, = cn®

for some a > 0. Then there exists h € C([0,00[), with h(0) # 0, such that for every s > 0

S e <l (5)7 T (E).

n=1

In particular, the series > o7, enl /g (8) converges uniformly on compact sets of |0, ool.
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PrROOF. We use I'(a+f) > CsT'(a)T(B) if a, B > & to obtain T'(m-++D+1++/D,—vD) >
CT(m+ 1+ vD)T'(v/D, — VD) for every n > 1. Then

1 2m++v/Dn—vVD+vD
2 enlypy (s) =D en Zm'Fm+F+1)(>

n>1 n>1 m=0

VDr— s\ 2m+vD
—ZC" (’) ’ m!L(m +1\/D7+ 1) (5)2 o

n>1 m=0

S\VDi VD 1 0o 1 s\ 2m+vD
<C) n (5) r(m—@>n;)m!r(m+1+\/5> (5>

n>1
o (8\VDn—VD1 1
Q) v ey
Since v/D,, = cn, ¢ = 1/+/a as n — oo, by the asymptotic of the Gamma function the series

_ @ VDn—VDi 1
s) = n-s =
n%:l I'(vD, — VD)

converges uniformly on compact sets of [0, oo[ and it does not vanish at 0. O

_le()()ff

Corollary 6.2.7 There exists h € C([0,00[), with h(0) # 0 such that
p rp\VDi—VD 2at rp
I Z <CI — 1+— | h(|-—
Z VDn (Qat) | ( I=¢ vD <2at> <4at> + rp <4at>7

St (5 1920 < 1 (55) (7)™ 0 ().

n=

In particular the series Y -, F (52) Z(")(n), Somer Lo (55) Vs z& )( ) converges uni-
formly on compact sets of 10, 00[x€ x .

PROOF. We use (ii) of Proposition B.2.2, for the estimate |ZU(Jn) (n)] < Zm (w) < CnV—2,
and Lemmas 6.2.4 and 6.2.5 to obtain

3 o (5 0 '<CZ<1+W“) e ()

n )
n>1
> rp 3N-4
2 mi (54) 192001 < O3 Ly ()
n=1
Recalling v/D,, ~ cn, the claim follows by applying Lemma 6.2.6. O

We now start proving the estimate (6.4) near the origin, that is for |x|/v/t, |y|/+/t small,
see Remark 6.2.2. We recall that, in this case, the behaviour of p is the same as the radial

part po (see Remark 4.2.5 and Lemma 4.2.8):

p(t,2,y) = Cpo(t, 7, p) = Ot~ VP =1 [y| ==, (6.11)
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Proposition 6.2.8 The heat kernel p is a C' function of its arguments and its derivatives
are given by formulas (6.7), (6.8), (6.9), (6.10). Moreover for every fixed 6 > 0, there exists

C > 0 such that for %,% <4

Vp(t, 2, y)| < Ct Y Plg| =517 y| 51,

PrOOF. The first sentence easily follows once observed that Lemma 6.2.6 allows us to

differentiate the series in (6.2). Let 6 > 0; applying Corollary 6.2.7 we can choose a

Lzl ly]
constant Cjs such that for N 0

G . 2at
> Lo (05) 28700 < ot (50) (142,

ifm (52) IV-Z& ()] < Cs1 5 (5 ) -
n=1

Recalling (6.8) we have

1 _ N—-14c—a ’r2 + p2 p > ,rp
t = 2a — —_ I/ (7) Z(n)
pr(ta,y) =5 (1p) exp{ 1at } 51 n§:0 D 57 ) 2" (1)

We use, now, (ii) of Lemma 6.2.4 to estimate the first term of the series and we apply the
previous relations for the remaining terms; recalling (6.1) we obtain for some constant C

(that may vary from line to line)

1 _ N—l4c-a r2 + p2 P rp
PP I i WA/
pr(t, )l ~ 2at (rp) exp{ 4at 2at VP \2at

2at 1 2at I r
(VP2 ) v s (14570 (45 e

t\p 1 r
< +— )= + - )
<C (1 , ) tpO(ta r.p)+C (r t) p(t,z,y)

Since %, % < 0 it follows from (6.11) that

1 r 1
’pr(tvxay)‘ S C ([t) + ; + t) pO(t7T7 p) S C; tili\/ﬁrislpisl'

The same argument applied to (6.9) proves

Vep(t,z,y)| < Ct17YPps1pmsn,

V:p

r

Since Vp = prﬁ + , the last two estimates prove the thesis.
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We now focus on the estimate (6.4) in the range |z|/v/t < §,|y|/v/t > §. In this case, up

to a small perturbation of the constant in the exponential factor, the behaviour of p takes

the form
I 7 clz —y[? x dlyl?
p(tzy) =t 2 e y[ T2 exp | ————— | =7 |z exp { —— ). (6.12)
As before we need some preparation.
)\ n(nJrN 2) (n+852)2
We observe, preliminarily, that D,, = D+ 22 = D4+ —— < D + 2 taking

< —
square roots we have

\ﬁ<\ﬁ+—2f * (6.13)

and moreover, from the asymptotic expansion of the Gamma function, the following asymp-

totic behaviour holds:
1

= 1

\/Dnzﬂ, F(an)n A nve, asn — oo. (6.14)
Vva

The Lemma below is an application of a classic result related to the growth of entire

functions.

Lemma 6.2.9 Let f(z) = >.,° cn2™ be an entire function. If for some constant cy the
coefficients satisfy the condition \cn|%nk < ¢g then there exist C,c > 0 such that for every
zeC

7)< cetlt

PROOF. See for example [42, Lemma 2, pag 5.
O

Lemma 6.2.10 Let (cp)nen be a sequence of positive real numbers such that ¢, ~ cn® for

some a > 0. Then there exist C,c > 0 such that for everyr < d, p>§
chlm( p) <Cp\m+2fr‘r P,

In particular we have, for every |z| < 0,|y| >0, x = rw,y = pn

i\/ﬁnfm(gzwz Y| < Cp¥PH2ave pVDeer
n=0

S Iy (22) 19,280 < P35 /e,

n=1

PROOF. In analogy with the proof of Lemma 6.2.6 we use I'(a + ) > CT'(a)T'(3) to obtain

chlr (2@) ZC"Z m!T m—l—\/i—l—l)

n>1
2m VD VDn—VD
<03 (O () S ()

( )2m+m (6.15)
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1
Since (%) m s %, Lemma 6.2.9 yields for some constants C,Cs,c > 0

1 P\ 2m
> (@) < O™ < Cye®. (6.16)

Recalling (6.13), since r < 4, p > § we get

1 rp\ VDn—VD 1 52\ VP =VD VDyn—VD
; "T(VD,) (i) = ,;f"wm) <4> 5)
Semm() @7
= I'(vVD,) \4a )
It follows from (6.14) and the hypothesis on ¢, that
NN
Lemma 6.2.9 again yields, for some other constants C, ¢ > 0,
Sy () o) e 611
n>0 n

Inserting (6.16) and (6.17) in (6.15) we prove the first required estimate. The remaining
part of the proof is a consequence of the first part and of the behaviour of v/ D,, Z&n) and
v, Z5 ().

O
We can, now, prove the required estimates for L:c[| < 4, lﬂ > 4.
Proposition 6.2.11 For every fized § > 0 there exist C,m > 0 such that, zf |m| <65l d,

Y
then

PrROOF. By the scaling property (6.6), we may assume that ¢ = 1 and prove that, for
x = rw,y = pn such that |z| <4, |y| > 4,
2

IVp(1,z,y)| < Cro~le ™,

From (6.8) we have

1 _ N—l+c—a r2 + p2 P > , TP
(1, 2,y) = @ - PN (7> 70
L) =g () e {8 S 1 (1) 200)

N—-14c—a 2r
RSV A

2ar 4a
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Using Lemma 6.2.4 and recalling (6.2) and (6.1), we obtain for some constant C' that may

vary from line to line

4a 2a 2

1 _N-ltc—a 2+ 0?2 p — 2a rp
< = o _ = (n)
pr(L,y)| < oo (rp) 2 exp{ } > (14D ) (52) 25" w)

1
+C (T + r) p(1, 7w, pn)

. 1 Neides rP+ 0 1o TP ()
—%p(l,rw,pw) + % (rp) 2a exp {— } - nZ:;) \/an\/m (%) 7y (w)

4a
1
+C <r + 7“> p(1, rw, pn).
Since r < §,p > 0, using (6.12) we can estimate the first and the third addendum as

1 1
—2p p(1, rw, pw) + C < + r> p(1,rw, pn) < C’ﬂ“_";lpe_‘:p2 < Cr—s1-lemar’
a r r

with ¢; < ¢ . Analogously, using Lemma 6.2.10 and s; = % — D,
1 & TP
PS VDu (2)
n=0

2
_N-— c—a ]_ N-2
<C(rp)™ = exp {—p} = pVPTazE VDecr

1 ( )_N—12+c—a T2+p2
2a P P 4da

da | r

< Op—s1—lgme2r’

with co < 4—1[1. Setting m = min{cy, ca} we have

2

(L2, y)| < Crm17le ™
The same reasoning applied to (6.9) proves

2
IV.op(t,z,y)| < Crste ™.

Vrp
po

Since Vp = prﬁ + , the last two estimates prove the thesis.

O

In the following proposition, we prove some interpolative interior estimates for the gra-

dient of C? functions.

Proposition 6.2.12 Let § > 0, x € RN\ {0}, r > 0 such that B(x,2r) C RN\ Bs. Then
there exists a constant C = C(§) > 0 such that, for every u € C*(RN \ {0}), one has

1
IVull oo (B(zr)) < C (THLUHLoo(B(x,Qr)) + (r + 1) HUHLOO(B(:C,QT))) :
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PrROOF. Let z € RV \ {0}, r > 0 such that B(z,2r) C RY \ Bs and let u € C?(RV \ {0}).
Let us define, for n € Ny

Let n, € C° (B(z,Tp+1)) such that

on 4n
0<n, <1, mu=1inB(z,m), |[Vinleo <M=, |D*n,|e < M—, (6.18)
T T

for some constant M > 0.
Let U be an open set such that B(z,2r) C U C RV \ Bs and let ¢ € C° (U) be such
that 0 <1 <1, = 1in B(z,2r). We observe that, when restricted to supp(¢) € RV \ By,

L is a uniformly elliptic operator with bounded coefficients. Therefore, if we consider the

operator
L:=9yL+ (1 -9)A,

then L is a uniformly elliptic operator with bounded coefficients which is globally defined
and coincides with L over B(z,2r).

From now on we write C' = C(J) > 0 to indicate a positive constant that depends on
the bound of the coefficients of L (and so on the fixed radius 0) and which may vary from
line to line.

We apply [46, Theorem 3.16, page 77| to n,u and L and we deduce the existence of
C =C(0) >0, ¢g > 0 such that, for every n € Ny and € < ¢

~ C
||V(77nu>||Loo(RN) < EHL(%U)”Lw(RN) + ?”nnuHLw(RN)‘ (6.19)

If L = tr(AD?)+ (¢, V)b, then L(n,u) = 1, L(u)+2(AVn,, Vu)+u tr(AD?n, )+ ué-Vn,.
Recalling (6.18) we get
I ()| oo vy <Nt L (W)l oo vy + 12(AVn, V| o )

+ lutr(AD*00) | oo vy + (&, Vi) | oo vy

n n

IVull oo (B(zrpsr)) +C

<||Lul| oo (B(z,2r)) + C ]l Loo (B(x,2r))

r r2

M2

+C ]l oo (B(x,2r))

2n
S| Lullpee(Be,20) + €IV (1) | oo )

2n 2n
C 1 o0 .
+O- ( + T>|U||L (B(x,2r))
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Inserting the last relation in (6.19) we obtain

271,
IV () || oo mvy <e€l|LullLoc(B(a,2r)) + €C7|W(77n+1u)”Loo(RN)

on 2" C
+ [eC’ <1 + ) + ] [w] Loo (B(z,2r))-
T r €

The last estimate holds for all n € Ny and all € < ¢y. Let us set v = eC % and let us choose

e sufficiently small such that v is independent of n and v < %. Then

yr
||V(77nu)||Loo(RN) §ﬁ||LU||Loo(B(x,2r)) + 7||V(7ln+1u)”Loo(RN)

+ 1+ z + ¢z |||
Y , Py Lo (B(x,2r))

Cr
< ILll oo (Ba,2ry) + AV (1) Lo )

n

2
+C <1 + T) [ull oo (B(a,2r))-

Multiplying both terms of the inequality by v and summing up for n € Ny, we get

[e.e] . o0 ’y n oo N
S A IV gy <Cr Y- (2) 1ullio(an + D7 IV Ot 10)| e
n=0

+03 (74 8 e
n=0

=Cr| Lu| oo (B(2,2r)) + Z YNV (1) | oo vy

n=0

1
0 (14 7) lileateany (6:20)

The series in (6.20) converge since v < i and, by the hypothesis on 7,,

IV (nnu) | oo mvy < C4 (JJull Lo (Ba,2r)) + IVUll Lo (B(220))) -

Deleting the equal terms in both side of (6.19) we get

1
19000 e < € [rlEull ey + (14 3) lulmtoteany |-

The required claim, then follows once observed that |Vu||zee () < [V (n0w)|| oo (m)-
O

Let us prove, finally, Theorem 6.2.1 for % > 2.

Proposition 6.2.13 There exist C,c > 0 such that, if % > 2,

7‘9{ B 2
Wit < e F oty (B an) e (9550,
t3
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PROOF. Recalling the scaling property (6.6), we may assume, without loss of generality,
t =1. Let z € Q with || > 2 and let us fix y € Q. Let us observe, preliminarily, that as in
Remark 6.2.2, the estimates (6.3) becomes for |w| > 1,

[Lp(1,w,y)| < Clyl ™ (lyl A1)~ exp (—clw — y|?) - (6.21)
Let 7 > 0, to be later specified, such that B(z,2r) € RY \ B;. Using Proposition 6.2.12,
we have, for some C' >0
va(lv '7y)||L°°(B(m,'r))
1
<C (THLP(L Yoo (Ba,2ry) + (r + 1) (1, 'ay)”LOO(B(:r:,2r))> :

We treat separately the cases [x —y| > 1 and |z —y| < 1.

In the first one we choose r = inf {'x‘T—l, |z2y‘} and we observe that, if w € B(z,2r)

then |w| > 1 and

L=y
—|—]x—y!—|2|.

[z —y

lw -yl > —|w—2z[+|r -y > - 5

Recalling (6.21), this imply, for some (possibly different) constants C, ¢ > 0,
HLp(la '7y)HL°°(B(x,2r)) < C’y‘_’y (’y‘ A 1)_ST exXp (—C‘.TJ - y‘2) )
IP(Ls 9| oe(Be.2ry) < Clyl™7 (| A1) T exp (—cla — y[?) .

Therefore, since 1 < r < ‘“‘:y‘, up to a modification of the constants involved, we get

’Vp(]-a:l:ay” < ||VP(]., 'ay)HL"o(B(z,r))
1
<C (THLP(L Yoo (Ba,2ry) + (T + 1) (1, '7y)HL°°(B(x,2r)))
< C(ly A1) lexp (—clz —y|?).

If | —y| <1, we choose r = % and we argue as before obtaining a similar estimate.
That proves the claim for all the cases.

O

Finally, we can prove the bound in Theorem 6.2.1
(Proof of Theorem 6.2.1) Using Remark 6.2.2, the proof follows by combining to-
gether the estimates proved in Propositions 6.2.8, 6.2.11 and 6.2.13.
O

In the following corollary we deduce boundedness properties of e!* and Vetl.
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Corollary 6.2.14 Let f € L*(RY du). Then el f is differentiable in RN\ {0} and satisfies

Vel f(x) / Vp(t,z,y) f(y) du,

tL \x! octL
Vet f(a)| < f< Af) (),

for every x € RN \ {0}. Moreover, e'* and Vel are bounded from the spaces indicated

below

el LY RN, ¢dp) — oL (RY),

tL 1/mN ¢ co(mN mN
AV LR — L*®(RY R

where ¢(x) = |z|"2(1 A \a:|)7%+1+‘/B and gL>®(RN) (resp. gL=®(RN ,RN)) is the set of
(vectorial) functions f such that || fg~!|eo < 0.

PRrOOF. Let f € L?(RNVdu). Then
Upa) = [ b)) d (6.22)

for every z € RV \ {0}. By scaling properties we can assume ¢ = 1. By the gradient kernel

estimates and by the lower kernel estimates we have

ol _x _N
Vp(L,z,y) < COUA [z]) 7l "2y " [(1 A 2) (1 A y)] 2 P exp{—mlz — y[*}
< COA|z) " (e, ,y).

Let now zo € RV \ {0} and let » > 0 such that 0 € B.(zo). For every z € B,(z),
y € RV \ {0},

a _N
ple,z,y) < Cly[ "3 (LA )~ > TP exp{—m(ly|* — |y])}

2(-&+1+VD)

with C and m depending on r and zy. By observing that |y is integrable near

the origin and that the exponential term insures the integrability at infinity, we get that
p(c, x,-) is uniformly dominated by a function in L?(R¥,dyu) and therefore it is possible to

differentiate under the integral sign in (6.22). It follows that
Ve f(x) / Vp(t, z,y) f(y) dp

and, by (6.5),

~1
Vel f(a)] < 3( A'\[') 1 f] ). (6.23)
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By arguing in a similar way one shows that the above gradient formula holds also for
f e L'RY, ¢ dp).
Observe now that, by the kernel estimates,

‘P(ﬁD:mﬂ@

<Ct 3

o (o () 7).

< crtGmnl | fo ()17

1

where G(t) is the Gauss-Weierstrass kernel defined by G(t)(z) := G(t,z) = 72 exp (—%).
Therefore

el LYRY, ¢pdp) — ¢L>=°(RY).

The last part of the claim follows then from (6.23).



Chapter 7
Applications and examples

In this chapter we present some applications to some special cases, including Schédinger
operators and homogeneous operators with unbounded coefficients studied in [52]. In Sec-
tion 7.4 we derive a new proof of the Gegenbauers generalization of the Poisson integral
representation of Bessel functions I,4,, where v = (%) and n € Ny.

The Chapter is mainly based on [50].

7.1 Schrodinger operators with inverse square potential

Ifa:1,c:0then’y:O,D:b+(¥)2ZOandL:A—iisthe Schrédinger

ER
operator with inverse square potential.
Kernel estimates for the Schrédinger operator have already been widely investigated in

the literature. Using Theorem 3.5.3 and Theorem 4.2.2 we can obtain the sharp bounds of
[58] including the critical case D = b+ (%)2 =0.

Theorem 7.1.1 The heat kernel p of L, with respect to the Lebesgue measure, satisfies

-J+1+vD 9
2 p—

ptz,y) ~ 72 K'f/\l) (’?{‘/\1)] exp (JM)
t2 t2 t

The upper bound holds with any ¢ < % and can be improved to

2= o2\ [( |2 Wl NP ey

N B _

ptzy) <Otz (1427 Toar) (A exp (290
4t |z‘§ |z|5 4t

wherea:%ibeOanda:1+@ifb>0.

Using the results of Chapter 5 we obtain sharp bounds for the Green function (also in

the critical case D = b+ (%)2 = 0) which we state for N > 2.
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Theorem 7.1.2 For N > 2, the Green function Gy, with respect to the Lebesque measure,

satisfies the estimates

(i) if D >0, A >0,

—eV A z—y| 2—N |$Hy| \/ﬁiNTi
(ii) If D =0, and A > 0,
=5
eVl ((Jaf|y]) A 25 if XJr -yl =

Ga(z,y) ~ L
2=y ((elly) 2" (1 —log(VAle —yl)) . i VAlz—yl<L.

Remark 7.1.3 Note that G\ — 0,00 in (7.1) as |x| = 0 and y # 0 fized (or conversely),
according to D > (N —2)2/4 or D < (N — 2)?/4, that is when b > 0 or b < 0. We refer
also to [61, Theorem 3.11] for the local behavior of the Green function when D > 0. The

above estimates in the critical case D = 0 seem to be new.

7.2 Purely second order operators

Ifb=c=0,then D = (N—l—a)Q’ v = W19 opg

2a a

N
XiT4
L=A+(a-1)) |;’2]Dij.

3,j=1

Using Theorem 4.2.2 we deduce the following kernel estimates.

Theorem 7.2.1 Let Q = RV \ {0}. The heat kernel p of L, with respect to the measure
N—-1)(1—a)

(
dp = |yl dy, satisfies

N—-1—a ’

N (N-1)(1-a) w-na-a) [ (|| ly| — S| AL
plt,z,y) = 7% o]y e [(1/\1) (1/\1)]

2 t2

_ 2
% oxp <_C\fvty\> .

Using Theorem 5.1.1, 5.2.1 and Theorem 5.2.3 we obtain sharp bounds for the Green

function and the resolvent operator.

Observe that the condition D < (%)2 becomes a > 1if N >3 anda=1if N = 2.
We omit the case N = 2 and A > 0 to focus the estimates near the origin but let A > 0 if
N > 3 in order to treat the critical case a = N — 1 (when N = 2 the critical case a = 1

corresponds to the Laplacian).
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Theorem 7.2.2 Let Q = RV \ {0}. For (z,y) € Q x Q with x # y, the Green function Gy,
(N—-1)(1—a)
with respect to the measure du = |y| = dy, satisfies the estimates

(i) if N>2, A\>0anda#N —1

N—-1—a N-2

(N-1)(1—a) ‘T|_T

(elly) =5 Gy = Mol gy 2 (14 112 .
r—Yy

(i) If N >2, a=N—1and A > 0:

For VX|z —y| >1

(ello)*3* ) = e/ ((ally) 2 21 5

For vz —y| <1
2—

(lellyh) ™ Galw,y) = |o = = v ((lally) *=" (1~ log(VA |z — y1) ).

(iii) FN=2,a#1, A=0

jally \| = o feyl? < .
(w—yP> W 2 b
l—a
(|z|ly|) 2 Go(z,y) ~

lz —y|? o Ja—yf?
1-1 Yo,
°g< Er A :

The Green function with respect to the Lebesgue measure is G (z,y) = |y["Ga(z,y). It fol-
N—-1 N—-1
lows that G\ (z,y) ~ |x|(177)+ as |z| — 0 for y # 0 fixed and G\ (z,y) ~ |y|27N+( 1),

as |y| — 0 for x # 0 fixed. The joint behavior in |z||y| is more complicated and when N = 2

or a = N — 1 logarithmic terms also appear.

7.3 Operators with unbounded coefficients

Consider operators of the form

S =|zl*A + ezt S v — Blz]*2, z e RN\ {0)

]
with a # 2, E,l; € R. Note that a can be positive or negative but the case a = 2 is
special and easier, see [52], and will be not treated here. Generation properties and domain
characterization have already been studied in [52]. Here we follow the same method as in
[57], where upper bounds are proved, to deduce lower bounds. Since the proofs are similar
we do not repeat them and refer the reader to the above paper. The crucial point consists in

observing that the operators previously studied and the last ones are related by an isometry
in LP(RN).
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Lemma 7.3.1 Let 1 <p < o0, Jp: LP(RN) — LP(RYN) given by

2% u(jal ).
Then J, is an isometry in LP(RN) and

- o S ja—1 T T |—
Hz|*A + &z 1H-V—blw\ %)y

XT;X5 x _
Z B |2JD1J+CW'V—W?| g

where

o 2 -~ N« . N«
a:<§—1>, b_b+2p<N—2+c_>,

CZ(N—1)<<3‘—1)2—1)+(1—;‘) [E—a+]\;a<1—;>].

From Theorem 4.2.2 we deduce sharp kernel estimates for the heat kernel ps associated

to § which we write this time with respect to the Lebesgue measure.

Theorem 7.3.2

| |2—a | ‘2—(1 _%+1+|1_%’71\/B
c—a a c—a o 2 2
m@aw:f@MVQ—ﬂww-ﬂleAQ(yl AQ]

t2 t2

_a _a 2
( mﬂzx—wrw\>
xXexp | — ; .

Similarly, by Theorems 5.1.1, 5.1.1, 5.2.1 and 5.2.3, we can deduce the estimates for the
Green function G (z,y) = [;° e Mps(t,z,y) dt. We state them when D=b+ (N 2+C) >
0, N > 2.

Theorem 7.3.3 Let A > 0, Q = RN \ {0} and let us suppose D > 0, N > 2. For
(z,y) € Q x Q with x # y, the Green function Gy, with respect to the Lebesgue measure,

satisfies the estimates

sor+r(1-%)

o _a —2
Ga(z,y)S ce—cVAlalal™ T —yly =% 2| >yl 2 __
<’$|_5+1|y|_5+1> |l‘|x‘_5—y|y|_§|2 (1_5) D

2

L a e (1_g)—21§_;
o (1 222 = ylyl 2!2 ’ ’
|72y 2

ay ! N—2+5—% al-1 /- N-—2+¢\?
s=(1-3) ( 3 -3 b*(:z)

where
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and

N-14 W=D ((8-10)° 1)+ (-9 [r-a+ 2 (1-2)] ~N+1
(5-1)° |

PROOF. The proof follows by the equality

’)/:

[0 /+
S (y) = (1= 5) ol 5 [y~ 5 702Gy lal =%, ylyl F)
and by observing that, since

N-l+4c—a N-2+c-72
2a o 2(1-9) 7

we get

-2
D:<1—3) D
2

and the number s; for the operator L becomes

S:<1_g>1<N—2—;c—> Lo \/ (N 22—|—c>‘

7.4 A special case

Theorem 4.2.7 provided us a complete decomposition of the N-dimensional kernel in

terms of its one-dimensional counterparts

1 N—14c—a TQ + p2 > ’I"p
tx,y) = —(rp)~" 2 - I (22) 28 7.2
p(t..) = 5 (rp) oot} S (50 0w (7
where p is the heat kernel of L with respect to the measure dy = |y|" dy, x = rw, y = pn,
r, p>0, |w| = |n| =1, (—A\n)nen, are the eigenvalues of Ay and D), b+’\" + ( 1220*“)2.

Setting a = 1, and b = ¢ = 0, the operator L becomes the Laplace operator and
D, = (%)2 +An = (52 + n)Q. Inserting in (7.2) the expression of the Gauss-Weierstass

kernel of A we find

S ()00 e () oo}

Formula (7.3) allows us to write explicitly the heat kernel of L in some other special cases.
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Proposition 7.4.1 Assume that a =1 and b+ % + 5(N —2)=0. Then vy =c and

el e |z — y|?
2|5y 2exp{—

p(t,z,y) = py

(47rt)%
where p is the heat kernel of L with respect to the measure du = |y|°dy.

ProOF. It is enough to observe that, under the assumption on the parameters a, b, c,

N —2\? N —2 2
b= (N52) = (22 )

is the same as for the Laplacian and therefore (7.3) holds. Inserting this in (7.2), the proof
follows. O

Note that the parameter c is unrestricted but b ranges from —oo to (N —2)?/4, attained
when ¢ =2 — N.
We point out that the same result can be proved in a more direct way. With this choice

of parameters, given u,v € D(&) and setting u = u|x|~2 and v = v;|z| "2 the form becomes

a(u U)—/ (= —I-W—l—ﬁu@ |x|¢ dx
) - RN rvr ’]”2 T2

2
— Vou Vo b+G+HS(N-2)
/RN [(m) (v1), + BE + FE w1 | dx

—/ (u1)r(v1), + ———— | dx = Vuy Voy de.
RN " |z RN

This shows that, with the isometry
J:LARN dz) — L2, Jv=vlz|"2,

the equality J~'LJ = A holds, hence J 'e!fJ = ¢*® and the heat kernel of L is readily
obtained by that of the Laplacian.

|
We come back, now, to formula (7.2) and define the function
P ) =S (70 2
1 (Qat’w’n) =2 1o <2at> Zy"(w). (7.4)

The last sum, recalling Proposition 4.2.6, converges uniformly on compact sets of RY.

We observe that, fixing the values 5% and recalling property (i) in Proposition B.2.2, the

function ¢ is invariant under the action of orthogonal transformations i.e.

rp rp
B Tw, ) = q(55w.n)
q(Qat ) T A g @
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for every w, n € SN and T € O(N). Therefore, recalling Definition B.3.1, ¢ is, as a
function of w, a zonal function of pole 1 (we refer the reader to section B.3 in Appendix B
for the basic properties about zonal functions). If we denote by ¢ (2at, ) the profile function

of ¢(3%,-,1) (see formula (B.8)), then

(zam) = ¢ (g7 )
q 2t 77] - QCLt?n .

Using Proposition B.3.3 we can expand ¢ (%, w, 77) in zonal harmonics obtaining

0 (2 om) = 3 d (22 200), 75

where the coefficients d,, (Tt) are given by

") \SN 2\ = A
dy (M / ) P T ) (1-8) 7 ds.

Thus, comparing (7.5) with (7.4), we derive

r N-2 o N_3
IF<26'; ’S | / P () (1-s%) 7 ds. (7.6)

The last formula gives an integral representation of the Modified Bessel function I /5~ in
terms of the Gegenbauer polynomials and the profile function ¢. Using (7.3) we can provide

a new proof of the Gegenbauers generalization of the Poisson integral representation of

Bessel functions 1,4, where v = (%) and n € Ny, (see also [80, Section 3.32, page 50]).

N-—-2
leiN,L, one has for every x > 0
42 P, 2 (1)

Proposition 7.4.2 For every n € Ny, setting C, :=

I(MJM) (x) =C, (2>N2_2 /1 eg”sPnNTi2 (s)(1- 82)¥ ds.

2 -1

PROOF. Let us fix n € SV~! and let us set, in equation (7.3), z := 5 > 0. It follows that

the zonal function

q(z,w,n) ZIN 2+n (")(w)

has profile function

Using (7.6) we obtain



Appendix A

A brief introduction to

Riemannian Geometry

This Appendix is devoted to the presentation of the main notions and results of Rie-
mannian geometry used throughout the dissertation. Many fundamental theorems will be
quoted without proofs since they are available in classical textbooks on Riemannian geom-
etry. A good survey on the subject can be found in [37, Chapter 1] and [7, Chapter 1]
whereas for a deeper discussion on the topic and for the proofs of the results presented here,
we refer to [13], [16], [17], [66], [39] and [68].

A.1 Manifold Theory

A.1.1 Differentiable Manifolds

Definition A.1.1 A manifold M of dimension N = dimM is a connected Hausdorff
topological space such that each point of M has a neighbourhood homeomorphic to RY .

A local chart on M is a pair (U, ¢) where U is an open set of M and ¢ : U — D, p — ¢(p) =
(z1(p),...,zn(p)) is a homeomorphism of U onto an open set D of RY. (21(p),...,zn(p))
are the local coordinates of p € U related to the given chart (U, ¢) and when needed, in
order to emphasize the role of the local coordinates, we will often write (U, ¢, (z;)) to refer
to (U, ¢).

An atlas is a family (U;, ¢);c; of charts for which (U;);es constitutes an open covering
of M.
(Ui)ier is called differentiable if all changes of coordinates are C*° i.e. for any choose of
local charts (U, ¢) and (V1) with UNV # (), the map oyt :p (UNV):—= ¢ (UNV) is
a diffeomorphism of class C*°. Two differentiable atlases are said to be equivalent if their

union is again a differentiable atlas.
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By definition, a differentiable manifold is a manifold together with an equivalence class

of differentiable atlases.
Remark A.1.2

(i) Since any differentiable atlas is contained in a mazimal one, in order to construct a

differentiable manifolds, it is sufficient to assign a differentiable atlas.

(ii) In all the above definitions one can require weaker differentiability property than C*°
or even different type of reqularity on the chart transitions; for example one can
require them to be continuous, affine, algebraic or real analytic and thereby define a
class of manifolds with that particular structure. Moreover, changing RN with CN and

considering holomorphic chart transitions, one has the notion of Complex Manifold.

Example A.1.3

(i) RN is a N-dimensional differentiable manifold and a differentiable atlas is given by
the global chart (]RN, z'd).

(ii) The sphere SNt = {z € RN : || =1} is a differentiable manifold of dimension
N — 1. Charts can be given by means of the stereographic projections as follows:
on Uy =SV=1\{0,...,0,1} we define

fl(il?h...,xN) — ( ! 3 TN-1 >

1—$N7 "1—.7}1\7

and on Uy = SN=1\ {0,...,0, -1}

fg(x1 xN): X1 TN-1
e T van ltan)

(iii) Let M be a differentiable manifold. Any open subset U of M is again a differentiable
manifold with dimU = dim M.

(iv) If M and N are differentiable manifolds, the Cartesian product M x N naturally
carries the structure of a differentiable manifold. Namely, if (U;, ¢;);c; and (Vj, wj)jeJ
are differentiable atlases for M and N respectively, then (Ui x Vj, (gbl,w]))

(i.)elxJ
is a differentiable atlas for M x N

A map f : M — M’ between two differentiable manifolds M and M’ is called dif-
ferentiable (respectively differentiable at p € M) if for every choice of charts (U, ¢) of M
and (V,4) of M’ all the maps 1) o f o ¢~ are C™ (respectively differentiable at ¢(p)).
Analogous definitions hold for f to be of class C*.
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f is called a diffeomorphism if it is bijective with differentiable inverse function.

If M’ =R and U is an open subset of M, we denote with F(U) := C°°(M) the set of
differentiable functions f : U — RY.

A.1.2 Tangent space

Let p € M and let F(p) be the set of functions which are defined and C*° in a neigh-
bourhood of p .

Definition A.1.4 A tangent vector X, at p is a map X, : F(p) = R, f— X,(f) which
satisfies for every \,u € R and f,g € F(p):

(i) Xp(Af + ng) = AXp(f) + 1nXp(9);

(i) Xp(fg) = f(P)Xp(9) +9(P)Xp(f).
One can easily shows, starting from the definition, that X,(f) = 0 for every constant

function f and that, in particular, if f,g € F(p) coincide on a neighbourhood of p, then
Xp(f) = Xp(9).

Definition A.1.5 The tangent space T,,(M) at p is the set of all the tangent vectors at

p and it has a natural vector space structure.

Given a local chart (U, ¢, (x;)), with p € U, we define the coordinate tangent vectors

o1
(zf) @) <R 1o 5 = ),

Proposition A.1.6 Let M be a differentiable manifolds with dimM = N, pg € M and
let (U, ¢, (x;)) be a local chart with pg € U. The following properties hold.

N

) 0

(1) For every Xp, € Tp,(M), Xp, = E Xy () <8x) ]
i=1 v/ po

(i) The coordinate tangent vectors (6%1) ey ( 9 ) form a basis of T, (M).
Po Po

dzn
(111) dimTp, (M) = dim M

PROOF. Let X,,, € Tp,,(M) and f € F(po). Due to the localness of the tangent vector X,
we may assume, for simplicity, ¢(U) = B,(x¢), where r > 0 and zo = (2Y,...,2%,) = ¢(po).
Setting f = f o ¢!, we have for every x € B, (x0)

1 ~
o !

(@) = flxo) = (wo + t(x — 20)) dt

N | g7 ~
— ;(m — 96?)/0 8:1]; (zo + t(z — 20)) dt = Z:(xi —29) fi(x),
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where f; = 01 ggf (zo + t(- — x0)) dt € C°(B,(x0)) and fi(xo) = g—i(mo). Then, defining
fi = fi© ¢, one has f; € F(po), fi(po) = 5 (po) and

N

o) = £00) = Y (wilp) = 2ip0) ) £ip),  pE M.

=1

Applying, now, X, to the above equation we get X, (f Z Xpo (i) 5= po) which proves

(i). (ii) and (iii) are now immediate consequences of (i) Just proved and of gjf; = 51? .

O

Remark A.1.7 In the euclidean case, for each p € RN, there is a canonical linear isomor-
phism from RN to T,(RY) that, in terms of Cartesian coordinates, sends © = (z1,...,7N) €
RY to X, =3, 2 (%)p € T,(RN). So, in what follows, we will always make the identifi-

T4

cation T,(RN) = {p} x RN =RV,

Let U be an open subset of M and let us define T(U) = UpeUTp(M)' T(U) has a natural
vector fiber bundle structure and T'(M) is the tangent bundle space of M.

Definition A.1.8 A wector field X over U is an application
X:U—=TWU), p—X(p) =X, € T,(M).
X is called differentiable if, for every f € F(U), the map

X(f):U =R, p= X(f)p) := Xp(f)

is differentiable. The set X(U) of all the differentiable vector fields on U is a module over
the ring F(U) and every X € X(U) can be equivalently identified with the derivation

X:FU)— FU), f—X(f)
which satisfies, for every f,g € F,
() XAf +ng) = AX(f) + pX(9);

(ii) X(fg) = fX(g)+9X(f).
This interpretation allows to consider a Lie Bracket operation on X(U) defined, for every
X, Y eX(U),by [X,)Y]=XoY —-YoX.
Let (U, ¢, (z;)) be a local chart of M and let us define the coordinate vector fields

0 0 0
DU ST), s () = <8m> £ T (M).

Proposition A.1.6 shows that X is given in local coordinates by X = Zf\i 1 X (:ci)%
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A.1.3 Differentiable maps

Let M be a N-dimensional differentiable manifold, p € M and f € F(M)
Definition A.1.9 The differential of f in p is the form (df), € T,(M)* defined by
(df)p : Ty(M) = R, X, = (df)p(Xp) := Xp(f).

If (U, ¢, (x;)) is a local chart, with p € U, the differentials (dx)p,

, (dzN)p form a basis
of T,(M)* which is dual to the coordinate basis <

i) (i) of T,,(M). Therefore
ox1 p’ »\ Ozn » p( )

N

Z

=1

Definition A.1.10 If f € F(U) the differential of f is the F(U)-linear map

p)(dz;)p

df : X(U) - F(U), X — df(X) := X(f).
The set X(U)* of all the differential forms is the dual F(U)-module of X(U). The differentials

dxi, ..., drN constitute a basis of X(U)* which is dual to the coordinate basis 8%1,
of X(U) and

df = Z 81’1

Let, now, N be a differentiable mamfolds with dim N = m and let F : M — N be a
differentiable function.

Jé)

‘Oz N

Definition A.1.11 The differential of F in p € M is the linear map
Fop : Ty (M) = Trpy(N), Xp = Fop(Xp) o Fop(Xp)(g) = Xp(go F) Vg € F(F(p)).
Let (U, ¢, (x;)) and (V, 9, (y;)) be two coordinated neighbourhood of p and F'(p) respectively

. . . 5] 5] o
Considering the basis (871) by (%)p of T,(M) and (8 1) , <m>p of Tp(p)(N),
F,, is described by the Jacobian matriz (a(ijF) (p))

Oy i=1,..,N 1-€
j=1,....m
O(y; o F
By = 3 My v, e (M) (A1)
ol !

:1 .,m

A.1.4 Curves
Let M be a N-dimensional differentiable manifold.

Definition A.1.12 A differentiable curve in M is a differentiable map o : I — M
where I is an open interval of R.
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If t, € I, the tangent vector at a(tp) is

ilto) = (o) (jt) .

If (U, ¢, (x;)) is a local chart with a(ty) € U, @ = ¢ o v and &; = x; o v are the coordinates

of « in the local chart, then

dz; 0
Y(tg) = t .
a(to) Z 5 (to) (axz) )
It follows immediately from the definition that for any f € F(a(ty)), setting f = f o a, we
have é(to)(f) = % (to)-

Remark A.1.13 Letp € M. T,(M) is the set of all the tangent vector to curves in M at p.
Indeed, for every V, € M, there exists, for a sufficiently small € > 0, a differentiable curve
a: (—€€) = M such that o(0) = p, &(0) = V,. In a coordinated neighbourhood (U, ¢, (x;))

of p, setting V,, = Zfil v; (%) , a can be chosen ast — a(t) = ¢~ (¢(p) + t(v1,...,vN)),
t/p
where .

A.2 Riemannian Manifolds
A.2.1 Riemannian Manifolds
Let M be a N-dimensional differentiable manifold.

Definition A.2.1 A Riemannian metric on M is a symmetric and positive definite

second order covariant tensor on X(M), that is a F(M)-linear application
g:X(M) x X(M) = F(M)
which satisfies, for every X, Y € X(M), p e M,
(i) 9(X,Y) = g(Y, X);
(ii) 9(X, X) >0, g(X,X)(p) =0= X, =0.
The couple (M, g) is called a Riemannian manifold.

Let (U, ¢, (x;)) be a local chart of M. In this coordinates the metric tensor g is repre-

sented by the symmetric and positive definite matrix (g;;(p)), where

o 0
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With this notation g is expressed by

N
g= Z gij dr; ® dx;j
ij—=1

and if X =Y, X2 v =30, Vi € X(U) , then
N . .
ij=1

At each point p € M, the Riemannian metric g induces an inner product g, on the
tangent space Ty(M). g, is defined, for every X, Y, € T,(M), with X, = SN | X' (ax ) ,
"/p

N .
Y, = Zi:l Y (%)p> by

o (Xp, Yy) : ng ) XY,
ij=1

It follows immediately by the definition that
9p(Xp, Yp) = g(X,Y)(p), VXY € X(M).

Remark A.2.2 FEquivalently a Riemannian metric g can be defined as a family of inner
products {gp : Ty(M) x Tpy(M) =R : p e M} such that for every X,Y € X(M) the map
p— g(X,Y)(p) = 9p(Xp,Y,) is differentiable.

Theorem A.2.3 FEach paracompact differentiable manifold can be equipped with a Rieman-

nian metric.

PRrROOF. The metric is simply obtained by piecing together the Euclidean metrics defined
on the coordinate images of the local charts together with the help of a partition of unity.
For a detailed proof see [13, Theorem 4.5].

O

Remark A.2.4 Also the converse is true i.e. every Riemannian manifold is paracompact

and, moreover, separable (see for example [76, page 459]).

If p is a point in (M, g), we define the norm of any tangent vector X, € T,(M) to

be | X,lly = gp(Xp,Xp)% and, analogously, for a given vector field X € X(U) we write
1
1X1lg = g(X, X)z.
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A.2.2 DMetric space and the Riemannian distance

Let (M, g) be a N-dimensional Riemannian manifold and let o : I = [a,b] — M be a

differentiable curve in M.

Definition A.2.5 The length L(«) of « is defined as

b
L(o) = / lé®)llg dt.

Let (U, ¢, (x;)) be a local chart of M and let g = 2%:1 gijdr; @dxj on U. If a(I) CU
and ¢(a(t)) = (a1(t),...,an(t)) then

One verifies, easily, that the definition of L£(«), as well as the last integral, depends
neither on the choice of the local chart, nor on a change of parametrization s = s(¢) with
ds £ 0.

We also remark that the length of a piecewise differentiable curve may be defined as the
sum of the lengths of the smooth pieces and that the above definition makes sense also for
curves which are only (piecewise) C1.

Since M is connected, any two points p, g € M can be joined by a piecewise differentiable

curve. This leads to the following definition.

Definition A.2.6 On a Riemannian manifold (M,g), the Riemannian distance be-

tween two points p,q € M is defined by
dg(p,q) :=inf{L(e) : a: 1 =[a,b] = M piecewise differentiable curve fromptoq} .

Theorem A.2.7 The function d, : Mx M — R defines a distance on M and the topology
induces by dg is the same topology of M as a manifold.

PROOF. See [13, Chapter V, Theorem 3.1]

A.2.3 Connection and Curvature

Let M be a N-dimensional differentiable manifold. Whereas the differentiation of func-
tions on M is naturally determined by the differential structure, the differentiation of vector
fields, on the other hand, is not naturally determined but involves the choice of a rule which
associates, to every vector fields X, Y, a sort of directional derivative Dx,Y which gives the

rate of change of Y at p € M in the direction of X),.
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Definition A.2.8 A Connection on M (also called covariant derivative) is a map D :
IM) x X(M) —» X(M), (X,Y) — D(X,Y) := DxY which satisfies for every f,g €
FM), X,Y,Z € X(M):

(7,) DfXJrgYZ = fDxZ + gDy Z.

(i) Dx(Y +Z) = DxY + DxZ.

(i) Dx(fY) = fDxY + X(f)Y.

Let (U, ¢, (x;)) be a local chart and let us denote 9; = é%_.
D is completely determined in U by the Christoffel symbols Ffj which are defined through

the relation

N
Dp,0; = Z I'Y; Oy
k=1

If X =N, X9, and Y = N V9;, then it follows from the definition that
N N
DxY => [ X%+ > XVIT} | 0
k=1 ij=1
The Torsion T of D is the F(M)-linear map T : X(M) x X(M) — X(M) defined by
(X,)Y)—»T(X,Y)=DxY - Dy X — [X,Y].
T estimates the asymmetry of the connection and D is said symmetric if T = 0.

Definition A.2.9 The Curvature of D is the F(M)-linear map R : X(M) x X(M) x
X(M) = X(M) defined by

(X,Y,Z) = R(X,Y)Z = DxDyZ — DyDxZ — Dix y|Z.

R estimates the asymmetry of the second covariant derivative and one verifies that R(X,Y)Z
at p € M depends only upon the values of X,Y, Z at p.
Locally R is completely determined in U by the functions Rﬁ ik which are defined through

the relation N
R(0;,0;)0, = > _ RLy0,
=1

and are given by

N
h h
ik = Ol — 0%, + Z <Fik 5= Uik fh) .
h=1

Let now (M, g) be a N-dimensional Riemannian manifold. The Riemannian metric on

M does determine a canonical choice of a connection.
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Theorem A.2.10 [66, Theorem 11, Chapter 3] On a Riemannian manifold (M, g) there
18 a unique connection D which is symmetric and compatible with the metric tensor g, i.e.

for every X,Y, 7 € X(M),

(i) DxY — Dy X = [X,Y],

(ii) Xg(Y,Z)=g9(DxY,Z)+g(Y,DxZ).
D is characterized by the Koszul formula

29(DxY, 2) =Xg(Y, Z) +Yg(Z,X) — Zg(X,Y)
Definition A.2.11 The Levi-Civita connection (or the Riemannian connection) of (M, g)

is the unique connection D which is determined by Theorem A.2.10. Its curvature tensor is

called the Riemannian curvature of (M, g).

Let g = 2%:1 gij dz;®dx; in the local chart (U, ¢, (z;)) and let (gij)i,jzl,wN be the inverse
matrix of (gij)ij=1,..n. Using the Koszul formula, the Christoffel symbols of D take the

form
| N
k k kl
Iy =15 = 5 ;9 (0igji + 959t — 1gij) -
Definition A.2.12 A Riemannian manifold (M, g)is said to be flat if its Riemannian

curvature is zero at every point.

It is immediate to check that the Euclidean manifold RY and every one-dimensional Rie-

mannian manifold are flat.

Definition A.2.13 Let (M,g) be a Riemannian manifold with Riemannian curvature R
and let F1,. .., E, be an orthonormal basis of X(M). The Ricci curvature Ric of (M, g)

is the symmetric bilinear form defined as the trace of R:

Ric(X,Y) = Zn:g(R(EZ-,X)Y, E) - Zn:g(R(X, Ei)Ei,Y), X,Y € X(M).

i=1 =1

Equivalently Ric can be identified with the symmetric (1,1)-tensor
Ric(X) => R(X,E)E;, X €X(M),
i=1

which satisfies

Ric(X,Y) = g (Ric(X),Y), X,Y € X(M).
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Definition A.2.14 We write Ric > k (respectively Ric < k) and we say that Ric is bounded
from below if all eigenvalues of Ric(X) are > k (respectively < k) for every X € X(M). In
particular we say that (M, g) has non-negative Ricci curvature if and only if Ric(X, X) > 0
for every X € X(M).
A.2.4 Geodesics

Let M be a N-dimensional differentiable manifold with connection D and let v : I =
[a,b] — M be a differentiable curve in M.

Definition A.2.15 A vector field X € X(M) is said to be parallel along =y if its covariant

derivative in the direction of ¥ is zero:
DyX =0

Let (U, ¢, (x;)) be alocal chart of M and let Fk be the Christoffel symbols of D. If v(I) C U
and X = >, X10; , we write ¢(y(t)) = (Y(t),...,¥™(t)) and X(¢) := X(y(t)). With this

notation we have

dy?

k 7
Dy X = Z Z Miar X
Thus X is parallel along ~ if and only if

dv
k _ _
E Iy —— dt k=1,...,N.

Definition A.2.16 ~ is called a geodesic if its field of tangent vectors is parallel along ~y.
Thus v is a geodesic if and only if

d*+F g Ay’ dy?
I =0, k=1,...,N.
dt? +Z Uoqt dt ’ Y

7]

The Cauchy theorem applied to the above equations, implies that, for given p € M and
0 # X, € T,(M), there exists a unique geodesic v : (—¢,€) — M such that y(0) = p and
4(0) = X,,. This geodesic depends smoothly on the initial conditions p and Xj,.

If (M, g) is a Riemannian manifold and D is its Levi-Civita Connection, v : (a,b) = M
is a geodesic if and only if it is locally distance minimizing i.e., for any t € (a, b) and for all
s close enough to ¢, the curve 7 4 is a shortest path between the points a(t) and a(s) (see
[68, Chapter 5, Theorem 5.1 and Corollary 5.5]).

We state the following theorem which proves the equivalence between the notion of

geodesical and metrical completeness.
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Theorem A.2.17 (H. Hopf-Rinow)[68, Chapter 5, Theorem 7.1] The following statement

are equivalent:
(i) M is geodesically complete, i.e. all geodesics are defined for all time.

(ii) M is geodesically complete at p € M, i.e. all geodesics through p are defined for all

time.
(iii) Every closed bounded set is compact.
(iv) M is metrically complete.

Furthermore, any one of the above implies that given any two points p,q € M, there exists

a length minimizing geodesic connecting p, q.

A.2.5 Riemannian measure

Let (M,g) be a Riemannian manifold of dimension N. We say that a set £ C M is
measurable if, for any chart (U, ¢), #(E NU) is Lebesgue measurable in ¢(U) C RY. The
family of all measurable sets in M forms a o-algebra which we denote by A(M) and we
define the Borel o-algebra B(M) as the o-algebra containing all open subset of M . Since
any open subset of M is measurable, B(M) is contained in A(M).

(M, g) is naturally provided with a canonical measure p, on A(M), which is called the

Riemannian measure (or volume) of M and it is defined by means of the following theorem.

Theorem A.2.18 Let (M,g) a Riemannian manifold of dimension N. Then there exists
a unique measure ftg on A(M) such that, in any chart (U, ¢, (x;)),

dpg = +/det gdL.

Here g = Z%‘:l gij dx; @ dxy on U, detg := det (g;5) and L is the Lebesgue measure in U.

Furthermore the measure jig 1s complete and reqular.

PROOF. On any local chart (U, ¢, (z;)) the formula
1 (E) :/ JdetgdlL, VE e AM), ECU,
o(E)

defines a measure on A(M)NU. The measure p4 is then simply obtained by piecing together
the measures p;; defined on the local charts together with the help of a partition of unity.
For a detailed proof see, for example, [35, Theorem 3.11].

O
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A.3 Some differential operators

Let (M, g) be a N-dimensional Riemannian manifold and let D be its Levi-Civita con-
nection. On (M, g) there are natural generalizations of the well-known differential operators

of vector calculus on RY: gradient, divergence, and Laplacian.

Let us fix, preliminarily, some notation. Let (U, ¢, (x;)) be a local chart of M and let
us denote 9; = 8 . Let g = Z” 1 9ij dz; @ dzj on U and let (¢ )” 1,..,N be the inverse
matrix of (gzy)m:l,---w and det g := det (g;5).

Definition A.3.1 The Gradient V,f of a function f € F(M) is the vector field dual of
the differential df € X(M)*. Thus

g(Vof, X)=df(X) = X(f), forallX € X(M).

In local coordinates on U, if df = Z]\i a—f_da:i, then

i=1 dx;
N
i+ O0f 0
Vof =3 g0l (A.2)
ij=1 v

In particular, for Cartesian coordinates on the Euclidean manifold R, the above formula
recalling the canonical identification T,(RY) = RY | reduces to V,f = ZZ =1 am ax =Vf
which is the usual formula for the gradient in R .
Recalling Remark A.1.13, V, f is characterized by

% (foa)=g(Vyf,a), forevery differentiable curve ov: I — M. (A.3)
Remark A.3.2 The above definition obviously makes sense only requiring f € C1(M).
Definition A.3.3 The Divergence of a vector field X € X(M) is defined as
div X : = trace (Y — Dy X).

In local coordinates on U, if X = SN Xz - € X(M), then it can be shown that

N
divX = Z 8, X" + ZF’XJ det Z ( det)

Employing Theorem A.2.18, it can be seen that div X is characterized by satisfying the

Divergence Theorem

[ @i x) sy = [ (X Vof)dy. ¥F € C2(M).
M M
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Definition A.3.4 The Laplacian A,f (frequently referred to as the Laplace-Beltrami op-
erator) of a function f € F(M) is the divergence of its gradient:

Agf :=div(Vyf) € F(M).

In local coordinates on U

R
Agf = szzjl 8 (gjx/det 99 f). (A.4)

Since the matrix (gj;) is symmetric and positive definite, the operator A, is an elliptic

second order operator in the divergence form.

In particular, employing Cartesian coordinates on the Euclidean manifold R, one recognize
that the classical Laplace operator on RY is a particular case of the Laplace-Beltrami
operator.

Ay f is characterized by satisfying the Green formula

/ Agfudug:—/ 9(Vyef,Vgu) d,ug:/ fAgudpg, Yue CZ(M).
M M M

Remark A.3.5 The above definition makes sense only requiring f € C*(M).

A.4 Some constructions

A.4.1 TImmersions and Submanifolds

Let M be a differentiable manifold. A submanifold (or immersed submanifold) of M is a
differentiable manifold M together with an injective differentiable immersion f : M — M
i.e. an injective differentiable map such that, for every p € M, all differentials f,, are
injective.

The most important type of submanifold is that in which the immersion map f is an
embedding, which means that it is a homeomorphism onto its image f(M) with the subspace
topology. In that case, M is called an embedded submanifold or a regular submanifold. An
application of the implicit function theorem proves that locally any differentiable immersion

is a differentiable embedding.

Proposition A.4.1 [39, Lemma 1.3.1] Let f : M — M be a differentiable immersion,
dimM = N, dimM = N, p € M. Then there exist a neighbourhood (U, z, (x;)) of p and a
chart (V,y, (y;)) on M with f(p) €V, such that

(i) fiu is a differentiable embedding;

(ii) f(U):{qEV : yNH(q):‘--:yﬁ(q):O} and z;(q) = yi(f(q)) forallqe UNV
andi=1,...N.



A.4 Some constructions 124

Since all the properties presented in this section are local, the previous proposition allows
us to assume, in what follows, f to be an embedding from M to M.
Let, now, (M, g) be a N-dimensional Riemannian manifold and M a N-dimensional

submanifold of M with f: M — M being the immersion map.

Definition A.4.2 The metric g induces a Riemannian metric on M given by the pull-
back g := f*g defined by

gp(Xpa j}/p) = gf(p) (f*p(Xp)a f*p(Yp)) ’ Vp € M7 VXa Y e X(M)
(M, g) is called a Riemannian submanifold of (M, g) and f is an isometric immersion.

Let (U, ¢, (%)), (V,1, (z4)) be two local charts of M and M respectively, with f(U) C V.
Let

N
g= Z Japdre @ drg on V.
af=1

g in U is determined by its components g;; = g <£i, a%j): using (A.1) it follows by the
definition of the pull-back that
N
_ Iz®o fo(zP o f
szgijdyi@)dyja gij:Z(gaﬁof) (ay, ) (ay, )
i j

i=1 a,f

. (A.5)

Denoting by Jf = (8(%;]0)) the Jacobian matrix of f in the local coordinates, (A.5) takes

the compact form

(9ij) = Jf(Gap o f)J ] (A.6)

Since every differentiable curve o of M induces a differentiable curve f o a of M, it
follows immediately by the definition of f*g that L(«a) = L(f o ).

If N = N and f is a diffeomorphism, f is called an isometry and (M, g) and (M, g) are
said to be isometric.
The following proposition is an immediate consequence of the definition of the distance

function.

Proposition A.4.3 Let f : M — M be an isometric immersion between two Riemannian
manifolds (M, g) and (M, g) and let us denote by d and d the respectively distance functions.

Then one has

d(f(p), f(q)) <d(p.q), Vp,qeM.

If, in addition, f is an isometry then

d(p,q) = d(f(p), f(q)), Vp,qe M.
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f(M) C M naturally inherits a structure of a Riemannian submanifold of (M, g):
identifying, therefore, M with its image f(M) C M, we can consider M as a subset of
(M, g) and f =i: M < M to be the inclusion map.

Definition A.4.4 Let M C M be a submanifold of (M,g) and let i : M < M be the
inclusion map. The pull-back metric g = i*g defined by Definition A.4.2 is called the First
fundamental form of M.

Any f € F(M) and any vector field X € X(M) can be extended on a neighbourhood of
M in M; with the help of Proposition A.4.1, this is most easily done, in local coordinates
around p € M that locally map M to RY — RY. We use, moreover, the same letter to
denote both functions and vector fields on M and their extensions (also called lifts) to M.
Since each i, : Tp(M) — T, (M) is injective, we can ignore i, and consider T,(M) as
a vector subspace of Tp(./W). At each p € M the tangent space Tp./W splits as an orthogonal

direct sum
TyM = TyM & (T, M)*

where (Tp./\/l)L is the normal space at p with respect the inner product g,. For any p € M,
X, € T,M, we denote the projection of X, onto T,M and (7, p/\/l)l by, respectively, X;—
and X;-.

Last formula implies immediately that, for any f € F(M), the g-gradient of f is the

projection of its g-gradient i.e.

Vof = (Vaf) ' =Vaf — (Vaf)*". (A7)

An analogous decomposition can be proved for the Levi-Civita connections D and D of
M and of M respectively. It is not hard to prove, indeed, that for every X, Y € X(M)
(5 XY)T satisfies all the requirement of Theorem A.2.10. This proves

DxY = (DxY)' =DxY — (DxY)".

Let v(M) = UpEM (T, M)* be the normal bundle of M in T(M) and let us denote with
X(M)L the set of vector fields X : M — v(M) such that for any point p, X, € (T,M)>. We
remark that not every Riemannian submanifold M C M admits the existence of a smooth

unit normal vector fields defined on all of M: the Mobius band in RY is one example.

Definition A.4.5 Let D and D be the Levi-Civita connections of (M,g) and of (M, 7)
respectively. The Second fundamental form of M is the symmetric and F(M)-bilinear
application defined by

IT: X(M) x X(M) = v(M), (X,Y)— II(X,Y):= (DxY)".
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One easily proves that 17 is well defined and satisfies the Gauss Formula
DxY =DxY +1I(X,Y), VX, Y €X(M).

Although the second fundamental form is defined in terms of covariant derivatives of
vector fields tangent to M, it can also be used to evaluate covariant derivatives of normal
vector fields. Indeed, letting & € X(M)*, one has, for any X,Y € X(M),

9(Dx&Y) = Xg(§,Y) - g(§, DxY) = —g(&, DxY).
Therefore I satisfies the Weingarten equation
g(Dx&Y) =—g(&,11(X,Y)), XY € X(M), { € X(M)™.

Definition A.4.6 Let ¢ € X(M)* and p € M. The Weingarten map (or Shape Oper-

ator) at p is the self-adjoint linear transformation Sg, implicitly determined by the relation
Ip(Se, Xp, Yp) = Gp(I1(Xp, Yp), &p),  Xp, ¥p € TyM.
Using the Weingarten equation, Sg, is defined as the map
Se, : TyM = TyM, X, Se, X, := — (Dx,€) .

The principal curvatures of M in M at p € M, relative to the normal direction &, are
the eigenvalues of S¢,. The associated eigenvectors are referred to as the principal directions.

A straightforward computation shows, moreover, the following relation between the
Riemannian curvatures R and R of of (M, g) and of (M, g) respectively. In what follows,
for £ € X(M)* and X € X(M), we write SeX (p) = S¢, Xp.

Theorem A.4.7 (The Gauss Equation) Let R and R be the Riemannian curvatures of
(M, g) and (M, g) respectively. Then for every X,Y, Z, W € X(M)

— T
R(X,Y)Z = (R(X,Y)Z) +Siv,2X = Suix,2)Y,

g(R(X,Y)Z,W) =g (R(X,Y)Z,W) +g(II(X,W),I1(Y, Z))
—gII(X,2), I1(Y,W)).

Some Riemannian submanifolds have a particular simple shape structure.

Definition A.4.8 A Riemannian submanifold (M, g) of (M, g) is called totally geodesic

if its second fundamental form vanishes: 11 = 0.

We have the following characterization for totally geodesic submanifolds.
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Proposition A.4.9 [66, Chapter 4, Proposition 13| For a Riemannian submanifold (M, g)
of (M, g) the following are equivalent.

(i) (M, g) is totally geodesic in (M, 7).
(ii) Every geodesic of (M, g) is also a geodesic of (M, 7).
The following Proposition gives us a tool to identify totally geodesic submanifolds.

Proposition A.4.10 [68, Chapter 5, Proposition 24] Let © C Iso(M, g) be a set of isome-
tries of a Riemannian manifold (M,g). Then each connected component of the fized point

set Fir(©) ={pe M : T(p)=p VT € O} is a totally geodesic submanifold of (M, g).

A.4.2 Submanifolds of Euclidean Space

In this section we specialize some of the results introduced so far to the special case
of Riemannian Submanifolds of the Euclidean Space. Actually the study of this class of
manifolds is not restrictive since, according to the famous Nash’s Embedding Theorem
[65], every Riemannian manifold can be isometrically embedded in a Euclidean space of
sufficiently large dimension.

Let us consider RY with its usual inner product (z,y) — >, ziy; =: (z,y).

For each p € RY, there is a canonical linear isomorphism from RY to T),(R") that, in terms

of Cartesian coordinates, sends

0

N N

x=(x1,...,zy) €R HXp:;xi <&xi>p€Tp(R ). (A.8)

The coordinate basis (6%1) e (%) is, so, identified with the standard orthonormal
p p

basis e1,...,ey of RY and, in what follows, when dealing with Submanifolds of Euclidean

Space, we will always make the identification
T,(RY) = {p} x RN =RV,

The standard Riemannian metric Jon ON RY is so defined by

(g3 )p(x,y) = (2,y), for every p e RN, z,y € T,(RY) = RY.

Let X,Y € X(RY) be two vector fields of RV with X = 32N, Xiazi = (X,...,X%)

and Y = Zf\; 1 Yia%i = (Yi, YN ) A straightforward calculation shows that the Levi-
Civita connection on RY is the standard derivation on RY given by
N ) 4
DY = ;X(Y’)axi = (X(YY,...,Xx[¥"Y)) = x" Jv",
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where X (Y?) = Z;VZI ngTY; and JY? is the transpose of the Jacobian matrix of Y.

One easily sees that the Riemann curvature tensor vanishes identically. Thus, RY with
its standard Riemannian metric is flat. The straight lines of R are shown to be the
geodesics and, since they are infinitely extendible in both directions, RV is geodesically

complete.

Let now (M, g) be an n-dimensional submanifold of RY where g = i* g, is the metric
induced by the immersion i on RY. Let us assume that we have a local coordinate system
given by a local chart (U, 1, (u;)). The map ¢ :=~!:V — U is a parametrization of M,
with V :=¢(U), and we have

x = ¢(uy,...,un), foreveryzeV.

Under the identification (A.8), the vectors ¢y, ..., ¢y, defined by

b = (2l OpN
Y\ o o )

are linearly independent and generate the tangent space T,,(M).

In these coordinates the first fundamental form g = i*g_, is determined by the matrix
of its coefficients G' = (gij)i j=1,...n, Where gij = (Gu;, Pu;)-

For every f € CY(RY), recalling (A.7), the tangential gradient V,f is, at any point
p € M, the projection of the euclidean gradient V f onto the tangent space T),(M). By
(A.3), V,f is the vector field of RY which satisfies

d
U (foa)=(V,f,a'), for every differentiable curve a: I — M C R¥. (A.9)

The Levi-Civita Connection D and the second fundamental form 7 of (M, g) are given,
for every vector fields X,Y of M, by

DxY = (D%Y)', II(X,Y)=(D%Y)". (A.10)

If ¢ is a vector field normal to M and X € X(M), then the Shape operator at p € M takes

the form

Se, Xp = — (D%pS)T = — (X'(p) - JE (D)) . (A.11)

Being RY flat, Theorem A.4.7 gives us the following expression for the Riemannian curvature

R of (M, g):

R(X, Y)Z = SII(Y,Z)X - SII(X,Z)Y7 VXY, Z € X(M) (A.12)
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Example A.4.11 Let (SV=1(r), g) be the (N — 1)-dimensional sphere of radius r equipped

with the metric induced by its immersion on RY. The vector field U(x) = é—| of RY s,
at each point of SN"Y(r), the outward unit normal on (SV=Y(r),g) and verifies JU(z) =
IYI\ - %, where I is the identity matriz and v ®@ v = (x;x5).

Equation (A.10) and (A.11) imply that , for every X, Y € X (SN_l(r)),
1 1
SyX =—--X, II(X,Y)=-~(X,Y)U.
r r

Therefore, substituting the last equalities in (A.12), the curvature R of (SN=1(r), g) is given,
for every X,Y, Z € X(SVN1(r)), by

1
o)

R(X,Y)Z = %2 g(Y, Z)X — g(X, Z)Y] - [(Y, )X — (X, 2)Y].

A simple computation implies also

N -2
r2

Ric(X) = X.

A.4.3 Warped product

Let (B, gB), (F,gr) be two Riemannian manifolds and consider the differentiable man-
ifold M := B x F with the canonical projections denoted by 7: M — B and 0 : M — F.
A rich class of metrics on B x F' can be obtained by homothetically warping the product
metric on each fiber {p} x F'. We refer the reader to [66, p. 204] for further details.

Let f > 0 be a C*°-function on B.

Definition A.4.12 The warped product B x; F' is the product manifold M := B x F

provided with the metric tensor
9=m"(g5) + (fom)’0"(gr).
B is called the Base of B Xy F' and F' the Fiber.

The positivity of f immediately implies that g is a metric tensor. If f = 1, then B x; F'
reduces to the Riemannian product manifold (B x F,g=7"(9p) + 0*(gF)).
Explicitly, if X,Y € T{;, B x F then

_ 2
9(p,q) (X’ Y) = 9YBp (W*(p,q)X’ 7T”‘(p,q)yv> + f (p)qu (U*(p,q)X’ U*(I%Q)Y) ’

77 1(p) = {p} x F and 071(q) = B x {q} are called, respectively, the Fibers and the Leaves
of the warped product and are both Riemannian submanifolds of B x ; F'.

The warped product is characterized by the following properties.

i) For every q € F, m gy, 1S an isometry onto B.
|Bx{q}
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(ii) For every p € B o|p1xr is a homothety onto B with scale factor -

f(p)
(iii) For every (p,q) € B x F, B x {q} and {p} x F are orthogonal at (p,q).

With a little abuse of notation, we confuse all vectors X € X(B), U € X(F) with their
respectively lifts on X(B x F') and the same convention will be adopted for the connections
D®, DF and the Riemannian curvatures R®, RF of B and F respectively.

The connection and the Riemannian curvature of B x ¢ F' can be deduced from those of
B and F.

Proposition A.4.13 [66, Chapter 7, Proposition 35| Let D be the Levi-Civita connection
of Bxy F. Then for every X, Y € X(B) and V, W € X(F') one has

(i) DxY = DYY;
(ii) DxV = Dy X = Xj(tf)v,-
g(V,W)

(iii) DyW = DEW — Vs f =DEW — fgr(V,W)V, . f.

Proposition A.4.14 [66, Chapter 7, Proposition 42] Let R be the Riemannian curvature
tensor of B x¢ F'. Then for every X, Y, Z € X(B) and U, V, W € X(F) one has

(i) R(X,Y)Z = RB(X,Y)Z;

(ii) R(X,V)Y = Hf(‘;f’y)v, where HY is the Hessian HY (X,Y) := X (Y (f))—DxY (f);
(i) R(X,Y)V = R(V,IW)X = 0;
(i) rv. 3w = L bRy,

(v) RV, W)U = RE(v, W) — 22 (VngJ;’ Voo ) 1y, 00w — g(v.0yw].

Note that in [66], the Riemannian curvature is defined with a minus sign.




Appendix B

Analysis on the sphere

In this appendix we recall the classical theory of spherical harmonics. In Section B.1
we introduce spherical coordinates on RV and we calculate a few identities on the Laplace-
Beltrami operator Ag on the sphere including is relation with the classical Laplacian on
RY. In Sections B.2 we define the spherical harmonics and prove several properties about
them. In B.3 we give a proof of the Henke-Funk theorem and introduce the spherical har-
monics expansion for zonal function on SV ~!. Finally, in B.4, we introduce some differential

operators on SV~! which allow to derive a bound for V,Z).

B.1 Spherical coordinates in RY

In this section we describe the spherical coordinates on RY and find a decomposition
for the Euclidean metric gpv and for the Laplace operator A in terms, respectively, of the
metric gsv—1 and of the Laplace-Beltrami operator Ay on the sphere SY=1. We refer to
Appendix A for the geometric notions needed and to [16, Chapter 1, Section 4] and [35,
Section 3.9] for further details.

Let us fix, preliminarily, some notations. We write
SV = {a: eRY . |z| = r} , SNl =sN-1(1)

and, for every x € RV, let r = |z|, w = .

We introduce in RY the spherical coordinates
P:[0,00[xSV "t 5 RY) (r,w) = P(r,w) = rw = .

On R¥ \ {0} we have the inverse map

Q : RNV \ {0} =]0,00[xSV7L z - Q(z) = (\x!, i|> .
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Let (U, u, (u;)) be a local chart of S¥=!, where u : U — w(U) € R¥~1 and let us set

SN—l

f=u"t=(f1,...,fn). The metric gsnv—1 is the metric induced on as a submanifold

of RY. Then it follows by (A.5) that gsv—1 takes in U the form

N-1

gsN-1 = Z Yhk dup @ duy, (B.1)
h,k=1

where the functions i are determined by

_ ofi Ofi
Thk = gsN 1 <6uh 6uk> Z auh 8uk ' (B'Q)

By means of the spherical coordinates P, any local chart of S¥~! determines, ac-
tually, a local chart of RY. Indeed a chart (V,¢) of RY is defined, on the open cone
V =P ((0,00) x U), by the formula

o) = (Jelu (%)) = ().

Therefore (r,uq,...,un—1) are local coordinates on V' and we have for z € V

r=rf(uy,...,un_1).
The last relation implies the announced decomposition for gpw.

Proposition B.1.1 The canonical euclidean metric ggn has the following representation

in spherical coordinates x = rw:
gry = dr? +r?gen-1.

Here ggn—1 is the canonical spherical metric on SV¥~=1 and dr? := dr ® dr is the canonical

euclidean metric on RT. In Cartesian coordinates on RN, dr? is the tensor

€TT;
dr? = Z 2 |2]de ® dzx;.

2,j=1
PROOF. The relation © = rf(uq,...,uny—1) implies
' N-1 o
(i) dx; = fidr + rdf; = fidr +r ,; By du;,

N-1
. of? afi Of;
2 )
(ii) do; @ dzy = fidr @ dr +rdr ® ( E auh> hgk_ 5 8ukd up @ duy,.
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Since Ef\il f?=1and % (Zfil f?) =0, (ii) yields

af; Of
2 7 7
grN = E dr; @dx; =dr Qdr +r E (E By 8uk> dup, ® duy,

h,k=1

which, recalling (B.1) and (B.2), proves the first claim. To prove the second requirement

we observe analogously that

X Y Y (fzf]) 2 8fz fj
dxz®dmj—fzf]dr®dr+rdr®<; Dy dup +r h;18 8deu h® duy

which yields

2 r2

N—-1
T ey @ da; f’fjd @ dr + rdr@ oty duy,
|22 — Ouy,

Summing up and using again Zfi L2 =1, we get

N
N T dr; © daj = dr @ dr.
= 1ol

O

Proposition B.1.1 shows that if G’ is the matrix of the Riemannian metric gp~v in the chart
(V,$), and H is the matrix of ggv—1 in the chart (U, u) of S¥~!, then

G(rw) = ( ! 0 ) , Vdet G(rw) = vV 71\ /det H(w). (B.3)

0|r?H(w)
Remark B.1.2 Note that the above calculation gives also the expression of the Riemannian

metric gsy—1( ofSN L(r) in terms of the one of SN™1. Indeed it is easily seen that > H(w)

is the matriz of gsn-1(py associated to the chart <TU,U (%) ) of SN=L(r).

We can now prove the decomposition for the gradient and for the Laplace operator in
RY in terms of the corresponding operator on the sphere S¥~!. We denote with V, and
Ag respectively the tangential gradient and the Laplace-Beltrami operator on the sphere
SN=1 and Vsn-1(), Agn-1() will be the corresponding operator on SN=1(r). We refer to

Sections A.3 and A.4.2 and to [79, Chapter IX] for their definitions and further details.

Lemma B.1.3 Let f € C* (RN), r >0, and let us define g(w) = f(rw) for everyw € SN,

Then one has

Vrg(w) =1 Vgn1(p f(rw).
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PROOF. Let w € SN, v € T, (SN71) = T, (S¥71(r)) and let o 2] — e, e[~ SV~ be a
differentiable curve of SN=1 such that a(0) = w, o/(0) = v. Using (A.9) we have
(Vegle)v) = S (goa)| = L(F(ra®))| = (Vox s frw).ro).
’ dt o dt o0 ()30

The arbitrariness of v proves, then, the claim.
O

Proposition B.1.4 Let V., Aq be the gradient and the Laplace-Beltrami operator of SN 1.

Then, employing the spherical coordinates x = rw, we have the following relations. For every
feCH(RY)
z 1
vf = 81”]0* + *v‘r‘ﬁ
roor
For every f € C? (RN)
N -1 1
Af =0nf+ Tarf + ﬁAOf
Here V. f(rw) and Ao f(rw) are taken with respect the variable w and
ol Z; ol TiTj
Of = 05 Ol =3 055t
=1 2,7=1
PROOF. The expressions for 0., 0., are an immediate consequence of (i) of Proposition

A.16. Let feC! (]RN). Using (A.7) and the previous lemma, we get, for every z € RV,

Vi) = (V@)L D) L4 Toxoan f ) = 05 @) &+ 2V, f ).

To prove the second claim, let f € C? (RY). It follows, then, from (A.4) and (B.3) that

Af = = o, (W1 /det H(w)o, )

detH( )

1 ..
Ou | =h7rN=1\/det H au.>
S ”21 1<7«2 PN Aot @) 0,y f

N-1 1 ;
Opf + 0 + Zauz(hf\/m6 f)

dtH
’L] 1
N -1
=0 f + S 0f + o]

that is the required property.

Remark B.1.5 With a similar proof one can also prove that

N -1
Af =0f+ T&f + ASNA(T)f.
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B.2 Spherical harmonics

Introducing spherical coordinates z = rw, where r = |z| and w = z/|z| € S¥~1, we
write the Laplace operator as

0?2 N-10 1

A:W r or 20

where A is the Laplace-Beltrami operator on the unit sphere S¥=1, (see Proposition B.1.4).

A spherical harmonic P" of order n is the restriction to SV ~! of a homogeneous harmonic
polynomial of degree n. We recall some results about spherical harmonics, referring to to
[60, Chapter II] and [77, Chapter IV.2] for the proofs and other details. We start with the

following well-known lemma.

Lemma B.2.1 The linear span of spherical harmonics coincides with the set of all poly-
nomials and it is dense in C(SN~1), hence in L*(SNV~1). If P is a spherical harmonic of

degree n, then
AgP = —(n* + (N — 2)n)P.

The values =\, := — (n® + (N — 2)n) = —n(n+ N —2) are the eigenvalues of the Laplace-

SNfl

Beltrami operator Ay on and the corresponding eigenspaces consist of all spherical

harmonics of degree n and have dimension a, where ag =1, a1 = N and forn > 2

o — N+n-1 B N+n-—3
" n n—2 '

For fixed n € N let ‘H,, denote the space of spherical harmonics of degree n, which, by
the previous Lemma, coincides with the eigenspace corresponding to the eigenvalue —\,,.

Let Z&n) be the zonal harmonic of degree n with pole w € SV~1 defined by
230 (n) = 2" (w,m) =Y Pl"(w) P (n) (B.4)
i=1

where w,n € S¥~1 and {P",i =1,...,a,} is an orthonormal basis of spherical harmonics

of degree n whose cardinality is given by a,, = dim (H,) = (N +77_1) - (N:fz_ 3). We collect

in the following proposition some basic properties of zonal harmonics.

Proposition B.2.2 For fized n € N the sum in (B.4) is independent of the choice of the
)

orthonormal basis of H,. The zonal harmonic Z((,Jn 1s characterized by the relation

Pe)= [ POZ @y

valid for all P € H,, and w € SN~1. Moreover
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(i) for all w,n € SN—1 zm (n) = Z%n) (w) and if T is an orthogonal transformation then
27)(Tn) = 25 ();
(ii) the following uniform estimates hold

7(n) — gy = _n
n;gujgll W ()] (w) ST

and, from the asymptotic behaviour a, ~ n™N=2 for n — oo, we have

(n) nN—Q
sup |27 ()| = rejs
wneSN=1 SV
(iii) for all P € H,
an
sup [P(w)] < 1Pl 2sv-
wesSN-1 ‘SN | v E

Let us consider now, for a fixed o € R, the weighted space L? (RN |x]adx) and let

an

L2 = L*((0,00),r* ™ dr) ® Hp = P <L2((o, 00), r* N1 dr) @ P”) EBLQZ,L (B.5)
=1

where {P]*,i € J} is an orthonormal basis of H,, and
L% = L2((0,00), r*™ =1 dr) @ P. (B.6)
Zonal harmonics provide a simple way to describe the orthogonal projection of L? (RN , |:E|O‘d:r)
onto L2.
Proposition B.2.3 Let a € R. The following properties hold.
(i) L* (RY, |z|*dz) = Dy’ Lr.

(it) for every u € L? (RN, |z|*dx) the orthogonal projection on L2 is given by

:an 7 w(r,w)PMw)dw = u(r,w)ZM w
p= [ R = [ ) 20

SN-1
and moreover u =Y _o° 1 Qn(u) in L* (RY, |z|*dz).
PROOF. Since the weight |z|® is radial, the assertion is a simple reformulation of [77, Lemma

4.2.18). O

Note that, if P is a normalized spherical harmonic of degree n, the projection on L2 D is
given by
Qr(w(rn) =P [ ulrw)P(e)d.
Moreover Q, = > i, Qpr, Qp is symmetric and, for every u € Cg° (RN \ {0}), Qp com-

mutes with the radial derivative that is

(Qpu)r = P(n)/ uy (1, w) P(w) dw = Qpuy.

§N-1

This follows since u, = Vu - ﬁ, by differentiating under the integral sign.
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B.3 Hecke-Funk formula

Proposition B.2.2 assures that the zonal harmonics Z&n) are invariant under orthogonal
transformation. We present some basic properties about functions that presents this type
of spherical simmetry and their expansion in terms of zonal harmonics referring to [77] and

[60] for the proofs and further details.

Let f € L?(SV~1). In analogy with the results presented in section B.2, the orthogonal

projection of f onto H, is given by

fuln) = [ 1))

and, moreover, one has the spherical harmonics expansion

f:ifn in L2(SNY), (B.7)

n=0
If f € C>°(SN~1) the last sum converges in the topology of C*°(SV~1) (see [60, corollary
2.49)).

Definition B.3.1 Given a point ¢¢ € SV, f is called a zonal function of pole ¢

if and only if it is invariant under the action of orthogonal transformations fizing €g i.e.
f(Tw) = f(w) for every w € SN~ and T € O(N) such that Teg = €

Using Lemma 2.21 in [60], it can be proved that a zonal function f of pole €y depends
only on the value w- € and so it is characterized by a profile function ¢ : [—1, 1] — C which

satisfies

fw) =d(w-e), wesSV L (B.8)

Proposition B.2.2 implies that, for a fixed w € S¥~!, the zonal harmonics Zo(Jn) are zonal

functions of pole w. In order to characterize their profile functions we introduce the system

N-—-2

of Gegenbauer polynomials P, > (t) defined through the generating function
_N-2 > N-2
(1 —2rt+r2) 2 = ZP" ), o< rl <1, |t] < 1.
n=0

N2
For every n € Ny, P, ? is a polynomial of degree n and the system of Gegenbauer polyno-
N-3

mials forms an orthogonal basis for the space L? ([—1, 1], (1 — tz)Tdt> (see [2, Chapter
29).
With the notation introduced, the profile function of the zonal harmonic Z&n) turns out
N—-2

to coincide, up to a normalizing constant b,, with the Gegenbauer polynomial P, ? (see
[77, Theorem 2.14] and [60, Theorem 2.24]). Therefore we have:

N—-2

Z0(n) = by Po ® (w-1),
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Recalling property (ii) in Proposition B.2.2, the relation
1] = @) =Pt ()

allows to compute

b — SV (N -3+n — sV N -2
~ dim (H,) n B N +2n—2

For a zonal function f of pole eg € S¥ =1, the spherical harmonics expansion (B.7) takes

w) =Y dZ3 ()
n=0

where the coefficients d,, depend on the profile function ¢ of f. In order to prove that, we

the form

give a preliminary lemma whose proof can be found in [60] (Theorem 2.39). We point out

that in [60] the author makes use of the normalized measure of S¥~! and of the Legendre
N-2
polynomials P, y := ey

P2 (1)

Lemma B.3.2 (Hecke-Funk formula) Let f € L?2(SN¥™1) be a zonal function of pole €
with profile function ¢. Then, for every n € Ny and h € H,, one has

/SN_lf<w>h<w>dw— A / S0P 0 (1-1)T @t he) (B9

_ [ |SN—1r

_ w (") W €0).
L) /Sle( 20 (@) do| h(eo)

We are ready now to prove the following proposition.

Proposition B.3.3 Let f € L*(SV~1) be a zonal function of pole eg € SN=1 with profile
(n)

function ¢. Then f admits the following expansion in terms of zonal harmonics Ze, :
f(n) = i dnZ(y) (). (B.10)
n=0
The coefficients d,, are given by
= SN 2‘ / b(t) P, oz ) (1-¢) > T (B.11)

_ |SN_1| (n)
= G (%) /SNl fw)Zeg (w) dw.
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PrOOF. Let f,, be the orthogonal projection of f on H,. Using the previous lemma and

the symmetry of the zonal harmonics we obtain

fuln) = [ F@) 28 )
!SN il / S()P T (t) (1 —1?) = dt Z™ (n)

= # L F@IZ8) @) dw 280,
bnPn? (1) 757

—2

L .
The equality b, P, ? (1) = % proves, then, the claim. O

B.4 Radial and angular derivatives

In this section we study further properties about the differentiability of the spherical
harmonics and the Laplace-Beltrami operator Ag on the sphere. For z € R we use spherical
€ SN=L. For every u € C*(RY) we

denote by D,u, D,.u the radial derivatives of u and by V,u the tangential component of

coordinates to write x = rw, where r := |z|, w = |x

its gradient. They are defined, recalling Proposition B.1.4, through the formulas

Vru

N N
Dyu = Z Dju &7 Dypu = Z Diju xlij]v Vu = D,u > (B12)
— T T

= 4
ij=1 <1

and, moreover, we have the following relation between the Laplace operator and Ag:
N -1 A
A=Dy+ =D+ .
r r
The operator A := rD, is the Euler operator ) " ; 2;D; and, for a given function u, Euler’s
theorem implies that u is a-homogeneous if and only if Au = au.

For 7,5 =1,..., N we introduce, moreover, the angular operators S;; defined as
Sij = x;D;j — x;D;.

They are first-order differential operators and have a central role in the analysis on the
sphere, since they allow to decompose the Laplace-Beltrami operator into a sum of second-
order angular derivatives. Obviously S; = 0 and S;; = —9S); so it is sufficient to consider
S;j for i < j.

We collect in the next proposition some basic properties about the angular derivatives Sj;.

Proposition B.4.1 Denote by [A, B] = AB — BA the commutator of A, B and by (517 the
Kronecker delta. The following properties hold.



B.4 Radial and angular derivatives 140

(i) For everyi < j and h < k we have
[Sz'j, Shi] = —5?Sjk + 5Z]-gth + (S;LSM — 5§:Szh
In particular S;j and Sy, commute if and only if (3,5) = (h, k) or {i,j} N{h,k} =0

(ii) For every radial function u = u(r), with u € C2(RN) and for every v € C2(RY) we
have Siju =0 and S;j(uv) = uS;;v.
k

n
d
(iii) For every radial differential operator E = Zak(r)—

e we have Sij E = ES;;.
k=0

(iv) ASZ‘J' = Sz'j A and Ao Sij = Sz’j AO .
PROOF. (i) easily follows by a straightforward computation.
Let u,v € C*RY) with u = u(r); we have S;ju = z;u/(r)*2 — z;u/(r)% = 0. Moreover

Sij(uv) = uSijv + (Siju)v = uwS;;v that proves (ii).

To prove (iii) we observe that for E = a(r)D, we have, using (ii),

N N
a\r a\r
Sij(a(r)D,) = Sy <( xwk) =) Dy~ 2,00 S D
TokA " k=1
a(r) N N
= — [xZD] + z; Zkajk — iji — Ty Z kazk]
" k=1 k=1
a(r) -
= " Szg + Z .%'k(.%'szk x]le)]
k=1

On the other hand,

ENEGE UG DD,
(a(r)D,)S;; Z x Dy | Sij Z 2Dy, (x;Dj — x5 D;)

Comparing the last expressions we have S;;E = ES;;; the general case follows easily by
induction.

Finally, to prove (iv), let us suppose, without losing generality, i = 1, j = 2. We have

N N
ASiy = Z Dj; (x1Dy — x9Dy) = Z (x1D2D;i + 2D;x1D; Dy — x9D1 Dy — 2Djz0D; D)
=1 =1
N
= Z (x1D2 — x9D1) Dyj + 2D1 Dy — 2Dy Dy = S12A
i—1
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and so, S12 commutes with A.

Using property (ii) we have also
512(T2A) = T2812A = (T'QA)SH.

Since 72A = r2D,,. + (N — 1)rD, + Ay it follows immediately from properties (iii) and the
fact that 312 commutes with TQA, that AO Sij = Sij Ao.
O

Before to state the main results it is worth noting that every function f € C2(SN=1) is
extendible on a neighbourhood of SV~ preserving the same degree of regularity; therefore,
in what follows, we can always suppose f defined on an open set of RY containing SV~
In particular, Vf, Af and S;;f are well defined. For instance, if we define f on RN \ {0}
by f (y) = f (l%‘), being f constant along every radial direction, it follows immediately by
the decomposition of V and A that

V. f(z) = Vf(x), Aof(z) = Af(z), for every z € SN,

Let now w € S¥~! and v € T,,(SV~1); the tangential derivative of f in w in the direction v

is given by
(Vf(w),v) = (Vo f(w),v).
Setting w = (w1, ...,wn) € S¥71, let us define for i < j
wij := (0, .., —wj,0,..,w;,0,..) € T, (SV Y

i.e the vector who has —w; and w; as respectively the i-th and the j-th component and zeros
in the others entries. (wij),<; <y is, by construction, a system of generators of T,(SV-1).
The next propositions clarify the role and the interaction among the operators introduced

so far. We begin by a geometric Lemma.

Lemma B.4.2 Let w € SVN~! and z,y € w". Then
(:r,y) :Z($>wij)(y7wij), ’J;‘Z :Z‘(x?wij)|2' (B13)
i<j 1<j
PROOF. Since (w;j, ) = wixj — w;jx;, (wij,y) = wiyj — w;¥s, we have
D (@ wig) (y wig) = > (wizy — wiz:) (wiy; — w;vi)
1<J 1<J

2 2
= E (wl- TjYj + WiTYi — WiWiTiYj — wiwjxjyi)
1<J

2
= E Wi TiYj — E :ijz'ﬂ«“z'yj-

i#j i#j
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Adding and subtracting, in the last formula, the term 25\;1 w?xiyi we obtain
N
Z(iﬁ',wz] yawz] Z W; TjYj — Z WiWi iy = (m,y)|w[2 - (w,m)(w,y) = (x,y).
i<y t,j=1 i,j=1
Choosing z =y we get >, (2, wij)|? = |z
O

Proposition B.4.3 Let f,g be C' functions defined on a neighbourhood of SN=1. The
following properties hold.

(1) Sijf(w) is the tangential derivative of f in w in the direction w;; i.e.
Sijf(w) = (vf(w)7wij) = (VTf(w),LUij).
(i) The j-th component of V. f satisfies

w)j =D wiSiflw), wesVh
i2i

(iii) For every w € SN—1

( ’T'f( ZS’LJf wg ) ’va Z|Swf

1<J 1<J

Proor. The first assertion is an immediate consequence of the definition of S;;. For the

second sentence we observe that for w € SV~ it follows from (B.12) that

(Vrf(w)); = Djf(w) —w;jDy f(w ZW *WJZ%DJC
N
:Zwi [wiD; f(w) — w;Di f(w ZWZSZJf
i=1 i#]
(iii) is an immediate consequence of (i) and (B.13). O

We can now show the announced decomposition of the Laplace-Beltrami operator as a

sum of second order angular derivatives.

Proposition B.4.4
Z Sizjf = Aof, for every f € C*(RY),
i<j
where, using the spherical coordinates x = rw, Ao f(rw) acts on the w-variable.

In particular on SN we have the decomposition Z S?j = Ay.
1<j
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PrOOF. We observe preliminary that

N N
TZDM = Z l’il'jDij = Zinijij + Zx?Du (B‘14)
i,j=1 1<j i=1

and
SZJ = (l‘iDj — :L'jDi)(ZL‘iDj — ZL'jDi) = :L‘?Djj + :L‘?D“ — :L‘iDZ' — l’ij — Q.I‘iijij.
Summing over ¢ < j the last expression and using (B.14) we obtain

ZS% = Z (27Dj; + x?Du) - Z (z;D; + z;D;) — QZ:CZ.JU].DU

1<j 1<j i<j 1<j
N
= Z%QDH - Z$iDi — 72Dy + Z 2?7 Dy;
i i i=1
N N
=> (" —2}) Dy — (N = 1)rDy =1’ Dyp + Y _ 27 Dy
i=1 =1

=7r?A — (N —-1)rD, — 2D,y

Recalling that r2A = r2D,.. + (N — 1)rD,. + Ag we get the conclusion.

Next we have the following integration by parts formula.

Proposition B.4.5 For everyi < j and for every u,v € C*(SVN~1)

/SNl(SZ'ju)’U do = — /SNl u(SZ-jv) do.

PROOF. Let i < j and u,v € C1(SV~1). We have obviously S;;(uv) = S;juv + u S;;v and

SO

/SN_I(Siju)v do = — /gN—l u S;jvdo + /SN—l Sij(uv) do.

Using the Gauss-Green theorem the claim immediately follows by observing that

/ Sij(uv)do = / w;iDj(uww) — w;Dji(uv) do = / D;j(uv) — Dj;(uv) dz = 0.
SN-1 SN-1 B(0,1)

O

Let H,, be the set of the spherical harmonics of order n. We recall that from Proposition
B.2.2, we have

[@lloe < V/dimHp ||l 2sn—1,  for every ¢ € H.

The following proposition shows that #,, is preserved by S;;.
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Proposition B.4.6 Let ¢ € H,. Then, for every i < j, Sij¢ € Hyn. Moreover, if =\, =

—n(n + N — 2) is the eigenvalue associated with ¢, then

1Sij¢lloe < v/ Andim My, [|6]] p2(gv-1), (B.15)

N(N
1976l </ XD it ] s, (5.16)

PROOF. Let p(x) = r"¢(w); p is a homogeneous harmonic polynomial by construction and
Sijp is a polynomial of the same degree by the definition of S;;. Moreover, using (iv) of

Proposition B.4.1, we have
ASijp = SijAp =0

and so S;jp is harmonic; since from (ii) of Proposition B.4.1 S;; P(rw) = r"S;j¢(w) we have

Sij¢ € Hy. In particular,
AoSij¢ = SijAop = =N Sij¢
and

15ij¢lloc </ dimHy [[Sijo | L2 sn-1- (B.17)

Now, using propositions B.4.5 and B.4.4,

S ISyblasnn =3 [ SuoSyede==3 | (Sha)odo

1<j 1<) 1<)

/SN 12 qua:—/SNlAOgZ)qbda

1<j

= /\anme(stl)'

The last inequality implies

HSZJ¢HL2(5N 1) <V /\n”¢HL2(SN—1)

which, combined with (B.17), yields (B.15). Finally, applying (B.13) and (B.15), it follows

for every w € SV—1

N —1 .
V(@) = Y1856 < S =Dy it 0] 55 .

1<j

which proves (B.16).
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Corollary B.4.7 The tangential derivative of the zonal harmonics Z™ satisfies

[N

n 1 N(N-1 .
HVTZ( )HOO < \/|SN_1| ( 2 ))‘n (dimH,)2 .

In particular for a constant C' = C(N) we have

3N—-4

V2|0 < O™

PROOF. The first property is an immediate consequence of (B.16) and of the estimate

n B n — . dimH,,
|Z¢ )||L2(SN—1) < A/ISV 1206 < \/ 1SN TR

To prove the second inequality it is sufficient to recall the asymptotic behaviours dimH,, ~

nN=2 )\, ~ n? for n — oo.

O



Appendix C

Gaussian heat kernel bounds via

Phragmén-Lindelof theorem

Let (M, d, ;1) be a metric measure space and let A be a non-negative self-adjoint operator
acting on L?(M,du). In this appendix we expose a technique to prove Gaussian estimates
for the analytic semigroup {e_ZA, z € (C+} generated by A. If p(z, x,y) is the corresponding
heat kernel, we show that in presence of some L? Gaussian estimates, the so-called Davies-

Gaffney estimates (C.24), the on-diagonal upper bounds
p(t,x,z) < Ct_%, Vt>0,xe M,

imply precise off-diagonal Gaussian estimates of the form
D/2
o) < C(ke2) P77 (14 e L) Ve (e E)
where z € C1, z,y € M.

The results presented here are mainly based on [21], where Coulhon and Sikora introduce
a method for deducing Gaussian bounds which relies on the Phragmén-Lindel6f theorem
and which has the advantage to be applicable to any uniformly bounded analytic family of
operators {¥(z): z € C,} satisfying the Davies-Gaffney estimates (C.24).

In the first section we show the equivalence between the ultracontractive estimate
le 1500 < ct‘g, t > 0, and the Gagliardo-Nirenberg type inequalities (C.3). Sec-
tions C.2 and C.3 introduce, respectively, some theorems of Phragmén-Lindel6f type and
the Davies-Gaffney estimates; Section C.4 combines together the results of the previous
sections and prove the upper Gaussian estimates for the heat kernel p.

In the following (M, ) will be a o-finite measure space. For 1 < p,q < 400, we write
| fllp to denote the norm of a function f in LP(M,dp), (.,.) to denote the scalar product
in L2(M, dpu), and, for a bounded linear operator T from LP(M,du) to LI(M,du), we write

|T||p—q for the operator norm of 7.
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C.1 Ultracontractivity

Let (M, i) be a o-finite measure space and let e 74 be a strongly continuous semigroup
on L? (M, i) with generator —A. In this section we find sufficient condition on A which

guarantee, for some constants ¢, D > 0, the existence of L'-L> estimates of the form
—tA _D
lle” 1500 < ct™2, t>0. (C.1)

We refer the reader to [67] for finding the notion needed and the proof of the results presented
here.
Let a be a densely defined, symmetric, accretive, and closed form on L? (M, u). Let A

be the operator associated to a, that is
D(A):={u€D(a); Fve L2 (M, p) s.t. a(u,w) = (v,w) Yw € D(a)},
Au :=w.

A is, by construction, a non-negative self-adjoint operator and, by standard results, — A gen-
erates a contractive analytic Cp-semigroup {e*ZA, z € (C+} on L? (M, 1) (see, for example,
[67, Theorem 1.53]).

We start by observing that, in order to derive (C.1), it is sufficient to prove that

le™lamo0 < ct™ T, V> 0.

Indeed, since L is self-adjoint, we obtain, by duality, the same estimate for the L' — L?

norm, that is
e 1o < ct™ %, Wt > 0.
Combining together the last inequalities we get, for K = 022%
le ™ l1m00 < [l 3 l1isalle™ 54 Jamoe < KE75, VE> 0. (C.2)

The following Theorem shows that the L? — L> polynomial decay of (e_tA) ¢~ 1S equiv-
alent to a Gagliardo-Nirenberg type inequality.

Theorem C.1.1 [67, Theorem 6.2] Assume that the semigroup (e‘m)t>0 is L®°-contractive

and let D > 0. The following assertions are equivalent:

(i) There exists a constant ¢ > 0 such that

e loso0 < ct™ T, Vit > 0.

(ii) For every q € (2,00] such that D% < 1, one has, for some ¢ > 0,

q—2

ga-2  1-D42
lullg < ¢'a(u,w)” 5 [lul, . Yu e D(a). (C.3)
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(i1i) There exists q € (2,00] such that D% < 1, one has, for some ¢ > 0,

q—2

=2 1-D
lully < cau,u) 5@ lul, ™, Vue D(a).

We extend, now, the L' — L estimates (C.1) to the analytic semigroup {e_ZA, z € (C+}.
We state, first, a famous result that allows to deduce from the ultracontractive estimates

(C.4), the existence of the integral kernel.

Theorem C.1.2 (Dunford-Pettis) Any bounded operator T from L' (M, ) to L™ (M, p)
is an integral operator, that is there exists K € L> (M x M) such that

Tfa) = [ K@) fwidn). VFe L (M.
Moreover

ess sup |K(z,y)| = |T]/1-00-
zeM,ye M

PROOF. For the proof we refer to [26, Theorem 6, p.503] or [5, Theorem 1.3].
1

Proposition C.1.3 Let A be a self-adjoint operator. Let us assume that, for some con-

stants D, K > 0,
le A 1soe < Kt™2, Wt > 0.

Then

D
2

le* 1500 < K(Rez)"2, VYzeC,. (C.4)

zA

In particular e=*? is an integral operator for all z € Cy. This means that there exists a

measurable kernel p(z,xz,y), such that

6_2Af(x) = /M p(z,x,y)f(y) du(y), for a.e. x € M, (C.5)
and
ess sup |p(z,z,y)| < K(Re 3)7%, Vz € Cy. (C.6)
zeM,ye M

Furthermore p has a representation such that p(-,x,y) is analytic in C4 for all x, y € M.

PROOF. Let us start by observing that, since A is self-adjoint, A generates a contractive

Co-group (eim)teR on L? (M, ) (see for example [27, Theorem 3.24]) that is

|e®]]osa <1, VEeR.
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Combining together the hypothesis and the last inequality and using ||T*T||1—00 = |T]|3_,5,

we obtain for t > 0, s € R,

L _t — -3
e~ DA Lo < e 24 1]l ™ lasalle 2 200

t

14 —isA
= ez olle™ 1252

= [le™ hisoolle ™" |20 < K P72,
This proves the desired L' — L™ estimates
_D
2

le ™)1 00 < K(Rez)" 2, VzeC,.

The existence of the kernel, as well as its bound, is then a consequence of the Dunford-Pettis
Theorem C.1.2. The holomorphy of p follows from [5, Theorem 3.1] (see also [3, Lemma
4.1]).

O

Remark C.1.4 Let us assume that, for every z € Cy, the kernel p(z,-,+) is a continuous

complez-valued function defined on M x M. Then (C.6) becomes
Ip(z,z,y)| < K(Re z)*%, forall ze Cy, x,y,€ M. (C.7)
Furthermore we remark that (C.7) is actually equivalent to the on-diagonal estimate
D
p(t,x,z) < Kt~ 2, Vt>0,z€ M. (C.8)
Indeed, by the semigroup property, for z € Cy, z, y, € M,

p(z,2,y) = /Mp (gw U) P (guy) dp(u),

and the symmetry of e *4 yields

Therefore, if t = Re z, then

e = ([ o) pan)” ([, o))
(o G Gomm)' (| o))

1
2

— (p(t,a:,x)p(t,yay))

This shows that

||exp(_ZA)”l—>OO = Ssup ’p(Z,LU,y” S sup p(t,:p,x),
z,yeM reM

and so (C.7) follows from (C.8).
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C.2 Theorems of Phragmén-Lindelof type
We begin by stating the classical Phragmén-Lindel6f theorem for sectors.

Theorem C.2.1 Let S be the open region in C bounded by two rays meeting at an angle
7/a, for some o > 1/2. Suppose that F is analytic on S, continuous on S, and satisfies
|F(2)] < Cexp(c|z|?) for some B € [0,a) and for all z € S. Then the condition |F(z)| < B
on the two bounding rays implies |F(z)| < B for all z € S.

PROOF. See [77, Lemma 4.2, p.108].

The following Propositions are simple consequences of Theorem C.2.1.

Proposition C.2.2 [21] Suppose that F' is an analytic function on Cy. Assume that, for
given numbers A, B,y >0, a > 0,

|F(2)| < B, Vz € Cy, (C.9)
|F(t)] < Ae®e™ %,  VteR,. (C.10)

Then
|F(2)] < Bexp (—Re %) , VzeC,. (C.11)

PROOF. Let us consider the function defined, for { € C,, by

g(Q)=F (Z) e

By (C.9) we have |g(¢)| < Bef*¢. In particular, for any ¢ > 0,

sup [9(0)] < Be®. (C.12)
Re (=¢
Using (C.10),
sup [g(Q)| < AeV/E, (C.13)
C€E[e,00)

Hence, by Phragmén-Lindel6f theorem with angle 7/2 and 5 = 1, applied to
S ={2€C: Rez>¢ and Imz >0}

and
S;={2€C: Rez>¢ and Imz <0},

one obtains

sup |g(¢)| < max{Ae”/*, Be*}, Ve > 0.
Re(>e
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Now by the Phragmén-Lindel6f theorem with angle m and 5 = 0,

sup |g(¢)] < Be®, Ve>0. (C.14)
Re(>e
Letting ¢ — 0 we obtain
sup |g(¢)] < B.
Re (>0

(C.11) then follows by putting ¢ = 2

P

O

Remark C.2.3 The estimate (C.11) does not depend on the constants A,a of (C.10). This
property is the crucial key that allows to derive the upper Gaussian estimates of Section C.4

and the self-improving property of the Davies-Gaffney estimates of Lemma C.3.3.
Let us define now, for a given v > 0,
Cyz{zeC\{O}:Regz 1}.

C, is the closed disk in C centred on the real axis, tangent to the imaginary axis and with

radius 7/2.

Proposition C.2.4 [21] Let F be an analytic function on Ci. Assume that, for given
numbers A, B,y,v > 0,

|F(2)] < A, VzeCy, (C.15)

|F(t)] < Ae™ 7, VieRY, 0<t<n; (C.16)

IF(z)] < B(Re2)™?*, Vvzed,. (C.17)
Then

|F(2)] < eByz|z| ™ exp (—Re g) , Vzedl,. (C.18)

Furthermore if one replaces (C.17) with the stronger condition
|F(2)| < B(Rez)™"/?, VzeCy. (C.19)
then one has
_v Y\ 2 i
|F(z)| <eB(Rez) 2 (1 +Re ;) exp (—Re ;) , VzeCsy. (C.20)

ProOOF. Consider again the function defined, for ( € C, by

9(Q)=F (Z) e
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It satisfies condition (C.12) and (C.13) with B = A, a = 0 and ¢ = 1. Hence by (C.14)

sup |9(Q)] < eA. (C.21)
Re(>1

Consider now the function v defined on Cy by

v(¢) = (2€)""9(C)-

Note that |v(¢)| < 277|g(¢)| for Re¢ > 1 so, by (C.21), v is bounded on the set Re{ > 1 .
Now the Phragmén-Lindelof theorem, with angle m and g = 0, yields
sup [v(Q)[ = sup [v(¢)].

Re(¢>1 Re (=1

Put ¢ =1+1is. By (C.17),

sup 00 = sup 26 (1)

Re(=1 Re(=1
—v/2
< sup eB|2¢|™" (Re ,Y>
Re (=1 ¢
v 1\ 2 y
< eB(4y) 2 sup (1+s%)7v/2 <1+s2> —eB(4y) 2.
S

Hence

(M

sup [v(C)| < eB (4y)"
Re(>1

(C.22)

Now let ¢ = 1 and let us observe that Re( > 1 is equivalent to z € C,. Then (C.22)

becomes
|F(2)| < eBy2|z| ™" exp (—Re l) .
z

This proves (C.18) for all z € C,.
Rez

For the proof of the last claim, we use the elementary equality Re (%) = L to write

the last relation as

v

|F'(z)] < eB(Re z)_% (Re %)5 exp (—Re g) ,

where z € CT and Re 2 > 1. On the other hand, if we assume (C.19), we have , for every

z

z € C* such that Re 2 <1,
|F'(2)| < B(Re 2)7% < eB (Re 2)7% exp <—Re 1) .
z

Summing the last two inequalities we get (C.20).
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C.3 Davies-Gaffney estimates

Let (M,d, ) be a metric measure space, that is p is a Borel measure with respect to
the topology defined by the metric d, and let B(z,r) = {y € M, d(x,y) < r} denote the
open ball with center x € M and radius r > 0.

Suppose that, for every z € C,, ¥(2) is a bounded linear operator acting on L?(M, dy)
and that W(z) is an analytic function of z. Assume in addition that ¥(z) is contractive over
L?(M,dp) that is

|¥(2)|l22 <1, VzeCsi. (C.23)

Definition C.3.1 For Uy,Us open subsets of M, let d(Ui,Us) = infep, yers, d(x,y). We

say that the family {V(z): z € C.} satisfies the Davies-Gaffney estimate if

T2
(O ) < o (<5 ) Ll 2l (©.21)

forallt >0, U; ¢ M, f; € L*(U;,du), i = 1,2 and r = d(Uy,Us). Note that we only
assume that (C.24) holds for positive real t.

Remark C.3.2 Given (C.23) it is enough to test (C.24) for balls Uy = B(x;,1;), where
x1, x2 € M and r1, ro > 0, and for characteristic function f; = xu, (see [21, Lemma 3.1]).
Furthermore we remark that the constants in (C.23) and (C.24) have been normalized
to one for simplicity. By the way any additional multiplicative constant can be absorbed by
multiplying accordingly the family ¥(z). Indeed let us simply suppose the family W(z) to be
bounded over L?(M,dp) that is, for some analytic function c(z) such that |c(z)| > 0,

[¥(2)ll2m2 < le(z)|, VzeCy.

Replacing V(z) with le)‘l’(z)’ the definition(C.24) reads as

2
(WO )] < O exp (=5, ) 1312l ol
As a consequence of Proposition C.2.2 and Remark C.3.2, any additional multiplicative
constant and exponential factor in (C.24) can be replaced by the constant in (C.23).

Lemma C.3.3 [21] Suppose that the family {V(z): z € Cy} satisfies condition (C.23).

Assume in addition that, for some C' > 1 and some a > 0,
7‘2
[(U(0) fr, f2)| < Cete™ 7 (| fullal| foll2, V2 >0, (C.25)

whenever f; € L?*(M,du), suppfi C B(wzi,1i), i = 1,2, and r = d(B(z1,71), B(z2,72)).
Then the family {U(z): z € CL} satisfies condition (C.24).
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Let, now, A be a non-negative self-adjoint operator on L?(M, du); we say that A satisfies
the Davies-Gaffney condition if (C.24) holds with ¥(t) = e~*4.

One may wonder what is the justification of the constant 4 in (C.24). It is proved in
[74, Theorem 2] (see also [21, Theorem 3.4]) that the Davies-Gaffney estimates (C.24) are
equivalent to the fact that the corresponding wave equation Oyu + Au = 0 has propagation
speed 1; roughly speaking 4 is the good normalisation between the operator A and the
distance d. If cos(tv/A) is the cosine function generated by A (see for example [4, page 203]
and [31]), then (C.24) is equivalent to

(cos(tV/A) f1, f2) =0

for all 0 < t < r, open sets U; C M, f; € L?(Us,du), i = 1,2, where r = d(Uy, Us).

C.4 (Gaussian upper bounds for the heat kernel

Let (M, d, i) be a metric measure space and let A be a non-negative self-adjoint operator
acting on L?(M,du); we already saw, in section C.1, that —A generates a contractive
analytic Cp-semigroup {e*ZA, z € (C+} on L% (M, u); in other words ¥(z) = e™*4, 2 € C
satisfies condition (C.23).

Let us assume that, for some constant D, K > 0,
et e < Kt™2, Wt > 0. (C.26)

Then it follows, from Proposition C.1.3, that

_D
2

le #1500 < K(Rez)" 2, VzeC,. (C.27)

zA

In particular e *# is an integral operator for all z € C; whose kernel p(z, x,y) satisfies

A f(x) = / p(z,2,9)f () du(y), for ae. @ € M,
M

and
_D
2

ess sup |p(z,z,y)| < K(Rez) 2, VzeCi.
zeM,ye M

Under the hypothesis of continuity of p(z,-,-), we can replace the essential supremum with

the supremum obtaining
p(z,2,y)| < K(Rez) P2, ¥z eCy, z, ye M.

Moreover, recalling Remark C.1.4, the last inequality is equivalent to the on-diagonal esti-
mate
plt,z,2) <Kt P2 Vi>0, ze M. (C.28)
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The next theorem shows how to deduce, from (C.26), precise off-diagonal Gaussian estimates

fOI' p(Z7 x? y)'

Theorem C.4.1 [21] Let (M,d, ) be a metric measure space and let A be a non-negative
self-adjoint operator acting on L*(M,du). Let us suppose that {e_ZL, z € (C+} satisfies the
Davies-Gaffney condition (C.24) and that, for some K, D > 0,

e 10 < K72, Wt > 0.

Assume, furthermore, that, for every z € C, the heat kernel p(z, -, -) of e=*4 is a continuous

complez-valued function defined on M x M. Then

2 D/2 2
p(z,z,y)| < eK(Rez -D/2 14—ReM exp —Rem C.29
4z 4z

forallze Cy, x,y e M.

PROOF. Let us fix z,y € M and, for d(z,y) > 2s > 0, let us consider the bounded analytic
function F': C4 — C defined by the formula

F(z) = (e " f1, fa),

where fi € L'(B(x,s),dp) N L*(B(x,s),dp), f» € L'(B(y,s),du) N L*(B(y,s),dp) and

Ifalle = Nl fally = 1.
Using the Davies-Gaffney estimates (C.24) and (C.23), we get

(e 1, F2)l < I fullz ] fells VzeCy

(e o)l < Il ol e, Ve e R
So F(z) = (e7#4f1, fo) satisfies (C.15) and (C.16) with
v =12/4, where r = d(z,y) — 25, and A= |fi|l2]f2ll2 < co.
Using (C.27) we get
e *Af1, f2)| < K(Re2)™P/2 vz ey,

so that F satisfies (C.19) with v = D and B = K.
Applying Proposition C.2.4 we, therefore, obtain

SN

,r.2

exp <—Re ) , VzeCy.

2

—zA _D T
< -
(e * f1, fo)| < eK (Rez)™ 2 <1+Re4z> =
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This implies

Ip(z, z,y)| < sup {|p(z,:1:',y’)\ . 2/ € B(z,s), ¥y € By, s)}

= sup {(e 1, )1 1Al L2 (Bl dp) = 12l L1 (Bs)dn = 1}

D
z o
exXp | — e E .

Taking, in the last inequality, the limit for s — 0 we prove the claim.

<eK 21 —
<eK (Rez) 2 < + Re 42)

O

Remark C.4.2 For z = t € Ry, the estimates (C.29) can be improved. It is possible
to prove that, if M is a complete Riemannian manifold and —A is its Laplace-Beltrami
operator, then

D—-1

- d*(z,y)\ 2 d*(z,y)
< D/2 T\ _2 )
p(t,x,y) < Ct <1 + m ) exp ( it > ,

(see, for example, [15]). This result is sharp: indeed it was shown in [59] that, on the

D-dimensional sphere SP, the following asymptotic relation holds

D—1
d 2\ 7 _dew?
p(t,z,y) ~ =3 < (x;jy) ) e~ "d -, as t—0,

where x and y are conjugate points.

The fact that, in (C.29), the exponent in the polynomial correction factor in front of the
exponential cannot be improved to (D —1)/2 is related to the fact that the proof of Theorem
C.4.1 does not use the semigroup property of the family W(z) = e=*4.

With the same technique, indeed, it is possible to extend Theorem C.4.1 to any analytic
family of operators {¥(z): z € Cy} acting on L*(M,dy) satisfying (C.23), (C.24) and
|(2)][1 500 < K(Rez)™P/2, for z € Cy (see [21)).



Notation

Let V be an open subset of RV, 1 < p, ¢ < 0.

Ng=NU {0}
RN

Q

SN—I

B(x,r)

TRy
(xay)v <33,y>, x-y

]

supp u

set of natural numbers including 0
euclidean N-dimensional space
B\ {0}

unit sphere {||z|| = 1} in RY

open ball in RN centred in « with radius r > 0
{z eR™: |z| <r}

{z eR": |z| <7}

complex plane

real part of z € C

{z€C: Rez>0}

Lebesgue measure of a given set J
complementary set of J
characteristic function of a set J
Kronecker symbol

domain of the sesquilinear form a
domain of the operator A
resolvent set of the operator A
spectrum of the operator A
Resolvent (A — A)™' of the operator A
minimum between a,b € R
maximum between a,b € R
identity matrix of RV*V

the matrix (;y;)ij=1,.n~, for z,y € RN
N

inner product of z,y € RV: Z TiYi
i=1

euclidean norm of z € RY

support of a given function u
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o)
Dta ata ot
o)
Dia 8ia Bz;
62
Dij, 0ij,

O0x;0x;

Vu

Whp(V)
WEP(V)

We (RN \ {0})
(M, 9)

dg

(01 g(z) < f(z) < Cog(x), z € I), for f,g positive
functions defined in I, and for some Cy,Cs > 0
partial derivative with respect to the variable ¢
partial derivative with respect to the variable z;
second partial derivative with respect to the variables
T, Tj

space gradient of a real valued function u

Hessian matrix of a real valued function u

spherical coordinates of # € RV: r = |z| > 0, w = % €

|]
SN—I

radial derivative Zfi D %

. . . N iy
second radial derivative ;% Dij 2R
tangential component of the gradient V = Dr% + %

Laplace-Beltrami op. on SV~ A = D,.,.+ NleH—%

r

LP space over M with respect the measure du

norm of f € LP(M,dpu)

sup-norm of f

operator norm of a bounded linear operator T from
LP(M,du) to L1(M,du)

inner product of f,g € L?(M,dpu)

L? (RY,dp), dp = |z|Vdx

L? (]RN, dl/), dv = ¢2dy, with ¢ defined in (3.8)
Banach space of all continuous and bounded functions
in V, endowed with the sup-norm

subspace of Cy(V') consisting of functions vanishing at
the boundary of V, including co when V' is unbounded
space of infinitely continuously differentiable functions
with compact support in V

usual Sobolev space

space of functions belonging to WHP(V') for all
bounded open set V’ such that V/ C V

set of functions u € WH°(RY) such that suppu is
compact in RY \ {0}

Riemannian manifold M with metric tensor g
Riemannian distance induced on M by g

class of real functions defined on M which are

Lipschitz-continuous with respect to the distance d,
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Lip(f,dyg) for f € Lip(M,dy), the best constant L such that
|f(p) = f(@)| < Ldy(p, q) for every p, ¢ € M

In order to help reading, we list below the main parameters and formulas we use sys-

tematically through the dissertation.
e The second-order elliptic operator

TiX5 T b
! 2]Dij—|-67

-V
|z [? |z’

N
L=A+(a—1))

i,j=1

|z|
a>0,b, ceR.

e The (non-negative) discriminant of the the indicial equation —as?+(N—1+c—a)s+b =

0 is denoted by
p_b. <N—1+—)
a 2a

e The reference measure is du = |x|7 dz, where v = w - N+1

e |z|751, |z|7°2 are the radial solutions of Lu = 0 where s1,s2 are the roots of the

indicial equation given by

N—-14+c—a N—-14+c—a
Sl:ZT—\/ﬁ, SZ:ZT—F\/B‘

Moreover, s1 = % —-1-vVD+ 3.
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