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Abstract

In this thesis we address the problem of modeling swimming in viscous fluids. This is
a fancy way to denote a fluid dynamics problem in which a deformable object is capable
to advance in a low Reynolds number flow governed by the Stokes equations. The fluid
is infinitely extended around the swimming body and the propulsive viscous force and
torque are those generated by the fluid-swimmer interaction. No-slip boundary condi-
tions are imposed: the velocity of the fluid and that of the swimmer are the same at the
contact surface. Moreover, a self-propulsion constraint is enforced: no external forces or
torques.

The problem is treated with techniques coming from the Calculus of Variations and
Continuum Mechanics, through which it is possible to define the coefficients of the ordi-
nary differential equations that govern the position and orientation parameters of the
swimmer. In a three-dimensional setting, there are six of them. Conversely, the shape
of the swimmer undergoes an infinite-dimensional control. The relations between the
infinite-dimensional freely adjustable shape and the six position and orientation vari-
ables is given by an explicit linear relation between viscous forces and torques, on one
side, and linear and angular velocities on the other.

Suitable function spaces are defined to let the variational techniques work, both in
the case of a plain viscous fluid (governed by the Stokes system) and in the case of a
particulate fluid, which we model using the Brinkman equation.

Finally, a control problem for a mono-dimensional swimmer in a viscous fluid is ad-
dressed. In this part, which is still work in progress, the existence of an optimal swim-
ming strategy is proved, and the controllability of the swimmer is achieved by showing
and explicit sequence of moves to advance. At the very last, the Euler equation for char-
acterizing the optimal chape change is set up, and some comments on its structure are

made.
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CHAPTER |

Intfroduction

What does it mean to swim? This is the important question that E. M. Purcell addressed
in his 1977 paper Life at low Reynolds number [35].

Motion in fluids receives particular interest from the scientific community, since a
huge number of interesting phenomena takes place in a fluid environment. Scientists
are tackling this kind of problems since the early Nineties, and research has proceeded
covering both the theoretical and the experimental aspects.

The aim of this work is to give a contribution to the study of self-propelled micro-
swimmers immersed in a viscous fluid. Before introducing the new results, we will
present the “state of the art” in the study of swimming at low Reynolds numbers. After
presenting the main equation that we will use to govern the fluid velocity field, we con-
duct a chronological development of the main important contributions and examples to
the subject, to conclude pointing out the novelty of the matter of the following chapters.

1.1 The Stokes equations

When talking about fluid dynamics the first, essential element that comes into mind
is the celebrated Navier-Stokes system. In their general form, the Navier-Stokes equa-
tions expresse the balance of linear momentum in a Newtonian incompressible fluid
[17, Chapter VIII]. Let F C R? be the spatial region occupied by the fluid and let
v : Fx[0,T] — R3 and p : Fx[0,7] — R be the velocity and pressure fields in the

Eulerian formulation. The incompressibility constraint reads

diveo =0 in F, (1.1)
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while the above-mentioned balance of linear momentum gives the following vector equa-
tion
v .

p (E + (v- V)v) =—-Vp+pulAv+f in F, (1.2)
where p > 0 is the fluid density, © > 0 its viscosity, and f is the external force. The
system of equations (1.1)-(1.2) goes under the name of incompressible Navier-Stokes
equations. Using an imprecise language, we could say that these equations are good
to model phenomena in “non extreme” conditions. In order to be more clear and pre-
cise about the preceding statement, we need to introduce some peculiar dimensionless
quantities associated to fluid flows and to cast the equations in a non-dimensional form.
To this end, let w > 0 be a frequency parameter, let L > 0 have the dimension of a
length, and let V' > 0 have the dimension of a velocity. We now define the dimensionless

quantities
v L

t*ZZt = — = — = —
w ) l‘ L ) U p Vup7
from which the following starred operators are derived
0 _10
ot wot’

V=LV, A*=L%A,

Therefore, equations (1.1) and (1.2) can be re-written in the dimensionless form (con-
sider f = 0)

*

v
R R * . * ok I kK A* *
Beat*—i— ev” - V' V*p*™ + A*v™, (1.3)
div*v* =0,
where Re := % is the Reynolds number of the flow, and 5 := % Taking the formal
limit as both Re and SRe tend to zero means to neglect all the inertial effects with
respect to the viscous ones. In a world where viscosity dominates over inertia, the

Navier-Stokes equations reduce to the steady Stokes equations for modeling a steady

A* * V* *’
div*v* =0,
which are better known in their dimensional form

pAv = Vp,
dive = 0.

creeping flow

(1.4)

This vanishing Reynolds number regime is one that could be considered as “extreme”,
in the imprecise terminology used above. Viscous creeping flows are better modeled
by Stokes equation, instead of the full Navier-Stokes system. It must be said that the
opposite regime, in which Re — oo, is suitable for modeling inviscid fluids, the set of
equations governing which goes under the name of Euler equations. Since this latter
case is outside of the purpose of this work, we limit ourselves to low Reynolds number
flows and Stokes equations.
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The mathematical theory for Stokes equations is very well established, and a num-
ber of results has been stated. Theorems proving existence and uniqueness and regu-
larity of the solutions to the Stokes equations can be found in [14], [28], [39], [41], and
in the references therein. Those that will be useful for our discussion will be cited at

due time.

1.2 Swimming in viscous fluids

In 1851 G. G. Stokes derived the formula for the drag force experienced by a sphere
of radius R moving linearly at a constant velocity VV in an unbounded viscous fluid, its

expression being

F=—6muRV.

This formula, in its simplicity, already shows some characteristics of drag forces: they
are linear with respect to the dimension and the velocity, and they depend upon the
viscosity p of the fluid.

In the mid Nineties great contributions to the field have been given by G. I. Taylor
and M. J. Lighthill, who studied viscous flows and shed light on the comprehension and
modeling of important phenomena. Taylor proposed a simple model for swimming in
a viscous fluid, the so-called Taylor’s swimming sheet [40] (see also [37] for a recent
improvement), while Lighthill suggested a possible definition for swimming efficiency
[30]. Another important contribution is the book by S. Childress [10], where the Taylor’s
swimming sheet is also discussed; for a comprehensive list of references, the reader can
refer to the recent review [29]. Among the more mathematical contributions we quote
[15], [25], [36], and [7].

The breakthrough in the study of self-propelled motion in viscous fluids came in
the late Seventies with the paper Life at low Reynolds number by E. M. Purcell [35]. He
proved the so-called Scallop Theorem, which states that too simple swimming strategies
are not effective in a viscous fluid, and contemporarily proposed a very simple swimmer
that can actually swim in those conditions. The setting is that of an infinite viscous fluid
in which an object capable of deforming itself is located. The rules are that the swimmer
has to perform a cyclic change of shape, without any external force acting on it. This
constraint is usually referred to as self-propulsion. The Stokes equation together with
the no-slip boundary condition is the model for the external fluid which is generally
used

vAv = Vp, in Q°xt,
dive =0, in Qext, (1.5)

— t
v = Vjswimmer , on o0 )

where we have written equation (1.4) using the kinematic viscosity v = pu/p, and have
called © C R3 the swimmer and Q* := R3\ Q) the domain occupied by the fluid. It must
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be noticed that, up to rescaling, it is always possible to set v = 1, and this choice, as well
as the notation, will be generally maintained throughout the whole thesis.

We can derive a useful mathematical expression for the self-propulsion constraint
from the balance of the forces. We consider Newton’s second law of dynamics and ob-
serve that the total force is the summation of external and viscous forces. Therefore,

ma = F = Fext +Fvisc;

in this expression we can neglect the acceleration term, since at low Reynolds number
viscosity is predominant over inertia, as well as the contribution of the external forces,
because of the self-propulsion constraint. An analogous equation can be cast for the
torques, so that the two of them together embody the self-propulsion constraint

Fvisc _ 0’ Mvisc =0. (16)

These expressions are those that will allow us to write the equations of motion for the
swimmers. Generally, both quantities in (1.6) are expressed by means of boundary inte-

grals
FYe .= /zm o(z)n(x)dS(z), MYEC = /()Q:cxa(x)n(i) dS(x), (1.7)

where o := —pl + 2vEv is the stress tensor (Ev is the symmetric part of Vv), n is the
outer unit normal to 9€2, and dS is the surface measure. All these objects will be defined
better when appropriate.

Before proceeding further, we give a simple proof of the Scallop Theorem and com-
ment about the “three links swimmer” proposed by Purcell to overcome the Scallop The-

orem.

Theorem 1.2.1. A scallop cannot swim by reciprocal motion in a low Reynolds number

fluid.

Proof. Let us call ¢ the position of the hinge of the scallop and 6 the angle measuring
the opening of the valves. Since the Stokes equation is linear, it follows that the viscous
force depends linearly on the boundary velocity, which in turn is a combination of ¢ and

0. Therefore, we can write
0= F" = ¢.(c,0)¢ + ¢o(c, 0)6, (1.8)

where ¢. # 0 and ¢y are coefficients that depend only on the configuration of the scallop,
that is on its shape. The zero on the left side of (1.8) comes from the self-propulsion con-
straint; moreover, both coefficients ¢. , 99 do not depend on ¢, by translation invariance.
Thus we can solve (1.8) for ¢ and integrate over a period of time [0, 7] to obtain the net
displacement after a stroke. Let V' (0) := —¢y(0)/¢.(¢), and notice that 6(0) = 6(7), since

the motion has to be T-periodic (reciprocal, using Purcell’s terminology). Define

0
v(6) ::/O V(s)ds. (1.9)
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e

Now compute the net displacement and take (1.9) into account

The Scallop Theorem

T ) T . T d
Ac= /0 e(t)dt = /0 V(0(¢))0(t) dt = /o dt\IJ(G( ))dt =¥ (0(t)) — T(0(0)) =0. (1.10)
The Scallop Theorem is proved. O

Needless to say, real scallops indeed swim. They do that by squirting water through
some small holes located where the two valves are hinged together. Yet, we are not
pointing out the excessive meagerness of the model. What the Scallop Theorem puts in
evidence is that one variable describing the spatial position of the swimmer, ¢, and one
variable describing its shape, 6, are not enough to obtain a profitable reciprocal motion.
More degrees of freedom must be added, and a sort of symmetry breaking must occur.

The first example in this direction has been given by Purcell himself. It is the
so-called “three links swimmer”, consisting of three rigid rods linked together by two

hinges. This system has three parameters: the center of the central link, or the barycen-

-

f—?‘

Figure 1.1: Purcell’s three links swimmer.

ter of the system can be used as a position variable, while the two angles 6; and 6, are
the shape variables. Again, the idea is to swim, that is to achieve a non zero net dis-
placement, by changing shape. Purcell himself proposed a sequence of movements, orig-
inating a reciprocal motion, that allow the three links to advance. They can be better
viewed in Purcell’s original scheme. Performing the sequence of movements S, ,..., S5
as illustrated in Figure 1.2 will make the swimmer to achieve a non zero net displace-
ment along the direction of the central rod. This easily follows by a symmetry argument,
once we impose the two extremal rods to be equally long and 6; and 65 to span the same
angle.

Another example of a simple swimmer has been proposed in 2004 by A. Najafi and R.
Golestanian [32] and is known by the name of “Three linked spheres”. Three identical
spheres are lined and it is assumed that they can vary the reciprocal distance. The two
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<

Figure 1.2: The three links swimmer’s effective sequence of movements.

shape parameters are the distances between the the central sphere and the peripheral
ones, while the barycenter can play the role of the position variable. The situation is
very close to that of Purcell’s Three links swimmer, and indeed also Najafi and Golesta-
nian’s swimmer can get to a non zero net displacement at the end of a reciprocal stroke;

see Figure 1.3.

/

i
J

e—0— 90

{a)

790
i

{b)

Figure 1.3: (a) The three linked spheres swimmer. (b) The sequence of movements to

swim.

Some common properties between Purcell’s and Najafi and Golestanian’s swimmers
can be pointed out. In both cases we can identify one positional variable, say the
barycenter, and two shape variables, the angles in the three links swimmer or the dis-
tances between the spheres in the other case. Moreover, both swimmers, at the end of a
stroke, will have advanced along a line. This is a property that is enjoyed also by a par-
ticular class of swimmers, namely the axisymmetric swimmers. These have been studied
thoroughly in the works [2, 4]. Let us call, as before, 2 C R3 the region occupied by the
swimmer, and let Q°** be the complementary region occupied by the fluid. In order for
the swimmer to be axisymmetric we have to ask 2 to have cylindrical symmetry, and
let us assume, for sake of simplicity, that the axis of symmetry coincides with the z-axis
of an orthonormal reference frame. Assume that the shape of the swimmer is described
by N shape parameters £ = (£, ...,&x) and let ¢ be the position of the barycenter along
the z-axis. Notice that this is enough to describe the motion of the swimmer, since its
displacement is confined along the z-axis by symmetry. Recalling (1.7), and taking into
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account the symmetry argument, the self-propulsion constraint is expressed by
z/ ondS =0, (1.11)
o0

where 7 is the unit vector identifying the x-axis. Taking into account that the velocity
of the fluid must be linear with respect to the boundary data given by & ,. .., &N, ¢, and

the translation invariance of the system, equation (1.11) can be rephrased as

N
> 0i€)€ + dnr1(6)é =0, (1.12)
=1

where the non-vanishing coefficient ¢y .1 represents the drag force corresponding to a
rigid translation along the symmetry axis at unit speed. Again as in the proof of the
Scallop Theorem, we can solve (1.12) for ¢ and integrate over a time period to obtain the

displacement after a stroke. Therefore, the condition for swimming is

T N .
Ac— / SOVAE)E () di £ 0, (1.13)
0 =1

where V; (&) := —¢:(§)/dn+1(§), which can be interpreted by requiring that the differen-
tial form ~ := fo\il V;d&; is not exact. Thus, only those cyclic change of shape that will
produce non exact differential forms ~ will be able to generate an effective motion. The
non exactness of v is the symmetry breaking condition we were mentioning beforehand.

Another example of non-trivial swimmer is the Push-Me-Pull-You swimmer. It con-
sists of two spheres that can somehow exchange volume between themselves and get
closer to one another or move away from each other [5]. Also this system is capable of
producing a sequence of moves which originate an effective reciprocal stroke.

An important feature of these kinds of motion is that there is a net separation be-
tween velocities and shape parameters. The velocities enter linearly in the formulae,
and this is due to the linearity of the Stokes system (1.5); on the other hand, the shape
parameters enter in the coefficients of the velocities and determine the effect of those
on the motion. This will become more clear in the following chapters.

As a particular case, the motion of flagella in viscous fluids is attracting great inter-
est for the obvious applications to Biology. The study of organisms such as Escherichia
coli, spermatozoa, the nematode Caenorhabditis elegans is devoted to understand how
they move and their swimming strategies. For some of these organisms comparison
tests have been conducted to discover whether they propel themselves more efficiently
in a plain fluid or in a particulate one [22]. Among the huge amount of literature on the
matter, we cite the following works [23], [27], [43], [42], and refer the reader to them
and to the references therein for a more complete overview on the subject.

On the other hand, the mathematical modeling of a flagellum beating in a fluid is
rather complicated: approximating the flagellum as a mono-dimensional object in a
three-dimensional ambient introduces a dimensional gap when stating the boundary
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conditions. On the other side, it is not completely clear how to perform a limiting proce-
dure starting from a three-dimensional, thick flagellum and letting the thickness go to
Zero.

For these reasons approximate theories to model flagellar motion successfully have
been proposed in the past decades. We are talking about slender body theory [6, 24]
and resistive force theory, also known as local drag theory [21]. A crash course on these
approximate theories can be found in the review on the hydrodynamics of swimming
micro-organisms by E. Lauga and T. Powers [29].

An interesting approach to the study of swimming, in a general setting, has been
proposed by A. Shapere and F. Wilczek in [38]. They exploit a gauge field theory ap-
proach in the space of shapes. They give explicit examples in the two-dimensional case
and in the case of infinitesimal deformations of a sphere. In the same spirit, axisym-
metric swimmers described by finitely many shape parameters were studied in [2, 3, 4].

The novelty in the present work is that we develop a theoretical framework to study
swimmers whose shape changes are completely general and genuinely infinite dimen-
sional. This seems to clash with the old disposition to describe the shape by the lowest
possible number of parameters, a tendency that must be followed keeping the Scallop
Theorem clear in mind: too few parameters do not provide a useful model. With the fol-
lowing two definitions of swimming and self-propulsion, we propose is a framework in
which an arbitrary shape is capable of deforming and moving in the fluid by exploiting

the viscous fluid-structure interaction.

Definition 1.2.2. Swimming is the ability of an organism to perform a variation of its

spatial position caused by the variation of its shape, under the self-propulsion constraint.
Definition 1.2.3. Self-propulsion is the absence of external forces or momenta.

We will show how it is possible to separate the contribution of the shape change
from the variables that describe the spatial position and orientation of the swimmer,
and how the first determines the latter. In this setting, the six parameters to locate
and orient the swimmer in the three-dimensional space are determined by the infinite-
dimensional shape change. We exploit a linear representation of the viscous force and
torque in terms of the linear and angular velocities of the swimmer and of the velocities
given by the deformation, and solve a linear system of ODE’s for the former in terms
of the latter. The coefficients of the systems will be determined by the shape of the
swimmer and will be obtained via variational methods.

We now present the outline of the present work. In Chapter 2 we present an analyt-
ical framework to study the motion of micro-swimmers in a viscous fluid.

In Chapter 3, which contains the results of [11], we deal with the case of a swim-
mer immersed in a viscous fluid governed by the Stokes equation. Our main result is

Theorem 3.4.4, which states that, under very mild regularity assumptions, the change
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of shape determines uniquely the motion of the swimmer. Thanks to the low Reynolds
number regime and the self-propulsion constraint, Newton’s equations of motion reduce
to the vanishing of the viscous force and torque acting on the body. By exploiting an
integral representation of viscous force and torque, the equations of motion can be re-
duced to a system of six ordinary differential equations. Variational techniques are used
to prove the boundedness and measurability of its coefficients, so that classical results
on ordinary differential equations can be invoked to prove existence and uniqueness of
the solution. The difficulties in achieving the result are indeed in the proof of the mea-
surability of the coefficients of the ODE’s. We gave the minimal assumption for them to
be measurable, instead of continuous, both to prove a more general result and to allow
more general, even discontinuous in time, shape functions. The above-mentioned mea-
surability os obtained by means of technical constructions for extending the boundary
velocities to solenoidal vector fields in the interior of suitable domains.

In Chapter 4, which contains the results of [31], we turn to the case of a self-propelled
micro-swimmer in a particulate viscous medium, modeled as a Brinkman fluid. Within
the same analytical setting, Theorem 4.4.6 is obtained, and it extends the result ob-
tained in Chapter 3. We use essentially the same method and we adapt the functional
setting according to the Brinkman equation. Even though the equation contains an

additional term, the function space needed appears to be easier to handle.

In Chapter 5, which contains the results of [12], we abandon the full generality of
three-dimensional swimmer to concentrate on flagellar motion. The study is conducted
in the case of a flagellum performing a planar motion in a three-dimensional fluid, and
resistive force theory is used to model the drag forces and torques. Interestingly, once
this approximation is assumed, the fluid becomes totally irrelevant to the computation
of any physical quantities. In this case we prove three main results, namely, the exis-
tence, uniqueness, and regularity of the solution to the equations of motion; the control-
lability of the swimmer; the existence of an optimal beating strategy. The controllability
of the system is something one could easily expect, given the huge availability of possi-
ble shapes. We were able to avoid a number of explicit computations by wisely choosing
shape functions with some symmetries. Finally, we perform some computation to study
the associated Euler equation, of which we highlight the general structure. The same
study can be easily extended to the three-dimensional case, notations would become

slightly heavier.

The main difference between the case of three-dimensional swimmers in the un-
bounded fluid (particulate or not) and the flagellum is that in the former the viscous
force and torque are determine by the boundary integral of the normal component of
the stress tensor, which is in turn obtained by solving an exterior Stokes (or Brinkman)
problem in the fluid domain. On the contrary, as we have already mentioned, in the
local drag theory approximation the fluid plays no active role, and the forces are defined
locally in terms of the velocity on the flagellum. The same physical phenomenon, that of
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swimming, is therefore modeled in two different ways according to the dimension of the
swimmer. Moreover, in the second case no variational machinery has to be introduced

to solve the equations of motion.

1.3 Notation

We collect here the notation used throughout the work.

\Y the gradient with respect to the space variables.
X the cross product in R3.

A the symmetric difference between sets.

T superscript: the transpose.

n the exterior unit normal.

ds(-) the surface measure.

M3*3 the Hilbert space of 3x3 real matrices.

o:&= Zf j=103&ij the Euclidean norm in the space of matrices.

a®b=ab; the dyadic product between vectors.

o, oy the stress tensor (Chapters 2, 3, and 4).

a(t) the position of the center of the bump (Chapter 5).
ACR3 the reference configuration of the swimmer.

Ay CR? the current configuration of the swimmer.

By C R? the intermediate configuration of the swimmer.
QCR? a general domain.

Qe =R3\ Q the exterior domain with respect to Q.



CHAPTER 2

General setting for swimming

2.1 Shape and position

As we stated in the Introduction, swimming consists in the ability to change position by
changing shape periodically and exploiting the interaction with the surrounding liquid.
Shape change induces a flow in the fluid. The propulsive effect arises from the action
and reaction principle: the swimmer must exert forces to set the fluid in motion and
hence it receives from the fluid a propulsive force. In the absence of other actions on its
body, this is the only force the swimmer can exploit (self propulsion). In what follows
we will focus on the case in which the swimmer is completely immersed in the liquid.

Flows generate both inertial and viscous forces. In a Newtonian fluid, their rela-
tive importance is measured by the Reynolds number Re := V—VL and by the Womersley
number « := (w%Re)l/ 2, where V is the swimming velocity, L the size of the swimmer,
v = u/p the kinematic viscosity of the fluid, and w is the frequency of the motion. Typi-
cal swimmers move with a speed which is of the order of some body-lengths per second,
and execute cyclic shape changes with frequencies not exceeding a few thousand Hertz
[10, Table 1.1]. Therefore, for swimmers of sufficiently small size L, both Re and « are
small, and all inertial effects are negligible.

Thus, a fish swims by accelerating the surrounding water, while bacteria and other
unicellular organisms move by exploiting viscous resistance. The striking difference
between these two strategies and the subtleties that follow are beautifully illustrated
in [35].

In this work we deal with micro-swimmers immersed in a viscous liquid, therefore

the fluid dynamics is governed by the Stokes system [10, Chapter 2].
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The motion of a swimmer is described by a map ¢ — ¢, , where, for every fixed ¢, the
state ; is an orientation preserving bijective C? map from the reference configuration
A C R? into the current configuration A, C R3.

Given a distinguished point zyg € A, for every fixed ¢, we consider the following

factorization

Yt =Tt 0S¢, (21)

where the position function r; is a rigid deformation and the shape function s; is such
that

st(zo) = o, (2.2a)
Vsi(xo) 1is symmetric. (2.2b)

In the applications we have in mind, one can choose the map ¢ — s, in a suitable class of
admissible shape changes and use it as a control to achieve propulsion as a consequence
of the viscous reaction of the fluid. By contrast, ¢t — r; is a priori unknown and it
must be determined by imposing that the resulting ¢; = r; o s; satisfies the equations of
motion.

The factorization (2.1) of the motion into data (the freely adjustable shapes s;) and
unknowns (the position and orientation r, achieved by the swimmer as a consequence
of having executed some strokes) is conceptually appealing and has far reaching conse-
quences in the analysis of biological and engineered systems. Moreover, it simplifies the
problem, reducing it to a system of ordinary differential equations since r;(z) = y; + Rz
is finite dimensional; here y; and R; are the translation and rotation characterizing the
rigid motion r;. Finally it is natural, because ¢ — s; represents the motion as seen by
an observer moving with the swimmer, while ¢ — r; represents the motion of this ob-
server with respect to a fixed frame. To establish a link with the language of [38], notice
that conditions (2.2) select one special gauge for the description of the system, that s,
describes the standard (unlocated) shape of the swimmer, and ¢, gives its located shape.

The equations of motion that the map ¢ — ¢; must satisfy are the balance of linear
and angular momentum, which, since inertia is negligible, reduce to the vanishing of
total force and total torque acting on the swimmer A, . Since we assume self propulsion,
there are no external forces applied to A;, so that the total force and torque reduce to

the ones arising from the viscous resistance exerted by the fluid on the boundary 0 A, :
0=Faoii= [ own)ds(), (2.32)
DA,
0= Mo = [ wxon)dSe). (2.3b)
DA,

Here o, is the stress tensor, n is the outer unit normal to 9A;, dS indicates the inte-
gration with respect to the surface measure, and x is the cross product in R3. Since
the Reynolds and Womersley numbers are small, stresses are computed by solving the
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outer Stokes problem in A$* := R3\ 4,

Aui(y) = Vpe(y) in AP,
divue(y) = 0 in At
ut(y) = Spt(x)h:w;l(y) on 6At,
u(y) — 0 for |y| — oo,
where u; is the velocity and p; is the pressure, so that oyn = —pin + (Vu + (Vug) ' )n

(recall that the viscosity is assumed to be 1).

Our main existence, uniqueness, and regularity results are Theorem 3.4.4 and The-
orem 4.4.6 stating that for every sufficiently smooth shape change ¢ — s;, the position
functions ¢ — r; are uniquely determined by the initial conditions at ¢ = 0. More pre-
cisely, there exists a unique family of rigid motions ¢ — r; such that the state functions
t — @ := 1 0 84 satisfy the equations of motion (2.3), and ¢; (or equivalently r;) takes a
prescribed value at ¢ = 0. This result provides a rigorous mathematical justification for
the viewpoint pioneered in [38]: the motion of a micro-swimmer is uniquely determined
by the history of its shapes.

The main ingredients in the proof are the following. By exploiting the linearity of
the Stokes system, we reduce the equations of motion (2.3) to (3.22) and (4.14), namely,

gr = Reby, Ry = Ry,

a system of ordinary differential equations involving the translational and rotational
velocities associated with the rigid motion ¢ — 7,. The coefficients b; and 2, of these
equations, given in (3.21), depend only on s; and ;. They are obtained from the shape
function ¢ — s; by solving some auxiliary outer Stokes problems on A$**.

The main difficulty is to prove the continuity, or at least the measurability, of these
coefficients. To this aim, we have to obtain the continuous dependence of the solutions
to the outer Stokes and Brinkman problems on their domains and on their boundary
data; the main technical issue is the fact that they both depend on time.

Once continuity of the coefficients and measurability of the data of the equations
of motion are proved, our existence and uniqueness problem can be solved by using
classical techniques for ordinary differential equations.

We close this section by noticing that several interesting questions related to swim-
ming can be phrased as control problems where the function ¢ — $; is the input and
the function ¢ — r; is the output. For example: which net positional and orientational
changes can be achieved within a given class of time-periodic shape changes? Problems
of this type have been solved, e.g., in [2, 3, 4] for swimmers described by finitely many
shape parameters.

In the context of control problems, it is very useful that the input variables are al-
lowed to be discontinuous in time. This is the main reason why we have insisted in
proving our result for the case of Lipschitz continuous ¢ — s;, even though a C! regu-

larity in time would have simplified the proofs very much. Infinite dimensional control
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problems for swimmers of fixed shape that can control the velocity of the surrounding
fluid at points in contact with the swimmer’s boundary have been considered, e.g., in
[15], [36]. We plan to address in future work control problems for swimmers of variable

shape, possibly described by infinitely many shape parameters.

2.2 Kinematics

In this section we fix the notation and the assumptions for the kinematics of the swim-
mer. As mentioned in Section 2.1, we show that it is possible to decompose the de-
formation into a pure shape change followed by a time-dependent rigid motion, whose
rotations and translations are Lipschitz continuous with respect to time. This holds for
both a Stokes (Chapter 3) and a Brinkman (Chapter 4) fluid, as well as in the specific
case of the mono-dimensional swimmer discussed in Chapter 5.

The reference configuration A C R? is a bounded connected open set of class C2.
The time-dependent deformation of A from the point of view of an external observer is
described by a function ¢; : A — R3. We assume that, for every ¢,

pr € C2(AR?), (2.4a)
¢ 1s injective, (2.4b)
det Vi () >0 forall z € A. (2.4¢)

Here and henceforth V denotes the gradient with respect to the space variable. Under
these hypotheses the set 4; := (;(A) is a bounded connected open set of class C? and

the inverse ¢;':4; — A belongs to C?(A;;R?).
We assume in addition that
the sets R*\ A, are connected for all ¢ € [0, 7). (2.5)
Concerning the regularity in time, we require that
the map ¢ — ¢; belongs to Lip([0, T]; C1(A;R3)) N L>=([0, T]; C?(A4; R3)), (2.6)

so that ||¢i1n — ¢¢|l < L |h|, for a suitable constant L > 0.
We now prove that for almost every ¢ there exists ¢; € Lip(4;R?) such that

Pt+h — Pt

- — ¢, uniformly on A as h — 0. 2.7

Indeed, condition (2.6) implies that ¢ — ¢, belongs to Lip([0,T]; W*(A;R3)). There-
fore, the general theory of Lipschitz functions with values in reflexive Banach spaces
(see, e.g., [8, Appendix]) implies that for almost every ¢ the difference quotient in (2.7)
converges strongly in W4(A;R3) to some element ¢; of W1*(A;R?). The embedding
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of WH4(A;R3) into C°(A;R3) implies the uniform convergence considered in (2.7). Fi-
nally the bound ||¢: — ¢s|lon < L |t — s| implies that Lip(¢;) = L in A, where, for every
function f, Lip(f) denotes the Lipschitz constant of f.

It turns out that the Eulerian velocity on the boundary 0A;, defined by

Up = ¢rop; " (2.8)

belongs to Lip(9A;; R?) with Lipschitz constant independent of ¢.
We now describe the kinematics from the point of view of the swimmer. We fix a
point 2y € A and we look for a factorization of ¢; of the form (2.1), where s; : A — R3

satisfies properties (2.2) and r; : R? — R? is a rigid motion of the form
ri(z) = yo + Rez, (2.9)

with 3, € R? and R; € SO(3), the set of orthogonal matrices with positive determinant.
Conditions (2.2) allow us to interpret s; as a pure shape change from the point of view
of an observer located at zy. Therefore, the deformation ;, from the point of view of an
external observer, is decomposed into a shape change followed by a rigid motion.

It follows from (2.1), (2.4), and (2.9) that, for every ¢,

s¢ € C?(A;R3), (2.10a)
sy 1s injective, (2.10b)
det Vsi(z) >0 forallx € A, (2.10c¢)
and, consequently, that
the inverse s, ':B; — A belongs to C?(B;;R?), (2.11)

where B; := s;(A), see Fig. 2.1. Note that B; is a bounded connected open set of class
C? and that r,(B;) = A; and r,(0B;) = 0A,. Notice that, since A is bounded and s; is
continuous, there exists a ball ¥, centered at 0 with radius p such that

ACC Zp—l and B; CC Ep_l . (2.12)
It follows from (2.5) that
the sets %, \ B; are connected for all ¢ € [0, 7. (2.13)

Conditions (2.1), (2.2), and (2.9) imply that

—1

Ry Vi (xo) [\/V%(ﬂ?o)TV%(ﬂ?o) , (2.14a)
v = @i(xo) — Rexo . (2.14Db)

The existence of a factorization (2.1) satisfying (2.2) and (2.9) is obtained by setting
s¢ :=r; ' o, where ; is given by (2.9) with y; and R, defined by (2.14). Moreover, (2.6)
together with (2.14), implies that

t— R, and t+ 1y, are Lipschitz continuous. (2.15)
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A
Al‘
rt
St
B
t
Figure 2.1: Notation for the kinematics.
Finally, since s; = 7, ' 0 ¢y,
the map ¢ > s; belongs to Lip([0, T]; C*(A4;R?)) N L>°([0, T]; C*(A; R?)), (2.16)

so that ||s;4, — s¢[|o1 < L |h|, for a suitable constant L > 0. Properties (2.10c) and (2.16)
imply that

sl ez, me) < C 2.17)

where C' < +o0 is a constant independent of ¢.

As for function ¢;, we can exploit condition (2.16) to prove that there exists $; €
Lip(A4; R?) such that

St+h — St

- — 5;, uniformly on A, as h — 0.

Notice that
the map ¢ — $; belongs to L>([0, T]; W1?(A4; R3)) for every p € [2, o0,
therefore, by the Sobolev immersions,
the map ¢ — §; belongs to L>°([0, T]; C°(4;R?)),
and, by the continuous immersion of H'(A;R?) into H'/?(0A;R?),
the map ¢ — §; belongs to L>=([0, T]; H/?(9A; R?)).
Again as for ¢, , we can prove that
Lip($) < L, with L independent of t. (2.18)

Moreover, for any fixed x € A, the map ¢ — $;(x) is measurable.
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Recall the definition of U; given in (2.8) and define now V;(z) := R/ U;(r:(2)) and
Wi(2) := éi(s;(2)), for every z € 9B;. An elementary computation shows that for

almost every t € [0, 7]
Vi(2) = Rl y: + R} Riz + Wi(z) for every z € 0B;.

Now we would be ready for the description of the motion of the swimmer. Formally,
it is the same for both the Stokes and the Brinkman cases, but the same quantities are
defined in two different ways according to the underlying functional setting. This is why

we will present the equations of motion in the two chapters separately.
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2. General setting for swimming




CHAPTER 3

Swimming in an unbounded Stokes fluid

In this Chapter we develop the theory for the case of a swimmer immersed in an infi-
nite viscous fluid governed by the Stokes equation. For this, the functional setting is
presented in Section 3.1, the extension theorems are presented in Section 3.3, and the

main results in Section 3.4. All these results are contained in [11].

3.1 The exterior Stokes problem

In this section we recall some known results on the exterior Stokes problem. In addition,
we introduce a weak definition of the viscous force and torque, which does not require
any regularity assumption on the velocity field. Finally, we prove that the solutions
depend continuously on the domains for special boundary conditions.

Let Q be an exterior domain with Lipschitz boundary, i.e., 2 is an unbounded, con-
nected open set whose boundary 02 is bounded and Lipschitz. The strong formulation

of the exterior Stokes problem is

Au = Vp in ),

dive =0 in ), 3.1)
u=U on 092,
u =20 at oo,

which includes a decay condition at infinity.

To write the weak formulation of this problem, we consider the Deny-Lions space

D" (;R%) := {u € LO(O4R?) : Vu € L*(Q;M**%)},
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where M?>*3 is the Hilbert space of 3x3 real matrices endowed with the Euclidean norm
0:&:=Y, ;0i;éi;- The space D'?(Q;R?) is endowed with the norm

HU”DL?(Q;W) = ||vu||L2(Q;M3X3)' (3.2)

It is well known that D12(Q; R3) is a Hilbert space and that there exists a constant C((2)
such that

l[ull o(rsy < CE) lull przpsy »
for all u € D12(Q2;R?). For a thorough exposition on these spaces, see the classical work
by Deny and Lions [13].
Let Eu := £(Vu + (Vu)") denote the symmetric gradient of u. The inequality

||V“Hi2(n;m3x3) <C(Q) ||EuHi‘2(Q;M3X3) ) (3.3)

proved in a more general setting for weighted spaces of functions defined on unbounded
domains [26, Section 3, Theorem 1], shows that |[Eu| ;2 q:x3) is an equivalent norm
on D'2(Q;R3). Since 09 is bounded, for every u € D2(Q;R?) the trace of u on 99,
still denoted by u, belongs to H'/2(99; R?) and the trace operator is continuous between
these two spaces.

The following density result plays a crucial role in the theory.

Theorem 3.1.1 (Density, [20]). Let Q C R? be an exterior domain with Lipschitz bound-
ary. Then the space

{u € CX(Q;R?) : divu = 0in Q}
is densein {u € DV2(Q;R3) : divu = 0in Q,u = 0 on 9Q} for the norm (3.2).

To write the weak formulation of the exterior Stokes problem, we introduce the

spaces
V() = {ueD"(Q;R?) :divu =0in Q},
Vo(©) == {ueV(Q):u=0o0n0dN}.
Given a function U € H'/?(95;R3), which plays the role of the boundary condition,
the weak formulation of (3.1) is given by

weV(), u=U ondq,

(3.4)
/ Eu:Ewdx =0 for every w € V().
Q

Remark: We notice that no other assumptions are to be made on the boundary ve-

locity field. If 2 were a bounded domain, then the following condition would have been

necessary
/ U-ndS=0. 3.5)
a0
Now we state the main existence and uniqueness result for the exterior Stokes prob-

lem. Its proofis classical and can be found in the books by Galdi [14], Sohr [39], and
Temam [41].



3.1 The exterior Stokes problem 21

Theorem 3.1.2. Let ) C R3 be an exterior domain with Lipschitz boundary and let
U € HY2(0Q;R®). Then problem (3.4) has a solution. Moreover, there exists p € L% (Q),

with p € L*(QNY,) for every ball 3, centered at the origin and of radius p > 0, such that
Au = Vpin D' (;R3).

If v and p are the velocity and pressure fields of problem (3.1), the stress tensor is
given by
o := —pl+2Eu, (3.6)

where I is the identity matrix (recall, again, that the viscosity is equal to 1). Note that
if u satisfies (3.4), then

dive = =Vp+ Au+ V(divu) = 0. 3.7

If on has a trace in L' (9Q; R?), then the viscous force, defined as the resultant of the

forces acting on the boundary 012, is given by

F = /89 o(z)n(x)dS(x), (3.8)

while the viscous torque, defined as the resultant of the corresponding momenta with

respect to the origin, is given by

M = xxo(z)n(z)dS(z). (3.9)

o0
A technical problem arises from the fact that on has not, in general, a trace in
L1(09Q;R?), even if u satisfies the outer Stokes problem as in Theorem 3.1.2, so that
F and M cannot be defined via (3.8) and (3.9). Thanks to (3.7), the following definition
allows us to introduce the trace of on as an element of H~'/2(9Q;R?). Through this we

can define in a consistent way the power of the viscous force and of the torque.

3x3
sym

Let M2%3 be the space of 3x3 symmetric matrices. Every ¢ € M

sym

can be orthogo-
nally decomposed as

o= ”T" I+op,
where the deviatoric part op satisfies trop = 0.

Definition 3.1.3. Let Q be an exterior domain with Lipschitz boundary and let o €
L (S M3X3) be such that op € L?(;M3%3) and div o € L5/5(Q; R?). We define the trace

loc sym sym

of on on 99, still denoted by on, as the unique element of H~/?(98; R®) satisfying
(on,V)q = / (divo) -vde —|—/ o:Evdz, (3.10)
Q Q

where (-,-)q denotes the duality pairing between H~'/2(0Q;R?) and H'/?(0Q;R?) and v
is any function in V() such that v =V on 0N.
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We will drop the subscript 2 whenever the domain of integration is understood. If o

is sufficiently smooth, then an integration by parts shows that
(on,V)q = / on -V dS,
a0

for every V € H'/?(9Q;R?).

Returning to the general case, it is easy to see that the right-hand side of (3.10) is
well defined, since divo € L/5(Q;R?), v € LS(Q;R?), 0:Ev = 0p : Ev, op € L2(Q;M23),
and Ev € L*(Q;M2x3). Moreover, the definition of on does not depend on the choice of
v, since the right-hand side of (3.10) vanishes whenever v € Vy(2). This follows from
the distributional definition of div o whenever v € C>°(Q;R3) and divv = 0, and can be
obtained by approximation in the general case using the Density Theorem 3.1.1. Finally,
by choosing v € V() the solution to problem (3.1) with boundary datum V on 992, we
conclude that (3.10) defines a continuous linear functional on H'/2(9Q; R3).

Let U € H'/?(9;R?) and let u be the solution to the Stokes problem (3.4) with
boundary datum U and let o be the corresponding stress tensors defined by (3.6). Since
o € L (M3, op € LA(Q;M2%2), and dive = 0 by (3.7), we can apply Definition

3.1.3 and for every V € H'/?(99;R?) we obtain

<Un,V)z/U:Evdmz/[—pI:EU—|—2Eu:Ev]dm
¢ ¢ (3.11)

z—/pdivvdx+2/Eu:Evdx:2/Eu:Evdm,
Q Q Q

where v is an arbitrary element of V(Q2) such that v = V on 9. In particular, we can
take as v the solution to the Stokes problem (3.4) with boundary datum V. This leads
to the reciprocity condition,

(on, V) = (tn,U),

where 7 is the stress tensor corresponding to v. By taking U = V in (3.11), we get

(on, U) = 2 |Bul 72 (3.12)

sym

We now show that the quadratic form (on, U) is positive definite. Indeed, if (on,U) = 0,
by (3.12) we obtain Eu = 0 almost everywhere on Q. This implies that that u(z) = ¢+ Az,
where ¢ € R? and A is a skew symmetric 3x3 matrix. Since u € L5(Q;R3), we have c = 0
and A =0, so that U = 0.

By using the duality product (on, V) for a suitable choice of V, one can define the
viscous force F' and the torque M in a rigorous way, extending (3.8) and (3.9) to the
general case where the trace on is not necessarily integrable on 0f).

Definition 3.1.4. Let 2 be an exterior domain with Lipschitz boundary, let u € V(Q)
be the solution of the Stokes problem (3.4) with boundary datum U € H'/2(0Q;R?), let
o be the corresponding stress tensor defined by (3.6), and let on € H~/?(9;R?) be the
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trace on 9N introduced in Definition 3.1.3. The viscous force exerted by the fluid on the
boundary 09 is defined as the unique vector F' € R? such that

F -V ={(on,V) foreveryV € R? (3.13)

The viscous torque exerted by the fluid on the boundary 952 is defined as the unique vector
M € R? such that
M -w={on,W,) foreveryw c R, (3.14)

where W, (x) := wxx is the velocity field generated by the angular velocity w.

We conclude this section by proving the continuous dependence on the domains of
the solutions to the Stokes problems. To this aim, we introduce a notion of convergence
for subsets of R?. We say that a sequence of sets (Si), converges to S.. , and we write

S — Ss , if for every € > 0 there exists m such that for every k > m
S C S, St (3.15)
where S ¢ = {yeR3 : dist(y, R? \ Sx) > ¢} and S1° = {yeR3 : dist(y, Seo) < €}

Theorem 3.1.5. For k =1,2,...,00, let S be a bounded connected open set of class C'*,

and let wy, be the solution to the minimum problem
min {/ [Bwl>dz : we V(R®), w=W on@Sk} , (3.16)
R3

where W denotes either a constant vector a € R? or the affine function W, (x) = wxu, for
some w € R3. Assume that S, — So in the sense of (3.15). Then w;, — we Strongly in
V(R?).

Notice that wy coincides in Sg** := R? \ S, with the solution to the Stokes problem
(3.4) in Q = S¢** with boundary condition w;, = W on 95y, while w, = W in Sy, .

Proof. Consider a ball £, centered at 0 and containing the closures of all the S;’s. It is
possible to find a solenoidal function ¥ € C>°(R3; R?) such that ¥ = W in 95y, .

When W is a constant vector a, we consider a smooth closed curve I" passing through
the origin, whose tangent vector coincides with « in all points of I' N3, , and with curva-
ture less than 1/(2p). In the tubular neighborhood I" + ¥,,,, we consider the vector field
U(x) := ¢(dist(x,T))7(mr(z)), where 7 is the projection on I, 7 returns the tangential
component, and ¢ € C°(]0,2p[) with ¢(r) = 1 for 0 < r < p. It is easy to see that ¥
is solenoidal, coincides with a on X,, and vanishes near the boundary of the tubular
neighborhood. Its extension by 0 provides the required function in C2°(R?; R3).

In the case W = W,,, it is enough to take ¥ (z) = wx¢(x)z, with ¢ a radial scalar
function with compact support such that ¢(z) =1forz € %,.

By minimality,

/|Ewk|2dx</ |EW|®dz, fork=1,2,..., 0.
R3 R3
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It follows that the sequence (wy); admits a weak limit w* in V(R?).

Notice that AW = 0 and divIW = 0 on Sk, hence wy = W on Sy for k = 1,2,..., 0.
Since S ° C Si for k large enough by the first inclusion in (3.15), we get w* = W on S_°.
As ¢ is arbitrary, we conclude w* = W on S.,, which implies that the same equality
holds for the traces on 05, . Therefore, w* is a competitor in the problem for 0.5, .

We now show it is also the minimum. For this, consider an admissible function v for
the problem (3.16) for k = co. Then v — ¥ € V(R?); it follows that v — ¥ = 0 on 9S. In
particular, v— W € V(5%*) and by Theorem 3.1.1 there exist functions ¢, € C2°(S*; R3)
such that ¢, - v — ¥ when  — 0. For every n > 0 the function v, := ¢, + ¥ coincides
with W in a neighborhood of 9S.,. By (3.15), this implies that v, is a competitor for
problem (3.16) on 95y, for k large enough. Therefore, by the minimality of wj

/|Ewk|2dm</ |Ev,|” da.
RS RS

Taking the limit first as k¥ — oo and then as n — 0, we get

lim sup |Ewk|2d$</ |Ev|? dz.
R3

k—oo R3

By the lower semicontinuity of the norm in V(R?), we have
/ |Bw*|* dz < liminf/ |Buwg| dz < hmsup/ |Bwg| dz < / |Ev|® dz,
R3 k—oo  Jps k—oo JRS R3

thus proving the minimality of w*. By uniqueness, we have w,, = w*. The last chain
of inequalities, applied with v = w.,, shows also that ||wi|/ 512 = [we| p1.2, hence
Wy, — Weo strongly in V(R3). O

3.2 The equations of motion

The motion ¢ — ¢; determines for almost every ¢t € [0,7] the Eulerian velocity U;
through the formula

U(y) := ¢i(; H(y)) for almost every y € 9A; .
As shown in Section 2.2, A, is of class C? and
U, € HY?(0A;R3)  for almost every ¢ € [0, 7).

We can apply Theorem 3.1.2 with Q = A%t := R3\ A, and, for almost every ¢ € [0, 7], we

obtain a unique solution u; to the problem

Uy € V(Ath), u = Uy on 0A; y
/ Eu;:Ewdy =0 for every w € Vo(A$*").
Agt
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Let F4, v, and My, v, be the viscous force and torque determined by the velocity field
U; according to (3.13) and (3.14). Since we are neglecting inertia and imposing the self-
propulsion constraint, the equations of motion reduce to the vanishing of the viscous

force and torque, i.e.,
Fa,u,=0 and Ma, y, =0 for almost every ¢ € [0,7]. (3.17)

We assume that ¢, is written as ¢; = r; 0s;, where r; is a rigid motion as in (2.9) and
t — s; is a prescribed shape function. Our aim is to find ¢ — 7, so that the equations
of motion (3.17) are satisfied. More precisely, we prove Theorem 3.2.1 below, which
shows that (3.17) is equivalent to a system of ordinary differential equations where the
unknown functions are the translation ¢ — y; and the rotation ¢ — R, appearing in (2.9).

To define the coefficients of these differential equations, we consider the sets B, =
s¢(A) introduced in Section 2.2 and the 3x3 matrices K;, C;, J;, depending only on the

geometry of B; , whose entries are defined by

(Kt)ij := (olej]n, ;) pext (3.18a)
(Ct)ij = (olej]n, eixz) pet (3.18b)
(Ji)ij := (olejx2]n, e;xz) pext , (3.18¢)

where B*t .= R3\ B;, the duality product is given in Definition 3.1.3, and ¢[IW] denotes
the stress tensor associated to the outer Stokes problem in B{** with boundary datum
W. The notation ¢[IW] emphasizes that, by the linearity of Stokes system, the depen-
dence of o on W is linear. Formula (3.11) shows that K; and J; are symmetric. The

matrix
K, CF

Cy g

is often called in the literature grand resistance matrix, and is invertible [19]. Let

—1

H, D] K, Cf
= T (3.19)
Dy Ly Ce Ji
be its inverse. For almost every ¢ € [0,7], let W, := 5, 0 s; ', and let Fi® and M;" be

the viscous force and torque on 9B; determined by the boundary value W;. According to
(3.13) and (3.14), the components of F* and M;" are given by

(FE")i = (o[Win, e;) pext (3.20a)
(M;™); = (o[Wiln, eix2) pexe - (3.20b)

Let A : R? — M?>*3 be the linear operator that associates to every w € R? the only
antisymmetric matrix A(w) such that A(w)z = wxz. In other words, w is the axial
vector of A(w). Finally, we define

by = H,FP" + D) M, Q= A(DF™ + LMY, (3.21)

which depend on s; via (3.20) and the definition of 1.
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Theorem 3.2.1. Assume that the shape function t — s; satisfies (2.10), (2.11), and (2.16)
and that the position function t — r; satisfies (2.9) and (2.15). Then the following condi-

tions are equivalent:

the deformation function t — ;s := r¢ 0 5; satisfies the equations of motion introduced in
(3.17);

the functions t — y; and t — Ry satisfy the system
e = Ryiby Ry = R,Qy, foralmost every t € [0,T), (3.22)
where b, and Q; are defined in (3.21).

Proof. It is convenient to set the problem in the intermediate configuration B;, thus
assuming the point of view of the coordinate system of the shape functions.

After performing the change of variables y = r(z), z € B, it turns out that the
velocity field v;(z) := R, u;(r¢(2)) is the solution of the Stokes problem

v € V(BXY), v, =V, ondBy,

/ Ev;:Ewdz =0, for every w € Vo(BgXY),
B?Xt

where V;(z) = R U;(r¢(2)), see Fig. 3.1.

g,

Figure 3.1: Notation for the boundary velocities.

Let Fp, v, and Mp, v, be the viscous force and torque on 0B, determined by v, ac-
cording to (3.13) and (3.14), with Q = B¢, It is easy to check that Fp, v, = R/ Fa, v,
and Mp, v, = R/ My, v, , so that the equations of motion (8.17) reduce to

Fp,v, =0 and Mg, v, =0 foralmosteveryt e [0,T]. (3.23)

Let w; be the axial vector of RtR;r , i.e., the unique vector w; € R? such that w;xz =
RiR/ z. Tt is easy to see that R/ R,z = (R w;)xz, so that

Vi(z) = Wi(2) + R/ 4 + (R} w;)xz for almost every z € 9B,
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where W;(z) = :(s; '(2)). Let (Ff", M{*) and (Fr°t, M°%) be the pairs viscous force—
torque on 9B, corresponding to the boundary values R/ ; and (R, w;)x 2, respectively.

It is well known, see, e.g., [19] that

Ff' = KR/ i, Frot = —C R} wy,
Mttr = —C’thTyt, MgOt = —Jthth,

where K;, C;, and J; are the matrices defined in (3.18). Recalling the linearity of the

equations, we get

Fow | _ [ merD TR [ ][ B
Mp,.v, CiR! LR/ wy Mt |7
hence the equations of motion (3.23) become
K, CT Ry 0 y [sh
t t t Yt _ t (3.24)
Ct Jt 0 R;r Wt MtSh

It follows from (3.19) and (3.24) that the equations of motion (3.23) are equivalent to

y R, O H; D] Fsh
A I Lo ¢ for almost every ¢ € [0, 7.
Wt 0 Rt Dt Lt MtSh
The first equation reads
U = Reby,  with b, = H,F?™ + D] M. (3.25)

To write the second equation in the form (3.22), we use the equality A(w;) = RtR;r . In

order to rewrite the second equation
wi = Ry(DyF™ 4 LMY (3.26)

in a more useful way, we need a formula for A(Rw) when R is an arbitrary rotation. In

view of the following equalities
A(Rw)z = (Rw)xz = RwxRR"z = R(wxR"2) = RA(W)R" 2,

we can conclude that A(Rw) = RA(w)RT. Therefore, by applying A to both members of
(3.26), we get

RiR] = A(w;) = ARy (D F" + LiMM)) = Ry A(DFS™ + L MM R
so that, eventually, equation (3.26) reads
R, = Ry, withQ, = A(DF* + L, M:™). (3.27)

This concludes the proof. O



28 3. Swimming in an unbounded Stokes fluid

Remark: We claim that every absolutely continuous solution to the second equation
in (3.22) belongs to SO(3), whenever R, € SO(3). Indeed, by differentiating R, R, with

respect to time, we get
(ReR[) = RR] + R\R] = RS4R] — RSWR] =0,

where we used the fact that (2; is skew symmetric. This shows that the matrix R, R/ is
constant in time and the claim follows.

The standard theory of ordinary differential equations with possibly discontinuous
coefficients [18], ensures that the Cauchy problem for (3.22) has one and only one Lip-
schitz solution ¢ — R;, t — y;, provided that the functions ¢t — €, and ¢t — b; are
measurable and bounded. By (3.25) and (3.27), this happens when the functions

tes Hy, tws Dy, tes Ly, te E tes MD (3.28)

are measurable and bounded. This property for the first three functions follows from

the continuity of the block elements of the grand resistance matrix
tHKt, b—)Ct, tHJt, (329)

which will be proved in the last part of this section. The proof of the measurability and
boundedness of the last two functions in (3.28) requires some technical tools that will
be developed in Sections 3.3 and 3.4.

To prove the continuity of the function in (3.29) we will use Theorem 3.1.5. To this
aim, in the next lemma, we prove a continuity property of the set-valued function ¢ —
B;.

Lemma 3.2.2. Let s; satisfy (2.16). Then if t — t the sets B; converge to the set B;__ in
the sense of (3.15).

Proof. We recall that B, = s:(A) for all ¢ € [0,7]. Let us prove the two inclusions
separately. To see that s;(A) C (s;_(A))"¢, consider a point y € s;(A): then, there exists
a point « € A such that y = s;(x). We conclude if we prove that |s; (z) — s:(x)| < ¢, for
all x € A and for all ¢ sufficiently close to ¢ .

sup st(z) = st (@) < llst = st loramsy S Lt —too| <6,
e

provided that |t — .| < /L. For the inclusion (s;_(A))~¢ C s:(A), a simple topological
degree argument can be applied, so we can conclude the proof. O

We are now in a position to prove the continuity of the elements of the grand resis-

tance matrix.

Proposition 3.2.3. Assume that s; satisfies (2.10), (2.11), and (2.16). Then the functions

t?—)Kt, tr—>C’t, t'—>Jt, (3303)
t— H,; , t— D, , t— L (3.30b)
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are continuous.

Proof. Recalling (3.18) and (3.11), we can write

(Kt)ij :2/ Ev} :Ev! dz, (3.31a)
R3

(Ch)ij :2/ Ev! :Ed! dz, (3.31b)
RS
R3

where v/ and ©] are the solutions to problem (3.16) for S, = B;, with W = ¢; and

W = e;jxz, respectively. Since the convergence of the sets B, is guaranteed by Lemma
3.2.2, we can now apply Theorem 3.1.5 and we obtain that the functions in (3.30a) are

continuous. The continuity in (3.30b) follows from (3.19). O

The proof of the measurability and boundedness of t — F:" and ¢ — M;" requires
much more work, due to the fact that both the domains B; and the boundary data
W; = $;0s; ' depend on time. Moreover, the boundary value W; might be discontinuous
with respect to ¢, so that we cannot expect the functions ¢t — F® and ¢ — M™ to be
continuous.

To prove the measurability we start from an integral representation of F* and M,
similar to (3.31). As |, op, We n dS is not necessarily zero, we have to replace R? in (3.31)
by the complement of an open ball X! CC B,. Since, in general, this inclusion holds
only locally in time, we first fix o € [0,7] and 2° € By, and select § > 0 and £ > 0 so that

the open ball X0 := ¥_(2°) of radius ¢ centered at 2° satisfies
¥ cc By, forallte Is(ty) := [0,T]N (to — 6, to + 0). (3.32)

This is possible thanks to the continuity properties of ¢ — s; listed in the previous
Section.

Next we consider the solution w; to the problem

min/ |BEw|®dz,
Zg,ext

where the minimum is taken over all functions w € V(X%°*) such that w = W; on dB;
and w = \(z — 2Y)/e% on 9X0 , where

1
)\t = thdS
47T OBs

The value of ), is chosen so that the flux condition (3.5) on 9B, U 9X? is satisfied.
Finally, recalling (3.20) and (3.11), we can write the following explicit integral repre-

sentation of F! and Mt

(Fh); = 2/ Fw; :Eovfdz = 2/0 Ew; :Evf dz, (3.33a)
Bgxt n2ext

(MM, =2 /Bext Ew; :Ed! dz = 2 /Zoym Ew, : Ed! dz, (3.33b)
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where v} and ¢} have been defined in the proof of Proposition 3.2.3 and where the last
equalities are due to the fact that Ev; = E¢; = 0 in B, . We deduce from Theorem 3.1.5
and Lemma 3.2.2 that the functions ¢ — v! and t — ©} are continuous from I;(to) into
V(x%ext) Therefore, the measurability and boundedness of t — F*" and ¢ — M" will be
proved if we show that the function ¢ — w; from I5(to) into V(X2°*") is measurable and
bounded.

Even the boundedness of ||Vw;||,. is an issue, since all estimates for a solenoidal
extension of W; considered so far in the literature depend on the geometry of 9B;. In
Section 3.3 we make this dependence explicit and conclude that under our assumptions
ont — s; the L? bound for the gradient of the solenoidal extension is uniform with
respect to . This result will be used in Section 3.4 to prove the measurability of the

function t — wy .

3.3 Extension operators

We give now two extension results of a function defined on 9B; to an open region con-
taining 9B; . Lemma 3.3.2 is classical, but for our future purposes we need a solenoidal
version, as stated in Proposition 3.3.3. Its proof requires a number of preliminary lem-
mas that are proved beforehand. The next lemma shows that, locally in time, the sets
¥, \ B: are C? diffeomorphic to each other.

Lemma 3.3.1. Assume that s; satisfies (2.10), (2.11), and (2.16), and let ¥, be as in
(2.12). Let ty € [0,T). Then, there exists a neighborhood Is(ty) = [0,T] N (to — 0,t0 + 9)
of to with the following property: for every t € Is(ty) there exists a C? diffeomorphism
®l0: ¥, — ¥, coinciding with the identity on ¥, \ ¥,_1, such that ®{° = s,, 0 s, on B,.

In particular, we have
®°(B,) = By, and ®°(S,\B;) =%, \ By, . (3.34)
Moreover,
¢ toy—1
Hq)tOHC2(§p;R3) + ||((I)t0) Hc2(§p;R3) <G (3.35)
where C is a constant independent of ty , t.

Proof. Recall that B; CC X, 1 by (2.12), so that B, U (X, \ £,_1) has a C? boundary.
Therefore, it is possible to find a function ¥}° € C?(3,;R?) such that U° = s, os; ' — T
on By, U° = 0on ¥, \T,1, and [ O[] o5 pay < Cllsi 050" =1l o3, 9 »
I is the identity map and C is a constant depending only on p and t; (see, e.g., [16,

where

Theorem 6.37, page 136]). Since s;, 0 s; - — I — 01in C?(B;R?) as t — o, there exists a
neighborhood I5(ty) of to such that H\IJEOHCQ(i xS 1/2.

For every t € I5(t) let us define ®}° := I + W°. Then ®; =/ on ¥, \ ¥, ; and ®}° =
st, 0 5; - on By, which proves the first equality in (3.34). Notice that |®{°(z) — 2| < 1/2
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for every z € 3, so that this implies ®,°(3,_1) C £,. Since ®,°(3,\¥,-1) = %,\ Z,-1,
we conclude that ®°(%,) C 5, .

Let us prove that ¥, C ®/°(2,). Since ®}° = I on ¥, \ ¥, 1, it is enough to show
that ¥,_1 C ®{°(¥,). To this aim we fix y € ¥,_;. We want to show that there exists
z € ¥, such that » + V}°(z) = y. This is equivalent to solve the fixed point problem
r =y — U(z). Since H\I/?Hcl(fp;n@:*)
¥,—1/2 into itself. This implies the existence of a fixed point and concludes the proof of

< 1/2, the map z + y — ¥!°(x) is a contraction of

the inclusion ¥, ; C ®{°(%,).

The injectivity of ®;° follows easily from the inequality || ¥}

0||01(EP;R3) < 1/2. There-
fore, ®l°: ¥, — X, is bijective. Its inverse is of class C? by the Local Invertibility
Theorem. The second equality in (3.34) follows now from the first one.

Estimate (3.35) is a consequence of (2.16) and (2.17). O

Given two Banach spaces X and Y, the symbol £(X;Y") denotes the Banach space of
continuous linear maps from X into Y. Given a function ® € H'/?(9A;R?), let us define

1

)\t = ——
47T OBy

(®os;t)-ndS,

for every t € [0,T]. The constant ); is chosen so that if u|sp, = ® o s; !

M\ez/ |z, then
/ u-ndS =0.
A(BF*N,)

Lemma 3.3.2 (Extension operators). Under the assumptions of Lemma 3.3.1, there ex-
ists a continuous function from Is(ty) into L(H'/2(0A;R3); HY(X,;R?)), denoted t +— Sy,
such that

and ulps, =

Si(®) = ®os;' ondB,
Si(®) = At% on 93,
z

1S: (@) i1 (m,m8) < Cl@l 20483 -
where the constant C is independent of t and .

Proof. By known results on Sobolev spaces [33, Theorem 5.7, page 103], there exists
Sty € LIHY?(0A;R?); H'(S,;R?)) such that Sy, (®) = ® o s;." on 9B, . Let ®;° be the
function given in the proof of Lemma 3.3.1. It is easy to show that [S;, (®)]o®/* = dos; *
on dB; . It is enough to define S;(®) = [S;, (®)] o BL°. O

Proposition 3.3.3 (Solenoidal extension operators). Under the assumptions of Lemma
3.3.1, let ty € [0,T] and let 2° € By,. Let § > 0 and ¢ > 0 be such that (3.32) holds true.

Then there exists a uniformly bounded family (T;);c1, (1) of continuous linear operators
Ti: HY2(0A;R?) — HY(Z, \ T R?)

such that
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forall t € I;(ty) and for all ® € H'/?(0A;R3),

Ti(®) = dos;' ondB;, (3.36a)
Ti(®) = \—s ond%,, (3.36b)

z
div(T:(®)) = 0 in¥,\X2; (3.36¢)

for every ® € H'Y/2(0A;R3) the map t — T;(®) is continuous from Is(ty) into H*(Z, \
39 R?). In particular, the following estimate holds

||7;(<I))||H1(zp\§g;k3) <C ||(I)HH1/2(8A;R3) ) (3.37)
where the constant C is independent of t and .

The proof of Proposition 3.3.3 requires the estimates contained in the following
lemma, whose proof can be found in [33, page 187], [41, Proposition 1.2], [14, Exercixe
I11.3.3], and in [39, Lemma I1.1.5.4].

Lemma 3.3.4. For every bounded connected open set Q@ C R3 with Lipschitz boundary,
there exists a constant v(Q2) > 0 such that

HPHL2(Q) <7(©) ”VpHH*l(Q;R?») ) (3.38)
for every p € L*(Q) with [, pdz = 0.

The constant v(Q2) plays a crucial role in the following result concerning the estimate
of a particular solution of the equation divu = g in Q with Dirichlet boundary conditions
u = 0 on Jf).

Lemma 3.3.5. Let Q C R? be a bounded connected open set with Lipschitz boundary
and let g € L*(Q) with [, gdx = 0. Then there exists a unique u € Hg(€%; R®) such that
divu =gin €,
JoVu:Vodaz = 0 for all v € Hj(;R?) with dive = 0 in Q. Moreover, the following
estimate holds

||UHH(}(Q;R3) < () HQHL‘Z(Q) )

where v(Q)) is the constant in Lemma 3.3.4.

Proof. The first part of the Lemma is classical and can be found in various texts, e.g.,
[41, page 22], [14, Theorem V.2.1 and Exercise V.2.1], and [39, Theorem III1.1.4.1]. The

estimate then follows by a straightforward computation. O

In order to prove Proposition 3.3.3 we have to show that the constants v(B;) and
v(%, \ B:) are uniformly bounded with respect to ¢. This will be achieved through the
following lemma, thanks to Lemma 3.3.1.
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Lemma 3.3.6. There exists a non decreasing function a : [0,4+00) — [0,+00) such that

the constant  introduced in Lemma 3.3.4 satisfies the estimate

’7((1)(0)) g a’( H(I)HC‘Z(Q;]R'L?) + ||(I)_1HC‘2(<I>(5);]R3) ) ’y(Q), (339)

for every bounded open set Q C R? with C? boundary and for every invertible function
® € C?(R3;R3).

Proof. As shown in [33], (3.38) is a consequence of the following inequalities

||p||L2(Q) < ’YI(Q)( ”VpHH*l(Q;]R?') + ||pHH*1(Q) )7
tlél]g ||p - tHH—l(Q) < VQ(Q) vaHH—l(Q;]R3) ’

valid for every p € L?(2). By a change of variables it is easy to see that ~;(Q2) and v2(Q)
satisfy (3.39). The conclusion follows. O

Let ¥, be as in (2.12) and to, 2°, 4, ¢, I5(to), and XY be as in Proposition 3.3.3. For
every t € Is(to) let Uy = {g € L*(B; \ % R?) Jpasogdz = 0} — H}(Z, \ 2R3
be the linear operator defined by U;(g) = u, where u| BASY is the unique function in
HE (B \ X2;R?) such that

divu=g in B; \ X2, (3.40a)
/B - Vu:Vodz =0 forallv € H}(B; \ Z%R?) :dive = 0in B, \ &2,  (3.40b)

and v = 0 in (3, \ B;). By Lemmas 3.3.1, 3.3.5, and 3.3.6, there exists a constant M,
independent of ¢, such that
Ul 2, < M, (3.41)

where £, is the Banach space of continuous linear operators from {g € L*(B; \ ©; R?) :
Jp.50 9dz = 0} into Hy (2, \ 5L RY).

Lemma 3.3.7. Assume (2.10), (2.11), (2.13), and (2.16). Let ty € [0,T] and let ty, € I5(to),
k=1,2,...,00, and let g € L*(X, \ X2) with Je\s09dz =0and

supp(g) CC By, \ XY for every k. (3.42)

Assume that tj, — ts as k — oo. Then Uy, (g) — Uz (g) strongly in H} (S, \ % R3). A
similar result holds if we exchange the roles of B;, \ ¢ and ¥, \ By, in the definition of
U, and in (3.42).

Proof. For k=1,2,...,00, let uy, := Uy, (g). By (3.41), the sequence (uy, ); is bounded in
H}(2, \ BY%;R?). Therefore a subsequence, still denoted by (us, )i , converges weakly in
H (2, \ X% R3) to some function u*.

We claim that u* € H} (B, \ ¥%;R?). First notice that u;, o (s, 0s;') =00n dB;__,
hence uy, o (sy, 0s;!) € Hy(By \ T%R3). Since sy, 0 s, — I'in C1(B; \ % R?) as
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k — oo, and uy, — u* weakly in H'(X, \ 2;R?), we obtain u, o (sy, o s;') — u* weakly
in H'(B;_;R?). This implies that u* belongs to H}(B;_ \ £2; R?) and proves the claim.
Since supp(g) CC By, \ X for every k, condition (i) in Lemma 3.3.5 gives divu;, = g
in ¥, \ XY for every k, hence divu* = gin %, .
If v € OX(B; \ X% R3) with divv = 0, from (ii) we have

/ Vug, :Vodz =0, for k large enough.
By, \2?

Passing to the limit as £ — oo, we get

/ Vu*:Vodz = 0.
By, \Z0

An approximation argument based on Theorem 3.1.1 gives the same equality for every
v € HY (B, \ X% R3) with dive = 0. By the uniqueness result proved in Lemma 3.3.5,
we have u* = u;__ .

To prove the strong convergence of (u;, ) in Hi (2, \ ¥¢; R?), we fix a connected open
set B with Lipschitz boundary such that supp(g) CC B cC By, \ X? for every k. By
Lemma 3.3.5, there exists w € H{ (B;R?) such that

divw =g on B,

/ Vw:Vudz =0 for every v € H}(B;R?) with dive = 0.
B

We extend w by setting w = 0 on (£, \ ¥?) \ B. Since supp(g) CC B, we have divw = g
on,\ 2.

We take v = u;, — w as test function in condition (ii) and we obtain
/ |Vutk|2dz=/ Vug, :Vodz, fork=1,2,...,00.
Tp\ B2 Tp\ B2

Since Vu;, — Vuy in L3(X, \ ¥2; M3*3), taking the limit as k — oo we get

/ |Vutk|2dz — / |Vutoc|2 dz,
£,\50 So\T2

which concludes the proof of the strong convergence in H{ (3, \ X2; R?). O

Lemma 3.3.8. Under the hypotheses of Lemma 3.3.7, let t — g; be a continuous function
from I;(to) into L?(%, \ ¥0), endowed with the strong topology, and let U; be the operator
defined in (3.40). Assume that

/ gtdz =0 foreveryt € Is(tg). (3.43)
By\E?

Then the function t — Uy(g;) is continuous from I5(to) into H} (3, \ X% R?), endowed with
the strong topology. A similar result holds if we exchange the roles of B;\ X0 and ¥, \ B,
in the definition of U; and in (3.43).
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Proof. Let us fix 7 € I5(ty) and n > 0. There exists h € L?(3,\ X2) with compact support
in B, such that
1h = g7l L2, \50) < 1-

By continuity, for ¢ sufficiently close to 7 we have

[h— gtHL2(Bt\§g) <,

and supp(h) CC B; \ ¥V. By (3.41) we have

Ui (g¢) — Uz (g) | 11

< Ue(ge = P)ll o + U () = Ur(B) || 1 + (U (B = g7) ] g1

< NUellz, llge = Bl p2p,\s0) + e (R) = Un(B) || g + 1UAr 2 12— grll L2, 50)
< Mn+ |[Uy(h) —U- ()| + Mn.

Lemma 3.3.7 yields
limt sup |[Us(ge) — Uz (g7) || g < 2M.
—T

As 17 is arbitrary, we have shown that the convergence U;(g:) — U,(g,) is strong in
HY(Z, \ IO RY), O

Proof of Proposition 3.3.3. For all t € I5(t), let (; := Si(P) be the extension given by
Lemma 3.3.2. Define g™ and ¢g§** as div(¢;) restricted to B;\ X! and %, \ B; , respectively.

An easy computation shows that

/ B gintdz:/ g7t dz =0,
By\X0 2,\B:

Therefore, there exist functions ui"* € H{(B; \ £2;R?) and u$** € H} (S, \ By; R?) satis-
fying conditions (i) and (ii) of Lemma 3.3.5. One can define u; = U;(g:) as the function
defined by »i"* on B; \ ¥? and by u$** on X, \ B; . Notice that u; agrees with zero on 9B,
on 9%, , and on 9%2.

Consider now 7;(®) := S;(®) — Uy(g+) = ¢ — ut . This extension is clearly in H'(3, \
% R?) and agrees with (3.36) so that (i) is satisfied. Moreover, by the continuity proper-
ties of S; and U, , it turns out that also 7; is continuous from I;(to) into H'(2, \ B¢ R3),
so that (i1) and estimate (3.37) follow.

3.4 Dependence on the data

Using the tools developed in the preceding section, we are finally ready to prove some re-
sults concerning continuity and measurability properties of the solutions to the Stokes
problems. These will lead us to the statement of Theorem 3.4.4 about the existence,
uniqueness, and regularity of the rigid motion ¢ — r; that causes the swimmer’s dis-
placement in the viscous fluid.
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Proposition 3.4.1. Assume that s; satisfies (2.10), (2.11), and (2.16). Let to € [0,T] and
20 € By,, and let X0 and I5(to) be as in (3.32). Let I5(to) be given as in Lemma 3.3.1.
Suppose that the map t — ®; belongs to C°(Is(to); H'/?(0A; R3))NL>®(I5(to); Lip(OA; R?)).

Define
1

A 1= ——
t 47T OBs

(®; 05, 1) -ndS.
Let w; be the solution of the problem

min/ |Ew|? dz, (3.44)
Zg,ext

where the minimum is taken over all functions w € V(X2°) such that w = ®; 0 s; ' on
OBy and w = M\ (z — 2°)/e% on %Y. Then t — w; belongs to C°(I5(ty); V(XL)).

Proof. Let (t1)r C I5(to) be a sequence that converges to to, € I5(ty). Let ¢);, be the ex-
tension of ®;, os;, ! provided by Proposition 3.3.3. It can be further extended by \;z/ |z|3
on R3\ 3,, so that ¢, € V(X%*) and is a competitor in the minimum problem (3.44)

corresponding to ¢t = t;; therefore,

2 2 2
/20 [Bue, | dz < /20 [Er, |* dz < 196571 (5, 50,99
< C*(Lip(®y, ) + max |®, ) < (CM)?,

where C is the constant in (3.37) and M > 0 is a uniform upper bound of Lip(®,,) +
max |®;, |, whose existence is guaranteed by the fact that ¢t — ®; belongs to L>°(I5(to);
Lip(0A;R?)). Thus, the sequence (w;, )i is equi-bounded in V(32°**) and, up to a subse-
quence, it converges weakly to some w* € V(X0ext).

We claim that w* is a competitor in problem (3.44) for t = t.,. First, notice that
Dy
in Lemma 3.3.1. Arguing as in the proof of that lemma, we find that ‘I’?; — [ in
C'X,;R%) as t, — too. Since wy, — w* weakly in H'(X, \ X%;R3), we obtain that
wy, o ®fF  — w* weakly in H*(3, \ £2;R3). This implies that wy, o (s, o s;') — w*
weakly in H'/?(9B;_;R?). On the other hand, ®,, os; ' — ®,_os, ' in H'/2(0B,_;R®).
As @, 05, " =wy, o (sy, 0s;) on OB, , we deduce that w* = &, _ os, ' on 0B,_ . This

L 08 =wy o(sy, 0s.')ondB;_ . Let " be the extension of s;, os; ' considered

concludes the claim.

Let v € V(%) be another competitor in problem (3.44) for ¢t = t.,, and let  :=
v—1p_ , where; _ := T;__ (P ) is the extension provided by Proposition 3.3.3, extended
by zero on R? \ ¥,. The function ¢ vanishes on 9B;_ and its restrictions to B, and
By*t belong to Hj (B \ L% R?) and Vo(B{*'; R?), respectively. Then by the Density
Theorem 3.1.1 and by a classical density result in H}(B;_ \ X%;R?), for every n > 0,
there exists a function (7 € V(X%), vanishing in a neighborhood of dB;__ , such that
[[¢n — CHDLQ(ZQ@M;RS) < 1. Define now v/ := ¢, + (", and observe that, for  large

enough, it is a competitor in the minimum problem (3.44) for ¢t = t;, . Therefore,

Loz [ (B fPas= [ Bu, +BOP
ZE,exc Zi,exc ZE'eXt
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Taking the limit first as k¥ — oo and then as n — 0, we get

/ |Ew*|* dz < lim sup/ |Ewy, | dz
Zg,ext k— 00 Zg,ext
<[ B v EPae= [ B
Eg,ext Eg,ext

where the convergence of E¢;, to Et¢;__ is guaranteed as a consequence of (ii) in Propo-
sition 3.3.3. This proves that w* is a minimum, so that w* = w;_, . By taking v = w*, we
get the convergence of the D''? norms, therefore w;, — w;_ strongly in V(X%t). This
concludes the proof. O

We notice that Theorem 3.1.5 turns out to be a particular case of Proposition 3.4.1,
for special boundary data not depending on time. Nonetheless, we think it is useful to
present both results, since the technique of the proof is much easier in Theorem 3.1.5.

As we have seen at the end of Section 3.2, Theorem 3.1.5 applied to purely linear
and purely angular boundary velocities guarantees the continuity of the elements of the
matrices in (3.19), while Proposition 3.4.1 will give the continuity of the known terms
F# and M in (3.24).

Theorem 3.4.2. Assume that s, satisfies (2.10), (2.11), (2.13), and (2.16), and let ty €
[0,7], 2° € By,, and let X2 and I5(ty) be as in (3.32). Assume, in addition, that Is(to)
satisfies Lemma 3.3.1. Let w; be the solution of the problem

min/ |Ew|2 dz, (3.45)
Zg,ext

where the minimum is taken over all functions w € V(X%°*%) such that w = $; 0 s, ' on
OB, and w = \(z — 2°) /&% on 0X0. Then the function t — w; is measurable and bounded
from Is(to) into V(20ex),

Proof. We approximate the functions s, with the sequence ®; defined by
o} (z) := / kn(t —7)é-(x) dr, (3.46)
R

where r,, is a regularizing kernel supported in the ball ¥, of radius 7 and of unit mass.
Since the function 7 — $, belongs to L>°(Is(tg); W1P(A;R?)) for every 2 < p < oo, the
integral in (3.46) can be seen as a Bochner integral in W'?(4;RR?). This implies that ¢
@] belongs to C°(I5(ty); WP (A;R?)); in particular, it belongs to C°(Is(t); H'/?(0A; R?)).
Moreover, by (2.18), we have Lip(®/) < L. Therefore, the map ¢ — @] belongs to
CO(I5(to); H?(0A;R?)) N L (I5(to); Lip(0A4; R3)). Moreover, for almost every t € I;(t,),
@] — 4 strongly in H'/2(0A; R3).

Let w; be the solutions to problems (3.45), where the minimum is now taken over
all functions w € V(2%°**) such that w = ®} o5, ' on dB; and w = \¢(z — 2°) /&% on 9% .
By the properties of the functions ¢ — @ mentioned above and by Proposition 3.4.1, the

functions ¢ — w) are continuous from I;(ty) into V(X%*t),



38 3. Swimming in an unbounded Stokes fluid

We recall that, for almost every t € I5(ty), ®] — 5; strongly in H'/2(0A;R?). This
implies that ®] os; ! — §,05; ' strongly in H'/2(0B;; R®). By the continuous dependence
of the solutions on the data, we have w; — w; in V(£2%) for almost every t € I;(to).

This implies the measurability of ¢ — w; . O

Theorem 3.4.3. Under the hypotheses of Theorem 3.4.2, the vector b, and the matrix
Q; in (3.21) are bounded and measurable with respect to t. If, in addition, the function
t +> sy belongs to C1([0,T]; C1(A;R?)), then t — (b;, Q) belongs to C°([0, T]; R3 xM3*3),

Proof. As noticed in Section 3.2, it is enough to prove that the functions in (3.28) are
bounded and measurable, and that they are continuous under the additional assump-
tion on ¢ — s;. Moreover, it is sufficient to prove the measurability and boundedness
of these functions in a subinterval of time; the measurability and boundedness on the
whole [0, 7] will easily follow. As for the first three functions, this property is proved
in Proposition 3.2.3. The function ¢ + w; from I;(ty) into V(X2°**) is bounded and
measurable by Theorem 3.4.2. By Proposition 3.4.1 it is also continuous under the addi-
tional assumption. By formulas (3.33), this yields the boundedness and measurability
of t — FM and t — M:®, and the continuity under the additional assumption on ¢ + s;,
since the functions ¢ — v{ and t + ! are continuous from I;(to) into V(£2**) by Theo-
rem 3.1.5 and Lemma 3.2.2. O

We are now in a position to prove the main existence, uniqueness, and regularity

result.

Theorem 3.4.4. Assume that t — s, satisfies (2.10), (2.11), (2.13), and (2.16). Let y* € R?
and R* € SO(3). Then (3.22) has a unique absolutely continuous solution t — (y., Ry)
defined in [0, T) with values in R3xSO(3) such that yo = y* and Ry = R*. In other words,
there exists a unique rigid motion t — r(z) = y; + Rz such that the deformation function
t — pr = 1y 0 5t satisfies the equations of motion (3.17).

Moreover this solution is Lipschitz continuous with respect to t. If, in addition, the
function t — s; belongs to C1([0,T]; C*(A;R3)), then the solution t + (y;, R;) belongs to
CL([0,T]); R3xSO(3)).

Proof. The existence and uniqueness of the solution of the Cauchy problem for (3.22)
follow immediately from Theorem 3.4.3, by standard results on ordinary differential
equations with bounded measurable coefficients, see, e.g., [18, Theorem 1.5.1]. The as-
sertion concerning the deformation function ¢ — ¢; and the equation of motion (3.17)
follows from the equivalence Theorem 3.2.1. The Lipschitz continuity of the solution
follows from the boundedness of the right-hand sides of the equation in (3.22).

If, in addition, the function ¢ + s; belongs to C'([0,T]; C'(A4;R?)), then Theorem
3.4.3 ensures that the coefficients of the equations in (3.22) are continuous with respect
to t, and therefore the solutions are of class C. O
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We notice that assumptions (2.2) are not needed in Theorem 3.4.4. As a consequence,
the theorem holds in a more general setting, when s; is not a pure shape change. For
instance, if s; were a rigid motion for every t, the unique r; given by the theorem would
be r; = s; '. Consequently, ¢; would be the identity for every ¢ and the swimmer would

not move.
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cHAPTER 4

Swimming in an unbounded Brinkman fluid

In this Chapter we develop the theory for the case of a swimmer immersed in an infi-
nite viscous fluid governed by the Stokes equation. For this, the functional setting is
presented in Section 4.2, the extension theorems an the main results are presented in
Section 4.4. A final section about possible future directions follows. All these results are

contained in [31].

4.1 Motivation

In a recent paper by S. Jung [22], the motion of Caenorhabditis elegans is observed in
different environments: this nematode usually swims in saturated soil, and its behavior
was studied in different saturation conditions as well as in a viscous fluid without solid
particles. It must be noticed that the locomotion strategy of C. elegans is not completely
understood, as it is shown by the many studies on this nematode in different conditions;
nevertheless it has been taken as a model system to approach the study of many bio-
logical problems [43]. A satisfactory attempt to understand its locomotion dates back to
[42], where the experiment was conducted in an environment close to the one in which
C. elegans usually lives, yet the wet phase in which the particles are usually immersed
was neglected. Other and more recent experiments have been run on agar composites
[23], [27], and they could give a hint on the swimming strategies of C. elegans, showing
that it moves more efficiently in a particulate medium rather than in a viscous fluid
without particles [22].

The aim of the work presented in this chapter is to provide a theoretical framework
for the motion of a body in a particulate medium. Following the approach proposed in



42 4. Swimming in an unbounded Brinkman fluid

[22, ITI.C], we model the particulate medium surrounding the swimmer as a Brinkman
fluid. We use the framework introduced in Chapter 2, showing that is can be adapted to
the case of a Brinkman problem in an exterior domain, provided the definition of suit-
able function spaces. Thus, the existence, uniqueness, and regularity result contained
in Theorem 4.4.6 can be considered as a generalization of Theorem 3.4.4 obtained for
the Stokes system.

4.2 The exterior Brinkman problem

In this section we present some results about Brinkman equation. It was originally
proposed in [9] to model a fluid flowing through a porous medium as a correction to
Darcy’s law by the addition of a diffusive term. A rigorous mathematical derivation
from the Navier-Stokes equation via homogenization can be found in [1].

In a Lipschitz domain Q) C R?, the Brinkman system reads

vAu — o?u = Vp in Q,

divu =0 in €, @1
u=U on 0,
u=0 at infinity.

The positive constant « takes into account the permeability properties of the porous
matrix and the viscosity of the fluid, the constant v is an effective viscosity of the fluid,
while the third equation in the system is the no-slip boundary condition. The condition
u = 0 at infinity is significant, and necessary, only when the domain ) is unbounded.
From now on, we will get rid of the effective viscosity, upon a redefinition of o, by setting
v = 1. A brief discussion on the constant v can be found in Brinkman’s paper [9].

In order to cast equation (4.1) in the weak form, we introduce the function spaces in
which we will look for the weak solution. Define

X(Q):={uec H'(QR?) : divu = 01in Q}, Xo(Q) := {u € HY(R?) : dive = 01in Q}.

Both X () and &,(f2) are equipped with the standard H! norm but we introduce this
equivalent one
lell% (@) = o® lullzepe + 2 IBulZz s,
the equivalence being a consequence of Korn’s inequality.
The weak formulation of equation (4.1) is now given by

find v € X(Q) such that u="U on 09,

5 (4.2)
2/Eu:Ewdm+a /u-wdavz()7 for every w € X,(Q2),
Q Q

where the boundary velocity is a given function U € H'/2(9Q;R?), the solution being

the unique minimum in X'(Q2) of the strictly convex energy functional

gwi=2 [ [Buf dot o [ fuf? do = ulye).
Q Q
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If we consider the term o?u as a forcing term f in system (4.1), we can invoke a

classical existence and uniqueness result, see, e.g., [14], [39], or [41].
Theorem 4.2.1. Let U € H'/?(9Q;R?). Then the following results hold:

(a) Let Q) be a bounded connected open subset of R? with Lipschitz boundary. If
/ U-ndS =0, (4.3)
oQ

there exists a unique solution u to problem (4.2). Moreover, there exists p € L*(Q)
such that Au — Vp = f in D'(Q;R3).

(b) Let Q2 C R? be an exterior domain with Lipschitz boundary. Then problem (4.2) has
a solution. Moreover, there exists p € L2 (), with p € L>(Q2N X,) for every p > 0,
such that Au — Vp = f in D'(Q;R3).

The following density result, which is an adaptation of Theorem 3.1.1, is particularly

useful when dealing with exterior domains.

Theorem 4.2.2 (Density). Let Q C R? be an exterior domain with Lipschitz boundary.
Then, the space {u € C°(Q;R3) : divu = 0in Q} is dense in X () for the H* norm. O

The stress tensor associated with the velocity field © and the pressure p was defined
in (3.6), and also the viscous force and torque have the same form as in (3.8) and (3.9).
The same considerations that were done in Section 3.1 are still valid in the Brinkman
setting.

Definition 3.1.3 of the trace of on on 912 can be rephrased adapted to the new function

spaces

Definition 4.2.3. Let Q C R? be an exterior domain with Lipschitz boundary and let
o € LL (;R?) be such that op € L*(Q;M3X3) and divo € L?(Q;R?). The trace of on, still

loc sym

denoted by on, is defined as the unique element of H~/?(9Q; R®) satisfying the equality
(on,V)q = / (dive) -vde +/ o:Evdz, (4.4)
Q Q

where (-,-)q denotes the duality pairing between H~/2(9Q; R?) and H'/?(0;R?), and v
is any function in X () such that v =V on 0SL.

If there is no risk of misunderstanding, the subscript €2 will be dropped whenever the
domain of integration is clear. Notice that if o is sufficiently smooth then integrating

(4.4) by parts leads to the equality
(on,V)q = / on-VdsS, for every V e HY/?(00; R?).
a0

In the general case, the right-hand side of (4.4) is easily proved to be well defined,
given the assumptions on ¢. In fact, dive € L?(Q;R?) and v € L?(Q;R?) make the first
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integral well defined, while the second one is also good since o : Ev = op : Ev, because of
the symmetry of Ev, and both op and Ev belong to L*(Q; MZ3). Lastly, the definition
is independent of the choice of v € X(Q2), since the right-hand side vanishes for every
v € Xp(2): this follows from the very same computation for the more regular case, by the
Density Theorem 4.2.2. It is easy to see that (4.4) defines a continuous linear functional
on H'/2(09; R?) by choosing v € X(Q) an extension of V.

We now proceed in showing other useful properties of the duality pairing introduced
in Definition 4.2.3. Let U € H'/?(9;R?) and let u be the solution to the Brinkman
problem (4.2) with boundary datum U and let o be the corresponding stress tensor. Since
all the assumptions of Definition 4.2.3 are fulfilled, for any given V ¢ H'/2(9Q;R?) we

have

<0n,V):/(diva)-vdx—i—/azEvdx:aQ/u-vdx+/[—pI:Ev+2Eu:Ev]dm
Q Q Q Q
:a2/u-vdm—/pdivvdx—l—Z/Eu:Evdm (4.5)
Q Q Q

:a2/u-vdm+2/Eu:Evdm,
Q Q

where v is an arbitrary element in X'(€2) such that v = V on 0. If we take, in particular,
v to be the solution to problem (4.2) with boundary datum V', we recover the well known

reciprocity condition (see, e.g., [19, Section 3-5])
<O’TL, V> - <TTL, U>7

with 7 being the stress tensor associated with v. Moreover, by taking U = V in (4.5) we
obtain

2 2 2
(on,U) = o? HUHL2(Q;]R3) +2 HEUHL‘Z(Q;M3X3) = H“Hx(n) :

This equality allows us to show that the quadratic form (on,U) is positive definite: if
(on,U) = 0, then it follows that « = 0, and therefore U = 0.

Also the weak definition of the viscous force and torque is easily adapted, keeping
Definition 4.2.3 in mind.

Definition 4.2.4. Let Q) C R? be an exterior domain with Lipschitz boundary, let u €

X (%) be the solution to the Brinkman problem (4.2) with boundary datum U € H'/?(05; R3),
let o be the corresponding stress tensor defined by (3.6), and let on € H~/2(0;R3) be
the trace on 0N defined according to (4.4). The viscous force exerted by the fluid on the
boundary 09 is defined as the unique vector F' € R3 such that

F-V =(on,V) foreveryV cR3. (4.6)

The torque exerted by the fluid on the boundary 09) is defined as the unique vector M € R3
such that
M -w = (on,W,) foreveryw € R?, 4.7

where W, (x) := wxa is the velocity field generated by the angular velocity w.
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Notice that this definition allows us to define two different physical quantities by

means of the same mathematical object, namely the duality pairing defined in (4.4).

4.3 The equations of motion

We proceed now to the description of the motion of the swimmer. The motion ¢ — ¢

determines for almost every ¢ € [0, 7] the Eulerian velocity U; through the formula
Ui(y) == ¢i(p; '(y)) for almost every y € 0A; .

Notice that U; € H'/?(0A;; R?) for almost every ¢ € [0, 7]. By applying Theorem 4.2.1 (b)
with Q = A$* .= R3\ A, and, for almost every ¢ € [0, 7], we obtain a unique solution w;
to the problem

find u; € X(A$*") such that u; = Uy on 04,

5 (4.8)
2/ Eus : Ewdy + « / ug-wdy =0 for every w € Xo(AF).
A?Xt A?Xt

Let F4, v, and My, v, be the viscous force and torque determined by the velocity field
U; according to (4.6) and (4.7). By neglecting inertia and imposing the self-propulsion
constraint, the equations of motion reduce to the vanishing of the viscous force and

torque, i.e.,
Fa,u,=0 and My, y, =0 for almost everyt e [0,7]. 4.9

By assuming that ¢; is factorized as ¢, = 7, o s;, where r; is a rigid motion as in
(2.9) and ¢t — s; is a prescribed shape function, our aim is to find ¢ — 7, so that the
equations of motion (4.9) are satisfied. To this extent, we present Theorem 4.3.1 below,
whose result is that (4.9) is equivalent to a system of ordinary differential equations
where the unknown functions are the translation ¢ — y,; and the rotation ¢t — R; of the
map t — ;.

The coefficients of these differential equations are defined starting from the inter-
mediate configuration described by the sets B; = s,(A) introduced before and the 3x3
matrices Ky, C¢, Ji, depending only on the geometry of B;, whose entries are defined
by

(Kt)ij := (olej]n, ;) pext (4.10a)
(Ct)ij = (olej]n, eixz) pet (4.10b)
(Jt)ij := (olej xz]n, €;xz) pext (4.10¢)

where B§*t := R? \ B;, the duality product is given in Definition 4.2.3 by formula (4.4),
and o[IV] denotes the stress tensor associated with the outer Brinkman problem in
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B¢** with boundary datum W. The notation o[I¥] is chosen to emphasize the linear
dependence of ¢ on W. Formula (4.5) shows that K; and J; are symmetric. The matrix

K, of
Ct J t

is often called in the literature grand resistance matrix, and is symmetric and invert-
ible. It originally arises in the case of a Stokes system [19], but the adaptation to the
Brinkman system is straightforward: it only shares the structure with the original one,

while the values of the entries are computed with a different formula, namely (4.5). Let

K, CF
cy I

(4.11)

H, D]
D, L

be its inverse. For almost every ¢ € [0, T], we defined W; = 5, 0 s; *, and let F" and M}"
be the viscous force and torque on 9B; determined by the boundary velocity field ;.
The components of F;* and M;" are given, according to (4.6) and (4.7), by

(FtSh)i = (o[Wi]n, €i>ngt ) (4.12a)

(M;™); = (o[Wiln, eix2) o (4.12b)

Consider now the linear operator A : R3 — M3*3 that associates to every w € R3 the only
skew-symmetric matrix A(w) such that A(w)z = wxz; therefore, w is the axial vector of

A(w). Finally, we define a vector b, and a matrix (); according to
by = HFP™ + D) M, Q:= A(DF™ + L M), (4.13)
which depend on s; and, most importantly on $;, via (4.12) and the definition of W;.

Theorem 4.3.1. Assume that the shape function t — s; satisfies (2.10), (2.11), and (2.16),
and that the position function t — r; satisfies (2.9) and is Lipschitz continuous with

respect to time. Then the following conditions are equivalent:
(i) the deformation function t — ¢, := ry o s; satisfies the equations of motion (4.9);
(i) the functions t — y; and t — Ry satisfy the system
Uyr = Ryby, R, = R/, for almost every t ¢ [0,T7, (4.14)
where b, and Q; are defined in (4.13). O

The proof is the same as in Theorem 3.2.1 and need not be modified, so we skip
it. Changing the variables according to y = r(z), 2 € B**, the velocity field v.(z) :=
R,/ us(r¢(2)) is the solution to the problem

find v; € X(B{*') such that v, =V, on 0By,

2 (4.15)
2/ Evi:Ewdz + a / v -wdz =0, forevery w € Xo(B*"),
Btext Btext
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where V;(z) = R U;(r:(2)), see Fig. 3.1.

Denote by Fp, v, and Mp, v, the viscous force and torque on 0B; determined by the
velocity field v; according to (4.6) and (4.7), with Q = B&**. A straightforward computa-
tion yields Fi, v, = R/ Fa, v, and Mp, v, = R/ M4, v, , so that the equations of motion
(4.9) reduce to

Fp,v,=0 and Mp, v, =0 foralmosteveryt e [0,T].

Again by a simple manipulation we obtain the following form of the equations of motion

ME

which read, by means of (4.13), as (4.14).

Now, the standard theory of ordinary differential equations with possibly discontin-

R, 0
0 R

H, D]
D L

sh
Ft

Agsh for almost every ¢ € [0, T,
t

uous coefficients [18] ensures that the Cauchy problem for (4.14) has one and only one
Lipschitz solution ¢t — R;, t — y;, provided that the functions ¢t — Q; and t — b; are
measurable and bounded. By (4.11) and (4.13), this happens when the functions

t— Ky, t—Cp, teJy, te EN tes MY (4.16)

are measurable and bounded. The continuity of the first three functions will be proved
in the last part of this section. The proof of the measurability and boundedness of
the last two functions in (4.16) requires some technical tools that will be developed in
Section 4.4.

Theorem 4.3.2. Let w; be the solution to the exterior Brinkman problem (4.2) on B{**
with boundary datum W on 0B;, where W can be either a constant vector a € R> or the
rotation W, := wxz, with w € R3. Define w, to be the extension

(4.17)

Wt ‘=

— W  on By,
wy on B,

Assume that t — s; satisfies (2.16). Then the map t — w; is continuous from [0,T] into

X(R3).

Proof. Let (tx)r C [0,7] be a sequence that converges to ¢, € [0,7]. Lemma 3.2.2
ensures the convergence of the sets B,, to B;__ in the sense of (3.15).

Since wy, are solutions to Brinkman problems, we have the bound 2 f pext |Ews,, |2 dz+
tg

02 [pext |Wey |2 dz < C, which, in turn, implies that
tg

2/ |Ezﬂtk|2dz+a2/ |y, |* dz < C.
R3 R3

Therefore, w; admits a subsequence that converges weakly to a function w* € X (R3).
By the convergence of the B,, , it is easy to see that w* = W on B; . We now prove
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that w*|gexe solves the exterior Brinkman problem on B . Too see it, consider a test
function ¢ € C°(B*';R?). For k large enough, ¢ € C°(B**;R?), so that

2/ Ewtk:Egodz—i—on/ wy,, - pdz = 0.
spt spt ¢
This equality passes to the limit as k¥ — oo, showing that w*|gex is a solution to the

Brinkman problem at ¢, . Therefore, w* = w;_, and we have proved that ¢t — w, is
strongly continuous from [0, 7] into X (R?). O

We can now prove the following continuity result for the elements of the grand resis-
tance matrix by means of Theorem 4.3.2.

Proposition 4.3.3. Assume that s; satisfies (2.10), (2.11), and (2.16). Then the functions
tHKt, b—)Ct, tHJt, (4.18)
and consequently t — H, ,t +— Dy ,t — L;, are continuous.

Proof. Formulae (4.10) and (4.5) provide us with an explicit form for the elements of the

grand resistance matrix

(Kt)ij = 2/ Ev! :Evl dz + a2/ vl -vldz, (4.19a)
Btext Btext

(Ch)ij = 2/ Ev] : Ed! dz+a2/ vl -0t dz, (4.19b)
fot fot

(Ji)ij =2 / Ed! :Ed! dz 4 o? / ol -0l dz, (4.19c¢)
fot fot

where v] and 9] are the functions defined in (4.17) with W = ¢; and W = ¢, x z, respec-

tively. We prove the result for K; only, since the others are similar. We write
(Ky)ij = 2/ Eﬂ{:ET)ﬁderaQ/ o ~T)§ldzfa2/ ej - e; dz,
R3 R3 By

where 7! and ¥/ are the extensions considered in (4.17). By Theorem 4.3.2, the first
two integrals are continuous with respect to t. The continuity of the last integral is

guaranteed by Lemma 3.2.2. O

The proof of the measurability and boundedness of t — F" and t — M;" is a delicate
issue. The difficulty arises from the fact that both the domains B; and the boundary
data W, = ; 0 s; ! depend on time. Moreover, since it is meaningful and interesting to
consider boundary values W, that might be discontinuous with respect to ¢, we cannot
expect the functions ¢ — F$" and ¢ — M:" to be continuous.

To prove the measurability we start from an integral representation of F® and M},
similar to (4.19). As f B, Wy -ndS is not necessarily zero, we will not be able to compute
integrals over the whole space R?, so we will have to work in the complement of an open
ball XY cC B;. Since, in general, this inclusion holds only locally in time, we first fix
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to € [0,7] and 2° € By, and select § > 0 and £ > 0 so that the open ball X := ¥_(z°) of

radius ¢ centered at 20 satisfies
¥ cc By, forallte Is(ty) :=[0,T]N (to — 6,to + 0). (4.20)

This is possible thanks to the continuity properties of ¢ — s; listed in the first part of
this section.

Next we consider the solution w; to the problem
min {Hwﬂi(zg,ext) cw € XXV w =W, on dB;, and w = A\ (2 — 2°) /&% on 822}

In order for the flux condition (4.3) to be fulfilled by w; on 9B; U 9%?, we choose

1
)\t = thdS
47T OBs

Finally, putting together (4.12) and (4.5), we obtain the following explicit integral
representation of F" and Mt

(FtSh)i _ 2/0 tE’u}t:E’U;dz—I—OzQ/O twt "U,de—OKQ/ (o ’UédZ
B2 ze™ @

e,t

(th)i:Q/O tEwt:E@,ﬁderaQ/O twt-ﬁidzfof/ wy - 0 dz
Zs’ex Za’ex Qa,t

where v{ and 9{ have been defined in the proof of Proposition 4.3.3 and Q. ; := B; \ ¥.
We deduce from Theorem 4.3.2 and Lemma 3.2.2 that the functions ¢t — v} and ¢t — ©;
are continuous from Is(t() into X' (X2*%!). Therefore, the measurability and boundedness
of t — F:" and t — M;™ will be proved once ¢ — w; is proved to be measurable. We first
show that ¢ — w; is measurable and bounded from I;(ty) into X (3%°**) and eventually
we will prove that the function ¢ — [ 0., Wt dz is continuous with respect to time. These

two results are proved in the next Section.

4.4 Extensions of boundary data and main result

In order to prove the main result, some work is still to be done to prove the regularity
property of the coefficients of the equations of motion (4.14). To this aim, results con-
cerning the extension of boundary data are needed to be able to use standard variational
techniques to solve the relevant minimum problem of Theorem 4.4.4. The following re-

sult is an adaptation of Proposition 3.3.3 to the Brinkman case.

Proposition 4.4.1 (Solenoidal extension operators). Assume that s; satisfies (2.10),
(2.11), and (2.16), and let ty € [0,T) and 2° € B;,. Let § > 0 and £ > 0 be such that
(4.20) holds true. Then there exists a uniformly bounded family (Tt ):c1,t,) of continuous
linear operators

Ti: HY2(0A;R?) — X(3,\ 2

such that
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(i) forall t € I5(ty) and for all ® € HY/?(0A;R?),

T:(®) = dos; ' ondB,

Ti(®) = \—5 on 9%,
V4

(ii) for every ® € H'/2(0A;R®) the map t — T;(®) is continuous from Is(ty) into X(X, \
¥9).
In particular, the following estimate holds
1Te( @) 2 (2 \zom3) < Cl®@l 172 04583) » (4.21)
where the constant C is independent of t and . O

Proposition 4.4.2. Assume that s; satisfies (2.10), (2.11), (2.13), and (2.16). Let ty €
[0,T] and 2° € By,, and let X0 and I5(t) be as in (4.20). Suppose, in addition, that
for every t € Is(ty) there exists a C? diffeomorphism W° : ¥, = X, coinciding with the
identity on ¥, \ %,_1, such that V> = s, o s; ' on B;. Let the map t — ®; belong to
CO(Is(to); H/2(0A; R3)) N L>=(I5(to); Lip(9A; R?)). Let w; be the solution to the problem

min {Hw||§((zg,ext) S X(BYY) w =B, 05, on OB; and w = \(z — 2°) /e on 622} ;
(4.22)
where A\ := —4= [,5 (®r 05, ) - ndS. Then t — w; belongs to C°(I5(to); X (L)),

Proof. The proof can be easily adapted from that of Proposition 3.4.1. The following
important estimate provides a uniform bound for the norms of the w,’s in X' (3%!) that

will also be useful in the proof of Proposition 4.4.3

2/ |Ewtk|2 dz+a2/ |wtk|2dz < 2/ |E1/)tk|2dz+a2/ |1/th|2dz
Zg,ext Zg,ext Eg,ext Eg,ext

< ”wtkHiﬂ(Zp\fg;R'S) < 02(L1p(q)tk) + Inax|q)tk,|)2 < (CM)27

(4.23)

where ¢, € X(3%°) is defined by

T:(®;) iny,\X?

Y=L in e
Z|
and is the function provided by Proposition 4.4.1 and extended on X¢*', C'is the constant
in (4.21), and M > 0 is a uniform upper bound of Lip(®;, ) + max |®;, |, whose existence

is guaranteed by the fact that ¢ — @, belongs to L>(I5(to); Lip(0A; R3)). O

Proposition 4.4.3. Under the hypotheses of Proposition 4.4.2, recalling that Q. =
By \ X0, the maps

t— wy dz, t— zXwy dz (4.24)
Qs,t Qs,t

where t — w; € X (X0°%Y) is the solution to the minimum problem (4.22) as in Proposition

4.4.2, are continuous with respect to time in I5(to).
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Proof. We check the continuity with the definition
| e mwode s [ winan () - xa ()4
t+h

/ Wipp dz —/ wy dz
Qitn t next

1 1
2 1 2 1
(/0 . |wiin — wt|2d2) |Qein|® + (/0 ) |wt|2dz) |Qi+n AQ|2
stex Zs,ex

1 1
< lwign — thx(zgvext) |Qen|? + ”wt”)((zgv“t) |Qe+nAQ¢|?

N

1 1 h—0
< IBpl? wesn — well g goey + OM [QuinAQe|? == 0.
Here, xo denotes the characteristic function of the set @, A is the symmetric difference
operator, and C'M is the uniform (with respect to ¢) upper bound coming from (4.23).

The continuity for the second map is achieved in the same way. O

Proposition 4.4.2 and Proposition 4.4.3 combined together give the continuity of ¢ —
F£™ and t — M;" with respect to time, in the case of regular boundary data ®; o s; * on
OB, where the map ¢ — ®; belongs to C°(Is(to); H'/?(0A; R3)) N L>°(I5(to); Lip(04; R?)).
The next results will prove that when the boundary data on dB; are given by 5; o s; *,

then the maps ¢t — F® and t + M;" are measurable and bounded.

Theorem 4.4.4. Assume that s; satisfies (2.10), (2.11), (2.13), and (2.16). Let ty € [0,T
and 2° € By, and let X0 and Is(ty) be as in (4.20). Suppose, in addition, that for every
t € I5(to) there exists a C? diffeomorphism VL° : ¥, = X, coinciding with the identity on
¥, \ X,-1, such that ‘Ilio =S4, © st_l on By . Let w,; be the solution to the problem

min{||w||§((zg,ext) cw € XXV w = 5,05 on dB;, and w = M\(z — 2°) /&% on 822} .

Then the function t + w; is measurable and bounded from Is(ty) into X (X2°**). More-
over, also the functions (4.24) considered in Proposition 4.4.3 are measurable and bounded
in Is (to).

Proof. It suffices to convolve the boundary datum with a suitable regularizing kernel
and to apply Propositions 4.4.2 and 4.4.3. By passing to the limit, the continuity is lost

but the functions turn out to be measurable and bounded. O

Proposition 4.3.3 and Theorem 4.4.4 give the regularity result for b; and §2; in (4.13),

as stated in the following result.

Theorem 4.4.5. Assume that t — s; satisfies (2.10), (2.11), (2.13), and (2.16). Then the
vector b, and the matrix Q; in (4.13) are bounded and measurable with respect to t. If, in
addition, the function t — s; belongs to C1([0,T]; C*(A;R?)), then t +— (b, ;) belongs to
C°([0,T]; R3 xM3%3), O

We are now in a position to state the existence, uniqueness, and regularity result for

the equations of motion (4.14).
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Theorem 4.4.6. Assume that t — s, satisfies (2.10), (2.11), (2.13), and (2.16). Let y* € R?
and R* € SO(3). Then (4.14) has a unique absolutely continuous solution t — (y; , Ry)
defined in [0,T) with values in R3xSO(3) such that yo = y* and Ry = R*. In other words,
there exists a unique rigid motion t — r,(z) = y+ R.z such that the deformation function
t — pr = 1y 0 ¢ satisfies the equations of motion (4.9).

Moreover this solution is Lipschitz continuous with respect to t. If, in addition, the
function t +— s; belongs to C([0,T]; C*(A;R3)), then the solution t — (y;, R;) belongs to
CL([0,T]; R3xSO(3)). O

The proof is the same as that of Theorem 3.4.4, so we skip it. The main effort was to
prove the measurability of the data.

4.5 Comments

In our model, we neglected the interactions between the solid particles and the swim-
mer, considering only the body-fluid phase viscous interaction. We think this is a rea-
sonable approximation for using a simple model such as the Brinkman equation. Also,
the mathematical model to describe the experiments in [22] is the same, and in that
case the elastic and adhesive interactions between the nematode and the surrounding
particles are neglected as well. Nevertheless, we think it can be interesting to develop
more complex models to take into account also that kind of contact forces, and that could
be the object of a future study.

Even though it has not been addressed in this work, we also expect our model to
be able to predict, on the basis of an energy comparison, whether swimming in a par-
ticulate medium is more efficient than swimming in a plain viscous fluid; that would
be an interesting theoretical check of the thesis advanced by Jung on the basis of his

experimental results that C. elegans swims more efficiently in a particulate medium.



CHAPTER O

Controllability of a mono-dimensional swimmer

In this chapter we draw our attention on the study of the motion of a mono-dimensional
swimmer immersed in an infinite viscous three-dimensional fluid. The viscous forces
and torques will be obtained from an approximate theory, and the equation of motion are
obtained. Theorem 5.2.1 states that the associated initial value problem has a unique
solution which depends with continuity on the initial data. Moreover, the controllability
of the swimmer is proved, as well as the existence of an optimal swimming strategy,
see Theorem 5.3.1. Also, the Euler equation relative to the constrained minimization
of the expended power functional is derived. Yet, for the time being, the result is still
partial, since the expression involved are rather complicated. We plan to address the
problem of a thorough study of the Euler equation in future work, in order to derive
some qualitative properties of the solutions. Nonetheless, the general structure of this
equation will be presented in Section 5.5.

5.1 Introduction

As we anticipated in the Introduction, dealing with mono-dimensional bodies immersed
in a three-dimensional fluid can be difficult: the dimensional gap does not allow to
write boundary conditions in a proper way. Usually, singular solutions are placed along
the mono-dimensional set, but these might be hard to be dealt with. Thus, two main
approximation techniques have been proposed to model this case, slender body theory
[6, 24] and resistive force theory [21]. We will adopt the second method to deal with the
modeling of a flagellum-like swimmer immersed in a three-dimensional fluid.

Using resistive force theory means to express the force and momentum per unit
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length linearly with respect to the velocity. This means that the local tangential and
normal forces per unit length acting on the flagellum are proportional to the local tan-
gential and normal velocities of the flagellum, through the resistance coefficients C|| and
C, [34]. Thus, if we let x : [0, L]x[0,T] — R? denote the position of the swimmer with
respect to an absolute external reference frame, the linear densities of viscous force and

torque are

f(S,t) - CHXH(Svt)X/(Svt) + CLXL(Sat)JX/(Sat)v
m(svt) = X(Sa t)X(CHXH(Sa t)X/(Sa t) + CLXL(Svt)JX/(Svt))'

(5.1)

Here, /' := 0x/0s denotes the partial derivative with respect to the spatial variable
s, while y := 0x/0t denotes the one with respect to time ¢; moreover, throughout
the whole chapter, we prefer to put the time variable ¢ in evidence, instead of writ-
ing it as a subscript as in the preceding ones. The quantities x| and x, are nothing

but the projection of the velocity x on the tangent and on the normal, respectively:

X)i(s:t) = (X(s,1),X(5,2)) and X1 (s,t) = (X(s,1),JX(5,1)), J = l (1) ;1 ] being the

rotation matrix of an angle 7/2. Notice that, for the moment, we intend the partial
derivatives in the distributional sense, that is, given a generic x € L{ (0,7;L'(0, L)),
X' = 0x/0s and x = dx/0t are the functions such that, for every ¢ € C°([0, L] x[0,T]),

// "(s,t)p(s,t) dsdt = // )ddt
// (s,t)p(s,t)dsdt = // )ddt

The self-propulsion constraint can be written as
L L
=F(t) = / f(s,t)ds :/ K, (s,t)x(s,t)ds, (5.2a)
0 0

L L
0= M{(t) :/o m(s,t)dSZ/O X(s,t)x Ky (s,t)x(s,t)ds, (5.2b)

where
KX(Svt) = C||X/(Sat) ® X/(Svt) +CL (JX/(Svt)) ® (JX/(Svt))

is the matrix expressing the linear relation between viscous force and velocity.
We conclude this section by introducing the function space to which our state func-

tions, as well as the shape functions that we will introduce later on, belong

(1]

={x:[0,L]x[0,T] = R?: x € L>(0,T; H*(0, L)), x € L*(0,T; L*(0,L))}.

The space is endowed with the norm

<t<T

1/2
Hx||~ff)sssup|\x( )||H2(OL)+</ Ix(, )||L2(0L>dt> :
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with respect to which it is complete.

We shall remark that the natural inclusion L>(0,7; H?(0, L)) C L?(0,T; L?(0, L)) im-
plies that x € H'(0,T; L?(0, L)), and thus that there exists a continuous representative
x(+,t) such that

IXC, Ol 20,1y < +00, for every ¢ € [0, T].

Therefore, the map t — x(-,t) is continuous from [0, 7] into L?(0, L) with respect to the
strong topology.

Proposition 5.1.1. Let x € E. Then the map
t x(-,t): [0,T) — H?*(0,L)

is globally bounded and continuous with respect to the weak topology of H*(0, L) and to
the strong topology of H*(0, L). Moreover, the map

te X' (1) [0,T] — L*(0, L) (5.3)
is strongly continuous.

Proof. To prove the first claim, we will show that if x is the continuous representative,
then there holds

T 1/2
Su7P||X('vt)|H2(O,L)+</O ”X('vt)'%z(O,L)dt) :

t<

IXCs Ol 20,2y < M = ess
0<

Let N denote the zero measure set up to which the essential supremum is actually a
supremum, and let us fix ¢, € [0,7]. Consider a sequence t,, ¢ N which converges to ¢,
such that ||x(-,n)|l zr2(0,z) < M. Then, since x(-,tn) = x(-,%o) in L?(0, L), and since the

H? norm is lower-semicontinuous with respect to the L? convergence, this implies

HX('atO)HH2(o,L) < Egﬂg HX('vtn)HH?(O,L) < M.

Notice that for the continuous representative the estimate holds for every ¢, € [0, 7],
and the essential supremum is actually a supremum.

The strong continuity in L?(0, L) implies the weak continuity in H2(0, L) which in
turn implies the strong continuity of t — x(-,t) : [0,t] — H'(0, L), since the the embed-
ding of H?(0, L) in H*(0, L) is compact.

This last property implies that (5.3) holds true. O

5.2 Equations of motion

The general setting introduced in the preceding section is suitable when studying fully
three-dimensional motions. We restrict here to swimmer performing planar motions,
but still immersed in a three-dimensional fluid. Their position with respect to an ab-
solute reference system is given by the function x : [0, L]x[0,7] — R2, such that the
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spatial variable s is the arc-length coordinate. It follows that the tangent vector ' (s, t)

must satisfy the constraint
IX'(s,t)| =1, Vtel0,T).

By means of a change of reference of the type (2.1), it is possible to separate the
rigid contribution of the motion from that coming from the deformation of the flagellum.
Indeed, by introducing the deformation function of the flagellum with respect to its own

reference system ¢ : [0, L] x[0, 7] — R?, we can write
X(s,1) = 2(t) + R(£)E(s, 1), (5.4)

where z(t) can be regarded as the position of the barycenter of the flagellum with respect
to the absolute reference system and R(t) is the rotation of angle 6(¢) between the two
coordinate systems. It must be noted that a necessary and sufficient condition for x to

be the barycenter in the absolute reference is that

L
/ &(s,t)ds =0, Vtelo,T]. (5.5)
0

Indeed, averaging (5.4) on [0, L] (5.5) yields

L
x(t) = %/0 X(s,t)ds.

By the change of reference (5.4), it is possible to rephrase the self-propulsion con-
straint (5.2) and eventually obtain ordinary differential equations governing the time
evolution of x and 6. Those will be the equations of motion of the flagellum. By differen-
tiating (5.4) with respect to time, by noticing that K, (s,t) = R(t)K¢(s,t)R' (t), and by

plugging all the terms in (5.2), we obtain
T : sh
R'(t) 0O a?(t) N Fs(t) . (5:6)
0o 1 (t) Msh(t)

F@) \ | Rt O A(t)  b(t)
M@ ) | 0 1
1 is the grand resistance matrix of [19], whose entries are

b (t) cft)

where R(t) = lﬁ((?) IC)E;

given by

L L L
A(t) ;:/O Ke(s,t)ds, b(t) ::/0 Ke(s,0)(s,8)ds,  e(t) ::/0 (€(s,1), Ke (s, )€(s, 1)) ds,

and it is easy to see that they are ultimately determined by the shape of the flagellum

only. The terms

L . L .
FSh(t) = / K&(Svt)g(sat) ds, MSh(t) ::/ <€(Sat)7K§(Sat)€(57t)> ds, (5.7)
0 0

are the contributions to the force and torque due to the shape deformation of the flagel-
lum, and they also depend on the time derivative of .
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By setting (5.6) equal to zero and solving for i and 6, we finally obtain the equations

{ i"(t) = R(t)o(t), (5.8)
0(t) = w(t),
where

v(t) = A FR(t) + b)) MM (1),  w(t) :=b" (t)F™(t) + c(t) M (2), (5.9)

and A(t), b(t), and ¢(t) are the block elements of —R~'(¢). The structure of this system of
ordinary differential equations is the same as in (3.22) and (4.14). The following result
holds

Theorem 5.2.1. Let ¢ € Z. Then, given xy € R? and 6y € R, the equations of motion
(5.8) have a unique absolutely continuous solution t — (x(t),0(t)) defined in [0,T] with
values in R?2xR such that x(0) = ¢ and 0(0) = 6y. In other words, there exists a unique
rigid motion t — r(t)(z) = z(t) + R(t)z such that the deformation function defined by
(5.4) satisfies the equations of motion (5.2).

Proof. The result easily follows from the classical theory of ordinary differential equa-
tions, see, e.g., [18]. Indeed, the coefficients b ' and ¢ are continuous function of ¢, since
they come from the inversion of the grand resistance matrix R, whose entries are con-
tinuous in ¢t. On the contrary, F*" and M*" are only measurable functions of time. This
is enough to integrate the second equation in (5.8). By plugging the solution for # into
the first equation and by an analogous argument on the coefficients A and b, also the

equation for x can be integrated. O

Some notes on the matrix K and on the coefficients C) and C'| are in order. First, we
assume that 0 < () < C'L, secondly, we notice that the matrix K, (and therefore K¢) is
symmetric and positive definite, and defines a scalar product in the space =. Indeed, by
introducing the power expended during the motion

T pL
Pu%:[;4<ﬂ&ﬂwa»®&, (5.10)

we obtain that x = 0 implies P(x) = 0, and conversely that P(x) = 0 implies xy = 0, since
the resistance coefficients C); and C'; are non negative. This can be better observed if
we write the power density with respect to the reference given by the tangential and
normal components of the velocity. Then (5.10) reads

T pL
ﬂm:AAKM%ﬁ+Qﬁ@MMM

and the conclusion is immediate.
Moreover, it emerges from the proof of Theorem 5.2.1 that the matrices K¢ and K,
belong to the space C°([0, T]; L(0, L)).
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Finally, the strict inequality assumption ()| < C| guarantees that translational mo-
tions are “achievable”. If we had C| = C, then K,(s,t) would be a multiple of the

identity matrix and therefore, from (5.2a), we had

L L
0= F(t) = c”/o (s, 1) ds = % (/0 X(s,t)ds) — i),

which is expressing that the barycenter does not move as time evolves. Notice that this
does not imply no motion at all; the above formula is telling us that whatever movement
is performed by the swimmer, it has no net effects on its displacement. Yet, a motion

which as an overall result has a rotation is achievable.

5.2.1 On the deformation function ¢

As of now, we are missing an important assumption of the shape function &, that will
be enjoyed by x as well. We introduce the following external disks condition, which
prevents the flagellum from self-intersections. More precisely, what the condition states
is that two different points of the flagellum cannot be too close to each other.

External disks condition - (EDC) For every s € [0, L] there exist open disks B; , By
of radius p > 0 such that B; N By = @, £(s,t) € By N By, and &(o0,t) ¢ By U B, for every
o € [0, L] and for every t € [0,T]. Moreover, there exist open half disks B~, B of radius
2p centered at £(0,t) and &(L, t), respectively, whose diameters are given by the segment
joining the centers of B; and B, at s = 0, L, and such that £(o,t) ¢ B~ U B* for every
o € [0, L] and for every ¢ € [0, T].

An equivalent condition is the following. Consider p > 0 and define Cr, , := [0, L] +
B,(0) the cigar-like set obtained by enlarging [0, L]. Call (s, y) the generic point of Cy, ,,
with s € (—p, L+ p) and y being such that (s,y) € C, ,. Define now a map b, : Cp, , — R?
by

be(s, ) = E(s,t) + yJE (s, 1).

Then it is easy to see that the following proposition holds.

Proposition 5.2.2. The map b, is injective if and only if the external disks condition
holds true.

Proof. Let us assume that the external disk condition holds, and let us consider two
points in Cr ,, (s1,y1) # (s2,y2). From the external disks condition, there exist B;(s1)
and By(s1) such that {(s2,%) ¢ B1(s1) U Ba(s1). Notice that

|bt(51ay1) - bt(SQay2)| > ;E}I}Jht(slvy) - bt(SQay)| > 07

which implies that b, is injective.
Let us now assume that b; is injective, and consider (si,p) # (s2,p). Let Bi(s1)
and Ba(s1) be the open balls centered at {(s1,t) + pJ&' (s1,t) and &(s1,t) — pJE (s1,1),
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respectively. From the injectivity it follows that |£(s1,t) + pJE (s1,1),&(s2,t)| > 0, and
therefore the external disks condition is verified.
The condition at the extremal points s = 0, L can be easily verified to hold as well

and the lemma is proved. O

We now prove a result stating that a bound on the angle J, formed by the tangent

with the z-axis implies the non self-intersection of the flagellum.

Lemma 5.2.8. Let 9y € C*([0,L]), and let |99| < 7/4. Then, the non self-intersection

condition holds.

Proof. The C' regularity implies that [J)| < £ < +o0, which is a bound on the curvature
of the flagellum. Therefore, it is enough to take any p < p := &~! and consider the map
ho : Cr, — R? defined by b (s, y) := &(s) + yJE&(s), where & is defined by integration

&o(s) = /()S(cosﬂo(a),sinﬂo(a))da. (5.11)

We will achieve the result by proving that # is injective. Let (s1,y1) # (s2,y2). If s1 = s2,
then it must be |y; —y2| > 0, and therefore |ho(s1,y1) — bo(s1,92)] = |y1 —y2| > 0. If
s1 # so2, then again |ho(s1,y1) — bo(s2,y2)| > 0, because of the constraint on the radius

of the osculating circle. Injectivity follows and the lemma is proved. O

The preceding lemma will be useful in Section 5.4 to guarantee that the deformations
we construct to prove the controllability of the flagellum are good.

5.3 Optimal strokes

This section is divided into two parts. In the first one we prove Theorem 5.3.1 about
the existence of the optimal beating strategy. The result is achieved by proving that a
minimum problem for the power expended (5.10) has a solution. In the second part we
show how it is possible to recover the optimal stroke if, for instance, it is possible to act

on the curvature as a control.

5.3.1 Cost estimates

Let us recall the definition of power expended that we have already introduced in (5.10)

L T L T
P(x) ::/0/0 <f(s,t),x(s,t)>dsdt:/0/0 (K (s, t)x(s,1), x(s,t)) dsdt. (5.12)

Up to a change of coordinates, it is possible to represent K, in diagonal form, where the
entries are C| and C . Since () < C, it follows that

L T ,
P(x) = CH/ / Ix(s,t)|” dsdt.
o Jo
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Theorem 5.3.1. The minimum problem
min{P(x) : x € Z,(5.2) and (EDC) hold, x(-,0) = xo(-), x(-,T) = xr ()}, (5.13)
where xo and xr are assigned states, has a solution.

Proof. Let us consider a minimizing sequence (xx)r C = for P. Therefore,

L pT
/ / Xk (s,1))* dsdt < M < 400, V.
0 JO

Without loss of generality, we can assume that y; is parametrized by arc-length in s for
every k, so that |x.(s,t)] = 1, for all (s,t) € [0,L]x[0,T] and for all k. Notice that the
non self-intersection constraint gives a control on the second spatial derivative of ;. .
In order to prove that (xx)r is uniformly bounded in Z, we are left with the estimation
of fOLfoT Ixk (s, t)|” dsdt.

We have that |xx(s,0)| = |xo(s)| for all s € [0, L] is uniformly bounded above by some
constant C. Therefore, we can now estimate

T
(.12 < s, 0)2 + / (s, D12 dr,
0

from which we easily get
L
/ e (s, )2 ds < C2L + M.
0

Thus,

sup [ )72,y < T(CPL + M),
te[0,T]

which implies that x;, € L>(0,T; L*(0, L)). Therefore, (x1)x is uniformly bounded in Z,
and therefore it admits a subsequence, which we do not relabel, which converges to a
function x. It is easy to see that the condition |x} (s, )| = 1 passes to the limit, so that s
is the arc-length parameter for the limit y. We have that

Xk —x in HY0,T;L?*0,L)), (5.14)

since we have proved that (x); is bounded in H'(0,T; L%(0, L)); moreover, x; — X in
L2(0,T;L?(0,L)). Once we will have proved that the limit function y satisfies the con-
straints in the minimum problem, we will have proved that it is the solution we were
looking for. The other following convergences hold true: x; — x in L?(0,7;L?(0, L)).
Moreover, notice that H'(0,7T; L?(0,L)) C C°(0,7;L*(0,L)). Therefore, for every g €
L*(0, L), if we let eval;(f) := (f(t),9)12(0,1.) » We have defined a continuous linear func-
tional on C°(0,T; L*(0,L)). Now, eval;(xx) — evali(x), since {xx(-,t),g) — (x(-,t),g) for
all g € L?(0, L) by (5.14), and this means that

k(1) = x(-,t) in L(0, L), for all t € [0, 7).

Recalling that ||x}/||__ is uniformly bounded for every k, we get by interpolation that also

loo

X%, is uniformly bounded. Therefore, (xx(-,t))r has a weak limit in H?(0, L), which
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must coincide with y. It also follows that the first spatial derivatives converge strongly

in H'(0, L), so we can write
Xk(5t) = x(- 1) in H?(0, L); Xk(t) = x(-,t) in H'(0,L).

Finally, this last convergence implies that x(-,t) — x(-,t) in C°(0, L).
Let us verify that also the other constraints pass to the limit. The self-propulsion
constraint for y;, reads, for the force,

L
0=F(t) = /0 Ky, (s, t)xr(s,t)ds.

The weak convergence of X/, to x’ in H'(0, L) is indeed strong in L?(0, L) and therefore,
by dominated convergence, also K,, — K, strongly in L*(0,7; L*(0, L)). Let now ¢ be a
time dependent test function. We have

T T rL T
/0 o) i (t) dt = /O /O P K, (5, 8) (5, 1) dsdt — /0 0- (1) dt

as k — oo for all . Therefore, F'(t) = 0 for almost every ¢t € [0,7]. The analogous
result holds for the torque M (t). It follows that x is a minimizer for P in =, as both the
conditions on the initial and final times and (EDC) pass to the limit easily. O

The theorem just proved states the existence of an optimal strategy to connect two
different states of the flagellum, namely yo and y7. This strategy is the one that min-
imizes the power expended. The next subsection contains the instruction to recover
this stroke, while in Section 5.4 we will show explicitly how perform translations of a
straight flagellum along its axis and rotations around its center, thus showing that the

set in which we look for the minimum of the power functional P is not empty.

5.3.2 Recovering the stroke

We now see how it is possible to recover the optimal stroke of the flagellum once the
function y which realizes the minimum of the power expended has been selected. We fix
£(0,t) =0 and &(0,t) = e1, and these choices will allow us to determine the translation

z and the rotation R. Indeed, observe that

x(0,2) = 2(t) + R()£(0, 1) = 2(t)

and
X/(Ovt) - R(t)fl(o,t) - R(t)ela

from which we see that the rotation matrix is such that its columns are the tangent and
the normal vectors to x(0,t):

R(t) = (X'(0,t)|Jx'(0,1)). (5.15)
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Then, if the curvature function « : [0, L]x[0,7] — R is prescribed, it is possible to
reconstruct ¢ via the angle it forms with the z-axis. Recall, in fact, that &'(s,t) =
(cos¥(s,t),sind(s,t)), as in (5.11), where

I(s, t) = /S k(5,t)ds. (5.16)
0

Using together (5.16) to reconstruct £ and (5.15) allows us to recover, according to (5.4),
the function z(t) = x(s,t) — R(t)&(s, t).

5.4 Controllability

In this Section we show that the flagellum is controllable, i.e., it is possible to prescribe
a deformation that brings it from a given state y( at time ¢ = 0 into another given
state yr at time ¢ = 7. The main effort will be to show that it is possible to produce
motions to translate and rotate a straight flagellum. In addition, two homotopies will
transform the flagellum from the configurations yo and yr into a straight rod. Let
Ho, Hr : [0, L]x[0,1] — R? be continuous functions such that

HO(Sa 0) - XO(S)a HO(Sv 1) - 20(5), HT(Sv O) - XT(S)a HT(Sa 1) - ET(S)v

where ¥y, Y7 are two segments of length L in R?. To summarize, the whole control

process is organized as follows.

Ho(:,t
XO 0( ) EO()

rotation, translation, rotation

Hr(-,1-1)
EEEE—

() xr(+)-

For sake of simplicity of notations we decide to perform the “stretching” of the flag-
ellum from yg to Xy and the inverse operation from X7 to x7 in a time interval outside
that on which we focus for the translational and rotational motions; this is done essen-
tially for keeping notations a little lighter.

The functions Hy and Hr exist and are unique, by virtue of Theorem 5.2.1, and are
obtained by solving the equations of motion whose boundary conditions are the initial
and final shapes, xo and Yy, and yr and X7, respectively. The main point here is that
once we perform the stretching we know that the flagellum will turn into a straight
rod, but the computation of its potision and orientation is not immediate; one has to
let time evolve and see where are the final position and orientation of the rod. It must
be pointed out that, by fixing the initial and final shapes, final position and orientation
cannot be chosen freely. This is why we have to develop all the machinery for making
the rod translate and rotate to pass from >, to Xr.

Also notice that any intermediate state Ho(s,t), Hr(s,t), for t € (0,1), is such that
all the assumptions on the regularity of the shape y, and in particular the non self-
intersection property, are respected.

Once the flagellum is in a straight configuration some bumps are formed and are
made slide along the flagellum itself, so that the perturbation they produce has the
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Ho(-,t) o 7
SR Hr(-1-1)
Xo XT
J rotation T rotation
translation

Figure 5.1: Sequence of the control process (the curved flagella might not be to scale).

effect of making it either advance along its axis or rotate around its center. We can
distinguish three phases of this motion, which takes place in the time span [0,7]: the
transient of formation of the bumps [0, 7|, the translation of the bumps [r,T — 7], and
the transient of destruction of the bumps [T' — 7, 7). We will show that it is possible to
assign a function describing the angle that the flagellum makes with the positive x-axis,
which acts as a control, through which the three phases of the motion are described. Let
Yo : I — R be such function. Here, I is an interval on the real line contained in [0, L],
which differs between the translation and rotation cases, and which will be specified in
due time. We require 9, to be smooth and with compact support, and we extend it by
zero to the whole R. Let v, : [0, L] — R? be the reference configuration of the flagellum,
so that v{(s) = (cos o (s),sinvy(s)). Roughly speaking, the bumps will be located in the
region where ¥, is different from zero.

Since our aim is to produce motion via the sliding of the bumps along the flagellum,
we consider a function v : [0, L]x[0,7] — R? which also takes into account the time
variable. To fix the ideas, let us assume that the bumps are sliding in the negative
direction of the z-axis with velocity ¢ > 0; then we define v(s,t) = yo(s +c(t — 7)) — c(t —
T)e1, to represent the translation phase of the bumps. Here time runs in the interval
[7,T — 7]: the bumps are completely formed and are moving. It is possible to take into
account the formation and destruction transient phases, by representing the function ~

via integration of its tangent vector
(s, t) = / (cos (s, t),sind(s',t))ds’, (s,t) € [0, L]x[0,T],
0

where the angle ¢ is defined, for every s € [0, L], by

;190 (@ ) te [057]7
(s, t) =< Yo (slo(t) , telr, T —r1], (5.17)
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where 0 < 4] < L is the length of the deformed part and o(¢) describes the position of
the center of the bumps at time ¢. The bound on [ is necessary to avoid that the length
of the deformed portion exceeds the total length of the flagellum; the function o will be
defined in two different ways, which we denote by o¢,ans1 and o, , according to the type
of movement we are studying.

In order to make the computation easier and to have only translational movements
when we are translating the flagellum and rotational movements when we are rotating
it, some symmetry assumptions will be made from case to case, and of course, they will
be on the function ¥y which generates the bumps.

Before we proceed, we want to list and prove a number of preliminary results in Ra-
tional Mechanics that will allow us to simplify the forthcoming calculations by actually
proving that some quantities vanish.

Recall that the general form of the flagellum, as seen by an observer in the lab

reference, is given by the structure formula (5.4), which now reads

X(s,t) = z(t) + R(t)v(s,1);

we prefer to change notation here and in the remainder of this section from ¢ to v to
stress the fact that we are using a shape function we can manipulate. By plugging this

into formulae (5.1), we have the expressions of the density of force and moment
Fls,8) = C (s, £), X (5, )X (5.) + CL {5, X (5,00 (s,8), (5.188)
m(s,t) = x(s, )% F(5,1) = Cy((s, 1), X' (5, D) (Ix(5, ), X' (5, 1)) (5.18b)
FOLX(s: 1), IX (5,1))(x(3,), X' (5, 1))
which will be written more specifically later on according to the motion we will be study-
ing.
The following lemma contains a well known result about the integration of even

functions. The analogous result for odd functions is a triviality.

Lemma 5.4.1. Let f : [a,b] — R be a symmetric function with respect to the middle
point ¢ := (a +b)/2 of [a,b], that is f(x) = f(2c — x). Then, the integral function F(z) :=
[ f(s)ds is antisymmetric in [a,b] with respect to c, that is F(z) = —F(2c — z).

Proof. The proofis a simple calculation
2c—x T T
F2c—z) = / f(s)ds = 7/ f(2c—s)ds = f/ fls)ds=—F(x). O

5.4.1 Translation

Now we deal with the case of translations. We will specify the choices for the interval I,

the form of o = oy;ans1, and the symmetry assumption on the angle function 9. Let us
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consider a smooth function with compact support ¥y : I = [—2,2] — R such that
Yo is odd: Jg(—0) = —g(0), for all o € [-2,2]; (5.19a)
P0(2 — o) = Y(0), for all o € [0,2]; the function is even in [0, 2] and in [—2,0]; (5.19b)
Yo(1 — o) = =9¢(0), for all o € [0,1]; the function is odd in [0, 1]; (5.19¢)
Y0(2) = 0, in order to be oriented, at the extrema o = +2 as in o = 0; (5.19d)

From these assumptions, in particular from (5.19d), it also follows that

1 2
/ sindg(o)do = / sin ¥y (o) do = 0.
0 0

An example of a flagellum whose function ¥, enjoys the properties listed above is
illustrated in Figure 5.2.

Figure 5.2: Bumps on a flagellum

When dealing with translations, we need to define o,an5(t) :== L —2]—c(t— 7). Notice
that given the time interval subdivision we assumed in formula (5.17), the transient
time 7 and the bumps velocity ¢ are not independent. The value of ¢ is chosen so that
o(t)=L—2land o(T — 7) = 2. Therefore ¢ = (L — 41)/(T — 27).

We will show that the symmetry assumptions we made on the function 9, prevent
our flagellum from rotating both when the bumps form and disappear and when they
move along the flagellum. For the moment we take it for granted.

The absence of rotation allows us to fix R(¢) = I for every ¢ € [0,T]. Moreover, the
vertical component of the total viscous force vanishes by the symmetry assumptions
(5.19a)-(5.19¢), so we can infer that z5(t) = 0. Notice also that in principle i(¢) can
depend on /; to keep notations lighter, we will stress the dependance on [ when needed.

Plugging these information in (5.18a), we get

f(87t> = CII <(”C1 (t; l)v O) + ;Y(Sat)vﬁyl(sat»fyl(svt)‘i»
CL<(3‘31 (t; l)7 0) + ﬁ(s,t), J’YI(S’ t)>J’y/(57t),

(5.20)

where i (t;1) is the unknown global translational velocity along the z-axis. We can
expect that i1 (¢;1) will have different expressions in the different phases of the transla-
tional motion. At the end of one stroke, the distance along the z-axis that the flagellum

will have covered is given by

T

T T T—T
AlEl(l) :/ Ll(t,l) dt :/ L-L‘lyform(t;l) dt+/ i‘l,transl(t;l) dt+/ L-Ul,destr(t;l) dt
0 0 T

T—T1
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Recall, from (5.17), that for ¢t € [T — 7, T] the prefactor in front of J; in the expression for
the angle ¥ is (T' — t)/7, therefore, a change of variables ¢ — 7' — ¢ in the third integral

above allows us to rewrite the formula as
Az (l) = 2/ &1 form (') dt + (L — 4l)a(l),
0

where it has also been used, as it will emerge from the expression the translational ve-
locity, that @1 trans1 does not depend on time, and the expression of ¢ has been employed.
The value of a(l) will be derived in (5.21).

/\/\/\

Figure 5.3: Configuration of the flagellum for the translation at ¢ € (0, 7).

Figure 5.4: Configuration of the flagellum for the translation at ¢t € (7,7 — 7).

/\/\/\

Figure 5.5: Configuration of the flagellum for the translation at ¢ € (T" — 7, 7).

Let us now focus on the time interval [r, 7 — 7] and make the bumps translate to the
left with velocity ¢, as illustrated in Fig. 5.4. From (5.20), we can compute the expression

of the total viscous force

L L—4l
Freana(t) = / Fls,t)ds = / [} (ot raman (£), 0), (1,0)) (1, 0)+
CL<(3.31,transl(t)a 0)7 (0, 1)>(07 1)] ds

o(t)+21
+ / () (o gramst (£), 0) + (s, £), 7' (5, D) (5, £)+
o(t)—21

C 1L (%1, trans1 (), 0) + (s, 1), Jv'(s,1))J7'(s,1)] ds

=rY )+ F2 (1)

transl transl

Itis easy to see that rw (t) = (L—41)C) &1 trans1(t; 1), 0), while, upon changing variables

transl
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o= (s—o(t))/l, we get

2 C 2 79 C .2 19
Ft(rQa)nsl(t) :l:bl,transl(t; l) / < I cos O(J) g L sin 0(0) do
-2

N C”lc/2 cos (o) — 1 7 cos Yp (o) cos Up (o) do
) sin ¥g (o) sin Jg (o) sin ¥g (o)
N CJ_ZC/Q cosp(o) — 1 |- sin ¥y (o) —sindy (o) do.
) sindg (o) cos Uy (o) cos ¥y (o)
from which it is also possible to see that the second component vanishes, by symmetry

and by Lemma 5.4.1. Gluing all together and solving Fi,ansi(t) = 0 for @1 transi(¢;1), we
get

2
l/ [C(cos® Io(0) — cos V(o)) + C sin® ¥p(0)] do
jjl,transl(l) =cC —2 b) =: ca(l). (521)
Cy (L —4l)+ l/ [C) cos® Do(o) + O sin® Io(0)] do
-2

We notice, as we announced before, that the velocity &1 irans1 is constant, does not
depend on time, and is linear with respect to the velocity ¢ of the bumps. Moreover,
since C'; > C), a(l) is always positive, so there is actually a positive net advancement,
regardless the swimming strategy. Nonetheless, this becomes important as soon as we
want to optimize the distance covered during one stroke. Also observe that the function
a is continuous with respect to / and a(0) = 0.

In order to verify that the moment of the forces vanishes, we will exploit the symme-
tries of the angle function 9y and will apply Lemma 5.4.1. We will compute the moments
with respect to Ztyansi(t), since in this way computations are a bit easier. Moreover, we
will assume that R(¢t) = I and w(t) = 0 for all ¢. This guess will turn out to be correct
if we actually prove that M (¢) = 0, by means of the uniqueness of the solution to the

equations of motion. The moment density (5.18b) reads then

mtransl(sv t) = (X(Sa t) - xtransl(t))xf(sa t)
= CH <5.Utransl(t) + ;}/(Sa t)v 7/(Sa t)><<]7(sa t)v 7/(57 t)>+
Cu{Eeranst (t) +4(5,), V' (5,4))(v(s,1),7/ (s, 1)),

and therefore, exploiting that &2 ¢ansi(t) vanishes, the total moment is given by

L
Mtransl(t) :/ mtransl(sa t) ds
0
o(t)+21

/(t)zl [C (Feranst (B) + (8, 8), 7 (8, ) (T (s,), 7 (5,))+

CJ_ <5btransl(t) + ;}/(Sa t)v JV/(Sa t)><"}/(5, t)v 7/(57 t)>] ds
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which vanishes due to the symmetries of 99. The computation can be developed by
writing all the terms explicitly and exploiting Lemma 5.4.1. This proves a posteriori
that our choice R(t) = I and w(t) = 0 for all ¢ € [0, T, was correct.

5.4.2 Translation transients

Let us now focus on the time interval [0, 7] to study the formation transient; see Figs. 5.3
and 5.5 for the formation and the destruction transients, respectively. Starting from a
straight flagellum at time ¢ = 0 we will obtain a flagellum with the bumps located at the
tail after the transient time ¢ = 7. According to (5.17) the tangent, the flagellum shape,
and the velocity functions are described by

= (o (o0 (£=20) )i (o (20))). o
= [ (o (272 i (7)o
= [ (o (522 ) (7)) ()

Here, the computations are formally the same as for the case ¢ € [r,7 — 7], but in this
case the velocity cannot be easily integrated. Notice that, for s € [0, L — 4l] we have
' (s,t) = (1,0), v(s,t) = (s,0), and (s, t) = (0,0), while for s € [L — 41, L] we have 7 as

in (5.22),
(s—a(m))/1 t ¢
~(s,t) = (L —41,0) +Z/ (cos (;190(0)) ,sin (;190(0))) do,
—2

A(s.1) = é [ (:gm)/l (—sin (;90(0)) cos (200(0))) 9o(c) do,

after the change of variables o = (s’ — o(7))/l. If one develops the computations, then

the final result for the velocity will be
Z2

T

Cy(L—4l)+1 /_22 [C” cos” (2190(0)) + O sin? (;90(0))] do

W o [P 7 (sl N [ eosttin(o)/n) Y
From(t) = [2 [2 cos(tdo(0")/7) Po(e)der, sin(tdo(0”)/7)
- cos (;ﬂo(o)) do,
2 o . / . /
@) B sin(tdg(o’)/T) o) do’ — sin(tdg(o’)/7) .
Fiom (1) = /4 </2 ( —cos(tdo(o’)/T) )00( )47 < cos(tdo(a’)/T) >>

sin (;90(0)) do,

(CYFam(t) + CLED (1))

form form

ibl,form(t;l) = 3
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Notice that in this case, by setting o(t) = o(7) = L — 2I, there is no influence of ¢ on
%1 form, as one could reasonably expect since the bumps are forming and not translating.
The same thing happens for the destruction transient, where o(t) = o(T'—7) = L — 2] —
(T —27) = 2.

It is interesting to notice the presence of the factor 1/7 in the expression of &1 form,
which somehow compensates the duration of the transient. It is noteworthy that Az,
depends in an essential way on [, which is the size of the portion of flagellum where
the deformation takes place: from the expressions of the velocities, it is evident that
if no perturbation occurs, then no net displacement is achieved, and also that the dis-
placement is a continuous function of the parameter /. Therefore, once [ is fixed, the

maximum displacement obtainable is given by
Aml(l) = 2/ jjl,form(t; Z) dt + (L - 41)@([)
0

Now, if a certain distance AZ is assigned to cover, the flagellum can perform the swim-
ming strategy as follows. There exists an integer k£ > 0 such that Az = kAxz(1) + dz1,
where dz1 < Az;(l). By the continuity properties of Az; as a function of [, there will ex-
ist a value [* such that éx; = Az (I*). Therefore, it is enough to divide the time interval
[0,7]in k + 1 subintervals, & of which of size Az (1)/AZ, and the last one of size dz; /AZ
and swim accordingly. This is necessary since, of course, Az (/) cannot exceed the total

length L of the flagellum, and it is possible since the motion is rate independent.

5.4.3 Rotation

In the case of the rotation, we will show that it is possible to make a straight rod rotate
around its center, by means of two bumps analogous to those for the translation case
are used. This time, their configuration is as shown in Figure 5.7, and both bumps move
towards either the center or the ends of the rod in order to achieve either a counterclock-
wise or a clockwise rotation, respectively. Also in this case some symmetry argument
can be carried out to simplify the computations. First of all, it is more convenient to
let the arclength parameter s run in [-L/2, L/2]. It is easy to see that the total force is
zero, since the position function of such a configuration enjoys the symmetry property
v(s,t) = —y(—s,t), for —L/2 < s < 0. Therefore,

7/(57t) = f}/(*sat)v Y(s,t) = —7(=s,1), for —L/2 < s <0.

This implies that the density of force (5.18a) is an odd function in the variable s, so that
F(t) = [*]7, f(s.t)ds = 0 forall t € [0, .
In this case, let ¥y : [-1/2,1/2] — R still describe the structure of the bump we want

to form, and let ¥(s,t) denote the angle of the tangent +’ to the curve with the positive
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\/

Figure 5.6: Configuration of the flagellum for the rotation at time ¢ € (0, 7).

VRN
N

Figure 5.7: Configuration of the flagellum for the rotation at time ¢t € (7,7 — 7).

/\/

Figure 5.8: Configuration of the flagellum for the rotation at time t € (T — 7, 7).

zr-axis; we extend 9y by zero outside its support and make the following assumptions

Yo(—0) = =y(0), forall o € [-1/2,1/2],
Po(o) >0for0 <o <1/2,
Yo(o) € (w/4,7/4), forall o € [-1/2,1/2].

and therefore the real angle will be given again by formula (5.17), where this time
o(t) = oyot(t) = L/2 —1/2 — ¢(t — 7) and c is chosen here so that o, (7) = L/2 — /2 and
orot(T — 7) = 1/2, that is ¢ = (L — 21)/2(T — 27). To be precise, we should distinguish
the right bump from the left one. Two different expressions for o(¢) would be needed,
but given the symmetry of the configuration, it is enough to restrict our attention only

to one bump, and we choose the one on the right.

Notice that with the symmetry assumption we have made, the term we called b(t) in
the grand resistance matrix R(t) and the term F*"(¢) defined in (5.7) vanish. Therefore,
the equations of motion (5.8) read @(t) = 0, §(t) = w(t) = &t)M*"(t). This implies that

there is no net translation of the flagellum, therefore we can neglect x(¢).

Since we have proved that the total viscous force vanishes, let us concentrate on
the moment. To this end, recall that x(s,t) = R(t)y(s,t), x'(s,t) = R(t)y'(s,t), and
X(s,t) = w(t)R(t)Jy(t) + R(t)¥(s,t), w(t) being the angular velocity. The density of force
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(5.18a) is given by
f(S,t) - CII <X( ) ( )>X/(87t) + CJ—<X(Sat)7 JX/(Svt»JX/(Svt)
= Cw(t)Jv(s,t) +5(s,),7 (s, ) R(t)7 (s, 1)+
Cr{w(t)Jy(s,t) +7(s,t), JV (s, 1)) R(t) J (s, 1),

and therefore the moment density (5.18b) is

m(s,t) = (s, ) x(Cl{w(t) Jy(s,t) +3(s,),7 (s,1))7' (5, 1)
+ CL{w®)Ty(s,t) +3(s,1), Ty (5,8))J7 (s, 1))
= (s, 8)x(C) (¥(5, 1), 7 (5, £))7 (5,1) + CL(5(5, 1), TV (5, £)) T (5, 1)) (5.25)
+w(®)y(s, )X (C{Jy(s,),7 (5, 0))7 (5, 8) + CL((s,8),7 (5,1))J7 (s, 1))
= Cn<'(8 £),7 (s, OO IV (5,8),7'(s5,1)) + CL{¥(s,1), IV (s, 0))(v(s,£),7 (5, 1))
+w(B)[C(Tv(s,),7" (5,0)% + C(v(s,),7 (s, 1))%],

where we separated the contributions depending on w(t). Now observe that the center
of the bump is located in o(t) = L/2 — /2 — ¢(t — 7), and that the position v(s,t) also
intervenes in the computations. The computation of the total moment of the forces can

be split into three parts, according to

o(t)—1/2 o(t)+1/2 L/2
M(t;1) = / m(s,t)ds —l—/ m(s,t)ds —l—/ m(s,t)ds
0 o(t)—1/2 o(t)+1/2 (5.24)

=M (t;1) + My(t;1) + Ms(t;1).

For s € [0,0(t) — /2], we have ¥y = 0, and so +/(s,t) = (1,0), v(s,t) = (s,0), and (s, t) =
(0,0). Thus,

m(57 t) = Wrot(t§ Z)[CH <J7(57 t)a 7,(57 t)>2 +CL <7(Sa t)v 71(85 t)>2] = Wrot(t§ Z)CL527

which implies that

3
M (t;1) = wror(t; 1) M (1) = % (5 — 1l —c(t —r)) .
Similarly, for s € [o(t) + /2, L/2], we have

v(s,t) =y(o(t) +1/2,t) +/1)+l/2 ( (1) ) ds’
o(t)—1/2 OF/2 [ cosdg(4(s — a(t))/1) s—o(t)—1/2
( 0 ) +/a<t)—l/2 ( sindo(4(s — o (1)) /1) ) o ( 0 )
< s—1 ) +l< fj{%cosﬂo(o)do ) _ ( 5 =14 1Cy,(7) )7
0 0 0

1/2 "
Cy,(t) := 2/ cos (;190(0)) do. (5.25)
0

where
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Therefore,

) L/2

N(t: 1) =tron ()M (£ 1) = wro (£ 1)C' / (5 — 1+ 1Cyy (7))2ds
o(t)+1/2

_wro(tD)CL <§ l+lCﬁo(7)) - (g —l—c(t—1) +lCz90(T)> ] .

3

The calculations for M(t;1) are slightly more cumbersome. In this case, s € [o(t) —
1/2,0(t) +1/2], and so

[ o) —1/2 (=o)L [ cos g (o)
v(s,t) = < 0 ) +l/1/2 < sin (o) ) o

and the velocity reads

' [ e . cosVg((s —a(t))/1)
¥(s,t) = < 0 >+ < sindo((s — o(t))/1) )

Consider the summands in the last line of (5.23) separately. Therefore, the contributions
to the total moment My (t;1) = leMg(l) + wrot (t; l)MQ(Q)(t; 1) are

MY = Cycl /11//22[1 — cosdo(0)] Kg(t) - é) sin g (o)

o g

—l—l[sinﬁo(a)/ cos¥g(o’)do’ — 008190(0)/
~1/2

e sin g (o) da'” do

+Cc /11//22 sin g (o) [(a(t) - é) cosYg(o) +1 |:Sin190(0')'

. / sindo(0’) do’ + cos g (o) /

cosﬂo(a')da'H do
~1/2 ~1/2

=2C)cl® /01/2[1 — cos V()] [/01/2 sin(Jo (o) — Jo(a’)) da’} do

1/2 o
+ 20 cl? / sin 9o (o) [ / cos(dp (o) — ﬁo(a’))da’} do
0 —1/2

=: 2012(0”11 + CJ_IQ),

where the odd terms have been dropped.
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1/2 o

o(t) — é) sindo(o) +1 [sin 190(0)/ cosVg(c”) do’

~1/2

M (#:1) CHZ/

1/2

— cos Uy (o) /U sinﬁo(a')da'HQda

~1/2
1/2 o
+ C’ll/ )005190( )—l—l[sinﬂo(a)/ sindg(o’) do’
1/2 ~1/2
o 2
+cosz90(0)/ cos Ug(a’) do’” do
~1/2
1/2 2
—CHZ/ - —) sin o (o —|—Z/ sin(Jo(o) — ﬁo(a'))da'} do
1/2 1/2
1/2 2
—l—Cll/ - —) cos Yo (o +l/ cos(Jo(o) — ﬁo(a’))da’} do
1/2 12

Recall that solving the equation of motion for the rotation is equivalent to setting (5.24)
equal to zero. This, from (5.24) , gives the value for w;o(¢;1)
2yt

Wrot (1) = —4 & : (5.26)
My (1) + My™ (1) + Ms(t;1)

where the extra factor 2 takes into account the left bump. First, notice that the numer-
ator has a sign. In fact, from the assumptions on ¥, it is easy to see that Z, > 0, while
to prove that also Z; > 0 we argue as follows. We divide the domain of integration of the
inner integral in 7; in three parts [—1/2,0] = [-1/2, —0]U[—0,0]U[0, o] and perform the
change of variable in the first two integrals ¢’ — —¢’; therefore we have

o 1/2 o
/1/2 sin(dg(o) — 9o(0’)) do’ = /0 sin(dg(o) + Jo(c’)) do’ + 2/0 sin 9o (o) cos 9o (0’) do’,

which is easily seen to be a positive number. Since 1 — cosvy(o) > 0 in [0,1/2], we
conclude that Z, > 0, which eventually yields M2(1) > 0.
It is interesting to point out the dependencies of w on ¢ and /. A closer look at the

various functions that enter in the expression of w allows us to write
(1)
TOt (t Z)

where M2 (t;1) := M, (t;1) +M2(2) (t;1)+ Ms5(t;1) is a polynomial whose degree in [ is three
and in t is two, and whose constant term is L3/3. From this we see that if [ = 0, then

wrot (1) = —4e l2

no motion occurs, as it is reasonable to expect since there is no deformation. Moreover,
Mg, (¢;1) is bounded away from zero as t varies. A straightforward calculation shows
that %MQ(Q) (t;1) > 0 in the interval [r, T — 7], therefore Még)(t; l) e [MQ(Q) (1;1), M2(2)(

7;1)] and the left extremum is larger than zero. An analogous calculation shows that also
My +Ms is increasing in [, T —7], therefore M (¢;1)+Ms(t; 1) € [Ml(T'Z)—i-Mg(T' ), M1 (T—
;1) + M3(T — 731)]. It follows that M, (¢;1) > ML, (7;1) > (L/2 —1)3. Also, Mg, (t;1) <
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Md

rot

turns out to be decreasing in [r,T — 7|. This is also reasonable, since, as ¢ approaches

(T — 7;1). The monotonicity of M<, with respect to time implies that of w,.; , which

T — 7 the perturbation is closer to the center of the flagellum and therefore the moment

arm is shorter, yielding a lesser moment.

5.4.4 Rotation formation transient

The contribution to the rotation due to the bumps formation transient (see Fig. 5.6)
is computed via a very similar analysis as before, but now the following expressions
hold. For s € [0,L/2 — ], 7/(s,t) = (1,0), v(s,t) = (s,0), and 4(s,t) = (0,0), while for
s€[L/2—1,L/2]

o2 (5£2) i (52)
(s,t) = <§ _ z,o> +z/(f:(7))/l <cos <£190(0)> sin <£ﬂ0(0)>> do,

V(s t) = é/(:/:(ﬂ)/l < sin <£190(0)> , COS (;ﬁo(a))) Yo(o) do.

Recalling (5.23), we can write

L2 L/2—1 L/2
Miorm (t;1) = / m(s,t)ds :/ m(s,t) ds+/ m(s,t)ds
0 0 L/2—1

L/2—1
= Wiorm (t;1) /0 [C(Jv(s,8),7 (5, 8))% + Cu(v(s,1),7/(s,1))] ds

L/2
+wom(t:1) / (O (T (5,8), 7/ (5, )2 + CL (s, ).7' (5. £))] ds
L/2-1 (5.27)

L/2
[ O 0 (D) 0.7 (5,
L/2—1

CL{(v(s,t),7 (5,8))(¥(s,t), J (s, 1))] ds
= Wrorm (t DM (1) + weorm ()M (#:1) + M) (#:1).

Let us compute the three summands separately. Computations yield:

M2 (1) =yl v [<§ z) sin <“9°(“)) 1 / " sin (E(ﬁo(g) 190(0'))> da’rda

~1/2

+ clz/ll/j2 [ (% - z> cos <“9°T(”)> + z/i/2 cos G(ﬁo(a) - 190(0’))> do’rdo,
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MP) (1) = C+l2 11//22 [/01 sin (j( )) Jo(o
[<§ B 1) w (tﬂoT(U)> 1/1/2 sin <£ (00 (o ))) da’} do
+Cil2 /11/; [/0/2 cos ;(190(0) 190(0’))) Jo(o’
. [<§ l) o <tz90( )) /1/2 o <£(190(g) 190(0’))) do'}da.

Setting (5.27) equal to zero allows to find the expression for weom (¢;1)

(3)
M t;1
Wiorm (1) = —2—q5 forn (1 (2)) : (5.28)
Mform(l) + Mform(t; l)

Notice that the numerator is of the form a,(¢)I® + ax(t)I?, whereas the denominator
is a complete third degree polynomial in /, whose constant term differs from zero. This
implies again that if | — 0, then weo,m (¢;1) — 0 and no motion occurs. Moreover, weorm (t;1)
goes to zero faster by a factor | with respect to w,t(¢;1), when [ — 0, whence the effects

of the formation transient is negligible, for small perturbations.

5.4.5 Rotation destruction transient

For analyzing the contribution to the moment of the destruction transient (see Fig. 5.8),

recall that the following expressions hold for s € [0, ]

o o (2520 (22) (o (F2))).
(s,t) = z/(;g(TT))/l <cos <TT tﬂo(o)) sin (TT tﬂo(o))) do,
A(s,t) = é /(j/:(TT))/l (Sin <TT t§0(0)> — cos (TT tﬂo(o))) 9o(0) do,

while, for s € [, L/2], v'(s,t) = (1,0) and, taking into account the symmetry property of

Yo, the other following expressions are valid
1/2
e
1/2
1/2 B
sty = L / (sin <T t§0(0)> ,o) 9o(0) do.
T —1/2 T

Notice that in this second case (s, t) = ¥(l,t) does not depend on s. Recalling (5.23), the

190( )) ,0) do + (s,0),

total moment will be

L2 1 L/2
Mestr (t;1) :/ m(s,t)ds :/ m(s,t) ds+/ m(s,t)ds
0 0 !

Mc(l(lestr(t Z) + Wdebtr(t l) destr(t Z) + Wdebtr(t Z)Mc(lzstr(l)
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MO @y = = GE /1 v [ / " en (T —9o(0) 00(0'))) 9o(o') do’]

= R ;
| [ 01/2 sin <¥(00(0) +190(0’))) do’] do
T / // [ / <TT ! (90(0) + ﬂow’))) o(c") do’]
. {/:/2 cos (TT tWolo) — 190(0'))> do’] do
MO (1) = ¢y /1 :2 [ /_ 01/2 sin (T;t(ﬁo(a) +190(0'))) ao’]" do
+Cll3/1:2 {/01/2(;08 (TTt(z%(o)ﬂo(a’))> do’rdo

The last contribution is easily calculated to be

3 o
Mc(leitr(l) = T

3
(g + 10190 (T - T)) - Zg (1 + 0190 (T - T))3‘| ’

where Cy, (T — 7) is defined in (5.25). Therefore, we find that

MY (it
wdestr(t; l) = _92 o) destr( ) )(3) ) (5.29)
M (t7 l) + Mdestr(l)

destr
The same qualitative comments we have done for wg,,, on the dependencies on [ can be

done for wqest,r as well.
Taking into account (5.28), (5.26), and (5.29), once [ has been fixed, the total angle

spanned by this rotation process will therefore be

AB(l) = /OT Weorm (t; 1) dt + /T

As we argued for the translation case, we notice that A© is a continuous function of [,

T—T1 T

Wrot (t, l) dt -+ / wdestr(t; l) dt,

T—T1

which takes value zero for [ = 0. Therefore, if a certain angle AO is assigned to span,
there exists an integer k > 0 such that A© = kAO(l) + 5O, where 60 < AO(I). Invoking
the continuity of A® with respect to /, there exists a value [* such that /6 = AO([*).
Thus, it is enough to divide the time interval [0,7] in k + 1 subintervals, k of which
of size AO(1)/AO, and the last one of size §0/A0, and perform the swimming motion
accordingly.

5.5 Euler equation

In this section we tackle the problem of studying the Euler equation associated with the
constrained minimum problem (5.13). The constraints that we will give on the initial
and final states are on the barycenter and the orientation of the head-tail segment. The
barycenter of the flagellum at time ¢ is given by
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1 L
o) i= o [ (s Wit s (5.30)

Jy X (s, 0)l ds Jo ey
where we have introduced the length element |x/(s,t)| = |¢/(s,t)| since it gives a non-

trivial contribution to the integral whenever s is not the arc-length parameter of the
curve. We have to take this into account since, in order to obtain the Euler equation, we
will consider small perturbations of the shape function £ which might not be parame-
terized by arc-length. We underline the fact that now z(¢) can be still considered as the

barycenter, provided that a refined version of (5.5) holds, namely

L
/ £(s,6)1€(s,8)| ds =0, Wt e [0,T].
0

Moreover, we notice that, given an arbitrary ¢ € = parameterized by arc-length, it is
always possible to recover a state function x(s,t) = x(t) + R(t){(s,t) for which x(t) is
the position of the barycenter and such that the line joining the head and the tail is the

zr-axis. Indeed, starting from &, one can construct its barycenter,

1 L
:Z/o &(s,t)ds

and a rotation R such that the line from the tail of the curve to its head is directed like

the horizontal axis. The rows of the matrix R are given by 4, J o, where

S S
00 = @y e 0

Now, the vector
E(s,t) = R(t)(E(s, 1) — &(1))
represents the curve for which the barycenter is the origin and the tail and head lie on

the horizontal axis. Notice that |¢/(s,¢)| = 1 again. The procedure we have described

before allows us to construct the curve
X(s,8) == (t) + R(t)E(s, ¢
= &(t) — R(t)R(t ) (1) + R()R(t) (s, 1),
z(t) R(t)

referred to the laboratory frame, such that the viscous forces and torques due to its
velocity according by the resistive force theory vanish. Once again, notice that |y/(s,t)| =
(s, t)| = 1. The vector z and the matrix R are uniquely determined once #, R, , R are
known. We recall that #, R are the solutions to the system of ODE’s

{ #0) = Ry,

: (5.31)
0(t) = &(1),

where 0 is the angle associated with the rotation R and the notation o, stresses that
those elements are found starting from £. Theorem 5.2.1 guarantees that the initial
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value problem for (5.31) is well posed and has a unique solution which depends contin-

uously from the initial data.

We denote by ¢(t) the angle that the head-tail line of x makes with the positive
horizontal axis, that is the one associated with the rotation matrix whose lines are

given by ¢ and Jo, where

Taking into account the comments on the arc-length parametrization, we rewrite the

energy in equation (5.12) as

T pL
Pl = / / (B (s, )5, 1 X(5. D) [ (s, 8)] dsds

a simple computation shows that it is possible to consider P as a function of the shape
variable £

T pL
P(e) = / / (€ (5, 8)] Ke(s, )X (5, 1), Xo (5, 1)) s,

where X.(s,t) = RT(t)X(Sa t) =o(t) + w(t)JE(s, 1) + é(S, t).
Define now the map G : = — R?xR?xR xR which associates to every curve ¢ € = the

position of its barycenter and its orientation at timest =0 and ¢t = T,

We want to find first order conditions on £ for it to be optimal among all the swimming
strategies that minimize the energy P under the given constraint (¢(0), g(T), ¢(0), p(T)) =
(90, 91, po, ¢1). For this, an equation involving the Lagrange multipliers will be written,

namely,

VeP(€) + A -VeG(§) =dP() ] +A-dG(§)[] =0, YneE, (5.32)

in order to study which it is necessary to describe the behavior of P and G under varia-
tions of the form £°(s,t) := £(s,t) + en(s,t), where 7 is the variation. For this, we need
to compute the Fréchet derivatives of P and G in the direction 7. It turns out, using the

symmetry of K, that

T L .
Pl / / [CH (5, 0500 (5, £), %0 (5,£)) + 2(X (5, £), K (5, £) (5, 1))] st

= 1M 4273

(5.33)
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where

H(s,t) = aKE(S’%fE (s,1)] .

= 7<£l(87 t)a n/(sa t)>K(87 t) + CII [7’/(87 t) ® gl(sa t) + gl(sa t) ® 7’/(87 t)] (5.34)
+COL[(Tn'(s,1) @ (JE (5, 1)) + (JE (s,1)) @ (Jn'(s,1))],
Xa(5,) = RT(D)X(s,1) = v(t) +w(t)JE(s,t) + (s, ),

Ks,t) o= DD ) (s, 1)+ wlt)n(s, ) + s, ),
_0ve(1) 0w (t) 10 -1
2t) = e le=0’ v(t) = e le=0 7= [ 1 0 ] '

Notice that H(s,t) is a symmetric matrix. Since it will appear also in the following
computations, it is useful to have a simplified expression for the terms like the first one
in (5.33), namely (Hv1,v2). We have

(Hvi,ve) = — (¢, 1) Kvi,v2) + C (10" @ §)v1,v2) + (€ @n')v1, v2)]
+ CL{(In') @ (JE 1, v2) +{(JE) @ (Jn)vr, v2)]
= — ((Kv1,v2)&,7") + C{(v1 ® v2 +v2 @ v1)€', 1)
+CL{(T T o) @ (T Tw2) + (T w2) @ (T 01)E )

(5.35)

Now, using (5.35) with v; = vy = x.«(s,t) yields

T pL
W= - s, t)xx(s (x (S "(s '(s
10 = [ R0 00 5,005

+ 2C1|| <(X*(Sa t) & X*(Sa t))fl(s, t)v 77/(87 t)>
+ 201 (T "X (5, 8)) @ (T T X (5,1))€ (5, 8), 1 (s, 1))} dsdt

T pL
- / / () (s, ),/ (s, 1)) dsdt,
0 0

where

Wi (5,8) = [ = (K (5,6)%x (5, ), X (5, )T + 2C) (X (5, 1) @ X (5, 1))

(5.36)
+2C1L((7 X (5,1) ® (X (5, )] (5, 1).

To compute
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7@ f/ / (t)JE(s,t) +w(t)In(s,t) + (s, t), K(s,t)x«(s,t)) dsdt

:// (K (5, 0)x2 (5, 1), (1) dsdt+/T/L (5,6), T T K (5, 6) 0 (5, ) )0 (1) dsdlt
// (1)K (5, £)%x (5, 1), 1(5, 1)) dsdt+// (5,£)%x (5, 1), (s, 1)) dsdt
/<m<> <>>dt+/ ralt dt+// W™ (s,1), (s, 1)) dsdt
[

=730 4 722) 4 723) 4 124

we need to evaluate z(t) and ¢ (¢), which is a cumbersome task. Here,

L L
) ;:/O K(s, 0% (s,)ds,  ralt) ;:/0 (€(5,1), TTK (5,8)%2(5, ) ds,

w(2 3 (5,t) = w(t)J " K(s,t)xx«(s,1), w§2’4)(s, t) := K(s,t)x«(s,1). (5.37)

To our purpose, the integrals >3 and I(>% do not need to be modified, since they
already show the explicit coefficients of 1 and 7. Recalling the definition of v and w

given in (5.9) and the formula for the derivative of the inverse matrix, we have

[ o], o RO\ De)
z(t) = 0 O]R (t) [S(t)R (t)<MSh(t)> <DM(t) )]
- (5.38a)
=AW)[a()L(t) + Bt)(t) — Dr(t)] +b(1)[B" ()L (t) +~(1)3(t) — Dar(t)]
=21(t) + 22(t) + 23(t) + 24(t) + 25(t) + 26(2),
102 0 1 Fsh(t) r(t)
oo e )-(on)
N (5.38b)
=b" (D)]a(t)L(t) + B(1)3(t) — Dr ()] +e®)[BT (1)L (t) +~()3(t) — D (t)]
= 1(t) + th2(t) + P3(t) + Ya(t) + ¢s(t) + %()
where
S | AWM b [ oa B ] or@)
R 5@)]’ ‘S(“lmw v(t)] de le=o’
sh\e sh
DF(t) - 8(28) e=0 DM(t) - au\é& ) e=0
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We must now compute all the Fréchet derivatives involved in these expressions. We

have

a(t):/o H(s,t)ds
L
B(t) = /0 (H (5, £)J€(5,£) + K (5, £)7n(5, 1)) ds
L
BT(t) :/0 [(JE(5, 1)) TH(5,t) + (Jn(s,1) T K(5,1)] ds
L
(t) = /0 [2(JE(5,1) T K (5,6)In(s,t) + (JE(5, 1)) T H(5,4)JE(5, )] ds
L
Dr(t) = [ (0860 + K. 05,0 ds
L
D (t) :/0 [€(5, 1) TK(5.6)(In(5,t)) + (JE(5, 1)) TH(5,t)E(5, )

+(JE(5,1) T K (5, )i(5, 1)) ds

Taking (5.39) into account, the summands in (5.38a) can be written as

(5.39a)

(5.39b)

(5.39¢)

(5.39d)

(5.39)

(5.390)



82 5. Controllability of a mono-dimensional swimmer

Analogously, the summands in (5.38b) can be expressed in the form
L
i) = [ OGN ds
L
valt) = [ OB WH (.06 1) + 608 (0K (5. 0)n(5. 0] s
L
walt) = = [ BTOHG.0.0 + 5T (OK (.16, ] s,
L
Ya(t) =/O [E(t)(JE(5, 1)) T H (5, )T (t) + e(t) (Jn(5,1)) T K (5,6)T(t)] ds,
L
Ys(t) = /0 [26(t)e(t)(JE(5, 1) T K (5,1)In(5,t)
+6(t)e(t)(JE(5,t)) T H(5,t)JE(5,t)] d3
L
slt) = = [T (5. 0K (5.0I0(6.0) + ) TE(. )T H G, D50
+&(t)(JE(5, 1) T K (5,t)7(5,1)] ds.

These terms can be reorganized, recalling that v Mvy = (v, Mvs), that vy (ve,v3) =

(v1 ® va)vs, and invoking the symmetry of K and H, to obtain
2(t) = 21(t) + 22(t) + 23(t) + 24(t) + 25(t) + 26(t)
L
=/O [(A(t) + b(t) @ (JE(s, ) H (5, )(T(¢) + 6(£)JE(S, 1) — £(5, 1))

+ (0(DA() + (b(t) ® (T(t) +28(1) JE(5,1) — £(5,1)))) K (5,) Jn (5, 1) (5.40)
— (A(t) +b(t) @ (J&(s, 1)K (5, t)i(5,1)] 5

= /OL[Zl(Sa t)H (5, t)C1(5,1) + Za(5, 1) K (5,8)Jn(s, 1) — Z1(5, 1) K (5, )1 (5, 1)] d,
P(t) =1 (t) + a(t) + ¥a(t) + Yalt) + ¢s(t) + P6(t)
= /OLKbT(t) +2(t)JE(5, 1), H(5,1)(T(t) +8(8) JE(5,1) — (5, 1))
+(O(0)bT () + ()T (8) + 20(t)e(t) JE(5,1) — E(t)E(5,1), K (5,)Tn(5, 1))

) ! (5.41)
— (b7 () + () JE(5, 1), K (5, t)n(5.1))] d5
L
= /0 [<H(§a t)CQ(ga t)7 Cl(§7 t)) + <JTK(§7 t)C?)(gv t)a 77(57 t))
— (K(5,1)¢2(5,1),7(5, 1)) ds,
where the following positions are made

Z1(5,t) := A(t) + b(t) ® JE(5, 1), (5.42a)
Za(5,1) == 6(t)A(t) + b(t) @ (T(¢) + 26(t) JE(5, 1) — £(5,1)), (5.42b)
Cl(gv t) =T t) ( )J{(s,t) - §(s,t), (5.42¢)
Go(5,t) := b () + &(t) JE(5, 1), (5.42d)
C3(5,t) := 6()bT (t) + E(t)T(t) + 20(t)E(t) JE(5,t) — &(t)E(5, 1), (5.42¢)
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Now, from (5.40), taking into account (5.35) we get
1Y /T</<;1(t) Z(t)) dt
/ / (2T (5, 6)k0 (1), H(5,8)C(5,8)) + (T T K (5,4) 21 (5, ) (£), m(5, )
— (K (5,0)Z] (5,t)r1(t),7(5,1))] dsdt

/ / (g™ (5.8), (5, 1)) + (i (5,6), 0/ (5,6)) + (w3 (5.1). (5. )] dsd,

122 = / Ko (£)h(t) dt

/ / ko (O)[(H (5,1)Ca(5,1), C1(5, 1)) + (J T K (5,8)Cs(5, ), 1(5, 1))
K(5,t)C(5,t),n(s,t))] dsdt
//~2 '(5,0),0(5.6)) + (i (5,6),'(5,1))

”%,mm £))] ddt,

wiV(5,1) == JTK(5, )k (), (5.43a)

wtM (5,1) = [~(K(5.)G(5.1), 2] (5, )k ()] + C¢a(5,8) @ (2] (5.t)r1 (1)) (5.43b)

+OY(Z] (5, k1 (1) ® C1(5,8) + CLI T Cu(5,0)) @ (JT 2] (5, ) (1))

+CL(JT 2] (5, 0)m1 (1) @ (JT G (5,))E (5,
(s

t)Z5 (3,
t)C1 (3

t
t),

wiV (5,t) = fK(s 2] (5, t)k1(¢) (5.43c)
w? (5,) == JTK (5,1)C3(5, 1), (5.43d)
zﬁ”@w:[% K(5,8)G1(5), (5, )] + CjG1(5,1) © Gal5, 1) (5.43e)

+C)6(5,t) @ (1 (5,1) + CL(J TG (5,1) @ (JT¢a(5,1))
+CL(ITC(5,1) © (JTCUE, )€ (5,8)
w? (5,1) == —K(5,1)Ca(5, 1) (5.430)

From these expressions, it turns out that formula (5.33) can be written as

T pL
snnJ::jﬁ ]g [(wo(s,£),0(5,8)) + (w (5, £), 1 (5, 1)) + (wa(s, 1), (s, )] dsdt,  (5.44)

where

wo(s, 1) == 2[wiY (s,1) + ra(t)ws? (s,) + wi® (s,1)],

wi(s,1) 1= wi (s,1) + 20w (s,1) + wa(B)wi® (s, 1)),
wa(s, t) = 2lws™V (s, 1) + ma(t)ws>? (s,1) + Wi (s,1)],
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and all these terms are defined in (5.36), (5.37), and (5.43).

Let us now turn our attention on the functional G. We have to compute

)

Recalling the definitions in (5.30), the conditions on the barycenter of {(-,¢) and 7(-, t),
and defining

dg°(0)

s = (252 _ 2o

e=0’  Oe

9¢°(0) 9¢°(T)

wty=220| gy = 2

(= R(JO(),  (5.45)

ua(t) = r(t) sinp(t)
we have
£ L L
agag(t) T f%/o g(t)<§/(s,t),77’(s,t)>ds+%/0 X(s,1)(€' (5, 1)1 (s,1)) ds
b [ o) + S0+ Roms. )] as
L/ ’ )
1 g - ! /
= 1 [ It = 916 9 € s, .11 ds -+ )
Op(t)|  _ O¢(t) Ouj Ae° (t) dus
Js  le=0 ou5 Ot le=0 ou§  0Oe le=0
—up(t) Ouj u(t)  Ous

=0 u3(t) +u3(t) e le=0
= S R ©(0) (€ (L. 1) = €0.) + (L. 1) = (0, )
[R(t)(g(l’v t) — g(oa t))]l
+ €1 — £0.0F [R()(O@)J(E(L,t) — £(0,1)) +n(L,t) —n(0,1))]2
<J(£(Lv t) B 5(0, t))v @(t)J(f(L, t) B 5(07 t)) + 77(L7 t) B 77(0, t)>
(L, ) = £(0,6)]
_ <J(£(Lv t) B 5(0, t))v 77(L7 tl B 77(0, t)> + @(t),
|£(Lat) - 5(0,t)|

ol (t) +ud(t) Oe

where u(t) = (ui(t),u2(t)) = x(L,t) — x(0,t) = R(t)({(L,t) — £(0,t)), and y and © satisfy
the system (see (5.8) and (5.45))

{ y(t) = R(t)(O(t) Ju(t) + (1)) y(0) = 0,0(0) = 0. (5.46)

o(t) = v(t)
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It turns out that

€ L
a0 =1 [0 - 9(0) @ €50 5,00 s
€ L
gr= 20| =1 [T 1) 8 €5 T 5, T s 4 (),
o 8O UE(L0) ~ £(0.0).0(L.0) ~ 1(0.0)
DT e £(L,0) = £(0,0) ’
0| WELT) — €0, T T) — 1(0,T))
T 0 e T €(L, T) = £(0,T) P et

and the dependence on 17, 1/, and 7 will be explicit once we find a suitable expression for

O(T) and y(T'). From (5.46) and (5.41), we have
T rL
— [ 1 0000 0) + @ (5,00 (5,00 + @ (5,8, )] dsl,
0 0

where the coefficients w£2’2) are given in (5.43d), (5.43e), and (5.43f). The computation
of y(T') requires more effort. We have

T

T
uT) = [ OOROI@IE+ [ R0 dt =y (T) 4 y(D),
0 0
and we compute the two contributions separately. Define
T
V() = / Lio.5()R(E)Tu(D) dF, (5.47)
0
so that we get

y (T / [// Tio.q () [ (s,8),n(s, 1)) + (W (s,8),1/ (s, 1))

+ (W (s,1), (s, 1))] dsdt | R() Ju(F)dE

/ / (1) @ wi (s,8))n(s,8) + (V(£) @ wi>? (s,6))11 (s, 1)

+ V(1) @ ws? (s,1))i(s, 1)] dsdt,

(T / / 174 (5, ) H (s, £)C1 (5, ) + R(£) Za(s, ) K (5, £)Tn(s, )
(t)Z1(s,t)K (s, t)n(s,t)] dsdt.

Adding these two terms yields

T oL
:/0/0 W (s, )n(s,8) + W, (s, )7 (s, 8) + Wy (s, ¢)(s, )] dsdt,
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where, recalling the expression for H (s, t) from (5.34),

Wy (s,8) = V() @ wi™ (s, t) + R(t) Za(s, ) K (s, 1).],

Wi (s.8) = V() @ w>P (s,£) — R(t) Za(s,)K (5.4)C1 (s,1) @ €' (s, 1)
+CO(E (,1), Ca (5, ) R() Za (5, 1) + CYR(E) Z (5, £)(€(5,1) @ G (5,1))
+CL(JE (5,8), Ci (5, D) R() Z1 (5,8)
+CLR(8) Z1(5,)((JE (5.1)) @ G (. 1)),

Wyl (s,8) = V() @ wi™ (s,t) — R(t) Za(s, 1)K (s, 1).

)
(

Upon defining A := (Ao, A\, o, p1t) € RZxR2xR xR and

J(f(L, t) - 5(07 t))
E(L,t) — €(0, 1)

GT(s0) = 2 (d(s0) ~ g() ©E(s0), (1) = ,
we can write
(A, dG(§)n]) =(Xo, o) + (A1, g7) + poPo + preT
L L
= [ (G 00 (s 0 st [ (G DA (5. D)) s
0 0
+ ,LL0<(,Z5(O), U(Lv O) - 77(0, 0)> + ,U'T<¢(T)v U(Lv T) - 77(0, T)>

T L
+ / / [(Wols,t)ho + prws? (s,1),n(s, )+ (5.48)
0 Jo

(W1 (s,t)\g + MTUJEZQ) (s,t),n (s,t))+
(Wa(s, )0 + prws™ (s, ), (s, )] dsdt
Finally, combining equations (5.44) and (5.48), and defining
hi(s,t) := w;(s,t) + Wi(s,t) Ao + ,uTwZ@’Q)(s, t)

(the convention is that h; will be the term multiplied by the derivative of n with respect
to the i-th variable), equation (5.32) becomes

T L
0= / / [(ho(s, 1).m(s,£)) + (R (s, ), (5. )) + {ha(s. ) (s, £))] dsdt
0 0

L L
+/ <G(570))\0,77’(8,0)>ds+/ (G(s, T)Ar, 1/ (s, T)) ds (5.49)
0 0

+ ,LL0<(,Z5(O), n(Lv O) - 77(0, 0)> + NT<¢(T)7 n(Lv T) - 77(0, T)>a

for all n € =Z. Choosing n € = such that sptn CC [0, L] x[0,T], equation (5.49) gives the
following condition

ho —hi —hy =0,  in [0, L]x[0,T]; (5.50)
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choosing 7 € = such that sptn is compact with respect to ¢ only and considering (5.50),

we get

0= /TKhl(Lvt)a n(Lat» - <h1(0at)777(0at)>] dt, for all such 77,5’
0

which gives
h1(0,t) = hy(L,t) =0, forallte [0,T]; (5.51)

choosing 7 € = such that spt 7 is compact with respect to s only and considering (5.50),
we get
L
0= / [(ha(s, T)—G' (s, T)\r,n(s,T)) — (ha(s,0)+G'(5,0)X0,n(s,0))]ds, for all such n,’s
0
which gives
hQ(S, 0) + GI(S, 0))\0 = hQ(S, T) — GI(S, T))\T =0, forallse [0, L], (5.52)

finally, if € E does not have compact support in [0, L] x[0, 7], we get the contributions
of the vertices of the square [0, L] x[0,T]. Keeping into account (5.50),(5.51), and (5.52)

we obtain
0 :<G(La O)AOa U(L, 0)> o <G(Oa O)AOa 77(07 0)> + <G(La T)ATa U(L, T)> o <G(Oa T)ATa 77(07 T)>
+ NO<¢(O)7 77(L7 0) - 77(0a O)> + NT<¢(T)7 77(L7 T) - 77(0a T))

Thus, there must hold

G(0,0) Ao 4 103 (0) = G(L,0)\o + p0¢(0) = 0, (5.53a)
G(0,T)Ar + prd(T) = G(L, T)Ar + prd(T) = 0. (5.53b)

These imply that
G(0,0) = G(L,0), G(0,T7)=G(L,T). (5.54)

Equation (5.49) is the most explicit version of (5.32) that we can give so far. The
associated partial differential equation is (5.50), while (5.51), (5.52), and (5.54) are the
boundary conditions.
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