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Introduction

This PhD thesis contains some applications of optimization and optimal control the-
ories in two different economic model cases, the first one is a model of resource curse
phenomenon and the second concerns the production of oil from a large number of
producers.

The term resource curse briefly refers to countries with an abundance of natural
resources that tend to have less economic growth than countries with fewer resources.
There are many studies that try to explain this phenomenon, and one thinks that
it happens for several reasons, among other for example decline in the competitive-
ness of other economic sectors, volatility of revenues from the natural resource sector,
particular forms of government, geographical position of nations, government mis-
management of resources, or weak, ineffectual, unstable or corrupt institutions.

We start our work from a model, which is halfway between economy and politics,
developed by Robinson, Torvik and Verdier [49, 50] in 2006 and in a simplified version
in 2008, in which there is an incumbent politician who wants to be reelected, and a
competitor. There are two periods with an election in the middle. The incumbent
has to choice an economic policy, namely how many resources to extract and how
many workers to employ in the public sector, in order to maximize a profit criterion,
and the peculiarity of this model is that the politician can influence his reelection
probability by hiring workers in the public sector.

We first formalize rigorously the results achieved by the authors, concerning the
variations of the optimal resource extraction rate and the rate of people having public
jobs with respect to the prices, using optimization tools like the Karush-Kuhn-Tucker
conditions and the generalized implicit function theorem.

Subsequently we introduce some improvements to the model and at the same time
some generalizations. We consider the case when one constraint is saturated, that is
the point representing the optimal strategy belongs to the boundary of the considered
domain, and we study also this problem in presence of multiple resources.

Then we introduce a completely new discrete time optimal control version of the
model to describe the same framework by considering several time steps before the
election. In this case the incumbent has to decide which policy to choose at every
time.

To study this model we define a value function for this problem. Then we prove
a Dynamical Programming Principle and derive the Bellman equation for the value
function, proving also some properties of the solution. We numerically solve the
equation and we present some graphs that show the situation with different choices
of parameters. Lastly a table summarizes the different results in presence or absence
of the ability of the incumbent to influence his reelection.

The last part of the thesis is devoted to an application of optimal control and
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mean field games theories in a model case of oil production in presence of a lot of
producers. Mean field games theory was developed starting from 2006 by Lasry and
Lions as a set of tools to model games with infinitely many players which can be
thought as a continuum of agents.

Typically the model is described by a two differential equations mutually coupled,
a backward Hamilton-Jacobi-Bellman equation which involves the determination of an
optimal strategy, and a forward Kolmogorov-Fokker-Planck equation which describes
the evolution of the population.

The model under consideration was proposed by Guéant, Lasry and Lions in 2011.
They consider a large number (a continuum) of oil producers which an initial amount
of reserves distributed among them according to a density function. The reserve of
a single agent evolves according to a stochastic differential equation and productive
choices are made to optimize a profit criterion, the same for all agents.

Our goal is to rigorously derive the two differential equations that model the situ-
ation. We prove a Dynamic Programming Principle and derive the Hamilton-Jacobi-
Bellman equation that the value function satisfies in the viscosity sense. For the
second equation, satisfied by the density function of the reserves, we use a procedure
to correctly derive it.

At the very end of the work we formulate two verification theorems, for classic
and viscosity solutions, that illustrate under which assumptions a solution of the
Hamilton-Jacobi-Bellman equation is also a solution of the underlying optimization
problem. Nevertheless there are still open problems, especially about uniqueness of
equilibria in this model.

The thesis is organized as follows.

Chapter 1 is devoted to the theoretical background regarding optimization prob-
lems and optimal control theory. We recall the Karush-Kuhn-Tucker conditions for
constrained optimization and we state the general implicit function theorem. Then,
starting from a model problem, we introduce the tools of optimal control theory, such
as Dynamic Programming Principle, Hamilton-Jacobi-Bellman equation and the syn-
thesis of optimal controls. We consider also the case of discrete time dynamics and
we give an introduction on viscosity approximation and stochastic control.

In Chapter 2 we consider the nonevolutive model on resource curse phenomenon.
Recalling the original results we consider some improvements and particular cases.
We give also several graphics which support the achieved results and show counter-
intuitive situations.

Chapter 3 is devoted to the discrete time optimal control version of a similar
problem. We solve it using the techniques of optimal control theory stated in Chapter
1, proving some regularity results and studying a numerical method based on Dynamic
Programming Principle. We also give error estimates.

Finally in Chapter 4 we consider the mean field game model of oil production by
a continuum of producers. We rigorously derive partial differential equations that de-
scribe the model. We give two verification theorems and some possible improvements
to the considered model.



Chapter 1

Preliminaries

1.1 Mathematical optimization

In an optimization problem, one tries to minimize or maximize a quantity associated
with a decision process, such as elapsed time or cost, by exploiting available degrees
of freedom under a set of restrictions or constraints. Optimization problems arise,
for example, in almost all branches of industry or in financial problems like strategic
planning.

There are several methods and algorithms to deal with optimization problems (for
further information see for example [52, 42]). In this section we present some very
famous conditions that will be applied later in the elaborate. Moreover we recall a
well known theorem, which is also used in the following.

1.1.1 Karush-Kuhn-Tucker conditions

The Karush-Kuhn-Tucker conditions! [34, 37] are first order necessary conditions for
a solution in nonlinear programming to be optimal, provided that some regularity
conditions are satisfied. Allowing inequality constraints, the KKT approach to non-
linear programming generalizes the method of Lagrange multipliers, which allows only
equality constraints.

Theorem 1.1 (Karush-Kuhn-Tucker conditions for inequality constraints only). Sup-
pose that x € RY is a mazimum (or minimum,) point of f(x) in the region

E={zcRY|pj(x) <0, j=1,...,m}

where f,o1,...,om: RY — R are continuously differentiable functions. If the con-
straints @; satisfy some regularity conditions in x then there exists A € R™ such that

'For historical information (in Italian) see http://www.unibg.it/static_content/
presentazioneateneo/lhkuhn.htm.
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(2, ) is a solution of the system

Vf(x) - Z AiVei(z) =0

@J(w)govjzl,am
A >0,j=1,...,m
)\ngj(JJ):O, j:l,...,m

There are several regularity conditions, also called constraints qualifications, that
the constraints must alternatively satisfy. The constraints are qualified if, for example,
they are affine functions (and no other conditions are required) or, in the general case,
the gradients of the active inequality constraints and the gradients of the equality
constraints are linearly independent at x (for a detailed discussione see for instance

[1])-

Remark 1.2. The well known first order condition, that says that in an internal
mazimum (or minimum) point x it results V f(x) = 0, are a particular case of KKT
conditions when we consider a solution (z,\) of the system such that ¢;(x) <0, i.e.
x s an internal point of E, and consequently A = 0.

We want to point out that if some of the functions are nondifferentiable, subdif-
ferential versions of KKT conditions are available (see for example [51]).

1.1.2 General implicit function theorem

The well known implicit function theorem is one of the most important, and one of
the oldest, paradigms in modern mathematics.

The form of the implicit theorem has evolved. The theorem first was formulated
in terms of complex analysis, then was formulated for functions of two real variables,
and the assumption corresponding to the Jacobian matrix being nonsingular was
simply the one partial derivative is nonzero. Finally Dini generalized the real variable
version to the context of vector valued functions of any number of variables, and the
statement is the following.

Theorem 1.3 (General implicit function theorem). Suppose that we are given a set
of equations

fi(xla"'axlayh'"ayn) :O7 1= 1,...,7’1
in which all the functions f; are continuously differentiable. Assume that (p,q) =
(P1y-- 3D Q1s -+ -5 qQn) @S @ point such that all the equations hold and at which we have

oh . Oh
Oy1 OYn

det (M) — det : : #0
Oy

Then there exists a neighborhood U C R' of p and a continuously differentiable func-
tion ¢: U — R"™ such that ¢(p) = q and

filx,¢(x))=0,i=1,...,n
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holds for x € U and we have

NPrs-oosbn), [ O(f1,---1 [n)
o(xy,...,21) (@) = (a(yl,---7yn)

<x,¢<x>>) M”’W”

(1.1)
A proof of this result, along with further generalizations and examples, can be
found for example in [36] and for the last part in [31].

Remark 1.4. The case n = 1 is of course the classic implicit function theorem for
one dependent variable and one equation.

1.2 Optimal control theory

Optimal control deals with the problem of finding a control law for a given system
such that a certain optimality criterion is achieved. A control problem includes a cost
functional that is a function of state and control variables. An optimal control is a set
of differential equations describing the paths of the control variables that minimize
the cost functional.

In this chapter we will present a model problem to focus on the main concept
of the optimal control theory. Most of the contents can be founded for example in
[47, 4, 23].

1.2.1 A model problem: the infinite horizon discounted regu-
lator

Consider for example a control system governed by the state equation

(1.2) {?/(t) = fly(t),a(t)) t>0

Here the control « is any measurable function «: [0,4+00) — A where A is the
control space, typically a closed and bounded subset of R,

Assume that the dynamics f: RY xA — R” is such that, for every choice of the
control a and of the initial position 2z € RY the state equation (1.2) has a unique
solution denoted by y, (¢, a).

The model also includes a running cost, associated with this controlled evolution,
described by a given function ¢: RY x4 — R.

The cost functional to be minimized is, by definition,

+oo
(1.3) Ty = [ (e a
0
where A > (0 represents a fixed discount factor.

1.2.2 Dynamic Programming Principle

A very powerful approach to this optimal control problem is to use the dynamic
programming, which was first introduced in 1954 by Bellman with his principle of
optimality [5] (see also [6]) which says that
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“an optimal policy has the property that whatever the initial state and
initial decisions are, the remaining decisions must constitute an optimal
policy with regard to the state resulting from the first decisions”.

and which decomposes the problem into a sequence of simpler minimization (or max-
imization) problems. The Bellman equation was first applied in engineering, then it
became an important tool in economic theory (see for example [44] for a first and
celebrated economic application of a Bellman equation, other examples can be found
for instance in [7, 41]).

To apply the dynamic programming approach to this model problem we introduce
one of the most important concept of the theory. We define the value function

(1.4) v(z) = in&J(z,a)

aec

where A denotes the set of control functions.

The fundamental idea of dynamic programming is that the value function v satis-
fies a functional equations, often called the Dynamic Programming Principle, and a
partial differential equation, the so called Hamilton-Jacobi-Bellman equation.

To illustrate the Dynamic Programming Principle, let us assume that an optimal
control o exists for every starting point x so that, by definition of v,

+oo
o() = J(z,a%) = / Uyt ), o) Nt
0

Observe now the obvious fact that, for every T > 0, we have
T +oo
J(x,ak) :/ E(yz(t7a;)7a;)6_)‘tdt+/ Uy (t, k), ol )e Mt
0 T

Exploiting the semigroup property of the optimal trajectory y.(t, o), that is?

yw(t + s, a::) = yyz(t,a;)(sa O‘;)

and performing a suitable change of variable we get
T
(1.5) v(z) :/ Uy (t, ), al)e Mdt + v(y (T, af))e T
0

which holds for all 7> 0 and = € R".
If we consider now the general case in which the optimal control is unknown, the
previous identity is replaced by

acA

(1.6) v(x) = inf {/0 Uy (t, a), a)e Mdt + v(y. (T, a))e_)‘T}

which is the statement of the Dynamic Programming Principle for this model problem.

Remark 1.5. When ¢ and, consequently, v is bounded (1.6) characterizes the value
function v in the sense that if u is a bounded function satisfying (1.6) for all x € RN
and T > 0 then u=v.

2With the control on the right-hand side shifted in time by t.
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1.2.3 Viscosity solutions

In this section we want to show the procedure to derive the Hamilton-Jacobi-Bellman
equation associated with this control problem exploiting the Dynamic Programming
Principle stated before.

The standard derivation of the equation requires, of course, some smoothness of
v. To perform this calculation in the general case it is useful to introduce the notion
of viscosity solution of a general Hamilton-Jacobi equation

(1.7) F(z,u(z), Du(z)) =0 reR

where Q is an open domain of RY and the Hamiltonian F: RxRxRY — R is
continuous. The term viscosity solutions first appear in a work of Crandall and Lions
(see [18, 19] and, for further details, [17, 33]) in 1981, but the definition of solution
had actually been given earlier by Evans [21] in 1980.

Definition 1.6. A function v € C is a viscosity subsolution of (1.7) if, for any
© € CY, one has

(1.8) F(xzo,u(zg), Do(x0)) <0

at any local mazimum point xo € R of u — .
Similarly, u € C is a viscosity supersolution of (1.7) if, for any ¢ € C', one has

F (20, u(20), Do(x0)) > 0

at any local minimum point xo € R of u — ¢.
Finally, u is a viscosity solution of (1.7) if it is simultaneously a viscosity sub-
and supersolution.

Remark 1.7. In the definition of subsolution we can always assume that xo is a local
strict mazimum point for u — . Moreover, since (1.8) depends only on the value of
Dy at xg, it is not restrictive to assume that u(xg) = @(xq). Similar remarks apply
of course to the definition of supersolution. Geometrically this means that the validity
of the subsolution condition (1.8) for u is tested on smooth function touching from
above the graph of u at xg.

To give an equivalent definition of viscosity solution let us introduce the concept
of superdifferential and subdifferential of a function at a point x.

Definition 1.8. The superdifferential of v at x is the set

Dto(z) = {p e RY | limsup v(y) —v(z) —ply —x) < 0}

y—z ly — x| N

The subdifferential of v at x is the set

P N i ing Y@ (@) —ply — @)
D v(x)—{peR |1y_)wf Wy — ] >0}

Remark 1.9. Observe that if both DY v(z) and D~ v(x) are nonempty at some x then
Dto(z) = D™v(z) = {Dv(z)} and v is differentiable at x.
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Definition 1.10 (Alternative definition of viscosity solution). A function u € C is a
viscosity subsolution of (1.7) if

F(z,u(z),p) <0

for allz € R and p € DV u(z).
Similarly, u € C is a viscosity supersolution of (1.7) if

F(z,u(z),p) >0

for allz € R and p € D™ u(x).
Finally, w is a viscosity solution of (1.7) if it is simultaneously a viscosity sub-
and supersolution.

1.2.4 Hamilton-Jacobi-Bellman equation

In this section we want to show how to derive the Hamilton-Jacobi-Bellman equation

(1.9) Av(z) + letelg{—f(x, a)Dv(z) — £(z,a)} =0 reRY

satisfied in the viscosity sense by the value function v. For brevity we only show that
v is a subsolution since the other part requires some technicalities.
Let ¢ € C and z be a local maximum point of v — ¢ that is, for some r > 0,

o(@) —v() > ple) — p(z) V2 € Bi(a)

Fix an arbitrary a € A and let y,(¢,a) be the solution corresponding to the constant
control «(t) = a. For ¢ small enough one can prove that y,(¢,a) € B,(x) and then

p(x) = ¢(y2(t, a)) <v(@) —v(ye(t,a)) V€ [0,t0]

Now by using the inequality < in the Dynamic Programming Principle (1.6) we get

t
e(@) = p(ya(t, a)) < / U(yz(s,a),a)e™*ds + v(y(t,a)) (e = 1)
0
Dividing by ¢ > 0 and letting ¢ goes to 0 we obtain, under suitable assumptions,

—Dp(2)y,(0) = —Dyp(a) f(z,a) < (z,a) — Mv(z)
Since a € A is arbitrary we have proved that

)\U(.’E) + Sup{—f(x, CL)DQP(.’E) - E(‘/L’a a)} <0
acA
that is v is a viscosity subsolution of (1.9).

Moreover, we want to point out that the value function v is characterized by the
Hamilton-Jacobi-Bellman equation (1.9) under general assumptions on the data. The
next proposition, of which we omit the rather technical proof, contains an uniqueness
result.

Proposition 1.11. If u is any bounded continuous function in RY satisfying (1.9)
in the viscosity sense then, under suitable assumptions,

uUu=v
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The proof of the preceding proposition show that the following comparison prin-
ciple holds.

Proposition 1.12. If uy and us are, respectively, viscosity sub- and supersolution of
(1.9), then

up < ug

1.2.5 Synthesis of optimal controls

This section is devoted to the recall of the classical synthesis procedure, that allows to
design an optimal feedback map for the model problem exploiting again the Dynamic
Programming Principle, when the value function v is smooth.

In the derivation of (1.6) we observed from identity (1.5) that the function

) = o) + [ i) azeds

is constant for all ¢ > 0 if and only if (af, y¥) is a pair of optimal control and trajectory
for a fixed initial position xz. Therefore if v is smooth the optimality condition is
R (t) =0, that is

e Mo(yr(t) = Flya(t), o) Dulys (1)) — Lys(t), ap)) = 0

Since is this case v is a classical solution of (1.9) we conclude that the control o is
optimal for the initial state x if and only if

az(t) = S(yz(t))
for any choice of S(z) such that
(1.10) S(z) € argeriax{—f(z,a)Dv(z) —{(z,a)}

This characterization of optimal open loop control provides a method for construction
a pair of optimal control and trajectory for every initial condition .

The first step is to find a map S: RY — A with the property (1.10), but if v is
known it is a static, finite dimensional, mathematical programming problem. Such
a map S is called an optimal feedback map. The second step is solving (1.2) with
a(t) = S(yi(t)) and a solution yX(t) generates a control ofi(t) := S(yX(¢)) which is
optimal for the initial state x.

1.2.6 Discrete time dynamic programming

In this section we show briefly how to apply the Dynamic Programming Principle
when we deal with a discrete time optimal control problem.

In order to illustrate the approach assume that the evolution in given by the
control system

Yn+1 = Yn + f(Yn, an)
yo =z € RY

for n € N and a,, € A. The infinite horizon cost functional to be minimized is, in this
case, the series

+oo
J(@,0) =Y L(yn,a,)B"
n=0
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with 3 € (0,1). Consider now the value function

v(z) = inf J(z,«
(#) = inf J(z,0)
and, under suitable assumptions, it can be proved that the value function satisfies the
discrete time Dynamic Programming Principle

(1.11) v(z) = ggg{ﬁv(aﬁ + f(x,a)) + £(z,a)} zeRY

This procedure still allows the computing of the optimal control via the synthesis
method stated before.

We want to conclude this section observing that the discrete equation (1.11) is
deeply related with the continuous one (1.9). We can in fact lead to a discrete problem
considering a discretization of the control system (1.2) assuming that it is observed
only at a sequence of times ¢t; = jh for j € N and where h, the discretization step, is
a fixed positive real number and that the dynamics f and the running cost ¢ remain
constant between two subsequent observation. One can prove that the discrete value
function converges, as h — 0% and under suitable assumptions, to a function which
is the (unique) value function of the continuous problem.

1.2.7 Numerical approximation

Let us recall that the value function v defined in (1.4) is the unique viscosity solution
of the Hamilton-Jacobi-Bellman equation (1.9) that we restate for convenience

Au(x) + itelg{ff(x, a)Du(x) — l(xz,a)} =0 reRY

Starting from the continuous time problem, we can lead us to a discrete time
problem, as described in the previous subsection, by making a discretization in time
of the original control problem. It consists in replacing the dynamics (1.2) by a one-
step scheme (for example by the Euler method) and the cost functional (1.3) by its
discretization by a quadrature formula (for example the rectangle rule), one can get
a new control problem in discrete time.

The value function v, for this problem satisfies a more general (namely with a
generic time step h) discrete Dynamic Programming Principle which gives the follow-
ing approximation scheme

up(z) = fl%iﬂ{(l — Mup(z + hf(z,a)) + hl(x,a)} zeRY

Remark 1.13. If A < 1, choosing h = 1 the previous equation becomes equation
(1.11) with =1 — \.

In order to compute an approximate value function we have to make also a dis-
cretization in space. To do this we build a grid in the state space and, to simplify our
presentation, we will assume that there exists a bounded polyhedron Q2 C RY such
that, for A sufficiently small, we have

z+hf(z,a) € V(z,a) e Q2 x A
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so that the discrete controlled trajectory never leaves the domain 2. We construct
a regular triangulation of Q made by a family of simplices® S; such that Q = I S;,
denoting by z;, ¢ = 1,..., L, the nodes of the triangulation and by

k = max diam(S;)
j

the size of the mesh. Finally, the discretized in space-time Hamilton-Jacobi-Bellman
equation becomes

up(x;) = rlleigl{(l — Ah)up(z; + hf(z;,a)) + hl(x;,a)} i=1,...,L
a
and we look for a solution in the space of piecewise linear functions on €2

(1.12) Wk = {w: Q=R st. we C(Q) and Dw(z) =¢; Vo € S;,V5}

Proposition 1.14. Under suitable hypotheses there exists a unique solution vf of

(1.12) in W* and the following estimate holds
k
v = villoo < C1h'2 + Caye

where Co = Ca(\, f,€) and v is the unique solution of (1.9).

1.2.8 Viscosity approximation and stochastic control

A different insight to viscosity solutions is provided by the so-called viscosity approx-
imation of equation (1.9), namely
(1.13) —eAu® + Auf 4 sup{—f(z,a)Du® —L(z,a)} =0 zeRY

acA
where ¢ is a positive parameter. This equation can be interpreted in terms of stochas-
tic optimal control theory. Consider the stochastic differential equation

(1.14) {dy(t) = fly(t), a(t))dt + v2edw(t)

y(0) ==

where w is a N-dimensional standard Brownian motion. Also in this case we can
define the value function for this stochastic version of the infinite horizon problem
where one tries to control in an optimal way the trajectories of (1.14), a random
perturbation of system (1.2), which takes the form

+oo

v°(z) = inf E {/ (e (t), a)e Mdt
acA 0

Under suitable conditions of the data, v* happens to be a C? solution of (1.13) and

this follows from the Dynamic Programming Principle and Ito’s stochastic calculus

(see [27, 45] for more details).

Moreover it can be proved, as was natural to expect, that when the randomness
parameter € goes to 0 the value function v® converges to the value function v, viscosity
solution of (1.9). This limiting procedure to deal with the singular perturbation
problem can be thought as a way to define weak (viscosity) solutions of (1.9) and this
is actually the motivation for the terminology viscosity solutions in the original paper
of Crandall and Lions [18].

30r, for simplicity, we can think of building a lattice.



Chapter 2

Resource curse: a nonevolutive
model

2.1 An overview on resource curse

Scholars and economic historians traditionally emphasized the great benefits that
natural resources give to a country (see for example [56] on the British case). However
it seems that in many cases an abundance of natural resources leads to a poor economic
development. In this regard in 1993 Auty [3] coined the term resource curse thesis to
characterize the phenomenon whereby some countries rich in natural resources had
lower economic growth than nation without this huge availability®.

A crucial point is to understand the linking between natural resource availability
and their prices, form and quality of institutions and development of countries. Em-
pirical literature on the resource curse emphasizes that resource dependent economies
and resource booms seem to lead to highly dysfunctional state behavior, particularly
large public sectors and unsustainable budgetary policies. Such a literature suggests
that many different reasons, for example government mismanagement of resources or
weak, ineffectual, unstable or corrupt institutions can lead to an incorrect exploitation
of abundant natural resources.

In this context there is an ample literature about this topic, for example it was
studied in [2] if the resource curse phenomenon is due to presidentialism or parliamen-
tarism or in [43] if it is caused by grabber friendly or producer friendly institutions,
or more in [16] it was analyzed the causal relationship between economic growth,
human development and sustainability. Moreover (see for example [20] for a very
brief introduction) it has been suggested that the poor development of countries has
geographical origins also, such as location or climate, as well as political ones.

2.2 The considered framework

In 2006 Robinson, Torvik and Verdier [49] published the first explicitly political model
of resource extraction and public employment. Within the framework of a nation
with natural resources that are publicly owned such as oil, gas, diamond and other

4For a general framework about the resource curse phenomenon see [54].
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minerals® and whose revenue from sales goes to the government, this model features
an incumbent politician wishing to be reelected.

There are two periods with the election occurring at the end of the first one and
an amount of natural resources than can be extracted and sold in the two periods at
different prices. The income from natural resources accrues directly to the government
and the incumbent must decide how much of the resources to extract in the first period
and consequently how much will left for the future.

Finally, there are a population of voters/workers which gives to the incumbent a
certain “probability” of reelection and an equilibrium policy to choose that maximizes
a given income.

We consider an incumbent that distribute its rent as patronage to influence the
outcome of the election. Patronage is to be understood in the definition given by
Weingrod in [55] that is the way in which party politicians distribute public jobs
or special favors in exchange for electoral support. It is widely believed that public
employing is, politically speaking, a very profitable way to distribute rents (see for
example [15], about the phenomenon of political recommendation in Palermo).

So we choose to model patronage as offering job in the public sector to take the
favors of voters. An alterative form of patronage can be the investment in white ele-
phants, as in [48], namely valuable but burdensome possessions or investment projects
whose costs are out of proportion to its usefulness or worths®.

In this framework the model under consideration concerns basically an optimiza-
tion problem, that will be tackled with the mathematical tools described in Section
1.1.

2.3 Model description

Following and generalizing the simplified version [50] of the original work we deal
with a model where there are two politicians, an incumbent politician wishing to be
reelected and a competitor. The mass of voters is normalized to 1. There are two
periods with an election occurring at the end of the first one in which the incumbent
is challenged by the alternative politician.

There are also d stocks of different nonrenewable natural resources E = (Ey, ..., Ey)
and all the income from selling E accrues directly to the government. The selling
prices of the natural resources in the two periods are p; = (pi,...,p%) in the first
period and ps = (p3,...,pd) in the second one and we assume they are determined
on world market” and taken as given by the country under consideration.

The incumbent must decide how much of the resource to extract in the first period,

denoted e = (ey,...,eq), and consequently how much to left for the second one. We
denote R(e) = (Ri(e1),...,Ra(eq)) the remaining resources available in the second
period. We assume that every R; for ¢ = 1,...,d is continuous and R;, R} < 0.

These assumptions on the derivatives mean that every R; is a strictly decreasing and
concave function of e; respectively.

5See [8] for a discussion on the effects of the interaction between the type of resources that a
country has and the quality of its institutions on the economic development.

6 An example of white elephant comes from the activities of the Industrial Development Corpora-
tion of Zambia, that was subject to a series of political and most importantly uneconomic directives
on specific operational issues, including type and location of investments (see [53] for further details).
Other examples can be founded in [35].

"We consider an open market, in which all economic actors have an equal opportunity of entry in
that market.
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This models the fact that, obviously, more resources are extracted less remain
and that the total amount of resources that can be extracted depends in turn on the
extraction rate in a way such that if too much is taken in the first period the total
stock over the two periods falls down. Moreover, the sign of the second derivative
implies that for every ¢ there exists a value €; < F; such that R;(e;) = 0.

We make the further technical assumption that R;(0) < —1, and therefore R} (e;) <
—1for e; > 0since R/ < 0, to ensure that R;(e;) < F;—e;, that is e;+ R;(e;) < E; and
the equality holds if and only if e; = 0. In conclusion for every different resource ¢ the
incumbent can extract a quantity e; € [0,€;] and we have R;(0) = E; and R;(€;) = 0.

To influence the outcome of the election the incumbent politician engages in clien-
telism and offers to employ voters in the public sector. We denote the function relating
the number of workers employed to the reelection “probability” II = II(G) € (0,1)
where G € [0,1] is the number of voters employed in the public sector in the first
period®.

We assume II continuous, II' > 0 and IT” < 0. These assumptions imply that II is
strictly increasing and concave function and models a situation in which the reelection
probability increases with respect to the number of voters employed but in a way such
that if the number of workers employed is too high the reelection probability increases
less if the incumbent hires other workers. We also assume I1(0) = 3 so that if the
incumbent does not employ any worker he has a fifty-fifty chance to be reelected.

We make the assumption that for a worker is better if he is offered a job in the
public sector. On the other hand employing people in the public sector will be socially
and economically inefficient because their productivity is lower than productivity of
private sector workers.

Resource income can be spent by the incumbent politician or can be redistributed
as patronage to increase reelection probability and to influence the outcome of voting.
So the incumbent chooses its economic policy, namely e € [0,€7] X ... x [0,&5] and
G € [0,1], in order to maximize his own expected income’

(2.1) I(e,G;p1,p2) :==p1-e = WG+ 1I(G)(p2 - R(e) — WG)

The first term p;je — WG in the expression above is the difference between the
income from the resource extraction and the outcome to employ workers while the
second term II(G)(p2R(e) — WQ) is the same for the second period yet discounted by
a factor that is the reelection probability.

2.4 Case d = 1: a single natural resource

The case d = 1 models the simplest situation in which there is only one natural
resource to extract, so we can omit the index associated with the variable e. The
results presented in the first part of this section are the same of the original work,
but here they are obtained in a rigorous way. In the second part there are some new
results and considerations on several particular cases.

8We use the term “probability” only by analogy with probability density function of a continuous
random variable since IT € (0,1), but we do not make any assumption on its integral over the
considered interval and in the rest of the work we will omit the quotes for ease of reading.

91In the rest of the work we will omit the scalar product symbol for simplicity of notation.
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We recall that the goal of the incumbent is to maximize his expected income, in
this case in the set

Q={(e,G) eR?[p;(e,G) <0, j=1,...,4}

where
@1(€7G) V(pl = (_170)
L)02<67G> =e—¢€ V@Q - (170)
p3(e,G) = Vs = (0,-1)
wa(e,G) =G —1 Vs =(0,1)

Theorem 1.1 says that if (e, G) is a maximum point for (2.1) in the set Q and if
the constraints are qualified in this point'® then there exists A = (A1,...,\s) € R?
such that (e, G, \) is a solution of

p1+I(G)pa R (e) + A1 — Ao =0
— (1+1I(G)W +1I'(G) (p2R(e) = WG) + A3 — Ay =0

(2.2a) 0<e<e 0<GEL1
)\jZO, j=1,...,4
(2.2b) —)\162)\2(6—5) = —/\gG:)\4(G—1) =0

To solve this system we can distinguish several cases by studying more deeply the
last line and this is the goal of the next two subsections.

2.4.1 Maximum point in the interior

If we suppose that the maximum point is internal, this means that inequalities (2.2a)
become 0 < e < € and 0 < G < 1, then equations (2.2b) become \; = 0 for all j. By
virtue of Remark 1.2 the first two equations of system (2.2) are simply the two first
order necessary conditions for this maximization problem

(2.3a) {Fl(e,G;pl,m) = 1. = p1 + II(G)p2R/ (e ) 0
(2.3b) F2(e,Gip1,p2) = Ig = —(1+ I(G))W +II'(G)(p2R(e) - WG) =

For simplicity of notation we define
Dy := F!FZ — FAF? = po(—2WTII'R” + I R" (po R — WG) — po(T1')*(R')?)

and we suppose that it is strictly positive!!
Starting from the two first order conditions (2.3) we can prove immediately an
important result whose proof is identical to that in [50].

Proposition 2.1. Let eg be the socially optimal extraction rate in the first period,
namely
eo := argmax{pie + p2R(e)}
e€l0,e]

Then e > eq, that is the resources are inefficiently over-extracted.

10This is the case.
HThis hypothesis is related to the second order sufficient condition for this maximization problem.
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Proof. We recall that e is an internal point, and suppose that eg is internal too. We
observe that eg is simply the value that maximizes the total income from selling the
resource over the two periods and that satisfies

p1+p2R (eg) =0
Now comparing (2.3a) with the last equality one has, since IT < 1 and R’ < 0,
R'(eg) =TI(G)R'(e) > R'(e)

which implies e > eg because R’ is decreasing since R” < 0.
O

The main tool to see how prices of the resource influence extraction and public sec-
tor employment, in other words how the maximum point (e, G) changes with respect
to the parameters of the model p; and ps, is the general implicit functions theorem
applied to equations (2.3a) and (2.3b). We state the first result on this.

Proposition 2.2. The resource extraction rate is an increasing function with respect
to p1, decreasing with respect to pa and decreasing with respect to both p1 and ps also
if they vary simultaneously but proportionally.

Proof. We apply the result in Theorem 1.3 but in a constructive way. To do this we
consider
OF?
oG
which is negative, and in particular nonzero, if we require in addition the quite natural
hypothesis that Dy := posR — WG > 0 if R # 0. Equation (2.3b) implicitly defines a
function G = G(e; p1,p2). We substitute in (2.3a) and define

= 2I'W + I (poR — WG)

H(e;p1,p2) = F'(e,G(e;p1,p2); p1,p2) =0
We consider now
OH OF' OF'0G 2

F,
— = + - = F}+F; (—) =IpoR" +1I'p R (—
Oe Oe 0G de F2

H/sz/
—2II'W + 11" Dy

We suppose H, # 0 and then H = 0 implicitly defines a function e = e(p1,p2)-
Denoting h(p1,p2) := G(e(p1,p2); p1,p2), the starting system is now

{Fl(e(l?lam), h(p1,p2);p1,p2) =0

F2(e(p1,p2), h(p1,p2); p1,p2) = 0
Differentiating both equations by p; one has

de oh
Fl'— +Fl—=—-F!
 Op *  op1 -

de oh
F2 _ _— 4 Fi — =-F?
RYZ  op1 -

and by Cramer’s rule we get

Oe _|I=Fy Fal _ —hyfe 2MW-1I"Dy _
8;01 F‘e1 Fé D1 D1

F2 Fg
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Differentiating now both equations by ps one has

Oe oh
Fli Fl I 7F1
© Op2 - < Ops Pz

Oe oh
F?— y FA— =—F2
© Opo N < Op, Pz

and again by Cramer’s rule we get

_FI}2 FCIJ
de |—F2 FZ| 2WIII'R —TI"R' Dy + (I')>RR'ps
3p2 Dl D1

To consider a simultaneous but proportional variation of p; and p, we compute the
directional derivative of function e(py,p2) along the direction U = ¢(p1,p2) with c a
normalizing constant!?. After some calculation and using (2.3a) twice one has

de B de de _ (II'?RR’ ,
(2.4) == (Ve,U) =c <6p1p1 + 8p2pz> = CTPQ <0

and this concludes the proof.
O

This result leads us to draw some reflections. The extraction rate is an increasing
function of p; because if, for example, price in the first period increases the resources
become more valuable in the present than in the future, so the optimal response is to
increase the extraction.

Vice versa the extraction rate is decreasing with respect to ps. In fact if ps increases
resources become more valuable in the future than now, so the optimal response is to
decrease the extraction to leave more resources available for the second period.

In the last case the situation is a little bit different. If both p; and ps, for example,
increase the optimal response is not to leave the extraction rate unaltered (as in
Propositions 2.5 and 2.6) but to decrease the extraction (and at the same time to
increase the number of voters employed in the public sector, see Proposition 2.3)
because this situation in any case makes more valuable to be in power in the future.

In order to present some graphical results which best show the correct behavior
of optimal extraction and employment, even if the constraints are not observed due
to the parameters chosen, we can choose for example the quadratic function R(e) =
—1—5662 — e+ 1 that satisfies all the hypothesis and models a situation in which £ =1
and € = %, so the incumbent can extract only 80% of the total in the first period, in
this case leaving nothing for the second one.

Similarly we can choose for example the function II(G) = —3G? + 3G + 1 that
satisfies all the hypothesis and at point G =1 it is close to 1.

Now Figure 2.3 on the following page shows an example of function e(p,p2) in
the region 1 < p; <4 and 6 < ps <9 when we choose W = 1 and functions R and II
as in Figures 2.1 and 2.2.

121n this case ¢ = L > 0.

\/P2+p3




2.4 Case d = 1: a single natural resource 20

09

Figure 2.1: The function R(e) = —2e* — e+ 1.
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Figure 2.2: The function II(G) = —3G? + 3G + 3.
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Figure 2.3: The function e(p1, p2) when we choose W = 1 and functions R(e) and
I1(G) as in Figures 2.1 and 2.2.



2.4 Case d = 1: a single natural resource 21

The second result concerns how the public sector employment is affected by a
variation of prices of resource.

Proposition 2.3. The rate of voters employed in the public sector is a decreasing
function with respect to py, increasing with respect to po and increasing with respect
to both p1 and ps also if they vary simultaneously but proportionally.

Proof. We apply again the result in Theorem 1.3 in the same way. To do this we

consider oF!
i HpQR//
Oe

which is negative, and in particular nonzero. Equation (2.3a) implicitly defines a
function e = e(G;p1,p2). We substitute in (2.3b) and define

H(G;p1,p2) = F2(e(G;p1,p2), G p1,p2) = 0
We now consider
OH OF? 0e  OF?
9G ~ e 9G T G
We suppose Hg # 0 and then H = 0 implicitly defines a function G = G(p1,p2).
Denoting h(p1, p2) := e(G(p1,p2);p1,p2), the starting system is now

{Fl(h(Pl,pz),G(Plapz);Pl,pz) =0
F?(h(p1,p2), G(p1,p2); p1,p2) = 0
Differentiating both equations by p; one has
oh oG
Fl'— +F,—=-F!
 Op1 * “ op: -
oh oG
F?— 4+ FAf— =—-F2
 Op1 e Op1 P
and by Cramer’s rule we get
F-E)
oG |2 —r| wpr
op Dy D,

Differentiating now both equations by po one has

Oh oG
F!— +F(f— = —F!
© Op2 N < ops bz

Oh oG
F27 F2 - _ _F2
© Op2 N < ops P2

and again by Cramer’s rule we get
F! —-F)
oG |FZ —F,| —II'pRR" +UII'py(R)®  T'ps((R')* — RR")
apQ D, Dy Dy

>0
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Considering a simultaneous but proportional variation of p; and p,, after some cal-
culation and using (2.3a) again we have

dG oG oG IIII'RR"”
2. = (V ) = —p + — — 2
(2:5) dd (VG ) =ec <8p1 p1 8p2p2> ¢ D, py >0

and the proof is complete.
O

Regarding this case, the situation is exactly the opposite. The rate of voters
employed in the public sector in a decreasing function of p;. In fact if, for example,
p1 increases more resources are extracted in the first period. Since there are less
resources remaining to exploit the incumbent has less incentive to be in power in the
second period.

Vice versa the rate of voters is increasing with respect to ps because if, for example,
the price in the second period increases then it is more valuable to be in power in
this period so the incumbent is forced to increase the number of voters employed to
increase his reelection probability.

Even in the latter case the optimal response is, if for example both p; and po
increase, to increase the number of voters employed in the public sector to increase
the reelection probability because it is more valuable (as in Proposition 2.2) to be in
power in the period after the elections.

In Figure 2.4 there is an example of function G(py,p2) in the same region and
under the same choices made for the function e(p1, p2).

0,95
0,9

0,85

Figure 2.4: The function G(p1,p2) when we choose W = 1 and functions R(e) and
II(GQ) as in Figures 2.1 and 2.2.
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Lastly we present the most important result of this subsection that shows how
prices, strength of institutions and total income in the economy of a nation are mu-
tually related.

Proposition 2.4. The behavior of the total income as a function of resource prices is
strongly linked to the quality of institutions. In particular it is increasing if the latter
are sufficiently strong, conversely it is decreasing if they are not.

Proof. We consider for simplicity only the dependence with respect to both prices
simultaneously, namely we compute the directional derivative with respect to 7, but
the reasoning and the conclusions are the same even if we consider the dependence
with respect to a single price. To quantify the total income Y we can use the well
known Gross Domestic Product, that measures the market value of all final goods
and services produced within a country in a given period of time, that is in this case

Y :=pie+p2R(e) +2(1 - G)H

We recall that we can see e and G as functions of p; and ps, therefore one can prove
that the derivative along the direction o in given by

ay de , oG
7= c(pre +p2R) + ﬁ(ﬁl +pR') — QHW

Now replacing expressions (2.4) and (2.5) in the previous formula, recalling the defi-
nition of Dy and making a lot of computation one can show that it results

dY H//
sgn = =sgn [21{” (—eW - %(W - H)R) —|—R//W(p2R— WQ@) <e+ ZR) _

/

_ %(epz(R/)Q _p2RR/):|

Here the first and the last addendum, which are respectively positive and negative, are
the same contained in the original paper while the second, which is positive, comes
from considering a nonzero second derivative of the reelection probability. It is in
general not possible to say that this derivative is monotone but if we look at as a
function of II', the argument of sign function is of the form

1
a—i—bﬁ—cﬂl

with a,b,c > 0. The largest zero of this function is

—a — Va2 + 4bc

—2c

i’ =

which is positive'3. Moreover it is easy to check that this function is decreasing and
continuous in the semiaxis II' > 0 (remember that it is an hypothesis of the model).

So II' is a sort of critical value for the derivative of Y because we have % > 0 if
I < IT , that means that if prices increase then the economy of the nation increases
and, on the contrary, (‘% < 0if IT" > I, so to an increase in prices follows a decrease
of the total income.

13The other zero is negative.
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The function I’ is in some sense related to the robustness of institutions. A small
value means that the incumbent, for different reasons, has less chance to influence
his reelection probability by employing people in the public sector, consequently the
institutions are less sensitive to the phenomenon of clientelism. Exactly the contrary
happens if II’ is sufficiently big so the statement is proved.

O

2.4.2 Maximum point on the boundary

In this completely new subsection we want to analyze the case in which the maximum
point is on the boundary of the set 2. This set is a rectangle of R? and so its boundary
I' is composed by four subsets which are!*

Iy = [0, x {0}
Iy = {e} x [0,1]
T's:= (0,8 x {1}
4= {0} x [0,1]

In the next propositions we show how the maximum point on the boundary changes
with respect to the parameters and also the differences between every piece of the
boundary I'. In this case we exhibit some graphics that show the evolution of the
maximum point in the region 1 < py,py < 2. We start assuming the maximum point
is in the interior of T';.

Proposition 2.5. If we assume that the mazimum point is in the interior of I'1 so
G =0 and 0 < e <e, then the resource extraction rate is an increasing function with
respect to py, decreasing with respect to po and constant with respect to both p1 and
p2 if they vary simultaneously but proportionally.

Proof. By looking at system (2.2), since G = 0 and 0 < e < €, equations (2.2b)
become \; = Ay = A4 = 0 so the system reduces to

(2.6) {Fl(e, A3;p1,p2) = p1 + 1(0)pa R (e) = 0
F2(e, Ag;p1,p2) := —(1 = TL0)W + II'(0)p2 R(e) + A3 = 0

We apply again Theorem 1.3 and consider

or?
O3

which is identically 1, and in particular nonzero. The second equation implicitly
defines a function A3 = Az(e;p1,p2). We substitute in the first one and define

H(e;p1,p2) == F'(e,A\s(e; p1,p2); p1,p2) = 0

We consider now
oH OF! n OF! O)s
de  Oe O\3 Oe

14We chose to enumerate the subsets anticlockwise starting from the bottom rather then in analogy
with the ¢’s functions.
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and we suppose H, # 0. So H = 0 implicitly defines a function e = e(py,pa).
Denoting h(p1,p2) := As(e(p1,p2); p1,p2) the starting system is now

{Fl(e(p17p2)a h(p1,p2);p1,p2) =0
F2(e(p1,p2), h(p1,p2); p1,p2) = 0

Differentiating both equations by p; one has

Oe Oh
Fl— 4 pl — =_F!
© Op1 MRS Op1 P
Oe Oh
F2 F2 _ _F2
© Op1 T Op1 P

and by Cramer’s rule we get

1 1
—F, Fy, -1 0
de |-F} F} 0 1 1
g 1 = = - >0
8p1 F‘e1 Fig H(O)sz” 0 H(())pQRH
F? F)?S F? 1
Differentiating now both equations by ps one has
Oe oh
Fli Fl T 7F1
“Opy M Ops P
Oe oh
2o g2 9 e
© Op2 % Op2 P
and again by Cramer’s rule we get
‘—Féz Fés ‘—H(ogR' 0‘
&: _sz F)\g _ _sz 1 _ R <0
8}?2 Fe1 F)t H(O)pgR” 0 sz//
F2 P 2o

Lastly considering a simultaneous but proportional variation of p; and ps we have

de _ p +H1(0)p R
a7 = (Ve )= O

where the last equality turns out from (2.6).

O

Observing that since 2 is a rectangle its boundary is easily parameterizable we
can provide a more direct proof of this and the next results by reducing to the case
of maximization of function of only one variable.

Alternative proof of Proposition 2.5. The boundary I'y = [0,€] x {0} is parameteriz-
able by e(s) = s with s € [0,€] and G(s) = 0 so the income to maximize is, with an
abuse of notation,

I*(e;p1,p2) := I(e,0;p1,p2) = pre + I(0)p2 R(e)
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If we look for an internal maximum point the first order condition says that

oIt ,
(2.7) e D +II(0)p2 R (e) = 0
We have
Il =T1(0)p2R"(e) < 0
which is in particular nonzero'® then by the implicit function theorem equation (2.7)
implicitly defines a function e = e(p1, p2) which derivatives are

de _ Iy, ___ 1 o
op1 1%, I1(0)pa R
ﬁ — _Ielp2 = —7R/ < O
Op2 I}, po R
de p1 + II(0)p2 R’
_ (Ve i) = Lt IORR_
Tz (Ve u)=—c T1(0)p2 R”

where the last equality turns out again from (2.6).

The next case deals with the maximum point in the interior of I's.

Proposition 2.6. If we assume that the mazimum point is in the interior of I's so
G =1 and 0 < e <e, then the resource extraction rate is an increasing function with
respect to py, decreasing with respect to ps and constant with respect to both p1 and
po if they vary simultaneously but proportionally.

Proof. The proof in essentially the same of the last proposition. The boundary I's =

[0,€] x {1} is parameterizable by e(s) = s with s € [0,€] and G(s) = 1 so the income
to maximize is

I*(e; p1,p2) = I(e,1;p1,p2) = pre — W+ 11(1)(paR(e) — W)
If we look for an internal maximum point the first order condition says that

or? ,
(2.8) e D +II(1)p2 R (e) = 0
We have
I, =T(1)p2R"(e) < 0
which is in particular nonzero then by the implicit function theorem equation (2.8)
implicitly defines a function e = e(p1, p2) which derivatives are

ﬁ — _Igpl — _é >0
Op1 I3, H(1)pa R
) 2 R
o _ e B
6}?2 Iee sz
de p1 + II(1)pa R’
= 7 = C—— =
o7~ Ve d)=—c TpR’ "

where the last equality turns out from (2.8).
O

151t is negative so the second order condition for functions of only one variable is fulfilled. The
same for all the next two cases.
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The previous two propositions show the same results. If the employment rate is
fixed the incumbent can not influence his reelection probability by employing voters
in the public sector.

This fact is crucial to explain in particular the third result. In fact while the first
two results, and related consideration, are identical to those of Proposition 2.2, the
latter is different and says that the optimal response to a simultaneous changing of
prices is to leave unaltered the extraction rate. This because since the incumbent can
not influence his reelection probability the policy is, in some sense, cut off. Conse-
quently, since a proportional increase in both prices keeps unchanged the ratio %’
the optimal response is what one would obtain by reasoning from a merely economic
perspective.

The difference with respect to the case in which the incumbent maximizes also
over GG variable is that an increase in p, makes more valuable to be in power after the
elections so the politician is forced to employ voters to increase his chances of success.

Figures 2.5 and 2.6 on the next page show the function e(p1,ps) when G is fixed
and takes value on the boundaries.

Figure 2.5: The function e(p1,p2) in the case G = 0 when we choose W = 1 and
functions R(e) and II(G) as in Figures 2.1 and 2.2.

Now in the next two propositions we consider a maximum point on the sets in
which e is fixed and G is variable, starting from the interior of I'.

Proposition 2.7. If we assume that the mazimum point is in the interior of I'y so
e =0, and consequently R(e) = E, and 0 < G < 1, then the rate of voters employed
in the public sector is a constant function with respect to py, increasing with respect
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Figure 2.6: The function e(p1,p2) in the case G = 1 when we choose W = 1 and
functions R(e) and II(G) as in Figures 2.1 and 2.2.

to po and increasing with respect to both p1 and ps also if they vary simultaneously
but proportionally.

Proof. In this case the boundary T'y = {0} x [0, 1] is parameterizable by e(s) = 0 and
G(s) = s with s € [0, 1] so the income to maximize is

IY(Gsp1,p2) := 1(0,G;p1,p2) = —WG +1(G) (p2E — WG)
If we look for an internal maximum point the first order condition says that

ort

(2.9) g = ~(WHIW + I (B = WG) =0
We have

Lo = —2'W + 1" (poE — WG) <0

which is in particular nonzero then by the implicit function theorem equation (2.9)
implicitly defines a function G = G(p1, p2) which derivatives are

(9_G — _Iépl =0

D

oG 14, 'E

O T W A (B —WG)

aG oG
ﬁ = <VG, 7) = Ca—prQ >0
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If we prescribe that in the first period we have no resource extraction, a variation
in price p; is obviously meaningless. Conversely the number of voters employed by
the incumbent is increasing in py and in p; and p, simultaneously because if, for
example, po increases the politician is forced to employ voters in the public sector to
guaranteed his victory.

Figure 2.7 shows function G(p1, p2) when there is no extraction in the first period.

Figure 2.7: The function G(p1,p2) in the case e = 0 when we choose W = 1 and
functions R(e) and II(G) as in Figures 2.1 and 2.2.

The last case deals with the maximum point in the interior of I's.

Proposition 2.8. If we assume that the maximum point is the interior of I's so
e = € and consequently R(e) = 0, and 0 < G < 1, then the rate of voters employed
in the public sector is a constant function with respect to py, constant with respect to
po and constant with respect to both p; and ps also if they vary simultaneously but
proportionally.

Proof. In this case the boundary I'y = {€} x [0, 1] is parameterizable by e(s) =& and
G(s) = s with s € [0,1] so the income to maximize is

I*(Gspr1,p2) == 1(e,G;p1,p2) = pre — (L+1I(G) WG

It is easy to see that the maximum with respect to G of I? is obtained at G = 0
independently of p; and ps, then the optimal rate of voters employed in the public
sector does not change.

O

We can explain the last result considering that if all the resources are extracted in
the first period the incumbent has obviously no interest to be reelected. Therefore the
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optimal response is to employ nobody in order to cancel hiring costs and this choice
does not change if prices p; and po vary.

Figure 2.8 shows the function G(p1,p2) when the incumbent exploits all the ex-
tractable resource.

Figure 2.8: The function G(p1,p2) in the case e = 2 when we choose W = 1 and

functions R(e) and II(G) as in Figures 2.1 and 2.2.

Remark 2.9. In the proof of the last result we can not follow the previous strategy
because the term

o =—2'W -TI"WG

is not surely different from 0. Nevertheless if we suppose 13, # 0 we can calculate
explicitly that all the derivatives are identically 0.

2.5 Case d = 2: two different natural resources

In this section we generalize the model by considering the case inn which the incum-
bent has two different resources to exploit and the maximum point is located in the
interior of the region under consideration. We will just present the situation from a
merely graphical point of view because the explicit expression of the derivatives of
functions e, e; and G with respect to prices can be obtained directly from (1.1).
We decided to take the same choices made for the case of one single resource, so
we set W =1 and for the first resource we choose the same function, obviously now

indexed with index 1, Ry(e1) = —5€7 — €1 + 1 which describes the remaining. For

the second resource we choose the very similar function Ra(es) = f%eg —ep+1 that
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models a situation in which again £ =1 but e = g, so the incumbent can extract only

60% of the total in the first period leaving nothing for the second one (see Figure 2.9).

0.7 0.8 09

Figure 2.9: The function Ry(ez) = —%e% —eo+ 1.

In this situation, with two different natural resources, there are two rates of ex-
traction and four selling prices, two for each period. We are going now to show six
graphics that illustrate the trend of the rates of extraction as a function of selling
prices. Obviously every rate will be plot as a function of only two prices, ranging

from 20 to 24 except in a case that will be indicated, so we set the other two prices
to an arbitrary value, in this case 28.
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Figure 2.10: The function e;(p}, p}) when we choose W = 1 and functions Ry(ey),
Rs(e2) and II(G) as in Figures 2.1, 2.9 and 2.2.
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Figure 2.11: The function ez(p?,p3) when we choose W = 1 and functions R;(eq),
Rs(ez) and TI(G) as in Figures 2.1, 2.9 and 2.2. In this case we have 20 < p? < 28.

Figure 2.10 on the previous page shows that the rate of extraction of the first
resource e; is increasing with respect to its selling price in the first period and de-
creasing with respect to its price in the second one. The same occurs to the rate of
extraction of the second resource es with respect to its selling prices, as shown in
Figure 2.11. The explanation of this behavior is the same provided for Proposition
2.2. We show now the trend of extraction of a resource with respect to the prices of
the other one.

Figure 2.12 on the next page shows that the rate of extraction of the first resource
as a function of prices of the other has the opposite behavior compared to Figure 2.11.
A possible explanation is that if, for example, the price p? of the second resource in
the first period increases then the incumbent can afford to extract less resource of the
first type without compromising the overall gain. Vice versa if price p2 increases then
the incumbent has to increase the extraction of the first resource to balance the lower
extraction of the second one. The extraction rate of the second resource with respect
to the selling prices of the first one has the same behavior, as shown in Figure 2.13
on the following page.

We focus at last on the rate of voters employed in the public sector as a function
of the selling prices. In this case there is an unexpected phenomenon.

Figure 2.14 on page 34 shows that the rate of voters G is increasing with respect to
pl and decreasing with respect to pi, and the same happens if we consider the prices
of the second resource, as shown in Figure 2.15 on page 34. A possible explanation
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Figure 2.12: The function e;(p?, p3) when we choose W = 1 and functions R;(ey),
Rs(e2) and TI(G) as in Figures 2.1, 2.9 and 2.2.
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Figure 2.13: The function es(p}, pd) when we choose W = 1 and functions Ri(e;),
Rs(e2) and II(G) as in Figures 2.1, 2.9 and 2.2.
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Figure 2.14: The function G(pi,pl) when we choose W = 1 and functions R;(ey),
Rs(e2) and TI(G) as in Figures 2.1, 2.9 and 2.2.

Figure 2.15: The function G(p?,p3) when we choose W = 1 and functions Rj(eq),
Rs(e2) and II(G) as in Figures 2.1, 2.9 and 2.2.
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is that since in any case there is a resource whose extraction rate decreases, the
incumbent has interest to be reelected to extract the remaining in the second period,
so the optimal response is always to increase the rate of voters employed to guarantee
his success.



Chapter 3

Resource curse: a discrete time
model

In this chapter we present a further generalization of the previous model, considering a
politician in charge up to a finite time which choices at every time step the extraction
(for simplicity of only one resource) and recruitment rates to maximize his own income
at the end of his mandate, while the rest of the framework remains the same.

In this case the way chosen to approaching this model is using the dynamic pro-
gramming described extensively in Section 1.2. We defined a value function for this
model, namely the maximum income that the incumbent can obtain starting with a
certain amount of resources available and workers employed and remaining in power
for a specified period, which satisfies a Dynamic Programming Principle which leads
to a Bellman equation. We provided a regular result and we determined an optimal
policy that the incumbent must follow to maximize his income.

Lastly, we also studied the problem from a numerical point of view. Bellman
equation can in fact be solved by induction numerically on a computer. There is a
large literature about numerical approximations of the equation, in particular in [11]
Capuzzo Dolcetta proposed an uniformly convergent approximation of the Hamilton-
Jacobi-Bellman equation related to an infinite horizon optimal control problem while
in [25] Falcone and Giorgi deal with a finite horizon deterministic problem (for further
works on this topic see also [13, 22, 12, 24]).

3.1 Model description

We state briefly the new context of study and the new assumptions we make. Anything
not explicitly mentioned are subject to the assumptions made in the previous chapter.
In this case we deal with a model where there is a politician in charge up to time
teT:={1,...,T}, with T € N, which represents for example the duration of his
term in months or years, wishing to be reelected for a second mandate, and of course a
competitor. There is a normalized amount of a single nonrenewable natural resource
and for simplicity of notation we denote r € [0,1] instead of F the extractable part.
This quantity declines at the percentage rate the incumbent extracts it e, € [0,1],
where 0 means no extraction and 1 means that the incumbent extracts all the available
resource, and all the income from its sale accrues again directly to the government.
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We denote also with G,, € [0, 1] the numbers of employed at time n, that evolves
according to an employing rate h,, € [0,1], G € [0, 1] the starting number of workers
and II,, := II(G,,) the reelection probability as function of the latter. To give finally a
justification to the choice h, > 0 we can think to a situation in which the incumbent
can not fire his employees during his mandate, for example due a particular form of
contract.

Considering the whole system resource/workers, it is governed by the discrete-time
state equation

(3.1)

Ynt1 = Yn + f(Ynyan) n=0,...,6—1
Yo =

where y, = (rn, Gp), an = (én, hn) € A=10,1] x[0,1], z = (r,G) € Q@ = [0,1] x [0,1]
and f: R? xA — R? is a given mapping such that for every z € Q and a € A one has

(3.2) z+ f(z,a) €Q
A possible choice for f is for example
f(x,a) = f((z1,22), (a1,02)) := (—a1z1,a2(1 — 22)) = (f1(2,q), f2(x,a))

so the dynamics is forced to go to point (0,1) regardless of the starting point x € Q
(see Figure 3.1).
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Figure 3.1: The vector field f((z1,z2),(0.1,0.05)).

We denote by A the set of all the sequences o = {an} = {(en,hn)} C A and by
Yn = Yn(x, ) the corresponding trajectory of (3.1).

Resource income can again be spent by the incumbent politician or can be redis-
tributed as patronage to increase reelection probability and to influence the outcome
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of voting. So the incumbent choose its economic policy a € A in order to maximize
his own income
t—1

(3.3) I(z,t,a):= Z <p1€n7“nGn

n=0

o2
- jr 7 - WGn) B" + B'IL(Gy) (pare — WGY)

in which 8 € (0,1) represents a discount rate and n < 1 is a technical parameter
which ensures that the denominator is never zero. The generic term of the sum in the
expression above is the difference between the income from the resource extraction,
where the presence of G,, means that only a part of the resource extracted can be
sold, in particular the incumbent can sell all the resource extracted if and only if he
employs the whole population, and the outcome resulting from extraction cost and
from employing workers while the last term represents in some sense a scrap value,
in this case the value of being in power for a second mandate. Note that this value is
again discounted by a factor that is the reelection probability.
For sake of simplicity we define
ay

2
Uz, a) = L((x1,22), (a1,02)) == — (P1a1$1$2 - P - Wﬂ?z)

g(z) = g((z1,22)) == —(z2)(paz1 — Wia)

so the income (3.3) becomes

t—1

Iz, t,0) =Y ~L(yn, an)B" — B'g(yr)

n=0

3.2 Dynamic Programming Principle and correspond-
ing Bellman equation

We start by defining what will be for us the value function of this optimization problem

t—1
(3.4) u(x,t) == inf —I(z,t,a) = inf { U(Yn,an)p" + Btg(yt)}
0

acA {an,}CA

n=

Remark 3.1. To define this value function, in order to develop a theory analogue to
the classical one, we considered the problem of minimizing the opposite of the total
income instead of mazimizing the latter. QObviously the "actual” value function is
simply —u(zx,t).

Again for simplicity of notation we define
J(z,t,a) = —1(x,t, )
so the value function defined in (3.4) becomes

u(z,t) = irelfL\J(x’t’a)

The next results we are going to show, with appropriate changes, follows directly
from [4] and are comparable to those contained in [25], to which we refer for fur-
ther details. The first result is that the function u satisfies the following Dynamic
Programming optimality Principle.
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Proposition 3.2 (Dynamic Programming Principle). The function u(x,t) verifies

T—1
(3.5) u(z,t) = ggi{gayman)ﬁn —‘f—ﬁTu(yﬁt—T)}

forallz € (0,1)x(0,1) and 7 =0,...,t. In particular for T = 1 we have, by swapping
the addends,

(36) ulz,1) = it {Bulys,t — 1) + Lyo, @)} = inf {Bu(e + f(z,0),t — 1) + €z, a)}

Proof. Since by definition u(x,0) = g(z) then (3.5) reduces to the definition of u
when 7 =t. For 7 =0,...,t — 1 and a = {an} = {ag,...,at—1} € A fixed we define
& = {an} := {any-; and we denote @, the trajectory of (3.1) starting from y, and
corresponding to &. One has

J(z,t, ) Zﬁyn,an ﬂ"+Z€yn,an B+ Blg(y:) =

t—7—1

= Zé ynaan ﬂn + Z 14 yn+7aan)ﬁn+‘r +B7—Bt i (yt 'r) =
= Zé(yn,anw + 87T (yr ot —7,6) >
n=0

T—1
> Z E(yny an)ﬂn + ﬂTu(yTat - T)
n=0

By taking the infimum over A we get the inequality > in (3.5). To prove the opposite
inequality we fix & = {a,,} € A and we observe that, by definition of u(z,t), for every
§ > 0 there exists o’ = {a%} such that

U(y-,—,t - T) 2 J(y‘rvt - Tvaé) -0
We define now the control @ such that its generic term is
_ an, 0<n<71-1
an =1
a T<n<t-1

n—r

that is more compactly {a,} = {ag,...,a,_1,a3,...,a?_,_;}, and let 7, and 3’ be
the trajectories of (3.1) respectively starting from x and y, and corresponding to &
and . Then we have

J(x,t,a) Zm,anﬁ +Z Un, @n)B" + B'g(1) =
t—1—1
7Z€ynaan /Bn+ Z yn—‘—‘r? n Bn+7+67ﬂt T (yt 7')7
= Ze(yn,anw + A7 (yr,t — 7,0°) <
n=0

T—1
< Z C(Yn,an)B" + B u(yr,t —7) + 876
n=0
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Since ¢ is arbitrary, by taking the infimum over A we get the inequality < in (3.5) so
the proof is complete.
O

We observe that equation (3.6), if written as

(3.7) (e 1) + sup{—Bu(x + f(x,0),t 1) ~ £(z, )} =0

it can be seen as the discrete version of the classic Hamilton-Jacobi-Bellman equation

ug(x,t) + du(z, t) + 21613{—f(x, a) - Du(z,t) — L(xz,a)} =0

for the finite horizon problem (analogous to (1.9) which comes from considering an
infinite horizon) with the same dynamics f, cost function ¢ and the discount rate A
somehow related to f.

Before continuing with the study of the properties of the function u, we try to
guess for a solution of (3.6). In particular, following an example in [26], we guess that
the value function has the form

(3.8) u(z,t) = u((x1,22),t) = p(t) (Axlxg +B + CCEQ)

r1+n

For this tentative solution the expression within the brackets of (3.6) is

B
t—l Aa: — a1xr X +a 1—33 4+ —
Beo( )( (z1 — arz1) (22 + az(1 — 22)) pp———
2
a
c 1— — L W
+ C(x2 + aa( 332))) p1¢11331132+x1+n+ T2

Taking the gradient with respect to (a1, as) of this expression and setting it equal to
zero, we have that the minimum is achieved when

a _Ax1+C
1= AIl

while for as we have a much more complicated expression. To simplify the exposure
we set now A = B = C =1, so the value of the minimum is given by

Bt —1) (rq +1)2
PP 1 T L w
n—1 pi(a )2 22 (z1 +1n) 2

A sufficient condition for this quantity to be equal to u(z,t) defined in (3.8) is that
©(t) satisfy the recurrence equation

1 -1 Bep(t) (rq +1)2
t+1)= + + A + Das + W
# ) (561%2 x1+n x2) (77 -1 P )2 22 (z1 +1n) x2)

with the initial point (1, x2) fixed. If for example the initial point is (z1,22) = (1,0)
the recurrence equation becomes

n+l

p(t+1) =Bn_1s0(t)+4
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We couple now equation (3.6) with a natural initial condition so we have the
discrete initial value problem

{u(z,w = inf {Bu(a + f(x,a),t— 1)+ z,a)} 0 QxT
ac
u(z,0) = g(x) in @

We want to show now that the value function u is the unique solution of the previous
problem and that a comparison principle between subsolution and supersolution of

(3.9) holds. To do this we notice first of all that functions f(z,a), {(z,a) and g(z)
have some relevant properties, which are interesting in a more general theory.

(3.9)

Remark 3.3. Functions f(x,a), {(z,a) and g(x) are bounded respectively in Q) x A
by two constants My and My and in QQ by a constant Mz since they are continuous.
Moreover f(x,a) and {(x,a) are Lipschitz continuous in x uniformly in a with con-
stants respectively L, and Lo since the are also C*. We can finally observe that the
last property of f implies

(3.10) [yn (2, @) = yn(z, )| < (1 + L1)"|2 — 2|
We state now the first result concerning the function wu.

Proposition 3.4. The value function u(z,t) is bounded in Q x Ty, in which Ty :=
{0,..., T}, and it is the complete solution, namely the maximal subsolution and the
minimal supersolution, and therefore the unique solution of (3.9) in B(Q xTy). More-
over, if up,uz € B(Q X Tg) are respectively a subsolution and a supersolution of (3.9)
then

(3.11) sup (u; —ug) < sup (ug — us)
QxTo Qx{0}

Proof. From the previous remark and the definition of u we have

t—1 t—1
1— T
[z, )] <Y 8" [0yn: an)] + Blg(ue)] < My 5" + 5" My < My —— 5+ M
n=0 n=0

so that u € B(Q xTy). For any subsolution u; of (3.9) we have by definition u; —u < 0
in @ x {0} so by (3.11) one has u; —u < 0 in @ x To. Similarly we can show that
u is below any supersolution. Now we prove the comparison principle (3.11). By
definition of supersolution, for any € > 0 and (x,t) € @ x T there exists a. € A such
that

us(x,t) > Bug(z + f(x,ae),t — 1) +€(x,a.) — €

On the other hand we have, by definition of subsolution,
up(x,t) < Bus(x + f(x,a:),t — 1) + l(z,ac)
Hence, by subtracting us from u; we get
up(z,t) —us(x,t) < Bui(z + f(z,ae),t — 1) — Bus(x + f(x,a:),t — 1) +¢
By taking the supremum over @ x {1} we have

sup (u; —ug) < B sup (u; —uz)+e¢
Qx{1} Qx{0}
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Since 8 € (0,1) and ¢ is arbitrary, by repeating the procedure one has

sup (u3 —u2) < sup  (ug —wu2) <...< sup (ug —u2) < sup (u; — us)
Qx{T} Qx{T-1} Qx{1} Qx{0}

and finally we have the comparison principle (3.11) by taking the supremum over the
union of all sets.
O

Next we show a regularity result for w.

Proposition 3.5. For ever fited t € T function u is uniformly continuous in x.
Moreover, u is Lipschitz continuous with Lipschitz constant

1— Bt(l + Ll)t

=50+

+ B (1 + Ly)*

Proof. For fixed z € @ and for an arbitrary € > 0 there exists a® = {a5} € A such
that
u(z,t) > J(z,t,0%) — ¢
Then
u(z,t) —u(z,t) < J(z,t,0°) — J(2,t,0%) + ¢

for every x,z € @ and t € Ty. Consequently, by Remark 3.3, and in particular by
property (3.10), we have

u(@t) = u(z,0) < 3 6un (2, 0%), 05) — Ly (2, 0%), a5) 5"+
n=0

+ B'ye(x,0°) — yi(z,05)| + ¢ <
t—1
<Y Ly(1+ Ly)"B o — 2+ ' (1 + Ly)' e — 2| + ¢

n=0

It is easy to check that the first two summands can be made smaller than ¢ for |z — 2|
small enough, therefore u is uniformly continuous. Moreover, using the formula for
the sum of the first ¢ terms of a geometric series, it results

1-8Y(1+ Ly)t

u(z,t) —u(z,t) < (Lg 1= B+ L) + B(1 +L1)t> |z —z| +¢

and since ¢ is arbitrary w has the desired regularity.
O

In the next result we state that there exists an optimal control for this problem
and we show the procedure for its construction from equation (3.9).

Proposition 3.6. The control o* = {a’} € A, which depends on z and t, defined by

ay, € argmin{Bu(y, + f(yn,a),tn — 1) +L(y,,a)}
a€EA

forn=0,...,t—1, where y =z, {y’} is the trajectory of (3.1) corresponding to o*
and t, =t —mn, is optimal for (x,t).
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Proof. We recall that by the previous two propositions u is the unique solution of
(3.9) in BUC(Q x Tp). By Remark 3.3 the function

a+— pu(z + f(x,a),t — 1)+ 4(x,a)

is continuous for every fixed x € @ and t € T. Since A = [0,1] x [0,1] is compact
there exist @ = a(xz,t) € A such that

ingﬁu(x + f(z,a),t — 1)+ l(z,a) = Pu(z + f(z,a),t — 1) + £(z,a)
ac
On the account of (3.9) this means that the set
F(z,t) ={ac Alu(z,t) = fu(z + f(z,a),t —1) + l(z,a)}
is nonempty for all (z,t) € Q x T. For fixed (z,t) set yi = = and define recursively
the sequences {y}} C Q and a* = {a’} C Afor n=0,...,t — 1 by setting
ay, € F(yp,tn)
Yng1 = Yn + f(Yn,a7)
By definition of F' we can show that y;:_,, y;; and a;, is related by

Brhu(ys tn) — B T u(yl 1, tnsr) = B Yk, al)

and therefore

t—1

Zﬂ” w(yp,tn) = BuYy 1, tnsr) = > By, al)

n=0

Since the left-hand side of the previous equality is the partial sum of a telescoping
series, it is easy to check that it results

Z 6n ym ﬂu(y:z+1’ tn+1) = U(CE, t) - 5tg(y;£k)

n=0
by using the initial condition of (3.9). Hence

t—1

(@, t) =y lyn,ap)B" + B'9(y;) = J(x,t,07)

n=0

so o* achieves the infimum and the proof of its optimality is complete.
O

Let the value function u be known, then the procedure to construct the optimal
control o* and the optimal trajectory {yr} is the following. Fix the final time ¢.
Starting from the initial point & = yg, compute

ap = argmin{Fu(ys + [ (v, a),t = 1) +£(y5, )}
aec
Then the initial point moves, according to the dynamics (3.1), to the next point

yr = o + f(yo,ap)
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Compute now the optimal control at the next time
aj = arg r;}in{ﬁu(yi‘ + f(yi,a),t —2) + £(y7,a)}
ac

and the next point
yz =1 + f(yi,a1)

Iterating the procedure, we arrive to the computation of the last optimal control
a’:—l = arg Igln{ﬁu(y:—l + f(y:—la a)? 0) + g(y:—b a)}
ac
and the end point is given by

Ui =Y+ fyi_1,ai_1)

3.3 Numerical approximation

In this section we want to present a numerical approximation for the model proposed.
Theoretical results are in analogy to those contained in [23]. First of all we observe
that dynamics (3.1) and Bellman equation (3.6) are already discretized in time, so we
only need a discretization of the spaces of states.

We start building a grid in the state space ). We choose a discretization step
h > 0 such that % is an integer N}, and build for simplicity a grid of N? squares of
side h for a total amount of nodes of L := (N}, + 1)2. Each node is denoted by x; for
i=1,...,L.

For simplicity of notation we set u! = u(z;,t). Then the fully discretized Bellman
equation is

(3.12) u; = ggg{ﬁut*(xi + f(zi;0)) + U(wi,a)}
with initial data u{ = g(z;) fori=1,..., L.

Before tackling some aspects of the numerical calculation we want to give an
estimate of the approximation error in the L*°(Q) norm.

Proposition 3.7. Let u' and u}, be respectively solutions of (3.6) and (3.12). Then
one has

(3.13) lu' — ul |0 < tLzh

where
1— B4+ L)t

1—B(1+Ly)
Proof. For any (z,t) € @ x T we can write

Lz =1L, + B (1 + Ly)*

L

u(z,t) — un (@, 1)) < Y Ni(ule, t) — u(z;, 1)

i=1

L

Z Ai(u(wist) — up(zi,t))

i=1

_|_

where the \;’s are the coefficients of a convex combination such that

L
Tr = E /\izi
i=1
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Since by Proposition 3.5 u is Lipschitz continuous with Lipschitz constant

1-8 1+ Ly)t

Ly =L
’ 1B+ L)

+ B 1+ Ly)!

we obtain
(3.14) |u(z,t) — u(x;, t)| < Ls|lx — x;| < Lsh
By equations (3.6) and (3.12) we have
w(xzi, t) — up(z,t) < Blulx; + f(xg,a),t — 1) —up(z; + f(zi,a),t — 1)]
< Bl =y e
where @ is a control giving the minimum in (3.12), and this implies
(3.15) (i, t) = un (i, 1) < Bllu'~! —up oo
By (3.14) and (3.15) we have, iterating the procedure,
u! =l lloo < Lah+ Bllu' ™ —ub oo < ... < tLsh + Bu’ — ul)||oo = tLzh

since B < 1 and [|u® — u?||oc = 0 because initial data coincides on the nodes of the
grid.
O

Following the procedure described at the end of the previous section we can recon-
struct an approximate optimal feedback control o}, by means of our numerical approx-
imation uy at every time of the value function u obtained using equation (3.12). We
want to compare now the optimal control o* with the approximated optimal control
aj.

Proposition 3.8. For any (z,t) € Q x T it results

J(z,t,ar) —— J(x,t, a”
(2,t,03) —— J(@,t,0")

Proof. Let the functions Ly: @ X T x A — R be defined by
Lip(z,t,a) = Bul  (z + f(z,a)) + {(z,q)
and L: Q X T x A — R be defined by
L(z,t,a) := Pu(x + f(x,a),t — 1) + £(z,a)

For any (z,t) fixed, we consider the control aj, which depends on z and ¢, that by
definition realizes
Ly(x,t,ay) = inf Ly(z,t,a) = up
a€A

and the control a*, which also depends on x and ¢, that by definition verifies

L(x.t,a*) = inf L(x.t —
(x,t,a") inf (v,t,a) =u

The estimate (3.13) implies that Lj; converges uniformly on Q x 7 x A to L as h
goes to 0. Moreover, since A = [0, 1] x [0, 1] is compact, for any sequence {a}}, ., of
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controls giving the minimum for L; we can extract a subsequence {aj, } converging
to a limit a. Then we have

Ly, (z,t,a; ) — L(z,t,a
:,07,) —— L, )

and, by definition of a,
L(z,t,a) < L(x,t,a)

On the other hand, by definition of a*, one has the opposite inequality, so that
L(z,t,a) = L(x,t,a")

which implies @ = a*. For any subsequence we can repeat the same reasoning so we
can conclude that the whole sequence {a}} converges, and it converges to the limit
a*. By definition of L; we have

(3.16) U(z,a) = Ly(z,t,a) — Bul Hz + f(z,a))

We take now = = y,, t = t,, and the control'®

we have

a = a},(Yn,tn), so by definition of a},

Lh(yn> tp, a;;(yn7 tn)) = uzn (yn)
Multiplying (3.16) by 8™ one has

ﬁ(yma;;(ymtn))ﬁn = UZ" (yn)ﬁn - 5"“”2”_1(% + f(ynva?z(ynvtn)))
We sum on n from 0 to ¢ — 1 and we get

t—1 t—1 t—1
> 0y, a5, (Y tn))B" =D g () B =D B (Y + f (Y 5 (Y )
n=0

n=0 n=0

Sending h to 0 we have that the left-hand side of the previous equality goes to!”

t—1 t—1
Z U(Yn, tn)B" — Z ﬂnJrlu(yn + f(Yn, a*(yn, tn)))
n=0 n=0

which is equal, expanding the sums and recalling that yo = « and tg = ¢, to

u(z,t) 4+ Bu(yr, t — 1) + ...+ B u(ys_1,1) — Bu(ys, t — 1) — ... — Blu(y:, 0)
Recalling now that u(y:, 0) = g(y:) we have finally

t—1
D yns 4 (Y, 1n))B" —— ula,t) = Bg(yr)

n=0

which is the desired result.

16T his is in practice the n-th component of o .
17Similarly a*(yn,tr) is the n-th component of a*.
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We show now two aspects related only on the implementation of the algorithm.
The first is that since in general the point z; + f(z;,a) is not a node of the grid but,
by hypothesis (3.2), it belongs to one and only one square of the discretization!® we
must use an interpolation operator that involves the values of the function u at nodes
of that square to reconstruct it in the interior.

The second concerns the determination of the minimum. In this case the simplest
solution is to replace the set A by a finite set. To do this we discretize the set by
choosing a step m > 0 such that % is an integer N,, and build again for simplicity a
grid of N2, squares of side m for a total amount of discrete controls M := (N,, + 1)
Each control is denoted by as for s = 1,..., M and the discrete set of controls by
Apr. So Bellman equation (3.12) is implemented in the further discretized form

ul = inf {Bu'T (@ + f(2i,as)) + (i, as)}
as€ANM
and since we discretized the control space, the computation of the infimum for every
1 and t fixed is simply a search for the minimum in a set of M real numbers.

3.4 Numerical simulations

We want now to present some numerical tests performed on this model, and to com-
pare them to the situation in which there is no discount, which we recall is the
reelection probability of the incumbent.

Before starting with the numerical tests we fix some parameters of the approxima-
tion and the model also, while the other parameters of the model will wary at every
test. So from now we set h = 25, m = 55, #=.99 and n = 107°.

Moreover, to describe the reelection probability as function of the number of work-
ers we considered the same function presented in Figure 2.2 on page 20.

We set the initial point (r, G) = (1,0), unless otherwise indicated, so the incumbent
starts his period of government with all resources available and without any worker
hired.

Lastly, we set u = 400 on the exit boundary of the domain, namely r = 0 and
G =1, to ensure that the dynamics will not ever reach it.

We summarize in the next table the parameters used for the different tests.

[Test [ ¢ [ p1 [ P2 [W]
T [ 610060 1
2 | 6| 300 | 60| 1
3 |6 | 100 |100] 1
4 | 6| 100 | 200 | 10
5 | 6| 100 | 200 | 50
6 | 6| 100 | 95 | 20
7 24| 500 | 50 | 20
8 | 6 | 2000|200 ] 10

Table 3.1: Summary table of the tests performed.

18 After choosing for every square a node representing and only two sides which refer to that node.
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Tests 1 and 2

In Figure 3.2, by looking at the graph of u, we can see that when we have a lot
of resources available the income is almost constant with respect to the number of
workers, and this for the extremely low labor cost. On the contrary, when we have
very few resources the income is decreasing with respect to the workers. In fact,
more workers leads to higher cost which are not compensated by revenue due to the
increasingly high costs of extraction that must be paid as the resources run out and
because of the lack of the available resources themselves. Moreover, since p; > po,
we can see that the best strategy is to employ the whole population immediately and
then to extract all the available resource in the first period to maximize the income.
Prize ps is lover than p; so it is not economically profitable to leave resources for the
second period. If we consider the parameters of test 2, in which price p; increase,
we can see (Figure 3.3) that this increasing leads to a higher extraction because the
resource becomes more valuable in the present than in the future.

Final time t =8
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Figure 3.3: Test 2: The graphs of e,, and G,,.
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Test 3

A different result is achieved with parameters of test 3, in which prices in the two
periods coincide. In this case, as we can see in Figure 3.4, it is more profitable to

extract some resource in the first period but leaving a part for the second one.

0 Resources
———Warkers
n

! L
5 3

Figure 3.4: Test 3: The graphs of e,, and G,,.

Tests 4 and 5

In test 4 we note that, unlike the previous two tests, we have p; < po. In this case, as
we can see in Figure 3.5, the best strategy is to leave all the resources for the second
period and at the same time to employ all the workers to guarantee the maximum

reelection probability, but at the final time to minimize expenditures related to the
wages since the model does not penalize this “opportunistic” strategy.

Finaltimet=6

Resnurces
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—— —Waorkers !

Walue function

o0
Resources
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Figure 3.5: Test 4: The function —u and the graphs of e, and G,,.

In test 5 (see Figure 3.6 on the next page) we have the same situation as in test
4, except for the cost of the work W that is higher. In this case the optimal response
is to hire a certain number of workers to guarantee the reelection, but not the whole
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population. Lastly, in both tests we note that the value function u is decreasing with
respect to G, more decreasing in test 5 in which W in higher than in test 4.

Final time t=6&

—Resources i
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Walue function

o0 Resources
Time
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Figure 3.6: Test 5: The function —u and the graphs of e, and G,,.

Test 6

In this case we are again, as in test 1, in the situation p; < p2, but now the two prices
are very close and W is higher. So, as we can see in Figure 3.7, the best strategy is
not to extract resources in the first period to exploit the slightly higher selling price,
but is to leave them for the second period and hire worker at the end of the first one

in order to save salary costs.

08r 7

Resources i
06| q
———Warkers f"

a4t ;

Dzt ; g

Figure 3.7: Test 6: The graphs of e,, and G,,.

Tests 7 and 8

This case is quite different from the previous. The situation is p; > po and high
labor cost. As we can see in Figure 3.8 on the next page, the value function is
decreasing with respect to the workers G in all the domain except around the region



3.4 Numerical simulations 51

0.8 < e,G <1 in which it is even slightly increasing and the optimal strategy is very
different.

Final tirme t = 24

“alue function
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Figure 3.8: Test 7: The function —u.

In fact, as we can see in Figure 3.9, the optimal response when we start from the
default starting point is to employ the whole population and extract all the resources
at the penultimate and last time respectively, to minimize wages expenditures and
to exploit the very higher selling price on the first period. But if we start from a
point in that region, for example the point (1, 0.8), the best strategy is, in addition to
maximize the workforce, to extract part of the resource at the beginning of the first
period, when the extraction cost is lower and the discount factor is higher and then to
extract the remaining resource at the last time when the increased cost of extraction
is amortized by the devaluation.

[iR=)

Resources | |
—— —Warkers

Resources

08| —— —workers

0.4

02

Figure 3.9: Test 7: The graphs of e, and G,, when we start from (1,0) on the left
and (1,0.8) on the right.

Anyway, we want to remark that in the second case, even it seems that in the
period from 3 to 22 there is no extraction, the optimal strategy is instead to extract
a very small amount of resource, as explained in Figure 3.10 on the next page, but
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0ar

06
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Figure 3.10: Test 7: The graph of ) when we start from (1,0.8).

we can not see this due to numerical approximation of the calculator.

In test 8 we have the same situation since the parameters are comparable. As we
can see in Figure 3.11, the optimal strategy, even if we start with no workers, is to
hire the whole population then to extract resource during the entire period which, in
this case, is shorter, only 6 time steps.

Resources
—— —Warkers

Figure 3.11: Test 8: The graphs of e, and G,,.

3.4.1 Tests without probability factor

We consider, in this last subsection, a situation in which there is no probability factor
in the income of second period, namely by setting II(G) = 1. This means that the
incumbent makes decisions that maximize the income without taking in account his
own interests, in particular he does not consider his probability to be in power in
the second period. Roughly speaking, we deal with a government in which personal
political interests and common economic interests are completely separated.

If we consider the parameters of test 3, then the optimal strategy is different than
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before. In fact, as we can see in Figure 3.12, the incumbent has no interest to employ
workers to guarantee his reelection, so he prefers to leave all the resource available for
the second period, since the prices are equal, to save salary costs. The same behavior
appears on tests 4, 5 and 6 with the same motivation, while in the other tests there
are no modification on the optimal strategy.

08f A

Resources
06F b
———Warkers

04r B

02f B

Figure 3.12: Test 3 without reelection probability factor: The graphs of e, and G,.

3.5 Some comments and remarks

To give some conclusion that can be made from the numerical tests, we point out
that in most cases when there is not probability factor we can see an increasing in the
total expected income, intended as the maximum of function —u, as we summarized
in Table 3.2 on the following page. Typically, this maximum increase if there is no
probability factor in the income of second period, while decrease if the incumbent
politician discounts the future stock of resources by the probability he wins power.

In cases 7 and 8, on the contrary, we deal with a combination of prices and
salary cost that leads to a situation in which being in power for a second mandate is
unprofitable. Therefore replace the probability factor with the greater value 1, on an
equal extraction and employment rates as in this case, worsens the situation.

To conclude, we can see that the condition in which there is not probability factor
typically leads to optimal strategies which amount to extract less resources, avoiding
in a certain sense wastes, and to employ less workers for the benefit of more produc-
tive private sector. Moreover in most cases, except in the “pathological” ones, the
maximum of the value function —u is strictly greater than in the case with a generic
probability factor. This means that, generally, the total income increases with respect
to the strength of institutions, measured by the personal interests of the incumbent
to remain in power.
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| Test [ With probability factor | Without probability factor | % difference

1 89.4021 89.6312 0.2563
2 281.1765 281.2812 0.0372
3 94.7955 96.5512 1.8521
4 167.1259 188.2960 12.6672
5 135.0464 188.2960 39.4306
6 66.7895 89.4406 33.9142
7 326.3555 325.6142 -0.2271
8 1.9271e+03 1.9271e+03 0

Table 3.2: Summary table of maximum of function —u in presence or not of the
probability reelection factor in the tests made.

3.6 Generic dynamics and state constraints imple-
mentation

We recall that assumption (3.2) forces us to choose only maps f that keep the dy-
namics inside the square (). In this section we want to drop this assumption in order
to consider a more general f and to do this we can use two different approaches.

The first approach is a penalty argument. In optimization, two types of penalty
function are commonly used: interior and exterior penalty functions. Considering an
exterior penalty function, as for example in [14], we can take a function p € BUC(R?)
such that p = 0 in Q and for every £ > 0 there exists 6 > 0 such that p(x) > ¢ if
dist(z, @) > €. Then we can define the running cost

1.
(w,0) i= (z,0) + ()
and, in analogy with what has been done previously, the cost functional

t—1
J(l‘7 ta Oé) = Z Z(yna an)ﬁn + ﬁtg(yt)
n=0

and the value function ~
a(z,t) = invf4 J(x,t, o)
ac

It is quite simple to check that this new value function satisfies the same Dynamic
Programming Principle (3.5) as before, obviously with running cost ¢, and the discrete
Bellman equation

1
ite,0) = iuf { Bito + f(oa) 0= 1)+ fr0) + Lot}
for x € R? and t € T or, using the supremum as it is common in the literature,
1
ﬁ(‘r7t) + sup{fﬂﬁ(:z: + f(xv a)at - 1) - E(xa a)} = gﬁ(x)
acA

which is almost identical to (3.7) except for the term 15(x).
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Conversely, using an interior penalty function, we can take a function p € BUC(Q)
which is nonnegative and increasing as the constraint boundary 9Q) is approached (see
for example [46] for further details). Then we define the running cost

Uz,a) :=L(z,a) +ep(x)

and cost functional J and value function % in the usual way. It is easy to show that
the value function satisfies the discrete Bellman equation

a(w,t) = it {Fa(e + f(z,a),t 1) + Uz, @) + 2p(a)}

forre@QandteT.

The second approach is to consider, in order to guarantee that the trajectory never
leaves the domain @, only the control functions that achieve that requirement. In
particular, as in [23], for every x € ) we define the set

Az) i= {a € A yo(z,0) € QVn € Ty}
and we assume that
(3.17) Alz) £0
for every z € (). So the value function for the constrained problem is

u(x, t) == oinIfllf('a:) J(x,t, )

Oune has that the value function u satisfies the Dynamic Programming Principle (3.5)
and it is the unique constrained solution of

u(z,t) = eigfm) {Bu(z + f(x,a),t — 1)+ £(z,a)}

a

for z € Q and ¢t € T in which A(z) :={a € A: 2+ f(z,a) € Q}.



Chapter 4

Mean field games and oil
production

4.1 An overview on mean field games

Mean field games theory was developed in 2006 by Lasry and Lions [38, 39, 40], and
independently in the engineering community by Caines, Huang and Malhamé [9, 10],
and it is a branch of game theory. It is therefore a set of concept and mathematical
tools which help to model situations of infinitely many agents who take decisions in
a context of strategic interactions.

In this framework we consider a huge number of agents, that can be viewed as a
continuum of economic agents, whose are not able to influence singularly the strategies
of the other.

Under some assumptions, mean field games can be expressed as a coupled system
of two equations, a Kolmogorov-Fokker-Planck equation, evolving forward in time,
that governs the evolution of the density function of the agents, and a Hamilton-
Jacobi-Bellman equation, evolving backward in time, that governs the computation
of the optimal path for each agent. Let us now show how this two equations arise.

In any (quantitative) model there must always be an equation to express the
optimization problem of each agent. Usually this involves one equation for each agent.
If agents are grouped together by similar agent classes, there is one equation for every
class of agents. This equation is generally a Bellman equation, since a large proportion
of optimization problems falls within the framework of dynamic programming. Hence
Hamilton-Jacobi-Bellman equations will be used to compute optimal behaviors.

An equation is also needed to express the group’s behavior. When agents are
atomized, the group is represented in the model by a distribution on the state space.
The dynamics of the distribution is governed by a transport equation that can be
called a Kolmogorov-Fokker-Plank equation.

Lastly, this two equations are mutually coupled. In fact in the transport equa-
tion the optimal behaviors of agents occur as data, since it is the infinite collection
(the continuum) of individual behaviors that it is aggregated and which constitutes
collective behavior. Vice versa in the optimization equation the density of the agents
occur as data, since they choose its own optimal strategy by considering the group’s
configuration.
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4.2 The oil production framework

A fairly typical example of mean field game is that of the production of an exhaustible
resource by a continuum of producers. We know from a seminal article by Hotelling
[32], published in 1931, that there is a rent involved in the production of an exhaustible
resource, but it is interesting to examine this in greater depth in a competitive situ-
ation and to understand the dynamics of exhaustion of a scarce resource.

In 2010 Guéant, Larsy and Lions [29] published the first model of mean field games
applied to this very old and studied question of exploitation of natural resources in
which they consider a large number of oil producers, that can be viewed as companies,
with the only assumption that there is a sufficiently large number of them that one
can think as a continuum.

Each oil producer initially has a reserve, and all the reserves are distributed ac-
cording to an initial density function. The reserve of the generic agent evolves deter-
ministically according to an extraction rate and its target is to maximize an assigned
income functional.

In 2011 the same authors proposed a slightly different model [30] in which the
reserve evolves according to a stochastic differential equation. In the following we
present a procedure to rigorously derive the partial differential equation that describe
the second model, along with some new results and simple generalizations.

4.3 Model description

We consider a large number of oil producers, which can be viewed as macro stand-
points or oil companies. The only assumptions we make, that characterize the mean
field games approach, is that there is a sufficiently large number of agents such that
we can think as a continuum of them, and perfect competition.

Each of these oil producers initially has a certain reserve and we assume that
there reserves are distributed among producers according to an initial distribution
m(0, R) = mo(R). Moreover the reserves will contribute to production ¢ for every
specific agent according to the dynamics

(4.1) dR(t) = —q(t)dt + vR(t)dB,

where the Brownian motion is specific to the considered agent and v is a parameter
representing the uncertainty, due for example to an incorrect measurement of resources
or losses during the extraction process.

Production choices will be made in order to optimize a profit criterion (the same
for every agent) of the form

“+oo
m(;da[/ (p(s)a(s) — Cla(s))e " ds

such that ¢(t), R(t) > 0, where che cost function C' is quadratic, for example C(q) =
aq + %5(]2 with «, 8 > 0, and the selling price p(t) is determined according to the
supply/demand equilibrium on the market at each time.

In this regard we model the demand by a function D(t,p) = Wef'p~7 where
WePt denotes the total wealth, affecter by a constant growth rate which models the
economic growth, and o is a general indicator of the elasticity of substitution between
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oil and any other good. The supply is given instead by the total oil production of all
the agents.

This model can be dealt with in the deterministic case or in the stochastic case,
depending on the value of v, namely v = 0 is the deterministic case while v # 0 is
the stochastic one. In the first case a solution can be found without the mean field
methods, so we focus only on the stochastic case and in the next section we rigorously
derive the mean field games equations.

4.4 Mean field games equations

The tool to perform a rigorous derivation of equations describing the model is also in
this case the dynamic programming. The first step is to define the value function and
to do this we rewrite the problem using the formulation most common in literature.

We consider in fact agents whose aim is to optimize the following profit criterion
of the form

min [ [ (Clato) - plopatone s

which is simply to minimize the opposite of the quantity considered before.
Indicated with

“+oo
J(t,R,q) =FE [/ (Clq(s)) —p(s)q(s))e‘r(s_t)ds]
t
the functional to minimize then we can define the value function

u(t, R) := q(;)r}th J(t, R, q)

and illustrate the Dynamic Programming Principle that it satisfies.

Proposition 4.1 (Dynamic Programming Principle). The function u(t, R) verifies

q(s),s>t

wt i) = ot B | [ (Clate)) - poho)er s
(4.2) t
+e Tty (7, R(T))]

for all T > t.

Proof. We show separately that inequalities < and > hold, starting from the second
one. Consider the equality

+o00o T
/t (Cla(s)) —p(S)CI(S))e_T(S_t)dSZ/t (Cla(s)) —p(s)a(s)e " Vds +

1 I

+oo
+ [l ~ plase e 0ds

and perform the linear changing of variable 2 = s — (+ — t) = s — 7 + t that is
s =2z+ 7 —t. Then we get

+oo
(43)  I=L+ /t (Clg(z+ 7= 1)) = p(z +7 = t)g(z + 7 — 1)) "7 dz
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By exploiting a well known property of powers we have

efr(er‘ert) _ efr(Tft)efr(zft)

and then (4.3) becomes
+oo
I=h+f“v%ﬂ/ (Cla(z+7 =) = plz+7 = t)a(z +7 = 1)) " dz
.

Performing now the inverse change of variable s = z 4 (7 — ) so 2 = s — 7 + ¢ we get
—+o0
I=1 +e 0D / (Clq(s)) — p(s)q(s))e " ds

T

Taking now the expected value in both sides of last equality and using the linearity
we have

J(t, R,q) =E[L]+ e_’"(T_t)J(T, R(7),q) > E[L] + e_r(T_t)u(T, R(7))

Finally taking the infimum over ¢(s) it results

> —r(T—t) —
ut,R) > it {]E[Il] te u(r, R(T))}

= inf E /tT(C'(q(s))—p(s)q(s))e_r(s_t)ds—I—e_T(T_t)u(T,R(T))

q(s),s>t

I
Regarding the other inequality we fix € > 0 and a control ¢; such that
(44) U’(T7 R(T)) +e2 J(T7 R(T)v QI)

and define the control
_ q(s) t<s<rT
d@Z{()

q(s) s>t
We have
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We operate the same change of variable used previously z = s — 7+t to obtain

+oo
E[L,] = E[L,] + E / (Clar(z+7— )

—plz4+7—-t)q1(z+7— t))e_r(z*'T_Qt)dz} =

=E[L] +E e /:OO(C(ql(z +T 1)

—pz+7—-t)qu(z+7— t))eT(Zt)dz]

Performing the inverse change of variable s = z + 7 — t we get now

+oo
E[] = E[1,] + E [er“” | @ - p<s>q1<s>>er<”>ds} -

E[L;] +e "D J(r, R(1),q1) <
<E[L]+ e~ (1) (u(r, R(T)) +¢)

where the last inequality was obtained thanks to (4.4). Since ¢ and ¢ are arbitrary
and the expected value is linear we get the desired inequality by taking the infimum
in the last one.

O

By exploiting the dynamic programming approach we can now show in a rigorous
way that the value function satisfies a certain Hamilton-Jacobi-Bellman, noting that
due to the presence of a stochastic term it is a second order equation.

Proposition 4.2. The value function u(t, R) is a viscosity solution of the Hamilton-

Jacobi-Bellman equation

2
14
(4.5) — g — ?RzuRR +ru+ sg;g{pq —C(q) +qur} =0
q=z

Proof. We show that wu is simultaneously viscosity subsolution and supersolution,
starting from the first one. Let ¢ € C1? and (¢, R) be a local maximum point of
u — ¢, namely for some p > 0 such that |t — s|,|R — Z| < p one has

u(t,R) — @(t,R) > u(s,Z) — (s, Z)
and so
Fix a constant control ¢(¢) = ¢ and let R(¢) be the solution of (4.1) with that control,
which has the property that for 7 small enough one has |R(7) — R| < p. By taking
(s,Z) = (1, R(7)), we have

‘P(tv R) — (T, R(T)) < U(t’ R) —v(r, R(T))
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By using the inequality < in the Dynamic Programming Principle (4.2) we have

o(t,R) —o(r,R(1)) <E [/ (C(q) — p(s)q)e—r(s—t)d8+
¢
(e — 1yu(r, R(7))
We divide both sides by 7 — ¢ and pass to the limit as 7 — ¢ to obtain

~ (s, R(s))

Is < C(q) —p(t)g — ru(t, R)

s=t

Expanding the derivative on the left-hand side by using Ito’s formula one has

2
1%
— 1+ qpR — 3R2wRR — VvRpRdB, < C(q) — pg — ru

We take now the expected value and since dB; has zero mean we get

2
1%
—pr — 7R290mz +ru+pg—C(q) + qpr <0

and since q is arbitrary we finally have

2
14
o — 3R2S0RR +ru+ s1>118{pq —C(q) +qpr} <0
q=

which means that u is a viscosity subsolution. For the second part of the proof let
(t, R) be a local minimum point of u —¢ then (4.6) holds with the opposite inequality.
For all € > 0 and 7 > t, by the inequality > in the Dynamic Programming Principle
(4.2) there exists a control § depending on ¢ and 7 — ¢ such that

ue =k U (@) ~ p(ils))e T Vst

+ e " Dy(r, R(7)) — (1 — t)s}

in which R(s) is the solution of the stochastic differential equation (4.1) with cor-
responding control g(s). Taking (s,Z) = (7, R(7)) and using the linearity of the
expected value one has

o(t, R) — p(r, B(r)) > E { / "(Cs) - p(s)&(s))e“”)ds} n

+ (e — Du(r, R(7)) — (1 — t)e



4.4 Mean field games equations 62

We now expand the left-hand side of the last inequality. We have
~ T d ~
P(t.R) — o(r () = = [ ol R(s))ds =
t

-/ ' ( = pu(s () + 35 pm(s, s))—

2

— ¥ R(s)omnls, é<s>>) as— | " VR(s)on(s, R())dB, =

_ / ’ ( — i, R(s)) + 3()or (s, R)—

LR (s)enn(s, E@))) ds — /t " UR(s)n(s, F(s))dBo+
+o(r —1t)

where in the last step we used that ¢ € C'? and the property that the difference
R(s) — R(t) with s € [t, 7] goes to zero as 7 — t — 0. Therefore we have

T - 1/2 - -
| (Fots B + @honto B) — B s)nats, o) ) s
- /tT VR(s)pr(s, R(s))dBs—

E [ | ) —p(s)&(s»e—“s—”ds} ¥

+ (1= e ", R(7)) >
>(r—tle+o(r—1t)

We take now the expected value in both sides and add and subtract the term
B | [ wloyite) - clae)as
t

to obtain
B | [ (06)te) — CGae)) + Thonls, R +
v [ [ (ol R9) - SR Dpnn(s, o)) ) ds| -
_E [ /t " UR(s)en(s, é(s))st} 4

LE [ / " (p(s)ils) — Cals))) (e — 1>ds} n
+ (1= e ", R(7)) >
>(r—te+o(r—1t)

Again we would like to divide by 7 —t and let 7 to go to ¢t and to do this we note that
the fist integrand is estimated from above by

sup{pq — C(q) + q¥r}
q=>0
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The second integral becomes a deterministic quantity by taking the expected value,
the third one is zero thanks to a property of Ito’s integral since the integrand function
verifies some suitable hypotheses and the last one is o(r — t) because pq — C(q) is
bounded if ¢ belongs to a compact interval. Performing the desired operation we get

2
14
—pp — ?RQQDRR +ru+ stip{pq —C(q) +qpr} > ¢
q>0

and since ¢ is arbitrary the proof that w is a viscosity supersolution is complete.
O

In the next proposition we show, again in a rigorous way, that the density function
m(t, R) of the reserves is transported by the optimal extraction rate according to a
Kolmogorov-Fokker-Plank equation. The proof basically follows the ideas contained
in [28].

Proposition 4.3. The density function m(t,R) € CY? satisfies the Kolmogorov-
Fokker-Planck equation

2
Om + Or(—gm) = %asz(Rzm)

Proof. Let f € C? and R(t) be the solution of the stochastic differential equation
(4.1) with a generic control ¢(t, R) fixed. Using the Ito’s formula one has

R©) = (~alt RO RO) + 5 RS (R0) ) de+ v RO (R()B

Taking the expected value with respect to the density m, so the last addend vanishes
because Brownian motion has zero mean, and using the fact that the expected value
of f’ equals the derivative of the expected value of f we have

9 ’ f 24 (RVm,
2 /R F(R)m(t, R)dR — /R ~qlt, R)J'(Rym(t, R)AR + /R R2F"(R)ym(t, R)dR

Performing some integrations by parts at the right-hand side and interchanging the
order of differentiation at the left-hand side we obtain

[ sttt Ryir= [ sRoutat Rymtt R)R + % [ SRR mit, R)aR
R R R

and since the equality has to be satisfied for all f we finally have that

2
v
Oym = Or(qm) + ?6}23R(R2m)

which is the thesis.

4.5 Interdependence of equations

Unlike the typical cases in which the interdependence of equations is explicit, namely
in the transport equation the optimal behavior occurs as a data and vice versa, in
this case we deal with a more complicated interdependence.
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First of all m depends on u through the optimal extraction rate. Since the Hamil-

tonian is given by

sup{pq — C(q) + qur}

q>0
and since the verification theorems of the next section say that a solution of the
Hamilton-Jacobi-Bellman equation (4.5) is also a solution of the optimization problem,
if we keep considering the quadratic cost introduced before, then the optimal control
is given by

t) — o+ Oru(t, R)\ "
g
where ¢*(¢, R) represents the optimal instantaneous extraction at time ¢ of a producer
with reserve R at this time. So equation (4.5) can be rewritten as
2 1

v 2
—Ut—ERzuRR"H”U‘F%((P—Of‘FUR)JF) =0

Moreover there is also a coupling through the price. In fact equation we recall that
price p(t) is determined by a global equilibrium between supply and demand. Since
supply depends on the global production of the agents and then on the distribution of
reserves, it can be seen as the time derivative, with correct sign, of the total reserve,
which is

d
_4 / Rm(t, R)dR
dt Jp
So mathematically the equilibrium is achieved when the price is expressed by
L d
p(t) = D(t,-) —— [ Rm(t,R)dR
dt Jp
To conclude this aspect of the model, we can see that the two equations are coupled

thought optimal production and price in a way such that Hamilton-Jacobi-Bellman
equation becomes

2 +\ 2
cu — VR2 1 )1 _i/ _ _
n 2RuRR+ru+26 ((D(t,) ( 7 RRm(t,R)dR a+uR =0

while the Kolmogorov-Fokker-Plank equation becomes

om+0gr | — (D(t’ )~ (_% fR Rm(t,ﬁR)dR) — a+ Jpu(t, R)>+ m| =
v? 2 2
= ?aRR(R m)

4.6 Verification theorems

In this section we present two verification theorems for this model, obtained following
the ideas contained in [57]. This theorems say that a solution of the Hamilton-
Jacobi-Bellman equation (4.5) is actually the required value function, and also give a
condition to establish when a control is optimal. The first theorem deals with classical
solutions.
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Theorem 4.4 (Verification theorem for classical solutions). Let u € C? be a solution
of the Hamilton-Jacobi-Bellman equation (4.5) Then one has

u(t,R) < J(t, R, q)
Moreover (¢*(-), R*(+)) is a pair of optimal control and trajectory if and only if

(A7) —u(r B (7)) = 5 (R ()urn(r, B (7)) + ru(r, R (7)+

+p(1)q" (1) — C(¢" (7)) + ¢" (T)ur(r, R*(1)) = 0
for all T > t.

Proof. For all ¢(-) with corresponding trajectory R(-) one has by Ito’s formula

—n d ;
_er(é_t)CT (e_r(é_t)u(S,R(S))) — _er(s—t) (_ re—r(s—t)u(37R(S))+

S

Lerlsb) (Ut(57 R(s)) — q(s)ur(s, R(s)) +

2

+%m@wwﬂ@w

+ vR(s)ur(s, R(s))st)> =
= ru(s, R(s)) — u(s, R(s)) + q(s)ur(s, R(s))—

—%R%mm@mm—m@m@mmws

Since u is a solution the inequality

2
14
—uy — ?RzuRRJF ru+pg— C(q) + qur <0

holds for all ¢ > 0 and therefore, by the previous formula, we have

=0 (o= =Du(s, R(5))) < ~pls)als) + Clals) ~ vR(s)u(s, R(s))dB,

We multiply by —e="(5=%) | take the expectation, integrate in ds from ¢ to +o0o both
sides getting

—+oo d +oo
[ (s @) ) ds = [ ploats) - Clats)e s
t s t
Taking again the expected value and changing sign one has

u(t,R) < J(t,R,q(-)) Va(-)
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Now let (¢*(-), R*(-)) be such that (4.7) holds. One has

u(t,R) = — /t+00 4 (e*T(S*t)u(s,R*(s))) ds =

ds
+oo 2
= /t\ (—ut(S,R*(s)) — ?(R*)Z(S)URR<S7R*<S>) +
+ ru(s, R*(s)) + q*(S)UR(S,R*(S))> €_r(‘g_t)ds+
+o0
o [ R s B e,

On the right-hand side we add and subtract the quantity

+o0
| 0 ) =l as

so the first integrand becomes exactly the expression in (4.7) that vanishes for as-
sumption. Then it follows the equality

“+oo

u(t,R) = */t (p(s)q*(s) — Cq*(s)))e "D ds+
+oo

+/ —VR*(s)uR(s,R*(S))Q—T(S—t)st

Taking the expected value we have

and therefore the control ¢*() is the optimal one because it realizes the infimum.
O

The second one is instead a verification theorem for viscosity solutions.

Theorem 4.5 (Verification theorem for viscosity solutions). Let u € C be a viscosity
solution of Hamilton-Jacobi-Bellman equation (4.5). Therefore one has

(4.8) u(t, R) < J(t, R,q)

Moreover, fix (t, R) and let (¢*(-), R*(-)) be a pair of admissible control and trajectory
such that there exists o € C? that verifies

(4.9)  — (7, BY(7)) - %(R*)2(T)QDRR(T, R (7)) + ru(r, R (1)) +

+p(1)g" (1) = C(¢" (7)) + ¢" (T)pr(T, R* (7)) > 0

and such that (7, R*(T)) is a mazimum point of u — ¢ both for every 7 > t. Then
(¢*(-), R*()) is a pair of optimal control and trajectory.

Remark 4.6. Since (4.9) does not depend on the value of ¢ at (7, R*(7)) it is not re-
strictive to assume that u and ¢ take the same value at the mazimum points (7, R*(T)).
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Proof of Theorem 4.5. The first part follows from the uniqueness of solution to equa-
tion (4.5) that holds under standard assumptions. We now prove the second part. By
definition of maximum point one has

w(t+h,R* (T + 1)) — (T + h, R* (T + 1)) < u(r, R*(7)) — o(r, R*(7))
that is

u(t+h,R*(tr+h)) —u(r, R* (7)) < o(t + h, R*(T + h)) — (1, R* (1))
We add both sides the expression

(70— 1) lr by R (7 + ) + (1= €770 o, R (7))

We now perform the calculations separately, starting from the right-hand side. We
have

(T +h, R (T + h)) — (7, R* (7)) +
+ <e—r(7—+h—t) o 1) 90(7_ + h,R* (T + h)) + (1 — e—r(ﬂ-—t)) <P(T7 R* (7-)) =
= e " (7 4 b, R¥ (T4 b)) — e "D o(r, R* (1)) =

/TTJrh:Z9 (eJ(S*t)cp(S,R*(s))) ds —
= /Tr+h e T(s—1) (_ ro(s, B*(s)) + oi(s, R*(s)) — ¢ (s)or(s, R*(s)) +

1/2 T+h
n 2<R*>2<s>¢RR<s,R*<s>>) st [ v (9)pnls B ()70, -

= he "7 ( —ro(7, R*(7)) + @47, R (7)) = ¢" (T)r(7, R*(7))
2 T+h

# P @onn(r ) )+ [ VR (9)pnte 860, +ofn)

where the last equality holds if 7 is a Lebesgue point of the integrand. Take the
expected value, divide by h, pass to the limit inferior as h — 0, add and subtract the
term

(p(r)q"(r) = C(q"(7)))e "

and integrate from ¢ to +oo in dr, so the right-hand side is equal to

~+o0 1/2
(4.10) /t e~ (%(T, R (7)) + 5 (R)*(T)omn(r, B (7)) = reo(r, R (7)) =

—p(7)q" (1) + C(q* (7)) — ¢" () ¢r(T, R*(T))) dr+

+oo
+ / (p(1)g" () — C(g"()))e "0~ Vdr < —J(t, R, q")

where the last inequality follows, after taking again the expectation, from Remark
4.6 and inequality (4.9). Consider now the left-hand side and first of all note that it
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consists by only deterministic quantities so taking the expected value has no practical
effect. One has, again from Remark 4.6,

u(t + h, R*(T + h)) — u(r, R*(7))+
n (e—r(‘r+h7t) _ 1) ot +h,R* (T +h)) + (1 — e*r(rft)) o(T, R*(1)) =
= e Tty (r 4 b, R* (1 + h)) — e " Du(r, R* (7))

We divide by h, pass to the superior limit as h — 0 and integrate from ¢ and 400 in
dt obtaining that the right-hand side is equal to

400 —r(t+h—t) * _ e r(r=1) *
/ Jim sup e u(tr+h,R*(t+h)) —e¢ u(r, R*(1)) _
t

h—0 h
+oo —r(T+h) * _ =TT *
(4.11) _ e"t/ Jim sup e u(r 4+ h, R*(T + h)) — e ""u(r, R*(7)) >
t h—0 h
> e [e (T, R*(T))]:zjoo = —u(t, R)

where the inequality follow from Fatou’s lemma. Then, combining (4.10) and (4.11)
and changing sign we get
u(t,R) > J(t,R,q")

and so, from (4.8), one has
u(t,R) = J(t,R,q")

and therefore ¢* is optimal because it realizes the infimum.

4.7 Possible variations to the model

We conclude the work on this model by presenting some changes that can be made.

4.7.1 Depletion time of resources
In this variation we consider
to =to(t, R,q) :==inf {s >t s.t. R(s) =0}

where R(-) solves the stochastic differential equation (4.1). Roughly speaking, t is the
first time the trajectory R(-;q(-)) hits the given target 7 = {0}, which corresponds
to the depletion of reserves. The cost to minimize is then

J(t, R, q) := E/t (Cla(s)) = pls)a())e™ s + 0D g(ty, Rito))

with some exit cost g if {5 < +o00, or the same as before if {5 = 4+00. The value
function is also in this case

u(t,R) = inf J(t, R,q(s))

q(s),s>t

We now show the Dynamic Programming Principle and the Hamilton-Jacobi-Bellman
equation satisfied by this value function.
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Proposition 4.7 (Dynamic Programming Principle). The value function u(t, R) ver-

ifies

uw(t,R) = inf E TAtO(C(q(S))—p(S)q(S))e‘“s‘t)der
(4.12) als).s2t [/t

+ e (A=t (- AL, R(T A to))

for all T > t.
The proof is essentially the same as the proof of Proposition 4.1 and we omit it.

Remark 4.8. Note that (4.12) can be rewritten as

u(t,R)= inf E {/; O(C(q(s)) —p(s)q(S))e_T(S_t)dS +

q(s),s>t
+ e_T(T_t)X{T<to}u(Tv R(T)) + e_r(to_t)X{TZto}g(t()? R(to))

Proposition 4.9. The value function u(t, R) is a viscosity solution of the Hamilton-
Jacobi-Bellman equation

2
—up — %RQuRR +ru+sup{pg — C(q) + qur} = 0 in [0,+00) x T*
q

The proof is the same as that of Proposition 4.2 and we omit it.

4.7.2 Introduction of state constraints

The aim of this variation is to force the trajectory to stay in a given set for all time. To
do this we consider two different approaches, in the first one we deal with a restriction
over control ¢(-) while in the second one we introduce a sort of penalization term in
the cost functional.

More precisely, in addition to the obvious restriction 0 < ¢(-) < qo, i.e. the
quantity of oil extracted is a nonnegative number and it is less or equal to a limit
qo depending on the extraction technology used, we want to consider the additional
restriction ¢(s) < R(s), i.e. the quantity extracted can not be greater than the
available reserves.

Following the first approach we introduce the set of admissible controls

Qir={q(s) € Qs.t. R(s,q) >0Vs >t}
where R(s, q) is the solution of (4.1). We assume that for every (¢, R) we have
Qr#D

The cost functional to minimize is the same but the value function becomes

- +°° —r(s—1)
Wt Ry = ot B[ (Clals) ~ pls)als))e s

By standard arguments we can deduce that the value function satisfies the same
Dynamic Programming Principle and Hamilton-Jacobi-Bellman equation as before.
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We derive now a differential boundary condition satisfied by the value function when
a state constraint is imposed. To derive de boundary condition formally assume that
uw € CY? and ¢* € Qy i is an optimal control. Then u satisfies

2
14
(4.13) —u = R*ugp + ru + sup{pq — C(q) + qur} = 0
q

in the classical sense and
(4.14) sup{pg — C(q) + qur} = p(t)q" (t, R) — C(q"(t, R)) + ¢"(t, R)ur(t, R)
q

We observe now that, for every control, the state constraint imposes
(4.15) —q(t,z) -n(x) <0
for = 0, where n(x) is the exterior normal to (0,4o00) at z.

Remark 4.10. In this case, since n(0) = —1 we simply have 0 < ¢(¢,0) <0 atz =0,
which obviously implies q(t,0) = 0 in according to the fact that we are dealing with a
nonrenewable resource.

For any 8 > 0 from (4.15) one has

(4.16) p(t)g"(t.x) — C(q"(t

) + ¢ (8 x)vg(t x) <
<p

()" (t,2) = C(qg"(t,2)) + ¢" (¢, 2) (vr(t, ¥) + Sn(z))

for z = 0. Note now that for all ¢ € C*°([0,+00) x [0, +00)) such that v — ¢ has
a minimum at a boundary point (¢,z) € [0,+00) x {0}, by the Lagrange multiplier
rule we have ¢:(t,z) < v(t,z), pr(t,x) = vgr(t,z) + pn(z) for some S > 0 and
vrr(t,x) <vggr(t,x). Combining (4.13), (4.14) and (4.16) one has

2

—pults ) = G enn(t,a) + ru(t 2) + sup{p(t)g = Ola) + apnlt, )} 2 0

We can now introduce a new definition of viscosity solution in presence of state con-
straints

Definition 4.11. u € C' is a viscosity supersolution of (4.13) in [0, +00) x [0, +00) if
the last inequality holds for any ¢ € CY2(R x R) such that u— ¢ has a local minimum
point at (t, R) € [0, +00) x [0, +00)

Definition 4.12. u € C is a constrained viscosity solution of (4.13) in [0,400) x
[0, 400) if it is a subsolution in (0,+00) x (0,+00) and a supersolution in [0, +00) X
[0, +00)

To follow the second approach we consider a penalty term h with the property
that h =0 on [0, 4+00) and

Ve > 030 > 0 such that h(x) > 4§ if d(x, [0,400)) > &

In other words h is null as soon as the trajectory remains inside [0, 4+00) otherwise it
assumes positive values. We now define the cost functional

oo 1
J(t, R, q) = E/t (Cla(s)) = pls)a(s) + ~h(R(s)))e™""ds
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and with few adjustments we can prove that the value function u satisfies the same
dynamic programming principle and the equation

2
1% 1
—up — 3R2uRR + ru+sup{pg — C(q) + qur} = Eh
q

in the viscosity sense.

To model the fact that reserves can not be a negative quantity we can use, for
example, the penalization
—2? ifx<0

h(z) := —dQ(x, [0, +00)) = {0 ifr>0

4.7.3 Extraction cost depending on reserves

In this last variation we consider an extraction cost C(g, R) which depends also on
the available reserves. The cost to minimize is then

—+oo
Tt Ra) =E [ (Cla) B®) — plo)a(e)e " ds
t
We have the same value function and Dynamic Programming Principle and also es-

sentially the same equation.

Proposition 4.13. The value function u(t, R) is a viscosity solution of the Hamilton-
Jacobi-Bellman equation

2
—Up — %RQURR + ru +sup{pq — C(q, R) + qur} =0
q

The proof is essentially the same as the proof of Proposition 4.5 and we omit it.
A way to model the dependence of the extraction cost from the available reserves is
to consider, for example, a function like

1 1
C(q,R) = ~B¢%) o
(¢, R) = (aq+ 554°) 15
with v > 1 which is increasing in R and such that

li =

for all fixed ¢ > 0 and such that C(0, R) = 0.
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