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Introduction

An important theorem proved by Serre [44] in 1972 states

Theorem 0.1 (Serre). Let E be an elliptic curve over Q without complex multipli-
cation. There is a positive constant Cg, depending on E, such that the representa-
tion

pEp: Gal(Q/Q) — GL(IF)),

of the absolute Galois group Gal(Q/Q), is surjective for all prime numbers p > Ck.

Here pg p is the representation of Gal(Q/Q) that we get identifying the group
GL,(IF,) with the automorphism group Aut(E[p]) of p-torsion points E[p] of el-
liptic curve E.

From Theorem 0.1 follows naturally the formulation of Serre’s uniformity con-
Jjecture over Q.

Conjecture 0.2 (Serre’s uniformity conjecture). There is a positive constant C
such that the representation

pEp: Gal(Q/Q) — GLy(F)),

of the absolute Galois group Gal(Q/Q), is surjective for every elliptic curve E
over Q without complex multiplication and for all prime numbers p > C.

The word "uniformity" refers to the independence of the constant C from the
chosen elliptic curve, in contrast with the previous theorem.

After the results of Serre [44], Mazur [35], Bilu and Parent [10], and Bilu,
Parent and Rebolledo [11], we know that Conjecture 0.2 follows from the following
conjecture.

Conjecture 0.3. There is a positive constant C such that, for all prime numbers
p > C, the modular curve X, (p) of level p associated to the normalizer of a non-
split Cartan subgroup of GLo(IF),), have no rational points, except the complex
multiplication points.

The modular curves X! (p) are moduli spaces that parametrize elliptic curves

with some p-torsion data. The complex multiplication points correspond to elliptic
curves with complex multiplication and these play a special role.
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2 INTRODUCTION

The methods used to study the modular curves Xy(p) of level p associated
to a Borel subgroup and the modular curves X (p) of level p associated to the
normalizer of a split Cartan subgroup don’t work for curves X/ (p). And at the
moment, to my knowledge, there are not good ideas to study X, (p) in general.

All the modular curves X, (p) with prime level p < 11 have genus zero and
have infinitely many rational points, so the constant C of Conjecture 0.3 is at
least 11. The papers of Ligozat [33] in 1977 and Baran [7] in 2012 focus on par-
ticular cases of these non-split Cartan modular curves. Ligozat studies the genus 1
curve X, (11), proving that it has infinitely many rational points, and Baran studies
the genus 3 curve X, (13). The Ligozat result relies on elliptic curves theory, so his
method is not applicable in general to curves with higher genus, but the approach
of Baran, that is more numerical, could be generalized.

In this thesis we extend the techniques of Baran [7] to X,/ (p) for each prime p.
For larger p the main problem is the fact that the genus of X/ (p), and hence the
required number of calculations, grows rapidly with p. For example, we know that
the genus of X/ (p) exceeds 5 when the level is a prime p > 13. We show an
application of these techniques explicitly on the genus 6 modular curve X,/ (17).

In the first chapter we recall some well known results that we use in the chapters
two and three.

In the second chapter we explain how to compute the Fourier coefficients of
a Q-basis of modular forms of weight 2 with respect to the congruence subgroup
I} (p) starting from those of a basis of cusp forms of weight 2 with respect to
I'1(p). This method, that uses the representation theory of GL,(Z/pZ.), extends
the method of Baran’s paper [7].

In the third chapter we describe a way to get explicit equations of projective
models for X' (p) and Xg (p) := Xo(p)/wp, where w), is the Atkin-Lehner opera-
tor. This method uses the Fourier coefficients of the associated modular forms of
weight 2 and the canonical embedding. The works of Galbraith [23] and [24] on
the modular curves X(J)r (p) have been useful to implement this method.

We study the modular curves X;(p) for two main reasons. First, these curves
have not been studied thoroughly and there are no methods, at the moment, to
determine the rational points. We only know, by Faltings’ theorem, that they are
finitely many, for levels p such that the genus is greater than 1. Second, in the
study of these curves arise difficulties very similar to those ones that arise in the
study of X (p), but the curves X (p) are simpler than the non-split Cartan curves.
Hence, the study of modular curves Xj(p) could suggest techniques that one can
extend to the study of X, .(p).

Following this philosophy, we describe a method that allows to check if there
are rational points whose coordinates, in a suitable model of X (p), are rational
numbers with numerators and denominator bounded by 10'°°% in absolute value.
Using this method we checked, for some primes p, that there are no rational points
on X (p) up to the bound above, except the rational cusp and the complex multi-
plication points. At the moment this method works only for modular curves X;(p)
that admit a non-constant morphism over Q to a genus 1 curve.



In the end of the third chapter we give some tables with some examples of the
application of our techniques. We list explicit equations for a projective model of
X (p) when

p =163,193,197,211,223,229,233,241, 257,269,271, 281, 283,

and X (17). We list also the genus, the expected rational points and, when it is
possible, the results of the search of rational points. The modular curves X;(p)
with level a prime p < 163 have genus g < 6 and they have already been studied,
see Galbraith [23] and [24].

All computations have been done using the software packages PARI and MAGMA.






Chapter 1

Background

1.1 Introduction

In this chapter we recall the definitions and the main results of topics we use in the
following chapters. Each section is devoted to a different topic and include some
related references.

1.2 Characters and Gauss sums

Our main references for this section are Serre [42], Diamond and Shurman [18],
Shimura [45] (Section 3.6) and Berndt, Evans and Williams [9].

Definition 1.1. Let G be an finite abelian group written moltiplicatively. A charac-
ter of G is a homomorphism from G to the multiplicative group C*. The dual of G
is the group, in multiplicative notation, Hom(G, C*) of all characters of G with the
pointwise mAultiplication as group operation. We denote the dual of G by G. The

dual group G of G is also called the bidual of G.

The character identically equal to one, denoted by 1, is called the trivial char-
acter and is the identity element of G. Since the group G is finite, we have that
x(g) is a root of unity for all g € G. This implies that the group inverse y~! of y in
G is the complex conjugate y defined as ¥(g) := x(g) for all g € G. The relation
between a group G and its dual G is showed by the following theorem.

Proposition 1.2. a) The groups G and G are non-canonically isomorphic.
b) Let é the dual group of G. The map

LZG—)é
g @,

defined by ¢q(x) := x(g), is a canonical group isomorphism.

5



6 CHAPTER 1. BACKGROUND

For the proof see Serre [42].
Theorem 1.3 (Orthogonality relations). Let n be the order of G. Then
S ={" Tt
prre 0 ifxy+1,

for each y € G and

=" e
AXg 1o ifg #1,

foreach g € G.

Proof. Let us start proving the first relation. If y = 1 the equality is trivial. If
x # 1, choose h € G such that y(h) # 1. Then

X)) x(@) = > x(hx(®) = D x(he) = > x(@),

geG geG geG geG

where in the last equality we use the substitution gh — g. Therefore

() = 1) > x(2) =0,

geG

and, since y(h) — 1 # 0, we are done.
For the second relation we apply the first one to the group G and the formula

follows from the isomorphism between G and G. U

Definition 1.4. A Dirichlet character modulo N is a character of the multiplicative
group (Z/NZ)*, where N is a positive integer.

Let d a positive divisor of a positive integer N. We can lift every Dirichlet
character y’ modulo d to a Dirichlet character y modulo N in the following way

x(n mod N) :=y'(n mod d).
In other terms, if 7y 4: (Z/NZ)* — (Z/dZ)* is the classical projection, we define
X =X °nNg.

Definition 1.5. For each Dirichlet character y modulo N there is a smallest positive
divisor d of N such that y = y’ o my4 for some Dirichlet character ¥’ modulo d.
This number d is called the conductor of y. If the conductor of y is N itself, we say
that y is primitive.

The fact that d is the conductor for a Dirichlet character y modulo N is equiv-
alent to the condition that y is trivial on the normal subgroup

ker(myg) = (n € (Z/NZ)* :n=1 mod d).



1.2. CHARACTERS AND GAUSS SUMS 7

Usually one extend the Dirichlet characters to maps defined on the whole Z and
with range C. If y is a Dirichlet character modulo N, this is done defining y(n) = 0
for all n € Z such that gcd(n, N) > 1. We point out that, if y is a Dirichlet character

modulo N, we have
©0) = 1 N=1
70 s

Definition 1.6. Let N a positive integer and y a Dirichlet character modulo N. The
Gauss sum of the character y is the complex number

N-1

Gl = ) X (Wi
n=1

2ni
where {y = eV .
The following lemma states the basic properties of Gauss sums.

Lemma 1.7. Let y be a primitive Dirichlet character modulo N, then the Gauss
sum G(y) satisfies the following

a) YN y(md = YOG y) for all integers k;
b) G(\)G(x) = x(-1)N;

©) G(y) = x(-)Gx);

d) G = N.

Proof. a) Let k be a fixed integer. If £ = 0O the formula is trivial, so we assume
k #0.

If gcd(NV, k) = 1 then, using the substitution nk — n, we have
N-1 N-1 N-1
D xma =" xk Ty = x (k7 Y xmiy = XG ),
n=1 n=1 n=1

where k™! is the inverse of k modulo N.

Otherwise, if gcd(NV, k) = d > 1, we have

X(k)G(x) =0,

because y(k) = 0. Let N = dN’ and k = dk’r, where r is the minimal
divisor of k such that gcd(k’, N) = 1. In this case we have (% = /" and

N
gced(k’, N’) = 1. Hence
N-1 N-1 N-1 N'-1 N-1
D XWGE = > xmae =X Y xmay =XK) Y it Y xm) =0,
n=1 n=1 n=1 n'=1 n=1

n=n'(N")

where in the second equality we use the substitution nk’ + n and the last is
true because y is primitive and we are done.
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b) We have
N-1 N-1N-1
GG = D GOy = Y > xmdw" Ty =
n=1 n=1 m=1
N-1 N-1
= ) xm) oY = (= DN,

._.

S
1l

—_

m=
where the second equality is true by part a) and the last equality is true be-

cause
’il w [N ifa=0 modN
(N =
= 0 ifa#zx0 modN.

c¢) We have

N-1
Gl = Y X" = x(=DG),
n=1

where the second equality is true by part a).

d) We have L
IGOIP = GG () = x(-DG()G(y) = N,

where the second equality is true by part ¢) and the third by part b).

1.3 Complex representations of GL,(I;) and SL(IF,)

Our main references for this section are Piatetski-Shapiro [40] and Fulton and Har-
ris [22].

Let ¢ = p" with p an odd prime, I, the finite field with g elements and G =
GL,(I'y) the general linear group over I, i.e. the multiplicative group of matrices
with entries in IF;, and with non-zero determinant.

We assume to fix a IF',-basis, therefore, the following definitions hold up to the
conjugation by the change of basis matrix. Let

SLy(FF,) = {(j Z) ca,b,c,d € Fyad - be = 1},

be the special linear group and let

a b
B= {(O d),a,b,deIFq,ad;tO},

be the Borel subgroup of G.
We start with the description of the conjugacy classes of G.

Lemma 1.8. The conjugacy classes of G are:
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a) q — 1 classes, each with one element, represented by ri(a) = (g 2);

b) ¢ — 1 classes, each with g* — 1 elements, represented by r(a) = (g clz)"

—1)(g-2
0 (g )2<q )

classes, each with g* + q elements, represented by r3(a,d) = (8 2)

with a #+ d;

d) q(g-1)

T4 classes, each with g*—q elements, represented by ra(d) = (0 B Norm(ﬂ)),

1 Tr(2)
where A is a root of a monic quadratic irreducible polynomial over It ;.

Proof. Every element g € G has two eigenvalues that satisfy the same quadratic
equation
det(g — xI) = 0,

i.e. the characteristic equation of g. So, either they belong both to I, or they don’t
belong to I¥,.

If they belong both to If,, by Jordan canonical form we have three different
conjugacy classes: if the two eigenvalues are equal and the minimal polynomial is
different from the characteristic polynomial we have the g — 1 classes represented

by ri(a) = g 2), where a € ]Fj;; if the two eigenvalues are equal and the minimal
polynomial is equal to the characteristic polynomial we have the g — 1 classes

represented by m(a) = (g 611), where a € IFy; and if the two eigenvalues are

different we have the W classes represented by r3(a,d) = (g 2), where

a,de IE‘Z and a # d.

If the two eigenvalues don’t belong to IF,, they belong to the unique, up to
field isomorphism, quadratic extension If . Since I, is a finite field, then it is
perfect and the eigenvalues are distinct. Let A be one of the eigenvalues of g and
v a non-zero element of ]Fg We have that {v, gv} is a basis, in fact if v and gv
would be linearly dependent over I, we would have gv = av with a € IF,, but
this is impossible because the eigenvalues of g are not in I¥,. Therefore g is in the
0 —Norm(1)
1 Tr(4)
Trg. Since r4(1) and r4(A") are conjugate if and only if 2 and A" are roots of the
same monic quadratic polynomial and since the elements of I > \ Iy are 7> - q,
we have q(q{ D conjugacy classes of this kind.

Since r{(a) belongs to the center of G, then each class represented by r(a) has

conjugacy class of r4(1) = ( ), where Norm(1) = detg and Tr(1) =

one element. The centralizer of r,(a) is {(g i ) ,X € IFZ, yE IE‘q}, hence each class
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represented by 7,(a) has

@-1D’qlq+1) _ ,
qlqg =1

[G : Co(r(a)] = —1

elements. The centralizer of r3(a, d) is {(g (Z)) ,X,Z € ]FZ} hence each class rep-
resented by r3(a, d) has

(¢ = 1’q(g+ 1)
(G : Corya,dp) = LTI 20— 21y
(¢-1
elements. Finally, the elements of IF > \ IF; are g* — g, so each class represented by
r4() has ¢*> — ¢ elements. O

Now, we know how many irreducible representations we have to find. We know
that there is a bijection between the characters u of B and the ordered pairs (uy, ()
of Dirichlet characters yup, u : IF; — C*. Therefore, we have

H1PB) = ui(@ua(d),

a b

0 d)
By Piatetski-Shapiro [40] Chapter 2, Section 8, we know that the induced rep-

resentation Indg p of G is irreducible if and only if y; # up, where u corresponds

to the pair (u1, ). In this case the representation is denoted by p,, ,, and there are
(g-D(g=2)
2

for some Dirichlet characters u, u; and for all 8 = B.

irreducible representations of this kind. On the other hand, if u; = up we
have Ind§ 1 = p1 4, ® pgy,» Where py, is an irreducible representation of dimen-
sion 1 and p,, is an irreducible representation of dimension g. There are g — 1
irreducible representations for each kind.

Finally, we know, by Piatetski-Shapiro [40] Chapter 2, Section 13, that the re-
maining ‘1(‘12_ D irreducible representations are parametrized by Dirichlet characters
0: ]F;2 — C* such that they don’t factor through the norm map and a character of

IFy, i.e. there are not Dirichlet characters y: I, — C* such that & = y o Norm,
where Norm: ]F:‘I2 — Iy is the usual norm map. Moreover, the characters 6 and

6~ give isomorphic representations.
We resume the result in the following proposition.

Proposition 1.9. With the notation as above we have that the group G has q* — 1
irreducible representations:

a) there are g — 1 of dimension 1, they are denoted by p1 ,,,;

b) there are q — 1 of dimension q, they are denoted by py

(g=1(g=2)
2

¢) there are of dimension q + 1, they are denoted by py, ,1,;
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d) there are ‘I(q D of dimension q — 1, they are denoted by py and 0 and 67" give

isomorphlc representations.

We call the first three kinds of representations the principal series representa-
tions and the last one the cuspidal representations or discrete series representations.

From the irreducible representations of G we get, by restriction, the irreducible
representations of SLy(IF,). They are classified by the following proposition.

Proposition 1.10. With the notation as above we have that the group SLo(IF,) has
q + 4 irreducible representations:

a) there is one of dimension 1, it is the restriction of p1,, every u gives the same
representation;

b) there is one of dimension q, it is the restriction of py ,,, every ui gives the same
representation;

¢) there are % of dimension q + 1, they are the restriction of py, 1, when ,u% #1
and uy and ;11_1 give the same representation,

d) there is one of dimension %, it is one of the two irreducible subrepresentations
of the restriction of py, 1, when /J% =1 butu +1;

e) there is one of dimension #, it is one of the two irreducible subrepresentations
of the restriction of py, 1, when ,u% =1 but g #1;

f) there are 4~ of dimension q — 1, they are the restriction of pg, when 6> # 1 and
6 and 0 give the same representation and it depends only on the values of
8 on (g + 1)-th roots of unity of I »;

g) there is one of dimension L=, it is one of the two irreducible subrepresentations
of the restriction of pg, when 6> =1 but 0 # 1,

h) there is one of dimension ;1, it is one of the two irreducible subrepresentations
of the restriction of pg, when 6> = 1 but 6 # 1.

1.4 Divisors and Riemann-Roch theorem

Our main reference for this section is Diamond and Shurman [18].

Definition 1.11. Let C be a compact Riemann surface. A divisor on C is a finite
formal sum of integer multiples of points of C

D= Z npP,
PeC

where np € Z and np = 0 except for finitely many P’s. The free abelian group of
points of C is the abelian group Div(C) of all divisors on C. Given two divisors
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D = Y,npPand D" = ¥ nj,P, we write D > D" if np > nj, for all P € C. The degree
of a divisor D is

deg(D) = " np.

PeC

The map deg: Div(C) — Z is a surjective homomorphism of abelian groups. We
denote by Div®(C) the kernel of the degree map.

Every non-zero meromorphic function f on C has an associated divisor

div(f) = ) ordp(f)P,

PeC

where ordp(f) is the usual order of a meromorphic function at the point P of the
Riemann surface C. We know by the theory of Riemann surfaces that the degree of
div(f) is always zero.

Let D be a divisor on C, we define the linear space of D, also called Riemann-
Roch space of D, denoted by L(D), the C-vector space

L(D) := {f meromorphic function on C such that f = 0 or div(f) > —D}.

The idea of these spaces is to consider meromorphic functions with prescribed
poles and zeroes or, more precisely, with at most the prescribed poles and at least
the prescribed zeroes. The fact that L(D) is a vector space follows by the property

ordp(fi + f2) 2 min{ordp(f1), ordp(f2)},

for every P € C and for all meromorphic functions on C. Further, the dimension
of these spaces is always finite and we denote it by £(D). The computation of this
dimension £(D) is the aim of Riemann-Roch theorem below.

Let C be a compact Riemann surface of genus g > 2. Let Q' (C) be the C-vector
space of holomorphic differentials on C.

Theorem 1.12 (Riemann, Roch). Let D be a divisor on a curve C of genus g and
let K the canonical divisor of C. Then

€D) - &K — D) = deg(D) — g + 1.

For the proof see Griffith and Harris [25] (pag. 243) or, for a more algebraic
setting, see Hartshorne [27] Theorem IV.1.3 (pag. 295).

Corollary 1.13. Let C be a compact Riemann surface of genus g as above, let K
be a canonical divisor on C and D a divisor on C. Then

a) U(K)=g;
b) deg(K) =2g —2;

¢) ifdeg(D) < O then (D) = 0;
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d) ifdeg(D) > 2g — 2 then £{(D) = deg(D) — g + 1.

Proof. a) Since div(f) > 0 only for constant functions on C, then £(0) = 1. Hence,
choosing D = 0 in Riemann-Roch formula, we have {(K) = g.

b) Choosing D = K in Riemann-Roch formula and using a) we have deg(K) =
2g — 2.

¢) We suppose £(D) > 0, then there is a non-zero f € L(D). Hence div(f) > —D
and taking degrees we find deg(D) > 0 that is a contradiction.

d) The condition deg(D) > 2g — 2 implies, by b) and ¢), that £(K — D) = 0. Hence
by Riemann-Roch theorem we have £(D) = deg(D) — g + 1.
]

We end this section with the definition of Picard group.

Definition 1.14. Let C be a compact Riemann surface. A divisor D on C is princi-
pal if there is a meromorphic function f such that div(f) = D. Two divisors D, D’
on C are linearly equivalent, and we denote this by D ~ D', if D — D’ is principal.

It is simple to check that the linear equivalence is an equivalence relation.

Definition 1.15. The Picard group of C, also called the group class divisor of C,
denoted by Pic(C), is the quotient of Div(C) by its subgroup of pricipal divisors.
The degree zero part of the divisor class group of C, denoted by Pic%(C) is the
quotient of Div®(C) by its subgroup of pricipal divisors of degree zero.

1.5 The canonical map and the canonical curve

Our main references for this section are Griffith and Harris [25] and Hartshorne [27].

Definition 1.16. Let C be a Riemann surface of genus g > 2. Let Q!(C) be the
C-vector space of holomorphic differentials of C and let wy,...,w, be a basis of
Q!(C). We call the map defined as

¢: C - PH(O)
P [wi(P),...,wg(P)],

the canonical map and its image ¢(C) is called the canonical curve.

Remark 1.17. The canonical map is well defined by Riemann-Roch theorem, see
Hartshorne [27] Lemma IV.5.1 (pag. 341).

To understand the next results of this section, it is useful recall two important
kinds of algebraic curves.
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Definition 1.18. Let C be a complex algebraic curve. The curve C is called hyper-
elliptic if there is a map ¢, : C — P!(C) of degree 2. The curve C is called trigonal
if there is a map y3: C — P!(C) of degree 3.

Now we can recall the following proposition that states when the canonical
map is injective.

Proposition 1.19. With the notation as above we have that if g > 2 then the canon-
ical map ¢ is injective if and only if C is not hyperelliptic. In this case we call ¢ the
canonical embedding.

For the proof see Hartshorne [27] Proposition IV.5.2 (pag. 341).

Since we are interested in curves with genus g > 6, either the curve C is hy-
perelliptic or the canonical map is injective. The following theorem classifies the
different kinds of canonical curves.

Theorem 1.20 (Max Noether, Enriques, Petri). With the notation as above we have
that if g > 3 and if C is not hyperelliptic, then

a) the canonical curve o(C) is entirely cut out by quadric and cubic hypersurfaces;

b) the canonical curve ¢(C) is entirely cut out by quadric hypersurfaces except
when it is either trigonal or a plane quintic, where this last case could hap-
pen only when g = 6.

For the proof see Griffith and Harris [25] (pag. 535) or Saint-Donat [41].
The following proposition tells us that, in our cases, i.e. when the genus g > 6,
the canonical curve is never a complete intersection.

Proposition 1.21. With the notation as above we have that if C has genus g > 6
then the canonical curve ¢(C) is not a complete intersection.

Proof. 1f C is hyperelliptic it is enough to recall, by Hartshorne [27] Proposition
IV.5.2 (pag. 341), that a hyperelliptic curve can never be a complete intersection
because the canonical map is not an embedding.

If C is not hyperelliptic we know by Noether-Enriques-Petri theorem that ¢(C)
cannot be contained in a hyperplane. Let dj, ..., d,» be the degrees of the g — 2
hypersurfaces of complete intersection, where d; > 2 fori = 1,...,g—2. By Bézout
theorem their intersection has degree d = H‘?:lz d;. Denoting by K a canonical
divisor of C, we know that deg(¢(C)) = deg(K) = 2g — 2. We simply observe that
in the lowest case, i.e.d; = -+~ = dg_» =2, we have 2g—2 < d = 2872 forall g > 6
and we are done. O

Finally, the proposition below gives us a lower bound for the number of quadrics
we need to describe the canonical curve in the generic case.
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Proposition 1.22. With the notation as above we have that if C is not hyperelliptic,
if g > 6 and if the canonical curve ¢(C) is neither trigonal nor a plane quintic,
where this last case could happen only when g = 6, then we need at least

1
(g§ )—3<g—1)

quadric hypersurfaces to cut out the canonical curve ¢(C).

Proof. Let X = ¢(C) be the canonical curve of genus g > 6 and P = P!, We
have the short exact sequence

0> 7Ix—>0p —>0x—0,

where Iy is the ideal sheaf of X. Twisting by Op(2) we have the short exact se-
quence
0> Ix(2)—>0pR2) —> 0x(2)—0,

and taking cohomology we have
0 — H'(P, Ix(2)) —» H(P,0p(2)) —» H(X,0x(2)) — H'(P, Ix(2)) — 0,

by Hartshorne [27] Theorem IIL.5.1 (pag. 225). We know, again by Hartshorne [27]
Theorem IIL.5.1 (pag. 225), that

dim HO(P, Op(2)) = (g ; 1),

is the number of homogenous monomials of degree 2 in g indeterminates. Re-
minding that Ox(2) is the invertible sheaf corresponding to divisor 2K, where K
is a canonical divisor of X, using Riemann-Roch theorem letting D = —K, and by
Corollary 1.13, we have

dim H(X, Ox(2)) = £2K) = 3(g - 1).

Hence we can conclude

dim HO(P, Tx(2)) > (g ’ZL 1) “3(g—1).

1.6 Elliptic curves

Our main reference for this section is Silverman [47].

Definition 1.23. Let K be a field. An elliptic curve over K, denoted by E/K, is a
nonsingular projective cubic plane curve with a distinguished K-rational point O
called basepoint. The set of K-rational points of E is denoted by E(K).
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A generalized Weierstrass equation is an equation of the form

Y’Z+a1XYZ + asYZ? = X> + auX?Z + asXZ* + agZ°,

or, written in non-homogenous coordinates x = % andy = %, of the form

y2 +ayxy+azy= x3 + a2x2 + asx + ag.
We define the following quantities related to a Weierstrass equation

by = a% + 4aj,

by :=2a4 + ayas,

bg := a% + 4ag,

bg := a%a6 + 4ayae — ajazas + azag - ai,
¢4 i= b3 —24by,

c6 := —b3 + 36baby — 216bs,

A := —b3bg — 8b; — 27b7 + 9brbabs,

Definition 1.24. The A defined above is called the discriminant of the Weierstrass
equation. The j defined above is called the j-invariant.

Proposition 1.25. An elliptic curve over a field K could be defined as a generalized
Weierstrass equation

Y’Z + a\XYZ + a3YZ? = X° + axX*Z + a4 XZ* + agZ°,
with a1, az, as, aq,as € K and A # 0, where the basepoint is O = (0 : 1 : 0).

For the proof see Silverman [47] Proposition 3.1 (pag. 63).

Remark 1.26. The condition a;, ay, as, a4, ag € K tells us that E is defined over K
and the condition A # 0 is equivalent to the nonsingularity of given cubic. In the
non-homogenous form the basepoint O goes to infinity.

Let E/K an elliptic curve over K and K an algebraic closure of K. If char K # 2,

using the substitution y +— %(y — ajx — az), we can write the Weierstrass equation
as

V2 = 4x> + byx® + 2byx + b,
where b,, by, bg € K are defined above, and we have

bybg — b

8 4
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If char K # 2,3, we can use the substitution (x,y) + (”;%bz, ﬁ) and get the

simpler Weierstrass equation

y2 =x - 27¢c4x — S4ce,

where c4, cg € K are defined above, and we have

32
4~ %
1728 °

C

Remark 1.27. In this last case of characteristic not 2 or 3, one usually writes the
Weierstrass equation of E/K as

3

y2=x +ax+b,

with a,b € K and

A = —16(4a’ + 27b%),
. 1728(4a)’
j= A

We can get this form from the previous one using the trasformation (x,y)
(36x,216y) and taking a = —3% and b = —g&;.

Now we explain how one can define a group structure on an elliptic curve. We
start with a lemma and a proposition.

Lemma 1.28. Let K an algebraically closed field, C a curve of genus g = 1 over
K and let P and Q points on C. Then (P) ~ (Q) if and only if P = Q.

Proof. If (P) ~ (Q) there is a function f in the function field K(C) of C such that

div(f) = (P) — (Q). But, since g = 1, we have ¢((Q)) = 1 by Corollary 1.13.d to

Riemann-Roch theorem. Hence f € L((Q)), but constant functions are in L((Q))
too, so f is constant and P = Q.

The converse is trivial observing that constant functions are always in K(C).

O

Proposition 1.29. Let K an algebraically closed field, E an elliptic curve over K
with basepoint O. Then

a) for each divisor D € Div'(E) there is a unique point P € E(K) such that

D ~ (P)-(0);

b) the map w: Div’(E) — E defined by the association of part a) induces a bijec-
tion of sets
Pic’(E) = E(K).
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Proof. a) Since E has genus g = 1, we have £(D + (O)) = 1 by Corollary 1.13.d
to Riemann-Roch theorem. If f € K(E) is a non-zero element of L(D + (0)),

we have
div(f) = =D - (0),

and
deg(div(f)) = 0.
Hence there is a point P € E(K) such that

div(f) = =D = (0) + (P),

and this implies that
D~ (P)-(0).

So, we have the existence, to prove the uniqueness we suppose that P’ €
E(K) is a point with the same property of P. It follows that

(P) ~ D +(0) ~ (P,
and, by Lemma 1.28, we have P = P’.

b) That the map v is surjective is trivial because ¥((P)—(0)) = P forall P € E(K).
Now we have to prove that (D) = (D’) if and only if D ~ D’ for every
D, D’ € DiV)(E). So, let D, D’ € Div’(E) and P, P’ € E(K) such that (D) =
P and y/(D’) = P’. By definition of ¢ we have

(P)-(P)~D-D',

it follows that P = P’ implies D ~ D’ and that D ~ D’ implies (P) ~ (P’)
and by Lemma 1.28 we can conclude that P = P’.
O

Definition 1.30. Let K an algebraically closed field and E an elliptic curve over K
with basepoint O. We define the group law on E as the one induced by the bijection
of Proposition 1.29.b. With this group law the elliptic curve is an abelian group with
neutral element the basepoint O.

The main fact about the group operation is the following theorem.

Theorem 1.31. Let K an algebraically closed field and E an elliptic curve over K
with basepoint O. The map sum of the group structure defined above on the elliptic
curve and the map that sends an element in its inverse, with respect to the group
law, are morphisms.

For the proof see Silverman [47] Theorem 3.6 (pag. 68) or Hartshorne [27]
Proposition IV.4.8 (pag. 321). Because of group structure, the most important mor-
phisms between elliptic curves are those which respect this group structure. So, it
is useful the following definition.
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Definition 1.32. Let £ and E; be elliptic curves. A morphism
¢: E1 — Es,

such that ¢(0O) = O is called isogeny. If ¢ is non-constant then E; and E; are called
isogenous.

All the isogenies are group homomorphisms. By Hartshorne [27] Proposi-
tion I1.6.8, we know that a morphism between nonsingular curves is either constant
or surjective and it is a finite morphism. If K(E1) and K(E;) are the function fields
of E; and E; respectively, the finiteness of the morphism ¢ implies that the field
extension K(E|)/¢* K(E,) of the pullback of K(E,) under ¢, has finite degree. This
degree is called the degree of ¢ and we denote it by deg ¢. The degree of a constant
morphism is defined to be zero.

We denote the set of endomorphisms of E over K by Endg(FE). It is a ring with
the addition defined pointwise using the group law on E and with the composition
as multiplication.

Definition 1.33. Let K an algebraically closed field, E an elliptic curve over K and

N anon-zero integer. The N-torsion subgroup of E, denoted by E[N], is the set of
points of order N in E, i.e. the set

E[N]:={P € E(K) : [N]P = 0O},
and this is a subgroup of E(K).

Theorem 1.34. Let K an algebraically closed field with characteristic zero, E an
elliptic curve over K and N a non-zero integer. Then

a) we have a group isomorphism

E[N] = Z/NZ x Z/NZ;

b) the endomorphism ring Endg(E), is isomorphic either to Z or to an order in an
imaginary quadratic field.

For the proof see Silverman [47] Corollary 6.4 (pag. 89) for part a) and Silver-
man [47] Corollary 9.4 (pag. 102) for part b).

Definition 1.35. We say that an elliptic curve E/K has complex multiplication,
often shortened in CM, if the endomorphism ring of E is strictly larger than Z, i.e.
if char K = 0, we say that £ has CM when Endg(E) is isomorphic to an order in
an imaginary quadratic field.
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1.7 Weil height and canonical height

Our main reference for this section is Silverman [47].

In this section we recall the definitions of Weil height on projective spaces
and canonical height on elliptic curves. After this we recall a theorem, included
in Silverman [48], that estimates the difference between the Weil height and the
canonical height on elliptic curves. We use this theorem in Section 3.6.

Let us start introducing heights on projective space. Let Mg be the set of all
standard absolute values on Q. It contains one archimedean absolute value, the
classical one

|x|leo = max{x,—x}, forevery x € Q,

and one non-archimedean absolute value for each prime p such that

an
bl?

=p ", forevery a,b € Z coprime with p.

p

Let K be a number field and let Mg be the set of standard absolute values on K,
i.e. the absolute values on K such that their restriction to QQ is an element of Mq. If
P = (xp:---: xy)is a point of projective space P*(K), we define the height of P
relatively to K, or simply the height of P, as

Hi(P) := | | max{lxoh, ..., xl}™,

veMk

where n, is local degree of K at v, i.e. n, = [K, : Q,], where K, and Q, are the
completions with respect to the absolute value v of K and @ respectively.

Remark 1.36. That the function Hg is well defined, i.e. it is independet of the
coordinates of P, follows immediatly by the product formula

[] =1,

veMg

forall x € K*.

IfP=(xy:---:x,) €P" (@), we define the absolute height of P, or again
simply the height of P, as

H(P) := Hx(P)%a,

where K is a number field such that P € P*(K).
If we have an element x € K, we define

HK()C) = HK((X . 1)),
and similarly, if x € @, we define

H(x) := H((x : 1)).
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Definition 1.37. The Weil height is the function

h:P"(Q) - R
P — h(P) :=log H(P),

which, more explicitly, is

1
P = EM] ny log (max{|xob, ..., Pl }),
K
for some K that contains the coordinates x, ..., x, of P, where My is the set of

standard absolute values on K and n, is the local degree of K as above.

In the theorem 1.41 below it will be useful the archimedean part of Weil height,
so we denote it by A and it is, explicitly,

> nylog (max{lxoh ..., 1)),

)
veMy

1
he(P) =
[K: Q]
where My is the subset of Mg of all standard archimedean absolute values on K.

Remark 1.38. We are interested in the case K = @, when this happens the previous
heights become simpler. If P = (xp : -+ : x,) € P"(Q) such that x,...,x, € Z
and ged(xo, ..., x,) = 1 then

HQ(P) = H(P) = max{|xolco, - - - » [Xnloo}
heo(P) = h(P) = log (max{|xole, - - - » [Xnlco}),
this is because, for each prime p, we have |x;|, < 1 but exactly one that is equal to
1.

Now we move our attention toward elliptic curves. Let E/K be an elliptic curve
over a number field K, we can define a height on it called the canonical height. In
order to do this we recall that to every non-constant element f of the function field
K(E) we can associate a surjective morphism, denoted again by £, such that

f: E - PY(K)
(1:0) if Pisapoleof f
H

(f(P): 1) otherwise.
Now we define the height on E relatively to f, or simply the height on E, as the
function

hfi E(K) - R
P = hy(P) := h(f(P)),

where 4 is the Weil height defined above.
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Definition 1.39. Let K a number field, £/K an elliptic curve and f € K(E) a non-
constant even function. The canonical height, sometimes called Néron-Tate height,
is the function

h: E(R) > R

P h(P):=

1
lim 47" he(|2" |P).
dog f A, £(12°1P)
Remark 1.40. The canonical height exists and is well defined, i.e. it is independent
of the choice of f, by Silverman [47] Proposition 9.1.
The following theorem gives us an estimate of the difference between the two
heights.

Theorem 1.41. Let K a number field and E /K an elliptic curve given by the Weier-
strass equation

E:y2+a1xy+a3y=x3+a2x2+a4x+a6,

with ay,ap,as,a4,a6 € K. Let Ag the discriminant of E and jg the j-invariant of
E. Let u the function defined as

(E) = 4 h(Ap) + 4 hes(ig) + 21 ai + 4ar L
= T Ao A Moo =< 10g €E,
H 12 OB T o lelUE) T 5 12 7 08EE

where
2 ifai+4ay #0
EE = 2
1 zfa1 +4a, = 0.

Then for all P € E(K) we have
1 A 1
~57h(JE) = H(E) = 0.973 < h(P) = Sh(Py) < u(E) + 1.07,

where P, is the x-coordinate of P.

For the proof of this theorem see Silverman [48].

1.8 Modular forms and automorphic forms

Our main reference for this section is Diamond and Shurman [18].
Before to define modular forms, we recall some preliminaries notions.
Definition 1.42. We call the complex upper half-plane the set
H :={zeC:Imz> 0},

we call cusps the elements of P'(Q) = Q U {co} and we call the extended complex
half-plane the set
H* .= H U Q U {0},

i.e. the complex half-plane with the cusps.
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The term "cusp” and the reason to their use come from the geometric side of
this theory and we will explain this later. Usually we denote by z elements of C, by
7 elements of H and by s the cusps.

We have the multiplicative matrix group

SLy(Z) := {(‘c‘ Z) ca.b.c.d € Z,ad — bc = 1},

acts on H*. In fact we define

SLy(Z)yx H - H
ar+b

= =,
(y,1) > y7 i

ify= (Ccl Z) and this action is well defined because

ImT

In’l()/T) = m

But this action extends to cusps P!(Q) and so we have an action on H*.

Remark 1.43. Actually, we can define, on H, an action of

GL,(R)* = {(‘C’ Z) -a.b,c.d € Riad — be > 0},

at+b
ct+d

in the same way, i.e. g7 = for every g = (Ccl Z) € GL,(R)*. But we cannot

extend this action to ™.

It is known, for example by Apostol [1], that the matrices

11 0 -1
r=fo i) 5= %)
generate SL,(Z). These matrices correspond to trasformations 7 — 7 + 1 and

T —% on H respectively. We also have that T generates the stabilizer of co.

Definition 1.44. Let N be a positive integer. The principal congruence subgroup
of level N is the subgroup I'(N) of SL,(Z) defined as

I'(N) := {(Z Z)eSLz(Z):(Z Z)E((l) (1)) mod N},

where the congruence relation is taken entrywise. A congruence subgroup I’ is a
subgroup of SL,(Z) such that I'(N) C I" for some positive integer N. In this case
we say that I" is a congruence subgroup of level N.
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Remark 1.45. 1t is trivial that I'(1) = SLy(Z).

Since I'(N) is the kernel of the natural group homomorphism SL,(Z)) — SLy(Z/NZ.),
then I'(N) is a normal subgroup of SLy(Z).

Lemma 1.46. For every positive integer N, the natural group homomorphism
SLy(Z) — SLy(Z/NZ.) is surjective and the index [SLy(Z) : I'(N)] is finite.
Proof. If vy = (Z Z) € SLy(Z) is a lift of an element ¥ € SL,(Z/NZ.), we have
that gcd(c,d, N) = 1. In fact, if gcd(c,d,N) = k > 1 then 1 = dety = ad — bc =
k(ad’ — bc"),but k > 1 and ad’ — bc’ € Z., contradiction.

Actually we can choose ¢ and d such that gcd(c,d) = 1. If ged(c,d) = k' > 1,
assuming ¢ # 0, we can choose, by Chinese Remainder Theorem, d”’ = d + tN
where

t

1 mod p if pisaprime such that p | &’
0 mod p if pisaprime suchthat p|cbutp {k'.

If ¢ = 0 in a similar way we can choose d” = 1.
But fixed ¢ and d coprime, it follows by Bézout identity that there are x and y
such that ax — by = 1. If
x=a+t mod N,

then
y=c ' ((@+1)d-1) mod N.

It is well known that if (x, y) is a solution for ax—by = 1, then also (x—k"' ¢, y—k”’d)
is a solution for it, for all k" € Z; so if we take

K" =c¢ 't mod N,
we have

x—kK'c=a+t—-t=a mod N
y—k"d=cYa+0Dd-1)—c'td=cad-1)=b mod N.
Hence, choosing a’ = x — k”c and b’ = y — k”’d, we have a lift y € SL,(Z) and we
proved the surjectivity of the map.

To show that the index [SL,(Z) : I'(N)] is finite, it is enough to observe that
SLy(Z)/I'(N) = SL,(Z,/NZ) by surjectivity just proved. O]

It follows, by the previous lemma, that every congruence subgroup has finite
index in SLy(Z). Two of the most important congruence subgroup are

To(N) = {(‘C’ Z)GSLZ(Z):(j Z)E(S :) mod N},

(N = {(2‘ Z)eSLZ(Z):(‘C’ Z)z(l T) modN},

and
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where the * means "any". It is clear that I'(N) C I'{(N) C I'o(N) and this shows
that they are congruence subgroups indeed.

Definition 1.47. Let H = {z € C : Imz > 1} be the complex upper half-plane and
f:H — C a complex valued function on it. For every y € SL,(Z) and for every
integer k, we define the weight-k operator [y]; as

(FIy1O@) = (et + d)* fy),
ify= (Z Z) and 7 € H.

Remark 1.48. Since the factor c7+d has not zeroes or poles for r € H and ¢, d € Z,
if f is meromorphic, then f[y]; is meromorphic too. For the same reason we have
that if f is holomorphic, then f[y]; is holomorphic.

Remark 1.49. One can define the weight-k operator for more general matrices in
the following way

(fIYl)@) := det)? (et + d)* F(yr),

for every y € GL,(R)*, where GL,(IR)* is the group of matrices with real entries
and positive determinant. Sometimes it is convenient to put the normalization factor
det(y)k‘1 instead of det(y)g, but we work mainly with forms of weight 2 so this
choice doesn’t matter in our work.

Let I" be a congruence subgroup of SL,(Z). Since I'(N) c I', we konw that
(1) }ll) € I'. Hence, if a function f
satisfies the relation f[y]x = f forally € I',i.e. f is weight-k invariant with respect
to I', we have that f is hZ-periodic and this impies that f has a Fourier expansion
to the infinity. The reason is the following. Denoting by D = {z € C : |z] < 1}
the complex unit disk and by D’ = D \ {0} the punctured unit disk, we know, by
complex analysis, that the map

there is a minimal 4 € Z( such that the matrix

H—>D

2nit

THeh =g,
is hZ-periodic, holomorphic and surjective. Hence there is a map
g: D' - C

hloggq
2ni )’

q'—>g(q):=f(

that is well defined, by periodicity of f, and meromorphic, if f it is. We also have
that g is holomorphic is f it is. This impies that g has a Laurent expansion at zero
8(q) = Y ez ang” for all g € D’. Since |g| = e”>*™™7, we have

lim ¢=0,

Im7—+400
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so we say that f is meromorphic at oo if g extends meromorphically at g = 0, i.e.
if the Laurent expansion has only finitely many non-zero a, with n < 0. Similarly,
we say that f is holomorphic at oo if g extends holomorphically at g = 0, i.e. if the
Laurent expansion is such that a, = 0 for n < 0. This Laurent expansion is often
called g-expansion in this setting.

Remark 1.50. If f is weight-k invariant with respect to a congruence subgroup I,
then f[a]y is weight-k invariant with respect to &' I'a, for every @ € SLy(Z). That
a~'Ta is a congruence subgroup is trivial.

Definition 1.51. Let f: H — C a function, I" a congruence subgroup of SL,(Z)
and k an integer. We call f a automorphic form of weight k with respect to I if

1. f is meromorphic on H;

2. flylx=fforallyer;
3. flalk is meromorphic at co for all @ € SLy(Z).

The C-vector space of all automorphic forms of weight k with respect to the con-
gruence subgroup [I” is denoted by A (I).

Last condition, also called meromorphy at cusps, makes sense by remark 1.50
and is necessary to keep finite dimensional the vector space of automorphic forms.
A modular form is just a holomorphic automorphic form, holomorphic also at
cusps. More formally

Definition 1.52. Let f: H — C a function, I" a congruence subgroup of SL,(Z)
and k an integer. We call f a modular form of weight k with respect to I if

1. fis holomorphic on H;

2. flylk = fforally eI}

3. flalk is holomorphic at oo for all @ € SL;(7Z).

The C-vector space of all modular forms of weight k£ with respect to the congruence
subgroup I is denoted by M (I').

A cusp form is a modular form that vanishes at cusps, or more formally

Definition 1.53. Let f a modular form of weight k with respect to the congruence
subgroup I'. We call f a cusp form if ap = 0 in the Fourier expansion of f[a]; for
all @ € SLy(Z). The C-vector space of all cusp forms of weight k£ with respect to
the congruence subgroup I” is denoted by Si(I") and this is a subspace of M(I).

Remark 1.54. The third condition of definitions 1.51 and 1.52 and the condition of
definition 1.53 are written independently of the congruence subgroup I, but it is
enough to check the condition for the finitely many representatives of SL,(Z)/I".
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Remark 1.55. Let f a modular form of weight k with respect to the congruence
subgroup I". For a fixed cusp s, possibly s = oo, we don’t have a unique Fourier
expansion of f at s. If @ € SLy(Z) is such that @co = s, we have the Fourier
expansion of f at s defined as the Fourier expansion of f[a]; at co. But if § =

((1) {) with j € Z, we have +aB00 = s too and (f[xaB]) (1) = (J_rl)k(f[a/]k)(r+j).

So, if £ is the smallest positive integer such that ((1) }ll) € o 'TI'a, we have

[ee)

(Flelo@ = ) and",

n=0

2ri(t+j) 2nij

where g = e%, but, since e” #  =eh g, we have also
(Fl£aBlT) = 1) " andq",
n=0

where {j, = et is the h-th root of unity. All these expansions are admissible Fourier
expansions for f at s. Hence, if k is odd, the value of f at s is not well defined, but
it makes sense to ask whether f vanishes at s, i.e. to ask whether ag = 0.

1.9 Modular curves

The main reference for this section is Diamond and Shurman [18].

There are three different ways to define a modular curves: the complex analytic,
the algebraic and the moduli space setting. We briefly recall these three points of
view.

Using the complex analysis we can define the modular curves as Riemann sur-
faces.

Definition 1.56. Let H* the extended upper half-plane and I" a congruence sub-
group of level N as in Section 1.8 above. We define

Y(I') := I'\H,
X(I) := I\H*.

If I' = I'(N),I'o(N), '1(N) we denote the sets above respectively by Y(N), Yo(N),
Y1(N) and X(N), Xo(N), X1(N).

Proposition 1.57. Let H* the extended upper half-plane and I' a congruence sub-
group of level N as in Section 1.8 above. The set Y(I') have a structure of connected
Riemann surface and the set X(I") have a structure of compact connected Riemann
surface.

For the proof see Diamond and Shurman [18] Chapter 2.
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Remark 1.58. The reason to introduce the cusps is to get the compactness property.

This point of view allows to use many transcendental tools to study modular
curves. For example we know that ratios of modular forms of same weight with
respect to the congruence subgroup I” are well defined functions on the modular
curve X(I).

The algebraic setting allows to define the modular curves over algebraic ex-
tensions of @ or @ itself in some cases. Using this point of view, one can study
algebraic and arithmetic properties of modular curves. This approach uses Galois
theory and the correspondence between isomorphism classes over K of projective
algebraic curves over K and conjugacy classes over K of function fields over K,
where K is a field. See Diamond and Shurman [18] Chapter 7 for more details.

Nevertheless, the more interesting point of view is to see the modular curves as
moduli spaces of elliptic curves with some torsion data.

Let E an elliptic curve over Q and N a positive integer. By Section 1.6, we
know there is a group isomorphism

¢: E[N] = Z/NZ X Z/NZ.

Let H be a subgroup of GL,(Z/NZ) and let N be a positive integer. We define a
relation on the set of ordered pairs (E, ¢), where E is an elliptic curve over Q and
¢ is the isomorphism above for the fixed N, i.e. it is a choice of a basis for the
N-torsion points of E. We have

(E,¢) ~ (E',¢")
if and only if the following two conditions hold:
1. there is a curve isomorphism

.. E—> E;

2. there is a matrix & € H such that the following diagram commutes

E[N] ¢ Z|NZ x 7./NZ
L h
E'[N] Z./NZ x Z,/NZ. .

’

It is simple to check that the relation just defined is an equivalence relation.

Definition 1.59. Let H be a subgroup of GL,(Z/NZ) and let N be a positive inte-
ger. The modular curve associated to H is the set

S(H) = {(E, )}/ ~,

where the pairs (E, ¢) and the equivalence relation ~ are defined above.
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We know that the set S (H) has a structure of algebraic curve defined over an
algebraic extension of ) and a structure of Riemann surface when it is defined
over C, and these structures are the same we talk above. We can compactify S (H)
adding the cusps and we denote the new curve as Xg. The cusps could be seen as
generalized elliptic curves. See Deligne and Rapoport [17] for more details about
this topic.

We can define what a rational point on S (H) is, using the action of absolute
Galois group Gal(Q/Q) on pairs (E, $). If o € Gal(Q/Q) we define this action
as (E,¢)” := (E7,¢7). Here E is the action of o on coeflicients of Weierstrass
equation defining E and the action on ¢ is ¢” 1= ¢ oo\

If E is defined over Q, the action of o € Gal(Q/Q) on E is just the action of
o on E(Q), ie. if P = (x,y) € E(Q) then P” := (0(x),0(y)). It follows that if
P € E[N] then P € E[N].

Definition 1.60. Let H be a subgroup of GL,(Z/NZ.), let N be a positive integer
and let S(H) the modular curve associated to H as above. A point on S (H) is
rational if it is invariant with respect to Gal(Q/Q), i.e. if (E, ¢)” ~ (E, ¢) for all
o € Gal(Q/Q). A point on S (H) is integral if the j-invariant of the isomorphism
class of E corresponding to that point belongs to Z.

Using the description above, the rationality condition just defined become:
1. there is a curve isomorphism

1. E— E’;

2. there is a matrix & € H such that the following diagram commutes

E[N] Z/NZ x Z./NZ
L h
E7[N] Z./NZ x Z./NZ. .

(o

It is trivial that the two conditions are satisfied if and only if E is defined over @,
hence we have E = E and ¢ = idg, and po o' 0 97! € H.

1.10 Order of automorphic forms and differentials

The main reference for this section is Diamond and Shurman [18].

We are able to compute the order of an automorphic form f at a point /'t of the
modular curve X(I") from the knowledge of the order of the form f itself at a point
7 of the extended upper half-plane H*, where 7 is any representative of /7.
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Let I" a congruence subgroup of SL,(Z), let f an automorphic form of even
weight k with respect to I, let T a point of H such that "t has period e € {1, 2, 3}
in X(I') and let s € Q U {oo} such that I's is a cusp of X(I'). By Diamond and
Shurman [18] (Section 3.2) or Shimura [45] (Section 2.4) we know that

ordr () = 2L,

for every T € H and

ordry(f) = ordy(f),

for every cusp s and the orders are well defined, i.e. they are independent of the
chosen representative inside the orbit. We remark that there are not irregular cusps
when £ is even.

In this setting we can define the meromorphic differentials in the following
way.

Definition 1.61. Let I" a congruence subgroup of SL,(Z) and X(I") the associ-
ated modular curve. We call meromorphic differentials on X(I") of degree n, for a
positive integer 7, the elements of the set

QX)) = {f(D)(dr)", f € Ax(D)}.

The elements w = w(f) = f(7)(d7)", where f is an automorphic form of
weight 2n with respect to I" and 7 varies in H, are differentials on /H that are well
defined as differentials on X(I'). It is obvious that Q"(X(I")) is a C-vector space
isomorphic to Ay, ().

Remark 1.62. The Definition 1.61 above of meromorphic differentials is equivalent
to the usual one of meromorphic differentials on a Riemann surface. See Diamond
and Shurman [18] Section 3.3 for details.

The discussion above allows to define and compute the order of a meromorphic
differential w(f) at a point I't of X(I") from the order of the associated form f at a
point 7 of H*, where 7 is any representative of I'7.

Let I" a congruence subgroup of SL,(Z), let f an automorphic form of even
weight k£ with respect to I, let w = w(f) the meromorphic differential on X(I") of
degree % associated to f, let 7 a point of H such that /'t has period e € {1,2,3}
in X(I') and let s € Q U {oo} such that I's is a cusp of X(I'). By Diamond and
Shurman [18] (Section 3.3) or Shimura [45] (Section 2.4) we know that

l_omAﬂ_ﬁb_l)

k
ordrr(w) = ordr.(f) — 3 (1 - Z)

e 2 e

for every 7 € H and

k k
ordry(w) = ordr(f) = 5 = ordy(f) = 7,
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for every cusp s and the orders are well defined, i.e. they are independent of the
chosen representative inside the orbit. When k = 2 they become

ord-(f) + 1 _
e
ordrs(w) = ordy(f) — 1.

ordr-(w) = 1

Moreover, when k = 2 we have also the following result.

Corollary 1.63. Let I' a congruence subgroup of SLy(Z.) and X(I') the associated
modular curve. Then

Q, (X)) = Sy(I),

where Q/lwl is the C-vector space of holomorphic differentials of degree 1.

1.11 Twist of cusp forms

Our main references for this section are Shimura [45] and Atkin and Li [3].
Let Si(I'1(N)) be the set of cusp forms of weight k with respect to I'{(N) and
let

SiN.¢) = {f & SUTI(N)) st fIYlk = §(@)f, for every y = (j Z) - ro<N>} -
={f € Si(I'(N)) s.t. {d)f = ¢(d)f, for every d € (Z/NZ)"},

where ¢ is a Dirichlet character modulo N and (d) is the usual diamond operator.
We recall the main definitions about twisting.

Definition 1.64. Let f be a modular form of level N and weight k with g-expansion
Y0 @n(f)q" and y a Dirichlet character modulo a positive integer M possibly
different from the level N. We call 3} ; a,(f)x(n)q" the twist form of f by y and
we denote it with f ® y. This means that f ® y has a g-expansion with Fourier
coefficient a,(f ® x) = a,(f)x(n) for all n € Z.

Definition 1.65. Let 4 be a modular form. We call & primitive if there are not a
modular form f and a non-trivial Dirichlet character y such that 4 = f ® y.

We recall, without proof, the main result that we need about twisting of mod-
ular forms in Shimura [45] Proposition 3.64 (pag. 92). See also Atkin and Li [3]
(Section 3).

Proposition 1.66. Let N, s, r be positive integers with s|N and let M = lcm(N, 2, rs).
Let ¢ and y be primitive Dirichlet characters modulo s and r respectively. Let
[ € Sk(N,¢). Then f ® x € StM., dx°).
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In our case N = s = r = p where p is a prime number and & = 2. In this
case M = p? and both ¢ and y are characters modulo p. We want to know, given
f € Sa(p, ¢) and y a primitive character modulo p, when the twist form h = f ® y
belongs to S>(I'o(p?)) = S»(p?, 1), where 1 is the trivial character modulo p. This
is true if and only if ¢y? = 1 or equivalently when y? = ¢~!.

If ¢ is the trivial character we have & € Sy(1 0(p2)) if and only if )(2 = 1 and,
since y is primitive, this implies that y is the quadratic character modulo p. This
means that a twist of an element of S,(I'o(p)) by the non-trivial quadratic character
modulo p is an element of Sy (I o(pZ)).

Now we assume ¢ is not trivial. Given an element f € Sy(p, #) we can obtain
two twists: h = f® yand /' = f® x/, where y? = y'> = ¢!, hence ¥’ = y& where
¢ is the non-trivial quadratic character modulo p.

Let o € Gal (Q / Q) an element of the absoute Galois group of Q). Since we
have the g-expansions of f and A at a rational cusp, then o acts on f and A just
acting on their Fourier coeflicients. So it is obvious that /7 = f7 ® y“, that is
Galois conjugates of A correspond to twist of Galois conjugates of f by Galois
conjugates of y. In particular if the character y’ = y& is a Galois conjugate of y
there is only one twisted Galois conjugacy class, otherwise there are two twisted
Galois conjugacy classes: the class of f ® y and the class of f ® y’.

By Atkin and Li [3] Corollary 3.1 (pag. 231), we know exactly when a twist
form of a newform is again a newform. In our case N = Q = g = p where p is
a prime number, F, = f ® y is the twist form of f € S>(p, ¢) by the character y
such that cond y = p. It follows that £ = g9 = ¢ and M = 1. Finally if we choose
Q' = p?and f®y € So(I'o(p?)), that means ¢y = 1, we can conclude that if f is
a newform then f ® y is a newform.

1.12 Serre’s uniformity conjecture

In this section we illustrate the link between the Serre’s uniformity conjecture and
the modular curves. The main references for this section are Serre [44], Mazur [37]
and Galbraith [24].

The Serre’s uniformity conjecture over Q is the following.

Conjecture 1.67 (Serre’s uniformity conjecture). There is a positive constant C
such that, the representation

PEp: Gal(Q/Q) - GLZ(F;})’

of the absolute Galois group Gal(Q/Q), is surjective for every elliptic curve E over
Q without complex multiplication and for all prime numbers p > C.

Here pg ), is the representation of Gal(Q/Q) that we get identifying the group
GL,(IF,) with the automorphism group Aut(E[p]) of p-torsion points E[p] of the
elliptic curve E. The word "uniformity" refers to the independence of constant C
from the chosen elliptic curve.
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Using the moduli space description of modular curves, we know, by Serre [44],
that this conjecture follows from the following one.

Conjecture 1.68. Let H be a proper subgroup of GLo(IF ) such that det: H — I,
is surjective. There is a positive constant Cgy such that, for all primes p > Cy, the
only rational points on the modular curve Xy (p) of level p, defined over Q, are the
"expected points".

We explain what the "expected points" are, after we state Theorem 1.69 below.
Again by Serre [44], Section 2, we know the following theorem.

Theorem 1.69. Let p be a prime number. If H is a subgroup of G = GLy(IF ) such
that det: H — It is surjective, then we have only five possible cases:

1. H=¢G;

2. H is contained in a Borel subgroup of G;

3. H is contained in a normalizer of a split Cartan subgroup of G;

4. H is contained in a normalizer of a non-split Cartan subgroup of G;
5

. H is the inverse image of an exceptional subgroup of PGLy(IF ), i.e. H is the
inverse image of a subgroup Hy of PGLo(IF),) that is isomorphic either to the
symmetric group S 4, or to the alternating groups A4 or As.

Hence, it is enough to check the Conjecture 1.68 for H isomorphic to one of
the maximal subgroups above: Borel, normalizer of split Cartan, normalizer of
non-split Cartan and exceptional subgroup. If H is isomorphic to a Borel subgroup
we denote the associated modular curve of level p by Xo(p), if H is isomorphic to
the normalizer of a split Cartan subgroup we denote the associated modular curve
of level p by X (p), and if H is isomorphic to the normalizer of a non-split Cartan
subgroup we denote the associated modular curve of level p by X\ (p).

Depending on which maximal subgroup we consider, the expected rational
points are characterized in a little bit different way. A nice point of view is that
of Mazur [37] which we recall.

Let E/C an elliptic curve over the complex field with complex multiplication.
Hence, E has a complex quadratic order as endomorphism ring Of := End¢ E. We
denote by Ag the discriminant of Of, by K the fraction field of O and by c the
conductor of Og, i.e. the index [Ok : Og] where Ok is the ring of integers of K.

If E is isomorphic to the complex torus C/A;, where A is a lattice of C with
basis {1, 7} for a fixed T € H, we have O = Z[1].

If the level of Xg(p) is the prime number p, then the ideal pOg of Of over the
prime ideal pZ of Z could have only three different behaviours:

1. the ideal pOp ramifies, so there is a prime ideal ¢ such that pOg = %, in this
case ker(yp,) is a subgroup of order p of group of the p-torsion points E[p] of
E, where ¢, is a generator of the principal ideal g, and the pair (E, ker(¢,))
is a point on Xo(p);
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2. the ideal pOg splits into two prime ideals pOg = pp, in this case ker(y,) and
ker(¢y) are cyclic subgroups of order p of group of the p-torsion points E[p]
of E, where ¢, and ¢y are generators of principal ideals p and p respectively,
and the pair (E, {ker(g,), ker(¢p)}) is a point on X7 (p);

3. the ideal pOg is inert, so it is still prime in Og, in this case Og/pOg is a field
that we can consider as a subfield of the endomorphism ring of p-torsion
points E[p] of E and the pair (E, Og/pOg) is a point on X, (p).

To get rational points on modular curves we need that the elliptic curve associated
to that point is defined over @, i.e. we need that its j-invariant belongs to Q. Let E
be an elliptic curve with complex multiplication, let O be its endomorphism ring
and let jg be its j-invariant, we know, by complex multiplication theory, that

[QRUE) : Q] = ho,

where hg, is the class number of the order Of. Hence, E is defined over Q) if and
only if O has class number one. So, the points above are rational if and only if the
class number of the quadratic order O is one.

Definition 1.70. Let H be one of the maximal subgroup of G of Theorem 1.69.
The expected rational points on a modular curve Xg(p), whose level is a prime p,
are:

1. the unique two cusps and the elliptic curves with complex multiplication
such that the class number of Of is one and p ramifies in Og, if H is isomor-
phic to a Borel subgroup;

2. the unique rational cusp among the pTH cusps of the curve and the elliptic
curves with complex multiplication such that the class number of O is one
and p splits in O, if H is isomorphic to the normalizer of a split Cartan
subgroup;

3. the elliptic curves with complex multiplication such that the class number
of O is one and p is inert in Og, if H is isomorphic to the normalizer of a
non-split Cartan subgroup.

There are no expected rational points in the case of H is the inverse image of an
exceptional subgroup of PGLy(IF)).

The non-cuspidal expected rational points are also called complex multiplica-
tion points or CM points.

By Heegner [28], Stark [49] or Baker [5], we know that there are only 13
complex quadratic orders with class number one and their discriminants are

A=-3,-4,-7,-8,-11,-12,-16,-19,-27, -28, -43,-67, -163.
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This implies that, for each prime number p, there are 13 non-cuspidal rational
points to allocate among the curves Xo(p), X{ (p) and X (p). Since p ramifies in a
quadratic order if and only if p divides the discriminant of the order, these 13 non-
cuspidal rational points will be distributed only between X¥(p) and X' (p), when
p > 163. Further, the CM points are always integral according to Definition 1.60.

What is the present status of Serre’s uniformity conjecture? We know that Serre
himself proved that it is true for H is the inverse image of an exceptional subgroup
of PGL,(IF,) taking Cy = 13. See Mazur [35] Introduction (pag. 36). Few years
later, Mazur [35] and [36] proved that the conjecture is true for H isomorphic to a
Borel subgroup taking Cyz = 37. More recently, by the works of Bilu and Parent
[10], and Bilu, Parent and Rebolledo [11], we know that the Serre’s conjecture is
true for H isomorphic to a normalizer of a split Cartan subgroup taking Cy = 13.
So, to prove it, it is enough to prove the following conjecture.

Conjecture 1.71. There is a positive constant C,; such that, for all prime numbers
p > Cps, the modular curve X;((p) of level p associated to the normalizer of a non-
split Cartan subgroup of GLy(IF,), have not rational points, except the expected
points.

So the problem is translated in an arithmetic geometry question. At the mo-
ment, to my knowledge, there are not promising approaches to attack this conjec-
ture, but there are some papers that give some numerical evidence for it. The curves
X;t.(p) with level a prime p < 11 have genus zero and they have infinitely many
rational points. Ligozat [33] in 1977 studies the genus 1 curve X (11), proving
that it has infinitely many rational points, and Baran [7] in 2012 studies the genus 3
curve X,(13). Bilu and Bajolet [4] in 2012 proved that the curve X, (p) with level
aprime 11 < p < 71 has no integral points but the CM points.

In the following chapters we extend the method of Baran to all modular curves
X;.(p) with level a prime p > 13. For larger p the main problem is the fact that the
genus of X' (p) and hence the required number of calculations grows rapidly with
p. For example, we know that the genus of X, .(p) exceeds 5 when the level is a
prime p > 13. We show an application of these techniques explicitly on the genus

6 modular curve X, (17).






Chapter 2

How compute Fourier coeflicients
of non-split Cartan invariant
forms

2.1 Introduction

In this chapter we denote by p a rational prime, by IF,, the finite field with p ele-
ments and by G = GL,(I',)) the general linear group over IF,.

Let f € S>(I's(p)) be the image of a newform in Sy(7, g (p?)). We know, by
Baran [7] Proposition 3.6, that the G-subrepresentation generated by the C[G]-span
of f is an irreducible representation. But it is not true that every such a representa-
tion is a cuspidal one. This is the case only when f is not a twist of a lower level
form, i.e. when f is primitive. We know f could arise as a twist of an element
t € Sa(I'1(p)). Sometimes it is useful to distiguish when ¢t € S>(I'p(p)) and when
t € So(I(p) \ Sa(To(p)), i.e. when the character ¢ of ¢ is trivial or when it is not.

We want to get a form i € Sy(I',5(p)) form one f € S>(I's(p)). In order to do
this we use a representation-theoretical point of view.

2.2 Characterization of split and non-split Cartan invari-
ant elements

Let p a rational prime, I, the finite field with p elements and G = GL,(IF'),) the
general linear group over If,. We can associate a G-representation to every new-
form of S>(I'y(p?)), as we explain in Section 2.3 below, so we use the group repre-
sentation theory on G and our main reference is Piatetski-Shapiro [40].

We assume to fix a I',-basis and we choose a simple form for the subgroups of
G that we define below. Therefore, the following definitions hold up to the conju-

37
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gation by the change of basis matrix. Let

a b
R

be the Borel subgroup of G, let

oo e,

be the unipotent subgroup of G, let

a 0 .
Cs—{(o d),a,deIFp},
+_ [{a O\ . 0 b). «
= {8 Yewaers) o0 Ynecrs)

be the split Cartan subgroup and his normalizer respectively and let

CMZ{C f%mbewﬁf—b%¢o}

1 0
C;s =Cys U (O _1) Cos,
be the non-split Cartan subgroup and his normalizer respectively, where £ is a fixed
quadratic non-residue of I¥),.
Let
u: B— C,

be a character of B. We know that

uPB) = ui(a)u(d), for every g = (g Z) € B,

where py, 2 1 I}, — C are two charcters of I,

We know the complex irreducible representations of G are of four kinds and
three of them arise from induced representations from B. The irreducible repre-
sentations which don’t arise from B are called cuspidal representations and their
link with the newforms is already explained by Baran in [7]. Hence we focus our
attention to representations arising from B and we give an explicit description of
them.

Let g, 80, &1, - - - » &p—1 be a set of representatives of G/B, where

(10
=10 1)

&:(ﬁ E;j,mrk:QL“”p—L
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Hence we have |
-
G=BU [u ng] :
k=0
Let V be a complex one dimensional representation of B such that 8- v = u(8)v for

every v € V and for every 8 € Band let W = Indg V the complex representation
induced by V from B to G. We can see W as a C[G]-module using

W = C[G] ®¢ip V.
where

z2-(x®v) = x® (zv),
g-(x®v)=(gx)®v,
xB)®v =x uB)v,

for every x,g € G, for every v € V, for every z € C and for every 8 € B. To

. . . a .
understand in explicit terms the action g-(x®v), when g = c € G, itis enough

d
to compute the action on the basis, i.e. it is enough to compute g-(gx®1) = (ggx)®1,
for k = 00,0,1,..., p— 1. The reader can easily check thatif c = 0, i.e. g € B, we

have
_[a b\ (1 O\fa b\ _
ak—b  ak-b
@2 L2 4 1\(d d—-a d d-a
(" a d _
88k = ( 4 -1 )(O )—gak—b (0 a ), for k # oo,
otherwise, if ¢ # 0, we have

a b\ (-¢ -4+1\(-c “L-d-b —c “Y_d-»p
880 = = ad =§g-4a ad s
c d -1 -1 0 —7+b <\ 0 _T+b
(“-b “ig-p) (Y- p Yy
g84=1 "o c 8=l " c ’
ak—b ak—b ak—b
- — L2+ 1\[d-ck d—a+c

0 a-—co=;
(d—ck d—a+c%2

d
ck=d | for k # oo, —.
0  a-cg ) c

= ak=b
g_ ck—d

It follows that if ¢ = O we have

a b
8800 ® 1 = goo (0 d) ® 1 = goo ® ui(a)u2(d),

d d-
88k ® 1 = guis (o g a)®1 = gar ® pri(d)pa(a), for k # oo,
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otherwise, if ¢ # 0, we have

—c “_d-b ad
ggoo®1—g_a(0 C_ﬂer )®1=g—g®ﬂ1(—c)/~lz(—?+b),
-
ad ad
“e@_p “Lyrg-»H ad
ggd@l:g‘”(co ‘ )®1:8m®ﬂ1(——b)#2(6),
c C C
d—ck d-a+c%b
88k ®1 =g_ak—b( kfﬁ‘d)@)l =
ck—d 0 a_cﬁk—d

k—b d
=8 ab ®,ul(d—ck),ug(a—cjk_d), for kqtoo,z.

We have the fact that W is a (p + 1)-dimensional complex representation that is
irreducible if ¢y # up and it splits in two irreducible representations, of dimension
one and p respectively, if u; = uo.

We want a formula that takes as input an element invariant with respect to the
action of C} and gives as output an element invariant with respect to the action
of C;,. The way we get this is to characterize the C} -invariant elements and the
C;-invariant ones, i.e. we characterize the subspaces WS and WS,

In the remainder of this section we prove the following proposition.

Proposition 2.1. Let Cs, Cy5, CY, Cyt, be the Cartan subgroups and their normal-
izer as above, let 1, uy,uy: IF; — C be characters of IF;‘,, where 1 is the trivial

e
we have u(B) = ui(a)ux(d). Let W = Indg V = C|[G] ®¢p) V, where V is the
C-representation of B of dimension one defined by the character u as above. Let
8c0> 805 - - - » &p—1 be the above basis of W and let v € W an element with coordinates
2005205 - - - » Zp—1 With respect to this basis. Then

character. Let u: B — C be a character of B such that for all B = (

a) if uy # po we have

dim WS = 6(uip, 1),
dim W = 6(uipp, 1),
dim WS = 612, 181 (- 1), 1),
dim W = 6(u1 12, 1)S(ur (—1), 1),
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and the characterization of his Cartan-invariant elements is the following

0=20=0
ve WS ifandonlyif{;( :#ZIO(%)Z], k=1,....p—1, (2.1)
v e WO if and only if {Zw M (11_; o (2.2)
Zk:ﬂl(m)zl, k=0,....p—1,
vews if and only if u1(=1) = 1 and {2::_:;)(_%)021’ k # 0,0, (2.3)
v € WS ifand only if u1(~1) = 1 and {Zm e (11_; " (2.4)
%k = {1 (m)a, k # oo;

b) if ui = up then W = W @W,,, where Wi and W), are irreducible representations
of dimension one and p respectively such that Wy is characterized by the
following condition

ve W ifand only if 7o =20 = -+ + = Zp-1, (2.5)
and such that

dim W = §(uy, 1),

dim W™ = §(uy, 1),

dim W = 5(u1, 1),

dim W = 5(u1, 1),

dim Wy* = 6 (7, 1) + 6(u, 1),

dim Wy = 6 (7, 1) - 6(uy, 1),

dim WS: = 6(/1%, ]1)6(/11(—1), D),

dim Wy = 8 (43, 1) 61 (=1), 1) = 61, 1),

moreover, if uy # 1, the characterization of W),’s Cartan-invariant elements
is the following

e WE itand onty if | =0 =0 2.6)
1% Sl and on l .
b Y a=pi(})zr, k#,0,
e . Zo =1 (1 =827y @7
V€ " if and only i _ .
Y i Zk=#1(k12—_“’;)m, k # oo,
e WE ifand only if iy (<1) = 1 and 15 =970 2.8)
A% I and on 1 - = an .
P YU Zk = M1 (%)Zl, k # 00,0,

ct, . . o= (1 -6z
v € W," if and only if u(-1) = 1 and Zk:/ll(%)zl’ k £ oo, 2.9
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otherwise, if uy = 1, it is

VE Wgs if and only if 71

= Zp-1 = —Zoo — 20, (2.10)

VE Wf‘r if and only if 71

Proof. a) We suppose u; # up. Letv = Zke]pl(Fp) g1®z # 0, where gi, k € IPI(IE‘,,)

are the above elements that form a basis for W and z; € C are the coordinates
with respect to this basis. So v € WS if and only if

a 0
g[ Z gk®Zk]= Z 8k ® Zg, fOFCVef}’g:(O d)ECs-

keP!(F,) keP!(IF )
Since
g Z 8k ® k| = Z 88k ®zk =
keP!(F ) keP(F )
p-1
= oo ® 1 ()u2(d)zeo + Z g ® pri(d)pa(@)zy =
k=0
p-1
) e dk
= goo @ ui(@)u2(d)ze0 + Z 8k ® ui(d)uz(a)za, using the substitution k — —,
a a
k=0

it follows that v € WS if and only if

{,Ul (@2(d)zeo = Zeo

i dp(@ze =z k=0,...,p—1° oreveryadel,

If we choose d = a then we get up = ,u;l, because at least one of z;,k €
IPI(IF,,) is not zero and because the previous system must hold for every
a € I,. Therefore

a
17)%0 = 20
g Z , forevery a,d € IF7,
Hi\g)2a = 2k k=0,...,p—-1
and if we denote r = g we have
1 =
{/Jl(r)Zoo foo , forevery r € IF,.
mNzw=2z% k=0,...,p-1

Since we supposed u; # /,q] it follows that u; is not the trivial character,
therefore we obtain

Z0=20=0 i
, forevery r e 7.
{/11(F)Zrk=zk, k=1,....,p—1 Y P
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So if we choose k = 1 we can write

Z0=20=0
Zr = M (%)m, r=1,....p—1,
or equivalently v € WS if and only if v = Zf;ll 8k ® Uy (%)zl.

Using the same argument when g = ((c) g), with b, ¢ € I, and assuming
Mo # ,ul_l, we get

Zoo = M1 (—%)Z()

20 = U1 (_%)Zoo , forevery b,c e Ir),.

Zk Z#I(_c%)zf*k’ k=1,...,p—1

Now if we suppose v € W& and denoting s = % we get

Z0 =20 =0

% =u1(Nzw , forevery k,r,s € %,

a=m(-)5
and equaling the right hand side of the last two equations, denoting x = rk
and p = -5, we obtain

{zoo=zo=0

, forevery k,p € ¥,
% = M1 (—=P) Zpx YL ESD

s0, choosing p = 1, we have the extra condition y;(—1) = 1 on the character.

For C,,; we make the same computations and if g = (Z bj), with b # 0 (the
case b = 0 is trivial), we have
2
Zeo = M1 (% - b§)#2(b)2g
2
—e = (D)o (—% + bf) Zoo

zase = (@ =Dk (a — DGt )z, k# 0.4,

for every a € I}, and for every b € I, such that a® + b*¢ # 0. So we must
have z., # 0 and, choosing a = 0, this implies that

Zeo = 1 (=b8) p2(b)z0 = pu1 (b°€) 2 (7€) 2o,

for every b € I, and therefore we have again the condition y, = ,uIl. Using
this condition and denoting r = — we get

Zoo = 1 (P =€) 2,
r =M (ﬁ)zw , forevery r € I,

2
Zrkae = M) ((Hk) )Zk, k # oo, —r,

2_
r+k ri=¢
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kr—¢
r—k
Zeo = 11 (7 =€) 2,

r =M (,zl_f)zoo , forevery r e I,

2

Zp = U (ﬁ)Z%—f, k#oo,r

and with the substitution k +— we have

As for the split Cartan case if we take g = (Z __bag), with b # 0, denoting
again r = —7 and assuming pp = ,ul‘l we get

Zoo = i (6= 1)z

1
r =M (é_-_rz Zeo , forevery r € I,
2
Irk=¢ = M ((;_2 )Zk, k #+ oo,r,

k=r

As before, joining these conditions with the previous ones which character-
ize WCs, we obtain again the extra condition on the character puj(—1) = 1. If
we want to express all the coordinates in terms of one of them, for example
Z1, We can write

= 1=z
{Zk = U1 (klz—__i)zl, k=0,...,p—1.

So if u; # pp then W is irreducible and we have

dim WS = 6(uiua, 1),

dim W = 8(ui2, 1)6Gar (=1), 1),

dim W = 6y, 1),

dim W = 6(ui2, DG (=1, 1),
where ¢ is the usual Kronecker’s deltaand 1: I, — C is the trivial character
of I,

b) Now we study the case yp, = u;. By Piatetski-Shapiro [40] we know W splits
in two not isomorphic irreducible representations with dimension one and
p respectively. We denote the former by W and the latter by W,, so W =
Wi @ W,. In this case the action of an element g of G on the basis become

880 ® 1 = goo ® py(det g),
ggr®1 = §ak-b ® pui(detg), for k # oo,

if c = 0 and
8800 ® 1 = g_a @ py(detg),
884 ® 1 =g ®pu(detg),

d
ggr®1 = 8 akb ® pi(detg), for k # oo, o
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if ¢ # 0. It is immediate to observe that the only one dimensional representa-
tion is defined by the condition z, = 79 = -+ = z,—1. Hence gv = u;(det g)v
for every g € G and v € W and from this we deduce

dim W = §(uy, 1),
dim W = 5(u1, 1),
dim W = 6(uy, 1),
dim W = §(uy, 1).

IfveWandg = (g g)ecs we get v € WS if and only if

Zeo = M1 (ad) Zoo .
{ 00, ’ for every a,dEIFp.

Zak = (ad) zx, k#

Substituting k — % we obtain

o0 — d 0
{Z # (ad) 2 , forevery a,d € IE‘;

2% =My (ad) za, k # o0,

and choosing a = d we get ,u%(a) = 1 for every a € I, and therefore /1% =1.
We have two cases y; # 1 or u; = 1. In the first case choosing a = d we get
Zoo = zo = 0 and denoting r = g we get zx = p1(a*r)zn = p1(r)z. Hence
v € WS if and only if

{Zoo=Z0=O

, for every r € IF*,
% = m(Nzg k% ,0, Y

or in terms of z;
Z0=20=0
Zk = H1 (%)Zl, k # 00,0.
On the other hand if y; = 1, again denoting r = %, we have
{Zk =z, k # 00,0, forevery r e I,

So we can write

dim Wy* = 6 (7, 1) + 6(uy. 1).

For C; we take g = ((C) g) € G and in the same way we have

Zoo = M1 (=bc) 20
20 = 11 (=b¢) 7o , forevery b,c € ]F;.
Zp = (=bc)zi, k # 00,0,
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Substituting k — ﬁ we obtain

Zeo = M1 (=b0) 20

20 = 1 (=b¢) Zeo , for every b,c € I},

2 = pi(=bc)zp,  k#e,0,
If we add to these the conditions the characterize WS and denoting s = IZ’
we have, if yu; # 1,

Zoo=20=0
2% = (N2,  k # 00,0,
= (=8)zs, k#,0,

for every r, s € I, and choosing s = k = 1 we obtain again the extra condi-
tion p;(—1) = 1. But when ¢ = 1 we have

Zoo = 20
Zk = Zl’k’ k # OO, 09
% =28, k# 00,0,

for every r, s € I}, so we can write

dim Wy = 8 (43, 1) (1 (~1), 1),

And now the last part of these computations. We take g = (Z bj) € Cys, Wwe

suppose b # 0, the case b = 0 is trivial, and we denote r = —7. We have

Zoo = py (detg) z—,
7, = py (det @) zeo , forevery r € I,
2t = (detg)zk, k# o0,—r,

Substituting k — % we obtain
Zoo = p1 (detg) z—,
Zr = p (det g) Zeo , forevery r € I},
Zk = Ui (detg)zrk;f, k # oo, r,

Using the first two equations we have z, = ,u%(det 8)z-r, forevery r € IF;; and
for every g € C, hence if we take r = 0 we get ,u% = 1 (because if zo = 0

then v = 0). Now if u; = 1 we have zo, = 20 = ..., 2,1 thatis W;. So we
suppose u; # 1 and we rewrite the conditions in terms of z;

Zeo = 1 (I = &)z

a=m (1=K =)z, k#eo.
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Hence we have

dim W, =6 (i, 1) - 6(u1, 1),
a —-b¢
b -a
again the extra condition y;(—1) = 1 if u; # 1. So we have

Finally for g = ( we get similarly zoo =20 = ...,2p-1 if uy = 1 and

dim Wy = 6 (g3, 1) 61 (= 1), 1) = 6(u1. 1),

completing the part of interest for us of the dimension table in Edixhoven
[20] and the proof.
O

2.3 From representations to cusp forms

In this section we explain the relation between cusp forms and representations of
G = GL(IF,) and SL,(I',). This allows to apply the results of Section 2.2 above
to cusp forms.

Let X(p), for p prime number, be the modular curve which parametrizes ellip-
tic curves with full p-level structure. This modular curve is defined over the p-th
cyclotomic field Q({,). There is a natural isomorphism

X(pyo = | |H/T®),
Hp
where 1, is the set of primitive p-th roots of unity, X(p)c¢ is the analytification of
X(p), the group I'(p) is the principal congruence subgroup of SL;(Z) of level p
and H* is the extended upper half-plane. This isomorphism is defined over C.
Using the previous isomorphism and Corollary 1.63 we get the isomorphism

Q},(X(p)c) = P SaT(p)), 2.12)

Hp

between the C-vector space of holomorphic differentials on X(p)¢ and the direct
sum of the C-vector space of cusp forms of weight 2 with respect to I'(p), indexed
by the set ), of primitive p-th roots of unity.

By Section 1.8 we know there is an action of SL»(Z) on S>(I'(p)) using the
weight-2 operator. This action is actually an action of SL>(IF,) on S>(I'(p)). We
have that isomorphism (2.12) above is G-equivariant if we identify the right hand
with the complex G-representation space Indng(]Fp) S,>(I'(p)). We denote this rep-
resentation space as V(p).

We have that

QX5 (P)e) = V(p)™
Q/liol(X:z—x(p)C) = V(p)C;;S,
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where V(p)q is the subrepresentation of elements of V(p) that are invariant with
respect to the action of C{ and similarly for V( p)Cis.

We know by Baran [7] Proposition 3.6, that the C[G]-span V; of a newform
fe STy (p?)), where p is an odd prime, is an irreducible representation. This
follows from the strong multiplicity one property.

It is well known that the irreducible representations of G are the cuspidal ones
and the principal series. The cuspidal representations are parametrized by charac-
ters 6 of IF;2 that don’t factor through the norm map and a character of I, i.e. there
are not characters y : I}, — C* such that § = y o Norm, where Norm: IF;2 - I is
the usual norm map. The principal series representations are parametrized by pairs
(11, u2) of characters of IF),. For more details see Section 1.3 above or Piatetski-
Shapiro [40] or Fulton and Harris [22].

We recall, from Section 1.11, that a modular form is primitive if it is not a twist
of a lower level modular form. Let f be a newform of S,(I o(p?)), we know that,
if f is primitive then V is a cuspidal irreducible representation, on the other hand
if f'is a twist by y of a lower level newform g € S>(I"1(p)) then Vy is a principal
series irreducible representation. More precisely, if g € S>(I'o(p)) then V¢ has
dimension p and up = ,u;l =u; =y, butif g € So(I'1(p)) and g ¢ S»(Io(p)) then
Vs has dimension p + 1 and up = ,ul‘l # p1 = x. The irreducible representations of
G with dimension 1 never occur in this context.

Starting with the knowledge of the Fourier coefficients of a basis of newforms
for Sy(I" a“ (pz)), we are able to compute the Fourier coefficients of a basis for
Sa(T(p))-

The first step is to observe that there is an isomorphism S»(7, g ( pz)) = S, (I'f (p))
that doesn’t change the Fourier coefficients. We show this in the following lemma.

Lemma 2.2. Let wy = (0

N 0 ) for every positive integer N and let p a prime.

The map
1 SuI5 () = Sal5 (p))
f=uf) = pfiwpla
is an isomorphism and the Fourier coefficients of [ and «(f) are the same.
Proof. We start proving that the map ¢ is well defined. By
(O —1)(a pb) 3 ( d —c)(o —1)
p O0f\pc d) \-pb al\p 0O)

for every a, b, ¢, d € Z such that ad — p®bc = 1, it follows that

a pb\| _ d —c _
ol D)ol )] =0

s L=

Moreover, by
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for every non-zero integer a, and by

R Y| e e e

for every a, b, ¢, d € Z such that pzad — bc = 1, it follows that

b b b -
T A [ O

So ¢ is well defined.

The C-linearity of ¢ follows by definition of weight-2 operator.

That «(f) = 0 implies f = O follows trivially by I# # 0 for all T € H. Thus, ¢
is injective.

To prove that ¢ is also surjective, we show that if g € S>(I"] (p)) then g[w,]» €
SQ(Fg(pz)). If this is true we can define f := Il)g[wp]z € Sz(Fg(pz)) and we have
«(f) = g, because w), is an involution. Hence, we assume g € S>(I'y (p)). By

[ [

for every a, b, ¢, d € 7 such that ad — p*bc = 1, it follows that

a b\ _ d —pc _
g[W” (pzc d)L _g[(—pb a )W”L = slwpl

Furthermore, we have

0 1
8 [prpz]z =8 [(_1 0) Wp] = glwpla,
2

and we are done.

Finally, we prove the Fourier coefficients invariance. Since f € Sx(I'y (p?)), we
have

1 1
fo) = (f[Wp2]2)(T) = pz—TQf (_E) >

for every 7 € H and where the second equality holds by definition of weight-
2 operator for matrices with not unitary determinant, see Remark 1.49. Hence,
substituting 7 with —# we have

1 1 1 T
f(_l;): p? zlzf(__sz] - (l_?)

p°T

It follows that

(D 12)(T) = }#f(—i) ! f(I).
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This means that if () = ¥.*° | a,q", where g = >, then

(H@) = p(fIwyl)@) = > g,
n=1

2nit

where ¢ = e » , i.e. f and «(f) have the same Fourier coefficients, but different
q’s. O

Now, it is enough to show how to compute the Fourier coefficients of a basis
for S»(I';;(p)) from the coeflicients of a basis of newforms for S>(I'; (p)).

We don’t explain how to do this when f is a primitive newform and hence V
is a cuspidal representation, becuase it is already described in Baran [7]. So, we
focus on the case of f twist of a newform g € S>(I'1(p)).

If f is a twist of a newform g € S»>(I'1(p)), there is a non-trivial Dirichlet
character y: I, — C* such that f = g ® y. We know that the pair of characters
corresponding to V is (y, xh.

Let f = g®x be a twist of a newform g € S»(I"1(p)) and a non-trivial Dirichlet
character y: I}, — C*, and let

g(r) = Z anqns
n=1

2nit

the Fourier expansion of g, where ¢ = e » . We denote by &, the eigenvalue of g
with respect to the Atkin-Lehner involution w), i.e. g[w,]> = g,¢ and g, = +1. Let

(o9

9ea(T) = g ) ang"™,

n=1

2nit
where the a,’s are the Fourier coefficients of g and ¢ = e » and let

o0

o) = ) anl, """,

n=1

fork=0,...,p—1, where {, = e » is a p-th root of unity, the a,’s are the Fourier

coefficients of g and g = ez%. Of course, we have g9 = g.

We construct the C-vector space V; freely generated by g, 90, - - -, 3p—1. This
space has dimension p + 1 over C.

Using the same notation of Section 2.2 above, we consider the complex one
dimensional representation V of the Borel subgroup B such that 8- v = y(8)v for
every v € V and for every S € B, where y is the character used to twist g and get
f. Furthermore, we consider the complex representation W = Indg V induced by
V from B to G. We see W as a C[G]-module using

W = C[G] ®q[B] V.
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A basis of this representation W is ge, €0, - . . » &p—1, Where
(10
g2=1o 1)’
gk:(_kl k_J’ll), for k=0,1,...,p—1.

Proposition 2.3. Let W be the complex G-representation defined above. Then V,
is a complex SLo(IF ,)-representation isomorphic to Resng(]Fp) w.

Proof. The map (g ® 1) — g for k = 0,0,..., p — 1 is C-linear, so it is enough
to check that is also SL,(IF,)-equivariant. By definition of SL,(IF),) action we can

check the equivariance only for the generators S = (0 _1) and T = (1 1) of

1 0 0 1
SLy(Z).
We described the action of G on W in the Section 2.2 above and we can assume
that up = ul‘l = x~ !, where u1, up are the character parametrizing the representa-
tion W and y is the character we used to twist g. So we get

T8o®1 =g®1,
Tgr®l=g-1®1, ifk+# oo,
S8®1=g0®1,

Sgo®1 =¢g,®1,
Sgk®1:g_%®)(2(k), if k # 00,0.

On the modular form side, for each T € 9, we have

0]

2mi(t+1)pn s 2nitpn
@lTh)(®) = peg ) ane” 7 = peg ) ane’ 7 = gua(D),

n=1 n=1
_ _kn 2ni(t+1)n _ —kn 2nitn no_
(gk[T]Z)(T) - angp e ’ - an{p e’ gp -
n=1 n=1
s _(l_ 2ritn .
= D a; e = g0, ifk# o,
n=1
l © _ 2xin - ;
@lSTI®) = =5 ) ane™ 7 = peg ) ane™™ = a0(0),
n=1 n=1

where the second equality hold by g[w,], = &,g, with &, = +1, depending on g.
By
(8e[S 12)(7) = g0(7),

we have
(80[S 12)(7) = 8(7),
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acting by S on both sides and using that § is an involution. And finally we have

(@[S = x*(Ra_1 (1), if k # 00,0.
]

Therefore, by Proposition 2.1 and by Proposition 2.3 above we get the follow-
ing formulas.

Corollary 2.4. Let f = g ® y € So(I'f(p)) be a twist of a newform g € Sa(I'1(p))
and a non-trivial character x: ¥, — C*. Let £ be a fixed quadratic non-residue
of I, and let 3o, 80, - - ., 8p—1 be the basis of representation V, defined above. Then

p—1
h(T) = 8eo(T) + ) 2ua(T),
k=0

is a cusp form h € Sy(I';(p)) if and only if

Zoo = Z,
where z € C is an arbitrary constant.

By Corollary 2.4 we have that the the cusp forms of S»(I';(p)) are the forms &
such that

p—1
h(r) = z(gw) + > X (- uml,
k=0

with the notation as above, for some f = g®y € So(I'{ (p)) twist of a newform g €
S>(I1(p)) and a non-trivial character y : ]F;‘; — C*. In terms of Fourier coefficients,
if

[ee)

g0 =) ang",

n=1

2nit

is the Fourier expansion of g, where g = ¢ » , and

W= b
n=1

2nit

is the Fourier expansion of h, where again g = e » , we have

b, = (Zox (2 ]‘f)é?k")an if ptn,
pegas + (Lo (R =€) M) an ifplin,

2ni
where ¢ is the fixed quadratic non-residue of IF, and {, = e is a p-th root of
unity.



Chapter 3

Explicit equations and other
explicit computations

3.1 Introduction

According to Serre’s uniformity conjecture we have an explicit description of the
finitely many rational points on modular curves X (p) and X, (p). See Section 1.12
for more details about rational points on modular curves. The expected rational
points on Xj(p) are the cusp and the points corresponding to elliptic curves with
complex multiplication such that p is split or ramifies in their endomorphism ring.
We point out that the curve X (p) has, for every prime p, only one cusp and it is
always rational; see for example Ogg [39]. Differently, the expected rational points
on X, (p) are the points corresponding to elliptic curves with complex multipli-
cation such that p is inert in their endomorphism ring; we point out that cusps are
never rational in this case. We call an exceptional rational point every rational point
that is not included in the expected ones.

Usually one can look for exceptional rational points numerically where the
height of points is the natural upper bound to choose for this search. If one use
a simple brute force enumeration, the value of height, that allows to finish the
search in reasonable time, depends on genus of curve, i.e. it depends on the number
of variables, and it is very small. Often, it does not reach two digits number in
examples we treat. Hence the numerical evidence for Serre’s conjecture is very
low. In some particular cases, that we explain below in this section, we are able
to improve this bound up to 10000 digits number in best istances. To explain this
method, we need some data that we briefly recall.

In the table below we list dimensions of rational eigenspaces of Hecke algebra
acting on S»(Xo(p)), for all prime number p < 300 such that the genus of the
modular curve Xg (p) is at least 6. For the complete list, up to 300, see [12].

The prime p is the level, + and — are the dimensions of spaces of newforms with
eigenvalue +1 and —1 respectively, with respect to usual Atkin-Lehner operator w,.
If these spaces split, we write the dimension of each component. The number of

53
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components is also the number of Galois-conjugacy classes of newforms and the
corresponding dimensions are the cardinalities of these classes.

p + -
163 6=1+5 7
193 7=2+5 8
197 6=1+5 10
211 6=3+3 11=2+9
223 6=2+4 12
229 7=1+6 11
233 7 12=1+11
241 7 12
257 7 14
269 6=1+5 16
271 6 16
277 10=1+9 12=3+9
281 7 16
283 9 14
293 8 16

We focus on the +-space, i.e. the jacobian of X (p). Since to each Galois-
conjugacy class we can associate an abelian variety which dimension is equal to
the cardinality of corresponding class, if there is a one-element class then the as-
sociated abelian variety is, in fact, an elliptic curve and we denote it by E(, ;). We
know by Eichler-Shimura theory (see Knapp [30] Theorem 11.74 and Section 3.5
Lemma 3.6 below) that there is an algebraic map from X(')+ (p) to E(, +). We call
it the E-map and we denote it by 7g. It follows that the rational points of X;(p)
belong to the inverse image of rational points of E, 1.

Using Cremona’s tables in [15] or the LMFDB online database [34] to know
the Mordell-Weil generators of E, 1), we are able to enumerate the rational points
of this elliptic curve. Usually we can look for rational points on X (p) up to a
fixed height, the E-map allows to make bigger this upper bound, without increase
in time. In Section 3.6 below we explain in detail how we can do this.

In the non-split case, by Chen [14] or Edixhoven [20], we know that the jaco-
bian J;}(p) of X;5(p) is isogenous to the new part of jacobian J;(p?) of X7 (p?),
i.e. there is an isogeny ¢: J, (p) — Jar(pz)”ew. Hence, if there is a newform f €
Sz(Xo(pz)) with integer Fourier coefficients and w),-eigenvalue equal to +1, then,
as we explained above, there are an elliptic curve E(,» ., and a map from X (p?) to
this elliptic curve E(,» ,. The explicit computation of E-map 7z : X;(p) — E,2 1,
is harder because, now, g is the composition of the map from the modular curve
X;.(p) to its jacobian with the isogeny ¢, and this fact increase the degree of poly-
nomials we look for.

Using online Stein tables [50] we list the modular curves Xo(pz), where p is
a prime number, such that p?> < 1000 and the genus of Xy (p?) is at least 6. In
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particular p? is the level, p is the prime factor, + and — are the dimensions of
spaces of newforms with eigenvalue +1 and —1 respectively, with respect to usual
Atkin-Lehner operator w),. If these spaces split, we write the dimension of each
component.

2

p p + -

289 17 T7=1+1+2+3 10=1+2+3+4

361 19 9=1+1+3+4 13=1+1+2+2+2+2+3
529 23 12=2+2+4+4 20=2+2+2+2+2+2+3+5
841 29 26=2+2+2+3+3+6+8 32=2+242+6+8+12
961 31 28=2+2+8+ 16 35=2+24+2+2+3+4+8+12

In this chapter we explain how we make explicit calculations to get equations
for a projective model of some modular curves.

Then we explain how to compute the prescribed rational points and how to
improve the basic upper bound using the E-map to look for exceptional rational
points.

In the end of this chapter we attach tables of some examples. In particular,
given a modular curve X, we list in Section 3.7 some explicit equations for a
projective model of it, its expected rational points and the upper bound used to
look for exceptional ones. The considered modular curves are X = Xg (p) for
p = 163,193,197,211,223,229,233,241, 257,269,271,277,281,283,293, and
X =X (p) forp=17.

3.2 How many Fourier coefficients do we need?

In this section we explain how many Fourier coeflicients we should use to prove the
found equations are correct and not only numerically approximated. This number
depends only on degree of equations, genus and number of elliptic points of the
modular curve.

Let I" be a congruence subgroup of SLy(Z), let fi,..., f, be a basis of S>(I")
where g is the genus of X(I") and let

8 8

i1=1 ig=1

a linear combination of products of d elements of this basis, so F' € Sy (I"). Let
A(I') be the field of automorphic forms of weight k with respect to I, let C(X(I"))
be the field of meromorphic functions of X(I") and s a nonzero element of it. We
know that A(I') =~ C(X(I'))h for every k € Z. Hence, given the above basis
fi...., fg, we can choose fi = f and write f; = h;f where h; € C(X(I')) for
i=2,...,g. It follows that we can write

F = hpf9,
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where hp € C(X(I')) and it is explicitly

8
}Z}«*:.Z“'Z:C,‘1 ,,,,, idhil"‘hid7

where hy = 1.
We want to find a divisor D and a positive integer m such that hr € L(DF)
and such that if hp € L(Dr — m(o0)) then hr = 0 and hence F = 0. We have

div(hr) = div(F) — d - div(f),
moreover we know also that
Exo
div(F) 2 )" O,
i=1
because F is a cusp form, where &, is the number of cusps of X(I") and
1 >
di = - — i
v =K+ Y (1 ep)P +,0
Pex (I i=1

where K = div(w) is a canonical divisor, w = w(f) = f(7)dt is the holomorphic
differential associated to f and ep € {1, 2, 3} is the period of the point P. The divisor
is well defined because the number of cusps and elliptic points is finite and for P
not elliptic we have that the corresponding summand in the second sum is zero. So
we can write

&
- 1
div(hg) > (1 —d)ZQi—d-K—d Z (1 - —)P,
=1 pex () er
hence hrp € L(Dp) with
Exo 1
Dp=(d- 1)ZQ,-+d-K+d Z (1——)P.
=1 pex (I er
Now we suppose hr € L(Dp — m(0)). If deg(Dr — m(o0)) < 0 then L(Dp — m(c0))
is trivial and we are done. So it suffices to observe that
1
deg(Dr —m(c0)) =d —1+2d(g - 1) +d Z (1 - —)—m,
PeY ()

to get a lower bound for m

|
m>d2g—-1)+d Z (1——),
ep
PeY(I)
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where ep € {1,2,3} is the period of P for every point of the modular curve X(I)
that is not a cusp, d is the degree of F' as homogenous polynomial in the elements
of a basis of S»(I'), and g is the genus of X(I"). Denoting by &; and &3 the number
of elliptic points on X(I") of period 2 and 3 respectively, we can rewrite the lower
bound in the following way

1 2
mZd(Zg—1+§sz+§E3 . (3.1

When we cannot compute exactly €, and €3 we can use as upper bound the index
[SLy(Z) : I'] for both of them. In our cases we have always d = 2 and g > 6.

Let p a rational prime and r a positive integer. We recall the Baran formulas,
included in [8] Proposition 7.10, to count the number of elliptic points of period 2
and 3 on X (p"), when p” # 2, denoted by &; and &3 respectively. They are

%p’(l—%) ifp=1 mod 4,
ex(X (P =1+4p" (1+1)  ifp=3 mod4,
2r-1 if p=2,

1 if p=2 mod 3,
0 otherwise.

&3(X,(p") = {

Hence to compute the quadrics defining X,/ (17) we need at least 32 Fourier coef-
ficients because the degree is d = 2, the genus is g = 6 and the number of elliptic
points is &, = 8 and &3 = 1.

When I" = I'{(p), where p is a prime greater than 3, we can bound from above
& and &3 by pT“ since

[SLo(Z) : T'o(p)l = p+ 1,
(I5(p): To(p)] =2,
imply
p+1

[SLa(Z) : T'5(p)] = —

So, if d = 2, the condition on m become
7
m>4g—2+6(p+ 1).

For example, if p = 163 we have g = 6, hence to compute the quadrics defining
Xg (163) it is enough to consider 214 Fourier coeflicients.

3.3 Method to get explicit equations

Our method to get explicit equations is not supposed to be the best way to do it,
but it allows to obtain very nice equations, i.e. equations with very small integer
coeflicients in absolute value.
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Let I" be a congruence subgroup of SL>(Z) and let fi,..., f; be a Q-basis of
S>(I') where g is the genus of X(I).

To get a projective model of X(I") we use the canonical embedding. We recall
the main results about this in Section 1.5. In the modular curve setting the canonical
embedding could be express, by Section 1.10, in the following way

¢: X(IN - P&71(C)
It [fi(),..., (D],

where X(I') is defined over C.

We know by Theorem 1.20 the possible forms of equations defining the canon-
ical curve and in this section we assume that we are in the general case, i.e. we
assume that it is not hyperelliptic, trigonal or a quintic plane. The hyperelliptic
case is already treated in Galbraith [23] Section 4.

If we know that X(I') is defined over Q, we can look for equations defined
over Q. We cannot use Theorem 1.20, because it is proved on algebraically closed
fields, but we can use it over C to find equations defined over C. Then, if these
equations are defined over ), we can check by MAGMA that their zero locus Z
is an algebraic curve with correct genus, i.e. the genus of X(I") and Z is the same.
Finally using Hurwitz genus formula, for genus g > 1, we can conclude that Z is
isomorphic to X(I") over Q.

In the remainder of this section we suppose to know d, the degree of the ho-
mogenous equations that we want to find, and m Fourier coeflicients of the g-
expansions of fi, ..., f;, where m satisfies the condition (3.1) of Section 3.2.

Our method consists of three steps: to build up the matrix of coefficients with
entries in Z, to get better equations, and to write down the equations. The second
step is not necessary to find the equations but it is the key step to get nicer models.

1. Building up the matrix with entries in Z

Using a Q-basis of newforms we can build up M, the matrix of coefficients.
Let us denote by 8 = {fi, ..., f;} this Q-basis. Since the Fourier coefficients
of elements of B are algebraic numbers, there is a number field §, of de-
gree D over @, which contains all coefficients of all elements of B.

We can always multiply by a constant to clean out all denominators of the
coordinates, with respect to the basis of & over Q, of every coeflicient of
each element of 5.

Now, we can produce the matrix M = (a;;) that has g rows and mD columns,
where m is the number of Fourier coefficients used and g is the cardinality of
the basis. The matrix M is filled taking, for each row, the entries a;1, ..., a;p
equal to the coordinates, with respect to the basis of & over @, of the first
coefficient of f;, the i-th element of $, and so on up to the row is full.

2. Improving equations

Once we have the matrix M with integer entries, we look for prime num-
bers p such that rank of M is not maximal, i.e. lower than g because we have



3.3. METHOD TO GET EXPLICIT EQUATIONS 59

always m > g by condition (3.1) on m above. We want to get rid of these
primes, because if they stay, the models we find will be singular modulo
these primes. So we call these primes bad primes.

We describe how to do this in Algorithm 3.1 below within a more general
setting.

Without bad primes we apply the LLL-algorithm to reduce considerably the
size of matrix entries and we get the matrix M.

3. Finding explicit equations

Now, we rewrite the rows of M} as g-series of modular forms and compute
all monomials of degree d where the indeterminates are these forms. We
g+d—-
d
the number of homogenous monomials of degree d) and dmD columns.

. . . 1 .
build up M’, the new matrix of coefficients, that has ) rows (i.e.

Finally we compute the kernel of M’ and these are the coefficients of the
desired equations.

Sometimes, it could be a good idea apply LLL-algorithm also to the matrix
of coeflicients of found equations to reduce further such coefficients.

Algorithm 3.1. Let vy,...,v, € Z" be Q-linearly independent vectors, where g
and m are positive integers such that g < m. We want to find a Z-basis of

V= spang{vi,...,vgl N Z".

Let W := spany{vy,...,v,}, so Wis a subgroup of V, and let J := [V : W].

Let M € Z"¢ the matrix whose columns are the vectors vy,...,v,. If Ais a
minor of M then A is an integer and J | A.

We want to modify W until we have J = 1,i.e. W =V.

Step 0 We choose the principal maximal minor A of M. We set
S A := {prime numbers that divide A},

now go to Step 1.

Step 1 If S o = 0 the algorithm terminate.
If SA # 0 then go to Step 2.

Step 2 We choose the minimal prime number p € SA. We solve the system of
linear congruences

g
av;i =0 mod p. (3.2)
i=1

1
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If the system (3.2) above has unique solution, the trivial one, i.e. the rank of
M is maximal modulo p, we have p 1 J. Hence, we set

Sa=8Sa\{p},

and go to Step 1.

If the system (3.2) above admits non-trivial solutions, i.e. the rank of M is
not maximal modulo p, then go to Step 3

Step 3 Letr :=rk(M mod p), we have k := g—r € Z solutions that are linearly
independent over the finite field IF,. We find a IF,-basis by,...,b; € ]Ff7
such that if we take the matrix B with columns the b;’s we can choose k
rows, denoted by ij,..., i, such that 1 < i; < --- < iy < g and such that
the submatrix k X k of B determined by these rows has each element of the
principal diagonal equal to 1.

Forj=1,...,kletb; = (a{,...,ag) and we set
1<
w; = —Za{v,-.
P
Hence, by our choice of B, we have c‘z{_ =1for j=1,...,k, and we set
J
V,‘_/. =Wy,

for j=1,...,k and then go to Step 0.

Remark 3.2. In the Step 0 of Algorithm 3.1 above it is not necessary to choose
the principal maximal minor, it is good enough any maximal minor. Further, if one
choose more than one maximal minor Ay, ..., A,, one cantake S 5 := gcd{A,...,A,}.

Now we prove that the problem solved by Algorithm 3.1 above is equivalent to
get of rid of bad primes as we want in our procedure to find explicit equations.

Lemma 3.3. With the same notation of Algorithm 3.1 above. We have W = V if
and only if tk(M mod p) is maximal for every prime number p.

Proof. First we suppose there is a prime p such that k(M mod p) is not maximal.
This is equivalent to say that vy,...,v, are IF',-linearly dependent, i.e. there are
ai,...,ay € Z, not all zero modulo p, such that ayjvy + -+ + vy = pw, where
w € Z" is a non-zero vector because the v;’s are Q-linearly independent. So, w
belongs to V but not to W and therefore W C V.

For the other direction we assume there is an element w € V \ W. In this case
there are a;,...,a, € Q \ Z such that ajv; + -+ + a4v, = w. Let D be the least
common denominator of a1, ..., g, we know that D > 1, so we can write

Divy +"'+ngg = Dw,

where the D;’s are the integers Da;, fori = 1, ..., g. This implies that vy, ..., v, are
IF ,-linearly dependent for every prime p that divides D. 0
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The next lemma shows that Algorithm 3.1 finish in finitely many steps, i.e. a
bad prime is no more bad after finitely many steps and, if El{ =1, no new bad
J
primes are introduced.

Lemma 3.4. Let M be the matrix in Algorithm 3.1 above and let p be the prime
number chose in Step 2. After finitely many iterations of the algorithm the rank of
M is maximal modulo p and no new bad primes are introduced.

Proof. We denote by M, the matrix M after ¢ iterations of the algorithm and we
use a similar notation for each matrix involved. We suppose that M(; has not max-
imal rank modulo the prime p. Without loss of generality we can assume that the
rows iy, ..., I of Step 3 are the first k rows and the submatrix k X k including these
rows is the identity matrix fx. So, we can write the matrix B(; as the block matrix

Let T the g X g matrix
. ( i | o )
0= ’
#B | ek

therefore we can write
M1y := My T ).

Now, it is simple to see that for a maximal minor A1) of M1, i.e. a minor of
order g, we have

1
Ags1y = A det T = ;Am’

where A is the maximal minor of M(; corresponding to the same rows of A1),
and this prove the lemma. 0

Remark 3.5. From the proof of Lemma 3.4 above follows that if a a # +1, i.e. the
top left block of matrix T, has, at least, one element divisible by a prlme number g,
then the matrix M1y := M7 has not maximal rank modulo ¢q. So, in this way,
we introduce bad primes and the algorithm will not finish. Hence the condition
Ez{ ~= =1 is necessary to the finiteness of algorithm, but we choose a = 1 just for
s1mp11c1ty of exposition.

3.4 Computing the expected rational points

In this section we illustrate a trivial way to find numerically the expected rational
points on a modular curve of kind X (p) or X (p), for p prime. We assume to have
explicit equations for a projective model of the modular curve considered and to
know as many Fourier coeflicients as necessary of the basis fi, ..., f; of newforms
used to find the explicit equations, where g is the genus of the modular curve. It
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is obvious that the coordinates of the rational points will depend on the equations
used to describe the curve.

It is well known that the class number one discriminants, for orders in imagi-
nary quadratic number fields, are

A=-3,-4,-7,-8,-11,-12,-16,-19,-27,-28,-43,-67,-163,

see, for example, Stark [49], Baker [5] or Baran [6] and [8]. By classical algebraic
number theory we know that to every discriminant A corresponds a square-free
number D that defines a quadratic number field K ( \/l_)) containing the order Op
associated to A. The index [Og : Opl, where O is the ring of integers of K,
is usually denoted by f and if f = 1 we call the discriminant A a fundamental
discriminant. We recall the relation between A and D

_[Df* ifD=1 mod 4
" 14Df? ifD=2,3 mod 4,

and since A = 0,1 mod 4 we can also recover D from A (let A = Ds where s is

the square part of A, if D = 1 mod 4 then f = +/s, else f = %E). We recall also
that a basis of O, is 1, T where

_ (%)f ifD=1 mod 4
VDf if D=2,3 mod 4.

We table below these data for the class number one discriminants (some 7’s are not
the same of the previous formula but are equivalent).

A D f (D mod4) T

3 =301 1 1435
4 -1 1 3 i

-7 -7 1 1 1y 3
-8 2 1 2 2i
—11 -11 1 1 LY,
-2 -3 2 1 V3i
-6 -1 2 3 2i
-9 -19 1 1 1y D,
27 -3 3 1 143,
-28 -7 2 1 V7i
43 43 1 1 1y M5,
—67 -67 1 1 14 N1
~163 -163 1 1 1y Vs,

Let E be an elliptic curve with complex multiplication such that the discrimi-
nant Ag of its endomorphism ring OF is a class number one discriminant, i.e. Ag
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is equal to one of the list above. This implies that E is unique up to isomorphism.
It is known that it produces a rational point on X5 (p) or X,;(p). More specifically,
if the prime p splits or ramifies in O then E corresponds to a rational point on
X(')+ (p), see Galbraith [24], else, i.e. if p is inert in Og, we have that E corresponds
to a rational point on X/ (p), see Mazur [37]. In the case X(J)r (p) we have also that
the unique cusp is always rational. See Ogg [39] for more details about this.

From the previous discussion it follows that we can find how much the expected
rational points are on the modular curve Xg (p) or X;'.(p). It is enough to check if
p divides the class number one discriminants, and if p is a square or not in the
associated orders. Once we have found the class number one discriminants that
generate rational points, we know the corresponding 7z € H. See the table above
for some explicit 7¢’s. A suitable element of the orbit of ¢ under the action of
SLy(Z) on H will be the 7 such that (fi(r) : --- : f,(7)) is a rational point for
the modular curve, where g is the genus of the modular curve and fi, ..., f, is the
basis of newforms used to find the explicit equations defining the curve in P47,
Moreover, the point (fi(7) : --- : f,(7)) has rational coordinates in the projective
model of the modular curve.

We focus on the case X,/ .(p). Let I';;; be the lifting in SL2(Z) of C;,. We know
that

[SLa(Z) : I'y,] = [GL2(FFp) : Gyl

for every prime p. Therefore, we can explicitly get, for example using MAGMA,
all the finitely many representatives of SLy(Z)/I';;;. We can do this computing
the representatives of GLy(IF,)/C;r; and then finding the lifting in SL,(Z) for each
representative. To have more computational stability it is better to choose the lifting
a b
d
value). This is because the convergence of series is better when |c7 + d| is small.

€ SL,(Z), with the lower entries ¢ and d as small as possible (in absolute

Now we use these representatives to get the corresponding elements in the orbit
of 7, i.e. for each representative y we compute y7g. Then we compute (fi(y7E) :
-+ 1 fg(yTE)) for every y representative of SL,(Z)/I';; and, if one use enough
Fourier coeflicients, it is quite simple recognize the rational points within this set
of points. Often it is useful to divide by one non-zero coordinate before to search
the rational points.

For the case X;j(p) we can work in a similar way.

3.5 Computation of £-map

In this section we suppose to know m Fourier coefficients of the modular forms
involved, where m is "large enough" for our purposes.

Let E be an elliptic curve over QQ with conductor a positive integer N. By Mod-
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ularity Theorem, we know that there is a map, called modular parametrization,

¢: Xo(N) - E(C)
Fo(N)T = ¢(7) = ($:(7), (7)),

where 7 is a representative of I'o(N)t and ¢,(7) and ¢,(7) are power series with
rational coefficients in the indeterminate g = ¢>*"".

Lemma 3.6. If E is an elliptic curve over Q with conductor a positive integer N
and with negative sign of functional equation of the associated zeta function, then
the modular parametrization ¢: Xo(N) — E(C) factors as ¢ = ng o m,,,, where
Ty Xo(N) — Xg(N) is the natural projection and rig . Xg(N) — E is the E-map.

Given the modular curve X (N) of genus g4, we denote by fi,..., f;, a ba-
sis of newforms of S»(I'o(N)) with eigenvalues +1 with respect to the Atkin-
Lehner operator wy. If there is the E-map ng: Xg (N) — E for an elliptic curve
E with conductor N, then there are four (not unique) homogenous polynomials
Px>qxs Py.qy € Z[x1, ..., Xg, ], such that p, and g, have the same degree, p, and g,
have the same degree and

Px(7) = qxgj(@; ...... fos )
¢y(7) = @y (i@ for (D)

for every 7 representative of I'o(N)7 chosen in a suitable open set of Xo(N).

To find explicitly these polynomials we use some linear algebra and we proceed
similarly to Section 3.3. The main difficulty is that we don’t know the degrees of
the polynomials. To describe the method we used, we suppose to know the degree
d of p, and g, and apply this method to the first equation of the system above.

We can rewrite the first equation of the system above as

Px(fi(D)s o fo, (D) = gx(fi(D), .., o, (D)(7) = 0.

Let 7 be the set of the monomials obtained as product of d elements of the basis
fi,-.., fq,» where repetitions are allowed, and let J be the set with the same el-
ements of 7 multiplied by ¢,. Since the Fourier coefficients of ¢,, fi,..., f,, are
algebraic numbers, also the coefficients of elements of 7 and . are algebraic num-
bers and there is a number field §, of degree D over @), which contains all these
Fourier coefficients. Multiplying the elements of 7 and J by a suitable algebraic
number, we can assume the Fourier coefficients belonging to ring of integers of .
g++d—1
d

of monomials of degree d, and mD columns. The matrix A is filled taking, for a
fixed row i, the first D entries equal to the coordinates, with respect to the basis of
the number field & over Q, of the first coefficient of i-th element of 7. Then, we
repeat this to the next D entries and so on up to fill the row and again for the first r

Now we can build up the matrix A with 2r rows, where r is the number (
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rows. The last r rows are filled in the same way but using . in place of 7. So we
get the matrix A with integer entries.

Computing the kernel of the tranpose of the matrix A7 we should be able to
determine the polynomials p, and g,. Usually this kernel will not be trivial and
we have to look for columns of kernel that have both the first » rows not all zero
and the last r rows not all zero. If there is at least one column with this property,
the first r entries of the column are the coefficients of p, and the last r entries of
the column are the coefficients of g,. If there are more than one column with the
requested property, they represent the same map, but defined on different open sets.

3.6 How to use the E-map to find rational points

Let X be a modular curve with an elliptic curve E as component in its jacobian. In
this section we suppose to know a Weierstrass equation of E, an analytic expression
for the E-map nig and the generators for the Mordell-Weil group of E. Moreover,
for every point of the projective space IP"(Q)) we choose his representative with
coordinates (xg : - - - : x,) such that x; € Z fori = 0,...,n and ged(xg, ..., x,;) = 1.

We know that mg is rational, hence every rational point on the modular curve
X must go in a rational point on the elliptic curve E. Therefore, to find rational
points on X, it is enough to search in the preimage 71,‘51 (P) letting P vary between
the rational points of E.

Remark 3.7. In all our cases the Mordell-Weil group has rank one, so we have only
one generator, denoted by Py, that we found using Cremona’s tables in [15] or the
LMFDB online database [34].

By the above remark, we restrict ourself to the case that the Mordell-Weil group
has rank one and its generator is Py. This implies that every rational point P of E
has the form P = kP, with k € Z.

Writing 7 in more explicit terms we have

px(x1, ..., xg) Py(X1,...,xg))

ﬂE(xl,...,x)Z( )
# CIx(xl’---axg) Qy(xl’--wxg)

where p,, g, are homogenous polynomials with integer coeflicients of degree d,

and p,, g, are homogenous polynomials with integer coeflicients of degree d,.
The following proposition tells us the range within m must vary to get, if they

exist, all rational points on X up to a fixed upper bound for their integer coordinates.

Proposition 3.8. With the notation as above, if we want to find a rational point on X
such that its coordinates in the projective model are not greater than a fixed positive
integer 8, we have to compute the multiples kP of the Mordell-Weil generator up
to

’

ek \/,u(E) +1.07+ 2 +d,log Vo
=Ks = —
h(Po)
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where w(E) is the function defined in Theorem 1.41, h is the canonical height on E,
dy is the degree of the numerator and denominator polynomials of the E-map ng
and « are defined in the proof.

Proof. Let I't be a rational point on X such that its coordinates in the projective
model are xi,...,x, € Z and ged(xy,...,x,) = 1. We denote by P the image of
this rational point under the E-map 7ng, i.e.
TE(X1, ..., Xg) = P = (Py, Py),
where
_ (X1, X)
Gr(X1, ..., Xg)

for some p., g, homogenous polynomials of degree d, with integer coefficients a;’s
and b;’s respectively.

Let 8 be a positive real number. We know that the set {t € P(Q) : H(¢) <} is
finite. Since mx has finite degree, the set 7'(1:-1 {P e E(Q): H(P,) < B}) is finite too.

We start showing that if |x;| < é fori = 1,..., g then there is a positive real num-
ber § such that every well defined mg(x1, ..., x,) = P with such x;’s has H(P,) < 8.

By the definition of height and using the condition on the x;’s, we have

P,

H(P,) = max{|p.(x1,.. -, %)l 1ge(x1, .., xo)l} < 6% max {Z jail, |bl~|} ,
i i
so it is enough to define

B := 6% max {Z lail, Z |bl~|}.

To get the bound on k we take the logarithm in the previous inequality

h(Py) < a +d,logd,

a := log max {Z |lail Z |b,~|} .

If P = kPy, where Py is the Mordell-Weil generator, we have
h(P) = h(kPo) = k*h(Po)

where

by properties of canonical height. Now, by Theorem 1.41, we have
A 1
h(P) — Eh(PX) < u(E) + 1.07

_H(E)+1.07+ § +dlog Vo

k2
h(Py)
i < \/,u(E) +1.07 + % +d,log Vo
- h(Po) ’
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3.7 List of explicit equations
List of explicit equations for a projective model of X;(p) when
p =163,193,197,211,223,229,233,241,257,269, 271,281, 283.

We list the level, the genus, the expected rational points and, when they exist, we
list also the elliptic curve E used, an analytic expression for the E-map ng, the
Mordell-Weil generator Py, the bound ¢ used and the corresponding ks. For the
definition of last two values see Proposition 3.8 above.
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Level p = 163.
Genus g = 6.
Equations

X1X5 + XpX3 + X0X4 — XpX5 + X2Xg = 0

x% — X1X2 + X1X5 — XoX5 + x% +x3x4 =0

X2X4 — XpX5 + x3x5 = 0

—x% + X1Xp — X1 X4 + XoXx4 + X3%6 = 0

X1X3 + X1 X5 + X1 X6 + X2X3 — XoX5 + Xg4x5 = 0

—X% + X1X2 + X1X3 + X1 X4 — X1 X5 + X1Xg + X2X5 — x% + xi + X5Xx6 = 0.

Rational points and corresponding discriminants

Rational point Discriminant
©0:0:0:0:0:1) cusp
(24:10:13:15:-50:42) -163
1:0:1:-2:0:-1) -67
1:1:2:-2:2:0) -28
(1:1:0:1:1:-1) =27
0:0:0:0:1:0) -19
©O:1:1:0:1:0) -12
0:1:0:0:0:0) —11
©0:0:1:-1:0:0) -8
(1:1:0:0:0:0) =7
2:-1:3:-4:-1:-2) -3

Elliptic curve
E:y2+y=x3—2x+1.

E-map
g . X—>F
(xl’xz’ x3’ x4’ XS, x6) — (PX’ Py)

—2x3 — X4 + X5 — Xg
P, =

—X3 + X5
—x% + X1X0 + 2Xx1X3 + 2x1X4 + 2X1 X6 — x% + x:‘;

Py =
X1X3 — X1X5

Mordell-Weil generator Py = (1,0).

Bound § = 1010000,

ks = 247.
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Level p = 193.
Genus g = 7.
Equations

—x% — X|X4 — X1 Xg — X1 X7 + XpX7 + x% +x3x4 =0

X1Xp + X1 X4 — X1X5 + X1 X7 — XoX3 — XpX4 — XpX7 + x3%5 = 0

X1Xp — X1X5 — X2x7 + x3%6 = 0

—X1Xp — X1 X3 + 2X1X5 + X1 X6 + 2X2X3 + 2X0Xx4 — x% + xi +x4x5 =0

x% — X1X2 + 2X1X4 + X1X5 + 2X1 X6 + X1 X7 — XpX7 — x% + xﬁ + x4x6 = 0

X1X3 — X1 X4 — X1 X5 — 2x1x6 — X1X7 — ZXQX3 —2XoXx4 + 2)62)67 + x% - xﬁ + X4x7 = 0

x% + X1X3 + X1X4 — 2X1X5 + X1 X7 — XpX3 — 3XpX4 — X2X5 — X X7 — xﬁ + xg =0

—x% + 2X1Xp — X1 X4 — X1 X5 — 2X]1 X6 — X1 X7 — X2X3 — XpX4 + XpX7 + x% — xi + x5%6 = 0
—X1X3 + X1 X5 + X1 X6 + 2X0X3 + 2Xp X4 — X2 X7 — x% + xﬁ + x5x7 =0

—X1X4 — X1 X5 — X1 X7 + X2X3 — XoX4 — XX + 2XpX7 — X3X7 — xi + xé =0.

Rational points and corresponding discriminants

Rational point Discriminant
©0:0:0:0:0:0:1) cusp
T:1:1:-1:2:0:-1) -67
©0:0:0:1:-1:-1:1 —-43
0:1:2:-2:0:0:0) -28
©0:1:0:0:1:0:0) =27
1:0:0:-1:0:-1:1) -16
(1:0:-1:0:0:0:0) -12
0:1:0:0:0:1:0) -8
0:1:0:0:0:0:0) =7
1:0:0:1:0:-1:-1) —4

3:2:3:0:2: 0) -3
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Level p = 197.
Genus g = 6.
Equations

—X1Xp + X1 X4 — X1X5 — X1 X6 + Xox3 =0
x% — X1X3 — X1X4 + X1X5 + X0x4 =0

2 2 2 _
2x1Xp — 2x1X3 — 2X1 X4 + X1 X5 + X1 X6 — X5 = XpX6 + X3 + X3X4 + Xy = 0
—x% + X1X2 + X1 X3 + X1 X6 — x% — XpX6 + x4x5 =0
X1Xp — X1X3 — X1 X4 + X3X5 + Xq4Xg = 0
—X1X2 + X1 X3 + X1 X4 — X1 X6 + XoX5 — XpXg — X3X5 + X3X¢ + x% =0.

Rational points and corresponding discriminants

Rational point Discriminant
0:0:0:0:0: 1 cusp
1:-1:3:2:6:-6) -163
(1:1:1:1:0:1) -43
1:0:2:-1:0:-1) -28
(1:1:1:0:0:0) -19
(1:0:0:0:-1:1 -16
(1:0:0:1:0:D -7
1:0:2:0:1:-1) -4

Elliptic curve
E:y+y=x"-5x+4.

E-map

g X > FE

(xl’x2ax3ax4, XS,X6) — (PX’ Py)

Numerator(P,) = —38x% —25x1xp — 6x1x3 + 13x1x4 — 61x1x5 + 11x7x6 + 22x§+
+ 10xpx5 + 20xx6 + 17x3x5 — 11x3%6
Denominator(P,) = —36x3 — 34x1x3 + 11x1x3 + 30x14 — 27x1 X5 — 8x1%6 + 1223+
+ 5xpx5 + 11x7x6
Numerator(Py) = 1715x; — 899x7x5 — 2691x7 x5 — 1013x7 x4 — 2889x7x5 — 81x7 x6+
+ 1875x1x% + 2476x1 x2x5 + 1176x1x0x6 — 669x1 X3x5 + 1224 X1 x3X6+
+2205x1 x5x6 — 13061 x7 — 384x3.x5 — 384x2X5X6
Denominator(Py) = 961x7 — 49x7x; + 3875x7x3 — 632x7 x4 + 1195x% x5 + 35617 x6+
+ 593123 + 655x1x2x5 + 4321 X2.X6 — 839x1 X3 — 1680x1 X34+

+ 154x1 X35 + 384 x2.
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Mordell-Weil generator Py = (1,0).
Bound § = 109000,
ks = 408.

71



72 CHAPTER 3. EXPLICIT COMPUTATIONS

Level p = 211.
Genus g = 6.
Equations

—x% — X1X4 — X1X5 + XoX3 — XpXg + X3%X4 = 0

—X[X3 — X1 X4 — X1X5 + X2X3 — XoXxg + X3x5 = 0

x% — X1X2 + X1X3 + X1 X4 — X0X3 + x3%6 = 0

Zx% —2X1X0 + X1X3 + 3x1X4 + X1 X5 — 2X0X3 — XpX4 + 2X2Xg + xi =0

X1X3 + X1 X4 + 2X1X5 — X1 Xg — 2XpX3 — X2X5 + 2X0x6 + X4x5 = 0

X% —2x1x2 + X1X3 + 2x1x4 + X1X5 — X1X6 — 2)C2)C3 — XpX4 + X2X5 + 2)62)% — X4Xg + x% =0.

Rational points and corresponding discriminants

Rational point Discriminant
©0:0:0:0:0:1) cusp
1:0:-1:-1:1:-1) -67
2:1:2:0:0:-2) -28
1:0:1:-1:-1:-1) =27
©O:1:1:0:0:1 -12
0:0:1:0:0:0) -8
©0:1:0:0:0:0) =7

2:-3:-1:-2:4:1) -3
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Level p = 223.
Genus g = 6.
Equations

—x% + X1X4 — X2X3 — XoX4 + Xpx5 = 0

x% + 2X1X3 — X1 X4 + X1 X5 + x% + 2Xpx4 + X2 X6 + x% =0

—x% — X1X2 — X1X3 + X1 X4 — X2X4 + X2Xg + X3X4 = 0

x% — X1X2 + 2X1X5 — X1 Xg + x% + XpX4 + 2x2X6 + x3x5 = 0

—x% — X1X2 + X1X3 + X1X4 + X2Xg — X3Xg + Xq4X5 = 0

—ZX% —2x1x2 + X1x3 + 3x1x4 + 2X1X5 + X1X6 + X% + 4.x2.X6 — X3X6 — xi — X4X¢ + xg =0.

Rational points and corresponding discriminants

Rational point Discriminant
©0:0:0:0:0:1 cusp
2:-2:2:3:6:7) -163
1:0:-2:1:0:1 -67
(1:0:0:1:0:1) =27
O:1:1:-1:0:0) -12
©0:0:0:1:0:-1) —-11

2:-3:-3:-1:-6:2) -3
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Level p = 229.
Genus g = 7.
Equations

—X1X5 + XpX4 — XoXg + Xpx7 =0

X1Xp — X1X3 — X1 X4 — X1X5 + X2X3 + X0X4 — XpXg + x% +x3x4 =0

—X1X5 + x% + X2X3 + XpX4 — X2X5 — XpXg + X3X5 = 0

X1Xp — X1X3 — X1 X4 — X1 X6 — X% + XoXx4 + x% + X3X¢ = 0

X1X2 + X1 X3 — X1Xg — X1 X7 — x% — X2X3 + XpXg + X3X7 = 0

—2X1X) + X1 X4 + X1 X5 + X1 Xg + X[ X7 — XpX3 — XpX4 + XoXg — x% + xﬁ =0

—X1X3 + X1X6 — x% — XpX3 — X2X4 + XpX5 + X4X5 = 0

—X1X2 + X1 X5 + X1X7 + XpX4 — X2X5 + X5X¢ = 0

X1Xp — 2X1X5 — X1 Xg — X1 X7 + XpX3 + 2X0X4 — XpX5 — XoXg + xg — XgXx6 + x5x7 =0
X1X5 — XoX3 — XpX4 — x% — X4x7 + xé =0.

Rational points and corresponding discriminants

Rational point Discriminant
©0©:0:0:0:0:0:1 cusp
1:1:0:1:1:0:0) -43
1:0:1:0:0:1:0) =27
0:0:0:0:1:0:0) -19
0:0:1:-1:0:-1:0) -16
0:1:-1:0:0:0:0) -12
(1:0:0:0:0:0:0) -11
2:0:1:-1:0:1:0) -4

2:-3:-1:0:-6:-4:0) -3

Elliptic curve
E:y +xy=x>-2x-1.

E-map
ng: X > F

(x1, X2, X3, X4, X5, X6, X7) > (Py, P))

—X72 — X5 + Xg

P,=—
X2 + X5
2
Numerator(Py) = x7 + 3x1x2 + 7x1X3 + 6x1X4 + X1 X5 — X1 X6 — 4X1X7 — 2X2X3 — 2X0X4+
+ 3xpx6 — 2x§ + X4X6 — 2X4X7 — XgX7

Denominator(Py) = x% + 5x1X + X1 X4 + 2X1X5 — X1 Xg — X1 X7 — x% — X4X7 + xé.
Mordell-Weil generator Py = (=1, 1).
Bound § = 1010000,
ks = 210.
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Level p = 233.
Genus g = 7.
Equations

—X1X2 — X1 X3 — X1X4 + x% — X2X3 — X2X5 — XpXg + XpX7 = 0

X1X) + X1 X4 — x% + xpx6 + x3x5 =0

x% —2X1Xp — X1 X3 + X1 X5 + 2x% —2X2X3 — XpX4 — 2X2X5 — XpXg + X3X6 = 0

—2X1X3 — X1 X6 + x% — XpX3 — XpX4 — XoX5 + x3x7 = 0

x% —2X1X2 + X1X4 + X1 X5 + 2x§ —2XpX3 — 2XpX5 — XaXg + X3X4 + xﬁ =0

X1X3 + X1X6 — X% + XpX3 + XoX5 + x4x5 = 0

X1X2 + X1 X3 — X1X7 — x% + X2X3 — XpX4 + X2X5 + XpXg + X4Xg = 0

—X[X) — X1 X3 — X1 X4 + X1X5 — X| X6 — X1 X7 + 2x§ — XpX3 — XoX4 — 2X0X5 — Xp X6 + xg =0
—x% + X1Xp + 2X1X3 — X1 X5 + X Xg + X1 X7 — 2x§ +2X0X3 + XpX4 + 2X2X5 + X4X7 + X5%6 = 0
—x% + X|Xp — X1 X5 + XoX4 — XpXg + X5X7 + xé =0.

Rational points and corresponding discriminants

Rational point Discriminant
©0:0:0:0:0:0:1) cusp
(1:0:2:-2:1:0:2) -28
©0:0:1:-1:0:0:0) -19
(1:1:0:0:1:0:1) -16
©0:0:1:0:0:0:0) -8
(1:0:0:0:-1:0:0) =7

1:1:0:-2:1:2:1) -4




76 CHAPTER 3. EXPLICIT COMPUTATIONS

Level p = 241.
Genus g = 7.
Equations

x% + X1X4 — x% — XpX4 + X2Xx6 =0

X1X5 — XoX3 — XoXx5 + xXpx7 = 0

X1X2 + 2X1X3 + X1 X6 — X1 X7 — x% + x% =0

X1X3 — X1 X7 + Xox4 + x3x4 = 0

—X1X4 — X1X5 — X2X4 + XpX5 — X3X5 — xi + X4X5 = 0

—X% + X1X2 — X1 X3 + X1X4 + X1 X5 + X1 X7 + XpX3 — 2xX2Xx4 — X2X5 + X3X5 — X3X6 + X4Xg = 0

—x% — X1X3 + X1X4 — X1 Xg + x% + X2X3 — XpX4 + X3X5 — X3Xg — X3X7 + Xq4X7 = 0

—X1X2 + X1 X3 — 3X1X4 — X1 X5 + X1 X6 + x% + XpX4 — X3X5 + X3X6 — xi + xg =0

—x% — X1X3 + X1 X4 + X1 X5 — X1 X + x% + XoX3 — 2XpX4 — X2 X5 + X3X5 — X3X6 — X3X7 + X5%6 = 0

—x% + X1 X0 — X1X3 + X1 X4 + 2X1 X5 + X1 X7 + XpX3 — 2X0X4 — 2X0 X5 + X5X7 + xé =0.

Rational points and corresponding discriminants

Rational point Discriminant
©0:0:0:0:0:0:1) cusp
1:0:-2:-1:0:0:0) -67
©O:1:-1:0:0:1:-1) =27
1:1:0:0:0:0:0) -16
(1:1:0:0:1:0:0) -12
0:0:0:1:1:0:0) -8
1:-1:-2:0:0:0:-2) —4

B:1:-4:-6:-3:4:2) -3
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Level p = 257.
Genus g = 7.
Equations

—x% — X1 X2 + X1 X4 — x% — XpX4 + x2x5 =0

—x% —2X1Xp + X1 X3 + X1 X4 — X] X5 — 2x§ — Xpx4 + x2x6 =0
—X1X3 — X1Xg — X2x3 + xpx7 =0

X1Xp — X1 X3 + X1 X6 + x% + xpx4 + x3%x4 =0

—X1X3 — X1X4 + X1 X — X1X7 + x% — X2X3 + XpX4 + X3X5 = 0

X% + X1X2 — X1X3 — X1X4 + 2)% — XpXx3 + 2xX2Xx4 — X3Xg + X4X5 = 0
x% + X1 X2 — 2X1X4 + X1X5 — X1 X7 + 2x§ — XpX3 + XpX4 + x% — X3Xg — X3X7 + XaXg =
X% — X1X3 — X1X4 — X1 X5 — X1Xg + )C% — XpX3 + XoX4 — x% — X3X6 + X3X7 + x% =0
x% + X1X3 — 2X1X4 — 2X1X7 + x% — XpX3 + XpX4 + x% — X3Xg — X3X7 + X4X7 + X5X¢
=2x1Xp + 2x1x3 — 2X1 X6 — X1 X7 — ZX% — XpX4 — X3Xg + XaX7 — X5X7 + xé =0.

Rational points and corresponding discriminants

Rational point Discriminant
©0:0:0:0:0:0:1) cusp
(1:0:0:1:0:0:-1) -67
0:1:0:-1:0:1:0) -16
©0:0:1:0:0:0:1) —-11
©0:0:0:1:0:0:0 -8

2:-1:0:1:0:1:0) -4
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Level p = 269.
Genus g = 6.
Equations

X1X4 + x% + xpx3 + x% + x3x5 =0

—X1X3 — X1 X5 + x% + XpX3 + Xox5 + x3x6 = 0

X1X2 + 2X1X4 + X1 X6 + x% + xX3Xx4 + xﬁ =0

X1Xp — X1X4 + X1 X5 — x% — XpX3 + XpX4 + X3X4 + Xgx5 = 0

X1X2 + X1X3 + X1X4 + X1 X5 + X1 Xg — X2X3 — X2X5 + Xq4X¢ = 0

—X1X2 — X1 X3 — 2x1Xx4 — X1X5 — X1X6 — X% + 2)(2)65 — X2Xg — x% + xg =0.

Rational points and corresponding discriminants

Rational point Discriminant
©0:0:0:0:0:1) cusp
1:-1:0:-1:1:2) -67
1:1:0:-1:-1:0) —43
1:1:0:-1:0:0) -16
(1:0:0:0:0:0) -11
1:-1:2:-3:0:0) -4

Elliptic curve
E:y+y=x-2x—1.

E-map

7TE2X—>E

(x1, X2, X3, X4, X5, X6) > (Px, Py)
X4 + Xg
P,=—
X2
X1X5 — XpX3 + X3X4

pP. =
J X1X2

Mordell-Weil generator Py = (-1, 0).

Bound § = 1010000,

ks = 187.
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Level p = 271.
Genus g = 6.
Equations

x% + 2X1X0 + X1 X5 — X1 Xg — XoX4 — 2XpX5 — XpXg + x3x5 = 0

x% + X1X2 — X1 X4 — X1X6 — X2X3 — X2X4 — X2X5 — X2Xg + xﬁ =0

—x% —2X1X) — X1X5 + X1 X6 + X2X3 + XpX4 + X2 X5 + X4x5 = 0

X1X2 — X1X4 — X1 X6 — X2X3 + X2Xg + x% + x4x6 =0

x% + 3x1x0 + 2x1X3 + X1X5 — 3X1X6 — 2X2X4 — X2 X5 + xg =0

—X1X2 — X1 X3 — X1X4 — X1X5 + X1 X6 — X2X3 + X2X4 + XpX5 + X2Xg + X3X4 + X5Xg = 0.

Rational points and corresponding discriminants

Rational point Discriminant
©0:0:0:0:0:1 cusp
(1:0:1:1:0:1 -43
O:1:1:1:-1:0) =27
0:1:0:0:0:0) -19
(1:0:1:0:0:1) -12

B:-2:-5:4:-4:-3) -4
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Level p = 281.
Genus g = 7.
Equations

—X1Xp + X1 X3 + XpX3 + XpX4 — X3X4 + X3X6 = 0

—X1Xg — X2X3 — X2X4 — X2X5 + x% + x3x5 + x3x7 =0

X1X2 + X1 X7 + 2X3X4 — X3X5 + xﬁ =0

—X1Xp — 2X1X3 — X1 X4 — X1X5 — X|X7 — XpX3 + 2X3X5 + x4%5 = 0

X1Xp — X1X3 + XpX5 + 2x3%4 + x4%6 = 0

2X1X3 + 2x1x4 + X1X5 + X1X6 + X1 X7 — x% + XpX3 + XpX4 + X2X5 + X3X4 — 2X3X5 + X4x7 = 0
X1Xp + 2X1X3 + X1 X4 + X1 X5 + X1 Xg + X1 X7 + XoX3 — XpX4 — X3X5 + xg =0

X1Xp —X1X3 + x% — XpX3 — XpX4 — XoX5 + X3X5 + X5%X6 = 0

X1X2 — X1X3 — X1X4 — X1 X7 + x% + XpXg + X3X5 + X5X7 = 0

X1X) — X1 X3 + X1 Xg — XpX3 — XoX4 — XoX7 + 2X3X4 + xé =0.

Rational points and corresponding discriminants

Rational point Discriminant
©0:0:0:0:0:0:1) cusp
2:-5:-5:-1:1:5:-3) -163
O:1:-1:1:1:1:-1) —43
©0:0:1:-2:0:-2:-1) -28
(1:0:0:0:0:0:0) -16
1:0:0:1:0:0:-1) -8
0:0:1:0:0:0:-1 =7

1:2:-2:2:2:0:-2) -4
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Level p = 283.
Genus g = 9.
Equations

X1Xp + X1 X3 + X1 X4 — X1 X5 + X1 X7 + x3%5 =0
—X[Xp — X1 X3 —2X1X7 — X1 X§ — X| X9 — x% + x3x6 =0
X1X3 — X1 X5 — X1Xg + X1 X7 — x% — X2X3 + XpX5 + x% + X3X4 + X3X7 = 0
X1Xp + 3X1X3 — X1 X5 — X1Xe + 3x1X7 + X1 X8 + X1 X9 — x% — XpX3 + XpX5 + XoXg — Xo X7+
+2x§ + 2x3x4 + x3x3 =0
2X1X2 + 2X1X3 + X1 X4 + X1 X6 + 2X1X7 + 2X1X8 + 2X1X9 + XpX3 — X2 X7 — XpXg + x% + X3x4 + x3%9 =0
—X1X2 — X1 X5 — X1X6 — X1X§ — X2X3 + XpX5 + XpXg + X3X4 + xi =0
—X1Xp — 2X1X3 — 2X1X7 — 2X1X8 — X1 X9 — X2 X4 — x% — x3x4 + x4x5 =0
2x1xy + X1X3 + X1X4 + X1 Xg + X1 X7 + X1 X8 — X3X4 + Xq4Xg = 0
2X1X2 + X1X3 + X1 X4 + X1 X + X1 X7 + X1 Xg + X1X9 + Xox3 + x4x7 =0
—x% — X1Xp — 3X1X3 — X1 X4 + X1 X5 — 2X1X7 — 2X1 X8 — X[ X9 + x% + XpX3 — XpX5 — x% — x3x4 + x4x3 =0
x% —3x1Xxp —2X1X3 — X1 X4 + X1 X5 — 2X1X7 — X1 X9 + x% + XpX3 + XpX4 — XpX5 — X2 Xg + XpX7 + X4X9 = 0
X1X9 — X5X6 + x5x7 = 0
—x% — X1Xp — X1X3 — 2X1X4 + X] X5 — X]Xg — X1 X8 — XoX3 + XpXg + x5%8 = 0
x% — X1X2 + X1X3 + X1 X7 + 2X1 X8 + X1 X9 + XpX5 + x% + X3X4 + x5X%9 =0
=2x1Xxp — 3x1x3 — X1 X4 + X1X5 — 4x1X7 — 2X1 X8 — 2X]1 X9 — x% + X5X¢6 + xé =0
—X1Xp — X1X3 — X1X4 — X1 X6 — X1 X7 — X]X§ — 2X1X9 — x% — XoX3 + X2X5 + X5x¢6 + Xex7 = 0
x% + X1x0 +4x1X3 + X1X4 — X1 X5 + 4x1x7 + 3x1X8 + 2X1X9 — x% — XpX3 + XoX5 — Xp X7+
+2x§ + ZX3X4 + XgX8 = 0
—x% +4x1x) +4x1x3 + X1 X4 — X1 X5 + 4x1x7 + 2x1X8 + 3x1X9 — x% — XpX3 + XpX5+
+X2Xg — XoX7 — XpXg + x% + x3%4 + x6x9 =0
—X1X3 + X1 X5 + X]Xg — 2X1X7 — X]1 X9 — XoXg — XpXg — x% — X3X4 + X5X¢ + x% =0
—X1X3 + X1 X5 + X1Xg — X1 X7 — X2X5 — X2Xg — X2X9 — xg — X3X4 + X7X8 = 0
—x% — X1X2 — 5X1X3 — X1 X4 + X1X5 + X1 X6 — Sx1x%7 — 3x1X3 — 2X1 X9 + x%+
+X2X3 — XoX5 — X2 X6 + XpX7 — 3x§ —3x3X4 — X7X9 + xé =0

Rational points and corresponding discriminants

Rational point Discriminant
©©:0:0:0:0:0:0:0:1) cusp
1:0:2:-1:0:1:-1:-2:0) —67
0:1:0:0:1:-1:-1:1:-1 —43
0:0:0:0:1:-1:-1:0:0) =27
0:0:0:0:1:0:0:0:0 -19
1:0:1:-1:0:1:0:-1:0) -12
0:0:1:-1:0:1:0:0:0) -8

3:0:-3:3:2:-5:4:3:-6) -3
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List of explicit equations for a projective model of X,/ (p) where
p=17.

We list the level, the genus and the rational points associated to Heegner points.

Level p = 17.
Genus g = 6.
Equations

=3X1Xp + X1 X3 + X1 X4 + X1 X5 + XoX3 + 2X0X4 + XpX5 — XpXg — 2x§+

+2x3x4 + 2X3X5 + X3X6 + X4X5 — X4X¢ + x% — x5x6 =0

X1Xp — 2x1X3 — 2X1X4 + X1 Xg + XpX5 + 2X2 X6 — X3X4 — 2X3X5+

+x‘2t — X4X5 + X4X6 — 2x§ + xé =0

3x% + 3X1X0 + X1X3 — X1 X4 + X1 Xg + X2X3 — XpX4 + XoX5 + 2X0 X6+
+x§ — X3X4 — xi — X4X5 — X4Xg + xg + 2x5x6 = 0

2x% +2X1X0 — 2X1X3 + X1 X4 — 2X| X5 + X| X — XpX3 — XoX5+
+3xpx6 — xg + 3x3x4 — 3X3x5 — xi — X4X5 + 2x§ — X5X6 + xé =0

X1X0 + Sx1x3 +2Xx1 x4 — X1 X5 + x% + 3x2x3 + 2XpX4 — X X5 — x%+
+2x3x4 — 3x3X5 + xi + 3x4x6 — x% — 2x5X6 — xé =0

=3x1x0 + x1x3 — 2x1x4 + 4x1X5 — 3X1 X6 — 3x§ —2x0Xx3 — Sxpx4+
+X2X5 — XoXg + x% + X3X4 — 3x3X5 + xﬁ — 2X4X5 — 2X4X6 + xg + 3x5x6 — xé =0.

Rational points and corresponding discriminants

Rational point Discriminant
(-7:9:35:21:5:1) —163
©0:0:0:1:1:1) -28
2:-5:-10:-6:1:7) =27
(-4:10:3:-5:-2:3) -12
B:1:2:-9:-7:2) -11
(-6:-2:-4:1:-3:13) -7

2:-2:-1:3:=-2:1) -3
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