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Abstract

This thesis is devoted to the mathematical study of problems involving the general
question of the interaction between continuous and discrete objects. More precisely, one
wants to answer to the following questions: how to approximate a probability measure
by a finite support measure? How to represent the evolution of a system of interacting
particles as the number of particles goes to infinity?

First, we focus on the problem of quantization of measures. Given a continuous den-
sity, such a problem consists in finding an optimal way to approximate it by a finite
distribution of points. The idea is to start from a random distribution and define a
dynamic that makes the particles evolve until they reach the optimal position. From
a mathematical point of view, finding such a dynamic and showing convergence to-
wards the optimal configuration leads to many difficulties. We solve this problem in
the one-dimensional case under suitable regularity hypotheses on the density we want to
approximate.

Then, we study the quantization problem on Riemannian manifolds. Under some
global assumption on the behaviour of the measure at “infinity” we estimate the quan-
tization error. This generalizes the known results in the flat case. Our new growth
assumption depends on the curvature of the manifold and reduces, in the flat case, to a
moment condition. We also provided a counterexample showing that such hypothesis is
sharp.

In a second time, we are concerned with the mathematical study of some aspects of
the Vlasov-Poisson equation, that represents a classical kinetic model in plasma physics.
At large spatial and time scales, plasmas have the tendency to be quasineutral, i.e.
the local charge disappears. On the other hand, at small spatial and time scales, the
quasineutrality is not longer verified. The typical degeneracy scales are the oscillation
frequency of the electrons and the Debye length. The Debye length is the distance at
which electrons screen out electric fields and it is often very small compared to the spatial



observation length.

We study the quasineutral limit, 7.e. the limit as the Debye length tends to zero, for
the Vlasov-Poisson equation with massless electrons. Such a model seems to be more
appropriate to describe plasmas created in laboratory, for whom the global neutrality is
always verified. The study of these singular limits leads to interesting problems, both in
physics and in mathematics. We study the hydrodynamic limit for the Vlasov-Poisson
system for ions towards a system of Euler compressible type, in a regime where the Debye
length and the temperature are small. Using a family of distances of Wasserstein-type on
probability measures, we obtain some convergence and stability estimates that generalise
and improve some previous results, both in dimension one and in higher dimensions.
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Introduction

This thesis is devoted to the study of problems arising from the wide context of statistical
mechanics. More precisely, the objective of this thesis is twofold. First, we study the
problem of quantization of measures that concerns the approximation in some optimal
way of a diffuse measure with discrete ones. Second, we focus on the quasineutral
limit for the Vlasov-Poisson equation. The common root of these topics is the general
task of finding a rigorous justification of the description of a large number of identical
objects -typically physical particles as gas molecules or ions and electrons in a plasma-
via approximate models that describe the behaviour of the “generic object” of a physical
system. As a common feature, in both these problems we make extensive use of some
optimal transport metrics. Moreover, this work involves tools in probability, calculus of
variations, and Riemannian geometry.

The thesis is split in two parts organized as follows.

In Chapter 1 we review some basic facts on optimal transport theory and we discuss
its connection to the quantization problem. Then in Chapters 2 and 3 we collect the
results from our two papers [26, 65], dealing respectively with a dynamical approach to
the quantization problem in one dimension, and a complete study of the quantization
problem on Riemannian manifolds.

In the second part we first explain how to obtain the Vlasov equation as the mean field
limit of N particle systems following the Newton’s law, then we briefly recall the main
results about the Vlasov-Poisson equation, and we motivate the study of its quasineutral
limit. Then in Chapters 5 and 6 we present the results from the papers [59, 60].

Regarding the notation, we tried to make it as much unified as possible. However, for
the convenience of the reader, the main specific notation and definitions will be briefly
reintroduced at the beginning of each chapter.

Before entering into the core of the thesis, in the next Sections we give an overview
of all results.

11



12 INTRODUCTION

0.1 Quantization of Measures.

In our context, the term quantization refers to the process of finding the best approxi-
mation of a d-dimensional probability distribution by a convex combination of a finite
number N of Dirac masses. This problem arises in several contexts and has applications
in information theory (signal compression), numerical integration, mathematical models
in economics (optimal location of service centers), and kinetic theory. For a detailed
exposition and a complete list of references see [47].

To describe our results, let us introduce the setup of the problem. Fixed r > 1,
consider ; a probability measure on an open set Q C R%. Given N points 2!, ..., 2" € Q,
one wants to find the best approximation of u, in the Wasserstein distance W, by a
convex combination of Dirac masses centered at z',...,2". Hence one minimizes

inf{Wr<Zmi61i,M)r S Mmy,...,my >0, Zmizl},

with

W)=t { ([ o= iariea) T g = s (ma)r = A

where « varies among all probability measures on 2 x Q, and m; : Q@ x Q@ — Q (i = 1, 2)
denotes the canonical projection onto the i-th factor.

Remark 0.1.1. We draw the attention on a terminology issue on optimal transport
metrics: they can be found equivalently under the name of Monge-Kantorovich distances
and Wasserstein distances, and we shall equivalently use either of them. In particular,
one can also write the above minimization problem as

inf{MKr(Zmidxi,u) My, ...,my >0, Zmi = 1},

For more details, we refer to Definition 1.2.1.

The best choice of the masses m; is explicit and can be expressed in terms of the
so-called Voronoi cells. Also, the following identity holds (see Lemma 1.2.7):

inf{Wr(Zmiéxi,,u) S my,...,my >0, Zm,»—l} = Fy,(2',...,2Y),
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where

Fya(at,...a™) = i min |2 = y["du(y).
Hence, the main question becomes:
Where are the “optimal points” (z*,...,xN) located?

The following result describe the asymptotic distribution of the minimizing configu-
rations (see for instance [47]):

Theorem 0.1.2. Let 1 = hdx + p® be a probability measure on RY satisfying

/ 2" dp(z) < oo, (0.1.1)
Rd

N

and let ', ..., 2N minimize the functional Fy, : (RY)N — RT. There exists a constant

Cya > 0 such that

(d+r)/d
N"Fy (1) = Crg < / R/(d+7) d:c) . (0.1.2)
R

In addition, if u* =0 then

d

1 N hd/d-l—r
— O, — d
N ; zr fQ hd/d“(y)dy x

as N — oo. (0.1.3)

These issues are relatively well understood from the point of view of the calculus
of variations [47, Chapter 1, Chapter 2]. One of our purposes is to consider instead a
dynamic approach to this problem, as we shall describe now. Let 4 = hdz and given
N points z}, ..., 2} € R? consider their evolution under the gradient flow generated by
Fx., that is, solve the system of ODEs in (R%)™

{ (&'(t), ..., #N(t)) = =V Ex,(¢'(t),. .., 2N (1)),
(21(0),...,2%(0)) = (2}, ..., 2}

As usual in gradient flow theory, as t — oo one expects the points (xl(t), oo (t))

to converge to a minimizer (z',...,Z") of Fy,. Hence, in view of (0.1.3), one expects

1 N hd/dJrr
— E Opi — d
N & i (y)dy

as N — oo.
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We want to understand this convergence result also at the level of the ODE. To do that,
we need to take a “limit” as N — oo in the above ODE system.

In order to give a meaning to this, we need to isometrically embed every R in one
space, that we choose to be L*(R%; R?). More precisely, we take a set of reference points

(#1,...,2") and we parameterize a general family of N points z’ as the image of Z* via
amap X : RY — R? that is

T = X(2%).
In this way, the functional Fy . (z!,...,2") can be rewritten in terms of the map X and

(a suitable renormalization of it) should converge to a functional F[X]. Hence, we expect
the evolution of z(t) for N large to be well-approximated by the L?-gradient flow of F.

In Chapter 2 we consider the one-dimensional case Q2 = (0,1) and we show that
the gradient flow PDE for the limiting functional F for the L?-metric is given by the
following non-linear parabolic equation

9,X = ((r +1)0p (h(X)|0p X |10y X) — h/(X)|89X]”“), (0.1.4)

2r(r+1)
coupled with the Dirichlet boundary condition. Our main result shows that, under the
assumptions that ||h — 1||cz < 1 and the initial datum is smooth and strictly increas-
ing, the discrete and the continuous gradient flows remain uniformly close in L? for all
times. In addition, by entropy-dissipation inequalities for the PDE, we can show that
the continuous gradient flow converge exponentially fast to the stationary state for the
PDE, which corresponds in Eulerian variables (see Section 0.1.1 below) to the measure
%, as predicted by the static Theorem 0.1.2.

In particular, under the assumption that || — 1]|c2 < 1, we can prove the follow-
ing quantitative convergence result for the empirical measure associated to the discrete
gradient flow:

Theorem 0.1.3. Let (xl(t), o ,a:N(t)) be the gradient flow of Fyo, and assume that
h e C3([0,1]) for some a € (0,1), with |h — 1||c2 < 1. Then there exist two constants
cd,C" >0 such that

1 hi/3 g s C
W- § : ) —ct/N
1<_N 5xz(t),—fh1/3> S Cle + N VtZ 0

]

In particular

1 R/ dp 20" N3log N
W1(Nz5xi(t)7 fh1/3> < N VtZT.

i
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This theorem formalizes the heuristic argument given before about the fact that the
gradient flows of Fly o should converge to a minimizer as t — 0o.

Let us comment on the assumptions. First of all, the C%“ regularity on h allows us to
use parabolic regularity theory to control the errors in the discretization of the functional.
Secondly, the closeness in C? to 1 is justified by the fact that, under this assumption,
the functional F is convex. Indeed, in general it is not true that the gradient flow of a
functional converge to a global minimizer without some convexity assumptions [4]. In
our paper we do not actually show that Fy o is convex (we believe this is false), but by
a delicate combination of arguments including the maximum principle and L?-stability
estimates for F, we can show that the discrete flow and the continuous one remain close,
uniformly in time.

This result is completely new in its spirit: it combines tools from nonlinear PDEs
and calculus of variations in a problem which, up to now, has always been studied with
completely different approaches. As an ongoing project, we are trying to extend the
result above to higher dimension. It is worth noticing that the strategy described above
is very specific to the one dimensional case, hence completely new ideas and tools are
needed.

0.1.1 From the Lagrangian to the Eulerian setting.

Equation (0.1.4) provides a Lagrangian description of the evolution of our system of
particles in the limit N — oco. We can also study the Eulerian picture for the gradient
flow PDE. If we denote by f(¢,x) the image of the Lebesgue measure through the map
X, ie.

f(t,x)dx = X(t,0)xd0,

then the PDE satisfied by f takes the form

Of(t,x) = —rC,0, ( f(t,x)ax(ﬂ)), (0.1.5)

f(t @)+t
with periodic boundary conditions, and we expect the following long time behavior
1/(r+1)
flt,x) — 1p (z) as t — oo.
Jo p(y)!/ 0 0dy

Notice that if p =1, (0.1.5) becomes
atf = _Cr(r + 1)8320 (fir)a
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which is an equation of very fast diffusion type [93]. It is interesting to point out that
the above equation set on the whole space R or with zero Dirichlet boundary conditions
has no solutions, since all the mass instantaneously disappear [91, Theorem 3.1]. Tt is
therefore crucial that in our setting the equation has periodic boundary conditions. In
particular, in Chapter 2 we proved that our equation satisfies a comparison principle,
and this plays a fundamental role in our proof of Theorem 0.1.3.

0.1.2 What happens on Riemannian manifolds?

The quantization problem on Riemannian manifolds had been previously studied on
compact manifolds. In order to develop a more complete theory for this problem, in
Chapter 3 we investigate the quantization problem for probability measures on general
Riemannian manifolds.

While on compact manifolds one can prove (0.1.2) and (0.1.3) by using a suitable
localization argument, the situation is very different when the manifold is non-compact.
Indeed, some global hypotheses on the behavior of the measure at “infinity” have to be
imposed. These new growth assumption that we find depends on the curvature of the
manifold and reduces, in the flat case, to a moment condition. We also build an example
showing that our hypothesis is sharp.

To state the result we need to introduce some notation: given a point xo € M, we
can consider polar coordinates (p, ) on Ty, M ~ R? induced by the constant metric g,,,
where ¥ denotes a vector on the unit sphere S*~'. Then, we can define the following
quantity that measures the size of the differential of the exponential map when restricted
to a sphere S¢:

, (0.1.6)

exp,, (v)

Azo(p) == p sup ‘du exp,, (w)

veSE ! weTSE !, [wlay =1
The result on non-compact manifolds reads as follow:

Theorem 0.1.4. Let (M, g) be a complete Riemannian manifold, and let p = h dvol+ p*
be a probability measure on M.
Assume that there exist xgo € M and 6 > 0 such that

/ d(z, )" du(x) +/ Ao (d(z,20))" dp(z) < 0. (0.1.7)
M M

and let ', ..., 2™ minimize the functional Fy, : (M)N — R, Then (0.1.2) and (0.1.3)
hold.
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Remark 0.1.5. If M = H? is the hyperbolic space, then A,,(p) = sinhp and (0.1.7)
reads as

/ d(z, o) 0 du(x) + / sinh(d(z, o))" du(z) %/ e" 4@ 4y (1) < oo.
Hd Hd Hd
If M =TR9 then A,y (p) = p and (0.1.7) coincides with the finiteness of the (r+6)-moment

of p, as in Theorem 0.1.2.

We notice that the moment condition (0.1.1) required on R? is not sufficient to ensure
the validity of the result on H? Indeed the following negative result holds:

Theorem 0.1.6. There exists a measure i on H? such that
/ d(x,x0)P du < 00 Vp >0, VYV, € H,
H2
but
Ny (1) = oo as N — oo.

These results provide a conclusive answer to the static problem in the Riemannian
setting.

0.2 Quasineutral limit for the Vlasov-Poisson equa-
tion.

The two main classes of kinetic equations are the collisional equations of Boltzmann
type, and the mean field equations of Vlasov type modeling long-range interactions. Our
focus here is on this latter class of equations that, for example, can be used to describe
galaxies and plasmas.

To introduce the Vlasov-Poisson equation let us start considering N classical particles
of equal masses interacting via Newton’s equations in R?

:——va (1) — (1)),

where z;(t) € R? is the position of particle i at time ¢ and the force is given by an
interaction potential W : R — R (with a proper scaling).
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In applications N may refer to the number of stars in a galaxy or to the electrons
in a plasma, so N could be of order of 10?°! This makes the equations untractable in
practice. The mean field limit N — oo transforms this huge system of ODEs to one
single PDE. It is not a priori obvious how one can let the dimension of the phase space
go to infinity so, to perform the limit, we rewrite the equations in term of the empirical
measure iy (dzdv) = N1 37 0((as(t)0:(8))-

This measure belongs to the space of probability measures on the single-particle phase
space, which is an infinite-dimensional space, but independent of the number of particles.
So the Newton’s equations become

oul +v - Voud + FN(t,z) - Vol =0, FN o= — (VW g0 1) ;

and then, in the limit N — oo, we obtain an equation for the limiting measure p;(dzdv).
Assuming that p(dzdv) = f(t,z,v)dxdv, we obtain the nonlinear Viasov equation for
the density function f(¢,z,v) with interaction potential 1W:!

Of+v-0.f+ F(t,x) 0,f =0,

(VE) = { F=-VWsx,p  plt,x)= [ f(t,z,v)dv. (02.1)

Among the possible choices for the interaction potential, a very important case is
played by the Vlasov-Poisson equation in plasma physics. In this model heavy ions
are treated as a fixed background, f(¢,x,v) is the density of electrons, and the interac-
tion potential W is the Coulomb potential, i.e., W is the fundamental solution of the
Laplacian. Another interesting variant of the Vlasov-Poisson equation is given by the
Vlasov-Poisson system for massless electrons: this system describes a plasma from the
viewpoint of the ions while the electrons move very fast and quasi-instantaneously reach
their local thermodynamic equilibrium. Then the density of the electrons follows the
classical Maxwell-Boltzmann law and the system reads as follows:

Of+v-0,f+E-0,f =0,
E=-VU,
AU =¢eV — [ fdv=¢e" —p,
flizo = fo >0, [ fodzdv=1.

(VPME) = (0.2.2)

All the systems described above have been written in adimensional form. However,
an important parameter appearing in plasmas is the so-called Debye length. The Debye

'Let us just notice that the mean-field limit has been rigorously justified only for smooth interactions.
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length is the typical length of electrostatic interaction and in most physical situations
is very small compared to the size of the domain. For this reason it is interesting to
introduce a small parameter € in the system, that now is:

atfs +v- 8zf€ =+ Es : avfs = Oa
E. =-VU,,
e2AU, = eV — [ f.dv =€ —p,,
felt=o = for. >0, [ foedrdv=1,

(VPME), = (0.2.3)

(and analogously for the classical Vlasov-Poisson system). The so-called quasineutral
limit consists in understanding the behavior of solutions as € — 0. At least formally the
limit is obtained in a straightforward way by taking ¢ = 0, and one gets

Of +v-0uf + E-0,f =0,
E=-VU,
U = log p,
fo >0, ffodxdvzl,

(KIE) := (0.2.4)

a system we shall call the kinetic isothermal Euler system.

This passage to the limit is however extremely delicate to justify: indeed, it is known
only in very few cases and it is actually false in some situations. This problem is the
focus of the two Chapters 5 and 6.

In Chapter 5 we consider the one-dimensional case. Our main result there is the
following quantitative weak-strong stability estimate for (V PME)., in one dimension,
with respect to the Wasserstein metric.

Theorem 0.2.1. Let T > 0. Let f1, f be two measure solutions of (0.2.3) on [0,T],
and assume that pl(t,z) := [ f1(t,z,v) dv is bounded in L> on [0,T] x T. Then, for all
€ (0,1], for all t € [0,T],

e WL (£2(0), £2(0)).

™ | =

Wif2 (1), 2(1) S

The proof of this result is based on a combination of several techniques from calculus
of variations, PDEs, and probability theory.

Once this theorem is obtained, we can rely on some previously known convergence
results of Grenier [49] where he showed convergence of the Vlasov-Poisson system in
the quasineutral limit under analyticity assumptions on the initial data. Thanks to our
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theorem, we can prove stability for this convergence result under exponentially small
perturbations in W;. This implies in particular that even oscillatory behavior of the
initial data are allowed, provided the oscillations are sufficiently small.

Although this stability result may look natural, let us mention that the validity of
the quasineutral limit is false if the perturbation is only polynomially small (even is the
size is measured in a strong Sobolev norm). Indeed, there exist smooth homogeneous
equilibria p(v) of the limit equation such that the following holds: For any N > 0 and
s > 0, there exists a sequence of non-negative initial data (f.) such that

oo = il < ¥,

and denoting by (f.) the sequence of solutions to (0.2.3) with initial data (fo.), for
a € [0,1), we have:
liminf sup Wi(f.(¢),n) > 0.
20 tefo,e2)
We also recall that the above result is (at least for the moment) very specific to the
one dimensional case, as it strongly rely on some regularity estimates for the Laplacian
that are false in dimension greater or equal than 2.

In Chapter 6 we investigate the 2 and 3-dimensional case for the classical Vlasov-
Poisson equation. Although we are unable to prove a weak-strong stability estimate,
we can show a strong-strong stability estimate (that is, under the assumption that both
pL(t,x) and p?(t,z) are bounded in L>) with respect to the 2-Wasserstein distance.

The proof of this result is completely different from the previous one, and it is based
on some ideas introduced by Loeper in [70]. Since strong-strong stability relies on the
L bound on p for both solutions, we need to prove new estimates on the growth of the
L*>-norm of p. (¢, x) in terms of ¢t and . To obtain them we combine regularity estimates
for the Laplacian with general results for transport equations.
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Chapter 1

Transportation theory and its
relation to quantization of measures

In this Chapter we introduce the optimal transport problem and we explain its relation
with the quantization of measures. The theory of optimal transportation has deep roots in
the past, since it originates with the French geometer Gaspard Monge in 1781. Since then,
it has become a classical subject in economics and optimization and, in the last years,
it has been widely used in different areas of mathematics, such that partial differential
equations, fluid mechanics, probability theory and kinetic theory. Since our purpose is
to present the main tools and ideas that have been used in this thesis, this Chapter is
definitely not exhaustive and, for a complete discussion in this topic, we refer to the
classical monographs [4, 94, 95].

1.1 The optimal transport problem

Let (X,d) be a complete, separable metric space. We recall that a Borel measure on
(X,d) is a probability measure defined on the Borel o-algebra of X, i.e. the smallest
o-algebra that contains the open sets of X. Let us denote with P(X) the set of all Borel
measures on X.

Definition 1.1.1. Let us define P,(X) the collection of all probability measures p in
P(X) with finite p-moment: for some z in X

/Xd(x,z)pdu(x) < 00.

23
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Notice that, if d is bounded, P,(X) = P(X).

Definition 1.1.2. Let (X,u) and (Y,v) be two probability spaces, let us denote with
[I(u,v) the set of all probability measures on X X Y with marginals pu and v. More
precisely, m € U(u,v) if and only if © is a non negative measure such that

m[Ax Y] = puld], =X x B]=v[B,]
for all A, B Borel subset of X and Y respectively.

Since the tensor product g ® v is in II(u,v), this set is non empty. Equivalently,
7 € [I(p, v) if and only if 7 is a non negative measure on X x Y such that, for all couples
of measurable functions (p,v) € L'(du) x L*(dv), the following condition is satisfied:

/Xxy[so(a:ﬂw(y)] dr(z,y) :/Xgodu+/ywdy. (1.1.1)

1.1.1 Kantorovich’s problem

Now we can present the problem of optimal transport of measures. Assume that we are
given a pile of sand, and there is a hole of same volume that we have to completely fill
up with the sand. We can normalize the size of the pile to 1 and we can describe the
pile of sand and the hole by two probability measures pu, v defined respectively on some
measure spaces X and Y.

Moving the sand from point x to point y needs some effort, that we can quantify
via a measurable cost function c¢(z,y) defined on X x Y. It remains to clarify what
a way of transportation, or a transference plan is. We can model transference plans
using probability measures m on X x Y with marginals x4 and v: roughly speaking,
dm(x,y) measures the quantity of mass moved from point = to location y. We do not a
priori esclude the possibility that the mass located in point x may be split into several
destinations y.

For a transference plan to be admissible, we should require that all the mass at point
x coincides with du(z) and that all the mass transported at y coincides with dv(y). This
is exactly the definition of 7 € II(u, v).

The problem of transporting all the sand into the hole with the minimal effort can
be translated into the problem of minimizing the Kantorovich functional:

I[n] = /X Yc(m,y) dr(x,y) for 7 € T(p, v). (1.1.2)
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For a given transport plan 7, the non negative -and eventually infinite- quantity ]
is the total transportation cost associated to m, while the optimal transportation cost
between p and v is

To(p,v) = inf I[x].

rell(u,v)

The optimal plans 7, if they exist, are the one that realize I[r] = T.(u, v).
Kantorovich’s optimal transportation problem has a probabilistic interpretation. Let
U be a random variable on X, i.e. a measurable map defined on a probability space
(Q,P) with values in X such that the law of U is the probability measure p on X
defined as
plA] =PUTH(A)].

We denote by E the expectation (the integral with respect to P) and by I(U) the law of
U. Then, given two probability measures p e v, the goal is to minimize the expectation

[(U,V) = E[¢(U, V)], (1.1.3)

over all pairs (U, V) of random variables respectively in X and Y such that [(U) = u
and [(V) = v. With this reformulation, transference plans © € II(u,v) are all possible
laws associated to the pair (U, V). This is also called a coupling of U and V. As we shall
explain at the end of Section 1.2, this probabilistic formulation will be particularly in
Chapters 5 and 6.

Concerning the existence of optimal plans, this holds under very general assumptions
on the cost functions. Here we just state the following result which is sufficient for our
purposes.

Theorem 1.1.3. Let X, Y be two complete metric spaces, and assume that c: X XY —
[0,00) is a continuous function. Then Problem (1.1.2) admits at least one solution.

Proof. The proof is a simple application of the Direct Methods in the Calculus of Vari-
ations. In fact it can be easily checked that the set of transport plans is compact with
respect to the weak convergence on P(R?) (see [95, Lemma 4.4]). Consider now a min-
imizing sequence {m}r>o with m, — 7 € II(p, ). Then, for any M > 0 we have that
the cost cpr(z,y) := min{c(x,y), M} is bounded and continuous, so by the definition of
weak convergence we have

/ cy dm = lim ey dm, < lim inf/ cdme = To(p, v),
XxY XxY

k—oo [x vy k—o00
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where we used that c); < ¢ and that 7 is a minimizing sequence. Hence, letting M — oo
in the left hand side we obtain

/ cdr < T, v).
XxY

and since the other inequality is automatic (because m € II(u, v)) this proves that 7 is a
minimizer. ]

Remark 1.1.4. A priori the above result does not guarantee that the infimum in Prob-
lem (1.1.2) is finite. However this is the case when X =Y =R%, ¢(z,y) = |z — y[P, and
p,v € Py(RY). Indeed, by the triangle inequality

@ —ylP < (l2[ + y)" < 277 (2" + [yI7),

and integrating the above inequality with respect to m € II(u, v) we get

/ |z —y|Pdr < 27’_1(/ |:v|pd7r—|—/ |y|pd7r>
R4 xR4 R4 x R4 Rd xRd
= ot (/ |z |? du+/ ly|” du) < 0.
R R

1.1.2 Monge problem

Kantorovich’s problem is a relaxed version of the original mass transportation problem
formulated by Monge in 1781, in the famous paper Mémoire sur la théorie des déblais
et des remblais. Monge’s problem has the additional requirement that no mass is split.
Thus, at every point x is associated a unique destination y. In terms of random variables,
this translates into a dependence of V' from U in the equation (1.1.3); if we require this
condition to be satisfied by transference plans, this means 7 to have the form

dr(x,y) = drr(z,y) = du(z) oy = T(x)], (1.1.4)

where 7' is a measurable map from X to Y. In this case, the transportation cost associated
to w18

I[ry] = / c(x,T(z)) du(x). (1.1.5)
b's
and the condition 7 € II(p, v) corresponds to the transport condition Typ = v, that is

v[B] = u[T~H(B)] V B C Y measurable set.
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In this case, one says that v is the push-forward of u through the map 7', and T is called
a transport map from u to v.

We can now state a strengthened version of Kantorovich’s problem: minimize the
functional

1) = [ clo. 7)) duto)

among all measurable maps 7" such that T#u = v.

While, as we have seen before, the existence of a solution to Kantorovich’s problem
is not difficult to prove, solving Monge’s problems is highly nontrivial and in general it
cannot be done unless one makes some assumptions on the measure p and on the cost.
We just mention that this problem has been solved for the first time in the case of the
quadratic cost c¢(z,y) = |z — y|* by Brenier [23], and this result has been particularly
interesting for his applications to fluid dynamics. However, since in this thesis we shall
never consider this problem, we do not enter into this very interesting theory and we
refer to the monographs [4, 94, 95].

1.2 Optimal transport metrics

This Section is dedicated to the study of some properties of what we shall call Monge-
Kantorovich distances. The terminology associated to these distances varies a lot and
these distances may be also called Kantorovich-Rubinstein distances and Wasserstein
distances. In particular, the name of Wasserstein distance, actually introduced by Do-
brushin, is very debatable since these distances were discovered and rediscovered by sev-
eral authors. Nevertheless, the terminology “Wasserstein distance” has been extremely
successful, and most of all recent papers relating optimal transport to partial differ-
ential equations, functional inequalities, Riemannian geometry and kinetic theory use
this convention. In this thesis we use both the names Monge-Kantorovich distance and
Wasserstein distance. In particular, in the Second Part that is focused on kinetic equa-
tions, we always use the name Wasserstein distance.

In the following we just require the underlying space X to be a complete, separable
metric space. This level of generality allows one to consider several concrete applica-
tions that require to use the Monge-Kantorovich distance on spaces like C([0, 1], R?) and
P(RY). Let us now introduce the notions of Monge-Kantorovich distance of order p, and
some topological properties of such distances (see for instance [94]).
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Definition 1.2.1 (Wasserstein distance). Let (X, d) be a complete metric space, and
recall that P,(X) denotes the collection of all probability measures 1 on X with finite p
moment. For p > 1, the p-Wasserstein distance between two probability measures p and

v in P,(X) is defined as

Wy(p,v) == inf d(z,y)? dy(z,y) 1/p,
(o [ )

YEI (1)

where I1(p, v) denotes the collection of all measures on X x X with marginals p and v on
the first and second factors respectively. We refer equivalently to the Monge-Kantorovich
distance:

MKP(Ma V) = W]:Z))(:ua V)'

Moreover, recalling the definition of Kantorovich’s problem, we can define W, = ﬁl/p(u, v)
where Tp(, V) is the optimal transportation cost between p and v with respect to the cost
function c(z,y) = d(z,y)?.

Proposition 1.2.2 (Weak convergence in P,(X)). Let (X,d) be a complete separable
metric space. Then the Wasserstein space P,(X) endowed with the Wasserstein distance
W, is a complete separable metric space for allp € [1,00). In addition convergence P,(X)
can be descried as follows.

Let (pr)ren be a sequence of probability measures in P,(X) and let v be another
measure in P(X). Then uy converges weakly in P,(X) to p if any one of the following
equivalent properties is satisfied for some (and then any) xy € X :

1w — poand [ d(z,z0)Pd p(x) = [ d(z,20)Pd p(z);

2. — p and limsup [ d(z, z0)Pd py(z) < [ d(x, 20)Pd p();

k—o00

3. e — pand ]%im lim sup fd(w,xo)zR d(x,x0)Pd pg(z) = 0;

0 koo

4. For all continuous functions ¢ with |p(x)| < C(1 +d(x,z0)?), C € R, one has
[e@dn@ ~ [ o)
Remark 1.2.3. e By Holder’s inequality we have that

p<q=W,<W,

In particular, the Wasserstein distance Wy is the weakest of all, and results in Wy
distance are usually stronger than results in Wy distance.
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o Let (X,d) be a compact metric space, and p € [1,00); then the Wasserstein dis-
tance W, metrizes the weak convergence in P,(X). In other words, if (py)ken s
a sequence of measures in P,(X) and p is another measure in P(M), then py
converges weakly in Py(X) to p if and only if

W, (g, pp) — 0 as k — oo.

As it will also be clear in the Second Part of this thesis, the distances W), are partic-
ularly suited to estimate the distance between solutions to kinetic equations. Indeed, for
Vlasov-Poisson equations, it is very natural to consider atomic solutions and W), is able
to control the distance between the supports, while other classical distances, as for in-
stance the total-variation, are too rough for this (recall that the total-variation distance
between two Dirac masses is always 2 unless they coincide).

We observe that the most useful exponents in the Wasserstein distances are p = 1 and
p = 2. As a general rule, the W, distance is more flexible and easier to bound, especially
thanks to their duality relation with 1-Lipschitz functions (see Theorem 1.2.6). On
the other hand, the quadratic Wasserstein distance W5 encodes better some geometric
features and it is widely used for problems with a Riemannian structure. In addition,
the exponent 2 makes it very close to an L? type distance, and this often helps in
computations.

1.2.1 Wasserstein distances and L” norms

The probabilistic interpretation of the Kantorovich’s problem gives us the following
equivalent formulation:

W, (1, v)? = int E[|JU = V]7]

over all pairs (U, V) of random variables such that {(U) = p and (V) = v.

Let us notice that, as a consequence of Theorem 1.1.3, the above infimum is actually
a minimum. Indeed, if 7 € II(y,v) is a minimizer in (1.1.2), it is enough to choose a
couple of random variable (U, V') whose joint law is the measure 7.

As we shall see in Chapters 5 and 6, this probabilistic interpretation is very useful
when estimating the Wasserstein distance between solutions of some PDE (in our case,
they will be solutions of the Vlasov-Poisson system). To explain this point, suppose that
we have two families of time-dependent measures p; and v; which solve some equation,
and assume we want to estimate W,(pu,14). A natural idea would be to differentiate
the quantity W, (u, ;) with respect to ¢ and try to use the equations for y, and v; to
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estimate the time derivative. However the derivative of the Wasserstein distance is not
so easy to compute and to deal with, so one can use the following alternative strategy.
For ¢t = 0 one chooses two random variables Uy and V;, with laws po and 1 respectively,
and such that
B[|Us — VoP’) = Wy (o, 10)"-

Then one let U; and V; evolve in time in such a way that their laws p; and 1, are
solutions to the equation we are interested in, and then one tries to control the quantity
E[|U; — V4|P] by estimating its time derivative and performing some Gronwall argument.
In this way, if for instance one can prove that

E[|U = Vi[P] < C(t) E[|Uo — Vo|*],

then it follows by the identities W),(uo, 10)? = E[|Uo—Vo|?] and W, (e, 14)? < E[|U; —Vi|?]
that
W, (e, 1) < C8) Wy, 1)

We refer to Chapters 5 and 6 for more details on this argument.

1.2.2 Kantorovich duality

Since Kantorovich’s problem is a linear minimization problem with convex constraints, it
has a dual formulation which can be stated in the following general form (see for instance
[95, Theorem 5.10]):

Theorem 1.2.4 (Kantorovich duality). Let X and Y be two complete metric spaces,
and assume that ¢ : X XY — [0,00) is a continuous function. Then

mﬁ;ﬂﬂzm{/ww+/ww:weoumweam,ww+¢@sdaw}

The above result, which plays a crucial role in optimal transport theory, takes a
even more convenient form when the cost function ¢(x,y) is given by a distance d(zx,y).
Indeed, in this case it implies that the the 1-Wasserstein metric is equivalent to the
1-Lipschitz distance.

Definition 1.2.5. The 1-Lipschitz distance dy;, between measure v, € P(X) is defined
dip (v, p) = sup

as
/sodv—/sodu
»eD |JX X

where D={p: X =R : |p(x) — p(y)| < |z —yl}.

Y
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We can now state the following duality result, and we refer to [94, Theorem 1.14] for
a proof:

Theorem 1.2.6 (Kantorovich-Rubinstein). Let (X,d) be a separable complete metric
space, p,v € Pi(X). Then Wy (p,v) = dip(p, v).

1.2.3 Optimal transport metrics and quantization of measures

We now conclude this introduction with a lemma that allows us to relate the quantization
problem to the minimization of a functional depending only on points. As we shall see,
this result is the starting point of all the analysis that we shall do in the next chapters.

Lemma 1.2.7. Fizr > 1 and let p be a probability density in P.(2). Then the following
wdentity holds:

inf{MKT(Zmichi,p(y)dy) tmy, ..., my >0, Zmi = 1}

= Fy, (a*,...,2Y),
where
Fyp(a', ... 2") = ) min o — y|"p(y)dy.
Proof. Let us denote by m = (my, ..., my) a point in RY with nonnegative components
such that

By definition of Monge-Kantorovich distance we have that

inf {MKT(Zmi&:i,p(y)dy) tmy, ..., my >0, Zmi = 1}
= inf inf{ /Q . |z —y|"dy(z,y) : (m)py = Zmiéwi, (ma)wy = p(y)dy}

mo

where 7 varies among all probability measures on 2 x 0, and m; : Q@ x Q — Q (i = 1, 2)
denotes the canonical projection onto the i-th factor.
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Let v,,, be the optimal plan mapping » . m;0,: onto p(y)dy, and let us define A4, ,, C
such that

N
supp Ym = [ J{#'} © Aim.

Then we have

inf {MKT<Zmi(5xi,p(y)dy> S my,...,my >0, Zml = 1}
= inf inf{ /Q . [z —yl"dy(z,y) © (m)gy = Zmi% (m2) 4y = p(y)dy}

moy
:inf/ |z — y|"dym (2, y) 1an/ —y|"p(y)dy
M JaxQ
> i 7 — = - = o).
_%f;/& Jmin lo? =yl ply)dy = | min, 2" =y p(y)dy = Fy (2", ... aN)

In order to prove equality, we have just to find a plan ~+ for which
FN,T<J}1’"'7$N) = / |Jf—y|rd’7(l‘7y)
QxQ

To this aim, let us choose the masses m; via the definition of Voronoi cell W ({z?, ..., 2V }|z?)
of the point z* with respect to the set {z!,... 2V}

m; = / p(y)dy,
W({zt, o} )

where
W({xla"waHxi) = {yEQ : |y_xl| < |y_‘rj|7 36177N}

Defining
N

Y= Z%‘ ® plw({al,....aN}ja)s

i=1
and observing that

v —y" = 1gm<nN|wJ —y|" ~-ae,
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we get

i = yl"p(y)dy

/ min |2’ — y|"dy(z,y)
Q

v 1<I<N

/ |z —y|"dy(z,y).
QxQ
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Chapter 2

A gradient flow approach to
quantization of measures

2.1 Introduction

The quantization problem in the static case. The problem of quantization of
a d-dimension probability distribution by discrete probabilities with a given number
of points can be stated as follows: Given a probability density p, approximate it by
a convex combination of a finite number N of Dirac masses. The quality of the ap-
proximation is usually measured in terms of the Monge-Kantorovich metric. Much of
the early attention in the engineering and statistical literature was concentrated on the
one-dimensional quantization problem. This problem arises in several contexts and has
applications in information theory (signal compression), cluster analysis (quantization
of empirical measures), pattern recognition, speech recognition, numerical integration,
stochastic processes (sampling design), mathematical models in economics (optimal lo-
cation of service centers), and kinetic theory. For a detailed exposition and a complete
list of references, we refer to the monograph [47].

We now introduce the setup of the problem. Given r > 1, consider p a probability

!This chapter is based on a joint work with Emanuele Caglioti and Francois Golse [26].

35
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density on an open set 2 C R? such that

/Q ly|"p(y)dy < oo.

N

Given N points z',...,2" € Q, one wants to find the best approximation of p, in

the sense of Monge-Kantorovich, by a convex combination of Dirac masses centered at

z', ..., 2. Hence one minimizes

inf{MKr(Zmi(Sxi,p(y)dy) cmy,...,my >0, Zmi: },

with
ME. (i) — inf { / =yl e) (e = s () = }
X

where 7 varies among all probability measures on 2 x 0, and m; : Q@ x Q — Q (i = 1, 2)
denotes the canonical projection onto the i-th factor (see [4, 94] for more details on the
Monge-Kantorovitch distance between probability measures).

As shown in the previous Chapter, the following facts hold:

1. The best choice of the masses m; is given by

m; = / p(y)dy,
W ({z1,....xN }|z?)

where

W({xla'-waHxi) ::{yEQ : |y—$z|§|y—l‘]|, jE]-""7N}

is the so called Voronoi cell of 2% in the set z',... zV.

2. The following identity holds:

inf{MKr(Zmiéxi,p(y)dy) cmy,...,my >0, Zmi = 1}

where
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If one chooses 2!, ..., 2" in an optimal way by minimizing the functional Fy, : (R%)Y —
R*, in the limit as N — oo these points distribute themselves accordingly to a probability
density proportional to p%?+". In other words, by [47, Chapter 2, Theorem 7.5] one has

d/d+r

N
1 P
N 2 i 24

These issues are relatively well understood from the point of view of the calculus of

variations [47, Chapter 1, Chapter 2]. Our goal here is to consider instead a dynamic
approach to this problem, as we shall describe now.

A dynamical approach to the quantization problem. Given N points z{,...,z{,
we consider their evolution under the gradient flow generated by Fy ., that is, we solve
the system of ODEs in (R%)Y

{ Eiiﬁé% iNG)) = —VEy, (2} (t).....2N(t), (2.1.2)

As usual in gradient flow theory, as t — oo one expects that the points (J?l(t), o xN(t))
converge to a minimizer (z',...,z") of Fy,. Hence (in view of (2.1.1)) the empirical
measure

| N
5 20
i=1
pd/d+r

is expected to converge to de as N — oo.
2
We now want to take the limit in the ODE above as N — oo. For this, we take a set
of reference points (z%,...,2%)

the image of ' via a smooth map X : R? — R, that is
' = X(3").

)

and we parameterize a general family of N points 2* as

In this way, the functional Fiy,(z',...,z") can be rewritten in terms of the map X and
(a suitable renormalization of it) should converge to a functional F[X|. Hence, we can
expect that the evolution of z?(t) for N large is well-approximated by the L?-gradient
flow of F.

Although this formal argument may look convincing, already the one dimensional
case is very delicate. For this reason in this Chapter we shall focus on the one dimen-

sional setting.
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The 1D case. With no loss of generality we take € to be the open interval (0,1) and
we consider p a smooth probability density on €2. In order to obtain a continuous version

of the functional .

= [ min |2’ —y|"p(y) dy,

Fy,.(z', ... . x
N,r( ) 3 OlﬁiSN

with 0 < 2! < ... < 2" <1, assume that

| i~ 1/2
:czzx(Z /), i=1,....N

N
with X : [0,1] — [0, 1] a smooth non-decreasing map such that X (0) =0 and X (1) = 1.
Then, as explained in Appendix 2.5,

N"Fy,(2*,..., 2") — (JT/O p(X(0))]0p X (0)]" 1 df := F[X]

as N — oo, where C, := m

By a standard computation [37] we obtain the gradient flow PDE for F for the
L?-metric,

0, X (t,0) = CT<(7' +1)9 (p(X(t,0))]0sX (L, 0)|" " 0 X (t,0))
—p’(X(t,0))]89X(t,9)]”“), (2.1.3)
coupled with the Dirichlet boundary condition
X(t,0) =0, X(t,1)=1. (2.1.4)
Let us notice that, in the particular case p = 1, (2.1.3) becomes a p-Laplacian equation
hX = Cp(r+1)95(|0o X[ 105 X)
with p— 1 = r (see [32, 92] and references therein for a general treatment of this class of

equations).

From the Lagrangian to the Eulerian setting. Equation (2.1.3) corresponds a
Lagrangian description of the evolution of our system of particles in the limit N — oo.
To consider its Eulerian counterpart, we denote by f(t,z) the image of the Lebesgue
measure through the map X, i.e.

f(t,x)dx = X(t,0)xdb.



2.1. INTRODUCTION 39

Then the PDE satisfied by f takes the form 2

_ p(x)
o f(t,x) = —rC.0, (f(t: )0y (W>)7 (2.1.5)
with periodic boundary conditions, and we expect the following long time behavior
1/(r41)
SN (x)
Jo p)M/ D dy

We note that if p = 1, (2.1.5) becomes

as t — oo.

f(t, @)

o f = —=Cp(r+ 1)8:% (fir);

which is an equation of very fast diffusion type [13, 92, 93]. It is interesting to point out
that the above equation set on the whole space R or with zero Dirichlet boundary con-
ditions has no solutions, since all the mass instantaneously disappear [91, Theorem 3.1].
It is therefore crucial that in our setting the equation has periodic boundary conditions.

In particular, as we shall see, our equation satisfies a comparison principle (see Lemma
2.2.1).

Assumptions on p and convexity of the functionals. Notice that our heuristic
arguments in the previous section were based on the assumption that both the gradient
flows of Fy o and of F converge to a minimizer as ¢ — oo. Of course this is true if
Fno and F are convex [4]. Actually, notice that we are trying to show that the limits
as N — oo and t — oo commute, and for this we need to prove that the discrete and
the continuous gradient flows remain close in the L? sense, uniformly with respect to ¢.
Therefore, the convexity of F and Fy 2 seems to be a very natural issue for the validity
of our gradient flow strategy.

As shown in Appendix 2.6, for the hessian of F to be nonnegative at “points” X
which are Lipschitz and uniformly monotone, one has to assume p to be sufficiently close
to a constant in C?. We shall therefore adopt this condition on p.

Whether this condition on p ensures that Fiy , is also convex is left undecided (actu-
ally, we believe this is false). Nevertheless we are able to prove that the discrete flow and

2Indeed since 9; X = b(t, X) with b(t,y) := Cyr (%) (this follows by a direct computation start-
ing from (2.1.3)), the function f = f(t, x) solves the continuity equation 0 f (¢, z)+div(b(¢, z) f(t,x)) = 0,
as shown for instance in [1].
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the continuous one remain close by a combination of arguments including the maximum
principle and L?-stability (see Section 2.4).

Statement of the results. In order to simplify our presentation, in the whole Chapter
we shall focus only on the case r = 2. Indeed, this has the main advantage of simplifying
some of the computations allowing us to highlight the main ideas. As will be clear from
the sequel, this case already incorporates all the main features and difficulties of the
problem, and this specific choice does not play any essential role.

As we mentioned in the previous section, the properties of p are crucial in the proofs.
Notice also that (2.1.3) is of p-laplacian type, which is a degenerate parabolic equation.
In order to avoid degeneracy, it is necessary for the solution to be an increasing function of
6. For this reason, we assume this on the initial datum and prove that this monotonicity
is preserved along the flow.

It is worth noticing that the monotonicity estimate at the discrete level says that if
1 (0) — 2(0) ~ % for all 4, this property is preserved in time (up to multiplicative
constants). In particular the points {z'(t)},=1.. n can never collide.

Our main result shows that, under the two above mentioned assumptions (that is, p
is close to a constant in C? and the initial datum is smooth and increasing), the discrete
and the continuous gradient flows remain uniformly close in L? for all times. Notice
however that the proofs of these results in the case p =1 and p # 1 are quite different.
Indeed, when p = 1 the equation (2.1.3) depends on 9, X and 0pgX, but not on X itself.
This fact plays a role in several places, both for showing the monotonicity of solutions
(in particular for the discrete case) and in the convergence estimate. In particular, while
in the case p = 1 we obtain convergence of the discrete flow to the continuous one for all
initial data, the case p # 1 requires an additional assumption at time 0 (see (2.1.6)).

One further comment concerns the time scaling: notice that, in order to obtain a
nontrivial limit of our functional Fi ., we needed to rescale them by 1/N". In addition
to this, since we want to compare gradient flows, we have to take into account that the
Euclidean metric in RY has to be rescaled by a factor 1/N to be compared with the L2
norm.®> Hence, to compare the discrete and the continuous gradient flows, we need to

3Let 7 := (z%,...,2N), 5 := (y',...,,y") € RY, and embed these points into L2([0,1]) by defining
the functions

i i i1 4
X(0):=z", Y(0):=1vy", V06< N ’N>’

L N ) ) ) N ) .
Then |7 — g|? = Doieq lat — y*|? while || X — Y||%2 = % Doimq lat — y)?.
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rescale the former in time by a factor N"*!.
We now state our convergence results, first when p = 1 and then for the general
case. It is worth to point out that the best way to approximate the uniform measure on

[0,1] with the sum of N Dirac masses it to put masses of size 1/N centered at points
(i —1/2)/N and

1
MK ( ch”/m,de) N

(see the computation in the proof of Theorem 2.3.6). Hence the result in our next
theorem shows that the gradient flow approach provides, for N and ¢ large, the best
approximation rate.

Theorem 2.1.1. Let p = 1, (x'(t),...,aN(t)) the gradient flow of Fno, and X (t) the
gradient flow of F starting from X,. Assume that Xy € C**([0,1]) and that there exist
positive constants cq, Co such that

Y < jz(()) — j'iil((]) < %, and cog < 09Xy < Cy.

=

Define X'(t) := X( = 1/2>, Ti(t) = 2" (N?t), and pY == >, 0ziry Then there exist
two constants ¢, C" > 0, depending only on co, Co, and || Xol|cae(o,1)), such that, for all
t>0,

S @ED - X0) <Y (#0) - X0) + o

=1 =1

and
MK, (), df) < Lo ey “
BT =N N2’
In particular
1 20 2N3log N
MK (u,df) < — V> T2
1(lut 9 ) 4N + N2 - Cl

Theorem 2.1.2. Let (z'(t),..., 2N (t)) be the gradient flow of Fy 2, and X (t) the gradi-
ent flow of F starting from Xo. Assume that Xy € C*([0,1]) for some a > 0 and that
there exist two positive constants co, Cy such that

Co

. , C
N < 2'(0) —2'71(0) < WO, and ¢y < 0y Xy < Cp.
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Define X'(t) := X< = 1/2>, T'(t) = ' (N3), and p¥ == % 3, 0ui(r), and assume that
p:[0,1] = (0,00) is a periodic probability density of class C** with ||p'||ec + ||0"||oc < &
and that _

|X%(0) — 2(0)| < 52 Vi=1,...,N. (2.1.6)
for some positive constants &, C. Then there exist two constants ¢, C' > 0, depending
only on co, Co, ||pllcs.eo)) and || Xo|lcre(o,y), such that the following holds: if € is small
enough (in terms of cy, Co, and C') we have

%Z (7'(t) — Xi(zf))2 < % forall t >0
i=1

and

p C’
ME (il ot df) < O™ 4 2 for all 120,

1 1
— = / p(6)'/3 db.
Y 0

c’ N3log N
MEL (N, yp'/? dg) < ~ for all t > L/g.

where

In particular

As a consequence of our results, under the assumption that p is C? close to 1 we
obtain a quantitative version of the results in [47]:

Corollary 2.1.3. There exist two constants € > 0 and C > 0 such that the following

holds: assume that ||p'||ee + ||0"lc < &, and let (x',....2N) be a minimizer of Fy..
Then
N . 1/3 ¢
ME (™ vp' " df) <
where 1
and

1 1
— = / p(0)Y/3 d6.
Y 0

This chapter is structured as follows: in the next section we collect several preliminary
results both on the discrete and the continuous gradient flow. Then, we prove the
convergence result first in the case p = 1, and finally in the case ||p — 1{|c2(0,1)) < 1.

In the whole Chapter we assume that 0 < A < p < 1/\.



2.2. PRELIMINARY RESULTS 43

2.2 Preliminary results

2.2.1 The discrete gradient flow

We begin by computing the discrete gradient flow: as shown in the appendix, given
points 0 < 2! < ... <2V <1, one has

N
FN,T(:LJ’-'WQTN) = Z/
i=1 77T

Zit1/2
ly —2'"p(y)dy
i—1/2

(3

where . .
it/ ::% Vi=2.. . N-1,
while we set #'/2 := 0 and V2 := 1. Then, a direct computation gives
8FN,2 Lit1/2 i
St =2 [ (- el (2.2.1)

Moreover, assuming that p is at least of class CY it is easy to check that V Fly o is bounded
and continuously differentiable, hence Fl o is of class C?. Thus the gradient flow of F N2
is unique and exists globally for all ¢ > 0 by the Cauchy-Lipschitz Theorem for ODEs.

2.2.2 The continuous gradient flow

In order to construct a solution to the continuous gradient flow (2.2.3) we start from the
Eulerian description that we look as a PDE on [0, 1] with periodic boundary conditions.
The Eulerian flow

Recall that by assumption A < p < 1/X for some A > 0. Given f(t,z) a solution of
(2.1.5), we set

t
1/3’ U(t,l‘) = f( 71.)'

m(z) = p(z)

With these new unknowns (2.1.5) becomes

D = —— 0x(m(x)8x(%)> on [0, 00) x [0, 1] (2.2.9)

~4m(x)

with periodic boundary conditions. The advantage of this form is double: first of all,

the above PDE enjoys a comparison principle; secondly, constants are solutions. Since
for our purposes, only comparison with constants is necessary, we will just show that.
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Lemma 2.2.1. Let u be a nonnegative solution of (2.2.2) and c be a positive constant.

Then both ) )
t|—>/ (u—c)_dr and t|—>/ (u—c)ydr
0 0

are nonincreasing functions.

Proof. We show just the first statement (the other being analogous).
Since constants are solutions of (2.2.2), it holds

1 1 1

We now multiply the above equation by —m ¢. ( — C%), with ¢. a smooth approxima-

u2

tion the indicator function of R, satisfying ¢. > 0. Integrating by parts we get

d [* ! 11
i ), ﬁfg(u—c)dx:—/o ¢5(ﬁ_§> Or(u —c)mdx
1! 1 1\]*,/1 1
=i |- 3)| () mar<o
1 1
Ve(s) := /¢E((a+c) 02)d0

Letting ¢ — 0 we see that W.(s) — s_ for s > —¢, hence

d 1
dt

where we have set

(u—c)_dx <0,

proving the result. [

Thus, if ag < u(0,z) < Ay, then ag < u(t,x) < Ap for all t > 0. We now apply this
fact to show that if f is bounded away from zero and infinity at the initial time, then SO
it is for all positive times. More precisely, recalling that by assumption A < p < + , we

have
< f(0,z) < A Aay < u(0 =
a < f(0,z) <A = a; < u( :1:)_)\1/3
Ay
= M, <u(t,z) < NE

A
2/3 1
= /g <f(tx)_)\2/3 Vit >0.



2.2. PRELIMINARY RESULTS 45

These a priori bounds show that (2.1.5) is a uniformly parabolic equation. In partic-
ular, since f is uniformly bounded for all times, by parabolic regularity theory (see for
instance [53, Theorem 8.12.1], [41, Chapter 3, Section 3, Theorem 7], and [70, Chapters
5, 6]) we conclude that:

Proposition 2.2.2. Let A € (0,1], and assume that p : [0,1] — [X\, 1/A] is periodic and
of class C** for some k > 0 and a € (0,1). Let f(0,-) : [0,1] — R be a periodic function
of class C*< satisfying 0 < a; < f(0,-) < Ay, and let f solve (2.1.5) with periodic
boundary conditions. Then

A
\3q, < ft,x) < )\2—/13 for all t >0,
£(0,-) is of class C*< for all t > 0, and there exists a constant C, depending only on X,

lpllcka, k, o, ar, and Ay, such that || f(t,-)||cr.eoy < C for allt > 0.

The Lagrangian flow

To obtain now existence and uniqueness for the gradient flow of F, we simply define
X(t) for any t > 0 as the solution of the ODE (in )

0p X (t,0) = _f(t,Xl(t,Q)) on [0, 1], Vi > 0. (2.2.3)
X(t,0) =0, a

Notice that the boundary conditions X (¢,1) = 1 is automatically satisfied since

X(t,1)
/ flt,x)der =1
0

and f(t) > 0 is a probability on [0, 1]. Also, notice that X (¢) has exactly one derivative
more than f(¢). Hence, by Proposition 2.2.2 we obtain:

Proposition 2.2.3. Let A € (0,1], and assume that p : [0,1] — [\, 1/A] is periodic and
of class C** for some k > 0 and o € (0,1). Let X(0,-) satisfy 0 < a; < 9,X(0,-) < Ay,
X(0,0) = 1, X(0,1) = 1, and || X(0,-)||cr+ra(0,1)) < 00, and let X(t,-) solve (2.1.3)-
(2.1.4). Then

A
A2y < 8pX (t,0) < )\2_/13 for all t >0,

and there exists a constant C, depending only on X, ||pllcr.e, k, a, a1, and Ay, such that
| X (¢, )||crr1aqoayy < C for all t > 0.
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2.3 The case p=1

As we already mentioned we shall focus only on increasing initial data, and as proved in
the previous section this monotonicity is preserved in time, hence dyX > 0.
We first observe that, in the case p = 1, the equation (2.1.3) becomes

0. (t,0) = 1 (A0X(1,0)°) = LAnX (1, 0)3R X 1, ) (2.3.1)

with Dirichlet boundary conditions (2.1.4).

2.3.1 The L? estimate in the continuous case

The following result shows the exponential stability in L? of the continuous gradient
flows.

Proposition 2.3.1. Let X1, Xy be two solutions of (2.3.1) satisfying (2.1.4) and
0pX:(0,0) > >0, i=1,2. (2.3.2)
Then ) .
/0 | X1 (t,6) — Xo(t,0) df < (/0 1 X1(0,6) — X2(o,9)12d9) e .

Proof. We first recall that the monotonicity condition (2.3.2) is preserved in time (apply
Proposition 2.2.3 with A = 1). Then, since X3 — X; vanishes at the boundary, one has

1 1
— [ X1 — X,|?do = / (X1 — X2) (09(0pX7) — 0p(09X3)) db
0 0

1

(0p X1 — 05 X2)(0p X2 — 09 X3) db

1
(09X1 — 89X2)2(69X1 + 09X2) do.

o >—

Using the monotonicity condition 9pX; > ¢ and the Poincaré inequality on [0, 1] (see for
instance Lemma 2.3.5 and let N — o0), we get

1
—/ ((%Xl - 89X2) (69X1 + (%XQ df < —2c 69X1 89X2)
0

1
< —4¢

No
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so that

d 1
4 (em/ X, — Xo[2(t,0) de) <0
a\"
]

This argument shows that, if at time zero X;(0,0) = X5(0,6) for a.e. § € (0,1), in
particular X;(t,0) = Xs(¢t,0) for a.e. 6 € (0,1), for all ¢ > 0. Moreover if X;(0,6) —
X5(0,0) is small in L? then it remains small in L? (continuity with respect to the initial
datum), and actually converges to zero exponentially fast. In particular, noticing that
X(t,0) = 0 is a solution (corresponding to f(t,z) = 1), we deduce that all solutions
converge exponentially to it: indeed, choosing X5(¢,60) = 6 and assuming ¢ < 1 we have

1 1
/yX(t,e)—e\Zdeg(/ |X(0,9)—9|2d9) et
0 0

2.3.2 Convergence of the gradient flows
The functional Fyo(x!,...,z") with p =1 is given by
13 N-1

vy ot

3

Lo i 11— 2P
+Zﬁ|x pR— |3+T’ (2.3.3)

=1

Fno(at, ... 2

hence the defining equation for the gradient flow for Fiy o is

. OF 1 . 4 o
== (@ =) - (@ —a')’) foralli=1..N,  (234)
where by convention 2° := —z! and 2V*! .= 2 — 2V,

The former convention comes from the following observation: in order to avoid prob-
lems at the boundary, one could symmetrize the configuration of points x!, ..., 2" with
respect to 0 to get N points 4, ..., y"N € [—1,0] satisfying y* := —z’. By identifying —1
with 1, we then get a family of 2N points on the circle where the dynamics is completely

equivalent to ours. This means that, by adding 2° and z¥*!

defined as above, we can
see ' and 2V as interior points. In the next section we will apply the same observation

symmetrizing also the density p in the way described above.

In order to prove convergence, we want to find an equation for X evaluated on the
grid (i —1/2)N.
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Lemma 2.3.2. Let X(t,0) be a solution of (2.3.1)-(2.1.4) starting from an initial datum
Xo € C*([0,1]) with 0gXo > co > 0. Let X' be the discretized solution defined at the
points (M2 1), that is

N
| i—1/2 .
X'(t):=X T,t foralli=1,... N. (2.3.5)
Then OF
oX — N* 2 (xt XNy = R
ozt
with

C
|R'(t)] < Nz forall t >0, foralli=1,...,N,
where C' depends only on ¢y and | Xollct.0 0,17 -

Proof. As we showed in Proposition 2.2.3 we have 9y X (¢,6) > ¢ > 0 for all ¢, so that the
equation (2.3.1) remains uniformly parabolic and under our assumptions the solution
X (t) remains of class C* for all times, with

[X(t)les <C V>0,

i—1/2
N

By Taylor’s expansion centered at ( ,t), one has

‘ X(t
X=X 4 agxw—a@exw—a X“rO(—H ()”C“),

2N? 6N N+
- 1 | X (#)]] e
X=Xt — —9p X" + aX——8 o X'+ 0O 21 ).
N 2N2 TGN - ( N1
Thus, with the convention X° := — X! and XV*+! :=2 — XV,
ath_T<(Xz+l_X2)2_(X'L_Xzfl)Q) —
N°T1, o IX(®)lles \1°
) GE—— X'+ X' —— oo X° —_—
O, 1 l Oy 2N28@9 +6N3a +O< Ni
N? IX(®)lles \1°
I XZ X'L_ - X'L n=—\/n--
i { % 2N2a€9 6N36 O( N4 ’

hence
N3

X' — T< (X - X)) — (X7 - X"—l)2> =0,X' - %(%XiaeeXi +R =R,
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with
| X ()|

R ()] < = <

with C' := C'sup;s | X (1) o1 O

In order to compare X with 2 we need to rescale times. More precisely, let us denote
with z°(t) := 2*(N3t). Then

3
7= i( @z —7) — (7 - gf"‘l)2>. (2.3.6)
For simplicity of notation we set
Wi = N (X - X7, Yi= (W),

Wi=N (™ —7'), Y= (W)’

recall the convention = — an =2 — . e equation for X? can be
11 th ion X° X' and XNH! 2 — XV). Th ion for X" b
written as N

X' = Z(Y}( -Y{) + R,

while the equation for W} (which follows easily from (2.3.6)) is given by

oW = NT <(Wg+1)2 —2(WH2 + (W;—1)2>. (2.3.7)

We now prove a discrete monotonicity result:

Lemma 2.3.3. Assume that C > 9,X(0,0) > ¢ and C > W.(0) > ¢ for all i and
6 € (0,1). Then C > Wi(t),Wi(t) >c foralli=1,...,N, and all t > 0.

Proof. The inequality for W4 follows from the fact that the bound C' > 9, X(0) > ¢ is
propagated in time (see Proposition 2.2.3 and recall that here A = 1).
To prove that W_(t) > ¢ > 0, it suffices to prove that, for any £ > 0 small,

Wit)>c—e(2—e") = f(t) Vi,Vt>0 (2.3.8)

(the bound W(t) < C being obtained in a is completely analogous manner). Notice
that, with this choice, f(0) < min; W2(0). Suppose by contradiction that

miin WEi(t) # f(t) in RT
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Then there exist a first time #, such that W (ty) = f(to) > 0 for some i, i.e., f(t) <
WLi(t) for all t € [0,t9) and alli = 1,...,n, and f(t) touches Wi(t) from below at (ig, to).
From the equation (2.3.7) and the condition (2.3.8) we get a contradiction: indeed, since
to is the first contact time we get

W (to) < f(to) = —ee™™ <0,

while since (W;OH(to))z, (I/I/%“’_l(t()))2 > f(tg)? = (W (to))2 (here we used that f(t) > 0
provided ¢ is sufficiently small to deduce that WW* > f implies (W% > f?)

2

Wi (t0) = S0 (W21 10)” = 2(W2 (1)) + (W2 (1)) > 0.

This proves that min; Wi(t) > f(t) for all ¢ > 0, and letting ¢ — 0 we have the desired
result. O

We can now prove our convergence theorem.

Theorem 2.3.4. Let &' be a solution of the ODE (2.3.6), and let X" be as in (2.3.5).
Assume that Xy € C**([0,1]) and that there exist positive constants cy, Cy such that

¢ : - C
NO < '(0) — 771(0) < WO7 co < 09Xy < .

Then there exist two constants ¢,C > 0, depending only on cy, such that

LY @000 e LY w0 - xoy o G)

for allt > 0, where C is as in Lemma 2.5.2.

Proof. We begin by observing that, because of Lemma 2.3.3,

CNO <F()—7(t) < % and CNO < Xi(t) — XT\(t) <

Co
Na

for all £ > 0. We now estimate the L? distance between X® and Z': recalling Lemma
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2.3.2 we have
RO
2 N
8—N§jN RARUE IR DICET
1 & 1 &
- R Vo2 i— i—1
- N (X =) [ - gy SN (X =) [ -
9 N
+ 5 Y (X -T)R
=1

:LZN(Xi_ji) [Y)i(_yi}_gij\[ N(XiH_ H—l) [Yz Yg]

1 4 . . , 1 ‘
= LN (=) [y - V] - o SOV (0 -2 vy - V]
=0 0

1 N—-1 A 9 N
=gy 2N (X =X = @ =) [ -V 4+ 5 D (X - R
=0 =1
1 N—-1 9 N
= o Wk~ WAV — (W3] + 2 S (X — 2R
=0 =1
c N—-1 9 N
- i 1)2 = A 51
— SN — (WX W]}) + N — (X 'y )R ?

where at the last step we used that W2 Wi > ¢ > 0. We then apply the following
discrete Poincaré inequality (we postpone the proof to the end of the Theorem):

Lemma 2.3.5. Let (u°,...,u") C RY with u® = 0. Set

N 1

Jull = (5 Do)

=0
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1

N-1

o (1 N2Z(yitt — 2 2

'l == (5 D0 N —ui)?)
i=0

Then ||ull3 < 3]lu'[I3.

d 1 N 1 N 9 N
i _ 52 <« _& i 1|2 A 51
dtN;:lp( 72 < CNE X a;y+N§ (X' — )R

Using that

choosing € = ¢/4 we get

d 1 1 & 2 &
“ _12 = X’L_ —12 = Rl 2.
iy S gy 2 XA e 2
Recalling that A
R(1)] <

(see Lemma 2.3.2), we conclude that

]
"
It
+M
[\
Q

Xz 71'2 =
dtNZ| "< C2N

By Gronwall Lemma, this implies

N

N
1 2 1 i i) |2 —ct/2
NZI (t)] <NZ|X(O)—1‘(O)|6

=1

- 202
—e(t=s)/22 ~
+/U e NE ds.

In particular, using that the third derivatives of X (¢,-) are bounded, we get
N N A

1 i 2 1 i —i (|2 o—Ct/2 2C?

¥ X -FOF < 5 RO - F 0P T

i=1

as desired. ]
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Proof of Lemma 2.3.5. We observe that, since u® = 0,

1
— N@u"™ —u*) for i=0 N,
N k=0
hence
N 1 N 1 i—1 9
lully = 5 St = 5 3 (5 N )
=0 =0 k=0
1 N 1 i—1
S N (Z . 1)_2 N?(ukz-i-l ukz)2
i=0 k=0
N—1
(N—-1)1 & 1
_ o N +1 B2 < 2112,
S S N b <

The Eulerian counterpart

Let us define pf := + >, 8,i(. We want to estimate the distance in MK between pf
and the Lebesgue measure on [0, 1].

Theorem 2.3.6. Let T be a solution of the ODE (2.3.6), and let X" be as in (2.3.5).
Assume that Xy € C**([0,1]) and that there exist positive constants cy, Cy such that

C ; e C
¥ SO -0 <2 @ <X <G

Then there exist two constants & C > 0, depending only on cq, Cy, || Xol|ca.e (o)), such
that

= C 1
N —Gt/N3
MKl([Lt,dQ)S@ +N2+m \V/tZO
In particular -
1 C+1 2N31log N
MK (Y, df) < —= + ——— t>
l(lj't ’ ) — 4N + N2 V - c
Proof. Take X°() = 0, so that X (¢,0) = 0 for all ¢, and apply Theorem 2.3.4: we know
that

~

N p—
1 7 z —C 002
Ly - |2<—z|x P+ €8
i=1
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hence, since 0 < 7¢(0) < 1, 0 < X%(0) < 1,

00
p— N4 .

Recalling that
T'(t) == 2" (N°t/8),

we get
- 1/2 e, CC?
~ <e + W

To control MK, (il ,df), we consider a 1-Lipschitz function ¢ and we estimate

1 N 1 1 N ' N i/N
pdu —/ pdd = — p(x'(t)) — / pdb
[ eat = [ew=yTewan-> [

-3 i{mi(t» (2]

N . N i .
1 . i—1/2 N —1)2

SNZx(t)— ¥ ‘+Z/'_ 0| do

i=1 i=1 7 ((=1)/N

1 i—1/217 1
<. = i(t) — —
= N;x() N AN
o —ajens  CPC 1

N2 4N’

hence, taking the supremum over all 1-Lipschitz functions we get

—ajeny , O2C 1
N2 TN

MK, (i, df) < e

which proves the result with ¢ := ¢/2 and C.=CY2C. O]
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2.4 The case p# 1
We consider the case r = 2 whit p a periodic function of class C%“, where

10" (x) — p" (y)]
|z —yl|*

lpllcs.e = [lpllcs + sup
TFY

We recall that )
1
— 15 | PXO)@X(0) s
0

and that the gradient flow PDE for F for the L*-metric is given in (2.1.3).

FIX]

2.4.1 Convergence of the gradient flows

We recall the formula for the gradient of Fiy o given in (2.2.1).

Lemma 2.4.1. Let X (t,0) be a solution of (2.1.3)-(2.1.4) starting from an initial datum
Xo € C+([0,1]) for some a > 0 with 95X > co > 0, and assume that 0 < X\ < p < 1/,
Let X' be the discrete values of the exact solution at the points (7;7]3/2,25) as in (2.3.5).
Then

OF

9, Xt — N3—=
! ozt

(XY, .., XM =R

with

N

, C
R <5 VE20,Vi=1... N, (2.4.1)
where C' depends only on co, \, lplleseoy), and || Xollce (o) -

Proof. As we showed in Proposition 2.2.3, under our assumptions dp X () > ¢ > 0 for all
t and the solution X (¢) remains of class C* for all times, with

I X()]|cs <C vt > 0.
A Taylor expansion yields

. | , 1 ; 1 ; X (@)]lca
i+1 A A 7 7 .
Xt = X" 4 —NagX + —2N2899X + —6N38999X + O<—N4 :

. 1 , 1 ; 1 ; [ X (#)]]
i—1 i i 7 7 .
X = X' = 00X+ 00X — om0 X+ 0( N )
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o) = p(x7) + P (3 (- X + ZED (- xi g oy - xp),

2
where as before we adopt the convention X° := — X' and XV*! := 2 — X" In addition,
we set
p(y) = p(—y) forye[X°0],  ply):=p2—y) forye[l, X ]
Then
5)FN2 N
— - . ¢
or? (X0 X
7Xi+§(i+1 p//(Xi)
=2 [ =X ) + 00 = )+ P54 Oy - X | ay
Xiig(i-‘—l
=2/ (= X)p(X")dy
XZ+§(7'
Xttt e yi
2 i i iy, PX i i
w2 [ =X - X+ PG - X0+ Ol - X dy
X . . . . 1 . . . .
_ P(4 ) {(XZH o XZ)2 (X - Xz—1)2:| i QP,(XZ)Q |:(Xz+1 o XZ)3 (X - Xz—1)3:|
1 ) . . )
+ //(Xz)64 |:(Xz+1 . Xz)4 . (Xz . Xz—1)4:| + 0(1/N5)
Therefore
0FNns2 , 4 : , .
— = (XL (X — X Xt — X2
NE(X,LLX ~ )
+p ( % |:(Xz+1 Xz) (Xz _ Xil)?}
1 ) . . )
+ p//(Xz)6_4 |:(Xz+1 - X@)4 - (Xz o X11)4:|
+ O(1/N?).

We now use the Taylor expansion for X to see that

20§ X 0po X'
RSTRS

(Xi—i-l o Xz)? o (XZ _ Xi—l)Z — N3

O(1/N?),
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i i i i— 2(3@){1‘)3
(X — X7 — (X' = XT)? = T+O(1/N5),
(XiJrl _ Xz)4 _ (Xz _ Xi71)4 — O(l/N5),
thus
OFN 2 1 N
— = (X ... X
(XX
— Wp(xi)agxi Opp X" + Wp’(xi)(aexiﬁ + O(1/N®) = O(1/N?).
O
The L stability estimate
Let X be a smooth solution of the continuous gradient flow
1 1
0 X = §p(X)89X oo X + ap'(X)(agX)S (2.4.2)

and define

N
Recall that, according to Lemma 2.4.1, X solves the following ODE:

Xi(t) = X(t, L 1/2>. (2.4.3)

Xi+X'L+1

Xi=oN® [ (z— X)p(2)dz + R (2.4.4)
Xi4xi—1
where R’ satisfies (2.4.1) and we are using the conventions X° := — X! XN*t1.=2_ XV

and

p(y) = p(—y) forye[X°0],  ply):=p2—y) forye[l, X ]
We also consider the rescaled discrete solution (f‘(t))1 ci<N

sipgitl
T’ =2N? ’ (z — 2")p(2)dz. (2.4.5)

zigzi—1
2
In the following lemma we prove that, over a time scale 7 > 0, X* gets at most n7 apart
from the exact solution of the ODE, where n depends both on % and on the initial
distance between the two solutions.
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Lemma 2.4.2. Let T be a solution of the ODE (2.4.5), and let X* be as in (2.4.3). Set

There ezists a time T > 0, depending only on sup,sq || X (t)|lc2 and |[p'[lsc + [|0”|so
such that, for any t* > 0,

At*+7’ S At* + nTt V1 e [O,T}

with n == f’v—(’; + AIE* , where C is as in (2.4.1).

Proof. Let us define
AF = ‘_maxN(:I:[;Ei(t) - Xi(t)])Jr.

Notice that A; = max{A;", A; }, and to prove the result it is enough to prove the following
stronger statement:

AL <AL +nT V70T, (2.4.6)
Ap, <A —nT VY7 €l0,T]

Since the arguments for AT and A~ are completely analogous , we prove only (2.4.6).
Also, without loss of generality we can assume t* = 0. By definition of Aj, at time 0 the
solutions are ordered

X'(0) < z(0) + Af.
Let us define Y(t) := X%(t) — AJ — nt and assume that there exist {; € RT defined as
to := inf {Y(t) = '(t)}. Then,

' (to) < Y'(to) < X'(to) — . (2.4.7)

Observing that T (o) > Y (1) and 77 (tg) > Y"1 (¢),

il+il+1
F(ty) 2N / I P e
Y7,+;,i+l
> 2N3 (z — Y"p(2)dz
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Performing a change of variable w = z + Ad + nt,, we have

yiLyitl

F(to) > 2N3/ S (= Y)p(2)dz

yigyi—1
2
XZ+XZ+1

=2N3 ) (w—XVp(w — A — nto)dw.

X’i_;,_xifl
2

By the fundamental theorem of calculus

Mw—AK—m®=pWW—MH+m®(AZNW+%A3+WMMQ

SO

— 2N?(AS + nto)

Xi4xi—1
2

If we recall that X" solves the ODE (2.4.4) we have

Xi+§(i+1
T'(tg) > X' — R — 2N3(AS + nto) /  (w = XYa(w)dw
Xi4yxi—l
2

Xi+§i+l
= X' — R' —2N3(Af + nto) i (w— X" (a(w) — a(X")) dw
’L+ 71—

2

xiyxitl
+ 2N (A$ + nto) / (w— XYa(X"dw

Xi4xi—1
2

= X' — R — Ty + T,

For T} we observe that, since | X! — X*| < C//N for all 1,

Xi+Xi+1

1] < ENAT + o)l [
'L+XZ

w = X' Pd < CAT + nto) 1l
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For T, we use the Taylor expansion for X:

. , X! 1
x = xi 82 <_) |

N N2
i—1 i Op X 1
X=X -2 40 (W)
Thus,
Xi+§(i+1
T, < ON A+t [, (0= XD
X’HL;(Z*l

N —

= CN*(A§ +nto)[|'ll< [—

(-5 o () +3 (% ro ()]

'(to) = X' — | R'| = C(A7 + nto) (16" llse + [14'llo<)
that combined with (2.4.7) and (2.4.1) gives
1 < C(AS +nto) (10"l + 117[ls0) + | ']

< C(AF +nto) 10|l so-
Then

C
< C(AG +11to) (19" lloo + [1£llo0) + 775

We now show that there exists a time 7' > 0, depending only on sup,- || X (#)||c> and
10" l|lco + 112”]| 00, such that to > T'. This will prove that (2.4.6) holds on [0, 7.
Assume by contradiction that ¢y < T. Then the above estimate gives

A C
<C o T 1 - / - -
0 <G4T U+ 1) +
Choosing T sufficiently small so that
CT (0"l + [1P"ll0) <

1/ Af C
"=\ P e

we get

or equivalently

This contradicts the definition of n and proves the result. O]
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The L? stability estimate

Lemma 2.4.3. Let Z' be a solution of the ODE (2.4.5), and let X' be as in (2.4.3). Let
0<T; <T5 <00, and assume that there exist two positive constants co, Cy such that

Co i _ CO Co i i1 CO
— < — < — — < < — .
FSTM-T <3 <X O-XT < Vie[h T

Then, there exists g = eo(co, Co) > 0 such that, if |||~ + ||p"||L= < €0 then one can
find two constants ¢,C > 0, depending only on cg, such that

§ 2 (@0 - X)L Y @) - X))+ 0 )

i=1 =1
for all t € [Ty, Ty).

Proof. We compute

N
d1 .
_ 7 X —
dt N (7' - X)
N zipgitl iy it
2 iy L - o
w Z1 (m & ) iR (Z v )p(Z)dZ Xipxi—l z=X )p(Z)dZ
2 N
ty L@ -xR
N i
= 4N? 7t Xt / (Z N fl)p(z)dz
Zzl ( ) [ zz+§1—1
siygitl i
i / (z = #)p(2)dz — / (2= X)p(2)d
xt Xl+§(z—1
X +§(’i+1 ) N
_ - Xz d < i X7‘ i
. (2 = Xp(2)dz| + & 2 (z )R

N
:=4N2Z(fi—xi) {Axi—kai—AXi—BXi} + = 2 Z (' — X') R".

i=1 i=1
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For A;: and B;: we have

—3 ji

Aji B [”i-zil (Z - ,Tz)p(i"l_l)dz * /i+zi1 (Z - jl) (p(Z) N p(jjz_l))dz

z

B B
_ _P(x; h <j1 _ i,z‘—1)2 4 /:Hi_l (2 — a—:z)(p<z) o p<ji—1>)dz
= DI+ B 2
By = /x (2 #)p(a)dz + /x (=7 (p(2) — pla))de
@ s [T - a)(ple) — ol
= Di + E2
Analogously we can set Ay: := D! + EY* and By := DY + E%. In this way we have
d 1 .
aN 2 (z' - X’)2
2 - i i 2 « i i\ pi
— 4N ;(1‘ - X" Ai,i+Bii—AXi—BXi} +ﬁi:1 (' — X R

— ANy (7 - X [D; _ D - Di 4 Dg(}

N N
; i i i i 2 i i\ pi
+4N2;(I’—XZ) x’l—E)’(lJrEx’Q—E)’f] JFNZ':1 (' - X)R
N
=T +Th+—=Y (@-X)R
=1

Let us estimate T} and T; separately. First,

N
Ty =4N*) (2" - X') [Dfi — D' — D+ D;}
=1

:4N2<Z(mi_Xi) (Dé—D&) _Z(fi_Xi) (D;—l_Dé(_l)>

=1 i=1
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Using the discrete version of the integration by parts we obtain

WE

N
Ty =4N*( ) (2’ — X') (D% — D) —

) (05 - 07

_ AN? z; (& — X7) (D% — D) —z; (@ = X (D —D&))
N2 Z;((xz _fi—i-l) _ (Xi _Xi+1)) (DZi —D&))

Recalling the definitions of D% and D% we have

. sz (Z:: {(Em — ) — (X Xi)l {(p(ii) —p(X1) (X - Xi)ﬂ)

=:Ti1+Tis.

Notice that, since ||p/||cc < €0 and ||p||z: = 1, we have p > 1/2 provided gy is small
enough. Hence, recalling that 271 — 7 > € and X! — X? > @ we can estimate the

=S

N>
first term
T, < _Ei (j.iJrl _ a—:z) . (Xi+1 _ Xi) ’ (i.i+1 - jz) + (Xz'+1 _Xi)
S 8 i=1
c N 2
0 =1 =1 i )
S—ZN;[(LUH—JJ)—(XH—X)]
C al 2
— __0 e an = AN i+1 i
P [N(x ') — N (X X)}
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)

Hence, recalling that X+t — X* < o

N
N (&
Tia < ||p'||Lw7<Z

2

(j,i—i-l _ i,z) . (Xi+1 . Xi) ‘ (:f,z . Xi) (Xi—l-l _ Xi)

i=1

C2 al

< B 0| @ ) - v (e x0 [l - x)
i=1
Using the inequality ab < a? + b? we get
o2 N . ‘ . 12
Tial < 9o~ () N (x|
C2 AR
Il Y (@ = X7)”.
i=1

Let us now consider T5.

N
T, =4N*)  (z' - X') {E;’l ~ By + BY — Eﬁ’f}
=1

al N

- () B ey ) [e - |
i=1 Py

= T2,1 + T2’2.

Let us first focus on the differences E5' — Eé’(l and EY* — E;f Keeping in mind the
definitions of E2' and E%" we have

Ey' - EY =
T B e - d = [T =X (o) )

Performing the change of variable w = z — 7, w = 2 — X" respectively, we get

il _gi

Bl gl 2 i\ (i
;- By = w (p(w+ ') — p(2')) dw
0

xitl_xi
2

- / w (pw+ X*) — p(X?)) dw.
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Adding and subtracting

we have
pitl_gi
o ol .2 = pla) = plo+ 1) 4 p)
0
Xi+1 I3
2 .
[ X = )
2

By the fundamental theorem of calculus and recalling that (z7+!1—2%) < €2 (X" —X7) <

% e obtain the following estimate

N
i1 _zi 1 1
|EL — BV = / w? [/ P (T + sw)ds —/ p(X +sw)ds} dw
0 0 0
x“';fxi
[ el X - plx) d
Xi+17Xz
C'0 —i i
< ol ool = X+ o] [0 e
gitl-g
Co - i 0] Lo i+l i\ 3 i+l —4)\3
= ol el = X7+ P (X0 - ) — (2 - )
Thus,

|To1] _4N22\x — X'||ES - B

N

C . .
< NHp””Lw Z (J_;Z o Xz)?

1=1

+—||P ||L°oZ|93

Xi)3 _ (ji—&-l B jz‘>3 ‘
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Recalling that 0 < ("' — 27) < €2 and 0 < (X! — X') < €2 we see that

’ (Xi—H _ Xi)3 _ (j:i—i-l _ ji)3 ‘

(XH-I Xz) . (EH_I o jz)

Y

N2
therefore

N

C . .
|Toq| < NHPHHLW Z (f — XZ)

i=1

2

_HPHLOOZ|ZL' XZHN —it1 jz‘)_N(Xi+1_Xi)|
N .
< Nup"nmz (' - x°)

i=1

N N
* %”p'”m [Z 7 = XTP4Y N (@ =) = N (X = XT) [
i=1 i=1

Let us now estimate E2? — E;f By definition we have

EY — EY =
/:W_l (z = ") (p(2) = p(z'")) dz — /Xiw_l (z = X') (p(2) = p(X1)) dz.

Performing the change of variable w = z — 7!, w = z — X! respectively, we get

Fi_gi—1

EY - EY = ﬂi_lil (w+z7'=7) (plw+ 27" = p(@)) dw

2

— / (WX =X (plw+ X = p(XTT) dw.

Adding and subtracting

—/ (w—l—Xi*l —Xi) (p(w—i—Xi*l) —p(Xiil)) dw

xt_xi—1
2




2.4. THE CASE p# 1 67

we get
B — B
< / (@ = E) (plw+ ) = () = plw+ X 4+ (X)) do
2
XiiXi_l . . . .
+ | - Lixi_l (w+ X=X (plw+ X1 = p(X*71) dw
2

Arguing as we did for the first term in E;’l — Eé’(l, the first term in E;’2 — Eé’f is controlled
by

7t __pi—1

T'—zT
||p//||oo/_ . ‘W—F.I_}iil . J_,’Z|

Fl_gi—1

Xzfl - i,zfl w2 dw,

and recalling that |z'~! — 7| < Cy/N, the above term is bounded by

C

m”p//”m’Xifl - i,ifl )

Concerning the second term in E2* — Eé’f, using that

a b a b a/2 b/2
Lo b=

< + =/ |+

b/2
B

/
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we get

gi—gi—1
[Di_mil (w + X — Xi) (p(w + X — p(Xi_l)) dw

2

Xi_xi-1 ' . 4 '
— /XZ‘_XZ‘1 (w—l—Xl_l _Xz) (p(w—i—XZ_l) _p(Xz—l)) dw

2

xi_xi-1

ﬁizi2l (w+Xi—1 . Xz) (IO(W—}-XZ_I) _p<Xz—1)) dw

+/ o (w+ X7 = XT) (plw + X1 = p(XT) deo].

i_gpi—1

xi_xi-1

2 X .
e || [ et X X el

Tt

2

Xi_xi—1 ' ‘
+]/ \w+X”—Xf\|w|dw‘].

i _gi—1

We now notice that in the last term the second integral is bounded by the first integral
hence we can bound it by

Xiixi—l ' ' Xiin_l
2ile [ w2 om0 - [ wde

Ti—z'— Fi_gi—1

< OHP/HLN’(Xi X (@ — ji—1>3‘

+ Ol e (X = X7)

(Xi— X2 (7 — ji—l)Q‘.
Hence, arguing as for 75, we obtain

N

C . ‘
Taa] < 55l = 3 (= X)°

i=1

N N
+ %Ilp’llm [Z ' — X+ )N (@ - 2') - N (X - X) |2] ,
i=1

=1
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Combining all these bounds together, we get

&l&

1 = —i i\2
i=1
2 & .
:T1+T2—|—N§:L’—Xl Z

N
2
=T +Tio+T5: +T52+ N; T —

< %A [N(jiﬂ_:fi)_N(XiH_Xi)r

N

C i
AR PSS

=1

N %(Hp'HLw . ||,0”||L°°) Z [ -z - N (X - XY) }2

i=1
N

.

2 |

Hence, recalling that |||~ + [|p"]|z= < €0, we can choose gy small (the smallness

depending only on ¢y, Cp, \) so that C<||p'||Loo + ||p”||Loo> < ¢pA/2 to obtain

1
N

Q.l&l

We now use the discrete Poincaré inequality (see Lemma 2.3.5) to get

%i [N (i,i—&-l_i,i) —N(XHI—Xi)r > - (ji_Xi)27

i=1 =1
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so that assuming ¢y small enough we conclude
N

d 1 i i\ 2 Co l
T (@ -X) -5

i=1 i=1 =

Finally, using the bound
) ) ) . . 1. .
9 (i’l _Xz) Rz S E(i’l _Xz)2 + _’Rz|2
€

with € := 2¢¢/3, and recalling that |Ri| < C'/N? we conclude

d1 N i i 2 Co al i i\ 2 3 é 2

Integrating this differential inequality over [17,¢] with ¢ < T3, by Gronwall Lemma we
obtain

%2 (fz(t) — Xi(t))2 < e—E(t—Tl)% Z (Ei(Tl) _ Xi(Tl))2 n C’(%)

=1

for some constants ¢, C' > 0 depending only on ¢y, as desired. O

2.4.2 The convergence results

Combining the results in the previous sections, we can now prove that if a continuous
and a discrete solution are close up to 1/N? at time zero, then they remain close for all
time. As one can see from the proof, it is crucial that the discrete scheme has a error of

order 5 (see Lemma 2.4.1).

Theorem 2.4.4 (Consistency). Let Z' be a solution of the ODE (2.4.5), and let X be as
in (2.4.3). Assume that X, € C**([0,1]), Xo(0) =0, Xo(1) = 1, and that ag < 90Xy <
Ag for some positive constants ag, Ag. Also, suppose that

C/

|X“(0) — z'(0)| < = Vi=L.ooN (2.4.8)
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for some positive constant C".
Then, there exists £1 = e1(ao, Ao, || pl|cse(o.17): | Xollcre(op)) > 0 such that, if ||p'|| s+
19" |0 < €1 we have

Vit e [0,00).

2| Qi

| N
o 1) <
=1
Proof. The idea of the proof is the following: we want to prove the discrete gradient

flow and the continuous one are L? close for all times. This is exactly what is claimed in

Lemma 2.4.3 which, on the other hand, is based on the assumption £ < z'(¢t) —z'~'(t) <

Co
N
However, by carefully combining Lemmas 2.4.2 and 2.4.3 by an induction argument, we

co, Cp € RT. Unfortunately, a priori, these assumptions may not hold for every time.

can show that these assumptions actually holds for all times.
Basis for the induction. First we observe that, by Proposition 2.2.3, there exist two
positive constants a and A such that

a<HXMH) <A V>0 (2.4.9)

Recalling the definition of X* in (2.4.3), we can infer the following inequalities at the
discrete level:

% < Xi(t) — XH(1) < vt >0, Vi. (2.4.10)

N
Let us now focus on the assumption

¢ , Co
NG < F(t) —z7() < ~  @CheR"

Using Lemma 2.4.2 we have
Z'(t) — X'(t)| < |z°(0) — X*(0)| +nt  Vte0,T].
Keeping in mind the definition of  and (2.4.8) we have

7 c' 3¢, C't
70) ~ X0 < oy ot b e 0T
so by the triangular inequality and (2.4.10) we obtain

a 2C¢"  3C - : A 2C¢"  3C
— — - < 7t _ gl < —
N 2(N2+N2T>_$(t) ! (t)_N+2<N2+N2T)
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fort € [0,T)]. In particular, by choosing N large enough (depending only on a, A, C,c, T),
we can ensure that

a , , 2A
. < =1 _ —i—1 < — . 4.
2N_x(t) (t) < N Vtel0,T] (2.4.11)
Inductive step. Our goal is to show that if the above property holds for all ¢ € [0, aT
then it holds for all ¢ € [0, (a + 1)T]. Let us apply Lemma 2.4.3 on [0, 7] and (2.4.8)

to get

%Zl (#'() - X'(1)" < eth > @0 - X(0))° + c(%)
C
< i vVt e [0,aT]

for some constant C depending only on C, C’, C’. Hence, since

7)) - X < (| Y (@) - Xi(t)" Ve 0,aT], Vi,

=1

we obtain in particular,

i i c¢ :
|z'(aT) — X' (aT)| < ~3 Vi=1,...,N.
Applying again Lemma 2.4.2 with o7 as initial time, we now get

|z (aT +t) — X' (aT + t)| < |7'(aT) — X(aT)| + naT

c  3C C

< B e v al
SV v T Y\ Nsar € [0,0T]

Hence, by (2.4.10) and triangle inequality,

a C 3C , .
R - < 7l _ i1
N 2(2“ 3E NQOdT) < z(t) =z (¢)

A C 3C
<= — _
<5 +2(2\/ . NQozT) Vt € [aT, (a + 1)T]
(2.4.12)
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Then, if N is big enough so that

c  3C a
N/~= + ZaT < -2 2.4.1
N TN SN (24.13)
we have 5 A
% <FW) - < Vielal (a+ DT,

Recalling the inequality (2.4.11) we get
, , 2A
— <zt -z7) < ~ Vit el0,(a+1)T).

This concludes the inductive step and, in particular, Lemma 2.4.3 applied on [0, c0)
proves the desired estimate for N > N, for some large number Nj.
Notice that the case N < Nj is trivial since (using that 0 < 7%, X* < 1)

%Z (z'(t) — X(1))" <1< %‘i Vt e [0,00).

The Eulerian description

In order to get a convergence result in Eulerian variable, we will also need a full stability
result in L? in the continuous case. The following result holds:

Proposition 2.4.5. Assume that p : [0,1] — (0,00) is a periodic probability density of
class C* and let X1, Xy be two solutions of the equation (2.4.2) satisfying (2.1.4) and

0<co<PpXi(0,0) <Cyp,  i=1,2. (2.4.14)
There exists g = €o(co, Co) as in Lemma 2.4.3 such that, if ||p/||1~ + |0 |1~ < €0, then

1 1
/\Xl(t,Q)—XQ(t,H)FdQS(/ |X1(0,6)—X2(0,0)|2d6’> et V>0
0

0

for some ¢ = ¢(cy).



74 2.0. A GRADIENT FLOW APPROACH TO QUANTIZATION OF MEASURES

Proof. The proof of this result follows the lines of the proof of Proposition 2.3.1, with
the difference that we have to get rid of the extra terms using the smallness of ||p/|| e~ +
|p"|| Lo=. Also, this result could also be obtained as a consequence of Lemma 2.4.3 letting
N — oo. However, since the proof is relatively short, we give it for the convenience of
the reader.

We begin by noticing that since fol p(x)dr =1, if ||p'||« is sufficiently small it follows
that 1/2 < p <2, so the monotonicity condition (2.4.14) implies that

0 < <0pXi(t) <y, i=1,2, for allt >0 (2.4.15)

for some constants ¢, Cy depending only on ¢y, Cy (see Proposition 2.2.3). Also, we
notice that (2.4.2) can be equivalently rewritten as

0X = 106 (p(X)(@0X)?) — 7 (X) (@ X)".

Then, since Xy — X vanishes at the boundary, we compute

d 1
%/ X, — X,[2df
0

1

=5 ) %X (o000 @) — (o) 002 ) a0

a 1/l(Xl — X5) (P,(Xl)(aHXl)g - p,(XQ)(a‘)XQ)?)) 40

6 Jo
=2 [ o (00 — (0@ ) a
1

-5 | 0= %) (Fx0@%) - (X @0 X))
_ _% /0 P(X2) (X1 — Xa) ((06X1)? — (05.X,)%) dB

1

T2 /0 [p(X1) = p(X2)] 9p(X1 = X5) (0pX1)" df

B é/o P (X2)(X1 = X2) ((06X1)° — (0pX2)°) b

1

"6 /0 [0'(X1) = ¢/ (X2)] p(X1 — X3) (0pX1)° df

=T +Ti2+ T3+ T
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Recalling that 1/2 < p, using (2.4.15) we get

1

T, < 5 /01 p(X2) (9p(X1 — Xz))2 ((99X1) + (95 X2)) db

1
< —% (99(X1 — X)) db.
0

Using again (2.4.15) we bound

02 1
ool < 0l [ 1% = Xl 00: - 90| 09
0

c? 1 c? 1
< Gl [ G5 = X0+ ol [ @0 = 00X 0,

02 1
sl < 0l [ 1% = Xl 0X: - 30| 09
0
Ct ! C? !
< Dol [ (= XaPdo+ Ll [ (00X~ 00Xa)" a0,
0 0

c3 :
ool < Lol [ (3= X0
0
Hence, combining all together, if both |[|p'| and |[|p"[ls are sufficiently small, using
Poincaré inequality (see Lemma 2.3.5 and let N — 00), we obtain
1

d 1 c
= / X0 - X0 < = [ (@0, — X))o
0 0

1
(7 o+ 116"11) / (X, — X,)? df

1
< -2 (X) - X,)2do
2 Jo

1
(7o + 116"11) / (X1 — X)? do

1
<-4 / (X) — X2)2db,
4 )

and the result follows by Gronwall’s inequality. [
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Theorem 2.4.6. Let p : [0,1]

(0,00) be a periodic probability density of class C*°.
Let x* be a solution of the discrete gradient flow starting from an initial datum satisfying

. i—1/2 c’ ,
x(O)—X0<O, ~ )' = Vi=L.o.N

where Xy € C**([0,1]), Xo(0) = 1, Xo(1) =1, and 0 < ¢y < 9y Xy < Cy. Then there

exist three constants €1 = €, (Co,Cg, llollcseo,)), HX0||C4,04([0’1])) as in Theorem 2.4.4;
¢=c(cy) > 0,0 =C(co) >0, such that,

- c
MK (Y, yp'*do) < C e N 4 =

Vt>0
N p— )
where
1
V=T
Jo p3(x)dx
provided that ||p]|cc + |10 ]|ec < €1. In particular
C N3log N
ME, (N, yp'3 dg) < N for all t > i.
Proof. Let X satisfy
- 1

Then X is a stationary solution of (2.4.2) satisfying also the boundary condition (2.1.4)
hence by Proposition 2.4.5 we deduce that

Y

1
/ X (t) — X|*df < Ce™ ™
0
where X (t) is the solution of (2.4.2) starting from X,. We then apply Theorem 2.4.4 to
deduce that

1 & (/N
NZ — Xi(t/N%))* <

=1

Vit e 0,00),

%| Qu

where X'(t) := X (t, il 2) Combining these two estimates and observing that X df =
Y P the result follows by arguing as in the proof o eorem
1/3.d9, th It foll b h f of Th 2.3.6

]
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2.5 From the discrete to the continuous case

In order to obtain a continuous version of the functional

1

= [ min |2’ —y|"p(y) dy,

1
Fy,(z',...,x ‘
o I<i<N

with 0 < 2! < ... <2V <1, we define
gz g1 it
=5
where by convention 2° = 0 and #¥*!' = 1. Then the expression for the minimum
becomes . . .
‘y _ $Z|T for = ($Z—1/2’$z+1/2)’
iy — o’ = ly|" for y € (0,2'7%),
o ly— 1" fory e (zNF/2 1),

and Fly, is given by

1 N
Fy,(z',...,27) =
N pit1/2 1/2
=1

T 1
/ ly — 2'|"p(y)dy + / lyl"py)dy + / ly = 1"p(y)dy.
zi—1/2 0 aN+1/2

7

Assume that

| i~ 1/2
xzzx(z N/ ) i=1,....N

with X :[0,1] — [0, 1] a smooth non-decreasing map. Then a Taylor expansion yields

Fan(a,.. a¥) = & 1 (X(&))\@X(0)|T“d6+0( ! )
N,r PRI _N,,, o P 0 N+l ’

where C, = m and O (ﬁ) depends on the smoothness of p and X (for instance,

p € Ct and X € C? is enough). Hence
1
N'Fy, (z', ..., a") — CT/ p(X(0))]0p X ()" df := F[X]
0

as N — oo.
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2.6 The Hessian of F[X]

Assume A < p < 1, and let X, Y € L*([0,1]) with 0 < ¢ < 9pX < C and |9Y] < C.

Also, assume that

Then
D2FIX|(Y.Y) = 6 / (X)X (0,Y)2 dO
46 / ) (0,0 (0,Y) Y d + / LX) (X YR o

2.6.1 Convexity under a smallness assumption on p’ and p”

We want to prove that the Hessian of F is positive definite provided that
190 + 110" [loe < 1.

We first observe that
)

1
D*FIX|(Y,Y) = 5—52 F(X +eY)>6Mc / (0pY)* d
e=0 0

1 1
60?4l / Y| [V d6 — C¥lp" | / Y2 do.
0 0

Observe that if both p’ and p” are small, we can control both the second and third term

by the first one using Young and Poincaré inequalities. In particular one sees that the

Hessian is positive at “points” X which are uniformly monotone and Lipschitz 4.
Indeed, using Young’s inequality,

1 1
D*F[X](Y,Y) > —03|yp”uoo/ Y2d9+6)\c/ (0pY)* db
0 0

1 1
—3C2||p'||oo{/0 Y2d9+/0 (aQY)Qde}.

4Recall that 0 < c < G X < C
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Hence, if 3HPIHC2 < 3)\c we have
1
D*FIX|(Y,Y) > 3\¢ / (8Y)? db
0
1
- [OSHp"Hoo ‘ 302Hp’noo] [y
0

1 1
> 6>\c/ YZ2df — {C?’Hp”HOO—l—?)CZleHoo]/ Y2 db,
0 0

where for the second inequality we used Poincaré (see for instance Lemma 2.3.5 and
let N — o00). Thus, if 3\¢ > C3||p" || + 3C?||¢ || it follows that the Hessian of F is
positive definite.

2.6.2 Lack of convexity without a smallness assumption

In this Section it will be convenient to specify the dependence of F on p, so we denote
1
F(X) = / p(X) |9, X | do.
0

To build a counterexample, we consider X (¢,0) = 6.
Recalling the formula for the Hessian of F, we see that for any smooth density p and
for any smooth function Y,

1 1 1
D*Fp(X)[Y,Y] = 6/ 5 (0pY)? d6 + 6/ 7 0,Y'Y db +/ 7' Y2 de.
0 0 0
Integrating by parts we have
1 1 1
D*F5(X)[Y, Y] = 6/ p(0pY)* df) — 6/ 5 (0pY)? — 6/ pRYY db
0 0 0
1
+ 2/ p[(aQY)Q +05Y Y] do
1 ’ 1
= 2/ p(0pY)*df — 4/ pOY'Y df.
0 0

We now fix € € (0,1/8) be a small number and define

,5(6)::{1 forg e [3—¢,3+¢

0 for0e0,1]\[3—¢3+¢].
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Also, let Y(t,0) a Lipschitz function, compactly supported in (0, 1), that is smooth on
(0,1/2) U (1/2,1) and coincides with |§ — 3|+ 1in [1 —¢,1 +¢].

Since p and Y are not smooth, we first extend both of them by periodicity on the
whole real line and define ps := p * s and Ys :=Y x @, with

6|2

eXp_ 26
g) = P 2
2sl0) 21
Then ) 1
D*Fs(X)[Ys, V5] :2/ Ps (89%)2d9—4/ ps 2Y5 Yy do.
0 0

Noticing that
ps — p in L' ps — 1 uniformly in [1/2 —¢/2,1/2 4+ ¢/2],

Ys — Y uniformly, 0pYs — OpY a.e., ;Y5 — 2012,
we see that

bee
D27, (X)¥a¥i) 2 [

1
5—¢€

(0pY)? dO — 8Y <%> =4e-8<0 asd—0.

In particular, by choosing 0 > 0 sufficiently small, we have obtained that the Hessian
of F,, in the direction Yj is negative when X (0) = 6 and p; € C*([0,1]) and satisfies
1> ps >0.



Chapter 3

Asymptotic quantization for
probability measures on Riemannian
manifolds

3.1 Introduction

The problem of quantization of a d-dimensional probability distribution deals with con-
structive methods to find atomic probability measures supported on a finite number of
points, which best approximate a given diffuse probability measure. The quality of this
approximation is usually measured in terms of the Wasserstein metric, and up to now
this problem has been studied in the flat case and on compact manifolds.

The quantization problem arises in several contexts and has applications in signal
compression, pattern recognition, speech recognition, stochastic processes, numerical
integration, optimal location of service centers, and kinetic theory. For a detailed expo-
sition and a complete list of references, we refer to the monograph [47] and references
therein. In this Chapter we study it for probability measures on general Riemannian
manifolds. Apart from its own interest, this has several natural applications.

To mention one, in order to find a good approximation of a convex body by polyhedra

!This chapter is based on [65].

81



3.0. ASYMPTOTIC QUANTIZATION FOR PROBABILITY MEASURES ON RIEMANNIAN
82 MANIFOLDS

one may look for the best approximation of the curvature measure of the convex body
by discrete measures [52].

To give another natural motivation, let us present the so-called location problem.
If we want to plan the location of a certain number of grocery stores to meet the de-
mands of the population in a city, we need to chose the optimal location and size of
the stores with respect to the distribution of the population. The classical case on R¢
corresponds to the situation of a city on a flat land. Now consider the possibility that
the geographical region, instead of being flat, is situated either at the bottom of a valley,
or at a pass in the mountains. Then the Wasserstein distance reflects this geography,
by depending on the distance d as measured along a spherical cap in the case of the
valley or along a piece of a saddle in the case of the mountain pass. It follows by our
results that for a city in a valley or on a mountain top the optimal location problem
converge as in the flat case, while for a city located on a pass in the mountains the
effect of negative curvature badly influences the quality of the approximation. Hence,
our results display how geometry and geography can affect the optimal location problem.

We now introduce the setting of the problem. Let (M, g) be a complete Riemannian
manifold, and fixed r > 1, consider p a probability measure on M. Given N points

x',.. ., 2V € M, one wants to find the best approximation of p, in the Wasserstein
distance W,, by a convex combination of Dirac masses centered at z', ..., z". Hence one
minimizes

inf{Wr<Zmi(5xi,u)T cmq,...,my >0, Zmizl},

with

W, (v1,12) »= inf { (/MxM d(z,y)" dv(z, y)> " D (m)gy =, (m)py = Vz},

where 7 varies among all probability measures on M x M, m; : M X M — M (i = 1,2)
denotes the canonical projection onto the i-th factor, and d(x, y) denotes the Riemannian
distance. The best choice of the masses m; is explicit and can be expressed in terms of
the so-called Voronoi cells [47, Chapter 1.4]. Also, as shown for instance in [47, Chapter
1, Lemmas 3.1 and 3.4], the following identity holds:

inf{Wr(Zmi5xi,u) S my,...,my >0, Zm,»—l} = Fy,(2',...,2Y),
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where
Fya(asa®)i= | min d(@', )" dp(y).
Hence, the main question becomes: Where are the “optimal points” (z?, ..., z") located?

To answer to this question, at least in the limit as N — o0, let us first introduce some
definitions.

Definition 3.1.1. Let p be a probability measure on M, N € N and r > 1. Then, we
define the N-th quantization error of order r, Vi, (1) as follows:

Vnr(p) = inf mind(a,y)" d , 3.1.1
Nolp)i= it ) (e y)” dpy) (3.1.1)
where |« denotes the cardinality of a set a.
Let us notice that, being the functional Fi, decreasing with respect to the number of
points N, an equivalent definition of Vi, is:

— 1 N
V(@) == $17...1,£,‘1]€€MFN7T(:E e, ).

Let us observe that the above definitions make sense for general positive measures
with finite mass. In the sequel we will sometimes consider this class of measures in order
to avoid renormalization constants.

A quantity that plays an important role in our result is the following:

Definition 3.1.2. Let dx be the Lebesque measure and Xjo1j¢ the characteristic function
of the unit cube [0, 1]¢. We set

Q'r ([07 1]d) = jifnzleT/dVN,r (X[O,l]ddx) :

As proved in [47, Theorem 6.2], Q, ([O, l]d) is a positive constant. The following result
describe the asymptotic distribution of the minimizing configuration in R¢, answering to
our question in the flat case (see [25] and [47, Chapter 2, Theorems 6.2 and 7.5]):

Theorem 3.1.3. Let 1 = hdx + p* be a probability measure on R?, where p* denotes
the singular part of . Assume that p satisfies

/]R{d 2" dp(x) < oo. (3.1.2)
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Then
(d+r)/d
lim NV, (1) = Q, ([0,1]") ( / hd/(d+7) dx) : (3.1.3)
N—o0 R4
In addition, if p* =0 and ', ...,z minimize the functional Fy, : (RN — R*, then
N hd/d—i—r

1
N 25931- — T R )y dx as N — oo. (3.1.4)

It is worth to mention that the problem of the quantization of measure has been
studied also with a I'-convergence approach in [15], [14], [17], and [80]. It is reasonable
that, using the results in [80], the convergence of the empirical measure to a certain
power of the measure h in Theorem 3.1.3 holds whenever the measure p has an absolutely
continuous part. Nevertheless, we do not investigate this question since this Chapter is
focused on the extension of the first statement in Theorem 3.1.3 to the case of probability
measures on general Riemannian manifolds. Such a statement has been generalized to
the case of absolutely continuous probability measures on compact Riemannian manifolds
in [52].

Our aim here is twofold: we first give an alternative proof of Theorem 3.1.3 for
general probability measures on compact manifolds, and then we extend it to arbitrary
measures on non-compact manifolds. As we shall see, passing from the compact to the
non-compact setting presents nontrivial difficulties. Indeed, while the compact case relies
on a localization argument that allows one to mimic the proof in R?, the non-compact
case requires additional new ideas. In particular one needs to find a suitable analogue of
the moment condition (0.1.1) to control the growth at infinity of our given probability
measure. We will prove that the needed growth assumption depends on the curvature
of the manifold (and more precisely, on the size of the differential of the exponential map).

To state in detail our main result we need to introduce some notation: given a point
Ty € M, we can consider polar coordinates (p, ) on T,, M ~ R? induced by the constant
metric g,,, where 9 denotes a vector on the unit sphere S¢~! and p is the the value of the
norm in the metric g,,. Then, we can define the following quantity that measures the
size of the differential of the exponential map when restricted to a sphere Sz’l C Ty M
of radius p:

, (3.1.5)

expy, (v)

Ay (p) == sup ‘dv exp,, [w]

veSET weT,SEY, [wley=p



3.1. INTRODUCTION 85

To prove asymptotic quantization, we shall impose an analogue of (3.1.2) which involves
the above quantity.

Theorem 3.1.4. Let (M, g) be a complete Riemannian manifold without boundary, and
let p = hdvol + u® be a probability measure on M. Assume there exist a point xy € M
and 6 > 0 such that

/ d(z, x0) 0 du(x) +/ Ay (d(z, 39))" dp(z) < oo. (3.1.6)
M M

Then (3.1.3) holds.

Once this theorem is obtained, by the very same argument as in [47, Proof of Theorem
7.5] one gets the following:

Corollary 3.1.5. Let (M, g) be a complete Riemannian manifold without boundary, 1 =
hdvol an absolutely continuous probability measure on M and let x*,... oV minimize
the functional Fy, : M®N — RT. Assume there exist a point rg € M and § > 0 for

which (3.1.6) is satisfied. Then (3.1.4) holds.

Notice that the quantity A,, is related to the curvature of M, being linked to the
size of the Jacobi fields (see for instance [73, Chapter 10]). In particular, if M = H? is
the hyperbolic space then A, (p) = sinh p, while on R? we have A, (p) = p. Hence the
above condition on H? reads as

(1 +/ d(x, 20)" du(x) +/ sinh(d(z, z,))" d,u(x)) ~ / e" @) dyy(x),
Hd Hd He
and on R? as
(14 [ dtooay*auta) + [ atoan) dute)) = [ ato. o™ duta.
Rd Rd Rd
Hence (3.3.2) holds on H for any probability measure u satisfying

/ erd@20) dy(1) < oo
Hd

for some zy € H%, while on R? we only need the finiteness of some (r + ¢)-moments of ,
therefore recovering the assumption in Theorem 3.1.3. More in general, thanks to Rauch
Comparison Theorem [73, Theorem 11.9], the size of the Jacobi fields on a manifold M
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with sectional curvature bounded from below by —K (K > 0) is controlled by the Jacobi
fields on the hyperbolic space with sectional curvature —K. Hence in this case

sinh(Kr)
A < —-—.
Zo (r) — K

Since sinh(K7r) ~ eX" for r > 1, Theorem 3.1.4 yields the following:

Corollary 3.1.6. Let (M, g) be a complete Riemannian manifold without boundary, and
let p = hdvol + p® be a probability measure on M. Assume that the sectional curvature
of M is bounded from below by —K for some K > 0, and that there exist a point xqg € M
and 0 > 0 such that
/ d(z, x0) 0 du(x) +/ el d@o) qu () < oco.
M M

Then (3.1.3) holds. In addition, if u* =0 and x', ...,z minimize the functional Fy, :
(RHN — R, then (3.1.4) holds.

Finally, we show that the moment condition (3.1.2) required on R? is not sufficient
to ensure the validity of the result on H?. Indeed we can provide the following counter
example on H?2.

Theorem 3.1.7. There exists a measure i on H? such that
/ d(x,z)? du < 0o Vp>0,Vz, € H,
H2

but
N2V (1) = 00 as N — 0.

The chapter is structured as follows: first, in Section 3.2 we prove Theorem 3.1.4 for
compactly supported probability measures. Then, in Section 3.3 we deal with the non-

compact case concluding the proof of Theorem 3.1.4. Finally, in Section 3.4 we prove
Theorem 3.1.7.

3.2 Proof of Theorem 3.1.4: the compact case

This section is concerned with the study of asymptotic quantization for probability dis-
tributions on compact Riemannian manifolds as the number /N of points tends to infinity.
Although the problem depends a priori on the global geometry of the manifold (since
Vi, involves the Riemannian distance), we shall now show how a localization argument
allows us to prove the result.



3.2. PROOF OF THEOREM 3.1.4: THE COMPACT CASE 87

3.2.1 Localization argument

Let (M, g) be a complete Riemannian manifold without boundary and let u be a prob-
ability measure on M. We consider {U;, ¢;}icr an atlas covering M, and ¢; : W; — R?
smooth charts, where W; DD U; for all i € I. As we shall see, in order to be able to split
our measure as a sum of measures supported on smaller sets, we want to avoid the mass
to concentrate on the boundary of the sets U;. Hence, up to slightly changing the sets
U;, we may assume that

We want to cover M with an atlas of disjoint sets, up to sets of p-measure zero. To do
that we define

V= U\ (gu])

Notice that we still have V; CC W,.

Given an open subset of R?, by [31, Lemma 1.4.2], we can cover it with a countable
partition of half-open disjoint cubes such that the maximum length of the edges is a

given number §. We now apply this observation to each open subset ;(V;) C R? and
we cover it with a family G, of half-open cubes {Q); ; }jen with edges of length ¢; <.

Figure 3.1: We use the map ¢; ' : p;(W;) C R* — W, C M to send the partition in
cubes Q;; of ¢;(V;) on M.
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We notice that the “cubes” ¢;'(Q;,;) C M are disjoint and

U U @u=Mm\ (U aui)

i€l Q;,5€G;

Since by (3.2.1) the set U;0U; has zero p-measure, we can decompose the measure p as

W= Zﬂlw = Z Z MlViﬂ%’fl(Qi,j)’

el i€l Qi ;€0

We now set

.7 d )
Qi 1= Hs Mij == ———————
Vim¢;l(Qi,j) Qi

so that
p=> i, / dpiy =1, supp(py;) CViN o, (Quy),
— M
ij

where, to simplify the notation, in the above formula the indices 4, 7 implicitly run over
1€ 1,Q;; €G;. We will keep using this convention also later on.

The idea is now the following: by choosing ¢ small enough, each measure p;; is
supported on a very small set where the metric is essentially constant and allows us to
reduce ourselves to the flat case and apply Theorem 3.1.3 to each of these measures. A
“egluing argument” then gives the result when p = Zij ;L 1s compactly supported,
a;; # 0 for at most finitely many indices, and p;; has constant density on ¢; ' (Q; ;).
Finally, an approximation argument yields the result for general compactly supported
measures.

3.2.2 The local quantization error

The goal of this Section is to understand the behavior of Vi, (u) when
on = )‘1@*1(62) dVOl, (322)

where \ = m (so that p has mass 1), Q is a d-cube in R? ¢ : W — R? is a
diffeomorphism defined on a neighborhood W C M of ¢~ 1(Q).

We observe that, in the computation of Vi, (), if the size of the cube is sufficiently
small then we can assume that all the points belong to a Kd-neighborhood of »=1(Q),



3.2. PROOF OF THEOREM 3.1.4: THE COMPACT CASE 89

with K a large universal constant, that we denote by Zgs. Indeed, if dist(b, o 1(Q)) >
K¢ then
dist(x,b) > dist(z,y)  Vao,y € ¢ 1(Q),

which implies that, in the definition of Vi ,(u), it is better to substitute b with an
arbitrary point inside o~ (Q). Notice also that, if § is small enough, Zx;s will be contained
in the chart W.

Hence, denoting by ( a family of N points inside a Zks, and by « a family of N
points inside ¢(Zk;s), we have

Vo) =it [ mind(y. b dity)
Q)

g bep
=\ 1%f /(p_l(Q) Iglelﬁn d(y,b)" dvol(y) (3.2.3)
=\ irﬁlf rnein d(e (), o7 ()" V/det gre(z) da.
Q aco

We now begin by showing that d(¢ ™ (z), ¢ '(a)) can be approximated with a con-
stant metric. Recall that ¢ denotes the size of the cube ). Also, we use the notation g,
to denote the metric in the chart, that is

ngg(m)vkvg = o1 (a) (dgp‘l(x)[v], dgp_l(m)[v]>, Ve pW),veRL  (3.24)
kot

Lemma 3.2.1. Let p be the center of the cube Q and let A be the matriz with entries
Ao = gre(p). There exists a universal constant C such that, for all z € Q) and a €
©(Zks), it holds

(1= C8) (A(z — a),z — a) < d(p~"(x),¢ " (a))* < (1 + C3) (A(x — ),z — a).

Proof. We begin by recalling that 2

1
A @ @) = [ (050 de.
Y(0)=¢~"(z), Jo
Y(1)=¢""'(a)

2Recall that there are two equivalent definition of the distance between two points:

_v(énim/ \/— = %)r)lfw \//Olgy(t)(ﬁ(t),ﬂ’y(t))dt.

y(1)=y w(l

Here we will make use of both definitions.
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Let 7 : [0,1] — M denote a minimizing geodesic.®> Then the speed of ¥ is constant and
equal to the distance between the two points, that is

17 (@) lg := /g5 (3(1),7(t)) = d(¢ " (2), 7 (a)). (3.2.5)

We can bound from above d(¢~'(z), 7" (a)) by choosing a curve 7y obtained by the
image via ¢! of a segment:

cl(szfl(a:)7<p*1(a))2 < /0 9oy (1), (1)) dt, o(t) == (1 - t)x + ta).

Observe that this formula makes sense since (1—t)z+ta € (W) provided 9 is sufficiently
small.

Since

\//0 Jory (6(t),6(t)) dt < C'|x — al (3.2.6)

for some universal constant C’, combining (3.2.5) and (3.2.6) we deduce that
7@y < C'lz—a| <C"§  Vte[0,1].

In particular

d(7(t),z) = d(3(1),5(0)) < C"6  for all t € [0, 1],

which implies that 7 belongs to the Kd-neighborhood of ¢~1(Q), that is ¥ C Zcws.
Thanks to this fact we deduce that in the definition of the distance we can use only
curves contained inside Zqns. Since Zong C W for § sufficiently small, all such curves

can be seen as the image through ¢! of a curve contained inside (W) C R?. Notice

that, by (3.2.4), if
o(t) :=p(y(t) = (al(t), . ,a"(t)) e R?

then

Gy (), 4(1)) =) gre(a(£))6* ()6 (¢),
"

3Notice that the hypothesis of completeness on M ensures the existence of minimizing geodesics.
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therefore

2

A @) =it [ g G)A) d

= inf @), /0 Gry(t) (W(t)"y(t)) dt

7(0)—s0_1
y(1)=p~(a),
’YCZC//5
1
= inf (o ())d* () (t) dt
ot > aulo D)5 ()
UC@(ZC//(;)
1
< (1+C6 inf / A (8)6" (t) dt,
( )0(0):90,0'(1) =a, J %: ke () (>
oCp(Zcns)

where in the last inequality we used that, by the Lipschitz regularity of the metric and
the fact that gy, is positive definite, we have

Zgu(z)vkvZ < (1+C9) ZAMUICUZ Vz e p(Zons), Vv e R
Using now that the minimizer for the problem

mf / Z Akga a t)dt

o(0)=z,0(

is given by a straight segment, and since this segment is contained inside ¢(Z¢ns), we
obtain

inf / Z Aped® () (t) dt = (A(x — a),z — a),

o(0)=z,0(
UC‘)O(ZC”&

which proves
d(e~ (), gp’l(a))2 < (14 C’é) (A(x — a),x — a).

The lower bound is proved analogously using that

ngg 2ot > (1 — 05 ZAMU vt Yz € p(Zens), Vv eRY,

concluding the proof. O
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Applying now this lemma, we can estimate Vi ,.(x) both from above and below. Since
the argument in both cases is completely analogous, we just prove the upper bound.

Notice that, by the Lipschitz regularity of the metric and the fact that det g, is
bounded away from zero, we have

det gre(z) < (1+Cd)v/det gie(p) = (1 +CH)Vdet A VzeQ.
Combining this estimate with (3.2.3) and Lemma 3.2.1, we get

Vvr(p) < (14 C'6) Ninf | min(A(z — a),z — a)"/* Vdet Adx

Q acx

= (1+C"5)/\inf/ min |z — a|” dz,
A1/2(Q)

[e] aca
where | - | denotes the Euclidean norm.
We now apply Theorem 3.1.3 to the probability measure |A1/2( ol 1 41/2(¢y dz to get
lim sup N™/*Viy (1)

N—oo

< (1+C'8)AQ, ([0, 1] [AV2(Q)

,a/(d+r)

1A1/2(Q) dz

)
= (14 C"9) )\Qr([O, 1] ) |AY2(Q)| /e,
Observing that

|AY2(Q)| = / Vdet Adr < (1 +C’5)/ Vdet gre(x) do
Q Q
= (1+Co)vollg™ (@) = (14 C9) 5,
we conclude that

lim sup N4V () < (14 C0)Q.([0,1]%) vol(p™1(Q))". (3.2.7)

N—oo

Arguing similarly for the lower bound, we also have
lim inf Ny (1) > (1= C8) Q- ([0, 1]%) vol(o~H(Q))™4, (3.2.8)
—00
which concludes the local analysis of the quantization error for p as in (3.2.2).
In the next two sections we will apply these bounds to study Vi, (u) for measures

of the form p =), ; 0jpui; where o # 0 for at most finitely many indices, and p;; has
constant density on ¢; ' (Q; ;).
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3.2.3 Upper bound for Vy,

We consider a compactly supported measure ,u = Zzy a;jpui; where ay; # 0 for at most

finitely many indices, and ;; is of the form A; ey ydvol with

z] 0,
e Qi) N (Qp) =0,  Vi,di, Vj#7,

and \;; == W (so that each measure p;; has mass 1).
vol(y; i

To estimate V(1) we first observe that, for any choice of Nj; such that » ;. Ni < N
the following inequality holds:

VN’F g Qg VNZJ,T‘ /’L’L]

Indeed, if for any 4, j we consider a family of N;; points 3;; which is optimal for Vi, , »(p5),
the family 5 := U;;5;; is an admissible competitor for Vi, (), hence

Vnr(p) < mlnd (,0)" dp = ZO‘”/ mmd (x,b)" dp;,
M

< i min d(z,b)" du; i i
Z ]Mew Hij = Z i Vg (tig)-

We want to chose the N;; in an optimal way. As it will be clear from the estimates below,
the best choice is to set

(cvgy vol(ip; (@i ) /4y D)
ke (oume Vol(go,;l(QZ))r/d)d/(dJrr)

tz‘j =

and define

Notice that N;; satisfy Zij N;; < N and

—1 N — oo.
Z N as o0

ij

“Notice that, if we were on R? and ¢; are just the identity map, then the formula for ¢;; simplifies to

(i)

Zke (aké)d/(d+r) ’

that is the exact same formula used in [47, Proof of Theorem 6.2, Step 2].

ij =
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We observe that each measure fi;; is a probability measure supported in only one “cube”
with constant density. Hence we can apply the local quantization error (3.2.7) to each
measure ji;; to get that

lim sup N/ Vi, (ki) < (1 + C8) Q. ([0, 1)7) vol(i0; 1 (Qi )™

Nij—o0

Recalling our choice of Njj,

N.

ij

N r/d
lim sup N"/4Vy,.(p) < lim SupZozU ( ) Nr/dVNw, (i)

N—o0 N—o0

<(1+C9) Qr (015 3 ot 5ol Qi)
and observing that
(d+r)/d
Sy b7 Vol (g (@) = ( [ oo dvol) |
ij M

we get

(d+r)/d
limsup N"/Vy (1) < (1 + C6) Q,([0,1]%) ( / p/(dtr) dvol> .
M

N—o0

3.2.4 Lower bound for Vy,

We consider again a compactly supported measure p = Zij a;jfLi; where a;; # 0 for at
most finitely many indices, and p;; is of the form A;; 1¢f1(Qij)d vol with

907,_1(Qi,j) N QO'[_/I(Q]"> - Q)v Vlv ilv \V/j 7é jla

and \;; = m (so that [, py = 1). Fix ¢ > 0 with ¢ < ¢, and consider the
cubes @, given by
Qe :={y € Qi : dist(y,0Q; ;) > e}

Also, consider a set 7;; consisting of K;; points such that

min d(z,a) < inf d(zx, 2) Va € (Qe) st ¢ Qi) Nsupp(p) # 0.
acij zeM\p7 H(Qi,5)
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Notice that the property of u being compactly supported ensures that
K = max{Kij :0; 1(Qi4) Nsupp(p) # (ZJ} < 00
Then, if 3 is a set of N points optimal for Vy,.(1) and S;; == BN ¢; 1(Q;),

VN,T(M) = M Igle%l d(l‘, b) d:u

> Z/ min d(x,b)" du
(]

“HQy) beBUY;;

= Z /w'_l( min d(l’, b)r du (3.2.9)
1] i

Q;.e) VEP U

= Zafj/ min  d(x,b)" dps;
T e (@ b

> Z O‘?j VNij+Kij,T (M‘Ej),

1j
where

ag 1= / dp LS = Lvine; (@, VOl
Y Vine Qs Y vol(¢; 1 (Qje))

We notice that aof; — a;; as e — 0.
Let L :=liminfy_, NT/dVN,T(u). Notice that L < oo by the upper bound proved in
the previous step. Choose a subsequence N (k) such that

Nij == #Bij.

N (&) V(1) = L as k — oo

and, for all 4, j,
Nij (k)
N (k)
Since )_;; Nij(k) = N(k) we have > v;; = 1. o
Moreover N;;(k) — oo for every i, j. Indeed, if not, there would exists ¢, j such that
N7 (k)4 K33 (k) would be bounded by a number M. Hence, since one cannot approximate

— v € [0,1] as k — oo

the absolutely continuous measure y; only with a finite number M of points, it follows
that

co == Varr(p5;) > 0,
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that implies in particular
Vg () +K55 00 (1) 2 €0 >0 VEEN
(since Nj;(k) + Ki;(k) < M). This is impossible as (3.2.9) would give

L = lim N(k)"" Vg, (n) > lim N(k)/a5; cg = oo,

k—o0 k—o0

which contradicts the finiteness of L.

Thanks to this fact, we can now apply the local quantization error (3.2.8) to deduce
that

11]£g£f N;; (k:)r/dVNij(k)JrKij(k),r (N%)

- hl?—kgf(Nij(k) + Kz‘j(k))T/dVNij(’f)JrKij(k)”"(M%)
> (1 C6) Qu ([0, 1]%) vol (9 (@)™,

which implies that (recalling (3.2.9))

L>(1-C8)Q,(0,1)* Z% vy vol(p(@50)).

Letting ¢ — 0 this gives

L>(1-C6) Q. (0,1 Z% vy, ol (0, (@),

and applying [47, Lemma 6.8] we finally obtain
L > (1= C6)Qu(0,1%) 3 (aiyvoller (@) /) v
]

> (1= €0) Qu{[0.11) (3 (ausvolter (@)

i

(d+r)/d
= (1-00)Q,([0,1%) (/M R/ () dvol) .
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3.2.5 Approximation argument: general compactly supported
measures

In the previous two sections we proved that if p is compactly supported and it is of the
form

1
. Ny w; (Qij)
= ; Qj VOI(¢;1<Qi7j)) dvol

where Q; ; is a family of cubes in R? of size at most § and «;; # 0 for finitely many
indices, then

N—oo

(d+r)/d
(1—C8)Q.([0,1]%) ( /M p/(d+1) dvol) < lim inf NV, (1)

(d+r)/d
< limsup N Vi, (1) < (1 + C6) Q. ([0,1]%) ( / p/(d+r) dvol) . (3.2.10)
N—oo M
To prove the quantization result for general measures with compact support, we need
three approximation steps.

First, given a compactly supported measure p = h dvol, we can approximate it with
a sequence {j tren of measures as above where the size of the cubes §;, — 0, and this
allows us to prove that

(d+r)/d
Ny (1) = Q.([0,1]%) ( / p/ () dvol) (3.2.11)
M

for any compactly supported measure of the form A dvol. Then, given a singular measure
with compact support p = p®, we show that

NV (1) — 0.

Finally, given an arbitrary measure with compact support p = h dvol + u°, we show that
(3.2.11) still holds true.

The proofs of these three steps is performed in detail in [47, Theorem 6.2, Step 3,
Step 4, Step 5] for the case of R%. As it can be easily checked, such a proof applies
immediately also in our case, so we will not repeat here for the sake of conciseness.

This concludes the proof of Theorem 3.1.4 when p is compactly supported (in par-
ticular, whenever M is compact).



3.0. ASYMPTOTIC QUANTIZATION FOR PROBABILITY MEASURES ON RIEMANNIAN
98 MANIFOLDS

3.3 Proof of Theorem 3.1.4: the non-compact case

The aim of this Section is to study the case of non-compactly supported measures. As
we shall see, this situation is very different with respect to the flat case as we need to
deal with the growth at infinity of u.

To state our result, let us recall the notation we already presented in the introduction:
given a point zy € M, we can consider polar coordinates (p,¥) on T, M ~ R?% induced
by the constant metric g,,, where ¥ denotes a vector on the unit sphere S¥~1. Then we
define the quantity A,,(p) as in (3.1.5). Our goal is to prove the following result which
implies Theorem 3.1.4.

Theorem 3.3.1. Let (M, g) be a complete Riemannian manifold, and let p = h dvol+ p*
be a probability measure on M. Then, for any xg € M and 0 > 0, there exists a constant
C =C(0) > 0 such that

N Vi) < (14 [ dtwor T duto) + [

Ay, (d(x,xo))rd,u(x)). (3.3.1)
M

In particular, if there exists a point xo € M and 6 > 0 for which the right hand side is
finite, we have

(d+r)/d
Ny () — Q. ([0,1]%) < / e/ (d+) dvol) : (3.3.2)
M

3.3.1 Proof of Theorem 3.3.1

We begin by the proof of (3.3.1). For this we will need the following result, whose proof
is contained in [47, Lemma 6.6].

Lemma 3.3.2. Let v be a probability measure on R. Then
N'Vy,(v) < O(l + /]R |70 dy(t)). (3.3.3)
To simplify the notation, given v € T, M we use [v|,, to denote \/ga, (v, v).
In order to construct a family of N points on M, we argue as follows: first of all

we consider polar coordinates (p,9) on Ty, M =~ R? induced by the constant metric g,,,
where ¥ denotes a vector on the unit sphere S%~!, and then we consider a family of “radii”
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0<pr<...<pn <ooand a set of N9~ points {#;,..., 9y} C S distributed in
a “uniform” way on the sphere so that

min dy (9, Jy) < v e S (3.3.4)

=ie

where dy(,9Y}) denotes the distance on the sphere induced by g, .

We then define the family of points p;; on the tangent space T,, M that, in polar
coordinates, are given by p;; := (p;,Ux), and we take the family of points on M given
by

Tip = exp, (pix) i=1,...,N; k=1, N""

We notice the following estimate: given a point x € M, we consider the vector p =
(p,V) € Tyu M defined as p := 4(0) where 7 : [0,1] — M is a constant speed minimizing
geodesic. By the definition of the exponential map we notice that » = exp, (p) and
p = |plzy = d(x,70). Then, we can estimate the distance between z := exp, (p) and z;
as follows: first we consider o : [0,1] — S¢~! C T}, M a geodesic (on the unit sphere)
connecting ¥ to 9y, and we define 1 := exp, (po), and then we connect exp,, ((p,9)) to
x; 1, considering v, ), where (s) := exp,, ((s,7)) is a unit speed geodesic (see Figure
3.2).

(p,‘t}) (piﬂ}k)

(P,

Figure 3.2: The bold curve joining (p,?) and (p;, ¥x) provides an upper bound for the
distance between the two points.
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Setting 7 := exp,, (p o), this gives the bound

/p pih(s)’v@) ds

1
= [ oty 50, 500+ 1o = 5

1
d(z, x; k) §/ |7'7(t)|n(t) dt +
0

< Am(p)/o (o), dt + |d(z, 20) — ]
= Ay, (d(z,20)) do(V, D) + |d(z, 20) — pil,

where A, (p) is defined in (3.1.5), and we used that o(¢) is a geodesic (on the sphere)
from ¥y to ¥ and that p = d(z, x).
Notice that, thanks to the estimate above and by (3.3.4),

min d(r, )" < min [Axo (d(,20)) da (9, 01) + |d(, o) — m}

i,k

C T
< min {Am (d(x, 20)) ~ T ld(z, 20) — pi!} :

We can now estimate the quantization error:

N"Vya,(pn) < N' m}cn d(z,x; )" dp(z)
M b

ik

C T
< Nr/ min {Axo (d(z,z0)) — + |d(z, z0) — plq du(x).
M N
Using that (a +b)" < 2" Ya" + b") for a,b > 0 we get
NV, () < N7~ [ [ minlate. o) = i dute) + [ A (o) () dﬂ(l‘)]
Mt M

= N2 [ minfde,m) o du(e) + €2 [ Ay (dlam) dule)
M ! M

Let us now consider the map d,, : M — R defined as d,,(z) := d(x, z¢), and define the
probability measure on R given by py 1= (dy,)4p. In this way

/ min [d(z, xo) — pi|" dp(z) = / min [s — p;|" dpu (s).
M K3 R 3
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We now choose the radii p; to be optimal for the quantization problem in one dimension
for p11. Then the above estimate and Lemma 3.3.2 yield

N"Via (1) < N2 Wi (n) + €727 / Ay (d( 20)) dia(a),
M

<o [T ane 4 [ A e) du)
0 M
—c(14 [ dtwy S duto) + [ Aoz auto) )
M M
that concludes the proof of (3.3.1).

To show why this bound implies (3.3.2) (and hence Theorem 3.1.4 in the general
non-compact case), we first notice that by (3.3.1) it follows that, for any M > 1,

M Vg (1)
< C’(l + /M d(z, o) 0 du(x) + /M Agy (d(z, )" du(x)) . (3.3.5)

Indeed, for any M > 1 there exists N > 1 such that N¢ < M < (N + 1), hence (since
Vi 1s decreasing in M)

1 '
MYV (1) < (N + 1) Vg, (1) = (1 ¥ N) NV, (1)

< C’(l + /M d(z, o) 0 du(x) +/MAID (d(%xo))rdﬂ(l’)),

which proves (3.3.5).

We now prove (3.3.2). Observe that, as shown in [47, Proof of Theorem 6.2, Step
5], once the asymptotic quantization is proved for compactly supported probability mea-
sures, by the monotone convergence theorem one always has

(d+r)/d
lim inf NV, (1) > Q,([0,1]%) ( / pd/(dtr) dvol) :
N—o0 M
hence one only have to prove the limsup inequality.

For that, one splits the measure p as the sum of pi == X By (ao) b A [1F; = XA\ Bp(a0) s
where R > 1. Then one applies [47, Lemma 6.5(a)] to bound from above N™/4Viy (1)
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in terms of N"/?Vy,(uk) and N'/4Vy . (u%), and uses the result in the compact case for
N™Vy..(uk), to obtain that, for any € € (0, 1)

(d+r)/d
limsup NV, (1) < (1 — )77 Q,([0,1]%) (/ /(@) dvol)
Br(zo)

N—oo

1
B —r/d I; Nr/d 2 .
+ (M \ Bg(z))e im sup Vi (M(M \ BR(xo))uR)

Thanks to (3.3.5), we can bound the limsup in the right hand side by

(WM B + [ doan i) + [

Ay, (d(x, xo))r d,u%(x)) ,
M

that tends to 0 as R — oo by dominated convergence. Hence, letting R — co we deduce
that

(d+r)/d
limsup NV, (1) < (1 — &)™/ Q,([0,1]") lim </ p/(d+r) dvol)
Br(zo)

N—o0 R—o0
(d+r)/d
==, (o) ([ ne )

M

and the result follows letting ¢ — 0.

3.4 Proof of Theorem 3.1.7

We begin by noticing that if
/ d(z, x)P dp < 00
H2

for some xy € H?, then this holds for any other point: indeed, given z; € H?,
[ty < 2 [ (e + dso, o) du < o
H?2 H2

In particular, it suffices to check the moment condition at only one point.
We fix a point xy € H? and we use the exponential map at z( to identify H? with
(R?, d?p + sinh p d*¥). Then, we define the measure

pi= e IS,

keN
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where H'LS} denotes the 1-dimensional Haudorff measure restricted to the circle around
the origin of radius R, and € > 0 is a constant to be fixed.
We begin by noticing that

/ d(x,x0)P du = Z e~k [P dp!
H? keN Sk
= e R o sinh(k) & ) e R < o0
keN keN
for all p > 0.
An important ingredient of the proof will be the following estimate on the quantiza-
tion error for the uniform measure on a circle around the origin.

Lemma 3.4.1. For any R > 1 and M € N we have
R
1 1 > 6_ o M
Vire (H'CS) 2 (23 )+R.

Proof. To prove the above estimate, we built a good competitor for the minimization
problem. Let us denote with [-] the integer part, and define

- [5]

We split Sk in 2L arcs X; g of equal length. Notice that the following estimate holds:
there exists a positive constant ¢, independent of R, such that

d<22j7R, 22]'/71%) >c Vg # j/ c {1, ceey L} (341)

To show this fact, one argues as follows: consider a geodesic connecting a point z; € X r
to x9 € Xg; p. Because j # j' any curve connecting them has to rotate by an angle of
order at least R/ef. Now, two cases arise: either the geodesic v : [0,1] — H? is always
contained inside R? \ Bg_;(0), or not. In the first case we exploit that the metric is
always larger than sinh*(R — 1)d*J. More precisely, if we denote by (e,, eq) a basis of
tangent vectors in polar coordinates

o) = [ Voo Ga0) @
— /0 \/(y(t) : ep)2 + sinh?(p) ((t) - eg) dt

1
R
> sinh(R — 1)/0 |9(t) - eq| dt Z eR’l—R ~R>1,

(&
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where for the last inequality we used that v has to rotate by an angle of order at least
R/e®. In the second case, to enter inside the ball Bg_1(0) the geodesic has to travel a
distance at least 1, so its length is greater that 1. This proves the validity of (3.4.1).

We pick now a family of M points {z,}}Z,. Then, by (3.4.1) and triangle inequality,
we have that for every index ¢ there exists at most one index j(¢) such that

c o
d(z¢, Xojr) > 5 Vi#30).

Therefore there exists a family of indices J € {1, ..., L} of cardinality at least (L — M),
such that

d(g, So; 1) > g ViedJ, Ve=1,... M.

We can now estimate the quantization error:

Vi (H'CSR) = min min d(x, z¢)" dH'

aCH?:|a|=M sL z€a

> min E min d(z, z,)" dH'
aCH2:|a|:M Sain TpEQ

ZZ/ f dH' > (L — M), R,
by

jeJ 25,R

where at the last step we used that H'(3s; r) = R.
O

We can now conclude the proof. Indeed, given a set of points {z,};<i<n> optimal
for 41, these points are admissible for the quantization problem of each measure H!' S},
therefore

— —(14e)k . r 1
Ve (1) Ze memd(x,xg) dH (z)

KeN Sk
> Ze ()b, Hll_Sl)
keN
> (1+e)k 2
< )
where at the last step we used Lemma 3.4.1. Noticing that, for N large,
ek o leé¥

Z N2> C > 4
o N Z 17 for k > log(N®),
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we conclude that

r NT —(1+e)k ek
N"Viao(p) 2 = d e ok
k>log(N4)
N" ek
Ny e
4 k>log(N*)
00 NTN—4E
ZNT/ e ldt  ———— — 00
log(N4) €

as N — oo provided we choose € < r/4.
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Part 11

Quasineutral limit for
Vlasov-Poisson
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Chapter 4

The Vlasov-Poisson equation

The general purpose of kinetic theory is to describe the time evolution of a system
consisting of a very large number of identical particles. The mathematical study of such
systems leads to a class of partial differential equations called kinetic equations.

4.1 Mean field limit

In this Section we introduce the Vlasov-Poisson equation as a typical example of mean-
field equation. We shall explain how to obtain the Vlasov-Poisson equation as an ap-
proximation of the system of Newton equations of motion in the limit when the number
of particles tends to infinity.

4.1.1 Newton equations

The standard model describing the collective interaction of a N particle system in R is
the system of Newton equations:

mgii(t) = Z Fii(b), (4.1.1)

where m; is the mass of the i-th particle, z;(t) € R? and #;(t) are respectively its
position and its acceleration at time ¢, and Fj_,;(t) denote the force exerted by particle
7 on particle 7. In the following we consider the case where all masses are equal, that is,
m; = m for all 7. Since we will not deal with magnetic forces, we can focus on the case

109
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of forces generated by an interaction potential, i.e., there exists W : R? — R such that
F(x —y) = =VW (z — y) is the force exerted from a particle located in y on position x.
A classical example of interaction kernel is the Poisson kernel,

F= ci in RY.
||
This corresponds to consider particles under gravitational interaction for ¢ < 0 or elec-
trostatic interactions (ions in a plasma) for ¢ > 0.

Describing a system of N interacting particles via Newton’s equations leads to a
Hamiltonian system which has as many equations as the dimension of the phase space
of the system. More precisely, the single particle phase space is the set R? x R? of pairs
of all possible positions and momenta of an unconstrained single point particle in the
d-dimensional Euclidean space R?. Thus, for a system of N identical point particles in
R?, the number of degrees of freedom is dN and the N-particle phase space is the space
(RY x RN of 2N-tuples of all possible positions and velocities of the N point particles.
This corresponds to a microscopic description of the system. However, in most physical
cases the number N is very large, usually of the order of 10** (the Avogadro number), as
one can see by considering as an example a rarefied gas or a plasma. This means that,
even from the point of view of numerical analysis, it is unreasonable to exactly determine
the dynamic of each individual particle.

An alternative approach to circumvent this difficulty caused the the presence of so
many particles consists in applying Newton’s second law of motion to each infinitesimal
volume element of a fluid. In this way one ends up with the hydrodynamic equations,
such as the Euler or Navier-Stokes equations, which describe the macroscopic behavior
of the system.

Kinetic equations, instead, describe the evolution of a N particle system at a meso-
scopic level, which is an intermediate viewpoint between the Newtonian dynamic of the
microscopic particles and a macroscopic hydrodynamical model. In this context, the
evolution of the same many body system is described by a partial differential equation
set on the single-particle phase space. In the following we consider the mean-field limit
as a reduction of the N-particle phase space to the single particle phase space. From the
theoretical point of view, the mean-field approximation is extremely important because
it establishes the basic limit equation, and in addition it shows that the qualitative be-
haviour of the system does not depend on the exact value of the number of particles.
This latter observation is very useful in numerical simulations.
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4.1.2 Mean field limit of the N particle system

Roughly speaking, a mean-field model describes the evolution of a typical particle subject
to the collective interaction created by a large number N of other particles, that we
suppose identical. The state of the typical particle is given by its phase space density;
the force field exerted by the N other particles on this typical particle is approximated
by the average with respect to the phase space density of the force field exerted on that
particle from each point in the phase space. This approach is suitable for interaction
potentials that are not too “sensitive” to the precise position of each particle. Often this
assumption is called long range interaction.

The goal now is to understand how one can let the dimension of the phase space
(that is 2dN, d being the dimension of the physical space) go to infinity in a rigorous
way. First, let us convert the second-order Newton equations into a first-order system
introducing for each position variable x; the velocity variable v; := ;. Then, the whole
state of the system at time ¢ is described by (z1,v1),..., (zn,vn), Where the positions
x; belong to the d-dimensional space of positions X¢ (which may be the Euclidean space
R? or a subset A of R?, or also the d-dimensional torus T¢) and the velocities v; belong is
R?. In order to balance the kinetic and the potential energy of the system and to obtain
a nontrivial limit as N — oo, we shall assume that the particles have mass 1/N. Let Hy
be the Hamiltonian of the N-particles system interacting via W, that is,

1 1
HN(xl, ey TN, UL,y .. 7UN) = 25‘1}1’2 + N ZW(Z‘Z — $j). (412)
J

Then, Newton laws (4.1.1) are equivalent to the Hamiltonian system
ii - VyiHN, Uz == —VmiHN, (413)

and, by Liouville’ s theorem we obtain the following equation:

d . ‘
where [,] is the canonical Poisson bracket and fy = fx(t,z1,..., 25,01, ...,vy) denotes

the joint distribution function in the N-particle phase space, i.e.,
In(t ey, .. xy, v, .. o) dey .. dey doy .. doy (4.1.5)

is the probability of finding, at time ¢, the i-th particle in a volume dx; dv; around
the point (z;,v;) in the N-particle phase space (X4 x R%)". In this context, Liouville’s
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equation translates into incompressibility of the flow in phase space. This property is
central to classical mechanics, and can be thought of as information conservation, where
trajectories in phase space cannot merge or diverge. Let us notice that the N-particle
Liouville equation, although it allows for considering superpositions of all trajectories
at the same time, still contains exactly the same amount of information as the original
Newton equations.

Since all particles are identical, it is enough to know the state of the system up to
permutation of particles. Thus, let us consider C' = {(x1,v1),..., (zn,vn)} to be the
quotient of the phase space (X% x R?)" by the permutation group Sy. Then there is a
one-to-one correspondence between such a cloud of undistinguishable points C' and the
associated empirical measure

(CN) = Z 5 (z101)

where 0(, ) is the Dirac mass in phase space at (z,v). The empirical measure belongs to
the space of probability measures on the one particle phase space P(X? x R9), even if
it depends on all the configuration C'. This probability measure should not be confused
with the joint distribution function fy defined in (4.1.5), the latter being a probability
measure on the N-particle phase space. The main advantage of introducing ,u(CN) is that
it belongs to an infinite-dimensional space, but independent of the number of particles.
It is now clear that the plan is to rewrite the Newton equations in terms of the empirical
measure, and then pass to the limit as N — oo.

Integrating p') = % D0 O(ws(t) 0i(t)) @AINSE a test function ¢ € CX(X? x RY), we
find out that the N body problem (4.1.3) associated to the rescaled Hamiltonian (4.1.2)

yields the following equation for u,gN)

at/sodut(m = /v-stoduﬁN) —/ VW (x —y) - Vop(,v) d (w,0) dp™ (y, w).
(4.1.6)
The equation above is the Viasov equation in distributional form.
Recalling that weak convergence for probability measures is equivalent to convergence
in the sense of distributions, one can prove that, if W € C'(X?), then as N — oo the

(N)

empirical measure p; ' will converge to some limit measure f(¢,x,v) solving the Vlasov

equation, that is:



4.2. (QUANTITATIVE STABILITY VIA WASSERSTEIN TYPE DISTANCES 113

where

Flfle) = = [ [ 9W (= o) fldysdu) = =V s, 1.

The function f(¢,z,v) represents the distribution function of the system at time ¢, that is
the number density of particles that are located at the position x and have instantaneous
velocity v at time ¢. This formal discussion shows a possible way to replace a very large
number of simple ordinary differential equations by just one partial differential equation
in the limit as IV goes to infinity. In this system there is no direct interaction between
the particles, and the dynamic of each particular particle is affected by a field which is
generated collectively by all particles together.

4.2 Quantitative stability via Wasserstein type dis-
tances

In the previous Section we assumed that W is continuously differentiable. Although it
was enough to pass to the limit in the Vlasov equation for the empirical measure, this
assumption does not implies that the solution of the Vlasov equation is unique, nor it
provides any information on the rate of convergence.

If W is smoother then one can prove more precise results of quantitative convergence,
involving distances on probability measures, for instance Wasserstein distances. To prove
the following stability result, it would be sufficient to use the 1-Wasserstein distance,
assuming finiteness of first moments. However, we can avoid this restriction introducing
another distance on probability measures which does not need any moment assumption.

Definition 4.2.1. The bounded Lipschitz distance dy; between measure v, u € P(X< x
R?) is defined as

doi (v, 1) = sup
feD

/X fz,v)dv(z,v) - / f(x,0) du(z, )|,

XdxR4
where D= {f : f: X*xR!— [0,1] and | f(z,v) — f(y,w)| < |(z,v) — (y,w)]|}.

We recall that this distance induces the weak topology on P(X? x RY). Our goal
here is to present an existence and uniqueness result for solutions on the Vlasov equation
when the potential W € C? [36].

Theorem 4.2.2. Let W € CZ(X?). Then the following holds:
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i) Equation (4.1.7) has a unique solution in P(X? x RY) for any initial datum [i €
P(X? x RY;

ii) of ugl) and u§2) solve (4.1.7), then there exists a constant ¢ > 0 depending only on W
such that

o (1, 17 < ey (i, 1) V> 0. (4.2.1)

Notice that, as a corollary of this result, one gets a quantitative information on the

rate of convergence of the empirical measure to its limit: on any finite time interval the

)

closeness (measured with respect to dp) of ,u(()N to its limit is propagated linearly in

time.

Proof. By assumption there exists B, L € R such that
IVEW| < B; [W(z) —W(y)| < Lz —yl. (4.2.2)

Given a family of measures {y;} C P(X¢ x R?) weakly continuous with respect to ¢, this
family defines a time dependent force field

Fi@) = [ VW - ) dily. (123)
Thanks to our assumptions on W, by Cauchy-Lipschitz Theorem, the ODEs
w(t) =v(t),  o@t)=F/(x(t)), (4.2.4)

have a unique global solution which induces a two-parameter family of maps T{Sj} :
X4 x RY — X9 x R? which represent the evolution of a point (z,v) from time s to time
t. These maps induce by duality a family of maps on P(X? x R?):

M= (To)4do VAo € P(X? X RY). (4.2.5)
In particular, (4.1.7) is equivalent to the fixed point equation
= (Tp) wo, (4.2.6)

so we shall prove existence and uniqueness via the contraction approach.
First, we shall prove (4.2.1).
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From (4.2.6) and by triangle inequality we have

dpr (pi, Ar) = dbL((TJ?’}) Ho, (T{Oﬁ) Ao)

< dun (T )sho, (T sh0) + dor (T etto, (T{5))#20)-

(4.2.7)
Call w(t) = (z(t),v(t)). Then (4.2.4) can be written as
w(t) = Gy (w), (4.2.8)

where Gf'(w) = (&(t), — [ VW (z — o') dp, (2, 1)) .
Notice that

dyr(( {A}) MO,(T{%)#AO) = sup /((Tfﬁ)#uo(dw)—(T{Oﬁ)#%(dwﬁ f(w)‘

feD

= sup
feD

/(uo(dw) = Xo(dw)) f(T{3w )'

We claim that the Lipschitz constant of f (T{O/\t}

To this aim, since f € D it is enough to bound

) is bounded by et with L' = B + 1.

0 0.t
‘T{A} = Ty ()|
By the definition of flux
t
T{Oﬁ( w) =w +/ GN(w) d, (4.2.9)
0

since

2

|G} (w) — G?(w)!2 = jv—0*+ ‘/ (VW (z —7) — VW (2" — %)) du(z,v)

< Jo—=VP+ Bz —2P < (L w— w/|)2,
(4.2.10)

hence 4|A,| < L'|A;| which implies that
A < A,

proving the claim.
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Thanks to the claim, going back to (4.2.9) we get

(T o (TE)s30) = sup [ () = da(aw) ST

< ePtdyr (1o, Mo)- (4.2.11)

We now esitante the first term in the right hand side of (4.2.7). Using again Liouville’s
Theorem, we have

d <T0’t Lo, (T2 u)zsup
oL { (T30, (Txy) o sup

[ malaw) ($x50) - 1)

and using (4.2.9) and that f is 1-Lipschitz we get

)

dpr, <(T{();f})#uo, (T{Oj\t})#uo> < /Mo(dw) )T{Olf}w _ ot

{A}w‘
~ [ yaldw
= R(t).

t
dr |GH(TYw) — GNTH w ‘
| ar [exaizu - eaggu)]

(4.2.12)

Using (4.2.10) and the triangle inequality, we have

r) < [ taw)| [ ar [oru - axapgu)]|
+ [ taa)| [ ar [z - g
< /0th [/MT(dw) |GH(w) — G (w)] +L’/u0(dw) /Ot dT’T&T}w_TOwwH :

A}

To estimate the integrand in the first term of the right hand side we use that the map
(2/,v") = VW (2 — 2') is B-Lipschitz and bounded by L for any # € X? to deduce that

|G*(w) — GX(w)| = ’/(Mf(dw’) — A\ (dw") ) VW (2 — ')
< max{B, L} dp(pir, \r),




4.2. (QUANTITATIVE STABILITY VIA WASSERSTEIN TYPE DISTANCES 117

Hence, recalling (4.2.9), we obtain
R(t) < max{B, L} / (e M) dr + VT / " R(r)dr,
0 0
and Gronwall Lemma gives
R(t) < max{B, L} / ' eI dyr (1, Ay dr
0
Hence, combining this bound with (4.2.12), we have shown that

dbL (/’1’7'7 )\7) < ethdbL (:u(b >\0) + maX{B7 L} / 6L/(tiT)dbL (/’1’7'7 )\T) dT? (4213)
0
and a further application of Gronwall Lemma yields the estimate
dbL(/’LT7 )\7—) S GCtdbL(,LL(), )\0) Vit Z O, (4214)

where ¢ is a constant depending only on W. This proves (4.2.1).

We can now use a fixed point argument to show that (4.2.6) has a unique solution
in P(X¢ x R?Y) for any initial datum g € P(X?). To this aim we consider the space Cp
of all continuous curves y; : [0,00) — P(X? x R?) (the continuity being with respect to
the metric dpy ), endowed with the metric

do({p}, {}) = sup dpp(pu, M)e™™,

t€(0,00)

with @ > 0 to be chosen. Since (P(X? x R%),d,;) is a complete metric space, so is
(Cp,dy).

Fix i € P(X?), and let [0,00) > t — p; be a curve in Cp such that pg = fi. The
flux T&t} associated to the curve {u} induces a new element of P(X?) via the formula
(Tf;})#ﬂ, and we call F : Cp — Cp the map defined in this way. We claim that F is a
contraction. Indeed (4.2.13) gives

dor(F({uD) (@), FUADW) = dor(Ty) it (T3 #0)

t
< max{L, B} / ey (17, Nr) d,
0
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and by choosing « large enough we get

do(F{p}, F{A}) = sup dor(F({u})(t), FHAD)(L))e ™

t€[0,T]

t
< max(z, ) sup [t [N, (), Oy ar
t€[0,T] 0
max{L, B}
< 7%4({#}’ {Ah
S ’Vda({/i}y {)‘})7
with v € (0,1).
This proves that F : Cp — Cp is a contraction, so it has a unique fixed point. n

In this Chapter we have discussed a possible way to reduce a system of N particles, in
the limit N — o0, to a single partial differential equation in the phase space. To properly
justify this passage to the limit we have needed to assume strong regularity assumptions
on the potential (W € C! to pass to the limit, W € C? to ensure uniqueness and
quantitative stability).

While the mean-field limit for smooth potential has been well understood for more
than three decades, in the singular case the rigorous justification of the mean-field limit
is still an open problem, and trying to lower the regularity of W is a great challenge
which has produced a lot of work in the latest years. We refer the interested reader to
[18, 82, 12] for a detailed discussion of several classical results on the topic, and to the
lecture notes [45, 67| and the references therein for several recent developments in the
area.

4.3 The Vlasov-Poisson equation

In the previous sections we explained a possible way to recover a kinetic equation from
the microscopic, Newtonian description of an N-body system. In particular, we were
interested in the derivation and well-posedness of the Vlasov equation, and we rigorously
justified the mean-field limit for smooth potentials.

Unfortunately, in the most relevant physical situations, the interaction potential is
not smooth at all. Such is the case in particular for one of the most important nonlinear



4.3. THE VLASOV-POISSON EQUATION 119

Vlasov equations, namely the Viasov-Poisson equations, where W is the fundamental
solution of +£A :

atf+vvxf+F(t7x) -Vuf =0
e Lo T e

Notice that, up to a change of sign in the interaction, the same equation describes both
plasma systems, where the particles are ions and electrons, and galaxies, in which each
star counts as one particle.

At the beginning of the last century the astrophysicist Sir J. Jeans used this system
to model stellar clusters and galaxies [65] and to study their stability properties. In this
context it appears in many textbooks on astrophysics such as [10, 42]. In the repulsive
case, this system was introduced by A. A. Vlasov around 1937 [96, 97]

Because of the considerable importance in plasma physics and in astrophysics, there
is a huge literature on the Vlasov-Poisson system.

The global existence and uniqueness of classical solutions of the Cauchy problem
for the Vlasov-Poisson system was obtained by Iordanskii [66] in dimension 1, Ukai-
Okabe [90] in the 2-dimensional case, and independently by Lions-Perthame [75] and
Pfaffelmoser [86] in the 3-dimensional case. To our knowledge, there are currently no
results about existence and uniqueness of classical solutions in dimension greater than 3.

It is important to mention that, parallel to the existence of classical solutions, there
have been a considerable amount of work on the existence of weak solutions, in particular
under very low assumptions on the initial data. Since in our case we shall never deal with
any of the issues related to dealing with weak solutions, we just mention the classical
result by Arsen’ev [7], who proved global existence of weak solutions under the hypothesis
that f(0) is bounded and has finite kinetic energy, and the result of Horst and Hunze
[63], where the authors relax the integrability assumption on f(0).

If one wishes to relax even more then integrability assumptions on the initial data
then one enters into the framework of the so called renormalized solutions introduced by
Di Perna and Lions [33, 34, 35]. The interested reader is referred to the recent papers
[2, 11] for more details and references.

4.3.1 Basic properties of the Vlasov equation

In the following Sections we will be focused on the study of the Vlasov-Poisson system
in the context of plasma physics. Before recalling some basic properties of plasmas and
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the main features of the Vlasov-Poisson system, we do some general considerations on
the qualitative behaviour of the Vlasov equation.

Of +v-Vaof + F(t,x) - Vyf =0,
(VE)YS F=-V,Wsx,p, p(t,zx)=[f(t zv)dv (4.3.1)
f|t:0:f020a fXdXRdf()de‘dU:l,

Boundary conditions

Boundary conditions deeply affect the qualitative behaviour of the Vlasov equation and
a thorough discussion on the topic is beyond the aims of this work. Thus, we assume
the position space to be either X% = R?, or the d-dimensional torus X¢ = T¢. The
latter case is widely used in physics to model confined plasma. Moreover, this is still by
far the simplest way to describe a confined geometry, avoiding effects such as dispersion
at infinity which completely change the qualitative behaviour of the nonlinear Vlasov
equation.

In the case of the Poisson coupling, the total potential Wxp is defined as W = £A"1p,
which makes sense on T¢ only if p has zero mean. The natural solution consists in
removing the mean of p and consider W x (p — (p)), where (p) = [ pdx. An informal
justification is the following: in the plasma model, one may argue that the density of
ions should be taken into account. Thus, to preserve the global neutrality of the plasma,
we can assume the density of ions to be equal to the mean density of electrons. Such
a reasoning is based on the existence of two different species of particles, but even if
there is just one species of particles, as in the case for gravitational interaction, it is still
possible to remove the mean of p. This procedure is known as Jeans swindle in galactic
dynamics. Recently Kiessling [51] rigorously justified the Jeans swindle using a limit
procedure.

If W is a given potential in RY, then, in a periodic setting, it should be replaced by
its periodic version

WP () = Y W(x — k).
kezd

Thus, if W decays fast enough at infinity and p is periodic,
VW x p= VWP % p = VWP x (p— (p)).

In our case, since the Coulomb potential does not decay fast enough at infinity, we may
approximate W by some potential W, exhibiting a “cutoft” at large distances. Then, if
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VW, € LY(R%), the convolution VW, * p makes sense for a periodic p. Moreover
VWe s p = VWP« (p— (p)).

Passing to the limit for ¢ — 0, one gets

VWP (2 — y)(y)dy = / VWP (2 — y) (o — () (9)dy = £VASL (0 (9)).

Td Td

where Al (p — (p)) is the inverse Laplace operator on T¢. We refer to [51] for a detailed

per
explanation of the physics meaning of this procedure.

Structure of the Vlasov-Poisson equation and invariants

In contrast to models incorporating collisions, the Vlasov equation is time reversible,
ie. if f = f(t,z,v) is a solution, then g(t,z,v) := f(—t,x,—v) is also a solution where
time and velocity have been reversed. This means that the Vlasov-Poisson equation
inherited the reversibility feature of the Newton equations in the mean-field limit. As a
consequence, the nonlinear Vlasov equation does not have any regularizing effect.

The nonlinear Vlasov equation is a transport equation and can be described by the
method of characteristics: if f(t, x,v) solves the equation, then the measure f (¢, x,v)dz dv
is the push-forward of the initial measure fy(z,v)dz dv by the flow &, = (X4, V) in phase
space, solving the characteristic equations:

X, =V,
Vi = F(X,,t) with F(X,,t)=—-VWxp
(XO, Vb) - (l‘,U).

The Vlasov equation (4.3.1) is a Hamiltonian system with the so-called Lie-Poisson
bracket structure, and (as we already mentioned in the previous Chapters) can be ex-
pressed as Liouville equation

Of + [Hyq.), f] =0

where the Hamiltonian is given by

1
Hyeeoeco) = b+ [[ Wie =ity wyiu
X
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A consequence of this property is that the flow ®; induced by F(t,z) has Jacobian
determinant equal to 1, thus the flow preserves the Liouville measure dx dv and the
push-forward equation

f(t,z,v)dz dv = O F# fo(x,v)dx dv
becomes a transport condition for densities:

f(tv xvv) = f<07 ((I)t)il(‘% U))

Let us remark that the Proof of Theorem 4.2.2 we already relied on the structure of
the Vlasov equation as a transport equation to prove both existence and uniqueness of
solutions.

We can also consider the Vlasov equation in terms of the infinite-dimensional space
of distributions, and the physical observables F[f], which are functionals on this space.
In this framework, the Vlasov equation is equivalent to the Hamiltonian equation (see

for instance [79])

dF
E—F{H,F}—O

where H is the Hamiltonian whose functional derivative is Hy,. ., i.e., SH/0f = Hyq..,
and {;} is a Lie-Poisson bracket, defined by

0T, oF,
Sof of

Regarding the distribution of particles itself to be a functional

(FLFo} = / f[ } da do. (4.3.2)

ft,z,v) = // f(t, 2", 0"o((x,v) — (2, 0")) da'do’
we recover the Vlasov equation from (4.3.2) in the following way:

at.f:{fv}[}:_[faH]

For a derivation of this Lie-Poisson bracket from the canonical Hamiltonian formalism
for the particle motion, see [69, 98]. An important property of the Lie-Poisson bracket
is the existence of an infinite number of observables of the form

i = [[ et deas
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where C(f) is an arbitrary smooth function, which commutes with any Hamiltonian H
and thus constitutes an infinite number of invariants of motion, one for each choice of
C(f). These invariants are known as the Casimirs of the equation; their level sets foliate
the space of distributions into invariant subspaces on which the dynamics is constrained.

It is a fundamental question whether a certain bracket actually correspond to a valid
Hamiltonian structure if one wants to go further than a formal rewriting of the equation.
A milestone on the topic is certainly the work of Arnold who was able to formulate
a stability theorem for plane flows using a method now known as the Energy-Casimir
method [5, 6], see also [83].

Coming back to the main features of Vlasov equations, we observe that an immediate
consequence of the Hamiltonian nature of the Vlasov equation is the conservation of all
LP norms for p € [1, 00|, as well as the entropy

= —/ flog f dx dv.

Entropy conservation is in contrast with what happen for collisional equations, as for
instance the Boltzmann equation, for which the entropy can only increase in time, unless
it is at equilibrium. This property can be also thought ad preservation of informa-
tion: whatever information we have about the distribution of particles at initial time, is
preserved in time.

In addition, the Vlasov equation preserves the total energy:
]2
H(z,v,t) / f(t,z,v) —da:dv+ / Wz —y)p(x)p(y)dedy =T + U.

The total energy is the sum of the kinetic energy 71" and the potential energy U and it
is a kind of “mesoscopic Hamiltonian” corresponding to the average of the microscopic
Hamiltonian against the particle distribution. The factor 1/2 in the definition of the
potential energy U comes from the fact that we count unordered pairs of particles.

Before moving on, we underline that some of these features are shared by other partial
differential equations, in particular the two-dimensional incompressible Euler equation,
for which a classical reference is [77]. The similarity between the Vlasov equation and
the two-dimensional Euler equation with nonnegative vorticity is well-known; and math-
ematicians try systematically to adapt tools and results from one equation to the other.
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General considerations about uniqueness for Vlasov-Poisson

We now make some basic considerations about the analytical difficulties arising in the
study of the Vlasov-Poisson equation.
Notice that in R? (that is, W = —A~!p) the interaction potential is given by

C

Wi(t,z) = ——= * p(t).
(t5) = g * )
In particular we see that W > 0, so the conservation of energy implies that the kinetic
energy is bounded uniformly in time.
Hence, if we start from a nice initial condition fy (say smooth and compactly sup-
ported), the basic informations that are propagated in time are

10— / WPtz 0) dedy < C Yt >0,
R xRd4

While in this case one can prove existence of weak solutions [7], the existence and unique-
ness of classical solutions is a very delicate issue. Indeed, assuming that f(0) is smooth,
to propagate some regularity of f in time one needs to have some smoothness of the
force field F(t) = VA™!p(t), whose regularity is strictly related to the one of p(t).

To explain this point better, let us just focus on the uniqueness issue. As we have seen
in the proof of Theorem 4.2.2, to prove uniqueness one would like to know that the force
field F(t) = VA™!p(t) is Lipschitz. Since, by elliptic regularity, F'(¢) has one derivative
more than p(t), for F'(t) to be Lipschitz we would like to know that p(t) is bounded (this
is not completely true since elliptic regularity fails in L°°, but this heuristic argument is
correct).

Hence, the main issue behind uniqueness consists proving that p(t) € L for all
times, and this indeed at the basis of the uniqueness argument in [75] (see also [76]
for a different proof based on stability in the Wasserstein metric, and also our proof of
Theorem 6.3.1). However, in order to deduce boundedness of p(t) from the one of f(t),
one would like to know that f is compactly supported in the velocity space: indeed, if
suppf(t,x,-) C Bgy) for some radius R(t) then

p(t,z) = ftx,v)dv < [|f(t)|| o maxrey [Bray|  Va,
Bpr()

which proves that p(t) is bounded. This shows that the main difficulty behind uniqueness
of solutions is to show that if f(0) is compactly supported, then it remains so for all times.
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While this has been proved up to dimension 3, the existence and uniqueness of smooth
solutions is currently unknown in higher dimension.

This brief discussion shows just one of the main mathematical difficulty behind the
PDE theory of Vlasov-Poisson. For a general presentation of the mathematical analysis
of this system, the interested reader is referred to [44, 16, 88|.

Collisionless relaxation: Landau damping

We conclude this Chapter with a discussion about the large-time behavior in the Vlasov-
Poisson equation.

An archetypal continuous model for N body systems is the Boltzmann equation,
when interactions among particles occur on a scale that is negligible compared to the
spatial scale. In its simplest form, the Boltzmann equation is obtained from Newtonian
dynamics in the Boltzmann-Grad limit, that is, when the number of particles becomes
extremely large while the total cross-section remains of order unity. It reads

Of+v-Vof =Q(f, f),

where () is the Boltzmann collision operator, which is localised in space-time and takes
into account the effect of collisions of particles; these collisions are classically assumed
to be elastic, that is, energy-preserving. The well known H theorem shows that for
the classical elastic Boltzmann equation, under the action of uncorrelated collisions, the
Boltzmann entropy cannot decrease in time. This means that, even if Newton equations
are mechanically reversible, the Boltzmann equation is an irreversible model where the
density f evolves towards a maximal entropy state. The latter observation provides a
guideline for the long-time behaviour of the Boltzmann equation, see for instance [29, 43]
for a complete discussion.

Up to now we stressed the reversible nature of the Vlasov-Poisson equation and the
presence of infinitely many conservation laws, including the entropy and the energy of
the system. This behaviour is in sharp contrast with what happen for collisional models.
Another difference between the collisional and the mean field models concerns equilibria.
Indeed, while the Boltzmann equation only has Gaussian equilibria, the Vlasov-Poisson
equation has infinitely many shapes of equilibria: in the absence of an external field or
boundaries, this includes in particular homogeneous distributions fy(v), and also many
inhomogeneous periodic stationary solutions. This seems to oppose the idea that so-
lutions of the Vlasov-Poisson equation would have a definite large time behaviour. It
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thus was surprising when, in 1946, Landau [71, 72| stunned the physical community by
predicting an irreversible behaviour for the Vlasov-Poisson equation. Landau’s proof
relied on the solution of the Cauchy problem for the linearized Vlasov-Poisson equation
around a spatially homogeneous Maxwellian equilibrium. In fact, when one linearizes
the equation around a homogeneous equilibrium, the resulting linear equation can be
turned into a completely integrable system. Then, once one formally solves the equa-
tion by Fourier and Laplace transform, an analysis of singularities in the complex plane
leads to the conclusion that the electric field decays exponentially fast. Since Landau’s
analysis concerns the linearized case, his result does not guarantee that the asymptotic
behaviour of the linear Vlasov equation is an approximation of the asymptotic behaviour
of the nonlinear Vlasov-Poisson equation. Nevertheless, it suggested that a homogeniza-
tion mechanism may occur in a collisionless system, even if the entropy does not increase.
This entropy-preserving relaxation means that mixing trajectories generate fast kinetic
oscillations which globally compensate each other in the velocity averaging procedure
leading from the distribution function to the force field.

This discovery has been extremely influential, and led to considerable speculation
about its driving mechanism. For a historical background on the Landau damping, we
refer to [81, Section 1].

The first results in a nonlinear setting was proved by Caglioti-Maffei [27]. They con-
sider the one dimensional torus and use fixed-point theorems and perturbative arguments
to prove that there exists a class of solutions of the nonlinear Vlasov-Poisson equation
that converge weakly, as ¢ tends to infinity, to a stationary homogeneous equilibrium.
Since solutions of free transport weakly converge to spatially homogeneous distributions,
the solutions constructed by this “scattering” approach are indeed damped. They also
noted that this implies, by time-reversibility, the instability in the weak topology. Let us
mention that another construction to damped solutions in the one dimensional setting
was also performed by Hwang and Velazquez [64].

The gap between the linear and nonlinear theory of Landau damping was only bridged
recently by Mouhot and Villani [81] who showed that the Landau damping survives
nonlinearity, and proved the first rigorous result that establish an exponential decay
to equilibrium in confined, collisionless and time-reversible dynamics. In that paper,
the damping phenomenon is reinterpreted in terms of exchanges of regularity between
spatial and kinetic modes, rather than energy, showing that it is driven by the phase
mixing mechanism associated with the trajectories of particles. Some of their new tools
are the introduction of families of analytic norms measuring regularity by comparison
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to solutions of the free transport equation, distinctive functional inequalities, a control
of nonlinear echoes, sharp scattering estimates in analytic regularity, and a Newton
approximation scheme, whose extremely fast convergence is fully exploited.

As already mentioned before, there are strong similarities between the Vlasov-Poisson
equation and the 2d Euler equation for incompressible fluids, although the latter model
is more singular. In particular, the 2d Euler equation should exhibit the same kind
of relaxation to equilibrium, and this has been rigorously proved by Bedrossian and
Masmoudi for the Couette flows: in [19] the authors establish asymptotic stability of
shear flows close to the planar Couette flow. Their proof requires several new ideas and
tools, in particular a delicate paraproduct decompositions and controlled regularity loss.
We also mention that a combination of the techniques from [81] and [19] has recently
allowed Bedrossian, Masmoudi, and Mouhot to give a new simpler proof of nonlinear
Landau damping in Gevrey regularity under less restrictive assumptions on the size of
the perturbations.

4.4 Quasineutral limit

In this Section we recall some physical properties of plasmas and we introduce the Debye
length, one of the characteristic parameter to describe a plasma. Then, we introduce the
kinetic models investigated in the thesis and the quasineutral limat.

4.4.1 What is a plasma?

When the temperature of a material grows, its state changes from solid to liquid and
then to gas. If the temperature further increases, the atoms are ionized and the gas
reach a new state of the matter in which the charge numbers of ions and electrons are
almost the same and charge neutrality is globally achieved.

In 1927, the American Nobel prize Irving Langmuir first used the term plasma to
describe a ionized gas, since the way blood plasma carries red and white corpuscles
reminded him the way a ionized gas carries electrons and ions. Langmuir, in collaboration
with his colleague Lewi Tonks, was investigating the physics and chemistry of tungsten-
filament light-bulbs, with the purpose to find a way to extend the lifetime of the filament,
a goal which he eventually achieved. After Langmuir, research on plasma gradually
spread in other directions, and many kind of plasmas have been created for industrial
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purposes. Moreover, research in plasma physics has been driven by the aim to create
and confine hot plasmas in fusion research.

Plasma is often called the fourth state of matter and it is the most abundant form
of ordinary matter in the Universe, most of which is in the rarefied intergalactic re-
gions, and in stars. Although it is closely related to the gas phase, since it also has
no definite form or volume, it has some peculiarities that distinguish it and determine a
completely different behaviour. Indeed, when electrons move, they interact with the long
range Coulomb force and these interactions create electric and magnetic fields following
Maxwell equations. Thus, various collective movements occur in the plasma, along with
many kinds of instabilities and wave phenomena.

As we already mentioned, the complete model of collisionless plasma describes the
behaviour of two different species of particles: ions and electrons. As the ratio of the
masses of the ion and the electron is of several orders of magnitude, we are allowed
to assume that the ions are at rest, and uniformly distributed. The latter observation
was already mentioned when we discussed boundary conditions for the Vlasov equation
in Section 4.3.1. The ratio of the masses of the ion and the electron is just one of
the problems related to the presence in plasmas of typical parameters with dramatic
differences at level of magnitude. One may also think to electric permittivity in the
vacuum and the Debye length compared to the magnetic and the electric fields and the
observation length. In the following we will introduce the Debye length, which has an
important role in the study of plasmas, and the quasineutral limit.

4.4.2 The Vlasov-Poisson equation for massless electrons

In the kinetic description of a plasma, we usually consider the point of view of electrons,
from which ions are very slow, motionless at equilibrium. This assumption leads to the
classical Vlasov-Poisson system:

Of +v-Vof + E(t,z)-Vof =0,
E=-V.W pt,x)=[f(t,z,v)dv
AW =p-1
flizo=fo 20, [ya ga fodzdv=1,

(VPE)

On the other hand, we can consider the viewpoint of ions, assuming that the electrons
have 0 mass. In this case, the electrons move very fast and they reach their local
thermodynamic equilibrium quasi-instantaneously. Notice that, since the mass of the
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electrons is negligible with respect to the mass of the ions, the typical collision frequency
for the electrons is much bigger than for the ions, so collisions for the electrons may be
not negligible and they can reach their local thermodynamic equilibrium. Then, their
density n. follows the Maxwell-Boltzmann law [74]

Ne = /fedv = g(z)exp (];M;e) ,

where W denotes the Coulomb potential, kg is the Boltzmann constant, 7, the average

temperature of the electrons, and g € L'(R") is a term due to an external potential
preventing the particles from going to infinity (we refer to [21] and references therein for
more details).

More precisely, we have:

H(m)) |

g(x) = ngexp (—m

where H denote the external confining potential and ny € R is a normalizing constant.
Thus, the Poisson equation becomes:

—AxW:/fdv—gexp </:W7/’)
Ble

Let us remark that, in this situation, the total number of electrons is not a priori fixed.

This means that the global neutrality of the plasma is not anymore satisfied:

J(Jro-son () 0

However, one may also focus on the case when the total charge of the electrons is fixed,

and in this case the Poisson equation reads:

gexp ( kﬂ;ﬁ )
fRd g exp (keBMZI/“>

The existence of global weak solutions to these two systems in dimension three has been

—A,EW:/fdv—

investigated by Bouchut [21]. A natural approximation of the latter equation comes from
the linearization of the exponential law. This approximation is valid from the physical
point of view as long as the electric energy is small compared to the kinetic energy:

eW
kgT.

<1
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In the following we will focus on models with such Maxwell-Boltzmann laws on the torus
T4 with d = 1,2 or 3, thus we do not need a confining potential, and we take g = 1.

4.4.3 The Debye length

The Debye length is one of the fundamental length scales in plasma physics. It describes a
screening distance, beyond which charges are unaware of other charges. The Debye sphere
is a sphere whose radius is the Debye length, outside of which charges are electrically
screened.
It is defined as /\g)
cokpT,,
N,e? ’

where kp is the Boltzmann constant, T, and N, are respectively the average temperature

A =

and density of electrons (for o = e) or ions (for v = 7). This parameter is of tremendous
importance in plasmas. It can be interpreted as the typical length below which charge
separation occurs. In plasmas, this length may vary by many orders of magnitude (typical
values go from 1073 m to 1078 m). In practical situations, for terrestrial plasmas, it is
always small compared to the other characteristic lengths in consideration, in particular
the characteristic observation length, denoted by L. Actually, the condition A\p < L is
sometimes required in the definition itself of a plasma. Therefore, if we set

)\D:€<<1,

then in many regimes, after considering dimensionless variables, it is relevant to observe
that the Poisson equation formally reads

—2 AW, = £(n; — n,).

The quasineutral limit precisely consists in considering the limit € — 0.

Why quasineutral limits?

From the numerical point of view, kinetic equations are harder to handle than fluid
equations. Indeed the main difficulty is that kinetic equations live on a phase space of
dimension 2d (for x,v € RY). Actually, another problem for simulating plasmas is the
following: there are characteristic lengths and times of completely different magnitude
(think of the Debye length and the observation length) that make numerics really delicate.
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In our works our purpose is to get, in the quasineutral limit, simplified hydrodynamic
systems. In the following we give an idea of the reasons that make fluid descriptions
more convenient:

e First, using a fluid description, we deal with a lower dimensional phase space.
Moreover, after taking the limit, we obtain a system with only one characteristic
time and length. Both these reasons make numerical simulations easier to perform.
Of course it is well-known that the fluid approximation is not always accurate for
simulations of plasmas, but it is nevertheless valid in some regimes that we may
describe in the analysis. So it is important to be aware of the physical assumptions
we make when we derive the equations.

e Macroscopic quantities, such as charge or current density, are easier to measure in
experiments.

e A simplified fluid description allows one to give a better qualitative description of
the behaviour of the plasma.
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Chapter 5

The quasineutral limit of the
Vlasov-Poisson equation in
Wasserstein metric

5.1 Introduction

In this Chapter we study the Vlasov-Poisson system in the presence of massless ther-
malized electrons. We shall focus on the one-dimensional case and consider that the
equations are set on the phase space T x R (we will sometimes identify T to [—1/2,1/2)
with periodic boundary conditions). The system, which we shall refer to as the Vlasov-
Poisson system with massless electrons, encodes the fact that electrons move very fast
and quasi-instantaneously reach their local thermodynamic equilibrium. It reads as fol-
lows:

Of +v-0uf+E-0,f =0,
E=-U
U'=eV — [, fdv=:e" —p,
flizo = fo >0, [p g fodvdv=1.

(VPME) := (5.1.1)

!This chapter is based on a joint work with Danial Han-Kwan [59].

133
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Here, as usual, f(t,z,v) stands for the distribution function of the ions in the phase
space T xR at time ¢t € RT, while U(t, z) and E(t, z) represent the electric potential and
field respectively, and U’ (resp. U”) denotes the first (resp. second) spatial derivative of
U. In the Poisson equation, the semi-linear term e stands for the density of electrons,
which therefore are assumed to follow a Maxwell-Boltzmann law.

We are interested in the behavior of solutions to the (VPME) system in the so-called
quasineutral limit, i.e., when the Debye length of the plasma vanishes. Loosely speaking,
the Debye length can be interpreted as the typical scale of variations of the electric
potential. It turns out that it is always very small compared to the typical observation
length, so that the quasineutral limit is relevant from the physical point of view. As a
result, the approximation which consists in considering a Debye length equal to zero is
widely used in plasma physics, see for instance [30]. This leads to the study of the limit
as € — 0 of the scaled system:

Oife +v-0pfe + E.-0,f =0,
E.=-U.,
e2U! = eV — [, fodv =: e — p,,
feli=o = foe =0, [ g foedodv=1.

(VPME), = (5.1.2)

The formal limit is obtained in a straightforward way by taking ¢ = 0 (which corresponds
to a Debye length equal to 0):

Of+v-0uf+E-0,f =0,
E=-U,
U =logp,

fo>0, [rgfodedv=1,

a system we shall call the kinetic isothermal Euler system.
We point out that there are variants of the (VPME) system which are also worth

(KIE) := (5.1.3)

studying, such as the linearized (VPME), in which semi-linear term in the Poisson equa-
tion is linearized (this turns out to be a standard approximation in plasma physics, see
also [54, 55, 57, 58]),

U'=U+1-p,

and the Vlasov-Poisson system for electrons with fixed ions (the most studied model in
the mathematical literature), in which the Poisson equation reads as follows

l’]/I:]‘_p7
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which we shall refer to as the classical Vlasov-Poisson system. As a matter of fact,
our results concerning the (VPME) system have analogous statements for the linearized
(VPME) or the classical Vlasov-Poisson system. We have made the choice to study the
(VPME) system since the semi-linear term in the Poisson equation creates additional
interesting difficulties. As we shall mention in Remark 5.1.5, our analysis applies as well,
mutatis mutandis, to these models, and actually provides a stronger result in terms of
the class of data that we are allowed to consider.

The justification of the limit ¢ — 0 from (5.1.2) to (5.1.3) is far from trivial. Indeed,
this is known to be true only in few cases (see also [22, 48, 58] for further insights): when
the sequence of initial data fy. enjoys uniform analytic regularity with respect to the
space variable (as we shall describe later in Section 5.4.1, this is just an adaptation of
a work of Grenier [49] on the classical Vlasov-Poisson system); when fy. converge to a
Dirac measure in velocity fo(z,v) = po()dv=v,(z) (see [55] and [24, 78, 46]); and, following
[58], when f; . converge to a homogeneous initial condition p(v) which is symmetric with
respect to some v € R and which is first increasing then decreasing. Also, it is conjectured
(see [50]) that this result should hold when the sequence of initial data fy. converges to
some fo such that, for all x € T, v — fo(x,v) satisfies a stability condition a la Penrose
[85] (typically when v — fy(z,v) is increasing then decreasing). On the other hand, the
limit is known to be false in general, as we will explain later.

In this work, we shall study this convergence issue in a Wasserstein metric. More
precisely, we consider the distance between finite (possibly signed) measures given by

Wi(p,v) = sup (/sodu—/sodV),
llellip<1

where || - ||Lip stand for the usual Lipschitz semi-norm and which is referred to as the
1-Wasserstein distance (see Section 1.2 for more details and references). We recall that
W7 induces the weak topology on the space of Borel probability measures with finite first
moment, that we denote by P;(T xR). Notice that, since T is compact, this corresponds
to measures p with finite first moment in velocity.

As it will also be clear from our arguments, W is particularly suited to estimate the
distance between solutions to kinetic equations. Indeed, for Vlasov-Poisson equations, it
is very natural to consider atomic solutions (that it, measures concentrated on finitely
many points) and W; is able to control the distance between the supports, while other
classical distances (as for instance the total-variation) are too rough for this.
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Before stating our convergence results, we first deal with the existence of global weak
solutions in Py (T x R).

Theorem 5.1.1. Let fy be a probability measure in P1(T x R), that is,

/|v| dfo(z,v) < 0. (5.1.4)
Then there exists a global weak solution to (5.1.2) with initial datum fj.

The analogous result for the classical Vlasov-Poisson equation was proved by Zheng
and Majda [99], and more recently by Hauray [61] with a new proof.

We shall prove Theorem 5.1.1 by combining the method introduced by Hauray (see
[61]) with new stability estimates for the massless electron system.

Roughly speaking, the main results of this Chapter are the following: if we consider
initial data for (5.1.2) of the form fo. = go - + ho. With go . analytic (or equal to a finite
sum of Dirac masses in velocity, with analytic moments) and hy. converging very fast
to 0 in the W, distance, then the solution starting from f,. converges to the solution of
(5.1.3) with initial condition gy := lim. o go.. This means that small perturbations in
the W, distance do not affect the quasineutral limit. Notice that the fact that the size
of the perturbation has to be small only in W; means that i could be arbitrarily large
in any L” norm.

To state our main results, we first introduce some notation. The following analytic
norm has been used by Grenier [49] to show convergence results for the quasineutral
limit in the context of the classical Vlasov-Poisson system.

Such a norm is useful to study the quasineutral limit since the formal limit is false in
general in Sobolev regularity (see Proposition 5.1.6 and the discussion below); one can
also see that the formal limit equation exhibits a loss of derivative (in the force term),
which can be overcome with analytic regularity.

Definition 5.1.2. Given 6 > 0 and a function g : T — R, we define

lgllzs =Y [g(k)I6™,

keZ

where g(k) is the k-th Fourier coefficient of g. We also define Bs as the space of functions
g such that ||g|| g, < +o0.
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Theorem 5.1.3. Consider a sequence of non-negative initial data in P1(T x R) for
(5.1.2) of the form
fO,a = 90, + hO,Ea

where (go:) is a sequence of continuous functions satisfying

sup sup (1 +v°)[|go< (-, v)l15;, < C,
€€(0,1) veR

/goﬁ(-,v) dv—1
R

for some 0y, C;mn > 0, with n small enough, and admitting a limit gy in the sense of

sup
€€(0,1)

<1,
Bs,,

distributions.

There exists a function ¢ : RT — R with lim,_,o+ p(e) = 0, such that the following
holds.

Assume that (ho.) is a sequence of measures with finite first moment, satisfying

Ve >0, Wi(hos,0) < p(e).

Then there exist T > 0 and g(t) a weak solution on [0,T] of (5.1.3) with initial
condition gy = lim._0 go, such that, for any global weak solution f.(t) of (5.1.2) with
initial condition fo,,

sup Wi(f-(t), 9(t)) —e—0 0.

te[0,7)

We can ezplicitly take @(e) = % exp ( 3 €XD 5o 2) for some A < 0.

We now state an analogous result for initial data consisting of a finite sum of Dirac
masses in velocity:

Theorem 5.1.4. Let N > 1 and consider a sequence of non-negative initial data in

P1(T x R) for (5.1.2) of the form

f :g0€+h0€7

gOemU Zp()a v vOEac)

where the (pfm, vé}a) 18 a sequence of analytic functions satisfying

sup  sup [|ph |l ss, + 06 Nlms, < C
c€(0,1) ie{1, N}
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ZPOE

for some &y, C,n > 0, with n small enough, and admitting limits (p}, vi) in the sense of

sup
€€(0,1)

<
Bs,

distributions.

There exists a function ¢ : RT — R with lim,_,o+ ¢(e) = 0, such that the following
holds.

Assume that (ho ) is a sequence of measures with finite first moment, satisfying

Ve >0, Wi(hos,0) < p(e).

Then there exist T > 0, such that, for any global weak solution f.(t) of (5.1.2) with
initial condition fo,,

sup Wi (fe(t), 9(t)) =<0 0,

t€[0,T]

where
N

g(ta Z, U) = Z /71@7 x)év:vi(t,x%

i=1
and (p*,v*") satisfy the multi fluid isothermal system on [0, T

;

Op' + 0z (p'v') =0,
o' + 0ot = FE

E=-U, (5.1.5)
U = log (Zi\i1 pi) )

L P'li=0 = s V']i=0 = vj.

We can explicitly take o(c) = Lexp (5 exp 2%) for some A < 0.

Remark 5.1.5. It is worth mentioning that the previous convergence results can be
slightly improved when dealing with the classical Viasov-Poisson equation. Indeed, thanks
to Remark 5.2.3, the analogue of Theorems 5.1.3 and 5.1.4 holds for a larger class of
wmitial data. In fact, it 1s possible to take

for some XA < 0.
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In the following, we shall say that a function ¢ is admissible if it can be chosen in
the statements of Theorems 5.1.3 and 5.1.4.

The interest of these results is the following: they prove that it is possible to justify
the quasineutral limit without making analytic regularity or stability assumption. The
price to pay is that the constants involved in the explicit functions ¢ above are extremely
small, so that we are very close to the analytic regime.

On the other hand one should have in mind the following negative result, which
roughly means that the functions ¢(e) = ¢, for any s > 0 are not admissible (this there-
fore yields a lower bound on admissible functions); this is the consequence of instability
mechanisms described in [50] and [58].

Proposition 5.1.6. There ezist smooth homogeneous equilibria j1(v) such that the fol-
lowing holds. For any N > 0 and s > 0, there exists a sequence of non-negative initial
data (foc) such that

Hfa,o - ,LLHWS’1 < 5N7

and denoting by (f:) the sequence of solutions to (5.1.2) with initial data (foc), for
a € [0,1), the following holds:

liminf sup Wi(f-(t),n) > 0.

€0 te[0,e9]

We can make the following observations.

e In Proposition 5.1.6, one can take some equilibrium u satisfying the same regularity
as in Theorem 5.1.3. However, there is no contradiction with our convergence
results since in Theorem 5.1.3 we assume that gy, approximates in an analytic
way go and that hg. converges faster than any polynomial in €. Therefore, the
quantification of the “fast” convergence in Theorem 5.1.3 is important.

e Note that we can have Wi(hg.,0) = 0.0 (% exp (E% exp %)), but
lhosllir ~1  for any p e [1,00],

as fast convergence to 0 in the WW; distance can be achieved for sequences exhibiting
fast oscillations.

Theorem 5.1.4 can also be compared to the following result in the stable case, that
corresponds to initial data consisting of one single Dirac mass (see [55]). In this case,
the analogue of Theorem 5.1.4 can be proved with weak assumptions on the initial data.



5.0. THE QUASINEUTRAL LIMIT OF THE VLASOV-POISSON EQUATION IN WASSERSTEIN
140 METRIC

Proposition 5.1.7. Consider

QO(IE, U) = pO(x)(Sv:uo(x)~

where py > 0 and po,ug € H*(T), for s > 2. Consider a sequence (fo) of non-negative
initial data in L* N L> for (5.1.2) such that, for all e > 0,

1 2
3 / foelv|?dvdz + / (e¥0<log e — e +1) dx + % / U |Pde < C

for some C > 0, and Uy is the solution to the Poisson equation

g =~ f s
Also, assume that

1

2
5 /goﬁg|v—u0|2dvdx+/ (eUO’E log (eUOVE/pO) — Vo 4 ,00) dx—l—; / |U67€|2dx —.0 0,

Then there exists T > 0 such that for any global weak solution f.(t) of (5.1.2) with initial
condition fo.,

sup Wi(f:(t),9(t)) —e=0 0,

te[0,7)
where
9(t,2,v) = p(t, 2)0v=u(t),
and (p,u) satisfy the isothermal Euler system on [0,T]

(

Op + 0:(pu) =0,

ou + ud,u = F,
E=-U, (5.1.6)
U = logp,

L Pli=0 = po, ul=0 = uo.

Remark 5.1.8. We could also have stated another similar result using the estimates
around stable symmetric homogeneous equilibria of [58/, but will not do so for the sake
of conciseness.
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In what follows, we study the quasineutral limit by using Wasserstein stability esti-
mates for the Vlasov-Poisson system. Such stability estimates were proved for the clas-
sical Vlasov-Poisson system by Loeper [76], in dimension three. In the one-dimensional
case, they can be improved, as recently shown by Hauray in the note [61].

The key estimate is a weak-strong stability result for the (VPME). system, which
basically consists in an adaptation of Hauray’s proof, and which we believe is of inde-
pendent interest.

Theorem 5.1.9. Let T > 0. Let f1, f2 be two measure solutions of (5.1.2) on [0,T],
and assume that pl(t,z) := [ f1(t,z,v) dv is bounded in L> on [0,T] x T. Then, for all
e € (0,1], for all t € [0,T],

5/(2¢2 t
eé [(1+3/52)t+(8+§2@1 /(2e%)) Jo 1o (M) lleo dT] Wl(fl(O), f2(0>>

3 3

Wi(f2(t), f2(8) <

o | =

The proofs of Theorems 5.1.3 and 5.1.4 rely on this stability estimate and on a method
introduced by Grenier [49] to justify the quasineutral limit for initial data with uniform
analytic regularity.

This Chapter is organized as follows. In Section 5.2, we start by proving Theorem
5.1.9. We then turn to the global weak existence theory in P;(T x R): in Section 5.3, we
prove Theorem 5.1.1, using some estimates exhibited in the previous section. Section 5.4
is then dedicated to the proof of the main Theorems 5.1.3 and 5.1.4. Then, we conclude
with the study of auxiliary results: in Section 5.5 we prove Proposition 5.1.6, while in
Section 5.6 we prove Proposition 5.1.7.

5.2 Weak-strong stability for the VP system with
massless electrons: proof of Theorem 5.1.9

In this Section we prove Theorem 5.1.9, i.e., the weak-strong stability estimate for solu-
tions of the (VPME). system. Notice that our weak-strong stability estimate encloses in
particular the case (5.1.1) by taking € = 1.

Let us introduce the setup of the problem. We follow the same notations as in [61].
In particular, we will use a Lagrangian formulation of the problem.

As a preliminary step, it will be convenient to split the electric field in a singular part
behaving as the electric field in Vlasov-Poisson and a regular term. More precisely, let
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us decompose E. as E. + EE where

and U, and [75 solve respectively

E. = -U

2 275 U.+T,
eUl =1—pe, eU, =e="7° — L.

Notice that in this way U, :

Then we can rewrite (5.1.2) as

(VPME), :=

(

=U. + [75 solves

271 U,
e“U; = e — pe.

Oufe+ v Oufe + (Ee+ Eo) - Oy fe =0,
B.=-U, E 0,
QU// =1— e

QU,/—€U5+U5—1
| fe(z,v,0) >0, ffefoO)dxdv_l

To prove Theorem 5.1.9, we shall first show a weak-strong stability estimate for a

rescaled system (see (VPME). o below), and then obtain our result by a further scaling

argument.

5.2.1 A scaling argument

Let us define

(VPME). 5 :=

where

\

Fo(t,z,v) = éfe (52&, x, g)

Then a direct computation gives

OF.+v-0,F+ (E.+E)-0,F. =0,
ge = _Z/_{é7 g& = —Z/{é,
Z/_[é/ =1- O¢,

Fe(z,v,0) >0, [Fo(z,v,0)dedv =1,

0.t 7) = / Folt,2,0) dv
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We remark that U, is just the classical Vlasov-Poisson potential so, as in [61],

E(t, ) /W’ x —y)oe(t, y) dy,

where
x? — ||

2
(recall that we are identifying T with [—1/2,1/2) with periodic boundary conditions).
In addition, since W is 1-Lipschitz and |W| < 1, recalling that

W(x) :=

Ut x) = / W(x — y)oc(t.y) dy (5.2.1)

we see that UL is 1-Lipschitz and || < 1.

5.2.2 Weak-strong estimate for the rescaled system

The goal of this Section is to prove a quantitative weak-strong convergence for the
rescaled system (VPME).,. In order to simplify the notation, we omit the subscript
. In the sequel we will need the following elementary result:

2

1/2 h = 0.

Lemma 5.2.1. Let h: [—1/2,1/2] — R be a continuous function such that [_
Then
1/2
Il < [ 1w,
~1/2

Proof. Since f 1/2 , h = 0 there exists a point Z such that h(z) = 0. Then, by the Funda-
mental Theorem of Calculus,

)l =| [ #] <

We can now prove existence of solutions to the equation for u.

/ W Vaeel-1/2,1/2)

Lemma 5.2.2. There exists a unique solution of

U = Wi/ _ on T (5.2.2)
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and this solution satisfies

3

g2’

(Ul <3, e <2, U]l <
Proof. We prove existence of U by finding a minimizer for

1 _
h — E[h] ;:/ (é(h/)Z —|—€26(u+h)/82 _ h,) d
T

among all periodic functions h : [-1/2,1/2] — R. Indeed, as we shall see later, the
Poisson equation we intend to solve is nothing but the Euler-Lagrange equation of the
above functional.

Notice that since E[h] is a strictly convex functional, solutions of the Euler-Lagrange
equation are minimizers and the minimizer is unique. Let us now prove the existence of
such a minimizer.

Take hy a minimizing sequence, that is

Elhy] — i%fE[h] =: .

Notice that by choosing h = —U we get (recall that [U|, || < 1, see (5.2.1))

a < E[-U] = /1r (%(u’)2 +u) dr < 2,

hence
E[hy) <3 for k large enough.

We first want to prove that hy, is uniformly bounded in H*.
We observe that, since i/ > —1, for any s € R

2eU(@)ts)/e? _ ¢ > 22p(s=1)/e* o
Now, for s > 2 (and ¢ € (0,1]) we have
g2els=1/e _ g >l —s>5—2log2 > s — 3,

while for s < 2 we have
eV s> 5> |s| — 4,

thus
et/ _ s> 154  VseR.
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Therefore )

3> Bl > / SO0+ e 4, (5.2.3)

1
—(h},)?* <8.
50

In particular, by the Cauchy-Schwarz inequality this implies

which gives

) ) < x|hz<y>\dy‘ < V=l [ Inpay

<4+/|r—z|.

(5.2.4)

Up to now we have proved that h}, are uniformly bounded in L?. We now want to control
hk in L.
Let M), denote the maximum of |hy| over T. Then by (5.2.4) we deduce that

hi(x) > My —4  VazeT,

hence, recalling (5.2.3),
32 Blh) > [ (o) = 4)do > M 8,
T

which implies M}, < 11. Thus, we proved that |hg| < 11 for all k£ large enough, which
implies in particular that h; are uniformly bounded in L2.

In conclusion, we have proved that hy are uniformly bounded in H' (both hy and hj,
are uniformly bounded in L?) and in addition they are uniformly bounded and uniformly
continuous (as a consequence of (5.2.4)). Hence, up to a subsequence, they converge
weakly in H' (by weak compactness of balls in H') and uniformly (by the Ascoli-Arzela
theorem) to a function U. We claim that I/ is a minimizer. Indeed, by the lower
semicontinuity of the L? norm under weak convergence,

/|ﬁ’(g;)\2dxgnmmf/m;(x)mx.
T k T

On the other hand, by uniform convergence,

/ (et @, (2)) dr - / 2T (1)) do.
T
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In conclusion

~

ElU] < limkinfE[hk] = q,

which proves that U is a minimizer.
By the minimality,

d
0= —

T B _/

T

(L?’ B 4 @D/ h) dy = / [—U" + @D/ _1]h dx,
T

n=0
which proves that U solves (5.2.2) by the arbitrariness of h.

We now prove the desired estimates on Y. Since U’ is a periodic continuous function

0= /LA{”dm = / <e(a+ﬁ)/52 - 1) dz.
T T
Thus we get

/|L7"|dx§/
T T

and so, by Lemma 5.2.1, we deduce

we have

(e(am)/ez _ 1) ‘d:c < /e(”+17)/52 de+1=2,
T

1|0 < / " dx < 2.
T

Since [[U/]|oo < 2, |||l < 1, and Jr eUHD/E o — 1 we claim that U]l < 3. Indeed,
suppose that there exists & such that U(z) > M. Then, recalling that ||U'||. < 2, we
have U(z) > M — 2 for all z. Using that ||U]|. <1 we get U(x) +U(x) > M — 3. Then,

1= / U/ . > /e(MS)/S2 de = eM=3)/e* 5 N1 < 3
T T

On the other hand, if there exists ¥ such that U () < —M, then an analogous argument
gives

1= /e(a+ﬁ)/52 dr < /e_(M_S)/52 de = e~ M=3)/* 5 \f < 3.
T T

Hence we have that ||Z:l\ loo < 3. Finally, to estimate U" we differentiate the equation

i’ — <€(a+ﬁ)/a2 _ 1) ’
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recall that |||l < 1, |U'|e < 2, and [, eU+D/e* — 1 1o obtain

/|Z;{\///| :/‘e(u+z))/52 u+u' ‘< ||U’||oo+||U’||oo/e(u+ﬁ)/52 < 37
T T & B e T ~ e

so, by Lemma 5.2.1 again, we get

~ ~ 3
U oo < | U] < =,
T g2

as desired. O

To prove the weak-strong stability result for (VPME). o, following the strategy used
in [61] for the classical Vlasol-Poisson system, we will represent solutions in Lagrangian
variables instead of using the Eulerian formulation. In this setting, the phase space
is T x R and particles in the phase-space are represented by Z = (X, V), where the
random variables X : [0,1] — T and V : [0,1] — R are maps from the probability space
([0,1],ds) to the physical space. The idea is that elements in [0,1] do not have any
physical meaning but they just label the particles {(X(s),V(s))}scpa C T x R.

We mention that this “probabilistic” point of view was already introduced for ODEs
by Ambrosio in his study of linear transport equations [1] and generalized later by Figalli
to the case of SDEs [39).

To any random variable as above, one associates the mass distribution of particles in
the phase space as follows:?

Flx,v)dedv = (X,V)uds,

that is F is the law of (X, V). So, instead of looking for the evolution of F, we rather
let Z; := (X4, V;) evolve accordingly to the following Lagrangian system (recall that, to
simplify the notation, we are omitting the subscript ¢)

( Xt = ‘/t7
Vi= E(Xt) +A5(Xt)/7\
E=-, E=-U,
z;l// =1— 0,
U — U+ 2 _ 1,
\ p(t) = (Xt)#ds‘

2Note that the law of (X, V) may not be absolutely continuous, we just wrote the formula to explain
the heuristic.

(VPME), = (5.2.5)
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(Such a formulation is rather intuitive if one thinks of the evolution of finitely many
particles.) Notice that the fact that p(t) is the law of X, is a consequence of the fact
that F is the law of Z;.
As initial condition we impose that at time zero Z; is distributed accordingly to Fy,
that is
(Zo)pds = Fo(z,v) dz dv.

We recall the following characterization of the 1-Wasserstein distance, used also by Hau-
ray in [61]:
= i X
Wl (M7 V) X#ds:n;},lg#ds 1// | dS

Hence, if Fy, Fy are two solutions of (VPME). o, in order to control Wy (Fy(t), Fa(t)), it
is sufficient to do the following: choose Z} and Z2 such that

(Z)pds = df'(0,x,v), i=1,2
and

W0 / 1Z3(s) — Z2(s)] ds,

and prove a bound on fol |Z}(s) — Z%(s)| ds for t > 0. In this way we automatically get
a control on

W (! / 1Z(s) — Z2(s)] ds.

So, our goal is to estimate fo |Z}(s) — Z%(s)| ds. For this, as in [61] we consider

/ 1Z4(s) — Z2(s)] ds.

Using (5.2.5), this is bounded by

1

i \Vl() V(s |d3+/ |IEH(X]) — EX(XD)| ds
< |Z1() Z2 \ds—i—/ |5 <€'2(X2 |ds+/ | ) gf(Xf)]ds
< [1206) - ZE{)] ds + 8]’ ||oo/ 1Z1(s) — Z2(s)] ds

1
v gD~ Exhlas + [ 180x) - 2l as
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where we split £ and £? as a sum of & + & and 2 + £2, and we applied the estimate
in [61, Proof of Theorem 1.8] to control

/ IENX)Y) — E2(X2)| ds
by

Sl 0l [ 17105 - 2206 ds.

To estimate the last two terms, we argue as follows: for the second one we recall that SAE
is (3/&?)-Lipschitz (see Lemma 5.2.2), hence

1 1 1
3 3
/@(x&)—%(xz)\dsg;/ |X3—X3|dss8—2/ 12! — 2} ds.
0 0 0

For the first term, we first observe the following fact: recalling (5.2.1) and that W is
1-Lipschitz, we have
B 1
|t — = / Wi(r—X})—W(x — X}?)ds
0

1 1
< [t -xtlas< [z - 2
0 0

(5.2.6)

for all z. Now we want to estimate &' — £? in L2: for this we start from the equation

(g ) — (L{Q) U+ [ _ (U UR) /e
Multiplying by U} — {{? and integrating by parts, we get
0= /T ((A ) — (@2 ) dv + /T [e@W#)/ eUE+UR) /2 } ' — 2] da
_ /(@1)/ B (?/73)’>2d:c+/ [e(agmg)/s? ) } G — 02 do
T T
+/ [e(agmf)/s? _ 6(513+123)/e2] o — U2 da.
T
For the second term we observe that, by the Fundamental Theorem of Calculus,

1
Wi+t _ (U +UE) /27 l( / el X+ (1= dA) o — 2.
0

g2
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Hence,
/ [€<as+ﬁs>/52 _ €<as+ﬁ3>/52} G — 02 da
T
1 . .
_ / % (/ U XU +(1=N)U7) /< d)\) (Z;{\tl _ z:[\tz)de
TE 0
1 U
> 56_5/52 /(Utl —Uf) da
T
where we used that ¢/ and i are bounded by 1 and 4, respectively.
For the third term, we simply estimate
|€(zzg+a§)/52 _ e(a3+12§)/52| < %65/52‘@1 — U,
€
hence, combining all together,
. N2 o~
[(@y - @y) des e [ @ - pas
T T
1 _ U
<5 [ - B o
1 5/e2 Tl 7722 1 e/ 21 77212
< e 65/T|ut S s N
Thus, choosing § := £2¢710/¢* | we finally obtain
Al'—LA{Q’Qd <i15/€2 U — 212 d
u;) — U;) T > —¢€ |U; FI dx
T € T
Observing now that (i)’ = —&} and recalling (5.2.6), we obtain
Sl o2 2 1 15/(2¢2) ' 1 2
T(gt - 5t) de < e 12t - 231 ds (5.2.7)
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Thanks to this estimate, we conclude that

[ 18 - @xdias = [ 1€ - &l e

< ¢! <t>||oo/T|et _&de

\|@1<t>r\m\/[r\él—32!2dx

1

1
SN Ol [ 12! - 22 as.

IN

Hence, combining all together we proved that
/ 12}~ 23 ds < (14810 (1) + 5 + 5o / 2} — 22| ds,
so that, by Gronwall inequality,
/1 |Z1 ZQ| ds < p(1+3/2)t+(8+ e Le15/22%)) [ 01 (r) oo dr /1 |Zé _ Zg| ds,
0 0
which implies (recalling the discussion at the beginning of this computation)

Wi(FL (), F2(1)) < p(1H3/E%)t+(8+ 3 15/<282))f0t\\91(7)\\deW1(f1<0)’]_—2(0)). (5.2.8)

This proves the desired weak-strong stability for the rescaled system.

5.2.3 Back to the original system and conclusion of the proof

To obtain the weak-strong stability estimate for our original system, we simply use
(5.2.8) together with the definition of ;. More precisely, given two densities fi(x,v)
and fo(x,v), consider

1

Fi(z,v) := = fi(x,v/e), i=1,2.

£

Then
Wi(Fi, Fa) = sup /gp z,0)[Fi(z,v) — Faolz,v)] dx dv

lellLip<1

sup /80 f1 z,v/e) — fox,v/e)| dx dv

H(p||L1p<1

= sup /gp z,ew)[fi(x,w) — fa(z,w)]| dx dw.

llellLip<1
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We now observe that if ¢ is 1-Lipschitz so is ¢(x,cw) for ¢ < 1, hence

sup /gp(x,sw)[fl(x,w) — fo(z,w)] dz dw

lellLip<1

sup /w z,w)[fi(z,w) — folz,w)]dx dw = Wi(f1, f2).

WHLIP<1

Reciprocally, given any 1-Lipschitz function ¢ (x,w), the function ¢(x,w) := e(z, w/e)
is still 1-Lipschitz, hence

Wi(fu fo) = sup / bz, 0) [l w) — fole, w)] do dw

l¥llLip<1

< sup /écp(x,ew)[fl(x,w) — fo(z,w)] dx dw = éWl(fl,FQ).

lellLip<1

Hence, in conclusion, we have
eWi(f1, f2) < Wi(F1, F2) < Wil f1, fa).
In particular, when applied to solutions of (VPME), we deduce that
eWi(fi(et), fo(et)) < Wi(Fi(t), Fa(t)) < Wi(fi(et), fa(et)). (5.2.9)

Observing that

[ 18w = [ Elndr = [ 10 i

(5.2.9) together with (5.2.8) gives
1 1 . 1,15/ (2¢2 —dr
W), 2 (0) < et e R B S o), ),

which concludes the proof of Theorem 5.1.9.

Remark 5.2.3. Notice that, if we were working with the classical Vlasov-Poisson system,
the stability estimate would have simply been

Wi(FL(t), F2(1)) < 8D I @ll=dryy, (F1(0), F2(0)),

(compare with [61]), so in terms of f

WA ), £20) < Ll Ol (1), £20)),
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5.3 Proof of Theorem 5.1.1

In this Section, we prove the existence of global weak solutions in P;(T x R) for the
(VPME) system. Without loss of generality we prove the existence of solutions when
e =1 (that is, for (5.1.1)).

To prove existence of weak solutions we follow [61, Proposition 1.2 and Theorem 1.7].
For this, we take a random variable (Xy, Vp) : [0,1] — T x R whose law is fy, that is
(Xo, Vo)zds = fy, and we solve

( Xt = V;fa
Vi =E(Xy) + E(Xy),
E—-w. E--u.
(VPME)LQ = Z/_{U — 1 0, (531)
Z:{\// _ €(L7+L7) —1,

(o) = (Xi)gds.

Indeed, once we have (X, V;), fi == (X4, Vi)xds will be a solution to (5.1.1). We split
the argument in several steps.

Step 1: Solution of the N particle system (compare with [61, Proof of Proposition
1.2]). We start from the N particle systems of ODEs, i = 1,..., N,

(o Ki=v
V= B(X)) + E(X)),
E=-U, FE=-U,

07 = LS G- 1,

\ U//:€U—|—U_17

Because the electric field E(X?) = —% >0, W/(X* — XJ) is singular when X' = X/
for some ¢ # j, to prove existence we want to rewrite the above system as a differential
inclusion

27(t) e BN (27 (1),

where BY is a multivalued map from R?*" into the set of parts of R*V. For this, we write

N
N N N i 7 7
N e BN(EN) o Xi=Vi VGN;:l:Fij
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where
Fyj=—F; = =W/(X'— X))+ E(X") when X' # X7,
Fyj=—F; € [E(X")—1/2,E(X")+1/2] when X’ = X7
As in [61], this equation is solved by Filippov’s Theorem (see [40]) which provides exis-

tence of a solution, and as shown in [61, Step 2 of proof of Proposition 1.2] the solution
of the differential inclusion is a solution to the N particle problem.

Step 2: Approxzimation argument. To solve (VPME)L, we approximate f; with a
family of empirical measures

that we can assume to satisfy (thanks to (5.1.4))

/|v|df0 z,v) < VN, (5.3.2)

and we apply Step 1 to solve the ODE system and find solutions (X, V¥) € T x R of
(VPME)p, starting from an initial condition (X7, Vi") whose law is f§'.

Next, we notice that in [61, Step 2, Proof of Theorem 1.7] the only property on the
vector field used in the proof is the fact that Fj; are bounded by 1/2, and it is used to
show that

2% () — Z™ (u)] vy, L
Sup <|Vo |+ z(1+1),
u,s€[0,¢] ’S - U| ‘ 0 | 2( )
which, combined with (5.3.2), is enough to ensure tightness (see [61, Step 2, Proof of
Theorem 1.7] for more details). Since in our case the Fj; are also bounded (as we are

simply adding a bounded term E), we deduce that for some C' > 0,

wp 127 = 2V(w)

< |V + C(1 + 1),
u,s€[0,t] ’8—'U,| ‘ 0 ’ )

so the sequence ZV := (X V%) is still tight and (up to a subsequence) converge to a
process Z = (X, V): it holds

1
/ sup |2, (s) — Zt(s)} ds — 0 as N — oo (5.3.3)
0

te[0,T
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for any 7' > 0.
Step 3: Characterization of the limit process. We now want to prove that the limit
process Z; = (X, V;) is a solution of (VPME) 5.

Let us denote by BV and EV the clectric fields associated to the solution (XY, V).
Recall that (X, V) solve

XV = VN VN = BN(XN) 4 BN (XY,
or equivalently
t t R
XY= [V¥ar v = [ENO) ¢ BY ()
0 0
In [61, Step 3, Proof of Theorem 1.7], using (5.3.3), it is proved that
t _ t _
[ e - [Be) wro, )
0 0
so, to ensure that (X, V') solves
t t B .
X, = / V.dr, V= / E. (X)) + E.(X,)dr,
0 0
it suffices to show that, for any 7 > 0,
1
/ EN(XN(s)) — Bu(Xo(s))|ds — 0 as N — oo,
0

To show this we see that

~

/OIE’iV(XiV(S))— A () ds < [ |EN(XN(s) = BA(XN(s))| ds

For I we use that E, is M -Lipschitz (recall Lemma 5.2.2) to estimate

1
I < M/ XN (s) — X.(s)|ds
0
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that goes to 0 thanks to (5.3.3).
For I, we notice that the Cauchy-Schwarz inequality, (5.2.7), and (5.3.3) imply that,
as N — oo,

/TIEiV(x) — B, ()| dv < \//T |EN(z) - Ex(2) | da
< O/1 |ZN(s) — Z,(s)| ds — 0.

Hence, we know that EY converge to F, in L'(T). We now recall that {EN}y=; are
M-Lipschitz, which implies by Ascoli-Arzela that, up to subsequences, they converge
uniformly to some limit, but by uniqueness of the limit they have to converge uniformly
to ET. Thanks to this fact we finally obtain

I <sup ]Eiv(x) — E.(z)] =0,
z€T

which concludes the proof.

5.4 Proofs of Theorems 5.1.3 and 5.1.4

Our aim is now to prove Theorems 5.1.3 and 5.1.4. The principle is first to adapt some
results from [49] for the (VPME) system in terms of the W) distance, which allows us
to settle the case where h.p = 0. In a second time, we apply the stability estimate of
Theorem 5.1.9.

5.4.1 The fluid point of view and convergence for uniformly
analytic initial data

We describe in this Section the approach introduced by Grenier in [49] for the study of

the quasineutral limit for the classical Vlasov-Poisson system. As we shall see, this can

be adapted without difficulty to (VPME)..

We assume that, for all € € (0, 1), go(z,v) is a continuous function; following Grenier
[49], we write each initial condition as a “superposition of Dirac masses in velocity”:

@) = [ h@)ooag o (0
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with M =R, du(f) = -4

71462
pg,s =n(l+ 92)9075(% 9), vg’s =0.

This leads to the study of the behavior as ¢ — 0 for solutions to the multi-fluid pres-
sureless Fuler-Poisson system

(

5t,0§ + @c(ﬂgvg) =0,
ol + 00,00 = E.,
E——U, (5.4.1)
U = [ d(0),

(4 _ 0 (4 _ .0
\ pa|t:0 = P> Ua|t:0 = Vge-

One then checks that defining

ga(ty Z, U) = / Pg(t7 x)dv:vg(t,x) dlLL(e)
M

gives a weak solution to (5.1.2) (as an application of Theorem 5.1.9 and of the subsequent
estimates, this is actually the unique weak solution to (5.1.2) with initial datum go ).

The formal limit system, which is associated to the kinetic isothermal Euler system,
is the following multi fluid isothermal Euler system:

¢

0ip? + 0, (p%0%) =0,
o’ + 00,0 = B,
E=—_U, (5.4.2)
U =log ([0 dp(9)) ,
L Pli=0 = p8,v9|t:0 = vg,

where the pf are defined as the limits of pf_ (which are thus supposed to exist) and
0

As before, one checks that defining

g<t7 Z, U) = / p9 (ta x)évzvg(t,x) d/“’L(0>
M

gives a weak solution to the kinetic Euler isothermal system.

Recalling the analytic norms used by Grenier in [49] (see Definition 5.1.2), we can
adapt the results of [49, Theorems 1.1.2, 1.1.3 and Remark 1 p. 369] to get the following
proposition.
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Proposition 5.4.1. Assume that there exist g, C,n > 0, with n small enough, such that

sup sup(1 +v*)|lgos (-, v)ll5,, < C,
€€(0,1) veR

/go,g(-,v) dv—1
R

and that

sup
€€(0,1)

<.
350

Denote for all 0 € R,
pg,e =n(l+ 02)g075(x, 9), 1)376 =’ = 9.
Assume that for all 0 € R, pf . has a limit in the sense of distributions and denote
po = lim g _.
Then there exist 61 > 0 and T > 0 such that:

o for all e € (0,1), there is a unique solution (p?,v?)ecrs of (5.4.1) with initial data
(Pf ., v )oenr, such that p? vl € C([0,T); Bs,) for all @ € M and ¢ € (0,1), with
bounds that are uniform in ;

o there is a unique solution (p°,v%)gerr of (5.4.2) with initial data (pf), v8)eenr, such
that p°,v? € C([0,T); Bs,) for all 0 € M ;

o for all s € N, we have

sup sup [[|p? = p°[lms(m) + [|vf — 0% ||#rs(r)] —ems0 0. (5.4.3)
0eM t€[0,T]

Remark that analyticity is actually needed only in the position variable, and not in
the velocity variable. This allows us, for instance, to consider initial data which are
compactly supported in velocity.

We shall not give a complete proof of this result (which is of Cauchy-Kovalevski type),
since it is very close to the one given by Grenier in [49] for the classical Vlasov-Poisson
system, but we just emphasize the main differences.

First of all we begin by noticing that one difficulty in the classical case comes from
the fact the one can not directly use the Poisson equation

U =p. — 1



5.4. PROOFS OF THEOREMS 5.1.3 AND 5.1.4 159

if one wants some useful uniform analytic estimates for the electric field. Because of this
issue, a combination of the Vlasov and Poisson equation is used in [49], which allows one
to get a kind of wave equation solved by U.. This shows in particular that the electric
field has a highly oscillatory behavior in time (the fast oscillations in time correspond
to the so-called plasma waves) which have to be filtered in order to obtain convergence.
For this reason, Grenier needs to introduce some correctors in order to get convergence
of the velocity fields (these oscillations and correctors vanish only if the initial conditions
are well-prepared, i.e. verify some compatibility conditions).

For the (VPME) system, that is when one adds the exponential term in the Poisson
equation, such a problem does not occur. To explain this, consider first the linearized
Poisson equation

—?U! + U, = / p? du(0) — 1
M

and observe that this equation is appropriate to get uniform analytic estimates. Indeed,
writing

U. = (Id — €20,,) " < /M 0 du(0) — 1) ,

this shows that if p. is analytic then also U. (and so E.) is analytic, which implies that
there are no fast oscillations in time, contrary to the classical case. In particular, our
convergence result holds without the need of adding any correctors.

A second difference concerns the existence of analytic solutions on an interval of time
[0, 7] independent of e: the construction of Grenier of analytic solutions is based on
a Cauchy-Kovalevski type proof based on an iteration procedure in a scale of Banach
spaces (see [49, Section 2.1]). Most of the estimates used to prove that such iteration
converge use the Fourier transform, that is unavailable in our case since the Poisson
equation

—e*U! + e = / p? du(0)
M

is nonlinear. However, since we deal with analytic functions, we can express everything
in power series to use the Fourier transform and obtain some a priori estimates in the
analytic norm. Furthermore, one can write the Poisson equation as

—?U! + U, = / pldu(@) —1— (% —U. —1)
M

Ue

and rely on the fact that the “error term” (e”s — U. — 1) is quadratic in U. (which is



5.0. THE QUASINEUTRAL LIMIT OF THE VLASOV-POISSON EQUATION IN WASSERSTEIN
160 METRIC

expected to be small in the regime where sup.¢ 1) || [y, 2 dps(6) — 1“35 < 1), and thus
0

can be handled in the approximation scheme used in [49].

We deduce the next corollary.

Corollary 5.4.2. With the same assumptions and notation as in Proposition 5.4.1, we
have

sup Wi(ge(t), 9(t)) =0 0, (5.4.4)
te[0,T]
where
gE(t7 z, U) - //\/( pg(ta :L‘)(svzvg(t,x) d:u(e)v g(ta z, U) = /M :00 (tv x)(svzvg(t,x) dl’L(e)
(5.4.5)

Proof. The convergence (5.4.4) follows from (5.4.3), and the Sobolev embedding theorem.
We have indeed for all ¢ € [0, T7:

Wi(g-(t),g(t)) = sup (g —g, »)

lellnip<1

= sw { [ [t ot - 2t ot ) d0) do

lellLip<1

=@ﬁg§<l{ [ pﬁ(t,x)(w(%vf(w))—w(%v”(tﬁv))dﬂ(@)dx}

IIwIIL1p<1{// pe(t, @) — o', ))Sp(x’vg(t’x))dﬂ(@)dx}.

Thus, we deduce the estimate

Wi(g=(1),9(t)) < sup  sup ||Pg||oo||90||Lip/ le(t, 2) = o (¢, 2)l|c dus(0)

lellLip<1e€(0,1), 0eM

+ sup / 12 = polloc duu(O)lllluip (1/2+Sup||v (t, $)||oo)

”SDHI.ApSl

T ey {/H‘XR/ pl(t, ) — p(t,2))p(0, 0) dpu(0) dw}.

We notice that the last term is equal to 0 since for all ¢ > 0,

/T/M pl(t,x) du(0) dx = /T/M pl(t,x) du(0) dx =
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by conservation of the total mass. After taking the supremum in time, we also see that
the other two terms converge to 0, using the L> convergence of (p?,v?) to (p§,v4). This

concludes the proof. O

This approach is also relevant for singular initial data such as the sum of Dirac masses

in velocity:
goel"l) ZpOE 'U "’0 (z)-

and we have a similar theorem assuming that (pf ., vj.) is uniformly analytic.
In this case M = {1,--- N} and du is the counting measure. This leads to the
study of the behavior as € — 0 of the system (for i € {1,--- ,N})

Oupt + Ox(pivt) =0,
Ot + vlot = E.
E. = =U, (5.4.6)
Ul = e — <Zz]\il Pi) ;

) 1 ) a0
L ps|t:0 = Poes vs|t:0 = Vge-

and the formal limit is the following multi fluid isothermal system
Oip' + 0, (pivt) = 0,

ot + 00,0 = E

U =1log (S, 4).

L Pi|t:0 = pévvi|t:0 = U(i)'

As before, adapting the arguments in [49], we obtain the following proposition and

its corollary.

Proposition 5.4.3. Assume that there exist oy, C,n > 0, with n small enough, such that

sup — sup |phellms, + 1ol < C
£€(0,1) i€{1,,N}

and that

ZPOE

sup
€€(0,1)

<.
350




5.0. THE QUASINEUTRAL LIMIT OF THE VLASOV-POISSON EQUATION IN WASSERSTEIN

162 METRIC
Assume that for alli=1,--- N, p} ., vf . admit a limit in the sense of distributions and
denote

Po = M Poe, Vo = MM Vg,
Then there exist 61 > 0 and T > 0 such that:

o for all ¢ € (0,1), there is a unique solution (pL,v:)ieq1,... Ny of (5.4.6) with initial
data (ph ., V6. )ie{r, N}, such that pt, vl € C([0,T]; Bs,) for alli € {1,--- N} and
e € (0,1), with bounds that are uniform in &;

e there is a unique solution (p',v")icq1,... Ny of (5.4.7) with initial data (p}, v))ie(1, . N1,
such that p',v' € C([0,T); Bs,) for alli € {1,--- N},

e for all s € N, we have

sup  sup [[lpt — o'l + [0 — v || e(m)] —rems0 0

ie{l,,N} t€[0,T)

Corollary 5.4.4. With the same assumptions and notation as in the Proposition 5.4.3,
for all t € [0,T] we have

Wi(g:(t), g(t)) —e—0 0, (5.4.8)
where

gg(t,.l’,l)) = Z pé(t,$)5vzvg(t7x), g(t,x,v) = Z pi(t,l’)évzvi(t,x). (549)

ie{lv'“vN} i€{17"‘7N}

5.4.2 End of the proof of Theorem 5.1.3 and Theorem 5.1.4

We are now in position to conclude. Let (f.) a sequence of global weak solutions to
(5.1.2) with initial conditions (fo.) (obtained thanks to Theorem 5.1.1).

We denote by (g.) the sequence of weak solutions to (5.1.2) with initial conditions
(go.), defined by (5.4.5) for the case of Theorem 5.1.3 and (5.4.9) for the case of Theo-
rem 5.1.4. Using the triangle inequality, we have

Wl(fs(t)7g<t)) S Wl(ff:(t)?ge(t)) + Wl(ge(t)ag(t))a

where ¢ is defined by (5.4.5) for the case of Theorem 5.1.3 and (5.4.9) for the case of
Theorem 5.1.4.
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For the first term, we use Theorem 5.1.9 to get

1 1[143/.2 84 L o15/(2e2)y t ()| o A
Wi (£o(t), g-() < Wi(go. + ho,e,go,e)gef [(4+3/e2) 048+ % ) Ji o= (7)o ]

e 0y L0 3 o]
- ,E9 9
where p. is here the local density associated to g.. By Proposition 5.4.1 (for the case of
Theorem 5.1.3) and Proposition 5.4.3 (for the case of Theorem 5.1.4), there exists Cy > 0
such that for all € € (0,1),

sup ||pe(7)lo < Co.
T7€[0,T

Consequently, we observe that taking

(6) 1 A 15
g) = —€x — €XPp —=
¥ - p -3 p 92 )

with A < 0, we have, by assumption on hg. (take a smaller 7" if necessary) that

sup Wl(fe(t)7gs(t)) —7e—0 0.
te[0,7
We also get that Wi(g:(t),g(t)) converges to 0, applying Corollary 5.4.2 for the case of
Theorem 5.1.3, and Corollary 5.4.4 for the case of Theorem 5.1.4.
This concludes the proofs of Theorems 5.1.3 and 5.1.4.

5.5 Proof of Proposition 5.1.6

We now discuss a non-derivation result which was first stated by Grenier in the note [50],
and then studied in more details by the first author and Hauray in [58] (the latter was
stated for a general class of homogeneous data, i.e., independent of the position). In [58]
such results are given either for the classical Vlasov-Poisson system or for the linearized
(VPME) system, but the proofs can be adapted to (VPME).

We first recall two definitions from [58].

Definition 5.5.1. We say that a homogeneous profile pu(v) with [ pwdv =1 satisfies the
Penrose instability criterion if there exists a local minimum point v of u such that the

/ %dv > 1. (5.5.1)

following inequality holds:
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If the local minimum is flat, i.e., is reached on an interval [0y, V3], then (5.5.1) has to be
satisfied for all U € [y, o).

Definition 5.5.2. We say that a positive and C profile p(v) satisfies the §-condition?

i
)

WA (o) =T (5.5.2)

We can now state the theorem taken from [58].

Theorem 5.5.3. Let pu(v) be a smooth profile satisfying the Penrose instability criterion.
Assume that i is positive and satisfies the §-condition*. For any N > 0 and s > 0, there
exists a sequence of non-negative initial data (fo.) such that

1feo = pllypar < eV,

and denoting by (f.) the sequence of solutions to (5.1.2) with initial data (fo.), the
following holds:

1. L' instability for the macroscopic observables: consider the density p. =
[ f-dv and the electric field E. = —0,U.. For all o« € [0,1), we have

liminf sup |[|ps(¢) — 1|, >0, limiglf sup ¢||E:||;. > 0. (5.5.3)

=0 4ej0,e0 te[0,62]

2. Full instability for the distribution function: for any r € Z, we have

liminf sup [|fe(t) — pllyr2 > 0. (5.5.4)

=20 tefo,e9)

We deduce a proof of Proposition 5.1.6 from this result. Indeed, take a smooth p sat-
isfying the assumptions of Theorem 5.5.3, and consider the sequence of initial conditions
(fo.e) given by this theorem.

By the Sobolev imbedding theorem in dimension 1, the space W*!(T x R) is contin-
uously imbedded in the space WH(T x R) (i.e., bounded Lipschitz functions), hence

3The appellation is taken from [58].
41t is also possible to consider a non-negative u but the relevant condition is rather involved, we refer
to [58] for details.
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there exists a constant C' > 0 such that, for all € € (0,1),

Wi(fespm) = sup (fe —p, @)

llellLip<1

> sup  (fe—p, )
llellyr2,1 <C

= C||fe — pllw-2..

Therefore, by (5.5.4) with r = —2, we deduce that

liminf sup Wi(f.,un) >0,

=0 4e(0,e9)

which proves the claimed result.

5.6 Proof of Proposition 5.1.7

As we already mentioned in the introduction, in the case of one single Dirac mass in
velocity, the situation is much more favorable. This was first shown by Brenier in [24]
for the quasineutral limit of the classical Vlasov-Poisson system, using the so-called
relative entropy (or modulated energy) method. It was then adapted by the first author
in [55] for the quasineutral limit of (VPME).

In this case, the expected limit is the Dirac mass in velocity

f(tv L, U) = p(ta L, U)(S'U:u(t,x)

which is a weak solution of (5.1.3) whenever (p, u) is a strong solution to the isothermal
Euler system
Op + O0x(pu) =0,
0w + udu + 8—23 =0, (5.6.1)
pli=o = po, V|t=0 = uo.

This is a hyperbolic and symmetric system, that admits local smooth solutions for smooth
initial data (in this Section, smooth means H*® with s larger than 2). From [55] we deduce
the following stability result®.

°In [55], computations are done for the model posed on R?, but the same holds for the model set on
T.
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Theorem 5.6.1. Let py > 0,ug be some smooth initial conditions for (5.6.1), and p,u
the associated strong solutions of (5.6.1) defined on some interval of time [0,T], where
T > 0. Let f. be a non-negative global weak solution of (5.1.2) such that f. € L' N L™,
[ fedzdv =1, and with uniformly bounded energy, i.e., there exists A > 0, such that for
alle € (0,1),

1 2
E(t) == §/f€|v|2dv dz + / (e% loge — e +1) dz + 6§/|U;|2dx < A.

For all e € (0,1), define the relative entropy

1 2
He(t) := §/f€|v —uf*dvdz + / (e log (e /p) — €Y + p) dx + % / \U!|*dz.

Then there exists C' > 0 and a function G<(t) satisfying |Ge||Leqo,m) < Ce such that,
for all t € 0,7,

H.(t) < H(0) + Go(t) + C /Ot 19t oo Mo (5)ds.

In particular, if H:(0) —.—0 0, then H(t) —c_0 0 for all t € [0,T].
In addition, if there is Cy > 0 such that H.(0) < Cye, then there is Cp > 0 such that
H.(t) < Cre for allt € [0,T] and € € (0,1).

Notice that, by a convexity argument, one also deduces that p. = [ f.dv — p (and

eVs — p as well) and j. = [ foudv — pu in a weak-* sense (see [55]).

We can actually deduce the following corollary, which is a precise version of Propo-
sition 5.1.7.

Corollary 5.6.2. With the same assumptions and notation as in the previous theorem,
the following convergence results hold:

1. If H-(0) —-0 0, then

sSup Wl (f.Ea p(sv:u) —e—0 0.
te[0,T

2. If H-(0) < Coye, then there is Cl > 0 such that, for all e € (0,1),

sSup Wl(.f57 p(sv:u) S Oé“\/g

te[0,T
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Proof. Recall that we denote p. = [ f.dv. Let ¢ such that ||¢||rip < 1 and compute

<f€ — P Oy=u; 90> = <f6 — Pe Ov=u, 90> + <(ps - p) — 90>
= Al + AQ.

Using the bound ||¢||lLip, < 1, the Cauchy-Schwarz inequality, the fact that f. is non-
negative and of total mass 1, and the definition of H.(¢), we have

[Ar| = fe(t,z,0)(o(t, 2, 0) — ot 2, u(t, 2)) dude

TxR

S fg(f,l’,?))“@(f,fﬁ,'&i) _Sp(taxau(tvx)”dvdx
TxR

< fe(t,x,v)|v — u(t, x)| dvdz
TxR

1/2 1/2
< ([ ot —ueopads) ([ gt doo)
TxR

< V2H(t).

Considering Ay, we first have

TxR

Ao = [ (pult.) = plt. oot ult, ) do

_ / (pe(t,2) = plt, 2)) (sl u(t, 7)) — ¢(0,0)) da

since the total mass is preserved (and equal to 1). Furthermore, we use the Poisson
equation

Pe = e’s — 52U5”7
to rewrite A, as
4y = /( = p(t,2)) (p(e,ult, 2)) = 9(0,0)) da

e / U” (ple, ult, ) — 9(0,0)) da

= A% + A%.
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Let us start with A2. By integration by parts, the Cauchy-Schwarz inequality, and the
bound ||¢[|Lip < 1, we have

45| =&

/T Ullozp(x,u(t, x)) + Opu(t, x)0po(x, u(t, x))] dz

e[1 + [0ut]] o] ( /|U’|2dx>
< e[l + |0:ulloo] v/ Ee
< VA [1+||a$u||oo]s-

For Al, we shall use the classical inequality

(V¥ = Va)* < zlog(a/y) —x +y,

for z,y > 0, and proceed as follows:

|A3| =

/T (€% = p(t,2)) (p(z, ult, z)) — ¢(0,0)) da
/T<6§Us —\/p(t, > (erS +/p(t,x ) (z,u(t,x)) — ¢(0,0)) dx
< (/T (eéUg _ p(t,;p))z lo(z, u(t, ) — ¢(0,0)] da:) 1/2

X ( /T (e%Us+ p(t,x)>2|<p(x,u(t,x))—4,0(0,0)| dm)l/z.

We have
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and likewise we obtain the rough bound
(/(eQUw\/W) lo(z, ult, ) — (0,0)]d:c)
<2 [ (4= 1) folwu(t. )~ ¢(0,0)] do
2 [ (Vo) +1) et ult.) = ¢(0.0)] do
<2+ ol (800 + [ (ot +1)" a)
21+ [[ull) (A+/T( o) 1) dx).
As a consequence, we get
43 < V2(1 + [lull0) (A+ / (Voltm) 1) dx) RN

Gathering all pieces together, we have shown

(fe = POo=u, )

< V2 |1+ (1 + [Jull) < /<m+1> da:)l/2] VH() + VAL +|0,ul| e,

which allows us to conclude the proof applying Theorem 5.6.1. O
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Chapter 6

Quasineutral limit for
Vlasov-Poisson via Wasserstein
stability estimates in higher
dimension

6.1 Introduction

In a non relativistic setting the dynamics of electrons in a plasma with heavy ions uni-
formly distributed in space is described by the Vlasov-Poisson system. Throughout this
Chapter, we will focus on the 2 and 3 dimensional periodic (in space) case. We introduce
the distribution function of the electrons f(t,z,v), for t € R*, (z,v) € T¢ x R? where T¢
is the d-dimensional torus and d = 2,3. As usual, f(¢,z,v)dx dv can be interpreted as
the probability of finding particles with position and velocity close to the point (z,v) in
the phase space at time ¢. We also define the electric potential U(t, z) and the associated
electric field E(t, x).

We introduce the positive parameter ¢ defined as the ratio of the Debye length of
the plasma to the size of the domain. Adding a subscript in order to emphasize on the

!This chapter is based on a joint work with Danial Han-Kwan [60].
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dependance on e, we end up with the rescaled Vlasov-Poisson system:

atfs +v- fos + EE : vvfe = 07
EE - _szeu

1.1
AL = fy fodv— fpu o fodvd, (6-1.1)
f5|t:0 = f0,8 Z Oa deXRd fO,s dx dv = ]-7
and the energy of this system is
1 2
E(f(t)) == —/ f-|v]? dvda + 6—/ |V U.|* da. (6.1.2)
2 Td xRa 2 Td

Our goal here is to study the behavior of solutions to the system (6.1.1) as e goes to
0. Let us observe that, if f. — f and U, — U in some sense as ¢ — 0, the formal limit
of our system is
Of+v-Vof +E-V,f =0,
E=-V,U,
f]Rd fdv=1,
fli=o = fo =0, [1u,pafodzdv =1,

and the total energy of the system reduces to the kinetic part of (6.1.2)

1

E(f(#)) = i/w P dvde.

(6.1.3)

In this system, the force E is a Lagrange multiplier, or a pressure, associated to the
constraint [,, f dv = 1.

The justification of the quasineutral limit from the rescaled Vlasov-Poisson system
(6.1.1) to (6.1.3) is subtle and has a long history. Up to now, this limit is known to be
true only in few cases and we refer to [22, 48, 49, 24, 78, 58] for a deeper understanding
of this problem.

One of the first mathematical works on the quasineutral limit of the Vlasov-Poisson
system was performed by Grenier in [49]. He introduces an interpretation of the plasma
as a superposition of a -possibly uncountable- collection of fluids and he shows that the
quasineutral limit holds when the sequence of initial data fy. enjoys uniform analytic
regularity with respect to the space variable. This convergence result has been improved
by Brenier [24], who gives a rigorous justification of the quasineutral limit in the so called
“cold electron” case, i.e. when the initial distribution f,. converges to a monokinetic
profile

Jo(@,v) = po(2)dy=vy(a)
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where ¢, denotes the Dirac measure in velocity. For further insight on this direction see
also [24, 78, 46].

A different approach, more focused on the question of stability, or eventually in-
stability, around homogeneous equilibria in the quasineutral limit is developed in [58].
They show that the limit is true for homogeneous profiles that satisfy some monotonic-
ity condition, together with a symmetry condition, i.e. when the initial distribution f, .
converges to an homogeneous initial condition p(v) which is symmetric with respect to
some v € R and which is first increasing then decreasing.

In the previous Chapter, we considered the quasineutral limit of the one-dimensional
Vlasov-Poisson equation for ions with massless thermalized electrons (considering that
electrons move very fast and quasi-instantaneously reach their local thermodynamic equi-
librium), and we proved that the limit holds for very small but rough perturbations of
analytic data. In this context, small means small in the Wasserstein distance Wy, which
implies that highly oscillatory perturbations are for instance allowed. Our aim here is to
show that an analogue of this result holds in higher dimension.

In this Chapter we shall always deal with the Wasserstein space Po(M), that is, the
space of probability measures which have a finite moment of order 2 equipped with the
quadratic Wasserstein distance W (see Section 1.2 for more details).

In order to state our main result, let us introduce the fluid point of view and the
convergence result for uniformly analytic initial data introduced by Grenier in [49].

Below we shall use again the higher dimensional analogue of the analytic norm || - || 5,
introduced in Definition 5.1.2.

We assume that, for all e € (0, 1), go-(z,v) is a continuous function; following Grenier
[49], we write each initial condition as a “superposition of Dirac masses in velocity”:

o, v) = /M P0.(2)0y=0 () dui(0)

with M = R% du(f) = cd%, where ¢4 is a normalizing constant (depending only
on the dimension d),

1
pg,s = C_d(l + |0|d+1)90,6(x7 9)7 Ug,s = 0.

This leads to the study of the behavior as € — 0 for solutions to the multi-fluid pres-
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sureless FEuler-Poisson system

atpg + V- ( g ) =
ol + 08 - V0l :E
-V, U, (6.1.4)

_€2A Ue = fMpgd,u )_
L pg|t 0_P05;UE|t o—Ug

One then checks that defining

ga(ty z, U) = / Pg(t» x)dv:vg(t,x) dlu(e)
M

provides a weak solution to (6.1.1).
The formal limit system, which is associated to the kinetic incompressible Euler
system (6.1.3), is the following multi fluid incompressible Euler system:

(

Opp” + V- (pP0%) =0,
ol +10 -Vl =FE
curl B =0, [, Edr =0, (6.1.5)
Jou P du(6) =1,

L P’li=o = P, v’li=0 = v,

where the p} are defined as the limits of p&e (which are thus supposed to exist) and
vl = 0.
As before, one checks that defining

g(t7 Z, 1}) = / pe(ta x)évzvg(t,:p) d:u(e)
M

gives a weak solution to the kinetic Euler incompressible system (6.1.3).
We are now in position to state the results of [49, Theorems 1.1.2, 1.1.3 and Remark
1 p. 369].

Proposition 6.1.1. Assume that there exist oy, C,n > 0, with n small enough, such that

sup sup(1 +v°)||go. (- )ll5,;, < C,
€€(0,1) veR

and that

sup Goe(-,v)dv—1

€€(0,1)

<.
B50
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Denote for all 0 € R,
P =7(1+ 0 goc(2,60), of. =" =0
Assume that for all 0 € R, pf . has a limit in the sense of distributions and denote

0 li 0
Po = 1M pg ..
0 250 0,e

Then there exist 61 > 0 and T > 0 such that:

o for all e € (0,1), there is a unique solution (p?,v?)ecrs of (6.1.4) with initial data
(0, v < )oens, such that p? vl € C([0,T); Bs,) for all & € M and ¢ € (0,1), with
bounds that are uniform in &;

e there is a unique solution (p°,v%)gers of (6.1.5) with initial data (p%,vd)eenrs, such
that p v’ € C([0,T]; Bs,) for all 6 € M;

e for all s € N, we have

it

1 it _ it
sup sup ||pg — pQHHs(jl‘) + ||vf — —(dy(t,x)eve —d_(t,x)e V7o) — UGHHs(T)} —.00
0€M te[0,T) t

(6.1.6)

where d.(t,x) are the correctors introduced to avoid the so called “plasma oscilla-
tions”. They are defined as the solution of

curl dy =0, div <(9tdi + </ povep(dl) - V) di> =0, (6.1.7)

Bel0) 4
div ds (0) = Tim diy Y220 £15°(0)

e—0 2 ’

(6.1.8)
where j° := [ pyvsu(do).
Remark 6.1.2. If in (6.1.8), divdy(0) = 0, then the initial data are said to be well-
prepared and there are no plasma oscillations in the limit € — 0.
The main result is the following;:

Theorem 6.1.3. Let v, dy, and Cy be positive constants. Consider a sequence (fo.) of
non-negative initial data in L for (6.1.1) such that for all € € (0,1), and all x € T¢,
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e (uniform estimates)
”fO,aHoo S CO: 5(f0,e) S OO:

e (compact support in velocity)
f =0 1 L
0,:(2,v) if [v| > o

e (analytic + perturbation) There exists a function ¢ : (0,1] — RT, withlim._,¢ ¢(g) =
0 such that the following hold. Assume the following decomposition.:

fO,e = 9o,e + h0,57

where (goc) is a sequence of continuous functions satisfying

sup sup (14 [v]*)]lgo(- v)lls;, < C,
£€(0,1) veRd

admitting a limit gy in the sense of distributions. Furthemore, (ho.) is a sequence
of functions satisfying for all € > 0

Wa(foes 9o.c) = ().

Foralle € (0,1), consider f.(t) a global weak solution of (6.1.1) with initial condition
foe, in the sense of Arsenev [7]. Define the filtered distribution function

Filt.z0) = fo(tww - %(d+(t, v)et —d_(t,z)e %)) (6.1.9)

where (dy.) are defined in (6.1.7).
There exist T > 0 and g(t) a weak solution on [0,T] of (6.1.3) with initial condition
go such that

lim sup Wi(fo(t),g(t)) =0.

e=0¢¢(0,17]

Explicitly, we can take

e in two dimensions, p(e) = exp [exp (—M%)L for some constant K > 0,
B>2;

e in three dimensions, () = exp [eXp (—M%)L for some constant K > 0.
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Remark 6.1.4. Let us notice that in Theorem 6.1.3 we consider sequences of initial
conditions with compact support in velocity (yet, we allow the support to grow polyno-
mially as € — 0). The reason is that, in the spirit of [59], we rely on a Wasserstein
stability estimate to control the difference between the unperturbed analytic solution and
the perturbed one. In dimensions 2 and 3, as we shall explain below, we need L bounds
on the densities of both solutions. In order to have such a bound on the L™ norm of the
densities we need to control the support in velocity. Such a condition was not required in
the previous Chapter since, in the 1D case, we could use a “weak-strong” Wasserstein
stability estimate and only a L™ bound on the unperturbed solution was needed.

Remark 6.1.5. In the opposite direction, we recall that in the one dimensional case
there is a negative result stating that an initial rate of convergence of the form () = &°
for any s > 0 is not sufficient to ensure the convergence for positive times. This is the
consequence of instability mechanisms described in [50] and [58]. As a matter of fact,
we expect that an analogue of this result holds also in higher dimension.

6.2 Overview

The following is entirely devoted to the proof of Theorem 6.1.3. Let us describe the main
steps that are needed to achieve this convergence result.

1. We first revisit Loeper’s Wasserstein stability estimates [76] on the torus T¢ and
with quasineutral scaling, which allows us to control Ws(fi, f2), where f; and fo
are two given solutions of (6.1.1) in terms of the initial distance W5(f1(0), f2(0))
and of the L norm of the densities p; = [o, fidv and po = [o, fodv. This first
step is performed in Section 6.3.1.

2. In the one dimensional case studied in the previous Chapter we had a “weak-
strong” type stability estimate; as a consequence a control of the L* norm of the
density of the perturbed solution f. (following the notations of Theorem 6.1.3) was
not required.

In the higher dimensional case under study, such an estimate is needed. To achieve
this, we give quantitative estimates of the growth of the support in velocity for
solutions of (6.1.1). We separate the 2 and the 3-dimensional case since different
tools are involved.
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While in the two dimensional case studied in Section 6.3.2 only elementary con-
siderations are needed, in the three dimensional case, we shall use a more involved
bootstrap argument due to Batt and Rein [8], see Section 6.3.3.

3. We finally conclude in Section 6.4 by combining the results of the two previous
steps and Grenier’s convergence result stated in Proposition 6.1.1.

6.3 Proofs of Steps 1 and 2

6.3.1 W, stability estimate

We start by giving the relevant W, stability estimate, adapting from the work of Loeper
[76].

Theorem 6.3.1. Let f1, fo be two weak solutions of the Viasov-Poisson system (6.1.1),

and set
P1 1:/ fidv,  pa Z/ Jadv.
R4 R4
Define the function

! va) o 8) ~ U
A®) = 1 250 con [mc{ s o Do }] | +12

(6.3.1)

and assume that A(t) € L'([0,T]) for some T > 0. Also, set

Flz] = 16d es(wa) evlCols AWds] 2 e [0, q, t € [0, 7). (6.3.2)

Then there exists a dimensional constant Cy > 1 such that, if Wa(f1(0), f2(0)) < d, then
for allt € (0,7,

F[Wa(f1(0), 200)] if Fr[Wa2(f1(0), f2(0))] < d,
Wao(fi(t t) < ¢ 6.3.3
2(f1lt), (1) < { d eCo Jo Als) ds if Fr[Wa(f1(0), f2(0))] > d. (033)
Proof of Theorem 6.3.1. Before starting the proof we recall two important estimates that
follow immediately from [76, Theorem 2.7] and the analogue of [76, Lemma 3.1] on the
torus (notice that |z —y| < V/d for all x,y € T%):
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Lemma 6.3.2. Let ¥, : T — R solve
—2AV; = p; — 1, i=1,2.

Then
) 1/2
e[V = Vsl p2(ray < [max{||ﬁ)1||mo(1rd), ||P2||L°o(1rd)}] Wa(p1, p2),

4v/d

—l) lpi = Ulgoeray  Va,yeTi=1,2.

2VV,(z) — V¥;(y)| < Clz — y log(lx iy

To prove Theorem 6.3.1, we define the quantity

1
Q)= [ Mt 5i(5) ~ Yalt Sa(s) P ds
0
where
51,52 : [0, 1] — Td X Rd
are measurable maps such that (S;)xds = f;(0) and

1

Wal£1(0), fa(0))? = / 11(s) — Sa(s) 2 ds,
0
while Y; = (X}, V;) solve the ODE

XZ' = ‘/h
Vi = —VU,(t, X;)

with the initial condition Y;(0, z,v) = (z,v).
Thus, thanks to [76, Corollary 3.3] it follows that f;(t) = Yi(t).fi(0) = [Y;(t,S;)]xds.

Then we compute

%%Q(t) :/0 [X1(t,81) — Xo(t, 9)] [Va(t, S1) — Valt, S2)] ds

v / VAL S1) — Va(t. ) IV (1, X1 (1, 51)) — Vs (£ Xalt, 51))] ds.
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By Cauchy-Schwarz inequality, we have

5#2 \// X1 (5, S)) — Xa(t, ) |2d5\// Va(t, S1) — Va(t, So)[2 ds

+\// \Vi(t, S1) — Val(t, 52)|2d3\// VW (¢, X1 (2, 51)) —V\Ilg(t,Xg(t,Sg))|2ds

< Q) + \/Q(t)\//o VW, (2, X1(t,51)) —V\Ifl(t,Xg(t,Sg))|2ds

+ \/Q(t)\//oljvqfl(t,xg(t, Ss)) — V\Ilg(t,Xg(t,SQ))|2ds.

Using the definition of the push-forward, we finally get

__Q + \/ \// ‘V\Ifl t X1 t Sl)) V\Ijl(t X2 t 52 )‘ dS

2dt
+ v/ Q(t)\// VU, (t,x) — VUs(t, z)|? fo(t, z,v) dx dv
TdxR?

< Q)+ \/Q(t)\//ol\V\Ifl(t,Xl(t, S1)) — V¥ (t, Xo(t, 52))1%13

+4/ |!p2<t)||Lw<Td)\/Q(t>\/Ad VU, (t, ) — VUy(t, 2)|? da.

We now apply Lemma 6.3.2 to the last two terms and we bound them respectively by

1p1(t) = 1l oo (1ey ! 2. 4 4/d
¢ 2 ” Q(t)\//o 1t 51) = Xalt, 52)[ log (\Xl@, S = X1, &)\) s
and

20 mceoy [max {1 () =z ) o} Wt (0. (8.
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Since Wa(p1(t), p2(t)) < 1/ Q(t) (see for instance [76, Lemma 3.6]) we conclude that

§EQ() { é [lp2(t) || L2 (ra) [max{le(t)HLw(W)a”p2(t)||L°°(Td)}T/2] )
o les® ;jHLoo(ﬂrd) m\//ol\xl(t,sl) — Xo(t, Sz)\zlogQ( ol

ds.
| X1(t,51) — Xalt, 52)‘)
Xo(t, 52)’ < Vd (since X; and X, are points on the torus)

Noticing that ‘Xl(t, S1) —

and \/_
4 1 1
log = —log ﬂ Vz>0,
z 2 22
we get
1 4\/3
X1(t, 1) — Xs(t, S5)| 1o 2( )ds
/O| 168 = Xalt, 59" 108 1o
1 [t 16d
:1/ \Xl(t,sl)—Xg(t,sz)ﬁog?( 2)ds
0 ‘Xl(t, Sl> — Xg(t, Sg)‘
! 16d
= - s)lo 2( )ds,
4/0 g(s)log o05)
where we set g(s ‘Xl (t,S1) — Xolt, SQ)‘Q.

Hence, since the function

zlog (16d) for 0 < z < d,
H 3.4
2 Hiz) = { dlog®(16)  for z > d, (6:34)

is concave and increasing, recalling that ¢ < d and applying Jensen’s inequality to H we
get

53500 < |1+ Z5loa0llcon [l o Dol wcen ]| @0

C 11 () —621||L°°(?1‘d) m\/}]</0 g(s) ds)
< (1 +5_12 l1p2(t)]] Lo (74 [max{||p1(t)||L°°(']1‘d)a ||P2(t)||L°°(Td)}]1/2> Q(t)

||Pl 1||L°<>(Td \/— /11
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where for the last inequality we used that fo s)ds < Q(t).
In particular, recalling the definition of A(t ) (6.3.1), by (6.3.4) we deduce that
there exists a dimensional constant Cy > 0 such that

Low < coam Qi >log( g;(;g) aslongas Q) <d,  (635)
while
90w <AMQ®)  when Q1) > d. (6.3.6)
In particular, assuming Q(0) < d, by (6.3.5) we get
Q) < 16del°g<*’>exp[00 foawa] = FQ(0) (6.3.7)

as long as Q(t) < d, which is the case in particular if F;[Q(0)] < d. On the other hand,
if there is some time ¢, such that Fi [Q(0)] = d, since Q(ty) < F3,[Q(0)] by (6.3.6) we
get

Q) < de S A% < el ADds g ¢ > ¢ (6.3.8)

Noticing that F; is monotone in t, we deduce in particular that if Fr[Q(0)] < d and
Q(0) < d then (6.3.7) holds, while if Fr[Q(0)] > d and Q(0) < d then one can simply
apply (6.3.8). Finally, if Q(0) > d then we apply (6.3.6) to get

Q(t) < Q(0) 0o AW s,

Combining these three estimates and recalling that Q(0) = Wa(f1(0), f2(0))? while
Q(t) > Wy(fi1(t), f2(t))?, this concludes the proof. O

6.3.2 Control of the growth of the support in velocity in 2D

In this Section, d = 2. Our goal is to obtain estimates on the growth in time of the
support in velocity. This allows us to get bounds for the L* norms of the local densities
on some interval of time [0,7]. Recall that in the end, they will be used to apply the
Wasserstein stability estimates proved in Section 6.3.1.

For f. a solution of (6.1.1), define

V.(t) :=sup {|v] : v € R? Jx € T? f.(t,x,v) > 0}.

The key point of this Section is the following Proposition.
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Proposition 6.3.3. Suppose that
10w < Co [ (1o +U0,2)) 00,2, 0) dvde <

Assume that V.(0) < Cy/e?, for some v > 0. Let T > 0 be fized. For all > 2, there is
Cs > 0, such that we have for all e € (0,1) and all t € [0,T],

Vo(t) < Cg/emaxibat, (6.3.9)
Therefore, for all 8 > 2, there is C; > 0, such that, for all e € (0,1) and all t € [0,T7,
pelloe < Cf/e? ™23, (6.3.10)

In order to prove this Proposition, we shall use for convenience the change of variables

(t,,v) —~ (L2

=, Z,v). This leads us to consider, the following Vlasov-Poisson system, for

(z,v) € IT? x R%:

( atga+v'vxgs+Fs'vvgs:O7
FE = _vxq)sy

_Amq)e = fR2 Je dv — fl']IQXRQ ge dv dI, (6311)

€

elt=0 = 9o > 0,
f;TZX]RQ Goe dx dv = 5%

( :
We shall denote
e ::/ ge dv
R2
and define for all t > 0,
2 1L o t
V(t) :=supq v, veR* Tz € ET L ge(t,x,v) >0 =V, Z ) (6.3.12)

In the following, for brevity, the notation L?, for p € [1, +0o0c], will stand for L? (:T? x R?)
or L (%TQ), depending on the context.

The main goal is now to prove the following Proposition, from which it is straight-
forward to deduce Proposition 6.3.3 by applying the result for ¢t = %

Proposition 6.3.4. Let § > 0. Let Cy > 0 such that for all ¢ € (0, 1),

g2’

C
19-(0) |z < Co, / (W + cpg(o,m)>gg(0) dvdz < =2 (6.3.13)
12 w2

€
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Then for all o € (0,1), there exist C,, C!, > 0 such that for all e € (0,1), and all t > 0,

V(t) < ( Ca v i1+ V(0)>1a>1/(1_a) Y (6.3.14)

€a+1

We will use the following standard property of conservation of L? norms and energy
for solutions to the Vlasov-Poisson system in the sense of Arsenev:

Lemma 6.3.5. For allt > 0, we have

¢
lg-(O)l < Co, [TQ RQ(W 0 (t,0))g.(1) dude < (6.3.15)

€

We also rely on the following Lemma about the Green kernel of the Laplacian on
%']I‘2 (obtained from standard results on the Green kernel of the Laplacian on T?, after
rescaling). We refer for instance to Caglioti and Marchioro [28].

Lemma 6.3.6. There exists Ky € C™(T?;R?) such that, denoting

1 =«
Kg(ZL‘) = %W + €K0(€ZL‘),
we have for all v € [—1/e,1/¢]?,
F.(z) = / K (z —y)[n(y) — 1] dy.
[~1/e,1/¢)?

The key ingredient is the following Lemma, in which we obtain some appropriate
L bound for the electric field, which allows us to control the growth of the support in
velocity.

Lemma 6.3.7. We have the following bounds.

1. There is a constant Cy > 0 such that for all e € (0,1), and all t > 0,
Ch )
Ine@®llzz < — IOl < CLV(0)". (6.3.16)

2. There is a constant Co > 0 such that for all e € (0,1), and all t > 0,

1/2
[ F=(t, )z < Cy (1 - é {log é(l - V(t))} ) : (6.3.17)
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3. For any a > 0, there is a constant C,, such that for all 0 < t' <'t,

V() <VE) + E%a / t(1 +V(s))" ds. (6.3.18)

Proof of Lemma 6.53.7. In this proof, C' > 0 will stand for an universal constant that
may change from line to line.

1. By the following interpolation argument, we have for all R > 0

1
= [ ga=[ gws | gas<ilerts g [ ko
R2 [v|<R [v|>R R2

so by optimizing with respect to R we deduce that there is a C' > 0 such that for

all t >0,z € 1T?,
1/2
nl(tz) < C ( / ge<t,x,v>|v12dv)

By (6.3.15), we deduce the first estimate of (6.3.16).

For what concerns the L> estimate for 7., it is a plain consequence of the definition
of V/(t), which controls the support in velocity.

2. By Lemma 6.3.6, there holds for all t > 0,2 € [—1/¢,1/¢)?,

1 1
|[F=|(t,2) < —/[ —,l\ns(w’) — 1 da’" + e[ Kollooll (e = |-

T 2T Jlajenyep lr -3
We observe that, since |[(n: — 1)|| 1 g2y < 10l + 11| g1y = 2,

C
1Kol = Dlas < -

Let R > 0 to be fixed later. We have, using the Cauchy-Schwarz inequality,

1
| ) -
[

1/e,1/€)2 |z —

1 1
- / n m!m(f,x/) — 1| da’ +/ . m!m(tx’) 1| da
r—x'|< ,

|lz—x

1 1/2
< CR(|Inellz= +1) + (HUEHLQ - —) (/ L dx)
€ 2| >R, are[1/e1/<]2 2]

1 c\"?
< [e's} 2 - I— .
< CR(lndom+ 1)+ (Il + 2 ) (102 )
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We choose R = which yields,

1
lnellLoo+17

1 1 1/2
P <€ (14 (i + 2) (rog 20+ i) )

Using Point 1., we obtain the claimed estimate.

3. Let @ > 0. Let 0 < # < ¢t and let (x,v) such that g.(t',x,v) # 0. Introduce
the characteristics (X (s,t',x,v),&(s, s, z,v)) satisfying for s > ¢’ for the system of

ODEs
d
d—X(s,t’,x,v) =&(s,t',x,v), Xt z,0v)=ur,
j (6.3.19)
d—f(s,t',x,v) =F.(s,X(s,t',x,v)), &t z,v)=n.
s
We have

t

(t,t, x,v) =w —|—/ F.(s,X(s,t',x,v))ds.
tl
Therefore, we have, using Point 2.,

t
1€](t, ', z,v) < v —|—/ |F.|(s, X (s,t',2,0v))ds
t/

<ol + %/tt (1 + [logé(l + V(s))] 1/2> ds.

Since g. satisfies (6.3.11), it is thus constant along the characteristics (6.3.19), and
we have

gg<t7 X(t7 tl? 1.7 U)? €(t7 tl? l’? U)) = gE(tl7 :E, U)'
By definition of V(¢) and V ('), we obtain

Vi) < V() + % /; (1 4 [log 5(1 4 V(s))] 1/2) ds.

In order to get the polynomial bound on V'(¢), let r, > 0 such that for all z > 1,
(log 2)'/% < 1 4 roz®.
We thus get
V() < V() + % /t(l + V(s))*ds,
v

which proves our claim, taking C,, := Cy(2 + r,).
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]

Equipped with this result, we can finally proceed with the proof of Proposition 6.3.4.

Proof of Proposition 6.3.4. We begin by observing that dividing by 1/(¢ — t') in both
sides of (6.3.18) and letting ¢ — t we deduce that

d Co
— <
dt V(t) - €1+a

We will obtain the claimed bound by a comparison principle. To this end, introduce a

(14 V(t)~ (6.3.20)

small parameter ;1 > 0 and define

1
l—«

W,(t) == (2[0‘1 J;ﬂgl — a)t +(1+V(0)+ u)”‘)

By construction, it satisfies for ¢ > 0

d _ Cotp

W) = B w0, (6.3.21)

and
W,(0)=1+V(0)+pn>14+V(0).
We claim that W, (t) > 1+ V(¢) for all t. Indeed, let

to:=inf{t >0 : W,(t) < 1+ V (1)},

and assume by contradiction that ¢ty < 400. Notice that because p > 0 we have ¢, > 0.
Then by continuity at the time ¢y we get

By (6.3.20) and (6.3.21), we have

d Ca
SV () = Wo(t) = Djimy <

- 61+a

K
61+o¢

« Ca + H «
(L+V(to))" — —ra Walto)
< Wu<t0)a < 0.

This is a contradiction with the definition of ¢,.
Hence we obtained that for all > 0 and all ¢ > 0,

L4+ V(t) < W,(2).
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By taking the limit ; — 0, one finally gets for all all £ > 0

11—«

253£12£9t+«14-vanya) ,

ga—l-l

1+V(t)§(

which proves the Proposition. O

6.3.3 Control of the growth of the support in velocity in 3D
using Batt and Rein’s estimates

In this Section, we deal with the case d = 3. We consider as before, for f. a solution of
(6.1.1),

V.(t) := sup {|U|, v e R} Jr e T, f.(t,2,v) > 0} .

We have in 3D the analogue of the key Proposition 6.3.3 in 2D.

Proposition 6.3.8. Suppose that
1£-(0)]l < Co /ﬁw+u@@ﬁmmmmmg@.

Assume that V.(0) < Cy/e7, for some v > 0. Let T > 0 be fized. There is C' > 0, such
that we have for all ¢ € (0,1) and all t € [0,T],

Cl

Then
Cl
lo<lloo < sy (6.3.23)

Note that this result involves exponents which are “more degenerate” than in the
2-D case. We shall prove this result as an application of the estimates obtained by Batt
and Rein in [8]. The result of [8] is an adaptation to the case of the torus T? of the
fundamental contribution of Pfaffelmoser [86] (see also [89, 62]), which allowed to build
global classical solutions of the Vlasov-Poisson system in R3 x R3. In R? x R?, it may
be possible to get better estimates than (6.3.22) (i.e. with smaller exponents) by using
dispersive effects, see [86, 89, 62] and more recently [84].
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In order to prove this Proposition, we shall use the change of variables (¢,z,v) —
(ﬁ, Z,v). This leads us to consider, the following Vlasov-Poisson system, for (x,v) €
13 « R3:

15
atgs+v'vwgs+Fs'vvgs :07
Fe = _V:L’CI).E;

—A;®. = [o5 9- dv — [104 g5 9 dv da, (6.3.24)
gs’t:O = 90,¢ > 0, fl’]TSXRS 90,e drdv = ELS
We shall denote as in the 2D case
Ne ::/ Je dU,
]R3
and define for all t > 0,
1
V(t) :=sup {|v|, veR? Ir e ~T g.(t,z,v) > 0} . (6.3.25)
€

As before, in what follows we use the notation LP, for p € [1,4o00], will stand for
L (%T?’ X RS) or LP (%T?’), depending on the context.

The main goal is now to prove the following Proposition, from which we deduce
Proposition 6.3.8 by choosing t = %

Proposition 6.3.9. Suppose that

1 /(0)]| = < C, / <]v[2 + @E(O,x))fe((),x,v) dvdz < Cy.
173 «R3

£

Let v > 0. Let Cy > 0 such that for all € € (0,1),

Co
V(o) < = (6.3.26)
Then there ezists Cy > 0 that for all e € (0,1), and all t € [0,T],
e +\/012T4+4 c,

£32/3 £64/3 £32/3+7

C C
V(t) < max {6—3 + : E—f + T‘7/2}. (6.3.27)

Proof of Proposition 6.3.9. Consider the usual notations for characteristics of (6.3.19)
and introduce, as in [8],

ha(t) == sup{{[n:(s)l[z=, 0 < s <t} + 1,

1
ho(t) :=sup{|é(s, 7, 2,v) —v|, 0 < 5,7 < ¢, (x,v) € =T x R*}.
£
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We look for a bound on hg, which will imply the control on V(). To this end, we crucially
rely on the key bootstrap result in the paper of Batt and Rein [8], which we recall in the
form of a lemma for the reader’s convenience.

Lemma 6.3.10 (Batt, Rein). Assume that there is C* > 0 and > 0 such that
ho(t) < C*thy(t)?

then for some universal constant C' > 0 (that hereafter may change from line to line),

* 28/3 1 1/6 1
hy(t) < Ct (C BRI () + = (hl (t) + 5) ) (6.3.28)

if hy(t) 782 < t.

By using [8, Eq. (5), Section 4, p.414], there is C' > 0 independent of ¢ such that for
alle >0and t > 0,
ho(t) < Cthy(t)¥/°. (6.3.29)

We deduce from Lemma 6.3.10 and (6.3.28) that

ha(t) < gthl(t)B/”, if hy(t)"%° < t.
Using (6.3.28) twice, we finally obtain

ho(t) < gthl(t)w/f”, if hy(t)™% <t

32

1
515 < §» we get

and since

C . _
ha(t) < <gtha(D)°,if ha(8)™% < t,

Using the straightforward bound
I (1) < C(V(0) + ha(1)*,

we deduce that for all € € (0,1) and t > 0,

C, 1 1/2
halt) < st (5 + hg(t)) ,
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if hy(¢)~%81 <t. On the other hand, if hy(t)~%/8! > ¢ then,

1

and thus, by (6.3.29), we get
ho(t) < Ct™7/2,

We conclude that for all € € (0,1) and ¢ > 0,

1 (1 V2
hg(t) < C max {mt (6_7 + hQ(t)) , t_7/2}’

which yields, taking ¢t =T,
T‘7/2}.

ho(T) < max {l

Ch C? Ch
9 | £32/3 + \/564/3 T+ 4532/3+7

Therefore, for ¢t € [0,T] we get

V(t)<max{€_,y+ _m+\/€64/3T +46532/—3+7 75_’Y+T s
which proves Proposition 6.3.9. O

6.4 Proof of Theorem 6.1.3

We prove the main Theorem by a perturbation argument, relying on the Wasserstein
stability estimates of Theorem 6.3.1.

Before that, we first state a Lemma about the effect of z-dependent translations in
the velocity variable on the W, distance.

Lemma 6.4.1. Let p, v be probability measures on Py (T? x RY) and let fi, v be probability
measures on Pi(T¢ x R?) defined as follows:

< i, ¢(x,v) >=< p,p(z,v — C(x)) > for all ¢ € Lip (T% x R%);

<0, p(x,v) >=<v,p(x,v — C(x)) > for all ¢ € Lip (T? x R?).
Then

Wi, 7) < (14 || DeCl|pe) Wi(p, v) where D,C = (8,,C;(z)) (6.4.1)

0<i,j<d’



6.0. QUASINEUTRAL LIMIT FOR VLASOV-POISSON VIA WASSERSTEIN STABILITY ESTIMATES
192 IN HIGHER DIMENSION

Proof. By the Kantorovich duality we have the following expression:

Wi(f,7) = sup {/gp(m,v + C(x))d p(x) — p(z,v + C(z))dv(x)|.

llellLip<t

Let us denote ¥ (z,v) = ¢(x,v+ C(x)) and computing the gradient of 1) we deduce that
[9llzip < (1 + [DaCllz=) lllzip < (14 1 DCllz=)
from which we obtain (6.4.1). O

We can now proceed with the proof of Theorem 6.1.3. Let fo., go., ho. satisty the
hypotheses of Theorem 6.1.3. Using the same notations of the statement, we want to
show that for some 7" > 0,

lim sup Wl(fe( ),g(t)) = 0.

=0 4e(0,7]

In analogy with the definition of fE we define

gu(t,2,v) = /M Pt )80 sp0.) dii(6)

and
g&(t; 1‘7 'U) = / pg(t, ‘T)éU:vg(t,x)—i—Ca(t,x) du(@)
M
where Co(t,) := —4(d..(t, z)e V" —d_(t,)e” V%),
We now prove the following estimate:

Wi(fe. ) < Wi(fe 3) + Wi(Ge. 9). (6.4.2)
We first consider the second term in the right hand side. The uniform convergence to
0 follows from Proposition 6.1.1, and the Sobolev embedding theorem. We have indeed
for some T' > 0, for all ¢t € [0,T7:

Wi(g=(t), g(t)) = ” ?L}pﬂ(g} -4, 9)

T Lt ), vl (t z)) — pP(t, x)o(x, V0 (t, x x
_soanq{/Td/M(pE(t’ Yo, vl(t ) + Ce(t, 2)) = (8, 2)pl, 0 (¢, 2))) dpa() d }
= su O(t x .0t N — ol (4 N
o H80||L1£)<1 {/Td//\/lps(t7 )(90( ) a(ta )‘I’Cg(t, )) 90( , (t, ))du(ﬁ)d }
: =t x))p(, " (t, T .
||¢Sﬂfg1{/qrd /M(pg(t,:v) p(t, ), v7 (L, ) du(f) d }
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Thus, we deduce the estimate

Wi(ge(t), g(1)) < sup  sup HpﬁHoonHLip/ l2(t, @) + Celt, ) — v (¢, 2) || oo dps(0)

llellLip<1e€(0,1),0eM

b s [ = gl il (1/2+ sup 1470011 )

lellLip<1

wﬁﬁfq{/m/ (et ) (7x))<ﬁ(070)dﬂ(9)dx}.

We notice that the last term is equal to 0 since for all ¢ > 0,

/w /M p2(t, x) dp(0) do = /Td /M P2 (t, ) dp(0) dx =

by conservation of the total mass. Considering the supremum in time, we see that the
other two terms converge to 0, using (6.1.6), so that we get

lim sup Wi(ge,g) = 0.
=0 1e00,17]

We thus focus on the first term of the right hand side of (6.4.2). First we use Lemma
6.4.1 to see that

Wi(fe 5) < (14 [|DaCe(t, 7)) Wil o, 92)-
Observe from the definition of the corrector C., there is Cr > 0 independent from ¢ such
that for all t € [0, 77,
HDmCe(ta ')HL°° < Cr.

We therefore have to study Wi (f., g-). We first use the rough bound
Wl(faa ga) S W2(f57 96)7

then use Theorem 6.3.1 to get the estimate

ple 1
sup Wa(fe, g:) < 16d exp {log (ﬁ) exp [Cng—g(l + [1ps. | o 0,77 150) + ||ng||L°°([0,T};L3°)>} } 7

te[0,7)

where
pfs = f5 d'U, pgs = / pg dp’(e)
R4 M
Recalling (6.1.6), we have for some C' > 0 independent of ¢ that
||pgs||L°°([0,T};Lg°) <C.

For what concerns py. we apply



6.0. QUASINEUTRAL LIMIT FOR VLASOV-POISSON VIA WASSERSTEIN STABILITY ESTIMATES
194 IN HIGHER DIMENSION

e in two dimensions, (6.3.10) in Proposition 6.3.3 to infer that for all § > 2, there is
some Cz > 0 independent of € such that

Cpg

HpEHOO S ngaX{BN};

e in three dimensions, (6.3.23) in Proposition 6.3.8 to infer that for some C' > 0
independent of € such that

C

Hngoo < emax{38,37}

We deduce that choosing
e in two dimensions, p(g) = exp [exp (—Wﬂ%)}, for some constant K > 0;
e in three dimensions, p(g) = exp [exp (—WIM)], for some constant K > 0,

up to take a smaller time interval of convergence [0, T,

lim sup Wa(f,g.) = 0.
e=04c0,77

We conclude that
lim sup Wi(f-,g) =0

£=04¢(0,7]

and the proof of Theorem 6.1.3 is complete.



Appendix A

Jacobi fields

Given an n-dimensional C'°° differentiable manifolds M, for each x € M we denote
by T, M the tangent space to M at z, and by TM = Uzep({x} x T, M) the whole
tangent bundle of M. On each tangent space T, M, we assume that is given a symmetric
positive definite quadratic form ¢, : T, M x T, M — R which depends smoothly on x;
9 = (gz)zem is called a Riemannian metric, and (M, g) is a Riemannian manifold.

A Riemannian metric defines a scalar product and a norm on each tangent space: for
each v,w € T, M

(v, W)y = go(v,w), V|2 := gz (v, v).
Let U be an open subset of R* and ® : U — ®(U) = V C M a chart. Given x =
®(z!,...,2") € V, the vectors 52 := gf_ (z!, ... ,:E”), i =1,...,n, constitute a basis of

T,M: any v € T, M can be written as v = ZZ LV dwl. We can use this chart to write
our metric g in coordinates inside V:

S () S

4,j=1 i,j=1

where by definition g¢;;(z) := g, ( 57 SIJ) We also denote by ¢¥ the coordinates of the
inverse of g: ¢¥ = (gi;)™";

delta:

; more precisely, Y i g g;x = 0}, where J; denotes Kronecker’s
i 1 ifi=k,
5k - P
0 if¢# k.
In the sequel we will use these coordinates to perform many computations. Ein-
stein’s convention of summation over repeated indices will be used systematically: azb* =

k inj in
>k arb®, gijvtv? =37, 5 giju?, ete.

195
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On a Riemannian manifold, constant-speed minimizing geodesics satisfy a second
order differential equation:
A+ TEAY =0, (A.0.1)

J
where Ffj are the Christoffel symbols defined by

rt = Lgee (9930 09 09
N 2 oxt oxJ 8$Z :

Let us consider a family (79)_c<p<- of constant-speed geodesics vy : [0,1] — M.
Then, for each ¢ € [0, 1], we can consider the vector field

0

J(t) = %

Yo (t) S Tfy(t)./\/l.
6=0

The vector field J is called a Jacobi field along v = vy. By differentiating the geodesic
equations with respect to 8, we get a second order differential equation for J:

a . i
5 (9 + TE(r0)76%3) = 0

gives
Lorh o
JF 4+ L Jtyia0 pork Jisd = (.
Ozt ij
This complicated equation takes a nicer form if we choose time-dependent coordinates
determined by a moving orthonormal basis {e1(t),...,en(t)} of T, )M, such that

e (t) + T (v()eg(t)3 (1) = 0
(in this case, we say that the basis is parallel transported along ). With this choice of
the basis, defining J*(t) := (J(t), €;(t))) we get

Ji(t) + RI(t)J;(t) = 0.

For our purposes it suffices to know that R{ is a symmetric matrix; in fact one can show
that R(t) = (Riem(¥, e;) - 4, ¢;), where Riem denotes the Riemann tensor of (M, g).

We now write the Jacobi equation in matrix form: let J(t) = (Ji(t),..., Jn(t)) be
a matrix of Jacobi fields, and define J;;(t) = (Ji(t),e;(t))yq), with {ei(t),... e,(t)}
parallel transported as before. Then

J(t) + RA)JI(t) =0,
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where R(t) is a symmetrix matrix involving derivatives of the metric g;;(v(t)) up to the
second order, and such that (up to identification) R(t)7(t) = 0.
Now, fix a point zg € M, consider v,w € S ! C T, M with v L w, and consider
the family of geodesics
Yo(t) == expy, (t(v + bw)).
Then

0
J(t) = 2 Yo
=0

and J(t) solves (in a suitable system of coordinates)

(t) = dy exp,, [tw],

This fact shows the relation between the differential of the exponential map and the
Jacobi fields, and it is at the basis of the proof of Rauch Comparison Theorem [73,
Theorem 11.9] which was used in Section 3.1 to prove Corollary 3.1.6. Indeed, the rough
idea is that if the sectional curvature of M is bounded by —K (K > 0) then (since w is
orthogonal to the velocity v of the geodesic vy(t) = exp,, (tv)) the solutions of the above
system is controlled by the solutions of

J5(0)
J¥(0)

JE(t) + KJEK(t) =0,

0,
w

which is simply w %

Theorem 11.9])

. More precisely, since |w| = 1, one gets (see for instance [73,
_ sinh(K)

=

, where A, is the quantity defined (3.1.5).

7)< 175 ()]

which implies the control A, (r) < %
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