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Abstract. In this thesis, a generalization of the classical Rough set the-
ory [85] is developed considering the so-called sequences of orthopairs
that we define in [20] as special sequences of rough sets.

Mainly, our aim is to introduce some operations between sequences of
orthopairs, and to discover how to generate them starting from the op-
erations concerning standard rough sets (defined in [32]). Also, we prove
several representation theorems representing the class of finite centered
Kleene algebras with the interpolation property [31], and some classes
of finite residuated lattices (more precisely, we consider Nelson algebras
[89], Nelson lattices [23], IUML-algebras [74] and Kleene lattice with im-
plication [27]) as sequences of orthopairs.

Moreover, as an application, we show that a sequence of orthopairs can
be used to represent an eraminer’s opinion on a number of candidates
applying for a job, and we show that opinions of two or more examiners
can be combined using operations between sequences of orthopairs in
order to get a final decision on each candidate.

Finally, we provide the original modal logic SO, with semantics based
on sequences of orthopairs, and we employ it to describe the knowl-
edge of an agent that increases over time, as new information is pro-
vided. Modal logic SO, is characterized by the sequences (01, ...,0,)
and (O1,...,On) of n modal operators corresponding to a sequence
(t1,...,tn) of consecutive times. Furthermore, the operator [J; of (Oy, .. .,
O,) represents the knowledge of an agent at time ¢;, and it coincides
with the necessity modal operator of S5 logic [29]. On the other hand,
the main innovative aspect of modal logic SO,, is the presence of the se-
quence (O1, ..., On), since O; establishes whether an agent is interested
in knowing a given fact at time ¢;.

Keywords: Rough sets - Orthopairs - Refinements - Many-valued logic
- Modal logic
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1 Introduction

We can only see a short distance ahead, but we can see
plenty there that needs to be done.
Alan Turing

Rough sets and orthopairs are mathematical tools that are used to deal with
vague, imprecise and uncertain information. Rough set theory was introduced
by the Polish mathematician Zdzislaw Pawlak in 1980 [85] [84] [86], and suc-
cessively numerous researchers of several fields have contributed to its devel-
opment. The rough set approach appears of fundamental importance in many
research domains, for example in artificial intelligence and cognitive sciences,
especially in the areas of machine learning, knowledge acquisition, decision anal-
ysis, knowledge discovery from databases, expert systems, inductive reasoning
and pattern recognition [79] [113] [55] [87]. Also, rough set theory has been ap-
plied to solve many real-life problems in medicine, pharmacology, engineering,
banking, finance, market analysis, environment management, etc. (see [95] [98]
[63] for some examples). On the other hand, rough sets are also explored in
mathematical logic for their relationship with three-valued logics [92] [104] [34].
Rough set philosophy is founded on the assumption that each object of the uni-
verse of discourse is described by some information, some data, or knowledge.
Objects characterized by the same data are indiscernible in view of the avail-
able information about them. In this way, an indiscernibility relation between
objects is generated, and it is the mathematical basis of rough set theory. The
set of all indiscernible objects is named elementary set, and we can say that it is
the basic granule of knowledge about the universe. Indiscernibility relations are
equivalence relations, and elementary sets are their equivalence classes. Then,
given an equivalence relation R defined on U, the rough set of a subset X of
the universe U is the pair (Lg(X),Ur(X)) consisting respectively of the union
of all equivalence classes fully contained in X, named lower approximation of X
with respect to R, and the union of all the equivalence classes that have at least
one element in common with X, named upper approzimation of X with respect
to R. Therefore, the rough set (Lr(X),Ur(X)) is the approximation of X with
respect to the relation R. The set Br(X) is called the R-boundary region of X,
and it is the set Ur(X) \ Lr(X). The objects of Br(X) cannot be classified as
belonging to X with certainty.

In this dissertation, we focus on orthopairs generated by an equivalence re-
lation. They are equivalent to rough sets and are defined as follows. Let R be an
equivalence relation on U, and let X be a subset of U, the orthopair of X deter-
mined by R is the pair (Lr(X), Er(X)), where L (X) is the lower approximation
and Er(X), called impossibility domain or exterior region of X with respect to
R, is the union of equivalence classes of R with no elements in common with
X [32]. Orthopairs and rough sets are obtained from one another; indeed, the
impossibility domain coincides with the complement of the upper approximation
with respect to the universe. A pair (A, B) of disjoint subsets of a universe U can
be viewed as the orthopair of a subset of U generated by an equivalence relation
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on U; in this case, we can say that (A, B) is an orthopair on U. We can view any
orthopair (A4, B) on the universe U as a three-valued function f : U + {0, 3,1}
such that, let z € U, f(z) =1 ifz € A, f(z) =0if € B and f(z) =  oth-
erwise. Conversely, the three-valued function f : U + {0, 3,1} determines the
orthopair (A, B) on U, where A = {x € U|f(z) = 1} and B = {x € U| f(z) = 0}.
Several kinds of operations between rough sets have been considered [34]. They
correspond to connectives in three-valued logics. Logical approaches to some of
these connectives have been given, such as Lukasiewicz, Nilpotent Minimum,
Nelson and Godel connectives [83] [9] [13] [4].

Several authors generalized the definitions of rough sets and orthopairs by
considering binary relations that are not equivalence relations, since the latter
are not usually suitable to describe the real-world relationships between elements
[111] [97]. We consider orthopairs generated by a tolerance relation, that is a
reflexive and symmetric binary relation [96]. Given a tolerance relation R defined
on U and an element = of U, by tolerance class of x with respect to R, we
mean the set of elements of U indiscernible to x with respect to R. The set
of all tolerance classes of R is a covering of U, that is a set of subsets of U
whose union is U. Moreover, if R is an equivalence relation, then the set of all
equivalence classes is a partition of U (a partition is a set of subsets of U that
are pairwise disjoint and whose union is U). Therefore, we can define rough sets
and orthopairs determined by a covering (or a partition) instead of a tolerance
relation (or an equivalence relation).

In this thesis, we focus on sequences of orthopairs generated by refinement
sequences of coverings [20] [19]. A refinement sequence of a universe U is a finite
sequence (C1, ..., C,) of coverings of U such that C; is finer than C; (each block
of C; is included at least in a block of C;) for each j < i. Clearly, for each subset
X of U, the refinement sequence (Cy,...,C,) generates the sequence

((£1(X), E1(X)), - -5 (Ln(X), En(X))),

where (£;(X),&;(X)) is the orthopair of X determined by C;. Furthermore, we
deal with sequences of partial coverings. These are coverings that do not fully
cover the universe, and they are suitable for describing situations in which some
information is lost during the refinement process [39]. Refinement sequences of
partial coverings are obtained starting from incomplete information tables, that
are tables where a set of objects is described by a set of attributes, but some
information is lost or not available [67]. It is interesting to notice that when
(C1,...,Cy) consists of all partitions of U, the pair (U, (C,...,Cy)) is an Au-
mann structure, that is a mathematical structure used by economists and game
theorists to represent the knowledge [6] [7]. Refinement sequences can be rep-
resented as partially ordered sets. Hence, sequences of orthopairs generated by
refinement sequences can be represented as pairs of upward closed subsets of
such partially ordered sets. By using this correspondence, we give a concrete
representation of some finite algebraic structures related with Kleene algebras.
Kleene algebras form a subclass of De Morgan algebras. The latter were intro-
duced by Moisil [76], and successively, they were explored by several authors,
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in particular, by Kalman [64] (under the name of distributive i-lattices), and by
Bialynicki-Birula and Rasiowa, which called them quasi-Boolean algebras [12].
The notation that is still used was introduced by Monteiro [77]. We are interested
in the family of finite centered Kleene algebras with the interpolation property,
studied by the Argentinian mathematician Roberto Cignoli. In particular, in
[31], he proved that centered Kleene algebras with the interpolation property
are represented by bounded distributive lattices [88]. By Birkhofl representation,
each bounded distributive lattice is characterized as a set of upsets of a partially
ordered set with set intersection and union [14]. In this thesis, we prove that
each finite centered Kleene algebra with the interpolation property is isomor-
phic to the set of sequences of orthopairs generated by a refinement sequence
with operations obtained extending the Kleene operations between orthopairs
(see [34]) to the sequences of orthopairs. We obtain a similar result for some
other finite structures that are residuated lattices [104], and having as reduct a
centered Kleene algebras with the interpolation property. More exactly, we show
that some subclasses of Nelson algebras, Nelson lattices and IUML-algebras are
represented as sequences of orthopairs in which the residuated operations are
respectively obtain by extending Nelson implication, Lukasiewicz conjunction
and implication, and Sobociniski conjunction and implication between orthopairs
(listed in [34]) to sequences of orthopairs. In Table 1 each structure is associated
with its orthopaired operations.

Structures Operations between orthopairs

Nelson algebras|Kleene conjunction and Nelson implication
Nelson lattices | Lukasiewicz conjunction and implication

IUML-algebras| Sobociriski conjunction and implication

Table 1: Structures and Operations between orthopairs

Nelson algebras were introduced by Rasiowa [89], under the name of N-
lattices, as the algebraic counterparts of the constructive logic with strong nega-
tion considered by Nelson and Markov [90] [22]. The centered Nelson algebras
with the interpolation property are represented by Heyting algebras [11]. Nelson
lattices are involutive residuated lattices, and are equationally equivalent to cen-
tered Nelson algebras [23]. IUML-algebras are the algebraic models of the logic
IUML, which is a substructural fuzzy logic that is an axiomatic extension of the
multiplicative additive intuitionistic linear logic MAILL [74]. [UML-algebras can
also be defined as bounded odd Sugihara monoids, where a Sugihara monoid is
the equivalent algebraic semantics for the relevance logic RM? of R-mingle as
formulated with Ackermann constants. In [49], a dual categorical equivalence is
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shown between IUML-algebras and suitable topological spaces defined starting
from Kleene spaces. In this dissertation we focus only on finite I[UML-algebras,
and we refer to [3] and [74].

Moreover, we investigate the relationship between sequences of orthopairs
and some finite lattices with implication. The latter are more general than Nel-
son lattices and form a subclass of algebras with implication, (DLI-algebras for
short) [28]. We find a pair of operations that allows us to consider sequences of
orthopairs as Kleene lattices with implication, but they coincide with no pair of
three-valued operations. Consequently, we can introduce new operations between
orthopairs, and so between rough sets.

On the other hand, some three-valued algebraic structures have been repre-
sented as rough sets generated by one covering [61] [62] [63] [4] [40]. Our results
are more general, since many-valued algebraic structures correspond to sequences
of rough sets determined by a sequence of coverings.

An important application of rough set theory is to partition a given universe
into three pairwise disjoint regions: the acceptance region (i.e. the lower approx-
imation), the rejection region (i.e. the impossibility domain), and the uncertain
region (i.e. the boundary region). This classification is at the basis of the three-
way decision theory [107], which allows us to make a decision on each object by
considering the region to which it belongs. In this framework, we use a sequence
of orthopairs to represent an examiner’s opinion on a number of candidates ap-
plying for a job. Moreover, we show that the opinions of two or more examiners
can be combined using operations between sequences of orthopairs in order to
get a final decision on each candidate. On the other hand, we also show that
sequences of orthopairs are identified as decision trees with three outcomes. De-
cision trees are graphical models widely used in machine learning for describing
sequential decision problems [48].

Rough sets can be interpreted as the necessity and possibility operators in
modal logic S5 [82] [8]. Moreover, the relationships between modal logic and
many generalizations of rough set theory have been examined by several au-
thors [70] [110]. In Chapter 5, we present a new modal logic, named SO, logic,
with semantics based on sequences of orthopairs. Modal logic SO,, is character-
ized by two families of modal operators, (Oi,...,0,) and (O1,...,On), which
are semantically interpreted through the Kripke frame (U, (Ry,..., R,)), where
(R1,...,Ry,) is a sequence of equivalence relations defined on the domain U,
such that R;(u) C R;(u), for each i < j and u € U.

Modal logic SO,, can also be viewed as an epistemic logic. More precisely,
S0O,, can represent the knowledge of an agent that increases over time, as new
information is provided. Epistemic logic is the logic of knowledge and belief [59].
Epistemic modal logic provides models to formalize and describe the process of
accumulating knowledge by individual knowers and groups of knowers by using
modal logic [16] [46] [60]. Its applications include addressing numerous complex
problems in philosophy, artificial intelligence, economics, linguistics and in other
fields [99] [58]. Therefore, the sequences ((0y,...,0,) and (O1,...,On) corre-
spond to a sequence (t1, ..., t,) of consecutive instants of time. The operator [J;
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of (O, ...,0,) represents the knowledge of an agent at time ¢;, and it coincides
with the necessity modal operator of S5 logic [57]. The main innovative aspect
of our logic is the presence of (O1,...,On), since its element (); establishes
whether the agent is interested in knowing the truth or falsity of the sentences
at time ;.

Contents of the thesis

We conclude this introductory chapter by briefly describing the contents of the
following chapters.

Chapter 2 reviews the basic notions and the notation that we will use through-
out the thesis along with some simple preliminary results. Specially, we will focus
on rough set theory, partial order theory and lattice theory.

In Chapter 3, we introduce the definition of refinement sequences of partial
coverings as special sequences of coverings representing situations where new
information is gradually provided on ever smaller sets of objects. We provide
examples of environments in which refinement sequences arise; in detail, we
obtain refinement sequences starting from incomplete information tables and
formal contexts. Some families of sequences are defined considering how much the
blocks of their coverings overlap. We identify refinement sequences as partially
ordered sets. Moreover, the notion of sequences of orthopairs is introduced in
order to generalize the rough set theory. We represent each sequence of orthopairs
as a pair of disjoint upsets of a partially ordered set, or equivalently, as a labelled
poset. Finally, we view sequences of orthopairs as decision trees with only three
outcomes.

Preliminary versions of this chapter appeared in [1] [19] [20] [2].

In Chapter 4, we equip sets of sequences of orthopairs with some operations in
order to obtain finite many-valued algebraic structures. Furthermore, we prove
theorems wherewith to represent such structures as sequences of orthopairs.
We show that, when sequences of orthopairs are generated by one covering,
our operations coincide with some operations between orthopairs listed in [34].
Also, we discover how to generate operations between sequences of orthopairs
starting from those concerning individual orthopairs. Finally, we use a sequence
of orthopairs to represent an examiner’s opinion on a number of candidates
applying for a job. Moreover, we show that opinions of two or more examiners
can be combined using our operations in order to get a final decision on each
candidate.

Some results shown in this chapter can be found in [1] [19] [20] [2].

In Chapter 5, we recall some basic notions of modal logic and the existing
connections between modal logic and rough sets. Then, we develop the original
modal logic SO,,, defining its language, introducing its Kripke models, and pro-
viding its axiomatization. Moreover, we investigate the properties of our logic
system, such as the consistency, the soundness and the completeness with respect
to Kripke’s semantics. We explore the relationships between modal logic SO,
and sequences of orthopairs. We consider the operations between orthopairs and
between sequences of orthopairs from the logical point of view. Eventually, we
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employ modal logic SO,, to represent the knowledge of an agent that increases
over time, as new information is provided.

We conclude this dissertation with Chapter 6, in which we briefly summa-
rize the results that we have obtained, and we discuss their potential further
developments along with new research objectives.
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2 Preliminaries

That language is an instrument of human reason, and
not merely a medium for the expression of thought, is a
truth generally admitted.

George Boole

In this chapter, we introduce the basic notions and the notation that we will
use throughout the thesis along with some simple preliminary results. Briefly,
in Section 2.1, we recall the main definitions of rough set theory. In Section 2.2,
we list several operations between orthopairs that are found in [34]; moreover,
we show the connection between these operations and three-valued connectives.
Finally, Section 2.3 focuses on some important contents of partial order theory
and lattice theory.

2.1 Rough sets and orthopairs

Rough set theory, developed by Pawlak [85] [84], is a mathematical tool used
to deal with imprecise and vague information of datasets, and it finds numerous
applications in several areas of science, such as, for instance chemistry [66],
medicine [102], marketing [52], social network [18], [41], etc. Rough sets provide
approximations of sets with respect to equivalence relations.

Definition 1 (Equivalence relation). An equivalence relation R of U is a
subset on U x U such that

1. (xz,z) € R (reflexivity),
2. if (z,y) € R, then (y,x) € R (symmetry),
3. if (x,y) € R and (y,z) € R, then (x,z) € R (transitivity),

for each x,y,z € U.
Moreover, let x € U, we set R(x) ={y € U | (z,y) € R}, and we call R(x)
equivalence class of x with respect to R.

Definition 2 (Rough set). Let R be an equivalence relation on U, and let
X CU. Then, the rough set of X determined by R is the pair (Lr(X),Ur(X)),
where

Lr(X)={2z€U | R(z) C X} and
Ur(X)={z €U | R(z)NX # 0}.

Lr(X) and Ur(X) are respectively called lower approximation and upper ap-
proximation of X with respect to R.

We write (L(X),U(X)) instead of (Lr(X),Ur(X)), when R is clear from
the context.

Also, we call the R-boundary region of X the set Br(X) = Ur(X) \ Lr(X).

Remark 1. Let R be an equivalence relation on U, and let X C U. Then,
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ER(X)QXQMR(X) and MR(X)Z,CR(X)UBR(X)

Definition 3 (Orthopair). Let R be an equivalence relation on U, and let
X CU. Then, the orthopair of X determined by R is the pair (Lr(X),Er(X)),
where

Lr(X) is the lower approzimation given in Definition 2, and
Er(X)={x €U | R(z)NX =0}.

Er(X) is called impossibility domain or exterior domain of X. We write (£(X), E(X))
instead of (Lr(X),Er(X)), when R is clear from the context.

Remark 2. Let R be an equivalence relation on U, and let X C U. Then,
LrRIX)NER(X)=0 and Egr(X)=U\Ugr(X).

The lower and upper approximations, the R-boundary region and the im-
possibility domain are depicted in Figure 1. The blocks, that cover the universe
U (the largest rectangle), represent the equivalence classes with respect to an
equivalence relation R on U. Moreover, if X is represented by the oval shape,
then £(X) is the union of green blocks, U(X) is the union of green and white
blocks, B(X) is the union of white blocks, and £(X) is the union of red blocks.

X

Fig. 1: Graphic representation of £(X), U(X), B(X) and £(X)

In Rough set theory, given an equivalence relation R on the universe U, the
pair (U, R) is called Pawlak space.

Remark 3. Let U be a universe, we denote the power set of U (i.e. the set of
all subsets of U) with 2. Then, the structure (2Y, N, U, =, 0, U) is a Boolean al-
gebra [105], where N, U and — are the usual set-theoretic operators. On the
other hand, lower and upper approximations can be defined as unary oper-
ators on 2U satisfying some properties [72], and so they are also named ap-
proximation operators. Thus, given an equivalence relation R on U, the system
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(2Y,N,U, =, Lg,Ur, 0, U), called Pawlak rough set algebra, is a topological alge-
bra [91], which is an extension of the Boolean algebra (2Y,N,U, -, 0,U). This
means that we can regard Rough set theory as an extension of Set theory with
the additional approximation operators [109].

We can observe that equivalence relations are equivalent to partitions that
are defined as follows.

Definition 4 (Partition). By partition P of the universe U, we mean a set
{b1,...,b,} such that

1. by, by CU,
2. b;Nb; =0, for each i # j,
3. bhhu...Ub, =U.

Therefore, a partition of U is a set of subsets of U that are pairwise disjoint and
whose union is U.

Remark 4. The equivalence relation R of U determines the partition Pgr of U
made of all equivalence classes of R, namely

Pr={R(z) | z € U};

vice-versa, the partition P of U generates the equivalence relation Rp on U such
that, let z,y € U,

z Rp y if and only if  and y belong to the same element of P.

We call blocks both equivalence classes and elements of partitions.

By Remark 4, it follows that rough sets and orthopairs can also be defined
starting from partitions. Therefore, the following definition is equivalent to Def-
inition 2 and Definition 3.

Definition 5 (Rough set and Orthopair). Let P be a partition of U, and let
X CU. The rough set and the orthopair of X determined by P are respectively
the pairs (Lp(X),Up(X)) and (Lp(X),Ep(X)), where

Lp(X)=u{be P|bC X},
Up(X)=U{be P | bNX #0}, and
Ep(X)=U{beP|bNX =0}

Several authors generalize the classical definitions of rough sets and orthopairs,
by considering binary relations that are not equivalence relations, since the latter
are not usually suitable to describe the real-world relationships between elements
(e.g. [111] [97]).

In this thesis, we consider orthopairs generated by tolerance relations [96]
[71], or equivalently by coverings [33] [36].

Definition 6 (Tolerance relation). A tolerance relation R on U is a subset
of U x U such that
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1. (z,z) € R (reflexivity),
2. if (x,y) € R, then (y,z) € R (symmetry),

for each z,y,z € U.
Moreover, let x € U, we set R(z) = {y € U | (z,y) € R} and we call R(x)
the tolerance class of x with respect to R.

Trivially, an equivalence relation is also a tolerance relation. Moreover, tolerance
relations generate coverings that are defined as follows.

Definition 7 (Covering). By covering C of the universe U, we mean a set
{b1,...,b,} such that

1. by,... by CU,
2. b1U...Ub, =U.

We can say that a partition is a covering that satisfies the additional property
to have blocks pairwise disjoint.

2.2 Operations between orthopairs

In this section, we focus on some operations between orthopairs corresponding
to three-valued connectives; moreover, here, by orthopair on U, we mean any
pair of disjoint subsets of U, which may not even be the approximation of a
subset of U with respect to a relation on U (see Definition 3).

The relationship between orthopairs and three-valued logics is based on the
idea expressed in the following observation.

Remark 5. The orthopair (A, B) on the universe U generates the three-valued
function fi4 py: U — {0, %7 1} such that, let « € U,

ifx € A,

ifx € B,

ifxeU\ (AUB).

fapy(z) =

= O =

1

Conversely, the three-valued function f : U ~ {0, 3,

(Af,Bf) on U7 where

1} determines the orthopair

Ay ={zeU| f(z) =1} and By ={z €U | f(z) =0}.
The most simple operations between orthopairs are defined as follows.

Definition 8. Let (A, B) and (C, D) be two orthopairs on the universe U, we
set

(4,

A,B) A (C,D)=(ANC,BUD) and
(A, B

Vs
)V (C,D) = (AuC,Bn D).
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AO 51 V{0 3 1
0/000 0/0 11
7|0 33 3|z 3!
10 31 I
Table 2: Kleene conjunction Table 3: Kleene disjunction

Theorem 1 states that Ax and Vi are respectively obtained from the Kleene
conjunction and the Kleene disjunction on {0, i 5,1}. The latter are defined by
Table 2 and Table 3, respectively.

Also, we notice that A and V are the minimum and the maximum on {0, 3 351},
respectively.

Theorem 1. Let (A, B) and (C, D) be orthopairs on U. Then,

(AaB)/\)C(CaD):(EvF) and (AvB)\/)C(CvD):(GaH)a
where

E={xcU| fap(x)A fic,p)(z) =
F={xzecU| fiap(x)A fic.p)(z) = 0}
G={zcU| fap(@)V fic.p)(z) =
H={zcU| fup(@)V fcpx) = 0}

Proof. Let x € U. By Remark 5, z € AN C if and only if fi4 p)(z) = 1 and
fie,py(x) = 1, namely fia py(z) A fic,p)(z) =1 (see Table 2). Similarly, we can
prove that 2 € BU D if and only if f 4 gy(x) A f(c,p)(z) = 0. By Remark 5 and
starting from Table 3, we can prove that

r€ AUC ifandonlyif fia ) (z)V fic,p)(z)=1, and
xe€ BND ifandonlyif fa ) (z)V ficp)(r)=0.

The next operations between orthopairs are equivalent to some three-valued
connectives belonging to the families of conjunctions and implications on {0, %, 1}.
Now, we recall the definitions of conjunction and implication that are based on
some intuitive properties in scope of modelling incomplete information.

Definition 9 (Conjunction). A conjunction on {0, 1 5,1} is a map

1 1 1
: -1 -1 -1
cfogapxfogafe fogal

satisfying the following properties: let x,y, z € {0, 4 5,1},

1. ife <y, thenxxz < yx*z,
2. ifx <y, then zxx < z vy,
3. 0x0=0%x1=1x0=0and1x1=1.
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®c[0 3 1 ®s|0 5 1
01000 01000
11003 11011
11031 11011

Table 4: Lukasiewicz conjunction Table 5: Sobocinski conjunction

Ezample 1. Among the conjunctions listed in [34], we only consider the Kleene
conjunction, the Lukasiewicz conjunction and the Sobociriski conjunction [100].

The latter two are defined by Table 4 and Table 5.

1
’ 9

1 1 1
- {072,1} X {0,2,1} — {0,2,1}

satisfying the following properties: let z,y € {0, 1,1},

Definition 10 (Implication). An implication on {0, 5,1} is a map

1. ifx <y, theny — z < x — z,
2. ifx <y, then z > x < z =y,
3 0—-0=1—-1=1and1—-0=0.

Ezample 2. Among the implications listed in [34], we consider the Nelson im-
plication, the Lukasiewicz implication and the Sobocirnski implication. They are

defined by the following tables, respectively.

=n[0 3 1 =c[0 31
0 |1 11 0 |1 11
;111 30311
1031 1021
Table 6: Nelson implication Table 7: Lukasiewicz implication
=s/0 31
0111
3051
11001

Table 8: Sobocinski implication
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Now, we regard two multiplications between orthopairs defined as follows.
Definition 11. Let (A, B) and (C, D) be orthopairs on U, we set

1. (A,B)*. (C,D)=(ANC,(U\(AUC))UBUD,),

2. (A, B) x5 (C,D) = (A\ D)U(C\ B), BUD).

We can prove that x, and *xg are respectively equivalent to the three-valued
conjunctions ®, and ®s. More precisely, the following theorem holds.

Theorem 2. Let (A, B) and (C, D) be orthopairs on U. Then,

(A,B) ¢ (C,D)=(E,F) and (A, B) xs (C,D) = (G, H),
where
E={xeU| fap(r)®c fc,p)(r) =
F={zeU| f(A,B)(scg ®r f(CD)EQT; 0},

G={rcU| fap(r)®s fc,p
H={xecU| fanp)(zx)®s fc,p)(x) =0}

Proof. The proof is similar to that of Theorem 1.

Finally, we consider the following implications between orthopairs.
Definition 12. Let (A, B) and (C, D) be orthopairs on U, then

1. (A,B) =y (C,D) = (U\ A)UC, AN D),

2. (A,B) = (C,D) = (U\NA)uC)n(BU(U\D)),AND),

3. (A,B) =s (C,D) = (BUC,U\[(UL\A)UC)N (AU U\ D))]).

The previous implications are respectively obtained from the three-valued im-
plications =, = and =s. More precisely, the following theorem holds.

Theorem 3. Let (A, B), (C,D) and (E, F) be orthopairs on U. Then,

(A,B) —»n (C,D) = (E,F), where
E= {$€U|fAB($) =~ fc,p)(x) =1} and
F = {x€U|f(AB)($):>NfCD(x)—O}

(A,B) =, (C,D) = (G, H), where
G={rcU| fiap(x) =, fic,p)(r) =1} and
H={xeU| fp(x)=¢ fic.p)(x) =0},

(A,B) —=s (C, D) = (I, J),
I={ze U | fea,) (%) =s fe.p)(z) =1} and
J={z €U fa,p)(x)=s fcp)(z)=0}

Proof. The proof is similar to that of Theorem 1.
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On the other hand, there is an equivalent way to describe the relationship be-
tween the three-valued connectives A, V, ®,, ®s, =, =, and =g, and the
operations defined in 8, 11 and 12. It is provided by using the next definition
and the next theorem.

Definition 13. Let C' be a covering of the universe U, and let X C U, we can

define the function F$ : C w— {0, %7 1}, where

if N C X,
PFNNX =0, (1)
otherwise.

FY(N) =

= O =

for each N € C. We denote F)? with Fx, when C' is clear from the context.

The following theorem states that each operation between orthopairs is obtained
from the respective three-valued connective, by using function 1.

Theorem 4. Let C be a covering of U, and let X, Y C U. Suppose that the
operation o belongs to {Aic,Vic, *c, *s, =N, =z, s}, then

(L(X), (X)) o (L(Y),E(Y))
is the orthopair (A, B) such that

A= J{N eC | Fx(N)® Fy(N) =1}

and
B=|J{NeC|Fx(N)eFy(N)=0}
where ® respectively belongs to {\,V,®,, ®s, =N, =71, =S}

Proof. We provide the proof only for the operation *g, since the remaining cases
can be similarly demonstrated.

Let € U and suppose that (L£(X),E(X)) *s (L(Y),E(Y)) = (A,B). By
Definition 11, z € A if and only if z € (L(X)\ E(Y)) U (L(Y) \ £(X)), namely
x € LIX)\EWY) orx € LIY)\ E(X). This is equivalent to affirm that = belongs
to a node N of C such that

—NCXand NNY =0, or
— NCXand NNY = 0.

Then, Fx(N) =1and Fy(N) #0, or Fy(N) =1 and Fx(N) # 0. We conclude
that Fx(N) ®@s Fy (N) =1, since ®s is the Sobociriski conjunction.

Similarly, z € B if and only if z € £(X) U E(Y), by 11; namely, = belongs
to a node N of C such that NN X =0 or NNY = (. Then, Fx(N) = 0 or
Fy(N) = 0. Hence, Fx(N) ®s Fy(N) = 0.
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Remark 6. However, the previous operations can be also defined by considering
orthopairs that correspond to rough sets (see Definition 3). In this case, it is
necessary to introduce some closure properties in order to ensure that operations
between rough sets always generate a rough set. But, it will be done in the next
sections.

Moreover, in Section 4.5, we extend the operations defined in 8, 11 and 12
to sequences of orthopairs in order to obtain many-valued algebraic structures.

2.3 Ordered structures

Partial orders and lattices This section contains some important contents of
partial order theory and lattice theory. Partial order and lattice theory play an
important role in many disciplines of computer science and engineering [54] [14].

Definition 14 (Partially ordered set). A partially ordered set, more briefly
a poset, is a pair (P, <), where P is a non empty set and < is a binary relation
on P satisfying the following properties.

1. z < x (reflexivity),
2. ifx <y andy < x, then x =y (antisymmetry),
3. ifx <y andy < z, then x < z (transitivity),

for each x,y,z € L.
Moreover, if (P, <) is a poset, then (S, <) is also a poset, for each S C P.

An example of partially ordered set is the set 2V of all subsets of U with the set
inclusion C.

Let (P,<) be a poset, and z,y € P, we say that y is the successor of x in
P, if x < y and there is no z € P such that x < z < y. Furthermore, P has
a maximum (or greatest) element if there exists € P such that y < x for all
y € P. An element x € P is mazximal if there is no element y € P with y > =x.
Minimum and minimal elements are dually defined. P has a minimum (or least)
element if there exists x € P such that x < y for all y € P. An element x € P
is minimal if there is no element y € P with y < z.

We can draw the Hasse diagram of each finite poset (P, <): the elements of
P are represented by points in the plane, and a line is drawn from x up to y,
when y is a successor of x. Smaller elements are drawn under their successors.

Definition 15 (Chain). A partially ordered set (P, <) is a chain if and only if
x<yory<uzx, for each x,y € P.

Definition 16 (Downset and Upset). Let (P, <) be a partially ordered set,
and let S C P. Then, S is a downset of P if and only if satisfies the following

property:
foranyy e P, ify<xz andx €S, theny € S.

Dually, S is an upset of P if and only if satisfies the following property:
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foranyy e P, ifx <y andx €S, theny € S.
Moreover, we set

1S={yeP|y<uz for somex €S} and
1+ S={yeP|x<y for somex € S}.

Definition 17 (Forest). A partially ordered set (P, <) is a forest if and only
if the downset of each element of P is a chain.

Definition 18 (Tree). A tree (P, <) is a forest that has minimum.

Ezxample 3. Consider the following binary relation on the set N of positive inte-
gers defined as follows: let z,y € N,

z <y if and only if z divides y. (2)
Then, the Hasse diagrams of the partially ordered sets
({1,2,3}, <), ({1,2,5,10}, <) and ({2,7,14}, )

are respectively represented as follows.

2/10\5
NN N

Fig. 2: Partially ordered sets

The poset (1 {7}, =) is a chain. The poset ({1,2,3}, =) is a forest.

Minimal elements of a forest are called roots, while maximal elements are
called leaves. A map f : I' — G between forests is open if, for a € G and b € F,
whenever a < f(b) there exists ¢ € F with ¢ < b such that f(¢) = a. Equiva-
lently, open maps carry upsets to upsets.

Let P be a poset, and let S be a subset of P. We say that an element x € P
is an upper bound for S if x > s for each s € S. We can say that z is the least
upper bound for S if x is an upper bound for S and x < y, for every upper bound
y of S. Dually, x is a lower bound for S if s < z for each s € S; x is the greatest
lower bound for S if x is a lower bound for S and y < z, for every lower bound
y of S. If the least upper bound and the greatest lower bound of S exist, then
they are unique.
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Definition 19 (Lattice). A lattice is a partially ordered set in which every
pair of elements x and y has a least upper bound and a greatest lower bound,
denoted with x Ny and x V y, respectively.

Lattices can also be defined as algebraic structures.

Definition 20 (Lattice). [80] A lattice is an algebra (L, A, V) that satisfies the
following proprieties.

1. ANz =2 and x V x = x (idempotent laws),

2. x ANy=yAz andxVy=yVz (commutative laws),

3 axNynz)=(@Ay)AzandzV (yV z)=(xVy)Vz (associative laws),
4. x AN (xVy)=x and zV (x Ay) =z (absorption law),

for each x,y,z € L.

Remark 7. The latter two definitions are equivalent. Indeed, suppose that (L, <)
is a lattice, and x A y and x V y denote the least upper bound and a greatest
lower bound of x and y, respectively. Then, (L, A, V) satisfies the all proprieties
of Definition 20.

Moreover, given a lattice (L, A, V), we can consider the following binary re-
lation < on L: let z,y € L

x<yifandonlyif z Ay ==z (or zVy=y).

We can prove that (L, <) is a partially ordered set, in which every pair of ele-
ments has a greatest lower bound and a least upper bound.

An example of lattice is the structure (2V,N,U) of all subsets of a set U, with
the usual set operations of intersection and union, or equivalently (2V, C), where
C is the set inclusion.

We are interested in bounded distributive lattices having the following defini-
tion.

Definition 21 (Bounded lattice). 4 bounded lattice is a structure
(L7 /\7 \/, 07 1)

such that (L, A, V) is a lattice, 0 is the identity element for V (x V0 =0) and 1
is the identity element for A (x A1 = x). Moreover, 0 and 1 are called bottom
and top of L, respectively.

Definition 22 (Distributive lattice). [45] A lattice (L, A, V) is distributive
if and only if the operations A and V distribute over each other, namely

1.zAN(yVz)=(xAy)V(xAz) and
2. xV(ynz)=(xVy A(zV2)

for each x,y,z € L.
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In 1937, the mathematician Garrett Birkhoff proved that there exists a one-to-
one correspondence between distributive lattices and partial orders [15]. Namely,
elements of a distributive lattice can be viewed as upsets, and the lattices oper-
ations correspond to intersection and union between sets.

Theorem 5 (Birkhoff’s representation theorem). Let (P, <) be a partially
ordered set, then the structure (Up(P),N,U, 0, P), where Up(P) is the set of all
upsets of P, and the operations N and U are respectively the intersection and the
union between sets, is a bounded distributive lattice; furthermore, if (L,A,V,0,1)
is a bounded distributive lattice, then there exists a partially ordered set (P, <)
such that (Up(P),N,U, 0, P) is isomorphic to (L,A,V,0,1).

Definition 23 (Residuated lattice). A residuated lattice is a structure
(L? /\7 \/7 *’ *>’ 67 07 1)
such that

1. (L,A,V,0,1) is a bounded lattice,

2. (L,*,e) is a monoid,

3. xxy<zifandonly if v <z — vy, for each x,y,z € L (*x and — satisfy the
adjointness property).

Kleene algebras Kleene algebras are a subclass of De Morgan algebras. The lat-
ter were introduced by Moisil [76] without the restriction including 0 and 1.
Successively, they were studied by several authors, in particular, by Kalman [64]
(under the name of distributive i-lattices), and by Bialynicki-Birula and Rasiowa,
which called them quasi-Boolean algebras [12]. The notation that is still used was
introduced by Monteiro [77].

Definition 24 (De Morgan algebra). A De Morgan algebra is a structure
(A, A, V,—,0,1), where

1. (A,A,V,0,1) is a bounded distributive lattice,
2. =(x Vy) = —-x Ay (the Morgan’s law),
3. ——x =z (= is an involution),

for each x,y € A.

Definition 25 (Kleene algebra). [30] A Kleene algebra (A, A,V,—,0,1) is
a De Morgan algebra such that the following property, called Kleene property,
holds:

xA-x<yV-y (3)
for each x,y € A.
Kleene algebras are also called normal i-lattices by Kalman.
Ezample 4. The structure ({0, %, 1},A,V,7,0,1) is a three-element Kleene al-
gebra, where A and V are respectively the Kleene conjunction and implication
defined in Section 2.2, and ~x = 1 — z for each z € {0, %, 1}.



Sequences of Refinements of Rough Sets: Logical and Algebraic Aspects 23

Ezample 5. Let C be a partition of the finite universe U, and let O¢ be the set
of all orthopairs generated by C. Then, the structure

(OC, A, Vie, 7, (wv U)a (Uv @))

is a Kleene algebra, where Ax and Vi are given in Definition 8, and —(A, B) =
(B, A) for each (A, B) € O¢.

We are interested in the family of finite centered Kleene algebras with the inter-
polation property, that are explored in [31].
From now on, we denote an algebraic structure having support A with A.

Definition 26 (Centered Kleene algebra). A Kleene algebra A is a centered
Kleene algebra if there exists ¢ € A such that ¢ = —c. The element c is called
center of A.

By using the Kleene property (see Definition 25), it is easy to prove that if ¢ is
a center of A, then it is unique.
The following notion was introduced for the first time by Monteiro [78].

Definition 27. Let (A,A,V,—,0,1) be a centered Kleene algebra. Let ¢ be the
center of A. We say that A has the interpolation property if and only if for every
x,y > ¢ such that x ANy < c there exists z such that zV ¢ = x and -z V c=y.

In [27] the above definition is called (CK) property, but it is also noticed that
it coincides with the interpolation property described in [31], so we will use this
last name. Not every centered Kleene algebra has the interpolation property, see
Example 5 in [27].

Definition 28. As in [31], let (A, A,V,—,0,1) be a Kleene algebra, we set
At={zcA|-2<z} and A - ={z€A|z< -z}
We call AT and A~ positive and negative cone, respectively.

We can observe that the structure (AT, A, V) is a sublattice of (A, A, V) contain-
ing 1, and dually, (A~, A, V) is a sublattice of (A, A, V) containing 0.

Kalman construction The following construction is due to Kalman [64]. Let
(L,A,V,0,1) be a bounded distributive lattice, we consider

K(L) ={(z,y) e Lx L |xAy=0} (4)

and the operations M, Ll and — defined on K(L) as follows:
(2, 9) N (u,0) = (z A,y Vo) (®)

(z,y) U (u,v) = (xVu,y Av) (6)

~(2,y) = (y,7) (7)
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for each (z,y), (u,v) € K(L). Then,
K(L) = (K(L),I‘l,u,—',(O,l),(l,())) (8)
is a centered Kleene algebra, with center (0,0). Moreover,
K(L)" ={(z,0) | x € L} and K(L)™ = {(0,z) | z € L}.

The following theorem, proved by Cignoli [31] states that centered Kleene al-
gebras with the interpolation property are represented by bounded distributive
lattices.

Theorem 6. A Kleene algebra A is isomorphic to K(L) for some bounded dis-
tributive lattice L if and only if A is centered and satisfies the interpolation
property. In this case L is isomorphic to the lattice AT.

By Birkhoff representation theorem and by Theorem 6, the following result holds.

Theorem 7. A Kleene algebra A is isomorphic to K(Up(P)), for some partially
ordered set (P,<), if and only if A is centered and satisfies the interpolation
property. In this case (Up(P),N,U, 0, P) is isomorphic to the lattice AT.

Remark 8. Trivially, K(Up(P)) is the set of all pairs of disjoint upsets of P, and
the operations 5 and 6 are the following: let (X!, X?), (Y1, Y?) € K(Up(P)),
then
XLXHNYLYH) = (X'nYH X2uY?), (9)
(XL XHuhy?) = xtuyh X2ny?). (10)

In this thesis, we focus on some structures having Kleene algebras as reduct.
Namely, they are Nelson algebras, Nelson lattices, Kleene lattices with implica-
tion and ITUML-algebras. Moreover, we will require that they are centered and
satisfy the interpolation property.

Nelson algebras Nelson algebras were introduced by Rasiowa [89], under the
name of N-lattices, as the algebraic counterparts of the constructive logic with
strong negation considered by Nelson and Markov [90]. The centered Nelson
algebras with the interpolation property are represented by Heyting algebras,
that are defined as follows.

Definition 29 (Pseudo-complement). [31] Let (L,A,V,0,1) be a bounded
distributive lattice, and let x,y € L. Then, the pseudo-complement of x with
respect to y, denoted with x — vy, is an element of L satisfying the following
proprieties:

I.zANx—=y<yand
2. ife Nz <y, then z < x —y, for each z € L.

Notice that, given a bounded distributive lattice (L, A, V, 0, 1), the pseudo-complement
of x with respect to y does not always exist.
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Definition 30 (Heyting algebra). An Heyting algebra is a structure
(H7 /\7 \/’ _>’ 07 1)7

where the reduct (H,A,V,0,1) is a bounded residuated lattice, and x — y is the
pseudo-complement of x with respect to y given in Definition 29.

The next theorem affirms that there exists a one-to-one correspondence between
finite Heyting algebras and finite partially ordered sets.

Theorem 8. [15] For each finite Heyting algebra H, there exists a finite poset
(P, <) such that H is isomorphic to (Up(P),N,U, —p, 0, P), where

X pY =P\ L(X\Y), (11)
for each X, Y € Up(P).

Definition 31 (Quasi-Nelson algebra). A quasi-Nelson algebra is a struc-
ture
(Av /\7 \/v -, =, 07 1)

such that

1. (A,A,V,7,0,1) is a Kleene algebra, and
2. for each x,y € A, the pseudo-complement of x with respect to ~xVy, denoted
with x = y, exists.

Definition 32 (Nelson algebra). A Nelson algebra is a quasi Nelson algebra
(A, A, V,—,=,0,1), that satisfies the following property: let z,y,z € A
(xAy)=z=2= (y=2).

Ezample 6. The structure ({0, %, 1} AV, -, =0, 0, 1), where ~z = 1—z for each
x € {0, %, 1}, and = is the Nelson implication on {0, %, 1} defined in Section
2.2, is a three-element Nelson algebra.

Ezxample 7. Let C be a partition of the finite universe U, and let O¢ be the set
of all orthopairs generated by C. Then, the structure

(OC7 /\K:7 \/ICa TN (®7 U)7 (U7 Q)))
is a finite Nelson algebra, where — s is given in Definition 12.

Manuel M. Fidel [47] and Dimiter Vakarelov [103] have shown independently that
if (H,A,V,—,0,1) is an Heyting algebra, then (K(H), =), that is the structure
(K(H),n,u,—,=, (0, H), (H,()), is a Nelson algebra, where

(x,y) = (u,v) = (x = u,z Av) (12)

for each (z,y), (u,v) € K(H).
Moreover, Cignoli [31] proved the following result.
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Theorem 9. A finite Nelson algebra A is isomorphic to (K(H),=>) for some
finite Heyting algebra H if and only if A is centered and satisfies the interpolation

property.
By Theorem 8, Equation 12 and Theorem 9, the following result holds.

Theorem 10. Let A be a Nelson algebra. Then, A is a finite centered Nelson
algebra with the interpolation property if and only if there exists a finite poset
(P, <) such that A = (K(Up(P)),—1), where

(X X?%) = (YLY?) = (P\ L (X'\ Y, X' nY?), (13)
for each (X1, X?),(Y1,Y?) € K(Up(P)).
Nelson lattices Nelson lattices are algebraic models of constructive logic with

strong negation [101]. They are particular involutive residuated lattices. More-
over, finite centered Nelson lattices are represented by Heyting algebras.

Definition 33 (Involutive residuated lattice). An involutive residuated lat-
tice is a bounded, integral and commutative residuated lattice

(A7 /\7 \/7 *7 _>7eﬂ 07 ]‘)

such that the operation —, defined by —x = x — 0 for each x € A, is an involu-
tion.

The operations * and — of an involutive residuated lattice with support A can
be obtained one from each other as follows: let .,y € A, then

£ xy = (> y) (14)
and
x =y =—(x*y). (15)

Definition 34 (Nelson lattice). A Nelson lattice is an involutive residuated
lattice
(Aa /\7 \/7 *, _>7 €, 07 1)7

where the following inequality holds: let x? = = * ,
(@* = ) A (~y?) = —z) Sz =y,
for each z,y € A.

Ezample 8. The structure ({0, %, 1L AV, ®z, =2, %, 0, 1) is a three-element Nel-
son lattice, where ®, and =, are respectively the Lukasiewicz conjunction and
implication on {0, %, 1} defined in Section 2.2.

Ezample 9. Let C be a partition of the finite universe U, and let O¢ be the set
of all orthopairs generated by C. Then, the structure

(OCa /\le \/IC, L ) ((Z), @), (Q)v U)a (Uv @)),

where x, and —, are defined in Section 2.2, is a finite Nelson lattice.
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Remark 9. Centered Nelson algebras and Nelson lattices are equationally equiv-
alent, namely they are obtained one from the other as follows [23].

If (A,A,V,—,=,0,1) is a centered Nelson algebra, then (A, A, V,*,—,0,1) is a
Nelson lattice, where

zxy=-(x=-y)Vo(y=-2) and =z —>y=(z=y) A (-y = —x),

for each x,y,z € A. Vice-versa, if (A, A,V,x,—,0,1) is a Nelson lattice, then
(A, A, V,—,=,0,1) is a centered Nelson algebra, where

r=2—0 and z=y=212> >y,

for each x,y € A.
We can notice that if (H,A,V,—,0,1) is an Heyting algebra, then
(K(H), *, =),

where (K(H),*,=) denotes (K(H),M,U,x*,=,(0,0),(0,H), (H,0)), is a Nelson
lattice, such that

(z,y) * (u,v) = (x Au, (2 = ) A (u—y)) (16)
and
(z,y) = (u,v) = ((z =2 u) A (v—y), 2 Av), (17)

for each z,y,u,v € H.
Finite centered Nelson lattices with the interpolation property are repre-
sented by finite Heyting algebras [27].

Theorem 11. A finite Nelson lattice A is isomorphic to (K(H),x,=) for some
finite Heyting algebra H if and only if A is centered and satisfies the interpolation
property.

By Theorem 8, Equation 16, Equation 17 and Theorem 11, the following result
holds.

Theorem 12. Let A be a Nelson lattice. Then, A is a finite centered Nelson
lattice with the interpolation property if and only if there exists a finite poset
(P, <) such that A = (K(Up(P)),*2 —2), where
(XL, X% % (VLY?) = (XTNYL P\ (L(XT\Y?) UL (YT X?)), (18)
(X1,X%) =2 (VLY?) = (P\ (L (X'\YH UL Y\ X?), X nY?), (19)

for each (X1, X?), (Y1, Y?) € K(Up(P)).
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IUML-algebras TUML-algebras are the algebraic counterpart of the logic IUML,
which is a substructural fuzzy logic that is an axiomatic extension of the mul-
tiplicative additive intuitionistic linear logic MAILL [74]. ITUML-algebras can
also be defined as bounded odd Sugihara monoids, where a Sugihara monoid is
the equivalent algebraic semantics for the relevance logic RM? of R-mingle as
formulated with Ackermann constants. In [49] a dual categorical equivalence is
shown between ITUML-algebras and suitable topological spaces defined starting

from Kleene spaces. In this dissertation, we focus only on finite IUML-algebras
refers to [3] and [74].

Definition 35 (IUML-algebra). An idempotent uninorm mingle logic alge-
bra (IUML-algebra) [75] is an idempotent commutative bounded residuated lat-
tice

(A7 /\’ \/’ *’ %7 67 J‘7 T)7
satisfying the following properties:
1. (x—=>y)V(y—2x)>e, and
2. (x—e)—oe=u,

for every x,y € A.

In any IUML-algebra, if we define the unary operation — as ~z = =z — e,
then —=—xz = x (- is involutive) and & — y = —(x * —y).

Ezxample 10. The structure ({0,%,1},/\,V,®3,:>,5,%,0,1) is a three-element
IUML-algebra, , where ®s and =-s are respectively the Sobocinski conjunction
and implication on {0, 1,1} defined in Section 2.2.

)92
Ezxample 11. Let C be a partition of the finite universe U, and let O¢ be the set
of all orthopairs generated by C. Then, the structure
(OC7 /\IC; \/’Ca *S, S, (Qv w)a ((Z)a U>7 (U7 w))a
where *xs and —g are defined in Section 2.2, is a finite [IUML-algebra.

Moreover, in [3] a dual categorical equivalence is described between finite
forests F' with order preserving open maps and finite I[UML-algebras with ho-
momorphisms.

Definition 36. For any finite forest F', we consider K(Up(F)), that is the set
of pairs of disjoint upsets of F (it is the set defined by 4 starting from the
lattice (Up(F),N,U,0, F), and we define the following operations: if (X', X?)
and (Y1, Y?) belong to K(Up(F)), we set:

(XL X% (YLYH = (X'NYHU (X oY), (X2UYH)\(XoY))  (20)

where, for each U = (U',U?),V = (V1,V?) € K(Up(F)), letting
U’ =F\ (U'UU?), we set

UoV =1(UnVHuwvonul)).
(X1, X?%) =3 (V1Y) = =((X1, X?) %3 (Y2, Y1), (21)
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Theorem 13. [3] For every finite forest F, the structure
(K(Up(F)), *3, _>3) = (K(Up(F))v M, L, %3, —3, (®7 @), (@7 F)7 (Fa @))

is an IUML-algebra. Vice-versa, for each finite IUML-algebra A there is a finite
forest Fa such that A is isomorphic with (K(Up(Fa)),*3,—>3).

Kleene lattices with implication Kleene lattices with implication are a class of
Kleene algebras where an additional operation of implication can be defined in
such a way to make them DLI-algebras, (i.e. algebras with implication). The
latter generalize the Heyting algebras and are defined in [28].

Definition 37 (DLI-algebra). A DLI-algebra is a structure
(H7 \/7 /\7 %7 07 1)7

where (H,A,V,0,1) is a bounded distributive lattice and the following properties
hold: let x,y,z € A

L (x—=yA(xz—2)=x—(yYAz),
2. (z—=2)Ny—2) =(xVy) =z,
3.0 x=1,
4.z —1=1.

Furthermore, a DLIT-algebra is a DLI-algebra (H,V,A,—,0,1) where the fol-
lowing inequality holds: a A (a — b) < b, for each a,b € H.

It is easy to prove that each Heyting algebra is also a DLIt-algebra.
Definition 38 (DLI*-algebra). A DLI*-algebra is a structure
(H’ /\’ \/7 %7 07 1)7

where (H,A\,V,0,1) is a bounded distributive lattice and — is defined as follows:
let x,y € H,

1 ifx=0

Ty = Zf v ’ (22)

y ifx#0.

Proposition 1. A DLI*-algebra is a DLIT -algebra.

By Theorem 5, the following result holds.

Theorem 14. The structure (H,A\,V,—,0,1) is a DLI*-algebra if and only if
H= (Up(P),N,U,—=p,0, P), where

P ifX =0,

Y X 40, (23)

X—>}3Y:{

for each X,Y € P.
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Definition 39 (Kleene lattice with implication). A Kleene lattice with
implication s a structure

(Aa /\a V7 %, _>707 1)

such that (A, A,V,—,0,1) is a centered Kleene algebra and the following condi-
tions hold: let ¢ be the center of A and let x,y € A

1. (A,A,V,—,0,1) is a DLI-algebra,
2. (xAN(x—y))Ve<yVe,

3. c—c=1,

4. (x = y)Ne=(-zVy) Ac,

5. (x = ) Ve=((z = (—z Ve))).

By equation 14, we can define the operation * from —. Vice-versa, by equation
15, — is obtained from x.

It is easy to prove that each Nelson algebra is also a Kleene lattice with impli-
cation.

Let (H,A,V,—,0,1) be a DLI"-algebra, then (K(H),*,=) is a Kleene lat-
tice with implication, where = is defined by 17 and zxy = —=(x = —y). Moreover,
the following theorem holds.

Theorem 15. A Kleene lattice with implication A is isomorphic to the structure
(K(H),*,=) for some DLIT-algebra H if and only if it has the interpolation
property.
Definition 40 (KLI*-algebra). A KLI*-algebra is a structure

(A’ /\7 \/7 _‘7 *7 %7 07 1)7

where (A, A\, V,—,0,1) is a centered Kleene algebra and the operations x and —
are defined as follows: let ¢ be the center of A, and let x,y € A

1, ife<candy>c
vy = z, z'fx_can y?c (24)
Y, ifr£candy > ¢

(yVe)A—z)V((—zVe)Ay), ifxLcandy?c
and x xy = —(x = y).
Proposition 2. [27] A KLI*-algebra is a Kleene lattice with implication.

The next result follows by Theorem 14 and Theorem 15.

Theorem 16. The structure (A, A\,V,—,*,—,0,1) is a KLI*-algebra with the
interpolation property if and only if A =2 (K(Up(P)),*4, —>4), where x4 and —4
are defined as follows.

@, P), if X =0 and Y = 0;
(X1, x?), if X' =0 and Y # 0;
(Y1 v?), if X' #0 and Y = 0;
(X'nYLX2NY?), if X'#0 and Y £ 0

(XY X)) % (Y Y?) =
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and
(P, ), if X' =0 and Y? = §;
X2 x1 if X' =0 and Y? # 0;
Xl X2 Yl Y2 — ( I I ) 26
( ’ )—>4( ’ ) (Yl,YQ), ile;é(DandYQ:@; ( )
(YlﬁXz,XlﬂYQ), if X' £ @ and Y? # 0;

for each (X', X?), (Y1, Y?) € K(Up(P)).
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3 Sequences of refinements of orthopairs

Mathematical objects are not so directly given as physical
objects. They are something between the ideal world and

the empirical world.
Kurt Goédel

In this chapter, we introduce the definition of refinement sequences of partial
coverings as special sequences of coverings representing situations where new
information is gradually provided on ever smaller sets of objects. We provide
examples of environments in which refinement sequences arise; in detail, we
obtain refinement sequences starting from incomplete information tables and
formal contexts. We identify some families of sequences considering how much the
blocks of their coverings overlap. We identify refinement sequences as partially
ordered sets. Moreover, we introduce the notion of sequences of orthopairs, in
order to generalize the rough set theory. We represent each sequence of orthopairs
as a pair of disjoint upsets of a partially ordered set, or equivalently, as a labelled
poset. Finally, we provide a theorem that is fundamental to prove the results of
Chapter 4. Preliminary versions of this chapter appeared in [1] [19] [20] [2].

3.1 Refinement sequences

In this section, we introduce the notion of refinement sequence of a universe.

Refinement sequences are special sequences of partial coverings of a given
universe (a partial covering of U is a subset of 2V, i.e. any set of subsets of U
[35]). More precisely, the refinements sequences are defined as follows.

Definition 41. A sequence C = (C4,...,Cy) of partial coverings of U is a
refinement sequence of U if each element of C; is contained in an element of
Ci_1, fori=2,...,n.

For simplicity, we omit to specify on which universe the refinement sequence is
defined, when it is clear.

Ezample 12. Suppose that U = {a, b, ¢, d, e, f, g} and that C; and Cy are partial
coverings of U respectively defined as follows:

- Cl = {{avba c, d}7 {d7€7f7g}};
- Oy = {{a,bv C},{C, d}v{dv e}a{fag}}'

Then, (Cy,C?) is a refinement sequence of U.

Remark 10. We notice that a partial covering of U naturally defines a tolerance
relation on a subset of U and the vice-versa also holds. Moreover, we call blocks
both the elements of a partial covering and the tolerance classes. Therefore,
a refinement sequence (Cy,...,C,) of partial coverings of U corresponds to a
sequence (Rq,...,R,) of tolerance relations respectively defined on the subsets
Uy,...,U, of U, where
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— Uj is the union of the blocks of C;, for each i € {1,...,n};
— U; C Uy, for each j <1
— Ri(u) C R;(u), for each j < i and u € U,.

In this thesis, we also consider refinement sequences of partial partitions of
a universe, where a partition corresponds to an equivalence relation, and it is a
covering such that its blocks are disjoint with each others.

As shown in the following example, the refinement sequences can be used for
ontology construction.

Ezample 13. Suppose to start from a set of rocks (first covering) and then to
specify our interest in magmatic rocks and sedimentary rocks that form a partial
covering of the initial set of rocks (the latter also contains several elements that
are metamorphic rocks, then the covering made of magmatic and sedimentary
rocks is partial). Then, we intend to refine such classification by considering two
groups of magmatic rock (intrusive rocks and extrusive rocks) and two groups of
sedimentary rocks (Chemical rocks and Clastic rocks). The refinement sequence
of partial coverings can be represented as follows.

Intrusive Rocks Extrusive Rocks Chemical Rocks Clastic Rocks

Magmatic Rocks Sedimentary Rocks

Rocks

Fig. 3: Refinement sequence for rocks classification

The next example shows that a refinement sequence corresponds to an incomplete
information table. The latter is a table where a set of objects is described by
several attributes, but some data may be missing.

Ezample 14. Suppose that we have information about 22 users of Facebook,
labelled with uq, ..., uss. In particular, we focus on information related to the
place where each user declares to come from on its personal profile.

The available data are organized in the information table as in Table 9, (see
[67]) where U = {uq,...,uz} is the universe and {Country, Region, City} is
the set of attributes.
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Country | Region City Country | Region City

Uy Italy X X |ui2| France | Brittany Rennes
U2 Italy Lombardy | Varese |u13| France Brittany Rennes
ug | Italy |Lombardy | Varese|ui4| France | Brittany X

Uq Italy Lombardy | Milan |u;15| France Brittany X

Uus Italy |Lombardy | Milan |u16| France |Grand Est|Strasbourg
Ug Italy Lombardy | Pavia |u17| France |Grand Est |Strasbourg
U7 Italy |Lombardy| Pavia |u1s| France |Grand Est Mets

us Italy |Campania|Naples|uig| France |Grand Est Mets

Ug Italy |Campania|Naples|uzo| France |Grand Est X
U10 Italy | Campania X u21| France |Grand Est X
U1l Ttaly Campania X uso | France X X

Table 9: Information table of the users

Observe that there are three equivalence relations between users determined
respectively by considering users coming from the same country or the same re-
gion or the same city'. They are the so-called indiscernibility relations of Table
9 [67]. Moreover, their respective partial coverings (that are also partial parti-

tions) are C1 = {{u1,...,u11},{u12,...,u22}} (classes are sets of users com-
ing from the same country); Co = {{us,...,ur}, {us,...,ui1}, {u1a, ..., w15},
{u16, - .., u21}} (classes are set of users coming from the same region) and C3 =

{Huz, us}, {ua, us}, {ue, ur}, {us,uo}, {ur2, vz}, {ure, urr}, {wis, u19}} (classes
are set of users coming from the same city). It easy to see that C = (C1,Cs, Cs)
is a refinement sequence of U.

Refinement sequences and formal context There is a close connection between
refinement sequences and formal contexts, which are mathematical structures
used in Formal Concept Analysis and Fuzzy Formal Concept Analysis [50] [26].
A formal context is a triple (X,Y,I), where X is a set of objects, Y is a set
of attributes, and I is a binary relation between X and Y. If I is a fuzzy re-
lation, then (X,Y,I) is called fuzzy formal context, and I(x,y) expresses the
degree wherewith the object x has the attribute y. A formal context can be rep-
resented by a table with rows corresponding to objects, columns corresponding
to attributes, and table entries containing each degree I(x,y), with z € X and
y € Y. In particular, it is clear that if I is an ordinary relation, the table entries
only contain the degrees 0 and 1. By using several techniques [10] [17], formal

! The equivalence relations coming from the same region and coming from the same
city are defined on proper subsets of U, for there are missing data for some users.



Sequences of Refinements of Rough Sets: Logical and Algebraic Aspects 35

concepts are extracted from every formal context. Formal concepts are particular
clusters which represent natural human-like concepts such as “organism living
in water”, “car with all wheel drive system”, etc.

Given a refinement sequence C = (Cy,...,C,), we can view a block b of
C; as the set of all elements of U that have a specific attribute y,. Thus, C
corresponds to a formal context (U,Ye,I), where Yo = U{y, | b € C; and i €
{1,...,n}} and “(u,yp) € I if and only if u € b”. For example, let C = (Cy =
{b1,b2},C5 = {b3,by,bs5}) be the refinement sequence of {a,b,c,d, e, f,g} such
that by = {a,b,c},ba = {d,e, f,g}, b3 = {a,b,c}, by = {d,e} and b5 = {f,g}.
Then, the formal context associated to C is represented by Table 10.

I'lyer ybe Wby Ybs Ybs
a 1 0 1 0 0
b 1 0 1 0 0
c 1 0 1 0 0
d 0 1 0 1 0
e 0 1 0 1 0
flo 1 o o 1
g 0 1 0 0 1

Table 10: Formal context of C

Vice-versa, starting from a formal context, we can build a refinement sequence
as follows. Foreachy € Y, weset by = {x € X | (z,y) € I[}. Let s = |Y],if s = 1,
then the refinement sequence assigned to (X,Y,I) is trivially made of only one
covering. Suppose that s > 1, then we set Cs = {b, | b, ¢ b, for each 3y’ € Y'}
and, let i < s, C; = {b, | there exists b,, € C;11 such that b, C b, and b,, C
by C b, does not hold for each y” € Y'}. Therefore, C = (Ck, C41,...,Cs) is
the refinement sequence assigned to (X,Y,I), where k = max{i € {1,...,s —
1} | C; # Ciy1}. For example, we consider the formal context

K = ({ala az, az, aq, a5}7 {feline, cat, tiger}? I)?

where {a1, as, a3, aq, as} represents a set of 5 animals and I is defined by Table
11.

Then, the refinement sequence assigned to K is made of coverings C; and
Cy such that C; = {{a1,a2,a4,a5}} = {animals that are felines} and Cy =
{{a1,a2},{as,a5}} = {{animals that are cats}, {animals that are tigers}}.
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1 feline cat tiger
a1 1 1 0
a2 1 1 0
as 0 0 0
a4 1 0 1
as 1 0 1

Table 11: Formal context K

3.2 Refinement sequences as Posets

In this section, we show that each refinement sequence is represented as a par-
tially ordered set.

Definition 42. Let C = (C1,...,Cy) be a refinement sequence of U. We assign
the partially ordered set (Pe,<c) to C, where:

— Pe =7, C; (the set of nodes is the set of all subsets of U belonging to the
coverings Cq,...,Cy), and

— N<¢M ifand only if M C N, for N,M € P¢ (the partial ordered relation
is the reverse inclusion between sets).

Ezample 15. Let (Cy,Co,C3) be a refinement sequence of {a,b,c,d,e, f,g,h},
where

- Cl = {{a7b7 c, daeafvg}}a
- Oy = {{a,b, G, d}v {Cv daeaf}} and
- (O3 = {{Cv d}ﬂ {daeaf}}'

The poset assigned to (C1, Cs, Cs) is shown in the following figure.

{c,d} {d,e, f}
{a7b7 c, d} {C, da €7f}
{a,b,c,d,e, f,g}

Fig. 4: Poset assigned to (C1,Cs, Cs)
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Proposition 3. If C is a refinement sequence of partial partitions of U, then
(Pe,<c) is a forest.

Proof. Let Ny M € | X, with X € Pe. Then, N, M <¢ X. By Definition 42,
X € NN M. Suppose that N € C; and M € C;, with ¢ < j. By Definition 41,
there exists N € Cj such that N C N. Since C; is a partial partition of U, we
have that N = M or NN M = (). On the other hand, both M and N contain

X. Consequently, N = M and so N <¢ M.

Ezample 16. 1f C is the refinement sequence of Example 14, then (Pg, <¢) is the
following forest.

City  {uz,us} {ua,us}{us,ur} {us,uo} {uiz,u1s}  {uis,urr} {u1s,u19}
Region {U2,...,U7} {ug,...,ull} {ulg,...,uls} {u16,...,UQ1}
Country {u1,...,un1} {uiz, ..., u22}

Fig. 5: Forest of the users

Remark 11. The maximal and minimal elements of (FP¢, <¢) are all blocks of C),
and C1, respectively.

Remark 12. The main difference between C = (C1,...,C,) and the partially
ordered set Pp is that the coverings C1, ..., (), can also contain the same blocks,
while each block appears only once in Pe. For example, consider the refine-
ment sequence C = (C1,C3) such that C; = {{a,b},{b,c,d,e}} and Cy =
{{a,b},{c,d}}, then Pc, that is represented by the following figure, has only
one block {a,b}.

{b7 c? d? 6}

{a,b} {c,d}

Fig. 6: Poset assigned to (C1, Cb)
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Remark 13. Let C = (C4,...,C)) be a refinement sequence of partial partitions
of U and let N € C}, the successors of NV are the nodes of C; ;1 that are included
in N if and only if N ¢ C;11. More precisely, the successors of N are the blocks
of C; included in N, such that j = min{k > i | N ¢ Cy}.

3.3 Some properties of refinement sequences

Now, we introduce several properties that a refinement sequence could have; so,
we define what does it mean that a refinement sequence is complete, safe and
pairwise overlapping. Given a refinement sequence C, we denote by K(C) the
set made of the pairs of disjoint upsets of Pz. We notice that K(C) coincides
with the set K(Up(Fc)) given by 4 (see Section 2.3) starting from the lattice
(Up(Pe),Nn,U, 0, P).

Definition 43. A refinement sequence C of a universe U is complete if and

only if
Unvrn n=0 (27)
NeA NeB

for each pair (A, B) of K(C).

If the pair (A, B) belongs to K(C), and it satisfies the condition 27, then we say

that “(A, B) is a pair of totally disjoint upsets of P¢” and “A and B are totally
disjoint from each other”.

Ezample 17. Let C = (C1,C2,C3) be a refinement sequence of the universe
{a,b,e,d,e, f}, where

- Cl = {{av bv &) da €, f}}v

— Cy = {{a,b,c,d},{d,e, f}} and

— O3 ={{a,b}}.
Also, we consider the sets A! = {{a,b,¢c,d},{a,b}} and A% = {{d,e, f}}, which
are upsets of P, and they are pairwise disjoint. We have that {d} is the intersec-

tion between {a, b, c,d} U {a,b} (the blocks of A') and {d,e, f} (the only block
of A?). Indeed, the refinement sequence C is not complete.

Ezample 18. The refinement sequence of {a,b,c,d,e, f,g} represented by the
following forest is complete.

{a,b,c} {d,e, f}
{a,b,c,d,e, f,g}

Fig. 7: Complete refinement sequence
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Proposition 4. LetC = (Cy,...,C,) be a refinement sequence of U. If Cy, ...,
C,, are partial partitions of U, then C is complete.

Proof. Let A' and A? be upsets of Pz such that A' N A% = (. Suppose that
b, € Aln O,L' and by € AN Cj with ¢ < j By Definition 41, there exists by € Cz
with by C by. Since C; is a partial partition, by N by = () or by = by. The equality
by = by implies by € A1 N Ay which can not occur (As is an upset). Consequently,
by Nby = 0 and so by N by = 0.

On the other hand, there exist complete refinement sequences made of cov-
erings that are not partitions (see the following example).

Ezample 19. Let C = (C1,Cs,C5) be the refinement sequence of the universe
{a,b,e,d,e, f,g} such that

-G = {{a”bv Gy dae}v{fvg}}v
— Oy = {{a,b,c},{a,b,d}, {f,g}} and
= O3 ={{a,b},{f,9}}.

Then, C is complete.

Definition 44. A refinement sequence C is safe if for each N € P such that
N C Ny U...UN, with Ny,...,N, € Pc, there exists j € {1,...r} such that
N C N;.

Therefore, given a safe refinement sequence C, each node N of Pg is not
included in the union of some other nodes of Py that are all greater than N or
disjoint with N.

The followings are two examples of refinement sequence: the first one is safe
and the second one is not safe.

Ezxzample 20. Suppose that
Cr = {{a,b,¢,d, e}, {a, f,g,h}} and Cy = {{a, b, c}, {c,d}, {f, g}},
then the refinement sequence C = (C1, Cy) is safe.
Ezxample 21. The refinement sequence (C'l, C’g) with
C1 = {{a,b,c,d,e},{c,d,e, f,g,h}} and Cy = {{a,b,c},{c,d},{e, f,g}},
is not safe, since {a,b,c,d,e} C {a,b,c} U{c,d} U{e, f,g}.

The next remark provides a condition that all nodes of Pr must satisfy so
that the complete refinement sequence C is also safe.

Remark 14. By Definition 44, if C is safe and N € Pp, then there exists z € N
such that x ¢ M, for each M € Pe\ | {N}.

The following proposition yields a condition on nodes of P¢, so that a complete
refinement sequence C is also safe.
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Proposition 5. Let C be a complete refinement sequence of U. C is safe if and
only if each node of Pe is not included in the union of its successors.

Proof. (=). This implication is trivial, and it holds true even without the as-
sumption that C is complete.

(«<). Suppose that N € Po and N C N; U...UN,, with Ny,...,N, € P
and N; NN # () for each ¢ € {1,...,7}. Since C is complete, N; C N or N C N;,
for each i € {1,...,n}. By hypothesis, there exists N € {N1,...,N,} such that
Ni g N. Then, N - Nz

By Proposition 4, we can say that a refinement sequence of partial partitions is
safe if and only if each node of the respective forest is not equal the union of its
SUCCEeSSOTS.

Definition 45. A refinement sequence C = C1,...,C), is pairwise overlapping
if there are not disjoint blocks in C;, for each i € {1,...,n}.

Ezample 22. The refinement sequence of Examples 15 is pairwise overlapping,
since the element d belongs to each block of C;, C5 and Cj.

A pairwise overlapping refinement sequence differs more from the sequences of
partial partitions than the other refinement sequences. Furthermore, refinement
sequences of partial partitions are pairwise overlapping if and only if the forests
assigned with them are chains.

We also notice that refinement sequences that are associated to forests are
not complete, when are pairwise overlapping. As a consequence, a complete
refinement sequence cannot also be pairwise overlapping.

3.4 Sequences of refinements of orthopairs

The main aim of this section is to define sequences of refinements of orthopairs.

Definition 46. LetC = (C4,...,C,) be a refinement sequence of U and X C U.
The sequence of refinements of orthopairs of X determined by C is the sequence

Oc(X) = ((£1(X),E1(X)), .., (Ln(X), En (X)),
where (L;(X), & (X)) is the orthopair of X determined by C;.
For short, O¢(X) is also called sequence of orthopairs of X determined by C.

Ezample 23. Let U = {a,b,c,d,e, f,g,h,i,5} and X = {a,b,c,d,e}. If C is
the refinement sequence of U made of C; = {{a,b,c,d,e, f,9,h,i,j}}, Co =
{{a‘abv ¢, dae}v {e,f,g,h,i}}, C3 = {{avb’ C}, {C, d}a {eva g}a {gvh}}v then

Oc(X) = ((0,0), {{a,b,c,d,e}},0), {{a, b, c}, {c, d}}, {{g. h}})) .-
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Ezample 24. Suppose that we are interested to describe the set X = {u1,ug, ug,
U0, U1, U12, U3, Ul4, Uls, U1e, W17 } With respect to the refinement sequence C of
Example 14. We know that X contains all users that have the attributes Cam-
pania (hence Naples), Brittany (hence Rennes) and Strasbourg; while users that
come from Lombardy (hence Varese, Milan and Pavia) and Mets do not belong
to X. This means that the sequence of orthopairs of X is (O¢,(X), Oc,(X),
Oc, (X)) where O¢, (X) = (0,0),0c,(X) = ({us,...,u1s}, {uz,...,ur}) and
Ocy (X) = ({us, ug, u12, u1s, uie, w17y, {2, . . ., Uz, U1s, U19})).

We indicate the set of all sequences of orthopairs generated by C with SO(C);
namely, we set

SO(C) = {Oc(X) | X C UY.

Given a refinement sequence C = (C1i,...,C,) of U, by Definition 46, the
orthopair (£;(X), & (X)) of Oc(X) is generated by the covering C; that is finer
than C;_;. Clearly, this does not imply that (£;(X),&;(X)) approximates bet-
ter than (£;_;(X),&_1(X)) the set X (we say that the orthopair O(X) =
(L(X),E(X)) approximates better than the orthopair O(X) = (£(X),&(X))
the set X if and only if £(X) C £(X) and £(X) C £(X)), since X N U; may be
strictly included in X NU;_; (the sets Uy,...,U, are defined in Remark 10).

Ezample 25. We consider the sequence of Example 24. We observe that O¢, (X)
is not a better approximation of X than O¢,(X), despite Cs is finer than Co,
since w10, u11, U14, 415 appear in Oc, (X), but they do not appear in O¢, (X).
Trivially, this is the consequence of the fact that the sequence of partial coverings
loses objects during the refinement process.

More precisely, the following proposition holds.

Proposition 6. Let C = (Cy,...,Cy,) be a refinement sequence of U and X C
U. Suppose that a € L;_1(X) (or a € &_1(X)), with i € {2,...,n}. Then,
a € Li(X) if and only if a € U;; (or a € E(X) if and only if a € U;).

Moreover, it is clear that two different subsets of the given universe can have the
same sequences of orthopairs.

Ezample 26. Let C = (Cy,C3) be the refinement sequence of Example 18. Sup-
pose that X = {a,b,c,d} and Y = {a,b, ¢, e}, then

OC(X) = OC(Y) = ((@,@), ({avb’ C}’(D))

At this is point, in order to show that each sequence of orthopairs is represented
by a pair of disjoint upsets of the poset assigned to the given refinement sequence,
we give the following definition.

Definition 47. LetC = (C4,...,Cs) be a refinement sequence of U and X C U.
We set

(X, X3)=(NeP |[NCX}{NeP | NNX=0}).
Moreover, we set Ko(C) = {(X},X2) | X CU}.
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From now, we write (X!, X?) instead of (X}, X2), when C is clear from the
context.
The following theorem shows that there is a one-to-one correspondence be-

tween the elements of SO(C) and Ko (C).

Theorem 17. Given a refinement sequence C = (Cy,...,Cy) of a universe U,
the map
a:0c(X) € SOC)— (X', X?) € Ko(C)

s a bijection.

Proof. First of all, we prove that « is well defined and injective, namely O¢(X) =
Oc(Y) if and only if (X!, X?) = (Y1,Y?).

(=). We observe that N € X! if and only if N € C; and N C X for some
i €{l,...,n}, namely N € C; and N C £;(X). Consequently N € Y, since
Li(X) = L;(Y). Dually, N € X? if and only if N € Y2, since &(X) = &(Y) for
each i € {1,...,n}.

(<). Let i € {1,...,n}. z € £;(X) if and only if there is N € P¢ such that
x € N and N C X. By hypothesis, N C Y. Then, z € £;(Y). Dually, we can
prove that &(X) = &(Y) for each i € {1,...,n}, since X? = Y2

Surjectivity follows by the definition of Ko(C). Hence, « is a bijection.

Remark 15. Definition 42 and Theorem 17 allow us to view a sequence of or-
thopairs as a labelled poset. Indeed, we can graphically represent sequences of
orthopairs. More precisely, given a refinement sequence C, the sequence O¢(X)
corresponds to the poset Pc that has labels associated with its nodes through
the function lx : Pc +— {e, 0,7} such that

o ifNeX!
Ix(N)=<o if Ne X? (28)
? if Ne P\ {X'uX?}.
For example, consider the refinement sequence of Example 18. Assume that

X ={d,e, f,g}, Y ={a,b,c,d,e, f} and Z = {a}, then the sequences O¢(X) =

((Q)’ (Z))’ ({d7 €, f}’ {a'7 b, C}’>)7 OC(Y) = (((Z)a 0)7 ({av b,c,d,e, f}> @)) and OC(Z) =
((0,0),(0,{d,e, f})) have the following labelled posets, respectively.

NSNS S

Fig.8: Labelled posets
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Trivially, by 28, if Ix(N) = e and N <¢ M, then {x(M) = e. Similarly, if
Ix(N) =ocand N <¢ M, then Ix (M) = o. On the other hand, [x (M) can be
anyone between e, o and 7, when Ix(N) =? and N < M.

Sequences of orthopairs and decision trees Sequences of orthopairs correspond
to decision trees. These are graphical models widely used in machine learning for
describing sequential decision problems. A decision tree generates a classification
procedure that recursively partitions a universe into smaller subdivisions on the
basis of a set of tests defined at each branch (or node) in the tree [48]. The tree
is made of a root node (the universe), a set of internal nodes (splits), and a set of
terminal nodes (leaves). A test is applied for the universe and for each internal
node in order to split the set of objects into successively smaller groups. The
terminal nodes are labelled with values corresponding to the final decisions. An
example of decision tree can be viewed in Figure 9, where the labels A, B, C and
D represent the final outcomes of the decision-making process.

Fig. 9: Decision tree

Let C be a refinement sequence of partial partitions of U, and let X C U. The
sequence of orthopairs O¢(X) determines three pairwise disjoint subsets of U:
U{N € Pe | Ix(N)=e}, U{N € Pc | Ix(N) =0} and U{N € P | Ix(N) =7}.
This also corresponds to result produced by the decision tree (7¢(X), <¢) such
that

— Te(X) = (PcU{U})\ H, where
H={NeP:| if M € P; and M <¢ N then Ix(M) € {o,0}}, and

— let N be a leaf of 7¢(X), then the label of N is Ix(N).
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Trivially, 7¢(X) can have three outcomes at most, which are e, 0 and ?. Hence,
if Oc(X) is the sequence of orthopairs having labelled poset as in Figure 10.
Then, the tree decision 7¢(X) is shown in Figure 11.

Fig. 10: Labelled poset of O¢(X) Fig. 11: Decision tree Tc(X)

Clearly, a decision tree with three outcomes determines a refinement sequence
(by considering all nodes of the tree) and a sequence of orthopairs (by consider-
ings all nodes and all labels of the tree).

From now, given a refinement sequence C, we write K(C) to denote K(Up(FP¢)),
that is

K(Up(Fe)) ={(A,B) € Up(Pc) x Up(Fe) | AN B = 0},

where Up(P¢) is the set of all upsets of P¢ (see Section 2.3).
The next proposition shows that each element of Ko (C) also belongs to K(C).

Proposition 7. LetC be a refinement sequence of U and X C U. Then, (X', X?)
s a pair of disjoint upsets of Pe.

Proof. By Definition 47, X' N X% = 0. If N € X! and N <¢ M, then M C
N C X (by Definition 47) hence M C X and M € X*. Similarly, if N € X? and
N<¢cMthen MCNand NNX =0, hence MNX =0 and M € X2.

By Proposition 7, Ko(C) C K(C). However, the opposite does not always
hold.

Ezxample 27. Consider the refinement sequence C, where Pg is represented in
Figure 12.

K(C\)Ne have that ({{a,b,c}},{{c,d}}) € Ko(C), but ({{a,b,c}},{{c,d}}) ¢

The next theorem (Theorem 18) provides the condition that a pair of disjoint
upsets of Pz must have in order to belong to Ko (C), when C is safe. To prove
Theorem 18, we need the following proposition.
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{a,b,c} {c,d}

{a7 b7 C7 e} {a7 b? C? d’ f}

Fig. 12: Poset of C

Proposition 8. Let C be a safe refinement sequence of U and let A be an upset
of Pe. Suppose that N € Pe and

N C U M.
MeA

Then, N € A.

Proof. Since C is safe (see Definition 44), there exists M € A such that N C A.
However, A is an upset of Pg, then N € A.

From now on, we only consider coverings that do not contain singletons, which
are blocks with only one element. We stress that the imposition of this constraint
concerns the very relations between coverings and orthopairs as approximation
of sets, as shown in the following example.

Ezample 28. Let U = {a,b,c,d,e} and consider the covering of U given by
C = {{a,b},{c},{d,e}}. Then, (X!, X?) = ({a,b},{d,e}) is an orthopair made
of blocks of C, but (X!, X?) does not approximate any subset X of U, since
either ¢ € X, and then ¢ € X! or ¢ € X, and then ¢ € X2. More generally, each
orthopair such that {c} is not contained in one of the components of the pair
does not approximate any subset of U.

In order to state the next theorem, we recall that two upsets A and B of a
given poset are totally disjoint if and only if all blocks of A are disjoint from all
blocks of B.

Theorem 18. Let C be a safe refinement sequence of U and let (A, B) € K(C).
Then, (A, B) € Ko(C) if and only if A and B are totally pairwise disjoint.

Proof. (=). By Definition 47, if (A4, B) € Ko(C), then there exists X C U such
that N C X for each N € A and NN M = () for each M € B. Trivially, each
node of A is disjoint with each node of B, since there is not x € U such that

reXand z ¢ X.
(«<). Suppose that each node of A is disjoint with each node of B. We set

D={NeP:\(AUB)| NN M =0 for each M € A and if M >¢ N then M € B}.
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Since C is safe, for each N € D, we can pick an element xny € N such that
xn ¢ M, for each M € Pe \ {/ N} (see Remark 14). Then, we set

X=|J Nu{eny [N €D}
NecA

We prove that (A4, B) = (X1, X?). It is trivial that A C X! and B C X2. Now,
we suppose that N € X!, and we intend to prove that N € A. Let z € N. Then,
x = xp with M € D or x belongs to some node of A. If z = x); with M € D,
then N € | M (see 14), and so M C N. Now, two cases can happen. If M is
not a maximal element of Pz, then M contains some elements of the nodes of
B. However, by the hypothesis that A and B are totally pairwise disjoint, this
is an absurd. In the other case, namely, if M is a maximal element of P, then
it contains at least another element that is not equal to xps (we assumed that
the blocks of refinement sequences are not singletons). By definition of D, such
element is not in A and it is different from other elements xn. It is clear that
it is an absurd, since Nis included in X, by hypothesis. We can conclude N is
included in the union of blocks of A. Therefore, by Proposition 8, since C is safe,
we have that N € A. Now, we suppose that N € X2, and we intend to prove
that N € B. if N € X2, then NN M = (), for each M € AU D. Consequently,
N ¢ (L A)u (] D). Moreover, we can notice that B = P \ {(J A)U({ D)}.
Then, we can state that N € B.

Theorem 18 permits us to prove the following result, which is relevant to
regard sequences of orthopairs as Kleene algebras.

Theorem 19. Let C be a complete and safe refinement sequence of U. Then,

Ko(C) = K(C).

Proof. We have that Ko(C) C K(C), by Proposition 7. Moreover, Let (A, B) €
K(C), then A and B are totally pairwise disjoint, since C is complete. By hy-
pothesis that C is safe and by Theorem 18, (A, B) € Ko(C).

As a consequence of the previous theorem, we can define several operations on
sequences of orthopairs, using the operations already defined on sets of pairs of
disjoint upsets of posets (see Section 2.3). However, we will explore this topic in
the next chapter.
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4 Sequences of orthopairs as Kleene algebras

Mathematics is the art of giving the same name to dif-
ferent things.
Henrie Poincaré

In this chapter, we equip sets of sequences of orthopairs with some operations
in order to obtain finite many-valued algebraic structures (those are defined in
Section 2.3). Furthermore, we prove theorems providing to represent such struc-
tures as sequences of orthopairs. We show that, when sequences of orthopairs
are generated by one covering, our operations coincide with operations between
orthopairs listed in Section 2.2. Also, we discover how to generate operations
between sequences of orthopairs starting from those concerning individual or-
thopairs. Finally, we use a sequence of orthopairs to represent an examiner’s
opinion on a number of candidates applying for a job. Moreover, we show that
opinions of two or more examiners can be combined using our operations in order
to get a final decision on each candidate.

4.1 From a safe refinement sequence to a Kleene algebra

In the previous chapter, given a refinement sequence C, we proved that each
element of Ko (C) is a pair of disjoint upsets of Pe (see Proposition 7), and that
Ko(C) coincides with K(C) if and only if C is safe and complete (see Example 27
and Theorem 19). As a consequence, we can equip Ko (C) with the operations
M, U and — defined by 9, 10 and 7 (see Section 2.3), respectively, and so we can
consider the following structure

KO(C) = (KO(C)a mn,u, -, (PC7®)7 ((Z)a PC))

Unfortunately, Ko(C) is not always a lattice, since Ko(C) could not be closed
under M and U, when Ko (C) C K(C).

Ezample 29. Let U = {a,b,c,d} and C = (C1, C3), where

— Cy ={{a,b,c,d}} and
- Oy = {{avb}v {Cv d}})

Then, it occurs that

= (0, {{a,03}) (0, {{c, d}}) = (0, {{a, b}, {c,d}}) and
= ({{a,03},0) U ({{c,d}},0) = ({{a, 0}, {c,d} }, ).

However, (0, {{a, b}, {c,d}}), ({{a,b},{c,d}},0) ¢ Ko(C).

On the other hand, the following theorem states that requiring that refine-
ment sequences be safe is sufficient to obtain finite centered Kleene algebras.

Theorem 20. Let C be a safe refinement sequence of U. Then,
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1. Ko(C) 2 KT(C) and
2. Ko(C) is a centered Kleene subalgebra of K(C) (see Definition 26), where

K(C) = (K(C)’ MU, =, ((Z)’ PC)7 (PC7 Q)))7
and the center is (0,0).

Proof. 1. Let (A,B) € K(C), then B = (). Consequently, A and B are to-
tally disjoint, namely satisfy Condition 27. Certainly, (A4, B) € Ko(C), by
Theorem 18.

2. Since K*(C) € Ko(C), we have that (0,0) € Ko(C). Moreover, Ko(C) is
closed under all operations of K(C), since both (X' NY?!, X2 U Y?) and
(X' UYH X2NY?) are pairs of totally disjoint upsets of Pe. Then, by
Theorem 18, both belong to Ko (C).

Remark 16. Clearly, when C is a safe refinement sequence of U, then K™ (C) is
also included in Ko (C).

When a safe refinement sequence C is also complete or pairwise overlapping,
Ko(C) satisfies properties that are additional to those of Theorem 20. More
precisely, the following theorem holds.

Theorem 21. Let C be a safe refinement sequence of U,

1. if C is complete, then Ko(C) is a finite centered Kleene algebra with the
interpolation property,
2. if C is pairwise overlapping, then Ko(C) = KT (C) UK~ (C).

Proof. 1. By Theorem 19, Ko(C) = K(C). Moreover, the structure K(C) is a
centered Kleene algebra with the interpolation property (see Theorem 7).

2. By Definition 47, if (A, B) € Ko(C), then A and B are totally disjoint. How-
ever, since C is pairwise overlapping, Vice-versa, by Theorem 20, if (A4, B) is
in KT(C) or K7(C), then belongs to Ko (C), also.

In the next example, we take three different refinement sequences such that their
posets are isomorphic, and we show that the Hasse diagrams of their respective
Kleene algebras are not isomorphic.

Ezample 30. We consider the refinement sequences C = (C1,C3) and ' =
(C1,C%) of {a,b,c,d, e, f}, where

-G = {{a”bv Gy dae}v {Cv dvf}}v

- Oy = {{a7b}7 {67 d}}a

- C1={{a,b,d,e, f},{c,d,e}} and
— Cy ={{b,d},{d,e}}.

As shown in Figure 13 and Figure 14, Pe and FPes have the same Hasse diagram.
Then, K(C) = K(C').
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{a, b} {c,d} {b,d} {d, e}
{a’7 b? C7 d7 e} {07 d? f} {a’ b7 d7 67 f} {c’ d’ e}
Fig. 13: Hasse diagram of Pc Fig. 14: Hasse diagram of P}

({b1,b2,b3,b4},0)

/N

({b1,b3,b4},0)  ({b2,b3,bs},0)
NN
({b3,04},0) ({b2,ba},0)
SN N
({6}, 0) ({b4},0) ({b2,ba}, {bs})
/ \ / NS
({bs}, {ba}) ({ba},{bs})
/N / \ /
({bs}, {b2,b4}) (0, {ba}) (0, {bs})
NN S
(@, {b2, b1}) (@, {b3, b1})

NN

(@, {b2,b3,bs})  (0,{b1,b3,bs})

DN

(0, {b1,b2,b3,ba})

Fig. 15: Hasse diagram of Ko (C)

We set by = {a,b,c,d,e}, ba = {c,d, f}, bs = {a,b}, by = {c,d}, b} =
{a,b,d,e, f}, b ={c,d, e}, by = {b,d} and b)), = {d, e}. Then, the Hasse diagrams
of Ko(C) and Ko (C') are represented in Figure 15 and Figure 16, respectively.

Notice that Ko(C) = K(C), since C is safe and complete. Instead, since C’ is
safe but not complete, Ko(C') C K(C’) and ({b5}, {b}}), ({b4}, {b5}), ({b5},

{8, 041), (16, By}, {85 }) & Ko (C'). We stress that Ko(C) % Ko (C'), despite Pe =
Per.
Now, we consider the refinement sequence C = (C’l, ég), where
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({01, b5, b5, b4}, 0)

m\
(ol
S~
o
NS
—
=
=

5O ({b

=~

({01, 05,b

N
/

({b5, 04}, 0) ({b2, b4}, 0)
/N
({b5},0) ({v4},0)
N S
@,0)
/N
@, {v4}) (@, {v5})
N
(0, {b2,b4}) (0, {3, b4})

AN
/

(0, {b2,b5,04}) (0, {01, b3, b4})

N

(0, {1, b3, b5,b4})

Fig. 16: Hasse diagram of Ko (C')

- &y ={{a,b,c,d,e},{c,d, f}} and
- C2 - {{a,bv C}v {Ca d}}

Clearly, Cisa safe and pairwise overlapping refinement sequence. If we set
by = {a,b,c,d,e}, by = {c,d, f}, bs = {a,b,c} and by = {c,d}, then the Hasse
diagrams of P; and Ko (C) are respectively represented in Figure 17 and Figure
18.

We can observe that Ko(C) = K(C)T UK(C)~. Moreover, Ko(C) % Ko(C)
and Ko (C) 22 Ko(C'), despite Ps = P¢ and P = Ppr.

Remark 17. Let C be a refinement sequence, then |Ko(C)|, that is the cardinality
of Ko(C), depends from the number of blocks that pairwise overlap in every
covering of C. Consequently, if C is complete and safe, then |Ko(C)| is maximum,
and it is equal to |K(C)|. Furthermore, if C is pairwise overlapping and not safe,
then [Ko(C)| > [K(C)* UK(C)].

We can extend the results shown in Theorem 21, by considering the operation —
and the pairs of operations (%2, —2), (x3,—3) and (%4, —4), defined in Section
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({51762753754}7®)

/N

({b1,b3,b4},0)  ({ba, b3, bs},0)

NS

({bs,bs},0)

RN

({bs},0) ({ba},0)

{a,b,c} {c,d}
/ \(w, (z))/
{a,b,c,d,e} {ce,d, f} / \

(0, {ba}) (0, {bs})

Fig.17: Hasse diagram of P; \ /

(0, {b3,b4})

/N

(0,{b2,bs,ba}) (0, {b1,bs,bs})

NS

( 7{b1’b27b37b4})

Fig. 18: Hasse diagram of Ko (C)

2.3 (more exactly, see the equations 13, 18, 19, 20, 21, 25 and 26), on the set
Ko(C). Then, let i € {1,...,4}, we can use the notation K% (C) to denote the
structure Ko (C) with the additional operations *; and —;.

Corollary 1. If C is a safe and complete refinement sequence, then

— K} (C) is a finite Nelson algebra,
— K%/(C) is a finite Nelson lattice and
— K$(C) is a finite KLI* algebra.

Regarding K?é (C), we need to add the extra condition that C must be composed
by partial partitions.

Corollary 2. IfC is a safe refinement sequence of partial partitions, then K3, (C)
is a finite IUML-algebra.

If some coverings of C are not partitions, then the operations x; and —;
cannot be defined on Kp(C). Clearly, this is a consequence that such operations
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are defined between pairs of disjoint upsets of a forest (see 20 and 21), and they
can not be extended between pairs of disjoint upsets of a poset.

Ezample 31. Let C be the refinement sequence defined in Example 30. C is safe
and complete, but

({b3}, {2, b4}) x3 ({1, b3,ba},0) = ({b1,b3,bs}, {b2})

and

({bs},{b2,ba}) =3 (0, {b1, b3, ba}) = ({ba}, {b1, b3, bs})
that do not belong to K(C).

4.2 From a complete refinement sequence to a Kleene algebra

In this section, given a complete refinement sequence C, we want to determine
new operations on Ko(C), to obtain the same structure encountered in the pre-
vious section. In order to do this, starting from a complete refinement sequence
C, we build a new refinement sequence C’ such that Ko(C) = Ko (C') = K(C').

Definition 48. Let C = (C4,...,C,) be a refinement sequence of U. Then, we
build the sequence C' = (C1,...,CL) in the following way.

- Cl=C,,

— for everyi e {1,...,n -1} and N € C;, if there are not Ny,...,Ny € Cj
such that N = Ny U...UN; then N € Cj, otherwise N ¢ C;] but N; € C;
foreach j=1,... 1.

Ezample 32. Let C be the refinement sequence of Example 14. Then, C' =
(C1,C4, C%), where

O{ = {{ula s aull}a {U12, s ,UQQ}};
Oé = {{Uz,U3}7 {U4,u5}7 {U67U7}’ {U& cee ,U11}7 {u127 S 7U15}7 {U167 ‘e 7U21}};
Cé = {{Uz, U3}7 {U4, U5}7 {U67U7}, {u77us}, {U12,U13}7 {U167U17}7 {U187U19}~

Observe that C’ is still a refinement sequence of U, so we can associate it
with a poset Per.

Ezample 33. Let C be the refinement sequence of Example 14. The poset Pe:
assigned to the new refinement sequence C’ represented in Figure 19.

We notice that the node {ug, ..., ur} of Pc (see Example 16) does not belong
to Per, and it is equal to the union of its successors {us, us}, {ug, us} and {ug, ur}.

Remark 18. In general, FP¢: is obtained by removing from Pe all the nodes equal
to the union of their successors (cfr. the operation of elimination in [24] ). That
is, we delete reducible elements, according to the terminology given in [112], in
the covering generated by all sets in the forest Ppe.

By the previous remark follows this proposition.
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{us,ug} {uiz, w1z}  {uie, w17} {uis, w19}
{U2,u3} {'LL4,U5} {'LLG,U7} {'LLS,...,’U,H} {U12,.,,,U15} {'LL16,...,'LL21}
{ut,...,u11} {uiz, ..., u22}

Fig. 19: Forest of the users

Proposition 9. Let C be a refinement sequence of U and let N € Pc. Then,
N € Perif and only if N # Ny U...UN,, where N1,...,N, are the successors
of N in Pe.

Clearly, Ko(C') € Ko(C). Moreover, it is clear that the following proposition
holds.

Proposition 10. Let C be a complete refinement sequence. Then, C' is also
complete.

The following proposition shows that there exists an order isomorphism be-
tween Ko (C) and Ko (C'), when C is complete.

Theorem 22. Let C = (C4,...,C},) be a complete refinement sequence of U. If
C' is the refinement sequence of U built in Definition 48, then the function

B:Ko(C) = Ko(C),
where B((XE, X2)) = (X}, X3)) for each X C U, is an order isomorphism.
Proof. — The function g is injective. Let X, Y C U, we suppose that
BUXE X2) = B(YVE,YE)).

Then,
(Xor, XG) = (Yo, Yé). (29)

Firstly, we intend to prove that Xé = Ycl. By Definition 48, each node N
of Pe is equal to Ny U...UN,, where Ny U...UN, € Pe.. Let N € X/,
then N = NJ UN, C X and so N; C X for each ¢ € {1,...,r}. Therefore,
Ni,...,N, € X}, =Y. Consequently, N is included in Y and so belongs
to Y. The proof that Xg = YC2 is analogous.

— The function 8 is surjective. Let X C U and (X}, X2) € Ko(C'). We
consider the set

H={N¢€P:: N=NU...UN,, where N; € X}, for each i € {1,...,r}}
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and
K={N¢€P:: N=NU...UN,, where N; € X2, for each i € {1,...,7}}.

Since C is complete, we have that (X}, U H, X2 U K) belongs to Ko(C).
Moreover, it is clear that B((X} U H, X3 UK)) = (X}, XZ).

— It is trivial that (X}, X2) < (YZ,YZ) if and only if (X}, X3) < (YZ,YZ)
(we remember that, let (X1, X?) and (Y}, Y?) be two pairs of disjoint upsets,
then (X!, X?) < (Y1,Y?) if and only if X! C V! and Y2 C Y!).

By Proposition 5 and Proposition 9, the next result follows.
Proposition 11. Let C be a complete refinement sequence, then C' is safe.

Consequently, by Theorem 19, Ko(C’) coincides with K(C'). Therefore, we can
consider Ko (C') equipped with the operations defined in the previous section. By
using this result and Theorem 22, we can introduce the following new operations

on Ko (C).
Definition 49. Let C be a complete refinement sequence of U and let B be the
function defined in Theorem 22. Then, we set
— (X8, X8) Ny (Y, YE) = B7H((XE, XE) N (YE, YE)),
- (Xé7Xg) UKO (YClaYCQ) = ﬁ_l((XCl’an’) U (YCl’aYCQ’));
- ﬁKo(‘Xé"Xg) = 5_1(ﬁ(Xé’7Xg’))7
- (XévX(%) *ﬁ(o (Y(Zl7YC2) = ﬂil((X(}”’Xg’)*i (YC1/7Y(Z2')); fO?” each i € {27 334};
- (x¢,X3) —>’ko (Y2, YZ) = (X, XE) =i (YZ,Y2)), for each i €
{1,2,3,4}.

As a consequence of the previous definition and the results of Section 4.1, we
obtain the following theorem.

Theorem 23. Let C be a complete refinement sequence of U, then
K/O(C) = (KO(C)7 ﬁKoa l—lKoa Ko (Qv PC’)7 (PC'7 @))

s a centered Kleene algebra with the interpolation property and if C is pairwise
overlapping, then Ko(C) = K(C')™ UK(C")~. Moreover,

— (K (C), —k,) is a finite Nelson algebra;
— (Kp(C), %k, —k,) is a finite Nelson lattice;
— (K5(C), %k, . —k,,) is a finite KLI*-algebra.

If C is a refinement sequence of partial partitions, then
— (K5(C), %k, —%,) is a finite TUML-algebra.
Remark 19. Trivially, if C is also safe, then C = C’ and so Ko (C) = K,(C).

Ezxample 34. Let C be the refinement sequence defined in Example 29. Trivially,
C' = {{a,b},{c,d}}. The Hasse diagram of K(C), Ko(C) and Ko(C") (which is
the same as that of K(C')) are respectively represented in Figure 20, Figure 21
and Figure 22.
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({{a,b,¢,d},{a, b}, {c,d}},0)

({{a, b}, {c,d}},0)

/N

({{a,b}},0) ({{e,d}},0)

SN N

({{a, 03}, {{e, d}}) ©,0) ({{c.d}}, {{a,0}})

NSNS

(0, {{c,d}}) (@, {{a,b}})

NS

(0, {{a, b}, {c,d}})

(0, {{a,b,c,d},{a,b},{c,d}})

Fig. 20: Hasse diagram of K(C)

({{a,b,¢,d},{a, b}, {c, d}},0)

N

({{a,b}},0) ({{e,d}},0)

SN N

({{a, 03}, {{e, d}}) ©,0) ({{c.d}}, {{a,0}})

N SN S

(0, {{c,d}}) (@, {{a,b}})

NS

(0, {{a,b,¢,d}, {a, b}, {c, d}})

Fig. 21: Hasse diagram of Ko (C)

Now, we consider ({{a,b}},0) and ({{c,d}},0) in Ko(C). Then

55

({{a,0}},0) U ({{c,d}},0) is equal ({{a,b},{c,d}},D), which does not belong
to KO(C) However, ({{CL, b}},@) Uko ({{C7 d}},@) = 571(({{a7b}7{ca d}},@)) =

({{a7 ba ¢, d}v {CL, b}a {Ca d}}v 0) € KO(C)
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({{a,b},{c,d}},0)

/N

({{a,b}},0) ({{e. d}},0)

SN N

({{a,0}}, {{e, d}}) @,0) ({{e;d}} {{a,b}})

N SN S

@, {{c,d}}) (0, {{a,b}})

N S

(0, {{a,b},{c,d}})

Fig. 22: Hasse diagram of Ko (C')

4.3 From a Kleene algebra to a refinement sequence

In this section, we associate a finite Kleene algebra with a refinement sequence
and the respective sequences of orthopairs.
Let (P, <) be a finite partially ordered set, and let n be the maximum number
of elements of a chain in P. For each i € {1,...,n} we define the i-th level of P
as
P'={N € P |i=mazx{|h|| hisa chain of | N}}. (30)

We denote by M(P) the set of maximal elements of P and we set Up =
{z1,...,2m}, where m = |P| + |[M(P)|. We call mazimal sequence of P the
sequence C = (Cq,...,C},) built as follows. Suppose M (P) consists of nodes
Ny, ..., Ny, where u = |[M(P)| < |m/2] since u < 2u < |M(P)|+ |P| = m. We
set

by, = {w2i-1, 22} (31)
for every i = 1,...,u and

C, ={bn, | N; € M(P)}. (32)
Since |PAM(P)| = m—2u, we denote by Ny41, ..., Np—y, the nodes of P\M(P)

and we set ap(N;) = x4, forany i € {u+1,...,m —u}.

For each N ¢ M(P), let
U barUf{er(N)} (33)
M>N

and, for each j € {1,...,n — 1},
C;={bn | NePI}uU{by | MeM(P)and | MNP/ =0}  (34)
It is trivial to see that for each N, M € P
byNby=U{br | LETNNTM}. (35)
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Ezample 35. Let P be the partially ordered set with the following Hasse dia-
gram.

Fig. 23: Hasse diagram of P

Up = {x1,...,26}, since 6 = 4+ 2, where |P| = 4 and |[M(P)| = 2. We have
ap(N3) = x5 and ap(Ny) = x6. Then, we have by, = {z1, 22}, by, = {23, 24},
bN3 = {.231,%‘2}U{$3,l‘4} U{(Xp(N{g)} = {$1,$2,$3,1‘4,Z‘5} and bN4 = {$3,$4}U
{ap(N4)} = {3, x4, 26}. Moreover, n = 2, then the maximal sequence is made
of two partial coverings of {x1,...,z¢} that are Cy = {{x1, x2, x5, 24, x5}, {23,

{E4,(E6}} and Cy = {{151,1'2}, {£E37£L'4}}.

Proposition 12. Let P be a finite partially ordered set. Then, the mazximal
sequence C of P is a complete and safe refinement sequence of Up and SO(C) =
K(Up(P)).
Proof. Firstly, we prove that C is a refinement sequence of Up. Then, suppose
that b € C* with ¢ > 1, we have b = by where N € P. Since by € C?, two cases
are possible: if N € P?, then there exists at least a node M of P*~! such that
M < N (see 30), hence byy € C*! (see 34) and by C by (see 33); if N ¢ P?,
then N € M(P) and | NN P! = (). In this latter case, we have two subcases
to consider: | N N P~! = () which implies by € C*~! and | N N Pi=! £ ()
which implies that there exists M € P~ with M < N, hence by C by; where
by € ci—1,

C is complete, since if by Nbys # O with by, by € Pe, then by Nbyy D by, with
Let NNt M (see 35), hence by and by; can not belong to two upsets that

are disjoint. To prove that C is safe, we consider the blocks by, bn,, ..., by, of
coverings of C with by C by, U...Uby,. Then, we pick a subset {bny,...,bn; }
of {bny,...,bn,} such that by C byjU...Uby; and by N bys # 0 for each

ie{1,.. h} Trivially, by Nb # 0 if and only if by C b, when N € M(P).
Otherw1se if N ¢ M(P), by 33 we have that ap(N) € by, hence ap(N) belongs
to by, for some i € {1,...,h}, then by C by, since N; < N (see 33).

By Proposition 7, KO(C) C K(C). Vice-versa, let (A B) € K(C), then A* N
B* = (), since otherwise, by 35, there exist N, M, L € P such that by, C by Nbyy,
then by, € AN B that is an absurd. By Theorem 19, (A, B) € Ko(C). Therefore,
K(C) C Ko(C).

Furthermore, observe that if C = (C1,...,C},) is the maximal sequence of the
poset P, then (), is a partial partition of the respective universe Up.
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We remark that the maximal sequence C = (C4,...,C,) of a given partially
ordered set P is not the only complete and safe refinement sequence having the
assigned poset isomorphic to P. We can generate such sequences in addressing
numerous ways. For example, we can build a sequence C* by adopting the previ-
ous procedure, but by assigning a set A; made of at least three elements to the
maximal node N; of P, for each i € {1,...,m}. Trivially, if the sets Ay,..., A,
are pairwise disjoints, then C* is a complete and safe refinement sequence sat-
isfying Pe« = Pp. Clearly, we can also generate a safe and complete refinement
with its poset isomorphic to P by starting from the maximal sequence C. For
example, we can add a finite set disjoint with Up to each block of an upsets of C.
On the other hand, we observe that the universe covered by any safe and com-
plete refinement sequence with its poset isomorphic to P has cardinality grater
that |Up|

By Theorem 9 and Proposition 12, the following theorem holds.

Theorem 24. Let P be a partially ordered set and C its maximal sequence.

Then, Ko (C) is a centered Kleene algebra that satisfies the interpolation property.

4.4 Representation theorems

Considering that Ko (C) coincides with the set of sequences of orthopairs gener-
ated by C (see Theorem 17), we can define on SO(C) the following operations.

Definition 50. Let C be a refinement sequence of U and let o be the function
defined in 17. Then, let X, Y C U, we set

) ©; OY) = a~1((X1, X?) *ﬁ(o (Y1,Y?)), forie {2,3,4};
) = O(Y) := a7 1((X1, X?) %ﬁ(o (Y1,Y2)), foriec {1,2,3,4}.

Moreover, given a refinement sequence C = (C1,...,C,,), we set
J_c = (J_l,...,J_n) and TC = NJ_c,

where L; = (0,{z € b| b € C;}), for each i from 1 to n. Then, it is clear that L
and T¢ are respectively the minimum and the maximum of SO(C). Moreover,

we set ec = ((0,0),...,(0,0)), that is a=((0,0)).

Theorem 25. Let S be a Kleene algebra. S is a finite centered Kleene algebra
with interpolation property if and only if

S« (SO(C)’ A, Y, J—Ca TC)7

where C is a complete refinement sequence of a finite universe U .
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Proof. (=). If S is a centered Kleene algebra with interpolation property, then
there exists a bounded distributive lattice Lg such that S & K(Lg), by Theorem
9. By Birkhoff representation theorem, there exists a poset Pr, such that Lg =
U(Pp,). Consequently, S = K(U(PL,)). By Proposition 12, C is the maximal
sequence of Prg, that is a complete and safe refinement sequence of Up, .

(«<). By the theorems 17 and 23, if C is complete, then (SO(C), A, Y,~
,Le, Te) is a centered Kleene algebra with the interpolation property.

Similarly, by using the theorems of Section 2.3, we can present some classes of
finite many-valued structures such that their reduct is a centered Kleene algebra
with the interpolation property as sequences of orthopairs. More precisely, the
following theorems hold.

Theorem 26. Let S be a Nelson algebra. S is a finite centered Nelson algebra
with interpolation property if and only if

S (SO(C)v Av Ya ~ ®1a 1, J—Cy Tc),
where C is a complete refinement sequence of a finite universe U .

Theorem 27. LetS be a Nelson lattice. S is a finite centered Nelson lattice with
interpolation property if and only if

S= (SO(C)a A, Yy~ O2, =2, €, J—Ca Tc),
where C is a complete refinement sequence of a finite universe U .

Theorem 28. Let S be a IUML-algebra. S is a finite [IUML-algebra if and only

if
S= (SO(C)a )\7 Ya N,@3,;>37€C,J_C, TC)7

where C is a refinement sequence of partial partitions of a finite universe U.

Theorem 29. LetS be a KLI*-algebra. S is finite and satisfies the interpolation
property if and only if

S= (SO(C)v Aa Ya ~ ®4a 4, J—Ca Tc),

where C is a complete refinement sequence of a finite universe U.

4.5 Operations between sequences of orthopairs

In this section, we focus on operations between sequences of orthopairs. In par-
ticular, we show how they can be obtained starting from the operations between
orthopairs of an individual covering. The latter are listed in Section 2.2.

Theorem 30. Let C = (C4,...,C,) be a safe and complete refinement sequence
of U and let X,Y C U, then

1. Oc(X) A Oc(Y) = ((A17Bl)a e (An7Bn))a



60 Stefania Boffa

2. Oc(X)Y Oc(Y) = ((D1,Er),...,(Dn, Ey)),
3. ~Oc(X)=((F,G1),...,(F,,Gp)),

where

1. (A, Bi) = (Li(X), &(X)) A (Li(Y), E(Y))
2. (Di, Ei) = (Li(X), &E(X)) Ve (Li(Y), E(Y))
3. (Fy, Gi) = ~(Li(X), &(X)),

for each i € {1,...,n}. The operations Ax and Vi are given in Definition 8,
and —(A, B) = (B, A).

Proof. We only provide the proof of point 1, since we can demonstrate the
remaining cases in a similar way. Then, we suppose that Z is the subset of
U such that O¢(X) A Oc(Y) = Oc¢(Z). Since C is safe, Oc(X) A Oc(Y) =
a (XL XHN(YLY?) =a H((XPNYL, X20UY?)). Then, Z! = X' NY! and
Z? = X?2UY?2. On the other hand, we recall that

(Li(X), &(X)) A (Li(Y), E(Y)) = (Li(X) N Li(Y), E(X) U E(Y)).

So, fixed i € {1,...,n}, v € L£,(Z) if and only if there exists N € Pz such
that N C Z. Therefore, there exists N € Pc such that N € X' NY?!, and so
N C X NY. This is equivalent to say that € £;(X) N &;(Y). Similarly, we can
prove that z € £;(Z) if and only if & (X) U &;(Y).

Ezample 36. Let C = (C1,C2) be the refinement sequence of {a,b,c,d, e}, such
that C1 = {{a,b,c,d,e}} and Cy = {{a, b}, {c,d}}. Since C is safe and complete,
the previous theorem holds. Then,

OC({a’ b}) A OC({a7 b, C}) = ((07 @), ({a’ b}a {C> d})),
where
(‘Cl({av b})7 51({a, b})) Ak (‘Cl({a7 b, C}), 81({a, b, C})) = (Q)v @) Ak (@, @) = ([2)7 (Z))

(‘62({0'7 b})7 52({0'7 b})) Ak (‘62({0" b, C}), 52({a7 b, C})) = ({a, b}, {C, d}) K ({a7
b}’ (Z)) = ({a’ b}v {C, d})>

Moreover,
OC({av b}) Y OC({G’ b, C}) = ((0’ (Z))a ({a7 b}7 Q)))7
where
(Ll({av b})’ 51({&, b})) Vi ([’1({0“’ b, C})7 51({a, b, C})) = (07 Q]) VK ((Dv 0) = ([bv (D)

(52({@ b})v 52({a7 b})) Vi (LQ({CLv b, C})a 82({aa b, C})) = ({&v b}v {c7 d}) K ({a7
b}’ @) = ({a7 b}7 @))

Moreover,
~ OC({a7 b}) = (([2)7 (Z)), ({07 d}7 {a7 b}))7

where
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(L1({a,b}),E1({a,b})) = —(0,0) = (0,0);
(EQ({av b})v 52({0'7 b})) - —\({CL, b}a {Ca d}) - ({Ca d}v {a’a b})

The following theorems allow us to express the operations <1, %o, <o, *3
and <3 through the operations between orthopairs of an individual covering
(see Definition 11 and Definition 12). We present the proof only for the oper-
ation ®3 of Theorem 33, because it is possible to give the proof for the other
operations with similar procedures. We recall that, given a refinement sequence
C = (Cy,...,Cy), in Remark 10, we denote the union of all blocks of C; with
Ui, for each i € {1,...,n}.

Theorem 31. LetC = (Cy,...,C,) be a safe and complete refinement sequence
of U. Then,

Oc(X) —1 Oc(Y)
is the sequence ((A1, B1),...,(An, By)) defined as follows. Firstly, we set

(A5, Bi) = (Li(X),&(X)) =a (Li(Y), E(Y)),
for each i from 1 to n. Then, we set (A, B,) = (AL, Bl) and
A=A \U{N €C; | N CN with N € Ciy1 and N' C Uiy \ Ait1},
and B; = B} for each i < n.

Theorem 32. Let C = (C4,...,C,) be a safe and complete refinement sequence
of U. Then,

Oc(X) ©2 0c(Y)
is the sequence ((A1, B1),...,(An, Byn)) defined as follows. Firstly, we set

(A7, BY) = (Li(X), &(X)) #2 (Li(Y), E(Y)),
for each i from 1 to n. Then, we set (A, Bn) = (A}, B),), A; = AL, and
B, = B;\U{N e C; | N’ C N with = CiJrl and N’ - Ui+1\Bi+1}

for each i < n. Moreover,
Oc(X) =2 Oc(Y)

is the sequence defined as follows. Firstly, we set
(A5, Bj) = (Li(X), Ei(X)) = (Li(Y), &(Y)),
for each i from 1 to n. Then, we set (A, B,) = (A,,B}),
A=A \U{N €C; | N CN with N € Ciy1 and N' CU;s1 \ Ait1},

and B; = Bl, for each i < n.
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Theorem 33. Let C = (Cy,...,C,) be a safe refinement sequence of partial
partitions of U, then

Oc(X) ©3 Oc(Y)

is the sequence of orthopairs ((A1,B1), ..., (An, By)) defined as follows. Firstly
we set

(4, B}) = (Li(X), &:(X)) s (Li(Y), &E(Y))
for each i from 2 to n. Then, we set (A1, By) = (4}, BY),
Al:AQU{NEC; | NQAl_l}, and B; :B;\A“

for each i > 0.

Moreover,
Oc(X) —3 Oc(Y)
is the sequence of orthopairs ((A1, B1), ..., (An, By)) defined as follows. Firstly,
we set

(45, B;j) = (Li(X), (X)) —s (Li(Y), &(Y))
for each i > 2. Then, we set
(AlvBl) = (All,Bi), Bl = B; U {N S PZ | N - Bifl}, and Al = A; \ Bi,
for each i > 0.

In order to prove Theorem 33, we need to move from sequences of orthopairs
to pairs of disjoint upsets. Let C be a refinement sequence of U such that C = C’.
Then, the operation *ﬁo coincides with x3 on K(C). Indeed, C = C’ implies
that § is the identity function (S is defined in Theorem 22). Consequently, for
any X,Y C U, we have (X', X?) (Y1, V?) = 71 (X", X?) %3 (Y',Y?)) =
(X1, X2) %3 (Y1 Y?).

On the other hand, if C # C’ the ITUML-algebras Ko (C) and Ko (C’) are not
isomorphic. In any case, we can find a relationship between operations in Ko (C')
and Sobocinski conjunction, as follows.

Proposition 13. Let C be a refinement sequence of partial partitions of U, let
X, Y CU, and let F)C; be the function defined by Equation 1. Then,

(Xe, X2) i, (Y, YE) = B (281, Z21)),

where

Z} =t {N € Po | F§ (N)®s F{ (N) =1}
and

23 ={N € Por | F§ (N) ®s FE (N) = 0} \ Z}.



Sequences of Refinements of Rough Sets: Logical and Algebraic Aspects 63

Proof. By Definition 49, we must prove that Z}, = (X} NYZ)U (X oY) and
7% = (XZ UYZ)\(X oY), where X oY is related to C'.

A node N belongs to (X}, NYZ)U (X oY) if and only if Fx(N) = 1 and
Fy(N) = 1, or there exists M € P such that N C M and Fx(M) = 1 and
Fy (M) = 1\2, or Fx(M) = 1\2 and Fy (M) = 1. This is equivalent to affirm
that Fx (V) ®&s Fy(N) = 1 or there exists M € P¢ such that N C M and
Fx (M) ®s Fy (M) =1, since ®s is the Sobocinski conjunction.

Similarly, N belongs to (X% UYZ)\(X ¢Y) if and only if Fx(N) = 0 or
Fy (N) = 0 and there does not exist M € P such that N C M and Fx (M) ®s
Fy(M) =1. Then, N € {N € Per | Fx(N) ®s Fy(N) = 0} \ Z'.

Proof (Theorem 33). By definition of o (see Theorem 17), we have (X!, X?) =
a(Oc(X)), (Y1 Y?) = a(Oc(Y)). Let Z be the subset of U such that
(21, 2%) = a(Oc(X)) @3 a(Oc(Y)).
By induction on i we prove that (£;(Z2),&;,(Z)) = (As, B;).
Let i = 1. By definition and recalling that Z! = {N € Pe | N C Z}, we have
Lz)y=J{inear|NCcz}=J{iNeC1nZ'}.

By Proposition 13, Z! =t {N € P¢ | Fx(N) ®s Fy(N) = 1}, hence Z' N Cy =
{N € Cy | Fx(N) ®s Fy(N) = 1}. We have, by Proposition 4:

L1(Z) = J{N € C1 | Fx(N) ®s Fy(N) =1} = A;.

Now, we fix ¢ > 1 and suppose by induction hypothesis that A;—; = £;_1(Z).
Then by Proposition 4 and 13,

L(zy= |J N=

NeZ'nC;
= J{V € Ci | Fx(N)@sFy(N) = 1}U|_J{N € C; | N C M with M € Z'NC;_}.

We notice that A, = U{N € C; | Fx(N)®s Fy(N)=1}and 4,1 = L;,_1(Z) =
U{M | M € Z' N C;_1}. Consequently,

Li(Z)y=A,U{NeC;|NCA_1}.

Similarly, by Propositions 4 and 13, we can prove that B; = B, \ A;, for each
ie{l,...,n}.

In other words, the operation ®3 maps each pair of sequences of orthopairs to
the sequence of orthopairs given by applying the Sobocinski conjunction between
orthopairs relative to the same partition and then closing with respect to the
inclusion in the first component.

Hence, we can say that if we apply ®3 to sequences of orthopairs, the in-
determinate value is always overcome by the determined ones, and in addition,
as soon as a determined value is reached with respect to a given level of partial
partitions, it is automatically given to all the blocks in the next refinements.
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Example 37. Let C' be the refinement sequence of U of Example 16. We consider
X,Y C U such that Oc¢/(X) is equal to O¢(X) defined in Example 24 and
Oc/(Y) = (Oci (Y), OC’é (Y)7 OCé (Y)), where

OC{ (Y) = (@vw)v

Ocy (Y) = ({us, ua}, {us, ug, uss, - - ., ugo }) and

Ocy (V) = ({us, ua, ur, ug}, {us, ug, u11, u1z, uss, - - - , U1 })-
Hence,

Ocy(X) *s Ocy (Y) = (0,0),
OCQ(X) *s OCQ(Y) = ({ur,...,u1a},{u1, ..., ue,u1s, ..., u20}),
Ocy(X) *s Ocy (V) = ({ur, ug}, {ua, ..., up, ur1, ur2, uis, - - -, uis}).

Then, in order to close with respect to the inclusion in the first component, we
add the elements of block {u11, u12} to the first component of O¢; (X)*sOc; (Y)
and we subtract them from the second component of O¢y (X) xs Ocy (Y).

Finally, we obtain that O¢/(X) ®3 Oc¢/(Y) is the sequence of SO(C’) made of
the following pairs.

(@,90),
({U7, . ,u14}, {Ul, ey, UGy ULEy e e vy UQ()}) and
({u7au87u117 Ulg}, {uh ceey UG, ULE, - - - 7u18})-

We observe that Oc¢/(X) ©3 Oc:(Y) provides precise information about the
blocks {u1s, ..., us0}, {u1,u2}, {ur,...,u10} and {u11,...,u14}, while we do not
know what happens to the elements u19 and ugg in O¢/(X) and to the elements
U1, U2, Uy, U10,
uyz and wuig in O¢(Y). Hence, the uncertainty represented by the sequence
Oc/(X) ©®3 O¢:(Y) is smaller than uncertainty that is in O¢/(X) and Oc¢/ (Y).

Remark 20. The operations ®4 and <4 are not obtained by the generalization
of some three-valued connectives. On the other hand, they allow us to define a
new pair of operations between orthopairs that is following.

Let C be a covering of U, and let X, Y C U. Then,

©,0), if £(X)=0and L(Y)=0;
(L(X),E(X)), if £(X)=0 and L(Y)£0;
(LX), E(X)) @4 (L(Y), EX))= (L(Y),E(Y)), if £(X)#0 and £(Y)=0;
(L(X)NL(Y), E(X)NE(Y)) if L(X)#0 and L£(Y)F£0D.
(36)
and
(w,n), if £(X)=0and &(Y)=0;
(E(X), L(X)), if £(X)=0 and &(Y)£0;
(LX), EX P LY), EX))= (L(Y),E(Y)), if £(X)#0 and £(Y)=0;
(EX)NLY), L(X)NEY))if L(X)#D and E(Y)£0.
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4.6 Application scenario

In this section, we explain how an examiner’s opinion on a number of candidates
applying for a job can be represented by a sequence of orthopairs. Also, we
show how opinions of two or more examiners can be combined by employing
the operations A, Y, ®3, ®3 and ®4 in order to get a final decision on each
candidate. Moreover, such results are found in [21].

Imagine that a food company needs to recruit staff through a commission
composed of several examiners, and managed by a committee chair. We indicate
the set of twenty-four candidates with {c1,...,ca4}. The first selection will be
to investigate the curriculum vitae of each candidate, after that all shortlisted
applicants will be called for the first job interview. We suppose that the chair
identifies some groups of applicants of {c1, ..., ca4} that have some specific char-
acteristics which in his/her opinion are useful to work for the given company.
Step by step, as it will be explained, the chair continues to refine each of these
groups by identifying other suitable characteristics to work for the company.
We underline that the chair selects sets made of applicants that have a specific
characteristic in order to allow to each examiner to express his / her opinion on
groups of candidates and not on every individual candidate. In this way, the first
selection process is simplified.

In detail, the refinement process is made as follows. Initially, the chair iden-
tifies two characteristics: “to have a master degree in chemistry” and “to have a
master degree in biology”. Consequently, the covering Cy = {b1, b2} of {c1,...,
Caq} is determined, where by = {cy,...,c12} is made of candidates with a mas-
ter degree in chemistry and ba = {c13,...,c23} is made of candidates with a
master degree in biology. Successively, the chair decides that the best candi-
dates of by are those specialized in “industrial chemistry”, namely those of the
set b3 = {c1,...,¢5} or in “pharmaceutical technology”, namely the candidates
of the set by = {cg,...,c11}. Moreover, the chair thinks that the best candi-
dates of by are those of bs = {c13,...,c17} that are specialized in “Biology of
immunology” and those of bg = {c1s, ..., a2} that are specialized in “Food bi-
ology”. In this way, the partial covering Co = {bs, b4, b5,bs} of {c1,...,coa} is
determined. Eventually, the chair considers b; = {c1,¢ca},bs = {c3,ca},bg =
{es, 7} 10 = {cs,co},b11 = {c13,c14},b12 = {c15,c16} and b1z = {cis,c10}
and b1y = {c20, 01}, where by, by, by; and by3 are respectively the subsets of
b3, bs, bs and bg of candidates that have a certificate of Spanish language, in-
stead bg, b1g, b12 and b4 are respectively the subsets of b3, by, bs, bg of can-
didates that have a certificate of French language. Trivially, Cs = {b7,...,b14}
is also a partial covering of {c1,...,co}, and C = (C1,Cs,Cs5) is a refinement
sequence of {cy,...,ca4}. More precisely, Cy, Cy and C3 are partial partitions
of {¢1,...,c24}. The data used for the chair’s classification are contained in the
incomplete information table as Table 12, where {c, ..., ca4} is the universe and
{Master degree, Specialization, Language certification} is the set of attributes.
The poset assigned to C is a forest, and it is shown in Figure 24.

It is easy to notice that C is safe and complete.

Clearly, P is isomorphic to the forest of Figure 25.

Each node of Figure 25 is the set of all values contained in Table 12 that
characterizes the block of candidates of the respective node in P (we set
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Master degree

Specialization

Language certification

C1

C2

C3

Cq

Cé

cr

g

Co

C10

C11

C12

C13

C14

C15

C16

Cci7

C18

C19

€20

C21

C22

Cc23

C24

Chemistry
Chemistry
Chemistry
Chemistry
Chemistry
Chemistry
Chemistry
Chemistry
Chemistry
Chemistry
Chemistry
Chemistry
Biology
Biology
Biology
Biology
Biology
Biology
Biology
Biology
Biology
Biology
Biology

X

Industrial Chemistry
Industrial Chemistry
Industrial Chemistry
Industrial Chemistry
Industrial Chemistry
Pharmaceutical Technology
Pharmaceutical Technology
Pharmaceutical Technology
Pharmaceutical Technology
Pharmaceutical Technology
Pharmaceutical Technology
X
Immunology
Immunology
Immunology
Immunology
Immunology
Food Biology
Food Biology
Food Biology
Food Biology
Food Biology
X

X

Spanish
Spanish
French
French
X
Spanish
Spanish
French
French
X
X
X
Spanish
Spanish
Spanish
French
X
Spanish
Spanish
French
French
X
X

X

Table 12: Information table of the candidates
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{c1,e2}  {es,ca} {cs,cr} {cs,c0}  {cis,cia} {eis,c16} {cis,cio} {c20,c21}

N/ON/ NN/

{Cl,...,C5} {66,...,011} {613,..,7017} {613,...7022}
{c1,...,c12} {c13,...,c23}

Fig. 24: Forest of the candidates

{Ch, IC, Sp}  {Ch, IC, Fr} {Ch, PT, Sp} {Ch, PT, Fr} {Bio, I, Sp} {Bio, I, Fr} {Bio, FB, Sp} {Bio, FB, Fr}

N/ NN/ N/

{Cn, 1C} {Ch, PT} {Bio, I} {Bio, FB}

~ ~

{Ch} {Bio}

Fig. 25: Forest of the values of the candidates

Ch=Chemistry, IC=Industrial Chemistry, PT=Pharmaceutical Technology,
Bio= Biology, I=Immunology, FB=Pharmaceutical Technology, Sp=Spanish,
Fr=French). As an example, {Ch,IC,Fr} is the set of the values that char-
acterize the block {cs, ca}.

Once the classification process is completed, the chair invites every examiner
to express his / her opinion about every block of Pe, starting from the blocks
that are minimal elements of P: to those that are maximal elements of Pc.
Namely, examiners must first reveal their point of view on the nodes of level 0
of P¢, then on those of level 1 of Pp, and finally on those of level 2 of P.. For
example, they can evaluate the blocks of P¢ by following this order: {c1,...,c12},
{013, e ,023}, {Cl, ey 05}, {CG, ey 611}, {013, e ,617}, {Clg, N ,CQQ}, {61,02},
{es,ea}, {cs 7}, {es,co}, {c13,c1a}, {c15,c16}, {c18,c19}, {c20, c21}. Moreover,
given a block b of Pr and an examiner E, we assume that three possibilities can
occur: E could be in favour of the recruitment of all candidates in b, or E could
not want to hire them, or E could be doubtful about them. Trivially, if E is in
favour of the applicants of b, then E is also in favour of the candidates of all
blocks included in b. For example, if E wants to recruit all candidates having
a master degree in Chemistry, namely those of {cy,...,c12}, then E is also in
favour of hiring the candidates of {c1,...,¢5} and {cg,...,c11}, regardless of
their specialization, and consequently also all candidates of {ci,co2}, {c3,ca},
{c6,c7}, and {cg, co}, regardless of their language certification. Similarly, if E is
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not in favour of the applicants of b, then E is against hiring all candidates of every
block included in b. Therefore, the opinion of E about all blocks of candidates in
P¢ is represented by the sequence of orthopairs O¢(E) belonging to SO(C), that
is

Oc(E) = ((L1(E), &1(E)), (L2(E), £2(E)), (L3(E), £3(E))),
such that

L;(E) =U{b e C; | Eis in favour of hiring the candidates of b} and
E;(E) =U{b € C; | E is not in favour of hiring the candidates of b},

for j =1,2,3.
Once examiners give their opinions, the chair can combine these through
some operations defined between sequences of orthopairs. Hence, if Eq,...,E,,

are our examiners, then the chair can consider the sequence

Oc(E1) x...%xOc(Ep),

where x € {A,Y,®2,®3,®4} (these operations are defined in Section 4.5).

So, if a candidate belongs at least to one of the first components of the pairs in
Oc(Ep)*...xO¢(Ey,), then he / she will pass the first selection; if he / she belongs
to at least one of the second components of the pairs in O¢(E1) * ... * Oc(E,),
then he / she will be excluded; otherwise, the chair will decide about him / her.

In order to provide the reader with a more intuitive representation of the
examiners opinion and their combinations through our operations, we can de-
scribe sequences of orthopairs as labelled graphs defined in Remark 15. Thus,
the labelled poset assigned to the sequence O¢(X) of SO(C) is determined by
the function

Ix : Po— {0707?}

such that

e ifbC L;(X) for some i € {1,2,3},
Ix(b)=qo ifbC&(X) for some i € {1,2,3},
?  otherwise,
where (£;(X),&;(X)) denotes the i-th orthopair of O¢(X).
Now, we assume that the examiners of the commission are two: E; and Es.

Moreover, the opinions of E; and Es are respectively expressed by the following
labelled posets.
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. e 2 . o o ? ?
NSNS N/ /
° ? ? \ ?
\ ? / \ ? /

Fig. 26: Labelled forest of Oc(E1)

Fig. 27: Labelled forest of O¢(Ez2)

The labelled posets assigned to O¢(E1) AO¢(Es), Oc(E1) Y Oc(Es), Oc(E1)®2
Oc(E2), Oc(E1) @3 O¢(E2) and Oc¢(E1) ©®4 O¢(E2) are respectively the following.

NS NS A
S N

Fig. 28: Labelled forest of O¢(E1) A O¢(E2)
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. o ? ?

NSNS NS NS

? ?

N AN

?

Fig. 29: Labelled forest of Oc(E1) Y Oc¢(E2)

Fig. 30: Labelled forest of O¢(E1) ®2 Oc(E2)

NSNS NS NS
N AN
Fig. 31: Labelled forest of O¢(E1) @3 Oc(Ez)

?\?/? ?\?/? ?\?/0 ?\?/?
N N

Fig. 32: Labelled forest of O¢(E1) ®4 Oc(E2)

We can observe that each of the previous operation determines the choice or
the exclusion of some candidates of {c1,...,coq} with respect to the first selec-
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tion. For example, ®y involves the exclusion of candidates c3, ¢4, cg, c9, C13, . . .,
c23, and it does not allow any candidate to be admitted.

We can make the following remarks, in order to compare the results generated
with A, Y, ®2 and ®3. By theorems proved in Section 4.5, by Theorem 1, and by
Theorem 2, we can affirm that A, Y, ®4 and ®3 are respectively obtained starting
from the three-valued operations A, V, ®, and ®s. Therefore, we obtain more
excluded candidates with ®5 than with A, Y and ®3; indeed, ®2 is determined
starting from the Lukasiewicz conjunction ®,, where % ®r % = 0, instead of
% \Y, % = % ®s % = % A % = % More candidates pass the first selection with ®3
than with A and ®9, since ®3 is obtained from the Sobocinski conjunction ®g,
where  ®s1=1®s3 =1,instead of J@®,1=1®,5=4A1=1A1=73. On
the other hand, the operation A refers more candidates to the chair’s decision
than ®; and ©g, since it is defined starting from the Kleene conjunction A,
Where%/\%:%/\lzl/\%:%.

In this context, the operation ®4 can be interpreted as follows. Given j €
{1,2}, we say that the opinion of E; is overall positive, when E; is in favour of
recruiting of at least one block of candidates of F¢, otherwise E;’s opinion is
overall negative. If the opinions of E; and Es are both overall negative, then all
candidates of {ci,...,ca4} are excluded. If only the E;’ s opinion (or the E5’ s
opinion) is overall positive, then the candidates that are negative for E5 (or E;)
are excluded (by negative candidates for E5 (or E;), we mean those belonging to
each block b such that lg,(b) = o (or lg, (b) = o)), and the chairman decides for
the remaining applicants. If the opinions of E; and Es are both overall positive,
then the candidates of each block b in Pe such that g, (b) = lg,(b) = e pass the
first selection, the candidate of each block b in Pe such that g, (b) = lg,(b) = o
are excluded, and the chairman decides for the remaining applicants.

We can notice that each operation belonging to { A, Y, ®2, ®3, ®4} represents
a way to repartition the universe {ci,...,co4} in three sets of candidates: the
selected candidates (those belonging to some blocks with label o), the excluded
candidates (those belonging to some blocks with label o), and the remaining
candidates on which the evaluation is uncertain (those belonging to blocks that
all with label 7). More generally, each sequence of orthopairs of SO(C) deter-
mines a tri-partition (i.e. partition made of three elements) of {c1,...,ca4}. For
example, O¢(E1) and O¢(E2) generate respectively the following partitions of

{01, .. .7024}.

P, = {{017---;05;08709}7 {013,---;016}7{06707,0107011701%0177~-~7C24}}7
Pe, = {{cs,c7,c13, 14}, {c3, ¢4, ¢8, ¢, C15, C16, C185 - - -, C22},
{01702,05,0107011,0127017,6237024}}-

Tri-partitions are at the basis of three-way decision (3WD) theory proposed by
Yao [107]. A three-way decision procedure mainly consists in two steps: dividing
the universe in three regions and then acting, i.e. taking a different strategy
on objects belonging to different regions. In 3WD theory, the standard tools to
trisect the universe are the classical rough sets and orthopairs, namely those
generated by a partition [108]. Then, the lower approximation, the impossibility
domain and the boundary region are called acceptance region, rejection region
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and uncertain region, respectively. On the other hand, a sequence of orthopairs
divides the universe in a more precise way also starting from an incomplete in-
formation table, in which the data are missing. For example, if we focus on the
labelled forest assigned to O¢(E; ), then we can observe that level 2 gives arise the
tri—partition {{61, C2,C3,C4, Csg, Cg}, {013, C14,C15, 016}, {067 C7,C18,C19, C20, 621}}, but
level 1 allows us to put in the acceptance region also the element cs.

Furthermore, operations between sequences of orthopairs represent several
ways to aggregate different tri-partitions of the same universe. For example, if
we consider Y, then the tri-partition made of {cy, ..., ¢y, 13,14}, {c15, c16} and
{c10, €11, €12, C17, - - ., Caqa} is generated starting from P, and P,.

Once the three regions have been obtained, one might need to expand or
reduce one of them. For example, it could occur that the accepted candidates
with ¥ may be too many. Then, we can assign a weight to every object of the
universe, by considering the labels of each block to which it belongs. Let P2
be the j-th level of Pe defined in 30 such that j € {1,...,n}, where n is the

maximum number of elements of a chain in Pez. For each ¢ € {¢1,...,c24}, we
set
1 if c € b where b € P} with k < j and it is labelled with e;
pj(¢) =<0 if c € b where b € P¥ with k < j and it is labelled with o;
% otherwise.

Moreover, we assign to ¢, the following final weight.

ij(C)

w(c) = -

If we focus on the sequences of orthopairs obtained starting from operation ®s3,
we have

_ ’w(cl) = ’LU(CQ) = ’w(C3) = ’U}(C4) = w(c5) = %Hl — g’
14141 2
~ wlee) =wler) = 22 = 2, o
— w(es) = wleg) = wlerz) = w(era) = wlers) = wlere) = %ﬂ - %§
— w(e1g) = w(erg) = w(eg) = w(ear) = w(ca) = %OH) — %;
1,1,1
= w(cw) = wlen) = wlciz) = w(eir) = w(ezs) = w(cas) = 2 ks ; 2 - %

Trivially, w(c) belongs to the real interval [0,1], and it expresses how much the
candidate ¢ must pass the first selection from 0 to 1.

The weights w(cy),...,w(caq) can be used in several ways. For example,

the chair could decide that the candidates with weight greater than %, and so
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c1,Ca,C3,Cq,C5 pass the first selection, and that the remaining candidates are
excluded. Moreover, he could choose two thresholds « and 8 in [0, 1] such that

a < f3. Successively, he can redefine the following tri-partition of {cy,...,co4}
—{ce{er,...,coa} : w(c) < a}} (rejection region),
— {ce{er,. ., e} a <wle) < B} (uncertain region),
— {ce{c1,...,caa} rw(c) > B} (acceptance region).

‘We observe that our procedure can be also applied for sequences of orthopairs
generated by a sequence of equivalence relations that is not a refinement se-
quence. However, the advantage of considering sequences of refinements of or-
thopairs is that once we know that a block V is included in the acceptance region
(or in the rejection region), we also know that all blocks included in N are in-
cluded in the acceptance region (or in the rejection region). Similarly, if we know
that p;(c) =1 (or p;(c) = 0), we also know that p;y1(c) =1 (or pj41(c) = 0).
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5 Modal logic and sequences of orthopairs

“Then you should say what you mean,” the March Hare
went on. “I do,” Alice hastily replied; “at least—at least I
mean what I say—that’s the same thing, you know.” “Not
the same thing a bit!” said the Hatter. “You might just
as well say that ‘I see what I eat’ is the same thing as
‘I eat what I see’!” “You might just as well say,” added
the March Hare, “that ‘I like what I get’ is the same
thing as ‘I get what I like’!” “You might just as well
say,” added the Dormouse, who seemed to be talking in
his sleep, “that ‘I breathe when I sleep’ is the same thing
as ‘I sleep when I breathe’!”

Lewis Carroll (Alice’s Adventures in Wonderland)

In this chapter, firstly, we recall some basic notions of modal logic and the
existing connections between modal logic and rough sets (see Section 5.1). In
Section 5.2, we develop the original modal logic SO, defining its language,
introducing its Kripke models, and providing its axiomatization. Moreover, we
investigate the properties of our logic system, such as the consistency, the sound-
ness and the completeness with respect to Kripke semantics. In Section 5.3 we
explore the relationships between modal logic SO,, and sequences of orthopairs.
Also, we consider the operations between orthopairs and between sequences of
orthopairs from the logical point of view. In the last section of this chapter, we
employ modal logic SO,, to represent the knowledge of an agent that increases
over time, as new information is provided.

5.1 Modal logic S5 and rough sets

Modal logic is the logic of necessity and possibility [38]. It is characterized by the
symbols [ and ¢, called modal operators, such that the formula [(Jp means “it
is necessary that ¢” or, in other words, “y is the case in every possible circum-
stance”, and the formula ¢y means “it is possible that ¢” or, in other words,
“p is the case in at least one possible circumstance”. However, necessity and
possibility are not the only modalities, since the term modal logic is used more
broadly to cover a family of logics with similar rules and a variety of different
symbols [51]. In this thesis, we are interested in propositional modal logic S5,
that was proposed by Clarence Irving Lewis and Cooper Harold Langford in
their book Symbolic Logic [69].

Now, we briefly describe the syntax and the semantics of modal logic S5 [29].
The S5-language contains all symbols of propositional logic, plus the modalities
O and ¢. In terms of semantics, the formulas of S5-language are interpreted
with the Kripke models. A Kripke model of S5 is a triple consisting of a universe
U (its element are named possible worlds), an equivalence relation R on U, and
an evaluation function v, that assigns to a propositional variable p the set of all
worlds of U in which p is true. We can extend v on the formulas of propositional
logic as usual and on the modal formulas as following. Let p be a propositional
variable, and let u € U,
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Op is true in w if and only if “p is true in every world v of U such that uwRv”, and
Op is true in u if and only if “p is true at least in a world v of U such that uRv”.

The axiom schemas are obtained by adding the following schemas to those of
propositional logic.

Definition 51 (Axioms of S5).

K. O(p = ¥) = (Qp — ) (distribution aziom);
T. Oy — ¢ (necessitation axiom);
5. O — O0p.

We notice that Aziom 5 it is equivalent to the set of axioms made of

B. ¢ —» O0p and
4. O — O0p.

The inference rules are the modus ponens and the necessitation rule (¢/Cgp). We
stress that S5 belongs to the family of normal modal logics, that are characterized
by adding the necessitation rule, and a list of axiom schemas Az including K to
the principles of propositional logic. The weakest normal modal logic is named
K in honour of Saul Kripke, where Az={K}. Thus, S5, as every normal modal
logic, is an extension of K. A further example of normal modal logic is S4, that
is obtained by adding to system K the axiom schemas T a and 4.

The system S5 is sound and complete with respect to the class of all Kripke
models of S5.

Moreover, propositional modal logic is also interpreted as an extension of
classical propositional logic with two added operators expressing modality [56].
Since Pawlak rough set algebra is an extension of Boolean algebra (see Remark
3), the relationship between propositional modal logic and rough sets appears
intuitive. In particular, modal logic S5 is connected with rough set theory, since
the necessity and possibility can be interpreted as the lower and the upper ap-
proximation [82] [81]. Hence, let (U, R,v) be a Kripke model of S5, we have
that

I8¢lly = Lr(llellv) and [[Oell = Ur((l¢llv),

where |||y, ||O¢||v and ||Oy||v are made of possible worlds in which ¢, O¢ and
Qi are true, respectively.

It is important to recall that S5 can be considered as an epistemic logic in the
sense that it is suitable for representing and reasoning about the knowledge of an
individual agent [46] [68] [42]. Indeed, the formula [y can be read as “the agent
knows ¢”. Moreover, the axioms of S5 express the properties of the knowledge.
For instance, Schema 4 expresses the fact that if an agent knows ¢, then she
knows that she knows ¢ (the positive introspection aziom).

5.2 Modal logic SO,

In this section, the novel modal logic SO,, is developed.
From now, by refinement sequence, we mean a refinement sequence of partial
partitions of the given universe, and we fix an integer n > 0.
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Language of SO,,

We indicate the language of SO,, with L. Then, the alphabet of L consists of

— a set Var of propositional variables;
— the logical connectives A and —;
— the sequences of modal operators ((Jq,...,0,) and (O1,...,On).

The propositional variables are typically denoted with p, g, 7, ... and refer to the
statements that are considered basic, for example “the book is red”. The symbols
A and — are respectively the conjunction and negation of classical propositional
logic. Fixed i € {1,...,n}, we call i-box and i-circle the modal operators [J; and
O, respectively.

We denote the well formed formulas of L with Greek letters. As usual, the
set Form of all well formed formulas of L is the smallest set that contains Var
and satisfies the following conditions. Let ¢, € Form,

— if ¢ € Form, then —¢, O;pp, O;p € Form, for each i € {1,...,n};
— if ¢, 9 € Form, then ¢ A ¢ € Form.

We simply call the elements of Form formulas or sentences. Moreover, the alpha-
bet of L also contains the brackets “(” and “)” to establish the order wherewith
the connectives work in the complex formulas. In this way, the language is clear
and has no ambiguity.

The abbreviations introduced in the next definition, except the last one, are
the standard abbreviations defined for the classical propositional logic [65].

Definition 52 (Abbreviations in L). Let ¢, € Form and p € Var,

1. L :=pA-p (false);

2. T :=-1 (true);

3. oV = (—p A ) (disjunction);

4. o ==V (implication);

5. o= = (p =) A (Y = @) (equivalence);
6. N =0, (i-triangle) with i € {1,...,n}.

We employ the convention that <+ dominates —, and — dominates the remaining
symbols. For example, the formula [0;p — ¢ is understood as ((;p) — q.

By schema, we mean a set of formulas all having the same form. For example,
the schema o A 1 is the set {p A | ¢, 9 € Form}.

Semantics of SO,

We define the Kripke models of SO,,, which we also call orthopaired Kripke
models or SO,,-models.

Definition 53. A Kripke model of SO,, is a triple
M = (U, (Rl, e ,Rn), V),

where
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1. U is a non-empty set of objects,

2. (Ry,...,R,) is a sequence of equivalence relations on U (i.e. for i from 1
ton, R; C (U xU) and R; is reflexive, symmetric and transitive) such that,
let u e U,

— Ry(u) # {u}, and
— Riy1(u) C Ri(u), for each i < n;

8. vis an evaluation function that assigns a subset of U to each element of Var

(i.e. v: Var 2V where 2V is the power set of U ).

We say that U is the domain or the universe of M, the elements of U are the
states or the possible worlds of M, and Ry, ..., R, are the accessibility relations
of M. The pair (U, (Ry,...,R,)) is called Kripke frame of SO,,. Moreover, let
p € Var, if u € v(p), then we can say that p is true at u in M.

Remark 21. The domain of an orthopaired Kripke model has at least two ele-
ments.

Ezample 38. Let Var = {p, q,r}, we suppose that

- U: {a7b7c’d}7

- R = {(aab)v (b, a)a (Ca d)v (da C)} U {(uv u) | u € U}v

Ry ={(a,b), (b;a)} U{(u,u) | ue U},

— v is a function from Var to 2V such that v(p) = {a,b,c}, v(q) = {c,d} and

v(r) ={a,c}.
Then, M = (U, (Ry, R2),v) is a Kripke model of SO,,.

Orthopaired Kripke models are also models of modal logic S5™ developed in
[46]. However, a Kripke model of S5™ is not always a Kripke model of SO,; in
fact, the accessibility relations of each S5™-model have only the property to be
equivalence relations.

Definition 54 (Kripke models of SO, as graphs). A Kripke model M =
(U,(R1,...,Rn),v) of SO, is represented by the graph Guq, where

— the set of the vertices is U,
— two vertices are connected with the labeled edge i if and only if

i=max{j € {1,...,n} | (a,b) € R;}.

— the label of u € U is the list of the propositional variables that are true at u
in M.

Ezample 39. Suppose that Var = {p} and M = (U, (R1, R2),v) is a Kripke
model of SO,,, where

— U ={a,b,c,d,e};
— Ri1={(a,b), (b,a),(a,c), (c,a), (b, c),(c,b),(d,e),(e,d)} U{(u,u) | u € U},
- RQ = {(aab)v (b7 CL)} U {(uau) | U € U}a
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Fig. 33: Graph G

- V(p) = {avba d}
The graph G is as in Figure 33.

The notion of truth of a formula in a Kripke model of SO, is given by the next
definition.

Definition 55. Let M = (U,(Ry,...,R,),v) be a Kripke model of SO,,. The
notion of (M, u) = ¢ is inductively defined as follows.

u) |=p, with p € Var iff “u e v(p) =|lpl|,”;
M»ﬂ) E(eAy) iff “(M,u) e and (M,u) E 7
Mu) = —p dff “(Mu) E 7

M,U) EOip iff “ Ri(u) Clelly and Ri(u) # {u}”;
Mu) = Qip iff “ul= ¢ and Ri(u) # {u}”;

where |||, is the truth set of ¢, that is

lelly ={ue U] (M,u) E ¢}

(M, u) = ¢ can be read as “gp is true at v in M” or “p holds at v in M” or
“(M, u) satisfies ¢”. Moreover, we say that “p is false at w in M” if and only if
(M, u) = . We can write u |= ¢, instead of (M, u) = ¢, when M is clear from
the context.

=

Remark 22. The points 1, 2 and 3 of Definition 55 are given for standard Kripke
semantics too. Also, once fixed i € {1,...,n}, u = O;¢ differs from v = Oy,
where [ is the necessity operator of S5 logic interpreted by R;, since the addi-
tional condition R;(u) # {u} is required.

The next proposition follows by Definition 52 and Definition 55.

Proposition 14. Let M = (U,(Ry,...,R,),v) be a Kripke model of SO,,.
Then,

1. (M,u) E (V) iff “either (M,u) |E ¢ or (M,u) E¥7;
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2. (M,u) b= LDip iff “ Ri(u) Nllolly =0 and Ri(u) # {u}”;
3. Mu)Ep = iff “(M,u) E @ implies that (M,u) E7”;
4. Mou) Ep =9 iff “(M,u) =@ if and only if (M, u) 7

for each u e U, ¢, € Form and i € {1,...,n}.

Remark 23. It is clear that

(M u) = Avp it Ri(u) Nlell = 0;
- Mu) Eo i (M,u) |E Orp;

— If (M, u) E Oigp, then (M, u) = ¢

— If (M, u) E O;p, then (M,u) E Qip;

for each ¢ from 1 to n.

The following theorem expresses the connection between the logical connectives
of L and the set-theoretic operations.

Theorem 34. Let M = (U, (R1,...,Ry),v) be a Kripke model of SO,,. Then,

|[L]], = 0;

1Tl =U;

=@l = U\ llellv;

o Ay = [l N ][9]

1o Vablly = [l U l[9]lv;

e = ¥[lv = (U\ llellv) Ull¥v:

lle = ¥llv = (U \lellv) Ul[¥11) N (U N\ (1) Ullellv);

|Ciplly ={u e U | Ri(u) Cl¢llv and Ri(u) # {u}};

[|A:ollv={u € U | R;(uw)N||pl|,=0 and R;(u) # {u}}; for i from 1 to n.

© 0 RSO oo~

Let Cl,, be the class of the Kripke models of SO,,, we define the notion of
validity in the models that belong to Cl,,.

Definition 56. Let M € Cl,. Then, for each ¢ € Form, we write

- EM o iff “(M,u) = ¢, for every world u in M”, and we say that ¢ is
valid in M;

— B o iff “EM o, for every model M in Cl,”, and we say that ¢ is valid
in Cl,.

From the previous notions of validity, two logical consequence relations can
be formally defined.

Definition 57. For each M € Cl,,, p € Form and I' C Form, we write
— =My dff “if EM T, then =M ¢”, and
I'E o iff “if =% I, then =% 7.

Proposition 15. Leti € {1,...,n}, the instances of the following schemes are
SO, -tautologies.
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Aba,. AL

Disto,. Oi(e A ) =00 A O,
Dista,. Ai(pV) = Do A D,
Pi. = Oip = (FHip Vv =Aip).

Ps. (ﬁ Oi © N gO) — (ﬁDi(p A\ ﬁA,@D).

Proof. Let M = (U,(Ry,...,R,),v) € Cl,, and let u € U.

Aba,. By Definition 53, Ry(u) # {u}; moreover, by Theorem 34, || L], = 0.
Then, (M,u) E A L.

Dist,. By Theorem 34, ||¢ A ||y = [|¢]lv N [[¢]]v. Trivially, R;(u) C ||o A ]y
if and only if R;(u) C ||¢||v and R;(u) C ||¢||y. Then, (M, u) = O;(@ A) if
and only if (M, u) E O A 0.

Dista,. (M,u) = Di(e Vo) if and only if R;(u) C |l¢ V 9|y and R;(u) #
{u}. By Proposition 14, R;(u) N ||¢ V ¥|ly = Ri(uw) N (||ellv U [|¥]]v). Since
Ri(u) 0 ([lelly U I[) = (Ri(u) O [J@llv) U (Ri(w) N ]9]ly), we have that
R;(u) N || V|, =0 if and only if R;(u) N||p|ly = 0 and R;(u) N |||}, = 0.
Then, (M,u) = A;p and (M, u) | Aj.

P;. Suppose that (M,u) E = O; ¢. Then, (M,u) £ ¢ or Rj(u) = {u}. If
(M, u) £ o, then =0;¢ is true at w in M. If R;(u) = {u}, then both —0;¢
and —/\;p are true at u in M.

Po. If  M,u) = -Qi ¢ Ay, then R;(u) = {u}. Consequently, both —[J;¢ and
-/A\;p are true at u in M.

Azxiomatic system of SO,

The orthopaired modal logic SO, is the smallest set of sentences that contains
the instances of the axiom schemes of propositional logic and the instances of
the axiom schemes of Definition 58, and that is closed under the inference rules
of Definition 59.

Definition 58 (Axioms of SO,,).

Zo,. O)T.
Defl. DZQO = Ai_'(p

Defg. OZQD = OlT AN @Y.

Kg,. Di(p = ¢) = (Oip — Oi0).

To,. Ui — ¢.

Bo,. Oip = Uinbe.

4[]1.. Dl‘@ — DzDZQD

Rlp,. OQip = (050 — Oip), with j <.
NStOi. Oz(p — Ojgp, with 0 < 7 <u.
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Definition 59 (Inference rules of SO,).

MP. W (Modus Ponens).

=Y

O;Mn. —2 %
™ O = 0w

, for each i € I.

We notice that Schema Zg, ensures that all equivalence classes of the first
accessibility relation of the SO,-models are not singletons. Furthermore, fixed
i € {1,...,n}, Schema Def; allows us to obtain [J; through the modal operator
Ay vice-versa, we also have that A;p = [0;—p. Trivially, Defy is introduced to
individuate the possible worlds of which the i-th equivalence class is a singleton.
Schemas Kg,, T, and 40, are respectively the schemas K, T, and 4 that char-
acterized S4 (see Definition 51), where O = [0, and ¢ = —=A,;. Thus, Kg, states
that the operator [; distributes over the implication —; T, and 4g, express
respectively that the accessibility relations of all SO,-models are reflexive and
transitive relations. On the other hand, taking [J; = [, B, is not equal to B;
they are different because the hypothesis of B, (O;¢) is stronger than the hy-
pothesis of B (p); so, we can say that each relation of each Kripke model of SO,
is a strongly symmetric relation. Furthermore, B, is equal to B, since Zg, re-
quires that the condition Ry (u) # {u} is satisfied, for each possible world u, and
for each accessibility relation R; of the SO,,-models. Moreover, by Schema B,
we can observe that the accessibility relations of the SO,,-models satisfy the eu-
clidean property. Also, we have to stress that the modal operator A; corresponds
to the negation of the possibility operator { of every modal logic. In addition,
the schemas Eq, R1c,, R2, and Nst, provide some connections between the
operators (); and O0;. More precisely, Eq affirms that both (M,u) = O;T and
(M,u) = O;T mean that R;(u) is not a singleton. R1), guarantees that each
relation is finer than the previous one, namely R;11(u) C R;(u) for each i > 1.
By R2,, we have that (; follows from ;. On the other side, Nst), states that
if R;(u) is not a singleton, then all equivalence classes of the previous relations
to R; containing u are not singletons. Finally, we can notice that T, is obtained
from Def; and R2(,.

Remark 24. Suppose that Schema Zp, is substituted by the schemas - (O T,
.., 7 On T. Then, each equivalence class of each accessibility relation of the
SO,-models is a singleton. In this case, it is clear that all axiom schemas of
Definition 58 are trivially satisfied by each SO,-model. Moreover, if n = 1,
then the axiom schemas Eq, R1,, R2, and Nsto, are trivially satisfied by
each SO;-model. Thus, the axiom schemas of our logic is obtain by adding Zp,
to those of modal logic S5 and by setting ; = O and A; = =0. Clearly, in
this case, the Kripke models of SO; are all Kripke models of S5 such that the
equivalence classes of their accessibility relations are not singletons.

Soundness and Completeness of SO,
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Next, we prove the soundness of SO, system with respect to the class of
models Cl,, already defined.

Theorem 35. The axiom schemes of SO, are valid in the class Cl,, and the
rules preserve the validity in this class.

Proof. Let M = (U,(Ry,...,R,),v) be a model of Cl,,. Fixed u € U, we prove
that each instance of the axiom schemas of SO,, is true at v in M.

Zp,. By Definition 53, Ry(u) # {u}, and by Theorem 34, ||T||, = U. Then,
(M,’LL) ’: DlT

Def;. (M, u) = O;¢ if and only if R;(u) C ||¢||v and R;(u) # {u}, by Definition
55. Moreover, R;(u) C ||¢l||v if and only if R;(u) N (U \ ||¢|lv) = 0. However,
by Theorem 34, U \ ||¢||v = ||=¢]|v, So, it is clear that (M, u) |E A;—e.

Def,. It is trivial.

Kp,. Suppose that (M,u) = O;(¢ — ¢) and (M, u) = O;¢. Then, R;(u) #
{u}, Riw) € [lp — wlly and Ry(w) C [lgll By Theorem 34, [l — b]l, =
(U\|lellv)Ul|¥]|v- Therefore, it is obvious that R;(u) C ||¢|]y and so (M, u) =
0.

Tpg,. Suppose that (M, u) = O;¢. Then, R;(u) C ||¢||v- By Definition 53, R; is
reflexive and so u € R;(u). Consequently, (M, u) | .

Bpg,. Suppose that (M, u) = O;p. Then, (M,u) = ¢ and R;(u) # {u}. Since
u € ||¢||v, we have that

Ri(u) O]l # 0. (38)

On the other hand,
[Aiplly ={v € U | Ri(v) # {v} and R;(v) N|le|lv = 0} (39)

By 38 and 39, R;(u) N||A;¢|ly = 0. Therefore, R;(u) C U \ ||A;¢l||v and so
Ri(u) C ||=A;¢]|v. Consequently, (M, u) = A p.

40,. If (M, u) = O, then R;(u) C ||¢||v and R;(u) # {u}. On the other hand,
10:olly = Unev{Ri(v) | Ri(u) # {u}}. Then, R;(u) C ||T;¢||v. Therefore,
(M) = il

Eq. By Theorem 34, we have that ||T||, = U. Then, both [0; T and ;T are
true at v in M if and only if R;(u) # {u}.

R10),. Suppose that (M, u) = Oip and (M, u) = Ojp. Then R;(u) C ||¢]l-
Since j < i, R;(u) € R;(u). Therefore, R;(u) C ||¢||v. Since (M, u) = Osp,
we also have that R;(u) # {u}. Then, (M, u) = O;.

R2,. Trivially, R;(u) C ||¢||v implies that u € ||¢||v, since R; is a reflexive
relation.

Nesty,. Let j < i, if R;(u) # {u} then R;(u) # {u}, since R;(u) C R;(u);
indeed (M, u) = Oip = Oj¢.

We prove that if the hypothesis of the inference rules are true at u in M, then
the thesis is also true at u in M.

MP. It is trivial.



Sequences of Refinements of Rough Sets: Logical and Algebraic Aspects 83

0;Mn. By Theorem 34, if (M, u) = ¢ — 1, then |||y C ||¢|ly. If (M, u) |=
O, then R;(u) C ||p|ly and R;(u) # {u}. Then, it is clear that (M, u) = .

Corollary 3. The SO,, system is sound with respect to the class of models Cl,
(i.e. if Fso, ¢ then =q, @, for each ¢ € Form).

We usually write “Fsp, ¢” to mean that ¢ is a theorem of SO, this is
Fso, ¢-

In terms of theoremhood, we can characterize notions of deducibility and
consistency.

Definition 60. A formula ¢ of Form is deductible or derivable from a set of
sentences I' in the system SO, written I' Fso, ¢, if we have

Fso, (1 Ao Apn) = @,

where p1,...,p, are formulas in I

Definition 61. A subset I' of Form is consistent in SO,,, written Congso, I, if
and only if the falsum is not deducible from I" in SO,,, namely I /so, L.
Thus, I' is inconsistent in SO,, just when I' Fgo, L.

Next, we define the idea of a canonical model for axiomatic system SO,,, and
we prove some fundamental theorems about completeness. Before of introducing
the concept of canonical model, we need to define the concept of maximality.
Intuitively, a set of formulas is maximal if it is consistent, and it contains as
many formulas as it can without becoming inconsistent. We write Maxgo,, I" to
indicate that I" is SO,-maximal, and we formally give the definition as follows.

Definition 62. Let I' C Form, Maxgo, I if and only if

1. Consgo, I', and
2. for each ¢ € Form, if Consgo, ( I'U{p} ) then p € I'.

Now, we have to recall Theorem 36, the Lindenbaum’s lemma and its two
corollaries (found in [29]) for the maximal consistent sets of logical systems. By
logical system, we mean be any set which contains certain initial axioms and
which is closed under certain rules of inference. Moreover, we write MaxsI to
denote that I is Y-maximal.

Theorem 36. Let X' be a logical system, and let Max I, then

1. ~peliff g I;
2. oNv el iff el andy € I
S.p—=>vel iffifpel, thenty el

Theorem 37 (Lindenbaum’s lemma). [93] Let X be a logical system. If
ConxI’, then there is a Maxx A such that I’ C A

Corollary 4. Let X be a logical system. Then,
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Fx ¢ if and only if p € A,
for every Maxx A.

Corollary 5. Let X be a logical system. Then, I' Fx ¢ if and only if ¢ is an
element of every Maxs A such that I' C A.

In terms of maximality we can define what we shall call the proof set of
a formula. Relative to system SO,,, the proof set of a formula ¢ (denoted by
| ¢ |so, ) is the set of SO,,-maximal sets containing (.

Definition 63. Let ¢ € Form, we set
| ¢ |so,={Mazso,I' | ¢ € I'}.

We can state that a formula is deducible from a set of formulas if and only if it
belongs to every maximal extension of the set.

Theorem 38. Let I' C Form, and let ¢ € Form. Then,
I'tso, ¢ if and only if ¢ € A for every A €| I |so,
Proof. 1t follows from the Lindenbaum’s Lemma.
Definition 64. The canonical model of SO,, is the structure
M* = (U",(R},...,R}),v")

that satisfies the following conditions.

~

U*={I' C Form: Maxso, I'};

2. For every w',w € U*,w' € Rf(w) iff {¢|Tip € w} Cw' (namely, wRiw'
if and only if every formula ¢ belongs to w', whenever J;p belongs to w),
and O; T € w;

3. v*(p) =|plso,, for each p € Var.

The canonical model has this property: if w € U*, then the formulas that are
true at w in M™ are all and only the formulas belonging to w. More precisely,
the following theorem holds.

Theorem 39. Let M* be the canonical model of SO,,. Then, for every possible
world w of M* and for every formula ¢ of Form,

(M*,w) =@ if and only if ¢ € w. (40)

Proof. In order to prove the statement 40, we use the induction on the length
of the formulas. By the definition of v* and by Definition 63, the propositional
variables satisfy 40 (case base). Suppose that the statement 40 holds for the
formulas ¢ and 1 (induction hypothesis), we intend to prove that —, p A ¥,
Oie and O satisfy 40for each ¢ € {1,...,n} (induction step).
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(=¢). By Definition 55, (M™*, w) |= = if and only if (M*, w) [ ¢. By induction
hypothesis, we have that ¢ ¢ w, namely —¢ ¢ w, since Theorem 36 holds.

(¢ A ). By Definition 55, (M*,w) = ¢ A4 if and only if (M*,w) = ¢ and
(M*,w) E 1. By induction hypothesis, we have that ¢ € w and ¢ € w,
namely ¢ A ¢ € w, since Theorem 36 holds.

(0;¢). Suppose that (M*, w) = O;¢. Then, by Definition 55, R} (u) C ||¢]|v=-
Therefore, if w’ € U* and {¢ | ;¢ € w} C w’, then (M*,w’') | ¢. By in-
duction hypothesis, ¢ € w’. Then, w’ Fgp, ¢, by Theorem 36. By Corollary
5 {¢ | O € w} Fso, ¢. So, by Definition 60, Fso, ¥1 A... A, — . By
rule O;Mn, - ;91 A ... AOpv — O; € w. Moreover, by modus ponens,
Uip € w.

Let O;¢ € w, we intend to prove that R} (w) C
Firstly, suppose that w’ € R} (w), then {¢ | O;¢
since ;¢ € w. Then, w € ||o||v=.
By schema R2n,, O;¢ — O;¢ € w and by hypothesis ;¢ € w. Then, by
modus ponens, ;¢ € w, and so R} (w) # {w}.

(Oip). M*;w) E Oup if and only if (M*,w) = ¢ and (M*,w) = O;T.
Then, by induction hypothesis, ¢ € w and by definition of canonical model
OiT € w. They are equivalent to say that ¢ A O; T € w, namely O;p € w.

lellv+ and R} (w) # {w}.
€ w} Cw'. Thus, ¢ € w,

Theorem 40. The canonical model M* = (U*,(R],...,R}),v*) is a Kripke
model of SO,,.

Proof. (R} is reflexive). Let w € U* such that O;¢ € w. By the schema T; of
Definition 58 (d;¢0 — ¢) and by Theorem 36, we have that ¢ € w. Then,
whRiw.

is symmetric). Suppose that wRiw’, with w # w’. Therefore, R} (w) #

{w} (consequently, O;T € w), and {¢ € Form | O;p € w} C w'. Let

¢ € Form such that O;¢ € w’. We have to prove that ¢ € w. If ¢ ¢ w, then

- € w. By Schema Def;, (O;—¢ € w. By Schema By, and by Theorem

36, 0;~A;—¢ € w. By hypothesis, =A;~¢ € w’', namely A;—~¢ ¢ w'. By

Schema Defy, ;¢ ¢ w’. The latter is an absurd, since we have assumed

that O, € w'.

(R} is transitive). Suppose that wRIw’ and w’'Rfw". Consequently, {¢ € Form |
Oip € w} Cw and {p € Form | O, € w'} C w”. Let ¢ € Form such that
Oip € w, we have to prove that ¢ € w”. By schema 40, of Definition 58 and
Theorem 36, if O;pp € w, then ;00;¢ € w. By hypothesis, O;pp € w’ and so
pew”.

(R} (w) # {w}, for each w € U*). We consider w € U*. By Definition 64, O;T €
w. Then, O1 T
€ w and so R} (w) # {w}.

(R 1(w) € Rf(w), for eachie{l,...,n—1}). Let w' € Rf (w) and ¢ €
Form such that ;¢ € w. We have to prove that ¢ € w'. By Schema T, the
hypothesis that [J;¢0 € w implies that ¢ € w. By Definition 64, ;41 T € w.
Consequently, O; T A ¢ € w and so ;119 € w.

Since Rit1(w) # {w}, then Q11T € w. By schema R1¢), of Definition 58
and Theorem 36, [J;11¢ € w. Then, ¢ € w'.

(R;

?
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5.3 Orthopaired Kripke model and sequences of orthopairs

In this section, we intend to investigate on the connections between sequences
of orhopairs and modal logic SO,,. The relationships between rough sets and
modal logic have been explored by several authors (see [70] for a list); the most
studied one concerns Pawlak set theory and modal logic S5 [8] [94]. As we have
already said in Section 5.1, the intuition behind this link is that the lower and
the upper approximations can be regarded as two unary operations on subsets
of the given universe. Thus, let U be a universe, and let R be an equivalence
relation on U, the Pawlak rough set algebra (2Y,N,U, =, Lr,Ur,D,U) is an ex-
tension of the Boolean algebra (2V,N,U,—,0,U) (see Remark 3), and then it
may be interpreted in terms of the notions of topological space and topological
Boolean algebra [8].

Firstly, we prove that there is a one-to-one correspondence between refine-
ment sequences and Kripke frames of SO,,.

Without loss of generality, let be C = (C4,...,C,) a refinement sequence of
U, we suppose that its first partition C; covers U.

Let n be a positive integer. We denote the set of all refinement sequences
made of n partial partitions with RS,,, and the set of all Kripke frames of SO,,
made of n equivalence relations with F,,.

Definition 65. We consider the map f : RS, — F,, where, letC € RS,,, f(C) =
(U, (Ry,...,Ry)) € F,, such that

1. U:U{b|bECl}7
2. wRv if and only if u = v or {u,v} C b, with b € C;; for each u,v € U and
ie{l,...,n}.

Clearly, let (U, (Ry, ..., R,)) € Fu, then f~Y((U,(Ry, ..., Ry))) is the refinement
sequence (Cy,...,Cy) of U such that

Ci ={Ri(u) | v €U and R;(u) # {u}}.
Proposition 16. The function f is a bijection.
Proof. 1t is trivial.

Let C € RS,,, we denote f(C) with F¢. vice versa, let F € F,,, we denote
£71(C) with Cr.

Ezample 40. Let C = (C1 = {{a,b,c},{d,e}},Cy = {{a,b}}) be a refinement
sequence of {a, b, c,d,e}. Then, f(C) = ({a,b,c,d, e}, (Ry, Rs)), where
1. Ry = {(a,b),(b,a),(a,c),(c,a),(b,c),(c,b),(d,e),(e,d)}U{(u,u) | u € {a,b,ec,
d,e}} and
2. Ry ={(a,b),(b,a)} U{(u,u) | v € {a,b,c,d,e}}.

Vice versa, f~1(({a,b,c,d, e}, (R1, R2)) =C.
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Therefore, function f allows us to identify Kripke frames of SO,, logic having
U as universe with refinement sequences of partial partitions of U. Furthermore,
we can observe that Kripke frame (U, (Ry, ..., R,)) corresponds to the sequences
of Pawlak spaces ((U, R1),..., (U, Ry)).

The following theorem establishes a connection between sequences of or-
thopairs and the modal operators (Oi,...,0,) and (Aq,...,A,) of SO, logic.

Theorem 41. Let F = (U,(Ry,...,Ry)) € F, and (F,v) € C,,. Then,
(NBiel|v, [|1Dielly) is the orthopair of ||¢||v generated by the i-th partition of Cr.
Therefore,

CUIBellv [1A1lv), -5 (Bnellv [[Anellv) )

is the sequence of orthopairs of ||¢||, generated by Cr.

Proof. The proof follows by Definition 55 (point 4), Proposition 14 (point 2) and
Definition 65.

Ezample 41. Let F be the Kripke frame of Example 40. We suppose that Var =
{p, q} and we consider the Kripke model (F,v) such that v(p) = {a,b, c}, and
v(q) = {a,b,d}. Then, ||p A q||v = {a,b}. Moreover,

(102 pAgllv, [1A1 pAgIN), (102 pAglly, [[A2 pAglly) ) = (0, {d, €}), ({a, b}, 0)),
that is the sequence O¢.(]|¢||v)-

Trivially, let v and v’ be two evaluation functions such that v # v', then the
sequence Oc, (||¢]|v) is not usually equal to Oc.-(||¢]lv)-

Ezample 42. We consider the Kripke model (F,v) of Example 41 and the Kripke
model (F,v') such that v'(p) = {a,d,e} and v’ = {d, e}.

Then, ||p/\ q||V' = {d’ e} and so OCJ—'(HQDHV') = (({d7 6}, {a) b, c})v (®7 {av b}))7 that
is not equal to the sequence Oc.(||¢|v)-

Given a Kripke model (F,v) of SO,, and two formulas ¢ and 1, there exists a
formula obtained from ¢ and v that is valid in (F¢, v) if and only if the sequences
of orthopairs of ||¢||y and ||¢||, generated by Cr are equal to each other. More
precisely, the following theorem holds.

Theorem 42. Let ¢, € Form and (F,v) € C,, then
Ocx(lell) = Ocx (19l iff  EF \Qip = 0it) A (Bigp = Didh).
i=1

Proof. Notice that, by Proposition 14, |:(]:7") (O;p = O) if and only if
[1E;illv = |E:%||v, for each ¢ € {1,...,n}. Then, the thesis clearly follows.

The following remark shows that the modal operators (1, ..., (O, allow us to
understand what are the elements that are lost during the refinement process.
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Remark 25. Let C = (C,...,Cy) be a refinement sequence of U, through the
modal operator (), it is easy to check whether an element of U belongs to a
block of the Cy; thus, let uw € U and i € {1,...,n}, we have that

we |J b ifand only if ((Fe,v),u) = OiT,
beC;

for each evaluation function v.

Furthermore, we can express the property of safety of refinement sequences of
partial partitions by using the modal operators (Oi,...,0,) and (O1,...,On)
(the meaning of safe refinement sequence is given in Definition 44).

Theorem 43. Let C be a refinement sequence of U. Then, C is safe if and only
if the following condition holds:

“if (M,u) =00 and i < j, then R;i(u) = R;(u) or there exists v’ € R;(u)
such that (M,u') = = Oj @7 (or “if (M,u) = DNip, then Ri(u) = Rj(u) or
there exists u' € R;(u) such that (M,u') = =~ O; —~¢”), for each ¢ € Form,
M= (Fe,v)€Cph,uc U andi€{l,...,n—1}.

Proof. (=). We suppose that (M, u) = O;¢ and R;(u) # R;(u), with j > 1.
We notice that R;(u) € C;, since R;(u) # {u}. On the other hand, R;(u) ¢ C},
since R;(u) # R;(u). So, we call Ny, ..., N,, the blocks of C; that are included
in R;(u). By Remark 13, the successors N1, ..., N/ of R;(u) belong to Cj, where
i < k < j. Since C is safe, there exists v’ € R;(u) such that v’ ¢ N{ U...UN/
(see Definition 44). Then, v’ ¢ U{b | b € C}} and so v’ ¢ U{b | b € C;}. Then,
R;(u') = {u'} and this means that (M, ') = - 0O; ¢.

(«<). Let N € Pz. Suppose that Ny,..., N, are the successors of N in
Pc. We intend to prove that Ny U...UN,, C N. We consider the evaluation
function v such that v(p) = N, where p € Var. If N € C;, then there exists
u € U such that N = R;(u). Trivially, we have that ((F¢,v),u) E O;p. We
notice that Ni,..., N, belong to C;, with j > ¢. By hypothesis, there exists
v’ € R;(u)(= N) such that ((F¢,v),u) == O; p. Then R;(u’) # {u'} and so v/
does not belong to some nodes of C;. Therefore, v’ € N, but v/ ¢ N1 U...UN,,
and so by Definition 44, C is safe.

As a consequence of the previous theorem, we can express the results of
Corollary 2 for refinement sequences of partial partitions by using the modal
operators (Oi,...,0,) and (O1,...,On) as follows.

Theorem 44. Let C = (C,...,C,) be a refinement sequence of U. Then, K3
s a finite IUML-algebra if and only if the following condition holds:

“f (M, u) = 0O and i < j, then R;(u) = R;(u) or there exists v’ € R;(u)
such that (M, u') = = Oj @7 (or “if (M,u) = Dip, then Ri(u) = Rj(u) or
there exists u' € R;(u) such that (M,u') = = (Oj —¢”), for each ¢ € Form,
M= (Fe,v)€Ch,ue U andie€{l,...,n—1}.

However, by using modal logic, we can also express the results obtained for the
structures Ké, ]K(QZ and Ké in Section 4, but only when C is a refinement sequence
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of partial partitions (we recall that such algebraic structures, except Kg, are
generated by refinement sequences of partial coverings of the given universe).

At the end of this section, we intend to include the operations A, Y, <1, ®2,
9, @3 and <3 defined on sequences of orthopairs of partial partitions (see 50)
in our modal logic. 2

Theorem 45. Let ¢, € Form and (F,v) € Cl,. If Cx is safe, then

Ocx(llellv) A Ocx([[¢[lv) = (A1, B1), - -+, (An; Bn)),
where (A;, B;) = (||Qip ATi0| 2, || Dip V A||y), for each i € {1,...,n}, and

Oc([lellv) Y Ocx(l[¢llv) = (Cr, D), - -, (Cy Dn)),
where (Cy, D;) = (||[Dip V Oi||v, || D A D[, for eachi € {1,...,n}.

Proof. By Theorem 30, Oc,(||¢llv) A Ocy([I¥|lv) = ((A1,B1),...,(An, By)),
such that (4;, Bi) = (Li(llellv), Ei([lellv)) A (Li(lllIv), E(llIN)) = (L[l llv)
N L;(|Yllv), E(lellv) U E([|¢]lv)). Suppose that w € U, we have that v €
Li(llellv)NLi([[#[lv) if and only if Ri(u) C [[¢lly, Ri(u) C ||[¢]ly and R;(u) # {u},
namely v = O;p A O;¢. Moreover, v € & (|l¢llv) U E(]|¥]|v) if and only if
R;(u) # {u} and either R;(u) C ||p||y or R;(u) C ||¢|]y, namely u = DV Aep.
The proof for the operation Y is analogous.

Definition 66. Let ¢, € Form, we recursively define the sequences of formu-

las (Oél(QO, 1/})7 B O‘n(%%w)); (ﬂl(gpa ’l,[}), ceey 6”(@7 11[}))7 (’71(%071/))’ tety ’Yn(%d’))a

(51(9071/1)» ceey 5n(90,¢)): (61(5071/})3 ey Gn(%l/f)): (Cl(@a T;Z)), teey Cn(@ﬂ/))), (771(%

d})v s 7(7771,((;0)7)/(#))}(?[1(@71#)7 ) 977,(@71#)); (Ll(% dj)» ) Ln(%(ﬁ)) and (51(¢7¢)7
ey En(o, as follows.

- an(goa w) = "DTLSD \ anf

— ai(p, ) == ("0 VO0) A maigr (9, ¢), with i € {1,...,n—1};
— Bilp, ) =0 A, with i € {1,...,n};

— 7i(p,¥) := 0o AN, with i € {1,...,n};

= On(psY) == Anlp,);

— 0i(p, ) == Xi(p, ) A =041 (p, ), with i € {1,...,n — 1}, where

- Gn(%ﬁf) = Mn(%ﬂ%
— €(p, ) = pi(p, ) A —€ip1(p, ), withi € {1,...,n — 1}, where

pi(p, ) == (=00 VO) A (Dip V =D1)).
— G, ¥) =00 A D, withi € {1,...,n};

2 We exclude the operations ®4 and <4, since they can not be obtained starting from
operations between the orthopairs.

3 By 15, Oip Aiwp = Oi(@ A ).

1 By 15, DN A Ditp = Ni(p V).
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- 771(3071/)) = Vl(%l/f);
— 0i(p, ) = vi (o, ) VOimi_1(p, ), with i > 1 and

Vi((P7 1/J) = (DZ(P A ﬁAi"/}) V (D’Ld} A ﬁAi(p)ﬁ
— 0i(p, ) == (Do VL) A= i, ), with i € {1,...,n};
= i@, ¥) == (s vV O0) A (Dsp V =Li1h)) A ki@, ), for each
1e{l,...,n};

- Hl(@a ¢) = Dl@ A Aﬂ/’f
— kil V) == (i A D)V Kim1 (@, 0), for each i € {2,...,n}.

Theorem 46. Let ¢, € Form and (F,v) € C,,. If Cx is safe, then
OC?(HQPHV) —1 OC]—'(HQZ)HV) = ((E17F1)7 R (Ean))7
where (Ei, F;) = (|lei(@, )|, [|1Bi (0, ¥)][v), for each i € {1,...,n}.

Oc;([lellv) ©2 Ocx-([|¥]lv) = ((Gr, Hy), - .-, (G, Hy)),
where (G“Hl) = (H%(@Mﬁ)”va ||5z(ﬁp,¢)||v); fO?" each i € {17 cee 7n}'

Ocx(lellv) =2 Ocx (I[¢¥llv) = (L1, 1), -+, (In; Jn));
where (I;, Ji) = ([lei(0; V)|]v, |G (0, D)Iv), for eachi € {1,... n}.

Ocx(llellv) ©3 Ocx([[¢1lv) = (K1, L), -+, (Kns L)),
where (Ki, Li) = (|lni(, )l |v [10: (0, 9)Iv), for each i € {1,...,n}.

Ocx(llellv) =3 Ocx([[[lv) = (M1, N1), ..., (M, Np)),
where (M;, Ni) = (||ei (@ )l [[Ki (o, D)[v), for each i € {1,...,n}.

Proof. We only provide the proof for the operation ®3, since those of the re-
maining cases are analogous.
Let u e U,

(Fov),u) By it ((F,v),u) EOip A=D1y or (F,v),u) =i A =D,

that is
= Ri(u) C @l Ri(u) # {u} and R;(u) N [[Y[|y # 0, or
— Ri(u) C |[¥llv, Ri(u) # {u} and Ri(u) N|lg||v # 0.

Consequently, we obtain that

((Fv),u) b= v if and only if w € (Li(p) \ &(9)) U (L:() \ €i(0))-

5 Observe that this expression is equivalent to (O \ Asv A Oip \ Asp)
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Trivially, we can observe that

(Fov),u) = Oinia (e, 90) i Riu) S [[ni-1(e, ¥)llv and Ri(u) # {u},

and

(Fov),u) = 0i(p, ) i u e E(llell) UE([¥II)-
By Theorem 33 and by (X,Y) xs (Z,W) = (X \W)U(Z\Y), Y UW) (see
Definition 11), we obtain that the i-th component of the sequence Oc.. (||¢||v) @3
Oc(I191Iv) is ([m:(p, )lv, [10: (0, ) ]v)-

5.4 Epistemic logic SO,,

In this section, we employ modal logic SO,, and describe the knowledge of an
agent during a sequence (t1,...,t,) of consecutive instants of time. Also, we
intend to establish whether the given agent is interested in knowing the truth
or falsity of the sentences at every instant of (¢1,...,t,). In detail, we represent
situations in which, given an agent A and a sequence (t1,...,t,),

— A knows more information at time ¢;;1 than at time ¢;, and
— A is less interested in knowing at time ¢;, 1 than at time ;.

Ezample 43. We suppose that a restaurant owner manages seven restaurants
in seven Italian cities: Viterbo, Rieti, Rome, Latina, Frosinone, Potenza and
Matera. He needs to know the weather report for tomorrow in order to decide
whether to set up the gardens of his restaurants. At time ¢;, he knows by speaking
with a friend, that it is cloudy throughout Lazio, consequently it is cloudy in
Viterbo, Rieti, Rome, Latina and Frosinone, but he does not know the weather
in Potenza and Matera. At time to > t1, he finds the weather report on Internet,
and he knows that it is cloudy with a chance of rain in Viterbo and Rieti, it
is cloudy without rain in Latina and Frosinone, and it is sunny in Matera and
Potenza. Since he decides that the restaurant will be close in Rome, he does not
look for any information about the weather there. This situation is synthesized
in Table 13, where C, C + R, C- R and S denote respectively cloudy, cloudy with
rain, cloudy without rain and sunny. Moreover, the symbol x means that the
restaurant owner excludes Rome from all cities he is interested in knowing the
weather, and ? means that he has not information about the respective cities.

Viterbo Rieti Rome Latina Frosinone Potenza Matera
t1 C C C C C ? ?
to C+R C+R X C-R C-R S S

Table 13: Information about the weather

Table 13 corresponds to a refinement sequence made of the partial partitions
C; and C5, where
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Cy = {{Viterbo, Rieti, Rome, Latina, Frosinone}, {Potenza, Matera}} and
Cy = {{Viterbo, Rieti}, {Latina, Frosinone}, {Potenza, Matera}}.

Then, each block of C7 is the set of the cities that, at time t;, have the
same weather with respect to the knowledge of the restaurant owner, and C,
is made of the cities that, at time ¢35, have the same weather with respect to
the knowledge of the restaurant owner. We underline that the owner has more
information about the weather in cities of Table 13 at time ¢ than at time t;
(for example, at time ¢, he knows that it is cloudy in Viterbo, and at time ts,
he knows that it is cloudy with rain there); however, he is interested in knowing
the weather in less cities at time to than at time ¢; (precisely, at time ¢y, he
excludes Rome).

The finite sequences (Oy,...,0,) and (O1,...,On) of SO, correspond to a
sequence (t1,...,t,) made of consecutive instants of time, or of consecutive time
intervals. In addition, let ¢ € {1,...,n}, the interpretation of the modality OJ;
with respect to an orthopaired Kripke model allows us to represent the knowledge
of an agent at time ¢;. Furthermore, the semantic interpretation of the modality
(i establishes whether the agent is interested in knowing the truth or falsity
of a sentence at each initial possible world at time ¢;. Thus, each Kripke frame
M = (U,(Ry,...,Ry,)) of SO, is associated with a pair (A, (t1,...,t,)) such
that A is an agent, and (t1,...,t,) is a sequence of successive instants of time.
More precisely, let v € U,i € {1,...,n} and ¢ € Form, if u = O;¢, we can say
that

“at time t;, the agent A knows that ¢ is true at u”.
Moreover, if u = O, then we can say that
“p is true at u, but at time ¢;, A is not interested in knowing it”.

When R;(u) # {u} (ie u = (O;T), at time ¢;, the agent A is not able to
distinguish the elements of R;(u) from one another; on the contrary, that is
Ri(u) = {u} (ie. u E - (O; T), at time ¢;, the agent A ignores whether a
formula is true or false at u. The epistemic interpretation that we give to modal
logic SO,, is better explained through the following example.

Ezample 44. We consider a game where a player selects a card = in D that is a
deck of French playing cards which are left face down, and he/she tries to guess
the identity of . He/she repeats these actions (i.e. select and try to guess a card)
for up to three times, exactly at times t1,ts and t3, with ¢; < to < t3. If he/she
guesses the identity of the choice card at least once, then he/she wins; otherwise,
he/she loses. Trivially, let ¢ € {1,2}, if he/she guesses the selected card at time
t;, then the game finishes without considering the time ¢;, 1. Furthermore, during
the game, a referee, that knows the identity of all cards of D, provides the player
with information on several properties of the cards in D at each time of the
sequence (t1,ts,t3), as it will be shown.

We suppose that Alice and Bob are respectively the player and the referee
of this game. Then, it occurs that
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1. at time ¢1, Bob divides the deck D into two stacks: red cards and black cards;

2. at time to > t1, he also brings together all cards that have the same suit in
each group of cards that have the same colours;

3. at time t3 > to, he divides each group of cards obtained at time ¢, into two
stacks: the cards whose number is less than 7 and the cards whose number
is greater or equal to 7.

The classification made by Bob to cards of D at times t1, t5 and t3 is represented
in the following figure, where ¢(x) and s(z) respectively denote the colour and
the suit of card z.

ts {z|z<7 {z|z>7}{z|2x<T7} {e|z>7} {z|2z<7 {z|z>7} {z|z<T7} {z|2x>7}

NS NSNS NS

t2 {reD]|s {reD]|s {reD]|s {reD]|s
t1 {zeD| ¢ {z € D | c¢(x) = black}

Fig. 34: Forest of Bob’s classification at times ¢1, t2 and t3

We set By = {z € D | ¢(z) = red}, Bo = {z € D | ¢(z) = black}, Bs =
{r €D |s(x) =<0}, Bi={z e D] s(z) =0} By ={z € D| s(x) = b},

={r €D|sx) =&} Br={xe€D]|s(z) = anda < T}, By =
{reD|s(z)=0andax >7}, Bg={x €D|s(x)=CVandx < 7}, Byp =
{r € D|s(z) = Qandz > 7}, By = {x € D| s(z) = dandzx < T},
Bis={xeD|s(z)=#dandz >7}, Big={zx €D | s(xr) =&and z < 7},
Biy={zxeD|s(x)=&and z > T7}.

We also assume that, let i € {1,2, 3}, at time ¢;, Bob informs Alice about the
properties that characterize each cards group corresponding to ;. For example,
at time to, he says to Alice that the cards of By are all cards of D whose suit
is © (then they are also red). Consequently, when Alice chooses a card x in B;,
despite she does not know the identity of =, she knows that x has the proprieties
characterizing B;. Thus, if she chooses a card x at time t5 in By, then she knows
that the suit of z is ¢, and so that the colour of x is red.

In this framework, Alice represents the agent of the knowledge, and D is
the universe of possible worlds of the Kripke frame assigned to Alice. We notice
that each block of the forest in the previous figure is a set of cards which are
indistinguishable for Alice at the respective time. For example, at time t5, she
still does not have enough information to distinguish 2 from 8. Moreover,
it is easy to notice that the information that Bob gives to Alice defines three
equivalence relations on D, one for each time in (¢1, t9, t3), as follows: let z,y € D

- 2Ry < () = c(y),
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- 2Ry & s(x) = s(y),
- 2R3y < xRy and {max(z,y) <7 or min(z,y) > 7}.

Now, we imagine that at time ¢5, in order to further help Alice, Bob removes
from D a group D? of cards. Again, at time t3, he removes from D \ D? the
group D? of cards. We suppose that he also informs Alice what cards belong to
D? (at time t3) and D? (at time t3). These actions allow us to define three new
equivalent relations, R}, R, and R}, as follows. Let 2,y € D

- zRly & zRyy
xRoy, ifx,y¢ Dy

- wRyy & :
xr =1y, otherwise
iRy o xRzy, ifx,y ¢ DyUDs
3 xr =1y, otherwise

We suppose that Bob chooses D? and D? so that each group B; without the
cards of D2 UD? is not made of one card.

Then, we can observe that, let i € {1,2,3}, a cards is removed from D at
time ¢; if and only if its equivalent class with respect to R; is a singleton.

From now on, we indicate the card with number or face 7, and suit j with
ij, and we write [ij]; to denote the equivalence class of ij with respect to Rj.
Therefore, let ¢ be the proposition “the card is black”, trivially, we have that

10,10 =01 and i, id = O,

foreachi € {1,...,10}U{J, Q, K}. We respectively read the previous expressions
as follows.

— “At time tq1, Alice knows that i{> is not black”;
— “at time 1, Alice knows that iQ is not black”;
— “at time ¢1, Alice knows that i# is black”;
— “at time ¢1, Alice knows that i is black”.

On the other hand, if ¢’ is the proposition “the card is a two” and j €
{0, 0, &, &}, we have that
2j  ~Ohy/,
since [2j]1 is equal to {ij € D | ¢(ij) = red} or {ij € D | c(ij) = black}, and
both are not contained in ||¢/|| = {2j | j € {¢, O, #,&}}. Then, 25 = -O1¢'
means that

“at time t1, Alice does not know that the number of 2j is a two”.

We recall that all cards od D are left face down, and so Alice does not know
the identity of 2j. The previous sentences correspond to the fact that, at time
t1, Alice only knows the colour of all cards of D, but she does not have more
information about them; for example, she knows that 20 is red, but no that
it is a two. We suppose that D? is made of all cards of D with face J,Q, K.
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Consequently, let ¥ be the proposition “the suit of the card is a spade”, the
sentence

K& = Oy
that we read as follows,
“at time to, Alice does not know that the suit of card is a spade”,

is true, since [K ]2 is a singleton.
Moreover, the sentence

K&E-0O2v

that we read as follows,

“the suit of card is a spade, but at time to, Alice is not interested in knowing
it77 ,
is also true.

The latter two propositions correspond to the fact that at time ¢5 Alice has
information on suit of cards of D, but she ignores K@, since it is removed from
the deck.

Furthermore,

50 F O2p

holds, and we read it as “the card is not black and at time ¢o Alice is interested
to know it”.

At this point, we assume that at time t3 Bob removes 1, 2$, 6, 80, 10,
20, 40,50, 60, 70, 14, 24, 34, 7Th, 108, 3&, 5, G, 7 and 8 from D\ D2.
Then, let 1)’ be the proposition “the number of the card is greater than or equal
to 77, these sentences hold:

7<> ': Dg’l/}, and 9‘ ': Ogd)/.

On the other hand, we have that

9‘ ': _‘DQ/IZJ/ and 70 ': - Og ¢/.
They say that

— “at time t3, Alice knows that the number of 7{ is greater than or equal to
v,
— the number of 9 is greater than or equal to 7, and at time t3, Alice is
interested in knowing it”,
— “at time to, Alice does not know that the number of 9 is greater than or
equal to 77,
— “7Q is greater than or equal to 7, but at time t3, Alice is not interested in
knowing it”.
The pair (D, (R}, R}, R})) is a Kripke frame of SO3 logic, and it is assigned to
Alice and to the sequence (t1, to, t3). Furthermore, (D, (R}, R}, R%)) corresponds
to the refinement sequence whose forest is represented in the following figure.
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~

s {30,40,50)  {70,90} {19,309}  {89,99,100}  {44,54,6A} {84,908} {14,2& 4%} {0&, 104}

N/ N/ N/ N/

to {i¥|ie{1,...,10}} {iV]ie{1,...,10}} {id|ie{1,...,10}} {id | i€ {1,...,10}}
t {ij € D | c(ij) =red} {ij € D | c(ij) = black}

Fig. 35: Forest corresponding to (D, (R}, R3, R3))

The next proposition states that at time ¢;, Alice has the information acquired
at time t;, plus all information acquired at previous times.

Proposition 17. Let ¢ be a formula, for each i > j, = ;00 < Ojep.

Finally, we can notice that by using theorems of SO,,, we can investigate on the
properties of the knowledge of Alice during the sequence (1, to, t3). For example,
by Schema ;0 — (O;¢, we can deduce that “at time ¢;, if Alice knows ¢, then
she is also interested in knowing it”.
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6 Conclusions and future directions

I hope that we continue with exploration
Margaret H. Hamilton

In this thesis, we developed and studied a generalization of the rough set
theory. In detail, we introduced the sequences of orthopairs generated by refine-
ment sequences, that are special sequences of coverings representing situations
where new information is gradually provided on smaller and smaller sets of ob-
jects. Refinement sequences can be viewed as formal contexts, so in the future,
we propose to explore the connections between sequences of orthopairs and the
fuzzy concept lattices [106]. Moreover, we want to consider fuzzy sequences of
orthopairs, by generalizing the notion of fuzzy rough sets [43]. In particular, we
would like to define novel sequences of orthopairs starting from the Atanassov
intuitionistic fuzzy sets [5]. Another way to introduce novel sequences of or-
thopairs is to consider pairs of disjoint upsets such that intersection between
their components has cardinality equal to an integer £ > 0. In this case, the
identity Ko(C) = K(C) could also hold for a refinement sequence C that is not
complete and safe.

Also, we would like to deepen the relationships between sequences of or-
thopairs and decision trees by considering the so-called three-way decision trees
[73], [25].

In Chapter 4, we investigated several operations between sequences of or-
thopairs, that allowed us to provide concrete representations of the following
classes of many-valued structures: finite centered Kleene algebras with interpola-
tion property, finite centered Nelson algebras with the interpolation property, fi-
nite centered Nelson lattices with the interpolation property, finite IUML-algebras
and finite K LI*-algebras with the interpolation property. Consequently, we found
a way to interpret the operations in these algebraic structures in terms of ap-
proximations of sets. As a future direction, we intend to discover other algebraic
structures that can be interpreted as sequences of orthopairs. Also, given the re-
finement sequences C; and Cs of the universes U; and Us, respectively, it would be
interesting to consider the product of the Kleene algebras Ko (C1) and Ko (Cz),
and to discover the universe and the class of refinement sequences corresponding
it. Moreover, we can notice that rough sets can also be interpreted by a temporal
semantics, as done for NM-algebras in [13]. Therefore, another topic of future
works is to provide a pure logical temporal semantics in these structures and
their related logics.

Furthermore, we will focus on the novel operations between orthopairs ®4
and <4, defined by equations 36 and 37, in order to connect them with a three-
valued propositional logic having a non-deterministic semantics [37].

In the previous chapter, we presented the original modal logic SO,,, with
semantics based on sequences of orthopairs. The Kripke models of SO,, are
characterized by a sequence (Ry,..., R,) of equivalence relations corresponding
to a refinement sequence of partitions. In the future, we intend to consider a new
modal logic, that extends SO,,, since the sequences of the accessibility relations
of its Kripke models are related to refinement sequences of coverings.
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Sequences of orthopairs corresponds to decision trees with three outcomes,
so we could investigate their relationship. Also, we could employ operations
between sequences of orthopairs to combine several decision trees.

Eventually, we interpreted SO,, logic as an epistemic logic; namely, we used
S0O,, to represent the knowledge of an agent that increases over time, as new
information is provided. Then, we also wish to compare SO,, with some other
existing epistemic logics, especially the logics where time and multiple epistemic
operators are involved [46] [44], and to investigate the potential extensions of
SO,,. As a future application, we also intend to study SO,, to predict the inter-
est of users of a social network for a given piece of advertisement in a given time
window. Indeed, in this case, each block of a partition can represent topics that
received the same amount of interest by a user [18] [41]. By refining the informa-
tion about the user, it is possible to obtain a refinement sequence of partitions.
Hence, the logic permits to express complex sentences about the user’s interests
and to tailor advertisements in a very effective way.
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