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Abstract

Due to their recursive definition, manipulating cluster algebras in an efficient
way can be hard. Several combinatorial models have been developed in order to
overcame this difficulty; here we investigate some of them in the finite tipe case.

In the first part of this thesis, using the parametrization of cluster variables by
their g-vectors explicitly computed by S.-W. Yang and A. Zelevinsky, we extend the
original construction of generalized associahedra by F. Chapoton, S. Fomin and A.
Zelevinsky to any choice of acyclic initial cluster, and compare it to the one given
by C. Hohlweg, C. Lange, and H. Thomas in the setup of Cambrian fans developed
by N. Reading and D. Speyer.

In the second part we provide an explicit Dynkin diagrammatic description of
the c-vectors and the d-vectors (the denominator vectors) of any cluster algebra of

finite type with principal coefficients and any initial exchange matrix.
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CHAPTER 1

Introduction

Cluster algebras are a class of commutative rings equipped with a distinguished
set of generators (cluster variables) grouped into overlapping subsets (clusters)
of the same cardinality. Both the generators and the algebraic relations among
them (ezchange relations) are constructed recursively by a process called mutation
modeled by a skew-symmetrizable integer matrix.

They were introduced by Fomin and Zelevinsky [FZ02] as an algebraic frame-
work to understand total positivity and dual canonical bases in semisimple algebraic
groups. The definition is, at a first glance, extremely technical. Nevertheless they
form a natural class of objects to study as testified by the abundance of different
fields in which they occur: Poisson geometry, discrete integrable systems, quiver
representations, Calabi-Yau categories, and Teichmiiller theory just to name a few.

What makes cluster algebras interesting from the point of view of algebraic
combinatorics is the fact that, in many different ways, they are intimately related
to Lie theory. In particular the language of root systems applies naturally to cluster
algebras yielding several beautiful results.

In this spirit, it turns out that finite type cluster algebras (those having only a
finite number of clusters) are classified by finite type Dynkin diagrams. Moreover
both the cluster variables and the exchange relations of such an algebra can be
associated to certain subsets of an appropriate root (or weight) lattice.

Because of their recursive definition, manipulating cluster algebras in an effi-
cient way can be complicated. Our aim is to circumvent this difficulty by investi-
gating the properties of these subsets extracting from them valuable information

on the corresponding algebras.



1.1. Generalities on cluster algebras

In order to formalize the concepts mentioned before we need to introduce some
terminology.

To begin, recall that a semifield P = (P, -, ®) is a abelian multiplicative group
endowed with a binary operation, &, which is commutative, associative and dis-
tributive with respect to the multiplication in P. As noted in [FZ02, Section 5]
the group ring ZP is a domain since any semifield P is torsion-free. Examples of
semifields include the set of positive real numbers Ry = (R, -, +) with the usual
multiplication and addition, and the set of subtraction-free rational expressions in
n variables again with the usual product and sum.

Fix a semifield P and let I be a finite set of cardinality n. Let QP(u) be the

field of rational functions in the indeterminates u = {u;};c; with coefficients in QP.

Definition 1.1.1. A seed is a triple

(B,y,x)

where B is a skew-symmetrizable n x n integer matrix (the exchange matriz of the
seed), y = {yi};c; is a tuple of elements of P (the coefficients of the seed), and
X = {;},c; is a tuple of algebraically independent elements of QP(u) (the cluster

of the seed).

Given a seed, for each k € I, one can construct a different seed by a mutation

in direction k:
Mk (B,y,X) = (p’k(B)vﬂk(y)?N“k(X)) .

Apart from the chosen k, the new matrix py(B) depends only on B; g (y) depends
both on B and y, while ug(x) depends on the entire seed (B, x,y).
More precisely the entries of B’ = ux(B) are given by

b if k€ {i,j}
(1.1.1) A

i
bij + ik [brs], + [bir], br; otherwise
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where [b]; denotes max (b,0). The new coefficient tuple y’ = u(y) is defined by

y; ! ifi =k
(1.1.2) yi =
b —bpi g -
yiy,[Ck]Jr (yr ®1) £k
and the cluster o’ = ug(x) is obtained from x replacing z, with the cluster variable

x, defined by the exchange relation

bi —b;
. yk HQ]‘E k]+ + H$£ k]+
Ty = .

(1.1.3) (ye @ 1)z

By direct inspection it is easy to check that every mutation is an involution i.e.

for every k € I and for any seed (B,y,x)

HE © Pk (B7YaX) = (BaYaX)'

Definition 1.1.2. Fix an initial seed (By, yo,X0). The cluster algebra A (By, X0, Yo)
is the subring of QP(u) generated over ZP by all the cluster variables obtained by

sequences of mutations from the initial seed.

Note that, up to an isomorphism of QP(u), we can always assume that the
initial cluster is u; we will therefore omit to specify the initial cluster when this
does not generate confusion.

Note also that the choice of initial seed is not relevant for the cluster algebra
itself; indeed the same cluster algebra can be obtained from any seed mutationally
equivalent to (Bo,¥o,Xo). However the models we are going to discuss here depend
on this choice.

A cluster algebra is said to be of finite type if it contains only finitely many
clusters otherwise it is of infinite type. Cluster algebras of finite type form one of
the most basic and better understood classes of cluster algebras; they were classified
in one of the first papers on the topic ([FZ03a]). It turns out that the property

of being of finite type depends only on the mutation class of the initial exchange
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matrix By (the set of all matrices obtainable from By by a sequence of mutations)
and not on the choice of coefficients.
An extra piece of terminology is needed to state the result. The Cartan coun-
terpart A(B) of a skew-symmetrizable matrix B is the matrix defined by
—|bi;| ifi#
aij =
2 if i = j.

It is a symmetrizable (generalized) Cartan matrix in the sense of Kac [Kac90].

THEOREM 1.1.3 ([FZ03a, Theorem 1.4]). All cluster algebras A(Bg,e,e) are
simultaneously of finite or infinite type. They are of finite type if and only if there
exist a matriz B in the mutation class of By such that A(B) is a finite type Cartan
matriz. Moreover the Dynkin type of A(B) is uniquely determined by the mutation
class of By.

By extension we say that a skew-symmetrizable matrix By is of (cluster) finite
type, and more specifically, of (cluster) type Z, according to the type Z of A(B)
above. From now on, unless otherwise specified, all cluster algebras are assumed to

be of finite type.

1.2. g-vectors, cluster fans, and generalized associahedra

Much information on the structure of a cluster algebra A can be deduced di-
rectly from two purely combinatorial gadgets “dual” to one another: its cluster
complex and its exchange graph.

The exchange graph is the graph whose vertices are the clusters of A. Its edges
are given by exchange relations: two clusters are connected by an edge if and only
if they can be obtained from one another by a single mutation.

The cluster complez is an abstract simplicial complex with cluster variables as
vertices and clusters as maximal simplices.

When a cluster algebra is of finite type both its cluster complex and its exchange

graph are finite. The goal of Chapter 2 is to better understand these two objects.

12



This problem had been already addressed in [FZ03b, CFZ02] in the special
case of a bipartite initial seed (i.e. when the rows of the initial exchange matrix
have a definite sign). Under this assumption, in [FZ03a], Fomin and Zelevinsky
provided an explicit combinatorial description of the cluster complex obtained by
labeling its vertices with almost-positive roots in the corresponding root system.

They constructed a function on ordered pairs of labels, called compatibility
degree, encoding whether the corresponding cluster variables are compatible (i.e.
they belong to the same cluster), exchangeable (i.e. related by an exchange relation)
or neither. Its definition is purely combinatorial and does not refer to the cluster
algebra but just to the labels. The description of the cluster complex they presented
is in terms of this function: compatible pairs of almost positive roots form its 1-
skeleton; higher dimension simplices are given by the cliques of the 1-skeleton.

In [FZ03b] the authors improved on this combinatorial model explaining how
almost positive roots give a geometric realization of the cluster complex. They
showed that the positive real span of the labels in any simplex of the cluster complex
is a cone in a complete simplicial fan: the cluster fan. Among the applications of
this realization there is a parametrization of cluster monomials in A with points of
the root lattice Q.

Further study ([CFZO02]) of the cluster fan showed that it is the normal fan
of a distinguished polytope: the generalized associahedron of the given type. Its
description is completely explicit: the authors discussed all the constrains that its
support function must satisfy and then provided a concrete function that meets
them. The exchange graph of A is the 1-skeleton of its generalized associahedron.
As a bonus from the construction they also get an explicit formula for all the
exchange relations in the coefficient-free case in terms of the roots labeling the
corresponding cluster variables.

As noted above the construction in [FZO03b] and [CFZ02] depends on the
labeling of cluster variables of A by almost positive roots; such a parametrization

is provided by their denominator vectors with respect to a bipartite initial cluster.

13



This is not the only possible choice of labels; another option is to use g-vectors. To

introduce them we need some more terminology.

Definition 1.2.1. The tropical semifield on n elements, Trop(z), is the abelian
multiplicative group of Laurent monomials in the indeterminates z = {z;},.; en-
dowed with the auxiliary operation & defined by

Hzf ® l_Izi7 = Hz?lin(ai’bi).

iel iel iel
Definition 1.2.2. A cluster algebra A(By,y0,%0) C QP(xg) is said to have prin-

cipal coefficients (at the initial seed) if P = Trop(yo). We will denote such algebras
by .A. (Bo) .

Cluster algebras with principal coefficients can be equipped with a Z"-grading

in such a way that every cluster variable is an homogeneous element of QP(xg).

Proposition 1.2.3. [FZ07, Proposition 6.1] Every cluster variable in A4(By) is

homogeneous with respect to the Z™-grading given by
deg(x;) == e; deg(y;) := —b;
where, as usual, e; is the i-th unit vector while b; is the i-th column of By.

Definition 1.2.4. The g-vector of a cluster variable in A4(Bjp) is its homogeneous

degree.

The definition can be extended, in view of the “separation of additions” formula
[FZ07, Theorem 3.7], to all other choices of coefficients; we will therefore refer to
the g-vectors for the cluster variables in any cluster algebra.

An explicit description of all the g-vectors of any finite type cluster algebra
with acyclic initial seed (i.e. any cluster algebra A(By,yo,Xo) such that A(By) is
a finite type Cartan matrix) was given explicitly in [YZO08] in terms of weights.

Using a Cozeter element ¢ in the Weyl group of A(Bj) to encode By (see Egs. (2.1.1)
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and (2.1.2) for the details) they were able to identify the g-vectors of A(By,yo,X0)
with a subset II(c) of the corresponding weight lattice P.

The first goal of Chapter 2 is to extend the results from [FZ03b] and [CFZ02]
to each of these new parametrizations of cluster variables. Retracing the steps in
those papers, for any choice of acyclic initial seed, we will construct a complete
simplicial fan realizing the cluster complex and we will show that it is the normal
fan to a geometric realization of a generalized associahedron. We can summarize

our claims as follows:

THEOREM 1.2.5. Let A = A(By,y0,X0) be a cluster algebra of finite type with
an acyclic initial seed and let ¢ be the Coxeter element encoding By. Let II(c) be the
labeling set and (e||®). its compatibility degree function both constructed in [YZO08|.
Then

(1) every c-cluster in II(c) (i.e. every maximal subset of II(c) consisting of
pairwise compatible weights) is a Z-basis of the weight lattice P.

(2) The positive linear spans of the simplices in the clique complex induced
by (e||e). on II(c) form a complete simplicial fan F.! realizing the cluster
complex. Cluster monomials of A are in bijection with points of P.

(3) FI is the normal fan to a simple polytope: a geometric realization of the
associated generalized associahedron.

(4) If A is coefficient-free then all its exchange relations are explicitly deter-

mined by the labels of exchangeable cluster variables.

The proof will be split into sub-statements, namely Theorems 2.1.2, 2.1.4, 2.1.7,
and 2.1.10. Some of these results were already proved in less generality or were
already conjectured; we will provide explicit references in Section 2.1.

It turns out that our polytopes are the same as those studied in [HLT11] in the
setup of Cambrian fans developed by Reading and Speyer. The construction we
propose, however, is different from the one by Hohlweg, Lange, and Thomas. This

provides us with an alternative prospective on c-cluster combinatorics that allows
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us to recover all the exchange relations of the associated coefficient-free cluster
algebra and to answer positively to Problem 4.1 posed in [Hoh12].

To explain what we mean by “different” recall that the definition of Cambrian
fans is given in terms of its maximal cones as opposed to the definition of cluster
fans that builds up from the 1-skeleton. Indeed to each Coxeter element c of a finite
type Weyl group W one can associate a lattice congruence on the group itself (seen
as a lattice for the right weak order). This produces a coarsening of the associated
Coxeter fan obtained by glueing together cones corresponding to elements in the
same class (recall that the Coxeter fan is the complete simplicial fan in the weight
space of W whose maximal cones are the images of the fundamental Weyl chamber
under the action of the group). The approach used in [HLT11] to show that the
Cambrian fans are polytopal follows the same philosophy: they begin from the
generalized permutahedron associated to W seen as intersection of half-spaces and,
again using the lattice congruence induced by ¢, they remove a certain subset of
them to make it into a generalized associahedron.

The second goal of Chapter 2 is to show that the generalizations of the clus-
ter fans we propose coincide with the Cambrian fans of Reading and Speyer. To
do so it suffices to show that the polyhedral models for the generalized associa-
hedra we build are the same as the realizations given in [HLT11]. Note that, in
type A, the interaction between the geometric realizations of the associahedron by
Hohlweg, Lange, and Thomas and the original realization by Chapoton, Fomin,
and Zelevinsky has been already investigated in [CSZ11].

Chapter 2 is structured as follows: in Section 2.1, after having recalled the
required terminology and having set up some notations, we discuss in more details
our generalizations of the results in [FZ03b] and [CFZ02] and we provide an idea
of the strategy we adopt to prove them. We then recall some more terminology and
explain how our construction relates to Cambrian fans and to the polytopes from

[HLT11].
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In Section 2.2 we introduce our main tool: the set of c-almost-positive roots
®.p(c). Many arguments from [FZ03b| and [CFZ02| require to perform an in-
duction on the rank of the cluster algebra; the labeling of cluster variables by
almost-positive roots is ideal for such a purpose. In our case, however, we are given
a set of weights to parametrize the vertices of the cluster complex therefore we
can not generalize those proofs directly. The solution we adopt is to identify the
weight lattice with the root lattice in such a way that the restriction to a smaller
rank cluster sub-algebra can be expressed easily in terms of the labels in a new set
®,,(c) (the image of II(c) under this identification).

Section 2.3 deals with bipartite orientations. We show that, in this case, our
results follow directly from their analogues from [FZ03b] and [CFZ02].

Section 2.4 contains the proofs of some technical results we need in Section 2.5
where we complete the proofs of the main results of the first part of Chapter 2.

The chapter is concluded by Section 2.6 where we show that our realizations of
the generalized associahedra coincide with those constructed by Hohlweg, Lange,
and Thomas and therefore that our generalization of cluster fans is a different

presentation of Cambrian fans.

1.3. c-vectors and d-vectors

g-vectors are not the only example of integer vectors naturally associated to
cluster algebras; other two distinguished families are given by c-vectors and d-
vectors; they correspond respectively to exchange relations and cluster variables.
The definition of d-vectors can be given independently from the choice of co-
efficients. In view of the Laurent phenomenon [FZ02, Theorem 3.1], every cluster
variable z in a cluster algebra A(By,yo,Xo) can be expressed as a ratio
N (x0)
[Lic; x;‘i '

where N is a polynomial in QPP[x¢] not divisible by any of the initial cluster variables

€r =

X0 = {x;}. The d-vector of x is the vector (d;), ;. It is important to remark that

17



this definition does not imply that d-vectors are sign-coherent (i.e. with entries
either all non-negative or all non-positive).

To introduce c-vectors, instead, we need principal coefficients. The c-vectors of
a cluster algebra Ae(Bp) are the exponent vectors of the coefficients appearing in
its seeds.

We will refer to the map associating to each cluster variable (resp. coefficient)
its d-vector (resp. c-vector) as the tropicalization map. The origin of the name can
be made explicit introducing universal semifields and semifield homomorphisms but
for our purposes we do not need to do so.

It has been partially recognized and proved that, the ¢- and d-vectors of Ae (Bp)
are roots in the root system of the (generalized) Cartan matrix A(By). When By
is skew-symmetric, thanks to Kac’s theorem [Kac80], it is enough to prove that
they can be identified with the dimension vectors of some indecomposable modules
of the path algebra kQ(By) for the quiver Q(By) corresponding to By. In fact, this
is a common method of proving many known cases. We are going to discuss this
subject in more detail in Section 3.1.

Among finite type cluster algebras the most studied are those of simply-laced
types (i.e. types A,, D,, Eg, E7, Eg according to the classification of [FZ03a]). In
these cases the cluster-tilted algebra A(Bp), introduced in [BMRO7] as a certain
quotient of the path algebra kQ(By), plays a key role in the study of Ae4(By)
[CCS05, CCS06, BMR™06a, BMR08, BMRO6b].

A c-vector is said to be positive if it is a nonzero vector and its components are
all nonnegative. A d-vector is non-initial if it is the d-vector of a cluster variable
not in the initial cluster. It was proved by [CCS06, BMRO7] that the set of all
the non-initial d-vectors of Ae(By) coincides with the set of the dimensions vectors
of all the indecomposable A(Bp)-modules. Moreover, it was recently proved by
[NC12, NC] that the set of all the positive c-vectors of Ae(By) also coincides with

the same set. See Theorems 3.1.5 and 3.1.6.
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In spite of this beautiful and complete, representation-theoretic description of
c- and d-vectors for finite type, little is known about their explicit form, except for
type A, [CCS05, Parll, Trall]. The purpose of Chapter 3 is to fill this gap
and to provide an explicit Dynkin diagrammatic description of the ¢- and d-vectors
for cluster algebras of any finite type with any initial exchange matrix. All the
results contained there and that we will now summarize were obtained jointly with
T. Nakanishi.

For any skew-symmetrizable matrix By of cluster finite type, we present the
Cartan matrix A(Bp) as a Dynkin diagram X (Bg) in the usual way following
[Kac90]. Note that, in general, X (By) is not a finite type Dynkin diagram.

In Section 3.2, for each finite type Z, we provide the following two lists explic-
itly:

e the list X(Z) of the Dynkin diagrams X (By) of all the skew-symmetrizable
matrices By of cluster type Z (for each By the vertices of X (By) are naturally
identified with the elements of I),

o the list W(Z) of the “candidates” of positive c-vectors and non-initial d-
vectors of Ae(By) for any X (By) € X(Z) in the form of weighted Dynkin diagrams,
namely, Dynkin diagrams with a positive integer attached to each vertex.

For a pair X(By) € X(Z) and W € W(Z), an embedding of the diagram part of
W into X (By) as a full sub-diagram is denoted by W C X (By). Such an embedding
is not necessarily unique if it exists; we distinguish them up to isomorphism of W.
An embedding W C X (By) is identified with an integer vector v = (v;);er such
that the support of v is the diagram part of W and the nonzero integer v; is the

weight of W at 4. For each skew-symmetrizable matrix By of cluster type Z, let us
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introduce the sets
V(Byp) :={W C X(By) | W eW(Z)},

C(By) :={all c-vectors of A(By) },
(1.3.1)
C+(By) :={ all positive c-vectors of Ae(By) },

D(By) :={ all non-initial d-vectors of A4(By) }.

For finite type cluster algebras, it turns out that
(1.3.2) C(Bo) = C+(Bo) U (—C+(Bo)),
therefore, we can concentrate on C4(Bp). Our main result is stated as follows.

THEOREM 1.3.1. Let By be any skew-symmetrizable matriz of cluster finite

type. Then, the sets C1(By), D(By), and V(By) coincide.

As an immediate and important corollary, for simply laced types the set V(By)
also coincides with the set of the dimension vectors of all the indecomposable mod-
ules of the cluster-tilted algebra A(Bjy), thereby yielding a representation-theoretic
result.

To prove Theorem 1.3.1 we use the surface realization of cluster algebras
[FGO7, FST08, FT12] for types A, and D,. The case A, is easy, but the case
D,, is (much) more involved. Then we apply the folding method [Dup08, Dem11]
to types Dyy1 and As,_1 to obtain types B, and C,, respectively. Exceptional
types are studied by direct inspection with the help of the software by Keller [Kel]
and the cluster algebra package [MS12] of Sage [S*12] written by Musiker and
Stump; we rely on Corollaries 3.1.7 and 3.1.11 to simplify computations in type FEjs.
In classical types our derivation is purely combinatorial and does not refer to any
results from representation theory. On the one side, this may be unsatisfactory due
to the lack of a direct representation-theoretic explanation; on the other side, this
is the reason why we get the result easily. In particular, we obtain an alternative

proof of the known equality C(By) = D(By) for types A, and D,,, and also several
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results on non-simply laced types, for which the representation-theoretic method is
not yet fully available.

From the explicit list of positive c-vectors and non-initial d-vectors provided by
Theorem 1.3.1 we deduce the following result. The statements (1) and (3) generalize
to all finite types properties known only for simply-laced types (cf. Corollaries 3.1.8
and 3.1.11).

THEOREM 1.3.2. Let By be any skew-symmetrizable matriz of cluster finite
type.

(1) All c-vectors and d-vectors of Ae(By) are roots of the root system of A(By).
For simply-laced types they are Schur roots.

(2) A c-vector (d-vector) of Ae(Bo) is a real oot if and only if its support in
X (By) is a tree.

(3) The cardinality |C+(By)| = |D(Bo)| depends only on the cluster type Z of
By and it is equal to the number of positive roots in the root system of
type Z. Explicitly it is equal to nh/2, where n and h are the rank and the
Cozeter number of type Z (see Table 1.3.1).

(4) The set C4(Bo) = D(By) only depends on A(By), the Cartan counterpart
of By.

TABLE 1.3.1. Coxeter numbers and numbers of positive roots.

Type An Bn On Dn E6 E7 Es F4 G2
h n+1 2n | 2n | 2n—2 |12 |18 | 30 | 12| 6
nh/2 [[n(n+1)/2| n2 | n? [n(n—-1)]36[63]120[ 24| 6

While proving Theorem 1.3.1 we also obtain the following interesting result.

THEOREM 1.3.3. Let By be any skew-symmetrizable matriz of cluster finite

type. Any c-vector (d-vector) of Ae(Bg) occurs in some bipartite seed.

Chapter 3 is structured as follows. In Section 3.1 we give more background and

a short survey of the known results on ¢- and d-vectors and their consequences in
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order to connect our result to representation theory of quivers. In Section 3.2 we
describe the sets X(Z) and W(Z) for any finite type Z.

The proofs of Theorems 1.3.1 and 1.3.3 for classical types are split into several
Propositions and use different techniques. In Section 3.3 we use the surface real-
ization ([FGO7, FST08, FT12]) of cluster algebras to prove the results for types
Ay, and D,,. In Section 3.4 we extend the folding construction of [Dup08] to deal
with types B,, and C,,.

The chapter is concluded by Section 3.5 where we prove Theorem 1.3.2. In
appendix we add the complete analysis needed in the proof of Propositions 3.3.10

and 3.3.11.
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CHAPTER 2

Generalized associahedra

2.1. Preliminaries

We start by setting up notation and recalling some terminology and results from
[YZO08]. Let I be a finite type Dynkin diagram; with a small abuse of notation
denote by I also its vertex set. Let W be the associated Weyl group with simple
reflections {s;},.; and let A = (a;;); jer be the corresponding Cartan matrix.

Recall that an element ¢ of W is said to be Cozeter if every simple reflection
appears in a reduced expression of ¢ exactly once. To each Coxeter element c
associate a skew-symmetrizable matrix B(c) = (b;;)i jer as follows. For ¢ and j in
I, write 7 <. j if 7 and j are connected by an edge and s; precedes s; in a reduced

expression of c¢. Set then

—Q4j if 4 <e j
(211) bij = aij 1f] <1
0 otherwise .

Note also that Coxeter elements are in bijection with orientation of I under the

convention

(2.1.2) joi e i<

Remark 2.1.1. In each Weyl group there is a distinguished class of Coxeter ele-
ments (call them bipartite) corresponding to orientations of I in which each node
is either a source or a sink. Following the notation of [FZ03b], we denote bipartite

Coxeter elements by t.
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For a given Coxeter element ¢ denote by Ag(c) the coefficient-free cluster alge-
bra with the initial B-matrix B(c). Let {w;},.; be the set of fundamental weights
associated to I and wg the longest element in W. Set h(i;c) to be the minimum
positive integer such that

h(i;c)

C W; = —W;*

where w;« := —wow; (Cf. Proposition 1.3 in [YZO08]).

By theorem 1.4 in [YZO08] the set of weights
I(c) :={c"w; :i € 1,0 <m < h(i;c)}

parametrize the cluster variables in Ap(c). The correspondence is given associating
to each cluster variable its g-vector as defined in [FZO07]; in particular cluster
variables in the initial cluster correspond to fundamental weights.

The set II(¢) can be made into an abstract simplicial complex of pure dimension
n — 1 (the c-cluster complex) as follows. The cluster algebra structure induces a
permutation on II(c)
w; A= —w;
cA otherwise
and a (unique) 7!l-invariant c-compatibility degree function defined by the initial
conditions

(@il Ve = [t = DAl

where [o; ;] is the coefficient of a; in e expressed in the basis of simple roots and
[¢], denotes max {e,0} (Cf. Proposition 5.1 in [YZO08]).

Note that the action of 7! on II(c) is, by construction, compatible with the
action of wg on I; that is any 7.l-orbit contains a unique pair {w;,w;~} (or a single
fundamental weight w; if ¢ = i*).

Call two weights A and p in II(c) c-compatible if

(Mlw)y =0.
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This definition makes sense since the c-compatibility degree satisfies
1 I
(Allw)e =0« (ullA), =0.

The c-cluster complex Al is defined to be the abstract simplicial complex on
the vertex set II(c) whose 1-skeleton is given by c-compatible pairs of weights and
whose higher dimensional simplex are given by the cliques of its 1-skeleton. We
refer to its maximal simplices as c-clusters; this name already appeared in the work
of Reading and Speyer in a different setup, we will discuss later on how the two
notions are related.

The first step in order to construct a complete simplicial fan realizing the c-
cluster complex is to show that we can associate an n-dimensional cone to each

c-cluster.
THEOREM 2.1.2. Each c-cluster in Al is a Z-basis of the weight lattice P.

Remark 2.1.3. Theorem 2.1.2 was conjectured in [FZ07] (Conjecture 7.10(2))
and then proved in [DWZ10b] (Theorem 1.7) under the assumption that the initial

exchange matrix is skew-symmetric.

Let FI! be the collection of all the cones in Pg that are positive linear span of

simplices in the c-cluster complex.

THEOREM 2.1.4. FY is a complete simplicial fan.

C

Remark 2.1.5. This is a generalization of Theorem 1.10 in [FZ03b], and our
proof is inspired by the one in that paper. In particular we will deduce the result

from the following proposition (mimicking Theorem 3.11 in there).

Proposition 2.1.6. Every point p in the weight lattice P can be uniquely be written

as

(2.1.3) p= > m



where all the coefficients my are mon-negative integers and mym, = 0 whenever

(Allv) #0

The expression (2.1.3) is called the c-cluster expansion of p.
A simplicial fan is said to be polytopal if it is the normal fan to a simple
polytope. Recall that, given a simple full-dimensional polytope T in a vector space

V' its support function F' is the piecewise linear function on V* defined by

F: Vv — R

¢ +— max{p(z)lxz €T}

and its normal fan is the complete simplicial fan in V* whose maximal cones are
the domains of linearity of F. Note that, in dimension greater than 2, not every
simplicial fan needs to be the normal fan of a polytope (see for example section 1.5
in [Ful93]).

Our next goal is to show that the c-cluster fans we constructed so far are
polytopal. In view of Theorem 2.1.4, each function defined on II(¢) extends uniquely
to a continuous, piecewise linear function on Pg linear on the maximal cones of F.I.
In particular, every function

f:I—R

satisfying f(i) = f(i*) gives rise to a continuous, 7 l-invariant, piecewise-linear

function F,. = F, s, by setting
Fo(c™w;) := f(i)

for all ¢"w; € II(c), and then extending it to Pg as above.

Let Asso! (W) be the subset of Pg defined by
(2.1.4) Assol (W) := {p € P& |o(\) < F.(\), VA € II(c)} .

THEOREM 2.1.7. If f : I — R is such that
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(1) foranyiel

(2) foranyjel
Zaz‘jf(i) >0

iel

then ASSOZ (W) is a simple n-dimensional polytope with support function F.. Fur-
thermore, the domains of linearity of F, are ezactly the maximal cones of F-X, hence

the normal fan of Assol (W) is FLI.

Remark 2.1.8. Theorem 2.1.7 is a generalization of Theorem 1.5 in [CFZ02]. Its

proof uses the result by Chapoton, Fomin, and Zelevinsky as base case.

The following examples illustrate the above results. We represent a point ¢ €
Pg by a tuple (2 := ¢(w;))icr- We also use the standard numeration of simple
roots and fundamental weights from [Bou68].

The construction carried on in this paper, as it will be explained in details in
Section 2.3, coincides with the one in [FZ03b] and [CFZ02] when c is a bipartite
Coxeter element. Therefore the first example in which something interesting arises
is ¢ = 515283 in type As. In this case II(c) consists of two 7.l-orbits:

Te Te Te Te Te
W) —— —W] + W —— —Ww2 + ws —Wws ws —w1

Te

and

Te Tec
Wy — —W] + W3z —— —Ws

Te

It is not surprising that the number of orbits and their lengths are the same as the
Ajs example in [CFZ02]: they depend only on the type of the cluster algebra and
not on the choice of a Coxeter element. Since in this case wow; = —ws we have

1* = 3 therefore we need to impose f(1) = f(3); condition (2) in Theorem 2.1.7
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becomes
0< f(1) < f(2) <2f(1)

and the corresponding polytope Assol (W) is defined by the inequalities
max {z1, —21 + 22, —22 + 23, —23, 23, —21 } < f(1)

max {227 —21+ 23, _22} S f(2) .

This polytope is shown in Figure 2.1.1. Note that, to make pictures easier to
plot and view, the angles between fundamental weights are not drawn to scale, and

each facet is labeled by the weight it is orthogonal to.

FIiGURE 2.1.1. AssoZ(W) in type As for ¢ = 515253

Now let ¢ = s1s253 in type C3. Then the set II(c) consists of three orbits:
Te Te Te
W) —— —W] + W —— —Wo +wg —— —w;

Te

Te Te Te
We —— —wi Wz —— —Ww1 — w2 Wz —— —W»

Te
Tc Tc Te
w3 — —2w1 +wy —— — 2wy + w3 —— —Wws3

Te
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Condition (2) in Theorem 2.1.7 reads
f(2) <2f(1)

f)+7B3) <2f(2)
f(2) <f3)
as in the corresponding example in [CFZ02]. The polytope is given by the inequal-
ities
max {z1, —21 + 22, —22 + 23, —21} < f(1)
max {2z, —21 + 23, —21 — 22 + 23, —22} < f(2)
max {23, —221 + 23, —222 + 23, —23} < f(3)

and it is shown in Figure 2.1.2 using the same conventions of Figure 2.1.1.

<

FIGURE 2.1.2. Asso({(W) in type C3 for ¢ = 515953

To prove the results we discussed so far will use two types of argument. The
first one is induction on the rank of I. Unfortunately the set II(c), and in general
the whole weight lattice P, does not behave nicely when considering sub-diagrams
of I. Tt is then convenient to introduce an auxiliary set of labels: the c-almost

positive Toots:



whose behaviour is more manageable. On the one hand the new set is related to
the old one by a linear transformation therefore any property proved for ®,,(c) can
be transported back to II(c).

On the other hand ®,;,(¢) is modeled after the set ®>_; introduced in [FZ03b].
It differs from the latter in several respects: first it still consists of g-vectors (in an
odd-looking basis) and not denominator vectors; second it contains all the positive
roots (as ®>_1 does) but the negative simples are replaced by other negative roots
depending on the choice of the Coxeter element c. However, contrary to what
happens for II(c), it retains a notion of subset corresponding to a Dynkin sub-
diagram. In order to use induction on |I| it will then suffice to show that the
c-compatibility degree on ®,,(c) is preserved when restricting to a sub-diagram of
I (this is the content of Proposition 2.2.12).

To explain the second type of argument we need an observation on Coxeter
elements. For a given Coxeter element ¢, we call a simple reflection s; initial
(resp. final) if ¢ admits a reduced expression of the form ¢ = s;v (resp. ¢ = vs;).
Conjugating any Coxeter element by an initial or final reflection produces another
Coxeter element; call such a conjugation an elementary move and call two Coxeter
elements related by a single elementary move adjacent. The following is a well

known fact; a proof can be found in [GP00] Theorem 3.1.4.

Lemma 2.1.9. Any Coxeter element can be reached from any other via a sequence

of elementary moves.

We will construct maps O’iil relating sets of c-almost positive roots for adjacent
Coxeter elements. These maps will not be linear so, a priori, they might not
preserve all the properties we are interested into. Our strategy will be to show
that, for any Coxeter element c, there exists a bipartite Coxeter element ¢ and
a sequence of elementary moves relating the two, such that all the corresponding
maps Uiﬂ preserve the desired properties. This will reduce our statements to the
bipartite case. Our results will then follow from another important property of the

set of c-almost positive roots: when the Coxeter element is bipartite, there exists
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bijection

o P> = Doy (t)
which is induced by a linear map. This will allow us, in this particular case, to
deduce our results from their analogs from [FZ03b] and [YZ08].

As a byproduct of the construction we get an explicit description of the ex-
change relations of Ay(c). Two cluster variables z, . and z,, . in it are exchangeable
if and only if (A||p)I = (u||\) = 1. Denote by T the cyclic group generated by 7.1
The proof of Theorem 2.1.7 relies on the fact that, except in some degenerate cases,
for any pair of weights A and g in II(c) corresponding to a pair of exchangeable

cluster variables, the set

{r (T N+ 77 ) }er

consists of two vectors: A 4+ p and another one denoted by A W, u.

Use Theorem 2.1.4 to label all cluster monomials in Ay(c) by points of P:

o mx
:L'E maA,c T H x)\,c .

THEOREM 2.1.10. All the exchange relations in Ag(c) are of the form

TX,clp,e = Tr4p,c + TS p,c

We now discuss the connection of F.! with the Cambrian fan defined in [Rea06].
First recall some definitions and results from [HLT11].

Let D be the fundamental Weyl chamber, i.e., the R-span of the fundamental
weights. The Cozxeter fan F is the complete simplicial fan in Pg whose maximal
cones are the images of D under the action of W. It is well known that the
correspondence

w = w(D)
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is a bijection between W and the set of maximal cones of F; moreover F is the
normal fan to a distinguished polytope: the permutahedron (see e.g. [Pos09]).

Using the (right) weak order, W can be regarded as a lattice with minimal
and maximal element e and wg respectively. To each lattice congruence on W
corresponds a fan that coarsens F as shown in [Rea05]; maximal cones in the
new fan are obtained glueing together cones of F corresponding to elements of W
belonging to the same equivalence class.

Fix a Coxeter element ¢ and one of its reduced expressions. For any subset
J C I, denote by c; the sub-word of ¢ obtained omitting the simple reflections
{si}ier - Let ¢> be the formal word obtained concatenating infinitely many copies
of c. Every reduced expression of w € W can be seen as a sub-word of ¢*°; call
the c-sorting word of w the lexicographically first sub-word of ¢* realizing it. The
c-sorting word of w can be encoded by a sequence of subsets Iy, I, ... I of I (the

c-factorization of w) so that

W = crCr, " Cyy, -

Note that the c-factorization of w is independent on the reduced expression chosen

for ¢: it depends only on the Coxeter element itself.

Definition 2.1.11. An element w in W is
e c-sortable if its c-factorization is such that

L2L2 -2

e c-antisortable if wwg is ¢~ 1-sortable

As an example pick ¢ = s1s983 in type Az, then sos3ss is c-sortable with the
c-factorization {2,3},{2}, the element s2s3815281 is c-antisortable while s2835251
is neither.
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For any element w in W, again in the weak order, there exist a unique minimal
c-antisortable element above it and a unique maximal c-sortable below it; denote

them by 7l (w) and ¢ (w) respectively.

Proposition 2.1.12 (cf. [Rea07]). For any w € W the sets

and

coincide; they are intervals in the lattice W with minimal element w{(w) and maz-

imal element 7} (w).

Define a lattice congruence on W by setting
(2.1.5) vew & wi(v) =7i(w).

The c-Cambrian fan F¢ (defined in [RS09]) is the complete simplicial fan obtained
from F by coarsening with respect to the lattice congruence (2.1.5); its maximal
cones are parametrized by c-sortable elements.

In [HLT11] it was shown that, for any point @ in the fundamental Weyl cham-
ber, there is a unique simple polytope Assof (W) with normal fan ]-'CC and such that
a is a vertex of Assol(W).

We have now all the required notations to state our last result.

THEOREM 2.1.13. For every f : I — R satisfying the hypothesis of Theorem
2.1.7 there exists a point a € D such that the polytopes Asso®(W) and Assol (W)

coincide.
As a direct consequence we get

Corollary 2.1.14. The c-Cambrian fan FE and the c-cluster fan FI' coincide.

C c
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2.2. The set ®ap(c)

Fix a Dynkin diagram I and let ® = &, LU®_ be the corresponding root system.
For convenience we identify I with {1,...n} so that a chosen Coxeter element is
C=51"""Sp.

For i € I let
(2.2.1) ,85 = Sp o Si410 .

Remark 2.2.1. It is known that the roots (2.2.1) are exactly the positive roots
that are mapped into negative roots by ¢; moreover they form a Z-basis of the root

lattice ) since the linear map sending each «; to 3{ is unitriangular.

We call ®,,(c) := &4 U{-pFf},c; the set of the c-almost-positive roots and

define a bijection 7.2 : ®,,(c) — ®ap(c) by setting, for a € @, (c),

vy | A=

co otherwise .

Definition 2.2.2. The c-compatibility degree on ®,,(c) is the unique 72 invariant

function

(o[[0)¢ : @ap(c) X Pap(c) — N
defined by the initial conditions
(=B5lla)e = las ], -

These definitions are justified by the following proposition.

Proposition 2.2.3. The linear map
$o:=(c'—1): P — Qr

is inwvertible and restricts to an isomorphism of the weight lattice P with the root

lattice Q sending I1(c) to ®,,(c). Moreover ¢. intertwines T and ¥ and transform
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the compatibility degree (e||®) on TI(c) into the compatibility degree (e||®)® on

Dyp(c).

PRrROOF. To show that ¢. is a lattice isomorphism, in view of Remark 2.2.1, it
suffices to establish that

Pe(wi) = =55 .

Using the well-known property

w; — Q4 if ¢ :]
Si(.Oj =
wj otherwise,

we have
Ge(wi) = 8y -+ 81Wi — Wi = S -+ Siq1(SiWi — wi) = S siqp1(—aq;) = =B

The sets II(c) and ®,,(c) have the same cardinality. Indeed Proposition 1.7 in
[YZ08] states that, for every 4, the sum h(i,c) + h(i*,c) is equal to the Coxeter
number A, hence

O = (ki) +1) = 5 SO(h(6,) + h(i*,0) +2) = 2 S (h+2) = [Bap(e)]
icl icl icl

To conclude the proof of the first part it suffices to check that any weight in
I(c) \ {wi};c; is mapped to a positive root. This was already showed in [YZO08]
during the proof of the inequalities (1.8) in it.

To show that, for any a € ®,,(c),

there are two cases to consider:

(1) if o« = B¢ then



(2) if o # B¢ for any 4 then

To conclude the proof it is sufficient to show that both compatibility degrees satisfy

the same initial conditions. On the one hand we have
o
(=Bille)e = [ a4

and on the other

(@ (=B N6t (@) = (willos (@), = [(¢ ' =D =)t ai] ,

O

Remark 2.2.4. As in the case of II(c) the action of 72 on ®,,(c) and the action

of wg on I are compatible, i.e. there exist m € Z such that
&b m . -
(7)) (=85) = =85
if and only if j =4 or j =d*.

We can now rephrase Theorems 2.1.2, 2.1.4, 2.1.7, 2.1.10, and Proposition 2.1.6
in this new setup.

Let A? be the abstract simplicial complex having elements of ®,,(c) as vertices
and with subsets of pairwise compatible roots as simplices; similarly to the case of
II(c), we call c-clusters the maximal (by inclusion) simplices.

In view of Proposition 2.2.3, Theorem 2.1.2 is equivalent to the following.
THEOREM 2.2.5. Each c-cluster in A® is a Z-basis of the root lattice Q.

Definition 2.2.6. For any v in @ we call a c-cluster expansion of v an expression

v = Z Mo

aEdap(c)
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where all the coefficients m,, are nonnegative integers such that m,mgs = 0 whenever

®
(al[6), # 0.
The counterpart of Proposition 2.1.6 is the following:

Proposition 2.2.7. Any ~ in the root lattice Q admits a unique c-cluster expan-

ston.

Remark 2.2.8. Our proof of Proposition 2.2.7 will mimic, step by step, the proof
of Theorem 3.11 in [CFZ02]. A sketch of a different proof, more similar to the

others in this paper, will be also given.

Let F2 be the set of all the cones in the space Qg that are the positive linear
span of simplices of the complex A®. A direct consequence of Proposition 2.2.7 is

the following counterpart of Theorem 2.1.4.

THEOREM 2.2.9. F2 is a complete simplicial fan.

C

As for the case of TI(c), once Theorem 2.2.9 is established, any function defined
on ®,,(c) can be extended to a continuous, piecewise linear function on Qg that is

linear on the maximal cones of 2. In particular, any function
f:I—R

such that f(i) = f(i*) gives rise to a 72P-invariant, continuous, piecewise-linear

function

F,=F.;:Qp —R

by setting
and extending, first to ®,,(c) and then to Qg, as prescribed.
Let Assol*® (W) be the subset of Q% defined by

(2.2.2) Assol (W) == {p € Qi | p(a) < F.(a) Va e ®,,(c)} .

37



THEOREM 2.2.10. If f : I — R is such that

(1) foranyiel

(2) foranyjeJ

Z ai]‘f(i) >0

il
then ASSOZ’(D(W) is a simple n-dimensional polytope with support function F,. Fur-
thermore, the domains of linearity of F. are exvactly the mazimal cones of FX, hence

the normal fan of Assol* (W) is F2.

C

Again by Proposition 2.2.3, Theorem 2.2.10 implies Theorem 2.1.7.
The proof of Theorem 2.2.10 is based on an explicit characterization of the
roots in ®,,(c) belonging to adjacent maximal cones of F2. Namely there exist

two c-cluster C,, and C, such that C,, \ {a} = C, \ {7} if and only if

(allm? =1=(le)?

(Cf. Lemma 2.5.10). For all such pairs of roots the set

{7 ()" @+ )" ®))

consists (when I has no connected component with only one node) of precisely two
vectors, a 4 v and o W, y; their c-cluster expansion are supported on C, U C, and
they are disjoint (Cf. Proposition 2.5.7 and Corollary 2.5.9).

Let Ay(c) the coefficient-free cluster algebra with initial orientation given by
c; label its cluster variables by roots in ®,,(c) and, in view of Proposition 2.2.7,
its cluster monomials by points in the root lattice. Using this notation Theorem

2.1.10 can be restated as follows.

THEOREM 2.2.11. All the exchange relations in Ag(c) are of the form

Ta,cly,c = Taty,e T Tawey,e
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for suitable c-almost positive roots such that

(g =1=(lla)s.

As mentioned before the main advantage of the labels ®,,(c) over II(c) is that
it is easier to set up inductions on |I|. Let J C I be a sub diagram of I. Fix
a Coxeter element ¢ for I and denote by c; the sub-word of ¢ obtained omitting
all the simple reflections {s;},.\ ;. By construction ¢, is a Coxeter element in the
Weyl group W (we denote by W the standard parabolic subgroup of W generated
by {s;};c;)- Let

L @gp(cJ) — Do (c)

be the “twisted” inclusion map given by

B¢ fa=-67,ieJ
(2.2.3) o) =
« otherwise.

From this moment on, unless it is not clear from the context, superscripts ®

and II will be omitted in order to make notation less heavy.

J

Denote by (o||o)'i] the ¢;-compatibility degree on @,

(cj). The key property

is this:

Proposition 2.2.12. Let a and vy be roots in ®),(cs). Then

()le()). = (all)?’, -

Remark 2.2.13. In the setup of almost positive roots the analog of this statement
is point 3 of Proposition 3.3 in [FZ03b]; there the map ¢ is the ordinary inclusion.

A proof of Proposition 2.2.12 will be given in Section 2.4.

The original construction in [FZ03b] does not distinguish among the possible

bipartite orientations of I. With this motivation in mind consider the map o — @
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between ®,;,(c) and ®,,(c™!) defined by

-8 ifa=-p8i€el
(2.2.4) a = ’ ’

« otherwise .

Proposition 2.2.14. For any o and 7y in ®,4p(c)

(@), = @) -

ProoOF. Initial conditions agree:

(=Blla), = sl = [mail, = (=5 llw) = (CFTla), -

o=

It suffices then to show that, for any a € ®,,(c)

There are three cases to be considered.

(1) If o = —p¢ for some ¢ € I then on the one hand

—1
To(—=BF) = —cBf = —s1- - Sn(sn -+ Sip104) =51 5,105 = f§ 5

on the other hand

(2) When o = ¢

1

() = —B¢ = —Bf =51 sy

multiplying and dividing by s;41 - - - s, we get

11 e _ ~1 (3
81+ 8i(Siq1 - SpSn - Sig1)0y = (C 1) Bi = Tc—ll B) = Tc—ll (55) :
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(3) Finally for o # £0¢

2.3. The bipartite case

In this section we assume that the Dynkin diagram I is connected; the state-
ments in the general case are easily reduced to this. Since any connected Dynkin
diagram I is a tree, we can split I into two disjoint subsets I, and I_ such that
every edge in I has one endpoint in I and one in I_. Up to relabeling, this can

be done in a unique way. A bipartite Coxeter can thus be written as
(2.3.1) t=1tt_.

where € denotes a sign and

ts = HSZ

i€l

(the expression makes sense since the factors commute with each other). By our
assumption there are precisely two bipartite Coxeter elements in W: ¢t = ¢, ¢t_ and
tl=t_t,.

Let ®>_; be the set of almost positive roots, i.e.
@2_1 =®, U {70[1-}1'61

introduced in [FZ03b] to parametrize cluster variables in the special case of bipar-

tite initial cluster. On it there are two involutions 7, and 7_ defined by

« ifa=—a;andie I_,
Te(a) =
tea  otherwise

and a unique {71, 7_}-invariant compatibility degree function (e||e). , satisfying

(—ai|‘7)271 = [y il -
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Call two almost positive roots a and vy compatible if

(2.3.2)

(04”’7)271 =0= ('YHO‘)ZA :

The cluster complex A>_; is the abstract simplicial complex induced on ®>_; by

the compatibility degree function; its simplices are subsets of pairwise compatible

almost positive roots. As before call the maximal simplices clusters and consider

the set F>_; of all simplicial cones generated by simplices.

As we mentioned in the introduction our construction is based on the results

for the bipartite case given in [FZ03b] and [CFZ02]. From the first paper we will

need the following.

Proposition 2.3.1.

(1)

[Proposition 3.3 (2)] For any pair of almost positive roots o and ~y, we

have
(@)>_4 =0

if and only if (v||la)s_, = 0.
[Proposition 3.3 (3)] Let J be a subset of I and denote by ®L_, the cor-
responding set of almost positive roots. Let o and 7y be roots in @é_l,
then

(@51 = (all,
where (oHo)é_l denotes the compatibility degree function on <I>‘£_1.
[Theorem 1.8] Each cluster in the cluster complex is a Z-basis of the root
lattice Q.
[Theorem 3.11] Any v € Q admits a unique cluster expansion. In other
words vy can uniquely be written as

v = Z MO

(X€<1>2_1

so that all the coefficients my are negative integers and momey = 0 if

(alla)5_, #0.
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(5) [Theorem 1.10] F>_; is a complete simplicial fan in Qg.

The results we will need form [CFZ02] can be summarized as follows.

Proposition 2.3.2. Suppose that I has at least 2 vertices. Let o and 7y be almost

positive roots such that (ally)s_; =1= (v[la)s_,. Then we have:

(1)

[Theorem 1.14] The set

{r )+ ) er

where T' denotes the group generated by 7o and T_, consists of exactly two
elements o+ and oW .

[Lemma 2.3] Any root appearing with a positive coefficient in the cluster
expansion of a + v or a Wy is compatible with both «, -y, and with any
other root compatible with both a and ~y.

[Lemma 2.4] Let f: I — R be any function such that, for any i € 1,

and

Z aijf(i) >0

il
forany j € I. Let F>_1 : Qr — R be a continuous piecewise-linear

function on Qr that is linear on the mazximal cones of F>_1, invariant

under the action of T, and such that
Fsy(—ai) = f(i).
Then,

Fo_y(a) + F>1(7) > max {Fs_y(a+7), Fs_1(a97)} .
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The statements regarding aW~y are not expressed explicitly in [CFZ02] but can
be recovered immediately from the corresponding statements about « + . Indeed,
let 7 be such that

awy=71""(r(a) +7(7)).

Any root appearing with positive coefficient in the cluster expansion of 7(a W ~)
is compatible with 7(«a), 7(7) and with any root compatible with both. Since 7

preserves the compatibility degree we get 2. Similarly for 3:
Fo1(m(a)) + F>o1(7(7)) > Foo1 (7(@) + 7(7)) = Fooa(r(a ¥ )
since F>_; is invariant under the action of 7 we can conclude
Fs_1(a) + F>_1(y) > F>_1(awy).

We need to translate the above results to ®,,(¢); in order to do so we need a
bijection between ®>_; and ®,,(¢) induced by a linear map. Note that Proposition
2.2.3 together with Lemma 5.2 in [YZO08] already provide a bijection but it is not
induced by a linear map.

Note also that, for a bipartite Coxeter element ¢t =t ¢_, the negative roots in

®,,(t) are the roots — 3! given by

—Q 1el_
t
—Bi =

—t_O[i 1€ I+.

Proposition 2.3.3. The linear involution

- Qr — Qr
restricts to an automorphism of Q and to a bijection

t_: (I)Z—l — (bap(t) .
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Proor. It suffices to show that, for any root « in ®>_;, we have t_(a) €

®.p(t). Let us first deal with roots whose image is negative.
o Ifie Iy, then

t(—a;) = —t_a; = —p.
o If i € I_ then
t_(ai) = §5;0¢; = —Q; = —B:

This also shows that t_(—«;) = S} if i € I_. For any other root « in ®>_1, that is,
for any positive root not in {a;},.; , the image ¢ () is positive since the support
of any positive root is a connected sub-diagram of the Dynkin diagram and ¢_ sends
any root to itself plus a linear combination of simple roots indexed by I_.

O

Proposition 2.3.4. The map t_ intertwines 7, with T_T4 and preserves compati-

bility degree. In other words, for any almost positive roots o and vy, we have
T(t—a) = t_7_74 ()

and

(@ly)s -1 = (t-allt-),

PROOF. Proceed by direct inspection;

o ift_a=aqa;=p!foriel_, thatisif a = —q; with i € I_, then
Ti(t-(~)) = w(B]) = =B = —; = t_a; = t_1_71(~0;)

o ift_a=p! foriel,,ie if a=aq; withi € I, then
Ti(t-oy) = m(B) = B = ~t-a; = t_(~a;) = t_1_71 ()

e in any other case

mt_a)=tt_a=tra=t_t_tya=1t_7_7¢(a).
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To conclude the proof it is enough to show that
(_aiH'Y)Zﬂ = (—t-al[t—),
for any vy € ®>_; and any ¢ € I. If 7 is in I then
(—ailly)s_y = riaaly = [t-yiaaly = (<Billt-7), = (t-(—ai)llt-),

where the second equality holds because t_ does not contain s;. If ¢ € I_ then, on

the one hand we have (—a;[|7)s_; = [v; ], on the other
(t—(—ai)llt—7), = (aillt—v), = (rasl|mt ), = (=Billmet—7), = [met—v; eui] -

Now there are three cases:

(1) if v is o with j € I then 74ty = 7(8}) = =} and

lajsei], =0=[-Bla] , .

I
(2) If v is —a; with j € I_ then

ity =n(B}) = B = —a; = .
(3) For any other v we have wt_~y = tt_y =ty and

(trvias], = [yiauly

since s; does not appear in ¢, .

Since the map ¢_ is linear, all the properties of ®>_; translate to ®,,(t):

Corollary 2.3.5.
(1) For any a and y in ®qp,(t) we have (c||y), = 0 if and only if (v||a), = 0.

(2) For any J C I and any pair of roots o and y in ®J,(t )

(e |ey), = (all7)
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(3) Each t-cluster in the simplicial compler AL is a Z-basis of the root lattice
Q.
(4) Any~ € Q admits a unique t-cluster expansion. That is, vy can be uniquely

written as

v = Z Mo

a€Pap(t)

so that all the coefficients my are non negative integers and mgmeq = 0
whenever (a|la), # 0.

(5) The set F; is a complete simplicial fan in Qg.

PROOF. The only non trivial claim is (2); it is enough to show that it holds
when I\ J = {j}. Since ¢ is bipartite, s; is either initial or final (cf. (2.3.1)). Using

Proposition 2.2.14 we can assume it is initial, i.e. j € I,.. We have then
(talley), = (t-talft—y)5_, = (t—allt—1)L_, = (all7)},
where the second equality holds since, for any root « in CDgp(t J)s
t-s(a)iay] = 0

hence t_.(a) is in ®7. Indeed if « is positive then ¢t_a contains a; only if o does
since s; does not appear in ¢t_; if & = —Bf" with ¢ € I_ then t_L(—ﬁf") = «; and

finally if @ = —B7 with i € I\ {j} then t_«(-8{") = —a.

Corollary 2.3.6. Suppose that I has at least 2 vertices. If a and vy in $qp(t) are

such that (a|ly), = 1 = (v||®),, then

(1) The set
{r" (7" (@) + 77" (M) b e

consists of exactly two elements o+~ and o Wy 7.
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(2) Any root appearing with a positive coefficient in the cluster expansion of
o+ v or oWy is compatible with both o, v, and with any other root
compatible with both o and ~.

(3) Let f: I — Ry be any function such that, for any i € I,

and

Z a”f(z) >0

il
forany j € I. Let F; : Qr — R be a continuous piecewise-linear function

on Qr that is linear on the maximal cones of Fy, invariant under the

action of 7+, and such that

Then,

Fi(a) + Fi(y) > max {Fy(a + ), Fi(aWy)} .

2.4. Some technical results

As anticipated we need to lift elementary moves to the level of ®,,(c). We con-
centrate first on conjugation by initial simple reflections. Fix the Coxeter element

¢ = 81 ---8, and consider the bijection
01: Pap(c) — Pap(sics1)
defined by

ar(=pre) ifa=-p§

s1o otherwise.

(2.4.1) o1(a) :=

Note that oy sends —ff to —5;*“* for any ¢ # 1.
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Proposition 2.4.1. The map o1 intertwines 7. and Ts,cs, , i.€., for any a in P4p(c),

we have

Tsies: (01()) = o1 (1e())

Moreover it preserves the compatibility degree, i.e. for any o and v in P4p(c)

(Ck”")/)c = (Ula”Ul’Y)slcsl :

PRrROOF. It suffices to notice that o; is the composition

-1
wslcs e

D,p(c) = T(c) 3" (s1cs1) Yren P,p(s1cs1)

where ¢ L, . is the bijection

—W1 if A= w1

L) =

81C81,C
s1A  otherwise

defined by Lemma 5.3 in [YZ08] and ¢. is the map of Proposition 2.2.3. Indeed,

if @ # a1 then

Psiesy © Vayesyc © 0o (@) = (s1¢7 81 = Dsi(c™ = 1) la = s1a0

and
Gsresy © Varhe, 00 Pn (1) = (s1¢7 51 — 1) (—w1) = o .

The bijection o satisfies the desired property because all the maps that define

it do.

To use simultaneously induction on the rank of I and elementary moves we
need to prove some type of compatibility between o1 and ¢. It suffices to inspect
their interaction in the case when ¢ is induced removing only one node (say ¢) from

1.
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Proposition 2.4.2. For J = I\ {i} and i # 1 let c¢; be the Cozeter element

of Wy obtained by deleting s; from ¢ and let of be the map corresponding to the

J

conjugation by sy in Wy. For any root o in @,

(cj) we have

01(te(@)) = tsyes, (0"1](04)) .

PRrROOF. There are three cases to be considered.

(1) If @« = —p77 then
1 (te(=B7")) = 01 (=) = a1 = tsye5, (1) = Lsye5, (07 (=577)) -
(2) If a=—p;7 and j # 1 then «.(—5;’) = — 3 therefore
o1 (te(=B57)) = =851 = toyesy (=551) = tsyes, (07 (=557)) -
(3) If « is positive
o1 (te(@)) = o1(@) = 8100 = Lg ey (S1Q) = Lsyes, (oi](a)) )

The last equality holds since, « being positive, sy # «71 and the third

because if s« is not positive then & = a and —7'*! = =3717%1 = —q;.

O

Remark 2.4.3. The definition of o7 can be replicated to get the maps o; corre-
sponding to conjugation by any initial simple reflection s;. It is clear that, to get
the maps corresponding to elementary moves that conjugate ¢ by a final simple

reflection, it suffices to consider the inverses o; L

As a first application of the elementary moves let us show that the definition

of c-compatible pair of roots make sense.
Lemma 2.4.4. For any a and v in $4p(c)

(@), =0 (lla), =0.
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PrOOF. If ¢ is bipartite the statement is true by point 1 in Corollary 2.3.5. It
is then enough to show that the property is preserved under o;tl. Suppose that it

holds for ¢ = s1 -+~ s,. If (a|]7) =0 then

S1CS1
(o1 alloy ), = 0= (o1 lloy ), -

Therefore (7]|a) =0.

S1CS1

O

Our next goal is to show that “distant” roots are compatible. We need to
introduce some terminology. For any positive root « define its support to be the

set

(2.4.2) Supp(«) := {z € I‘ [o; ] # O}
and extend the definition to ®,,(c¢) declaring

(2.4.3) Supp(—5f) = {i} .

Remark 2.4.5. If « and ~ are roots with supports contained in two different con-

nected components of I then (a||y),. = 0 since 7. preserves connected components.

We can improve on Remark 2.4.5.

Definition 2.4.6. Call two roots « and v spaced if, for any i € Supp(«) and for

any j € Supp(7), ai; = 0.
Remark 2.4.7. Note that if (=3f||a), # 0 then a and —f3f are not spaced.

Proposition 2.4.8. Let a and v be roots in ®q,(c). If @ and v are spaced then

(al[v), = 0.
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Proor. Using Remark 2.4.5 we can assume that [ is connected. If any of «
and 7 is a negative root we are done by Lemma 2.4.4 and Remark 2.4.7. Let then
both o and v be positive roots.

Supports of positive roots are connected subgraphs of the Dynkin diagram I.
Since a and « are spaced, there must exist at least one vertex on the shortest path
connecting Supp(«) and Supp(y) not belonging to either of the supports. Let i be
the nearest to Supp(«) of such vertices. Let I’ be a connected component of I\ {i}
of type A and containing one of the two support; there exist such a component
because we are in finite type. Assume « is the root whose support is contained in
I’ (the other case is identical). We will proceed by induction on the cardinality of
I.

Let j be the only vertex in Supp(«) connected to i. Without loss of generality
we can assume j <. i, i.e., s; precedes s; in any reduced expression of c. If this is
not the case we can use Proposition 2.2.14 since two roots are spaced if and only if
their images under the involution & +— & are spaced.

Apply 7.1 to both a and ; they are positive so 7. ! acts as ¢~! on them. By

construction we have
Supp (. 'a) € I"\ {5}
and

Supp (77 1y) € (I\ I') U {3}

where both relations hold since s; is applied before s; and o belongs to a type A

1

component of I . If one among 7, 'a and 7,17 is negative we are done (again using

Lemma 2.4.4 if needed) otherwise the statement follows by induction on |I’]|.

To complete the proof of Proposition 2.2.12 we need to sharpen Lemma 2.1.9.
From this moment on we will denote a word on the alphabet {s;},.; (up to com-
mutations) by w; the corresponding element in W will be denoted by w. For

convenience we will record a sequence of elementary moves by the corresponding
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word. As an example in type A4 (again using the standard numeration of simple

roots from [Bou68)]) the sequence of elementary moves
81828384 — 52535451 — 515354852
will be encoded by w = s5571; indeed

(8281)(81828384)(8281)_1 — 515835482 .
The key observation is given by the following Lemma.

Lemma 2.4.9. For any pair of Cozeter elements ¢ and ¢’ and for any i € I, there

exist a sequence of elementary moves connecting ¢ and ¢’ that does not contain s;.

PROOF. The result is obvious once we notice that both the sequences of simple

moves w = 51 and w/ = sy --- s, acts in the same way on ¢ = s1 - - 5,,.

O

The Dynkin diagram I is in general a forest. For any leaf ¢ in I, i.e., for any
node belonging to a single edge, denote by iy the only other node of I connected

to 1.

Lemma 2.4.10. For any leaf i € I and for any Cozeter element c there exist a

bipartite Cozeter element t and a sequence of elementary moves w such that

(1) c=wtw™!

(2) w contains neither s;, nor s;,, .

PRrROOF. According to Lemma 2.4.9 we can find a sequence of elementary moves
w not containing s;,, that transform c into either of the bipartite Coxeter elements.
By construction s; commutes with all reflections appearing in w since it commutes
with all the simple reflections except s;,,. Therefore, using commutations relations,
we can always find such a w containing at most one copy of s;. Choosing now a
bipartite Coxeter element ¢ in which s; and s;, appear in the same order in which

they appear in ¢ we have that w does not contain s;.

53



O

Let i be a leaf of I and ¢ be any Coxeter element. Let ¢t and w be respectively
the bipartite Coxeter element and the sequence of elementary moves constructed
in Lemma 2.4.10. To fix ideas suppose that s; appears on the left of s;, in ¢ (and
in t); the other case can be dealt with exactly in the same way but multiplying on
the right instead of on the left. Denote by c; and t; the corresponding Coxeter
elements for the Dynkin sub diagram J = I'\ {i}. By our assumption c; = s;c and

tJ = Sit.

Lemma 2.4.11. In the notation just established w is a sequence of elementary

moves in Wy conjugating t; and cy.

PROOF.

1 1

cyj = §;c=8§Wtw =~ = wsitw*1 =wtjw .

We now have all the required tools to prove Proposition 2.2.12.

PROOF OF PROPOSITION 2.2.12. We can assume, without loss of generality, I
to be irreducible. It suffices to show that the result holds when J is obtained from
I removing one node 7. Let o and v be roots in ®,,(cy). There are two cases to

consider depending on the relative position of Supp(«), Supp(y) and .

(1) If Supp(e) and Supp(y) belong to different connected components of J

then
(@), = 0= (ua)[l()),-

The first equality holds because of Remark 2.4.5 and the second one is an
instance of Proposition 2.4.8.

(2) If Supp(«) and Supp(y) belong to the same connected component of the
Dynkin diagram J then we can assume ¢ to be a leaf of I. Let i be the

only vertex in I connected to i. By Lemmata 2.4.10 and 2.4.11, there
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exist a sequence of elementary moves w and a bipartite Coxeter element
t such that
c=wtw !

cjg = thw*1

and w contains neither s;, nor s;,. Denote by oy the composition of the
maps o; corresponding to w. By construction neither of owa and ow7y

contains ¢ in its support. Using point 2 of Corollary 2.3.5 we can conclude

J J
(@), = (owallowy), = (owallowy);, = (allv)e, -

2.5. Proof of the main results

To prove Theorem 2.2.5 we will use the following easy observation.

Lemma 2.5.1. Let J C I be a Dynkin sub diagram. There is a bijection between

c-clusters in ®qp(c) containing {—Bf}t;cp ; and cy-clusters in 7 (cs).

The existence of such a bijection is a direct consequence of the fact that, if
—p¢ is in a c-cluster C, then for any other root 7 in that c-cluster i ¢ Supp(y).
In particular any positive root in C' is contained in a complement of the space

generated by

{755}—5560ﬂ®, :
Definition 2.5.2. Call a c-cluster C in ®,,(c) positive if C' C D.

PRrROOF OF THEOREM 2.2.5. As already mentioned in Remark 2.2.1, the set
{=6ities

is a Z-basis of . By Lemma 2.5.1 it suffices to show that the theorem holds for

any given positive cluster C. Apply 7. ! to C; since it is positive 7, ! acts on all the

1

roots in it as ¢~1. Since ¢! is a product of reflections, C' is a Z-basis if and only if
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7.71C is a Z-basis. Continue to apply 7. ! until one of the roots is sent to a negative
one. This will happen because, similarly to the case of II(c), any 7.-orbit contains
precisely two negative roots {—8¢, —8%} or a single negative root —f¢ if i = i*.
Remove the negative root just obtained again using Lemma 2.5.1 and conclude by

induction on the rank of the root system.

O

Remark 2.5.3. The proof just proposed is a straightforward adaptation of the

proof of Theorem 1.8 in [FZ03b] to the new setup of c-almost positive roots.

PROOF OF PROPOSITION 2.2.7. Let ¢ = s1...8,; for v € @ write

¥=- Zm—ﬁgﬁf + 7+

i€l
where the coefficients m_ge are the non-negative integers uniquely defined (since

the change of basis a; — (¢ is triangular) by the recursive formula

m_pge == | =y — Zm_ﬁjﬁj; Qan
+

(we use the convention that the empty sum is 0). By construction 7, the positive

part of v, is in the positive cone of the sub-root lattice generated by

{ai|m_,@ic = 0} .

Clearly v € @ has a unique c-cluster expansion if and only if v, does. Without loss
of generality we can thus assume that «y is in the positive cone Q.

The root —f3f can appear with a positive coefficient in a c-cluster expansion of
~ only if the coefficient [v; ;] is negative therefore the result holds for v = 0 and
we can assume v # 0.

If > ea, Macis a c-cluster expansion of 7 then

T{l'y:c*l'y:cfl g maeQe | = E macfla: E MaTe-1Q

acd acd acd
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is a c-cluster expansion of 7. 17. In other words 7 has a unique c-cluster expansion
if and only if 71 does. Applying 7! a sufficient number of times ~ can be moved
outside of the positive cone. We can then take its positive part and conclude by

induction on the rank of the root system.

Remark 2.5.4. This proof, as its analog in [FZ03b], has the advantage of consid-
ering one Coxeter element at a time. An alternative strategy could have been the
following. The claim holds for bipartite Coxeter elements by point 4 in Corollary
2.3.5. Using the fact that the maps o; preserve compatibility degree one can then

transfer the property to other sets of c-almost positive roots.

As in [FZ03b], Theorem 2.2.9 follows from Proposition 2.2.7. For the sake of

completeness we replicate the proof here.

PROOF OF THEOREM 2.2.9. It suffices to show that

(1) no two cones of 2 have a common interior point

(2) the union of all cones is Qg.

Assume by contradiction that there exist a point in the common interior of two
cones. Since Qg is dense in Qr we may assume that such point is in Qg. Clear-
ing the denominators there is then a common point in ) which contradicts the
uniqueness of the c-cluster expansion. Therefore the interiors of any two cones are
disjoint.

Since for any v € @ there exist a c-cluster expansion the union of all the cones
R, C contains @); since this union is closed in @Qr and stable under the action of

R it must contain all of Qg and we are done.

To prove Theorem 2.2.10 we will apply the criterion provided by Lemma 2.1 in

[CFZ02]. Let us restate it in the particular case we need.
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Lemma 2.5.5. Let F,. be a continuous piecewise-linear function
Fc : Q]R — R

linear on the mazimal cones of the fan FL (as such F. is uniquely determined by
its values on ®qp(c)). Then F2 is the normal fan to a unique full-dimensional
polytope with support function F, if and only if F, satisfy the following system of

inequalities. For any pair of adjacent c-clusters Co and C., let o be the only root

in Cq \ Cy and vy the only root in Cy \ Cy. Let
(2.5.1) Ma 0+ My = Z mgd
seCaNC,

be the unique (up to non-zero scalar multiple) linear dependence on the elements of
Co U O, with mq and m~ positive. Then

(2.5.2) maFo(e) + myF(y) > Y msFu(d).
§€CNCy

In particular the domains of linearity of F. are exactly the mazimal cones of F2.

To apply Lemma 2.5.5 we make the relations (2.5.1) more explicit by exploring
the interaction of o1 and 7.. Note that, having established Theorem 2.2.9, any
vector-valued function on ®,,(c) can be extended to a continuous piecewise-linear
map on @Q; in particular this is the case for 7. and o;.

To avoid degenerate cases, from now on, assume that every connected compo-

nent of I contains at least 2 vertices. As before, let ¢ be s1 - - s,.

Lemma 2.5.6. Let « and vy be roots in ®gp(c) such that

(@), =1=(lla), -

Then

or ! (o1(a) + 01(7))
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is either o+ v or

and it is different from « + ~ only if one of the two roots (say, «) is —B$; in this
case

o (01 (=B5) +o1() =7 — a1 € Qs .

PRrROOF. If both o and  are positive roots then

o1 (o1(a) + 01(7)) = 01" (s10+ 517) = 07 (s1 (@ + 7).

Let

a+y= Z meso

d€Dap(c)

be the c-cluster expansion of a + +; all the roots d such that mgs # 0 are positive;

therefore

or (et ) =07t (s (Ymad)) =0t (o1 (a 7)) =t 7.

It remains to consider the case in which one of the two roots is negative (they
cannot be both negative); we can, by symmetry, assume « to be the negative one.

If o = —ff with ¢ # 1 then

o1 (01(=55) + o1() = 07" (=s15{ +s17) = 07 (51 (v = B)) -

Let
y=Bi= Y. msd

5EDap(c)

be the c-cluster expansion of v — 3. None of the roots § appearing with a positive
coefficient is — 3 since

[y = Bf501] >0
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(—pB¢ is the only negative root having a; with non-zero coefficient). Therefore on

v — B35 the actions of s; and of o; are the same. We get
orH(o(=85) +or(y) = oy (s1 (v = B) = oy (o0 (v = B)) = v — B -
Finally if o = —f¢ then on the one hand we have
o (o1(=87) +o(y) = o1 (1 +517) = 07" (s1(y — 1))

v — a1 is in Q4 therefore

o (sily—m)) =0y (v — ) =7 —
On the other hand
T (TN B) + () = e (BE ) = 1 (cTHy —an))

we can interchange ¢! and 7. ! because v — a1 is in Q and conclude

(T (y—ar) =7 (7 (v — 1)) =7 — au.

Proposition 2.5.7. Let a and v be roots in ®4p,(c) such that

(). =1= (o), -
Then
{7 (r™(@) +77"N)) Fonen

consist of exactly two elements, one is « + v; denote the other by a W, .

PrOOF. If ¢ is bipartite there is nothing to prove by point 1 in Corollary 2.3.6.

In view of Lemma 2.5.6, for any other Coxeter element ¢ = s - - - s, and any integer

60



m we have
Tlles, (Tarte, (01() + 7070, (01(7))) = ourl o7 (a7, ™ () + 017, ™(7)) -
For a suitable m’ in {m,m + 1} we get
o (o™ @) + o () = ol (7 (0) + 7 ()
Therefore

{o1(a) + o1(7), 01(@) Wsyes, 01(7)} C o1 {a + 7, a W v}

and the claim follows reversing the role of ¢ and sics;.

O

Remark 2.5.8. Following Remark 1.15 in [CFZO02], if I contains a component of
type A; let a3 and —ay be the corresponding roots. In view of Remark 2.4.5 they
are both compatible with any root in ®,,(c) \ {a1, —a1}. By direct inspection, we

have

(—aallar), =1 = (]| — a1),

In this case their sum is 0 and it is natural to declare —a W, a7 to be 0 too.

Corollary 2.5.9. If
(@), =1= (o),
then every root appearing with positive coefficient in the cluster expansion of either

a—+v or aW.y is compatible with o, v and with any other root compatible with both

a and .

PROOF. The statement is true in the bipartite case by point 2 in Corollary
2.3.6. For an arbitrary Coxeter element ¢ = sy ---s, the result can be deduced

using elementary moves: from the previous proof we have

(2.5.3) {o1(@) + 01(7), 01(a) Wsy e, (1)} = 01 ({ar + 7,0 We 7})
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and the claim follows since o1 preserves compatibility degrees.

Lemma 2.5.10. In every dependence relation (2.5.1) we have

(2.5.4) (@) =1= (o). -

Furthermore, after normalization the relation (2.5.1) is just the c-cluster expansion
of a+:
a+y= Z mgo .

d€Pap(c)

Proor. Normalize (2.5.1) so that coefficients are coprime integers. By Theo-
rem 2.2.5 all the coeflicients in

m~ ms
o=——yy+ _
T2

m
sec,nC, ¢

are integers forcing m, = 1 (it is positive by hypothesis). In a similar fashion
my = 1.

To show (2.5.4), using the 7.-invariance of the compatibility degree, it suffices
to consider the case o = —f¢. We have

v=05+ Z mso

3€C_genC,
and thus
(=Bil)e = [yiail, =1
since i is not in Supp(d) for any ¢ in C_g: N C,.

The fact that, after the normalization, the dependence (2.5.1) is the c-cluster
expansion of a + v is a direct application of Corollary 2.5.9. Any root appearing
with non zero coefficient in the cluster expansion of « 4+ v is compatible with «,
v, and with any other root compatible with both « and +y, therefore it is a root in

Can C,.
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O

Proposition 2.5.7 together with Corollary 2.5.9 and Lemma 2.5.10 allow us to
compute exchange relations. Let A(c) be the coefficient-free cluster algebra with

initial exchange matrix B(c) and denote by {zq.}

a€Pap(c) its cluster variables.

Due to Proposition 2.2.7 all the cluster monomials are in bijection with points of

Q. Namely we can write

where

Y= Z m5(5

d€Pap(c)

is the cluster expansion of v € Q.

PrOOF OF THEOREM 2.2.11. The statement is true when c is a bipartite Cox-

eter element (cf. (5.1) in [FZ03a]). Let ¢ = s1---s,. We have
Tassiesi Tysiest = Lol (a),elor (7).
= Tor N @)+or (e T o @)weor ().
= Tor(or H@+or (s T Lo (@weor ! (1) sien
= Taty,sics1 T Taw, cey 7r51081 -
(I

Recall Remark 2.2.4: by construction of the map 7., there is one 7.-orbit in

®ap(c) for each wo-orbit in I, i.e., there exist —35 such that
' (=B7) = =55

if and only if j € {i,i*}.
Since o sends —f¢ to {:l:ﬁfjcsj} the 7.-orbit of —f; gets mapped to the 7 ;-

orbit of —3;7“*/. In particular, for any function

f:I—R

63



such that

we get a family of maps, one for each Coxeter element c,
F.=F.f5: Pyp(c) — R

defined setting F.(—/5¢) := f(i) and extending by 7.-invariance. These maps are

invariant under the action of o;, that is
(2.5.5) Fyies,(0i()) = Fe(a)

for any ¢, any ¢ initial in ¢, and any « in ®,,(c). From now on assume that F, has

been defined in this way and extend it to a continuous, piecewise-linear function
F,: Q]R — R

linear on maximal cones of F..

Proposition 2.5.11. Fiz any function
f:I—R

such that

(1) foranyi el

(2) foranyjel
> aijf(i) > 0.
iel

Then for any pair of roots a and v in ®4p(c) such that

(@ll7), = 1= (7lla),
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the following inequality holds

Fo(a) + Fo(y) > max {Fe(a +7), Fe(aWe 7)}

ProOF. The bipartite case was taken care of by point 3 in Corollary 2.3.6. Let
¢ =$1---$, be any Coxeter element. Using elementary moves, (2.5.3) and (2.5.5)

we get

Fiyes1 (01(0)+F5 05, (01(7)) = Fe(@) + Fe(v)
> max {Fe(o +7), Fe(a We v)}
= max {Fy,cs, (01(a + 7)), Foyes, (01 (e 7)) }
= max {Fs, c5, (01(a) + 01(7)), Fsy05 (01(@) Wsye5, 01(7))}

as desired.

O

PrROOF OF THEOREM 2.2.10. It is enough to note that the Proposition 2.5.11

together with Lemma 2.5.10 satisfy the requirements of Lemma 2.5.5.

2.6. Relation between F!' and the c-Cambrian fan F¢

(&

We start by recalling some results and terminology from [HLT11].

Definition 2.6.1. (cf. Proposition 1.1 in [HLT11]) Fix a Coxeter element ¢ and

call an element w € W a c-singleton if w is both c-sortable and c-antisortable.

Note that both wg and the identity element of W are ¢-singletons for any choice

of ¢. Denote by w( the c-sorting word of wy.

THEOREM 2.6.2. (¢f. Theorem 1.2 in [HLT11]) An element w € W is a c-
singleton if and only if it has a reduced expression which is a prefix of wg up to

commautations.
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THEOREM 2.6.3. (c¢f. Theorem 2.6 in [HLT11]) For any ray p of FC, there

exist a unique fundamental weight w; and a (non unique) c-singleton w such that
p=Ry ww;.

Conversely for any c-singleton w and any fundamental weight w;, the weight ww;,

lies on a ray of FC.

We will use Theorems 2.6.2 and 2.6.3 to relate the rays of F< to the elements

of the set II(c).

Definition 2.6.4. Given a Coxeter element ¢ € W, we call a reduced expression
c= 818y greedy if

h(i, c) = h(jc)

whenever ¢ < j.
Lemma 2.6.5. Any Cozeter element ¢ admits a greedy reduced expression.

PRrROOF. Consider a reduced expression sj ---s, for ¢ and suppose h(i,c) <
h(i + 1,¢) for some i. Let ¢ be the minimal index with this property. Using
Proposition 1.6 in [YZO08] we can deduce that ¢ and ¢ + 1 are not connected in the
Coxeter graph. Indeed if they were connected then we would have i <. i + 1 and
thus h(i,c¢) > h(i + 1, ¢) which is in contradiction with our assumption. Therefore
s; and s;41 commute and $p -+ S;418; -+ - Sy, 1S another reduced expression for ¢; we

can now conclude by induction.

O

Remark 2.6.6. Greedy reduced expressions, in general, are not unique; for exam-
ple s2s45153 and sys25153 are both greedy reduced expression of the same Coxeter

element in type A4 (again we used the standard numeration of roots from [Bou68]).

Lemma 2.6.7. For any vertices i and j of the Dynkin diagram at distance d from
each other the difference h(i,c) — h(j,c) is at most d.
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PrOOF. It is enough to observe that if ¢ and j are adjacent then either i <. j
or j <. iso |h(i,c)—h(j,c)| <1 by Proposition 1.6 in [YZO08]. Therefore each step
on the minimal path in I connecting i and j contribute at most 1 to the difference

h(i,c) — h(j,c).

Fix a greedy reduced expression for c. With some abuse of notation, we denote
this expression also as c. Denote by w,,, the sub-word of ¢ obtained by omitting in
the I-th copy of ¢ all the transpositions s; such that h(i,c) < I. Observe that having
taken a greedy reduced expression for ¢, if we write Iy, ... I,, for the c-factorization
of w,,, then

ILi DI 21y,

In particular if w,, is a reduced word then w,,, the corresponding element of W,
is c-sortable. Let m. = max;cr{h(i,c)}, our goal is to show that the word w,,_ is

a reduced expression for wy.

Proposition 2.6.8. For any i € I and any m < h(i, c¢) we have ¢™w; = Wy,w;.

PROOF. Let Iy, ...I,, be the c-factorization of w,, with respect to the fixed
greedy reduced expression of ¢. Observe that, for any j appearing in I;;; and for
any k missing from I

\h(k, ¢) — h(j,c)] = 2
and so, by Lemma 2.6.7, s; and s; commute. Consider now the element
W = CNLCI\I, " CI\I,,

Since m < h(i,c), the reflection s; will not appear in w and so ww; = w; hence
W, Ww; = W,,w;. Form the previous consideration we can move all the elements in

the [-th copy of ¢ in w up to the [-th block of w,, and obtain

m _ _ —
C Ww; = 01101\11 o 'C[mC[\[me‘ = Wy WW; = W, W; .
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Proposition 2.6.9. w,,_ is a reduced expression of wo.

ProOF. To show that w,,, is an expression of wy it is enough to show that
both wy and w,,, act in the same way on the weight space (the representation of
W as reflection group of Py is faithful). Fundamental weights form a basis of the
weight space so it is enough to see how wy and w,,_ act on them. For any ¢ we

have wow; = —w;. On the other hand, using Proposition 2.6.8, we conclude that
Wm Wi = Wh(i,c)Wi = POy = —wse

Therefore w,,, is a word representing wy. The fact that it is a reduced expression
follows from considerations on its length; each reflection s; appears exactly h(i,c)
times in it. Proposition 1.7 in [YZO08] states that, for every i, the sum h(i,c) +
h(i*,c) is equal to the Coxeter number h, hence

> (hlise) + h(i*,¢)) = [T|h = |@|

il
but in this way we are counting the contribution of each ¢ twice, i.e.

Uwn,) < S hGire) = 5 37 (i) + h(i*, ) = 19 = 94| = U(up)

icl i€l

Note that, in view of last Proposition, for any m < m., w,, is a reduced

expression in W (and wy,, is c-sortable).

Proposition 2.6.10. Fiz a greedy reduced expression for c. Then w,, s the
lexicographically first reduced expression of wy as a sub-word of ¢>. In other word
Wi, @S the c-sorting word of wg.

68



PROOF. It is enough to show that w,,q; is a negative root for any 7 not in I,,,.

We have
0 < (v, wi) = (Wm0, Wiw;) = (W, Wow;) = (Wi, —wi=)

thus (W, w;+) < 0 and so wy,q; is a negative root.

O

Remark 2.6.11. Combining together Theorem 2.6.2 and Proposition 2.6.10 we
get another characterization of c-singletons: they are all the prefixes of w,,_ up to

commutations.

Proposition 2.6.12. The sets of rays of FI' and FE coincide.

c

PRrOOF. Fix a greedy reduced expression for c. Let p be a ray of FC. By

Theorem 2.6.3 there exist a c-singleton w and a fundamental weight w; such that
p = Riww;.
Let m be the minimum integer such that w is a prefix of w,,. By Proposition 2.6.8
ww; = Wpw; = w; € I(c).

On the other hand, given any element ¢™w; of II(¢), let w,, be the corresponding
sub-word of ¢ as in Proposition 2.6.8; it is a c-singleton therefore ¢™w; = w,w;
is a point on a ray of F¢ by Theorem 2.6.3.

([l

We can now define the polytope Asso?(W). For any point a in Pg and for any

ray p of FC such that p = R, - wwj, denote by HY the half-space

Hy = {p € Px | p(ww;) < (a,w;)} .

The main result in [HLT11] is that, if a lies in the interior of the fundamental

Weyl chamber, the intersection of half-spaces
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Assog (W) := an
as p runs over all rays of ¢ is a simple polytope and its normal fan is F¢.
PrROOF OF THEOREM 2.1.13. In view of Proposition 2.6.12, the two polytopes
become
Assot (W) ={p € Py | p(c"w;) < (a,w;)Vi € I,0 < m < h(i,c)}
and
Assol (W) = {p € P% | (c™w;) < f(i)Vie I,0 <m < h(i,e)} .

For any function f : I — R let a be the point in Pr defined by the conditions

(@, wi) = (i)

for all 4 € I. Imposing condition 2 of Theorem 2.1.7 on f is equivalent to ask for a
to lie in the fundamental Weyl chamber; indeed a is in it if and only if the scalar

product (aj,a) is positive for every j € I. Since aj = >, a;jw; we have

iel

(Oéj,CL) = (Z aijwi,a) = Z aij(a,wi) = Za”f(z) > 0.

iel iel iel
We can thus conclude that, for any function f : I — R satisfying conditions 1 and

2 of Theorem 2.1.7, choosing a as above, we get
Asso? (W) = Assol (W).
(Il

Remark 2.6.13. It is clear that, imposing condition 1 of Theorem 2.1.7, from
our construction we get only the polytopes from [HLT11] obtained from points a

invariant under the action of —wy.
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CHAPTER 3

c- and d-vectors

3.1. More background

We begin our analysis by observing that both ¢- and d-vectors satisfies some
recurrence relation (a tropicalized version of (1.1.2) and (1.1.3) respectively).

Given a seed (B,y,x) in a cluster algebra with principal coefficients A4 (By),
the D-matriz associated to it is the integer matrix D = (d;;);jer whose columns are
the d-vectors of the cluster variables in x. If (B’,y’,x’) is obtained from (B,y,x)

mutating in direction £ then its D-matrix D" = (d};)ijes is defined by the rule

—d; + max (Z dieber]+, Z die[bek]+> j=k

(3.1.1) di; = el el

dij J#k
which can be deduced immediately from (1.1.3).
Similarly the C-matriz of (B,y,x) is the integer matrix C' = (¢;5)ijer having
as columns the exponent vectors of the elements of y. Using (1.1.2) it easy to see
that the entries of the C-matrix C" = (¢j;)ijer of the mutated seed satisfy

—Ci; ji=k
(3.1.2) o=

Cij + Ciklbrjl+ + [—cirl4br;  J# k.
3.1.1. Sign-coherence Conjecture. Fomin and Zelevinsky made the follow-
ing fundamental conjecture on ¢- and d-vectors, which plays an important role in

the structure theory of cluster algebras (e.g., [FZ07, NZ12]).

Conjecture 3.1.1 (Sign-coherence Conjecture). Let By be any skew-symmetrizable

matriz.
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(i) [FZ07, Conjecture 5.5 & Proposition 5.6] Any c-vector of Ae(Bo) is a
nonzero vector, and its components are either all non-negative or all non-positive.
(ii) [FZ07, Conjectures 7.4 & 7.5] Any non-initial d-vector of Ae(Bp) is a

nonzero vector, and its components are all nonnegative.

The first part of the conjecture is equivalent to the fact that the constant
term of any F-polynomial of Ae(Byp) is one [FZO07], which is proved for any skew-
symmetric matrix By [DWZ10a, Nagl0, Plall], and also for a large class of
skew-symmetrizable matrices [Dem10], in particular, for any skew-symmetrizable
matrix which is mutation equivalent to an acyclic one.

The second part of the conjecture is proved, for example, for any skew-symmetric
matrix By arising from a surface [FSTO08], and more cases follow from the results

in the rest of this subsection.

3.1.2. Root Conjecture. Recall that a skew-symmetric matrix B = (b;;); jer
can be identified with a quiver Q(B) without loops and 2-cycles by attaching b;;
arrows from vertex ¢ to vertex j if b;; > 0. This correspondence can be extended
to the one between skew-symmetrizable matrices and valued quivers (see [DR76]).

Let A(A) be the root system associated with a symmetrizable Cartan matrix
A, and let {a;}ier be its simple roots [Kac90]. A root o = ), ; cia; of A(A) is
naturally identified with, either all nonnegative or all non-positive, nonzero integer
vector (¢;)ier. It is said to be real if there is an element w of the Weyl group
of A(A) such that w(«) is a simple root; otherwise it is said to be imaginary. It
is known that « is a real root if and only if (o, a)ra = *aTAa > 0, where T is
any diagonal matrix with positive diagonal entries such that T'A is symmetric. See
[Kac90] for details.

In the study of cluster algebras, it becomes more and more apparent that there
is some intimate interplay among three kinds of algebras, namely, cluster algebras,

path algebras, and (quantized) Kac-Moody algebras. Naturally, root systems pro-

vide the common underlying structure. The starting point of the interplay is Kac’s
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theorem, which generalizes celebrated Gabriel’s theorem. Let k be an algebraically

closed field below.

THEOREM 3.1.2 (Kac’s Theorem [Kac80, Kac82]). Let By be any skew-
symmetric matrixz. Then, there exists an indecomposable module of the path algebra

kQ(By) with dimension vector « if and only if a is a positive root of A(A(By)).

In the above correspondence, if a positive root is the dimension vector of some
indecomposable kQ(By)-module M such that Endygp,) (M) = k, then it is called
a Schur root. We use this notion later.

In view of cluster algebras, the extension of Theorem 3.1.2 to the valued quiv-
ers is desired and expected. Unfortunately, it is not fully achieved yet [Hub05,
DDPWO08]. Nevertheless, the perspective presented above guides us to the follow-

ing natural refinement of Conjecture 3.1.1, jointly proposed with Andrei Zelevinsky.

Conjecture 3.1.3 (Root Conjecture). For any skew-symmetrizable matriz By any

c-vector of Ae(Bo) is a root of A(A(By)).

As for d-vectors, they also satisfy the same root property in many known cases.
However Marsh and Reiten recently found, in cluster affine type A, an example of

a d-vector which is not a root of A(A(By)) [MR]. We thank Robert Marsh and

Idun Reiten for sharing with us this counterexample.

3.1.3. Results for finite type. Cluster algebras of finite type were studied
in detail by various authors. Here we collect some of the known properties of their c-
and d-vectors along with some consequences which are relevant to the present paper.
For simplicity, we assume that a skew-symmetrizable matrix By is indecomposable
in this subsection.

The connection between the d-vectors and the root systems of finite type was
first discovered by Fomin and Zelevinsky [FZ03a]. Recall that a skew-symmetrizable
integer matrix By is said to be bipartite if the corresponding valued quiver has only

sinks and sources.
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THEOREM 3.1.4 ([FZ03a, Theorem 1.9]). For any skew-symmetrizable bipartite
matriz By whose Cartan counterpart A(By) is of finite type, the set D(By) coincides
with the set of all the positive roots of A(A(By)).

The requirement of By being bipartite was lifted later on in [YZO08]. In particu-
lar, in the skew-symmetric case, combining the above result with Gabriel’s theorem,
we get that the set D(By) also coincides with the set of all the dimension vectors
of the path algebra kQ(By). This result triggered the intensive representation-
theoretic study of cluster algebras in the past decade.

For a skew-symmetric matrix By of cluster finite type, let A(By) be the corre-
sponding cluster-tilted algebra, which is the path algebra of the quiver Q(By) mod-
ulo the relations described by [BMRO06b, Theorem 4.2]. Note that any indecom-
posable A(Bg)-module can also be regarded as an indecomposable kQ(By)-module.
Let Dim(A(Bp)) be the set of the dimension vectors of all the indecomposable
A(Byp)-modules.

The following theorem by Caldero, Chapoton, and Schiffler [CCS06], and
by Buan, Marsh, and Reiten [BMRO7], extended Theorem 3.1.4 to any skew-

symmetric matrix By of cluster finite type.

THEOREM 3.1.5 ([CCS06, Theorem 4.4 & Remark 4.5], [BMRO07, Theorem
2.2]). For any skew-symmetric matriz By of cluster finite type, the sets D(By) and
Dim(A(By)) coincide.

On the other hand, Néjera Chavez recently proved a parallel theorem for c-

vectors.

THEOREM 3.1.6 ([NC12, Theorem 4],[NC]). For any skew-symmetric matriz

By of cluster finite type, the sets Cy(By) and Dim(A(By)) coincide.

The inclusion C;(Bp) C Dim(A(By)) is a special case of [NC12, Theorem 4]
(see Theorem 3.1.16), while the opposite inclusion is due to a yet unpublished result
communicated to us by Alfredo N4jera Chévez [NC].

We have the following immediate corollary of Theorems 3.1.5 and 3.1.6.
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Corollary 3.1.7. For any skew-symmetric matriz By of cluster finite type, the sets

C+(By) and D(By) coincide.

It is known that, for any indecomposable A(Bg)-module M, Endy g, (M) = k
holds [BMR*06a, Section 8]. Thus, we have another corollary of Theorems 3.1.5
and 3.1.6.

Corollary 3.1.8. For any skew-symmetric matrix By of cluster finite type, all

positive c-vectors and all non-initial d-vectors are Schur roots of A(A(By)).

For any skew-symmetric matrix By of cluster finite type, let us introduce the

set
(3.1.3) Ind(A(By)) = { all indecomposable A(Bp)-modules }.

The following remarkable fact holds.

THEOREM 3.1.9 ([BMRO7, Corollary 2.4]). For any skew-symmetric matriz
By of cluster finite type, the cardinality |Ind(A(By))| only depends on the cluster

type Z of By; it is equal to the number of positive roots of the root system of type
Z.

The dimension map
(3.1.4) dim : Ind(A(Bp)) — Dim(A(By))

is surjective by definition. Actually, it is bijective by the following theorem.

THEOREM 3.1.10. [Rinl11, Theorem 1] For any skew-symmetric matriz By of

cluster finite type, the map dim in (3.1.4) is injective.
We have an immediate corollary of Theorems 3.1.5, 3.1.6, 3.1.9, and 3.1.10.

Corollary 3.1.11. For any skew-symmetric matriz By of cluster finite type, the
cardinality |C+(By)| = |D(By)| only depends on the cluster type Z of By, and it is
equal to the number of positive roots of the root system of type Z.
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3.1.4. More general results. For completeness, we summarize some general
results on ¢- and d-vectors beyond finite type and also give some examples, though
we do not use them in the rest of the paper.

A skew-symmetrizable matrix B is acyclic if the corresponding valued quiver
Q(B) is acyclic, i.e., without oriented cycles. Let us first discuss the case of an
acyclic skew-symmetric matrix By. Under this hypothesis, the cluster tilted algebra
A(By) is the path algebra kQ(By) itself because there is no relation to be imposed.
A kQ(By)-module M is said to be rigid if Extyg g, (M, M) = 0.

The following two theorems completely describe the c¢- and d-vectors in this

case:

THEOREM 3.1.12 ([CKO06, Theorem 4], [BMRTO07, Theorem 2.3]). For any
acyclic skew-symmetric matriz By, the set D(By) coincides with the set of the

dimension vectors of all the rigid indecomposable kQ(By)-modules.

THEOREM 3.1.13 ([NC12, Theorem 1]). For any acyclic skew-symmetric ma-
triz B, the set C.(B) coincides with the set of the dimension vectors of all the rigid

indecomposable kQ(B)-modules.

Recall that, when Q(By) is acyclic, the following formula holds [ASS06]:
1
(3.1.5) 5 (dim M, dim M) (5,) = dim Endgg(s,) (M) - dim Extyop,) (M, M).

It follows that « is the dimension vector of a rigid indecomposable kQ(Byp)-module
if and only if it is a real Schur root. Therefore, we have an alternative form of

Theorems 3.1.12 and 3.1.13.

Corollary 3.1.14 ([NC12, Theorem 1]). For any acyclic skew-symmetric matriz
By, both the sets D(By) and C4(By) coincide with the set of all the real Schur roots
of A(A(Bo))-

Theorem 3.1.13 and Corollary 3.1.14 are partially extended to the acyclic skew-

symmetrizable matrices. (The sign-coherence of c-vectors is covered by [Dem10].)
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THEOREM 3.1.15 ([RS11, Theorem 1.1}, [ST12, Theorem 1]). For any acyclic
skew-symmetrizable matriz By, any positive c-vector is a real positive root of A(A(By));
moreover, it is the dimension vector of a rigid indecomposable representation of the

valued quiver Q(By).

Finally, beyond finite type and the acyclic case, the following result is so far the
most general result on c-vectors; in particular, it ensures and strengthens Conjecture

3.1.3 for any skew-symmetric matrix By.

THEOREM 3.1.16 ([NC12, Theorem 4]). For any skew-symmetric matriz By,
any positive c-vector of Ae(By) is the dimension vector of some rigid indecomposable
module M of the Jacobian algebra J(Q(By), W) of the quiver Q(By) with generic
potential W such that End jq(B,),w)(M) = k. In particular, any positive c-vector
of Ae(Bo) is a Schur root of A(A(By)).

On the other hand the behavior of the d-vectors is rather complicated as studied
in [BMRO09, BM10, MR|. What was observed therein is a deficiency phenom-
enon: in some situations the d-vector of a cluster variable x} is smaller than the
dimension vector of the rigid indecomposable A(By)-module associated with .

We conclude this short survey by presenting two illuminating examples beyond

finite type and the acyclic case.

Example 3.1.17. Type Agl), Consider the skew-symmetric matrix By correspond-

ing the following non-acyclic quiver:

1 o—=o0o 3

It is mutation equivalent to the following acyclic quiver whose Cartan counterpart

is the Cartan matrix of affine type Aél).

1 o—o0 3
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This cluster algebra Ae(Bp) is studied in detail by [CI12]. In particular, the

non-initial d-vectors of Aq(By) are given by [CI12, Lemma 3.3]:

(3.1.6)
(0,1,0),(1,1,1),(a,0,a +1),(a+1,0,a),(a,l,a+1),(a +1,1,a), a>0.

Moreover, it is not difficult to show that the positive c-vectors of A4(By) are also
given by the same list. Therefore, in this case C4(By) = D(By) holds, even though
By is not acyclic. Thus, any non-initial d-vector is a Schur root of A(A(By)) by
Theorem 3.1.16. Note that the d-vector (1,1,1) in (3.1.6) is the simplest exam-
ple which shows the deficiency phenomenon [BMRO09, Example 7.2], where the
“proper” dimension vector is (1,2,1). Nevertheless, the d-vector (1,1,1) is still
a Schur root. We also note that among the vectors in (3.1.6), the last two are

imaginary roots for a > 1.

Example 3.1.18. Markov quiver. We consider the skew-symmetric matrix By

such that the corresponding quiver is the following non-acyclic one.
2
A\
1 o<<:\ o 3

This is known as the Markov quiver, and the positive c-vectors of Ae(Bg) are given

by the permutations of the following vectors [NC11, Theorem 3.1.2]:
(3.1.7) (1,2,2), (a+ 1,0+ 1La+b+1),(a—1,b—1,a+b—1),

where 1 < a < b, and a and b are coprime. The cluster algebra A4 (By) has a surface
realization by a once-punctured torus. Using the same technique as in Section 3.3,

it can be shown that the non-initial d-vectors are given by the permutations of the
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vectors in (3.1.7) of the form

(3.1.8) (a—1,b—1,a+b—1).

So this gives the first example in which the sets D(By) and C4(By) do not coincide.
Nevertheless, D(By) C C4(Bp) so any non-initial d-vector is still a Schur root of

A(A(Bo)) by Theorem 3.1.16.

The above examples may suggest that the property D(By) C C4(Bp) holds in

general but this is not true due to the counterexample of [MR].

3.2. The sets X(Z) and W(Z)

Let Z be any finite type. In this section we provide a description of all the
diagrams in X(Z) and define the list W(Z) of allowed weighted diagram for each

type required by Theorem 1.3.1.

3.2.1. Classical types.
3.2.1.1. Type A,,. The following is a direct consequence of Proposition 2.4 in
[BVO0S].

Proposition 3.2.1. A diagram X is in X(A,,) if and only if the following condi-
tions are satisfied:
o X has n vertices, is simply laced and connected;
o cvery cycle in X is a triangle;
e cach verter in X has at most four neighbours;
e if a vertex has three neighbours then exactly two of them are adjacent;
e if a vertex has four meighbours then they can be partitioned into two dis-
joint sets, containing two elements each, and such that the two neigh-
bouring vertices i and j are adjacent if and only if {i,j} is one of those

sets.

An example of Dynkin diagram in X'(A,,) is presented in Figure 3.2.1 to illus-

trate its “quasi-tree” nature.
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FIGURE 3.2.1. A typical element X in X (Asz). The highlighted
part is an element of W(Ag2) embedded in X.

The set W(A,,) consists of type A Dynkin diagrams (strings) with at most n
vertices. All the multiplicities are 1. Elements of W(A,,) are pictorially presented

as follows.

An example of an embedding of such a string in a diagram of X' (A,,) is high-
lighted in Figure 3.2.1. Note that, as explained in the introduction, an embedding
of an element of W(A,,) in a diagram X is given by a full sub-diagram; therefore at
most two vertices of each triangle of X can belong to it. It follows that an embedding
of a string is uniquely determined by the positions of its endpoints [Par11]. Note
that the equality D(B) = V(B) is known in this case by [CCS05, Par11, Trall].

The building block of Dynkin diagrams for classical types is given by diagrams
of type A,. While stating the analogous results for other types we will use the
convention X(Ag) = 0.

3.2.1.2. Type B,,. As usual for Dynkin diagrams we put a;;a;; edges between 7
and j and the inequality sign on the edges refers to the relation among the lengths

of the corresponding simple roots. For example the Cartan matrix

corresponds to the following Dynkin diagram.

«—»
1 2
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Proposition 3.2.2. A diagram with n vertices (n > 2) is in X(By,) if and only

if it is one of the two in Figure 3.2.2 where X9 is any diagram in X(A,,) for a

suttable m > 0.

We postpone the proof to Section 3.4.2.
The weighted diagrams in W(B,,) are those in Figure 3.2.3. As we will see they

are obtained from (some of) those in W(D,,4+1) by folding.

0' )

FIGURE 3.2.2. Elements of X(B,,) for n > 2; X is any diagram
in X(Ay,) for a suitable m > 0. The highlighted nodes are the
images of those permuted by ¢ in Proposition 3.4.4.

I - I
V D-@m
[[ e e 2 2
I[ ---------m--oe- e
> Vi P
v ------ o - e I 2
2 2

FIGURE 3.2.3. The set W(B,,). Dotted lines are strings of any
length; multiplicity of all the nodes of each such string are the
same as their ending points. Solid lines can’t be omitted. We will
use the above drawing conventions thorough the rest of the paper.

3.2.1.3. Type C,.

Proposition 3.2.3. A diagram with n vertices (n > 2) is in X(Cy,) if and only
if it is one of the two in Figure 3.2.4 where X is any diagram in X(A,,) for a

suitable m > 0.

We postpone the proof to Section 3.4.2.
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Remark 3.2.4. The results of Propositions 3.2.2 and 3.2.3 were claimed in [MS12]
and encoded in the cluster algebra package of Sage. The details will appear in [Stul].

The same result also appeared in [Hen11].

The weighted diagrams in W(C,,) are those in Figure 3.2.5; as we will see they
are all the weighted diagrams that can be obtained by folding a string embedded

on a diagram in X(Ag,—1).

FIGURE 3.2.4. Elements of X(C,,) for n > 2; X(® is any diagram
in X(A,,) for a suitable m > 0. The highlighted nodes are the
images of the fixed point under the action of o in Proposition 3.4.4.

| e 77
v >
117 ------ o -0 - =
2 2

FIGURE 3.2.5. The set W(C,,). We use the same drawing conven-
tions of Figure 3.2.3.

3.2.1.4. Type D,,. From Theorem 3.1 in [Vatl0] together with Proposition
3.2.1 we get the following description of X'(D,,). Note that the same result can also

be obtained easily from the surface realization we use in Section 3.3.

Proposition 3.2.5. A diagram with n vertices (n > 4) is in X(D,,) if and only
if it is one of the four in Figure 3.2.6 where X is any diagram in X(An,) for a

suitable m > 0.

The set W(D,,) consists of all the weighted diagrams in Figure 3.2.7.
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FIGURE 3.2.6. Elements of X(D,,) for n > 4; X is any diagram
in X(A,,) for a suitable m > 0. The highlighted nodes are the one
permuted by o in Remark 3.4.4.

Y D- —————— < VIII D- —————— ;

7777777 22 2 2

FIGURE 3.2.7. The set W(D,,). We use the same drawing conven-
tions of Figure 3.2.3.

3.2.2. Exceptional types. For exceptional cases we obtain a description of
X(Z) by direct inspection using [Kel, MS12]. Similarly we obtain W(Z) and
check Theorems 1.3.1, 1.3.2, and 1.3.3.



Proposition 3.2.6. Let Z be any type among Fg, Fr7, Eg, Fy, and Go. The set
X(Z) is the set of diagrams in Figures 3.2.12, 8.2.14-8.2.15, 3.2.21-3.2.24, 3.2.10,

and 3.2.8 respectively.

The sets W(Z) are given by Figures 3.2.13, 3.2.16-3.2.20, 3.2.25-3.2.64, 3.2.11,
and 3.2.9.

3.2.2.1. Type Gs.
—

FIGURE 3.2.8. The only diagram in X(G2).

2

o8]
o)
w e

FIGURE 3.2.9. The set W(G2).

3.2.2.2. Type Fy.

e P

FIGURE 3.2.10. Diagrams in X'(Fy).

2 2 2 2 2
2 2 2 2 3 2 3 2 2 4 2

2 2 2

FIGURE 3.2.11. The set W(F},) consists of the above weighed di-
agrams together with all the elements of W(B3) and W(C3).
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3.2.2.3. Type Eg.
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FIGURE 3.2.12. Diagrams in X' (Eg).

FIGURE 3.2.13. The set W(Es) consists of the above weighted
diagrams together with all the elements of W(A5) and W(Ds).
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FIGURE 3.2.16. The set W(E7) consists of the above weighted
diagrams and all the elements of W(A4s), W(Dg), and W(Es).
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FIGURE 3.2.18. The set W(E7) (continued).
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FIGURE 3.2.19. The set W(E7) (continued).
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FIGURE 3.2.20. The set W(E7) (continued).
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FIGURE 3.2.22. Diagrams in X(Esg) (continued).

93



U A0 4 &3 @

14

P& 080

1

113

112

111

110

109

23NN,

11

118

117

116

L0
—

SISO D

124

123

122

1

12

I~
—

38

NN AR SRUSN

1

137

136

135

3 134

13

44

O O A0 A Y

1

143

142

1

14

140

139

8T E TR

14

148

7

14

146

L0
—

156

oYoRafavyal

154

153

152

1

15

—

|

—

—

—

Q|
—

|
—|

FIGURE 3.2.23. Diagrams in X(Eg) (continued).

94



@
L

—

&

—
(=}

|2

—
(o))

=

—
(@)

@
5
7

—
-1

2
s
ae
s
-

—
—1
—
-
—
G\
—
-1

o
[£36

—
(=)

—
—J
Ne}
—
co

=
&

—
0
D

%
=3
Z
Z

—
oo
—
—
[N
—
oo
(V)
—
oo
=~
—

—
NeJ
—
—
N
[N}

@
&
@
a@u@
SEe
s

g

—
0
-3
—
—
0
NeJ
—
=

%@

—
Ne}

o

19

19

FIGURE 3.2.24. Diagrams in X(Eg) (continued).
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FIGURE 3.2.25. The set W(Eg) consists of the above weighted
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FIGURE 3.2.26. The set W(Esg) (continued).
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FIGURE 3.2.28. The set W(Esg) (continued).
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FIGURE 3.2.29. The set W(Esg) (continued).
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FIGURE 3.2.30. The set W(Esg) (continued).
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FIGURE 3.2.31. The set W(Es) (continued).
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FIGURE 3.2.36. The set W(Esg) (continued).
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FIGURE 3.2.45. The set W(Esg) (continued).
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FIGURE 3.2.52. The set W(Esg) (continued).
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FIGURE 3.2.58. The set W(Esg) (continued).
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FIGURE 3.2.61. The set W(FEs) (continued).
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FIGURE 3.2.62. The set W(Esg) (continued).
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FIGURE 3.2.63. The set W(Esg) (continued).
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FIGURE 3.2.64. The set W(Es) (continued).
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3.2.3. Examples. To illustrate how to read the data presented in this sub-

section let us consider two examples.

Example 3.2.7. Let B be the matrix

of cluster type Ds. The diagram X (B) and the set of positive c-vectors (and non-
initial d-vectors) of A4 (B) are shown in Figures 3.2.65 and 3.2.66 respectively. Note
that any skew-symmetric matrix of cluster type D5 whose entries are the same as

the entries of B in absolute value produces the same X (B) and V(B).

3
1 2 I 5
4
FIGURE 3.2.65. X (B) for Example 3.2.7. Labels refer to the rows
of B.
[ ]
(] L]

FIGURE 3.2.66. V(B) for Example 3.2.7.
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Example 3.2.8. Let B be the matrix

0 1 0 1
-2 0 1 0
0O -1 0 2
-1 0 -1 0

of cluster type Fy. The diagram X (B) and the set of positive c-vectors (and non-

initial d-vectors) of A4(B) are shown in Figures 3.2.67 and 3.2.68 respectively.

FIGURE 3.2.67. X (B) for Example 3.2.8. Labels refer to the rows

of B.
. . I —e
2
I —» — —» .
—» . —»
2
2 2 2
. —9 —» —e . .
—» ') ° ° —» —»
2 2 2
2 2 2 2
(] ] — —>»
—» —e ° .
2 2 2 2

FIGURE 3.2.68. V(B) for Example 3.2.8.
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3.3. Types A, and D,,: the surface method

In this section we prove Theorem 1.3.1 for types A,, and D,,.

3.3.1. The surface method for types A, and D,. To describe c-vectors
and d-vectors in types A,, and D,, we do not need to use the construction of [FSTO08]
in its full generality so we can slightly simplify the definitions; the reader interested
in the general theory can find a comprehensive review in [MSW11].

Unless otherwise specified, by surface S we mean one of the following:

o (type Ay) a disk with n 4+ 3 marked points on its boundary (n > 1);
e (type D,,) a disk with n marked points on the boundary (n > 4) and one,

the puncture, in its interior.

We denote the set of marked points by M.

Definition 3.3.1. A (tagged) arc is an homotopy class of curves v in the interior
of S\ M having no self intersections, connecting two distinct points of M, and not
cutting (together with a boundary component of S) an unpunctured bigon. Due
to the limitations imposed on the kinds of surfaces we consider there are only two
possible types of arcs: chords, connecting two marked point on the boundary of S,
and radii, connecting a point on the boundary with the puncture. Radii comes in
two flavours: plain and notched; to distinguish them in figures we will put a cross

on notched arcs.

Remark 3.3.2. Note that this is not the usual definition of tagged arcs, in par-
ticular for general surfaces there is a tagging attached to each endpoint of any ~.
Another difference from the general case is that we are not allowing loops (arcs

with coinciding endpoints).

We need not consider ideal as defined by [FSTO8] arcs so we can drop the
adjective “tagged” without generating confusion. To any pair of arcs v and ¢ we

can associate an integer as follows.
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Definition 3.3.3 ([FSTO08, Definition 8.4]). The intersection pairing of v and ¢
is the integer (y|0) defined according to these rules:
(1) if v and § coincide then (y]d) = —1;
(2) if v and § are homotopic radii with different tagging then (v|§) = 0;
(3) if v and § are non-homotopic radii then (y|d) = 0 if they are tagged in
the same way and (y|d) = 1 if their tagging is different;
(4) in any other case, set (7y|d) to be the minimal number of intersections

between v and 4.

Two arcs v and § are said to be compatible if their intersection pairing is
non-positive. A triangulation T' of S is a maximal (by inclusion) set of pairwise

compatible arcs.

Remark 3.3.4. Definition 3.3.3 is symmetric; this is not the case for a general

surface where loops are allowed (see [FST08, Example 8.5]).

In view of [FSTO08, Theorem 7.9] each triangulation of S has n arcs in it and
given a triangulation I' and one of its arcs «, there is a unique other arc 4’ such

that
I'=T\{yHu{y}

is again a triangulation of S. The operation of replacing v with +/ is called a flip.
To any triangulation I' associate a skew-symmetric matrix B(T") = (bs(;)%gep

setting

1 if v rotates counterclockwise to §
(3.3.1) bls =< —1 if~ rotates clockwise to &

0 if both or none of the previous conditions hold

where v is said to rotate counterclockwise (resp. clockwise) to ¢ if they are not
homotopic, they share an endpoint and, in a neighbourhood of this point, 7 can be
deformed counterclockwise (resp. clockwise), without crossing any other arc of I',

to coincide with 6.
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FIGURE 3.3.1. In this triangulation bo1 = b31 = by = bys = b43 =
1 while b23 =0.

By [FSTO08, Theorem 7.11] the above assignment produces a bijection between
triangulations of a type A,, (resp. D,,) surface and unlabeled seeds of the coefficient-
free cluster algebra of the same type. In particular cluster variables are in bijection
with arcs and if two seeds are obtained from one another exchanging the cluster
variables z, and x,s then the corresponding triangulations are related by the flip
of v into +'.

To keep track of principal coefficients we use laminations as explained in
[FT12]. For each marked point p on the boundary of S fix a neighbouring point p’

obtained sliding p clockwise on the boundary.

Definition 3.3.5. (see Figure 3.3.2) The elementary lamination A, corresponding
to an arc <y is the homotopy class of curves, contained in a neighbourhood of 7,

defined as follows:

e if 7 is a chord connecting p and ¢ then A, connects p’ and ¢';
e if v is a radius tagged plain (resp. notched) starting from p then A, starts
from p’ and winds counterclockwise (resp. clockwise) infinitely many times

around the puncture.

The shear coordinates of an elementary lamination A with respect to a triangu-

T

lation I' are the integers in the n-tuple (bAn/

)ver defined in terms of intersections
between A and the unique quadrilateral in I' of which « is the diagonal. More pre-
cisely assume, at first, that I' contains at most one notched radius; each segment of

A cutting trough the quadrilateral enclosing v as in Figure 3.3.3 contributes either
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FI1GURE 3.3.2. Examples of elementary laminations.

+1 or —1 to bgﬁ. All other crossings do not contribute. Note that flipping v in-
terchanges positive and negative crossings. To extend the definition to all possible
triangulations it suffices to impose that, if I'V is obtained from I' by changing all
the tags at the puncture and \V is obtained from ) inverting its winding direction

(if any), then for any v € T’

(3.3.2) bhv v = bY

At

+1

L+l 41

FIGURE 3.3.3. Intersections giving non-zero shear coordinates.
The highlighted edges are those crossed by laminations A giving
positive coordinates bY _ .
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Given a triangulation I' let A(T') = {Ay}. (. be the multilamination associated
to it, i.e. the collection of the elementary laminations corresponding to the arcs of
I. Let Bp(I") be the extended B-matrix having top part B(I") defined by (3.3.1)

and bottom part given by the shear coordinates of A(T") with respect to I'.

Proposition 3.3.6 ([FT12, Proposition 16.3]). In the principal-coefficients cluster
algebra A (B(T')) the extended exchange matriz corresponding to the triangulation

I’ is given by the above Br(I").

We can now describe the sets C(B) and D(B). For the rest of this subsection

fix a skew-symmetric integer matrix B of type A, or D, Let Ag = {\;},.; be the

iel
multilamination corresponding to a triangulation I'y = {v;},.; of S realizing B.
In view of last Proposition the set of c-vectors of the principal-coefficients cluster
algebra Ae(B) is
C(B) = {eyr = (5.) e/ }

as I" runs over all possible triangulations of S and +y is an arc in I'. The parametriza-
tion of C(B) by pairs of arcs and triangulations is not one to one; indeed for any
given c-vector there are in general many pairs v, I' realizing it. We will see that I'
can always be chosen to be bipartite (see Proposition 3.3.11).

As we already noted, in a cluster algebra coming from a surface, cluster vari-
ables are in bijection with tagged arcs. Their denominator vectors can be read
directly from the surface: they are given in terms of their intersection pairing with

the arcs of the initial triangulation.

THEOREM 3.3.7 ([FSTO08, Theorem 8.6]). Let Ao(B) be any cluster algebra of
type A, or Dy, and let Ty = {7; }iesr be a triangulation corresponding to B.
If 2 is the cluster variable corresponding to the tagged arc vy then its d-vector
18
dy = ((vil7))ier -
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The set of non-initial d-vectors of A4(B) is therefore

D(B) = {dy = ((vil7)ier }
as 7y runs over all arcs of S not in T'y.

3.3.2. Proof of Theorem 1.3.1. We begin by providing an alternative and

immediate proof of (1.3.2) for types A, and D,,.
Lemma 3.3.8. All the vectors in C(B) are sign-coherent.

Proor. By contradiction let ¢, r be a c-vector that is not sign-coherent i.e.
there are two elementary laminations in Ag, say A; and A; such that bgm >0 and
by, ., <O.

Assume at first that I' contains at most one notched arc. From Figure 3.3.3 it
is clear that \; and \; intersect and if they both spiral to the puncture then they do
not come from homotopic radii. This is in contradiction with the hypothesis that Ag
came from a triangulation of S: the intersection pairing of the arcs corresponding
to A; and \; is positive.

The results extends immediately to all the possible triangulation if we observe
that changing the windings of all the laminations spiraling to the puncture does

not affect the intersection relations among elements of Ag. O

Note that, if ¢, p is a c-vector and I" is the triangulation obtained from I' by
flipping 7 into 7/, then

Cy.D = —Cyrv

From now on we concentrate on the set C;(B) of positive c-vectors of A4 (B).

Lemma 3.3.9. The weighted diagram of any positive c-vector in Ae(B) is con-

nected.

PrOOF. By contradiction assume that the weighted diagram of ¢ r has two

disjoint components. Let ¢ be a node in one of them and j a node in the other such

142



that they are at minimal distance in X (B). By hypothesis ¢ and j are not adjacent.

Let A; and A; be the corresponding elementary laminations in Ag.

Three cases are possible (in type A,, only the last one occurs).

(1)

If A; and A; have two endpoints in common then they spiral to the punc-
ture in opposite directions. The multilamination Ag contains then a bigon
enclosing A; and \;; at least one side of this bigon (say Ag) crosses posi-
tively the quadrilateral enclosing ~.

If A\; and A; share exactly one endpoint, since ¢ and j are not adjacent,
there are two possible configurations. If there is no other lamination
sharing that endpoint then they both spiral to the puncture and they are
enclosed in a bigon; at least one side of this bigon (again say A) intersects
positively the quadrilateral enclosing . Otherwise at least one lamination
A among those sharing the same endpoint is such that b£k7’7 > 0.
Finally if A\; and A; do not share any endpoint then there is at least one
lamination A\ starting from one of those four points, lying in between \;
and A; and crossing positively the quadrilateral that encloses v (otherwise
such an elementary lamination could be added to Ay in contradiction to

the assumption that the multilamination corresponds to a triangulation).

In all of the cases there is a vertex k in between i and j such that the k-th component

of ¢y r is non-zero in contradiction with the assumption of minimal distance between

i and j.

O

Proposition 3.3.10. In types A,, and D,, we have

C.(B) C V(B).

PROOF. We deal first with type A,. It is clear that, having no puncture, any

lamination A € Ag can intersect any given arc v at most once so blgﬁ €{0,1}. In

view of Proposition 3.2.1 it suffices to show that no c-vector can have a triangle
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in its weighted diagram. But this follows directly from the fact that, since S has
no puncture, at least one of the sides of each triangle in Ay does not intersect any

given arc 7.

A

FicURE 3.3.4. Any triangle in a lamination of a surface of type
A, intersect at most twice any arc .

For type D,, the proof proceeds by case analysis. We need first some consider-
ations. In view of condition (3.3.2) we can assume that the quadrilateral enclosing
~ is one of those in Figure 3.3.3.

Note that, given a multilamination Ag coming from a triangulation, a once
punctured disk can be decomposed into pieces: it will contain exactly one piece
in which all the elementary laminations spiral to the puncture (one of the five in
Figure 3.3.5); all the other pieces, if any, will contain only elementary laminations
corresponding to chords. Any such piece can only be glued to the one containing
the puncture as shown in Figure 3.3.6.

Any elementary lamination of Ag not corresponding to a glued edge will be
contained, up to a small neighbourhood of one endpoint, in exactly one piece in this
decomposition. This implies that any given piece must contain at least a subsection
of v and of two opposite sides of the quadrilateral enclosing « in order for any of
the laminations it contains to give rise to a positive coordinate. In particular a
quadrilateral of a triangulation can intersect non trivially at most three pieces in
this decomposition.

We need therefore to consider all the possible way a quadrilateral from Figure

3.3.3 can be fitted into a surface with at most three pieces. This is a straightforward
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Plain n-gon (n > 3) Notched n-gon (n > 3)

Plain digon Notched digon Folded digon

FicUre 3.3.5. Multilaminations with all elementary laminations
spiralling to the puncture.

FiGURE 3.3.6. Example of a decomposition of a surface of type
D,, according to a multilamination.

but tedious check; a complete analysis of the various cases (87 nontrivial cases in

total) is contained in Appendix 3.6. (I
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To connect C4 (B) with D(B) let us improve on the parametrization of c-vectors
of A(B). A triangulation I' of S is said to be bipartite if every node of the
corresponding quiver is either a sink or a source. Note that, since in finite type any
cordless cycle must be oriented ([BGZ06] Theorem 1.2), bipartite triangulations
correspond to bipartite orientations of the Dynkin diagram of the given type.

Not every quadrilateral can appear in a bipartite triangulation; indeed it is
clear from the assignment (3.3.1) that the only allowed one are those in Figure 3.3.7.
Moreover any such quadrilateral determines uniquely the bipartite triangulation in

which it appears.

AERIRS.
AR

FIGURE 3.3.7. The only quadrilaterals that can appear in a bi-
partite triangulation of a surface S. The edges on the boundary
of S are highlighted. When the quadrilateral is a digon any of the
radii can be the diagonal.

Let C% (B) be the subset of C4(B) consisting of c-vectors ¢, such that I is

bipartite.

Proposition 3.3.11. In types A,, and D,

CL(B) = C.(B).
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PROOF. Let cyr be any element of C;(B). Let Ay be the multilamination
associated to B. In view of the considerations above it suffices to show that we
can replace the quadrilateral enclosing v with a bipartite quadrilateral (possibly
enclosing a different diagonal v") such that the shear coordinates remain unchanged.

We concentrate first on type A,. The idea is simple: pick a leaf in the support
of cyr and let A be the corresponding elementary lamination in Ag. Since A is
the “last” lamination intersecting the quadrilateral enclosing v positively it must
belong to a triangle in Ag such that the other two lamination composing it do not
give rise to positive shear coordinates. Let p’ be the only vertex of the triangle
that is not adjacent to A\. We can replace the original quadrilateral with one having
the two marked points closest to p’ as vertices: all the shear coordinates will be
unchanged (cf. the first step in Figure 3.3.8).

This is sufficient in type A,, but not in general in type D,: we need to deal
with folded quadrilaterals as well. The replacement to be performed depends both
on Ag and «y but it is straightforward from the pictures. The general procedure is
shown in Figure 3.3.8. The precise case analysis is again in Appendix 3.6; there
we provide, for each possible quadrilateral and for each multilamination an explicit

replacement. 0

BBB

S/

N

FIGURE 3.3.8. The reduction of a quadrilateral to a bipartite
quadrilateral is in two steps: first move the edges “parallel” to
multilamination corresponding to leafs in c,r to the boundary;
then, if needed, replace the quadrilateral with one among those in
Figure 3.3.7.
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In analogy with the definition above let D*(B) be the subset of all the non-
initial d-vectors corresponding to cluster variables appearing in bipartite seeds of
Ae(B). Since any arc on S appears in a bipartite triangulation, in types A,, and

D,, we have
(3.3.3) D*(B) = D(B).

Remark 3.3.12. The above equality, together with Proposition 3.3.11, prove The-

orem 1.3.3 for cluster algebras of types A,, and D,,.

Proposition 3.3.13. In types A,, and D,

PROOF. In view of the above reductions it suffices to show that
Ct.(B) = D"(B).

As before let Ty = {v;},.; be the triangulation corresponding to B and Ay =

i€l
{Ai};c; the associated multilamination. In view of Theorem 3.3.7 and Definition
3.3.3 all the vectors in D®(B) have non-negative components.

Let v be any arc not in I'g and consider the d-vector d.; we need to distinguish

three cases depending on the endpoints of  (call them p and gq).

e If both p and ¢ are on the boundary of S and they are not adjacent then
there are two other marked points  and s such that p’ is contained on the
boundary segment pr and ¢’ is contained in the boundary segment ¢s. Let
~" be any of the two diagonals of the quadrilateral prqgs and complete it to
a bipartite triangulation I'". We have d, = +¢, 1 and we can choose v/
such that d, = c, 1. Note that if S is of type A,, this is the only possible
case.

e It both p and ¢ are on the boundary of S and they are adjacent then we

can assume (up to relabeling) that ¢’ lies on the boundary segment gp.
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Let r be such that p’ lies on the boundary segment pr. Let 7' be any
of the diagonals of the folded quadrilateral having vertices ¢, p, r, and
the puncture; Let IV be a bipartite triangulation containing it. We have
again d, = xc¢,/ - and we can select the diagonal +’ that yields a positive
c-vector.

e If one of the endpoints of vy (say ¢ to fix ideas) is the puncture then let r be
the marked point such that p’ lies between p and r. Let IV be a bipartite
triangulation containing the digon with vertices p and r, enclosing the
puncture, and such that its radii both start from r. If 4’ is the radius

with tagging opposite to the tagging of v then dy = ¢,/ /.

Conversely let ¢,/ in C%(B). The quadrilateral of I enclosing 7/ will be
exactly one of those constructed above (they are all bipartite). Choosing ~ to be

the corresponding arc we get d = ¢y /. (I

We thank Andrei Zelevinsky for providing the idea of using the “bipartite belt”
in the above proof.

The Proposition concludes the proof of Theorem 1.3.1 for types A,, and D,,.

Proposition 3.3.14. In types A,, and D,, we have
V(B) C D(B).

PRrROOF. Let T'g = {v;},.; be a triangulation realizing B and let v = (v;),.; be

il il
any element in V(B).

In type A, it is clear how to construct an arc -y crossing exactly one time all
the arcs 7; such that v; # 0: suppose ¢ is a leaf in the weighted diagram; the
arc -y; corresponding to it belongs to two triangles. One of them is such that the
nodes corresponding to the other two arcs forming it do not belong to the support
of weighted diagram. The arc v we are looking for starts from the vertex of this

triangle opposed to ;. It crosses then in sequence all the arcs y; such that v; # 0

and terminates in the vertex opposed to the arc corresponding to the other leaf.
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In type D,, the procedure is slightly more involved and depends on the initial
triangulation 'y but follows the same basic idea. Suppose at first that 'y does not
contain a digon with two homotopic radii. The same procedure described for type
A,, works verbatim for diagrams I, IV, and VIII in Figure 3.2.7: the only thing to
note is that instead of a leaf we might have to take one of the nodes in the left
triangle (for IV we can not use the two rightmost leafs). For diagrams II and VI we
need a small fix: 7 starts from the vertex opposed to the arc corresponding to the
leftmost leaf and ends at the puncture; its tagging is the opposite of the tagging of
the radii in I'g. For diagrams III and VII we repeat the same argument using the
leftmost leaf and the leftmost node with multiplicity 2. Diagrams like V can not
be embedded in a X(B) if T'y has not a digon with two homotopic radii in it.

If 'y contains a digon with two homotopic radii then the only diagrams that
can arise are I, II, III, IV, and V. For V the procedure is the same as the one for
type A,,, we just need to cross both the radii of the digon. For diagrams III and IV
the procedure is identical to the above. For diagrams like IT 7 starts from the vertex
opposed to the arc corresponding to the leftmost leaf and ends in the vertex of the
digon not adjacent to the radii. For diagrams like I we need to distinguish two cases:
if one of the leafs correspond to a radius then the corresponding endpoint of -y is
the puncture and its tagging is the opposite of the one of that radius. Otherwise

we proceed as in type A,. O

3.4. Types B,, and C,: the folding method

Building on the results of last section we will now prove Theorem 1.3.1 for
types B,, and C,,. In order to do so we will realize any principal coefficients cluster
algebra of type B, (respectively C,) as a subquotient of an appropriate cluster

algebra of type D, 11 (respectively As,_1) with principal coeflicients.

3.4.1. Folding of cluster algebras with trivial coefficients. The con-

struction, for the coefficient-free case, was explained in [Dup08]. Since we need to
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generalize it to work with principal coefficients later on let us begin by recalling in
some details its main features.

Let B = (b;;) be a skew-symmetrizable integer matrix and ¢ a permutation

ijel
of I.

Definition 3.4.1. A permutation ¢ is an automorphism of B if, for any 7 and j in

1

An automorphism of B is said to be admissible if, for any ¢; and 75 in the same

o-orbit 7 and for any j in I,

(3.4.2) by, jbin; >0

(3.4.3) b,

An easy computation shows that, if o is an admissible automorphism of B and
k1 and ks are two points in the same o-orbit k, the mutations px, and py, commute;
that is

by © iy (B) = fig, © pig, (B).

Indeed g, (fr, (bij)) is either —b;;, if at least one among ¢ and j is in {ky, k2}, or
bij + biky [bky i1+ + [=Dik, |40k 5 + Diky [bho ]+ + [=Diks] 1Ok 5

otherwise. Those expressions are clearly independent on the order in which gy,
and py, are applied. It makes therefore sense to define orbit-mutations as the

compositions
M% = H Mt
tek
Repeating the same reasoning we get
7bij if ¢ or ] € E

(344)  ullby) = .
bij —+ ZtEE (blt [btj]+ —+ [_bit]+btj) otherw1se.
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Note that, given a o-orbit k, the permutation o is always an automorphism of

/L%(B) but it need not be admissible; in particular condition (3.4.2) may be violated.

Definition 3.4.2. An admissible automorphism o of B is said to be stable if, for

any finite sequence of o-orbits ki, ...ky, it is an admissible automorphism of
N%O <ee0 ”ZT(B)'

Proposition 3.4.3 ([Dup08, Proposition 2.22]). If the Cartan counterpart of B

is a simply-laced finite type then any admissible automorphism of B is stable.

Remark 3.4.4. We will need the following incarnations of Proposition 3.4.3:

(1) B has Cartan counterpart of type As,_1 and, using the standard labeling

of the nodes of the associated Dynkin diagram,

o= ﬁ(z, 2n —1i)
i=1

is an admissible automorphism of B.
(2) B has Cartan counterpart of type D,,+1 and, again in the standard label-
ing,

o= (nn+1)

is an admissible automorphism of B.

Given a skew-symmetrizable integer matrix B and a (stable) admissible auto-
morphism ¢ we can define a folded matrix 7(B) := B = (b;), as 7 and J vary over
all the g-orbits, by setting

(3.4.5) by =Y by
se

|

In view of condition (3.4.1) the value of bs; does not depend on the choice of a rep-
resentative of 7. The folded matrix 7(B) is itself skew-symmetrizable (see [Dup08,

Lemma 2.5]).



The key point here is this: if o is a stable admissible automorphism of B then
for any o-orbit k
7 (42(B)) = iz (w(B))
thank to condition (3.4.2) (see [Dup08, Theorem 2.24]).

We will use the following obvious converse stating the existence of “unfolding”

for the matrices we are interested into.

Proposition 3.4.5. Let B be any matriz in the same mutation class of a matriz

B obtained by folding from a skew-symmetrizable matriz B with o stable admissible

automorphism o. There exist a matric B’ and a sequence of o-orbits ki,..., ke
such that
(e o — !
(1) Mo NH(B) =B

The folding map can be extended to a morphism of algebras as follows. Fix an

initial B-matrix B and a stable admissible automorphism o. Let

<B7 {wi}iel)

be the initial cluster of the coefficient-free cluster algebra Ag(B). Write Ag(B) for
the subalgebra of Ag(B) generated by all the clusters reachable from the initial one
by a sequence of orbit mutations.

Let Ao (B) be the coefficient-free cluster algebra with initial B-matrix 7(B) = B

and initial cluster variables {x7} The assignment

€l/o”

m(x;) == 7

extends to a surjective map



The algebra Ag(B) is the quotient of A (B) by the ideal generated by the relations
€T, = l‘a(i).

Moreover, and this is the key point in the construction, the map m preserves the
cluster structure: seeds of Ag(B) are mapped to seeds of Ay (B).
Combining the above observation with Remark 3.4.4 we get the following state-

ment.

Proposition 3.4.6. Any matriz of cluster type By, (respectively C.,) is the image
w(B) of a matrix B of cluster type D1 (respectively As,_1) with automorphism o
from Remark 3.4.4. The coefficient-free cluster algebra Ay(B) is the quotient of a
subalgebra of Ag(B) by an ideal preserving the cluster structure. In particular any

exchange matriz of Ao(B) is the folding of some exchange matriz of Ay(B).

3.4.2. Proof of Propositions 3.2.2 and 3.2.3. The results just summarized
are enough to describe the sets X' (B,,) and X (C,,).

PROOF OF PROPOSITION 3.2.2. In view of Proposition 3.4.6 any element of
X(By,) can be obtained by folding an element of X(D,,+1). On the other hand not
every diagram from Figure 3.2.6 can be folded: we know that any cordless cycle in
such a diagram correspond to a cyclically oriented cordless cycle in the quiver Q(B)
associated to it (see [FZ03a, BGZ06]). By definition of admissible automorphism
all the vertices in the only non-trivial orbit of ¢ must be not adjacent and must
be connected to all the other adjacent vertices in the same way. This forces us to
conclude that diagrams (c) and (d) can not be folded.

The diagrams of Figure 3.2.2 are thus the folding of diagrams (a) and (b) from
Figure 3.2.6. U

PROOF OF PROPOSITION 3.2.3. In view of Proposition 3.4.6 diagrams in X'(C,,)
are obtained by folding elements of X' (A2,—1). The only requirement a diagram
must satisfy to be folded is to be symmetric with respect to the only fixed point of

o from Remark 3.4.4. O



3.4.3. Folding of c-vectors. In order to consider c-vectors we need to extend
the above construction to cluster algebras with principal coefficients. We take

inspiration from the following example.

Example 3.4.7. Let A4(B) be the cluster algebra of type D4 with principal coef-

ficients at the initial cluster given by

0 -1 0 0

1 0 -1 -1
B=

0 1 0 0

0 1 0 0

B is invariant under permutation o = (34) and has bs4 = 0. Moreover the mutations

in directions 3 and 4 commute; that is

p3 © pa(B) = pug o p3(B).

Let AJ(B) be the subalgebra of all the clusters reachable from the initial one by
any sequence of the mutations w1, po, and ug o pg. All the B-matrices in it have
b3s = 0.

The permutation o acts on the set of clusters of A4 (B) by relabeling:
o(x;) = Lo (i) and o(yi) = Yo (i)
Let Z be the ring ideal of AJ(B) generated by the relations
T3 = T4 and Ys = Ya

The quotient AZ(B)/Z is a cluster algebra of type Bs with principal coefficients
at the initial cluster given by m(B). Under the projection map clusters of AJ(B)
are mapped to clusters of AJ(B)/Z. Moreover exchange relations in the quotient

come from exchange relations of A (B).
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For any skew-symmetrizable integer matrix B endowed with a stable admissible
automorphism o let Aq(B) and A (B) be the cluster algebras with principal coef-
ficients respectively at B and B = 7(B). Let AJ(B) be the subalgebra of A4(B)
generated by all clusters reachable from the initial one using orbit-mutations.

In view of the above example it is natural to define folding for a c-vector

¢ = (¢i);e; of AZ(B) component wise as follows:

(3.4.6) Cr = ch.

=

However this definition turns out to be not so obvious because the tropicalization
map (i.e. the map associating to each coefficient y its c-vector) and folding are not
compatible in general. Let us clarify the condition required to justify (3.4.6).

Note that if C' and C’ are two coefficient matrices of AZ(B) connected by a
single orbit-mutation gz then it follows directly from having assumed o to be a
stable admissible automorphism of B that:
(3.4.7) do=d ity ek

cij + Zte% (Cit[bej)4 + [—cit]+biy)  otherwise.
From (3.4.7) we get an important observation: all the C-matrices in AJ(B) are

such that
(3.4.8) Co(i)o(j) = Cij-

Indeed the property holds for the initial C-matrix and we can use the admissibility
of o to propagate it.
We introduce the folded C-matrix C for a C-matrix C' = (cij)ijer of AT(B) as
(3.4.9) C = chj.
s€1
Note that (3.4.9) is independent of the choice of a representative of 7 due to the

symmetry (3.4.8).



Proposition 3.4.8. Let B be any skew-symmetrizable integer matriz and let o be a
stable admissible automorphism of B. The matriz C satisfies the recursion relation

—Cy7 if 7= E
(3.4.10) o= ’ 13

oG+ %E[bEj]wL + [—a@hbgj otherwise

if and only if the following condition holds: for any i and j the sign of cg; is

independent of the choice of representative s € 7.

ProOF. It suffices to establish the proposition for a single mutation; if 7 = k

our claim is trivial so we can assume j ¢ k. On the one hand we have

C;—] = Cﬁ-‘r&lg[bgj]Jr‘f'[—&lﬂerEj = chj+z Csk thj +|— chk] Z by

s€T s€1 tek n s€T + tek

On the other hand

cr=Y = e+ Y (calbi]s + [—cstl1brj)

s€T s€1 tek

Therefore the recursion 3.4.10 is satisfied if and only if

Doesk Db =D calbilt

s€T tck + SET tck

and

[_ 2 Cs'“] D b= ) [—euliby.

s€1 + tek SET ek

The first condition is guaranteed by the admissibility of o; indeed we get

Z chk [btj]+ = Z cht[btj]+

SET ¢k SET ¢ek
which is true by a simple change of summation index.

Similarly the second condition is equivalent to

SN learlp by = [—catl by

SET tck SET tck
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if and only if the sign of ¢, is independent on the choice of representative s € 7. [

In our situation the condition of Proposition 3.4.8 is satisfied by the sign-
coherence property of c-vectors established in Lemma 3.3.8 or, more generally for
skew-symmetric B-matrices, explained in Section 3.1. Thus the folding of c-vectors

(3.4.6) is now justified.

Corollary 3.4.9. Let B be any skew-symmetrizable matriz of cluster type B, (re-
spectively Cy, ). There exists a matriz B of cluster type Dyy1 (respectively Asn—1)
such that the cluster algebra with principal coefficients Ae (E) is a subquotient of
the cluster algebra with principal coefficients Aq(B). In particular any c-vector of

A, (B) is the folding of some c-vector of As(B).

3.4.4. Folding of d-vectors. Our next goal is to produce a folding rule for
d-vectors. From the above example it is natural to fold the vector d = (d;);c;

component wise in this way:

(3.4.11) dr = d,.

s€7

Once again the above definition is not obvious because, in general, folding is not
compatible with the tropicalization map (i.e. the map associating to each cluster
variable its d-vector).

Recall the definition of D-matrix given in Section 3.1.

Lemma 3.4.10. If o is a stable admissible automorphism of B then the entries in

any D-matriz of A°(B) satisfy
(3.4.12) doiyo() = di-

PROOF. The property holds for the D-matrix of the initial cluster. Suppose
that D and D’ correspond to clusters obtained from one another by a single orbit

mutation pz and that the property holds for D. The only non trivial case we need
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to consider is when j is in k. By (3.1.1) we have

di; = —d;; + max <Z dit[bek]+, Zdit[—btk]+> :
tel tel
Using both induction hypotheses and the fact that ¢ is stable admissible we get
dij = —doi)o(j) + max (Z ~do(iya(t) [boiotw] 4+ D ~daioto [—bou)a(mh)
tel tel

and we can conclude changing the summation index. ([

We define the folding D of the D-matrix D = (dij);j; as we did for C-matrices:

d =Y dgj.

SET

Thank to the above lemma this definition is independent of the representative j.

Proposition 3.4.11. The matriz D satisfy the recursion

<l
Il
EN

/ —d7; + max Z dzlbzl+ Z dzl=bgl+
(3.4.13) di = iel/o tel/o

dz

<l
RN
Eodl

if and only if for any o-orbit 7 the sign of
> datbi
tel

is independent of the representative s € 1.

PROOF. We proceed again by induction. It suffices to show that the property
holds for a single mutation. Fix a o-orbit z. The only non-trivial case is when 7 # k.
On the one hand we have

ds = Z (—dsj + max (Z dst[btr]+, Z dst[_btk]+>> :

s€ tel tel
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On the other hand, for the recursion to be satisfied, we must have

dyy == dg; +max (Z > dalbil > dst[—btk}+> :

s€T tel ser tel ser

We need therefore to have

(3.4.14) > <max (Z Aot [ber] 4, stt[btk}+>> =

Els tel tel
(3415) max <sz8t[btk]+’ szst[_btk]+>
ser tel sev tel

which holds if and only if the sign of
> dalbils = dabily =D darbi
tel tel tel

is independent of the choice of the representative s € 7. (]

Remark 3.4.12. Anna Felikson and Pavel Tumarkin found a case of cluster affine
type D where the condition of previous proposition does not hold [F'T]; we thank

them for showing us their example.

For our purposes it is enough to show that the condition of Proposition 3.4.11
holds in the cases of Remark 3.4.4. Using Lemma 3.4.10 and the fact that o is
stable admissible, it is equivalent to ask the sign of

> ditber

tel

to be independent of the representative € k. We get therefore that the condition
is satisfied whenever k is fixed by o.
We prefer to work with this third equivalent formulation: the sign of
S b
tel

is independent of m € Z.
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Lemma 3.4.13. The condition of Proposition 3.4.11 holds for B of cluster type

D, 11 endowed with the automorphism o of Remark 3.4.4.

PROOF. There is only one non-trivial g-orbit; in view of previous observations
we can assume it is the orbit of k. This forces t ¢ k to be fixed by . Moreover,

since o is a stable admissible automorphism by, = 0 if ¢ € k. Therefore

Zdiom(t)btk = Z disbig

tel tel\k

which is manifestly independent of m. O

Lemma 3.4.14. The condition of Proposition 3.4.11 holds for B of cluster type

Aoy, 1 endowed with the automorphism o of Remark 3.4.4.

PROOF. Note at first that rows of a D-matrix associated to a B-matrix B’
in AZ(B) are again d-vectors: they are the d-vectors of Ag(B’) in the D-matrix
associated to B. This follows directly from the surface realization (see Theorem
3.3.7). In particular, in this case, they are sign-coherent and their support is either
a string (if they are positive) or a single vertex (if they are negative).

As before we can assume that k is not fixed by o. If the support of the row
i does not contain neighbours of both k and o (k) then the statement is clear. We
can therefore assume that there is at least one neighbour of each of them in the
support of the i-th row of D.

Let ¢; and t2 be the two neighbours of k& and o(k) respectively lying on the
shortest path from k to o(k). By the symmetry required for folding t2 = o(t;).
Moreover if a row of D contains at least one neighbour of both k and o (k) then it

contains both t; and t;. We claim that, in this situation,
> digm(ybix
tel

is either O or has the same of by, . Indeed each row of D has at most 2 neighbours

of k in its support and the entries of B are either 0 or +1.

161



We can therefore conclude or proof: since o is a stable admissible automorphism

of B we have:
bk = bo(ty)o(k)-

d

3.4.5. Proof of Theorem 1.3.1 for types B, and C,,. To fix the notation
observe that any B-matrix of cluster type B, or C, uniquely determines a o-
invariant matrix of cluster type respectively D,y; or As,_; of which it is the
folding. We will therefore denote by B a matrix of cluster type B, or C,, and by
B its unfolding.

Let 7 (V(B)) be the image of the set V(B) under the folding map

T V(B) — z!
(vi)jer (Zse€”8>zef

and recall the definition of the sets W(B,,) and W(C,,) from Section 3.2.

Proposition 3.4.15. For any matriz B of cluster type B,, or C,, we have
V(B) =7 (V(B)).

PROOF. The claim is clear once we observe that the diagrams in W(B,,) and
W(C,,) are obtained precisely by folding diagrams from W(D,,+1) and W(Aa,_1)
embedded in X (B). O

We have now the tools we need to deduce Theorem 1.3.1 for types B, and C,

from the same result for types A, and D,,.

Proposition 3.4.16. For any matriz B of cluster type B,, or C,, we have
C.(B) c V(B)

PRrROOF. Combining Corollary 3.4.9, Proposition 3.3.10 and Proposition 3.4.15
we have
C+(B) C m(C(B)) =7 (V(B)) =V(B).
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Proposition 3.4.17. For any matriz B of cluster type B,, or C, we have
D(B) c V(B)

PrROOF. Combining Lemmata 3.4.13 and 3.4.14 with Proposition 3.3.13, Propo-

sition 3.3.10 and Proposition 3.4.15 we have

To conclude we need one last lemma.
Lemma 3.4.18. For any matriz B of cluster type B, or C, we have
C4(B) = = (CL(5))

and

D*(B) = (D"(B)) .

PRrROOF. The claim follows directly from the following observation: a matrix B
is bipartite if and only if its unfolding B is bipartite. We get equalities (as opposed
to inclusions) because any two bipartite matrices of cluster type Dj,41 or Aa,_1

are connected by orbit mutations. [
Proposition 3.4.19. For any matriz B of cluster type B,, or C,, we have
V(B) C C+(B)

and

V(B) C D(B).

PrOOF. We show only the second condition; the first one is obtained in the

same way. Using Proposition 3.4.15, Proposition 3.3.14, equation (3.3.3), and
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Lemma 3.4.18 we get
V(B) =7 (V(B)) C 7 (D(B)) =« (D"(B)) = D’(B) C D(B).
O

For completeness we record also the following equalities (of which Theorem

1.3.3 is a direct consequence).

Corollary 3.4.20. For any matriz B of cluster type B,, or C,, we have

3.5. Proof of Theorem 1.3.2

Here we derive Theorem 1.3.2. The claim (4) is a direct consequence of our
description of ¢- and d-vectors in Theorem 1.3.1. For simply-laced types claims (1)
and (3) follow from Corollaries 3.1.8 and 3.1.11. However, for types A,, and D,,, we
provide a direct proof using Theorem 1.3.1 without referring to the representation-
theoretic results of Section 3.1.

As we did before we deal with types A,, and D, first; we will use again a folding

argument to deduce the results for types B, and C,.

3.5.1. Types A, and D,,. Let B be any skew-symmetric integer matrix of
cluster type either A,, or D,,. Having built an explicit list of all the positive c-vectors
and non-initial d-vectors for the cluster algebra A, (B) with principal coefficients

we can give a combinatorial proof of Theorem 1.3.2.

Proposition 3.5.1. All c-vectors and d-vectors of Ae(B) are roots in the root
system associated to the Cartan counterpart of B. Fach of them is real if and only
if its support in X(B) is a tree.
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Proor. It suffices to establish the claim for positive c-vectors. We are dealing
with a local property: since the support of any c-vector ¢ of A4(B) is a connected
sub-diagram of X (B) it suffices to show that ¢ is a root in the root system associated
to its support.

The claim is clear for type A, and for cases I, II and III of type D,,: they are
all roots in the corresponding finite type root system.

Applying in sequence the simple reflections corresponding to the outermost
node with multiplicity 2 we can reduce case VII to case VI. We can then “trim the
branches” reflecting each time with respect to a leaf of the diagram. After these

reductions we are left with the four cases in Figure 3.5.1. They all correspond to

FIGURE 3.5.1. Reduced c-vectors.

imaginary roots (see [Kac90, Lemma 5.3]). Indeed let ¢ be any of these reduced
c-vectors and let A be the generalized Cartan matrix associated to its support, then

all the components of the vector Ac are non-positive. O

Let (-, ) be the Euler form of the quiver ) = Q(B) associated to B; it is defined
on roots as follows:

<Z C;i Q¢ Zdlo@ = chdz — Z bijcjdi'

il iel il bi; >0
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To show that elements of Cy(B) = D(B) are Schur roots we will use the

following result of A. Schofield ([Sch92, Theorem 6.2]).

THEOREM 3.5.2. Let a be a positive root that is not a Schur root then « satisfies
one of the following conditions:
(1) (a,) = 0 and there are a positive (imaginary) root B and a positive
integer k such that o = kp3.
(2) « is the sum of two positive roots, one of them (call it B) is real and
satisfies

(a, ) >0 and (B,a) > 0.

Let A = A(B) be the Cartan counterpart of B. As noted in [Sch92], if « is an
imaginary root that is not Schur, there are few possibilities for the positive real root
B satisfying (2). Namely, if w is the element of the Weyl group such that all the
components of the vector Aw(a) are non positive then w(8) has to be a negative

real root.

Proposition 3.5.3. All the vectors in C(B) = D(B) are Schur roots of A (A(B)).

PROOF. We are dealing still with a local property so we can assume that the
c-vector we consider has full support.

It is well known that if X (B) is a finite type Dynkin diagram then any root is a
Schur root (every indecomposable kQ(B)-module is rigid if Q(B) is an orientation
of a Dynkin diagram); therefore we need only to concentrate on cases IV, V, VI,
VII, and VIII of type D,,. Let ¢ be any of these c-vectors, they are all imaginary
roots. None of them is an integer multiple of a root so case (1) of Theorem 3.5.2 is
excluded and we need to show only that we are not in case (2).

As noted in Proposition 3.5.1 the elements w of the Weyl group we need to
apply to ¢ are those “trimming the branches”; since the roots 8 we are looking for

change sign when acted on by w their support must be contained in only one of
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those appendices; we can therefore assume that there is only one appendix in the
weighted diagram of ¢. Label the nodes on such an appendix with {1...,n —1}
starting from the leaf; let n be the node the appendix is connected to and let m
be the innermost node with multiplicity 1 in the appendix. It is clear that the
element w we are looking for is then s,_1...s; in cases IV, V, VI, and VIII and

Sp—1-.-515n -..Sm+1 in case VII. The possible roots 3 are then

a1+...+ak

for k€ {1,...,n— 1} in cases IV, V, VI, and VIII and

o+ tapgr m<k<n-—-1
ap + -+ oy k<m

Omy1+-+ap m+1<k<n

in case VII. By direct inspection we get that in all cases, regardless of the orienta-

tions, one of the two integers (¢, 8) and (8, ¢) is non-positive. O

Proposition 3.5.4. The cardinality |C;(B)| = |D(B)| depends only on the cluster
type of B; it is equal to n(n + 1)/2 if B is of cluster type A, and n(n —1) if B is

of cluster type D,,.

PROOF. Fix an element X (B) of X(B). We need to count in how many differ-
ent ways any diagrams from W(B) can be embedded in X (B).

This count, for type A,, was done by Parson ([Parll, Lemma 5.8]) by noting
that any embedding of a string is determined by the positions of its endpoints.

Let us consider type D, ; there are four cases to be considered depending on
which of the four diagrams in Figure 3.2.6 describes X (B). We present case (d): it
involves all the techniques and it is the most complex one. The other cases can be
dealt in a similar fashion.

The only weighted diagrams that can be embedded in a Dynkin diagram shaped
as (d) are I, VI, VII, and VIII from Figure 3.2.7. An embedding of any of those is
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uniquely determined by a pair of vertices in X (B); for I (with at least two nodes),
and VIII they are the two leafs; for VII they are the only leaf and the leftmost node
with weight 2. For VI and strings of length 1 the two vertices of X (B) coincide.

We are going to reverse this observation to count embeddings. Suppose that
the central cycle contains k vertices.

To each pair of vertices 7 and j not in the central cycle we can associate precisely
two embeddings: if they belong to different components (say X’ and X") we have
two strings passing on either side of the central cycle. If + and j belong to the same
type-A,, component (say X’) and are distinct then we have a string connecting i to
j completely contained in X’ and a weighted diagram of type VII or VIII depending
on the relative position of ¢ and j. Finally if ¢ = j then we have a single point and
a weighted diagram of type VI. They sum up to (n — k)(n — k + 1) embeddings.

If one of the two vertices, say 4, is in the central cycle and j is in the component
X’ then there are two possibilities: if ¢ is one of the two vertices adjacent to X'
then there is only one embedding associated to the pair ¢ and j: the shortest
string connecting them. Otherwise there are two strings that we can embed into
X (B) depending on the side of the central cycle we cross. Therefore there are
2(k — 2)(n — k) + 2(n — k) embeddings with one vertex in a type-A,, component
and a vertex in the central cycle.

Finally if both 4 and j are in the central cycle we need to distinguish three
cases: they can coincide (yielding embedding of single nodes), they can be adjacent
(and produce embedding of strings of length 2). Otherwise they produce precisely
two embedding of strings. In total there are k? — k embeddings induced by pair of
vertices in the central cycle.

Summing up all the contributions we get
n—k)n—k+1)+2k-2)n—k) +2n—k) +k*—k=n?>—n

As desired. O
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3.5.2. Types B,, and C,. To extend the above results to types B, and C,

we will use the following general fact on the folding of root systems.

Proposition 3.5.5. Let B be a skew-symmetrizable integer matriz together with an
admissible automorphism o and denote by A = A(B) its Cartan counterpart. Let B
be the image of B under the folding map m and A = A(B) the Cartan counterpart
of B. Let {a;}

be the simple roots

ier be the simple roots for A(A) and {oztcq),

for A(A).
Define the linear map 7 from the root lattice of A(A) to the root lattice of A(A)
by

() = as.

Then for any o € A(A) we have 7(a) € A(A).

PRrROOF. This argument is a refinement of [Tan02, Proposition A.7]; there the
result is stated only for finite type root systems.

Observe first that the map 7 commutes with “orbit reflections”

s7 = H St
that is for any root «
(35.1) ss(m(a)) = (s7(a))
Orbit reflections are well defined because, by admissibility of o, we have
Qi i, =0

for any pair i1 # i9 in the same o-orbit 7. It is sufficient to verify (3.5.1) on simple

roots; we have

Sz (ﬂ'(aj)) = 57 (O(j) = Q7 — Q3305 =T (Olj - Zatjat> =T (s‘{(aj)) .

ter
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Back to our problem, without loss of generality we can assume « to be a positive

root; we will proceed by induction on
ht(a) = ht (Z ciai> = Z C;
i€l i€l
If ht(or) = 1 then o = «; for some i € I; thus m(a) = az. Suppose now that

ht(a) > 1. If all the components of the vector Am(a) are negative then 7(a) is an

imaginary root (see [Kac90, Lemma 5.3]). Otherwise let 7 be such that

(3.5.2) (A7 (), > 0.

Set o’ := sZ(«). Since 7 is disconnected, in view of (3.5.2) o/ is a positive root and
ht (') < ht(a).

By induction hypothesis then 7 (') is a positive root in the root system of A(A)

therefore so is

O

Note that the folding of roots agrees with the folding of both ¢- and d—vectors.

Proposition 3.5.6. Let B be a skew-symmetrizable integer matriz of cluster type

By, or C,. All the c-vectors and d-vectors of Ae(B) are roots in the root system

A(A(B)).

PROOF. It is enough to consider positive c-vectors. By Corollary 3.4.9 any
element of C; (B) is the image of some c-vector of a cluster algebra of type D41
or As,_1. By Proposition 3.5.1 the latter are roots in the root system associated

to the unfolding of B. Our claim follows then directly from Proposition 3.5.5. [

Proposition 3.5.7. Any c-vector (d-vector) of Ae(B) of type By, or Cy, is a real

root if and only if its support is a tree.



PROOF. If the support of the vector we are considering is a tree there is nothing
to show. In all other cases we can “trim the branches” and check directly as we did

in Proposition 3.5.1. (]

Proposition 3.5.8. For any B-matrixz of cluster type either B,, or C,, the cardi-

nality |C+(B)| = |D(B)| is equal to n?.

Proor. This claim does not follow directly from folding. Nevertheless it is
straightforward to apply the same argument of Proposition 3.5.4 to perform the

counting. O

3.6. Appendix: Type D, analysis

The analysis proceeds as follows: as explained above any multilamination cor-
responding to an initial triangulation decomposes the surface S into pieces (see
Figure 3.3.6 for an example). Any quadrilateral can intersect positively at most
laminations contained in three different pieces. We need therefore to consider, for
any quadrilateral in Figure 3.3.3, all the possible ways of inscribing it in a surface
with at most three pieces. Any such case is divided further into sub-cases depend-
ing on how the multilamination looks around the puncture (see Figure 3.3.5) and
which marked points are the vertices of the quadrilateral we consider.

For any possible configuration we provide a bipartite quadrilateral giving rise

to the same c-vector.
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