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Introduction

In the last thirty years, starting with the seminal papers of Cheeger

and Goresky MacPherson[23], [24], [25] and [27], stratified pseudomani-
folds turned out to be a very interesting and reach field of interactions be-
tweens analysis and topology. In particular, on stratified pseudomanifolds,
the L?—de Rham-Hodge theory and its relationships with intersection co-
homology of Goresky-MacPherson turned out to be a very important topic.
Roughly speaking the question is the following:
given a compact and smoothly stratified pseudomanifold X is there a rie-
mannian metric g over its regular part reg(X) such that the L? (maximal
or minimal) cohomology of reg(X) relative to g is isomorphic to the inter-
section cohomology of X relative to some perversity? Is it possible to state
a Hodge theorem for these groups? In other words is there a self-adjoint ex-
tension of A; : Q% (reg(X)) — Qi(reg(X)) such that its kernel is isomorphic
to some L? cohomology group?
The first results in this direction were obtained by Cheeger in his celebrated
papers [23], [24] and [25]. In these papers Cheeger introduced the notion
of adapted riemannian metric over the regular part of a stratified pseudo-
manifold X and he proved that

H} e (reg(X), 9) = I™H'(X,R)

that is the L? maximal de Rham cohomology of (reg(X),g) is isomorphic
the intersection cohomology of X relative to the lower middle perversity.
Moreover, when X is a Witt space, Cheeger also proved that

A Q(reg(X)) — Qg (reg(X))

as unbounded and densely defined operator on L2Q¢(reg(X), g) is essentially
self-adjoint. Subsequently many authors have dealt with these problems; we
can cite for example the work of Nagase [57] and [58]. In these papers the
author showed that if p is a perversity such that p < m then on reg(X) there
is a riemannian metric g such that its L? de Rham maximal cohomology is
isomorphic to the intersection cohomology of X associated to the perversity
p. Other examples are provided by the work of Hsiang and Pati [43]. In this
paper the authors proved the Cheeger-Goresky-MacPherson’s conjecture for
a class of complex projective surfaces endowed with the Fubini-Study met-
ric. Saper’s paper [63] which is devoted to the L? cohomology of the Weill-
Peterson metric, Saper and Stern’s paper [64] in which the authors proved
the Zucker conjecture (see [72]), the works of Hunsicker [44] and Hunsicker
and Mazzeo [45].



4 INTRODUCTION

The first part of our thesis is devoted to a problem of this kind. More pre-
cisely we considerer a compact and oriented smoothly stratified pseudoman-
ifold X. Over its regular part, reg(X), we introduce a class of riemannian
metrics which we call quasi-edge metrics with weights and which generalize
the metrics used by Cheeger in [23]. Our goal is to prove an L?—de Rham-
Hodge theorem for these metrics.

The first part of the thesis is structured in the following way: in the first
chapter we recall the background, that is Hilbert complexes and L? coho-
mology, stratified pseudomanifolds, intersection cohomology, Thom-Mather
stratifications and we introduce the particular class of riemannian metrics
we will use in the second and in the third chapter and that we call quasi-
edge metrics with weights. The first two sections of the second chapter are
devoted to the calculation of the L? maximal cohomology of a cone over a
riemannian manifold while in the third section we prove the main theorems
of the second chapter: in the first theorem we will show that if X is a com-
pact, oriented and smoothly stratified pseudomanifold with a Thom-Mather
stratification and if g is a quasi-edge metric with weights on reg(X) then it
is possible to associate two general perversities, py and g4, to the metric g
such that the following Hodge-de Rham isomorphisms hold:

19H(X,Ro) 2 H 00 (reg(X), g) = Hip(reg(X), g) (0.1)
PO HI(X, Ry) & Hy i (reg(X), 9) = Hiy(reg(X)g)  (02)

This theorem generalizes the de Rham theorems proved in [23], [44]
and [45]. Our next result, the second theorem of section 3, gives a partial
answer to the inverse question: given a general perversity p on X is there
a riemannian metric g over reg(X) such that the L? (maximal or minimal)
cohomology of (reg(X), g) is isomorphic to the intersection cohomology of
X associated to p? Generalizing the results obtained by Nagase in [57] and
[58] we show that:

(1) if p is a general perversity on X in the sense of Friedman such
that p > m, where m is the upper middle perversity, and such that
p(Y) = 0 for each stratum with cod(Y) = 1, then it is possible to
construct on reg(X) a quasi edge metric with weights g such that
(0.2) holds.

(2) if g is a general perversity on X in the sense of Friedman such
that p < m, where m is the lower middle perversity, and such that
p(Y') = —1 for each stratum with cod(Y’) = 1, then it is possible to
construct on reg(X) a quasi edge metric with weights g such that
(0.1) holds.

These results were obtained in [6].

The third chapter of the thesis is devoted to the study of the following
groups:

H%,m—)M(M7 g)> ﬁg,m—)M (Ma g) (03)
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where (M, g) is an open, oriented and incomplete riemannian manifold, the
groups are defined as the image

H;,min(M? g) — Hg,ma:(:(M’ g)? F’;,mzn(Mvg) — F%,max(M7g)

and the maps are the natural maps induced by the inclusion of complexes
(L*QYM, g), dmini) C (L*QY(M, g),dmazi).- The reason behind this study
is given by the fact that, when (M, g) is an open and incomplete riemann-
ian manifold, then usually Poincaré duality doesn’t hold for the groups
Hé"mam(M,g) i = 0,..,n and Hi, . (M,g) i = 0,...,n. As we will see

this is not true for the groups: F;WHM(M, g) i =0,...,n. More precisely
the main results we obtained about these groups can be summarized in the
following way:

,min

1) If each vector space FQm _m(M, g) is finite dimensional then Poincaré

duality holds for the sequence F127m_>M(M, g), 1=0,...,n.

2) If dynin has closed range for each i then there exists a Hilbert complex
(L*QY(M, g), dm,;) such that

H;,m<M7g) - Hé,m%M(M7 g)
where Hém(M ,g) © = 0,...,n are the cohomology groups of the complex
(LQQZ(M7 g)v dm,i)-

3) If (L?Q%(M, g), dmin,i) is a Fredholm complex then also (L2Q (M, g), dm.;)
is a Fredholm complex. This implies that for each ¢ there exists a self-adjoint
extension of A; : Q4(M) — Qi(M), the i—th Laplacian acting on smooth
i—forms with compact support, that we label Ap;, such that Ay, is a
Fredholm operator on its domain with the graph norm and

Ker(Am,i) = H 0 (M, g).
In particular Poincaré duality holds for the sequence:
H i (M, g), i =0,....n.
Moreover, when (M, g) is an open and oriented riemannian manifold of
dimension 4n such that 1m(ﬁ§r:nm(M ,g) — ﬁg%ax(M ,g)) is finite dimen-

sional, we introduce an L%—signature defined as the signature of the non
degenerate pairing

—2 —2
Hy g (M,g) x Hyy pi(M,g) — R (0.4)

(L), In) H/an

where w,n € Ker(dminn). Using the fact that, if im(ﬁgmm (M,g) —
F;,max (M, g)) is finite dimensional then also im(H:(M) — H'(M)) is finite
dimensional, we show that, if (M, g) admits the L?—signature defined above,
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then it admits a topological signature as well, defined as the signature of
the following pairing:

im(HL{(M) — HY(M)) x im(H (M) — H'(M)) — R (0.5)

»—)/a/\ﬁ

where «, 8 are closed forms with compact support.

In the rest of the chapter we describe some geometric and topological ap-
plications of the above results. In particular we apply them when M is the
regular part of a compact, oriented and smoothly stratified pseudomanifold
X and g is a quasi-edge metric with weights on reg(X). In this context, as
we will see, the kernel of the operator Ay, ;, previously introduced, admits a
topological interpretation:

Ker(Aw;) = im(I1% H (X, Ro) — 1P H'(X,Ro)). (0.6)

Moreover we have also the following index theorem:

ind((dm + dy)ev) = ng_’qu(X, Ro) (0.7)
where

PP (X, Ro) = Y (~1)idim(im(IP 1Y (X, Ro) — % H'(X, Ro))

and (dm + df,)ev is the extension of
d+6: @azim) - Pzt (a

defined by

(dm + d:n)ev’Lzin(M,g) = dm2i + d;,2z‘—1
which is a Fredholm operator on its domain endowed with the graph norm.
We remark as well that in this framework the L? signature introduced previ-

ously admit a topological interpretation because it coincides with the per-
verse signature introduced by Friedman and Hunsicker in [34], that is

02(T€Q(X)ag) = Opg—qq (X)

Finally, among the others applications, we get a topological obstruction
to existence of a riemannian metric ¢ with finite L? cohomology over an open
and oriented manifold M and we get some properties of A/, the Friedrichs
extension of A;.

More precisely we prove that, if (M, g) is an open, oriented and incom-
plete riemannian manifold such that (L2Q%(M,g), dmaz), or equivalently
(L*Q1(M, g), dmin.i), is a Fredholm complex, then for each 4, Azf , the Friedrichs
extension of A; : QL (M) — QL(M), is a Fredholm operator on its domain
endowed with the graph norm. Moreover it satisfies:

Ker(A]) = Ker(Amins) and ran(A]) = ran(Amaz)-

This last result applies, for example, when M is the regular part of a compact
and smoothly stratified pseudomanifold with a Thom-Mather stratification.
These results were obtained in [8].
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The second part of the thesis is devoted to the Atiyah-Bott-Lefschetz
theorem over a compact manifold with conical singularities. The Atiyah-
Bott-Lefschtz theorem, see [3], is a fundamental result of elliptic theory on
closed manifolds proved by Atiyah and Bott in 1969. It provides a formula
for the Lefschetz number of a geometric endomorphism acting on an elliptic
complex over a closed manifold. More precisely let M be a closed manifold
and consider an elliptic complex over M:

0 CX(M, Eo) B o>, E)) B .25 o, B,) 2 0 (0.8)

Let T = (Tp,...,T,,) be a geometric endomorphism of the above complex
where geometric means that, for each ¢ =0, ...,n

T =¢io [~
where f* : C*°(M, E;) — C*>(M, f*E;) is the natural map induced by a
smooth map f: M — M and ¢; : f*F; — E; is a bundle homomorphism.

Then, assuming that f has only simple fixed points, Atiyah and Bott pro-
vided a formula for the Lefschetz number of T', that is

L(T) =Y (~1)'Tx(T} : H'(M,E.) — H'(M, E.))

showing that
- ¥ S
\det Id dpf)|

Moreover in [4] Atiyah and Bott apphed their formula to the main com-
plexes arising in differential geometry, that is the de Rham complex, the
Dolbeault complex, the signature and the spin complex, obtaining several
interesting applications. In particular, for the de Rham complex, they ob-
tained a new proof of the Lefschetz’s fixed point theorem for compact and
smooth manifolds, that is given a map f : M — M with only simple fixed
points, then its Lefschetz number is given by the formula:

L(f)= Y _ sgndet(Id - dyf).
p=f(p)
Another important application is the holomorphic Lefschetz formula. Given
a complex manifold M and an holomorphic map f : M — M with only
simple fixed points, they proved that :

1
o= D i
o detc(Id — d,f)

The results recalled above inspired various works in the last forty years.
In particular several papers have been devoted to the applications of the
Atiyah-Bott-Lefschetz theorem, to investigate new approaches to its proof
and to find some generalizations. For example in [11], [36], [49], [50] and
[61] the heat kernel approach is developed, while in [10] an approach using
probabilistic methods is employed. In [15], [59], [60] [66],[68], [70] and [71]
the Atiyah-Bott-Lefschetz theorem is extended to some kind of manifolds
that are not closed: for example [59] is devoted to the case of elliptic conic
operators on manifolds with conical singularities defined on suitable Sobolev
spaces, in [66] the case of a manifold with cylindrical ends is studied and
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[68] concerns the case of a complex of Hecke operators over an arithmetic
variety. In particular the use of the heat kernel turned out to be a powerful
tool in order to get alternative proofs and extensions of the theorem. Since
the heat kernel associated to a conic operator has been intensively studied
in the last thirty years, e.g. [18], [19] [20], [21], [25],[51] and [56], it is
interesting to explore its applications in this context as well. This is exactly
the goal of the second part of this thesis:

to prove an Atiyah-Bott-Lefschetz theorem for the L?—Lefschetz numbers
(maximal and minimal) associated to a geometric endomorphism of an el-
liptic complex of differential cone operators using a heat kernel approach.
Also this part is divided in three chapters. The first one is devoted to back-
ground material such as differential cone operators, elliptic complexes and
heat kernel. In the second chapter we define the class of geometric endo-
morphisms we consider in the rest of the text, we define the L?—Lefschetz
numbers Ly 4z /min(T) and we prove several properties about them. In
the third chapter some explicit formulas for the contribution given by the
singular points to the Lefschetz numbers are proved while the last chapter
contains the application of the previous results to the L? de Rham com-
plexes. Our geometric framework is the following: given a compact and
orientable manifold with isolated conical singularities X, we consider over
its regular part, reg(X) (usually labeled M), a complex of elliptic conic
differential operators:

0= C¥(M, Bo) B coo(m, B) B "5 co(m,B) B30 (0.9)
and a geometric endomrphism T = (Tp, ..., T,) of the complex, that is for
each ¢ = 0,..,n, T; = ¢; o f* where f : X — X is an isomorphism and
¢; : f*F; — E; is a bundle homomorphism. Using a conic metric over M we
associate to (0.9) two Hilbert complexes (L?(M, E;), P o Jmin,i) and then
we prove the following properties:

e The cohomology groups of (L?(M, E;), Pue /min,i) are finite dimen-
sional.
o If f satisfies some conditions (see definition 5.1) then each T; ex-
tends to a bounded map acting on L?(M, E;) such that (T4 o
Pmaa:/min,i)(s) = (Pmaz/min o ﬂ)(s) for each s € D(Pmax/min,,i)'
In this way we can associate to T and (0.9) two L?—Lefschetz numbers
Lo maz/min(T) defined as

n
LQ,ma&?(T) = Z(_l)l Tr(Tz* : H%,ma:c(M? EZ) - H;,max(M7 El)) (010)
i=0
and analogously

n

Lomin(T) := > (1)  Te(T;" : H 0 (M, Ei) = H i (M, Ey)) - (0.11)
i=0

Subsequently, using the operators P; := P} o P, + P,_; o P! |, their abso-

lute and relative extensions and the fact that the respective heat operators
e~ Pavs/reti - [2(M, E;) — L?*(M, E;) are trace-class operators we prove the
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following results:
n
Ly masjmin(T) = Y _(=1)' Tr(T; 0 e~ Pavesrets),
i=0

In particular, in the expression above, the term on the right end side does
not depend on t. Moreover if Fiz(f), the fixed points of f, is made only by
simple fixed points (condition which in turn implies that each p € Fiz(f) is
an isolated fixed point) then we have:

L2,ma:1:/mzn Z Z / tI‘ (bz © kabs/rel z(t f( ) ))dvolg

geFix(f) 1=0

where ¢; o kabs/ml’i(t,f(x),x) is the smooth kernel of T} o e tFabs/ret? and
U, is an open neighborhood of ¢g. Under some additional hypothesis, in
particular that f takes the form (rA(p), B(p)) in a suitable neighborhood of
each ¢ € sing(X) (see theorem 6.3), we have the following formulas:

L2,maa¢/mm(T) = Z Z |det Id dg?l)))|+ (0.12)

pEFiz(f)NM

+ Z Z CTZ,q abs/'rel,i)(o)

g€sing(X) i=0
where each (73 4(Paps/reri)(0) satisfies :

CTi7q( abs/reli)(o) = (013)

% g
o m/ tr(¢; 0 e~ "Favs/reli(A(p), B(p), 1, p))dvoly,.

Finally, in the last part of the paper, we apply the previous results to the
de Rham complex. We get an analytic construction of the Lefschetz numbers
arising in intersection cohomology and a topological interpretation of the
contributions given by the singular points to the L?—Lefschetz numbers. In
particular, under suitable conditions, we prove the following formula:

IL(f) = Lomaz(T) = > sgndet(Id — d,f)+ (0.14)
geFix(f)Nreg(X)

+ Y D (—)' (BT HY(Ly) — H'(Ly)).

g€sing(X) i< m+1

where I™L(f) is the intersection Lefschetz number arising in intersection
cohomology, T is the endomorphism of (L2Q(M, g), dmaz;) induced by f
and B is a diffeomorphism of the link L, such that, in a neighborhood of ¢,
f satisfies f = (rA(p), B(p)). In particular from (0.14) we get:

m+1

D (Drg(Aas)(0) = Y (<1 (B : H(Lg) = H'(Lg)). (0.15)

=0 Z’<mT+1
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CHAPTER 1

Background

This chapter contains the background material. It is dived in three sec-
tions: in the first section we recall briefly the notion of Hilbert complex
and we prove some properties about it. The second section is devoted to
a rapid introduction to intersection cohomology. Finally, in the third sec-
tion, we introduce the notion of Thom-Mather stratification and the class
of riemannian metrics we use in the second and in the third chapter.

1. Hilbert complexes

In this first section we start by recalling the notion of Hilbert com-
plex and how it appears in riemannian geometry. It is a very useful abstract
framework to analyze the general properties satisfied by the natural L? com-
plexes arising in riemannian geometry. The theory is fully developped in [16]
and we refer to it for a deeper discussion on this subject and for the proofs.

DEFINITION 1.1. A Hilbert complex is a complex, (Hy, Dy) of the form:

0= Ho 2 2 m, % .. "5t 1, o, (1.1)
where each H; is a separable Hilbert space and each map D; is a closed
operator called the differential such that:

(1) D(D;), the domain of Dy, is dense in H;.
(2) ran(D;) C D(Djt1).
(3) Di+l o Dl =0 for all 1.
The cohomology groups of the complex are H*(H,, D,) := Ker(D;)/ran(D;_1).
If the groups H'(H,,D,) are all finite dimensional we say that it is a
Fredholm complex.
Given a Hilbert complex there is a dual Hilbert complex

D D} Dy Dy
0%H0<—H1%H2%... — HTL(—O, (1.2)
defined using D : H;11 — H;, the Hilbert space adjoints of the differentials

D; : H; — H;;1. The cohomology groups of (Hj,(D;)*), the dual Hilbert
complex, are

H'(Hj,(D;)*) := Ker(D}, )/ran(D; _,).

n—i—1 n—i

For all 7 there is also a laplacian A; = D;D; + D;_1 D} ;| which is a self-
adjoint operator on H; with domain

'D(AZ) = {’U S ’D(DZ) N D( ;:1) :Djv e D(D:), Df,lv € 'D(Di_l)} (13)
and nullspace:
Hi(H,, D,) := ker(A;) = Ker(D;) N Ker(D}_,). (1.4)

17
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The following propositions are standard results for these complexes. The
first result is a weak Kodaira decomposition:

PROPOSITION 1.2. [[16], Lemma 2.1] Let (H;, D;) be a Hilbert complex
and (H;, (D;)*) its dual complez, then:

H; = H' @ ran(D;_1) ® ran(D}).

The reduced cohomology groups of the complex are:
H'(H,,D,) := Ker(D;)/(ran(D;_1)).

By the above proposition there is a pair of weak de Rham isomorphism
theorems: '
H'(H,,D.) = H (H,,D,) (1.5)
Hi(H,,D,) = H" '(H,, (D,)*) '
where in the second case we mean the cohomology of the dual Hilbert com-
plex.
The complex (Hy, D) is said weak Fredholm if H;(H,, D,) is finite dimen-
sional for each i. By the next propositions it follows immediately that each
Fredholm complex is a weak Fredholm complex.

PROPOSITION 1.3. [[16], corollary 2.5] If the cohomology of a Hilbert
complex (H., D) is finite dimensional then, for all i, ran(D;—1) is closed
and H'(H,, D,) = H'(H., D).

PROPOSITION 1.4 ([16], corollary 2.6). A Hilbert complex (Hj, D;), j =
0,...,n is a Fredholm complex (weak Fredholm) if and only if its dual complez,
(Hj, Dj), is Fredholm (weak Fredholm). If it is Fredholm then

Hi(Hj, Dj) = Hi(Hj, Dj) = Hn—i(Hj, (D;j)") = Hn—i(Hj, (D)%) (1.6)

Analogously in the the weak Fredholm case we have:

Hi(Hj, D;) = Hi(Hj, Dj) = Hy—i(Hj, (D;)*) = Hn—i(Hj, (D;)").  (1.7)

PROPOSITION 1.5. A Hilbert complex (Hj, Dj), j =0, ...,n is a Fredholm
complex if and only if for each i the operator A; defined in (1.3) is a Fredholm
operator on its domain endowed with the graph norm.

PROOF. See [65], lemma 1 pag 203. O

Now we recall another result which shows that it is possible to compute
the cohomology groups of an Hilbert complex using a core subcomplex

For all i we define D*°(H;) as consisting of all elements 7 that are in the
domain of Aﬁ for all I > 0.

PROPOSITION 1.6 ([16], Theorem 2.12). The complex (D*>(H;), D;) is
a subcomplex quasi-isomorphic to the complex (H;, D;)
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As it is well known, riemannian geometry offers a framework in which
Hilbert and (sometimes) Fredholm complexes can be built in a natural way.
The rest of this subsection is devoted to recall these constructions.

Let (M, g) be an open and oriented riemannian manifold of dimension m and
let Ey, ..., By, be vector bundles over M. For each i = 0,...,n let C°(M, E;)
be the space of smooth section with compact support. If we put on each
vector bundle a metric h; ¢ = 0, ...,n the we can construct in a natural way
a sequences of Hilbert space L2(M, E;), i = 0,...,n as the completion of
C°(M, E;). Now suppose that we have a complex of differential operators :

0= CX(M, E) B o, ) B .75 oM, By — 0, (1.8)

To turn this complex into a Hilbert complex we must specify a closed ex-
tension of P, that is an operator between L?(M, E,) and L?(M, F.,1) with
closed graph which is an extension of P,. We start recalling the two canon-
ical closed extensions of P.

DEFINITION 1.7. The maximal extension Pj,,.; this is the operator act-
ing on the domain:

D(Ppaz,i) = {w € L*(M, E;) : 3n € L*(M, Ei1) (1.9)

sit. <w, B¢ >r2m,E)=< 1,6 > 2B, ¥ CEC (M, Eit1)}

where P! is the formal adjoint of P;.

In this case Ppapiw = 7. In other words D(Ppaq,i) is the largest set of
forms w € L?(M, E;) such that Piw, computed distributionally, is also in
L*(M, Eiy1).

DEFINITION 1.8. The minimal extension Py, ; this is given by the
graph closure of P; on C§°(M, E;) respect to the norm of L?(M, E;), that
is,

D(Prin;) = {w € L*(M, Ei) : 3 {wj}jes C O (M, Ey), wj —w,  (1.10)
Pwj —n € L*(M,E;11)}
and in this case Py iw =1

Obviously D(Prin,i) C D(Ppag,i). Furthermore, from these definitions,
it follows immediately that

Prini(D(Prmin,i)) C D(Prin,it1)s Pmini+1 © Pming =0
and that

Pmam,i(D(Pma:p,i)) C D(Pmaa:,iJrl)a Pmaa:,iJrl o Pma:v,i = 0.

Therefore (L?(M, E.,), Pz /min,«) are both Hilbert complexes and their co-
homology groups, reduced cohomology groups, are denoted respectively by

H} (M7 E*) and ﬁ;,mam/mm(Mv E*)

2,mazx/min
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Another straightforward but important fact is that the Hilbert complex
adjoint of
(LQ(M? E*)> Pmaa:/mim*) is (LQ(Ma E*)a Prtnin/max,*
(Pmax,i)* = Prtm'n,i? (Pmin,i)* = Prtnaz,i- (1~11)
Using proposition 1.2 we obtain two weak Kodaira decompositions:

LQ(Ma Ez) = (izbs/rel(M7 EZ) S Tan(Pmax/min,i—l) @ran(Pt ) (112)

min/max,i

), that is

with summands mutually orthogonal in each case. For the first summand
in the right, called the absolute or relative Hodge cohomology, we have by
(1.4):

Hitbs/rel(M? E*) = Ker(Pmax/min,i) N Ker(anin/max,i—l)' (113)
We can also consider the natural laplacians associated to the complex 1.8:
Pi:=PloP,+P_10P | (1.14)

where we recall that P is the formal adjoint of P;. Using the Hilbert com-
plexes (L?(M, E;), P10z /min,i) We can construct for each i two self-adjoint
extensions of P;:

Pabs,i = Prtmnﬁ © Pma:c,i + Pﬁnnﬂel o Pmaa:,i—l (115)
and
Preti = Prgzi © Pmini + Pragi—1 © Pmini1 (1.16)

with domain described in (1.3). Using (1.4) and (1.5) it follows that the
nullspace of (1.15) is the absolute Hodge cohomology which is in turn isomor-
phic to the reduced cohomology of the Hilbert complex (L?(M, E.), Praz +)-
Analogously, using again (1.4) and (1.5), it follows that the nullspace of
(1.16) is the relative Hodge cohomology which is in turn isomorphic to the
reduced cohomology of the Hilbert complex (L?(M, E.), Ppin ).

Moreover we can define other two Hodge cohomology groups H; /min(M ,EL)
and other two closed extension of P; defined as:
Zﬁax/mm(M’ E,) = Ker(Pmax/min,i> N KeT(P:nax/min,ifl)' (1.17)
Pinaz,i : L*(M, E;) = L*(M, E) (1.18)
and
Puin,i : L*(M, E;) — L*(M, E). (1.19)

Prnaz,i is defined as the maximal closure of P; : C°(M, E;) — C°(M, E;)
that is u € D(Ppaz,i) and v = Ppag,i(u) if

< u, PH(9) >p2(M,E)=< V,® >12(m,E,) for each ¢ € C°(M, E).
Prnin,i is the minimal closure of P; : CX(M, E;) — C°(M, E;) that is

U € D(Prmin,i) and v = Ppin i (u) if there is a sequence {¢}ien C C°(M, E)
such that

¢; — win L*(M, E;) and P;(¢) — u in L*(M, E;).

PROPOSITION 1.9. The operators Pz, and Prmin,i satisfy the following
properties:

(1) (Pmaw,i)* - Pmm,iy (Pmm,z)* = pmaz,i-
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(2) KeT'( min z) H:’)’Lln( 7g)

(3) K@T’( max,l) ,H}max(M E)

(4) ran(Pmm,i) = Tan(szn i— 1) @ Tan(Pyﬁun z)
( ) ran( ma:v,i) = TCLTL(Pmax i— 1) + Tan(P?ﬁ’LaI l)

PROOF. The first property is immediate. For the second property con-
sider the following operator:

Pmar,i—l o Pﬁu'n,i_1 + Pt o Pm'mz : LZ(M7 Ez) — L2<M7 Ez)

max Z

We label it Py, ;. This is a symmetric operator and it is clear that Py, ; ex-
tends Prin,i that is D(Pmin,i) C D(Pm,i) and Ppin,i(u) = Pri(u) for each
t € D(Prmin,i). From this it follows that Ker(Pmini) C He . (M, E;) be-
cause Ker(Ppin.i) C Ker(Pm;) and Ker(Pp,;) = H..., (M, E;). By the fact

that ran(Pmaz,i) C ran(Pumaz.i—1) + ran(PL ) and by the first property it

maz,i

follows that Ker(Pini) = (ran(Pmazi))t D (ran(Pmazi-1) + ran(Pl .. Nt
=H: . (M, E;). Therefore Ker(Pmini) = H. (M, E;).

For the third property consider the following operator:
Prin,i—1 © Phazi 1 + Phini © Pmazi : L*(M, E;) — L*(M, E;).

mzn %

We label it Py ;. Also Pay,; is a symmetric operator and it is clear that P,z 4
extends Pyy;. Therefore Ker(Pmaz,i) D Hiyes (M, Ei) because Ker(Ppaz.i) D
Ker(Py;) and Ker(Pur;) = Heyow(M, E;). By the fact that ran(Ppmin,i) C
ran(Pini—1) + ran(Pt . ) and by the first property it follows that

min,i

(ran(?%nm,i))L D (ran(Pmin,i—1) + ran(P} )) =N

min Z max

(M, E;).

In this way we can conclude that Ker(Ppazi) = Hiun(M, E;) because
Ker(Pma:B,i) = (ra’n(lp’min,i))J—-

For the fourth property we can observe that ran(Pmin:) C ran(Pm;) C
ran(Pmini—1) @© ran(PL, ). But, by the third point, (ran(Pmini—1) ®

mzn %

ran(Pt . Z)) = Ker(Pmazi) and (Ker(Pmazi))™ = ran(Pmins); there-
fore the fourth point is proved.

For the fifth property we can observe that

ran(Pmaz,i) C ran(Pmag,i—1) + ran(PL ).

max, %

But, by the second point, (ran(Pmpegi—1) + ran(P: Nt = Ker(Pmin,i)

max 'L
and (Ker(Pmini))™ = ran(Ppaz;) and therefore the fifth point is proved.
U

From proposition 1.9 follows immediately the following Kodaira decom-
position for the Hilbert space L?(M, E;). It was proved for the de Rham
complex in [48].

PROPOSITION 1.10. In the same assumptions of proposition 1.9 we have
the following Kodaira decomposition :

L*(M,E;) = H!

max

(M; E;) ® ran(Ppini—1) ® ran(Pt . ). (1.20)

min,i



22 1. BACKGROUND
PRrROOF. It is well known that, by the fact that (Pmaz,i)* = Pmin,i and
(Prmini)* = Prmaz.i, the following L? decomposition holds for L?(M, E;):
LQ(M, E;) = Ker(Pmagz,i) ® ran(Pmin,i)-
By proposition 1.9 we know that Ker(Pmazi) = Hiyue(M; E;) and that

7nan('Pmin,i) - Tan(-Pmin,i—l) D T'CZTL(Pt

min,i

) and this complete the proof. [

Another useful application of the abstract theory of Hilbert complexes
is given in the next proposition:

PropoOSITION 1.11. Consider a complex as in (1.8); suppose moreover
that it is an elliptic complex. Consider now the following complex

Pn_1

0= Do(Po) B Do(P) B .. 755 Dy(P,) — 0, (1.21)

where for each i =0, ...,n we have:
Dy(P;) := {s € C®°(M, E;) N L*(M, E;) : Pi(s) € L*(M, E;)}.

Then (6.8) is a subcomplex quasi-isomorphic to the Hilbert complex
(LQ(Ma Ez)a Pmax,i)-

ProOF. Clearly (6.8) is a subcomplex of (L?(M, E;), Pmaz.i). To show
that the inclusion induces an isomorphism between cohomology groups con-
sider proposition 1.6. By the fact that (1.8) is an elliptic complex it follows
that for each i = 0,...,n, P; is an elliptic operator. In this way, using el-
liptic regularity, it follows that the complex (D*°(L%(M, E;)), Praz) is a
subcomplex of (6.8) and therefore the statement follows. O

Obviously, a particular and fundamental case, which satisfies all the
previous results is the de Rham complex:

(M) 4 st an () o, (1.22)

where Q%(M) is the space of smooth i—forms with compact support. Subse-
quently, when we will deal with the Hilbert complexes associated to (1.22),
we will use the notations A;, Agps; and A, ; instead of P;, Pops s and Prey;
we will label (Q4(M),g.),d;) the subcomplex of (L?*Q%(M,g),dmaz,i) de-
scribed in proposition 6.8.

0— QM) B ql

C

2. Stratified pseudomanifolds and intersection homology

We begin the section by recalling the concept of stratified pseudomani-
fold. The definition is given by induction on the dimension.

DEFINITION 1.12. A 0—dimensional stratified space is a countable set
with the discrete topology. For m > 0 a m—dimensional topologically strat-
ified space is paracompact Hausdorff topological space X equipped with a
filtration

X=X,D2Xmn12..D0X12Xp (1.23)
of X by closed subsets X; such that if z € X; — X;_; there exists a neigh-
bourhood N, of z in X, a compact (m — j — 1)—dimensional topologically
stratified space L with a filtration

L= Lm—j—l O..OL1 DL (1.24)
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and a homeomorphism
¢: N, =R x C(L) (1.25)

where C(L) = L x [0,1)/L x {0} is the open cone on L, such that ¢ takes
Ny N X141 homeomorphically onto

RI x O(L;) C R? x C(L) (1.26)
form —j—12>142>0and ¢ takes N, N X; homeomorphically onto
R’ x {vertex of C(L)} (1.27)

This definition guaranties that, for each j, the subset X; — X;_1 is a
topological manifold of dimension j. The strata of X are the connected
components of these manifolds. If a stratum Y is a subset of X — X, it
is called a regular stratum; otherwise it is called a singular stratum.
The space L is referred as to the link of the stratum. In general it is
not uniquely determined up to homeomorphism, though if X is a stratified
pseudomanifold it is unique up to stratum preserving homotopy equivalence
(see[32] pag 108).

DEFINITION 1.13. A topological pseudomanifold of dimension m is a
paracompact Hausdorff topological space X which posses a topological strat-
ification such that

Xm—1 = Xm—2 (1.28)
and X — X,,_9 is dense in X.(For more details see [5] or [47]).

Over these spaces, at the end of the seventies, Mark Goresky and Robert
MacPherson have defined a new homological theory known as intersection
homology. On of the reasons that led Goresky and MacPherson to introduce
this new theory was the idea to extend Poincaré duality to these kind of
singular spaces. Here we recall briefly the main definitions and we refer to
[5], [12], [38], [39] and [47] for a complete development of the theory.

DEFINITION 1.14. A perversity is a function p: {2,3,4,...,n} — N such
that

p(2) =0and p(i) < p(i+1) <p(i) + 1. (1.29)

ExXAMPLE 1.15. Some example of perversities are the following:
(1) The lower middle perversity: m(k) = |%] — 1 where |z| is the
integer part of x.
(2) The upper middle perversity: m(k) = [£] — 1 where [z] is the
smallest integer bigger or equal than x.
(3) The top perversity: t(k) =k — 2
Finally it is immediate verify that, given a perversity p, than also t —p is a
perversity. It is called the dual is the perversity of p.

REMARK 1.1. 71 is the dual perversity of m . The trivial perversity is
the dual perversity of ¢.
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Let A; C R the standard i—simplex. The j—skeleton are of A; is the
set of j—subsimplices. We say a singular i—simplex in X, i.e. a continuous
map o : A; — X, is p—allowable if for all £ > 2

0 M Xk — Xon—r—1) C {(i — k + p(k)) — skeleton of A;}. (1.30)

The elements of the space IPS;(X) are the finite linear combinations of
singular ¢—simplex ¢ : A; — X such that ¢ and o are p—allowable. Clearly
(IPS;(X), ;) is a complex, more precisely a subcomplex of (S;(X), d;), and
the perversity p singular intersection homology groups, I?H;(X),
are the homology groups of this complex.

REMARK 1.2. The above definition is not the original definition given
by Goresky and MacPherson in [38]. In fact in their paper Goresky and
MacPherson use a simplicial point of view and in particular the notion of
p-allowable simplicial chains. The definition that we have recalled here
was given in [46] by H. King. Over a PL-stratified pseudomanifold it is
equivalent to the Goresky and MacPherson’s definition but the advantage
is that it holds even if X is only a stratified pseudomanifold.

Some of the fundamental results proved by Goresky and MacPherson
are the following (see [38], [39], [5], [12] and [47]):

Let X a stratified pseudomanifold, X a fixed stratification on X, p a
perversity on X, G a local system on X — X,,_o and O the orientation sheaf
on X — X,,_o.

Consider now the following set of axioms (AX1), x goo for a complex of
sheaves (§*, d):
(1) 8* is bounded, 8* = 0 for i < 0 and S*|x_x, _, is quasi-isomorphic
to G® O.
(2) If x € Z for a stratum Z, then H;(S}) = 0 for ¢ > p(k) where k is
the codimension of Z.
(3) Let Uy = X — Xp,— and let i, : Uy — Uy the natural inclusion.
Then for x € Z C Uiy the attachment map

(0770 S*|Uk+1 — Rik*iZS*|Uk+1
given by the composition of natural morphism
S*‘Uk+1 - ik*iZS*\UkH - Rik*iZS*\UkH
is a quasi-isomorphism at x up to p(k).
In almost all references the previous axioms are formulated in the derived

category of sheaves on X. In that case the term quasi-isomorphism should
be replaced with the term isomorphism.

THEOREM 1.16. Let X a compact stratified pseudomanifold of dimension
n, p a perversity on X and (S8*,d.) a complezx of sheaves that satisfies the
set of azioms (AX1),xgeo. Then the following isomorphism holds:

H'(X,S*) = IPH,_;(X,G) (1.31)

that is the i—th hypercohomology group of the complex (S*,d) is isomorphic
to the (n — i)—th intersection homology group with coefficient in the local
system G and relative to the perversity p.
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COROLLARY 1.17. In the same hypothesis of the previous theorem if
(8*,dy) is a complex of fine or flabby or soft sheaves then the following
isomorphism holds:

HY(S*(X),d.) =2 I’H, (X, G) (1.32)
where H(S*(X), d,) are the cohomology groups of the complex

0. " S1(X) B ST R0 M

THEOREM 1.18. Let F a field, X a compact and F'—oriented stratified
pseudomanifold of dimension n, p, q perversities on X such thatp+q =1
and F a local system over X that is (X —X,,—2) X F' over X — X,,_o where the
fibers F' have the discrete topology. Then the following isomorphism holds:

IPH;(X,F) = Hom(IH,_;(X,F), F). (1.33)

Before to recall the last result we give the following definition:

DEFINITION 1.19. Let X be a stratified pseudomanifold. Then X is
called a Witt space if the following property is satisfied: let Y be a singular
stratum of X and let Ly be its link. Suppose that Y has odd codimension
2f + 1. Then

ImHg(Lyy@ =0

THEOREM 1.20. Let X be a compact and orientable Witt space. Then
the natural inclusion of complezes (I"™2S;(X), ;) C (I"™S;(X), ;) induces
an isomorphism between the homology groups I'"™H;(X,Q) = I H;(X, Q).
In this case we have Poincaré duality:

™ H,(X,Q) = Hom(I" H,_(X,Q), Q). (1.34)

However, for our goals we need a more general notion of perversity and
associated intersection homology. A generalization of the theory of Goresky
and MacPherson that is suited for our needs was made by Greg Friedman.
As in the previous case we recall only the main definitions and results and
we refer to the [31], [32] and [33] for a complete development of the theory.
First, we remember that the theory proposed by Friedman applies to a
wider class of spaces: from now on a stratified pseudomanifold will
be simply a paracompact Hausdorff topological space X which
posses a topological stratification and such that X — X,,_; is dense
in X. That is, we do not require that the condition X,, | = X,, o
apply. In the following propositions each stratified pseudomanifolds will
have a fixed stratification. We start by introducing the notion of general
perversity:

DEFINITION 1.21. A general perversity on a stratified pseudomanifold
X is any function

p : {Singular Strata of X} — Z. (1.35)
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The notion of p—allowable singular simplex is modified in the following
way: a singular i—simplex in X, i.e. a continuous map o : A; — X, is
p—allowable if

o 1Y) C {(i — cod(Y) + p(Y)) — skeleton of A;} (1.36)

for any singular stratum Y of X.

A key ingredient in this new theory is the notion of homology with
stratified coefficient system. (The definition uses the notion homology
with local coefficient system; for the definition of local coefficient system see
[28], [42] and[67])

DEFINITION 1.22. Let X stratified pseudomanifold and let G a local
system on X — X,,_1. Then the stratified coefficient sistem Gy is defined
to consist of the pair of coefficient systems given by G on X — X,,_; and
the constant 0 system on X, _; i.e. we think of Gy as consisting of a locally
constant fiber bundle Gx_x, , over X — X,,_; with fiber G with the discrete
topology together with the trivial bundle on X,,_; with the stalk 0.

Then a coefficient n of a singular simplex o can be described by a lift of
0.|0'*1(X7Xn,1) to G over X — X, together with the trivial lift of O‘|071(Xn71)
to the 0 system on X, _1. A coefficient of a simplex o is considered to be
the 0 coefficient if it maps each points of A to the 0 section of one of the
coefficient systems. Note that if 071(X — X,,_1) is path-connected then a
coeflicient lift of o to Gy is completely determined by the lift at a single point
of 671(X — X,,_1) by the lifting extension property for G. The intersection
homology chain complex (I?S.(X,Gp),0x) are defined in the same way as
I?S,(X,G), where G is any field, but replacing the coefficient of simplices
with coefficient in Gy. If no is a simplex o with its coefficient n, its boundary
is given by the usual formula d(no) = Zj(—l)j(n 0ij)(o oij) where i; :
A;_1 — A; is the j—face inclusion map. Here noi; should be interpreted as
the restriction of n to the jth face of o, restricting the lift to G where possible
and restricting to 0 otherwise. The basic idea behind the definition is that
when we consider if a chain is allowable with respect to a perversity, simplices
with support entirely in X,,_1 should vanish and thus not be counted for
admissibility considerations. (For more details see [31], [32] and [33]).

The next proposition shows that Friedman’s theory is an extension of
the classical theory made by Goresky and MacPherson.

PROPOSITION 1.23. (see [32] pag. 110, [33] pag. 1985) If p is a tra-
ditional perversity, that is a perversity like those defined in definition 1.14,
and X,—1 = X,—a then

IPS (X, G) = I"S4(X, Go).

ExaMPLE 1.24. Let X be a stratified pseudomanifold and p a general
perversity on X. Consider as stratified coefficient system Rg, that is the
pair of coefficient systems given by (X — X,,—1) X R over X — X,,_1 where
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the fibers R have the discrete topology and the constant 0 system on X,,_;.
Now suppose that X and p satisfy the assumptions of proposition 1.23; then

IPS,(X,R) = IS, (X, Rg)

where IPS,(X,R) is the usual intersection homology chain complex with
coefficient in the field R.

We conclude this section recalling the generalizations, obtained by Fried-
man, of the previous results obtained by Goresky and MacPherson.

Again let X be a stratified pseudomanifold, X a fixed stratification on
X, p a generalized perversity on X, G a local system on X — X,,_1 and O
the orientation sheaf on X — X,,_1.
Consider now the following set of axioms (AX1), x goo for a complex of
sheaves (§*, d):
(1) 8* is bounded, S = 0 for i < 0 and S*|x_x,_, is quasi-isomorphic
to G® 0.
(2) If x € Z for a stratum Z, then H;(S}) =0 for i > p(Z).
(3) Let Uy, = X — X,,— and let iy : Uy — Uy the natural inclusion.
Then for x € Z C Uy the attachment map

(6773 S*|U]CJrl — Rik*izs*|Uk+1
given by the composition of natural morphism
SNUir = kS Uy = Riksi3S U,

is a quasi-isomorphism at x up to p(Z).

We recall again for the benefit of the reader that in almost all references
the previous axioms are formulated in the derived category of sheaves on X.
In that case the term quasi-isomorphism should be replaced with the term
isomorphism.

THEOREM 1.25. (see [31] pag 116) Let X a compact stratified pseudo-
manifold of dimension n, p a general perversity on X and (S*,d,) a complex
of sheaves that satisfies the set of azioms (AX1), x geo. Then the following
isomorphism holds:

HY(X,8*) = I’H,_;(X,G) (1.37)
that is the i—th hypercohomology group of the complex (S*,d,) is isomorphic

to the (n—1i)—th intersection homology group with coefficient in the stratified
system Gy and relative to the perversity p.

COROLLARY 1.26. In the same hypothesis of the previous theorem if
(8*,dy) is a complex of fine or flabby or soft sheaves then the following
isomorphism holds:

HY(S*(X),d,) = I’H,_;(X,Go) (1.38)
where H(S*(X), d,) are the cohomology groups of the complex

0.. "5 i(x) B ST (x) 5 5T
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THEOREM 1.27. (see [31] pag 122 or [32] pag 25.) Let F a field, X
a compact and F—oriented stratified pseudomanifold of dimension n, p, q
general perversities on X such that p+q =t (that is for each stratum Z C X
p(Z) + q(Z) = codim(Z) —2) and Fo a stratified coefficient system over X,
consisting of the pair of coefficient systems given by (X — X,—1) X F over
X — X,,_1 where the fibers F' have the discrete topology and the constant O
system on X,_1. Then the following isomorphism holds:

IpHi(X, ]:0) = Hom(Ian,i(X, ]:0), F) (139)

REMARK 1.3. In this paper with the symbol I? H*(X,Gy) we mean the
cohomology of the complex

(Hom(I”S;(X,Go),G), (0:)").

We call it the ¢ — th intersection cohomology group of X with respect to the
perversity p and the stratified coefficient system Gyg. When G = F' is a field
then

IPHY(X,Fy) = Hom(IPH;(X, Fo), F).

REMARK 1.4. Summarizing, by theorems 1.25 and 1.27, it follows that if
(8%, dy) is a complex of sheaves that satisfies the set of axioms (AX1), x Fgo
then

HY(X,S*) = IH (X, Fo) (1.40)
where p 4+ ¢ =t and if (§*,d,) is a complex of fine or flabby or soft sheaves
then, by corollary 1.26,

H'(S8*(X),d,) 2 I'H' (X, F) (1.41)

3. Thom-Mather stratification and quasi edge metrics with
weights

In this section we introduce stratified pseudomanifolds with a Thom-
Mather stratification and quasi-edge metrics wight weights. Following [1],
we start recalling the definition of a smoothly stratified pseudomanifold with
a Thom-Mather stratification.

DEFINITION 1.28. A smoothly stratified pseudomanifold X with a Thom-
Mather stratification is a metrizable, locally compact, second countable
space which admits a locally finite decomposition into a union of locally
closed strata & = {Y,}, where each Y, is a smooth, open and connected
manifold, with dimension depending on the index . We assume the follow-
ing:

(1) Y, YseBand Yo,NYg#0 then Y, CYp

(2) Each stratum Y is endowed with a set of control data Ty, 7y and
py ; here Ty is a neighbourhood of Y in X which retracts onto Y,
my : Ty — Y is a fixed continuous retraction and py : Ty — [0,2)
is a proper radial function in this tubular neighbourhood such that
py*(0) =Y . Furthermore, we require that if Z € & and ZNTy # 0
then (my,py) : Ty N Z — Y x [0,2) is a proper differentiable
submersion.



3. THOM-MATHER STRATIFICATION AND QUASI EDGE METRICS WITH WEIGHT®

(3)
(4)
()

(6)

W)Y, Ze®, andif pe Ty NTzNW and wz(p) € Ty N Z then
Ty (7z(p)) = 7y (p) and py (7z(p)) = py (p)-

KY,Ze®, thenYNZADSTyNZ#£0D, TyNTz #0<Y C
ZY=ZorZcCY.

For each Y € &, the restriction 7y : Ty — Y is a locally triv-
ial fibration with fibre the cone C'(Ly) over some other stratified
space Ly (called the link over Y ), with atlas Uy = {(¢,U)} where
each ¢ is a trivialization 7, (U) — U x C(Ly), and the transi-
tion functions are stratified isomorphisms which preserve the rays
of each conic fibre as well as the radial variable py itself, hence are
suspensions of isomorphisms of each link Ly which vary smoothly
with the variable y € U.

For each j let X; be the union of all strata of dimension less or
equal than j, then

X — X,,_1 is dense in X

We make a few comments to the previous definition (for more details we
refer to [1]):

(1)

The previous definition is more general than that given in [1]. In
[1] a space that satisfies the definition 1.28 is only a smoothly
stratified spaces (with a Thom-Mather stratification). To be a
smoothly stratified pseudomanifold (with a Thom-Mather strati-
fication) there is another requirement to satisfy: let Xj be the
union of all strata of dimensions less or equal than j, then

X=X, 20X-1=Xpn—22Xn-3D2..2Xp (1.42)
and X — X,,_o is dense in X. For our goals, thanks to the results
of Friedman, we can waive the requirement X, 1 = X,,_o and

therefore we will call smoothly stratified pseudomanifold with a
Thom-Mather stratification each space X that satisfies the defini-
tion 1.28.

The link Ly is uniquely determined, up to isomorphism (see point
number 5 below for the notion of isomorphism), by the stratum Y.
The depth of a stratum Y is largest integer k such that there is a
chain of strata ¥ = Y}, ..., Yy such that Y; C ﬁ fori < j <k.
A stratum of maximal depth is always a closed subset of X. The
maximal depth of any stratum in X is called the depth of X as
stratified spaces.

Consider the filtration

X=X,0X,-1D0X,-20DX,_3D..2Xp (1.43)

We refer to the open subset X — X, 1 of a stratified pseudomanifold
X as its regular set, and the union of all other strata as the singular
set,

reg(X) := X — sing(X) where sing(X) := U Y.
Y e®,depthY >0

If X, X’ are two stratified spaces a stratified isomorphism between
them is a homeorphism F : X — X’ which carries the strata of X
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to the strata of X’ diffeomorphically, and such that w%(y) oF =
Fomy, py = p’(F(Y)) oF forall Y € G(X).

Summarizing a smoothly stratified pseudomanifold with Thom-Mather
stratification is a stratified pseudomanifold with a richer structure from a
differentiable and topological point of view.

Now we introduce an important class of riemannian metrics on the regu-
lar part of a smoothly stratified pseudomanifold with a Thom-Mather strat-
ification. Before giving the definition we recall that two riemannian metrics
g,h on a smooth manifold M are quasi-isometric if there are constants
c1,co such that c1h < g < coh.

DEFINITION 1.29. Let X be a smoothly stratified pseudomanifold with

a Thom-Mather stratification and let g a riemannian metric on reg(X). We

call ¢ a quasi edge metric with weights if it satisfies the following

properties:

(1) Take any stratum Y of X; by definition 1.28 for each ¢ € Y there

exist an open neighbourhood U of ¢ in Y such that ¢ : 7y} (U) —

U x C(Ly) is a stratified isomorphism; in particular ¢ : ﬂ;l(U )N

reg(X) — U x reg(C(Ly)) is a diffecomorphism. Then, for each

q € Y, there exists one of these trivializations (¢,U) such that g
restricted on 75" (U) Nreg(X) satisfies the following properties:

where hy is a riemannian metric defined over U, ¢ € R and ¢ > 0,
gLy is a riemannian metric on reg(Ly), dr ® dr + hy + 7%y, is
a riemannian metric of product type on U x reg(C(Ly)) and with
& we mean quasi-isometric.

(2) If p and g lie in the same stratum Y then in (1.44) there is the same
weight. We label it cy.

Before continuing we make some remarks:

(1) Obviously if the codimension of Y is 1 then Ly is just a point and
therefore by the previous definition

(2) In the first point of the previous definition the metric gz, depends
also on the open neighborhood U and the stratified isomorphism
¢. However we prefer to use the notation gr,,. instead of gz, ¢ for
the sake of simplicity.

(3) Let g and U be like in the first point of the previous definition and
let ¢ : ' (U) — U x C(Ly) another stratified isomorphism that
satisfies the requirements of definition 1.28. From the fifth point of
definition 1.28 it follows that ¢ o ¢! : U x C(Ly) — U x C(Ly)
acts in this way: given p = (y,[r,z]) € U x C(Ly) (¢p o ¢~ 1)(p) =
(y,[r, f(y,x)]) where the maps x — f(y,z) are a family of smooth
stratified isomorphisms of Ly which vary smoothly with the vari-
able y € U. From this it follows immediately that if we fix a point
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yo € U and if we put hr, = (f(yo0,2) 1)*(gL, ) then there exists
an open subset V' C U,y € V such that (w_l)*(ghr;l(‘/)ﬁreg()()) =

dr @ dr + hy|v + r*v hr, where hy|y is the metric hy restricted
to V. Therefore the weight cy does not depend from the particular
trivialization ¢ that it is chosen.

Now we give a definition which is a more refined version of the previous
one; it is also a slight generalization of the definition of the adapted metric
given by Brasselet, Hector and Saralegi in [13]. This definition is given by
induction on depth(X).

DEFINITION 1.30. Let X be a stratified pseudomanifold with a Thom-
Mather stratification and let g a riemannian metric on reg(X). If depth(X) =
0, that is X is a closed manifold, a quasi rigid iterated edge metric with
weights is any riemannian metric on X. Suppose now that depth(X) = k
and that the definition of quasi rigid iterated edge metric with weights is
given in the case depth(X) < k — 1; then we call a riemannian metric g on
reg(X) a quasi rigid iterated edge metric with weights if it satisfies
the following properties:

(1) Take any stratum Y of X; by definition 1.28 for each ¢ € Y there
exist an open neighbourhood U of ¢ in Y such that ¢ : w;l(U) —
U x C(Ly) is a stratified isomorphism; in particular ¢ : 7'(';/1(U) N
reg(X) — U x reg(C(Ly)) is a diffecomorphism. Then, for each
q € Y, there exists one of these trivializations (¢, U) such that g
restricted on 7y (U) Nreg(X) satisfies the following properties:

where hy is a riemannian metric defined over U, ¢ € R and ¢ > 0,
gLy is a quasi rigid iterated edge metric with weights on
reg(Ly), dr @ dr + hy +r?gp, is a riemannian metric of product
type on U x reg(C(Ly)) and with = we mean quasi-isometric.

(2) If p and g lie in the same stratum Y then in (1.45) there is the same
weight. We label it cy.

Also in this case a remark to the previous definition is in order. Let
¢ : ! (U) — U x C(Ly) another stratified isomorphism that satisfies the
requirements of definition 1.28. Using the same observations and notations
of the second remark of definition 1.29 we can conclude that there exists an
open subset V' C U and a quasi rigid iterated edge metric with weights hp,
on reg(Ly) such that (wil)*(g‘ﬂ;l(V)ﬂreg(X)> > dr @dr + hylv + r*Y hi,.
Furthermore, by the fact that f(yo,2) is a smooth stratified isomorphism
between Ly and Ly such that (f(yo,2))*(hr,) = gL, , it follows that g,
and hr, have the same weights and therefore, by proposition 1.32 below,
gL, and hr, are quasi-isometric on reg(Ly) when Ly is compact.

PROPOSITION 1.31. Let X be a smoothly stratified pseudomanifold with
a Thom-Mather stratification X. For any stratum Y C X fixz a positive real
number cy. Then there exists a quasi rigid iterated edge metric with weights
g on reg(X) having the numbers {cy }yex as weights.
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PRrROOF. In [1] is defined a class of riemannian metric called rigid iter-
ated edge metric and in prop. 3.1 of the same paper is proved the existence
of such metrics. Using the same notation of definition 1.30 a riemannian met-
ric g on reg(X) is a rigid iterated edge metric if (¢71)*(g|7r;1(U)ﬂreg(X)) =
dr@dr+hy +12gL, (u,y), withu € U, y € Ly, and for any fixed u, gr, (u, y)
is a rigid iterated edge metric on reg(Ly ). In [1] proposition 3.1 is proved in
the case X,,_1 = X,,_2 but it is easy to see that it holds also in our case that
is when X,,_1 # X,,—2 and ¢y # 1 . Therefore on reg(X) there is a rigid
iterated edge metric g having the numbers {cy }ycx as weights. Using again
the notation of definition 1.30 this means that for each stratum Y and for
any point ¢ € Y (gf)_l)*(g\W;l(U)meg(X)) = dr®dr+hy +r*v gL, (u,y), with
u €U,y € Ly, and for any fixed u, gr, (u, y) is a rigid iterated edge metric
with weights on reg(Ly). Now it is clear that g is a quasi rigid iterated
edge metric on reg(X) having the numbers {cy }ycx as weights. Alterna-
tively the existence of such metrics follows using the same arguments used
by Brasselet, Hector and Saralegi in [13].

O

PROPOSITION 1.32. Let X be a compact smoothly stratified pseudoman-
ifold with a Thom-Mather stratification. For any stratum Y C X fiz a
positive real number cy. Let g,g two quasi edge metrics with weights on
reg(X) having both the numbers {cy }yex as weights. Then g and g are
quasi-isometric.

PrOOF. Let K be a compact subset of X such that K C reg(X).
Obviously g|x is quasi-isometric to ¢'|x. Now let Y be a stratum such
that Y € X,_1 — X,_o. Let x € Y; consider ﬂ}_/l(ac) and let Vy, =
7y (%) N py(1). Then there exists a compact subset of X, K such that
K Creg(X) and reg(Vy,;) C K. Therefore gl,cy14.,) is quasi-isometric to
q |reg(vy,z) and from this it follows that, given an open neighbourhood U of x
in Y sufficiently small such that 7' (U) = U x C(Ly), g[reg(w;1(U)) is quasi-

isometric to ¢| This last assertion is a consequence of the fact

reg(my ! (U))"
that, by definition 1.29 and remarks following it, there is an isomorphism
¢ : my (U) = U x O(Ly) such that, by definition 1.29, (¢_1)*(g|mg(ﬂ}—/1(m))
is quasi isometric to h+dr? 412 g and analogously (¢~1)* (¢ |Teg(7r;1(U)))
is quasi isometric to b’ + dr? + TQCYg}Jy. But from the fact that g|,ﬂeg(vy’x)
is quasi-isometric to ¢’ ‘reg(Vy,x) it follows that g1, is quasi-isometric to g’LY
and therefore for a sufficiently small U we get g\reg(ﬂ;1(U)) is quasi-isometric
to g’]reg(w;1(U)). So we can conclude that if K C (X — X,,_2) is a compact
subset then gl,q( K) Is quasi-isometric to q |T€g(K). Now consider a stra-
tum Z C X,,_o — X,,—3 and let z € Z. As before consider 7'('21(1') and let
Vz. = m, (x)Np,"(1). Then there exists a compact subset K C (X —X,,_2)
such that V7, C K. From this it follows that g]reg(vz,m) is quasi-isometric
to ¢’ |reg(Vz,z) and now, as before, we can conclude that given an open neigh-
bourhood U of z in Z sufficiently small such that g|7r§1(U) > U x C(Ly),

g]reg(ﬂgl(U)) is quasi-isometric to ¢’ |T69(W§1(U)). As before from this it follows
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that if K C (X — X,,_3) is a compact subset then g\reg(K) is quasi-isometric
to g’\reg( K)- Now it is obvious that iterating this procedure we obtain what
was asserted. O

COROLLARY 1.33. Let X be a compact smoothly stratified pseudoman-
ifold with a Thom-Mather stratification and let g a quasi edge metric with
weights on reg(X). Then there erist ¢', a quasi rigid iterated edge
metric with weights on reg(X), that is quasi-isometric to g.

We conclude this section introducing the notion of general perversity
associated to a quasi edge metric with weights.

DEFINITION 1.34. Let X be a smoothly stratified pseudomanifold with
a Thom-Mather stratification and let g a quasi edge metric with weights on
reg(X). Then the general perversity p, associated to g is:

0 ly =0
pg(Y) =Y — [[%/ + %]] = %Y + [[52=]] ly even and ly #0
Y YAl 3+ 55 Iy odd
(1.46)
where ly = dimLy and, given any real and positive number z, [[z]] is the
greatest integer strictly less than x.






CHAPTER 2

L?—cohomology and L?—de Rham-Hodge theorems

In this chapter we prove an L?—de Rham-Hodge theorem for a stratified
pseudomanifold endowed with a quasi edge metric with weights. The chapter
is divided in three sections: in the first section some technical proposition
we need in order to prove the theorems are proved. In the second sections
we calculate the L? de Rham maximal cohomology groups of a cone over a
riemannian manifold. Finally, in the last section, the L?—de Rham-Hodge
theorems are stated and proved.

1. Preliminary propositions

In this section we establish the necessary tools to calculate the L? max-
imal cohomology of a cone over a riemannian manifold. We follow, with
some modifications, [23]. Given an oriented riemannian manifold (F,g) of
dimension f, C*(F') will be the regular part of C'(F), that is C(F) — {v},
and g, will be the riemannian metric on C*(F)

ge = dr @ dr + r*“1*g (2.1)

where 7 : C*(F) — F is the projection over I and ¢ € R, ¢ > 0.
With the symbol dr : Q(C*(F)) — QFY(C*(F)) we mean the exterior
differential obtained by ignoring the variable r.

PROPOSITION 2.1. Let ¢ € L*QU(F,g),¢ # 0 and let 7 : C*(F) — F
be the projection. Then 7*(¢) € L*QY(C*(F), g.) if and only if i < % + 5.
In this case the pullback map is also bounded.

PROOF. If ¢ € L2Q(F, g) then

* 2 _ * 2 —
IOt = [, p 17O pdvolene) =

1 1
/0 /Frc(f_m)HqﬁH%dvolpdr = HqﬁH%Q(Rg)/O r =2 dr < 0o

if and only if 7 < g—i— i Since f01 re(f=20) dr is independent of ¢, the pullback
map is bounded. O

PROPOSITION 2.2. There exists a constant K > 0 such that for all o =
¢+ dr Nw € L2QYC*(F), g.) and for any null set S C (1/2,1) there is an
a€ (1/2,1)— S such that

o)1 2(pg) < KNSl 20 () g0y < Kl T () g0)-

35
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PROOF. Suppose that this proposition is false. Then for any K > 0
there is a form ¢ € L?Q!(C*(F), g.) such that

1
I1olZ2 (0 (F) gy = / / =20 p|| 2 dvol pdr =
1/2JF

1
c(f—2i) ¢ 2 d K (b 2 / C(f72i)d
r r r > . T r
LT gt > Klolnicmionan [
1
= K||¢]|? 2/ re=2) gy,
1612 (7 g o)
In this way by choosing K > (f(1/2 1 (=2 dr)~1 we obtain a contradiction.

O

PROPOSITION 2.3. Ifi < %Jri—kl and o = ¢+drAw € L*QHC*(F), g.),
then for any a € (1/2,1)

Kalo) = [ wls)ds € P°27(C"(F), )
and K, is a bounded operator uniformly in a € (1/2,1).
PROOF. By definition

[ Ka(a )HL?(C* (F),g¢) — H/ dSHL2(C*(F) ge)

/ /||/ (s)ds||%rY =242 dyol pdr.

We consider the term || [T w(s)ds||%. The following inequality holds :

|| / (s)ds]|% < / Jw(s)dsl|)?

and using the Schwartz inequalities the right side of this becomes:

([ etoleds? < ["ds [ o)
</ s / (s [Bds = (1 — a) / fo(ellds <1 -a | o) s

So we have obtained that

1 1
||Ka(a)||%2(c*(p)7gc) <(1 —a)/ / / |w(s)||%dsreT=2+2) dyol pdr-.

Now consider the term fo fFf |w(s)||ZdsreF =2+2) dyol pdr

/// (8[| (s20 24D 4 1 g =2i42)) gyl ~24D gyl iy

We can bound the term f |w(s)]|25°0 =242 ds in the following way

[ Tt < [t

and therefore

1 1
/ / w(s)]|25V =22 dsdvolp < / / w(s)]|2s°Y =242 dsdvol p =
FJa FJO
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= HWH%%C*(F),%)

while for the term f [w(s)]|%(1 — s€F=2%2))ds we can use the following
observation: there exist [ > 0 such that 1 — s¢(f=242) < |1 — s¢(/=242)| <
1sU=242) for any s € (3, 1]. Therefore:

/ () [3:(1 — s°U=2+2)) g5 < / () [3(1 — 502422 <

l/ Hw(5)||%5c(f—2z'+2)d8 < l/o HW(S)H%SC(f—QHQ)dS

and similarly to the previous case we get

1
/F / ()21 — 502 dsdvol < 1wl om0

and the constant [ is independent of the choice of the form w and of the
choice of a. The fact that i < % + 5 + 1 implies that fol relf=2i+2) g —

m < oo and so the following inequalities hold:

1 1
Ko@) sy < =) [ [ [ ltlfss 2 dvolpar

1
S/ =252 a4 (1 — a)(1+ w32 gy <
0

1 141 || ||2

— « . )

21+ c(f —2i+2)" E2C(F)ge)
Therefore we can conclude that for i < % + —210 +1

Ko : L2QN(C(F), ge) — L*Q7HC*(F), gc)

is a bounded operator uniformly in a € (3, 1). O

PROPOSITION 2.4. Let 0 < p < 1 and endow (p, 1) x F' with the metric g,
restricted from C*(F). Let a = ¢ +dr Aw € L2QY(C*(F), g.). If i > % + 5
then there exists a sequences €5 — 0 such that

. 2 =
S 19 B o ) =0

PROOF. By the fact that o € L2Q¢(C*(F), g.) follows that ¢ € L?Q (C*(F), g.),
so we know that fol [ l6(r)||2rY=2)dvol pdr < co. This means that

/ ¢(r)|[7r V> dvolr € L0, 1).
F

Thus by [23] lemma 1.2 there is a sequences €, — 0 for wich

, C
2 C(f—QZ)d I e
[ ottt avotr| <
for some constant C' > 0. In this way we obtain
CEC(f 2i)—

\ [ Ioteofravor| <

[n(es)]
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Since i > % + i the right side tends to zero as €, — 0. Thus we obtain:

p(es)||F2 (P 1) x Foge) / / (€))% =20 dvol pdr

= é(es) oy / =2 g —

p
when ¢, — 0. U

ProPosITION 2.5. Ifi > f———i—l and o = ¢p+drAw € L2QY(C*(F), g.),
then

Ko(a) = / w(s)ds € L*QH(C*(F), g¢)
0
and Ko : L*QH(C*(F), g.) — L*Q"Y(C*(F), g.) is a bounded operator.

PROOF. By definition

15o()]|72 (C*(F),g¢) / /H/ (s)ds||3rV 2% dvol pdr-.

We consider the term || f; w(s)ds||%. Then:

H / $)ds||3 < /\w )| pds)? = </ $5U=242) S CI1=2)| )| pds)?
0

and applying the Schwartz inequality we get that

S/ Sc(2if2)ds/ Sc(f72i+2)||w(s)“%d82
0 0

plte(f—2i+2) r 4
— c(f—2i+2) 21
1+c(f—2i+2)/0 y leo(s)[Fds.

The last equality is a consequence of the fact that ¢ > %— 2% +1. Substituting
the previous inequality in the definition of || Ko(a)||7. (O (F).g0) W€ 8EL:

HKO(04>H2L2(C*(F),QC) <

/ // c(2i—f- 2)ds/ (f*2i+2)Hw(s)H%dsdvolprc(f*%”)dr

" T
: /0 1+ (20 — f —9 dr/ / elf—2i+2) ||w( Y| %dsdvol
1 1

Thus

Ko : L2QU(C*(F), g.) — L20H(C*(F),g.)
is a bounded operator. O

PROPOSITION 2.6. Let

and let 0 < p < 1. Ifi>1— L + 1 then on (p,1) x F with the restricted
metric g,

K (o) — Ko(a)
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in the || |L2((p1)xFg.) nOTM when € — 0.

Proor. We have
1 € )
| Ke(a) — Ko(a)|| = / / [ / w(s)ds|| 2242 duol pdr-.
p JF 0

Using the same techniques of the previous proof we obtain that the right
hand side is at most
14¢(2i—f—2) 1
€ c(f—2i+2) 2
Tt e2i -2 (/p d dr)llwllzz o () g

. . i_i
S1ncez>2 a5

+ 1 the whole expression tends to 0 as € — 0. O

PROPOSITION 2.7. Let (F,g) be an oriented riemannian manifold. Let
¢ € D(dmaz,i-1) C L*QY(F, g), n € L?*Q(F, g) such that dmaz,i—10 = 0.
Then for all p € (0,1) on (p,1) x F with the restricted metric g.:
(1) 7% € 220 ((p, 1) x F)
(2) 7*n € L*Q'((p,1) x F)
(3) For all B € C3FQ((p,1) x F) we have
<79, 018 > 12((p1)x )=< TN, B >12((p1)x F)
that is on (p,1) x F with the restricted metric g.
dma:c,i—lﬂ-*(b = 7"-*77'

PROOF.

1
761y = | U2 [ olfhdvolr =
p

1
_ / r U2 dr| ) 2 gy < 00
P

so ¢ € L2QY((1,p) x F);

1
7l sy = [ 920 [ vl -
p

1
:/ r =20 dr |72 gy < 00
P

so mn € L2Q((1,p) x F).
By a Cheeger’s result, [23] pag 93,

<TG, 6B > 12((p1)x ) =< TN, B >12((p1)xr) for all B € CU((p, 1) x F)

if and only if there is a sequence of smooth forms a; € L?Q"1((p,1) x F)
such that d;_jo; € L2Q((p, 1) x F),

|70 — ajll2(pyxry = 0, 170 — dic1j|| 2((p,1yxF) = 0
for j — oc.
Using this Cheeger’s result , from the fact that ¢ € Dom(d;—1 maz), it follows
that there is a sequences of smooth forms ¢; € L?>Q~1(F, g) such that
di195 € L*Q(F,g), ¢ — djll2mg) = 0,0 — dic195llr2(pg) — O for j —
oo. Now if we put a; = 7*(¢;) we obtain a sequence of smooth forms in
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L2Q1((p, 1) x F) satisfying the assumptions of the same Cheeger’s result
cited above. Indeed for each j

diOdj S LzQi((p, 1) X F)

1
laj = 7l L2((pyxr) = / rc(f_22+2)dr/F ¢ — ]| %dvoly — 0
p
for j — oo and similarly

de; — 7*nllp2((p,1yx ) — 0
for j — oo. Therefore we can conclude that for all 3 € C§°Q((p,1) x F)

<70, 08 > 12((p1)x F)y=< TN, B >12((p1)xF) -
O

PROPOSITION 2.8. Let (F, g) be an oriented odd dimensional riemannian
manifold such that
dmazi-1  D(dmaz.i—1) — L*QU(F, g) has closed range, where i = % and
f = dimF. Let a € L*QY(C*(F),g.) a smooth i—form such that d;a €
L2QFY(C*(F), gc). Then:
(1) For almost all b € (0,1) there is an exact i—form ny € D(dmag,i) C

LQQi(Fag)’ T = dmaw,iflwba wb € D(dmax,ifl) C LQQi_l(F,g),
such that for all 0 < p <1 on (p,1) x F with the restricted metric

9e
|di—1(Kpar) — (o = Ko(dicr) — 7" ()| 2((p,1)x ) = O
(2) On L2Q=YC*(F), g.) we have:
dmax,i—l(Kba + 7t (1/15)) + K()(dioz) =«

PROOF. 1) Let v = ¢+drAw. Consider K(d;o) = p—n*¢(e)— [ dpwds.
Obviously for each 0 < p < 1 K (d;a) € L*Q((p, 1) x F) with the restricted
metric g.. From the fact that « is an i— form and that i +1 = % +1>
g +1-— i follows that we can use prop. 2.6 to conclude that

Ko(dia) € L*Q(C*(F), g)
and
| Ke(diar) — Ko(di)|| L2 ((p1)x ) — 0

for € — 0. For the same reasons we can use prop. 2.4 to say that there is a
sequence €; — 0 such that, on (p,1) x F' with the restricted metric g,

o > -
Elfglo 17" Ple 22 ((p1)x Frge) = O-

Therefore using these facts we can conclude that
T

lim dpwds exists in L2Q((p,1) x F)

€5 —0 €;

and, if we call this limit v, we have

Ko(di(a)) = ¢ —v
in L2Q((p,1) x F) with the restricted metric g.. From this fact it follows
that for almost all b € (0,1) f; drwds — ~(b) in L2QY(F,g) for ¢; — 0.
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But f; drwds is a smooth form in L2QY(F,g); fel; wds is a smooth form

in L2Q~1(F,g) and di,l(feb. wds) = feb, drwds. So we can conclude that
J J

J2 dpwds = dpagi1([7 wds) with dagi-1 ¢ D(dmasi1) = L*Q(F,g).
From this it follows that (b) is in the closure of the image of dpagi—1 :
D(dmaz,i—1) — L*Q(F, g) and so it follows from the assumptions that there

is ¥y € D(dmag,i-1) C L?Q~1(F, g) such that
dmam,i—lwb = ’Y(b)

We choose one of these b and € such that b > e.
Now we consider di_1(Kj(a)) = dr Aw + [, dpw. Adding d;—1(Kp(a)) and
K (d;a) we obtain

b
di 1(Ky(a)) = o — K.(dat) — n*b(e) — 7 / dpwds) € L2 ((p 1) x F))

with the restricted metric g. for all p € (0,1).
We analyze in detail the terms on the right of equality. As noted above from
the prop. 2.4 we know that there is a sequence €¢; — 0 such that

. * A2 _
Eljlglo 7 d(e) 1 T2(¢(p,1yx Frge) = O
Similarly from the proposition 2.6 we know that
| Ke; (div) — Ko(dir) || 2((p1yx ) — 0

for €; — 0. For the term 71'*([61; dpwds) we know, by the observations made

at the beginning of the proof and prop. 2.7, that there is an (i — 1)—form
¥y € Dom(dpmazi—1) C L*Q(F, g) such that

b
I7°( [ deieds) = 7 (@marica (W) 2y — O
&
for €; — 0. Summarizing, for all p € (0,1), we have on (p,1) x F' with the

restricted metric g.
lim |lo — K, (dia) — ¢(e;)+

ej—>0

b
e / dpewds) — (o — Ko(dier) — 7 (i1 maw (6) | 2oy c) = 0.
€j

Therefore, if we put 7, = v(b), by the fact that

b
di—1(Kp(a)) = a — K, (dir) — m°p(e5) — Tr*(/ drwds)
€
for all 7, we can conclude that

|di—1(Kpar) — (o — Ko(dicr) = 7" ()| 2((p,1)x ) = O

2) Before proving the statement we observe that from that fact that

i = % it follows that we can use prop 2.3 to conclude that Kpa €
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LZQlfl(C’* (F7), gc). Analogously we can use prop 2.1 to conclude that 7, €
LY C*(F), gc). Let ¢ € CPQYC*(F)). Then there is p € (0,1) such
that supp(¢) C (p,1) x F.
We consider now:

< Kpa, 6;_1¢ >L2(C*(F),gc):< Kya, ;10 >L2((p,1)><F) .
By the fact that Kp(«) is a smooth (i — 1)—form such that

[ Eb() | L2((1,0)x ) < 005 || di—1 (Kpa)|L2((1,0)x ) < 00
and that ¢ is a smooth form with compact support it follows that:

< Ky, 6i-10 > 12((p 1) x 1) =< di—1(Kp(), ¢ >12((p1)x )=
=< a— Ko(dia) — 7" (), ¢ >L2((p,1)xF)=
=<, >p2((p)xF)) — < Ko(di), @ >12((p1)xF) +
= <7 (M)s @ >r2((p1)x )=
=< a,¢ >r2((p1)xF) — < Ko(diar), ¢ >p2((p1)xr) +
— < T (W), 0510 > 2 ((p1)x )=
=<, ¢ >r200(F),g.) — < Kol(dit), ¢ >p2(0(p) g0) +
— <7 (1), 0ic10 > 12 (F) g0) -

In particular the equality:

< T (W), 6i-10 > 12((p1)x F)y=< T (1) @ >L2((p,1)x F)
follows from prop. 2.7. We have obtained that for all ¢ € C5°Q!(C*(F))

< Kpa + 7%y, 610 >L2(C*(F),ge) =< O — Ko(di(X), 10) >L2(C*(F),ge) -
So we can conclude that
dmax,i—l(Kba + 71—*(wb)) + Ko(dla) = .

2. L? cohomology of a cone over a riemannian manifold
In this section we continue to use the notations of the previous section.

THEOREM 2.9. Let (F,g) be an oriented riemannian manifold. Then
for the riemannian manifold (C*(F),g.), with g. as in (2.1) the following
isomorphism holds:

HY poa(Frg) i< $+ 4

2.2
0 i>dr1- 4L (22)

H;,maa:(C*(F)7gC) - {

PROOF. In the first part of the proof we use the complex
((C7(F), ge), dx)
of prop. 1.11. Let a € Q5(C*(F),9c), a = ¢p+dr Aw, i =0,...,f + 1. Let
a € (3,1). Consider the following map
0o s DY(C(F), g2) = D(F, 9), vala) = o(a). (2.3)
By prop.2.2 v,(a) € L2QY(F, g). Furthermore this map satisfies v, 0d; = d; o

ve Where on the left of the equality d; is the i—th differential of the complex
(Q(C*(F), gc), ds) while on the right of the equality the operator d; is the
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i—th differential of the complex (%5(F, g),ds). Therefore v, is a morphism
between the complex (Q5(C*(F),gc.),ds) and the complex (Q5(F,g),d.) so
it induces a map between the cohomology groups

v : Hy(C*(F), gc) — Hj(F, g) (2.4)
where Hi(F,g) is the i —th cohomology group of the complex (Q5(F, g), d.).

Now in the case i < % + i, by proposition 2.3, we know that K,(«) and

K, (d;a) are two smooth form such that
[ Ka(dic)||L2(c*(F),g.) < 00 and |[[Koa| p2(cx(r) g.) < 00 If we add the two
following terms, d;_1(K,()) and K,(d;(«)) we obtain:

difl(KaOé) + Ka(dz(oz)) = (25)

=dr Aw(s)ds + /T dp(s)dsw + ¢ — ¢(a) — /T dr(s)dsw = a — 7 (ve(v)).

So we have obtained that |d;—1(K.)| 12(c*(F),g.) < o0 and from this and
(2.5) it follows that

()" o vy« Hy(C*(F), ge) — H5(C*(F), gc)

is an isomorphism for i < % + i Now from this fact it follows that for the
same %:
v HY(C*(F),g.) — Hi(F, )

is injective and that

(7*)* : H3(F, g) = H5(C*(F), gc)
is surjective. But from prop. 2.1 we know that v} : HL(C*(F),g.) —
Hi(F,g) is surjective. So for i < % + & Hi(C*(F),g.) and HS(F,g) are
isomorphic and therefore by proposition 1.11 for the same ¢ we have

H;,max(c*(F)7gC) = Hg,ma:c(Fv g)

Now we start the second part of the proof. We know that for each i every

cohomology class [a] € Hémax(C*(F)) has a smooth representative. So let
a € L2QYC*(F),gc), i > %4— 1 — 5, a smooth form such that d;oc = 0.

Observe that from the fact that « is closed follows that ¢ = dpw and
therefore, given € € (0, 1) we have:

di—1(Kear) = di_l(/rw(s)ds) = d’r/\w—l—/r drw(s)ds = dr/\w—l—/r ¢ (s)ds =

=drANw+ ¢ —¢(e) = a— ¢(e).
Consider Ko(a); by proposition 2.5 we know that Ko(a) € L2QY(C*(F), g.).
We want to show that dyzi—1(Ko(o)) = a.
Let B8 € C§PQY(C*(F)). Then there is p > 0 such that supp(8) C (p,1) x F.
Therefore:

< Ko, 6i-18 > 120 (r))=< Ko, 6i-18 >12((p1)xr)= (by prop 2.6)
= lm < Kea,0i-18 >L2((p1)xF) -
By the fact that K («) is a smooth form such that

[ Ke(@)| 21,0y x ) < 00, (i1 (Ke) || 12¢(1,p)x ) < 00
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and that ¢ is a smooth form with compact support it follows that:

m < Kea, 018 > 12((p1)x )= I < dim1 (Kett), B > 12((p1) 1) =

= 11_{% <a—d(€), B >r2((p1)x )=
=<8 > p2((p)xr) — M < G(€), B >L2((p1)xF) -
In particular the limit
lim < B(€), B >r2((p,1)xF)
exist. But from prop. 2.4 we know that there is a sequence €; — 0 such that
eljiino < ¢(&), B >r2((p1)xr)= 0
Therefore

< Koo, 0;-10 >L2((p)xF)=< o, ;10 ZL2((p)xF)=< o, 0i—108 >L2(C*(F),ge) -
Thus we can conclude that dpqq,i—1(Ko(a)) = 0 and hence that

; 1
H3 10z (C*(F), gc) = 0 for i > g +1- %"

O

COROLLARY 2.10. Suppose that one of three following hypotheses ap-
plies:
(1) 0<e< 1.
(2) ¢>1 and f = dimF is even.
(3) ¢>1, fis odd and dmaz,i—1 : D(dmaz,i—1) — L*QY(F,g) has close

= % (By prop 1.3 this happen for example when

range where i
H} a0 (F.g) is finite dimensional.)
Then for the riemannian manifold (C*(F), g.) the following isomorphism
holds:

: . Hi (Fq) i<i+i
10 (C(F). 5 ={ Moma 0] 15 m ag)
- 2 2c

PROOF. If0<1<cthen£+i>%+ — 5.
Ich1andfiseventhenz'>%—Fl—%ifandonlyifizg—i—i.
Finally if ¢ > 1, f is odd and dpaz,i—1 : Dom(dmaz,i—1) — L*Q!(F, g) has
close range then the thesis immediately follows from prop. 2.8. (]

REMARK 2.1. Now we make a simple remark; theorem 2.9 also holds in
the following two cases:

1) If we replace C(F') with Cc(F') where C¢(F) = F x [0,¢)/F x {0} and
where € is any real positive number. In this case we have only to modify
prop. 2.2 and prop. 2.3 choosing a € (,€) where ~ is a fixed and positive
real number strictly smaller than e. Furthermore if € < ¢

Z.* : (L2Q*(Cg(F)7gc)admaac,*) — (LQQ*(C:(F)ng)admax,*)

where 7* is the morphism of complexes induced by the inclusion i : C¢(F') —
Cs(F'), induces an isomorphism between the cohomology groups

H;,max(cj (F)7 gC) and Hg,maa:(cg(F)v gC)
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for each i < %—1— i ori > %—i— 1-— i This last assertion is easy to see. When

1> % +1- i it is obvious because the cohomology groups are both null;

when i < % + i it follows by the fact that given a € (v,€) and given v,

which is the evaluation map defined like in (2.3), we have v, = v, 0i* where
at the left of the equality v, is between Q5(C(F), g.) and Q4(F, g) and at the
right of the equality it is between Q4 (C*(F), g.) and Q4 (F, g) . Finally if the
hypotheses of corollary 2.10 holds then the same corollary holds for C}(F)
and in this case ¢* induces an isomorphism between Héymax(Cj (F), gc) and

HY 00 (C3(F), gc) for all i.

2) When (F, g) is a disconnected riemannian manifold made of a finite
number of connected components all having the same dimension, that is
(F.9) = Ujes(Fj, 95), dimF; = dimF} for each i,j € J and J is finite.
Indeed in this case:

H;,maz(C*(F)ng) = H;,ma:p(c*(U Fj)agc) = (27)
jeJ
= P Hi ae(CF(F)), 9cj) = (2.8)
jeJ
:@{ Hé,maa:(Fﬁgj) 7’<§+2ic :{ Hé,max(Fvg) Z<§+2ic
. 1 . 1

Obviously if each (F}, g;) satisfies the assumptions of corollary 2.10 then also
corollary 2.10 holds for (C*(F'), g.). This situation could happen in theorem
2.12 of the next section. In that case the manifold F will be the regular part
of a link and it could happen that it is disconnected.

We conclude the section recalling a result from [23] that we will use in
the proof of theorem 2.12.

PROPOSITION 2.11. Let (M, g) be a Riemannian manifold. Then for the

riemannian manifold ((0,1) x M,dr ® dr + g) the following isomorphism
holds:

HS 10 ((0,1) X M, dr @ dr + g) = Hj ,0,(M, g) for all i =0, ...,dimM + 1
(2.9)

PROOF. See [23] pag 115. O

3. L? de Rham and Hodge theorems

In this section we prove the mail results of the chapter. The first one is
an L?-de Rham-Hodge theorem for (reg(X),g) where X is a compact and
oriented smoothly stratified pseudomanifol with a Thom-Mather stratifica-
tion and ¢ is a quasi-edge metric with weights over reg(X). We will show
that the absolute and relative Hodge cohomology groups are respectively
isomorphic to the maximal and minimal L? de Rham cohomology which are
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in turn isomorphic respectively to the intersection cohomology groups asso-
ciated to t — py and p, . Moreover we give a partial answer to the inverse
question: given a general perversity p on X is there a riemannian metric
over reg(X) such that its maximal (or minimal )L? de Rham cohomology
is isomorphic to the intersection cohomology relative to p? Under some as-
sumptions we will show that the answer is positive.

Before starting we make a remark about the notation. Given an open sub-
set U C X with D(U, dpaz/mini) We mean the domain of dpaz/min, in
L2 (reg(U), glregr)) Given a complex of sheaves (£*,d,) over X and an
open subset U of X with the symbol H*(L*(U),d,) we mean the i—th co-
homology group of the complex

22 pisl ) Mt gy B gy L

Finally with H*(£*,d,) we mean the i—th cohomology sheaf associated to
the complex (L£*,d,).

THEOREM 2.12. Let X be a compact and oriented smoothly stratified
pseudomanifold of dimension n with a Thom-Mather stratification X. Let
g be a quasi edge metric with weights on reg(X), see definition 1.29. Let
Ro be the stratified coefficient system made of the pair of coefficient systems
given by (X — X,—1) xR over X — X,,_1 where the fibers R have the discrete
topology and the constant 0 system on X, _1. Let pg be the general perversity
associated to the metric g, see definition 1.34. Then, for all i =0,...,n, the
following isomorphisms holds:

19 H(X, Ro) 2 HY g (reg(X), g) = My (reg(X), g) (2.10)
ngHi(X’ RO) = Hg,min(reg(X)7g) = f”el(reg(X)?g) (211)

where qq4 is the complementary perversity of py, that is, gg =t —py and t is
the usual top perversity. In particular, for all i =0, ...,n the groups

Hg,maa:(reg(X)v g): H;,min(Teg(X)> 9)7 st(reg(X), g)v Hiel(reg(X>a g)
are all finite dimensional.

THEOREM 2.13. Let X be as in the previous theorem. Let p a general
perversity in the sense of Friedman on X. If p satisfies the following condi-

tions: .
p=m
{ p(Y)=0 if cod(Y)=1 (2.12)

then there exists g, a quasi edge edge metric with weights on reg(X), such
that

IPHY (X, Ro) 2 Hj pin(reg(X), 9) = My (reg(X), g). (2.13)
Conversely if p satisfies:
p<m
{mn:—1wamn:1 (2.14)

then, also in this case, there exists a quast edge metric with weights h on
reg(X) such that

IpHi(X,RO)%Himax(reg(X),h)% Le(reg(X), h). (2.15)

abs
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Before proving these theorems we need some preliminary results.

PROPOSITION 2.14. Let X be an oriented smoothly stratified pseudo-
manifold of dimension n with a Thom-Mather stratification and let g a rie-
mannian metric on reg(X). Consider, for every i = 0,...,n, the following
presheaf:

N D(U; dmam,i) Un Xn 1= @
v D(U, dmamﬂ) B { D(U - (U N Xn—l): dmaw,i) Un Xn 1 7é @
(2.16)
or )
we QU glv) UNX,_1=10
U+ ? 2.17
{ we QZ(reg(U>vg’reg(U)> UNXp1# 0 ( )

Let Ué’max and LY be the sheaves associated to the previous presheaves; then
for these sheaves we have the following explicit descriptions:

(1) let U an open subset of X then:

bmaz(U) = {w € LT Q' (reg(U), glregqrry) : ¥ p € UV open
neighbourhood ofp in U such that wl,cqny € D(reg(V), dmaz,i)}-
(2) LL(U) =2 {w € Qi(reg(U )s Glregy) : ¥ p € U 3V open neighbourhood

of pin U such that W|reg(V) € Qg(reg(V),g|Teg(V))}.
(3) If X is compact Eé,max(X) =D(reg(X), dmaz.i)-
(4) £5(X) = {w € Vi(reg(X)) : w € L (reg(X), g),

diw € L*Q(reg(X), 9)}-

(5) The complexes L ,,,, and Ly are quasi isomorphic.

PROOF. The first and the second statement follow from the fact that
the sheaves E’é’max, L% and the respective sheaves at the right of 2 have
isomorphic stalks. The third and fourth statement are an immediate conse-
quences of the compactness of X. The fifth statement follows immediately
from proposition 1.11. O

PROPOSITION 2.15. Let X be an oriented smoothly stratified pseudoman-
ifold with a Thom-Mather stratification of dimension n such that for each
stratum Y the link Ly is compact and let g be a quasi rigid iterated edge
metric with weights on reg(X). Then, for each i =0,...,n, Lb .. and L)
are fine sheaves.

PROOF. From the description of the sheaves Eé,mw, L5 given in prop.
2.14 it follows that in order to prove this proposition it is sufficient to show
that on X, given an open cover Uy = {U, }aca, there is a bounded partition
of unity with bounded differential subordinate to U4, that is a family of
functions Ay : X — [0, 1], @ € A such that

(1) Each A, is continuous and Aa|yeq(x) is smooth.
supp(Ay) C U, for some a € A.

(2)
(3) {supp(Aa)}aca is a locally finite cover of X.
(4) Foreachz € X ) 4 Aa(z) = 1.
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(5) There are constants C,, > 0 such that each )\, satisfies

||d()\a|7’eg(X)) ||L2(7“€9(X)79) < Ca.

The proof is given by induction on the depth of X. If depth(X) = 0
the statement is immediate because in this case X is a differentiable mani-
fold. Suppose now that the statement is true if depth(X) < k — 1 and that
depth(X) = k. Let Uy = {U;}jcs be a locally finite refinement of U4 such
that for each Uy there is a diffeomorphism ¢; : U; - R" if U; N X, =0
or, in the case U; N X,,—1 # (), an isomorphism ¢; : U; — W; C RF x C(L;)
between U; and an open subset, W;, of the product R¥ x C(L;) for some
k < n and stratified space L;.

Let Vy = {V}}jcs a shrinking of Uy; this means that V; is a refinement
of Uy such that if V; C U; then Vj C Uj. Now let V; € V;, Uj € Uy
such that V; € U; and U; N X,,-1 = 0. Let ¢; : R" — [0,1] be a
smooth function such that %]W = 1 and supp(¢;) C ¢;(U;). Define
Aj 0 X — [0,1],\; == ¢j0¢;. Now let V; € Vy, U; € Uy such that
V; C Uj and U; N Xn_l # (. We can take two functions n : R¥ — [0, 1],
€:[0,1) — [0, 1] and, using the inductive hypothesis and the fact that Ly
is compact, a third function 7; : L; — [0, 1] smooth on reg(L;) and with
bounded differential such that v; := 7;§;7; is a a continuous functlon on
R¥ x C(L;) — [0, 1] smooth on the regular part and with bounded differen-
tial such that 1/)j|¢j(v =1 and supp(vj) C ¢;(U;). Also in this case define

Aj: X = [0,1], \j :=1; 0 ¢;. Finally define

Aj
ZjeJ )‘j
{pj}es is a partition of unity with bounded differential subordinated to
the cover Uy and therefore from this follows immediately that there exist a

partition of unity with bounded differential subordinated to the cover U 4.
Now the statement of the proposition is an immediate consequence. O

iy X = (0,1 = (2.18)

Now we state the last proposition that we will use in the proof of theorem
2.12.

PROPOSITION 2.16. Let L be a compact smoothly stratified pseudoman-
ifold with a Thom-Mather stratification and let g;, be a riemannian metric
on reg(L). Let C(L) be the cone over L and on reg(C(L)) consider the
metric dr @ dr + r*gr. Finally consider on C(L) the complex of sheaves
(L35 o> Amaz ) associated to the metric dr@dr+1°°gr,. Then the canonical
inclusion

iy : C(L) — {v} — C(L),

where v is the vertex of the cone, induces a quasi-isomorphism between the
complezes

(L5 ,mazx» dmaz *) and (iy«i, L5 mamadmam,*)

fori < [[d’mL + 2%]]
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PROOF. We start the proof showing that the complexes (L3 ,,,.; dmaz,+)

and (iyxiy L3 102> dmaz,«) are quasi isomorphic for ¢ < [[di’;L + ]]. This is
equivalent to show that for each 2 € C(L)
(HZ( ;,maw’dma%*))x = (Hi(iv*i:‘;[’;,mazv dmaﬂf,*))w
where each term in the previous isomorphism is the stalk at the point x of the
i—th cohomology sheaf associated to (L3 .4, @maz,«) and (ivsiy L3 1005 dmaz +)
respectively. For every ¢ = 0, ...,dim/L~+1 the sheaf iv*iZUimax is isomorphic
to the following sheaf; let U C C(L) be an open subset then:
iv*iz g,max(U) = {w € L%och(Teg(U)a dr@dr+r2ch‘reg(U)) (Vpe U_{U}
3V open neighbourhood of p in U such that wl,cqnvy € D(reg(V), dmaz,i)}-
From this fact and prop. 2.14 it follows that for every = € C(L) — {v}
(HZ( E,mam’ dmax,*))ﬂf = (Hi(iﬂ*i:[’;,mam dmax,*))z- (219)
dimL
Ems]
(Hl(‘cz,mazv dmaa:,*))v = HZ( ;,max(C(L))v dmax,*) = Hé,max(’reg([’)v gL)'
Using the same techniques it is easy to show that for each 4
(Hi(iv*izﬁgvmm, dmaz, ) )v = Hi(z‘v*if,ﬁamax(C(L)), Amag,)-

Therefore we have to show that for i < [ 4 1]]

HZ(ZU*ZZ §,ma$(C(L)), dmaz,x) = Hé,ma$(reg(L)7dma$7*)‘

On the whole cone C(L) the main difference between the complexes

Now by theorem 2.9 and remark 2.1 we know that for ¢ < [

<£;7max7 dmam,*) and (iv*i;k)[’;,maxﬂ dmar,*)

is that for each w € ﬁé,max(L)7 by prop. 2.1,

dimL 1
+ —.
2c

T*w € L (C(L)) if and only if i <

2, mazx

Instead 4
T'W € Tywiyn L5 10, (C(L)) for every i =0, ..., dimL.

Therefore by the proof of the first part of theorem 2.9 and in particular from
(2.5) follows that

Hz<lU*Z:‘C§,max(C(L))v dm(m,*) = Hg,ma:v(reg(l/)v QL) (220)
for every: =0, ...,dimL + 1. A
But from theorem 2.10 we know that for ¢ < [[#2L 4 L]

2
Hz([’;,max(c(L))? dmadf,*) = H%,max(reg([/)a gL)' (221)
So for ¢ < [[dig“: + i]]

(Hi(iv*iz‘cz,mam dmaﬂ?,*))v = (Hi(‘cz,maxv dmal,*))ﬂ
and therefore we can conclude that for the same ¢ the complexes
([’;,mam dmaz,+) and (iv*i’éﬁi,max, dmaz,x)

are quasi-isomorphic.
Now let j be the morphism between (L3 .., dmaz,«) and (ivsiy L5 100y dmaz,+)
induced from i, : C(L) — {v} — C(L). It is immediate to note that
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for each open subset U C C(L) ju is just the inclusion of L3, ..(U) in
Gvsiy L3 oz (U). Therefore if we call j* the morphism induced from j between
the cohomology sheaves H'(L3 .0 dmaz,») and H (iywif L5 o0 Gmaz ) 1t is
immediate to note that j* induces the isomorphism (2.19). Finally if we call
¢ and v respectively the isomorphisms (2.20) and (2.21) we have that for

i < [[95E + 5]

gpojt =1
Therefore we can conclude that
j : (Es,mazv dmaﬂ?,*) — (iv*i:‘cg,ma:mdma%*)

is a quasi-isomorphism for i < [[% + 2]l O

COROLLARY 2.17. Let (M, h) be an oriented riemannian manifold, let
L be a compact smoothly stratified pseudomanifold with a Thom-Mather
stratification and let g1, be a riemannian metric on reg(L). Consider now
M x C(L) and on reg(M x C(L)) consider the metric h+dr®dr+r*gr,. Let
ing : M x C(L)— (M x {v}) = M x C(L) be the canonical inclusion where
v 1s the vertex of the cone. Finally consider over M x C(L) the complez of
sheaves (L3 405 dmaz,«). Then the canonical inclusion

ing: M x C(L)— (M x {v}) — M x C(L)
induces a quasi-isomorphism between the complezes
([’;,mam dmax,*) and (Z.M*i}(\/[‘ﬁg,maa:’ dmaz,*)
- dimL 1
Jor i < [[#5= + o]l
PROOF. The proof is completely analogous to the proof of proposition
2.16. For every i = 0,...,dimM + dimL + 1 the sheaf ipr.i} L5 o, 18 180-
morphic to the following sheaf; let U C M x C(L) an open subset then:

NI LD mar (U) 2 {w € Lo (reg(U), h+ dr @ dr + 1791 |reg(w)) -
VpeU— (UnN(M x{v}) 3V open neighbourhood of p in U
such that w|,eqvy € D(reg(V), dmaz.i) }-
From this it follows that for every z € M x C(L) — (M x {v})
(Hi(ﬁg,maxv dmaut,*))z = (Hi(iM*i}ﬁ\/fﬁg,mam dmaw,*))w~

Now let p = (m,v) € M x {v}. By theorem 2.9, remark 2.1 and proposition
2.11 we know that:

(HZ( ;,mamdma%*))p = HZ( ;,max(U X C(L))’dma%*) = (222)
= Hé,maz(reg([’)a gL)
for i < [[#mL + L) where U is an open neighborhood of m in M diffeomor-

phic to an open ball in R® where s = dimM. Moreover, like in the proof of
the previous proposition, it is easy to show that

(H’(ZU*Z?} ;,max7dma$7*))p = HZ(ZU*Z: ;,mam(U x C(L)), dmazx)  (2.23)

where U is as in (2.22). Therefore in order to show that

(Hz (iM*ihﬁz,max7 dmfw,*))l) = (Hl (Ez,mcw:? dmaflf,*))?
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for ¢ < [[#L 4 L]] it is sufficient to show that for the same i

Hl(zM*fM‘C;,max(U X C(L))’ dmafl?,*) = Hz( ;,max(U X C(L))vdma%*)

where U is as in (2.22). But from the same observations of the proof of
prop. 2.16 and prop. 2.11 follows immediately that

Hl(ZM*Z#jM‘C;,maz(U X C(L))7 dm(w,*) = Hé,maw(Teg(L)ng) for each ¢

and that
dimL . i“
2 2¢™

H' (L3 maz(U % C(L)), dmaws) = H oz (reg(L), gr) for i < |

2, max

So for 7 < [[digLL + %:H

(HZ (Z.M*Z.}(\/Iﬁa,mam dma%*))p = (Hz (Ez,maaw dmaw,*))p

and therefore we can conclude that for the same ¢ the complexes

([’;,maw dma%*) and (Z.M*ij\/[‘ﬁg,maaﬂ dmaz,*)

are quasi-isomorphic. Now using the same final considerations of the previ-
ous proof we get the conclusion. O

Finally we can give the proof of the theorem announced at the beginning
of the section:

PROOF. (of theorem 2.12). Using corollary 1.33 we know that there is
a quasi rigid iterated edge metric on reg(X), ¢/, that is quasi-isometric to
g. So, without loss of generality, we can suppose that g is a quasi rigid
iterated edge metric with weights. We start by proving the isomorphism
2.10. The proof is given by induction on the depth of X. If depth(X) =0
there is nothing to show because, in this case, X is a closed manifold and
therefore the isomorphisms 2.10 are the well know theorems of Hodge and de
Rham. Suppose now that the theorem is true if depth(X) < k — 1 and that
depth(X) = k. We will show that the theorem is also true in this case. We
begin showing the first isomorphism, Hg’max(reg(X),g) ~ [9HY(X,Ro);
to do this we will use theorem 1.25, corollary 1.26 and remark 1.4. More
precisely we will show that the complex (L}, dmaz,i) satisfies the three
axioms of theorem 1.25 respect to the perversity pgy, the stratification X and
the local system over reg(X) given by R ® O where R is (X — X,,_1) xR
with R endowed of the discrete topology and O is the orientation sheaf
(see example 1.24). By proposition 2.15 we know that ( Qmam, dmagz,i) 1s a
complex of fine sheaves. The first two requirements of axiom 1 are clearly
satisfied. The third requirement of the same axiom follows by proposition
2.11 wich implies that for each = € reg(X) (H*(L3 dmaz )z, that is the

2,mazx>’
stalk at the point x of the i—th cohomology sheaf associated to the complex
(L3 maz> dmaz,+), satisfies:
(H' (L3 mag> maz,«))a = { 0 i>0 (2.24)

Consider now a stratum Y C X and a point z € Y. Let | = dimY. If
I = n—1, that is if the codimension of Y is 1, then it is clear from proposition
2.11 that for all x € Y the second axiom of theorem 1.25 is satisfied. So we
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can suppose that [ < n — 2. By definition 1.30 we know that there exists an
open subset V' C Y such that 7y, (V) 2V x C(Ly)and such that

¢+ (5 (V)Nreg(X), gl (vympeg(x) = (Vxreg(C(Ly)), dr®+hy+r*gr, )

is a quasi-isometry. Therefore by the invariance of L?—cohomology under
quasi-isometry we can use (V xreg(C(Ly)), dr? +hy +72% g1, ) to calculate
the L2—cohomology of 73 (V') Nreg(X). Choosing V' diffeomorphic to (0, €)!
with e sufficiently small we have that

(V x reg(C(Ly)),dr* + hy + 1> gr.,) (2.25)
is quasi-isometric to
((0,€)! x reg(C(Ly)),ds? + ... + ds? + dr? + 1% gy).

Therefore from proposition 2.11 and the invariance of L?—cohomology under
quasi-isometry it follows that:

HQmax(V x reg(C(Ly)), dr® + hy + TQCYgLY) ~ (2.26)

2 Hj max(reg(C(Ly)), dr® + 12 gp,.).
In this way we have obtained that:

Hé,mam(reg(ﬂ—}_/l(v))ag|7»eg(ﬂ-;1(\/))) = (2.27)

2 H) mao (reg(C(Ly)), dr® + 1% gp,. ).
As we have already observed in the proof of corollary 2.17 we know that
(HZ( ;,mamv dmal’,*))l’ = Hé,max(reg(ﬂ;l(v)%g‘reg(ﬂ;l(V)))

where V' is as in 2.25. Therefore from this and (2.27) we get that

(HZ (Ez,maxﬂ dmax,*))z = H;,max (T@g(C(Ly)), dT ® dT + TZCYgLy) (228)
Now, using the inductive hypothesis we know that this theorem is true for
(Ly, gLy ) that is Hi .. (reg(Ly), gr,) = 1" H'(Ly, Ro) where qq, =
t —pg,, and pg,  is the general perversity associated to gz, on Ly. This

implies that dimHﬁymax(reg(Ly), gLy ) < oo foreach ¢ = 0,...,dimLy. From
this it follows that at least one of the three hypotheses of corollary 2.10 is
always satisfied. So we can use the same corollary to get:

H%,max(reg(LY)7gLy) 1< Z’m;iy + %
. y 1
0 A e
(2.29)

HémmO%gKXLY»wk%Z{

In this way we can conclude that for each x € Y
(Hi(ﬁz,maxv dmaz,*))x =0 fOT’ 7> pg(Y)

and therefore the complex (L3, dmaz,«) satisfies the second axiom of the-
orem 1.25.

To conclude the first part of the proof we have to show that given any stra-
tum Z C X,,_p — X,,_r_1 and any point z € Z the attaching map, that is
the morphism given by the composition of

* . * . *
2,max’Uk+1 - Zk*£2,max|Uk - Rzk*‘CQ,mam‘Uk
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where the first morphism is induced by the inclusion iy : Uy — Ug1, is a
quasi-isomorphism at x up to py(Z). By the fact that (L3, .., dmazx) 1s a
complex of fine sheaves it follows that ix.L5 .., — Rikel3 00l is a
quasi-isomorphism (for example see [12] pag. 32 or [16] pag. 222). There-
fore, to conclude, we have only to show that the morphism Eé’mar\Uk o
k5 L3 maz|U, 18 @ quasi-isomorphism at  up to py(Z2), that is, for each z € Z
it induces an isomorphism

(Hi(ﬁz,max‘(]k-‘-wdmar,*))l = (Hl(zk* ;,max’Uk’ dma%*))ﬁ? (230)

for i < pg(Z). Now, like in the previous case to prove the validity of the
second axiom, to show that for each z € Z

(Hz( ;,max’Uk+17 dmax,*))a: = (Hi(ik*ﬁz,max|Uk7dmaﬂ?,*))x fOf i S pQ(Z)

it is sufficient to show that there exists an open neighbourhood U of x € Z
such that 7,'(U) 2 U x C(Lz) and such that

HZ( ;,max|Uk+1 (ng(U))v dmafli,*) = Hi(ik*ﬁg,mar|Uk (ng(U))’ dmafl?,*)

for i < py(Z), where the isomorphism is induced by the inclusion iy : U, —
Ug+1. Finally this last statement follows from corollary 2.17. So given a
stratum Z C X,,_p — X,,_x_1 and a point x € Z we can conclude that for
i < pg(Z) the natural maps induced by the inclusion of Uy, in Up4q induces
a quasi isomorphism between

;,maa:’Uk+1 — ik*‘cg,ma:v|Uk‘
So also the third axiom of theorem 1.25 is satisfied.
Therefore for all i = 0,...,n H'(L2maz(reg(X)), dmaz) = 199 H (X, Ro).
Finally by the compactness of X, see the third point of proposition 2.14, we
get, for each ¢ = 0, ..., n, the desired isomorphisms:
H;,max(reg(X)v g) = quHZ(Xa RO)

From the isomorphism H§7max(reg(X),g) >~ % HY(X,Ro) it follows that
HY nae(reg(X), g) is finite dimensional and then the isomorphism

fzbs (T@g(X)) = H%,max(reg(x)a g)
is an immediate consequence of proposition 1.3 and formula 1.12. The first
part of the proof is completed.

To prove the second part of the theorem it is sufficient observe that the
finite dimension of Hj .. (reg(X),g) for all i = 0,...,n implies that the
complex (L*Q*(reg(X), g), dmaz.«) is a Fredholm complex.

Now, using the isomorphism induced by the Hodge star operator * between
the Hilbert complexes (L?Q*(reg(X), g), dmin.«) and the adjoint complex of
(L*Q*(reg(X), 9), dmaz,«) and proposition 1.4, it follows that

Hj o (reg(X), 9) = Hy' i (reg(X), g).
Finally, using Poincaré duality for intersection homology, that is theorem
1.27, we get the isomorphism

H} in(reg(X), g) = 1P H' (X, Ry).
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Now, like in the previous case, we know that Hj,;, (reg(X),g) is finite
dimensional and then the isomorphism #;,(reg(X)) = H ;.. (reg(X), g) is

rel
an immediate consequences of proposition 1.3 and formula 1.12. U

PROOF. (of theorem 2.13). Suppose that p is a general perversity in
the sense of Friedman on X such that p > m and p(Y) = 0 for each one
codimensional stratum Y of X. We recall that m is defined in the following
way: if Y C X is a stratum of X and if Ly is the link relative to Y with

ly = dimLy then
Ly

_ ly even
mY)=1< 2
( ) { ly2— 1 lY Odd
Therefore it follows that for each stratum Y there is a non negative integer
ny such that

0 ly =0
p(Y) = %Y + ny ly even, ly #0
Y 4y Iy odd

Now we can choose some non negative real numbers {cy }ycx such that
1

ny = [[5.]] if ly is even and ny = 3+ %]] if ly is odd. By proposition
1.31 we know that there is a quasi rigid iterated edge metric g on reg(X)
having the numbers {cy }yecx like weights. In this way p = py, the general
perversity associated to g, and therefore by theorem 2.12 we can get the
isomorphism (2.13) .

Conversely if p satisfies p < m and p(Y) = —1 for each one codimensional
stratum Y of X, then ¢ := t — p, where t is top perversity, satisfies ¢ > m
and ¢(Y) = 0 for each one codimensional stratum Y of X. Therefore by the
previous point there exists a quasi edge metric with weights h on reg(X) such
that p, = ¢. Finally using again theorem 2.12 we can get the isomorphism

(2.15). O

In the same hypothesis of the theorem 2.12 we have the following corol-
laries:

COROLLARY 2.18. For eachi=0,...,n on L?*Q(reg(X),g) we have the
following decompositions:

LQQi(reg(X), g) = Hflbs & ran(dmaz,i—1) B ran(dmin,i) (2.31)

L2Qi(7‘eg(X), g) = H:"el ® ran(dmin,i—1) ® ran(dmaz,i) (2.32)
and

L*Q'(reg(X), 9) = Hlraw © ran(dmini—1) © ran(Smin.i) (2.33)

PROOF. By theorem 2.12 we know that Hj, ,.(reg(X),g) and
H} ,in(reg(X), g) are finite dimensional. Therefore by prop. 1.3, the fact
that (L2Q*(M, g), Smin.«) is the dual complex of (L2Q*(M, g), dmaz ),
(L2Q*(M, g), 6maz.+) is the dual complex of (L?Q*(M, g), dmin «) and propo-
sition 1.4 it follows that, for each 4, ran(dmaz.i), ran(dmin,i), ran(dmaqz,i) and
ran(dmin,i) are closed. Now applying (1.12) we can get (2.31) and (2.32)

and applying (1.20) we can get (2.33). O
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COROLLARY 2.19.
dinaz + Omins dmin + Smaz : L*Q (reg(X), g) — L*Q* (reg(X), g)
and for each 1
Aabs,is Avet,i + L (reg(X), g) — L*Q'(reg(X), g)
are Fredholm operators. Moreover also
dimaz + Omins dmin + Omaa : L*Q " (reg(X), g) — L*Q*"(reg(X), g)

are Fredholm operators and their indexes satisfy:

n

ind(dmaz + Omin) = Y _ (19b2i(X) — IP9bg; 11 (X))
i=0

ind(dmin + Omaz) = Y (IP9b2i(X) — I%bgi11 (X))
=0
where IP9bg;(X) = dim(IP9 H (X, R)) and I9%9be;(X) = dim(I9%9 H (X, R)).
Finally
Amaz,i : L*Q'(reg(X), g) = L*Q'(reg(X), g)
has closed range and its orthogonal complement is finite dimensional while

Apingi LZQi(reg(X),g) — L2Qi(reg(X),g)

has closed range and finite dimensional nullspace; in other words Ayap; is
essentially surjective and Apn; is essentially injective.

PROOF. The first three assertions follow immediately from theorem 2.12.
For the last two we know that ran(Agps,i) C ran(Amaz). This implies that
there exists a surjective map from

L*Q'(M,g)  L*Q(M,g)
— .
ran(Aagps,i) ran(Amaz.i)

But we know that A,ps is Fredholm; this implies that the term on the
left in the above equality is finite dimensional and therefore also the term
on the right is finite dimensional. So A4 ; from its natural domain en-
dowed with the graph norm to L?Q%(M, g) is a continuous operator with
finite dimensional cokernel and this implies the statement of the corollary
about Ayepi. For Apni we know, see prop. 1.9, that Ker(Apini) =
Ker(dmin,i) N Ker(dmin,i—1) and therefore by theorem 2.12 it follows that
Ker(Apin,i) is finite dimensional. Using again proposition 1.9 we know that
(Amaz,i)* = Apin,i and therefore by the fact that A4, has closed range
it follows that also A,y ; has closed range. O

Finally the remaining corollaries follow immediately from theorem 2.12
and from the definition of intersection cohomology with general perversity.

COROLLARY 2.20. Consider the following complex (C*Q (reg(X)),d;).
Then a necessary condition to have the minimal exstension equal to the
mazimal one is that the perversities py and qq gives isomorphic intersection
cohomology groups.
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COROLLARY 2.21. If every weight is greater or equal than 1, that is for
every stratum Y cy > 1, then, for all i, we obtain the following isomor-
phisms:

Heps(reg(X), 9) = Hj 00 (reg(X), g) = I"™H'(X, Ro) (2.34)
: (reg(X),g) = Hé,min(reg(X)7g) = IWHZ(Xv RO) (235)

rel
where m is the lower middle perversity and m is the upper middle perversity.

COROLLARY 2.22. Suppose that the general perversity associated to the
quasi edge metric with weights g satisfies py(Z) > cod(Z) — 1 for each sin-
gular stratum Z. Then, for all i, we have the following isomorphisms:

Hfzbs(reg(X)?g) = Hg,max(reg(X)ag) = Hl(X - XN—lﬂR) (236)
Hya(reg(X), 9) = H in(reg(X),g) = H'(X, Ro). (2.37)

rel

COROLLARY 2.23. If py is classical perversity in the sense of Goresky-
MacPherson and X,—1 = Xn_o then, for all i, we have the following iso-
morphisms:

Hips(reg(X), 9) = HS on(reg(X), ) = I H' (X, R) (2.38)
va(reg(X), ) = HS i (reg(X), g) = IPH' (X, R) (2.39)

rel

COROLLARY 2.24. Let g,h be two quasi edge metrics with weights on
reg(X) such that py = pn. Then for all i:

abs (1€9(X), 9) = Hj 1o (reg(X), 9) = Hj oy (reg(X),h) = (2.40)
= Heps(reg(X), )

abs
and

,H:"el (Teg(X)7 g) = Hﬁ,mzn (reg(X), g) = Hé,mm (T@g(X), h) = (241)

= Mo (reg(X), h).
In particular a necessary condition for two quasi edge metrics with weights
are quasi-isometric is that they induce perversities with isomorphic intersec-

tion cohomology groups.

COROLLARY 2.25. Let X' be another compact and oriented smoothly
stratified pseudomanifold with a Thom-Mather stratification and h a quasi
edge metric with weights on reg(X'). Let f : X — X' a stratum preserving
homotopy equivalence, see [47| pag 62 for the definition. Suppose that both
pg and pp depend only on the codimension of the strata and that py = pp.
Then for all i

abs (7€9(2), 9) = Hj naq (reg(X), 9) = Hj pnaq(reg(X'), h) (2.42)

= Hips(reg(X'), )

abs
and

Hyey(reg(), 9) = H pin (reg(X), g) = Hj i (reg(X'), h) (2.43)

=~ (reg(X'), h).

rel



CHAPTER 3

ﬁ;m_)M(M, g) and Hj, .,/ (M, g): Poincaré duality
and Hodge theorem.

This chapter is devoted to the study of the following groups:
Fg,m—)M(Ma g) and Hé,maM(Ma g)

defined respectively as the image of 1m(ﬁ§mm (M,g) — ﬁ;mw(M ,g)) and
im(H&mm(M, g) — Hé,max(M,g)). The reason behind this study is given
by the fact that usually, when (M, g) is an open oriented and incomplete
riemannian manifold, Poincaré duality does not hold for the complexes
(L2QY(M, g), dpag fmin,i)- Conversely, as we will see, this is not true for
the groups: ﬁg’m_}M(M,g), i = 0,...,n, n = dim(M). Therefore, when
F;J,HM(M, g) = é’m_)M(M, g), it is interesting to investigate the exis-
tence of a Hilbert complex having the groups Hé msrr (M, g) as cohomology
groups. The chapter is structured in the followihg way: in the first section
two abstract theorems on Hilbert complexes are proved. They provide the
necessary tools to investigate the groups F;mHM(M, g) and HS,m_WI(M7 g)-
The second section contains the main results about these groups. We show
that Poincaré duality holds for F;ym%M(M,g), i = 0,...,n and, under
suitable hypothesis, we show the existence of a Hilbert complex having
H%m (M, g) as cohomology groups. In particular this lead us to prove a
Hodge theorem for the groups im(HS, . (M,g) — Héymm(M,g)). Finally
the subsequent sections contain several applications of the previous results.
In particular in the fourth section an L?—signature in defined and in fifth
section the previous results are applied to the case of a compact and oriented
smoothly stratified pseudomanifold X such that reg(X) is endowed with a
quasi edge metric with weights.

1. Two theorems on Hilbert complexes

In this section we continue the theory of Hilbert complexes introducing
the notion of pair of complementary Hilbert complexes and proving two
theorem about it. We will use these theorems subsequently to investigate

the groups F;WHM(M, g) and Hé?mHM(M,g).

Given a pair of Hilbert complexes (Hj, Dj) and (Hj, DY) we will write
(Hj,Dj) C (Hj,Dg-) if for each j one of the two following properties is
satisfied:

(1) D; : Hl — Hj+1 18 equal to Dj : Hj — Hj+1

57
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(2) D} : Hj — Hjt1 is a proper closed extension of Dj : H; — Hj1
We will write (Hj, D;) C (Hj, Dj) when the second of the above prop-
erties is satisfied. For each j let i; : D(D;) — D(L;) denote the natural
inclusion of the domain of D; into the domain of L;. Obviously i; induces
a maps between Hj(H*7 D,) and Hj(H*, L,) and between Fj(H*, D,) and
" (H,, L.). We will label the first as

i : H(H,, Dy) — H?(H,, L) (3.1)
and the second as
ir; H'(H,,D,) — H’(H,, L) (3.2)

Consider again a pair of Hilbert complexes (H;, D;) and (H;, L;) with i =
0,..n.

DEFINITION 3.1. The pair (H;, D;) and (H;, L;) is said to be related
if the following property is satisfied

e for each i there exist a linear, continuous and bijective map ¢; :
H; — H,_; such that ¢;(D(D;)) = D(L} _, ;) and L} _, ;0¢; =
Ci(¢ix1 0 D;) on D(D;) where LY _, | + Hy,—y — Hp_;_1 is the
adjoint of Ly,_;_1 : Hy,_;—1 — Hp,_; and C; # 0 is a constant which
depends only on 1.
Furthermore we call the maps ¢; link maps.

e We call the complexes complementary if each ¢; is an isometry
between H; and H,,_;.

We have the following propositions:

PROPOSITION 3.2. Let (H;, D;) and (H;, L;) be related Hilbert complezes.
Then:

(1) Also (H;, L;) and (H;, D;) are related Hilbert complexes. Moreover
if {¢i} are the link maps which make (H;, D;) and (H;, L;) related
then {¢F}, the family of respective adjoint maps, are the link maps
which make (H;, L;) and (H;, D;) related.

(2) The complezes (H;, D;) and (H;, L) have isomorphic cohomology
groups and isomorphic reduced cohomology groups. In the same way
the complexes (H;, L;) and (H;, DY) have isomorphic cohomology
groups and isomorphic reduced cohomology groups.

(3) The following isomorphisms hold:

M (H;, D) = H" 7 (H;, L), H (H;, D) = H' 7 (H;, Ly).
(4) If the complexes (H;, D;) and (H;, LY) are complementary then each
¢; induces an isomorphism between H? (H;, D;) and H"7 (H;, L;).

ProoFr. By definition 3.1 we know that ¢; : H,_; — H;, the adjoint of
¢;  Hi — H,_; , is a family of linear continuous and bijective maps. In
this way if we look at L} _,_; o ¢; as an unbounded linear map between H;
and H,_;_1 with domain D(L* , | o ¢;) = ¢; {(D(L%_, ) = D(D;) we
have that (L} _, ;o ¢;)* = ¢} o L,,—;—1 that is the adjoint of L} _, ; o ¢; is
¢: o Ln—z’—l with D(¢:< ©) Ln—i—l) = D(Ln—i—l)'

In the same way we have (¢;+1 0 D;)* = (D] o ¢, ;) where D(¢;41 0 D;) =
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D(D;) and D(D} o ¢f,1) = (¢}1) (D(D})). In this way it follows that,
for each i, D(D} o ¢}, ) = D(¢; o Ly—i—1), Ci(D; 0 ¢}, 1) = ¢ 0 Ly—;—1 on
D(Lyp—i—1) and that ¢7 (D(Ln—i—1)) = D(D;). So we can conclude that
the complexes (H;, L;) and (H;, D;) are related with {¢!} as link maps.

The second property is an immediate consequences of definition 3.1 and the
first point of the proposition . Now if we compose the isomorphisms of the
second point with the isomorphisms of (1.5) we can get the isomorphisms
of the third point. Finally if each ¢; is an isometry then ¢; = qﬁ;l. By
definition 3.1 we know that ¢; induces an isomorphism between Ker(D;)
and Ker(L_, ;). In the same way by the first point of the proposi-
tion we know that ¢! induces an isomorphism between Ker(L,—;) and
Ker(D;_;). But now we know that ¢! = ¢; ' and so we can conclude
that for each i ¢; induces an isomorphism between Ker(D;) N Ker(D}_;)
and Ker(L,_;)NKer(L,_;_1)*, that is an isomorphism between H*(H.,, D)
and H"*(H,, Ly). O

PROPOSITION 3.3. Let (H;, D;), i =0,...,n a Hilbert complex and sup-
pose that for each i there exists ¢; : H; — H,_; that is linear, continuous and
bijective. Then there exist a Hilbert complex (H;, L;) such that the complexes
(H;, D;) and (H;, L;) are related with {¢;} as link maps. Moreover if each ¢;
is an isometry then the complexes (H;, D;) and (H;, L;) are complementary
with {¢;} as link maps.

ProoOF. Consider the following complexes (H;, L;) where each L; is the
adjoint of the closed and densely defined operator (¢y,—; o Dy_;j—10 (;S;ii_l) :
H;y1 — H;. It clear that (H;, L;) is a Hilbert complex and by its construc-
tion it follows immediately that (H;, D;) and (H;, L;) are a pair of related
Hilbert complexes having the maps {¢;} as link maps. Finally it is clear
that if each ¢; is an isometry then the complexes (H;, D;) and (H;, L;) are
complementary with {¢;} as link maps. O

Now we give the following definition which we will use later.

DEFINITION 3.4. Let Vy, V1, ..., V, be a finite sequence of finite dimen-
sional vector spaces. We will say that it is a finite sequence of finite dimen-
sional vector spaces with Poincaré duality if for each i:

‘/i = ani-

We are now in position to state the first of the two main results of this
section.

THEOREM 3.5. Let (Hj,D;) C (Hj,Lj) be a pair of complementary
Hilbert complexes. Let iy ; be the map defined in (3.2). Suppose that for
each j

im(FH’ (H,,D,) % H (H,, L)) (3.3)
is finite dimensional. Then
im(H (H,,D,) =% T (H,, L)), j=0,...n (3.4)

is a finite sequence of finite dimensional vector spaces with Poincaré duality.
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Now we state some propositions which we will use in the proof of theorem
3.5.

PROPOSITION 3.6. Let H, K be two Hilbert spaces and let T : H — K be
a linear and continuous map. Let T* : K — L the adjoint of T'. Suppose that
ran(T) is closed. Then T : Ker(T)* — Ker(T*)* is continuous, bijective
with bounded inverse.

Proor. We have K = Ker(T*) @ Ker(T*)* and Ker(T*)* = ran(T).
Therefore by the fact that ran(T) is closed it follows that T is a bijection
between Ker(T)' and Ker(T*):. Now from the fact that Ker(T)* and
(Ker(T*))* are closed subspace of H and K respectively it follows we can
look at them as Hilbert spaces with the products induced by the products
of H and K respectively. In this way we can use the closed graph theorem
to conclude that T'| g, ()1 has a continuous inverse. g

PROPOSITION 3.7. Let H be a Hilbert space and let M, N be two closed
subspace of it. Let myr, wn be the orthogonal projection on M and N respec-
tively. Consider M and N as Hilbert spaces with the scalar product induced
by the one of H. Then

mm|N = (7N[m)”
that is if we look at wn|pr as a linear and continuous map from the Hilbert
space M to the Hilbert space N then myr|n is its adjoint.

PROOF. During the proof we use <, >y to indicate the scalar product
of H and <, >)s, <, >n to indicate the scalar product induced by <, >y on
M and N respectively. For each u € M, v € N we have < mx(u),v >ny=<
N (u) 7y (u),v >g=< u,v >g=< u,mp(v) + 71 (v) >g=< u, T >nm
and so we get the assertion. O

Now we are in position to prove theorem 3.5 .

ProOOF. From proposition 1.2 we know that
H; = H/(H., D.) @ ran(D;_1) @ ran(DY)

and that

Hj = H/(H., L) @ ran(Li—1) @ ran(L}).
So for each j we can define 7p, as the orthogonal projection of Hj; on
HI(H,, D,) and 7r,; as the orthogonal projection of H; on HI(H,,L,). In

the same way we can define and T—%5.
ran(L})

ran(Dj_1)’ ﬂ-ran(Ljfl)’ 7TTan(D;)
Finally we define:

™15 = (72l (1.,0.)0 725 7= (T —y) i (a.,0.)
T3 = (Trgmizzy) o 11.,0.)-

Analogously, but now projecting from #7(H,, L.) on the orthogonal com-
ponents of the sum H; = HI(Hy, Dy) @ ran(D;—1) @ran(D}), we define
7T47j7 7T57j’ 7‘(—67]'.

Our first claim is tho show that for each j

m(HI(H,, D)) = im(H (H,, D,) — T (H,, L)) (3.5)
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Let [h] € H’(H.,D,) a cohomology class. By (1.5) we know that there
exists a unique representative of [h] in HI(H,, Ds). We call it w. Ev-
ery other representative of [h] differs from w by an element in ran(D;_1);
therefore 4y ;([h]) = [ij(w)]. Now we can decompose w as w = 71 ;(w) +
mo,j(w) + 73 j(w). Clearly [ij(w)] = [m1 ;(w)] + [73,(w)]. So if we show that
73,5133 (1., p.) = 0 we get the claim. Now let n € H7(H,, D.). Then 73 (n) €

ran(L}) N Ker(L;) because m3(n) = n — m1,;(n) — m2,;(n) and each term
on the right hand side of the equality lies in Ker(L;). But (Ker(L;))* =
ran(L}) and therefore w3 j(n) = 0. So for each n € H/(H,, D,) we have
w3,j(n) = 0. Therefore the claim is proved.
In this way we know that m;; has closed range and that Ker(m ;) =
ran(L;—1) NH? (Hy, D.). Analogously it follows that Ker(my ;) = ran(D7)N
H7(H., Ly). Finally from the observations above and from propositions 3.6
and 3.7 we get:
(1) HI(Hy, D) = ran(maj) & (ran(Lj—1) N H/ (H, D)) =
= rcm(ﬂ'4]) @ Ker(m ;) for each j.
(2) H!(Hy, Ly) = ran(m ;) © (ran(D;) N HI (H., L)) =
= ran(m ;) ® Ker(my, ;) for each j.
(3) (m1,4)* = ms; and both induce an isomorphism between ran(my ;)
and ran(my ;).
By the fourth point of proposition 3.2 it follows that each ¢; induces an
isomorphism between H’(H,, D) and H"7(H,, L) . For the same reason
¢; induces an isomorphism between ran(L;-1) and ran(D;,_;) and between

ran(Dj—1) and ran(L;_;) . This implies that each ¢; 1nduces an isomor-
phism between H’(H,, D.)Nran(Lj_1) and H" I (H,, L.) Nran(D;,_;) that
is an isomorphism between Ker(m ;) and Ker(myn—;). In this way we can
conclude that each ¢; induces an isomorphism between
J(H,, D, "=Ji(H,, L,
H(Hy, D) and A (He )
Ker(my ;) Ker(myn—;)

But
HI(H,, D, o G
K(er(m,j)) = ran(my;) = ran(m ;) = im(H' (Hy, D.) = H' (H., Ly))
and similarly
H" I (H,, Ly)

~ Y~ im(THL DY) T T (L L)),
Ker(7r47n_j) ran(ﬂ-L" j) 1m( ( * 9 ) ( ) ))

The composition of the above isomorphisms gives
m(E (H., D) 5 F(H., L)) = im(E" 7 (H,, D,) ™5 8" (H., L.))
and this complete the proof. U

REMARK 3.1. By the above proof it follows that given a pair of Hilbert
complexes (Hy, Dy) C (Hy, L), without any other assumption, the following
isomorphism holds for each j :

ran(my;) = im(H (H,, D,) —5 T (H,, L,)). (3.6)
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Moreover when the sequences of vector spaces on the right hand side of the
above equality isomorphism is finite dimensional we have

HI(H,, D.) N (H/(H., Dy) Nran(L;_1))* =
= (H/(H., L) Nran(D}))" NH/ (H., L)
that is
ran(m ;) = ran(my,;).

The following statements are immediate consequences of theorem 3.5.

COROLLARY 3.8. Suppose that one of the two complexes of theorem 3.5
18 Fredholm; then also the other complex is Fredholm and

im(H?(H,, Dy) — H/(H,,L.)), j =0,...,n (3.7)

is a finite sequence of finite dimensional vector spaces with Poincaré duality.
Moreover

ran(m j) = im(H? (Hy, Di) — HI(H,, L.)). (3.8)
and

H(H.,, Dy) N (HI(H., Dy) Nran(Lj_1))* = (3.9)

~ (HI(H.,, Ly) Nran(D}))* N HI (H,, L.).

PROPOSITION 3.9. Let (H,,D,) C (H,, L) be a couple of complemen-
tary Hilbert complexes. Furthermore suppose that there is a third Hilbert
complex (H.,, P.) with the following properties:

(1) (H.,D.) C (H.,P.) C (H..L).
(2) The reduced cohomology of (Hy, Py) is finite dimensional.
Then .
im(F (H,, D,) % T (H,, L)), j =0, ...n
is a finite sequence of finite dimensional vector spaces with Poincaré duality.

PrROOF. The assertion is an immediate consequence of the following,
simple fact. Let i1 ; be the natural inclusion of (H,, D) in (Hy, Py), let i ;
be the natural inclusion of (H,, Py) in (H,, L) and finally let i3 ; be the
natural inclusion of (H,, Dy) in (H,, L,). Obviously we have i3 ; = iz joiy ;.
This implies that also the respective maps induced between the reduced

cohomology groups commute. So we have iy3; = lpg Ol ; and therefore

im(A (H,, D) 24 B (H,, L)) C im(H (H., P,) 24 B (H,, L,)).
In this way, by the second hypothesis, we know that
im(H’ (H,, D) 24 B (H., L))

is a finite sequence of finite dimensional vector spaces. Now we are in posi-
tion to apply theorem 3.5 and so the proposition follows. O

Now we state the following theorem:

THEOREM 3.10. Let (H;, D;) C (Hj,Lj), j =0, ...,n, be a pair of Hilbert
complexes. Suppose that for each j ran(D;) is closed in Hjy1. Then there
exists a third Hilbert complex (H;, Pj) such that
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(1) (Hj,Dj) < (Hj, Py) < (Hj, Lj).

(2) H'(H., P,) = im(H"(H., Dy) — H'(H,, Ly)).
Moreover if (H;, D) C (Hj, Lj) are complementary and (Hj, D;), or equiva-
lently (Hj, Lj), is Fredholm then (Hj, Pj) is a Fredholm complex with Poincaré
duality.

Proor. It is immediate that

KGT(DZ‘)
ran(L;—1) N D(D;)’
Therefore for each i = 0, ..., n we have to construct a closed extension of D;,
that we call P;, such that Ker(P;) = Ker(D;) and ran(P;i—1) = ran(L;_1) N
D(D;). To do this, from now on we will consider the following Hilbert
space (D(L;), < ,>g), which is by definition the domain of L; endowed with
the graph scalar product. Therefore all the direct sum that will appear
and all the assertions of topological type are referred to this Hilbert space
(D(L;), < ,>g). We can decompose (D(L;), < ,>g) in the following way:

(D(Li), < ,>g) = Ker(L;) ®V; (3.10)

where V; = {o € D(L;) Nran(L})} and obviously these subspaces are both
closed in (D(L;), < ,>g).

Consider now (D(D;), < ,>¢g); it is a closed subspace of (D(L;), < ,>¢) and
we can decompose it as

(D(DZ), <>g) = KGT(DZ') D A;. (3.11)

Analogously to the previous case A; = {a € D(D;)Nran(D})} and obviously
these subspaces are both closed in (D(D;), <>¢g). Now let C; = {a € D(L;) :
Li(a) € D(Dj41)}. C; is closed in (D(D;), <>g) because it is the preimage
of a closed subspace under a continuous map. Finally let W; = C; N V.
Then it is clear that
C; = KeT’(LZ‘) e W;. (3.12)

Obviously if Ker(D;) = Ker(L;) then it enough to define P; := L;|¢,. So
we can suppose that Ker(D;) is properly contained in Ker(L;). Let m; be
the orthogonal projection of A; onto Ker(L;) and analogously let 7o be the
orthogonal projection of A; onto V;. We have the following properties:

(1) g is injective

(2) ran(me) CW;

(3) ran(mg) is closed.
The first property follows from the fact that Ker(my) = A; N Ker(L;). But
L; is an extension of D;; therefore if an element « lies in A; N Ker(L;)
then it lies also in Ker(D;) and so o = 0. For the second property, given
a € A;, we have Dij(a) = Li(a) = Li(mi () + m2(a)) = Li(ma(a)) and
therefore mo(ar) € W;. Finally, for the third property, consider a sequence
{Y¥m }men C A; such that m5(a,,) converges to v € W;. Then

i Djlam) = lim Lj(am) = lim Lj(ms(am)) = L; (7).
This implies that
lim Dj(am) = L;j(7v)

m—00
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and therefore the limit exists. So by the assumptions about the range of D;
it follows that there exists an element 1 € A; such that

Tim_ D (a) = Dy().
Moreover L;j(y) = Dj(n) = L;j(n) = Lj(m2(n)). This implies that L;(ma(n)—
v) = 0 and therefore ma(n) = v because ma(n),y € W; and L; is injective on
W;. In this way we showed that s is closed.
Now define N; as the orthogonal complement of ran(mz) in W;. Then for each
a € A; and for each 5 € N; we have < a, f >g=< m(a) + m(a), 5 >= 0.
This last property, joined with the fact that both A; and N; are closed,
implies that the vector space generated by A; and N; is closed and, if we
call it M;, then we have M; = A; ® N;. Again for each o € Ker(D;) and for
each 8 € M; we have < a, 8 >g= 0. This is because for each § € M; there
exist unique 51 € A;, P2 € N; such that 8 = 81 & B2. Now it is clear that
< a,B1 >g=0=< q, By >g because Ker(D;) C Ker(L;), N; C W;, W; and
Ker(L;) are orthogonal and Ker(D;) and A; are orthogonal. Therefore, also
in this case, if we call B; the vector space generated by Ker(D;) and M;
we have that B; = Ker(D;) ® M; = D(D;) @ N; and therefore B; is closed.
Finally define P; as

By the construction it is clear that for each a € B; then P;(«) € D(D;11) N
ran(L;) and that D(D;) C B;. Therefore this implies that the composition
P11 0 F; is defined on the whole B; and that P;y1 o P; = 0. Moreover, if we
look at P; as an unbounded operator from H; to H;11, then it clear that it
is densely defined and closed.

To conclude the proof we have to check that Ker(P;) = Ker(D;) and that
ran(P;) = ran(L;) N D(D;+1). Let a € Ker(P;). We can decompose « in a
unique way as aj + ag + a3 where ay € Ker(D;), as € A; and as € N;. The
assumption on « implies that ay + ag € Ker(P;). We can decompose ag in
a unique way as ag = 1 + 2 where 51 € ran(m;) and 5y € ran(m2). Again
from the assumption on « it follows that L;(f2 + a3) = 0. This implies that
B2 + a3 € W; N Ker(L;) and therefore from (3.12) we can conclude that
B2 + a3 = 0. But B2 + a3 € ran(m) & N;, P2 € ran(ms), as € N; and so
we got 0 = B2 = ag. Now we have ag = [ that is ag € A; N Ker(L;) =
Ker(my). By the injectivity of my it follows that oy = 0 and therefore
a =a; € Ker(Dj). So we got Ker(P;) C Ker(D;); the other inclusion is
trivial and therefore we have Ker(P;) = Ker(D;). Now we have to check
that ran(P;) = ran(L;)ND(D;y1). Clearly, as observed above, the inclusion
C follows immediately by the construction of P;. So we have to prove the
converse. Let v € W;. Then there exist and are unique v, € ran(ms) and
Y9 € N; such that v = v + v2. Now let § € A; be the unique element in
A; such that m(0) = 1. Finally consider 6 + 2. Then 6 + v € B; and
Pi(0 +v2) = Li(0 + v2) = Li(m1(0) + m2(0) + 72) = Li(n1 +72) = Li(7).

In this way we showed that ran(L;) N D(D;+1) = ran(F;).

Finally if (H;, D;) or equivalently (H;, L;) is Fredholm then H'(H,, D) is
finite dimensional for each i and therefore ran(Dj) is closed in Hj4 for each
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j. We have the following natural and surjective map
Ker(Djt1) Ker(Dj;41)
ran(D;) ran(P;)
This implies that also H'(H,, P,) is finite dimensional, that is (Hj, P;) is
a Fredholm complex, and now using theorem 3.5 it follows that Poincaré
duality holds for it. This complete the proof. O

Finally we conclude the section stating the following proposition which
assures, under some conditions, that an operator is self-adjoint.

PRrOPOSITION 3.11. Let T : H — H be a closed and densely defined
operator such that ran(T) C D(T) and T?(u) = 0 for each u € D(T). Then

T+T*:H—H
with domain given by D(T +T*) = {u:u € D(T)ND(T*)} is self-adjoint.
Proor. Clearly T+ T* is a symmetric operator. Therefore, to prove
the statement, we have to show that (7" + 7%)* is extended by T + T™*. Let
u € D((T + T*)*). This means that for each v € D(T + T*) we have that
v—=<T(v) +T*(v),u >
is bounded. Now, by the fact that T is closed and densely defined it follows

that H = Ker(T) @ ran(T*). Therefore D(T) = Ker(T) ® D(T) Nran(T*)
and this implies that

ran(T) = Tan(T‘D(T)mm).

Now consider again an element u € D((T' + T%)*) and let a € D(T). Then
<T(a),u >=<T(aq)+T(a2),u >=< T(az),u > where a = a1 ® g with
ay € Ker(T) and as € D(T) Nran(T*). But ag € D(T 4+ T*) and this
implies that for each o € D(T') the linear application

ar—<T(a),u >

is bounded.

By the properties of T' it follows that T™ is closed, densely defined and that
ran(T*) C Ker(T*). Therefore we can applying the same argumentations
to T™ getting that for each 8 € D(T™) the linear application

Br—<T"(B),u>
is bounded. This implies that v € D(T*) N D(T) and therefore the proposi-

tion is proved. O

2. Poincaré duality and Hodge theorem.

In this section we apply, to the pairs of complementary Hilbert complexes
arising in riemannian geometry, the results stated in the previous section.

THEOREM 3.12. Let (M, g) be an open and oriented riemannian man-
ifold of dimension m and let Ey, ..., E, be vector bundles over M endowed
with metrics h; i = 0,...,n. Suppose that we have a complex of differential
operator :

0= C®(M,Ep) B oM, B) B .5 oM, E,) 0, (3.14)
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and let

P, ax,l

Pmaa. Pmaac n—
0 — L%*(M, Fy) " L*(M, Ey) . "L*(M,E,) — 0, (3.15)

and

Prni

0= L2(M, Eo) "™5° L2(M, By) Tt T [2(MU B 5 0, (3.16)

the two natural Hilbert complexes associated to (3.14) as described above.
Suppose that for each i = 0,...,n there exists an isometry ¢; : (E;, h;) —
(En—i,hn—s); with a little abuse of notation let still ¢; denotes the induced
isometry from L*(M, E;) to L*(M, E,—;). Finally suppose that P._, jo¢; =
¢i(dir1 0 P;), where ¢; is a constant which depends only on 1.

If im(H, min(M, Ey) — i Flzmax(M E.)) is finite dimensional for each i
then

lm(H2,min(M) E*) — H2,maz(M’ E*))
is a finite sequence of finite dimensional vector spaces with Poincaré duality.

PRrROOF. From the hypothesis we know that for each ¢ = 0,...,n there
exists an isometry ¢; : (Ej, h;) — (En—i,hn—;) such that P._. ;o ¢, =
¢i(¢iv10P;), where ¢; is a constant which depends just by . This isometries
of vector bundles induces isometries from L*(M, E;) to L?*(M, E,,_;), that
with a little abuse of notation we still label ¢;, such that ¢;(D(Pin,i)) =
D(menn ;1) and Pmmn i—1 0 ®i = ¢i(diy1 0 Ppini). So we showed that
the complexes (L2(M, E.,), Prinx) C (L?(M, E,), Ppaz «) are a pair of com-
plementary Hilbert complexes. Now, applying theorem 3.5, we can get the
conclusion. (]

THEOREM 3.13. In the same hypothesis of the previous theorem, suppose
furthermore that for each i = 0,...,n ran(Ppin;) is closed in L*(M, E;11).
Then there exists a Hilbert complex (L*(M, E;), Pn.i) such that for each i =
0,...n

D(szn,z) C D(Pm,z) C D(Pmax,i)7

Pz 1s an extension of Py ; which is an extension of Ppn; and

Hé,m(M7 El) - Hn(H;,min(Mv E*) — H%,maa:(Mv E*))

where Him(M, E;) is the cohomology of the Hilbert complex (L?(M, E;), P;).
Finally if (L*(M, E;), Pmaz.,i) or equivalently (L*(M, E;), Pmin.i) s Fredholm
then (L?(M, E;), Pu;) is a Fredholm complex with Poincaré duality.

ProoF. It follows immediately from the previous theorem and from
theorem 3.10. O

As a particular and important case we have the following two theorems:

THEOREM 3.14. Let (M,g) be an open, oriented and incomplete rie-
mannian manifold of dimension m. Then the complexes

(LQQ* (Mv g)a dmaz,*) and (LQQ*(M’ g): dmm,*)
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are a pair of complementary Hilbert complexes.

In particular ifim(ﬁlzymm(M,g) — H;’max(M,g)) is finite dimensional for
each i then

lm(H2,min(M) g) — H2,maz(M’ g))
is a finite sequence of finite dimensional vector spaces with Poincaré duality.

PROOF. Let * : A’(M) — A"_i(M) the Hodge star operator. Then x
induces a map between QL(M) and Q7 ~*(M) such that for n,w € QL(M) we
have:

< KN, kW > p2(0g)= /M<*n,>|<w > dvolM:/M*n/\**w:/Mw/\*n:

W > L2(M )T W > 12(M,g)

that is * is an isometry between (M) and Q7 ~*(M). This implies that x
extends to an isometry between L?Q¢(M, g) and L2Q"¢(M,g). Now it is
an immediate consequence of definition 1.7 and definition 1.8 that

*dmin,i = i5min,n—i—1 * and that * dmaa:,i = i57’er;1¢,71—2'—1>’<

and the sign depends only on the parity of the degree i. So we can apply
theorem 3.5 and the assertion follows. U

REMARK 3.2. The previous theorem shows that pair of complementary
Hilbert complexes appear naturally in riemannian geometry. In fact the
Hodge star operator provides naturally a family of link maps and so we do
not need to assume their existence.

THEOREM 3.15. Let (M, g) be an open, oriented and incomplete rie-
mannian manifold of dimensionn. Suppose that for eachi =0, ...,n ran(dmin.;)
is closed in L*QTY (M, g). Then there exists a Hilbert complex:

(L2Q’L(M7 g))v dm,i)
such that for each i =0,...n
D(dmin,i) C D(dm,z) C D(dmaaz,i)7

Amaz,i 15 an extension of dw; which is an extension of dpmin; and

H%,m(th) = im(Hg,min(Mv g) — Hé,max(Mv g))

where Him(M, g) is the cohomology of the Hilbert complex (L*Q* (M, g), dm ;)-
Finally, if (L?QY(M, g), dmazi) or equivalently (L?Q (M, g), dmini) is Fred-
holm, then (L?Q%(M, g),dw;) is a Fredholm complex with Poincaré duality.

PROOF. Also in this case it follows immediately from the previous the-
orem and from theorem 3.10. (]

We have the following corollary which is a Hodge theorem for the L?
cohomology groups im(HQmm(M, 9) BN Hémagc(lw7 9)):
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COROLLARY 3.16. In the same assumptions of theorem 3.15; Let A; :
QLM) — QL(M) be the Laplacian acting on the space of smooth com-
pactly supported forms. Then there exists a self-adjoint extension Agy; :
L*QM, g) — L*QY(M, g) with closed range such that

Ker(Amy) & im(Hy i (M, 9) — H (M, 9)).

Moreover, if (L*Q(M, g), dmax.i) or equivalently (L*QH(M, ), dmin ;) is Fred-
holm, then Aw; is a Fredholm operator on its domain endowed with the graph
norm.

ProoF. Consider the Hilbert complex (L*Q(M, g), dw ;). For each i =
0,...,n define

Api = dy ;0 dmi + dmi—10dy ;4 (3.17)
with domain given by

D(Any) = (3.18)

{w € D(dm;i) ND(d ;1) dmi(w) € D(dy;) and dy ;1 (w) € D(dm,i-1)}-

In other words, for each i = 0,...,n, An; is the 7 — th Laplacian associated
to the Hilbert complex (L2Q (M, g),dw ;). So, as recalled in the first sec-
tion, it follows that (3.17) is a self-adjoint operator. Moreover, by the fact
that din,; has closed range for each i = 0,...,n it follows that also d,nin
has closed range for each ¢. Finally this implies that also dyqz has closed
range because dimaz,i = Opyip ;- LThis means that for the Hilbert complex

(L*QY(M, g),dm,;) the L? cohomology and the reduced L? cohomology are

exactly the same. The reason is that ran(dw,i) = ran(dmaz,i) N Ker(dmin,i+1)
= ran(dmaz,i) VK er(dmin,i+1) because they are both closed in L2QH (M, g)
and clearly ran(dmazi) N Ker(dmini+1) = ran(dy;). So we can apply
(1.5) to get the first conclusion. Moreover by the fact that ran(An;) =
ran(dmi—1) ®ran(dm;) it follows that Ay ; is an operator with closed range.
Finally, using the fact that (L?Q%(M, g),dm ;) is Fredholm, we get that Ay ;
is self-adjoint, with finite dimensional nullspace and with closed range and
therefore it is a Fredholm operator on its domain endowed with the graph
norm. O

REMARK 3.3. We remark that from the previous proof it follows that,
under the assumptions of theorem 3.15, the operator dy ; has closed range
for each i and therefore for the Hilbert complex (L2Q'(M, g),dm,;) the L?
cohomology coincides with the reduced L? cohomology.

From now on we will focus our attention exclusively on the vector spaces

i e
im(Hy 0 (M, 9) = Hj pae(M, g)) because, using these, we will get some
geometric and topological applications concerning the manifold M.
Anyway it will be clear that all the following corollaries of the remaining

Zr,i

part of this subsection apply also for the vector spaces Hn(FZQmW(M JE) —
F;vmw(M, E,)) under the hypothesis of theorem 3.12.
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Now, to get a lighter notation, we label the vector spaces

lm(ﬁ’;,mzn(MMQ) — HZQ,ma:c(M7 g)) = HZQ,m—>M(M7g) and Hé,m—)M(Mvg)

in the non reduced case. Moreover, when it makes sense, we define

Xomont (M, g) 1= (=1)'dim(Hy ,,, 71 (M, g)) (3.19)
i=0
and in the non reduced case :
Xomont (M, g) :=> (=1)'dim(H} ,, 7/ (M,g)) (3.20)
i=0

We have the following propositions:

PROPOSITION 3.17. In the hypothesis of theorem 3.14, if m is odd then

Xo,m—m (M, g) = 0. (3.21)

If m is even then

_ — L

Xomom (M, g) = 2dim(Hy o pp) + dim(H3 0 (M, g) (3.22)
when % is still even while if %5 is odd then

_ . ==0 L=

XQ,WHM(M,Q) = 2Cl”’L(lL]2,7n—>M) - dlm(H22,m—>M(Ma 9)- (3.23)
Finally if the complex (L*Q(M,g), dmazi) is Fredholm, or equivalently if
(L2QU(M, g), dmin;) is Fredholm, then we have: if m is odd

x2,m—m (M, g) = 0. (3.24)

If m is even then

X2.m—m (M, g) = 2dim(H3 ,,_,np) + dim(Hy,, (M, g) (3.25)

when % is still even while if %5 is odd then

m

X2m-snr (M, g) = 2dim(Hy y,_0p) — dim(Hy,, (M, g). (3.26)

PROOF. The equalities (3.21), (3.22) and (3.23) are an immediate conse-
quence of theorem 3.14. Finally, if for example (L?Q¢(M, g), dmax.i) is Fred-

holm then H%,ma:v(Mvg) = ﬁ;,mam(M7g) = H;,:nzm = Hg,%lzn(Mvg) and so
also (L?Q%(M, g), dmin.i) is Fredholm. Obviously the same arguments show
that, if (L2QH(M, g), dmin;) is Fredholm, then also (L*QY (M, g), dmazi) is
Fredholm and therefore in (3.24), (3.25) and (3.26) follow immediately be-
cause the L? cohomology coincides with the reduced L? cohomology. (]

PROPOSITION 3.18. In the hypothesis of theorem 3.5. Suppose that one
of the two following properties is satisfied

(1) Oy :F;’mm(M,g) — F;max(M, g) is injective,
(2) iy, F;ymm(M,g) — ﬁ;’mm(M, g) 1s surjective.
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Then ' A
F;,mm(Mvg)v F;,mam(th) 1=0,..,n (3'27)

are both a finite sequences of finite dimensional vector spaces with Poincaré
duality. Finally, under the same hypothesis, if one of the two complexes
(L*QY(M, 9), dyag fmini) is Fredholm then the same conclusion holds for

H%,min(Mv g)v Hg,ma:p(Mv g) 1=0,..,n
Proor. If iy, : F;mm(]\/[, g) — Fgmax(M,g) is injective then

F;,min(Mv g) = FZQ,m%M(Ma g)'

This implies that each F;mm(M ,g) is finite dimensional and therefore, us-
ing theorem 3.14, we get Fgmm(M, g) = F;LZM(M, g). Finally by the fact
that the Hodge star operator induces an isomorphism between ﬁ;mm(M . 9)

and Fg;zax(M ,g) it follows that F;max(M ,g) is a finite sequences of fi-
nite dimensional vector spaces with Poincaré duality. In the same way

if iy, H, min(M,g9) — o, maz(M, g) is surjective then o, maz (M, g) =
Flm _m(M,g). Now the same arguments used in the injective case shows

that F;max(M ,g) is a finite sequence of finite dimensional spaces with
Poincaré duality. Finally, using again the isomorphism induced by the

Hodge star operator between F;mm(M ,g) and F;:,Zax(M ,g) we get the
same conclusions for Fémm(M ,q)- O

Finally we conclude the section with the following proposition; before
stating it we give some definitions: let

dw + diy - @ L' (M, g) — @D L*Q'(M, g) (3.28)
i=0 i=0
the operator defined as dw +dy|120i(a1,9) = dm,i+dy, ;1 Where dp ; is defined
in theorem 3.15 and the domain of (3.28) is

D(dm + d%) @D i + diyi_1)

and D(dm,; + dyy ;1) = D(dm, )ﬂD(dt’;” 1)-

PROPOSITION 3.19. Let (M, g) be an open oriented and incomplete rie-
mannian manifold of dimensionn. Suppose that for eachi =0, ...,n ran(dmin,:)
is closed in L2QTY(M, g) and that (L2QY(M, g), dw ;) is a Fredholm complex.
Then the operator (dm + df)ey defined as

dw + diy - @ L2907 (M, g) — @ L2Q* (M, g)
i=0 1=0

with domain given by

D((dw,i + dyyi—1)ev) = D(dm + dyy) NP L2Q* (M, g)
=0
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1s a Fredholm operator on its domain endowed with the graph norm and its
index satisfies

ind((dw + diy)en) = Xonsns (M, 9) (3.20)

PROOF. By the fact that (L2QY(M, g),dm,) is a Fredholm complex it
follows that dy + dr, is a Fredholm operator on its domain endowed with
graph norm. Now if we define (dw + di)oqq analogously to (dwm + df)ev,
then it is clear that D(dw + df) = D((dm + di)ev) ® D((dm + d3iy)odd), that
Ker(dw+d}) = Ker((dnw+diy)ev) ®Ker((dm+df ) odq) and that ran(dy+d3,)
= ran((dm + d)ev) ®ran((dm + df)oaq). This implies immediately that also
(dm + d})ev is a Fredholm operator on its domain endowed with the graph
norm. Finally (3.29) is an easy consequence of the Hodge theorem stated in
corollary 3.16. U

3. Some geometric applications

The aim of this section is show some geometric application of the groups

ﬁ;mﬁM(M, g) and H§7m%M(M, g). In particular we will show that, us-
ing them, we can deduce the presence of a topological obstruction to the
existence of a riemannian metric (complete ore incomplete) with finite L?
cohomology.
Consider again the complex (27 (M), d,). We will call a closed extension
of (Q%(M),d,) any Hilbert complex (L*Q(M, g), D;) where

D; : L*QY (M, g) — L*Q" (M, g)
is a densely defined, closed operator which extends d; : QL(M, g) — QFH(M, g)
and such that the action of D; on D(D;), its domain, coincides with the

action of d; on D; in a distributional way. Obviously for every closed ex-
tension of (Q(M),d,) we have (L*Q*(M, g), dmin ) C (L*Q*(M,g), D;) C
(L2Q*(M, g), dmaz,«)- We will label with ﬁ;p* (M, g), Hg’D*(M,g) respec-
tively the reduced cohomology and the cohomology groups of (L2Q(M, g), D;)
and with H}, (M, g) its Hodge cohomology groups.

Moreover if (L2Q*(M, g), D}) is another closed extension of (€2(M), d) such

that (L?Q*(M, g), D;) C (L*Q*(M, g), D)) we will label with

H%,D—>D'<M79)7 F;,D—m/(Mag)
respectively the image of the cohomology groups, reduced cohomology groups,
of the complex (L2Q*(M,g), D;) into the cohomology groups, reduced co-
homology groups, of the complex (L?Q*(M, g), D!) induced by the natural
inclusion of complexes.
Before we proceed we need the following propositions.

PROPOSITION 3.20. Let (M,g) be an incomplete and oriented riemannian
manifold of dimension m. For each i = 0,...,m consider D(dmaqz,i). Let
w € D(dmaz,i). Then there exists a sequence of smooth forms {w;}jen C
QM) N L2QHM, g) such that :

(1) diwj S LZQiJrl(M, g).
(2) w; — w in L2QY(M, g).
(3) diwj = dmaz,iw in L2Q (M, g).
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PROOF. See [23] pag 93. O

The next proposition is a variation of a result of de Rham, see [29]
theorem 24.

PROPOSITION 3.21. Let (M,g) be an incomplete and oriented riemannian
manifold of dimension m. For each i = 0,...,m consider D(dmaqz,i). Let

w € ran(dmaz,i) such that w is smooth. Then there exist n € QM) such
that din = w.

PROOF. By Poincaré duality between de Rham cohomology and com-
pactly supported de Rham cohomology on an open and oriented manifold
we know that it sufficient to show that

for each closed and compactly supported n — i—form ¢ to get that w is an
exact i—form in the smooth de Rham complex. Now, by proposition 3.20,
we know that there exists a sequence of smooth i—forms {w;};cn such that
diw;j — w in L?QY(M, g). Then:

/ wWAP = (lim dijw;j)A¢ = lim diwjAN¢p = £ lim diwj N\ (xx@) =
M M

M J—roo Jj—00 j—oo Jpr

- j:jh—>nolo < diwj, *¢ >p2(0,9)= j:jli)rgo < wj, 6i-1(x¢) >r2(a,9)= 0.

So the proposition is proved. O

PROPOSITION 3.22. Let (L?*Q(M, g), D;) be any closed extension of
(Q7(M),ds) where (M,g) is an incomplete oriented riemannian manifold.
Then every cohomology class in F;D* (M, g) has a smooth representative.
The same conclusion holds for every cohomology class in Hé"D*(M, g).

PrOOF. By (1.5) we know that every cohomology class in FQD*(M, 9)
has a representative in ’HZD(M ,g). Now, by elliptic regularity (see for ex-

ample de Rham book [29]), it follows that every element in H}, (M, g) is
smooth. Now if we look at proposition 1.6, elliptic regularity tells us again
that every element in D*°(L2Q(M,g)) is smooth. Therefore form this it
follows immediately the statement for H; p.(M,g). O

From the above propositions 3.21 and 3.22 it follows that that there
exists a well defined map from FZQ’D* (M, g), respectively from Hé’D* (M, g),
to the ordinary de Rham cohomology of M which assigns to each cohomology
class [w] € F;D*(M, g), respectively [w] € Hé,D* (M, g), the cohomology
class in H (M) given by the smooth representatives of [w]. By proposition
3.21 this cohomology class in H (M) does not depend from the choice of
the smooth representative of [w] and therefore this map is well defined.

We will label these maps:

Spi: Hg}D* (M, g) — Hip(M) in the non reduced case (3.30)

and
SyDi ﬁ;D*(M, g) — Hin(M) in the reduced case (3.31)
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In particular for the maximal and minimal extension we will label these
maps:

Sh Hﬁ"maI(M, g) — Hip(M) in the non reduced case (3.32)
and
Sy ﬁ;,max(M,g) — Hip(M) in the reduced case (3.33)

and analogously for the minimal extension

S - Hémm(M7 g) — Hix(M) in the non reduced case (3.34)
and
Symii - F;mm(M, g) — Hip(M) in the reduced case (3.35)

Now we are ready to state the following proposition:

PROPOSITION 3.23. Let (M, g) be an open, oriented and incomplete rie-
mannian manifold. Let (L?Q' (M, g), Dq ), (L*Q(M, g), Dy..) be two closed
extension of (5(M),d,) such that

(L2Q* (M, g), dyninss) € (L*Q°(M, ), Do) € (L*Q*(M, g), Dy) € (3.36)

C (L*Q*(M, 9), dmaz,«)-

Then the two following diagrams commute:

H{ (M) Hp(M) H{(M) Hp(M)

* *
i TSM,'L \L TST,]\/I,i

Hé,min(M>g) - Hé,ma:c(M7g) ﬁ;,min(Ma g) Hm,max(th)

| | | T

Hé‘,Da,* (M7 g) - H§7DB,* (M7 g) F;,Da,* (M? g) - Hé,DB,* (M7 g)

(3.37)
where all the above arrows without label are the natural maps between co-
homology, respectively reduced cohomology groups, induced by the natural
inclusion of the relative complexes.

PROOF. It is clear that both the two following diagrams commute:
H{(M) H{(M)

R

2,min(M>g) - H%,mam(th) F;,min(Ma g) Hm,max(th)

| T | T

Hé,Da,* (M7 ‘g) - HﬁyDB,* (M7 g) F;Da,* (M’ g) - H;,DB,* (M7 g)
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So, to complete the proof, we have to show that the two following diagrams
are both commutative:

H{ (M) H{ (M)

. M,i ; i Sr,M,i ;
Hé,maa:(M7g) H(;R(M> F;,maw(Mvg) HH&R(M)

To prove this it is enough to show that given a cohomology class [w] €
HY a0 (M, g), respectively [w] € Famw (M, g), such that w is closed, smooth
and with compact support, if [w] = 0 in H;ymax(M,g) or in Fé’mw(M, g)
then also sj;;(w) = 0, respectively sy, (w) = 0, that is the cohomology
class of w in Hj,(M) is null. This last statement follows immediately from
proposition 3.21. (]

Using the previous proposition we get the following corollary in which
the first statement extends a result of Anderson, see [2], to the case of an
incomplete riemannian metric both for the reduced and the unreduced L?
cohomology groups.

COROLLARY 3.24. Let (M,g) be as in the previous proposition. Then,
for each j =0, ...,dimM, there are injective maps:

im(HZ (M) = Hyp(M)) — Hy (M. 9) — H p, ,p, (M. g) (3.38)
im(HJ(M) — Hjp(M)) — H} (M, g) — Hy , 5, (M,g) (3.39)
Moreover if H:(M) — H'p(M) is injective then

are injective and therefore for each closed extension (L*Q*(M,g), Ds) also
the following maps are injective:

HE(M) — Hj (M, g), Hi(M) — H, p(M, g) (3.41)
PRrROOF. It is an immediate consequence of the previous proposition. [

Now we give other three corollaries of proposition 3.23. In particular
the third corollary shows that it could exist a topological obstruction to
the existence of a riemannian metric on g with certain analytic properties.

COROLLARY 3.25. Let M be an open manifold such that for some j

im(HL (M) kN HchR(M)) is non trivial. Then for every riemmannian met-
ric g on M and for every pair of closed extensions (L*Q*(M,g), Dgx),
(L2Q* (M, g), Dy.) such that (L*Q*(M,g), Das) C (L*Q*(M,g), Dp.) we

have that for the same j both vector spaces

H%,Da—>Db (M, g), ﬁé,Daan (M, g)

are non trivial. In particular this implies that for the same j the following
four vector spaces are non trivial:

H%,DQ(M79)’ H%,Db(Mvg)v ﬁJQ,Da<M7g)7 F;,Db(Mvg)'
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COROLLARY 3.26. Let (M, g) be an open, oriented and incomplete rie-
mannian manifold. Suppose that there exists a pair of closed extension
(L*Q* (M, g), Do), (L*Q*(M, g), Dy ) of (Q25(M), dy) such that are both weak
Fredholm and (L*Q*(M, g), Dy «) C (L*Q*(M, g), Dy ).

Then, im(H2 (M) I, HgR(M)) is finite dimensional and we have

*

dim(im(HI(M) 25 Hip(M))) < dimH} p, (M.g)  (3.42)
dim(im(HI (M) 25 Hi (M) < dimTT) p, (M, g) (3.43)

In particular if one of the two complexes (LZQ*(M,g),dmax/mm*) is
weak Fredholm then also the other one is weak Fredholm and for each j =
0,...,m we have:

dim(im(H (M) =5 H3p(M))) < dimHy pee(M,g)  (3.44)

dim(im(HI (M) 2 HI (M) < dimT 50 (M, g). (3.45)

2,min

Finally if one of the two complexes (L?>Q*(M, 9)s dmaz /min,) s Fredholm
then for each j =0,...,m we have:

Sk

dim(im(HI (M) 2 H}p(M))) < dimHj,,,,(M,g)  (3.46)
dim(im(HI (M) ~% H),(M))) < dimH},,.. (M, g). (3.47)
PRrROOF. It is an immediate consequence of corollary 3.24. U

COROLLARY 3.27. Let M be an open, oriented and incomplete riemann-
ian manifold where m = dim(M). Suppose that there exists an j € {0, ...,m}

such that im(HZ (M) I, HgR(M)) is infinite dimensional. Then M does
not admit any riemannian metrics g (complete or incomplete) such that g
implies the existence of a closed extension (L*Q*(M, g), Ds) of (2(M),d)
with one of the following properties for the same j:
(1) H;’D*(M,g) or F;n;i (M, g) is finite dimensional.
(2) H) , (M,g) or Hy',) (M, g) is finite dimensional.
(3) DjoDj+ Dj_10D;_y onits domain (as defined in (1.3)) endowed
with the graph norm is a Fredholm operator.
Moreover M does not admit any riemannian metric g such that:
(1) Apaz,j, the mazimal closed extension of A; : QLM) — QL(M),
has finite dimensional nullspace. 4 4
(2) Apin,j, the minimal closed extension of Aj : QL(M) — QL(M),
satisfies dim(ran(Ampmin ;)T < 00.
ProoF. The first two points are immediate consequence of corollary 3.24

and theorem 3.14. The third point follows immediately by (1.4) and (1.5).
Finally, for the last two points , if Ker(Apqqe, ;) is finite dimensional then all

the other closed extensions of A; : QL(M) — Q%(M) have finite dimensional
nullspace. So we can apply the third point to get the conclusion. Finally if we
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consider Ay ; then we have A;‘nmj = Apaz,j- S0 if dim(ran(Amm,j)l) <
oo then Ker(Apqg,;) is finite dimensional. Now by the previous point we
can get the conclusion. O

4. L? and topological signature for an incomplete manifold.

The aim of this subsection is to show that if (M, g) is an open oriented

and incomplete riemannian manifold such that for ¢ = 2k F;m (M, g)
is finite dimensional, where 4k = dimM, then we can define over M an
L? signature and a topological signature. The first step is to show that
using the wedge product we can construct a well defined and non degener-

ate pairing between ﬁ;’m%M(M, g) and ﬁg;n:M(M, g) where n = dimM.
In fact any cohomology class [w] € F;m (M, g) is a cohomology class

in F;max(M ,g) which admits a representative in Ker(dmin;). So we can
define:

T (M, g) x Tart 0 (M, g) — R, (1] [w]) — /an (3.48)
where w € Ker(dmin,i) and n € Ker(dminn—i)

PROPOSITION 3.28. Let (M,q) be an open, oriented and incomplete rie-
mannian manifold of dimension n. Then (3.48) is a well defined and non

degenerate pairing and therefore when the vector spaces ﬁ;’m%M(M,g) 1=
0,...,n are finite dimensional it induces an isomorphism between

Hy i (M, g) and (Hy 0 (M, )"
PROOF. The first step is to show that (3.48) is well defined.
Let 1/, w’ other two forms such that [n] = [r/] in F;m%M(M, 9), [w] =[]
in Fg;j_}M(M,g) and that o’ € Ker(dmin,i), ' € Ker(dminn—i) . Then

there exist a € dyaz,i—1 N D(dmin,i) and B € dmazn—i—1 N D(dminn—i) such
that n = ' + @ and w = &’ + 3. Therefore

/Mn/\w = /M(n’+a)A(w’+B) = /Mn’/\w’+/Mn’A5+/MaAw’+/MaAB

Now
/ nAp= i/ <, %8 > dvolyr =< 1/, %8 >r2(M,g)=0
M M
because Ker(dmm,i)J- = ran(dmaz,;). In the same way:
/ alp= i/ < a, x> dvolyy =< a, *B >r2(n,9)= 0.
M M
Finally
/ aAw = i/ < a,*w > dvoly =< a, W' >r2m,9)=0
M M

because Ker((smmﬂ-,l)L = ran(dmax’i,l). So we can conclude that (3.48)
is well defined. Now fix [n] € F;m _ (M, g) and suppose that for each
w] € F;:nz _ (M, g) the pairing (3.48) vanishes. Then this means that
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for each w € Ker(dminn—i) we have an Aw = 0. We also know that
an ANw =< n,%w >r2p,) and that w(Ker(dminn—i)) = Ker(omini—1)
So by the fact that (Ker((Srm-m-_l))l = ran(dmaqz,i—1) we obtain that
[7] = 0. In the same way if [w] € FQ;’ _m(M,g) is such that for each
n] € F; m—sm (M, g) the pairing (3.48) vanishes then we know that for each
n e Ke'f"(dmaz,i) we have an Aw = 0. But we know that an ANw =<
n,*%W >r2(p1g)- S0 by the fact that *(ran(dmazn—i—1) = 701 (0mag,i) and
that (Ker(dmin.i))™ = ran(dmaz,i) We obtain that [w] = 0.
So we can conclude that the pairing (3.48) is well defined and non degen-

erate and therefore when the vector spaces F;m_)M(M,g) t=0,...,n are
finite dimensional it induces an isomorphism between Fém (M, g) and

REMARK 3.4. We can look at this proposition as an alternative state-
ment (and proof) of theorem 3.14.

We have the following immediate corollary:

COROLLARY 3.29. Let (M, g) be an open, oriented and incomplete rie-

mannian manifold of dimension 4n. Then on ﬁ;?THM(M,g) the pairing
(3.48) is a symmetric bilinear form.

We can now state the following definition:

DEFINITION 3.30. Let (M, g) be an open and oriented riemannian man-
ifold of dimension 4n such that, for i = 2n, Fg’jn _m (M, g) is finite dimen-
sional. Then we define the L? signature of (M,vg) and we label it o9(M, g)
as the signature of the pairing (3.48) on Fgﬁn_}M(M, 9).

Consider now the sequence of vector spaces im(H:(M) — H'p(M)).
A cohomology class in im(H.(M) — H!p(M)) is a cohomology class in
H!p(M) which admits as representative a smooth and closed form with
compact support. So in a similar way to the previous case we can define:

im(H (M) — Hijp(M)) x im(H!"(M) — Hj5"(M)) — R, (3.49)

([n],[w])H/MnAw

where w is a i—form closed with compact support and in the same way 7
is a closed n — i—form with compact support. Now by Poincaré duality for
open and oriented manifolds it follows easily that this pairing is well defined
and non degenerate. So we can conclude that, if for each i = 0, ..., dimM
im(H:(M) — H}n(M)) is finite dimesional, then 3.49 induces an isomor-
phism between im(H.(M) — Hip(M)) and im(HP (M) — Hjp'(M))*.
Moreover it is clear that when dimM = 4n then, for i = 2n, (3.49) is a
symmetric bilinear form. This implies that when dimM = 4n it is possible
to define a signature on M, which is topological by de Rham isomorphism
theorem, taking the signature of the pairing (3.49) for ¢ = 2n. This leads us
to state the next proposition:
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PROPOSITION 3.31. Let (M,g) be an open, oriented and incomplete
riemannian manifold of dimension 4n. If (M,g) admits the L* signature
o9(M,g) of definition 3.30 then it admits also a topological signature de-
fined as the signature of the pairing (3.49) on im(H2"(M) — H3%(M)).

PRrROOF. If M admits the signature oo(M, g) then, by definition 3.30,
we know that F?:n _,m(M, g) is finite dimensional. Now, by corollary 3.24,

we know that also im(H?2"(M) — H?"(M)) is finite dimensional and so the
pairing 3.49 admits a signature. U

Moreover in the next section we will see that, on a class of open, incom-
plete and oriented riemannian manifold, the L? signature of definition 3.30
has a topological meaning.

5. Application to stratified pseudomanifolds

The aim of this section is to exhibit some applications of the previous
results to stratified pseudomanifolds and intersection cohomology.

PROPOSITION 3.32. Let X be a compact and oriented smoothly stratified
pseudomanifold of dimension n with a Thom-Mather stratification X. Let g
be a quasi edge metric with weights on reg(X). Then

Hg,m%M(Teg(X)ag)a 1=0,...,n

1 a finite sequence of finite dimensional vector spaces with Poincaré dual-
ity. Moreover proposition 3.17 and proposition 3.18 apply to this kind of
riemannian manifolds.

PrROOF. By theorem 2.12 we know that both cohomology groups
Hé,max (Teg<X)7 g) and H%,min(reg(X)v g)

are finite dimensional. This implies that in the following sequence

H%,m—)M(Teg(X)?g)v = Oa -y 1

each vector space is finite dimensional. In this way we are in position to
apply theorem 3.14, proposition 3.17, proposition 3.18 and therefore the
thesis follows. O

Now consider two general perversities p, q such that ¢ < p. Then the
complex associated to g is a subcomplex of that associated to p and therefore
the inclusion ¢ induces a maps between the intersection cohomology groups
I"H(X,Ro) and IPH!(X,Ro) that we call *. In analogy to the previous
section we define for each j =0,...,n

I9°PHI(X, Ro) = im(IH? (X, Ro) 2 IPHI (X, Ry)) (3.50)
and
I7PX(X,Ro) := Y _(=1)’dim(I97P H' (X, Ry)) (3.51)
=0

Now we are ready to state the following proposition:
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PROPOSITION 3.33. Let X be a compact and oriented smoothly stratified
pseudomanifold of dimension n with a Thom-Mather stratification X. Let

p: {Singular Strata of X} — N
a general perversity such that
p(Y)=-1
for each stratum Y of X with cod(Y') = 1. Suppose that, if we call q its
dual, then we have
pP=q
Then
I""PHI(X,Rg), j=0,....,n

is a finite sequence of finite dimensional vector spaces with Poincaré duality.
Analogously if

p(Y) =0
1

for each stratum Y of X with cod(Y) =1 and

P=q
where q denote again the dual perversity of p, then
IP79HI (X, Ry), j=0,...,n

s again a finite sequence of finite dimensional vector spaces with Poincaré
duality.

PRrROOF. We know that p < ¢. This means that for each singular stratum
of codimension ¢ we have p < i — 2 — p that is p < % But p takes values
in N and therefore p < % if and only if p < [%] that is p < m . This
implies that p satisfies the assumptions of theorem 2.13 that is there exist
a quasi edge metric g on reg(X) such that p; = p. In this way we can use
proposition 3.32 to get the conclusion.

In the same way if p > ¢ then we get p > m . So we can use again theorem
2.13 and proposition 3.32 to get the assertion. O

We have the following four immediate corollaries:
COROLLARY 3.34. In the hypothesis of proposition 3.33, if n is odd then
IT7Px(X,Ro) =0 (3.52)
If n is even then
I97Px (X, Ro) = 2dim(I97PH* (X, Ro)) + dim(I77PH3 (X, Rg)) (3.53)
when % is still even while if 5 is odd then
TPy (X, Ro) = 2dim(I7"PHO(X, Ry)) — dim(I97PH?2 (X, Ro)) (3.54)

COROLLARY 3.35. In the same hypothesis of proposition 3.33 suppose
that one of the two following properties is satisfied
(1) % : I"HI (X, Ro) — IPH! (X, Ro) is injective,
(2) 45 : I9H)(X,Ro) — IPHI (X, Ro) is surjective.
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Then
I"HY(X,Ry), IPH/(X,Ro) j =0,...,n (3.55)

are a finite sequences of finite dimensional vector spaces with Poincaré du-
ality.

COROLLARY 3.36. In the hypothesis of proposition 3.33 we have the fol-
lowing inequalities:

dim(im(H (reg(X)) = HI.(reg(X)))) < dimIPHI(X,Ro)  (3.56)

dim(im(Hi (reg(X)) —— Hi(reg(X)))) < dimI?H? (X, Ro).  (3.57)

Moreover if on reg(X) we have that im(H? (reg(X)) I, Hip(reg(X))) is
not trivial for some j then on X IPHI(X,Ro) and I"H7(X,Ro) are always
non trivial for each general perversity p such that p < m orp > m. Finally,
if on reg(X) we have that H:(reg(X)) — H'p(reg(X)) is injective, then we

can improve the inequalities (3.56) and (3.57) in the following way:
dim(H’ (reg(X))) < dimI? H? (X, Ro) (3.58)
dim(H (reg(X))) < dimI?H? (X, Ro) (3.59)
bn—j(reg(X)) < dimI?H" ™ (X, Ry) (3.60)
bn—j(reg(X)) < dimI1H" (X, Ro) (3.61)

ProOOF. All the previous inequalities from (3.56) to (3.59) are imme-
diate consequences of the previous results. For the last two inequalities
we observe that by Poincaré duality, we know that dim(HZ(reg(X))) =
dim(Hg};j(reg(X))) = by—j(reg(X)). Moreover, from theorem 3.14, we
know that

HY . (reg(X),g) = Hy ) (reg(X), g).

Therefore using corollary 3.24 we get
bu—j(reg(X)) < dim(Hy,J\/(reg(X), ) < dim(Hy,J,,(reg(X), g)) =

= dim(I"H" (X, Ro)),

bnj(reg(X)) < dim(Hy, 7\, (reg(X), g)) < dim(H, 7 (reg(X), g)) =
= dim(IPH" (X, Ro))

and so the statement follows. O

Gluing together some of the previous results, now we can state the
main result of this section. The first part is a Hodge theorem for
im(I% H'(X,Rg) — IP9H'(X,Ry)), that is we will show the existence of a
self-adjoint extension of A; : Q%(reg(X)) — Qi(reg(X)) having the nullspace
isomorphic to im(1% H* (X, Rq) — IP9 H'(X,Rp)). In the second part we will
show that (d 4 d)ey, that is the Gauss-Bonnet operator having as domain
the space of the smooth forms of even degree with compact support, admits
a Fredholm extension such that its index has a topological meaning.
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THEOREM 3.37. In the same hypothesis or theorem 2.12; Let An; and
(dwm + d})ew be the operators, as defined respectively in corollary 3.16 and
proposition 3.19, associated to the riemannian manifold (reg(X),g). Then
we have the following results:

Ker(Aw;) = im(I% H (X, Ro) — IP*H (X, Ro)) (3.62)
ind((dm + dy)ev) = IP7 799 x (X, Ro). (3.63)

PROOF. (3.62) follows by theorem 2.12 and corollary 3.16; analogously
(3.63) follows from theorem 2.12 and from proposition 3.19. O

Now suppose that dimX = 4n where X is as in proposition 3.33. Let g
be a quasi edge metric with weights on reg(X). Then, by theorem 2.12, it
follows that (L?Q'(Reg(X),9), dmax /min,i) are Fredholm complexes and so
(Reg(X), g) admits the L? signature oa(reg(X),g) as defined in definition
3.30. Moreover, using again theorem 2.12, it follows that in this case the
L? signature o3(reg(X),g) is just the analytic version of the perverse
signature introduced by Hunsicker in [44] in the case of depth(X) = 1 and
reintroduced in a purely topological way and generalized to any compact
topological pseudomanifolds by Friedman and Hunsicker in [34]. In other
words, if p, is the general perversity of definition 1.34 and ¢, it is its dual,
then

02(Teg(X)7g) = Oqy—pyg (X) (364)
and we provided an analytic way to construct oy, ., (X) when X is a
smoothly stratified pseudomanifold with a Thom-Mather stratification wich
generalize the construction given by Hunsicker in [44] in the particular case
of depth(X) = 1. (For the definition of o4, p,(X) see [34] pag. 15).
We have the following corollaries:

COROLLARY 3.38. Let X be as in theorem 2.12 and let g and h two quasi
edge metrics with weights on reg(X). If pg = pp, then

o2(reg(X), g) = oa(reg(X), h).

Proor. It follows immediately from theorem 2.12. O

COROLLARY 3.39. Let X and X' be as in theorem 2.12. Let g and h two
a quasi edge metric with weights respectively on reg(X) and reg(X'). Let
f: X — X' be a stratum preserving homotopy equivalence which preserves
also the orientations of X and X', see [47] pag 62 for the definition. Suppose
that both py and py, depend only on the codimension of the strata and that
pg = pn- Then

oa(reg(X), g) = oa(reg(X'), h).

PROOF. Asremarked above, by theorem 2.12, it follows that o2(reg(X), g)
is the perverse signature of Friedman and Hunsicker associated to the gen-
eral perversities py and ¢ — p,. Analogously oa(reg(X’), h) is the perverse
signature of Friedman and Hunsicker associated to the general perversities
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pn and t— pp. So the statement follows by the invariance of the perverse sig-
nature under the action of stratum preserving homotopy equivalences which
preserve also the orientations. O

6. Manifolds without finite L? cohomology groups

In this section we exhibit some example of manifolds which satisfy the
assumptions of corollary 3.27 and that therefore they do not admit any rie-
mannian metric with finite L2 cohomology groups (reduced ore not.) Finally
in the last part we show some other applications to stratified pseudomani-
folds. We start with the following definition:

DEFINITION 3.40. Let M be a smooth manifold and let A C M.

(1) We will say that A is bounded if its closure, A, is compact.

(2) We will say that M has only one end if for each compact subset
K C M M — K has only one unbounded connected component.

(3) We will say that M has k ends (where k > 2) if there is a compact
set Ko C M such that for every compact set K C M containing
Ky, M — K has exactly k unbounded connected components.

The following proposition is a modified version of lemma 2.3 in [22]:

PROPOSITION 3.41. Let M be a manifold with only one end. Then the
natural map
H; (M) — Hgp(M)
18 injective.
PROOF. Let a € QL(M) closed and let f : M — R be a smooth function
such that df = «a. This implies the existance of a costant ¢ such that

Jlar=supp(a) = ¢- Therefore, by the fact that M has only one end, it follows
that f — ¢ has compact support. O

Now using Poincaré duality for open and oriented manifolds we know
that the de Rham cohomology with compact support is infinite dimensional
if and only if the de Rham cohomology is infinite dimensional. From this it
follows that if M is a smooth and oriented manifold with only one end and
such that H},(M) is infinite dimensional then also im(H:(M) — H'p(M))
is infinite dimensional. So we can state the following proposition:

PROPOSITION 3.42. Let M be an open and oriented surface with infi-
nite genus and with only one end. Then im(H{(M) — H'n(M)) is infinite
dimensional and therefore M does not admit a riemannian metric g (com-
plete or incomplete) such that g implies one of the properties listed in the
corollary 3.27.

The rest of this subsection is devoted to show another example of an open
manifold which satisfies corollary 3.27 but that it is not contemplate in the
previous proposition. To do this we state the following lemma which gives
another sufficient condition to have im(H’ — Hyr(M)) infinite dimensional
for some 1.

LEMMA 3.43. Let M be an open and oriented smooth manifold of di-
mension n. Let {A;}jcs a sequence of open subset such that
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(1) OA; is smooth for each j.
(2) limjoo dim(im(H}(A;) — Hjp(Aj))) = oo.
Then for the same i im(H.(M) — H'n(M)) is infinite dimensional.

PRrROOF. It is an immediate consequence of the next proposition. O

PROPOSITION 3.44. Let M be an open and oriented smooth manifold of
dimension n. Let A C M an open subset with smooth boundary. Then there
a natural injective maps

im(H " (A) = Hj'(A)) — (im(HA(M) — Hjp(M))*
Proor. Consider the following pairing:
im(HL(M) — Hip(M)) x im(H?(A) — Hj5"(A)) — R, (3.65)

([n],[w])H/Mn/\w

where w is a i—form closed with compact support in M and 7 is a closed
(n —i)—form with compact support in A. As observed at the end of subsec-
tion 2.3 this pairing makes sense because a cohomology class in im(HE(M) —
HQR(M)), orin im(H!(A) — H,(A)), is just a cohomology class in HY (M),
or in Hj;,(A), such that it admits a representative with compact support re-
spectively in M or A. Moreover from Poincaré duality for open and oriented
manifold it follows immediately that this pairing is well defined. Now let
[w] € im(H?%(A) — H};"(A)) such that for each class [] € im(H.(M) —
H!p(M)) the pairing (3.65) is zero. This implies that for each smooth and
closed ¢ forms ¢ with compact support in M we have

| onw=o.

In particular this is true for each smooth and closed ¢ forms ¢ with compact
support in A and therefore, using again the Poincaré duality for open and
oriented manifold, we get that there exists 8 € Q" ~*~1(A) such that df = w.
So we can conclude that [w] = 0 in im(H(A) — H’(A)) and this implies
the statement. O

Using the previous lemma we have the following corollary that was sug-
gested to the author by Pierre Albin:

COROLLARY 3.45. Let M be an open and oriented surface obtained gluing
an infinite but countable family of tori. Suppose that M has a finite number
of ends. Then im(H{(M) — H}p(M)) is infinite dimensional and therefore
M does not admit a riemannian metric g such that g implies one of the
properties listed in the corollary 3.27.

PrOOF. The idea is to show that this is a situation in which the previous
lemma applies. By the assumptions for each j € N big enough, we can find
an open subset A; with the following properties:

(1) M — A, is disconnected, made of k unbounded components, where
k is the number of ends of M.
(2) 0A; is smooth, and made of k compact connected components.
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(3) By the compactness of 0A; it follows that each of its connected
components is a compact smooth one dimensional manifold and
therefore it is diffeomorphic to S'. So we can glue to A;j k copies of
B, the unit ball in R? with boundary, to get a closed and oriented
surfaces XJ; of genus j.

Now, recalling that 2 —2j = x(Z;) = bo(2;) — b1(X;) + b2(X;) and using the
Mayer-Vietoris sequence, it is not hard to see that dim(H'(A;)) > 2j — k
where k is the number of ends of M and therefore it is fixed. By the
assumptions this implies that on M we can find a sequence of open subsets
A; such that

lim dim(Hjg(A;)) = cc. (3.66)

j‘)OO
Now recall the fact that, on a compact and oriented manifold with boundary
M, we have H'(M,0M) = H{(M) where M is the interior of M. So,
from the long exact sequence for the relative de Rham cohomology on a
compact manifold with boundary, it is easy to show that dim(H'(A;)) =
dim(im(H}(Aj) — Hjp(A;)))) + Aa, where Ay, € {0,...,k}. This means
that the correction term A4, could depends from A; but in any case it
lies in {0, ..., k} which is a bounded set being k fixed. Therefore, from this
equality and from (3.66), it follows that if we take a sequence of open subsets
{A;} such that each A; satisfies the properties listed above then

lim dim(im(H, (A7) = Hgp(A;))) = oo.
]—)OO

This implies that we can apply lemma 3.43 and therefore the statement
follows. (]

Finally, using the notions introduced in definition 3.40 and proposition
3.41, we conclude the section giving another application to the stratified
pseudomanifolds and intersection cohomology.

PROPOSITION 3.46. Let X be as in theorem 2.12. Suppose that X is
normal, that is for each p € sing(X) there exists an open neighbourhood U
such that U — (U N sing(X)) is connected. Then, if sing(X) is connected,
reg(X) is an open manifold with only one end.

PROOF. Let K C reg(X) a compact subset. If reg(X ) — K is connected
then we have nothing to show. Suppose therefore that it is disconnected
and let Ay, ..., A; the connected components. By the fact that X is normal
it follows that there exists an open neighbourhood sing(X) C V C X such
that V — sing(X) is connected. By the fact that K C reg(X) it follows
that V = UL_,(A;NV) and from this equality it follows that V — sing(X) =
UL, (4;N(V — sing(X)). Every subset A; N (V — sing(X)) is an open subset
of V —sing(X) and for each 7,5 € {1, ...,1} we have (4; N (V — sing(X))) N
(A; N (V — sing(X))) = 0. So the fact that V' — sing(X) is connected,
joined with the fact that V — sing(X) = U'_,(A; N (V — sing(X)), implies
that there exists just one index in {1,...,l}, which we label ~, such that
A, N (V —sing(X)) # 0. So we can conclude that

(1) V —sing(X) C A,.
(2) A, Using(X) is open in X.
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This implies that if we label & the closure in X of
l

(J 4)uk

i=1,iy
then we have

RC X — (A, Using(X)} (3.67)

and therefore R is a compact subset of X. But from (3.67) it follows that
R C reg(X) and therefore it is a compact subset of reg(X). This allow us
to conclude that for each i € {1,...,1}, i # v we have that A; is a compact
subset of reg(X) and so we got the statement. O

We have the following corollary:

COROLLARY 3.47. Let X be as in theorem 2.12 such that X is normal
and sing(X) is connected. Let p be a general perversity as in the statement
of theorem 2.13 and let q be its dual. Then we have the following inequalities:

(1) dim(H;(reg(X))) < IPbi(X, Ro), dim(H; (reg(X))) < I9b1(X, Ro)
(2) bnfl(reg(X)) < Ipbnfl(X, Ro), bnfl(reg(X)) < Iqbnfl(X, R(])
where IPbi(X,Ro) is the dimension of IPHY(X,Ro) and I9;(X,Ryo) is
the dimension of IT"H'(X,Ry). Finally if dimX = 2 and cod(sing(X)) =0
then
Iy (X) < x(reg(X)) (3.68)

where I (X) = 327 (—1)11™b;(X).

PROOF. From proposition 3.46 we know that reg(X) has only one end.
Therefore from proposition 3.40 it follows that the maps H} (M) — H}, (M)
is injective and so the thesis follows by corollary 3.36. Before to prove the
second part of the corollary we do the following observation: by the as-
sumption it follows that H]!(reg(X)) is finite dimensional; using Poincaré
duality for open and oriented manifolds this implies that b;(reg(X)) is fi-
nite dimensional for each i = 0,...,2 and therefore x(reg(X)) makes sense.
Now by the assumptions on X it follows that sing(X) = {p} and X is a
Witt space (For the definition of Witt space see for example [47] pag 75).
It is well known that, over a Witt space, the intersection cohomology as-
sociated to the lower middle perversity satisfies has the Poincaré duality,
that is we have I'"H*(X) = I™H?~%(X). Poincaré duality for open and ori-
ented manifolds implies that by (reg(X)) = dim(H2(reg(X))) = 0. So, using
the previous statements of this corollary, we have "y (X) = —1™b(X) <
—bi(reg(X)) <1 —"bi(reg(X)) = x(reg(X)). O

7. Some application to the Friedrichs extension

This last section is devote to show some properties of the Friedrichs
extension of A; : QL(M) — QL(M).
The main result is to show that if (M, g) is an open and oriented riemannian
manifold such that (L2Q*(M, g), dpae /min,«) are Fredholm complexes then,
for each i = 0, ..., dim M, the Friedrichs extension of A; : Q4(M) — Q%L(M) is
a Fredholm operator. In particular this applies when M is the regular part
of a compact and smoothly stratified pseudomanifold with a Thom-Mather
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stratification and ¢ is a quasi edge metric with weights on reg(X). We start
recalling the definition of the Friedrichs extension:

DEFINITION 3.48. Let H be an Hilbert space and B : H — H a densely
defined operator. Suppose that B is positive, that is for each u € D(B) we
have < Bu,u >> 0. The Friedrichs extension of B, usually labeled B, is
the operator defined in the following way:

D(B”) = {u € D(B*) : there exists {u,} C D(B) such that
< U — Uy, U — Uy >— 0 and
< Bty — Up), Up — U >— 0 for n,m — oo}; we put B (u) = B*(u).

PRroPOSITION 3.49. In the same assumptions of the previous definition
B7 is a positive self-adjoint extension of B.

PROOF. See [53] appendix C. O

LEMMA 3.50. Let Aj : H; — Hj, j = 1,2, be two positive and densely
defined operators. Then on Hy® Hs, with the natural Hilbert space structure
of a direct sum, we have

(A1 @ Ap)T = A @ AF.

Proor. It follows from the assumptions of the lemma that A; & A :
H{® Hy — H{ ® H> is densely defined and positive. Moreover it clear that
(A1 ® Ay)* = AT @ A5,

Now let (a,b) € D((A; @ A2)”). From definition 3.48 it follows that (a,b) €
D((A1 @ A2)*) and there exists a sequence {(an,b,)} C D(A; & Ay) such
that:

(an,bp) — (a,b) and < A® B((an,bn) = (am,bm)), (an, bn) — (@m, b)) >— 0.

Furthermore from the same definition we know that (A; @ As)” (a,b) =
(A1 & A2)*(a,b). But from these requirements it follows immediately that
a € D(A}), b € D(A%), {an} C D(A1), {bp} C D(A2), an — a, < A1(an —
apm,), Gp—amy >— 0 and analogously that b, — b and that < Ag(b,—by,), by, —
bm >— 0. So it follows that a € D(A]), b € D(AJ) and (A1 @ A2)” (a,b) =
Af (a) @ A (b). In this way we know that A] @ AJ is an extension of
(A1 @ A9)”. Moreover it is clear that also A{ @ AQI it is a self-adjoint
operator because it is a direct sum of two self-adjoint operators acting on H;
and Hj respectively. Finally, by the fact that both Af ® A and (A1 ® A2)”
are self-adjoint operators, it follows that A] @& A = (4; @ As)”. O

REMARK 3.5. It clear that the previous proposition generalizes to the
case of a finite sum, that is if we have A; : H; — H; j = 1,...,n such that
for each j Aj; is positive and densely defined then:

n n
(A1@..0A.)" P H - PH =Afo..04] D H— P H; (3.69)
J=1 J=1 j=1 j=1
LEMMA 3.51. Let E, F be two vector bundles over an open, incomplete

and oriented riemannian manifold (M,g). Let g and h be two metrics on
E and F respectively. Let d : C°(M,E) — CX(M, F) an unbounded an
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densely defined differential operator. Let d* : C°(M,F) — CX(M, E) its
formal adjoint. Then for dt od : L*(M, E) — L?*(M, E) we have:

(dt © d)]: = dmaz © dmin-
PROOF. See [17], lemma 3.1 pag. 447. O

From lemma 3.51 we get, as it is showed in [17] pag. 448, the following
useful corollary:

COROLLARY 3.52. Let (M, g) be an open, oriented and incomplete rie-
mannian manifold of dimension n. Consider the Laplacian acting on the
space of smooth forms with compact support:

A P oir) — P ai).
i=0 i=0
Then for
A P LM, g) — P L*Q(M, g)

i=0 i=0
we have

AT = (d + 5)max © (d + 6)mzn

Now we are in positions to state the following result:

THEOREM 3.53. Let (M,g) be an open, oriented and incomplete rie-
mannian manifold of dimension n. Then for each i = 0,...,n we have the
following properties:

(1) Ker(Aif) =H! (M, g) = Ker(Apmin,i), ran(A) = ran(Amaz.i)-
(2) If ﬁ;m_)M(M, g) is finite dimensional then Ker(A7) is finite di-
mensional.
(3) If (L?Q*(M, g),dmaz) is a Fredholm complez, or equivalently if
(L2Q*(M, g), dmin «) is a Fredholm complex, then for each i A} is
a Fredholm operator on its domain endowed with graph norm and
ran(AT) = ran(Amaz.i)-

PROOF. In the first point the equality H! . (M,g) = Ker(Amin,i) is
showed in [6] prop. 5. For the other equality, from lemma 3.50 and corollary
3.52, we know that

(d+ 6)maz © (d+ 6)min = AT = @znzoAi]:
and therefore
Ker((d+ 0)maz 0 (d + 6)min) = Ker(@?:OAz‘]:) = @?:OK@’T(A{:)'
But for Ker((d+ 6)maz © (d+ 6)min) we have:
Ker((d4 0)maz © (d=+ 0)min) = Ker(d=+ 0)min) = Ker(dmin) N Ker(dmin) =
= @ Ker(dmin,i) N Ker(dmin,i—1)-

i=0
The first equality follows by the fact that for each

n € D((d+ 6)max © (d+6)min) < ((d+0)maz © (d+0)min)(n): >L2Q(M,g)=
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=< (d+ 0)min)(n), (d + 6)min) (M) >r20(01,4) -

For the second equality it is clear that Ker(d + 6)min) C Ker(dmin) N
Ker(Smin). But Ker(dmin) N Ker(Smin) = (ran(dmaz) + ran(6maz))* and
Ker(d+0)min) = (ran((d + 0)maz))*- By the fact that (ran((d + 6)maz)) <
(ran(dmaz) + ran(0maz)) it follows that Ker(dmin) N Ker(dmin) C Ker((d+
d)min) and so we have obtained the second equality. The last equality follows
because (ran(dmaz) + 701 (Omaz)) = B (ran(dmaz,i—1) + 7an(dmaz,i)) that
is

n
(Ke""(dmin) N Kve""(émm))L = @(KGT(dmm,i) N I(ve""(émin,ifl))L
i=0
and both Ker(dmin) N Ker(dmin) and @ Ker(dmin,i) N Ker(0min,i—1) are
closed.
In this way can conclude that

n n
=0 =0

and therefore that

Hipin(M, g) = Ker(A]).
Finally, using the fact that A7 is self-adjoint and that Apini = (Amaz.i)*
it follows that

ran(A7) = ran(Amaz,q)-

For the second point, if we call Taps; : L2QY(M, g) — H, (M, g) the pro-

jection on H'; (M, g), we know that mapsi(Hl,;) = Fzzm_)M(M, g). This
property is showed in a more general context in the proof of theorem 3.5 and
remarked in remark 3.1. But H! , (M, g) = Ker(dmini) N Ker(Omin,i—1) =
tos(M,g) NHL (M, g). So M, ..(M,g) C Tapsi(H..,(M,g)) and therefore
the second statement follows.
Now consider the third point; we want to show that if (L2Q*(M, g), dmaz.«)
is a Fredholm complex then also (d + 6)maz © (d+ ) min : Do L*QH (M, g) —
@ L*Q(M, g) is a Fredholm operator. By the previous point, we already
know that the nullspace of (d 4 §)maz © (d 4+ 0)min is finite dimensional. So
we have to show that its range it is closed with finite dimensional orthog-
onal complement. To do this is equivalent to show that the cokernel of
(d 4+ 8)maz © (d + §)min is finite dimensional. We will do this showing that
ran((d + 0)maz © (d + 6)min) = Tan((d + 0)maz) and that (d + 6)mas has
finite dimensional cokernel. To do this we observe that, by the fact that

(d+6)F i = (d+ 0)maz, it follows that
ran((d + 6)maz) = (3.70)

={(d+ 0)maz(u) : v € ran((d+ 0)min) ND((d+ §)maz)}-
Now, as we showed in corollary 6 of [6], if (L2Q*(M, g), dmax+) is a Fred-
holm complex then d,,q + Omin is a Fredholm operator. But the fact that
ran(dmaz + Omin) C ran((d + 0)mas) implies that there is a surjective map
(P L*Q' (M, g)) (Do L*Q (M, g))
ran((d + 0)maz) ran(dmaz + Omin)
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S0 (d406)maz on its domain with the graph norm is a bounded linear operator
with finite dimensional cokernel and this implies that the range of (d+9)maz
is closed with finite dimensional orthogonal complement. But ((d40)maz)* =
(d+ 0)min and therefore also (d + 0)mn has closed range. In this way (3.70)
becomes:

ran((d+ 8)maz) = {(d+ )maz(u) : w € ran((d+ §)min) N D((d + 8)maz) }-

So we can conclude that ran((d+ 6)maz © (d+ 6)min) = ran((d+ 0)maz)
and therefore (d 4 6)maz © (d 4 0)min is a Fredholm operator.
Now, by the equality (d 4+ §)maz © (d + 0)min = ?:OAf, we get, for each
1 =0,...,n, that also Ai]: has closed range. Moreover we already know that
its nullspace of Azf is finite dimensional and so, because it is self-adjoint
and with closed range, we can conclude that it is Fredholm. Finally, as
we showed in [6] corollary 6, we know that A4, has finite dimensional

cokernel and so we can conclude that ran(Aq. ;) = ran(A7). O

As mentioned at the beginning of the section the following corollary is an
application of the previous theorem; it already known when X is a compact
manifold with isolated singularities for any positive conic operator (see [51])
and also for A7 when (M, g) is a manifold with incomplete edges, see [54].

COROLLARY 3.54. Let X be a compact smoothly and oriented stratified
pseudomanifold of dimension n with a Thom Mather stratification. Let g
be a quasi-edge metric with weights on reg(X). Then on L*Qi(reg(X),g),
for each i = 0,...,n, Af is a Fredholm operator; moreover ran(Af) =
ran(Amaz,i) and Ker(AT) = Ker(Amini) = He (M, g).

8. Additional remarks

Consider again an open, oriented and incomplete riemannian mani-
fold (M, g) of dimension n. By corollary 3.24 we now that that there is

a copy of im(ﬁgjmm(M,g) — F;jmax(M,g)) in each i — th reduced co-

homology group F; p,(M, g) of each closed extension (L?Q*(M, g), Dy) of
(Q%(M),dy). In the same way, using again corollary 3.24, we know that there
is a copy of im(Héymm(M,g) — HY 0.(M,g)) in each i — th cohomology
group Hj 1, (M, g) of each closed extension (L?Q* (M, g), D,) of (Q%(M), d..).
In partic{ﬂar, by theorem 3.15, we know that when d;;,; has closed range
for each i then the groups 1m(H§mm(M, g) — Hémax(M,g)) are really the

cohomology groups of an Hilbert complex that we labeled (L?Q¢(M, g), du ;)
Therefore we can look at im(HS, . (M,g) — Hé’maz(M, g)) as the smallest

2,min
possible L?—cohomology groups for (M, g).

From the Hodge point of view the smallest Hodge cohomology groups are
H! .. (M, g) defined, for each i = 0, ...,n, as Ker(dmini) N Ker(Smin,i—1) or
equivalently, see proposition 1.9, as the nullspace of Ay i, Wwhere Ay, 5 is
the minimal closed extension of A; : QL(M) — QiL(M). Therefore a natural

question is:

e Is there any relations between

Hi (Ma g) and im(ﬁg,min(Mv g) - E,max (Mv g))

min
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or between
/H:mn(Mvg) and lm(Hé,m'm(M’g) — Hg,maa:(M7g))?

In [45] theorem 4.8, using techniques arising from Mazzeo’s edge calculus,
the author showed that if (M, g) is an incomplete manifold with edge then
we have the following isomorphism:

%an(M7 g) = lm(Hé,mm(M7 g) — Hg,max(M7 g)) (371)

Therefore, using corollary 3.16 and theorem 3.53, we get the following im-
mediate consequences:

COROLLARY 3.55. Let (M, g) be an incomplete manifold with edge. Then,

for eachi=0,...,n
(1) Ker(Am;) = Ker(Amini) = Ker(AT)
(2) ran(Am;) = ran(Amazi) = ran(A7)

Finally we conclude the section showing that the isomorphism (3.71)
is equivalent to require that the Hilbert space L?Q(M,g) satisfies some
geometric properties.

PROPOSITION 3.56. Let (M,g) an open oriented and incomplete rie-
mannian manifold. Suppose that, for each i =0, ...,n, im(ﬁg7min(M,g) —

Fgmw(M, g)) is finite dimensional. Then there exists alway an injective
map

/H:mn(Mv g) - lm(ﬁg,mzn(M7 g) - ﬁ;,max<M7 g))
Moreover the following properties are equivalent:

(1) Ml (M, g) 22 im(Hoy i (M, g) = Hy au(M, )

(2) fzbs(M7 g) - H;nzn(M7 g) @ (Tan((;maiv,i) n Hflbs(M7 g))
(3) Let Tapsret /min,i : L?QY (M, g) — H;bs/rel/min(M’ g) be the orthogo-

7 %

nal projections of L*Q*(M, g) respectively on H', (M, g), H: (M, g)
and H, ..(M,q). Then:
Treli © Tabs,i = Tmin, = Tabs,i © Trel,i-
(4) Hy(M, g) = Hppin(M, 9) & (ran(dmaz,i) N H; (M, g))

(5) ran(dmaz,) = (ran(dmaz,i) Hy.e (M, 9))Bran(dmin,i)®(ran(dmaz,i)N

ran(éma:c,i))

Finally, if (L*QY(M, g), dmaz.i) or equivalently (L?Q (M, g), dmin.i) is a Fred-
holm complex then there exists always an injective map

,H:nzn(M7 g) - lm(Hé,mzn(M7 g) - H;,max(Mv g))
Moreover the previous four equivalent conditions become:

(1) ,HZ (M7g) = 1m(H§,mzn(Mag) - Hﬁ,maaz(Mv g))

(2) zbs(M7 g) = H:nzn(M7 g) @ (Tan(émaiv,i) N Hflbs(Ma g))
(3) Let Tapsret /min,i : L?QY (M, g) — Hflbs/rel/min(M’ g) be the orthogo-

7 %

nal projections of L*Q*(M, g) respectively on H', (M, g), H: (M, g)
and Ht . (M,g). Then:

min
Trel,i © Tabs,i — Tmin,g — Tabs,i © Treli-

(4) Hyo(M, g) = Hpin (M, 9) & (ran(dmaz,i) N Hye (M, g))

rel min rel
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(5) ran(dmaz,i) = (mn(dmaxz)ﬂHTel(M,g))@ran(dmmﬂ-)@(mn(dmaw,i)ﬂ
ran(dmaz,i))

PRroOOF. Clearly it is enough to prove just the first part of the proposi-
tion. The second part follows by the first part of the proposition and by the
fact that if (L2Q% (M, g), dmag fmin,;) is & Fredholm complex then dyqz /min,i
has closed range. Let 71, : H' (M, g) — Hp (M, g), ma; + Hip (M, g) —

i,(M,g) as defined in the proof of theorem 3.5. Moreover, by proposi-
tion 3.7, we know that (m;)* = m4; and analogously (m;)* = m4;. By the
proof of theorem 3.5 we know that m ;(H’ (M, g)) = im(ﬁamm(M, g) —

Hy o (M, g)). Clearly, by the fact that

,anzn(M7g> = abs(M g)erel(Mvg)
it follows that H: . (M,g) C m1,(H’, (M, g)) and so we got the first asser-
tion.

Now we pass to show that 1) = 2). As recalled above we know that
7Tll(/Hrel(]\4 g)) 1H1(H2 mzn(M g) - H2 max(M g)) and that /H:mn( ’g) =
abs(M g) N H: (M, g); therefore using 1) it follows that H’ . (M,g) =

m1,i(He (M, g)). ThlS implies that

(H;L’mn( )) N Habs( ?g) = (Wl,i(Hrel(M g))) Habs( 79) =

= Ker(ma,i) = (ran(dmaz,i) N Habs( :9))
and this complete the proof of the first implication.
Now suppose that 2) is satisfied. Then it is immediate that 7,¢;; 0 Taps; =
Tmin, and therefore it is an easy consequence that also mgps; © Tperi =
Tmin,i- Moreover it is still immediate that 3) = 4) because in this case
mai(Hey (M, g)) = He ,9). Now we want to show that 4) = 5). Clearly

(M
min
H . (M,g) is orthogonal to ran(dmag,i) and to ran(dmag,;). This implies

min

that the range of the orthogonal projection of ran(dmas,;) onto H (M, g) is
just the intersection H:_,(M, g) Nran(dmas,i). From this it follows that also

the range of the orthogonal of projection of ran(dmaz,i) onto ran(dmaz,q)

is just the intersection ran(dmaz,i) N ran(dmaz,i) and therefore the implica-
tion 3) = 4) is proved. Finally, if 5) holds, it is immediate to show that
m1i(He (M, g)) = Hi (M, g) and this , using the fact that

min
ﬂl,i(Hrel(M g)) = im(ﬁg,min(Mv g) — F;,maa:(Mv g))
implies 1). This complete the proof of the proposition. U






Part 2

The L?— Atiyah-Bott-Lefschetz
theorem on manifolds with conical
singularities.






CHAPTER 4

Background

This chapter contains the background material we need in order to define
the L?—Lefschetz numbers of a geometric endomorphism acting on an elliptic
complex of differential cone operators. In the first section the notion of
differential cone operator and the relative notion of ellipticity are given. In
the second section the notion of elliptic complex of differential cone operators
is introduced. Finally the last section contains a brief remainder on heat
kernel.

As recalled during the introduction also [59] is devoted to the Atiyah-Bott-
Lefschetz theorem on manifolds with conical singularities. Anyway there
are some substantial differences between our paper and [59]: the notion
of ellipticity used there, which is taken from [65], is stronger than that
one used in this paper; in particular the de Rham complex is not elliptic
for the definition given in [65]. Moreover the complexes considered in [59]
are complexes of weighted Sobolev space while our complexes are Hilbert
complexes of unbounded operator defined on some natural extensions of their
core domain; finally also the techniques used are different because we use
the heat kernel while in [59] the existence of a parametrix of an elliptic cone
operator is used. Some results of this paper are also close to results proved
in [51]: indeed in [51] the heat kernel is studied in an equivariant situation
and an equivariant index theorem is proved (see corollary 2.4.7 ). Also in
this case there are some relevant differences: the Lie group G acting in [51]
is a compact Lie group of isometry, while in our work we just require that the
map f is a diffeomorphism. Moreover the non degeneracy conditions that
we require on the fixed point of f led us to different formulas to those stated
in [51]. On the other hand, for the geometric endomorphisms considered in
[51], that is those induced by isometries g lying in a compact Lie group G,
the formula obtained by Lesch applies to a more general case than the ours
because in his work there are not assumptions on the fixed points set while
in our work there are.

Moreover the last part of this work contains several applications to the de
Rham complex which are not mentioned in the other papers.

1. Differential cone operators

DEFINITION 4.1. Let M an open manifold. The cone over M, usually
labeled C (M), is the topological space defined as

M x [0,00)/({0} x M). (4.1)
The truncated cone, usually labeled C, (M), is defined as
M x [0,a)/({0} x M). (4.2)

95
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Finally with C,(M) we mean
M x[0,a]/({0} x M). (4.3)

In both the above cases, with v, we will label the vertex of the cone or the
truncated cone, that is C(M) — (M x (0,00)), Co(M) — (M x (0,a)) and
Co(M) — (M x (0, a]) respectively.

DEFINITION 4.2. A manifold with conical singularities X is a metrizable,
locally compact, Hausdorff space such that there exists a sequence of points
{p1,---sPn, ...} C X which satisfies the following properties:

(1) M —{p1,...,pn, ...} is a smooth open manifold.

(2) For each p; there exist an open neighbourhood U,,, a closed mani-
fold Ly, and a map ¢p, : U, = C2(Lyp,) such that ¢,,(p;) = v and
bplv,, —(piy * Upe — {pi} = M % (0,2) is a diffeomorphism.

The regular and the singular part of X are defined as
5ing(X) = {p1s s Pus -}y 7eg(X) i= X — sing(X) = X — {p1, s s .

The singular points p; are usually called conical points and the smooth
closed manifold L,, is usually called the link relative to the point p;. If X
is compact then it is clear, from the above definition, that the sequences of
conical points {pi, ..., pn, ...} is made of isolated points and therefore on X
there are just a finite number of conical points.

A manifold with conical singularities is a particular case of a compact
smoothly stratified pseudomanifold; more precisely it is a compact smoothly
stratified pseudomanifold with depth 1 and with the singular set made of a
sequence of isolated points. Since in this paper we will work exclusively with
compact manifolds with conical singularities we prefer to omit the definition
of smoothly compact stratified pseudomanifold and the notions related to it
and refer to [1] for a thorough discussion on this subject.

REMARK 4.1. Let X be a compact manifold with one conical singularity
p and let L, its link; it follows from definition 4.2 that we can decompose
X as

XY Ur, Cl(Lp)
where Y is a compact manifold with boundary defined as X — ¢, 1(C1(Ly)).
Obviously this decomposition generalizes in a natural way when X has sev-
eral conical points. As we will see in one of the following sections this
decomposition is the starting point to study the heat kernel on X and we
will use it to calculate the contribution given by the conical points to the
Lefschetz number of some geometric endomorphisms.

Now we recall from [1] a particular case, which is suitable for our pur-
pose, of an important result which describe a blowup process to resolve the
singularities of a compact smoothly stratified pseudomanifold.

PROPOSITION 4.3. Let X be a compact manifold with conical singular-
ities. The there exists a manifold with boundary M and a blow-down map
B : M — X which has the following properties:
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(1) Bly : M — reg(X), where M is the interior of M, is a diffeo-
morphsim.

(2) There is a bijective correspondence between the conical points of X
and the (possibly disconnected) boundary hypersurfaces of M which
blow down to these conical points through B;

(3) If for each conical point p; the relative link Ly, is connected, then
there is a bijection between the conical points of X and the con-
nected components of OM.

PROOF. See [1], proposition 2.5. O
Now we introduce a class of natural riemannian metrics on these spaces.

DEFINITION 4.4. Let X be a manifold with conical singularities. A conic
metric g on reg(X) is riemannian metric with the following property: for
each conical point p; there exists a map ¢,,, as defined in definition 4.2, such
that

(6 (9lu,,) = dr? + 2Ry, (r) (4.4)
where hrp, () depends smoothly on 7 up to 0 and for each fixed r € [0,1) it
is a riemannian metric on L,,. Analogously, if M is manifold with boundary
and M is its interior part, then ¢ is a conic metric on M if it is a smooth,
symmetric section of T*M ® T*M, degenerate over the boundary, such that
over a collar neighborhood U of M, g satisfies (4.4) with respect to some
diffeomorphism ¢ : U — [0,1) x M.

The next step is to recall the notion of differential cone operator and

its main properties. Before to proceed we introduce some notations that we
will use steadily through the paper.
Given an open manifold M and two vector bundles F,F over it, with
Diff" (M, E, F),n € N, we will label the space of differential operator P :
C>®(M,E) — C(M, F) of order n. Given M, a manifold with boundary,
we will label with IV the boundary of M and with M the interior part of M.
Given a vector bundle E over M, with E we mean the restriction of E on
N. Finally each metric p over E (riemannian if E is real or hermitian if £
is complex) is assumed to be a non degenerate metric up to the boundary.
The next definition is taken from [51]:

DEFINITION 4.5. Let M be a manifold with boundary N = OM. Let
E, F be two vector bundles on M. Let Uy be a collar neighborhood of N,
Uy = [0,€) x N and let Uy = Ux — N. A differential cone operator of
order p € N and weight v > 0 is a differential operator P : C°(M, E) —
C2°(M, F) such that on Uy it takes the form:

I
v 0
Pluy = E Ak<—$%)k (4.5)
i=0

where Ay, € C([0, €), Diff**)(Ey, Fy)) and z is a boundary defining func-
tion. As in [51] we will label with Difff"” (M, E, F') the space of differential
cone operators between the bundles F and F'.

Now we explain what we mean by differential cone operator on a man-
ifold X with conical singularities. In the previous definition we recalled
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the notion of differential cone operator acting on the smooth sections with
compact support of two vector bundles E, F' defined on a manifold M with
boundary. In proposition 4.3, given a manifold with conical singularities X,
we stated the existence of a manifold with boundary M endowed with a
blow down map 3 : M — X which desingularize X. Therefore given two
vector bundles E, F on reg(X) and P € Diff(reg(X), E, F') we will say that
P is a differential cone operators if the following properties are satisfied:

(1) B*(E),B*(F) that are vector bundles on M, the interior of M,
extend as smooth vector bundles over the whole M. In the same
way, if £ and F are endowed with metrics p; and ps then 8*p; and
*pa extend as non degenerate metric up to the boundary of M.

(2) The differential operator induced by P through 3 acting on
C(M,B*E,B*F) is a differential cone operator in the sense of
definition 4.5.

In the rest of the paper, with a slight abuse of notation, we will identify
M with reg(X), E with g*E, F with §*F and P with the operator that it
induces through (3 between C°(M, f*E, B*F).

REMARK 4.2. We can reformulate definition 4.5 in the following way:
P is differential cone operator of order p and weight v if and only if 2P
is a b—differential operator of order p in the sense of Melrose. For the
definition of b—operator and the full development of this subject we refer
to the monograph [55]. Using this approach we have Diff)" (M, E,F) =
x~7 Diffj) (M, E, F). This last point of view is used for example in [35] .

Now we introduce the notion of ellipticity:

DEFINITION 4.6. Let M be a manifold with boundary and let E, F be
two vector bundles over M. Let P € Diff;"’(M, E, F) and let o#(P) its
principal symbol. Then P is called elliptic if it is elliptic on M in the usual
sense and if

z/o"(P)(z,p, a7, €) (4.6)
is invertible for (z,p) € [0,€) x N and (7,¢&) € T*M — {0}.

_In the above definition there is implicit the natural identification of
T*M|jp,e)xn With R x T*N.

DEFINITION 4.7. Let M, E,F and P be as in the previous definition.
The conormal symbol of P, as defined in [51], is the family of differential
operators, acting between C*°(N, E, Fi ), defined as

17
b (P)(z) = Ax(0)2" (4.7)
k=0

Now we make some further comments about the notion of ellipticity
introduced in definition 4.6. The requirement (4.6) in definition 4.6 means
that

1% B
3 oF H Ao ) = 3 ot K (A (E) (i)
k=0 k=0



2. ELLIPTIC COMPLEX ON MANIFOLDS WITH CONICAL SINGULARITIES 99

is invertible. On M this is covered by classical ellipticity and for x = 0 it is
equivalent to require that (4.7) is a parameter dependent elliptic family of
differential operators with parameters in 7R.

Using again the b framework of Melrose, definition 4.6 is equivalent to say
that the b—principal symbol of P’ := z¥ P, that is

ol (P') := " (P")(x,p, z i, €)

as an object lying in C*°(Ty M,Hom(n} E, n} F')), where m, : Ty M — M is
the b—cotangent bundle of M, is an isomorphism on T;*M —{0}. For further
details on these approach see [35] and the relative bibliography.

Finally we remark that in definition 4.6 we followed [51] and [35]. This
is slightly different from those given, for example, in [59], [60] and [65].
The definition given in these papers, in fact, requires the invertibility of the
conormal symbol on a certain weight line (for more details see the above
papers). By the fact that we are interested to study the operators on their
natural domains, that is the maximal and the minimal one, we can waive
this requirement (see [51] pag. 13 for more comments about this).

Finally we conclude this subsection stating an important proposition on
the theory of differential cone operators:

THEOREM 4.8. Let (M, g) be a compact and oriented manifold of dimen-
ston ' m with boundary where g is a conic metric over M; let E, F be two
hermitian vector bundles over M and let P € Difff"" (M, E, F) be an elliptic
differential cone operator.

(1) Each closed extension P : L>(M,E) — L*(M,F) of P is a Fred-
holm operator on its domain, D(P), endowed with the graph norm.

(2) Suppose that E = F and that P is positive. Suppose, in addition,
that on a collar neighborhood of OM the metric p on E does not
depend on r and that the conic metric g satisfies g = dr®> + r2h
where h is any riemannian metric over OM which does not depend
on r. Then, for each positive self-adjoint extension P of P, the
heat operator e='F : L2(M, E) — L?(M, E) is a trace-class opera-
tor. Moreover P is discrete and the sequences of eigenvalues of P
satisfies \j ~ Cj%.

PROOF. For the first statement see [51] prop. 1.3.16 or [35] prop. 3.14.
For the second one see [51] theorem 2.4.1 and corollary 2.4.3. O

2. Elliptic complex on manifolds with conical singularities

The aim of this subsection is to define the notion of elliptic complex on
a manifold with conical singularities. As for the notion of ellipticity, the
definition of elliptic complex on a manifold with conical singularities was
introduced in [65], pag. 205, but our definition is slightly different because
we waive some requirements about the sequence of conormal symbols on
a certain weight line. The reason is still given by the fact that we are
interested on the minimal and maximal extension of a complex differential
cone operators.
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Let @be a manifold with boundary, Ey, ..., E, a sequence of vector bundle
over M and consider P; € Diff)" (M, E;, E;11) such that

0 CX(M, E) B o, En B .5 oo, B o (4.8)

is a complex. We have the following definition:

DEFINITION 4.9. The complex (4.8) is an elliptic complex if it is an
elliptic complex in the usual sense on M and if the sequence

0O—wn"Ey—7n'Ey—..>7FE,—0 (4.9)

where the maps are given by z¥o"(P;)(z,p,z717,€) : nfE; — i Bigr s
an exact sequence up to x = 0 over T*M — {0}.

With the help of Melrose’s b framework we can reformulate the previous
definition in the following way: (4.8) is an elliptic complex if and only if the

following sequence is exact over T, (M) — {0}:

o} (Fy)

oy (P) oy (Py_1)
0—mEy "= miE =" .0

oy (Pp) 0

B, (4.10)

where i’ = VP, that is the b—operator naturally associated to P,
mp 2 Ty M — M is the b—cotangent bundle and

o (P) € C*°(M, Hom(my Ej, 7y Ei41))

is the b—principal symbol of P.
We have the following proposition:

PROPOSITION 4.10. Consider a complex of differential cone operators as
in (4.8). Suppose moreover that M is endowed with a conic metric g. Then
the complex is an elliptic complex if and only if for each i =0, ....n

P} o P+ Pi-1o Py : CF(M, E;) — CF (M, E;)
is an elliptic differential cone operator.

PROOF. It is clear that if P € Diff)"”(M, E;, E;+1) then also P! €
Diﬁg’y(M, Ei+laEi) where P, : CSO(M, Ei—l—l) — CCOO(M, Ez) is the for-
mal adjoint of P. Now, as in the previous comment, let P/ = z¥P be
the b—operator that is naturally associated to P. It is well known that
o) (P!, 0P!) = ol (P/,,)o0} (P]) and that o} ((P!)") = (o} (P!))". The proof
follows now by standard arguments of linear algebra, in complete analogy
with the case of an elliptic complex on a closed manifold. O

From the above proposition it follows the following useful corollary:

COROLLARY 4.11. In the same hypothesis of the previous proposition.
The Hilbert complexes (L*(M, E..), Praz/min,s) are both Fredholm complexes.
Moreover each Hilbert complex that extends (L*(M, E.), Prin«) and that is
extended by (L*(M, E.), Pmaz.+) is still an Fredholm complex.

PROOF. From theorem 4.8 it follows that Pgmm- © Praz,i + Prazi—1 ©
Pl inio1 and Pl 0 Prin i+ Prini—10 P}, ;1 are both Fredholm operators
on their natural domain endowed with the graph norm. Now the statement

follows from prop. 1.5 (]
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We remark the fact that we gave the definition of an elliptic complex of
differential cone operators on a manifold with boundary M. Following the
remark after definition 4.5 the notion of elliptic complex of differential cone
operators is naturally extended on a manifold X with conical singularities.

3. A brief reminder on the heat kernel

The aim of this subsection is to recall briefly the main local properties
of the heat kernel on an open and oriented riemannian manifold (M, g).
Let (M, g) be an open and oriented riemannian manifold, F a vector bundle
over M, Py : C*(M,E) — C(M,E) a non-negative symmetric differ-
ential operator and P : D(P) C L*(M,E) — L?*(M, FE) a non-negative,
self-adjoint extension of Fy. It is well know that, using the spectral theorem
for unbounded self-adjoint operators and its associated functional calculus
(see [30], chap. XXII), it is possible to construct the operator e P, The
next result we are going to recall summarizes the main local properties of
e tP that we will use in the rest of the paper. We start with the following
definitions:

DEFINITION 4.12. A cut-off function is a smooth function 7 : [0, 00) —
[0, 1] which admits a € > 0 such that n(z) = 1 for z < { and n = 0 for x > €.

DEFINITION 4.13. Let M be an open manifold, F a vector bundle over
M and Py : C°(M,E) — C*(M, E) a differential operator of second order.
Then P is a generalized Laplacian if its principal symbol satisfies:

a*(Po)(z,€) = ||€]I”.

An operator of this type is clearly elliptic. We refer to [9] for a compre-
hensive discussion on this class of operators.

THEOREM 4.14. Let (M, g) be an open and oriented riemannian man-
ifold, E a vector bundle over M, Py : C*(M,E) — CX(M,E) a non-
negative symmetric differential operator of order d and

P:D(P) C L*(M,E) — L*(M, E)
a non-negative, self-adjoint extension of P. Then e~ satisfies the following
properties:

o ¢ has a C®—kernel, that is usually labeled e~ (s, q) or kp(t, s, q),
which lies in C*°((0,00) x M x M, EX E*).
o If K1, Ky are compact subset of M such that K1 N Ko = () then
lkp(t, s, Ollck (k0 x o, EmE) = OF"), t =0
for all k,n € N.

o Let ¢, x € C°(M); then the operator ¢e~'F'x is a trace-class oper-
ator and we have, on C' (K| x Ko, EX E*|k,xKk,) for each l € N,

n—m

(e~ x)(4,9) ~i—0 D d(@)x(9)Pn(g)t
n=0

and

n—m

Te((de~PX)(0, ) ~0 S /M 6(9)x(q) tr(®(g))dvoly )t
n=0
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where g € M, {®1, ..., Py, ..., } is a suitable sequence of sections in
C®(M, End(E)), K1 = supp(¢) and Ky = supp(x)-
Finally if Py is a generalized Laplacian then the last property above modifies
in the following way:
o Let ¢, x € C°(M); then the operator ¢pe'F'yx is a trace-class oper-
ator and we have

d(s)e(5,0)x(q) ~is0 hu(s,9) Y (s)x(9)Pn(s, )"

n=0

where (s,q) € M x M, {®1,..., Py, ..., } is a suitable sequence of sec-

2
tions in C°(M x M, EXE*) and h(s,q) = (47rt)_7ne%n(d(s, 9)?)
with n a cut-off function. As in the previous case the above expan-
sion holds in C'(K; x Ky, EX E*|k,xK,) for each | € N, where
K1 = supp(¢) and Ko = supp(x).

PROOF. For the first three properties we refer to [51], theorem 1.1.18.
As explained there these properties are proved globally, for example in [37],
when M is a closed manifold. A careful examination of those proofs shows
that the same properties remain true locally when M is an open manifold.
The same argumentation applies to the last property which is proved glob-
ally, on a closed manifold, in [9] prop. 2.46 or in [62] theorem 7.15. O

The rest of the subsection is a brief reminder about the heat kernel of
a differential cone operator. For more details and for the proof we refer to
[51]. As already recalled in theorem 4.8 we know that, if M is a compact and
oriented manifold with boundary, M its interior part, Py € Diffq(M, E; E)
is a positive operator and g is a conic metric over M, then for each positive
self-adjoint extension P of Py, e~ ¥ : L?(M,g) — L?(M, g) is a trace-class
operator. Now we want to recall an important property named scaling
property. Before doing this we need to introduce some notations:

Let N be a compact manifold; consider C(INV) and endow it with a product
metric g = dr? + h where h is a riemannian metric over N. Finally let E be
a vector bundle over reg(C'(N)).

Define U; : L?(reg(C(N)), E) — L*(reg(C(N)), E) as s(r,p) t%s(tr,p).
It is immediate to show that Uy : L?(reg(C(N)), E) — L?(reg(C(N)), E) is
an isometry and that U, o Uy, = Uyyy,.

PROPOSITION 4.15. Let N be a compact manifold, E a vector bundle over
reg(C(N)), let Py € Diffy’"(reg(C(N)), E, E) be a symmetric differential
cone operator and let P be a self-adjoint extension of Py. Endow reg(C(N))
with a product metric g, that is g = dr? + h where h is a riemannian metric
over N. Finally let P, = t*U;PU; and let f : R — R a function such that
f(P) has a measurable kernel. Then for each A >0

F(P)rp.5.0) = S TP Gp 30 A> 0 (1)

As particular case, given Py € Diffy(reg(C(N)), E, E) positive and P a
positive self-adjoint extension then

~ 1
e (r,p, 7, q) = e Pr(1,p,1,9) (4.12)
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PROOF. See [51] lemma 2.2.3. O

Now we modify the above proposition for the heat operator in the case
that ¢ is a conic metric over M. As we will see, we are interested to the
study of the L?—Lefschetz numbers where the L? space are built using a
conic metric. The reason is that when the considered complex is the L? de
Rham complex (built using a conic metric) then its L?—cohomology has a
topological meaning. More precisely, as showed by Cheeger in [24], we have
the following theorem:

THEOREM 4.16. Let (F,h) be a compact and oriented riemannian man-
ifold of dimension f. Consider the cone Cy(F') with b a positive real number
and endow Cy(F) with the conic metric g = dr®> + r>h. Then

: H(F) i<l+1
H; F = 2
INCIEEL I B

(4.13)

If X is a compact and oriented manifold with conical singularities and if g
is a conic metric over reg(X) then

H} pag(reg(X), g) = ™ H(X), H i (reg(X), ) = ITH'(X).  (4.14)
PROOF. See [24]. O

For the definition and the main properties of intersection cohomology
we refer to [38] and [39]

LEMMA 4.17. Let N be a compact manifold of dimension n, E a vector
bundle over reg(C(N)), let Py € Diftf" (reg(C(N)), E, E) be a positive dif-
ferential cone operator and let P be a positive self-adjoint extension of Py.
Endow reg(C(N)) with a conic metric g, that is g = dr* +r?h where h is a
riemannian metric over N. Then for each A > 0

1 v
e (r,p,s,q) = EE e Pk(g,p, ;,q), A>0 (4.15)
In particular we have
1 —v
e Prprg) = e P (1p, 1), A>0. (4.16)

PRrOOF. The proof is completely analogous to the proof of proposition
4.15. We have just to add the natural modifications caused by the fact
that now the Hilbert space L?(reg(C(N)), E) is built using the conic met-
ric ¢ = dr? + r2h and this means that given v € L?(reg(C(N)),E) we
have [|[|L2(reg(c(n)),E) = fTeg(C(N)) Iv|lr™drdvoly, where ||| is the point-
wise norm induced by the metric on £ (which is a riemannian metric if E
is a real vector bundle and is a Hermitian metric if F is complex.). This
implies that now the isometry U, introduced above proposition 4.15, is de-
fined as Uy : L%(reg(C(N)), E) — L*(reg(C(N)), E), U(7y) = tnTH'y(tr,p).
The proof follows now in completely analogy to that one of proposition
4.15 . Moreover, in the case that P is a positive self-adjoint extension of
A; : Qi(reg(C(N))) — Qi(reg(C(N))), the Laplacian constructed using
a conic metric and acting on the space of smooth i—forms with compact
support, the proof is given in [25], pag. 582. O



104 4. BACKGROUND

Finally we conclude the section with the following proposition; before to
state it we introduce some notations. Given A € R we define

1
pT(\) = |A+ 5\ and

D L T
p(A)'_{A—é A <

Moreover we recall that I,(x) is the modified Bessel function of order a. For
the definition see [51] pag. 67.

(4.17)

N[O —

PROPOSITION 4.18. Let (N,h) be a compact and oriented riemannian
manifold of dimension n. Consider C(N) and let E be a vector bundle over
reg(C(N)) endowed with a metric p (hermitian if it is complex o riemann-
ian if it is real). Suppose that E admits an extension over all [0,00) X N
that we denote E. Let Ey = E|n and suppose that (E,p) is isometric to
™ (EnN, p|n) where 7 : (0,00) x N — N is the natural projection. Finally let
P :CX(E) — CP(E) be an elliptic differential cone operator of order one.
Then:

(1) On L*(reg(Ca(N)), E) built with the product metric g, = dr* + h,
if P satisfies P = % + %S, where S € Diff'(N, Ey) is elliptic, we

have
_tPt oP.. 1 1 S, _r2+4s2
e~ PmazOPmin (- 5 q) = Z ﬂ(m)?[pﬂ,\)(g)e i Q(p.q) (4.18)
A€Espec S
and
~tPpinoPt LR TS\ o~
e min maac(rvp’s’q): Z %(TS)QIP_(A)(E)S 4t (I))\(paq)
A€Espec S

where ®(p, q) is the smooth kernel of ®y : L?>(N, Ey) — Vi, the
orthogonal projection on the eigenspace V.

(2) On L%(reg(Cy(N)), E) built with the conic metric g. = dr® + r’h,
if P satisfies
P=3+ % + %S, where S € DifftY(N, Ex) is elliptic, we have

Pt op.. 1 l-n TS| _rits?
e~ Pmaz®Pmin (1 1y 5 ¢) = Z i(rs) 2 Lroy(5)e % @a(p,q)

2t
Aespec S
(4.19)
and
popt 1 1-n S, _r24s?
e min mar(r’p’s’q): Z ?t(T'S) 2 Ip—()\)(?t)e 4t ‘I)A(I%Q)
AEspec S

where ®y(p, q) is the smooth kernel of ® : L>(N, Ex) — V) , the
orthogonal projection on the eigenspace V.

PROOF. The first assertion is proved in [51], see proposition 2.3.11 and
pag. 68. The second statement follows using the following argument. Only
for the remaining part of this proof let us label L%(reg(Cs(N)), E, g,) the
L? space of sections built using the product metric 9p = dr? + h and
L?(reg(C3(N)), E, g.) the L? space of sections built using the conic met-
ric g. = dr? + r?h. The measure induced by gp is drdvol;, while the



3. A BRIEF REMINDER ON THE HEAT KERNEL 105

measure induce by g. is r"drdvoly. Therefore it is clear that the map
7 L*(reg(C(N)), E, g.) — L*(reg(Ca(N)), E, gp), 7(y) = 72+ is an isom-
etry with inverse given by 771(y) = 7=~ . A simple calculation shows
that P := 771 o P o 7 satisfies P = & + %S. Therefore Pt o Pin =

- Or max

72 Pt 0 Ppinr 2 and this implies that

~tP}z0Pmin — % o~ tPhazOPming. 5"

e max

Pt .oP,

Therefore if we call ]~€(t, r,p, $,q) the heat kernel relative to e~ ¢/'maz°Fmin and

analogously k(¢,7,p, s,q) the heat kernel relative to e tPmaxPmin e have,

for each v € LQ(Teg(CE(N)),Eagp):

/ k(@ﬁ]’,&q)’y(s)dsdvolh =
reg(C2(N))

= / r%kz(t,r,p,s,q)s%nw(s)s”dsdvolh
reg(C2(N))

and therefore k(t,r,p,s,q) = r2k(t,r,p, s,q)s2. Finally, applying this last
equality to (4.18), we get (4.19). For the heat kernel of e tFmin®Pmaz the
proof is completely analogous to the previous one. O






CHAPTER 5

L2—Lefschetz numbers

This chapter is devote to the L?—Lefschetz numbers. In the first section
the notion of geometric endomorphism is developed. The second section
contains the definitions of L?—Lefschetz numbers. Finally in the last part
the approach using the heat kernel in order to calculate this numbers is
developed.

1. Geometric endomorphism

The goal of this section is to introduce and study the notion of geomet-
ric endomorphism of an elliptic complex of differential cone operators.
Let X be a compact manifold with conical singularities and let M be its
regular part that, as explained after definition 4.5, we identify with the in-
terior part of M the manifold with boundary which desingularizes X, see
prop. 4.3. Finally consider an elliptic complex of differential cone operators
as described in definition 4.9:

0= CX(M,E) B o, En 2 .5 oo, B 2o (5.1)

DEFINITION 5.1. A geometric endomorphism 7" of (5.1) is given by
a n—tuple of maps T' = (11, ..., T},) constructed in the following way: there
exists a smooth map f : M — M and a n—tuples of morphisms of bundles
¢; : f*F; — E; such that the following properties hold:
(1) f: M — M is a diffeomorphism.
(2) If {IVy, ..., Ni.} are the connected components of M then f(N;) =
N; foreach i =1, ..., k.
(3) T; = ¢; o f* where f* acts naturally between
C®(M, E) and C>*(M, f*E).
(4) PioT; =Tiy10P;.

We make a little comment on the above definition. The second and the
third property are exactly the definition of geometric endomorphism of an
elliptic complex over a closed manifold given in [3]. However our definition
is not a complete extension of that one given by Atiyah and Bott in [3].
The reason is that in the closed case any smooth map is allowed. For our
purposes we need that 7; induce a bounded map from L?(M, E;) to itself
and clearly this prevents us to allow every smooth map in definition 5.1.
As we will see in the following lemma, the property that f : M — M is a
diffeomorphism is a reasonable sufficient condition in order to get a bounded
extension of T; on L?(M, E;).

LEMMA 5.2. In the same hypothesis of the above definition the endomor-
phism T satisfies that the following properties:

107
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(1) For eachi and for eachp € C°(M, E;) we have T;(¢) € C(M, E;).

(2) For each i T; extends as a bounded operator from L*(M,E;) to
itself; with a small abuse of notation, we denote this again by T;.

(3) Let Ty : L*(M,E;) — L*(M, E;) be the adjoint of T;. Then for
each 1 € C°(M, E;) we have T} () € C°(M, E;).

PRrOOF. The first two properties follow immediately by the fact that
f: M — M is a diffeomorphism and that M is compact. For the third
properties, we observe first of all that 7T; admits an adjoint because it is
densely defined and that T is bounded and defined over the whole L?(M, E;)
because T; is bounded. Now consider the bundle f*FE. The metric over E
induces in a natural way through f a metric over f*E. Therefore it make
sense consider the bundle homomorphism ¢* : F — f*F defined in each fiber
as the adjoint of ¢. Now consider the pull-back under f of the volume form
dvoly. Then there exists a smooth function 7 such that rdvol, = f*dvol,
and 7 > 0 if f preserves the orientation of M, 7 < 0 if f reverses the
orientation of M. Finally define S : C°(M, E;) — C°(M, E;) as

f T(ero(f7H*)(w) if f preserves the orientation
Siv) = { —7(¢f o (f~HY*)() if f reserves the orientation (5:2)

It is immediate to check that for each 1,19 € C°(M, E;) we have

< Ti(1), b2 >r20m,m)=< 1, Si(V2) >1200m,E,) -
Therefore, over C°(M, E;) , T} coincides with S and so from this the third
property follows immediately. O

Now we state the following property :

PROPOSITION 5.3. Let M be an open and oriented riemannian manifold
and let g be an incomplete riemannian metric on M. Let Fy,...,E, be a
sequence of vector bundles over M and consider a complex of differential
operators:

0 C®(M, Ep) B o, By 5 oo, ) o (5.3)

Let T be an endomorphism of (5.3) that satisfies the second, the third and

the fourth property of definition 5.1. Then we have the following properties:

(1) For each i = 0,...,n, for each s € D(Ppini) we have Ti(s) €
D(Ppin,i) and Pring o Ty = Tit1 0 Pring-

(2) For each i = 0,...,n, for each s € D(Pnpaz:) we have Ti(s) €
D(Pmam,i> and Pmax,i oT; = Ti—l—l © Pma:c,i-

PRrOOF. Let i € {0,...,n} and let s € D(Ppin;i). Then there exists
a sequence {s;j}jen such that s; — s in L*(M, E;) and Pi(s;) — P;(s)
in L?(M, E;y1). Using definition 5.3, we know that {7;(s;)}jen is a se-
quence of smooth sections with compact support contained in C°(M, E;)
such that Tj(s;) — T;(s) in L?(M, E;) and T;41(Pi(s5)) — Tiv1(Pi(s)) in
L?*(M,Eit1). But Ti41(Pi(s;)) = Pi(T;(s;)). Therefore Pi(T(s;)) con-
verges in L?(M, E;;1) and this implies that T;(s) € D(Pmnin:) and that
PriinioT; = Tit1 0 Proingi-
Now we give the proof of the second statement. From the first part of the
proof it follows that, if we look at Tiy1 © Puini, Pmin © T; as unbounded
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operator with domain D(Pp,i) then Tjt1 © Prini = Prmin,i © T; and there-
fore (Ti+1 © Ppini)* = (Pminy © T3)*. Moreover, by the fact that Tj4q is
bounded, it follows that (7110 Pin,i)* = Py © 17, with domain given
by (T71) " (D(Ppin.i))- Now let s € D(Ppaz,) and let ¢ € C°(M, Eiyq).
Then:
< Ti(s), P{(¢) >12(M,E;) =< s, T;' (P} (¢)) >L2(M,E;) =
=< 8, (Prin,i © Ti)*(9) >r2(0m,E,)=
=< 8 Phina(T51(6) > 121y = (because T5,1(6) € CF(M, Eip))
=<8, Prazi(T51(9) >r2(0,2)=< Pmax,i(8), (Ti51(8)) >12(0m,E,)

=<Ti11 (Pmax,i(s))’ o >L2(M,E;) -
So we can conclude that T;(s) € D(Ppqz,i) and that Ti11 0 Praei = Pra,i ©
T;. O

In the rest of this section we describe the notion of non degeneracy
condition for a fixed point of a map f : X — X. As we will see, over the
regular part of X, this is the same of the one used in [3].

Let X be a compact manifold with conical singularities and let f: X — X
a continuous map such that f(sing(X)) C sing(X), f(reg(X)) C reg(X)
and fl,¢q(x) is a smooth map. Define

Fix(f):={pe€ X : f(p) = p} (5.4)

DEFINITION 5.4. A point p € reg(X) N Fiz(f) is said to be simple if
det(Id — d,f) # 0.

Obviously this definition make sense because, being p a fixed point, it
follows that dp,f is an endomorphism of T}, (reg(X)). Moreover it is easy to
show that definition 5.4 is equivalent to require that, on reg(X) x reg(X),
G(f) meets transversely A,..,(x) on (p,p), where G(f) is the graph of f|..y(x)
and A,.q(x) is the diagonal of reg(X) . In this way we get the following
useful corollary:

COROLLARY 5.5. Each simple fized point in reg(X) N Fiz(f) is an iso-
lated fixed point.

Now, following [59], [60] but with little modifications, we recall what is
a simple fixed point p € Fiz(f) N sing(X). As we said above, we assumed
that f(sing(X)) C sing(X) and that f(reg(X)) C reg(X). Therefore if g €
sing(X) N Fixz(f) is a fixed conical point it follows that, on a neighborhood
U, = Cy(Ly) of g, f takes the form:

f(T', p) = (TA(np)? B(T’, p)) (55)

We make the additional assumption that A(r,p) and B(r,p) are smooth up
to zero, that is
A(r,p) : 0,2) x Ly — [0,2)
is smooth up to 0 and analogously
B(r,p) :[0,2) x Ly — L,

is smooth up to 0. Moreover, by the fact that f(sing(X)) C sing(X) and
that f(reg(X)) C reg(X) it follows that A(r,p) # 0 for r > 0. Obviously if
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our starting point is a diffeomorphism f : M — M as in definition 5.1, then
these requirements are automatically satisfied.

DEFINITION 5.6. A point g € Fiz(f) N sing(X) is a simple fixed point
if at least one of the two following conditions is satisfied:
(1) For each p € Ly lim, 9 A(r, p) # 1.
(2) There exists € > 0 such that, for each fixed r € [0,¢€), B(r,.) : Ly —
L, satisfies B(r,p) # p.

Obviously in the first requirement the limit exists because in (5.5) we
required that A(r,p) is smooth up to 0. A natural question follows from
definition 5.6: what is the meaning of these requirements? The answer
is that if f satisfies one of the two requirements above then a sequence
of fixed point converging to ¢ cannot exists and therefore ¢ is an isolated
fixed point. We can show this last properties in the following way: suppose
that {(rj,p;)} is a sequence of fixed point of f contained in U, = C(Ly).
Then {p;} is a sequence of point in L, which is compact and therefore
there exists a subsequence, that with a little abuse of notations we still
label {p;}, such that p; converges to some p € L,. By the assumptions,
for each j, (rj,p;) = (rjA(rj,pj), B(rj,pj)). Therefore A(rj,p;) = 1 =
lim;_,o A(rj,p) and B(r;,pj) = p; and this implies that f does not satisfies
both the properties of definition 5.6.

So we can state the following useful corollary:

COROLLARY 5.7. Let X be a compact manifold with conical singularities
and let f: X — X a map such that f(sing(X)) C sing(X), f(reg(X)) C
reg(X), flregx) : reg(X) — reg(X) is smooth and, on a neighborhood of a
conical point, A(r,p) and B(r,p) are smooth up to 0. Then, if f has only
simple fized point, Fix(f) is made of a finite number of points.

ProOOF. If f has only simple fixed points then we already know that each
of this fixed points is an isolated fixed point and this implies that Fiz(f) is
a sequence without accumulation points. Therefore, by the compactness of
X, it follows that Fiz(f) is made of a finite number of points. O

Now we state the following definition:

DEFINITION 5.8. Let f be as in the previous corollary. Let ¢ € Fiz(f)N
sing(X) a simple fixed point for f such that f satisfies the first requirement
of definition 5.6. Then if for each p € L,

ll_IR) A(r,p) <1 (5.6)
q is called attractive simple fixed point while if

}1_% A(r,p) > 1 (5.7)
then ¢ is called repulsive simple fixed point.

Clearly if for each ¢ € sing(X) the relative link L, is connected then
each simple fixed point g € sing(X) is necessarily attractive or repulsive.

Finally we conclude the section observing that in [40], pag. 384, Goresky
and MacPherson introduced the notion of contracting fixed point. An el-
ementary check shows that (5.6) is equivalent to the definition given by
Goresky and MacPherson.
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2. L?’—Lefschetz numbers of a geometric endomorphism

Let X be a compact manifold with conical singularities of dimension
m+ 1. Consider an elliptic complex of cone differential operators as defined
in definition 4.9:

0 CX(M, E) B o, En B .5 oo, B) 2o (5.8)
where P; € Diffy"" (M, E;, Ei+1) and let T = ¢ o f be a geometric endomor-
phism of (5.8) as in definition 5.1. Obviously, with a small abuse of notation,
we are using the same notation for the diffeomorphism f : M — M and for
the isomorphism that it induces on X. Clearly the isomorphism f: X — X
satisfies

(1) flregx) : Teg(X) — reg(X) is a diffeomorphism
(2) For each p € sing(X) we have f(p) =p
(3) A(r,p) and B(r,p) (see (5.5)) are smooth up to 0.
Using corollary 4.11 we know that both the complexes (L%(M, E;), Praz jmin,i)

are Fredholm complexes, that is the cohomology groups H;"max Jmin (M, E;)
are finite dimensional.

Moreover by proposition 5.3 we know that 7" is a morphism of both com-
plexes (L?(M, E;), Prraz/min,i)- Therefore, for each i = 0, ...,n, it induces an

endomorphism

,Ti* : Hé,maac(M7 El) - Hé,maz(Mv EZ)
and analogously
So we are in position to give the following definition:

DEFINITION 5.9. The L?—Lefschetz numbers of 7' are defined in the
following way:
Lo max(T) = i(—l)” t0(T} 2 H o (M, Bi) = Hj oo(M, 7)) (5.9)
/=0
and analogously Z
Lo min(T) = Zn:(—nitr(Tj t HY i (M, E;) = Hy i (ML E;)) - (5.10)
i=0

The L?—Lefschetz numbers satisfy the following property:

PROPOSITION 5.10. Ly a2 /min(T) do not depend on the conic metric g
that we fix on M and on the metrics pg, ..., pn that we fix on Ey, ..., By,

PROOF. By the fact that M is compact and that, as explained above
definition 4.5, (E;, p;) are defined over all M and p; is non degenerate up
to the boundary, it follows that all the metrics we consider on FE; are quasi-
isometric. Moreover, using proposition 1.32, it follows that if g and ¢’ are
two conic metric over M then they are quasi-isometric, that is there exists a
positive real number ¢ such that ¢’ < g < ¢’. Therefore, for each i = 0, .., n,
L?*(M, E;) doesn’t depend from the metric that we fix on E; and from the
conic metric that we fix over M. This in turn implies that same conclusion
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holds for Hj,,,.(M, E;) and for Hj, .. (M, E;), that is they do not depend
from the metric that we fix on F; and from the conic metric that we fix over
M. In this way we can conclude that also the traces of T;" : Hj ... (M, Ex) —

HY oM, Ey) and T} : Hy, . (M, E.) — Hj ;.. (M, E.) satisfy the same
property and so the proposition is proved. O

e From the above proposition it follows that in order to calculate
Ly maz/min(T) we can use any conic metric g on M and any metrics
P05 -5 P OVer Eg, ..., By Therefore, in the remaining part of this
section, we make the following assumptions: for each singular point
q there exists Uy, an open neighborhood of ¢ satisfying U, = C(L,),
such that on reg(Ca(L,)) the conic metric g satisfies g = dr? +1r2h
where h is any riemannian metric over L, that does not depend on
r. Moreover we assume that each metric p; on F; does not depend
on r in a collar neighborhood of M.

Consider, for each ¢ = 0, ..., n, the operator
P; =Pl oP+ P,oP!:CX(M,E;) - C*(M,E,).

It is clearly a positive operator. As stated in proposition 4.10, we know
that P; is an elliptic differential cone operator. Therefore, by theorem 4.8,
we know that for each positive self-adjoint extension of P;, the relative heat
operator is a trace-class operator. In particular this is true for P, ; that we
recall it is defined as P,fum © Prag,i + Pmaz,i—10 Prtm'n,i—l and for Py ; that
it is defined as Prﬁmx’i © Prini + Prmin,i—1 oPrfwx’Fl. A well known and basic
result of operators theory (see [62], prop. 8.8) says that, given an Hilbert
space H, the space of trace-class operators is a two sided ideal of B(H), the
space of bounded operators of H, and that the trace doesn’t depend on the

order of composition. In this way we know that for each ¢ = 0,...,n
T; 0 e Pavssreri - [2(M, E;) — L*(M, E;)

are trace-class operator and that Tr(T} o e~ tFabs/reti) = Tr(e~tFabs/reti o T;)1.
Moreover it is clear that T; o e~ Pabs/reti are operators with smooth kernel
given by

i © kapsi(t, f(x),y) for Tj o e~ tPabsi (5.11)

and analogously
@i o krel,i(t7 f(x)a y) for Tl o e_thl’i (512)

where Kqps/rer,i(t, ¥, y) are respectively the smooth kernel of e Wabs/reri  In
both the expressions above ¢; acts on the x variable of Ky, /peri(t, f(7), )
because kgps/reri(t, f(2),y) is a section of f*E; K E! and ¢; : f*E; — E; is a
morphism of bundle. So the kernels ¢; o kops/reri(t, f(),y) are well defined
and they are smooth sections of £ X E*.

Now we are in position to state the following theorem which is one of the
main results of this section:

IThis is the reason because we need to require that f : M — M is a diffeomorphism.
In this way each T; : L*(M, E;) — L*(M, E;) is bounded and so we can conclude that
T; 0 e~ tPabs/reli ig a trace-class operator
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THEOREM 5.11. Consider an elliptic complex of differential cone opera-
tors as in (5.8) and let T be a geometric endomorphism as in definition 5.1.
Then

n

Lomaz(T) = _(=1)" Tr(T; 0 e~ Pave) (5.13)
i=0
and analogously
n
Lomin(T) =Y _(=1)" Te(T; 0 e~ "Fret) (5.14)
i=0

In particular, in both the equalities, the member on the right hand side does
not depend on t.

We need to state some propositions in order to prove the above theorem.
We give the proof only for the complex (L?(M, E;), Praz,i). The other one
is completely analogous.

LEMMA 5.12. Consider an abstract Fredholm complex as in (1.1) and
let T be an endomorphism of this complex, that is T = (Ty, ..., Ty), for each
i=20,...,nT;: H — H; is bounded and D; o T; = T;11 0o D; on D(D;). Let
mi » Hi — Hi(Hy, Dy) be the orthogonal projection induced by the Kodaira
decomposition of proposition 1.2. Then for each i = 0,..,n we have

Tr(m;oT; : Hi(H., D) — H'(H., D.)) = Te(T} : H(H,, D,) — H'(H,, D))

PROOF. Let v : H!(H,, D,) — H'(H,, D,) the isomorphism of (1.6).
Then it is clear that T, that is the endomorphism of H'(H,, D) induced
by T;, satisfies T = vy om o T; o y~L. Now from this it follows immedi-
ately that Tr(m; o T; : H'(H., Ds) — H'(H., D.)) = Te(T : H(H., D.) —
Hi(H,,D,)). 0

LEMMA 5.13. We have the following properties.

(1) For each i = 0,...,n the operators Pgaps; have the same non zero
etgenvalues.
(2) Let E;(X) be the eigenspace relative to Pgaps; and the eigenvalue A.
Then E;()\) is finite dimensional and made of smooth eigensections.
(3) Finally, for each eigenvalue X # 0, consider the following complex:
A P/\

Pmaz,i—l max,t P’li\iaz,i-&-l P7>r\zam,i+2
...... — El()\) — EH—l()\) — EH_Q()\) — (515)

A R .
where Pmam = Pz,

E;(n) Then it is an acyclic complex.

PROOF. Let A # 0 an eigenvalue of Py, ; and let s € D(Pypsi) such that
Poabs,i(s) = As. Consider Ppaz.i(s). Then Pz.i(S) € D(Papsi+1) if and only
if anm,i(Pmax,i(s)) € D(Prnaz,i). Clearly mem(Pmax,z‘(S)) € D(Praz;) if
and only if (P}, ;(Prax,i(5)) + Prazi—1(Ppipni-1(5))) € D(Prax,i)- But this
last condition is satisfied because Prtnin,i(Pma%i(s)) + Pmax,i—l(P;;qimi_l(S))
= Pabs,i(s) = As and this implies that Ppaq,i(s) € D(Paps,i+1) and that
Pabs,i-i—l (Pma:v,i(s)) = )‘Pma:v,i(s)' In the same way, if s € D(Pabs7i+l) sat-
isfies Papsit1(s) = As, then Pﬁnm(s) € D(Paps,i) and Pabs’i(anm’i(s)) =
)\Pnt”n’i(s). Therefore we can conclude that for each ¢ = 0,...,n the opera-
tors Paps,i and Pyps s1have the same non zero eigenvalues.
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Now consider the eigenspaces Ej;(A). That is finite dimensional for each
X # 0 follows by the fact that e *Fabsii is a trace-class operator while that it
is finite dimensional for A = 0 follows by the fact that Py ; is a Fredholm
operator on its domain endowed with the graph norm. Moreover elliptic
regularity tells us that F;(\) is made of smooth eigensections.
Finally consider
Pr)r\Lam i—1 P7/>Laz i P‘ri‘m,m i+l P:r\mm i+2

...... = El()\) — Ez+l()\) — EH_Q()\) — (516)
where Pg\wm = Praz,ilE,(\)-
Let s € Ker(Ppnas,i)- Then Pupsi(s) = As = Pragi—1(PL;n(8)). Therefore
s € ran(Ppaz,i—1) and this implies that (5.16) is a long exact sequences, or
in other words, it is an acyclic complex. O

Now we state the last result we need to prove theorem 5.11. We take it
from [3].

LEMMA 5.14. Consider a complex of finite dimensional vector space
0518 Sy By Ty, e sty I, (5.17)

and for each i let G; : V; — Vi an endomorphism such that f;oG; = G110 f;.
Then

D FD)I(G) =Y (1) Tx(GY)

=0 =0
where G is the endomorphism of the i—th cohomology group of the complex
(5.17) induced by G;.

PROOF. See [3]. O

PROOF. (of theorem 5.11). As said above we give the proof only for
(5.13). The proof for (5.14) is completely analogous. Consider the heat
operator e~ Pevsi : [2(M, E;) — L?(M, E;). By the third point of theorem
4.8 it follows that there exists an Hilbert base of L*(M, E;), {¢;}jen, made
of smooth eigensections of Py i, in such way the smooth kernel of e~ tPabs,i
satisfies k(t,z,y) = >_; e~Hig(z) X ¢3(y). Moreover, by the fact that
T; : L*(M,E;) — L*(M,E;) is bounded, we know that T; o e *Pabsii and
e tPabs.i oT; are trace class and that Tr(T;oe™Pabsi) = Tr(e tFabsioT;). Now,
if we label (i, \;) the orthogonal projection (i, \;) : L*(M, E;) — E;(\;),
then we can write e~ tPabs;i = > e im(i, Aj) and therefore e tPavsi o T; =
(X2 e im(i, Ag) o Ty = 30 e (w (i, Aj) o Ty). In this way we get

Tr(Ti o e*tpabs,i) — Tr(eftpabs,i o Tz) _ Zeft)\j TI"((?T(i, >\j) ° Tz)) (5.18)
J
Consider Y"1 o (—1) Tr(T; o e="Pavsii). Then Y1 (—1)! Tr(T; 0 e~ tPavsi) =

= 1Y Tl (i, A)oT) = 37 ST (=1) Tr((n(i, Ay)oTh).
i=0 j j i=0
(5.19)



2. L?>~LEFSCHETZ NUMBERS OF A GEOMETRIC ENDOMORPHISM 115

Now examine carefully this last expression. Both 7(i,A;) o T} : L*(M, E;) —
Ei(X\;) and 7(i,A\;) : L*(M, E;) — E;()\;) are trace-class operators. This
implies that Tr(m(i, A\j) o T;) = Tr(mw(i, Aj) o (i, Aj) o T;) = Tr(w(i, Aj) o Tj o
m(i,Aj)) and this last one is equal to the trace of (i, Aj) o T; = E;j(A\j) —
E;i();). But if we take the following complex for A; # 0
P’li‘zaz i—1 P’:f‘ta(l? i Pri\uzz i+1 Pﬁ\uzz i+2

...... — Ez()\J) — Ei+1()\j) — Ei+2()\j) — (520)
we know that (5.20) is an acyclic complex. Moreover it is immediate to
check that m(i, A\j) oT; is an endomorphism of (5.20) and therefore, applying
lemma 5.17, we can conclude that Y"1 (—1)" Tr(m (i, A;)oT;) = 0 for A; # 0.
This leads to a relevant simplification of (5.19):

n

D (=1)! Te(Tye Pever) Z —tA Z A)oT) = (521)

i=0
n
D (1) Te(w(i,0) o T)).
i=0
Finally, using lemma 5.12, it follows that Tr(w(#,0) o T;) = Tr(T}) and
therefore the theorem is proved. O

As an immediate consequence of theorem 5.11 we have the following
corollary

COROLLARY 5.15. In the same assumptions of theorem 5.11 then

n
L2 mae(T) = %in(lJ (=1)" Te(T; 0 = Fores) (5.22)
%
1=0
and analogously
n
Ly min(T) = lim » (=1)" Te(T; 0 e™"Pret) (5.23)
H
=0

Before to go ahead we add some comments to theorem 5.11.

REMARK 5.1. In the statement of theorem 5.11 we assume that the
endomorphism T satisfies definition 5.1. But from the proof it is clear
that the particular structure of the endomorphism, that is T; = ¢; o f*
doesn’t play any role. It is just a sufficient condition to assure that each
T; induces a bounded map acting on L?(M, E;) and that T is an endomor-
phism of (L?(M, E;), Ppuz min,i)- Therefore if we have a n— tuple of map
T = (T, ..., Ty,) such that, for each i =0, ...,n, T; : L>*(M, E;) — L*(M, E;)
is bounded and Tj4; o Pmax/min,i = Pmax/min,i o T; on D(Pma:v/min,i) then
we can state and prove theorem 5.11 in the same way.

REMARK 5.2. We stated theorem 5.11 in the case of an elliptic complex
of differential cone operators over a compact manifold with conical singu-
larities. This is because, using the result coming from the theory of elliptic
differential cone operators, we know that (L2(M, E;), Ppas /min,i) are Fred-
holm complexes and that e *Fabs/reli are trace-class operators. Therefore it
is possible to define maximal and minimal L?—Lefschetz numbers and to
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prove theorem 5.11. A priori it is not possible to do the same for an arbi-
trary elliptic complex of differential operators over a (possible incomplete)
riemannian manifold (M, g). But it is clear that if we know that the maximal
and the minimal extension of our complex are Fredholm complexes and that
for each i the heat operator constructed from the i-th laplacian associated
to the maximal /minimal complex is a trace-class operator, then it is possi-
ble to state and prove in the same way formulas (5.13) and (5.14) for the
L?—Lefschetz numbers associated to the maximal and minimal extension of
our complex.

We conclude the section with the following theorems:

THEOREM 5.16. Let X be a compact manifold with conical singularities
of dimension m+1 and let g be a conic metric onreg(X) = M. Consider an
elliptic complex of differential cone operators as in (5.8) and let T' = ¢ o f*
be a geometric endomorphism of (5.8) as in definition 5.1. Finally suppose
that f has only simple fixed points. Then we have:

n
Lo maz/min(T) = lim( >~ > (=1) / tr(T o e~ Pavs/reti)dvol,) (5.24)

qEFiz(f) i=0 Uq
where Uy, is an open neighborhood of q € Fixz(f).

PRrROOF. We know, by the assumptions, that f has only simple fixed
points. For each of these point, that we label g, let U, be an open neighbor-
hood of gq. Then using again corollary 5.15, we know that Lo a0 /min (1) =
lim;_,q Z f u tr (T;0 e~ tPabs/rel ). Obviously we can break the member
on the right as

3 Z ! [ (o e P duol,
Uq

geFix(f) 1=0

+Z /tr (T; 0 e~ Pabs/retii)duol,

where V = M — quFix(f)Uq. Clearly, in the term on the left we mean
the regular part of U, when ¢ € Fiz(f) N sing(X). Now, as remarked
previously, we know that f(q) = ¢ for each ¢ € sing(X). This implies
{(f(¢),q) : g €V} isacompact subset of M x M disjoint from Ajps. So we
can use the second property of theorem 4.14 to conclude that

: . 7tlpabs/7‘el,i =
%gr(l) g tr(p;oe (f(q),q))dvol,

= / lim tr(¢; o e~ Favs/retii(f£(q), q))dvol, = 0.
\V t—0
This complete the proof. O
The second point in the above theorem suggests to break the Lefschetz
numbers as a contribution of two terms, that is

L2,m(m:/min (T) = Emax/min (T7 R) + Emax/min(Tv S) (525)
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where L,,40/min(T5R) is the contribution given by the simple fixed point
lying in reg(X), that is

ﬁmax/min(T7 R) = hm( Z Z / tr T oce ~tPabs/rel, 1)dUOl )
Uq

t—0
geFiz(f)Nreg(X

and analogously £,4z /min (T, S) is the contribution given by the simple fixed
point lying in Fix(f) N sing(X), that is

ﬁmax/min(T7 8) - hm( Z Z /[‘] tI' Tioe ~tPabs/rel, Z)d’UOl )
q

t—0
geFiz(f)Nsing(X) ¢

THEOREM 5.17. In the hypothesis of the previous theorem, suppose fur-
thermore that for each i =0,...,n

PloPi+PyoPl:CX®(M, E) — CX (M, E;)

is a generalized Laplacian (see deﬁnitz’on 4.13). Then we get :

)e T ( qb,)
L T) = E E T,S).
2,max( ) ]det Id d f)‘ +£2,mam( 7S>
geFiz(f)NM i=0

Analogously for L min(T') we have

‘ B ) Tr(¢;) ‘
L27mm(T) - Z Z ]det Id d f)‘ + £27m1n<T78)-
qeFiz(f)NM i=0

PROOF. By theorem 5.16, we know that the L?—Lefschetz numbers de-
pend only on the simple fixed point of f and that we can localize their
contribution, that is,

L2,mam/mzn = }gr(l) Z Z / tr(Toe™ ”Dabs/re“)dvol )
qEFiz(f) i=0 Uq

where U, is an arbitrary open neighborhood of ¢. Now if ¢ € reg(X) N
Fiz(f), by the assumptions, we can use the local asymptotic expansion
recalled in the last point of theorem 4.14. Now, to get the conclusion, the
proof is exactly the same as in the closed case; see for example [9] theorem
6.6 or [62] theorem theorem 10.12. O

We have the following immediate corollary:

COROLLARY 5.18. In the same hypothesis of theorem 5.17; Then:
(1) Lyaz(T,R) = Lynin(T,R) that is, the simple fized points in M give
the same contributions for both the Lefschetz numbers Ly maz /min(T)-
(2) Linaz/min(T,S) do not depend on the particular conic metric fived
on M and on the metrics po, ..., pn respectively fived on Eqg, ..., By,

PrROOF. The first assertion is an immediate consequence of the second
point of theorem 5.17. For the second statement, by proposition 5.10, we
know that Lo 4z /min (T') are independent on the conic metric we put over M
and on the metric pg, ..., p, respectively on Ey, ..., E,. Again, by the second
point of theorem 5.17, we know that also L4z /min (T R) are independent
from the conic metrics and on the metric po, ..., pn, respectively on Eq, ..., Fy,.
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Therefore the same conclusion holds forL,,q; /min(T,S). The corollary is
proved. O



CHAPTER 6

The contribution of the singular points

In this chapter the main formulas for the L?—Lefschetz numbers are
proved. In the fist section, under suitable hypothesis, we describe the con-
tribution of the singular points using a sort of "modified zeta function”
which involves in its definition the action of the endomorphism 7. More-
over a geometric interpretation for the contribution given by the singular
points of attractive or repulsive type is provided. Finally the second section
concerns the case of a short elliptic complex of differential operators.

1. First case

The aim of this section is to give, in some particular cases, an explicit
formula for £,,,5 /min (T S), that is for the contribution given by the singular
points to the Lefschetz numbers Ly 00 /min (T)-

Consider the same situation described in theorem 5.16. Suppose moreover
that the following properties hold:

(1) For each ¢ € sing(X) there exists an isomorphism y, : U, —
C2(Lg) such that on [0,2) x L, using (4.5), each operator Ay is
constant in x and, using the decomposition (5.5), the map f takes
the form:

f=(rA(p), B(p))- (6.1)
(2) On reg(C2(Ly)), using again the isomorphism x4 : Uy, = Ca(Lyg),
the conic metric g satisfies ¢ = dr? + r2h with h that does not

depend on r and each metric p; on E; does not depend on r in a
collar neighborhood of OM.

Before stating the next theorem we recall a definition from [51].

DEFINITION 6.1. Let Uy : L?(reg(C(N)), E) — L?(reg(C(N)), E) be the
isometry as defined in the proof of lemma (4.17), that is Uy(y) = tnTH’y(tr, D).
Consider an operator Py € Difff” (reg(C'(N))) such that, using the expres-

sion (4.5), each Ay is constant in z. Then a closed extension P of Py is said
scalable if U/ PU; =tV P.

LEMMA 6.2. Given Py € Difff"(reg(C(N))) as in definition 6.1 then
Pomaz and Py min are always scalable. If we take Pg, the formal adjoint of
Py, then also Pé,mm © PO,ma:E; P(imaq} © PO,miny PO,min © Pé,mam and PO,max °
Pl are scalable extensions of P} o Py and Py o P} respectively. Finally,
if in a complex we consider P; := Pf oP,+PF_qo0 Pf_1 (see the statement
of theorem 5.17) then also the closed extension Pays; and Pre; (see (1.15)
and (1.16)) are scalable extensions.

,min
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PROOF. For the first assertion see [51] pag. 58. The others assertions
are an immediate consequence of the previous one and of the definition of
scalable extension. O

Now we are ready to state the following theorem:

THEOREM 6.3. In the same hypothesis of theorem 5.16. Suppose more-
over that the two properties described above definition 6.1 hold. Then we
have:

‘Cmaa:/min (T> S) = (62)

;1 [d
Z Z / a:/ tr(¢; o e”*Pavs/reti(A(p), B(p), 1,p))dvoly,.
21/ 0 x Lq

g€sing(X

PROOF. Let ¢ € sing(X). By the hypothesis we know that there exists
an open neighborhood U, and an isomorphism x, : U, — C2(Lg) such that,
on Cy(Lg), f takes the form (6.1) and each Ay is constant in z. Using the
properties stated in [51] pag. 42-43, we get that the limit

lim tr(¢; o e~ Pavs/reti (r A(p), B(p), p))dvoly
t=0 reg(Uq)

is equal to

lim tr(¢; o e~ Pavs/rei(r A(p), B(p), r, p))r™dvoly,dr

10 Jreg(Ca(Ly))
where, with a little abuse of notation, in the second expression we mean the
heat kernel associated to the absolute and relative extension of the operator,
induced by Py|y, through x4, acting on C°(reg(Ca(Ly)), (x; ')*E:) . So, for
each ¢ = 0, ..., n, we have to calculate

lim tr(¢; o e~ Pavs/rei(r A(p), B(p), r, p))r™drdvoly,.

120 Jreg(Ca(Ly))
Moreover, we assumed that, on reg(Ca(L,)), the conic metric g satisfies
g = dr? +r?h with h that does not depend on r and that each metric p; on
E; does not depend on r in a neighborhood of M. This implies that, for
each i = 0,...,n, the operator P; satisfies the assumption at the beginning
of the subsection, that is each A does not depend on z. Therefore, using
lemma 6.2, we get that Pgps/re,; are scalable extensions of P;. Now, after
these observations, we can go on to calculate

lim tr(¢; 0 e~ Pavs/ret (1 A(p), B(p), 7, p))dvoly,.
10 Jreg(Ca(Ly))

Using lemma 4.17 and the fact that P, e1; are scalable extensions of P;
we get

/ tr(¢; o e Pabs/reti (r A(p), B(p),r,p))r"drdvoly, =
reg(C2(Lq))

/ / —tr(gp;0e” rHP abS/Tﬁlvi(A(p),B(p), 1, p))dvolyhdr.
Lq
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Now if we put TQ% =z we get ;3,33{7“ = dx which implies that % = df =
;331‘?‘# and in conclusion ‘ff = 5—3% Moreover when r goes to 0 then x
goes to co and when r goes to 2 then x goes to ﬁ. So we get

2 1 t 72u'P

/ / —tr(gioe”" ~ Tabs/reli(A(p), B(p), 1, p))dvolyhdr =
0 JL, T
1
= / tr(¢; o e~ *Pavs/reti(A(p), B(p), 1,p))dvoly,. (6.3)
2V /4 X L

Therefore to conclude we have to evaluate the limit
12, // /Lq tr(¢; 0 e~ Tabe/reli(A(p), B(p), 1,p))dvoly,  (6.4)

To do this consider the term qu tr(¢p; o e FPavs/retii(A(p), B(p), 1, p))dvoly,.
We know, by the hypothesis, that f has only simple fixed points. In partic-
ular each ¢ € sing(X) is a simple fixed point. The conditions described in
definition 5.6 together with (6.1) implies that either A(p) # 1 for all p € L,
or B: L; — L4 has not fixed points. Anyway each of these conditions im-
plies that when p runs over L, then {(A(p), B(p),1,p)} is a compact subset
of reg(Ca(Ly)) x reg(Ca(Ly)) that doesn’t intersect the diagonal. Therefore
we can use the second property stated in theorem 4.14 to conclude that,
when z — 0,

/ tr(¢; o e avs/reti(A(p), B(p), 1,p))dvoly, = O(z™) for each N > 0.
Lq

(6.5)
In this way we can conclude that the limit (6.4) exists and we have
N x . 7x7)abs/'rel,i 1 —
}g% 5 5 ) e (A(p), B(p), 1, p))dvol
dx —xP,
2 tr(¢; o e abs/reli(A(p), B(p), 1, p))dvoly,. (6.6)
v Lq

Finally it is also clear that (6.6) converges because, given a sufficient small
€ > 0 we have

€ oo
(6.6) = / O(:cN)da:—i—/ x_ldx/ tr(g;oe~Favs/reti(A(p), B(p), 1,p))dvoly,.
0 € Lg
The first term is clearly finite and the second one is finite because, by (6.3),
it is the trace of Tioefﬁjﬂbs/ relyi yalued in € and Tioeftpabs/ relii gre trace-class.
This completes the proof. O

Now, for each i = 0,..,n, using again the hypothesis and the notations
of theorem 6.3, and assuming still that ¢ is a simple fixed point for f, define
the following "modified version” of the classical (—function:

CTi,q(Pabs/rel,ixS) = (67)

1 oo
=— a:Sld:L’/ tr(¢; o e~ *Favs/reti(A(p), B(p), 1,p))dvoly,.
0 L

2v
q



122 6. THE CONTRIBUTION OF THE SINGULAR POINTS

The definition makes sense for each s € C because, as observed in the proof
of theorem 6.3, {(A(p), B(p),1,p)} is a compact subset of reg(X) x reg(X)
that is disjoint from the diagonal A,..(x). Therefore we can apply the second
point of theorem 4.14 to conclude that, when z — 0,

/ tr(g; o e avs/reti(A(p), B(p), 1,p))dvoly, = O(2™) for each N > 0.
Lq

(6.8)
and this implies that (7, q(Paps/reti)(s) is a holomorphic function over the
whole complex plane. The reason behind (6.6) is that if we compare (6.6)
with the definitions of the zeta functions for a generalized Laplacian, see
for example [9] pag. 300, then it natural to think at (6.6) as a sort of zeta
function for the operators Py, /rer; valued in 0, which takes account of the
action of T; in its definition. In this way, using (6.7), we can reformulate
theorem 6.3 in a more concise way:

'Cma:t/min (T7 S) = Z Z CTuq abs/rel,i) (O) . (69)

g€sing(X)

Before to conclude the section we make the following remarks.

In the same hypothesis of theorem 5.16 consider a point ¢ € sing(X) such
that ¢ is an attractive simple fixed point. We recall that over a neighborhood
U, 2 10,2) x Ly of g we can look at f as a map given by (rA(r,p), B(r,p)) :
[0,2)x Ly — [0,2) x Ly with A and B smooth up to 0. From definition 5.8 we
know that ¢ is attractive if lim,_,o A(r, p) < 1 for each fixed p € L,. Clearly
this implies that f(U;) C U,. Therefore it follows that, if we consider the
complex

Pn
0 — C(Uy, Bolv,) 8 C°(U,, Ealy,) B .. 725

5O Uy, Bulu,) B
(6 10)
then T is also a geometric endomorphism of (6.10) and, using proposition
5.3, we get that T extends as a bounded endomorphism of the complexes
(LZ(qu Ei‘Uq)? (P|Uq)max/min,i)'
Moreover, by the results proved in the first and the second chapter of [51],
it follows that (LQ(Uq, Eilv,), (Plu,)mas /m,m) are both Fredholm complexes
and that, the respective heat operators , e H(Pluglabs/reti . LQ(Uq,EZ’\Uq) —
L*(U,, E;i|y,), are trace-class operators.
Using again the properties stated in [51] at pag. 42-43, it follows that for
each open neighborhood V; of ¢, such that vq is a subset of U, we have

lim [ tr(¢; o e tFabs/reti(r A(r, p), B(r, p), 7, p)dvoly =
t—0 Vq

=1lim | tr(¢; 0 e M Pluadabs/reti(r A(r, p), B(r,p),r,p)dvol,.
t—0 Vq

Suppose now that we are in the hypothesis of theorem 6.3. By the proof of
the same theorem, it follows that for each 0 < b < 2

b
lim/ / tr(p; 0 e HPIa)avs/reti) (1 A(p), B(p), r, p)r™ dvolydr =
Lq
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/ x_ld:c/ tr(¢; 0 e~ *Plua)avsreri) (A(p), B(p), 1, p)dvoly,
0 L

q
that is it does not depend on the particular b we fixed. Therefore we can
conclude that

lim [ tr(¢; o e Favs/reti(r A(p), B(p), r,p)dvol, = (6.11)
t—0 Uq

= lim tr(¢; o e UPlug)avs/ret,i (rA(p), B(p),r, p)dvol,.
t—0 Uq

Summarizing we obtained that it makes sense to define, for an attractive sim-
ple fixed point, Ly maz/min(T'|u,) as the L?—Lefschetz numbers of T acting
on the maximal /minimal extension of (6.10) and that, under the hypothesis
of theorem 6.3, it satisfies

n
Ly maz/min(Tlv,) = %g}% (—1)’/{} tr(pioeTavs/reti (1 A(p), B(p), r, p)dvoly.

i=0 a

(6.12)

Now we proceed making another remark before the conclusion.
As showed in the second section, T7*, the adjoint of T;, has the following
form:

TF =0;0(f 1) (6.13)
where 0; = 7¢; with 7 positive or negative function respectively if f pre-
serves or reverses the orientation.

Moreover, a simple computation, shows that 7™ is an endomorphism of the
following Fredholm complexes: (L?(M, E;), P! ). By the fact that, if

max/min,i
Q : H — H is a trace-class operator acting on the Hilbert space H then also

Q* is trace-class and Tr(Q) = Tr(Q*), it follows that

Tr(T; 0 e Pavs/reti) = Tr(ePavs/retii o T) = Tr (T} o e~ Favs/rei),  (6.14)
In other words we proved that:

Ly maz/min(T) = Lo min/maz(T") (6.15)

where T acts on (L*(M, E;), Ppayjmin,i) and T* acts on (L*(M, E;), P!

min/max,i)'
A second consequence is the following: consider a point ¢ € sing(X) such
that ¢ is a repulsive simple fixed point. Clearly, by the fact that f on
U, & Cy(L,) takes the form f = (rA(p), B(p)) it follows that f~! =
(rG(p), B~'(p)) where G = ﬁ. The fact that ¢ is repulsive means
that A > 1. Therefore it follows that ¢ is an attractive simple fixed point
for T*.

Finally we are in positions to conclude with the following results:

COROLLARY 6.4. In the same hypothesis of theorem 6.3; Suppose more-
over that q € sing(X) is an attractive fized point. Then
n
Z(_l)ZCTi,q(Pabs/rel,i)(0) = L2,maz/min(T’Uq)'
i=0
In particular this tells us that Z?:O(—1)iCT,L.,q(77abs/rel,i)(O) has a geometric
meaning itself.
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PRrROOF. It follows immediately from theorem 6.3 and (6.12). O

THEOREM 6.5. In the same hypothesis of theorem 5.17. Suppose more-
over that the first property stated at the beginning of the section holds. Then
we have:

Ly max/mm(T) = (6'16)

Tr i
= Z Z |det Id El¢f))’ + Z Z gT“q abs/rel,i)(o)

pEFiz(f)NM =0 g€sing(X)

where in (6.16) the contribution given by the singular points is calculated
fixing any conic metric g on reg(X) and any metrics po, ..., pn on Eo, ..., E,
which satisfy the hypothesis of theorem 6.3.

Moreover if each point q € sing(X) is an attractive fized point we have:

LQ,mua}/min(T) = (617)

92 )
- Z Z ]det Id d ) ))‘ + Z LQ,min/max(T |Uq)

pEFix(f)NM =0 gesing(X)

while if each q € sing(X) is a repulsive fized point then we have :
L2,max/mm(T) = (6'18)

9 *
= 2 Z\detld d )))I+ > Lominjmaa(T"l0,).

pEFiz(f)NM =0 g€sing(X)

Finally we remark again that, when P; is a generalized Laplacian, the con-
tribution given by the singular simplex fixed points, that is

[’max/min (T7 S) = Z Z CTl,q abs/rel,i) (0)

g€sing(X) i=0

does not depend on the particular conic metric that we fix on reg(X) and
on the metrics po, ..., pn that we fix on Ey, ..., E,.

PRrOOF. As showed in corollary 5.18, when each P; is a generalized
Laplacian, then Ly a2 /min(T), L(T,R) and Ly,qz /min (T, S) do not depend
on the conic metric we fix on reg(X) and do not depend on the metrics we
fix pg, ..., pn o0 Ey, ..., E,. Therefore, without loss of generality, we can as-
sume that for each ¢ € sing(X), using the isomorphism x, : Uy — Ca(Ly,) of
(6.1), the conic metric g satisfies g = dr? +r2h with h that does not depend
on r and that each metric p; on E; does not depend on r in a neighborhood
of M. In this way we are in position to apply theorem 6.3 and so (6.16)
follows combining the theorems 5.17 and 6.3. Moreover this tell us that, in
(6.16), the contribution of the singular points is well defined and does not
depend on the metrics g, po, ..., pn, (satisfying the assumptions of theorem
6.3) used to calculate it. The second assertion follows from corollary 6.4
while the last assertion follows from (6.13) and (6.15). O

REMARK 6.1. We stress on the fact that, unlike theorem 6.3, in theorem
6.5 there are not assumptions about the conic metric g on reg(X) and about
the metrics pg, ..., pn, on Ey, ..., B, respectively.
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Finally we conclude the section with the following comment.

The condition that we required at the beginning of the subsection for each
operator P;, that each Ay does not depend from z, might appear as to be
too strong at first right. Obviously this is indeed a strong assumption but it
is at the same time quite natural because the most natural complex arising
in differential geometry, the de Rham complex, satisfies this assumption.
The requirement (6.1), about the behavior of f near the point p, is justified
by the idea to evaluate L,z /min(T;S) using the scaling invariance of the
heat kernel, see lemma 4.17. In fact if f = (rA(r,p), B(r,p)) then, after
the scaling invariance is used, we get in our expression the term tr(¢; o
et Pabsret,i (A(r,p), B(r,p),1,p)). To have that this last expression make
sense we need that (A(r,p), B(r,p),1,p) € G(f) and therefore this leads us
to assume (6.1).

2. The case of a short complex

The aim of this subsection is to give a formula for the L?—Lefschetz
numbers in the particular case of a short complex, that is is an elliptic conic
operator P : C°(M, E) — C°(M, E), using the result stated in proposition
4.18. To do this we start describing our geometric situation which is the
same of the previous results with some additional requirements: let X be a
compact and oriented manifold with conical singularities of dimension m+1.
Let M be its regular part and let M be the compact manifold with boundary
which desingularize X. Endow M with a conic metric g. Let (F,p) be a
vector bundle endowed with a metric (riemannian or hermitian) according
if E is complex or real. Let (E,p) be the extension of (E,p) over M. Let
T = (T1,T>) be a geometric endomorphism where, as we already know,
T; = ¢; 0 f* with f : M — M is a diffeomorphism as described in definition
5.1 and ¢ : f*E — E a bundle homorphism. Suppose that Fiz(f) is made
only by simple fixed points. Finally, suppose that in each neighborhood
U, = Cy(Ly) of g € sing(X) the operator P take the form

n o 1
P=—+_—+4+-5 6.19
2r + or * r ( )
where S € Diff 1(N , En) is an elliptic operator and the map f take the form
f=(re,B(p), c#1 (6.20)

where ¢ > 0 and depends only on q.

THEOREM 6.6. In the same hypothesis of theorem 6.3; suppose moreover
that the properties described above hold. Then for each q € sing(X) we have:

CliTn o u(c +1)
CTO#Z( 7tnax o szn)(o) = 4 / e Z I du TI'((I)O A q)
0 A€espec S
(6.21)
and analogously
CliTn o0 u(c +1
Gyl Poin © Phas)0) = = [ " S o (“Cydu Te(dy 5,
0 A€Espec S

(6.22)
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where
Tr(Pj0q) = /L tr(¢;Pxq(B(p),p))dvoly, j=0,1.

q
PROOF. We give the proof only for (6.21) because for (6.22) is completely
analogous. To prove the assertion we have to calculate

lim tr(Tp o e‘anawOPmi")dvolg.
120 Jreg(Ca(Ly))
By the assumptions we are in position to use the second statement of propo-
sition 4.18 and therefore it is clear that the smooth kernel of Tpoe ™! maz®Pmin
is
1 1-n crs _ c2r24s2
Z %(CTS) 2 Ip+(/\)(g)€ 7w poPA(B(p),q) (6.23)
A€spec S
In this way we have to calculate
2 2.2

c“+1

, er? _r ) m
}5%/0 Z B (57 o Jeo A& r dr/ tr(po®x(B(p), q))dvoly,.

)\EspecS Lq
Clearly qu tr(po®(B(p), q))dvol;, does not depend on t and so, if we label

it Tr(®g 4), our task now is to calculate

2 2.2
—n ro(c?+1)
lim )1TIp+(,\)(%)ef T

)\Espec S

To do this put ’"7 = u. Then rdr = thU. Moreover when r goes to 2 u goes

to % while when r goes to 0 u goes to zero. So, applying this change of

variable, we get
1—n 4

. Cc 2 u(c +1
i [ Y fe(Ha

A€spec S

Now, by the asymptotic behavior of the integrand, we know that this limit
exists and is equal to

1-—n

c 2 w4 Uuc
1 /0 T ) Lr(y

A€spec S

So we proved the statement. O
From theorem 6.6 we have the following immediate corollary:

COROLLARY 6.7. In the same hypothesis of theorem 6.6 but without any
assumptions about the conic metric g on reg(X) and the metric p on E.
Suppose moreover that Pt o P : C°(M,E) — C*°(M, E) is a generalized
Laplacian. Then we have the following formula'

A . J Tr( (éj)
ge MNFiz(f) =0

1—n

C 2 o0 u(c +1)
+ ) ; / e~ S Iy duTr(CIDO)\q)

gesing(X) 0 A€spec S
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0 _uty uc ~

- > / T D () duTr(@y,)
q€sing(X) 0 A€spec S

where the contribution of the singular points is calculated fixing any conic

metric g on reg(X) and any metric p on E which satisfy the assumptions

of theorem 6.6.

PROOF. As observed in the proof of theorem 6.5, by the fact that P'o P
is a generalized Laplacian, it follows that £(7,S) does not depend on the
conic metric we fix on reg(X) and does not depend on the metric p we fix
on E. Therefore, without loss of generality, we can assume that for each
q € sing(X), using the isomorphism x, : U, — Ca(Ly) of (6.1), the conic
metric g satisfies g = dr? + r?h with h that does not depend on r and that
each metric p; on E; does not depend on r in a neighborhood of OM. In this
way we are in position to apply theorem 6.6 and therefore (6.24) follows. [






CHAPTER 7

A thorough analysis of the de Rham case

In this chapter we deal with the L?—de Rham complexes over a compact
manifold with conical singularities endowed with a conic metric over its
regular part. The first section contains the applications of the previous
results. In particular we give some formulas in the case that each ¢ €
sing(X) is an attractive fixed point. Finally the last section contains some
consequences arising from Cheeger’s work on the heat kernel.

1. Applications of the previous results

As remarked previously, theorems 5.17 and 6.5, corollary 6.4 and in
particular (6.16) hold for the Hilbert complexes (L*Q' (M, g), dpag jmin.i)-
More explicitly, we have the following result:

THEOREM 7.1. Let X be a compact and oriented manifold with isolated
conical singularities and of dimension m + 1. Let g be a conic metric over
its reqular part reg(X). Let f : X — X a map induced by a diﬁeomorphism
f: M — M which fizes each connected component of OM. Consider T :=
(df)* o f*, the natural endomorphism of the de Rham complez induced by f.
Finally suppose that f has only simple fived points. Then we have:

L2,ma:c/min<T) - Z sSgn d€t([d - dqf) + ﬁmax/min(Ta S) (71)
geFix(f)Nreg(X)

If in a neighborhood of each simple fized point q f satisfies the condition
described in (6.1), then we have: Ly maz/min(T) =

m—+1

= Z sgn det(ld — dqf) Z Z CTI q abs/rel,i)(o)
geFiz(f)Nreg(X) gesing(X) ¢

(7.2)

where in (7.2) the contribution of the singular points is calculated using

any conic metric g on reg(x) such that, again through the isomorphism

: Uy — C2(Ly) of (6.1), g takes the form dr? + r?h and h does not
depend onr.

In particular if each q € sing(X) is an attractive simple fixed point then we

have:

LQ,max/min(T) = Z sgn det(Id dqf Z L, max/mzn(T|Uq)‘
geFiz(f)Nreg(X) gesing(X)
(7.3)
while if each q € sing(X) is a repulsive simple fized point then we have:
LQ,max/min(T) = (74)

129
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= Z sgn det(Id - dq(fil)) + Z L2,min/man(T*|Uq)'
geFiz(f)Nreg(X) g€sing(X)

Moreover in (7.2) the member on the right, that is Ly,qz /min(T,S), does not
depend on the particular conic metric that we fix on reg(X).

PRrOOF. (7.1) follows immediately from theorem 5.17. In particular the
expression for £, /min (T, R) follows by a standard argument of linear alge-
bra; see for example [4] or [62]. (7.2) follows as in the proof of theorem (6.5);
in particular, as remarked in the proof of lemma 4.17, the scaling invariance
property for the heat operator associated to positive self-adjoint extension
of A;, was proved by Cheeger in [25]. Finally (7.3) and (7.4) follows again
from theorem 6.5. O

By the fact that f : X — X is induced by a diffeomorphism of M it
follows that the map f satisfies f(sing(X)) = sing(X) and f(reg(X)) =
reg(X). This implies, see for example [38], that if we fix a perversity p
then f induces a well defined map, f*, between the intersection cohomology
groups respect to the perversity p. In particular we have f* : I"H(X) —
I'"H(X) and f*: IH(X) — I"™*H(X). Therefore it is natural to define in
this context, as it is showed in [40], the intersection Lefschetz number
respects to a given perversity p as

IPL(f) = tr(f*: IPH'(X) - IPH'(X)). (7.5)
=0

IPL(f) is deeply studied, from a topological point of view, in [40] and [41]
in the more general context of a stratified pseudomanifold; our goal in the
next corollaries is to give an analytic description of I™L(f) and I™>L(f)
when X is a compact manifold with conical singularities. In particular in
(7.10) we will give an analytic proof of a formula already proved in [40]. So,
using theorem 7.1 and theorem 4.13, we get the following results:

PROPOSITION 7.2. In the same hypothesis of theorem 7.1; let q € sing(X)
be an attractive fized point . Let U, be an open neighborhood of q iso-
morphic to Ca2(Ly) and suppose that f satisfies (6.1) and g takes the form
g = dr? 4+ r2h where h does not depend on r. Then, for i < mTH, we have:

Tr((f‘Uq)* : H;,max<Uq7g’Uq) - H%,maa:(Uwg‘Uq)) = (76)

= Tr(B* : H'(L,) — H'(L,)).

PROOF. As it is showed in [24], in (4.13) the isomorphism between
Hémam(reg(Cg(Lq)), g9) and H'(L,), for i < 2+ 1, is given by the pull-back
7 where 7 : (0,b) x F' — F'is the projection on the second factor and inverse
is given by v,, the evaluation map in a, where a is any point (0,2). Now by
the hypothesis, over U, f can be written as (rA(p), B(p)). An immediate
check shows that 7% o B* = B* on* and therefore Tr((f|y,)*) = Tr(B*). O
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COROLLARY 7.3. In the same hypothesis of theorem 7.1, suppose more-
over that near each point q € sing(X) f satisfies (6.1). Then we have:

m—+1
mL(f)= Y, sendet(Td—dgf)+ Y Y (—1)'¢r0(Dabs.i)(0)
geFiz(f)Nreg(X) g€sing(X) =0
(7.7)
and analogously
o m—+1
ImL(fy= Y, sendet(Id—dgf)+ Y Y (=1)Crq(Areri)(0)
geFiz(f)Nreg(X) gesing(X) =0
(7.8)
Finally, if q € sing(X) is an attractive fized point, then we have
m+1
D ()rg(Dabs)(0) = D (1) tr(B*: H'(Lg) = H'(Lg)) (7.9)
i=0 <241
and therefore from (7.7) we get:
IL(f) = Lomax(T) = > sgndet(Id — dyf)+ (7.10)

geFiz(f)Nreg(X)

+ Y Y (- T(BT HY(Lg) — H'(Ly))-

gesing(X) i< m+1

PROOF. As in theorem 7.1, to get the Lefschetz numbers, we can use a
conic metric ¢ such that, in each neighborhood Uy of ¢ € sing(X), using the
isomorphism x, : U, — Ca(Ly,), g takes the form g = dr?+r2h where h does
not depend on r. Now (7.7) and (7.8) follow immediately by the previously
theorems. Finally (7.9) and (7.10) follow immediately from proposition 7.2.

O

Finally we have this last corollary; before stating it we recall that a
manifold with conical singularities of dimension m + 1 is a Witt space if
m + 1 is even or, when it is odd, if H? (L,) = 0 for each link L,. For more
details see, for example, [38] .

COROLLARY 7.4. In the same hypothesis of corollary 7.8. Suppose more-
over that X is a Witt space. Then we get:

L2,mam(T) = L2,min(T)7 £maw(Ta S) = Lmzn(Tv S) (711)
and, if each q € sing(X) is an attractive fixed point then

['mam(Ta S) = *szn(TvS) = Z L2,max(T|Uq) = Z LQ,min(T’Uq) =
g€sing(X) q€sing(X)

= > > L H(Ly) = H'(Ly)).

qesing(X) j<mt

(7.12)

Finally if each q € sing(X) is repulsive then we have:

['max(Ta S) - »Cmin(Tv S) - Z LQ max T |Uq) Z L2,min(T*|Uq)-
q€sing(X) g€sing(X)
(7.13)
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PROOF. (7.11) follows by the fact that, as it is showed in [24], if X is a
Witt space then for each i, A; : Qi(reg(X)) — Qi(reg(X)) is essentially self-
adjoint as unbounded operator acting on L2Q(reg(X),g) and this implies
that dpaz,i = dmin,i for i = 0,...,m + 1. (7.12) follows by (7.11) combined
with (7.3) and (7.10). Finally (7.13) follows from the fact that X is Witt
and from theorem 6.5. O

2. Some further results arising from Cheeger’s work on the heat
kernel

The aim of this section is to approach the L?—Lefschetz numbers of

the L?—de Rham complex using the results of Cheeger stated in [24] and
in [25]. For simplicity assume that X is a Witt space. As recalled previ-
ously, if X is a Witt space and if over reg(X) we put a conic metric, then
A; s L2Q*(reg(X),g) — L?Q*(reg(X), g) is essentially self-adjoint for each
1 =0,...,m+1, with core domain given by the smooth compactly supported
forms. In particular this implies that, if dimX = m + 1, then for each
t=0,....,m+ 1, dnazi = dmin,i. Therefore, for each map f : X — X that
induces a geometric endomorphism 7' as in theorem 7.1, we have just one
L?—Lefschetz number that we label Ly(T).
Now we recall briefly the results we need and we refer to [24] and in par-
ticular to [25], section 3, for the complete details and for the proofs. Let N
be an oriented closed manifold of dimension m and let C'(N) be the cone
over N. Endow reg(C(N)) with a conic metric g = dr? + r2h where h is a
riemannian metric over N. In the mentioned papers Cheeger introduce four
types of differential forms over reg(C'(N)), called forms of type 1, 2, 3 and
4, such that each eigenform of A;, the Laplacian acting on the i—forms over
reg(C(NV)), can be expressed as convergent sum of these forms. For the def-
inition of these forms see [25] pag. 586-588. The main reason to introduce
these four types of forms is that now we can break the heat operator in four
pieces, see [25] pag. 90-92:

e*tAi — 1e*tAi+ 2€72§A¢+ 3€7tAi 4 4eftA¢

where, for each | = 1, ..., 4, ;e~*®i is the heat operator built using the i—forms

of type I. As it is showed in [25], pag. 590-592, it is possible to give an
explicit expression for ;e **¢. In particular for type 1 forms we have:

e~ B = (ryrp)e® Z/o e_tAQJyj(i)(Ml)Juj(i)()\Tz))\dAéf);(Pl) ® ¢§'(P2) =
J

(7.14)
= (r1re) ()Z 5 [uj(i)(?)%(pl) ® ¢5(p2) (7.15)
J
where 1, (; is the modified Bessel function (see [51] pag. 67), a(i) = 1+
2i—m), vj(i) = (u; + aQ(i))% and aj-[(i) = a(i) £ vj(i). The corresponding
expression for type 2 forms is

pe A = ZdldQ((hm)a(i_l)/o e_txz‘]”j(i—l)()‘7’1) (7.16)
J
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Ty, -1y Ar) AT A (1) @ ¢4 (p2).

The expression for forms of type 3 is:

= Z /Ooo e ((—a(i = 1)r{ Vg, oy )+ (7.17)
’ z 1
—H“il(z 1)+1J/ (i 1)()\7“1))\) \ﬁ( )+
YT e (e A 65 0n) @ (—ali = 15, ()4
—I—rg(i_l)HJ,’jj(i1)()\7“2))\)d¢}_1(pz)—H“g(i_l)_lJy.(/\r2)dr2A\//Tj¢§-_1(p2))/\1d)‘

VHi ’
Finally for forms of type 4 we have:

—tA; _ 1) —t)\2
4€ = (r1r2) ‘” Z/ Ju,(i- 2)(Ar1)

d l'72 d lfQ
Ty (12 (Ar2)AdAdry A 4051 gy n P2
VI 1
) 1 7‘2 7‘2 d 7,472
= (Tng)a(z_Q) Z Ee_%fy (i— )(T;’;Q )ClTl A 7¢J (pl) Rdrg A ( )
- N f
(7.18)
Now suppose that for each point ¢ € sing(X), over a neighborhood U, =

C(Ly), f satisfies (6.20).
Using Cheeger’s results recalled above, it make sense to break T o e~ 4
over Ca(Lg), as a sum of four pieces such that:

I

lim Tr(Toe *2%) = lim Tr(To 1 " +To ge "2 4 To 3718 £ To 4o tA%).
t—0 t—0

(7.19)
Moreover, using (5.11), (6.20), (7.15) and (7.18) it is clear that on reg(Ca(Ly))
we have:

2 2

—tA (C +1) or * 47 * 7
tr(T o 1e7"2)(r,p )Z% ()(2t) (B<Z>®B¢)
(7.20)

and analogously

(T o qe ) (r,p) = (7.21)

; 1 r2(c2 2 d(B* if2 d(B* i'72
(CT2)a(172) %B(Mw[,/j(iQ)(C;t)tr(dr/\W@dr/\ M)

j VHj N

Now we are in position to state the following result:

THEOREM 7.5. Let X, g and f be as in theorem 7.1 such that dimX =
m + 1. Suppose moreover that X is a Witt space and that, on each neigh-
borhood U, = Cy(Lg) of each point q € sing(X), f satisfies (6.20) and g
takes the form g = dr? 4+ r2h where h does not depend on r. Then, for each
q € sing(X), we have:

(1) The forms of type 1 give a contribution only in degree 0.
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(2) The contribution given by q in degree zero depends only on the forms
of type 1 and we have

1-m

Cra(B0)(0) = ([ e 3 Lo 60 B

(7.22)
(3) The forms of type 4 give a contribution only in degree 2 and this
contribution is

Tr(Th o 4e7t52) = (7.23)

Cl—2m 00 Wi +1) d(B*(Z)i-_2) d(B*gbil_z)
1 )(Tr(dr A ——L—@drn ——L—)).
4(/06 ZV] w)(Tr(dr A NG ®dr N NG )

where Tr(TQ o 4e 1tA?) is taken over reg(Ca(Ly)).

(4) The contribution given by q in the others degrees, that is i # 0,2,
depends only on the forms of type 2 and 3.

PRrROOF. First of all we note that from (7.15), (7.16), (7.17) and (7.18) it
follows that e 2 = e tAi for i = 0 and that se 2 occurs only for ¢ > 2.
Now, using (7.15) and (7.20) we know that, over reg(Ca(Ly)),

hmTr(T o e iR =

t—0
r2(c 1) 2
= lim/ / cr a(Z — Iu,-(i)(CQt ) tr(B*¢} @ B*¢%)r™ drdvoly,.

t—0 J

Clearly this last term 1t is in turn equal to

: 2 2a(i)1 _r(+) cr? m * 17 * 17
ti(( [ (0 e = 3 1 (o)) (Te(B 65 © B6))
J
(7.24)
and therefore, to get the first two points we have to calculate
2 2
A1 P4 cr
; 2ya(i) — o= —5 — N
%gr(l) ; (cr=)*\ 5¢ %:IV],(Z)( 57 yr™dr (7.25)

First of all remember that a(i) = 3(1—m+2i); therefore pRa(@)pm — p2it1,

Now put % = wu. It follows immediately that dr = tg—;‘. Now, by the
fact that 1"2_ = tu it follows that r2tl = tiy’r and therefore we also get
r2itldr = “Hfuld“. Moreover when r goes to 2 then u goes to % and when r

goes to 0 then u goes to 0. In this way we have

cal®)

2 2
7 t —u(c? U,
ot /0 e+ nyj(i)(7)u du (7.26)
J
Now, by the asymptotic behavior of the integrand it follows that
a(?)

. C —u(c?+1) u % _
i | 2 Lo (=

a(i)

o] 2
— c —u(62+1) I . cu Zd
4 A € Ej l/j(Z)( 92 )u u.

lim
t—0
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Therefore we can conclude that

1—-m
5 oo 2+1 2 .
(7.26) = { i Jo e VY L0 (5)du i =0 (7.27)
0 1>0
In this way we proved the first and the second assertion. For the third
statement the proof is completely analogous to the previous one. Also in this
case it is clear that in order to establish the assertion we have to calculate:

2 2
- 1 _r%2+ cr -
: a(i—2)+1 — " ) 2i—3
}Hr(l)c /0 5¢ Ej L, i—2)( o7 JretTodr.

Now if we put again ? = u the remaining part of the proof is completely

analogous to that one of the first two points.
Finally the last point follows from the first three points. O
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