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Introduction

The theory of automorphic functions rose around the second half of the nine-
teenth century as the study of functions on a space, which are invariant under
the action of a group and consequently well defined on the quotient space.

The so-called elliptic functions, for which the first systematical exposition
was given by Karl Weierstrass, are one of the simplest examples of automorphic
functions. These are meromorphic functions of one variable with two indepen-
dent periods and can be regarded, therefore, as functions on the complex torus
C/L, where L is the lattice generated by the two periods !.

A first classical generalization of this notion is suggested by working with
functions defined on isomorphism classes of complex tori. Since there exists
a bijection between the isomorphic classes of complex tori and the points of
the quotient space H/SL(2,Z) ?, where H is the complex upper half-plane, a
remarkable example pertaining to the theory of automorphic functions is pro-
vided by holomorphic functions on H, which are invariant under the action of
SL(2, Z); this is what is meant by a modular function 3.

More in general, the classical theory of the so-called elliptic modular forms
pertained to the study of holomorphic functions on H, which transform under
the action of a discrete subgroup of SL(2,R) as a multiplication by a factor
satisfying the 1-cocycle condition. In the first half of the twentieth century
Carl Ludwig Siegel was the first to generalize the elliptic modular theory to
the case of more variable, by discovering some prominent examples of au-
tomorphic functions in several complex variables; these are named after him
Siegel modular forms. In this theory ([F], [K1], [VAG]), H is generalized by the
upper half-plane &, := {1 € Sym(g, C) | Imt > 0} and a transitive action of the
symplectic group Sp(2¢, R) is defined on &, thus generalizing the action of
SL(2,R) on H:

1A classical result completely describes these functions by means of the Weierstrass p-function
and its derivative; the elementary theory is detailed, for instance, in [FB]

2Gee, for instance, [FB].

3Thanks to a classical result, the field of modular functions is known to be generated by the
so-called absolute modular invariant, discovered by Felix Klein in 1879 (see Chapter 2, Example
2.3)
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Sp(2g, R) X Sy — G4

((é g),’c) — (At +B)- (Ct+D)7!

The arithmetic subgroup I'y := Sp(2g, Z) plays, in particular, a meaningful role
according to this action from a geometrical point of view, since the points of the
quotient space A, = G, /Ty describe the isomorphism classes of the principally
polarized abelian varieties *.

Modular forms can be used as coordinates in order to construct suitable
projective immersions of level quotient spaces with respect to the action of
remarkable subgroups of the group I';. Riemann Theta functions with charac-
teristics:

O(7, 2) = Z em’[‘(n+% (n+ 2 )+2! (n+ 25 ) (24250 )|

nezs

are, in particular, are a good instrument at disposal of the theory, in order to
construct suitable modular forms, because the so-called Theta constants:

Om(7) := Oin(7, 0)

and the Jacobian determinants:

%in |z:0 (T) cee gizgenl |z=0 (T)
D(ny, ..., ng)(1) = :

2 2 '
,y_zlenglz:O (0 ... (p_zgenglz:O (7)

turn out to be modular forms with respect to a technical level subgroup
I';(4,8) C Ty. A remarkable map can be defined in particular on the level

moduli space Ag’g = G¢/T¢(4,8), whose image lies in the Grassmannian of g-

dimensional complex subspaces in €% @*~Dand whose Pliicker coordinates are
the Jacobian determinants:

PgrTh: Ay® — Gro(g,2871(28 - 1)

In their paper [GSM] Samuel Grushevski and Riccardo Salvati Manni proved
that the map PgrTh is generically injective whenever ¢ > 3 and injective on
tangent spaces when g > 2.

The map is conjectured to be injective whenever g > 3, albeit it has not been
proved yet. On the other hand, when g = 2, the map:

4See, for instance, [GH], [De] or [SU]
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PgrTh : A*® — P!
is known not to be injective.

In this thesis, a description is provided for the congruence subgroup I' such
that the the map PgrTh in genus 2 is still well defined on the correspondent
level moduli space Ar := S¢/I" and also injective. It is also proved that I is
a normal subgroup of I'; with no fixed points; hence, the correspondent level
moduli space Ar turns out to be smooth.

A structure theorem is also proved for the even part of the rings of the graded
rings of modular forms A(I') and for the even part of the ideal of cusp forms
S5(I') (namely the modular forms which vanish on the boundary of Satake’s
compactification) with respect to I'. These are, indeed, the only parts which
counts in studying the geometry of the desingularization of the map on the
boundary of Satake’s compactification. Alas, a geometrical description still
misses, due to the the not simple structure of A(I') and S(I').

Chapters 1 and 2 are designed to provide an outline of the basic theory; the
reader is obviously referred to the bibliography for a deeper knowledge of the
topics.

Chapter 3 is mainly focused on Theta constants and related topics. Section
3.6 is, in particular, devoted to a new description found for a known modular
form of weight 30 in genus 2, which is characterized by transforming with a
non-trivial character under the action of I'>.

Chapter 4 is, finally, centered around the above mentioned results concern-
ing the group I'.

The author wishes to thank Professor Salvati Manni for his help. He also
seizes the opportunity to thank Professor Freitag for having performed some
necessary computations by means of a computer program written by him.
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Notation

For each set A the symbol |A| will stand for its cardinality. The symbol A C B
will mean that A is a subset of B, which is not necessarily proper. To state that
the set A is a proper subset of B, the symbol A C B will be used.

For an associative ring with unity R, the symbol M(g, R) will denote the g X g
matrices, whose entries are elements of R, while the symbol Sym,(R) will stand
for the symmetric g X g matrices.

For a field F, GL(g, F) and SL(g, F) will stand respectively for the general linear
group of degree n and for the special linear group of degree n.

The symbol S, will stand for the symmetric group of order n!.

The exponential function ¢™* will be denoted by the symbol exp(z).
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Chapter 1

The Siegel Upper Half-plane
and the Simplectic Group

A more exhaustive discussion concerning these topics can be found in Siegel’s
classical work [Si], as well as in Freitag’s book [F] and Klingen’s book [KIl],
where a focus on Minkowski’s reduction theory is also available. Most of the
topics are also outlined in Namikawa’s Lecture notes [Na], where Satake’s and
Mumford’s compactifications of the quotient space are discussed.

1.1 The Symplectic Group

Definition 1.1. The symplectic group of degree g is the following subgroup of
GL(2g, R):

Sp(g,R) == {y e Mg, R) | 'y - Jg -7 = g}

where:

is the so called symplectic standard form of degree g.

The symplectic group naturally arises as the group of the automorphisms of
the lattice Z28, provided with the form J, 1. as it clearly turns out from the
definition, it is an algebraic group.

A generic element of the symplectic group can be depicted in a standard block
notation as:

a, b
yz(cf, di) By by, dy € M3, R)

IMore in general, a symplectic group Sp(g, A) can be defined, whose elements are the linear
transformations preserving a given non-degenerate skew-symmetric bilinear form A of degree 2;
such transformations are in fact named symplectic transformations.

11
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By expliciting the conditions describing the elements of the group, one has:

‘ayc, ='cym, ;
Sp(g,R) =<y € GL(2g, R | bod =tdp, ayd, —'c,by, =1, ¢ =
Yy Yy (1.1)

_ _ td y _tb 4
_ {7/ € GIg,R) |y~ = [ "y)y = (—féy ay )}

As it immediately turns out, the symplectic group is stable under the transpo-
sition y — 'y; thus, an equivalent characterization follows, by expliciting the
conditions for the transposed element:

t — t
a,'by =by'ay,

Sp(g, R) = {y € GLQ2g, R | oid, =dfc, a,)'d, —b)fc, =1, } (1.2)

The following definition introduces a remarkable subgroup of Sp(g, R), on
which the theory focuses:

Definition 1.2. The subgroup:

Tg = Sp(g,Z) =y € Sp(g, R) | ay, by, ¢y, d, € M(g, Z)} = Sp(g, R) N M(2g, Z)

is called the Siegel modular group of degree ¢ 2. When g = 1, the group Ty =
SL(2,7) is called the elliptic modular group *

Proposition 1.1. The set:

—— 1g S
S ._{ Js {(0 1g)}se5ymg<Z> }

is a set of generators for the modular group T.
Proof. Foreachn eIy and h =1,...g, let Af]g,i be the 2g X 2g matrix, whose

entries are:

a,—1 if i=j=h
b, if i=hj=h+g

(A =1 if i=h+g,j=h
' dy—1 if i=j=h+g
0 otherwise
Then:

® . ®
Vop=log +AY €Ty Vnely, Vh=1,..g

2One can observe that I'y is an example of arithmetic subgroup of Sp(g, R)
3A classical result states that 'y /{1} is the group of the biholomorphic automorphisms of the
Riemann sphere C.
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(69]

nh from the left, it can

By multiplying y € I'y by suitable elements of the kind y
be checked that the matrix:

_[u 0 8
Nj/ - (0 tu—l)Hyn,hy

nh

with a suitable u € GL¢(Z), has the unit vector g1 as (¢ + 1)-th column. Since
y € Iy, the first row of N, have to be e;. Then, by induction, one concludes that
the group I'y is generated by:

u 0 1 S
o S 5 D))
{ W 0 ‘u u€GLy(Z) 0 L SeSymg(Z)

®
nh
elements and J,. Therefore, the modular group turns out to be generated by

the set:

AR R S (| W
£ 0 fut ueGLy(Z) ' 0 18 SeSymyg(Z)

Moreover, for each u € GL¢(IR) one has:

2)-fe S, 906 0 s 28

and, therefore, the thesis follows. m]

However, it is easily checked that the elements 7, are generated by the other

Corollary 1.1. The modular group T's is also generated by matrices of the form:

a, b, _ d, 0
re ((; d:/) s (—l;«,/ a;/) 'bydy ="dyby ; 'aydy =1,

Proof. Thanks to Proposition 1.1, one has only to check that the set S is generated
by such matrices. However, since:

I_(lg 0)(1g 1g)(1g 0)
§\-1, 1)\0 1){-1, 1,

the thesis easily follows.

1.2 Congruence subgroups of the Siegel modular
group

The aim of this section is to introduce some remarkable subgroups of the Siegel
modular group I'y, which reveal themselves to be a natural tool to generalize
the notion of modular functions.
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Definition 1.3. For each n € IN let T ¢(nn) be the kernel of the natural homomorphism
Iy — Sp(g,Z/nZ), induced by the canonical projection. T'¢(n) is known as the
principal congruence subgroup of level n.

As a kernel of a group homomorphism, I'¢(n) is a normal subgroup of T}.
Moreover, since:

[e(n) ={y €Ty | y = 13¢ modn}

an immediate characterization can be derived:

To(n) = {y € M(28,2) | y = 155 + 1M, |
by = by + n(*dpbu — 'byidn)
) (1.3)
with M, = (aM M) s.t. tem = ey + nanient — fepan)
cm dm

dM + tlZM + n(taMdM - tCMbM) =0

It is a remarkable property of such subgroups that they are of finite index in
the Siegel modular group; in particular, the following Lemma holds:

Lemma 1.1. For eachn € IN:
1
[, : Tm) = s [T ] (1 _ 7)
pln 1<k<g p
Proof. A proof can be found in [Ko]. O

Pertaining principal congruence subgroup with even level, some elementary
lemmas can be stated:

Lemma 1.2. Ify € T,(2n), y* € Ty(4n).

Proof. Let y1 = lag + 2nMy,y2 = lpg + 2nM; € Tg(2n) with reference to the
notation introduced in (1.3). Then, one has:

Y172 = log + 2n(My + My + 2nM1M>) (1.4)
hence, the thesis follows. m]
Lemma 1.3. For eachy € I'¢(2n):

diag(‘a,c,) = diag(c,) mod4n diag('b,d,) = diag(b,) mod4n

Proof. Using again the notation introduced in (1.3), one has the following simple
chain of congruences:

diag(‘aycy) = diag['(1 + 2nan) - 2ncpm] = diag{2ney + 4n*(apem)] =
= 2ndiag(cy) + 4n*diag(‘apicar) = 2n diag(cpr) mod4n

which proves the first relation, since ¢, = 2ncy. Likewise, the second relation
is proved. O
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Definition 1.4. A subgroup T of I'g, such that T¢(n) C T for some n € IN is called a
congruence subgroup of level n.

Remarkable examples of proper congruence subgroups (namely congruence
subgroups which are not principal) of level  are clearly given by the following
family:

[go(n) = {y €lglc, = Omodn} (1.5)

A notable family of congruence subgroups, on which this work mainly
focuses, is the following one:

[e(n,2n) = {)/ € Iy(n) | diag('ayc,) = diag(‘b,d,) = OmodZn} =
= {y € Iy(n) | diag(a,'by) = diag(c,'d,) = OmodZn}
It is immediately seen that I';(2n) C I'4(n,2n); therefore, such subgroups are

congruence subgroups of level 2n. Moreover, Lemma 1.3 implies the character-
ization:

['¢(2n,4n) = {y € I'y(2n) | diag(b,) = diag(c,) = Omod4n} (1.6)

The congruence subgroups of the type (1.6) satisfy some notable properties:
Lemma 1.4. If y € T'y(2n,4n), y* € Ty(4n, 8n).

Proof. Lety = 15, +2nM be as in (1.3); then, the thesis follows from (1.4), since
for hypothesis diag(by) = diag(cm) = 0mod?2. o

Proposition 1.2. The congruence subgroup I'¢(2n,4n) is normal in Ty for each n € IN.
Moreover, [T4(2n) : To(2n,4n)] = 2%.

Proof. Lety = 1y, + 2nM be, as in (1.3), the generic element of I';(2n); then for
each 1 one can define the map:

D, : T,@2n) — Z5x7Z5
y —  (diag(byr) mod2, diag(cyr) mod?2)

Dueto (1.4), D, is a group homomorphism. Moreover the condition D,,(y) = 0is
equivalent to diag(b,) = diag(c,) = 0 mod4n; therefore I'¢(2n1, 4n) is the kernel of
D,; in particular, I'q(211, 41) is normal in I'¢(2n). In order to prove that I'q(21, 41)
is normal in Ty, one has to prove that nyn™ € KerD, whenever y € I4(2n,4n)
and 1 € I'y. One has:

-1 _ a,] b,] 1g 0 am bM tdn —tb,] _ a b
mwn _(c,7 dn)[(o 1g +2n em duf|\-fep  ay =lyg+2n ¢ d
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where, for instance, b’ = a,by'a, — byea'by + H(ay'dy'by) — (agam'by); by (1.3)
ay + td,, = 0mod2n, hence:

diag(b’) = a, - diag(byr) + by, - diag(car) mod2

Since y € KerD,, it follows that diag(b’) = 0 mod?2; likewise one has diag(c’) =
Omod?2.

To prove the second part of the statement, one observes that D, is also surjective.
In fact, for (€1, €2) € Zi X Zg, by (1.3) one can choose y1 € I'g(2n1) and y; € T'¢(2n)
satisfying respectively am, = cp, = dm, = 0 and diag(bpy,) = €1 mod2, and ap;, =
bm, = dp, = 0 and diag(cyr,) = e2mod2. Then, D(y1) = (e1,0) e D(y2) = (0,€2),
and the surjectivity of D, follows, because D(y1y2) = (€1,€2). Therefore, the
following isomorphism is given:

T,(2n)/T¢(2n,4n) = (Z,)*
and consequently [['¢(2n) : T'¢(2n,4n)] = 2%, O

Proposition 1.3. ['4(2n,4n)/T¢(4n,8n) is a g(2g + 1)-dimensional vector space on
Zs.

Proof. Lemma 1.4 implies that each element in T¢(2n,4n)/T'¢(4n,8n), which
differs from identity, has order 2. T'¢(2n,4n)/T¢(4n,8n) is, in particular, an
abelian group. By Lemma 1.1 and Proposition 1.2, one immediately has
[[¢(2n,4n) : Ty(4n,8n)] = 2828+D. Then:

To(2n,4n)/T(4n, 8n) = 75D (1.7)
and the thesis follows. O

Proposition 1.4. For each couple of indices 1 < i, j < g one can denote by O;; the
matrix g X g, whose coordinates are Og?k) = O0mOjk. Then, the following matrices:

a; 0 . 1,+20;; sei# i
Ajj = (0] fail) (1<ij<g con  aj = { L2568 swiv ]
ij 8 1] ]
1, by . 20;;+20; sei#j
b ] - Zij ji
Bj; ._(0 1g) 1<i<j<g) con b ._{ 20, sei=]j
CijiztB,‘]‘ (1Si§j§g)

are a set of generators for I'¢(2).
Proof. A proof can be found in [I3]. O
As a consequence of Proposition 1.4 one has the following Corollary:

Corollary 1.2. The g(2g +1) elements A;j (fori, j # g), Bij, Cij (for i < j), B3, C3, —1g
are a basis for the 7 - vector space [4(2,4)/T(4,8).

Proof. Thanks to the characterization (1.6), the elements A;; (i, j # g), Bij, Cij (i <
D, B].ZI., Cizi are plainly checked to belong to I'¢(2,4). Moreover it can be straightly
verified that such elements belong to distinct independent cosets of I'y(4, 8) in

I'¢(2,4). Then, the thesis follows from Proposition 1.3. O
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Another important family of remarkable congruence subgroups this work
will focus on defined by:

[¢(n,2n,4n) = {)/ €l'¢(2n,4n) | Tr(a)) = gmod4n} (1.8)

In the next section the main properties of the action of these subgroups on a
meaningful tubular domain of the complex euclidean space will be discussed.

1.3 Action of the Symplectic Group on the Siegel
Upper Half-Plane

Definition 1.5. The Siegel Upper Half-Plane of degree g is the following subset:
&, = {1 € Symy(C) | Imz > 0 (1.9)

The Siegel upper half-plane clearly turns out to be a generalization of the usual
complex upper half-plane H := {7 € C|Imt > 0} = &;.

An action of Sp(g, R) on S, can be defined, by generalizing the known action
of SL(2,R) on H:

Sp(g, R) X Sy — G,
(1.10)
(y,7) = (@t +b) - (cyT+d,)7"
One has the following statement:

Proposition 1.5. The action (1.10) is well defined and transitive.

Proof. First of all, for each y € Sp(g, R) and 7 € Sym,(C) the following identities
are easily verified:

t(ay’c + b))yt +dy) - t(c,’,”c +d))a,T+by) =1~ f1=0 (1.11)

t(bl),’l' +b))(cyT +4dy)) - t(CyT +d,)a,T +by) =1 -7 = 2i(Im7) (1.12)

In order to be sure the expression in (1.10) is well defined, it will be needed first
to prove that ¢, 7 + d, is invertible for each T € S, and for each y € Sp(g, R).

If ¢, T +d,, were such an element which is not invertible, a nonzero vector z € C$
would exist, such that (¢, 7 + d,)z = 0, and consequently:

0 ="'2'(a,T +b))(c,T +dy)z = "2 (c)T +d))(a,T + b))z
Then, (1.12) would imply 2i'z(Imt)z = 0, which contradicts the hypothesis

T€ES,.
8
Now, one has to prove that yt := (a,7 + b)) - (c, 7T + al;,)‘1 € S, foreach 7 € S,
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and for each y € Sp(g,R). Since c,7 + d, is invertible under such hypothesis,
(1.11) is equivalent to yT € Sym,(C). This assertion and (1.12) imply:

Im(yn) = 5107 - (7] =

1 _ _— _
= Zt(cyr +dy) @yt + by) eyt +dy) — eyt + ) )ayT + b,)](cyT +4dy) 7t =

=Nyt +d)" - ImT - (cyT +dy)7

from which it follows that Im(yt) > 0, because 7 € S,.

Then it is immediately checked that (1.10) satisfies the properties of an action.
Finally, thanks to the Cholesky decomposition (Corollary A.2), for each 7 € S,
there exists a matrix u € GL(g, R) such that Imt = u'u. Hence, one clearly has:

1, Ret\(u 0 .
=[5 )6 e

and the transitivity of the action follows. O

The action of the symplectic group on &, provides a complete description
for the group Aut(Sg) of the biholomorphic automorphisms of S,:

Proposition 1.6. Sp(g, R)/{£1,} = Aut(Sy).

Proof. The action (1.10) allows to define for each y € Sp(g, R) the holomorphic
maps T, : T — yT on S, to itself. Each map T), is clearly invertible with inverse
T,-1; a group homomorphism is therefore defined:

T : Sp(gR) — Aut(S) (1.13)

Y - T,
whose kernel is precisely {+1,}. The proof of the surjectivity of T is provided in
[Si], by applying a generalized version of Schwartz lemma for several complex
variables. o

Some remarkable properties of the Siegel upper half-plane related to the
action of the symplectic group can be stated here.

Proposition 1.7. S, is a symmetric space.

Proof. One needs to prove that each point of S, admits a symmetry.
For such a purpose, one can consider the generator:

0 1g)
= € Sp(g, R
Y (_1g o | € 5P/ R)

and the related holomorphic map T as in (1.13).

T, is an involution of Ge, for T% = Idgg. Moreover, Ty(ilg) = ilg, hence T,
is a symmetry for the point i1, € S,. Since by Proposition 1.5 Sp(g, R) acts
transitively on S, for each 7 € &, there exists 1 € Sp(g, R) such that 7 = nil,.

Tyt is thus a symmetry for 7. O
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To prove other important properties of this action, a classical result concerning
the group action on topological spaces have to be recalled:

Theorem 1.1. Let G be a second-countable locally compact Hausdorff topological group
which acts continuously and transitively on a locally compact Hausdorff topological
space X. Then, for each x € X one has the homeomorphism between topological spaces
G/Sty = X.

Proof. The following application:
T: G/Sty—>X
gSty — gx

is clearly well defined and injective; moreover, it is also surjective for the action
of G is transitive. In order to prove that T is indeed a homeomorphism, one has
to show that the map ¢ = gx, which is continuous by hypothesis, is an open
map.

Then let U C G be an open set; one has to show that gU = {gx|g € U} is an open
set. Then, let gx € gU and let V a compact neighbourhood of e € G such that
V-1 = Vand gV? c U. Since G is second-countable, there exists a collection of
elements {g,},ew C G such that G = U | ¢,V and, consequently, X = U> ¢, Vx.
For each n, the set g, Vx is a closed set, for it is compact in X; since X is a locally
compact Hausdorff space, it is a Baire space, and therefore the interiors of g, Vx
can not be all empty. Then, there must exists 19 € IN such that g, Vx has interior
points. Therefore, the interior of Vx is not empty, since Vx is homeomorphic to
Sn, Vx. Then, let xg € X such that xox € Int(g,, Vx); one has:

gx € gx; ' Int(g,,Vx) € gV2x C Ux

hence gx is an interior point of gU; since each point of gU is interior, gU is an
open set, and the thesis follows. m]

Proposition 1.8. S, is a homogeneous space.

Proof. The subgroup:
U(g) = {y € Sp(g, R) Id, = ay, ¢, = =by, a,'a, +b,'b, =1}

is the stabilizer Sta, of the point il,. As a consequence of Theorem 1.1 one has
the homeomorphism:

Sg = Sp(g, R)/U(3) (1.14)
O

The following Proposition concerns the behaviour of the action of discrete
subgroups on homogeneous spaces:

Proposition 1.9. Let X = G/K a homogeneous space. Then, each discrete subgroup
of G acts properly discontinuously on X.
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Proof. It is a straightforward consequence of the fact that 7 : G —» G/Kis a
proper map. o

The following Corollary for the action of the Siegel modular group is an imme-
diate consequence:

Corollary 1.3. The Siegel modular group Ty acts properly discontinuously on Sq by
(1.10).

Proof. Since Iy is a discrete subgroup of Sp(g,R), the statement follows by
plainly applying Proposition 1.9. O

Siegel provided in [Si] an explicit description of a fundamental domain for
the action of I' on S,:

nlmtn>Imty VYn=@,- - ,1g) € Z8 k — admissible
_ - Imty 1 20 Yk
Ss=1T€ S | |det(c,r+d) 21 Vyel
[Ret| <1/2

where n = (ny,--+ ,ng) € 78 is called k admissible for 1 < k < ¢ whenever
Mg, -+ ,ng are coprime. This domain is known as the fundamental Siegel’s
domain of degree g, and will be here denoted by the symbol &, *.

Example 1.1. The Siegel fundamental domain in the case g = 1 can be easily described
as:

1 ={teH]||Ret| <1/2, |t| > 1}
The following property is a remarkable consequence of Corollary 1.3:

Corollary 1.4. The coset space Ag = S, /T'¢ admits a normal analytic space structure.

Proof. 1t is a straightforward application of Cartan’s Theorem on the existence
of an analytic space structure for the quotients by the action of a finite group
(cf. [Ca)). o

The coset space A, := S,/I'y turns out to be remarkably meaningful in the
theory of abelian varieties, since its points can be set in a one-to-one correspon-
dence with the classes of isomorphic polarized abelian varieties (cf. [De]).

Some Lemmas will be stated now, in order to prove a useful property of
Siegel’s fundamental domain ¢, namely that it is contained in a so-called gen-
eralized vertical strip.

Lemma 1.5. Whenever T € &g, one has:
1. Imtye < ImTiiq 1 Vkell,...,g—-1}

2. 2Imty| < Imty Vk <l

4The conditions Imty 1 2 0 and nlmt'n > Imty for each n which is k-admissible, are tradi-
tionally expressed in literature by stating the matrix Im7 is reduced in the sense of Minkowski (or,
equivalently, it belongs to a Minkowski reduced domain)
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3. dc¢ > 0 such that:

3
detImt < HImTH < cdetImrt
i=1

Proof. Let1 < k < ¢ —1be fixed. Since n Imt'n > Imtyy for each k-admissible #,
the condition 1. is obtained by choosing 1 = ex,1. By setting n = ey + ¢; for each
['such that k < < g, one has:

Imty + Imty; + (Imtyg + Imty ) = Imtyg + Im7yp £ 2Imtyy > Imtyg

and consequently the condition 2. is also verified.
Finally, the condition 3. can be derived as a consequence of Hermite inequality,
which holds for real positive definite matrices M € Sym,,(R):

min ‘kMk < cdet Mn
kez"
pary

where ¢ > 0 is a constant depending only on # (cf. [KI]). o

Using Proposition A.4, the following technical statement can be derived by
Lemma 1.5 (cf. [K1]):

Lemma 1.6. For each T € F let ImtP be the following diagonal matrix:

ITI/lTH 0 cee 0
ImP = 9 Imz : (1.15)
: ’ 0
0 o 0 Imtg

Then, there exists ¢ > 0 such that:

cImt —Imt® >0

Thanks to this Lemma, Siegel’s fundamental domain , is proved to be con-
tained in a generalized vertical strip:

Lemma 1.7. There exists A > 0 such that:
e Clr € Sy | Imt - Al > 0}

Proof. Let T € Fg, ImtP as in (1.15) and 1 the element:

0 0 1 0
10 1,4 0 O
=121 0 o o |€T
0 0 0 144
Since 7 € §,, in particular, |det (c,T +d;)| = |[T11| > 1; moreover, [Rety1| < 1/2,

hence Imty; > \/5/2. Now, let A; = \/3/2. Since for construction Imfcg is
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diagonal and ImTfr? = Imt;; for each i, (by condition 1. in Lemma 1.5), one has
(Im7P — A11g) > 0. Then, let ¢ > 0 be as in Lemma 1.6; by setting A = A1¢™!, one
has Imt — A1y = (Imt — ¢ 'ImtP) + (c"'Imt® — Alg) > 0, and the statement is
proved.

O

Pertaining to level moduli spaces, which are quotients of Siegel’s upper-half
plane with respect to the action of congruence subgroups, the following Propo-
sition, guarantees that an important family of such spaces admits a complex
structure:

Proposition 1.10. Let n > 3. The action I'q(n) on the Siegel upper half-plane S, is
free; S¢/T(n) is, therefore, a g(g + 1)/2-dimensional complex manifold.

Proof. A proof can be found in [Se]. m]
The following properties descend:

Proposition 1.11. Let y € T4(4,8) an element which has fixed points on Sg; then
y = 1,. In particular the so-called level moduli space Aé’s = G¢/T4(4,8) is smooth.

Proposition 1.12. An element y € I'y, which has fixed point on S, has finite order.
In particular, the following statement holds:
Corollary 1.5. An element y € T¢(2,4), which has fixed points on S, has order 2.

Proof. Lety € I'y(2,4) such an element. By Proposition 1.12, y has finite order;
moreover, y* € I,(4,8) by Lemma 1.4; then, Proposition 1.11 implies y* = 1. O



Chapter 2

Siegel Modular Forms

2.1 Definition and Examples

The aim of this section is to introduce a brief overview on the basic aspects of
the theory of Siegel modular forms, which generalize the notion of modular
functions, as already stated in the introduction.

For a detailed exposition on this interesting topic, Freitag’s book [F] is the main
reference. Klingen’s introductory book [KI] is also an important reference to
quote. Van der Geer’s lectures [VAG] provide an exhaustive overview of the
theory, while Lang’s book [L] Diamond and Shurman’s book [DS], Miyake’s
book [Mi] and Zagier’s lectures [Z] focus on a detailed description of the clas-
sical theory in the case g = 1.

Definition 2.1. Let k € Z and let T be a congruence subgroup. A classical Siegel
modular form of weight k with respect to I' is a function f : S, — C, satisfying the
following conditions:

1. fis holomorphic on S,

2. f(y7) = det(c,7 +d,) f(1) Vyel, VreG,

3. When g =1 the function t + det (c,7 + d},)_k f(y) is bounded on §1 for each
VAS I 1

It is useful to introduce for each y € Sp(g, R), the function:

(lef)(7) = det(c,at +dy) f(y ) (2.1)

In fact, since for each k € Z:

det(c,y T +d,y ) = det(c,y't +d,) det(c,t +d))*  Vy,y" € Sp(g, R)

one therefore has:

IThis condition, which is equivalent to the request for the function f to be holomorphic on co
whenI' =T, is indeed redundant when g > 1 (see Corollary 2.1)

23
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YO k) =y Ikf  loghf=f

and consequently (2.1) defines an action of Sp(g, R) on the space of the holo-
morphic function on S, 2

By using the notation introduced in (2.1), the conditions appearing in Definition
2.1 can be translated into the following ones:

1. fis holomorphic on S,;

2.y f=f Vyerl
3. Wheng=1, 7/’1 | f is bounded on &; for each y € I'y

Example 2.1. (Eisenstein series of weight k > 3) For each k > 3 the series:

1
Ek(T) = Z m

(c,d)ez?
MCD(c.d)=1

converges absolutely. Moreover it uniformly converges on the compacts of the complex
upper half-plane H; therefore, when k > 3 the series Ey defines a holomorphic function,
which is easily seen to be a modular form of weight k with respect to the Siegel modular
group (see, for instance, [DS]). This modular form is called the Eisenstein series.

Example 2.2. (Generalized Eisenstein Series) The series

Ex(t) = Z det (ct +d)™*

c,deSymyg(Z)
c,d coprime

is seen to be uniformly convergent on each compact and also a modular form with
respect to the Siegel modular group T of weight k whenever k > g +1; hence, it defines
a modular form which is the generalization of the one introduced in Example 2.1.

Besides Eisenstein series other remarkable Siegel modular forms can be
constructed by means of the so-called Theta constants, as it will be shown in
Chapter 3.

The additional condition in case g = 1 is not redundant, as the following
counterexample shows:

Example 2.3. (The absolute modular invariant J). By setting:

ey4 = 60E4 e = 140E,

2More in general, if M is a complex manifold on which a group G acts biholomorphically, a non
vanishing function R : G x M — C, which is holomorphic on M, is called a factor of automorphy if:

R(g8",p) = R(8,§'PIR(S’,P) Vg8’ €G, VpeM
Then, for each function f holomorphic on M, one can set:

@ HP) =R p) " f(g'p)

and action of G turns out to be thus defined on the space of holomorphic functions on M.
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where E4 and Eg are the Eisenstein series respectively of weight 4 and 6, as described
in Example 2.1, one can define the so-called absolute modular invariant as:
e3(0)
=1728——
where A(T) = (ei(’c) - 2732(1)). The function | clearly verifies condition 1. and
condition 2. for k = 0 and I = T'y in Definition 2.1. However, | is not bounded on the
Siegel’s fundamental domain &1 (cf. Example 1.1), because:

lim [](if)] = oo

Therefore, the condition 3. is not satisfied.

Henceforward, this work will refer to classical Siegel modular forms simply
as modular forms.

The set of modular forms of weight k, with respect to a congruence subgroup
I' is naturally provided with a complex vector space structure; throughout this
work this complex vector space will be denoted by A(I);.

Definition 2.2. Let T be a congruence subgroup. The graded ring A(T) = @, _, A(T)k
is called the ring of the modular forms with respect to I'.

Asitwill be proved in the following Section, this ring is a positively graded ring.

Clearly by definition one has, in particular:

A" c A(D) whenever I'cCT

In Sections 3.5 and 3.7 some remarkable examples of rings of modular forms
will be reviewed in more details. Concerning this Section, one can conclude by
noting that for each weight [ and for each character y of I', a complex vector
space is defined:

AT, x) =1{f € O(Sg) | f(oT) = x(o)det(ct + d)lf(’[) Yo €T}

where the symbol O(S,) stands for the space of holomorphic functions on &,
also satisfying condition 3. in Definition 2.1 when g = 1.

Then, if T is a fixed subgroup of the Siegel modular group I'y, and I'y C I
is such that I' is a normal subgroup of Iy, the properties of transformation of
the Siegel modular forms under the action of I'y induce a decomposition of the
homogeneous part A;(T') of the ring A(T'):

A(D) = P Ao, ) (22)

x€Go

where Gy is the group of characters of I'y/T.
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2.2 Fourier series of a modular form

First of all, one has to recall that a Laurent series exapansion can be obtained for
holomorphic functions on Reinhardt’s domains as a consequence of Cauchy’s
formula in several complex variables %; in particular, one has:

Theorem 2.1. Let f be a holomorphic function on a Reinhardt domain R. Then, for
each z in the product of annuli A(r1,a1) X - -+ X A(ry,a,) C R, one has:

[ee]

f@= Y cn—aiG-a)

ki,..ky=—0c0

(AN flr,---Sn)
Chy,ky = (27‘(1') LDM Lrl & —a) (&, —a)e déi---dé,

where the convergence of the series is absolute and uniform on the compacts in A(r1, a1) X
c X Aty an) *

with:

Definition 2.3. A matrix N € Symgy(Q) is defined half-integer whenever 2N €
Symg(Z) and diag(2N) = 0mod2.

Henceforth the symbol Symz,(Q) C Symg(Q) will conventionally denote the
set of half-integer matrices.

Proposition 2.1. Let be n € N and let f : S, — C be a holomorphic function such
that f(t+nN) = f(t) foreach N € Symg(Z) . Then the function f admits an expansion
as a Fourier series:

f@="), a®eFreo (2.3)
NeSymy(Q)

with coefficients:

a(N) = Flx+iy)e’s TINGHDIgy vy >0 (2.4)

[0n]%
where K = w. In particular, the series (2.3) converges absolutely on S, and
uniformly on each compact in Sg.

Proof. One can consider the holomorphic map:

en: Sg—CN
2.5)

T {e T} g

3See, for instance,[GR], [O], [Ra] or [Sh]
“More in general, the convergence domain of the Laurent series expansion is a logaritmically
convex and relatively complete Reinhardt’s domain.
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It turns out from the definition of e, that the range A := Rane, is a Reinhardt’s

domain. Moreover, for a fixed g € A one clearly has 71, 7; € e7!(g) of and only

if 77 — 70" € 7 for each (i, j); since the periodicity condition on f implies,

in particular, that f is periodic with period 7 in each variable 7¢), a function
g : A — Cis well defined by:

3@ =fe @) VgeA
where f e &, are the functions respectively induced on the quotient by f and e, :
£y /Symy(Z) » € &, : Gy/Symy(Z) — A

By construction the function g verifies the property g - e, = f and is, therefore,
a holomorphic function. In particular, ¢ admits a Laurent expansion on each
product of annuli contained in A, by Theorem 2.1):

(o)

ORI A (26)

ny..ng=—00

with:

_ 8(51/ . ’SK) _
Cnl Mg T 27_(1 LDY LDyl n1+1 nK+1 51 .. déK =

K
Lﬂi 2mi —Nj 2miy 4.
= f g(;’le n , ,Tge tK) | | rj n’e w it dt] . dt[(
[0,n]K =1

Hence, by setting:
3 2
, n . :
n
% 2
one has:
Cny,ng = f g(e " (x1+1y1) (XK_HyK))e nl Z/ ! ’(x]ﬂyl)dxl de =
[0n]
.\ omi
= Flx+iy)e 60y - dy
[0n]K

Since g - e, = f, (2.6) implies (2.3) with a(N) = cy, .., and one is supplied with
the desired properties of convergence of the (2.3) by Theorem 2.1. m|

Theorem 2.2. (Gétzky-Koecher Principle)® Let I' C T, be a congruence subgroup
and let n > 1 be such that T¢(n) C T. If f € Ax(), then f admits the following Fourier
expansion:

5The following basic property was discovered by Gotzky in 1928 for particular Hilbert modular
forms. In 1954 Koecher provided a general demonstration ([Ko]).
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f@=), aN)eHTN 2.7)
NeSym;(Q)
N>0
with coefficients a(N) as in (2.4).

Proof. Since:

o . (L nS) el € Z
Vs (Og 1, VS € Symy(Z)
in particular, one has f(t + nS) = f()/(s")’c) = f(1) for each 7 € S; (namely f is
periodic with period 7 in each variable 7(); therefore, the function f satisfies
the hypothesis in Proposition 2.1 and consequently admits a Fourier expansion
asin (2.3).

Moreover, since the series in (2.3) absolutely converges for each 7 € S, by
evaluating it on 7 = 71, one gets the following convergent numerical series:

|a(N) e~ % )
NeSymg(Q)

Therefore, there exists a constant C > 0 such that:
la(N)| < Ce*T™) VN € Sym(Q) (2.8)

The Fourier coefficients a(N) also satisfy a special transformation law; in order
to show it, one has to consider for each u € GI(g, Z) such that u = 1, mod n the
following elements:

w0
Vu = (0 M_l) € Iwg(n)

Thanks to the modularity condition stated on f, for each N € Symy(Q), such a
matrix u satisfies:

a(tuNu) = det(u)* a(N) (2.9)
In fact:
a(uNu) = flx+ iy)e%Tr[[”N"(“iy)]dx =
[0,n]¥

27

= det(u)* f Frulx + iy))e’s T uNuCHil gy —
[0n]*

= dd(u)kf Flu(x + iy)u)ez'iffiTy[N”(Hiy)f”]dx = det(u)f a(N)
[0,1]¥

Now, the estimate (2.8) and the transformation law (2.9) can be used to show
that a(N) = 0 for each N € Symy(Q) which is not positive semi-definite. Let,
then, N € Sym;(Q) be non positive semi-definite; then, there exists a primitive
vector v € Z8 such that 'oNv < 0. Thanks to Corollary A.1, the vector v can be
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completed to a matrix u’ € GL(g, Z); in particular, by the choice of the vector
v, the (1,1)-entry of the matrix ‘u’Nu’ is negative. By elementary operations on
the columns of 1/, one can obtain a new matrix u with detu’ = detu = 1, in such
a way that u = 1;mod # and the matrix N := 'uNu still satisfies N}, < 0. Then,
for each /i € Z one can define the matrix:

1 nh 0 -+ -+ 0
01 0 - - 0
M, =0 0 € GL(g, 7)
Do 1
0 0

which also satisfies Mj, = 1;mod 1 for each /i € Z. Now, one has:
I}E?o Tr(MyN'My,) = ;}52 [Tr(Mp) + Nj n*h? + 2N/,nh] = —co (2.10)
Therefore, by reiterating (2.9) and applying the estimate (2.8), one obtains:
la(N)| =1a(N")| = | det (My)|™" |a(‘MN'M;) | =
= a('MuN’My) | < Cen TOMN'M) -y e 7

from which a(N) = 0 follows, due to (2.10).
O

The following Proposition is an immediate consequence of the Gotzky-Koecher
Principle:

Proposition 2.2. Let I be a congruence subgroup of the Siegel modular group T'q for
g > landlet f € A('). Then f is bounded on each set of the kind:

eg = {r € G |Imt — A1y > 0}
with A > 0.

Proof. Let ng > 1 be such that I'y(n9) C I'; by applying the Gotzky-Koecher
Principle, one has:

flx) =) ayers "
N=0

Moreover, for each T € 6:; and for each N € Symfg(Q) such that N > 0, one has:

2mi

2mi o s
|Q(N)€"0 TI’(NT)| — |ﬂ(N)|€ noIm[TI’(NT)] S |H(N)|€ o Tr(NA)

Hence:

1< Y @l v v e g
N0

and the numerical series on the right is convergent, for it is the absolute Fourier
expansion of f inilg € S ]
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Corollary 2.1. Let ' be a congruence subgroup of the Siegel modular group T’y for
g > 1and let f € A(Y). Then y~'|if is bounded on Siegel’s fundamental domain F,
for each y € T.

Proof. It follows from Proposizton 2.2 and Lemma 1.7. m|

Corollary 2.1 shows that condition 3. in Definition 2.1 is a consequence of both
conditions 1. e 2. when ¢ > 1.

Another important consequence of Gotzky-Koecher Principle is the following;:

Corollary 2.2. Modular forms of negative weight vanish.

Proof. Let I be a congruence subgroup of the Siegel modular group I'; and let
no > 0 be such that I'(ny) c T

If f € Ax(I') the function f is bounded on Siegel’s fundamental domain &, (by
definition when g = 1 and by Corollary 2.1 when g > 1).

Moreover, if k < 0, by Lemma 1.7, the function 7 — |det Imflé is bounded on
&¢- Then, there exists a constant C > 0 such that:

|detImtl*f()<C  VteFy

The coefficients a(N) of the Fourier expansion of f satisfy thus for each y > 0:

la(N) | e~ ) < f [ (x + i)l e T dx <
[On]K

< sup f(x+iy) < C|detImt| ™

x€[0,n]K
Then, letting y tend to zero, one obtains a(N) = 0 whenever N > 0. o

Corollary 2.3. The ring of modular forms with respect to a congruence subgroup I' is
a positive graded ring A(I') = EBkzo A(D)y.

An important theorem generally guarantees the algebraic dependence of
suitably many modular forms of given weight:

Theorem 2.3. Let I' C I'y be a congruence subgroup. Then, for each k the complex
vector space Ax(T') is finite-dimensional.

The existence of non-vanishing modular forms, however, is not a trivial
question. Concerning the modularity with respect to the Siegel modular group
I'¢, Eisenstein series are examples of non trivial modular forms of even weight.
Other fundamental examples of modular forms with respect to the remarkable
congruence subgroups introduced in the Section 1.2 will be given in the follow-
ing chapter by the Theta constants with characteristic. The next section will be
devoted, instead, to the introduction of a particular kind of modular forms.
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2.3 Cusp forms

Proposition 2.3. Let be 1 < k < gand {T,}yew C S a sequence such that:

T uy
Ty = (tun w,,) VnelN (2.11)

where v’ € Gy is a fixed point, {uy}new C Symy, ¢ k(C) is bounded, and {wy}nen is such
that all the eigenvalues of Im(w,,) tend to infinity. Then, the limit:

lim f(ty)
exists and is finite for each f € A(I'y)

Proof. Let f € A(T') and let:

f(tn) = Z a(N)e>™ TN VnelN
NESymg(Z)
N>0

be its Fourier expansion. By hypothesis, the sequence {7,},cn is contained in a
set on which the Fourier series of f uniformly converges. Since:

8
Tr(Nt) = ZNiiTﬁ +2 Z Nijtij
i=1

1<i<j<g

one has:

. ’ . v
lim f(1,) = Z lim a(N)e2™TrNo = Z a(IB’ 8)e2mTf<NT> (2.12)
e NeSymi(Z) e N’eSym;(Z)
N>0 N’>0

Then the thesis follows, since 7’ € &, implies the convergence of the series on
the right. O

One has to observe that for a given couple g, k with1 <k < g, and 7 € &; fixed,
there always exists a sequence {7,},en C S of the kind in (2.11) with 7" = 7.
It will be convenient to denote by {7} } any sequence of points in S, satisfying
such a property.

For each couple g, k with 1 < k < g, Proposition 2.3 allows to define an operator
acting on modular forms by setting:

(Qgf)(7) = lim f(z;)  Vf €Ay (2.13)

Proposition 2.4. The law (2.13) defines an operator @gy = A(l'y) — A([k) which
preserves the weight.
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Proof. Let f € Ay(Ty). It follows from (2.12) that for each 7 € &, (Pgx f)(1) does
not depend on the choice of the sequence {7} C S,; moreover, since the series
in (2.12) is uniformly convergent on each compact, (2.13) defines a holomorphic
function on &, which in case g = 1 is also bounded on the Siegel fundamental
domain &;. Moreover, by setting:

a, 0 by

0

10 Tgx O O

Vo= ¢ 0 d 0 €l Vnely
P

0 0 0 1.4

Since f € A(I'y), the following transformation law holds foreach 7 € Iy, T’ € &
and A > 0:

nt’ 0 \_ ) o o 0
f (0 img_k)‘det(c'ﬂ tan)'f (o mg_k)

Hence, when A — oo, one has:

@, f(n') = det (c,7" + d,,)hfl)g,kf(’(') Vnely, Vi eG
and consequently @, f € Ay (I';), which concludes the proof. O
Definition 2.4. The operator defined in (2.13) is called the Siegel operator.

As seen, the simplest way to describe the action of the Siegel operator is the
following:

(F)(0) = lim f(g 3) Vfe ATy, Vre S, (2.14)

The Siegel operator can be used to define the so-called cusp forms:

Definition 2.5. The elements of the complex vector space:
Sk(T) = {f € AxT) | Pgg1(y ') =0 Vy €Ty}
are called cusp forms of weight k.

More generally, one can define the ideal of cusp forms with respect to a con-
gruence subgroup I' in A(I'):

Definition 2.6. Let be T a congruence subgroup. Theideal S(T) := 5 10 SkI) € A(T)
is called the ideal of the cusp forms with respect to I'.

One has to remark that this definition characterizes the cusp forms with
respect to I' as the modular forms which vanish on the boundary of the Satake’s
compactification of Ar (see Appendix B, (B.10)).

As well as for the rings of modular forms, one clearly has:

S(I'")y c S(I) whenever I" cT
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Example 2.4. The function A introduced in Example 2.3 is a modular form of weight
12. It is easily checked that:

lim A(it) = 0
t—+00

Therefore, A is a cusp form.
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Chapter 3

Theta constants

3.1 Characteristics

This section will be devoted to introduce the notion of characteristic, which
reveals itself to be involved in the parametrization of the so-called Theta con-
stants.

Definition 3.1. A g-characteristic (or simply a characteristic, when no misunder-

7’

standing is allowed) is a vector column [m"] withm’, m"” € Zg.

’

Definition 3.2. Let m = [Z,,] be a characteristic. The function:

e(m) = (1" (3.1)
is called the parity of m. A characteristic m is called even if e(m) = 1 and odd if
e(m) = —1.

Henceforward, the symbol C® will stand for the set of g-characteristics. Need-
less to say, C®® is isomorphic to Z3 x Z5 as a ring; in particular, each g-
characteristic m satisfies m + m = 0.

The symbols ng) and ng) will respectively stand for the subset of even g-
characteristics and the subset of odd g-characteristics. Their cardinalities are
easily checked by introducing the notation:

Tty = [m 6,,] e C® Vm= [’”] eCtM, o= [6] ec®
m” 0 m 1

and by noting that, whenever m is even, #i; is even or odd, depending on
whether the 1-characteristic 6 is respectively even or odd; on the other hand,
whenever m is odd, 7f; is even or odd, depending on whether 0 is respectively
odd or even. Since there are three even 1-characteristics

ol L] L
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and only an odd one

one thus has:

-1 -1
g—l -1

Hence, ICEg)I - |C§g)| = 2(|Cf,g_1)| - |C§g_1)|). Then, one obtains by induction
Ing)I —ICf)g)I =28, for ICEDI - ICS)I = 2. Since ICL(,g)I + Ing)I = 2%, one has, therefore:

ICY)) = 1(228 4 28) = 2871(28 + 1)
IC9)| = L(2%8 — 28) = 2871(28 — 1)

Thus, to sum up, there are 2871(28 + 1) even g-characteristics and 2871(28 — 1)
odd g-characteristics.

An action of the modular group I’y on the set C& can be defined by setting:

m| _|dy o\ (m diag(c,'d,)
V4 [m//] = |:(_bw/ 11;/ ) (m//) + (dl'ﬂg(aytby) mod?2 (32)
It is easily verified by straightforward computations that:

y'm)y=(y-y)m, 1gm=m

as well as it is plainly checked that e(ym) = e(m) for each y in I';. Hence, one
can state:

Lemma 3.1. The law in (3.2) defines an action on C\®), which preserves the parity of
the characteristics. This action is, in particular, not transitive.

More precisely, one has (cf. [I5] or [I3]):

Lemma 3.2. C® is decomposed into two orbits by the action in (3.2). These two orbits
consist of the set of even characteristics and the set of odd characteristics.

The action defined in (3.2) is an affine transformation of C%¥; the congruence
subgroup T'¢(1,2), in particular, acts linearly on C&®) by definition. Moreover:

Lemma 3.3. The action of the principal congruence subgroup T'o(2) on C®) is trivial.
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Proof. Let y € T¢(2). Then, with reference to the notation introduced in (1.3),
one has indeed:

m = 128+2dM _ZCM m’ _ w
)4 [m//] - [( —2by 12g + 2ap | \m”’ mod2 = "

Corollary 3.1. An action of T¢/T¢(2) = Sp(g, Z,) is defined on C'®).

The parity function can be used to classify remarkable k-plets of characteristics
according to the action introduced in (3.2). To pursue this purpose, a parity can
be also introduced for triplets:

e(my, my, ms) = e(my)e(ma)e(mz)e(my + my + mz) (3.3)

Definition 3.3. A triplet (my,my, m3) is called azygetic if e(m;, m;, my,) = =1 and
syzygetic if e(m;, mj, my) = 1

Concerning the parity of the sum of an odd sequence of g-characteristics, the
following formula holds (cf. [17]):

2k+1 2k+1
e[Z] = (H e(m,-)][ H e(mq, m;, mj)] (3.4)

i=1 i=1 1<i<j<2k+1
The parity is involved in characterizing the orbits of K-plets of g-characteristics

under the action described in (3.2), as the following Proposition states (cf. [I5]):

Proposition 3.1. Let (my, ... mg)and (ny, . .. ng) be two ordered K-plets of g-characteristics.
Then, there exists y € T'y such that ym; = n; for eachi = 1, ...n if and only if:

1. e(m;) = e(n;) foreachi=1,...K;

2. e(mj,mj, my) = e(nj,nj,n) foreach1 <i<j<k<K;

3. Whenever {my,...,my} C {mq,...,mg} is such that my + ---mo # 0, then
nm+--ny #0;

Corollary 3.2. Let (my,...mg) and (n1,...ng) be two different orderings of the set
ng), such that for each I, 1,5 one has:

e(my, my, ms) = e(n;, ny, n)

Then, there exists an element [y] € I'q/T'¢(2) such that [ylm; = n; foreachi=1,...g.
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Proof. Let(my,...mg)and (ny,...ng)beasinthe hypothesis, andlet{my, ..., my} C
{my,...,m¢} be such that my + ---my, = 0; then, by (3.4) one has:

2h-1
1= e(ma) = e(z mi] -

i=1

= 1_[ e(my, mi, m;j) = H e(nl,ni,nj):e[ZhZ‘_ln,-]

1<i<j<2h-1 1<i<j<2h-1 i=1

and, consequently, for each 1 </ < r < K one has:

2h-1 2h-1
e|ny,ny, Z ni|=efn +n,+ Z n; | = e(ny, ny, ny) H e(ny, nj,nj) =

i=1 =1 1<i<j<2h-1

2h—-1
= e(my, my, m;) H e(my, m;, mj) = e[ml +m, + Z m,-J =
1<i<j<2h-1 i=1
2h-1
=e|m,m, ) m;|=e(my,m,my) = e(n,n, ny)
i=1

Then Zizfl_l n; = ny,. Hence, whenever {m;, ..., my,} C {my,...,mg} is such that
my+---my, =0,{ny,...,ny} C{ny,..., ng}also verifies the conditionny +- - - ny;, =
0. Then the thesis follows from Proposition 3.1. O

The notion of azygeticity can be also given for K-plets of characteristics:

Definition 3.4. Let be{my, ..., mg} a K-plet of characteristics. {my, ..., mg} is called
azygetic if each subtriple {m;, m;, my} is azygetic.

Since the case ¢ = 2 will be relevant in ordrer to discuss the new results
introduced in this thesis, a focus on the main properties of k-plets of even 2-
characteristics under the action in (3.2) will be needed. The next section will
thus be centered around this technical feature.

3.2 k-plets of even 2-characteristics

A specific notation will be introduced here for subsets of even 2-characteristics
and conventionally used henceforward.
The symbols C; := C? and C; := C? will stand respectively for the set of even
2-characteristics and the set of odd 2-characteristics, so that C® = C; U C; with
|Ci] =10 and |G| = 6.

The symbols C e C will denote respectively the parts of C; and the parts of C;.
More in general, Cy € C will stand for the set of k-plets of even 2-characteristics
and C; € C for the set of k-plets of odd 2-characteristics.

For each subset M C C; its complementary set C; — M in C; will be denoted
as M°. The so called symmetric difference will be represented by the classic
notation:
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Ml'AM]' = (MiUMj)—(MiﬂM]')GC VMi,M]'GC

Therefore, for each couple M;, M; c C;, C; can be written as a disjoint union of
sets:

C1 = (M N M;) U (M; 0 M;) 0 (M & M;) (3.5)

The chief aim of this section is to point out some combinatorial features related
to remarkable subsets of Cy, which will be needed in the last chapter; these
subset arise as orbits under the action of I, /T>(2).

In fact, when g = 2, by Corollary 3.1 and Lemma 3.2 the group I';/I'>(2) both
acts on C; and C;. By focusing on the action on C; one note that the group
homomorphism naturally defined by:

Yp : T2/T2(2) = Se (3.6)

is injective, for the identity in I';/I'>(2) is the only element which fix all the
six odd 2-characteristics. Moreover, I';/I2(2) = Sp(2, Z,) and Se have the same
order, hence the homomorphism (3.6) is also surjective. Then:

1“2/1”2(2) = S¢ (37)

An action of this group is naturally defined on each Ci, by the one defined
on C;. While the action on C, is transitive, each Cy for k > 2 turns out to be
decomposed into orbits, which can be described using Corollary 3.2. Seeking
a notation imported from [vGvS], one observes that the set Cs is, in particular,
decomposed into two orbits C; and C}, which consist respectively of azygetic
and syzygetic triplets:

C; = {{m1,my, m3} € C3 | my + my + m3 € Cy}

C3 = {{m1,my, ms} € C3 | my + mp + ms € Cq}

with |C;] = IC}] = 60.

+

The set C4 decomposes into three orbits C;, C; and C,, where, in particular:

C, ={{m, ..., ms} € Cy | {m;, mj,my} € C5

5 Yimi,mj,me} < {my, ..., ma}}

C; ={{m,...,ms} € Cy | {m;, mj,m} € C

3 Vmi,mj,m} € {my, ..., ma}}
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with |C;| = [Cf| = 15.

The set Cs also turns out to be decomposed into three orbits C;, C: and C;,
where, in particular:

C; ={{m,...ms} € Cs | {my,...ms} contains a unique element of C;}

Ct ={{my,...ms} € Cs | {my,...ms} contains a unique element of C} }}
with |G| = |CE] = 90.

The orbit decomposition for Cx when k > 5 can be described by taking the
complementary sets. In particular, the following orbits ofC¢ will be needed:

C, ={{m,...,ms} € Cs | {m,..., me}* € Cy"}
Ce={{m,...,mg} € Co | {my,..., mg}" € Cs"}

The behaviour of this action is completely displayed in a diagram in [vGvS].
Here, some specific properties will be briefly reviewed.

Pertaining to the orbits of C3, one has the following;:

Lemma 3.4. Let my,my; € Cy be distinct. If M = {my,mp} C Cy, then M =
{n1,no,n3,n4,h1, Mo, h3, hy}, with {mq, my, n;} € C; and {my, mo, h;} € C;for each i.

Concerning the orbits of Cy, one has, in particular:

Lemma 3.5. Let {my, my, ms} € C5. There is exactly one characteristic n € Cy such
that {ml,mz, ms, l’l} [S C;

and:

Lemma 3.6. Let {my,my, m3} € CJ. There is exactly one characteristic n € Cy such
that {m1, ma, m3, n} € C;, namely n = my + my + ms.

As a straight consequence of Lemma 3.6 one has the following:

Corollary 3.3. C; C Cy is the set of the 4-plets {m1, my, m3, my} satisfying the condi-
tion my + mp + mz + my = 0.

Concerning the existence of common couples of characteristics for elements in
C;, Lemma 3.4 implies the following:

Corollary 3.4. Let hy, hy € Cy be distinct characteristics. The couple {hy, hy} appears
in exactly two elements of C;.

More precisely, one has:
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Lemma 3.7. Let {my,ma,h,k},{m3, my, h,k} € C, be distinct 4-plets. Then:
{my1, my, m3, my} € C,

Lemma3.8. Let {m,my, m3,n}, {my, ms, me,n} € C; besuch that m;, nareall distinct.
Then:

{m7, mg, mg,n} € C;
where {mz, mg, mo} = {my, my, ms, my, ms, me, n}°
The following property holds for C;:
Proposition 3.2. If M ¢ C;, M does not contain any element of C;.
For the orbits of Cg, one has:
Proposition 3.3. M € C, if and only if M contains exactly six elements of C;.
Moreover, Corollary 3.3 implies the following:
Corollary 3.5. M € C; ifand only if }.,,cpym = 0.
Then it follows that:
Lemma 3.9. M € C; if and only if M does not contain any element of C}.

Proof. A 4-plets {my,my, m3,ms} € C; can not belong to an element of C,
foryt, m; = 0. ]

By taking the complementary sets, one obtains:

Lemma 3.10. M € C if and only if M does not contain any element of C,.

For elements M;, M, belonging both to CI and Cg Corollaries 3.3 and 3.5 point
out immediately a property satisfied by their symmetric difference:

O:Zm+Zm: Z m (3.8)

meM, meM, meMy AM,

The behaviour of the symmetric difference of elements of C; and C{ can be
described more precisely, using the results gathered throughout this section.

Proposition 3.4. Let My, M, € C;. Then My N M, # 0 and:
1) M;aAM,e C; lf MiNM,| =1
2) My aM,;e CZ lf IMiNM,| =2

3) M;=M, lf My N M| >2
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Proof. Lemma 3.10 implies M, ¢ M¢, hence M; N M, # 0. The possible cases
are thus to be checked:

1) If M1 N M, = {n}, one can set My = {my, my, mz, n} and M, = {my, ms, mg, n}.
Then, by Lemma 3.8, My A My = {my, my, m3z, my, ms, me} = {my, mg, mo,n}° € Cg.

2) If M1 N M; = {h,k}, one can set My = {my,my, h, k} and M, = {m3,my, h, k}.
Then, by Lemma 3.7, My A My = {my, my, m3, ms} € C,.

3) As a straight consequence of Lemma 3.5, if M; and M, share at least 3
common characteristics, they must be the same element of C; O

Proposition 3.5. Let My, M; € Cg. Then, the only possible cases are:
1) MiaM,eCl if IMiNMy|=3
2) MiaMyeCp if [MiNnMy=4
3) My=M, if IMiNM; >4

Proof. Since |Cy| = 10, obviously [M; N M;| > 2.
Moreover, the relation 12 = M| + |M,| = M1 U My| + |M; N M|, combined with
(3.5), implies:

IMy N M| = M NM5| =2 (3.9
Therefore [M; N My| > 2, because M N M5 # ( by Proposition 3.4.

Now, the remaining cases are to be checked.

1) If My N My = {hk1}, one can set My = {my,mp, m3,h,k, I} and M,
{ma, ms, me, h, k,1}. Then, M{ = {my, ms, me,n} € C; and M = {my, mp, m3,n}
C,, where n # mj, h, k,I. Therefore, by Lemma 3.8, M1 A My = {h,k, I, n}* € Cg.

m

2) If My N M, = {n,h,k,1}, one can set My = {my,my,n,h,k,1} and M, =
{ms, myq,n,h,k,1}. Then, M = {m3,my,i,j} € C; and M5 = {my,my,i,j} € C,
where i, j # m;,,n,h,k, 1. Hence, by Lemma 3.7, M1 A M, = {my,my, m3,my} €
G-

3) If My N My| > 4, then (3.9) implies [M{ N M5| > 2; therefore, M] = M by
Proposition 3.4, and consequently M; = M. a

Proposition 3.6. Let M € C;} and M, € C,. If M{ # M, the only possible cases are:
1) M AM;, e CZ lf M1 N M| =3
2) My AM, € Cg lf IMiNMy| =2

Proof. Obviously |[M; N M| < 4; moreover, Lemma 3.10 implies that M, ¢ M,
hence |[M; N M| < 3. If M # M, Lemma 3.5 implies [M{ N M| < 3 and conse-
quently |[M; N M| > 1. Therefore, the only cases to be checked, when M # M3,
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are the cases 1) and 2):

1) If My N M, = {h,k1}, one can set My = {my,my, m3,h,k,1I} and M, =
{my,h,k,1}. Then M5 = {my,ma,ms,1,s5,t} € C} with r,s,t # m;, h,k, 1, and by
Proposition 3.5 (case 1) one has:

Ml A MZ = {mlrm2/m3/m4} = {h/k/ l/ s, t}c = (M1 A M;)C € CAI

2) If My N M, = {h,k}, one can set My = {my,my, m3, my, h,k} and My =
{ms, me, h, k}. Then M{ = {ms, me, i, j} € C, withi, j # m;, h, k, and by Proposition
3.4 (case 2) one has:

My A My = {my, mp, m3, my, ms, me} = {i, j,h, k})° = (M] A Mp)* € C{

3.3 Theta constants

Theta constants play an essential role in the construction of several modular
forms. The aim of this section is to introduce these remarkable functions as well
as to outline their main basic properties. The main references for this section
will be Igusa’s classical works [I5], [I13] and [I4], Freitag’s book [F], Farkas and
Kra’s book [FK] and Mumford’s lectures [Mf].

Definition 3.5. For each m = (m’,m") € 78 X 78, the function 6,, : S; x C¢ — C,
defined by:

On(T,2) = Z exp {t (n + m?/)’[(n + %) + 2! (n + mj/)(z + mz” )} (3.10)

nezs

is called Riemann Theta function with characteristic m = (m’, m”).

The series in (3.10) is easily seen to be absolutely convergent and uniformly
convergent on each compact of S X C¢; therefore, for each m it defines a holo-
morphic function. One can note that in the case ¢ = 1 the series for m = 0 is the
classical Jacobi Theta function.

By setting:
T = (11g) € Symyg g V1 e Sy (3.11)
is plainly verified that for each m = (m’,m"), n = (n’,n”") € Z3 x Z¢ the Theta

function with characteristic m satisfies the equation

[ R P

Om(T,z+ %n) = (=1) """ "™ exp {2* (—’n’z - %tn’m')} On(T,2) (3.12)

1One proves that any other holomorphic function 6 : C* — C which is solution of (3.12) differs
from the Theta function with characteristic by a multiplicative factor; for each T € S, fixed, the
function z = 0,,(1, 2) is, therefore, characterized as an analytic function on C”", by being solution
of the equation (3.12).
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As proved through term by term differentiation, the Theta function with char-
acteristic also satisfies the heat equation: 2.

8
Za] 8z]zk ZmZo 3T,k (3.13)

k=1 k=1

With reference to the actions of I'y described in (1.10) and (3.2) , if n = ym
with y € Ty, it easily turns out that:

0,077, '(¢c, T +d,)12) = K(m, y, ) exp {2 (—%tZ(CyT + dy)_lc),z)} 0,(1,2) (3.14)

where K : Z% x Ty x S, — C is a non-vanishing function, which does not
depend on the variable z.

The g-characteristics parametrize distinct Theta functions. The definition
(3.10) implies, indeed:

Omsan(T,2) = (=1) ™" Op(1, 2)

foreach m = (m’,m"”), n = (n’,n”) € Z8 x Z3. Hence, in order to study Theta
functions one can focus on the only ones which are related to g-characteristics.

Definition 3.6. For each characteristic m the holomorphic function 0,, : ¢ — C,

defined by:
On(7) = Oi(7,0) (3.15)
is called Theta constant with characteristic m.

From (3.10), in particular, it follows that:
Om(t, —2) = e(m) 0,,(7, 2) (3.16)

where e(m) is the parity of the characteristic m introduced in (3.1) 3 By (3.16),
Theta constants related to odd characteristics vanish. On the converse, one
easily notes that lim, .. 09(iA1g) = 1; hence, the Theta constant 0, related
to the null characteristic, does not vanish. Lemma 3.2 and the non-vanishing
property of the function K imply that each Theta constant §,,, related to an even
characteristic m, does not vanish.

In order to determine an explicit expression for the function K, the following
differential equation, derived form (3.13) for even characteristics, can be used:

dlogK 1
Z 0O jk Ti =§ Z O jk tjk
1<jk<g 1<jk<g

20ne also proves that as a holomorphic function 0, : Sg x C8 — C, the Theta function is
characterized by being solution of (3.12) and (3.13)
3The formula (3.16) justifies the classical choice to define this function a parity.
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As it can be shown, it implies:
K(m,y,7) = C(m,y) det(c, T +d,)*

where C is a function which does not depend on 7. In particular, one has to

observe that, albeit the root det (c},"c + dy)% is not unique, it is well defined as an
analytic function on S,.
Now, for each n = (n’,n”") € C®¥ e 7 = (11,) as in (3.11), one has:

1~ _ 11‘ ’ ’ 1t /( 1 ’” ” )]}
G,n(f,z+21n)—exp{2[ 3 n'tn > n z+2(m + 1)) Oman(T, 2)

Then, by selecting the branch of det (c, 7 + d},)% whose sign turns to be positive
when Ret = 0, and applying (3.14), one has for each y € T'y:

Oy0(yT, ' (cyT+d,)'2) = C(m, y) det (c, T + dy)%exp {2 (%fz(cy’c + dy)*lcy)} 0o(7,2)

Operating for each even characteristic m the substitution z - z + 37m, the
multiplicative factor of C, depending only on m, can be explicited; hence one is
supplied with the following transformation law for the Theta function:

Oyt HeyT +d)12) = k() i1z 16 T+d)) ey 12426, () det(c,t + dy)% 0,u(1,2)

VyeTl, VmeC®, VteG, VzeCs
(3.17)

where:

1
(Pm()/) == g(tm,tbl’dym/ + tm”tﬂyCymN - Ztm'tbycym”)+
(3.18)

1 ; ’ "
- L—ltdmg(aytby)(dym —cym”)
and det (c, 7 + dy)% is the root, which has been chosen in the described way.

In particular, the function:
O(m,y,1,z) = K(V)e"i{ 321 T+ 6 12 26m()

is such that @|,—y does not depend on 7. For this reason the functions 6,, defined
in (3.15) are called Theta constants; the transformation law in (3.17) becomes
for Theta constants:

O,m(yT) = k() xm(y)det(c, T +d,)2 0,(7)
(3.19)

Vyel, VmeC®, VreG,
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where:

Xu(y) = ©(m, y, 7,0) = 700 (3.20)
Concerning the function x, an important property can be stated:
Proposition 3.7. «? is a character of T4(1,2).
Proof. Since xo = 1 for the null characteristic m = 0 (by definition in (3.20)
and (3.18)), by applying (3.19) to the Theta constant 0y related to the null
characteristic, one obtains:

62,(y7) = 12 (y)det(c, T + d,)65(1)

Since I'y(1, 2) acts linearly, y0 = 0 whenever y € I',(1,2); then:

det(c,T +d,) O3 (y7) = K2()03(1) Yy €T(1,2)

Hence, with reference to the action introduced in (2.1), one has:

Yy 1h63 = x*(y)03 Yy € T,(1,2)

and consequently:

K2(ry)03(1) = KE(KA))03(T)  Vy,) €T,(1,2)

Then 1%(yy’) = ¥*(»)x*(y’) and x*(11,4) = 1, for 6y does not vanish; hence the
thesis follows. O

The following Lemma provides an expression for the function x for special
elements of I'y:

Lemma 3.11. Let:

ay bv)
= “leTl
4 (0 dy) =78
Then:
K2(y) = k(Y7 = det(d))
Proof. The proof of the whole statement can be found in [I4]. Here it will be

only shown that x?(y) = det(d,).
Since xo = 1, the transformation law (3.19) implies in particular:

6)2,0()/7) = «?(y)det (d,)65(1)

_ (2% by
\7’)/—(0 d},)el"g

As 02(y7) = 03(1), one has k*() = det (d,). i
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As a consequence of this Lemma, one obtains a description for the possible
values of the function «:

Proposition 3.8. For each y € T, x(y) is an eight root of the unity.
Proof. By definition in (3.20) and (3.18), one clearly has x;, = 1. Then (3.19)

implies:
det(c,T +dy) 165, (y1) = k5()65,(7)

VyeT, YmeC®

Again with reference to the action introduced in (2.1), one has:

Y408, = ()08, VyeTl,, VYmeC®

ym

Hence:

B0 (1) = $SEEGNO(T) Yy, Y €Ty YmeC®

Then, «8 is a character of I';. Moreover, by Lemma 3.11, one has:

Hoy=1 =1

whenever y € T is such that ¢, = 0; since by Corollary 1.1 these elements
generates I'y, one has:

K*()=1 Vyel, (3.21)
[m}

An explicit expression for x*, which can be found in [I3], is recalled in the
following statement:

Proposition 3.9. For each y € Iy the following expression holds:
K(y)4 = oTr(byey)i (3.22)

A simple explicit expression for x* on suitable congruence subgroups can
be also found, using Proposition 3.7:

Proposition 3.10. For eachy € I'¢(2) the following expression holds:
k()% = 3 Tra =19 (3.23)
Proof. Lety,y’ € I'4(2). With reference to the notation in (1.3) one has:
ayy = 1g + 2(am + anr) + dayany + 4bpyicM’

Therefore, by setting:
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g(y) = o3 Tra,~1yi
one has:
g(y,)/l) — e%ZTr(aM+aMr)i — e%ZTmMie§2TmM/)i —
= o2 T 103 Tray —10i = o(1))0(y")

Consequently, the function g is a character of T¢(2). However, x* is also a
character of I'¢(2), by Proposition 3.7. Then, by using Lemma 3.11, it can be
directly checked that g(y) = ¥*(y) and g(*y™?) = x*(*y™'), whenever y is such
that ¢, = 0; since by Proposition 1.4 the generators of I'¢(2) are such elements,
the characters g and x? coincide on [(2). O

Thanks to (3.23) one has, in particular:

KFy)=1 VyeT{,8) (3.24)

and

1 if giseven
KZ(_lzg) — (325)
-1 if gisodd

The formula (3.25) implies, in particular, that the function x? is well defined
on the quotient group I'¢(2)/{+12¢} if g is even. Then, Proposition 3.7 implies:

Corollary 3.6. When g is even, x* is a character of [o(2)/{£12,}.
Moreover, one has:
Corollary 3.7. When g is even, ? is a character of the group T'¢(2,4)/{+T'(4, 8)}.

Proof. When g is even, Corollary 3.6 implies, in particular, that x? is a character
of T¢(2,4)/{#12¢}; hence the thesis follows, since 12 is well defined on the
quotient I'y(2,4)/{£I'(4,8)} due to (3.24). O

Concerning the function x,, introduced in (3.20), a straightforward compu-
tation allows to verify a basic properties:

Lemma 3.12.

1 if miseven

Xm(_lzg) =
-1 if misodd
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Moreover, one has:

Lemma 3.13. Let be A;j, Bjj, Ci; € I'¢(2,4) as in Proposition 1.4. Then, for each char-

’
.y m
acteristic m = [m”] one has:

Xn(Ag) = (=)™
Xn(Bij) = (=)™

xm(Cip) = (=1)"™
(B = (D" (i< )
Kn(C) = (<)

where m and m" denote respectively the i-th coordinate of m’ and the i-th coordinate
of m”.

Proof. By applying (3.18) to the generic element in I'¢(2,4), one finds:

Xm(,y) — e%'ml(—bym’+a},m"—m")i6—%('m"bJ,dym’+’m'”a},cym”)i

(3.26)
Yy eT,(2,4)

thanks to which the values in the statement can be computed. ]
By Corollary 1.2, using Lemmas 3.12 and 3.13, the following statements can be
straightly proved:
Lemma 3.14. x2,(y) =1 foreach y € T¢(2,4)
Lemma 3.15. For each characetristic m € C®, x,, is a character of T4(2,4).
Lemma 3.16. x(y) = 1 for each y € T¢(4,8).
By Lemmas 3.15 and 3.16 one has, in particular:
Corollary 3.8. For each characteristic m € C®, the function x,, is well defined on the
quotient group:
Xm:T4(2,4)/T¢(4,8) — C
Moreover x,, is a character of T¢(2,4)/T ;(4,8) 4,

Corollary 3.8 and Lemma 3.12 imply, in particular:

“Likewise, one can observe that Lemma 3.14, allows to define x2, on the quotient group
I'¢(2)/T¢(2,4), hence X2, is a character of this group. (cf. [SM2])
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Corollary 3.9. Let m,n € Cc®, If m and n are both even or odd, the function X, x, is
well defined on the quotient group:

XmXn * rg(zl 4)/{irg(4/ 8 — C
and is a character of T¢(2,4)/{£T'¢(4,8)} °.
In general, one can prove the following:

Proposition 3.11. The set {x,,}, parametrized by the even characteristics m, is a set
of generators for thel group T'¢(2,4)/{£I¢(4, 8)}.

Proof. A proof can be found in [SM2]. O

As a consequence of (3.19), the action of the modular group I'; can be defined on
couples of characters x,,x,. In fact, if one defines for each y € Ty the function:

Y xXm() = xmny™) (3.27)

the following statement holds:

Proposition 3.12. The law (3.27) defines an action of the modular group I'y on the
products x,xn satisfying the property:

Y(XmXn) = (7 X))V Xn) = XytmXy-tn (3.28)

Proof. With reference to the action introduced in (2.1), (3.18) and (3.19) imply
foreachy eI

7/—1 1,0,,0, = 12 (,)/)eZTU'((PV%m(}’)‘*‘(f.?},—l,,(y)) Q)rIm 67*1n (3.29)

Now, let be m, n both even. Then (3.29) implies:

Kz()/)Kz()/_l) 2T, 1, D+, 1, (1) 2mi( Dy (Y )+ () = 1 (3.30)

Hence, for each y € I'y and 17 € T¢(2,4):

(Omr™ ) h0w0.)(7) = &y ) xmny Xy )0m(1)0u(r)  (3.31)

But since

V_lllemen = Kz(y)XanQy-lmey‘ln V)’ € rg(zl 4) (332)
one also has by (3.30):
(()/U]/_l)_lhemen)(’[) = K2(U)X}Hm(n)nyln(T])em(T)gn(T) (3.33)

5More in general X, X is proved to be a character of I'¢(2)/{£1g}.
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Then the thesis follows from (3.31) and (3.33), for (3.23) implies:

Oy ™) = () VyeTl,,  VneTly24)

Concerning the other cases, since for each odd characteristic 7 the holomorphic
maps:
d d

gradgen = gradzenlz:O = a_zlgn|z:01 ey 8_2'an|Z:O

satisfy the following transformation law:

gradgen(y’[) =det(c,T + d),)%(cyfc +d,)- gradgen(T)
(3.34)
Vy €T,4,8), VreC,

one can likewise use the same argument on Gmgradg 0, and on gradg O, grad(z) 0,
to prove the statement respectively when m is even and # is odd and when both
m and n are odd. O

The transformation law in (3.34) means, in particular, that gradients of odd
Theta functions can be regarded as modular forms with respect to I, (4,8) under
the representation °:

To(A) = det (A)'/2A (3.35)

Such a behaviour allows to define the map, on which the thesis will focus in
the next chapter.

As a consequence of the Proposition 3.12 I'y acts on even sequences of char-
acters x.

Thanks to some of the results gathered here, the modular property of the
Theta constants can be discussed:

Proposition 3.13. The product of two Theta constants 0,,0, is a modular form of
weight 1 with respect to T'y(4, 8).

Proof. First of all, by Lemma 3.3, the law (3.19) turns out to be:

O.(y7) = K()xm(y) det (¢, +d,) 260, (1)
(3.36)

Vy eT,(2), VYmeC¥, VYre G,
Then, by applying (3.24) and Lemma 3.16, one is supplied with the following
transformation law:

O0nOn(yt) = det(c,T +d,)0,,0,(7)
(3.37)
Yy ely4,8), VYmeC, VTEGS,

which proves the thesis. o

6The classical modular forms of weight k, which are the only ones discussed in this work, are
indeed modular forms under the representation T(A) := det (A)k
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A useful criterion of modularity with respect to I'¢(2,4) can be more gener-
ally stated for products of an even sequence of Theta constants:

Proposition 3.14. Let M = (my, ..., my) be a sequence of even characteristics. The
product Oy, - - - Oy, is a modular form with respect to I'¢(2,4) if and only if the following
condition is verified:

01

M'M = k(1 O) mod 2 (3.38)

Proof. Let M = (my, ..., my) be a sequence of even characteristics; one can set:

for each characteristic m;, appearing in the sequence M, and m;

() and mh

respectively for the i-th coordinate of m; and m;/. o
Now, by (3.36) and (3.23), if k is even, O, --- O, is a modular form with
respect to I'¢(2,4) if and only if the character xu = X, - Xm, is trivial on
I'¢(2,4). Due to Corollary 1.2, this is true if and only if the elements A;; (for i, j #
8),Bij, Cij(fori < j),B%,C% belong to the kernel Keryy. Then, Lemma 3.13

translates this criterion into conditions for the sequence M:

a) z’,;:ﬂm;,(,pz =0 Vi (xm(B)=1)
b)) Tha(my =0 Vi (xm(CH=1)
o Yro oM,y =0 Vi<j (xm(Bij) =1)
d) T myymy, =0 Vi<j (xm(Cip)=1)

e) Zh 1M, (i) 1,1’(]) =0 Vi j#g (xm(Ai) =1)
Therefore, for k even, one has the criterion:

00

t =
MM_(O 0

) mod 2

Now, if k is odd, (3.36) and (3.23) imply that O, - - - O, is a modular form with
respect to I'¢(2,4) if and only if ®2xm is trivial on I'¢(2,4). Using the definition
of these elements (see Proposition 1.4), one can apply (3.23) and verify that the
Aj; are the only elements on which the function x* assumes the value —1 . Then

conditions a) b) c) d) keep unchanged, while condition e) is substituted by a
twofold condition:

¢) LimMomyy=0  Vizj (A =1)

e”) Zh 1 mh () h(l) =1 Vi ( KZXM(Aij) =1 )
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Hence, for k odd one has the criterion:

(01
M'M= (1 0 mod 2
which concludes the proof. O

Concerning the product of all the non-vanishing Theta constants:

1 &) = H 0,, (3.39)

meven

one knows by Proposition 3.13 that for g > 2 x®) is a modular form of weight
2872(28 + 1) with respect to I'¢(4,8). However, for each y € I'; one has by (3.17):

[T 0w = 1] 0=

meven meven

— (K2g1(28+1)(y) H Xm(y)] det (C),T +dy)2872(28+1) H O (7)

meven meven

and the character appearing is trivial whenever ¢ > 3. Therefore, one has the
following:

Proposition 3.15. When g > 3, x'© is a modular form of weight 2872(28 + 1) with
respect to T'.

The case g = 2 is a special one; the product

=x® =[] on (3.40)

meCq

satisfying the transformation law:

x5(7) = 120 [ec, Xm(y) det (c, T + d,)x5(1)
(3.41)

Yy el

is not a modular form with respect to I'y, since the character appearing is not
trivial. However, the function:

2
X10= X2 = [H Gm] (3.42)

meCq

is a modular form of weight 10 with respect to I';.

Other remarkable modular forms with respect to suitable congruence sub-
groups can be built by the following notable functions:
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Definition 3.7. For each m’ € Z3 the holomorphic function ©,, : S; x €8 — C,
defined by:

O (1, 2) = 6[”5'] (27,2z2) (3.43)

is called a second order Theta function.
In particular,, one has the following:

Definition 3.8. For each m’ € Z the holomorphic function:

O,y (1) == O (27,0) = Oyyr1(27) (3.44)
5] [5]

is named second order Theta constant.

A transformation law for second order Theta constants can be easily derived
by focusing on the congruence subgroup I'; o(2) introduced in (1.5).
For each y € I'; one can define:

2%y

. a, 2b
y:=(1; d;)esp(g,Q)

Then, by definition in (1.10), one has 2yt = 27 for each 7 € Sg. Since y € T'g
whenever y € Ty 0(2), one can apply (3.19) to obtain ”:

O, ()/T) = 6["6’](7727) = K(y)X[ﬂé'](f) det (C}/T + dy)%®m’ (T)

(3.45)
Yy €Tg0(2), vm' €73,  Vte S
With reference to the notation introduced in (1.3) one has:
o ]-g + ZQM 4bM
VR T em 1g+2dy 7y € L4(2)
Then, by (3.18) and (3.20) one has:
X[Hé’](f) — e—ni[lm'th(szM)m’] — e—m[fm/thm’] V)/ c Fg(Z) (3.46)

Hence, in particular, )([m/](f) = 1 whenever y € I'¢(2,4); therefore, (3.45) implies
0
8.

®m’®n’(7/T) = Kz(f) det (CT + dy)G)m’@n’(T)
(347)
VyeTl,(2,4), Vm'eZ§, VteG,

7 A transformation law for second order Theta constants under the action of the whole Siegel
modular group I'y can be also derived (see, for instance, [F]); however, such an action turns out not
to be monomial, since it transforms a single second order Theta constant into a linear combination
of second order Theta constants.

8The transformation law (3.47) means the product of two second order Theta constants is a
modular form with respect to I'¢(2,4) with a multiplier.
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Proposition 3.16. Let be ¢ > 2. Then, the product of all the second order Theta
constants:

F® = H O (3.48)

m'eZs
is a modular form of weight 28~ with respect to Tg(2).

Proof. With reference to the notation introduced in (1.3) one has:

7:(1g+2aM 4by ) vy er,@

CM 1g + ZdM

Then, the thesis follows from (3.47) by applying (3.23), since there are 2% second
order Theta constants appearing in the product (3.48). ]

The section ends recalling that second order Theta constants are related to
Theta constants by a relation, which can be derived from the so-called Rie-
mann’s addition formula (see, for instance, [FK] or [I5]):

Proposition 3.17. For each h,k,m € Z3,z,w € C¢ and 7 € Sg:

Qfm,](l', 0) = Z (=1) O +hym” G[m/()+h](2’[, 0)9[,6](2@ 0) (3.49)
'’ heZs

3.4 Jacobian determinants

By admitting half-integer weights in the graded ring A(I'y(4,8)) ?, the transfor-
mation law (3.34) for gradients of odd Theta functions can be regarded in terms
of Jacobian determinants:

. %Grﬂz:o (T) e aizggnllz:o (T)
D(ny, ..., ng)(1) := p— : :
%Qnglzzo (T) s gizg@ng|z=0 (T)

Then, (3.34) implies that the functions D(ny, . . ., nn¢) are modular forms of weight
£ + 1 with respect to the congruence subgroup I';(4,8). More in general (3.17)
implies the following:

Proposition 3.18. Let N = {ny,...ng} be a sequence of odd g-characteristics and
D(N) the correspondent Jacobian determinant; then, one has:

D(y - N)(y1) = k(y)$e¥ L5 260 det (c,T + dyﬁ“D(N)(T)
(3.50)
Vyel,, Vte &,

9 A ring can be generally graded by a monoid; for a detailed discussion on graded rings [E] can
be consulted.
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where the functions ¢,,, are the ones defined in (3.18) corresponding to each character-
istic n;.

The transformation law (3.50) provides a criterion of modularity with respect to
the congruence subgroup I'y(2, 4) for products of Jacobian determinants, which
is similar to the one proved in (3.38) for Theta constants:

Proposition 3.19. Let N = (Ny,...,Ny) be a sequence of g-plets N; = {ng,...n;}
of odd g-characteristics. The product D(N1)--- D(Ny,) is, then, a modular form with
respect to I'¢(2,4) if and only if the following condition is satisfied:

01

t —
NN:h(l 0

) mod 2 (3.51)

To point out more properties concerning the connection between the Theta
constants and the Jacobian determinants, it is useful to introduce a function,
which is defined on the parts P(Cig)) of the set ng) of even g-characteristics, by
mapping sequences characteristics on the monomial given by the product of
the correspondent Theta constants:

F: P(C%) — C[O]
(3.52)
{ml/ my,..., mh} — qu sz e th

with F(0) == 1.
Then, the following important Theorem holds (cf. [F] or [17]):

Theorem 3.1. (Generalized Jacobi’s formula) For g <5, one has:

D(m, ..., ng) = Z +F(M)
M

where the summation is extended to all the sequences M = {my,...mgy2} of even
characteristics such that {ny, ..., ng, my, ... mgyo} is azygetic.

Then, whenever g < 5, the Jacobian determinants are contained in the ring
C[0,,]. A similar statement has been conjectured for g > 5, but not proved yet.

Example 3.1. (Case g=1)
In this case, one obtains the classical Jacobi’s derivative formula:

O = =019

Example 3.2. (Case g=2) The 6 odd characteristics produce 15 distinct Jacobian
determinants; by Jacobi’s derivative formula, these determinants are monomials of
degree 4 in the Theta constants. More precisely, for each M = (m1,ma, m3, mg) € C;
there exists a Jacobian determinant D(n;, n;) such that D(n;, nj) = O, 0,0, 0, and
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distinct Jacobian determinants correspond to distinct element of C;. Therefore, the
map:

D:C; — C[0u]
(3.53)
M = (my, mp, m3, my) +— D(M) = 0,;, 01, O, O,

is a bijection which provides a parametrization for the Jacobian determinants. By
suitably enumerating the 6 odd characteristics:

[0 e _[10] 0L

01 =110 =111

10 11 11
@ ._ ©) ©
=0l T o] M T |10

and the 10 even characteristics:

a0 =0 e |0 e .| @ .| e .- [0

00 01 10 11 00
10 11 01 10 11
©6) — @) — ®) — ©) — 10) .—
"= lool ™ T loo| ™ T 0] T lo] M T
and by denoting the respective non-trivial Theta constants by 0; = 0, for each

i=1,...10, one has:

DM, n?) = 0,030505; D, n®)) = —040,000,9; DnD,n®) = 6,0,0509
DM, n®)) = —050405019; DnM,n®) = 6,0,0,0s; D(n®,n®) = —0,0,0405
D(n®,n®) = —056,63010; D(n®,n®) = —-016;6,00; D(n®,n®) = 6,0,6961
Dn®,n®) = 0,0;0500; D1, n®) = —6,0,05010; D1, n®) = 030,656,

D(n®,n®) = =0,040607; D™, n®) = 010:05010;  D(®,n®) = 65050509

3.5 Classical structure theorems

This section aims to outline introduce some classical theorems, describe the
structure of the ring of modular forms with respect to the Siegel modular

group.

A classical result of the elliptic theory states that the modular forms with
respect to I';, namely the modular functions, are generated by the Eisenstein
series E4 and E4 (see Example 2.1):

Theorem 3.2.
A1) = C[E4, E¢]

Proof. A proof can be found, for instance, in [FB] or [DS]. O
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Pertaining to the ideal S(I';) of the cusp forms, one has, moreover:

Theorem 3.3.
5(I) = €(A)
where A is the cusp form introduced in Example 2.3.

The structure of the ring A(I';) reveals itself to be more complicated. In fact,
the respective generalized Eisenstein series E4 and E¢ (see Example 2.2) are not
enough, for instance, to generate the modular form yjo introduced in (3.42);
indeed, such form is generated by Ey, E¢ and Ej (cf. [12] or [VAG]).

Moreover, by multiplying by a suitable normalization constant c”, is seen that
the function:

In [I1] Juni-ichi Igusa found the generators of the even part A(I;)® of the
graded ring A(I'2):

Theorem 3.4.
A(T2)®) = C[E4, Ee, x10, X12]

where:

is a modular form of weight 12.

In [12], Igusa proved that only a modular form xs5 of odd weight has to be
added, in order to generate the whole ring A(I';). With reference to the notation
introduced in Section 3.2, a description of such a modular form can be given,
as for x12, in terms of a symmetrization of products of Theta constants (cf. [12]
and [I6]):

i
5=~ [H 6’“] Y, (0000 659
{

meCyq m,-,m,-,mk}ECg
Then, Igusa’s structure theorem can be stated here:

Theorem 3.5. (Igusa’s structure theorem)

A(I';) = C[E4, Es, x10, X12, X35]

In [I2] Igusa also proved a structure theorem for the ideal S(I';) of the cusp
forms:

Theorem 3.6.

S(I'2) = Clx10, X12, X35]
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The modular form x3s, in particular, admits a factor:

1
xo=g Y, £0n0n0,) (3.55)

{mimj,m}eC3

which is is a modular form of weight 30 with a non trivial character (cf. [I2]).
Such a modular form is also involved as a generator in another structure theo-
rem. By (3.7), the group I'; /T>(2) has only anon trivial irreducible representation
of degree 1, corresponding to the sign of the permutation; then, one can denote
the respective character by xp, so that:

1 if ¢p([y]) isan even permutation

xe(lyD =
-1 if ¢p([y]) isanodd permutation

where ¢p is the isomorphism described in (3.6). Then, by setting I'; C T’ the
correspondent subgroup of index two, defined by the condition xp(y) = 1, one
has the following structure theorem, proved by Igusa in [12]:

Theorem 3.7.

A(T3) = C[E4, Eg, X5, X12, X30]

3.6 A new result: another description for x3

This section is devoted to the presentation of the first new result proposed by
this thesis. A new description will be provided for the modular form xsp, in-
troduced in (3.55); to pursue such an aim, the section will need to focus on a
particular construction, described by Bert Van Geemen and Duco Van Straten
in their paper [vGVS].

When g = 2 there are four second order Theta constants, which can be conven-
tionally enumerated for the sake of simplicity:

©1 =g ©2:=0Op1 O3:=0pg O4:=0py (3.56)

Then, (3.49) provides homogeneous relations between the ten first order Theta
constants and these four ones; more precisely, with reference to the notation
introduced in Example 3.2 for even Theta constants, one has:

62 =02+ 03+ 02+ 0% 62 =07 -03+02-07%
02 =02 +62-02-0% 0;=01-6;-05+0j
02 = 20,0, +20;0y; 02 = 20,03 +20,0y;
02 = 20,0, + 20,0;; 02 = 20,0, - 20;0y;

63 = 2@1@3 - 2@2@4,’ 6%0 = 2@1@4 - 2@2@3;



60 CHAPTER 3. THETA CONSTANTS

A quadratic form Q,, in the variables X1, Xp, X3, X4 is, therefore, associated to
each even 2-characteristic m € Cy:

mk= Qm 63}1 = Qm(®1/ 62/ 63/ 64) (357)

Hence, a related quadric V,, in P3 turns out to be associated to each m € Cy:

Vi = V(Qu) = {[X1, X2, X3, Xa] € P* | Qu(X1, X2, X3, X4) = 0} (3.58)

Proposition 3.20. With reference to the notation introduced in Section 3.2, for each
4-plet M € Cj, the intersection:

ﬂ V,, c P? (3.59)
meM°©
is a set of four points in P>.

Proof. Since C; is an orbit under the action of I'y, one has only to prove the
statement for a specific element M € C}. By focus, in particular, on the 4-plet:

My = (@ ® ) = {[88] ) [8(1)] , [(1’8] , [(1)(1)]} ec: (3.60)

one has:

m Vm = {[1/ 0/ 0/ 0]/ [0/ 1/ 0/ 0]/ [0/ 0/ 1/ 0]/ [0/ 0/ 0/ 1]}

meMe
which concludes the proof. m|

By Proposition 3.20, for a fixed M € C; the four points described in (3.59)
uniquely determine a configuration of four hyperplanes in P?, which are char-
acterized by the condition that each of them must pass through all except one
of this points; hence, a collection of four linear forms, describing these four
hyperplanes, is determined by each M € C;:

IPQA = BDQA(Xlr XZr X3/ X4)

P = (X, Xo, X3, Xy)
3.61)
llbg/f = BbgA(XerZr XS/ X4)

Y= (X, Xa, X3, Xy)

A tetrahedron Ty in the projective space P° turns out thus to be uniquely
associated to each 4-plet M = (my, my, m3, my) € CZ:
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M = (my, mp, m3, my) — Ty (3.62)

in such a way that the vertices are the four points in (e Vin and all the points
on the tetrahedron Ty are described by the vanishing set:

{[X1, X2, X3, Xa] € PP | Fpi(X1, X2, X3, X4) = 0}
(3.63)
where Fy = [TL, yM

By a straightforward calculation for each M € C}, one is easily supplied with
the linear forms appearing in the related configuration, as described in (3.61):

1 _
vl =
Tll I’b%_
ED%:
4:
IP% l/)% 17[}‘]1 X1 - Xy
T, - X1+X3 Ta - X1+X2 Ty 170 =X+ Xy
z: 1P3 Xo =Xy 3 l,b% X3—Xy + 1,1)4_X2—X3
I]Di:X2+X4 4:X3+X4 ¢32X2+X3
" —X1+1X4 ¢2—X1+iX2 v] =X - Xy
T= - Ebé —iXq T - IP% X T, - IJJ; X1+1X3
> ‘Dg X2+1X3 6" X3+1X4 7 l,b; X, +iXy
X2—1X3 1P4_X3—1X4 X2—1X4
lpé_Xl X0+ X3 —Xy 1’05 - X —X3—-X4
Te - 11[}% X1+X2_X3_X4 To - % - X+ X3+ Xy
5 g —Xo— X3+ X4 o 1’[}8 X1+X2+X3—X4
X1+X2—X3+X4 X1+X2—X3+X4
10_X1+1X2—X3—1X4 l[/11=X1+iX2—X3+iX4
T lPlO le—X3+ZX4 T 1/121=X1—iX2+X3+iX4
10 ¢30:X1+ixz+x3+ix4 ) il =X +iXp + X3 - iXy
=X1—iX2+X3—iX4 IP41=X1—Z.X2—X3—1.X4
X1+iX2+iX3+X4 %3=X1+l.X2—l'X3+X4
IP X1+1X2—1X3—X4 17013:X1+iX2+iX3—X4
Thz T _ _ Tis 3=X, —iXo +iXz3+ X
¢ —iXo +1X53— Xy 1,D3 1 —1Xp +1X3 + X4
ll142 —iXo —iX3 + Xy 13_X1 IXZ—iX3—X4
X1 X2+iX3+iX4 ll/iS_Xl—X2+l.X3—iX4
. IPM_ X2_iX3_iX4 l,DS_Xl Xo —iX3 +iXy
T : 1!1?4 X1+X2+1X3—1X4 Ths %5_X1+X2_1X3_1X4
4 =X1+X, —iXz+1iXy 15_X1+X2+ZX3+1X4
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These 15 configurations, describing the tetrahedrons Ty, can be used to build
a modular forms with respect to the Siegel modular group I',. With reference
to the notation introduced in (3.56), a holomorphic function can be associated
to each F)y described in (3.63), by:

Fu(t) := Fp(©4(1), @2(1), @3(7), O4(17) )

In particular, since T; is the tetrahedron associated to the 4-plet M; in (3.60),
one has:

Fi1(7) = Fy, (1) = ©1(7)@1(7)®3(7)@4(7) = FO(7) (3.64)

which is the modular form of weight 2 with respect to I';(2) introduced in (3.48).
The product of all the 15 modular forms associated to the configurations is thus
a good candidate to study.

To be more precise, one has to remark that I';4(2), as defined in (1.5), is the
stabilizer of M;. In fact, by (3.2) one clearly has I';(2) C Stu,; on the other
hand, y € Sty implies:

diag(‘c,d,) — c,m” = 0mod 2 VYm'" € 73

which implies ¢, = 0mod 2, hence y € I'20(2).

Since C; is an orbit, one has, therefore:

[[2: Top@)] = IC;1 =15

Consequently, there exists a bijection between I',/I',9(2) and the tetrahedrons,
given by the map:

[V] = T)/Ml

and one can therefore study the product of all the conjugates of F; under the
action described in (2.1):

v =[] o7kP@
[y1€l2/T20(2)

The main theorem of the section can be stated now:

Theorem 3.8. There exists ¢ € C such that:
W =cxs30

where x3¢ is the modular form introduced in (3.55).
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Proof. By definition of F; in (3.64) W is a modular form of weight 30 with respect
to I';(2). Moreover, for

1 0

0 0
1 0 EFZ,O(Z)

01

Yo =

SO O
[N e}

by (3.45), (3.20) and Lemma 3.11, one has:

F1(yo1) = —F1(7)

Then F; admits a non trivial character under the action of I';0(2). Such a
character extends to the unique non trivial character x of I'; (cf. [Ib]), hence
X(rvoy™) = x(yo) = —1 whenever y € I',. Moreover, with reference to the
notation introduced in (2.2), y’llzPl € A(yT20(2)y71, x) for each y € T,, hence:

Y e LED(T) = x(ryey DO L)) = x(70)( RF1)(T) = —(yaFi)(7)

Therefore:

0@ = [ osePd@= ] 05 kE)@ =

[y1el2/T20(2) [y1el2/T20(2)

= H XG0 RF)(r) = (1) H (¢ F1)(T) =

[Y1€er2/T2,0(2) [y1€l2/T2(2)

= (-1)P¥(7)

and consequently W € A(I',, X" = x). Hence W mustbe a multiple of x30, which
is the only modular form of weight 30 with a non-trivial character. ]

Such an expression for x3p has been also found by Aloys Krieg and Dominic
Gehre in a completely different way, using quaternionic Theta constants (cf.
[Kr]).

3.7 Rings of modular forms with levels

This section is devoted to recall important structure theorems for the rings of
modular forms with respect to some of the congruence subgroups described in
the Section 1.2.

Concerning modular forms with respect to the congruence subgroup I'¢(4,8),
Theta constants with characteristics have already been described as a chief ex-
ample; indeed their fundamental importance is soon revealed.
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It is a remarkable fact that, for ¢ = 1, 2, the only independent relations between
the generators 0,,0, are the so called Riemann’s relations, which can be derived
from (3.49) in a simple way.

For g =1, (3.49) implies for the three non trivial Theta constants:

02 ,O=62 27,0 0? 27,0
g0 = O Gr 0+ Oy 2r.0)
Qf(l)](’[, 0) = 29[8](2’[, 0) 9[(1)](2’[, 0)

(1,0) = 6%,(27,0) — 6%, ,(27,0)
(o] o]

Therefore, one obtains the only non trivial Riemann’s relation for g = 1:

%)

%%~ =

Two kinds of Riemann’s relations arise when ¢ = 2, which can be likewise
derived from (3.49); with reference to the notation introduced in Example 3.2
for even characteristics, one has 15 biquadratic Riemann’s relations:

0303 = 203 - 030%; 030 = 0303 + 020 0303 = 0303, + G203

0202 = 0202 + 0202, O202 = G202 + 020%;, 0202 = 0202 — 0202,

010} = 0365~ Ghe%;  o10%, = R0}~ ol 0365 = 620}~ o367

0365 = 6,07~ 036}, 036¢ = 036}, + 6365, 616, = 6367 ~ 6,6

005 = 6367 — 6367 6565 = 6163~ 670, 636, = 6,67 — 66,

and 15 quartic Riemann’s relations, amongst which there are only 5 independent
relations:

O -0t -0i-0t=0;, 0i-0i+0t-6i=0; 0i-0+06t-6L=0;
4 4 4 4 _ - 4 4 4 4 _ 0
0i -0t -0t -0} =0, 0 -0i-0-0t=0;

The 15 biquadratic Riemann’s relations correspond to the elements of C; by the
bijective map:

M= (my,...mg) +— Ro(M) : 62

my

03, + 62, 05, + 05 6% (3.65)

My

while the 15 quartic Riemann’s relations correspond to the elements of C; by
the bijective map:

M= (my,...my) +—> RyM) : 05, 65 =0, +0,. (3.66)
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Denoting by Ir the ideal generated by Riemann’s Relations induced on the
variables X, = 0,,0,, one has, as already stated:

C [X"H’l]

C[Qmen] = IR

(§=1,2) (3.67)

For g > 3 Riemann’s relations still provide independent relations between the
generators 0,,0,; it is still not known, however, whether they are the only
independent relations between generators for the ring C[0,,0,] or not.
Concerning the ring in (3.67), one has:

Theorem 3.9. The ring C[6,,0,] is normal when g = 1,2.

Proof. The proof can be found in [I3] for the case ¢ = 1 and in [I2] for the case

The ring C[60,,0,] reveals itself to be strictly connected with the modular forms
with respect to the congruence subgroup I'¢(4, 8) as a classical result proved by
Igusa in [I3] states:

Theorem 3.10. (Igusa’s structure theorem) A(I'¢(4, 8)) is the normalization of the
ring C[0,,0,].

A straight consequence of Theorem 3.9 is the following:
Corollary 3.10. A(I'g(4,8)) = C[0,,0,,] when g =1,2.

The section ends by recalling a structure theorem for cusp forms with respect
to the subgroup I'»(2, 4, 8) defined in (1.8), which will be used in the next chapter
to prove new results; this structure theorem was proved by van Geemen and
van Straten in [vGvS], also using the construction already described in Section
3.6.

Theorem 3.11. (van Geemen, van Straten) A set of generators for the ideal
S(T'2(2,4,8)) of the cusp forms with respect to I',(2,4, 8) is given by:

1. DM) YMeC
2. O 0usOusOmy O ¥ lmy...,ms) ¢ CHUCs
3. O Oy O M, M, Y Vg, ma,ma) € G5 Vi, ik

where, for each {my, my, mz} € C5, M € C; the only element such that {m, ma, ms} C
M and ", 1/1;”, Y are three of the linear forms associated to Ty as in (3.61).
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Chapter 4

The group I' and the structure
of A(I') and S(I)

The aim of this chapter is to present the new results found, concerning a re-
markable map made by the gradients of odd Theta functions in genus 2. The
first section will be devoted to outline the general description of this map, thus
pointing out the exceptional features pertaining to the case ¢ = 2, on which the
other sections will be focused.

Since every statement concerning the new results will pertain to the case g = 2,
the obvious indication of the grade g = 2 will be conventionally omitted.

For the sake of simplicity, the group I'(2,4)/{+I'(4, 8)}, which will turn out to be
involved in the discussion, will be denoted by the symbol G, while the symbol
G will stand for the group of characters of G.

4.1 The Theta Gradients Map

By the transformation formula (3.34) one is allowed to define a map on the
quotient space 1‘14&,’8 = B¢ /Tg(4,8):

2871(28—1)times
———
PgrTh : Aﬁ,’g — C8x---x C8/Ty(Gl(g, C))

T {gradz O |Z:0} nodd

where Ty is the representation defined in (3.35).

As a consequence of Lefschetz’s theorem (cf. [GH]) the range of this map lies
in the Grassmannian Gr¢(g, 2571(2¢ — 1)), as proved by Riccardo Salvati Manni
in [SM1]. The Jacobian determinants are the Pliicker coordinates of this map.
In their work [GSM], Samuel Grushevsky and Riccardo Salvati Manni proved
that this map is generically injective on Aé’g when ¢ > 3 and injective on the
tangent spaces when g > 2.

67
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The map was also conjectured to be injective whenever g > 3, albeit it has not
been proved yet.

The case g = 2 reveals itself, indeed, to be a case of special interest. The six
odd 2-characteristics originate fifteen Jacobian determinants, namely the ones
enumerated in Example 3.2, which satisfy by (3.36) the following transforma-
tion law:

D(N)(y7) = k()2 xn(0)det(c, T + dy)*D(N)(t)
4.1)

V’L’E@z Vy€r2(2,4) VNZ{Tll,le}GCQ

where YN = Xn Xn,-
The respective Theta gradients map in these fifteen Pliicker coordinates is:

PgrTh : A*® — P14

T — {[D(N)(7) ] }nee,

which can not be injective by (1.7), but is seen to be finite.

However, there exists a suitable intermediate congruence subgroup I'(4,8) C
I' € I'(2,4) such that the Theta gradients map factors on the correspondent level
moduli space Ar := S¢/T as:

PgrTh : Ay — P A} =T
and the new map PgrTh* turns out to be injective.

In the following section such a remarkable group will be described.

4.2 The congruence subgroup I

As already explained, the chief interest of this section is to locate between
I'(4,8) and I'(2, 4) the right congruence subgroup I', whose correspondent level
moduli space Ar = S¢/T is such that the Theta gradients map PgrTh is still
well defined on it and injective. The following description is provided for such
a group:

Proposition 4.1.

15

= ﬂkerm =y eT(2,4) | x(PxnG) =1 Vi=1,...,15) 4.2)
i=1

where yn, are the fifteen characters involved in the transformation law (4.1) for
the fifteen Jacobian determinants.
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Proof. As far as one knows by (4.1), an a priori description for the subgroup I
is:

[=Tr®yrcy (4.3)

where:

=
S
I

lyerl(2,4) | K()/)z)(N,(y) =1 Vi=1,...,15}

=
2
I

[y eT@4) | x0Pxn () = -1 Vi=1,...,15)

I', as defined in (4.3) is plainly checked to be a subgroup of the Siegel modular
group I', for Corollary 3.7 and Lemma 3.15 imply foreachi=1,...,15:

YY) = 2O )N () =1
Vy,y €T
O Han (™ = [P ()17 = ) (y)

Moreover, by (3.22) and Lemma 3.16, one has I'(4,8) c I'; hence the subgroup
I', as defined in (4.3), is indeed a congruence subgroup such that I'(4,8) c I' C
I'2,4).

The next step is to refine the definition of I, by detecting which elements of
I'(2,4) belong to this subgroup.

Clearly ﬂ}fl Keryxy, C I'. Therefore, the reverse inclusion has only to be shown,
to prove the first part of the statement.

Let thus y € I. Due to the definition in (4.3), either yn,(y) = 1 for each
i=1,...,150r xn,(y) = -1 foreachi = 1,...,15. However, if xy,(y) = -1, for
each 7, an absurd statement turns up:

-1= X(n,n,)(y) X(n,nj)(y) X(n,nk)(]/) = X(n,-,n])(y) X () (V) =1

Hence, the only possible case is y € (2, Keryy;.
Consequently, one has:

15
= ﬂ Keryy, (4.4)
i=1

and this part of the statement is proved.

In order to obtain the second identity in the statement, one needs to prove that
k*(y) = 1 whenever y € T. By the criterion described in Proposition 3.19, the
products:

D := D(n1,n2)D(n3, ns)D(ns, ne)

with 1y, ... ne all distinct, are plainly checked to be modular forms with respect
to I'(2,4). Moreover, by (4.1), the following transformation law is satisfied for
eachy €I'(2,4):
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D(yt) = kz(y))(,,1 “+ Xngdet(cyT + dy)eD(T)

Hence, by (3.14), one has for each y € I'(2,4):

6
) = [ [ 100 = Xm0 Koasina ) Xeasna )
i=1

Therefore, whenever y € T, k*(y) = 1 by the characterization in (4.4). This
shows T'™Y in (4.3) is indeed an empty set, and T = TW. This concludes the
proof.

O

Thanks to the description of the congruence subgroup I' provided in Proposi-
tion 4.1, an important property can be immediately stated:

Proposition 4.2. I is normal in I'>.

Proof. One has to prove that:
w7 imy) =1  Vyel, , Vnel , Vi=1,...,15
By setting N; = (114, 12;) foreachi =1,...,15, one has:

XN ) = X 7 )Xo 7 Y) = 77 O X)) = Xy, ()Xo, (1)

Since the action in (3.2) preserves the parity, for eachi =1,...,15 there exists a
J, depending on i and y, such that (yn1;,ynz;) = N;. Therefore:

XN, NY) = Xom (DX, (1) = xn, () = 1
where the last equality on the right holds since p € I". m]

As a straight consequence, one has the following;:

Corollary 4.1. S, does not admit any fixed point for the action of I'. In particular, the
space S, /T is smooth.

Proof. Since I' c T(2,4), the thesis follows from Corollary 1.5 and Proposition
4.4. O

A concrete description for the congruence subgroup I' in terms of generators
can be also a useful tool to work with. Corollary 3.9 suggests how to find such
a description.

Since the functions yxy, are characters of the group G = I'(2,4)/{£I'(4, 8)}, one
can find the elements in T'(2,4), which belongs to (N>, Ker,y;, by checking just
the representative elements for the cosets in {+I'(4, 8)} in I'(2, 4).

For such a purpose, Proposition 1.3 and Corollary 1.2 can be applied, to obtain:
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Proposition 4.3. The group G is a 9-dimensional vector space on Z. A basis is given

by:
-1 0 0 0 12 0 0 100 0
01 0 0 01 0 0 210 0
An={o o -1 ol 42=|0 0 1 o =0 0 1 -2
0 0 0 1 00 -2 1 000 1
10 4 0 100 0 100 2
0100 010 4 0120
2 _ 2 _ _
Bi=lo 0 1 o Bx=lo 0 1 o Bu=lg 0 1 0
0001 000 1 000 1
100 0 10 0 0 100 0
0100 0100 0100
2 _ 2 _ _
Chi=ls4 0 1 0 2=lo 0 1 0 C2=lg 2 1 0
000 1 0 401 2 0 0 1
Then, by setting x;; = X0, for each i,j, with reference to the notation

introduced in Example 3.2 for odd characteristics, a simple table can be redacted
by a straightforward computation, using (3.23) and the values in Lemma 3.13:

An | A | An | B | BY | B, | Cu | G} | G
x1i2 | -1 1 1 1 -1 -1 1 -1 -1
xiz | 1 1 -1 1 1 1 -1 -1 1
X4 | -1 -1 1 1 -1 -1 -1 -1 1
Xxis | 1 -1 1 -1 ] -1 1 1 1 1
X16 | -1 1 -1 -1 -1 1 1 -1 -1
X3 | -1 1 -1 1 1] -1 A 1 -1
X24 1 -1 1 1 1 1 -1 1 -1
Xos | -1 -1 1 -1 1 -1 1 -1 -1
X26 1 1 -1 -1 1 -1 1 1 1
X3a | -1 -1 -1 1 -1 -1 1 1 1
Xxss | 1 -1 -1 -1 -1 1 -1 -1 1
X3 | -1 1 1 -1 ] -1 1 -1 1 -1
Xa5 | -1 1 1 -1 1 -1 -1 -1 1
X46 1 -1 -1 -1 1 -1 -1 1 -1
Xs6 | -1 -1 -1 1 1 1 1 -1 -1

The independent elements satisfying the desired properties can be easily de-
tected by this table, to state the following:
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Proposition 4.4. The group I' is generated by I'(4, 8) and the elements:

1 2 4 0

A

0 4 -2 1

1 0 0 O

(A1nB},C3)) = AnB3,Ch, = 421 (1) (1) —42
0 00 1

1 0 4 2

A

0 0 01

1 0 0O

‘(B12B};B3,) = CinC3, G5, = 2 .’1_ g) 8
2 4 0 1

4.3 Structure of A(I'): generators

Since the Pliicker coordinates D(NN) are known to be cusp forms, the Theta gra-
dients map does not extend to the boundary of Satake’s compactification * of
the level moduli space A*3. The graded ring A(I') of the modular forms with
respect to the congruence subgroup I', as well as the ideal S(I') C A(I') of the
cusp forms, are needed to describe the Satake’s compactification ProjA(I') and
the desingularization ProjS(I') of the map on it. The respective even parts A(I')
and S(I)° are, indeed, the only relevant part in describing the Proj scheme 2.
This work is therefore interested in describing the structure of A(I')* and S(I');
as a first step, this section will aim, in particular, to find generators for A(I')* A
structure theorem have to be proved first, in order to describe A(I'):

Proposition 4.5. Let x5 := [1,°, O, be the modular form introduced in (3.40). Then:
A(T4,8)) = | D C16;,6310,, '--%]@(@ Co, 03— —
d even h=0,2,4 m maop

where:

A4, 8)° = P CL62,6216,, - -+ O,

d even

is the even part of the graded ring, and

1See Appendix B
2A detailed exposition of these topics can be found, for instance, in the classic book [Ht].
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AT@,8) = @ 1601 —2—

1=0,2,4 m " Oy

is the odd part.

Proof. By Igusa’s Theorem, A(I'(4, 8) = C[6,,0,] (Corollary 3.10); the result of the
decomposition of the ring under the action of I'(2,4), according to the general
procedure described in (2.2), is then:

A(T(4,8)) = EP) Cl6,6,, 1]

xeG

Since monomials in Theta constants transforms into monomials under the ac-
tion of I'(2, 4) (by (3.36)), one needs to focus only on monomials in 8,,0,, in order
to study the transformation law for elements of C[6,,0,] under this action.

In particular, if Py = O, - -+ O, € C[0,,0,]4 is @ monomial of degree d in the
variables 0,,0,, (3.36) implies the following transformation law:

Pi(y7) = 1<2d()/))(m1 o Xy det (¢, T + dy)de(T) Yy eI'(2,4)

If d = 2I, Py € C[010n, Xm, - - * Xy, ], because x(y) = 1 for each y € T(2,4) by
(3.22). Moreover, Corollary 3.9 and Lemma 3.14 imply that for each couple of
characteristics m, n, the product )(fn )(31 is a trivial character of G ; the following
decomposition arises, therefore, for the even part A(I'(4, 8))° of the ring:

A(T(4,8)) = P CI0%6210,, -+ O, (4.5)

deven

On the other hand, if d = 2] + 1, Py € €[00, K*Xm, * * - Xm,,)- Moreover, since
Xy =+ Xmyy = 1 onT(2,4), (3.41) implies the following transformation law for

X5t

x5(y7) = K2(y) det(c,T +dy)’xs(t) Yy €T(2,4)

Therefore, for each sequence M = {my, ... my,} of even characteristics, one has:

X5
le . sz;, € C[Qmen/ XML]
Since «2 is a character of G, as stated in Corollary 3.7, it is indeed a product of
the functions x,, by Proposition 3.11; the following decomposition arises, then,
for the odd part A(I'(4, 8))° of the ring:
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AT@,8) = P Cle2e2]—2—— 4.6)

h=0.2,4 Oy -+~ Oms,

This concludes the proof.

Thanks to Proposition 4.5 a structure theorem can be finally stated for A(T)".

Theorem 4.1. A(T)® = C[6%,62, D(N)].

Proof. By Proposition 4.1, I'/{+I'(4, 8)} C G is the dual subgroup corresponding
to the subgroup < xn, >C G generated by the fifteen characters yy, related to
the Jacobian determinants D(N;). One has, therefore:

AD) = P ATE4,8),0

XE<SXAN;>

Hence, the thesis follows from (4.5). O

4.4 Structure of A(I'): relations

The foregoing section has been devoted to the detection of the generators of
A(T)¢, which have turned out to be 62,62 and D(N). Some relations existamongst
these generators, most of which are induced by Riemann’s relations. This sec-
tion aims to provide them, by a combinatorial description. For this purpose a
threefold investigation will be needed, in order to find the relations involving
only the 62,62, the relations involving only the D(N), and finally the ones be-
tween the 62,0% and the D(N).

44.1 Relations among 62,62

The relations among 62 0% are completely described by Riemann's relations (see
Section 3.7). Therefore, with reference to the notation introduced in (3.65) and
(3.66), there are 15 independent biquadratic relations:

Ry(M)=0 VYMeC} (4.7a)

and 5 independent quartic relations:

RiM)=0 i=1,...5 (4.7b)
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4.4.2 Relations among D(N)
The 15 relations of the kind:

DM)* = 67, 03,62, 04, VM = {mq, my, my, ms} € C;

induced by Jacobi’s formula and described in Example 3.2, have to be used
together with the ones in (4.7a) and (4.7b), to find all the desired relations
amongst the fifteen Jacobian determinants {D(M) }Meq. These have been done
by Professor Eberhard Freitag by means of a computer program written by him;
here a combinatoric explanation follows for all the relations found.

1. For each even characteristic m, one can enumerate the six4-plets {M"};=1,_ 6
in C, containing m, in such a way that:

MO M2 M = {m) = M (0 M2 O M

Then, one has:

D(MHDMEYD(ME') = x5602, = D(MH)D(ME)D(MZ") (4.8a)

which are obviously 10 relations, namely one for each choice of m.

2. For each M = {my,...m¢} € C{ there are eight 4-plets of C,, containing
exactly a triplet {m;, m;, m} C M; these 4-plets can be enumerated in such
a way that:

D(M)D(M)D(M3)D(My) = x5 [T, 6%, =
(4.8b)
= D(Ms)D(Ms)D(M;7)D(Ms)

These are 15 relations, namely one for each choice of M € Cg.

3. Let M = {my,...mg} € C} and let

Ro(M) = 6, 02 + 05, 62 +6;,. 05 =0

my —

be the associated biquadratic Riemann’s relation as in (3.65).
For each couple of even characteristics {m;, m;}, one can denote by le,]

and Mlzj the only two 4-plets of C, containing {mm;, m;}; then, one has:

DM *)D(M;?) = D(M;*")D(M3*) + D(M}*)D(M3°) = s
4.8¢c
= +D(M")Ro(M) = 0
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These are 15 relations, since they correspond to the elements of C;.

Otherwise, by choosing for each couple of even characteristics m;, m; only
one of the two 4-plets M;" e M/, one has the following general identity:

D*(My?) + D*(My") £ D>(M2°) =

= 02,02,02, 02, + 02 02 02, 02, + 02 02,02, 07

ms ™~ Mg

where a1, az, f1, 2, €1, €2 are characteristics in M € C}.

In particular, each triplet of determinants can be chosen in such a way
that only three of the four characteristics appearing in the 4-plet M* are
involved in the respective identity; for combinatorial reasons, there is
a unique way to build a relation among D(M)’s by multiplying each
determinant of such a triplet by two other distinct determinants:

Dy, Dy D*(M>*) + D, D, DZ(MZA) + D, D; D> (M2%) =0 (4.8d)

One can observe that, for each choice of M € C/, there exist four distinct
triplets of determinants D(M%?), D? (M;A), D2(M>®) satisfying the desired
condition; more precisely, each triplet corresponds to a choice for the
characteristic in M° which does not appear in the identity, and obviously
there are four possible choices for such a characteristic. Therefore, the
relations (4.8d) are in number of 15 - 4 = 60.

4. Let M = {my,...my} € C; an let
Ry(M) =6;, 6, +06, =0 =0

be the associated quartic Riemann’s relation as in (3.66). For each m; € M
there exist only 2 elements M}, M, € C; containing m; and such that:

]\/Il1 AMlz =M= {m5,...m10}

One has, therefore:

4
Y D(M5)? DMLY = O, -+ O Ra(M) = 0 (4.8¢)
i=1

It must be remarked that all the 15 quartic Riemann relations induce in-
dependent relations on the D(M), even though they are not independent
themselves; the relations in (4.8e) are, therefore, in number of 15.
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5. Let M = {my,my, m3} € CJ be fixed.
There exist only two distinct 6-plets in C!, containing M. Then let M =
{m1,my, ms, my, mj, m} be such a 6-plet; the corresponding biquadratic
Riemann’s relatlon is easﬂy seen to be such that:

Ro(M) = 07,0, = 0;,6,, 6,07, =0
with {m], m}, m}} € C;.
Moreover for each Couple of characteristics {m;, m;} C M, there exists a
unique M;; € C}, containing {m;, m;} and satisfying:

RZ(M{,]‘) = i@ﬁlﬂﬁ” + P,']' =0

For combinatorial reasons, all the terms 92 Pk share the common addend

6; Qﬁ, 62, ; therefore, one has:

4

2 02 o2
0=0,,0,,0,,R

2(M) = £6;, 62,Pp5 £ 63, 02 P13+6 0% Pio =

my ms = my

—+62 92 62 62 +62 62 62 92 +62 62 62 92 +62 62 62 62

my m m my m my m ms m

where m, is the unique even characteristic which completes M = {m, my, m3}
to a 4-pletin C, (to which a quartic Riemann’s relations correspond, as in

(3.66)), and {my, mg, me} = {my, ma, ms, ma, my, mj, ms}e.
Then it is easily checked that:
4
0:[ H emJeﬁﬁeﬁheﬂ Ry(M) = ) +D(M))D(M))®  (4.8f)
mé{m ma,ms, s} i=1

where Ml1 and M’2 are, for each i = 1,...4, the 4-plets in C; containing
m; and such that M} A M} = {m1,ma, m3,my)°, already appeared in the
relations (4.8e).

By selecting the other 6-plet M = {my, ma, m3, m,, mg, me} containing M =
{m1, my, m3}, one obtains the same relations with interchanged exponents:

4
=Y +D(M;)’ D(M3) (4.8g)
i=1

One has to observe that triplets M = {m;, m,, m3} belonging to the same 4-
pletin C, produce exactly the same relation (essentially because the same
related quartic Riemann relation comes substituted in the foregoing null
expression). Therefore, these relations are parameterized by the elements
in C;; consequently, there are 15 relations of the type (4.8f) and 15 of the

type (4.8g).
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6. For each even characteristic m € C;, there are exactly six determinants
{D!"}i1,..6 such that:

D = D(M) = £0, 0,01, O, with m € M = {my, mp, m3, mg} € C;

Then, one has:

6

Y (DY = 04164, (04, 6%, = 02,01 )+

i=1

+ 0,,(03, 04, + 03,03,) * Oy, (04,04, + 0,64,)]

where {1, a2, a3, as}, {a1, a2, a5, a6} € Cj.
Then, for each 7, j,k = 1,...6 such that {a;, aj, a4} € CJ, one can denote by
the symbol Mf‘] the only 4-plet in C; containing a;, aj, and not ay, and by
the symbol P(Mifj) the polynomial:

P(M}) = Ra(M}) - 63,

where R4 (Mi.‘].) is the quartic Riemann relation associated to Mif]. asin (3.66).
Then, in particular:

6
Y £(D)* = 04,104 [0%, P(M,) + 04, PV, ]+
=1

+ 0y [04 P(M,s) + 04 P(M2,)] + 05 [04 P(M5s) + 04 P(M3)]}

where:

M%B ﬁMil = {1’12,1’13}
M%S ﬁ]\/ﬁ6 = {nq, n3}
MzS ﬂMgé = {ny,ny}

Therefore, for a suitable choice of the relative signs, one has:

6
Y £ (D) = 04100 (02,  O%)(x0%, = 0F)=
i=1
0%, (0%, + 01,)(00, = 0%) + 04, (0%, + 0404, +0%)] =

[4%)

= 05,(0% +0)[0; (£0; £ 65) £ 05 (20, +06;)+0; (£65 +0;)]

ay ny n
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which is made null by a suitable choice for the remaining signs. To sum
up, therefore, for each m € C; one has the relation:

6
Z +(D")* =0 (4.8h)

i=1

with a suitable choice of the signs, uniquely determined as explained.
However, it is easily verified that only 6 of this ten relations are indepen-
dent.

Now, the following definitive Proposition can be stated concerning the
relations among the D(N):

Proposition 4.6. All the relations amongst the D(N) are generated by:
. The 10 relations in (4.8a);
. The 15 relations in (4.8b);
. The 15 relations in (4.8c);
. The 60 relations in (4.8d);

. The 15 relations in (4.8f);

1
2
3
4
5. The 15 relations in (4.8e);
6
7. The 15 relations in (4.8g);
8

. The 6 relations in (4.8h);

Proof. The statement has been proved computationally by elimination theory,
thanks to a computer program created by Professor Eberhard Freitag. |

4.4.3 Relations among D(N) and 626>

There are of course the 15 relations induced by the Jacobi’s formula:
DM)* = 0;,0,,07.65, Y M = {my,my,ms,my} € Cy (4.9a)

as described in Example 3.2. Any other relation is clearly generated by the ones
in (4.9a) and by all the relations of the kind:

h
[ oo = Pe262)
i=1

where P(62,62) is a polynomial in 62,62 and the determinants D(N;) are all
distinct.
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Since for each couple of characteristics m, n 62,62 is a modular form with respect
to I'(2,4) by (3.36) and (3.23), such a relation is satisfied if and only if []; D(N;)
itself is a modular form with respect to I'(2, 4).

By Proposition 3.14 such a condition is equivalent to M'M = 0 mod2 for the 4x4h
matrix M = (M ... M) of even characteristics, associated to [ [; D(M;), and also,
by Proposition 3.19, to N'N = 0mod2 on the 4 X 2h matrix N = (N7...Nj) of
odd characteristics, associated to []; D(N;). A necessary condition is therefore
given by:

diag(M'M) = 0mod 2
or, likewise, concerning odd characteristics, by:
diag(N'N) = 0mod 2

As a first step, the discussion will be therefore focused on products [[; D(N;)
of distinct Jacobian determinants, satisfying this condition. For such a purpose
the following technical definition will be useful throughout this section:

Definition 4.1. Let 1 < h < 15, and let D(N7)--- D(Ny) = D(My)--- D(My,) be a
product of distinct Jacobian determinants. If the sum of all the even characteristics m
appearing in the 4plets M; € C; (or, equivalently, the sum of all the odd characteristics

n appearing in the couples N € Cy), each counted with its multiplicity, is congruent to
0 mod 2, such a product will be called a remarkable factor of degree h. A remarkable
factor which is product of remarkable factors will be named reducible, otherwise it
will be called non-reducible.

As already seen, if the product D(N;)--- D(N},) of distinct determinants is a
modular form with respect to I'(2,4), it is a remarkable factor, while the con-
verse statement is not necessarily true.

Remarkable factors can be easily characterized.

Proposition 4.7. P isa remarkable factor if and only if P is a monomial in the variables
02, and xs. More precisely:

P=)(5hH6m2 h=0,1

Proof. 1f P is a monomial in the variables 62, and xs, then P is clearly a remark-
able factor; therefore, only the converse statement has to be proved .
For such a purpose, one can use the function, defined in (3.52):

F:C— C[0,]
{mlrm2/ ey mh} i 9m19m2 e emh
F@) =1
Then, in particular:

F({m}) = 6. F(C1) = xs; FM) =DM) VM e Cy;
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and moreover one has:
F(Mi) FMj) = Fvi o My) - [ 042
mGM;ﬁM/‘

If P = F(M;) - -- F(M}) is a remarkable factor, by using such identity and Propo-
sitions 3.4, 3.5 and 3.6, it necessarily follows that:

P = XSh H sz
"
withh =0,1. O

In order to classify remarkable factors in terms of the Jacobian determinants
appearing in the product, the law which associates to each couple of odd
characteristics N € C, their sum S(N) € Z‘é will be a useful tool:

N ={ny,n} — S(N) =n1 +ny

In fact, a product P = []; D(N;) of distinct Jacobian determinants is clearly a
remarkable factor if and only if ) ; S(N;) = 0.

Lemma 4.1. Remarkable factors of degree greater than 5 are reducible.

Proof. LetP = Hf’zl D(N;)be aremarkable factor with /1 > 5. The set {S(N;)}i=1,.n C
Z necessarily contains at least two elements linearly dependent from the oth-
ers. Since S(N) # 0 for each N € C,, the thesis follows. |

By Lemma 4.1, remarkable factors of degree at most 5 are the only ones to check,
in order to find the non-reducible ones.

Proposition 4.8. Non-reducible factors are:

~

. D(ni,nj)D(n;, ng)D(ng, n;);

N

. D(T’l,‘, le)D(nk, nl)D(nS/ nt);

[S¥)

. D(nj,nj)D(n;, ng)D(ny, n))D(ny, n;);

HN

. D(n;, nj)D(ni, n)D(ni, n;)D(ns, ny);
5. D(n;, le)D(le, ng)D(ny, ) D(ny, n,)D(ny, ni);
6. D(n,nj)D(n, n)D(n, n))D(m, n,)D(m, ns);

Proof. They can be plainly detected by the following table, which can be
redacted with reference to the notation introduced in the Example 3.2 for odd
characteristics:

O
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D(N) IS(N)
DM, n@) | (1111)
D™, n®) | (0010)
D@, n®) | (1101)
DM, n®) | (1110)
D@, n™®) | (0001)
DD, n®)) | (1000)
D@, n®) | (0111)
D™, n®) | (1011)
D(n®,n®) | (0100)
Dn®,n™®) | (1100)
D(n®,n®) | (1010)
D(n®,n®©) | (1001)
D™, n®) | (0110)
D(n™,n®) | (0101)
D™, n®) | (0011)

By using (3.19), one can observe that only the factors of the type 2., 3. and 6. are
modular forms with respect to I'(2,4). As a consequence of Proposition 4.7, x5
appears in such factors with even multiplicity, while it appears in the factors of
type 1., 4. and 5. x5 with odd multiplicity.

The products [T; D(N;) of distinct determinants which are functions of 62,62,
are thus necessarily products of the factors listed in Proposition 4.8.

Proposition 4.9. The relations involving products of 3 determinants are:

6
D, n)D(r, m)Dirng, my) = [ | 02 (4.9b)
i=1

Proof. As already stated, the factors of type 2. are the only ones involved.

In order to prove that the six Theta constants appearing in the expression (4.9b)
are all distinct, let P be a product of determinants of the type in (4.9b), and let
My, My, M3 € C; be the 4-plets satisfying:

P = D(M1)D(M2)D(Ms)

Since P is a remarkable factor, if M; A M; € C; for any couple of this 4-plets, it
would follow that (M; A M) = M3; then one would have P = 9m126,n226m32)(5,

which is an absurd statement, because P is also a modular form with respect to
I'2(2,4). Then, by Proposition 3.4, M; A M; € C; for each distinct couple M;, M;,
and the only possibility is M; A M, = M3 € C,, namely:

My = {my, my, m3, ma} My = {my, my, ms, me} M3 = {m3, my, ms, me}

Therefore, the thesis follows. O

Proposition 4.10. The relations involving products of 4 determinants are:
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8
D, 1)D(rj, m))D(ng, m)D(ry, i) = [ | O (4.9¢)
i=1

Proof. Remarkable factors of type 3. are the only ones involved.

To prove the eight Theta constants appearing in the expression (4.9c) are all
distinct, let P be a product of determinants of the type in (4.9¢c), and let
My, My, M3, My € C, the 4-plets satisfying:

P = D(M;)D(My)D(M3)D(M,)

If My A My € C; , then M3z A My = My A M; € Cj, since P is a modular form
with respect to I'2(2,4). Due to [M; A M;| = 4, there are at least six distinct
characteristics among the ones associated to the Theta constants appearing in
the expression (each of them appearing with multiplicity 2); however, M3 A
My = My A M, and |M3 N My| = 2, hence the eight characteristics, appearing
with multiplicity 2, are all distinct, since the determinants involved D(M;) are
all distinct.

If Mi; A M, € Cg, then Mz A My =M, AM, € Cg Since M1 N M| = 1, at
least seven distinct characteristics appear, each with multiplicity 2. As before,
Mz A My = M1 A M, with |[M3 N My| = 1 and the common characteristic in
M; and M, must be different from the other seven, since the D(M;) are all
distinct. O

Proposition 4.11. The relations involving products of 5 determinants are:

D(n,n;)D(n, ng)D(n, n;)D(m, n,)D(m, ns) = H 0%, (4.9d)

Proof. As seen, the factors of type 6 are the only ones involved. By Proposition
4.7 xs appears with even multiplicity. However, it can be plainly seen that the
ten Theta constants in the expression (4.9d) are not necessarily all distinct in
this case. O

Concerning the relations involving products of more than 5 determinants, one
has to observe that the product of two non-reducible remarkable factors of type
2,4 and 5 is indeed a modular form with respect to I'(2, 4); therefore, if it does
not factorize into a product of the factors already selected, it will induce new
independent relations. One has, in particular, the following:

Proposition 4.12. The relations involving products of 6 determinants are:

D(n;, n;)D(n;, n) D, n;)D(n1, n,)D(ny, n)D(ns, ny) = x5° 6" O (4.9)

Proof. The only possible case rises from the product P of two distinct factors of
type 1.:

Q1 = D(n;, n;)D(n;j, n)D(ne, ) = x50m"

Q1 = Dl m)Dlr, Do, ) = x56



84 CHAPTER 4. THE GROUPT AND THE STRUCTURE OF A(T') AND S(I')

Clearly Q1 - Q] does not factorize into products of determinants which are in
turn modular forms with respect to I'(2, 4); therefore, the relations in (4.9¢) are
not generated by the previous ones. O

The following Proposition ends the investigation around these relations.

Proposition 4.13. Let P be a product of more than 6 distinct determinants, which is
a modular form with respect to I'(2,4). Then, each relation involving P is dependent
from the ones in (4.9a), (4.9b), (4.9¢c), (4.9d) and (4.9e).

Proof. The single cases have to be briefly discussed.

Let P be a product of 7 distinct determinants such that P € A(I'(2,4)).Then P
is necessarily the product of a factor P; of type 1. and a factor P, of type 4. and
the only possible cases are:

Py - Py = [D(n;, nj)D(n, ng) D(ng,, n:)[D(ny, ni) D(ny, 1) D(ny, ni) D(ny, 115)]
Py - Py = [D(n;, nj)D(nj, m) D(1x, 1) |[D (1, 1) D (g, 1) D(ny, 1) D1, 115)]
However, by using the relations (4.8a), it turns out that:
D(ni, nj)D(nj, n)D(ng, n;) = D(ny, n,)D(ny, ns)D(ns, 1y)

Therefore in both case at least a D(N)? appears, and the relations involving
P are dependent from the ones which have been already found (the relations in
(4.9a) hold, in particular).

Concerning products of more than 7 determinants:

P=HD(N) CcC stl|C>7
NeC

it will be useful to study the product of the determinants, associated to the
complementary couples N:

P = H D(N)

N¢C

In fact, if P € A(I'(2,4)), then clearly P° € A(I'(2,4)), so that the behavious of P*
pertains to the previous cases.

Let P be, therefore, a product of 8 distinct determinants such that P €
A(T'(2,4)). P° has thus degree 7; then, either P° = Q; - Q4 with Q1 of type 1. and
Qq of type 4, or P = Q5 - Q3 with Q; of type 2. and Q3 of type 3.

If P° = Q1 - Qsthe only two possible cases are the ones discussed before; then, it
is easily verified that P always admits a factor of the type (4.9d):

D(ni/ le)D(Vl,', nT)D(ni/ nS)D(nS/ nj)D(nS/ nl)
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which does not appear in the product Q1 - Q4. Then P factorizes into the product
of two factors which are modular forms with respect to A(I'(2, 4)), and have been
therefore already checked.

If P = Qz . Q3, then:

P¢ = D(ni, n)D(ny, m)D(ny, n) D0, Do’ 1) Doy, ) DG, )

Since four of the six odd characteristics appear with multiplicity 3 and the other
two with multiplicity 1, P always contains a factor of the type (4.9¢):

D(n,n,)D(n,,ng)D(ng, n,)D(n,, n)

Therefore, P factorizes again into the product of two factors which are modular
forms with respect to A(T'(2, 4)).

Let P be the product of 9 distinct determinants such that P € A(I'(2,4)).
P° € A(I'(2,4)) has, therefore, degree 6; consequently, it is either the product
Q2 - Q; of two factors of type 2, or the product Q; - Q] of two factors of type 1.
In the first case:

P¢ = Qy - Q) = D(ni, nj)D(ng, m)D(ny, ns) D(n;, ) Dy, ) D(m;, 1)

all the characteristics appear with multiplicity 2; therefore, P always contains a
factor of the type (4.9d).

In the second case P is of the type (4.9¢); then, at least five characteristics appear
in P° with multiplicity 2. Hence, P always contains a factor of the type (4.9d).

If P is a product of 10 distinct determinants such that P € A(I'(2,4)), by
Proposition 4.11 P¢ is of the type (4.9d). Then, it can be easily checked that P
necessarily contains a factor P; of the type (4.9c) both when n # m and when
n=m.

If P is a product of 11 distinct determinants such that P € A(I'(2,4)), by
Proposition 4.10 P* is of the type (4.9¢). Then, P = Py - P’ where Py is of the type
(4.9d) and P’ = P; - P; is of the type (4.9¢).

Finally, if P is a product of 12 distinct determinants such that P € A(T'(2,4)),
by Proposition 4.9 P is of the type (4.9b). Then, P = P¢ - P3 - P, where Pg is of
the type (4.9d), P; is of the type (4.9c) and P; is of the type (4.9b).

Obviously products of 13 or 14 Jacobian determinants can not be modular
forms with respect to I'(2,4), while the product of all the 15 determinants
trivially factorizes into factors already selected.

O

To sum up, one has:

Proposition 4.14. A system of independent relations between the generators D(M)
and 62,62 is given by (4.9a), (4.9b), (4.9¢), (4.94) and (4.9e).
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The results concerning the description of A(T')®) pursued throughout the fore-
going sections can be, now, summarized as a structure theorem in terms of
generators and relations:

Theorem 4.2. (Structure Theorem for A(I)®) The ring A(T)© is generated by
02,0% and D(M). The ideal of the relations amongst them is generated by the ones in
(4.7a), (4.7b), (4.8a), (4.8b), (4.8c), (4.8d), (4.8e), (4.8f), (4.8%), (4.8h), (4.9a), (4.9D),
(4.9c), (4.94) and (4.9e).

4.5 The Ideal S(T')*

The even part S(I')° of the ideal of the cusp forms with respect to the sub-
group I' can be described thanks to the results by Van Geemen and Van Straten
concerning the generators of the cusp forms with respect to I'(2, 4, 8):

Theorem 4.3. A system of generators for S(I') is given by:
1. DM) VMeC;

2. 0, 05,6562 05, V' {my, ma, ms, mg, ms} ¢ Cs + NCy

In particular, there are 15 + 5 - 70 = 365 generators for this ideal.

Proof. Since I'(2,4,8) c T'(4,8) c I, the inclusion S(I') ¢ S(I'(2,4, 8) is plainly
verified; the generators of S(I')° can be therefore selected amongst the ones
described in Theorem 3.11. Since, by Theorem 4.1, S(T)* c C[62,62, D(M)], only
the types 1. and 2., enumerated in the statement of Theorem 3.11, generates
S(I)¢; in fact, by using 0% = Q,,(©,), elements of type 3. are easily seen no to be
in the ideal, being expressed as P(62,62)0,, where ®,, is a second order Theta
constant. O



Appendix A

Elementary results of matrix
calculus

Proposition A.1. Letk =‘(ky, ...ky) € Z3 a column vector and D := MCD(ky, . .. k,)
the greatest common divisor of k1, ...kq . There exists a matrix M € My(Z) with k as
first column and det M = D.

Proof. The statement can be proved by induction on g. It is trivial indeed for
¢ = 1. Then, let it be true for ¢ — 1 and let k = (ky, ...kg) € Z8. By the inductive
hypothesis, a matrix M" € M,_;(Z) exists with k" = tky, . kg1) € 7371 as first
column and det(M’) = D" = MCD(ky,...k¢s-1). Now, let p,q € Z satisty the
Bezout identity pD’ — gk, = D . Then the matrix M defined by:

has the desired properties !. o
The following is an immediate application:

Corollary A.1. Let k = t(kl,...kg) € 738 a primitive column vector. Then, an
unimodular matrix M € GL¢(Z) exists, such that k is its first column.

Concerning matrices with entries in a field, decompositions into triangular
factors are often useful to consider.

Definition A.1. Let K be a field and M € GL,(K). The matrix M is said to admit a
LU decomposition if M = LU, where L € GL,(K) is a lower triangular matrix with
entries 1 on the diagonal and U € GL,(K) is an upper triangular matrix.

ISince the main ingredient of the proof is the Bezout identity, the statement generally holds for
principal ideal domains with no crucial difference in the proof. The existence of such a matrix M is
likewise proved for each distinct greater common divisor D.

87
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Proposition A.2. The LU decomposition is unique.

Proof. Let M € GL,(K) be such that LU = M = L’U’, where L,L’ € GL,(K) are
lower triangular matrices with entries 1 on the diagonal, and U, U’ € GL,(K)
are upper triangular matrices. Then, (L')"'L = U’U"!. However, since (L)"'L
is lower triangular and U’U! is upper triangular, both must be diagonal.
Moreover, the entries of (L')"!L’s diagonal are 1; hence (L')"'L = U'U™! = 1,,.
Therefore, L =L"and U = U’. O

Proposition A.3. Let be K a field, and M € GL,(K). Then M admits a LU decompo-
sition if and only if all the leading principal minors are nonzero.

Proof. Let M € GL,(K) be such that M = LU with L € GL,(K) lower triangular
matrix with entries 1 on the diagonal, and U € GL,(K) upper triangular matrix.
Then, for each 1 < I < n the h x h submatrix M® of M, corresponding to the
h x h leading principal minor, clearly admits the decomposition M® = L®U®,
where L® and U® correspond to the i x h leading principal minor respectively
of L and U; hence:

h
detM® = det L det U = H U; #0
i=1

On the converse, let be M € GL,(K) such that all the leading principal minors
are nonzero; one can prove the LU decomposition for M, by induction on #.
For n = 1 the statement is trivial. Therefore, let it be true for n — 1, and let
M € GL,(K) be such a matrix. M can be described in a suitable block notation
as:

M(n—l) a

M =

( b Mnn

where M,_1) is a (n — 1) X (n — 1) matrix, whose leading principal minors
are nonzero. By the inductive hypothesis, M(,—1) = L—1yUu—-1), where L1y €

GL,-1(K) is alower triangular matrix with entries 1 on the diagonal, and Uj,_1) €
GL,-1(K) is a upper triangular matrix. Then, the matrices L and U are:

_ (L) O _(Uw- Y
L‘( : 1) u_( 0 U,

where x and y are the unique solutions of the systems:

La-ny=a Up-1yx = b

and Uy, = My, — 'xy.

As a corollary, one has the following:
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Proposition A.4. (Jacobi decomposition) Let M € Sym,(R) be a definite positive
matrix. Then, one has a unique decomposition M = 'UDU, where U € GL,(R) is an
upper triangular matrix with entries 1 on the diagonal and D is a diagonal matrix with
positive entries.

Proof. Since M is a real symmetric definite positive matrix, all its leading prin-
cipal minors are nonzero. By Proposition A.3, M admits a LU decomposition.
Letbe M = Lol such a unique decomposition. Since det Uy # 0, each diagonal
entry Uj; of the matrix Uy is nonzero; then, one has:

Un 0 ... 0) (1 & ... g
Uy = 0 Ux : 0 1 S
; - : . Un—1n
: . 0 : ’ un—ln—l

By transposing, one also obtains M = 'UD'Ly. Since the LU decomposition is
unique, ‘Ly = U, and consequently M = ‘UDU. Since U is invertible, one also
has D = fU"'MU™!; hence, D is definite positive, which concludes the proof. O

A straightforward corollary is the following classical result:

Corollary A.2. (Cholesky Decomposition) Let be M € Sym,(R) a definite positive
matrix. Then, one has a unique decomposition M = L'L, where L € GL,(R) is a lower
triangular matrix with positive entries on the diagonal.

Proof. Since the diagonal matrix D appearing in the Jacobi decomposition M =
*UDU is definite positive, D'/? exists. Then, the thesis follows by setting L =
‘up'2. m
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Appendix B

Satake’s compactification

This appendix is designed to describe a singular compactification of the moduli
space Ay = G./T,, provided by Satake in [Sa], which is realized by adding
cusps, namely orbits under the action of suitable subgroups of I'; indeed, in
this construction this cusps play the role of different directions to infinity to
add to the space in order to make it compact.
This procedure can be done in different steps.

B.1 Realization of 6g as a bounded domain

To compactify S./T,; in the way described above, one needs to seek the right
cusps to add; the first step consist of realizingGg as a bounded domain in
Sym,(C), so that the points to add will be sought along the boundary. In case
g = 1 by the Cayley transformation:

T—1
Ci(1) = p V1 e & (B.1)

one is provided with the Poincaré model, which realizes the complex upper
half-plane H as the open unit disk D; = {z € C | |z] < 1} . The Cayley
transformation admits a generalization to the upper half-plane S,:

Ce: Sy — Dy
(B.2)
T (T —ilg) - (T +ilg)™!

where D, = {z € Sym,C | zz — 1 < 0} is the natural generalization of the open
unit disk D;.

Proposition B.1. The map Cg in (B.2) is an analytic isomorphism, whose inverse map
is:

Co'@) = i(lg+2)(1g —2)! (B.3)

91



92 APPENDIX B. SATAKE’S COMPACTIFICATION

Proof. As proved in Proposition 1.5, ¢, + d, is invertible whenever 7 € &,
and y € Sp(g,R). Hence, in particular dett # 0 whenever 7 € Gg; then,
dett +il, # 0 whenever 7 € S, and the map Cj is consequently a well defined
analytic map. Moreover, for each 7 € S, one has:

Co(1)Cq(7) = 1 = (T — ilg)(T + ilg) 1T + ilg)(T —ily) ™ =
= (T — i) "L (T — i1g)(T + ily) + (T + ilg)(T — i1)](T — ilg) ™" =

= —4'(T — ily) Umt(T —ily) ™ <0

Therefore, C; maps S into D,. Moreover, for each z € Dg, 1, — z is also
invertible; in fact, if w € €8 is such that (1, — z)w = 0, then:

fw(ly —zz)w =0

hence, w = 0 whenever z € Dg; then, the map in (B.3) is also a well defined
analytic map. Moreover, for each z € Dy, one has:

ImCy'(z) = %[(1g —2) M 1g+2)+ (1, +2)(1, —2)7 '] =

- %t(lg_—z)_l[(lg +2)(1g -2 + (1 —2)(1g + D1 —2) ' =

=1, -2l —22)(1g-2)' >0
Then, Cgl maps D, into S, and, as easily checked, is the inverse to C,. m|

In general, an embedding theorem proved by Borel and Harish-Chandra (cf.
[AMRT]) states that every symmetric domain can be realized as a bounded
domain in a complex affine space of the same dimension if and only if it does
not admit a direct factor, which is isomorphic to C" modulo a discrete group
of translation. Since, Sp(g, R) is a simple Lie group, (1.14) implies S, does not
admit such a factor and consequently the Borel and Harish-Chandra theorem
applies. It can be seen indeed that the Cayley transformation C, provides the
Harish-Chandra embedding.

Due to (1.10), an action of the symplectic group Sp(g, R) is induced on the
bounded domain D, by the Cayley transform:

Sp(g,R) x Dg — Dy
(B.4)
(y,z) > Cgy Cglz

As easily seen, one has:

vz = [ (ay—ic))(z+1g)+i(b, —id,)(z—1g) | -[ (a, +ic))(z+1g) +i(by +id, ) (z—14) It

The bounded realization of the Siegel upper half-plane S, allows to seek
the suitable cusps along the boundary. Indeed the symplectic group acts on the
boundary of D, as well, as the following Proposition states:
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Proposition B.2. Let Bg = {z € Symy(Cllg — zz < 0)} be the closure of Dy in
Sym(g, C). The action of Sp(g, R) extends to Bg.

Proof. One has only to prove that the matrix:

M (2) = (ay +ic))(z + 1) + i(by + id,)(z — 1)

is invertible whenever y € Sp(g,R) and z € Bg, namely that M (z) is of maxi-
mum rank. By setting:

M (2) = (ay —icy)(z + 1g) + i(by —idy)(z — 1)

one has:

tM;—'(z)M)i,(z) = Z+ 1) (ayay + ¢, 0))(z + 1) + (z — 15)('by by + 'y, )(z — 1)+

—iE = 1o)(byay, +'dyc) )z + 1) +iE + 1g)('ay b, +'cydy)(z — 1)+

+2(1, — z2)

Hence:

—_— 1 ,— —_ _

tM;j (z)M; (z) = E(tM;j (z)M; (z) + tM)j (z)MV (2)) +2(1; — z2) (B.5)
Now, since:

{15 N e [ [

M (2) 1, ilg J\ep d,)\ily —ilgJ\1,
one has:

M,
rank (M;Jfg;) = rank (lzg) =8

and consequently ‘M; (2)M;(z) + 'M;, (2)M,,(z) > 0. Therefore, for each z € Eg,
(B.5) implies:

‘M (2)M;(z) > 0
Then, rankM(z) = g. O

B.2 Boundary Components

The next step is decomposing Bg in such a way that the decomposition is pre-
served by the action of Sp(g, R); the group will thus operate on the components
of Eg.

First of all, one can observe that an equivalence relation can be introduced
in Bg by stating two points of Bg are equivalent if they are connected by finitely
many holomorphic arcs.
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Definition B.1. For z,w € Bg, one has z p w, if and only if there exist finitely
many holomorphic maps fi,..., fxr : D1 = Eg, such that f1(0) = z, f(0) = w, and
fi(D1) N fisa(D1) # 0 foreachi=1,... k.

The relation p is thus easily checked to be an equivalence relation on Eg.

Definition B.2. The equivalence classes of p are known as the boundary compo-
nents of Bg.

In order to classify boundary components, a suitable map v, : R% — C¢ can
be defined for any fixed z € Dy:

@) = (1(1 ¥ Z)) (B.6)
g

-z

The importance of such maps is related to the subspaces Keriy,, which are
invariants of the boundary components.

Proposition B.3. Let z € 58 and let 1\, be the correspondent map as in (B.6). Then:
1. Keri, is an isotropic subspace of R*, namely xJ,'y = 0 whenever x, y € Kery.;
2. Kery, # {0} ifand only if z ¢ Dy,
3. Keryy, = Kery.y™ for each y € Sp(g, R);

Proof. One can identify R? with C¢ by:

® ) . )
(X1, ... Xog) ——> (X1 + iXge1, X2 + iXguo, ... Xg + iXog)

Then, for each z € Bg:

oo’ B
= (X1 — Xg41, ... 1Xg — Xog, X1 + Xgi1, ... IXg + X2g) (fq) =
=i(wz + w) (
Hence, whenever x, y € Keri),, p(x) = —i(x)z and ¢(y) = —idp(y)z; then one has:

8 8
X'y =) xiygei = ) xgeiyi = Im (900 '9(v) =

i=1 i=1
= @' 6(w) - W B = 0

and thus 1. is proved.

To prove 2, one observes that Kerip, # 0 implies there exists w € C¢ such that
0 = wz +w. Then, w(lg —zz) = w+wz = w—w = 0, and consequently 1, —zz is
not positive definite; therefore, z € 58 — Dg. On the other hand, z ¢ Eg implies
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there exists an eigenvector w € C* such that (zZ)w = w. If w = -Wz, thenwis a
non null vector in Keri,; otherwise (iw + iwz)z = i(wz + w) = —(iw + iwZz) and
iw +iwz is thus a non null vector in Keri,.

Finally 3. follows by a straightforward computation.

Corollary B.1. Let z1,z; € Eg. If z1 p 2o, then Keri,, = Keri,,.
Thanks to Corollary B.1, the following definition can be introduced:

Definition B.3. Let F be a boundary component of D,. The isotropic subspace
associated to F is:

U(F) = Kery, z€eF (B.7)
By using the associated isotropic subspaces, the boundary components can be

classified.

Proposition B.4. The following subsets of Dy:

Fo = {1} (B.8a)
0

F, = {(S 1h) |te Dh} =D, V O<h<g (B.8b)

F, =D, (B.8¢)

are boundary components.

Proof. Itis easily checked that the following isotropic subspaces of R%:

h
u® = Z ]R/eg+i
i=0

are such that U" = U(F;,) foreachh =1, ... g. Therefore, each F;, must be union
of boundary components; since Fj, is connected by holomorphic arcs, then Fph
is a boundary component itself. ]

It is plainly checked that (B.7) defines indeed a one-to-one correspon-
dence between boundary components of Eg and isotropic subspaces of R

(cf. [HKW]). As a consequence, D, admits a decomposition into boundary
components:

D= | J »#
yeSp(g/R)
0<k<g
However, the boundary components whose related isotropic spaces are Q-
generated are the only ones to consider for adding cusps in order to compactify
S /T.
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Definition B.4. The following subset of Bg:

D, = U y(Fr)

7€5p(8.Q)
0<k<g
is called the rational closure of D,.

The rational closure is indeed the suitable set of points to add in order to obtain
the desired compactification.

B.3 The cylindrical topology on D}

In this section, the so-called cylindrical topology on the rational closure Dy will
be briefly discussed. For such a purpose, by using a suitable block notation,
the following maps can be defined:

~ o~ .
U CTRE Y pji- ©j— Symj,,-(lR)
Tt tw T tw
=T | = Imt’ — Imw Imt =Y Imtw
w T w T

Then, for each U C &; open and S;; € Sym}r_i(IR) (j = i) one can define a

generalized open cylindrical neighbourhood:

Nyg, = U VU,SH

=i

where:

Vus,., = {1 € S| m;i(t) € U, pji — Sj-i > 0}

A basis for a topology is then provided by the sets:

Nuys, = U YNus,
VESP(8,Z)
Y=Y1)23

and their translates under the action of Sp(g, Q), where y1,y2, y3 are particular
elements of the stabilizer P; of the rational boundary component F;:

a 0 b m (a b) .
€ Sp(i, R)
ar U o« o c d
P =P(F) =1{|"? 0 d3 * e Sp(g R) ’
0 0 0 ‘u? u € GL(g - i, R)

and, more precisely, the ones with the following shape:
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1, 0 0 O
0 u 0 O .

Y1 = 0 0 1 0 ue GL(g_ ZIR)
0 0 0 fut
1; 0 0 tn
m 1, n 0

r2=| % ! L —tm m'n € Symq_i(R)
0 0 0 14y
1, 0 0 O
0 1,, 0 S

73=1o % L 0 S € Symq_i(R)
0 0 0 1y

The topology generated by Ny, and its translates under the action of Sp(g, Q)
is called the cylindrical topology.
Then the main theorem of the Appendix can be stated:

Proposition B.5. The cylindrical topology turns Dy /T into a compact Hausdorff
space containing D /T as a dense open subset.

In particular, concerning the full modular group I'g, one can observe (cf. [Na])
that a sequence

() (n)
T T
{T(”) = ( %n) %n))} c &,
T T3 ) pen

such that {T(ln)} C &5 converges in Dgf to an element:

T T ~
=1 "2 e =2F
T2 T3

in the cylindrical topology if and only if

-1
Tgn) — T T;”)—Im’c(") (ImT(")) Imt’c(zn) — © (B.9)

oo 2 1 oo

If the sequence { Tg”)} C Cis bounded, by (B.9) the convergence is characterized

by:

o)

(m)
1 3

— 11 Imt

100 e (B.10)

n—oo
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