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Introduction

The first appearence of (quantum) W-algebras as mathematical objects is related to the conformal
field theory. The main problem of the conformal field theory is a description of fields having conformal
symmetry. Only in dimension D = 2, the group of conformal diffeomorphisms is rich enough to give rise
to a meaningful theory.

After the fundamental paper by Belavin, Polyakov and Zamolodchikov [4] it was realized by Zamolod-
chikov [24] that extended symmetries in two dimensional conformal field theory in general do not give
rise to (super)algebras with linear defining relations. He constructed the so-called Ws-algebra, which
is an extension of the Virasoro algebra obtained adding one primary field of weight 3. Later, this con-
struction was generalized by Fateev and Lukyanov [14] to construct which are known as 'W,,-algebras.
Roughly speaking, these algebras are non-linear extensions of the Virasoro algebra obtained by adding
primary fields. An exhaustive reference about extended symmetries can be found in [5].

The key point in the construction of the algebras W,, by Fateev and Lukyanov was the relation
between W-algebras and integrable systems. By a work of Gervais [18], the Virasoro algebra was found
hidden in the second Poisson structure of the Korteweg-de Vries (KdV) equation, which is the so-called
Virasoro-Magri structure. Magri [21] first revealed the bi-Hamiltonian nature of the KdV equation.
Fateev and Lukyanov identified Zamolodchikov’s W3 algebra with the so-called second Poisson structure
of the equations of n-th KdV type, for n = 3 (the KdV equation corresponds to n = 2). These Poisson
structures are known as Gelfand-Dickey algebras, after pioneristic works on the subject by them (one can
have a look to [10] for a review of these works and a lot of material on the argument) and are obtained as
Poisson algebras of local functionals on the algebra of differential operators. After quantizing the n = 3
structure, Fateev and Lukyanov found the same commutator formulas of Zamolodchikov W3 algebra.
This observation enabled them to construct all the W,,, since the second Poisson structure of the n-th
KdV type equation were known for any n. At the classical level, Gelfand-Dickey algebras are the first
examples of classical W-algebras.

After, the second Poisson structure of Gelfand-Dickey type was considered in a more general setup,
namely, in a similar fashion, it can be defined a Poisson structure on the space of local functionals on the
larger algebra of pseudodifferential operators. The corresponding Poisson structures are related to the
Kadomtsev-Petviashvili (KP) equation and the n-th KdV equations can be obtained with a reduction
procedure from the KP hierarchy of equations. A quick reference is given by the lecture notes [9].

The fact that W-algebras have in general non-linear defining relations puts them outside of the scope
of the Lie algebra theory. However, they are intimately related to Lie algebras via the Drinfeld-Sokolov
Hamiltonian reduction [12]. Given a Lie algebra g and its principal nilpotent, this reduction allows us to
construct a classical W-algebra. Furthermore, this procedure also emphasizes again the fact that these
structures are related to certain hierarchies of partial differential equations. Moreover, they proved that
Gelfand-Dickey algebras correspond to the Drinfeld-Sokolov Hamiltonian reduction performed for the
Lie algebra of n by n traceless matrices s, .

In this work we will be interested in the classical aspect of the theory, rather than the quantum one.
So, from now on, we can skip the adjective classical. We have seen that W-algebras appear in at least
three interrelated contexts. In particular, for which concerns integrable systems, there is also another
Poisson structure for the equations of n-th KdV type (or for the KP equation in general). In this case
we say that we have a bi-Hamiltonian structure and as pointed out in [21] this is one of the main tool
to prove integrability for such equations.

Recently, Barakat, De Sole and Kac [3] established a deep relation between Poisson vertex algebras
and Hamiltonian equations and proved that Poisson vertex algebras provide a very convenient framework
to study (both classical and quantum) Hamiltonian systems.

The aim of this thesis is to develop the theory of classical W-algebras in the Poisson vertex algebras
language. This leads to a better understanding of the Hamiltonian structure underlying W-algebras and
to a generalization of results, both in Gelfand-Dickey and Drinfeld-Sokolov approach to integrability of
Hamiltonian eqautions.



In the first chapter, we review the basic notions and foundations of the theory of Poisson vertex
algebras aimed to the study of Hamiltonian equations as laid down in [3].

The second chapter is about Drinfeld-Sokolov Hamiltonian reduction. The orginal construction given
in [12] involved a semisimple Lie algebra g and its principal nilpotent element f. After reviewing the
Drinfeld-Sokolov Hamiltonian reduction, we will define it in a purely Poisosn vertex algebra language.
This will enable us to perform such reduction for any nilpotent element of g. After showing that our
construction is equivalent to the original one, we will construct, in the case of the classical Lie algebra
B,,,C, and D, the corresponding W-algebras as quotients of particular Poisson vertex subalgebras of
the W-algebra corresponding to gl,,.

The third chapter is devoted to the analysis of the Gelfand-Dickey algebras approach to W-algebras,
although we radically change point of view. Instead of considering a pseudodifferential operator and
then defining the Poisson structure on the algebra of local functionals on it, we attach to any differential
algebra a particular pseudodifferential operator, which we call "general" and prove that in this case the
Adler map [1] gives rise to a Hamiltonian operator, using the generating series of its matrix entries.
The use of the A-bracket language surprisingly simplifies the proof if compared to the usual one [10].
This allows us to think about the Adler map as a map from pseudodifferential operator to A-bracket
structures. When the A-bracket corresponding under this map to a pseudodifferential operator defines
a Poisson vertex algebra structure then the Adler map gives rise to a Hamiltonian structure. We will
give an example of an operator in which this does not happen and one in which it happens. In the
first case we can still modify the Ader map and get a Hamiltonian structure. In the Drinfeld-Sokolov
Hamiltonian reduction, this structure corresponds to the Hamiltonian reduction of sl,, and its principal
nilpotent element. In the other case we will be able to recover and to give a very simple proof of a famous
theorem of Kupershmidt and Wilspon [20].

The fourth section is devoted to establish the well known fact that Gelfand-Dickey algebras are
‘W-algebras corresponding to some special cases of Drinfeld-Sokolov Hamiltonian reduction. Namely, we
will prove that the Poisson vertex algebras we construct using Drinfeld-Sokolov approach, in the case of
the Lie algebra gl,, (respectively sl,,) and its principal nilpotent element, is isomorphic to the Poisson
vertex algebra we got, using Gelfand-Dickey approach, in the case of a general differential operator of
order n (respectively the same differential operator with missing 9"~ ! term).

In the last chapter we will be interested in finding integrable systems attached to W-algebras and
proving their integrability. First, we will consider the homogeneous case, namely we will find integrable
hierarchies for affine Poisson vertex algebras (see Example 1.6 for the definition). Then we will generalize
the results of [12], about integrable systems attached to W-algebras via Drinfeld-Sokolov Hamiltonian
reduction, to a larger class of nilpotent elements.
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CHAPTER 1

Poisson vertex algebras and Hamiltonian equations

In this chapter we review the connection between Poisson vertex algebras and the theory of Hamil-
tonian equations as laid down in [3]. It will be shown that Poisson vertex algebras provide a very
convenient framework for systems of Hamiltonian equations associated to a Hamiltonian operator. As
the main application we explain how to establish integrability of such partial differential equations using
the so called Lenard scheme.

1.1. Algebras of differential functions and Poisson vertex algebras

By a differential algebra we shall mean a unital commutative associative algebra R over C with a
derivation 0, that is a C-linear map from R to itself such that, for a,b € R

d(ab) = 9(a)b + ad(b).

In particular 01 = 0.
One of the most important examples we are interested in is the algebra of differential polynomials in
one independent variable z and | dependent variables u; (I may also be infinite)

Rifz] =Clz,ul™ |ie {1,... .1} =I,n e Z,],

where the derivation 9 is defined by d(u{™) = u{"™" and 92 = 1. One can also consider the algebra of
translation invariant differential polynomials in [ variables u;

R =Clu{™ |ie{l,....l} =I,neZy],
where O(ul™) = u{"™).

Definition 1.1. An algebra of differential functions V in one independent variable x and a set of
dependent variables {u;};cs is a differential algebra with a derivation 9 endowed with linear maps

o (n) :V — V, for all i € I and n € Zy, which are commuting derivations of the product in V such
that given f €V, (m = 0 for all but finitely many ¢ € I and n € Z, and the following commutation

relations hold

B 9
[au“”al BTGk (-0

where the RHS is considered to be zero if n = 0.

We call € = ker(9) C V the subalgebra of constant functions and denote by F C V the subalgebra of
quasiconstant functions, defined by

of

F={feV] (n)

=0Viel,neZy}.

One says that f € 'V has differential order n in the variable wu; 1f (n) # 0 and =0 for all m > n.

ou (’m) -
It follows by (1.1) that € C &F. Indeed, suppose that f € C has order n € Zy in some variable ui, then

0= [6 D O f = (n) which contracdicts our hypothesis. Furthermore, clearly, 0F C F.

The differential algebras R;[z] and R; are examples of algebras of differential functions. Other
examples can be constructed starting from R;[z] or R; by taking a localization by some multiplicative
subset S, or an algebraic extension obtained by adding solutions of some polynomial equations, or a
differential extension obtained by adding solutions of some differential equations.
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In all these examples, but more generally in any algebra of differential functions which is an extension
of Ry[x], the action of the derivation 0 : V — 'V, which extends the usual derivation in R;[z], is given by

(n+1)
s > n), (1.2)
i€l,neZy U,
which implies that FN OV = dF. Indeed, if f € V has differential order n € Z, in some variable u;, then
Of has differential order n + 1, hence, it does not lie in F.
The commutation relations (1.1) imply the following lemma ([3, Lemma 1.2]).
Lemma 1.2. Let Di(2) = 3¢z, z”ﬁ. Then for every h(\) = ZZ:O hmA™ € CIA\|®@V and f €V
the following identity holds '
Di(2)(h(9)f) = Di(2)(h(9))f + h(z + 9)(Di(2)[),
where D;(2)(h(0)) is the differential operator obtained by applying D;(z) to the coefficients of h(D).

Proor. Multiplying by z" and summing over n € Zy both sides of (1.1) we get D;(z) 0o 0 =
(z+ 9)D;(z). It follows that

Di(z) 00" = (24 0)"Di(2),
for every n € Z. Thus, if h(X) = h, A", this implies that
= Di(2)(h(0)) + h(z + 0) Di ().
By linearity the general case follows. O
We denote by V¥ c V! the subspace of all F' = (F});c; with finitely many non-zero entries (I may
also be infinite) and introduce a pairing V! x V¥ — V/gy
(P,F) — [PF, (1.3)
where [ denotes the canonical map V — V/av. The pairing (1.3) is non-degenerate [3, Proposition
1.3], namely [ PF =0 for every F' € V®! if and only if P = 0.
Let us define the operator of variational derivative £ :V — V& by 3 = (%) L€ V&l where
i/ie
of of
= )" .
S, > (-9)

neEZ4 augn)

By (1.1), it follows immediately that %i -0 =0, for each i € I, then 9V C ker %.
We let Vect(V) be the space of all vector fields of V, which is a Lie subalgebra of Der(V), the Lie
algebra of all derivations of V. An element X € Vect(V) is of the form

X=h—+ Y hin—r wol By hiy € V. (1.4)
i€l ,neZ

By (1.2), 0 is an element of Vect(V) and we denote by Vect?(V) the centralizer of d in Vect(V),
namely Vect?(V) = Vect(V) N Der?(V). Elements X € Vect?(V) are called evolutionary vector fields.
For X € Vect?(V) we have X (u{™) = X(0"u;) = 0" X (u;), so that, by (1.4) and [%,6} =0, X is
completely determined by its values X (u;) = P;, i € I. Thus, we have a vector space isomorphism
V! 2 Vect?(V) given by

. d
V'SP=(P) —Xp= Y, (0"P) PO € Vect?(V). (1.5)

iel,neZy i
The I-tuple P is called the characteristic of the vector field Xp.
The Fréchet derivative Dy of f € V is defined as the following differential operator from V' to V:

P =xp()= S -Lop

(n)
i€l,n€Z4 au

We note that Dy (9)P is just the first-order differential of the function f(u), indeed f(u+eP) = f(u) +
=D;(0)P + of&).



More generally, for any collection F' = (fa),c4, Where A is an index set, the corresponding Fréchet
derivative is the linear map Dp(9) : V! — VA given by
(Dr(9)P), = D, (0)P = Xp(fa), a € A.

Its adjoint map with respect to the pairing (1.3) is the linear map D% (9) : VEA — V&I defined by

DpOG), = 3 (-a)n<8Fa Ga>,iel.

a€ANELy augn)
We have the following formula for the commutator of evolutionary vector fields in terms of the
Fréchet derivatives:
[Xp, Xl = Xpg0)P-Dr(9)0-

Elements of the form % € Vo are called ezact. An element F' € V®! is called closed if its Fréchet
derivative is a self-adjoint differential operator, that is Dp(9) = D%(0). It is well-known and not hard
to check, applying Lemma 1.2 twice, that any exact element in V®! is closed, namely D%f (0) = D%, (0)

w u

for every [ f € V/gy.
The main ingredient in the definition of Poisson vertex algebras is the notion of A-bracket that we
are going to define.

Definition 1.3. Let V be a C[d]-module. A A-bracket on V is a C-linear map
{2} VeV —CA\N&V
fog—A{fg},
which is sesquilinear, that is, for f,g € 'V

{0f g} = =M g}, {209} = (A +0){frg} (1.6)

If, moreover, V is a commutative associative unital differential algebra with a derivation 9, a A-bracket
on V is defined to obey for any f, g, h € V, in addition, the left Leibniz rule

{fxght = {fxgth + {fxh}g, (1.7)
and the right Leibniz rule

{fah} = {frvoh} g9+ {gr+oh} . f. (1.8)

We note that the sesquilinearity property (1.6) means that d is a derivation for the A-bracket. We
should also explain the meaning of the arrow in (1.8). Usually, one writes

hat= Y X liwe)

n€EZy

The C-bilinear products f(,)g are called n-th products on V and we note that f(,)g = 0 for n sufficiently
large. In (1.8) and furhter on, the arrow means where A + 9 should be moved. For example

{frvoh}_g= Z (f(n)g)wg'

n!
neZy

We say that the A-bracket is commutative (respectively skew-commutative) if

{oxf} = <{f-x—ag} (respectively = —. {f-x_a9}). (1.9)
We remark that in this case the direction of the arrow tells us that

Af-r—0g} = Z %%W(f(n)g)'

n€l4

From this point we assume the convention that in case there is no arrow, it is assumed to be to the left.
For f,g,h €V, the following identity

{Pdguht} = HAghag it +{guifnn1} (1.10)
is called Jacobi identity for the A-bracket.
Definition 1.4. A C[J]-module V endowed with a A-bracket which satisfies skew-commutativity (1.9)

and Jacobi identity (1.10) is called Lie conformal algebra [19]. If, moreover, V is a differential algebra,
then V is called Poisson vertez algebra [3].



Next theorem explains how to extend an arbitrary "non-linear" A-bracket on a set of variables {u; }ier
with value in some algebra V of differential functions to a Poisson vertex algebra structure on V.

Theorem 1.5 ([3, Theorem 1.15]). Let 'V be an algebra of differential functions, which is an extension
of the algebra of differential polynomials R;[z] = Clz, ugn) |i€l,neZy]. For each pairi,j € I, choose
{umuj} S (C[)\] ®V.

(a) Formula

) 9
hat= S 2t 0 usngous) (A -0y 2L (1.11)
£ (n) O™
i,j€l U w;
m,n€’ly

defines a A-bracket on 'V, which extends the given A-brackets on the generators u;, i € I.
(b) The \-bracket (1.11) on 'V satisfies the commutativity (respectively skew-commutativity) condi-
tion (1.9), provided that the same holds on generators:

{uinu;} = {uj_,_pui} (respectively = —{u;_, jui}), (1.12)

foralli,jel.

(c) Assuming that the skew-commutativity condition (1.12) holds, the \-bracket (1.11) satisfies the
Jacobi identity (1.10), thus making V a Poisson vertez algebra, provided that the Jacobi identity
holds on any triple of generators

{win{u; un}} = {{uinu; by und + {uy {uirun}},
foralli,j,kel.
This theorem allows us to make some examples of Poisson vertex algebras.

Example 1.6. Let g be a Lie algebra with a symmetric invariant bilinear form (- | -) and let s be an
element of g. Let {u;}icr be a basis of g. The affine Poisson vertex algebra associated to the triple

(g,(- | -), s) is the differential algebra R = (C[ul(»") | i € I,n € Z] togheter with the following A-bracket,
defined for a,b € g by

{axb} = [a, 8] + (s | [a,b]) + Aa | b) (1.13)
and extended to the whole R by formula (1.11).

We point out that in the RHS of (1.13) any of the three summands, or more generally, any linear
combination of them, endows R with a Poisson vertex algebra structure.

Example 1.7. When g = Cu is the 1-dimensional abelian Lie algebra, if we assume the bilinear form
normalized by the condition (u | u) = 1, then, for any s € g, the affine Poisson vertex algebra associated
to the triple (Cu, (- | -),s) is the differential algebra R = Clu, v/, u”,...] togheter with the following
A-bracket:

{uru} = A1 (1.14)
(one usually drops 1). This is known as Gardner-Fadeev-Zakharov (GFZ) A-bracket.

More generally, one can replace A in the RHS of (1.14) by any odd polynomial p(\) € C[A] and
still get a Poisson vertex algebra structure on R. Indeed, the bracket in (1.14) is skew-commutative and
sastisfies the Jacobi identity for the triple u, u, u, since each triple commutator in the Jacobi identity is
zero.

Example 1.8. The Virasoro-Magri Poisson vertex algebra on R = Clu,u’,u”,...], with central charge
c € C, is defined by

{upu} = (0 + 2\)u + e, (1.15)

It is easily seen that the bracket (1.15) is skew-commutative and it satisfies the Jacobi identity for the
triple w, u, u.

The following theorem further generalizes the results from Theorem 1.5, as it allows us to consider
not only extensions of R;[z], but also quotients of such extensions by ideals.

8



Theorem 1.9 ([3, Theorem 1.21]). Let V be an algebra of differential functions, which is an extension
of the algebra of differential polynomials Ri[x] = Clz, (n) | i € I,n € Zy]. For each pair i,j € I, let
{uiyu;} € C]A] ® V and consider the induced /\—bmcket on V defined by formula (1.11). Suppose that
d C V is a subspace such that 03 C J, JV C J, {Vad} C C[A]®J, {,V} C C[\] ® J and consider the
quotient space V/g with the induced action of 0, the induced commutative associative product and the
induced \-bracket.

(a) The \-bracket on the quotient space V/g satisfies the commutativity (respectively skew-commutativity)
condition (1.9), provided that

{uuuj}qie{uj_k_aui} S C[/\} ®3, (1.16)

foralli,jel.
(b) Furthermore, assuming that the skew-commutativity condition (1.16) holds, the \-bracket on
V/g satisfies the Jacobi identity (1.10), thus making V/g a Poisson vertex algebra, provided that

{uin{ug utt — {uy {uinue}y — {{uinw}y, un} € CA @14,
foralli,j, ke l.
This theorem will be needed to prove that classical W-algebras are Poisson vertex algebras.

Example 1.10. Let A be a Lie conformal algebra with a central element K such that 0K = 0. Then
VE(A) =S (A)/( K — k1), k € C, carries the usual structure of a unital commutative associative differential
algebra endowed with the A-bracket, extending that from A by the left and right Leibniz rules, making
it a Poisson vertex algebra. This generalization of Examples 1.6, 1.7, 1.8 may be viewed as a Poisson
vertex algebras analogue of the Lie-Kirillov-Kostant Poisson algebra S(g) associated to a Lie algebra g.

1.2. Hamiltonian operators and Hamiltonian equations

Theorem 1.5(a) says that, in order to define a A-bracket on an algebra of differential functions V
exending R;[z] = C|z, u(n) | i € I,n € Z4] one only needs to define for any pair i, € I the A-bracket
In particular, A-brackets on 'V are in one-to-one correspondence with I x I-matrices H(A) = (Hi;(A)), ;e
with H;;(\) = ZnN:() H;;.n A" € V[A], or, equivalently, with the corresponding ! x [-matrix valued differen-
tial operators H(0) = (Hy;(0)); je; : V@l — VL. We denote by {-5-}z the A\-bracket on V corresponding
to the operator H(0) via equation (1.17).

We recall that the formal adjoint of H(0) is the [ x [-matrix valued differential operator H*(9) =

* * N n
(Hij(a))i7j617 where H[5(0) = 32,,_o(=0)" © Hjip.

The next proposition relates Poisson vertex algebra structures with a special class of matrix valued

differential operators.
Proposition 1.11 ([3, Proposition 1.16]). Let H(0) = (H;;(9))
operator.
(a) The A-bracket {--}m satisfies the (skew-)commutativity condition (1.9) if and only if the dif-
ferential operator H(0) is self(skew-)adjoint, that is H(0) = £H*(0).
(b) If H(O) is skew-adjoint, the following conditions are equivalent:
(i) the A-bracket {-A-}u defines a Poisson vertex algebra structure on 'V,
(i) the following identity holds for every i,j, k € I:

3 <6H’“jn(“)(>\+6)"Hm( ) = aHkizf))( +0)" th(#)) =

(n)
REINEL, duy, duy,

ijer be an [ x [-matriz valued differential

O0Hj;(\)

8u§tn)

b

= Y Hu(A+p+0)(-A—p-0)"
helneZ,

(iii) the following identity holds for every F,G € V! :
H(0)Da(0)H(O)F + H(9) Dy (5)p(0)G — H(9)Dp(9)H (9)G+
+H(0)Dp(0)H(9)G = Dy(oycH(O)F — Dy (ayr(0)H(0)G.
Definition 1.12. A matrix valued differential operator H(9) = (H;;(9)), .c;, which is skew-adjoint

i
and satisfies one of the three equivalent condition (i)-(iii) of Proposition 1.11(b), is called Hamiltonian
operator.



It follows from Proposition 1.11 that Poisson vertex algebra structures on V are in one-to-one corre-
spondence with Hamiltonian operators.

Example 1.13 (cf. Example 1.6). Let g be a Lie algebra with a non-degenerate symmetric invariant
bilinear form (- | -). Let {u;};csr be a basis of g and {u'};c; its dual basis with respect to (- | -) and
[wi, us] = Y2, cfjur. Take s € g, then s = Y, (s | up)u”. The A-bracket (1.13) on generators reads as

{uizu;} = ZCZ- (ug + (s | ug)) + (ui | uz)A

kel
The corresponding Hamiltonian operator is H(9) = (Hi;(9)); ¢, where
Hij(0) == o (uk + (s | ur)) + (us | u;)0.
kel

Example 1.14 (cf. Example 1.7 and Example 1.8). The Hamiltonian operator corresponding to the GFZ
A-bracket (1.14) is H(9) = 0, while to the Virasoro-Magri A-bracket (1.15) corresponds the Hamiltonian
operator H(9) = u’ + 2ud + cd>.

The relation between Poisson vertex algebras and systems of Hamiltonian equations associated to a
Hamiltonian operator is based on the following result.

Proposition 1.15 ([3, Proposition 1.24]). Let V be a C[0]-module endowed with a A-bracket {-x-} :
VeV — C[]\]®V and consider the bracket on V obtained by setting A = 0, that is, for f,g €V

{f,9} = {ng}‘)\:O' (1.18)

(a) The bracket (1.18) induces a well defined bracket on the quotient space V/gy.

(b) If V is a Lie conformal algebra, then the \-bracket (1.18) induces a structure of a Lie algebra
on V/@\? and a structure of left V/a\?—module on V.

(c) If V is a Poisson vertex algebra, then the corresponding Lie algebra V/gy acts on V via (1.18)
by derivations of the commutative associative product on 'V, commuting with the derivation O
and this defines a Lie algebra homomorphism from V/av to the Lie algebra of derivations of V.

Proposition 1.15 motivates the next definition.

Definition 1.16 ([3, Definition 1.25]).
(a) Elements of V/gy are called local functionals. Given f € V, its image in V/gy is denoted by

INE

(b) Given a local functional [ h € V/av, the corresponding Hamiltonian equation is

P = {aubaco = {hu) (1.19)

and { [ h,-} is the corresponding Hamiltonian vector field.

(c) A local functional [ f € V/av is called an integral of motion of equation (1.19) if % =0
mod 9V, or, equivalently, if

{Jn. [f}=0.
(d) The local functionals [ h,, n € Z, are in involution if { [ hy,, [ hy,} =0 for all m,n € Z. The
corresponding hierarchy of Hamiltonian equations is

du

at. = {hnyu}ly_o = {fhnau}v ne”ly.

In particular, all [ h,’s are integrals of motion of each equation of the hierarchy.

From now on we restrict to the case in which the Poisson vertex algebra V is an algebra of differential
functions in the variables {u;};c;. In this case, we have already seen that the A-bracket {--} g is uniquely
defined by the corresponding Hamiltonian operator H(9) = (H;;(9)), jo; and extended to a A-bracket
on V by formula (1.11). In this case the Hamiltonian vector field { [ h,-} is equal to the evolutionary
vector field X 4 sn and the Hamiltonian equation has the form

du () oh

E_ ()@a
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where % = ( (;if,) € V¥ is the variational derivative of h. Moreover, the corresponding Lie algebra
i/ie

structure of V/gy is given by
1) ) 1) 1)
Usrfa=[E(r0l) - % [ Ll (1.20
i,jel J ‘

Remark 1.17. Since [h — X H(9) 3 is a Lie algebra homomorphism, local functionals in involution

correspond to commuting evolutionary vector fields. If a sequence [ h,, € V/av is such that % € Vol
span an infinite dimensional subspace and dim ker H(9) < oo, then the vector fields XH(a)“Ln span an
Su

infinite dimensional space as well.

Definition 1.18. The Hamiltonian equation (1.19) is called integrable if there exists an infinite sequence
of local functionals [ h,,, including [ h, which span an infinite dimensional abelian subspace in the Lie
algebra V/av, with Lie bracket defined by (1.18), and such that the evolutionary vector fields X H(0) %

span an infinite dimensional space (they commute by Remark 1.17).

1.3. Compatible Poisson vertex algebra structures and integrability of Hamiltonian
equations

Definition 1.19. Several A-brackets {- -}, n = 1,2,...,N, on a differential algebra V are called
compatible if any C-linear combination of them, {-\-} = 25:1{' A Jn, makes it a Poisson vertex algebra.
If V is an algebra of differential functions and H,(9), n = 1,2,..., N are the Hamiltonian operators,
defined by (1.17), corresponding to the A-brackets, we say that they are compatible as well. A bi-
Hamiltonian pair (H, K) is a pair of compatible Hamiltonian operators H(9), K(0).
Example 1.20. (cf. Examples 1.7, 1.8 and 1.14)Let R = Clu, v/, u”,...]. The A-brackets

{uaubr = (@42 )u,  {wu}a =X, {wu}s =\,
are compatible. The corresponding compatible Hamiltonian operators are

Hy(0) = u' + 2ud, Hy(0) =0,  H3(d)=0"

Example 1.21. (cf. Examples 1.6 and 1.13) Let g be a Lie algebra with a nondegenerate symmetric

bilinear form (- | -), let {u;};c; be an orthonormal basis of g and let [u;, u;] =", cfjuk. Let R = (C[ugn) |

1 € I,n € Z4], then the following A-brackets on R are compatible:

{uiry;} = Z cf’ju;€7 {wiru}" = 8; ;A {uinu;} = cfj7 kel
k

The corresponding compatible Hamiltonian operators, H', H"” and H*, k € I, are given by
H(0) == chup,  H[(0)=6,;0, Hfj=cj.
kel
Definition 1.22. Let V be an algebra of differential functions and let H(0) = (Hy;(0)), ;c; and K(0) =
(Kij(0)), jer be any two differential operators on VO An (H, K)-sequence is a collection {F,, }o<n<n C
V& such that

H(0)F, = K(0)Fny1, 0<n<N-—L. (1.21)
If N = oo, we say that {F},},cz, is an infinite (H, K)-sequence.

Equation (1.21) for an infinite (H, K)-sequence can be rewritten using the generating series F(z) =
Yonez, Fnz™" as follows:

(H(0) —2K(0)) F(z) = —2K(0)Fp. (1.22)
Note that in the special case in which F,, = ‘?—;, for some [ h, € V/av, equation (1.21) can be
written in terms of the A-brackets associated to the operators H(0) and K(9) (see (1.17)):
{hnAui}H‘)\zo = {hn+1,\ui}K‘>\:o ) (1.23)
for any i € I.

Lemma 1.23. Suppose that the operators H(0) and K(0), acting on V', are skew-adjoint. Then, any
(H, K)-sequence {F,,}o<n<n Satisfies the orthogonality relations

[Fo-H(O)F, = [Fpn-K@)F, =0, 0<m,n<N. (1.24)
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PrOOF. Without loss of generality, we can assume m < n and prove (1.24) by induction on n — m.
If m = n, (1.24) clearly holds, since both H(9) and K(0) are skewadjoint operators. Let us assume
m —n > 0, by (1.21) and inductive assumption we have

[Fp - K(0)F, = [Fy - H(9)F,_; =0,
and similarly, since H(9) is skew-adjoint,
[Fp - HO)Fy = — [Fyy - H(9)Fyy = — [ Fy - K(9)Fpyy = 0.
[l

We have a way to construct an infinite hierarchy of Hamiltonian equations, C‘ft—i = {[ hn,u}m, and
the associated infinite sequence of integrals of motion [ h,,n € Z;. In order to do this, we have to
solve two problems. First, given a bi-Hamiltonian pair (H, K), acting on V®!, we need to find an infinite
(H, K)-sequence {F},},cz,. Second, we need to prove that F5,, n € Z, is an exact element, namely,
F, = %Lu", for some local functional [ h, € V/av and we want to find an explicit formula for it. By
Lemma 1.23, the corresponding local functionals [ h,, are pairwise in involution with respect to both Lie

brackets associated to both Hamiltonian operators H(9) and K (9):
{[hm: [hnYa = {[Pm, [hn}r =0, for all m,n € Z.. (1.25)

12



CHAPTER 2

Classical W-algebras via Drinfeld-Sokolov Hamiltonian reduction

In the seminal paper [12] a hierarchy of integrable Hamiltonian equations is attached to semisimple
Lie algebras. This construction, called classical Drinfeld-Sokolov Hamiltonian reduction, is obtained
starting from any principal nilpotent element in the Lie algebra. The algebraic structure arising from
this Hamiltonian reduction is nowadays known as classical W-algebra. Later, classical W-algebras were
constructed starting from any nilpotent element. In this chapter, we review the classical Drinfeld-
Sokolov Hamiltonian reduction extending it to the case of an arbitrary nilpotent element and give an
interpretation in the language of Poisson vertex algebras (cf. Chapter 1). Then we realize classical
‘Wh-algebras corresponding to Lie algebras of type B,,C), and D,, as quotients of some Poisson vertex
subalgebras of the classical W-algebra attached to gl,,.

2.1. Review of classical Drinfeld-Sokolov Hamiltonian reduction

Let g be a reductive finite dimensional Lie algebra with a nondegenerate symmetric invariant bilinear
form (- | -) and f € g a nilpotent element. By Jacobson-Morozov theorem [6, Theorem 3.3.1], it is possible
to embed f in an sly-triple {f,h = 2x,e} C g. Then we can write

9= @ Ui (2.1)
i€sZ
for its ad z-decomposition. It follows that f € g_1, h € gp and e € g;.
We consider the following subalgebras of g:

m+:@gicn+:@gicb+:@gic‘3+:@gi. (2.2)

i>1 iz% 1€ZL4 12_%

Let C>°(St, g) be the space of functions from S' = {z € C | |z| = 1} with values in g. This space inherits
a Lie algebra structure from g and the bilinear form of g extends to a bilinear form on C*°(S*, g), which
we still denote (- | -). Moreover, set = -L the total derivative of functions, then d naturally acts
on C*°(S! g). This allow us to consider the semidirect product Lie algebra CO x C*°(S,g), where
[0,u] =/, for any u € C>(S*, g).

Let £ € CO x C*°(S1,B.) be a first order differential operator of the form

L =0+q+A(2), (2.3)

where ¢ € C°(S!,B,) and A(z) = f + zs, with 2 € C and s € keradn. Clearly OA(z) = 0.
We define a gauge transformation to be a transformation of the type

L =S (),
where S € C*°(S*,n;). From the fact that [n.,8,] C by, [ny,s] =0 and [ny, f] C B it follows that
L =0+ q+ A(z2), where § = ¢249(L) — 9 — A(z) € C°(S',B,). Then £ and . have the same form.
We call them gauge equivalent operators and usually write £ L.
Now, let R be the ring of differential polynomials in ¢ that are invariants for gauge transformations.
The expression p is a differential polynomial in q, where p and ¢ are functions in some vector spaces V

and W, means that for some, thus any, choice of bases in V' and W, the coordinates of p are differential
polynomials in the coordinates of q. Hence, a differential polynomial p belongs to R if and only if

p(q) = p(q), for any ¥ L 7. We emphasize that ¢ = g(q).

For any ¢ > 0 the operator ad f acts from g; to g;—1 injectively (since the grading (2.1) is given by the
sly triple in which f is embedded; such a grading is called good [13]). When it is not surjective, we can
choose a vector subspace V; C g; such that g; = V; @ [f, gi+1]. We set V = &;V;. Since B, =V & [f,ny]
and ad f : ny — B is injective, it follows that dim V = dim B — dimn,. By representation theory
of sly, it follows that we can choose, for example, V' = ker ad e.

The next proposition is a slight generalization of [12, Proposition 6.1].
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Proposition 2.1. For any operator £ of the form (2.3) there exists a unique S € C°(S',ny) such
that & 2 gean = 9 + g + A(2), where ¢°®™ € C*°(S1, V). The elements S and ¢°*" are differential
polynomials in q.
PROOF. Since [S, s] =0, we are left to show that we can find S and ¢°*™ such that
O+ + f=e %@ +q+f). (24)
Let us write g = Zp_; ¢, ¢ = ZZ>—1 ¢ and S = ZD 1 S;, where ¢;, g5 and S; are in C*°(S!, g;).

i

Equating coefficients lylng in g; in the relatlon (2.4) we should have qc‘m [f,51] = q-1 and, for i € Z,

can

G Sl == Y Y S S ke S S 0

k€Zy hi+-+hri1=1
hi,hipr>d

£ S Sl Sl

k€Z+ ho+--+hr=1t
ho>—3%,h1,...,hi >3

i Z Z ﬁ[shl’[Sh27["'7[5hk+1,f”...]].

k€Zy hi+-+hpp1=i+1
hi,.hkp1 >4

(2.5)

can

Since ad f is injective, qc‘m and S; are uniquely determined. Then we can find uniquely ¢{*" and S;41

when the previous ones have already been determined. [l

Corollary 2.2. The choice of the space V provides a differential basis for the differential algebra R.
Thus, if uy,...,u, are the coordinates of ¢°*™ in'V, R = C[ugm) [ie{l,...,r},m e Zy].

PRroOF. It suffices to show that if £ 2 % and 4 z %, then & X %. This implies that if

z X z then .Zcan = gean, Thus, for a gauge invariant polynomial p, p(q) = p(q) = p(¢°*™). We have
Ly = T (L) = e2dTe2dS(#), By Campbell-Haussdorff formula [23] there exists U € C>(St,ny)
such that e?d7e2d5 = ¢2dU proving the assertion. O

For any u,v € C*(S!, g) we define

(wo) = [ (ulo) (2.6
S1
This bilinear form is still invariant and integration by parts gives
(u,v") = —(u',v). (2.7)

We introduce the Hamiltonian structure on the set of equivalence classes of operators .Z, which we
denote M(g). Namely,

M(g) ={Z =0+a+A2)|qeC=(S"B4)}/5 .
The set of functionals on M(g) is
= {l( fslp ‘ pE R}
If | € F(g) and ¢ € C°°(S',B ), then by grad, [ we denote any element of C> (S, g) satisying the

relation

d
%l(q +¢h) . = (grad, I, h) (2.8)

for any h € C*°(S', B ). Since the orthonormal complement to B is m,., then grad, [ is defined up to
the addition of elements of C*°(S*, m,).
We define the following Poisson bracket on F(g): if o, ¢ € F(g) and ¢ € C*°(S1,B ), then

{o.0}7% (@) = (grad, ¢, [grad, ¢, Z]). (2.9)
We can also write {-,-}0% = {-,-}P% — 2{, - }25, where
{0, 0}5%(q) = (grad, g, [grad, v, 0 + ¢ + f]),

{p.¥}25(q) = —(grad, ¢, [grad, ¥, s]).
It can be verified that:
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a) definition is well posed, that is, it does not depend on the choice of the gradient;
b) gauge invariance of ¢ and ¢ implies gauge invariance of {ip,1}D;
¢) the brackets {-,-}25 and {-, - }29 are skewsymmetric, coordinated and verify the Jacoby identity.

Verification of Jacobi identity in c) involves a long computation that can be avoid using Poisson
vertex algebras theory, then we will prove it later. Now we prove a) and b).
For a) we have to verify for any § € C*°(S!, m ) the following equalities
(grad, ¢, [0, Z]) = 0; (2.10)
(6, [grad, ¢, Z]) = 0. (2.11)
By invariance of the scalar product and (2.7) it follows that (2.10) implies (2.11). Since [m4, s] = 0, we
are left to show that
(grad, ¢,[0,0+ ¢+ f]) = 0.
This equality follows from the gauge invariance of ¢. Indeed, take S(¢) = € and define
L) = 5N L) =04 q(e) + Az) = L + €[, L] + o(e?).
Then q(e) = q +¢[0, L] + o(e?) = ¢ +¢[0,0 + g + f] + o(¢?). By gauge invariance it follows that
dp(q) de(q(e))

R = 7 = (grad, ¢,[0,0 +q + f]).

0 =
e=0 de e=0

To prove b) it suffices to show that if .Z L Z, then
eads(gradq ¢) = gradz p, (2.12)

where grad; p = grad, g0|q:a. In fact, it will follow that
[ ¥}P5(@ = (e (grad, ), [ ¥ (grad, 1), 2] ) = (*5 (grad, ), ' [grad, v, 2]) =
= (grad, ¢, [grad, ¢, £]) = {,¥}7*(q).

To prove (2.12) we note that, if L = e*13( ), then g +¢eh = ¢+ ch = q + ce*49(h), from which we
derive, using gauge invariance, the equality

dp(q+eh)
de

dip(q + e 5 (h))

e=0

dp(q + eh)
de o de =0
= (gradq~<p, eads(h)) = (e_ ads(gradach h) .

(grad, ¢, h) =

2.2. Classical W-algebras in the Poisson vertex algebra theory

Let g, f and (- | -) be as in Section 2.1. Let {e,h = 2z, f} C g be a sly-triple associated to f, then
we have the ad z-decompositon (2.1). We keep the notation as in (2.2).

Let V(g) = S(C[9] ® g) be the symmetric algebra over C[0] ® g. We use the notation a() = 9’ ® a,
a € g to indicate monomials of C[J] ® g.

Given z € C and s € g we give V(g) the structure of Poisson vertex algebra (cf. Example 1.6)
defining for a, b€ g

{axb}, = [a,b] + (a | D)X + 2(s | [a, b]) (2.13)

and extending the A-bracket to V(g) by Theorem 1.5. We denote this Poisson vertex algebra by V. (g, s)
and note that for z = 0 there is no dependence on s, hence we will denote it Vo (g).
We let J(g, f) C V(g) be the differential ideal generated by the elements of the form m — (f | m)
with m € m,, namely
(g, f) =(m—(fIm)|memy)ygq.
This is not a Poisson vertex algebra ideal since we can choose a € g such that [a,m] ¢ my for some

m e mg. Then {a,\m}z ¢ g(g7 f)[)\]
Let us define

W.(9,£,5) = {p € V.(8,5) [{arp}. € dlg, )N Va € ny } .
As before, for z = 0 there is no dependence on s and we denote the corresponding space \7\70(9, -

Lemma 2.3. The following statements hold:
a) if p e W:(g, f,s) and q € 3(g, f), then {pxq}=, {arp}- € (g, [)[N;
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b) W.(g, f.s) C V.(g,s) is a Poisson vertex subalgebra;
c) if s € keradny, then J(g, f) T W.(g, f,s).

Proor. To prove a) we note that any element of g(g,f) is a finite sum of elements of the form
rd*(m — (f | m)), with r € V(g) and i € Z,. Then we get

{prg}= =Y Apard*(m — (f | m))}. =
=Y {par}:0'(m — (f [m))+ > _r(A+0) {pam}- € d(g. )N,

since p € \/sz(g, fys) and m € my C ny. From the fact that HN(g, f) is a differential ideal, using skew-
commutativity we get also {g\p}. € d(g, f)[A].
For b), first we prove that W, (g, f,s) C V(g) is a differential subalgebra. Indeed, if p, ¢ € W, (g, f, s)
and a € ny, we have
{axpa}: = plara}: + alap}: € 3(g, )N
and

{axdp}: = (A + 0){aap}= € d(g, /)N,

so that pg and Op lie in \/N\?z(g, fs8).

Next, we show that W, (g, f,s) is closed for the A-bracket. Let a € ny and p, ¢ € W, (g, f,s). By
the Jacobi identity

{ak{pMQ}z}z = {p#{aA(I}z}z + {{GAP}ZM.NQ}Z'

By a) both terms in the right hand side lie in J(g, f)[\, 1. Hence {pxq}. € W. (g, f,s)[A].

Finally, let us prove c¢). By repeated use of left and right Leibniz rule we can reduce to show that
elements of the form m — (f | m), with m € m_, lie in W, (g, f, s). Take a € ny, then

{axm = (f | m)}. = {axm}. = [a,m] € 3(g, F)N-
Indeed, [a,m] € @, g;, then (f | [a,m]) = 0. Hence, m — (f | m) € W.(g, f, ). 0

If s € keradn, by the above lemma, g(g, f)c w, (g, f, s) is a Poisson vertex algebra ideal and, by
Theorem 1.9, the quotient has an iduced Poisson vertex algebra structure. Thus, we give the following:

Definition 2.4. The classical W-algebra associated to the triple (g, f,s) is

W.(g, f,s) = W=(8. f8)/j(q, f)-

Remark 2.5. In [17] is proved that W,(g, f, s) depends only on the nilpotent orbit of f and not on the
slo-triple we choose.

2.2.1. Equivalence with the classical Drinfeld-Sokolov Hamiltonian reduction. We want
to show that the Lie algebra structure on the quotient space W= (9, f 5)/8Wz (g, f,s) with Lie bracket
defined by (1.18) is exactly the same structure obtained by the classical Drinfeld-Sokolov Hamiltonian
reduction performed in Section 2.1. For our purpose we substitute the loop algebra C>°(S*, g) with the Lie
algebra g®V(g). The Lie algebra structure on g®V(g) is defined by [a® g,b®@h] = [a,b] @ gh € g@V(g),
for any monomials ¢ ® g,b ® h € g ® V(g) and extended by linearity to the whole g ® V(g). As for
C> (S, g), we can extend the bilinear form of g to a bilinear form on g ® V(g), which we still denote
(])by(a®g|b®h) = (a]|b)gh € V(g), for any monomials a ® g,b ® h € g ® V(g). This bilinear
form is still nondegenerate invariant and symmetric. Moreover, let 9 be the derivation V(g), we define
an action of the abelian Lie algebra CO on g ® V(g) by

0.(a®g)=a® g, (2.14)

for any monomial ¢ ® g € g ® V(g). Clearly, 0 acts as a derivation of g ® V(g). Indeed, since it is a
derivation of V(g), we have

0.la®g,b®@h] = 90.([a,b] ® gh) = [a,b] ® O(gh) = [a,b] ® (Dg)h + [a,b] ® g(Oh) =
=[a®0g,b@h]+[a®g,b®0h] =[0.(a®g),b@h]+[a®g,.(b® h)],

for any a®g,b®h € g®V(g). Thus we can define the semidirect product Lie algebra COx g®V(g), where
the commutator of 0 against elements of g®@V(g) is given by (2.14), namely [0,a®g] = 0.(a®g) = a® g,
for any monomial a ® g € g ® V(g).
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We set I = {1,2,...,h +2m = dimg} and we fix a basis {Q; |i € I,} of g and its dual basis
{Q" | i € I'} with respect to the form (- | -), in the following way

Qi=Q i=1,...,r basis of go = b;

Qi=Q"", i=r+1,...,r+d  basisof g_y;
Qi=Q™", i=r+d+1,...,r+m  basis of g<_1;
Qi=Q ™™ i=r+m+1,....,r+m+d basis of gi;
Qi=Q "™, i=r+m+d+1,...,7r+2m basis of g>1.

Then V(g) 2 C[Q\"™ | i€ I,n € Z,]. We also set I = {1,...,r +m+d} and
2 - Do
i<i

We want to understand how gauge transformations act on the differential algebra V(g). We consider
the operator

L=0+Q+2501€Coxg®V(g), (2.15)

where Q=3,.,Q"®Q; € g®V(g), z€ C and s € keradn,.
Given S € n; ® V(g), a gauge transformation, as defined in Section 2.1, is a trasformation of the
form

£ =e5(L).
Let us set S(e) =ea®p € (ny @ V(g))[[€]], then gauge transformations read as
L(e) = 5 (L) = L +ela®@p, L] + 0(e?) € (CI x g @ V(g))[[]]- (2.16)

We write £(¢) = 0+ Q(e) + zs® 1, where Q(e) = Q +ela®r, L]+ 0(2) € (@ V(g))[[¢]]. Then we state
the following result.

Lemma 2.6. If p € V(g), then
d

EPQE)| = o)
for all a € ny and r € V(g).
ProoOF. By Taylor formula we get
Q) =p@+c Y P graer Qo)+ o).
i€l nely )
Hence,
d 0
S| = Y PDoaers@ion o)

e=0 ie],n€Z+6i

On the other hand, using (1.11), we have

foyor= 3 PDonti0y = 3 PDon (0,0 + (0] Qo))

i€l ,n€ly 8@5”) i€l,n€ly 8@5")
The proof is finished if we prove that
([0, Qi] + (a | Qi)0)r = ([a®@ 7, L] | Qi @ 1),

which follows easily from the computation of the right hand side. Indeed, we have

(la@rL)|Qiel)=(—adr+Y [a,Q]Qr|Qi®1l)=—(a|Q)or+> ([a,Q"]Q:)Qir =

i€l i€l

=—(a] Q)ar —> ([0, Q] | Q)Qir = —(a | Q:)dr — [a,Q;]r.

i€l
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Let m_ : g —» B_ be the projection map, then we define a differential algebra homomorphism
7 : V(g) —» V(B_), defining 7(a(™) = 0"(7_(a)) + dno(a | f), for any a € g and n € Z, and then we
extend to the whole differential algebra V(g). It is easy to check that

kerm = (m — (m| f) [ m € my)y(y).

In the notation of Section 2.2, kerm = J(g, f). If i € I, let us denote 7(Q;) = ¢; € B_, then we identify
V(B_) =Clg!™ |i € T,n e Z.] and rewrite 7 : C[Q\™ | i € I,n € Zy]—» C[¢\™ | i € I,n € Z], where
Q™) = 0" (7 (Q:)) + 0,0(Q: | f) and

ifiel,

V=) ¢ s
”—(Qz)_{ 0 ifigl
We define the map 1®7 : COx gV(g) — COx gV(g), setting (1®@7)(9) = 0 and (1e7)(a®g) =

a®m(g), for any a®g € g@V(g). We note that 7(Q) = g+ f®1, where g = >, ; Q'®q € B,LRV(B_).
Hence, if £ is an operator of the form (2.15), then

Z=1en)(L)=04+q¢+A(z)®1
is an operator of the type defined in (2.3). Moreover, applying 1 ® 7 to E, gauge transformations read
‘:?Z/: (IL ® 7T) (eadS(L)) _ ead((]l@ﬂ')(S))((]l ® W)(L)) _ 6ad((]l@‘n’)(S))(Dg)7

where (1 @ 7)(S) € ny ® V(B_) as in Section 2.1. If we consider S(¢) = ea ® r € ny ® V(g), applying
1 ® 7 to (2.16), we get q(c) = q + ela @ w(r)] + o(?).

Recall that, by definition of gauge invariance, we can state that p(q) € R if and only if 2p(q(e))|__, =
0. Let p € W,(g, f,s) and let p be a lift in \7\72(9, f,s), that is, {axp}. € 5(9,]”)[)\], for any a € ny. In
particular, {asp}- € d[g, f][0). Thus, {asp}_r € (g, f) for any r € V(g), since J(g, f) is a differential
ideal. By Lemma (2.6), it follows that

(29 ) g
de e=0
Since m commutes with the derivation with respect to ¢, we also have
(dQE)| \ _ &mFRE)|  _ dplate))
de I de 0 de |._o

Hence, p € R. By Lemma 2.6, it follows also that if p € R, then p € W, (g, f,s). Thus, as differential
algebras R = W, (g, f, s).
By construction, for any f,g € W.(g, f,s), the induced A-bracket, which we denote {-x-} (), is given
by
{fkg}A(Z) =n({frg}2),

for any ]?,'gv € Wz(g, f,s) liftings of f and g. Since 7r|v(%_) =1 and W.(g, f,s) C V(B_), we can choose
f and g as their liftings. Hence, by (1.11),

dg n m Of
W({ng}Z) = E P () (>‘ + a) {Qi)\+8qj}/\(2)_>(_)‘ - 8) Py (m)’ (2'17)
- N [
i,J€I J g

n,meZy
where, for any a,b € B _,
{axbiacs) = 7({axb}) = 7([a, b]) + (a | B)A + 2(s | [a,b]) = 7_([a,b]) + (a [ D)A + (A(2) | [a,B]). (2.18)
By Proposition 1.15 the quotient W.(g, f, S)/awz (g, f,s) is a Lie algebra with Lie bracket

{p [7ac) = [{Drr}ac) o s

for any [p, [r € W.(g, f, 5)/8Wz (g, f,s)- We want to show that this Lie bracket coincides with the Lie

bracket {-,-}P% defined in Section 2.1 for RB/yR.
We consider the following identifications

V(B B @V(B)
F=(Flg—F= QaF (2.19)
i)icT L % A
i€l
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and
V(B_)T = By @ V(B_)
(P - P i o p. (2.20)
P=(P),e;—P=) Q®P.
iel

As we did in (2.6), we define, using the bilinear form on g ® V(g),

(a®g,b®h):/(a®g|b®h)=/(a|b>gh

for any a ® g,b® h € g ® V(g). Using integration by parts and (5.2), we have (0.(a ® g),b ® h) =
—(a®g,0.(b® h)). By identifications (2.19) and (2.20), we note that

EP) = [@)P)- /ZI@QFP /ZFP

which coincides with (1.3), namely B_ ® V(B_) and B, ® V(B are duals with respect to (-,-). Thus,
if p € V(B_), then, using (5.4), its variational derivative is identified with

R op
i Z ® 5o €EB_@V(B_).
— el

In the sequel, we denote it simply by %
We note that the definition of the variational derivative is nothing other than the definition of grad,
n (2.8). Indeed, take h € B ® V(B_), say

h=> Q ®hi.

iel

Forl= [pe Wz(gvf75)/awz(g’f,3), we have

d d d of )
—I h = —I(...,q; +¢chy,... = — nh, _
Fllaren| = gt >€:0 dg/(f(q)ﬂl Y e >>
i€l neZ i c—0
(n) Z
icI,neZy a 6ql
We are now ready to prove that
(o [r}2% ={[p. [r}aco) (2.21)

for any [p, [r € W:(g, f, 3)/3Wz(g, f,s)- We recall that the left hand side of (2.21), given by (2.9), is

= (5 ) (8 [ +0es0])

To compute the left hand side, we split it into three terms. We get

(5o l577)) = X (@ gy jae 570 = /Z Q100

el . (2.22)
:/ZJ;T]Z.(QJ' | Qi)af,
ijel
(B[5d)= E (e |ossonl)= [ ¥ @l0eDugis -
¢’ L9q’ 0,4, kel 0,4, kel 95 0% (2.23)
B or op '
_/ 5 ([QWQ]) qja

i,j€T
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where in the last equality, by invariance of the bilinear form, it follows that », 7(Q; | [Q;, Q"ar =
7—([Qj,Q;]). Finally,

(s £ (o0& o o]

i,j€1

- [ Y@ 1@ fpfq /Z‘” (120 | A 5.

i,j€l i,7€l

(2.24)

where again, in the last equality we used invariance of the bilinear form. Summing (2.22), (2.23) and
(2.24), we get

{[p, [r}D° :/ 3 ;;" (m_([Q;, Qi]) + (Q; | Q)0 + (A(2) | [Qj,Qi]))i? —
A,jel 2
/ Z 5a s {a70 a0 z)Hé = [ {par}ac) [mo

ijel

which follows from (1.11) and (2.18) computed on generators ¢; of V(B_) = C[¢\™ |i € I,n € Z,]. In

particular, thanks to Proposition 1.15, we have proved that the Lie bracket {-,-}P* is skew-commutative

and satisfies Jacobi identity, thus proving that {-,-}&% and {-,-}29 are coordinated.
2.3. Explicit construction of W, (g, f,s), where g is of type B,,C,
Let o : gl,, — gl,, be a linear map such that
0(AB) = —o(B)o(A) and o?(A)=A (2.25)

for all A, B € gl,,.
Cousider the following subspaces of gl,,:

or = {Acgl, | o(A) =+A}.

Proposition 2.7. We have

i) [0s,00] Coeer, foralle, &' € {£};
ii) if A€oy and B € o_, then tr(AB) = 0.

PROOF. Let A, B € gl,, such that 0(4) = A and 0(B) = &'B, with ¢, ¢’ € {£}. We have, by (2.25),
o[A,B] = —o(B)o(A) + 0(A)o(B) = e€'[A, B].

This proves i). For ii), note that tr(c(AB)) = —tr(I(AB)*I) = — tr(AB), by invariance of the trace by
antitranspositions and cyclic permutations. On the other hand, if A € 04 and B € o_, then ¢(AB) =
—o(B)o(A) = BA so that tr(c(AB)) = tr(AB). It follows that tr(AB) = 0. O

Let V.(gl,,,s) be as in Section 2.2 where in (2.13) as nondegenerate invariant symmetric bilinear
form we take the trace of matrices. From the above proposition we get the following easy result.

Corollary 2.8. {0.)0.}, C 0./ +0.c:CA+Cz. Moreover, if s € 04, then {0230}, C 0cer+0ce/ (CA4+C2).

PRrROOF. It can be checked directly from the definition of the A-bracket given in (2.13) using Propo-
sition 2.7. 0

We have a vector space decomposition
gl, =04 Do_ (2.26)
and we can consider the projection map
prgl,—» oy = g[n/oi.
The decomposition (2.26) extends to the following decomposition of differential algebras
V(gl,) = V(oy) & (0-), (2.27)

where (0_) C V(gl,,) is the differential ideal generated by o_ C gl,,. Hence, we get a homomorphism of
differential algebras, which we also denote by p

p:V(gh,) — V(oy) = V(8h)/10_).
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Remark 2.9. This map is not a Poisson vertex algebras homomorphism from V,(gl,,,s) to V. (o1, s").
Indeed, we have

p({]lg[n)\]lg[n}z) = p(n)\) = nA,
while {p(Lgr,),p(Lgr,)}- =0, since Lo € o0_.

We also extend o to a homomorphism of differential algebras, which again denote by o : V(gl,,) —
V(gl,,) and we let

V(gl,)” ={p € V(gl,) | o(p) =p}.

Proposition 2.10. If s € o, then V(gl,,)° C V.(gl,,,s) is a Poisson vertex subalgebra which we will
denote V,(gl,,,$)?. In particular Vo(gl,,)° C Vo(gl,,) is a Poisson vertex subalgebra.

PROOF. Since, by definition, ¢ is a homomorphism of differential algebras, V(gl,,)° C V(gl,,) is a
differential subalgebra. Now, given an element p € V(gl,,) we can decompose it according to (2.27) as
p = p4+ + p—, where p; € V(o) and p_ € (0_). Clearly o(p;) = p; and p_ is a finite sum of elements
of the type

o,

with h > 1, m; € Z,, r € V(oy) and s, € o_. If s € o_ and m € Z,, then o(s(™) = —s(™), Thus, if
p € V(gl,,)?, we have o(p_) = p_. Hence, each summand in p_ has an even number of s;’s.
We should prove that {prg}. € V(gl,,)?[\] for any p and ¢ € V(gl,,)?. We have
{oagt: = {p+ +p-\a+ +4-}: =
= {P+>\Q+}z + {p,)\qu}z + {er,\qf}z + {p,kq,}z.

Since V,(04,s) is a Poisson vertex algebra, it follows that {p;,q+}. € V.(04,s)[A] C V(gl,)?[A], hence
it is o-invariant. It remains to prove that the other summands are o-invariant. By linearity of the
A-bracket we can reduce to consider

_= Psgml) sg}?%) and q_ = QE&II) . s;lf]), (2.28)

where P,Q € V(o4), $,5; € 5 and my,l; € Zy. Moreover, by (1.6), (1.8), (1.7) and the o-invariance of
elements in V(0), we can reduce to assume p; = r and g4 =t, with r, ¢ € 0. We have

(praa-ts = Qs - 502},

i (2.29)
=5 sl Q). +ZQ3”1 T A+ 0 sl
=1

Clearly {r»Q}. € V(04)[\]. By Corollary 2.8, since by assumption s € o, we have {r)3;}, € o_. Thus,
in the second term of (2.29) there are an even number of factors from o_. Hence, also {p;,q_}. is
o-invariant. Using skew-commutativity of the A-bracket we get that also elements of the type {p_,q+}-
are o-invariant. Let us consider now the last term. Again, by the above observations, we let p_ and ¢_
as in (2.28). Moreover, by (1.6), (1.8) and (1.7), it is enough to consider the case P, @ € o,. We have

{p-xa-de = (Psi™) s Qs -5, =
gzl) ggljm{pr}Zsl D glman)

+ Z s(ll) ggl;; {SaAJrc’)Q}Z(_)‘ - a)mapsgml) : gm%)'i_

B
+ZQ5“” S O 0 Pryosahe s sl

2h 2§
B a
+ Z Z Qs .= Eglfj)()\ +0)'"{saria8s}s_, (=X — )™ ps{™) . 5(7;2’7)
a=1p8=1
By Corollary 2.8, {Px+0Q}. and {s4r,55s3}, are o-invariant, while {sqy; 0@}, and {Px;+53}, lie in
o_, since s € 0. Hence, the corresponding terms in the sum are o-invariant because there are an even
number of factors from o_. O

Proposition 2.11. If s € o, then the homomorphism of differential algebras p : V(gl,,) — V(o4),
restricted to V(gl,,)° is a homomorphism of Poisson vertex algebras p : V,(gl,,s) — V,(04,s). In
particular, p : Vo(gl,,)” — Vo(04) is a homomorphism of Poisson vertex algebras.
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PROOF. We note that the A-bracket on V. (04, s) is, by hyphotesis, the restriction of the A-bracket
on V,(gl,,s). Moreover, by Proposition 2.10, V.(gl,,s)? C V.(gl,,s) is a Poisson vertex subalgebra.
Take p,q € V.(gl,,,s)?. According to decomposition (2.27), we can write p = p+ + p_ and ¢ = ¢+ + ¢—
and p(p) = p+, p(q) = q+. We have

p({pra}z) = p({p+ +P—yaq+ +q-}2) =
= p({P+2q+}2) T P({P+2a-1}2) + p({P-1a+}2) + p({P-rg-}2) =
= {p+,\Q+}z,

since {p4,¢+}. € V(o4)[A], while the other terms are in (o_)[)], because p_ and ¢_ are finite sums of
terms eache of which has at least two factors in o_. Hence, by (1.8) and (1.7), they all belong to (o6_)[}].
On the other hand we clearly have {p(p),p(q)}: = {P+1q+}-- O

In particular the map p is surjective and it follows that
Va(04,5) 2 Va8l 5)7/((0_) N V. (gL, 5)7):
Let f € gl,, be a nilpotent element and {e, h = 2z, f} C gl,, a sly-triple. We write

al, = P (at,);

JjESZ

for its ad z-decomposition. In the notation of Section 2.2 we have

my =Pk, ne =Pk, b= P el

g=1 iz3 JEL4
with inclusions my Cny C by

Suppose that e, h and f are fixed by . Hence, f, considered as an element of o, can be embedded
in the same sly-triple. This means that we have the following decomposition for o:

0y = @ (OJr)jv

jeLZ
where (01); = (gl,); Nop. Weset my(04) =myNox, ny(ox) =npNox and by (04) = by Nox. Then
we have my = m+(0+) b m+(07), ny = 1’1+(0+) @n+(0,) and b+ = b+(0+) P bJr(O,).

Lemma 2.12. We have J(o4, f) = J(gl,., f) N V(oL). In particular, p(3(gl,,, f)) = J(o4, f).
Proor. The inclusion (o4, f) C d(gl,, ) N V(o4) is obvious. Let us prove the other inclusion.

Take an element
> pid'(m—(f | m)) € d(gly, f),
where p; € V(gl,,) and m € m . By hyphotesis, this element also belongs to V(o ), then

S0 (| m) = p (a0 = (5 | ) =
= p(:)d'(p(m) — (f | m)).

We can write m = m4 + m_, where my € oy and m_ € o_. By Proposition 2.7, it follows that
(f | m)=(f|ny). Then (2.30) becomes

Y opd'm=(f [m)) = p(p)d'(my — (f [ m+)).
This means that m € m4(04) and p; € V(o). Hence 3. p;0*(m — (f | m)) € 304, f). O

(2.30)

Then we have the following result:

Corollary 2.13. We get the decomposition
Al /) = (0, 1) @ (el )N (0-))

PROOF. Take an element 3 p;d'(n — (f | n)) € d(gl,, f). We can write p; = pi + p;, where
pi €V(oy), p; € (0o_),and n=n; +n_, where ny €0y, n_ € o_. Then

D opid'(n—(fIn) = pfo'(ne+(f1n)+ D> p; 0 (ny = (f [ np)) + Y pidn_.
The first summand belongs to H(o+), while the others belong to (0_). O
Lemma 2.14. If s € o, then p(W.(gl,, f,s)) C W. (o, f,s). In particular, p(Wo(gl,, f)) C Wo(o4, f).
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PROOF. Take p € W, (gl,,, f, s), then, as an element of V(gl,,) = V(0,)®(0_), it has a decomposition
p = p+ + p—. By definition of W, (gl,,, f, s), for a € n, we have

{axp}- € 3laty, N = (30, f) @ (3at, £) N (0-)) )
Suppose now a € ny (o), then
{akp}z = {aAp+}z + {a,\p,}z,
Clearly {axp+}. € V.(04+,s)[A]. Furthermore, we have {axp_}, € (0_)[A]. Indeed, p_ is a finite

sum of elements of the form psgml) . ~5§ka)

{ap+}: € 3oy, I and {arp-}s € (d(al,, )N (0-)) N Then {arp(p)}. = {aps}s € 3o, f),
proving that p(p) € WZ(0+, fs8). O

and by Corollary 2.8, {o,0_}, C o_. Hence, we have

Unless otherwise stated we assume s € oy. Clearly, all the following results hold when we consider
the A\-bracket obatained setting z = 0.
Lemmas 2.12 and 2.14 show that p induces a differential map, that we again denote by p,
p:W.(gl,, f,s) — W.(o4, f,s).
This is not a Poisson vertex algebra homomorphism for the same reason explained in Remark 2.9.
Consider W, (gl,,, f,$)7 = W.(gl,,, f,s)NV(gl,)? and J(gl,,, )7 = d(gl,,, £)NV(gl,)?. Then p induces
a homomorphism of differential algebras

p:W(gly, f,8)7 — Waloy, f,5),
where ~
W (gl f,5)7 = W=(8bo: £5)/(g1,,, )
Proposition 2.15. The map p: W, (gl,,, f,$)7 — W, (04, f, s) is surjective.

PRrROOF. Let us set for brevity g = gl,,. We fix a basis of g and its dual with respect to the trace
form in the following way:

- Q'=Q;,i=1,...,h, basis of go;

n?— .
S QT =Qui=h+1,...,h+d, basis of g_1;
n2— .
- Q 2:+1:Qi,i:h+d+1,...,”22+h,basis of m_;
S Q" o =Q;, 1= @4—1,...,”2;}1 + d, basis ofg%;
. n2_p
QT = Qi = #—l—d—i—l,...,n{ basis of m,
where lower indeces stand for elements of the basis and upper indeces for elements of the dual basis.
Since g = 04 ©o_, we can write {1,2,...,n?} = TUJ, where #I = dim o and #J = dimo_ and choose

the basis in such a way that the set {Q; | 7 € I} is a basis of o4 and {Q; | i € J} is a basis of o_. We set

%Jr: @ g; and %,:Gagj.
i<3

Then By = B4 (04) & Bi(o_), where By (04) =B Noyr. Wealsoset I_ ={1,2,..., # +dinI
and J_ = {1,2,..., 22" 4 4} J.

With this choice of the basis we identify V(2B _) with the differential algebra (C[qgm) li=1,..., #-ﬁ-
d, m € Zy] and V(B_(0,)) C V(B_) with the differential subalgebra C[¢\™ | i € I, m € Z,] via the
identification Q; — ¢;.

We want to consider the following elements

25
g= Y Q®q¢eB @B CBLoV(B),
=1
=Y Q@qeBi(0s)®B_(04)C Bylog)®V(B_ (o))
i€l

By an abuse of notation we let p = p®p : By @V(B_) — B (04) @ V(B_(04)). It is clear that
p(q) = q+. Moreover we can write

q=aq++q-, (2.31)
where qg— € %JF(U,) X %7(07) C %Jr(ﬂf) ® <$Bf(07)>v(s37).
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As already said, by properties of good gradings [13], ad f : g; — gi— 1 is injective for i > 1.
Moreover, ad f : (04); — (04);—1 is injective for i > 1. Then, for each i > —1 we can find subspaces
V£ C (04); such that

(04)i = V" @ [f, (04)ip1]- (2.32)
If weset V=V @V, where V* = @Z-Z,%Vii, then B, =V & [f,ny].

According to Proposition 2.1, we can find S € ny @ V(B_) such that the operator ¥ = d+q+ f®1 2

L = 0+ ¢ + f®1, where ¢°" € VQV(B_), and T € ny(04) @ V(B_(04)) such that the operator

D=0+ qi+ fO1A LM =4 ¢ 4 f @1, where ¢ € V@ V(B_(04)).
We set v = dimV and v, = dim V™. If ey,...,e,, is a basis of VT, then we can complete it to a
basis e1,...,e, of V. Letting

~
:Zei®vi, V; EV(%_),
=0
v+

g Zel®uz, u; € V(B_(04)),

=0

by Corollary 2.2, we have the following differential algebras isomorphisms
W. (g, f,s) = (C[vgm) li=1,...,v, m € Zy],
Wz (0+a fa S)

Hence, to prove surjectiveness of p: W, (g, f,s)? — W. (04, f, s) it suffices to show that o(v;) = v;
and p(v;) = u; for i =1,...,74, or, equivalently

1%

Clul™ |i=1,...,v4, me€Z,).

?

o(vi) =v;, i=1,...,74 and p(¢“") = ¢ (2.33)
By abuse of notation, let us set p = 1 ® p. To prove the second identity in (2.33) it suffices to show that
p(Lm) = 0 (7). (2.34)

Indeed, since p(¢°*") € VT @ V(B _(04)) and p(S) € ny(04) @ V(B_(04)) and since by Proposition 2.1,
T and ¢¢*" are uniquely determined, it follows by (2.34) that T'= p(S) and p(¢°*") = ¢{*".

We set s = {a € (B_(0_))vw_) | o(a) = —a}. First, let us show that S = S, + S_, with
St eng(op)@V(B_)? and S_ € ny(0-) ® s and w; are o-invariant polynomials for ¢ = 1,...,v4. Let
us consider the recursion given by (2.5). At the first step we have to solve
can [f’ } %

By (2.31), we can write ¢_, = q¢"y +q ., where ¢", € (04)_1 ®oy and ¢-; € (0-)_1 ®o_. We
2 2 2

also write §; = S+ + Sl_, where SJr € (0+)% ®V(B_) and S_ € (0_)% ® V(B_). Similarly, we write

|

¢ =47y + +qca1n7 where qcaln * eV @V(B_) and qcan’ €V, ®V(B_). Then we have to solve
the systerri : 2
q”ﬂ" TSl =ty € (04)y @0y
2 St B

Using decomposition (2.32) we find that g + € V+1 ® o4 and S € (04)1 ®o4.
2

Assume by induction that we found Si,...,S; such that each Sk = S + S, , where S,j € (04)r ®
V(B_)? and S, € (0_)r ®s. Let A be the right hand side of (2.5) and Write it has A = A, + A_, where
Ay € (04); ®V(B_). Looking at (2.5), we see that A, is obtained when in the commutators there are
an even number of elements in ny (o_) or all of them are in n4 (04), then A4 € (04); ® V(B_)?. On the
other hand A_ is obtained when in the commutators there are an odd number of elements in n_(o_).
Thus A_ € (0_); ® s. Reasoning as in the first step of the induction we can find S;41 = S;Zrl + Sii1s
where S}, | € (04)i41 ®V(B_)7 and S € (0_);41 ®5 and ¢{*™" € (04); ® V(B_)7. It follows that S
has the desired decomposition and that v; is o-invariant for i = 1,...,~v4.

Finally, we prove (2.34). We have

p(gcan) _ (p®p)(€ads($)) _ (P® 1)<eadS+(L+)) — eadp(S)(LJr).
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Moreover, W, (gl,., f,s)° C W.(gl,, f, s) is a Poisson vertex subalgebra and J(gl,,, f)° C W.(gl,, f)°
is a Poisson vertex algebra ideal. Hence, W, (gl,,, f, s)? is a Poisson vertex algebra.

Proposition 2.16. The map p : W.(gl,,, f,s)” —» W. (04, f,s) is a Poisson vertex algebra homomor-
phism.

PRrROOF. First, by Proposition 2.11, p : V,(gl,,,s)° — V.(04,s) is a homomorphism of Poisson
vertex algebras. Moreover, by Lemma 2.3 W, (0., f,s) C V.(o4,s) is a Poisson vertex subalgebra.
By the same lemma and the fact that \/NVZ(gIn,f,s)" is intersection of Poisson vertex algebras, also
Wz(g[n,ﬁs)” C V.(gl,,s)? is a Poisson vertex algebra. Then p : Wz(g[n,f, 5)7 — \7\72(0+,f) is a
Poisson vertex algebra homomorphism. Furthermore, g(g[n, f) C Wz(g[n, f,2)? is a Poisson vertex
algebra ideal, since it is intersection of a Poisson vertex algebra ideal and a Poisson vertex subalgebra.
By Lemma 2.12 p(J(gl,., f)°) C (o4, f), then we have an induced map of Poisson vertex algebras
p:W.(al,, f,5)7 = W.(0o4, f,s). O
Corollary 2.17. We have the following isomorphism of Poisson vertex algebras

W. (04, £.8) = W (gl £:5) fer

In the next two paragraphs we assume o : gl,, — gl,, to be the linear map defined by

o(A) =—TA"I, (2.35)

where
1
n -1
I = (*l)kJrlEkk' —
k=1
(_1)n+1
and A% is the transposition with respect to the antidiagonal, namely if A = (aij)?jzl, then A® =
(an+17j,n+17i)2j:1-
One easily checks that
(AB)* = B*A“ (2.36)

for all A, B € gl,,, and
¢ (2.37)

=1
Moreover, it immediately follows from (2.36) and (2.37) that the conditions defined in (2.25) are satisfied
by this map.

2.3.1. B,. In gly, ,; we consider the principal nilpotent element

0 0
10 0
2n 1 0 0
[= ZE’C“)’“ = .
k=1 ‘
1 0 0
1 0
We can embed it in the following sls-triple:
2n 0
0 2n-2 0
2n41 0 2n—4 0
h=2r= 2n+1-k)Ey= :
k:l : . : .
0 2—-2n 0
0 —2n
0 2n
0 0 22n-1)
n 0 0 3(2n—2)
e=Y k(@n+1-k)Egjp1 = , _ ,
k=1 .
0 0 2n
0 0
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With respect to ad z we have the following decomposition for gl,,, , ;:

gy =n-_@®hdny,

where
2n+1
nn= & CE;, b= CEx and n,= & CE;.
1<j<i<2n+1 k=1 1<i<j<2n+1

In particular we have no eigenspaces relative to half integers eigenvalues, then m, = n, (in the notation
of Section 2.2). It is easily checked that

keradny = CEj 2p41.

Since keradn, is a 1-dimensional space, we can fix s = Ej 2,41 and let vary z € C. Then we denote

Va(0lont1) = Va(8lang1:9)-
The Lie algebra of type B,, is

02nt1 ={A € gly, 11 | 0(A) = A}.

We note that e, h and f are fixed by o. Hence, f, considered as an element of 09,41, can be
embedded in the same sl-triple. This means that we have the following decomposition for 0g,41:

0241 = N—(02541) B H(02n41) B 1y (02n41),
where
n_(02n41) =n_No2541, b(0o2n41) =bhNo2up1 and 1y (02,41) =1y N02p41.
It can be easily checked that
ker ad n+(02n+1) = (C(El,gn + E2,2n+1)

and, as in the previous case, we can fix s’ = Ej 2, + F3 2541 in the definition of the A-bracket for V(02,,41)
and let vary 2’ € C. We denote V,/(02n41) = V. (02141, ).
By Proposition 2.11, we get a Poisson vertex algebra homomorphism

P Vo(glayi1)” —» Vo(02n41)-
Moreover, by Propositions 2.16 we have a Poisson vertex algebra homomorphism
P Wo(g[2n+17 f)o — W0(02n+17 f)
and by Corollary 2.17
WO(02n+17 f) = WO (g[2n+17 f)g/ker p-

Remark 2.18. We have Wy (02541, f) & Wo(gla, 41, f)- For example, for n = 1, p = Esq + E32 +

2
(%) + (E11 — Es3) € Wol(os, f), but p ¢ W(gls, f). However, as expected by the above

proposition, we can see that r = Ea 1 + E32 — Fao(E11 + E33) — E11E33 + (B — E3z3) € W(gls, f)
is such that p(r) = p.

2.3.2. C),. This is similar to the previous case. The Lie algebra of type C, is defined as
5p2n = {A € g[2n | O(A) = A} .
Let us consider the following principal nilpotent element of gl,,,:

0
1

—_ o O
=]

2n—1

f= Z Epi1 =
k=1
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We can embed f in the following sly triple:

2n—1 0
0 2n — 3 0
2n 0 2n—5 0
h=2r=> (2n+1-2k)Eg, = _ , , ,
k=1 . . .
0 3—2n 0
0 1—2n
0 2n-—1
0 0 2(2n —2)
2n—1 0 0 3(2n —3)
€= Z k(?n - k)Ek7k+1 =
k=1
0 0 2n-—1
0 0
With respect to ad x we have the following decomposition for gls,,:
g[Zn =n_& h ®n+7
where
2n
n_= @ CEj;, b=ECEw and n = P CEj;.
1<j<i<2n k=1 1<i<j<2n

Also in this case there are no eigenspaces relative to half integers eigenvalues, then m; = n,, and keradn
is the 1-dimensional space generated by the matrix F 9,. As in the case of B,, we can fix s = E o,

and let vary z € C. We denote V. (gly,) = V.(gly,,s). Moreover, we set W, (gly,,, f) = W.(gly,, f,5)

and Wz(g[an f) = Wz(g[2n7 fv S)
Again, e, h and f are o-invariant. Then the sly-triple for f € gl,,, is also an sly-triple if we consider
f as an element of sp,,,. Thus we have the following decomposition for sp,,,:

$Pon = N—(5Py,,) B b8Py, ) © ny(shy,),
where
n_(spg,) =14 N8Py,  b(spy,) =hNspy, and ni(spy,) =ny Nspy,.
In this case we have kerad ny (sp,,,) = CE 2, = keradny. We can choose the same s as for gl,,, and let

vary 2/ € C. We denote V./(sp,,) = V./(spy,, s). Moreover, we set W/ (sps,, f) = W (spy,,, f, s) and
WZ/(5p2nv f) =W, (5p2n7 s 5)'
By Proposition 2.10, we have that V,(gly,, ) C V.(gly,) is a Poisson vertex subalgebra and the map
p: VZ(QKQn)U B VZ(EPZn)

is a Poisson vertex algebra homomorphism.
Moreover, by Proposition 2.16, we have a Poisson vertex algebra homomorphism

p: Wz(g[2n> f)o - Wz(sp2n7 f)
and by Corollary 2.17 we have

W.(spg,,, f,5) = Wa(0lon, f,9)7 fer p-

2.3.3. D,,. Let o : gl,,, — gl,, be the linear map defined by
o(A) = —-T1A"I, (2.38)

where
n

I= Z(—l)kH(Ek k+ Eonti—konti—k)
k=1
and A“ is the transposition with respect to the antidiagonal. Since I* = I and o satisfies (2.36), then
o verifies the conditions defined in (2.25). As in the previous cases it can be verified that ¢(AB) =
—o(B)o(A) for A, B € gly,, and 02 = 1y, , since I = I* and I? = 1, . The Lie algebra of type D, is
defined as

O2pn = {A € g[Zn ‘ J(A) = A} .
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Let us consider the following nilpotent element of gl,,,:

n—1
1
f= §(En+1,nfl + Eptin-1) + Z(Ekk + Eont1—k2nt1-k) =
k=1
0 0
1 0 0
1 0 O
- 1o o0 0
i1 0 0
1 0 O

We can embed f in the following sls-triple:

n—1
h=2x= Z 2(n — k)(Exk — Bond1—k 2n+1-k) =
k=1

2n — 2 0
0 2n — 4 0
0 2n—6 0

e =777
With respect to ad x we have the following decomposition for gls,,:
gly, =n_©bhDny,

where

n_ = @ CEfL'j, ny = @ CEZ‘]' and

1<j<i<2n 1<i<j<2n
(4,)#(n+1,n) (4,3)#(n,n+1)
2n
h= (EB CEkk> ® CEnt1,0 ® CEp i1
k=1

It follows that keradny = CE,3,. Thus we can choose s = Ej9, and let vary z € C. We set

VZ (9[211) = VZ (9[2117 S)
We note that e, h and f are fixed by 0. Moreover f is principal nilpotent in 05,,. We can choose the
same slo-triple and get the following ad z-decomposition for os,,:

02, = n_(02,) ® h(02,) ® ny(02,),
where
n_(02,) =n_No2,, bhlo2,) =hNoz, and ny(o2,) =10y Nozy,.
We see that
keradny (02,) = C(E12n—-1 + E2.20),

and we choose s’ = Fj 2,_1 + E2.2, and set V. (02y,) = V,/(02y, 5").
By Proposition 2.11 we get a Poisson vertex algebra homomorphism

p: Vo(gly,)” — V(ozn).
Moreover, by Proposition 2.16, we have also a Poisson vertex algebra homomorphism
p: Wo(gly,, f)7 —> W(ozn, f)
and by Corollary 2.17 it follows that
Wo (020, f) = Wo (820 /)7 fier p-
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2.3.4. Following the examples we made so far, we can apply Corollary 2.17 to any classical Lie
algebra of type B,,, C,, and D,, and any nilpotent element.

Indeed, let us consider the case of the classical Lie algebra B,. We have seen that it is realized as
the Lie algebra of fixed point of the linear map o defined by (2.35), namely

0241 = {A € g[2n+l | G(A) = A}
Let W, (02541, f, $) be the classical W-algebra associated to f € 0,41 and s € keradn, (02,41) as we
did in Section 2.2. Since 02,41 is a Lie subalgebra of gl,, ., f is also a nilpotent element of gl,,,,; and

we may consider Wo(gly,, .1, f). Let p be the surjective Poisson vertex algebra homomorphism defined
in (2.16), then, by Corollary 2.17 we get the following general result.

Theorem 2.19. We have the following isomorphism of Poisson vertex algebras
Wo(02n+1, f) = Wol@lon 15 /)7 fer p-
If, moreover, keradn; Nkeradny (02,4+1) # (0), then
W. (02041, f8) = Wa(8loy i1, f S)U/ker P>
for any s € keradny Nkeradn, (09n41)-

The same considerations apply to the classical Lie algebra of type C,, and D,,. We have seen that
C,,, respectively D,, is realized as the Lie algebra of the fixed point of the linear map o defined by (2.35),
respectively (2.38), namely

spy, = {A € gly, | 0(4) = A} (respectively oo, = {A € gl,,, | 0(A) = A}).

Let us denote by g a classical Lie algebra of type C,, or D, and let f € g be a nilpotent element. Let
W.(g, f, s) be the classical W-algebra associated to f € g and s € keradn,(g) as we did in Section 2.2.
Since g is a Lie subalgebra of gl,,,, f is also a nilpotent element of gl,,, and we may consider Wy (gly,,, f)-
Let p be the surjective Poisson vertex algebra homomorphism defined in (2.16), then, by Corollary 2.17
we get the following general result.

Theorem 2.20. We have the following isomorphism of Poisson vertex algebras
Wo(g, f) = Wo(glan, f)o/ker p-
If, moreover, keradn; Nkeradn, (g) # (0), then
W.(af,s) = W= (8lan. [ 5) feer p,
for any s € keradny Nkeradny(g).
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CHAPTER 3

Gelfand-Dickey algebras

3.1. The algebra of formal pseudodifferential operators

We recall here some basic facts about the theory of formal pseudodifferential operators (see [2] or[10]
for an extended treatment). Let A be a differential algebra with a derivation §. We consider the algebra
A((071)) of formal pseudodifferentials operators with coefficients in A. The formal "integration" symbol
0! obeys the following algebraic rules: 9719 = 90~! =1 and, for a € A,

0t oa= Y (~1Fa®o 1tk (3.1)

k€EZ 4

Rule (3.1) is motivated by integration by parts formula. Indeed, formally, for any f € A, we have

(0 toa)f =0 (af) = /af = /a@(a_lf) =adlf — /a'a_lf =ad 1 f —a'8_2f+/a"8_2f

and so on. This allows us to extend Leibniz rule for any integer power of the derivation symbol 0, namely

oa= " (Z) a®F)gn—Fk (3.2)
k€EZ4
for any n € Z, where as usual, (}) = (—1)k(k_2_1) if n <0.

It can easily be verified that multiplication given by (3.2) is well defined, since after reshuffling with
(3.2) only a finite number of terms appear in front of 9° for any i € Z, avoiding any convergence problem,
and is associative, thus making the space of formal pseudodifferential operators an associative algebra
with unity.

We can write P € A((071)) as

P= Z pkak7
k<N
with py € A and N € Z. The greatest N such that py # 0 is called order of P and we dentote it by
ord(P). We will use the notation A(((071)), = {P € P | ord(P) <n} C A((071)).
Using (3.2) one can also bring all the derivatives to the left, that is

P = Zpkak = Z 8k0]§k.
k<N k<N

The algebra of formal pseudodifferential operators has a natural anti-homomorphism, which we
denote by *, called formal adjoint, defined by f* = f, for f € A, and §* = —0. Thus

P = Z(—a)k © Pk-
k<N

We have the direct sum decomposition (as vector spaces) A((07 1)) = A[9] @ A[[01]]0~!, where
A[0] is the subalgebra of differential operators and A[[071]]0~! is the subalgebra of pseudodifferential
symbols (also called integral operators or Volterra operators).

Given P € A((071)), we decompose P = P, + P_, where P, (respectively P_) is its component in
A[0] (respectively A[[071]]0~1). We also define its residue to be

Resp P =p_; (= coefficient of 9.

Using the residue we can define a pairing (- | -) : A((071)) x A((071)) — A/gA by
(X|Y) = /Resa(X oY), (3.3)

for any X,Y € A((071)). It is an easy computation to prove that (X | Y) = (Y | X), thus Resy[X,Y] €
OA, where, as usual, we denote [X,Y] = X oY — Y o X. Using this pairing, we can think A[[0~!]]0~!
as the dual of A[0J)].
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We denote C[0,071] o A C A((071)) the space of all pseudodifferential operators of the form

Zak O]Dk7

keZ

where all but finitely many elements Py are zero. Under the pairing given by (3.3), the dual space to
C[o,071] o A is A[[0,071]].

Proposition 3.1. Let P be a monic pseudodifferential operator of order N, then there exists exactly one
monic pseudodifferential operator M of order one, such that MY = P. We denote M = Pw.

PROOF. Let P = Y, .y pkOF and M = 3", -, my0*, where py = my = 1, be two such pseudo-
differential operators. Equating the coefficients of powers of 0 in the expression P = MY we get the
recursion

pN—1 = Nmyg
PN—k = Nmi_p + fr(mo,...,ma_g), k>2

where fj is a differential polynomial in the variables my, ..., ms_g. Thus, we get mo = % and, for
k > 2, we obtain the expression of mi_j as a differential polynomial in the coefficients of P by induc-
tion. Indeed, if we know my,...,ma_y, for k > 2, then fri11(mo,...,m1—k) = gr+1(ON-1,-- -, PN—K),
obtaining m_j, = % (pN—k — gk+1(PN—-1,-.-,PN—k)). Each value of m;_j is uniquely determined. O

3.2. Poisson vertex algebra structures attached to a general pseudodifferential operator
Let A be a differential algebra with a derivation 0. We consider the following identifications
C[0,07 o A <= AP

Zak o Fk — (Fk)keZ,
keZ

(3.4)

where we emphasize that the sum on the left is finite, namely all but finitely many F} are zero, and
Al[0,071]] <= A"

P=> P 10" < (Pu)kez,
kez

that is P, = (Resg(PO¥)), for k € Z. Let P € V[[0,07]] and F € C[9,07!] o A, an explicit computation
of (3.3) gives

(3.5)

(P|F)= /ResaZP_k_lak“Fl = /ZPka. (3.6)
k,l k
We note that, using identifications (3.4) and (3.5), the pairing (3.6) coincides with (1.3).
Given L € A((071)), we define the map A®) : C[9,0 o A — V[[9,0~1]] by
AB(F) = L(FL); — (LF). L, (3.7)

for any F € C[0,07!] o A. This map was first introduced by Adler (see [1]).

From now on, unless otherwise stated, we assume that L is a fixed pseudodifferential operator of order
ord(L) = N € Z. In this case we have A (F) € A((071))n_1. Indeed, AX)(F) = ~L(FL)_+(LF)_L,
and the product of an operator of order N with an operator of order less than or equal to —1 has
order at most N — 1. Moreover, if I € 9"V "1C[0"'] o A C A((07'))_n_1, then AL (F) = 0, since
(FL), = (LF)4 = 0. In conclusion, A% induces a map

AL . (C[9,07] o.A)/(a—Nfl(C[afl] 0 A) —+ A((07Y))n-1-
Weset I_y =1={keZ|k>—N}. Identifications (3.4) and (3.5) induce natural identifications
(C[,07" e A)/(9-N-1C[a1] 0 A) — A (3-8)
and
A0 Y)no1 = AL (3.9)
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Thus we get a matrix H)(9) € Mat;;(A[0]) by the following commutative diagram

(Clo,071] o.A)/(a—N—lc[a—l] o A) ﬂﬂ((afl))]\[_l

ZI IZ
H® (9)

A®T AL

In the sequel, if a(z) € A((z71)), we denote a(z + a) = e*%=(2) its power expansion in the domain
|z] > || (see (A.5)). Namely, for any n € Z, we have

(z4+a)" = Z (Z) ak 2k,
kEZy

In the case we have a meromorphic function in two variables z,w, say f, we denote 7, f the expansion
when |z| is big, namely, the expansion in negative powers of z. For example, if f = (z — w — a)", for

n € Z, we have
k—n—1
i(z—w—a)"= Z ( i >(w+oz)kz”k,
k€EZ4
Similarly, i, f will denote the expansion in negative powers of w. We can compute explicity the matrix

differential operator H(X)(9) in terms of generating series. This is given by the following:
Lemma 3.2. Let H)(9)(z,w) = doiger Hi(jL) (0)z= " tw=I~ be the generating series for the differential
operators Hff)(a) Then

HD)(9)(z,w) = L(z + 0)in(w — 2z — 3) " TL* (0 — w) — L(w)iw(w — z — 8) "L L(2). (3.10)

PROOF. First we note that we can assume H)(9) € Matyxz(A[0]) simply extending it to an infinite
matrix in both directions adding infinite rows and coloumns of zeroes. It corresponds to consider the
following commutative diagram

Clo,0- " @A 22> Afj0,07V]

H(L)(B)

AL s AT

Using (3.4) and (3.5), for F' = (Fy) € A®Z, we have (H1)(9)(F)); = Resy (AL (32, 0% 0 F},) 9'), i € Z,
from which we get
Hi(9)(f) = Resp (A(L) (&7 o /) 9,
ij
forall f € Aandi,j€Z.
To complete the proof, it suffices to perform a straightforward computation. For any f € A, we have

H(L)(ﬁ)(z,w)f = Z Hi(f)(8)(f)z_i_1w_j_1 = Z Resy (A(L) (6j o f) Gi) P T A
i,j€Z i,j€T
= Y Resy ((L(9)(9’ o FL(D))1 — (L(D)D o )1 L(9)) ) 2~ w1,
i,j€L
We can write the above expression in terms of the formal J-function defined in (A.3):
H™"(9)(z,w)f = Reso (L(9)(8(w — 8) o FL(9))+ — (L(9)d(w — 8) o f)1+ L(9)) 6(2 — D))
By Lemma A.1, we have
(0(w —09)o fL(D)), = 6(w—0)1 o (L*(0 —w)f) = iw(w — ) Lo (L*(0—w)f).
Similarly,
(L(9)o(w — ) o f)+ = L(w)s(w —0) 4 o f = L(w)iy,(w —9) ' o f.
Thus we get
H®)(9)(z,w) = Resy ((L(9)iw(w — 0) "' o (L*(0 — w) f) — L(w)iw(w — 9) " o fL(D)) 6(z — 9)) .

Applying again Lemma A.1 to §(z — 9), the above expression is equivalent to (3.10), proving the lemma.
O
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Let V be an algebra of differential functions in infinitely many variables u;, ¢ € I. Consider the
monic pseudodifferential operator

LN =L=0"+u noN ' +una0 VP4 =Y w10 € V((07Y), (3.11)
i<N

where u__1 = 1. We shall refer to L as the pseudodifferential operator of general type associated to V.

Theorem 3.3. The operator H(L)(a) is a Hamiltonian operator, namely, the associated \-bracket defines
a Poisson vertex algebra structure on V.

PrROOF. Weset L(z) = Y_,o n_, u;z~ "' be the symbol of the operator L(9). By (1.17) and Lemma
3.2 -

{L(2)\L(w)} = HP (\)(w,2) = (3.12)
=Lw+A+0)i(z —w—XA—0)"'L*(\—2) — L(2)i,(z —w— X\ — )" ' L(w) '

defines a A-bracket among any pairs of generators of V. Indeed, expanding the left hand side and using
the fact that z and w are central elements, we get

{L(2)\Lw)} = Y fuinugye™ w71

i,5€1

that is the generating series of the A-bracket on any pair of generators of V.

We claim that this A-bracket satisfies skew-commutativity and Jacobi identity, thus proving the
theorem according to Definition 1.12.

For the skew-commutativity case, we should prove that {L(z),L(w)} = —{L(w)_,_oL(2)}. We
have

—{L(w)_,_L(2)} = Llw + A+ 0)iy(z —w — X —9) "' L*(\ - 9)

, B (3.13)
— L(2)iw(z —w—X—9)" L(w).
By (3.12) and (3.13), skew-commutativity condition is equivalent to prove the following identity
Lw+A+0)0(z—w—X—9)L*(A\—2) =L(2)0(z —w — A — 9)L(w),
which follows easily applying twice part 4) of Lemma (A.1) to the left hand side.
We are left to prove Jacobi identity. For generating series it reads as (see (1.10))
{L(2) L (w) L)} = {L(w) {L(2)y L()}} = {{L(2)\L(w)} . L)} = 0. (3.14)
Using (3.12), Leibniz rule and sesquilinearity, by a straightforward computation we get:
{L(z)\{L(w),L(t)}} =
=L{t+A+p+0)is(z—t—A—pu—0) " "L*(\— 2)ip(w—t —pu—09) 'L*(u—09) (3.15a)
—L(2)i(z—t—A—pu—0) 'Lt + p+0)iy(w —t —p—0) " L*(u— w) (3.15b)
L+ AN+ p+0)ip(w —t —X—p—0) 'L*(\ = 2)i(z —w+pu+0) L (u — w) (3.15¢)
L(t FAFp A+ ip(w—t = A —p =) LN+ p+ 0 —w)i(z —w+ p+ 0)L(2) (3.15d)
L(z) (i2(z —w = A= 0)""L(w)) i(w—t — p— 8)""L(t) (3.15e)
- (zw(w —t—p—0) 'L(t)) Llw+ A+ 0)ir(z —w—A—0)"'L* (A — z) (3.15f)
+ L(w)iy(w —t =X —p—0) 'L(2)i.(z —t — X —0) "' L(¢) (3.15g)
— L(w)iy(w—t—A—pu—0) "Lt + A+ 0)is(z —t — A=) 'L*(\ - 2); (3.15h)
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—{L(w) {L(2)\L(t)}} =

= Lt+ A+ p+0)iw(w—t—X—p—0) 'L*(u—w)ir(z —t —X—9)'L*(\ - 2) (3.16a)
+ L(w)iy(w —t =X —p— ) 'Lt + A+ 0)is(z —t — A —0) 'L*(\ - 2) (3.16b)
Lt +A+pu+0)i(z—t—A—p—0)""L*(n — w)iw(w — 2+ A+ 0) ' L*(\ — 2) (3.16¢)
LA+ p+0)i(z—t—A—pu—0) 'LXN+ pu+ 0 — 2)iy(w — 2z + A+ 9) " L(w) (3.16d)
— L(w) (iw(w—2—p—0)""L(2)) is(z —t — A — 9) "' L(t) (3.16¢)
+ (i2(z—t=A=0)"'L(t)) L(z + p+ O)iw(w — 2 — p— 8) "' L* (1 — w) (3.16f)
—L(2)i(z =t —X—p—0) ' L(w)iy(w—t —pu—8) L L(t) (3.16g)
+ L(2)i(z—t = A—pu—0) 'Lt + p+ )iy (w —t — pu—0) " L*(u — w); (3.16h)
—{LG)L(w)}yy L)} =
—Lt+ A+ p+0) (iw(w—t—p—0) '"L*(p—w))i.(z —w—A—9) 'L* (A —2) (3.17a)
+ (iw(w—t—p—=0)""L(t)) L(w + A+ 8)iz(z —w — A= 0) ' L*(A — 2)— (3.17b)
—L(t—|—)\+u—|—3)(zz(z—t—)\ Q)L AN =2))iz(z—w+p+d) L (n—w)+ (3.17¢)
+ (i2(z—t=A=0)"'L(t)) L(z+ p+ 0)i.(z —w+ p+0) ' L*(pn— w) (3.17d)
FLE+A+p+0)is(z—t—A—p—0) "L*AN+p+0—2)i(z —w—X—0) 'Lw)—  (3.17e)
—L(2)i(z =t —=X—pu—0) ' L(t)i.(z —w — A — 9) ' L(w) (3.17f)
F LA+ p+ip(w—t—A—p—0) 'L*N+p+0 —w)i(z —w+p+0) ' L(2) (3.17g)
— L(w)iy(w —t =X —p—0) ' L(t)i(z —w + p+ 0) "' L(2), (3.17h)

where derivatives act on each term on the right. If some terms are inside parenthesis, this means that
the derivatives appearing act only inside the parenthesis, that is, if a(9) = >, a,0" € V((87')), then
(a(d)b)c =", a,b™c, for any b,c € V.

We note that (3.15b)-+(3.16h)=0, (3.15d)-+(3.17g)=0, (3.15f)+(3.17b)=0 and(3.15h)+(3.16b)=0,
then this terms disappear in the sum in (3.14). To conclude the proof it remains to prove that

(3.15a) + (3.15¢) + (3.15€) + (3.15g) + (3.16a) + (3.16¢) + (3.16d) + (3.16¢) + (3.16f)+

+ (3.16g) + (3.17a) + (3.17¢) + (3.17d) + (3.17e) + (3.17f) + (3.17h) = 0. (3.18)

We claim that (3.15e) + (3.16g) +(3.17f) = 0. Indeed, weset a = z—w—-A—90and f =w—t—p—0,
where we assume that derivative in « acts only on L(w) while derivative in § acts only on L(¢). Then
we can write

(3.15¢) + (3.16g) + (3.17f) = L(2) (iza iwB " —iz(a + B) " (iwa~ ' +i.57")) L(w)L(t).
Using the fact that
T = (at Bliza BT, (3.19)
our claim is proved. Similarly, we write (3.17¢) + (3.15¢) + (3.16a) as
Lt +A+p+0) (a7 i7" —iy(a+ B) 7" (o™ +i.87")) L (p — w)L* (A = 2),

where a = w— z — p — O (respectively f = z —t — A\ —0) acts only on L*(u —w) (respectively L*(A — z)).
Equality (3.19) shows that (3.17c) + (3.15¢) + (3.16a) = 0.
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Next, by (A.3) we rewrite

(3.17h) = +L(w)iy(w —t — X — pp— 0) " L(t)i(w — 2 — p — 8) "' L(2) (3.20)

 L(Wiaw — t— A~ p— 0) " L()S(w — = — p— D)L(2); (3.21)

(3.16c) = Lt + A+ pu+d)is(z =t —A—p—0) 'L*(p—w)i(z —w—A—9)'L*(A\—2)  (3.22)

— L4+ AN+ p+0)i(z—t—X—pu—0)'L*(u—w)d(z —w — X — ) L*(\ — 2); (3.23)

(3.16f) + (3.17d) = — (i,(2 —t — A —0)"'L(t)) L(z + p+ 0)d(w — z — p — ) L* (u — w); (3.24)

(3.16d) + (3.17e) =

= Lt +A+p+0)is(z—t—A—p—0)'L*AN+pu+0—2)0(z—w—\—39)L(w). (3.25)
Then we get

(3.16€) + (3.20) + (3.15g) = L(w) (—iwa 'i.f7" +iy(a+B) 7! (iwa™ ' +i.87")) L(2)L(t),
where o = w — z — u— J acts only on L(z) and 8 =2z —t — XA — 9 acts only on L(t) and
(3.17a) + (3.15a) + (3.20) =
Lit+A+p+0) (—iwa '8 +is(a+B) ! (iwa ™t +i.87")) L* (A — 2) L™ (n — w),
where « = w —t — pu — 0 acts only on L*(u — w) and 8 =z —w — A — 0 acts only on L*(A — 2). Using
(3.19), it follows that both terms are zero. Hence, by (3.18), we are left to prove that
(3.21) + (3.24) + (3.23) + (3.25) = 0.
We claim that (3.21) + (3.24) = 0. Indeed, using Lemma A.1 we get
(3.24) = (ix(2 —t —A—0)"'L(t)) L(w)§(w — z — p — ) L(2) =
= L(w)iy(w—t—=X—pu—0) 'L(t)s(w — z — u — 9)L(z) = —(3.21).

Applying again Lemma A.1, a similar computation shows that (3.23) + (3.25) = 0 thus concluding the
proof. 0

We denote this Poisson vertex algebra V(V:>°). We give an application of Theorem 3.3 that we are
going to use in Chapter 5 to derive integrable hierarchies attached to the Poisson vertex algebra V(V:0),
Let us assume ord(L) = N € Z, and write, for ¢ € C, HE=9)(9) = H®)(9) — cH(>) (), after expanding
(3.7).

Corollary 3.4. For any c € C, the operators H'X=%)(d) are Hamiltonian operators, namely, they define
a bi-Hamiltonian structure (H©®), H(>)) on V.

PROOF. Since ord(L — ¢) = N € Z+, identifications (3.8) and (3.9) still hold. Thus, by (1.17) and
Lemma 3.2

{L()L(w)}e = HEIN)(w,2) = HO(A)(w, 2) + cH ™ (A)(w, 2) = {L(2), L(w)}o + ¢{L(2) \L(w) }oc,

where L(2) = Y, n_; uiz~ "' defines a \-bracket among any pairs of generators of V. Theorem 3.3
shows that {-\-}. satisfies skew-commutativity and Jacobi identity, thus proving that brackets {-y-}o
and {-)-}oo define two compatible Poisson vertex structures on V, namely, the pair (H(), H(>)) is a
bi-Hamiltonian pair. O

We denote this bi-Poisson vertex algebra VgN’OO). In literature, H(>) is usually called first Gelfand-
Dickey structure, while H(® is called second Gelfand-Dickey structure.

3.3. Reduction to the case u_y =0

It would be interesting to understand if, more generally, any pseudodifferential operators L €
V((0~1)) defines a Poisson vertex algebra structure on V. Namely, let V be an algebra of differential
functions in some variables v;, i € J an index set, and let L € V((~!))x be a monic pseudodifferential
operator. We can define a map ¢ : VIV-°) — 7V given by comparing coefficients of the general pseu-
dodifferential operator L") (see (3.11)) and coefficients of L. If this map is surjective and its kernel is
a Poisson vertex algebra ideal, then V inherits a Poisson vertex algebra structure. Unfortunately this is
not the case in general.

Indeed, let us assume V C V(N> to be the subalgebra of differential functions in the variable u; for
7> —N +1 and set

L=0N +u_n V24 ... e V2 ((971)y.
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Comparing L") and L gives the following map ¢ : VIV:>) — V. defined on generators of V(V:>) by
o(u_n) =0 and o(u;) = u4, for i > —N + 1.

Namely, ¢ is the projection map on the variable u_x, hence it is surjective and ker p = (u_n)yp(n,o0) 18
the differential ideal in V(V:>°) generated by the variable u_y. By an explicit computation of (3.12) we
have {u_y,u_n} = N, from which follows that ker ¢ is not a Poisson vertex algebra ideal in V(V:>).
Hence, V does not inherit any Poisson vertex algebra structure from VM%), Anyway, in this case we can
slightly modify the definition of the map A*) in (3.7) and give another Poisson vertex algebra structure
on VV:2°) such that ker ¢ is a Poisson vertex algebra ideal for this new structure.

Let A be a differential algebra with a derivation 0 and consider the identifications (3.4) and (3.5).
Given L € A((071)) and d € C, we define a map A% : C[9,07 oA — A((0~")) by

ALD(Fy = A(L)(F) — d[L, " (Res[L, F])]. (326)

We already noticed that Resg[L, F] € A, then it makes sense to consider its antiderivative, that we
denote by 7' (Ress[L, X]). This antiderivative is defined up to the sum of a constant element a € A,
but this choice is irrelevant in our definition since [L,a] = 0. Thus, we can assume a = 0.

If ord(L) = N € Z,, then ALY (F) € V((0~'))n_1. Indeed, we already know that A (F)
V((0~'))y—1 and, moreover, the commutator of a function with L has order N — 1. Moreover, if
F c o N7IC[07 10 A, then A4 =0, since ord[L, F] < —2, thus this term has no residue. This means
that, A% induces a map

AL . (C[D,07 "] OA)/(G_N_l(C[a_l] oA) — A0 -1
We recall that we set I_y =1 ={k € Z | k > —N}, then, using identifications (3.8) and (3.9), we
define H™9)(9) € Matry r(A[9]) by

(Cl2. 07 o A)(g-N-1[0-1] 0 A4) 2 A1) 1

ZI IZ
HED(5)

AST AL

Lemma 3.5. Let H(9)(z,w) =3
ential operators Hi(jL"d) (0). Then

HED(9)(z,w) = HP(9)(2,w) +d (L(z 4+ 8) — L(2)) 0~ (L*(0 — w) — L(w)). (3.27)

igel Hif’d)(8),2*1"110*3"1 be the generating series for the differ-

PRrROOF. As we did in the proof of Lemma 3.2 we can consider the following commutative diagram

C[9,071 0 A A9, 071]

HED(9)

APL AZ,
Using (3.4) and (3.5), for F = (Fx) € A%, we have (HD(9)(F)), = Resy (AED (32, 0% o f) 87,
i € Z, from which follows that
HM(0)(f) = H(9) — dResp ([L, 07" (Resp [L, & o f])] ')
for all f € A and 4,5 € Z.

To complete the proof we need only to compute the generating series for the coefficient of d, since
we already computed HZ-(jL) in Lemma 3.2. We have, for any f € A, after multiplying for z—#~!
and summing over all 7, j € Z, that this term is given by

— Resy ([L(9), 07" (Resy [L(0),5(w — 0) o f])] 6(z — 9)) =

= — Resy ([L(@),(Tl Resy (L(0)d(w — D)o f —d(w — ) o fL(8))] 0(z — 8)) . (3.28)
By Lemma A.1, we have Resy (L(9)d(w,d) o f — d(w,d) o fL(D)) = (L(w) — L*(0 — w)) f, thus obtain-
ing,

w1

(3.28) = Resy ((L(9)0~ (L(w) — L*( — w)) f — 0~ (L(w) — L*(d — w)) FL(8)) 6(z — D)) .

Applying again Lemma (A.1) to §(z — 9) the above expression in equivalent to the coefficient of d in
(3.27), proving the Lemma. O
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Let V be an algebra of differential functions in infinitely many variables u;, ¢ € I and L be the
general pseudodifferential operator we associate to it. We write H("4(9) = HF)(9) 4+ dH (9).

Theorem 3.6. The operators H?(9) are Hamiltonian operators, namely, the pair (H")(9), H(®)
defines a bi-Hamiltonian structure on V.

ProoF. We set L(2) = 30,5 n u;2~""1 be the symbol of the pseudodifferential operator L(9).
By (1.17) and Lemma 3.5

{L(2),L(w)} = HED (N (w, 2) =
= HON\)(z,w) + d(L(w+ A+ 8) — L(w)) A+ 9) " (L*(\ — 2) — L(2)) (3.29)

defines a A\-bracket among any pair of generators of V as already discussed in the proof of Theorem
3.3. We write the bracket in (3.5) as {-x-} = {-x-}r + d{-x-}4, where {-x-}1 (rspectively {-r-}4) is the
A-bracket corresponding to H") (respectively H(®®). Since skew-commutativity of the bracket {--}4
is evident and we proved that {-x-} is skew-commutative in Theorem 3.3, the whole bracket (3.5) is
skew-commutative. To conclude the proof, we are left to show that it satisfies Jacobi identity.

First we prove that {-1-}4 satisfies Jacobi identity (3.14). We use the following notation

{L(z)\L(w)}a = p(A; 0z, Ow) (L(2), L(w)) (3.30)

where p(),0.,0,) = (eA+D% — 1) (A + 9)~1 (e(-*=9= — 1) € V[[A,9,0.,0,]] and we assume the
convention that 0 acts on the first component. Using (3.29), Leibniz rule and sesquilinearity we get

{L(2)\{L(w),L(t)}a}a = PO+ 1, 0w, 01) (P(N, 0z, O (L(2), L(w)), L(t)) + (3.31a)

+ p(pt, Ow, Or) (L(w), p(X, 02, ) (L(2), L(1))); (3.31b)

{L(w) {L(2)\L(t)}a}ta = (X + 11,0z, 0 ) (p(11, Ou, ) (L(w), L(2)), L(t)) + (3.32a)
+p(\, 0z, 00) (L(2), (1, O, 0r) (L(w), L(1))); (3.32b)

{{L(2) \L(w)}ay, , L()}a = p(A + 11,0, 0y) (p(=p, 02, 00) (L(2), L(w)), L(t))+ (3.33a)
+ p(A + 1, Ow, 8t)(p(/\, 0., 8w)(L(z), L(w)),L(t)). (3.33b)

Since p(—p, 0z, 0w)(L(2), L(w)) = —p(it, O, 0.) (L(w), L(2)), (3.32a) and (3.33a) cancel out in (3.14).
Furthermore, expanding (3.30), we get

p()‘vazaat)([/(z)ap( 78’waat)( ( )L(t))) =

= p(X, 0, 00) (L(2), (L(t + p+ 9) = L(w)) (e +0) ™" (L™ (= w) = L(w)) ) =
= (Lt + X+ p+0) + L) (A +9)7 (L7(A = 2) = L(2))) (p+0) 7" (L™ (n — w) — L(w)) —

— (A +0) (LA =2) = L(2))) Lt + p+ ) (n+ 0) " (L* (1 — w) — L(w)) —
(u+a 1(L*(u w) = L(w))) Lt + A+ 0)(A + 8) " (L*(A — 2) — L(2)) =
u Bu, 0) (L(w), (L(t+ A+ 0) — L() (A + ) (L*(A = 2) — L(2)) ) =

11y O, 00) (L(w), p(A, B, 0,) (L(2), L(2))).

Hence, also (3.31b) and (3.32b) cancel out in Jacobi identity. It remains to note that (3.31a) and (3.33b)
coincide, thus proving Jacobi identity for {-x-}4.

Expanding (3.14) and using the fact that both {-x-}. and {-1-}4 satisfy Jacobi identity, to conclude
the proof we are left to prove that

{L(2) {L(w), L(t) } L }a + {L(2) \{L(w),, L(t) }a}r — {L(w) {L(2) \L() } L }a—
—{L(w), {L(z)\L(O) }a}r — {{L(2)\L(w)}ry, , L(t)}a — {{L(2) \ L(w)}ay, L)} = 0.
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Using (3.29), Leibniz rule and sesquilinearity, we get

{L(2){L(w),L(t)}L}a =

=p(A,0:,0) (L(2), L{t + A+ 0) )iy (w —t — p— 8) " L*(n — w)+

F LA+ p+ )i (w—t =X —p—9) LA Dup(N 9, 8,,) (L(2), L(w)) —
—p(X, 02, 0u) (L(2), L(w) )iw(w —t — p— 0) "' L(t)—

— Lw)iw(w — t = A = 0) " p(A, 8, 8) (L(2), L(1));

{L(2){L(w), L(t)}a}r =

= p(fty O, Op) (L(w), Lt + XN+ 0)is(z —t =X — ) 'L (N — 2)) —

— L(2)p(pt, Ou, ) (L(w),iz(z =t = A = 0) "' L(1)) +

+ PN+ 14 0,00,0)— (Llw+ A+ 0)ir(z —w—A—08)"", L(t)) L*(A — 2)—
—pA+ 14 0,00,0¢) 5 (i-(z —w—X—0)"'L(w), L(t)) L(z),

where the arrow means that 0 is acting on the right. Furthermore, we have

{L(w), {L(2), L)} 1} =

= p(p, 0w, O) (L(w), L(t + A+ 0))is(z —t — A — 9) " 'L*(A — 2)+
FLE+A+p+0)is(z —t =N —p—0)teTAT %18, 0.) (L(w), L(2)) -
—p(p+ 8,04, 0.) (L(w), L(2))i(z —t = A — 9) ' L(t)—

— L(2)iz(z =t = X = = 0) " 'p(pt, Do, Or) (L(w), L(1));

{L(w), (L)L)} =

=p(A,0:,0) (L(2), L(t + p+ 0)i(w —t — pp— 0) ') L* (1 — w)—

— L(w)p(A, 0, 0%) (L(z), tw(w—1t—p— 8)_1L(t)) +

+pA+ 1+ 0,0.,01) (L(z+ p+0),iw(w—2z— p—9) ' L(t)) L(p — w)—
—pA+p+0,0.,01) = (iw(w—2z—p—0)""L(z), L(t)) L(w);

HLG) L)}y, L(t)}a =

=pA+ p+9,0u,0) 5 (L(w+A+9),L(t))ir(z —w—A—8) "L*(A— 2)+
+p(A+p+0, 3Z,3t)_>(L( +u+0),L(t))iz(z —w—+p+0) 'L*(p— w)—
—pA+p+0,0.,0,)— (L(2), L(t))iz(z —w — A — 9) "' L(w)—
—pA+ pt+ 0,00, 0¢) = (L(w), L(t))iz, (2 — w+ p+ 0) "' L(z);
L(

{L()L(w)}ayy , L)} =

(t—i-/\—l-u—l-@)p(—,u,az,@)(zz(z—t—/\ p—0)"'L* A+ p+0—2),L(w)) —

)p(—p, 0z, 0w) (L
t4+ A+ 4 0)p(
_L() ()‘7627811))(

(2)is(z —t = A= p =)' L(w)) +
202 0) (L(=), el 70704 (w — ) L(w) )
(z)7iw(w_t_)‘_lu’_8) ( ))L(t)v

L(
L(

where the left arrow, means that 9 acts on the left, namely on the coefficients of L(t) and L(z)

We claim that
(3.35a) + (3.35b) = (3.36e) + (3.37g).

Indeed, using the expansion of (3.30) we get

LHS =L(t+A+p+0) (A+0)"" (L*(A — 2) — L(2))) tw(w —t — p— 8) 7" L* (1 — w)—

— (A +0) N (LN —2) = L(2))) L(t + pp+ )iy (w —t — p— 8) "' L* (p — w)+

F L+ AN+ p+ 0w —t —X—p—0) 'L (u—w)(AN+9) " (L*(\ — 2) — L(2)) —

Lt + A+ p+i(w—t —A—p =) 'L*N+p+0—w) AN+ 9)"H(L*(\— 2) — L(2)) .
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On the other hand we have

RHS = +L(t + A4+ pu+ )i (w —t =X —pp— ) "L*(p — w)(A+ )" (L* (A — 2) — L(2)) —
— (A +0) " (LA —2) = L(2))) Lt + p+ )iy (w —t — p— 0) " L* (. — w)+
+Lt+A+p+0) (A+0)" (LA —2) — L(2))) iw(w—t —p— 8) " "L*(n — w)—
— Lt A+ p+0)ip(w—t —A—p—0) "L*AN+pu+0—w)A+9)"(L*(N\—2) — L(2)).

In the same way it can be proved that (3.35c) + (3.35d) = (3.36f) + (3.37h). Indeed, we have

LHS = — (Lw+A+9)(A+9) " (L*(A—2) — L(2))) tw(w —t — p— 9) " L(t)+
+ L(w) (A+0) " (L*(A\ — 2) — L(2))) iw(w — t — p— ) L(t)—
— L(w)iy(w—t—=A=pu—=0)""LE+A+0)(A+09) ' (L*(A—2) — L(2)) +
+ L(w)iw(w —t =X —p—0) 'L{E)AN+0) " (L*(\ — 2) — L(2)),

While, on the other hand we have

RHS = —L(w)iy(w —t —A—p—9) "LE+A+9)(A+9)"  (L*(A—2) — L(2)) +
+L(w) (A+0)7 (L*(A = 2) = L(2))) dw(w — t — p = ) L(t)—
—(Lw+A+)A+0)" " (L*(A—2) — L(2))) iw(w —t — p— 9) ' L(t)+
+ L(w)iy(w —t =X —p— ) 'LE)AN+0) " (L*(\ — 2) — L(2)) .

Interchanging z and w and A and g in the last computations and using the fact that p(—p —
0,0,,0y) = —p(u+0, 0y, 0), it follows that (3.35¢) = (3.36a) + (3.36b) + (3.37e) and (3.35f) = (3.36¢) +
(3.36d) + (3.371)

Next, we compute (3.35g) — (3.36g) — (3.37a) — (3.37b). We have, using the expansion of (3.30),

(3.35g) =
=(L{t+A+p+9)—Lt)A+p+0)"" (iw(z —w+p+0)"'L*(p—w)) L*(A — z)—
—(LE+A+p+0) — L) A+ p+0) ' L(w+ A+ 0)i(z —w—\—9) 'L*(\ — 2).

On the other hand, using the same expansion, we get

(3.37a) =
= (LE+A+p+0)— L) AN+ pu+0) 'L (n—w)is(z —w—X—8)'L*(\— 2)— (3.38)
(Lt +X+pu+0) =Lt AN+ pu+0) "Lw+ A +0)i(z—w—\—0)'L*(\ - 2) (3.39)
and
(3.37b) =
=(Lt+A+p+0)—Lt) AN+ p+0)'L* (N —2)i(z —w+p+0) ' L*(u— w)— (3.40)
—(Lt+A+p+0) — L) A+ p+0) 'Lz + p+0)i(z —w+ p+ ) L*(u — w). (3.41)

Thus, we get (3.37g) — (3.39) — (3.40) = 0. Moreover, expanding (3.36g), using the definition of (3.30),
we get

=(Lt+XA+p+0)— L) AN+ p+0) " (fw(w—2+X+0)L* (N —2)) L*(p — w)— (3.42)
—(Lt+A4+p+0) —Lt) A+ p+0) 'Lz + p+ 0)iy(w— 2 —p— )" L*(u — w). (3.43)
Hence, we obtain, using the definition of the formal J-function in —(3.36g) — (3.38) and —(3.43) — (3.41),

(3.35g) — (3.36g) — (3.37a) — (3.37b) =
= — (Lt +X+p+09) = L) A+ p+0) " L*(u — w)d(z,w + A+ O)L* (A — 2)+ (3.44)
+(LtE+A+p+0) — L) A+ p+0) "Lz + pu+0)d(w, z + p+ 9)L* (1 — w).
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We can use a similar procedure to compute (3.35h) — (3.36h) — (3.37¢) — (3.37d). Expanding, we
have

(3.35h) = — (Lt + A+ p+8) — L) A+ p+0) "L* N+ p+0 —w)is(z —w—+p+0)L(2)+ (3.45)
F(LtE+ A+ p+0) — L) N+ pu+0) ' L(2)i.(z —w — X — 0) "' L(w); (3.46)
(3.37¢) = (L(t + A+ p+0) — L)) A+ pu+0) ' L(2)i.(z —w — A — )" L(w); (3.47)
—(LE+A+p+0) = L&) A+p+0) '"L*A+pu+0—2)i(2—w—-A—0)""L(w) (3.48)

(3.37d) = (L(t + A+ p+0) — L(t)) A+ p1 + 0) " L(w)iz(z — w + p + 8) "L L(2), (3.49)
—(LE+A+p+0)— L&) A +p+0) '"L*A+pu+0—w)i(z—w+pu+0)'L(z) (3.50)

then (3.35h) — (3.47) — (3.50) = 0. Moreover,

(3.36h) = (L(t + A+ pu+0) — L(t)) A+ p + 0) " L(w)i(w — 2 — p— 0) "' L(z)— (3.51)

(Lt + X+ p+0) =Lt AN+ pu+0) " 'L* N+ pu+ 0 — 2)ip(w —2z+ A+ 0) ' L(w), (3.52)
then, using the formal é-function in —(3.52) — (3.48) and (3.51) — (3.49), we obtain
(3.35h) — (3.36h) — (3.37c) — (3.37d) =
=(L{t+A+pu+0)—Lt) AN+ p+0) 'L*N+p+ 90— 2)8(z,w + A+ 9)L(w)+ (3.53)
—(L(t+ X+ p+0) — L) N+ p+0) ' L(w)d(w, z + p + 0)L(2).

Using the properties of the formal delta-function (Lemma A.1) it follows easily that the terms (3.44)
and (3.53) cancel out, thus proving that identity (3.34) holds. O

We denote this Poisson vertex algebra V;N ) Let us assume ord(L) = N € Z, and write, for any

ceC, HE=D(9) = HO(9) — cH)(9) + dH (), after expanding (3.26).

Corollary 3.7. The operators HX =% qre Hamiltonian operators, namely, they define a tri-Hamiltonian
structure (H©©), H() H®) on V.

PRrROOF. Apply the same argument of the proof of Corollary 3.4. O

We denote this tri-Poisson vertex algebra VgJZ’OO).
Let us come back to the general pseudodifferential operator case and set § = (u_n)v to be the
differential ideal in V generated by the differential variable u_ .

Proposition 3.8. J is a Poisson vertex algebra ideal in \7(1N’°°).

~N

Proor. We have
AW (F) = L(FL), — (LF), L~ |L,0" (Reso|L, FI)] =
= (LF)_L-L'FL)_ — %[L, O~ (Resg|L, F])] =

1
= (LF)_oN —oN(FL)_ — N[aN, 0 (Resg[L, F])] + o0V ~2) =
= [L, F]_0N — Resg[L, F]oN 1 + o(0N~2),
from which we derive that the coefficient of &Y 1 vanishes, hence AL~ (F) € A((071))n_2. It follows

1
that H'5%) = 0 for all j > —N. By (L.17), it means that {uj,u_y} = 0 for all j > —N. By

skew-commutativity and Jacobi identity we see that u_ is central in V(iv’oo). O
N

We get that V(N,00) o~ V%V’w)/g has an induced structure of Poisson vertex algebra. For N € Z, the

same proof of Proposition 3.8 holds in the case of the bi-Poisson vertex algebra V(N’Oo)

, just replacing L
by L — c. Thus, PYN0) o \75 /g has an induced structure of bi-Poisson vertex algebra
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3.4. Poisson vertex algebra structure attached to a general differential operator:
Gelfand-Dickey algebras

Now we want to derive a Poisson vertex algebra structure from a monic differential operator of order
N € Z. Let A be a differential algebbra with a derivation 0 and use identifications (3.4) and (3.5) to
consider the map A", defined in (3.7), for L € A((071)).

Let us assume L € A[0], with ord(L) = N € Z. If F € C[0,0"'] ® A, then A (F) = L(FL), —
(LF), L € A[9]. On the other hand, we know that A (F) € A((0~"))y_1. Thus, A € A[d|n_1 =
A[0] N A((07Y))ny—1. Moreover, if F € C[0] o A, then (FL), = FL and (LF); = LF, showing that
AW (F) = 0. On the other hand, we showed that A (F) = 0, for F € 9~ V~'C[0~'] 0 A. This means
that A induces a map

AL (CO™ o A)g=N-1C[a-1] o A) — AlO]N-1.
Using identifications (3.8) and (3.9), we define H")(9) € Maty v (A[3]) by

(Cl0™"] e Ao-N1C01] 0 A) 2> Alo]v-

Zi IZ
HL) (8)

APN AN,

Remark 3.9. The same proof of Lemma 3.2 applies in this case, then the expresion of H")(9)(z, w) is
the same we got in Lemma 3.2. The only difference is that in this case we get an element in A[J][z, w],
instead of a Laurent series in z~! and w™!.

Let V be an algebra of differential functions in the variables u;, i € {—N,..., —1}. We define

N
L(+N) =L=0N + u,NaN_l + U,N+18N_2 +...tu_1 = Zu,k,lﬁk S \7[8]
k=0
to be the differential operator of general type associated to V.

Theorem 3.10. The operator H(L)(a) is an Hamiltonian operator, namely, it defines a Poisson vertex
algebra structures on V.

PROOF. After setting L(z) = Y.,y u;z~"~! for the symbol of the operator L(d), using (1.17) and

Remark 3.9, we get
{L(2),L(w)} = L(w)(w + A+ 0)is(z —w — A= 9) ' L* (A — 2) — L(2)i.(z —w — XA — 9) " H(w). (3.54)

The formal proof of Theorem 3.3 holds when L(z) is a Laurent series in z~!, so it works also for

L(z) € V]z]. O

We denote the Poisson vertex algebra structure we got Wy. We want to give another description of
Wy. Namely, we want to realize this algebra as a quotient of the Poisson vertex algebra V(V:>) We set

I+ =(ui |1 € Zy)ywo.
As differential algebras, we have Wy =2 V(N’m)/g .

Proposition 3.11. J, is a Poisson vertex algebra ideal in VN>,

(V)

PROOF. Let us consider the setup of Lemma 3.2 (now we are considering L = L a general

pseudodifferential operator) and compute the generating series for the operators Hi(f), for ¢ € Z4 and
j € Z. Using the definition of the formal §-function and Lemma A.1 to perform a computation silmilar
to that one in the proof of Lemma 3.2, we get

> HPOW T w I = Y Resy (AP 0 )97) 2w

i€Z24,jEL ielrjez
= Y Resp (L)@ 0 FL9)+ — (L) 0 [)+L(9)) 8') =~ w7 7! =
i€Z4,jEL

— Resy ((L(0)(6(w,) o FL(D))4 — (L(D)3(w, D) o )+ L(D)) ix(z — 0) ") =
= Res ((L-(9)iu(w—9) ™" o (L*(0 — w)f) — L(w)iw(w —3) "o f)4+L(9))is(z— )"
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where in the last equality the appeareance of L_(0)) is due to the fact that both i.(z — 9)~! and

iw(w — 0)~! have only non negative powers of 9, thus L, (9) does not contribute to the residue. We
note that L_(9) € J+((07)), then Y,y ep HY 27 =31 € 3L [0)[[z))((w™")). Using (1.17),
we get {uj,u;} € J4 [N, for all i € Z; and j € Z. By skew-commutativity and Leibniz rule it follows
that {VV:) g 1 {34+, V¥>)} € g1 [N, thus concluding the proof. O

We obtain that the quotient space Wy =2 V(N’Oo)/g+ has an induced structure of Poisson vertex
algebra. The induced A-bracket on the quotient is given by Lemma 3.2 after imposing L_(9) = 0, thus
coincides with the A-bracket defined by the operator H(%)(9) when L is a general differential operator.

When ord(L) = N € Z,, Theorem 3.10 and Proposition 3.11 also apply in the case of the operator
L — ¢, for ¢ € C (see Corollary 3.4). We denote by Wy . the bi-Poisson vertex algebra structure we get
from the operators H(E—¢),

Definition 3.12. The bi-Poisson vertex algebra Wy . is called Gelfand-Dickey algebra.

Sometimes this algebra is also reffered as Gelfand-Dickey algebra of gly type. Indeed, in next
chapter, it will be proved that this Poisson vertex algebra is isomorphic to W, (gly, f, s), where f € gly
is principal nilpotent.

We want to apply similar considerations to A%, when L € A[d]. As usual, we let N = ord(L) € Z.
It can be easily show that A . (Clo~] O-A)/({)*Nfl(c[afl] oA) — A[0]n-1. Using identifications
(3.4) and (3.5), we get H@EA) ¢ Mat(N)X(N) \7[8] by

(€~ e AYo-N-1¢[o-1) 0 ) 2> Al

Zi IZ
HTD ()

ABN AN,

Remark 3.13. The same proof of Lemma 3.5 applies in this case, then the expression of H"%)(9)(z,w)
is the same we got in Lemma 3.5. The only difference is that in this case we get an element in A[J][z, w],
instead of a Laurent series in 2~! and w™?.

Let 'V be an algebra of differential functions in the variables u;, i € {—N, ..., —1} and let L be the
general differential operator we attach to V.

Theorem 3.14. The operators H® (0) are Hamiltonian operators, namely, they define a bi-Hamiltonian
structure (H©®), H@)) on V.

PrOOF. We can apply the same considerations we made in the proof of Theorem 3.10 to our case,
showing that the formal proof of Theorem 3.6 still works in this case. (]

We denote the bi-Poisson vertex algebra we got by Wy 4. By Proposition 3.8 we get that J =
(u_n)v is a Poisson vertex algebra ideal for Wy 1. We denote the quotient Poisson vertex algebra
Wy = Wy, 1 /9. Moreover, when N = ord(L) € Z,, Theorem 3.14 applies to the operator H(L—¢d),
for ¢ € C. We denote the tri-Poisson vertex algebra we get by Wy .4 in particular we denote by
WN’C = WN,C,%/E]. The fact that this quotient is a Poisson vertex algebra can be easily deduced from
Proposition 3.8.

The Poisson vertex algebra VA\?MC is is also an algebra of Gelfand-Dickey type, sometimes called
Gelfand-Dickey algebra of sly type. In the next chapter it will be shown that it is isomorphic to
W, (sln, f, s), where f € sly is principal nilpotent.

We want to realize Wy 4 as a quotient of the Poisson vertex algebra VgN’OO). As differential algebras,

N,00
Wy = VEI )/3+'

Proposition 3.15. J. is a Poisson vertex algebra ideal in VfiN’oo).

PROOF. By Proposition 3.11 we know that J is a Poisson vertex algebra ideal for {-x-}1. We need
to prove that it is also a Poisson vertex algebra ideal for {-)-}4. We take the generating series for the
corresponding Hamiltonian operator, for ¢ € Z_+ and j € Z, and get, using the definiton and properties
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(Lemma A.1) of the formal §-function
Resy ([L(0), 0! (Resy [L(9), 6(w, 0) o f])] i=(z — 8) )
— Res ([L(0), 07 (L(w) — L*(0 — w)) f] iz(z — 9)™") =
= Resy ([L-(9),07" (L(w) — L*(0 —w)) f]i.(z—0)7"),

where we used the fact that L (9) does not contribute to the residue, since i,(z — 9)~! has only non-
negative powers of 0. Using (1.17) and the fact that L_(9) € J[[0~"]], it follows that {u;,u;}q € 4[],

for all ¢ € Z4 and j € Z. Using Leibniz rule it can be shown that {VéN’OO)/\H+}d C J+[A]. By skew-
commutativity, also {3+/\\751N’oo)}d C J+[)], thus concluding the proof. O

N,oc0 . . .
We obtain that the quotient space Wy 4 = Vfi )/<3’3+> has an induced structure of bi-Poisson
vertex algebra. The induced A-bracket on the quotient is given by Lemma 3.5 after imposing L_(9) = 0,
thus coincides with the A-bracket defined by the operator H@®4)(9) when L is a general differential

operator. Furthermore, by Proposition 3.8, WN e = V( /(3 ) has an induced structure of bi-Poisson
vertex algebra.
3.5. Some examples

The Poisson vertex algebras WN have been some of the first explicit realizations of classical W-
algebras. We perform some computations of the A-bracket on the generators.

spiegare meglio la relazione con le $\c W$-algebre...qua o nell’introduzione

3.5.1. N = 2: Virasoro-Magri and Gardner-Fadeev-Zakharov Poisson vertex algebras.
Let us consider the case N = 2. Performing an explicit computation of H (L=ex) | We get

1
{u_ryu1te = —(0+ 2 N)u_q — 5)\3 + c(2)).

If we set v = —u_; and rescale ¢ then u is the differential generator of a Gardner-Fadeev-Zakharov
Poisson vertex algebra with respect to the Hamiltonian structure H(E~ ~), while it generates a Virasoro-
Magri Poisson vertex algebra of central charge —5 w1th respect to the Hamlltonlan structure H(>) (see
Examples 1.7 and 1.8).

3.5.2. WN is a Poisson vertex algebra of conformal field theory type. We get these values
of the A-bracket on the generators of Wy :

{u_ni1 u—nt1}o = —(0+ 2 )u_ni1 — (J;)]) A3 (3.55)
{u_ni1yuito=—(0+ (N +i+1)A) +o(\?), (3.56)

for —-N +2 <i¢< —1. If weset L =—u_pn41, by (3.55), this element spans a Virasoro-Magri Poisson
vertex subalgebra in WN of central charge ( ) Moreover, according to (3.56), for 3 <k < N, u_n_1_%
is a quasiprimary field of conformal weight k with respect to L. In [11] it is shown how to construct
w3, ..., wy such that wy is a primary field of conformal weight k with respect to L and the differential
algebra generated by L, ws, ..., wy is the same differential algebra generated by u;, for —N+1 <1i < —1.
Hence, WN is a Poisson vertex algebra of conformal field theory type.

aggiungere la definizione di algebra di vertice di Poisson ti tipo conforme nel primo
capitolo o qua?

3.6. The Kupershmidt-Wilson theorem and the Miura map

In this section we want to give another proof of the following theorem due to Kupershmidt and
Wilson [20], that we restate according to our formalism.

Theorem 3.16 (Kupershmidt-Wilson Theorem). Let Vi be an algebra of differential functions in the
variables v;, i € {1,..., N} and make V a Poisson vertex algebra defining {v;\v;} = 0;;\ (see Ezample
1.7). LetV be an algebra of differential functions in the variables u;, i € I = {—N,..., =1}, L be the
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general differential operator attached to V and Wy be the Poisson vertex algebra structure on 'V obtained
by HE) . We set
N
LzZu_k_lakz (O+vN)(O+vN_1) (04 v1). (3.57)

k=0
Comparing coefficients of powers of 0 in (3.57) gives a differential algebra inclusion
p: Wy = Vy. (3.58)
This map is a Poisson vertex algebra homomorphism.

The map ¢ is called Miura map (or Miura transformation [22]). It allows us to express each differ-
ential variable u; as a differential polynomial in V. The original proof given in [20] is very involved
and uses circulant matrices. A shorter proof can be found in [8].

We need the following result.

Lemma 3.17. Let V4 (respectively Vi) be an algebra of differential functions in the variables a;,
i > —N (respectively b;, i > —M). Using the generating series a(z) = > 2,5 a;z""1 and b(z) =
Yis_abiz T, we define a A-bracket, {-\-}g : Va®@Vp — (Va @ Vp)[A in the following way:

- A{a(z)a(w)}e = {a(z) a(w)} L + d{a(z) a(w)}a;

- {b(2)3b(w)}e = {b(2)\b(w)} L + d{b(2) \b(w)}a;

- {a(2)\b(w)}e = d{a(z),b(w)}a
This A-bracket defines a structure of Poisson vertex algebra on Va4 ® Vg which we denote by VEIN’OO) ®

VfiM’OO) with abuse of notation.

ProOOF. The A-bracket we defined is clearly skew-commutative, since both A-brackets {-x-}. and
{"AA}q are. ByTheorem 1.5 we are left to prove that Jacobi identity holds on any triple of generators of
V4®Vg. We will do it on generatong series (see (3.14)). For the triples a(z), a(w), a(t) and b(z), b(w), b(t)
Jacobi identity holds by Theorems 3.3 and 3.6. For the remaining triples, after expanding Jacobi identity,
we can use the same computations of Theorem 3.6. After substituting in those computations the Laurent
series L(z), L(w) and L(t) with our triple, the same formal proof still works. O

Next, we start proving the following result.

Proposition 3.18. Let'V4, Vg and VElN’Oo)®V((1M’°O) as in the previous lemma. Denote by A (respectively
B) the pseudodifferential operator of general type associated to V4 (respectively V). Let 'V be an algebra
of differential functions in the variables u;, withi > —N — M, L be the general pseudodifferential operator

attached to it and let V;NJFM’OO) be the Poisson vertex algebra structure defined by H D . We set

L= > u410"=AB. (3.59)
E<N+M

Comparing coefficients of powers of 0 in (3.59) gives an inclusion of differential algebras
w:/VgV+ALGﬂ L_%/VSN@Q)@>V5W¢QX
This map is a Poisson vertex algebra homomorphism.

Proor. We start computing ¢(u;) for i > —N — M. We have

AB= Y ap1dob 0= Y <2) a_p )R =

h<N,k<M h<N,k<M
<y
T Z h () :
—i—1
= <Oz a,hflbh+iia 8 5
i>—N—-M-—1 h<N
0<a<M+h+i+1

from which we get, for i > —N — M,

h a
plu) = Y (a> a_p_1b\, . (3.60)
h<N
0<a<M+h+i+1
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Let L(2) = Y5 _n_pr—1 iz~ "' be the symbol of the operator L(9) and similarly for a(z) and b(z2).
Using (3.60) we get the following equality

p(L(2)) = Z plus)z ™' = Z Z <Z) a—h—le'LOj‘r)i—a 2T =

1i>—N—-M-1 i>—N—-M-1 h<N
0<a<M+h+itl

_ -p—1 —p—l—ap(a),—q—1 _ —p—1 —q—1 __ (361)
o i T

p>—N-—1 >—N-1

qg>—M-1 q>—M-1

a€Zy
= a(z + 9)b(2).

To conclude the proof, it suffices to show that ¢ ({L(2),L(w)}) = {¢(L(2))\¢(L(w))}g. The proof
of this fact is straightforward. We have

{p(L(2)rp(L(w ))}®—{a(2+0) (2)ya(w + 9)b(w)}e =

=a(w+ X+ 9)b(2)i(z —w — X — )" b(w)a* (N — 2)—
P(L(z))iz(z —w— A — 5)_1<P(L( )+
+d (a(w + X+ 9)b(w) — p(L(w))) (A + )~ (a* (X — 2) — a(z + 9)) b(2)+
d(a(w+ X+ 9)b(w) — <p(L(w))) A+ N+0—2) —b(2))a" (A= 2)+
d(p(L(w 4+ X+ 9)) — a(w + X+ 9)b(w)) A+ 0) " (a*(\ — 2) —a(z + 9)) b(2)+
P(L(w + A +0))iz(2 —w =X = 0) "' p(L* (A — 2))—
d(p

A—
(w+/\+8) (2)iz(z — w — X = D)b(w)a* (A — 2)+
(L(w+ A+ 0)) = a(w+ A+ 9)b(w)) A+ )" (b"(A+ 0 —2) = b(2)) a* (A — 2) =
:so(L(w+A+8)) (2w =X =0)TTp(L*(A = 2)) — @(L(2))iz(z —w = A = 9) " p(L(w))+
+de (L(w+ A +0) = L(w)) (A +0) "1 (L"(A = 2) = L(2)) = ¢ ({L(2)\ L(w)}),

where in the last but one equality we used the identity
P(L* (A= 2) = L(2)) = (a"(A = 2) — a(z + 9)) b(z) + (0" (A + 0 — 2) — b(=)) a” (A — 2).

O

Remark 3.19. We emphasize that, by repeated application, the proof of Proposition 3.18 extends to
the case of a multiple factorization L = Ly Ly --- Ly, where ord(L;) = n; and ord L = > n,.

Corollary 3.20. The same holds in the case of A and B general differential operators, that is, there is
a Poisson vertex algebra inclusion

Wrim,d — Wn,a @ Wara.

ProOOF. The same formal proof of Theorem 3.18 applies in this case. (|

Remark 3.21. We want to give another proof of this corollary. By Proposition 3.15 we have Wy a4 =

N+M, N M
Vfi * Oo)/g Furthermore, it follows easily by definition that Wy ¢ ® Wy q = V( ) oy V( »20)

where J44+ = (a;,b; | 4,5 € ZJ’_)V;N,@O)@V;IM,OC)

f34

We have the following diagram of Poisson vertex algebra homomorphisms

ng+hﬂaﬂcgggi'VgNﬂn)@)VSWQ@

WNimag - >Wn.a ® Wara
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where ker 7 = J4 and kermy = J4 ;. We have a Poisson vertex algebra homomorphism Wy g —
Wn,a @ Wayq if kerm; C ker ¢ o mo. This is the case. Indeed, if i € Z,

h a
p(u;) = > (a) an-1b\ o =

h<N

0<a<M+h+it1
h a h o
= > ( aspab® L+ > Y S
Q [0
h<—1 0<h<N
0<a<M+h+it1 0<a<M+h+it+1
h o h o
SED S (4 [T AN i 4 LR
h<—1 0<h,a<N
0<a<M+h+i+l

where in the second series we used the fact that M +h+i+1> N,if 0 < h < N and that the binomial
coefficient vanishes if & > N. Thus, in the first sum indeces of variables a; are non-negative, while in the
second sum indeces of variables b; are non-negative, proving that ¢(u;) € d4++. Since u; are differential

generators for V;NJFM’OO) we have also ker m; D ker ¢ o mo. Hence, the induced map is injective.
Corollary 3.22 (Theorem 3.16). The Kupershmidt-Wilson Theorem holds.

PROOF. Remark 3.19 also applies to Corollary 3.20. Now, considering the structure obtained setting
d = 0, it suffices to note that, if L; = 0 4 v;, the HX) Hamiltonian structure is given by {vi\v;} = A,
while {v;v,;} =0, for i # j, since d = 0. O

For the sake of completeness we should mention some facts about the Miura map and the Kupershmidt-
Wilson Theorem. In the literature, the aim of this theorem was to prove that the matrix differential
operator H) (9) attached to a general differential operator L is Hamiltonian. Indeed, it is a known fact
that the operator H(%)(9) = 0 is Hamiltonian and this is also true for the operator H(*1En)(9) = 91 y.
Kupershmidt-Wilson Theorem shows that Wy is a closed subspace with respect to the A-bracket induced
by H(1In) Hence it is a Poisson vertex subalgebra, that is Jacobi identity holds on any triple of dif-
ferential generators of Wy. This gives an easy proof of Theorem 3.10 for HX). However, we can not
apply the same argument in the case of a general pseudodifferential operator, since we do not know such
a nice factorization as in the differential case (see (3.57)).

We can give some applications of Proposition 3.18

Corollary 3.23. Let us assume we are in the same setup of Proposition 3.18. If A and B are such that
the coefficient of ONTM~1 in L vanishes, then we have a Poisson vertex algebra inclusion

= 50 (N,00) (M,00)
POHI00) Ly YN @ Pl

1
N+M -

)

where I = {a_N_1+b_p—1)v, ev; and d=
PrOOF. By Proposition 3.18 we have the following Poisson vertex algebra homomorphism

o V{(jN+M,oo) SN ,V((iN,oo) ® V((iM,oo)

N+M,00)
/

For d = ﬁ, by Proposition 3.8, VIV+M.%) o~ Vd( , where J = (u_N_p—1)p(v+ar,00). Further-

more, it is easy to prove (similar argument of proof of Proposition 3.8) that J is a Poisson vertex algebras
ideal. Since p(u_nN_pr—1) = a—_n—1+b_prr—1, we got an induced Poisson vertex algebra homomorphism

P N,c0 M, 00
V(N+M,oo) < \7( ) ® \7( )/j
O

This proposition holds also in the case of A and B differential operators. Furthermore we can prove
the following result, a version of the Kupershmidt-Wilson Theorem for Wy.

Corollary 3.24. Let Vx be an algebra of differential functions in the variables v;, i € {1,...,N} and
make V a Poisson vertex algebra defining {v; \v;} = (51‘]' - %) A. We set

N
L= u_10"=(0+vn)(0+vn_1) (0 +v1). (3.62)
k=0

Let V to be an algebra of differential functions in these variables, L to be the general differential operator
attached to V and Wy 4 to be the Poisson vertez algebra structure on 'V obtained by H&D - If we assume
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N Lv; =0, then VN/3, where 3 = (3" v;)v,, is a Poisson vertez algebra and comparing coefficients of

1=

(3.62) gives a map
¢ Wy — Vnjg. (3.63)
This map is a Poisson vertex algebra homomorphism.

PRrROOF. By iterating Corollary 3.6 in the case of differential operators, we get a Poisson vertex
algebra homomorphism

Wn,d — Vn, (3.64)
noting that, by an explicit computation of HF#9  where L; = 0 + v;, gives {vinvjte = (8;; —d) A
When d = +, it follows immediatly that >, v; is central for this A-bracket, then J is a Poisson vertex

algebra ideal. Moreover, when d = %, Wy = WN,d/g, where § = (u_n)w, , is a Poisson vertex algebra
ideal. Since the image of u_n under (3.64) is >, v;, we got the desired induced map (3.63). O
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CHAPTER 4

Isomorphisms between classical W-algebras and Gelfand-Dickey
algebras

We will prove that the classical W-algebra W, (gl,,, f, s), where f is a principal nilpotent element is
isomorphic to the Gelfand-Dickey algebra attached to a general differential operator of order n, which
we denoted by W,,, while the classical W-algebra W, (sl,,, f, s), where, f is a principal nilpotent element

too, is isomorphic to W,,.

4.1. From first order matrix differential operators to n-th order pseudodifferential
operators

We want to define a map which assigns to gauge equivalent operators of the form (2.3) an operator
of the form (3.11). This map is due to [12]. The basic suggestion is that a linear differential equation of
order n is equivalent to a system of n first order differential equations.

Let us consider a general setting. Let B be a noncommutative ring with identity and F € Mat(n, B)

of the following form
_(a B
F = ( N 7) (4.1)

where A € Mat(n — 1, B) is invertible, « € B"~1, 4t € B! and B € B. Let denote by N the set of
upper triangular matrices in Mat(n,B) with ones on the diagonal.

Lemma 4.1. There exist S1,S2 € N such that

0 A(F)
‘P_SlFSQ_<Z 0 )
Moreover A(F') does not depend on Sy and Ss.
PROOF. Since the matrix A is invertible there exist (z1,...,2,_1) € B" ! such that (z1,...,2,_1)A =

aand (y1,...,Yn—1) € B" 1 such that A(y1,...,yn-1)" =~. Let E;;, 1 <i,j < n, denote the elementary
matrices of order n, then

0 —aA !
(I]-n —x1 B — ... — xnflEln)A(]]-n —y1Bop — ... — ynflEnn) = (A p 06 7) .

Now suppose ®; = S1FS5 and &, = §1F§2, then F = 51_1@152_1 = §1_1<I>2§2_1. Therefore we are left
to show that if S1®1 = ®9Ss, with S; € N, ¢ = 1,2, then A(®;) = A(P2). This is straightforward. We
have

1 x ... x

0 1 ... =« 0 A(®y) NG
519, = <A1 0 ):<* 0 )

0 0 1

and
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Lemma 4.2. Let W be a left module over B, if

U7 v
u9 0

rl |=1|.], (4.2)
Up, 0

where u;,v € W, then A(F)u, = v.

ProOF. Multiplying relation (4.2) by S; on the left we get

Ui v v
Ug 0 0
SlF . = Sl ) — .
Un 0 0
But we have also
u1 Uy Uy + ... UL+ ...
U2 U2 Uz + ... Uy + ...
SIF| | =85FSS; | =@ . _ (0 A®) '
: : A 0 :
Un Uy, U, U,

Suppose now there is an antiautomorphism * : B — B such that (z*)* = z, for any x € B. For all
A = (a;;) € Mat(n, B) we define A" = (a];), where

a?} = a’:zfjJrlan»l‘
It is easy to verify that (A;A2)T = AT AT for any A;, Ay € Mat(n, B).
Lemma 4.3. A(FT) = A(F)*.

PROOF. Since ® = S1F Sy, then &7 = ST FT ST 1t follows that A(FT) = &1 = &7, = A(F)*. O
Now we come back to the situation we are interested in. In our case B = V(gl,)[0,z], W =
Z]

V(gl,)((z71))™ and * is the formal adjoint, namely, 9* = —9 and p* = p, for any p € V(gl,,)[2]. We want
to consider A(z) = f 4 zs = ZZ: Eii1,; + 2E1, in (2.3). Furthermore, in (2.3), we have

q= Z Eji @ qij, (4.3)

1<j<i<n

where we assume ¢;; to be the differential variables corresponding to E;; in V(gl,,).
We introduce the structure of B-module on W by means of the operator £ as follows: if P =
> pid" € V(gl,)[0. 2] and n € V(gl,,)((27"))", then

P.n=> pZn).

The axioms for a module are satisfied, since [£Z,p] = p/, for p € V(gl,,). We emphasize that 9 -n =
Z(n) #n'. In particular we can consider . as a matrix with coefficients in B. If we set %) =& — zs,
clearly .4 does not depend on z and is of the form (3.15f). We denote the elements of the standard
basis of W as a module over V(gl,,)((271)) by €1,...,€, and recall that 1 = &;.

Proposition 4.4. Let L be an operator of the form (3.11) such that L - = zv, then L = —A(%)*.
ProOF. Since A(2)T = A(z), then £T = -0 + ¢ + A(z). Moreover
ZL(@i) =qner +...+ qi€ +e€y1, iF#n
g(én) =qn1€1 + ...+ qnnén.
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Then we get

en Z(e,) en ze1
ZT €n—1 _ og/ﬂ(e.n—l) " qT €n—1 n €n _

€1 .,?(51) el €9
zey €n zel
[ €n—1 €n

_ T n n

— (@1 E)g) " — i —o,
€3 €1 €2
since
€n

€1
This means that
€n zey
€n—1 0
$0T . = .
€1 0

By Lemma 4.2 it follows that —A(Z )1 = 2¢p. Then L = —A(ZLL) = ~A(%)*, by Lemma 4.3. O

Thus, we got the desired map ¥ — L = —A(%)*. By Lemma (4.1), under this map, to gauge
equivalent operators . corresponds the same operator L. Moreover, on the set of gauge equivalence
classes of operators .Z this map is bijective. Indeed, it is easy to see that we can choose

i=1

in Proposition 2.1. Then
n
qcan = ZEz’n Rv;, v; € V(b_)
i=1
Suppose now, L = >)_ u,0%, with u, = 1, then it easy to see, from relation L = —A(Z™), that

the coefficients of the operator L can be expressed in terms of the coefficients of the matrix ¢°*™ by the
formula u; = —v;41, for i =0,...,n — 1.

4.2. W, (gl,,, f,s) =W, for f principal nilpotent

If we rename
n
qcan = — ZEi,n R U_g,
i=1
then we have the assignment

L — L= u_10",
k=0
withu_,,—1 = 1 and u; = u;(q), fori € I = {—n,...,—1}. By Corollary 2.2, it follows that, as differential
algebras,

W(al,, f,5) = Cluy™ | i € I, m € Z,) = W,.
By gauge invariance, {u;(q)\u;(q)}: = {ui(@)\u;j(@)}:],—pean = {uiru;}z. If we prove that
{ui)\uj}z = {Ui/\uj}cv

then W(gl,,, f,s) = W,, as Poisson vertex algebras. In order to do that we should set z = ¢, but we keep
both in the notation to distinghuish the two structures.
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First, explicity computing the coefficients of (3.54), we get, for all —n <i,j < —1,

{uiruj}e = > (-1)” <Z) (j - k) Wjk—p(A+ 0)* Puy_p_q1—

«
k,a,BE€Z 4 5
i+k<a<n+i—k
J+k+1<B<n+j+k+1 (4_43)

k
- Z <a> Ui—1 (A + 0)*Ujpk—aT

0<a k<n+i
jtk+1<a<n+j+k+1

+ cn+§+l ((;) (“A)F — (;) O+ a)k> I (4.4b)

k=0

Now we proceed computing {u; u;}.. By formula (1.11), recalling the definition of ¢ given in (4.3),
we hfave for —n <i,j < —1,

{uinui}.= > o) A+ 0)” {arinyotst = |, gewn (FA =)= : (4.5)
121%1@271 aqst g=gcan &Jkl g=gcan
1<t<s<n
m,pels
where
{arinGst} =l y—gean = —0150knt—t + StkOsnt—t + 150kt A + 2 (G150kn 1t — Oktdsndur) , (4.6)

forall 1 <l <k<nand1l<t<s<n. Our first goal will be to compute the partial derivatives of the
uy’s and specialize them in the case ¢ = ¢°*". We can write

u; = Res(L9"),

for —n <1 < —1. Then

% = % Res (Lai) = Res (?m) (L@i)> .
gy, Oqy, g,

By Proposition 4.4, we can write
* —1 * * *\—1 % *
L=-A@L) = (8-ad™y) =7 (4) " a" - 5.

Let us denote (fy* (A9 Lot — ﬁ*) (8) = v* (A*)" " a* — B*, to remember it is a differential operator.
Thus we have

ou g <3(7*(A*)‘1a* 54 az) .

dqy” g7

We want to use Lemma 1.2 to perform the computation of the partial derivatives inside the residue. We
get, for any f € V(gl,),

meZy day, meZy Ay,
0
+ (7*(A*)_1a* — B*) (z+0) Z zmr ({n).
meZy Ay
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If we apply several times Lemma 1.2 to the left hand side we get, for any f € V(gl,,),

S o (A - ) @) = Y 2 [ ?* @) (((4)a) )f) - 2(@)f
kl

meZy Oqy, meZy

+y (Ha)aq?m) (((A)0%) @)f) — (= + 0) 2L ]

¥ z”‘[a?m) @) (4 a) @) ~ 22 (o)f — 5+ 0) -
5, Iqy

(m)
mEZ Qi dq

B * * *\—1 a *
WW“ O +7" () +0) o (o (3)1’)1

“x [%(8)(((#)1a*)<a>f)+w*<z+a>8(‘42) (0) (0" (D) f) +
Ay, dqpy

* * P 8 * 710[* Py af _ aﬁ*
W)+ D) s O + (074 = ) (207 o aq}(c,ln)@)f].

Equating and using the fact that these formulas hold for any f € V(gl,,), it follows that

) 10[* - B*) m a’y* *\—1 % * 8<A*)_1 *
2™ 0) = 2™ | ——(0) ((A a®) (0) + z+0)—————(0)a™(9)+
7%% 6%%) (9) 7%% [ 8q}(;lﬂ)( ) ((A")71a™) (9) +7( ) oq (9)a”(9)

* )=l Oar* . 66*
(A7) +8)aq () e (3)}

Let us denote by v; the vector of order n — 1 with 1 at the i-th position and 0 elsewhere. Since

n—1

a:a(a):m@a—i-zvz‘@%h

i=1
B =pB00) = qn,
n—1
7=70) =0, ®+ va ® Gni+1,
i=1
n—1 n—2

A=AD)=) Ei@l+) Eim®d+ Y Ei®gn
i=1 i=1 1<j<i<n—1
it follows that
n—1

a*=a*(0)=—-vl®d+ va ® gi1,
i=1

B =p"0) = qn,

n—1

V' =7"0) = —vp-1 @0+ Z Vi @ i1,
=1
n—1 n—2
:ZEii®1_ZEi+1i®a+ Z Eij @ gij+1-
i=1 i=1 1<j<i<n—1
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Then applying partial derivatives we get

oo™

—(0) = Smo0kzn vy ® 1
aql(cl )
8 *
5 (ﬁm) (0) = 6mo0kndi1
oo (4.
7 () = Omodkndiz1vi-1 @ 1
9y,
0A*
) (0) = 0mo0k£1,n01£1,n Eri—1 ® 1.
Ay,
We are not interested in formula (4.7) itself, but in specializing it when ¢ = ¢°*", namely we have to sub-
stitute g;; = *5mu—], for all 1 < j <iw < n. In that case the corresponding operators a,,,, B&.n: Voan
and (A*, )" are

n—1
Yean(0) = — (Un1 ® 0+ Z V; & Uil) (4.9)
i=1
M) O = Y Byeo.
1<j<i<n—1

Thus we want to compute

m 00" (AY) " - B m | O N
> = - )(m> )(3) =) =z o7 ) (Alan) ™ alan) (O)+
meZy I g=qean  mELy I
* o(A*)~1 . da* ap*
e+ 0) 2 (000200 0) + i (L) e+ 0)- 2 0) 27 ()
Oy Ay Oy,

Let us compute these terms separately. We have

ov* _

0 (A20) 7 080n) (0) = =0mobindizr D w1 Bypld I = —Gobiniad L (4.10)
0 &

Ary 1<j<i<n—1

For the second term we need to derive a useful formula to compute the partial derivatives of (A*)~1(9).
We start considering the trivial relation

D oy (A7 =2

mEZLy meELy

for f € V(gl,,). Applying Lemma 1.2 twice to the left hand side we get, for any f € V(gl,,),

> o O (Ao = Y zm%w) 40N+ 47 +0) T S o) -

meZy Uy meZy 8“’1 meZy uz
0A~! 0
- > 25 (0) (A@)f) + A7 (2 +0) ) Y 2" Nf+ Y Zm%
meZy auz meZy uz meZy 8ui

> zmglt“(:n)(a):_A—l(z+a) > m(6)%1‘1(8). (4.11)

meZy
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We can continue the computation and get

can( + a)W(a)acan(a) = (Wcan (Acan) ) (Z + a) (m) ((Acan) can) (a) =
gy, Ay,
= —0modk£1,n01£1,n Z Vi EjnEg—1 Epmviu_i_q(z + 0)?~hop—m+1
1<i<n—1
1<h<j<n
1<m<p<n
_ 6m06k¢1,nél¢1)n Z UnflEjhEkl 1E m'U1U71 1(2 + 8)] h+1ap—m+1 _ (412)
1<h<j<n
1<m<p<n
n—1
= —0m00k£1,n01%1,n Z U_i—1(2+0) 7RO = 6,00k 21001210 (2 +O)" RO =
i=k
= —0m00k#1,n01%#1,n Z u_i_1(z+09) ko1
i=k

where we have used formula (4.11) and the fact that u_,_; = 1. The remaining term to compute is

oa* 4 ,
Vian(Aran) (24 0) s (9) = ~BaBipndis 3 viBjuviu_ii(z+0) -
aqkl 1<i<n—1
1<h<j<n—1
— 5m05k7&n511 Z Un_lEjh’Ui(Z + 8)j*h+1 =
1<h<j<n—1
o (4.13)
= —0m0o0k=£n0i1 Z u_i—1(2+0)7F = 5,00k nd1 (2 + 0)"F =
i=k
= —0m00kpnbn Y t_i1(z+ )"
i=k
By formulas (4.8), (4.10), (4.12) and (4.13) we get
6 * A* —1,.% _ %
meZy aqkz g=qean
= —0kn01210' " = Okt nOiprm D i1 (z+0) TFOT = Gppndin D uii1(z 4 0)F = pndn =
i=k

i=k

— (Oknd1£1 + Ok£1,m0121,mn + Ok£n0i1 + Okndin) Z u_i_1(z+0) ko=t
ik

Since 1 <! < k < n, only one term in the parenthesis survives for each pair (k,[), so we can forget about

those conditions on the indeces and write

m OV (A") " ta* — %) - i—kgl—1 _ = igl—1
Z z 9™ (9) Zu i—1(z+0)"7%0 Zu—i—k—l(ZJra)a _
meZL ‘0 q=gean —k pare
n—k i ' n—k [/n—k i 4
T Z Z <m> Uj O Lm — <Z (m) u_i_k_181+l—m—l> m
i=0 m=0 m=0 i=m
It follows that
*( A*\—1 % * n—k .
oy (A*)Ha* = )(8):— AW fit-m-1 _
aq(m) A m —i—k—1
! . (4.14)
- _ (mw—i- z) Ui &L
1=0



Thanks to formula (4.14) we get

aui
gy

n—k—m
= — Res ( Z (m + a> Uamk18a+l+i1> —
a=0 m

m—1i—1
= _6k+m—n§l+i§0 m Ui4l—m—k—1,

q=gqcan

where, for 1 <1<k <n, —n<i<—1and me Z4, we set

5 - 1, ifk4+m-—-n<Il+i<0,
ktm-nsl+i<0 = 0 otherwise,

The condition imposed by § guarantees the contribution of the residue and the fact that uy = 0 for
k < —n. Now we can substitute in (4.5), using also (4.6) and perform the computation of the A-bracket
n (4.5). We start computing the co-A-bracket. It is

ou;
_ J
ol = >, -7
1<i<k<n 94st

1<t<s<n

m,pEL4

i N, —t—7

1<I<k<n m p
1<t<s<n

k+m—n<i+4+i<0

s+p—n<t+5<0
m,pEZLy

—1—i —t—7

m
1<i<k<n
1<t<s<n
k+m—n<Il+i<0
s+p—n<t+j<0
m,pEZLy

n+i+j+1 p—j—l n+i+j+1 m—i—1
= > (I w0

m
p=0 p m=0

ng (G) winj1(=N) - @ O+ )i l) '

=0

du;
(A+ ) (31s0km01s — Oredamdus) (A — O)™ — & =
g=gean 3qkl q=gean

This is the same expression of (4.4b). It remains to prove equality of the 0-A-brackets. We split formula
(4.5) relative to the 0-A-bracket into three terms. For the first we have

Ou,; Ou;
= 2 | OOV (Gubiu-) (FA=0)" = -
1<i<k<n 94 —gcan q _can
1212520 st la=q kL lg=q
m,pELy
m—I1l—1i\/p—t—7j
- Z ( ) ( )utﬂ'psl()‘ + 0)P0150knu—t(—A — 0) " Ut timm—k—1 =
1<I<k<n m p
1<t<s<n
k+m—n<Ii+i<0
s+p—n<t+;<0
m,pEZy
p—t—3j k
- Z < )Ut+i+j—19—1(/\ +0)Pu_y=— Z <a) Wimk—1 (A + 0) Ukt j—q-
1<t<—i p 0<a<k<n-+i
p—i—n<t+j k+j+1<a<k+j—i
pEL+
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While for the second

Ou; Au
> 5 | A+ 0) (Burdsnu—y) (=1 — )™ - = -
1<i<k<n 94st" |;—gecan e _ can
15@852 * e q=q
m,pELy
m—Il—i\(p—t—7j
- Z ( m ) ( >ut+jpsl(>‘ + 0)P 01k 0snu—1(—A — 0) " U ti—m—k—1 =
1<I<k<n p
1<t<s<n
k4+m—n<l+i<0
s+p—n<t+;j<0
m,pELy
m-—1—1i k
= Z | < m >Ul(_/\ —0)" Ui yigjom—1 = Z | <a)uk+i_a(—/\ — ) U1
1<i<—y 0<a<k<n+j
p—j—n<l+1i k+i+1<a<k+i—j
mEZy

Finally, for the last term we have

ou,; ou,
Y. | O G A+ A -9 _
n 94st" | j—gean q o
%ié’iin ¢ la=g Kkl lg=q
m,pEL4
m—1—1i —t—3

= > ( - > <p J>utﬂ-pu(x )80k (At D) (<A — )i p1 =

1<I<k<n p

1<t<s<n

k+m—n<I+i<0
s+p—n<t+5<0
m,pEZ+

e <m ke Z) (p —h j) iyt (M4 )P .

— m p
1<k<min(—%,—j)
0<m<n+i
0<p<n+j

Hence, we have obtained

{uiruj}o = > (2) Uktia(=A = 0)% U1

O0<agk<n+tj
ktitl<a<k+i—j

k
- Z (a> Ui—g—1(A + 0) gy j—at

0<a<k<nti
k+jF1<a<ktj—i

+ Z (_l)m (m_ k_z) (p_ ) _]>uj_P—1(A+8)m+p+1ui—7n—1-

- o m p
1<k<min(—i,—j)
0<m<n+1i
0<p<n+j

(4.15)

It is not so evident that this expression is eqivalent to (4.4a). Let us write (4.4a) as {u;\u;}§ = A1 — Az
and (4.15) as {u;\u;}§ = B1 — B2 + B3 (the ¢ and z index is to distinguish between O-bracket of

Gelfand-Dickey algebras or of classical W-algebras obtained via classical Drinfeld-Sokolov Hamiltonian
reduction). We want to prove that

A1 — A2 = Bl — BQ + B3 (416)
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We can rewrite

k

0<a<k<n+i
k+joit1<a
p+i—j
=By + Z (m + +Jl> Uj—po1 A+ 0)" TP g =
0<m+p+1<p+i—j p
0<m<n+i
J<p<n+j
+1—7
=B+ Z (p g >ujp1(/\ +0)™ Py i+
0< . o \m+p+1
<m+p+1<p+i—j
0<m<n+i
0<p<n+j
+1—7
+ Z P J Uj,pfl()\ + a)m+p+1ui,m,1 = B + A/Q +
o \m+p+1
0<m+p+1<p+i—j
0<m<n+41i
j<p<-1

To prove equality (4.16) is then equivalent to prove the identity
By = A, — A, — A — By.

It is convenient also to rewrite

k
B, = Z (a> Uktima(—A— 0) uj_p_1 =

0<a<k<n+j
kt+itl<a<k+i—j

= Z <m+] _Z>ujp1<_)‘_8)m+p+luim1 =

m 1
0<m+p+1<m+j—i Tpt

i<m<n-+i
Jj<p<-1
pti—Jj 1
= E: <nz+p—%1>urm—ﬂAFaynw+1u—m—1

0<m+p+1<m+j—i
i<m<n+i
j<p<-1

and

A = 2 (_J)ﬂ(;>(j23k>urwwﬂ(k+4%a+ﬁuv%—a—l:

k,o,BEL
i—k<a<n+i—k
JHE+1<pB<n+j+k+1

0<k<m<n+i
J<p<n-+j

P SI (4 PR

0<k<m<n+i

J<p<-1 )
)

2 W6

0<k<m<n+i
0<p<n+j

Uj—p— 1 )\—1—8)’”“’“ —m—1+

1
Uj—p— 1 )\+8)m+p+ Ui —m—1-

i i+ k
_{)k+ptl t J o miptl,

"
Al

1=

(4.17)



Let us denote c(m, p) = uj_p—1(A + 8)" P u;_,,_; ad rewrite equation (4.17)as

s () 3 (Y e

1<k<min(—i,—75) 0<k<m<n-+i
0<m<n+i 0<p<n+j
0<p<n+j

S O (2

0<k<m<n+i 0<m+p+1<p+i—j

i<p<—-1 0<m<n+1i
0<p<n+j
p+i—j p+i—j
0<m-+p+1<p+i—j b 0<mtpti<mtj—i P
0<m<n+i i<m<n+i
j<p<-—-1 Jj<p<-1

Then the proof is finished if we prove the following two identities

min(—%,—7)

= ()0

M

- . , o (4.18)

B (z)( p—J > Socmtosi<nss 4<p+zj>

= — 00<m+p+1<p+i—j
0SZm k)\m+p+1—£k m+p+1
for0<m<n+i0<p<n+jand
i P—J pt+i—j

= (do<m i—j + 0o<m m-+j—i 4.19
> (k)(m+p+1—k> (Go<mtp+ri<pri—j + So<mtp+i<mt; )(m+p+1) (4.19)

0<k<m

for0<m<n+ij<p<-—1.
We note that the left hand side of (4.19) becomes

m+p+1 . . . .
2 ()i = sY)
P E)\m+p+1—k m+p+1)’
since the binomial coefficient makes sense for k < m+p+1and p+1 <0, thus m+p+1<m, and
we have used Lemma B.1. Then identity (4.19) is proved because in the right hand side the existence
conditions defined by § are not contemporary satisfied. Indeed, if p + i — j € Z,, it follows that
m+p+1>m+j—i+1.
Let us prove now identity (4.18). Let a = min(—i,—j5), we can rewrite (4.19) in this way

ST =S () Gt e (05
P m P —\a p+m+1—a msi=g—1 m4+p+1/)

By Lemma B.2, the right hand side becomes

(i p—Jj pt+i—j
E — Om<i—j—1
a/\p+m+1—« m+p+1

a=0

Sy (O é;“@( )t )

() (B ()

k=1 \a=0

+ _6771 1—j— =
<§<m<o‘)<t0¢>(m+p+1t> = 1(m+p+1

l m ) . ' .
_ k+i1—1 p+]—k 741 p_]—l N p+2_j
_Z< m )( p >+Z( t )(m+p+1t 6m§1*j*1 m+p+1 .

=1 t=0

If we choose | = a, then we are left to prove that
~(i+a\( p—i—a pt+i—j
Z = Om<i—j—1 .
Pt t m+p+1—t m+p+1
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If a = —j, then the right hand side is zero, while for the left hand side we have

zm:(i;j><m—|—p}jrl—t> =0,

t=0
since m+1—1t > 0 for all 0 < ¢ < m, so the second binomial coefficient in the product is zero. If a = —i
the right hand side is
i O\( p+i-j \_(p+i—j
—\t)\m+p+1-t \m+p+1

if and only if m <1 — j — 1, thus proving the identity and completing the proof.

4.3. W, (sl,, f,s) = \/A\?n for f principal nilpotent

Let sl,, = {a € gl,, | tr(a) = 0} be the Lie algebra of traceless matrices and consider f = 2?2_11 Eit1;
its principal nilpotent element. We fix the following basis of sl,,:

1

i = Bii — =1y, 1<i<n-—1,

¢ n L=n (4.20)
The dual basis with respect to the trace form is

q" = Eii — Enp, 1<i<n-1,

o T (4.21)

q”:Ejiy 1S’L7éj§7’l

This gives us the definition of ¢ in (2.3). We fix s = Fj,,, then the A-bracket (2.13) on the basis elements
is

A
{Qringst 2 = 01sqrt — OtiGst + 0150k A — 5kl5stﬁ + 2(0150kn01t — OktOsno11), (4.22)

for all (k,1),(s,t) € S={(4,5) |1 <4,j <mn,(i,7) # (n,n)}.
As we did in the previous section we can choose V = @?;11 CE;, in Proposition 2.1 and, if we set

n—1
g =~ E Eip @ u_g,
i=1

then we have the assignment £ — [ = ZZ:O u_p_10%, where u_,,_1 = 1, u_,, = 0 and u; = u;(q),
forie I ={-n+1,...,—1}. By Corollary 2.2, it follows that, as differential algebras,

~

W, (sln, f,8) = Clul™ | i € I,m € Z,] = W,.
By gauge invariance, {ui(q) u;(q)}: = {ui(q)\u;j(@)}z],jean = {wiru;}.. We want to prove that
{uinus}e = {uiry;}e.
Expliting computing the coefficients of the generating series for {-1-}z we get
1 ) ]
{uinujte = {uizu;}l + — Z (—1)6( ) (j>ujﬁ()\ + 3)a+ﬁ+1ui7a (4.23)
n 1<a<n+i+1 @ ﬂ
1<B<n+j+1

where {--}, has the same expression of (4.4) with the condition u_,, = 0.
By formula (1.11), recalling that
q= Z 77 ® Qijs

(4,5)€S—
where S_ = SN {(4,5) | 1 <j<i<n}, we have

8ui

Ou; m
{unu}.= Y o) A+ 0) {arirsobst} = geun (<A = O™ —1s . (429)
(k,l),(sét%es, st | ggean 0y | g gean
m.pEZy

where {qxi,gst} - is defined in (4.22).
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As done in the previous section we have to compute the partial derivatives of the u;’s and specialize
them in the case ¢ = ¢“®". In this case we have

n—1
a=ad) = ®3+Zvi®qz‘17

i=1

6:6(6) = Qn17

n—1 n—2
y=70)=v_,®0— val,l ® qii + Z’Uf @ Gni+1,

i=1 i=1

n—1 n—2
A:A(a):ZEii®1+ZEii+l ® 0+ Z Eji @ qijy1
i1 i=1 1<j<i<n—1

it follows that

n—1
af=a*(0)=-vi®d+ va ® gi1,

i=1

=
*
I

B*(0) = gna,

n—1 n—2
Y =7"(0) = —vp—1 ®0 — Zvn—l & qi; + Zvi & ni+1,

=1 i=1

n—1 n—2
A*:A*(a)ZZEii®1—ZEi+1i®a+ Z Eij @ qija.
=1 i=1

1<j<i<n—1
Furthermore, since ¢j;" = —d;n0;2nu—;, we have
aZan(a) = 71}5 X a
ﬁ::kan(a> = —Uu—1
n—2
FY:an(a) = - (vn—l ® 0+ Z V; ® U_i_1> (425)
1=1
(Azan)_l (8) = Z Ei_j ® ai—j.
1<j<i<n—1

Now, we compute the partial derivatives. They are

oa*
(m) (8) = 5m05k;£n5l1v/t€ ®1
Iy
25 (0) = Bu0find
k1 (4.26)

8 *

?m) (0) = =0m00kiVn—1 ® 1 + 0:m00kndi£1 nti—1 ® 1
0

Ay
0A*
day"

(0) = 0m00k£1,n01£1,n Eri—1 ® 1.

It is a straightforward computation, using the same strategy of the previous section, to derive

ov* _
g (6) ((A* ) ' O‘Zan) (a) = 67’105]6[8“71 - 5m05kn5l5£1,na

aq](;ln) can
A(A*)~! - ;
Fean(z 4 0 T (0)0%,1,(0) = bt mdiprn D w1 (z 4+ 0) O,
daqy, i=k
N oa* n o
’y:an(Acan) 1(2 + a)a (m) (8) = _677’105115]675” Zujifl(z + a) kv
Q1 i=k
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where we should remember u_, =0 and u_,,_1; = 1. Using these identities we get
n—k

(v (A*)tar — %) n—1 i i+l—m—1
o (9) = om0k 0"t = Y Jusicko1d =
= = ’Z (4.27)
n—1 _ " " m+l 41— 1
= 00010 ; ( . )uzmk 10
By (4.27), for i € I, we have
n—k—m
8114 — Res [ 8,000~ — Z (m + a) Y Cou e
6q g=qcan a=0 m

m—1—1
= —Oktm—n<I+i<0 m Uil —m—k—1-

We should put this expression in (4.24). Looking at (4.22) it follows that we get exactly the same expres-
sion of (4.4) under the condition u_,, = 0, which we denoted {--}., plus another term corresponding to
1{.\-}n that we are going to compute. It is

_% T (P—h—i) (m_’“_j>ujm1(A+a)m+1(—A—8)”uip1 -

1<h<n-—1 p m
1<r<n—1
m,pEZLy
h+p—n<h+i<0
r+m—n<r43;<0 (428)

1 —h—i —r=]
T Z (=1)P (p Z) (m 77: J>uj—m—1(>\+a)m+p+lui—p—1-

1<h<—i p
1<r<—j
0<m<n+j
0<p<n-+i

If we use Lemma B.2 with j = 0 we obtain

zl:<p_h_i)+(p+i—z> B (p—i)
— P p+1 ) \p+1)

f()I all l > ].. e can C}l()()Se l == _7/ alld gel
p + 1 '

0700

)=
§_§< _T_j>:<m+1> ml(mil)
(o

In a similar way we get

Hence, after rescaling p and m, we obtain

(4.28) = ~ > < > )u] m(A+ )" Py,

1<mgn+j+1
T<p<n+ti+l

3

which coincide with the other term appearing in (4.23), thus proving the desired equality.
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CHAPTER 5

Integrable hierarchies for classical W-algebras

5.1. The homogeneuos case: integrable hierarchies for affine Poisson vertex algebras

Let us consider V.(g, s) to be the affine Poisson vertex algebra associated to the triple (g, (- | -),s)
(see Example 1.6 and Section 2.2), where g is a reductive finite dimensional Lie algebra, (- | -) is a
non-degenerate symmetric invariant bilinear form on it and s € g. We remind that the A-bracket on
V.(g, s) is defined by (2.13), namely, for a,b € g, it is

{axb}z = [a,b] + (a [ D)A + 2(s | [a, b))
and we extend it to a A-bracket on V,(g, s) using (1.11).

Let {u;}ier C g, where I = {1,2,...,n = dimg}, be a basis of g, then, as differential algebras
V.(g,8) = (C[ugm) | i€ I,me Zy]. Wewrite the A\-bracket on V. (g, s) as {-x-}. = {"x-}m—2{-A -}k, where
H(0), respectively K (0), is the Hamiltonian operator corresponding to {u;\u;}m = [, u;] + (w; | uj)A,
respectively {u; u;}tx = —(s| [w;, u;]), by (1.17). Hence,

Hij(0) = [uj,ui + (wi |u;)0  and  Ki(9) = —(s | [uj, ui)), (5.1)
foralli,5 € I.

We endow the space g&V. (g, s) a Lie algebra structure defining [a® f, b®g] = [a,b]®@ fg € g@V.(g, ),
for any a,b € g and f,g € V.(g,s). Moreover, we can extend the bilinear form on g to a bilinear form
on g®V.(g,s), that we still denote (- | ), by (a® f|b®g) = (a|b)fg € V.(g,s), for any a,b € g and
fg € V.(g,s). Also the extended bilinear form is non-degenerate symmetric and invariant.

Let 9 be the derivation of V,(g, s), we define an action of the abelian Lie algebra CO on g® V. (g, s)
by

0.(a® f) =a® Jf, (5.2)
for any a € g and f € V.(g,s). Clearly, 0 acts as a derivation of g ® V.(g,s). Indeed, since it is a
derivation of V. (g, s), we have
d.la® f,b@g] =0.(la,b] ® fg) = [a,b] @ O(fg) = [a,b] ® (8f)g + [a,b] ® f(Dg) =
=[a®3fb0gl+[a® f,b®Ig] =10.(a® [),b®g]+[a® [f,0.(b®g)],
for any a,b € g and f,g € V.(g,s). Thus we can define the semidirect product Lie algebra CO x (g ®
V.(g,s)), where the commutator of J against elements of g ® V. (g, s) is defined by
[0,a@ f]=0.(a® f) =a®0Ff,

for any a € g and f € V,(g,s). Weset g = (CO x g®@V.(g,5))((271)).

Given U(z) € 2~ (g ® V.(g,5))[[z~"]], the map e21V(*) . § — §is a Lie algebra automorphism.
Indeed, it is a well defined map since it does not increase the order of powers of z and, moreover, using
the fact that the adjoint action is a derivation, we have, for A(z), B(z) € g,

k
@04 BED = 3 (1) (006 (46, U ) B ) (5.3
=0
then we get
a z k
1V (a), BN = Y P (a0, Blay) =
keZ,
k
= 33 gy [V AGD (a)BE)] =
al z))" a z))k
= % | B e, P )| = [, e ).
kyi€Zy
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for any A(z), B(z) € @, thus proving that e*4V(%) is a Lie algebra homomorphism. Clearly, its inverse
is given by e~ 24U(2), By Campbell-Hausdorff formula [23], it follows that automorphisms of this type
form a group.

Let {u'};e; C g be the dual basis with respect to the bilinear form (- | -). We consider the following
identifications

V.(9,5)%" > g®V.(g,9)
F=(F)ier— F= Zuz ® F; (54)
el
and
V.(g,5) > 9@ V.(g,9)
P = (P)ier —>?=Zui®ﬂu (5.5)
iel
We can define a pairing (-,-) : g® V. (g,8) x g @ V.(g,8) — V.(g, 5)/8\7z(g7 s), using the bilinear form
on g®V.(g,s), by
@erbeg = [woflveg = [@v)f

for any a,b € g and f,g € V.(g,s). Using integration by parts and (5.2), we have (0.(a ® f),b® g) =
—(a® f,0.(b® g)). By identifications (5.4) and (5.5), we note that

(E,P):/(E\?):/ Z(u”uﬂ‘)mpj:/zmpi, (5.6)
njel iel

which coincides with (1.3). Thus, if f € V.(g, s), then, using (5.4), its variational derivative is identified
with

(5ui

of " Sf
Su 721% €gV.(g,s).

1=
In the sequel, when it is clear from the contest, we will denote this element simply by %.
We set u =3, ., u' @u; € g® V.(g,s) and define

L(z)=0+u+zs®1eqg.
Proposition 5.1. If F = (F};);cr € V.(g,5)%, then
(H(9) — 2K(0))F = [L(2), £].

Proor. By (5.5), we have
(H(0) = zK(0))F =Y _u' @ ((H(9) — 2K (9))F), .

i
i€l

On the other hand, given an element A € g ® V.(g,s) we can write it uniquely as A = >, u’ ® (A |
u; ® 1). Indeed, since {u'};c; is a basis of g, we can write A = 3, u' ® ¢;, with ¢; € V.(g,s). Then
Alu;®1) = Zjej(uj ®cilu;®1) = Zjel(uj | u;)e; = ¢;. It follows that the proposition is proved if
we show that

((H(9) = 2K(9)F); = ([L(2), E] [ wi © 1) (5.7)
Using (5.1), the left hand side of (5.7) is

(H(9) = zK(9))F); = Y (Hij(9) = 2Ki5(0)Fy = D ((wi | ) + [ug, wi F + 2(s | [ug, wi) Fy) .
jeI jEI
On the other hand we have
[L(z), F] =Y [0+u+zs@Lu; @ Fj] =Y (uj ® F + Y [uF u) @ upFj + 2[s,u;] @ Fj> .
j€l jel kel

Taking the scalar product of this term with u; ® 1 gives the right hand side of (5.7). We get

(L) E) Jui@1) =y <(Uj | wi) D ([0¥ug) | wg)unFy + 2([s, uy] | Uz’)Fj> :

jel kel
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Using the invariance of the bilinear form we have >, o ([u®, u;] | wi)ur, = 3 e (W | g, ui])ur = [u;, u;]
and ([s,u;] | u;) = (s | [uj,u;]) and by symmetry, (u; | uj) = (u; | u;), proving that left hand side and
right hand side of (5.7) are equal. O

Let us assume s € g be a semisimple element with nontrivial adjoint action and denote by h = ker ad s.
Then,

g=bh®imads. (5.8)

Moreover, imad s = h*. Indeed, by invariance of the bilinear form, imads C . On the other hand,
if b € g is such that (a | b)) = 0 for all a € h and we write b = by + b/, with b’ € imad s, then, since
imads C ht, we have (a | by) = 0. This forces by = 0, since the bilinear form is non-degenerate and
proves the equality.

According to the discussion in Section 1.3, to find an integrable hierarchy of equations % =
{[ fx,u}n and the associated infinite sequence of integrals of motions [ fi, k € Z, we need to find an
infinite (H, K)-sequence {F,}nez, C V.(g, 5)®1 and prove that each F), is exact. This means that we

need to solve two problems. First, we need to find F(z) € V.(g,s)®![[z7!]] such that (1.22) holds. Then,
we need to find [ f(z) € (Vz(g,s)/avz(g7s)) [[z71]] such that F(z) = 5’;—?.

By identifications (5.4), (5.5) and Proposition 5.1, the first problem is equivalent to find F(z) €
(g ®@V.(g,s))[[27]] such that [L(2), F(z)] = 0 and [s® 1, Fy] = 0, namely Fy € h®@V,(g, s). The explicit
descripition of all series commuting with L(z) is given by the following proposition due to Drinfeld and
Sokolov ([12, Proposition 4.1]).

Proposition 5.2. There exists a formal series U(z) € 2~ (g®V.(g,s)) [[z71]] such that
Lo(z) = 2 VE(L(2) = 0+ 2s © 1 + h(z), (5.9)

with h(z) € (h @ V.(g,5))[[2~Y]]. The automorphism 1Y) is defined uniquely up to multiplication on
the left by automorphisms of the form e*15G) where S(z) € 21 (h @ V. (g,5)) [ "] and it is possible
to choose U (z) uniquely if we require U(z) € 2~ (b~ ® V.(g,s)) [[z71]].

Proor. Writing U(z) = >_.o, Uiz~ with U; € g®V.(g, s), and equating coefficients of =% in both
sides of (5.9), we find that h;+[s®1, U;, 1] can be expressed in terms of Uy, Us, ..., U; and hg, by, ..., hi_1.
For example, equating the costant term in (5.9) gives the relation ho + [s ® 1, U;] = u, while, equating
the coefficients of 2!, gives the relation hy + [s ® 1,Us] = —Uj + [Uy,u] + 3[U1, [U1, s ® 1]] and so on.
Let say h; + [s® 1,U;41] = A € g ® V,(g, s), where, as already pointed out, we explicitly know A. By
(5.8), we can write in a unique way A = Ay + A1, where Ay € h® V.(g,5) and Ay. € bt ®V.(g,s).
Hence, we get h; = Ay and U;pq = (ad(s ® 1)) 7' (Ayx). Since the restriction of ads to h* is an
isomorphism, we can determime uniquely U; 41 € b~ ® V. (g, s). Therefore, we can uniquely determine
h(z) € (b @ Va(g, )= ] and U(z) € 216" @ Va(g, ) ([ ])-

Let U(z) € 2~ (g @ V.(g,s))[[z"}]] be such that e*dU()(L(z)) = Lo(z), where Lo(z) is of the
same type of (5.9), namely, Lo(z) = 0 + zs ® 1 + h(z), with h(z) € (h ® V.(g,s))[[z"1]]. Since these
automorphisms form a group, there exists S(z) € 2= (g ® V.(g,s))[[z~"]] such taht e2dVU(2)e=adU(z) —
¢ 5()  Equating coefficients of powers of 2% in the expression ¢ 5()(Ly(z)) = Lo(z), we have that
S(z) € (h @ V.(g,5))[[z7"]], since both coefficients of Lo(z) and Lo(z) lie in (h ® V.(g,s))[[z""]] and
[s@1,h+] C bt U

Let a € 3(h) ={a € h|a,b] =0, for all b € h} (note that 3(h) # (0), since s € 3(h)), but a ¢ 3(g),
and set F(z) = e~ 21U (a® 1), where U(z) is the same as in Proposition 5.9. F(z) does not depend on
the choice of U(z). Indeed, by Proposition 5.2, if we choose another series U(z) such that (5.9) holds,
then F(z) = e 2dUE) (g0 1) = ¢ 24U e=2dS() (g0 1) = ¢V () (a @ 1) = F(2), since a € 3(h).

Since e~ 24U(*) is an automorphism for § and ¢ ® 1 commutes with Lo(z), we get, as desired,
[L(2), F(2)] = e~ 24U ([Lo(2),a ® 1]) = 0. Moreover, Fy =a® 1 € h®V,(g,s).

Finally, we set [ f(2) = [(a® 1| h(2)) € (V(g)/avz(g,s)) =1]].

Proposition 5.3. We have

=e UG (0 1) = F(z). (5.10)



PROOF. We recall that, by (5.4),
) S w0 8 ¢ (o v.(g,9)11:71)

Su 4 ou;
i€l
where (Séf—i’:) = Zmez+(—8)m ggéi)), for all ¢ € I. We start computing the partial derivatives. First we
note that we can extend in a natural way the partial derivatives % of V,(g, s) to linear maps, which
Ou,
G 1 0®Va(g,5) — 9@ V:(g, ) by

by abuse of notation we denote in the same way, )
Ui

0 of
— @@ f)=a® )
ou, Oou;
forallaeg, f € V.(g,s) and i € I, m € Z,. These linear maps are still derivations. Furthermore, we
—25(9) = 0.

can extend them to the whole g, defining D)
We have, for all i €  and m € Z, '

0f(z) _ 0 (
oul™  oul™
since partial derivatives act as derivations of the bilinear form (indeed they act only on the right term

in the tensor product g ® V. (g, s)). By (5.9), we can write h(z) = e*1V()(L(z)) — 9 — zs ® 1. Hence,

Oh(z)  0e*VE(L(z)) 0 (Z W(MZ))) =
!

3h(z)>

8u§m)

a®1l|h(z)) = <a®1

O (ad U(2))*
T o™ gul™ (Z T )
7 i k>1
We note that
’ (Eig = 8&) - ?m (W @u) =) v ® al(ii) = Omou’ @ L. (5.12)
ou; ou, il ou, il Ou;

Furthermore, let us write L(z) = 0 + A(z), where A(z) = u + 2s ® 1, then we can write

0 ad U(z))* 0 ad U(z))* 1o} ad U(z))¥
(Z( ) (L(z))) = 5 (kz (k!())@)) * o (;( = W”)'

8u(-m) k>1

2

Since partial derivatives act only on the right of the tensor product g ® V,(g, s), they are derivations of

the Lie bracket on g ® V,(g, s). Hence,

oul™

% k>1

al 2))F = ; 0 a ol i
9 (Z( 10 (A(z») =k2>juzo,;<adU(z>>1aaiffn§)(adU(z))’“—H(Mz))

(ad U(2))* (5‘A(z)> _

> T
k>1 k! auz( )
k—1
1 ;0adU(z e adU(z))k ;
= Z E(ad U(z)) #())@d U(2)FH(L(2)) + Z %(5m70u ®1), (5.13)
k>14i=0 Ou; E>1 ’
where gi‘(_(,i) = 6o’ ® 1 by (5.12).
We claim that
0 = ;0adU(z i _ oU (=
o @AV (0) = (@ U () 2T d U()1(0) ~ (ad U() (w“) . (514
7 =0 i 4
for any k > 1. We prove formula (5.14) by induction on k. For k = 1, using (1.1), we have
0 B 0 B oU(z) oUu(z) oU(z) oU(z)
pui (U ()01 = =y (BU2)) = =0 (augm> ) " aun D N G ) T gm0
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Let us assume that (5.14) holds for k¥ > 1 and prove it for k + 1. We have, using the fact that partial
derivatives are derivations for the Lie bracket in g ® V,(g, s) and inductive assumption,

- ?m) (ad U())+1(9) = ajmw),ad U()(0)) = gg((f (ad U(z»k(a)]

+ U6, ol (ad U(2))¥(9)| = ad Zg((j)) (ad U(2))*(9)

+adU(z) lg(ad U(z))iaz(;gf)z)(ad U(2)"710) — (ad U(2))" <%> =
g‘a(adrf( ) aa‘if”))< adU(:))(9) — (ad U (=)* ( ai?ﬁ%) .

We can substitute (5 13) and (5.14) in (5.12) and get

U(z i1 adU(2)* [ oU(z
ZZ (adU(z 8u((m)) (adU(2))" (L(2)) — Z ((k _,_(1;? (8u§"5_)1)>

k>14=0 k! i keZ4
+ 00V (vt @ 1).

We set
_ (adU(2))* (0U(2)
Aim(z) = ke%; (k+1)! <3ul(.m) ) ;
for any ¢ € I and m € Z,, then we can rewrite
ah(Z) = i adU(z)(,,t
8u(m) - [Az,m(z)yLO(Z)] + (Smoe (u ® 1) _ Ai,m—l(z). (515)
Indeed, '
1 L oU(2) y -
ng m(ad U(z)) (ad D > (ad U(2))*(L(2)) =
= oU (z)

Using (5.3), we rewrite the above expression as

S (Do [@avens ( ZE) vt e =
k) (ht i+ 1) 9™
heZ, u;
0<k<i
I+k
_ (AUE! (U)) @aUE)|
- 2 2 Wem |5 (%m)’ I

where, in the last equality, we used Lemma B.3 to show that Y \% (;) = (k,jﬁl)
By (5.15), for all i € I, we get

%Z) = > (0" (0@ 1 |[Aim (=), Lo(2)] + bmoe™ VO (' @1) = Aga(2))

mezZ,
By invariance of the bilinear form
(a®1|[Aim(2),Lo(2)]) = ([zs @1+ h(2),a@1] [ Aim) + (@@ 1] [As,0]) = —(a @ 1] 0Aim),
since a € 3(h). Finally, it follows that
6f(2)

(5ui

= (a®1

eadU(z)(ui ® 1)) + Z (—)™(a®1 | 8Ai,m . Ai,m—l) _ (efadU(z)(a(g) 1)

mEZy

ui®1),
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where in the last equality we used the invariance of the bilinear from to bring the exponential of the
adjoint action on the left. Hence,

6];12) _ Zui 2 (e—adU(z)(a® 1)‘ui®1) :e‘adU(Z)(a@) 1).

icl

O

Remark 5.4. Since F'(z) does not depend on the choice of U(z), then 5);—5? does not depend on the choice
of U(z) too. This means that, if f(z) = (a®1 | h(z)), where h(z) is determined by ¢*U () (L(z)) = Ly(z)

(see Proposition 5.2), then f(z) and f(z) differ by a total derivative. In particular, if b is abelian,
this is the case, for example, when s € g is regular semisimple, then, by Proposition 5.2, e U@z =
e2d5(2)e2dU(2) where S(z) € 271 (h@V.(g,5))[[z7]], and €24 5(2) (Ly(2)) = L(z), from which follows that
h(z) — h(z) = 8S(z) (we always have ho = hg by the recursion we derived in the proof of Proposition
5.2). We recall that a regular element s in a Lie algebra g is an element whose centralizer g° = {a € g |
[a, s] = 0} has minimal dimension among all centralizers of elements of g. If g is reductive and s € g is
regular, then dim g° = rank g.

We set deg u§”> =n+1,foralli e I and n € Z;. It is clear from the recurrence we got in the
proof of Proposition 5.2 that degU, = k, for k > 1, and deghy = k+ 1, for k € Z,, if we require
U(z) € z7Y(bt @ V.(g,s)). It follows, by Remark 5.4, that fi, for k € Z, are linearly indipendent,
modulo total derivatives, that is, f fr are linearly independent for all k € Z .

5.1.1. The N-waves equation. Let us assume g = gl and we consider as symmetric invariant
non-degenerate bilinear form the trace form. Let {E;;}1Y;_; C gly be the set of elementary matrices (they
form a basis of gly) and write {u;;}

ii=1 C V.(gly,s) when we think at them as differential variables of
V.(gly,s). Thus

N
u= Y B ®u

ij=1

since {Ej;}};_, is the dual basis with respect to the trace form.

We take s € gly to be a regular semisimple element, namely, s is a diagonal matrix, say s =
diag(s1,...,sn), with s; # s; for all 1 <¢,j7 < N. Then h = kerad s = Diagy is the Lie subalgebra of
diagonal matrices in gl,, while h~ = imad b is the subspace of off-diagonal matrices in gl .

Let U € gly, we denote by Ly, respectively Ry, the operation of multiplication on the left, re-
spectively on the right, by U. Clearly, given U € gly ® V.(g,s), we can extend Ly and Ry to
the space gly ® V.(g,s) componentwise and, then, to ;[; An easy computation shows that, for
U(z) € 2L (gly ® V.(g,5))[[z"1]] and a € gly, we have

k _ k Ll Rk_l (a)
adU(2) [y (adU(2))*(a) _ (Lu(z) = Buz))*(a) ki tue(e)
€ (a) = Z k! B Z k! B Z (=1) Ik —1)!
keZy keZy keZy
0<i<k (5.16)

= Z (,1)lw — U)oU)

k! o ’
kEZ,

since Ly () and Ry () commute. Thus, we can set T'(z) = e2dU(z) = 1y +Zi21 T;z~' and, by Proposition
5.2, the relation Lo(2)T'(2) = T'(z)L(%), allows to determine T'(z) and h(z) by the recursion

h0+[5®13T1] = u,
By + (5@ 1, Ty = T — 9T, — S 7 Ty, m >0,
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from which follows that we can uniquely determine h(z) € (h ® V.(g,s))[[z7}]] and T(z) € (h* ®
V.(g,s))[[z7Y]]- The first terms in the recursion are given by

N

Ui
ho =y = Eyp ® ug, N=(ads®1) M) = Y Bye-t
k=1 1<i#j<N
N N u
hi = (Tiw)y = Y B ® Z Uik ki Ty = (ad(s ® 1)) (Thvu — 0Ty — hoTh)pr) =
k=1 ;é
— Z E;® | ——5 + Z Uk Uki
— SijSik
1<i#j<N 55 b=l 7
ol Nl N wnuniu
_ — hk“kh IhUhiUil
ho = (Tow)y = > B @ _ZT+ > “susam |
k=1 =1 "hk hyl=1
h#zk [
where s;; = s; — s;. Since D is abelian, we can take a = diag(a1,...,an) € b, with a # cly, for all
c € C. By (5.16), we have F(2) = T(2) " Ya® 1)T(2) = Fy + Fiz7! + Foz7! + ..., where
Fo=a®1

F=lel,T]=[a®1,(ad(s® 1) (uys)] =p
F2 = [a X l,TQ] — Tlp
with p € gly ®V.(gly, s) defined by p;; = %uﬂ off the diagonal, where a;; = a;—a;, forall 1 <i,j < N,

and its diagonal entries are zero.
The first equations of the hierarchy are given by

dUbL
dto

duhL
dtq

:[U,CL@l], :pl+[uap]7

. . . . . d
We note that in the case in which a = s, this last equation reduces to % = u;)L.

The explicit formulas of the first integrals of motion is given by [ f(z) = [(a® 1| h(2)) = [(fo +
fiz7t+ foz7t +..)), where

/fO:/ ®1|h0 /Zaiuna
Q;
/fl Z/(a®1 | k1) :/Z ;juijujia
i,j=1
i#]

/fz/(a®1|h2)/i i uhkuwz

h,l=1
h;ék ol i

UIh Uhi U]
SilSih

5.2. Integrable hierarchies arising from the classical Drinfeld-Sokolov Hamiltonian
reduction

Let us briefly recall some basic facts and notations about the construction of classical W-algebras we
gave in Section 2.2. Let us assume g to be a reductive finite dimensional Lie algebra with a symmetric
invariant bilinear form (- | -). Let f € g be a nilpotent element, by Jacobson-Morozov theorem we can
find a sly-triple {e,h = 2z, f} C g and write

s=EP g (5.17)
jeLZ

for the ad x- eigenspaces decomposition of g. We set

m+:921Cﬂ+=92%Cb+=920C%+:9>7l and B_ =g

N
IN
ol

Then feg 1, h€go="bhand e € g;.
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Let us assume s € ker adn, we endow the space V(g) = S(C[0] ® g) the structure of Poisson vertex
algebra defining, for a,b € g,

{axb}: = [a,b] + (a [ D)A + 2(s | [a,b]),
and extending the A-bracket to V(g) by (1.11). We denoted this Poisson vertex algebra by V. (g, s).

C Weset 3(g.f) = (m—(f | m) | m € my)vi and Walg fos) = {p € Valg,s) | {ap). €
J(g, N[N\ Va € ny} and defined the classical W-algebra associated to the triple (g, f,s) to be quotient
Poisson vertex algebra

W.(g, f,s) = Wz(QMf’S)/ET(g,f)-

In Section 2.2 is proved that the quotient is well defined and has a induced structure of Poisson vertex
algebra.
Let us fix a basis of g and its dual basis with respect to (- | -) in the following way

- Q'=Q;,i=1,...,r, basis of b;

QM =Q;,i=r+1,...,r+d, basis of g_1;

QMM =Qii=r+d+1,...,7+m, basis of g<_1;

QM =Q;,i=r+m+1,...,7r+m+d, basis ofg%;

QUM =Qi,i=r+m+d+1,...,r+ 2m, basis of g>1,
where lower indeces stand for elements of the basis and upper indeces for elements of the dual basis.
We denote V = V(B _) and set I = {1,2,...,7r+2m}, I = {1,2,...,r + m+d} and ¢; = 7_(Q;), for
i € I, when we think at these basis elements as differential generators of V. As differential algebras
V=V, (g, S)@(g,f). Moreover, V = C[q§n) | i € I,n € Z,]. By construction, W, (g, f,s) C V, and the
formula for the induced A-bracket on elements of W, (g, f,s) is given by (2.17), that we recall. For any
fig € W.(g, f,s) we have

dg n m Of

{Igtac) = E oy A+ 0)"{irvatitac (A= 9) PRCE
= : W
i,j€I J i

n,mely

where, for any a,b € B_,
{axbiacz) = 7—([a, b)) + (a [ D)A + (A(2) | [a, B]).

We write the \-bracket on V as {-x-}a(z) = {*-}u —{*-}k, Where H (D), respectively K (0), is the matrix
valued differential operator corresponding to {gi\q;}u = 7—([Q:, Q;]) + (Qi | @)X+ (f | [Qs, Q5]),
respectively {gi\qg;}x = —(s | [@i, Q;]), by (1.17). Hence,

Hij(0) = m_([Q;, Q:]) + (Qi | Q)0 + (f | [Q), Qs]) and  Kij(0) = —=(s[[Q;,Q:]),  (5.18)

foralli,5 € I.

As we did in Section 5.1 we endow the space g ® V a Lie algebra structure and extend the bilinear
form of g to a non-degenerate symmetric invariant bilinear form on g ® V which we still denote (- | -).
Furthermore, given 0 the derivation of V we define the semidirect product Lie algebra C9 x (g ® V),
where the commutator of 9 against elements of g ® V is defined by [0,a ® f] = 0.(a ® f) = a ® Jf,
for any a € gand f € V. We set g = (CO x g® V)((z71)). As already pointed out in Section 5.1,
given U(z) € 271 (g ® V.(g,5))[[z7']], the map e*U(*) . § — §is a Lie algebra automorphism and
automorphisms of this type form a group.

We consider the following identifications

Vel > g2V
F=(F),e—EF= ZQi ® F; (5.19)
iel
and
VgV
P=(P)e;—P=Y Q oP. (5.20)
el

In Section 5.1 we defined a pairing (+,+) : g@Vx gV — V/@v, using the bilinear form on g® V. Using
(5.19) we can identify V®! with B_ ®V and, using (5.20), we can identify V! with B, ®V. These spaces
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are duals with respect to the pairing (-,-). Thus, if f € V, we can identify its variational derivative with
the following element of B_ ® V,

We set ¢ =>,.; Q" ®¢; € By @V and define
L(z)=04+q+A(z)®1€eg.
Proposition 5.5. If F = (F;);c; € VL, then
(H(9) = 2K(0))F = (m @ 1)([L(2), £]),
where T4 : g—» B is the projection map from g to B, and 11 @1 :g@V — B, @ V.
PROOF. Since I C I, and H(9) — 2K (9) € Mat;(V[d]), by (5.20), we have

(H©) —2KO)F = 3. Q' © (H(9) - 2K(9))F), .

iel

On the other hand, given an element A € g®V we can write it uniquely as A =%, 7 QIe(A]Q;®1),
from which follows that (7 ® 1)(A) =>,.; Q" ® (A | Q; ® 1). Then, we are left to show that

(H(0) = 2K(0))F); = ([L(2), E] | Qi @ 1), (5.21)

7

for all ¢ € I. Using (5.18), the left hand side of (5.21) is
(H(9) = zK(9))F); = Y _(Hij(9) — 2Ki;(9)) Fj =
Jjel
=Y ((Qi | Q)F) +7([Q;, Qi) F; + (A(2) | [Q), Qi) F}) -
jEI
On the other hand we have

[L(2),F1 =Y [0+q+A(z)®1,Q; @ Fj] = » (Qj ®F +> [QF, Q] @ quFy + [A(2),Q;] ® F]) .

jel jeI kel
Taking the scalar product of this term with @; ® 1 gives the right hand side of (5.21). We get

([L(=).F] | Qo) =) ((Qj | QIF] + Y (1Q%, Q] | Qi Fy + ([A(2), Q5] | Q»F;-) :
jerl kel
Using the invariance of the bilinear form we have ZkeI([kaQj] | Qi)ar = ZkeI(Qk | [Q;, Qi))ar =

7 ([Q5, Qi]) and ([A(2), Qs] | Qi) = (A(2) | [Qj,Q:]) and by symmetry, (Q: | @;) = (Q; | Qi), proving
that left hand side and right hand side of (5.21) are equal. O

Let us set g = g((271)). Let dy = zd% be a degree operator, then d; defines a gradation of g with
respect to powers of z and we denote g* = gz*, for k € Z, the homogeneous component of degree k. We

also denote g™ = g[z]. We define a nondegenerate symmetric invariant bilinear form on g in the following
way. First, for any a(z) = >, a;2",b(2) = 3, biz* € g, we set

(a(2) | b(z)) = Y _(a; | b)z"" € C((=71)). (5.22)
4,3
The nondegenerate symmetric invariant bilinear form on g is obtained taking the costant term of (5.22),
namely, we set
(a(2) | b(2)) = Res:(a(2) | b(2))2"", (5.23)

for all a(z),b(z) € g. It is clear from definition that this bilinear form is coordinated with the gradation
defined by d;.
We assume A(z) € g to be a semisimple element. Then

g=9dimadA(z). (5.24)

The same argument used in Section 5.1 shows that $* = imad A(z) with respect to the bilinear form
defined in (5.23).

We fix also another gradation on g by the condition that A(z) is a homogeneous element of degree
—1. Namely, let us denote m = deg(s), the degree of s with respect to the ad z-decomposition of g and
consider the gradation of g defined by the degree operator do = (—m — 1)2% +ad z. We shall write g; for
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the component of degree j with respect to this gradation. If n € Z, let us write n = (m+1)h+a, where
0<a<m+3,h€Z;, then g, =gaz " ®g_m—1402"""', where lower indeces, which denotes the ad a-
decomposition of g (5.17), are in %Z/mz. Using the same notation, we have §_,, = g_o2" © gmi1_a2" Tt
Hence, since the bilinear form (- | -) on g is coordinated with the gradation (5.17) and the bilinear form
(5.23) is coordinated with the gradation in powers of z, it follows that (5.23) is also coordinated with
the gradation of g given by the degree operator do. We denote g— = &;<19; = B_ @ zg[z] C gt

We want to find a sequence f,,, n € Z,, such that (1.23) holds, that is, we want that

{fn/\a}H‘A:o = {fn+1>\a}K|>\:0 )

for any a € W, (g, f, s). By definition of induced A-braclet, this is equivalent to
m ({f"/\a}ﬁ’,\:o) -7 ({f”H’\a}f(‘,\:O) ’

for any fn, fnﬂ,a € Wz(g,ﬁs) lifts of f,, fnr1 and a, and by H and K we denote the affine Poisson
vertex algebra A-brackets (which we called H and K in the previous section). In particular, by (1.20),
this is equivalent to show that

0a =~ 0fn\  [da_ . 0fn  [Oa_ _ 8fni1 0d ~ o 0 fni1

since, as already said in Section 2.2.1, we may choose f,, fn+1 and a as their liftings. Furthermore,
(5.25), can be stated as

/XH(a)%(“) :/XK(B)H%(G), (5.26)

for any a € W,(g, f,s). Thus, our goal will be to find a sequence f, € W,(g, f,s), n € Z4, such that
(5.26) holds.

Similarly to what we did in the previous section, we start finding an explicit description of Zp,) =
{F(z) e g®V | [L(z), F(z)] = 0}. The answer is essentially given by the following result of Drinfeld and
Sokolov [12, Proposition 6.2]wich we generalize to our situation. We fix the following notation: given
a subspace V C g, for all i € Z, we denote V¢ = V N g, respectively V; = V Ng;, the homogeneous
component of V' of degree i with respect to the grading defined by d;, respectively ds.

Proposition 5.6. There ezists a formal series U(z) € g=o ® V such that
Lo(z) = 2V (L(2) =0+ Az) @ 1 + h(2), (5.27)

with h(z) € 5327% ®V. The automorphism e*1V(?) s defined uniquely up to multiplication on the left by

automorphisms of the form e*45() where S(z) € $H-0 @V and it is possible to choose U(z) uniquely if
we require U(z) € HZT, @ V.

Proor. Writing U(z) = Zig% Ui, with U; € §; ®V, h(z) = Ziz—éa where h; € ; ®V and equating
terms which lie in the component of degree ¢ in both sides of (5.27), we find that h; + [A(2) ® 1,U;44]
can be expressed in terms of U, Uy, ..., Uips and h_%,ho, el hi_%. Let us say h; + [A(z) ® 1,U;441] =
A € §; ®V, where, as already pointed out, we explicitly know A. By (5.24), we can write in a unique
way A = Ag + Ag1, where Ay € H @V and Ag1 € H @ V. Hence, we get h; = Ay and U1 =
(ad(A(2) ® 1)) 71 (Ag1). Since the restriction of ad A(z) to 1 is an isomorphism, we can determime
uniquely U;;1 € H1 ® V. Therefore, we can uniquely determine h(z) € 9H>_1®Vand U(z) €Ny V.

Let U(z) € §<o ® V be such that e ﬁ(z)(L(z)) = Lo(z), where Ly(z) is of the same type of (5.27),
namely, Lo(z) = 8 + A(z) ® 1 + h(z), with h(z) € $>_1 ®V. Since these automorphisms form a group,

there exists S(z) € gso ® V such taht e U(x)g=adU(2) = gadS(2), Equating terms with degree ¢ in the
expression e*d%(2)(Ly(2)) = Lo(z), we have that S(z) € ($s0 ® V, since both coefficients of Ly(z) and
Lo(2) lie in (H>_1 ®V and [A(z) ® L9t c ot O

Let U(z) € g0 ® V be defined by the previous proposition. Then we have the following corollary.
Corollary 5.7. Z; = e~ 24UV (3(H) @ 1) and does not depend on the choice of U(z).

Proor. By Proposition 5.6 it suffices to show Z(.) = 3($)®1 C V((z71)). Clearly, by definition of
Lo(z), given by (5.27), it follows that 3() ® 1 C Zp,(-). On the other hand, let us assume M(z) € g@V
and write M (z) =Y .., M;, with M; € g; and m € Z. Equating to zero the component of degree m — 1
in [M(2), Lo(2)], we get [M,,, A(z)] = 0. Thus M,, € 3($) ® V. While, equating to zero the component
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of degree m — %, we get (M1, A(2)] = 0, then M, 1 € 3(H) ® V, fromwhich follows that equating
to zero the component of degree m we get the equality M/, = [Mp+1,A(2)]. The left hand side of this
equality belongs to 3(£)) ® V, while the right hand side belongs to H* ® V, which forces M/ = 0. Then,
we proceed applying analogous considerations to M (z) — M,,. The independence from the arbitrariness
of the choice of U(z) is clear since, by Proposition5.6, e24V(%) is defined up to multiplication on the left

by automorphism of the form ¢2d5(2) where S(z2) € H @ V. O

We define the following map ¢ : 3() ® 1 — Zp(.), by ¢(a(z) ® 1) = e~ U*)(a(z) ® 1). By
Corollary 5.7, this map is well defined. Indeed, it does not depend on the choice of U(z). We want to
use this map to define some evolutionary vector fields on V. We need the following properties.

Lemma 5.8. Let F(2) € g®V and write F(z) = F(z)* + F(2)~, respectively F(z) = F(z)+ + F(z)_,
where F(2)* € gt @V, respectively F(2)_ € g @V, and F(z)~ = F(z) — F(2)", respectively F(z); =
F(z) = F(z)-. Then, F(2)* — F(z)_ € n,. ® V. Moreover, If F(z) € Zy.), then

Z) L(Z)vF(Z)+]a [L(Z)vF(Z)—] € %-‘r ®V:

1) [L(z), F(2)] = —[s ® 1,Res, F(z)].

ProOF. The first assertion follows from the fact that gt = g[z], while g_ = B_ @ zg[z]. Let
us assume ['(z) € Zp(., then [L(2),F(2)-] = —[L(z),F(z)1]. The left hand side of this equality
belongs to g[z] ® V, while the right hand side belongs to '9\27% @V = (B, ®z1g[[z271]]) ® V. Hence,
[L(2),F(2)_] € B, @V =g[z]@VN (B, ® 2z tg[[z71]]) ® V. Since F(2)* — F(z)_ € n, ®V, we have

(L(2), F(2)*] = [L(2), F()_] = [L(2), F(2)" = F(2)_] = [0+ g+ &1, F(z)" — F(z)_| € B, & 7.
Then [L(z), F(2)"] € B4+ ®V, which proves i). To prove ii) we simply note that the left hand side of the
equality [L(z), F(z)*] = —[L(2), F(z)"] is a polynomial in z, while the left hand side is a power series
in 27! whose constant term is given by [s ® 1, Res, F(z)]. O

Let a(z) € 3(9), but a(z) ¢ 3(g), by Lemma 5.8, [L(2), ¢(a(2)) "], [L(2), p(a(2))-] € B4+ @V and,
by identifications (5.20) and (1.5), they define vector fields on V, wich we denote X, (y(z))+,0(z) and
Xp(u(2)) - L()]-

Proposition 5.9. We have X[L(z),ga(a(z)@l)ﬂ (Wz(g, 1, S)) C Wz(g7 fys) and X[L(z),tp(a(z)@l)_] (Wz(g, 1, S)) C
W. (g, f,s). Moreover,

X[L(Z)#P(a(z)®1)+] |(Wz(g,f,s)) = X[L(Z)#)(a(z)@l),] |(Wz(g,f,s)) . (5.28)

PROOF. The proof of this proposition heavily use the definition of W, (g, f,s) in terms of gauge
invariant polynomials we gave in Section 2.1.
Let p(q) € W.(g, f,s). First we prove that

(X2(2) o=@ 11(P) (@) = (X(Le).pa 004 () (). (5.29)
This means that X7,y (a(z)21)+](W=(8, f,5)) C W.(g, f,s). In order to do this we need the following
result. Let P(q) € B, @V, if P(q) = *%(P(q)) for any ?jz q, then Xpy(W.(g, f,5)) C W.(g, f,5).
Indeed, we have

p(g) + t(Xp(p)(q) + o(t*) = p(q + tP) = p(q + tP) = p(q + te** *P(q)) = p(q+ tP(q)) =
= p(@) + t(Xp(p)(@) + o(t?),
from which follows, since p(q) = p(q), that (Xp(p))(¢) = (Xpr(p))(q). Hence, we are left to show that, if
q L q, then
[L(2), §(a(z) @ 1)*] = e [L(2), pla(z) ® 1)F].
Furthermore, since e*“” is a Lie algebra automorphism, we reduce to show that ¢(a(z) ® 1)t =
e S (p(a(z) ® 1)T). Using the fact that L(z) = e*d9(L(z), we get
zo(z) _ ead(j(z)(f(z)) _ ead(j(z)eadS(L(z)).

By Proposition 5.6, adU(2)gad S — e2dT(2)e2dU(2) with T'(2) € Hs0 ® V. Hence,

Fla(z) @ 1)+ = (e—adﬁ(z)(a(z) ® 1))+ _ <€adS€—adU(z)(a(Z) ® 1))+ — 5 p(a(z) @ )Y,

d s

ad S

where we can bring e outside the parenthesis since it does not contain any powers of z. This proves

(5.29).
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Next, we want to prove that, if p € W, (g, f, s), then

X(L(2)p(a=)00)+ (P) = X[L(2)p(alz)01)+] (D) (5.30)

This will conclude the proof. Let us set

9(0) = X(1(2) p(a(01)+](P) = X[L(2),0(a(2)01)+](P) = X[L(2),0(a(z)@1)+ —p(a(z)@1) -] (P)

and S = t(p(a(z) ® 1) — p(a(z) ® 1)_). By Lemma 5.8, S € ny ® V. Moreover, g 2 q(t), where
q(t) = q + t[L(2),p(a(z) @ 1) — ¢(a(z) ® 1)_] + o(t?), and, by Taylor expansion, p(q(t)) = p(q) +
XL (2),0(a(z)@1) T —p(a(z)®1)_] T o(t?). Tt follows that
_ dple®)|  _ (@] _
at  |,_ dt |,_q
where p(q(t)) = p(q), since p is a gauge invariant polynomial. O

We set f = (a(z) | h(z)) € V, where h(z) is defined by Proposition 5.6. Since the bilinear form
(5.23) is coordinated with the gradation defined by do, then f =0, if u(z) € 3($)>1. Thus without loss
of generality we may assume a(z) € 3(H)<1 ® 1 = (3(H) N (B- ® 2g[2])) ® 1.

Proposition 5.10.
of
5~ (m-®1) (pla(z) ®1)%),

where the upper index 0 denotes the constant term in the expansion in powers of z.

Proor. We recall that, by (5.19),

65 ZQ1® fe% ®V,

where 6f(z) = mez, (—B)M%, for all i € I. We start computing the partial derivatives. As we did

in the proof of Proposition 5.3,Lwe have, for all i € I and m € Z,,

0
of d Oh(z)
W=W(a(z>®llh(z»°= a(z) @1 au(m)> ;

since partial derivatives act as derivations of the bilinear form. By (5.27), we can write h(z) =
UG (L(2)) — 0 — A(2) ® 1. Hence,

Oh(z)  9erUG)(L(2)) 0 Z (ad U(2))*

= - = —m — (L) ] =
g™ g™ og™ \iez, M
(5.31)
OL(z) 0 adU(z))*
=2+ oo | X e |,
9q; Jq; k>1 ’
where
OL(z) 0q Z - 0qj .
— = = Qg =) Qe = 6m0Q' @ 1 (5.32)
aqz(m) aqgm) jeI dq (m) jel 3‘11(7%)
and the remaining term in (5.31) is given by
[Ai,m(2), Lo(2)] — Aim—1(2), (5.33)
where A; ., (2) = Zke@ (a?k[i 1z))‘)’“ (gqu ("f))> (the same computation we made in the proof of Proposition
5.3). Putting terms (5.32) and (5.33) in (5.31), we get
of

> oy (a@ 1 |[Aim(2), Lo(2)] + 0oV Q' ©1) = Aiyn-a(2))

meEZy

oq

By invariance of the bilinear form
(a(2)@1 | [Aim(2), Lo(2)])° = ([A(2) @1 +h(2),a(2)@1] | Ajn)+(a(2)®1 | [Ajn, 0]) = —(a®1 | DAim),
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since a(z) € 3($). Finally, it follows that

o ,
yi = (s 1] D@ 0 1)) + m% (=0)™(a(2) @ 1| Aim — Ajmr) =

- <e_ 2dUG) (g(2) ® 1)‘ Q'® 1) )

for all i+ € I, where in the last equality we used the invariance of the bilinear from to bring the exponential
of the adjoint action on the left. Hence,

% _ ; Q;® (aadU(z)(a(z) ® 1)‘ Q® 1)0 = (r_®1) ((eadU(z)(a(z) ® 1))0> =
= (r-®1) (pla(z) ®1)°).

O

Remark 5.11. Since the map ¢ does not depend on the choice of U(z), then % does not depend

on the choice of U(z) too. This means that, if f = (a(z) ® 1 | h(z)), where h(z) is determined by
edU(2)(L(2)) = Lo(z) (see Proposition 5.6), then f and f differ by a total derivative. In particular,
since ny C §so, if we consider L(z) = e*5(L(z)) = L (z) (see Proposition 2.1), then f is a gauge
invariant polynomial up to total derivatives. This means that, if we define f(q) = f(q°®"), then, by
definition, f is a gauge invariant polynomial, namely f € W.(g, f,s), and it differs from f by a total
derivative. Hence, without loss of generality, we may assume f € W. (g, f, s).

We set deg ql(n) =n+1,foralli € I and n € Z,. It is clear from the recurrence we got in the proof of
Proposition 5.6 that, if we denote Uy, € gj the homogeneous part of U(z) of degree k, then deg Uy = 2k,
for k > 1, and deg hy, = 2(k + 1), for k > —3, where hy, € 3($), is the component of h(z) of degree k, if
we require U(z) € (Hs0)" ® V. It follows, by Remark 5.11, that hy, for k > —% are linearly indipendent
modulo total derivatives, that is, [ hj are linearly independent for all k > —%.

Let us consider the following infinite sequence in V. We set fo = f and f, = (a(2)z" ® 1 | h(z)), for
any n > 1. By Proposition 5.10, it follows that

(e 1)) 2 1)) = plalz) @ 1),
since g Ng_ = gN (B_ @ 2g[z]) = B_. Using (2.11), it follows that (7. ® 1)[L(2),p(a(2)z" ®
-] = [L(2),¢(a(2)z" @ 1)_] € B, ® V. Since this bracket does not depend on z and both L(z) and
p(a(z)z™ ® 1)_ contain only nonnegative powers of z, we may put z = 0 inside the bracket and get

D+q+ f@1¢p(az)z" ®1)Y] = (ry ®1) [3 +q+fol, %ﬂ . By Proposition 5.9, we get
X[L(2)p(a(z)zn@1) -] = Xpi(9)ofa -
Moreover, by Proposition 5.10, it follows that

dfn
J; = (r- © 1) (Res: pla(z)2" ©1)).
Since s € kerad ny and using Proposition 5.8 and (2.11), we get
dfn
(1 @ 1)[L(2), pla(2)z" @ 1)T] = —[s, Res, p(a(z)z" @ 1)] = — [S’ {5(;1} '

It follows, by Proposition 5.10, that
XlL@ ea@)zron ) = X ) sas -

Hence, by Proposition 5.9, for any n € Z,, we have

X X Sfnt1

Wz(g,f,s): K(9)—%;

)

H(9) %
@)% W (g,f,s)

as required in (5.26).
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APPENDIX A

Remarks on formal calculus

Given a C-vector space U, one usually has:

- U[z] the space of polynomials with coefficients in U;

- Uz, 27 1] the space of Laurent polynomials with coefficients in U;

- U[[2]] the space of power series with coefficients in U;

- U((z)) the space of Laurent series with coefficients in U;

- U[[z, 271]] the space of infinite series in both directions with coefficients in U.

If U is an algebra, then U[[z,271]] is a module over C[z, z7!], while the remaining are all algebras.

A U-valued formal distribution in a variable z is a linear function on C[z, z71] with values in U. The
space C[z, 27 1] is usually referred as the space of thest functions. It can be proved that the space of
U-valued formal distribution is canonically identified with U[[z, 27 !]], that is it consists of series of the

form
E Up 2",

nez
where u,, € U.
The same is true for many variables. For example, for two variables z; and zo, a U-valued formal
distribution is a series of the type

@(2:1,22> = Z anl,n2z?1Z32'
ni,ne€Z
Thus we call formal distribution in the indeterminates z1,zo,..., 2, with values in U a formal
expression
a(z1,22, ..y 2m) = Z Any oo 21 252 o 2™
Ny ey €L
where a,, . n, € W. As already said, U[[z1, 27", ., Zm, 2,;!]] is not an algebra, thus products of two
formal distributions is not always defined. However, if a(z1,...,2m) € U[z1,27 ", .., 2m, 25,']] and
b(wi, ..., w.) € Uwy,wy ..., we,w; Y]], then the product a(zi,...,2nm)b(wi,...w,) is a well defined
formal distribution in the variables zi, ..., Zm, W1, ..., W,.

Given a U-valued formal distribution a(z) = ), ., a,2", its residue is the linear function defined by
Res, a(z) = a_;.

The basic property of the residue is that Res, d.a(z) = 0, that gives the usual integration by parts
formula

Res, 0.a(z)b(z) = — Res, a(2)0,b(2).
Consider the algebras

AZ’U] B CLZ?Z?l’UJ’U)ilH[%H and ‘Aw,z = (C[Z7Z717waw71”[%]]'

Clearly A. ,Aw . C C[[z,27, w,w™!]]. Moreover, let us denote by R the algebra of meromorphic
functions with pole only in z = 0, w = 0 and |2| = |w|. Then we have the following homomorphisms of
algebras:

tow: R — Az

f — expansion in the domain |z| > |w|,

tw,z : B — Ay 2

f — expansion in the domain |w| > |z|.

7



The expansions of the function (2 — w)~! are of great interest:

1 1 w\"™

. 1 . -1

w2 — = f— . = (*) zZw) Al
izw(z —w) expansion of — - -— =z E ~) € U, (A1)

z n€Zy
w2 (z —w) 7! expansion of L ! -1 E <Z )n clu (A.2)
w,z - = —€Xx - = —w - w,z - .
’ p w 1-2 W ’
neLy

We define the formal J-function as the element of U[[z, 271, w,w™}]] given by

§(z —w) = isa(z —w) ™t — iy (2 —w) 7L (A.3)
Using (A.1) and (A.2) we can rewrite

n

e —w) =3 =3 g

ne”Z ne”Z
For any k € Z, we also have
—k-1 —k-1
tow(z — w)k = Z <n >w”zk” and w2 (2 — w)k = (—1)k Z (n )z”wk",
nEZ+ n n€Z+ n

from which follows an important formula for the derivatives of the §-function:

l ke _ — n n—k_ —n—-1 _ . 1 o 1
klawd(z w) = Z <k>w z =iz ) [ )T (A4)

neZ

Indeed, we can write, for k € Z,

pw(z — w)—k—l — Z (n Z k‘)wkz_k—l—n _ Z (?) w—F =1

neZy
and
k .
iw,z(z o w)fkfl _ (71)k+1 Z <n']|€‘ >ank1n — Z <;L)Zn1wnj.
nely n<—1
Let a(z) be a formal distribution, then we have
€% q(z) = Z a wka—fz" = Z "YapuhF = a(z + w) (A.5)
n k n ERY .

k!
n€Z,k€Ly n€Z,kEL

where we define i, ,a(z + w) = Y., 7 anizw(z + w)". In the same way we have that e*wa(w) =
tw,2a(z +w).
Proposition A.1. The formal 6-function has the following properties:
1) §(z —w) =d(w — 2);
2) 0,0(z —w) = —0yd(z —w);
3)
1 LTS (z —w) ifm<n
— m___ An _ — (n—m)!“w =T
(2 = w) n!(?wé(z w) { 0 if m > n;
4) if a(z) € U[[z,271]], then
a(z)0(z —w) = a(w)d(z —w) and Res,a(z)d(z —w) = a(w);
5) AEWIRS (2 —w) = (A + Dy)"(z, w).

PRrROOF. 1), 2) and 3) follow easily from (A.4). By 3) for m = n = 0 we know that zd(z,w) =
wd(z,w), then z"§(z,w) = w"d(z,w). By linearity it follows that a(z)d(z,w) = a(w)d(z,w). If we now
take the residue in this last relation, we get

Res, a(z)0(z,w) = a(w) Res, §(z, w) = a(w),
proving 4).

Finally, we prove 5). Let us note that e**=*)g,,e~**=%) = X4 9,,. Indeed, take any function f(w),

then

e)\(sz)awef)\(sz)f(w) = e)‘(ziw)()\ei)\(27w)f(w) + eiA(Ziw)aw*f(w))
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Then
e)\(z—w)age—)\(z—w) — ()\ + aw)n

Apply now to d(z,w), then we get
AW P e AETW 5 (5 ) = AETINS (2 — w) = (A 4 )"0 (2 — w),
since by 4), we know that e **=")§(z — w) = e MW= §(2 —w) = §(z — w). O
If we take a(z) = 0(z — ) € U[[z, 271, 2,27 Y]], then, by part 4), we get the identity
d(z—x)0(z —w) =d(w—x)d(z — w), (A.6)

that holds in U[[z, 27, w,w™ !z, 271]].
In particular, from the proof of Proposition A.1, it follows that

Res, ¢(2)d(z — w) = p(w)

for any test function ¢(z) € C[z,27!]. This analogy with the Dirac -function in distribution theory
clarifies why §(z — w) is called formal §-function.
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APPENDIX B

Identities involving binomial coefficients

In this appendix we recall and prove the well known identities involving binomial coefficients that
we have used throughout this thesis.

We recall that binomial coefficient is extended to negative integers n by (}) = (—1)*(*777"), for all
k € Z4. Thus, if n € Z, by Taylor formula, we have

1+a)" =Y <Z)xk,

k€EZ4

from which follows that

k rkt+1l 7’

(”) ~ Res, 10" (B.1)

for any n € Z and k € Z,..

Lemma B.1 (Vandermonde’s identity). For alln,m € Z and k € Z,
k
Z m n—m _ n
(000 -()
Proor. By (B.1) we get

(n) — Res, (1+a)" Res (14 a)"(1+a)m

k o) €Sz o) =
k
m\ [n—m\ .. n\/n—m
=R - § i+j—k—1 — ,
A (Z)( J )x Z i)\ k—i
i,jELy i=0

where in the last equality, in order to get the residue of the expression, we have to pick j = k—i € Z,. O

Lemma B.2. Forall0 < j <k <,
l . . J
n—1 i—1 N\ (n—1 n
> 50020620 -6)
i=j+1 =0
PRrOOF. The well known recurrence
n n—1 n—1

pr— B-2
W)=+ 6o (52

defines uniquely the binomial coefficients. Namely, assume n,k € Z,, we may define the binomial
coeflicient ¢} € Z, as the solution of the recurrence

=t e (B.3)
with initial condition ¢ = 1 (we assume ¢, = 0, for all n € Z,). Indeed, this is a linear recurson in n,
then the space of solution is one-dimensional and, since binomial coefficients satisfy (B.3), which is the

same as (B.2) and verify the initial condition, they are the unique solution. After, we can extend the
definition to negative integers values of n as already recalled.

Let us set
L =i \[i—1) (1 (n—1
k _ - — _
cn_z‘;l(k_j_l)( J )+Zz=:‘)(z)(k—z)

Clearly, ¢) = 1, since in this case the first sum does not give any contribution and the only term which
contributes in the second sum is the one corresponding to the value ¢ = 0. Hence, the lemma is proved
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if we show that ¥ satisfy recurrence (B.3). We have

= (D) RO

K2

l . J
e n—t—1\[/i—1 Nfn-1-1
= (k—j—2>< | >+Z<>< —z—l)'
i=j+1
Finally we get

wreat= 3 (7)) () O+ 60):

Using (B.2) to sum terms inside parenthesis, we have that ¢! satisfy recurrence (B.3). O

Lemma B.3. For all0 <k <n,
n .
Z 2 o n—|-1
= \k S \k+1)

PRrROOF. By (B.1) and the linearity of the residue, we get

n . n—k n—k z n—k
()5 (1) - S 2 2 (S0 ) -

and

i=k i=0
_Rr (14 )k (1+a;)"+1 k—1_R (I+2)"  (n+1
= Res, e - = Res,, oz T\ e
where we used the fact that Res, (iffgk = 0, since (jﬂk has order —2. O
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APPENDIX C

Virasoro field in classical W-algebras

As stated in the Introduction, in the conformal field theory setup, W-algebras appeared as non-linear
extension of the Virasoro algebra by primary fields. We want to make this definition rigourous in the
context of Poisson vertex algebras.

In the quantum case, there is a well-known notion of vertex algebra of conformal field theory type.
Thus, a Poisson vertex algebra of conformal field theory type is the quasiclassical limit of such vertex
algebras (for the quasiclassical limit definition see [7]). We will give more explicit definitions.

Definition C.1. Let V be a Poisson vertex algebra which contains the Virasoro Poisson vertex algebra
(see Example 1.8) as a Poisson vertex subalgebra, namely, there exists L € V such that

{LAL} = (042X L + cA®,
with ¢ € C. Then, we give the following definitions:
i) a €V is called quasi-primary field if {Lxa} = (0 + AqM\)a + o(N\?);
it) a €V is called primary field if {Lya} = (0 4+ A \)a.
A, is called conformal weight of a.

Once we know the notion of primary field, we can give the definition of Poisson vertex algebras of
conformal field theory type.

Definition C.2. Let V be an algebra of differential functions in the variables L, W7y, ..., W;_1, endowed
with a A-bracket satisfying the axioms of Poisson vertex algebra. We say that V is a Poisson vertex
algebra of conformal field theory type if

i) {LaL} = (04 2)\)L + cA3, with ¢ € C;

1) {L\W;} =0+ Aj/\)Wj, j=1,...,1—-1.

This definition says that a Poisson vertex algebra of conformal field theory type is a Poisson vertex
algebra generated, as differential algebra, by a Virasoro field and some primary fields.

Classical W-algebras are example of Poisson vertex algebras of conformal field theory type. We want
to write explicitly the Virasoro field in the case of the Drinfeld-Sokolov Hamiltonian reduction. In this
case the primary fields are obtained choosing V = kerad e in Proposition 2.1 (a proof is given in [15]
and [16]).

Let g be a reductive Lie algebra with a nondegenerate invariant bilinear form (- | -) and let us
consider the Poisson vertex algebra V(g) = Vy(g) with A- bracket given by (2.13), setting z = 0, which
we denote {-r-}. Let {u;}ier, I = {1,...,n = dimg}, be a basis of g and {u'};c; be the dual basis with
respect to (- | -).

Lemma C.3. L = %Zl u'u; € V(g) spans a centerless Virasoro Poisson subalgebra in V(g).

Proor. We have to prove that
{L\L} = (0+2))L.
Let us assume a € g, then, by Leibniz rule (1.7), we have

{axL} = %Z{awiui} = %Z ({aau'Yu; + {aruiyu’) =

iel iel
1 , , 4 ,
=5 Z ([a, w'u; + (a | u")ud + [a, uglu’ + (a | w)u'A) .
iel

O

Since any element b € g can be written as b= >_.(b | u;)u’ = >,(b | u’)u;, we have, using invariance
and symmetry of the bilinear form

Z[a,ui]ui = Z (la,u] | uj)ujui == Z ([a, uy] | uu’ = *Z[avui]ui~
i€l i,j€T i,jeT i€l
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Hence, we get
{aaL} = a,
and, by skew-commutativity (1.9), {Lxa} = (0 + A)a. Finally, we have
{L\L} = % Z{L,\uiui} = % Z ({Lau"u; + {Lyu;Ju') = % Z (ui(0+ MNu' +u' (0 + ANw;) =
i€l el el
= (0+2)N)L.

In the proof we have also proved that a € g is a primary field of conformal weight 1.
Let f € g be a nilpotent element and {f, h = 2x,e} C g be an sly triple. We define L(*) = [, + /.

Lemma C.4. L*) spans a Virasoro Poisson subalgebra of central charge ¢ = —(z | x).
PrOOF. We have to show that
{LO\L®} = (9 + 20 L@ — (x| 2)X\3.
Using the results from previous lemma and sesquilinearity (1.6), we get
{LON\LEY = {LaL} + {Laa'} + {2/ L} + {2'5a'} =
={L L} + A+ 0){Lrz} — MarL} — XA+ 9){zrx} =
= (O+20)L+ A+ 90)2%x —aX? — (x| 2)A° = (04 2\ L™ — (z | 2)A%.

Corollary C.5. L(®) ¢ W(g, f).

PROOF. We have to show that {L(*) a} € (g, f)[)], for all @ € ny. If a € g, then we have
(L@ z} = {Lya} — Mzra} = A+ 0)a — [z,a] — (x| a)X® = d' + (a — [z, a])A — (z | a)A2.
Hence, if a € ny, then
{L®Wya} = d’ — (a— [z,a])\.

In particular, if a € gy, then {L(®ya} = @’ € (g, f)[)], otherwhise {L(*) ya} € J(g, f)[\], since (a—[z, a] |
f)=0. O

It follows that the element 7(L(*)) is a Virasoro field in W(g, f).
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