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Abstract

When simulating phenomena in physics, engineering, or applied sciences, often one has to deal
with functional equations that do not admit an analytical solution. Describing these real situ-
ations is, however, possible, resorting to one of its numerical approximations and treating the
resulting mathematical representation. This thesis is placed in this context: Indeed the purpose
is that of furnishing several useful tools to deal with some computational problems, stemming
from discretization techniques. In most of the cases the numerical methods we analyse are
the classical Q, Lagrangian FEM and the more recent Galerkin B-spline Isogeometric Analy-
sis (IgA) approximation and Staggered Discontinuous Galerkin (DG) methods. As our model
PDE, we consider classical second-order elliptic differential equations and the Incompressible
Navier-Stokes equations. In all these situations the resulting matrix sequences { A, }, possess a
structure, namely they belong to the class of Toeplitz matrix sequences or to the more general
class of Generalized Locally Toeplitz (GLT) matrix sequences, in the most general block k-level
case. Consequently, the spectral analysis of the coefficient matrices plays a crucial role for an
efficient and fast resolution. Indeed the convergence properties of iterative methods proposed,
like multigrid or preconditioned Krylov techniques, are strictly related to the notion of symbol
of the coefficient matrix sequence. In our setting the symbol is a function which asymptotically
provides a reasonable approximation of the eigenvalues [singular values| of A,, by its evaluations
of an uniform grid on its domain. These reasons, and many others, make the research of more
and more efficient eigensolvers relevant and topical. In this direction, the second goal of this
thesis is to provide new tools for computing the spectrum of preconditioned banded symmetric
Toeplitz matrices, Toeplitz-like matrices, nflKLp], nM,[Lp], n*2L,[f], coming from the B-spline [gA
approximation of —u” = Au, plus its multivariate counterpart for —Au = Au, and block and
preconditioned block banded symmetric Toeplitz matrices. For all the above cases we propose
new algorithms based on the classical concept of symbol, but with an innovative view on the
errors of the approximation of eigenvalues by the uniform sampling of the symbol. The algo-
rithms devised are special interpolation-extrapolation procedures performed with a high level of
accuracy and only at the cost of computing of the eigenvalues of a moderate number of small

sized matrices.
Key words:

Multilevel block GLT algebra, symbol, spectral distribution, asymptotic expansion, interpolation-
extrapolation algorithms, multigrid methods, preconditioning Krylov methods, Staggered DG
methods, IgA approximation
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Introduction and motivation

Introduction and motivation

The main mission of numerical analysts is to compute quantities that are in general incalculable
from an analytical point of view. The pivotal concept in numerical analysis is analyzing and
providing algorithms to solve a determined class of the problems of mathematics, whose intrinsic
nature can be either continuous or discrete. “Continuous” are most of the real problems which
science and engineering are built upon but that, without numerical techniques, would be quickly
untreatable. In this thesis the focus is on fast algorithms for the approximation of continuous
mathematical equations.

Indeed, when simulating phenomena in physics, engineering, or applied sciences, often one
has to deal with functional equations (written, e.g., in differential or integral form) that do not
admit an analytical solution.

Describing these real situations is, however, possible, resorting to one of its numerical ap-
proximations and treating the resulting mathematical representation. In practice the aim is to
construct proper numerical discretization techniques, that “transform” problems from “continu-
ous” to a more manageable “discrete” modelling.

Clearly the task of the numerical analyst does not end once that the approximation is per-
formed. We want to ensure that the solution of the resulting problem, with respect to the
original one, is more convenient in terms of resolution speed, resources, and computational cost.

This thesis is placed in this context: it has the purpose to furnish several useful tools to deal
with some computational problems, arising from discretization techniques.

In most cases the problems we have in mind come from the linear discretization of partial
differential equations (PDEs) of the form

du=b,

where 7 is a linear differential operator, taking into account possible initial/boundary condi-
tions. Computing the numerical solution u, of u, or a part of it, reduces to solving a linear

system of the form
Anu, = by, (1)

Furthermore, if the chosen approximation technique is convergent, the more we increase
the number of points of the discretization (n or an increasing function of n) the more the
approximation u, of the analytical solution u will be accurate.

For this reason, one should not consider the specific linear system (1) for a fixed n, but rather



the sequence of linear systems
{Anun = bn}na

whose dimensions depend on the number of discretization points, n.

The matrices produced by most types of discretizations possess a structure, namely they
are often sparse. Furthermore, depending on the linear differential operator, they can be badly
conditioned. Consequently in general (that is without a quite strong structure), direct methods
should be avoided, since, not only they may require a high computation cost, but also they often
do not take full advantage of the information of the structure.

Iterative solvers (in particular multigrid and preconditioned Krylov techniques) are instead
very convenient choices. It is indeed known that iterative methods exploit the spectral infor-
mation of coefficient matrix and consequently they can be adapted in order to accelerate the
convergence and optimize the computational cost.

Hence here the spectral analysis of the matrix A,, (and consequently of the coefficients matrix
sequence {A,},) plays a crucial role for an efficient and fast resolution. Moreover, comparing
the spectrum of A,, with that of the differential operator can suggest whether the discretization
is appropriate or not to spectrally approximate the operator <.

However, it must be highlighted that the interest in finding eigenvalues is intrinsically im-
portant. In fact, on one hand there are problems in which the knowledge of the eigenvalues is
indirectly useful in efficiently finding the solution. On the other hand there are situations where
they actually have a physical meaning and represent the approximation of the real solution.
This is the case, for example, of eigenvalue problems [42, 92].

Among specific applications that are not related to the approximation of differential equa-
tions, we can mention structured Markov chains [15], signal and image processing problems with
space invariant nature |46, 82|, financial applications [110], etc.

The sequences considered in the whole thesis enjoy a very nice structure: they belong to the
class of Toeplitz matrix sequences or to the more general class of Generalized Locally Toeplitz
(GLT) matrix sequences.

In general, depending on whether the matrices come from a one-dimensional or a k-dimensional
problem, k > 1, their structure can be one-level or k-level. That is each matrix has a scheme
repeated k times equally in the inner patterns. In such a case the dimension of the matrix is
N(n) = ning---ny and the matrix is indexed by the multi-index n = (n1,ng,...,n;). For
the multi-index notation, see Section 1.2. Depending on the size s of the system of PDEs, we
deal with a scalar (s = 1) or a block (s > 1) matrix sequence. In the latter setting each basic
entry in the matrix A, is in turn an s X s matrix, so that the global dimension is sn x sn or
N(n,s) x N(n,s), with N(n,s) = sN(n) = sning - ng, n = (ny,ng, ..., ng).

However, even in the case of a scalar PDE, the block structure can be induced by the
numerical method, e.g., by classical p-degree finite elements, p > 1, or p-degree Discontinuous
Galerkin mathods, p > 1, or p-degree isogeometric analysis of regularity k with p —k > 1.

In all situations the research of spectral informations of the mentioned classes is related to
the concept of the symbol, that is a function f which, under certain hypotheses, provides a
spectral or a singular value description of the associated matrix sequences.

In the simplest scalar, one-level case, where the only requirement on f : D C R — C is to be
a Lebesgue measurable function on a Lebesgue measurable domain D, with Lebesgue measure
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Introduction and motivation

0 < pu1(D) < oo, we say that the sequence {A,}, has an asymptotical spectral [singular value]
distribution described by f if it holds that:

1 1

i 3P0 = | Furoya. 2
1 < 1

i 3P0 = | Fus@nao.

for all continuous functions F' with bounded support on C, where \;(A,), j =1,...,n0;(4,), j =
1,...,n] are the eigenvalues [singular values| of A,,.

The informal (and practical usable) meaning of relation (2) is that for n sufficiently large, a
reasonable approximation of the eigenvalues [singular values| of A,, is obtained from an evaluation
of f(0) [|f(6)]] over an uniform grid in the domain D. Once the symbol is known we have the
“control” of the behaviour of the whole spectrum [singular values|, up to a number of outliers
which is infinitesimal with respect to the matrix size, and we can exploit the results for designing
efficient solvers for the coefficient matrix A, for large n.

Along the same lines the k-level block case with blocks of size s can be given by playing with
the symbol, which will be k-variate and s x s matrix-valued. For such general notion see Section
1.3 (and Section 1.2 for the necessary multi-index notation).

Generally speaking all the concepts, notations and mathematical tools which will be used in
the thesis are reported in Chapter I.

In the next chapters we face several type of sequence structures: from the most general block
k-level setting to the simplest scalar, one-level case. Clearly formula (2) is properly modified
for the more general types of treated structured sequences. Indeed, with the obvious changes of
notation, the universal role of the symbol is being one of the tool for compactly describing the
asymptotic behavior of the eigenvalues [singular values| of A,,, for large n.

In Chapter II we consider the GLT sequence arising from the approximation of the incom-
pressible Navier-Stokes equations by semi-implicit Discontinous Galerkin methods on staggered
meshes (SDG), introduced in [65, 66, 135, 137].

These new schemes have never been analyzed with GLT techniques before. Therefore the
first aim is theoretical and concerns the possibility of using and extending the spectral tools
mentioned so far to this new numerical framework and of studying its properties. Special atten-
tion is given to the structural and spectral analysis of the involved linear systems, in particular:
structural properties, in connection with multilevel block Toeplitz-like (and circulant) matrices,
distribution spectral analysis in the Weyl sense, conditioning, asymptotic behaviour of the ex-
tremal eigenvalues via low rank perturbations and study of outliers. In turn all of them are
of interest for numeric and algorithmic purposes: the analysis of the intrinsic difficulty of the
problem aimed at designing and analyzing (preconditioned) Krylov methods [5, 11].

First we follow a classical preconditioning strategy, designing a Preconditioned Conjugate
Gradient (PCG) method, with circulant Strang preconditioner. But in a multilevel setting,
when an asymptotic condition is present, as it is well-known in the literature [98, 124, 129],
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the use of any circulant preconditioner permits to reach at most a sub-optimal convergence
of the PCG method. So a more original and efficient approach is to design a block multilevel
multigrid procedure with two grids (TGM), that will ensure convergence and optimality in terms
of iterations. Although, up to our knowledge, many theoretical results on multigrid convergence
in block settings are still missing or in preparation [130]|, we validate them numerically. The
choice of the appropriate smoother and prolongation operators are justified by the Laplacian
nature of the symbol and supported by the encouraging results in a block context in [48], and
in the scalar multilevel cases |2, 3, 69].

Moreover, based on the concept of symbol, it has been possible to design specific fast methods
for solving large linear systems with a Toeplitz or Toeplitz-like structure in various settings.
When speaking about Toeplitz-like matrices, we are referring to small perturbations of Toeplitz
matrices or block Toeplitz matrices, where the precise structure is observed when removing few
rows and columus.

Because of their pervasive appearance in any shift-invariant problem [7, 32, 93|, there has
been a lot of attention on fast methods for solving large linear systems with Toeplitz or Toeplitz-
like structure (see the review papers in [32, 93, 94]), including both direct fast and superfast
solvers [93, 94| and iterative solvers |3, 32].

Here we consider the problem of computing the spectrum and, for such type of problems, we
develope a class of fast methods starting from the results in recent work [62], where Ekstrom,
Garoni, and Serra-Capizzano have conjectured the existence of an asymptotic expansion for the
eigenvalues of banded symmetric Toeplitz matrices. Independently Bogoya, Béttcher, Grudsky,
and Maximenko [16, 17, 19] have obtained the precise asymptotic expansion for the eigenvalues
of a sequence of Toeplitz matrices {T),(f)}n, under suitable assumptions on the associated
generating function f.

In [62] the authors provided numerical evidences that some of those assumptions can be
relaxed, maintaining only the hypothesis on f of being a real cosine trigonometric polynomial
(RCTP), monotone on the domain.

Studying the errors of the approximation of eigenvalues by uniform sampling of the sym-
bol, we devise an extrapolation procedure for computing the eigenvalues of banded symmetric
Toeplitz matrices of very large dimension. The algorithm is performed with a high level of ac-
curacy and only at the cost of computing the eigenvalues of a moderate number of small sized
matrices.

From a theoretical viewpoint, in Chapters III, IV, V the assumptions on the generating
function have been relaxed and extended also for the eigenvalues of:

1. preconditioned banded symmetric Toeplitz matrices [1];

2. Toeplitz-like matrices, n_lKT[«Lp}, nM,[Ip], n_QLLf’], coming from the B-spline IgA approxima-
tion of —u” = Au, plus its multivariate counterpart for —Au = A\u [58];

3. block and preconditioned block banded symmetric Toeplitz matrices [60].

We also prove, for all contexts above, the first order asymptotic term of the expansion and
we complement the results of [51, 71, 72, 73, 74, 76, 77|, proving several important analytic
properties of e,(6), spectral symbol of {n*QL,[f]}n.

viii



Introduction and motivation

For Item 3 we consider the natural extension of the analysis for the case of f being an s x s
matrix-valued function with s > 1, and T, (f) the block Toeplitz matrix generated by f. Hence
the natural step is that of deriving the analogous conditions which ensure the existence of an
asymptotic expansion for the eigenvalues in block settings. In particular how the assumptions on
the scalar symbol f of being a real, monotone, cosine trigonometric polynomial are transformed
for the matrix-valued symbol f. Here the eigenvalue functions of £, AV (f), i = 1,...,s, play
an analogous role of f for the scalar cases. Furthermore we deal with the conversion from
polynomial (RCTP) to Hermitian matrix-valued trigonometric polynomial (HTP).

The hidden idea for the considered asymptotic expansion is based on the right reordering of
eigenvalues with respect to the evaluations of f (of A& (f), i = 1,...,s, in case s > 1). Indeed
for s = 1, the assumption of monotonicity of f is crucial to ensure the correct combination of
eigenvalues and evaluations. Analogously, for s > 1, the right reordering and the validity of ex-
pansion are guaranteed globally on the spectrum, requiring the monotonicity of every eigenvalue
functions and the empty intersection of the ranges two eigenvalue function AU (f) and A (f),
for every pair of indices j,k € {1,...,s} such that j # k. If the global condition is violated, it
is, however, possible to recover the asymptotic expansion for the portion of spectrum associated
to those eigenvalue functions which verify locally both the non-intersection and monotonicity
conditions.

The asymptotic spectral expansion becomes a potential tool for the computation of the
spectrum of differential operators. In Chapter IV we perform a detailed spectral analysis of
the matrices n_lKr[Lp] , nM,[lp} , n_zL,[f] .

In particular for p > 3, we provide numerical evidence of a precise asymptotic expansion for

the eigenvalues, except for the largest ngut = n — mod(p, 2) outliers, of n_QL,[f].

In addition, for p = 1 and p = 2, we compute the exact eigenvalues and eigenvectors of KV[LP ],
Mkp}, and LIP'. Tn both cases of p, the eigenvalues are given respectively by f,(6;n), 9p(65n),
and e,(0;,), for j=1,...,n+p—2, 0, = jr/n, where f,(0), g,(6), and e,(8) are the functions
that spectrally describe the sequences {n_lKilp]}n, {nMr[Lp] tn, and {n_QL%’]}n, respectively |77,
Section 10.7]. The exact computation is made possible since the matrices K,[ip}, M,[Lp}, L%)] belong
to the same matrix algebra. By using tensor-product arguments we can also present a detailed
extension of the whole analysis to the general k-dimensional setting.

We show indeed that the eigenvalue—eigenvector structure of the matrix arising from the IgA

approximation of the 1D problem

_u”<$) = /\u(x), WS (07 1)? (3)
u(0) = u(1) =0,

completely determines the eigenvalue—eigenvector structure of the matrix Lyf Jin the k-dimensional

setting.

The exact formulae for the eigenvalues are also presented in Chapter V for the scaled matrix
sequences, {ngp)}n, {Kflp)}n and {L%p)}n = {(Mép))*lelp)}n, coming from order p Lagrangian
Finite Element approximations of a second order elliptic differential problem. The algorithm
that exactly computes the spectrum of the mass Mép), stiffness KT(«Lp) and LELp) is based on a
proper evaluation of the spectral symbols g, f and r on the correct grid.
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Chapters III, IV, V are completed from the computational viewpoint by delivering fast
(and parallel) interpolation—extrapolation algorithms for computing the eigenvalues of Items 1,
2, 3.

In all the treated cases the resulting algorithms can be interpretated as eigensolvers that do
not need to store either the coefficients of the matrices or perform matrix-vector products, and
for this reason they have been recently defined matriz-less solvers [57].

We present and critically analyze many numerical examples. On one hand this has the
purpose to validate and numerically confirm the proposed theoretical and algorithmic results.
On the other hand we show how to manipulate many examples of practical interest. For instance
we show how to bypass the monotone condition in few special cases and how to reduce a block
problem to few, separate, and simpler scalar problems.

The last sections will be dedicated to illustrate few topics for future research related to the
themes of the present thesis. The plan in mind is that of continue providing and analyzing
methods in order to deal with the most general classes of structured matrix sequences and PDE
discretizations.

Concerning this direction the first step regards a feasible extension of the proposed matrix-
less eigensolvers to multilevel contexts, in cases where a tensor product argument cannot be
exploited. Here the principal open question concerns the formalization, in both scalar or block
case, of the asymptotic spectral expansion for k-level matrices, that in turn depends on the lack
of the monotonicity concept for a k variate symbol.

In the following we briefly describe the contents of the upcoming Chapters I-V and of the
Chapter VI of the technical results.

e In Chapter I we set the notation used throughout the thesis and we provide the funda-
mental background that is necessary for understanding the subsequent chapters.

In particular: the definitions and the main properties of Toeplitz, circulant and GLT
sequences in the most general block k-level form, the notion of spectral [singular value]
distribution, and the preliminary version of the asymptotic spectral expansion. Moreover
we briefly recall the basic ideas which represent the minimal tools for understanding the
multigrid and preconditioned conjugate gradient methods.

e In Chapter Il we are interested in efficiently solving the large linear systems arising
from the discretization of the two—dimensional incompressible Navier-Stokes equations by
Discontinuous Galerkin methods on staggered meshes. These novel family of high order
semi-implicit schemes are analyzed for the first time with GLT techniques. We show
that the coefficient matrix sequence has a multilevel block Toeplitz structure plus a low
rank corrections. The results are then used for deducing spectral informations on outliers,
conditioning and asymptotic behaviour of the extremal eigenvalues. In turn all of them are
of interest for numeric and algorithmic purposes: making use of the resulting asymptotic
spectral information, we design specific preconditioned Krylov and two grids method for
the efficient resolution of the associated linear systems. We obtain that the use of PCG

method with circulant Strang preconditioner cannot ensure the superlinear convergence,



Introduction and motivation

as it is known from [98, 124, 129], conversely an efficient approach is represented by the
block multilevel two grids procedure, that guarantees convergence and optimality in terms
of iterations and global efficiency.

Chapter III is devoted to present the asymptotic spectral expansion for the eigenvalues
of preconditioned Toeplitz matrices P, (f,g) = T, 1 (9)T,(f). We consider the case where
f is a trigonometric polynomial, g is a nonnegative and not identically zero trigonometric
polynomial. We provide numerical evidence that few assumptions of [16, 17, 19] can be
relaxed, accompanied by an appropriate error analysis and numerical experiments. More-
over we devise an algorithm that compute an accurate approximation of the eigenvalues
of P,(f,g) for very large n, having the eigenvalues of P,,(f,¢g), for moderate values of n;,

1=1,...,a, where « is a fixed small number.

in Chapter IV we consider the B-spline IgA approximation of the Laplacian eigenvalue
problem —Au = Mu over the k-dimensional hypercube (0,1)*. We provide the exact
eigenvalue—eigenvector structure of the resulting discretization matrices L,[:f }, Lq[:f' ], and Lgf ],
forp=1,2.

For p > 3, based on the asymptotic spectral expansion, we propose a parallel interpolation—

out _
out —
p—2+mod(p, 2) outliers. The performance of the algorithm is illustrated through numerical

extrapolation algorithm for computing the eigenvalues of Lk’ ], excluding the largest n

experiments. We end the chapter with a detailed extension of the whole analysis to the
general k-dimensional setting. By using tensor-product arguments, we show that the
eigenvalue—eigenvector structure of the matrix arising from the IgA approximation in one

dimension is enough to cover also the multidimensional case.

In Chapter V we focus on the generalization of the results of Chapters III-IV under
the assumptions that f is a s X s matrix-valued trigonometric polynomial with s > 1, and
T, (f) is the associated block Toeplitz matrix, whose size is N(n, s) = sn.

First we numerically derive conditions which ensure the existence of an asymptotic expan-
sion for the eigenvalues, generalizing those for the scalar-valued setting s = 1. Further-
more, following the proposal for s = 1 in the previous chapters, we devise an interpolation—
extrapolation algorithm for computing the eigenvalues of banded symmetric block Toeplitz
matrices, with a high level of accuracy and a low computational cost, and we present several
examples of practical interest. Furthermore we provide exact formulae for the eigenvalues
of the matrices coming from the QQ, Lagrangian Finite Element approximation of a second
order elliptic differential problem and the preconditioned block matrices coming from the
classical Lagrangian Finite Element approximation of the classical eigenvalue problem for
the Laplacian operator in one dimension.

The Chapter VI contains the additional theoretical results and specifications related to
the contents in the thesis: it is divided in seven sections where different topics are treated.
The choice of collecting them together in the end, instead near the respective chapters, is
made in order to make the text more readable, without the interruption, e.g., of the long
derivations represented by the proof of the theorems.

xi



The results will be anyway referred through the thesis. Among them we present the proof
of the first order asymptotic term of the expansion for the three Items in 1, 2, 3. We
show several theoretical results regarding e,(6), the symbol of the normalized sequence
{n*ZL%J ]}n of Chapter IV, such as the proof of a convergence result and of its monotone
increasing behaviour. As observed before, in connection with Chapters III, IV, V| the
monotonicity of the symbol is crucial for the asymptotic eigenvalue expansions and for the

proper efficient behavior of our algorithms.

All our principal findings are summarized in the conclusion chapter.

The results of our research have been published or are in the process of publication in
[1, 55, 58, 59, 60, 67].

We stress that the Chapters II, III, IV, V faithfully report the contents of the papers
[1, 55, 58, 60] respectively. However, in order to avoid possible repetitions and to make the
readability of the whole thesis as fluent as possible, in the next chapters some minimal changes
are performed with respect to |1, 55, 58, 60]. For example, we use the unified notation stemming
from Chapter I, the order of the sections is sometimes inverted, and we introduce additional
observations and examples, which are not present in the papers, but which help to illustrate and

explain better the treated topics.

xil



Chapter 1

Definitions and known results

The following chapter is devoted to set the notation and to introduce the definitions and few
known results adopted throughout all chapters. In particular, after basic notions of numerical
linear algebra, we present the multi-index notation, that will be largely used throughout the
whole thesis. Moreover we provide the formulation of the most general multilevel block form of
Toeplitz and circulant matrices and their main algebraic, structural, and spectral properties.

We introduce the concept of spectral /singular value distribution, we show key results on the
extremal eigenvalues of Hermitian Block Toeplitz sequences, and we briefly describe the main
properties of the GLT class, which can be seen as a variable coefficient generalization of the
Toeplitz notion.

Starting from basic features of trigonometric polynomials, we focus our attention on the
special case of Toeplitz matrices having a trigonometric polynomial as generating function. In
particular, a preliminary asymptotic expansion in terms of the fineness parameter related to the
matrix size is also presented for the scalar non-preconditioned case.

The chapter ends recalling advanced methods for solving linear systems, including precon-
ditioning strategies to be used in connection, e.g., with Krylov solvers and multigrid methods
tailored for Toeplitz structures.

I.1 General notation
o R™X™ (C™*™) is the space of real (complex) m x n matrices.
o If v =[x1,...,2,] € C" is a vector,

— 27 denote the transpose of x;

— x* denote the conjugate transpose of z;
[ ] If A — [alj];szl S CTLX'I‘Lj

— AT denote the transpose of A;

A* denote the conjugate transpose of A;
rank(A) is the rank of A;
det(A) is the determinant of A;
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- XN(A),j7=1,...,n, (0j(A), j =1,...,n ) are the eigenvalues [singular values| of A;
If not specified differently, we assume o1(A) < g2(A) < -+ < 0,(A);

— A(A) = {\(A4),...,\u(A)} is the spectrum of A;

— Given 1 < p < oo, ||A][, denotes the Schatten p-norm of A, which is defined as the
p-norm of the vector of the singular values [o1(A),...,0,(A)]. The Schatten 1-norm
is also called the trace-norm and the Schatten co-norm ||A|lec = oy (A) is the classical
induced Euclidean norm (or spectral norm) and it is also denoted by || A||.

— k(A) is the condition number of an invertible matrix A defined as the quantity
R(A) = [ANIATH (= 447 = 1).

In particular, if in addition A is normal,

) = A7 = o) _ m )]

o If A, Be C™ ",

— A ~ B means that A is similar to B, that is there exists an invertible matrix P such
that B= P~ 1AP ;

— A > B if A and B are Hermitian and A — B is Hermitian Positive SemiDefinite
(HPSD);

— A> Bif Aand B are Hermitian and A — B is Hermitian Positive Definite (HPD);

o if A€ C™"is HPD, ||-|la = |[AY/2- |2 denotes the Euclidean norm weighted by A on C"

and the associated induced matrix norm.
e O, and I, are the m X m zero matrix and identity matrix, respectively.
e ¢; denote the ith vector of the canonical basis of R*.
e 4, denotes the Lebesgue measure in R¥.
e ¢ is the imaginary unit, that is (2 = —1.

e If A, B are matrices of any size, say A € C™*™2 and B € Ch*2 the tensor (Kronecker)

product of A and B is the myl; X moly matrix defined by

anB e a1m23

a21B e angB
A® B = la;;Bli=1,...m1 ,j=1,..my =

am1B ... GmimeB

e If D is a measurable subset of R, we define

— LP(D) the space of measurable functions f : D — C such that

/\f|p<00, 1 <p < oo;
D
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1.2

— L*°(D) the space of measurable functions f : D — C such that
esssupp|f| < 0.
Given f € LP(D), we write || f||, to indicate the LP-norm of f, that is

1£llp = (o lFI7)7, i 1<p<oc,
.

esssuppl|fl, if p=oc.
We denote by 7, the k-dimensional cube [—m,7]¥ and by LP(k,s) the linear space of
k-variate matrix-valued functions f : Z, — C**%, f € LP(Z)). We remark that a matrix-
valued function f belongs to LP(D) (resp. is measurable, continuous, bounded, etc.) if

all its components f;; : D — C, i,j = 1,...,s, belong to LP(C) (resp. are measurable,
continuous, bounded, etc.).

Given a function f € LP(k, s), we define

1/
(f;uﬂx)nzdx) "o 1<p<o,

€SS SUPy e[ Hf( Moo, if p=oc.

1£ll, =

Given a function f € LP(k,s), we denote by AO(f) [resp. o@D (f)], i = 1,...,s, the
eigenvalue [resp. singular value] functions of f and by (AD(f)) (6) [resp. (o€ )
1=1,...,s, their evaluation at a point 6 € 7.

If z € C and € > 0, we denote by D(z,¢) = {w € C : |w— z| < €} the disk centered at z
and with radius e. If S C C, D(S,€) = U,esD(z, €) denotes the e—expansion of S.

Multi-index notation

We introduce the multi-index notation that will be systematically used throughout the thesis.

A vector i = (i1,49,...,i%) € ZF is called a k-index (or simply a multi-index). For a more

detailed description see [76].

0, e, 2,... are respectively the multi-indices of all zeros, all ones, all twos, ... and their
size will be clear from the context.

For all m = (my,ma,...,my) € ZF we set N(m) = mims ... my and we write m — oo to
indicate that all the components of m tend to infinity, i.e. min;—;  xm; — oo.

For all h, m € ZF, h < m means h; < m;, Vi=1,... k.
If h, m € Z* are such that h < m, the multi-index range h, ..., m is the set

{(jeZ* :h<j<m}.

When a k-index j varies over a multi-index range h,...,m (and we write j = h,...,m)
it is understood that j varies from h to m following the standard lexicographic ordering.
Note that h, ..., m consists of N(m-h-e) k-indices.
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e All the algebraic operations involving k-indices that have no meaning in the space ZF
must always be interpreted in the componentwise sense: ij = (i1j1,...,ikjk), cd/j =
(ai1/g1,-..,aig/jk), for all @« € C and all jy,...,jk # 0, 1 mod j = (i3 mod ji,..., ik
mod ji), max(i,j) = (max(i1, j1), . .., max(ig, jr)), and so on.

e Given hym € Z* with h < m, the notation ZJnlh indicates the summation over all

multi-indices j = h, ..., m.
e If m € N then
x = [zi]iZe
is a vector of size N(m) whose components xj, i = e, ..., m are sorted in accordance with
the lexicographic ordering. Similarly
X = [z35){j=e
is the N(m) x N (m) matrix whose components are indexed by two k-indices, both varying
in e,...,m according the lexicographic ordering.
Example

Let A be the matrix

4 4 0 0

4 4 00
A= (I.1)

00 11

00 2 2
Instead of using the traditional linear indices 7,7 = 1,...,4, we can index the entries of A
by means of two multi-indices i,j = e, ..., 2. Thus, instead of [Aij]gl,j:lv we have [Aij]ﬁj:e.

The indexing of the entries of A with two multi-indices i, j reflects the fact that we are
thinking at the matrix A as a block matrix as (I.1): for all i,j =e,...,2 the entry Ajj is
the (ia,j2) entry of the (i1, j1) block of A.

Throughout the thesis we indicate by {An}nene, or simply {An}n, the matrix sequence
whose elements are the matrices A, of dimensions N(n,s) x N(n,s), with N(n,s) = sN(n) =

sning ... ng, 0= (N1,N9,...,Ng).

1.3 Spectral distribution of matrix sequences

In this section we first introduce the concept of spectral/singular value distribution of generic
matrix sequence {An}tnenv, v > 1 (whose dimension, N = N(n, s), has to be a monotonic func-
tion with respect to every single variable n;, i = 1,...,v). Secondly we provide the formulation
of Toeplitz and circulant matrix sequences in the most general block k-level form, recalling their
main algebraic and spectral properties. In particular special attention is dedicated to the lo-
calization results and to the asymptotic behaviour of the extremal eigenvalues of the Hermitian
Block Toeplitz sequences.
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Definition 1.3.1 (clustering of a matrix-sequence). Let S C C be a nonempty subset of

C. Let {An}nenv, v > 1, be a sequence of matrices with eigenvalues \j(An), j =1,...,N and
singular values 0j(Ayn), j=1,...,N.

e We say that {Ap}tnenv is strongly clustered at S (in the sense of the eigenvalues), or

equivalently that the eigenvalues of { An }nenv are strongly clustered at S, if, for every e > 0,

the number of eigenvalues of Ayp outside D(S,¢€) is bounded by a constant C. independent

of n. In other words, for every ¢ > 0 we have

#{j€{1,...,N}: X\(An) & D(S,e)} =O0(1) as n— oo. (1.2)

o We say that {Antneny is weakly clustered at S (in the sense of the eigenvalues), or equiv-
alently that the eigenvalues of {An}nenv are weakly clustered at S, if, for every e > 0,

#{je{l,....,N}: \j(An) € D(S,€)} =0o(N) as n— oo. (1.3)

By replacing “eigenvalues” with “singular values” and \j(An) with 0j(An) in (1.2)~(1.3), we
obtain the definitions of a matriz-sequence strongly or weakly clustered at S in the sense of the

singular values.

When we write strong/weak cluster, matrix-sequence strongly /weakly clustered, etc., with-
out further specifications, it is understood “in the sense of the eigenvalues”.

Definition 1.3.2. [essential range of a complex-valued function]. Let f: D C R — C,
¢ > 1, be a measurable complez-valued function defined on a measurable set with 0 < py(D) < 0.
The essential range of f is denoted by ER(f) and is defined as the set of points z € C such that,
Jor every € > 0, the measure of the set {f(0) € D(z,¢€)} is positive. In other words,

ER(f)={2€C: u{f(0) € D(z,¢)} >0 for all e> 0}.

Definition 1.3.3. [essential range of a matriz-valued function]. Let f: D C Rt — C°**,
¢ > 1, be a measurable matriz-valued function defined on a measurable set with 0 < py(D) < oo.
The essential range of f is denoted by ER(f) and is defined as the union of the essential ranges
of the eigenvalue functions of f, X&) (H:D—C,i=1,...,s. In other words,

ER(f) = U1 ERMAD ().

Definition 1.3.4. [spectral/singular value distribution]. Let f: G — C**° be a measurable
function, defined on a measurable set G C R with £ > 1, 0 < ug(G) < oo. Let Co(K) be the
set of continuous functions with compact support over K € {(C,Ra'} and let {An}neny, v > 1,
be a sequence of matrices with eigenvalues \j(An), 7 = 1,..., N and singular values 0;(Ap),
j=1,...,N.

e {Apn}nenvy is distributed as the pair (f, G) in the sense of the eigenvalues, in symbols

{An}neN” ~A (f> G)a
if the following limit relation holds for all F € Cy(C):

L (00 e)
lim N;F(Aj(An)) = @ /G - de. (1.4)
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e {An}nenv is distributed as the pair (f, G) in the sense of the singular values, in symbols

{An}HENU ~o (f7 G)7
if the following limit relation holds for all F € Co(R{):

L (0 o)

Jj=1

In this setting the expression m — oo means that every component of the vector n tends to

infinity, that is, min;—y _,n; — 00.

Remark 1. Denote by XV (), ..., XO(f) and by oV (f),..., 0¥ (f) the eigenvalues and the
singular values of a s X s matriz-valued function f, respectively. If f is smooth enough, an
informal interpretation of the limit relation (1.4) (resp. (1.5)) is that when the matriz-size of An
is sufficiently large, then N/s eigenvalues (resp. singular values) of An can be approzimated by
a sampling of XV (f) (resp. cD(f)) on a uniform equispaced grid of the domain G, and so on
until the last N/s eigenvalues (resp. singular values) which can be approzimated by an equispaced
sampling of \®)(f) (resp. o®)(f)) in the domain.

For example, take G any domain as in Definition 1.3.4 and let F' = X[a,b](') for a fixed real
interval [a, b] such that

110 {9 caq (A(T)(f)) ) = a} _ {9 caq (A(")(f)) (6) =b} =0 (L6)

for every r = 1,...,s. Note that F' = X[&b](-) is a discontinuous function, but, under the
assumptions in (I.6), the limit relation (I.4) still holds. The argument of the proof relies in
choosing two families of continuous approximations {Fy }5, {F, g’ }s of X[ap such that F (;“ <
Xjay < Fy~ (see [117] for more details). If we define

m, = essinfg 2 () (6 , M, = esssup A6 (6 , r=1,...,s,
G

when F' = X[, 11,](+), then equation (I.4) becomes

L/ZMWM((NMwa, (L7)

lim —mer,Mr (An)) =

n—oo [N

spe(G

and hence

&&}#U:Mm06mwmn=

§jw{ G (A(D) (0) € [y, 2]}

spe(G
Moreover, if

esssup < essinfg , r=1,...,5s—1,
& (\(D) (8) < essinfe (\T(D)) (6)
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and
M{OGG: (w)(f))(e):c}:o,vcem,r:1,...,s_1,

then equation (L.8) in turn becomes

lim l#{] : Nj(An) € [my, M, ]} =

n—oo N

Wl(G) pefoca: ()@)€ m, M} =

which means that N
#{j : Nj(4n) € [my, M, ]} = ” + o(N).

1.4 Toeplitz structures

Toeplitz matrices represent an important and very active topic introduced more than one hun-
dred years ago in the original papers by O. Toeplitz [143, 144]. The treated Toeplitz matrices
derive mostly from the approximation of differential equations, but, in general, they can be found
in many applications: they arise, for example, also from structured Markov chains [15], signal
and image processing problems with space invariant nature [46, 82| and financial applications
[110].

In the following, we provide the formulation of the most general multilevel block form of
Toeplitz matrix. We start from the simplest concept in the scalar setting and we generalize the
definitions, achieving the case of multilevel block Toeplitz matrix generated by a matrix-valued
function f.

[.4.1 Scalar Toeplitz matrices

A matrix of order n, having a fixed entry along each diagonal, is called Toeplitz and enjoys the

expression
ao a—l a_2 o« o o o o o a—(n—l)
aj
az
Ap = [al—JL’,jzl -
a—2
a—q
_an_l “ e e a2 al ao i

An interesting case of Toeplitz matrix is given by T, (f) € C™*", that is associated with a
scalar valued function f € L'(1,1), defined on [~7, 7] and periodically extended on the whole
real line. Such a matrix T,,(f) is defined via the Fourier series of f

and has the following expression,
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where the quantities fk

1

— ﬂ)‘”%& ke,
27

fr=

are the Fourier coefficients of f.

If n is varying in N, we obtain a matrix sequence {7},(f)}n, consisting of Toeplitz matrices
of increasing size.

We refer to {T,,(f)}n as the Toeplitz sequence generated by f, which in turn is called the
generating function of {T,,(f)}n.

There are many properties of T,,(f) that follow by direct computation from assumptions on
f. In the following, we report those that will be used in next chapters [31, 96].

1. If f is complex-valued, then T),(f) is non-Hermitian for all sufficiently large n. Conversely,
if f is real-valued, then T,,(f) is Hermitian for all n.

2. If f is real-valued, nonnegative and not identically zero almost everywhere, then T,,(f) is
HPD for all n.

3. If fis even, f(0) = f(—0), T,(f) is symmetric for all n. Thus, from property one, if f is
real-valued and even, T,,(f) is real and symmetric for all n.

[.4.2 Block and multilevel block Toeplitz matrices

The following Subsection is devoted to the generalization of the concept of scalar Toeplitz matrix.
In general the entries aj of the matrix A4, = [ai,j}zjzl can be matrices themselves. If the
dimensions of the blocks are s X s, s > 1, the resulting matrix is the block Toeplitz matrix A,
where the bold points out the following block structure of the matrix

[ Ay Ay Ay oo e Ay
A, . . . :
n A2 .
An =Wl =0 )
. . . . A_2
: . : A4
(Apg o e A A4 Ao |
where A_,_1),..., An—1 € C°*° are the “block” generalization of a_,,_1), ..., an—1 of the setting

s = 1. Note that now the size of A,, is N = N(n,s) = sn.

Following the scalar case, we can define particular block (resp. k-level block) Toeplitz ma-
trices Ty (f) starting from matrix-valued (resp. k-variate matrix-valued) function f € L(1,s)
(resp. £ € L'(k,s)). For the block settings we will write the function f (and corresponding
Fourier coefficients) in bold.

Definition 1.4.1. Let the Fourier cocfficients of a given function f€ L'(k,s) be defined as

1

(271') f( ) «3.6) dGGCSXS j: (Jlavjk) GZka L2:_1a (19)

j=
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where (j,0) = Ele jtB¢ and the integrals in (1.9) are computed componentwise.
Then, the nth Toeplitz matriz associated with f is the matriz of order N(m,s) = sning...ng
given by

n

TN @@ JiE e f (1.10)

k

Tn(f) =

j=—(n-e)

where e = (1,...,1) € N* j = (ji,...,jx) € N* and Jﬂé is the ng x ng matriz whose (i, h)th
entry equals 1 if (i — h) = j¢ and 0 otherwise.

The set {Tu(f)}n (with n € N¥) is called the family of k-level Toeplitz matrices generated by f,
that in turn is referred to as the generating function or the symbol of {Ty(f) }n.

I.4.3 Spectral analysis of Hermitian block Toeplitz sequences: distribution
results

The singular value and spectral distribution of Toeplitz matrix sequences has been of interest
over the past few decades.

The representation of the spectral distribution of Toeplitz sequences in terms of a function
(i.e. the symbol) was performed by Szegd, Tyrtyshnikov and Zamarashkin, Tilli see, e.g., |81,
140, 146].

The earliest result on the eigenvalue distribution of Toeplitz matrices was established by
Szeg6 in [81], proving that the eigenvalues of the Toeplitz matrix 7, (f) generated by a real-
valued f € L*°([—7,x]) are asymptotically distributed as f.

Zamarashkin and Tyrtyshnikov [152], and Tilli [140] further weakened the requirement on f
and showed that the same result holds for f € L*([—m,7]).

The work of Tilli [141] produced a key contribution, by allowing the concept of smoothly
varying diagonals and so allowing to treat the approximation of one-variable differential operators
with variable coefficients.

Based on an approximation class sequence approach, Garoni, Serra-Capizzano, and Vassalos
[79] provided the same theorem for f € L'([—m,]) in the framework of the newly developed
theory of Generalized Locally Toeplitz (GLT) sequences [77].

In the following we illustrate the result concerning the spectral distribution of Toeplitz se-
quences under the hypothesis of f being a real-valued function.

Theorem 1.4.1 ([81]). Let f € L'(k,1) be a real-valued function with k > 1. Then,

{Ta(f)}newr ~a (F,Zn).

In the case where f is a Hermitian matrix-valued function, according to Tilli [140], the
previous theorem can be extended as follows:

Theorem 1.4.2 ([140]). Let f€ L*(k,s) be a Hermitian matriz-valued function with k > 1,5 >
2. Then,

{Tn<f)}neNk ~A (f7 Ik)-
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Remark 2. If {Ty(f) }nent is such that each Ty (f) is symmetric with symmetric and real blocks,
then the symbol has the additional property that f(+601,...,£0;) = f(61,...,0k), V(b1,...,0k) €
I,:“ = [0, 7]* and therefore Theorem I.4.2 can be rephrased as

{Ta(H}nene ~x (FI)).

In the Toeplitz setting, when f is a k-variate polynomial, the quantity o(/N) of Remark
1 becomes proportional to N 1_%, with constant proportional to s and to the degree of the
polynomial.

I.4.4 Spectral analysis of Hermitian block Toeplitz sequences: extremal eigen:

values

Concerning the localization and the extremal behaviour of the spectra of Toeplitz sequences
there is a lot of work in the last 80 years culminated with the works of Bottcher, Grudsky, and
Serra-Capizzano |18, 115, 117, 119, 121]. More precisely, if f is a real-valued function, then we
have the following result.

Theorem 1.4.3 ([18, 119]). Let f € L'(k,1) be a real-valued function with k > 1. Let m be the
essential infimum of f and M be the essential supremum of f.

1. If m = M then f =m a.e. and Ty(f) coincides with m times the identity of order N(n).
2. If m < M then all the eigenvalues of Ta(f) belong to the open set (m, M) for every n € NF.

8. If m = 0 and 0 is the unique zero of f such that there exist positive constants ¢, C, a for
which
cl|o—o]* < f(0) <Cll6 -0,

then the minimal eigenvalue of To(f) goes to zero as (N(n))~*/k.

In the case where f is a Hermitian matrix-valued function, according to the analysis in
[117, 121], the previous theorem can be extended as follows:

Theorem 1.4.4 ([117, 121]). Let f € L'(k,s) be a Hermitian matriz-valued function with k >
1,5 > 2. Let my be the essential infimum of the minimal eigenvalue of f, My be the essential
supremum of the minimal eigenvalue of f, ms be the essential infimum of the mazimal eigenvalue

of f, and My be the essential supremum of the mazximal eigenvalue of f.

1. If my = M then fis the constant m1ls a.e. and Ty(f) coincides with my times the identity
of size N(n,s) = sninz...ng.

2. If my < M; then all the eigenvalues of Ty (f) belong to the open set (mq, M| for every
n € N*. If ms < My then all the eigenvalues of Tu(f) belong to the open set [my, M) for
every n € NF,

8. If mi = 0 and 0 is the unique zero of N™™(f) such that there exist positive constants
¢, C,a for which

cllo — 8||* <A™ (f(6)) < C[6 - 6],
then the minimal eigenvalue of To(f) goes to zero as (N (n))~*/*.

10



[.5. Trigonometric polynomials and banded Toeplitz matrices

I.5 Trigonometric polynomials and banded Toeplitz matrices

In the current section we recall the definitions and the principal properties of a k-variate matrix-
valued trigonometric polynomial and we concentrate on the special case of Toeplitz sequences,
having a trigonometric polynomial as generating function.

In the next chapters we deal with generating functions of various nature. We recall that

e depending on whether the dimension of the domain Zy is k = 1 or £ > 1 we deal with an

univariate or a multivariate trigonometric polynomial, respectively;

e depending on whether s =1 or s > 1 in the codomain C*** we deal with a scalar valued

or a matrix-valued trigonometric polynomial, respectively.
The polynomials treated in the thesis will be multivariate and matrix-valued (in Chapter II),
univariate and scalar (in Chapters III, IV), and univariate and matrix-valued (in Chapter
V). Thus we recall the definitions of all the possible four configurations, that are:
e univariate and scalar;
e univariate and matrix-valued;
e multivariate and scalar;

e multivariate and matrix-valued.

Definition 1.5.1. [univariate and scalar| A scalar univariate trigonometric polynomial is a
function f : T1 — C that can be written as a finite linear combination of the Fourier frequencies
{e¥? . j € Z}. Note that f(0) has a finite number of nonzero Fourier coefficients fj, The degree

of f is a positive integer v defined as
r=max{|j| : f; #0, j € Z}.

Hence f can be written as the Fourier sum

FO) =) fie?.

j=—r

We say that f is a real-valued cosine trigonometric polynomial (RCTP), if f is the following

scalar univariate trigonometric polynomial of degree r.
T
f(e):f0+22flcos<le)7 anfl)"'af’r‘ER-
=1

In the following, every time we deal with cosine trigonometric polynomial, we can replace, using
Remark 2, the interval Z; with Z;".

11
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The properties of Toeplitz matrices in Section 1.4.1 imply that the nth Toeplitz matrix
generated by f is the banded real symmetric matrix given by

o o F
fi
fr
Tn(f) = ’ frooo A fo fi fr
fr
A -
i Ir fi fo
Furthermore T),(f) can be written as
To(f) = m(f) + Hn(f), (L11)
where, for ¥ RCTP of degree r and orthogonal @ = (M%Hsin (éfl))n X Tn(¥) is the
1,j=

following 7 matrix [14] of size n generated by v

7(¥) = Q diag (w (”))Q, Q=Q"=qQ",

1<j<n n+1

and H,,(v) is the Hankel matrix

-QﬁQ '&3 Qﬁr
3
b
Hn(¢) = ’
¥y
.
d}r : 1113 ¢2

with rank(H,(v)) < 2(r —1).

Definition 1.5.2. [univariate and matriz-valued | A matriz-valued univariate trigonometric
polynomial is a function f: Ty — C%%, s > 1, wrilten as a finite linear combination of the

12
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Fourier frequencies {e=4% : j € Z} or, equivalently, for all l,m = 1,...,s, its (I, m)th component
fim : T1 = C is a scalar univariate trigonometric polynomial of degree ry,,. The degree of f is a
positive integer v defined as

r= max 7Tmy-
l=1,...,s
m=1,...,s

Thus f can be written as the Fourier sum

£0) =" fe’.

j=—t

We say that f is an Hermitian matrix-valued trigonometric polynomial (HTP) with Fourier
coefficients fo, fi, ..., f. € R#*s_if fis of the form

() =S he =f+ <fleLw + flTe—Ll") .t =deg (£(0)),
l=—r1 =1
where we set
fo=f 1=0,...,r (1.12)

The assumptions on f(6) imply that T,,(f) is the N(n, s) x N(n, s) block real banded symmetric
Toeplitz matrix with “block bandwidth” 2r 4+ 1, of the form

WO
fi
f,
Tn<f) = fr f‘l f() flT f‘rT
f'T
£
£ £ £
We remark that
Tn(f) = TN(n,s) (f) + HN(TL,S) (f)v (113)

.. n
where, for » (HTP) of degree r and orthogonal Q = ( % sin (;ﬁ&)) o TN(n,s) (%) is the
ij=

following 7 matrix [14] of size N(n,s) generated by )

rv(®) = (Q  T,) diag (u)( in ))(Q@am, Q=" =q"

1<j<n n+1

13
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where Hy(, ¢)() is the Hankel matrix

¢2 ¢3 Q)br
¥s
¥,
HN(n,s)(’(p): ,
P,
: Y
P o P3Py

with v := v(s,r) = rank(H 5 (¥)) < 2s(r — 1).

Definition 1.5.3. [multivariate and scalar| A scalar multivariate trigonometric polynomial
is a function f : 1, — C, k > 1, written as a finite linear combination of the Fourier frequencies
{e=tG9) . jc ZF}. The degree of f is a positive k-index r defined as

r=max{lj| : f; #0,5€Z"} =  max _ {(ls1],....|jk]) : fj # O}
G=(j1,-,jk ) EZE

Thus f can be written as the Fourier sum

F0) =" fe'?.

=r

We say that f is a multivariate real-valued cosine trigonometric polynomial (RCTP), if f is the
following scalar multivariate trigonometric polynomial of degree .

r
f0)=fo+2> ficos((1,6)),  fo,...,fr€R.
l=e
The generalization of the properties in Section 1.4.1 to the multilevel context imply that the
N(n,1) x N(n,1) Toeplitz matriz generated by f is the real banded symmetric matriz given by

r—e

Tu(f)= D>, (e okl (.14)

I=—(r—e)
where Jffs is defined as in formula (1.10).
Definition 1.5.4. /multivariate and matriz-valued] A matriz-valued multivariate trigono-
metric polynomial is a function f: T, — C*5 k,s > 1, written as a finite linear combination
of the Fourier frequencies {e=*99) : j € ZF} or, equivalently, for all l,m =1,...,s, its (I, m)th

component fin : I — C is a scalar multivariate trigonometric polynomial of degree ry,. The
degree of f is a positive k-index v defined as

7777
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1.6. Spectral analysis and computational features of block circulant matrices

Thus f can be written as the Fourier sum
r
f(0) = Z f-'1.e<.]79>.
j=-r

We say that f is an Hermitian matrix-valued multivariate trigonometric polynomial (HTP)
with Fourier coefficients fy, ..., f, € R#*s_if f is of the form

£(0) =fo+ > (ﬂeL<1’9> + ﬂTe_L(l’m) . r=deg(£(0)),
l=e

where we set
fo=f, 1=0,...r (1.15)

The assumptions on f(@) imply that the N(n,s) x N(n,s) Toeplitz matrix T, (f) generated by
f is the multilevel block banded real and symmetric matrix given by

r—e

Tuf)= Y (o) ek (1.16)
I=—(r—e)

where Jqlf5 is defined as in formula (I1.10).

1.6 Spectral analysis and computational features of block circu-

lant matrices

In this section we report key features of the (block) circulant matrices, also in connection with
the generating function.

Definition 1.6.1. Let the Fourier coefficients of a given function f € L'(k,s) be defined as in
formula (1.9).

Then, the nth circulant matriz associated with f is the matriz of order N(n,s) = sning...ng

given by

n—e

Calh= > Ziie--®Zkaf, (1.17)
j=—(n—e)

where e = (1,...,1) € N* j = (j1,...,jx) € NF and fog is the ng x ng matriz whose (i, h)th
entry equals 1 if (i — h) mod n¢ = j¢ and 0 otherwise.

Theorem 1.6.1 ([44]). Let f € L'(k,1) be a complez-valued function with k > 1. Then, the
following Schur decomposition of Cy(f) is valid:

Cn(f) = FuDn(f)Fy, (1.18)

where

Da(f) = ding (Sa(/) (#7), 00 =2x, Fn—l(eﬂ<j’95“)>)"e, 1.19)

0<r<n-—e

15



Chapter I. Definitions and known results

with <j,91(~n)> = Zle 271'%:". Here Sy(f)(+) is the nth Fourier sum of f given by

ni—1 ng—1 k
Sa(M) @)= > - > [0 (G,6)=>jib:. (1.20)
J1i=1-n Je=1—ng t=1

Here Fy, is the k-level Fourier matriz, Fyn = F,, ®---®@F,,, and its columns are the eigenvectors
of Cn(f) with eigenvalues given by the evaluations of the nth Fourier sum Sa(f)(-) at the grid
points

9(“) _

r
by = 2m—.
n

In the case where f is a Hermitian matrix-valued function, the previous theorem can be

extended as follows:

Theorem 1.6.2 ([78|). Let f € L'(k,s) be a matriz-valued function with k > 1,5 > 2. Then,
the following block-Schur decomposition of Cy(f) is valid:

Cu(f) = (Fn ® Is) D () (Fn ® I5)", (1.21)

where

. 1 —t '9<n)> noe
Dulf) = diag (Sa(f) (6™), 6™ —oxX g = <e (ior > (122
(h= diog(Salh) (67) . O Ly 02
with <j,91(~n)> = Zle 277% and I the s x s identity matriz. Here Sy(f)(-) is the nth Fourier
sum of f given by
ny—1 ne—1 . ) k
(SaM) (@)= > - > [V () =) b (1.23)
Ji=l-n1  jp=l-ng t=1
Here the eigenvalues of Cy(f) are given by the evaluations of X\ (Su(f), t = 1,..., s, at the grid
points
9(1’1) r

by = 2m—.
n

Definition 1.6.2. We say that o continuous 2m-periodic function f belongs to the Dini-Lipschitz
class if its modulus of continuity evaluated at § goes to zero faster than 1/|log(d)|, that is

lim log(d)wg(d) = 0.

§—0t

Remark 3. If f is a trigonometric polynomial of fixed degree (with respect to n), then it is
worth noticing that Sy (f)(-) = f(-) for n large enough: more precisely, every n; should be larger
than the double of the degree with respect to the jth variable. Therefore, in such a setting, the
eigenvalues of Cn(f) are either the evaluations of f at the grid points if s = 1 or the quantity
A (f(), t = 1,...,s, evaluated at the very same grid points. It is worth noting that we write
At (f(4)), instead of ()\(t) (f) (-), pointing out that we first calculate the matrices

f(@l(pn)>, 0<r<n-—e,

At(f(eﬁn))), t=1,...,s

A more detailed discussion on the evaluation of the eigenvalue functions of a matriz-valued
symbol will treated in Subsections 11.2.2.1, 11.2.5, for k > 1, and Section V.3, for k = 1.

and then their eigenvalues
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[.7. GLT sequences: operative features

Remark 4. Though the eigenvalues of any Cyu(f) are explicitly known, results like Theorem I.4.1
and Theorem 1.4.2 do not hold for sequences {Cn(f)}pene 0 full generality: this is due to the
fact that the Fourier sum of f converges to f under quite restrictive assumptions (see [15/]).
In fact if f, belongs to the Dini-Lipschitz class, then {Cu(f)}pene ~x (fs k), simply because
Sn(f)(-) uniformly converges to f (see [64] for more relations between circulant sequences and

spectral distribution results).

We end this subsection by recalling the computational properties of (block) circulants. Every
matrix/vector operation with circulants has cost O(N(n)log N(n)) with moderate multiplicative
constants: in particular, this is true for the matrix-vector product, for the solution of a linear
system, for the computation of the blocks (Sy(f)) <9§n)) and consequently of the eigenvalues
(see, e.g., [148]).

1.7 GLT sequences: operative features

We briefly present the class of Generalized Locally Toeplitz (GLT) sequences and its operative
features, which will be the pivotal tools used in the next chapters (see the pioneering work [141]
by Tilli for describing the spectrum of one-dimensional differential operators and the general-
izations in [125, 126] by Serra-Capizzano for multivariate differential operators).

Going through the details of GLT class requires rather technical tools and is not within the
aims of this thesis, hence here we list some properties of the GLT class in their multilevel block
form (see [126]), which are sufficient to our purposes.

GLT1 Each GLT sequence has a singular value symbol f(x,8) for (x,0) € [0,1]¥ x [~ 7]
according to the second Item in Definition [.3.4 with ¢ = 2k. If the sequence is Hermitian,
then the distribution also holds in the eigenvalue sense. If {Gp}n has a GLT symbol f(x, 8)
we will write {Gp}n ~cur f(x,0).

GLT2 The set of GLT sequences form a x-algebra, i.e., it is closed under linear combinations,
products, inversion (whenever the symbol is singular, at most, in a set of zero Lebesgue
measure), conjugation. Hence, the sequence obtained via algebraic operations on a finite
set of given GLT sequences is still a GLT sequence and its symbol is obtained by per-
forming the same algebraic manipulations on the corresponding symbols of the input GLT

sequences.

GLT3 Every Toeplitz sequence generated by an L'(k, s) function f = f(0) is a GLT sequences
and its symbol is f, with the specifications reported in Item GLT1. We note that the
function f does not depend on the space variables x € [0, 1]*.

GLT4 Every sequence which is distributed as the constant zero in the singular value sense is a
GLT sequence with symbol 0 (in particular every sequence in which the rank divided by
the size tends to zero as the matrix size tends to infinity).

In short, GLT sequences form an algebra containing sequences of matrices including the Toeplitz
sequences with Lebesgue integrable symbols and virtually any sequence of matrices coming from
“reasonable” approximations by local discretization methods (Finite Differences, Finite Elements,
Isogeometric Analysis, etc.) of Partial Differential Equations.
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1.8 Preconditioning and multigrid methods for Toeplitz matrices

We recall that often the approximation of a problem in an infinite dimensional space produces
a sequence of large linear system

{Anun = bn}ny

of size N = N(n,s), where A, are structured matrices. If high precision is required, then we
have to compute the numerical solution uy, for a large value of n. Indeed the larger the dimension
n is, the more accurate the solution will be.

In these cases the direct methods can be unstable and often are too costly since they do
not exploit the structure of the coefficient matrices, conversely the use of iterative methods is
recommended because of the memory and accuracy requirements.

The goal is to choose the resolution methods which are optimal. Here we give a definition of
optimality for iterative methods applied to sequences of linear systems [6, 123].

Definition 1.8.1. [Optimality] Given a sequence
{Apu, =bpln (1.24)
of linear systems of size N = N(n, s), an iterative method is said to be optimal if
1) 1its cost for computing the solution is proportional to that of the matriz—vector product;

2) the number of iterations required for computing u, within a preassigned accuracy € is

bounded by a constant independent of n and possibly depending on €

In case of Toeplitz structures the most popular iterative solvers (Conjugate Gradient (CG),
Conjugate Gradient for Least Squares (CGLS), Generalized Minimal Residual (GMRES), etc.)
satisfy the first requirement.

Conversely the second Item is the critical point. In most cases, the condition number of Ay,
diverges to infinity quickly as n increases (for example, if the minimal eigenvalue A1 (Ay) tends
to zero as n tends to infinity). In such situations the classical iterative methods can be very
slow. Indeed it is well known that their convergence rate depends on the condition number of
the coefficient matrix and on how the spectrum of Ay, is clustered.

Preconditioning With regard to this feature, (when A, is an HPD matrix) one of the most
successful iterative solvers is the preconditioned conjugate gradient (PCG) method. The use of
a preconditioner P, can accelerate the convergence by reducing the number of steps required
for the convergence.

Hence, instead of solving the problems (1.24), we deal with the preconditioned systems

{Py'Aqun = Py 'ba}n. (1.25)

In particular when the eigenvalues/singular values of Py1A, — I, are strongly clustered at
zero or when the sequence of the spectral condition numbers k(P 1 Ay) of {Py! Ay}, is upper-
bounded by a constant independent of n, we know [5] that a constant number of iterations are
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[.8. Preconditioning and multigrid methods for Toeplitz matrices

required for the convergence of the PCG method. In particular, if {Py!A, — Iy} is strongly
clustered at zero and {P;!Ap}n is spectrally bounded, then the PCG method with precondi-
tioner P, is optimal and the convergence is superlinear. Consequently the preconditioner P,
should be chosen in order to balance the following two requirements.

a) The solution of a generic system P,yn, = ¢, has computational cost bounded by vector-

product with matrix Ap;

b) k(Py!Ay) is upperbounded by a constant independent of n (that is {Py}n is “close” to
{An}n in spectral norm) or {P;1An — In}n is strongly clustered at 0 (that is {Py}n is
“close” to {An}n in the clustering sense).

The issues a) and b) are often conflicting since when a preconditioner P, is too close to
Ap (the requirement in b) ) it also requires the same computational cost as to invert (hence
contradicting the requirement in a) ).

However, in the context of structured matrices of Toeplitz type many satisfactory solutions
can be found (see [32, 96, 120] and references therein). One of the possibilities is to look for
preconditioners within matrix algebras such as the circulant class.

This choice automatically satisfies requirement a). Indeed the computational cost of a
matrix-vector product when a circulant matrix is involved is proportional to O(nlog(n)) (or
O (N(n,s)log(N(n,s))) in the block multilevel case) and can be achieved by using the Fast
Fourier Transform (FFT) [148].

In applications, the condition in b) may not be easily verifiable. However, in the scalar
setting the classical one level circulant preconditioners proposed by Strang [133] and T. Chan
[36] gives a superlinear convergence under suitable assumptions on the generating function. In
[33] authors proved that if T,,(f) = [fi_j]gfj:l is a n x n Toeplitz matrix and it is associated with
an absolutely convergent Fourier series for a positive generating function, f(0) =>"°_ frete.
then the following circulant preconditioners [36, 133] provide a superlinear convergence. More

precisely:

e the Strang preconditioner is the matrix S, obtained by copying the central diagonals of
T,(f) and by incorporating the remainders in order to complete the circulant structure of
Sn. Specifically, the diagonals s; of .S, are given by

fis 0<i<|5);
5i =9 fiens Bl <i<n
Sn+tis 0< —1<n.

The superlinear convergence of PCG with the Strang preconditioner is guaranteed when-
ever f belongs to the Dini-Lipschitz class [122].

e The Chan preconditioner is the matrix C), defined as

argmin |T(f) = Culle = argmin [ F2Tu(f)Fn — Dallr,

C'), circulant Cn=F, D, F,”* circulant
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Chapter I. Definitions and known results

where D,, is diagonal and Fj, is the Fourier matrix of size n.

Specifically, the entries ¢; of C,, are given by

Z’f, n—i +(’I’L—’L)fL .
o= %, 0 << n;
=

Chtis 0< —1<n.

If f is a positive continuous generating function then the superlinear convergence of PCG
with the Tony Chan preconditioner is ensured [35, 120, 122].

Unfortunately in the k-level context, the construction of circulant preconditioners similar to
those of the unilevel case leads only to sublinear preconditioners, even for the well-conditioned
matrices.

The performances of multilevel circulant preconditioners indeed deteriorate as k increases
and in fact it is proved in [98, 124, 129] that the use of any multilevel circulant preconditioner
permits us to reach at most a sub-optimal convergence of the PCG method.

Multigrid methods The first important remark is that the requirement in b) can be over-
passed by using a multigrid technique, also in the multilevel setting.

Under suitable assumptions, these methods are optimal and their excellent features are iden-
tical in the multilevel setting. Furthermore they are optimal also for polynomially ill-conditioned
multidimensional problems and can be extended to the case of low-rank corrections of the con-
sidered structured matrices, so that the computational barriers holding in the preconditioning
setting [2, 3, 127] do not hold.

Here we briefly sketch the basic ideas for defining the classical multigrid methods (MGM).
Firstly we focus on the general scalar unilevel matrices, then we give the main MGM convergence
results for scalar Toeplitz matrices with a scalar valued symbol.

In Section I1.3.4 the following strategy is generalized to deal with the block multilevel matrix
sequence associated with a multivariate matrix-valued generating function.

The basic idea of a multigrid method is to create a sequence of linear systems of decreasing
dimensions by consecutive projections. In this way the computational cost is reduced at each
level and the convergence speed can be improved. Here, for MGM algorithm, we mean the
simplest and less expensive version of the large family of multigrid methods and which named
V-cycle procedures. In particular, first we consider the method with only two levels, known
as the Two Grid Method (TGM). Once that the TGM is introduced, the V-cycle algorithm is
obtained recursively applying a projection strategy.

An important choice for the TGM concerns the prolongation/restriction operators. When
deriving convergence estimates, usually the restriction is chosen to be the adjoint of the pro-
longation. These conditions are known in the related literature as Galerkin conditions and the
resulting method is the so-called algebraic multigrid (AMG).

We start from a linear system

Anxpn = by, (1.26)

where x,,, b, € C", A, =W, — B, € C"*"™ W, is a non singular matrix. Let

20D = v, (29, b)) = V2 + by (1.27)
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[.8. Preconditioning and multigrid methods for Toeplitz matrices

be an iterative method for the solution of system (I.26), where by = W, b € C" and V,, =
L, — W;lA, € C™". Given a full-rank matrix p™ € C™™ with m < n, a Two-Grid Method
(TGM) is defined by the following algorithm [145]

dy = Apz) — b,

- dm = (py)"dn

- Am = ()" An(pr)
. Solve Ay = diy
2 = 20 — pmy,
2D = v (30) )

S N

Step 6 consists in applying the “smoothing iteration” (1.27) v times while steps 1-5 define the
“coarse grid correction”, that depends only on the prolongation operator pi*.
The global iteration matrix of the TGM is given by

TGM (Vo p) = Vil | T = p ((03)" Anp) ™ (07)" An]

which implies that the TGM can be seen as a classical stationary iteration technique.

A possible “pre-smoothing iteration” can be performed before step 1. If step 4 is replaced by
a recursive call to the same algorithm, then the scheme given before defines a V-cycle procedure.
Note that in the AMG the coarse grid matrix A, ,, at the level (i41) is chosen as (Py,,)* An, Py,
where P, is the prolongation operator at level 7.

nit1

In the following we illustrate the result concerning the convergence and the optimality of the
TGM [106].

Theorem 1.8.1. Let A, be a positive definite matriz of size n and let V,, be defined as in the
TGM algorithm. Assume

(a) Japost > 0 : Han’nHin < Han,%xn - apostuxn”?q%v vz, € C",
(1) Iy >0+ mingeen [n — PPy < llznl’,, Vo €O

Then v > apost and

HTGM(I, VT;/pOStap;n)HA,,L < \/ 1- CVpost/")/-

Note that, since apest and v are independent from n, if the assumptions of Theorem 1.8.1 are
satisfied, the number of iterations, in order to reach a given accuracy €, can be bounded from
above by a constant independent of n.

We refer to (a) and (b) as the “smoothing” and the “approximation” properties, respectively.
Indeed the condition (a) is related only to the smoothers, conversely the assumption (b) depends
only on the choice of the projector. Hence the two requirements can be treated separately and
the latter represents a substantial simplification for studying the convergence analysis.

We are interested in the case where Ty(f) is a multilevel block Toeplitz matrix associated

with a matrix-valued trigonometric polynomial.
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Many theoretical results have been provided on the validation of the smoothing property in
the one (and multi) level scalar case [2, 3, 128]. Furthermore the theory can be easily extended
to the block context. Conversely, up to our knowledge, the generalization in block settings of
the theorems concerning the approximation property for scalar matrices [2, 3] are still missing
or under investigation [130]. Here the principal open question concerns the lack of commutative
property for matrix-valued symbols.

In what follows we report the results for the validation of both the smoothing and the
approximation conditions in the scalar multilevel case. We postpone the discussion on the block
case to Section 11.3.4, where we construct the appropriate smoother and prolongation operator,
exploiting the Laplacian nature of the problem.

We assume that the matrices T, (f) are such that n = (2! — 1)e € N* with ¢ positive integer
(the case n = 2'e € NF is analogous [3, 69]).

Theorem 1.8.2. [128] Let Ty (f) be a multilevel Toeplitz matriz associate to a k-variate gener-
ating function f : Iy, — C nonnegative and not identically zero and define Vy, = I, — wTy(f). If
we choose apost such that 0 < apest < ﬁ, then relation (a) in Theorem I1.8.1 holds.

This theorem can be possibly generalized when considering both pre-smoothing and post-
smoothing as in [2].

The other important choice for the TGM convergence concerns the operator p™ € CV (n)xN(m)
with m < n.

In AMG the procedure starts with ng = n and the indices in the coarse levels are defined as
n; = (2!=% — 1)e, such that n; > n; ;.

The matrix pi* has a double role. On one hand it projects the problem into a coarse one,
“cutting” the matrix Ty(f), on the other hand it should maintain the same structure and the
properties of Ty, (f) in the “cut” and projected matrix (pi*)*Tn(f)pa*. Therefore it is chosen as
the product between Ty (p), with p non negative trigonometric polynomial, and a cutting matrix
zZm ¢ CNmXN(m)  That is the projector has the form

Pa = Tu(p)Zy, (1.28)

where

IR =ZM Q7R @ ZM,
and Z;'" is the n; X m; matrix given by
1 fori=2j

(ZZLrlLl)i,j: izl,...,m, jzl,...,ml. (129)
0 otherwise

Then the matrix at the coarse level T (f) = (p)*Tu(f)pa is still a Toeplitz matrix, up to a

lower rank correction, where

f(6)= 5 [1*1(8/2) + 1*1(8/2+ )]

In our setting the correction is not present.
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In the following we show how the polynomial p should be chosen in order to ensure the
validity of the approximation property (b). For a fixed @ € R*  we define the sets Q(6) and
M(0) of the all corner and mirror points respectively, that are

O0) = {n=(m,....m) : mj €{0;,0; +7}},  M(0) =Q(0)\ {6}.

Theorem 1.8.3. Let A, = Ty(f) with n= (28 — 1)e, f a k variate nonnegative trigonometric
polynomial and let m = (my,...,my) < n= (n1,...,ny). Let 0° = (69,...,09) be the unique
zero of f in Iy, of order at most 2, and let pJi* be defined as in (1.28) with p of the form

k
p(8) = ¢ [ (1 + cos(8; — 02)),

j=1
with ¢ constant. Then the approzimation property (b) holds if, for all @ € Iy, p verifies

’ 2

. lp(n)
o sup™ s 6)

> p’(m) >0

neQ(0)

< oo, mMme M),
(1.30)

Remark 5 ([128]). Let A,, and By, be two Hermitian positive definite matrices, with
A, < 6B,

for some positive 0 independent of n.

If a TGM is optimal for A, then the same algorithm is optimal also for B,.

Hence if a proposed TGM is optimally convergent for a positive definite sequence {Ty(f)}n,
then the same smoother and projector provide optimality when considering the definite positive
sequence { Ky = Tn(f)+ En}n, with Ey nonnegative definite matrix. In the context of Chapter
IT we will see that Fy, is a nonnegative definite small rank correction of T, (f).

1.9 Asymptotic Expansion: idea of the approximation errors

In this section we consider the problem of computing the spectrum of banded symmetric Toeplitz
matrices. In the next chapters, for such type of problems, we develop a class of fast methods
starting from the results in the recent work [62], where Ekstrom, Garoni, and Serra-Capizzano
conjecture the existence of an asymptotic spectral expansion for this class of matrices.

We illustrate the preliminary version of the proposed expansion, which will be generalized
and used for computing the eigenvalues of large Toeplitz-like matrices in various contexts.

It must be highlighted that, independently from [62], Bogoya, Bottcher, Grudsky, and Maxi-
menko in [16, 17, 19] have obtained the precise asymptotic expansion for the eigenvalues of a
sequence of Toeplitz matrices {T),(f)}n, under suitable assumptions on the associated generating
function f.

However, in [62] the authors provided numerical evidences that some of those assumptions
can be relaxed, maintaining only the hypothesis on f of being a real, cosine trigonometric
polynomial (RCTP), monotone on the domain.
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In [62] it was conjectured and numerically confirmed that, if f is a monotone RCTP on Z;",

then, for every integer a > 0, every n and every j = 1,...,n, the following asymptotic expansion
holds: N
M(Ta(f) = S (B10) + Y ck(B1)h" + Ejma, (L31)
k=1
where:

e the eigenvalues of T),(f) are arranged in non decreasing or non increasing order, depending
on whether f is increasing or decreasing;

{¢k}r=1,2,. is a sequence of functions from [0, 7] to R which depends only on f;

_ 1 R £ SR
o h= 1 and b;, = ;5 = Jjmh;

Ejna = O(h®*1) is the remainder (the error), which satisfies the inequality |Ejn.a| <
Coh®T! for some constant C,, depending only on « and f.

The idea under the expansion 1.31 is based on the study of the approximation errors
Ejn = Xj(An) = f(0n), (1.32)

that arise when {A,}, is a (special) matrix sequence such that {A,}, ~crren f and 6;, is a
suitable uniform grid.

Assume we want to study the spectral properties of the matrix sequences { By, },, and {T},(9) }n,
where for a fixed n, T),(g) is the Toeplitz matrix generated by

g(0) = f(0)*> = (2 —2cos(0))? = 6 — 8cos(f) + 2 cos(26).

and B, = (T,,(f))?. The matrix B, is the discretized bi-Laplacian, in the sense that we
apply twice the discretized Laplace operator by second order finite differences, and was proved
[125] that g(@) is its GLT symbol, that is {Bp}n ~cur g- Since B, is in addition Hermitian we
also have that {By}n ~o ) g

The sequence {T},(g)}» is a banded Toeplitz matrix sequence generated by the trigonometric
polynomial g(6), hence {T,(9)}n ~crToN 9-

The matrix By, is equal to T, (g) except for a low-rank correction R, (in this case of rank 2),

R, =B, —-T,(g9) = —ejerl —eqe,l.

The low-rank correction sequence {R,},, is zero-distributed, {Ry}, ~ 0, according to the
definition in Section I.3. This means that as n — oo the eigenvalues of B,, and T,(g) will
coincide. However, the finite-dimensional matrices have different eigenvalues.

In particular sampling g(6) with the grid of the 7 algebra

Jm ,
ijn: n7—|—1’ ] = 1,...,n, (133)
returns the exact eigenvalues of B,,, that is A\j(B,) = g(6;,). Conversely the eigenvalues
of T, (g) are not exactly given by the sampling of g on grid (I.33). The Figure I.1 indeed
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1.9. Asymptotic Expansion: idea of the approximation errors

confirms that the uniform sampling of g (in blue circles o) provides just an approximation
of the eigenvalues of T, (g) (in red stars x). Furthermore, as n grows the more accurate the
approximation will be. For example, we take n = 15 in Figure [.1(a) and n = 30 in Figure
I.1(b). Hence, for n — oo the eigenvalues T, (g) will coincide with the evaluations of g, but for
finite n we do not know the explicit grid 6;, which yields E;, = X\j(Tn(9)) — g(6;,») = 0 for all
J.
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Figure I.1: Comparison between the eigenvalues of T, (g) (in red stars *) and the uniform sampling of g (in blue
circles o) on the grid in (I.33). The parameter n equals 15 in subplots (a) and it is doubled, n = 30, in (b).

Thus we have

Ai(Ta(9) = 9(0jn) + Ejn, j=1,...,n.

However, in Figures in 1.2 we can observe that the errors £, have an interesting property.
Indeed, when using the 7-grid for three different n € {100, 200,400}, the shape of the “error
curve”, is retained as n increases, see Figure 1.2(a).

In addition the errors Ej, behave as expected, that is, they decrease linearly in n as n
increases, equivalently they are of order O(h), where h = 1/(n+ 1) for each n. Furthermore we
can observe in Figure 1.2(b) that the curves of the scaled errors E; ,/h = (A;j(T.(9)) —g(8;n)) /R
for n = 20, 40, 80, 100 overlap perfectly.

This behavior of the curves E;,, /h suggests that for g and other types of symbols there exists
an asymptotic expansion of the error in (1.32) of the form

[0

Ai(Tn(9)) — 9(0jn) = Z Ck:(ej,n)hk + Ejn,a-
k=1

Note that, if « = 0, then E;, = X\j(Th(9)) — 9(0jn) = Ejno. If « =1, then E;,/h =
c1(0jn)Ejn1/h, for each value of n. Indeed in Figure 1.2(b) the four curves coincide since the
scaled remainder Ej,nyl/ h is small and the function ¢; does not depend on n.

In the Sections V1.3, V1.4, V1.6 of the Chapter VI we present the proof of the first order
asymptotic term of the expansion for

1. preconditioned banded symmetric Toeplitz matrices [1];
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018+
0.16 - 35| /
0.14

012
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(a) Ejn = X;j(Ta(g)) — 9(0in) = O(h) (b) Ejn/h = (X;(Tw(g)) — 9(0jn))/h = c1

Figure 1.2: The errors F;, (left) and the scaled errors Ej ,/h (right) when approximating A;(75.(g)) with the
sampling g(6;,»), j =1,...,n for n € {20,40,80, '}

2. Toeplitz-like matrices, n_QLLf], coming from the B-spline IgA approximation of —u” = A\u
[58];

3. block and preconditioned block banded symmetric Toeplitz matrices [60].

In all the contexts the proof is based on the following common facts. If 7,,(f) is the 7 matrix of
size n generated by a monotone RCTP f of degree m (the case f monotone HTP is analogous),
then

e 7,(f) is a real symmetric matrix with eigenvalues given by f(0;,), j=1,...,n;

e the matrix T5,(f) can be written as T,,(f) = 7.(f) + Hn(f), where H,(f) is symmetric
real Hankel matrix generated by f with v = rank(H,) < 2(m — 1);

e from the classical Interlacing theorem for the eigenvalues (see [13] or [77]), it holds
f(ej—u,n) S A](Tn(f)) S f(0j+u,n)7 j =v+ ]-7 N 2
o \i(Tn(f)) € (myg,My), j=1,...,n, where my = min f < My = max f; see [20, 77].

In the Chapters 11, IV, V, studying the errors of the approximation of eigenvalues by uniform
sampling of the symbol, it is possible to devise an extrapolation—interpolation procedure for
computing the eigenvalues of Toeplitz-like matrices of very large dimension. The resulting
algorithm can be performed with a high level of accuracy and at the cost of the computation of
the eigenvalues of a moderate number of small sized matrices.

We remark that in [7, 16, 17] it has been prove that if the symbol f(6) does not comply with
the simple-loop conditions, that is the requirment that f’(6) # 0 for 8 € (0,7) and f”(6) # 0
for 6 € {0, 7}, the expansion (I.31) will not be true point-wise for all eigenvalues. In practice
when using standard double precision computations, in the next chapters we demonstrate why
this is not a problem when using the proposed algorithm.
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Chapter 11

Spectral analysis on SDG methods for
the incompressible Navier-Stokes
equations

In this chapter we consider the incompressible Navier-Stokes equations approximated by a novel
family of high order semi-implicit Discontinous Galerkin methods on staggered meshes (SDQG)
introduced in [65, 66, 135, 137]. These new schemes are analysed for the first time by means of
GLT techniques and therefore the aim is to use and extend the spectral tools mentioned so far
to the present numerical framework and to study its properties.

We recall that computational fluid dynamics (CFD) represents a vast sector of ongoing
research in engineering and applied mathematics, which has also a wide applicability to real
world problems, such as aerodynamics of airplanes and cars, geophysical flows in oceans, lakes
and rivers, Tsunami wave propagation, blood flow in the human cardiovascular system, weather
forecasting and many others. The governing equations for incompressible fluids are given by
the incompressible Navier-Stokes equations that consist in a divergence-free condition for the

velocity
V-v=0, (I1.1)

and a momentum equation that involves nonlinear convection, the pressure gradient and viscosity

effects:

%+V-F+Vp=V-(qu). (IL.2)

Here, v is the velocity field; p is the pressure; v is the kinematic viscosity coefficient and
F = v ® v is the tensor containing the nonlinear convective term. The dynamics induced by
equations (I1.1)-(I1.2) can be rather complex and have been observed in various experiments, see
[4, 109, 150]. In the last decades a lot of effort was made to numerically solve the incompress-
ible Navier-Stokes equations using finite difference schemes (see [83, 99, 100, 147]), continuous
finite elements (see [24, 70, 85, 86, 91, 139, 149]|) and more recently high order DG methods,
see, e.g., [9, 10, 43, 68, 95, 97, 104, 105, 131]. The main difficulty in the numerical solution
of the incompressible Navier-Stokes equations (I1.1)-(I1.2) lies in the elliptic pressure Poisson
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equation and the associated linear equation system that needs to be solved. On the discrete
level the pressure system is obtained by substitution of the discrete momentum equation (II.2)
into the discrete form of the divergence-free condition (II.1). Since the solution of the incom-
pressible Navier-Stokes equations requires necessarily the solution of large systems of algebraic
equations, it is indeed very important to have a scheme that uses a stencil that is as small
as possible, in order to improve the sparsity pattern of the resulting system matrix. It is also
desirable to use methods that lead to reasonably well conditioned systems that can be solved
with iterative solvers, like the conjugate gradient (CG) method [84] or the generalized minimal
residual (GMRES) algorithm [108]. Very recently, a new class of arbitrary high order accu-
rate semi-implicit DG schemes for the solution of the incompressible Navier-Stokes equations
on structured, adaptive Cartesian and unstructured edge-based staggered grids was proposed in
[65, 66, 135, 136, 137], following a philosophy that had been first introduced in finite difference
schemes, see [25, 26, 27, 28, 29, 30, 83, 87, 99, 100, 147]. All those approaches have in common
that the pressure is defined on a main grid, while the velocity field is defined on an appropriate
edge-based staggered grid. The nonlinear convective terms are discretized explicitly by using a
standard DG scheme based on the upwind flux or a local Lax-Friedrichs (Rusanov) flux [107].
Then, the discrete momentum equation is inserted into the discrete continuity equation in order
to obtain the discrete form of the pressure Poisson equation. The advantage in using staggered
grids is that they allow to improve significantly the sparsity pattern of the final linear system
that has to be solved for the pressure. For the structured case the resulting main linear system
is a sparse block penta-diagonal and hepta-diagonal one in two and three space dimensions,
respectively. Furthermore, several desirable properties, such as the symmetry and the positive
definiteness can be achieved see, e.g., [65, 137].

The main advantage of using an edge-based staggered grid is that the resulting matrix in-
volves only the direct neighbors. For instance the total stencil in the three-dimensional Cartesian
grid case is 13 for a collocated grid, 27 for a vertex-based staggering and it is only 7 for an edge-
based staggered mesh. The edge-based staggered semi-implicit DG scheme therefore allows the
use of the most compact stencil together with the minimum number of unknowns (only the
scalar pressure). If one wants to achieve the same compact stencil on a collocated grid, a four
times larger system needs to be solved, including the scalar pressure and the three components
of the velocity vector.

Compared to classical continuous finite elements the discontinuous Galerkin method is known
to handle dynamic adaptive mesh refinement (AMR) with hanging nodes |66, 153] as well as
p-refinement very easily. It is also possible to deal with flow discontinuities in the boundary
conditions, see, e.g., [65, 137], since boundary conditions are only imposed weakly.

The DG framework has also been very successfully applied in the past to high Mach number
flows with shock waves, see, e.g., [39, 40, 56] for some examples and an overview of recent
developments. The new class of staggered semi-implicit DG schemes analyzed in this chapter
has very recently also successfully been extended to the fully compressible case [138], allowing
to deal with all Mach number flows, ranging from nearly incompressible low Mach number flows
to supersonic flows with shock waves.

The regular shape of Cartesian grids allows to further describe the structure of the main
linear system for the pressure in the framework of multilevel block Toeplitz matrices: in this
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I1.1. Overview

setting we can deliver spectral and computational properties, including specific preconditioners
for the original coefficient matrices and specific multigrid methods both for the preconditioning
matrices and the coefficient matrices.

Main contributions
The main contributions of this Chapter can be summarized as follows.

1. We study the linear systems stemming from the considered approximations in a setting
of structured linear algebra. These new schemes have never been analyzed with GLT
techniques before and therefore our aim is to use and extend the spectral tools mentioned
so far to this new numerical framework and to study its properties.

2. One of the main goal is the proof that these matrix sequences can be viewed as perturba-
tions of matrices known in the literature, such as Toeplitz, and for which spectral studies
already exist.

3. We detect the symbol associated to the coefficient matrix. This allows us to study the
nonsingularity of the associated Toeplitz matrix sequence {Ty(f)}n, together with infor-
mation on the conditioning, the distribution of the spectrum, the behavior of the extremal
eigenvalues and of the outliers.

4. The study is extended to the case of the global matrix sequence {Kn}n = {Tn(f) + En }n,
by making a careful analysis of the low rank matrix Ey. In particular, we show that
FEy affects the number of outliers of K, but it does not influence the behaviour of the
minimum eigenvalue of Ky with respect to that of Ty (f).

5. The spectral features are used for proposing specific (preconditioned) Krylov methods,
with a study of the complexity and of the convergence speed, and for sketching a multigrid
strategy, again based on the spectral information contained in the symbol.

The Chapter is organized as follows. Section I1.1 is devoted to a brief overview of the numer-
ical methods used in this chapter for the solution of the incompressible Navier-Stokes equations.
Section I1.2 studies the linear systems stemming from the considered approximations in a setting
of structured linear algebra. In Section I1.3 the spectral features are used for proposing specific
(preconditioned) Krylov methods, with a study of the complexity and of the convergence speed,
and for sketching a multigrid strategy, again based on the spectral information contained in the
symbol. In the above two directions, several numerical experiments are reported and critically
discussed. Finally, Section 11.3.4 deals with conclusions, open problems, and future lines of
research.

II.1 Overview

In the framework of high order semi-implicit staggered discontinuous Galerkin schemes for the
incompressible Navier-Stokes equations, the numerical solution for the velocity v = (u,v,w)
and the pressure p is represented by piecewise polynomials on overlapping staggered grids.

The numerical solution can be written as a linear combination of polynomial basis functions,
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ie. pr(x,t) = >, d1(x)pi(t) and vp(x,t) = >, ¢i(x)Vi(t). Here, ¢ represents the vector of
piecewise polynomial basis functions computed in x on the main grid, while 1; are the basis
functions on the edge-based staggered dual grid; the v; and p; are the vectors of the so called
degrees of freedom associated with the discrete solution v, and pp, respectively. The chosen
staggered grid is an edge based staggering, corresponding to the one used in [54|. The staggering
of the flow quantities is briefly depicted in Figure I1.1, where also the main indexing used for
the numerical solution is reported, together with fractional indices referring to staggered grids.

L —Pijrr =

I Vit 1
I I |

P U, = p;; -l Piyy
I I :
1

Vij-s

—-piJ_I——

(b) Three dimensional case

(a) Two dimensional case

Figure II.1: Mesh-staggering for the two dimensional case (left) and for the three-dimensional case (right).

The discrete form of the incompressible Navier-Stokes equations after a high-order DG dis-

cretization on Cartesian staggered grids as proposed in [65] reads as

—~7 0T
~T+6 ~T74+6 T46 _
Mo (175, By ) + EMW (Rxp;l;r o) =0
o746 oo 746 ~7+6
MXYZ <VTJ—+T o FViJ-i‘ > + ypz—j—l-I r EyPij) =0, (114)
My, (vAvT;FfZL W4l ) + — Az M., RszTH - L’zﬁfj,‘fT) =0, (IL.5)
T+ TAT+5T TAT+5T _ pToT+oT
Myz <£X u2+27 7 X 7‘777] T’> < ‘yv 7]+ Ry ,]é,’l‘) II 6
Az Ay (IL6)
T AT+5T T /\T+6T

where (II.3-11.5) are the discrete momentum equations and (II.7) is the discrete divergence-

free condition of the velocity.
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M, ¢,¢, and Mg ¢, for £1,62,&3 € [2,y, 2] are the mass matrices defined in the standard way
as the tensor product of the one dimensional mass matrix given by

1
- {qu}q q O7 ,p / 80(] E) dg
0

Q7q~:07"'7p

R¢ and L are real-valued matrices related to the discrete form of the gradient operator in the
&—direction. Their definitions are strongly related to the used staggering-framework and, in the
one dimensional case, they have the following expression:

1

1 1 1
R ={Ryg}t im0, p= @q(?%(@ + 2/ ¥q (2 + g) o (g) dg

0 Q7q:07"'7p

1
1 1 1
L ={Leatgg=0,..p = | Pa(3)wa(1l) = 2/ ?q <§> e (2 + g) d¢
0

where p is the polynomial degree of the DG discretization, Az, Ay, Az, and d7 are the space and

4,9=0,...,p

time step size. Note that the basis functions ¢(x) and 1(x) on the main and dual grid in physical
space can be generated after appropriate shifting by tensor products of the one-dimensional basis
functions ¢(&) in a reference coordinate system with 0 < ¢ < 1. In this chapter, we consider a
nodal basis based on the Lagrange interpolation polynomials passing through a predefined set
of distinct nodes on the unit interval [0, 1].

An exhaustive derivation of system (I1.3-11.7) is available in [65]. The adopted discretization
on staggered grids allows to link the definition of the gradient and the divergence operator at the
discrete level, that are indeed both described by the same matrices R and £ and their transpose.
ﬁff+(57'7 QT+5T7 V/C,.T“Féﬂ']

Formal substitution of the implicit velocities | given in equations (II.3)-

(IL.5) into (I1.7) leads to a linear system for the new pressure p’ " that reads

ot X\ ANTHOT ot ~THOT ot z AT+5T
AQ?Q (M.YZV ) Z+1] r + p (MZXVY) z]+1 r A A2 (MXYV ) 7,] r+1

ot X ot ot z AT+5T
+<A My W+ ST Mo 4 2Mxyw> P10

oT X\ ATHOT ot THOT ot 7\ AT+HOT
AQ(M ]L) z+1,jr+A Q(MZXLY) ,jlr—i_A Q(M ]L‘) ,j:rl

=b7. (11.8)

%,J,m

for i=2.om—1; j=2..np—1 r=2 ..n3—1
where
V=—— (zTM—ln) CL=-— (RTM_lﬁ) :
W= (NM*lﬁ) + <RTM*1R> . (IL.9)

and n1,n2, ng are the total number of elements in the z, y, and z direction, respectively. System
(I1.8) is then written in compact form as Kyp ™" = b7. Here p”+°7 collects all the unknown
pressure degrees of freedom at the new time step 7+ 07 and b™ contains all the terms known at
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the time step 7, see again [65] for more details. In particular, in [65] it has been shown that the
resulting linear system is symmetric. Furthermore, it is clear from system (I1.8) that the stencil
involves only the direct neighbors, and hence it is a symmetric 7 block diagonal system for the
3D case and a 5 block-diagonal system for the 2D case.

Once the new pressure p” %7 is known, we can readily compute the new velocity field

[r 07, ¥7H7T W] from equations (I1.3)-(I1.5).

I1.2 Spectral analysis

This section is devoted to the structural and spectral analysis of the linear systems arising from
the staggered semi-implicit DG approximation of incompressible two-dimensional incompressible
Navier-Stokes equations, with special attention to the following Items:

e structural properties, in connection with multilevel block Toeplitz (and circulant) matrices,
e distribution spectral analysis in the Weyl sense,
e conditioning and asymptotic behaviour of the extremal eigenvalues.

In particular, the first Item is used for the second two, which in turn are of interest in the
analysis of the intrinsic difficulty of the problem and in the design and convergence analysis of
(preconditioned) Krylov methods [5, 11].

Our aim is to efficiently solve large linear systems arising from the staggered DG approxima-
tion of incompressible two-dimensional Navier-Stokes equations taking advantage of the structure
of the coefficient matrix and especially of its spectral features. More precisely, when discretizing
the problem of interest for a sequence of discretization parameters hy we obtain a sequence of
linear systems, in which the Nth component is of the form

Kyz=b, KyeRVN zpeRY, (11.10)

whose approximation error tends to zero as the coefficient matrix size N grows to infinity. In
order to analyze standard methods and for designing new efficient solvers for the considered
linear systems, it is of crucial importance to have a spectral analysis of the matrix-sequence
{Kn}n. As we will show in the next sections, the coefficient matrix Ky is, up to low-rank
perturbations, a 2-level block Toeplitz matrix: however, when considering variable coefficients
or for the study of the preconditioning, standard Toeplitz structures are not sufficient. For this
reason, we need to introduce the notion of multilevel block-Toeplitz sequences associated with
a matrix-valued symbol and of Generalized Locally Toeplitz (GLT) algebra.

I1.2.1 Analysis of the spectral symbol

Using Definition 1.4.1, we can now explicitly express the symbol of the matrix Ky in (II.10).
Let n = (n1,n2) be a 2-index and consequently N(n) = ning. If p is the degree of the basis
functions used for the staggered DG, we obtain the following Hermitian matrix

Kn =Ta(f) + En, N =(p+1)2N(n), (I1.11)
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where

Ta(f) = [fi—jr. € My

i,j=e
and f:Zy — C**, s = (p+ 1)2, while E,, is a low-rank perturbation whose rank grows at most
proportionally to /NN (n) and with constant depending on the bandwidths of K. The nonzero
coefficients of Ty, (f) = [f'i_j]n correspond to the indices i = (i1,42),j = (Jj1,j2) such that

ij=e
lin = g1l + liz = jo| < 1.
For example, for n = (3, 3),
fooy fo_1y 0 [fio O 0 0 0 0
fo1 foo fo_n| 0 fie O 0 0 0
0  fo1n foo | O 0 fig| O 0 0
fuoy O 0 | foo) fo-y 0 [fiig O 0
Tn®=| 0 {19 0 | fon foo fo-n| 0 fig O (11.12)
0 0 f(lyo) 0 %(0,1) %(0,0) 0 0 %(*170)
0 0 0 |fuo O 0 | foo) fo-1y O
0 0 0 0 E’(1,0) 0 fo.1) i‘(0,0) fo,—1)
0 0 0 0 0  fuo | 0  fou foo
Therefore, in the two-dimensional case (k = 2) the symbol f is given by
£(61,62) = %(0,0) + f(_lvo)e_iel + f(ov_l)e_i(b + %(170)6i61 + %(0’1)€i02, (I1.13)

where %(0,0)7%(71,0)7 %(0,71), f(1,0)7%(0,1) € R

p+1)2x(

p+1)2, that is f is a linear trigonometric polyno-

mial in the variables 1 and 0. For detailed expressions of these matrices in the particular case
k =2 and p = 3, see VI.1. Furthermore, the coefficients of T, (f) satisfy the following relations

f:g;vo) = i‘(070)7 iv,(1"_170) = E.(170)7 i‘?57_1) = i.(071)

As a consequence,

(01, 02) = (61, 62),

that is f is a Hermitian matrix-valued function which implies that T, (f) is a Hermitian matrix.

Using Theorem 1.4.2, we can conclude that

{Ta () nen2 ~a (£.22). (I1.14)
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From GLT3, we know that {7 (f)}hen2 is a GLT sequence with symbol f. Moreover, let us
observe that {En}nenz ~o 0 and hence, by the property GLT4, the sequence {Ey}nen2 is a
GLT sequence with symbol identically zero. Therefore, by GLT2 and by relation (II.14), the
sequence {Ty(f) + Enltnenz is a GLT sequence with symbol f. Consequently, by recalling that
Tw(f) + Ey is real symmetric for every n and using GLT1, we deduce

{Kn}n ~ (£ 22). (I1.15)

Furthermore, since each Ky is symmetric and its blocks are symmetric and real, from Remark
2 with k£ = 2, we have

{Kn}n ~a (£.I7). (I1.16)

Let
AM(KN) < A(Ky) < < AN(KN).

be the eigenvalues of Ky. Recalling Remark 1, from equation (I11.16), we know that for N
sufficiently large, N/(p + 1)? eigenvalues of Ky, up to outliers, can be approximated by a
sampling of A (f) on a uniform equispaced grid of the domain T, and so on until the last
N/(p+ 1)? eigenvalues which can be approximated by an equispaced sampling of )\((p+1)2)(f) in
the domain. In the following section we give numerical evidence of this result.

I1.2.2 Numerical tests

Let us fix n = (n1,n2), with ni,ne = n, and let p = 2. Within these choices, the matrix-
size of Ky defined as in (IL.11) is N = 9n2. This section is devoted to the comparison of
the eigenvalues of K with a sampling of the eigenvalue functions A(V(f), ..., A®)(f). Actually,
we do not analytically compute the eigenvalue functions, but, according to Theorem 1.6.2 and
Remark 3, we are able to provide an “exact” evaluation of them on an equispaced grid on I;
(see Subsection 11.2.2.1) and this is sufficient for our aims.

I1.2.2.1 Evaluation of the eigenvalue functions of the symbol

Let us define the following equispaced grid on Z5

n’'n
and let us consider the following n? Hermitian matrices of size 9 x 9
Ap =109 08, jk=0,... n-1 (IL17)
Ordering in non decreasing way the eigenvalues of A;
AM(Ajr) S A(Ajk) < < Xo(4jk), Jik=0,...,m—1,

for a fixed 1 = 1,.....9, an evaluation of A (F) at (617,67 is given by Ai(4;), .k =0,....n—
1. From now onwards, fixed [, we will denote by Pl(n) the vector of all eigenvalues )\I(AM),
4, k=0,...,n—1, that is

Pl(n) = [Ai(Ao), M(A01), -+ N(An—10-1)],
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and by P(™ the vector of all eigenvalues \j(4;), j,k =0,...,n — 1 varying [

P = A1 (Ag0)s s M(An—t0-1); -+ Xo(A00)s -+ s Ao (An—1,0-1)] -

(a) n=4 (byn=>5

Figure I1.2: Comparison between the approximation of the eigenvalue functions )\(l)(f), l=1,...,9 on the grid
(G, contained in Pl(") (o) and the corresponding approximation on the grid twice as fine G2, contained in PI(Q")
(%). Each “curve” refers to a different value of [. The parameter n equals 4 and 5 in subplots (a) and (b),
respectively.

Refining the grid G,, by increasing n, we can provide the evaluation of the eigenvalue func-
tions of f in a larger number of grid points: convincing numerical evidences of the latter claim
are reported in Figure I1.2. More specifically, in Figures 11.2(a), I1.2(b) we compare the ap-
proximation of AO)(f) on G, n = 4,5 contained in Pl(n) (ordered in non decreasing way) with
the approximation of the same eigenvalue function on a grid that is twice as fine Go,, n = 4,5
contained in P;Qn) (ordered in non decreasing way as well) for every [ =1,...,09.

Therefore, for n sufficiently large, a feasible approximation of A() (f), 1 =1,...,9, can be

(n)

obtained by displaying P, as a mesh on G, (see Figure IL.3, for n = 40).

I1.2.2.2 Spectral distribution of {Kx}y

In this subsection we provide numerical evidences of the distribution result (I1.16), making
use of the strategy for computing an approximation of \(¥ (f) on an equispaced grid showed in
Subsection 11.2.2.1.

As a first evidence, we compare the eigenvalues of Ky with the evaluation of A(f) [ =
1,...,9 at G, given by a proper ordering of P™. As shown in Figure I1.4 in which we fixed
n = 40, the eigenvalues of K mimic, up to outliers, the sampling of the eigenvalue functions.
This agrees with relation (11.16).

Aside from such a global comparison, if

esssupz+ (A(l)(f)) (0) < essimfzsr ()\(Hl)(f)) (9),

for some | = 1,...,8, exploiting Remark 1, we can provide a more accurate analysis of the
spectrum of Ky determining how many blocks it is made up of and how many eigenvalues
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(D) A (f)

Figure 11.3: Approximation of the eigenvalues functions A((f), I = 1,...,9 as a mesh on G,,, when n = 40

contains each block. With this aim, let us observe that, for a sufficiently large n, if we order in
non decreasing way Pl(n)7 the first and the last element in Pl(n) satisfy the following relations:

Fmm, (P My, 1=1,.000.
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10

0 5000 10000 15000

Figure I1.4: Comparison of the eigenvalues of Kn (%) with the approximation of )\(l>(f) l=1,...,9 on G, given
by a proper ordering of P("™) (x), for n = 40.

A satisfactory approximation of [my, M;] can be numerically computed by setting n = 500;
as a result we obtain the following approximations

my, M 0.000000000, 0.123775621],
ma, Mo 0.186715287,0.260786617],
mg, M3 0.197732806, 0.355965321],

J~| ]
J~| ]
J~| ]
ma, My] =~ [0.355965321, 0.524158720],
5, M3) ~ [0.520903995, 0.696882517],
J~| ]
J~| ]
J=| ]
I ]

3

0.677870643,0.910001758|,
1.015599697,1.731431133|,
1.560701345, 2.284336270],
1.651355307, 5.985129348|.

meg, Mg
m7,M7

mg,Mg

[
[
[
[
[
[
[
[
[mg, My
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However, looking at

9 1 -7 1 =4 -7 =7 =7 117
45 60 40 60 45 180 40 180 180

-7 1 19 -7 -4 1 11 -7 -7
40 60 45 180 45 60 180 180 40

1 -4 -7 46 -4 =8 1 -4 =7
60 45 180 45 15 15 60 45 180

45 15 45 15 45 15 45 15 45

= -4 1 =8 -4 4 =T -4 L
180 45 60 1 15 45 180 45 60

-7 - i 1 -4 -7 19 1 =7
40 18 180 60 45 180 45 60 40

-7 -8 -7 —4 -4 -4 1 46 1

180 15 180 45 15 45 60 45 60

11 =7 -7 -7 -4 1 =7 1 19

L180 180 40 180 45 60 40 60 45

we observe that the matrix has row sum equal to zero for every row.
This means that f(0,0)e = 0 where e € RY is the vector of all ones. Therefore £(0,0) is
analytically singular and m; = 0, since the symbol is theoretically nonnegative definite because
of the Galerkin approach. Now, recalling the second Item of Theorem 1.4.4 and observing that
f(7, ) is positive definite, we deduce that (A(l)(f)) (61, 02) has positive maximum and therefore
the interval [mq, M;] can be replaced by (0, Mj].

From now onwards, we assume (0, M1], (my, M;), I = 2,...,9, to be equal to its estimate.
Let us observe that the following relations hold

M < mao,
Ms = ma, (IL.18)

Mg < mr.

In other words, according to relations (I1I.16), (I1.18), and Remark 1, we expect the eigen-
values of K to satisfy

#{Z : )\i(KN) S (O,Ml]} = 97;2 + 0(9712),
#{i : N(Kn) € [ma, M3]} = 2%:2 + 0(9n?),
(I1.19)

# {Z : )\’L(KN) S [WM,M@]} = 3932 + 0(9n2),

#{i : Ni(Kn) € [m7, M|} = 3932 + 0(9n?),
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and then to identify 4 blocks

Bl = [M(EN), .. Apz(KN)]

Blo = A2 1 (KN), - -5 Agn2 (KN)]
Bls = [/\3n2+1(KN) - Agnz (KN)]
Bly = [Anz 41 (KN), - - -5 Agn2 (KN)] -

Correspondingly, we can split the vector P(™) containing the sampling of the eigenvalue functions
on (G, as follows

Eval; = [(P™)y, ..., (P™),z],

Evaly = [(P™),2,1, ..., (P™)3,2],
Evaly = [(P™)3,241, ..., (P™)g2],
Evaly = [(P™)gn241, -, (P™)g,2]

Note that because of (11.19), a number of outliers infinitesimal in the dimension N is allowed.
For instance, when n = 40 (N = 14400), we find

9In? 9n?2 9In?
— = 1600 2—— = 3200 3—— = 4800
9 ’ 9 ’ 9 ’

and
#{i - N(Ky) € (0,M]} = 1444,
440 0 M(Kn) € [ma, My]} = 2911,
400+ A(KN) € [ma, Mg]} = 4670,
#{i : Mi(Kn) € [mr, My} = 5016.

(11.20)

Therefore, from relations (I1.20), we expect a number of eigenvalues of Ky which are in none
of the blocks or which are in the “wrong” block (5016 effective against 4800 expected eigenvalues
in the last block). This is confirmed by Figure IL.5 in which we represent in black the whole
spectrum of K and highlight by means of different colours the eigenvalues belonging to different
blocks. On the other hand, such a phenomenon is in line with relations (I1.19) and the order
of what is missing/exceeding is infinitesimal in the dimension N. As an example, in Table 1.1
we compare the actual number of eigenvalues of K contained in the first interval (0, M;] with
the expected number 9n2/9. In such way, we succeed in counting the outliers of Ky in (0, M],
whose cardinality behaves as O(v9n?2).

A further evidence of relation (II.16) can be obtained by comparing block by block the
eigenvalues of K with the sampling of the eigenvalue functions of f, that is comparing Bly, Bls,
Bls3, Bly with Eval;, Evals, Evals, Evaly, respectively. Two possibilities are available.

e On one hand, we can order Eval; in a non decreasing way and compare it with Bl;.

As an example, in Figure I1.6 we compare Bl; with Eval; fixed n = 40. Note that a
certain number of eigenvalues of K seems not to behave as the corresponding sampling
of XD (f). Nevertheless, a direct computation showed that such a number agrees with the
one reported in Table I1.1. Similar results can be obtained in the comparison between Bl
with Evaly, Blg with Evals, Bly with Evaly.
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Figure I1.5: Eigenvalues of Ky for n = 40 (x) together with the eigenvalues of Ky satisfying (I1.19) (x)(x)()(x*)

’ n ‘ eigs in (0, Mi] ‘ 9n?/9 ‘ Out. ‘ Out./v9n2 ‘

10
15
20
25
30
35
40

64
169
324
529
784
1089
1444

100
225
400
625
900
1225
1600

36
56
76
96
116
136
156

1.20
1.24
1.26
1.28
1.29
1.29
1.30

Table II.1: Comparison of the effective number of eigenvalues of Ky contained in the first interval (0, M;] with

the expected number 912 /9

40

e On the other hand, we can compare the elements of Eval; with the elements of Bl; by

means of the following matching algorithm

— for a fixed A € Bl; find 7 € Eval; such that

— associate A to the couple in GG, corresponding to 7.

A—7ll= min ||\ —nl;
A =7l né%lvrilt” ulR

Making use of the previous algorithm, in Figure 11.7, we compare the eigenvalues of Ky
with A\O(f), 1 =1,...,9 displayed as a mesh on G, for n = 40. Once again, the eigenvalues

of K mimic, up to outliers, the sampling of the eigenvalue functions.

Moreover, looking at Figure I1.7(a), we computed the eigenvalues of Ky which do not
behave as the corresponding sampling of AV (f) and, as expected, their order is O(v/9n?2)
(see again Table II.1). As an additional confirmation of such a behaviour, in Table I1.2
we show the number of outliers of Ky with respect to the sampling of A()(f) (see Figure

IL7(3)).
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. . . . . . .
0 200 400 600 800 1000 1200 1400 1600

Figure I1.6: Comparison between Bly (%) and Evaly (x), for n = 40

’ n ‘ Out. ‘ Out./@‘

10 | 40 1.33
15| 60 1.33
20| 80 1.33
25| 100 1.33
30 | 120 1.33
35 | 140 1.33
40 | 160 1.33

Table I1.2: Number of eigenvalues of Ky which do not behave as the corresponding sampling of A ().

I1.2.3 A focus on the eigenvalue functions in a neighborhood of the origin

In this subsection we study in more detail the behaviour of the eigenvalues A\ (f), 1 =1,...,9
at (0,0). Such information is crucial when studying the convergence of a preconditioned Krylov

or of a multigrid method. Since
(A(l)(f)> (61,02) < ()\(l)(f)) (01,02), 1=2,...,9, (61,02) €I, (I1.21)

it is sufficient to study A (f) in (0,0). Because of (I1.21), the behaviour of A(V(f) in (0,0) is
equivalent to the one of
9
det £(01,02) = [ [ (A(i) (f)) (01, 02)
i=1
at the same point, which as a product of nonnegative functions is still a nonnegative function.

We numerically checked that
det f(91, 92)|(070) = 0,

Odet f(91,02) . Odet f(@l,eg) —0
96, (0,0) 00 (0,0 ’
02 det f(01, (92) . 62 det f(91, 92) —0
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(8) AV(f) (h) A () (i) A (f)

Figure I1.7: Comparison between the eigenvalues of Ky and AD (f),1=1,...,9 displayed as a mesh on G, when
n =40

9% det (61, 602) B 0? det £(01,02) 53
8912 (0,0) 8022 (070) 3912 '
Therefore,
Odet f(l91,92)
90 0,0 0
(Vdet £(61,02)0.0) = | 5et £161.60) OO = ol
002 (0,0)
and
02 det f(91,92) 02 det f(91,92) 53
(H )| . 00,2 (0,0) 001002 0,0 | _ |3912 0
det£/1(0,0) = | 92 det £(61,02) 92 det £(61,62) |l o B3|
892301 (0,0) 8022 (0,0) 3912
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that is the Hessian matrix (Hdetf)|(07o) is positive definite. As a consequence,

01

92+

det f(91, 92) = det f(01, 92) ’(070) + (Vdet f(91, 02))T|

(0,0)

93

0
1 o (1013) .= 55750% +63) + o (10]3)

02

61

T
] (Haet£)] (0,0

where [|0(]3 = 02 + 03.
Hence, in a neighborhood of (0,0) det f(6;, 62) behaves as a quadratic form and

det f(@l, 92) 53

im = ,
l6l.—o  [|0]13 3912

which means that det f(#;,6;) and then AV (f) have a zero of order 2 in (0,0), as confirmed by
Figure 11.8 and Figure 11.3(a), respectively. Finally, in the light of the third Item of Theorem

\\\\) \S N 9 0 Mnl',’, 7 /]

W ' ,'u )
‘\\\\\*\\’# i
\‘\\‘t“"?»'." i

i

0004
0002
. :
2
° 3
2
> o 1
= -1
B
8

9

Figure I1.8: det f(el,(gz), (01,92) (S D)

1.4.4, we conclude that the minimal eigenvalue of Ty (f) goes to zero as (N(n))~!.

I1.2.4 Spectral analysis of K via low rank perturbations

In this subsection we study the extremal behaviour of the matrix Kp, by making a careful
analysis of the low rank matrix Ey, defined in Section I1.2.1. In particular, we show that Ey,
affects the number of outliers of Ky but does not influence the behaviour of the minimum
eigenvalue of K with respect to that of T}, (f).

As shown in Section I1.2.1, the matrix Ky is the sum of two Hermitian matrices, Ty, (f) and Ey,.
The structural and the spectral feature of Ty (f) have already been discussed in Section I1.2.1,
while E}y, is a block diagonal matrix with 9n x 9n block diagonal blocks. In particular there are
just 3 types of nonzero blocks in the matrix Ey.

1. Er(ll), that is in the top left corner,
2. E,(f), that is in the bottom right corner,

3. Er(lc)7 that is repeated n — 2 times in the centre of the matrix.
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We will prove that Er(ll ), E,(f) are positive definite, while Er(lc) is nonnegative definite. This allows

us to conclude that Ey, is a nonnegative definite matrix.

Let us start by observing that E,(f ), E,(f) and E,(f) are block diagonal themselves with 9 x 9

diagonal blocks. In detail, E,(jl) and E,(f) are composed by n blocks of fixed dimension 9 x 9,
O] (r)

e;” and e;

bottom right. Moreover we have

, 4 =1,...,n, respectively, ordered in non decreasing way from the top left to the

=el) =2, n-2 (I1.22)
=D =2, n—2 (11.23)

and

o) = 7T

eET)ZJé’,(l)J, 1=2,...,n—1

where J is the 9 x 9 Hankel flip-matrix

1
1
j =
1

Note that J = j‘l, then
e e, (I1.24)
e el (I.25)
e =2 n—1. (11.26)

A direct computation shows that egl), eél), eg) are positive definite, therefore according to rela-

tions (I1.22)-(11.23) and (I11.24)-(11.26) we can conclude that EY B are positive definite.

?

The matrix E,(f) has only 2 nonzero 9 x 9 blocks, egc), e,(f) in the top left and bottom right
corner respectively, such that

e©) = 7¢l9 7, (I1.27)

while
e =0y, i=2...n-1

Because of equation (I1.27) it holds that
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then, checking directly that egc) is positive definite, we have proved that E,(IC) is nonnegative

definite.
Summarizing, since E,(f ), Er(lr) are positive definite, while E,(f) is nonnegative definite, we can
conclude that Fy is a nonnegative definite matrix.
Let
Al(Tn(f)) < )\Q(Tn(f)) << )\N(Tn(f))

be the eigenvalues of Ty, (f). Since Ej, is nonnegative definite, the Interlacing Theorem [13] ,
applied to the matrices Ky, Th and Fy, leads to the relation

N(Ta(5) < A (K) < Ay (Tu(D) (11.28)

for 1 < j < N —~, where v is the rank of Fy(f).
This relation is useful for the study of the conditioning of the matrix Kpy.
As shown in the last subsection

M(Tu(f) "2 (N(n)

and in addition, from Section I11.2.1, {Kn}n ~ (f,Z2) and A (£(0,0)) = 0, with f nonnegative
definite. Hence the minimum eigenvalue of Ky, A\1(Ky), has to go to zero.
The relation (I11.28) provides a lower bound for the convergence speed of A\; (Ky) to zero, in fact,
choosing in (I1.28) j =1,

M(Ta() < M(Kn), (11.29)

and this implies that A\;(Ky) does not go to zero faster than Aj(7y(f)).
This means that the system (II.10) has the coefficient matrix Ky with a better conditioning,
with respect to that of the matrix Ty (f), which is quadratic with the inverse of the mesh size.
In Subsection 11.2.2, Table II.2, we have seen that the ratio between the number of outliers of
K with respect to the sampling of A% (f) and v9n?2 is constantly equal to %, 80 the number of
outliers of Ky is %\/W = 4n.

Because of the fact that the matrix Ey, is a block diagonal matrix with precisely 2n+2(n—2) =
4n — 4 of its 9 x 9 blocks positive definite, we have that F, has exactly

9(2n) +9(2(n — 2)) = 36n — 36

linearly independent rows and then v grows exactly as 36n — 36 (see Table IL.3).
This value is greater than the number of outliers, but asymptotically has the same order and
the latter is in line with the theoretical forecasts induced by the Interlacing Theorem.

I1.2.5 Further variations

The numerical tests in Subsection 11.2.2 are done using Dirichlet pressure boundary conditions
everywhere and a standard nodal approach of conforming continuous finite elements, in order to
develop the basis functions (the Lagrange interpolation polynomials passing through the given
set of nodes), which are needed to compute the values in Ky.

Two simple but important changes can be considered, but their detailed analysis will be the
subject of future research:
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’ n ‘ Rank(Ey(f)) ‘

10 324
15 204
20 684
25 864
30 1044
35 1224
40 1404

Table I1.3: Rank(En(f)) with increasing n

e using periodic boundary conditions;

e considering another standard basis of Lagrange interpolation polynomials, passing through
the Gauss-Legendre quadrature points.

The first is motivated by the fact that several important numerical tests use this kind of boundary
condition, the second one by the fact that this important kind of polynomial basis constitute an
orthogonal basis. In this way the mass matrices used in the numerical method become diagonal
and hence require less memory and computational effort (see, e.g., [65]). Here we give some
details on the first Ttem.

Indeed, if we use periodic boundary conditions, then we obtain a sequence of linear systems

analogous to (I1.10) of the form
Cyx=0b, CyecRVN 2 beRY. (I1.30)

The symmetric matrix Cy = Cy(f) is the circulant matrix generated by the symbol f: Zy —
Cs*%, s = (p+ 1)2, described in Section II.2.1

Because f is a trigonometric polynomial, taking into account Theorem 1.6.2 and Remark 3, for

n sufficiently large we have
Ca(f) = (Fn @ I) Dy (f) (Fn ® I5)*, (11.31)

with Dy(f) as in (1.22).
In (II.31), as stated in Theorem 1.6.2, the matrix Fy, ® I is unitary and Dy (f) is a block diagonal
matrix with Hermitian blocks, f (991)), so we have

A(Ca(f)) = {)\(” (f(e,E“’)) 'r=0,....n—e;l=1 s} (I1.32)

where, for a fixed an), A0 <f (9,(:1))) l=1...,s are the eigenvalues of f (0£n)>.

Fixed n = (n1,n2), with ny = ng = n, and p = 2 the eigenvalues of Cy, with N = 9n?, are a
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sampling of the eigenvalue functions AV (f), ... A9 (f) on a equispaced grid on [0, 27]?,

27 2wk
J:{(ﬂ> j,k:o,._.,n_l}.
n n

Regarding the case of a possible change of the basis functions used for representing our
numerical solution, we just mention that the new coefficient matrix is of the form Ky = Ty (f) +
Ey, with the same dimensions and structure seen in (I1.11) but with different coefficients. The
symbol f is again a trigonometric polynomial of the form described before and we obtain, with
the same argument, {Kn}x ~ (f,Z). However, the analytical behavior of f has to be studied
in detail and this will be considered in a future work.

II.3 Numerical experiments

In this section we numerically verify the spectral properties derived in Section I[.2 on several
applications of the staggered DG method [65] for the incompressible Navier-Stokes equations
(I1.1)-(I1.2). In particular we evaluate the computational effort needed for solving the main linear
system for the calculation of the discrete pressure using successive refinements of a regular grid
with n := n; = ng = ... = ni on a square computational domain 2. From the analysis given
in Section I1.2 we expect a condition number k = k(Ky) = cN#¥ (the analysis has been done
for k = 2 but it is easily extendible to any k > 2) where k represents the space dimension, N =
n*(p+1)¥ is the matrix size, p the polynomial degree of the DG discretization, and ¢ is a positive
real constant. Due to the use of the CG method and the spectral distribution/conditioning
results, the expected number of iterations for reaching a precision e can be expressed as

Iter(n) ~ \fl ( [ OH>(p+ Hn k=23 (11.33)

THOT N THOT -

where rg = p o3 is the initial residual between the numerical solution p at the new time

step 7 + 67 and the initial guess for the CG method that is indicated with pSHT. In particular

THOT __ — b

we will use a trivial initial guess pj or a better one that is based on the solution at

T+OT

the previous time 7, i.e. p, = p”. In the following we will indicate with the term “/G” this

second choice for the initial guess. Furthermore, € is set to 10™® for all the simulations.

I1.3.1 Taylor Green vortex

First of all we take a classical test problem, the two and three dimensional Taylor Green vortex.
The initial condition is given by

u(x,0) = sin(x) cos(y), v(x,0) = —cos(x)sin(y), p(x,0) = % [cos(2x) + cos(2y)], (I1.34)
for K =2 and
u(x,0) = sin(x) cos(y) cos(z), v(x,0) = — cos(x) sin(y) cos(z),
w(x,0) =0, p(x,0) = % [cos(2x) 4 cos(2y)] [cos(22) + 2], (11.35)
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for K = 3. The behavior of the solution for k = 3 was numerically studied by Brachet et
al. in [22] and consists in a fast generation of small scale structures, whose kinetic energy
dissipation was monitored for several Reynolds numbers, see, e.g., [22, 65, 137]. For k = 2
and short times there is an analytical representation of the energy dissipation due to friction
phenomena and hence this test can be used to check the accuracy of the numerical algorithm,
see [65]. We consider Q = [0,27]%; 67 = 5-1073; 7.,,4 = 2; Reynolds number Re = 800 and
periodic boundary conditions everywhere. The resulting final pressure at 7 = 7¢,q is shown in
Figure I1.9 for k = 2 and 3. The obtained average number of iterations needed to compute the

solution is reported in Table I1.4 and Figure I1.10 for the two particular choices of pS‘MT =b"

and a better initial guess p6+5T = p”. The expected linear behavior for both two and three
dimensional case is achieved according to equation (II.33). Note that the choice of the initial
guess pSMT = p” becomes particularly good when the solution is steady or quasi-steady, since
p " —p” &~ (Ky) 0" — b"%) and b7 — b77%7 contains essentially the variation of the
convective-viscous contribution. Hence, for quasi stationary problems or small perturbations
around a steady state, p” is a good candidate for the initial guess of the CG algorithm. In
practice, what we observe is indeed that the needed number of iterations tends to decrease due
to a better choice of the initial guess, as suggested in equation (II.33). Note, however, that
the asymptotic behavior remains the same, i.e. linear in n, see Figure I1.10 for a graphical

representation.

Figure I1.9: Pressure profiles at 7 = T¢pq. Pressure contours for & = 2 (left) and isosurfaces for k = 3 (right).

I1.3.2 Modified double shear layer

The previous test manifests at 7.,,q = 2 a relatively complex behavior for £k = 3 but a simple
one involving sinusoidal functions for k£ = 2. In this section we want to test the behavior of the
number of iterations in a variant of the classical 2D double shear layer originally studied in [12].
For this test case we consider the same initial condition as the one used in [136]. In the original
study there is a regular jet region with v = (1,0) in a fluid with velocity v = (—1,0). The flow
is characterized by two shear layers with high velocity gradient in the y-direction. This steady
state is physically unstable due to the Kelvin-Helmholtz instability and tends to generate also
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k=2 k=3
n | N [ Iter [IterwithIG || n | N | Iter | Iter with IG
40 | 14400 | 65.8 40.3 10 [ 27000 | 32.2 22.1
50 | 22500 | 80.7 50.3 15 | 91125 | 55.1 34.6
60 | 32400 | 95.8 60.8 20 | 216000 | 64.3 16.5
70 | 44100 | 109.8 69.9 25 | 421875 | 82.9 58.8
80 | 57600 | 123.3 8.5 30 | 729000 | 96.4 15
90 | 72900 | 136.7 |  87.0 35 | 1157625 | 113.3 84.1
100 | 90000 | 150.0 95.4 40 | 1728000 | 128.9 96.6

Table I1.4: Resulting average number of CG iterations for 7 € [0, 2] with the choice of pj™°™ = b" (Iter) and the

T4+8T

use of the initial guess p{™°" = p” (Iter with IG) for k = 2, 3.

TEERTR BRI
O10 15

Figure I1.10: Resulting average number of CG iterations as a function of n with and without the IG initial guess
compared with the linear extrapolation of the data, for k = 2, 3.
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in this case vortical structures close to the shear layers. In order to drive this instability, a small
perturbation is introduced in the vertical velocity directly at 7 = 0. In [12] the evolution of this
instability was performed for periodic boundary conditions everywhere.

For this test we take p = 2, 7¢,,g = 1; Re = 800 but pressure boundary condition everywhere
in order to introduce the important perturbation matrix Fy discussed in Section /7.2.1. In this
case we expect a slightly different behavior with respect to what is observed in [12], owing to the
use of a different type of boundary conditions. In any case the resulting pressure field will not
maintain a simple sinusoidal structure for K = 2. The resulting numerical solution at 7 = 7epq
for the finest grid is reported in Figure I7.11 while the obtained average number of iterations is
shown in Table 1.5 and the corresponding plot in Figure I71.12. As expected, also in this case
the behavior for the number of iterations is linear with respect to N/*.

p: 0.509133 0.959989 1.41085 Vorticity: -16-11 -6 -1 4 9 14

u: -1.2-08-04 0 04 08 1.2 vi 05 -025 0 025 05

Figure II.11: Numerical solution for the modified double shear layer at 7 = 1. Top: the pressure and the vorticity.
Bottom: from left to right, u and v velocity component, respectively.

I1.3.3 Preconditioning

A simple preconditioner is based on the use of the two-level circulant matrix C' ,(f) that is directly
associated to the fully periodic boundary case. In this case we can choose as preconditioner the
matrix C »(f) with the Strang correction P o(f) = C n(f) + ee' 1 where e’ = (1,...,1) is the
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’ n ‘ N ‘ Iter ‘Iter with IG

10 | 900 98.7 74.1
20 | 3600 | 195.9 138.9
30 | 8100 | 297.1 201.8

40 | 14400 | 400.1 264.3
50 | 22500 | 504.0 325.3
60 | 32400 | 607.1 386.3
70 | 44100 | 711.3 447.0

Table I1.5: Resulting average number of CG iterations for 7 € [0, 1] with and without the IG initial guess.

[l Double Shear Layer
O Double Shear Layer (with IG)
Linear Extrapolation

— — = Linear Extrapolation (with IG)

600

200

O\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l
10 20 30 40 50 60 70

n

Figure I1.12: Average number of CG iterations as function of n obtained in the modified double shear layer test
case with and without the IG initial guess compared with the linear extrapolation of the data.

N —dimensional unitary vector. The inverse of this matrix is still a circulant matrix and so its
computation can be done at the cost of O(N log N). In this section we want to investigate the
impact of this simple preconditioner on the number of iterations in the complete case where
the coefficient matrix is Ky (see Subsections 11.2.2.1, 11.2.2.2 ). For this test we take the same
framework as in the previous numerical experiment, using p” as initial guess. The resulting
number of iterations is reported in Table I1.6

The use of this preconditioner drastically reduces the number of iterations as well as the
behavior that seems to be sub-linear and almost flat with respect to the case without precondi-
tioner, see Figure I1.13. A comment on the latter fact has to be made. First of all we observe
that the matrix sequences { Ky} n and {Pn(f)} n share the same spectral symbol f, by Items
GLT1, GLT2, and GLT4, since the rank of the differences Ky —Ty(f) = Ey and P o (f) — Ty (f)
grows as N1/2. As a consequence, since f is singular only at a unique point, that is (0,0), again
by Ttem GLT2 we deduce that the preconditioned matrix-sequence {PL'(f)Kn} n is a GLT
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’ n ‘ N ‘ Iter (CG method) ‘ Iter (PCG method) ‘

10 | 900 74.1 24.6
20 | 3600 138.9 30.1
30 | 8100 201.8 33.3
40 | 14400 264.3 35.8
50 | 22500 325.3 38.3

Table II.6: Resulting average number of iterations for 7 € [0,1] with CG and PCG whose preconditioner is the
2-level circulant Py (f).

sequence with symbol 1. Since for every N, n, the matrix P (f)Ky is similar to a symmetric
we deduce that 1 is the spectral symbol of the preconditioned matrix-sequence. In addition the
analysis of the rank corrections tells that the number of outlying eigenvalues grows at most as
O(N'/2). However, from the classical theory of the (preconditioned) CG convergence we know
that small outliers negatively affect the convergence more than large outliers. Now, since the
coefficient matrix Ky can be written as Ty (f) + Fy, and since we proved that E, is nonneg-
ative definite, we expect that the outliers are large (as practically observed in the numerical
experiments) and this is the reason why the number of iterations seems to grow slower than the
number of estimated outlying eigenvalues.

400 O Double Shear Layer (with Prec)
@) Double Shear Layer

Linear Extrapolation (with Prec)

— — — Linear Extrapolation

350
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Figure I1.13: Average number of iterations obtained in the modified double shear layer test case with CG and
PCG whose preconditioner is the 2-level circulant Py (f).

Let us now take a look at the gain in terms of CPU time obtained by the use of this
simple preconditioner. Since P, (f) is a circulant matrix, we can diagonalize it as FDF™* where
F = F,®F, ®Fy is the three-level Fourier matrix and D is a block diagonal matrix. We can then
use the Fast Fourier Transform (FFT) to construct the matrix D = F* P, (f)F and then D~! by
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inverting each single block. Once D! is known, we can easily compute P, !(f)z = F*D 'Fz
using the three-level FFT algorithm to compute first x; = Fz at the cost of O(Nlog V). Then
we have to compute 2o = D ™2 at a linear cost and finally we obtain P, !(f)z = F*z2 again at
the cost of O(Nlog N). A particular test when we can really take advantage of this procedure
is the fully periodic case so that the considered test becomes the classical double shear layer
test case. The resulting total CPU time as well as the total CPU time needed to compute
only the linear system is reported in Table I1.7 for the fully periodic case (i.e. classical double
shear layer). In Table I1.8 we report the obtained results for the case with pressure boundary

conditions everywhere (i.e. modified double shear layer).

No Preconditioner With Preconditioner
Tror TrLs Tror TrLs
n ‘Nstep Tror 2| Tus % | Tror ot | Tos w=

32 709 | 195.51 0.28 | 126.92 0.18 77.56 0.11 6.42 0.01
64 | 1411 | 2298.6 1.63 | 1793.5 1.27 | 609.06 043 | 48.76  0.03
128 | 2829 | 31284. 11.06 | 27218. 9.62 | 4434.81 1.57 | 367.12 0.13

Table I1.7: Number of time steps Nstep, total and relative (small numbers) CPU time for the solution of the main
linear system for the pressure (Tr.s) and the entire CPU time (Tror) for fully periodic boundary conditions.
Note that in this test p =2, k =2 and N = (p + 1)* n*.

No Preconditioner With Preconditioner

Tr o
TLS NSLt :p

Tror
step

T T,
n | Nstep | Tror 2% | Tos == | Tror

32 | 696 | 371.36 0.53 | 296.50 0.43 | 219.20 0.31 | 142.20 0.20
64 | 1410 | 4868.4 3.45 | 4280.4 3.04 | 2034.6 1.44 | 14199 1.01
128 | 2853 | 72713. 25.49 | 67693. 23.73 | 20509. 7.19 | 15320. 5.37

Table I1.8: Number of time steps Nstep, total and relative (small numbers) CPU time for the solution of the
main linear system for the pressure (T1s) and the entire CPU time (Tror) for pressure boundary conditions
everywhere. Note that in this test p =2, k=2 and N = (p + 1)* n*.

As expected, since the symbol fully represents the periodic case, the gain on Trg obtained
by introducing the preconditioner is impressive. In fact, the computational cost is essentially
the cost of a fully explicit formula for large N. In fact, a solution method in this case is just the
application of a standard inversion formula for block circulant matrices.

In the worst case where we introduce pressure boundary conditions everywhere, we observe
a gain factor T;'d"°/Trg of 2.0, 3.0, 4.4 for n = 32,64, 128, respectively. Hence, the advantage
of using the basic Strang-type preconditioner suggested by our spectral analysis is verified both

for periodic and non periodic case.

I1.3.4 A multigrid approach

The PCG procedure defined in the previous subsection is practically effective, but still there is
room for improvements: in fact, the cost of each PCG iteration is O(N log V) because of the use
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of a block Fast Fourier Transform (FFT) and the number of iterations grows at most linearly
with the partial sizes, for moderate matrix sizes, due to the rank of the difference between the
actual matrix and the Strang-type preconditioner. In conclusion the computational cost results
in O(NB‘/2 log N), which is not optimal. Here for optimality we mean a total cost for solving the
linear system with a preassigned accuracy proportional to the cost of the matrix-vector product,
where the matrix is the coefficient matrix and the vector is generic. Since the coefficient matrix
is sparse the optimality amounts in a cost of O(N).

By exploiting the spectral analysis provided so far, a way for recovering optimality relies in
following a multigrid approach, which we briefly sketch below.

Consider the linear system

Anxy = by (11.36)

where 2y, by € CV, Ay = Wy — By € CY x CV , Wy non singular matrix. Let
U = vz 4 by = V(29 b)) (11.37)

be an iterative method for the solution of system (I1.36), where by := Wy'b € CV and Viy :=
Iy —Wg,lAN € CN xCN. Let p%[ € CN x CM be a full-rank matrix, with M < N. A Two-Grid
Method (TGM) is defined by the following algorithm [145]

. dN = ANx(j) —-b

cdy = (pi)dn

A = (o) An (PN

. Solve Apry = dyy

20 = 20— pMy

U+ — V#(ﬁ?(j),bl)

o U s W N

Step 6 consists in applying the “smoothing iteration” (I11.37) p times while steps 1-5 define the
“coarse grid correction”, that depends only on the projection operator p]\N/[ . The global iteration
matrix of the TGM is given by

* N1 *
TGM (Vyy,pi) = VE |:I_p]1\\74 ((p%) ANp]”v’) (p¥) AN]'

We remind that, if step 4 is replaced by a recursive call to the same algorithm (until the size
M is bounded from above by a fixed constant), then the scheme given before defines a V-cycle
procedure.

Our idea is to follow the same proposal as in [128] for Toeplitz structures generated by a
scalar-valued symbol, where the scalar generating function considered in [128] is replaced by the
minimal eigenvalue function of our matrix-valued symbol. According to this choice, since the
minimal eigenvalue function is of Laplacian type that is a nonnegative function with a unique

zero at (0,0) of order two, then the projector has the form
2 2
pa” = Tu(®)(Zn' © Iy).
where the generating function associated to the projector is

(01, 02) = [(2 42 cos(61)) (2 + 2 cos(62))] Ty € RO, (11.38)
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I1.3. Numerical experiments

2 1 2 1
1 2 1 1 2 1
Ta(p)=| 1 2 1 | 121 ® Iy, (11.39)
1 |
L 1 2 | L 1 2 |
ZS/Q _ Zgl/Q ® Zg2/2
1 2 )
and Z,ZL/Q is the m x mTfl matrix given by
1 fori=2j -1
(Zm/?); 5 = Tt m, =1, (I1.40)
0 otherwise 2

with m of the form m = 2% — 1, with ¢ positive integer.

In the following € is set to 1078 for all the simulations, b and zg are the known term and
the initial guess, respectively. We use as Pre/Post- smoother 1 iteration of Gauss-Seidel. In
Table 11.9 we compare the iterations of the block TGM with those of our PCG with Strang-type
preconditioner, when increasing the size N. We can observe that the number of iterations of
block TGM for achieving a precision € remains constant, cost = 18, when increasing the size N.
Here the right-hand side is the sampling of a smooth functions but no qualitative variations are
observed with different choices.

| n | N=9n% | PCG | TGM |
15 2025 [ 22 | 18
21| 3969 | 26 | 18
25 | 5625 | 27 | 18
31| 8649 | 28 | 18
35| 11025 | 30 | 18
41| 15129 | 32 | 18
45| 18225 | 32 | 18

Table I1.9: Number of iterations for Ty (f) provided by PCG and TGM with 1 Pre/Post-smoothing Gauss-Seidel
iteration.

Now we check the TGM optimality in the complete case of
Any = Ta(f) + Ey.
Because of the fact that Ey, is nonnegative definite and Ty (f) is positive definite we have
An > Ta(f); (11.41)

Hence, according to the result in Remark 5 [127]|, we have that the same TGM, designed for
Tw(f), has to be optimal also for Ay.

In Table I1.10 we can observe that the number of iterations of block TGM, needed for achieve the
tolerance €, remains constant (cost ~ 30), when increasing the size n. Therefore the application
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| n | N=9n? | PCG | TGM |
15 2025 40 29
21 | 3969 | 45 | 29
25 | 5625 | 47 | 30
31| 8649 | 50 | 30
35| 11025 | 51 | 30
41 15129 53 30
45| 18225 | 54 | 30

Table I1.10: Number of iterations for Ay = Tn(f) + En provided by PCG and TGM with 1 Pre/Post-smoothing
Gauss-Seidel iteration.

of the V-cycle for solving a linear system with our Strang-type preconditioner will decrease the
computational cost from 0(1\73/2 log N) to O(N3/2), which is a slight improvement, while the use
of the V-cycle algorithm directly on the original linear system in connection with the basic Gauss-
Seidel smoother induces a O(N) solver, that is a solver with an optimal cost. For the formal
proof of convergence of the Two-Grid method it is enough to mimic the same steps as in [12§],
taking into account the order-relation results in [127] and the spectral study in which we proved
that: a) the minimal eigenvalue function is of Laplacian type that is a nonnegative function
with a unique zero at (0,0) of order two, and b) An > Ty (f). The V-cycle analysis should follow
the more advanced tools in [3], which again rely strongly on the analytical information regarding
the spectral symbol studied in the previous sections. A formal study of these issues and more
efficient combinations involving multigrid schemes and preconditioned Krylov techniques will be

the subject of future researches.
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Chapter III

Asymptotic Expansion: an algorithm
for preconditioned matrices

II1.1 Generalization of the preconditioned Asymptotic Expan-

sion

The present chapter is devoted to present the asymptotic spectral expansion for the eigenvalues
of preconditioned Toeplitz matrices P, (f,g) = T,, 1(9)T(f). We consider the case where f is a
trigonometric polynomial, g is a nonnegative and not identically zero trigonometric polynomial.

We provide numerical evidence that few of the assumptions of [16, 17, 19] can be relaxed,

accompanied by an appropriate error analysis and numerical experiments.

Main contributions

The main results of the Chapter can be summarized as follows.

1. We provide numerical evidence of a precise asymptotic expansion for the eigenvalues of
Pn(f,g). Precisely, we show through numerical experiments that, under the assumption
that » = f/g is monotone, for every integer a > 0, every n and every j = 1,...,n, the
following asymptotic expansion holds:

«

Ni(Pu(f,9)) =7(050) + Y ck(00)h" + Ejpa, (ITL.1)
k=1

where:

e the eigenvalues of P,(f,g) are arranged in nondecreasing or nonincreasing order,
depending on whether r is increasing or decreasing;

o {cr}r=12,. is a sequence of functions from [0, 7] to R which depends only on 7;

e h =

n%_l and 0, = 25 = jmh;
e Ejnq = O(h®1) is the remainder (the error), which satisfies the inequality |Ej o] <

Coh®T! for some constant C,, depending only on a and 7.
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Chapter III. Asymptotic Expansion: an algorithm for preconditioned matrices

We refer the reader to the Chapter VI Section VI.2 for a proof of the expansion (III.1)
for a = 0.

We note that (IT1.1) is formally the same as the expansions for the eigenvalues of Toeplitz

matrices, which have been conjectured and validated through numerical experiments in

[62].

2. Based on the expansion (III.1) and drawing inspiration from [61], we propose a paral-
lel interpolation—extrapolation algorithm for computing the eigenvalues of P, (f,g). The
computation is performed for very large n, when the eigenvalues of Py, (f,g) have been
computed, for moderate values of n;, i« = 1,...,a, with a a fixed small number. The
performance of the algorithm is illustrated through numerical experiments.

The context we consider is that of a scalar univariate generating function ¢. In addition
all the functions involved are real-valued, hence, by the properties seen in Section 1.4.1, all the
Toeplitz matrices T,,(¢) are Hermitian. From the results seen in Chapter I much is known
regarding their spectral properties: from the localization of the eigenvalues to the asymptotic
spectral distribution in the Weyl sense. Indeed we recall that, under these hypothesis ¢ is the
spectral symbol of {T},(¢)}n, see [20, 77] and the references therein.

In addition, if ¢ is real-valued and not identically constant, then any eigenvalue of T),(¢)
belongs to the open set (mg, My), with mgy, My being the essential infimum, the essential
supremum of ¢, respectively. Notice that the case of a constant ¢ is trivial: in that case if ¢ =~
almost everywhere then T,,(¢) = vI,.

Hence if My > 0 and ¢ is nonnegative almost everywhere, then 7),(¢) is Hermitian positive
definite.

In this chapter we focus our attention on the following setting.

e We consider two real-valued cosine trigonometric polynomials (RCTPs) f, g, that is

dy

FO)=fo+2) fecos(kd),  fo,fr,....fe, €R,  di €N,
k=1
da

g(9>:g0+2zgkCOS<k9), gOaglw"agdz GR, d2€N7
k=1

so that T,,(f), T (g) are both real symmetric.
e We assume that M, = maxg > 0 and my = ming > 0, so that T,,(g) is positive definite.

e We consider P, (f,g) = T, *(9)Tn(f) the “preconditioned” matrix and we define the new
symbol r = f/g.

The nth Toeplitz matrix generated by ¢ € {f, g} is the real symmetric banded matrix of
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IT1.1. Generalization of the preconditioned Asymptotic Expansion

bandwidth 2d + 1, d € {d1,d2} (d=d; if ¢ = f and d = dy if ¢ = g), given by

2 o1 $a
|
P
To(¢) = 4 <z51 ¢>o é1 da |
P
e
bq - P1 CZ)O_

Matrices of the form P,(f,g) are important for the fast solution of large Toeplitz linear
systems (in connection with the preconditioned conjugate gradient method [32, 34, 47, 116] or of
more general preconditioned Krylov methods [88, 89]). Furthermore, up to low rank corrections,
they appear in the context of the spectral approximation of differential operators in which a low
rank correction of T},(g) is the mass matrix and a low rank correction of T, (f) is the stiffness
matrix.

Their spectral features have been studied in detail. More precisely, under the assumption
that r = v identically P, (f,9) = vI,. When m, < M, then any eigenvalue of P, (f, g) belongs
to the open set (m,, M,), see [47], and the whole sequence {P,(f,g)}n is spectrally distributed
in the Weyl sense as r = f/g (see [118]).

In our context, we say that a function is monotone if it is either increasing or decreasing over
the interval [0, 7].

Under the assumption that » = f/g is monotone, we show experimentally in this chapter

that for every integer o > 0, every n and every j = 1,...,n, the following asymptotic expansion
holds:
«
X(Pu(f,9)) = r(05m) + D ck(00) 0" + Ejna, (1IL.2)
k=1
where:

e the eigenvalues of P,,(f, g) are arranged in nondecreasing or nonincreasing order, depending

on whether r is increasing or decreasing;

o {cr}r=12,. is a sequence of functions from [0, 7] to R which depends only on 7;

— _1 o IT ik
o h= 7 and b;, = 5 = jrh;

e Ejna = O(h®) is the remainder (the error), which satisfies the inequality |Ej, o] <
Coh®T! for some constant C,, depending only on a and 7.
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In the pure Toeplitz case, that is for ¢ = 1 identically, so that P,(f,g) = T,,(f) and r = f,
the result is proven in [16, 17, 19], if the RCTP f is monotone and satisfies certain additional
assumptions, which include the requirements that f’(0) # 0 for 8 € (0,7) and f”(6) # 0 for
0 € {0,7}. The symbols

fq(0) = (2 —2cos )1, q=1,2,..., (I11.3)

arise in the discretization of differential equations and are therefore of particular interest. Un-
fortunately, for these symbols the requirement that f”(0) # 0 is not satisfied if ¢ > 2. In [62]
several numerical evidences are reported, showing that the higher order approximation (III.2)
holds even in this “degenerate case”.

Here, as a first purpose, we show numerically the same for the preconditioned matrices
Pn(f,g) and, from a theoretical point of view, the numerical testing is complemented in Section
V1.2 of the Chapter VI by the proof of the above conjecture in the basic case of a = 0.

Furthermore, in [62], the authors employed the asymptotic expansion (II1.2) for computing
an accurate approximation of A\;(7},(f)) for very large n, provided that the values

A (T ()5 A (Tna (1))

are available for moderate sizes ni,...,ns with 0, ,, = --- = 0, n, = 0, @« > 2. The sec-
ond and main purpose of this chapter is to carry out this idea and to support it by numerical
experiments, accompanied by an appropriate error analysis in the more general case of the pre-
conditioned matrices P, (f,g). In particular, we devise an algorithm to compute \;(P,(f,g))
with a high level of accuracy and a relatively low computational cost. The algorithm is com-
pletely analogous to the extrapolation procedure, which is employed in the context of Romberg
integration (to obtain high precision approximations of an integral from a few coarse trapezoidal
approximations [132, Section 3.4], see also [23]| for more advanced algorithms). In this regard,
the asymptotic expansion (IT1.2) plays here the same role as the Euler-Maclaurin summation
formula [132, Section 3.3].

The third and last purpose of this chapter is to formulate, on the basis of numerical ex-
periments, a conjecture on the higher-order asymptotic of the eigenvalues if the monotonicity
assumption on 7 = f/g is not in force. We also illustrate how this conjecture can be used along
with our extrapolation algorithm in order to compute some of the eigenvalues of P,(f,g) in the

case where r is non-monotone.

II1.2 TImplicit Errors expansion

The proposed approach is based on the classical concept of the symbol, but with an innovative
view on the errors of the approximation of eigenvalues by the uniform sampling of the symbol. In
particular our advantage is that of manipulating the error expression implicitly given in (I11.2).
In fact, if we assume that the relations in (II1.2) hold, then we can write

«
Ejno =Y ck(0in) h* + Ejna, (I11.4)
k=1

where Ejno0 = Aj(Pa(f,9)) —7(0jn)

60



IT1.2. Implicit Errors expansion

We now suppose to know the eigenvalues for different (small) n; namely

{(nla )‘j1 (Pnl (f>g)))a (’I’Lg, )‘j2 (Pn2(fag)))7 Tty (na> )\ja (Pna (fa g)))},

where ny,ng, -+ ,ng and ji, jo2, -+ , jo are chosen in such a way that j1/(n1+1) = jo/(n2+1) =
e = jo/ (0 + 1).

By defining by = 1/(ny + 1),hy = 1/(n2 +1),...,ha = 1/(no + 1), for a given set of
eigenvalues, equation (II1.4) can be written as

«

k
Ejimo =Y k(05,.m) B + Ejy ny s

k=1
(e
Ejyna0 = Z k(0jo,n») hIQc + Ej nasa
k=1
- 1.5
Ejsns0 = Z ¢k(0j3,n3) h§ + Ejsns.a (ITL5)
k=1

(0%
E k
Eja,ncuo = Ck(gjcuna) h‘a + Eja,noua'
k=1

Let ¢, ¢ be the vectors

c=le, ey ca)ty ¢=1[¢1,60,...,8)7,
and let A be the coefficient matrix of size a X a with components A; ; = hf Hence the set of

equations (II1.5) can be written in matrix form as
Ac=bg — b, (I11.6)

T T
where bo = [Ejl,m,O? Ej27n2’0, e 7Ej07na,0] and ba = [Ejhnl’a’ Ej27n2’a, e ,Ejmnma] . Further-
more, by neglecting the higher order errors, we may define an approximation ¢ of ¢ according to

the expression below
Aé=b. (I11.7)

In the next we analyse in more detail the properties of the matrix A. It must be highlighted
that the matrix involved is typically ill-conditioned. However, the approximation of ¢ is easily
obtained by solving the linear system of equations above, since the matrix size is in practice
very small.

Indeed assume we are interested in calculating the eigenvalues, which are of the order O(1),
of a large matrix, for example, of the order O(10°%), and with ¢;, function of the order O(1).
Then, when using the approximated &, and h = O(107%), we have the term é&h3 = O(1071%)
in the algorithm, which is beyond machine precision of the order O(10716), for 64 bit double
precision computations. Therefore it is sufficient using a small « in the asymptotic expansion
(and consequently a small size of A) for reaching an accurate approximation of the ¢j functions,

using double precision arithmetic computations.
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I11.2.1  Error bounds for the coefficients ¢, in the Asymptotic Expansion

In the current subsection we derive upper-bounds for |¢ — ¢|: in reality, equations (I11.6) and
(I11.7) leads to

A(¢—c¢) = by, (T11.8)
If we define Ac=¢—cand n; = E}]l;iq“ fori=1,...,a, then the system (II1.8) can be written
as '
nlh?+1
tha—i-l
Ahe=| 2 |, (LIL.9)
77ah3+1
with |n;| < Cy fori =1,...,a, where Cy, is a constant. The coefficient matrix can be expressed
as
hy h? ... hY hy
he h% ... hY ha
A= . . = . V(hi,... ha),
ha h2 h& ho
where V(hi,...,hq) is the Vandermonde matrix of order « corresponding to hy, ..., hq.

By assuming W = V~!(hq,..., hy), we deduce

Z hiy - hi,_,

1<t <a,

(W)ijj = 1§kk’§a (HI.lO)

\
Therefore for the inversion of the matrix A we have

Z hiy - hi,

1<ki<..<kq-i<a
k1,oka—i ;é]

1<t <a,

(_1)a—i
(A_I)IL'J = 1§kk§a (IHll)

and we can obtain an explicit expression for (Ac);, i =1,...,«, that is

(Ac)i =D (A1) m;h . (LIL.12)
j=1
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Case 1. If i = «, then

« a+1 « a
n;i|hS CohS
’(AC)a’ S Z ‘ ]| 7 S alty .
j=1 h; H |hj — hy| j=1 H |hj — Dy
1<k<a 1<k<a
k#j k#j
With the choice h; = hy for j =1 a, 7 positive integer, we have
a ( h1 )a a ( 1 )a
wﬁl _ o 7t
z—: L Cali z_:l a—1 1 1
- H ,Yg RIS =1 hy H ST T ke
1<k<a 1<k<a
k#j k#j
- ( j{l)a
= h1Cy Z E O(hl)

Case 2. Ifi=1,...,a—1, then

Z By - b,

1<k <...<kq—i <«

(Ac); = S (~1)e gttt 2 ,
=1 hi I (hy— )
1<k<a
k#j

that is different from the case ¢ = « just for the numerator

Z hiy - hi,

1<k <...<kq—ifa
k17~-~7ka—i 75‘7

As a consequence

Z Py - hi,

1<k <..<ka—i <«

«
kl;-nykafi j
(Do)l < C SR8 a
=1 IT 17— hul
1<k<a
k#j
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With the choice h; = yj—l,lhl for j=1,...,a, we infer

3 i (L1 1 1
1 AFIT ka1 Skasio]

o s 1Sk <o i Sa
1 klv 7oc 175]
o<y ()

1 1
7=l H hi| == —
1 <k<a VY v
WA

1 1 1
Z AR1—T Ake =177 yka—i—1

1<k; <...<kq—i<a

“ 1\ (SRS kb i 45
= Ca J—1 po—1
— \v ¢

1<k<a
k£

1 1 1
Z . fyk‘1—1 fyk‘g—l e f}/k‘a—i—l

1 1

Ni— ~I—1 Ak—1

« al> —i <
—1 1 k1,..ska—i £J —1
1 1 1
_ htlx i+ Caz <,7j1> H 1 1 = O(h? i+ )
=1 —
-1 k—1
1<k<a« /7] v
k#j
As a conclusion, with the choice h; = 7j#,lhl for 7 = 1,...,« and under the assumption that
the asymptotic expansion reported in (II1.2) is true, we deduce
(Ac)i| = O(hg ™), (111.13)

fori=1,...,a.

II11.3 Error bounds for numerically approximated eigenvalues

The goal of this section is to provide error bounds based on the linear system in (IIL.7) for
the computation of the eigenvalues of P, (f,g): of course these error bounds are based on the
conjecture that the relations reported in (II1.2) are true. However, as we can see in Section I11.4,
the numerical tests fully support the existence of the considered asymptotic expansion.

Indeed, as already observed, by solving (I11.7), we can compute the approximations ¢ of ck.
Once we have the values of ¢, we can calculate the eigenvalues S‘JB of a large dimension matrix
of size ng, here ng + 1 = v7~1(ny + 1). The asymptotic expansion (IT1.4) can be written as

Ejymg0 =hbc+ Ejynsa- (I11.14)
By subtraction ]_Igé from both sides of the equation above, we find
Ejﬁv”ﬂ 0— Egé = Eg( — N) =+ Ejﬁ,nﬁ,aa
A]<Pn5(f7g)> _T<9‘]TL§) hBC—hBAC—f— jﬁ ng,o

[Xj Py (f,9)) = 7(8jns) — hi5C] <Zh (Ae)i| + | Ejynpal, (IIL.15)

|/\j(73nﬁ(f;9)) J”[ﬁ hﬁc} <Zh | AC “FC ha+1
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where hg = [hg, h%, e 7hg]T, |Ejsng.al < C’ath'1 for some constant C, and |(Ac);| is given in
(IT1.13).

I11.4 Numerical tests

In this section we want to present a few numerical experiments to support the asymptotic
expansion (II1.2) in the case where one or more properties of the following list are satisfied:

L f"(0) #

0 (
2. f”(0) = 0 (see Example 2 and Example 4),
(
(

see Example 1, Example 3, and Example 5),
3. ming > 0 (see Example 1, Example 2, and Example 5),
4. ming = 0 (see Example 3 and Example 4),

5. r = f/g is non-monotone (see Example 5).

The approximation of eigenvalues of large matrices in each case is also computed. The expansion
(IT1.2) for a« =4 is

Ni(Pn(f,9)) =7(0n) +c1(05n) b+ c2(;, n) R+ c3(0jn) h3 + ca(Ojn) ht + Ejna,
Ejno=Xj(Pn(f.9)) = r(lin) = c1(0jn) h + c2(0;,n) h? + c3(0jn) h® + ca(0n) ht + Ejna-
(I11.16)
In all numerical examples we choose four matrix-size values, that is n; for i € {1,2,3,4}, in a

way that they satisfy n; = v*~!(n; + 1) — 1, with v being a positive integer. The expansion
(II1.16) for the set of the four dimensions n; can be written as

B0 = c1(0j1,0) hi + c2(85000) BT+ c3(0ju,n0) B + ca(By,n0) B+ Ejyng 4,
Ejanz0 = €1(0j3,n5) ha + c2(0p.n5) h3 + €3(0,0) 13 + €4(073,0) 12 + By n a, (111.17)
Ejyns0 = €1(0js.ns) ha + c2(0j5ns) B3 + c3(05ns) hi + ca(0jy ng) B3 + Ejy ng
Ejina0 = c1(0gng) ha + c2(054,n,) h4 + c3(0juna) h4 + ca(0juny) h + Ejinads

= 0 +1 and j; = v"1j; for i € {1,2,3,4}. Notice that 0;, ,, = 0j, n, = 0 for a fixed
g1 € {1,2,--- ,n1}. We are interested in the numerical approximation of ¢;(#) for i € {1,2,3,4}

and then in the precise numerical approximation of the eigenvalue of P,(f, g) for large n. The
set of equations (II1.17) can be written as

Ejy im0 = ¢1(0) hy + &(0) hT + &3(0) b + é4(0) b1,
Ejnz0 = ¢1(0) ha + &2(8) h3 + &5(0) h3 + &(6) ha, (IT1.18)
Ejy g0 = ¢1(0) ha + 2(0) hi + &(0) h3 + & (0) hs,
Ejyngo = ¢1(0) ha + () h + &(0) hi + &(6) hi.
We solve the system of linear equations above for j; € {1,2,--- ,n1} to compute &(#). The

computed ¢; are used to approximate the eigenvalues of large size ng by exploiting the following

relation
Nis (P (£,9)) = 1(055m5) + hsE. (111.19)
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Chapter III. Asymptotic Expansion: an algorithm for preconditioned matrices

Example 1. Let g, f, and r be the functions defined as

f(0) =4 —2cos(f) —2cos(20) = (2 — 2cos(0))(3 4+ 2cos(8)),

g(8) =3 +2cos(0),

r(f) = gEZ; =2—2cos(h),
where 0 € [0, 7). The graphs of generating functions are shown in the left panel of Figure II1.1,
and the approximations ¢, for k = 1,2,3,4 are shown in the right panel. Note that g(0) > 0,
Vo € [0,7], f7(0) # 0, and furthermore r(0) is monotone. We set ny € {40,60, 80,100} and
v =2.

=

=3

function values

OV /4 /2 3 /4 ™
[4

Figure II1.1: Example 1: Generating functions (f, g, and r) and ¢ for k = 1,2, 3, 4.

Example 2. Let g, f, and r be the functions defined as

£(8) = 20 — 30 cos(6) + 12 cos(26) — 2 cos(36) = (2 — 2cos(h))?,
g(8) =3+ 2cos(6),

B f(9) B (2 — 2(305(9))3
rO) =50 T 3T 2eos(@)

where 0 € [0,7|. The graphs of generating functions are shown in the left panel of Figure 111.2,

and the approximations ¢, for k = 1,2,3,4 are shown in the right panel. Remark that g(6) > 0,
V6o € [0,7], f/(0) =0, and furthermore r(0) is monotone. We set n = ny € {40,60, 80,100}
and v = 2.

There is an tmportant issue to discuss here. Both the functions f and r attain the minimum at
0 = 0 with a very high order. Indeed we have f(0),7r(0) ~ 05, with ¢1 ~ ¢ being the symmetric,
transitive relation telling that there exist positive constants c,C > 0 such that cp1 < ¢po < C¢y
on the whole definition domain [0, 7). Therefore for fized j (independent of n) the jth smallest
eigenvalue of Pn(f,g) is asymptotic to kjhﬁ, k; a positive constant depending on j but not on
n: the reader is referred to [11/] for the preconditioned case with the limitation j = 1 and to [8]
and references therein for very elegant and precise estimates regarding the pure Toeplitz case.

Now if we fiz j and we put together \; (Pn(f,g)) ~= h® with relations (I11.4)—(1I1.5) then the
only possibility for avoiding a contradiction is that the functions c1(6),c2(0),c3(0),ca(0),c5(0)
all vanish at 6 = 0.
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=1

@
T

o
=)
T

,\_
=]
‘
Ci

w
S
T

function values
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. ; 10 . .
0 /4 /2 3m/4 ™ 0 w/4 w/2 3n/4 ™
[4 0

Figure II1.2: Example 2: Generating functions (f, g, and r) and & for k = 1,2, 3,4.

The approzimations ¢, for k = 1,2,3,4 shown in the right panel of Figure II11.2 are coherent
with the above mathematical conclusion and in fact all these approximations vanish simultane-
ously at 0 = 0 (the fifth is not displayed, but we computed it and it also equals to zero at 0 = 0,
while, as expected from an extension of the results by [8] to the preconditioned Toeplitz case, the
sizth is nonzero at  =0).

Since the argument and the conclusions are the very same, we anticipate that the discussion
can be repeated verbatim for Example 4, where the functions f and r attain the minimum at 6 =0
with order 10. As a consequence, we expect that the functions c1(60),...,c9(0) all simultaneously
vanish at 0 = 0, while c10(0) # 0: this is confirmed for the first four of them as reported in the
right panel of Figure I11.4.

Example 3. Let g, f, and r be the functions defined as
£(8) = 1+ cos(8) + — cos(20) + + cos(30) + — cos(46) + —— cos(50)
= cos 7 608  COs Th Th ,
g(0) =2 —2cos(9),
r(6) = f(0) _ 1+ cos(f) + § cos(26) + £ cos(36) + 15 cos(46) + 55 cos(56)
g(0) 2 — 2cos(6) ’

where 0 € [0, 7). The graphs of generating functions are shown in the left panel of Figure II1.5,
and the approximations ¢y, for k = 1,2,3,4 are shown in the right panel. Note that min g(6) = 0,
Vo € [0,7], f'(0) # 0, and furthermore r(0) is monotone. We set n = ny € {40, 60, 80,100}
and v = 2.

Example 4. Let g, f, and r be the functions defined as

£(0) = 252 — 420 cos(6) + 240 cos(260) — 90 cos(36) + 20 cos(46) — 2 cos(50) = (2 — 2cos(0))°,
g(0) =2+ 2cos(),
f(@)  (2—2cos(h))®

r(®) = q(0) - 2+2cos(f) ’

where 0 € [0,7]. The graphs of generating functions are shown in the left panel of Figure III.4,
and the approzimations ¢, for k = 1,2,3,4 are shown in the right panel. Remark that min g(0) =
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10

——logy, | £(0)]
log, [9(6)|
logyo [r(6)]

o

C

<

logy [function values|
(=1

&

0 /4 /2 3 /4 ™ 0 w/4 w/2 3n/4 ™
[4 0

Figure II1.3: Example 3: Generating functions (f, g, and r) and ¢ for k = 1,2, 3,4.

10 T T T 2000
log,y | £(6)|
logyg |g(0)|
- logy |r(6)| 1500 +
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logy [function values|
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‘ ‘ ‘ -1000 ; ‘
0 /4 /2 3r/4 ™ 0 w/4 w/2 3n/4 s
[4 [4

Figure II1.4: Example 4: Generating functions (f, g, and r) and & for k = 1,2, 3,4.

0, V8 € [0,x], f/(0) =0, and furthermore r(0) is monotone. We set n = n; € {40,60,80,100}
and v = 2.

Example 5. Let g, f, and r be the functions defined as

f(o) = % + ?—g cos(#) — % cos(20) + % cos(30) = (3 — cos(8) + 137 cos(20))(3 + 2cos(h)) ,
g(0) =3+ 2cos(0),

_ [ _ 5
r(6) = O 3 — cos(0) + T7 cos(26),

where 0 € [0, 7). The graphs of generating functions are shown in the left panel of Figure II1.5,
and the approzimations ¢y, for k = 1,2,3,4 are shown in the right panel. Notice that min g(0) >
0,V0 €[0,x], f"(0) # 0, and furthermore r is non-monotone. We set n =ny € {40,60,80,100}
and v = 2.

The numerical tests related to Examples 1 and 2, as in Figures [11.6 and I11.7, show that the
error expansion (II1.2) behaves as expected. In Figure III.11 we also see that the approximated
¢x, can be used for a large n to approximate the error term to (or almost to) machine precision.
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function values

-0.5 1

0 /4 /2 3m/4 ™ 0 w/4 w/2 3n/4 ™
0

Figure IIL.5: Example 5: Generating functions (f, g, and r) and ¢ for k = 1,2, 3,4.

In the numerical tests associated with Examples 3 and 4, as in Figures II1.8 and II1.9, we
observe again that the error expansion is in accordance with (I11.2). We also note a slight
deviation for the largest eigenvalue and this has to be expected since we have (61 ,) — oo as
n — oo for Example 3 (on the other hand for Example 4 we notice 7(6y,,) — 00 as n — 00).
However, the approximation of the eigenvalues of P, (f,g) is excellent and almost to machine
precision as reported in Figure II1.12.

In the numerical test related to Example 5 we have a non-monotone region for

6 € [0,2tan"1(1/3/17)]

where the proposed expansion does not work. Indeed additional errors are introduced when
compared to Ej , o, since the sampling of 7(6;, »,) leads to a poorer approximation after order-
ing than the procedure given by sampling r(6;,,) first and then picking samples after ordering.
However, the expansion is confirmed for the rest of the domain, as seen in Figure I11.10. Fur-
thermore, in Figure II1.13 the expansion works well again for the monotone part, by allowing
an approximation almost to machine precision of the eigenvalues of P, (f,g).

However, even if the eigenvalues lying in the non-monotone region give raise to an irregular
error pattern, it seems that there exists a kind of “deformed” periodicity in the error, like it is
formally proven, without deformations, for the eigenvalues of T, (f), f(0) = 2—2cos(wf), w > 2
integer, and ¢g(#) = 1 (see [63]). The latter observation indicates that a more complete study of
this “deformed” periodicity has to be considered in the future.

We finally observe that the remarkable numerical results for the eigenvalues of P, (f,g), as
reported in Figures I11.11, TI1.12, T11.13, positively answer the question:

Q1. “Are the eigenvalues of preconditioned banded symmetric Toeplitz matrices known in almost

closed form?”.

In fact, we obtain almost machine precision for the computation of the spectrum of P, (f, g),
for large n and only working with few really small matrices.

At this point our goal will be to ascertain the existence of an asymptotic eigenvalue expansion
for PDE discretization matrices and exploit this expansion (if any) for computing the eigenvalues
themselves through fast interpolation—extrapolation procedures.
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Figure II1.6: Example 1: Ejn0, Ejnk (k=1,2,3), and & (k =1,2,3,4), for n = n1 = {40, 60, 80, 100}.
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Figure II1.7: Example 2: Ej .0, Ejnx (k=1,2
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,3), and ¢ (k= 1,2,3,4), for n = ny = {40, 60, 80, 100}.
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Figure II1.8: Example 3: Ejn.0, Ejnk (k=1,2,3), and & (k =1,2,3,4), for n = n1 = {40, 60, 80, 100}.
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Figure II1.10: Example 5: Ejn0, Fjnk (k=1,2,3), and & (k =1,2,3,4), for n = n1 = {40, 60, 80, 100}.
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Figure T11.11: Example 1 and 2: The errors log,, | Ej; n-.0| and log,, | Ej. n 4| for the 100 indices j7 of ny = 6463
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Figure T11.12: Example 3 and 4: The errors log,, | Ej; n-.0| and log,, | Ej. n 4| for the 100 indices j7 of ny = 6463
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In the next chapter we provide a positive answer in the case where the PDE is a the Laplacian
eigenproblem and the discretization method is the B-spline IgA. We observe that the question
Q1. can have interesting consequences since it opens the doors to a series of possible future

researches.
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Chapter IV

Asymptotic Expansion: applied to the
IgA discretization

In the present chapter, motivated by the aforesaid interest, we perform a detailed spectral
analysis of the matrices stemming from the B-spline Isogeometric Analysis (IgA) discretization
of the Laplacian eigenproblem —Au = Au.

IgA is a modern paradigm for analyzing problems governed by Partial Differential Equations
(PDEs); see [41]. Because of its capability to enhance the connection between numerical simula-
tion and Computer-Aided Design (CAD) systems, [gA is gaining more and more attention over
time. In particular, the spectral investigation of matrices arising from the IgA discretization of
PDEs has become a topic of interest in the scientific community, mainly because of the supe-
riority of IgA over the classical Finite Element Analysis (FEA) in approximating the spectrum
of the underlying differential operator; see, e.g., [42, 80, 90, 92, 103|. It is also worth recalling
that recent spectral distribution results for IgA discretization matrices [51, 71, 72, 73, 74, 76, 77|
turned out to be the keystone for designing fast IgA solvers [49, 50, 52].

Our main results, which will be detailed in Subsection IV.1, complement those of [51, 71, 72,
73, 74, 76, 77| and deliver a fast (parallel) interpolation—extrapolation algorithm for computing
the eigenvalues of the considered IgA matrices.

IV.1 Problem setting

Consider the one-dimensional Laplacian eigenproblem with homogeneous Dirichlet boundary

conditions

{ —u"(z) = Mu(z), € (0,1), (IV.1)

u(0) = u(1) = 0.

The corresponding weak formulation reads as follows: find eigenvalues A € Rt and eigenfunctions
u € H}(0,1) such that, for all v € H}(0, 1),

a(u,v) = A(u,v),
where

1 1
a(u,v) :/0 u' (z)v' (z)de, (u,v) :/0 u(x)v(x)de.
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1
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Figure IV.1: Cubic B-splines {Ny i3}, ..., Nyp43,3)} for the knot sequence {0,0, 0,0, %, %, cee "T*I, 1,1,1, 1} (n=

10).

In Galerkin’s method, we choose a finite-dimensional vector space # C H& (0,1), we set N =
dim %, and we look for approximations of the exact eigenpairs

No=5n0 wy(e) =sin(jrz), 5> 1, (IV.2)

by solving the following Galerkin problem: find X\;» € RT and w;y € #, for j =1,...,N,
such that, for allv € #,

a(ujp,v) = Ajw (ujp,v). (IV.3)
Assuming the numerical eigenvalues \; y are arranged in non decreasing order, the pair (A; », u; )
is taken as an approximation of the pair

(Aj, uj)

forall j =1,...,N. The numbers \;»/A\; — 1, j =1,..., N, are referred to as the (relative)
eigenvalue errors. If {¢1,...,pn} is a basis of #/, in view of the canonical identification between
each v € # and its coefficient vector with respect to {¢1,...,pn}, solving the Galerkin problem
(IV.3) is equivalent to solving the generalized eigenvalue problem

Kuj,% = )\jy/Mij/, (IV'4)
where u; 4 is the coefficient vector of u;y with respect to {¢1,...,on} and
1 N
K=l el = | [ Gt (1v.5)
ij=1
1 N
M= [l = | [ et (1v.6)
ij=1

The matrices K and M are referred to as the stiffness matrix and the mass matrix, respectively.
Both K and M are always symmetric positive definite, regardless of the chosen basis functions
©1,...,¢N. Moreover, it is clear from (IV.4) that the numerical eigenvalues X\ », j =1,..., N,
are just the eigenvalues of the matrix

L=M'K. (IV.7)

Now, for p,n > 1 let
Ni,[p]7 1=1,....,n+p, (IV8)
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be the B-splines of degree p > 1 and smoothness CP~1(R) defined over the knot sequence

2 n—1
0,...,0,—, —,..., 1.0,
—— n
p+1 p+1

S|

The B-splines (IV.8) form a basis for the spline space
Vi = {vec?0,1]: Y|z, i1y € P, fori=0,...,n—1},

where PP, is the space of polynomials of degree at most p. Except for the first and the last one,
all the other B-splines vanish on the boundary of [0, 1]. In particular, the B-splines

NH’L[I’]’ 7 = 1,...,n—|—p—2, (IV9)
form a basis for the space
7/”7[10} = {U € “//n’[p] :v(0)=v(1) = 0}.

We refer the reader to Figure IV.1 for the graphs of the B-splines (IV.8) corresponding to the
degree p = 3. For more on B-splines, including the precise definition of the functions (IV.8), see
[45, 112].

In the IgA approximation of (IV.1) based on uniform B-splines of degree p > 1, we look for
approximations of the exact eigenpairs (IV.2) by using the Galerkin method described above,
in which the basis functions ¢1,...,pN are chosen as the B-splines Ny ), ..., Nyypo1 and,
consequently, the vector space # is equal to #,, ;. The resulting stiffness and mass matrices
(IV.5)~(IV.6) are given by

n+p—2

1
KPPl = [ i N} (@) NL (a:)dm] , (IV.10)
ij=1
1 n+p—2
MP = [ i Nj+17[p](m)Ni+17[p}(x)dx] , (IV.11)
i,j=1
and the numerical eigenvalues Agj }n, j=1,....,n+p—2, are the eigenvalues of the matrix
Lyl = (M)~ KL (IV.12)

For more details on IgA, we refer the reader to [41].

Let ¢4 be the B-spline of degree ¢ > 0 corresponding to the knot sequence {0,1,...,¢+ 1}.
The function ¢4 is usually referred to as the cardinal B-spline of degree ¢ and it is recursively
defined as follows [45]:

Po(t) = X[0,1)(t) teR,

1_
blt) = 2¢q_1<t> + ‘”qtcbq_l(t _1),  teR,  g¢>1,
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where X(o,1) is the characteristic (indicator) function of the interval [0,1). Let

fp : [0777] - Rv fp(g) = ¢2p+1 D+ 1 2Z¢2p+1 D+ 1—- )COS(k‘G), D= 17 (IV13)

gp (0,7 = R, gp(0) = dopta(p+1) + 22¢zp+1(p +1—k)cos(kf), p=>0, (IV.14)

k=1
fr(9)
ep: 0,7 >R, ¢e,(0)= , p>1. V.15
(0,71 )0 =20 (1V.15)
It was proved in [72, Section 3] that !
fp(8) = (2 —2cos(0))gp—1(0), 0 € [0,n], p>1, (IV.16)
4 \p+1
(=) <a®<gO=1 0 < [0,7), p>0, (IV.17)

so in particular the function ey (@) is well-defined. From the analysis in [77, Section 10.7|, we
know that the three sequences of matrices {n_lKr[Lp} s {nMy[Lp]}n, {n_QLT[‘?]}n have an asymp-
totic spectral distribution (in the Weyl sense) described by the functions f,(0), ¢,(0), ep(6),
respectively; that is, for any sufficiently large n, up to a small number of outliers, the eigenval-
ues of nflK,[f)] (resp., nMJf}, n*QLr[:f]) are approximately given by the samples of f,(0) (resp.,
gp(8), ep(#)) over some uniform grid in [0, 7). This is illustrated in Figure IV.2 for the ma-
trix n_QLw and for p = 1,...,6. Following the terminology in [77, Section 3.1, we refer to
fp(0), gp(0), ep(0) as the spectral symbols of {nilKT[fj]}n, {nMJLp]}n, {n*QLy[ﬁf} }n, respectively.
For more details on the spectral distribution of a sequence of matrices, see [77].

Main contributions

The main contributions of this Chapter can be summarized as follows. Throughout this chapter,
we will use the notations ny™ =p — 2+ mod(p,2) and NP =n +p— 2.

1. We prove several important analytic properties of the spectral symbol e, (). In particular,
we show that ep(f) is monotone increasing on [0,7] for all p > 1 and that e,(§) —
62 uniformly on [0,7] as p — oo. Incidentally, we also show that the ratio wy(0) =
9p(0)/gp—1(0) satisties 1/3 < w,(0) <1 for all p > 1 and 6§ € [0, 7]. The latter result was
already conjectured in [50, 52] on the basis of numerical experiments, and it was therein
exploited to design/analyze fast solvers for IgA discretization matrices.

2. For p =1 and p = 2, we compute eigenvalues and eigenvectors of L,[:f ). In both cases, the
eigenvalues are given by e,(0;,) for j = 1,...,n 4+ p — 2, where 0;,, = jr/n. The exact
computation of eigenvalues and eigenvectors is made possible by the fact that the matrices
Ky[f], MJ{J}, Lw belong to the same matrix algebra, which is the tau algebra 7,—1(0,0)
for p = 1 and the algebra 7,,(—1,—1) for p = 2 (we are using the notations of [21]). Tt
is worth noting that both these algebras are related to fast unitary sine transforms [21],
which implies that many numerical linear algebra computations involving the matrices
KLP ], MLp ], L,[f] (matrix-vector products, solutions of linear systems, inversions, etc.) are
stable and fast [101, 102].

'Note that in [72] the function g,(6) is denoted by hy,(6).
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IV.1. Problem setting
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Figure IV.2: Comparison between the eigenvalues of n 2L and the graph of e, (f) for n =50 and p=1,...,6.
The eigenvalues of n 2L are sorted in non decreasing order and are represented by the thick dots placed at
the points (Hj,n,)\j(nszLf])), j=1,...,n —mod(p,2), where 0;, = jw/n. The eigenvalues )\j(n72L£f]) for
j >mn — mod(p,2) are the so-called outliers and are positioned outside the domain [0, 7].
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82

3. For p > 3, we provide numerical evidence of a precise asymptotic expansion for the eigen-

values of n‘zL%]. Such an expansion, which obviously begins with the spectral sym-

out
p

values (the so-called outliers; see Figure IV.2). To be more precise, we show through

bol e,(6), is in force for the whole of the spectrum except for the largest no"* eigen-
numerical experiments that for every p > 3, every integer a > 0, every n, and every
j=1,...,N™P — n;‘“ =n — mod(p, 2), we have

(IV.18)

N 2L = ¢, (8;) + Y P60 + EV

J,n,a’
k=1

where:

72L'r[1;]

e the eigenvalues of n are arranged in non decreasing order, Al(n*ZLyf }) <...<

An+p—2(n_2L7[f})7
. {C;[f}}kzl,z.,. is a sequence of functions from [0, 7] to R which depends only on p;
o h = % and Gj,n: % =grhiorj=1,...,n;

o BV = O(h®*1) is the remainder (the error), which satisfies the inequality ]E[p] |

2,m,0 J,n,a

IN

C}f Jhe+1 for some constant CED ] depending only on « and p.

We refer the reader to the Chapter VI Section V1.4 for a proof of the expansion (IV.18)
foraa =0and j = 1,...,N™ — (4p — 2), where 4p — 2 represents an estimate, solely
based on interlacing/rank-correction arguments, of the actual number of outliers ng‘“. We
note that (IV.18) is formally the same as the expansions for the eigenvalues of Toeplitz
and preconditioned Toeplitz matrices, which have been conjectured and validated through
numerical experiments in [1, 62]. Furthermore, basic eigenvalue expansions (and related
extrapolation techniques) have been used in [37, 151] in the context of finite element
approximations of differential problems. In the light of these considerations, the expansion
(TV.18) is not completely unexpected, because n*ZLT[f)]
matrix as n_zL%] = (anp])_l(n_lKllp]) and nMr[Lp}, n_lKllp] are Toeplitz matrices, up to

low rank corrections. To be precise,

is “almost” a preconditioned Toeplitz

n T KW =Ty o(fy) + R, (IV.19)
nMP = T, o(g,) + S, (IV.20)

where fp, g, are defined in (IV.13)—(IV.14) and

(RP);; =0, 2p<i<n—p—1 = rank(RIP)<4p-2, (IV.21)
(SPh,; =0, 2p<i<n—-p—-1 = rank(SP) <4p—2; (IV.22)

see |72, Subsection 4.1].

. We show through numerical experiments that, for p > 3 and k£ > 1, there exists a point

8(p,k) € (0,m) such that c,[f](é?) vanishes over [0,0(p, k)]. Moreover, as it is suggested by
the numerics of this chapter, it is very likely that y, = infz>q 0(p,k) > 0 for all p > 3.
This is consistent with another crucial numerical observation, namely the fact that, for all



IV.2. Properties of the spectral symbol e,(6)

p > 3, the equation )\j(n*QLg)]) = ep(0jn) holds numerically whenever 6;,, < 6(p), with
(p) being a point in (0,y,]. In addition, f(p) apparently grows with p, i.e., the portion of
the spectrum of )xj(n_QL%’ ]) which is exactly described by e, (6), at least from a numerical

viewpoint, increases with p.

5. For p > 3, based on the expansion (IV.18) and drawing inspiration from [58|, we pro-

pose a parallel interpolation—-extrapolation algorithm for computing the eigenvalues of

out
p

numerical experiments. Note that we actually need to compute only the eigenvalues of L%)

L,[f ], excluding the n2"" outliers. The performance of the algorithm is illustrated through

]

corresponding in the expansion (IV.18) to points §;, > 6(p), because whenever 0;,, < 6(p)

we numerically have )\j(er[?]) = n?ey(0;,) by the previous Item 4.

6. We present a detailed extension of the whole analysis to the general k-dimensional setting,
in which problem (IV.1) is replaced by (IV.32). By using tensor-product arguments, we
show that the eigenvalue—eigenvector structure of the matrix arising from the IgA approx-
imation of (IV.32) is completely determined by the eigenvalue—eigenvector structure of the
matrix L,[f]. In short, the analysis of L%)} is enough to cover also the multidimensional

case.

The Chapter is organized as follows. In Section IV.2 we report the properties of ey,(6)
(and wp(0)); for ease of reading, the corresponding technical proofs are deferred to Chapter
VI Section VI.3. In Section IV.3 we compute eigenvalues and eigenvectors of the matrix L,[f}
for p =1 and p = 2. In Section IV.4, assuming the asymptotic eigenvalue expansion (IV.18),
we present our parallel interpolation—extrapolation algorithm for computing the eigenvalues of
L[ff} for p > 3, excluding the ngut outliers. In Section IV.5 we provide numerical experiments
in support of both the asymptotic eigenvalue expansion (IV.18) and the properties described in
Item 4 of Subsection IV.1. Moreover, we numerically illustrate the performance of the algorithm
presented in Section IV.4. In Section IV.6 we extend the whole analysis carried out in Sec-
tions IV.3-IV.5 to the multidimensional setting by showing through appropriate tensor-product
arguments that the multidimensional case reduces to the unidimensional case.

IV.2 Properties of the spectral symbol e,(¢)

The spectral symbol e, () enjoys the properties reported in Theorems IV.2.1 and IV.2.2, whose
proofs are collected in the Chapter VI Section VI.3. We note that the convergence expressed in
Theorem IV.2.1 was numerically observed in [80] and represents a starting point for the research
program outlined in [75, Remark 15].

Theorem IV.2.1. The function e,(0) converges uniformly to 62 on [0, 7] as p — oo.
Theorem IV.2.2. The function ey(0) is monotone increasing on [0, 7] for all p > 1.

As a byproduct of the proofs of Theorems IV.2.1 and IV.2.2, we also prove the following
result for the function

wy : [0, 7] = R, wy(0) = _9p0)_ p>1.

gp—1(0)’
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Chapter IV. Asymptotic Expansion: applied to the IgA discretization

Theorem IV.2.3. For p>1 and 0 € [0, 7] we have

< wy(f) < 1. (IV.23)

Lo =

Note that the bounds in (IV.23) are sharp. Indeed, w,(0) =1 for all p > 1 and w;(7) = 1/3.
Theorem IV.2.3 provides theoretical support to the numerically observed p-robustness of the
solvers devised in [50, 52] for IgA linear systems; see in particular [50, Section 5.5].

[p]

IV.3 Eigenvalues and eigenvectors of ;' for p=1 and p =2

}forpzland

In this section we compute the exact spectral decomposition of the matrix Lq[f
p = 2. As a preliminary step, we recall some properties of the matrix algebras 7, (¢, ¢) intro-
duced in [21] for €,¢ € {0,1,—1}. It will turn out that K,[IH,M,[ZI],LQ} belong to 7,-1(0,0) and
K,[f], M,[lz],LE] belong to 7,(—1,—1), and this will be the key for computing eigenvalues and

eigenvectors of both LLI ] and LLz }.

IV.3.1 The matrix algebras 7,,(¢, ¢) for ¢,¢ € {0,1,—1}

Following [21], for any m > 2 and any €, ¢ € {0,1,—1} we define the tridiagonal matrix

(e 1 0 0 |
1 0
Hun(e,0)= |0 . . . 0 | =Tm(2cos(9)) + cere] + gepel,
0 1
0 0 1 ¢

Since H,, (€, ¢) is real and symmetric, it can be decomposed as

Hm(€7 ¢) = Qm(fa ¢)Dm(€7 ¢)Qm(€a ¢)T7

where Qp,(€,¢) is a real unitary matrix and D,, (€, ¢) is a real diagonal matrix. The matrix
algebra generated by H,, (¢, ¢) is denoted by 7,,(€, ¢) and is given by

Tm(€,0) = {Qm(€, @) DpQu(e, #)T : D,y is a diagonal matrix of size m}.

It turns out that the matrix Q. (¢, ¢) is a fast trigonometric transform such that the matrix-
vector product Qn,(€,d)v can be computed in O(mlogm) operations. Moreover, the diagonal
entries of the matrix Dy, (e, ¢) (i.e., the eigenvalues of H,, (€, ¢)) are equal to the samples of the
function 2 cos(#) over a uniform grid in [0, 7].

The cases of interest in this chapter are e = ¢ = 0 and e = ¢ = —1. For € = ¢ = 0, the
matrix algebra 7,,(0,0) is the so-called tau algebra, which was originally introduced in [14]. In
this case, the sampling grid is

and we have
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IV.3. Eigenvalues and eigenvectors of Lg’ ) for p=1and p=2

D,,(0,0) = ~diag [2008<mji )],

7j=1,....m

2 [ g\
@m(0,0) = \/74-1 |:Sln<m-|— 1>L,j1‘

For e = ¢ = —1, the sampling grid is

E’ j = 17 7m7
m
and we have
Dm(—17 —1) = dlag |:2 COS(M)]’
j=1,...m m
2 20 — 1)jm\ 1™ 1/V2, if j=
Qm(—l,—l)z\f[kjsin(“m)] . k= /V2, i m,
m 2m ij=1 1, otherwise.

For more details on the matrix algebras 7, (€, ¢) we refer the reader to [21].

IV.3.2 Eigenvalues and eigenvectors of LY for p=12

In the case p = 1, the stiffness and mass matrices K,[ll] and M,[}] have size n — 1 and a direct
computation shows that

2 -1
-1 2 -1
TL_IK,,[LI] = = Tn—l(fl) =2Ip1 — Hn—l(07 0),
-1 2 -1
_ 12
SR ;
1 4 1
1 2 1
M= Z o, =T,_ =-I,_1+=H,_1(0,0
nM; = 2 ST 1(91) g1+ ¢ 1(0,0),
1 4 1
L 1 4]

where fi, g1 are given by (IV.13)-(IV.14

~—

forp=1,ie.,
f1(0) =2 —2cos(6),

2 1
g1(0) = 3 + 3 cos(0).

It follows that both KT[L” and M#] belong to the tau algebra 7,,—1(0,0). Moreover, based on the
results of Subsection IV.3.1, we have

n UKW =27, 1 — H,_1(0,0) = Qu_1(0,0) ( diag {fl (”;)D Qn_1(0,0)7,

j=1,..,n—1

2 =270 Y 10,0) = Qui(0,0) ( diag [91 (Z)D Qn_1(0,0)7.

3 6 j=1,..n—1
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Chapter IV. Asymptotic Expansion: applied to the IgA discretization

Given the algebra structure of 7,,_1(0,0), we obtain

n24¥=0mﬂblleﬁ)=Q%ﬂ&m< diag LnU”ﬂ>Q%ﬂamﬁ
j=1,....n—1 n

where

~ f1(8) _ 6(1 —cos(0))
eu(6) = g1(0)  2+cos(d) ’

as defined by (IV.15) for p = 1. In particular, LLH belongs to the tau algebra 7,,_1(0,0) just like
(1]

K,[ll] and My[l”, and the eigenvalues and eigenvectors of Ly are given by

In the case p = 2, the stiffness and mass matrices K,LLQ] and M,[LQ] have size n and a direct
computation shows that

&8 -1 -1
-1 6 -2 -1
-1 -2 6 -2 -1
KR = S — To(f) + R,
-1 -2 6 -2 -1
-1 -2 6 -1
i -1 -1 8 |
[ 40 25 1 i
25 66 26 1
1 26 66 26 1
WP = Sl = Tlg2) + 517,
1 26 66 26 1
1 26 66 25
i 1 25 40 |

where fo, go are given by (IV.13)—(IV.14) for p = 2, i.e.,

f2(0) =1— %cos(ﬁ) - %COS(QQ),
11 13 1
= — J— 2
g2(0) 50 + 30 cos(f) + 50 cos(26),
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IV.3. Eigenvalues and eigenvectors of Lg’ ) for p=1and p=2

and RE ], 7[12] are matrices of rank 4 given by

2 1
R
Rv[’?]_g )
1
1 2
[ 26 -1 ]
1
p_ 1
n T 190
1
1 26

We note that both n_qu[E} and nM,[f] are of the form

Ap(a,b,c) = T,(a+ 2bcos(f) + 2ccos(20)) + Ry, (b, c), R, (b,c) = —

C
c b
(IV.24)
Indeed,
1 1
“1p2) _ 11
n K = 4, (1 -5, -5)
11 13 1
M g, (H13 LY
t¥n (20’60’120)

Now, any matrix of the form (IV.24) is a polynomial in H,,(—1,—1), and precisely
Apn(a,b,c) = (a —2¢)I, + bH, (=1, —1) 4+ cH, (-1, —1)%

It follows that A,(a,b,c) belongs to the matrix algebra 7,(—1,—1). Moreover, based on the
results of Subsection IV.3.1, we have

Ap(a,b,c) = Qun(—1,-1) <'diag [a + 2bcos<‘%r> + 2CCOS(2:T>]> Qn(—1,-1)T.

7j=1,...n

In particular, K2 and M? belong to 7,(—1,—1) and

n UK = Qu(-1,-1) ( ding [fz(]:)D Qu(-1,-1)7,

1=1,...n

A = Qu(~1,-1) ( diag {gg({j)]) Qu(~1,~1)".

j=1,...n

Given the algebra structure of 7,,(—1, —1), we obtain

n2L2 = (nMPHY (T K1) = Q,(—1,-1) ( diag [eg(f)D Qn(-1,-1)7T,

Jj=1,...,n
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where
f2(0)  20(3 — 2cos(0) — cos(20))

e2(6) = 92(0) 33+ 26cos(0) + cos(260)

as defined by (IV.15) for p = 2. In particular, LE] belongs to the algebra 7,(—1, —1) just like

K7[L2 I and MT[?}, and the eigenvalues and eigenvectors of Lg] are given by

nQeg(]—W), j=1,...,n,
n

\/§|:k]81n((22—1)]7('>:| , k]: 1/\/57 lfj:na ]:1,,’”
n 2n i—1 1, otherwise,

1=

Remark 6. In a recent work [134], Tani proposed a preconditioner based on the fast sine trans-
form Qpn(—1,—1) for solving linear systems arising from the IgA discretization of unidimensional
differential problems. For the case p = 2, the performance of the preconditioner was extremely
good: just one Krylov iteration! The theoretical explanation of such an excellent behavior lies
precisely in the exact spectral decompositions obtained in this subsection, where it is shown that
Qn(—1,—1) diagonalizes simultaneously the three matrices K,[E], M,[lz], LE], Note that decomposi-
tions of this kind can also be used for accelerating the convergence of recently proposed iterative
solvers for IgA linear systems, such as multigrid-based and preconditioned Krylov-based methods;

see [50, 52, 111] and the references therein.

Remark 7. The results of Subsection IV.3 show that KT[«LP}, MTQP], Lw belong to the same matriz
algebra for p = 1,2. Does this property remains true for p > 37 The answer is “no”. Indeed, if
KLP}, Mi}”], ng} belong to the same matriz algebra, then KLP] and M#”] commute. We numerically
verified that KLP] and Mr[f’] do not commute for p > 3.

IV.4 Algorithm for computing the eigenvalues of LY for p>3

Assuming the expansion (IV.18) and drawing inspiration from [58], in this section we propose a

parallel interpolation—extrapolation algorithm for computing the eigenvalues of L,[‘f], excluding

the ng“t outliers. In what follows, for each positive integer n € N={1,2,3,...} and each p > 3

we define nlPl = n — mod(p, 2). Moreover, with each positive integer n we associate the stepsize

h = % and the grid points 0;,, = jmwh, j = 1,...,n. For notational convenience, unless otherwise

stated, we will always denote a positive integer and the associated stepsize in the same way.

For example, if the positive integer is n, the associated stepsize is h; if the positive integer is

n1, the associated stepsize is hq; if the positive integer is 7, the associated stepsize is h; etc.

Throughout this section, we make the following assumptions.

e p >3 and n,ni,a € N are fixed parameters.

e np=21Ip fork=1,...,a.

o jp = 21 for j; = 1,...,ny and k = 1,...,a; ji is the index in {1,...,n,} such that
ejkynk = Hjhnl'

A graphical representation of the grids {61 ,,,,...,0n, n,}, K =1,..., a, isreported in Figure IV.3

for ny =5 and oo = 4.
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IV.4. Algorithm for computing the eigenvalues of L%D ) for p>3

AlhxxxxXxXX@XXXXXXXOXXXXXXX@XXXXXXXBXXX XXX XE
3— X X X X X X X X X X X X X X x &
~2
2 X X X X X &
1+ [
I I I I
0 /5 21 /5 3n/5 4 /5 7r
0

Figure IV.3: Representation of the grids 0,,), k =1,...,, for n1 = 5 and a = 4. Red circles represent the grid
points 0;, », and blue x’s represent the rest of the grid points of 0y, ;.

For each fixed j; = 1,... ,ngp} we apply « times the expansion (IV.18) with n = ny,no, ..., ng
and j = ji,J2, .., Ja- Since 05, n, = 0j,n, = ... =0, n, (by definition of ja, ..., jo), we obtain
Ej[;ll)],m,o = C[lp](gjl,m)hl + Cgp}(ejl,m)h% +...+ cg}(0j17n1)h? + EJ['Z;},m,a
E]['Z]mz,o = C[lp](ej1,n1)h2 + C[2p}(ej1,n1)h% +. Tt C[(f}(ejl,nl) g + E]['IQ)},nQ,a
, (IV.25)
Bl 0= (0nm)ha + e (0,00 + .+ B (05,005 + B
where
EV =N L) —ep(0 ), k=10,
and
BV < CPRSTL k=1, 0 (IV.26)
Let 6[11)](9j17n1), . ,&Ef](ejw) be the approximations of c[lp](Gjhnl), . ,c([f](Hjhnl) obtained by
removing all the errors EJ[I; ],m, P ) j[z ]ma, . in (IV.25) and by solving the resulting linear system:
Ej[zlj],m,o = 6gp]<6j17n1)h1 + E[Qp](ejhm)h% +... E[o]ﬂ(ejhm)h?
Ej[’z],nz,o = 6[1p](9j1,n1)h2 + 5[2])} (ejhnl)h% +o Tt ég)] (ejhnl)hg
: (IV.27)
E}Z},nwo = 5[11)](6j1,n1)h04 + 6[2p} (Gjl,m)hi +..+ ég)] (ejhnl)hg
Note that this way of computing approximations for c[lp] Oj1m1),--- ,0[5] (0j,,n,) is completely

analogous to the Richardson extrapolation procedure that is employed in the context of Romberg
integration to accelerate the convergence of the trapezoidal rule [132, Section 3.4]. In this regard,
the asymptotic expansion (IV.18) plays here the same role as the Euler-Maclaurin summation
formula [132, Section 3.3]. For more advanced studies on extrapolation methods, we refer the
reader to Brezinski and Redivo-Zaglia [23]. The next theorem shows that the approximation

error ’Cl[cp](ejhm) - EIED] (Hjhm)’ is O(h(lx_lﬁ_l)'
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Chapter IV. Asymptotic Expansion: applied to the IgA discretization

Theorem IV.4.1. There exists a constant AL’?] depending only on o and p such that, for j; =
1,...,n[1p} and k=1,...,q,

el O51m) = & O < ARG, (1V.28)
Proof. 1t is a straightforward adaptation of the proof of [61, Theorem 1]. O

The improvement of the algorithm is performed by using an interpolation procedure. This
has been designed following the idea in [61].
We fix an index j € {1,...,nlP)}. To compute an approximation of )\j(n*ZL%)]) through

the expansion (IV.18) we would need the value cf] (0jn) for each k = 1,...,a. Of course,

cE](Gj,n) is not available in practice, but we can approximate it by interpolating in some way

the values é,@(ejm), j1=1,... ,n[lp]. For example, we may define 5,[5}(9) as the interpolation
polynomial of the data (6}, »,, 6,%0](9j17n1)), ji=1,... ,n[lp}, — so that &Lp] (0) is expected to be an
approximation of cgf} (0) over the whole interval [0, 7] — and take égf] (0jn) as an approximation
to c,[f}(ejm). It is known, however, that interpolation over a large number of uniform nodes is
not advisable as it may give rise to spurious oscillations (Runge’s phenomenon). It is therefore

better to adopt another kind of approximation. An alternative could be the following: we

[p] [p]

approximate ¢; ' (¢) by the spline function ¢, () which is linear on each interval [0, »,, 6, +1,n,]
and takes the value 6%’} (0j1,n,) at 0, , for all j; =1,.. .,n[lp]. This strategy usually removes

any spurious oscillation, yet it is not accurate. In particular, it does not preserve the accuracy
of approximation at the nodes 0}, ,,, established in Theorem IV.4.1, i.e., there is no guarantee
that |c1(8) — &Pl(0)] < BERS™ 1 for 6 € [0, 7] or [dP(8;,) — &P (8;0)] < BEIRSH1 for j =
1,...,nlP with Bg)} being a constant depending only on « and p. As proved in Theorem IV.4.2, a
local approximation strategy that preserves the accuracy (IV.28), at least if c,[f] (0) is sufficiently
smooth, is the following: let /1), ... 8(@=F+1) he o — k41 points of the grid {01y, 0 )}

nl sl
which are closest to the point 0;,, 2 and let 6,[5}](9) be the interpolation polynomial of the data

(9(1),51[51 (@MY, ..., (gla—h+D), 6%1(9(0‘*’““))); then, we approximate c,E”](ej,n) by E,[f]](ﬁjn) Note

that, by selecting o — k + 1 points from {61 ,,,... 0 1) m}, we are implicitly assuming that
1

n[lp]ch—k:+1.

Theorem IV.4.2. Letp > 3 and 1 < k < «a, and suppose nl?) > a—k+1 and cg)] € Co‘*k“[O, 7.
Forj=1,...,nlPl oM . 9=FD gre a—k+1 points of {0101, 79n[p] nl} which are closest
1

to Ojn, and if 5%(9) is the interpolation polynomial of the data
(6D, &Pl 6M)), ..., (plo—k+D) Pl (glo—kiny),

then
e (0) — &) (6;,)] < BEIRgH+1 (IV.29)

for some constant Bg)] depending only on o and p.

Proof. 1t is a straightforward adaptation of the proof of |58, Theorem 2|. O

2These o — k + 1 points are uniquely determined by 6;.,, except in the following two cases: (a) 6. coincides
with a grid point 6}, », and a — k + 1 is even; (b) 6;, coincides with the midpoint between two consecutive grid
points 6, .n,,0j,+1,n, and o« — k + 1 is odd.
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IV.4. Algorithm for computing the eigenvalues of L%D ) for p>3

We are now ready to formulate our algorithm for computing the eigenvalues of L,[f }, excluding
the outliers. Note that this algorithm permits a parallel implementation, as in the case of |58,
Algorithm 1|; see [58, Remark 4.

Algorithm 1. Given p > 3 and n,ni,a € N with n[lp} > «, we compute approximations of the
etgenvalues )\j(L,[f]) for j=1,...,nP as follows.

1. Forj1=1,... ,n[lp} compute 6[11’](9]-1,”1), . [p](ﬁﬁ ny) by solving (IV.27).
2. Forj = 1,...,n[p]

o fork=1,...,«

— determine o — k + 1 points 0V ... gle—k+l) ¢ {0101, 0 1) m} which are
closest to 0 p; '

— compute c[p] (0jn), where cgf] (0) is the interpolation polynomial of the data

(O, &P @My), ..., (kD P gla-kiDy),
e compute S\j(n_ZL%)]) ( Jn) + Zk . é%ﬂ(@ )hk and S\j(L,[f]) _ nQXj(n_QL%’]).
3. Return (5\1(Lr[¢), . (Lyf])) as an approrimation to ()\1(L7[if}), D . (L,[f])),

Remark 8. Algorithm 1 is specifically designed for computing the eigenvalues of LQLD] in the case
where n is quite large. When applying this algorithm, it is implicitly assumed that n1 and o are
small (much smaller than n), so that each ny, = 2"'ny is small as well and the computation of
the eigenvalues of LT% — which is required in the first step — can be efficiently performed by
any standard eigensolver (e.g., the solver used by the function eig of MATLAB).

The last theorem of this section provides an estimate for the approximation error made by
Algorithm 1.

Theorem IV.4.3. Let p > 3, nlPl > n[lp] > a and cggp} € Cokt0, 7] for k = 1,...,a. Let
(Xl(L%]),...,)\n[p (L[p})) be the approzimation of (Al(LT[]L)]),...,/\n[p](L,[f])) computed by Algo-
rithm 1. Then, there exists a constant D[(f} depending only on « and p such that, for j =
1,...,n[p},

() = A (2] < D, (IV30)

Proof. By (IV.18) and Theorem IV .4.2,
(2l = X (2L = |ep(650) + Zc“’] i)+ B — e Zcm
<Z‘0k im) Ck](]n)’hk_'_‘ ]na’

< Bl Z he—h LRk L clPlpett < plrlpgp,
k=1

where D[p] (a+1) maX(Bc[ym7 C[p]) Multiplying both sides by n? we get the thesis. O
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Chapter IV. Asymptotic Expansion: applied to the IgA discretization

n 200 300 400 500 600
K67 1297 172w 214w 257
09)3.1) | 25 ~ 1. il NP Ll S 13446 20 134
(3.1) | G < 13509 oo 3500 o 3500 oo 3446 oo 3456
1157 1727 2297 2867 3437
0)3,2) | =2 £ 1.8064 — ~1.8012 7T A 17986 oot A 17970 ool A 1.7959
1(3,2) | 555 300 400 500 600
1267 1887 2517 3137 377
0L ST 219792 8 . T 19713 220 o, 2L~ 1.974
13.3) | 559 0792 oo 9687 oo 0713 T 9666 oo 9740

Table IV.1: Example 6, p = 3: values 6 (3,k) for k = 1,2,3 and ny = 200, 300, 400, 500, 600, computed with
the threshold ¢ = 0.0005.

Note that the error estimate provided by Theorem 1V.4.3 seems disappointing, because of the
presence of the large factor n in the right-hand side of (IV.30). However, one should take into
account that (IV.30) is an absolute error estimate which, moreover, is uniform in j. Considering
that the largest non-outlier eigenvalue of L%)], namely )\n[p](L%)]), diverges to co with the same

asymptotic speed as n?, from (IV.30) we obtain the approximate inequality

o (L)
A (L))

| A0z (L — X,

< DPIpSh,

which is a good relative error estimate. We refer the reader to Subsection IV.5.2 for several
numerical illustrations of the actual performance of Algorithm 1.

IV.5 Numerical experiments

This section is composed of two subsections. In Subsection IV.5.1 we implement the program
described in Items 3 and 4 of Subsection IV.1. In other words, we validate through numerical
experiments the expansion (IV.18) for p > 3; we numerically show, for p > 3 and k > 1, the
existence of a point 6(p, k) € (0,7) such that cgf] (0) vanishes over [0,6(p, k)]; and we provide
numerical evidence of the fact that the infimum y, = infy>; 0(p, k) is strictly positive and the
equation )xj(n_QLLf]) = ep(0;,n) holds numerically whenever 6, < 6(p), with 6(p) being a point
in (0, yp]. In Subsection IV.5.2 we illustrate the numerical performance of Algorithm 1.

IV.5.1 Numerical experiments in support of the eigenvalue expansion
Fix p > 3 and a € N. As in Section IV 4, for every n; € N we set
nk = 28"y, k=1,...,q,

g =281, k=1,...,a, ji=1,...,n1.

In the hypothesis that the expansion (IV.18) holds, we can follow the derivation of Section IV.4
[p]

until Theorem IV.4.1 and we conclude that, for each k =1,..., ¢ and j1 =1,...,ny", the value
EE](Gjhm) computed by solving the linear system (IV.27) converges to the value c,?}(ejm)

as n; — oo with the same asymptotic speed as h‘f*kﬂ. In other words, in the hypothesis

that the expansion (IV.18) holds, if we plot the values é,[f}(ejm) versus the points 60;, ,, for
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IV.5. Numerical experiments

0 ‘ — 7
np = 200 \,\ i
—0.5 = = ny = 300 N\, [
~ |l ny = 400 ‘-\_ |
) \ i
&) \ I
o —15} \ .
N \ i
v\
-2 \
\ o/
—925 ‘ ‘ ‘ s
0 /4 /2 3m/4 ™
9.7'17"1
1 ny = 200 A
- =y =300 /A
o~ [ ny = 400 ! \
£ 0 1 - ! 7
g o
= Vo
B -1t v
—9ol Vi
Il Il Il "i
0 /4 /2 3r/4 T
Oj1.n,
| [——n; = 200 ir\‘\ |
- =Ny = 300 , ‘
~ 2] ny = 400 i
<l [y
S I
;‘b/ 0 ~ I 1 g
Q —1t \..,:, !i ,_.'7
ol (W)
’ \
73 I I I v
0 /4 /2 3r/4 ™
0jimi
Figure IV.4: Example 6, p = 3: graph of the pairs (Gjl,m,65}](6?]17”1))7 j1=1,...,n1 — 1, for n1 = 200, 300, 400

and k=1,2,3.
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Chapter IV. Asymptotic Expansion: applied to the IgA discretization

1073
10°
107
= 1077
e
o 10711
2 _13 —n =750
10 - --=-n=1000|
10719 Loy df n = 1250/
o e [ n = 1500 |
0 /4 /2 3 /4 ™

Ojn

Figure IV.5: Example 6, p = 3: errors |EJ[57110| versus 6;, for j =1,...,n — 1 and n = 750, 1000, 1250, 1500.

n | 750 1000 1250 1500
] 58 80 101 123
O;n | 02429 0.2513 0.2538 0.2576

Table IV.2: Example 6, p = 3: first index j such that \E£31LO| > 107 and corresponding grid point 0jn, for
n = 750, 1000, 1250, 1500.

[p]

j1=1,...,ny", the resulting picture should converge as n; — oo to the graph of a function from

[0, 7] to R, which is, by definition, cgf](ﬂ). The next examples show that this is in fact the case,

thus providing a validation of the expansion (IV.18). The examples also support the following

conjectures:

e the limit function CE](H) vanishes over an interval [0, 8(p, k)] with 8(p, k) € (0,7);

e y, =infy>1 0(p, k) > 0;

. /\j(n*2LT[]f]) = ep(0;,n) numerically whenever 6;,, < 6(p), where 6(p) is a point in (0, y,] which
grows with p.

Example 6. Fix p =3 and let a« = 3. In Figure IV.4 we plot the pairs
im0 mr)s =10 =n =1, (IV.31)

for n1 = 200,300,400 and k = 1,2,3. We note that, for each fived k, the graph of the pairs
(IV.31) is essentially the same for all the considered values of ny. In other words, this graph
conwverges to the graph of a function CE](Q) as ny — 00, and the convergence is essentially reached
already for nqy = 200, at least from the point of view of graphical visualization. Moreover, the
limit function CE](H) is apparently zero over an interval [0,0(3,k)], where 0(3,k) € (0,7). An

e-approzimation of 0(3,k) is obtained as the limit of 07(51)(3, k) for ny — oo, where
65)(3,k) = max{6), n, : 1< j1 <ny—1, |6 (0i,,0,)] < e for all iy < j1}
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IV.5. Numerical experiments

n 200 300 400 500 600
97r 1467 1947w 2427 2917
09(4,1) | 225 ~ 15237 8 215289 —t a~1.5237 ol A 15205 o a0 1.5237
m (1) | o5 300 400 500 600
1207 1947 92587 3227 387
09(4,2) | =28 22,0263 — ~2.0316 ot A 2.0263 ot A 20232 il A 2.0263
m(4,2) | 555 300 400 500 600
1457 217n 2891 3627 434w
09(4,3) | 220 ~ 22777 T 09724 ToTT 29698 ot A 2.9745 o 92724
m(43) | 555 300 400 500 600

Table IV.3: Example 7, p = 4: values 6 (4,k) for k = 1,2,3 and ny = 200, 300, 400, 500, 600, computed with
the threshold ¢ = 0.0005.

n 750 1000 1250 1500
J 71 97 123 152
0;jn | 02974 0.3047 0.3091 0.3183

Table IV.4: Example 7, p = 4: first index j such that \EJ[A‘LO\ > 107" and corresponding grid point 6;,,, for
n = 750, 1000, 1250, 1500.

and € 1s a fized threshold. Table 1V.1 shows the values 9%81) (3,k) computed for k = 1,2,3 and
n1 = 200, 300, 400, 500, 600 with the fized threshold € = 0.0005. Both Figure IV.4 and Table IV.1
suggest that 0(3, k) grows with k. In particular, we may expect that

Y3 = ]igf; 0(3,k) =0(3,1) > 0.

In Figure IV.5 we plot the errors \EJBT]LO\ = \)\j(n*QLE]) — e3(0jn)| versus the points 0;,, for
7=1,... ,nBl =n —1 and n = 750, 1000, 1250, 1500. For the same values of n, in Table 1V.2

we record the first index j such that |E[-3]

j7n,0| > 10714 and the corresponding grid point 0, .

From Figure IV.5 and Table IV.2 we immediately see that a nontrivial portion of the spectrum
of n_QLE’] 1s exactly approximated, at least from a numerical viewpoint, by the spectral symbol
e3(0). Moreover, the points 0, shown in Table IV.2 apparently form a monotone increasing
sequence; the limit of this sequence as n — oo, say 6(3) ~ 0.2576, is a point such that the
equation )\i(n_2L§]) = e3(0in) holds numerically whenever 0;, < 6(3). In other words, the
ratio 6(3)/m ~ 0.082 represents the portion of the spectrum of n*QLLS] which is exactly described
by e3(0), at least numerically.

Example 7. In this example we wverbatim repeat for the case p = 4 what we have done in
Example 6 for p = 3. For the sake of brevity, we do not include here any comment and we
limit to report the exact analogs of Figure IV.4, Table IV.1, Figure IV.5, and Table IV.2 in
Figure 1V.6, Table IV.3, Figure IV.7, and Table 1V .4.

Example 8. A comparison between Table IV.2 and Table 1V.4 shows that the portion of the
spectrum of n_QL,[f} which is exactly described by ey(8), at least from a numerical viewpoint,
grows from 0(3)/m =~ 0.082 for p = 3 to 0(4)/7m =~ 0.101 for p = 4. Actually, this spectrum

portion increases more and more with p, i.e., O(p) grows with p; see Figure IV.8.
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n1 = 200 N /
—0.05 = = ny =300 \, .
.......... ny = 400 \ '
s —0.1r \ [
g \ i
< % |
N— S L \-' ! I
= 0.15 \ I
\ /
—0.2} Voo I
\-.\ I
—0.25 L | ‘ ‘ "\./! ]
ejhnl
‘ VN
1y = 200 / o\
0.01 [~ _ p, — 300 /o ]
.......... ny = 400 ,/"/ \'\
—~ s i
0 - ‘= 4
= \ /
< Vo
= \ /
= —0.01 v
()
Vo
—0.02} (W
! ‘ : \I
0 /4 /2 3 /4 ™
9j1>n1
0.01 w
ny = 200
0.008 -_ _ . — 300
0.006 L ny = 400
g
2 0.004] A
S A
= 0.002] [
S il
O "~ I ‘ -‘"‘J
—0.002 | Voo
I ! : \J
ejlanl

~[4

Figure IV.6: Example 7, p = 4: graph of the pairs (0,11, (05,,01)), j1 = 1,...,n1, for ny = 200,300,400 and
k=123
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IV.5. Numerical experiments

103 ‘
107°
1077
= 1077
%&%1011
s —n = 750
10 - -n =1000|"
1075 L e n = 1250/
.. n = 1500
0 /4 /2 3m/4 T

Ojn

Figure IV.7: Example 7, p = 4: errors |EL") | versus 0., for j = 1,...,n and n = 750, 1000, 1250, 1500.

.....

0 /4 /2 3m/4 ™
0jn

Figure IV.8: Example 8: errors |E][plzo\ versus 0, for 5 =1,...,n —mod(p,2) and p = 3,...,8, with n = 750.
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Chapter IV. Asymptotic Expansion: applied to the IgA discretization

Figure IV.9: Example 9, p = 3: errors ¢
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IV.6. Extension to the multidimensional setting

IV.5.2 Numerical experiments illustrating the performance of algorithm 1

Example 9. Let p = 3. Suppose we want to approximate the eigenvalues of Lg} (excluding the

n$" = 2 outliers) for n = 5000. Let Xgm)(Lq[f}) be the approximation of )\j(L[;?]) obtained by

applying Algorithm 1 with ny = 25- 271 and o = 4. In Figure IV.9 we plot the relative errors
3 1 3

o _ () = A ()

3
A (LED)

J?n

versus 0;, for j =1,..., nBl=n—1andm=1,...,4. We see from the figure that the errors
decrease rather quickly as m increases. A careful consideration of Figure 1V.9 also reveals that,

aside from the exceptional minima attained in a neighborhood of @ = 0,3 the local minima of
[3],m
e

]7n

. . [3 (3
1,...,n1. This is no surprise, because for 0;, = 0 n, we have CL’}].(OJ',”) = c,[c](Hjl,m) and

are attained when 0, is approzimately equal to some of the coarse grid points 0, n,, j1 =

CE’](QJ',”) = cf}(ejhm), which means that the error of the approzimation ef]j(ej,n) oS CE](Gj,n)
reduces to the error of the approximation 6E](Gj17n1) ~ CE’](Gjhm); that is, we are not introducing

further error due to the interpolation process.

Example 10. Let p = 4. Suppose we want to approzimate the eigenvalues of LL?] (excluding

the n"* = 2 outliers) for n = 5000. Let S\E.m)(L%]) be the approzimation of A; (L%]) obtained by

applying Algorithm 1 with ny = 10-2""! and o = 5. In Figure IV.10 we plot the relative errors
4 I(m 4
o _ Pi(En)) = A ()
Sin = [4]
[Aj(Ln)]

)

versus 0;, for j = 1,....,n" = n and m = 1,...,4. Considerations analogous to those of
Ezxample 9 apply also in this case.

IV.6 Extension to the multidimensional setting

We present in this section the extension to the multidimensional setting of the analysis carried
out in the previous sections. In what follows, we will systematically use the multi-index notation
and the properties of tensor products as described in [76, Subsections 2.1.1 and 2.6.1|. If w; :
D;, — C, i=1,...,k, are arbitrary functions, we will denote by w1 ®- - -Q@wy : D1 x---x D — C
the tensor-product function

k
(w1®-~-®wk)(§1,...,§k) :Hwi(&), (fl,---;&c) €Dy x---X Dk.
=1

Problem setting

Consider the k-dimensional Laplacian eigenvalue problem
{ —Au(x) = Au(x), x € (0,1),

(IV.32)
wx) =0, xea(0,1)").

3These minima, as well as the highly oscillatory behavior of the error around # = 0, are probably due to
the fact that e3(f) provides a numerically exact description of the spectrum of n_QLL‘?] around 0 = 0; see also

Example 6.
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1 1
0 /5 27 /5 3m/5 4r /5 o
ej.n

‘ 3
0 /5 27 /5 3n/5 4w /5 T

0]'4,71
1078 F ‘
1079 1 (qu ﬂ(\
1071 p :
10711 [ ]
STy E
awmlo ? é
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10 |
1079 L
10716 i | | | | 1
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ejun,
108E
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10710 [
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0 /5 27/5 3m/5 4m /5 T
Ojn
Figure IV.10: Example 10, p = 4: errors sgﬂl’m versus 0;, for j = 1,...,n, in the case where n = 5000,

ni = 10- 2’"_1, and o = 5.
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IV.6. Extension to the multidimensional setting

The corresponding weak formulation reads as follows: find eigenvalues A € R* and eigenfunctions
u € HL((0,1)%) such that, for all v € HE((0, 1)),

a(u,v) = A(u,v),
where

a(u,v) = /(071)k Vu(x) - Vo(x)dx, (u,v) = /(071)k u(x)v(x)dx.

In the “tensor-product version” of Galerkin’s method, we choose k finite-dimensional vector
spaces #4,..., % C H}(0,1) and we set

W =W® W =span(wy ® - @wy, : wy € WA,...,wy € #i) C Hy((0,1)7).

Then, we define Ny = dim #; for s = 1,...,k and N = (Ny,..., Ni), and we look for approxi-

mations of the exact eigenpairs

Aj = Zji27r2, uj(x) = Hsin(jmxi), Jg=1,---,Jk) € NP, (IV.33)
=1 =1

by solving the following Galerkin problem: find \j» € Rt and ujy € #/, for j =e,..., N,
such that, for all v € #/,
a(ujp,v) = Ajw (ujp,v). (1V.34)

If {¢1,(s]s -+ PN, [s]} I8 a basis of #; for s =1,...,k, then

Ci=Qnn® @@, g, i=e...,N,

is a basis of #, and in view of the canonical identification between each v € # and its coefficient
vector with respect to {@e, . .., N}, solving the Galerkin problem (IV.34) is equivalent to solving
the generalized eigenvalue problem

Kuiw = /\j’y//Muj’W, (IV35)
where u;  is the coefficient vector of u; » with respect to {@e,...,¢N},
N
K = [a(¢j, i)l y_e = [/(0 " Vipj(x) - V%‘(X)dX] = (IV.36)
’ i,j=e
k r—1 k
Z(@ M(s>) 2 KO g ( X M@))? (IV.37)
r=1 ‘s=1 s=r+1
N k
M = [(¢;, %.)]ij:e = [/(0 . (pj(x)(pi(x)dxl =M, (IV.38)
’ i’j:e s=1
and
1 Ns
K©® = [/ ‘P;,[S] (w)SOQ,[s](Jf)d% ) s=1,...,k
0 ij=1
1 Ns
M = [/0 ‘Pj,[S](x)SOi,[S](x>d$:| ,  s=L..k
i,j=1
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Chapter IV. Asymptotic Expansion: applied to the IgA discretization

The matrices K and M are, respectively, the stiffness matrix and the mass matrix. Both K
and M are always symmetric positive definite, regardless of the basis functions e, ..., ¥N-
Moreover, it is clear from (IV.35) that the numerical eigenvalues \j», j = e,..., N, are just
the eigenvalues of the matrix

L=M"'K= Z<®1N> ® (MK ¢ < é INS). (IV.39)

s=r+1

In the IgA approximation of (IV.32) based on uniform tensor-product B-splines of degree
p = (p1,...,pk), we look for approximations of the exact eigenpairs (IV.33) by using the
tensor-product version of the Galerkin method described above, in which the basis functions
P1,[s]s - - - » PN,,[s] are chosen as the B-splines Ny [ 1,. .., Ny 1y —1[p,] for s =1,... k, where the
functions N;, 41 p,], is = 1,...,ns + ps — 2, are defined in (IV.8) for n = n; and p = ps. Setting
n = (ni,...,n;), the resulting stiffness and mass matrices (IV.37)—(IV.38) are given by

k k
KP Z(@ M[ps) ® KPPl @ ( X Mg?;l), (IV.40)
r=1 s=r+1
MP = ® Ml (IV.41)
and the numerical eigenvalues )\[p ]n, j=e,....,n+p— 2, are the eigenvalues of the matrix

k r—1 k
L — ) Kl - z(® ) o1l o (@ ) (V)
r=1 “s=1

s=r+1

where the matrices Ky[Lp], My[f)},Lg)] are defined in (IV.10)-(IV.12) for all p,n > 1.

IV.6.1 Eigenvalue—eigenvector structure of Lgf]

]

We now show that the eigenvalue—eigenvector structure of L[f: is determined by the eigenvalue—

eigenvector structure of the matrices Lr[f] for p € {p1,...,px}. It will immediately follow that

[p]

the eigenvalues and eigenvectors of Ly~ are explicitly known for e < p < 2, because of the

results of Section IV.3. Moreover, the parallel interpolation—extrapolation algorithm devised in

]

Section 1V.4 for computing the eigenvalues of Llf also allows the computation of the eigenvalues

of L[,{'}.
For p,n > 1, let

L — ylPipllyPh=1 pll—  diag A (LIP, (IV.43)
j=1,....n+p—2

be a spectral decomposition of L,[ilf]. Note that such a decomposition exists because L,[‘?] is
diagonalizable, because of the similarity equation

i = (M) I = ()R AR ) (2
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IV.6. Extension to the multidimensional setting

It follows from (IV.43) and the properties of tensor products that

P
LP = Z(@ Ins-l-ps—?) ® Lm] ® ( ® I"5+p5_2>

r=1 ‘s=1 s=r+1
k E o r—1 k k -1
(@) [L(® i) 22810 ( @ tvecs) | (@) avan
s=1 r=1 “s=1 s=r+1 s=1
which is a spectral decomposition of Lgf]. More explicitly, let V[EL, . ,VEJ]FP_QW be the columns
of Vip}, i.e., the eigenvectors of L[p]
[ ] _ [p] —
L[p] )\(L[p]) Vi j=1,....,n+p—2,
and let
k
.[7p']n,— Eﬂ}% .7 :ev"'an+p_2- (IV45)
s=1
Then, we can rewrite (IV.44) as
L[,f}vg.{]n:)\j(l)%])v?l, j=e ....n+p—2,
where
k
NEEY =" Lk, j=e...ntp-2. (IV..46)
r=1

In other words, the eigenvalue—eigenvector pairs of L%’ | are

MG(LEY VP, G=e ... n+p-2,

) .7 n
with vg Pl and Aj (L[p]) defined as in (IV.45) and (IV.46), respectively.

We have considered the B-spline IgA approximation of the k-dimensional Laplacian eigen-
value problem (IV.32). Through tensor-product arguments, we have shown that the eigenvalue—
eigenvector structure of the resulting discretization matrix L%’ Vs completely determined by the

]

eigenvalue—eigenvector structure of the matrix L%p arising from the B-spline IgA approximation

]

of the unidimensional eigenproblem (IV.1). As for the matrix LY
detailed in Items 1 to 5 of Subsection IV.1.

, we implemented the program
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Chapter V

Asymptotic Expansion: extension to
the block case

A substantial step forward in order to ascertain the existence of an asymptotic eigenvalue expan-
sion for several PDE discretization matrices has been the generalization of the proposed theory
to the block and preconditioned block context.

Special attention is dedicated to the generalization of the results of Chapters I1I-1V under
the assumptions that f of is an s X s matrix-valued trigonometric polynomial with s > 1, and
T, (f) is the associated block Toeplitz matrix, whose size is N(n,s) = sn.

Main contributions

The main contributions of the Chapter can be summarized as follows.

1. First we derive the conditions (either local or global) which ensure the existence of an
asymptotic expansion for the eigenvalues of T),(f), generalizing those for the scalar-valued
setting, s = 1.

2. We provide numerical evidence of a precise asymptotic expansion for the eigenvalues of
T, (f), under the specific conditions derived in the first item. In particular, we conjecture
on the basis of numerical experiments that for every integer o > 0, every s > 1, and every
g € {1,...,s}, the following asymptotic expansion holds: for alln € Nand j =1,...,n,

Jmn,a?

M (T (£)) = AD(£(6;,)) + za: A9 (0;,,)0* + B (V.1)
k=1

where:

e v=7(¢4) = (¢—Dn+Jj;

o N\ (T,(f)), k € {1,...,N(n,s)}, are the eigenvalues of T, (f), which are sorted so
that, for each fixed g € {1,..., s}, the eigenvalues \(;_1y,1;(Tn(f)), 7 = 1,...,n, are
arranged in non decreasing or non increasing order, depending on whether /\(‘7)(f)

is increasing or decreasing (this can be seen using the local or the global condition
below);
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Chapter V. Asymptotic Expansion: extension to the block case

. {cgfq)}k:1727,,,7a is a sequence of functions from [0, 7] to R which depends only on f;

. h:ﬁandﬁj,nznj—fl:jﬂh,jzl,...,n;

o B — O(h**1) is the remainder (the error), which satisfies the inequality |Ej(qrza| <

]?n7a
Coh®T! for some constant C,, depending only on « and f.

We refer the reader to the Chapter VI Section VI.6 for a proof of the expansion (IV.18)
for a = 0.

3. Following the proposal for s = 1 of the previous chapters, we devise an interpolation—
extrapolation algorithm for computing the eigenvalues of banded symmetric block Toeplitz
matrices, with a high level of accuracy and a low computational cost, and we present several
examples of practical interest.

4. We provide the exact formulae for the eigenvalues of the mass and stiffness matrices com-
ing from the one dimensional Q, Lagrangian Finite Element approximation of a second
order elliptic differential problem and the preconditioned block matrices coming from the
classical Lagrangian Finite Element approximation of the classical eigenvalue problem for
the Laplacian operator in one dimension.

V.1 Conditions for the existence of block asymptotic expansion

We recall that an nth block Toeplitz matrix generated by a matrix-valued function ¢ : [—7, 7] —
C**% is defined as

To(9) = [di-i]; ;-

where the quantities qgl € C***¢ are the Fourier coefficients of ¢, that is,
" 1 " —u10
o = or d(0) e 7do, leZ. (V.2)
m —T

We refer to {T),(¢)}, as the block Toeplitz sequence generated by ¢, which in turn is called the
generating function or the symbol of {T},(¢) },. Such type of matrix sequences have been studied,
especially for s = 1, by many authors including Szegd, Avram, Bottcher, Parter, Sibermann,
Tilli, and Tyrtyshnikov (see, e.g., [77, 140]| and references therein).

Furthermore, if ¢ is Hermitian almost everywhere then, by (V.2), b_j = QAS,’; for every k €
Z and therefore each T,,(¢) is Hermitian. As a consequence, the spectrum of T, (¢) is real.
Moreover, the analytical properties of ¢ decide many delicate features of the eigenvalues of
T,.(¢) such as distribution, clustering, and localization, as we briefly describe below without
entering into technical details.

Distribution. In [140] it was proved that {T,,(¢)}, has an asymptotic spectral distribution, in
the Weyl sense, described by ¢(6), under the assumption that ¢(0) is a Lebesgue integrable
matrix-valued function which is Hermitian almost everywhere. An extension to the non-
Hermitian case was given in [53|, by adapting the tools introduced by Tilli in [142] for
complex-valued generating functions.
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V.1. Conditions for the existence of block asymptotic expansion

When the symbol ¢ is also continuous, i.e., each component ¢; ; is continuous, the present
distribution result can be described as follows: for sufficiently large n, up to a small
number of possible outliers, the eigenvalues of T, (¢) can be grouped into s “branches”
having approximate cardinality n and for each ¢ = 1,...,s the eigenvalues belonging to
the gth branch are approximately given by the samples over a certain uniform grid in
[—7, 7] of the gth eigenvalue function A\(9)(¢).

Clustering. For any € > 0, take an e-neighborhood of the set R4, which is defined as the union
of the essential ranges of the eigenvalue functions A(@(¢). Then the spectrum of {Ty,(¢)}n
is clustered at Ry in the sense that the number of the eigenvalues of T, (¢) that do not
belong to the e-neighborhood of Ry is o(n) as n tends to infinity. If ¢ is a Hermitian-
valued trigonometric polynomial, then the number of such outliers is O(1) and it is at
most linearly depending on s and on the degree of the polynomial. Such clustering results
are consequences of the distribution result.

Localization. Assume that )\(Q)(qb), q=1,...,s, are sorted in non decreasing order, that is,
AD(p) < A®(¢) < .-+ < A®)(¢). Then, for all n, the eigenvalues of T},(¢) belong to
the interval [mg, My], where mg = essinfoc|_r A (@) and My = ess SUPge[—r ] A& ().
Moreover, if the function A(M)(¢) is not essentially constant, then the eigenvalues of T}, (¢)
belong to (mg, M), and, if the function M) (¢) is not essentially constant, then the eigen-
values of T),(¢) belong to [mg, My). For such results refer to [117, 121].

Remark 9. Part 1. When the symbol ¢ is continuous, then each eigenvalue function )\(Q)(gb),
qg =1,...,s, is continuous and therefore the essential infimum becomes a minimum and the
essential supremum becomes a mazimum (because the interval [—m, 7] is a compact set), while
the essential range is the standard range. Part 2. Finally the interval [—m, | can be replaced
by the interval [0, ] when ¢(—0) = ¢(0)7: this is precisely the case we consider, see (V.4).

In this chapter we focus on the case where the symbol is a Hermitian matrix-valued trigono-
metric polynomial (HTP) f with Fourier coefficients fo,f1,... £, € RS, that is, a function of
the form

where we set
f,=1f, k=0,....m. (V.3)

The assumptions on f(6) imply that T),(f) is a real symmetric block banded matrix with “block
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Chapter V. Asymptotic Expansion: extension to the block case

bandwidth” 2m + 1, of the form

§ BT ... fT
f,
fm
T(f) = £ £ & f7 £7
f-T
i
£ f 4
Note that from (V.3) we have
HORES 'R (f‘,? ¥ 4 t‘"f,ce*””) =f+> (f_keLkH + fke*ika) — £(—0), (V.4)
k=1 k=1
£0) =fo+ Y (Be™ +1Te™) =B+ (Fpe ™ + fie'™) = £(0), (V.5)
k=1 k=1

and hence f(6) has the same eigenvalues as f(—6). Thus, each eigenvalue function A@(f) is even
and we can therefore simply focus on its restriction A9 (f) : [0, 7] — R*** (in accordance with
the second part of Remark 9).

In view of the above distribution, clustering, and localization results, up to O(1) possible
outliers, the eigenvalues of the symmetric matrix T,,(f) can be partitioned in s subsets (or
“branches”) of approximately the same cardinality n; and the eigenvalues belonging to the gth
branch are approximately equal to the samples of the gth eigenvalue function A@(f) over a
uniform grid in [0, 7].

In this chapter we show that the different branches have a much finer structure and that,
under mild restrictions, there exists a hierarchy of symbols which allow us to design extremely
economical procedures for the computation of the eigenvalues of the matrices T,,(f). In partic-
ular, we conjecture on the basis of numerical experiments that for every integer a > 0, every

s > 1, and every ¢ € {1,...,s}, the following asymptotic expansion holds under the specific

local condition and global condition that will be discussed below: forallm € Nand j =1,...,n,
M (Ta(£)) = XD (EO;)) + D el (000" + BN, (V.6)
k=1
where:
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V.1. Conditions for the existence of block asymptotic expansion

e v=7(¢q,5) = (¢ — n+7;

Me(Tr(£)), k € {1,...,N(n,s)}, are the eigenvalues of T,,(f), which are sorted so that,
for each fixed g € {1,...,s}, the eigenvalues A\z_1)n1;(Tn(f)), j = 1,...,n, are arranged
in non decreasing or non increasing order, depending on whether A\(9(f) is increasing or
decreasing (this can be seen using the local or the global condition below);

{céq)}k:1,27,,,7a is a sequence of functions from [0, 7] to R which depends only on f;

. h——landﬁjn—%:jﬁh,jzl,...,n;

n

B = = O(h®*1) is the remainder (the error), which satisfies the inequality \E(q | <

J,n,a J,n,a
Cq ho‘+1 for some constant C,, depending only on « and f.

We note that in the scalar-valued case s = 1, several theoretical and computational results
are available in support of the above expansion |7, 16, 17, 19, 58, 62, 63|, including also extensions
to preconditioned matrices and matrices arising in a differential context |1, 58].

Unfortunately, as already shown in [7, 62, 63|, the expansion (V.6) is not always satisfied
even for s = 1. Below we give two conditions which ensure that the expansion holds.

Local condition. The eigenvalue A\, (T, (f)) can be expanded as in (V.6) if there exists € > 0
such that, for all e € (0,€) and all y € (A(T,,(f)) — €, Ay (T (f)) + €), there exists a unique
g€ {l,...,s} and a unique 6 € [0, 7] for which

y = A9 (£(0)). (V.7)

Global condition. A trivial global condition is obtained by imposing that the local condition
is satisfied for every eigenvalue which is not an outlier (if the eigenvalue A\, (7, (f)) is an
outlier, then, by definition, it does not belong to the range of f and consequently relation
(V.7) cannot be satisfied). A simple general assumption, which is equivalent to the trivial
global condition, is that each A9 (f), ¢ = 1,...,s, is monotone (non increasing or non
decreasing) over the interval [0, 7] and

max A9 (f) < min ATV (f)

0el0,7] 0el0,7]
for g =1,...,s — 1. In other words, the global condition can be summarized as follows:
strict monotonicity of every eigenvalue function and the intersection of the ranges of two
eigenvalue functions AU (f) and A¥)(f) is empty for every pair of indices j, k € {1,...,s}
such that j # k. This version of the global condition is of course much simpler to verify.
Moreover, in the case s = 1 it reduces to the monotonicity condition already used in the
literature; see [7, 16, 17, 19, 62, 63] and references therein.

In previous chapters we employed the asymptotic expansion (V.6) with s = 1 for computing
an accurate approximation of \;(T5,(f)) for very large n, if the values A\j, (15, (f)), .., A, (T, (f))
are available for moderately sized n1, ..., ny such that 6;, ,,, =--- =0;, »,, = 0;,. We stress that
the preliminary version of the algorithm was developed in [62] and then improved in [1, 57, 58],
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Chapter V. Asymptotic Expansion: extension to the block case

while the mathematical foundations of the considered expansions and few numerical tests were
already present in [17].

The purpose of this chapter is to carry out this idea and to support it by numerical exper-
iments accompanied by an appropriate error analysis in the more general case where s > 1. In
particular, we devise an algorithm to compute \;(T,,(f)) with a high level of accuracy and a
relatively low computational cost. The algorithm is completely analogous to the extrapolation
procedure [132, Section 3.4|, which is employed in the context of Romberg integration to obtain
high precision approximations of an integral from a few coarse trapezoidal approximations. In
this regard, the asymptotic expansion (V.6) plays here the same role as the Euler-Maclaurin
summation formula [132, Section 3.3].

The chapter is organized as follows. Assuming the asymptotic eigenvalue expansion (V.6), in
Section IV.4, we present our extrapolation algorithm for computing the eigenvalues of the s x s
block matrix T},(f) for s > 1. In Section V.3 we provide numerical experiments in support of the
asymptotic eigenvalue expansion (V.6) in different cases. Furthermore, we derive exact formulae
for the eigenvalues in some practical examples and for matrices coming from order p Lagrangian
Finite Element approximations of a second order elliptic differential problem, which are denoted
as Qp. Finally we provide exact formulae for the eigenvalues of the preconditioned block matrices
coming from the classical Lagrangian Finite Element approximation of the classical eigenvalue
problem for the Laplacian operator in one dimension. In the Section V1.6 of Chapter VI we
formally prove (V.6) in the basic case & = 0, and we report in detail the mass and stiffness Q,
elements for p = 2, 3, 4.

V.2 Algorithm for computing the eigenvalues of T),(f) for s > 1

Assuming that the expansion (V.6) holds and taking inspiration from [58], we propose in the
present section an interpolation—extrapolation algorithm for computing the eigenvalues of T, (f).
In what follows, for each positive integer n € N = {1,2,3,...} and each s > 1 we define
N(n,s) = sn. Moreover, with each positive integer n we associate the stepsize h = 1/(n + 1)
and the grid points 6;, = jmwh, j = 1,...,n. For notational convenience, unless otherwise stated,
we will always denote a positive integer and the associated stepsize in a strongly related way.
For example, if the positive integer is n, then the associated stepsize is h; if the positive integer
is n1, then the associated stepsize is hy; if the positive integer is n, then the associated stepsize
is h; etc. Throughout this section, we make the following assumptions.

e s> 1 and n,ny,a € N are fixed parameters.

e np =21y +1)~1fork=1,... 0.

=215 where j; = {1,...,n1} and k = 1,...,@; j are the indices such that 6,

kMK

A graphical representation of the grids 0,1 = {0, n, : Jjx =1,...,m}, k= 1,...,, is shown
in Figure V.1 for n; =5 and o = 4.

For each fixed j; = {1,...,n1} we apply « times the expansion (V.6) with n = ny,na,...,n,
and j = j1,J2,. .., Ja- Since 0, n, = 0jyn, = ... = 0}, n, (by definition of ja,...,j,), we obtain,
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Figure V.1: Representation of the grids 0,,], k = 1,...,a, for n1 = 5 and a = 4. The red diamonds represent
the grid points 6;, », and the black ones represent the rest of the grid points of 0,

forg=1,...,s,

( EJ(';I?m,O = cgq) (ejl,nl)hl + ch)(thnl)h% ..t c((IQ)(thm)h? + E]('f,)m,a?
E](;J)nzo = cgq) (0,11 )ho + cg@(gﬁm)hg +...+ cgz)(ejhm)hg + Ej(gfnw,
(V.8)
EJ('Z),na,O = cgq) (Hjhm)ha + CgQ) (9j1,n1)hi +...+ Cfxq) (6j1,n1)h3 + EJ('Z),na,w
where
E](Z?nk,o = )"Yk (Tnk (f)) - A(q) (f(ejlynl))> k= 17 e O Ve = (q - 1)nk + j/f
and
B o] SCOMHL k=1, (V.9)

Forqg=1,...,s, let
qu) (0j17n1)7 s 75&(1) (Hjl,nl)
be the approximations of

ng) (9j1,n1)7 s ’chq) (ajhnl)

obtained by removing all the errors B9 e B9

J1,n1,a0 " Jo,Na, &

in (V.8) and by solving the resulting

linear system:

EJ<;1,)n1,O = 5§q)(9j17n1)h1 + 65(1) (ejlynl)h’% +..+ 681) (ejlynl)h’?7
E]('g,)nz,O = E(lq)(ejhm)h? + qu) (ejl,nl)h% +...+éy (ejl,nl)hQ?
(V.10)
EJ('Z),na,O = 6(1Q)(9j1,n1)ha + qu) (Hjl ,nl)hgz T+t E((xq)(ejl ,m)hg'
Note that this way of computing approximations for c@(@hml), . .,c((f)(ﬁjhm) is completely

analogous to the Richardson extrapolation procedure that is employed in the context of Romberg
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integration to accelerate the convergence of the trapezoidal rule [132, Section 3.4, with the
asymptotic expansion (V.6) playing here the same role as the Euler-Maclaurin summation for-
mula [132, Section 3.3]. For more advanced studies on extrapolation methods, we refer the
reader to the classical book by Brezinski and Redivo-Zaglia [23]|. The next theorem shows that,
A Ojun) = 67 (Ojym)] is O(hSHHL).

for g =1,...,s, the approximation error

Theorem V.2.1. There exists a constant qu) depending only on o and ¢ = 1,...,s such that,

forji=1,....npandk=1,...,q,

AP0, m0) — D (05, 00)| < ADRSTHL g1 s, (V.11)
Proof. 1t is a straightforward adaptation of the proof given in |58, Theorem 1|. O

Take an n > n; and fix an index j € {1,...,n}. We henceforth assume that ¢ € {1,2,...,s}.

To compute an approximation of Ay (T,,(f)), v = (¢ — 1)n + j, through the expansion (V.6)
(9) (9)

we need the value ¢, (0;,) for each k = 1,...,a. Of course, ¢;’(0;,) is not available in
practice, but we can approximate it by interpolating and extrapolating the values é,(vq) (Oj1,m1),5
j1=1,...,n1. For example, we may define 51(6‘1) (0) as the interpolation polynomial of the data
(9j17n1,6,(€q)(0j17n1)), j1 = 1,...,n1, — so that 5,(;1)(0) is expected to be an approximation of
c,(gq)(ﬂ) over the whole interval [0,7] — and take 5;(;1)(9]',11) as an approximation to c,(f)(ej,n).

It is known, however, that interpolating over a large number of uniform nodes is not advis-
able, as it may give rise to spurious oscillations (Runge’s phenomenon). It is therefore better
to adopt another kind of approximation. An alternative could be the following: we approxi-
mate c;q)(ﬁ) by the spline function é,(f)(ﬁ) which is linear on each interval [0}, n,,0; +1,n,] and
takes the value 5,(;1)(9]-17,11) at 0;, n, for all j1 = 1,...,n;. This strategy removes for sure any
spurious oscillation, yet it is not accurate. In particular, it does not preserve the accuracy
of approximation at the nodes 6;, ,, established in Theorem V.2.1, i.e., there is no guarantee
that [c{?(6) — &9(0)] < BORS 1 for 0 € [0,7] or [cl?(8;,) — &9 (0;)] < BEREH! for
7 = 1,...,n, with B,E?) being a constant depending only on « and ¢. As proved in Theo-
rem IV.4.2, a local approximation strategy that preserves the accuracy (V.11), at least if cgcq)(Q)
is sufficiently smooth, is the following: let 8, .. 8@kt he o — k + 1 points of the grid

{61,n1,- 00y ny } which are closest to the point 6;,,! and let 552(9) be the interpolation poly-

nomial of the data (#(), E,gq) (@MY, ..., (gla—h+D), é](f)(ﬁ(a*k*l))); then, we approximate cEf)(Gj,n)
by é,gq;. (0jn). Note that, by selecting a — k + 1 points from {61 p,,...,0n, n, }, we are implicitly

assuming that n; > a —k+ 1.

Theorem V.2.2. Let 1 < k < «, and suppose n1 > o — k+ 1 and c,(gq) € Co~F10, ). For
G=1, ., if 0 0@FY gre o — k4 1 points of {01ny,- - -, 0nyny } which are closest to
0 n, and if Eg(@) is the interpolation polynomial of the data

(9(1), El(cq) (0(1)»’ o (e(a—k+1)7 6;{‘1)(9(&—1::4-1)))

Y

'These a — k + 1 points are uniquely determined by 6;,, except in the following two cases: (a) 6, coincides
with a grid point 6}, », and a — k + 1 is even; (b) 6;, coincides with the midpoint between two consecutive grid
points 6, .n,,0j,+1,n, and o« — k + 1 is odd.
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V.2. Algorithm for computing the eigenvalues of T),(f) for s > 1

then
A (050) — 8D (00)] < BT (V.12)

)

for some constant B,(lq depending only on a and q.

Proof. Tt is a straightforward adaptation of the proof of [58, Theorem 2]. O

We are now ready to formulate our algorithm for computing the eigenvalues of T,,(f).

Algorithm 2. Given n,ni,a € N with ny > «a, we compute approzimations of A\y(T,(f)),
y=(q—1)n+j,forj=1,....nand q=1,...,s as follows.

1. For j1 ={1,...,n1}, compule 51(4 )( 0jn1), for k=1,...,a, by solving (V.10).
2. Forj=1,...,n,

e fork=1,...,«

— determine a—k+1 points 0V ... 0©@FFD) € L0, ... 0n n, } which are closest
to 9j ns
— compute c(qj)(ﬁ n), where é,gq;. (0) is the interpolation polynomial of the data

0, C](C )(9(1)))’ o (Q(a—k-i—l)’E}(J])(@(a—k-&-l)));
3 —\@ (¢ &9 (g k
o compute Ay (T (f)) = NV (£(0;)) + D pe 1ij( n)hE.

3. Return the vector ()\ g1 (Tn(f ), A (g=1n+2(Tn(£))s .-, Agn (T (£)) as an approzimation
to the vector (A4—1 n+1( To(£)), Ag— 1)n+2(T (f) ..., Agn (T (£)).

Remark 10. Algorithm 2 is specifically designed for computing \y(T,,(f)) in the case where n
s quite large. When applying this algorithm, it is implicitly assumed that ny; and o are small
(much smaller than n), so that each nj, = 2¥=Y(ny +1) — 1 is small as well and the computation
of the eigenvalues X,(Tn(f)) — which is required in the first step — can be efficiently performed
by any standard eigensolver (e.g., the MATLAB eig function).

The last theorem of the current section provides an estimate for the approximation error
made by Algorithm 2.

Theorem V.2.3. Let n > n; > « and c,gq) € Co~F10, 7] fork=1,...,a. Let

Ag-1ni1 (Ta(£))s Ag-yns2(Ta(£)) -, Aga (T ()

be the approzimation of (Ag—1yns1(Tn(f)), MNg=1)nt+2(Tn(f)) ..., Agn(T0(£)) computed by Algo-
rithm 2. Then, there exists a constant D,(Xq) depending only on a and s such that, forj =1,...,n,
v=(g—1n+j

M (Tn(£)) — M (T (£))| < DPhhS. (V.13)
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Proof. By (V.6) and Theorem V.2.2,

1A7<Tn<f>> - %(Tn(f))\ -
AD(£(6;,,) +Zc 0jn)hF + B | — A (£( Zf;;j] )| <
> |
k=1
h(aBORe 4 ngm?) < DWpop,

hE \Eﬁza

(On) — c,(cq;(@m) < B((lq) Zh?_kﬂhk 4 CC(!‘I)haH <

where D&q) = (a+ 1) max (Bff), Cgf”). O

V.3 Numerical experiments

In the current section we present a selection of numerical experiments to validate the algorithms
based on the asymptotic expansion (V.6) in different cases where f is matrix-valued, and we give
exact formulae for the eigenvalues in some examples of practical interest.

We test the asymptotic expansion and the interpolation—extrapolation algorithm in Section
V.2 in order to obtain an approximation of the eigenvalues A\, (75, (f)), v =1,..., sn, for large n.

Example 1. We show that the expansion and the associated interpolation—extrapolation algo-
rithm can be applied to the whole spectrum, since the symbol satisfies the global condition.

Example 2. We show that the expansion and the interpolation—extrapolation algorithm can
be locally applied for computing the approximation of the eigenvalues verifying the local
condition. In this particular case, the global condition does not hold because the inter-
section of ranges of two eigenvalue functions is a nontrivial interval and in addition there

exists an index ¢ € {1,...,s} such that A9 (f) is non-monotone.

Example 3. We show that the expansion and interpolation—extrapolation algorithm can be
locally applied for the computation of the eigenvalues satisfying the local condition. For
the specific example, the global condition does not hold since there exists an index ¢ €
{1,...,s} such that A(9(f) is non-monotone either globally on [0, 7] or just on a subinterval
contained in [0, 7].

Example 4. We show how to bypass the local condition in a few special cases: in fact, using
different sampling grids, we can recover exact formulas for parts of the spectrum, where
the assumption of monotonicity is violated.

Example 5. We give a closed formula for the eigenvalues of matrices arising from the dis-
cretization of a second order elliptic differential problem by the rectangular Lagrange
Finite Element method with polynomials of degree p > 1, usually denoted as Q, elements.
Moreover we provide the exact formulae for the eigenvalues of the preconditioned block
matrices stemming from the @, Lagrangian FEM of the classical eigenvalue problem for
the Laplacian operator in one dimension.
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The number of the eigenvalue functions, which verify the global condition, depends on the
order of the Q, elements. In this specific setting we have s = p.

In Examples 1-3 we do not compute analytically the eigenvalue functions of f, but, for
q=1,...s, we are able to provide an “exact” evaluation of A9 (f) at Q. m> Jk = 1,...,ng, by
exploiting the following procedure:

e sample f at 0;, ,,,, jr = 1,...,n, obtaining n; s x s matrices, Mj,, ji = 1,...,ng;
o for each j, = 1,...,ny, compute the s eigenvalues of Mj,, A\y(M;,), ¢=1,...,s;

e for a fixed ¢ = 1,...s, the evaluation of N9 (f) at 6j, n,, jx = 1,...,ng, is given by
AN(Mj), de=1,...,np.

This procedure is justified by the fact that here f is a trigonometric polynomial and, denoting by
Ch,,. (f) the circulant matrix generated by f, the eigenvalues of C,,, (f) are given by the evaluations
of M@(f) at the grid points 6,.,, = 2mo-, 1 =0,...,np — 1, since

Coy,(£) = (Fny, @ Ls) Dy () (B, @ 15)",

where

. r 1 7L27T;7;l Rl
an (f) = dlagOSrSnk—l (f (97'77'%)) ) 0”'1”1@ = 27Tn7k’ Fnk - ﬁ € k j,r:O’

and I the s x s identity matrix [78]. Furthermore, by exploiting the localization results [117, 121]
stated in the introduction, we know that each eigenvalue of T),(f), for each n, belongs to the

interval

< min A (f), max )\(s)(f)> .
0€[0,n] 0€[0,n]

V.3.1 Global condition example

Example 1.
In this example we have block size s = 3, and each eigenvalue function @) (f),q=1,2,3, is
strictly monotone over [0,7]. The eigenvalue functions satisfy

max AM(f) < min A@(F),

0€el0,x] 0€[0,n]
max A2 (f) < min A®)(f).
0€el0,x] 0€[0,n]

In Figure V.2 the graphs of the three eigenvalue functions are shown.
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Chapter V. Asymptotic Expansion: extension to the block case

The Toeplitz matrix generated by f is a pentadiagonal block matrix, T,,(f) € RV*V where
N = 3n, and all the blocks belong to R3*3, that is
fo £ £
f,
T.(f) = R , (V.14)
o T o t. f2
f,
i £, £ f
50 2 0 1 -1 0 1 0 2
fo=|2 —55 2|, fi=|-1 -6 1|, B=1{0 1 0
0 2 10 0o -1 9 2 01

Here f is such that the global condition is satisfied. Hence we can use the asymptotic expansion
and Algorithm 1 to get an accurate approximation of the eigenvalues of T, (f) for a large n.
Solving system (V.10) with @ = 4 and n; = 100, we obtain the approximation of c]gq) (O51.m1),

k =1,...,a. In Figure V.3 the approximated expansion functions 5](;1) Ojim), E=1,...,¢,
g = 1,...,s are shown for each eigenvalue function. Once that, for a fixed ¢ = 1,...,s, the
values E,(Cq)(ﬁjl,m), k=1,...,a, j1 = 1,...,n1 are known, we can finally compute Xw(Tn(f))

for n = 10000, by using (V.6). For simplicity we plot the eigenvalue functions and also the

expansion errors, I for ¢ = 1,2,3. In the top panel of Figure V.4 (in black) we show the

Ji,n1 70 ’
errors, B9

ino 4 =1,...,3, versus 7, from direct calculation of

M (Ta(£)) = XD (£(85,0)),

for j =1,...,n, ¢ = 1,...,3. As expected, with a = 0, the errors ol

im0 4= 1,...,3, are

X §27a,q:1,...,3,
we see the errors are significantly reduced if we calculate A, (7,(f)), v = 1,...,3n, shown in
the bottom panel of Figure V.4, using Algorithm 1, with a = 4, n; = 100, and n = 10000.

Furthermore, a careful study of the top panel of Figure V.4 (coloured) also reveals that, for

rather large. In the top panel of Figure V.4, comparing Ej(.?yz,o with errors E

qgq=1,...,s, Eg(‘,qu,a have local minima, attained when 6;, is approximately equal to some of

the coarse grid points 6;, ,,,, j1 = 1,...,n1. This is no surprise, because for 0;, = 0;

we have El(gq;(ﬁj’n) = 65;1)(6{717”1) and c,(cq)(ﬁj,n) = c/,(f)(ﬁjhm)7 which means that the error of

the approximation E,(ﬁq;(Hj’n) A c,(cq>(9j7n) reduces to the error of the approximation 5,(;])(9]'17711) ~

c,(f) (0j,,m1)- The latter implies that we are not introducing further errors due to the interpolation

process.
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=
g
20 L ]
-40 - e ==
60 - -7 i
_80 1 | |
0 w/4 /2 3m/4 0

0

Figure V.2: Example 1: The three eigenvalue functions, A9 (f),q = 1,2, 3.

We point out that the results in the presented example, and those in the following ones, have
been provided using MATLAB. Proper timing experiments have not been conducted but in [61]
the authors show, for the scalar setting, that for n = 105, LAPACK takes approximatively 10
hours of computations, whereas the matrix-less method takes approximatively 10 minutes.

We test the accuracy of the algorithm also for a more demanding computation with a matrix
size n of order O(10%).

In Figure V.5 we report the error curves E;%O and E;%a, q=1,...,3, a =4 and ny = 100,
for a more costly size n = 2 - 10°, respect to that in V.4.

V.3.2 Local condition: intersection of the ranges

Example 2.

In the present example we choose block size s = 3, with eigenvalue functions A(l)(f) and
AG)(f) being strictly monotone on [0,7]. The second eigenvalue function, A)(f), is non-
monotone on a small subinterval of [0,n]. Furthermore the range of A\(?)(f) intersects that
of A\®)(f), that is

max A (f) < min A?(F),

E R 0€[0,]
max A (f) > min A®)(F).
0e0,x] 0€[0,]

When comparing with Example 1, the only difference in forming the matrix 7, (f) consists
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Figure V.3: Example 1: Computations made with n; = 100, o = 4. From the top to the bottom panel the

approximations E,(CQ)(Gjl,nl) for A9(f), ¢ =1,2,3.
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th

-16 I
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v

Figure V.4: Example 1: Top: Errors log;, |E~’(4q) |, with @ = 4, and errors log,, |Ej(q720| , g = 1,23, versus y

7n,o

for v = 1,...,3n. Computations made with ny = 100 and n = 10000. Bottom: Approximated eigenvalues

X,(Tn (f)), sorted in non decreasing order. Computation made with the interpolation-extrapolation algorithm,

with o = 4, n1y = 100 and n = 10000.

in the first Fourier coefficient which is defined as

12 2 0
fo=12 -55 2
0 2 10

In this example we want to show that it is possible to give an approximation of the eigenvalues

A (T (f)), n = 10000, satisfying the local condition.
From the Figure V.6, where the graphs of the three eigenvalue functions are displayed, we
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logy |Errors|

14l

_16 l |

Figure V.5: Example 1: Errors log;, \E;q,iah with a = 4, and errors log;, \Eﬁzo\ , g = 1,2,3, versus ~ for
v=1,...,3n. Computations made with n; = 100 and n = 2 - 10°.

notice that

e AXI(f) is monotone non decreasing and its range does not intersect that of A9 (f), ¢ = 2, 3.
Hence, using the asymptotic expansion in (V.6), we expect that it is possible to give an
approximation of the first n eigenvalues A, (75, (f)), for j =1,...,n;

e A\B)(f) is monotone non increasing and there exist 1, 6 € [0, 7] such that, V 6 € [0,6,) U
(027 71']7
(A9 (9) (6) # Range(A>)(£)).
Hence, of the remaining 2n eigenvalues, we expect that it is possible to give a fast approxi-

mation just of those eigenvalues A, (T}, (f)) verifying local condition, that is those satisfying
the relation below

M (Ta(F)) € [(A@(f)) (m), (A®(0)) <é2>> U ((Mf”)(f)) (1), (A96)) <o>].
(V.15)

We fix a = 4, n1 = 100 and we proceed to calculate the approximation of c,gq)(ﬁjhm),k: =
1,...,q, as in the previous example. As expected, the graph of 621)(93'17”1), k=1,...,4, shown
in the top panel of Figure V.7, reveals that we can compute S\V(Tn(f)), forg=1landj=1,...,n,
using (V.6). In other words the first n eigenvalues of T),(f) can be computed using our matrix-less
procedure.

For ¢ = 2 no extrapolation procedure can be applied with E,(f) Ojimn), B =1,...,4, as we
can see from the oscillating and irregular graph in the middle panel of Figure V.7. Concerning

Figure V.8 the chaotic behavior of 6,2:2) (0j1m), k=1,...,4 corresponds to the rather large and
2)

oscillating errors Eﬁlo and E](n

o On the other hand for ¢ = 3 we can use the extrapolation

procedure and the underlying asymptotic expansion with é,(:’)(thm),k: =1,...,4 for 0}, », €
[0,91) U ((92,71’], ja=1,...,n.
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As a consequence we compute the approximation of the first n eigenvalues A\ (7T),(f)), for
~v=1,...,n and that of other 11 + no, that verify (V.15). For simplicity, in the bottom panel of
Figure V.8, we visualize them by using the non decreasing order instead of the computational
one.

The good approximation of the Ny + ng eigenvalues belonging to

[(A(S) 1) (), (A1) <éz>> U ((A“” ®) 60, () “”]

3)

eed

is confirmed by the error EJ( in the top panel of Figure V.8. In fact the error is quite high
for v =2n+n1 +1,...,3n — Ny, but it becomes sufficiently small for y =2n +1,...,2n 4+ ny

andy=3n—-ns+1,...,3n.

40 T
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i
= !
= -20 - ! 4
= |
!
|
-40 - i -
i I
! -
.60 L : ______ - i
_______ i
!
-80 I |
0 w/4 /2 3m/4 0
0

Figure V.6: Example 2: The three eigenvalue functions, A?(f),q = 1,2, 3.
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Figure V.7: Example 2: Computations made with n; = 100, o = 4. From the top to the bottom panel the

approximations E,(CQ)(Gjl,nl) for A9(f), ¢ =1,2,3.
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Figure V.8: Example 2: Top: Errors log;, |E](q2ba|, with a = 4, and errors log,, |E;q720| , ¢ = 1,2,3, versus
~ for v = 1,...,3n. Computations made with n; = 100 and n = 10000. Bottom: Approximated eigenval-
ues A, (Ty(f)), sorted in non decreasing order, for v = 1,...,n and for v such that A, (Ty(f)) verifies (V.15).
Computation made with the interpolation—extrapolation algorithm, with a = 4, nqy = 100 and n = 10000.

V.3.3 Local condition: lack of the monotonicity

Example 3.

In this example we set the block size s = 3, and the eigenvalue functions A9 (f),q = 1,2, 3,

satisfy
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Chapter V. Asymptotic Expansion: extension to the block case

max AV (f) < min A?)(f),

9<[0,7] 0<[0,7]
max A (f) < min A®)(F).
9€[0,7] 0<[0,7]

See the Figure V.9 for the plot of A9 (f), ¢ =1,2,3.
The matrix Ty, (f) € RV*YN, N = 3n, shows a pentadiagonal block structure, and all the
blocks belongs to R3*3, that is

fo, 7 i
i, S
; . . . . . 16 —12 5
T.(f)=| 2 T ,E'O:g 12 34 —10 |,
' ' ‘ ' £ 5 —10 100
£
L fg ﬂ fo ]
—4 7 0 12 —12 0
gt 16 0|.f,= 1 16 12 1
'~ 10 279
0 —10 0 2

In analogy with the Example 2, we want to give an approximation of A, (7}, (f)), n = 10000,
in case the global condition is not satisfied.
Although the intersection of the ranges of A9 (f) and A*)(f) is empty for every pair (j,k),
Jj#k,j, ke {1,2,3}, the assumption of monotonicity is violated either globally on [0, 7] or on
a subinterval in [0, 7].
In detail:

e A)(f), is fully non-monotone on [0, 7], hence we expect that no fast approximation can
be given on the first n eigenvalues, A\ (T, (f)), for vy =1,...,n;

e AB)(f) is monotone non decreasing and its range does not intersect that of A9 (f), ¢ =
1,2. Hence we can provide an approximation, of the last n eigenvalues A\, (T3 (f)) for
v =2n+1,...,3n, (analogously with what we did for treating the first n eigenvalues in
Example 2);

e A3 (f) is non-monotone on a subinterval [0,6;] in [0,7] and monotone non decreasing
on the remaining subinterval, (él,ﬂ. Hence we are able to efficiently compute also the
eigenvalues that verify the following relation

A (To(F)) € ((A@ () (6, (A2(D)) <w>]. (V.16)

We set o = 4, ny = 100, for the computation and we proceed, as in the previous examples,

to calculate first the approximation of c,(f)(ejm), k=1,...,«.
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V.3. Numerical experiments

In the top image of Figure V.10 we display the resulting chaotic graph of E,(Cl) Ojimn ) k=1,...,4.
The graph confirms that, for ¢ = 1, the interpolation—extrapolation algorithm cannot be used
and, consequently, the first n eigenvalues, Ay (T,,(f)), ¢ =1, j = 1,...,n, cannot be efficiently
computed using (V.6): the latter is confirmed by the errors Ej(lrza and EJ(.}TB’O, in Figure V.11.

The chaotic behaviour is also present in the values E,(f)(@jhm), k=1,...,4, see the middle panel
of Figure V.10, in the subinterval [0,6;] of [0,], that coincides with same subinterval where
A2 (£) is non—monotone.

Hence, if we restrict to [0, él], the extrapolation procedure can be used again on Ef)(&jhm), k=
1,...,4, for 0; ,, € (él,w], j1 = 1,...,n1. Consequently we obtain a good approximation
of A\y(Tn(f)), for ¢ = 2, j = j,...,n. Notice that j is the first index in {1,...,n} such that

r{—frrl € (él,w], that is we can compute the eigenvalues belonging to the interval reported in
(V.16). This is reflected, in Figure V.11, in the gradual reduction of the errors E'](iza and Eﬁim

for indices larger than 7, = n + J.

Finally, the remaining n eigenvalues can be well reconstructed with a standard matrix-less
procedure, using the values of 51(63)(0]'17”1), k =1,...,4, shown in the bottom panel of Figure
V.10. The errors related to latter approximation, Ej(iz’a, are shown in Figure V.11.

In total, 3n — j + 1 eigenvalues of T}, (f) can be computed and plotted (in non decreasing order)
in the bottom of the Figure V.11.

25 | 91‘
20 S co |
15 |
\j< ........ )\(3)(f)

10 + 7
57 ]

O ) | | I ‘ : =~ -
0 m/4 m/2 o |

0

Figure V.9: Example 3: The three eigenvalue functions, )\(q)(f), q=1,2,3.
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Figure V.10: Example 3: Computations made with n;y = 100, « = 4. From the top to the bottom panel the
approximations & (6, ., ) for A9 (f), ¢ =1,2,3.
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logy, |Errors|

n

25 \
sort (5\7 (T.(f) ))

3n

Figure V.11: Example 3: Top: Errors log,, \E~'(.q) |, with a = 4, and errors log,, |Ej(q730| , ¢ = 1,2,3, versus

J,m,o

~v for v = 1,...,3n. Computations made with n; = 100 and n = 10000. Bottom: Approximated eigenvalues
A, (T (f)), sorted in non decreasing order, for v = 2n + 1,...,3n and for  such that A, (T, (f)) verifies (V.16).
Computation made with the interpolation—extrapolation algorithm, with @ = 4, nqy = 100 and n = 10000.

V.3.4 Local condition: reduction from block to scalar.

Example 4.
In this example we consider three trigonometric polynomials,

P () =2 — 2cos(h),
P2 (0) =7 —2cos(26),
p3)(0) = 16 — 8 cos(0) + 2cos(20) = 10 + (pV)(6))?,
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Chapter V. Asymptotic Expansion: extension to the block case

with the aim of approximating the eigenvalues of a block banded Toeplitz matrix, with a matrix-
valued generating function f(#), such that /\(q)(f) = p@ for ¢ = 1,2,3. We choose s = 3 but
obviously the following procedure holds for any s € Z, and for any chosen s trigonometric
polynomials, p( (), p@(0),...,p*)(6), such that

@(9) < min platH(p
. p (6) oin. p (6),

forg=1,...,s — 1. We can define

pM@) 0 0
f@)=Qs| 0o p@@O) 0 |05,
0 0 p®(0)

where @3 is any orthogonal matrix in R3*3. For the current example we choose

1 0 0 1 2 0 0
Q3= |0 cos(r/3) —sin(x/3)| ==]0 1 -3
0 sin(n/3) cos(mw/3) 0 V3 1
Now we define the Fourier coefficients of f(#), that is
Y00
B=Qs| 0 5 0 |QF=0QsDwas, (V.17)
o 0 pY
where ﬁ,gq) is the kth Fourier coefficient of the eigenvalue function p(?(6), and k = —m, ..., m,

where m = max,—1__sdeg(p'?(0). In our example m = 2, for p(®(0) and p®(#) and m = 1 for
p1(#). Each p'@(0) is a real cosine trigonometric polynomial (RCTP), so f(6) is a symmetric

matrix-valued function with Fourier coeflicients

B0 0 1 0 0 oo 0
fb=-10 5 —9v3|, fi=|0 -3 V3|, f2=5 0 1 -3,
0 —9v3 37 0 V3 -1 0 —v/3 -1

where f_j, = ff = f;, k=0,1,2.
The resulting block banded Toeplitz matrix is the following matrix

f, £ foo
fy
To(f)= 1§, "~ . . fo-
ofy
L b £ £

with symbol

2
£(0) =y + Z (fkebke + f_ke_”w) = £y + 2f; cos(0) + 2f, cos(26).
k=1
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V.3. Numerical experiments

We want to approximate the eigenvalues of T}, (f), where £(6) is constructed from p(@(6), ¢ =
1,2,3. For the graph of the chosen polynomials see the top left panel of Figure V.12.
Due to the special structure of all fi, see (V.17), we have

Dy Dy D_ ]

Dy
T.6)=1,®Qs |p, *-. -. . D_o|In®Qf.

b

i Dy Dy Dy |
Therefore T,,(f) is similar to the matrix

Ta(p™(9)) 0 0
0 Tn (p@)(g)) 0 )
0 0 T.(p® )

and finally it is trivial to see that the block case, in this setting, is reduced to 3 different scalar
problems, which can be treated separately.

Differently from previous examples, here the analytical expressions of the eigenvalue functions of
£(#) are known, since they coincide, by construction, with p(9(6), ¢ = 1,2, 3. So we will describe
the spectrum of T),(f), approximating or calculating exactly the 3n eigenvalues, treating the 3
different scalar problems separately.

For the first n eigenvalues it is known that they can be calculated exactly, sampling p(*)

m_
n+1?
sampling p(® on a special grid defined in [63]. For the last n eigenvalues, the grid that gives

with grid 6;,, = j = 1,...,n. Analogously, the n eigenvalues can be found exactly by
exact eigenvalues is not known, but p(® is monotone non decreasing and consequently we can
use an asymptotic expansion in the scalar case.

We set the parameters as in previous cases: n; = 100 and n = 10000.

In the top right panel of Figure V.12 we report the expansion errors EY calculated using

]17”1’07

grid 0, 0, = 224, 1 =1,...,m,¢=1,2,3,
Obviously in the first region of the graph (green area) the error is zero, since the first n;
eigenvalues are exactly given, sampling p*) on the standard 0, n, grid.

In the yellow area we see the result of the direct calculation of

for j1 =1,...,n1, ¢ = 3, as we are using the asymptotic expansion with a = 0.
The green area, containing the errors related to p(?)(#), is obviously chaotic since p(?)(#) is non-

monotone.

Following the notation and the analysis in [63], since n; = 100 and p(® = 7 — 2 cos(26), we
have two changes of monotonicity which we collect in the parameter w. As a consequence, in
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accordance with the study in [63], we choose

w=2, p=mod(n,w)=0, n,=(n—p)/w=D>50,

0(1): JT j:l,...nw,

e, + 17
(2 _ 7 -
9nw+1—ma J=1...n,+1

To map the two grids above to match the given symbol f(6) we construct 6,, by
0711 = {29237 507(Lw)+1 + 2} :

(1)

A more general formula to match grids 6y and S

41 t0 be evaluated on the standard symbol

18

P {WUB (650 + (1 = 1)) O (021 + (ra = )7+ (w = B)r) } : (V.18)

r1=1 ro=

In the left bottom panel of Figure V.12 we report the global expansion errors F (9) calculated

j17n170’
using the grid described above. In this way the region where the error is 0 is the second (red
area), since the eigenvalues are calculated exactly, by sampling p(® (). Furthermore, in the

green and in the yellow areas we see the result of the direct calculation of

A (T (£) = AND(E(B),m1))

for j1 =1,...,n1, ¢ = 1,3, as we are using asymptotic expansion with a = 0.
Hence, the first n eigenvalues of T,,(f) can be calculated exactly sampling pM) with grid Ojn =
%7 j=1,...,n and n exact eigenvalues can be found sampling p? on grid (V.18). For the

computation of the last n eigenvalues, we use the matrix-less procedure in the scalar setting,
passing through the approximation of c,(f) (Ojin1), k=1,...,a, for a = 4, see the bottom right
panel of Figure V.12.

For a« = 4 we ignore the first two evaluations of 0513) at the initial points 61 ,, and 02 ,,, because
their values behave in an erratic way. This problem has been emphasized in |7] and it is due to
the fact that the first and second derivative of p(3 () at = 0 vanish simultaneously. However,

we have to make two observations for clarifying the situation

e The present pathology is not a counterexample to the asymptotic expansion (V.6) since
we take 0 fixed and all the pairs j,n such that 6;, = 0: in the current case and in that
considered in |7] in the scalar-valued setting, we have j fixed and n grows so that the point
0 is not well defined.

e There are simple ways to overcome the problem and then to compute reliable evaluations

of 0513) at those bad points 60, , and 63 ,. One of them is described in [57] and consists in

choosing a sufficiently large a > 4 and in computing cf), k =1,2,3,4. Using this trick, the

04(13) at the initial points 01 ,, and 62, have the expected behavior. In addition we stress the
fact that this behavior has little impact on the numerically computed solution. Assuming
double precision computations, the contribution to the error deriving from 0513)(9j,n)h4
will be numerically negligible, even for moderate n. Further discussions on the topic are

presented in [57].
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Figure V.12: Example 4: Top Left: Constructed eigenvalue functions. Top Right: Errors of the three eigenvalue
functions, presented on global indices 7, when using grid 0, », = #ﬁl, ji=1,...,m,q9=1,2 3. Bottom Left:
Errors of the three eigenvalue functions, when using grid defined in (V.18). Bottom Right: Error expansion
for the third eigenvalue function. Computations made with n; = 100 and a = 4.

V.3.5 Exact formulae for Q, Lagrangian FEM

Example 5.
Consider the @, Lagrangian Finite Element approximation, of the second order elliptic dif-

ferential problem
~Au+B-Vu+~yu=f, inQ=(01),

(V.19)
u=0, on 99,

in one dimension with 8 = v = 0, and f € L?(Q2). The resulting stiffness matrix is A,(lp) = an(f),
where Kﬁp) isa (pn—1) x (pn —1) block matrix. The construction of the matrix and the symbol
is given in [78]. The p x p matrix-valued symbol of K7(1p ) is

f(@) = f‘g + ﬂe”e =+ fil’e—LG.
We have
K =T, (f)_,

where the subscript — denotes that the last row and column of T),(f) are removed. This is
because of the homogeneous boundary conditions. For detailed expressions of fy and f; in the
particular case p = 2, 3,4, see the Section VI.5 of the Chapter VI.
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In Table V.1, we list seven examples of uniform grids, with varying n. The general notation
for a grid, where the type is defined by context, is 6;,, where n is the number of grid points,
and j is the indices j = 1,...,n. The grid fineness parameter h, for the respective grids, is also
presented in Table V.1. The names of the different grids are chosen in view of their relations
with the 7-algebras [21] (see specifically equations (19), (22), and (23) therein).

Table V.1: Seven examples of uniform grids. Typically the 7,-grid is the default choice, unless other grids
provides more accurate, or even exact, eigenvalues when sampling the symbol.

Name Grid J h Description

Tn jr/(n+1) 1,...,n 1/(n+1) 7,(0,0)

Trn—1 jm/n 1,...,n—1 1/n Tn-1(0,0)

Tn—2  Jr/(n—1) 1,...,n—2 1/(n—=1) 7,-2(0,0)

o (G—Dr/n 1,...,n 1/n Tn(1,1) = 0U 7,-1(0,0)

T 4 Jjm/n 1,...,n 1/n Tn(—1,-1) = 7,—1(0,0) U
7 (Gj-Dr/(n—1) 1,...,n 1/(n=1) 0U7,—2(0,0)Um

o (j—1r/n 1,...,n+1 1/n 0UTn-1(0,0) Um

In Example 1 of [78] the case p = 2 is considered, and explicit formulas for the two eigenvalue

functions are given, with their notation,

A (f2(0)) =5+ %cos(e) + %leg + 126 cos(f) + cos2(6),

Ao (£2(0)) =5+ %cos(&) - %\/129 + 126 cos(0) + cos?(0).

Here we present the two grids used to sample the two eigenvalue functions in order to attain

exact eigenvalues,
1 1 nmo
L R I N

2 2 Jom .
>\2(f2(9§2,)n)), 9](‘2,)71 =5 2=l.on
With the notation in Table V.1, we use the grid 7,1 for the first eigenvalue function, and
grid 77 for the second. Since for p > 2 the analytical expression of the eigenvalue functions
can not be computed easily, the following four steps algorithm can be used to obtain the exact

eigenvalues for any p.

Algorithm 3.

. . . 0,m
1. Sample the matriz-valued symbol £(6) with the grid 7,

Hj’n_,_lzﬂ, j=1...n+1
n
Each sampling gives a matriz of size p X p. Use an eigensolver to get the p eigenvalues
of the sampling, sorted in non decreasing order. This results in a total of p(n + 1) values:
Jg=1,...,n+1 for all p eigenvalue functions, so we have to discard p + 1 of samplings,

since the total number of eigenvalues of the matrix KT(LP) s pn — 1.

2. For the eigenvalue function A(l)(f) choose samplings with index j1 = 2,...,n. This corre-

sponds to the choice of the grid T,_1.
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3. For eigenvalue functions @) (f), where q is even, choose samplings with index j, =2, ..., n+
1. This corresponds to the choice of the grid ).

4. For etgenvalue functions )\(q)(f), where q is odd, choose samplings with index j, = 1,...,n.
This corresponds to the choice of the grid 70 _.

The mass matrix, of the system (V.19) (that is, v = 1), is B,(lp) = n‘lMép), where M,(Lp) =
T,(g)— is the scaled mass matrix.

The p x p matrix-valued symbol of M7(Lp ) is given by

g(0) = g0+ g1 + gle 0.

For detailed expressions of gy and g; in the particular case p = 2, 3,4, see the Section VI.5 of

the Chapter VI. The algorithm for writing the exact eigenvalues of Mép), for p even, is the

same as the one described for Kflp) above, just replacing f(0) with g(#). However, for p > 3 odd,

we have a slight modification:
If (p+1)/2is odd, that isp =5,9,..., define p =p. If (p+1)/2 is even, that isp =3,7,...,
define p = p—2. In summary, to obtaining the exact eigenvalues of M,(Lp ), the algorithm becomes:

Algorithm 4.

e Do steps 1. and 2. of Algorithm 3, just replacing £(0) with g(0).
e Forq=2,...,(p+1)/2,
— For A9 (8), q is even, choose samplings with index j, = 1,...,n. This corresponds
to the grid T0_;.
— For \@ (8), q is odd, choose samplings with index j, = 2,...,n+1. This corresponds

to the grid T)7_;.

e Continue with steps 3. and 4. of Algorithm 3, for q = (p+1)/2+1,...,p, just replacing
£(0) with g(6).

In Figure V.13 we present the appropriate grids, defined in Table V.1, for the exact eigen-
values of KT(ALP) and MT(LP) with n =6 and p = 5.

By the use of high precision arithmetic computations we have found the following “exceptions”
to the above procedures. Indeed testing the algorithms for f and g, for p = 1,...,20, with 64
(O(eps) = 10719), 128 (O(eps) = 1073), and 256 (O(eps) = 10~77) bit precision, we have
noticed that the grids which provide the exact values of eigenvalues are “switched ” for some p
and ¢. Precisely

e for f the exchange has to be performed for p = 14,15, 18, 20:
p = 14: for ¢ = 9,10 choose the samplings of A\(9)(f) corresponding to the indices

j=2-—mod(q,2),...,n+ mod(q,2);
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105+ 4
0 07
(] Tn—1 ‘ Th—1
80 + ® 7,1 A ® T,
T 1 0.4+ To1| A
0 0
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Figure V.13: Example 5: Grids for the exact eigenvalues of K"’ and M| with n = 6 and p = 5. Left: Grids
chosen for each eigenvalue functions of f(0), for ¢ =1,...,5, according to Algorithm 3. Right: Grids chosen for
each eigenvalue function of g(0), for ¢ = 1,...,5, according to Algorithm 4.

p = 15: for ¢ = 10,11 choose the samplings of )\(q)(f) corresponding to the indices
j=1+4+mod(q,2),...,n+1—mod(q,?2);
p = 18: for ¢ = 12,13 choose the samplings of /\(q)(f) corresponding to the indices
j=1+4+mod(q,2),...,n+1—mod(q,?2);
p = 20: for ¢ = 13,14 choose the samplings of A@ (f) corresponding to the indices
j=2-—mod(q,2),...,n+ mod(q,2);

— for g the exchange has to be performed for p = 13,14, 15,19, 20:
p = 13: for ¢ = 2,3 choose the samplings of \(@(f) corresponding to the indices

j=1+mod(q,2),...,n+1—mod(q,2);
p = 14: for ¢ = 2,3 choose the samplings of A@(g) corresponding to the indices
j=1+mod(q,?2),...,n+mod(q,2);
p = 15: for ¢ = 4,5 choose the samplings of A@(g) corresponding to the indices
j=2-mod(q,2),...,n+1—mod(q,2);
p = 20: for ¢ = 4,5 choose the samplings of A@(g) corresponding to the indices
j=1+mod(q,?2),...,n+mod(q,2);

Despite in applications p is often less then 10, these patterns of exceptions warrant further
research for p > 20.
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Consider the one-dimensional Laplacian eigenvalue problem

{ —u"(z) = Mu(z), z€(0,1),

u(0) = u(1) = 0. (V-20)

The resulting discretized system, using the @, Lagrangian Finite Element approximation, is

n

KW, = A\M P, (V.21)

where the matrices K}zp ) and M,Sp ) are the stiffness and the mass matrices previously defined.
Thus we have to solve the generalized eigenvalue problem

LPu, = \u,. (V.22)
where
L@ = (P 1g). (V.23)
In [78] authors proved that

{TLQLng)}n ~GQLT I = g_lf.
We here present closed formulae for the computing the eigenvalues of nQL,(lp ) Via the sampling

on the symbol r on the exact grid.

Algorithm 5.

1. Do step 1. of the Algorithms 3 (equivalently Algorithm 4), just replacing £(0) (equivalently
g(0)) with r(0).

2. If p is even, forq=1,...,p,
2.1 For the eigenvalue function )\(1)(1'), choose samplings with inder j; = 2,...,n + 1.

This corresponds to the choice of the grid 7)7_,.

2.2. For the eigenvalue functions )\(q)(r), where q is even, choose samplings with index
Jg = 2,...,n. This corresponds to the choice of the grid ,_1.

2.3. For the eigenvalue functions /\(q)(r), where q 1s odd, and q # 1, choose samplings with
index jq = 1,...,n+ 1. This corresponds to the choice of the grid Tgfl.
3. Ifpisodd, forq=1,...,p,
3.2. For the eigenvalue functions )\(q)(r), where q is even, choose samplings with index
Jg=1,...,n+ 1. This corresponds to the choice of the grid Tgfl.

3.3. For the eigenvalue functions )\(q)(r), where q is odd, choose samplings with index

Jg=2,...,n. This corresponds to the choice of the grid 7,_1.

135



Chapter V. Asymptotic Expansion: extension to the block case

136



Chapter VI

Technical Results

VI.1 Staggered DG matrix symbol for £ =2 and p =2

Recall that for the two-dimensional case (k = 2) the matrix symbol f is given according to
(IL.13) by

f(61,02) = f(o,o) + fA(—l,o)efig1 + J'?(o,f1)€7i92 + ‘73(1,0)6i6'1 + f(oyl)ew?.

For the special case p = 2, the matrices appearing in the above expression (see [65] for details
concerning their definition) read

2741 -43 4 -1 -2 43 -2 13
360 480 320 480 360 45 320 45 288

4 103 4 -1 5 -1 -2 113 -2
480 90 480 360 24 360 45 240 45

—43 41 127 -2 -1 41 13 -2  -43
320 480 360 45 360 480 288 45 320

4 =1 =2 103 5 113 4 -1 =2
480 360 45 90 24 240 480 360 45

>

fooy=| % = 30 2 45 24 30 94 30 |

-2 -1 4 -3 5 103 -2 -1 4l
45 360 480 240 24 90 45 360 480
43 =2 13 4 -1 -2 127 41 43
320 45 288 480 360 45 360 480 320

-2 3 =2 =1 5 =1 4L 103 4L
45 240 45 360 24 360 480 90 480

13 -2 43 -2 -1 41  —43 41 127
288 45 320 45 360 480 320 480 360
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5 5 =5 23 23 —23 —11 —11 11
288 576 1152 720 1440 2880 1440 2880 5760

5 5 5 23 23 23 —11 —11 —11
576 72 576 1440 180 1440 2880 360 2880

=5 5 5 =23 23 23 1l -1l -1l
1152 576 288 2880 1440 720 5760 2880 1440

—17 —17 17  —47 —47 47 23 23  -23
44 288 576 360 720 1440 720 1440 2830

f _ —17 =17 =17 =47 —47 47 23 23 23 .
(-=1,0) 288 36 288 720 90 720 1440 180 1440 )
17 —-17 =17 47 —47  —47 =23 23 23

576 288 144 1440 720 360 2880 1440 720

- =7 7 v -ir v S5 5 =5
288 576 1152 144 288 576 288 576 1152

-7 =7 =T -7 1T 1T 5 5 5
576 72 576 288 36 288 576 72 576

7 -r - 17 r -1r =5 5 5
1152 576 288 576 288 144 1152 576 288

S5 02 -1 5 23 -1l -5 23 1l
288 720 1440 576 1440 2880 1152 2880 5760

—17 —47 23 —17 =47 23 17 47 —23

144 360 720 288 720 1440 576 1440 2880

-r =r 5 -7 =T 5 _7 17 =5
288 144 288 576 288 576 1152 576 1152

S5 2 -1 5 23 -1l 5 23 -1l
576 1440 2880 72 180 360 576 1440 2880

f —_ —17 —47 23 =17 =47 23 =17 —47 23 .
(0,-1) 288 720 1440 36 90 180 288 720 1440 ’
-7 —17 5 -7 —17 5 -7 —17 5

576 288 576 T2 36 2 576 288 576

-5 —23 11 5 23 —11 5 23 —11
1152 2880 5760 576 1440 2880 288 720 1440

17 47 =23  —17 —47 23 —17 —47 23
576 1440 2880 288 720 1440 144 360 720

7 1w 5 -7 17 5 -7 1T 5
1152 576 1152 576 288 576 288 144 288

f(l,O) = f(T_L());

~ A

Jon = f({),fl)-

VI.2 Proof of the preconditioned eigenvalue expansion for a =0

Theorem VI1.2.1. Let f, g be real-valued cosine trigonometric polynomials (RCTP) on [0, 7]
with My = maxg > 0 and myg = ming > 0. Ifr = 5 is monotone on [0, 7] then 3C > 0 such
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VI.2. Proof of the preconditioned eigenvalue expansion for o =0

that

wura) - (25 )| <on v, (VL)

where

e P.(f,g) is the “preconditioned” matriz Pn(f,g) = T, *(9)T.(f),

n

o M(Pu(f,9)), X2(Pn(f,9)),- - An(Pu(f,9)) are the eigenvalues of Pn(f,g), arranged in
nondecreasing or nonincreasing order, depending on whether r is increasing or decreas-
ng,

. h:n%_l and9j7nzrf—j_r1:j7rh,

Proof. For the sake of simplicity, we assume that r is nondecreasing (the other case has a similar
proof).
Notice that the conditions on f and g imply that T},(g) is positive definite and we find

Pulf,g) ~ T, 2 () Tn(H)T 2 (g),

so we can order the eigenvalues of P, (f,g) as follows

Al(Pn(fmg)) < /\2(7)n(f’g)) <--- < )\n(Pn(ﬁg))

We remark the decomposition (I.11) of Section 1.5

(f) = m(f) + Hu(f),

I (VL.2)
T (9) = malg) + Hn(9),

where, for ¢p RCTP of degree m and orthogonal Q = (\/%Hsin (éﬂfl)) L Tn (1) is the
1,)=

following 7 matrix [14] of size n generated by v

™ (¥) = Q diag <¢< I >>Q Q=Q"=qQ7,

1<j<n n+1

and H,(v) is the Hankel matrix generated by v with rank(H,(¢)) < 2(m — 1).
Hence,

Ry :=rank(H,(f)) <
Ry = rank(H,(g)) < 2(des(g) — 1), (V13)
Ry i= max{ Ry, Ry} < 2 (max{deg(f), deg(9)} — 1)

Let P! be the matrix Tn_l(g)Tn(f)a

. 71 .
- : jm : jm
r-a (e (o (7)) a0 (1 (7))o
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Hence, for j=1,...,n

Ai(Bp) =T <nj:1> : (V1.4)

By observing that T,,1(g)T,,(f) is similar to Tn_l/z(g)Tn(f)Tn_l/2 (g), using the MinMax spectral
characterization for Hermitian matrices [13], fixed j € {Rsqy +1,...,n — R4} and T" C C",
dim(T) =n+ 1 — j, we obtain

N(Pulf,9)) = X (T (9)Tu()
= (T () T(NT;2(9) )

wrp—1/2 —1/2
~ . <x T, () ()T <g>x>
= max min
dim(T)=n+1—j | z€T, r*x
2 #0
(VL5)
B . vy Tn(f)y
= max min
dim(T)=n+1—j wel, y*Th(g)y
xF#C
v=T % (g)
- : (y*Tn(f)y>
= max min | =————= ,
dim(P)=n+1—j | ye, \¥*Tn(9)y
y#0

because T{l/Q(g) is a full rank matrix and, if dim(7) = n + 1 — j, then T = {y : y =
Tn_l/2(g)a:, x # 0,z € T} is a new vector space having the same dimension n+ 1 — j as T

Let F' be the subspace of C" generated by the union of the columns of matrices H,(f) and
H,(g). Because of the particular structure of the columns of Hankel matrices H,(f) and H,(g),
we deduce

dim(F') = max {rank(H,(g)), rank(H,(f))} = Ry,

so that

dim(Ft) =n — Ry,

Let us define Wy , = Tn Ft,
nt1—j > dim(Wy,) > max{0, dim(7)+dim(F*)—n} = n+1—j+n—Rsy—n = nt+1—(j+R;,),

because n 4+ 1 — (j 4+ Ry4) > 1 for j < n — Ry 4. The latter implies in particular that Wy, # 0.
Thus, because of the orthogonality, Vy # 0 € W 4, we find

so that
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Hence, from (VI.5)

i (Pr(f, = max min
]( (1,9) dim(T)=n+1—j \ yeT, (y*(Tn(g) + H,(9))y
y#0
< max min (y (mn(f) +Hn(f))?/>
dim(T)=n+1—j yEV;/g,g y*(1n(9) + Hn(9))y
y#0
) e
= max min —_—
dim(T)=n+1—j ye‘i/({,g Y 1 (9)y
y#0

= max min <y*7—n(f)y)

Wi =TnFL \ y€Wy4, Y*1(9)y
dim(T)=n+1—j y#0

(VL6)

IN

_max min <
n+l—j>2dim(Wy,g)>n+1-(j+Ryq) | y€Wyq,
y#0

Y a(f)y
y*Tn(g)y)

<x*n:”2<gm<f>n:1/2<g>:c)

= max min :
ntl1—j>dim(W)>n+1-(j+Rsg) | yEWs 4, AR
y#0
w=rn/ ()
_ T T . T
- ma‘X{)‘j(Pn)a )\j+1(Pn)7 R )‘j—‘er,g(Pn)}

= Aj+r;, (Pr)-

By fixing j € {Rsqy+1,...,n— Ry 4} and " C C", dim(7T) = j, analogously we obtain

| 7T, P (9T ()T P (g)2
Ai(Palf9)) =  min gleag( ( )m*x
7\
o <y*Tn(f)y>
= min max
dim(T) =5 =€l y*Tn(9)y
v=1y P (g)a (VLT)
o (y*Tn(f)y)
= min max | ————
dim(T)=j5 | yeT, y* T (9)y
y#0
— min max (3/ (T (f) + Hn(f))@/)
dim(T)=j \ v, \Y (Tn(9) + Hn(9))y
y#0

Let us define Wy, = Tn Ft,

j > dim(W;,) > max{0,dim(7T) + dim(F*) —n} = j+n — Ry, —n =j — Ry,
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because j — Ry 4 > 1 for j > Ry g4+ 1. The latter implies in particular that Wy, # 0, and hence,
because of the orthogonality, Vy # 0 € Wy 4, we have

Ho(fly=0, Hxy(g)y=0,

and therefore
v H,(f)y=0, y*Hu(g9)y=0.
Thus, from (VI.7)

Aj(Pn(f,9)) 2 min | max (y*(rn(gHHn(g))y

dim(T)=4 \ ¥€Wy. g,
im(T")=j Wi

= min max < "
v*1n(9)y

dim(T)=;5 \ ¥€Ws.g
@ y7#0

*
= min max <y*7—n(f)y> (VIL.8)
Wi =Pt \ veWr g \ Y* T (9)y
dim(T)=j =70

> min max <
j>dim(Wy g)>j—Rsy \ YWr0
y#0

y*1n(9)y
= min{X;(P]), \j—1(P}), .-, Nj—r,, (P7)}
== )\ijf,g (P;L—)

By exploiting the previous inequality, relations (VI.4) and (VL.6), we obtain for j = Ry, +
1,...,n— Ry,

r <(]n_+‘?”> = Nj—s(Pr) < Aj(Pulf,9)) < Ajgs(P) =7 (W) : (VL.9)

where s = Ry 4.
The function r is a RCTP on [0, 7] and a monotone increasing function so we have, Vn and
Vi=s+1,...,n—s,

g = (L) < (L) - () = 0) 2 < s, (VL0

n—+1 n—+1 n—+1 n+1"—

with 0 € (2, U™y apq

n+1’ n+l
Jjm (J—s)m jm /
: (L) s (M2 () > - , ,
Ni(Pn(f,9)) T<n+1>_r< n+1> r<n+1>_ 17" || o sTh (VL.11)
By setting C' = ||1’||cosT, for s +1 < j < n — s, we obtain
g
M (Pulfig)) —r (| < cn. 1.12
jPutray - () < (VL12)

Furthermore, from [47] Vj = 1,...,n, we know that

my S Aj<Pn(fag)) S M’r‘:
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where

m, = min r(0); M, = max r(0),
6€[0,x] 0€[0,r]

with strict inequalities that is m, < A;(Pn(f,9)) < M, if m, < M,, while the case m, = M, is
in fact trivial. Hence forn —s < j <mn

‘r (:25) —)\j(Pn(f,Q))‘ < ] (;25) - (n”L)‘ <1’ @)

where 0 € (

(n—j)m
n+1

)

25 ). Ifn—s < j <nthen |n —j| <s, so that

gm

For1<j<s+1

() e < b () - () < b @[S

wherege(%ﬂ,%). If1<j<s+1then|j—1|<s,s0

)

jm )
_ ). < B '
T<n+1> )‘J(7En(f79))’ < |I'||oosmh = Ch

Hence

Aj(Pu(f,9)) =7 (n]L)’ <Ch Yjv¥n.

O]

Remark 11. With regard to Theorem VI.2.1, the case where r is bounded and non-monotone
is almost analogous. If we consider 7, the monotone nondecreasing rearrangement of r on [0, 7],
taking into account that the derivative of v has at most a finite number S of sign changes, we
deduce that © is Lipschitz continuous and its Lipschitz constant is bounded by ||7'||~ (notice that
7 18 not necessarily continuously differentiable, but the derivative of 7 has at most S points of

discontinuity). Furthermore, the eigenvalues of T,(r) are exactly given

(#51)

,

n+1

so that, by ordering these values nondecreasingly, we deduce that they coincide with 7(x; ), with
xjp, of the form %(1—%0(1)). With these premises, the proof follows exactly the same steps as in

Theorem VI1.2.1, using the MinMaz characterization and the Interlacing theorem for Hermitian

matrices.

VI.3 Proofs of the theorems stated in Section IV.2 of Chapter IV

We first recall from |72, Section 3] that, for every p > 0 and 6 € [0, 7],

2

9(0) = Y |56+ 2km)| (VL13)

keZ
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where g/b; is the Fourier transform of the cardinal B-spline ¢,, whose modulus is given by

—~ 2 — 2cos(f) \ P!
see [38]. The next lemma is fundamental to our purposes.
Lemma VI1.3.1. For p>1 and 0 € [0, 7] we have
9 0 2p+2 ) 0 2p+2 ) 2p
- -0 <ep(d)—0°<4 -0 0 . (VI.1
57 (T ><27r—9> < ep(6) =07 < dm(r )<27r—0) 5 <27r+9> (VI.15)
Proof. From (IV.16) and (VI.13)-(VI.14) we obtain
£(0) = (2 2c08(0)P 1S — (2 2c0s(0) | -+ 3
P (0 + 2km)2p 6%p (0 + 2km)2p |’
keZ k#0
(6) = (2 — 2cos(9))PT! Z v (2 — 2cos(h))P! = + Z L
9p (0 + 2k )2 +2 §2r+2 (0 + 2km)2P+2 |’
kez k£0
By setting
1
rp(0) = ngz o0, = 0
s (0 + 2km)?p
we see that
0 1 0 ) — 0
€p(9) - 92 — fp( ) . 02 — 02 + Tp( ) o 92 — QQTP( ) Tp-f—l( ) (VI].6)
gp(0) L+ 7p11(6) L4 7p11(0)
Furthermore,
() = i1 (6) = 6%(Ay 1 (6) + Ay (0)) (VL.17)
where
A (9)—2; 1—972 (VL18)
P £~ (2km + )% (2kw +6)2 )’ '
A (9)—2; 1—‘972 (VL.19)
b= (2km — 6)2p (2km —0)2 )" '
k>1
Assume 0 € [0, 7]. We observe that
02
0<1- 1 k>1
- (2km 4+ 60)2 — 7 ’

which implies

1 1 1 oo dk
A < —— < (97 - 0)2P
w0 2 g 0B S @ | o

1 1 5
= < _
Cr+ 0% 2m@p-)2r+ O 2
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Similarly,

4m(m —0) 8m(2m —0) 1
A (0) < ol %
p—(0) < (21 — 0)2+2 T (47 — )22 * 1;3 (2km — 0)%p

dr(m —0) 8w (2w —0) /+°° dk
2

~ (2 —0)2t2 (47 — )P F2 21k — 0)?P
dr(m —0) 8w (2w —0) 1

(27— 0)2pt2  (4r — 0)2+2  27(2p — 1)(4m — 0)2p1
4m(m —0) N 5 1

~ 2r—0)t2 227 4 0)%P’

where we have exploited the fact that

8w (2w —0) <1

dr — 0 > 2w+ 0 ——
™ 2 2m+0, @r—0)2 =

By combining (VI.16) and (VI.17) with the obtained upper bounds for A, ; and A, _, we get
the upper bound in (VI.15).
To prove the lower bound in (VI.15), we use the inequality

1 1 +oo 1 1
0) < §?r+2 / d
r10) < ((27r R e R A (O R e )

1 1 1 1 1
= 2 + - - :
(2m + 0)2r+2 (27 —6)%rT2  27(2p+1) | (27 +0)%PtL (2w — 9)%P+L

Note that
1 1 1 1

< _

@r+0) T @r—69 " Brya a0

since the function on the left-hand side is monotone increasing for § € [0,7]. Therefore, for
p=1,

0 < (2 T I ] | PRSI T
r — - — - | == = —.
P =\ 320+2 2(2p+1) | 32+1 = 81 6 |27 27

Moreover, from (VI.18) and (VI.19) we deduce that

q=>1,

Ak (km + 0) Ak (km —0) - 4 (m — 0)

Ap(0) + Ap—(0) =" ots T o3 2 T
= (2km + 0)2r+ (2km — 9)2r+ (27 — 6)%rt

Taking into account (VI.17), we arrive at

rp(0) — rpr1(0) _ Amw(m —0) 0 2 o7
1+ rp+1+(9) = (27 — 0)2 <27r — 9> 59°

In view of (VI.16), this immediately gives the lower bound in (VI.15). O
We are now ready to prove Theorems IV.2.1 and IV.2.3.

Proof of Theorem IV.2.1. From the upper bound in (VI.15) we have

— < 4 — .
Juax [ep(6) —6°| < max | dm(m 9>(2ﬂ_9) + 50 <27r+9>
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By setting 2 = £ € [0, 1] we obtain

) ) p 2p+2 5 o P 2p
. < — -
max} |ep(9) 0 | max [47r (1-2) <2 z> +omz (2 z) ]

0c[0,m z€[0,1] -

2p+2

z z 1
< 572 1-— —
= oo " [(2—,2) ( 2—z>+32p

Finally, by setting y = 5% € [0,1] and observing that

1\ 1 1
max y* (1 —y) = (1- < :
y€[0,1] 2p+ 3 20+3 ~ 2p+3

we get

1
6) — 62| < 57° — .
921[3,):4‘61’() | <5m (2p+3+32p>

This concludes the proof. O

Proof of Theorem IV.2.3. For p = 1 the bounds 1/3 < w,(#) < 1 stated in the theorem hold
because from (IV.14) we know that

go(0) =1, 91(0) = ; + %COS(Q).

In the following we focus on the case p > 2. From (IV.17) it is clear that the bounds hold for
6 = 0. From (IV.16) and (VI.15) we deduce that, for 6 € (0, 7],

1 fo(0)  2—2cos(8) gp1(0) dn(r—0) [ 6 \* o \*
S0 - @ @ =T ar—op (%—9) o <2w+9>

4 4
<1422 9)< ’ 9> +5<1> Sty

(27 —0)? \ 27w — 3 20 81 w2’
Since 52 )
T
1 < — 6 (0
~2-—2cos(f) — 4~ € (0,7,
we obtain ;
1 S gp_l( ) < 3’

gp(0)

which is equivalent to 1/3 < w,(6) < 1. O

In order to prove Theorem IV.2.2, further work is needed. In particular, we shall need to

analyze the auxiliary functions

2p+1 2p+1
Rk,p(w):< w) _< w) k>, we[(),g}. (V1.20)

km+w km—w

The next three technical lemmas are devoted to this purpose.
Lemma VI1.3.2. For p > 1 and k > 2 the function
Rip1(w) — Ry p(w) (VL.21)

is nonnegative, monotone increasing and convex for w € [0, 5.
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Proof. Assume w € [0, 5]. We have

Rip1(w) = Rip(w) = 2772 — 2777 4 fPF L2008 >,
where
w w
— , = . VI1.22
Yk km—w “k km+w ( )

It is easy to check that y; is a monotone increasing and convex function of w. Similarly, 2 is a

monotone increasing and concave function of w. Moreover,

2L 1 Z;.C 2k 2 lec/ Rk ’
2 _ 7 /:<> ’ ,,=—<> k>, (V1.23)
ye 142y Yy Yk Yy Yk
and 1 1
< < < < = k> 2. 1.24
O<zx<yp<5—7 <73 2 (VI1.24)

Proving the nonnegativity of the function in (VI.21) is equivalent to showing that
2p+1 2 2p+1 2
v (L —y) = 57 (1= 2).

In view of (VI.23), this is equivalent to

1-— y,% S 1
[= 2 7 [+ 2T
Since . )
— Z,% > 1 -y,
it suffices to prove that
1—yp > :

(1 + 2yp)% 1
A direct computation shows that the above inequality holds for y; € [0,1/3] (it is enough to
verify it for p = 1 as the right-hand side decreases with p). Taking into account (VI.24), this
proves the nonnegativity of (VI.21) for k£ > 2.

We now show that the function (VI.21) is convex. With some elementary manipulations we

obtain
;c,,p-i-l (w) — R;;p(w) = Ay + B — Cy — Dy, (VI.25)
where
A =29" )  [pP2p+1) — (p+ D)2+ 3)y7],  Br=ylyl [20+1— (20 +3)y}] .
Cr =221 [p2p +1) — (p+ )(2p +3)22], D=2z [20+1— (2p+3)27] -

From (VI.24) it follows that, for p > 1 and k > 2,
p2p+1) = (p+1)2p+3)2f >0,  2p+1-(2p+3)af >0, x5 = Yx, 2.

As a consequence, we have By > 0 and Dy, < 0 because y; > 0 and 2}, < 0. In the following we
show that Ay > C. Taking into account (VI.23), this is equivalent to proving that

p@2p+1) = (p+1)(2p+3)y; (Zk-)Qpl (2)2: 1 _
p(2p+1)—(p+1)(2p+3)z ~ \we Y (1 + 2y;,)%P+3
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Since

pp+1) = (p+ D)@p+3)y; _ p2p+1) = (p+1)(2p +3)y;
p2p+1)—(p+1)(2p+3)2z ~ p(2p+1)

it suffices to prove that

9

1
1+ 2yp) 2 F3°

(p+1)(2p+3)
p(2p+1)
The above inequality holds for p > 1 and y; € [0,1/3] (it is enough to verify it for p = 1).

Recalling (VI1.24), this shows the convexity of (VI.21).
Finally, the monotonicity of the function (VI.21) follows from the convexity by observing

1- ?/1%2(

that the first derivative vanishes at w = 0. O
Lemma VI1.3.3. For p > 1 the function

Ry pt1(w) — Ry p(w) (VI1.26)
is nonnegative for w € [0,wy] and concave for w € |wy, 5], where

T 1

L . 1.2
“r 2( 48p—1> (V1.27)

Proof. Along the proof we use the same notation as in the proof of Lemma VI.3.2. We first

address the nonnegativity. With the same line of arguments as in the proof of Lemma VI.3.2
we deduce that the function in (VI.26) is nonnegative if

l—y2> — .
hr = (1 + 2y )2p+1

The above inequality holds for p > 1 whenever

<y <1—— =9yf . 1.2
0< U1 = 24p yl,p (V 8)

In view of (VI.22) and (VI.27), this is equivalent to 0 < w < wy.

We now prove the concavity. Similarly to (VI.25), we have

1pr1(w) — R p(w) = Ay + B1 — C1 — Dy,

where

Av =2y ) [p2p+ 1) = 0+ D2p+3)yi] . Bi=yiyl [20+1— (20 +3)ui],

Cy =27 ()2 [p(2p + 1) — (p+ 1)(2p + 3)27] Dy =272 [2p+1— (2p+3)27].

Since 0 < z1 < % we have

p2p+1)—(p+1)(2p+3)22 >0,  2p+1—(2p+3)zi>0.
Moreover, for y1 > y7 ,,,

p2p+1)—(p+1D)2p+3)yi <0, 2p+1—(2p+3)y° <O0.
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Hence, A1 < 0 and C1 > 0 for w € [wy, 5]. In the following, for w € [wy, 5], we prove that

B < Dy, or equivalently

2p+1—(2p+3)y? < (zl)%zi'
p+1-(2p+3)2 ~ \m/) o
By (V1.23) this is equivalent to

(2p+3)yi —(2p+1) 1
2p+1— (2p+3)z2 = (14 2y;)2P+3

Since

@p+3)yi—2p+1D)  @p+3yi — 2+l _ (43, ) 1 243,
2p+1—(2p+3)22 = 2p+1—(2p+ 1)z} 2p+17" 1—22 = 2p 4170 7

it suffices to prove that, for w € [wy, 5],

2043 5 . 1

B 1.2
2+ 11 = (1 + 2yp)2P13 (V1.29)

Note that the left-hand side in (VI.29) is monotone increasing while the right-hand side is
monotone decreasing. Thus, the observation that the inequality (VI.29) holds for y; = yi,p and
p > 1 concludes the proof. O

Lemma VI.3.4. For p > 1 and w € [0, 5] we have

1+ (p+1))  Ripi1(w) —p Y Ripw) > 0. (VI.30)
k>1 k>1

Proof. Assume w € [0, 5]. When taking the derivative of Ry,

, w » km w » km I
kp(w) = @p+1) km 4+ w (kr +w)?  \kr—w (kT — w)? =0, (V131)
we see that Ry, p(w) is a monotone decreasing function with Ry ,(0) = 0. In addition,
0 1 1
R (—) - - — 1, V1.32
Z kp g Z [(gk F O (2 — 1)2p+1] ( )
k>1 k>1
S0
T
1+ > Ripri(w) 21+ > Ry (5) —0. (VL33)
k>1 k>1
In the following we prove that the sum of the remaining terms in (VI.30) is nonnegative as
well, i.e.,

PZ [Ripr1(w) — Rip(w)] > 0.
E>1

From Lemmas VI.3.2 and VI.3.3 it follows that this is true for w € [0,w;]. Therefore, it remains
to show that

Sp(@) = 3 Ripir(@) = Rip(@)) 2 Riple) = Ripn(),  we [wp, 2], (VI34)
E>2
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To this end, we first deduce from (VI.

32) that

5[t (5) - o (5)] .

k>1

5(5) s

Moreover, from (VI.31) we get

implying

R, (3)=@p+1

which gives !

5 (3) = Ropwr (5) ~ 7

s 1 1
) = Ranr (5) = gt — gpvs 20

)% 1 7 1
7 L@k + )2 (2k— 1)%2 )

o () 2 [ (3) = b (5)

16(p+1) N 4 Z (2p + 3)k N (2p+ 1)k
- 32p+25 T (2k + 1)2p+4 (Qk _ 1>2p+2
k>3
16(p+1) EZ 2p+3 n 2p+1
- 3%tip om = (2k + 1)2p+3 ~ (2k — 1)2pt1
16(p+1)+12/+°° 2p + 3 N 2p+1 q
- 3T2r 5w ),y (2K + 1)2p+3 (2K — 1)2PH1

_16(p+1) | 6 2p + 3

32 5r | 2(p+ 1) 5 t2
p+1

=31 P

2p+1
2p 32p

From Lemma VI.3.2 it follows that S,(w) is convex on [0, 5], so

Sy(w) > (w - g) my + S, (g) = T, (w). (V1.35)
The straight line 7},(w) vanishes at
. ws(>1 ™ 1 1 \3*r 7« 8
Wy = — — —_ _— = — - —_ = —-—————
P2 P\2) my, 2 32rtl 33 ) p41 2 Sl(p+ 1)
and
~ T 1 16 <t
Wy = — - W, .
L) 81(p+1) P
From Lemma VI.3.3 we know that Ry ,(w) — Rip+1(w) is convex on [wy, 5], and so
T
Rip() = Ripn(@) STow),  we |w), 7] (VL.36)

These functions are illustrated in Figure VI.1. By combining (V1.35) and (VI.36), we get (VI.34).
0

We are now ready to prove Theorem 1V.2.2.

!The equality holds due to the uniform convergence of the series.
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0.05 \

—0.05 - ]

—0.1+ i

—0.15 8

—0.2 ‘
0 /8 /4 37/8 /2

Figure VI.1: Graphs of Si(w) (black), R1,1(w) — Ri1,2(w) (blue), and T} (w) (red). The value wi is marked with a
red dot.

Proof of Theorem IV.2.2. Assume 6 € [0,7]. From [52, Lemma A.2] we know that g/,(0) < 0.2
Moreover, by (IV.16)-(IV.17) we have g,(60), fp(#) > 0 and f,(6) = (2—2cos(0))gp—1(6). Finally,
from the lower bound in (V1.15) we deduce that f,(6) > 62g,(6). Therefore,

_ [(0)gp(0) — fp(0)g,(0) _ f,(0) — 07,(6)

a (9p(0))? N 9p(0)

_ 2sin(0)gp-1(0) + (2 — 2cos(0))g,_1(0) — 0°g,,(0)
B Qp(e) .

This means that, in order to prove the monotonicity of e, it suffices to show that

ep(0)

Gp(0) = 2sin(0)gp—1(0) + (2 — 2cos(0))g,_1(0) — 02g2’7(9) >0, 6 € [0, 7). (VL.37)

From (IV.14) it follows that g, (0) = g,,(7) = 0 for p > 0, so that G},(0) = Gj(7) =0 for p > 1.
It remains to prove the inequality in (VI.37) for 6 € (0, ).
Let w =% € (0,%). From [52, Proof of Lemma A.2] we know that

w0 =3 ()"

kEZ

and

9,(0) = (p + 1) (sin(w))*** cos(w) Y
keZ

{ 1 tan(w) ] |

(w+ km)2P+2  (w + k)2 +3

Therefore, recalling that 2 — 2cos() = 4(sin(w))? and sin(f) = 2sin(w) cos(w), with some

manipulations we obtain

Gp(0) = 4(sin(w))?*! (cos(w)(p +1)) ( L

2
= w + k)?P

(p+1>< fmf—p]).

1

+ Sin(w) Z W
keZ

€

% Note that in [52] the function g,(0) is denoted by h,(0).
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Considering the positivity of the first sum in (VI.38), it suffices to show that

e e () e ()

E>1
®+1) <k7rw—w>2_p]) =0

()"
km —w
This inequality follows from (VI.30). O

VI.4 Proof of the IgA eigenvalue expansion for a = 0

This section is devoted to the proof of the following theorem, that is, the expansion (IV.18) for
a=0and j=1,...,N™P — (4p — 2).

Theorem VI1.4.1. For every p > 3, every n, and every j =1,..., NP — (4dp —2) = n — 3p, we

have

N (L) = ep(0j) + EL . (V1.39)

where:

[

the eigenvalues ofn_2L,f] are arranged in non decreasing order, Al(n_2Lr[:f}) <...< )\n+p_2(n_2L7[f]);
ep 1s the function defined in (IV.15);
h:% andﬁj,n:ji:jﬂhforjzl,...,n;

n

|Ej['l,)r]z,0| < CPIh for some constant C'P! depending only on p.

Proof. Throughout this proof, we will use the simplified notations N = N(p,n) and p = 4p — 2.
Moreover, we will write V' Cgp, CV to indicate that V is a vector subspace of CV. If A is an
N x N matrix and V Cg, CV, the symbol A(V) will denote the subspace of CV defined as
{Ax: x € V}. Note that A(V) has the same dimension as V' whenever A is invertible.

We know from [115, Section 3] that

In(fp) =5 (fp) + Hn(fp)s (V1.40)
TN(QP) = TN(QP) + HN(gp), (VL.41)

where, for any cosine trigonometric polynomial 1(6) = 1o + 2> ¥ _; 1y, cos(k6),
e 7n (%) is the tau matrix of order N generated by v, that is, the matrix in 75(0,0) defined as

() = Qu(0.0)(_diag v(71) )@x(0.0)

j=1,...N
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e Hpy(v) is the Hankel matrix defined as

REREEE Yp
3 '
Up
Hy(y) =
Up
- 3
Yp o Y3 o

Considering that (Hn(fp))i; = (Hn(gp))ij =0for2p <i < N —-2p+1=mn—p—1, in view of
(IV.19)—(IV.22) we have

n T K =y (f,) + B (V1.42)
nMP = 73(g,) + S, (V1.43)

where the rank corrections R][‘f,] =Hn(fp) + RE{'}] and 5’1[6] = Hn(gp) + S][\’;] satisfy

(
(

Since MT[LP] is symmetric positive definite and Lgf] = (Mq[lp])_lKV[Lp] is similar to

?,

)i

R =0, p<i<n—p-1 = rank(RY)<p, (V1.44)
5P, =0, 2p<i<n-p-1 = rank(S8¥)<p. (V1.45)

()RR,

by the minimax principle for the eigenvalues of Hermitian matrices [13| we have, for every
j=1,....N,
A7) = g 2P R P 12
. n—2x*(M7[LP])—1/2K7[1P}(M7[1P])—1/2x
= max  min

VCep.CN  x€V X*X
dim V=N—j+1 X#0

, n 2y Ky
= max [m] ml/2 -
VCsp.C MY~ v M
dimV:I}V—j—i-lyE( y;g() V) y ny

vy (n 'Ky
= max mm —m—m—m

Ugs (CN yeU * M[p] '
dim U=N—j 4170 Y (nMa")y

(V1.46)

Let F be the subspace of CIV generated by the union of the nonzero columns of R,[‘?] and 5’7[%3} By
(VI1.44)-(V1.45), we have dim F < p and, consequently, dim F- > N — p. Moreover, if U is any
subspace of CV such that dim U = u, we have dim(UNF*) = dim U +dim F*+ —dim(U + F+) >
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u+ (N —p)— N =u—p. Thus, for j =1,...,N — p, from (VI1.42)-(VI.43) and (VI.46) we
obtain

Al

N L)< max  min ¥ y (v (fp) + ]>y
UCsp.C UNF

ain Yoy v (v ge) + Sy

fpy

v (fp)
gp)y

= max min (

UCewp.CN  yeUNnF+Y *Tv (
dimU=N—j+1 y#0

YN (fp)y

max min ————

WCep.CN YEW y*Tn (9p)y
dimW>N (j+p)+1 Y70

IN

x* (1 (9p)) 27 (£) (v (gp)) /%

= max min

WCap.CV  xe(rn(gy))/2(W) XX
dim W>N—(j+p)+1 x#0
X*
_ max i N (ep)x
VCep.CN xeV x*x
d1mV>N (J+p)+1 x#0
X*
_ max min XN (ep)x
VCep.CN xeV xX*x
dim V=N— (j+p)+1 X7#0
(j+p)7
— _ <7) V147
]+p(TN(€p)) €p N+1 ( )

where the last equality is because of the monotonicity of e, (Theorem IV.2.2). Similarly, using
again the minimax principle for Hermitian matrices, for j = p+1,..., N we obtain

N (n=2 L) = Ay (=2 ()~ 2RI ) 712
n—QX*(Mr[lp})—l/zKLp] (M,[Lp])_lﬂx

= min max

VCep.CN x€V X*X
dim V=; X7#0
Tl_2y*K7[lp]y
= min max R
Ve C¥ye(miPh-12(v)  y*My'y
dim V=j y#0

y (T Ki)y
= min max-—m—

UCwp.CN YU  v* (M)
dlmpl)] =j y#0 y (n " )y

i ma YN R¥y
(

UCsp.CN yeUNFL y &l
dim U=j Y y#0 (7w (gp) +5n)y

— Yy TN(fp)y
= min  max

Ucbp (c yEUﬂFl y TN(gp)y

dimU=j y#0

*

> min max M

WCep.CV YEW Y*TN (p)Y
dim W>j—p Y70

x* -1/2 —1/24

= min max (7n (9p)) TN (fp) (T (gp))

WCep CN x€ (7 (gp))"/2(W) X*X
dimW>j—p x#0
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. X TN (ep)x
= min max ————
VCsp CN xEV  X¥X

dim V>j—p X#0
*
. x*1n(ey)x
= min max #
VQSP,CN xeV XX
dim V=j—p X7#0

= Xj—p(Tn(ep)) = ep<(jN__:))17T>~ (V1.48)

Putting together (VI.47) and (V1.48), we get

G—p)m (=27 0] +p)m o -
ep( N1 )S)\J(n Ln)ﬁep( Nl ), j=p+1,...,N —p. (VI.49)

From (VI1.49) we immediately obtain

2Ly o (I
‘)\](n L) ep(NH)‘ (VL50)
(J—p)m jm (J+p)m jm
< M7 RTINS0 T
—max<€”( N+1 ) ep(N+1)’ep< N+1 ) €p<N+1>
pT :
< ||€;;”00N7+1 < H€;,||oop7rh, J=p+1,...,N—p. (V1.51)

Moreover, since the eigenvalues of n*2Lq[f ) are positive (because of the similarity between Lq[:f ) and

the symmetric positive definite matrix (M#])_I/QK,[LP] (Mr[f)})_lﬂ) and e,(0) = 0 = minge|o » €p(0)
(by (IV.16)-(IV.17)), for j =1,..., p we have

A (n 2Ly — ep<NjI 1) ' - (VL52)
_ (n__QL%?]) — ij—l X (n L) _€P<Nji1> =0,
ep(Nji 1) - (n=2LPh, otherwise,
BETUE (). L) — ey () 2 0
a €p (Njiil) , otherwise,
Aoa(n L) - eP(W) + ep(W) - ep(ij: 1)’

it A\ (n=2LP) — ep(N]i 1) >0,

ep( r )—ep(O), otherwise,

IN
—l———

N +1
. -2 Jm
) eploopmh + Nl loopmh, i€ Xy (n L) = e (§75) 2 0
llep lloopmh, otherwise,
<2|lep |l prh. (V1.53)

Combining (VL.50) and (VI.53), we obtain

gm

N L) — e (57

)' <2lelloopmh,  j=1,...,N —p. (VL54)
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To conclude the proof, we note that the stepsizes h = % and H = ﬁ are such that

N+1-n p—1 P

O<h—H= = £
< n(N +1) n(n+p—1)<n2

and, consequently, the grid points 0;,, = jrh and ©;, = jnH satisfy
0<9j,n_@j,n<%a j=1...,n.
Thus, the inequality (VI.54) yields the thesis (V1.39) with

’Ej[pr]zoy = |>‘j(”72L£§]) —ep(Bn)] < ‘)‘j(ningﬂ) — ep(05n)] + 1ep(O)n) — €p(05n)]
< 2llep loopmh + [le locprh = CPIR,  j=1,...,N —p,

where ClP) = (20 + p)7lleploo- O

VL5 Q, Lagrangian FEM matrix symbol for p = 2, 3,4
Recall that the p x p matrix-valued symbols of K,(Lp ) and M,(lp ) are

£(0) = fy + fre? + fle
and

g(0) = go + g1e? +gle?

respectively. The detailed expressions of fy, f1 and g0, g1 for the particular degrees p = 2,3,4

are given below.

For p = 2,
. 1116 -8 . 1({0 -8
00— 5 ) fl - 5 )
31-8 14 310 1
. 1116 2 . 110 2
807302 gl & 7 30(0 -1
For p =3,
) 432 —297 54 ! 0 0 —189
fo=— |- — f,=—
T 297 432 189, £ 10 0 0 541 ,
54 —189 296 0 0 -13
1 648 —81 -36 1 0 0 99
g0 = 1680 —81 648 9|, g = 1680 0 0 —-36
—-36 99 256 0 19

156



VIL.6. Proof of the block eigenvalue expansion for oo =0

For p =4,
16640 —14208 5888 —1472 0 0 0 —6848
i 1 [-14208 22320 —14208 3048 - 1 (0 0 0 3048
0~ 945 5888 —14208 16640 —6848|° ' 945 |0 0 0 —1472]|’

—1472 3048 —6848 9850 000 347

1792 —384 256 56 00 0 29

.1 |-384 1872 -384 —174 .1 (000 —174

8075670 | 256 —384 1792 296|° &' T 5670 |0 0 o0 56

56 —174 296 584 00 0 —29

VI.6 Proof of the block eigenvalue expansion for a =0

Theorem VI1.6.1. Let s > 1, N = N(n,s) = sn and f be an Hermitian matriz-valued trigono-
metric polynomial (HTP) with Fourier coefficients f'o, f'l, ces ,f'm € R%*%. Suppose that £ is of the
form

£(0) = Y Bt =fo+ Y (Ree? + Fe™), m=deg(£(9)) € N,
k=1

k=—m
such that
f o=t k=o0,....,m. (VL.55)
Suppose that the eigenvalue functions of £, X9 (f) : [0, 7] — R**%, ¢ =1,...,s, are monotone
on [0, 7] and such that
max A (f) < min AV () (VL56)
0€l0,7] 0€[0,n]

qg=1,...,8—1, then, fized q € {1,...,s},

M (T (£)) = A9 (£(0,.,,))| < Ch (VL57)
Vn, forj=1,...,n, and v=~(q,j) = (g — 1)n + j, where

e \(Tn(f)), v € {1,...,N}, are the eigenvalues of T, (f), such that, for a fixzed ¢ €
{1, 8}, Ag=1)n+i(Tn(f)) are arranged in non decreasing or non increasing order, de-

pending on whether \(@ (f) is increasing or decreasing.

. h:%ﬂ andej}n:%:jﬂh:jzlv“wn;

Proof. For the sake of simplicity, we assume that for ¢ = 1,...,s, A@(f) is monotone non
decreasing (the other cases have a similar proof).

Notice that the conditions on f imply that the N x N block Toeplitz matrix generated by f,
T, (f), is Hermitian positive definite so we can order its eigenvalues in non decreasing order of
as follows

{{A(q—l)nﬂ'(Tn(f))}?:1};1 (VI.58)
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We remark from the relation 1.13 of Section 1.5 that

T, (£) = 5 (£) + Hy(f), (VL59)

where, for ¢ (HTP) of degree m and orthogonal Q = (\/ - sin (é{:rl))m:l, 7~ (1) is the

following 7 matrix [14] of size N generated by v

(%) = (Q®I.) diag (w (j”))@ oL), Q=Q"=qQ",

1<j<n n+1

where Hy (1)) is the Hankel matrix associated to ¢ with v := v(s,m) = rank(Hy(¢))) < 2s(m —

1).
Forg=1,...,s,7=1,...,n, setting v = (¢ — 1)n + j, we find
£)) =A@ (£ (27 ), I
Ay (T (£)) < <n+1 (VL.60)

Note that T, (f) is similar to the matrix

T,(f) = (Q ® I)T,(£)(Q & L)
— diag (f( ": )) +(Q®I)Hn(f)(Q® I,)

1<j<n n+1

i g ~
= diag ( f + H,,
1<j<gn( (n + 1)>

with rank(H,) = v, so T, (f) and T,,(f) have the same eigenvalues.

Using the MinMax spectral characterization for Hermitian matrices [13], we obtain, for
y=(@—-1)n+je{v+1,...,N —v},

M (7 (£)) = A <f (W)) < 2 (Tl6) < My (T (£)) = A@ (f (W()VZ .

The eigenvalue functions A(@ (f) are monotone non decreasing function so we have, ¥n and for
y=(@—-1)n+je{v+1,...,N —v},

A (Tn(f)) — < < 1)) XY < <(j7”:ryl)7r>> o <f <”j:1>> ) (V1.62)
= (M) >/n+1 = H (x H

with 6 € (Ji7r (j+1/)7f> and

n+1’> n+1

w0 1 (259) 2 0 ((525)) o (1 (259)-

S

(V1.63)

oo
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By setting C' = H ()\(Q)(f))/H vr,fory=(¢q—1)n+je{v+1,...,N — v}, we obtain

n+1

Ay (T, (£)) — A@ (f ( I ))‘ < Ch. (V1.64)
Furthermore, from [47] Vv =1,..., N, we know that

me < A (T()) < Mr,
where

— mi (1) . — (s)
me = min (\De6)) ;M o (X)),

with strict inequalities that is me < Ay (T, (f)) < Mg since, by the assumptions, the extreme
eigenvalue functions are not constant. Hence for N —v <y < N

() v <o (e () - (1(755))

<| (e o) |5
whereée(%,%).IfN—V<7§Nthen\N—V\<](s—1)n+j\—>|n—j\<V,sothat
(e (2™ VY ol < 1O @Y T _ o,
o (1() -wmo| < oo w)] 275 - o

For1<y<v+1

0 (1 () o] b (1 (G5) - (1 ()

< |0 @) || LA

n+1
WhereQG(T JT) If1<y<v+1then |j|>v+1=|j—1<v,so

(e (GE ))-A [ < (0
n—+1

Hence forg=1,...,s,j=1,...,n,y=(¢g—1)n+je{l,...,N},

Ay (T, (£)) — A@ <f (njj_Tl)) ‘ < Ch.

vTm

= Ch.
o t+1 ¢

O

Remark 12. With regard to Theorem VI.6.1, for ¢ = 1,...,s, the case where )\(Q)(f) are
bounded and non-monotone is almost analogous. If we consider S\(q)(f), the monotone non
decreasing rearrangement of N9 (£) on [0,7], taking into account that the derivative of N (f)
has at most a finite number S of sign changes, we deduce that S\(q)(f) is Lipschitz continuous

and its Lipschitz constant is bounded by || ()\(Q)(f)), oo (notice that N9 (f) is not necessarily
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continuously differentiable but the derivative of X(q)(f) has at most S points of discontinuity).
Furthermore the eigenvalues \y(7n(f)), are ezactly given by

2@ <f<n‘]:1>>, g=1,...,s j=1,...,n,

so that, by ordering these values non decreasingly, we deduce that they coincide with X9 (£ (jn)),
with xj, of the form nj—fl(l + o(1)). With these premises, the proof follows ezactly the same

steps as in Theorem VI.6.1, using the MinMaz characterization and the Interlacing theorem for

Hermitian matrices.
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Conclusions

In most of the applications the interest in studying the spectral properties of structured matrix
sequences is two-fold. In fact, on one hand there are problems in which the information on the
eigenvalues are indirectly useful in finding efficiently the numerical solution, on the other hand
there are situations (for example, this is the case of eigenvalue problems [42, 92]) where the
eigenvalues have a physical meaning or represent the approximation of a quantity of interest.

These reasons, and many others, make the research of more and more efficient eigensolvers
relevant and topical.

This thesis faces up to the mentioned double requests with a double strategy. It presents
both several standard issues treated with a new class of techniques, and few novel computational
problems never solved with classical tools.

In particular this is the case of the Chapter II where for the first time the spectral analysis
with GLT techniques is applied to the recent discretization by the novel family of high order
accurate Discontinuous Galerkin (DG) methods on staggered meshes.

On the other direction, Chapter III, IV, V are devoted to present new fast extrapolation—
interpolation methods for computing the approximation of the spectrum of large Toeplitz and
Toeplitz-like sequences in various settings.

The future purpose will be to combine the two strategy and provide new useful tools to deal
with new computational problems and those arising from some recent discretization techniques.

A first achievement can be obtained from the possible future developments of the topics
treated in Chapter II.

We have have studied in detail the resulting (structured) matrices coming from the discretiza-
tion by staggered DG methods of the incompressible Navier-Stokes equations. The classical
theory of Toeplitz matrices generated by a function (in the most general block, multilevel form)
and the more recent theory of GLT matrix-sequences have been the key tools for analyzing the
spectral properties of the considered large matrices. We have obtained a quite complete picture
of the spectral properties of the underlying linear systems that result after the discretization
of the PDE. This information has been employed for giving a forecast of the convergence his-
tory of the CG method and for proposing a basic, still effective, Strang-type block circulant
preconditioner and for designing the essentials of the Two grid technique.

Starting from the preliminary findings in Subsection [1.3.3 and Subsection 11.3.4, the use
of these results will be the ground for further research in the direction of new more advanced
techniques (involving preconditioning, multigrid, multi-iterative solvers [113]), by taking into
account variable coefficients, compressibility, graded meshes in geometrically complex domains,
and various boundary conditions.
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Furthermore there are possible other situations where the multilevel block matrix sequences
are involved and the proposed analysis could be similarly applied. This is the case of the
structured matrix sequences arising from some different PDEs discretization, e.g., the Virtual
Element Methods, or the optimal control problems that will be subjects of future investigation.

On the other hand the second goal of this thesis have been to provide new tools for computing
the spectrum of:

1. preconditioned banded symmetric Toeplitz matrices [1];

2. Toeplitz-like matrices, n‘lK,[Lp}, nMle], n_zLQf], coming from the B-spline IgA approxima-
tion of —u” = Au, plus its multivariate counterpart for —Au = Au [58];

3. block and preconditioned block banded symmetric Toeplitz matrices [60].

The proposed algorithms are based on the classical concept of symbol, but with an inno-
vative view on the errors of the approximation of eigenvalues by the uniform sampling of the
symbol. This new approach was used in the independent works [16, 17, 19] and [62] where the
authors conjectured the existence of an asymptotic spectral expansion for banded symmetric
Toeplitz matrices. From a theoretical viewpoint in the Chapter VI we have proved, for all the
Items, the first order asymptotic term of the expansion, using purely linear algebra tools. The
theoretical proof of the asymptotic expansion for higher-order @ > 1 will be a future research
line. Considering that the asymptotic eigenvalue expansion in IgA context is strongly connected
with the eigenvalue expansion for preconditioned Toeplitz matrices of Section II1.1, a proof of
the former may suggest the way to prove the latter, and vice versa.

We also complement the results of [51, 71, 72, 73, 74, 76, 77|, proving several important
analytic properties of e,(6), spectral symbol of {n_2L£]f]}n.

We have extended for all contexts above the extrapolation algorithm based on the asymptotic
expansion and we have demonstrated that the simple-loop requirement treated in [7, 16, 17], in
standard double precision computations, is not a problem when using our proposed algorithms.

In Chapter 111 we have considered the problem of computing the spectrum of the sequence
of preconditioned Toeplitz matrices {P,(f,g) = T, *(g9)Tn(f)}, for f trigonometric polynomial,
g nonnegative and not identically zero trigonometric polynomial. Moreover we have shown
numerical evidences showing that some of the assumptions proposed by Bogoya et al. [16, 17, 19]
can be relaxed. We have extended the extrapolation algorithm for computing the eigenvalues
in this setting, here the key has been the sampling of the function r = f/g that plays the same
role as f in the non-preconditioned case.

This generalization have potential application to the computation of the spectrum of differ-
ential operators. In fact, up to low rank corrections, matrices of the form P, (f, g) appear in the
context of the spectral approximation of differential operators in which a low rank correction of
T,.(g) is the mass matrix and a low rank correction of T),(f) is the stiffness matrix.

Therefore a plan for the future has to include: the analysis of the non-monotone case and its
relations with the study in [63] for the special case where f(0) = 2 — 2 cos(wf), w > 2 integer,
and ¢g(0) = 1; the extension of the results by [8] to the preconditioned Toeplitz case and the
study of its connection with the treated general expansion; the extension of the numerical and
theoretical study to possible other contexts.
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The positive result of the preconditioned case have suggested that same kind of asymptotic
expansion holds, at least in the context of the IgA approximation of second order differential
operators.

In Chapter IV we have further explored the B-spline IgA approximation of the Laplacian
eigenvalue problem —Aw = A\u over the k-dimensional hypercube (0,1)*. We have provided the

]

exact eigenvalue—eigenvector structure of the resulting discretization matrices K%p ], MT[LP , and

Lyf}, for p = 1,2. For the cases p > 3 we have proposed a parallel interpolation—extrapolation
algorithm based on the asymptotic spectral expansion for computing the eigenvalues of Lgf],
excluding the largest ngm = p — 2 4+ mod(p, 2) outliers. The performance of the algorithm has
been illustrated through several numerical experiments. By using tensor-product arguments, it
is plain to extend the whole analysis to the general k-dimensional setting.

The matrices arising from the discretization of a linear PDE by a linear Numerical Method
(NM) usually have a Toeplitz or Toeplitz-like structure. For example, in the case of a constant-
coeflicient PDE, the matrix structure is often a small perturbation of a pure Toeplitz structure,
whereas in the case of a variable-coefficient PDE, the matrix structure is often the so-called
Generalized Locally Toeplitz structure [76, 77, 125, 126]; see in particular |77, Section 7.1].
Hence the natural question is:

“Do we have an asymptotic expansions for the eigenvalues of generic PDE discretization
matrices?”

The chapter has provided a positive answer in the case where the PDE a the Laplacian
eigenproblem and the discretization is the B-spline IgA. It is clear, however, that the previous
question opens the doors to a series of possible future researches. Hence the purpose will be
ascertain the existence of an asymptotic eigenvalue expansion for PDE discretization matri-
ces and exploit this expansion (if any) for computing the eigenvalues themselves through fast
interpolation—extrapolation procedures.

A big step forward in this direction has been the generalization of the proposed theory to the
block and preconditioned block context, presented in Chapter V. Special attention has been
dedicate to the generalization of the results of Chapters III-IV under the assumptions that f
of is an s x s matrix-valued trigonometric polynomial with s > 1, and T,,(f) is the associated
block Toeplitz matrix, whose size is N(n, s) = sn.

First we numerically have derived the conditions which ensure the existence of an asymp-
totic expansion for the eigenvalues, generalizing those for the scalar-valued setting s = 1.
Furthermore, following the proposal for s = 1 in the previous chapters, we have devised an
interpolation—extrapolation algorithm for computing the eigenvalues of banded symmetric block
Toeplitz matrices with a high level of accuracy and a low computational cost, and we have pre-
sented several examples of practical interest. Furthermore we have provided the exact formulae
for the eigenvalues of the matrices coming from the Q, Lagrangian Finite Element approxima-
tion of a second order elliptic differential problem and the preconditioned block matrices coming
from the classical Lagrangian Finite Element approximation of the classical eigenvalue problem
for the Laplacian operator in one dimension.

The natural step in order to investigate the existence of an asymptotic eigenvalue expansion
for many other PDE discretization matrices will be a feasible extension of the proposed approach
to the multilevel contexts, in cases where the tensor product argument of Chapter IV cannot
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be exploited. This is a real challenge and we still do not know how to race the problem: here the
principal open question concerns the formalization, in both scalar or block case, of the asymptotic
spectral expansion for k-level matrices, that in turn depends on the lack of the monotonicity
concept for a k variate symbol.

The matrices produced by most types of discretizations possess a structure, namely they are
often banded. As seen, the latter is strongly related with the concept of trigonometric polynomial
generating function, and this case has been the main object of the present thesis. However, we
stress that there are many other contexts, such as discretized fractional, differential or integral
operators where the involved symbols are not of polynomial type.

Hence, moved by preliminary positive results, we plan also to extend the theory and the
algorithms to the eigenvalues of possibly dense matrix sequences, possibly with some regularity
conditions on the symbol. The aim is that of continuing to provide and analyze methods in
order to deal with the most general classes of structured matrix sequences and discretizations
of partial differential equations using spectral methods or of fractional differential equations by
means of standard local methods.
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