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Chapter 1

Introduction

Let X be a non singular algebraic variety of dimension n and let D be a union
of ¢ distinct irreducible hypersurfaces on X, which we call an arrangement on
X. We can associate to D the sheaf of differential 1-forms with logarithmic
poles on D, denoted by QY (logD). This sheaf was introduced by Deligne
in [8] for an arrangement with normal crossings. In this case, for all x € X,
the space of sections of QL (log D) near x is defined by

<dlogz,...,dlog 2z, dzgy1, ... dzn >0y,

where z1, ..., z, are local coordinates such that D = {z; -z, = 0}. More-
over Q% (log D) turns out to be a vector bundle over X, which is simply called
logarithmic bundle. If D has not normal crossings, there is a more general
definition of Q% (log D) given by Saito in [23].

Once we construct the correspondence

D — Q% (log D) (1.1)

a natural, interesting question is whether Q% (log D) contains enough infor-
mation to recover D. For this reason we can talk about the Torelli problem
for Q4 (log D), since the injectivity of the map in (1.1) is investigated. In
particular, if the isomorphism class of Q) (log D) determines D, then D is
called a Torelli arrangement.

The first situation that has been analyzed is the case of hyperplanes in the
complex projective space P". Hyperplane arrangements play a central role
in geometry, topology and combinatorics ([19], [3]). In 1993 Dolgachev and
Kapranov gave an answer to the Torelli problem when H = {H;,..., H;} is



an arrangement of hyperplanes with normal crossings, [10]. They proved that
if £ < n+2 then two different arrangements give always the same logarithmic
bundle, moreover if £ > 2n + 3 then we can reconstruct H from Qp. (log H)
unless the hyperplanes in H don’t osculate a rational normal curve C, of
degree n in P", in which case Qpn(logH) is isomorphic to E, 5(CY), the
Schwarzenberger bundle of degree £ — 2 associated to C,'. In 2000 Valles ex-
tended the latter result to ¢ > n + 3, [30]: while Dolgachev and Kapranov
studied the set of jumping lines ([4], [16]) of Qp.(log H), Valles characterized
‘H as the set of unstable hyperplanes of the logarithmic bundle, i.e.

{H C P" hyperplane | H*(H, Qp. (log H)\\,) # {0}}.

A few years ago, hyperplane arrangements without normal crossings have
been investigated, in particular Faenzi-Matei-Valles in [12] studied the Torelli
problem for the subsheaf Qb,(log ) of Qb.(log ) and proved that H is a
Torelli arrangement if and only if Hy,..., Hy, seen as point in the dual pro-
jective space, don’t belong to a Kronecker-Weierstrass variety of type (d, s),
which is essentially the union of a smooth rational curve of degree d with s
linear subspaces.

In this thesis, after recalling the fundamental definitions and the main clas-
sical results on the subject, we consider arrangements of higher degree hy-
persurfaces with normal crossings on P™.

In chapter 4 we describe some important properties of the logarithmic bundle
0L, (log D), in particular in theorem 4.2 is proved that Q. (log D) admits a
resolution of lenght 1 which is a very important tool for our investigations.
Moreover, this resolution allows us to find again the Torelli type results in
the case of hyperplanes.

The main results of this thesis are collected in chapters 5, 6, 7 and 8.
Precisely, chapter 5 is devoted to arrangements of conics in P?: if £ > 9,
then we can recover the conics in D as unstable conics of Qp.(log D), unless
the hyperplanes in P° corresponding to D through the quadratic Veronese
map satisfy further hypothesis (theorem 5.4). The notion of unstable conic
is inspired to the one of unstable hyperplane given for a Steiner bundle.

On the contrary, if £ = 1 or { = 2 then we find arrangements which are
not of Torelli type (theorems 5.7 and 5.18), in particular in the second case,
by using the simultaneous diagonalization, we prove that two pairs of conics
are associated to isomorphic logarithmic bundles if and only if they have the
same four tangent lines.

In chapter 6 we extend theorem 5.4 to arrangements of a sufficiently large
number of hypersurfaces of higher degree in P (theorem 6.4) and in chapter

7 we generalize the methods used for one conic and pairs of conics to quadrics
in P™ (theorems 7.1 and 7.8).



Finally, chapter 8 is devoted to arrangements made of lines and conics in P2,
in particular the cases of a conic and a line (corollary 8.4), of a conic and
two lines (corollary 8.12) and of a conic and three lines (theorem 8.15) are
investigated.



Chapter 2

Preliminaries

2.1 Arrangements with normal crossings

Let X be a smooth algebraic variety, we give the following:

Definition 2.1. A reduced and effective divisor on X is a family
D=A{Ds,...,Ds}

of irreducible hypersurfaces of X such that D; # D; for all i, j € {1,...,¢},

1 # j. D is also called arrangement on X.

Example 2.2. Let D be an arrangement on the n-dimensional complex
projective space, which we simply denote by P". Each hypersurface D; € D
is defined as the zero locus of a homogeneous polynomial f; of degree d; in
the variables xg, ..., z,. Thus D is given by the set of zeroes of ﬁ fi, which

i=1
¢
is a polynomial of degree Zdi' In particular, if d; = 1 for all 7, we talk about
i=1
a hyperplane arrangement, if all d;’s are equal to 2 we have an arrangement

of quadrics and so on. In particular, when n = 2 in the two previous cases
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we have to deal, respectively, with lines and conics. Also arrangements of
hypersurfaces of different degrees are allowed.

In this setting arrangements with normal crossings play a very special
role. We have the following:
Definition 2.3. Let D be an arrangement on X. We say that D has nor-
mal crossings if it is locally isomorphic (in the sense of holomorphic local

coordinates changes) to a union of coordinate hyperplanes of C™.

Example 2.4. Let H = {Hy,..., Hy;} be a hyperplane arrangement in P".
H has normal crossings if and only if codim(H;, N...N H;,) = k for any
k<mn+1land any 1 <13 < ... <1 < /L. In particular, if n = 2 a pair of
distinct lines has always normal crossings but three lines meeting in point

don’t.

Example 2.5. In the complex projective plane let D = {r,C'}, where r is a
line and C' is a smooth conic. Then D has normal crossings if and only if r
is not tangent to C' (see figure 8.1). Moreover, if D is made of a cubic with

a node, then it has normal crossings, but if the cubic has a cusp it doesn’t.

Figure 2.1: Nodal cubic and cusp cubic



2.2 Logarithmic bundles

Let X be a smooth algebraic variety and let D be an arrangement with normal
crossings on X. In order to introduce the notion of sheaf of logarithmic
forms on D we will refer to Deligne ([7], [8]). This is not the unique way
to describe these sheaves, there are also other definitions for more general
divisors ([23], [24]) that are equivalent to this one for arrangements with
normal crossings. In this sense see also section 3.3.

Let’s start with some notations. Let U = X —D be the complement of D
in X and let j : U < X be the embedding of U in X. We denote by Q}; the
sheaf of holomorphic differential 1-forms on U and by 7,82} its direct image
sheaf on X. We remark that, since D has normal crossings, then for all x € X
there exists a neighbourhood I, C X such that I,ND = {z; - - - z;, = 0}, where
{z1,..., 21} is a part of a system of local coordinates.

We have the following:

Definition 2.6. We call sheaf of differential 1-forms on X with logarithmic
poles on D the subsheaf of 7,0, denoted by Q% (log D), such that, for all
r € X, I'(I,,Q%(log D)) is given by
k n
{s €T(I,,7.90) | s = Zuidlog 2z + Z vidz; }
i=1 i=k+1

dz

i

where u;, v; are locally holomorphic functions and dlog z; =

Remark 2.7. Every s € T'(I,,Q%(logD)) is a meromorphic differential 1-
form with at most simple poles on D, namely
k n
(21 zi)s = (210 2)Y_widlog z; + (21 -+ z1,) >, vidz
i=1 i=k+1
is holomorphic on I,. So we are allowed to call s a logarithmic form on D.
It’s not hard to check that also ds has this property. As we can see in [8], it

holds also that if s is a local section of j*Q%] such that s and ds have at most

simple poles on D, then s € T'(I,, 2% (log D)).



Remark 2.8. Let X be a smooth algebraic variety and let D be an arrange-
ment with normal crossings on X. Then Q% (logD) is a locally free sheaf
of rank n = dimX, [8]. So, Q% (log D) can be regarded as a rank-n vector

bundle on X and it is called logarithmic bundle attached to D.

2.3 Torelli problem for logarithmic bundles

Given a smooth algebraic variety X, we are able to map an arrangement
with normal crossings on X to a logarithmic vector bundle on X:

D — Qx (log D). (2.1)

A natural question arises from this contruction: is it true that isomorphic
logarithmic bundles come from the same arrangement? If the answer is
positive, then we say that D is an arrangement of Torelli type, or a Torelli
arrangement. This is the so called Torelli problem for logarithmic bundles.

Actually this is not the “original” Torelli problem: we talk about problem
of Torelli type whenever we have to deal with the injectivity of certain map.
The history of this kind of problems goes back to 1913, when Torelli asked
wether two curves are isomorphic if they have the same periods, [27].

The mathematical literature on this topic is enormous, we will focus our
attention on the case of logarithmic bundles.

In the next chapter we will discuss the main results concerning arrange-
ments of hyperplanes in the complex projective space: a large number of
mathematicians worked and are still investigating on this subject, I will
mainly refer to Dolgachev, Kapranov ([9], [10]), Ancona, Ottaviani ([1], [2]),
Faenzi, Matei, Valles ([12], [30]).



Chapter 3

The case of hyperplanes in the

projective space

3.1 Logarithmic bundles of hyperplanes with
normal crossings: Steiner and Schwarzen-

berger bundles

Let H = {H;, ..., Hy} be an arrangement of £ hyperplanes with normal cross-
ings on P". Let’s describe the main features of the corresponding logarithmic
bundle Qpn(logH). First of all we have the following:

Proposition 3.1. Let x € P" and let I, C X a neighbourhood of x such

that I, "H = {z1 -+ zx = 0}, as in definition 2.6. We denote by

‘
res : Qpn(logH) — P Ou,

i=1

the Poincaré residue morphism, that is the map defined locally by

k n
Zuidlogzi + Z vidz; — (ug(x),. .., ux(x),0,...,0).
i1 i=k+1



Then
¢
0 — Qpn — Qpu(logH) = POy, — 0 (3.1)

i=1
1s a short exact sequence of sheaves on P™.

n
Proof. Every local section w =Y _ a;dz; of Qp, can be considered as a local
i=1

section of Q. (logH) by writing:

k n
w = Zaizidlog zi + Z a;dz;.

=1 i=k+1

So the holomorphic differential 1-forms on P™ belong to the kernel of the

Poincaré residue map. It’s not hard to see that also the converse is true. [J

Remark 3.2. In chapter 4 we will see that also logarithmic bundles attached
to arrangements of smooth hypersurfaces with normal crossings on P™ admit

an exact sequence similar to (3.1).

If we consider an arrangement H made of a sufficiently large number of
hyperplanes, the corresponding logarithmic bundle satisfies a further condi-
tion: it is a Steiner bundle on P™. In this sense we have the following:

Definition 3.3. Let S be a rank-n vector bundle over P, we say that .S is

a Steiner bundle if it appears in a short exact sequence

where [ and W are complex vector spaces of dimension k and n + k respec-
tively. The map 7 is uniquely determined by a tensor t € (C"™)V @ IV @ W

in such a way that 7 is injective on each fiber.

Remark 3.4. The short exact sequence (3.2) associated to a Steiner bundle

S can be also represented as
0 — Opn(—1)" — OptF — S —0 (3.3)

9



where £ is a positive integer.

We denote by S, the family of Steiner bundles with parameters n and
k. The elements of S, have a very important property: they are stable in
the sense of Mumford-Takemoto (slope-stability). Let’s recall this notion of
stability.

Definition 3.5. For a torsion-free coherent sheaf E over P" let

be the slope of E.
We say that E is stable (resp. semistable) if for all coherent subsheaves

F C E such that 0 < rkF' < rkE we have

p(F) < p(E) (resp. <). (3.4)

The theorem of Bohnhorst-Spindler ([5]) gives a very useful criterion in

order to check condition (3.4) in the case of rank-n vector bundles over P"
with homological dimension equal to 1. We have the following;:

Theorem 3.6. (Bohnhorst-Spindler 1992, [5])

Let E be a rank-n vector bundle on P™ with minimal resolution

k n+k
0 — P Opn(a;) — P Opa(b;) — E— 0
i=1 j=1
where ay > ... > ag, by > ... > by and a; < bpy1,. .. ap < bpik.

The following facts are equivalent:

1) E is stable (resp. semistable);

n+k

1 k
2) by < (resp <) p(E) = - (Z bj — Zai)'
j=1 i=1
Moreover, if by = ... = b, then E 1is stable in any case.

Remark 3.7. Theorem 3.6 implies that if S € S, ; then S is stable.

10



Now we are ready to state and to give a sketch of the proof of the result,
due to Dolgachev and Kapranov ([10]), that we mentioned previously.

Theorem 3.8. (Dolgachev-Kapranov 1993, [10])
Let H ={H,,...,H;} be an arrangement of hyperplanes with normal cross-

ings such that £ > n+2. Then Qpn(logH) € Spo—n-1.

Proof. We want to construct a map of sheaves 73, as the one in (3.2) (with
k ={¢ —n — 1) whose cokernel is isomorphic to Q. (log H).
In order to do that, let fi,...,f, be homogeneous forms of degree 1 in

xg, ..., 2, such that H; = {f; = 0} for all i € {1,...,¢} and let

l
IH:{(Al,...,)\g)€C£|Z/\ifi:()} (3.5)
W:{(Al,...,Ag)eCf\i/\izo}. (3.6)

Since ¢ > n + 2 we have that Iy is non trivial. By using linear algebra com-
putations we can see that, since H is an arrangement with normal crossings,
then dim(ly) = ¢ —n — 1. Moreover we have that dim(W) = /¢ — 1.

Now, let t € (C"™)Y @ I; @ W defined by

tu(A, - A v) = (A fi(v), .o Aefe(v)) (3.7)

for all (Ay,..., ;) € Iy, v € C"! and let 754 the corresponding map of
sheaves, ty, is called the fundamental tensor of H. By using the hypothesis
of normal crossings, it’s not hard to prove that, for all v € (C*)"™!, the
fiber t4(v) of T over [v] € P" is an injective map, so that dim(Imty(v)) =
¢ —n —1. We want to construct an isomorphism between the vector spaces

Coker ty(v) and Qpn (log H ). So consider the map
Ty W — Qi;n(log”;‘-[)[v]

11



l
()\1, e ,/\4) — Z /\z(dlog fi)l[v]'

=1

Since the subspace of H°(P™, Q. (logH)) made of all sections that vanish
at [v] has dimension ¢ — n — 1, we have that m, is surjective; in particular
dim(Kerm,) = dim(Imty(v)). In order to conclude the proof it suffices to
show that Imty(v) C Kerm,. So, let (1, ..., ) € Imty(v), that is there
exists (A1,..., ) € Iy such that u; = A\; fi(v). We have that

¢ dfi

Z:,Mi(dlog Sl = ' Y (f)

i=1 is.t. [v]¢H, i/ )
is a regular 1-form in a neighbourhood of [v] and, for all tangent vectors

§ €Ty (nis.t. [v]€H; Hi>,

y4 .
Ydos f©= X k= 5 -0
i=1 is.t. [v]|¢H; v is.t. [v|¢H;

¢
These two conditions imply that > p;(dlog f;) is zero at [v], as desired. [

i=1
Logarithmic bundles attached to arrangements of hyperplanes with nor-
mal crossings are strictly related to another class of vector bundles over P™:
the family of Schwarzenberger bundles, [25] and [26].
Let’s introduce some preliminary notations: we denote by (P™)" the dual
variety of P™ and by F the incidence variety point-hyperplane of P", that is

F={(z,y) eP"x (P") |z € H,}

7 N
P" (P

where H, C P" is the hyperplane “defined” by the point y € (P")" and p, ¢
are the canonical projection morphisms.
Let C,, be a rational normal curve of degree n in P™, that is the image of the
map

v, : Pt — P"

[IL’U, Il] — [Ao, c ,An]

12



where {Ay, ..., A,} is an arbitrary basis for the space of homogeneous poly-
nomials of degree n in the variables x(, z;. To give such a curve is equivalent
to make a choice of an isomorphism between the vector spaces C"*! and
S"™C?. Moreover, denote by CY C (P")¥ the dual curve of C,,.

Consider the following diagram

¢ (C)) ={(x,y) €eF |z € H Ay €C}
P q
N\
pr
where P, q are the restrictions of p,q to ¢71(CY) C F.
We are ready to give the following:
Definition 3.9. (Schwarzenberger 1961, [26])
Let m € N, we call Schwarzenberger bundle of degree m associated to C, the

rank-n vector bundle over P" given by

m

En(Cy) = PG Ocy(—)

n

where Ocy (

) denotes the line bundle over C, that corresponds to Op1(m)
through the isomorphism v, between P! and C).

If the degree of the Schwarzenberger bundle is sufficiently large then we
get a Steiner bundle. In this sense we have the following:

Proposition 3.10. (Schwarzenberger 1961, [26])

If m > n then E,(C))) € Spm-n+1-

Proof. Tt suffices to observe that, if m > n, then E,,(C)) is defined by the

short exact sequence

0 — Opn(—=1)" " X 0pH 5 B.(CY) — 0

13



where M is the following (m + 1) x (m —n + 1) matrix:

0 -
M= x T
z, - 0

[]

Remark 3.11. We can find detailed descriptions of the previous result also
in [10] and [22]. In particular, according to definition 3.3, the vector spaces
that characterize F,,(C)) are, respectively, S™ "C? and S™C? and the tensor

t is the multiplication map

t:S"C*® S C? —s S™C. (3.8)

The link between logarithmic bundles of hyperplanes with normal cross-
ings on P™ and Schwarzenberger bundles is described by the following result:

Theorem 3.12. (Dolgachev-Kapranov 1993, [10])
If m > n then

En(CY) = Qp.(logH) (3.9)

where H = {Hy, ..., H} is an arrangement with ¢ = m + 2 hyperplanes with

normal crossings such that Hy, ..., H, osculate C,, C P™.

Proof. Let H be a hyperplane arrangement satisfying the properties listed in
the statement of the theorem; let I and W be the vector spaces defined in
(3.5) and (3.6). In order to get (3.9), we have to construct two isomorphisms
of vector spaces

a:S™TC? — Iy

14



8:8mC2 W

such that the tensor ¢ defined in (3.8) is sent to the tensor ¢z introduced
in (3.7). Since H; = {f; = 0} osculates C, for all i € {1,...,m + 2},
then there exists u; € (C?)* such that f; = u?. By identifying S™C? with
HY (P, Qp: ([ur] + .. . + [tm2])), ie. the space of forms with simple poles at

[u], ..., [umaia], we get a well-defined map
6 : HO(Pl,Qél([ul] + ...+ [um+2])) — W

w > (resp, (W), . .., respu,, (W)

Now, let [v] # [u;] and identify S™"C? with HO(P', Q. ([u1] 4. . .+ [Um2] —
n[v])), the space of forms with at most simple poles at [u;] and a zero of order
< n at [v]. We define « as the restriction of 8 to this space, which concludes

the proof. O

15



3.2 Torelli type theorems for the normal cross-

ings case

Let H = {H;,..., Hy} be a hyperplane arrangement with normal crossings
on P". If H is made of few hyperplanes then it is not a Torelli arrangement.
In this sense we have the following results:

Theorem 3.13. (Dolgachev-Kapranov 1993, [10])
If1 <0 <n+1 then Qp.(logH) = Ot @ Opn(—1)"H14

Proof. Let M = @H"(P", Qp.(log H)(i)) be the graded Clzo, . .., z,]-module
associated to Qpn(log H) thanks to Serre’s theorem, [15]. It comes out that

M is the kernel of the homomorphism

Clzo, ..., 24" © Clzo, ..., 2] (=1) — Clao, . .., ]
l n+1
(G5 gnr) — D5+ D0 957
i=1 j=t+1
that is M = Clag, ..., 2,1 @ Clag, ..., z,](=1)"1* as desired. O

Proposition 3.14. If { = n + 2 then Qp.(logH) = TP"(—1).

Proof. Theorem 3.8 implies that Qp. (log H) € S, 1, that is it admits an exact

sequence of the form

n+1

0 — Opn(—1) — Opit — Qpn(logH) — 0

which is the Euler sequence for TP"(—1). O

Remark 3.15. All Steiner bundles in S,,; are isomorphic to TP"(—1).

If we consider arrangements with a sufficiently large number of hyper-
planes, then the Torelli correspondence defined in (2.1) is very closed to be
an injective map. The main result on this topic is the following:

16



Theorem 3.16. (Valles 2000, [30])
Let H = {Hy,...,Hs} and K = {K3,...,K;} be arrangements of £ > n + 3

hyperplanes with normal crossings on P™ such that
Opn(logH) = Qpa(log K). (3.10)

Then we have one of these possibilities:

2) there exists a rational normal curve C,, C P™ such that Hy, ..., Hy,

Ky, ..., K, osculate C,, and Qb (logH) =2 Qb (log K) = Ey_5(CY).

Remark 3.17. Since one can always find a rational normal curve C;/ C (P™)
of degree n passing through n + 3 points of (P™)Y, the previous theorem

becomes important when ¢ > n + 4.

Remark 3.18. In 1993 Dolgachev and Kapranov in [10] proved the same result
of Valles when ¢ > 2n + 3, focusing their attention on the set of jumping
lines of Qbn(logH). In the following we will see a sketch of the proof of
theorem 3.16, which is based on the following idea: recover the hyperplanes

of H as unstable hyperplanes of Qpn(log H).

Definition 3.19. (Valles 2000, [30])
Let S € S, be a Steiner bundle and let H C P" be a hyperplane.

We say that H is a unstable hyperplane for S if the following condition holds:
H(H, S, # {0},

Remark 3.20. The notion of unstable hyperplane for a Steiner bundle S €

Sn.k 1s justified from the fact that SV has not global sections different from the
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zero one. Indeed, SY is a stable bundle because of remark 3.7 and ¢;(SY) =

-k <0.

The Torelli theorem for hyperplanes proved by Valles is a consequence of
the following result:

Theorem 3.21. (Valles 2000, [30])

Let t >n+2andlet S € Spy—n-1. If S has Hy,...,Hpyy distinct unstable
hyperplanes, then there exists a rational normal curve C) C (P™)Y such that
Hy, ..., Hyq osculate C, (or, equivalently, H; € C) for alli € {1,...,0+1})
and S = Ey_5(C)).

Remark 3.22. Theorem 3.21 asserts that a Steiner bundle in S,, y_,,—1 which is
not a Schwarzenberger bundle has at most ¢ different unstable hyperplanes.
The proof of this result is based on “reductions” and the main steps are the

following:

1) the kernel T7 of the homomorphism S — Oy, induced by a non zero
element of H°(H;, Slill) is a Steiner bundle in S, o—,—2 and the set of

unstable hyperplanes of S is contained in

{H C P"hyperplane | H*(H,Ty'|,) # {0}} U Hy;

2) by iterating this method, after ¢ — n — 3 reductions we get a Steiner
bundle T;_,,_3 € S, 2 which actually is isomorphic to the Schwarzen-
\%

berger bundle E,1(C,), for certain rational normal curve C; C (P,)",

as we can see in [10];

3) since for all m > n the set of unstable hyperplanes of E,,(C,) coincides

with C) ([30]), then Hy_,,_o,..., Hpyq1 are n + 4 points of C;
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4) by changing Hy_,,_» with H; for all i € {1,...,¢ —n — 3} we get that
Hy, ..., Hy 3 osculate C, too, which implies that S = E, »(C,)) ([30]).

Remark 3.23. Further interesting results about Steiner bundles and unstable

hyperplanes have been proved by Ancona and Ottaviani in [2].

Now we have all the tools to prove theorem 3.16.

Proof. If H € H then, by using the residue exact sequence (3.1), it’s not
hard to see that H is unstable for Q. (logH).

Now, assume that H # I, for example let say that H; # K;; we want to
prove that the statement 2) of theorem 3.16 holds. From the isomorphism
(3.10) we get that also K is unstable for QL. (logH). This implies that
Qb (log H) is a Steiner bundle in S, ;_,,_1 with at least /+1 different unstable
hyperplanes. So theorem 3.21 tells us that there exists a rational normal
curve C/ in (P,)Y containing all the hyperplanes in H and K and such that
b (logH) =2 Qpn(log K) =2 Ey_5(CY), as desired. O

Remark 3.24. The theorem proved above asserts that, if ¢ > n 4+ 2, then
the set of unstable hyperplanes of Qb (log#H) is equal to H = {H, ..., H,},
unless the hyperplanes in H osculate a rational normal curve C,, of degree
n in P™  in which case all the hyperplanes corresponding to the points of
CY C (P™)V are unstable for Q. (logH). In the latter situation all the
arrangements made of ¢ hyperplanes with normal crossings that osculate C,

yield logarithmic bundles in the same class of isomorphism.
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3.3 Torelli type theorems for the general case

Recently hyperplane arrangements have been investigated by removing the
hypothesis of normal crossings. In particular in this section we refer to the
papers of Dolgachev ([9]) and Faenzi-Matei-Valles ([12]).

As we can see in section 2.2, we can’t introduce the sheaf of differential
1-forms on P", with logarithmic poles along a family of hypersurfaces that
not necessarily has normal crossings by using definition 2.6. So, let refer for
example to [24]. We have the following:

Definition 3.25. Let D = {Dy,..., D,} be an arrangement of smooth hy-
¢
persurfaces on P™ and let f = H fi be a polynomial of degree ¢ in xg, ..., z,

i=1
defining D. Let T (log D) the sheaf given as the kernel of the Gauss map, i.e.

A0f semrs O

We call sheaf of differential 1-forms on P™ with logarithmic poles along D
Qpn(logD) = T (logD)"(-1).

Remark 3.26. From the previous definition we get that Qb (log D) is a re-

flezive sheaf, that is Qp.(log D)"Y = Qp.(log D).

Remark 3.27. 1f D has normal crossings, this definition coincides with defi-

nition 2.6.

In this more general situation, Catanese-Hosten-Khetan-Sturmfels ([6])
and Dolgachev ([9]) studied a subsheaf of Qp.(log D) instead of Qp.(log D)
itself. In this sense we have the following:

Definition 3.28. We denote by Qb. (log D) the rank n torsion free subsheaf

of Qp.(log D) that admits the short exact sequence

J4
0 — Qpn — Qp.(logD) — P Op, — 0
=1

which is called residue exact sequence, just like the normal crossings case.
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Remark 3.29. If we don’t assume that all the D,’s are smooth, then the

residue exact sequence becomes
0 — Qpn — Qb.(logD) — 1,Op — 0

where v : D' — D is a resolution of singularities of D.

Remark 3.30. A detailed description of Qb (log D) is given in [9].

In particular we stress the following facts:
1) Qpu(logD)" 2 Qp. (log D);

2) if the codimension of the set where D has not normal crossings is at
least 3, then Qb (logD) = Qb,(logD) (in particular if D has normal

crossings, then Qb (log D) is locally free);

3) if H is a hyperplane arrangement such that Qb (log ) is locally free,

then H has normal crossings;

4) if H is an arrangement of ¢ > n + 2 hyperplanes, then QL. (logD) is a
rank-n Steiner sheaf over P™ which appears in a short exact sequence

like (3.3) with k=0 —n — 1.

In [9] Dolgachev studied the Torelli problem for Qb (log H), where H is a
hyperplane arrangement on P™. Statement 4) of the previous remark allowed
Dolgachev to use Valles’ notion of unstable hyperplane also for »(logH).
In order to state the conjecture that he formulated we recall the following:

Definition 3.31. Let E be a torsion-free coherent sheaf over P™ and let

X(E(k)) = > (-1)"dim H(P", E(k)) the Euler characteristic of E(k). We
say that E is Gieseker-stable (resp. Gieseker-semistable) if for all coherent

subsheaves F' of F such that 0 < rkF < rkE we have that

) ER)EW) D),
rkF rkE " rkFF —  rkE
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for all integers k >> 0.

Remark 3.32. Direct computations show that X(E(K)) — X(F(k) is a poly-
rkE rkF

nomial in k& with leading term given by a positive scalar multiple of u(E) —

(E(k)  x(F(k))

rkE rkF

p(F) have the same sign. We immediately get that the Gieseker-semistability

wu(F) and so, for sufficiently large k € Z, X and p(F) —
implies the slope-semistability and the slope-stability implies the Gieseker-
stability, [18].

Definition 3.33. Let C be a connected curve of arithmetic genus 0. We say

that C is a stable normal rational curve of degree n in P™ if C = U C; where
i=1
each C; is a smooth rational curve of degree d; spanning a P%, the degrees

satisfy Z d; = n and U P% spans P".
i=1 i=1

Now we are ready to state the following:
Conjecture 3.34. (Dolgachev 2007, [9])
Let H = {H,,...,H;} be an arrangement of ¢ > n + 2 hyperplanes on P™
such that Q%M(log M) is Gieseker-semistable. H is a Torelli arrangement f
and only if Hy, ..., Hy don’t osculate a stable normal rational curve of degree
n in P".

We remark that Dolgachev proved the truth of this conjecture in the case
of n =2 and ¢ <6.

Faenzi, Matei and Valles in [12] investigated the set of unstable hyper-
planes of Ol »(log H) and proved Dolgachev’s conjecture by changing stable
normal rational curve of degree n with Kronecker-Weierstrass variety of type
(d; s). In this sense we have the following;:

Definition 3.35. Let (d,ny,...,n,) € N**! such that 1 < d < n and

n=d+ an Y C (P™)Y is called a Kronecker-Weierstrass variety of type

=1
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(d;s)if Y =CULyU...UL, where C is a smooth rational curve of degree d
that spans a linear space L of dimension d (C is said to be the curve part of V)
and L; is a linear subspace of dimension 1 <n; <n—1foralli € {1,...,s},

with the following properties:
1) LN L; ={p;} €C for all i;
2) LyNL; =0 for all i # j.

In the case of d = 0, C reduces to a single point {p}, which is called the

distinguished point of Y and all the L;’s meet only at {p}.

Remark 3.36. The name given by Faenzi-Matei-Valles to the varieties de-
scribed above comes from the isomorphism classes of these varieties which
are given by the Kronecker-Weierstrass form of a matrix of homogeneous

linear forms in two variables.

Example 3.37. If r; and ry are lines in (P?)Y, then Y = r; U, can be a
Kronecker-Weierstrass variety of type (1;1) (in two ways, simply by inter-
changing the lines) or of type (0;2) (in particular the distinguished point of
Y is the point of intersection of r; and r3).

If C) is a rational normal curve of degree n in (P")Y, then Y = C is a
Kronecker-Weierstrass variety of type (n;0).

We have the following:

Theorem 3.38. (Faenzi-Matei-Valles 2010, [12])
Let H = {Hy,...,Hy} be an arrangement of hyperplanes in P and let Z =
{z1,..., 2} the corresponding set of points in (P™)". Then H is not a Torelli

arrangement if and only if Z C Y, where Y is a Kronecker-Weierstrass
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variety of type (d;s) in (P™)V. In particular, if d = 0, then the distinguished

point of Y doesn’t belong to Z.

Remark 3.39. As in the normal crossing case, all the hyperplanes of H are
unstable for Qb,(log#H). Thus, in order to get the previous theorem the
authors proved that if H is a unstable hyperplane such that H # H; for all
i € {1,...,}, then there exists a Kronecker-Weierstrass variety Y C (P™)¥
of type (d; s) containing Z. Y plays the role of the rational normal curve C
of degree n that appears in theorem 3.16. In particular, this theorem can be

proved also with the arguments used in [12].

Remark 3.40. As a direct consequence of theorem 3.38 we get the “only if”
implication of Dolgachev’s conjecture. The “if” implication holds only in
P2, even if Qb,(logH) is not Gieseker-semistable, but in the case of n > 3

Faenzi-Matei-Valles provide some counterexamples to it.
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Chapter 4

The higher degree case in the

projective space

4.1 Logarithmic bundles of hypersurfaces with

normal crossings

Let D = {Ds,...,D;} be an arrangement of smooth hypersurfaces with
normal crossings on P" and let QL. (logD) be the associated logarithmic
bundle. We have the following:

Proposition 4.1. Qp.(log D) admits the residue ezact sequence

¢
0 — Qpn — Qpu(logD) == P Op, — 0. (4.1)
i=1
Proof. 1t is a direct consequence of statement 2) of remark 3.30. n

Theorem 4.2. (Ancona, [1])
Let assume that D; = {f; = 0}, where f; is a homogeneous polynomial of

degree d; in the variables xq, ..., x,, for alli € {1,...,(}.
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Then the logarithmic bundle Q. (log D) has the following resolution:

l
O — Ql ”(log D>\/ — OP"L<1)TL+1 @ 0%711 L @OP”(d2> — O

(4.2)
i=1
where N is the £ X (n + ) matriz
dfi - Ofi fi 0 - 0
Qofs -+ Oufa 0 [
N = : : : .0 (4.3)
Qofe-r -+ Onfer 0 - 0 fig
Proof. As in [9], let denote by S the polynomial algebra Clzy, ..., x,] and
let
Qg =< dxg, ..., dr, >5= S(-1)"
Derg =< JZO, ey ain >gq2 S(1)"H
be, respectively, the graded S-module of differentials and the graded S-
module of derivations. The Euler derivation £ = ioxlaxz defines a ho-

momorphism of graded S-modules

Qg — S wr— w(§)

whose kernel corresponds to the sheaf Qf.. Moreover the cokernel of the

homomorphism

S — Derg p —> P&

corresponds to TP”, which is the dual sheaf of Q.. So we have a pairing

QL. x TP" =25 Opn
n n a n
i=0 = Ox i=0
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and, if U is an open subset of P", then I'(U, Qpn(log D)) is given by

{v e I'(U, TP") | Vlocal equation g; of D;inU < dlog g;,v > is holomorphic}

dg;

Assume that zg # 0 and let z; = Y for all 7 € {1,...,n}. Since for all i €
Zo

where we recall that < dlog g;,v >=< v >,

{1,...,0} we have that f;(zo, ..., zn) = 20 fi(1, i;, o iz) = 23g(21,. .., %),

the chain rule implies that, for all j € {1,...,n},

o di—1 :
8zj :L‘OZ 8xj

So we get that

" 891 LA | ﬁfz dx
ERe L )
j=19%j

1T Oz; \ o g

= afz dzrg & afi = afz dx
950 im0z xgl+1j:18 i g im0 Tooapt!

0
Thus implies that v = ij oz,

ie{l,...,0} there ex1sts a holomorphic function a; such that

€ T'(U, Qp.(log D)") if and only if for all

Z 0f; bj = a;f; modulo & = 0.
i 0z

0L, (log D)Y turns to be the cohomology of the monad given by
M N .
0— OPn — Opn<1)n+1 ©® Oen — @Opn(dl) —0
i=1

where M is the (n+ 1+ ¢) x 1 matrix

M:t(xo ey dy - dy)
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and N is the ¢ x (n + 1 + ¢) matrix

Ohfi - Ofi L O o o 0
dofr =+ Oufa 0 fo O - 0
N ) ) ) ) )
dofe -+ Oufe O e Je

We remark that if we multiply N with the square matrix of order n + £ + 1

Zo

In

In—l-Z - dl

—dp—

0 e 0 —d
and we apply the Euler formula, then we can remove the last column of NV so
that A takes the form of N, the matrix in (4.3). In particular Q. (log D)V

admits the short exact sequence (4.2), which concludes the proof. O

Remark 4.3. Theorem 4.2 holds in particular when D is a hyperplane ar-
rangement, that is when d; = 1 for all i. Indeed, if £ > n + 2 then (4.2)
becomes the dualized sequence of the Steiner sequence (3.3) and if £ <n+1

then (4.2) implies theorem 3.13.
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4.2 A Torelli type result for one hypersurface

According to chapter 3, the Torelli problem for hyperplane arrangements has
been completely solved, but in the higher degree case it still represents an
open question.

In [28] Ueda and Yoshinaga studied this problem for one smooth cubic D
in P2, focusing their attention on the set of jumping lines of the corresponding
logarithmic bundle. In this sense they proved the following:

Theorem 4.4. (Ueda-Yoshinaga 2008, [28])
Let D and D’ be smooth cubics in P? with non-vanishing j-invariant. Then
the Torelli map in (2.1) is injective.

Afterwards, in [29], Ueda and Yoshinaga extended theorem 4.4 for the
case of one smooth hypersurface in P". In order to state this result we
introduce the following:

Definition 4.5. Let D C P™ be a smooth hypersurface of degree d such
that D = {f = 0}. We call f of Sebastiani-Thom type if we can choose

homogeneous coordinates xo, ..., z, of P" and k € {0,...,n — 1} such that

flzoy... xn) = f(xo, ..., xk) + f(Xps1, .o, Tn).

With the notations of definition 4.5 we have the following:

Theorem 4.6. (Ueda-Yoshinaga 2009, [29])

D = {D} is a Torelli arrangement if and only if f is not of Sebastiani-Thom
type.
Remark 4.7. If d = 2 then f is always of Sebastiani-Thom type, for all n.

Remark 4.8. A smooth plane cubic has a vanishing j-invariant if and only if
it is the zero locus of the Fermat polynomial x3 + x3 + 3 which is equivalent

to say that it is defined by a f of Sebastiani-Thom type.
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Corollary 4.9. Let D be a general hypersurface of degree d in P™. Then
D = {D} is Torelli if and only if d > 3.
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Chapter 5

Arrangements of conics in the

projective plane

5.1 Many conics

Arrangements made of a sufficiently large number of conics with normal
crossings can be studied by using the main results concerning arrangements
of hyperplanes with normal crossings ([10],[30]) that are recalled in chapter 3.

Let D = {C},...,Cy} be an arrangement of ¢ smooth conics with normal
crossings on P? and let Qh,(log D) be the corresponding logarithmic bundle.

Remark 5.1. Let vy : P? — P® be the quadratic Veronese map, that is
2 2 2
va([z0, 71, T2]) = [20, 77, T3, X1, ToT2, T172)]

and let Vo = 15(P?) be its image. As we can see also in [14], conics are

exactly hyperplane sections of V5 C P,

So we can associate to D = {C},...,C,} an arrangement of hyperplanes
H = {H,,...,H;} on P°. Let assume that # has normal crossings and let
Qps(log H) be the logarithmic bundle attached to it. We will see in the proof
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of theorem 5.4 (focus on exact sequence in (5.3)) that the vector bundles
Op2(log D) and Qs (log H) are strictly related one to the other.

Given the logarithmic bundle Qp.(log D), the key idea is to reconstruct
the conics in D as unstable conics of Qp2(logD), using the fact that we
are able to deal with hyperplanes. The notion of unstable conic that we
introduce in the following is very close to the one of unstable hyperplane (see
definition 3.19).

Definition 5.2. Let C' C P? be a conic. We say that C is unstable for

Q2 (log D) if the following condition holds:
\
HO(C, O (log D)) # {0}. 5.0

Remark 5.3. The previous definition is meaningful. Indeed, we recall that
Qp2(log D) admits the short exact sequence:
0 — Op2(—2)" — Op2(—1)* ® Opz' — Qp2(log D) — 0. (5.2)

20 -3

In particular the slope u(Qp2(logD)) = > 0 for all £ > 2, which
implies, by using Bohnhorst-Spindler criterion, that Qp:(log D) is stable. So
Qp2(log D)V is a stable bundle too ([18]). We claim that Qp.(logD)" has
not global sections over P? different from the zero one: if this is not the
case there is a non trivial injective map Op2 < Qp:(log D)"Y, Op2 can be
regarded as a subsheaf of Qp2(log D)Y with 0 < rkOp2 < rkQp2(log D)¥ and
w(Op2) = 0 > p(Qpe(logD)Y) = 3_2%, which contradicts the stability of

Qs (log D).
Now we can state and prove the main result concerning the Torelli problem
in the case of arrangements with a large number of conics.

Theorem 5.4. Let D = {C},...,C} be an arrangement of smooth conics
with normal crossings on P? and let H = {H,, ..., H;} be the corresponding

arrangement of hyperplanes on P° in the sense of remark 5.1. Assume that:
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1) £>9;

2) H={Hy,...,H} is an arrangement with normal crossings;
3) Hy,...,H, don’t osculate a rational normal curve of degree 5 in P>,
Then

D = {C C P*smooth conic | C'satisfies (5.1)}.

Proof. Let suppose that C' € D, then there exists j € {1,...,¢} such that
C = C;. If we consider the residue exact sequence for Qp.(log D), that is
0—>Q 2 —>QP2(10gD g@OC — 0
i=1
and we restrict it to C}, we get the following exact sequence:

0— Torfg(ooj,(’)oj) — Qp2y, — Q£2(logD)| — Oc,® EB Oc,nc, — 0.

i=1,i#j

Since the map

l
Q%)Q (log D)|Cj — Ocj 2, @ Ocim(jj

i=1,ij

is surjective, we get a non zero map
Qe (log D)ch — O
and so
HO(C;, Oha(log D) ) = Hom(Oc,, Oha(log D). ) # {0}

that is C satisfies (5.1).
Viceversa, let assume that C' is a smooth unstable conic for Qpe(log D), we

want to prove that C' € D. It suffices to show that the hyperplane H C P?
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associated to C' by means of vy is unstable for Qps(logH): namely, if this
is the case, since hypothesis 1), 2), 3) hold, the Torelli type result of Valles
assures us that H € H, thatis H = H, fori € {1,...,¢} andso C = C; € D.
Since V5 is a non singular subvariety of P° which intersects transversally #,

from proposition 2.11 of [9] we get the following exact sequence:
0 —> Ay, ps — Qps(log H)jy, — ,(log H N Vo) — 0 (5.3)

where N/ ps denotes the conormal sheaf of V5 in P°.

We remark that Vo = P? and D = H N V5, so (5.3) becomes
0— N1\3/2’p5 — Qi:s (log 7‘[)|P2 — Q%:g(log D) — 0. (54)

Restricting (5.4) to C' and then applying Hom(-, O¢) we obtain the following

short exact sequence:
0 — Qp2(log D), — Qps(log H),, — ( peps, ) — 0. (5.5)
Finally we apply I'(C, -) to (5.5) and we get:
0 — H(C,Qp2(log D)) — H°(C, Qps (log H)|.).

By assumption, C' is unstable for Qp(log D), that is condition (5.1) holds.

Necessarily it has to be
\%
H°(C, Qps(log H),.) # 0. (5.6)
Now, let Zy, ps be the ideal sheaf of V5 in P?; we have this exact sequence:

0 — Zy, ps — Ops — Oy, — 0. (5.7)
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Since Vo, ¢ H we have
00— IVQQHyH — OH — OVQQH — 0. (58)
By tensor product with Qbs(log#)", (5.8) becomes:

0 — Tragur.ir @ Qe log W)y, — Qpe(log H)y, — Qpa(log H)j, — 0.
(5.9)

(5.9) induces the following long exact sequence in cohomology:
0 — H°(H,Zvynp,n ® 9%5(10g7{)\v}1> — H°(H, Q%ﬁ(IOgHNVH) —
— H°(C, Qps(log ”H)|VC) — H'(H, Zyynm, 5 @ Qps(log ’H)|VH)-
To conclude the proof it suffices to show that
H'(H, Tv,om, 11 ® Qps(log H),',) = {0}. (5.10)
Indeed, if (5.10) holds, then the map
HO(H, Qs (log H)),) —> HO(C, Qs (log H),.)
is surjective and so, because of (5.6), we get
HO(H, e l0g H)),) # {0},

that is H is unstable for Qps(logH). In order to prove (5.10), we remark

that, since £ > 9, Qh;(log ) is a Steiner bundle over P?, i.e.
0 — Ops(—1)"% — 051 — Qps(logH) — 0

is exact. Since in the previous sequence all the terms are vector bundles,

applying Hom(-, Ops) we get
0 — Qbs(log M)’ — 05! — Ops(1)7° — 0,
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which, via tensor product with Zy, ps|,, becomes

0— IVQHH’H & Q%:s (10g H)Kq — IVQQHyH & OégllH — (511)

{—6

— Zyynm,m @ Ops(1)
Applying T'(H, -) to (5.11) we obtain the following long exact sequence:

0 — H°(H, Tysom 1 @ Qps(logM)|)) — (5.12)
— HH T ® O‘ﬁ’gllH) — H°(H, Tyyom, 5 @ OP5(1)|Z;6) —
— H'(H, Traom,n @ Qps(logH)y,) — H'(H Tuanr © O,

We remark that

Hi(Ha-ZVQﬁfLH ® OP‘S(t)]SH) = Hi(H>IV2ﬂH7H(t))S

for all 7, s,t integers such that ¢,s > 0. We note also that, if ¢ > 0, then
HY(H,Zy,nu u(t)) is the set of all homogeneous forms of degree ¢ over H
which vanish at V2 N H. So the second and the third term of (5.12) are

trivial. This implies also that
HO(H, Tyyom, i ® Qps(logH)|',) = {0}
In this way (5.12) reduces to
0 — H'(H,Zyyom, 1 @ Qps(logH),,) — H'(H, Lyyn, 1)

If we restrict (5.7) to H and we consider the induced cohomology sequence,
we get that
H'(H,Ty,nm,u) = C*!

where k denotes the number of connected components of VoNH. Since VoNH

is connected, k = 1 and so (5.10) holds. O

36



Since isomorphic logarithmic bundles have the same set of unstable smooth
conics, we have the following:

Corollary 5.5. If { > 9 then the map
D +— Opa(log D)
15 generically injective.

Remark 5.6. The hypothesis 1),2), 3) of theorem 5.4 are necessary in order to
apply Valles’ result for the case of P°. However we don’t know what happens
for arrangements made of ¢ € {3,...,8} conics. In the next two sections we

will describe the cases of / = 1 and ¢ = 2.
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5.2 One conic

Arrangements made of one smooth conic are not of Torelli type. In this sense
we have the following:

Theorem 5.7. Let C C P? be a smooth conic and let D = {C}. Then
Qp2(log D) = TP?(—2).
Proof. Let consider the short exact sequence for Q. (log D):
0 — Op2(—2) 2L Op2(—1)* — Qb (log D) —> 0. (5.13)

where M is the matrix associated to the injective map defined by the three
partial derivatives of a quadratic polynomial defining C'. Without loss of

generality we can assume that

Lo
M = T

T2

and so, by tensor product with Op2(1) (5.13) becomes the Euler sequence
for TP?(—1), which concludes the proof. O

Remark 5.8. From (5.13) we immediately get that our logarithmic bundle
has Chern classes ¢;(Qps(logD)) = —1 and (2 (log D)) = 1. Moreover,
since the slope 1(Qp:(log D)) = —; > —1, Bohnhorst-Spindler criterion tells
us that Qs (log D) is a stable bundle. So Qp:(log D) belongs to the moduli
space Mp2(—1, 1), which actually contains only the bundle TP?(—2), as we

can see in [22]. This is another way to prove theorem 5.7.

Remark 5.9. The previous theorem confirms the main result of [29] in the
case of one smooth conic. Indeed, the defining equation of a conic is always

of Sebastiani-Thom type (see definition 4.5).
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5.3 Pairs of conics

Let’s start with a classical result concerning a characterization of pairs of
conics with normal crossings.

Theorem 5.10. Let C, and Cy be smooth conics in P2.

The following facts are equivalent:
1) D = {C4,Cy} is an arrangement with normal crossings in P?;

2) the pencil of conics generated by Cy and Cy has four distinct base points

{P7 Q? R? S};

3) in the pencil of conics generated by Cy and Co there are three distinct

singular conics with singular points {E, F,G}.

Figure 5.1: Two conics with normal crossings

Proof. The equivalence between 1) and 2) is a direct consequence of the

Bézout’s theorem, for example see [17].
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So, let assume that 2) holds. Then the three pairs of lines passing through
disjoint pairs in {P,Q, R, S} are exactly the singular conics in the pencil
generated by Cy and Cy, which implies 3).

The main part of the proof is to show that 3) implies 2). Let A, B € GL(3,C)
be the symmetric matrices representing C; and Cy with respect to the canon-
ical basis C of C?. By applying Sylvester’s theorem to B we get that there
exists G € GL(3,C) such that

'‘GBG = I. (5.14)

Let A+ tB, with t € C, be the symmetric matrix representing a generic

element in the pencil generated by C and Cy, we have that
'G(A+tB)G = '"GAG +tI;
and so
det('GAG +tI3) = det(G)*det(A +tB).

Since G is not singular and 3) holds, the matrix A" = ‘GAG, which is clearly
symmetric, has three distinct eigenvalues (they are the opposite of the values
giving singular conics in our pencil), that is A’ is diagonalizable. This means
that, if B = {vg, vy, v2} is a basis of C* made of eigenvectors of A’, {\g, A1, Ao}
are the corresponding eigenvalues, C' = M%(idgs), A = diag(Ng, A1, A2), then

the representation of A" with respect to B is
C'AC = A.

We remark that we can always assume that C' is an orthogonal matrix, i.e.

tCC = C'C = I5. Indeed, first of all we observe that, for ¢ # j, from
< A/Ui,l)j >= )\ivi,vj > = >\z < V3, V5 >
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and
< A,Ui,’l)j > = t(A/’Ui)Uj = tUiA/Uj =< Ui,A/’Uj > = )\j <V, V5 >

we get that

()\z_/\]) <V, V5 > = 0

which implies

< U,V > = 0.

This means that vy, vy, v9 are orthogonal with respect to the standard bilinear
symmetric non degenerate form in C? (< v,w >:= 'vw for all v,w € C3).
Moreover they are orthogonal with respect to the scalar product defined by
A

< V3,V >ar= tUZ'A,Uj = )\j <0,V > = 0 (515)

for i # j. Finally these vectors satisfy < v;, v; >= 0: if this is not the case, let
assume for instance that vy # 0 satisfies < vg,vg >= 0. By doing the same
computations as in (5.15), the previous equality implies that < vy, vy >4 =
0. Thus vy, vy, ve are three linearly independent elements of the orthogonal
complement [vo]t4" = {v € C3¥| < vy, v >4 = 0}, that is dimc[vg]ta > 3.

But we also know that

L

dimglve]~4 =3 — dimc < vy >= 2

which is a contradiction.

So, if we fix a choice of square root of < w;,v; >, we obtain that B =

Vo U1 V2

is a basis of eigenvectors of A’ orthonormal
V<v0,00>" /<o1,01> " /<vz,v2>

with respect to the standard bilinear non degenerate form in C* and O =
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MG, (idcs) is an orthogonal matrix such that

'OAO = A
or equivalently
HGO)A(GO) = A. (5.16)
From (5.14) we get that
"GO)B(GO) = 'O('"GBG)O = '00 = I3. (5.17)

Thus, (5.16) and (5.17) tell us that A and B are simultaneously diagonalizable
by congruence in the basis B” of C? made of the columns of GO. In particular,

in this frame the equations of C; and C5 are, respectively,

x5+ 27 + 25 = 0. (5.19)

It’s not hard to see that, if we fix a choice of square root of Ay — Ay, then C4

and Cy intersect in four distinct points

[\//\2 — A1, i\/)\o — A, i\/)\l — Ao
which we denote by {P,Q, R, S}. This concludes the proof of 2). ]

Remark 5.11. As a consequence of the smoothness of C; and C5 we immedi-

ately have that any three of {P, Q, R, S} are not collinear.

Remark 5.12. In order to get from 3) the simultaneous diagonalization of the

two conics we don’t need that ' is smooth.
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Remark 5.13. We can check with direct computations that the elements of
the basis B” with respect to which C; and Cy have equations (5.18) and
(5.19) are representative vectors in C? of the points {F, F,G}. Indeed, let
{wo, w1, ws} be vectors corresponding to {E, F,G} and let {tg,t;,t2} € C
such that det(A + t;B) = 0. Since w; represents the singular point of the

conic given by A + ¢;B, we have that
Aw; = —t; Bwy;
but from (5.16) and (5.17) we know that
A= (Y(GO))'ANGO)™
B = (Y(Go)) " (Go)™.
Thus we get that
("(GO))'MGO)  w; = —t:((GO))"H(GO) ™ w;

that is
A(GO)_lwl = —tl<GO>_1’LUZ

This means that (GO)™w; is an eigenvector of A corresponding to the eigen-
value \; = —t; and, being A a diagonal matrix, (GO) 'w; = e;, the i-th
vector of the canonical basis C of C?. In this way we get that w; = (GO)e;,

the 7-th column of the matrix GO, as desired.

Corollary 5.14. Let D = {C4, Cy} be an arrangement of smooth conics with
normal crossings and let { E, F, G} as in theorem 5.10. Then the matrices as-

sociated to Cy and Cy in a frame given by representative vectors of {E, F, G}

43



are of the form diag(ay,by, —1) and diag(as,be, —1), where aj, by, as,by €
C — {0}.

Now let’s come back to the Torelli problem.

Let D = {C}, Cy} be an arrangement of smooth conics with normal cross-
ings and let Qp2(log D) be the logarithmic bundle attached to it.

Remark 5.15. Theorem 4.2 implies that Q. (log D) is a rank 2 vector bundle

over P? with an exact sequence of the form
0— Opz(—2)2 — Opz(—1)3 ) Opz — Q%,z (IOgD) — 0. (520)

Its Chern polynomial is obtained by truncating to degree 2 the expression

(1-1)°
(1—2t)

that is

pQ;Q (log D) (t) =1+t+ 3t2

In particular its Chern classes are
c1(Qp2(log D)) = 1, co(Qp2(log D)) = 3. (5.21)

Moreover its normalized bundle is Qp2(10g D)porm = Qp2(log D)(—1) with
c1(Qp2(10g D) porm) = —1 and c2(Qp2(10g D)yorm) = 3. If we do the tensor
product of (5.20) with Op2(—1) and then we consider the induced long exact

cohomology sequence, we get that
HO(PQa Q%ﬂ (10g D)norm) = {0},

that is Qps (log D) is stable, [18]. The same is true for Qe (10og D) porm.-

Qb2 (10g D) norm € Mp2(—1,3), the moduli space of stable rank 2 bundles on
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P? such that ¢; = —1 and ¢, = 3. In general, as we can see in [18], given a
vector bundle E in the moduli space Mpz(cy, ¢3), we have that h°(EndE) = 1
(E is simple) and h*(EndE) = 0. The Riemann-Roch theorem implies that

the Euler characteristic of EndE is x(EndE) = ¢3(E) — 4cy(E) + 4 and so
dimMp2(cy, co) = W' (EndE) = —c2(E) + 4cy(E) — 3. (5.22)
In our case, the previous formula gives us
dimMp:(—1,3) = 8 (5.23)

but the number of parameters associated to a pair of conics is 10.

Thus we conclude that such D can’t be an arrangement of Torelli type.

In order to describe the pairs of conics giving isomorphic logarithmic
bundles we need the following:

Proposition 5.16. Let D = {Cy,C5} be an arrangement of smooth conics

with normal crossings and let {E, F,G} as in theorem 5.10. Then:
1) {E,F,G} is the zero locus of the non-zero section of Qp2(log D);

2) the three lines through any two of the points in {E, F,G} are exactly

the jumping lines of Qp2(10g D) porm (see figure 5.2).

Proof. From (5.21) we get that Q. (logD) has one non-zero section with
three zeroes; we want to prove the zeroes are {E, F, G}. So, let assume that
A = (a;j) and B = (b;;) are the matrices representing C; and C, with respect
to the canonical basis of C*. From theorem 4.2 we get that Qp. (log D) admits

the exact sequence
0 — Op2(—2) 2% Op2(—1)° @ Op2 — Qba(logD) — 0 (5.24)
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Figure 5.2: Jumping lines of Qps(10g D) pnorm

where ) )
2> oa0iti 235 oboi;
252 252 byt
i—=0Q1: 5 i—=001: %4

2577 panTi 257 obaixi

M =

2
25, j=0Qi TiTj 0

We are searching for z = (g, 21, z2) € C* — {0} such that the linear part of

M has rank 1, that is the solutions of
Ax = ABx

for certain A € C (\ is an eigenvalue of AB™! and x is the corresponding
eigenvector). In other words, any such x has to be a representative vector
for the singular point of the conic associated to A — AB and this shows 1).

The jumping lines of Qp2(logD)yorm are the lines £ in P? over which this

bundle doesn’t split as in the Grauert-Mulich theorem ([22]), that is like

O, P Og(—l).
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Equivalently, a line ¢ is a jumping line if it satisfies the following condition:

HO(& Q%ﬂ (log D)norm\g(_n) # {0} (5.25)
Since ¢1(Qpz(10g D)porm) = —1, the set of jumping lines is a codimension 2
subvariety of Gr(P*!, P?) with degree

02(9%2 (log D)norm) (CQ (Qi:»z (10g D)norm) — 1)

=3
2

that is Qps (10g D)porm has three jumping lines, [22].
We want to show that the lines through any two of the points in {E, F, G}
verify (5.25). In order to do that, we can always assume that the base points

of the pencil generated by C} and C, are
P=11,0,0], @ =1[0,1,0], R=1[0,0,1], S = [1,1,1]. (5.26)

Indeed, there’s a unique projective transformation 7 : P? — P? sending four
points in general position to the points in (5.26). In this case the equations

of C'y and C} are, respectively,
Tox1 + axors + bxrize = 0 (5.27)

ToT1 + cxoTe + drixe =0 (5.28)

where a, b, c,d € C — {0} satisfy

l+a+b=1+c+d=0,a#c, b#d (5.29)
and we have that

E=[1,1,0],F =[1,0,1],G = [0, 1, 1]. (5.30)
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The equations of the lines ¢y, /1, {5 through F and F, F and G, F and G are,

respectively,
To =T+ Xo (531)
Tr1 = X + 9 (532)
To = X + 2. (533)

Applying Hom(-, Opz) to (5.24) we get the following exact sequence:
00— Qi:)z (lOgD)v — OP2(1>3 D OPZ i) OP2 (2)2 — 0 (534)
where

. Ty +axry xo+bry awg+bry xerTi + aroxTo + bxiXo
N = tM =
T1+cra xo+dry cxg+ dry 0

Restricting (5.34) to ¢; we obtain

0 — Qbs(log D)}, — Op:(1)}, ® Opzy, IIN Op2(2)3, — 0 (5.35)

where
T +ars x+ (1+b)xy zi(a+Dd) +ary 22+ ax?
NO - N|g0 -
T+ cry T+ (1 + d)l’z .’Il(C + d) + cxo 0
Xo + (1 + &).%'2 To + b$2 Q?o(a + b) + bill'g SC(Z) + bl‘%
N1 == N‘Zl -
xo+ (1+c)xy xo+dry zo(c+d) + dug 0
aro+r1(1+a) zo(1+0)+bry axe+bry axd+ ba?
Ny = Ny, = )
cxo+z1(l+¢) xo(l+d)+dry cxo+dr 0

Now, the induced cohomology exact sequence of (5.35) is

0 = H(6;, Qpa(log D)Y,,) — H(li, Op2(1)1,)* ® H(£;, Opayy) 4

— HO(4;, 0p2(2),)> — H' (4, Q%g(logD)fgi) —0
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where Ny, N7, N, are the following 6 x 7 matrices:

1 0 1 0 a+b 0 1
a 1 14+b 1 a a+b O
0 a 0 1+0 0 a a
Ny =
1 0 1 0 c+d 0 0
c 1 1+d 1 c c+d O
0 c 0 1+d 0 c 0
1 0 1 0 a+b 0 1
1+a 1 b 1 b a+b 0
0 1+a 0 b 0 b b
N, =
1 0 1 0 c+d 0 0
1+¢ 1 d 1 d c+d 0
0 14+¢c 0 d d 0
a 0 1+50 a 0 a
1+a a b 1+b b a 0O
0 1+a 0 b 0 b b
Ny =
c 0 1+d 0 c 0 0
1+¢ c d 1+d d ¢ O

jen)}
QL
o

0 1+c¢ 0 d
By using Serre duality we have that

H' (6, Qpa(log D)yy, ) = H (L, Qp2 (log D)y, (—2))" =
= H(i, p2 (108 D)norm,, (—1))"

Thus it suffices to show that Ny, N7, N3 have not maximal rank. Since (5.29)
holds, it’s not hard to see that ANy, N7, N5 have rank 5 and this concludes the

proof. O
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Remark 5.17. The previous proposition tells us that there are two ways to
make a correspondence between the logarithmic bundle Qp.(log D) and the

points {E, F, G}.

The main theorem concerning pairs of conics is the following:

Theorem 5.18. Let Dy = {C4,Cy} and Dy = {C],Cs} be arrangements of

smooth conics with normal crossings. Then
Op2(log Dy) = Qpe(log Dy). (5.36)

if and only if Dy and Dy have the same four tangent lines.

Figure 5.3: Four tangent lines of a pair of conics

Proof. Let assume that (5.36) holds, by using proposition 5.16 we can asso-
ciate to each bundle the same set of points {E, F, G}. From corollary 5.14
we get that there’s a frame of C? made of representative vectors of {E, F, G}
in which C1, Cy, C7, CY have equations, respectively,
a g + biw] — x5 =0
2

aoxh + by} — x5 = 0
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ey + diw} — x5 =0
coxg + dyx] — x5 =0

where ay, by, a9,be,¢1,d1,¢2,dy € C — {0} and ay # ag, by # by, 1 # ca,
b by d d

dy # dy, = + —2, -1 #+ = (these properties assure, respectively, that we
ay az € C2

have two smooth conics with normal crossings). Our aim is to find relations

between the coefficients of the previous equations in order to have (5.36).

We recall the two exact sequences
0 — Qba(logD1)Y — Op2(1)® @ Opz % Op2(2)? — 0

0— Q%:z <lOg Dg)v — OPQ(l)S D OPQ k} OP2(2)2 —0

where
(Qalxg 2011 —2my  ayri + biw? — x%)
Ny =

2&21‘0 ngfﬁl —2272 0

Ny =

2c1z0 2diz;  —2x9 011(2) + dyx? — 22
QCQIO 2d2[L‘1 —QIQ 0 .

(5.36) is equivalent to the fact that there exist two invertible matrices

)
M = (5.37)
)

E F G f
H I L f

M" = (5.38)
M N O f
0 0 0

with a,...,0,E,...,0,0 € C and f; = flzo + fja1 + fizs, j € {1,2,3},

complex linear forms, such that the following diagram commutes:

51



OP2(1)3 @ Op: % Op2 (2)2
M// J/ \l/ M/
Op2(1)% & Opz ~2 Op2(2)?

First, let’s equate the coefficients of the matrices M’ N; and NoM” that don’t

belong to the fourth column. We get the following conditions:
aay + fay = a1 FE

H=M=0

aby + Bby = dy1

F=N=0
a+pB=0
G=L=0

yay + dag = o

vby + 0by = dol

vy+4d6=0.
These relations reduce to:

E=%a+25="0 1 %2 (5.39)
C1 C1 Co Co
b ba b ba

I =— —fB=—= ) 5.40
AR N R (5.40)
O=a+p=7v+0. (5.41)
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If we compute 7 from (5.41) and then we substitute its expression in (5.39)

we get
5= al(Cz - Cl) (a202 - alcl) (5_42)
C1 (CLQ — &1) C1 (a2 — Cll)
Thus, (5.41) and (5.42) imply that
yolmazae) ol (5.43)
C1 (CLQ — al) C1 (CLQ — (11)

Now, by equating the corresponding coefficients of the last column of M’'N;

and NoM"” we obtain:

aay = 2c, f) + c16 (5.44)
aby = 2d, fy + di0 (5.45)
a=2f24+0 (5.46)
afl +dify =0 (5.47)
aff = f3=0 (5.48)
difi — f3=0 (5.49)
ya; = 2cy fY (5.50)
Vb1 = 2da fy (5.51)

v =2f3 (5.52)

cofl +dafy =0 (5.53)
eoff = f3 =0 (5.54)
dofy — f3 =0. (5.55)

33



First of all, since & #+
C1

d
=2 by using (5.47) and (5.53) we immediately get
C2

that
fi=f=0.

Similarly, equations (5.48), (5.54) and (5.49), (5.55) imply, respectively, that
fi=f=0

fi=fs=0
By computing € from (5.46), equations (5.44) and (5.45) become, respectively

1 —a

fi =gt
dy — by
fi= M1a+ﬁ- (5.56)
In particular we have
dy—0b a; —c
0 __ 1 1 1 1 1

Moreover, from (5.50), (5.51), (5.52) we get, respectively,

o_ 4
£= 529 (5.58)

b

1 Y1
f=o (5.59)
=1 (5.60)

2
If we put together (5.56), (5.60), (5.59) and we use (5.43), we obtain the

following well defined expression for 3:

a2b101<d2 — dl) + Cllbl(Cle — Cldg) + a1d1d2(01 — Cg)a

1y (r — )1 — c2) (5.61)

b=
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In this way (5.43) and (5.42) become, respectively,

dy(by — di)
= 5.62
"= d b =) (5.62)
(5 _ bldz(QQCQ — (1101) + b1CQd1(CL1 — CLQ) — &1d1d2(02 — Cl) (563)
Cl,gdl (bl — dg)(Cl — CQ)
Thus, if we choose a € C — {0} and if the condition
(bl — dQ)Cle + (dl — bl)CldQ % 0 (564)

is satisfied, then the matrix M’ in (5.37) is invertible.
By using (5.57), (5.58), (5.59) and (5.62) we get the first resolubility condition

for our system of equations:
albl(Cle — Cld2> + blclcg(dg — dl) + a1d1d2(01 — 62) =0. (565)

With (5.62) we are able to compute final expressions for f?, f1, f2.0; in par-

ticular we have

_ bi(dy — dy)
= =)™ (5.66)

Moreover, (5.39) and (5.41) become, respectively,

_ bl(dl - d2)(a1 - a2)a
d1(b1 - dz)(Cl - 62)
a; — ag)[cad; (by — da) + c1da(dy — by)] o
a2d1 (bl — dg)(Cl — CQ)
We observe that 6, E, O € C — {0} (for O see condition (5.64)).

E

(5.67)

o

(5.68)

By using (5.40) with (5.61), (5.62), (5.63) we get the second resolubility

condition:

blbg(ag — al)(cldg — Cle) + d1d2(61 — 02)(0,1[)2 — CLle) = O (569)
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Finally, from (5.40) we get

d1 (a2b1 — Cllbg)[dg(CQ — Cl) - blcg] + 5101 [agdl (bl - b2) + b2d2(a2 — (11)] o

I =
a2d%(b1 — dg)(cl - Cg)

(5.70)

If also I is different from 0, that is if
dl(agbl—albg)[d2<62—cl)—b102]+blcl[agdl(bl—bg)+bgd2(a2—a1)] 7é 0 (571)

is satisfied, then the matrix M" in (5.38) is invertible.
Thus, Qps (logD1) = Qps(log Dy) if and only if (5.65), (5.69), (5.64), (5.71)
are verified. Let’s start by solving (5.65) and (5.69): if we fix ay, b1, as, by, 1, Co,

for the remaining coefficients we get

blbzcl(az - al)

dy = 5.72
! ale(ag — Cl) + &le(cl — al) ( )
bibaca(az — ay)
dy = : 5.73
2 albg(ag — 02) + azb1(02 — al) ( )
So, the the matrix associated to C;, i € {1,2}, is of the form
C; 0 0
0 bibacilaz = a1) 0 1. (5.74)
a1b2(a2 — CZ') + CL2b1 (Ci — al)
0 0 -1
If we put ¢; = m, then (5.74) becomes
ai(c; — az)
a1a2(1 + t,L) 0 0
as + tial
0 biba(1 + 1) (5.75)
by + ;b
0 0 —1

(5.75) is equivalent (up to scalar multiplication) to the diagonal matrix

Ct) = A" +tB 1! (5.76)
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where A = diag(ay,b1,—1), B = diag(ag, by, —1) are the matrices associated
to C; and Cy. As we can see in [13], if C C P? is a smooth conic represented
by a matrix M, then the dual conic C¥ C P2” is defined by the inverse
matrix M~!. So, the four tangent lines to C; and Cy become, in (P?)Y, the
base points for the pencil of conics generated by A~! and B~!. Coming back
to P2, these points correspond to the four tangent lines to C] and CY, as
desired. We remark that this implication is true when the elements of (5.75)
satisfy the open condition (5.71) ((5.64) is always true).

Viceversa, let assume that D; and Dy have the same tangent lines, we want
to prove that the corresponding logarithmic bundles are isomorphic. Since
C7 and C5 have normal crossings, we can suppose that they are represented,
respectively, by A = diag(a1,b,—1) and B = diag(ag, by, —1), as above. If
the two pairs of conics have the same tangent lines, C}" and C4" live in the
pencil generated by C;" and Cy", that is C} and C} are represented by matri-
ces as in (5.76) (or, equivalently, as in (5.75)). Clearly these matrices satisfy
(5.65), (5.69), (5.64). If also (5.71) holds, then Qp.(logD;) = Qpe(log Dy),

which concludes the proof. O

Remark 5.19. The previous theorem asserts that the isomorphism class of
Qs (log D) is determined by the four tangent lines to D. It is confirmed also
by dimensional computations: indeed, as we can see in (5.23), Qp2(1og D) yorm
lives in the 8-dimensional moduli space Mp2(—1,3) and four lines in P? are
determined exactly by 8 parameters. In particular, all the vector bundles in

Mp:(—1,3) are logarithmic.

Remark 5.20. In the proof of theorem 5.18 we use the fact that isomorphic
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logarithmic bundles correspond to the same set of points {E, F,G}. This
condition is necessary but not sufficient. Indeed, if D; and D, are made of
conics in the same pencil, then the zero locus of the section of Qg (log D;)
coincides with the zero locus of the section of Qp:(log D) but these bundles

are not isomorphic, since D; and Dy have not the same tangent lines.
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Chapter 6

Many higher degree
hypersurfaces in the projective

space

6.1 A generalization of conic arrangements

case

The arguments used for arrangements of at least 9 conics can be extended
in a natural way to families with a [arge number of higher degree smooth
codimension 1 objects with normal crossings on the complex projective space.
Let D = {Dy,...,D;} be an arrangement of smooth hypersurfaces of the
same degree d > 2 with normal crossings on P", with n > 2. If n = 2
each D; reduces to a curve and we can assume that d > 3. We denote by
Q4. (log D) the corresponding logarithmic bundle.

Remark 6.1. According to [14], the Veronese map of degree d, that is
vy : P" — PNV
(20, ..., @] — [ 2t ]
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where N = (";’d) and x! ranges over all monomials of degree d in x, . .., z,,
allows us to associate to D a hyperplane arrangement H = {Hy,..., Hy} on
PN=1. Asin the case of conics, we want to recover the elements of D through

this link with hyperplanes.

Remark 6.2. Theorem 4.2 implies that Q. (log D) admits this short exact

sequence
0 — Opn(—d)" — Opn(—1)""' & Op.! — Qp.(log D) — 0;

we get that Qb, (logD)" is stable if and only if ¢; (b, (logD)") < 0 which is

equivalent to say that
n+1
(> )
— d

(6.1)

Thus, as in remark 5.3, if £ satisfies the previous inequality then QL. (log D)V
has no global sections on P™ different from the zero one. For this reason
we are allowed to introduce the notion of unstable hypersurface as in defini-

tion 5.2.

Definition 6.3. Let D C P" be a hypersurface of degree d.

D is said to be unstable for Q3. (log D) if

H(D,Qpn(log D), ) # {0} (6.2)

We have the following:

Theorem 6.4. Let D = {Dy,..., D} be an arrangement of smooth hyper-
surfaces of degree d > 2 with normal crossings on P", with n > 2. Let

H = {H,y,...,H;} be the corresponding hyperplane arrangement in PN=1

with N = (“Zd). Assume that:
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1) ¢>N+3;
2) H is an arrangement of hyperplanes with normal crossings;

3) Hy,...,Hy, don’t osculate a rational normal curve of degree N — 1 in

py-L
Then D s equal to the following set:
{D C P"smooth irreducible hypersurface of degree d | D satisfies (6.2)}.

Proof. We can apply the same double-inclusion argument of theorem 5.4. In
particular, the first part follows from the residue exact sequence (4.1) for
0%, (log D) and the second part is a consequence of the short exact sequence

given in proposition 2.11 of [9]

0 — N} pny pry-1 — Qpn(log H) — Qll,d(Pn)(logH Nve(P")) — 0.

g
]

Remark 6.5. It’s not hard to see that the first hypothesis of theorem 6.4

implies condition (6.1).
Corollary 6.6. If ( > (";d> + 3 then the map
D +— Qpn(log D)

18 generically injective.
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Chapter 7

Arrangements of quadrics in

the projective space

7.1 One quadric

Theorem 5.7 that holds for one smooth conic in P? can be generalized to
n > 3. In this sense we have the following result:

Theorem 7.1. Let Q) C P" be a smooth quadric and let D = {Q}. Then
Qb (log D) = TP™(—-2). (7.1)
Proof. The isomorphism (7.1) is a direct consequence of the exact sequence
0 — Opn(—2) — Op2(—1)""" — Qp,.(log D) — 0.
O

Remark 7.2. Theorem 7.1 points out that D and an arrangement H made
of n 4+ 2 hyperplanes with normal crossings on P" behave in a similar way.

Indeed, as we can see in proposition 3.14, Q. (log D) = Q. (log H)(—1).
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7.2 Pairs of quadrics

The case of pair of conics in P? can be extended to the case of pairs of
quadrics in P", with n > 3.

Theorem 7.3. Let Q1 and Q2 be smooth quadrics in P™.

The following facts are equivalent:

1) D ={Q1,Q2} is an arrangement with normal crossings in P, that is

Q1N Qs is a smooth codimension two subvariety;

2) in the pencil of quadrics generated by Q1 and Qy there are n+1 distinct

singular quadrics with singular points {vo, ..., v,}.

Proof. Let assume that 2) holds. Then, by using the same arguments of
the proof of theorem 5.10 we get that there’s a basis B” of C"™! made of
representative vectors of the points {vy,...,v,} with respect to which @

and (), have equations
NTg + .+ Az2 =0 (7.2)

e+ ...+l =0. (7.3)

where \; € C — {0}, A\; # )\;, are the opposite values of the parameters
giving the singular quadrics in the pencil of ()1 and 3. Now, let P =
(To, ..., Tn) € Q1NQ2, let say Ty # 0; we want to prove that ()1 and @)y have
normal crossings at P. It’s not hard to see that the tangent spaces Tp(@); and

Tp(Q are given by, respectively,
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The matrix associated to the system of equations (7.4) and (7.5) is

AoTo ... ATy
To ... Tn
and it is clearly of rank 2. Indeed, we can always find ¢ € {1,...,n} such

that
AoTo  NT;

o Z;

If this is not the case, since by hypothesis \g # \; and T, # 0, we get
T, = 0 for all i € {1,...,n}, that is P = (T,0,...,0). This leads to a
contradiction because the coordinates of P have to satisfy (7.2) and (7.3).
So dimc(TpQ1 NTpQ2) =n+1—2=mn—1, that is 1 and (), have normal
crossings in P.

Now we want to prove 2) from 1). Let A = {a;;} and B = {b;;} be symmetric
elements of GL(n+1, C) representing )1 and (), and let A+t¢B be the matrix
of a generic quadric in the pencil generated by ()7 and Q». Suppose that 2)

is not true, that is the equation
det(A+tB) =0 (7.6)
has a root with multiplicity at least 2. Let consider the multilinear map
$:C*xC"t x C"t — C

defined by

d((to, 1), (wo, -, ), (Yo, -, Yn)) = Z yi(toaij + tibij)x;.
i,j=0
¢ corresponds to the 3-dimensional matrix A = {4, } of format (2,n +

1,n+ 1) with A in the first vertical slice and B in the second one.
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i+l

n+l

Figure 7.1: The 3-dimensional matrix A

By using Schlifli’s method (for more details see [13], [21] and [20]), we

can associate to A a family of (n 4+ 1) X (n + 1) ordinary matrices A(7, 11)

with entries

A(T0, T1)iyiy = Q0iyiaTo + Qiyin 1 = iy To + Diyin Tt
that is we have a linear operator
A:C* — Cctl x Ccrtt

Since the 3-dimensional hyperdeterminant of format (2,n + 1,n + 1) is non

trivial, we can associate to A a polynomial function defined by
Fu(10,m) = det A(1o, 1)

which is a homogenous form in 79, 71 of degree n + 1. Denote by A(F4) the

discriminant of F4: it is a polynomial in «;,;, of degree

deg(A(Fy)) =2n(n+1)
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and it is divisible by the hyperdeterminant Det(.A), which has the same

degree. So there exists k € C — {0} such that

A(Fy) = kDet(A). (7.7)
We remark that
(n+1)n n
A(Fa) = (=1) = nh [[t 1)
i<j
where 7,1 is the leading coefficient of (7.6) and to, ...,t, are its roots. By

assumption, A(Fy) reduces to 0 and, since (7.7) holds, the same is true
for Det(.A). This implies that the 3-dimensional matrix A is degenerate, i.e.
there exists a non zero (fy, t;)®(To, - - ., Tn) @ (Yo, - - -, Y,) € C?RC"HRC !
such that
$(C?, (@0, -, Tn), (Tos -~ Tn)) =0

¢((t0. 1), C"™, (Fos -+, 7)) = 0

o((to, 1), (To, . .., Tp), C"T) = 0.
After a linear change of coordinates we may assume that (Z,%;) = (1,0),
(To, ..., Tn) = (1,0,...,0) and (¥, ...,7,) = (1,0,...,0). We immediately
get that ag; = 0 for all j € {0,...,n} and byy = 0, i.e. A becomes as in figure
7.2. Thus @ is not smooth and D = {Q1, @2} has not normal crossings at

the point P = (1,0,...,0), which is a contradiction.
]

Remark 7.4. 1f in the pencil of quadrics generated by )7 and )5 there are
n + 1 distinct singular quadrics @y, ..., @, then rank(Q,) = n, that is Q,

is a cone, say with vertex v;, for all i € {0,...,n}. Indeed, let A and B be
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i+l !
A

n+l

Figure 7.2: A after the linear change of coordinates

symmetric matrices in GL(n+ 1, C) representing )1 and ()5. By hypothesis,
the equation

det(AB™' +tl,.1) =0

has n + 1 non zero distinct solutions, which implies that the matrix —AB~!

has n + 1 distinct eigenvalues g, ..., t,. So
rank(Q,) = rank(A +t;B) = rank(—AB™" — t;I,,,1) = n.

In particular, the singular point v; of @, is an eigenvector of —AB~! corre-

sponding to the eigenvalue t;.

Remark 7.5. Let @)1 and ()3 be smooth quadrics with normal crossings
and let {vg,...,v,} as in theorem 7.3. Then the matrices associated to
Q1 and @, with respect to a basis of C"*! made of representative vec-
tors of the points {vo,...,v,} are of the form diag(ag,a,...,a,_1,—1) and
m@%@,wmh—mwmm%meC—mL%¢@mﬁf¢zﬂm

j j
all i,j € {0,...,n— 1} (we remark that our quadrics are smooth and in the
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pencil generated by them there are n + 1 singular quadrics).

Remark 7.6. Let Q. (log D) the logarithmic bundle attached to an arrange-
ment of smooth quadrics with normal crossings D = {Q1, Q2}. Theorem 4.2

asserts that it is a rank n vector bundle over P™ such that
0— Opn(—2)2 — OPn(—1>n+1 ® Opn — Q%m(log D) —0 (7.8)

is exact. So the Chern polynomial p(t) of b, (log D) is obtained by truncat-

ing to degree n the expression

((11__2:; = lrf (n * 1) (—1)’#’] [Z 2F(k + 1)t

i=0 t k>0

that is
n m n4+1 . .
o) = 3 |3 ("1 )= ek )
m=0 Lh=0

In particular the n-th Chern class of Qb (log D) is

o@D = 3= ()1t 1) -

h=0

DY <Z> (—1)"2" " = n 4 1.

h=0
Moreover, (7.8) tells us that

H°(P", Q. (log D)) = C.

Thus Qp.(log D) has one non-zero section with n + 1 zeroes.

The arguments used for the proof of proposition 5.16 part 1) naturally
extend to the case of P", n > 3. The key idea is that the singular points
{vo,...,v,} of the cones Q,,...,Q, are the eigenvectors of AB~!. In this
sense we have the following:
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Proposition 7.7. Let D = {Q1,Q2} be an arrangement of smooth quadrics
in P™ with normal crossings. Then {vy, ... ,v,} is the zero locus of the non-
zero section of Qb (log D).

In order to state and prove the main result concerning pairs of quadrics in
the complex projective space, we recall that, given a smooth quadric () C P™,
the dual quadric of @ is Q¥ C (P™)Y given by the tangent hyperplanes to Q.
In particular, if @ is represented by a symmetric n X n matrix G, then Q" is
associated to G~1. The set of tangent hyperplanes to two smooth quadrics
with normal crossings in P", (; and ()9, is the base locus of the pencil of
quadrics in (P™)Y generated by Q7 and @y, that is Q) N Qy.

We have the following;:
Theorem 7.8. Let D1 = {Q1,Q2} and Dy = {Q}, Q4} be arrangements of

smooth quadrics with normal crossings in P", with n > 3. Then
Qpn(log D1) = Qp. (log Do) (7.9)
if and only if Dy and Dy have the same n + 1 tangent hyperplanes, that is
QINQy =0 NQy"
Proof. Suppose that (7.9) holds. Then, by using proposition 7.7 and remark
7.5, we can assume that Q, Q9, @}, Q) have equations, respectively,
apTy + a1y + .. 4 apqzn_ — a2 =0

boxg + b1z + ...+ by 22 | —22 =0

2

2 2 2
CoTy+ )y + ...+ cpx,_ —x, =0

2:()

n

doxd +dizt+ ... +dy 17’ | —

where the coefficients satisfy the properties stated in remark 7.5. Saying that

the two logarithmic bundles are isomorphic is equivalent to the fact that we
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can find two invertible matrices

)
M = (7.10)

)
Eqq oo Eian i
Eyy ... Eypn fa
M" = : : (7.11)
Eotip o0 Eojintr [
0 . 0 0

with o, 3,7,6, E;;,0 € C and f; = Z f;xZ complex linear forms, such that
§=0
the following diagram commutes:

Opn (1) @ Opn 22 Opn(2)?

M 1 ! M

Opn (1) & Opn 22 Opn(2)?

where
20070 ... 2ap 1Tn_1 —2T, Qx5+ ...+ QT2 | — 22
N1 —
2b0£L’0 . 2bn71xn71 —21)” 0
2c0r9 ... 2Ch_1Tp_1 —2Tn, coxg + ...+ cn_lxi_l — x%
Ny =
Qd()l’o c. 2dn—1xn—l —2[En 0

Let’s equate the entries of the 2 x (n + 2) matrices M'N; and NoM”; we

immediately get that if ¢ # j then £;; = 0. The first non trivial conditions

are:
Q bo Qo bo

Eip=20 0=, 205 7.12

a COOH—COB d0’y+do (7.12)

Bpp= oy lig_ta, i (7.13)
2,2 o o dl’Y d,
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(05} bg (05} bg
By = —a+ —f=—~y+ —0 7.14
3,3 0204+025 d27+d2 (7.14)

bn—l

Ap—1

bn—l Ap—1
E,n= = ) 1
’ Cn—lcy+_cn—16 dn—17“+ dn—l (7 5)
Enpinpn=a+f=79+0 (7.16)

For the moment we don’t care about equations from (7.13) to (7.15), we
will use them afterwards in order to get n — 1 resolubility conditions for our
system. From equations (7.12) and (7.16) we find

5 — ao(do - Co) (bodo - GOCO)
Co(bo‘—'ao) Co(bo-—-ao)

(7.17)

and

5 = (oco Zaodo) | oleo = do) o (7.18)

Co(bo'—*ao) Co(bo —*ao)

If we consider the last column of M’'N; and NoM"” we obtain, for the first

entry
aag = 2cof) + fcg (7.19)
aay = 2c, fy +0cy (7.20)
aay = 202f32 + Oy (7.21)
Q1 = 26, 1 f7 4+ 0c, 4 (7.22)
a=2f",+0 (7.23)
cofi +eify =0 (7.24)
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coft ™ 4 o1 fy =0
Cofln - n0+1 =0

le22 + sz:zl =0

afyt+ Cn—lf; =0

c1fy — f71+1 =0

Cn-1fp — frTLLJ:ll =0

and for the second entry

yay = 2do f}
yay = 2d, f;
yay = 2da f5

Yan—1 = 2dn—1fg_1
Y =2

doft +dif0=0

dofi 4 dp 1 fO =0
dofl' = [y =0
dif2 +daofy =0

72

(7.25)
(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)
(7.32)

(7.33)

(7.34)
(7.35)

(7.36)

(7.37)
(7.38)

(7.39)



d1 ;71 + dn—lfrlL == 0 (740)

dfy =l =0 (7.41)

dur f2 — fi51 =0, (7.42)

By using equations (7.24),. .., (7.30) and (7.36), ..., (7.42) (that is conditions
coming from coefficients of z;x; with i # j) and remembering the properties
of co,...,cn1,dg,...,d,_1, we get that if j —i # 1 then f; = 0. So each
linear form reduces to f; = fj] _IZL‘j_l. In order to determine these coefficients

we consider equations from (7.19) to (7.23) (actually these are n+1 relations)

and we get
0 a [ Qg aq 1
e 4
=S (-t (7.43)
2 a [ Q9 ap 1
o (22 44
=5 (2-2)+ 4 (7.44)
n—1_ @ (0Gn-1 1 1
=2 S 4
= (2 (7.45
=5 (1-2)+ 4 (7.46)
2 C1
o="a - 2fl. (7.47)
&1

Moreover equations from (7.31) to (7.35) tell us that

0 Qo

—_— — .4
=gy (7.45)
1 ay

- = 7.49
fa 2d17 ( )
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a2

2 _
n—1 n—1
= 7.51
f)/
n== 7.52

By using (7.46), (7.52), (7.49) and the expression for 7 given by (7.18) we

get
5 arboco(cr — dv) + agerdi (do — ¢o) + agar(cody — Cldo)a (7.53)
boCl (C() - dO)(dl - CL1>
This implies that (7.18) and (7.17) become, respectively,
di(ar — 1)
_a\m—a 7.54
7T e — dy) oy
and
5= Clldl (bodo — CLOCO) + a1C1d0(a0 - bO) — CL()Cldl (d(] — CO)@ (755)

boci(co — do) (a1 — dy)
We remark that (7.53), (7.54) and (7.55) are the same formulas that we found
in the case of two conics in P? (indeed only the coefficients of 3 and z% of
the four quadrics are involved). As in that case, if we choose a € C — {0}

and the following property holds
a1(01d0 — Codl) + Cldl(CO - do) # 0 (756)
then the matrix M’ introduced in (7.10) is invertible. Moreover, if we consider

(7.54) together with equations from (7.47) to (7.52) we get

-1 aj_1di(a; — 1) .
=t — aVje{l,...,n 7.57
/i 2d;_1c1(a; — dy) jed } ( )
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n di(ay — c1)

= 7.58
n+1 201(a1—d1)a ( )
Gl(C1 - d1)
0=———"q. 7.59
ci(ay — dy) ( )
Since we have two ways to compute f2, f2...., f"~! we get n—1 resolubility

conditions for our system involving the coefficients of the quadrics. In this

sense, let consider equations (7.43) and (7.57) for j =1, j = 2, we have
agay (c1dy — cody) + arcodo(dy — ¢1) + agerdy (co — do) = 0. (7.60)
Similarly, if we consider equations (7.44) with (7.57) for j =2, j = 3 we get
aras(cids — cady) + arcada(dy — ¢1) + ascidi(ca — dy) =0 (7.61)
and so on. Finally, equations (7.45) and (7.57) for j = 2, j = n give us

ara,_1(c1d, 1 — cu1dy) + a1¢n1dp_1(dy — ¢1) + ap_1c1di (¢ g — dy—1) =0

(7.62)
(in order to get all these relations it suffices to find (7.60) and then to change
the index 0 with j € {2,3,...,n — 1}). Now, let come back to equations
from (7.13) to (7.15). If we substitute in these equations final expressions for

B,7,0 we get, respectively,
a1by(bo — ag)(cody — c1dy) + c1dy(co — do)(aghy — arby) =0 (7.63)
arasbo(co — do)(codi — c1dz) + arboba(dy — ¢1)(cody — coda)+ (7.64)
+agarby(ca — da)(c1dy — cody) + c1dy(ca — da)(co — do)(apby — azby) = 0
ajazbo(co — do)(csdy — c1ds) + arbobs(dy — ¢1)(c3dy — cods)+ (7.65)

—|—a0a1b3(03 — dg)(cldo — Codl) —|— Cldl (Cg — dg)(C() — do)(@obg — agbo) = O

75



alan,1b0(00 — do)(Cnfldl — Cldn,1)+ (766)
+a1bobn-1(d1 — ¢1)(cn-1do — codn-1)+
+a9a1bp-1(cn—1 — dp—1)(c1do — codr )+
+crdy(en-1 — dp—1)(co — do)(aobp—1 — @n-1bo) = 0.
We remark that (7.63) is exactly condition (5.69) that we got in the case of
conics. Moreover, in order to get the other relations it suffices to find (7.64)
and then to write 3,4,...,n — 1 instead of the index 2 (namely 3,~ and §

depend only on the coefficients of the quadrics indexed by 0 and 1). By using

equations from (7.13) to (7.15) we can find expressions for F; ;:

a1(01 - d1)(a0 - bo)@
C1((l1 - d1)(Co - do)

El,l = (767)

Ei; =

C1(aibo - aObi—l)[dl(dO - Co) - aldo] + alco[boﬁ(ai—l - bi—l) + bi—1d1(bo - ao)]

bocici-1(co — do)(ar — dy)
(7.68)

for all i € {2,3,...,n} and

(CLO — bo)[a1 (Cldo — C()dl) + Cldl(CO — do)]
boci(co — do)(ar — dy)

E’I’L+1,TL+1 == (769)

If n = 2 these coefficients reduce to E, I, O of the proof of theorem 5.18.
Thus the matrix M” introduced in (7.11) is invertible if and only if, fixed

a € C — {0}, besides (7.56), for all i € {2,3,...,n} hold

c1(a;—1bp—agb;—1)[d1 (do—co)—ardo]+arco[boci (a;—1—b;—1)+b;—1dy (bg—ag)] # O.
(7.70)
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In this way we have that QL. (log D1) = Qp.(log Ds) if and only if relations
from (7.60) to (7.66) hold (they are 2n — 2), with the open conditions (7.56)
and (7.70) (they are n). So, let fix ag,...,an_1,b0,...,bn_1,¢o,dy and let
consider equations (7.60) and (7.63): with the same computations of the

case of conics we immediately get that
aybico(bo — ao)
(lobl (bo — C(]) + albo(Co — ao)

_ albldo(bo — Clo)
a0b1 (bo — do) + a1b0(d0 — ao) .

Now, let substitute these expressions of ¢; and d; in (7.61) and (7.64): these

(7.71)

C1 =

dr

(7.72)

equations become, respectively, quadratic and linear with respect to ¢ and

do. With some computations we get

a2b200<b0 - ao)

cy = 7.73
2 (lobg(bo — C(]) + CLQb()(CO — (10) ( )
a2b2d0(bo - Clo)
dy = 7.74
2 aobg(bo — do) + agbg(dg — ao) ( )
and so on. Finally the pair of equations (7.62) and (7.66) gives us
an—1bn—100(bo - ao)
Cpe1 = 7.75
' aobn—1(by — co) + an—1bo(co — ao) ( )
anf1bn71d0(bo - Go)
dyp_1 = . 7.76
! aobn—1(bo — do) + an—1bo(dy — ao) ( )
Thus the matrices representing )} and @), are, respectively,
Co 0 . 0
0 aubaco(bo = o) 0 . 0
aoby (by — co) + ar1bo(co — ap)
Cln—1bn—100(bo - ao)

0 . 0 0

aobn—1(bo — o) + an—1bo(co — ap)
0 e 0 —1
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do 0 ... 0
albldo(bo - ao)
aoby (by — do) + a1bo(do — ao)

0 0

an—lbn—ldO(bO - ao)

0 . 0 0
aobn—1(by — do) + an—1bo(do — ao)
0 . 0 —1
If we introduce ¢t = 760(&0 ~ ) and s = 76)0(% — o) the previous matrices
ao(co — bo) ao(dy — bo)
become, respectively,
aobo(1 +1) 0 N 0
b() + tCLO
0 a1b1(1 + t) 0 0
bl + ta1

(7.77)

0 0 anflbn71<1 + t) 0

bnfl + Zfanfl
0 0 -1
agbo(l + S) 0 0
bo + Sap
0 &1[)1(1 —+ S) 0
bl + saq

(7.78)

0 0 an—lbn—1<1 + 3) 0

bn—l + Stp—1

0 e 0 —1
that is they are equivalent (up to scalar multiplication) to (A~! + ¢tB~1)~!

and (A7! +sB~1)7! where A and B are the diagonal matrices associated to
@1 and @)5. By applying the same duality argument of the case of pairs of
conics we get that D; and D, have the same tangent hyperplanes. We remark
that the entries of (7.77) and (7.78) have to verify the open conditions given
in (7.70) ((7.56) is always satisfied). For the other direction, we can work as

in the last part of the proof of theorem 5.18. O
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Chapter 8

Arrangements of lines and

conics in the projective plane

8.1 The case of a conic and a line

Let D = {r,C} be an arrangement with normal crossings in P? made of a
line r and a smooth conic C'. Assume that r = {axg + Sz1 + yre = 0} and

2
C ={f =0} where f = ) a;z;z;. As usual, we denote by Q. (log D) the
i,j=0
associated logarithmic bundle.

Figure 8.1: A line and a smooth conic with normal crossings
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Theorem 4.2 assures us that Qp,(log D) admits the short exact sequence
0 — OPQ(—l)EBOP2(—2) % OPZ(—1>3€BOP2 — Qi:)Q <lOgD) — 0 (81)

where M is the 4 x 2 matrix given by

2
o} QZ a0;T
7=0
2
M = 5 QZ Q15T
7=0
2
Y 22 Q24T ;
7=0
azxg + Bxy + yr) 0

We remark that (8.1) is not a minimal resolution since «, 3, are three
elements of degree 0 such that («,3,7) € C* — (0,0,0). Without loss of
generality we can assume that r = {xy = 0}, in particular we have

2
1 22 Qo T
j=0
2
M = 0 QJEO A1

2
0 QZ 25T j
7=0

Zo 0

By applying Gaussian elimination to M we obtain the minimal resolution for
Qpe (log D):

0 — Op2(—2) L Op2(—1)2 @ Op2 — QL (log D) — 0 (8.2)

with )
2) " ay;
=0

2
2)_ as;;
=0

2
—QZ Q5T ;X0

=0

S
I

We observe that the entries of M are, respectively, two linear forms (9, f
and 0., f) and one quadratic form (the product of —xy with 0,,f). From
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(8.2) we get that ¢;(Qp2(logD)) = 0 and c(Qps(logD)) = 1. Moreover
theorem 3.6 implies that Qp.(log D) is a semistable vector bundle over P2.
As we can see also in [22], the following holds:

Theorem 8.1. Let M35:(0, 1) be the family of semistable rank-2 vector bun-

dles E over P? with minimal resolution
0 — Op2(—2) S Op2(—1)2® Op2 — E — 0
where f1, fo are linear forms and f3 is a quadratic form. Then the map
5:(0,1) 2 P?

Evr—{fi=0}n{f2 =0}

s an isomorphism.

Proof. Let E and E’ be two elements of M3(0,1). We want to prove that
the intersection point of f; and f; coincides with the one of f| and f; if
and only if £ = E’. If the intersection point is the same, without loss of
generality we can assume that f; = f{ = xg and fo = f5 = x1. Moreover, E,
and E! are the cokernels of two rank-1 maps for all x € P2, in particular if
x = [0,0,1] we get that f3 and f} have to contain the term z3. In order to
prove that £ = E’ it suffices to find ¢, g linear forms such that the following

diagram commutes:

Ops(—2) T T4 F3)
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where

In particular we have to solve
G1T0 + Go1 + f3 = f3.
Assume that
f3 = boowg + bor o1 + boaoxa + bi1 23 + b1 s + 23,

! 2 2 2.
f3 = coory + co1ToT1 + CoaToT2 + 1177 + C12T1T2 + T35

we immediately get that
g1 = (coo — boo)xo + (cor — bor — 1)z + (co2 — boz)z2

g2 = xo + (c11 — b11)x1 + (c12 — bia) 2o

solve (8.3), which concludes the proof.

(8.3)

]

Remark 8.2. The previous result asserts that the vector bundle Qp,(log D)

lives in a space of dimension 2, while the number of parameters associated

to a line and a conic with normal crossings is 7. So in this case the map in

(2.1) can’t be injective.

With the same notations of the beginning of this section we have the

following;:

Proposition 8.3. Let D = {r,C} be an arrangement with normal crossings.

Then the pole of the line r with respect to the conic C describes the isomor-

phism class of Qps(log D), that is mo(Qp2(log D)) is the pole of r with respect

to C.
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Proof. Applying Cramer’s rule we get that the point in P? satisfying

2 2
DTy =Y agw; =0
=0 =0

is P = [a}, — a11a92, G22a0; — Gpa012, Ag2a11 — G12a01]. The polar line of P with

respect to C' is given by

Qoo Go1 Qo2 To
(a%z — 11422, 22001 — A2012, Gp2a11 — a12a01) apr  G11  G12 x| =0
ap2 Q12  G22 o)
which reduces to o = 0, that is to r, as desired. O

‘\\ Sxof=0

Figure 8.2: r is the polar line of P with respect to C

We immediately get the following:

Corollary 8.4. Let D = {r,C} and D' = {r',C"} be two arrangements with

normal crossings in P? given by a line and a smooth conic. Then
Op2(log D) =2 Qp2(log D)

if and only if the pole of r with respect to C' coincides with the pole of ' with
respect to C' (see figure 8.3).

The previous results can be extended to P", for all n > 3.
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Figure 8.3: Line-conic arrangements with isomorphic logarithmic bundles

Let D = {H,Q} be an arrangement with normal crossings in P made of
a hyperlane H = {agzo+- - - +a,z, = 0} and a smooth quadric Q = {f =0}

with f = Z Qi XiT5.
i,j=0
From theorem 4.2 we get that the corresponding logarithmic bundle Q. (log D)
admits the short exact sequence
0 — Opn(—1) ® Opn(=2) 2 Opn(—1)""' & Opn — QL. (log D) —» 0

where M is the (n + 2) x 2 matrix given by

n
o 2> ao;;
j=0
M = : .
an 2> an;;
j=0
Qoo + -+ anTy, 0

As in the case of n = 2, we can assume that H = {xy = 0} so that the
minimal resolution of Qp. (log D) takes the form

0 — Opn(—2) 25 Opa(=1)" @ Opr — Qb (logD) — 0 (8.4)

with "
22 152
7=0

S
I

i
2) " an;;
=0

n
—22 Qp; L0
3=0
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Bohnhorst-Spindler criterion implies that . (log D) is not a semistable bun-
dle over P" unless n = 2. Nevertheless we can extend in a natural way
theorem 8.1 also to n > 3:

Theorem 8.5. All the vector bundles E over P™ having a minimal resolution

“(fi

0 — Opn(—2) oy o) Opn(—1)" ® Opn — E — 0

where f1, ..., f, € H'(P", Opn(1)) and f,.1 € H'(P", Opn(2)) are parametrized

by P™. In particular the correspondence is defined by

E 7 O\ = 0.
=1

Remark 8.6. Since Qpn(log D) belongs to a n-dimensional family and D =
{H,Q} is described by (";2) +n parameters, then D can’t be a Torelli type

arrangement.

Proposition 8.7. Let D = {H,Q} be an arrangement with normal crossings.
Then the pole of the hyperplane H with respect to the quadric () describes
the isomorphism class of Qbn (log D), that is m,(Qbn (log D)) is the pole of H

with respect to Q).

Proof. The solution of the linear system

ap1o + - +@1n33n =0

aon o + -+ + AppTyn =0
1s
P = [detAgo, —detA01, detAog, coey (-1)nd€tA0n]
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where Ag; denotes the submatrix of A = {a;;} that we get by canceling the
0-th row and the j-th column, for all j € {0,...,n}. So the polar hyperplane
of P with respect to @ is
Qoo -+ Qon Zo
(detAgg, —det Agy, detAgs, . . ., (—1)"detAp,) | : =0
Aon - T,

that is g = 0. O

Corollary 8.8. Two arrangements with normal crossings D = {H,Q} and
D' = {H',Q'} made of a hyperplane and a smooth quadric in P™ have iso-
morphic logarithmic bundles if and only if the pole of H with respect to ()

coincides the pole of H' with respect to ().

86



8.2 The case of a conic and two lines

Let D = {ry,72,C} be an arrangement with normal crossings in P2, where

r1 and 7y are lines and C'is a smooth conic. We suppose that m = {agzo +

171 + aoxy = 0}, 1o = {foxo + Six1 + Powe = 0} and C' = {f = 0} where
2

f = Z aijxixj.

1,7=0

Figure 8.4: A smooth conic and two lines with normal crossings

In this case theorem 4.2 says that Qp:(log D) verifies

0 — Op2(—1)? @ Op2(—2) 25 Op2(—1)* & 03, — Qbs(log D) — 0

and
2
Qg Bo 2) " agjx;
§=0
2
(5] 61 QZ aljxj
M = j=0
2
(6%) 52 ZZ CLQjIj
§=0
Qoo + 11 + Qg 0 0
0 Boo + By + Paxa 0

In order to simplify our computations, we can assume that r = {xo = 0}
and r, = {x; = 0}; we denote with a;; the coefficients of a quadratic form
describing C' also in this new frame. Thus the logarithmic bundle admits as
minimal resolution

0 — Opz(—2) 2L Opz(—1) @ 0% — Qbs(log D) — 0 (8.5)
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where )
2 agx;
=0

2
—22 Qp; L0
3=0

2

—22 Q152521
=0
In particular ¢;(Qp:(log D)) = 1 and c3(Qp2(log D)) = 2. So its normalized
bundle, that is Qb2 (log D)(—1), belongs to Mpz(—1, 2), the moduli space of
rank-2 stable vector bundles over P? with ¢; = —1 and ¢, = 2. An interesting
description of this moduli space is given in the following result, of which we
will see a sketch of the proof (see also [22]). In order to state it we recall
that oo(v2(P?)) is the notation for the 2-secant variety of the image of the
quadratic Veronese map vo(P?), [14].

S
I

Theorem 8.9. Mp:(—1,2) is isomorphic to o3(v5(P?)) — vo(P?), the pro-

jective space of symmetric 3 X 3 rank-2 matrices.

Proof. A vector bundle E lives in Mp2(—1,2) if and only if it is endowed

with a short exact sequence like
0— OPZ(—3) (fl ﬁ) f3) OP2(—2) S5 0%2(—].) — EF—0

where fi is a linear form and fs, f3 are quadratic forms.
On the unique jumping line of E, which is {f; = 0}, the linear series given
by f» and f3 has two distinct double points, which we denote by P, and Ps.

Then the map given by
Mp2(—1, 2) — 0,2(1/2(1:)2)) — VQ(P2>
E+— {Pl, PQ}

is an isomorphism, which concludes the proof. O
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Remark 8.10. The previous theorem implies that an element in ' € Mp2(—1, 2)
is characterized by 4 parameters, while a conic and two lines in the projective
plane need 9 parameters to be described. So D = {ry, o, C'} as above is not
a Torelli arrangement.

Remark 8.11. The jumping line of Qp.(log D) is {92 f = 0} and it is the polar

line with respect to C' of 1 N1y = [0,0, 1]: indeed, the equation

Qoo Ap1 Qo2 Zo
(0,0,1) | ap1 a1 ais 1 | =0
Qo2 A1z Q22 X2

reduces to {Osf = 0}. Moreover, the linear series on this line is given by r;Uss
and ro U s1, where sg is the polar line with respect to C' of {Oyf =0} Nry =
[a22,0, —ag2] and s is the polar line with respect to C of {Oyf =0} Nr; =
[0, ase, —as|, that is so = {a0yf — ap202f = 0} and s; = {a9201 f — a1202f =
0}. The logarithmic bundle Qp:(log D) corresponds to the two intersection
points { Py, P»} of C' and {0yf = 0} (see the figure below).

ANS dxz’f,—z’ﬁ,;“x

Figure 8.5: Q2 (log D) corresponds to { Py, Pa}
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Corollary 8.12. Let D = {ry,r3,C} and D' = {r},ry, C'} be arrangements
with normal crossings in P? made of a smooth conic and two lines.

Then Qb:(log D) = Qs (log D) if and only if { Py, Py} = {P], P3}.

5] 2

rl1 rlz

Figure 8.6: D and D’ with isomorphic logarithmic bundles
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8.3 Some remarks about the case of a conic

and three lines

Let D = {ry, 79,73, C} be an arrangement with normal crossings in P? made

of three lines and a smooth conic, let say 1 = {agzo + @121 + oy = 0},

ry = {Bozo+ w1+ Bars = 0}, 3 = {yozo+1z1+7222 = 0} and C = {f = 0}
2

where f = Z dijzx;.

1,7=0

Figure 8.7: A smooth conic and three lines with normal crossings

Ancona’s theorem implies that the corresponding logarithmic bunlde Qp. (log D)
has the following exact sequence:

0 — Op2(—1)> ® Op2(—2) =5 Op2(—1)> ® O} — Qby(log D) — 0

with
2
Qo Bo Yo 22 doj;
=0
2
aq B " 2> " dyjz;
M= 5
Qi B2 V2 2) " dojz;
=0
Qoo + 11 + Qg 0 0 ! 0
0 Boo + By + Paxa 0 0
0 0 YoTo + Y1T1 + Y22 0
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In order to get a minimal resolution for Q5. (log D), we can make a change
of coordinates such that r; = {zg = 0}, ro = {z1 = 0}, r3 = {22 = 0} (we
still denote with f a quadratic form defining C'). By using linear algebra
computations we get the minimal resolution

0 — Op2(—2) 2L 03, — QLs(log D) — 0 (8.6)
where
o —zo0o f
M = —{L‘lalf
—290s f

From (8.6) it’s not hard to prove that Qp,(logD) is a stable bundle
with Chern classes ¢; = 2 and ¢, = 4. In particular, its normalized bun-
dle Qp:(log D)(—1) belongs to the moduli space Mp:2(0, 3), which, according
to (5.22), has dimension 9. Thus, since the number of parameters associated
to three lines and a conic is 11, such arrangement can’t be of Torelli type.

Remark 8.13. From a geometrical point of view, each quadratic form in M
represent the union of r; with the polar line with respect to C' of the inter-

section point of r; and ry, for different 7, 5, k € {1,2, 3}.

Remark 8.14. If we do the tensor product of (8.6) with Op2(—1) we get that

Qb2 (log D)(—1) has the following short exact sequence:
0 — Op2(—3) 2L Op2(—1)* — Qbs(log D)(—1) — 0

where M is the matrix introduced above. Theorem 4.2 asserts that, if D’ =
{D} is an arrangement made of one smooth cubic curve in P2, then the
associated logarithmic bundle Q. (log D) admits an exact sequence like the
one for Qp(log D)(—1), which is given by the three partial derivatives of a
cubic polynomial defining D. So an interesting problem is to understand if
there is a smooth cubic curve in the projective plane corresponding to three

lines and a smooth conic.

We have the following:

92



Theorem 8.15. Let D be the arrangement with normal crossings given by

2

{zoz129f = 0}, where f = Z dijxix;. Then there exists D' = {D}, where
ij=0

D C P2 is a smooth cubic curve, such that

Qp2(log D) = Qp:2(log D')(1).

Proof. We want to prove that there exists a homogeneous polynomial g of

degree 3 in the variables xg, x1, x5 such that
< Oog, 019,029 >=< =190 f, =110, f, =202 f >

holds. This is equivalent to say that the partial derivatives of g have to

satisfy
809 = ao(—xodof) + a1 (—1100f) + az(—2205f) (8.7)
019 = bo(—2000f) + by (=101 f) + ba(—120, f) (8.8)
029 = co(—2000f) + c1(—101f) + Co( =220 f) (8.9)

for certain complex coefficients ag, ai, as, by, by, ba, o, ¢1, c2. Since, by Schwarz’s

theorem, 0;0,g9 = 0,0,;g for all i, 5 € {0, 1,2}, the previous conditions become

ap01 (2000 f )+a101 (2101 f)+a201 (2202 f) = boOo (2000 f)+b100 (2101 f)+0200 (2202 f )

a002(2000 f)+a102(2101 f)+a202(x202 f) = coOp(x000 f)+c100(2101 f)+C200(2202 f)

boO2(2000 f)+0102(2101 f ) +b202(2202 f ) = 01 (2000 f)+¢101 (2101 f)+c201 (2205 f ).

Let denote by {a;;},{bi;}, {ci;} the coefficients of z,0) f for k € {0,1,2}; by
using the identity principle for polynomials we get the following system of

nine equations with variables ag, a1, as, by, b1, bo, cg, c1, Co:
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ag1ag + borai + coraz = agoby + boob1 + coobe
aiiag + biar + craz = agibo + bo1by + co1be
a12ag + bi2a1 + c12a2 = ap2by + bozb1 + co2b2
o200 + bozay + co2a2 = agoco + booct + cooc2
a12a0 + biaa; + ci2az = apico + boicr + coica
A2200 + baaay + Ca2a2 = apacy + boac1 + coaco
an2bo + bozb1 + co2ba = agico + borct + coico
a12bg + bi2b1 + c12b2 = ajico + biicr + cricy
a22bg + baaby + Caoby = ajacy + biacy + cr2cs.

We remark that a;j;, b;;, c;; depend on the coefficients d;; of the conic in our
arrangement. In this sense the 9 by 9 matrix associated to the system turns

to be the following:

doy  dp 0 —2dyy O 0 0 0 0

0 2d;; O —do1  —don 0 0 0 0

0 dia dig —dp 0 —do2 0 0 0
doe O do 0 0 0 —2dy 0 0

0 dia di 0 0 0 —do1 —dn 0

0 0 2ds 0 0 0 —dps 0 —dps

0 0 0 do 0 doe —dopy —dn 0

0 0 0 0 dis  dya 0 —2dy, 0

0 0 0 0 0 2dys 0 —dyy  —dio
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It’s not hard to prove that the rank of this matrix is 8, that is the dimension
of the space of solutions of the aforementioned system is oo!. So assume that
o, @1, a2, by, b1, ba, Ty, C1, G2 solve our system, we want to find a cubic poly-
nomial g such that conditions (8.7), (8.8), (8.9) are satisfied. Let integrate

(8.7) with respect to xq, we get

.',US .1:21' $2x
g(xg,xl,xz) = —2ay (30(100 + 02 1&01 + 02 2@02) + (810)

_ [ L1 2
—2a; 2 ao1 + T{Toa11 + ToT1T2a12 | +

TiT
_ o042 2
— 205 ( 5 Qg2 + ToT1T2G12 + I0$2a22> + h(z1, z2)

where h is a function of x1, 5 to be determined. If we equate the expression
of the partial derivative of g with respect to z; coming from (8.10) with the
one in (8.8) and then we integrate with respect to x; we get the following

expression for h:

x2x,
_ 2 _ 0
h(z1, x9) = Goriria01+201

2 _
ap1 + Toriair + x0x1x2a12> +2ax071T2012+

_ _ T3
—bo (2333351@00 + 530953001 + 21750%96’2(102) —b; (%l’%am + 2§1a11 + -75%@&12 +
—52 (21‘02711’2&02 + 1’%1’2&12 + 2$1x§a22) + Z([L’Q) (811)

where we have to determine the function i(z3). Finally, if we compare the
partial derivative of (8.10) with respect to x5 with (8.9), using also (8.11)

and then we integrate with respect to x9, we can find explicitly ¢, so that
2— 3 7 2 — 2 2- 3 — 2
g($0, Zy, i['z) = —§&0a00$0—2b0a00$0$1 —2a1a11$0x1 — gblanxl —2a2a22x0x2+

- 2
- 2 _ - 2 2 _ 3
—2Cyagoryry — 2(a) + a2)a12T0x1 9 — 2C1a1127T2 — 2baa9ar1 25 — gCgagsz
is the required polynomial. O
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Remark 8.16. From the proof of theorem 8.15 it follows also Hermite’s theo-
rem (1868), which asserts that a net of conics can be regarded as the net of

the polar conics with respect to a given cubic curve, [11].

Remark 8.17. If we require that
0ig = x;0; f

for all ¢ € {0,1,2}, then necessarily it has to be

2 2
9(xo, 21, 2) = gaooig + gallxi’ + §a229337 (8.12)

provided that the conic is given in diagonal form by
f@o, 21, 2) = agoxf + a1127 + a3,

So, let {zoz122f = 0} and {xoxi29f" = 0} be two arrangements with normal
crossings in P? each of which made of three lines and a smooth conic defined
by a diagonalized quadratic form. Each arrangement corresponds to a log-
arithmic bundle which is isomorphic to the logarithmic bundle of a smooth
cubic like the one in (8.12). As we can see in remark 4.8, two cubics which
are both Fermat yield isomorphic logarithmic bundles. Thus our line-conic

arrangements have isomorphic logarithmic bundles too.
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