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Introduction

0.1 Radial Loewner theory

Radial Loewner theory in the unit disc D C C was introduced by C. Loewner in
1923 [19] and developed with contributions of P.P. Kufarev in 1943 [17] and C.
Pommerenke in 1965 [21], and has been since then used to prove several deep results
in geometric function theory [15].

The main motivation which led Loewner to develop his theory was the celebrated
Bieberbach conjecture:

Conjecture 0.1.1 (Bieberbach). Let f: D — C be a univalent mapping given by
f(z)=z+ Zajzj.
j=2

Then
la,| < n.

The case n = 2 is a consequence of the Area Theorem and is due to Gronwall.
In his paper Loewner proved the case n = 3 of the conjecture, and it is remarkable
that the proof given by De Branges in 1985 [10] relies in part on Loewner theory.

Among the extensions of radial Loewner theory we recall the chordal Loewner
theory [18], and the theory of Schramm-Loewner evolution [24] introduced in 1999
by Oded Schramm.

We recall the definitions of the three main objects in radial Loewner theory.

Definition 0.1.2. A radial evolution family is a family (¢ s)o<s<: of holomorphic
self-maps of the unit disc D satisfying

i) s =id for all s > 0,
i) prs = @ruo@us forall 0 <s <wu<t.

iii) prs(2) = e 24+ O(|z]?) for all 0 < s < ¢.
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A radial Herglotz vector field is a function H: D x RT — C of the form
H(zt) = —zp(z,t),
where the function ¢ — p(z,t) is measurable for all fixed z € D and satisfies

i) for a.e. t > 0 the mapping z — p(z,t) is holomorphic and Re p(z,t) > 0 for all
ze M,

ii) for a.e. t > 0 we have p(0,t) = 1.

A radial Loewner chain is a family (fs)o<s of univalent mappings f;: D — C
satisfying

i) fs(B) C fi(B) forall 0 < s <t,
i) fo(2) = ez + O(z]%).

Among these concepts there are natural one-to-one correspondences. Namely if
H is a radial Herglotz vector field, then the solutions of the Loewner-Kufarev ODE

Dus () = H(ppa(2)t) e t> s,
4'0575(2) =z,

form a radial evolution family (¢ ). Conversely given any radial evolution family
(1) there exists an (essentially) unique radial Herglotz vector field H such that
(¢1.5) is the family of solutions of the associated Loewner-Kufarev ODE.

A radial Loewner chain and a radial evolution family are associated if

fs:ftospt,sa OSSSt

This gives a one-to-one correspondence between radial evolution families and radial
Loewner chain. Namely if (f;) is a radial Loewner chain there is a unique associated
radial evolution family:

prs=filof, 0<s<t.
Conversely given a radial evolution family (¢;) there exists a unique associated
radial Loewner chain:
fs = lim etsot,s-
t—o0
Composing the two correspondences we obtain a one-to-one correspondence be-

tween Loewner chains and Herglotz vector fields, which is given by the Loewner-
Kufarev PDE

Ofs, v Ofs
0s (2) = - 0z

(2)H(z,8) a.e. s>0,Vze M.



0.2 — Recent developments

0.2 Recent developments

In [5] [6] Bracci, Contreras and Diaz-Madrigal propose a generalization of the radial
(and chordal) Loewner theory. For the sake of clearness we treat the case L™ but
most of the results apply in the case L¢, with d € [1,00].

From now on M will be a ¢g-dimensional complete hyperbolic complex manifold
endowed with a Hermitian metric and d;; will denote the associate distance. We
further assume that the Kobayashi metric k3, € C1(M x M ~\ Diag).

Definition 0.2.1. A family (¢¢s)o<s<: of holomorphic self mappings of M is an
L-evolution family if

i) s =id for all s > 0,
) prs = @ruo@us forall 0 <s<wu<t,
iii) for any 7" > 0 and for any compact set K C M there exists ¢ g > 0 such that

sup A (p1,5(2) pus(2)) < e (t —u),
ze

forall0<s<u<t<T.

A L*-weak holomorphic vector field on M is a function H: M x Rt — TM
with the following properies:

i) for all z € M the function t — H(z,t) is measurable,
ii) for all ¢ > 0 the function z — H(z,t) is holomorphic,

iii) for all compact set K’ CC M and all T' > 0 there exists Cxr > 0 such that
|H(z,t)|| < Cgr for all z € K and almost every ¢ € [0,7].

A L*-weak holomorphic vector field H(z,t) on M is a L>°-Herglotz vector field if
dezwykr (H(2t),H(w,t)) <0, zwe M, z#w and a.e. t > 0.

They obtain a one-to-one correspondence between L>-evolution families and
L*>-Herglotz vector fields, given by the Loewner-Kufarev ODE.

In order to completely generalize the classical theory, one has to investigate
Loewner chains in this framework. In [9] Contreras, Diaz-Madrigal and Gumenyuk
define L*°-Loewner chains in the case M = D. A L*®-Loewner chain in D is defined
as a radial Loewner chain with property ii) replaced by

ii’) for any compact set K C D and any 7' > 0 there exists kxr > 0 such that

|fs(2) = fe(2)] < krr(t —s)
forallze Kandforall 0 <s <t <T.
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They prove that in the unit disc the functional equation fs = f; o ¢y s gives (up
to biholomorphisms) a one-to-one correspondence between L*-Loewner chains and
L*>-evolution families. Moreover, the Loewner-Kufarev PDE provides the correspon-
dence between L*°-Loewner chains and L*-Herglotz vector fields.

0.3 Abstract viewpoint

To complete the picture one has to define Loewner chains on a complete hyperbolic
complex manifold M. The first chapter of this thesis is devoted to some background
on complex hyperbolic and taut manifolds. In the second chapter we study Loewner
chains from an abstract point of view obtaining existence and uniqueness results, as
well as a generalized Loewner-Kufarev PDE. The results of this chapter are, unless
otherwise stated, a joint work with F. Bracci, H. Hamada and G. Kohr [3].

Since there exist complete hyperbolic complex manifolds (even non-compact
ones) which do not embed as an open set in CY, requiring each f; to be a uni-
valent mapping from M to C? would be unnecessarily restrictive. Hence we give the
following definition.

Definition 0.3.1. Let N be a complex manifolds of dimension ¢ endowed with a
Hermitian metric. Let dy denote the induced distance. A family (f;):>o of univalent
mappings f;: M — N is a L*°-Loewner chain if

i) fo(M) C fi(M) for all 0 < s <t,

ii) for any compact set X C M and any 17" > 0 there exists kx r > 0 such that

dn(fs(2),fi(2)) < krr(t —s)
forallze Kandforall 0 <s <t <T.

In order to study the functional equation
fS = ft o Spt,87 O S S S t7 (031)
we focus on the algebraic aspects rather than on L?-estimates.

Definition 0.3.2. A R*-Loewner chain is a family (fs) of univalent mappings from
M to an arbitrary ¢g-dimensional complex manifold N such that f(M) C f,(M) for
all 0 < s <t

A Rt-evolution family is a family (p;s) of univalent self-mappings of M such
that s = id and ¢y, 0@, s = @1 for all 0 < s < u < ¢. We say that a Rt-Loewner
chain and a Rf-evolution family are associated if (0.3.1) is satisfied.



0.3 — Abstract viewpoint

Theorem 0.3.3 ( [3]). If a RT-evolution family (p:s) and a RY-Loewner chain
(f;) on M are associated then (p4,) is a L-evolution family if and only if (fs) is a
L%-Loewner chain.

This result allows us to reduce the study of (0.3.1) beween L*-evolution families
and L*-Loewner chains to the study of (0.3.1) between R*-Loewner chains and
R*-evolution families.

Given a Rt-Loewner chain (fs) there exists a unique associated RT-evolution
family:

Qs =f'ofs, 0<s<t

Conversely we prove the following result.

Theorem 0.3.4. If () is a RT-evolution family on M, there exists an associated
R*-Loewner chain (f5).

This chain is constructed as the direct limit in the following way. Define an
equivalence relation on the product M x R*:

(2,8) ~ (y,t) i ops(x) =y

Let m: M xR*T — (M xR*)/. be the quotient projection, and let is: M — M xR™
be the injection is(x) = (z,s). The chain is then defined as

fs=mwots, s>0.
Equation (0.3.1) holds since
MOty =T 04t 0, 0< 5 <.

It is easy to endow the quotient (M xR*)/. = U5, fs(M) with a complex structure
which makes the mappings f, holomorphic. If (g,) is another R*-Loewner chain
associated with (¢ s), then it defines a mapping on M x R* which is compatible
with the equivalence relation ~. This mapping passes thus to the quotient defining
a biholomorphism
v: | (M) — | gs(M)

s>0 s>0
such that

gs=Volf, s>

0
Hence we can define the Loewner range Lr(g; 5) of the RT-evolution family (¢, s)
as the biholomorphism class of | J,~, fs(M), where (f;) is any associated R*-Loewner
chain. -



If (1) is a RT-evolution family on the unit disc D the Loewner range has to
be simply connected and cannot be compact, thus by the uniformization theorem it
has to be either D or C. As noticed in [9], whether we have D or C depends on the
dynamics of (¢; ). Generalizing this result we prove that on a complete hyperbolic
complex manifold M, if (f;) and (¢ ) are associated, then

* _ : *
I KLr(pe,s) = tlggo P, S >0,

where £y and Ky, ) are the Kobayashi metrics of M and Lr(yy ) respectively.

If M is a domain in C? it is natural to investigate whether it is possible to give
conditions on a RT-evolution family (¢:s) ensuring the existence of an associated
R*-Loewner chain (f;) with image in C%. In other words: when is the Loewner range
Lr(ors) a domain of C?7?

The question has not a trivial answer since we prove the following results.

Proposition 0.3.5. There exists a Rt -evolution family (pis) on B? such that
Lr(pes) is not a domain in C9.

Theorem 0.3.6. Let (¢:5) be a RT-evolution family on B?. Assume that there exist
z € B%s >0 such that

dim{v € T,B? : tlim kv (pes(2),dses(v)) =0F < 1.
— 00

Then Lr(pis) is a domain in CI.

0.4 Analogies with Schroder equations

In the third chapter we focus on a special type of Rt-evolution family on BY. The
result of this chapter are, unless otherwise stated, in [2].

Definition 0.4.1. A R*-evolution family (¢ ) on BY is a dilation evolution family
if

0s(2) = A (2) 1 O(|2])?, 0<s<t,
where the eigenvalues «; of A satisfy Re («;) < 0.

A R*-Loewner chain (f,) on B? such that f,(z) = e **(2) 4+ O(|2|?) is normal if
the family given by the mappings

hs =eof,, s>0

is normal.



0.4 — Analogies with Schréder equations

For the sake of clearness we shall assume that A is diagonal, even if all results
hold without this assumption.
We investigate the following

Problem 0.4.2. Given a dilation R* -evolution family, does there exist an associated
Loewner chain with values in C?7

An affirmative answer to Problem 0.4.2 would yield as a consequence that any
Loewner-Kufarev PDE

df:
ot

where H(z,t) = Az + O(]z|?), admits global solutions.

Loewner theory in the unit ball B? has been extensively studied [20] [11] [14].
A partial answer to Problem 0.4.2 is obtained by Graham, Hamada, M.Kohr and
G.Kohr [14, Theorems 2.3, 2.6]:

(2) = —d.fi(H(zt)), a.e.t>0,z€B, (0.4.1)

Theorem 0.4.3. Let (¢15) be a dilation Rt -evolution family such that the eigen-
values of A satisfy
2Re o < ReaN. (042)

Then there exists a normal RT -Loewner chain (fs) associated with (pys), such that
Usso fs(B) = C%, hence Lr(p, ) = C. This chain is given by

fo= lim e Mo Vrs, $>0, (0.4.3)

t——+o0
and it is the unique normal Loewner chain associated with (py ).

The main result of this chapter gives an affirmative answer to Problem 0.4.2,
without assuming condition (0.4.2): the Lowner range of a dilation RT-evolution
family is C9.

Theorem 0.4.4. Let (i) be a dilation RT-evolution family. Then there exists
a RY-Loewner chain (fs) associated with (), such that |, fs(B) = C% If no
real resonance occurs among the eigenvalues of A, then (fs) is a normal chain, not
necessarily unique.

An analogous result is obtained indepentently with different methods by M.
Voda in his paper “Solution of a Loewner chain equation in several variables”
(arXiv:1006.3286v1 [math.CV], 2010).

Notice that (0.4.2) is a classical condition ensuring the existence of a solution of
the Schroder functional equation. In fact we will see that normal Loewner chains
correspond to solutions of a parametric Schroder equation. Let us first recall some
facts about linearization of germs.



Let p(2) = eX(2) + O(|2]?) be a holomorphic germ at the origin of C?, where
the eigenvalues «; of A satisfy Re (a;) < 0. If h(z) = 2 + O(|z|?) is a solution of the
Schroder equation

hoyp=¢eoh, (0.4.4)

we say that h linearizes . It is not always possible to solve this equation, indeed
there can occur complex resonances among the eigenvalues of A, that is algebraic

identities
q
E k’jO&j = oy,
Jj=1

where k; > 0 and ) i k; > 2, which are obstructions to linearization. Indeed a
celebrated theorem of Poincaré [22] states that if no complex resonance occurs, then
there exists a solution h for (0.4.4). If moreover 2Rea; < Reay, then h is given by
lim,, 400 €727 0 7.

The analogy between equation (0.3.1) and the Schroder equation (0.4.4) is illus-
trated by the following remark.

Remark 0.4.5. There exists a normal Rf-Loewner chain (f) associated with the
dilation R*-evolution family (¢ ) if and only if there exists a normal family (hs) of
univalent mappings h4(z) = z + O(|z]?) such that

hiopys =€ oh, 0<s<t. (0.4.5)
Indeed, (fs) and (hs) are related by
fS:eiAsth7 SZO

In order to solve equation (0.4.5) we discretize times, obtaining the parametric
Schroder equation:

hin © P = €M™ o h,, 0<n<meN. (0.4.6)

There are surprising differences between the Schréder equation (0.4.4) and the
parametric one (0.4.6). Namely, while in the first complex resonances are obstruc-
tions to the existence of formal solutions, in the latter there always exists the holo-
morphic solution

hp = €M o @5}), n >0,

but the domain of definition of the mapping h,, shrinks as n grows.

If, as we need, we look for a family h, of solutions defined in the unit ball B,
then we find as obstructions the real resonances among the eigenvalues of A, that is
algebraic identities

q
Re (D kja;) =Reay,
j=1

8



0.5 — Notations

where k; > 0 and )| i k; > 2. If no real resonance occurs we find a normal discrete
Loewner chain associated with (¢, )-
If real resonances occur we solve a slightly different equation:

hmogpm,n:Tm,nohn, 0<n<m

where T, ,, is a suitable triangular discrete evolution family, finding in this way a
non necessarily normal discrete Loewner chain associated with (¢y,,)-

Once we solved the problem for discrete times, it is easy to extend (f,) to all
real positive times obtaining a RT-Loewner chain (fs) and Theorem 3.4.6 above.

We also prove that if the dilation RT-evolution family is periodic (for example
if it is associated with a semigroup), then the only obstructions to the existence of
an associated normal RT-Loewner chain are complex resonances.

We conclude giving examples of

1. a dilation R*-evolution family with no real resonances and several associated
normal R*-Loewner chains,

2. a semigroup-type dilation RT-evolution family with complex resonances which
does not admit any associated normal R*-Loewner chain,

3. adiscrete dilation evolution family with pure real resonances (real non-complex
resonances) which does not admit any associated discrete normal Loewner
chain.

0.5 Notations

RT denotes the set of the real numbers ¢ such that ¢ > 0.
denotes the set of the C-linear mappings from V to W.

denotes the set of the C-linear automorphisms of V.

)
)
hol(X,Y") denotes the set of the holomorphic mappings from X to Y.
) denotes the set of the holomorphic automorphisms of X.
) denotes the set of complex (¢ X p)-matrices.

)

denotes the set of invertible complex (g X ¢)-matrices.
B? (or B) denotes the unit ball in CY.

|| - || (or|-|l2) denotes, unless differently stated, the norm induced by the euclidean
norm on C? on £(C?,C?) and on M, ,(C).

9



I denotes a multi-index (i1, ... i,). If 2 = (21,...,2,) then 2/ = 2* ... i

(ppa) With 0 < a < /3 denotes an evolution family. Notice that it is not the same
notation as in [2] [3] [5] [6] [9]. If each yg, € aut(CY) for all 0 < a < [ then
we denote p, 3 = 90/;;
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Chapter 1

Background on complex
hyperbolic and taut manifolds

A reference for hyperbolic complex manifolds and taut manifolds is [1]. We recall
some basic definitions and results.

Definition 1.0.1. Let X and Y be complex manifolds. A family F is normal if for
every sequence (f,) in hol(X,Y’), either

i) there exists a subsequence (f,,) converging uniformly on compacta, or

ii) for each compact set K C X and each compact set L C Y there exists an
integer N such that
flK)NL=2

for alln > N.
A complex manifold Y is taut if hol(D,Y") is normal.

Theorem 1.0.2 ( [1, Theorem 2.1.2]). Let X be a taut manifold. Then hol(Y,X) is
a normal family for every complex manifold Y .

Proposition 1.0.3 ( [1, Corollary 2.1.17]). Let X be a taut manifold. Then the topol-
ogy of pointwise convergence on hol(X,Y') coincides with the compact-open topology
for every complex manifold Y .

Theorem 1.0.4 ( [1, Theorem 2.4.1]). Let X be a taut manifold, and let f €
hol(X,X) with fired point zy. Then the sequence of iterates (f*) converges to zy if
and only if

sp(d., f) C D.

Definition 1.0.5. A pseudodistance on a set X is a function d: X x X — R* such
that

11



1 — Background on complex hyperbolic and taut manifolds

i) d(z,y) = d(y,z) for all z,y € X,
ii) d(z,y) < d(x,y) + d(y,z) for all z,y,z € X,
ili) d(x,x) =0 for all z € X.

An analytic chain « = {Co, ... Cni Moy -« - 0} Lo, - - - ,Pm } connecting two points
2o and wy in a complex manifold X is a sequence of points (o, ...Gn,Mos - - - 7 1IN
the unit disc D and holomorphic maps o, ..., € hol(ID,X) such that ¢y((y) =

20,05(n;) = ©j+1(Cjy1) for 7 =0,...,m — 1 and ., (M) = wp. The lenght w(a) of
the chain is

wl@) = ().

Jj=0

If z,w € X the Kobayashi pseudodistance kx(z,w) is defined as
kx(z,w) = inf{w(a)},

where the infimum is taken with respect to all analytic chains connecting z to w.
A complex manifold X is hyperbolic if kx is a distance, and is complete hyper-
bolic if kx is a complete distance.

Proposition 1.0.6 ( [1, Propositions 2.3.10, 2.3.17]). Let X be a complex man-
ifold. The manifold X is hyperbolic if and only if kx induces the topology of X.
The manifold X is complete hyperbolic if and only if every cloded Kobayashi ball is
compact.

Definition 1.0.7. Let X be a complex manifold, and 7°X its tangent bundle. The
Kobayashi pseudometric kx: TX — R* is defined as

kx(z,w) = inf{|(] s.t. Jp € hol(D,X) : p(0) = z,dyp(¢) = v}
for every z € X and v € T, X.
The following properties follow easily from the definitions.
Proposition 1.0.8. Let XY be complex manifolds.
1) kx(z, ) = [Akx(z,0), forall z € X, v e T,X and X € C,
i) ky (f(2),d.f(v)) < kx(zwv), forall z € X, v e T.X and f € hol(X,Y).

As the next result shows, the Kobayashi pseudodistance is the integrated form
of the Kobayashi pseudometric.

12



Theorem 1.0.9 ( [1, Theorems 2.3.29, 2.3.32]). Let X be a complex manifold. Then
Kkx s upper semicontinuous, and if z,w € X,

b
kx(zw) = inf/ kx (y(t),7(t))dt,

p
where 7 is any piecewise C* curve in X such that y(a) = z and v(b) = w.

As a consequence hyperbolicity affects the behaviour of the Kobayashi pseudo-
metric.

Theorem 1.0.10 ( [1, Propositions 2.3.33, 2.3.34]). Let X be a hyperbolic manifold.
Then kx(z,0) > 0 for every z € X, v € T,X \ {0}. Let X be complete hyperbolic.
Then kx: TX — R is continuous.

Remark 1.0.11. If X is a hyperbolic manifold, we call kx the Kobayashi metric.
Notice however that the function kx(z,"): T,X — R™ is not a norm, since in general
the triangular inequality xx (2,0 + w) < kx(z,v) + kx(2,w) does not hold.

We shall need two results relating hyperbolicity and tautness.

Theorem 1.0.12 ( [1, Theorem 2.3.18]). Every complete hyperbolic manifold X is
taut.

Lemma 1.0.13 ( [13, Lemma 2.1]). Let X be a hyperbolic manifold and assume
that X /aut(X) is compact. Then X is complete hyperbolic and hence taut.

13



1 — Background on complex hyperbolic and taut manifolds

14



Chapter 2

An abstract approach to Loewner
chains

2.1 Direct limits of univalent direct systems

Definition 2.1.1. Let (I, <) be a directed set. Let (E,)qes be a family of complex
manifolds of the same dimension ¢ indexed by I and let (fz.a)a<p be a family of
univalent mappings fg: E, — Ejp satisfying

i) fao =id forany o € [
i) fya=frp0 foaforany a <p<~inl.
Then we call the pair (E,,fs.) a univalent direct system.
Definition 2.1.2. Let F' be a ¢g-dimensional complex manifold and let (u,) be a

family of holomorphic mappings u,: F, — F. The pair (F,u,) is compatible with
the univalent direct system (E,,fs ) if for all a < 3,

UB O fa0 = Uq.

Definition 2.1.3. A direct limit of (Eq,fs ) is a compatible pair lim E, = (E, fo)
such that if (F,u,) is any other compatible pair then there exists a unique holomor-
phic mapping u: E — F' such that for all o € I,

Uy = UO fo.

Proposition 2.1.4. Assume that I admits a countable cofinal subset I' = {~, }nen.
Then any univalent direct system (Eo, f3.a)act admits a direct limit hﬂ E, = (E,fa).

15



2 — An abstract approach to Loewner chains

Proof. Let | |, E, denote the disjoint union of the family (£,) and let

@'a:Ea—>|_|Ea

be the canonical injection. Consider the following equivalence relation on | |, E,:

io(x) ~ig(y) iff Iy >ay>pFst fia(x) = f59).
Define E = | |, E,/ ~, let m. be the quotient projection, and define f, as
T Oly: By — F.

If o < 3, then for each x € E, we have f35(fs.0(2)) = f3.0(x) and therefore the
elements i, (z) and ig(fs(x)) are congruent modulo the relation ~. Thus

foe = fﬁofﬁ,ow

Endow E with the quotient topology. The mappings f, are easily seen to be
continuous and open, and are injective since the mappings fz, are injective. This
shows that each f, is an homeomorphism on its image. Let (,n be two points in
E. Then there exist x € E, and y € Ej such that ( = f.(z) and n = fs(y).
Let v > B,y > . Then ¢ = f,(fya(x)) and n = f,(f,3(y)). Hence ¢ and 7 are
both contained in the open set f,(£,). This shows that E is arc-connected and
Hausdorft, since f,(E.,) is arc-connected and Hausdorff. Moreover if I is a countable
cofinal subset of the index set I, we have

E = U f’Y(E'Y)7

vyel

thus F is second countable.

We define a structure of ¢g-dimensional complex manifold on £ by means of the
charts (f;1). It is easy to see that we can check compatibility of charts only for
couples of indices a < 5. But then fj Yo fo = ©s.a, which is holomorphic.

Now assume that (F,u,) is any other compatible pair. The mappings u, define
a mapping v: | |, Fo — F which is compatible with ~. Hence there exists a unique
mapping u: F — F such that v = wom.. On each open set f,(F,) C F we have

U=1uqo f° (2.1.1)
hence u is holomorphic. O

Remark 2.1.5. It is easy to see that the image of w is |J, ua(E,), and that w is
univalent if and only if each u, is univalent. If u is a biholomorphism then also
(Fyu,) is a direct limit for (E,,fs..). Hence an equivalent characterization of direct

limits can be given as follows: a compatible pair (E,f,) is a direct limit if and only
if
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2.1 — Direct limits of univalent direct systems

i) (fa)aer is univalent,
iil) Upfa(Es) = FE.
From now on we assume that I admits a countable cofinal subset T' = {7, }nen-

Definition 2.1.6. Let (E,,fs..) and (F,,95,,) be two univalent direct systems rel-
ative to the same index set I. Let (E,f,) = lim E,, and (F,go) = lim F,. For each
a €1 let uy: B, — F, be a holomorphic mapping such that if a < § then

98,0 © Uy = UB © fﬁ,ow
Then we call (u,) a direct system of holomorphic maps.

Remark 2.1.7. A direct system of holomorphic maps allows us to pull-back compat-
ible pairs. Namely if (u,) is a direct system of holomorphic maps from (E,,fs.) to
(Fa.98,0) and (G,h,) is a pair compatible with (F,,¢3,), the pair

(G,hg 0 uy)
is compatible with (E,,fs). Indeed define v, = hq 0 u,. If o < 3 we have
’Uﬁofﬁpé = hﬁouﬁofﬁ’a :hﬁogﬁ,ao/ua = hOéOua = VUq-

Proposition 2.1.8. Given a direct system of holomorphic maps (u,) there exists a
unique holomorphic mapping u: E — F such that for all o € 1

gaoua:uofa-

Such mapping u is called the direct limit of (us) and is denoted hﬂ Uqy. If each u,
1s univalent then hﬂ U 1S univalent, and if each u, is surjective then hg Uy 1S
surjective.

Proof. The pair (F,g, o u,) is compatible with (E,,fs.) by Remark 2.1.7. By Defi-
nition 2.1.3 there exists a unique holomorphic mapping u: £ — F' such that

uofa:va:gaouaa

hence u = lim .
If each u, is univalent, then v, = g, o u, is univalent, hence by Remark 2.1.5 u
is also univalent. If each u,, is surjective

F= Uga(Fa) = Uga(ua(Ea)) = Uu(fa(Ea)) = U(U fa(Ea)) = U(E)

(67
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2 — An abstract approach to Loewner chains

Corollary 2.1.9. Let (Ea,f5.0):(Fas98.0):(Gahp.a) be three univalent direct systems
indezed by I. Let (E,fo),(F.ga),(G,ha) be respective direct limits. If (uy),(ve) are two
direct systems of holomorphic maps uy: Eon — Fu, vy @ Fy — Gg, then the maps
Vg O Uy : By — G, form a direct system of holomorphic maps, and

1;113 (Vo 0 Ua) = (hﬂ Vo) © (1,113 Up)-
Proof. Set wy, = v4 0 Uuy. If a < B then
g © Wa = (Mpa ©Va) 0 Ua = (V5 © gga) © Ua = Vg 0 (Ug © fa) = W5 O foa,

hence (w,) is a direct system of holomorphic mappings. If u = M Uy and v = hﬂ Vg
then
(UOU)Ofa :Uo(gaoua) = hao(vaoua) :haowaa

thusligwa:vou. ]

Proposition 2.1.10. Let (E,,fs..) be a univalent direct system indexed by I and
let ' C I be a countable cofinal subset. Then if (E.g,)yer s a direct limit for the
univalent direct system restricted to I', there exists a unique direct limit (E,fs)acr
which extends (E,g,) in the sense that for all v € I' we have f, = g,.

Proof. Set for all o € I,
fa=Jyo fra

where ~ is any element in I" such that a < . This is a good definition: indeed if
a <~ <+ where a € I and 7,7’ € I, then

fyofya=1Fyofyyofra=1Fofra

The family (f,) just defined satisfies f, = fz o fzo for all ,f € I: indeed if
a < <, where a,f € [ and v € T', then

fa=1Ffyofya=1Fyo 80 fa =130 fpa

2.2 Evolution families and Loewner chains
Let I be N or Rt.

Definition 2.2.1. Let M be a g-dimensional complex manifold. A I-evolution family
is a family (¢g,)a<per of univalent self-mappings of M such that

18



2.2 — Evolution families and Loewner chains

1) @Yoo =id forall a >0,

i) Yg0 =90 Pyaforall 0 <a <y <p.

Remark 2.2.2. If we define M, = M for a € I, the pair (M,,ps5,) is a univalent
direct system.

Definition 2.2.3. Let M, N be two complex manifolds of the same dimension.
Given two holomorphic mappings f,g: M — N we say that f is subordinate to g if
there exists a holomorphic mapping v: M — M such that f = g o v. Note that if ¢
is univalent this is equivalent to f(M) C g(M).

A I-subordination chain (f,) is a family of holomorphic mappings f,: M — N
such that if 0 < o < 3 then f, is subordinate to fz. We denote it also (f,,M,N).

A I-subordination chain is associated with a I-evolution family (¢s.,) if for all
0 <a < wehave f, = fz0¢z4.

Definition 2.2.4. A I-Loewner chain is a univalent /-subordination chain. Equiv-
alently a family (f,) of univalent mappings f,: M — N is a I-Loewner chain if for
all 0 < a < G,
fa(M) C f5(M).
A I-Loewner chain is sometimes denoted (fq,M,N).
The range rg (f,) of a I-Loewner chain (f,) is

U fa(a1).

a>0

Proposition 2.2.5. Let (fo,M,N) be a I-Loewner chain. Then there exists a unique
I-evolution family (pp.q) such that (f.) is associated with (Yp.q)-

Proof. Define
PBa = f,EI © foc~
It is easy to see that it is a [-evolution family. O

Remark 2.2.6. Let (¢15,M) be a Rt-evolution family. Then the pair (M, ) is a
univalent direct system with index set I = RT. If (f;,M,N) is an associated R*-
Loewner chain then by Remark 2.1.5 the pair (rg (f;),f:) is a direct limit.

Theorem 2.2.7 ( [3]). Let (vp.a) be a I-evolution family on M. Then there exists
an associated I-Loewner chain (fo,M,N).

Proof. Set M, = M for o > 0. Then (M,,pp) is a univalent direct system. Let
(E,f) be a direct limit. The mappings f,: M — E are univalent by Remark 2.1.5
and satisfy for all 0 < a <

fa = fﬂ © ¥YB.a-
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2 — An abstract approach to Loewner chains

Theorem 2.2.8 ( [3]). Let (¢p.a) be a I-evolution family on M and let (fn,M,N)
be an associated I-Loewner chain. If (gqo,M,T) is a subordination chain associated
with (Yp.a) then there exists a holomorphic mapping V: rg (fo) — T such that

Ja = Vo fa'
The mapping ¥ is univalent if and only if each g, is univalent and its image is
UaZO 9o (M).

Proof. Set M, = M for a > 0. Then (M,,ps,) is a univalent direct system. Since
(rg (fa).fa) is a direct limit, Definition 2.1.3 gives the existence of W. The last state-
ment follows from Remark 2.1.5. O

Definition 2.2.9. Let (ps,) be a I-evolution family on M and (f,,M,N) an asso-
ciated I-Loewner chain. Then rg (f,) is the Loewner range of (g ,) and is denoted
Lr(pg.a). By Theorem 2.2.8 the Loewner range is well-defined up to biholomor-
phisms.

Corollary 2.2.10. Let (¢s) be a I-evolution family on the unit disc D. Then
Lr(vp.a) is equal to D or to C.

Proof. Any Loewner range for (yg,) is a simply connected non-compact Riemann
surface. The result follows from the uniformization theorem. O]

Definition 2.2.11. Let d € [1,00]. Let M be a complex manifold endowed with
a Hermitian metric and let dy; be the associate distance. A family (¢ s)o<s<t of
holomorphic self mappings of M is an L%evolution family if

i) @55 =1id for all s > 0,
i) prs = @ruo@us forall 0 <s <wu<t,

iii) for any 7" > 0 and for any compact set K C M there exists a function cr x €
L([0,T],R*) such that

t
sup iy (1(2)00e(2) < [ erac(©)ie
ze u
forall0<s<u<t<T.

Proposition 2.2.12 ( [6, Lemma 2.8]). Let d € [1,+00]. Let (¢15) be a Le-evolution
family on a taut manifold M. Let A = {(s,t) : 0 < s <t}. Then the mapping

<S7t) — th,s

from A to hol(M,M) endowed with the topology of uniform convergence on compacta
is jointly continuous. Hence the mapping ®(z,s,t) = prs(2) from M x A to M is
jointly continuous.
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2.2 — Evolution families and Loewner chains

Remark 2.2.13. The proof of Proposition 2.2.12 relies on Proposition 1.0.3.

Proposition 2.2.14. Let d € [1,+ 00]. Let (¢r.,M) be a L%-evolution family. Then
for all 0 < s <t the mapping (¢rs) is univalent.

Proof. Suppose that there exists 0 < sy < tg and zy # wy in M such that

Pto,s0 (ZO) = $Pto,s0 (w())'

Set
t1 = inf{t € [so,to] : Yr.s0(20) = Pr.so(wo)}-

By Proposition 2.2.12 we have
tlggt Pt.so = Psos0 = 1d
uniformly on compacta, thus t; > sg. If £ € (s0,t1),

Pto,t (Spt,so (ZO)) = 90151,t(90t750 (’lU())),

and since ¢ 5 (20) F @r.5(Wo), the mapping ¢y, ; is not univalent. By Proposition
9.2.12,
hm (;Dtl,t = (ptl,tl = |d

t—t1

uniformly on compacta which is a contradiction since the identity mapping is uni-
valent. O

Corollary 2.2.15. Letd € [1,+00]. A L-evolution family is a R -evolution family.

Definition 2.2.16. Let d € [1,+ o0]. Let M be a complex manifold and let N be a
complex manifolds of the same dimension endowed with a Hermitian metric. Let dy
denote the induced distance. A R*-Loewner chain (f;,M,N) is a L% Loewner chain
if for any compact set K C M and any T > 0 there exists a kx.r € L4([0,T],RT)
such that

dn(fs(2),fi(2)) < /t krr(§)dé, forall ze€ Kandforall 0 <s<t<T. (2.2.1)

Remark 2.2.17. Condition (2.2.1) implies that if (f;) is a L%Loewner chain then
the mapping ¢t — f;(z) is locally absolutely continuous, uniformly on compacta with
respect to z € M. It is easy to see that the mapping t — f; is continuous with
respect to the topology of uniform convergence on compacta on hol(M,N) and that
the mapping ¥: M x Rt — N defined as V(z,t) = fi(2) is jointly continuous.
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2 — An abstract approach to Loewner chains

2.3 Kernels

Proposition 2.3.1. Let U C C? be an open set. Let f,: U — N be a sequence
of univalent mappings. Assume that f, — f uniformly on compacta and that f is
univalent. Then for all z € U and 0 < s < r such that B(zy,s) CC B(z,r) CC U
there exists m = m(zg,s,r) such that if n > m then

f(B(z20,5)) C fu(B(20,7))-

Proof. Let K = f <B(zo,s)>, v = 0B(z,r) and I' = f(v). Then K NI" = & since f
is univalent on U.
Let n be the distance between I' and K. Then n > 0 and

= min z) —w|.
p=, min 17 -
If up € K then |f(z) — ug| > n for z € v, and since f,, — f uniformly on ~ there
exists m > 0 such that if n > m and 2z € v then

1f(2) = fu(2)] < [f(2) — w0l

Rouché theorem in several complex variables yields then that f,(z) — uy and
f(2) — up have the same number of zeros on B(zo,r) counting multiplicities. But
f(2) — up has a zero in B(z,r) since ug € K, and thus ug € f,(B(z,r)) for n > m.
The constant m > 0 does not depend on 1y € K, hence we have the result. Il

Corollary 2.3.2. Let (f,) be a sequence of holomorphic mappings f,: U — C1
converging uniformly on compacta to an univalent mapping f. Then any compact
set K C f(U) is eventually contained in f,(U).

Proof. All the balls B(z,s) CC U give an open cover of U. Since K is compact
there is a finite number of balls B(z;,s;) CC U such that K = J, f(B(%,s;)), hence
Proposition 2.3.1 yields the result. O]

Definition 2.3.3. Let (£2,) be a sequence of open subset of a manifold M. The
kernel ) of (€2,,) is the biggest open set such that for all compact sets K C €2 there
exists m = m(K) such that if n > m then K C €,.

The kernel might be empty as the following example shows.

Example 2.3.4. Let M = C and f,: D — C defined by f,(z) = Lz. Then (f,) is a
sequence of univalent mappings converging uniformly on compacta to 0. The kernel

of the sequence (f,(D)) is then empty.
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2.3 — Kernels

Theorem 2.3.5 ( [3]). Let (f,) be a sequence of univalent mappings from a complete
hyperbolic complex manifold M to a complex manifold N of the same dimension.
Suppose that (f,) converges uniformly on compacta to an univalent mapping f.
Then f(M) is a connected component of the kernel of the sequence (f,(M)), and
(i  fy) converges uniformly on compacta to (f~| ).

Proof. Let K C f(M) be a compact set. We want to prove that eventually K C
fn(M). Let U = {U,} be an open cover of M such that any U, is biholomorphic
to B, and let H be the open cover of M given by all open subsets H satisfying the
following property: there exists U, € U such that H CC U,. Note that f is an open
mapping since M and N have the same dimension, thus f.ld = {f(U,)}v,eu is an
open cover of f(M).

Since K is compact there exist a finite number of open subsets H; € H such
that K C |, f(H;). Note that on H; the sequence f, takes eventually values in
some f(U,,) thanks to uniform convergence on compacta. By using a partition of
unity it is easy to see that there exist a finite number of compact set K; such that
K; C f(H;) and K = |J, K;. Thus we can assume M C C? and N = C?, and the
claim follws from corollary 2.3.2.

Thus f(M) is a subset of the kernel of the sequence (f,(M)). This implies that
on any compact set K C f(M) the sequence f,': K — M is eventually defined. Let
Q be the connected component of the kernel which contains f(M). We want to prove
that (f,, !|q) admits a subsequence converging uniformly on compacta. Assume that
(f1a) is compactly divergent. Since M is complete hyperbolic, this is equivalent
to assume that for all fixed zy5 € M and compact sets K C €2 we have

lim inf <min kM(fnl(w),zo)> = +o00. (2.3.1)

n—o00 weK

Let j > 0 and let

K(j) = {f(20)} U [J{falz0)}-

n>j

Since f,.(20) — f(20), the set K(j) is compact. Since f(M) is open there exists
m > 0 such that K(m) C f(M) C Q. But

ke (fn_l(fn(ZU»’ZO) =0,

in contradition with (2.3.1).

Let (f,.!|a) be a converging subsequence and let wy € Q. The sequence (f,, ' (w))
is eventually defined and converging to some z = g(wy). Thus wo = f, (f,, Ywp)) —
f(2), which implies that Q = f(M) and that g(wy) = f~'(wp), hence (f,'|q)

converges to f!|g uniformly on compacta. m
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2 — An abstract approach to Loewner chains

2.4 From Loewner chains to evolution families

Theorem 2.4.1 ( [3]). Let d € [1,+ oo and let (f;,M,N) be an L%-Loewner chain.
Assume that M is complete hyperbolic. Define for 0 < s < t the mapping ps =
fito fs. Then (prs) is an Li-evolution family on M associated with (f;).

Proof. We need to prove iii) of Definition 2.2.11. Fix "> 0. Let 0 <t < T and let
H be a compact subset of f;(M). Set

Ly = sp WU

n,CEH N dn(¢,m)

since w — f;*(w) is locally Lipschitz.
Given a compact subset K C M define for 0 <t < T

Kt = U fs(K)

s€[0,¢]

The set K; is a compact subset of f;(M) by Remark 2.2.17 since K; = ¥(K x [0,t]).
We claim that the function L(K;,t) on 0 < ¢ < T is bounded by a constant C'(K,T) <
+o00. We argue by contradiction. Assume that L(Ky,t) is unbounded. Then there
exists a sequence (t,) C [0,7] such that

L(K;, t,) >n+1, ¥Yn>0.
Hence for any n > 0 there exist (,,n, € K;, such that ¢, # n, and

dM(ft;1 (Cn) 7ft;1 (nn))
i)

By passing to a subsequence we may assume that the sequence (t,,f; '(¢,)) in
the compact set [0,7] x K converges to (t,z) € [0,7] x K. Hence the sequence
(U (tn,fi (o)) = (Ca) converges to ¢ = U(t,z) = fi(z) € K;. In the same way we
see that n, — n = VY (t,w) = fi(w) € K;. By (2.4.1) we have n = (, since otherwise

dae(f1,1(Ca)o fi () _, du(zw)
AN (Casin) dn(Cmy

Let U,V be two open subsets of f;(M), both biholomorphic to B such that

(2.4.1)

(eUccVcc fi(M),

and let (1,f, 1 (V)),(¢,V) be charts around z and ( respectively. Since by Theorem
2.3.5 the sequence ( ftzl) converges to f; ' uniformly on V we have that eventually
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2.5 — From evolution families to Loewner chains

fi(U) € f71(V). Therefore the sequence g, = ¢ o f; ' o p~! is eventually defined
on ¢(U) and converges uniformly to g = ¥ o f; ' o »~'. Then the sequence (g, )
is equibounded and by Cauchy estimates it is equi-Lipschitz in a neighborhood of
©(C). Since two Hermitian metrics are equivalent on compact sets, this contradicts
(2.4.1) and thus proves the claim.

Let Ar = {(s,t) : 0 < s <t < T}. Then the mapping (s,t) — f; ' o f, from
Ar to hol(M,M) endowed with the topology of uniform convergence on compacta
is continuous. Indeed, let (s,,t,) — (s,t). Let K C M be a compact set. By Remark
2.2.17 the set

K(j YU fan(B) = (K {s} U [ J{s2})

n>j n>j

is compact. There exists m > 0 such that K(m) C f;(M). By Theorem 2.3.5 the
sequence (f, ) converges to f; " uniformly on K (m). This proves that (s,t) — f; "o f;
is continuous.

This implies that the mapping ®: M x Ay — M defined as ®(z,s,t) = @1 4(2) is
jointly continuous. Hence if K C M is a compact set,

K= U Oba(K) = U fy H(fal K

0<a<b<T 0<a<b<T

is compact in M. Therefore, since

At (Pu,s(2),01,5(2)) = dar(Pu,s(2),P1u(Pu,s(2))),

in order to estimate dp(¢us(2),ps(2)) for z € K and 0 < s <u <t < T itis

enough to estimate d(¢,:,(¢)) for ¢ € K.
Since

M(Cagpt,u(C)) = dM(ft_l(ft(C))7ft_1(fu(C))) S L(Kta )dN(ft(C)vfu<C))
< C(K,T)dn(f(€), (<))

< OUT) [ g€

2.5 From evolution families to Loewner chains

Theorem 2.5.1 ( [3]). Let d € [1,+0oc]. Let (1) be a L-evolution family on a taut
manifold M. Then if (E,f;) is a direct limit for (M p;s) then (f;) is a L*-Loewner
chain associated with (¢ s) with respect to any hermitian metric on E.
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Proof. Endow E with an hermitian metric and denote dg the induced distance.
Since M is taut, for any compact subset K C M and any T' > 0 the set

f( = U Spt,s(K)

0<s<t<T

is compact. Indeed by Proposition 2.2.12 the mapping ®(z,s,t) = ¢;s(z) is continu-
ous on M x A, hence K = ®(K,Ar) is compact.

Let K C M be a compact set. Let T" > 0 be fixed. Since fr is locally Lipshitz
there exists C' = C(K) > 0 such that

de(fr(2),fr(w)) < Cdy(zw) Vzuw e K.
Moreover there exists ¢! = C'(K) > 0 such that Vz,w € KVt € [0,T],
Ay (pr(2)pri(w)) < Cldpr(2,0).

Indeed assume by contradiction that there exist sequences (z,),(w,) in K, and (t,)
in [0,7 such that
dpr (14, (20) 071, (Wn))
A (zn,wy)
By passing to subsequences we can assume t, — t, z, — 2z and w, — w, and by
(2.5.1)to see that z = w.
Let U,V be two open subsets of M, both biholomorphic to B such that

> n. (2.5.1)

zeV cclUccM,

and let (,U),(v,or+(U)) be charts around z and ¢r¢(z) respectively. Since the
sequence (@74, ) converges to pr, uniformly on U we have that eventually o7, (V) C
o7.(U). Therefore the sequence g;, = v o pr,, o~ is eventually defined on (V)
and converges uniformly to g = vopy,0t1)~!. Then the sequence (g;, ) is equibounded
and by Cauchy estimates it is equi-Lipschitz in a neighborhood of ¢ (z). Since two
Hermitian metrics are equivalent on compact sets, this contradicts (2.5.1).

Hence for all z € K and 0 < s <t < T we have

dp(fs(2).0e(2)) = de(fr(prs(2), fr(pri(2))) < Cdun(prs(2).01:(2))

= Cdy(pri(prs(2)),01:(2))
< CC'du(prs(2),2)
)

= CC'dpr(p1,6(2),0s.5(2))

S OC// CK7T(§)CZ§.
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2.6 — Herglotz vector fields and the Loewner-Kufarev PDE

Corollary 2.5.2. Let (f;,,M,N) be a L%-Loewner chain. Then (f;,M,rg(f;)) is a
Li-Loewner chain for any hermitian metric on rg (f;).

Proof. Theorem 2.4.1 yields a L%evolution family (p; ) associated with (f;,M,N).
Since (rg (f:),fi) is a direct limit for (M,p; ), Theorem 2.5.1 proves that ( fi,M,rg (f;))
is a L%-Loewner chain for any hermitian metric on rg (/f;). O]

2.6 Herglotz vector fields and the Loewner-Kufarev
PDE

Let M be a complex manifold of complex dimension ¢. Let || - || be a Hermitian
metric along the fibers of TM and let dy; be the induced distance on M.

Definition 2.6.1. Let d € [1,00]. A L%weak holomorphic vector field on M is a
function
G: M xRt —=TM

with the following properies:
i) for all z € M the function Rt 3 ¢t — G(z,t) is measurable,
ii) for all ¢ > 0 the function M > z — G(z,t) is holomorphic,

iii) for all compact set K CC M and all T' > 0 there exists a function Cxr €
L4([0,T],R*) such that
|G(zt)|| < Crr(?)

for all z € K and almost every ¢ € [0,T7.
Definition 2.6.2. Let d € [l,00]. Let M be a complex manifold. Assume that

ky € CHM x M ~ Diag). A L%weak holomorphic vector field H(z,t) is a L-
Herglotz vector field if

dezwykr (H(2t),H(w,t)) <0, zwe M, z#w and a.e. t > 0.

Remark 2.6.3. According to [7], if M = D is a strongly convex domain in C? with
smooth boundary then H is a L%Herglotz vector field if and only if it is a L-weak
holomorphic vector field such that for almost every t > 0 the function D > z —
H(z,t) is an infinitesimal generator of a semigroup of holomorphic self-maps of D.
See [1] for definitions and properties of semigroups.

The following results are proved in [6].
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Theorem 2.6.4 ( [6]). Let d € [1,00]. Let M be a complete hyperbolic manifold and
assume that rky € CY(M x M ~ Diag). Then for any L%-Herglotz vector field H
there exists a unique L%-evolution family (¢;,M) such that

ath,s
ot

(2) = H(prs(2)t), z€ M, aet>s. (2.6.1)

Definition 2.6.5. Equation (2.6.1) is called the Loewner-Kufarev ODE associated
with H.

Theorem 2.6.6 ( [6]). Let M be a taut manifold. Assume that ry € CH(M x M ~
Diag). Then for any evolution family (. s,M) there exists a L>°-Herglotz vector field
H such that (i) satisfies the Loewner-Kufarev ODE associated with H. Moreover
if G is a weak holomorphic vector field such that () satisfies the Loewner-Kufarev
ODFE associated with G then H(z,t) = G(z,t) for all z € M and almost every t > 0.

We can now prove the following results.

Lemma 2.6.7. Let d € [1,+ 0|, let (f;,M,N) be a L%-Loewner chain. There exists
a set E C R" (independent of z) of zero measure such that for every s € R* \ E,
the mapping

dfs
M>z— a—J;(Z) € Tfs(z)N

is well-defined and holomorphic on M.

Proof. Let R~ denote the set of strictly positive real numbers. The manifold M x R~
has a countable basis B given by products of the type B x I, where B C M is an
open subset biholomorphic to a ball, and I C R~ is an open interval. Let V be
a countable covering of N by chart domains. The mapping ¥: M x R — N is
continuous, hence there exists a covering U of M x R~ such that & C B and such
that U < f~=1(V).

We will prove that for each U = B x I € U there exists a set of full measure
I' C I such that B 3 z — %(2) is well defined and holomorphic for all ¢ € I'.
Hence M > z — %(z) will be well defined and holomorphic on (), I’ which is a set
of full measure in R,

We can assume that M = B?, N = CY, and that the distances d;,dy on M,N are
given by the standard Hermitian metric on C". Since ¢t — f;(2) is locally absolutely
continuous on R locally uniformly with respect to z € B™, we deduce that for each
z € BY, there is a null set Ey(z) C I such that for each ¢ € I\ Fi(z), there exists

the limit
aft(z) — lim fern(2) — ft(z)_

E h—0 h
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By Definition 2.2.16, there exists a function p, € L% (I,R") such that

loc

t
1£.(2) = fil2)] < / p(Ode el S1-b s<tel  (262)

Also, since pp € LE (I,RY), we may find a null set Ey(k) C I such that for each

loc

t € I\ Ex(k), there exists the limit

t+h

o) =Tim~ [ pe(e)de, keN. (2.6.3)

h—0 h t

Next, let Q be a countable set of uniqueness for the holomorphic functions on B?

and let N (UEl (q))U(’QE2(k))_

q€Q

Then E is a null subset of R*, which does not depend on z € B". Arguing as in
the proof of [9, Theorem 4.1(1)(a)], it is not difficult to see that (2.6.2) and (2.6.3)
imply that for each s € I\ F, the family

{(fsrn(2) = fs(2)) /D, [h] < dist(s,01)}

is relatively compact and has a unique accumulation point for |h| — 0 by Vitali
Theorem in several complex variables, proving the result.
m

Theorem 2.6.8 ( [3]). Let M be a complete hyperbolic manifold.

i) Let (fi,M,N) be a L>®-Loewner chain on M. Then there exist a L>-Herglotz
vector field G(z,t) and a set E C R (independent of z) of zero measure such
that for every s € (0,00) \ E and every z € M,

Ofs
O0s

<Z> = _dzfs(G(Z7S>)'

ii) Let d € [1,00]. Let G(z,t) be a L-Herglotz vector field associated with the L°-
evolution family (¢ s). Assume that (fy) is a family of univalent mappings from
M into a complex manifold N of the same dimension, such that the mapping
t — fi(2) is locally absolutely continuous on R locally uniformly with respect
to z € M. In addition, assume that

%ﬁs (z2) = —=d,fs(G(z,8)) a.e.s>0,Vze€ M.

Then (fi,M,N) is a L-Loewner chain associated with the L*-evolution family
(Sot,s)'
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Proof. 1) By Theorem 2.4.1, there exists a L>-evolution family (¢, s) associated with
(f¢). By Theorem 2.6.6, there exists a L>-Herglotz vector field G : M x Rt — TM
such that
i s
ot

Let F; C RT be a null set such that the above equality holds for all ¢ € [s,00) \ F;
and for all z € M. By Lemma 2.6.7, there is a null set £y C R such that z — %(z)
is well defined and holomorphic for all s € RT \ Fy. The set E = E; U E5 has also
zero measure. It is clear that the mapping L;(2) = fi(¢r0(2)) is locally absolutely
continuous on R locally uniformly with respect to z € M. Also L(z) = fo(z) for
z € M. Differentiating the last equality with respect to t € (0,00) \ £ we obtain

(2) = G(prs(2)t) ae t>s, Vze M.

8 t 8 t
0= dy, () ft ( gt,o (Z)) + a—J;(%Ot,o(Z))

Afi

= d@tyo(z)ft(G(tho(Z);t)) + E(%,O(Z));

for all t € (0,00) \ E and for all z € M. Hence

Of

E(w) = —dwft(G(w’t)>a

for all w in the open set ¢; (M) and for all ¢ € (0,00) \ E. The identity theorem for
holomorphic mappings provides the result.

ii) Fix s > 0 and let L;(2) = fi(¢1s(2)) for t € [s,00) and z € M. In view of the
hypothesis, it is not difficult to deduce that

L
a—tt(z) =0, ae teR" VzeM.

Hence Li(z) = Ly(2), i.e.
felens(2)) = [fs(2),

for all z € M and t > s. Hence (f;) is a L%-Loewner chain by Theorem 2.5.1. [

Definition 2.6.9. The partial differential equation

Ofs
0s

(2) = —d.fs(G(z,5)) ae s>0,YVzeM
is called the Loewner-Kufarev PDE.
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2.7 Kobayashi metric and complex structure of
the Loewner range

Let (¢p.a) be a I-evolution family on a hyperbolic manifold M. Let rkpr: TM — RT
be the Kobayashi metric of M. For v € T, M we define

By (z) = ﬂh_g)lo km (Pp.a(2),d=0p.0(V))- (2.7.1)

Remark 2.7.1. The Kobayashi metric is contracted by holomorpic mappings, hence
if0<a<n<p,

HM(SOB,a(Z)vszOB,a(U» = KM(QOB,n(@n,a(Z))adcpn,a(Z)SO/J’,n o d.Ppa (U))
< KM(@W,&(Z)vdzgoma(v))v
thus 8%(z) is well defined.

Proposition 2.7.2. Let (vg.4) be a I-evolution family on a hyperbolic complex man-
ifold M. Let (fo,M,N) be an associated I-Loewner chain with range N. For all
vel,M

fatin(z0) = B (2).

Proof. Since N is the union of the growing sequence of manifolds (f,(M))men it is
easy to see that the Kobayashi metric satisfies

’fN(foc(z)adzfa(v)) = Tili%o /{fm(M)(fa(Z)vdzfa(v»-
The result follows from

lim ’ifm(M)(fa(z%dzfa(U)) = lim HM(fn_ml(fa(z))7dfa(z)fr;1 Odzfa(v))

m—00 m—0o0

= nll—rgo KM(SOm,a(z)7dz()0m,Ol<v))‘

As a corollary we find (cf. [9, Theorem 1.6])

Corollary 2.7.3. Let (ppo) be a I-evolution family in the unit disc D. If there
erists z € D € T,D = C,a > 0 such that B3 (z) = 0 then

Z) Lr(‘ﬁﬁ,a) =C,
it) Y(z) =0 for all z € Dyw € C,a > 0.
If there exists z € Dyv € T,D = C,a > 0 such that 55(z) # 0 then
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Z) Lr(@ﬁ,a) =D,
i) BY(2) # 0 for all z € Dyw € C,a > 0.

Proof. Since Lr(y;s) is non-compact and simply connected, by the uniformization
Theorem it has to be biholomorphic either to ID or to C. Since

kc(zw) =0, z€CueC,
kp(z,w) #0, ze€Dyw e C,
the result follows from Proposition 2.7.2. O

In order to further study the complex structure and the Kobayashi metric of
the Loewner range we focus on the “union problem”: let N be a complex manifold,
exhausted by a sequence of open submanifolds

M(]CM1CM2...,

all biholomorphic to a fixed manifold M. What can be said about the complex
structure of N7

A first answer is as follows. Recall that a complex manifold N is Stein if and
only if

i) the algebra O(N) of holomorphic functions separates points of N,

ii) N is holomorphically convex, that is for every compact subset K C N the
O(N)-envelope of K

A

K = {xEN: |f(z)] Sm}z{xx|f|, Vfe O(N)}

is compact.

Theorem 2.7.4 ( [4]). If the manifold N is an open subset of C?! and M = B? then
N is Stein.

For a general complex manifold N this is no longer true, indeed there is the
following result.

Theorem 2.7.5 ( [12]). There exists a 3-dimensional complex manifold N enjoying
the following properties:

1. N can be exhausted by open submanifolds By C By C Bs ..., where each B is
biholomorphic to B C C3.

2. N is not holomorphically convex, hence it is not Stein.
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Definition 2.7.6. Let N be a complex manifold and xy its Kobayashi metric. The
null set Ny(z2) of ky in z € M is the complex subspace {v € T,M : kx(v) = 0}.
The corank at z is dimANy(z).

Let M be a hyperbolic complex manifold such that M /aut(M) is compact.
Choose a compact set K such that M = aut(M) - K. Then there exist a point
wy € My and biholomorphic maps g,,: M — M,, such that g, !(w) € K. By Lemma
1.0.13 M is taut, hence by Proposition 1.0.2 the sequence (g, ') converges up to a
subsequence uniformly on compact sets on N to a mapping ¢»: N — M.

The maps «,,: M — M defined by a,, = ¢ o g,, converge up to a subsequence to
a holomorphic map a: M — M since M is taut and «a,,(K) contains ¢ (wy).

The following results are proved in [13].

Lemma 2.7.7. The following facts hold:
i) Ifw e N and v € T,N then ky(w,v) = *ky(w,v), hence Ny(w) = ker d1).
it) The map 1 has constant rank k and ky has constant corank q — k.

iii) We have » = a o). The set Z ={z € M : a(z) = z} is a connected closed
k-dimensional complex submanifold of M and is equal to ) (M). The mapping
« is a retraction of M to Z.

i) The fibers of ¥ are (q — k)-dimensional complex manifolds and topologically
cells. Moreover for any z € Z, ky-1) = 0.

Theorem 2.7.8 ( [13]). Assume that M is hyperbolic and that M /aut(M) is com-
pact. If there ezists z € M such that ky(z,0) # 0 whenever v # 0 in T, M, then N
is biholomorphic to M.

Theorem 2.7.9 ( [13]). Assume that M is hyperbolic and that M /aut(M) is com-
pact. If the corank of ky is one, then (N,Z ) is a locally trivial holomorphic fiber
bundle with fiber C.

Corollary 2.7.10. Assume M = BY and that the corank of Ky is one. Then N is
biolomorphic to B9~ x C.

Remark 2.7.11. The manifold N in Proposition 2.7.5 has constant corank 2.

Remark 2.7.12. Let (pp.) be a I-evolution family on a hyperbolic manifold M
such that M /aut(M) is compact, and let (f,,M,N) be an associated [-Loewner
chain such that Us>ofa(M) = N. Assume that (¢g,) admits a relatively compact
trajectory. Then we can assume that f, = g,,¢ = lim,, fgkl, and a,, = o f, =

hmnk — 00 (pnk ,n:

We want now to investigate the following problem.
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2 — An abstract approach to Loewner chains

Problem 2.7.13. Give conditions on a I-evolution family (¢s.) on B? ensuring
the existence of an associated Loewner chain ( fo,M,CY).

Remark 2.7.14. The previous problem can be formulated in the following terms:
when is Lr(¢s,,) an open set in C?7
Using the previous results we give a (partial) answer to Problem 2.7.13.

Theorem 2.7.15 ( [3]). Let (pp.a) be a I-evolution family on BY. Assume that there
exist z € B?,av > 0 such that

dim{v € T,B? : B;(2) =0} < 1.
Then Lr(ppq) is an open set in C9.

Proof. The result follows from Proposition 2.7.2, Theorem 2.7.8 and Corollary
2.7.10. O

We have also a negative result.

Proposition 2.7.16. There exists a N-evolution family (o) on B which does
not admit any associated N-Loewner chain (f,,B% C?).

Proof. Let N = U,>¢B,, given by Proposition 2.7.5. Let f;: B> — B; be a biholo-
morphism, and define ¢, 11, = f,. +11 o f,. Assume that there exists a N-Loewner
chain (g,,B%,C?) associated with (¢, ). Then since both (N, f,) and (U, g.(B),g,)
are direct limits for (B?,p; ) we have that N is biholomorphic to |J,, ¢,(B) which
by Proposition 2.7.4 is Stein, contradiction. ]

Remark 2.7.17. Setting fs = fi and ;s = f o f, we obtain a RT-evolution family
(¢1.s) on B* which does not admit any associated R*-Loewner chain (f;,B*C?). It
is not known whether there exists a L?-evolution family with the same property.

In the next chapter we are going to give an answer to Problem 2.7.13 for a
particular class of I-evolution families proving that they have Loewner range C9.
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Chapter 3

Resonances in Loewner equations

3.1 Dilation N-evolution families

We begin by studying Problem 2.7.13 in the discrete case.

Definition 3.1.1. Let A € L£(C%,C?). The spectrum o(A) of A is the set of its
eigenvalues. The spectral radius p(A) is maxyeq(a) |A|-

Definition 3.1.2. Let D be a domain in C¢ containing 0. A N-evolution family
(Ymn) on D is a dilation N-evolution family if for all 0 < n,

Pnrin(2) = A(z) + O(|2]%), (3.1.1)

with A € A(C?) such that p(A) < 1. A dilation N-evolution family (¢y,.n,D) is of
semigroup type if for all n > 0,

Pn+1n = L1,0-

A N-Loewner chain (f,,,D,C?) is a dilation N-Loewner chain if for all n > 0,
fal2) = A7(2) + O(|2]),

with A € A(C?) such that p(A) < 1. A dilation Loewner chain is normal if (A" o f,)
is a normal family.

Remark 3.1.3. Let (¢mn,D) be a dilation semigroup type N-evolution family on a
taut manifold D. Then by Poincaré-Dulac Theorem (see for example [23, Appendix])
there exists a univalent mapping h(z) = 2z +O(|z]?) defined in a neighborhood of the
origin which conjugates ¢ to a polynomial automorphism ) of C¢. This mapping
h is given by

lim Q™" ok oy,

n—oo
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3 — Resonances in Loewner equations

where k is a well-chosen polynomial mapping k: C? — C9.
Since D is a taut manifold, by Theorem 1.0.4 it follows that lim,,_,., Q™" 0kop,
defines a univalent mapping h on the whole D such that

h/O(’DLO:QOh.

Note that
ho Pmn = Qm—n oh

and that
Q_m oho Pmn = Q_n o h.
Thus (Q~" o h,D,CY) is a N-Loewner chain associated with ().

Motivated by this remark we are going to introduce a notion of conjugacy for
general dilation type N-evolution families.

Definition 3.1.4. Let (¢,,,D) be a dilation N-evolution family. An open subset
Q C D is invariant if for all 0 < n < m,

Omn(2) C Q.

Note that (¢mn,.82) defines a dilation N-evolution family, called the restriction of
(mn,D) to Q.

Definition 3.1.5. A dilation N-evolution family (¢, ) is shrinking if
i) the family (¢5+1,) is uniformly bounded on compacta,
i) lim, o0 Ynipn = 0 uniformly on compacta, uniformly in n > 0.

Remark 3.1.6. A dilation semigroup type N-evolution family (¢p,,,D) on a taut
manifold D is shrinking by Theorem 1.0.4.

Remark 3.1.7. The property of being shrinking is invariant by biholomorphisms.
Namely, if (¢p,.,,D) is shrinking and U: D — @ C C? is a biholomorphism fixing 0,
then

(o pmno¥™.Q)

is shrinking.

We recall a classic result from matrix analysis.

Lemma 3.1.8 ( [16, Lemma 5.6.10]). Let A € M, ,(C) and let 6 > 0. Then there
exists L € GLy(C) such that

|LAL™ < p(A) + 6.

36



3.1 — Dilation N-evolution families

If T is the set of all matriz norms induced by a norm on C9, then

p(A) = inf {|[A]}.

I-llez
Furthermore if p(A) denotes the spectral radius,

klirn A¥ =0 if and only if p(A) < 1.

—00

Proposition 3.1.9. Let (¢m.n.B) be a dilation N-evolution family. Then (©mn) is
shrinking.

Proof. Since p(A) < 1 we have by Lemma 3.1.8,

lim A* = 0.

k—o0
Hence there exists an integer p > 0 such that ||A?|| < 1. Let n € N, let K C B be
a compact subset and let 0 < ¢ < 1. Consider the family (@(m+1)p+nmpin), M = 0.
Lemma A.0.7 gives m > 0 (independent of n) such that ¢pm,+nn(K) C tB. Thus for
all 7 > pm +n,

Pin(K) = @jpmin © Ppminn(K) C 1B.
O

Lemma 3.1.10. Let (@mn,D) be a shrinking N-evolution family. Then for any
neighborhood U of 0 there exists an open invariant set 2 C U biholomorphic to
B.

Proof. Since p(A) < 1, by Lemma 3.1.8 there exists L € A(C) such that
|[LoAo L™ <1.

The dilation N-evolution family (¢,.,Q) = (L © @m0 L7 L(D)) is also shrinking
by Remark 3.1.7, thus in particular the family (¢,+1,) is uniformly bounded on
compacta. We can hence apply Lemma A.0.6 to (¢,,,Q) obtaining an invariant
ball sB. Note that any ball B with 0 < r < s is also invariant by Schwarz Lemma
A.0.4. Thus for all 0 < r < s,

Q, = L (rB)

is invariant for (¢m,.,).

]

Definition 3.1.11. Two shrinking N-evolution families (¢, ,,D) and (¢y,.,Q) are
locally conjugate if there exists, on an invariant open set {2 C D biholomorphic to
B, a family (h,,) of holomorphic mappings h,: 2 — @ such that
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3 — Resonances in Loewner equations

i) (hy) is a uniformly bounded family,
i) ho(2) =2+ 0(z*, n>0,
iii)
P © O = Ui © Iy 0 <n <. (3.1.2)
The mappings of the family (h,,) are called intertwining mappings.
Proposition 3.1.12. Fach intertwining mapping h, is univalent.

Proof. Notations are as in previous definition. Assume that there exist z # w in 2
and n > 0 such that h,(z) = h,(w). Then by (3.1.2),

B (P (2)) = P (@mm(w)), 0 <n < m. (3.1.3)

By Lemma A.0.8 there exists a ball sB C €2 such that for all m > 0 the mapping
hu|sg is univalent. Since (¢y,,,) is shrinking, there exists m > n such that ¢, ,(2) U
Omn(w) C sB. But ¢,,(2) # @ma(w) since ¢,,, is a univalent mapping, hence
(3.1.3) contradicts the univalence of h,,|ss.

]

Proposition 3.1.13. Local conjugacy is an equivalence relation.
Proof. Notations are as in previous definition.

i) Reflexivity: take h,, = id for all n > 0.

ii) Simmetry: by Lemma A.0.8 there exists a ball t{B such that tB C h,(sB) for
all n > 0. Let ' C tB be the invariant open set for (¢,,) given by Lemma
3.1.10. On ' the family (h,') is uniformly bounded by s and satisfies

h'r_nlowm,n:@m,nohgl, 0<n<m.
iii) Transitivity: follows from Corollary 2.1.9 and the equicontinuity in 0 of the
family (h,,).
]

Proposition 3.1.14. Let (¢m,,D) be a shrinking N-evolution family. Let Q be an

invariant set. Assume that (f,,Q0F) is a Loewner chain associated with (@m, ,.82).
Then

fe= lim f, 0 @mn
m—0o0
defines a Loewner chain (f5,D,F) associated with (¢m ,,D), such that
fala = fu-

Hence we can denote f by f,.
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Proof. Fix n > 0 and let K C D be a compact subset. Since (¢, ,,D) is shrinking,
there exists £ > n such that if m > k then ¢, ,(K) C Q. The sequence f,, © Ymnlx
is well defined for m > k and satisfies

fm o (;pm,n‘K = fm O Pm,k © Sok,n|K = fk o Sok,n’Ka

hence the uniform convergence on compacta is trivially verified.
The mapping f¢ is trivially univalent for all n > 0. The sequence (f<¢,D,F) is a
Loewner chain associated with (¢y,n,D). Indeed if 0 < n < m then

fﬁ = lim fj O Qjn = lim fj O @Yjm O Pmn = fvfm C Pmm-

For all n > 0 we have ff|q = f,.. Indeed f¢lq = limy, 00 fin © Ymmla = fn since
(fn,2,F) is a Loewner chain associated with (¢, ,(2). O

Proposition 3.1.15. Let (pmn,D) and ($mn,Q) be two locally conjugate shrinking
N-evolution families. Then

Lr(@mn) = Lr(¥mn).

Proof. Let (f,,Q,F) be a Loewner chain associated with (¢, ,,Q0) with range F.
Then by Remark 2.1.7 (f,, o h,,,£2,F') is a Loewner chain associated with (¢, ,,).
Since (¢, ) is shrinking we claim that

rg (fnohy,QLF) =F.
Indeed, by Lemma A.0.8 there exists a ball sB such that
sB C h,(2), n>0.

Given a point = € @, since (¢, ,,) is shrinking we have ¢, ,(z) € sB when m is
large enough. Hence for a fixed n > 0, we have, when m is large enough,

fn(x) = fm<wm,n<x)> € fm<SB)'

Thus
U fa(hn() 2 | FulsB) D [ ful®).
Since ) ) -
n>0 2€Q n>0

we have rg (f, o h,, Q0 F) = F.
By previous Proposition we can extend this chain to the whole of D, thus ob-
taining the result. O

In order to prove that any dilation N-evolution family (¢, ) has Loewner range
C? we are going to locally conjugate it with a well-behaved evolution family and then
we use Proposition 3.1.15. In the next section we introduce this “special” evolution
families.
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3.2 Triangular N-evolution families

Definition 3.2.1. Let () be a polynomial mapping from C? to C?. The degree deg ()
is the maximum of the degree of its components.

A polynomial N-evolution family is a dilation N-evolution family (@), ,,C9) such
that each @41, and hence every @, ,, is a polynomial automorphism of C¢.

A polynomial N-evolution family (@) has uniformly bounded coefficients if
the family (Q+1,,) has uniformly bounded coefficients. A polynomial N-evolution
family (Q, ) has uniformly bounded degree if the family (Q,+1,) has uniformly
bounded degree.

Definition 3.2.2. A triangular mapping is a mapping T': C? — C? of the form

T(l)(Z) = /\121,
T(2) (Z) = /\222 + t(2) (Zl),
T(g) (2) = /\32’3 + t(3)<21,22),

T (2) = Nzg + 1D (21,29, ... ,24-1),

where )\; € C and t( is a polynomial in i — 1 variables fixing the origin.

If \; #0 for all 1 <i < g, the mapping T is called a triangular automorphism.
This is indeed an automorphism, since we can iteratively write its inverse, which is
still a triangular mapping:

21 :wl/)\b

29 : wa /A — (1/X2)t®) (21), (3.2.1)

2y = We/Ag — (LA D (21,20, . . 120 1)

Triangular automorphisms form a subgroup of aut(C?).
A triangular N-evolution family is a dilation N-evolution family (75, ,,C?) such
that each T},11,, and hence every T, ,,, is a triangular automorphism of C?.

The following Lemmas are just adaptations of [23, Lemma 1, p.80].

Lemma 3.2.3. If (T,,,,,) is a triangular N-evolution family of uniformly bounded
degree, then sup,, degT,, o < 0o.

Proof. Set ' '
N(J) = max deg T7§21,n'

We denote by S(m,k) the property

degT,gg <pWM.pb 1< <m.
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Since Tk+1’0 = TkJrl,k e} Tk,O, we have
] j j 1 i—1 .
Titho = MTe0 + L (TG TG ), 2 <<,

thus S(m,k + 1) follows from S(m,k) and S(m — 1,k). Since S(1,k) and S(m,1) are
obviously true for all k and m (note that ™ =1, e u( > 1, for every j5), S(¢.k)
follows by induction. Hence

deg Tyo < p) - .
]

Proposition 3.2.4. Let (1,,,) be a triangular N-evolution family of uniformly
bounded degree and uniformly bounded coefficients. Let A be the unit polydisc. Then
there exists a constant v > 0 such that

Tox(A) CHFA, k>0.

Proof. The family (7, ,,11) of inverses of (7},+1,) has uniformly bounded coefficients.
Indeed the family (7,+;,) has uniformly bounded coefficients, and the assertion
follows by looking at (3.2.1). Likewise, sup,, deg 7o, < 00, since sup,, deg T, o < oo.

Hence there exists C' > 1 such that |TT(LJ,)L+1(z)| <Cforze A 1<j<gq and
there exists d = max,, deg T ,,. Let M be the number of multi-indices I = (iy, . .. ,iy)
with |I| < d, and set v = MC? we claim that

TR (2)] <. (3.2.2)

We proceed by induction on k. Since C' < v, (3.2.2) holds for k£ = 1. Assume (3.2.2)

for some k > 1, then by Cauchy estimates the coeflicients in To(,g (2) = 2ir<a arz!
satisfy
Jar| < A"

Since Ty k+1 = Tox © Tk k+1, we have
] ] 1 1 i i
Tyl =TT T8 = D ar(THL )™ - (T, ).
[1|<d

Then A
|T(§,]k)+1| < MO =AM

Corollary 3.2.5. Let (T, be a triangular N-evolution family of uniformly bounded
degree and uniformly bounded coefficients. Then there exists > 0 such that for all
k>0,

Ton(2) = To(2)| < Bz = 2], 22" € (1/2)A.
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3 — Resonances in Loewner equations

Proof. Recall that A C /gB and that if B = (b;;) € M,,4(C), then

1Bl < g max [bj;].
If z € (1/2)A, then by Cauchy estimates

Id-Toxll < 2qv/q7".
The result follows setting 8 = 2¢,/q7. m

Proposition 3.2.6. Let (T,,,,) be a triangular N-evolution family, with uniformly
bounded degree and uniformly bounded coefficients, then T, o(z) — 0 uniformly on
compacta. Hence for each neighborhood V' of 0 we have

G T()’n(‘/) — (Cq
n=1

Proof. Let K be a compact set in C? Notice that Tklo)( ) = Az, hence if || - ||
denotes the sup-norm on K, we have ||Tk | = 0. Let 1 < i < ¢ and assume that
limy 00 ||T,£j0|| =0,for1 <j<i. OnK,

. 7 1 i—1
lim [, (T, T I =0,

since (t,(c}rl ) has uniformly bounded coefficients and uniformly bounded degree.

Notice that

7 1—1 .
T o = NI+t (T, T, 2<i<q. (3.2.3)

For each € > 0, ‘Tk—i-l ol <N HTk | + ¢, on K for a large enough k. Therefore

3

| T, T
H]:lsupH kOH = 1_|/\|

Induction on 7 yields the Lemma. Il

Corollary 3.2.7. A triangular N-evolution family (T,,.,) with uniformly bounded
degree and uniformly bounded coefficients is shrinking.

Remark 3.2.8. A triangular N-evolution family (7),,) admits as associated N-
Loewner chain (7j,) and thus Lr(7},,) = C% In the next sections we will prove
that any dilation N-evolution family is locally conjugate to a triangular N-evolution
family with uniformly bounded degree and uniformly bounded coefficients.
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3.3 — Parametric Poincaré-Dulac method

3.3 Parametric Poincaré-Dulac method

For a detailed exposition of the classical Poincaré-Dulac method, see [23, Appendix].
In the following we identify an automorphism A € A(C?) with its associated matrix
with respect to the canonical basis. Recall that the e-Jordan normal form is the
classical lower triangular Jordan normal form with the underdiagonal multiplied by
€.

Definition 3.3.1. A real multiplicative resonance for A € A(C?) with eigenvalues
A; is an identity ' ‘

Al = A AZ
where ¢; > 0, and Zjij > 2. If for every 1 < j < ¢ we have |)\;| < 1, real
multiplicative resonances can occur only in a finite number. Moreover, if 0 < |\, <
-+ < |A\1| < 1 then

M= AL A =iy =i = =1, = 0. (3.3.1)
Definition 3.3.2. An automorphism A € A(CY) is in optimal form if
i) A is in lower-triangular e-Jordan normal form for some € > 0,
ii) if the diagonal of A is (A1,...,A;) then 1 > || > -+ > |)\;| >0,
iii) ||Afl2 < 1.

Note that any linear automorphism can be put in optimal form by a linear change
of coordinates.

Let A € A(C?) be in optimal form. For 1 < j < ¢ let m;: C? — C be the
projection to the j-th coordinate. Let ¢ > 2 and let H; be the vector space of
all holomorphic maps H : C? — C? whose components 7; o H are homogeneus
polynomials of degree i. A basis for this vector space is easily described: let 1 < j < ¢,
let I € N7 be a multi-index of absolute value |I| = i, and define

WloX}i5l7sz, 1<1<qg.

The set B = {X7]: 1 <j < ql|I| = ¢} is a basis of H;. Next we define a splitting
of H; by specifying a partition of the basis 5.

We set X7 € B, if [\;A~!| = 1. The real resonant space R; is the vector subspace
spanned by the vectors in *B,.

We set X7 € B, if |\,A!| < 1. The stable space S; is the vector subspace
spanned by the vectors in ‘B;.

We set X} € B, if |\;A71| > 1. The unstable space U; is the vector subspace
spanned by the vectors in B,.
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3 — Resonances in Loewner equations

This defines the splitting

with projections 7., 75, and m,. The real resonant part of H € H; is m.(H). By 3.3.1
the mapping 7,.(H) is triangular.

If F e £L(CY), then H— HoF and H — F o H are endomorphisms of H,;. We
define the linear operator I': H; — H,; as H+> Ao Ho A™L.

The next lemma justifies the terms “stable” and “unstable”.
Lemma 3.3.3. The stable space S; is I'-totally invariant and p(I'|s,) < 1. Indeed

sp(Ts,) = {\A 1 X7 € B,

The unstable space U; is T-totally invariant and p(T'y,) < 1. Indeed

sp(Ty,) = {\ATT: X7 € B,).

Proof. Let A(1),...,\(p) be the distinct eigenvalues of A, with algebraic multiplicity
My, - - - ,Myp). Consider the splitting C? = Eyq) @ - -+ @ Ejp), where Ey) is the
generalized eigenspace relative to A(l). Since A is in e-Jordan normal form, for all
1 <1 < p there exist 0 < by < k; such that Ey; = Span{e; : iy < j < K},
kl - hl = M), and

A=A, h<j<k. (3.3.2)

Hence we identify Fy; ~ C™®. Since the generalized eigenspaces are A-
invariant, A induces automorphisms A, € A(C™®).
Let my): C? — C™® be the spectral projection, that is

T (21,0 2g) = (Zhys -5 20,)-
We denote by myq): N9 — N™® also the projection
@ (1, 0g) = (s - siky)
acting on multi-indices. We have
(A7 (=) = [A3 o ma@ (PO - JATL 0 ) (2) 0 )

- [Z Clvalwk(l)(z)‘h’al] T [Z Cp,apﬂ/\(p)(z)‘]p’%],

%1 ap

with Jy o, € N™O, || = |ma@(£)] for all oy, and with ¢;,, € C. Thus (A7'(2))! is
a linear combination of monomials of the type myq)(2)701 + -+ my(p) (2)/Per.
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3.3 — Parametric Poincaré-Dulac method

Assume X7 € 9B,. Then by definition |\;| < |A|. Any monomial of the form
A1) (2)101 -+ Ty (2)Per is in S;. Indeed by (3.3.2),

A(l)lﬂ')\(l)(l)l .. )\(p)h*(l’)([)‘ = )\17

and
A< T = @) A e

The same argument works for X } € B,. Thus S; and U; are invariant by the linear
operator H — H o AL
Now let X7 € ®B. There exists 1 <[ < p such that h; < j < k;. Then

AoX} = (clz anXa

with ¢, € C and ¢, =0 if a < by or a > k.
Assume X7 € B,. Then by definition |\;| < |A|. Any X¢ such that i, < a < k
satisfies X¢ € B. Indeed by (3.3.2), we have

Mol =N <IN, i <a<h

The same argument works for X } € B,. Thus §; and U; are invariant by the linear
operator H — Ao H.

Now we want to find the spectrum of I'|s,. The automorphism A is conjugate to
any automorphism obtained multiplying the underdiagonal by a positive constant.
Thus there exists a continuous path ~: [0,1] — A(C?) such that v(0) = A and
v(1) = (M121, - -, \g2q), With o conjugated to ~, for all ¢t € [0,1).

Let M € A(C?). Define =(M) € A(S;) as H+— MoHoM ™. 1f B= MoAoM™,
the linear operator I'|s, = Z(A) is conjugate to the linear operator Z(B). Indeed

BoHoB'=MoAoM 'oHoMoA o M7,

thus Z(B) = Z(M) o Z(A) 0o E(M) ™"
We have lim;_,; Z(y (t)) E(A121, ... ,7¢2) and [|s, = Z(A) = E(7(0)) is conju-
gate to Z(y(t)) for all ¢ € [0,1). Thus

s;) =Sp(E(A121, ..., Ag2g))-

It is easy to see that the linear operator =Z(Az1,...,\;%2,) is diagonalizable and
that the basis 28, is a basis of eigenvectors such that

[E(Mz1, - Az ) (X)) = MATIXT.

1]o

sp(l"

Thus .
sp(Ts;) = sp(E(M\121, - - -, 0g24)) = {)\j)\’l : X7 € B}

The same argument works for the spectrum of I'|,. O
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3 — Resonances in Loewner equations

Proposition 3.3.4. Let (¢mn,D) be a shrinking N-evolution family such that
Oni1n(2) = A(2) + O(|2]?) with A in optimal form. Then for each i > 2 there exist

i) a family (k%) of polynomial maps k,(2) = z + O(|z|*) with uniformly bounded
degree and uniformly bounded coefficients, and

it) a triangular evolution family (T}, ,,) with T}, ,(2) = A(z) + O(|z]*),
deg TTiLJrl,n S T — 17
and uniformly bounded coefficients such that for all n > 0,

Ky 0 @nrin — Ty, 0 ki = O(|z]). (3.3.3)

n

< 2 . 2 o . . .
Proof. Yori=2set T}, ., = A, k; 1, =id, and we are done since A is a triangular

mapping. Now assume that (3.3.3) holds for i > 2. We can rewrite (3.3.3) as
k};+1 O Pntin — T1i+1,n o k’; = Poyint+ O(|Z|i+1)v (3.3.4)

where (P,11,) is a bounded sequence in H;. Define R,11, = m(Pyt1,), and
Nn—i—l,n = n+ln Rn+1,n € Sz @Z/{z Set

i+1 - g
TnJrl,n - Tn+1,n + RnJrl,n;

which is still a triangular N-evolution family with uniformly bounded degree and
uniformly bounded coefficients since R,, 11 ,, is a triangular mapping thanks to (3.3.1),

and set ‘ ' '
El =k + H, ok,
where (H,) is an unknown bounded sequence in H,.
kf:&-ll C Pntin — T:Lill,n © kj;rl =
= (k;,—i-l + Hyqr0 k;+1) O Pntin — (T:H-l,n + Rpy1n) © (ky, + Hy 0 ky)
= I'nt+in — Rn—i—l,n + Hn+1 o A - A o Hn + O(|Z’Z+1)
= Npiin+ Hp1 0 A— Ao H, +O(|z|).

Thus to end the proof we need to prove the existence of a bounded sequence (H,)
of elements of H; which satisfies

Nyt = Ao Hy — Hypy o0 A, (3.3.5)
that is a bounded solution (H,) of the homological difference equation

H,.1=AoH,oA™' — Nptipn0 AL
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3.3 — Parametric Poincaré-Dulac method

Define B,, = —N,; 1, © A™'. In the proof of Lemma 3.3.3 we proved that S; and
U; are invariant by the linear operator H + H o A~!, thus B, € S; ® U;. Define
B = 74(B,,), BY = m,(B,). If n > 1 it is easy to prove by induction that

n—1 —
H, =T"(Hy) + Y TV(B,_1;) =T"(Ho) + Y _T"'"(By). (3.3.6)
J=0 ’
We have
n—1
Hn:Fn(HO)+Z nlj +ZF] nlj
j=0
n—1 n—1
=Y D(B_) + " (D(Hy) + Y T7(BY)).
=0 =0
By Lemma 3.1.8 and Lemma 3.3.3 there exist a norm || - ||s on §; and a norm

| - ||l on U; such that ||T|s,|ls < 1,|T ||l < 1. Define a norm on S; @ U; by
IH| = llms (H)ls + [ (H )]

Since (Bg) is bounded there exists C' > 0 such that

n—1

||Z n1]|<2||rj nlg|§ca TLZO

=0

Since (By) is bounded, 377 [T/ (BY)||. < 400, thus we can define

—1(2 I'~(BY)) €U,

With this definition,

[H, ]| < €+ [T ZF 7(Bj) )Hu—CHIZF Bi_1ij) s

j=n Jj=1

and since

”ZF j n 1+j HU < ZHF J n—1+j HU < Clu
we have ||H,|| < C+ C". O
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3 — Resonances in Loewner equations

Remark 3.3.5. Let p > 0 be the smallest integer such that [A\]| < |\,|. Then if i > p
we have m.(Pyy1,) = 0 in H;. Hence T}, =T", |  for any i > p.

Theorem 3.3.6 ( [2]). Let (pmn,D) be a shrinking N-evolution family such that
Oni1n(2) = A(2) + O(|z]?) with A in optimal form. Then there exists a triangu-
lar N-evolution family (Ty,,) with uniformly bounded degree and uniformly bounded
coefficients locally conjugate to (Qm.n)-

Proof. Let ||A]] < o < 1. Let (T}, ,,) and (k},) be the families given by Proposition
3.3.4. Let p > 0 be as in previous remark. Define (T,,,) = (T}, ,). Let 8 > 0 be the
constant given by Corollary 3.2.5 for (7,,,). Let [ > 0 be an integer such that

ol <1/8,
and define (k,) = (k.). By Proposition 3.3.4,
kn+1 O Pn+in — Tn+1,n o k:n = O(|Z’l)a

thus
Tnm,—l—l o kn—i—l O Pn+in — kn = O(|Z’l)

Lemma A.0.6 gives us r > 0 (we can assume 0 < r < 1/2) such that on rB we
have [@ni1.0(2)| < afz] and |T,41.0(2)| < a|z| for all n > 0.Thus for ( € rB we have

| pm0(Q)] < ra™.
Thanks to Lemma A.0.5 we have on rB,
| T m41 © Kmg1 © ©mr1m(C) = k()] < CICI
Hence
T mt1 © Kint1 © @mi1,0(C) = ki © 0mo(C)] < Clomo(Q)] < Crlal™.
There exists sB C rB such that
Tnmt1 © kmt1 © Omi10(sB) C %A

and .
Em © pmo(sB) C §A.

Indeed the families (k,,) and (T,,m+1) are uniformly bounded on 7B and thus
equicontinuous in 0.
Hence Corollary 3.2.5 can be applied to get on sB,

|T0.m+1 © kmt1 0 ©m+1,0(C) — To.m © km © ©m,0(C)] < Ort(Bal)™.
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3.3 — Parametric Poincaré-Dulac method

Likewise it is easy to see that for all m >n > 0,

|Tn,m+1 O kg1 0 (Pm+1,n<o — Tam 0 km o Spm,n(o‘ < Cﬂ(ﬁal)min-

Since o! < 1/ for all n > 0 there exists a holomorphic mapping h,, on sB such
that

hy, = lim T}, ;,, © kpy © @,
m—0oQ

uniformly on compacta. Each h,, is bounded by
|| + Z Crl(ﬁal)ja
j=0

hence they are uniformly bounded. Moreover

hm © nm = 1 Ty j 0 j 0 0jim © P = 1 T 0 Ty j 0 kj 0 pjin = T © hin.
j—)OO j—)OO

]

Remark 3.3.7. Theorem 3.3.6 actually generalizes the result in [2] which holds under
the assumption that A is diagonal.

Remark 3.3.8. The sequence T}, ,,, © ky, © ¢y, converges uniformly on compacta on
the whole D for m — oo, thus defining the intertwining mappings on the whole D.
Indeed since (@, ) is shrinking, for each n > 0 and each compact set K C D
there exists v > 0 such that
Yun(K) C sB.

Then for m > u,

Tn,m o km o (pm,n|K = Tn,u o (Tu,m o km o Som,u) o (pu,n|K7
thus

lim Tn,m o km o Spm,n|K = Tn,u o ( lim Tu,m o km o Som,u) o (;Ou,n|K = Tn,u o hu o Sou,n|K7
m—00 m—00

which gives the uniform convergence on compacta. Define h,, = lim,, o T5m ©
km © @mn. It is easy to see that each h,, is univalent and that (h,) is a family of
intertwining mappings.

The family (h,,) is normal. Indeed let K C D be a compact set. On sB the family
is uniformly bounded and since (¢, ) is shrinking there exists v > 0 such that if
m—mn > u, pma(K) C sB. Hence

hn|K - Tn,m o hm o Spm,n|K

which is uniformly bounded.
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3 — Resonances in Loewner equations

Corollary 3.3.9. Let (¢mn.D) be a shrinking N-evolution family. Then there exists
a polynomial N-evolution family (Qm.») with uniformly bounded degree and uniformly
bounded coefficients locally conjugate to (@m.n). If no real resonance occurs, then
(@mn) 15 locally conjugate to its linear part (A™™).

Proof. Let L € A(CY) such that Lo Ao L™! is in optimal form. By applying Theorem
3.3.6 to the shrinking N-evolution family (Lo, 0L~ L(D)) we get the existence of
a triangular N-evolution family (7}, ,) with bounded degree and bounded coefficients
locally conjugate to (Lo, ,oL™"), by means of a normal family (h,,) of intertwining
mappings defined on L(D).

We have

hmOLO@n,m:Tm,nohnoL7

hence
(L ohpoL)ognm=L"oT,,0oLo(L  oh,olL).

Define (Qumn) = (L' 0T, ,0L). Then g, = L' o h, o L defines a normal family
on D of intertwining mappings between (¢, ) and (Qu,..)-
If no real resonance occurs, then 7, ,, = LoA™ "o L~! hence Qmnp=A"". O

As a consequence we get the following result.

Corollary 3.3.10. Let (¢nn,D) be a shrinking N-evolution family. Then there exists
an associated N-Loewner chain (f,,D,C?) with range C4. Furthermore there exist a
polynomial evolution family (Qm.n) of bounded degree and bounded coefficients and
a family (g,) of polynomial maps g,(z) = z + O(|z]?) of uniformly bounded degree
and uniformly bounded coefficients such that

fn = lim QO,m O 0dm © Pmn-

m—r0o0

If no real resonances occur, then (Qum.) = (A™™") and the chain, given by

fo= lim A7 0 gy 0 Y,
m—00

s normal.

Proof. Simply notice that f,, = Qo 0 gy is an associated N-Loewner chain, and that

gn = lim Qn,m O Gm © Pm,n-
m—»00
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3.4 Dilation R"-evolution families

Let H; denote the left half-plane in C.

Definition 3.4.1. Let D be a domain in C? containing 0. A R*-evolution family
(prs) on D is a dilation RT-evolution family if for all 0 < s <,

vrs(2) = eA(tfs)(z) +O(|2%), (3.4.1)

with A € £(C?,C9) satisfying sp(A) C Hj.
A R*-Loewner chain (f;,D,CY) is a dilation R*-Loewner chain if for all ¢ > 0,

filz) = eM(2) + O(|2?),

with A € L£(C?,C?) satisfying sp(A) C H;. A dilation Loewner chain is normal if
(Mo f;) is a normal family.

Definition 3.4.2. If we restrict time to integer values in a dilation R*-evolution
family (¢ ) we obtain its discretized dilation N-evolution family (¢,,.,). We have

Pria(2) = € (2) + O(|z).

An additive real resonance is an identity

N
Re (D kjay) = Reay,
j=1

where k; > 0 and Zj k; > 2. Recall that « is an eigenvalue of A with algebraic

molteplicity m if and only if e is an eigenvalue of e with algebraic molteplicity m.
Hence additive real resonances of A correspond to multiplicative real resonances of

el

Lemma 3.4.3. Let D a complete hyperbolic domain containing 0. Let (¢r,D) be
a dilation R -evolution family, and let (@m.n,D) be its discretized evolution family.
Assume there exists a N-Loewner chain (f,) associated with (pm,.n). Then we can
extend it in a unique way to a R*-Loewner chain associated with (prs). If (fn) is a
normal N-Loewner chain, then also (fs) is normal.

Proof. By Proposition 2.1.10 there exists a unique RT-Loewner chain ( f,) associated
with (¢ ) which extends (f,,). This chain is defined as

fs = fj O Pjs,

where j is an integer such that s < j. Assume (e’ o f,) is a normal family and
let 2(0,r) be the ball with respect to kp of radius r > 0 centered in 0. Since D is
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3 — Resonances in Loewner equations

complete hyperbolic, Q(0,r) is compact by Proposition 1.0.6. The family (e*"o f,) is
thus uniformly bounded on (0,r). For each s > 0 define m; as the smallest integer
greater than s. We have

o eA(s—mS)

As As Am
€ Ofs:e OfmsoSpms,s— oe SofmSOSDmS,sa

which is uniformly bounded on Q(0,r) since @, (©2(0,r)) C Q(0,r) and ms — s is
smaller than 1. Hence (e o f,) is a normal family. O

Definition 3.4.4. A shrinking domain is a complete hyperbolic domain D contain-
ing 0 such that any dilation N-evolution family on D is shrinking. Notice that since
we assume D to be complete hyperbolic, property i) of Definition 3.1.5 is satisfied
for any N-evolution family on D.

Remark 3.4.5. By Proposition 3.1.9 and Remark 3.1.7 any domain D biholomorphic
to B and containing 0 is a shrinking domain.

The following result generalizes [14, Theorem 2.3 | and [11, Theorem 3.1].

Theorem 3.4.6 ( [2]). Let D be a shrinking domain. Let (¢s,D) be a dilation
Rt -evolution family. Then there exists a dilation R -Loewner chain (fs,D,C?) asso-
ciated with (1), with range C?. Furthermore there exist a polynomial N-evolution
family (Qum.n) of uniformly bounded degree and uniformly bounded coefficients and a
family (g,) of polynomial maps g,(2) = 2+ O(|2|?) of uniformly bounded degree and
uniformly bounded coefficients such that

fs = lim CQO,m O0m © Pm,s-

mM— 00

If no real resonances occur, then (Qm,,) = (A™™") and the chain, given by

fs= lim A7 0 gy 0 Yms,

mM— 00

s normal.

Proof. Let (¢mn,D) be the discretized of (¢r,,D). Since D is a shrinking domain,
(¢mn) is a shrinking N-evolution family. Since no additive real resonance occurs in

A, no multiplicative real resonance occurs in A = e®.

The result follows from Corollary 3.3.10 and Lemma 3.4.3. [

Remark 3.4.7. Theorem 3.4.6 actually generalizes the result in [2] which holds under
the assumption that A is diagonal.

Definition 3.4.8. A R*-evolution family (¢ ,D) is called I-periodic if for all t >
s >0,

Pt s = Pt+1,5+1-
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Proposition 3.4.9. Let (¢15,D) be a 1-periodic R -evolution family fixing 0 on a
taut domain D C CY, and assume that

p(doQOLQ) < 1.

Then there exist an associated R -Loewner chain (fs), which is normal if no complex
resonance occurs among the eigenvalues of dyp .

Proof. The discretized evolution family (¢, ) is of dilation semigroup type. Hence
as in Remark 3.1.3 we have an univalent mapping h(z) = z + O(|z]?) defined on D
and a polynomial automorphism @ such that (f,,) = (Q ™ oh) is a N-Loewner chain
associated with (¢.,,). If no complex resonance occurs among the eigenvalues of
do1,0, then @ = dyy1 ¢ by Poincaré-Dulac Theorem (see for example [23, Appendix])
and thus the family (f,) = ((dow1,0) ™" o h) is a normal N-Loewner chain.

Lemma 3.4.3 yields a R™-Loewner chain (fs), which is normal if no complex
resonance oCcurs. O

3.5 Counterexamples

Example 3.5.1. Let A € L£(C?C?) given by Diag(ay,as), with Rea; < 0 and
Reay < 0. If (;4,B) is a dilation R*-evolution family such that o, , = A=) (2) +
O(|z|?) and

2Rea; < Re a9,

then by Lemma 2.12 in [11] there exists a unique normal R™-Loewner chain asso-
ciated with (¢ ). This is no longer true when 2Re oy > Re ap. Indeed, consider on
B C C? the linear dilation R*-evolution family defined by

SOt,S(Z) = eA(t_s)(Z) = (eal(t_s)zheo‘?(t—s)zz).

The family (e7*%) is trivially a normal R*-Loewner chain associated with (e*=9)).
The univalent family
ky(2) = (21,29 + el@27 201552,

A(t—s) A(t—s)

satisfies k; o e =e o k. Since Reay < 2Re vy, it is a uniformly bounded
family, thus (e *ok,) is another normal R*-Loewner chain associated with (e*(=9)).

Example 3.5.2. Let A € L(C?*C?) given by Diag(ay,as), with Rea; < 0 and
Reas < 0, and as = 2a;. There exists a dilation R*-evolution family (¢;s) such
that ¢, = e29)(2) + O(|2]?), which does not admit any associated normal R*-
Loewner chain. Indeed, recall that for ¢ € C* small enough, the family (¢;) defined
by

hi(2) = (221,67 (25 + ct2]))
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is a semigroup on B C C2. Thus

Pt,s <Z> = wtfs (Z)

defines a dilation RT-evolution family. Let (f;) be a normal R*-Loewner chain as-
sociated with (¢ ). The family (h,) = (e™* o f,) satisfies hy o ¢, , = e o b, thus
in particular

he o pro = €™ o hy. (3.5.1)

Let a, be the coefficient of the term 27 in the second component of ,. Then imposing
equality of terms in 27 in equation (3.5.1) we find e*?'ct + a;e?**'* = age®?!, hence

—_ e(a272a1)t(

ay ag — ct),

which gives a; = ag — ct, so that (hs) cannot be a normal family.

Example 3.5.3. Let A € A(C?) given by Diag(A;,)\), with A\;,As € D~ {0} and
M) = |Xa|, A} # Ag. There exists a N-dilation evolution family () such that
Yni1n(2) = A(2)+O(|2]?), which does not admit any associated N-normal Loewner
chain. Indeed, if » > 0 is sufficiently small, given any sequence (a,41,,) in rB there
exist a N-dilation evolution family defined by

Ont1n(2) = (M121,A022 + an+1,nzf)-

If (f,,) is a normal N-Loewner chain associated with (¢, ), then the family (h,) =
(A" o f,,) satisfies
Pnt10 Qi1 = Ao hy,. (3.5.2)

Let a, be the coefficient of the term 2? in the second component of kg, and set
¢ = A?/Xy. Then imposing equality of terms in 27 in equation (3.5.2) we obtain the
recursive formula

an(n)\% = 040/\% —a1,06 — a2,1C2 — = app-1C"
For 1 < j <8define C; ={¢ € S': 2n(j — 1)/8 < arg z < 27j/8}. There exist a C}

which contains the images of a subsequence (¢**). Set

G 1 = {7"/2, if there exist n such that m = k,, (35.3)

0, else,

then the sequence (3_7_a;;-1¢?) is not bounded, hence the sequence (o) is also
not bounded. Thus for (¢, ) no normal family (h,) can solve (3.5.2).
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Appendix A

The following is a several variables version of the Schwarz Lemma [15, Lemma
6.1.28].

Lemma A.0.4. Let M > 0 and f: B — C? a holomorphic mapping fixing the
origin and bounded by M. Then for z in the ball, |f(2)| < M|z|. If there is a point
2o € B\ {0} such that |f(z0)| = M|zol|, then |f(Cz0)| = M|Cz0| for all |(] < 1/|20.
Moreover, if f(z) = O(|z|%), k > 2, then for z in the ball, |f(z)| < M|z|*.

Lemma A.0.5. Let A € L(C1,CY). Let F be a family of holomorphic mappings
f:rB — C9, bounded by M > 0, and let k > 2 such that

f(z) = A(z) = O(]2["), VfeF,
Then there exists C), > 0 such that

1f(2) — A(2)| < Cylz|*, Vze€rB.
Proof. Set g(z) = f(z) — A(2). Then |g(rw)| < M + r||Al|, hence

lg(rw)| < (M +7[|A]}) Jw]*
thanks to previous lemma. Thus if z € rB,
l9(2)| < (M + | ANI(L/r)2* < (M +r[[AD(L/7)"]2]".
[

Lemma A.0.6. Let A € L(C?,CY), and let D be a domain containing 0. Let F be
a family of holomorphic mappings f: D — C9, bounded by M > 0, and satisfying
f(z) = A(z) + O(|z[*). Let a > 0 be such that ||A|| < «. Then there exists s > 0
such that

[f() < alzl, VfeF]|z<s.
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Proof. We proceed by contradiction: assume there exist a sequence f, € F and a
sequence (z,) converging to the origin verifying |f,,(z,)| > «|z,|. The sequence (z,)
is eventually contained in some rB C D. By Lemma A.0.5 we have that eventually

|[falzn)l = [A(@n) + falzn) — A(zn)] < [A(za)] + Clzal,

thus

_ Mzl [A(z0)]
E

but the right hand term has limsup less or equal than ||A||, which is the desired

contradiction. O

Lemma A.0.7. Let A € L(C4,CY), and let F be a family of holomorphic self-
mappings of B satisfying f(z) = A(z) + O(|z]?), with ||A|| < 1. Let 0 < s < 1. Then
there exists k < 1 such that

|f(2)| < klz|, VfeF]z] <s.

« + C|zn|,

Proof. Assume the contrary: suppose there exist a sequence f,, € F and a sequence
of points z, in sB verifying |f.(2,)| > (1 — 1/n)|2,|. Up to subsequences we have
2z, — 2 for some 2’ such that |Z/| < s, and f,, — f € F uniformly on compacta
since F is a compact family. If 2/ # 0 we have

L1 bl )

n |2n] |2

<1,

which is a contradiction. If 2/ = 0, using again Lemma A.0.5 we get

]' n n A n
R XEA I TCN
n |20 |20 ]
and the right hand term has lim sup less or equal || A||, contradiction. O

Lemma A.0.8. Let A € A(CY), and let D be a domain containing 0. Let F be
a family of holomorphic mappings f: D — C2, bounded by M > 0, and satisfying
f(z) = A(z) + O(|2]?). There exist r > 0 and s > 0 such that if f € F then f is
univalent on rB, and such that sB C f(rB).

Proof. Suppose there does not exist a ball rB C B such that every f is univalent
on rB. Since F is a compact family there exists a sequence f, — f € F uniformly
on compacta, and such that there does not exist a ball rB C B with the property
that every f, is univalent on rB. By the inverse mapping theorem there exists a ball
where f is univalent. We can now apply [15, Theorem 6.1.18], getting a contradiction.
Assume now there does not exist a ball contained in each f(rB). Again there is a
sequence f, — f € F uniformly on compacta, such that there does not exist a ball
sB C () fn(rB). The contradiction is then given by Proposition 2.3.1. O
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