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Introduction

Sofic groups were introduced by Gromov [22] as a common generalization
of amenable and residually finite groups. For both the classes algorithmic
problems have been studied, for example the solvability of the word problem
for residually finite, finitely presented groups and the subrecursivity of the
Fglner function for amenable groups.

The topic of this dissertation is the investigation of computability and
decidability of some problems related to soficity.

And when the problem is to understand the effectiveness of a property

the natural tool is the quantification of this property.

A group T is sofic if for all € > 0, for any finite subset K of I" there exist
ak €N and a map ¢ : I' = Sym(k), where Sym(k) denotes the symmetric
group of degree k, such that:

du(p(gh), o(9)p(h)) <€, g,h € K;

du(d(9),¢(h) =1 —¢, gh€K: g#h.

Here, the function dy is the normalized Hamming distance on the symmetric

group: dy(o,7) = |{i€{1’2"':}:ai7ﬁﬂ}‘. We call ¢ a (K, €)-approximation of T.

If we also ask for the existence of (K,0)-approximations for all finite subset
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K of T' we characterize the local embeddability into finite groups (LEF),
moreover if we want that these approximations are actually homomorphisms
we have all and only groups that are residually finite. From this point of view
it is clear that residually finite groups, and, more generally, LEF groups, are
sofic. LEF groups were introduced in [37] and for these groups we have that
the multiplicative table of any finite subset is the same as the multiplicative
table of a subset of a finite group. In a sofic group the multiplicative table
of any finite subset is arbitrarily close, in the sense of Hamming distance,
to a multiplicative table of a subset of a symmetric group.

In the last fifteen years many conjectures on groups were proved for
sofic groups: Gottschalk’s surjunctivity conjecture [22,38], Kaplansky stable
finiteness [10, 14], algebraic eigenvalues conjecture [36], determinant conjec-
ture [15], Connes’ embedding conjecture (since sofic groups are hyperlin-
ear)[15,34]. Now we know many stability properties for these groups: sub-
groups, direct products, direct limits, inverse limits, amenable extensions,
free product over amenable amalgamation [16,17,32] and others, but we
don’t know if there exists a non sofic group and this is the main problem of
the subject.

There are also a lot of equivalent ways to define soficity. For some of
these definitions and for some results what we really use is the bi-invariance
of normalized Hamming distance and some finiteness properties of symmet-
ric groups. Simply a metric d on a group G is bi-invariant if d(gx, gy) =
d(xz,y) = d(xzg,yg) for every g,z,y € G. The Hamming distance is bi-
invariant on symmetric groups, but also the discrete distance, the Hilbert-
Schmidt distance on unitary groups of matrices... So we can define other
properties of this kind of metric approximations, there is a short presenta-

tion in [1]. And in general for a more complete survey on sofic groups it is



possible to see [33] and [8].

We have explained why the class of residually finite groups is sofic, now
we see the other class, the amenable groups. Amenability property has a lot
of equivalent definitions, varying from representation theoretic, topological,
algebraic, theory of dynamical systems, theoretical computer science. Here
we present the Fglner condition which is the closest to the given definition
of soficity. A group I' is amenable if for every finite subset K, for any € > 0
there exists a finite non empty subset F' of I" which is e-invariant by left

multiplication of all elements in K, that is:

M >1—¢ Vke K.

||
If we ask the condition for ¢ = 0 we obtain exactly the finite groups (take
F =T). Moreover notice that when I' is finite for each k¥ € K we can
associate a bijection on F, the left multiplication by k& and it is easy to
check that this association is a (K,0)-approximation (and actually a real
injective homomorphism in the symmetric group of I', as Cayley’s Theorem
states).

So the idea for a general amenable group is, given an element k € K,
to map into a bijection of F' that on F' N kF is the left multiplication by
k, but FFNEKF is a large part of F' and it is possible to see that this map
is a (K',€')-approximation for some finite subset K’ and some ¢ > 0. At
this qualitative (and not quantitative) level, if we just want to prove that
T is sofic, it’s enough to show that for each possible (K’ €’) of soficity we
can find the corresponding (K, ¢€) for amenability. We might be tempted to

understand how they are related and quantify this relation... but first we

specialize our subject to finitely generated groups.



The LEF, sofic and Fglner conditions are local, defined and checked on
finite subsets, so a group I' is LEF, amenable or sofic if (and only if) every
finitely generated subgroups of I' are resp LEF, amenable or sofic. So it is

very natural to consider just finitely generated groups.

If T is a group generated by a finite subset X = {x1,...x4}, denote by

Fx =2 Fy the free group generated by X, we have a natural epimorphism
m:Fx —T

that maps a word w € Fx to the corresponding element w(zy,...z4) in the
group I'. In the free group we have the word length and so for g € I" we
define the word length |g| as the length of shortest word projecting into g.

We can also give a presentation, Klein did it first, in this way:
I' = (X|R)

then R is a subset of Fx such that the normal closure R¥X = ker 7. We say
that I is finitely presented if there exists a finite R with this property.
For an amenable, finitely generated group I' with finite set of generators

X we say that F' C I" is n-Fplner if F' is finite, non empty and:

We present the Fglner function, first defined by Vershik:
Fr x(n) =min{|F|, F C T, F is n-Fglner }.

Suppose that F' is n-Fglner, it is easy to see that, if we consider for example

the element x1z9 € I', we have “T\TI%F' < % and in general
[F\gF| _ |9l

T (1)



But for a finite subset of I' we have a bound for the length of its elements.
This might convince that given a finite subset K and an € > 0 there exists
an n large enough to obtain a Fglner set for K and €. And the existence of
that minimum for each n is equivalent to amenability. Actually Fr x is a
sort of quantification of amenability.

The asymptotic behaviour of the Fglner function does not depend on
the choice of generators: this means that if X and X’ are two finite sets of
generators of I', there exists C' > 0 such that C™1Fy x/(C~!n) < Fr x(n) <
CFr x(Cn). This function is very well studied (see for example [18,19, 23,
30, 35]), it is related to other famous functions as the isoperimetric profile
and the return probability in a random walk on a group, but actually it is
still unknown its precise asymptotic behaviour for many amenable groups.

At this point it is natural to try something similar for soficity of finitely

generated group. So we start with another definition of soficity:

Definition. A finitely generated group U is sofic if for n € N there exist
k€N and (01,09,...0q) € Sym(k)? with the following property:
< %, ifwe B, Nkerm
la(w(oy,...,04)) (2)
>1-1, ifwe B, \kern
where B, is the ball of radius n in the free group Fq and £y is the normalized
Hamming length: Lg(c) = dg(o,1). We call the d-tuple (o1,...,04) an n-

approximation.

All information about the multiplicative table of a finitely generated
group is in the kernel of 7. For every n € N we define Kp x(n) € N to be
the minimum rank k& of Sym(k) containing n-approximations. We call the

map n — Kr x(n) sofic dimension growth. Arzhantseva and Cherix first



introduced and studied this function in the more general setting of metric
approximations in an unpublished paper [2]. Some of the results about Kr x
in this text (there will be a list) were already proved in [2] but our proofs are
independent. For example the independence on generators up to asymptotic
equivalence. Another related work with the same idea to quantify the soficity
by the rank of approximations is the one about sofic profile in [12].

Coming back to our proof of soficity for amenable groups, in the case of
finite generation, we can provide the following quantification, simply using
inequality (1):

Knx(n) S Fp7x(n2).

In the last part of this dissertation many of the results are exactly a
quantitative version of some known properties of sofic groups or related
with them. But in some case the procedures of classical proofs loose all
quantitative information, forcing us to find other proofs.

In [18] it is proved that there exist finitely generated groups with Fglner
function growing faster than any recursive function, in [23] it is asked if
that it’s possible also for some finitely presented groups. So we need the
definition of recursive function and this brings us closer to the heart of the

thesis.

Given a function f : N — N, informally, the Church-Turing thesis states
that every way to define the computability of f is equivalent to the com-
putability definition given by a Turing machine. More formally, Godel,
Church and Turing defined in three different ways the class of recursive, or
computable functions. In 1936 Turing and Church proved that the class of

computable functions is the same in the three definitions. We give, later,



another equivalent definition for computability, by using the Minsky ma-
chines.

A 2-glasses Minsky machine is a model of computation. Imagine we are
given two glasses, A and B, and an infinite number of coins. The glasses
can contain any finite number of coin each. The machine can put a coin into
a glass, can check if a glass is empty, and if not can take a coin out from
it. The program of the machine consists in a finite sequence of numbered
instructions, 0,1,... N. The instant configuration of the machine is given
by (i,€4,€ep) where ¢ € {0,1,... N} is the instruction that the machine is
reading, e4 € N and ep € N are, respectively, the number of coins in A and

in B. The instruction has one of these forms:
i — Add(A),j

i,ea >0 — Sub(A),j
iea=0-j
0— STOP.

In the first instruction the machine is in 4, adds a coin to A and goes to 7;
in the second it checks if A is empty, if not it takes a coin and goes in j; in
the third it checks if A is empty and goes to j, if it is not empty goes to
i+ 1. The same instructions hold for B. At the beginning the machine has
input (1,7n,m), it starts to read and execute the instructions, it stops when
it goes to the instruction 0.

We are now in position to define a recursive function.

Definition. A function f: N — N is computable (recursive) if there erists

a Minsky machine with INPUT (1,2",0) and OUTPUT (0,0,2/(™).
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Example. The program:
e 1.ea=0—0
e 2,e4 >0 — Sub(A),3
e 3,— Add(B),4
o 4, — Add(B),1

with INPUT (1,n,0) has OUTPUT (0,0, 2n).

Therefore the function n — n + 1 is computable.

By a theorem of Minsky all Turing-computable functions are Minsky-
computable functions. Now it’s simple to extend the concept of computabil-
ity to other things, at first we can say algorithm, effective procedure, Turing
machine and Minsky machine and obtain the same concept of computability.
Moreover we say that a subset A C N is computable (recursive) if x4, the
characteristic function of A, is computable. More generally we may define
computability of subsets of a countable set with a given enumeration.

Given a finitely presented group
I' = (X|R),

in Fx we can fix an enumeration of the reduced words and ask if kerm,
the normal closure of the finite set R, is recursive or not. Actually this is
equivalent to asking for the existence of an algorithm with:

INPUT w € Fx

OUTPUT 0 if w € kerm, 1 if w ¢ kerm.

This problem is called the word problem and it was formulated by Dehn

in 1911, many years before the study about computability started. Then he
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gave an explicit algorithm to solve the word problem for the fundamental
group of closed orientable two-dimensional manifolds of genus greater than
or equal to 2 (but now we can use the same algorithm for hyperbolic groups).
Magnus in 1935 solved the word problem for one-relator groups (finitely pre-
sented group with |R| = 1). But to see a negative answer we should wait
till the studies of Turing, in particular he proves the non computability of
the halting problem: there’s no algorithm with:

INPUT (M, z) where M is an algorithm and z is an input for M,
OUTPUT 1 if M stops with input «, 0 if M doesn’t stop with «.

After this Markov and Post in 1947 constructed finitely presented semi-
groups with unsolvable word problem: the idea is to simulate a Turing ma-
chine with a semigroup and obtain that the computability of word problem
implies the computability of halting problem. In the fifties we finally have
a finitely presented group with unsolvable word problem, by Novikov and
Boone. But maybe the theorem that crowned the theory of computability
inside the theory of groups is the Higmann embedding theorem 1960s: a
finitely generated group is a subgroup of a finitely presented group if and
only if it is recursively presented (I' is recursively presented if there is an
algorithm that lists all elements in R). So the answer to a purely algebraic
question is provided by the theory of recursive functions. In particular, since
it is easy to find recursively presented groups with unsolvable word problem,
the theorem easily provides the existence of finitely presented groups with

unsolvable word problem.

We can now come back to our classes of groups. If I is finitely presented,

residually finite we know that for each g € I'\ {1} there exists an homomor-
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phism ¢ onto a finite group such that ¢(g) # 1. Since I' is finitely presented
it’s easy to see that we can list all the words in ker . Consider the following
algorithm:

Given w € Fx as input we list all elements in ker 7 and stop if we find
w. Simultaneously we can list all homomorphisms onto finite groups (again
thanks to the finite presentation of I' and the possibility to list all finite
groups) and stop if we find ¢ such that ¢(m(w)) # 1 (we can check it be-
cause finite groups have solvable word problem).

Then if w € kerm we find it in the first list and the algorithm stops, if
w ¢ ker m we know that m(w) € I'\ {1} and then the second algorithm stops.
This is the Malcev algorithm to solve the word problem in finitely presented
residually finite groups.

On the other hand Kharlampovich constructed in [24] finitely presented
solvable of step 3 (and therefore amenable) groups, with unsolvable word
problem. Again the idea is to simulate Minsky machines with unsolvable
halting problem.

In some sense for finitely presented groups the residual finiteness is ef-
fective: it is possible to compute the homomorphisms onto finite groups.
This gives the solvability of the word problem for this kind of groups. What
happens in the class of amenable and sofic groups? It is natural to try to
understand which are the effectively amenable groups and effectively sofic
groups. We thank A. Thom who gave us the idea to study effective soficity.

The definition of effective soficity is very natural, this means that there
exists an algorithm with:

INPUT n € N
OUTPUT k € N/(01,...04) € Sym(k) the n-approximation.

For effective amenability we want an algorithm with:
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INPUT n e N

OUTPUT F C Fy such that 7(F) C T is n-Fglner.

It has no sense in fact asking as output a subset for a group that in general
has unsolvable word problem, but we can search for the preimages of Fglner
sets. In particular it means that if this algorithm exists we can list the
elements of a Fglner set, but maybe with repetitions.

The most important facts of the thesis are:

I" effectively sofic <= I sofic with solvable WP |
I" effectively amenable z I" amenable with solvable WP.

It is natural to ask for the relations with the Fglner function, also to show
examples of amenable groups which are not effectively amenable. A function
f : N — N is subrecursive if there exists a recursive upper bound. It is
known that there exist functions which are not subrecursive. In [18] for each
function f finitely generated groups with Fglner function greater than f are
constructed. If we start with a non subrecursive function f we obtain a non
subrecursive Fglner function. Noting that the effective amenability implies
the subrecursivity of F', then these groups are not effectively amenable (and
therefore have unsolvable word problem).

We don’t know if subrecursivity of Fr is equivalent to computability
of Fglner sets in I'. For the analogue question about soficity we have the

answer, again thanks to Kharlampovich groups:
K subrecursive #= I effectively sofic (and then solvable WP)

because the sofic dimension growth is bounded from above by the Fglner
function which is, in the case of Kharlampovich groups, subrecursive. And

we know that the word problem is unsolvable.
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Finally we give some stability properties for effectively amenable groups
and for groups with subrecursive sofic dimension growth. For the first ones
we construct explicit preimages of Fglner sets for some amenable extensions
and for the second ones we find several upper bounds for K, in particu-
lar for direct products, semidirect products with amenable groups and free
products.

Many questions, that we will present throughout the text, remain open.
A natural ambitious program would be to find some good algorithmic prop-
erty for sofic groups, maybe so good that it wouldn’t be true for all finitely

generated groups.
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List of definitions and results

Finitely generated amenable groups

Subrec. Folner f.

FP

not F'P

LEGENDA

FP finitely presented groups;

WP group with solvable word problem;

EffA effectively amenable groups (groups with computable Falner sets);
IG intermediate growth groups;

G(M) Kharlampovich group (see Section 1.7);
E Erschler groups with non subrecursive Fglner function in [18];

Gw Grigorchuk groups with @ computable (see [21]);
G Grigorchuk groups with w non computable (see [21]).

Solvable groups are disjoint from IG groups by Milnor’s Theorem. For intermediate growth
groups the subrecursivity of Fglner function is equivalent to the computability of Fglner
sets (we know that a subsequence of the balls is a Fglner sequence). Grigorchuk asked
for the growth rate of the Fglner function of G, generalization of the Grigorchuk group
described in [21]. Gromov asked for amenable groups with non subrecursive Fglner func-
tion; there are only not finitely presented examples by Erschler [18]. The remaining non

trivial inclusions and questions will be discussed in the sequel.
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Chapter 2

Definition of computable Fglner sets or effective amenability (EffA),
WP+amenability implies EffA,

Kharlampovich groups are EffA and then EffA does not imply WP,

f.g. extensions of an amenable solvable WP groups by abelian groups are EffA,
semidirect products between f.g. groups EffA are EffA,

N,G,K f. g. groups such that:1 - N - G - K — 1, N EffA, distortion function
AS subrecursive, K amenable solvable WP, then G is EffA.

Chapter 3

amenable+WP implies subrecursive Fglner function F'

upper bound Fglner function Kharlampovich groups and solvable groups *
upper bound Fglner function semidirect product

upper bound Fglner function amenable extension in term of distortion function

definition of function LEF', quantitative version of LEF property and comparison

with function R quantifying residual finiteness 2

definition of sofic dimension growth K, asymptotic invariance, comparison with

other version of sofic growth 2
comparison between LEF, F and K functions 2

definition of function Stb, quantitative version of weak stability of a finite set of

relations

remark about the arbitrary large subrecursive growth of Stb

definition of computability of sofic approximation or effective soficity (EffS)
EffS if and only if WP+soficity

subrecursivity of K in Kharlampovich group (K subrecursive # EffS)
upper bound for K of direct products?

upper bound for K of semidirect products with amenable groups

upper bound for K of free product.

!different proof of something known

2independent proof of something already proved in the unpublished work [2]



Chapter 1

Preliminaries and notation

In this chapter we fix for good some notation, essentially about finitely
generated groups. For example the symbols and the description of the pre-
sentation of the finitely generated group I' will be the same, unless explicit
mention, troughout the whole thesis.

Moreover we report some classic definitions and some results without
proofs. In the thesis we will quantify some of these results (then we will prove
stronger versions). Actually in some cases we present alternative version of
known results or definitions, for example we prove the general equivalence
between metric approximation on subsets or on generators, that we will

quantify in the last chapter in the case of soficity.

1.1 Finitely generated groups

Let T' be a group, a finite subset X = {z1,...,24} generates I if (X) :=
Upen(X U X~1" =T. Consider Fy, the free group on X: the group of all

free reduced words in z,... ,xd,xfl, .. ,x;l. When it is possible we will

18



CHAPTER 1. PRELIMINARIES AND NOTATION 19

use the same symbol for the generator x; in the group I' and the generator
in Fx.

We have a canonical epimorphism 7 : Fx — I', the homomorphism
extension of the map x; — z;. In general given a word w € Fy, given d
elements ¢1,...,94 of a group G, we denote by w(gi,...,gq) the obvious
element of G. Then 7(w) = w(x1,...,z4q).

The kernel ker 7 is the normal subgroup of the words of Fx trivial in
I'. If R is a subset of Fx such that ker 7 = R¥X where R¥X is the normal
closure of R in Fx, then we shortly write:

I' = (X|R), where (X|R) is a presentation of T'.

A classical result about presentations:

Theorem 1.1.1. IfT' = (X|R), I = (Y|S) and T = I” then by using a
sequence of Tietze Transformations RY, R—, X, X~ we can transform

(X|R) to (Y|S).

In particular if X and Y are finite then X and X~ appear just a finite
number of times in the sequence. We’ll recall Tietze Transormations in
Subsection 3.3.1, for a general reference see [28].

For each element g € I we define | - | as the word length with respect to
X, |g| == min{|w|, w € Fx, m(w) = g}, where |w]| is the usual length of a
reduced word in Fx. Sometimes we write |g|x to underline the dependence
of the length on the set of generators. We denote with B,, the ball of radius n
in Fx and with B, (T") := n(B,,) in I'. We denote by e the identity element
of I and by 1¢ the identity element of a generic group G. For a subset
A C Fx we denote | Ay := max{|w|, w € A} and for a subset A C I" we

denote |A|x = max{|a|x, a € A}.
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1.2 Amenable groups

The class of amenable groups appear in many areas of mathematics, in

particular there are a lot of different equivalent characterizations.
Theorem 1.2.1. For a discrete group G, the following are equivalent:
e (G has no paradoxical decomposition;

o there exists a state in (°°(G) which is invariant under the left transla-

tion action,
e (G has an approximate invariant mean;
o G satisfies the Fglner condition;

e the trivial representation of G is weakly contained in the regular repre-

sentation of G;
o the C*-algebra and the reduced C*-algebra of G coincide.

e any continuous affine action of G on a nonempty compact convexr sub-

set of a locally convex space has a fixzed point.

A discrete group G is amenable if one of the conditions in Theorem 1.2.1
holds. Actually the list is not complete: if we restrict to finitely generated
groups, for example, I' is amenable if and only if the spectral radius of the
Markov operator associated to (I', X) is 1 (Kesten-Day Theorem). But also
I' is amenable if and only if lim,,_,« | By, Nker 71"% = 2|X| — 1 (Grigorchuk-
Cohen cogrowth theorem). We also have a specialized Fglner property for

I' and this is the unique definition that we will use:
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Definition 1.2.1. T" is amenable if for every ¢ > 0 there exists a finite
nonempty subset F' C I' such that

[\ oF| <e, VzeXUXxl
||

The class of amenable groups contains finite groups, abelian groups and
more generally groups with subexponential growth. It is closed under the
operations of taking subgroups, taking quotients, taking extensions, and
taking inductive limits. Non abelian free groups and groups containing non

abelian free subgroups are not amenable.

For proofs, references and systematic treatment see [9,11].

1.3 Residually finite groups

The class of residually finite groups is a generalization of the class of finite

groups, very different from amenability.

Definition 1.3.1. A group G is residually finite if for each element g € G
with g # 1, there exist a finite group F and a homomorphism ® : G — F
such that ®(g) # 1p.

It is easy to see that it is equivalent to the fact that finite index normal
subgroups of G separate the elements of G or that G is embeddable into
a direct product of finite groups. Finite groups are obviously residually
finite, finitely generated abelian, and more generally metabelian, groups are
residually finite and the class of residually finite groups is closed under taking
subgroup, taking projective limits and finite extensions.

For a given group F' a map ¢ : I' — F' is a homomorphism if and only if

¢(m(r)) = 1p for all » € R and we can completely describe a homomorphism
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fixing ¢(z1),...,d(xq) € F.
Then, if T' is residually finite, for each w € Fx \ ker 7, we can find a finite
group F'and fi,... fqg € F'such that w(f1,... fq) # 1p and r(f1,... fa) = 1r
for all r € R.

Finally with a simple direct-product we can obtain an apparently stronger

form of residual finiteness in the case of finitely generated groups:

Proposition 1.3.1. T' is residually finite if and only if for every n € N we
have a finite group F and d elements fi,..., fqg € F such that:

=1p ifwekern
w(fis-. ., fa) (1.1)
# 1p, ifw € By \ kerm.

In this way the residual finiteness appears as an approximation property

of I by finite groups. We see now a large generalization of this.

1.4 Metric approximations

An invariant length group is a group G equipped with a function ¢ : G — R™

such that, Vg, h € G we have:

lg) =0 < g=1lg, g™ = g),

(gh) < £(g) + £(h), t(g") = (g).

For each group G the trivial length, 0 on 1¢ and 1 elsewhere, is invariant.
Another example is the symmetric group Sym(k) with the normalized Ham-
ming length, the normalized number of points not fixed by a permutation.

That is, for o € Sym(k):

_ Hie{l,2,....k}: ot #i}|

ly(o): 7
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Given such a length, we can define the associated distance on G, simply
by d(g,h) := £(gh™'), that is bi-invariant: d(g, h) = d(zg,zh) = d(gy, hy).
Viceversa from a bi-invariant distance d we obtain an invariant length ¢(g) :=
d(g,1c)-

We can speak about continuous or isometric maps or homomorphisms
between length invariant groups. In particular every injective homomor-
phism is isometric with the trivial length. Another example of isometric
homomorphism is the inclusion of the symmetric group on a finite set A

into the symmetric group on A x B, where B is a finite set:
i:Sym(A) — Sym(A x B)
i(o)(a,b) = (0a,b), Ya € A, Vb€ B, Vo € Sym(A).

Definition 1.4.1. Given a group G and a group F equipped with a bi-
invariant distance d, for K C G and ¢ > 0, a map ¢ : G — F is (K,¢)-

approximation of G by F if:

d(d(gh), d(g)p(h)) < e, g,heK;
d(#(g),6(h)) > 1 —¢, g.heK,g#h.

For each class of invariant length groups C we can consider the following
property. G is approzimable by the class C if for each finite subset K C G
and for each € > 0, there exist C' € C and a (K, €)-approximation of G by C.

If the groups of the class C are equipped with the trivial length we just
say that G is locally embeddable into C. The two main examples are local
embeddability into finite and into amenable groups (resp. LEF and LEA).

In these cases we can choose € = 0 and obtain (K, 0)-approximations that
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simply are locally multiplicative and locally injective maps, so the approx-
imation is purely algebraic. The first introduction of LEF property is in
[37]. In Subsection 3.2 we give a direct proof, in quantitative version, of the
fact that residually finite groups are LEF and that finitely presented LEF
groups are residually finite.

For finitely generated groups it is possible express the the approximation

fixing the images of the generators:

Proposition 1.4.1. T" is approzimable by a class of invariant length groups
C if and only if for every n € N there exist C € C and c1,...cq € C such
that:

IN

%, ifwe B, Nkerm
lo(w(er, ... eq)) (1.2)
>1-1, ifwe B, \kernm.
Proof. If part.
For each finite subset K C I', for each ¢ > 0 we fix n € N such that
4K|x <nand n! < e We find C € C and c1,...cq4 € C such that
conditions (1.2) hold for this n.

For all g € I' we choose wy € Fq such that g = m(wy) and |wy| = |g|. In

this way we can define a map:
¢ :I'=>C
gr— wg(ct, ..., cq).
For g,h € K
do(p(gh), 9(g)d(h)) = Lo(wgn(cr, . . . ca) " wgler, . .. ca)wp(cr, - .., cq))
=Llo(w(er, ... cq))

|
where w := W), WyWh, -

But u| < wgal + [wyl + | = |ghl + |g| + |A] < 4IK]x < n, morcover
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w € ker7 and then do(é(gh), p(g)p(h)) <
Forg.h € K, g#h,

3=

_ 1
dC((b(g)? ¢(h)) = EC(wg 1wh(cla s 7cd)) > 1-— E
because wg_lwh € By, \ kerm. And so the map ¢ is a (K, €)-approximation.

Only if part.

For each N € N consider ¢ : I' — C, a (By(T), %)—approximation. We
want to find N such that the elements ¢; := ¢(x1), ca := ¢(x2),..., ¢q :=
¢(zq) respect the conditions in (1.2).

We have:

2 do(6(6), 0(e)(e)) = L (9(e)).

For all w € B, w(x1,x9,...,24) € By(I') if N > n, then by the triangle
inequality:

do(w(B(1), 6(w2), - Gz, S (s, 7)) <

If w € ker m then w(x1,z2,...,24) = 7(w) = 1p and

e(w(@(a1), 6(r), . 6(z))) < (n+ 1)

If w ¢ ker
(@), ., 6(w) > de(w(@(), .. 6(a),6(0r)) ~ 1 >
do(@w(ar, ., 2a)), 6(11) ~do (w(6(a), - 6(r)), S, - 74)
>1-(n+9)
So if we choose N = n(n + 2) we have that for c1, ¢z, . .., cq the conditions

(1.2) hold. 0
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1.5 Sofic groups

In the language of the previous section, we could define soficity as the ap-
proximability by the class of finite symmetric groups equipped with normal-

ized Hamming distance. Explicitly:

Definition 1.5.1. A group G is sofic if for all ¢ > 0, for any finite subset
K C G there exist a k € N and a map ¢ : I' = Sym(k) such that:

du(p(gh), p(g)p(h)) <, g.h € K;
du(¢(g),0(h)) >1—¢, g.he K, g#h.

It easy to see that finite groups are sofic, but more generally:
Proposition 1.5.1. Amenable groups are sofic.

Proposition 1.5.2. If G is locally embeddable into the class of sofic groups
the G is sofic.

Then LEF and LEA groups are sofic.

We report a short summary of the stability property of sofic groups from
[8]:

Theorem 1.5.1. The class of sofic groups are closed with respect to the

following operations:
o Subgroups;
e Direct limits;
e Direct products;

o Inverse limits;
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Ezxtension by amenable groups

Free product;

Free product amalgamated over amenable groups;
e HNN extension over amenable groups;
e Graph product.

Question. Does there exist a non sofic: group, finitely presented group,
group with solvable word problem, hyperbolic group, one-relator group, group
with Haagerup property, group approrimable by finite groups with any in-
varian length (weakly sofic), group approximable by general linear groups

equipped with normalized rank distance (linear sofic), hyperlinear group?

Here some references for introductions and works on sofic groups: [1,8,

9,14-17,22,32, 33, 36, 3.

1.6 Algorithmic problems in finitely generated groups

The informal presentations of Minsky machines and recursive functions in

the Introduction are enough for our treatise, so we consider them as given.
The fundamental algorithmic problems for finitely generated groups are:

word problem:

IN w e Fy,

OUT 0 if w € ker7 and 1 otherwise;

conjugacy problem:

IN wi,wy €Fyx,

OUT 0 if m(wy) and 7(w2) are conjugates in I and 1 otherwise;

isomorphism problem:
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IN (X,R), R CFyx,

OUT 0if I = {e}, 1 otherwise;
and more generally

IN (X,R), (X', R),

OUT 0 if the two presentations generate isomorphic groups, 1 otherwise.

And we have that the isomorphism problem implies the conjugacy prob-
lem that implies the word problem. But the three are undecidable in general.
Actually we often restrict to recursively presented groups that means that
R is recursively enumerable (there exists a Minsky machine that lists all
elements in R). Under the hypothesis of recursive presentation kerw is

recursively enumerable.

Remark 1.6.1. If I' is finitely presented the set of isomorphic finite pre-
sentations of I' are recursively enumerable. It implies that given two presen-
tations of the same group the sequence of Tietze transformations from the

first presentation to the second one is computable.

Theorem 1.6.1. The following conditions imply the solvability of the word
problem for a finitely generated group I':

o I is finite;

T' is abelian;

o I is recursively presented and simple;

T" is finitely presented and residually finite;

T" is hyperbolic;

I' is embeddable into a simple subgroup of a finitely presented group.
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In particular the last condition is equivalent to the word problem (Boone-
Higman theorem).

The first examples of unsolvable word problem in finitely presented
groups were given by Boone and Novikov. But for our purpose we introduce
the first examples of finitely presented solvable groups with unsolvable word

problem, by Kharlampovich.

1.7 Kharlampovich groups

We refer directly to [26] for a nice description of the Kharlampovich group,
first constructed in [24]. In this section we shortly present the generator sets
and recall the properties needed in the sequel.

We start with a prime p and a Minsky machine M with K glasses and
0,1,... N instructions for which the set of inputs for which M will stop is
not recursive. We denote the group G(M).

Consider the letters qg, . . . gy associated to the instructions and Ag, ... Ag
associated to the glasses (plus 0). Consider the free abelian monoid genera-
ted by Ay,... Ak, let Uy be the divisors of ApA; ... Ak in this monoid (in
other words the parts of {0,1,... K}). Finally U is the set of the words g;w,
j=0,...K, weU.

Now we can describe the generators, divided into three sets:
Ly:={xy: ueU};
Ly:={4,: i=0,...K};
Ly :={a;, a,a,a :i=1,...K}.

There are two kinds of relations, dependent or independent on M. The

first simulate the instructions of M and finally give the unsolvability of
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the word problem. The independent relations are related to the algebraic
structure of the group, we simply present some consequences.

Denoting:

Hj = <Lj>, j=0,1,2, H:= (LU Ly),

Hj is abelian,

Hy, Hq are of exponent p,
° H{{ = is abelian of exponent p,

o H=H"x H,,

HE (M) is abelian of exponent p,
o G(M)=Hy%(M)xH

Then G(M) is semidirect product of a metabelian group with an abelian

group of exponent p.



Chapter 2

Shape of Fglner sets

In this chapter we introduce the Fglner sets and we study their shape for
suitable classes of groups. But actually we are interested in an effective
construction so we give the definition of computable Fglner sets by the
preimages of Fglner sets in the free groups, where the word problem is
solvable and it’s well defined what it means to give a subset like an output
of an algorithm.

In fact for groups with solvable word problem it is easy to check the
computability of the Fglner sets but actually we are more interested in
the setting of groups with unsolvable word problem. We prove in a very
elementary way that the Kharlampovich group, finitely presented, solvable
and then amenable group, with unsolvable word problem, has computable
Folner sets. We also obtain some information about the Fglner sets of the
extensions, therefore we find some stability properties for the class of groups
with computable Fglner sets.

In particular we prove that semidirect products between finitely pre-

sented groups with computable Fglner sets have computable Fglner sets

31
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and the computability of Fglner sets for a group that is extension of an
amenable group with solvable word problem by a group with computable
Fglner sets with subrecursive distortion function. Some of these results will
be used in the next Chapter to obtain bounds for the cardinality of these
Folner sets (Folner function).

But now we start with one of the classical definitions of Fglner sets:

Definition 2.0.1. Let I" be an amenable finitely generated group, X a finite
set of generators. For all n € N we define the family of n-Folner sets, the
Fglner sets with at least % approzimation. We write:

[F'\ 2 F|

—_— Sn_l, Vz EXUX_I}.
ral

Solr x(n) :={F €T, F#0, F finite ,

The simplest class of amenable groups for which we know the Fglner sets
is the class of finite groups. If |I'| < oo we clearly have I' € Folr x(n) for all
n € N.

There are a lot of (asymptotically) equivalent ways to define Fglner sets,
also inside the finitely generated groups. This one in particular is such that

in the lattice of Z? the n x n squares are n-Fglner, and it will be useful.

2.1 Computable Fglner sets

We are interested in computing these Fglner sets. A priori we don’t know
if it is possible just for groups with solvable word problem or not, for this
reason we give the definition on the preimages of Fglner set inside the free
group: recall that m : Fx — I' is the canonical projection into the finitely

generated group I

Definition 2.1.1. T" has computable Fglner sets if there exists an algorithm

with:
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INPUT: neN
OUTPUT: F C Fx finite, such that n(F') € Folpr x (n).

At first we can see that this definition does not depend on the choice of

presentation for finitely presented groups:

Proposition 2.1.1. Let (X, R) and (X', R') be two finite presentations of
the same group T, inducing respectively m : Fx — T and n’' : Fx, — T'. The
Folner sets of I' are computable by 7 if and only if they are computable by

7.

Proof. By Remark 1.6.1 we can algorithmically find the Tietze transforma-
tions and then the homomorphism ¢ : Fx — Fx such that 7/ o ¢ = 7 is

computable. O

A very obvious fact is that:

Theorem 2.1.1. A finitely generated amenable group with solvable word

problem has computable Folner sets.

Proof. By the solvability of the word problem, given a finite set F' C Fx
it is possible to compute |7(F)| and |7(F) \ w(zF)|, Vx € X. So we can
construct an algorithm with:

INPUT: F C Fy finite,

OUTPUT: answer to ‘w(F') € Folr x(n)?’

Finally we start a (fixed) enumeration of the finite subsets of Fx and apply

this algorithm for each. We stop when we obtain -yes-. g

A natural question is if the converse is true, that is, if the class of groups
with computable Fglner sets is the class of amenable groups with solvable
word problem. The answer is NO, this chapter is dedicated to prove this

and some stability properties of this class of groups.
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2.2 Geometry of Fglner sets

The family of Fglner sets has some good properties:

Proposition 2.2.1.
(i) A,B € Folp x(n) and AN B = () implies AU B € §olr x(n);
(i1) A € Folr x(n) implies Ag € Folr x(n) Vg € T';

(iii) AUB € olr x(n), ANB=ANXB=10
implies AU Bg € Folr x(n) Vg € I' such that AN Bg = 0.

Proof. (i) First it is clear that if AN B = () we have |[AU B| = |A| + |B|.
In general (AU B)\2(AUB) C (A\ zA)U (B \ zB). Finally the sum of
the two inequalities |A \ zA| < n~!|A| and |B \ zB| < n~!|B| gives us the
thesis.

(ii) The translation from the right doesn’t change the cardinality of the
sets:
4] = |Ag| and |4\ 24| = |(A\ 2 A)g| = |Ag\ wAg].

(iii) In this case we have (AU B) \ z(AUB) = (A\ zA) U (B \ zB) so:

(AU Bg)\z(AUBg)| _ [(A\zA)| +|(Bg\zBg)| _ [(A\zA)U(B\zB)|

|AU By| - Al + | By B Al + 1B

((AUB)\a(AUB)| _
|AU B| - ’

g

These properties give us some information about the shape of Fglner
sets or at least the shape that we can choose. In fact given a Fglner set F' €

Folr x(n), consider f € F, we have Ff~! € Folp x(n) and |F| = |Ff7},
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and clearly e € Ff~!. The other important property that it is possible to

have is the connection.

Definition 2.2.1. We say that K CT is left-connected (resp. right-connected )
if for any A,B C K such that K = A||B we have AN BX # 0, (resp.
ANXB#0).

It’s simple to notice that a left[right]-connected subset K describes a
connected subgraph of the left[right] Cayley graph.
To have connection we need a stronger property of invariance for Fglner

sets:

Definition 2.2.2.

[Ox F| < }}’
F| ~n

Solp x(n) :={F, non empty finite subset of T :
where OxF :={f e F:3ze XUX t:af ¢ F}.

But X is finite and Ox F = |Jyxx-1(F \ F), and then

/
FAeF| _[0xF| 5~ IP\SF]
FS IR S A, I

It implies:
Folr x (| X U X" n) C Folp x(n) C Folr x(n).

So in particular the definition of amenability is unaffected by the choice
of this different type of Fglner sets. Often we are interested in the optimal
Folner sets, which are the smallest sets in Folr x(n) and Folp x(n). They
will be important also to quantify amenability.

For the optimal Fglner sets, at least for those in gﬁl’nx (n) , we have the

connection. This is a well known fact:
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Lemma 2.2.1. For I € §olp x(n), if for every ' € Folp x(n) we have
|F| < |F'|, then F is right-connected.

Proof. By contradiction. Suppose that F' can be written non-trivially as
F = A; U Ay and that for any € X we have A1 N Ay = AyNxAs = 0. In
particular |A;| < |F| and |A2| < |F|. Then by minimality

|0x A1| > n~ A

|3xA2‘ > n71|A2]

and then the sum:
|0x A1| + |0x Aa| > n~H(|A1] + |A2)).

But Ox F = 0x A1 U dx Ay because:

if g € OxF then g € F and there exists i € {1,2} such that g € A;, but
also there is z € X such that zg ¢ F that implies zg ¢ A; and then the
inclusion;

if g € OxA; then g € A; C F and there exists © € X sucht that zg ¢ A;,
but zA4; N Ay = Ay NxAs = () and then zg ¢ A.

Finally |8‘)1ffr| > n~!, contradicting the hypothesis. O

So if I' is amenable we have F' € §olr x(n) that is right-ed, in particular
we can assume e € I and then |F| C Bjg|(I'): we have a bound for the word
length of elements in F.

Finally the result that allowed us to check the invariance property only

under the action of generators for amenability:

Lemma 2.2.2. For any F € §olr x(n) and for all g € I' we have:

[F\ gF| 1
<lgln". (2.1)
|F|
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Proof. By induction on |g|: if |g] = 1 it is trivial. Suppose g = xg’ with
r € XU X !and |¢/| = |g| — 1, by induction hypothesis for ¢’ the (2.1)
holds. Then:

[F\ag'F| _ [27'F\ g'F|
|F| |F|
and recalling that A\ B C A\ CUC'\ B, we have:
/ —1 /
F\ag/F| _ o FAF| |F\GF| _|[F\oF]

< < + g |n7t < |gln7.
|F| | F| | F| | F|

2.3 Abelian groups

We first consider the simple case of the free abelian group:

Example 2.3.1. Consider Z% with generators x1,xa, ... Tq.

Define C :{xilla:?...:zild: i1,%2,...1qg € {0,1,...n—1}}. Then

7 i1 i'+1 7 . . . . .
Co\z;jCp ={ay ...x/ 5z ..oxf s dn,edjon, i .. ig € {0,1,...n = 1}},

-1 7 -1 n ’i'+1 iq . . . . .
C’n\xj C :{xll...xj]_lxjxj]“...xdd. i, j—1,0541...0¢ € {0,1,...n— 1}, }

i the group the only relations are those given by the commutativity, so we

have |Cy,| = n and ]Cn\x;ﬂCn[ = n9=t. This implies that C, € Folya x (n).

Following the construction for Z% we build the Fglner set for a general
abelian finitely generated group. But we want an algorithmic description of

the preimages in the free group.

Definition 2.3.1.

Co(w1y .. ag) = {ata 2l iyig,...ig € {0,1,...n —1}} C Fy.
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Now we want to prove that m(€,(z1,...24)) C I' is n-Fglner. More

generally we define C), for arbitrary elements and we have:

Proposition 2.3.1. Let y1,y2,...ys be commuting elements of I' not ne-
cessarily distinct. Set

i1, 12

Colyn, Y2, - ys) = {1y ..oyl 0 dnyin,...is € {0,1,...n — 1}}.

We have:

Cn(y1,52, - - ys) \ U7 Cn(y1, 92, - - ys)| )
<n %, Vje{0,1,...d}.
Culur, 2, 05)] 01,..d}

Proof. We write C,, instead of C,(y1,y2,...Ys):

e Ch(y1,y2,.--Ys) = Crn(y1)Crn(y2,Y3 . .. Ys)

and

() if y; has order less or equal to n
Cn(y1) \ y1Cn(y1) =
{e} otherwise.

o Cn \ len C Cn(yZaySa cee ays)
because in Cp, \ y1Cn C Cn(y1) \ 11Cn(y1)Cn(y2,Y3, - - -, Ys)

e yF[C,\11Cy] C Oy for k€ {0,1,...n—1}
if g € y¥[Cp \ y1Cy] s0 there exist iy, ... 75 € {0,1,...n — 1} such that
g= y’fy;2 . yzs and so g € C),.

i y’f[Cn\an]ﬂ[Cn\le’n} =0 Vke{l,...n—1},

if g € yF[Cy \ 11Cy] s0 g = ylfyg?..y}, but £ # 0 and then g ¢
Cn\ylcn-
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So C,, contains n disjoint translations of C), \ y1C,,, that is:

n—1

Co D | |4*[Ca\ i Cl.
k=0

It is easy do the same with y; 1 and we have
n—1
Cn D |_| yik[Cn \ yl_lcn]~
k=0

Co\yi'Cn _
So [Gmu ol < -1, 0

In particular if I is abelian Cy, (21, z2,...24) € §olr x(n).

Remark 2.3.1. Actually we can prove it also noting that the product of
two n-Falner sets is an n-Fglner set for the direct product of the groups,
the products of two “cubes” C,, is still a cube. But the cubes are n-Folner
sets for 74 and clearly for finite groups (for n big enough) so the n-cubes
are n-Folner for finite direct products of finite or free abelian groups, so for

finitely generated abelian groups.
Finally 7(&p,(z1,...2q)) = Cp(x1, ... x4q).
Corollary 2.3.1. If I is abelian then it has computable Folner sets.

Actually the ordering in the set doesn’t matter if we project into an
abelian group, in this case, for a finite subset Y C Fx, we define &, (YY) and

Cn(Y) = m(€n(Y)).

2.4 Kharlampovich groups: The Revenge

We give a very simple and effective construction of n-Fglner sets for a par-
ticular semidirect product that is the one that was used twice to construct

the Kharlampovich groups:
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Theorem 2.4.1. LetT' = (L1ULg) be a finitely generated group, L1 and Lo
two finite disjoint subsets and respectively Hi and Hs the subgroups that they
generate. Suppose that Ha is amenable, Hf s abelian and I' = HlH2 X Ho,
then:

AC, (LY € Folr(n), VA € Folp,(n).

where L = {a " 'za: a € A,z € L1}

Proof. B := Cn(L{"), |AB| = |A||B| because A C Hy and B ¢ H{' and
Hy N H{? = {e}.
For x € Ly U L2_1 we have:

AB\AB| _ |A\zA|B| _ _,
AB] = AIB C

Forxe L1 U Ll_l7 using Proposition 2.3.1, we have:
|AB\ zAB| |{ab: ac A,be B:ab¢ xAB}|

|AB| Al B
_ Hab: ac A, be B:b¢a 'zAB}| < [{ab: a€ A, be B:b¢ a ‘zaB}| <
Al B B [AllB] -
WUpeae(B\ o~ waB)| _
B | AllBI B

O

In the case of Kharlampovich group G(M) we have (see Subsection 1.7):

Cn(L2) € olu,(n),

Cr(L2)Co (L)) € Folp(n),

but H{J is of exponent p, so for n > p we have C,, = C, in Hf{ and the

same holds in H(? (M), so finally:

cn<Lz>cp<Lf”(L2>>)
0

Cro(Lo)Cp (L2 0 (L e Folaan(n).
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So we have a finitely presented group G(M) with unsolvable word prob-
lem with computable Fglner sets: we have an algorithm with input n and
output a finite subset of the free group projecting onto an n-Fglner set in
G(M). Of course we don’t know if some different words of the set represent
the same element in the group. And we have also a bound from above for

the cardinality of these sets.

Corollary 2.4.1. The class of finitely presented groups with computable
Fyolner sets is larger than the class of finitely presented amenable groups

with solvable word problem.

2.5 Amenable extensions

Amenability is stable under semidirect products and more generally under
amenable extensions, the most common proofs of this do not use the charac-
terization of amenability by Fglner sets. The book [11] is one of the excep-
tions and in [25] it was shown explicitly that a Fglner net for the semidirect
product is given by the product of the Fglner nets of the factor groups. But
it’s not an effective procedure to have, fixing n € N, an n-Fglner set.

We first consider general abelian extensions, but apparently the proce-

dure doesn’t ensure the computability of the Fglner sets:

Proposition 2.5.1. If I' is finitely generated by X and N <T" is an abelian
normal subgroup, denoting with p : T'— T'/N the projection:

ACypa-1x 40| (AT XANN) € Folr x (n),
for each A C T such that |A| = |p(A)| and p(A) € Folr/n,px)(2n).

Proof. Consider S := A"!XAN N, it is finite and |S| < |A]?|X].
Denote B := Cyy5/(S), B C N and then by Lemma 2.3.1 we have
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|B\ sB]

] < (4n|S|)~! for all s € SUSL.

Consider the set F' := AB, notice that |F| = |A||B| because the inter-
section AN B has at most one element since p|, is injective and p sends B
to the identity of I'/N. So for g € F we write ¢ = ab, a € A, b € B in a
unique way (again because p|, is injective and p(g) = p(a)) and we write
A" := p(A), that is 2n-Fglner.

For each x € X U X!, the set F \ «F is disjoint union of F; and FEj:

Ey={geF\xzF:p(g) ¢ p(x)A'}

Ey={ge€ F\xzF:p(g) € p(x)A'}.

If g € Eq, since p(g) = p(a) ¢ p(z)A’ so p(a) € A"\ p(x)A’. But p is injective
on A then:

By A\ p@ANB] .
= < (2n)" ".
7 Al (2n)

If g € Es then p(a) € p(x)A’ = p(xzA), hence there exist ' € A,s € N
such that as = wa’. So s € SUS™! and g = za’'s~ b, but since g ¢ vAB
then b ¢ sB:

|Es|  |{za's™'b, o’ € A, s€ SUS™!, be B\ sB}| |B\ sB| _1
< < 22 < 2n) L
7] Al 2 g )

O

seSus—1

Consider the case of I'/N amenable with solvable word problem and
with the set p(X) as generators. If 7p/y : Fx — I'/N is the canonical
epimorphism, for every n we can compute A € Fx such that m/n(A) €
S0l /N, p(x)(2n) (by Theorem 2.1.1), but also with [A| = |mp/5(A)|, by the

solvability of the word problem.



CHAPTER 2. SHAPE OF FOLNER SETS 43

But then A := mr(A) is such that p(A) = mp/n(A) € Folr/n px)(2n) and
|A| = |p(A)], because:

Ip(A)] < [A] < | Al = |mr/n (A)]-

Moreover, given an element w € A~'X A we can compute if 7p N(w) =1
or not, and then we can compute the preimage of A~'XAN N in Fx and

finally we can compute a preimage of the n-Folner sets for T'.

Corollary 2.5.1. A finitely presented group that is an extension of an
amenable group with solvable word problem by an abelian group has com-

putable Folner sets.

This implies again that Kharlampovich group has computable Fglner
sets, because it is an abelian extension of a finitely presented metabelian,
and therefore residually finite with solvable WP, group.

Notice that the abelian group could be not finitely generated.

Remark 2.5.1. In general if we observe that ACyy, 5)(S) C AC4n|A‘2‘X|(A_1XA)
so even if I'/N has non-computable Folner sets, we can compute sets con-

taining them.

The situation is clearer if the extension splits. In this case we can also

consider more generally the extension by an amenable group.

Theorem 2.5.1. Let N = (X|R;) and H = (Y|Ra) be finitely generated
groups and let ¢ : H — Aut(N) be homomorphism. Let ¢ := max{|¢,(z)|x :
z € X, y €Y} and consider N x H = (X,Y|Ry, Ry, 2V = ¢y(z) Vo €
X, Yy €Y) then:

AB € §0lnxn(n)

for every A € Folg(n), and every B € SglN(ncWY).
(Remember that |Aly = max{|a|y,a € A}).
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Proof. |AB| = |A||B| because A C H and B C N,
foryeYuY 1.

AB\yAB| _ |A\yAIB| _
AB] AlB]

Forz € X U XL

zab = aa~'zab = apy(x)b, so

{abe AB : zab ¢ AB} C {ab € AB: ¢q(2)b ¢ B}.

But |¢q(z)|x < c?v < A, Then, using Lemma 2.2.2:

AB\2AB| _ |UyeadlB\6u(@)Bll _ Y 1B\ 0u@)B| _ |oulo)lx _
[AB] AlIB] =T B S b ="

g

We can observe that the thesis is true also if B € Foly(n') with n’ >
nslAly . In particular this implies that the semidirect product between
two finitely generated groups with computable Fglner sets has computable
Folner sets because if we know a preimage for the Folner set A we also have
a bound for |A]y and so we know a right input for algorithm computing B,

Folner set of N.

Corollary 2.5.2. The semidirect product between two finitely generated

groups with computable Falner sets has computable Folner sets.

Finally we give the computation for the general extension by amenable
finitely generated groups. Before this, we recall the definition of the distor-

tion function.

Definition 2.5.1. We call the map A% : N — N with:
AS(n) ;= max{|w|y : w € N, |w|x < n}

the distortion function.



CHAPTER 2. SHAPE OF FOLNER SETS 45

Theorem 2.5.2. Let I' be generated by the finite set X and N be a normal
subgroup of T' generated by the finite set Y. Let p: T' — K :=T/N be the

projection to the quotient. Then:
AB € C‘{(ZSZF’X (n),

if A= p(A) € Folk px)(2n), |Al = [A'], |Alx < [A,x)
and B € Folyy (20|42 X U X AG (214 ,x) + 1))

Proof. Denoting with F := AB it is easy to see that |F| = |A’||B| because
p is injective on A.

For each x € X U X!, the set F \ zF is disjoint union of E; and Fs:
Er={ge F\aF:p(g) & p(x)A'}

Ey={g€ F\aF:p(g) € p(x)A’}.

We can write g = ab, with b € B, in a unique way.
If g € Ey, since p(g) = p(a) ¢ p(x)A’ so p(a) € A"\ p(x)A’, p is injective

on A so:
By A\ p@ANB] .,

= < (2n) ".

7 anp =@

If g € E5 then p(g) = p(a) € p(x)A’ hence there exists a’ € A such that

p(a) = p(z)p(a’). The images by p of a and za’ are the same so there is
s € N such that as = zd'.

If we call S := A'XA we see that s € SUS™! and |[SU S <
|A]?|X U X1|. Then g = za’s™1b, but since g ¢ 2AB then b ¢ sB:

| Es| < {xa's™'b, o' € A, s€ R, be B\ sB}| < Z |B\ sB|
[Fl |A'|| B B Bl

seSus—1
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We have a bound for |S|, we need a bound for the length of the elements in
SusS—h
|S|y < A?\[OSIX) But |S’X = ]a_lxa’|X < 2’A‘X +1< Q‘A,|p(X) +1

And so by Lemma 2.2.2:

|B\ sB| /2 11 [SuUSTY
< (2nAfIXUX < —\
B < nlAP IR

_F\xF| B (B

Finall = < .

YR Bl E "

O

Suppose that N and K have computable Fglner sets. For each k we can
construct A C Fx such that mx(A) € Folx (k). We denote A’ := mx(A). If
we consider A := np(A), it is clear that p(A) = A’ € Folk (k) as in hypothe-
sis of the theorem. But we want the bound also on the cardinality and on the
length: if | A| > |A’| we could have |A| > |A’|. But if we restrict to the case in
which K has solvable word problem we can detect A such that |7x (A)| = |A|
and |7 (A)],x) = [Alw. So we can compute a preimage for a set A respect-
ing the hypothesis of the theorem. For the set B we just need the com-
putability (of a bound) of the number 2n|A’|?| X U X A (2|4] ,x) + 1).
While we have automatically (by to the computability of Fglner sets in K)
a computable bound for [A'| and |A’|,y), it is possible that A is not

subrecursive, see for example [3], also in solvable groups, see [13].

Corollary 2.5.3. Let N,G, K finitely generated groups such that:
1->N—-G—K-—=1.

If N has computable Falner sets, A% 1s subrecursive, K is amenable with

solvable word problem, then G has computable Folner sets.
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Remark 2.5.2. By the Remark 2.5.1 we know that a finitely generated
solvable group I has the following property that we can call subcomputability
of Fglner sets
There exist an algorithm with:
INPUT n e N
OUTPUT F C Fx : 3AeFolr x : A C w(F).
We can conclude this statement also observing that the free solvable groups
have solvable word problem and then they have computable Falner sets. If
we look for example at the proof of [18, Lemma 2.2], we can see that even
if the projection of a n-Falner set is not n-Fglner, it contains an n-Falner
set. We know something more: p : G1 — Go a projection, G1 generated by
X1 and G by Xo = p(X1): if A € Folg, x,(n) then there exists i € N,
1 < i < |A| such that the set B; :== {b € Go : |p~(b) N A| > i} belongs to
Folc, x,(n).

But if we haven’t solvable word problems apparently we cannot compute

B; and we cannot say which i is right.

e Have solvable groups computable Folner sets?
o [s computability of Folner sets stable under quotients?

e Does subcomputability imply computability of Folner sets?

The questions are in order of generality, apparently are distinct questions:
while for finitely generated amenable groups and solvable groups we have a
“universal group” for which in its quotients all groups of the class can be
embedded, it is not the case of finitely generated amenable group. The exam-
ples to see this are the Erschler’s groups in [18] and they also are ezamples

of amenable groups with non computable Falner sets. Infact another neces-
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sary condition for the computability of Folner sets is the subrecursivity of

the Fglner function, we will see it in the next chapter.



Chapter 3

Quantifications

One of the obstructions to compute approximations with arbitrary precision
is the possibility that the growth of the dimension of these approximations is
faster than any recursive function. This is what happens for example for the
non computability of Fglner sets: actually we have found examples just in
this way. So on purpose to study effectiveness of some properties, especially
of approximation properties, it is natural to try to quantify them.

In this Chapter we start with the definition of a famous function, the
Fyglner function, introduced by Vershik. In particular we use an asymptoti-
cally equivalent version compatible with our definition of Fglner sets. The
Folner function is the cardinality of the optimal Fglner sets and then in some
sense it quantifies amenability. Vershik conjectured for it the possibility of a
growth faster than any iterated exponentials, Erschler in [18] shows finitely
generated groups with Fglner function faster then any recursive function
(while it is open for finitely presented groups). With the theory of the pre-
vious chapter we know that these groups have unsolvable word problem and

non computable Fglner sets. It’s just a short step from effective construc-

49



CHAPTER 3. QUANTIFICATIONS 50

tions to the quantifications, so we give as corollaries some upper bounds
for Fglner functions even if at least those about solvable groups are already
known. The final goal of the section is that the class of finitely genera-
ted groups with subrecursive Fglner function is closed under extension with
subrecursive distortion.

In the following section we present the depth function introduced by K.
Bou-Rabee to quantify the residual finiteness and an analogous function for
the local embeddability into finite groups and the comparisons of these two
functions.

In the last section we study a quantificative function for soficity. The
first introduction of the sofic dimension growth is in an unpublished work
of Arzhantseva and Cherix [2]. The idea to study algorithmic questions in
this setting was suggested to me by Thom and the paper [12]. Cornulier in
fact introduced his own version of quantification of soficity, the sofic profile.

We prove independently some results that will be also in [2]. Then we
introduce a quantifying version of the weak stability (see [4]) and observe
that there’s no uniform recursive bound for all weak stable groups. We
prove that under sofic condition the computability of sofic approximations
is equivalent to the word problem and is not equivalent to subrecursivity of
sofic dimension growth. Finally we give an upper bound for sofic dimension
growth of direct products, free products and splitting amenable extensions

of sofic groups.
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3.1 Foglner function

Definition 3.1.1. For an amenable group I generated by a finite set X,

remember that for allmn € N:

F\zF
Jolr x(n) ={F CT, F#0, F finite ||\Fg|”| <n h Ve XuXx 1l

So we define the Fglner function F': N — N as
Fr x(n) := min{|A|, A € Folr x(n)}.

This is a well studied function. It is shown that the asymptotic behaviour
does not depend on presentation. The first simple remark is that if I is a
group with computable Fglner sets then the function F' is subrecursive. So

in particular, as a consequence of Theorem 2.1.1:

Proposition 3.1.1. IfT' is finitely generated amenable group with solvable

word problem than FT is subrecursive.

We know that there exist finitely generated groups with Fr non subre-
cursive [18], so these groups have unsolvable word problem, and in general
there exist finitely generated groups with non computable Fglner sets, but
we don’t know examples of groups with subrecursive Fglner function and

non computable Fglner sets.

Remark 3.1.1. T’ has subcomputable Folner sets if and only if Fr is sub-
recursive.

If the preimage of a set containing an n-Fglner is computable then we can
compute a bound for the cardinality of an n-Folner and thus Fr is sub-
recursive. Viceversa by Lemma 2.2.1 we have n-Fglner sets contained in

Br.(xux-1n) (), so if Fr is subrecursive we can compute a ball large enough
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to contain an n-Folner.

So we can reformulate the last question in Remark 2.5.2 in the following

way:

Question 1. Does the subrecursivity of FT imply the computability of Folner
sets of I'?

We will see that the analogous question for soficity has negative answer.

In this section we can translate the results from the previous chapter to
obtain upper bounds for the Fglner function for some amenable extensions.
Asymptotically equivalent bounds for solvable groups could be also found
as corollaries of the works [19] and [18], or using the comparison with the
Fglner function in free solvable groups in [35].

The simplest case is that of finite groups, where the Fglner function is
eventually constant, and of abelian groups: if I' = (X)) is abelian then from
Lemma 2.3.1 we clearly have Fp(n) < nlXl.

From Theorem 2.4.1 we can choose the optimal Fglner sets and consider

the cardinality:

Corollary 3.1.1. LetI" = (L1ULg) be a finitely generated group, Ly and Lo
two finite disjoint subsets and respectively Hi and Hs the subgroups that they
generate. Suppose that Hy is amenable, qu2 is abelian and I’ = H{b X Ho,
then:

Fr r,uL, (n) < Fr, 1, (n)n\LﬂFHQ,LQ(n)_

For Kharlampovich groups G(M) (see Section 1.7 and Section 2.4) we

have:

2™y o

Cr(L Cr(L
Fan(n) < [Ca(La)Cy(LT )0y (25
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|La|
< plElplLaln 2! plLopnl2lpltan 2t

From Proposition 2.5.1 we have:

Corollary 3.1.2. If I' is finitely generated by X and N < is an abelian

normal subgroup, denoting with p: 1" — I'/N the projection:
Fr(n) < Fp/n(2n) (20| X[ Fry (20)?) X @7,

Proof. We consider p(A) € Folr/n(2n) such that [p(A)| = |A] = Fr/n(2n),
recall that S = A7 X A and then |S| < |A|?|X|. Finally observe that

ACQn|S|(S> C ACQW|A|2\X|(A_1XA)_
0

In particular, fixing two numbers k,l € N, there exists a recursive func-

tion f : N — N (asymptotically a k-iterated """ ) such that for every group

G solvable of step less than k£ and with less than [ generators we have

We can say this, without any information on function f other than recursiv-
ity, directly by the solvability of word problem for free solvable groups (see
Remark 2.5.2).

From Theorem 2.5.1 we obtain a bound. First we recall that for a group
H generated by a finite set Y, if we are not interested in computability we
can choose an optimal n-Fglner set A € Sgl’H’Y(n) that is right-connected
(see Lemma 2.2.1) containing the identity 1 and then |Aly < |A| < Fy(|Y U
Y~1n).
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Corollary 3.1.3. Let N = (X|R;1) and H = (Y|Rgy) be finitely genera-
ted groups and let ¢ : H — Aut(N) be a homomorphism. and consider
N x H = (X,Y| Ri, Ry, 2¥ = ¢y(x), Vx € X, Vy €Y), then:

Fnwr(n) < Fr(kn)Fy(ncfEm)y,
where ¢ := max{|py(z)|x : € X, y€Y} and k:=|Y UY 1|
Finally, from Theorem 2.5.2 and again using connectivity argument:

Corollary 3.1.4. Let N,I', K finitely generated groups such that:
1> N—->T—>K-—>1

Then
Fp(n) < FK(kn)FN(k‘nFK(kn)QAR,@FK(k:n) + 1)),

where k := 2| X U XY the finite generating set of I.

This implies that if N and K have subrecursive Fglner function and if
AR, is subrecursive then I' has subrecursive Fglner function.

Coming back to our Question 1, it seems that apparently the property
of subrecursivity of Fglner function is more stable than computability of

Fglner sets. Or at least these stability properties are easier to prove.

3.2 Depth and LEF functions

We want to consider some quantifications of some other approximation pro-

perties that imply the soficity. First of all, the residual finiteness:

Definition 3.2.1. Let I' be a finitely generated residually finite group,

Rr(n) := max{min{[l" : N]: N«T, g¢ N}, |g| <n} neN.
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Bou-Rabee defines the function Rr in [5], we call it the depth function
of I'. He proves the independence on the generators (up to asymptotic
equivalence) and computes the function for some groups. There are many
works on the depth function, especially for the free groups [7,27].

In [6] it is remarked that for finitely presented residually finite groups the
depth function is computable and finitely generated residually finite groups
with arbitrary large depth function were constructed. In [26] starting with
particular Minsky machines with a computable halting problem and with
the same construction of the groups with unsolvable word problem, they
obtain finitely presented residually finite groups with arbitrary subrecursive
large depth function.

A very closed property is the embeddability into finite groups (LEF), we

first need an equivalent version, by Proposition 1.4.1:

Proposition 3.2.1. I is LEF if and only if for every n € N there exist a
finite group F and (fy,... f;) € F such that :
=1p ifw e B,Nkerw

w(fi,---, fa) (3.1)
#1p, ifwe B, \ kerm.

So we can consider the growth of the cardinality of these finite groups.

Definition 3.2.2. For a LEF group I' we define
LEFr x(n) :=min{|F|: 3(f1,..., fa) € F¢ for which (3.1) holds }, n € N.

It is simple to see that the asymptotic behaviour does not depend on the
presentation. We will see it in the next section for the function quantifying
soficity, the proof is the same.

We know that residual finiteness implies LEF, we give a quantitative

version of this fact:
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Proposition 3.2.2.

LEFr(n) < Rp(n)t™,
where £(n) is the number of conjugacy classes of T' intersecting By, (T).

Proof. Let g1,92,...,gen) be the representative elements of the non trivial
conjugacy classes intersecting the ball of radius n, we denote with @, the

smallest finite group such that there exists a surjective homomorphism py:

pg: 1= Qq

with py(g) # 1. We observe that also py(hgh™!) # 1 for all h € T'. We define

£(2n) £(n)
PZF—>HQ91- p::Hpgi.
i=1 i=1

We want to prove that for (p(z1),. .., p(x4)) the relations (3.1) of Proposition
3.2.1 hold.

For w € B, Nkerm we have w(p(z1),...,p(xq)) = p(m(w)) = 1 since p
is a homomorphism. If w € B, \ kerm then w(w) is different from 1 so
there exists 7 such that g; is conjugate with m(w) and so pg, (7(w)) # 1 that
implies p(7(w)) # 1, but again w(p(z1), ..., p(zq)) = p(7(w)). We know that
\ Hfﬂ? Qgi| < Rr(n)&(™ so we have the thesis. O

But we also know, in the case of finitely presented groups, that the local
embeddability into finite groups implies the residual finiteness. This is the

simple comparison of the associated growth functions:

Proposition 3.2.3. Suppose that R, the set of relations in the presentation
of I, is finite, then:

Rr(n) < LEFr(n), foralln>r,

where 7 := max{|w| : w € R}.



CHAPTER 3. QUANTIFICATIONS 57

Proof. For n > r the approximation x; — f; gives a homomorphism from
I' to F, with |F| = LEFr(n) and for g € B,(I'), g # 1r we have a word
wg € By \ ker 7 such that 7(wy) = g. O

3.3 Sofic dimension growth

The aim of this last section is to describe the growth of the dimension of
sofic approximations and the relation with algorithmic problems. As we see
in Section 1.5 for soficity we need of (K, €)-approximations, almost homo-
morphisms into a finite symmetric group with a sort of uniform property of
injectivity. We might consider the minimum rank of the symmetric groups

containing approximations, choosing the diagonal subsequence:
1
K{(n) =min{k € N: 3¢ : T — Sym(k), (B,(T), —) — approximation}.
n

It is very clear that a finitely generated group I' is sofic if and only if the
function K| assumes finite values.
But actually we want something closer to the word problem and more easily
worked with computational tools.

The following notion of sofic dimension growth is due to G. Arzhantseva

and P. A. Cherix in an unpublished work [2]:

Definition 3.3.1. Suppose that T' is sofic. For n € N let Kr r(n) be the
minimum integer k such that there exists (o1, 09,...04) € Sym(k)?® with the
following property:

< %, ifwe B, Nkerm

eH((A)(O'l, N ,O’d)) (3.2)
>1-1 ifweB,\kern
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In the language of the work of Arzhantseva and Paunescu [4], Kt (n)
is the minimum rank among %—Strong solutions of R, the set of relations of
I'. We denote as n-approrimations the permutations oy, 09, ...04.

For the sake of completeness we give the easy proofs of some propositions
that will appear in [2] in the more general setting of metric approximations.
We prove them independently but we know by private communications that
they define the sofic dimension growth and many other growth functions
and describe the comparisons between them (including what in this text
are Propositions 3.3.1; 3.3.3; 3.3.4) and some quantifications of stability

properties of soficity (including what in this text is Proposition 3.3.6).

The first thing to see is that I' is sofic if and only if the function Kr
assumes finite values. Again this is a particular case of Proposition 1.4.1.

But we give directly a comparison with the function K7..

Proposition 3.3.1.
K (n) < Kr(3n), Kr(n) < K{(n(n+2)), VneN.

Proof. First inequality:
For every n € N consider the 3n-approximations o1, ...,04 € Sk (4n), S0 the
(3.2) of Definition 3.3.1 holds for 4n. For all g € I' we choose w, € F,; such

that g = m(wgy) and |wg| = |g|. This defines a map:

(Z) : —>SK(n)

g r—)wg((fl, ce ,O‘d).
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For g,h € B, (),

dir(6(gh), 6(9)6(h)) = Cr(wgn(or, ...o0) Mwy(on, .- Juwn (o, .)
= EH(w(Ul, R 70'd))

where w = wg_hlwgwh,

But |w| < |wgn| + |wg| + [wi| = 2[g| + 2[h| < 4n, moreover T(w) = e so
w € Byy(T) Nker m and then dg(¢(gh), dp(g)d(h)) < ﬁ,

For g,h € By(I'), g #h,

1

du(6(9), d(h)) = Ca(wy  wp(oy, ... 04)) > 1 - ™

beacuse w;lwh € Byy\ker m. And so the map ¢ is a (B, ('), %)-approximation.

Second inequality:
For each N € N consider ¢ : I' — Sym(K[.(N)), a (Bn(I'), 1 )-approximation.
We want to find NV such that the permutations o7 := ¢(x1), 02 := ¢(x2),. ..,
o4 := ¢(x4) are n-approximations.

We have:

2 dn(6(1n), 6(1r)o(1r) = (@ (1r)),
For all w € B,, w(x1,x2,...,24) € By(T') if N > n, then by the triangle
inequality:
A (1), B(2), - 6(wa)), B (a1, 22, 7) <

If w € ker w then w(xy,z2,...,24) = 7(w) = 1r then

U (w(é(e1), 6(z2), . 6(2a))) < (n+ 1)
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If w ¢ kerm:

KH (w(¢($1), ey ¢({Bd))) Z dH (w((b(xl), N ,qb(xd)), ¢(1F)) -

1
— >
N =

dit ($(w(zr, .., 2)), H(10)) —dr (w((er), . .., d(za)), dlw(ar, ... ,xd)))—%

1
>1-— 2)—.
> (n+ )N
So if we choose N = n(n+2) we have that o1, 09, . .., 04 are n-approximations.

g

So in particular KT is finite valued if and only if K. is finite valued and

then if and only if I is sofic.

3.3.1 Asymptotic independence on presentation

We recall the four types of Tietze transformations on the presentations
(X|R) of the group T

R™ Add a relator:

Replace I' = (X|R) by I' = (X|R U w), for some w € kerm.

R~ Remove a relator:

Replace I' = (X|R) by I' = (X|R \ {w}), for some w € R such that
Ry = (R\ {w})".

X Add a new generator:

Replace I' = (X|R) by I' = (X U {y}|RU {yw™'}), for any w € Fx.

X~ Remove a generator:

Replace I' = (X|R) by T' = (X \ {y}|R\ {w}), if yw™! € ker7 and if all

s € R\ {w} do not contain y or y .
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Now we compute the variation of the function K after these transforma-
tions.
RY R :
The kernel ker w of the canonical homomorphism is the same in the two
presentations. The word length does not depend by the relations in the
presentations, B, N ker 7 is the same after these transformations so, by

definition, the function K (n) is the same.
X

For simplicity suppose that we remove the last generator.

Before: (x1,xa,...,zk | R), ker m; <Fy, the kernel of the canonical homomor-
phism;

after: (zy1,x2,...,25-1| R\ {wo}) ker ma <Fj_; the kernel of the canonical
homomorphism.

We can consider Fy_; as subgroup of i, and then: ker mo = {w € kermy :

x5, and :c,?l are not subword of w} = ker m NFy_

Ifo1,09,...,0r € Sk,(n) are n-approximations for the first presentation,
S0 01,09, ...,0L_1 are n-approximations for the second presentation.

The inclusion of Fy_; in Fy, is isometric then ker mo N B, (Fx—1) = Fr_1N

ker 11N By, (Fx) but clearly for w € Fy_q simply w(o1, 09, ...,0%) = w(o1,009, ...

Then Ka(n) < Ki(n).

Xt
Before: (x1,x9,...,xx|R), ker m <Fj, the kernel of the canonical homomor-
phism;
after: (x1,,...,ps1|RU{zr 11wy '}) ker ma<Fy4 the kernel of the canon-

ical homomorphism.

7Gk—1)-



CHAPTER 3. QUANTIFICATIONS 62

Let m be the length of wo, consider o1,09,...,0% € Sk, (nm) the nm-
approximations for the first presentation.

Set og+1 = wo(0o1,09,...,0k), now we show that o1,09,...,0k, 011 are
n-approximations for the second presentation.

Let w € By (Fj11), we can replace every xp,q and w,;il with respectively

wo and wy 1 and obtain a new word w’ € Fj N Bpy. It's clear that w

is in kermsy if and only if w’ is in kerm. But w(o1,09,...,0%,0k11) =
w'(o1,09,...,0%) so we have:
< % < %,w € ker mo
Ca(w(o,...,0k 0k11))
zl—izl—l,w¢kerﬂg.
nm n

and so Ka(n) < Kq(nm).
And so finally, by Theorem 1.1.1:

Proposition 3.3.2. Letm: Fy — T and n’ : Fg — ' be two presentations

of the same group I', then there exists C' > 0 such that:

KF,W(C_ln) < Krn(n) < Kr-(Cn) VneN

3.3.2 Comparisons with Fglner function and with LEF func-

tion

Amenable groups and residually finite groups are sofic. Actually the soficity
was born as the class of groups that contains both. So it is interesting and

very simple to quantify these inclusions.

Proposition 3.3.3.
KF(TL) < FF(RQ).
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Proof. For every N € N we consider N-Fglner set Y such that Fr(N) = |Y|.

Now consider o1, 09,...,04 € Sym(Y’) bijections of Y such that:
oi(y) = ziy

for allerﬂ:L'i_lY, fori=1,2,...,d. Let w = z122...2, be a word such

that |w| < n, with z; € {1,21,...,2p, 27 ..., 2, '}

rrn

If y € Y is such that
w(o1,09,...,09)y # w(x1,x2...,29)Y
then
yEY Nz, 'Yorzyyd YNz L Yor.. orzazg... 20y € Y N2 Y

that is:

€ (Y\z, ' VU(z, 'YW\ 2 e YU UG e o Y\ b g Y,

Zn—1 Zp—1-

But
1
AR R T T R g R R
‘Y\Z_IY‘ n
Z Y] N

Jj=1
We choose N > n?: for w € ker,

Hy €Y :w(oy,09,...,00)y # y}| <

lg(w(or,09,...,04)) = v

Hy €Y :w(o,09,...,00)y # w(z1,22...,24)y}| < 1
Y] o

and if w ¢ ker m with the analogous inequality we have:

lp(w(oy,02,...,04)) > Y]

So if N = n?, we have the n-approximations. O

S Hy €Y :w(or,09,...,00)y =w(z1,22...,24)y}] > 1_1.

n
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It is very natural and sharp the n? inside the Fglner function. Actually,
remembering Lemma 2.2.2, we know that FT(n?) is the cardinality of optimal
Fglner sets %—invariant for all the words of length less or equal to n.

This is one of the differences between amenability and soficity, also in finitely

presented groups: suppose we have for all € permutations o1, ... o4 such that

<€ wEkerm
lg(w(ot,...,0k))
>1—¢€ w¢kern

for all w in Fgq with |w| < n. Then, if ¢ < n~! we have n-approximations, but
for smaller €, a priori, we don’t have approximation for longer words. In fact
if n > |r|, Vr € R we can say that for w € ker m we have ¢y (w(o1,...,0%)) <
eDehn(|w|) so we have a (in general non computable) control, but for the
second condition we have no chance because we haven’t a lower bound for

Hamming length of the product of permutations.

Question 2. Under the hypothesis of amenability, is it possible to give a
reverse inequality between Kt and Fr? Namely, for any amenable group T’

is there a recursive function P : N — N such that

Fx(n) < Kx(P(n))?

The idea comes from [17, Proposition 2.8]: we know that sofic approxima-
tions for amenable groups are in some sense conjugate with the ones given
by Folner sets. By private communication we know that in [2] there is a
bound for subexponential growth groups, it could be interesting to analyze
the recursivity of that bound.

For LEF groups the comparison is direct and linear:
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Proposition 3.3.4.
Kr(n) < LEFr(n)

Proof. For each n € N we consider the finite group F', with LEFr(n) = |F|
and fi,...fq € F such that the (3.1) of Proposition 3.2.1 holds. We know

that f; describes a permutation o; on F' by left multiplication.

Clearly w(oy,...,04) is the permutation associated to the left multi-
plication of w(fi,..., fq) on F, so the normalized Hamming length is 0 if
w € kerm (because it implies w(fy,...,fq) = 1p), and is 1 if w ¢ kerw

(because it implies w(f1,..., fa) # 1r).
g

A simple remark is that for free groups F; we have also a sort of reverse
inequality: if o01,...04 € Sym(k) are n-approximations for Fy in particular
they are elements of the finite group Sym(k) and respect the relation (3.1)
of Proposition 3.2.1 because if the kernel ker 7 is empty, the relations (3.2)
of Definition 3.3.1 imply the relation (3.1) of Proposition 3.2.1 , and then

LEFFd(TL) S KFd (n)' .

We want to generalize this in the case that R is not empty but it is
weakly stable: more precisely we want to quantify part of Theorem 7.2 in
the work [4], that is a generalization of the one in [20]. To do that we first

try to quantify the weak stability of a set of relations.

Definition 3.3.2. Let I' = (X, R), for every n € N we define Stbr(n)
as, if it exists, the smallest m € N such that for every oi,...04 which are
m-approximations for T, there exist o}, ...ol; which are solutions of R and
di(oi,0f) < % fori = 1,...d. In particular if Stbgr(n) is defined, R is

weakly stable.



CHAPTER 3. QUANTIFICATIONS 66
And then:

Proposition 3.3.5. Let I' = (x1,...24|R) be a finitely presented group,

r = max{|w|,w € R}.
LEFr(n) < Kr(max{Stbgr(2n),n})!  forn >r.

Proof. Consider m = max{Stbr(2n),n}, the soficity gives us o1, ... o4 which
are m-approximation of R in Sym(K(m)). So there exist o1, ..., o} solution
of R such that dy(0i,0}) < 5,4 = 1,...d . So z; — o} is the right
approximation for LEFr(n) because for w € B, Nkerw, w(oy,...,04) =1

(if m > r) and for w € B, \ kerm and m > n:

1
— > 0.
m

DO =

n
Oy (w(of,. ..a:j)) >lg(w(oy,...oq)) — o >
O

Following Theorem 1 in [20] we can see that for any k£ € N the relation
R = {2*} is stable and then weakly stable and then Stbg is finite valued. If
we look at the proof of that theorem we can see that actually Stbg is sub-
recursive: we have an effective bound. The result [4, Theorem 7.2] implies
that the relations of an amenable residually finite group are weakly stable.
In particular for each recursive function f the groups presented in [26] that
are finitely presented, solvable of step 3, residually finite with depth function
greater than f have weakly stable relations. Remembering Proposition 3.2.3
we know that LEF function is (eventually) greater than f, but we also have
a uniform bound for the Fglner function of this kind of groups (see Corollary
3.1.1) and then by Proposition 3.3.3 we have a bound for the function K,

and then:
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Corollary 3.3.1. For any recursive function f : N — N there erists a set

of weakly stable relations R such that Stbr(n) > f(n).

In particular the problem of computing the solutions of R close to the
n-approximations, even if solvable, can be arbitrarily complex.

However it is interesting that we can have arbitrary fast (but recursive)
growth for LEF function with a fixed upper bound for the sofic dimension

growth.

3.3.3 Computability of sofic approximations

Following what we have done in Section 2.1 with amenability we want do

the same with soficity: we want an effective definition of soficity.

Definition 3.3.3. A finitely generated group I' = (x1,...,z4|/R) has com-
putable sofic approximations if there exists an algorithm with:

INPUT: n € N;

OUTPUT: k €N, o1,...,04 € Sym(k) that are n-approximations.

But the situation in this case of soficity is very clear:

Theorem 3.3.1. A finitely generated group I' has computable sofic approx-

imations if and only if T is sofic and has a solvable word problem.

Proof. (enough for word problem)
For given w € Fy, consider n = max{3,|w|} as input, we have k € N,
o1,...,04 € Sym(k) that are n-approximations.

#fiz w(oi,...,0q)
k

The number is computable and therefore looking at (3.2)
of Definition 3.3.1 we can say if w is in ker 7 or not.
(necessary for word problem)

First we can construct an algorithm with:
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INPUT: k€N, o1,...,04 € Sym(k);
OUTPUT: answer to “are o1,...,04 € Sym(k) an n-approximation for I'?”

It is possible because the number M

is computable, the set B,
is finite and the word problem gives us an algorithm to say if w € B, is in
ker 7 or not, so with every input the algorithm will stop in a finite time.

The set {(k,0) : k € N, o0 € Sym(k)?} of possible INPUT is countable so

we list the set, for each element we start the algorithm and stop when we

obtain a positive answer. The group is sofic so the algorithm will stop. [

A finitely generated group I' with computable sofic approximations has
subrecursive sofic dimension growth. It is natural ask whether the converse
is true: does a recursive upper bound for K imply the word problem?
The answer is given again by the Kharlampovich group with unsolvable word

problem and subrecursive, by Proposition 3.3.3, sofic dimension growth.

Corollary 3.3.2. There exist groups with subrecursive sofic dimension growth

that haven’t computable sofic approximations.
But we don’t know what happens if we have exactly Kt x computable:

Question 3. Does the computability of the function Kt x(n) imply the com-

putability of the sofic approximation and then the word problem?

Consider first an analogy: let I" be finitely presented, yr x(n) := |B,(I')]
the growth function for I'.' We know that yr x is always subrecursive, be-
cause we have an exponential bound given by the cardinality of the ball in
free groups. But if we have yp x recursive we obtain the solvability of the
word problem, in the following way.

Given a word w € F4, compute 7 x(Jw|) and by subtraction z = |Bj, N
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ker w|. Then we enumerate ker 7 and stop or if w appears or if after that z
different words in By, Nker 7 appear.

We follow the same idea. Suppose that for n we can compute k =
Kr x(n). We know that in Sym(k)¢ there are n-approximations. We can
consider just the set Sym(k‘)fln = {¥ € Sym(k)? : g(w(X)) € [0,2]U
[2=11],Vw € By}, in fact we know that we can found n-approximation in
Sym(k)fln. For ¥ € Sym(k)fln we define Ny, := {w € By, : {g(w(X)) < L}
Then ¥ is n-approximation if and only if Ny, = ker 7N B,,. Now we know that
for ¥ < k in Sym(k’ )iin there are no n-approximations, so we can compute

the following set:

k—1

N = {Ng, ¥ € Symk)L 1\ [ J{Ne, £ € Sym(i) }
=1

and we know that kerm N B, € N. We have an order relation on N by the

inclusion, it is easy to see that:
ker m N B, maximal in N = computable n-approximations

This happens because we can recursively enumerate the words ker 7, consider
only the one with length less than or equal to n and delete all elements in
N which do not contain these words. In case of maximality of ker 7w N B,, at
one point it remains only this set.

But this maximality is a very strong condition and we don’t know if it holds

in some class of sofic groups (other than Z).

Question 4. Is it possible for finitely presented or just for finitely generated

groups to have sofic dimension growth faster than any recursive function?

This is an (apparently) stronger version of the same question of Gromov

about Fglner function in [23, p.578]. In fact for Proposition 3.3.3 the Fglner
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funtion is bounded from below by sofic dimension growth. A positive an-
swer to Question 2 would establish the equivalence between subrecursivity
of Fr and Kr. For finitely generated not finitely presented it is known that
the Fglner function can be non subrecursive [18], and the groups considered
are with intermediate growth. A positive answer to 2 just for groups with
subexponential growth (as announced for [2], if the bound is recursive) im-
plies the existence of finitely generated groups with non subrecursive sofic

dimension growth.

3.3.4 Stability properties

In this section we quantify some stability property of sofic groups, more or
less is a sort of translation of the results in [16].

The direct product of sofic groups is sofic, simply we notice that in a
grid the permutations of the rows commute with the permutations of the
columns. The quantification version has exactly the same proof in [16] or in

[8], the difference of settings is just illusory.

Proposition 3.3.6. Let G = (x1, 2, ...,21|Rg) and H = (y1,y2, . .., yx| Ru),
be finitely generated groups. Consider the direct product with canonical pre-

sentation

GxH = <$17$2>"'7xl>y17y27"'7yk|RG7RH7[miayj]i: 17"'7l> ]: 1)"'7k>7

then:

Kt xr, (n) < Kr, (Qn)KF2 (Qn)
Proof. Let o1,09...,0; be m-approximations for G acting on the finite set
A of cardinality Kg(m) and and 71, 72,...,7; be m-approximations for H

acting on the finite set B of cardinality Ky (m).
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Denoting C' = A x B we can consider the two following (Hamming)-

isometric homomorphisms
ia 2 Sym(A) = Sym(C),
ig : Sym(B) = Sym(C)
ia(0)(a,b) := (oa,b), o€ Sym(A); ig(T)(a,b) = (a,7b) T € Sym(B).

It is clear that for every o € Sym(A) and 7 € Sym(B)

ia(0)ig(7) = ip(7)ia(0).

Denoting with /¢ the normalized Hamming length on Sym(C') and the same
with A and B, we have:

, , __ (a,b) € C: (0a,7b) = (a,b)}| _
EC(ZQ(U)Zﬁ(T)) =1 |C‘

 Hfa€eA:ca=a}[|{be B:7b=0}
|A] | Bl

=1 = (1= 2a(0))(1 = €p(7)) = Lalo) + £B(7) = La(0)lp(T)

=1

then:

SEA(U)—FKB(T)
Le(ia(0)ip(T)) § = ta(0) + €a(T)(1 — La(c)) > a(0) (3.3)
=tlp(o) +La(T)(1 —Lp(T)) > Lp(T).

We define the [+ k permutations in Sym(C) for the sofic approximation
of G x H:

Yi=tla(oy), i=1,2,...,1; T;=1ig(r5), 7=1,2,... k.

Given a word w € F(Hk) = FF; * F), we can associate a word w = w;w;

with w; € F; and w;, € F; obtained switching the generators of F; with the
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generators of Fy.
In particular w(Xq,..., %, T1,...,Tk) = w@w(X1,..., X, T1,- -+, Tg). It’s clear
that

w € kermaxyg < w; € ker g and wy, € ker gy

Suppose w € ker mgx g, |w| < n, using (3.3)
Kc(w(zl, . .72177-1, e ,E)) = Ec(w(El, .o .,21,7-1, e ,E))

<l(wi(o1,02...,01)) +p(wk(T1,T2, ..., Tk)) <

2
—
If w ¢ kermgxpm then w; ¢ kermg or wy ¢ kermy. Suppose w; ¢

ker 7, using (3.3):

Kc(w(El,...,El,TI,.. . ,E)) = éc(w(zl,...,zl,ﬂ,.. . ,E))

1

> ¢ oy o)) >1— —

> la(wi(o1,02...,01)) > -
then if m = 2n the permutations X, ..., %, 71, ..., Tx are n-approximations
for G x H O

We know that amenable extensions of sofic groups are sofic. For now we

have the relative bound just when the extension splits:

Theorem 3.3.2. Let N = (X|R1) and H = (Y|Ra) be finitely generated
groups and let ¢ : H — Aut(N) be homomorphism. Let ¢ := max{|¢y(x)|x :
z € X, y €Y} and consider N x H = (X,Y|Ry, Ry, 2V = ¢y(z) Vo €
X,VyeY) then:

KNNH(n) S FH(kn3)KN(2CFH(kn3)+n),

where k=Y UY Y.
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Proof. We denote G = N x H, G = (X UY), X = z1,29...2q, ¥ =

Y1,Y2 - - - Y SO we have:

7TN:FX—>N, 7TH:]Fy—>H,
ﬂg:FXUy%G,

FXUy:Fx*IFy, TG = TN *XTH.

Moreover we need of a function [x] : H — Fy to associate to an element
h € H one of the shortest words in the free group, that is:
w([h]) = h and |[A]| = |Al.
For x € X and y € Y we fix ¢,(x) € Fx one of the shortest word in Fx
such that mn(¢y(2)) = ma(a?).

We extend the definition of ¢ recursively: ¢, (z122) = ¢y(x1)dy(z2) and
Gyrys () = Py, (Py, (x)). In this way for X € Fx and Y € Fy we have
|pp(X)| < |XcY and such that 7y (py(X)) = 1o (XY).

For every My € N there exist My-approximations o1, 09, ...,04 € Sym(B),
|B| = Kn(Mn).

For every My € N there exists a right-connected My-Fglner A C H with
e€ Aand |[A < Fy(|[Y UY 1 Mpy). Let

T, T2,...T¢ € Sym(A),

be the permutations as in proof of Proposition 3.2.2 such that for a € AN
yi_lA we have 1;a = y;a.

We want to define

31,39, ...5q, 11,15, ... T} € Sym(A X B)
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such that they are n- approximations for G.

Sofori=1,...dand j =1,...k we set:

Ei(a, b) = (a, (ﬁ[a] (xi)(al, g9y ... Ud)b)

Tj(a,b) = (7ja,b).

We can write a general word w € Fxyy, with |w| < n, in this form:
w= XXV ... XY, with X; € Fx \ {e}, V; € Fy \ {e} fori=2,...p;
j=1,...p—1and &1 € Fx ), € Fy and p < 5. But also:

p
. —1
w = | | Xi(ylyQH-yz—l) y1y2 . yp

i=1
So we can define:
p
wi=wxwy = [[ ¢330 (X)V1V2 . V)
i=1
with wx € Fx, wy € Fy and w and @ represent the same element in
group G.
lwy| < n,

wx| <3 16y o (X)TH] < ne.

We want to prove that w(3,7) is close to @(X,T). We start evaluating
normalized Hamming distance between XY (3, T) and ¢y (X) (X, T).

dp (XY (Z,T), 6(X7)(8, 7)) =

[{(a,b) € Ax B: XV(3,T)(a,b) # doy(X) (S, T)(a, b)}

| AllB]

Xy(E,T)(CL, b) = y—1(7—17 .- ‘E)X(Ely .- -Ed)yil(’rly .- E)(avb) =

9
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= (av ¢[y(717...'rk)a]X(Jla e Uk)b)

From the other side:

(by(X)(E, T)(av b) = (a7 ¢y[a}(‘){)(017 s Uk)b)

So if a € A is such that Y(71,...7;)a = 7 (Y)a we have that ¢y, (X)

and @[y(r,,..7.)a)(X) project in NV in the same element, then:

wo = Py(a] (X) T By(m,..m)a) (X) € Kerny .
Then:
{(a,b) € Ax B: XY(2,T)(a,b) # ¢pp(X) (X, T)(a,b)} C
{a€A:Y(r,...7)a# 7p(Y)a} x BU

UAx{be B:wy(oi,...01)b# b},

if My > |wo| we have:

dy (XY (8. T), 6y(X)(2,T)) < m T

If we consider My > 2dl41*™ we have (for n big enough):

MN 2 |¢()J1))2..,)Ji,1)—1[a](X)ilﬁb[(ylyg...yi,l)—l(7—1,..xrk)a](X)’v 7’ = 2) .. 'p7

and then by invariance of the Hamming distance we have:

p
_ Vi .. Viei] 1 n? n
dH(W(E,T),w(E,T))S;( o + 39 S 5 e

As in the proof of Proposition 3.3.6, for word wy € Fy we have:
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LaxB(wy (T, ... Tr)) = La(wy(T1, ..., Tk)),

but for wx € Fx we have:

lax(wx(21,...5q) =

{(0.0) € Ax B (@ dx)on oo 2 @O g~y 00

AIB 2

But we also have an analogue of inequality (3.3) of the proof of Propo-

sition 3.3.6:

< lp(wx (X)) + Lalwy (T))
laxplwx (E)wy (T)) § = tp(wx (2)) + La(wy (T))(1 = Lp(wx (D)) > lp(wx (X))

= La(wy (T)) +£a(1)(1 = La(wy (T))) = Lalwy (T)).

Clearly if w € kermg we have: w € kerng, wx € kermy, wy € kermy,

P (wx) € kermy for all a € A. Moreover |pq)(wx)| < My then:

2 n

K2 T)) S B, T) + g+ oo <
n2 n
SK(WX(Elv"'vzk))+€(WY(7’1,~-77;)+2MH +m

< (n+ n/2)]wlN +(n +n2/2)MlH.

If w ¢ ker m¢; clearly @w ¢ ker mg and then wx ¢ ker my or wy ¢ ker mpy, that

implies ¢, (wx) ¢ kermy for all @ € A, again |¢(,)(wx)| < My then:

W, T)) 2 £@(2,T)) -
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1

My
or
(o(B.T)) 2 (@ETY) - o = > () — o =
WS 1)) = S & My 2My = X oMy 2My
1 n?
>1- 9 _ .
Z1=(n+n/ >MN My

So finally setting My = n3 and My = 44" we have that &1 ... %4, 71 ... T
are n-approximation for G.

g

For the free product we want again a sort of independence on the per-
mutations associated to the two starting groups, but in this case we don’t
want the commutativity. We need a different setting, in fact if we go to the
hypothesis of permutations without fixed points as in [17] the soficity holds

but we lost information about the rank of permutations.

Theorem 3.3.3. Let G = (z1,x9,...,x1|Rg) and H = (y1,y2,...,yx|Ru),
finitely generated group. Consider the free product with canonical presenta-
tion

G*H= <$17x2a"'7xlay17y27"'7yk’RGaRH>7

then:
Kawm(n) < Kqg(2n?) Ky (2n?) LE Fr

Kg(@2n2)Kp(2n2) (n)

Proof. Let 01,09...,0; be m-approximations for G acting on the finite set
A of cardinality K¢(m) and and 71, 72,...,7; be m-approximations for H
acting on the finite set B of cardinality Ky (m).

Now consider the elements of A x B as generators of the free group Faxp

and for r € N (to fix later) denote with V' one of the smallest finite groups
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such that there exists ¢((a,b)) € V, ¥(a,b) € A x B for which the (3.1) of
Proposition 3.2.1 holds with 2r and then |V| = LEFy, ,(2r).

In C := A x B xV we can build two partitions, « and .
a = {A[b,v], b € B,v € V}, where Ab,v] = {(a,b,v), a € A};

B ={Bla,w], a € A,w € V}, where Bla,w] = {(a,b, wp((a,b))), b € B}.

Remember that the incidence graph between two partitions a and g is
the bipartite, non-oriented graph with vertex aUg and with an edge between

a € a and b € § if and only if a Nb # (). We observe that:

Lemma 3.3.1.
a: |Ab,v]| =|A] Vbe BYv eV
b: |Bla,w]| = |B| Ya€ AVw eV

c: A[b, U] N B[a,w] _ {(G, b, U)}, ifv= w(b((a, b))

0, otherwise.
d: The incidence graph of o and B has no cycles of length less than or

equal to 2r.

Proof. The claims a, b, c are clear. For d, by contradiction, suppose we have
a cycle of length less than or equal to 2r. Without loss of generality we can
consider that all elements in the cycle are distinct (if they aren’t, we can

consider a subcycle):
A[bla ’Ul]v B[a27 wQ]a A[b?)a 1)3]7 B[(I4, ’UJ4], ey B[a2T7 wQT’]

and again A[by,v1], then we would have the following equations:
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v1 = wad((az, b1))
vg = wa((az, b3))
v2i—1 = w2i((azi, bai-1))
v2it1 = w2iP((a2i, b2i+1))
i=1,2,...,r (indices mod 2r). So we have:
1= ¢((azr,b1)) "' ¢((agr, bar—1)) - .. ((az, b3)) "' d((az, br)).

The word ((azy, b1)) " ((agr, bar—1)) ... ((az,b3)) "1 ((az, b)) must be equal to
the identity in F 4« because its length is less than or equal to 2r and then
the (3.1) of Proposition 3.2.1 holds.

So there exists i € {1,2,...,r} such that

(agi,b2i-1) = (a2i, boiv1) or (agi,b2it1) = (aggit1), b2it1)-
This implies:
boi—1 = b2it1, V2i—1 = V241 O A2 = A1) W2 = Wa(i41)

that is A[bgi—1,v2i—1] = Alb2it1,v2i11] or Blag, we;] = Blagit2, waita], con-

tradicting the hypothesis. O

We consider the two following (Hamming)-isometric homomorphisms:
iq 1 Sym(A) — Sym(C),

ig : Sym(B) — Sym(C)

ia(0)(a,b,v) := (oa,b,v), o€ Sym(A);
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ig(7)(a, b, we((a,b))) = (a, 7b, wd((a, 7b)) 7 € Sym(B).
The action of Sym(A) and Sym(B) on C preserves respectively the partition
« and the partition 5.

We define the [ + k permutations in Sym(C') for the sofic approximation of
G« H:

Yi=taloy), 1=1,2,...,1;  Ty=1ig(ry), j=1,2,... k.
It is possible to write every non trivial word w € F; « Fy = 4, as:
w=Ws...wi,

wi € Fp\ {e} if i is odd, w; € F \ {e} if ¢ is even, or viceversa.

We can associate to w a new word w deleting the subwords w; belonging
to ker mg or to ker g and rename the subwords at every step. In less than
s steps we obtain either the identity or a word w = wy...w; such that w;
neither is in ker ¢ nor in ker wy.

But we can estimate the distance between w and w applied to our per-
mutations. We write simply w(X,7) to indicate w(Xq,..., 3, T1, ..., Tk).
At every step, if w; € ker mg, by left and right invariance of the Hamming

distance:
dc(ws e wiﬂwiwi,lwl(E, T), Wg .« - WiH1W;—1W1 (E, T)) =

= dc(wi(Z,T), 1) = lc(wi(Zl, . .,El)) = lA(wi(al, e ,(Tl)) S

3=

and similarly if w; € ker g, so if |w| < n iterating we obtain

doe(wE,T),w(X,T)) < —<

S n
m- m

It is clear that w € ker mg. g if and only if w = e, so if w € ker mgupg N By,
then

lo(w(®,T)) <

=B
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In the other case, w ¢ ker mg. g we have w = w;...w; such that w; is
out of ker mg and out of ker . We want to estimate the number of fixed
point of @ (X, T) in terms of the number of fixed point of w; (X, 7). If c € C

is a fixed point of w(X,T) we denote:
co:=c,c1 =@ (8, T)cg, ..., c=cs :=ws(X,T)es—1

The action of the subwords w; preserves the partitions, so ¢; and c;q1

belong to the same set in « or in 3, for example if w; € Fy:

co,c1 € A1y ci,c2€ By...; A €a,Bjepf.

So there is a cycle A1, Bs, ... Ay shorter than or equal to n in the inci-
dence graph, for the property d in Lemma 3.3.1 if n < 2 there is at least one
return point, that is there exists ¢ such that either A; = A;12 or B; = B;1o.
But this means that ¢; and ¢;+1 belong to the intersection of the same two

parts, for example in the first case:
c; € AiNBit1, ciy1 € Ao N Biy1 = AiN By

for the property ¢ in Lemma 3.3.1 we have ¢; = ¢;41. So for every fixed
point of @ (X, T) we have at least an i and a fixed point of @;(%,7T) in C.
If x, y are two fixed points of w (X, T'), we have i and j such that w; (2, T)z; =
x; and w;(X,T)y; = y;. But if i = j and x; = y; then x = y, so there is an
injection from the fixed points of w(X, 7) and the union of the fixed points
of the w;(%, T)’s. Finally we have:

Hee C:m(B,T)e=c}| <) {eeC:mi(S, T)e=c}.

i=1

1—lo(@(S,T) <> (1—lo(@i(E,T))

=1
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lo(@(,T) > 1-s5+ Y (lo(@i(E, 7))

=1
but if w; € F}:
1
lc(wi(E,T) == lA(wi(O'l, e ,O‘l) Z 1-— a
if w; € Fy:
1

lc(wi(E,T) = lB(wi(Tl,...,Tk) >1-— oo

Since s < n, lo(@w(8,T) >1—-s+s(1-L1)>1-2

Finally, for every w ¢ ker mg.m (w the associated reduced word):

le(@(Z, 7)) 2 le(@(S,T) - = > 1 - %”

So if m = 2n? and r = n we have our approximation. Finally

Cl = Ka(2n)Kp(2n*)LEFs, o) o) ()
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