TESI DI DOTTORATO

GIUSEPPE PIPOLI

Mean curvature flow of pinched submanifolds in positively curved
symmetric spaces

Dottorato in Matematica, Roma «La Sapienzay (2014).

<http://www.bdim.eu/item?id=tesi_2014_PipoliGiuseppe_1>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di ricerca e studio. Non &
consentito I'utilizzo dello stesso per motivi commerciali. Tutte le copie di questo documento devono riportare questo
avvertimento.

bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=tesi_2014_PipoliGiuseppe_1
http://www.bdim.eu/

SCUOLA DOTTORALE IN SCIENZE ASTRONOMICHE,
CHIMICHE, FISICHE, MATEMATICHE E DELLA TERRA
“VITO VOLTERRA”

DOTTORATO DI RICERCA IN MATEMATICA

DIPARTIMENTO DI MATEMATICA “GUIDO CASTELNUOVO”

MEAN CURVATURE FLOW
OF PINCHED SUBMANIFOLDS
IN POSITIVELY CURVED
SYMMETRIC SPACES

Candidate: GIUSEPPE PIPOLI, XXVI ciclo.
Thesis advisor: Prof. CARLO SINESTRARI

June 2014



Giuseppe Pipoli
Mean curvature flow of pinched submanifolds
in positively curved symmetric spaces

Ph.D. thesis Sapienza — Univerista di Roma

email: pipoli@mat.uniromal.it
pipolig@libero.it



Contents

1 Introduction 5
2 Preliminaries 13
2.1 Geometry of immersed submanifolds . . . . .. ... ... 0000 13
2.2 Riemannian submersions . . . . . . . . ... 15
2.3 CROSSES . . . 18
2.4 Mean curvature low . . . . . . .. 20
3 Low codimension submanifolds of CP" 23
3.1 Invarance of pinching . . . . . . . . .. ... oo 25
3.2 Technical lemmata . . . . . . . . . . 34
3.3 Finite maximal time . . . . . . . . .. 40
3.4 Infinite maximal time . . . . . . . . .. 50
3.5 Extensions to CROSSes . . . . . . . . . 54
4 Cylindrical estimates in CROSSes 57
4.1 A technical lemma . . . . . . .. 58
4.2  Cylindrical estimates . . . . . . . . ... Lo 60
4.3 Gradient estimate . . . . . . ..., 69
5 Mean curvature flow and Riemannian submersions 73
5.1 Examples and applications . . . . . . . ..o 75
A Appendix 85
Bibliography 85



CONTENTS



Chapter 1

Introduction

The main topic of this thesis is the mean curvature flow: it is a well-known, and prob-
ably the most important, geometric evolution equation of submanifolds in Riemannian
manifolds. An important aim of this problem is the original purpose of Hamilton for the
Ricci flow: study PDEs on manifolds in order to obtain geometric properties. One of
the most relevant applications of mean curvature flow is, in fact, the classification of the
submanifolds.

Roughly speaking in any point p the speed of the evolution of a submanifold is given
by H, the mean curvature vector in p. The mean curvature is characterized as the unique
direction along which the volume of the submanifold would be decreased most effectively.

Formally, given Fy : M — (M, g) a smooth immersion of a differentiable manifold
into a Riemannian manifold, the evolution by mean curvature of Fj is the one-parameter
family of smooth immersions F : M x [0, Tjuae[ — (M, g) satisfying

0

—_F =H < T,

ot (p> t) (p7 t)v JUAS M’ 0 << Tmaz; (101)
F(.’()) = Fp,

where H (p, t) is the mean curvature vector of the immersion F'(-,t) at point p. Usually the
Riemannian manifold M is called the ambient manifold and the parameter ¢ is thought
as time. Very often we identify the immersion with the immersed submanifold, so we talk
indifferently about the evolution of an immersion Fjy or the evolution of a submanifold
My = Fo(M). Consequently a solution of (1.0.1) can be expressed as a one-parameter
family of submanifolds M; = F(M,t), for t € [0, Thyaz|-

It can be checked that H(p,t) = A, F(p,t), where Ay, is the Laplace-Beltrami
operator on M,;. Thus, the mean curvature flow may be regarded as a kind of heat
equation for the immersion. However the mean curvature flow is not really equivalent
to a heat equation, since the operator A4, is not the Laplacian with respect to a fixed
metric, but it depends on M, which is the unknown of the problem. Precisely (1.0.1) is
a weakly parabolic quasilinear system of second order. The short-time existence of the
solution of (1.0.1) was proved and if M, is compact, the solution of the mean curvature
flow exists and is unique up to a maximal time T},,,.

In general it is very hard to find an exact solution of (1.0.1), in fact there are very few
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6 CHAPTER 1. INTRODUCTION

explicit examples. Minimal submanifolds, i.e. submanifolds with zero mean curvature
everywhere, are trivial constant solutions. A simple non-trivial case is a sphere in the
Euclidean space: it stays a sphere at any time and shrinks to a point in finite time. Other
explicit examples are traslating solutions like the so colled “grim reaper”. Then a very
interesting problem is to understand the behavior of the solution, especially when the
time t is approaching the maximal time. If T},,, is finite the flow develops a singularity,
that is mazger |A]” (z,1) — o0 as t goes t0 Tha, where A is the second fundamental
form of the immersion and the norm is respect to the metric induced on the submanifold
by the metric of the ambient manifold. If 7},,, = oo the flow can converge to a stationary
limit, that is a minimal submanifold. The simplest singularity is called round point: the
evolving submanifold shrinks to a single point with asymptotically round shape. Methods
to go beyond the singularity were developed, like weak solutions or a mean curvature flow
with surgeries introduced by Huisken and Sinestrari in [HS2], but we do not treat them
in this thesis.

There are many ways to approach mean curvature flow. We use the perspective of
partial differential equations and Riemannian geometry introduced by Huisken’s seminal
paper [H1] about the flow of convex hypersurfaces in the Euclidean space. This paper
proves that the behavior of the sphere is typical of any convex hypersurface: they converge
to a round point in finite time. Next Huisken again showed in [H2] that his approach works
for a general ambient manifold too, and how the curvature of the ambient manifold can
influence the flow. In particular he showed how the negative sectional curvature and the
non-symmetry of the ambient manifold are obstructions for the convergence to a round
point.

After the early works mentioned above, many other were produced. Many different
ambient manifolds and different classes of submanifolds were considered, for example
graphs of functions in the Euclidean space [EH] and in the hyperbolic space [Un]. One of
the most studied classes of codimension greater than 1 is Lagrangian submanifolds. If the
ambient manifold is Kahler-Einstein, the Lagrangian condition is preserved and we talk
about Lagrangian mean curvature flow. It has been studied by several authors during the
years, see e.g. [Ne, S2, S3, MW, Wa] and the references therein. The study of a general
submanifold is more difficult because of the higher complexity of the normal bundle. First
of all, for a hypersurface we can identify the second fundamental form with a symmetric
tensor of type (0,2) and the mean curvature with a scalar funciton. This is no longer
true for a higher codimensional submanifold. Technically this translates to much more
complicated evolution equations. Moreover the following comparison principle holds only
for hypersurfaces: any two disjoint embedded hypersurfaces will avoid each other evolving
by mean curvature flow. For these reasons, the study of singularities in higher codimension
has started developing only in recent years.

The main source of inspiration for this thesis in another classical work of Huisken,
[H3]. It treats the problem of evolution of hypersurfaces in the sphere. The main theorem
proved is the following

Theorem 1.0.1 (Huisken) Let n > 2 and S"™'(K) be a spherical spaceform of sectional
curvature K > 0. Let Mg be a compact connected hypersurface without boundary which



is smoothly immersed in S"T(K), and suppose that we have on M,

1 3 4
|A]? < — |H” +2K, ifn>3, |AP< 0 |H|” + JK, ifn=2. (102)

Then one of the following holds:

1) equation (1.0.1) has a smooth solution My up to a finite mazimal time Ty, and
the M;’s converge to a round point as t — Th,qz.

2) equation (1.0.1) has a smooth solution M, defined for all time, i.e. Tyu = 00,
which converge in the C*°—topology to a smooth totally geodesic hypersurface M.

Inequalities of the form |A|> < a|H|* + b for some constant a and b, are often called
pinching conditions because, as we will see later, they can give informations about how
the principal curvatures diverge each others. Then submanifolds that satisfies pinching
conditions are called pinched submanifolds. Of course a pinching condition is interesting
if it is preserved by the flow. We said that one of the main applications of the mean
curvature flow is the classification of submanifolds. For example, from the result just
discussed, we have that hypersurfaces of the sphere that satisfy (1.0.2) are diffeomorphic
to a sphere.

The study of mean curvature flow of pinched submanifold is an active research field.
Only in 2010 Baker, with his doctoral thesis [Bal, generalized theorem 1.0.1 for submani-
folds of any codimension in the sphere: he proved in this case too the alternative between
the round point and the totally geodesic limit. In [AB] is studied a class of pinched sub-
manifolds of the Euclidean space which develops a singularity of type round point in finite
time. After that some other works were produced: in [LXYZ] the extension of theorem
1.0.1 to higher codimension submanifold of the hyperbolic space is proved, but, because
of the negative curvature of the ambient manifold, only the convergence to a round point
is possible. The case of a general ambient manifold is the subject of [LXZ].

Theorem 1.0.2 (K. Liu, H. Xu, E. Zhao) Let M a Riemannian manifold of dimension
m + k satisfying the following bounds on sectional curvature K, Riemannian curvature

tensor R and injectivity radius inj(M):

~Ki1 <K<K,  |VR[<L,  ing(M)=>ix

for some nonnegative constant K1, Ky, L and some positive constant ixg. Let My be a
closed submanifold of M with dimension m. There is an explicitly computable nonnegative
constant by depending on m, k, Ky, Ky and L such that if My satisfies

4 2 :
2 %‘H‘ — by Zf m:2737
4] <{ L HP by if m>4,

then the mean curvature flow with My as initial value contracts to a round point in finite
time.
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Note that the sign of by exclude the possibility of the convergence to a minimal limit.

The original results exposed in this thesis mainly concern the evolution of pinched
submanifold in various ambient manifolds. In most cases, the ambient manifold is the
complex projective space CP" endowed with the Fubini-Study metric: it is a symmetric
space with positive and bounded curvature, so it seems the right space for extending
theorem 1.0.1, both for hypersurfaces and for higher codimension. Some of the results
obtained for CP™ are easily proved also for the quaternionic projective space HP", giving
the generalization of theorem 1.0.1 for almost all CROSSes. In the last part of the thesis,
after a general result that links the mean curvature flow with Riemannian submersions,
we prove new examples of evolution of pinched submanifolds starting from results taken
from the literature or proved for the first time in this thesis.

The content of this thesis is as follows. In chapter 2 we summarize the very essen-
tial preliminaries. First we recall some basic facts on the geometry of the submanifolds
and Riemannian submersions fixing the notations. Then we present the CROSSes. It is
an acronym meaning Compact Rank One Symmetric Spaces. This class of Riemannian
manifolds includes the Euclidean sphere S™, the real projective space RP", the complex
projective space CP", the quaternionic projective space HP" and the Cayley plane CalP?.
They are the ambient spaces considered in most parts of this thesis. They can be char-
acterized in many ways, the most useful for our purpose is that they are the symmetric
spaces with strictly positive and bounded curvature. Finally some general results on the
mean curvature flow are exposed. For example, we present the evolution equations for
some important geometric quantities, like the norm of the second fundamental form and
the norm of the mean curvature.

The first original result is the subject of chapter 3. We consider the evolution of
pinched submanifold of CP™ with codimension k small enough respect to the dimension
m.

Theorem 1.0.3 Let Mg be a closed submanifold of CP™, with n > 3, of dimension m
and codimension k . If k is sufficientely low, precisely k =1 or 2 < k < % (that is
k < mT—3) and M satisfies the pinching condition

1

Al? H> +b 1.0.
AP < L |HP +b, (103)
where
2 if k=1,
h— _2_
m— 3 — 4k i k>o

then (1.0.3) is preserved by the mean curvature flow. Moreover if k is odd the evolution
of My shrinks to a point in finite time, while if k is even one of the following holds:

1) the evolution of My shrinks to a round point in finite time,

2) the evolution of My is defined for any time 0 < t < oo and converges to a smooth
totally geodesic submanifold, that is a CP" 5.



With respect to the general case of theorem 1.0.2, we are considering a specific ambient
manifold, but we study a pinching condition that properly includes the one already known:
in fact we changed the sign of last constant in the pinching condition. In this way, for
even k we find the alternative between round point and totally geodesic limit discovered
by Huisken and Baker for the sphere in [Ba, H3]. For small odd codimension, instead,
there are no totally geodesic submanifolds of CP", but we cannot exclude a priori the
possibility of a stationary limit: the proof is the same for any k£ and only at the end we
prove that if a stationary limit exists, then it is totally geodesic. The strategy for the proof
is inspired by the analogous problem for submanifolds of the sphere. The curvature of
the ambient manifold is no longer constant giving some technical complications. In order
to efficiently estimate the reaction terms in the evolution equations, we build normal and
tangent frames strongly linked with the geometry of CP". An other help to overcome
these difficulties is splitting the analisys in two cases: T),,, finite and T,,,,, infinite. The
hypothesis T},,, finite is essential to apply the integral estimates like in the previous
papers, while for T,,,, infinite the analysis is quite direct. A further difference with
the cited works is that, in our case, the submanifolds considered do not necessary have
positive sectional curvature. However we prove that, if time is sufficiently close to T},4z,
the sectional curvatures of the evolving submanifolds become stricly positive everywhere.
From theorem 1.0.3 the following classification results follows easily.

Corollary 1.0.4 Under the hypothesis of theorem 3.0.1, let My satisfy (3.0.1). Then if
k is odd, Mokz's diffeomorphic to an S* 7%, if k is even, My is diffeomorphic to an S F
or to a CP"" 2. In every case My is simply connected.

Moreover in theorem 3.0.3 we will find a class of pinched submanifolds preserved by
the flow bigger than the one defined by (1.0.3). In this case we are able to understand the
nature only of the possible stationary limit (if it exists, it is again a totally geodesic sub-
manifold), but we are not able to classify the sigularities. In conclusion of this chapeter we
show how theorem 1.0.3 can be easily extended for hypersurfaces of HP" too. The pinch-
ing condition considered is again (1.0.3) and, since the condimension is 1, we have only
the convergence to a round point in finite time. This is a generalization of Huisken’s the-
orem 1.0.1 to almost all CROSSes: unfortunately we are not able to obtain an analogous
statement for CalP?, because its low dimension.

In chapter 4 we focus again on hypersurfaces of CROSSes. We consider a class which
contains properly the class studied in the previous chapter and, with the further assump-
tion that H # 0 everywhere, we are able to classify the singularities for this class. The
main theorem proved is the following

Theorem 1.0.5 Let n > 4 and My be a closed real hypersurface of CP™ or HP", that
satisfies

|A]? < |H|* + 4, (1.0.4)

m—2

where m is the real dimension of My. Then the mean curvature flow with initial data
My develops a singularity in finite time. Moreover if H # 0 everywhere on My, then for
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every 1 > 0 there ewists a constant C,, that depends only on n and My such that
Ml <nlH] = (=N SMEPHC, Vij22, (1.0.5)
for a constant A that depends only on the ambient manifold.

This theorem is a generalization of Nguyen’s result [Ng] on the sphere to almost all
CROSSes. Once again the hypothesis n > 4 does not allows us to give the analogous
statement for the Cayley plane. The further assumption H # 0 is preserved by the flow
and used to apply the convexity estimates of Huisken and Sinestrari [HS1] and derive
the second part of the theorem with integral estimates and Stampacchia iteration on a
suitable function. Theorem 1.0.5 implies that, at a point where the curvature is large,
either all principal curvatures are positive and comparable with each other, or the smallest
is infinitesimal respect to the others and the others become closer and closer, giving
a cylindrical profile. In [HS2| an analogous result was an important step towards the
construction of a mean curvature flow with surgeries in Euclidean spaces. Then theorem
1.0.5 may be a first step for a future study about surgeries in CROSSes.

Last chapter starts with a general result that links mean curvature flow with Rieman-
nian submersions. We consider submersions defined by the action of a group of isometries:
let G be a Lie group acting by isometries on a Riemannian manifold (M, Gxq)- Suppose
that the quotient space, obteined identifying the point of a orbit of the action of G on M,
is a smooth manifold B = M /G and consider the induced metric gz on it. The natural
projection 7 : M — B is a Riemannian submersion with fibers the orbits of G. If the
action of (G is free we have the well-known principal bundles. In this case the fibers of =
are isometric to the group G. Lifting a submanifold of B we have a submanifold of M
G-invariant, vice versa projecting a G-invariant submanifold of M we get a submanifold
of B. We show a sufficient condition for the mean curvature flow commutes with the
submersion.

Theorem 1.0.6 Let 7 : M — B = M/G a Riemannian submersion. If = has closed and
minimal fibers then the mean curvature flow of any closed submanifold commutes with
the submersion. More precisely let Mg is a G-invariant submanifold of M and By is a
submanifold of B. If 1(Mg) = By then the mean curvature flow of My and By are defined
up to the same mazimal time Ty,o, and 71(My) = By for any time 0 <t < Tpaz-

There are many examples of Riemannian submersions with these characteristics, the best
known are, probabily, the Hopf fibrations. In [Pa] Pacini studied the evolution of a single
orbit, that is the “lift” of single point of B. A very close problem was studied by Smoczyk
in [S1]. He considered hypersurfaces invariant respect to a Lie group of isometries that
acts freely and properly on the ambient manifold. He showed that the mean curvature
flow of such hypersurfaces is ruled by its projection to the quotient manifold and that
this projection is a new flow which depends on the nature of the fibers. If the fibers are
minimal we find exactly the mean curvature flow. However theorem 1.0.6 holds for any
codimensions and even if the action of the group is not free. Theorem 1.0.6 can be used to
produce new examples of evolution by mean curvature flow lifting or projecting solutions
already known. We can lift theorem 1.0.3 to the sphere S***! via the Hopf fibration.



11

Proposition 1.0.7 Consider Mg a closed S'-invariant submanifold of S***! of dimen-

sion m and codimension 2 < k < % satisfying the pinching condition

1
m— 2

m — 4 — 4k

Al? <
| A 7

H|” +
If k is odd, the evolution by mean curvature flow of My converges in finite time to a S*,
while if k is even one of the following holds:

1) the evolution of Mgy converges in finite time to a S,

2) the evolution of My is defined for any time 0 < t < co and converges to a smooth
totally geodesic submanifold, that is an S*"~*+1,

Note that the pinching condition in this theorem is weaker than the one of [Ba], but the
S'-invariance is required. Another result of this kind is proposition 5.1.4: we consider S3-
invariant pinched hypersurfaces of S**3, with n > 3 and prove that they are diffeomorphic
to a S? x S¥~1. Finally we exhibit new examples even in case of ambient manifolds neither
positively curved nor symmetric: propositions 5.1.7 and 5.1.8 concern submanifolds of the
Heisenberg group, while proposition 5.1.10 is about pinched submanifolds of the tangent
sphere bundle endowed with the Sasaki metric.
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Chapter 2

Preliminaries

2.1 Geometry of immersed submanifolds

In this section we recall some basic notions and fix some notations used through all
this thesis. Let M be a differential manifold of dimension m and (M, g) a Riemannian
manifold of dimension m = m + k > m. M is called ambient manifold. Consider
F : M — M a smooth immersion. The image F(M) is a submanifold of M. Often we
identify the immersion with the submanifold associated.

Notation 2.1.1 Unless told otherwise, geometric quantities of the submanifolds are in-
dicated in the usual way, while for the ambient manifold we use a line over the common
symbol. For example g is the Riemannian metric induced by the immersion on M and
g is the metric of the ambient manifold. Given a point T € M, we denote by {.,.)z the
scalar product on the tangent space Ty M. The subscript will be dropped if there is no risk
o confusion. Moreover we will identify via the immersion F T, M, the tangent space to
M in x, and N, M, the normal space to M in x as subspaces of Tp(x)ﬂ. In this way
Tp(x)ﬂ =T,.M& N, M.

Fix (x1,---,z,) a local coordinate system around a point z € M. The local expression

of g is
oF OF
g9ij(x) = <8_x,’ a_xj>F(x)‘ (2.1.1)

Let V be the Levi-Civita connection of (M, g). The second fundamental form A of the
immersion F' is defined for every X, Y tangent vectors of M by

AX,Y) = (VxY)7T,
where | denote the normal component to M.

Notation 2.1.2 Unless specified otherwise, latin letters i, j, k, ... run from 1 to m, greek
letters a, B, 7, ... run from m+1 to m + k.

13



14 CHAPTER 2. PRELIMINARIES

Let (€1, ,€myx) be an orthonormal frame tangent to M in a point of F'(M) with the
first m vectors tangent to F'(M) and the others normal. Respect to this frame, the second
fundamental form can be written

A= Z h® ® eq,

where the h* = (h%) are symmetric 2-tensors. The metric induces a natural isomorphism
between tangent and cotangent space. In coordinates, this is expressed in terms of rais-
ing/lowering indexes by means of the matrices g;; and g”/, where g is the inverse of g,;.
The scalar product on the tangent space extends to any tensor bundle, by contracting
any pair of lower and upper indices with g;; and g” respectively. Thus, for instance, the
scalar product of two (1,2)-tensors T}, and S, is defined by

% % ik Qi I Qi i gk
< ko jk> = 7—‘1] Sjk = quSjkgligp]gq .

Notation 2.1.3 Here and in the following, if there are no explicit signs of sum, we use
Fistein notation, that is we sum over repeted indices.

This also allows to define the norm of any tensor T as |T)* := (T, T). A function that we
use very often is the norm of the second fundamental form

2 a2
AP = h
The trace respect to the metric g of the second fundamental form is the mean curvature
vector H: B
H = Ztrho‘ea = Z Zg”h%ea.
« a i
It is independent of the orientation and it is well defined globally even if M is non-

orientable. Note that some outhors defines the mean curvature as the trace of A over
m, of course this makes no substantial difference in the analysis. The traceless second

o ]_ o o
fundamental form is A=A — —H ® g = (hy;). Of course |A|> > 0, then
m

—|H? 2.1.2
_ml | (2.1.2)

holds for any immersion. If the codimension k = 1, we say that F'(M) is an hypersurface.
If it is orientable, a normal unit vector field v is defined everywhere on F'(M). Then the
second fundamental form can be identify with a symmetric (0,2) tensor that we denote
always with A:

AX)Y) =g(A(X,Y),v).

Similarly the mean curvature vector is a multiple of v:

H=—Hv.
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The eigenvalues of A respect to the metric g are called principal curvatures of the
hypersurface. We denote them by A\; <--- < \,. We have

H=X+ 4\, AP =22+ 422,
Moreover, another equality that we will use is
AP~ P = 3 (- A (213)
- 2 Wi i) 1.
1<J
We recall that the Laplace-Beltrami operator on functions f : M — R is

where V is the Levi-Civita connection of (M,g). If there is no risk of confusion of
ambiguity, we write simply A instead A 4.

2.2 Riemannian submersions

We introduce Riemanniana submersions and the most important related notions for our
purpose. What follows is taken from the classical O’Neill’s paper [O], many other inter-
esting results can be found in chapter 9 of [Be2|, while [FIP] is a extensive monography
about Riemannian submersions.

Let (M, grq) and (B, gg) two Riemannian manifolds of dimension m and b respectively.
A Riemannian submersions is a C'*° map 7 : M — B satisfying the following axioms S1
and S2.

S1) 7 has maximal rank;

For every p € M, 7=!(p) is a submanifold of M called fiber over p. A vector field on M
is called wvertical if it is always tangent to fibers, horizontal if always orthogonal to fibers.
The second axiom is

S2) for every X, Y horizontal tangent vectors of M we have

am(X,Y) = gg(m. X, .Y ) o,

where 7, is the differential of w. M is called total space of the submersion and B is called
base. Axiom S1 implies that m > b and so the dimension of the fibers is m = m — b.
Axiom S2 says that 7 preserves lenghts of horizontal vectors.

Notation 2.2.1 If not specified otherwise, we use the same simbols for geometric quan-
tities of M and B. It will be clear from the context in which manifold we are. While the
same quantities of the fibers are distinguished by the superscript ~.



16 CHAPTER 2. PRELIMINARIES

Following the notations of O’Neill [O], the wvertical distribution ¥ is the distribution of
vertical vector fields, that is 7" = ker m,. Its orthogonal complement respect to guq is the
horizontal distribution 7. We denote with the same simbols .7 and ¥ the projections of
the tangent space of M to the subspaces of horizontal and vertical vectors, respectively.
Then every X tangent to M can be decomposed in an unique way in the sum of a
horizontal and a vertical vectors:

X=XX+7X.

An horizontal vector field X’ is called basic if there exists a vector fields X on B such
that 7, X’ = X, in this case X and X' are said to be m-related. There is an one-to-one
correspondence between basic vector fields on M and arbitrary vector fields on B: every
basic vector field gives a vector field on B by definition, while every X tangent to B has
an unique horizontal lift X” to M characterized by 7,X” = X. As showed by O’Neill’s
paper, submersions are ruled by two tensors. For every X and Y tangent to M we define

TxY = HVyx(VY)+ VVyx(HY);
AxY = V¥V px(HY) + IV px(VY).

Note that if X and Y are tangent to fibers, i.e. vertical, then TxY = A(X, Y') the second
fundamental form of the fibers as submanifolds of M. We have that 7 = 0 if and only if
each fiber is totally geodesic, while A = 0 if and only if JZ is integrable.

Now we consider the lift of a submanifold and we want to understand how it is related
with the initial submanifold. Let 7 : (M, g5;) — (B, g5) a Riemannian submersion, and
F : B — B an immersion. 7~!(F(B)) is a submanifold of M of the same codimension of
F(B). Formally there is a manifold M, an immersion F’' : M — M and a sommersion
that we indicate again with 7, such that the following diagrams commutes.

M = B
F'1 v
M = B

We want to understand the link between A, the second fundamental form of F', and
A’, the second fundamental form of F’. The main tool is the following O’Neill’s formulas.

Lemma 2.2.2 [O] For every tangent vector fields on B X and Y we have
1) (X, Y] =0 [X7,Y");
2) (VxY)" = A (VxnY).

Lemma 2.2.3 [O] Let X and Y be horizontal vector fields and V' and W wvertical vector
fields. Then

1) VyW =Ty W + VyW;
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2) va = %va—F'ﬁ/X;
3) ?XV == .Axv + ”//?XV;
4) VxY = #VxY + AxY.

Note that, by construction, M = F'(M) is tangent to the fibers, then any vector
normal to M is necessarily horizontal. From Lemma 2.2.2 and Gauss equation we have
that for any X and Y tangent to M

Vir V7 = A (Vxr V) + ¥ (Vi YY)
— (VxY)" + 7 (Vyn V) (2.2.1)
(Vi) + (AX YY) + ¥ (Ve V7).

By definition A'(X”,Y”) = (VxrY” )L (where (.)* means the component normal
to M), then it is an horizontal vector field. By (2.2.1) we have

A(X7 Y7 = ((VXY)%’ )L + ((A(X, Y))'”’>L

The vector field (V XY)% is the lift of a vector field tangent to B, then it is tangent to
M. In the same way (A(X,Y))” is normal to M. Hence we have

A(X7 YY) = (AX, V)" . (2.2.2)
Now consider two vertical vector fields V' and W. They are tangent to M by con-

struction. A’(V, W) is normal to M then it is a horizontal vector field. By lemma 2.2.3
we have

AV, W) = (VyW)' = (VW) = (TyW)* = (A(V, W)~ (2.2.3)

Lemma 2.2.3 does not say anything about the mixed terms A’(X, V) with X horizontal
and V vertical: they strongly depend on the specific submersion considered as we will see
in the examples of chapter 5.

Let (X1,...,X,n) alocal orthonormal frame tangent to B around a point p. Consider
(V1, ..., Vi) alocal orthonormal set of vertical vector fields. (X{¢,..., X7 Vi,...Vy)isa
local orthonormal basis tangent to M around any point of the fiber 77!(p). Summarizing
what we found, with respect to this basis we have

s ( hy | mixed terms ) (2.2.4)

mixed terms ‘ hfj

where hij = A(X“X]> and iLij = A(‘/Z,V;)

Starting from a fixed Riemannian submersion 7 : (M, gy ) — (B, gp) there is a stan-
dard way to deform the metric g to obtain again a Riemannian submersion. The canon-
ical variation of g is the family of metrics {g},., on M such that

g,\(U, V) - )‘gM(Uv V) if Uv Ve 7/7

n(X,Y)=gu(U, V) if XY e,
(U, X)=0 if Uev, Xe#.
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Obviously g1 = gy For any A > 0, g, makes m a Riemannian submersion with the
same horizontal and vertical distributions and the same fibers. Let V* be the Levi-Civita
connection of the metric gy. A straighforward computation gives:

YV (VoV) =7 (VLV), A (VyV) = 2 (VV), (2.2.5)
VXU =VLU, VyX =VLEX, ViY =VLY, o
for every U,V € ¥ and X,Y € . It follows that 7 : (M,gm = ¢1) — (B, gg) has
minimal (resp. totally geodesic) fibers if and only if 7 : (M, g\) — (B, g5) has minimal
(resp. totally geodesic) fibers for every A > 0. Moreover let (X{*,..., X7 Vi,... V) is
a local gyq-orthonormal basis tangent to M around any point of the fiber 7~!(p), then
for any A > 0 (X{7,..., X7, )\_%Vl, o )\_%Vm) is a gy-orthonormal frame. Using (2.2.5)
is easy to see that, respect to this basis, the equation 2.2.4 becomes

H -1
A, = < — hy; ‘ A~z mixed terms ) ' (2.2.6)
2

mixed terms ‘ hfj

2.3 CROSSes

The ambient manifold for the flow that we are going to use most often in the following
are CP", the complex projective space, and HIP", the quaternionic projective space. They
are examples of CROSSes: an acronym meaning Compact Rank One Symmetric Spaces.
In this class of Riemannian manifolds there are also the Euclidean sphere S™, the real
projective space RP" and the Cayley plane CalP?. Their geometric structure is very rich
and they can be characterized in many ways. For example they are the symmetric spaces
with strictly positive curvature: these properties will be very important for the proofs
of the later chapters. Here we are going to describe the most needed proprieties for our
purpose. An excellent introduction to CROSSes can be found in chapter 3 of [Bel].

Let K be one of the field C or the associative algebra H and a be the real dimension
of K, that is
2, ifK=C
N { 4, if K=H.

We denote with S"(¢) the n-dimensional sphere with the canonical metric of constant
curvature ¢ > 0. The action T : S*}(1) x S"*te=l(¢) — S"te=1(¢), (A, 2) — Az is by
isometries which acts transitively on the fiber. KP™ can be identify with S"ete~!/Se—1,
The Hopf fibration is 7 : S"+2~1(¢) — KP", 2 — [2], where [z] is the class of z under the
action 7". The Riemannian metric that we consider on KP" is the one induced from the
metric of S"***~1(¢) such that m becomes a Riemannian submersion. For K = C it is the
well-known Fubini-Study metric.

Notation 2.3.1 We denote by KP"(4c) the K— projective space endowed with this metric.
We use simply KP™ instead of KP"(4).
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Fix two tangent vectors X and Y, we denote by pryx X the projection of X on the tan-
gent subspace YK of dimension a. The metrics defined in this way has positive bounded
sectional curvatures. In fact, if X and Y are two orthogonal unit vector tangent to KP",
theorem 3.30 of [Bel] shows that K(X,Y), the sectiona curvature of the tangent plane
spanned by X and Y is

K(X,Y) =c(1+43|pryxX[?), (2.3.1)

where |.|* is the norm induced by the metric. It follows that ¢ < K < 4c¢ and K = ¢
(respectively K = 4c) if and only if X is orthogonal (respectively belongs) to YK. Another
property that will be often used is that the CROSSes are Einstein manifolds. In particular,
the Einstein constant of KP" is

__J2n+1)c HK=C;
"= { A(n+2)c if K = H. (2:3.2)
Notation 2.3.2 For simplicity of notation we will use ¢ = 1 through this thesis, giving
only the statements of main theorems for the general case. The proofs are the same: just
multiply by c each terms where the curvature of the ambient manifold occurs.

Since we are going to study mean curvature flow, we are interested in submanifolds of
the ambient manifold, with particular attention to minimal submanifolds. Theorem 3.25
of [Bel] characterizes the totally geodesic submanifolds of CROSSes.

Theorem 2.3.3 Let K € {R, C, H} and n € N. M is a closed totally geodesic sub-
manifold of KP™ if and only if there exist K' € {R, C, H} with K" <K and n’ € N with
n' < n such that M is isometric to K'P".

In the follow we are mostly interested in submanifolds of CP™ and HP". In particular
we have that there are no totally geodesic hypersurfaces for these ambiente manifold or
totally goedesic submanifolds of odd and low codimension.

We conclude this section giving some explicit formulae for the case K = C. CP", with
the Fubini-Study metric grg can be seen as a complex manifold, with complex dimension
n and complex structure J. Moreovere it is a Kihler manifold. Let R be its Riemann
curvature tensor. R has this explicit form

R(X,)Y,Z, W) = gps(X,2)grs(Y, W) — grs(X, W)grs(Y, Z)
9rs(X, J2)grs (Y, JW) — gs(X, JW)grs(Y, JZ) (2.3.3)
+29FS(X7 JY)QFS(Z7 JW)7

for all tangent vector fields X, Y, Z, W,. In particular, the sectional curvature of a tangent
plane spanned by two orthonormal vector fields X and Y is

K(X,Y)=1+3grs(X,JY)?, (2.3.4)

therefore 1 < K < 4 and K = 1 (resp. K = 4) if and only if JY is orthogonal (resp.
tangent) to X. This propriety makes CP" a complex space form of constant holomorphic
curvature 4.
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2.4 Mean curvature flow

Let Fy : M — M be a smooth immersion of a real m-dimensional manifold in a Riemann
manifold of metric g and dimension m = m + k. The evolution of My = Fy(M) by
mean curvature flow is the one-parameter family of immersions F' : M X [0, Tyyq0[ — M
satisfying

0
—F(p,t) = H(p,1), eM,t>0,
F(,O):FQ

where H(p,t) is the mean curvature vector of the immersion F'(-,t) at point p.

Notation 2.4.1 The Riemann manifold (M, g) is called ambient manifold of the flow.
We denote with M; = F(M,1t) the immersed submanifold at time t. We talk indiferrently
about the evolution of the immersion F(.,t) or the evolution of the associated immersed
submanifold M,. Moreover we indicate with A = A(t) the second fundamental form of

M.

The existence of the solution is a well known property.

Theorem 2.4.2 [f the initial submanifold Mg is smooth and compact, then the solution
of (2.4.1) exists, is unique and smooth up to a mazimal time 0 < Tp0p < 00. If Thas
1s finite, the flow develops a singularity at the maximal time, that is maxay, |A|2 becomes
unbounded as t approaches Ty,qz.

From the equation (2.4.1) that defines the mean curvature flow, one can derive the
evolution equations for the other geometric functions.

Computation in [Ba] shows the evolution equations for important geometric quantities,
for any ambient manifold and any codimension.
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Lemma 2.4.3 Along the mean curvature flow we have

2
B, _
D 5 |HI> = A|H* = 2|VH[* +2) (Z H“hf‘j) +2 ) ReargHH”,

ij a k,a,B

2
a1 B a B B 1 a
2) o O AP = AJAR —2|VAP +23 j(E :hwh”> 2} [§ :hlphjp—hlph]p]

a,f 2,] i,5,0,0

+4 Z Rzmq (Z ha ha) 4 Z Rkjkp (Z hﬁlh%)

4,J,P,q J.k.p

+2 ) Riaks (Z h;h@) —8 > Rijpap (Z he h5>

ko, J:p,a,B

+2 ) VyRyshli =2 ) ViRjpehl),

i7j7p76 i’j’p?ﬁ

0
o e = |H’2 dpy,

ot

where duy; is the volume form of the metric induced by the immersion on the submanifold.
It follows that the volume of the evolving submanifold is non increasing during the flow.

Since the ambient manifold that we are considering are often symmetric, we have that
VR = 0, and the last line in the evolution of |A|* vanishes in these cases. Of course, when
the codimension is 1 these equations have a much simpler form.

Lemma 2.4.4 The mean curvature flow of hypersurfaces in a symmetric ambient mani-

fold satisfies:

0 _
1) o HP = AH[P = 2[VH]" +2|H (|A]” + Ric(v,v)),
2) % AP = A|A] = 2|VA] + 2|A* (JA* + Ric(v, v))
<hwh]pR hijhlp}?pﬂj) ,

where Ric is the Ricci tensor of the ambient manifold and v is the normal unit vector of
the hypersurface.

The following result is indipendent of the flow, but we will use it often in the next
chapters. It can be found in Lemma 2.2 of [H2] for hypersurfaces, or Lemma 3.2 of [LXZ]
for any codimension. For our need, here we expose a simplified version that holds only
on Einstein manifold.
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Lemma 2.4.5 Let M an Einstein manifold and M a submanifold of M of dimension n
and arbitrary codimension. Then at every point of M

3
IVA” > — \VH|? (2.4.2)

holds.

Proof. 1t follows from Lemma 3.2 of [LXZ] with w = n = 0 . For completeness we describe

the pI‘OOf. Set Eijk = %ﬁ (VZHg]k + VJngk + kagU) and Ejk = Vzh]k - EZ]]C By the

Codazzi equation (Ejj, Fyji) = 0. Hence \VA\2 > \E|2 = niﬁ |VH]2. O

An extremely important tool is the maximum principle. Here we expose only the
version for scalar function that we use in the following.

Theorem 2.4.6 (Maximum principle) Let M be a closed manifold and g(t) a time-
depending family of Riemannian metric on M. We denote by Ay the Laplace-Beltrami
operator of the metric g(t). Given a C* function f: M x [0,T][ — R, if

0
{ &f — Ay = Q(f51)
Jii=o = fo <0

for some function Q such that Q(z,t) < 0 in the points where f(x,t) =0, then f(z,t) <0
for every (x,t).



Chapter 3

Low codimension submanifolds of
CP"

The fist problem discussed is the evolution by mean curvature of a class of pinched sub-
manifolds of the complex projective space with codimension small enough respect to the
dimension. We will show that the same result holds in the quaternionic projective space, at
least for hypersurfaces giving the generalization of theorem 1.0.1 to (almost) all CROSSes.

Theorem 3.0.1 Let My be a closed submanifold of CP", with n > 3, of dimension m
and codimension k . If k is sufficientely low, precisely k =1 or 2 < k < % (that is
k< mT—s) and My satisfies the pinching condition

Al? HI? 0.1
A < —— |H[ +b, (301)
where
2 if k=1,
b= — 3 -4k
m—3—4k if k>2,
m

then (3.0.1) is preserved by the mean curvature flow. Moreover if k is odd the evolution
of My shrinks to a point in finite time, while if k is even one of the following holds:

1) the evolution of My shrinks to a round point in finite time,

2) the evolution of M is defined for any time 0 < t < oo and converges to a smooth
totally geodesic submanifold, that is a CPr—3.

The following result is a direct conseguence of theorem 3.0.1.

Corollary 3.0.2 Under the hypothesis of theorem 3.0.1, let My satisfying (3.0.1). Then

if k is odd, My is diffeomorphic to an S*"7%, if k is even, My is diffeomorphic to an
k

S?"=k or to a CP""2. In every case M is simply connected.

For a bigger class of submanifold we cannot classify the singularities, but we can say what
is the shape of a stationary limit, if it exists.

23
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Theorem 3.0.3 Let M, be a closed submanifold of CP", with n
and codimension k . If k is sufficientely low, precisely k =1 or 2
satisfies the pinching condition

3 of dimension m

>
§k:<2”5—_3and/\/lo

|A]> < a|H|" + b, (3.0.2)
where a and b are two positive constants satisfying
1 4
—< a < -—
m 3m
and
( 1
(m — 3 — 4k) (1——) if k> 2,
ma
2
0<b< min@?, —(ma—l)) ifk=1, n=3,
a
—(ma —1) ifk=1 n>4
\ a

then (3.0.2) is preserved by the mean curvature flow. Moreover if k is odd the evolution
of My develops a singularity in finite time, while if k is even one of the following holds:

1) the evolution of My develops a singularity in finite time,

2) the evolution of My is defined for any time 0 < t < oo and converges to a smooth
totally geodesic submanifold, that is a CP"~ 5.

The strategy for the proof is inspired by the analogous problem for submanifolds of the
sphere [H3, Ba|. The curvature of the ambient manifold is no longer constant giving some
technical complications. In order to efficiently estimate the reaction terms in the evolution
equations, we build normal and tangent frames strongly linked with the geometry of CP".
An other help to overcome these difficulties is splitting the analisys in two cases: T4
finite and T),,, infinite. The hypothesis T, finite is essential to apply the integral
estimates like in the previous papers, while for T,,,, infinite the analysis is very much
direct. Note that for small odd k we already known that there are no totally geodesic
submanifolds, but we cannot exclude a priori the convergence to a stationary limit: the
proof is the same for any k and we prove that if it exists, then it is totally geodesic.

Remark 3.0.4 As said in notation 2.3.2, we can generalize considering as ambient man-
ifold CP™(c) for any ¢ > 0. In this case the pinching condition of theorem 3.0.1 becomes

A < |H|* +b,
m—1
where
2c of k=1,
b= —3-14
m=3=4k i kse
m

In the same way the pinching condition of theorem 3.0.3 becomes

|A* < a|H|> +b,
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where a 1s not changed and
( 1
(m —3 —4k) (1——)0 if k> 2,
ma
2
0<b< min (20, —(ma—l)c) ifk=1, n=3,
a
2

\ a(ma—l)c ifk=1, n>4.

the result (and the proof as well) is the same in both cases: the only difference is that the
totally geodesic limit is a (C]P’”’g(c).

3.1 Invarance of pinching

We want to prove that the pinching condition (3.0.1) is preserved by the mean curvature
flow for any time the solution exists. We use the maximum principle. Indeed we can prove
this kind of result directly for the bigger condition (3.0.2), that we will restrict later for
technical reasons when we want to study the singularities of the flow.

Once fixed an orthonormal basis (e,, + 1,. .., €,1x) of the normal space, we can write
2n
the second fundamental form as A = Z h%e,, where the h* are symmetric 2-tensors.
a=m+1

The traceless part of the second fundamental form is A=A-—H® g and its squared
m

o 1
length is |A|* = |A|> — — |H|*. In order to simplify computations we introduce two kind

of frames that we consider for every time ¢ and point p € M,;. In general the two basis
are not the same and we will use the one that will be more convenient depending on the
circumstances.

B1) In any point where H # 0 we can follow the notations [AB, LXZ] and choose a
privileged normal direction defining

il (3.1.1)
Cm+l = 7557 1.

| H|
Then we can built (€41, €mi2, - - -, €mir) an orthonormal basis of N, M, and choose
any orthonormal basis of T, M; (e, ..., e,). With this kind of frames, the second
fundamental form and its traceless part satisfy

tr it = |H|,
trh® =0, a>m+ 2.

and |
hm-‘,—l — hm+1 S

I

o

h® = he, az>m+2
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We will adopt the following notation only when we use basis of kind B1:

2n
C P = R P == Y P (312)

a=m-+2

2

|y [? = [

B2) A second kind of frames, more linked with the geometry of CP", is useful when

we have to compute terms involving the Riemann curvature tensor of the ambient
manifold.

Lemma 3.1.1 If £k < m, for every time t and every point p € M, there exist

(€1,...,em) an orthonormal basis of T,M; and (€mi1,-..,emsx) an orthonormal
basis of N, M, such that:

k
1. for every r < 5 we have

{ J€m+2r71 = Tp€2r—1 + VrCmy2r, (313)
J€m+2r = Tr€2r — Vr€m42r-1,
with 7., v, € R and 72 + 12 = 1.
2. If k is odd Je, ) = eg.
3. Finally the remaining vectors are
€ri1s€hi2 = JCrity s m1,m = Jem_1. (3.1.4)
Proof. For every time t and point p € M, the function
© Nth X Nth — R
(X,Y) = e(X,Y):=g(JX,Y)
is a skew-symmetric bilinear form. It is a well-known fact that there is an or-
thonormal basis of N,M; (€41, ..., €m+k) such that with respect to this basis ¢ is
represented by the matrix
0 141
o 0 0 0
0 0 1) 0
M, = —vy 0 if k= 2p,
0 y
0 0 —y, 0
0 1%}
o 0 0 0 0
0 0 0 0
—Uy 0
M, = : . ) ) ifk=2p+1.
0 0 0 m
-v, O
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This means that for every r < g

‘]em+27“—1 - MTT27"—1 + Vrémtor,
_ 3.1.5
{ Jemiar = Iz — Vi€myor_1, ( )

where the T; are unit vectors of T, M, and p,, fi, € R. Moreover if k is odd statement
2 follows easily. Since e,,+; is a unit vector for every ¢, we have that for every r

Mgzl—VTQZﬂza

so, up to change the sign of T5,, we get u, = i, =: 7. When 7, = 0 we can choose
indipendently T5,_; and define T, = —JT5,_1, hence, in particular T5,._; and T5,
are orthogonal. In general, since (€p41,...,€mtx) 18 an orthonormal basis, from
equations (3.1.5), we have for any i # j

g<Tl7TJ) =0.

Therefore we define for every i = 1, ...,k e; = T;. Finally we can complete the basis
of T, M, in an orthonormal way choosing

Cht1s Ch2 = Jepi1, - mo1,6m = Jep 1.

O

In equations (3.1.3) it is meant that if for some r v, = 0 we can choose indipendentely
emior—1 and e, 9., while if 7. = 0 we can choose indipendentely a tangent vector

€or—1 and define €or = —(]62,,«_1.
Since J? = —id, from (3.1.3) it follows easily that when we use frames of kind B2
{ J62’r—1 = —UVr€ — TrCmi2r-1, (316)
Jea, = Vp€or_1 — TrCmy2p.

When we use frames of type B2, in general, there is no reason for the condition
(3.1.1) is verified, then we set

H= Z H%,,

Obviously when k& = 1 these constructions are trivial: there is an unique (up to sign)
normal unit vector esy,, H is a multiple of such vector and e; = Jesy, is a tangent vector.
Then in the special case of hypersurfaces we can choose a basis that is at the same time
of type B1 and B2.

When k > 2, we introduce the following notation taken from [AB]

2 2
B = Z <Z h%h’ﬁ]) + Z [Z h%hfp - hii?hjo'ép] ’

a,p .3 i,j,0,8 L p
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2

re X (S
%,] «

If we use a normal frame of kind B1, it is easily checked that

o 1 '
P[P+ —H' i £0

Ry = (3.1.7)

0 if H=0.

The following result, proved in [AB, §3] and in [Ba, §5.2], is useful in the estimation
of the reaction terms occurring in the evolution equations of lemma 2.4.3. It only uses
the algebraic properties of Ry and R, and is independent on the flow.

Lemma 3.1.2 At a point where H # 0 we have, for any a € IR

o 2 o 2 1
IR, — 2R, < 2\h1|4—2(a——) !h1\2|H|2——( )\H\4
m m

a _—
m
48 2| h_|? + 3|h_ [

In addition, if a > 1/m and if b € R is such that |A|* = a|H|* + b, we have

2 o o o
2R, —2aR, < (6 - ) |AP|h_|* — 3|h_]|*

ma — 1
2 o 4
mab P b
— ma — 1

2b?
ma—1

h|* -

We want to prove that the pinching condition of theorem 3.0.3 is preserved by the flow.
The structure of the proof is the same for any codimension: we compute the evolution
equation of the function Q = |A|* — a|H|* — b showing that, if Q(z,t) = 0 at some point

0
(x,t) € M x [0, Tpnaz|, then (@ — A) Q@ < 0 at this point. By the maximum principle,

the result will follow. Since the evolution equation is much simpler for hypersurfaces we
exhibit two different proofs, one for hypersurfaces and one for higher codimension. In the
latter case the two kind of basis introduced above are essential.

Proposition 3.1.3 Let My be a closed hypersurface of CP", with n > 3, then the pinch-
g condition
A < a|H]> +b

1s preserved by the mean curvature flow for every

2
min | 2, —(ma — 1)) if n=3,
0<b< a

a(ma—l) if n > 4.

<a<

1
m 3m’

where m = 2n — 1 is the dimension of M.
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Proof. Lemma 2.4.4 gives

0@ = AQ-2(IVAP —a|VHP) +2 (1A — alHF) (AP +7)
—4 (hz'j hRy; — hn sz‘lj)
= AQ -2 (VAP —a|VH]) +2Q (JA* +7) +2b (|A]” +7)
4 (hijh.pR lil — hijhlpRpizj> ;

(3.1.8)

it
where 7 = Ric(v,v) = 2(n + 1). By lemma 2.4.5 and our hypothesis on a,

4
VA —a|VH|* > 54 IVH|? > 0.
m+2 3m

Then the gradient terms in equation (3.1.8) are non-positive and it suffices to consider
the contribution of the reaction terms. Fix an orthonormal basis tangent to M, that
diagonalizes the second fundamental form and call Ay < Ay < ... < )\, its eigenvalues.
Recalling that K > 1, we get

—4 (hijhjpépl/ — hijhlpfzmlj) = 4 (2605 Ryt — A0 Rt
= =4 (X = \N) Ry
75l
= 4> (N = NN) Ky
gl
75l

< 23" (A7 = —am| AP (3.1.9)
3l

With our hypothesis on b

2b (|A]> +7) — 4m (|A|2 - % |H|2> < —20Q (3.1.10)

2
holds with A = max (—, r>. Putting together all these informations, we have
a

%QgAQ+2Q(1A|2+r—)\).

0
Then EQ < AQ in the points where () = 0 and so, by the maximum principle, the thesis
follows. O
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Proposition 3.1.4 Let My be a closed submanifold of CP™ of dimension m and codi-

2n —

mension 2 < k < , then the pinching condition

A < a|H> +b
1s preserved by the flow for any

1 4 1
—<a<g-, O<b§(m—3—4k)(1——).

m m ma

Proof. By lemma 2.4.3 we have

%Q — AQ — 2(|VAP — a|VHP) + 2R, — 2aRs + P,

where P, =1+ 11+ 1], with

=4 Z Ripjq <Z Mo ha) 4ZRSJSP (Z hﬁzh%)

4,5,0,q Ji$:p

IT=2)" R (Z e | =20 RuassgHOH?,
s,a,B 8,0,
IIT=-8 > Rjpp <Z he h’3>
J.psa,B
By lemma 2.4.5
3 4
IVAP> —a|VH]> > [ —— — — ) [VH|* > 0.

m+4+2 3m

(3.1.11)

Then the gradient terms in equation (3.1.11) are non-positive and it suffices to consider
the contribution of the reaction terms. Let us divide into two case: H = 0 and H # 0.
Consider first a point where () = 0 and H # 0. To estimate I, we fix o and choose
a tangent basis (€1, ..., €,), not necessarily of kind Bl or B2, that diagonalizes h?®, i.e.

hg; = A{04;. Likewise in estimate (3.1.9) we have

4 Z Ripjohl,hs — 4 Z Rijkp (Z h;;hf;)

1,9,0,4 Jokp
= 42 Ripip(AAS — (A9)?)

= —22 2 < 4m|h°‘]

Hence we get
I < —4m|AP.

(3.1.12)
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A basis satisfying of type B2 is useful for estimate the terms /1 and I11. We recall
that the curvature tensor of the Fubini-Study metric, for every X, Y, Z and W tangent
vector field of CP", is

R(X7KZaW) = gFS(Xaz)gFS(KW)_gFS(X7W)gFS(KZ)
gFS(X, JZ)gps(Y, JW) — gps(X, JW)QF,g(Y, JZ) (3113)
+29rs(X, JY ) grs(Z, JW)

In order to study the term I, note that, with our choice of the basis, we have that

Rsnsp = 0 for any s if o # 5. Otherwise we have
Rsasa =1+ 39FS(657 Jea)2 =1+ 37—368,me7

where o =m+2r —1or a« = m + 2r. SincerfglandaZ%,wehave

11 = 23 (m+372) (|2 = a et )

k
r<g

123 (m 4 372) (| [ = a e )

rgg

— 2 7 m+2r—1 2 . i i m42r—1|2

= 2;(771—1—37}) <‘h (a m) |H { >

2 _ (a _ l) }Hm+2r|2)
m

)

< 2m+3)|A> (3.1.14)

+2 Z(m + 372) (’Ohm“?"

k
r<g

4 ‘Oh/m+2'l’

o 2
< 2) (m+37)) <‘hm+2”
k

r<s

The most complicated term is I11. Since ijag is anti-symmetric for j, p, while hf, is
symmetric, we have

IIT = =8 > Rjpp (Zh;h@)

Ji:p,a, B

_ » rapB
7,8 (

By the simmetries of any curvature tensor, Rjpas = 0 if j = p or a = 3. First fix a and

f coupled by (3.1.3). We can assume a = m + 2r —1 and § = m + 2r for some r (if

a=m+2rand 3 =m+2r—1, we have R;pns = —Rjppa, so we fall in the previous case).
We get

ijaﬁ = 7}2 (5j,2r—15p,2r - 5j,2r5p,2r—1)
_2Vr9F5(6j> J€p>,



32 CHAPTER 3. LOW CODIMENSION SUBMANIFOLDS OF CP¥

and
—v, if j=2s, p=2s—1, s < &
vy if j=2s—1, p = 2s, §§;
grs(ej, Je,) =< 1 if j=k+2s, p=k+2s—1, s<2k
—1 if j=k+2s—1, p=Fk+2s, s < mok
0 otherwise

If v and 8 are not coupled by (3.1.3), there are two index r # s such that « is (or is
coupled with) e,,19, and 3 is (or is coupled with) e,,,2s. In this case we have

ijaﬁ = TTTS (6%01—7’”617’5—"1 - 5]7[3—7”517)04_7”) :

Using what we have just found and summing all similar terms we have

nr = 16y (22 -y (l%?;?’“_lloz%t?_ﬁ - fzfﬁ{li’z;ﬂ;ﬁ)

2

] o [e] o
m+2r 1 m+2s m+2r 1 m+2s
—8 E TrTs E (hi S e )

r;ésgg i
Om+2'r C)m—i-2s—1 Om+2rom+2s—1
—16 E TrTs § (hi 25 1773, — Ry RS )
r#sgg i
I m+2r—17m+2s—1 I m+2r—17m+2s—1
—8 E TTTsE (h’z’ osi1 N1 — R TR >
r;ésgg (
o o o o
m+2r—17 m+2r m+2r—17 m+42r
+32 E VpUs E (hi D e (b Y )
T#sgg i
o] e} o [}
m+2r—1 1 m-+2r m—+2r—173 m—+2r
+32 E vy E E (hi fros—1 1 kros — i kpos i k+23—1> .
r SSmQ_k 7

Obviously 111 < |I11|. Using triangle inequality and Young’s inequality on many terms
and the fact that for any r and s

20— <2,
rrl <1,
vl <1,

v < 1.
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we have:
7 m42r—1 2 7 m—+2 2 7 m—42r—1 2 7 m+2 2
m T— m T m T— m T
I < 16§ hi'3y ‘ aall L e o s ‘ + |y
7,7
}: 7 m+2 2 7 m+2 2 7 m—+2 2 7 m+2 2
m T m S m A m S
+4 hz 2s + hz 2r + hz 2r + hz 2s
z,’r;és<§
E: © tor |2 ® 21| ® mtor|? ® 251
m s m S— m T m S—
+8 hz 2s5—1 =+ hz 2r =+ hz 2r + hz 2s5—1
z,r;ésgg
o+212 o+212 o 4o 112 I 112
m T— m S— m T— m S—
+4 E : hz 2s—1 + hz 2r—1 + hz 2r—1 + hz 2s—1
k
1,r#s<35
}: ® tor—1]?  tor |2 ® tor—1]? ° or |
m rT— m T m T— m T
+16 hz 2s ’ + h'L 2s5—1 + hz 2s5—1 ’ + hz 2s
i,r#sgg
® tor—1 |2 © tor |2 ® 21| 7 m+2 2
m T— m T m r— m T
+16 E R eiasoa| M ras| TP kres | TP kras—1| ] -
i,r,sgm;k

Note that if £k = 2, there are no index r # s then, in the expressions above many sums
are empty and we easily find that

111 < 16| A

If £ > 2, collecting similar terms we found

o 2 o 2 o 2 o 2
11 < 2(16 h;"jf’”‘ll 16 [ | 4sk || 4 sk [zt )
o 2 o 2 ° 2 o 2
+24 ) (h;n;j’" + h;”;f’”‘l‘ + A+ h;”;i’“;l\ )
i,r;ésgg
Om+2r71 2 Om+2r 2 Om+27'71 2 Om+2r 2
+]'6 Z ( hz k+2s—1 + hz k+2s + hz k+2s + hz k+2s—1 >
1,7, s <
< 8k|A]%.
So we can say that in any case
I11 < 8k|AJ*. (3.1.15)

By (3.1.12), (3.1.14) and (3.1.15), P, = I + I + ITT < —2(m — 3 — 4k)|A|* holds. Let
R =2R; —2aR; + P,. From now on consider a frame of type Bl: lemma 3.1.2 says that

2 o o 2 o
R < (6— )|A|2|h_|2+< mab —2(m—3—4k)) |h|?
ma — 1

ma — 1
202
ma—1

o 4b o
—3|h_|* + (m = 2(m =3 - 4k)) \h_|* —
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Since ) = 0, we have |A[2 > b. Using this estimate in the previous inequality we get:

2mab :
R < ( ma —2(m—3—4k)) I |2

ma — 1
° 2b o 20°
—3|h_|* b—2(m—3—4k) | |h_|* — .
3| |+<m _1+6 (m—3 )>| | —
Using again |12i|2 > b we have that R < R+)\|fc1)|2 —Ab, for any A > 0. With our assumpion
about b, we can choose A = — 27 4 2(mm — 3 — 4k) > 0. Hence we get

R < —3|h_[*+ 4blh_|* + 2b(b — m + 3 + 4k)
Then, with our choice of b, R < 0 for any value of |f;_|2. Finally, in the point where
Q = |H|* = 0 we have |A]* = |A]> = b, R, = 0, by [LL] 2R, < 3|A|* = b? and, as before,
P, < —2(m — 3+ 4k)|A” = —2(m — 3 + 4k)b. Therefore in this case too
R <3V —2(m—3+4k)b <0

for our choice of a and b. By the maximum principle, the thesis follows. OJ

3.2 Technical lemmata

In this section we collect some technical results essential for the following. We consider
again the general pinching condition (3.0.2) preserved by the flow. We are interested to

study the asymptotic behaviour of |A|2 For hypersurfaces
o 1 1
AP =|AP - = |H? = — F— \i)?
AP = AP - — HE = — S (- AP,
1<)
so it measure how far the eigenvalues of the second fundamental form diverge from each

other.
Since My is compact, there is an € > 0 small enough such that M, satisfies

AP < (a|H|* +b) (1 —e). (3.2.1)

For short, let a. = a(1 —¢) and b, = b(1 — ¢).
For technical reasons it is more convenient to work initially with the auxiliary function

fi 2
fo = I/‘Vly" where o is a positive constant small enough and W = o |H |2 + [ for some
constants

b+’ m? € T m 3m(Tm—12—16k)’ 3m(m+6+3k) m+2  m’ (3.2‘2)

B =b..

Note that the interval of definition for « is not empty, as we can see with trivial compu-
tations. First we derive the evolution equation for f,.

{ o~ (asbs ac , 1 5(m—3—4k) 2(m—3—4k) ) ca< 3 1
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Proposition 3.2.1 There is a o1 depending only on Mg that for all 0 < o < o0y

0
~f <
ath_Afg—i—

2a(1 — o)
w

for some constants C; > 0 and Cy > 0.

35

(V1 V|H) = 20,W  VH? + 20 |A f, — 205 f,, (3.2.3)

Proof. We start this proof computing Af,: f, = foW? and so Af, = foAW?+WAfy+

2(V fo, VIV7). Results

2(Vfo, VIV?) =

AW? =

Afo =

vifo‘ -

2
—WO‘ (W, fo,

200W7H(V fo, V |H|2>

07 (Vo VIHE) ~ oW |V | HP)
20 (V1 V1) — 202002 |V |1

V,ViW? =V, (acW 'V, |H|?)
ac ((0 — oW 2 |VIHP + WA |H|2)
acWo A H? = o’0(1 — o)W 2 |V |HP|"

o ()

VAP AP
(T e

2 12
Al

o

A| ‘ 1 202
T <v AP, VW) = 5 APAW
AAP 24 T T

W"Vz-fo + fOViW" = ngif() + OéO'f()WU.

2
Vi HP) = —WO‘WJU, i H?) + 20° o |V IHP.
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Then

Af, = AW+ WAfy +2(V fo, VIVO)
_— (aaWHA HP? - o20(1 — o)W 2|V |H\2\2)

Y A|fi\ 20y o8
#We (S5 = 2 (Vido, Vi HP) - —2|A‘2A’H'2)
*mWUWfU,WHi ) - 202?32 v
_ fo (OéO'WG_lA‘H‘ — 0( —0' WU Q‘V|H|2‘2>
e A|fi|2_&|j’2A|H|2 __<Vf V|H|>+2acr ’V|H|’
W W2 g
2aa o
+557 (Vo VIH[) = 20% QWMHF‘
— WAJAPR - a(1 - o) Jo p H|* - 2ol —0) (Vifs, Vi H)
J. W v
+a20(1—0 2 |V|H| ‘
(3.2.4)
Moreover
o . 0 0
afg- = W Efo—i_foa

10 25 alAP0 X
= W —=|AP - H oW~ H
(Wat | W2 8t| i fo ’ ¥

fe O

H
W8t| -

100
= We 1§|A]2—a(1— o)

Conside}" first the case of £ > 2. From lemma 2.4.3 and the definition of the curvature
tensor R, using frames of kind B2 is easy to find that

0
ot |H|2 = A |H|2 -2 |VH|2 + 2Ry +2 Z(m + 372) ({Hm+2r—1‘2 n }HerngQ)
> A|H” —2|VH’ + 2R, +2m|H|*. (3.2.5)

Moreover, by lemma 2.4.3,

o ] 1 1
2|A|2 = A|A]? -2 (|VA|2 - = |VH|2) +2 (31 — —Rg) + Pi
ot m m

holds, where, like in the proof of proposition 3.1.4,

Pi < —2(m—3 — 4k)|A]%.
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Then

0 o 1
Gt < we (AR -2 (19ap - ont))

1 o
W <2 (Rl - ER2> —2(m—3— 4k)|A|2)

—a(l— )f” (A|HP? = 2|VH? + 2Ry + 2m |H[?) .

Using the expression found previously for Af,, for higher codimensions we get

0 2a(1 — o)
— < A I S
il = Aty

1
2t {E + fo(l — U)a} IVH|?

(Vf,, V|H) — 2w VAP

(3.2.6)

1 o p
+2Wo-71 (R1 — ;RQ) — 20&(1 — O')IJ:V

—2ma(l — 0)% |H|> = 2(m — 3 — 4k)IWo L.
While, by lemma 2.4.4 for hypersurfaces, we have

%fg = AJCC,+M<VJ‘;,,V|H|2>—2WU*1|VA|2

1
2wt {E + fo(1 — cr)oz} \VH|?
1 _
+25( WU) f, (yA\2 + 7) +20f, (JA] +7)
— AW (high "Ryt — WIR Ry

’Lj J

(3.2.7)

For any k, the choice of a and (8 gives 0 < fy < 1 holds. Hence by Lemma 2.4.5
2 1 2
—|VAI” + {E + fo(1 — O')Oé:| |V H|
1 2 2
< | —+4+a)|VH|"—|VA]| (3.2.8)
m

1 3
< (ot ——— )|VH|2=—01|VH|2,
m m+2

with Cl m+2 m—Oé>0.
In order to complete the proof, we need to estimate the reaction terms. For hypersur-
faces we have

(1-o0)
W

Using inequality (3.1.9) we have

R = 28 fo ([AP +7) + 207 f, — AW (hiyh™ Ryt — W7 R R )

A2 _

RSQfO' 6(1_0-)
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From (3.0.2) and conditions (3.2.2) on « and f3, we get

b+ 7

€

W.

AP +7 < a.|H? +b. +7 <

Since o is small enough, we have :

b + 7

£

R<2|B(1—0) +7o —=2m| fo < =202 fs,

for some positive constant Cy. For k > 2 we have

fo

QOzUWRg < 2a0—|A| |H|? )
= 20fU|A|—250| |
< 20f,|A]?.

We still have to estimate

(3.2.9)

1 [e] o o
R :=2W°72 [(Rl — ERQ) W — alAPRy — am(1 — o)A |H|” — (m — 3 — 4k)| AW | .

Let us call R" what we have in the square brackets. By lemma 3.1.2

1 o 1 o o o 3 )
Ry — —Ry < || + — | |H” + 4| *|h_ | + S |h_ |
m m 2

Moreover |A|* = |hy|* + [h_|* and Ry = |l |* |H|* + L |H|",

R < Ba\;al|2\i:_]2]H]2+§Oz|h_|4\H|2—E’h—|2|H|4
o o o 3 o
+Blha[* + 4Blha |- + Bl

+ (ﬁ —ma(l— o) —a(m—3— 4k:)) b |HI

m
—a(m(l— o) —m+3+4k) |h_|*|H]?
—B(m — 3 — 4k) (|h1\2 + |h_|2> .

Since the pinching condition (3.0.2) holds, we have that

IR o
= (=) (il iR =)

Then we have

R/

IN

1 o o
R +3a (ag - —) (h_[? |H[* + 28 (as - E) (\W + \hf) |H[*

s (0= o P 1A =20 (0 = ) (1l 4 i)

R’+3o¢(a€——) (h_? |’ +2ﬁ(a5—i> (|h1| + |h- I)\HI2

(3.2.10)

—3a(inl* + A= = bo) B [H = 28 (1A + 1) (faf” + B = b
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The hypothesis on a and b gives: a. < 5=, then b, < (m—3—4k) (1 - -L) < X(m—3—4k).
Using these inequalities, together with (3.2.10), the hypotesis on a and 3 and the fact
that o is small, say o < 1—11, we have

R < (B (2% — i) _ % (Tm — 12 — 16k)) |2 | H |
m

+ (3(155 +25 (ae — l) - §ozm —a(m—3-— 4k:)) |f;_|2 |H|2
m 4
+B(2b. —m + 3 + 4k) (|i£1|2 + |f§_|2)

< —GylAPW,
for some positive constant Cy small enough. Then

R=2W°"2R < —2C,f,.

Lemma 3.2.2 We have the estimates:

d | 29 eo  4(m—1) 2 2 912
il < _ N
1) 8t|A| < AJA| o IVA|I” + 2 |A|" |A]7,
2) 9 \H|* > AH|* — 12|H)* [VH|* + il |H|°.
ot - m

Proof.

1) This inequality follows easily for hypersurfaces from lemma 2.4.4, lemma 2.4.5 and
estimate (3.1.9). For higher codimension we use lemma 2.4.3:

o o 1
2|A\2 < AJAP -2 (|VA|2 - — yVH|2)
ot m

1
+2 (R1 — —Rg) + P1.
m m

By lemma 2.4.5 we have

. (NAF L |VHF) < (1 _ mg—”) vap = 2o ap.
m m m

Moreover, using a computation in [Bal, we also have
1 ] o o o 1 o
Ri——Ry < |h|" +4mPh* + [h|* + —|ha|* |H|?
m m
o o 2 2 o o o
< 2(Jlf + 0o ) + = HP (I + 0o ) = 2147 AP
Finally, like in the proof of proposition 3.1.4

Pi < —2(m— 3 —4k)|A]? < 0.

m

Then we have the inequality desired.
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0 0
2) Obviously we have 5 |H|* = 2|H| 5 |H|*. We need once again lemmata 2.4.4 and
2.4.3, together the fact that |A[> > — |H|? and

H|"

° 1 2
2R, — 2|H? (W L |H|2) >2
m m

For hypersurfaces we get

0

§|H|4 = AH =2 |V[HP| —4[HP [VH + 4|H[* (AP +7)
4
> AH[' = 12|H]|VH] + — |H",
m

while for higher codimensions
%]H|4 — A‘H\4—2’V]H|2‘2—4\H|2\VH|2
+2 ’H‘Q <QR2 + QZ(m + 372) (‘Hm“?“*lf + ’Hm+2r‘2)>
> AlH| -~ 12|HEVHE + - |H

O

Now we need the evolution equation for [VH|*. With the same proof of Corollary 5.10
in [Bal, we have the following result.

Proposition 3.2.3 There exists a constant C3 depending only on Mg such that

G,
5 IVH|? < A|VH]? + C5(|H|” + 1) |[VA]*.

3.3 Finite maximal time

Our ambient manifold, CP”, has bounded, but non-costant sectional curvature. This
complicates the equations of evolution of many geometric quantities, as we can see in
lemmata 2.4.3 and 2.4.4. In order to overcome these difficulties, we have to divide into two
cases depending on whether T),,, is finite or infinite. We star with the case T,,.. < oo.
We follow the scheme of the proof used by Huisken [H3] and Baker [Ba] for a similar
problem in the sphere, but some results holds only with the initial hypothesis that T},
is finite. Throughout this section we consider only the pinching condition (3.0.1). This
restriction is essential for the study of the term Z in lemma 3.3.3.
One of the main result of this section is the following
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Proposition 3.3.1 If T,,.. s finite, there are constants Cy < oo and og > 0 depending
only on the initial submanifold Mgy such that for all 0 < t < T, we have

AP < Co(|HI” + 1)1,

When ¢ # 0, the small positive term 20 f, |A|” in 3.2.1 prevents us from using the max-
imum principle. To prove proposition 3.3.1 we procced by deriving integral estimates
and an iteration procedure exploiting the good negative |VH |2 term by the divergence
theorem. First we need a suitable lower bound for Af,.

As in [L.XZ], we have

AJAP > 2|vﬁ|2+2<1§ij,vivjﬁ> 427 — AW, (3.3.1)
where v = y(n) is a positive constant and

2
NITEDS (mhz) oy (z (1, — 1, hﬁ)) |
P

i?j7p7a7ﬂ i7j7a7ﬂ

To understand the behaviour of Z, note that only for hypersurfaces and for any 7},4.,
the pinching condition (3.0.1) implies that the submanifold has positive intrinsic sectional
curvature. Like in [H3], we can use the following algebric property: for any square matrix
M of order m and eigenvalues A\; < --- < \,,, we have that for any i # j

1 2 trM > trM \?
— (trM)” = —2Aixj+(A1+Aj—m_1) +Z(/\l—m_1>
> 2\, (3.3.2)

|MJ*

Proposition 3.3.2 If k =1 there is a p > 0 that for any time 0 < t < Tyee < 00, the
intrinsic sectional curvature of M, satisfies

K > uWw > 0.

Proof. Fix (ey,...,e,) a orthonormal tangent basis that diagonalizes the second funda-
mental form. For any ¢ # 7 the Gauss equation gives

Moreover, by (3.3.2)
1
AP = —— [H> > —2)\), (3.3.3)
m—1
holds. Then we have

1
2Ky > 2—|AP+ ——|H|
m—1
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for every p > 0 small enough. 0

We cannot use directly this kind of arguments for higher codimensions because we can
not diagonalize all together all the tensors h*, for « = m+1,...,2n, but we will prove at
the end of this section that, for big enough time, the sectional curvature of the evolving
submanifold becomes positive.

Lemma 3.3.3 There exist a positive constant p depending only on My such that the
estimate

Z + 2mb|AP? > p|APW
holds.

Proof. Once again the proof for hypersurfaces is much simpler. Choosing a basis
that diagonalize the second fundamental form, using roposition 3.3.2, Gauss equation

and K < 4, we have
- (29
= D AN (A

1<J
= Y KW= X =) K (A
i<j i<j

> uWIA]? — dm|AP = uW — 2bm| AP

For k£ > 2 we need to distinguish the cases H = 0 and H # 0. Let us examine first the
case H # 0. Doing the same computation of [Bal], we have

m+2 e 1 P2 S 2 2
Z>——h ——h ——h h_ —(|h h_ H|”.
" = SJh* il + gy (1) 12
1) /o o
Since (3.2.1) holds, we have |H|? m(m = 1) <|h1|2 +|h_|? - bg> and then
1 —me
m+2 e
Z =z ——|h1| ——|h =l h |
m 2
e (Va1 ) (1 [ = 0.)
T (| P+ A=) (Il + 1]
em? o m—3—3me, o
= '+ Sm———|h|'
2(1 — me) 2(1 — me)
m—2+m€<m+2)° 21> 12 ° 9
hi|*|h—|” — ——=0b:|A|".
2(1 —me) 1A 2(1 —me) =

Since 2m > , there exist p; > 0 such that

(1 me)

Z + 2mb| AP > pi| Al
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By using Young’s inequality on various terms of Z we can estimate
112 2 114
Z > pal AP [H* = pol AT,

for p; and ps positive constants. Combining these two inequalities gives that for any
0<cec<1

Z +2mbl AP > ¢ (pal AP |HP = pol Al + 2mbl A1) + (1= ) (1] A]")

Choosing ¢ = —% we have

7+ 2mb|A]* > ¢ (py |H|* + 2mb) | A%

Therefore the thesis follows for p small enough. When H = 0 we have |A|* = |A|2 <b.<b
and W = (. By a computation in [LL]

3 3 e
Z > —Z A" > —Zb|AP
2 2
Hence we have 5
Z + 2mb| A|* > (Qm - 5) blA]® > p|APW,
for some p > 0 small enough. OJ

Next we derive the integral estimates.

Proposition 3.3.4 For any p > 2 and n > 0 exists a constant Cy indipendent from p
such that

S mwan < o1+ [ W HP s 2 [ v
1
S+ dmb / fodp+ ~CP.
p

Proof. Putting equation (3.3.1) into (3.2.4), we get

Af, > 2WO YA 42w </§1-j, VN]-H> F2WTZ — AW —a(l — )f"

2a(1 — o) fo 2
—T <Vifg, VZ ‘H‘2> + 0620<1 — O—>W ’V |H‘2‘ .

AlH[?

The terms 2VV"*1|fi|2 and o?o(1 — 0)% v |H|2‘2 are positive, so we can omit them.
Thanks to Lemma 3.3.3 we have
Jo

Jo npp = 202 (9., v, )

Af, > 2wl <ﬁij,vivjﬂ>—a(1— 5)12 i

+2pW"|/i]2 —4mbf, —yW?°.
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Note that this is exactly like the case of the sphere, treated in [H3| for hypersurfaces
and in [Ba] for higher codimension, except for the last two terms. So we can proceed like
the old works for the first terms and then study separately last two terms. We multiply
this inequality by fP~! and integrate. By the same computation in [H3] and in [Ba] we
have for any n > 0

o1 ro— +1 _
p/fé’Wdu < <n<p+1>+5>/w L 1|VH!2dM+pT/f52|Vfal2du

+4mb/f§du+7/W"f£_ldu.

In order to estimate last term we use Young’s inequality with conjugate exponents p and

p—1°

P ~1
YW < AW (T_W(H)p +e “’plfé’> , Vr>0.
p p

Choose r such that ’%177“_% = £, then r is bounded by a constant indipendent from p.

Moreover o > 0 but small enough, so we have (¢ — 1)p+1 < 0. W > 3, § is a positive
constant. Then We—Dr+l < gle=1pr+l  Hence we have

%VTP/W(U_I)I’Hd,u < ]%fyrpﬂ("_l)p“vol(./\/lt)

1 1
< ZarPBTIP L0l (M) < ~CP.
p p
where () is a finite constant depending on M, and indipendent from p. O

In the following result the hypothesis T,,,.. < 0o is essential: with this assumption, we
. . . 1
can bound high LP-norms of f,, provided o is of order p~z.

Proposition 3.3.5 There is a constant Cs < oo depending only on Mg such that for all

8 VC
P>~ +1 o< 1P
o 26m\/]_)

(f ) s

Proof. We multiply inequality (3.2.3) by pf?~!, integrate and obtain

we have the inequality

d
[+ po-1) [ VL 2c [[HPWT
< apa [ |HIW S VH| VL] 53 o+ 20p [ AP f2dp

~2Csp [ frdp.
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We have, for any n > 0
o [1HIWIVHI L < apa [ (e (B9 R L9 da

Taking n = }%W%_U and the facts that o |H| < Wz and f, < W7, we have
o [ HIWVH| V] 2 dp
plp—1) [ (a|H] s 2l
< 2D [(GFn) e vnp Wi
8p [ o|H]
p—1 14

p(p—1) p— 2
oo e

=y o \WH P dp

IN

S : / w1 |V H|? dp.

With our choice of p, we have C1p < 2C1p — 2. For the choice of o and 5 (3.2.2), we
have also that [A]* < mIWW, and so

%/fwu+-ﬂ%}Q/?5HVAﬁm+Om/RNWWN1ﬁ1w
< 20p [ |AP frdu—2Cap [ frd
< 2opm [ Wizdu~2Cap [ frd.
Thanks lemma 3.3.4 we get for any n > 0
d D plp—1) p—2 2 2 1r70—1 pp—1
G [n o+ PO [ v e [IVHP W

< dopm

[(n(p +1) +5) / Wol =t |V H dy

1
Iy h /fp 21y 1, du+4mb/fpdu+ Op}

—ﬂbp/ﬁWw
Using n = 2{% and assumptions on p and o, we get
dopm dop(p+ 1 —1
0 s 1)+5) < Crp, 2D 202D
1 2
Then

d _ _
& [ maws . [ pansc,
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_ 16m?2pb - 4
where Cy = L 2CHp and Cy = U—mC’p are costants. Since by hypothesis T},q.

is finite, we have the thesis for a constant C5 indipendent from p. (Il

1 01

Because ¢ has only to decay like p~2 and not like p~", we also get

Corollary 3.3.6 If T,,,. < oo, forallq ,p> ‘gf;, and o < Y2 we have

27/
(/}Aﬁfym)pgcg

Proof. We have |A]> < mW and so

([ 1 f?ﬁdu>; <t ( | qué’du); i ( | ff,’,du)’l’,

where
+_ e '0+p% pv Ch :\/Clp
— 27\/— q27 26\/5'
The assertion follows from Lemma 3.3.5. O

To obtain the proof of the Theorem 3.3.1, we can now procced as in [H3] via a Stam-
pacchia iteration procedure to uniformly bound the function f, when T},,, < co.

Here we establish a gradient estimate for the mean curvature flow. This estimate is
required to compare the mean curvature at different points of the submanifold. First we
need some technical inequalities.

Lemma 3.3.7

2 —1
20 =) 521941 4 G [V AP
3m

a o o
@\H\Q\AF < A(H[IA]®) -
+2[H* |AP 2] AP +m)
for some constant Cg > 0.

Proof. By lemmata 2.4.3 and 3.2.2,

4(m —1
=L v ap

THPIAP < AQHPIAP) —2(V |HP, VIAP) -
—4|AP|VH + 2| AP |H|? (2|A] + m).

holds. Furthermore we have
~2(V[H],VIAP) < 4|H|(|VH|,VIA]*)
S|H||VH||A||VA]

2
< 8|H| /" VAP AP

IN
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In order to estimate this last term we can use Theorem 3.3.1, so there exists a constant
Cs > 0 such that

2 2
e Z Y (R YV ByA

M
- 3m

8|H| /" VAP /Co (JHP +1) =

|H|)? VAP + Cs |[VA”.

Now we consider the function
g=|H?|A]® +2(Cs + 1)|A]%. (3.3.4)

Using lemmata 3.2.2 and 3.3.7, the estimates (m ). > 1 and |H> < m|A]* we get

9 2(m —1) 2 2 2 01211712 2
_ < N 7
50 < o HI VAP + G |VAP +2|AP [H[* 2|A]" + m)
4(m—1 ;
+2(Cs + 1) (——<”;m J19AP + 414 |A|2>

[— 1 o
=D\ AP 4 20AP HP (21AP +m)

IN
B>
Q

|

D g2 ivap
o HIT VA
+8(Cs + 1)|A* |A]”
1 o
Ag— J(H + 1) VAP + 2|4 |AF 2m|A] + Cr), (3.3.5)

IN

where C7 = m? + 4Cs + 4 is a constant.

Proposition 3.3.8 If T),,,. < oo, for every n > 0 small enough there exists a constant
Cy, > 0 depending only on n such that for all time

2 4
IVH|" <nl|H|" + C,
holds.

Proof. Let f = |VH|> + 4(C5 + 1)g — n|H|" wiht 5 > 0. By proposition 3.2.3, lemma
3.3.7 and inequality (3.3.5) we have

o S AF+CHE +)IVAR — (Gy+ D(HE +1)[VAP
+8(Cy + D|AP|A]® (2m |AP +m? + 205 + 2)
- (% H[® — 12 |H] |VH|2> .
By Lemma 2.4.5, the gradient terms are

—([HP + 1) VAP + 129 |H* [VH> < (= [H| = 1+ 4(m + 2)n) |[VA]?,
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that are non-positive for 7 sufficiently small. The remaining terms are

R = 8(Cy+ 1) AP [AP (2m | A + m? + 2C5 + 2) — %” H[°
Using the pinching condition (3.2.1) we have

R < 8(Cs+ AP (a|HI +b) (2ma |HP + Cs) — %” =[S,

where Cy = 2mb + m? + Cg + 2 is a constant. Hence, thanks to Theorem 3.3.1, we get

—0 4
R < 8(Cy+ DG (IHP +1)"7 (alHP +1) (2ma|HP + C) = =L |H]°
< 8(C3+1)Cy (uu — o) (|H” +1) + au"%> (a|H” +b) (2ma|H[* + Cg)
4
~11H[°
S 097

for some constant Cy if p is small enough. Putting these informations together, we have

En f < Af 4+ Cy. Since Th0p, < 00, we can conclude that there exists a constant Cj,

depending only on 1 such that f < (). Then, from the definition of f, we have
IVH|* < [VH] +4(Cs+ 1)g < n|H|"' + C,.
O

As seen at the beginning of this section, when the codimension is greater than 1 we
cannot repeat the proof of proposition 3.3.2, but using propositions 3.3.1 and 3.3.8 we can
prove that, after waitin enough time, the sectional curvature of the evolving submanifold
becomes positive.

Proposition 3.3.9 There is a p > 0 and a time ¥ > 0 such that for any time ¥ < t <
Trnae < 00, the intrinsic sectional curvature of My satisfies

K >uW > 0.

Proof. From Gauss equation we have that

2K;; = 2K, + 2 Z (h‘“ho‘ a)) (3.3.6)

Ay
a=m+1

where Kj;; is the sectional curvature of M, of the plane spanned by two orthonormal
vectors (e;,e;), and Kj;; is the sectional curvature of the same plane, but in CP". The
idea is to use (3.3.2) with only one normal direction: fix a orthonormal basis (e, ..., epn)
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tangent to M, that diagonalize h™ " and let A{"*! < ... < X7 its eigenvalues. Recalling
that K > 1, (3.3.6) becomes

2n o o ] 2
2Ky, > 2420 2 Y (htha ~ (i) )

(A
a=m-+2
1 o
> 24 —— |HP — |l* - 2)h_?
m—1
1 2 L2 ° 2
= 24+ ——|H|"— |hy|" —2|h_
b =y P = Vi = 20
1 2 112
> 24— |H|" — 2|A]". 3.3.7
> 24 e HE 214 (337
By proposition 3.3.1 we get
1 2 2 l1-0o
2K;; > 2+ — |H|" —2C, (|H 1 . 3.3.8
J = +m(m_1)| | 0(’ ’+) ( )
Fix some 0 < p < m, %, then
1 2 2 l-o 2
24— |H|" = 2Cy (|H 1 >2uW =2 H
o1 o(IHI +1) = 2p pla|H* + B),

in the points (z,t) where |H|? (z,t) is big enough. Let H = H(t) = maxy, |H|. Since
Trnae < 00, the flow develops for sure a singularity, then H becomes unbounded as t tends
to T,,... Hence there exists a 9 such that for all 9 <t < T}z

1 -0
24— —2C, (* + 1)1 > 2u(az® + B), N

m(m — 1) <z < (3.3.9)

Fix some 0 < 77 < 3. From Theorem 3.3.8, there is a constant C,, with |[VH| < 1n? |H|? +

C,, for all t. Up to increasing 1J, and hence H too, we can assume that C, < %77211_[ 2 and

so |[VH| < n?H?. Now fix some ¥ < t < T},q, and let 2 be a point on M, where |H|

assume its maximum. Along any geodesic starting at = of length at most r = n~'H~!, we

have |H| > (1 —n)H > H. By inequalities (3.3.8) and (3.3.9) we find that in all B,(z)
72

H
K>uW>ua\H|22uaT>0

holds, with y indipendent of the choice of . Then in B, (z) we have Ric;; > (n—1)22 H?g,;.
Using Myers’ theorem A.0.1 to geodesics in B,.(z) we have that if such a geodesic is long

27-(- . . . . . .
at least & Nk then it has a conjugate point. So if 7 is small, precisely
2 1 o
T - s n < L,
H.\/ua nH 2m

B,(x) covers all M,. O
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To conclude with the convergence to a round point we use theorem 1.0.2 the main
result of [LXZ] there is a constant by > 0 such that if a submanifold of dimension m

satisties
1

m — 1
then the mean curvature flow of this submanifold contracts to a round point (in finite

time). Our pinching condition (3.0.1) says that in general M, does not satisfies (3.3.10),
but we have that it holds on M, for ¢ sufficiently close to T},4z-

|A]? < |H|* — b, (3.3.10)

Proposition 3.3.10 There exist a time 0 < ¥ < Ty sSuch that for all ¥ < t < Tz
(3.3.10) holds on M;.

Proof. By proposition (3.3.1) we have

1 .
|AF—;:jﬂHF+% = AP - [H|* + by

m(m — 1)

< C(HP+1) 7 = L

m(m — 1)

which is negative only in the points (z,t) where |H|* (z,t) is big enough. Using Myers’
theorem A.0.1 exactly in the same way of the proof of proposition 3.3.9 we have the thesis.
O

|H|? + by

3.4 Infinite maximal time

Throughout this section we consider 7},,, = oo and the bigger pinching condition 3.0.2.
In this case, the way to proceed is similar to that of the case T},,, finite, but it is rather
simpler because we do not need integral estimates, as shown in the next result.

Proposition 3.4.1 There are positive constants Cy and oy depending only on the initial
manifold My such that

AP < Co (JH]> +1) ¢!

holds for any time 0 <t < T},4. = 00.

Proof. Using proposition 3.2.1 with ¢ = 0 and the maximum principle, we have that
.fO S C((,)6_6()ta

for some positive constants C{ and dy that depends only on the initial submanifold. Re-
calling that

AP
b= P

we have the thesis for an appropriate costant Cj. O
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Note that this result is meaningful when we can considere time ¢ arbitrarily large,
while it does not say much more than the original pinching condition for small ¢. Like in
the previous section, we can prove that, after waiting enough time, the sectional curvature
of the evolving submanifold becomes positive as consequence of theorem 3.4.1. Since with
the hypothesis T},,, = oo we have an exponential decay, the proof is much more direct
than the proof of proposition 3.3.9 and does not involve Myers’ theorem.

Proposition 3.4.2 There is a p > 0 and a time ¥ > 0 such that for any time ¥ < t <
Trnae = 00, the intrinsic sectional curvature of My satisfies

K> puW > 0.

Proof. Like in the proof of proposition 3.3.9 we have 2K;; > 2 + m(ni_l) |H|” — 2|fi|2. By

the exponential decay of |fi|2 proved in proposition 3.4.1, finally we have

1
2Ky 2+ ———— [H|* = 2C, (|H|* + 1) e

>
- m(m — 1)
> 2uW >0,
for © > 0 small enough and ¢ sufficiently big. O

Now we need to compare the mean curvature in different points of the submanifold.

Like in the previous section we have the same estimate for 5 |H? | AP

Lemma 3.4.3

2 —1
20m =D\ R | AP + G5 [V AP
3m

+2|H* AP(2|AP + m)

a o o
o HI AP < A(H[P|AP) -

for some constant Cg > 0.

Proof. We proceed like in the proof of lemma 3.3.7, but this time we use proposition 3.4.1:
there existis a constant Cs > 0 such that

2
< slH| T2 vAP \Ja(H +1)e?

2 —1
2m—1) \H? VA + Cs VAP
3m

<

Note that this inequality is certainly true if ¢ in big enough, because the exponential
decay. If t is small, the flow can be extended over ¢t because we assumed T},,, = 00, then,
at that time, |H|? is bounded. O

Now we consider the function ¢ defined in (3.3.4). Using lemmata 3.2.2, 3.4.3, the

estimates % > 1 and |H|> < m|A]> we get that also for Thu, = 0o (3.3.5) holds too.
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Theorem 3.4.4 For every n > 0 small enough there exists a constant C, > 0 depending
only on n such that for all time

|VH|2 < (77|H|4+C77) e—&ot/4

holds.

Proof. We proceed in the same way of the proof of proposition 3.3.8, but in this case we
need an exponential decay, hence we define

f=edt/? (|VH|2 +4(C5 + dom)g) — n \H|* .
By proposition 3.2.3, lemma 3.2.2 and inequality (3.3.5) we have

0

5 o o
5 f < Af+ {50 IVH? + 25, (Cs + ym) (]H|2 |A]* 4 2(Cs + 1)\Ay2)] eot/?

+ [—oom(HI® + 1)[VAP + 8(Cy + dom) | A]* | AP (2m [ A* + C7) | €2
2
—o (21t - 121 v E).
m
By lemma 2.4.5, the gradient terms are

5
[50 IVH? — dom (|[H|* + 1) |VA|2} ™2 4 129 |H|? |VH|?

< |:50 350m

2 m+ 2

(|H)? + 1)+ 127 yHF] |VH|? e2t/?

that are non-positive for n sufficiently small. We call R the remaining terms. Using
condition (3.0.2) and the Theorem 3.4.1, we can find a constant A such that

2
R < C()A (|H|2 + 1) (|H|4 + 1) e—&ot/Q . Eﬁ |H|6
2
< {CoA (1P +1) (A 1) e = = |H|ﬂ et/
S Cgef(sot/ll,

for some constant Cy. Note that this is true, because e~%%* is small, for ¢ big enough,

but because |H|* is bounded, for ¢ small. Then we have that there exist a constant C,,
such that f < C),. Recalling the definition of f we conclude the proof. 0

We show that, if T},,, = oo, there are no formation of singularities.

Lemma 3.4.5 If T,,,. = o0, |H|2 18 bounded and then there are no formation of singu-
larities approaching the maximal time.
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Proof. Let by the constant used in the main result of [LXZ] and suppose that |H|* is
unbouded. From theorem 3.4.1 we have

1 o 1
AP — — |HPP+by = AP - —— |HP +b
1
< Co(|HP+1)e % — —— |H*+
- 0(| |+)e m(m—l)’ b

which is negative for ¢ sufficiently big in the part of M, where |H |2 is big enough. Since
in proposition 3.4.2 we proved that the sectional curvature of M, is positive for ¢t big
enough, we can apply Myers’ theorem A.0.1 like in the proof of proposition 3.3.10. We
have that, for ¢ big enough,

1
|A|* — m\H|2+bo <0

everywhere on M;. The main result of [LXZ] says that the mean curvature flow of initial
value M, shrinks to a point in finite time, giving a contraddiction. 0

Now we have all the ingredients to understand the convergence in the case 71,4, = 00.
Since |H|* stay bounded, theorems 3.4.1 and 3.4.4 give that there is a constant C' such
that

AP < Ce™ |VH]P < Ce b1/,

Applying once again Myers’ theorem A.0.1, the diameter of M, is uniformly bounded and
so |H|?,. — |H[>, < Ce %42 Moreover |H|?, = 0 otherwise the flow could only have

max min

a solution on a finite time interval. Then |H|” decays exponentially fast and
2 e, 1 2 —50t/2
A" = [A]" + — |H[" < Cem™",
m

for some positive constant C'. Then

o |ot7"

for some finite constant C. So we can apply Hamilton’s lemma A.0.2 to obtain that
there is a continuos limit metric g;;(c0). It remains to show that the limit hypersurface
Mo is smooth. With a well-known method which dates back to the famous work of
Hamilton [Ha], used in [H1, §10] too, the exponential decay for |A|* gives the exponential
decay for all derivatives V¥A. This finally gives C°—convergence to a smooth totally
geodesic submanifold M. But, since the codimension £ is low, the only possibility is
that Mo, = CP" for some n’ < n as seen in theorem 2.3.3. This means that, if & is odd
this possibility cannot happen and then we have only a singularity in finite time. This
conclude the proof of theorems 3.0.1 and 3.0.3.

oo
0

dt:/ !H!\Aldtgm/ yA\thgmg/ e00t2 < &
0 0
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3.5 Extensions to CROSSes

We conclude this chapter extending the main theorem 3.0.1 to the hypersurfaces of (al-
most) all CROSSes and giving some examples. Let K be the field C of complex number
or the associative algebra H of quaternions and ¢ a positive constant. Let M be a real
hypersurface of KP"(4c), the projective space over K with sectional curvature ¢ < K < 4ec.

Theorem 3.5.1 Let n > 3, ¢ > 0 and M, be a closed real hypersurface of KP"(4c). Let
m the real dimension of My and suppose that M, satisfies

Al < HI* + 2¢ 3.5.1
| Al ,

m—1

then the mean curvature flow with initial condition My has a smooth solution My on a
finite time interval 0 <t < T4 < 00 and the flow converges to a round point as t goes
to Thax-

The proof is the same exposed in the previous sections for the case of hypersurfaces of
CP" = CP"(4). The constants used are

[ 2n—-1 fK=C, d _ [ 2(n+1)ec fK=C,
“l4n-1 ifK=H, ME T A+ 2)e K =M.

Note that, even if we already know that for KP"(4c) there are no totally geodesic real
hypersurfaces, we cannot exclude the possibility that the flow is defined for all time
until we prove that if 7},,, were infinite the flow would converge to a totally geodesic
submanifold. From theorem 3.5.1 follows this classification result.

Corollary 3.5.2 Letn > 3 and c > 0.

1. If My is a closed real hypersurface of KP™(4c) satisfying the pinching condition
(3.5.1), then My is diffeomorphic to a sphere.

2. For any minimal closed real hypersurface of KP"(4c), |A|* > 2¢ holds.

Theorem 3.5.1 is the generalization of the main theorem of [H3] about pinched hypersur-
faces of the sphere to (almost) all CROSSes. Unfortunately, at least with these techniques,
we are not able to find an analogous result for the Cayley plane CalP? due to its fixed
low dimension. We are not able to find an interesting pinching condition preserved by
the flow. In fact the real dimension of CalP? is 16, then m = 15. Moreover the Einstein
constant is 7 = 36. To get an inequality like (3.1.10) in this case, we want to find a
constant A such that

20 (|AJ” + 36) — 60 (]A|2 - % |Hy2) <2X\ (JAf —a|H|” - 1),

which gives
b—30 < A,
2 < —al,
360 < —\b.
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The condition b > 0 is incompatible with this system. Futhermore the class of hypersur-
faces defined with b < 0 is noteless in the sense that such hypersurfaces, in particular,
satisfies

1
|A]? — — |H|* < 0.
m —

Recalling (3.3.3), this means that for every ¢ and j we have \;A; > 0, then the principal
curvatures have all the same sign, that is the hypersurfaces considered are convex. Since
the ambient manifold is symmetric with positive scalar curvature, we can use theorem
A.0.3 concluding immediately that the flow converges to a round point in finite time. We
can see that theorem 3.5.1 is not trivial, that is there are non-convex hypersurfaces in the
class considered.

Example 3.5.3 Consider for semplicity ¢ = 1 and let My a geodesic sphere in CP".
In [NR] it is proved that My has two distinct principal curvatures: Ay = 2cot(2u) with
multiplicity 1 and Xy = cot(u) with multiplicity 2(n — 1), for some 0 < u < 5. For any
u > %, we have Ay < 0 and Ay > 0, so My is not convex. Moreover, it is easy to compute
that in this case condition (3.5.1) is equivalent to

2(2n — 3)

cot?(2u) — 2cot?(u) < 0.
n —_—

Then there are non-convex examples in our class for every n. In the same way a geodesic
sphere in HP™ has principal curvature Ny = 2cot(2u) with multiplicity 3 and Ay = cot(u)
with multiplicity 4(n — 1), for some 0 < u < % (see for example [MP]). Condition (3.5.1)
i this case becomes

3(4n — 5)cot*(2u) — 4(n — 1)cot*(u) +4n — 5 < 0,
so we have non-convex examples in our class for K =H too.

However, even if the initial hypersurface is not convex, it becomes convex approaching
the maximal time.

Proposition 3.5.4 Under the hypothesis of theorem 3.5.1 there is a 0 < ¥ < T4, Such
that for any time ¥ <t < T, My is convex.

Proof. The proof uses Myers’ theorem A.0.1 and theorem 3.3.1 (that holds for any K and
for any ¢ > 0) like in the proof of propisition 3.3.9, showing that for time ¢ close enough
to T;,4 We have

1
AP — — |HPP < Cy(|HP? + 1) —
Ilm_ll\_o(||+) -

everywhere on M. O
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Chapter 4

Cylindrical estimates in CROSSes

In this chapter we focus on hypersurfaces of CROSSes. We consider a class which contains
properly the class studied in theorem 3.5.1: with the further assumption that H # 0
everywhere we are able to classify the singularities for this class. Like in the previous
chapter K is one of C or H. Since the codimension is 1, the mean curvature can be seen
as a function: fix an unit vector field v normal to the hypersurface (up to sign v there is
an unique choice for v), then the mean curvature vector is a scalar multiple of v.

Notation 4.0.1 Only in this chapter we change the notation for the mean curvature. We
denote with H the mean curvature vector and with H the mean curvature function, that
18

H=—Hv.

In [H2] is proved the evolution equation of the function H.

Lemma 4.0.2

%H =AH+H (\A[Z + Ric(v,v)).

The main theorem proved is the following
Theorem 4.0.3 Let n > 4 and My be a closed real hypersurface of KIP", that satisfies

|A]? < |H|” + 4, (4.0.1)

m — 2

then the mean curvature flow with wnitial data My develops a singularity in finite time.
Moreover if H # 0 everywhere on M, then for every n > 0 there exists a constant C,
that depends only on n and M such that

Ml <nlH = =A< AEP+ G, Vi 22, (4.0.2)
for a constant A that depends only on the ambient manifold.

57
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This theorem is a generalization of Nguyen’s result [Ng] on the sphere to (almost) all
CROSSes. Once again the hypothesis n > 4 does not allows us to give the analogous
statement for the Cayley plane.

The first step of the proof is to show that (4.0.1) is preserved by the flow. Since we
assume inequality (4.0.1) on My, by compactness

|A® < a. |H|? + b. (4.0.3)

holds everywhere on M, where this time
1
aezm(1—€>, b5:4<1—5),

for some € > 0 small enough depending only on M. Proposition 3.1.3 shows that (4.0.3) is
preserved by the flow for hypersurfaces of CP", but the same proof holds for hypersurfaces
of HIP" too. Moreover theorem 3.0.3 gives that, at least for K = C, the mean curvature
flow of any hypersurface in the class considered develops a singularity in finite time. The
same proof holds for K = H too. With the further assumption H # 0 we can use the
convexity estimates of Huisken and Sinestrari [HS1] and derive the second part of the
main theorem with integral estimates and Stampacchia iteration on a suitable function.
Theorem 4.0.3 allows us to classify the singularity for this class of hypersurfaces. In fact
condition (4.0.2) means that the only singularities that can occurs are the round point
and the cylindrical singularity.

Note that the hypothesis H # 0 implies that H > 0 everywhere for a suitable choice
of the sign of v. From lemma 4.0.2 is easy to see tha the mean convexity is preserved by
the flow.

4.1 A technical lemma

For technical reason let us introduce the following auxiliary function
2 2

AP = (G ) A

f0',77 = Wl_o. 9

where o and 7 are two positive constant small enough and, likewise the previous chapter,
W = o|H|” + f8 for some positive constants

1 1 3 1

{m—2_m—1_n R R (4.1.1)
41—-¢) <p< 4

For simplicity we denote by fo = fo,. First we derive the evolution equation for f,,.

Proposition 4.1.1 There is a 0 < o1 < 1 depending only on My such in the points

where fon >0

0

200(1 —
fan < Afa,n+¥<ww,wm2>—201Wff1yVH|2

+20(|A|2 + f)fa,n - 202f0,777
holds for all 0 < o < g1 with C; > 0 and Cy > 0 constants.

(4.1.2)
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Proof. Making similar calculations of the proof of proposition 3.2.6 we have

0 2a(1 — o) 9
Efo,n S Afcr,n+T<va,n7v|H| >
W VAP 4 2w LI + fo(l—o)a 1—2omﬂ
m—1 n 0 %74
H|? o
f“" (|A| +7) — (1—a)f‘”7w|/ | (JA]? +7) — 4mWeHA]?
|A? 47 AP + 7
l—o0)——— - [l —0)———
+6(1 - o) Bl - o) =
20(1 — o
— Af(,,ﬁ%(wwwm?}

) L H|*
. o—1 2 o—1 . -
QW VAP 4 2W [—m_ T+ fo(l—o)a (1 200 )]

2801~ )52 (|AF +7) + 20 /0, (AP +7) — 4miV AP

With the choice (4.1.1) of a and § we have fy < 1. Hence by Lemma 2.4.5

) 1 |H’ 2
—IVAP 4+ |+t fo(l —o)ar| 1 2a0 \VH|
1 W
< ;—i—n—I—a IVH|> — |[VA|”
=\ (4.1.3)
1 3 2
< — -— | |VH
< (ot oty sn- ) v
= —C,|VHJ?,
. 3 1 .
with C7 = — —n —a > 0. In order to complete the proof, we need to esti-

m+2 m-—1
mate the reaction terms. Let us call

fan
w

— 26(1 — g)faﬁ (|A| +T) — 4mfgn (% +mn) W‘T—l‘

R = 28(1—0)222 (JAP +F) — 4mW A
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Using conditions (4.0.3), (4.1.1) and the fact that f,, < W?, we get

1—¢
m — 2

fa, 1 1 2
—Am Km—2_m—1_") &l +5}

1
—4 (— —I—mn) |H|? Wt
m—1

R < 2% [5(1—0)(

|H|* +4(1 —¢) + 7‘)]

< 2% [5(1 —0) (7711__52 |H” +4(1 —¢) + f)]
k(-
—4 (ﬁ +mn) |H|” %
< =2Csfop;
for some positive constant Cy for both choice of K if 7 is small enough. OJ

4.2 Cylindrical estimates

From now on consider the further hypothesis H > 0. Once proved that there is a sin-
gularity in finite time, in this section we want to show that if the hypersurface does not
become spherical then it becomes cylindrical. The strategy of the proof is inspired by
analogous problems in [HS2, Ng| and consists in showing that the function f,, introduced
in the previous section is bounded. This will imply the following result.

Theorem 4.2.1 Let n > 4 and My a closed hypersurface of KP™. If Mg satisfies con-

ditions (4.0.1) and H > 0, then for any n > 0 there exists a constant C, depending on n
and the initial data such that

1
AP — ——|H*<n|H*+C
AP~ L |HP < nlHF + G,
for every time t € [0, Tpnaz]-
The above theorem has this simple and meaningful consequence.

Corollary 4.2.2 Under the hypotesis of theorem 4.2.1, for every n > 0 there exists a
constant C,, that depends only on n and My such that

IA\| < nH = (N — X)) < AgH? +C,, Vi j > 2, (4.2.1)

for a constant A that depends only on the ambient manifold.
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Proof. The following identity holds in general

1 1
AP = —— |H = —— A = A2+ M(mA — 2H 4.2.2
- m_l(kZKj( 3P+ M(mAs = 2H) | | (42.2)
where \; < --- < )\, are the principal curvature of M;. Then for every i > j > 1 we
have

1
Mi—X)<(m—1) (\A|2 -— \H|2) — M\ (mA\ — 2H).
m —_—
Using theorem 4.2.1 and |A\;| < nH we have
(N = X)* < (m—1) (n|HI> + Cp) +n(mn +2) |H?,
that is the thesis for suitable constants A and C,,. OJ

The meaning of this corollary is that, if near a singularity, the first principal curvature
is small compared to the others, then after rescaling the \;’s, with ¢ # 1, become close
each other, that is the profile of the singularity is a cylinder.

Hypotesis H > 0 allows us to use the Huisken-Sinestrari convexity estimates proved
in [HS1] for the Euclidean space, but, as the authors said, it works in a general ambient
space with small changes in the proof. Let us call Sy the k-th elementary symmetric
polynomial evaluated at the principal curvature of an hypersurface. Explicitly

Sk - E )\11)\Z2>\Zm
1< <o <<t <m

Theorem 4.2.3 (Huisken, Sinestrari) Let Fy : M — KP"™ a smooth closed hypersurface
immersion with nonnegative mean curvature. For each k, 2 < k < m, and any n > 0
there is a positive constant C,, , depending only on k,n, the initial data and the ambient
space, such that everyhere on M X [0, Tynaz| we have

Sk Z —?7Hk — ka.
In particular it follows this bound on the first principal curvature.

Corollary 4.2.4 Under the hypotesis of the previous theorem, for any n > 0 there is a
C,, such that
)\1 2 —T]H — Cﬂ’

everyhere on M X [0, Tpnaz]-

To prove that f,, is bounded we want to use integral estimates and Stampacchia
iteration like for the proof of theorem 3.3.1. First we need a lower bound for A |A|2. We
recall the computations done in the previous chapter:

A AP =2(hy, ViV, H) + 2|VAP +2Z + 2 (Hh Roio; — |A|* Ryy')
+ 4 <hijhijplil — hijhlpRpilj)7

4 (hih Ry = WOR Ry ) > 4ml A > 0,

2 (Hh”ROZO] - ‘AF ROZOZ) 2 —Cgm
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Where Cj5 is some positive constant. Since we consider only hypersurfaces, Z has the
simpler form: Z = (trA)(trA3%) — |A[*. Then

A AP > 2/(hyj, ViV H) + 2|VA] + 27 — 2C5W. (4.2.3)
We cannot prove thate Z is nonnegative, but combining the pinching condition (4.0.1)

with the convexity estimate 4.2.4 we have the following inequality for Z which shows that
the negative part is of lower order.

Lemma 4.2.5 Assuming the pinching condition (4.0.1) and H > 0, there is a constant
v depending only on n and My such that for any n > 0 there exists a C,, such that

1
2 2 9alt (JAR = L HE = nlHE) = G (14 1).

In particular there is a constant K, such that
Z>AW?fo— K, (H* +1). (4.2.4)

Proof. Suppose A\; < 0 otherwise the hypersurface is convex and this estimate has been
proven in [H2]. Chosing a basis that diagonalize the second fundamental form we have

Z = ) A=\
i<j
= D AN =)+ ) AN (=)
j 1<i<j
The way of treating the second term is suggested by the following: for every distinct index
i, 7, k we have

1 H \?
|A|* — — HI” = —2(0A + Xk + M) + (/\i A+ A — —)

m— 2

S (M—%)z (4.2.5)

14,5,k
> =2(N A+ N+ A )

We decompose
DTN M=) = D) N A+ 2) (N = A
1<i<y 1<i<y

= A +2) (= N)*

1<i<j

From (4.0.3), (4.2.2) and (4.2.5) we have
D+ A+ A +2) (A — )

1<i<j

>_ Y - - —_ — —
(44 g 1P =147 fon =1 (148 = L 1) = Ay s — 20

-2
e(m—1) 5 2 1 2
“2(m—=2)(m—2+¢) H] (‘A’ _m—luﬂ)

)\1 1 2 2
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ge(m—1)
2(m —2)(m —2+¢)a
A > —n'H — C,y. Since \; > Ay, then A\; + A; > 2);. Moreover from pinching condition
(4.0.1) we have

Let v = . For any fixed > 0, by 4.2.4, there exists a C,y such that

o 2
N — M) < N —\)2=mlAP < H|* + 4m.
Z( J)_Z( i) m||_m_2|\+m

1<i<j 1<i<y

Using these inequalities we get

= i) +2) (= )

1<i<j

> @MW H+Cp) —2) Y (A=A

1<i<j

1 1

Collect all the terms multiplied by A;:

) 1
A [4(77 H+Cy) (m HI? + Zm) + Z A\ = A))?
J
1

1 2 2

Once again we estimate Ay > —n'H — C,y. Since H > 0 we have that for every i

1 2
H+2) ,

m— 2

N2 < AP < !H!2+4§(

1
vm — 2
then

A < H 42,

1
vm—2

Futhermore Z()\l — )\;)? <m|AJ]*. Hence for the terms in square brackets we get

J
DN =N < D (=N
j j

m, |A”

( ! H+2>( 1 |H]2+4>

m S )
vm—2 m —

— |4+ ——|H|"—|A 2H —
5 (14 55 1 = 14F) @2t = mA)

1 1
<—<4+—|H|2> <2H+ o |H|2+4m).
m

m— 2

IN

IN

and
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Putting together all these informations we have that, for every ' > 0
2 2 1 2 1 2
Z > ~yalHI (A" — ——|H|]" ) —4| ——= |H|" +2m
m—1 m — 2
1
- (n,H - Cn/) |:4(77/H + 077') <m |]’I|2 + Qm)
+ ( ! H+2) ( ! |H|2+4)
m ——
vm —2 m— 2

1 1 m
-4+ ——|H]) | 2H + |H|* +4m ) |.
2 m — 2 m — 2

Finally for any n > 0 we can find an 1’ small enough such that the terms of degree 4
in H in the formula above are bigger than —~y (ﬁ + n). Moreover there is a constant
C,, such that the lower-order terms in H are bigger than —C, (H* + 1). In particular,

1

Ja|H? (|A|2 L
m

— [H = |H|2) = 1W2fo =BV fo.

By the pinching condition (4.0.1) we have
YW2fo = BW fo <AW2fo —5(1H* + 1),
for some positive constant 4. The thesis follows for a suitable constant K. O

Since we want to prove that the function f,, is bounded from above, we focus on f
the positive part f,,.

Lemma 4.2.6 There are positive constants Cy and Cs such that for every 6 > 0 the
following holds:

1
C4/Wffidu < (1+5)/f§1WU—1|VH|2dM+5/f£Qnyg,anHcs.

1
Proof. For any n > 0 we call h?j = hi; — (m + 77) Hg;;. From the definition of f,,

and estimate (4.2.3) on A |A|” we have

Afoy > 2W7 N (WL, Vi V;H) +2ZW 1 — 205W°

—2(1 — 0)%AH —4a(l — J)% (ViH, N fon) - (4.2.6)

From now on, we consider only the postive part of f,,. We multiply by f_’fl and
integrate. Since

/ FA = —(p— 1) / 29 F R dp
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from (4.2.6) we have

/ 2Z P Woldy < / 2Cs f2 " Wdp — / W (B VY H ) dp
P p—1
—o) [ R atdp s a0 -0) [Hm v s dy

1) / RV P

Integrating by parts we have

Z]’

/2#’ W (R, ViV H ) dp = 2(p— 1) /fp ‘Wt ViHY  f1) dp

ViHV;H) dp

Z]’

—4a(1—0)/H W2 (bl

+2/f§—1W0—1 IVH|? dp.

Using the fact that o |H|* < W and foy < W and itegrating by parts again we have

fLH _ Hf /ffi 2
/ Sady = —p [ T Ydu— [ 12 VH
HI? P
+2a/| V|V2f+ IVH|* dy
afr! /4 2
p / B v, v 1) dy / TE VAP d
L A——

D H p—1
= [ L wnpa—p [T v

IN
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Then
/ 2Z 1 W tdy < / 2C5f27 ' W7 42 / W\ VH | dp
(p—1)/ Wt (L VG HY  fy ) dp

7,]7

—4a(1 — g)/Hfﬁ—lvv” (R,

14 2
+2(1—0) [ 1= [VHP dp

—zp<1—a>/H§§_< VEL dp

p—1
+4a(1_0)/HI]:[J/r (V:H,V,fi)du

=) [ 1V ol d

Now we split the gradient terms into two types: |VH|* and |V fy||VH|. We have
H < CV/W for some constant C, fy < 1 and fon < W7, then
|22 (RLL VHY D] < A oW E [V L [V
Wz V| [VH]|
VWTE V][ VH],
H N foWo ™12 VA
Cre W [ VH[,

IN

|H 2 W2 (b, V;HV ;H)|

7/]’

IA A

fp 1f+ <f_;|)_ 1Wg 1
Hf

<V’LH7 V’Lf+>

IN

H Pt
]L \va

< Cffﬁ”W’? VflIVH],
for some constant C'. Hence the first type terms are
P
2/f_{—1WU—1 IVH? dp +2(1 — a)/fw+ \VH| dp

VZHV]H> d,u,

’L]’

—4a(1—a)/H w2 (Y

which are smaller then C' [ fle"_l |\VH |2 dp for some constant C'. The second type
terms are

p—1) / e hZ,VHVf+>du—2p1—o/ (VH,Vf+>du

) dp

+4a 1—0
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which are smaller then 2C' [ fﬁ_lw_% IV fi| [VH| dp. We use Young’s inequality on this

integral, then for every 6 > 0 we have
1 1
2L WL IVH] < ST W VHE + S 27 [V o

Now recall lemma 4.2.5, then for H big enough we have that Z > yW? fo— K, H*. Multiply
by 2Wo=1f2~1 and integrate, we get

2 _ -~ 1 _
o [wean < qvo) [rrwe wEP g [ 5V

2C’
= /fﬁ "Wedu + —/f_f "WetH3dp.
We estimate [ f2~'Wdu and [ f£~'We ' H3dpu like similar terms in the proof of lemma
3.3.4.
By Young’s inequality, for any r > 0, we have
—p
Py _ pyle=bp |
v )
H?\?
Moreover H? = (Oé ) < of%W%, then for any s > 0 we get
«

Njw

3
Plwelg < am: Aot

721 —p
< a‘%W 5 fJIijLS_M/(Ufi)p
2 2
C Ko~ 3 T
Fix » = s such that 63 + "g 2) ! 5 =0 Furthermore we have that o is small,

then (c —1)p+1 < (0 — %)p +1<0, W > f, 8 is a positive constant, then by lemma

2.4.3 we have
2K r—P 1
4 o wile— 1)P+1d n _W(U*§)P+1d
C / 2 : +oa3/ 2 .
< r-

? Caplo—brtt 4 %6(0*%)1%1 vol(M,)
o2
- K,
<[ cyple-vrit _;75(0—%)1’“ vol(My) =: Cs.
o2
Choosing Cy = & we have the thesis. 0

Since we have already proved that T),,, is finite, we can bound high LP-norms of f,

provided o is of order p~ 3.
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Theorem 4.2.7 There are positive constants Cg, C7 and Cy depending only on M such
that for allp > Cy and o < <&
1
( / fﬁd/i> < Cs.

VP
holds.
Multiply inequality found in theorem 4.1.1 by p fi_l and integrate, we have

/ﬁwu+p«—1/j VL d - 2Cop [ W V] dy

LV £yl IVHIdu+2p0/(|AI +T)f$du—2p02/fidu

<4p/W

Now we can proceed in a similar manner of the proof of theorem 3.3.5 to estimate
/W YV IVH] dp. We get

—1 _ _ _
o [ e P2 [ s P o [ grtwen i

< 2pa/ |A]? f2dp 4 2p(oF — Cg)/fﬁdu.

From the pinching inequality (4.0.1), |A|*> < mW. Then, by lemma 4.2.6,

2p0/|A|2ff;d,u < meU/Wff;d,u

SmeU {(1

o 1 _
5)/fﬁ twe 1|VH|2du+5/fﬁ IV foml dpp 4 Cs

4

If p is big enough and o is small enough, we can find a § such that

plp—1) _ 4opm

2 A Oy
Cip > apm<1+6).
4

20pm

Define Cy = 2p(o7 — Cy) and C =

ch Cs, then we have

9 _ _
o [ avsc. [ panscn
Since T},4. < 0o we have the thesis. O

This result, together a Stampacchia iteration procedure, gives an uniform bound of
the function f,,. This prove theorem 4.2.1 and so we have the validity of the corollary
4.2.2 too. Then the proof of theorem 4.0.3 is conclused.
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4.3 Gradient estimate

To conclude the study of the singularities we need an estimate for the gradient of the
second fundamental form. It allows us to comapre the norm of the second fundamental
form in different points of the submanifold giving that the cylindrical estimate 4.2.2 holds
not only in the singular point but in a neighborhood too. First we need the evolution
equation for the gradient of the second fundamental form as in [Ha, H1].

Lemma 4.3.1 There is a positive constant Cg such that

% VAP < AVAP = [V2A] + Cy (JA] +1) [VA]
holds everywhere on My, for any 0 <t < Ty40-
The principal result of this section is the following gradient estimate.
Proposition 4.3.2 There is a positive constant Cq such that
IVA]® < Cro(JA* + 1)

holds everywhere on My, for any 0 <t < Thae-

1 3 1
Proof. The proof is inspired by theorem 6.1 of [HS2]. Define k,, = = — .
2\m+2 m-—1

It is a positive constant. Cylindrical estimate 4.2.1 with n = k,, says that there is a
positive constant ¢, such that

1
(— + k:m> |H|” = |A]? 4 ¢ > 0.
m—1
Define the following functions:

1
@ = (— + km> |HI” — |A]” + 2¢m;

m—1
B o= S HE AP+ 2,
m 4+ 2

then g2 > g1 > ¢, > 0 and for every ¢ g; — 2¢,, = 2(g9; — ¢n) — 95 > —g;. For short set
1

— + k&, if i=1,
a; = m— ]3
R if 1=2.
m+ 2
By lemma 2.4.4 we find that for every ¢ we have the following evolution equation:
0
50 = Agi—2(a IVH” — |VAP?)

120, |HP (JAP +7) — 2| AP (|A]? + 7) + 4m| A]?
= Ag —2(a;|[VH]> = |[VA]®)
+20,(|AP + ) — dea(JA]? +7) + 4m| A%
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From lemma 2.4.5 in particular we have

0 2

50 2 Agi+ (m+2)kn VAP - 2|4 g1, (4.3.1)
0

592 > A92—2|A|292- (4.3.2)

For every functions f and g we have the following general formula

20202 ()2 (8r-)- (o).

2
[VA] . We use twice the formula (4.3.3): for

We want to find the evolution equation for
9192

the first time consider f = |[VA|* and g = ¢;. From lemma 4.3.1 and inequality (4.3.1)

we have
2
o (Iv4 VAP s
ot [} g1 91 g1
1
+ = (—2 VA + Co(|AP +1) |VA|2>
g1
VA
_Ivar (( 2 (VAP 2|A|291).
91 3

From Schwarz inequality and Young inequality we have

2
— V2" + <Vg1,V ('VA| >> = — V24" - l2 \VH? |V |” + il (Vg1,V|VAP)

a1
< - |V - |VH! Vil + - Vol [VH| V1]
1
S—’V2A ——Q‘VH’ ]Vg1| +—(—|V91‘Q‘VH|2+91‘V2H}2)
g1 g1 \ N
<0
Then
d [|VAP? IVAP? VAP, s 2 |VA|
— | — | -A| — | <(Cy+2 A—i—lVA—— + 2
&s(gl) (gl (Co+2) = (1A + 1) VAP = S0 + 2k

(4.3.4)



4.3. GRADIENT ESTIMATE 71

Al
Now we apply again the general formula (4.3.3) with, this time, f = % and g = go:
1
from (4.3.2) and (4.3.4) we have:
o [|VA]? VA|? 2 VA
o (VAP (19AF) 2 o (VAP
ot \ 9192 9192 92 9192
1 VA|? 2 vA|* VA
< — | (Cy+ 2)u (AP +1) [VA]? = Z(m + 2)k:m| - | + oIVAL |A?
92 g1 3 91 9192
VA? 2 VA
< (Cy + 4 A2+1|———m+2km .
(o + (AP + DT~ S 2k

Using the pinching condition (4.0.1) and choosing a ¢, sufficiently big, there is a positive
constant Cg such that

m + 2
> CHAP +1).

2 2 2
o (VAR _y(19AP) 2 /g o (194
ot 9192 9192 g2 9192

VAJ? VAJ?
g(yA|2+1)| | <09+4—q;| ').
9192 9192

g > (M — 1) |A]? 4 2¢,, — 4(m — 2)

Hence

From the maximum principle it follows that

2
VA < maz (m Cy +4> ,

9192 v Cy
VAP VAP .
where my = maz . In any case the function is bounded. Together with
9192 9192
the inequality |H|> < m|A|* we can conclude that there is a positive constant Cyy such
VA
that VAL < ¢y, (JA|* + 1) holds. O

9192
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Chapter 5

Mean curvature flow and
Riemannian submersions

We consider submersion defined by the action of a group of isometries : let G be a Lie
group acting as isometries of a Riemannian manifold (M, gx7). Suppose that the quotient
space, obteined identifying the points of a orbit of the action of G on M, is a smooth
manifold B = M/G and consider the induced metric gz on it. The natural projection
7 : M — B is a submersion with fibers the orbits of G. If the action of G is free we have
the well-known principal bundles. In this case the fiber of 7 are isometric to the group G.

Lifting a submanifold of B we have a submanifold of M G-invariant, vice versa pro-
jecting a G-invariant submanifold of M we get a submanifold of B. We want to study
how the mean curvature flow is related to a submersion, in particular we show a sufficient
condition for the mean curvature flow commutes with the submersion.

Theorem 5.0.1 Let 7 : M — B = M/G a submersion. If © has closed and minimal
fibers then the mean curvature flow of any closed submanifold commutes with the submer-
sion. More precisely let My is a G-invariant submanifold of M and By is a submanifold
of B. If m(Mg) = By then the mean curvature flow of Mgy and By are defined up to the

same mazimal time Ty, and m(My) = B, for any time 0 <t < Tpaz-

Note that consider closed fibers and closed initial immersions guarantee the uniqueness
of the solution of mean curvature flow of the submanifold By and its lift.

Lemma 5.0.2 Let Fyy : M — M be a closed immersion and @ an isometry of M, then
© commutes with the mean curvature flow. Formally if Gy = ¢ o Fy and F; and G; are
the evolutions of Fyy and G respectively, we have that Gy = p o F; for any time t that the
flow is defined.

Proof. Since ¢ is an isometry we have

0 o
5 (Po F)(p,1) = . H" (p,t) = HF (p,1),

73
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where HY is the mean curvature vector of ¥ for any immersion ). Then o F} is a solution
of the mean curvature flow of initial data ¢ o Fy = Gy. For the uniqueness of the solution
we have the thesis. O

It follows immediately that

Corollary 5.0.3 Let Fy and ¢ like in the statement of Lemma 5.0.2 and G a group of
isometries of M. We have

1) if Fy is p-invariant, then Fy is @-invariant for any t,
2) if Fy is G-invariant then Fy is G-invariant for every time t.

Proof of Theorem 5.0.1. Let Fy : B — B and F}, : M — M two immersions for By and
M, respectively. By hypothesis we have that F{ is G-invariant and 7 o Fj; = Fy o w. The
crucial point is that, since the fibers are minimal, we have that H’ is basic and is mw-related
with H, where H is the mean curvature vector of any submanifold of B and H' is the
mean curvature vector of its lift to M. In fact H’ is horizontal because it is normal to
M. Moreover let (X,...,X,,) alocal orthonormal frame tangent to B around a point p
and consider (V,..., V) a local orthonormal set of vertical vector fields. Then around
any point ¢ of the fiber 7=1(p) we use the orthonormal basis (X{7,..., X7 Vi,...Vy)
tangent to M. By (2.2.2) and (2.2.3) we have

H*zzﬂmﬁxf+ZAmm

::ZA&X +2Amm

:<2A&X> <2Am%>

If the fibers are minimal we get H' = H”, that is H' and H are 7- telated. In particular
7T*H/ H holds. Now let F; the evolutlon of Fy, F/ the lift of F}, F' the evolution of F{

and F} the projection of F /. We want to prove that F} = F} F/ and F, = F,. By construction

we have that for any t
noF)=F,om, (5.0.1)

and F} is G-invariant. Then in particular H’ is horizontal. Deriving (5.0.1) we have

) B ,
W*EF{ = &(Ft O7T> =H= 7T*H .

0
Then —tFt' = H' + V' for some vertical vector field V’. Since F] is G-invariant, V"’ is
tangent to F/(M'’). Therefore
a J_
F/| =H.
Qt>
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This means that, up to a tangential diffeomorphism, F is the solution of the mean
curvature flow of initial data Fj. Then F} = F/. Vice versa

0 [~ 0 ~ 0 ~ ~

— ( F 07r> = — (ﬂ'OFl) =n.—F =r.H.

ot ( ! ot t ot !
Corollary 5.0.3 says that ﬁt’ is G-invariant as its initial data F{), then 7. H' = H, the mean
curvature vector of F;. Then F; is the evolution of initial data Fy, that is F; = F; for any
time t. 0

Remark 5.0.4 If fibers are not closed could happen that there are no unique solution of
the mean curvature flow of the lift. But if they are minimal, the same proof given for
theorem 5.0.1 shows that the lift of the mean curvature flow is, in any case, a G-invariant
solution of the mean curvature flow. In the same way the projection of a G-invariant
solution is again an evolution by mean curvature. Then if the projection of the initial
data Mg is a closed submanifold By then there exists only one G-invariant solution of
initial data M.

5.1 Examples and applications

A trivial example is given by the product manifold: consider a Riemannian manifold
(M, g57), a Lie group G endowed with a left-invariant metric g and the product manifold
(M x G, gx1 + 9c). The projection to the first factor 7 : M x G — M is a Riemannian
submersion with fiber isometric to G and totally geodesic. In this case the lift of a
submanifold M, of M is My x G and theorem 5.0.1 says that the mean curvature flow
of My x G is given by M, x G, where M, is the evolution of M, in M. Moreover in this
trivial case the mixed terms A’(X, V) = 0 for every X horizontal and V' vertical.

Notation 5.1.1 For any submersion © considered below (Xi,...,X,,) denote a local
orthonormal frame tangent to a submanifold of the base space around a point p and
(Vi,..., Vi) is a local orthonormal set of vertical vector fields. Then around any point
q of the fiber 7=1(p) we use the orthonormal basis (X{*,..., X7 Vi,...Vy) tangent to
the lift of the submanifold. Moreover (&1,...,&) is a local orthonormal frame normal to
a submanifold of the base, then (£/7,...,&7) is a local orthonormal frame normal to the
lift of the submanifold considered.

One of the best known examples of submersions is the family of the Hopf fibrations
introduced in section 2.3. Let us consider the Hopf fibration 7 : S**»*! — CP". In this
case V = Jv is the vertical unit vector field, where J is the complex structure of C**! and
v is the outward normal unict vector field of the sphere as submanifold of R?"+2 = C"*!.
Let By a submanifold of CP" of dimension m and codimension k& and M, its lift to S?***.
The fibers S' are geodesics, hence of course minimal. For every i define J& = —U; + N;
where Uj; is tangent to By, while N; is normal. As shown in [O] for every horizontal lift
we have

AV =V x e (Jv) = IV v = A TX = (JX)"
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where with J we denote both the complex structure of C*™! and the one induced on CP™.
If X is tangent to My then A’(X, V) is an horizontal vector field then, by lemma 2.2.3

AX, V) = (AxV) = (JX)*
= Zg (JX, 67"

= - Zg ng z
= Zg(x, U7 )e”
Togeter to (2.2.2) that holds in general we have
AT = AP+ 23 U] = AP +2) |

For any A > 0 we can consider gy, the metric on S?**! obtained deforming the standard
metric of constant sectional curvature via the canonical variation of the Hopf fibration.
Respect to this metric, a unit vertical vector field is V), = A2 v, then with the same
computation seen above we have that

A = AP + 2272 ) |Uf.

Then, for any A > 0
AP < AP < AP + 2\ 2codMy = |A* 42X 2 codB,

holds, with |A’|* = |A|” if and only if U; = 0 for every i, that is By is a complex submanifold
and hence minimal, and |4']> = |A]> + 2A~2codB, if and only if U; = —J&7 for every i,
that is By is a CR-submanifold of CR-dimension m — k. Obviously since m,H' = H and
H' is horizontal we have that |H’|> = |H|* in any case.

In the same way we can study Hopf fibration 7 : $***3 — HP". In this case the
fibers are S® which are totally geodesic. Let J;, J, and J3 the complex stuctures of H"*!
given by the multiplication of the quaternionic imaginary units. Then (V; = Jiv, Va =
Jov, V3 = J3v) is an orthonormal basis of #. Following the same notations and the same
computations of the previous case we define for every ¢ and « define Ja@%) = —U;a + Nio
where U, is tangent to M, while N,, is normal. Moreovere

Ay Vi = (J,X)7

and
Zg (X, U%

Then we get

AT = AP+ 23 |0 ) = AP +2) " Ul
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The canonical variation of this Hopf fibration gives a second family {gx},., of metric on
S#+3 Likewise to the previous case we have

A = AP + 2072 ) U
Then for every A > 0
AP < |A) < AP 4 6 2cod M = |A]* + 6A~2codBB,.
As application of theorem 5.0.1 we have the following results.

Proposition 5.1.2 Let My be a closed S'-invariant hypersurface of (S**1,gy), with

n > 3. If My satisfies
1

2n — 2
then the mean curvature flow of My develops a singularity in finite time and converges
to a S, then such an My is diffeomorphic to a S*' x S?"~1.

1A' < |H'|” +2+2)\72, (5.1.1)

Proof. Considere the Hopf fibration 7 : S?**! — CP". Since M, is S' invariant
we can project it to an hypersurface By of CP". For hypersurfaces we have necessarily
|A’|? = |A]* + 2\~2. Then B, satisfies

A]? < |H|? +2

2n — 2

By theorem 3.5.1 the evolution of B, converges in finite time to a round point p. By
theorem 5.0.1 we have that the mean curvature flow commutes with 7 then the lift of
the evolution of By is the evolution of M,. We have the convergence in finite time to
7 (p) =S O]

Note that, for A = 1, the pinching condition 5.1.1 is the same studied by Nguyen in
[Ng]. We reached a similar result: a cylindrical singularity. Note that Nguyen used the
further hypothesis H # 0 everywhere, while we have the S'-invariance. In our case we
have a more complete result, in fact we found the global behavior of the evolution and
not only around a singularity.

Proposition 5.1.3 Consider My a closed S'-invariant submanifold of (S* 1, gy) of di-

mension m and codimension 2 < k < 2"5_3 satisfying the pinching condition

1 o m—4—4k
H _.
m—2‘ "+ m—1

A]” <

If k is odd, the evolution by mean curvature flow of My converges in finite time to a S*,
while if k 1s even one of the following holds:

1) the evolution of My converges in finite time to a S,
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2) the evolution of My is defined for any time 0 < t < oo and converges to a smooth
totally geodesic submanifold, that is an S*"~*+1,

Proof. Projecting M, via the Hopf fibration 7= to CP", we have a closed submanifold
By = m(M,) of dimension m’ = m — 1 and codimension k' = k. Hence By satisfies

m' — 3 — 4F

AP < —— 1P+

m' —1

Then the thesis is a consequence of theorem 3.0.1 and theorem 5.0.1, since 7+ ((C]P’”’§> =
q2n—k+1 0

Proposition 5.1.4 Let M, be a closed S3-invariant hypersurface of (S*™*3,gy), with

n > 3. If My satisfies
1

dn — 2
then the mean curvature flow of Mg develops a singularity in finite time and converges
to a S3, then such an My is diffeomorphic to a S3 x S™~1.

|A']? < |H'|> +2+6)"2,

Proof. This time consider the Hopf fibration 7 : S¥*3 — HP". We can project M,

. 1

to an hypersurface By of HP". For hypersurfaces we have necessarily |A’)* = |A|* + 61~ 2.
Then B, satisfies

A < |H|? + 2.

dn — 2
Applyng again theorem 3.5.1 and theorem 5.0.1 we have the thesis. U

Note that for S**3 we have both Hopf fibrations: m : S+ — CP*"*! and w5 :
S#+3 5 HP". Considering only the case A = 1, we have that §; = ¢ is the standard
metric on the sphere. Moreover S! is a subgroup of S?, then if a submanifold of S***3 is
S3-invariant, we can project it both to CP?"*! and HP". Putting together propositions
5.1.2 and 5.1.4 we have a negative result.

Corollary 5.1.5 There are no closed S®-invariant hypersurfaces of S**3 such that
1
AP < —|H'|? + 4.
4n

Proof. If such a hypersurface exists, propositions 5.1.2 and proposition 5.1.4 can be
applied together giving a contradiction. O

A further example is the submersiond p : CP?"™! — HP" described in [E2]: it is the
submersion that makes commutative the following diagrams

S4n+3 ™ ; (C]P)2n+1

T2 N\ P (5.1.2)
HP"



5.1. EXAMPLES AND APPLICATIONS 79

where m; and m, are the usual Hopf fibrations. The fibers of p are CP! = S?(4) and
hence they are totally geodesic by theorem 2.3.3. The commutativity of (5.1.2) and the
results obteined before for Hopf fibration gives that when we lift an hypersurface of HP"
to an hypersurface of CP?"*! via p we have that [4'|* = |[A|> + 4. In the same way of the
previous propositions we can prove the following result.

Proposition 5.1.6 Let M be a closed CP'-invariant hypersurface of CP*" 1. If M,

satisfies
1

4n — 2

then the mean curvature flow of My develops a singularity in finite time and converves
to a fiber CP!, then such an My is diffeomorphic to a S* x S¥1.

1A' < |H'|” + 6,

Note that we obtain the same result if we lift an hypersurface of HP" satisfying |A|2 <
4n1_2 |H |2 + 2 via my to an hypersurface of the sphere, or if first we lift it to CP?*™! via p
and then via m; to the sphere.

The examples seen before are all principal bundles with compact fibers. An interesting
case with non-compact fibers comes from the Heisenberg group H" (not to be confused
with the algebra of quaternions!). The Heisenberg group is the Lie group of dimension
2n+1

1 ada c
H" = 0 I, b' ||abeR" ceR
0 0 1

endowed with the matrix product. The exponential coordiantes give an other model more
useful for computations: H" is the Lie group R?® x R endowed with the following product:

1
(w2t ) = (o oy o242 4 5 () = ).
where z, 2, y,y' € R", 2,2/ € R and (-, ) is the Euclidean scalar product of R". Respect
to these cohordinates (x,y,z) = (Z1,...,%n, Y1,---,Yn, 2) We define the following left
invariant vector fields on H"™:

_ 90 1.9
]_8xj 2y]8,z’
0 1 0

0

0z

Declaring orthonormal the basis (X;, Y}, V); we have a left-invariant metric g on H". On
C"™ consider the Euclidean metric, then

mi (@, 2) € H o (2 4 iy) € C
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is a Riemannian submersion. The fibers are the vertical line:
7 (20 + iyo) = { (w0, Y0, t)|t € R}.

Moreover ¥ = span (V') and 7 = span (X;,Y;),_, . The structural group is the group
of vertical traslations, that is the multiplication by a point of the tipe (0,0,%). It is a
group of isometries and it is isomorphic to (R, +). The Levi-Civita connection associated

to ¢’ is determined by

_ _ 1
VY, = -VnX; = SV
_ _ 1
ViV o= WX, = Y,
_ _ 1
Vo= WY = X

and zero for all others pairs of vector of the basis (X]-,Yj,V)j:1 7777 .- A proof can be

found in [Ma]. In particular ViV vanishes, hence the fiber of m are geodesics. On the
horizontal distribution . we have a complex structure J defined on the vector of the
basis by JX; = Y, and JY; = —X; for all j. Then more succinctly, for any horizontal
vector field Z on H" we have

V,V=VyvZ=-JZ (5.1.3)

Now consider By a submanifold of the Euclidean space C" of dimension m and codimension
k. Tts lift via 7 is a submanifold M, invariant respect to vertical translations. Using
notation 5.1, by (5.1.3) we have:

k
AKX V) = 3g (Ve il ) e
a=1

g (—JX}yf, é—,yf) é—,yf

« «

Il
N | —
[~

Q
Il
—

g(X7”, I8 €¢r

I
| —
(]~

Q
Il
—

9(X;, JE) X

o )

I
N | —
(]~

Q
Il
—

where J in the last line is the usual complex structure of C". This result is very similar
to what we have for Hopf fibration 7 : S***! — CP". It follows that

2
)

1 k
AP = AP+ 53| Ie

a=1

then "
AP < AT < AP + 2, (5.1.4)
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with |A’|* = |A| if and only if for every a J&, is normal to By, that is By is a complex
submanifold of C”, while |A'|* = |A]> + E if and only if for every o J&, 4o is tangent
to By, that is By is CR-submanifold of C" of CR-dimension m — k. In the first case,
in particular, By is a minimal submanifold. The classical Huisken’s result [H1] about
evolution of convex hypersurfaces of the FEuclidean space gives the followig result for
hypersurfaces of the Heisenberg group.

Proposition 5.1.7 Let My an hypersurface of H". If My is a cylinder with vertical
axis, without boundary and its projection via ™ is a convex hypersurface of R?", then
there is an unique solution of the mean curvature flow of Mg invariant respect to vertical
translations. Moreover this solution develops a singularity in finite time and converges to
a vertical line. Then such an My is diffeomorphic to a cylinder S**~1 x R.

Proof. Such an M, is invariant respect to vertical traslation, the fiber of 7 are not closed
so we can apply theorem 5.0.1 in the sense of remark 5.0.4. Let By = m(M,). By the
main result of [H1], By shrinks to a point in finite time. The thesis follows lifting this
result to M. O

Using the main theorem of [AB], we have the following result for submanifolds of
arbitrary codimension in the Heisenberg group.

Proposition 5.1.8 Let M, a cylinder with vertical axis of H" of dimension m > 3,
without boundary and whose horizontal section is a closed submanifold. If My has H # 0
everywhere and satisfies |A'|> < ¢|H'|* with

— if  m >05,

m—2

— _  if 3<m<5,
CS{ 3(11%71)

then the mean curvature flow of initial data My has an unique R-invariant solution and
this solution converges in finite time to a vertical line. Hence such an My is diffeomorphic
to a cylinder S™! x R.

Proof. We have that By = m(M,) is a closed submanifold of R?" of dimension m — 1. By
(5.1.4), By satisfies
AP < AP < c|H' = c|HP

The main result of [AB] says that the evolution by mean curvature of By shrinks to a
point in finite time. M, is R-invariant and then it is not closed, so its evolution could
have more then a solution. Since its projection via 7 is closed, as seen in remark 5.0.4,
we can apply theorem 5.0.1 to the unique R-invariant solution obtaining the convergence
of My to a fiber of 7, that is to a vertical line of H". O

Another interesting submersion is the one that arise with the tangent sphere bundle of
a Riemannian manifold equipped with the Sasaki metric. For any Riemannian manifold
(B, g) let TB its tangent bundle. The natural projection

m:(p,u) €ET"BrpcB
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is a submersion. In this special case, for any X vector field on B we can define also
a vertical lift X” € ¥: see [KS] for an exhaustive description. For any r > 0 let

TB = {(p, u) € TB ’ |ul, = r} be the tangent sphere bundle of radius r. For any vector
field X on B define the tangential lift X7 of X as the component of X ” tangent to T"B.
The Sasaki metric is a natural metric g’ on TB, restricted to T"B has the following form:
g€p7u) (va Yf) = §p<X7 Y>7
Ty (X7.¥7) = G(XY) = 253,(X, w)g,(V, w), (515)
Iipu) (X7, Y7) =0,

for any X and Y tangent to B. With this metric the projection m : 7B — B is a
Riemannian submersion with fibers 7=!(p) = Tg?, the sphere of radius r tangent to
B in p. The horizontal distribution of 7 is generated by the horizontal lifts and the
vertical distribution is generated by the tangential lifts introduced before. The group of
isometries that we are considering acts only on the vectorial part as an isometry of T;B
and is isomorphic to O(n), where n is the dimension of B. Note that in this case the
action of the group is not free in fact the orbits are not isometric to the group, but the
quotient manifold 77B/O(n) = B is a well defined manifold. The Levi-Civita connection

of the Sasaki on metric on T"B is

Lemma 5.1.9 [KS] For any X and Y vector fields tangent to B we have:

_ . _ H — T

1) (VxreY?) o) = (VxY) o) L(Ry(X,Y)u)”,
= 7 = T 1 /5 H

2) (VxxY )(W) ( Xy)(pyu)jui(Rp(u,Y)X) ;

3) (Vxo¥V7) =5 (B, X)Y) 7,

4) (VxsY7) = —TQQP(U,Y)Xg,

where R is the Riemann curvature tensor of B.

The fibers are closed and last equation shows that they are also totally geodesic:
A(X 7.Y7) is the horizontal part of Vx=Y 7. From now on consider a submanidold By
of dimension n and codimension k and M, its O(n + k)-invariant lift to 7"B. Since in
this case we have a way to lift vector fields on B to vector fields tangent to the fibers,
we modify notation 5.1. For any p € By and any (p,u) € 7~ {p}, let (X1,...,X,) an
orthonormal basis tangent to By in p, (&1, .., &) an orthonormal basis normal to By in p
such that

u =1 cos(V) Xy + rsin(9)&,

for some 9. Let Z = sin() X, — cos(¥)&1, then (u, Z, Xo, ..., Xy, &, ..., &) is an orthog-
onal basis of T,B. By (5.1.5) we have that (X{*,..., X7, Z7 . XJ,.... X7, & ,....&7)
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is an orthonormal basis tangent to My in (p,u), while (&7,..., &) is an orthonormal

basis normal to My in (p,u). As concrete example, consider B = S"™*(c) the sphere of
costant curvature ¢ > 0. By lemma 5.1.9 we have

A, 27 pu) = %i Ry(u, 7, X, £)67
= 52 ) (Z,6a) — {u.6a) (2, X)) €F
= C 1151 .
Similarly
A/ X)) pou) = = sin(¥)3,€"
A7) pw) = T cos(@)dug)”
Then
AT () — |Ar2<p>+?(1+<n—1>sin2w>+<k—1>cos2<z9>)
= AP () + 022<r =]+ (k=1 "),

where L (respectively T) indicates the normal (respectively the tangent) component re-
spect to By. In particular we have

22 22

AP (p) + ——min(k,n) < [AF (p,w) < AP () + —-maz(k,n).

Lifting the submanifolds of the sphere considerede by Huisken [H3] and Baker [Ba] we
have the following result as consequence of theorem 5.0.1.

Proposition 5.1.10 Foranyr >0,n >3 andk > 1, let Mg be a 2n+k—1-dimensional
O(n + k)-invariant submanifold of T"S™*(c). Suppose that for any (p,u) € My M
satisfies the pinching condition

1 c?
AP (pw) < — [H () + 20+ T (12 4+ (0= 1) [+ (k= 1) JuT ).

where L (respectively T ) indicates the normal (respectively the tangent) component respect
to By = m(My). Then the mean curvature flow with initial data Mg converges in finite
time to a fiber 771(p) = T;S"*k(c) or the flow is defined for any time and converges to
7= Y(S"(e)) that is a minimal, but not totally geodesic, submanifold of T"S™*(c).
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Appendix A

Appendix

Here we collect some theorems alredy known in literature used in the proof of the previous
chapter.

Theorem A.0.1 (Myers) Let M be a Riemannian manifold of dimension m, if its Ricci
curvature satisfies

for some positive constant B along a geodesic of lenght at least WB_%, then the geodesic
has a conjugate point.

Theorem A.0.2 (Hamilton [Ha]) Let g;; = g;j(t) be a time-dependent metric on a man-
ifold M, with 0 <t < Tyae < 00. Suppose that

Trmazx
/ |g§j|dt§0<oo.
0

Then the metrics g;;(t) for all different times are equivalent and they converge as t —
Tonaz uniformly to a positive-definite metric tensor ¢;j(Tinaz) which is continuous and also
equivalent.

Theorem A.0.3 (Huisken [H2]) Let M a Riemannian manifold of dimension m + 1
satisfying the following bounds on sectional curvature K, Riemannian curvature tensor R
and injectivity radius inj(M):

~K; <K<K, |VR<L  ing(M)> iz,
for some nonnegative constant Ky, Ky, L and some positive constant ixz. Let My be a
closed hypersurface of M. Suppose that on My we have

2

m
Hhi]’ > mKlgij + ?Lg”

Then the mean curvature flow of initial value Mgy converges to a round point in finite
time.

If the ambient manifold is, like CROSSes, symmetric and with positive sectional cur-
vature, then we can apply this theorem with K1 = L = 0 and then any closed convex
hypersurfaces shrinks to a round point in finite time.
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