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Chapter 1

General presentation:

scaling limits in Kinetic Theory

1.1 Introduction

The purpose of Kinetic Theory is to describe systems made of a large number of components,
which we will suppose in the sequel to be identical particles. The difficulty in the mathematical
study of these systems relies in the huge number of particles; however the key point in kinetic
theory is that we are not interested in the detailed analysis of the motion of each particle,
but in the collective behavior of the system. Kinetic Theory studies methods to simplify the
model in order to obtain a reduced picture preserving all the interesting physical informations
of the many particle system. These methodologies make use of the limiting procedure from
microscopic description of a many particle system based on the fundamental laws of mechanics
(classical or quantum) to a kinetic picture.

To handle this problem, the idea is to use the statistical description of the many particle
system (for example a gas or a plasma) given by a distribution function f in the particle
phase space; more precisely the kinetic model associated to a given system in R? is obtained
by means of the evolution equation of a nonnegative function f (¢, x,v) defined on Rt x R3 <R3,
The variables ¢, x and v represent respectively time, position and velocity. The time evolution
of f is a priori described by the Liouville equation and its analysis should retain all the features
observed at a macroscopic level. This is possible thanks to the claim that starting from a
system at time ¢ = 0, it is possible to recover its evolution using the law of classical and
quantum mechanics. In this thesis we will focus only on the classical dynamics. The idea
relies on the assumption that qualitative changes in the laws of mechanics are not necessary
to understand the reason why the collective behavior of the system seems to contradict them

(here we refer to the famous irreversibility paradox!). This controversial problem was largely

'Here we refer to the Loschmidt’s paradox, which we briefly report here for sake of completeness. Let us

consider the evolution of a gas in the time interval [0, 7] and imagine that at time T we are able to reverse all



studied in the last two centuries. We will emphasize this concept in the following, in particular
underlining that the choice of initial data is a crucial point since in it the main probabilistic
tool is hidden and it justifies somehow the apparent deviations (and contradiction) from
classical dynamics.
We observe that at a fixed time ¢, the measure f(t,z,v)dzdv represents the probability
distribution of particles. At this point the common sense suggests that in a bounded subset
of the physical space the integral of f is finite (see for instance [L-75]), so that the minimal
assumption on the density function is that f(¢,-,-) € L} .(R3 L1(R3)) for all t € RT. Here
we are assuming that the system is made of so many particles that it can be represented as a
continuum and this is the reason why the distribution function stands for an approximation
of the true density on a macroscopic scale as well as it constitutes a lack of information in
the knowledge of the true positions of particles.
If the collisions between particles in a gas were negligible, each particle would represent a
closed subsystem and the time evolution of the distribution function would be

af

= 1.1.1
“ =0, (1.1.1)

where d/dt stands for the material derivative, i.e.
8tf+v'v:vf:07

if there are no external forces. This is the case of free motion.
If a force appears (namely F' = —V,®, where ® is the internal interaction potential), then

the evolution equation (1.1.1) becomes
Of+v-Vof+F -V, f=0. (1.1.2)

This is the case of the Vlasov equation, representing a collision-less plasma, where the force

F is self induced, depending on the interaction potential and on the solution itself:
F(ta x) = (_VIB(I) * p)(ta .1‘)

being p(t,z) = [ dv f(t,x,v) the spatial density.
If we take into account the collisions, the Liouville equation (1.1.1) changes. It is natural to
introduce an operator Q(f, f), called the collision integral, describing the speed of variation

of the distribution function after collisions, so that

Of +v-Vaf =Q(f, f). (1.1.3)

Equation (1.1.3) is a prototype of what is generally called kinetic equation.

velocities of the particles composing the gas. From a microscopic point of view we should be able to recover
the same evolution backwards in time and to reach the initial configuration, but from a macroscopic point of

view it is not so because of the entropy dissipation (see [CIP] or [V-02]).

6



The basic equation of kinetic theory is the celebrated Boltzmann equation (or kinetic equation

for dilute gases):
Of+v-Vuf = /dw /52 dvB(v — w;w)[f(x,v") f(z,w") — f(z,0) f(z,w)] (1.1.4)

with B(v — w;w) a suitable function of the relative velocities (v — w) and w, the unit vector
bisecting the angle between the incoming and the outgoing relative velocities. It is a non-
linear integro-differential equation, describing the time evolution of the density of a dilute
(monoatomic) gas. It was the first kinetic equation in the history of statistical mechanics
and it was established by L. Boltzmann in 1872 ([B]). Equation (1.1.4) has been largely
investigated because of its interest both for fundamental theory and practical applications.
The remarkable fact is that, in the attempt to conciliate the Newton laws with the second
principle of thermodynamics, Boltzmann was able to construct an equation expressing mass,
momentum and energy conservations, but also the trend to thermal equilibrium. In partic-
ular, if f is a solution to the Boltzmann equation (1.1.4), the following conservations laws
hold:

/ dx / dv f(t,x,v) conservation of the total mass;
R3 R3

— dw/ dv v; f(t,z,v) =0, i=1,2,3  conservation of the total momentum;
dt R3 R3

2
— da:/ dv |U‘ f(t,z,v) =0 conservation of the total energy.
R3 R3
(1.1.5)

Equations (1.1.5) are easily checked by using the explicit form of the collision operator and
standard manipulations.
Moreover, we introduce the H—functional, which represents the entropy of the system (with

the opposite sign with respect to the physical entropy):

}{(f(t,y-))::u/ﬁ de [ dv f(t,z,0)log (F(t,2,0)) . (1.1.6)

R3 R3

Boltzmann observed that, if f is a solution to (1.1.4), the time derivative of the H—functional

is non increasing, indeed

dH : /m/MQﬁ )log f =

:—/da:/dv/dw/SQdVBv—ww) (1.1.7)

(0 ) ) = S0t ) log T 2 IR <o

where in the last line we used that the function (z,v) — ((m —y)log 5) is non negative.

7



Inequality (1.1.7) is the celebrated Boltzmann’s H-Theorem, which states that the entropy in
non increasing in time.

In Chapter 2 we will report the paper [PSS], in which we discuss the problem related to
the derivation of the Boltzmann equation from a N-particle system, in the spirit of the well
known paper by Lanford ([L-75], for a system of hard—spheres, and [K-75]). Here we propose
a rigorous derivation in the case in which the interaction is given by a smooth short range
positive potential. More precisely, in [PSS] we show that, considering a classical system
of point particles interacting by means of a short range potential and performing the low-
density limit (or Boltzmann—Grad limit: see Section 1.3), the system behaves, for short times,
as predicted by the associated Boltzmann equation.

When a long range interaction appears, it is not clear whether the Boltzmann equation is
a suitable model. In particular, in the case of Coulomb interactions, the collision integral
becomes divergent at large distances among particles and equation (1.1.4) makes no sense.
For this reason, L. D. Landau in 1936 ([L-36]) proposed the following kinetic equation, called

the Landau equation:

Of+v-Vuf = /dwvu [a(v —w) (Vy — V) f(v)f(w)] , (1.1.8)

being a(v — w) a matrix of the form

rU—U)2 — v —w Vv—w
a(v — w) = A *1d — ( ) ® ( )), (1.1.9)

v —w v — wl|?

where A > 0 is a suitable constant.
The Landau equation (1.1.8) retains conservation laws (1.1.5) and, choosing the H-functional

as in (1.1.6), an equivalent H-Theorem holds:
dH

E(f(t’ ) )) =
Vof(t,z,v) Vi f(t,z,w) 2

=3 Jar [ fwae—w .00 sit.00 floo)  Jhww) | S0
(1.1.10)

This equation is largely used in plasma physics and the mathematical theory is at the very
beginning. Indeed very little is known about the well-posedness problem and the derivation
from particle system. In Chapter 3 we will propose an attempt to derive the Landau equation
from a system of particles interacting by means of a smooth short range potential, reporting
the paper [BPS], in which we perform the weak—coupling limit (see Sections 1.3 and 1.4) to
pass from microscopic to macroscopic dynamics. The result is very preliminary, since we are
able to give only a rigorous consistency proof.

Since the mathematical problem linked to the derivation of the Landau equation from a
deterministic particle system seems to be very difficult to handle, in Chapter 4 we will present

a result concerning the derivation of the Landau equation from a stochastic model, which plays
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the same role of the Kac model [K] for the Boltzmann equation. After a brief introduction, in
Sections 4.2 and 4.3, we review the well known result obtained by Kac in 1956 and explain how
it is possible to obtain the Landau collision operator from the Boltzmann integral, performing
the grazing collision limit, exactly as Landau did in 1936. In Section 4.4 we report the paper
[MPS] where a Kac model for the Landau equation is obtained.

Finally, Chapter 5 is devoted to the study of the Vlasov—Poisson equation, which is the
usual name for equation (1.1.2) when the interaction potential is Coulomb. By analogy with
the previous Chapters, in Section 5.2 we recall that the sailing limit in which the Vlasov
equation is expected to hold is the mean—field limit. In particular, we are not interested
in the derivation problem, but we focus on the Cauchy problem for the three—dimensional
repulsive Vlasov—Poisson system in presence of a point charge (also called the plasma—charge
model). In Section 5.3 we report the work in progress [DMS], in which - using the well known
results [LP] and [MMP] - we give an existence result for a quite large class of initial data.
The remaining of the present Chapter is devoted to introduce the mathematical objects and

some important notions (for instance propagation of chaos) we will use in the following.

1.2 Newton equations

We consider a system of N particles in the whole space R3, interacting by means of a
two—body potential ®. A state of the N—particle system is denoted by zy = (qn,vy) =
(q1y---,qN,V1,...,UN) € R3N x R3N | where ¢; and v; are respectively the position and the
velocity of particle 4, for i =1,..., N.

It is reasonable from a physical point of view to assume that particles in the phase space
R3N x R3Y are identical; this means that we consider the configuration zy belonging to the
quotient space

S:=R*xRHN /Sy,

where Sy is the permutation group.
Assuming that the mass of the identical particles is equal to one for sake of simplicity, the
N—particle Hamiltonian is

2
2

N (K
H qNavN Z

- 1.2.1
2 9 ( )
=1

where the first term in the r.h.s. of eq.n (1.2.1) is the total kinetic energy of the N-particle
system and the second term describes the interaction among particles by means of a potential

energy which is the sum of all the two—body interactions:

N N
=> ) g
i=1 j=1
i

9



Thanks to the identical nature of particles, the Hamiltonian (1.2.1) is symmetric with respect

to any permutation of particles, i.e.

H(qn,vn) = H(o(an),o(vy)), Y(ay,vy) € (RN x R3Y) (1.2.2)

where o0 € Sy is a given permutation of N elements. It follows that it is enough to choose
(an,vy) in the quotient space S.

Moreover, we observe that the Hamiltonian does not depend explicitly on the time variable,
so that the hamiltonian system is conservative.

Fixed an initial configuration (qy,vy) € S, the time evolution of the N—particle system
associated to eq.n (1.2.1) is given by the Newton equations, i.e. the dynamics is governed by

the following system of ordinary differential equations

@(7) = vi(7) ,
(1.2.3)
0i(7) = Y90 Flai(r) —¢;(1)), i=1,...,N
J#i
where F(¢;(7) — ¢;(7)) is the force acting on particle i due to particle j at time 7; more
precisely F'(¢; — qj) = —V®(q; — ¢;). If we assume that the potential is twice differentiable
and bounded with bounded derivatives, i.e. ® € CZ(R?), there exists a unique flow ST, solution
to (1.2.3).
Since we are interested in a statistical description of the system when the number of particles
becomes huge, we consider on the phase space (R3N x R3NV ) the N—particle probability dis-
tribution fév (an,vN)dgnVvy at time zero. In particular the probability density fév has the

following properties:
(i) fév(qN,vN) >0, for all (qn,vy) € (R x R3);
(ii) Jpon dan [gan AV Y (an, V) = 1;
(iii) f&¥(an,vy) is symmetric in the exchange of particles.
Properties (i) and (ii) are just the definition of probability density, while (iii) is a consequence
of (1.2.2).

Thanks to the Liouville Theorem, the Hamiltonian flow S7(qy, vy) associated to (1.2.3) is
such that

AN (ran,va) = fN(S T (an, V) - (1.2.4)

This ensures that, if fév is a IN—particle probability density, its evolution at time 7 > 0 is a
probability density too, which preserves the symmetry property (iii).
Let us denote by fV(7) = fN(r,qn,vy) the time evolution of the probability density; it is

obtained by solving the Cauchy problem associated to the Liouville equation
O fN(7) + vy - Vay N (7) = Vg U - Ve N (1) (1.2.5)

10



with initial datum f¥. In eq.n (1.2.5) we used the short notations vy - Vg, and Vg, U - Vy,
to indicate respectively Zfil v; - Vg, and Zf\il VU - Vy,.

We observe that eq.n (1.2.5) follows easily by the Liouville Theorem (1.2.4) and eq.ns (1.2.3).
Indeed let ¢ € C°(R3N x R3V) be a test function, smooth and complactly supported. On the

one side

[ da v 575 (v, vploew v) =
= —/qu dvy [qN . VquN(T) + vy vafN(T)] o(xXN,VN) =
= —/qu dvy [V - Vay [N (1) + VayU - Vur N (1)] (xv, viv) ;

on the other side, by (1.2.4),
d
dT/qu dvy N (t,an, vN)e(xn, Vi) = /dCIN avy Or fN (1, an, v ) (XN, Vi) -

The natural starting problem is to understand whenever the flow S™(qu, vy) associated to
(1.2.3) exists and if it is unique. It is well known by classical theory of ordinary differential
equations that the existence and uniqueness of the flow associated to (1.2.3) is strictly linked
to the regularity of the interaction potential; for instance we know that if ® € CZ(R3), for all
initial states of the system (qn,vy) € (R3N x R3V) there exists a unique flow S7(qn, vy)

associated to (1.2.3), i.e. the dynamics is well defined everywhere.

1.3 Low density and weak—coupling limits

We are interested in a situation in which the number of particles N is very large, so it
is natural to investigate the limit N — oo. A natural way to do this is to pass from a
microscopic description to a macroscopic one, by means of a scaling limit.

In the present Section we will describe two types of scaling limits: the low—density and the
weak—coupling limits.

We consider the N—particle system introduced in Section 1.2, obeying to the usual Newton
eq.ns (1.2.3), and a small scale parameter € > 0 which expresses the ratio between the macro
and the micro unites.

If we are interested in the description of a rarefied gas, it is convenient to rescale eq.ns (1.2.3)

in terms of macroscopic variables
t=erT, ri=¢eq, Vi=1,...,N

whenever the physical variables of interest are varying on such scales and are almost constant

on the microscopic scale.
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The dynamics is described by the rescaled equations

(1) = vilt)
(1.3.1)
bi(t) = L P (2020 i1, N
J#

We notice that in order to have a kinetic picture for a rarefied gas, a tagged particle (say
particle i) must undergo a finite number of collisions in a macroscopic unit time. As a
consequence, the density Ne® must vanish, i.e. Ne® — 0. More precisely, it should behave
as O(g?); indeed, assuming the interaction length of the potential ® to be one (i.e. ®(r) =0
if » > 1), we consider the tube spanned by particle ¢ and such a number is finite. In other
words, the limit situation in which the gas is rarefied, but the number of collisions that each

particle undergoes per unit time is not negligible is well described by
N — o0, e—0, (1.3.2)

with the constraint

Ne2 = )\"! (1.3.3)
where A > 0 is the mean—free path. The scaling (1.3.2)—(1.3.3) takes into account the low—
density of the gas and for this reason it is called low—density limit.
As a consequence of the scaling, the probability that two tagged particles (say particle ¢ and
particle j) collide is negligible since it is of order O(¢?). In fact, if we assume that particles
are balls with diameters e, the probability of the event {the couple (i, j) collides} is of order
of the surface of the ball, i.e. O(¢?). However the probability that a given particle performs
a collision with any one of the remaining N — 1 particles is not negligible, indeed it is Ne?,
that is O(1) thanks to (1.3.3).
As we shall see in the next Section by heuristic arguments and in Chapter 2 in detail, the
low—density limit is the scaling in which the Boltzmann equation (1.1.4) is expected to hold.
We remark that in the case of hard—spheres, namely for a N—particle system of elastic and non
overlapping balls, the low—density limit is completely equivalent to the well known Boltzmann—
Grad limit, so called by the names of physicists that stated heuristically and rigorously the
scaling (1.3.3).
Although the Boltzmann equation is expected to be a good description for the time evolution
of the probability density of a rarefied gas, a natural question is whether it is possible to
obtain a kinetic picture for a dense gas.
If we consider a situation in which the number of particles is very large and the interaction
quite moderate, we can perform the so—called weak—coupling limit. We deal with the usual
N-particle system introduced at the beginning of the present Section, whose dynamics is
described by (1.2.3). As already done in the case of a low—density regime, we introduce a

small scale parameter € > 0 and we rescale (1.2.3) in terms of the macroscopic variables

t=erT, T, =¢eq, Vi=1...,N.

12



Moreover we rescale the potential
() — Ved() ,
expressing the weakness of the interaction. The rescaled system is

i(t) = vi(t)
(1.3.4)
Bi(t) = —dz oL v (200 im N
J#

where we used that the inter particle force is conservative since F' = —V®.

To take into account the high density of the gas, we assume that Ne? is of order one, i.e.
Ne3 = A~ > 0. In this contest, the probability that two given particles interact vanishes in
the limit € — 0 because of the weakness of the interaction. Indeed two particles can interact,
but the collision has a small effect and the probability vanishes in the limit.

As we shall see in the next Section by heuristic arguments and rigorously in Chapter 3, the

kinetic equation that is expected in the weak—coupling limit is the Landau equation (1.1.8).

1.4 From particle systems to kinetic equations: heuristic deriva-

tion

Both the Newton and the Liouville equations are difficult to deal with in the regime of N
large. For this reason, in 1946 the physicists Bogolyubov, Born, Green, Kirkwood and Yvon
introduced a reduced description of the N—particle system based on the asymptotic study -in
a sense that we do not precise here?- of the j-particle marginal probability density. More

precisely, they introduced the j—particle marginals

Y (ra;,v5) = [dgjnidgjre .. dgy [ dvjpidvjes .. don fN (G, V), j=1,...,N

fN(raj,v) =0, j>N
(1.4.1)
where fV is the N-particle joint probability density. In particular, (1.4.1) expresses the
probability density of a group of j particles arbitrarily chosen among the N particles at time
7. We observe that f¥(7,an,vy) = ¥ (r,an, V).
In order to obtain an equation for the j—particle marginal fJN (1,4q4,Vj), we integrate the Liou-
ville equation (3.3.4) with respect to the N — j remaining variables zj-v =qj+1, 9j+2, -+ 4N,

Vj+1, Vj42, ..., un (in the following, we will use the notation q§V = @j+1qj4+2---qn and

2When the number of particles becomes huge, the asymptotic we are looking at depends on the phenomena
we want to describe. For a rarefied gas, it will be the low—density limit; for a dense gas, the weak—coupling

limit, as mentioned in Section 1.3.
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V§V = Vj+1Vj42 ... vn for sake of brevity) and we obtain

| . .
Effv =Lif)¥ +(N=))Cjafly, j=1,....,N (1.4.2)

where £; is the Liouville operator reduced to a j—particle subsystem and

J
Cip1 [ (T, a5, v;) = Z/de—&-lde-&-lvqiq)(Qi — i) - Vo F (195, v5) (1.4.3)
i=1

for 5 < N and Cn41 = 0. Indeed

) P
/dqé'vdvév <6T+VN'V‘*N> fH(ray, vw) = (aT +ZWV%> ;T a5,v5) , (1.4.4)
i=1
N
/dq;-vdvévquU ' vVNfN = Z/dqj-vdvj-vvqu . VvifN =
i=1

= Z/dqydvévvqiq)(% - Qk) ) waN =

i N (1.4.5)
= ZZ/dqudvaqi@(qi — ) - Vo SN+

N N
+ > Z/dquﬁ'vvq@(qz'—%)-waN

i=j+1 k=1
k#i

The last term in the above equation vanishes because of the integration; the first term could

be written as follows:

J

N
ZZ/dqﬁVdvévvqifﬁ(qi —qr) - Vo, fN =

i=1 k=1
lAi
Jj J J N
= Z/dqﬁydvévvqﬂ)(qi —qr) - Vo, N + Z Z /dqjvdvj»vvqiq)(qi —qr) - Vo, N =
i=1 k=1 i=1 k=j+1

j N
=33 [ dalav} Vet - ) Vo

+
M-

(N —j) /de—l—lde—i-lvqi(I)(Qi — qj41) - Vo, fN1
(1.4.6)

where we used the symmetry (in the exchange of particles) of the probability density to obtain

a sum of (N — j) equal contributions.
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The meaning of the hierarchy (1.4.2) is the following: the time evolution of the j—particle
probability density fJN is linked to the j—particle Liouville operator, which represents the
interaction of the first j particles among themselves, and to the Cj;1 operator, which depends
on the interaction of the first j particles with the remaining N — j particles.

We observe that when j = N we recover exactly the Liouville equation.

The hierarchy (1.4.2) is called BBGKY (Bogolyubov, Born, Green, Kirkwood and Yvon)
because of the names of the physicists who introduced it.

In the present Section we will use the BBGKY hierarchy to pass heuristically from the Hamil-
tonian N—particle system described in Section 1.2 to an appropriate kinetic equation by means
of opportune scaling limits defined in Section 1.3.

To simplify the model, we consider a system of N identical particles of radius € in the whole
space and we suppose that the interactions among particles are elastic collisions, so that they
cannot overlap and they change instantaneously their velocity according to the energy and
momentum conservations. More precisely, if two particles (say particle i and particle j) collide

with velocities v; and v; respectively, the pre—collisional velocities are

{ vl =v — vy (v — )], (1.4.7)

v =vj+ vy (v —vj)l;

and v is the unit vector indicating the direction of the line linking the two particles. The
dynamics is driven in the following way: a tagged particle moves freely up to the first time
in which it performs an elastic collision and changes velocity instantaneously according to
(1.4.7). The procedure goes on iteratively. We notice that triple collisions are negligible
because they are unlikely.

Boltzmann heuristic argument is the following: consider a test particle and denote by f the
probability density associated to it; the evolution equation of the tagged particle we have
considered is

gtfﬂ-w = Coll (1.4.8)

where Coll denotes the effect that collisions produce on the variation of the probability density
f- We observe that the operator Coll should consist of two parts, a gain part denoted by
G and a loss part L, due to the fact that they give respectively a positive or a negative
contribution to the variation of f because of the collisions.

In particular, Ldxdvdt is the probability that the particle disappears from the cell dzdv of the
phase space because of a collision in the time interval (¢, t+dt) and Gdzdvdt is the probability
that the particle appears in the same cell in the same time interval.

Boltzmann’s argument is based on the following considerations: we focus on a tagged particle
(z1,v1) in the phase space and we consider the sphere of centre x; and radius €; a point on
the surface is determined by x; +ev, where v € S2, being S? the unit sphere in R? centered in
x1. Let (z2,v92) be another particle in the phase space; we look at the cylinder with base area

e2dv and height |(vy — vy)|dt along the direction (vy —v1) and we see that the contribution of
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particle 2 to the loss term L depends on the sign of the scalar product between the relative
velocity (vy —wv1) and v: if (vg —v1) - v < 0, then particle 2 can collide with particle 1 in the
time interval dt so that it can contribute to L; if not, particle 2 do not contribute. These
contributions are equivalent to the probability of finding a particle in the cylinder knowing

the presence of particle 1 in z1, i.e.
folzy, z1 + ev, v, v9)| (v2 — v1) - V| €2 dv duy dt .

If we integrate in the vo and v variables, the total contribution given to the loss term L by

each single particle is
€2 /dvg/ dv fo(z1, 21 + ev,v1,v2)|(vy — v1) - V|
52

where S2 = {v € §% | (vy —v1)-v < 0}. As a consequence, taking into account that particles

are identical, the total contribution to the loss term is
L= (N - 1)62/d1)2 /52 dv fo(xy, 1 + ev,v1,v2)|(v2 —v1) - V] . (1.4.9)
In the same way, the contribution to the gain term is
G=(N- 1)52/dv2 /S2 dv fo(z1, 1 + ev,v1,v9) (v —v1) - V|, (1.4.10)
¥

where 52 = {v € 5? | (v —v1) -v > 0}.

Therefore the collision operator is the sum of the two contributions:
Coll = (N — 1)52/dv2/duf2(:n1,x1 + ev,v1,v9)|(v2 —v1) - V] . (1.4.11)

We notice that (1.4.8) is not a closed equation; indeed the knowledge of the two—particle
probability density is necessary to solve the equation and to find the one—particle probability
density; in the same manner the knowledge of f» depends on f3 and so on. In order to find a
solution to (1.4.8) it is indispensable to get a closed equation; to this end a key role is played
by the Boltzmann’s main assumption: the “Stosszahlansatz”. Boltzmann’s idea is that, if the

gas is rarefied, two given particles are uncorrelated , i.e.

fa(z1, 22, v1,v2) = f(x1,v1) f(z2,02) . (1.4.12)

At a first glance eq.n (1.4.12) seems to be false: it means that the positions and velocities
of the particles are chosen randomly and independently, according to a profile f. This can
be done in general only at time zero, since correlations are created as soon as a collision
happens. Indeed, even if we assume (1.4.12) to be true at time zero, if the test particle
(z1,v1) collides with particle (x2,v2), (1.4.12) cannot hold after the collision (since time

creates correlations). However, thanks to the low density of the gas, assumption (1.4.12) is
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not completely unreasonable; in fact it should be true in some limit and the point is to find
the right scaling. To this end, we observe that if Ne? = O(1) and f» is smooth, the gain term
is order O(1). We notice also that the probability that two tagged particles collide is O(g?)
and that

fo(z1, 21 + ev,v1,v9) = folwy, 1 + v, v],vh) (1.4.13)

where v] and v) are the pre—collisional velocities, according to (1.4.7). This suggests that
assumption (1.4.12) makes sense and, performing the change of variables v — —v in the gain

term, the collision operator appears as

Coll = (N — 1)82/dvg /52 dv(vy — vg) - V[f(x1,0)) f(x1 — ev,vy) — f(z1,v1) f (21 + ev,v2)] .
) (1.4.14)

Heuristically, if f is smooth enough, in the low—density limit (see Section 1.3) the resulting

equation is exactly the one obtained by Boltzmann:

i +v-Vuf = /d’l)g /52 dv (vy —v2) - v[f(z1,v)) f(x1,v5) — f(z1,v1) f(z1,02)] . (1.4.15)

It is important to underline that eq.n (1.4.15) is not equivalent to the Hamiltonian dynamics
from which it is derived. In fact it has a statistical nature and we stress that it is not time—
reversal, thanks to H-Theorem. In particular, eq.n (1.4.12) (called propagation of chaos in a
more general situation) implies an asymmetry in the time variable; indeed if pre—collisional
velocities are uncorrelated, post—collisional velocities have to be correlated, creating an asym-
metry between past and future. The key point is that the microscopic dynamics is reversible
while the macroscopic one is irreversible, also if at a first glance it seems that we have used

only deterministic tools.

The heuristic argument presented in this Section can be extended to a more general class
of two—body potential, obtaining in the limit the classical formulation of the Boltzmann

equation:

?9{ +v-Vof =Q(f, f), (1.4.16)

where
QA = [dva [ avBo = vl @) farg) = S o) )] (1417

with B(v1 — v2;w) a suitable function of the relative velocities and w.
Of course, if we want to derive rigorously (1.4.16) from the hamiltonian dynamics, we have to
take into account that the interaction time is not anymore a time instant if we do not consider

the hard—sphere model and that the expression of the pre—collisional velocities in terms of

3Indeed the probabilistic meaning is hidden in the particular choice of the initial datum according to the

so—called propagation of chaos at time zero.

17



the post—collisional ones is a priori a complicated function of the relative velocities and the
impact parameters. We refer to Chapter 2 and its Appendix for a detailed explanation of the

problem.

Starting from eq.n (1.4.2), it is possible to perform a different scaling limit to obtain, at least
formally, the Landau equation that describes the time evolution of the probability density of
a plasma, in which the density is high.

In particular, we are interested in a situation in which the number of particles N is very large
and the interaction strength quite moderate. The system has a unitary density so that we
assume N = ¢~3. In addition we look for a reduced or macroscopic description of the system.
Namely if ¢ and 7 refer to the system seen in a microscopic scale, we rescale eq.n (1.2.3) in

terms of the macroscopic variables
xr =eq t=er (1.4.18)

whenever the physical variables of interest are varying on such scales and are almost constant
on the microscopic scale. Remembering that we want to describe weakly interacting systems,

we perform the weak—coupling limit (see Section 1.3) rescaling the potential according to:
b — /2D, (1.4.19)
so that system (1.2.3), in terms of the (x,t) variables, becomes:

%xi = V;
(1.4.20)

d :rlfz 1 T;—T;
TV = 1..N: VO L) == j=1.N:. F(—).
= e e, e VR = L Ty e P

A statistical description of the above system passes through the introduction of a probability
distribution on the phase space of the system. Let fN = fN(t,xy,vn) be, as usual, a
symmetric (in the exchange of variables) probability density. Then from eq.n (1.4.20) we

obtain the following Liouville equation

Ot +ZU1 “ Vg, fN t XN,VN) T(TNfN)(t,XN,VN). (1.4.21)

Here we have introduced the operator

(TR fN ) (txn, vN) = Z ( ]igf]]\\[f)@,XN,VN), (1.4.22)
0<k<t<N
with
T — I
TE N = VO(E—=0) - (Vo — Vi )X (1.4.23)

To investigate the limit € — 0 it is convenient to introduce the BBGKY hierarchy for the j-
particle distributions f]N(xj,vj), for j =1....,N — 1, defined in (1.4.1). Such a hierarchy
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is obtained by means of a partial integration of the Liouville equation (1.4.21) and standard

manipulations. The result is (for 1 < j < N):

J
1 N — j
0 V)N = =T N + N 1.4.24
( t+;vk »"Ck)fj \/g ]f] f +1 J+1 ( )
for 1 < j < N. The operator Cjﬂ is defined as:
J
5= Chjsis (1.4.25)
and
Crjrifiti(zr...zjsv ... v5) = (1.4.26)
Tk — T
/dx]-i-l/dvj-l—lF( i jH) Vo fiv1 (@1, T2, 1501, .., Vj41).
C,i’ i1 describes the interaction of particle k, belonging to the j-particle subsystem, with a

particle outside the subsystem, conventionally denoted by the number j + 1 (this numbering
uses the fact that all the particles are identical). We finally fix the initial value { fo *, of
the solution { fJN )} N | assuming that { fo ", is factorized, that is, for all j = 1,. N

=15 (1.4.27)

where fj is a given one-particle distribution function. This means that the state of any pair of
particles is statistically uncorrelated at time zero. Of course such a statistical independence is
destroyed at time ¢ > 0 because dynamics creates correlations and eq.n (1.4.24) shows that the
time evolution of f{¥ is determined by the knowledge of f4¥ which turns out to be dependent
on fév and so on. However, since the interaction between two given particles is going to
vanish in the limit € — 0, we can hope that such statistical independence is recovered in the
same limit*. Therefore we expect that when € — 0 the one-particle distribution function le
converges to the solution of a suitable nonlinear kinetic equation f, which we are going to

investigate. If we expand fJN (t) as a perturbation of the free flow S(t) defined as

(S) f5)(x5,v5) = [i(xj — vit, vj), (1.4.28)

we find
it
£ =5+~ [ 8- )G+ (1.4.20)

1 t
7 /O S(t— t1)T5 £} (t1)dts.

4Observe that the physical meaning of propagation of chaos in the weak—coupling contest is different from
that arising in the low—density contest. In the weak—coupling regime two particles interact but the effect of
the collision is small, while in the low—density case the effect of a collision between two given particles is large,

but unlikely.
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We now try to keep information on the limit behavior of fJN (t). Assuming for the moment
that the time evolved j-particle distributions fJN (t) are smooth (in the sense that the first

and second derivatives are uniformly bounded in ¢), then
Cj—&—lfﬁ-l(xj; vjit) = (1.4.30)

J
- 63 Z/dT/de.HF(T) . Vkaj_H(Xj,l‘k - ar;vj,vj+1,t1).
k=1

Because of the identity
/drF(T) =0, (1.4.31)
we find that
C;—Flfﬁ-l(xﬁ vjit1) = O(eh) (1.4.32)
provided that D2 gZYH is uniformly bounded. Since
N-—j
NG

we see that the second term in the right hand side of (1.4.29) does not give any contribution

= 0(c73)

in the limit. Moreover

/ S(t— t)T5 [N (t)dty = (1.4.33)
Z/ dt, F ( — o) = (v; ] Gl tl)) N (xj,vjit1)
i#k

where fJN is a smooth function. We note that the time integral in (1.4.33) is O(e) because
F # 0 only for times in an interval of length O(g). Therefore f]N cannot be smooth since we
expect a nontrivial limit (for a detailed discussion on this topic we refer to Chapter 3).

Therefore the heuristic idea is to write down the series expansion of the solution, for instance

for the one—particle marginal:

+oo

N = / dty /tl dt . /n[S(t—tl)OlS(tl — 1) ... 0,5(tn)]f°

nOF

where the operator O; expresses the creation of a new particle (C;) or a recollision between
two particles (Tj), I'(n) is a sequence of indices {(r4,1;)}]~; which represents the particles
involved in the interaction at time ¢; and such that r; < [;, n — 1 is the number of created
particles, and the term «(I'(n)) is a combinatorial factor. We are not able to analyze the
whole series, but we can find, at least formally, an agreement between the particle system
and the Landau equation up to the first order in time. We refer to Chapter 3 for a rigorous

argument and a detailed discussion.
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and E. Miot, presented in Chapter 5, Sections 5.3-5.4.
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Chapter 2
Low—density limit
In the present Chapter we present [PSS].

2.1 On the validity of the Boltzmann equation for short range

potentials

ABSTRACT. We consider a classical system of point particles interacting by means of a short
range potential. We prove that, in the low—density (Boltzmann—Grad) limit, the system
behaves, for short times, as predicted by the associated Boltzmann equation. This is a
revisitation and an extension of the thesis of King [10] (appeared after the well known result
of Lanford [11] for hard spheres) and of a recent paper by Gallagher et al [6]. Our analysis
applies to any stable and smooth potential. In the case of repulsive potentials (with no

attractive parts), we estimate explicitly the rate of convergence.

KEYWORDS. Kinetic Theory, scaling limit, BBGKY hierarchy, Boltzmann equation.

2.2 Introduction

In a well known paper in 1975, O. Lanford presented the first mathematical proof of the
validity of the Boltzmann equation for a system of hard spheres, for a sufficiently small time.
The starting point was the series expansion describing the time evolution of the statistical
states of a hard—sphere system. This series is the solution of a hierarchy of equations formally
established by C. Cercignani in 1972 [2], following previous ideas due to H. Grad [7].

The main idea of Lanford is to compare such a series expansion with the one arising from
the solution of the Boltzmann equation, claiming the term by term convergence in the so
called Boltzmann-Grad limit (BG limit in the sequel). The restriction to short times is due

to the fact that the two series have been proven to converge absolutely only for a small time
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interval. Actually it was remarked in [18] that the Lanford’s approach is a Cauchy-Kowalevski
kind of argument.

In [11], although all the main ideas, as well as the strategy of the proof, were clearly
discussed, the details were missing. The complete proof was presented later on in [10], [14],
[17], [16] and [3].

We mention also that the ideas of Lanford can be applied to derive the Boltzmann equation
globally in time, in the special case of an expanding cloud of a rare gas in the vacuum [8, 9].

Shortly after the appearance of the Lanford’s paper, F. King in his unpublished thesis
[10] approached the same validity problem for a particle system interacting by means of a
positive, smooth and short range potential. In this case the basic starting point was not
the usual BBGKY hierarchy, but a variant of that due to H. Grad [7] (we shall call it the
“Grad hierarchy” in the sequel) making the system more similar to a hard—sphere one. More
precisely, in [7] only the first equation of this hierarchy was discussed, while the full hierarchy
was introduced and derived in [10].

The Boltzmann equation obtained by King was written in unusual form. Namely, calling
f = f(z,v,t) the distribution function,

@ +0- Vo fGot) = [ o [ v w=on)-v{ st 0700 = faon ) fao.n)

(2.2.1)
where S2 = {v € S?| (v —wv1)-v > 0}, S? is the unit sphere in R?, (v,v1) is a pair of
velocities in incoming collision configuration —see also [1]- and (v',v}) is the corresponding

pair of outgoing velocities defined by

/
vV =v—ww-(v—uv
w-(v=w)] (2.2.2)
v] = v +wlw - (v—1v1)]
Here w = w(v, V) is the unit vector bisecting the angle between the incoming relative velocity
V = w1 — v and the outgoing relative velocity V/ = v} — v as specified in the figure below.
A more handable and usual form for the Boltzmann equation is obtained by expressing

everything in terms of w, namely

(Or +v-Vg)f(z,v,t) = /R3 duv /32 dw B(w, V){f(x,v’l,t)f(x,v’,t) - f(x,vl,t)f(x,v,t)}
(2.2.3)
where (27 sin ©)B(w,V')/|V] is the cross—section of the potential under consideration.

After many years, the argument has been recently reconsidered by I. Gallagher et al in a
long and self-contained paper [6] pointing out some important facts, surprisingly not discussed
in the previous literature. In particular, the term by term convergence is not innocent because
B is, in general, not bounded and even not defined as a single—valued function. For instance,
for smooth positive and bounded potentials (considered by King himself), v — w is not

globally invertible and B is unbounded. Therefore the difficulty is that one has to exclude
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Figure 2.1: The two—body scattering. We denote by p the impact parameter expressed in
microscopic unities (p € [—1,1]) and by x = x(p, |V|) the scattering angle (x € (—m, 7], x >0
in the figure), while © is the angle given by the relation y = 7 —20. We call scattering vector

the function w = w(v, V).

concentration of measure on certain small sets in the phase space leading to an evolution
much different from a typical Boltzmann behavior. These “bad” events are: (i) the long
time two—body scattering; (ii) the recollisions, i.e. the presence of a given pair of particles
undergoing two or more collisions. The latter is the main obstacle in proving that the particle

system behaves as predicted by the Boltzmann equation.

In [6] the authors prove the validity of the Boltzmann equation under the hypotheses
that the potential is well behaving in this sense, namely that the cross—section exists as a
single valued and sufficiently regular function. In the present paper we show that, under
very general assumptions on the potential, the Boltzmann equation can indeed be derived
in the form (2.2.1). We review the results in [10], completing some parts of the proof and
curing some inconsistencies. Once the Boltzmann equation has been derived in the form
(2.2.1), the passage to the form (2.2.3) is a matter of analysis of the two-body problem. If
the cross—section is not a single valued function, the function B appearing in (2.2.3) can be

still expressed as a sum of the contributions arising from each monotonicity branch.

The approach discussed in [6] makes explicit use of the cross—section as a tool for the
control of recollisions. In the present paper the term by term convergence (which is the most
delicate point in the proof of our main results) is treated in a different way from the ones
in [6] and [10]: see Section 2.8.1 for a presentation of the problem, and Sections 2.8.2, 2.8.3
for a quick abstract and an explicit constructive proof respectively. In our method a very
useful tool is a tree expansion describing the time evolution of correlation functions. This is
presented in Section 2.7. In Section 2.3 we introduce the mechanical system of particles under

examination and make some preliminary remark about it, while in Section 2.4, along the lines
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of [10], we derive the Grad hierarchy, that is the starting point of our study. In Section 2.5
we fix the hypotheses on the initial data and state our main results. In Section 2.6 we present
the uniform short time estimates on the series expansion for the evolution of marginals. The
results in Sections 2.4 and 2.6 are well known by [10] and [6]: we discuss them here briefly
for the sake of completeness. Finally, in the Appendix we give sufficient conditions on the
interaction for having a bounded or a single valued cross—section.

One advantage of the methods developed in this paper is that they allow for an explicit
estimate of the error in the convergence to Boltzmann equation, as soon as one has explicit
estimates of the interaction time of the two—body process in the space of the scattering
parameters. Moreover, convergence is established in a strong sense, that is uniformly outside
a precise pathological null-measure subset of the phase space.

The analysis of sections 2.3-2.8 can be applied to any smooth and repulsive potential,
enlarging the class of interactions considered in [6]. If the potential has also an attractive
part, there is also an additional difficulty due to long time scattering phenomena and presence
of trapping orbits in the two-body process. For the sake of clearness we treat these cases
separately in Section 2.9, where we explain how the proof can be adapted to extend the

convergence result, assuming stability of the interaction.

2.3 The hamiltonian system

We consider a system of N identical classical point particles of unit mass, moving in the
whole space and interacting by means of a two—body, short range potential . We denote by
(q1,v1,- -+ ,qn,vN) astate of the system, where ¢; and v; indicate the position and the velocity
of the particle i, and ¢;(7) the position of particle 7 at time 7. The N—particle Hamiltonian
is

1Y 1 al
52 +5 > (g —qj) . (2.3.1)

2,j=1

i#]
The dynamical flow is obtained by solving the Newton equations
d2q
(1) =) Flai(r) — ¢;(7)) (2.3.2)
J#i

where F(q;—q;) = F; j = =V ®(q; —q;) is the force due to the particle j, acting on the particle
1. We will assume ® to be smooth enough in order to have existence and uniqueness of the
solution to (2.3.2) for any initial datum such that ¢; # ¢; (see Hypothesis 1 at the end of this
section, and Section 2.9).

Consider now a small parameter € indicating the ratio between the macro and the micro

unities. We pass to macroscopic variables defining
r=c¢eq lt=eT. (2.3.3)
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In these variables the equations of motion become
d2.7ji 1 ZT; (t) — X (t)
t)=~- y Qi AL ASEAS 2.3.4
CUEDY (202 (2.3.4)

In order to have a kinetic picture, a tagged particle, say particle 1, must deliver a finite

number of collisions in a macroscopic unit time. As a consequence, the density Ne3 must
vanish. More precisely N should be O(¢72). Indeed, assuming the characteristic interaction
length of the potential ® to be one in microscopic variables, namely ®(q) = 0 if |¢| > 1,
consider the tube spanned by particle 1 in the (macro) time 1:

{a: [l o — (1)) < 5}. (2.3.5)
The number of particles in the tube is the number of particles potentially interacting with
particle 1 in a macroscopic unit time. Hence, if N = O(¢~2), such a number is expected to

be finite. Therefore the scaling we will consider is
N =00, e—0,  Ne2=[1"1>0, (2.3.6)

for a system of N particles obeying to (2.3.4), where [ > 0 will be proportional to the mean
free path and will be fixed to one for notational simplicity.

The scaling (2.3.6) is usually called low—density limit and it is equivalent to the BG limit
originally introduced for the hard-sphere system, [7]. If we want to picture the dynamics in
macroscopic variables, we can say that a triple collision - namely a situation in which three
or more particles are simultaneously interacting - will be very unlikely. Moreover a two—body
collision - namely a scattering process involving only two particles - will take place on a scale
of time of O(¢), but since the force is O(¢~!) it will produce a finite effect. In other words

the expected dynamics is qualitatively similar to that of the hard—sphere systems.

2.3.1 Statistical description

We want to describe our system from a statistical viewpoint. We will use bold letters for

vectors of variables, for instance
z; = (21, , %), Zin = (Zj41," "+ Zj4n), zi = (i, v;) (2.3.7)

will be the notation for the state of particles 1,--- ,j and j+1,--- ,j+n respectively, having

position and velocity (z;,v;). As usual we introduce the phase space
My = {zN e ROV ’ lz; — x| >0, i, k=1---j, k;;«éz’} . (2.3.8)

Consider a probability distribution with density W, which is initially (and hence at any
positive time) symmetric in the exchange of the particles. Its time evolution is described by

the Liouville equation, which reads as

0 + L)WV =0, (2.3.9)
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where the Liouville operator Ly is
Ly =LY + LY (2.3.10)

with:
N
£0 = Z Vi + vﬂ% )
i=1

N
1
ch = - > Fij-Vy, (2.3.11)
ij=1
i#]

and Fyj =~V (525,

Remark. For simplicity we shall assume in this subsection, as well as in Section 2.4 below,
that W is a smooth (say C') function of its variables over all My x RT, with v; - V,, W,
F;j- Vo, WY € LY (My). The assumption is used to write the Liouville equation as a partial
differential equation and to perform partial integrations. This is not really needed to state
our results: we will weaken the regularity hypothesis later on by using a density argument
(see Proposition 1 and the discussion before it).

We introduce the marginals gjv (z;,t) of the time evolved measure W (zy, ), defined by

g5 (z,t) = /de,N—jWN(ZjaZj,N—jat)a (2.3.12)

which denote the probability distributions of the first j particles (or of any other fixed group
of j particles). Clearly g = W¥.

From (2.3.9) and (2.3.12) it follows that the family {gjV j»vzl satisfies the well known
BBGKY hierarchy ([7]):

J J
1 T, — T
<&+Zﬂr%0gy+€§:F( Ek>vmﬁ
=1

ik=1
i£k

N—j< i —
i=1

Notice that, for a fixed j, the interaction term in the left hand side of Eq. (2.3.13) is, in

a sense, negligible because the collisions among a tagged group of particles are unlikely (the

potential is indeed vanishing as soon as ¢ is smaller than |z; — x|). Moreover the integral in
the right hand side is O(¢?). The right hand side, which is due to the interaction between the
group of the first j particles with the rest of the system, is O(1) whenever N = O(¢~?2), which
is exactly the reason why we perform the low—density scaling. However, instead of using the
above hierarchy, not very well suited for such a scaling, we will introduce, in Section 2.4,

another set of equations.
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2.3.2 The two—body scattering

Let us discuss here the scattering process between two particles, which will play a crucial role
in what follows. We turn back to microscopic unities in this subsection.

Let q1,v1, g2, v2 be positions and velocities of two particles which are performing a collision.
It is well known that this two—body problem can be reduced to a central-motion problem
setting the origin in the center of mass:

q1 + g2
2

=0, q=q1 —q2 . (2314)

Then the evolution is given by ,
L) =28 (4(7) 23.15)
The above equation of motion is“almost”explicitly solvable. In particular, fixed the relative
velocity V' = v; — v (hence fixed a value of the energy in the center of mass), one can restrict
his attention to the control of the scattering function w = w(v); since the scattering takes
place in a plane, this amounts to control the function ® = O(p) : see Fig. 2.1 in Section 2.2.
The classical integral formula expressing © in terms of the modulus of the incoming relative
velocity |V, the potential ® and the impact parameter p will be written in the Appendix (see
Eq. (2.10.1)). That formula is not so easy to use in order to get useful informations. So it
will not be employed in the present section.
In what follows it will be rather crucial to have an estimate on the scattering time T,
namely the measure of the time interval for which |¢(7)| < 1. To this purpose, we need to

state our precise assumptions on the potential.

Hypothesis 1. The two-body potential ® = ®(q), ¢ € R3\ {0} is radial, with support |¢| < 1

and not increasing in |g|. We assume C? regularity of ® outside the origin.

The smoothness assumption is needed to ensure existence and uniqueness of the flow
evolution for the system of N particles, while the monotonicity is introduced to allow a
simple control on the scattering time 7,. We defer more general cases to Section 2.9.

Consider the central motion given by Eq. (2.3.15) with the initial conditions describing
the two particles just before the interaction, namely ¢(0) = v € S2, §4(0) = V and |V| > 0,
V - v < 0. Denote

L=vAV|=|pV] (2.3.16)

the magnitude of angular momentum, being p the impact parameter (Fig. 2.1). A rather

general estimate on 7, is the following;:

Lemma 1. Under Hypothesis 1 it is
(2.3.17)

]IS

for some A > 0.



Proof. From the conservation laws one derives the well known formula expressing 7, as a
function of V and L :

1
1
Te = \/5/ dr (2.3.18)

12
2

(542 —2(m)

where 7, is the minimum distance from the origin, 7. = min ¢ -1 [¢(7)|, related to V and L

by
B 2

2~ 22

The effective potential, i.e. the potential of the reduced one-dimensional motion (which is

+B(r,). (2.3.19)

the evolution of the radial coordinate in the center of mass), is the L—dependent function

L2 L2

Deps(r) = 55 + ) = = rel0,1]. (2.3.20)

We can write

=2 1
Te = V2 dr
/7"* (ieff(r*) @eff(r))l/2

2 1 1
< v2 / dr ) (2.3.21)

(mingo 1y(~2))

Denote improperly @ the derivative with respect to r of the function ®||gj=r- Since ' <0

N|=

and )
L

,eff(r) ='(r) - 3

the result follows easily. O
The estimate in Lemma 1 tells us that 7. = O((pV)~!). This has the advantage to be

general and sufficient to our purposes. Clearly the bound can be improved in many cases.

: (2.3.22)

Singularities in the scattering occur whenever the collision is central (p = 0) and the energy
corresponds exactly to a point of vanishing force (p/2 = ®(r),®'(r) = 0). This kind of
singularities does not exist if the potential is unbounded at the origin and strictly repulsive:
for instance for potentials diverging at the origin with a power law, formula (2.3.17) can be
easily replaced by 7, = O(V~!). From (2.3.21) it can be noticed also that the singularity for
low energies may appear only if ® goes to zero smoothly (C') in r = 1.

We conclude by introducing a map which encodes all the properties of the two-body

interaction. The scattering operator T is defined over
{(u, V)€ S2 xR\ {0} st Vv < 0} (2.3.23)
by:
Iw, V)=V

V=V —2w(w- V) (2.3.24)

V=—v+2ww- )
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where w = w(v, V) is the scattering vector, see Fig. 2.1. It follows that V -v = =V’ .. In
particular, V' -2/ > 0, i.e. Z sends incoming to outgoing configurations.

The following property of Z will be used in the validation of Boltzmann equation.
Lemma 2. 7T is an invertible transformation that preserves Lebesque measure.

Proof. Of course, being the dynamics reversible, w(v/, V') = w(v,V) (see Fig. 2.1) and
Z~ ! is defined in the same way as Z.

To see that Z is measure preserving, we fix cartesian coordinates on the plane where the
scattering occurs, and call ¢ the angle formed by V and the first axis (with ¢ growing when
V rotates counterclockwise), « the angle formed by V' and v and such that sin « is the impact
parameter p (with the convention a € [7/2, (37)/2], see Fig. 2.1). Restricting to the plane of
the scattering, we have the parametrization V = (|V|cos ¢, |V|sin¢), v = «. In the variables

|V|, ¢, & the action of Z is simply described by:
V' = (|V'|cos¢,|[V'|sing'), V' =d,

where

V| = V]

o =1 —« . (2.3.25)

¢' = ¢ — x(sine, [V])
Note that o/ € [—7/2,7/2]. The first equation is conservation of energy, the second conserva-
tion of angular momentum, and the third holds by definition of scattering angle (Fig.2.1). In
the Appendix it will be noted that  is a differentiable function of its arguments. Moreover,

the determinant of the jacobian of the transformation (2.3.25) has modulus one, independently

of the form of x. This concludes the proof. O

2.4 The Grad hierarchy

In this section we derive a hierarchy of equations for a family of quantities which are very close
to the marginals introduced in the previous Section 2.3.1. This allows to put the dynamical
problem in a form somehow similar to the one arising in considering hard—sphere systems and
more suitable for the study of the low—density limit.

We define the reduced marginals
fJN<Zj,t) = /S( N de,N_jWN(Zj,ZjJV_j,t) y (241)
X -

where
S(xj) = {z = (z,v) € RS ‘ |z — x| >¢e forallk=1,--- ,j} . (2.4.2)

It is clear that the functions fJN , for any j, are asymptotically equivalent (uniformly on

compact sets in M in the BG limit) to the usual marginals.
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Consider now a configuration zy = (z;,2; n—;) such that
|xg — x| > € (2.4.3)

forall/=1,---,jand k = j+1,---, N. Since the range of the interaction is &, the interaction
between the group of the first j particles and the rest of the system is vanishing. Therefore

the Liouville equation (2.3.9) on such configurations becomes:
oW + LAWY + LW 4 £ yWN =0, (2.4.4)

where £§7N is defined as in (2.3.11) with the sums running from j + 1 to N.

As already said in the Remark at page 28, we make at the moment the regularity as-
sumptions needed to justify Eq. (2.4.4) and all the steps in the following derivation (see the
mentioned Remark).

Integrating Eq. (2.4.4) with respect to dz; n—; over S(x;)V 7 we obtain:

(0r + LF) [V (zj,t) = Z/ dzj N—jvi - Ve, WY (2, )
i=j+1 S(xj)N=d
—Z/ dzj n—jvi - Ve, W (zy,1) (2.4.5)
i S(xj)N—d
where we used that
/ dvin_; LW =0. (2.4.6)
R3(N—3) ’

The first sum is handled by the divergence theorem yielding

- Z / dzjq-- / da(xi)dvi-~-/ dzn (vi - )W | (2.4.7)
AS(x;) S(x;)

i=j+1
where v; is the outward normal to S(x;) and do(z;)dv; is the surface measure. Note that
if z;, € 0S(x;), there exists an index k € {1,---,j} such that |z, — 2;| = €. Moreover, if
z; € M, there is only one such an index for almost all z; with respect to the surface measure
do(z;). Hence 0S(x;), as regards the z-dependence, is the disjoint union of pieces of spherical

surfaces. We call such pieces oj(x;), that is

J

0S(x;) = | J owlx;) x R? (2.4.8)
k=1
where
orp(xj) C{a | |z — x| =€} . (2.4.9)
We set v, ; = Using the symmetry of W/ we have N — j identical integrals, for which

Iﬂf w\

(2.4.7) becomes:

j
—(N—J')Z/ d0($j+1)/ dvj+1(vj+1"/k,j+1)/ dzjian— WYL (2.4.10)
k=1 O'k(Xj) R3 S(Xj)N7]71
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1 as it would

The integration domain of the last integral in (2.4.10) is not S(x;41) =9~
be necessary to recover fﬁl and close the equation. We could reduce this integration to
S(Xj+1)N =1 and this would produce a small error in the BG limit. Nevertheless, we

want to establish an exact and closed equation, for which we need a further work. Let

@ ={i1, - ,im} be a subset of ordered indices of {j+2,--- , N}, with i1 < ig < -+ < i,,. We
put z; = {zi,, -+, 2, }, and introduce the set
Ai(xj41) == {zi C S(x;)™ such that, foreach £ =1,---,m, min |z, — ;| < E} )
keiU{j+1} ’
ki
(2.4.11)

A generic configuration in S(x;)V =771 differs from S(x;4+1) 7971 because some particle,
say particle i1, could overlap with particle j + 1, this meaning that |z;, —x;41] < e. If this is
the case, we consider the maximal cluster of overlapping particles with indices ¢. Definition

(2.4.11) gives the subset of such cluster—configurations. The other particles are far apart the

group with indices 1,---,7,j + 1,4, therefore each of them is in S(x;j41,x;). Then, we can
decompose the integration domain S(x;)N=9=! in (2.4.10) as a union of disjoint sets to obtain
j N—j-1
SOEEDY [ o) [ v mgn)
k=1 m=0 g:|i|=m "’ 7&(Xs) R3

S amimam), (2412)
A (xj41

where we denoted || the cardinality of ¢ and we used (2.4.1), as well as the symmetry of W,
to integrate out the not—clusterized variables. All the terms in the ), are identical so that

the result can be written

j N—j—1
S Y W (N ) [ do(eg)
k=1 m=0 ok (x;)
dZj1m N
g. dvj+1(vj+1 - Vi jt1) N itm(Zjriem) ,  (2.4.13)
m Xj+4+1 °

where
Ap(Xj41) == {sz,m C S(x;)™ such that, for each £ =j+2,--- ,j+ 1+ m,

min |z; — x| < 5} . (2.4.14)
ie{j+1, j+1+m}
i

The second sum in Eq. (2.4.5) is

J J
—Z/ VdZ]}N_jUi-inWN(ZN,t) = —Z'I}i-vxiij(Zj,t)
i=1 /5N i=1

J

+(N—j)2/ d0($j+1)/ dvjt1(v; - Vi,j+1)/ N W (2w t)
i=1 ag; X]‘) R3 S(Xj)N7J71
(2.4.15)
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Repeating the same step we did before to go from (2.4.10) to (2.4.13), we readily arrive to

the following hierarchy of equations (which we call Grad hierarchy):

N—j—1
(0 + Lj) Z  temf e lem 1<j<N, (2.4.16)

where the operator £; = L5 depends also on € through its interacting part (2.3.11), and
At 1am(Z5,t) = (N = )(N = j = 1)--- (N — j —m)
J
2
: ; € /52 dl/]l{ming:17...7j7e¢i |xi+l/8—1‘g|>8}(y) /R3 de+1('Uj+1 - Ui) v

dz 1
’ / % ]YH+m(Z]7 Ti +VE, Vi1, Zj41, mt) ) (2'4'17)
A (xj+1) '

with 741 = z;+ve in the argument of A,,,. We indicate with 144(-) the characteristic function
of the set defined by the condition in the curly brackets.

In particular it is
N
A1 f5(25,0)

J
= 62(]\] - .7) Z/ dl/dvj'i‘ll{ming:l,m Gl |xi+ve—zg|>e} (V)
i—1 Y S?xR3

'(Uj""]- - Ui) . ij"]\—[‘,-l(zjaxi + V87Uj+1at) 3

= 82(N - j)C§+1fj!Y|—1(Zj7 t) ) (2418)

where (2.4.18) defines C¢ SRR which is the same collision operator appearing in the hard—sphere
case, see [11]. Actually it is clear that, in the BG limit, this term is the only O(1) term in
the sum in the right hand side of (2.4.16). Indeed, for m > 0 and fixed j, the size of A5, ,,,
will be

O(N™Hig2gdmy (2.4.19)

the 3™ coming from the successive integrations in the domain A,(x;4+1). This means that
we are in a situation quite similar to that of the hard—sphere system [11], and we can hope

to derive the Boltzmann equation in a similar manner.

2.4.1 Series solution
Consider the dynamical flow obtained by solving the Newton equations (2.3.4) for a system

dt2 ZF <x (t)> , (2.4.20)

k;ﬁz

where 7 and k run now from 1 to j. Denote by T5(?)z; the solution of this system of equations

of j particles:

with initial datum z;. The action of this flow on the functions is given by the interacting flow
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operator S5(t), defined as
S5 (t)g(z5) = g(T5(—t)z;)) - (2.4.21)

We may represent the solution of Eq (2.4.16) by means of a perturbative expansion, that

is just the iteration of the Duhamel formula:

N—j t t tno1
N(p) = n
fit (@) ;) > /0 dt /O dts /O dty, (2.4.22)

mi, ,mn 20:

N
'SJE‘ (t— t1>A§+1+m185+1+m1 (tr —t2) - '“4§+n+2?:1mi 5+n+2?:1mi (tn) JHn+3S g m 0),

where fJN (t) = fJN (-,t), and fJN (0) are the reduced marginals of the initial probability distri-
bution. This expansion will be our main tool.

We derived Eq. (2.4.22) assuming sufficient smoothness of the initial distribution (see
Remark on page 28). However, by using a density approximation, (2.4.22) can be proven to
hold for a general class of initial measures. The argument can be found in [17] page 281, or
[15] page 18 for cases of hard—sphere dynamics, and it can be applied also to general smooth
potentials. We list the main steps in what follows. A different approach based on a weak
formulation may be found in [6].

Consider the collection of integration variables in the right hand side of (2.4.22), which
we call X = (t1, -+ ,tn, V1, Vn,y Vg, - - s Vjtns Zjgn, S, m;)s see also (2.4.17). The reduced
marginal in the integrand takes a form fﬁ_n_i_z?:lmi (Yjrntyr, mi (25, A),0), with z; € M;
and A in the integration domain. For the understanding of the detailed structure of the
map, (z;, ) — Yjtnt> " m;» we defer to the discussion in Section 2.7 of this paper. Now,
let us write the expansion in (2.4.22) for a generic measurable probability density W¥. To
have a nice control on the integration over large velocities, we shall assume the exponential
decrease fJN < e P v for some ¢, > 0. Since y is a Borel map (as follows directly
from measurability of the partial mappings (z;,t) — T;(¢)z;), the expansion makes sense for
the reduced marginals of W, and the integrals therein are absolutely convergent.

To recover identity (2.4.22), we use that there exists a sequence of smooth densities
WY which evolve according to (2.4.22), satisfy the exponential bound, and approximate

wh . lin}]WNW = W a.e. on My. Since the densities evolve according to W (zy,t) =
Y

W (T, (—t)zn) (and same equation for W), we also have %EI%)WN”(t) = WH(t) a.e. on
M and, consequently, lin(l)f;\w(t) = ffv(t) a.e. on M;. We are left with the problem of
Y

taking the limit of the right hand side of (2.4.22). Using the measure preserving property of

the flows Tj(t), it can be shown that y is not singular, in the sense that y—!

maps null sets
in M i 5on o, to null sets of values of (z;, A) in its domain. This fact, together with the
gaussian estimate, allows to apply dominated convergence, thus concluding the proof.

Summarizing, we have the following
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Proposition 1. Let W be the density of a probability distribution on My with reduced
marginals fN Suppose that W is Borel measurable, symmetric in the particle labels and
such that fN < de” BYd v for some ¢, 8 > 0. Then the evolved measure at time t > 0 has
reduced marginals fJN( ) given by Eq. (2.4.22), for almost all points in M.

Remark. It is important to observe that definitions of the operators .A? and C5 (respectively
(2.4.17) and (2.4.18)) involve a trace problem, so that they are well posed if they act over
functions which are at least continuous over a.a. points of the spheres of center x; and radius
e (see definition (2.4.17)). Nevertheless, this is not relevant to our purposes, since we will
work only with operators of the form [ dsA5S5 (s). These last are indeed well defined over
functions fJN satisfying the hypotheses of Proposition 1, by virtue of the nonsingularity of
the map y;.

For future convenience, let us conclude this subsection by giving some more definition.
The subseries associated to the dominant term of (2.4.22) (that with all m; = 0) defines a

new sequence of functions which we call { fJN }é\f: 1

N—j t1 tn—1
M=y o dt dt dty, (2.4.23)
M= 3ok [Lan [ |

S]( )C€ S +1(t1 ) C§+nSj€+n(tﬂ) ]+n(0) )
an(j) =N =) (N—j—1)-(N—j—n+1), (2.4.24)

n

where we used definition (2.4.18). Notice that the in the BG limit o5 (j) = O(1).

Finally, it will be convenient to decompose the collision operator C$ G411 the following

form:
J+1 ch Jj+1
€,+ &,—
Crjr1 = Ck i1~ Gkl
,+ N
CE’]+1 j—‘rl(z,]’ t) = /52 RS dl/d'Uj+1]l{min£:1,m,j;[#k |J,’k+l/6—l‘g‘>6}(y)
2 x
ok = vjg1) - VI f0 (25, 2 + vE, V41, t)
CZ ]_—l-l j+l(z.7’t) = \/52 YR dydvj'Fl]l{ming:l,m Jie£k |TRtre—xe|>€} (V)
(v — Uj-‘rl) . V\fﬁl(z]‘, T + VE,Vjt1, t) (2.4.25)
where

S% ={v | (g —vjs1) - v 20},
S2 ={v | (g —vj11) v <0}, (2.4.26)

36



2.4.2 The Boltzmann hierarchy

In this subsection we treat the solution to the Boltzmann equation (2.2.1) as we did in Section
2.4.1 for the interacting system of particles and compare heuristically the results.
Let f be a solution to Eq. (2.2.1). Consider the products

fi(zj,t) = f(O)% (25) = f(21,0) f(22,1) -+ f(2,) - (2.4.27)
It is easy to show that the f; solve the hierarchy of equations
(00 + L9) f; = Cis1fjs1, 1<j<oo, (2.4.28)
where

Cit1 = Z Cr,j+1 (2.4.29)

Crj+1 = Ck WES Y J+1

Ci i fit(zg,t) = /2 , Wvdvie1(vr = vje1) - vfjale, o s Thy Uy " 245 b1, Vg1 )
53 xR

Crjrrfivi(z,t) = /2 L Avdvie1(vp = vie1)  vfieaen o Tk, 2, T, U )
51 xR

and
v, = Vi1 — wlw - (v — v
ic 1 — wlw - (v — vj41)] 7 (2.4.30)
Vg1 = V1 +wlw - (v — vj41)]
w = w(v,vj41 — vg) being the scattering vector (see Fig. 2.1).
The infinite hierarchy of equations (2.4.28) (which does not express nothing else than
the Boltzmann equation) is called the Boltzmann hierarchy. Proceeding as before, we may

represent its solution by the perturbative expansion around the free flow:

t1 tn—1
Z/dtl/ dty - - / dt,

n>0
Sj(t = 11)Cit18j41(tr —t2) -+ CjynSjn(tn) fi4n(0) ,  (2.4.31)

where now S;(t) is the free flow operator, defined as
S;i(t)g(z;) = g(x1 — vit, v, -+, — vjt, v5) . (2.4.32)

Note that:
- Eq. (2.4.22) is an identity which expresses fJN (well defined by means of the N—particle
flow) in terms of a finite sum of operators acting on the initial sequence fJN (0);

JN, Eq. (2.4.23), is just a technical definition;

- Eq. (2.4.31) is a serieswhose convergence must be proven.
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As for the hard—sphere case [11], it is possible to show that such a series is indeed convergent
for a short time. We will do this in Section 2.6.

Recalling the discussion at the end of Section 2.4 and the fact that [,]I- equals zero for
e small, we shall guess that (2.4.28) is what one gets just letting € go to zero in the Grad

hierarchy (2.4.16). To do so, assume for simplicity that fﬁfrl is continuous. Then, we may
e, +

k,g+1
incoming collision states. Call t, = e7, the time of interaction of particles & and j 4 1. Since

try to rewrite the action of C over jf\il in such a way that the function is evaluated in
the scattering process is, in macroscopic variables, almost instantaneous, we assume that the
other particles do not interact in the same time interval. By the continuity of the flow it will
be

T§+1(—t*)(zj,xk +ve,vjp) = (21, ,xk,vfc, ce ,zj,xj_,_l,vg-ﬂ) , (2.4.33)
hence
,+ N
Criv1fiv(z5,1) (2.4.34)
~ / dydvj—i-l‘(vk - Uj+1) : V|f]g\-[‘,-1(zl7 e 7174:7”;@7 T ,Zj,$j+1,1}§-+1,t>
52 xR3
- / dVd’Uj+1(7)k - /Uj-i-l) . ij]\-[t,-l(zl) o 7xk)v;<;7 e 7Zj7$j+l)v9+lat) 3
52 xR3

where in the second step we simply changed v — —v.

We stress that this heuristic discussion is somehow dangerous. In fact, the required
continuity property of f]‘-’\il, even when true for any fixed N, is lost in the limit. This is
why we work with integral formulas instead of partial differential equations. The rigorous
version of the above (standard) argument, which will be presented in Section 2.8, resorts to

the convergence of (2.4.31) to (2.4.22), and requires only continuity of the limiting initial data

£3(0).

2.5 Assumptions and results

We establish here the hypotheses under which we will work. Beyond Hypothesis 1 on the

interaction potential stated in Section 2.3.2, we assume

Hypothesis 2. The initial condition for the Boltzmann equation is a continuous probability

density fo over R®, satisfying the bound

sup egpfo(x,v) < 400 (2.5.1)

x,v
for some 5 > 0.
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Moreover, indicating by H(z;) the j—particle Hamiltonian written in macroscopic vari-

ables,
H —1j21j<1>”3i_$’“ 2.5.2
@) =52 i3 2, (T ) 252)
=1 3,7=1
i#k
we have

Hypothesis 3. The initial probability density on My is a Borel function W(fv symmetric in
the particle labels. Its reduced marginals fé}fj, j=1,---, N satisfy the bound

oV (z5)eP (=) < g2 (2.5.3)
for some o > 0.

By Proposition 1, the fé};- are good initial data for the evolutions (2.4.22) and (2.4.23).
Note also that Hypothesis 3 implies that we are fixing correlations even at time zero. Indeed,
if the interaction potential diverges at the origin, fé\fj (z;) — 0 exponentially whenever x; — z;
for k # i. Therefore, initial product states are excluded. This situation is similar to that
of hard—sphere systems, in which an overlapping of any pair of particles is not allowed.
Even when the potential is bounded, but positive at the origin (which is the case of stable
interactions), product states are forbidden by Hypothesis 3. In fact, near the diagonal (x =
;) the factor ePH (%) can grow exponentially with j2.

Our last hypothesis is

Hypothesis 4. The family féYj converges to fo; := fgz)j as N — oo, uniformly on compact
sets in M.

We are now ready to state our first result. Let fJN (t) be the reduced marginals at time ¢,
evolved according to Eq. (2.4.22) and let f;(t) be defined as in (2.4.27) and (2.4.31) (which
will be proven to be an absolutely convergent series in Section 2.6). Define also the subset of

particles that cannot collide pointwise under the free evolution:
Q; = {Zj € M;j s.t. ;gﬂg\mz —xp — (vi — vg)s| > 0} . (2.5.4)

Theorem 1. Under the Hypotheses 1-4, there exists tg > 0 such that, for 0 < t < ty and
J >0,
lim fN(t) = f;(t) (2.5.5)

e—=0
Ne2=1

uniformly on compact sets in 1.

Theorem 1 is formulated and proven in the same spirit of [11] and [10]. As we shall
see in Section 2.8.2, the proof, based on geometrical arguments, is abstract and does not

give informations on the rate of convergence. However, the result can be improved under
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quantitative assumptions on the rate of convergence and the continuity of the initial data, as
explained in what follows.
Define
M;(5) = {zj c RS ‘ 2 — x| >0, ik=1-j, k # z} (2.5.6)

for 6 > 0. We assume

Hypothesis 5. For some C’ > 0,

sup [ foj(z5) — foy(z5)] < (C'Ye. (2.5.7)
z;EM;(e

Then we have the following:

Theorem 2. Assume the Hypotheses 1 —5, and assume that fo is Lipschitz continuous. Then,
for allz; € Q;,j > 0 and t sufficiently small, there exists a positive eg = €o(z;) such that, for
e<egand Ne2 =1

1N (25,0) — f(25,0)] < CIeto (2.5.8)

where C > 0 is a suitable constant.

Observe that Hypotheses 4, 5 are a natural notion of convergence compatible with conti-
nuity of fy and estimate (2.5.3) (which prevents convergence on the diagonals z; = x). To
clarify this point, we construct some explicit example in the next subsection.

2.5.1 An example of initial datum

In the following we present a sequence of reduced marginals satisfying Hypotheses 3-5. Set

1
Wo' (zn) = Z FNey) T Tge—ase(zn) (2.5.9)
N 1<i<k<N
where
ZN :/ dzn [N (zn) [ 1qei—snise) (2n) (2.5.10)
RO 1<i<k<N

is the partition function and fj is some density satisfying Hypothesis 2. The reduced marginals

are
FN(z. .
Foy(zs) = Z;ZJ) 00(z) 1] Lgeion>e(2) (2.5.11)

1<i<k<j

with

FN(Z]'):/V B dz;n 15N (25.8) H H Lfja,—ap|>e} (ZN)

i=1 k=541

H ]l{|$i—wk|>€}(zj,N) . (2.5.12)
JH1<i<k<N
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Let us estimate FV(z;)Z5". First observe that, for some Cp > 0,
ZN_j(1—CoNe¥) < Zy < Zn_; . (2.5.13)

The upper bound is obvious consequence of the normalization of fy. As regards the lower
bound, note that

N—-1
ZNZ/ dzn 1 f§ N Vo) [ Loansey (-1
RO(Y=1) 1<i<k<N-—1
N-1

./RG dzn fo(zn) H 1fja,—an|>e} (28)

=1

_ ®(N-1)
N /]RG(Nl) dzN— 0 (ZN_I) H ]l{laci—:vk|>a}(zN—1)

1<i<k<N-1

N-1
./RG dZNfO(ZN) <1 o Z ]1{|IixN|<6}(zN)>

=1
> Zy_1(1 = Co(N —1)e?) , (2.5.14)

for instance taking Cop = (47/3)|| folleo- Eq. (2.5.13) follows by iteration. We can also show

that
C0N€3

: N
ZN-j <1 _‘71—670]\753) < F(zj) < Zn-j - (2.5.15)

The upper bound is immediate, while the lower bound follows from

FN(Zj) = /Re(N—j) dzj’Nfg?(Nﬁ)(Zj’N) 1- Z Z l{lwi—ik\ﬁe}(zN)

i=1 k=j+1

H 1j2;—ay|>e} (Z5,N)

j+1<i<k<N
> Zn_j — j(N = §)Coe®Zn_j_1 ,

Zy_ji_
> Zn_ (1 - jNCOg?’gNU) , (2.5.16)
)

noticing that (2.5.13) implies ZN_j_lzﬁij < (1-CoNe)~L If Ne? = 1 and N is sufficiently
large, Equations (2.5.13) and (2.5.15) give in turn the bounds

FN(z5) _ 1

1 —2Chje < . 2.5.17
0J& = ZNy (1 — C0€)] ( )
and, in particular,
FN(z))
v 1 2.5.18
ZN N—o0 ( )

uniformly in z; € M;.
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Now it is easy to check that, for N sufficiently large, the Hypotheses 3-5 are verified.
Hypothesis 3 follows from Hypothesis 2. Hypothesis 5 (hence 4) follows from the estimates
in (2.5.17)

In definition (2.5.9) for the initial density we could also replace the product of characteristic

B8y, g
62“’“@( e ), see [6]. This defines a sequence of states which are, in a

functions with e
sense, the maximally uncorrelated states for which the Hypotheses are satisfied.

Finally, other families of initial data exhibiting a slower rate of convergence (and implying
possibly a slower convergence in Theorem 2) can be easily constructed, for instance enlarging
the cut—off in (2.5.9). If in formula (2.5.9) € is replaced by &Y with v € (2/3,1], then,

proceeding as before, we obtain

sup | fo,j(z5) — foy(zy)| < (C'Ye 7. (2.5.19)
z;EM;(e7)

2.5.2 General strategy of the proof

The proof follows the main ideas of [11], adapted to the present context. The validity argument
is based on a comparison among the series for the N—particle system (2.4.22), and the
Boltzmann series (2.4.31).

- First, we prove that both the expansions are absolutely convergent series, for sufficiently
short times and uniformly in € : see Section 2.6. As a consequence of the estimates in Section
2.6, it follows also that (2.4.22) and (2.4.23) are asymptotically equivalent in the BG limit.

- Then, it remains to prove the term by term convergence of (2.4.23) to (2.4.31). To do this,
it is necessary a preliminary detailed analysis of the generic term. This is presented in Sections
2.7 and 2.7.1 for the series (2.4.23), and in Section 2.7.2 for the Boltzmann series (2.4.31).
The structure of the generic term is described with the help of a convenient representation
of formulas in terms of tree graphs. It turns out that any given term can be expressed as an
integral over a set of special backwards—in—time trajectories of clusters of particles.

- The proof of the term by term convergence is carried out in Section 2.8, using in a crucial
way the picture introduced in the previous section 2.7. The issues arising from the convergence
will be first discussed in Section 2.8.1, while the abstract not quantitative proof leading to
Theorem 1 and the explicit estimates leading to Theorem 2 will be presented respectively in
Sections 2.8.2 and 2.8.3.

2.6 Short time estimates

The aim of this section is to prove that, for times ¢ smaller than a certain ¢y, the expansion
for fJN(t), Eq. (2.4.22), can be bounded uniformly in . The Boltzmann series solution Eq.
(2.4.31) turns out to be an absolutely convergent series for the same values of ¢. Moreover,
the difference between f]N (t) and fJN (t) (defined by (2.4.23)) is negligible in the limit. These
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results are easily established by assuming the bounds on the initial data in Hypothesis 2 and
3. Here we will follow [10] (see also [6, 17, 16, 3]).
To begin with, we notice that our assumptions on the initial data make natural the

introduction of the norms:

lgjlls = S;lpeﬁH(zj)lgj(Zj)l 7 g9i: M =R, 5>0,
J

lgllg.0 = supe™7|g;lls , 9=A{9i}321, a>0. (2.6.1)
i>1
J=Z

By the energy conservation
1S=(D)gllg.0 = 9]l » (2.6.2)

for all 8 and « for which the right hand side makes sense.

The crucial estimate is the following;:

Lemma 3. Let g]N : M — R be a sequence of continuous® functions with gN =0 forj>N
oo
and satisfying the estimate of Hypothesis 3. Set A%g’V = { Zm>0 A +1+mg]+1+m} . Then,

for B < 3 and o/ > « there exists a pure constant C > 0 such that, for ¢ small enough,

e N S 1 1 N
H.A g ”B’,o/ < C <\/(B — /8/)(0/ — a) + o — O[> ||g H@a . (263)

Proof. From definition (2.4.17) we find

J
I HED|AS Rt em (2)] S (N = = 1) (N = =m) Y 4nl|grimlls
i=1

de+1(|Ui’ + |’Uj+1|) —(B-F )H(ZJ) 2 J+1

m DDA (2.6.4)

D\\

|
m(xjp1) TV

Here we used that 2(INV — j) < 1 and the positivity of the interaction (Hypothesis 1), for
which H(zjy14m) = H(z;)+ H(2j14m) > H(z)) —I—% Zf]lilm pi- The last integral in the right

hand side is bounded by
3
27T 2™ 47T m 3
iad = m 2.6.5
( E ) ( 3 ) T (262

j
N _B=B
9% emlla(Coe)™ S [ dvjiaond + oy e
=1

so that (2.6.4) is smaller than

ket (2.6.6)

!The continuity here is required only for simplicity of notation, since it assures well posedness of the
operator action: see the Remark after Proposition 1. If that is not true, the lemma must be reformulated for
ft o= 1)l.AESS( s) (that is what we really need to control for the proof of Proposition 2 below). This can be
done in an obvious way using Eq. (2.6.2) and adding a factor ¢t /n! in the right hand side of the estimate.
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where we used again positivity of the interaction, and Cj is a suitable constant. The Cauchy—

Schwarz inequality implies

J J
D (il + vjal) < 43 ) pi + dlvjaal, (2.6.7)
i=1 =1
which inserted into (2.6.6) leads to
€ N I \mj|l N \/.} .
1451 mamll < (€ lormls (5 +) (26.5)

Summing over m and taking the supremum over j with weight e 7 we readily get (2.6.3)
for € smaller than a constant depending only on 3, . O

Let us apply Lemma 3, together with (2.6.2), to the right hand side of (2.4.22). We
proceed by iteration. For a given n > 0, we partition the intervals [5/2, ] and [a,2a] in n
intervals of the same length % and 7, and then apply the above results n times. The outcome
is

t t1 tn—1
HfN(t)Hﬂ/Z?a < Z/o dt1/0 dty - ./0 dtn(C@an)anéVHﬁ,a

n>0

t" n
=3 = (Caan) I

n>0

< [1£8"llg.a D_(tCh)" (2.6.9)

n>0

/B?a

for suitable constants C’g,a,CE, o» having used Stirling formula in the last step. Hence we
obtained a geometric series which converges for ¢ sufficiently small (and the radius of conver-
gence is explicitly computable in terms of the other constants). Now the same argument can
be applied in a straightforward way to the series (2.4.23) and (2.4.31). Thus, we have proven

the first statement of:

Proposition 2. In the Hypotheses 2 and 3, we have absolute convergence of the series
(2.4.22), (2.4.23) (uniformly in the BG limit for € small enough) and (2.4.31), for all t <
to = to(B, ). Moreover, for some C" > 0, if € is small enough,

AN () = N () lgj2,20 < Ce (2.6.10)

o0
Proof. We just need to prove Eq. (2.6.10). Set C:¢V = {62(N - j)Cngﬁl}‘ v With
j:
the notations of Lemma 3 and proceeding in the same way, we observe that

1A% = €)Ml < supe™™ 3 A1 imgapmlls
VES m>1

vy Vi .
< supeT 3 (Che) ™l N n o] <+.7
j>1 mzz:l N/

1 1
<Ch, + NMisa 2.6.11
= LBaf (\/(/3 — BN — a) o — oz) g™ 1l s, ( )
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for suitable C’g, o > 0, having used (2.6.8) in the first inequality, and € sufficiently small in the

second. Therefore, proceeding as in (2.6.9),

10 ~ P Ollppan < 3 o Z()cmm%%a

n>0
<ellfllga Y (12CE )", (2.6.12)
n>0
which gives the result with C” depending on 3, a and on the initial datum. ]

2.7 The tree expansion

In the proof of Theorems 1 and 2 it is convenient to represent each term of the expansions
(2.4.23) and (2.4.31) as more explicit integrals of the initial data, foj\fj and fp ; respectively.
As we will see in the present section, it is natural to express such terms by means of binary
trees which help us to visualize the various contributions.

Consider first Eq. (2.4.23) which, reminding Eq. (2.4.25), we rewrite as

as )ZZ*(—l)"’”/Otdh /Otl dtzu-/otnldtn

St = )T S5 (= 1) - CE Se (b)Y s (2T.1)

N—j

n=0

where

on = (01, ,00), 0, ==+, \Jn]:Zail,

Jj o J+1 j+n—1

D= (2.7.2)

| 3% k1=1ko=1 kn=1

We introduce the n—collision, j—particle tree graph, denoted I'(j,n), as the collection of

integers ki, - , ky that are present in the sum (2.7.2), i.e
klelj,k261j+1,"' ’knelj-l—nu with 15:{1,2,"‘ ,S}, (273)

so that we shall write
Z > (2.7.4)
INVAD)
Note that the number of terms in the sum is j(j + 1)---(j +n — 1). The name tree graph is
justified by the fact that it has a natural graphical representation. This is best explained by
an example: see Figure 2.2 which corresponds to I'(2,5) given by 1,2,1,3,2.
Given a tree graph I'(j,n), and fixed a value of o, and of all the integration variables

in the expansion (2.7.2) (times, unit vectors, velocities), we can associate to it a special
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3 65 1 4 7 2

Figure 2.2: Tree graph I'(2,5) = 1,2,1,3,2. We have also drawn a time arrow in order to
associate times to the nodes of the trees: at time t; the line j 4+ ¢ is“created”. Lines 1 and 2

exist for all times; they are called “root lines”.

(e—dependent) trajectory of particles, which we call interacting backwards flow (IBF in the
following), since it will be naturally defined by going back in time. The rules for the construc-
tion of this evolution will be explained in the next section. The notation for a configuration

of particles in the IBF will make use of Greek alphabet:

¢ (s), (2.7.5)

where s € [0,t] is the time and there is no label specifying the number of particles. If
s € (ty41,t,) (with the convention ty = t,¢,4+1 = 0) we have j + r particles:

C(5) = (CE5), -+ 1 Coan(9) € My for 5 € (b, ) (2.7.6)
with
G (s) = (& (s),mi (s)) , (2.7.7)
the positions and velocities of all the particles being respectively

£ (s) = (&i(s), -, &Gy (9))
n°(s) = (0i(s), - M54 (s)) - (2.7.8)

The reason to introduce these trajectories is that we want a more explicit expression of

each term of the expansion (2.7.1): our purpose is to write Eq. (2.7.1) as

N—j
] (zj,t) Za Z Z |""|’T€ (z5,1), (2.7.9)
n=0 I'(j,;n) on
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where

n

Ts,(2j,t) = /dA(tn»Vnan,n) LI B° (i vji = i, () £+ (€5(0)) (2.7.10)

=1

dA is the measure on R” x §?" x R3" given by
dA(tn, Up, ij) = ﬂ{t1>t2--->tn}dt1 e dtndyl N and’Uj_H N d’l)j+n y (2.7.11)

and we use use the short notation

BE(VZ';U]'-H' - 77/‘;- (tl)) = |Vi : (Uj-i-i - 7712- (ti))|]l{Uz'Vi'(UjM—Tlii(ti))Zo}]l{|§§+i(ti)—§i(ti)\>€ Vk#k;} -
(2.7.12)

In other words, in the generic term Ty (z;,t), the initial datum f&fﬁn 1s integrated, with the

suitable weight, over all the possible time—zero states of the IBF associated to I'(j,n), o,.

2.7.1 The interacting backwards flow (IBF)

Let us construct {*(s) for a fixed collection of variables I'(j,n), oy, zj, tn, Vn, Vjn, with
t=tg>t1 >te> >ty >th11 =0, (2.7.13)

and v, satisfying a furhter constraints that will be specified below. The j root lines of the
tree graph are associated to the first j particles, with states (f,---, (5. Each branch j + ¢
(¢ =1,---,n) represents a new particle with the same label, and state C; ¢~ This new particle
appears, going backwards in time, at time ¢, in a collision state with a previous particle
(branch) k; € {1,---j+¢— 1}, with either incoming or outgoing velocity according to oy = —

or oy = + respectively.

More precisely, in the time interval (¢,,t,_1) particles 1,---,j + r — 1 flow according to
the usual dynamics T5,, ;. This defines ¢5 . _;(s) starting from (5 . _;(t,—1). At time ¢, the

particle j + r is“created’ by particle k, in the position

£§+r(tr) = gli,« (tr) +vre (2.7.14)

and with velocity v;4,. This defines ¢*(t,) = (i (¢r), -+, (51, (tr)). After that, the evolution in
(tr+1,tr) is contructed applying to this configuration the dynamics T; . (with negative times).
The characteristic function in the collision operator (2.4.25) (or the second characteristic
function in (2.7.12)), is a constraint on v, implying that no third particle is closer than e to
the pair k,,j + r at the time t,.

We have two cases. If 0, = —, then it must be v, - (vj4r — 1 (¢r)) < 0. In this case the
velocities are incoming and no scattering occurs: after ¢, the pair of particles move backwards

freely with velocities 7(t;) and vji,. If 0, = +, we require v - (vj4r — 1, (t7)) > 0 : the pair
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s

YV,

Figure 2.3: At time ¢,, particle j 4+ r is created by particle k,, either in incoming (o, = —) or

in outgoing (o, = +) collision configuration. Particle k, is called progenitor of particle j + r.

is post—collisional. Then the presence of the interaction in the flow T5,, forces the pair to
perform a (backwards) scattering. The two situations are illustrated in Fig. 2.3.

Remark. 1t is very important to note that between two creation times ¢,,t,41 any pair
of particles among the j + r, different from the couple (k,,j + r), can possibly interact by
reaching (or having from the beginning) a distance smaller than e. These interactions are
called recollisions, because involve particles that have already interacted at some creation
time (in the future) with another particle of the IBF. In our language, recollisions are the
“interactions different from creations”. Though recollisions are expected to be unlikely, we
will have to analyze them with special care, since they are the main responsible of the different

behavior of the particle dynamics from the Boltzmann evolution.

2.7.2 The Boltzmann backwards flow (BBF)

The discussion of the two previous sections can be repeated, with minor changes, for the
case of Boltzmann series (2.4.31). The interacting backwards flow is now substituted by the
Boltzmann backwards flow (BBF)

¢(s), (2.7.15)
for which we use the same notations of (2.7.5)—-(2.7.8) with the superscript ¢ omitted. The
BBF is introduced exactly as the IBF, see Section 2.7.1, except for the following differences:

- the interacting dynamics T¢ is replaced by simple free dynamics;

- in the right hand side of (2.7.14) the second term is missing, i.e. the created particle appears
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at the same position of its progenitor;
- there is no constraint on v, other than the one implied by the value of o,;
- if o, = +, to determine the state of particles in (¢,1,%,), before applying free evolution we
have to change velocities according to (ng, (t), vjtr) = (M, (t7 ), Mj+r(t7)), where — denotes
the scattering rule depicted in (2.2.2) and Figure 2.1. Here n,(¢) indicates the limit from
the future, and 7y, (¢,7) the limit from the past.

Eq. (2.4.31) can then be rewritten:

[e.9]

(2 t) =D Y > (1) (25,1 (2.7.16)

n=0T(jn) on

where

n

%n(zj7t) = /dA(thmij)HB(VZ'?UJ'—H 77k( ))fO,J+n(C(O)> ) (2.7.17)

i=1

and

2.7.3 A measure preserving map

In the proof of the term by term convergence it will be essential the use of a change of vari-
ables allowing to transform the integrals over outgoing variables into integrals over incoming
variables. We introduce such operation in the following. Throughout this subsection I'(j,n)
and 1 <r <n will be fixed.

Remark. An important point concerning the Boltzmann backwards flow defined in the
previous section is that, in a given interval (¢,41,%,), the velocities n;(s) = 7;(t, ), besides
being constant, depend only on the velocities of particles in the future of the BBF, and on
the vectors of impact vy, - , 1., but not on the interaction times ¢y, --- ,%,. In other words,
they are functions of the only v, vjy,.

Now fix v; € R?% | and define the transformation Z(") = I(T)

Vis (_77”) ’

I(r) . S2r « R?;r s SQT % R3r

I (v, vj,) = (WL, V)) (2.7.19)
where
! = —v; + 2w;(w; - 14) for v; - (vj4i — Mk, (t;_1)) >0
v =V for v; - (i — me, (6;21)) <0 (2.7.20)

Vi =mjaty) = me, (87)
Here 1 <i <7 and w; = w(v4, vj4i — Mk, (t;_1))-
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Lemma 4. The transformation ") is a one—to—one, measure preserving map.

Proof. We prove it first for Z(1). This is the composition of the two transformations:

(Vlvvj+1) — (Vly‘/l)

V1 = Uj+1 — Uk, (2.7.21)
and
(v, V1) — (], V]) =T (11, V1), (2.7.22)

where Z7! is the inverse scattering operator defined in Section 2.3.2 (in the case V3 = 0, just
replace Z~! with the identity). The first is a simple translation. Therefore the result follows
applying Lemma 2.
The proof is completed by induction on 7, noticing that Z) (v, v;,) = (v, V%) is given
by
W, Vi) = 2 V1, vy )
Ve = Vjgr — 0k, (t,_1) , (2.7.23)
(v, V) =T (v, Vi)

where 7y, (t,_) is a function of v,_1, v;,—1 by the Remark at the beginning of this subsection.
O

2.8 Proof of results

According to the strategy of Lanford, once proven the uniform convergence of the two series
(2.4.22) and (2.4.31) for short times, we shall conclude the validity results, namely the con-
vergence of fJN (t) to f;(t), just proving the term by term convergence. Actually, by virtue of
Proposition 2 in Section 2.6, it is enough to prove the term by term convergence of the series
(2.4.23) to (2.4.31).

In Section 2.7 we have rephrased such expansions respectively in (2.7.9) and (2.7.16), i.e.
sums over binary tree graphs of integrals over the (interacting or Boltzmann) backwards flows
associated to the graph. Hence we must show convergence of the generic integral of this kind,
Ts.(zj,1), to its analogue in the Boltzmann series, 7, (z;,t). The present section is devoted
to this problem.

We stress once again the importance of the formulation of Grad (introduced in Section 2.4)
which has been our starting point. In the language of Section 2.7 we could say that the terms
in (2.4.22) that are absent in (2.4.23) collect all the interacting backwards flows in which two
or more particles are created at some time t; (graphically, three or more lines emerge from a
node of the tree). The use of reduced marginals has allowed to identify all these negligible

terms and to isolate them from the contributions of order one, namely a;,(j)75, (zj,t). Now
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looking at (2.7.10), we see that these last object resembles very much the generic term in the
series solution of the BBGKY hierarchy for hard spheres. Nevertheless, as we will explain in
the next subsection, in the case of smooth interactions one has to be more careful in studying
the behavior of T (zj,t) for ¢ small.

2.8.1 The convergence problem: preliminary considerations

Let us focus on 75 (z;,t) and 7Ty, (z;,t). The integrand functions depend on the variables
tn, Vn, Vi, completely through the trajectories of the IBF and the BBF respectively. In
particular, the initial data f&[j +n and fo jin are integrated over the time—zero configurations
of the flows. Since féYj 4, converges to fo jin by hypothesis, we must focus on the trajectories
and prove that the IBF converges to the BBF for all values of t,,v,,v;, outside a set that
gives a negligible contribution to the integrals.

Staring at the definition of {*(s) and {(s) (see Sections 2.7.1 and 2.7.2), we realize that a

great difference between them is generally caused by one of the following events:

1. a particle (say j + i) created in the IBF interacts for a very long time (i.e. larger than

O(g)) with its progenitor;

2. a couple of particles (i, h) of the IBF undergoes a recollision, i.e. an interaction different

from a creation (see the remark on page 48);

3. a particle has a very large velocity, so that small differences between the two flows

become large in a time of order 1.

Item 1, which is obviously absent in the case of hard spheres, is controlled by cutoffing
the variables (v;,v;4,) that lead to the singular scattering, and showing that they give a small
contribution to the integrals. Here the main technical issue is an estimate of the time of
interaction, such as that of Lemma 1 (or its generalizations in the non fully repulsive cases:
see Section 2.9). Similarly, item 3 is controlled by cutoffing the energy of the system, i.e. the
large values of |v;,,|. Item 2 is the most delicate in the framework of generic smooth potentials.
It requires to demonstrate that the contribution of recolliding trajectories is negligible in the
limit € — 0.

To motivate our strategy in controlling the recollisions, we start by the heuristic analysis
of one of the simplest non—trivial cases, namely that in Figure 2.4. At time ¢ particles 1 and 2
are in the final configuration zy = (1, v1, T2, v2) € Mo. We assume that they flow backwards
freely up to time ¢;, when particle 3 appears with velocity vs at distance ev; from particle 1,
in outgoing (01 = +) collision configuration. After the scattering between the couple (1, 3),
particle 1 collides with particle 2. This is a collision which is not a creation, i.e. what we
called a recollision. We shall imagine that Y = &5(¢1) — &5 (1) is order 1 while ¢ is very small.
We neglect the time of scattering between the pair (1,3) and approximate with Y the relative

distance between particles 1 and 2 just before the scattering between 1 and 3.
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Figure 2.4: On the left, a simple case: I'(j,n) = I'(2,1) = 1. The plus sign on the node
recalls that 0y = +. We want to estimate the contributions to the corresponding formula
75 (2z2,t), coming from the recolliding trajectories of the IBF. An example of such a trajectory

is symbolically represented in the figure on the right.
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Call n; the velocity of free motion of particle 1 between time ¢; and the time of the
recollision. Then, the recollision implies a geometrical relation between W = v9 —n; and Y.
They must be chosen in such a way that there exists s € (0,t1) for which [£5(s) — &5(s)| =&,
that is implied by W lying in the cone C(Y') with vertex 0, axis the direction of ¥ and tangent

to the ball of center —Y and radius ¢; see Figure 2.5. Moreover, by the laws of scattering

Figure 2.5: The recolllision-cone C(Y).

(2.2.2) and (2.3.24), it is easy to see that 1; belongs to the spherical surface of the ball
centered in % of diameter |—‘2/|, where V' = v3 — v;. In fact, at fixed V and v; (hence at
fixed total momentum), n; moves over that sphere essentially as the scattering vector w (see
Figure 2.1). In conclusion, 7, must belong to the intersection A of the cone vy — C(Y') and
the spherical surface described above. Clearly, at a given |V, the surface measure of A is
O(g?) once assumed Y = O(1) and ¢ << 1.

Now we want to estimate

dv3/ dVlljl . (U3 — ’Ul)]l - s (281)
/|U3I<R v1-(v3—v1)>0 {n €A}

where the cutoff on v3 has been added here to obtain an integral over a compact set. By the
above discussion, it follows that a rather natural way to proceed is to express the integral in

terms of an integration with respect to V and w, so that we get

2R
/dV/O d\VHV\Q/de(w,V)]I{nleA} (2.8.2)

where V is the versor of V, we assumed also |v1] < R, and B is the function resulting from the
change of variables (see also Eq. (2.2.3)). If B were bounded (as in the case of hard spheres)
we would easily conclude that such a contribution is O(¢?). Unfortunately, this is not true
in many physically interesting cases, since B could not exist as a single valued function and,
even in each monotonicity branch of the scattering map p — O(p), it could diverge as the
map becomes flat (see the Appendix). So a more refined estimate of (2.8.2) is needed, which

is rather complicated since it depends strongly on details of the potential.
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We propose a different method avoiding the use of the scattering cross—section (i.e. of the
function B). This is based on two main ideas:

- We work as much as possible on the Boltzmann flow, rather than on the interacting
flow. Of course the BBF is much simpler since interactions (= creations) are instantaneous.
Moreover, by the property of the Remark on page 49, various parametrizations of the BBF
can be found, different from the usual in terms of t,,v,, v, . In particular, the trajectories
of the BBF can be conveniently parametrized by incoming collision variables, see for instance
the map introduced in Section 2.7.3. For these reasons, we find convenient to estimate the
events in which some couple of particles of the BBF get closer than a certain distance (say on
a scale slightly larger than ¢). Indeed in the complement of this set the Boltzmann trajectories
are close to the particle trajectories, as soon as the scattering time is small and the energy is
not too large (which will be assured by additional cutoffs).

- To estimate the above set of events, we use as much as possible the integration over time
variables. From Figure 2.4 one can guess that, in general, a small (O(¢)) interval of values of
t1 will be compatible with the recollision condition.

Of course this last assert is not always true and we will show in the following section that
it fails for special configurations of relative velocities (see the Remark on page 59). Exploiting
the global structure of the BBF, we will prove that such configurations are either excluded
by the condition on the“initial datum”z; € €);, or they correspond to small set of values of
relative velocities of incoming collisions, which will be estimated using the map of Section
2.7.3.

2.8.2 Proof of Theorem 1

By the result in Proposition 2 of Section 2.6 and the reformulations of Section 2.7, the proof

of Theorem 1 reduces to the proof of convergence of the generic term of the expansion, i.e.

Proposition 3. Under the Hypotheses 1-4, for all T'(j,n), o, and all (zj,t) € Q; x RT,

lim 75 (z5,t) = To, (25, 1) . (2.8.3)

e—0 "7

The aim is to apply dominated convergence, showing that the trajectories of the IBF
converge almost everywhere to those of the BBF. As said above, we first need to “cut” pieces
of phase space which correspond to trajectories of the IBF possibly showing recollisions,
long time two—body interactions, or high energies, and prove that they give a negligible
contribution in the limit. Outside this properly defined set of“bad events”, we will be able
to estimate explicitly the distance between the interacting trajectories and the Boltzmann
trajectories.

In all this section and in the following we will keep fixed z; € €2; and ¢t > 0. Moreover,
times t,, will be always supposed to be ordered (see (2.7.13)), and the v, to satisfy the
constraint implied by o, : Eq. (2.7.18). In the present section we also fix I'(j,n) and o,
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We start focusing on the BBF ((s) and giving a new definition. Consider particle ¢ and
look at the graph of T'(j,n). A polygonal path P; is uniquely defined if we walk on the tree
by going forward in time, starting from the time—zero endpoint of line ¢ and going up to the

root—point at time ¢t. See for instance Figure 2.6. To P; we may naturally associate a one—

Figure 2.6: Path P; in the tree I'(2,6), with ¢ = 8. The state of the particle associated to it

via the BBF is called “virtual trajectory”.

particle piecewise—free trajectory, built up with pieces of trajectories of (different) particles of
the BBF. More precisely, fixed a BBF with parameters (t,, vy, v;,), denote t;,,- -  Liy,, the
(decreasing) subsequence of t1, - - - , t,, of the times corresponding to the nodes met by following
the path P; (n; being the number of such nodes, with the convention iy = 0,t;, = t): see
the figure. We call virtual trajectory associated to particle i in the BBF, and indicate it by
Ci(s) = (£%(s),m'(s)) € RS with s € [0,], the one—particle trajectory given by:

Cl(s) _ CZ(S) for s € [O’tini) . (284)

Cr;, (5)  for st ti_,), 0<r<my
Observe that, during the time of existence of particle i in the BBF, (%(s) = ¢;(s).
Now consider a couple of particles (i,h) and compare their virtual trajectories. Call-
ing“root” of P; the root line of the tree to which P; belongs, we have two possibilities: either
the roots of P; and P}, coincide (i.e. 7 and h belong to the same single tree), or not. In the

second case, there exists (uniquely) a node of the tree where P; and P}, merge. For any given

couple (i, h) we introduce the subsequence of ¢y, - ,t, :
t>t0 >t > 2 > > g s it = (2.8.5)

defined as follows. Time t° is equal to ¢ if P; and P}, have coinciding roots; otherwise, it is

equal to the time (strictly smaller than t) of the node where P; and Pj, merge. The sequence
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t!, ... t"n is given by the ordered union of the times ;,, - - - s tip, and tp,, - stha, that belong
to the interval (0,t"). Here n;, is the number of such times, and ¢"» ! has been put equal to
zero by convention. See also Figure 2.7.

We are ready to define a part of the“bad set”’to be cutoffed. Let be 4 > 0. The set of
d—overlaps, N'(§) C xR" x S x R3" is

N(6) = {tn,un,vj’n

min min |£(s) — £"(s)| < 5} , (2.8.6)
i<h s€l0,t]
where t! depends on the couple (i, h) under consideration. Notice that this set is completely
defined via the BBF. Clearly, it depends also on z;,t.

In the following, § must be thought as a function of ¢ that goes to zero as e — 0, with
6 > €. Then, the first step in the proof is to show that the restriction of the integrals contained

in 75 (zj,t) to the set N'(0) is arbitrarily small with e. To do so, consider the set of point-
recollisions N' = N (0),

N = {tn, Vn Vi | min min I€i(s) — €M (s)] = o} . (2.8.7)

Obviously it is
lim Ly = To - 2.8.8
s AN () N ( )

We will now show that the set N has dA—measure zero. Precisely, we will show that the
condition in (2.8.7) implies a certain number of relations between the integration variables
that can be satisfied at most for a dA—null set of values.

If we are in NV, then for some couple (i, h) there exists
t* = max{s € [0,#] s.t. [€%(s) — &£"(s)] = 0} . (2.8.9)

A possible situation is pictured in Figure 2.7. It will be t* € [t #!) for some I € {0,--- ,nip}.
[ is the total number of interactions in the virtual trajectories of ¢ and h between the time of

recollision and t°. For ¢ =0, - - - ,, we define:

YO =gh(th) - £'(t7)
ng=1'(s) . mg =n"(s) for s (tT19),
W=l — i . (2.8.10)

We indicate f € {0,1,---,n} the index such that
t0=t;. (2.8.11)

Notice that either t© =t (f = 0) and Y? £ 0 (by z; € Q;) or t% < ¢ (f > 0) and Y =0

(because tV is the time of the node where P; and P}, merge).
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Case A Case B

W

Figure 2.7: A symbolical drawing of virtual trajectories of two particles i, h in the BBF
showing a d—overlap. Relative distances and velocities are indicated as defined in (2.8.10).

In case A the two particles belong to different trees, while in case B they belong to the same.
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If [ = 0, it cannot be t% = t because z; € ;. On the other hand if [ = 0 and t0 < ¢, it

must necessarily be
Y?=0

(2.8.12)
wo=0

By conservation of energy, this corresponds to only one possible value of the velocity of the
particle created at time t° =t f» namely v;yr must be equal to 7y, (tj[) (which is obviously
independent on vj;s). Observe also that if W! = 0, then by definition (2.8.9) it must be
t* = t1, hence | = 0. Therefore we may assume in what follows W # 0 and, consequently,

[>1and W!#£0.

The recollision condition is verified only if ming [Y* — W's| = 0, which in turn implies
YEAW!E =0, where W = % Since
-1
Yi=v0 -y W — et Wi - 1), (2.8.13)
q=0
we have
~ lil A
0=YOAW! =) (W AW (1 — t977)
q=0
~ l ~
= (YO = WO AW =D (W - W AW (2.8.14)
qg=1

But, by the Remark on page 49, all the vectors involved in this relation do not depend on the
times. Hence as soon as [(W? — Wi~1) A Wt )] # 0 for some ¢, there exists at most one value
of the time t? satisfying the condition.

Otherwise, it will be

WEAWT =0 q=0,1,---,1, (2.8.15)
i.e. all relative velocities are (if not null) collinear. In particular, Eq. (2.8.14) implies
YoAWwl=0. (2.8.16)
As said above we have two cases, which we treat separately.

e Case YO #£0,10 =t
Both Y? and WO are collinear with W'. Therefore

YOoAw? =0, (2.8.17)
which is excluded by z; € ;.
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o Case Y' =0,t" < t.

If all relative velocities W49 are coincident, then no point-recollision is possible since
WO =£ 0. Finally assume that U := W% — W71 #£ 0 for some g € {1,---,1} and put

U= ‘—EU” We have U A W! = 0, which, together with W° A W= 0, implies

UAWY=0. (2.8.18)

Let t7 = ty, where f' > f (recall (2.8.11)). Then if (v}, V/) = ZU) (v, v;n), we have
Wo=Viand U = %[, (t;{,) =Mk ()] or U = £[ng,, (t}r,) —njt+p (t;)]; see Figure 2.8.
From the rules of scattering it follows that the vector U depends only on (V}/, V;,)Q.
Then Eq. (2.8.18) defines a subset of codimension two in the space of (v}, V]). By

Lemma 4 of Section 2.7.3, this subset has dA—measure zero.

Figure 2.8: Detail of the virtual trajectories of Figure 2.7-Case B, for times close to t7 = ¢ .
In the example o4 = +. The difference of relative velocities is U = W7 — Wi~ =t — g~
(here f’ belongs to P;; if f’ belongs to Py then U = n~ — nt), where nt = M (t;f,) and
n~ can be equal to 74 (t;,) or Nk, (t;,), depending on the structure of P;. The variables
describing the scattering are (v, v;4 ), or alternatively (1/},, Vjﬁ,).

Remark. The condition“|W! A W4| small for all ¢”(see (2.8.15) or its extension in the
following section) means that the relative velocities of the two virtual trajectories leading to
the recollision are either small or nearly collinear to each other (and clearly in this situation
we may not use any time variable to show that recollisions are rare). In particular, this is the
case of a sequence of central and grazing collisions in the virtual trajectories, for which the
relative velocities can remain unchanged (recall that the scattering cross—section may possibly
have concentrations on such collisions! see the Appendix). On the other hand, in this case the
virtual trajectories would be analogous to a free flow, for which the recollisions can be easily
controlled. More generally, the pathological condition on |Wl A W4| implies that the flow
of the relative distance between the two virtual trajectories has globally a simple structure.

In the above proof (and in the one in the following section) we have exploited this to show

*It can be U = tw(w - V},) or U = £[V}{, — w(w - V},)] where w = w(v},, V},) is the scattering vector.
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that, in presence of such a condition, the recollision is either an impossible (case Y # 0) or a
negligible (case Y = 0) event.

So far we have proven that A is null. From the convergence of 1 N(s) it follows that the
integral of any finite measure restricted to the set goes to zero with §. But, in our Hypothesis
3, dA (][] B®) fé\fj 1, 18 uniformly bounded by a finite measure for € small. For instance, using

conservation of energy, we can estimate it with

- n
Jj+n

_Byitn 2
dA | 24D 07 | e TR s (2.8.19)
=1

where we used that the initial energy is purely kinetic if € is small enough (having fixed x;
outside the diagonals). Hence we have what we asserted before Eq. (2.8.7), that is we have

proven

n

lim [ dA (b, v, Vi) [T B 040 — 1, (6)) o) iy 4 (C5(0)) = 0 (2.8.20)

e—0 .
=1

for all z; € Q; and all ¢t > 0.
Besides N (J), we still have to cure some additional subsets of the integration region.

Putting

1°=1

n

{5 S22 v2<|logel} 7

i=1 "4

15 = (2.8.21)

H]l 1,
g {ljpr—=ng, (tr))Avr[>e3}

a simple estimate as the one in (2.8.19) is sufficient to show that

n

lim [ dA (b0, v, vin) [ [ B Wi vjas — i, (8))(1 = L)) (1 = 1115) £ (¢7(0) = 0.

e—0 .
=1

(2.8.22)

Thus, to obtain the final result we are left with the proof of

n

lim [ dA(tn, v, Vi) [ [ B (w5 vji = 07, (6) (1 = Lyv(5)) 1515040 (67(0)) = Tor, (25, 1) -

e—0 i1

(2.8.23)
Notice that up to now we did not use any property of the interacting flow but the conservation
of energy. Now we have to examine more in detail the structure of the IBF and to compare it
with the Boltzmann flow. Since we are restricting to the complement of N'(§) and to the sets
in (2.8.21), we are actually in a favorable situation in proving that the distance between the
two flows is small. Indeed, as we will show in the following lemma, the IBF has no recollisions
and its differences with the BBF are only due to the scattering time, which is absent in the

Boltzmann flow, and to the e—delocalization of the created particles (also absent in the BBF).
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Choose
§ =e3(loge)? (2.8.24)

Then we have:

Lemma 5. If (ty,,vn,V;)y,) is outside N'(0) and inside the sets of (2.8.21), then for e suffi-
ciently small and all i =1,--- ,j+n

max [6:(s) = & ()] < De3|loge|? (2.8.25)
s€|0,t

for some D > 0. In particular, the IBF does not admit recollisions. Moreover, 7],‘27.(tr) =
N, (tF) for allr =1,--- ;n and n;(0) = n;(0).

Proof of Lemma 5. The proof is based on a simple continuity argument. We proceed by

induction on r proving that, for some D’ > 0,
&(s) — €(s)| < D'red|loge|?, s € (tryr,ty) (2.8.26)

fori=1,---,j+r, from which (2.8.25) follows taking n smaller then a costant times |log¢|.
A byproduct will be that if particle i < j+r — 1, at time ¢,, has yet completed the (possible)
scattering with its progenitor (or its last son) in the IBF, then necessarily n5(t,) = n;(t,)
(from which the last assertion of the lemma follows, because the parameters are taken outside

For 7 = 0 the statement is trivial. Indeed, since we are outside N(§) with § > ¢ and the
states at time ¢ of the BBF and the IBF are coinciding then, for s € (¢1,t), (i(s) = (F(s).

Let now s € (ty41,t,) forr >0andi=1,---,j+r. We consider the case (being the other
cases easier) in which particle ¢ in the IBF is interacting at time ¢, with another particle h.
For € small and by inductive hypothesis, this can be true only if the two particles coincide
with the couple (k,,j+r), or if they are a couple progenitor-son, (k.,j+r') with v’ < r, that
has not finished the two—body scattering. Also, note that no other particle can be at distance
< 4/2 from ¢ and h at time ¢, (for € small and n = O(]|logel)).

Call s* € (ty41,t,) the last (first backwards) recollision time of particle i or h in the IBF,
that is |5, (s) — &5(s)| > € for all b/ # h,i and all s € (s*,t,), and same equation with ¢
replaced by h. Then, for the same values of s, particles i and h behave as they were isolated,
and we have that |[£5(s) — &(s)| is equal to the same function evaluated in max(s,t, — ¢),
where ¢ is the time of the two-body scattering (in fact, once the backward scattering finishes,
it must be 7;(s) = n;(s)). Hence, taking into account Lemma 1 and the cutoffs (2.8.21), we

have

165 (5) = &ils)| < 1€5 () — &iltr)| + 2¢/2/ Bl log et
< D'(r—1)e3|loge|? + 2v/2/B|loge|Ae5 | (2.8.27)
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which implies (2.8.26) with D' = 2,/2/BA, for s € (s*,t,). The same holds of course for
particle h.
In particular (taking e small so that n is O(|loge|)) we have that [ (s) — &(s)| < % up

to the first recollision time. Since we are outside N(d), for all b’ # h,i

5(5) — € 5)] 2 lew(s) — &(5)| = 165 (5) — ()] — 15 (5) — &3(s)]
6 & 9

b——-—-== 2.8.2
> 1°1°3 (2.8.28)
up to the first recollision time of 4, h, h’, and the same equation holds for particle h. But
d/2 > €. Therefore, by continuity of the flow, |}, (s) — & (s)| > g and |&5,(s) — & (s)| > % for
all times s € (ty4+1,t,), and Eq. (2.8.26) holds in the full interval. O
To conclude the proof of Proposition 3, the above result can be also used to replace the

initial datum févﬁn with foj1n in 75, (2z;,1), that is to show that

n

timn [ A (b, v, v50) [T B0 0540 = 15, (6)) | 054 (G5(0)) = o 4n (G (0))] =0
=1
(2.8.29)

Indeed, we may write the left hand side as

n

lim [ dA(tn, v, Vjin) H (Va5 Vi — M, (6)) (1 = Lrmin, ), (5 (0)—5 (0)]<6'})

T 3<E}1{|(UJ+T g (t)Avr >} | £0i 1 (€5(0)) = fo,4n(¢5(0))| + Cs + Cy
(2.8.30)

where ¢', E, | are positive constants (independent of €) and Cs, Cg; are the remainder terms

containing
L{min; <1 65(0) &5, 01 <6} Lpsitn 2 oy L1 g =g, (60)) v |>1) (2.8.31)
and
(1- R{Zﬁf $<E}ﬂ{‘(“j-%r_”]ir(tr))/\wbl}) (2.8.32)

respectively. In this way the configurations ¢°(0) in the integral are restricted to a compact
subset of M1y, hence the first term in (2.8.30) is null by Hypothesis 4. As a consequence of
Lemma 5, the set {min;p, |£5(0) — &5 (0)| < ¢’} is contained in N (20") for € small. Therefore,
the fact that A/ has measure zero (together with Hypotheses 2, 3) implies that Cs can be
made arbitrarily small by taking ¢’ small. Since also Cg; is arbitrarily small with E large
and [ small, (2.8.29) follows.

Using this last result, the estimate (2.8.19) (with f&fj +n Teplaced by fo jin), dominated
convergence and Lemma 5, Eq. (2.8.23) follows. O
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2.8.3 Proof of Theorem 2

In this section we go through the steps of the abstract proof discussed above and estimate
explicitly all the error terms arising in the limiting procedure, under the additional Hypothesis
5. A further care is needed in these estimates in order to obtain an error that is summable
in n. In fact, the simple bound (2.8.19) is prohibited in this context, since it would give an
estimate of the n—th term proportional to n!.

In this section for simplicity of notation we will call C' all pure positive constants depending
only on £ and a.

We start again noticing that we may focus on the expressions (2.7.9) and (2.7.16) and

estimate their difference
7Y (25,1) = fi(z5,1)] - (2.8.33)

Indeed, by Proposition 2, the error due to this approximation is

£ = |fJN _ f]N| < Oe, (2.8.34)
We are left with
1Y) = ()] < SN Dl TE - To, |+ Ce (2.8.35)
n20T(j,n) on

2 is an error due to the fact that |a5 (j) — 1| is easily estimated by C7e2.

where the term ¢

In the estimate of the difference between the interacting and the Boltzmann flow, see
Lemma 5, we required n = O(|log ¢|). This means that we will need a cutoff on the “dimension”
of trees. We shall in fact reduce to the estimate of

D"|loge|

Yoo D YT ~Tal (2.8.36)

n=0 T(jn) on

The error generated by this cutoff is bounded by the remainder of a geometric series appearing
in formula (2.6.9), therefore it is bounded by C¢ if we choose D" = | log(tC I
As already said in the previous sections, the crucial estimate in the evaluation of the error

rate is the one coming from the set N'(d). With the notations introduced above, we have:

Lemma 6. For all z; € §);
n—1

Tk (2.8.37)

/ AA (b, U, Vi) o) f e (C5(0)) < 83/10m 4

If we are in NV(§), particle ¢ and h are recolliding before ¢,. Let ¢ the time of the first
interaction after ¢, of the particle h or i, say h for instance. More precisely this means that
at time ¢ h is created by kj, or is creating a new particle k. Then consider the trajectory of
h or ky, respectively, according the two cases from ¢ up to the subsequent interaction (which

of course can involve particle 7). Then we iterate the procedure up to a time t°. t* = ¢ if h
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and 4 belong to different trees. Otherwise ¢ is the maximal time up to which A and i have
different progenitors. Figure 2.7 describes the two cases.
We denote by (£(s),n"(s)) and (£%(s),n'(s)) the two paths constructed in this way, by

t' ... t¢ the interaction times and by
Wi =n"(s) —ni(s) for s e (tF,tF+1) (2.8.38)

the relative velocities in each time interval. Note that £"(s) (as well as (£%(s)) is not necessarily
areal trajectory performed by a particle but a collection of pieces of branches of a tree. Finally

we set

Yo = &"(t%) - £(1°). (2.8.39)

Note that Yy vanishes in case 2.

A §-recollision event in the time interval (¢,41,t,) with ¢, < ¢, is implied by the condition

-1
inf (Yo — Y W, (t7 — 7)) — Wys| < 6. (2.8.40)
0<s<tf
<s< pr
Minimizing over s we get
-1
(Yo=Y Wo(t? — 7)) AW,| < 6. (2.8.41)
q=0

Here and after we use the notation U = % for any vector U. We can write condition (2.8.41)

more conveniently in the equivalent form

/—1
Yo — Wot® = (W, = W)t AW < 6. (2.8.42)
q=0

Then there are two possibilities which we treat separately:

‘(Wq* — Wyt1) A Wg‘ > & forsome ¢, qu=0...0—1 (2.8.43)
and
‘(Wq—WqH)/\m‘ <6 forall g=0...0—1. (2.8.44)

~v € (0,1) will be chosen later on.

Case I
Case (2.8.43) can be handled easily, proceeding as in the proof of Theorem 1: we fix all
the parameters t1...t,,Vj41...Vj4n, V1 ...V, but t% and perform the time integration with

respect to this variable. We use the following obvious estimate

+o00 §
1(B>6“/)/0 At (| Ay Bras <) < ]].(|B‘>5’y)ﬁ <ot (2.8.45)
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when

B= (W, —Wg 1) AW, (2.8.46)
and
A=Yy —Wot’ = > (Wy— Wt AT, . (2.8.47)
q=0...4—1
q7qx

Integrating on the rest of the variables and summing on all possible ¢, we conclude that
the contribution due to the event (2.8.43) can be bounded by

i (Ct)n—l

By =6"ne” .
L R Y

(2.8.48)

Case Il.a
To analyze the case (2.8.44) we assume initially that |Yp| > 0 and show that, if § = §(Yp) is
sufficiently small, case (2.8.44) cannot be realized. Indeed from (2.8.44) we have

-1
(WO A Wg‘ <y ‘(Wq — W) AW| < no (2.8.49)
q=0
from which
‘W AVT/’<”—‘W (2.8.50)
0 o= Wol 8.
Note that |Wp| > 0 since |Yo A Wy| > 0 because we are dealing with a fixed configuration

Z; € Qj.
On the other hand by using (2.8.41) and (2.8.44) we have

(Yb — Woto) A Wg’ <

{—1
(Yo = Wot® = > (Wy = Wer)tH) AW,| + ndt <
q=0
§+tnd (2.8.51)

Combining (2.8.51) and (2.8.50) we obtain
‘1/0 VAN W()‘ < ’(Yo — W()to) A Wg‘ + ‘WO A Wg‘ < Cnd". (2.8.52)

The above condition cannot be realized, for § sufficiently small, because ‘Yo A Wg) > 0 and
|[Wo| > 0.

Case II.b
As regards the case Yy = 0, namely when ¢ and h have a common progenitor, we consider

separately the two cases:
Wy —Way1| <67 forall ¢=0...0—1 (2.8.53)
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and
|[Wq, — We41| > 07 for some ¢, ¢.=0...0—1. (2.8.54)

Case I1.b.1
In case (2.8.53), we consider the distance of the two trajectories up to a time s € (0,#¢) in

which they arrive at distance 9d:

5= ‘Wo(to Y)Wt — )

-1
Wot® = (Wy — Wy )17 4 Wys| . (2.8.55)
q=0
Therefore
-1
t0’W0| < ’Wf,s"‘Z‘Wq_Wq—l‘thrl
q=0
< |Wels + tnd” + 9. (2.8.56)
On the other hand .
We=> (Wy—Wg1)—Wo, (2.8.57)
q=0
from which
|[Wi| < nd” + Wy . (2.8.58)
Combining (2.8.56) and (2.8.58) we obtain
Cnéov

Case 11.b.1.4
Considering times for which t° — t¢ > §%/4”| we can perform the integration on Wy which can
be considered as an independent variable (thanks to the map 1, defined in Section 2.7.3) in

the integration domain
[Wo| < Cnov/*. (2.8.60)

Finally we integrate on the rest of the variables and the resulting error is

()"

By = 63/t nPed i (2.8.61)
n!
Case IL.b.1.b
When t0 — t! < §3/% we integrate in dt’ to obtain the the error
X Ct n—1
Es = 053/4”eaﬂg7l_)1)' . (2.8.62)
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Case I1.b.2

It remains to consider case (2.8.54).

Case 11.b.2.4
By (2.8.50) and (2.8.54) we have

‘Wo A (W, —AWq*—l)’

< ‘WO A We‘ + ‘Wz/\ Wy, — We—1)

< n o7 n o7
—Wolt® Wy, — Wy,
< n o7 v
~ 0|y
1
<C(14——)no, 2.8.63
< |Wo\> (2:8.63)

where in the last step we have assumed that t© > 6.

Case I1.b.2.b

Otherwise we integrate on dt° to get an error bounded by

C(S”eo‘j% (2.8.64)

(n—1)!" o

which we include in (2.8.62). We now analyze the vector W,, — W, _1. Observe that there
is an interaction at t% of one of the two branches, say that of particle h. Denote by k the
ancestor of h responsible of this scattering and denote by 17,;|r and 7, its incoming and outgoing
velocities respectively. Finally let r the index of the particle interacting with k at time ¢%
(see Figure 2.8). Let s be the particle of the branch of particle ¢ which is not scattering at
t?. Then

We, —Wo, 1= —ns+ns—np =nf —np = —w(V - w) (2.8.65)

where V' = n,” —n, is the relative velocity before the scattering and w is the scattering vector.
Reminding that, by using the proper map I\(,:.), we can assume all the relative velocities before
the collisions as independent variables, we integrate in dW, under condition (2.8.63). The

error we produce is

)"

E,=C6 Y ne™
n!

(2.8.66)

Optimizing on v and v we finally obtain the estimate in Lemma 6.

To prove Theorem 2, first of all we get rid of (]]; B;) once for ever, performing the
following decomposition: fix a parameter A, to be chosen later, and consider separately the
two situations {[[, B; < e *} and {[[\~, Bi > ¢ *}. We focus on the second case, being

the first one simpler. Therefore we need to estimate the following quantity
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Z Z Z/dA tn, Uns Vi) ( I_IB8 fo,]+n ¢°(0)) . (2.8.67)

n>0ky...kn On

By using of energy conservation on every collision we have

n jtn
NICTEED N I CRRREEY | (ST
ki...ky i=1 =1 i=1

Moreover, by Hypothesis 3:

j+n
FYn(€5(0) < UM AT

Therefore
n Jjtn
2.8.67) < C™e®0t) [ qA (b, Un, V. n) e Er DDA ?efzvﬂﬂ v -(j4n)v —G X
s ]Jrz
n>0 =1 =1
(2.8.68)
Now observe that '
jt+n .
Zv?e_% E < <Cn
so that
(2.8.67) <Y CmetTHM(j 4 )" / dhe™ 5 07, (2.8.69)
n>0
Since ) n .
w <C"(1+L)m < omed
n! n
we have
(2.8.67) < elo+Die=5 iy vi e /dAe EPAREL S (2.8.70)
n>0
Taking advantage by the time ordering in the integral dA we can conclude that
(2.8.67) < elo+ig=3 Tl v 2N (tC(a, B)" (2.8.71)

n>0

which is converging for ¢ small. Hence we denote by
& =C¢

the error due to ([[; B;) large. We remember that all the constants C' hereafter will depend
on j.

Now we have to compute the remaining term, when ([[; B;) is small:

Y S0 [ v Vi) 15 €O) ~ o COD] . (2872)

n>0ky...kn, On
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As explained in the previous sections, the recollisions are the principal problem in the evalu-
ation of the error; hence we split the above equation into two terms, integrating in a domain
in which recollisions occur and in its complement. Coherently with the notation used in the

previous subsection, we fix § and we get

2872 <=3 3 Y17 vV T (550 (€ (O] + fogion (COD)+

n>0ky..kn On
+/dA(thn>Vj,n) (1= L)l for+n(€7(0)) = fo+n(C(0))]) =

=T+7I.
(2.8.73)

Thanks to Lemma 6, the term Z;, the one in which recollisions occur, produces an error
3
53 =(C d10¢

The term Zs is outside the ricollision set, but there are other errors to be taken into
account: that due to large velocities and that due to small angular momenta. Using definitions
stated in Eq. (2.8.21), Zy can be bounded by

3 S Y A vin) (U ) B 15 1585 (€7(0)) — fogan(COD)+

n>0ky..kn, On

+/d/\(tn, Vi, Vin) (1= Tns) (1= 15) (1fgjn (€Z(0))] + | fo 4 (C(0)) )+

+/d/\(tn, Vi, Vin) (1= Lns)) (1= 15) (1f3n (€7 (0))] + | fo 4 (O] =

=N"+T+Ts.
(2.8.74)

The error due to large velocities is
Ey=Cel ™|
indeed, using Hypothesis 3,

T < E—AZ nlomn /dA(tn,l/n,Vj,n)(l _ 1N(§))(1 _ ]li)e_ﬁ/ Zi‘“{vke (B—8") 30 v} e <
n>0

1-A n (CO)" 1-A
<e Z 2 1 < Ce ,
n>0
(2.8.75)
where C depends on «, 3 — ' and j.
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The term J3 produces a volume error due to small angular momenta: denoting by A€ the

complement of a set A,

Ty < Z Z Z dA(ty,, vn, vin)(1 —N((S))e*BZi:lHn“?eO‘j <

n>0k1...kn On {1720 |5, (tr)—vjqr ) Avr [ >eb }e

<g2h—A Z(C’t)” ,

n>0

(2.8.76)

which converges for ¢ small enough. Hence
&= Ce*.

We are left with the J; term, in which we take into account the error due to the initial

datum and the e-dislocations.

J<erd Y Z[/dA(tn»Vmij) (1= L)) 15 15| £ (€5(0)) = fo 540 (Z(0)) ]+

n>0ky...kn On

+/dA(tnanVj,n) (1 = Tars)) 15 15[ f0,5+n(€°(0)) — fo,j+n(C(0))] =

=V1+ .
(2.8.77)
In the second term we use Lemma 5 taking into account the e-dislocation:
Vo < e (O H logel s, (2.8.78)

n>0

convergent for ¢ small. Therefore,
£ = Cel™r A logd% .

The first term is linked to error on the initial datum. We observe that if we are outside
an e-recollision set (that is true if € is smaller then ¢, for instance § = el/ 4), we can apply

Hypothesis 5. Therefore, the error due to the initial datum is composed of two parts:

VETED DS / AA (b Vi, Vi) (1= L) L5 25 Lt £y (C7(0)) = foga(C(0))]+

n>0ky..kn On

+/dA(tn, Vn, Vim) (1= Tars) 15 15 (1= 1) (1£052(CTON] + [ o, (¢(0))])] -
(2.8.79)

1—

The first part gives a contribution =, just appling Hypothesis 5 provided that § > . In the

second term we perform an integration in the time variable t,,, using the fact that ¢, < e!=#=*,
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thanks to the cut off 15 on small angular momenta. In this step we also used the cut-off on
energies 1§ to obtain a converging integral.

Summarizing, the error due to the initial datum is
Er = Ce' ™ ol

A worst rate of convergence of the initial data (see for instance eq.n (2.5.19)) would produce

a larger error in the first term of &7.

Finally, let 0 = €7, with v < 1; the total error is given by the sum of each contribution:
Eror = Ce? + Ce + O + Ce107 ™ 4 Cel ™ + e 4 Cel™# A (|logel? — 1) .

We observe that the important contributions are given by the errors due to J-recollisions,
small angular momenta and e-dislocations, as expected. Optimizing on A\, p and v (we
choose pu < 1/4, v < 3/4 and X = £'/19), we find

1IN = fj < Ceto (2.8.80)

2.9 Stable potentials

In this section we show how the techniques used in proving Theorem 1 can be extended to a
fairly larger class of potentials, including those with a moderate attractive part.

The potentials & we are going to consider in the present section, satisfy the following
conditions

Hypotheses on ®

Consider ® radial and short-range namely ®(r) = 0 for r > 1.

We further assume:

1) ® € C%((0,1)) (possibly diverging at the origin).

2) There exists 71 and ro for which

O(r) >0 for r<r,®(r)<0 for r>mr

for some . € (0,1]
3) @' vanishes only in ro > r;
4) ® is decreasing in (0, ro)
5) @ is stable.

Roughly speaking @ is a sort of cutoffed Lennard-Jones potential.

We remind (see e.g. Ruelle) that a stable interaction fulfills the following condition

Uzy...zj) = Y (|l — z]) > —Bj (2.9.1)
i<k
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for some constant B > 0 .

We also remark that condition (2.9.1) ensures the existence of the Partition Function and
hence the existence of an equilibrium measure.

In trying to extend the proof of Theorem 1 to the present situation, we need first to control
the scattering time, in absence of the repulsivity assumption which is not verified anymore.

We recall the classical formula yielfing the interaction time for the two-body problem:

2/1 dr
T==
V P*\/l—%@—g

where V is the modulus of the relative velocity before the collision, p is the impact parameter

(2.9.2)

and p,, the minimal distance from the origin reached during the scattering process, solves

2
D (ps
AN 0

p3 p

=0

Setting L = pV the modulus of the angular momentum, we can establish the following
Proposition
Given n > 0 there exists a set B(n) in RT x RT such that

/ dL/ dVe PP1p,) — 0 (2.9.3)
0 0
asn — 0, and for (L, V) ¢ B(n),
T < C(n)
where C(n) may possibly diverge as n — 0.
Proof

We find convenient to consider two scattering problems. The first due to the potential
Qi(r) = ¢(r) — ¢(ro), for r<rg,®(r)=0 for r>rg
and the second associated to the potential
Oo(r) = ¢(r), for r>rg,®(r)=®(rg) for r <.

Denoting by 71 and 79 the scattering times of the two problems respectively, it is clear that

T <71+ To.
L2
2r2)

critical points. Therefore 71 is bounded and it may diverge only for V' — 0. This may happen

As regards 7 we observe that, as far as L > n, the effective potential ®; + has no

when @ is bounded at the origin.

Therefore, denoting by B1(n) the set
{(LV)IVI<n or L<n},
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in the complement of B;(n) we have the bound
T < 0(77)

The analysis of the second problem, leads us to consider the effective potential

LQ
@2 + ﬁ
According to the values of the angular momentum L it may or may not have two critical
points. In the second case we proceed as before. In the first case we denote by y the critical

point corresponding to a local maximum of the effective potential.

We have
-2 =0
®5(y) — — =0.
2 yg
Moreover the values of the pairs (L, V) corresponding to the divergence of 7o satisfy
1 L? L?
- — =9 —.
2P + 9 Q(y) + 2y2

After a trivial computation we can write the parametric equation of the curve C of the singular
points in the (L, V') plane

1 1 1

50 = ®2(y) = S02(1)y* + S Ph(y)y
L= ®s(y)y’.

Denoting by B((L,V);n) the disk of center (L, V') and radius 7, we introduce the tube

(2.9.4)

T= |J B(ZLV)n) (2.9.5)

(L,V)eC

Due to the smoothness of &5 such curve C has finite length so that,
IT1<Cn

where |A| denotes the Lebesgue measure of the st A.

Clearly, outside the tube 7 we have
T < C (77)
In conclusion the Proposition is proven by setting

B(n) =Bi(n)UT. (2.9.6)

We are now in position to establish and prove the main result of the present section.
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Theorem 3. Under the Hypothesis on ® listed above and Hypotheses 1—4, there exists tg > 0
such that, for 0 <t <ty and j > 0,
lim fN(t) = f;(t) (2.9.7)

e—0
Ne2=1

uniformly on compact sets in ;.

Proof

We just mention where the previous proof of Theorem 1 requires modifications and how
to do them.

The proof consists into two parts, namely the short time estimate and the term by term
convergence.

As regards the short time bound, by virtue of the stability property, it is natural to modify
the definition of the Hamiltoniam by setting

Hp(z;) = H(z;) +jB > 0. (2.9.8)
Consequently we introduce the norms (5.1) replacing H by Hp.

Next we deduce estimate (5.3) by observing that

j+l4+m

1
Hp(zj114m) > Hp(z;) + 3 ';1 v},
i=j

We now pass to analyze the term by term convergence. Everything is going on as in
Section 2.8.2 when dealing with positive potentials up to Lemma 5. Here we compare the
IBF with the BBF.

On the basis of the above Proposition, we restrict the dA integration over the set of

parameters Vi1 ...Vjq1n, Vjq1 ... Vj4pn such that

e, —vjil =0, [pil =1 (2.9.9)

Uk — Vi 12
N T
|Vk; — Vjtil
Clearly the contribution of the integral in dA over the complement of the set (2.9.9) is
o).

Proceeding as in Section 7.2 we get an estimate similar to the one in Lemma 5, namely

1§5(s) = &5 ()] < C(n)e”

where C'(n) is possibly diverging as 7 — 0 and « > 0.

where

As a consequence
lim sup ’7:7671 (Zj7 t) - 7:771 (Zj7 t)‘ < O(U)

e—0

Due to the arbitrarity of 1, we conclude the proof. O
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2.10 Appendix (on the cross—section for the Boltzmann equa-

tion)

After having derived the Boltzmann equation in the form (2.2.1) , the question whether it
is possible to pass to the more usual form (2.2.3) arises naturally. To do this we have to
study the scattering map v — w(v) verifying its invertibility and compute the Jacobian of
the transformation to obtain the differential cross section.

We use, in this section, the usual notational abuse for which ®(z) = ®(|z|), namely we
use the same symbol to denote the potential as a function defined for z € R¢ or € RT,
namely its gradient is equally written as é—@’ (|z]).

The hypotheses on ® are those established in Section 2, possibly allowing discontinuity of
the first derivative at |z| = 1.

In considering the (planar) scattering process, after having reduced the two-body problem
to a single central motion, we denote by p the impact parameter (it is 0 < p < 1) while the
scattering angle (that is the angle between the ingoing and the outgoing relative velocities)
is 7 — 20,0 € [0,7/2], and the energy in the laboratory V2/2 > 0 (See Figure 2.1).

The usual definition is

1
1
O(p) = arcsinp + p/ dr , (2.10.1)
20 /1 — 20(r) _ p?
V2 r2
where p, is the minimum distance defined by
29 (p, 2
1- ég)—’p)z:o. (2.10.2)

The limiting values are ©(0) = 0 and O(1) = 7/2. While the first term in the right hand side
of (2.10.1) is an increasing function of p, the second term is clearly non monotonic (since ©
goes smoothly from 0 to 0 when p — 0 or p — 1 and hence p. — 1 ). Following [4] we set

y = p/r, and perform the change of variables

20(%) :
V;’ +y? =sinp, (2.10.3)
to get
w/2 :
O(p) = arcsinp+/ d@% . (2.10.4)
arcsin p y— V2y%

The advantage of this formula is that the integrand is not singular in the integration region,

and we can easily compute the derivative with respect to p.
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A straightforward calculation leads to

d 1 1
(TG - 1 - (2.10.5)
P 1—p 1- V2

. 2
+/7r/2 ” sin ¢ 3[‘/52@,, <P> —i—iQ‘I)' (P) I 54 <<I>’ <P>> }
arcsin p <y _ V2Ly2q)/(§)> y Y V2y Yy Viy Y

for 0 < p < 1, where ®'(17) indicates the limit of the derivative as |z| — 1 from below.

Note that in formula (2.10.5) we are also considering the case in which ® can have a
discontinuity of the first derivative in p = 1 as it is the case of an inverse power law potential
restricted at the unitary interval, treated in [4].

However, for the case of a smooth potentials considered in the present paper, the first
term in the right hand side of Eq. (2.10.5) is absent.

The following considerations can be deduced from Eq. (2.10.5).

1) The ratio p/y — g(p) as p — 0, where g is a strictly positive and decreasing function

of ¢ which form depends on ® and V2. Then the extremal values of our derivative are:

0 /2 glp)sing  (¥'(g(y)))?

(1= bw-y0) + dy € (0, +00] ;

ap o0 e /0 (%!‘P’(g(@)\)g v

o { +oo,  P(17) #0 (2.10.6)
dp p—1 0, '(1)=0

2) The monotonicity property % > 0 translates in a quite complicated condition on the
potential ®. A convenient sufficient condition is given by the following assertion:

In the considered class of potentials, if for all x with |x| € (0,1)
|2]@"(|2]) + 2@(|z]) = 0, (2.10.7)

then 42 > 0 for all p € (0,1),V? > 0.

Condition (2.10.7) can be easily checked for a large subset of potentials. For instance any
potential of the form ®(x) = (ﬁ - 1) djz|<1,k > 1, satisfies the condition, hence has strictly
monotonic map. Cases which are smooth in || = 1 can be constructed from the previous by

using a smooth junction: for instance?

_1 —§)k+1 _

e (S e+ 1 %) o<l <1-0

P(z) = ¢ TR 1—5<|e| <1, (2.10.8)
0 x| > 1

where k> 1 and 0 < 6 < 1/3 (see Fig. 2.9).

3Observe that this is a function C*(R?) with a jump in the second derivative for |x| = 1—4. The parameters
k and § can be arranged in order to eliminate this discontinuity (e.g. 6 = 1/10,k = 71). Nevertheless, all
our discussions are still valid if in the initial assumptions on the potential we require that ®” is just piecewise

continuous and bounded outside any ball centered in the origin.
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Figure 2.9: Map O(p) for the potential given by Eq. (2.10.8), with § = 0.1,k = 20 and V2 = 9.

3) The monotonicity property % > 0 is in general not true when condition (2.10.7) is

violated. We give two different examples.

e Formula (2.10.5) already indicates that the sign of the second derivative of ® is relevant
when we ask about monotonicity of the map. In fact, examples of non monotonic
mappings can be constructed when ®” is not always positive, for instance by taking ®

very close to the characteristic function of |x| < 1. If we consider the function

1
®(x) = —etan ((arctan -+ 72T> |z| — 72T> +1, (2.10.9)
€

numerical simulations show that the map ©(p) is non monotonic for ¢ << 1 as shown
in Fig. 2.10.

e Even when ®” is nonnegative, the mapping can be non monotonic if Eq. (2.10.7) fails,
an example being

5k+2

W‘F(S—(;Q(l-i-%) 0<’1“<(5
O(z) = 5(1 — |z|) §<|z| <1, (2.10.10)
0 lz| > 1
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Figure 2.10: Map ©(p) for the potential given by Eq. (2.10.9), with ¢ = 0.1 and V2 = 3.

We checked numerically the non monotonicity of ©(p) in the case § = 0.1,k = 4 : see
Fig. 2.11. Another example similar to the previous one but with continuous derivative

in |z| =1 can be constructed again by using a smooth junction.

4)If (1) = 0 (i.e. the force is smooth) and ©(p) is monotonic, we still have by (2.10.6)

that the cross—section is unbounded for © near to 7/2 (p = 1), that is

= +o00. (2.10.11)

In conclusion we can assert that the Boltzmann equation in the form (2.2.3) with a single-
valued B can be deduced for smooth (outside 0), decreasing potentials, satisfying both con-

ditions

|| @' (z]) + A®(|z]) > 0, (2.10.12)

|z|®" (|z]) + 29'(|z]) >0 . (2.10.13)
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Figure 2.11: Map O(p) for the potential given by Eq. (2.10.10), with § = 0.1, k=4 and V2 = 0.5.
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Chapter 3
Weak—coupling limit
In the present Chapter we present the paper [BPS].

3.1 From particle systems to the Landau equation: a consis-

tency result

Abstract.

We consider a system of N classical particles, interacting via a smooth, short-range potential,
in a weak-coupling regime. This means that N tends to infinity when the interaction is
suitably rescaled. The j-particle marginals, which obey to the usual BBGKY hierarchy, are
decomposed into two contributions: one small but strongly oscillating, the other hopefully
smooth. Eliminating the first, we arrive to establish the dynamical problem in term of a
new hierarchy (for the smooth part) involving a memory term. We show that the first order
correction to the free flow converges, as N — oo, to the corresponding term associated to the

Landau equation. We also show the related propagation of chaos.

3.2 Introduction

Lev Landau in 1936 proposed a kinetic equation, usually called Fokker-Planck-Landau equa-
tion (simply Landau equation in the sequel) which is a diffusion with friction in velocity,
suitable to describe the behavior of a weakly interacting gas, in particular a Coulomb gas in
a regime where the grazing collisions are dominant.

Roughly speaking the Landau’s argument was to take the Boltzmann equation with
Coulomb cross-section and (cutting-off short and long distances) apply the Taylor expansion
to the collision operator. The result is a degenerate elliptic operator acting on the velocity
space (see [18] and the original publication of Landau [17]). The full Taylor expansion of the

Boltzmann collision integral for arbitrary intermolecular forces was studied in [6] and a formal
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generalization of Landau collision integral to arbitrary scattering cross-section was proposed
there. A more precise asymptotics in the Coulomb case was also studied in [8].
The Landau equation for the one particle distribution f(z,v,t), where z € R3, v € R?

and t € Ry denote position, velocity and time respectively, reads as

(O +v-Va)f =Qu(f, [) (3.2.1)

with the collision operator )7, given by:

Qu(f. 1)(v) = / AV, [a(v — 1) (Vo — Vau) F@)f1)]. (3.2.2)

Here x plays the role of a parameter and hence its dependence is omitted. Moreover the

matrix a(w) has the form

B £(|w|21d—w®w)

a(w) =

: (3.2.3)

|wl |wl?
where A > 0 is a suitable constant.

Note that the Landau equation possesses all the properties known for the Boltzmann
equation, namely the mass, momentum and energy conservation and the H-theorem. Actually
the homogeneous Landau equation can be rigorously derived in the grazing collision limit of
the homogeneous Boltzmann equation by a suitable rescaling of the cross-section.

In particular, in [1] the authors show that, under suitable assumptions on the cross—
section, the diffusion Landau equation (3.2.1) can indeed be derived. The diffusion operator

is the form (3.2.2) but with a matrix a replaced by

(Jw*Id — w ® w)
jw]?

I

a(fwl)

with a a smooth function. Next in [13] and [23] steps forward were performed to arrive to
cover the case a(|w|) =~ ﬁ for small |w|, with v < 1.

The case of the matrix (3.2.3) was treated in [24]. It is worth to underline that the
initial value problem for the homogeneous Landau equation is strongly simplified for the case
a|w|) = ﬁ, with v < 1 (see [3] and [4]), while for the matrix (3.2.3) we have a weak existence
theorem obtained by compactness arguments based on the entropy production control [24].
Moreover, for the inhomogeneous case, we have existence and uniqueness of strong solutions
for data sufficiently close to a Maxwellian [14]. This is the only existence and uniqueness
result we are aware.

A natural question is to see whether the Landau equation can be directly derived, under a
suitable scaling limit, from a particle system as it is the case of the Boltzmann equation. In fact
one can see ([2], see also [22] and [21]), at a formal level, that the Landau equation is expected
to be valid for a weakly interacting dense gas. The precise statement and scaling (called weak-

coupling limit) will be presented and discussed in the next Section. The formal analysis gives
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indeed the Landau equation (3.2.1) with matrix (3.2.3). The two-body interaction potential

¢ is assumed smooth, spherically symmetric, and the constant A is given by:

A—l/md 33(r)? (3.2.4)
=5 s rreg(r)?, 2.

where ¢(|k|) = [ dz ¢(|z|)e .
Note that we find the Landau equation with matrix (3.2.3), which is not related to the

Coulomb potential, but arises even though the potential is smooth and short-range. This fact
was first established by N.N. Bogolyubov in 1946 [20].

In the present paper we want to start the rigorous analysis of the weak-coupling limit
for an Hamiltonian particle system. Our result is very preliminary. We first decompose the
j-particle marginals into two terms, one hopefully smooth and the other strongly oscillating,
but small. Eliminating this last term from the equations (with a procedure similar to that
proposed by Zwanzig [26]) we find an equation with memory, which we can handled up to the
first order in time. We show that this contribution agrees with the corresponding one arising
from the Landau equation. Roughly speaking we present a rigorous derivation of the Landau

equation at time zero.

It is well known that the situation for the Boltzmann equation is better, namely we are
able to derive such a kinetic equation for a short time [16] (see also [7] for additional comments

and results) in the low-density (or Boltmann-Grad) limit.

Note that the linear case, namely a single particle in a random potential under the weak-

coupling limit, is well understood, see [11] and references quoted therein.

Our analysis deals with the nonlinear problem but our techniques could apply as well to the
linear case. We think that, while we can easily obtain the same consistency result presented
here, it seems very difficult to go further. In [11] and related references, it is crucial the use of
probabilistic tools which seems more efficient compared with the hierarchical approaches. In
contrast it is very difficult to implement the ideas working for the linear case to the present

problem.

Finally we want to mention that the same problem of characterizing the weak-coupling
limit of particle systems, arises also in a quantum mechanical context. In this case the
quantity which we are interested in is the Wigner transform [25] which is a way to describe a
quantum state as a function in the classical phase space. In contrast with the classical case,
we expect that the Wigner transform approaches, in the weak-coupling limit, the solution of
a suitable Boltzmann equation, with a corrections due to the statistics, whenever taken in
explicit consideration. We quote [15], [3], [12], [4], [5] for the few results in this direction and
[19] and references quoted therein, for the Boltzmann description of wave dynamics in the

weak-coupling limit.
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3.3 Weak-coupling limit for classical systems

We consider a classical system of N identical particles of unit mass in the whole space.
Positions and velocities are denoted by the vectors Qn = {¢q1...qn} and Vy = {v1...vn}
respectively. The particles interact via a spherically symmetric, smooth potential of finite
range ¢ : R® — R, namely ¢(z) = 0 if |z| > r for some positive 7. In the following we assume
units for which r = 1.

The Newton equations read as:

d d
qu' =V %Ui = . Z F(qi — qj)- (3.3.1)
j=1...N:
J#i
Here F' = —V ¢ denotes the interparticle (conservative) force, and 7 is the time.

Let € > r be a small parameter denoting the ratio between the macroscopic and micro-
scopic space-time unities.

We are interested in a situation where the number of particles N is very large and the
interaction strength quite moderate. The system has a unitary density so that we assume
N = 3. In addition we look for a reduced or macroscopic description of the system. Namely
if ¢ and 7 refer to the system seen in a microscopic scale, we rescale eq.n (3.3.1) in terms of

the macroscopic variables

whenever the physical variables of interest are varying on such scales and are almost constant
on the microscopic scales.
Remembering that we want to describe weakly interacting systems, we also rescale the

potential according to:

b - VEd, (3.3.2)
so that system (3.3.1), in terms of the (x,t) variables, becomes:
d d 1 T — X; 1 T — Xj
—mi=v —vi=—— Y V( = — F( ). (3.3.3)
dt dt \/g j=1...N: € \/g j=1...N: €
j#i J#

Note that the velocities are automatically unscaled.

A statistical description of the above system passes through the introduction of a probabil-
ity distribution on the phase space of the system. Let WY = W (X, V) be a symmetric (in
the exchange of variables) probability distribution. Here (X, V') denote the set of positions

and velocities:
XN:{acl...xN} VN:{Ul...UN}, xieRg,vi€R3.

Then from eq.ns (3.3.3) we obtain the following Liouville equation

(TRWN) (XN, V). (3.3.4)

4l

N
(3t+;Ui-v$i)WN(XN,VN) = B
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Here we have introduced the operator

(TEWN) (XN V) = Y (TE W) (X, Vi), (3.3.5)
0<k<t<N
with
75 WY = V(2= (v, — v, )WY, (3.3.6)

To investigate the limit € — 0 it is convenient to introduce the BBKGY hierarchy for the j-

particle distributions defined as

fJN(Xj,Vj) Z/da:j+1---/dCCN/dUHl--‘/dUN (3.3.7)

N .
w (Xj,l‘]url ----TN;‘/]',UJPH .. .’UN)

forj=1...., N —1. Obviously we set ff\\,f = W/, Note that BBGKY stands for Bogolyubov,
Born, Green, Kirkwood and Yvon, the names of physicists who introduced independently this
system of equations (see e.g. [2]).

Such a hierarchy is obtained by means of a partial integration of the Liouville equation
(3.3.4) and standard manipulations. The result is (for 1 < j < N):

J
1 N —
(8t+zvk-vxk>ffv:$7?ffv NG C€+1 i+l (3.3.8)
pa

for 1 <j < N.
We set
fV=0, for j>N, and fy=WwW".

The operator C7_ is defined as:

J
1= Cijss (3.3.9)
and

Cr g+1f3+1( L. Up) = (3.3.10)
X xT
/d$]+1/dvg+1F< L. JH) Vo fir1(@1, o2, 241501, .0,V 41).

Cr i1 describes the interaction of particle k, belonging to the j-particle subsystem, with a
particle outside the subsystem, conventionally denoted by the number j + 1 (this numbering
uses the fact that all the particles are identical).

We finally fix the initial value {fo * , of the solution {fN( )}é\]:1 assuming that {f]O é\le
is factorized, that is, for all j =1,... N

=15, (3.3.11)
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where fj is a given one-particle distribution function. This means that the state of any pair of
particles is statistically uncorrelated at time zero. Of course such a statistical independence is
destroyed at time ¢ > 0 because dynamics creates correlations and eq.n (3.3.8) shows that the
time evolution of f{¥ is determined by the knowledge of f&¥ which turns out to be dependent
on fév and so on. However, since the interaction between two given particles is going to
vanish in the limit € — 0, we can hope that such statistical independence is recovered in the
same limit. Therefore we expect that when ¢ — 0 the one-particle distribution function le
converges to the solution of a suitable nonlinear kinetic equation f, which we are going to
investigate.

If we expand fJN (t) as a perturbation of the free flow S(t) defined as
(S(t)fj)(X%VJ) = fj(Xj - V}tv‘/j)a (3.3.12)

we find

JN(t): @) f _J/ S(t ]+1fj+1(t1)dt1+ (3.3.13)

7 /O S(t—t)T5 £ (tr)dts.

We now try to keep information on the limit behavior of fJN (t). Assuming for the moment
that the time evolved j-particle distributions fJN (t) are smooth (in the sense that the first

and second derivatives are uniformly bounded in €), then

C5 1S (X55 Vi) = (3.3.14)
o J
- 83 Z/dr/dvj+1F(r) . Vkaj+1<Xj,$k — ET; Vj,vjﬂ,tl).
k=1

Because of the identity
/ drE(r) =0, (3.3.15)
we find that
i [ (X5 Viita) = O(") (3.3.16)
provided that D? f\jrl is uniformly bounded. Since
N—-j
Ve

we see that the second term in the right hand side of (3.3.13) does not give any contribution

in the limit.

Moreover
/ S(t—t) TSN (t1)dty = (3.3.17)
Z/ dt1F< xk)_(v;_vk)(t_tl)>f(vaVﬁtl)
i#k
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where f is a smooth function. We note that the time integral in (3.3.17) is O(e) because
F # 0 only for times in an interval of length O(g). Therefore fJN cannot be smooth since we
expect a nontrivial limit.

In order to look for a (nontrivial) kinetic equation, we can conjecture that

=g+ (3.3.18)

where gév is the main part of fJN and is smooth, while ’yjN is small, but strongly oscillating.

We operate this decomposition according to the following equations which define gj-v and WJN :

J
N .] 1> N .] £
(9 + ka ’ mG)gJN = \/’ —=Cj Jj+1 ]+1 + \/* —Cj +1’Yj+1 (3.3.19)

k=1
>

(Or+ ) v - mG)v —Ta + —Tegj , (3.3.20)
Pt Ve Ve

with initial data
g7 (X5, V3,0) = (X5, V5), 4 (X, V5) = 0. (3.3.21)

Note that i = 0 since 7% = 0.

The remarkable fact of this decomposition is that v can be eliminated. Indeed, let

(X;(8), V(1) = ({1 (8) .. 25 (), 01 (2) - 0 (1) })

be the solution of the j-particle flow (in macro variables)

d d 1 Ty — Tk

4 e, L= L , 3.22

i =V i ﬁk:;j.Vé( . > (3.3.22)
ki

with initial datum (X;,V;) = ({1...2j,v1...v;}). Denote by U;(t) the operator

Uj(8)f (X, V) = exp{t(= Zvi Vi, + \ZTj)}f(Xj, Vi) = [(X5(=1), Vi(=1)),  (3.3.23)

then eq.n (3.3.20) can be solved:

7 () :/O dsUj(S)\}gTjg}V(t—S)- (3.3.24)

Explicitly

XVt = =2 / i Y F (S ;"““’“<‘S>)-[<v@i—vvk>g§V1<Xj<—s>,vj<—s>;t—s>.

1<i<k<j

(3.3.25)
Inserting (3.3.24) in (3.3.19) we finally arrive to a closed hierarchy for {g . Obviously
we pay the price of a memory term given by the time integral in (3.3.24) or in (3.3.25).
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We write the hierarchy in integral form. Then

g () = <>f;’ f / S(t = 7)C5 1N (P)dr (3.3.26)

g+1’7j+1( T)dr

=S(t )fjo \[ /S ]+19]+1( T)dr

N-—j
/dT/ doS(t +1U]+1( )E—Flgﬁl(a)‘

Remark 1. Why do we expect that '7JN strongly oscillates? Let us try to control the first
derivatives of h(X;, Vj,t) = Uj(t)ho(X;,V;) = ho(X;(—t), V(1)) for a given smooth function
ho. Then

OMXGVint) (DR oy DTN R 0 ()
O _kzﬁj axf(XJ( DY) " +av,fj(XJ( R e

Oh(t) . o
and analogous formula for 81}(? . Here we are using Greek indices for the components of x;

B(_ B(_ B(_ B(_
and v;. To estimate quantities like (%gggq t), 8:655@ t), 8”5; t), avgsg ) we use eq.n (3.8.22) and

find (changing —t — t)

d 9z, (t)  dul(t)

W = o (3.3.27)
B t B _ Y t o
dovi(t) 1 OF (:rk(t) :cr(t)) Ozy(t) _ 0xl(t) (33.28)
dt dx &3 4 B ox] 5 oz oz
r#k

Integrating eq.ns (3.3.27) and (3.3.28) in time, we arrive, by using the Gronwall lemma,

Cre
S Cexp <63/2>

where 1. is the scattering time, namely the time interval for which |xg(t) — z,.(t)| < e . Now,

to
vy (1)
Ox

even though 7. = O(e) (neglecting small relative velocities), it seems difficult to get something
; C
better than a bound like exp(%).
In conclusion we expect that the first derivatives of h(t) are O(exp(ﬁ)). Looking at eq.n
(3.3.24) we expect for v the same behavior. In contrast, the action of the operator C; is

reqularizing (althoug we are not able to prove this) so that we expect g to be smooth.
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On the other hand ’ij 1s also expected to be small, in some sense. Indeed by taking the

scalar product of (3.3.24) by a smooth function u, we find

(N (¢ / 05 |[U; (—s)ull | T (¢ — )]s

<o =1y oo/ ds/da:l/dazg /dV/dr\F

|(V’U1 _vvz)g] (1‘17$1+5T xs3 . ‘/]’t
Therefore this term is vanishing provided that g" is sufficiently smooth (uniformly in ¢ ).

A rigorous analysis of the limit N — oo, € = N~(/3) seems to be very difficult. We
expect that, in this limit, both fJN(t) and ng(t) would converge to f(t)®/, where f solves the
Landau equation stated in Introduction. We cannot prove it, but a first step in this direction

is made in the following Sections.

3.4 Consistency

We consider eq.n (3.3.26) written in symbolic form as

9; = S f} + Ajr19541, (3.4.1)
where all upper indices N are omitted for brevity. To solve these equations one can use the

obvious iterative scheme
1

Our goal in this section is to prove that the equation for g( )( t) = iV (t) is consistent with

the Landau equation. Thus we replace (3.3.26) by its first approximation:
t

gy () =St f} + f S( 7)C511S(T) [ adr (3.4.2)
g+17]+1( T)dT
=S(t)f /S C51S(T)g dT (3.4.3)
N=J dT dUS ]+1UJ+1(T_U) ]+1S< )fJ+1
Here we set
V(X Vi) = / " doU;(r — o) T3S (o) f-O+1 (3.4.4)
\/’ J

B ) - —fﬁ‘k( s)\

-- = / d 1<;€<J ) (3.4.5)

(Vo = Vo )S(7 = ) f71(X; (=), Vi(=s)).

We note that %N can be explicitly computed.
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Lemma 1. We have

V(X Vi) = (U0 f] = SO ) (X5, V)
= [ (X;(=), Vj(=1) = f}(X; = Vjt, V) . (3.4.6)

Proof. Let Lo = —3 . v; - V, be the free flow generator.

Then we compute

U ()10 — S(t)f0 = / ds— S(t — 5)]f (3.4.7)

For convenience of the reader we make explicit eq.n (3.4.2) in the case j =1

V() =S(t)fo + N\;El /0 S(t —1)C58(7) fYdr (3.4.8)

-l )O3 (r)dr

where, by Lemma 1,

A (@1, 01, 29, V9, T) = — 7 dsF( (3.4.9)

[(Voy = Vi) S(7 = 5) f31(Xa (=), Va(~5))
=[f3 (Xa(=7), Va(~7)) = f3(X2 = Vor, V2)].

The first result of the present paper is summarized in the following Theorem.
Theorem 4. Suppose fy € Cg(R?’ x R3) be the initial probability density satisfying:
D" fo(z,v)| < Ce PP for  r=0,1,2 (3.4.10)

where D" is any derivative of order r and b > 0. Assuming also that ¢ € C?(R3) and ¢(z) = 0
if |x| > 1. If (3.3.11) holds for j = 1,2, then

tim g1 (1) = S(t)fo + /0 drS(t — )Qu(S(7) for S() o). (3.4.11)
gl_l;r(l) AN (t) =0, (3.4.12)

where Ne3 =1 and the above limits are considered in D'.
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Proof. Let u € D(R® x R3) be a test function. From now on we will denote by (hj,k;j) =
JdX; [ dV;hj(X;,V;)k;(X;,V;) the inner product. Then

(0.3 = 5O+ 2 [ -nosso D + [ Tnan @1

where
To(r) =— N\;Sl/dwl/dm/dvl/dw(va(T—t)u(xl,vl))- (3.4.14)

1 — T2\ N
F( ) Yo ($1,$2,1}1,U2,T).

I3

We have already seen that the second term in the right hand side of (3.4.13) is vanishing.
Therefore we have to evaluate the last term, namely fg drT:(1). We split the term 7.(7) into

two terms

T=T=+T" (3.4.15)

where

T(r)” = — N}gl / dary / drs / dvs /lemm dos(Vo S(7 — u(zr, o). (3.4.16)

Ty — T2\ . N
F( 5 >72 (1, x2,v1,v2,7T)

where w = v1 — v9 is the relative velocity and a is a number to be fixed later on. 7? is defined
accordingly.
The reason of this decomposition will be clear later on. For the moment we show that 7= is

negligible.

Lemma 2.

T= =0V . (3.4.17)

Proof. By Lemma 1 we have that 45 is uniformly bounded. Moreover by the change of

variables
o = X1 —ET
we get
IT=| <C(N - 1) /dml/dvllvvl (1 —t)u(z1,v1 ]/dr\F / dw (3.4.18)
|w|<agl/4
<Cel/*.
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To evaluate 7 we use (3.4.9) to write it as

T2 (1) =(N — 1) /dml/dr/dvl/ (3.4.19)
w|>a61/4

1 / dsro(r) s (P2 >>[h (1,22, 01, 2,7, 9

g Jo g

where 9 = 21 — er and h, is the matrix

(he)as = =(Vor S(7 = thu(z1,v1))al(Ve, = Ve )S(7 = 5) f]a(Xa(=5), Va(=5)), a,f=1,2,3.

The summation over repeated Greek indices is assumed here and below.

Here the flow X5 (t) = (z1(¢), z2(t)) has initial conditions (z1,2; —er). Scaling times we also

find
T2 (1) =(N —1)e /dwl/dr/dvl/ (3.4.20)
w|>a,21/4

/OT dsry(r)y (P 22 )>[h s

9

Let us introduce the function h which is the formal limit of A, namely

ha”g(xl,?}l, V2, 7') = —Ra(ml,vl,T)[(Vyl - VW)S(T)fg(xl, 1,1, 1)2)]5, (3.4.21)

where
R(z1,v1,7) = Vy, S(T — t)u(zy,v1). (3.4.22)

We split 7 into two terms
T =TT

where

T (1) = (N —1)e /d:nl/dr/dvl/
w|>a51/4

/0 dsFo(r)F <:1c1( es) — xa(— 68))%,5(:61,111,@2,7)

€

T (1) = (N —1)e /dml/dr/dvl/ dvg
|w|>aegl/4

/0 dsFy(r)Fs <x1< es) — 2= ES)>(hg—h)a,ﬁ

(3.4.23)

and

(3.4.24)

3

We shall show that 757 (7) is vanishing while 777 (7) has the right behavior. In the evaluation

of 77 (7) we note that h does not depend on s so that we have to evaluate the integral

/O dsF< ) ;“(_58)> - i/OT dsF <x1(_8) - $2(_5)) . (3.4.25)

Indeed the integral (3.4.25) can be bounded when the interaction time of the two-particle

system is O(e) and this is true only if the relative velocity is not too small (see Lemma 3

below). This explains why we did the decomposition (3.4.15).
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Lemma 3. Setting w = v; — ve, suppose that
lw| > ag'/4 (3.4.26)

where a = 4/ ||F||p~. Then, defining for any real number s

A. = {s]lz1(s) — z2(s)| < e}, (3.4.27)
we have
4e
meas(A;) < Tl (3.4.28)
w

Moreover, fori=1,2:

lvi(es) — v;| < C\\ﬁ' (3.4.29)

Proof. Assuming first that s > 0, we pass in the coordinate system around the center of mass
(at the origin) and denote by £(t) = z1(t) —x2(t). Let w = v1 — vy be the relative velocity and
w, its horizontal component. We assume that at time zero the particles are in the interaction
disk (more precisely, they enter in the interaction disk at time s = 0) and fix the axis in such
a way that w is horizontal and its z- component is positive, namely w, = |w|. Let ¢ be the
first time for which
wy(t) < M
- 2

By the equation of motion

walt) = |w| + /0 25 (5(3)> (3.4.30)

N
we infer ) 5
w _
— > — —||F|| oot
5> ful =P

from which
ro VeIl

> . (3.4.31)
A F[| oe

In the time interval [0, {] we have w, > % and the horizontal displacement is (under assump-

tion (3.4.26)) larger than

|w2’t_ > 2, (3.4.32)
since the diameter 2¢ is a maximal path inside the sphere, independent of the initial point.
This implies that, when [£(t)| < €, then |w(t)| > |w(0)|/2 and hence

4e
lw|”

meas(A;) < (3.4.33)

Moreover

vi(es) = v + /OES iF ((MC’)—.%Q((T)) do (3.4.34)



from which

lvi(es) —v1| < Crf‘. (3.4.35)

The case s < 0 reduces to the case s > 0 by changing the initial velocities to v;(0) = —v; for

1 = 1,2. This completes the proof. O O
Note that

z1(—¢s) . 72(=88) _ e é /0 T dol(01(0) — v1) — (va(0) — 1)) (3.4.36)

thus, by Lemma 3,
x1(—es) — wa(—es)

8 < Csﬁ. (3.4.37)

— (r —ws)

The integral (3.4.23) reads

T (1) = (N — 1)53/d:n1/dr/dv1/ dvy (3.4.38)
|w|>agl/4

/E dsFo(r)Fg(r — ws)ha g(z1,v1,v2,7) + E
0

where the error term E is given by

~ (N 1) / dan / dr / i f e (3.4.39)
/OE dsFa(r) [F/j (xl(_gs) - Ta(zes )> ~ Fy(r — ws)} he s (1, 01,02, 7)

It is clear from the proof of Lemma 3 that |z1(—es) —x2(—es)| > € if s > 4/|w]| (see (3.4.32)).
On the other hand, |r — ws| > 1 if s > 2/|w|, provided |r| < 1. Hence,

4
1 [l
|E] §C\/§/da;1/dv1/ dvg/ sds|h(x1,v1,v2,7)| (3.4.40)
|w|>agl/4 ‘w| 0
1
§C\/E/da;1/dv1/ dvg—?’\h(a:l,vl,vg,r)\
|w|>ael/4 ‘w|
<Cy/e|loge].

In the last step we estimated

|h(x1,v1,v2,T) <C|fo(x1 — vaT,v2)(Vy, — TV ) folx1 — v17,01)] (3.4.41)

+ | fo(xr —v17,v1)(Ve, — TV, ) fo(z1 — v27,02)]
<Ce Ml Hual?).

Lemma 4. For all w # 0,

‘ +7/e +7/e
ig%/dr/ dsFu(r)Fg(r —ws) = ili%/dr/ﬁs dsFo(r)Fg(r — ws) = a(w)a.pg
(3.4.42)
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where

A WaW
W) = 17 (0as ~ \w|25> (3.4.43)
and e
A= [T '), (3.4.44)
T Jo

with (|k]) = [gs ¢(r)e= .

Proof. The first identity in (3.4.42) is due to the symmetry F(r) = F(—r). Then we compute
the left hand side of (3.4.42) taking the Fourier transform and passing in spherical coordinates.
The result is

A/sz dkd(k - w)k ® k = a(w). (3.4.45)

O O

Finally by the use of the dominated convergence theorem we can establish

lim [ dr7{7 (1) = /0 drS(t — 7)Qr(S(7)fo, S(7) fo) (3.4.46)

e—0

in D’. To conclude the proof it remains to show that

t
lim [ dr7;(r) = 0. (3.4.47)

e—0 0
We first evaluate
(he — h)a,g(z1,7,v1,02,T,€8) = Ro(21,v1,7)

{[(Vor = Vi) S(7 — £8) f3](Xa(—e5), Va(—e5)) = (Voy = Viu)S(7) f3 (w1, 21, 01,02)]} 5.
(3.4.48)

Note that
VuS(7) f(z,v) = S(T)(Vy — 7Va) f(z,0).

Omitting irrelevant variables we observe that
(he = h)a,s = Ra(Pp(—es) — ©5(0))

where ®(0) = [(Vy, — Vi,)S(7 + 0) f3](X2(0), Va(0)).

Hence
0

|he — h| < |R)| do|®(0)|.

—E&S8
It is easy to see that <i>(a) is a linear combination of various second derivatives of f3, multiplied

by w(o) = ZF (M), plus two terms proportional to first derivatives with respect to

== -
x. All the derivatives are computed at the point [Xa(0) — (7 + 0)Va(o), Va(o)]. Hence, under

the assumptions of Theorem 1, we obtain
1 ES
lhe —h| < CIRI/ do exp{=b([vi(=0)[* + [v2(~0)|*)}-
Ve Jo
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Since |x1(—es) — xa(—es)| > € if s > 4/|w|, the integral over ds in (3.4.24) can be estimated

by
/e —eg) — po(— /|wl es
/ dsFy (5”1( 53)5332( 58)>(h5—h)a,5 < 0\|/§ /4 ds/ dop (o)
0 0 e 0 (3.4.49)
< ClRlvE dop(eo) ,
|w] 0

where () = exp{~b(|v1(=0)[* + |v2(~0)[*)}.
Then by energy conservation

o1 ()2 + [v2(8)* + 2VEd (M) = const

and therefore
W(es) < A% exp{=b(|v1]* + [v2|* — 4VE]¢lloc)}-
Hence, we obtain the following estimate of the integral (3.4.24):

7 ()] < Oz / da: / dr / dVa o1 — vl 2| R(z1, 01, 7)| [F ()] exp{—b(jn|? + [va]?)},

where R(x1,v1,7) is given in (3.4.22). It is clear that R(z1,v1,7) = 0 if |z1] > R1, where Ry

depends only on 7. Therefore

1770 < CVE [ dor [ duafor = ol Zexpl=bljer + oo} = C1VE
By Lemma 1 we also conclude that (3.4.12) holds and this completes the proof of Theorem
1. O O
3.5 Propagation of chaos

In this section we extend the result obtained in Theorem 1 to the j-marginal distribution,

showing the propagation of chaos (at first order in time). More precisely we have

Theorem 5. Under hypotheses of Theorem 1, if (3.3.11) holds for all j, then

lim g;v(t, T1,01,...,25, ’Uj) = H S(t) folxs, vi)+

e—0

=TI S0 otanve) [ ars(e=r)Qu(S() o S()fo)aivo).

(3.5.1)
i%’?fv(t,zl,vl,...,xj,vj) =0 (352)
inD'.
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Remark 2. The reason why we call eq.n (3.5.1) propagation of chaos is that the r.h.s of
(3.5.1) corresponds to the first order in time of Hg:1 lime 0 G (24, vi, t).

Proof. Let u € D(R? x R3/) be a test function and let us consider

(1 () = (. SO+~ [ (0.5t =105 S

N-j

Ve
Of course the second term in (3.5.3) is of order O(y/¢), hence we focus on the third term.
Then, defining R;(X;,V;, 1) := V,,S(1 — t)u(X;,Vj), such a term is

(3.5.3)

t
; (u, S(t = 7)C5 417741 (7)) dr.

T_N_j/ (u, S(t — )Cjﬂ(fﬁﬁl)df

f
N - ] Ti — Tj+1\ N
dXji1 | dVjgr Ri( X5, Vj, 1) F(———)%41(7)
1:1

5 3

Z/ /dXJH/dV]H/ dsRi(X;, Vi, 7) Z <€J>
i=1 "0 k=1
k<l

(F (xk(—s) ; xz(—5)> (Ve = Vo) S(T = 8) [ 1] (X 1 (=), Viga(=s))}-

We shall see that the leading term in the sum appearing in the r.h.s. of (3.5.4) is that
with k =14,l = j + 1, the other ones being vanishing. This is the content of the following

Lemma 5. Let ¢ = p(Xj41, Vj41,7,5) > 0 be a measurable function, compactly supported in

X1 and such that

o < e Vil

Then, if (k,1) # (i,7 + 1), for all i,k,l, we have
AV 19| F <5”_€fcj“> I|F <x’€(_8) - 9”(_8)) | < Cle. (3.5.5)

Proof. We are integrating on the final coordinates (X;11,Vjy1) = (X;41(0), Vj4+1(0)) of the
flow (X;41(0), Vj41(0)) defined for negative times o € [—7,0]. We find convenient to reverse

dXjq

.
ds
0

the velocities Vj11 — —Vj41 and look at positive times s € [0, 7].

First of all we perform the usual change of variables z;11 = x; — er and gain 3. Next
we introduce the following partition of the phase space: setting Cy = {(k,l),k < l|(k,l) #
(1,7 + 1)} we define

Ao(k, 1) = {(Xjr1, Vir)| e — | <26, (k1) € Co} (3.5.6)

and

U Aok, D). (3.5.7)
(k,l)ECO
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Furthermore, denoting by s(k,l) € [0, 7] the first instant for which
lzk(s) —zi(s)] < e (3.5.8)

namely the pair of particles k and [ starts to interact at time s(k,[) (if they do not interact

we set s(k,l) = 7) we define:

A1 ={(Xj41,Vjq1) ¢ Aols(k, 1) = ( m)igc s(r,m) < 7}. (3.5.9)
r,m 0

In other words if (X1, Vj4+1) € Ag, the pair of particles (k,1) € Cy is the first interacting
pair (excluded the pair (i, j + 1) which starts to interact at time 0) in the time interval (0, 7].

Note that we are interested to integrate over the set

AU ) A (3.5.10)
(k,1)ECH

In facts in the complement of the set (3.5.10), (3.5.5) vanishes because
P (xk(s) ; 1131(3)) —0

To estimate the contribution due to Aj; we first assume that k # 4,1 # j + 1, 1.
Note that the motion of the pair of particles with indices (k,1) is free in [0, s(k,[)]. Then

setting xp, — x; = y and v — v; = w we have

inf |y —ws| <e. (3.5.11)
s€[0,7]
The minimizing s is sg = % so that condition (3.5.11) yields
w-y

This means that the projection of  on the orthogonal plane to w is in the disk smaller than

€. Therefore

N=J / dX; 1dVi 1 ¢ |F (W) I|F (x’“(_s) _x’(_5)> | <. (3.5.13)
9 A(k,D) S 9

Now we consider the cases k =1, ] =1 or | = j + 1. For the sake of clearness we consider
k =1, the other cases being completely analogous.
There are two possibilities: either s(i,1) > §, where § is the last interaction time for the
pair (7,7 + 1), namely
[2i(s) — 24 (s)] > €

for s > 8, or s(i,l) < 3.
In the first case we can repeat the above argument setting y = z;(5) — x;(5) and w =

vl(é) — ’Ul(g).
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is moving freely with velocity

In the second one observe that the center of mass & = m#

v = U”L# (because the pair (¢, + 1) is an isolated system at least up to a time 5 = s(4,1)).
Condition
|z:(5) — 2(5)| = €
implies
|71(5) — 2(5)| < |2i(5) — 21(3)| + |24(5) — 2(5)] < ge . (3.5.14)

Therefore we can integrate under the condition (3.5.14) to get

N—j P — —s) — ay(— .
‘7/( X padVia 0| F (“”fj“)HF (xk( 8)6 2l S>>|§Cﬂs- (3.5.15)
Al

€

Clearly we also have that

N i — —s) —ay(— .
- J/ dX;1dVi1 o |F (%)HF <$’“( s) = 5)>\g0352. (3.5.16)
Ao

Thus we conclude the proof. O

Finally we handle the leading term. Setting

N —j J t T i — T
T =— 5]2/ dT/de+1/d‘/j+1/ dsRi(X;,V;, 7)F <”3€W>
=170 0

{F <wi(—8) —;j+1(—3)> (Vo = Vi) S(T = 8) 1] (X1 (—s), Vj+1(—3))} ;
(3.5.17)

we have

Lemma 6. The term with repeated indices is of order one. More precisely,

lim 7} = ZHS(t)fo(xk,vk)/o drS(t —)QL(S(7) fo, S(T) fo)(mi, vi),u | . (3.5.18)

e—0 ‘
i=1 k=1
k#i

Proof. At this point the proof is rather obvious and we only sketch it. We first reduce the
integration domain in the definition of 7} for moderately large relative velocity, i.e. |v;—vj41] >
ae'/*, being the contribution of the complementary set negligible as we have seen in Section

3. Looking at

N-j< [t i
TP =— J Z/ dT/de+1/ de+1/ dsRi(X;, Vi, 7)-
g =1 0 \vifvj+1|>a€1/4 0

. (xz—:ﬁ_l> {F <xz‘(_8) —:j+1(_5)> (Ve — Vi )S(r — 8)ff+1](Xj+17Vj+1)} ,
(3.5.19)
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we could apply the same argument as in Section 3 to get the result, if the motion of the pair
of particles ¢ and j+ 1 would be independent of the others. However we have seen in the proof

of Lemma 5 that the contribution of the event in which the particle k # 4, j + 1 interacts with

particle ¢ or particle j + 1 is indeed negligible. Hence (3.5.18) follows easily. O
Finally, again by Lemma 1, we obtain (3.5.2). O
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Chapter 4
Grazing collision limit

In Sections 4.4—4.6 of the present Chapter we present [MPS].

4.1 Introduction

The Landau equation appears for the first time in 1936 in a paper by L.D. Landau. In
[L-36] he derived the Landau collision operator starting from the Boltzmann collision integral,
performing the so—called grazing collision limit (see Section 4.3 for details). The purpose
of this Chapter is to adapt the grazing collision procedure by Landau -relying on physical
considerations- to the toy model proposed by M. Kac in the 50s. Indeed, we have seen in
Chapter 3 that a rigorous derivation of the Landau equation from a deterministic microscopic
dynamics seems to be very difficult. We propose to start from a stochastic dynamics, as in
the case of the Kac model for the homogeneous Boltzmann equation. In order to do that,
we introduce a N-particle system which approaches, in the mean—field limit, the solutions of
the Landau equation with Coulomb singularity. This model plays the same role as the Kac

model for the homogeneous Boltzmann equation.

The plan of the Chapter is the following: in Section 4.2 we briefly review the model proposed
by Kac in [K] for the homogeneous Boltzmann equation; an attempt to clarify the physical
meaning of the grazing collision limit and the idea of the derivation of the Landau collision
operator from the Boltzmann one is presented in Section 4.3; the remaining Sections are
devoted to the study of the Kac’s model for the Landau equation (we report exactly [MPS]).
In particular the model we obtain by performing the grazing collision limit starting from the
Kac model and the statement of the main result are presented in Section 4.4; Subsection 4.6.1
is addicted to some preliminary estimates used in the proof of Theorem 6 presented in Section

4.6, using compactness arguments inspired by [V-98].
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4.2 Kac model

In 1954 M. Kac [K], in the attempt of clarifying some aspects of the transition from particle
systems to the Boltzmann equation, introduced a toy model which has been successively
investigated.

He started from the Boltzmann equation for hard spheres of diameter e, performing elastic

collisions; in this simple case, the Boltzmann equation can be written as follows:

g{(ta:v)—i—v Vaof(t,z,v) = /dvlfdn]vl—v V|
{ft,z,v+ (1 —v) - vv)f(t,z,v1 — (1 —v) -vv)— f(t,z,v)f(t,x,v)},
(4.2.1)

where f denotes the probability density of a gas in a region A and v is a unit vector. Since
there are no external forces, Kac assumed the probability density to be of the following form:
N

flt,x,v) = mf(t,v) , (4.2.2)
where N is the total number of particles of the gas confined in the region A, whose volume is
denoted by |Al; this means that the probability density is factorized in a term which involves
the spatial properties (in fact the ratio between the number of particles and the volume of
the region in which they are contained is essentially the definition of the spatial density) and
a function which represents the velocity density. It is easy to see by substituting (4.2.2) in

(4.2.1) that f(t, v) is a solution to the reduced homogenous Boltzmann equation?

of
b 2 1A /dvl /CM v =)V (4.2.3)

{F (0 + (or —0) - v) (o1 — (01— ) - vv) — F(E V) F(E 1)}
describing the time evolution of the velocity density with uniform spatial density.
Kac’s idea was to look at the reduced equation (4.2.3) to give a new probabilistic formulation
of the problem.
Roughly speaking the Kac’s model consists in a system of IV particles with associated velocities
vy = (v1,...,0N) € R3N | whose dynamics is the following stochastic process: at a random
time chosen accordingly to a Poisson process, pick a pair of particles, say ¢ and j, and perform
the transition

Vi, v — VS, v}

preserving total momentum and energy. More precisely, in the case of hard spheres, v] and

v, are given by the usual laws of elastic collisions:

J
vl =i+ (vj —v) v,
v =v; — (vj —v) v,

(4.2.4)

We observe that if the system we want to consider is not the hard-sphere one, we have to replace the

factor §|(v1 —v-v)| by a function depending on the interaction (see the discussion in Chapter 2 for details).
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The probability of such a “collision” event is assumed to be a function of the modulus of the
relative velocities of the two particles involved in the collision and of the angle between their
relative velocity and the unit vector v. In the case of hard spheres, this probability has the
following structure:
e |(v; —vi) - v| = (vj — ) - v
Kij = 5 Al dv dt . (4.2.5)

It is interesting to observe that Kac chose the above expression for the transition probability

because it is equivalent to the “Stosszahlansatz” originally formulated by Boltzmann in 1872.
Indeed, in [K] is stated that the Boltzmann’s hypothesis of chaos is the following: let us
consider two particles, say particle 7 and particle j, whose velocities are v; and v;, then the
number of collisions in the interval time dt between particle i and particle 7 which take place

when the line joining the centers of the two particles are in the direction v is

62
f(vi)f(vj)g {l(vj —v) -v| = (vj —v) - v} dvdt, (4.2.6)

where f is the average number of particles. If such a collision takes place, the velocity vector
changes according to the usual scattering laws, preserving momentum and energy in each
collision.
The master equation for this model is just the Kolmogorov equation associated to the Markov
process we are considering. Indeed let fV(0,vy) be the symmetric (in the exchange of
variables) N-joint probability density at time zero; its evolution is given by

afy _ - N / / N

——(tvN) = > /dz/ KigW{fN (v, .00 ow) = (o, on) )

ot —
1<i<j<N
(4.2.7)

Further simplifications of the model ? lead to the well-known Kac model.
More precisely, if fV = f¥(vy,t) is a symmetric probability distribution describing a statis-

tical state of the system, the time evolution is given by the following master equation
N =Lyt (4.2.8)
where
1
Ly = IN Z/ dv; dvl; K (vs, v;|vf, v5)8(vs + vj — v — v})8(0] + vf — v —off)
i#j (4.2.9)
{fN(vl,...,vZ/-,...,v;,...,UN) - fN(Ul,...,UN)},

and K is a suitable kernel.

Introducing the exchanged momentum p = v; — v; = v; — v} in the collision process and

assuming that
K (vi,vj|v, v3) = w(p) (4.2.10)

2The simplifications made by Kac are the loss of the conservation of momentum and the simplification of

the expression of the kernel.
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for some smooth and radially symmetric w, we readily arrive to

v_ L 18 (o — - (0
Lnf —QN;/dp ()3 (57— p- (v1 — 1y)) o

{fN(vl,...,Ui—f—p,...,vj—p,...,vN)—fN(vl,...,vN)}.

In [K] it was shown that the first marginal of fV converges, in the limit N — oo, to the solution
_ QN
=Jo

for some probability distribution fy. Moreover, the j-particle marginal converges to the j-fold

to the (homogeneous) Boltzmann equation if the initial datum is chaotic, i. e. if fV(0)

product of such solution, i.e. propagation of chaos holds (see (4.5.15) below).?

4.3 Grazing collision limit: from Boltzmann to Landau

If we are interested in the study of the probability density of a rarefied gas, the Boltzmann
equation is the right model to look at. On the other hand, if the gas is dense, the inter-
actions among particles are of Coulomb type so that singularities appear and the integrals
become divergent when distances among particles are large, so that the Boltzmann collision
operator makes no sense. To study these phenomena, in 1936 Landau [TH], starting from
the Boltzmann collision operator, derived a new kinetic equation for the time evolution of
the probability density of a dense charged plasma, exploiting the fact that, in this physical
context, only the grazing collisions (p =~ 0) are relevant. In this Section we shall reproduce
Landau’s approach and point out some relevant features associated to the Landau equation.
First of all, Landau started from physical observations, pointing out that the right forces
acting in a plasma are of Coulomb nature, so that a variation of the particle motion is possible
at large distances too. If we use the Boltzmann collision operator, Coulomb forces would
produce divergences in the integrals for large distances among particles that are colliding.
This fact points out a first key feature in the description of the evolution of the density
function of a plasma: collisions such that distances among the colliding particles are large are
essential.

We notice that the relevance of large distances is linked to the fundamental role played by little
variations of the momentum; indeed at large distances the particles change their trajectories

if the variation of momentum is small*; more precisely, particles at large distances could only

3Theorem ( Kac - 1954 )Let fN(O) be a sequence of probability density functions having the “Boltzmann
property”

J
@&ﬁmngggﬂmm.

Then fN (t), solutions to (4.5.1), also have the “Boltzmann property”:

N —o0

J
. N . N
lim £ (vy, t) = [ Jim £ (o, 0)
k=1
4The smallness in the variation of momentum can be considered as a diffusion in velocity.
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scatter through small angles and small change of velocity, so that collisions in which velocities
are slightly changed are important.
Landau’s approach (see also [P]) is the following: let us consider the Boltzmann collision

integral in the equivalent form

QU = / dvn / a / K (v, | o) {F () F(0) — F@)F(01)} (4.3.1)

where v and v are obtained according to (4.2.4) and K (v,v1|v’,v]) is a function of velocity
variables before and after the collision and it takes into account the conservation of momentum

and energy; more precisely
K (v, 010/, 0h) = w(p)d(v+ v — o' —0)50? + 02— ()2 = (0])),  (4.3.2)

where p is the transferred momentum, i.e. p =v" —v =v; — v}.
In order to express the smallness of the transferred momentum, we consider a small scale
parameter € > 0 and we rescale the function w in such a way that the grazing collisions are

relevant in the limit of € small:

w(p) — E%w (g) .

To take into account the high density of the plasma, we also rescale the mean—free path:

1 1

—> -,
A EA
and for simplicity we take A = 1.

The rescaled collision integral is
=2 [ [apw (2) 507+ 0 o) I - SIS0} (433
Performing the change of variable p/e = p, the expression of the collision integral becomes
Q:-(f.1) = [ dvr [ €dpu(®SEe + (v — v1) - IO F()) — F) ()}
o4
— [ o [ dpuw@s@e + (0 - w) DU - F0)F@)}

We observe that for every z, y € R3

L[t
é(z,y) = 271/ ds e"*Y . (4.3.4)

—0o0

Hence we use (4.3.4) to rewrite (4.3.3) as
+oo L _
=5 [ [dpu 5 [ ds TP F0) ~ f0)7 00}
by (4.2

we notice that v +ep = v’ and v — ep = v{, so that (4.3.3) is equal to

),
“+o0o
5 [ dn [ g [ ds TP 0k ) 00— )~ F0)(00)

—00
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and by standard manipulations we obtain

1 “+o00 ) ~ -
12/ dvy / dpw(p) / dA;/ ds PP s (T, — V) f(v+ep) f(v1 — ep)
0 T J—co

We underline that we assumed w(-) to be an even function, depending only on |p|.
To investigate the behavior of the rescaled collision integral in the limit ¢ — 0, we consider
the weak formulation of the problem. Let ¢ be a test function and let us denote by (-, -) the

inner product in L?, as usual; then

(Q:(f. f)¢ /dv/dvl/dpw / az/\/ﬂodse (=220 + 001 D) (3 — AG)

X P (Vo =V ) f(0) f(v1) -

We expand the above expression in power of e:

QU 1)9) =5z [0 [ o [ dputs / dx/mdse“” W {p(0) + e - Vop(v)} %

P (Vo = Vo, ) f(v) fv1)+

X
1 +oo - 1
+2/dv/dv1/d]5w(]5)/ e”(vvl)pgo(v)isﬁz/ dA(1 —2)\) x
T —00 0

X P+ (Vo= V) f(v)f(v1) + Oe) =
=11+ 1+ 0(6) .

Using the fact the w(-) is an even function, Z; vanishes; moreover the imaginary part of Z;
is also zero because the integral in d\ vanishes; then the collision integral is equal to the real
part of Zs plus O(e):

(Q=(, ) / dv / doy / dpw(p / dse 0PV, o (0) x

X P (Vo = Vi, ) f(0) f(v1) + O(e) -

Formally, we yield to
Lm(Q:=(f, f), ) = (QL(f ) ©) (4.3.5)

where @y, is the Landau collision operator®:

Qulf, )t ) = /dvlvv ca(v — 1) (T — Vo ) (8 0) F (£ 01) (4.3.6)

with a(-) the matrix

a(v— 1) = /dﬁw(ﬁ)é((v — ) - D) (4.3.7)

5We observe that the Landau collision operator is expressed in divergence form, coherently with the footnote

number 4 of the present Chapter.
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We observe that (4.3.7) can be written in polar coordinates as

— v i p
aij(v — /dp!pl <( . p) Dib; _
Jv—vi] lv—ul [p/) B8]

= dpé (_) ~ﬁ> Dibj
]v—vl\ |v —v1]

+oo
= TT3U)T . 0.
A_/O dr rw(r) (4.3.8)

where p = p/|p| and

This implies that, for every y € R3, the matrix a(y) is composed by elements

A o
aij(y)_’m(éij ?T;Z‘/QJ), Vi j=1,23.

We notice that the nature of the interaction expressed by the function w(-) is lost in the limit,
appearing only in the constant A, as it is clear by (4.3.8).
From now on the main purpose of the present Chapter is to introduce the analogous of the

Kac model for the Landau equation with Coulomb interaction (4.3.6).

In the following Sections we report the paper [MPS].
4.4 A Kac model for the Landau equation

Abstract. We introduce a N-particle system which approaches, in the mean-field limit, the
solutions of the Landau equation with Coulomb singularity. This model plays the same role as
the Kac’s model for the homogeneous Boltzmann equation. We use compactness arguments

following [11].

4.5 Introduction

In 1954 M. Kac [6], in the attempt of clarifying some aspects of the transition from particle
systems to the Boltzmann equation, introduced a toy model which has been successively
investigated. See for instance [9] and references quoted therein.

Roughly speaking the Kac’s model consists in a N-particle system. The particles have
no position but only velocities denoted by Vi = (v1,...,vn) € R3N. The dynamics is the
following stochastic process. At a random time, pick a pair of particles, say ¢ and j, and

perform the transition

/ /
Vi, Uj — (%D 'Uj
preserving total momentum and energy.
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More precisely, if W~ = W (Viy, t) is a symmetric probability distribution describing a

statistical state of the system, the time evolution is given by the following master equation
owN = Lywh (4.5.1)
where

1
LyWN = IN Z/ dv; dv’; K (v, vj]v}, v})6 (v; + vj — v) — v;»)é(v? + sz S v§2)
i#] (4.5.2)

{WN(vl,...,fug,...,v},...,vN) — W (vy,...,on)},

and K is a suitable kernel.
Introducing the exchanged momentum p = v; — v; = v; — v} in the collision process and
assuming that
K (vi,vjlv, v3) = w(p) (4.5.3)

for some smooth and radially symmetric w, we readily arrive to

1
LA = o5 ;/ dpw(p)d (7~ p - (vi = v))) (4.5.4)

Wi, vi+py s v) =y on) — W (o, o)

In [6] it was shown that the first marginal of W converges, in the limit N — oo, to the
solution to the (homogeneous) Boltzmann equation if the initial datum is chaotic, i. e. if
WN(0) = fggN for some probability distribution fy. Moreover, the j-particle marginal con-
verge to the j-fold product of such solution, i.e., propagation of chaos holds (see (4.5.15)
below).

The main purpose of the present paper is to introduce an analogous model for the Landau
equation with Coulomb interaction. A straightforward way to derive this model is to perform
the so-called grazing collision limit on eq.n (4.5.1) as we shall do in a moment. In fact in 1936
Landau [8], starting from the Boltzmann collision operator, derived a new kinetic equation
for the time evolution of a dense charged plasma, exploiting the fact that, in this physical
context, only the grazing collisions (p ~ 0) are relevant. According to such a prescription, we
introduce € > 0 a small parameter and scale the kernel of £y in eq.n (4.5.4) as

w(p) - 5w (2)
€
so that

1 P
W = 2N€4Z/dpw(g)é(pg—p'(vi—vj))
i#j (4.5.5)
{WN(Ul,...,vi—i—p,...,vj—p,...,vN)—WN(vlj...,vN)}.

Note that we inserted another factor 1/¢ in front of the collision operator, to take into account

the large density of the plasma.
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Now, for fixed N, we perform the limit ¢ — 0. By a straightforward formal computation
(change of variables and Taylor expansion), we readily detect the limiting generator which is

the following diffusion operator:

= divy, (B - V). (4.5.6)
Here
B : R?)N N R3N><3N
is a matrix defined in the following way. For Viy = (v1,...,vy) € R3Y,
(I(Ui - Uj) e .
By =~ g i

Bi,i(VN) == % Z CL(’UZ' - Uj),

J
where the 3 x 3 matrix a is given by

i(ﬂ — W) = ip(w), weR3, and W= —, (4.5.7)
|w] |w]
with P(w) the orthogonal projection on the plane orthogonal to w.

Unfortunately the elliptic operator LV has two main disadvantages. First it is not uni-
formly elliptic (see Lemma 7 below), second it is not smooth due to the divergence for
lvi —v;| = 0.

As a matter of fact, since we want a handier N-particle model to start with, we slightly

modify LY to obtain a smooth and non-degenerate operator. More precisely, we define
LN = divy, (BN V) (4.5.8)

where BY is obtained by making the matrix B smooth and bounded from below:

Ny, 0.
BY(Vy) = —————L (”jv Wit igg,
1 (4.5.9)
Bl(Vy) = Z a + 5
Here the 3 x 3 matrix a” is obtained by replacing ﬁ by %(]w|)— n (4.5.7), defining
X1 €C¥(RT), xi(r)=1 if T<i x1(r)=0 if 7“>3 (4.5.10)
~ ’ ~ N’ ~ N’ o
and Yy = (1 — xn). Now the evolution equation assumes the form
WY = divy, (BN Vy, W) (4.5.11)

and the well-known theory of linear parabolic equations assures the existence of a unique

classical solution for L! initial data.
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To simplify the notations we define

so that a® (w) L_p(w).

= Jwln
In the limit N — oo, the number of variables in the definition of W diverges, hence we

will actually prefer to look at the asymptotic behavior of the marginal distributions
fJN(’Ul,... ,Uj,t) = / dvjiq ...dUNWN(’Ul,.. L UN,t), j=1,...,N.

Note that f ]]\\; = W and the j-th marginal distribution is a function of j variables. Moreover,
using (4.5.11) we can express the evolution of each f]N in terms of fﬁl. Straightforward

computations lead to the following system of equations, called the N-particle hierarchy
oy = LNy L N TN v g N 4.5.12
f; =Lj f; +ch+1fj+la J=1L....,N — (4.5.12)
where L;y and C’ﬁl are operators defined by:
1< 1
LYY =5 22 Voo [ade (Vuf) = Vaf O]+ 5 3 Auf
lAl k=1
k=1 (4.5.13)
J
Chaffi =) Vo /del atjn s (VoS4 = Vo, f) -
k=1
In particular we have L% =LV,

Since C; = O(1), while L;VfJN = O(%), the formal limit of (4.5.12) as N — oo yields an

infinite system of equations called Landau hierarchy
6tf] = Cj+1fj+17 .7 =1,...,+0o0, (4514)

where the operators Cj;1 write

j
Cit19=Y Vo, - /de+1 a,j+1 - (Vorg = Va1 9) -
k=1

Due to the structure of the collision operator Cj11, we realize that special solutions to
eq.n (4.5.14) are given by factorized states
j .
fj('l}l - Uy, t) = H f(Ui, t) = f(t)®J (4.5.15)

=1

where the one particle distribution f(¢) solves the Landau equation

O f = Q. /), (4.5.16)
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with

QU f)(v) = / dwalv —w) - (f(w)V(v) — f(0)V f(w)). (4.5.17)

R3
It should be mentioned that, conversely, if f is a solution to eq.n (4.5.16), then the products
fi = f®7 solve the hierarchy (4.5.14).

Following the general paradigm of the kinetic theory, we expect that propagation of chaos
holds, namely that (4.5.15) holds for all time provided that the initial state is chaotic, i.e.
(4.5.15) is initially verified.

Actually, we are not able to show propagation of chaos. We will be able to prove only the
(weak) convergence fJN (t) — f;(t) (for suitable subsequences), being f;(t) a weak solution of
the Landau hierarchy (4.5.14), without knowing whether f;(t) factorizes even though it does
at time zero. The reason is that we have a poor control on the limiting hierarchy as well as on
the Landau equation (4.5.16). In fact, we will obtain a solution to eq.n (4.5.14) by adapting,
to the present N-particle context, a strategy, based on compactness arguments, introduced
by C. Villani [11] for the Landau equation. As a matter of fact we do not have uniqueness,
which is a necessary condition to get propagation of chaos. Indeed, assume that f(¢) and g(¢)

are two weak solutions to eq.n (4.5.16), with the same initial datum fy. It follows that
Fi() = A% + (1= Ng(t)®, e (0,1)
solves the Landau hierarchy with the chaotic initial datum fgg)j , but does not factorize.

Before stating our main result, we make some assumptions on the initial a.c. measures

WN(0):
1. WN(0) > 0;
2. WN(0) is symmetric in the variables v1, ..., vy;

3. The following uniform bounds hold
/ dvy Wh(0) =1,
% / dVy WY (0)log(W™(0)) < C,
;,/ AV WY (0) Va2 < C.
These properties still hold true at positive times. Actually

C
/ dVy W (1) |Vy|? = / dviy W (0)|Vn|? + ~t
expresses the energy dissipation and follows easily by an integration by parts in eq.n (4.5.11).

Moreover
/ aVy W (1) log(W™ (1)) < / aV W (0) log(W™ (0))
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expresses the entropy dissipation and will be discussed in the next section.
We now explain what is the sense we give to eq.n (4.5.14). The main difficulty related to
the Landau equation is due to the divergence of the matrix a(w) when |w| is small. Indeed if

fi+1 (some weak limit of fI¥,) is only in L*(R3U+D), the integral

1
fivr(vi, o vi) T
/ J+ ( ) J+ )‘Uz — Uj+1|
makes no sense; therefore Cj 11 fj11 is not defined in general. Thus, as we did before in (4.5.10)
to regularize the operator LN , we introduce a small parameter § > 0 and the cut-off function

xs > 0, not increasing and such that
xs € CO(RT), xs(r)=1 if r<6, xs(r)=0 if r> 2. (4.5.18)

Then we define C’]‘-SJr1 replacing a(w) in definition (4.5.13) by a(w)(1— xs(Jw|), thus remov-
ing the singularity. Clearly, if o € C2 then [ @C]‘-S+1fj+1 makes sense for any fj1 € M(j+1),
where M(k), k > 0, denotes the space of probability measures on R3* equipped with the topol-
ogy given by the weak convergence of probability measures.

Our result can be stated as follows

Theorem 6. There exists a subsequence Ni — oo such that, for all j, there exists f; €
L>([0,T]; LY) N C°([0, T); M(j)), with finite mass, energy and entropy, such that

fJN’“ — f; when k — oo,
where the convergence holds in the sense of weak convergence of probability measures. For
any t > 0 and for any test function ¢ € C2(R3), the limit

t
%i_r}r(g ds/dvl... dv; go(vl,...,vj)C?+1fj+1(U1,...,vj,s), j=1,...,400
0

exists, and we have

/@fj(t)_/Sij(O) :/OtdS/<PCJ+1fj+1(3)v j=1,...,00.

Remark 3. Following [11], as we shall see in the proof of Theorem 6 we have more reqularity
on f; (see (4.6.15)). This allows us to give a direct sense to Cji1 without using a cut-off

function.

We conclude this section with some additional remarks.
Another kind of Landau equations can also be considered replacing the matrix a by

1

o (w)

with @ < 1. In case of & < 0 a unique smooth solution can be constructed (see [3], [4]).

It would be interesting to consider a N-particle diffusion process with generator given by
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(4.5.17), in which a is replaced by as. Of course now we expect a much better control on the
limit N — oo and, in particular, the propagation of chaos.

The Landau equation can also be obtained as a grazing collision limit from the homoge-
neous Boltzmann equation, for a sufficiently small a (see [1], [5], [3] and [4]). The case o =1
has been considered in [11].

In this paper we focus our attention on the Coulomb divergence o = 1, which we think is
the most physically relevant case. Indeed the Landau equation for o = 1 is believed to hold
in the so called weak-coupling limit, for Hamiltonian particle systems interacting by means
of a smooth, short-range potential. See [2] and [10] for a formal derivation. Unfortunately up

to now no rigorous result is known, even for short times.

4.6 Proof of Theorem 6

4.6.1 Preliminaries

In this section, we collect some preliminary properties satisfied by the N marginal distribu-
tions fJN ,j=1,...,N. In all this section N is fixed. We start by introducing some
Notations. In the following, we will write

Vj:(’Ul,...,Uj), VN:(UJ+17"'>UN)a j:17"'7N7

J

so that
PN = NV = /dvjN WYL VN ),

Moreover,
a; 5 :ai,j(VN) :a(vi—vj), ]Di’j :P(vi—vj), i,j: 1,...,N.
.1 will denote the usual scalar product on R3, R3 or R3V. For Vy, ¢ € RV,

Bi1(Vn) - €

Bn(VN) - €

where By(Vy) € R3Y is the k-th line of B(Vy).
On the other hand, for 1 < k < N we will denote by

3
vvk 5 = Za%f“
=1

where f = (517{2763) and Vi = (U]}ﬁv]%?vg)’
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Finally, for every fixed j such that 1 < j < N, for 1 < k,m < j we denote by
k
‘/j = (vla e Uk—1yUms U1y - -+ 5 Um—1, Uk Um+1, - - - 7Uj)

the vector obtained by exchanging the components v, and vy,.

We start with an elementary property on the matrix B.

Lemma 7. B is positive semi-definite, i. e. for all £

(B-£)-£=0.

More precisely, we have

(B Z ’P’J (6= &) , where &= (&)1<i<n.

ij=1 _/U]’

Proof. Fix ¢ € R3V, setting conventionally a;; = 0 for all i we get

N
B-¢)-¢=) _72612,] &+ Z%j'fi &
i=1 7

JFi

Exchanging 7 and j in the sum we get, using that P; ; is a projector :

Lg~ Py 6= )
Bog) e~ S 2w &T8) e o
A UL
’sz:l ’U]| -

O]

Lemma 8. Let W(t) be the solution to eq.n (4.5.11). Then for any convex function ® €
C%(RT;R) ), [dVN ®( (WN) is decreasing in time; more precisely, we have

d
dt

Proof. Look at

dVn (W (1)) = /dV " (WHN () Vy WY - (BN - v aW) <o. (4.6.1)

oWhN = LNWV.
Let us consider a convex function ®, then

d

pn (W) = / dVy @' (W) divy, (BN - Vy,, W)

(4.6.2)
- / dVy " WMV, WY - (BN . Wy, W),

Taking into account the convexity of ® and using Lemma 7 the r.h.s. of (4.6.2) is non positive
and the statement of the Lemma holds. O
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In particular, we will use Lemma 8 with ®(x) = xlog(z). We denote by
1
SWN(t)) = N / dVy W (t) log(W (¢)) (4.6.3)

the entropy per particle. In view of Lemma 8, S(W¥ (t)) is decreasing in time

d N 1 N N N
— = d BY . < 4.6.4
SSV0) =~ [V e VWY (BN T ) <0 (464)
since ®”(x) = 1/x > 0. In what follows we will use the explicit formula for the entropy
production:
L [Pt [V, WY = Vo W] |2
—— d
TR Z / Y W v, —v|n

k=1

1 1
Nz /dVN WN|VVNWN|2.

Remark 4. Although the entropy S(W™N(t)) decreases,

(4.6.5)
+

NfDZ;/ﬁ@bﬁﬁw)

is not decreasing in general. However by subadditivity of the entropy we know (see e.g. [7])
that

S () < SWH(B) (4.6.6)
so that
S(N) <cC (4.6.7)
since we have S(WN(0)) < C.

Remark 5. In case of factorization, i. e. f; = &, we have the equality

S(fj) = 5(). (4.6.8)

Eq.n (4.6.5) provides a useful estimate given by the following

Corollary 1. Let 0 < s1 < s3. Then

N S9 |P . [v I1/’N _v MZN] |2
k,l Vg, ] 2
E d dV < CN-.
/51 S/ N WN|v, — v =¢

Remark 6. Due to the symmetry of WV, all terms of the above sum are equal and hence

each term is bounded uniformly in N, namely for all 1 < k, I < N

Poy- (Vo WY — W, W] 2
’ < (. 4.6.
/ds/va T <C (4.6.9)
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4.6.2 Basic estimates

Proposition 1. Let 1 <j < N —1 and ¢ € C?>(R¥,R) be a test function. Let 0 < s1 < s3.

Then
52
/ ds
S1

/ ds /dV Ol [ (Vi) e(V5)

where C(p) depends only on ¢ and on the initial data, but not on N.

C(p)j?
Javiy i wpev)| < S s, o2

- N

and
< Clp)jls1 — 2 ?,

Proof. We begin by estimating C’N Y1+ Recall (4.5.13). By integrating by parts, we have
[ vic i vpewy)

J
==y / aV; AV o™ (v — vy41) - (Vo WY = Vo WYYV, V) - V,0(V5)

1 J
= 5 Z dVN aN(vk - 1)]‘+1) . (V WN \Y WN)(VN)

Vj+1

(Voo (V;) = Vi oV,

where
k,j+i
V; (Ul,...,vk_l,vj+1,1}k+1,...,Uj)

and we exchanged variables v and v;4;1 in the second line and used the symmetry of W,

Therefore

| ds\/dvcﬂfm o)
1/ . /dVNﬁ\Vz}ks@( i) = Vi o(VH)]

< —
2 N

B vk — vj1|N
| Prj+1 - (Vka — VW) (V)]

vV |vg — vjt1|N ,

(by using the Cauchy-Schwarz inequality)

j v, ~v, Vk,j+1 2\ /2
%Z (/ ds/dVNWN (v V2P Va) = Vol I\
=1

ok, — vjt1|N

s 1/2
( / i / . Py i1 (Vo WN (V) = Vi, W <VN>>|2> |
S1

WN (V)| —vjaln

IN

By virtue of mean-value Theorem applied to V,, ¢ and (4.6.9) we get the bound on C’;\frl

/ dS/ NaSNae(Vy) dvy < C(p)]s1 — sof /2. (4.6.10)
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By performing exactly the same computations we are led to
> N ¢N
[Cas| [av Y eran)e0s)]
s1

j so _ . 1/2
)5 ([ f P Bl Bt

oy WN v, — v N
kl=1

2
< C(J‘ff)] 11 —52|1/2.

The proof is now complete. O

4.6.3 Convergence

In this subsection, we establish the weak compactness for the fJN by making use of the uniform

estimates established in the previous subsection.

Proposition 2. Let fJN satisfy the hierarchy (4.5.12). There exists a subsequence Ny — +00
such that for any fized j, there exists f; = f;(V;,t) € C([0,T]; M(j)), with finite energy and
entropy, such that f]N * converges to f; weakly in the sense of measures, locally uniformly in

time.

Proof. We fix j. For ¢ € C.(R%), we set
0o ¥ 0 = [ v £V 0(0))

We obtain a uniformly bounded sequence of functions on R,. Moreover, when ¢ € C2(R3/),
by virtue of the proof of Proposition 1 the function gj,Y is uniformly equicontinuous. Hence,
by Ascoli’s theorem and density of C2(R%) in C.(R37), there exists a subsequence Ny such
that for all p € C.(R%), gg * converges locally uniformly in time to some function g,(t). Now,

for each fixed ¢, the map
P go(t)

is a positive linear form on C.(R%). Thus the Riesz representation theorem ensures the
existence of a measure df;(t) such that g,(t) = [ ¢dfj(t). On the other hand, (ij)(t) has
uniformly bounded entropy and energy; therefore it is weakly relatively compact in L'. This
shows that in fact df;(t) = f;(t) dV} is an absolutely continuous probability measure and has

finite entropy and energy. This concludes the proof of the proposition.

O]
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4.6.4 End of the proof

We are now in position to complete the proof of Theorem 6. We fix 7 > 0. For any g €
C2(R3U+D) we set
J
CY1g(Vi) = Vi, - /[(1 = xs)al(vk — vj41) - (Vg = Vi, 1,19)(V}, vj41) dvjipa,

k=1
Cj—i—lg(v}') = Z v”k : /[X5a] (Uk - vj—i-l) : (V’ng - V”Uj+1g)(v}’ Uj-H) dvj+1a
k=1
so that

Ci1(9) = Ch11(g) + Ujﬂ(g)- (4.6.11)

The analogous decomposition holds for C;\Jfrl

NG | ANS
Cia =Gy + Gl

N replaces a in (4.6.11). Note that C;\jj CJ‘S +1 Whenever N is sufficiently large.

We will show that for all ¢ > 0 and for all test function ¢ in C? we have

t
N,
/Ods/alVC’j+1 i1

where a

t (4.6.12)
:/0 ds/de C§+1fﬁ190—>/0 ds/dVJ’CJ('SHfJH‘P
when N — oo and
sup / ds/ dv; Cj+1 J+1gp‘ < C(p)s'/2. (4.6.13)
>j

First, (4.6.12) follows by the convergence established in Proposition 2 and by two integra-
tions by parts.

As regards (4.6.13), we need a symmetrized form as in the proof of Proposition 1. Mim-

icking the computations of Proposition 1 we find

ds

t
—0
) dS/dV] C]+1f +1SO‘

1/2
< CZ /t dS/dVN P (Vo W = Vo WP
- =\ WNvg = v |n

: Vo o(V) = V(2 N2
(/ ds/dVng(‘vk_ij')! (Vi) = VooV
0

v — vjt1]

dv; C]+1 J+1‘P

Applying once more inequality (4.6.9), the first term in the right-hand side is bounded. Next,

we observe that in view of the support properties of ys, the mean-value theorem yields
X3k = 0541 ) Ve 0(V5) = Vo (VD2 < Cog, — w44
S\IVk Jj+1 v PV v P Uk — Vj+1
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Finally we obtain

¢
—5
; ds [ dV; Cj-&-lfﬁ-l@ < 82,

and (4.6.13) follows. Hence the proof of Theorem 6 is complete.

We conclude this section with some comments concerning additional regularity for the
marginal f]N . In fact, the control on the production of the total entropy (see Corollary 1)

yields a uniform control on the gradients of fJN . More precisely, we have for all 1 < k,[ < j

Pei (Vo fN = Vu fN) 2
/ ds / dv; <C. (4.6.14)

f ok —wln

Indeed, we have

P+ (Vo f = Vo fN) 2
/ds/de S
fitlog — vl

1 2
= [ds | aV;—-— || Poy- (Vo WN =V, WN) qVV
Jo] JfN|vk—vz\N’/ ki (Vo W)
1 wn ?
ds / / Pyy (Vo WN — v, W avy
/ J|Uk—vz!N Wl F ! )WN fN
1 Wy
ds/va /|Pkl (Vo WY = VW) 2 L
/ |N § W) (WN)2 1Y

/d /dv |Prg - (Vo WY =V, WN) |2
5 N WN|vk—vl]N ’

where we have applied Jensen’s inequality in the last inequality. The conclusion follows from

(4.6.9).

In particular, (4.6.14) implies that

Py N N
oy (P P/ 1)

is bounded in L?(R; x R37); hence, following the same arguments as in [11] we can conclude

that P
S (Vo = Vu/F) € LA(Ry x RY), (4.6.15)

ok, — vy

so that one can use the symmetrized form already used in the proof of Proposition 1 to define

Cj+1fj+1 as in [11]:

/ds/ dVi Cjpfire

= _Z/ds/ dVjag ji1 - kag+1 v3+1fg+1) < w2 (V )—Vykgo(V}k’j'H))_
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Chapter 5

Mean—Field limit: the

Vlasov—Poisson system

Sections 5.3-5.4 of the present Chapter are extracted from [DMS].

5.1 Introduction

Both from mathematical and physical point of view, one of most important feature to analyze
is the evolution of the density function f in presence of Coulomb interaction between charged
particles. The basic model describing this phenomenum is given by the Vlasov—Poisson equa-
tion

Of+v-Vof+E-V,f=0
B(t,z) = g mpmp(t,y) dy (5.1.1)

p(t,x) - fR3 f(t,l‘,’l}) dv ,

where f(t,z,v) > 0 is defined on the phase space (z,v) € R? x R? and it denotes a density of
electric particles, called a plasma, subjected to a self-induced electric force field E(t, ).

It is a good model to describe a plasma on a short time scale® (see [Bal] or [LL]); on the other
hand, if we want to study it in a long time interval, we have to take into account collisions
among particles, so that it is natural to replace the r.h.s. of (5.1.1) by the Boltzmann
collision operator. As already observed in Chapter 4, the problem is that the Boltzmann
collision operation does not make sense when the interaction between particles is of Coulomb
type; indeed -even for very regular density functions- the collision integral is infinite. This
justifies the passage to the Landau eq.n, as pointed out in Section 4.3.

Among the many problems linked to the Vlasov—Poisson equation, we list the existence,

uniqueness and regularity of the solution; the derivation of (5.1.1) from particle systems?; the

Indeed, it does not take into account the collisions among particles.
2See Section 5.2 for an idea of the proof when the interaction potential is smooth, namely in the case of
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understanding of the celebrated Landau damping ([L-36], [CM] and [MV]). In what follows
we are interested in the well-posedness problem for the Vlasov—Poisson equation and for
a slightly different model: the plasma—charge model (see eq.ns (5.3.1) in Section 5.3). We
mention that the Cauchy problem for the Vlasov-Poisson system (5.3.1) has been object of
a large variety of works in the last decades (we refer to Section 5.3.1 for references in this

respect).

The Chapter is organized as follows. In the next Section we give an idea of derivation problem
for a smooth, compactly supported potential, pointed out the relevance of the mean—field limit.
Section 5.3 is devoted to the proof of Theorem 7. The general procedure, which follows the
lines of [LP], consists in deriving a priori estimates for the moments of a sequence of smooth
solutions to (5.3.1)-(5.3.3) obtained by regularizing the initial density in order to obtain a
global solution by compactness arguments.

In Subsection 5.3.3 we gather some basic facts and a priori estimates for the modified Vlasov-
Poisson system (5.3.1). We also derive some first estimates for the energy moments. In
Subsection 5.3.4 we introduce a notion of almost-free flow, which enables to express the
solution of (5.3.1) by means of Duhamel’s formula with a suitable source term. Then, in
Subsection 5.3.5 we establish intermediate a priori estimates for the moments, which as a
byproduct ensure that the moments are uniformly bounded for small times. These estimates
are exploited to show that the moments are uniformly bounded for all times in Subsection
5.3.6. They provide a global solution satisfying the assumptions of Theorem 7 by standard
compactness arguments. An appendix is also devoted to the proof of technical estimates on

the almost-free flow.

5.2 From particle system to the Vlasov equation:

heuristic derivation

We consider N interacting particles in the whole space as in Section 1.2, whose dynamics is
described by the Newton equations (1.2.3). Since we are interested in a mean—field description
of the system, we rescale the system in order to obtain a weak and long range interaction on

the same scale of time; this means that we perform the following scaling:

(I)({L‘Z' — l’j) — %(I)({EZ — l’j) . (5.2.1)

the Vlasov equation, i.e.
Of+v-Vof +E-Vyuf=0

p(t,l’) = fRS f(t,ﬂ:,’l}) d’U I

where ® € C? (R3). In the case of the Vlasov—Poisson system, the problem is completely open.
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The variables are (xy,vy) € R3V x R3Y and they describe positions and velocities of the
N particles interacting by means of a weak potential of order O (%), following the Newton
equations (1.2.3). We fix the initial configuration (xy,vy) € (R3V x R3V) where (z;,v;) €
(R? x R?) is a point in the one-particle phase space; the corresponding Hamiltonian is given

by
N

wl? | 1Sy
H(xn,vN) =) ; +NZZ<1>(%—$]-). (5.2.2)

i=1 i=1 j=1
J#

The factor % in front of the interaction potential is the expression of the mean—field character
of the Hamiltonian, since it guaranties that, in the limit of IV large, both kinetic and potential

energy are of the same magnitude order. Indeed the total kinetic energy is given by a sum
N(N-1)
2

terms, so that the factor % in

front of the potential energy in (5.2.2) is such that, when the number of particles becomes

of N terms and the total potential energy is a sum of

huge, the kinetic and the potential energy are of order O(N). We observe that, in the limit
N — 400, thanks to the mean—field scaling, all particles are interacting with each other so
that the interaction is long range, but weak.

The aim of this Section is to derive, at least heuristically in the limit of N large, the Vlasov
equation, starting from the above N-particle system. To this end, we introduce M(R3 x R3),
the space of measures on the one—particle phase space. To simplify the notation we denote
by zy the points in the N-particle phase space, i.e. zy = (xn,vy) € (R?N x R3V) with
zi = (x;,v;) € R3. On M(R3 x R3) we define the empirical measure associated to the N—

particle configuration zy by
N
N (z2N) = N 26(2 —z), Vze(R3xR3) (5.2.3)
1=

where §(-) is the Dirac measure on (R? x R?). We observe that u” is a probability measure
on (R3xR?), i.e. u € P(R3xR?), which is an infinite dimensional space on the one-particle
phase space, depending on the configuration zy in the N—particle phase space. More precisely,
to each configuration zy, we can associate the empirical measure p”V (z;zy) which counts the
number of particles in the phase space. In the sequel, we will write x4V (2) instead of u™¥ (z; zy),
omitting the dependence on zy when not misleading. We notice that knowing the time
evolution 1Y (z;zy) is equivalent to determine the trajectory of each particle. Since we are
interested in a statistical description, we assume that there exists a probability distribution £V
on the N—particle phase space such that the initial configuration zy is distributed according
to the factorized measure fi¥(zy) = f (xn, vy); in other words the probability density can

be written as follows: N

[ nsvn) = [ foli,v) = [N (5.2.4)

i=1

where fp is a regular function on the one—particle phase space. Let ,uév be the empirical
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measure associated to zy, we define Y = pl¥ (z;zx) the empirical measure associated to the

time evolution of the configuration zy described by the rescaled Newton equations

(1) = vi(t)
(5.2.5)

bit) = —% 2%1_ Vi, ®(xi(t) — x;(t), i=1,...,N
J7

with initial datum zy.

We denote by C°(R3) the space of test function with compact support. We notice that if
the interaction potential is regular, namely ® € CZ(R?), for all ¢ € C2° the following relation
holds:

N (5.2.6)

Thanks to the regularity hypothesis on the potential, we can compute the time derivative of
(5.2.6) using the Newton equations (5.2.5)

d
(o) = Z e
L sz plailt sz {0), (1)) =
N sz 0, 0(0) = L 35" T b(ai(6) = 25(0) - Voot e —
=1 1
yot
= (v Voo, 1) = (Va® * ') - Vop, i7" )
(5.2.7)
Now we write explicitly the second term in the r.h.s. of (5.2.7):
1 N
(Vs i) w) = [y [ dwVadio—y) | 5 3060 - ()5 - 1) | =
7j=1
- Z/dyv Bz — y)o(y — (1)) = (5.2.8)

NZV Oz — x;(t)) .

This means that ;Y is a solution (in the sense of measures) to the weak formulation of the

Vlasov equation
Bupy +v - Vopy = (Va® s ') - i (5.2.9)
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with initial datum uév .
The Strong Law of Large Numbers ensures us that, if the initial datum verifies condition
(5.2.4), then

wd — fo (5.2.10)

in the limit N — co. The above limit holds in the weak—topology.
If we assume that pf¥ is a weak solution to the Vlasov equation and that the interaction
potential is regular enough (i.e. ® € CZ(R?)), then we can use the Dobrushin stability result
(see [D-79]), stating that if u; and p? are two solutions of the Vlasov equation with initial
data p$ and pd respectively, and if ® € C’g(R?’), there exists a constant C, depending only on
the potential, such that

Wi, 17) < €W, 1) (5.2.11)

where W is the standard Wasserstein distance.
Using (5.2.11), we can prove that, in the weak topology,

pl — f(t) (5.2.12)

in the limit N — oo, where f(t) is the strong solution to the Vlasov equation with initial
condition fp.

If the potential is not CZ(R3) very little is known about the rigorous derivation of the Vlasov
equation. In particular the case of Coulomb potential, i.e. the derivation of the Valsov—
Poisson system from particles, is completely open. However, some progresses have been done
in this direction by Hurray and Jabin [HJ], who solved the problem when the gradient of the

interaction potential is given by V®(z) ~ ﬁ, with « strictly less then one.

In the following Sections we report a work in progress with L. Desvillettes and E. Miot,

[DMS].

5.3 An existence result for the 3d repulsive plasma—charge
model

5.3.1 Introduction

The purpose of this paper is to study the following three dimensional Vlasov-Poisson system

hf+v-Vof+(E+F)-Vyuf =0

E(tv CC) = fRfi ﬁp(ta y) dya

p(t,x) = [gs f(t,x,v)dv,

F(t,2) = =g

(5.3.1)
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Here f(t,x,v) > 0 is defined on the phase space (z,v) € R? x R? and it denotes a density of
electric particles, called a plasma, subjected to a self-induced electric force field E(t, x). The
plasma interacts with a point charge, located at £(t) with velocity n(t), which induces the
singular electric field F'(¢,x). The evolution of the charge is itself given by

£(t) = n(t),

(5.3.2)

0(t) = Et,£(t)).

The initial conditions associated to (5.3.1)-(5.3.2) are
(£(0),n(0)) = (€0, m0), (0, 2,v) = fo(z,v). (5.3.3)

The main result of this Section may be formulated as follows:
Theorem 7. Let fo € L' N L¥(R3 x R3) be nonnegative, let (£9,m0) € R3 x R3, be such that
(i) My = fngng folz,v)dxdv < 1;

(ii) There exists mg > 6 such that for all m < mqg

m/2
// <|v2 + ! > fo(z,v) dz dv < +o0.
R3xR3 |z — &o

Then there exists a global weak solution (f, &) to the system (5.3.1)~(5.3.3), with f € C(Ry, L'N
L®(R3 x R3) — w*) and ¢ € C%(Ry).
Moreover, for allt € Ry and for all m < min(mg,7),

9 1 m/2
//]R3><R3 (‘U’ + Wf(t)) f(t,x,v) dzx dv < +o0.

Remark 7. In fact one is able to obtain a polynomial in time growth on the moments (see
later):

m/2
//}Rng3 (MQ + \:c—lg(t)\> f(t,z,v)dzdv < C(m,t) < 400,

where C'(m,t) is polynomial in ¢.

The Cauchy problem for the Vlasov-Poisson system (5.3.1), with or without point charge, has
been the object of a large variety of works in the last decades. For the purely Vlasov-Poisson
system without charge, namely F' = 0, global existence and uniqueness of classical solutions
where obtained by Ukai and Okabe [9] in two dimensions. The three dimensional case is more
delicate and requires more care. Global weak solutions with finite energy were first built by

Arsenev [2] but uniqueness is not known to hold in that class.
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Then, global existence and, in some cases, uniqueness, of more regular solutions where estab-
lished separately by Lions and Perthame [7] and by Pfaffelmoser [11] by means of different
techniques. In both works the main issue consists in controlling the large plasma velocities
for all time in order to propagate regularity properties of the solution.

In [7], this is achieved by constructing weak solutions with finite velocity moments of order
higher than three,

// || f(t,z,v)dedv < co, m >3,

which, by Sobolev embeddings, implies further bounds on the spatial density and on the
electric field. In particular, if the solution admits finite moments of order m > 6 then the
electric field is uniformly bounded and uniqueness holds under some additional regularity
assumptions on the initial density. On the other hand, the theory of Di Perna and Lions [4]
ensures that such solutions are transported by characteristics which are defined in a weak
sense. In contrast with the eulerian approach of [7], the strategy of [11] relies on a careful
analysis of the characteristics to control the growth of the velocity support and thereby obtain
global existence and uniqueness of classical compactly supported solutions, which moreover
propagate the regularity of the initial condition.

We refer to the further improvements and developments by Schaeffer [13], Wollman [14],
Gasser, Jabin and Perthame [5] and Loeper [8]. Finally, Pallard [10] recently combined
eulerian and lagrangian points of view to establish existence of solutions propagating velocity

moments larger than two.

The study of the modified Vlasov-Poisson system with macroscopic point charges was initiated
more recently by Caprino and Marchioro [3]. In two dimensions, they proved global existence
and uniqueness of solutions a la Pfaffelmoser. This was then extended to the three-dimensional
case by Marchioro, Miot and Pulvirenti [12]. The results of [3] and [12] hold for initial plasma
densities that do not overlap the charge. Thanks to the repulsive nature of the plasma-charge
interaction, this property remains true at later times so that the field induced by the charge
is bounded on the support of the density and the velocities of the plasma particles do not

blow up. The analysis of [3] and [12] exploit the notion of energy, defined in this context by

—n(t)|? 1
h(t,x,v):‘v n(t)] +

2 |z — &)

It turns out that the variation of the energy along the plasma characteristics is controlled by

the electric field, exactly as that of the velocity in the absence of charge. On the other hand,
the energy controls both the velocity and the distance to the charge. This makes it possible
to adapt Pfaffelmoser’s arguments by replacing the notion of largest velocity of the plasma
particles by that of the largest energy supg,pp( f(t)) I, which by assumption is initially finite.
Unfortunately, when the plasma density overlaps the charge, the energy is not bounded and
this method fails. In order to treat densities with unbounded energy, which is the purpose

of the present paper, we adapt the PDE point of view from [7], and we show existence of a
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solution propagating the energy moments (see Definition 1 hereafter). In particular, since the
energy moments control the velocity moments, we recover all additional regularity properties
on the electric field which have been established in [7]. We emphasize that Theorem 7 allows
for initial densities that do not necessarily vanish in a neighborhood of the charge but that
have to decay close to it in some sense; unfortunately it does not include the ” generic” densities
that are constant close to the charge.

On the other hand, we mention that our techniques do not enable to obtain uniqueness
because of the singularity of F' in the neighborhood of the charge. Finally, we believe that
the limitation my < 7 (appearing in the proof of Proposition 14) is purely technical. We also
hope to extend Theorem 7 to the case of several point charges being all positively charged,

as is the case in [3] and [12].

Another situation that could also be addressed is the one where the charge is kept fixed (for
example at the origin). Then the analog of Theorem 7 can be obtained without the condition
(1) and the condition mg > 6 can be replaced by mg > 3. In this latter case the electric field
is not uniformly bounded, and we are not able to prove the existence of characteristics along

which the density is constant. We do not provide the details here.

Thanks to the estimates proved in Theorem 7, it will turn out that, as in [7], one can define
a notion of flow lines along which the density is constant. More precisely, there exists a map
(t,z,v) € Rp xR3\{&I xR = (x(t, z,v), v(t, z,v) € R3xR3 such that f(t) = (z(t),v(t))4fo
for all t € R, and such that

(i) For all (z,v) € R3\ {&} x R3, t = (x(t,x,v),v(t,x,v) € C1(Ry) is a solution of

z(t,z,v) = v(t, z,v),

O(t,2,0) = E(t,@(t, 2,0)) + om0, (@,0)(0,2,0) = (2,v).

(5.3.4)

(ii) For all t € Ry, the map (z,v) — (x(t, z,v),v(t, z,v) preserves the Lebesgue measure on
R3 x R3.

Since the solution constructed in Theorem 7 has bounded moments of order higher than 6,
the field E belongs to LS (Ry,C%*(R3)) for some 0 < a < 1 (see Corollary 2 in [7]). It is
actually also continuous in time. Therefore given such a field E, for all (£, 79) and for all
(x # &, v) the corresponding ODE (5.3.2) and (5.3.4) have at least one solution, which is
C' in time, as long as there are no collisions between the plasma trajectories and the charge.
We shall see that the repulsive nature of the interaction between the plasma and the charge
prevents collisions in finite time to occur, so that the flow (x,v) is globally defined.

We stress that, since E is only Holder continuous, uniqueness of the solution to (5.3.4) (or
(5.3.3)) does not hold a priori for all initial condition (x,v) (or (£o,70)). However we mention
that, according to the previous works by Hauray [6] and, e.g., Ambrosio and Crippa ([1],

Theorem 19), such flow (z,v) indeed corresponds to the notion of generalized flow a la Di
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Perna and Lions and is unique among the maps on Ry x R3 x R? satisfying (i) and the

non-concentration property (ii). The remainder of this Section is organized as follows. The

next section is devoted to the proof of Theorem 7. The general procedure, which follows the
lines of [7], consists in deriving a priori estimates for the moments for a sequence of smooth
solutions to (5.3.1)—(5.3.3) obtained by regularizing the initial density in order to obtain a
global solution by compactness arguments.

In Subsection 5.3.3 we gather some basic facts and a priori estimates for the modified
Vlasov-Poisson system (5.3.1). We also derive some first estimates for the energy moments.
In Subsection 5.3.4 we introduce a notion of almost-free flow, which enables to express the
solution of (5.3.1) by means of Duhamel’s formula with a suitable source term. Then, in
Subsection 5.3.5 we establish intermediate a priori estimates for the moments, which as a
byproduct ensure that the moments are uniformly bounded for small times. These estimates
are exploited to show that the moments are uniformly bounded for all times in Subsection
5.3.6. They eventually provide a global solution satisfying the assumptions of Theorem 7. An

appendix is also devoted to the proof of technical estimates on the almost-free flow.

5.3.2 Some useful interpolation estimates

Before studying the dynamics of the Vlasov-Poisson system, we recall a collection of well-
known interpolation inequalities that we shall apply later to the solutions of (5.3.1)-(5.3.3).
All of them may be found in [7].

Proposition 3. Let f = f(x,v) > 0. Let b > a > 0. Then for all z € R3

3+a

/ [v|* f(x,v)dv < C’HfHHb < |v\ f(z,v) >3+b (5.3.5)

with C' a numerical constant. In particular, setting p(x f]R3 x,v)dv we have

||pH bys < C||f|]3+b(/ﬁv|bf(x,v) dwdv)m. (5.3.6)

Proof. For all R > 0

1ol sy o < R0 [lof fav) do+ OB (5.3.7)
and the estimate (5.3.5) is obtained by optimizing R > 0, cf. also the proof of estimate (14)
n [7]. Setting a = 0 we obtain (5.3.6). O
Proposition 4. Let f > 0 be in L'(R? x R?), such that p(z) = [gs f(z,v) dv € L*(R3) (for
some s € [1,00]) and E = p* (x + x/|z|®). Then for s 6]1,3[,
1B, ps. < Cllpllze, (5.3.8)
and for s > 3,
Bl < Cllollze. (5.3.9)
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Proof. The inequalities are direct consequences of Sobolev inequalities and the fact that £ =
47V AL p. O

5.3.3 Some first estimates on the growth of the moments

We now turn to the study of the system (5.3.1)—(5.3.3). In the remainder of this article, we
fix T > 0.

In the sequel, we call classical solution any solution (f,&) of (5.3.1)—(5.3.3) on [0, 7], with
initial condition (fo,&p,n0) satisfying the assumptions in Theorem 7, such that moreover
fo is C', compactly supported, and vanishes in a neighborhood of &, which satisfies f €
CH([0,T] x R x R3), £ € C%([0,T]), and such f is transported by the classical flow (x,v)
of (5.3.4). The existence (and uniqueness) of classical solutions corresponding to such initial
data is ensured by [12]. Our purpose is to establish relevant a priori estimates for (f,&) on
[0, T], which will eventually lead to the existence of a solution to (5.3.1)—(5.3.3) by standard
compactness arguments. As already mentioned, such a priori estimates concern the moments

of order m < my, which are defined in Definition 1 below.

We start with a few basic properties of the Vlasov-Poisson system.

Proposition 5. Let (f,€) be a classical, compactly supported solution of (5.3.1)-(5.3.3) on
[0,77.

Then, the norms

Hf(t)||Lp(R3><R3)7 1 < p < 0,

and the energy

=5 [ e b gpr g [ PEDE ey [ P

are conserved in time. In particular, the mass

_ //Rsst F(t 2, v) dx dv

is conserved in time.

Proof. The conservation of the L norms is an immediate consequence of the fact that f is

transported by a Lebesgue measure-preserving flow.
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We only detail the computation of the energy conservation estimate:

i J[ 15 gt [ P st [ P par)

://U.(E+F)fdvda:+77'E(§)
//v Jofd (y)dxdy_/vm'fvfdvdx

|z —yl |z — ¢

N -
/p(x)n T dx

O

For the initial data (fo, (§0,70)) considered in the setting of Theorem 7, the energy is initially
finite; indeed Proposition 3 yields pg € L' N L%/3 therefore [[ p(x)p(y)/|z — y| dx dy is finite
by Hoélder estimates; on the other hand the other terms are clearly ﬁmte by assumption (i7).

So we immediately get the

Proposition 6. Under the same assumptions on (f,£) as in proposition 5, we have

sup |n(t)] < v/2H(0) (5.3.10)
t€[0,T]

and

sup [§(t)] < [Sof 4+ /2H(0) T (5.3.11)

t€[0,T]
We may assume that Ry = |§o| + /2H(0) > 2

Proof. The first inequality is a consequence of the conservation of the energy. The second

one comes out of the integration w.r.t. time of the first one. O
Another well-known consequence of the conservation of the energy is the following

Proposition 7. Under the same assumptions on (f,&) as in Proposition 5, we have

sup |[p(t)|[Lss < C,
te[0,T

and for all%<r§%,

sup [[E(t)||lz- < C,
t€[0,T

with C' a constant depending only on H(0) and || folleo and r.

Proof. The first estimate is a consequence of (5.3.6) with b = 2 and the fact that the moment
of order 2 is controlled by the energy. The second estimate is deduced from the first one and
(5.3.8), using the fact that p € L>([0,T], L' N L/3(R3)). O
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We now give our definition of energy moments.

Definition 1. We define the energy function

v — 2
Wt z,v) = | ;7<t)| to —1§(t)! +K, (5.3.12)

where K > 1 is a constant sufficiently large with respect to #(0) (for example K = H(0)+1).

In view of Proposition 6 one can choose K in such a way that
| < 3Vh(t,z,v) V(t z,v) e [0,T] x R® x R3.

Then, we set, for k € Ry,

Hy(t) = / / h(t,z, v)* 2 f(t, 2, v)dx dv (5.3.13)
R3xR3
and
Hy(t) = sup I:Ik(s) = sup // h(s,x,v)k/Qf(s,:):,v)dxdv. (5.3.14)
s€[0,t] s€[0,t] J JR3XR3

A first basic observation is that the energy moments Hy control the velocity moments Mj,

defined in [7], namely

My (t) = sup // [o|F f (s, 2, v)dx dv < 3% Hy(t). (5.3.15)
s€[0,¢] / JR3xR3
Notation. In all the following, the notation C' will refer to a constant depending

only on the quantities H(0), Mo, || folloos &0, Hm(0), for m < my, and T. Note that in the
assumptions of Theorem 7 these quantities are finite (in the process of approximation leading

to the existence, they will be bounded with respect to the regularization parameter).

Lemma 9. Let (f,€) be a classical, compactly supported solution of (5.3.1)-(5.3.3) on [0,T].
We have for allt € [0,T] and for k € Ry

@ (1) < O (1Bl s + 1B E0)] ) Hy) 52 (5.3.16)
and therefore,
¢ k+3
Hi(t) < C {Hkm) ¥ ( [ 186 s + B €66 }ds) } | (5:317)

Proof. Since f € CL([0,T] x R x R3) is a classical solution of (5.3.1), we may compute

%ﬁk(t) = ];/hk/Q_lf{ath—l—v-Vzh—i— (E + F) - Vyh}(t,z,v)dzdv
k

- / WP f Lo — (1) - (E(t,2) — E(€(1))) ) da dv.
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We remark that the choice of the energy function h enabled to get rid of the singular field in
the second equality.
Therefore

%ﬁk(t) <C / |E(t, )| R D2 (¢, 2, v) do dv + | E(t, €)| / RE=D2 ¢t 2 0) dx dv. (5.3.18)

In order to bound the first term of the right-hand side in (5.3.18) we use interpolation ar-
guments from [7] that we recall here for sake of clarity. First, we have thanks to Holder
inequality

k+3 °

/|E(t,m)|h(k_1)/2f(t,x,v) dz dv < C||E()|| prss
LE+2

Next, we have for € R? and for R > 0,
/h(k_l)/gf(t,x,v) dv :/ RE=D2 1t 2, v) dv—l—/ RE=D/2 1t 2 0) du
hl/2<R h1/2>R
< RF! / f(t,z,v)dv+ R! / KR F(E 2, 0) do
[v|<CR h1/2>R
<Ol R 4 R [ 172400 do

We have used the fact that |v| < Ch'/? in the second inequality. Now, optimizing w.r.t. R,
and using that || f(¢)||ze = || follL>~ we find

/h(k—l)/Qf(t7$7v) dv < C </ h,k/2f(t,:l:,v) dv

So finally, integrating in x, we obtain

H/ (k=112 f (4 . ) d

/ / B(t, 2) W ED2 (4 2. 0) da dv < CE@)]| s Hy(t)k+2/E43), (5.3.19)

) (k+2)/(k+3)

CHk ( ) (k+2)/(k+3)

’
2

and we are led to

We next estimate the second term in (5.3.18). Applying again Holder inequality yields
1/k (k—1)/k
// RE=D/2 £t 3 v) dxdv<<//fta;v datdv) <//hk/2 f(t,z,v) dxdv)
so that, since M(t) = My,
//h(kl)/2f(t,x,v) dz dv < CHy(t)*F=D/k,

Since (k—1)/k < (k+2)/(k+ 3) and Hg(t) > 1, it follows that

E(t.9) / BED2 (1, 2, 0) ddo < OB (t,€)| Hy (1) F+2)/649), (5.3.20)
Gathering estimates (5.3.19) and (5.3.20) we are led to the conclusion of Lemma 9. O
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In order to exploit Lemma 9, we now need to control the electric fields |E(§)| and || E|| px+s.
Applying estimate (5.3.30) in Proposition 10 we readily get |E(§)] < CHIE/(kJrg) if k> 6, but
this inequality is too rough to provide an estimate for Hy(t) by means of the estimates in
Lemma 9. In fact, when Mg < 1 one can improve the previous estimate on the electric field

computed at the point charge by the following virial-type argument.

Proposition 8. Under the assumptions on (f,§) as in Proposition 5, we have

t
| 1B s < .
0
Remark 8. This is the only point of the proof of Theorem 7 in which we use the assumption
(i).
Proof. Let (x(s),v(s)) = (x(s,z,v),v(s,x,v)) be a plasma trajectory on [0,7]. Using the
system of ODE (5.3.2) and (5.3.4), we compute

& el a1
a2 ) 8= e e ) |w<s> B
L (306) ~ €069) - (Bls,2(5)) = Bl £6)) _ [(als) — €(5)) - (0(5) ~ n(s))]?
=) €0 [@(s) — ()P '
Therefore ) 2
e S 4 €O+ Eea) + EeE@). (G32)

On the other hand, since f is transported by the measure-preserving flow (x,v), we have by

’—//msmwd r //miom EoE

Therefore inserting (5.3.21) we get

/O\E(s,gf ds</ Jo(z,v) </d2|w() (s)\ds> dx dv

+/0 </ fo(:v,v)|E(s,w(s,a:,v))|dxdv) ds+/\/lg/0t|E(s,£(s))|ds.
(5.3.22)

changing variable

For the first term in the right-hand side of (5.3.22), we have

/ fo(z,v </ s 2|ac( 5) — (s)|ds> ddeZ/ fo(z,v) [CZW—&\I: dx dv

s/ foteo) (|Gl = €l| 0+ [ o~ l]0)) doae

sup/ folz,v)|v(t, z,v) —n(t)|dx dv
t€[0,1]

=2 sup/ ft,z,v)|v —n(t)] dz dv.

te[0,7)
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Hence, by Holder’s inequality, we obtain

// folz,v) (/Ot Z;|X(s) _g(s)| ds) dudv < C sup M(OY2HHY2 < C,

t€[0,T]

We turn to the second term in (5.3.22). We have by changing variable backwards

/Ot </ fo(x,u)|E(s,X(s,x,v))ydxdu> ds:/ot (//f(s,x,u)m(s,x)ydxdu) ds
= /Ot (/p(s,x)|E(s,x)|dm> ds

t
<c /0 10(3) g | E ()l /2 ds < C.

We used Proposition 7 in the last inequality.
Therefore coming back to (5.3.22), we find

/ |E(s,&(s))] ds < C+/\/l0/ |E(s,&(s))] ds.
0 0

The conclusion of Proposition 8 follows from the assumption (i) on M. O

5.3.4 The modified flow and the Duhamel formula

Let (f,£) be a classical, compactly supported solution of (5.3.1)-(5.3.3) on [0,T]. We decom-
pose the electric field and the force field into two parts:

E:Eint+Eext7 F:Ent+Fext7

where
Eu = (ac — xa(@) ,‘”,3) p Funltr) = F(t,2)x(x — (1)),

Xr being a smooth cutoff function such that xr(z) =1 on B(0, R), xg(z) = 0 on B(0,2R)°
and 0 < ygr(7) <1 on R3 and where R > 1 is large and will be determined later in terms of
H(0), Mo, || folloos 0, Hm(0), for m < mg, and T

We have
el + IV Bl + 10 Bz < 1220 (53.23)
and
| Foxllze + IV Fexellz + 1D Foxli < 2. (5.3.24)

As in [7] we write the Vlasov equation using the internal part of E and F' as a source term:
8tf +uv- vxf + (Eext + Fext) . vvf = _(Eint + Ent) : vvf (5325)

The reason why we do not consider the free transport (namely we do not consider the full

field as a source term) will appear Subsection 5.3.6.
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Next, we fix t > 0 and we define the flow map (z,v) — (X, V)(z,v) such that

{ X(s) = —V(s), X(0) = z,

. (5.3.26)
V(S) = _(Eext+Fext)(t_5,X(S)), V(O) =, 0<s<t.

This is the backward flow, not to be merged with the inverse flow of (x,v). It preserves the
Lebesgue’s measure on R? x R3. Note that if the external field vanished we would obtain the
free flow X (s,z,v) = x —vs,V(s,z,v) = v, and if we considered the total field in (5.3.26)
we would obtain the inverse of (z,v). We shall sometimes write (X (s),V(s)) instead of
(X (s,z,v),V(s,z,v)).

Using the invertibility properties of the flow listed in the appendix one can establish the

analog of Proposition 3:

Proposition 9. Let (f,&) be a classical, compactly supported solution of (5.3.1)-(5.3.3) on
[0, 7). Let 0 < s,7 <T. Let b >a>0. Then

3+a

3+b

/ [v|*f(1, X (s,2,v),V(s,2,v)) dv < C’||f0||3+b </|v| f(r, X (s,2,v),V(s,x v))dv)
(5.3.27)

In particular, setting p(x) = [gs f( (s,z,v),V(s,z,v)dv we have

3
3+0b
171l s55 < ClLAIEE (1+ [ fit sy asa) (5.329)

with C' a numerical constant depending on T.

Proof. For the first inequality this is exactly the same proof as for Proposition 3, estimate
(5.3.5). The second inequality is obtained thanks to the bound |V (s,z,v) —v| < CT (see
(5.4.12)), and using the fact that (X (s), V(s)) preserves Lebesgue’s measure. Recall also that
LA e = Nfollzee. -

A consequence of Propositions 4 and 9 is

Proposition 10. Let (f,€) be a classical, compactly supported solution of (5.3.1)-(5.3.3) on
0,T]. Let 0 < s,7 < T. Let p(x) = [ps f(7, X (s,2,0),V (s, 2,0v)dv and E = px(z — z/|z?).
If m €]3,6] we have

3
~ m+3
IE|| somis < C (1+/ o|™ f (7, 2, v) dxdv) < CHp ()4, (5.3.29)
L 6—m
and if m > 6,
WS
~ m 3
|E|| L < C <1 + // |o|™ f (7, x,v) dx dv> < CHp,(1)m+3 (5.3.30)
where C > 0 is a numerical constant which depends on || f|| L~ and T
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Proof. We apply (5.3.8) and (5.3.9) with s = (m + 3)/3, and conclude thanks to (5.3.28). [

Using Duhamel formula we can express the solution of (5.3.25) as follows:

f(t,z,v) = fo(X(t,z,v),V(t,x,v)) +/0 (Vo [(Bint + Fint) f]) (t — s, X (s,2,0),V(s,2,v)) ds.
(5.3.31)

Proposition 11. Under the assumptions on (f,€) as in Proposition 5, we have for m > 3

|E(t)||gm+s < C+C ; (Eint + Fint) f(t — 5, X(5),V(s)) dv ds (5.3.32)
3 m+3
Proof. By (5.3.31) we have
plta) = [ (X0 VE) do+ / [ (90 1B+ Fin) )= 5. X(6), V() dvds
= pl(t’ x) + pQ(tv .T)
(5.3.33)

Let us set By = p1 * x/|z|>. By Proposition 10 we have by interpolation, since 3(m + 3)/(6 —
m) > m+ 3 and since H,,(0) is finite,

| E1 <C.

[

For the term po and the corresponding field Fo we have to work more and use the appendix

(properties of the flow). O

Next sections are devoted to the control of the right-hand of (5.3.32).

5.3.5 Intermediate small time estimates for the moments

The purpose of this paragraph is to establish uniform estimates for the moments on [0, 7.

Proposition 12. Under the assumptions on (f,€) as in Proposition 5, let t € [0, min(1,7)]
and let m > 3.

Let 0 < v < 1. We introduce k defined by k+ 3 = (m+ 3)(1+ ) (note that k > m), and we
define 6 by 6 = €]0, 1].

Then we have

ol
1+(y+1)(m+3)

< Oy, m) ¥ Hy(t)75.

Lm+3

(Eint + Fint) f1(t — 5, X (s5),V(s)) dvds

R?)

Remark 9. Taking v small in Proposition 12, we realize that k > m may be chosen as
close as we want to m, therefore the estimate |E(t)| pm+s < CHyp(t)YF3) which in view

of Lemma 9 would be enough to obtain an estimate on Hy,(t), is close to be achieved.
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Proof. By Proposition 7, the field Eiy belongs to L°([0, T, L™ (R3)) for all 3/2 < r; < 15/4.
Since this is the electric field produced by the bounded density f, we can use the estimates
of [7] as a blackbox : more precisely by estimates (31)-(32) and (28’)-(40) of [7] we get for all
3/2 <1 <15/4

where k1 > m is defined by k1 + 3 = (m + 3)(3 — 3/r1), which by (5.3.15) yields

1
< C(r1,m) 2771 My, ()73,
Lm+3

(Eint f)(t — s, X (5),V(s))dvds

]R3

< C(ry,m) 877 Hy, ()75, (5.3.34)

L m+3

(Bt f)(t — s, X (5),V(s))dvds

R3

We then introduce

= ['s [ (= 5. X0V () dvd.

In the following we will write £ instead of (¢ — s) when not misleading.

Step 1. Local estimate for [
We recall that by Proposition 6 there exists Ry > 4 such that sup,c(o 71 [§(t)] < Ro. We set
B = B(0,3R). We take R > Ry.

Let 0 < € < 2/(m+ 3) be a small parameter and let us pick 3/(2+¢) < ro < 3/2. By Holder

inequality we get

1]l L+ (B)

_ ’ /0t81+a / | Fint( t—S , X (s)) (‘X(S) _x)gf(t—S,X(s),V(s))dvds

s) — zff p
< ol / </ N t:i\ji( ))dv>:2 (/ <W) f(t—s,X(S),V(s))dv> ® s

For all fixed z € B and 0 < s < T we perform the change of variable

Lm+3(B)

Lm+3 (B:

y=x— X(s,z,v).
Then by (5.4.11) |y| < s(Jv| + 1) if R large enough (depending on 7). Moreover we have

-Fln Qt— X En Qt_ 3
/ t’ . /’ Pt - )det(VvX<s>)!1dy

_ IL’|5T2 ‘y|£’r‘2

and, according to the estimates in the Appendix (see (5.4.9)) we have |det(V,X(s))|~! <
C/s3.
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So we obtain

1] m+3(B)
1 1
En 2 t - T2 ! h
<of [ (B = )7 (o e - s x. v ) * o
!y\ Lm+3(B)
m+3
<C/ —i+e / / dy "
wj<sr \Jjo—e—y|<r [Y[T2[z — & — y|?
(mt3) 1
</(1 + |v|F2) f(t — 5, X (s), V(s)) dv) : d:z:}m“’ ds
¢ 5 (m«}»B) %«FS
= C’/ st / |z — §] £)(m+8) </(1 + |0[T2) f(t — s, X(5), V(s)) dv> * dx ds.
0 |z|<3R
We now set 5
T o2
and we define )
P=c (m + 3)
Note that p > 1 and
3 3
<< (5.3.35)
Moreover 5
—(T— —2—¢g)(m+3)p= g(m—i—B)p: 1<3.
2

Applying Hélder’s inequality, we obtain

1] Lme+3(m)
b ] (n
< C/ sT1ts / |z — €| 2m P gy X
0 |z|<3R
(n3) s (T
X / (/(1 + |0[T2) f(t — s, X(s), V(s)) dv) P de ds
2| <3R
1

(m+3) [T

<Ci5 swp / </(1 o) £ X (5), V(s)) dv) 2 g

7,8€[0,¢]

We now focus on the right-hand side

1

("H'S)p/ (m+3)p’
sup {/ (/(1 + |v\6Té)f(T,X(s),V(s))dv> E dac} . (5.3.36)
7,5€[0,t]
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Let us introduce k9 such that

3 /
+ery m + 3p’ _q
3+ k2 T
and apply (5.3.27) and (5.3.28) with this choice and a = er}, b = ko. Note that b > a since
(m +3)

/
Ty

pP>1 < (m+3)(1/3—¢/6)>1—e(m+3)/2 < 1/3>1/(m+3)—¢/3,

which holds as soon as m > 0 (remember that m > 3 in this proposition).
We obtain

1
(771‘/"3) p/ (m+3)p’

s 3 [ ([ petrx v a) F <

7,s€[0,t]
1
k (m+3)p’
<C sup <// ] 2f<T,X(S),V(8))d1‘d’U) .

7,5€[0,t]

Similarly, we introduce &} such that

3 m+3 , _q
3+ k) T )=

and apply (5.3.27) and (5.3.28) with this choice and a = 0, b = k), > a. Since kb, < ko we

obtain

(m+3) 1y W
sup /(/f(T,X(s),V(s))dv) * dx <
7,5€[0,t]
1
k,/ (m+3)l)/
<c s ([[ plsx v ) <
7,8€[0,¢]

<C s <//(1+ ]v|k2)f(7-,X(s),V(s))dmdv)ng)p/ <

7,8€[0,¢

k (m‘:?’)Pl

<C+C sup [v|™2 f (1, X (s),V(s)) dx dv .
7,8€[0,t]

Finally, we obtain

€ 1
[l pmts () < Ct2 Hy, (t) vt

Since p’ > 1, making explicit the dependence of the constants, we get for any ry satisfying
the condition (5.3.35)

3 _
||| sy < Clra,m) t2 2 Hy, ()75, (5.3.37)
where ko > m satisfies
w1 1+¢/2
3+ky=(3+m) b = (3+m) : 3
1—(m+3)<%—2) 1—(m+3)e/2 (5.3.38)

148



Step 2. Estimate for I at infinity

In this step we estimate the norm of I on the exterior of B = B(0,3R). Observe that when
|x| > 3R and when |x — &(t — s) —y| < R we have |y| > |x| - |£(t—s)|— R>3R—Ry— R >
Ry — 1 > 1 (remember that Ry > 2). We use again the parameters 0 < ¢ < 2/(m + 3) and
ro = 3/(2 +¢/2). By similar computations we find

]| Lt (Be)
1

t 3 d 23
< CH/ Glmite / Yy . y
0 le—&—y|<R ’y|5r2‘$ - 5 - y| "2

‘ =

er! "2
X (/(1 + ”U’ Q)f(t — SyX(3)7 V(3)> d’l)) Lm+3(Be) ds
t m+43
>
< C’/ 31‘32*5{/ / d—yg %
0 lo—¢—yl<R [T — & —y[*r2

(m«lHi) 1

" </d” (1+’v|”/2>f(t—s,X<s),V(8>)> ? e} ds
<C/ot 81é+€{/ </(1+ !U|”5)f(t—s,X(s),V(s))dv)M

7 1
We now introduce k3 such that
34ery) (m+3) 1
3+ k3 T‘IQ -

E clzlc}mfr:i ds.
Note that ks > er} as soon as m + 3 > r}, which is always true if (like in our case) m > 3
(remember that ¢ < —2- so that 7/ < - 3. ). Tt follows from (5.3.27) with a = 7} and

m+3 w3
b = k3 that

3 _2 1
||I”L77L+3(Bc) S CtrQ de (t) m+3

Since k3 < kg, we have Hy, < C'Hy,. Finally, making explicit the dependence of the constant:

3

3 _ 1
2| s ey < C(ra,m) ¢72 > Hy, (t) 753, (5.3.39)
. _ (3+m)(3/r2—1) 3
with k‘g = W - 3, for all ) E]%,3/2[
Step 3: end of the proof of Proposition 12
Gathering the estimates (5.3.37) and (5.3.39) we find

hence

/ s/' (Bt + Fun) f(t — 5, X (), V(s)) dv ds
0 R3

3 _
< O(rg,m)t 2 Hy, ()75,  (5.3.40)

Lm+3

/Ot S/M(Fmtf)(t — 5,X(s),V(s)) dvds

3
< O(r1,m)t* 71 Hy, (t)m+s
Lm+s (5.3.41)
3

+ C(rg,m) t7 2 Hy, ().
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We recall that r; €]3/2,15/4] and 7o E]W,B/Q[ can be taken as close as necessary
to 3/2, and that ki,ka > m are defined by k1 +3 = (m + 3)(3 —3/r1) and by ko + 3 =
(m+3)(2 —1)/(1 = (m+3) (3/r2 — 2)) (see (5.3.38)).

We next choose r; and ry so that k1 = ko in the following way. We consider a (small)

parameter 0 < v < 1. We define 7 so that

3
2——=n.
T1

Note that 3/2 < r; <3 < 15/4 by choice of 7.

We next define r9 so that
Y

2 9 ,
To 1+ (m+3)(y+1)

which implies that ko = k. Then the condition (5.3.35) on ry is satisfied. Then k + 3 =

(m+3)(1+ ), and using that ¢t <1, (5.3.41) rewrites

/ s/ (Bint + Fint) f(t — 5, X (5),V(s)) dvds
0 R3

< Tn)(gr+tfna¢%ﬁrﬁ)fh4@;#§

Lm+3

IN

C(v,
Oy, m) t TFFSIETD [y () mes
(v, m) 19 Hy(t)75s.

IN

The conclusion follows. O

Proposition 13 (Intermediate small time estimates). Let (f,§) be a classical, compactly
supported solution of (5.3.1)-(5.3.3) on [0,T]. For t < inf(1,T) and 3 < m < my, the

following estimate holds:

t
\|E<t>||m+3sc+o\ /0 s [ B+ ) ¢ = 5.X(3), V() dods

3(k+3)

< C+ Ct? 4 CtYV O H,, (1) 32,

Lm+s (5.3.42)

Here 7y is any number in |0, 1[ if m > 6, and any number in |0, 1] such that v < (m—3)/(6—m)
if m < 6. The parameter k > m is defined by k+3 = (m+3)(1++), and § = Wiﬁ)(vﬂ)
Remark 10. Here we only need that mg > 3.

Remark 11. We stress that the constants depend on k, or equivalently, on vy (in fact some

of them blow up when k — m).
Proof. Thanks to Propositions 11 and 12, we obtain

< O+ Ot Hy(t)wrs,

Lm+3
(5.3.43)
and for all 0 <~ < 1.

t
|E®)||pmts < C+C /O s/Rg(Emt+Fint)f(t—s,X(s),V(s))dvdS
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On the other hand, we infer from Lemma 9 and from Proposition 8 that

1 1 k+3 k43
Hy(t)m+ < C (Hk(O)m+3 +tms sup [|E(s)|| 75 + 1) )
s€0,t]

Therefore, if & < mg, we get

1 k3 B3

Hy(t)ms < C | 1+tm+s sup [|[E(s)|| 55 ] - (5.3.44)
s€0,t]

Next, by Proposition 10, we have || E(s)|| zs(mt3)/6-m) < C’Hm(s)mi+3 ifm < 6,and ||E(s)||re <

CHm(s)m%L3 if m > 6. On the other hand, since m > 3, one can choose v sufficiently small in

terms of m such that (when m < 6) k+ 3 < 3(m + 3)/(6 —m), namely

m—3
< — 5.3.45
T=6—m ( )
By interpolation, this yields
IE(s)|| prss < CHyp(s)Fm. (5.3.46)

Therefore, we infer from (5.3.43), (5.3.44) and (5.3.46), that

t
IE@t)llmsys < C +C /0 sds /R (Bt + Fu) (2 = 5, X(), V(5)) dv

L (5.3.47)

3(k+3)

< C+Ct? + Ct VO H,, (1) 32,

This completes the proof of Proposition 13. O

5.3.6 Bound on the moments

This paragraph is devoted to the proof of the propagation of the moments, formulated in the

following

Proposition 14. Let (f,€) be a classical, compactly supported solution of (5.3.1)-(5.3.3) on
[0,T]. Then we have for all m €]16/3, min(mg, 7)[

Hp(T) < C.

The constant C depends only on the quantities H(0), Mo, || follcos {0, Hm(0), for m < my,
and T'.

Proof. Let t € [0,T]. In view of Lemma 9 and Proposition 11 it is enough to control the
quantity Hf(f 5 Jgs | Bint + Fins| f(t — 5, X (5), V(s)) dv dsHLm+3 in terms of H ™). Unfor-
tunately, the bound obtained in Proposition 13 does not allow to conclude, since it provides
an exponent 3(k + 3)/(m + 3)2, which is much too large. In order to bypass this difficulty,

we shall use, as in [7], two kinds of estimates: for small times we will use the estimate of
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Proposition 13; note indeed that the right-hand side is small when ¢ is small. On the other
hand for large times we will perform other estimates.
More precisely, let 0 < ¢ty < inf(1,7") sufficiently small, to be determined later on. Let
a €]0,1/4].

First case: t € [to, T].

We have

/tjs/mntf)(t— s, X (s), V(s)) dvds

/’“ {/‘Et‘m A ())d”}gga{ ftgg(t—&X@st)mv}:"“ds

1 dy }
<C / —_— ds su
B to { XR( ) |y|372a 33 T,T’G%,t]

/ fr, X(#), V(")) dv

Lm+3

Lm+3

S X () V|| L

L(m+3) 73—2—

6 —2a«
<ClplFE [ s su

to 7,7 €[0,t]

L(m+3) % '
We now use (5.3.27) with a = 0 and b such that &3 = (m + 3) :=32. Note that b > 0 since

2a°
a €]0,1/4] and m > 2.
We obtain

t _ _4«a
/ ; / (Fuf)(t =, X(5), V(s) dvds| < Ct7 75 Hopoiamen ()75
to I m+3 17% @
We now apply the interpolation inequality
m—p3 B—2
Hg(t) < Hao(t)m=2 H,,(t)m=2, B € [2,m], (5.3.48)

with the choice 8 = %?ZH). Note that 3 € [2,m] since m > 16/3 and o < 1/4. Since
3

supyepo,r] H2(t) < C thanks to the conservation of energy, this yields

‘ /t: S/(Fintf)(t —5,X(s5),V(s)) dvds

We emphasize that the constant above depends on o and R.

e (&)
< C't, 3-2a Hm(t)ﬁfm. (5.3.49)

Lm+3

We obtain an analogous estimate for the internal part of the electric field. Since p belongs
to L>([0,T], L>3(R3)) the internal part Ei, is bounded in L ([0, T], L3/?~*(R3)) for all
0 < a < 1/4. So by exactly the same computations as before we get

‘/to / Entf)(t —s,X(s),V(s))dvds

1— 6
g/ s B-2a)  sup <|E1nt( M3/2—a
to 7,7/ €[0,t]

%o

— 1 4o
< Cto 3—2a H,(t)m+3 " G=2a)(m=2)

Lm+3

/fTX )V (r ))dv‘

(3=22)

2/(3—2a)
o1z IO 2 )

(5.3.50)
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Combining (5.3.49) and (5.3.50), we are led to (for all « €]0,1/4[ and m €]16/3, min(my, 7)[),

_ 4o 1 4a
S Cto 3—2a Hm(t) m+3  (3—2a)(m—2)

/t: ’ /(Ei“t + Fing) f (£ — 5, X(5), V(s)) dv ds

Lm+3
(5.3.51)
Second case: t € [0, tg].
By Proposition 13, we have
3(k+3)
(Bt + Fine) f(t — 5, X (5), V(s)) dv ds < C L+ + O, (1) 7)),
Lm+3
(5.3.52)
where k: +3 = (m+ 3)(1 + ) and where 0 = m, with any v €]0,1[ such that

v < 55 3 if m > 6.
Rememberlng that t9 < 1, we deduce from (5.3.51), (5.3.52) and Proposition 11 that for any
t € [0,7],

3(k+3) 4o

1 4o
IE®)||mss < C + Cth+ Cti T H,, (£) 097 4 Cty > 2 Hyp(t) 715 G-z},

Invoking again Lemma 9 and using that H,,(¢) > 1 and ¢y < 1 we therefore obtain

dﬁ )
< C (Bl s + Bt D)) Hun(t) 755

3(k43) 1 __4a o 5.3.53
C(l +t0H m+3 +t1+7+5H ( )(m+3)2 m+3 —|—t0 3—2a Hm(t)_(?’—%iwﬁ— ( )

T |E<t,s<t>>\Hm<t>wis)Hm<t>.

We then specify our choice for tg: we set (for example)

_ 3(k+3)—(m+3)

té-‘r’Y-Hs _ Hm(t) (m+3)2
hence
 3(k+3)—(m+3)
to = Hyp(t) (trto)m+s)? (5.3.54)
It follows that
__4o 4o 4o (3(k+3)—(m+3) _L)
5720 Ho(8) T G e = H, (¢)320 \(tsenmts)? - m=2) — [ (£)°0m)

where we denote by e(m) the term appearing in the exponent above,

da (3(k+3)—(m+3) 1 )_ da <( 2+ 3y 1 )

=g \ Gt m 8 m-2) 52 \@ v ryms) w2
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We recall that v > 0 is a parameter that can be chosen as small as wanted such that the
condition (5.3.45) is satisfied, and that 6 = /(14 (v + 1)(m + 3)).
We now use the assumption m < 7. Then
2 1
m+3 m-—2
and we can choose v > 0 sufficiently small, so that e(m) < 0, and we obtain

<0,

Hp (8)60M) < 1.
Coming back to (5.3.53), we infer that for all ¢ € [0, T7,

i .
o Hy < 0(1 B €)] Hn ) Ho(1).

By a Gronwall argument using Proposition 8, we conclude the proof of Proposition 14. [

5.4 Appendix (estimates for the almost-free flow)

We can write the implicit solution of (5.3.25) as follows:

f(t,x,v) = /0 —[(Bint + Fint) Vo f](t — 5, X (s, 2,0),V (s, 2,v)) ds (5.4.1)

+fo(X(t,z,v), V(t,x,v)).
Computing (for any smooth function g)
Vaelz = gt — s, X (s,2,v),V(s,2,0))} = Vo X(s,2,0) Vag(t — s, X (s,2,0), V(s,z,v))
+ V. V(s,z,v) Vyg(t — s, X(s,z,v),V(s,x,v)),

Vo{v = gt — s, X(s,2,v),V(s,x,v))} = Vo, X(s,2,v) Vog(t — s, X(s,2,v),V(s,z,v))
+ V,V(s,x,0) Vyg(t — s, X(s,2,v),V(s,z,v)),
so that (provided that V,X is invertible and that V,V — (V,X) (V.X)"Y(V,V) is also

invertible)

Vgt — s, X(s,z,v),V(s,z,v)) =
=[VoV = (Vo X) (Vo X) 71 (VY]
(Vo{v = g(t — s, X(s,2,v),V(s,z,v))}
— (Vo X) (Vo X)WV {z = g(t — 5, X (s,2,0),V(s,2,v))})
=divy{v = [V, V = (Vo X) (V. X) 1 (V)] gt — 5, X (s,2,0),V(s,z,0))}
—dive{z — [V, V — (Vo X) (Vo X)LV )] YV X) (Vo X)Lyt — 5, X (s,2,0), V(s,2,v))}

—g(t—s,X(s,2,0),V(s,z,v)) { div, ([V,V = (V,X) (VmX)fl(VxV)]fl)
— div,([VoV = (Vo X) (V. X) UV V)7LV, X) (VmX)‘l)}.
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Then
plt,z) = Vs / / T,V — (VoX) (Vo X)L (V1)L (VX)) (T, X) !

[(Eint + Fint) f1(t — s, X (=s,2,v),V(=s,2,v)) dvds

[ {7 - @3 0 @

—V;,;([VUV - (VUX) (VxX)il(vxv)]il(va) (VmX)l)}

[(Eznt + ant) f] (t - S, X(—S, z, U)v V(_Sa z, U)) dvds.

We now observe that

d%{v”X(S)} =V, V(s), VuX(0) =0,

8Eext aFext
{V Vis)} = < ox + ox

so that, recalling (5.3.23), (5.3.24) and using Gronwall’s lemma:

Vo X | oo (0,77 xR3xR3)» Vo X || Loo (j0,7)xR3xR3) < O

The same argument used for xz-derivatives ensures that

V2 X || Lo (0,77 xR3 xR3) || V2 V| Lo (0,71 xR3 xR3) < O
Then, using (5.4.3), (5.4.4) and (5.3.23), (5.3.24), for any t € [0,7],

Vvl =1 [ Cpt o 2 X(69) VX (o) ds| < S

’v V Id’ |/ aEext 8Fext)(8’X(S)) VUX( )d ’< g’f

(OFess | OF., c
VX (1) — Id| = |// L4 O (0, X (0) Ve X (o) dords| < b

Vo X(t) —t1d] = ’/ / aEem aFe"rtzt)(U,X(U)) VX (0)dods| < C—tQ.

R2
This means that
VuX(s) = —s (Id+ P(s)), |[P(s)]1 < Cs/R?,
and it follows that
]det(VvX(s))r1 = s*3|det(Id + P(s))|71
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) (s,X(s)) VuX(s), V,V(0) = Id,

(5.4.2)

(5.4.3)

(5.4.4)

(5.4.5)

(5.4.6)

(5.4.7)

(5.4.8)



with |det(I; + P(s))| > 1/2 if R is sufficiently large, so that
|det(V, X (s))|7! < Cs73. (5.4.9)

For a given T' > 0 and all R > 0 large enough, we deduce from (5.4.5) — (5.4.8) that V, X
is indeed invertible, and so is V,V — (V,X) (V,X)"1(V,V). As a consequence, eq. (5.4.2)
holds, and (for s € [0,T])

H[VUV(S, " ) - (VUX)(S7 '7 ) (VCCX)_l(Sv K )(V$V)<S, " ')]_1(VUX)<3ﬂ " ')(VCCX)_l(Su " )

(5.4.10)
C
—S IdHLoo(R3XR3) < %82,
1(z,0) = X () = (z + v 8)|| poo m3xme) < R% 2, (5.4.11)
CT 2
[(z,v) = V(s) = v[|peo(m3xr3) < 7z 5 (5.4.12)

Finally, writing the differential system satisfied by the second derivatives w.r.t. z,v of X,V

and using Gronwall’s lemma, it is possible to show that for any such second derivative D?,
HD2X|’L°°([O,T]><R3><R3)7 HD2VHL°°([O,T}><R3><R3) <Cr,
and, as a consequence, for any given 7' > 0 and R > 0 large enough
IVo([VoV = (VoX) (VaX) (VL)) (5.4.13)

—Vx([VUV - (va) (va)_l(va)}_l(va) (VIX)_1)|’LOO([O,T]xR3xR3) < Cr.
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