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Introduction

I.1. The problems

In this thesis we investigate uniqueness and nonuniqueness of solutions to degenerate
elliptic and parabolic equations with possibly unbounded coefficients. Specifically, we address
equations of the following types:

(I.1.1) Lu—cu=¢ in 2,
(I1.1.2) Lu—cu—0wu=f(x,t,u) inQAx(0,T]=:Qr (T >0),
(I.1.3) pOu=A[G(w)] in Qr.

In the last chapter, also fully nonlinear elliptic equations will be considered.

Here €2 C IR™ is an open connected, possibly unbounded set with boundary 92 and
¢, o, f,p, G are given functions. The function c¢ is supposed to be nonnegative when dealing
with equation (I.1.1), f € C(Qr x IR) is Lipschitz continuous with respect to u € IR,
uniformly for (x,t) € Qr. The coefficient p is positive and depends only on the space variables;
a typical choice for the function G is G(u) = |u|/™ 'u, m > 1. Finally, the operator £ is
formally defined as follows:

L 0%u " Ou
SRS rr e S e

we always assume
n
(I1.1.4) Z aij(x)@fj >0 foranyx €, (&,..,&,) € R".
i,j=1

A great deal of work has been devoted to investigate uniqueness of solutions, both of the
Dirichlet boundary value problem associated to equation (I.1.1) and to Cauchy or Cauchy-
Dirichlet problems for equations (I.1.2)-(I.1.3). Also probabilistic methods have been exten-
sively employed to study linear degenerate equations. In the following section we give a short
overview of such known results. In the last section of this Introduction the results of the
thesis are outlined.

I1.2. A survey of the literature

1.2.1. Degenerate elliptic equations. As is well-known, to formulate a well-posed
Dirichlet problem associated to equation (I.1.1) it is natural, in view of the loss of ellipticity,
not to prescribe boundary conditions on some portion of the boundary. In fact, early in [46]
(see also [57]), equations degenerating only at the boundary were treated and uniqueness of
solutions to this problem was proved, without giving boundary conditions on a certain region
of the boundary, where the coeflicients of the operator £ converge to zero exponentially. Later
on, a general formulation of the Dirichlet problem, when the operator £ possibly degenerates
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iv INTRODUCTION

also in the interior of 2, was given in the pioneering work [26]. In this context, when the
domain is bounded and regular and the coefficients of the operator sufficiently smooth, the
points of the boundary 0€) were classified in characteristic and non-characteristic points for
the operator £. In addition, at characteristic points the drift vector-field can point either
outward or inward, or it can vanish. Then the Dirichlet problem for equation (I.1.1) was
investigated, prescribing boundary data only at non-characteristic points and at characteristic
points where drift points outward. By the so-called Gauss-Green formula for the operator £
and integration by parts, a convenient LP— estimate was derived for any classical solution to
this Dirichlet problem, ensuring uniqueness of smooth and bounded solutions.

The above formulation of the Dirichlet problem attracted much attention and many re-
lated existence, uniqueness and regularity results were proven (see [56]). In particular, in [56]
uniqueness results were obtained, by an approach different from that of [26], which makes
use of suitable supersolutions to equation (I.1.1) with ¢ = 0. Assuming that the operator
coefficients are sufficiently smooth and bounded, it was proved that if a nonnegative super-
solution to equation (I.1.1) with ¢ = 0, diverging at some region 3 of the boundary, exists,
then the Dirichlet problem for equation (I.1.1) admits at most one classical bounded solution,
without specifying boundary conditions at ¥. In [56] also the relationship between these
two different methods is pointed out. In fact, consider a smooth portion ¥ of the boundary
made of characteristic points where the drift vector-field does not point outward. Then by
the results in [26] the Dirichlet problem has at most one smooth bounded solution, without
giving data at ¥.. The same conclusion can be reached by the uniqueness criterion of [56].
In fact, in the proof of Theorem 2.7.1 of [56] a nonnegative supersolution to equation (I.1.1)
diverging at X is explicitly constructed, mainly using the distance function from 3, hence
uniqueness follows.

Furthermore, in Lemma 2.7.1 and Theorem 2.7.1 of [56] the existence of classical solutions
to the Dirichlet problem for equation (I.1.1) is addressed, under suitable regularity hypotheses
on the domain and on the operator. Here the construction of a barrier at any point where
boundary conditions are specified plays an important role. It turns out that, under appropri-
ate assumptions, such barriers can be constructed both at non-characteristic points and at
characteristic points where the drift points outward, in agreement with the above uniqueness
results.

It is informative to observe that in [61] similar uniqueness results are given. Here unique-
ness classes larger than L*°(2) are considered and the function ¢ may change sign, yet the
operator is supposed to be uniformly elliptic. Such results have been obtained in consequence
of the Phragmen-Lindel6f principle, a well-known generalization of the maximum principle.
Loosely speaking, the Phragmen-Lindelof principle states that if there exists a positive su-
persolution to equation (I.1.1) with ¢ = 0, diverging at a portion ¥ of the boundary, then
any subsolution to equation (I.1.1), nonpositive in 9 \ ¥, is necessarily nonpositive in €2,
provided that it possibly diverges at ¥ with an order lower than that of the mentioned super-
solution. In [61] similar results are established for unbounded domains under suitable growth
conditions at infinity on the subsolution.

In recent years also elliptic equations with unbounded coefficients have been widely inves-
tigated - mostly in the case 2 = IR™ - both by analytical methods and stochastic calculus (see
[17], [52] and references therein). Also the corresponding parabolic equations have attracted
much interest, particularly concerning the uniqueness of solutions to the relative Cauchy prob-
lem (e.g., see [20], [34], [52], [71], [44], [60]). We outline, for further purposes, the results
of [60], which are in the same spirit of those described before for elliptic equations, although
unbounded coefficients are considered.
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In [60] operators of the form
fv= ;{dz’v[A(a:)Vv] 4 (b(z), Vo))

are considered. The boundary 0f2 is expressed as the disjoint union of the regular boundary
R, where the coefficients of £ are well-behaved (in particular, bounded), and the singular
boundary S, where the coefficients can diverge, vanish or need not to have a limit; the condition
RNS =0 is always assumed.

A key role to establish uniqueness or nonuniqueness of (very weak) bounded solutions to
the parabolic problem

LIG(w)] = Ou = f(z,u)  inQr
(I1.2.1) u=20 on R x (0,7

u = up in Qx {0}
with ug € L>®(Q) is played by the so-called first exit time problem:

LU=-1 inQ
(1.2.2)
U=0 on R.

It was proved that if there exists a supersolution V' to problem (1.2.2), bounded from
below such that
inf V <infV,
QUR R
then problem (I.2.1) admits infinitely many bounded solutions. On the contrary, if there
exists a subsolution Z to problem (I.2.2) such that

lim Z(z)=—o0o0,
dist(z,8)—0

then problem (I.2.1) with G(u) = v admits at most one bounded solution.

Another interesting contribution to study uniqueness for the Dirichlet problem associated
to equation (I.1.1) is given in [7], using methods different from those introduced above. Here
uniformly elliptic operators in bounded domains are considered with coefficients which might
not be regular approaching the boundary. Relying on the uniform ellipticity of £ and the
boundedness of the coefficients, the minimal positive solution Uy to the first exit time equation
(e.g., see [35]) is constructed. Then the so-called refined mazimum principle is proven -namely,
any subsolution to equation (I.1.1) with ¢ = 0 bounded from above, nonpositive only at those
points of the boundary where the function Uy can be prolonged to zero in a suitable sense,
is necessarily nonpositive in €2. Notice that, in particular, Uy can be prolonged to zero at
xg € 00 if xg has a barrier. As a consequence of the refined maximum principle, we can
infer uniqueness of bounded solutions to the Dirichlet problem in which boundary conditions
are imposed only on the portion of the boundary where the function Uy vanishes in a proper
sense. For, the uniqueness result given in [7] is in its very nature of the same kind of those
described above.

Not surprisingly, the uniqueness results introduced above are connected with the strong
maximum principle for linear degenerate elliptic equations (see [10], [19], [67], [70]). In
particular, in [19] (see also [67]) the propagation set of any point xzy € Q is defined; it is
the collection of all points of © which can be connected to g, running diffusion and/or drift
trajectories. Then it is proved that if a subsolution u to equation (I.1.1) with ¢ = 0 attains at
some xg € ) the maximum of u restricted to the propagation set of xg, then w is identically
equal to u(xp) in the whole propagation set of z¢, provided that the coefficients of the operator
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are smooth enough. Using this characterization of the propagation set of local maxima, it is
also shown that, if every point lying in 2 and every characteristic point where drift is zero, or
is directed inward can be joined, by a finite number of diffusion or drift trajectories, either to
some non-characteristic point, or to some characteristic point where drift is directed outward,
then uniqueness for the Dirichlet problem formulated in [26] holds true.

Analogously, in [70], Theorem 7.2.1, it is established that global maxima propagate along
both subunit trajectories and drift trajectories. Then it is proved that this propagation set
indeed is the same as that considered in [19].

Let us finally mention that similar strong maximum principles have been proven also for
fully nonlinear equations in [3]-[4].

1.2.2. Connections with probabilistic methods. In this Subsection, we discuss briefly
the relationship between stochastic calculus and the results recalled in Subsection 1.2.1, whose
proof was obtained solely by analytical methods.

In [48] (see also [29]), the general question is addressed, whether boundary data are
needed on some region of the boundary to get uniqueness of solutions to linear elliptic de-
generate problems. In the light of the probabilistic representation of the solution of elliptic
equations, uniqueness holds without prescribing boundary data at some region ¥ C 0fQ, if
Y is unattainable by the Markov process generated by the operator. On the contrary, if the
Markov process can reach X, then at ¥ boundary data must be imposed.

Interestingly to decide whether the Markov process does attain or not some region ¥ of
the boundary, sub— and supersolutions of the same type considered in Subsection 1.2.1 are
expedient. More precisely, if a supersolution to equation (I.1.1) with ¢ = 0, diverging at X,
exists, then X is unattainable. On the contrary, if near some point zy € 92 a barrier exists,
then the Markov process reaches zy. In this case the point zq is said to be a regular point for
the stochastic process.

In [48] the notion of attracting regions of the boundary is also introduced. In general
terms, the set X is attracting if there exists a barrier for the whole ¥ (see Definition 1.5.1).
It turns out that constant data can always be specified at attracting regions 3 C 0. In
addition, if the coefficients of the operator are bounded, it is possible to construct a barrier
at any point zg € X; hence continuous data can be prescribed at X, too (see [48], Theorem
3.1).

Many of the results collected in [31] can be regarded form the same viewpoint. In par-
ticular, in [31], the actual construction of the mentioned sub— supersolutions is investigated,
always supposing that the operator £ has bounded coeflicients.

In Chapter 11, Theorem 4.1 of [31] it is proved that, if ¥ is a smooth submanifold of IR"
of codimension 1, containing solely characteristic points where drift does not point outward,
then it is unattainable by the Markov process. To prove this property, a supersolution W to
the problem

LU=pU inQ
(I.2.1)
U=0 on 0N\ X

(for some p > 0) diverging at ¥ is explicitly constructed.

Moreover, it is proved that the manifold 3 is always unattainable, if dim ¥ is small
enough (roughly speaking, in this case 3 is "too thin” to be reached by the process). More
precisely, if X2 is a k-dimensional smooth submanifold of IR™ with k < n — 3, and the diffusion
matrix does not degenerate too much along orthogonal directions to X at any zg € Y-namely,
the orthogonal rank of A at xg is greater or equal to 3 (see Definition 3.2.11)- then ¥ is
unattainable (see [31], Chapter 11, Theorem 3.1). The argument goes by contradiction. In
fact, first it is supposed that the Markov process associated to the operator, starting in 2,
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touches a point zg € X, after a certain finite time. Then it is proved that this is impossible,
using a suitable nonnegative supersolution W of the equation

(1.2.2) LU=pU inWs\K (p>0)

such that

lim  W(z) =400
dist(z,K)—0

(here Wy is a neighborhood of K := ¥ N Bs(xg); d > 0).

Also the already mentioned strong maximum principle for degenerate equations (see [19],
[70]) has a deep probabilistic interpretation. In fact, in the first part of [69] it is proved that
the set of propagation of maxima of subsolution to elliptic degenerate equations coincides
with the closure of the support of the Markov process generated by the operator, provided
that the coefficients are sufficiently regular and, in particular, bounded. This support -by
definition, the closure of trajectories of a Markovian particle starting in §2- actually coincides
with the propagation set defined in [70]. Relying on this characterization, in the second part
of [69] solutions to the Dirichlet problem introduced in [26] are proven to be unique.

I.2.3. Nonlinear equations. Equation (I.1.3) (which arises in several physical prob-
lems; e.g., see [45]) has raised much interest. In particular, several papers have been devoted
to the Cauchy problem associated with equation (I.1.3), namely

pOu=A[G(u)] in R"x (0,T]=: Sr
(I1.2.1)
u = ug in R™ x {0},

assuming p € C(IR"), up € L>*(IR"™). It is well-known that problem (I.2.1) is well-posed in
the class of bounded solutions when n < 2 and p is sufficiently smooth, or when n > 3 and
p is constant (see [6], [37], [42]; see also [11]). On the contrary, when n > 3 and p — 0
sufficiently fast as |x| — oo, some conditions at infinity are needed to restore well-posedness
(see [21]-[23], [43], [45], [68]). In the above references conditions at infinity are of Dirichlet
type and homogeneous. Moreover, it can be proven that when G(u) = v and I'xp € L>®(IR")
(" being the fundamental solution to the Laplace equation in IR™) problem (1.2.1) is well-
posed in the class of bounded solutions, even if non-homogeneous conditions of Dirichlet type
or homogeneous condition of Neumann type are prescribed at infinity (see [44]).

For n =1, in [43], the following generalization of problem (I.2.1) was investigated:

pOou = {a|G(u)|z}, in Sp
(1.2.2)
U = Ug in IR x {O},

here a € C*(IR),a > 0. Conditions for the well-posedness were given, which depend on the
behaviour as |z| — oo of solutions to the associated first exit time equation to problem (1.2.2).
In this one-dimensional case, this becomes the ordinary differential equation

(1.2.3) (ay) = —p in R.

It turns out that, if any solution of equation (1.2.3) is bounded in IR, then there exists a
unique nonnegative bounded solution to problem (I.2.2) satisfying an extra constraint at
infinity, hence the solution to problem (I1.2.2) in the class L°°(Sy) is not unique. Instead, if
there exists a solution y to equation (I1.2.3) such that |y| — oo as |z| — oo, then there exist
at most one bounded nonnegative solution to problem (1.2.2).

Since the solution to equation (I.2.3) can be written explicitly, the above conditions for
uniqueness or nonuniqueness can be also formulated in terms of the behaviour of p and a at
infinity.
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Moreover, from such uniqueness criteria, conditions for uniqueness of bounded radial
nonnegative solutions to problem (1.2.1) are deduced, in case p and ug are radial. According
to them, problem (I.1.3) admits at most one bounded nonnegative radial solution, when p at
infinity diverges not too fast; in the opposite case, nonuniqueness holds true.

In [47] results similar to the previous ones are obtained for the initial-boundary value
problem:

pOu = {a[G(u)lz}e in (0,R) x (0,T] = Qr
(1.2.4) u =0 in {R} x (0,7]
u = up in (0, R) x {0};

here p € C((0,R]),a € C((0,R]), a > 0,p > 0 in (0, R]. Observe that the coefficients p, a
can either vanish or diverge, or else they need not to have a limit as |z| — 0. In this case,
the point 0 can be regarded as the counterpart of the point at infinity in the Cauchy problem
(I.2.2). Then it is natural to expect that uniqueness or nonuniqueness criteria for problem
(I.2.4) depend on the behaviour of p and a near 0. In fact, in [47] it is proved that if any
solution of problem

(ay’) = —p in (0, R)
(1.2.5)

is bounded, then there exists a unique nonnegative bounded solution to problem (I1.2.4) satis-
fying an extra condition at 0, hence the solution to problem (I.2.4) is not unique in the class
L>*(Qr) . Instead, if there exists a solution to problem (1.2.5) which diverges as z — 0, then
problem (I1.2.5) is well-posed in L>=(Qr) .

Furthermore, since n = 1, such conditions for uniqueness or nonuniqueness of solutions
are reformulated in dependence of the behaviour of p and a at 0. Hence, in the linear case
G(u) = u, they reduce to classical results proven in [25] by probabilistic methods.

Finally, results in the same spirit as those above have been established for fully nonlinear
elliptic equations of the type:

(I.2.6) F(x,u, Du,D*u) =0 in Q;

here F' is a real-valued continuous function defined in €2 x IR x IR™ x X", X" being the linear
space of n X n symmetric matrices with real entries.

For F fulfilling natural structural conditions, Phragmen-Lindel6f principles for the Dirich-
let problems associated to equation (I.2.6) have been proved in [15]-[16], when Q is un-
bounded and satisfies specific geometric conditions; roughly speaking, it is necessary that
there is ”enough boundary” near any point of 2. In [15]-[16] at first a boundary weak Har-
nack inequality is shown, then Alexandrov-Bakelman-Pucci estimates and Phragmen-Lindel6f
principles are obtained.

On the other hand, in case of bounded domains and F € C(2 x IR x IR" x ¥"), in
[2] comparison principles for the Dirichlet problem for equation (I1.2.6) are given, without
imposing boundary conditions on some regions of the boundary where F' satisfies suitable
conditions, which extend to the nonlinear case those introduced in [26].
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1I.3. Outline of results

In Chapter 1 (where [65] is reproduced) we address the degenerate elliptic equation (I.1.1),
allowing the coefficients a;j, b;, ¢ and the function ¢ to be unbounded. As in [60] (see Section
1.2.1), we always express the boundary 02 as the disjoint union of the regular boundary R
and the singular boundary S. The portion R is called "regular”, for the coefficients a;;, b;, c
are well-behaved and the operator is elliptic in the set QUR; on the contrary, the coefficients
can vanish or diverge or need not to have a limit, or ellipticity can be lost when dist(z,S) — 0
and/or |z| — oo, if 2 is unbounded (see assumptions (H;)—(Hs) in Chapter 1). Consequently,
we study the problem

Lu—cu=¢ in
(I1.3.1)
U =g on R,

where Dirichlet boundary conditions are specified only at R. Let us notice that the case
00 # 0N is allowed, thus S can be a submanifold of IR" of dimension less then n — 1.

We state sufficient criteria for uniqueness or nonuniqueness of solutions to problem (I1.3.1);
whereas our nonuniqueness results require that £ does not have points of degeneracy in €2,
the uniqueness results are also valid when ellipticity is lost in the interior of 2.

Assuming the existence of suitable supersolutions to the first exit time problem

LU = —1 in Q
(1.3.2)
U=0 on R,

we prove nonuniqueness of solution to problem (I1.3.1) (in particular, see Theorem 1.2.5). Such
supersolutions can be regarded as a sort of barriers for the whole S; in fact, nonuniqueness
prevails if it is possible to prescribe, in a proper sense, the value of the solution of problem
(I.3.1) at some point of the singular boundary S, or at infinity if  is unbounded. This
suggests that, if uniqueness does not hold, it might be restored by assigning boundary data
on some subset §; C § and/or a condition at infinity, if  is unbounded. Hence we study the
problems:

(1.3.3)
u=gq on RUSt,
respectively
Lu—cu=¢ in Q
(1.3.4) u=4g on RUS;

lim w(z) =1L (LeR).
|| =00

At first we extend the classical Phragmen-Lindelof principle (see [61]; see also Section
1.2.1) to the present case of degenerate operators with unbounded coefficients (see Propositions
1.2.10, 1.2.11). We prove that the sign of a generic subsolution u to problem (I1.3.3) is preserved
in the whole €, if it is prescribed both in R and in &1, provided that u satisfies a suitable
growth condition at S := S\ 1. More precisely, at Sy, u could diverge, yet with an order
lower than that of a certain subsolution to the homogeneous problem:

LU =cU in Q
(1.3.5)
U=0 on R,
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which is assumed to exist (e.g., see Theorem 1.2.13). Observe that in the corresponding
results mentioned in Subsection 1.2.1 we had S; = 0.

Further interesting considerations arise when studying existence of solutions to problem
(I.3.3). In fact, when £ has bounded coefficients in a neighbourhood of & and S; is attracting
in the sense of [48] (see Section 1.2.2), it is shown, using standard tools, that the solution
of problem (I.3.3) can take any continuous function g at S;. In general, this is not the case
when the coefficients of £ can become unbounded at ;. Indeed, we show by an example
that general Dirichlet boundary data cannot be prescribed on an attracting portion S; of
the boundary (see Example (c) in Section 1.5). However, it is always possible to prescribe
constant data on an attracting portion S; of the boundary.

Similar uniqueness and nonuniqueness results are proved in Chapter 2 (where [59] is
reproduced) for semilinear degenerate parabolic equations

Lu —cu —u= f(zx,t, u) in Qr
(1.3.6) u=g in (RUS1) x (0,7
u = up in (QURUS) x{0};

here f € C(Qr x IR) is Lipschitz continuous with respect to u € IR, uniformly for (z,t) €
Qr. Such results extend in several respects those given in [60], recalled in Section 1.2.1 (in
particular, the assumptions S; = 0, R NS = () considered in [60] are not made).

Concerning existence of solutions to problem (I1.3.6), we show as in the elliptic case that
general Dirichlet boundary data cannot be prescribed on an attracting portion &1 of the
boundary (see Example (¢) in Section 2.5). However, on any attracting region S; of the
boundary it is possible to prescribe a function which depends on the time variable.

So far, the question of the existence of sub- and supersolutions of auxiliary problems used
to prove uniqueness and nonuniqueness has not been addressed. To address this question,
the concrete construction of such sub— supersolutions is made in Chapter 3 (where [58] is
reproduced), under the following main hypotheses: 2 is bounded and § is a sufficiently
smooth submanifold of IR™ satisfying SNR = (). Once this construction is made, explicit
uniqueness and nonuniqueness results both for elliptic and parabolic problems can be derived
from the results proved in [59], [65].

In the construction of such sub— supersolutions, a key role is played by the dimension
of the manifold S; in particular, the value dimS = n — 2 is critical to recognize whether
boundary data has to be given or not at S.

In fact, if n > 2, dimS < n — 2 and the orthogonal rank of the diffusion matrix A is
at least 2 on S, there exists at most one bounded solution of problem (I1.3.1) (actually, the
uniqueness class is larger; see Definition 3.2.11 and Theorem 3.2.12), without giving data on
S. This result extends Theorem 4.1, Ch.11 in [31], which was proved under more restrictive
assumptions by stochastic methods (see Subsection 1.2.2). It also extends the results in [40],
where A was uniformly elliptic.

If dimS = n — 1, the portions of the boundary where we cannot impose data depend on
the behaviour of the coefficients of £ near S. In general terms, if ”diffusion and drift near &
are low” (see Theorem 3.2.16, in particular conditions (3.2.16) - (3.2.17)), no extra conditions
at S are needed to ensure uniqueness of problem (1.3.1). Instead, when ”diffusion and drift
near § are high”, boundary conditions on & are necessary to make the problem well-posed
(see Theorem 3.2.18 and conditions (3.2.20) - (3.2.21)). Connections with analogous results
stated in [26], [31], [56] (see also Section 1.2.1) are discussed (see Chapter 3, Subsection
3.2.1.3 and Section 3.6).
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In Chapter 4 (whose main results are contained in [66]), the refined maximum principle
of [7] we recalled in Section 1.2.1 is extended to degenerate linear elliptic and semilinear
parabolic equations, with possibly unbounded coefficients. In this framework we also discuss
the existence of solutions to the Dirichlet problem. In particular, we show that we do not
necessarily have existence of solutions, without a particular choice of the boundary data (see
Theorem 4.3.1 and condition (4.3.1); here use of some results of Chapters 1-2 is made). This
implies that the refined maximum principle is in general inaccurate, for it suggests to impose
boundary conditions on a larger subset of the boundary than it is necessary to make the
problem well-posed.

Equation (I.1.3) is studied in Chapters 5-6, where the uniqueness and nonuniqueness
results given in [43] and [47] and already described in Section 1.2.3, are generalized to the
case of several space dimensions.

In Chapter 5 (where [62] is reproduced) we prove uniqueness of bounded solutions to
problem (I.2.1), not satisfying any additional condition at infinity, when p(z) — 0 slowly,
or p does not go to zero, as |x| — oo (see Theorem 5.2.3). Moreover, we prove existence of
bounded solutions to problem (I.2.1), satisfying at infinity possibly inhomogeneous conditions
of Dirichlet type, when p(z) — 0 sufficiently fast as |x| — oo (see Theorems 5.2.8, 5.2.11 and
5.2.15) . Observe that these existence results, in particular, imply nonuniqueness of bounded
solutions to problem (1.2.1).

Equation (I.1.3) is studied in bounded domains in Chapter 6 (whose main results are
contained in [63]). Inspired by [47], we allow the density p either to vanish or to diverge, or
not to have a limit as the distance d(x,S) goes to zero, S being a subset of the boundary 92
referred to as the singular boundary. On the other hand, p is supposed to be well-behaved
both in © and on the regular boundary R := 02\ S (see assumptions (Hp) — (H;) in Chapter
6). Throughout Chapter 6 we always assume that R and S are compact smooth disjoint
submanifolds of IR™ of dimension n — 1.

As in the linear case, we consider the following initial-boundary value problem associated
to equation (I.1.3):

p@tu = A[G(u)] in QT
(1.3.7) u =0 in R x (0,T)
u = ug in 2 x {0}.

We prove uniqueness of bounded solutions to problem (1.3.7), not satisfying any addi-
tional condition at S, when p(x) — oo sufficiently fast as d(x,S) — 0 (see Theorem 6.2.2).
Moreover, we prove existence of bounded solutions to problem (1.3.7), satisfying at S possibly
inhomogeneous conditions of Dirichlet type, when p(x) — oo sufficiently slow as d(z,S) — 0,
or p does not diverge as d(x,S) — 0 (see Theorems 6.2.5 and 6.2.9).

In Chapter 7, regarding again the boundary € as the disjoint union of the regular bound-
ary R and the singular boundary S (see assumptions (F}) — (F3) in Chapter 7), we study the
following problem:

F(x,u,Du,D*u) =0 in Q
(1.3.8)
U =g in R.

We establish Phragmen-Lindel6f type results, when F' need not to be bounded or to have
a limit as dist(x,S) — 0. Beside problem (1.3.8), as in the linear case (see (1.3.3)-(1.3.4)) and
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for the same reason, we also consider the problems:
F(x,u,Du,D*u) =0 in Q

(1.3.9)
and

F(x,u,Du, D?*u) =0 in Q
(I.3.10) u=g in RUS;

As in Chapters 1 and 3, under suitable hypotheses on F, (in particular requiring the
existence of suitable supersolutions to a companion problem to problem (I.3.8)), we prove
that the sign of v at R U &1 propagates in the whole €2, even if we do not require a sign
condition on u on the portion Sz of the singular boundary S (see Theorem 7.3.1).

The actual construction of such supersolutions is made for special classes of equations, such
as semilinear degenerate equations (see Theorem 7.3.4) or fully nonlinear equations related
to extremal Pucci operators (see Theorem 7.3.6). We also discuss some generalizations of the
previous results to singular fully nonlinear operators, which need not to be defined where the
gradient vanishes.

Remark. As already mentioned, in every chapter (except Chapter 7) a paper submitted for
publication, or in press, is reproduced. However, some minor variations have been made in
this thesis, to avoid repetitions.

Acknowledgments. I am grateful to professor Alberto Tesei for having introduced me to
the topics of this thesis and having given me many valuable suggestions. Moreover, I would
like to thank professor Maria Assunta Pozio, for several interesting and helpful discussions.



CHAPTER 1

Uniqueness of solutions to degenerate elliptic problems with
unbounded coefficients

1.1. Introduction

In this paper we address linear degenerate elliptic equations of the form
(1.1.1) Lu—cu=f in .

Here 2 C IR™ is an open connected, possibly unbounded set with boundary 9f) and ¢, f are
given functions, ¢ > 0 in 2; the operator £ is formally defined as follows:

" 0%u " du
Lu z“zl @ J 833203,'] + Z_Zl 61’1

We assume
n

> aij(@)€& >0 forany z € Q, (&1,..,&) € R";
ij=1
in particular, for equations degenerating at the boundary we have
n
Z aij(l')&fj >0 foranyz €, (51,..,571) #0.
ij=1
The coefficients a;j, b;, ¢ and the function f may be unbounded (see assumptions (Hs)-(Hz)
below).

We study existence and uniqueness of solutions to the Dirichlet boundary value problem
for equation (1.1.1). Special attention will be paid to the case of bounded solutions.

(7) In the case of bounded coefficients much work has been devoted to this classical problem,
using both analytical methods and stochastic calculus. For equations degenerating at the
boundary, it was early recognized that the Dirichlet problem may be well posed prescribing
boundary data only on a portion of the boundary, which depends on the behaviour of the
coefficients of the operator £ ([46]; see also [57]). Introducing a classification of the boundary
points based on such behaviour, a general formulation of the Dirichlet problem for equation
(1.1.1) was given in the pioneering paper [26]; existence, uniqueness and a priori estimates
of solutions to the problem were also proved under suitable assumptions. A comprehensive
account of such results can be found in [56] (see also [27], [55]).

Clearly, uniqueness of solutions to the Dirichlet problem for equation (1.1.1) is related to
the validity of the maximum principle for degenerate elliptic operators. Assume a;; € C?(9Q),
bi € CH(Q), D%y; € L®(Q) for |a| < 2, DY%; € L>(Q) for |a| < 1; let u € C?(Q) satisfy
Lu > cu in Q. For any xy € Q such that u(zg) = supgu > 0 consider the propagation
set P(xg) := {x € Q|u(z) = u(xo)}. As proved in [70], P(xo) contains the closure (in the
relative topology) of the set P’(z() consisting of points, which can be joined to z by a finite
number of subunitary and/or drift trajectories (see [10], [19], [56], [67] for the proof in
particular cases; see also [1]). By a local version of the same result a sufficient condition for
the uniqueness of solutions to the Dirichlet problem, as formulated in [26], can be derived
(see [19]).
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Remarkably, the above mechanism for propagation of maxima of subsolutions is closely
related to the Markov process corresponding to the operator £. In fact, the set P’(zg)
coincides with the support of this process, namely with the closure of the collection of all
trajectories of a Markovian particle, starting at o, with generator £ (see [69], [70]). Hence,
roughly speaking, the above uniqueness criterion for the Dirichlet problem can be rephrased
by saying that the boundary data have to be specified only at attainable boundary points (see
[29], [31]).

The same idea underlies the so-called refined mazimum principle in [7]. Consider the
minimal positive solution Uy of the first exit time equation

(1.1.2) LU =—1 in Q

(e.g., see [35]); consider those point of 02 where Uy can be prolonged to zero. It was proved
in [7] that a sub- and a supersolution of equation (1.1.1) degenerating at the boundary are
ordered in €2, if they are ordered at these points; as a consequence, prescribing the boundary
data at such points is sufficient for the uniqueness of the Dirichlet problem. Observe that
prolonging Uy to zero is possible at any point of 9Q where a local barrier for equation (1.1.2)
exists, or, equivalently, at any attracting point of 992 (see [48]; see also Definition 1.5.1 and
Proposition 1.5.3 below).

Before discussing the results of the present paper, it is worth recalling the main assump-
tions made in the above literature:

e boundedness of the coefficients a;;, b;, c is always assumed;

e in [26], [27], [55], [56]  is bounded; Q = 9N is a finite union of smooth manifolds;
ajj € 02(6), b; € Cl(ﬁ), S C(ﬁ), minﬁc > 0;

e in [70] a;; € C%(Q), b; € CH(Q), DY;y; € L®(Q) for |a| < 2, D, € L>®(Q) for
|a] < 1. Moreover, subsolutions are meant in the classical sense;

e in [7] uniform ellipticity of the operator £ is assumed.

(77) In the present study the above assumptions are relaxed in several respects. In particular,
as already remarked, we allow the coefficients of equation (1.1.1) to be unbounded (motivations
for this hypothesis come from many problems; e.g., think of the Ornstein-Uhlenbeck process).
Elliptic equations with unbounded coefficients have been widely investigated in recent years
- mostly in the case Q = IR" - both by analytical and by probabilistic methods (see [17],
[52] and references therein). Also the corresponding parabolic equations have attracted much
attention, particularly studying uniqueness of solutions to the Cauchy problem (e.g., see
[20], [34], [71] and references therein; see also [44], [60] for different initial-boundary value
problems).

We always think of the boundary 02 as the disjoint union of the regular boundary R and

the singular boundary S (see assumption (Hp)). In view of assumptions (Hz)-(H3) below, it
is natural to prescribe the Dirichlet boundary condition on R. This leads to the problem

Lu—cu=f in
(1.1.3)
U =g on R,
where the coefficients of £ and the function ¢ can either vanish or diverge, or need not have
a limit, when dist(x,S) — 0 and/or |x| — oo, if  is unbounded. In addition, ellipticity is
possibly lost in €2 and/or when dist(z,S) — 0, and/or when |z| — oo, if Q is unbounded.
The assumptions concerning the regular boundary R and the singular boundary S are
summarized as follows:
(1) (i) 0=RUS,RNS =10, S#0;
(i) R C 09 is open, () satisfies the outer sphere condition at R .
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It is natural to choose R as the largest subset of 02 where ellipticity of the operator £ holds
(see assumptions (Ha) — (ii), (H3) — (iii) below), as we do in the following. Observe that no
regularity assumption concerning S is made (see (Hi) — (it)).

Our nonuniqueness results only address the case of degeneracy at the boundary (see
Subsection 1.2.1). To prove these results, we always assume the following about the coefficients
ai;, b; and the functions c, f, g:

(1) Qi = Gj; € Cl’l(Q UR), b; € Co’l(Q UR) (i,j=1,...,n);

(1) 327 =1 aij(2)&&; > 0 for anyz € QUR and (&1, .., 6n) # 0;
(Ho) (791) c e C(QUR), ¢>0;

(iv) f € C(Q);

(v) g €C(R).

On the other hand, the uniqueness results in Subsection 1.2.2 hold for the general degen-
erate equation (1.1.1). In this case we replace assumption (H3) by the following:
(Z) Qjj = Gj; € Cl’l(Q UR), 0 € CI(Q),

b; c COLQUR) (i,j=1,...,n);

(71) >_% =1 aij(2)&€; > 0 for any x € @ and (&1, .., &) € R™;
(#11) D7 =1 aij(2)&&; > 0 for anyx € R and (&1, .., &n) # 0;

H
(H) (tv) either ¢ >0in QUR, or ¢ >0, c+2?:10j2-i>01n§2u7€
forsome j=1,...,nand c € C(QUR);
(v) f € CQ);

(vi) g € C(R);

here o = (0;;) denotes the square root of the matrix A = (a;;) (namely, A(z) = o(x)o(z)T;

x € QUR). Assumption (H3) (in particular, (H3) — (iv)) enables us to use comparison
results for viscosity sub- and supersolutions to second order degenerate elliptic equations, via
an equivalence result proved in [38] (see Propositions 1.2.3-1.2.4).

(7i7) The results of the paper can be described as follows. First we prove sufficient conditions
for nonuniqueness of solutions to problem (1.1.3), which require the existence of suitable
supersolutions to the first exit time problem:

LU = —1 in Q
(1.1.4)
U=0 on R

(in particular, see Theorem 1.2.5 below). Nonuniqueness depends on the need of prescribing
the value of the solution of problem (1.1.3) at some point of the singular boundary S, or at
infinity if 2 is unbounded. Therefore, if uniqueness fails, it is natural to try and recover it
by assigning boundary data on some subset S; C S and/or a condition at infinity, if Q is
unbounded. Hence we study the problems:

Lu—cu=f in

(1.1.5)
u=gq on RUS:,
respectively
Lu—cu=f in Q
(1.1.6) u=4g on RUS;

lim w(z) =1L (LeR)
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(where possibly &1 = 0; see (1.2.9)). The following assumption will be made:
(i) S=851US2, S1NS =10;
(Hy) (it) S; = U’;j:le , where everySf is connected and, if k; > 2,
SfﬂS} =0 foranyk,l=1,. kj, k#1 (kj € IN;j=1,2).

We prove sufficient conditions for uniqueness of solutions to problems (1.1.5) and (1.1.6),
extending the classical Phragmen-Lindeldf principle to the present degenerate case (see Propo-
sitions 1.2.10, 1.2.11). Such conditions depend on the existence of subsolutions to the homo-
geneous problem:

LU =cU in €
(1.1.7)
U=0 on R

and on their behaviour as dist(x,S2) — 0 (e.g., see Theorem 1.2.13).

Let us mention that the main step in the nonuniqueness proof concerning problem (1.1.3) is
to prove existence of nontrivial solutions to the homogeneous problem (1.1.7) (see Subsection
1.2.1). Also observe that existence for problem (1.1.5) implies nonuniqueness for problem
(1.1.3), if 81 # 0; similarly for problems (1.1.6) and (1.2.9) below.

In Section 5 we apply our general results to some examples. The applicability of these
results relies on the actual construction of suitable super- and subsolutions to problems (1.1.4),
respectively (1.1.7) (or (1.2.22) below; see Subsection 1.2.2); in turn, this depends both on
the behaviour of the coefficients of the operator £ at the boundary and on properties of the
boundary itself (e.g., the Hausdorff dimension of the subset S3). Concerning this point, we
refer the reader to the paper [58].

1.2. Mathematical framework and results

Let us first make precise the definition of solution to the problems introduced above.
Denote by L* the formal adjoint of the operator £, namely:

e Plaige) - Abiv)
£ U:i]z:l al‘laxj B zz; axz )

DEFINITION 1.2.1. By a subsolution to equation (1.1.1) we mean any function u € C(Q)
such that

(1.2.1) /Qu{ﬁ*w—cw}d:z > /in/;dx

for any ¢ € C§°(2), v > 0. Supersolutions of (1.1.1) are defined replacing ”> " by <7 in
(1.2.1). A function u is a solution of (1.1.1) if it is both a sub- and a supersolution.

DEFINITION 1.2.2. Let R C € C 99, g € C(£). By a subsolution to the problem

Lu—cu=f in
(1.2.2)
u=gq on &

we mean any function u € C(QUE) such that:

(1) u is a subsolution of equation (1.1.1);

(1) u<goné.

Supersolutions and solutions of (1.2.2) are defined similarly.
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Let us mention the following result (for the definition of viscosity subsolution of equation
(1.1.1), see e.g. [18], [38]).

PROPOSITION 1.2.3. Let either assumption (Hs) or (Hs) hold; let w € C(Q2). Then the
following statements are equivalent:
(i) u is a subsolution of equation (1.1.1);
(ii) u is a viscosity subsolution of equation (1.1.1).

Proof. (i) = (i1): Under the present regularity assumptions the square root o of the matrix
Ais in CY(Q) (actually, assumptions (Hz) — (i) and (Hs) — (ii) imply 0;; € C11(Q); see [31],
Ch. 6, Lemma 1.1). Hence the claim follows by Theorem 2 in [38].

(74) = (i): Follows by Theorem 1 in [38], due to the present regularity assumptions. O

In view of the above proposition, we obtain the following comparison result (see [50],[51]
for a related maximum principle).

PROPOSITION 1.2.4. Let either assumption (Hz) or (Hg) hold; let Qy be any open bounded
subset of Q such that Q1 C QUR. Letu € C(Q4) be a subsolution, uw € C(21) a supersolution
of the equation

(1.2.3) Lu—cu=f 1in.
If u <@ on 00, then u < on Q.

Proof. By Proposition 1.2.3 u is a viscosity subsolution, @ a viscosity supersolution of equation
(1.2.3). Then the claim follows:

(a) by the comparison results in Subsection V.1 of [39], if (H2) holds;
(b) by Theorem II1.2 in [39], if (H3) holds and ¢ > 0in QUTR ;

(¢) by a slight refinement of Theorem 3.3 in [5], if (H3) holds and ¢ >0, c+ ) ", 032-2» >0 in
QUR for some j=1,...,n.

1.2.1. Existence and nonuniqueness results. Concerning problem (1.1.3), we shall
prove the following

THEOREM 1.2.5. Let assumptions (Hyi) — (H2) be satisfied; suppose ¢ € L>(2). Let there
exist a supersolution V' of problem (1.1.4) such that

(1.2.4) inf V=0<infV.
QUR R

Then either no solutions, or infinitely many solutions of problem (1.1.3) exist.

The assumption ¢ € L>(2) is necessary for the above theorem to hold (see Example (c)
in Subsection 1.5.2). Let us also observe the following:
(a) if ¢ =0, in Theorem 1.2.5 we can assume V to be a supersolution of problem (1.1.7);
(b) if V is a supersolution of problem (1.1.4) bounded from below, then V := V —infgur V
is a supersolution of the same problem with infoz V = 0.

It is informative to outline the proof of Theorem 1.2.5. Suppose first €2 bounded. The
existence of a supersolution V' of problem (1.1.4) satisfying (1.2.4) implies

(1.2.5) liminf V(z)= inf V=0
dist(z,S)—0 QUR

(see Lemma 1.3.1). Then there exists a sequence {x,,} C € such that
(1.2.6) lim dist(x,,S) =0,

m—r0o0
with the following property: for any 8 € IR there exists a bounded solution Uy of the homo-
geneous problem (1.1.7) such that
(1.2.7) lim Ug(zm) = 5.

m—r0o0
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This gives the existence of infinitely many bounded solutions of the homogeneous problem
(1.1.7) (see Proposition 1.3.4). Plainly, the existence of infinitely many nontrivial bounded
solutions of (1.1.7) implies a corresponding nonuniqueness result for problem (1.1.3), if at
least one solution of the latter exists (in this respect, see Proposition 1.2.7 below).

If Q is unbounded, condition (1.2.4) implies either equality (1.2.5), or
(1.2.8) liminf V(z) = inf V=0
QUR

|z|—00

(see Lemma 1.3.2). In the latter case the limit (1.2.7) is attained along a diverging sequence
{zmm} C Q, thus nonuniqueness depends on the absence of a ”condition at infinity”.
To rule out this possibility, it is natural to consider the problem:

Lu—cu=f in Q
(1.2.9) u=g on R
lim w(z) =1L (LeR).
|z| =00
The following nonuniqueness result can be proved.

THEOREM 1.2.6. Let Q be unbounded and assumptions (Hy) — (Hz) be satisfied; suppose
c € L>®(Q). Let there exist a supersolution V' of problem (1.1.4) such that

(1.2.10) me:0<mm{%ﬂﬂmmﬁV@&.

QUR || =00

Moreover, let there exist a positive supersolution F' of the equation

(1.2.11) Lu—cu=0 1in

such that lim,| o F'(z) = 0. Then either no solutions, or infinitely many solutions of problem

(1.2.9) exist.

The proof of Theorem 1.2.6 is analogous to that of Theorem 1.2.5. In this case the
stricter inequality (1.2.10) implies the existence of a bounded sequence {z,,} C 2 satisfying
(1.2.6), such that for any 8 € IR equality (1.2.7) holds. Now the bounded solution Ug of the
homogeneous problem (1.1.7) satisfies the additional condition
(1.2.12) lim Ug(z) =0;

|z| =00
this follows from the properties of the function F', which plays the réle of a barrier at infinity.
This entails the existence of infinitely many bounded solutions to problem (1.2.9) with f =
g = L =0 (see Proposition 1.3.5), whence Theorem 1.2.6 follows.

Theorems 1.2.5 and 1.2.6 show that infinitely many solutions to problems (1.1.3), respec-
tively (1.2.9) exist, if one does. Therefore the following existence results, combined with the
above theorems, imply nonuniqueness for such problems.

PROPOSITION 1.2.7. Let assumptions (Hy) — (Hs) be satisfied; suppose f € L>®(R), g €
L>®(R). Let there exist a positive supersolution F € C(QQUR) of the equation

(1.2.13) Lu—cu=-1 1in Q.
Then there exists a solution of problem (1.1.3).

REMARK 1.2.8. In connection with Proposition 1.2.7 observe that, if c(x) > ¢y > 0 for
any r € QUR, F :=1/c¢y is a bounded supersolution of equation (1.2.13).

Concerning problem (1.2.9), we have the following
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PROPOSITION 1.2.9. Let Q be unbounded and assumptions (Hy) — (Hz) be satisfied. Let
feL>® ), ge L>®(R), ce L>®(Q\ By) for some M > 0; if R is unbounded, suppose
lim g(z)=L.
|z|—o0
Let there exist a positive supersolution F' € C(QUR) of equation (1.2.13) such that lim |, F(x) =
0. Then there exists a solution of problem (1.2.9).

The proofs of Propositions 1.2.7 , 1.2.9 make use of a local barrier at the points of R
(which exists by assumptions (Hy) — (i7), (Hs) — (i1); e.g., see [32]).

It is immediately seen that, if the supersolution F' in the above statements is bounded,
the solution u is bounded, too. Then by Propositions 1.3.4, 1.3.5 we obtain nonuniqueness in
L*>(Q) for problems (1.1.3), respectively (1.2.9).

Existence results analogous to Propositions 1.2.7, 1.2.9 hold for problems (1.1.5) and
(1.1.6), respectively (however, see Proposition 1.5.2 and Example (¢) in Subsection 1.5.1).

1.2.2. Comparison and uniqueness results. In this subsection we address uniqueness
of solutions to problem (1.1.5). In the particular case S; = (), Sy = S we recover uniqueness
criteria for problem (1.1.3).

Set By(z) := {|lr —z| < r} (z € R"), B;(0) = B,. We shall prove the following
Phragmen-Lindel6f principle (e.g., see [61] for the classical case, where ellipticity of the op-
erator, smoothness of the coefficients and a classical notion of supersolution are assumed).

PROPOSITION 1.2.10. Let assumptions (Hy) and (Hy) hold, and either (Hs) or (Hs) be
satisfied; suppose Sg # (). Let there exist a subsolution Z < H < 0 of problem (1.1.7). Let u
be a subsolution of problem (1.1.5) with f = g =0, such that

(1.2.14) lminf 4% .
dist(z,S2)—0 Z(l’)

If Q is unbounded, assume also

(1.2.15) lim inf 2 > ¢

Then u <0 in €.

If © is unbounded and condition (1.2.14) is satisfied, the same conclusion of Proposition
1.2.10 holds true if we ”prescribe the sign at infinity”. In fact, the following result can be
proved.

PROPOSITION 1.2.11. Let 2 be unbounded, assumptions (Hy) and (Hy) hold, and either
(H2) or (Hs) be satisfied; suppose Sy # (). Let there exist a subsolution Z < H < 0 of problem
(1.1.7) Let u be a subsolution of problem (1.1.5) with f = g =0 such that

. u(z) )
1.2.16 1 f >0, 1 <0.
(1.2.16) sontnt 0 Z(z) imsupu(r) <

Then v <0 in €.

REMARK 1.2.12. In the above propositions we can replace condition (1.2.14) by the weaker
assumption

u
1.2.17 li inf =\ >0,
(1.2.17) msup { inf 7} >

where

5:={r € Q| dist(z,S2) = ¢}
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(¢ € (0,e0), o > 0 suitably small). Similarly, condition (1.2.15) can be replaced by the
weaker assumption

1.2.18 li {
( ) im sup -

e—0

u
inf 7} >0,
%?HBBLZ -

and the second inequality in (1.2.16) by

(1.2.19) liminf{ sup u}go.
=0  LIQURINGB,

In fact, the proof of Propositions 1.2.10-1.2.11 will be given using assumptions (1.2.17)-(1.2.19)
instead of (1.2.14)-(1.2.16).

Observe that, if Z is a subsolution of problem (1.1.7) bounded from above with Hy :=
supgur 4 > 0and M > Hy, then Z := Z — M < Hy — M < 0 is a subsolution of the same
problem. The same remark holds for problems (1.1.4) and (1.2.22) below.

The following uniqueness result is an immediate consequence of Proposition 1.2.10.

THEOREM 1.2.13. Let assumptions (Hy1) and (Hy) hold, and either (Hs) or (Hs) be sat-
isfied. Suppose So # 0, g € C(RUSy). Let there exist a subsolution Z < H < 0 of problem
(1.1.7). Then:

(1) if Q is bounded, there exists at most one solution u of problem (1.1.5) such that
im u(z) =
dist(z,S2)—0 Z(:L')

(1.2.20)

)

(13) if Q is unbounded, there exists at most one solution w of problem (1.1.5) such that

. u(z) o u(w)
1.2.21 m = 1 =0.
( ) dz’st(zl,Sg)—m Z(l‘) |z| =400 Z(I‘)

REMARK 1.2.14. (i) It is easily seen that in the proof of Proposition 1.2.10 (thus in
Theorem 1.2.13) the homogeneous problem (1.1.7) can be replaced by the eigenvalue problem:

LU = puU in €
(1.2.22)
U=0 on R

with u € [0,infqur c].

(i7) If e(z) > co > 0 for any x € QU R, we can replace problem (1.2.22) by (1.1.4), obtaining
uniqueness results analogous to Theorem 1.2.13. In fact, let Z be a subsolution of problem
(1.1.4); it is not restrictive to assume

7z < —l mQUR.
Co
Then by Definition 1.2.2 we have

/chwdx > —/deg; > CO/Q Zydz > /chwx

for any ¢ € C5°(2), ¢ > 0; moreover, Z < 0 on R. Hence Z is a subsolution of problem
(1.1.7); thus by Theorem 1.2.13 and the above remark (7) the claim follows.

Concerning problem (1.1.6), from Proposition 1.2.11 we obtain the following uniqueness
result. The elementary proof is omitted.

THEOREM 1.2.15. Let Q be unbounded, assumptions (Hy) and (H4) hold, and either (Hs)
or (Hs) be satisfied; suppose So # 0, g € C(RUSy). Let there exist a subsolution Z < H <0
of problem (1.1.7). Then there exists at most one solution u of problem (1.1.6) such that
condition (1.2.20) is satisfied.
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Uniqueness results in L>°(€2) for problems (1.1.5), (1.1.6) follow immediately from those
above, if the subsolution Z diverges as dist(z,S2) — 0. We state below such consequences of
Theorems 1.2.13 and 1.2.15.

PROPOSITION 1.2.16. Let assumptions (H1) and (Hy) hold, and either (Hz2) or (Hs) be
satisfied. Suppose Sy # (0, g € C(RUS1). Let there exist a subsolution Z < H < 0 of problem
(1.1.7) such that

1.2.23 li Z = —
(1:2.23) st 0 ) = 7

if Q is bounded, or
(1.2.24) lim Z(z) = lim Z(z) = —o0

dist(x,S2)—0 |z|—o0
if 0 is unbounded. Then there exists at most one solution u € L>(Q) of problem (1.1.5).

PROPOSITION 1.2.17. Let 2 be unbounded, assumptions (Hy) and (Hy) hold, and either
(H3) or (Hs) be satisfied; suppose Sa # 0, g € C(R U S1). Let there exist a subsolution
Z < H < 0 of problem (1.1.7), satisfying condition (1.2.23). Then for any L € IR there
exists at most one solution uw € L*°(Q2) of problem (1.1.6).

1.3. Existence and nonuniqueness results: Proofs

To prove Theorem 1.2.5 we need a few preliminary results; the proofs are adapted from
[60].

LEMMA 1.3.1. Let Q be bounded and assumptions (Hy) — (H2) be satisfied. Let V' be a
supersolution of problem (1.1.7) with ¢ = 0 satisfying condition (1.2.4). Then equality (1.2.5)
holds.

Proof. By absurd, suppose

liminf V(z)=:v>0;
mninf V(w) =y

then V(x) > ~/2 for any = € §° := {x € Q| dist(z,S) < e} (¢ € (0,&¢) sufficiently small). It
follows that

inf V= inf V =0.
O\S¢ QUR

On the other hand, V is a supersolution of the problem
LU =0 in Q\&°
U=« on 9[Q\ &
where « := min{%, 7;1\1% V'}, while V; := « is a solution of the same problem. By Proposition
1.2.4 we obtain V' > a > 0 in Q \ 8¢, a contradiction. Hence the conclusion follows. g
If © is unbounded, a slight modification of the previous proof gives the following'
LEMMA 1.3.2. Let Q be unbounded and assumptions (Hy) — (H2) be satisfied. Let V' be a

supersolution of problem (1.1.7) with ¢ = 0 satisfying condition (1.2.4). Then either equality
(1.2.5), or equality (1.2.8) holds.

1 emmas 1.3.1-1.3.2 can be proved using the strong maximum principle in [50], if more regularity of the
coefficients is assumed.
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COROLLARY 1.3.3. Let Q be unbounded and assumptions (Hy) — (H2) be satisfied. Let V
be a supersolution of problem (1.1.7) with ¢ = 0 satisfying condition (1.2.10). Then equality
(1.2.5) holds.

Now we can prove the following result.

PROPOSITION 1.3.4. Let the assumptions of Theorem 1.2.5 be satisfied. Then there exist
infinitely many bounded solutions of the homogeneous problem (1.1.7).

Proof. (i) If ¢ = 0 and R = () any constant is a solution of problem (1.1.7), thus the conclusion
follows in this case. Otherwise define

infr V ifc=0,

l:=

min{infgr V, W} if ¢ #£0;

then condition (1.2.4) implies [ € (0, 00).
Set
R; = {z € R|dist(z,S) > 1/j} (jeIN).

Consider a sequence of bounded domains {H,} e satisfying an exterior sphere condition at
each point of the boundary 0H;, such that

ﬁngUﬁj, ngHj-i-la U?‘;IH]':QUR,
(1.3.1)
5‘Hj:RjU7}, Rjﬁ’];:w;
observe that by assumption (Hz) — (4i) the operator L is strictly elliptic in H; (j € IN).
It is easily seen that W := max{l — V, 0} is a subsolution of the problem

Lu=cu in Hj
(1.3.2)
u=W on 0H;

for any j € IN. In fact, for any ¢ € C§°(H;), ¢ > 0 there holds:

/ (- V) (L% — b} da =
H

j
= —l/ cwdx—/ VALY —cp}dx > / (1=1le)ypde > 0.
Hj Hj Hj
Since u = 0 is also a (classical) subsolution, the claim follows. It is also immediately seen
that W := supq r W =l is a classical supersolution of problem (1.3.2).

(41) By usual arguments (e.g., see [32]) for any j € IN there exists a solution W; € C(H,)
(v € (0,1)) of problem (1.3.2), such that
(1.3.3) 0<W<W;<W=1 inHj;

observe that W = 0, thus W; = 0 on R;.
By compactness arguments there exists a subsequence {W;, } C {W;}, which converges
uniformly in any compact subset of 2. Set

(1.3.4) W= lim W,

We shall prove the following

Claim: The function W is a bounded solution of the homogeneous problem (1.1.7). Moreover,
W is nontrivial, for there exists a sequence {z;,,} C Q such that

(1.3.5) lim W(zy,) =1> 0.

m—o0
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The above Claim leads easily to the conclusion. In fact, define

(1.3.6) Up := ?W.

Then Ug solves (1.1.7) and by (1.3.3)-(1.3.4)
Usl <18l mQUR;
moreover, along the sequence {z,,} there holds
n%gnoo U,B($m) = B.
Since [ is arbitrary the result follows.

(7i7) Let us now prove the Claim. Clearly, by its very definition W is a solution of equation
(1.2.11). We use a local barrier argument to prove that W € C(QUR) and W =0 on R.

Let zp € R; take jo € IN so large that xg € R; for any j > jo. Choose dp > 0 so small
that

Ns(zp) C Fj CQUR
for any j > jo, where Ns(xg) := Bs(xg) N Q; observe that

AN () = [635(950) AU R]] U [Bg(:ro) N R] (5 € (0,5)) .

Since the operator L is strictly elliptic in Ns(xo) and an exterior sphere condition is satisfied
at z9 € R by assumption (H;) — (i7), there exists a local barrier at xy - namely, a function
h € C?(Ns(xg)) N C(Ns(xo)) such that

(1.3.7) Lh —ch < —1in Ng(x0),
(1.3.8) h > 0in Ns(zo) \ {zo}, h(zo)=0
(e.g., see [32]). Set

= min h > 0.

OBs(x0)N[QUR]
Plainly, from inequality (1.3.3) we obtain
l

(1.3.9) 0<W; < o h on ONs(z)

for any j > jo (recall that W; = 0 on R; for any j € IN, thus W; = 0 on Bs(zo) "R if j > jo).
In view of inequality (1.3.9), it is easily seen that

! .
Fj= Wi+ —h  (j=jo)

is a supersolution of the problem

Lu=cu in Ns(zg)
(1.3.10)
u=0 on 9Ns(zo);

then by Proposition 1.2.4 we obtain
0<W; < %h in Ns(zo)
for any j > jo. Rewriting the above inequality with j = j; and letting kK — oo, we obtain
0<W(z) < %h(w) for any x € Ns(zo),

whence lim,_,,, W(z) = 0; then the Claim follows.
It remains to prove equality (1.3.5). Let {z,,} C Q be a sequence such that

1.3.11 li )= inf V=0:
(1.3.11) im V() 587%‘/ 0

m—oo
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such a sequence exists by Lemmas 1.3.1-1.3.2. By inequality (1.3.3) we have:
(1.3.12) [-V<W<W<W=Il inQUR,
thus equality (1.3.11) implies (1.3.5). This completes the proof. O

Proof of Theorem 1.2.5. Let Ug € L>(Q) be the solution of problem (1.1.7) satisfying (1.2.7)
constructed in the above proof (5 € IR). Since U; is nontrivial and Ug = SU; (see (1.3.6)),
there exist T € Q such that Uy (T) # 0, thus Ug, (T) # Ug,(T) for any p1, B2 € IR, 1 # Pa.
Let there exist a solution % of problem (1.1.3). Then ug := u + Ug is a solution of problem
(1.1.3) for any 8 € IR; moreover, ug, (T) # ug, () for any 81,82 € IR, i # B2. Hence the
conclusion follows. O

The proof of Theorem 1.2.6 is the same of Theorem 1.2.5, using the following proposition
instead of Proposition 1.3.4.

PROPOSITION 1.3.5. Let the assumptions of Theorem 1.2.6 be satisfied. Then there exist
infinitely many bounded solutions of problem (1.2.9) with f = g= L =0.

Proof. Define

loo '=min{inf V, liminf V(z)} ifce=0,

loo := min{ir%zf V, liminf V(x), } otherwise;

00 llefloo
then condition (1.2.10) implies [ > 0.

Fix | € (0,lo); consider the family of problems (1.3.2) with H;, W defined as above.
Arguing as in the proof of Proposition 1.3.4 (using Corollary 1.3.3 instead of Lemmas 1.3.1-
1.3.2), we prove the following: there exists a sequence {z,,} C  satisfying (1.2.6) and a
bounded solution W > 0 of problem (1.1.7), defined by (1.3.4), such that equality (1.3.5)
holds. We prove below the additional property:

(1.3.13) lim W(z)=0;

|z| =00
then defining the family Ug (8 € IR) as in (1.3.6) the conclusion follows.
To prove equality (1.3.13), observe preliminarly that

(1.3.14) limsupW(z) = lim W(z) =0

(this follows from the above definition of [, since W := max{l — V,0}). Then for any o > 0
there exists M > 0 such that

(1.3.15) 0<W(r)<o in[QUR]\ By .
Consider the subsequence {j;} C IN such that (1.3.4) holds. Fix k so large that

Ny = Hj, 0 [[QUR]\ Bar] # 0
observe that

ON, = [aij n [[Q UR] \HH U [Hjm aBM] (ke IN).
By (1.3.15) there holds
0<SWwW;,, =W«xo,

on 0Hj, N [[Q UR] \m} (see (1.3.2)). Besides, for any k sufficiently large in H;, N 0By
there holds (see inequality (1.3.3)):

0<W;, <l < —F,

L
m
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where
m := min F > 0.
0By
From the above inequalities we get
l
(1.3.16) 0< ij <o+ —F OnaNk
m

for any k sufficiently large.
It is easily seen that for such values of k£ the function

l
Zy = ij—o’—EF

is a subsolution of the problem

Lu=cu in N

u =0 on ONj.
In fact, for any ¢ € C5°(N), ¥ > 0 we have:
l
/ Zk{ﬁ*w—cz/)}dx:o/ cpdr — — F{L% —cp}dx > 0;
Ny, N, m JN,

moreover, Z; < 0 on ONj by (1.3.16), thus the claim follows.

In view of Proposition 1.2.4, this implies
(1.3.17) 0<W;, <o+ %F in Vg
for any k € IN sufficiently large. As k — oo we obtain
0<W(x) <o+ %F(ﬂf)

for any x € [Q UR]\ Bys. This obtains
0 <limsupW(z) < o;

|z|—o00
since o > 0 is arbitrary, equality (1.3.13) follows. This completes the proof. O

Let us now prove Proposition 1.2.7.
Proof of Proposition 1.2.7. (i) f RNS # 0, let {; € C°(R;), 0< ¢ <1,¢ =1in R,
(j € N; Rp:=0). If RNS =0, we have that R; = R, for any j > jo, for some jo € IN; in
this case we set (; =1 on Rj; = R, for any j > jo.
For any j > jo consider the problem
Lu—cu=f in H;
(1.3.18)
U = @; on 0H;;
here {H;} is the sequence of domains used in the proof of Proposition 1.3.4 and the boundary
data
Gg+ (I —GF  on R;
(1.3.19) ¢ =
F in 7T;
are continuous on 0H; (j > jo).
It is easily seen that the function

(1.3.20) F := max{[|f[/so, 1} (F + [|gllc)
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is a supersolution of problem (1.3.18)-(1.3.19) for any j > jo. In fact, for any ¢ € C§°(H;), v >
0 we have:

| Flems = ciyde = max{||flle, 1) { /H F L% — e} da—

HJ
“loll [ cvde} < —max{lflle 1} [ wdo < [ Fodes

moreover, F' > F +||g||so > ¢; on OH,. Hence the claim follows. Tt is similarly checked that
—F' is a subsolution of the same problem.

(i4) In view of (i) above, there exists a solution u; € C(H;) (o € (0,1)) of problem (1.3.18)-
(1.3.19), such that

(1.3.21) luj| < F  in Hj

for any j > jo. By standard compactness arguments there exists a subsequence {u;, } C {u;},
which converges uniformly in any compact subset of 2. Clearly, u := limy_,, u;, is a solution
of equation (1.1.1); moreover, |u| < F in Q.

(#31) It remains to prove that u € C(QUR) and u = g on R. To this purpose, we use a local
barrier argument as in the proof of Proposition 1.3.4.

Let 9 € R be arbitrarily fixed; take jo € IV so large that xg € Rj,—1. Since each R; is
open and Rj,—1 € R, for j > jo, there exists dp > 0 such that:

(1.3.22) uj =g in Bsy(zg) N R
for any j > jo (see (1.3.19)). Moreover, we can choose dy > 0 so small that
(1.3.23) Ns(z0) CH; CQUR

for any j > jo, where Nj(xg) := Bjs(xg) N 2. Observe that
ON;s(xo) = |8Bs(20) N QU 72]] U [Bé(a;o) N R] (5 € (0,0)).

Since g € C(R) (see (Ha) — (v)), in view of (1.3.22) for any o > 0 there exists 6 € (0, dp)
such that
(1.3.24) luj(x) — g(zo)| < o for any x € Bs,(zo) "R, j > jo-

Let h € C%(Ns(xo)) N C(Ns(zo)) satisfy (1.3.7)-(1.3.8). For any = € 9Bs(wo) N [Q U R]
(0 € (0,dp)) and j > jo there holds

(1.3.25) ) = glao)| < max P+ g(wo)| < mM < Mh(z),
s\Zo
where
m = min h >0,
((”)B(;(IQ)H[QUR}

2 ~
M = = max { max F, |lglloc, m]| flloc, m|glloc max c}.
m Ns (o) Ns(wo)

(see (1.3.21), (1.3.23)).
In view of inequalities (1.3.24)-(1.3.25), we conclude that for any o > 0 there exists
9 € (0,d0) such that

luj(x) — g(z0)| <o+ Mh(z) for any x € ONs(xo), j = jo-
Then it is easily seen that for such values of j
Ej = U —l—g(xo) —o—Mh

is a subsolution,
Fj = —u;+ g(xg) + 0 + Mh
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a supersolution of problem (1.3.10). By Proposition 1.2.4 this implies E; < 0 < F} in Ns(xo),
namely
(1.3.26) luj(x) — g(xo)| < 0+ Mh(x) for any x € Ns(xo), j > jo-

Set j = jk in inequality (1.3.26), then let & — oo. This obtains the following: for any
o > 0 there exists § € (0,dp) such that

|u(z) — g(xo)| < 0 + Mh(z) for any x € Ns(xo),

whence
lim sup [u(x) — g(x0)| < o
Tr—T0
for any o > 0. Then the conclusion follows. O

To prove Proposition 1.2.9, first a solution w of problem (1.1.3) is constructed as for
Proposition 1.2.7. Then, arguing as in the proof of Proposition 1.3.5, it is proved that
lim| ;o0 u(x) = L. We leave the details to the reader.

1.4. Comparison and uniqueness results: Proofs

Let us first introduce some notations. Set for any ¢ € (0,e¢), § € (0
small):

,5) (€0 > 0 suitably

Sic = {x € S |dist(z,S2) > e},
S i={x € Q| dist(z,S) < €},
S5 :={x € Q| dist(z,S2) < e},
A5 = {z € Q| dist(x,Ss) = €} .
R .= {x € R| dist(x,S1) > 6, dist(z,Sa) > ¢} .
If Si . # 0, we also define:
70 = {z € Q| dist(z, 81 ) < b},
FoO = {x € Q| dist(x,81.) = 6, dist(z,Sy) > e},
50 = {x € 8 | dist(x, S 2) > b},
Fol = {x € A5 | dist(z,S1.) > 6}
otherwise we set If’é = .7:15’(S =0, 15’6 =S5, .7-"28’(S := A5. Finally, define:

0 =TTy, FO = FOUF”

The above sets are depicted in Figure 1 for the case of bounded ). Observe that S; C Z&:9.

LEMMA 1.4.1. For any € € (0,0), d € (0,5):
(i) there holds

(1.4.1) Q\ZI+ CQUR,

(1.4.2) A\ I=9] = R U FoO
(i) for any open subset Q1 C Q\ I5° there holds
(1.4.3) N\ [RUS =001 \ R =90 \ R°.
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3

FiGURE 1. Bounded €.

Proof. We only check (1.4.1), since equalities (1.4.2)-(1.4.3) are clear. In fact, there holds:

(1.4.4) Q\Z0 C[Q\TH|UFP COQ\S=QUR,
since S Qﬁ, Fed CO\S. O

When 2 is unbounded, we also use the following family of subsets of §2 (see Figure 2):
Q%8 .= (Q\ Z9) N By

(e €(0,20), 0 €(0,5), B> 0 ); observe that by (1.4.2)

696,5,5 — [a[Q\ﬁ] M URRY) \15’6 N BB%] =

1
B

= [[RE"; UFoN 37%} u [Q \Z&9 N 83%] :

Now we can prove Proposition 1.2.10.

Proof of Proposition 1.2.10. Let us distinguish two cases: (a) £ bounded, and (b) Q un-
bounded.

(a) € bounded: (i) In view of inequality (1.2.17), there exists a sequence {e} C (0,eo),
er — 0 as k — o0, such that

u
1.4. li inf —¢>0.
( 5) k—1>r—£loo {Alzrkl\s Z} >0

Then for any o > 0 there exists k = k(a) € IN such that for any k > k there holds

s a i AFN\S.

(1.4.6) ~

(77) Define for any a > 0

(1.4.7) Va(z) = —aZ(z) = a|Z(z)| (x € QUR).
Observe that
(1.4.8) alH| <V, in QUR.

In view of (1.4.1)-(1.4.2) and (1.4.8), the following claim is easily seen to hold.
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1
3

F1GURE 2. Unbounded €.

Claim 1: For any o > 0,¢ € (0,60), 0 € (0,5) the function V,, defined in (1.4.7) is a
supersolution of the problem

Lu—cu=0 in Q\Zs0
(1.4.9) u=0 on RE°

u =V, on F&9 .

(7i7) We shall prove the following o
Claim 2: For any a > 0 there exists k = k(a) € IN with the following property: for any

k > k there exists §; € (0,%) such that the function u is a subsolution of problem (1.4.9)

with € = e, 0 = d, where {e} is the infinitesimal sequence of inequality (1.4.6).

From Claims 1 and 2 the conclusion follows immediately. In fact, by Proposition 1.2.4 we
obtain for any o > 0, k > k

uw <V, inQ\Zexok,

Letting o — 0 in the latter inequality we obtain u < 0 in any compact subset of Q2 (observe
that k — oo, thus e, — 0 as @ — 0); hence the result follows.

To prove Claim 2 we use the following facts:

e for any a > 0, € € (0,0) there exists 6 € (0,5) such that for any 6 € (0,0) there
holds

(1.4.10) w < o|H|  in F2,

e for any a > 0 there exists k = k(a) € IN such that for any & > k and for any
6 € (0, %) the function V,, satisfies

(1.4.11) w<V, inFl.

Let us put off the proof of (1.4.10)-(1.4.11) and complete the proof of Claim 2. Plainly, from
(1.4.8) and (1.4.10)-(1.4.11) we obtain

(1.4.12) w<V,  in Foko
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for any o > 0, k > k and some &, € (0, ). On the other hand, the function u is by
assumption a subsolution of the problem

Lu=cu in Q
(1.4.13)

u =0 on RUS,

thus in particular v < 0 on RekO% C R. Hence Claim 2 follows.

It remains to prove inequalities (1.4.10)-(1.4.11). Concerning (1.4.10), observe that u < 0
on §; and u € C(Sy), thus in particular v < 0 on S and u € C(Si.) (recall that u is a
subsolution of (1.4.13), hence u € C(Q U R US;) by Definition 1.2.2). As a consequence, for
any T € S1 and any o > 0 there exists § = §(Z, o) > 0 such that

u(z) <o for any x € [QUR]|N Bs(z).
It is immediately seen that Si . is closed, thus compact. Hence from the covering { Bs(7) }zes, .
we can extract a finite covering {Bjs, (Zn) }n=1,...n (7 € IN), namely
S1c CUL_1Bs, (Tn) = Beor -

Set
€

§ := min{6y,..., s, g},
then

{z € QUR |dist(z,81) <6} C[QURINBey,
thus in particular
FP CIQUR|NB., for any § € (0,0).
This shows that for any o > 0, ¢ € (0,£¢) and ¢ € (0,0) there holds

u<o in}'f’é;

choosing o = a|H| we obtain (1.4.10).
Inequality (1.4.11) follows immediately from (1.4.6), since F5¢° C AS* \ 'S for any 0 €
(0, 5:). This completes the proof when €2 is bounded.

(b) Q unbounded: (i) In view of inequalities (1.2.17) and (1.2.18), there exist two sequences
{er} € (0,e0), ex — 0 as k — oo and {fr} C (0,00), S — 0 as k — oo, such that

(1.4.14) lim { inf 3}20, lim { inf 3}20.
k—+o0 A;k\SZ k—+o0o \ [QUR]NOB . 7
k

Then for any o > 0 there exists k = k(a) € IN such that for any k > k

(1.4.15) s _ain AF\S, = >-aon [QUR|NIBL.

7 A B
(77) As in the above case of bounded 2, it is easily seen that the function V, := —aZ is a
supersolution of the problem

( Lu—cu=0 in Q98
_ RN
(1.4.16) u =0 on RE QB%
u ="V, on [fs’éﬁBi%}U[Q\ﬁﬂﬁB%]

for any o > 0, € € (0,£0), 0 € (0,5),5 > 0.

Arguing as in (a) above the conclusion follows from the
Claim 3: For any o > 0 there exists k = k(a) € IN with the following property: for any k > k
there exists d € (0, 5) such that the function u is a subsolution of problem (1.4.16) with
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€ = e, 0 = 0, B = Bi, where {ex} and {fx} are the infinitesimal sequences of inequalities
(1.4.15).
To prove Claim 3, it suffices to prove that

(1.4.17) w < Vo on |Fesde ﬂBi] U [Q\zsm maBi]
Br Bk

with «, k, g, 0, B as above. Notice that (1.4.8) and (1.4.11) are still valid. Moreover, in
view of the compactness of S; . N B% (e € (0,&9), B > 0), arguing as in the proof of (1.4.10),
we get that
e for any a > 0, £ € (0,20), B > 0 there exists § € (0, 5) such that for any § € (0,6)
there holds

(1.4.18) u < o|H| in ]-'f"sﬂB%

Then by (1.4.8), (1.4.11), (1.4.18), the inequality

(1.4.19) wu<V, in Fe%NBL
Bk

follows. Concerning the inequality

(1.4.20) w<Va in Q\T%HN0B,
k

it follows immediately from (1.4.15) since Q\ Z5+% C QU R for any § € (0, %) (see (1.4.1)).
Then inequality (1.4.17) and the conclusion for unbounded € follow. This completes the
proof. O

Proof of Proposition 1.2.11. The proof is the same of Proposition 1.2.10 in the case of
unbounded £2, the only difference being that to prove (1.4.20) we use (1.4.8) and the following
inequality:

(1.4.21) u < olH| in Q\ Z=k:09% N OBEL :
k

As for the latter, by the second inequality in (1.2.16) there exists a sequence {8} C (0, 00),
Br — 0 as k — oo, such that

lim { sup u} <0.
k=+oo L QURINGB 1
Bk

Then for any o > 0 there exists k = k(o) € IN such that for any k > k there holds

u< «a|H| in [QUR]D@B%,
k

which implies (1.4.21). Then the conclusion follows. O

Proof of Theorem 1.2.13. Let uj, uz solve problem (1.1.5); then both u; — ug and ug — uy
are solutions of the same problem with f = g = 0. In view of Proposition 1.2.10 and Remark
1.2.12, conditions (1.2.14), (1.2.15) with u = u; — ug, u = ug — u; yields u; < ug, respectively
ug < uq. Then the conclusion follows. O

1.5. Examples and remarks

In this section we discuss some applications of the above general results.
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1.5.1. Nonuniqueness and existence. According to the assumptions made in Subsec-
tion 1.2.1, only degeneracy at the boundary is allowed in the examples of this subsection.
(a) Consider the problem

T Uy + Y2 uyy —uy —u=f  in (0,00) x (0,1) = Q

(1.5.1)
u=g on(0,00) x {1} =R
with f € C(Q) N L>®(), g € C(R) N L*(R). The function V(z,y) = y satisfies
LV =—-1 in Q, inf V=0<infV =1;
QUR R
moreover,

LV -V=-1-y<-1 inQ.

By Theorem 1.2.5 and Proposition 1.2.7 (applied with F' = V') problem (1.5.1) has infinitely
many solutions in L>(Q).

(b) Consider the problem
(1.5.2)
$2%ug, + (2 — 1)2y%uyy + 20%u, — (227 + Duy —u = f in (1,00) x (0,1) =Q

u=g on(l,00) x {1} =R
xl;n;o u(z,y) =L (y € (0,1))
with f e C(Q)NL>®(Q), g C(R)NL>®(R), L € IR and
xlirgog(x) =1L.

The function V(z,y) = x + y — 1 satisfies
_ L wQ. mfv— .{.f i 7 }:1 1))
LV in éBRV 0 < min ind Vv Jim. Vz,y) (y € (0,1))

1
Moreover, the function F' € L*>°(Q2), F(z,y) = — satisfies
x
LF—-—F<-1 inQ, lim F(z) =0.
T—00

In view of Theorem 1.2.6 and Proposition 1.2.9, problem (1.5.2) has infinitely many solutions
in L>°(Q).

Let us show by an example that general Dirichlet boundary data cannot be prescribed
on a portion of the boundary, which is attracting in the sense of the following definition (see
[48]).

Let ¥ C 09Q; for any € € (0,g9) (g9 > 0 suitably small) set

¥ i={r € Q| dist(z,X) < e}.
DEFINITION 1.5.1. A subset ¥ C 0 is attracting if there exist € € (0,e0) and a superso-
lution V' € C(X#) of the equation:
(1.5.3) LV —cV=—-1 1in X,
such that
V>0 inX\3, V=0 onX.

Sufficient conditions for the attractivity of ¥ can be given adapting results in [31], [56].
The proof of the following result is very similar to that of Proposition 1.2.7, thus we omit it.



1.5. EXAMPLES AND REMARKS 21

PROPOSITION 1.5.2. Let §; C 09Q. Let assumptions (Hy), (H2) and (Hy) be satisfied;
suppose f € L>®(Q), g € C(RUS1)NL®(RUS), c € L™(S5) for some e € (0,e¢). Let there
exist a positive supersolution F' € C(QUR)NL>®(S) of equation (1.2.13). If S is attracting
and bounded, there exists a solution u € C(QURUS;) of problem (1.1.5), provided that

(1.5.4) g = constant on 8.

Condition (1.5.4) and the boundedness of Sy are unnecessary, if a local barrier exists at any
point xg € S1.

In view of the above proposition, the function V' can be regarded as a barrier for the
whole of Sy, if the latter is bounded (clearly, V' is a local barrier at some point zy € ¥ if and
only if z¢ is isolated in the relative topology of 0€2). In such case constant Dirichlet data can
be prescribed on S1. However, this need not be the case for general Dirichlet data, as the
following example shows.

(c¢) Consider the problem
otz (Waw + YPuyy) = fin (F,5F) x (0,1) = ©
(1.5.5)
w=g onasz\({g,%f]xm})zn
with f € C(Q) N L>®(Q), g € C(R) N L®(R). Here we take S; = S = [%, 27] x {0}, Sy = 0.
It is easily checked that the function Z(x,y) := 2% + logy — 72 satisfies

Z<0inQ, LZ=

— >0 in Q, lim Z(z,y) = —o0.
ysinx y—0

Then by Proposition 1.2.16 there exists at most one solution u € L*>°(2) of problem (1.5.5).

On the other hand, the function V' € C(Q2), V(x,y) := ysinx satisfies
V>0 in QUR, V=0 on &, LV =-1 1in Q,
thus S is attracting (see Definition 1.5.1). By Proposition 1.5.2 there exists a solution
ug € L(Q) of the problem

Ugg + y2uyy) = f in O

1
ysinaz(

u =20 on 0f).

In view of the above uniqueness result, this implies that there exists no solution u, € L*°(2)
of the problem

gaing (Ues + YPuyy) = f in Q

u=gq on 0f)
with g € C(092), g =0 on R, ¢g(Z) # 0 at some point T € Sj.

Let us add some remarks concerning Proposition 1.5.2. If some subset ¥ C 0f is attracting
and the coefficients a; j, b; are bounded in ¥¢ for some € > 0, for any x¢ € ¥ a local barrier
does exist, thus general Dirichlet data g can be assigned on Y. This is the content of the
following proposition (see [48]).

PROPOSITION 1.5.3. Let assumptions (Hy), (H2) and (Hy) be satisfied. Let ¥ C 9Q be
attracting; suppose a; j, by € L>°(X°) for some € € (0,€9) (4,5 = 1,...n). Then for any xo € ¥
there exists a local barrier.

Finally, let us mention a nonuniqueness result for problem (1.1.3), which immediately
follows from Proposition 1.5.2.
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COROLLARY 1.5.4. Let the assumptions of Proposition 1.5.2 be satisfied; suppose RN Sy =
(). Then there exist infinitely many solutions of problem (1.1.3).

1.5.2. Uniqueness. (a) Consider the problem
Ugg + yzuyy + yuy = f in (07 1) X (07 1) =
(1.5.6)
u=g onc?Q\([O,l]x{O}):R
with f € C(Q)NL>®(Q), g € C(R)N L>*(R). Here we take S; =0, S =S = [0,1] x {0}.
It is easily checked that the function Z(x,y) := 2% + logy — 2 satisfies
Z < —11in Q, LZ =0 in Q, lim Z(z,y) = —oc.
y—0
Then by Proposition 1.2.16 there exists at most one solution u € L*°(2) of problem (1.5.6).
Moreover, observe that the function F(z,y) = —z? + 1 satisfies
F>0in Q, LF < -1 in Q.

Then by Proposition 1.2.7 and the above uniqueness result problem (1.5.6) is well posed in
L>(Q).

(b) Consider the problem

(2~ 5 o+ 920~ ] —u=f 0 (0,1) x (0,1) =
(1.5.7)
u=g on RUS;

with f € C(Q), g € C(RUS1); here R = [{0} x (0,1)] U [{1} x (0,1)], & = [0,1] x {1},
Sy = [0,1] x {0}. Observe that the operator £ degenerates on {3} x (0,1) C Q.

The function Z(z,y) := 2% + logy — 2 satisfies
Z < -—11in Q, LZ > 7 in Q, lim Z(z,y) = —o0.
y—0

Then by Proposition 1.2.16 there exists at most one solution u € L>*(2) of problem (1.5.7).
(c) Consider the problem

Ugz + y2uyy T Uy — yl?{jglylu =/ in (0’ 1) X (0, 1) =0

(1.5.8)
u=g onaQ\([0,1]x{0}):R
with f € C(Q)NL®(Q), g € C(R) N L>®(R). Here we take S; =0, So = S = [0,1] x {0}.
Observe that the coefficient ¢ does not belong to L*°(2).
The function Z(z,y) = logy — 1 satisfies

Z<—-1in QUR, LZ —cZ =c>0in Q, li_r>r(1)Z(:):,y):—oo;
y
hence by Proposition 1.2.16 there exists at most one bounded solution u of problem (1.5.8).
Further observe that the function V(z,y) = (z — %)2 + 3y is a positive supersolution of
equation (1.2.13). Then, in view of Proposition 1.2.7 and the above uniqueness result, problem
(1.5.8) is well posed in L>°(9).
It is worth observing that

ian:0<ian:1, LV =—-11in Q;
QUR R 4

however, Theorem 1.2.5 does not apply since the coefficient ¢ is unbounded.
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(d) Consider the problem

Uy + y2(1 = y)uy, — WECED iy (0,00) x (0,1) = O
(1.5.9)
u=g on {0} x (0,1) =&
with f € C(2), g € C(S1); here wetake R =0, S = 99, S; = {0} x(0,1), Sz = [0, 00) x {0, 1}.
The function
Z(x,y) = —(=* +y*) +log[y(1 —y)] — 1
satisfies
Z < —11in Q, LZ >0 in Q,
lim Z(z,y) = lim Z(z,y) = lim Z(z,y) = —oo.
In view of Proposition 1.2.16, there exists at most one solution in L*°(€2) of problem
(1.5.9).
(e) Consider the problem?

T Uy + Uy + 32Uy = f in (0,00) x IR =0

(1.5.10)
lim  wu(x,y) =1L
|z|+|y|—00
with f € C(Q), L € IR. In this case R =81 =0, S = S2 = {0} x IR. Consider the function
1 1
2y = 1= 1 Q).

It is easily seen that
Z < -—11in Q, LZ >0 in Q, lim Z(z,y) = —o0.
z—0

In view of Proposition 1.2.17, for any L € IR problem (1.5.10) admits at most one bounded
solution. Observe that the ”condition at infinity” is necessary to ensure uniqueness: in fact,
any constant is a bounded solution of the differential equation in (1.5.10) with f = 0.

The sub- and supersolutions constructed in the above examples are smooth in €; however,
less regularity is needed for the general results to hold (see Definition 1.2.2). This is expedient
in several respects; for instance, the subsolution used to prove uniqueness is often a function
of the distance from the boundary, thus its smoothness depends on that of the latter. A
simple example is given below.

(f) Consider the problem

11 Ugy + A22Uyy + 22Uz + 2y, — ‘ log |1 — x2H u=f in Q
(1.5.11)
u=yg on RUS,

where
Q= ((-1,1)x[0,1)) U((=1,0) x (=1,0)),
R=([-1,0] x {-1}) U ([-1,1] x {1}),
S =({-1} x (-1, 1) U({1} x (0,1)),
Sy = ({0} x (=1,0)) U ([0,1] x {0});
?+y*  if ze(-1,1),y€]0,1)

all(xuy) =
22 if xe(-1,0),y€(-1,0),

2This example was suggested by X. Cabré.
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22 +y?  if xe(-1,0),y€(-1,1)
azn(z,y) =
y>  if zel0,1),y€(0,1)

and f € C(2), g € C(RUS;). Since
y if xe€l0,1),y€(0,1)

dist((z,y),S2) = ¢ /22 +y? if ze(-1,0),y€(0,1)

-z if xe(-1,0),y € (—1,0]
for any (x,y) € Q), it is easily seen that the function
Z(x,y) = 2log[dist((x,y), S2)] —log3  ((z,y) € Q))

belongs to C*(Q)NC(QUR), but not to C?(2). However, Z € C?(2\ [{0} x (0,1)U(—1,0) x
{0}]) and there holds

Zgloggin Q, LZ >0 ae. in Q;
hence we have
/ Z{LY — e} dx :/{EZ—CZ}¢dx >0
Q Q

for any ¢ € C§°(Q), ¢ > 0. Clearly, condition (1.2.23) is satisfied; hence by Proposition
1.2.16 problem (1.5.11) admits at most one bounded solution.



CHAPTER 2

Uniqueness and nonuniqueness of solutions to parabolic
problems with singular coefficients

2.1. Introduction

We investigate uniqueness and nonuniqueness of solutions to semilinear degenerate para-
bolic problems, with possibly unbounded coefficients, of the following form:

Lu —cu— 0w = f(z,t, u) in Qx(0,7) = Qr
(2.1.1) u=g in R x (0,7

u = ug in (QUR) x {0}.

Here €2 C IR™ is an open connected set with boundary 02, R is a subset of the boundary
which we call the reqular boundary, and the operator L is formally defined as follows:

= 0u = ou

ij=1 i=

Special attention will be paid to bounded solutions of problem (2.1.1).

The portion R of the boundary is called ”"regular”, since we address situations in which
the coefficients a;j, b;, ¢ are well-behaved and the operator L is elliptic only in the set QU R
(see assumptions (Hyp), (Hz)). In such case it is natural to prescribe the Dirichlet boundary
condition u = g only on R x (0,71], as assumed in problem (2.1.1). The complementary set
S = 00\ R is called the singular boundary, for the coefficients can vanish (or diverge, or
possibly do not have a limit), or ellipticity is possibly lost when dist(z,S) — 0 (and/or as
|z| = oo, if 2 is unbounded). Let us notice that the case 9Q # 99 is allowed, thus S can be
a manifold of dimension less than n — 1, while R C 99 (see (Hp)).

If uniqueness of problem (2.1.1) fails, in typical cases additional conditions are needed on
some part of S x (0,7] to obtain a well-posed problem. Hence it is natural to address the
following generalization of problem (2.1.1):

Lu —cu —ou= f(z,t, u) in Qr
(2.1.2) u=g in (RUSy) x (0,7

u = ug in (QURUS;) x {0},
S1 being a suitable subset of the singular boundary S.

We give sufficient conditions for uniqueness of solutions to problem (2.1.2) (see Subsection
2.2.1 and Section 2.3). Such conditions depend on the existence for some p > 0 of subsolutions
to the elliptic problem

LU —cU=pU in
(2.1.3)
U=0 in R,

25
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and on their behaviour as dist(x,S \ Si) — 0 (see Theorem 2.2.5). In the particular case
81 = 0 we recover uniqueness criteria for problem (2.1.1).

We also provide sufficient conditions for nonuniqueness of bounded solutions to problem
(2.1.1) (see Subsection 2.2.2 and Section 2.4). These conditions involve suitable supersolutions
to the first exit time problem

LU = -1 in Q
(2.1.4)
U=0 in R

(see Theorem 2.2.16; for the probabilistic interpretation of problem (2.1.4), see e.g. [35]).
Both uniqueness and nonuniqueness results are used in Section 2.5 to discuss some selected
examples, which exhibit singularities of different kinds.

Analogous results hold for the Cauchy problem

Lu —cu — 0= f(z,t, u) in R" x (0,7
(2.1.5)
u = ugp in IR™ x {0},

although the latter does not fit formally within the present framework. We leave their formu-
lation to the reader (however, see Proposition 2.2.13; here the ”point at infinity” plays the
role of the singular boundary).

The present work extends in several respects the results proved in [60] for parabolic, and
in [65] for elliptic problems. The applicability of the present results, and of those in [65],
relies on the actual construction of sub- and supersolutions to problems (2.1.3), (2.1.4) with
suitable properties. This point is addressed in the paper [58]; the construction depends both
on the dimension of the singular boundary & and on the behaviour of the coefficients of L as
dist(xz,S) — 0.

Let us add some comments on the wide literature concerning degenerate elliptic and
parabolic equations, and its relationship with the present approach.

The case of bounded coefficients was first investigated. Since the Dirichlet problem for
degenerate second-order equations may be well-posed prescribing boundary data only on a
subset of the boundary, much work was devoted to the general characterization of such subset,
using both analytical methods and stochastic calculus (in particular, see [7], [26], [31], [56],
[69], [70]). A typical result is the elliptic refined mazimum principle (see [7]), which implies
uniqueness with boundary data prescribed at those points of 9€2, where the minimal positive
solution of the equation LU = —1 in ) can be extended to zero. On the other hand, the
relationship between the propagation set of subsolutions of the equation Lu = cu in €2, and
the support of the Markov process associated with £, implies that uniqueness holds for the
Dirichlet problem, if the boundary data are specified at the attainable boundary points (see
[31], [69], [70]). Similar ideas underly our distinction between the regular and the singular
boundary, although the present approach is purely analytical in nature.

More recently, parabolic equations with unbounded coefficients - mostly nondegenerate,
and considered either in 2 = IR™ or in unbounded domains - have been widely investigated
by an approach using Markov semigroups and related stochastic methods (see [17], [52] and
references therein). In this approach sub- and supersolutions of the resolvent equation (often
called Lyapunov functions) are used as barriers, as we do in the following with sub- and
supersolutions of problems (2.1.3), (2.1.4). Since the Cauchy problem can be treated like
problem (2.1.1), our uniqueness and nonuniqueness criteria generalize those mentioned in
[43] —[53].
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2.2. Mathematical framework and results

Our assumptions concerning the regular boundary R and the singular boundary S are
stated as follows:

(Ho) (i) 9Q=RUS, RNS=10,S#0;
0 (i1) R C 09 is open, € satisfies the outer sphere condition at R ;
(H) (’L) S =85 UGSy, SlﬂSQZQ;

1 (7i) S1 and Sy have a finite number of connected components.

Denote by C%'(Q U R) the space of functions which are locally Lipschitz continuous in
QUR, and by CH(Q U R) the subspace of those with locally Lipschitz continuous first
derivatives. Concerning the coefficients of the operator £ and the function ¢, we assume the
following:

(Z) Qajj = aj; € Cl’l(Q U R), b; € Co’l(Q U R) (Z,j =1,... ,n) ;
(H,) (i7) Z:‘tj:l aij(x)€& > 0 for any z € QUR and (&1, ..,&,) # 0;
(1i1) c e C(QUR).
It is natural to choose R as the largest subset of 02 where the operator L is elliptic (see
(Hsy) — (i7)). We shall always do so in the following.
Concerning the functions f, g and ug, we make the following assumption:
(i) f € C(Qr x IR) is Lipschitz continuous B
() with respect to u € IR, uniformly for (z,t) € Qr;
3 (i3) g € C(R % [0,T]), ug € C(QUR);
(1i1) g(x,0) = ug(x) for any z € R.
Let us observe that the assumption of global Lipschitz continuity for f can be replaced by
local Lipschitz continuity (uniformly in Qr), if bounded solutions are considered.

The uniqueness results in Subsection 2.2.1 hold true, if (Hs) is replaced by the following
weaker assumption:

(Z) Qi = Gj; € Cl(Q UR), 05 € Cl(Q), b; € Co’l(Q UR) (i,j=1,... ,n);
(HY) (i1) szzl a;j(x)&€ > 0 for any z € Q and (&4, ..,&,) € R";

(#11) D07 =1 aij(2)&€&; > 0 for anyx € R and (&1,..,6n) # 0.
Here ¥ = (0j;) denotes the square root of the matrix A = (a;;), namely A(x) = X(z)3(x

(x € QUR). Observe that assumption (Hj) — (ii) is more general than (Ha) — (i), for it
allows the operator £ to degenerate in €.

)T

Before going on, let us make precise the definition of solution, sub- and supersolution to
problems (2.1.1)-(2.1.4). Denote by £* the formal adjoint of the operator £, namely:

e x- Plagy) = O(biw)
£ v:i]z:l axlal‘] B ; axl ’

Sub- supersolutions and solutions to elliptic equations or problems are meant in the sense
of Definition 1.2.1, respectively Definition 1.2.2; moreover, we have the following definitions.

DEFINITION 2.2.1. By a subsolution to the equation

(2.2.1) Lu —cu — 0= f(zx,t,u) inQr

we mean any function u € C(Qr) such that

(2.2.2) / u{L*Y — cp + O} dadt > f(z,t, u)yp dxdt
Qr Qr



28 2. PARABOLIC PROBLEMS WITH SINGULAR COEFFICIENTS

for any ¢ € C§°(Qr), ¥ > 0. Supersolutions of (2.2.1) are defined reversng the inequality
sign in (2.2.2). A function u is a solution of (2.2.1) if it is both a sub- and a supersolution.

DEFINITION 2.2.2. Let R C £ C 99Q, g € C(€ x [0,T])),up € C(QUE), g(z,0) = up(x)
for any x € £. By a subsolution to the problem

Lu —cu — = f(z,t, u) in Qr
(2.2.3) u=g in € x(0,T]

u =y in (QUE) x {0}

we mean any function u € C((QUE) x [0,T]) such that:

(1) u is a subsolution of equation (2.2.1);

(17) u < g in & x (0,T];

(131) u < wug in (QUE) x {0}.

Supersolutions and solutions of (2.2.3) are defined similarly.

2.2.1. Comparison and uniqueness results. The following comparison result gener-
alizes the classical Phragmen-Lindel6f principle (e.g., see [61]).

PROPOSITION 2.2.3. Assume S # 0, (Hy), (H1), (Hs) and either (Hz) or (HY). Let there
exist a subsolution Z < H < 0 of problem (2.1.3) for some p > 0. If Q is bounded, then any
subsolution u of problem (2.1.2) with f = g =ug =0 such that

sup u(x,t)
. te(0,7]
(2.2.4) limsup ———— <0
dist(x,S2)—0 |Z($)‘
satisfies u < 0 in Q7.
If Q is unbounded, the same conclusion holds true under the additional condition

sup u(z,t)
: t€(0,7]
(2.2.5) limsup ————— < 0.

In the above proposition the sign condition on the portion Sy of the singular boundary,
where the subsolution u need not be defined, is replaced by a growth rate condition with
respect to a suitable subsolution of the elliptic problem (2.1.3). Then the result follows by
standard arguments. Observe that condition (2.2.4) reduces to a sign condition for u at So
whenever Z is bounded in a neighbourhood of Ss.

REMARK 2.2.4. Proposition 2.2.3 holds true also in the following cases:
(i) if condition (2.2.5) is replaced by the sign condition

2.2.6 lim su sup u(zx,t)) < 0;
( p( sup
|z|—o00 Nte(0,T)
(ii) if condition (2.2.4), respectively (2.2.5), is replaced by the weaker assumption
sup u(z,t)
.. t€(0,T
(2.2.7) lim inf { sup ————— <0,
=0 Locas  1Z(a)| }
respectively
sup u(x,t)
(2.2.8) liminf{ sup %} <o0.
=0 Ugeourinony)  14()]
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In the above inequalities and hereafter we set B, () := {|z — z| < r} C IR", B,(0) = B, and
5= {r € Q| dist(z,S2) = ¢}
for any € € (0,e9) (g0 > 0 suitably small).

In view of Proposition 2.2.3, we have the following uniqueness result.

THEOREM 2.2.5. Let Sy # 0, g € C((RUS) x[0,T]), up € C(QURUSy), g(x,0) = ug(x)
for any x € RUS;. Assume (Hy), (H1), (Hs) and either (Hz) or (H}). Let there exist a
subsolution Z < H < 0 of problem (2.1.3) for some pu > 0. If Q is bounded, then any two
solutions uy, uy of problem (2.1.2) such that

sup ’u2(x7t) - ul(x7t)|
te(0,17]

2.2.9 li =0
( ) dist(xl,glg)ao Z(x)

coincide i Q.
If Q) is unbounded, the same conclusion holds true under the additional condition

S(llp ] lug(w,t) — ui(w,t)|
te(0,T
2.2.10 lim ’ =0.

REMARK 2.2.6. Theorem 2.2.5 holds true, if (2.2.10) is replaced by the stronger condition

(2.2.11) lim sup |ua(z,t) —ui(z,t)] = 0.
|z|—00 ¢e(0,1)
REMARK 2.2.7. If ¢ > ¢; > —o0 in Q UR, in Proposition 2.2.3 and in Theorem 2.2.5
problem (2.1.3) can be replaced either by the eigenvalue problem

LU = pU in
(2.2.12)
U=0 in R

with p € [0, +00), or by problem (2.1.4).

REMARK 2.2.8. In connection with the above remark observe that, if ¢ > ¢; > —o0 in
QUR, in Proposition 2.2.3 and Theorem 2.2.5 the function Z may be any subsolution bounded
from above of problem (2.2.12). In fact, if Z is a subsolution of problem (2.2.12) bounded
from above and M > Hy := supgupr Z > 0,then Z :=Z - M < Hy— M = H < 0is a
subsolution of the same problem satisfying the required sign condition (see Definition 1.2.2).
The same holds for problem (2.1.4).

REMARK 2.2.9. By compactness arguments, it is easily seen that in Theorem 2.2.5 con-
dition (2.2.9) can be replaced by

(2.2.13) i L@ ) — (@ b))
dist(z,S2)—0 Z(IL‘)

=0 (t€(0,77).

Uniqueness results concerning bounded solutions of problem (2.1.2) follow immediately
from the above, if the subsolution Z diverges as dist(x,S2) — 0. We state them below for
convenience of the reader.

THEOREM 2.2.10. Let Sy # 0, g € C((RUS1) x[0,T]), up € C(QURUS), g(x,0) = up(x)
for any x € R US,. Assume (Hy), (H1), (Hs) and either (Hz) or (H)). Let there exist a
subsolution Z < H < 0 of problem (2.1.3) for some u > 0, such that

(2.2.14) lim Z(z) = —o0.
dist(z,S2)—0
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If Q) is unbounded, also assume

(2.2.15) lim Z(z) = —o0.

|z|—o00
Then there exists at most one solution u € L>(Qr) of problem (2.1.2).

REMARK 2.2.11. If © is unbounded and a condition at infinity is imposed, condition
(2.2.15) is not needed for uniqueness.

REMARK 2.2.12. As for Remark 2.2.7, let us mention that in Theorem 2.2.10 problem
(2.1.3) (with g > 0) can be replaced by (2.2.12) or (2.1.4), if ¢ > ¢; > —o0 in QU R.

Let us mention the following counterpart of Theorem 2.2.10 for the Cauchy problem
(2.1.5) in the case of ”degeneracy at infinity” (see [20], [43] - [53]).

PROPOSITION 2.2.13. Let Q@ = IR", R = () and the assumptions (H}), (Hs) be satisfied.
Let there exist a subsolution Z < H < 0 of problem (2.1.3) for some p > 0, such that condition
(2.2.15) is satisfied. Then there exists at most one solution u € L*°(St) of problem (2.1.5).

2.2.2. Nonuniqueness results. Let us first state some standard existence results, which
require the existence of suitable supersolutions of auxiliary problems.

PROPOSITION 2.2.14. Let assumptions (Hy), (Hz), (Hs) be satisfied. Suppose g € L>(R x
(0, 7)), up € L>®(), f(-,-,0) € L>®(Qr). Let there exist a supersolution F' € C((QUR) x
[0,T]), F > co > 0 of the equation

(2.2.16) Lu—cu—0Ouw=—-1 in Qr.
Then there exists a solution u of problem (2.1.1). If F € L™ (Qr), then u € L*(Qr).

If ¢ > ¢1 in QUR for some ¢; € IR, it is easy to check that the function F':= exp{(|ci| +
1)t} > 1(t € [0,7]) is a bounded supersolution of equation (2.2.16). However, it should be
noticed that problem (2.1.1) can admit a solution in L*°(Q7r), even if ¢ is not bounded from
below.

If Q2 is unbounded and a ”barrier at infinity” exists, we can prescribe a conditon at infinity
for the time mean of the solution, as stated in the following proposition.

PROPOSITION 2.2.15. Let § be unbounded and the assumptions of Proposition 2.2.14 be
satisfied. Moreover, suppose ¢ € L>(Q2\ Bg), F' € L*((Q2\ Br) x (0,7)), (R >0),l € R
and, if R is unbounded,

1 (T

(2.2.17) lim / gz, t)dt =1.

\x|—>ooT 0
Let there exist a positive supersolution H of the equation
(2.2.18) LH=-1 inQ\ Bg,
such that
(2.2.19) lim H(x)=0.

|z|—+o0

Then there exists a solution w of problem (2.1.1) such that
1 T

(2.2.20) lim / u(z,t)dt =1.
T Jo

If F € L®(Qr), then u € L®(Qr).
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Observe that Proposition 2.2.15 gives a nonuniqueness result for problem (2.1.1), if © is
unbounded and R bounded. In fact, in this case condition (2.2.17) is not needed and any
I € IR can be prescribed at infinity (see (2.2.20)).

Now we can state our nonuniqueness results. In the following theorem nonuniqueness
follows from existence of a supersolution V' to the first exit time problem (2.1.4), such that

(2.2.21) inf V=0<infV.
QUR R

THEOREM 2.2.16. Let assumptions (Hp), (Hz), (Hs) be satisfied. Suppose g € L>®(R X
(0,7)), ug, c € L*®(Q), f(-,-,0) € L>(Qr). Let there exist a supersolution V of problem
(2.1.4) such that (2.2.21) is satisfied. Then there exist infinitely many bounded solutions of
problem (2.1.1).

More precisely, there exists a sequence {xp,} C Q with the following property: for any
B € IR there exists a solution ug € L>(Qr) of problem (2.1.1) such that

1 (T
(2.2.22) lim / ug(Tm,t)dt = 3.
T Jo

REMARK 2.2.17. The assumption V' > 0 in (2.2.21) is equivalent to the (apparently
weaker) assumption that V' be a supersolution of problem (2.1.4) bounded from below. Indeed,
in the latter case V := V — infqur V is a supersolution of the same problem such that
infour V = 0 (see Definition 1.2.2).

If © is unbounded and there exists a ”barrier at infinity”, nonuniqueness of solutions to
problem (2.1.1) satisfying (2.2.20) follows as in Theorem 2.2.16, provided that the supersolu-
tion V' of problem (2.1.4) satisfies the stronger assumption:

(2.2.23) inf V =0 < min { inf V,limian(m)}.

QUR R |z|—o00
In fact, inequality (2.2.23) ensures nonuniqueness, also when a condition at infinity is pre-
scribed.

THEOREM 2.2.18. Let ) be unbounded, | € IR and the assumptions of Theorem 2.2.16 be
satisfied, with condition (2.2.21) replaced by (2.2.23). Moreover, if R is unbounded, assume
(2.2.17). Let there exist a positive supersolution H of equation (2.2.18) satisfying (2.2.19) for
some R > 0. Then there ezist infinitely many bounded solutions of problem (2.1.1) satisfying
(2.2.20) .

More precisely, there exists a bounded sequence {xy,} C Q with the following property: for
any B € IR there exists a solution ug € L*(Qr) of problem (2.1.1) such that (2.2.20) and
(2.2.22) are satisfied.

Let us observe that, as shown by Example (a) in Subsection 2.5.1, the hypothesis ¢ €
L>(Q) in Theorems 2.2.16 and 2.2.18 is necessary.

In the following we deal with cases in which boundary data can be prescribed also at
81 x (0,T]. Let us notice that existence of solutions of problem (2.1.2) with S; # () implies
nonuniqueness of solutions of problem (2.1.1).

We will use the following definition, where for any ¥ C 9Q and ¢ € (0, &) (g9 > 0 suitably
small) we set

Y i={r € Q| dist(z,X) < e}.

DEFINITION 2.2.19. We say that ¥ C 09 is attracting for the operator L if there exist

e € (0,20) and a supersolution V € C(X€) of the equation:

(2.2.24) LV =-1 in¥°

such that o
V>0 inXe\X, V=0 onX.
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For the sake of simplicity, in the following two statements we suppose €2 to be bounded.
Similar results can be proved when 2 is unbounded.

THEOREM 2.2.20. Let  be bounded and assumptions (Ho) — (Hs) be satisfied; suppose
c € L>®(S8§) for some e >0, f(-,-,0) € L>®(Qr). Let the following assumptions be satisfied:
e §1 C 09 is attracting;
e there erists p € C((QURUS)) x [0, T]))NL>®(Q7), such that g = ¢ in (RUS1) x [0, T]
and ug(z) = ¢(x,0) for any r € QUR U Sy;
e ¢ does not depend on x in S x [0,T], namely

(2.2.25) ¢(x,t) = ¢1(t)  for any (x,t) € S x [0,T7,
for some ¢1 € C([0,T]);
o there exists a supersolution F' € C((QUR) x [0,T]) N L>®(Sf x (0,T)), F > ¢c2 >0
of equation (2.2.16).
Then there ezists a solution u of problem (2.1.2). In addition, if F € L*(Qr), then u €
L>(Qr).

Observe that, in the light of the above theorem, arbitrary Dirichlet boundary data cannot
be prescribed on an attracting portion S1 of the singular boundary S. In fact, in this case a
solution of problem (2.1.2) need not exist unless (2.2.25) is satisfied, i.e., unless the initial
data are constant in S; and the boundary data only depend on time in S x [0, T] (see Example
(¢) in Subsection 2.5.1).

REMARK 2.2.21. It is easily seen that in Theorem 2.2.20 the restriction (2.2.25) can be
removed, if the attractivity of S; is replaced by the stronger assumption that a local barrier
exists at any point of S; x [0,7] - namely, if for any (xo,to) € S1 x [0,T] there exist § > 0
and a supersolution h € C(Kj(xg,tp)) of the equation

Lh—ch—@th: —1 in Kg(xo,t())
such that
h>0 in Kg(xo,to) \ {(:L'(),t())} and h(:(}(),t()) = 0;

here Kj(zo,t0) := (Bs(zo) x (to — 6,0 +6)) N Qr (e.g., see [30]). A similar situation for
elliptic problems was pointed out in [65].

The following proposition gives sufficient conditions for the existence of a local barrier at
any point of ¥ x [0, 7], ¥ denoting an attracting subset of the boundary 0.

PROPOSITION 2.2.22. Let assumptions (Hy) — (Hs) be verified. Let ¥ C 092 be attracting
for the operator L; suppose a; j, by € L>°(X°), ¢ > ¢1 in X° for somec; € R (¢ € (0,¢¢); 4,5 =
1,...,m). Then for any (xo,to) € X x [0,T] there exists a local barrier.

Let us mention that the boundedness of the coefficients a; j, b;, assumed in the above propo-
sition, is not necessary to construct a local barrier at any point of S x [0,7] (see Examples
(d), (e) in Subsection 2.5.1).

2.3. Proof of comparison and uniqueness results

Let us first discuss some auxiliary results to be used in the sequel. We refer the reader to
[18]) for the definition of viscosity subsolution of equation (2.2.1).

PROPOSITION 2.3.1. Assume (Hs) and either (Ha) or (Hj). Let uw € C(Qr). Then the
following statements are equivalent:
(1) uw is a subsolution of equation (2.2.1);
(13) w is a viscosity subsolution of equation (2.2.1).
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Proof. (i) = (ii): Let (H2) and (Hs) hold. Since the matrix A = (a;;) is positive definite in
Q and a;; € CL1(Q), its square root ¥ = (0;;) is in CHH(Q), too (see [31], Ch. 6, Lemma
1.1). Set (1, ... Tpy Tps1) = (T1, ey Tpy t); consider the (n+ 1) x (n + 1) matrices A = (a;;),
¥ = (6;;) defined as follows:

Qg5 ifi,j S {1,...,71}
(231) Elij =

0 otherwise;

Oij ifi,5 € {1,...,n},
0 otherwise .
Then ¥ is the square root of A and ¥ € C11(Q). Moreover, let

b; if 7 € {1,...,n}

(2.3.3) b; ==
-1 ifi=n+1,
n+1 2 n+1
Lu= i b
“= ]Zla J@xzaxj Z
n+1 82 CL” n+1

=2

i,j=1
It is easily seen that u € C(Qr) is subsolution of equation (2.2.1) if and only if

/ u{(L) — e} dx > f(z,t, uw)pde
T Qr

for any 1 € C§°(Qr), ¥ > 0. Hence (i7) follows from Theorem 2 in [38] (which holds also for

f= f(z,t, u(x,t))) and Remark 8.1 in [18].

Assuming (H}) instead of (Hz) the proof is analogous.

(7i) = (i): Follows from Theorem 1 in [38] and Remark 8.1 in [18], in view of the present

regularity assumptions. Il
From the above proposition we obtain the following comparison result.

3%81:] P 8:5

PROPOSITION 2.3.2. Assume (H3) and either (Hz) or (Hj). Let Q4 be any open bounded
subset of Q such that Q1 C QUR. Let u be a subsolution, U a supersolution of equation

Lu—cu— 0w = f(z,t,u) iny x(0,T),

with B
u<u n (891 X (O,T]) U (Ql X {O}) .
Then u <@ in Q1 x [0,7T).

Proof. 1t is easily seen that u* := u — u is a subsolution of the problem
Lu —cu— O = —L|u| in 00 x (0,7)

(2.3.4) uw =0 in 99 x (0,T]

u=0 in Q; x {0},

where L > 0 is the Lipschitz constant of f = f(x,t,-), uniform for (z,t) € Qr (see (H3)— (i)).
In fact, for any ¢ € C5°(€1 x (0,7)), ¢ > 0, there holds

/ uw {L*Y — cp + O} dxdt > / f(z,t, u) — f(z,t, w)y dedt >
le(O,T)

Q1 x (O,T)
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> —/ L|u*| v dxdt.
le(O,T)

Moreover u* < 0 in 901 x (0,T), u* < 0 in Q1 x {0}. In view of Proposition ??, u* is a
viscosity subsolution of problem (2.3.4); since the null function is a viscosity solution of the
same problem, the function w% := sup{u*, 0} is a subsolution of the problem (2.3.4), too.
Since u} is nonnegative, it is a subsolution of problem

Lu—cu—0u=—Lu in 0 x (0,7T)
(2.3.5) uw =0 in 90 x (0,T]

u =20 in ﬁl X {0} .
Then the claim follows by comparison results concerning viscosity sub- and supersolutions
(e.g., see [39]). O
We can now prove Proposition 2.2.3. To this purpose we use the notations introduced in

Section 1.4.

Proof of Proposition 2.2.3. (a) Let Q be bounded. We give the proof when condition (2.2.4)
is replaced by the weaker assumption (2.2.7) (see Remark 2.2.4-(¢7)). Define for any o > 0

(2.3.6) Va(z,t) := —aZ(x) exp{ut} = o|Z(x)| exp{pt}
<(:U,t) € (QUR) x [o,T]). Clearly,
(2.3.7) Va>alH| >0 in(QUR) x[0,T]

for any a > 0. By inequality (2.2.7) there exists a sequence {e;} C (0,e9), e — 0 as k — oo,
such that

sup u(x,t)
(2.3.8) lim { sup %} <0.
k—+o0 IEA;k\S | (1:)‘

Let us prove the following:
(i) For any a > 0, ¢ € (0,£0), 6 € (0, §) the function V,, defined in (2.3.6) is a superso-
lution of the problem

Lu—cu—u=0 in (Q\Z%) x (0,T)
(2.3.9) u ="V, in 8(Q\ Z59) x (0,T)

u =V, in Q\ 759 x {0}.

(ii) For any o > 0 there exists k = k(a) € IN with the following property: for any k > k
there exists dj, € (0, %) such that the function u is a subsolution of problem (2.3.9)
with e = g, 6 = ;.

From (i) and (i) the conclusion follows immediately. In fact, in view of Proposition 2.3.2,
for any a > 0, k > k we obtain

w< Vo o in (Q\Z0) x (0,T).

Letting o — 0 in the latter inequality obtains u < 0 in any compact subset of Q7 (observe
that k& — oo, thus € — 0 as a — 0); hence the result follows.
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To prove (i), take ¢ as in Definition 2.2.1. For any fixed t € [0,7] the function ¢ (-,t) is
nonnegative and belongs to C§°(2); therefore from Definition 1.2.1 we get

/QZ{/L*w—cw}dx > u/Qdem.

Hence multiplying by —aexp{ut} and integrating in (0,7") we obtain easily

(2.3.10) / Vo {L*Y — cp}dadt < p / Votp dzdt .
T T
On the other hand, it is easily checked that
(2.3.11) Vo O dadt = —p Vo o dxdt,
Qr Qr

for any 1 as above. From (1.4.1), (2.3.10), (2.3.11), we can infer that V,, is a supersolution
to equation

Lu —cu —u=0 in (Q\Z9) x (0,7T),
thus () follows.
To prove (ii) we shall make use of the following
Claim: The following statements hold true:
e for any a >0, ¢ € (0,¢0) and § € (0, 5) there holds

(2.3.12) w<V, inQ\Z9 x {0};
e for any a >0, € € (0,¢0) and § € (0, 5) there holds
(2.3.13) w<V, in R x(0,T];
e for any a >0, ¢ € (0,0) and § € (0, 5) there holds
(2.3.14) olH| <V, in F % (0,T);
e for any a > 0, € € (0,&9) there exists § € (0,5) such that for any 6 € (0,8) there
holds
(2.3.15) uw < alH|  in F°x(0,T);

e for any a > 0 there exists k = k(a) € IN such that for any k¥ > k and for any
6 € (0,%k) the function V,, satisfies

(2.3.16) uw<Vy o inF5E % (0,T).

Let us prove the Claim. Observe that u is subsolution to problem (2.1.2) with f =g =
ug = 0, moreover R®% C R and (1.4.1), (2.3.7) hold, thus (2.3.12) and (2.3.13) are valid.

Inequality (2.3.14) follows from the very definition of V,, and H (actually, the same in-
equality holds in (QU R) x (0,T7).

To prove (2.3.15) observe that u < 0 on & x [0,7] and v € C((QURUS;) x [0,T]), thus
in particular u < 0 on 1. x [0,7] and u € C((QURUS1 ) x [0,T]). Moreover S x [0,T]
is compact since Sj ¢ is closed and bounded. Then it is not difficult to see that for any o > 0,
e € (0,0) there exists § = (0, ) € (0, 5) such that for any § € (0,0) there holds

u<o in]—"f’ax(O,T].

Choosing o = «|H| we obtain (2.3.15).

To prove (2.3.16) observe that, in view of (2.3.8), for any a > 0 there exists k = k(a) € IV
such that for any k > k

sup u(x,t)

te(0,T7]

(2.3.17) —Zo

<a forany ze€ A}\S.
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Hence (2.3.16) follows immediately from (2.3.17), since F5¢° C A5 \ S for any § € (0, =).
This completes the proof of the Claim.

Let us go back to the proof of (ii). There holds

(2.3.18) W<V,  inQ(Q\ Ze0k) x (0,7

for any a > 0, k > k and some 0 € (0, %k); this follows from (1.4.2), (2.3.13)-(2.3.16), for

€ = ¢} and 0 = 5. On the other hand, the function u is a subsolution of the problem (2.1.2)
with f = g = up = 0 thus, in particular, u is subsolution to equation

[l

Lu—cu—du=0 in (Q\Z) x (0,T).
Combining this fact with the initial and boundary conditions (2.3.12) and (2.3.18) we obtain
(74). This completes the proof when Q is bounded.

(b) Let Q@ be unbounded. We give the proof when conditions (2.2.4), (2.2.5) are replaced by
the weaker assumptions (2.2.7), (2.2.8) (see Remark 2.2.4-(i7)). We shall use the family Q=98
of subsets of €2, introduced in 1.4.

(7) In view of inequalities (2.2.7) and (2.2.8), there exist two sequences {¢} C (0,e0), € — 0
as k — oo and {f;} C (0,00), B — 0 as k — oo, such that (2.3.8) and

sup u(x,t)
. t€(0,T]
2.3.19 lim sup — 1+ <0
( ) k—-+o00 {me([QUR]ﬁaBﬂl) |Z ()] }

k

hold true. Then for any a > 0 there exists k = k(a) € IN such that for any k > k

sup u(x,t)
(2.3.20) SR <o i A\S.
and
sup u(x,t)
(2.3.21) ON < i [QUR]NOB. .
|Z| B
(77) As in case (a), it is easily seen that the function V,, := —aexp{ut}Z is a supersolution

of the problem
Lu+cu—0u=0 in Q5% x (0,7)

(2.3.22) u =V, in 909598 x (0,T]

u ="V, in Q%8 x {0}

for any a >0, € € (0,20), 6 € (0,5),8 > 0.

Arguing as in case (a) the conclusion follows from the following
Claim: For any a > 0 there exists k = k(a) € IN with the following property: for any k > k
there exists d € (0, 5) such that the function u is a subsolution of problem (2.3.22) with
€ = ¢ep,0 = 0, B = Br, where {1} and {fx} are the infinitesimal sequences of inequalities
(2.3.20)-(2.3.21).

To prove the Claim, it suffices to prove that

(2.3.23) w<V, on [(ffk’ék NBL)u(Q\ T maBﬁi)} % (0,7
k k
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with «, k, e, Ok, B as above. Notice that (2.3.12)-(2.3.14) and (2.3.16) are still valid. More-
over, in view of the compactness of S; . N B% (e € (0,e0), B > 0), arguing as in the proof of

(2.3.15) we conclude that

e for any o > 0, £ € (0,¢0), B > 0 there exists 6 € (0, 5) such that for any 6 € (0,6)
there holds

(2.3.24) u < a|H| in (]—"15’5037%) x (0,77

Then, in view of (2.3.12)-(2.3.14), (2.3.16) and (2.3.24), for any o > 0 there exists k = k(a)
with the following property: for any k > k there exists & = g € (0, k) such that

(2.3.25) u<V, in (F%Q Bﬁi) x (0,T7.
k
Concerning the inequality

(2.3.26) u<V, in (Q\Z=%N 83%) x (0,77,
k

it follows immediately from (2.3.21) since Q \ Z¢+% C QU R for any ¢ € (0, <) (see (1.4.1)).
Then inequality (2.3.23) and the conclusion follow. This completes the proof when when Q
is unbounded. Then the conclusion follows. (|
Proof of Remark 2.2.4. We get (i) proving that (2.2.6) implies (2.2.5). Since |Z(z)| > H > 0,

we have

sup u(x,t) sup u(x,t)

o t€(0,7) . t€(0,T]
lim inf sup —————— ¢ <limsupq————; <
e=0 {(we[QUR]maBl) 1Z(z)| } |00 { 1Z(2)| }

( sup u(x,t))+ ( sup U(f’%t))+

. te(0,T7] . te(0,77]
< lim sup{ < limsup } <0,

where the last inequality is due to (2.2.6).
Case (7i) has been dealt with already in the proof of Proposition 2.2.3. O

Proof of Theorem 2.2.5. Let u* := ug — u1. Then u* is a subsolution of the problem

Lu—cu+ Llul—u=0 in Qr
(2.3.27) w=0 in (RUS1) x (0,T]

u=0 in (QURUS;) x {0},

where L > 0 denotes the Lipschitz constant of f = f(x,t,-), uniform for (z,t) € Q7. In fact,
for any ¢ € C5°(Qr), ¥ > 0, there holds

/ u { LY — cp + O} dedt > / flx,t, ug) — f(z,t, up)yp dedt >
Qr Qr

> —/ Liu*| v dzdt .
T

Clearly, the function identically equal to 0 is a subsolution to problem (2.3.27), too. Then
the function u® := sup{u*, 0} > 0 is a subsolution of problem (2.3.27), thus also of the
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problem
Lu+ (L—cu—du=0 in Qr
(2.3.28) u=0 in (RUSy) x (0,T]
u=0 in (QURUS;) x{0}.
Moreover, in view of (2.2.9),
sup u’y (z,t) sup [u”(z,1))]
lim sup te(0,T . te(0,T] 0
dist(z,S2)—0 |Z(SU)| T dist(z,52)—0 Z((E) .

Then by Proposition 2.2.3 we obtain that ue < wj;. Similarly we get that w1 < wug; this
completes the proof. O

Proof of Remark 2.2.7. Suppose that Z < H < 0 is a subsolution to problem (2.2.12) for some
i = p1 > 0. Let ¢; > 0. Then obviously Z is a subsolution to problem (2.1.3) with u =
too. If ¢; < 0, it is easily seen that Z is a subsolution to problem (2.1.3) with p = pu; — ¢;.
Then the conclusion follows by Proposition 2.2.3.

Now suppose that Z < H < 0 is a subsolution to problem (2.1.4). In this case, it is direct

to see that Z is a subsolution to problem (2.1.3) with pu = ‘—1| Then the conclusion follows.

g

2.4. Proof of nonuniqueness results

Proof of Proposition 2.2.14. (i) Set
R; = {z € R|dist(z,S) > 1/j} (jeIN).

Consider a sequence of bounded domains {H;};c v satisfying the exterior sphere condition at
each point of the boundary 0H;, such that

FjQQUﬁj, H; C Hjyq, U;’ilHj:QUR,
(2.4.1)
8Hj:RjU7;, Rjﬂ'];:@.

Moreover, let {H} be a sequence of domains such that
_ o0
H; C Hj,,, OHjsmooth, H;CQ, H;CH, UH]'. -Q.
j=1

Let n; € C3°(Hj), n; =1in H j’ We also need to define suitable functions ¢; on R;. Observe

that if R NS = 0, then we have Rj = R for any j > jo, for some jo € IN. In this case we
take (; = 1 on R; = R for any j > jo. Otherwise let (; € Cg°(R;), 0 < (; <1, =11in
Rj-1 (j € IN; Ro :=0). Define for any j > jo

<jg + (1 — QJ)F in Rj X [O,T]

(2.4.2) ;=

F in 7; x[0,T],
and
(2.4.3) Xj = njuo + (1 —n;)¢;(-,0) in Hj.

Then ¢; € C(OH; x [0,T)),x; € C(H;) and ¢;j(x,0) = x;(x) for any z € OH; and any j > jo .
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For any j > jo consider the problem
Lu—cu— 0= f(x,t, u) in H; x(0,T)

(2.4.4) u = @; in 0H; x (0,7
u = X; in H; x {0}.
It is easily seen that the function
~ 2
(2.4.5) Fi= " Fexp{Lt} max{|[uolloc, |lglloc, e2(L+ £, 0)lloo)}

is a supersolution of problem (2.4.4) for any j > jo, while —F is a subsolution of the same
problem. In fact, take v as in Definition 2.2.1 and

2
¢:= = max{][uolloo, [lglloc, e2(1+[1£(5, 0)lloo)} -

Since exp{ Lt} belongs to C§°(Qr) and is nonnegative, by Definition 2.2.1 we get:
/ F L — e+ O} dadt —
T

= / cF{L*(exp{Lt}) — cexp{Lt}p + Oy(exp{Lt}yp) — Lexp{Lt}} dxdt <

< / cexp{Lt}(1 + LF)y dzdt < / (I1£Cy - 0)]loo + LE) dzdt <

T T

< f(z,t, F)ydxdt .
Qr
Moreover, there holds

E > |lglloc + F > ¢; in 0H; % (0,T]

and B

F > ([Juolloo + [lglloc) = x; in Hj x {0}
It is similarly seen that —F is a subsolution of (2.4.4).
(77) Problem (2.4.4) is regular, hence by classical results it has a solution w; for any j > jo.
In view of (i) above and of Proposition 2.3.2,
(2.4.6) lu;| < F in Hj x (0,T]
for any j > jo. By standard compactness arguments there exists a subsequence {u;, } C {u;},
which converges uniformly in any compact subset of 2 x (0,7]. Clearly, u := limg_,o uj, is
a solution of equation (2.2.1); moreover |u| < F' in  x (0,7].

(7i7) It remains to prove that v € C((QUR) x [0,7]) and takes the boundary and the initial
data - namely, u = g in R x (0,7] and v = up in (QUR) x {0}. This will be made by a local
barrier argument. To this purpose, we use the following notations:

Ng(l‘o) = Bg(l’o) N Q,

Cs(o,t0) = (Ba(wo) % (to — 8,t0+6)) N Qr
for any (zo,t0) € (QUR) x {0}) U (R x (0,T7),d > 0.
(a) (Boundary data) Let (zg,tg) € R x [0,T] be arbitrarily fixed. By (Hy) — (i7)  satisfies
the outer sphere condition at any point of R and the operator is regular in Q U R by (Ha).
Then (see [30]) we can choose § > 0 small enough, so that we can exhibit a function h €

C?(Cs (w0, to) N C(Cs(wo, to)) satisfying
(2.4.7) Lh —ch —0:h < =1 in Cs(xo, to),
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(2.4.8) h>0 in Cg(.%'o,to) \ {(.’L‘o,to)}, h(xo,to) =0.

Take jo € IN so large that o9 € Rj,—1. Since each R; is open and Rj,—1 C R; for j > jo,
there exists dy > 0 such that

(2.4.9) uj =g in (Bsy(xo) NR) x [0,T7)
for any j > jo. Moreover, we can choose dy > 0 so small that
(2.4.10) Bsy(20) NQC H; CQUR

for any j > jo.
Since by assumption g € C(R x [0,T]), in view of (2.4.9) for any o > 0 there exists
d € (0, 60) such that, for any (z,t) € (B(;(:po) X (to — 0, t0+5)> N (R X [O,T]) and any j > jo,

(2.4.11) luj(z,t) — g(xo,t0)| = |g(z,t) — g(z0,t0)| < o .
Observe that for ¢ € (0, dg)

(2.4.12) ON;(x0) = [aBa(xo) n[QuU R]] U [Bg(:co) N R] .
and that the parabolic boundary of the cylinder Cs(xq, o) is

(2.4.13) 0,Cs(x0, to) = ((aN(;(xo) X @5,%5)) U (Ng(a:o) X {;6}) :
where

ts := max{to — 6,0}, &5 := min{to + 9,7T'}.
We will use a comparison argument in the cylinder Cj(zo, t9). Observe that on 0,Cs(xo, to)N
(R x [0,T7]) inequality (2.4.11) holds.
For any (z,t) € 9,Cs(xo,%0) \ (R x [0,T]) and j > jo there holds

(2.4.14) luj(x,t) — g(xo, to)| < max F 4+ |g(zo,t0)] < mM < Mh(z,t),
Cs(zo,to)
where
m = min ;

9,Cs(wo0,t0)\(RX[0,T))

4 ~
M = — max{(1+mL)_max_F, [glloc mlLF (-, 0)llocs m (llglloo +1)_max_|e]}.
m C(g(xo,t()) Cs(zo,to)

(see (2.4.6), (2.4.10)).
In view of (2.4.11)-(2.4.14) we conclude that for any o > 0 there exist 6 € (0,dp) and
M > 0 such that

(2.4.15) luj(x,t) — g(xo,t0)| < 0+ Mh(z,t) for any (x,t) € 0,Cs(xo,to)
and any j > jo.
Using inequality (2.4.15) it is easily seen that for such values of j, for any 0 < o < 1
E]‘ = Uy +g(l‘o,t0) —o—Mh
is a subsolution and
Fj = —u; + g(.%'o,to) +o+ Mh
is a supersolution of problem

Lu—cu—0u=0 in Cy(xo, to)
(2.4.16) u =0 in ONs(zo) X (ts, 5]

u =0 in  Ns(zo) x {t5},
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(see (2.4.13)). By Proposition 2.3.2, this implies E; < 0 < Fj in Cjs(zo, tp), namely
(2.4.17) luj(x,t) — g(xo,t0)| < 0+ Mh(z,t)
for any (z,t) € Cs(xo,to) and j > jo.

Taking inequality (2.4.17) with j = ji and letting kK — oo, we see that for any o € (0,1)
there exist § € (0,0¢p) and M > 0 such that

lu(z,t) — g(xo,to)| < o+ Mh(x,t) for any (z,t) € Cs(xo,to) -

This implies
limsup |u(z,t) — g(zo,t0)| < o
(x,t)—(z0,t0)

for any o € (0,1); then

2.4.18 li t) = ,to),
( ) (zﬁt)j(flljo’to)u(x ) = g9(xo0, t0)

for any (z9,tp) € R x (0,7, and

(2.4.19) lim  u(x,t) = g(xo,0) = up(xo),
(z,t)—(z0,0)
for any zg € R.
(b) (Initial data) Let xo € Q. Take jo so large that xo € Hj . Since each H} is open and
HJ’-0 C Hj’ for j > jo, there exists dy > 0 such that:

for any j > jo. Moreover (see [30]), we can choose dp > 0 so small that it is possible to exhibit
a function h € C%(Cs(xo,0)) N C(Cs(xo,0)) satisfying conditions (2.4.7)-(2.4.8). Notice that
in this case Cs(x0,0) = Bs(xo) x (0,0). Since by assumption ug € C(QUR), in view of (2.4.20)
for any o > 0 there exists 6 € (0,dp) such that

(2.4.21) |uj(x,0) —ug(xo)| = |uo(z) — uo(zo)| < o for any x € Bs(zg) C Q

and any j > jo. Moreover, for any j > jo, on the lateral boundary of Cs(xz¢,0) (i.e., for any
(z,t) € O0Bs(xp) x [0,0]) there holds

(2.4.22) luj(x,t) —ug(zo)| < max F + |ug(xo)| < mM < Mh(z,t),

Cs(0,0

where

m = min h >0,
8B§($0)X[0,5]

4 -
N = = max {(1+mL))_max P, [uolloc, mI|f (- 0)lloc: m (|[tto]loc +1)_max |ef}
m Cs(0,0) Cs(20,0)

(see (2.4.6), (2.4.20)).
In view of inequalities (2.4.21)-(2.4.22), we conclude that for any o € (0,1) there exist

6 € (0,8) and M > 0 such that
(2.4.23) luj(x,t) —uo(z0)| < o + Mh(x,t) for any (z,t) € 8,Cs(z0,0)

and any j > jo.
Using inequality (2.4.23) it is easily seen that for such values of j, for any 0 < o < 1

Ej = —u; + UO(.’L'()) —o—Mh
is a subsolution and ) s
Fj = —uj +up(xo) + 0 + Mh

is a supersolution of problem (2.4.16).
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By Proposition 2.3.2, this implies E'j <0< Z:"j in Cs(x0,0), namely

(2.4.24) luj(x,t) —ug(zo)| < o + Mh(z,t)
for any (x,t) € Cs(x0,0) and j > jo. The conclusion follows as in case (a). This completes
the proof. O

Proof of Proposition 2.2.15. We can argue as in the proof of Proposition 2.2.14, up to some
changes needed to impose the condition at infinity (2.2.20). First, a different constant must
be chosen in the definition of the supersolution F', namely

~ 3
Fri= T Fexp{Lt} max{[fuolloc, |lglloc, c2(L+ £, O)lloo), 11 + 1} -

Moreover, the boundary data for the approximating functions u; should take the value I € IR
into account. To this aim, choose M > 2M such that

(2.4.25) H(z)<1 in (QUR)\ By .

Let

(2.4.26) E€eC®(R"), €=1 inBy, £€=0 in R"\ By, 0<&<1,
(2.4.27) H:=H in (QUR)\Bgr, H=0 in (QUR)N Bg,
(2.4.28) F:=¢F4+(1—-&(H+I) in (QUR) x [0,T].

Then we have

(2.4.29) F(z,t)=H(z) ((z,t) € (QUR)\ Byyy) x [0,T]).

Taking Hj, HJ’-, R, Tjs mj, ¢, Jos (4 = jo) as in part (@) of the proof of Proposition 2.2.14,
define
Go+(1-GIF  in R,
(2.4.30) ;=
F in 7T;
and x; as before in (2.4.3). As in the proof of Proposition 2.2.14, from the sequence {u;}
of solutions to the auxiliary problem (2.4.4) (j > jo) we can extract a subsequence {u;, },
which converges uniformly in compact subsets of 2 x (0,7 and satisfies inequality (2.4.6) for
each jj. Clearly, the function u := limy_,o uj, solves equation (2.2.1) and satisfies |u| < F.
As before, u takes continuously the boundary data g at R x (0,7 and the initial data ug at
(QUR) x {0}.
It remains to show that (2.2.20) is satisfied. To this purpose, set

T T
v ::/ uj(x,t)dt U::/ u(z,t)dt
0 0
for any j > jo. Clearly, there holds
= i ; Q).
o) = lm v(e) (weQ)

We limit ourselves to the case of unbounded R, the proof being similar when R is bounded.
In view of (2.2.19), (2.2.17) and (2.4.29), for any o € (0, 1) there exists v > 2M such that

T
(2.4.31) ‘;/0 o )di—1] <o (zeR\B,),

(2.4.32) |F(z,t) = |H(z)| <o ((z,t) € (QUR)\ B,) x [0,T7]).
Define Nj, := H; \ By; then
ONjy = [Rj\ B,]U[T; \ By] U [H; NOB,].
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By (2.4.31), (2432) for any x € R; \ By, we have
—UJ )—1= / qb]xtdt—l—/ Gi(x)g(z,t) dt +
/ (1—=¢j(z)(H(x)+1)dt -1 =

—CJ( )/0 gz, t)dt + (1 — ¢(x))(H(z) +1) — 1 <

<G@) o+ D)+ (1 —-(i(x)(o+l)—l=0.
On the other hand, there holds

T
Fole) == 76() [ alwtydi+ (- G)HE@ +) -1 2
> (@) (o + 1)+ (- G@) (o +1) ~ 1= o,
thus
(2.4.33) \%vj(x) <o (weR;\ By

In view of (2.4.32), for any « € 7; \ B, we have

(2.4.34) (%vj(x)—z‘ - ’;/OTgbj(:c,t)dt—l‘ - ’;/OT(H(:[;)H)dt—z \H(z)| <o

For any = € Hj NJB, j > jo, we have

(2.4.35) ‘ij —l‘ < MH(z),
where
m = min H(zx),
2€(QUR)NIB,
- 2 2 .
M= Zmax {1 +m(L+ 2+ swp |e)  sup  F il mllf(-0)ll}
m T (urNBr  [(QURNBRIX(0.T]
From (2.4.33), (2.4.34), (2.4.35) we obtain, for any o > 0, j > jo, * € N, 4,
1 -
(2.4.36) |fvj(x) -l <o+ MH(z).
We claim that for any ¢ > 0, j > jg the function
1 -
E; = —ij—i-l—a—MH

is a subsolution of the problem
Lu=0 in Nj -
(2.4.37)
u =0 in ONj,
whereas .
Fj = —fvj+l+a+MH
is a supersolution. To prove the claim observe that, in view of Definition 2.2.2, any solution

uj of problem (2.4.4) satisfies inequality (2.2.2) with ¢ in C§°(N;, x (0,T")). However, it can
be proved that any u; also satisfies the inequality

/ uj {L*Y — cp + O} dadt > / fx,t, uj) dedt +
N; 4 x(0,T)

Nj»x(0,T)
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w000 ds

Iy Njy
for any 1 in a wider class, namely ¢ € C>°(N;, x (0,T)) such that ¢(-,t) € C5°(Q2) for any
t € [0,T]. In particular, choosing 1 = ¢ (z) € C§°(N,~),%¥ >0, j > jo, we have

1 -
/ ch*¢dxz—/ ujﬁwdxdtJrM/ bds >
Nj~y T Nj»x(0,T) Nj~y

1 1
2—/ f(z,t, uj)wdxdt—/ uj e drdt +
T JN;.,x(0,1) T JN; ,x.1)

+1/
T Jx.

Vil

[uj(z,0) — u;(z, T)]Y(x) de —i—M/N. Ydr >

2/ [0l — (L smh|d+%> sip P+ M@)de >0,
Nj~ (QUR)\Br [(QUR)\BR]x[0,T]

The above inequality, combined with (2.4.36), implies that Ej; is a subsolution to problem
(2.4.37). It is similarly seen that F} is a supersolution to problem (2.4.37). Then Proposition
1.2.4 implies E; < 0 < Fj in Nj,, namely

(2.4.38) ]%W@y4ﬂ<a+MH@)

for any z € Nj,.
Set j = ji in inequality (2.4.38) and let k — oo. Then we obtain that for any o > 0 there
exist v > 0 and M > 0 such that

1 -
‘fv(x) - l‘ <o+ MH(z) for any x € Nj,
whence )
limsup | =v(z) — l‘ <o
|z| =400
for any o > 0. Then the conclusion follows. O

The proofs of Theorems 2.2.16 and 2.2.18 make use of the following two propositions.

PROPOSITION 2.4.1. Let the assumptions of Theorem 2.2.16 be satisfied and v € C(R) N
L>®(R). Then there exist infinitely many bounded solutions of the problem

LU =0 mn Q
(2.4.39)
U=v n R.

More precisely, there exists a sequence {x,,} C Q with the following properties:
(@) imy,— 400 V(z) = 0;
(b) for any B € IR there exists a solution Ws of problem (2.4.39), such that [Wg| < |B|+|[vl[ec
in Q\'S and
nlgnoo Wﬁ(xm) = B.

PROPOSITION 2.4.2. Let the assumptions of Theorem 2.2.18 be satisfied and v € C(R) N
L>®°(R). Then there exist infinitely many bounded solutions of problem (2.4.39) satisfying
(2.4.40) lim W(z)=1.

|z|—00
More precisely, there exists a bounded sequence {x,,} C Q with the following properties:
(@) limy,— 400 V(zm) =0;
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(b) for any B € IR there exists a solution Wg of problem (2.4.39), such that (2.4.40) is
satisfied, [Wg| < |B| + [|7]|oo + || in 2\ S and
n}gnoo W,B(l'm) = B.
Up to minor changes, the proof of Proposition 2.4.1 (respectively, of Proposition 2.4.2) is

the same of Theorems 2.5 and 2.9 (respectively, of Theorems 2.7 and 2.11) in [65], hence it
is omitted.

1 /7
Proof of Theorem 2.2.16. Let § € IR. By Proposition 2.4.1, applied with v(z) := T / g(z,t)dt
0
(x € R), there exist {x,,} C  and a solution W3 € L>(Q) of the problem
LW =0 in Q

(2.4.41)
W =» on R,
such that
lim V(z,) =0,
m——+oo

i, W(@m) = 8,
(Wsl < 18] +lglle  in Q\S.

Choose Hj, H}, R, Tj, Cjsnjs jo (§ > jo) as in the proof of Proposition 2.2.14. Set

ng + (1 — Cj)Wﬁ in Rj X [0, T}
(2.4.42) ;=

W in 7; x[0,77].
For any j > jo, let u; g be the solution of problem

Lu—cu— o= f(x,t, u) in H; x(0,T)

(2.4.43) u = ¢; in 9H; x (0,T)

u = x; in H; x {0},

where ¢; € C(0H; x [0,T]) and x; is the function (2.4.3), thus x; € C(H;). As before,
by standard arguments we deduce that there exists a subsequence {u;, g} of {u;z} which
converges uniformly in any compact subset of Q x (0, 7. Let

ug := lim wj, g in Q x (0,7].

k—o0

As in Proposition 2.2.14, we infer that ug € C((QUR) x [0,T]) and ug solves (2.1.1). Since
c € L>*(Q), by Proposition 2.2.14 there exists K > 0 such that
lujgl < K in Fj x [0,T] forany j > jo,
thus
lugl| < K in (QUR) x[0,T].
For any j > jo define

T T
vj g = / ujg(z,t)dt (v € Hj), vg(x) := / ug(x,t) dt (reQUR).
0 0

Clearly, there holds

T
(2.4.44) vg(z) = lim uj, gz, t)dt  (z € Q).

k—o0 0
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Let M :=T1||f(-,+,0)||lcc + K(L +||c||oc)] + 2K. We claim that
(2.4.45) —MV +TWz<vg <MV +TWz inQ\S.

From (2.4.45) we obtain
lim wvg(zm) =18,

m——+00

namely (2.2.22).
/l)-]”B

It remains to prove inequalities (2.4.45). To this aim, observe that Fj g := 57 is a

T
subsolution, while Fy g :=V + MWB is a supersolution of the problem

LU =-1 in Hj
(2.4.46)
U=2LWs in 0H;.

In fact, arguing as in the proof of Proposition 2.2.15 we obtain

/ vjp L de = / f(z, ¢, ujﬁ)d)da:dt—l—/ ujgctpdrdt +
j H;x(0,T)

j j HjX(O,T)

[ w0~ e Dode = - [ vdo
J Hj
for any v as in Definition 1.2.1. In addition, since Wy satisfies the boundary condition in

1 (T
(2.4.39) with v(z) = T/ g(x,t)dt (x € R), there holds
0
T T
vple) = [ wistetydt = [ 1G@ate.t)+ (1= G@Wala))de =

T
— () /0 g(w ) dt + (1 — (@) TWs(x) = TWs(z) (€ R;).
Plainly, there holds

T T
vjp(x) = /0 ujg(x,t)dt = /0 Wa(z)dt = TWs(z) (xeT;).

Therefore I g is a subsolution to problem (2.4.46). On the other hand, for any % as in
Definition 1.2.1 we have

T
/Xv+wmﬁWMg—/qwm
H; M Hj
In addition, since V' > 0 there holds
T T
Vi) + 3 Wale) = 3 Wala) (o € 0Hj),

thus F» g is a supersolution of (2.4.46). In view of Proposition 1.2.4, we conclude that

(2.4.47) vjg < MV +TWs in Hj.

T

Analogously, it is not difficult to see that F} g is a supersolution, while F3 g := =V + MWB
is a subsolution of the problem

LU=1 in Hj
(2.4.48)

U=2+LWs in 0H;.
By Proposition 1.2.4 we obtain
(2.4.49) vjg=>—MV +TWg in Hj.
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By (2.4.47) and (2.4.49) with j = ji and by (2.4.44), letting k — 400 we get (2.4.45), since

vg € C(QUR). The proof is complete. . O

Proof of Theorem 2.2.18 Let 8 € IR. By Proposition 2.4.2, applied with v(z) := / g(z,t)dt

0
x € R), there exist a bounded sequence {z,,} C € and a solution W3 of problem (2.4.41
B
such that

lim V(zp,) =0,

m——+00

lim Wa(xm) =5,

m— 00

Ws| < 18]+ IIWlloe + 1] in Q\S,  lim Ws(z)=1.
|z| =400
Arguing as in the proof of Theorem 2.2.16, we can construct a solution ug of problem (2.1.1)
which fulfills (2.2.22). Moreover, using the function H as a barrier at infinity, as in the proof

1 T
of Proposition 2.2.15 we prove the equality lim — / ug(z,t) dt = [. Hence the conclusion
|z| =400 T 0

follows. O
Proof of Theorem 2.2.20 Consider a sequence of bounded domains {H,} ey with smooth
boundary 0Hj, such that

(2.4.50) H;CQ, H;CHj,, |JH=Q.
j=1

Then we argue as in the proof of Proposition 2.2.14, taking ¢; = ¢, x; = uo (j € IN). In
the definition (2.4.5) of F' we replace ||ug||oo and [|g]loe by ||#|/oc- Up to minor changes of
the above proof, the approximating problems (2.4.4) can be uniquely solved. The sequence
of solutions {u;} admits a subsequence {u;, } which converges to a solution u of the parabolic
problem in (2.1.2), uniformly in compact subsets of Q2 x (0,7]. Moreover,

(2.4.51) luj| < F in H; x (0,T], lul < F in Q x (0,7].

As in the proof of Proposition 2.2.14 there holds v € C'(2x [0,T7]), and u = up in 2 x {0}. In
order to prove that the boundary condition is attained on (R US1) x [0, 7], we have to prove
that w € C((QURUS) x [0,T]) and u(z,t) = g(z,t) for (z,t) € (RUSy) x [0,T]. We prove
in detail this result on Sy x [0, 7], since on R X [0,T] the proof is analogous, but should be
done at each point of the set, since g is not constant in space on it as it is on Sy x [0, 7.

To this aim, recall that by hypothesis S; is attracting, hence there exists € > 0 and a
function V satisfying the properties in Definition 2.2.19 for 3 = §;. Without loss of generality,
we can take € so small that the assumptions of the theorem.are satisfied. Finally, recall that
g is independent of the spatial variable on & x [0,7] and ¢1(t) = g(x,t) = ¢(z,t) ((x,t) €
S1 x [0,T]). Take tg € [0,T] and o > 0. Since ¢ is continuous in (QUR US;) x [0,T], and
81 x {to} is compact, we can find § € (0,¢) such that

(2.4.52) lb(z,t) — g1(to)| < o, for any (z,t) € S X [tg, Ls).
We claim that
(2.4.53) v(x,t) = Afexp{est}V (z) + Aa(t — t0)?], ((z,t) € 8 x [0,T))

is a supersolution of equation

(2.4.54) Lv—cv—8w=—1 inS x(0,T),
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such that
(2.4.55) ve ST x [0,T]), v>0 in (S2x[0,T))\ (S x {to}),
v=0 1in S x {to};
here c3 :=sup|c|, Ay > 1, 0 < A2 < L In fact, take 1 as in Definition 2.2.1.
St MT(2+ esT)

1
For any fixed ¢t € [0,7] the function ¢(-,t) is nonnegative and belongs to C§°(2), thus by

Definition 1.2.1 we have
/ V{L%Y}dx < —/ Ydx,
S S

whence

(2.4.56) / exp{est}V {L* Y} dedt < — / exp{est} dxdt .
S9x(0,T) 89 x(0,T)

On the other hand, it is easily checked that

(2.4.57) / exp{cst}V Oy ¢ dxdt = —c3 / exp{cst}V ¢ dzdt .
S9x(0,T) S9x(0,T)

From (2.4.56), (2.4.57) we get

/ exp{est}V {L*Y — cp + Opp} dadt < — / [14 csV + cV]exp{cst}y dzdt.
S9x(0,T) S9x(0,T)
Then
/ v{L* —cp + Opp} dadt < / (=1 + 20 0T + cs Ao T2 dedt <
S9x(0,T) 89 x(0,T)

< —/ ¥ dxdt,
89 x(0,T)

for any 1 as above, hence the claim follows.
Define for any j € IN

Nsj(to) := S N Hj , Cs,i(to) := Nij(to) x (t5,75) .-
Take jo € IN such that Nsj,(to) # 0. Observe that for any j > jo

(2.4.58) ONs ;(to) = (0S) N H;) U (S NoHy),
and that the parabolic boundary of the cylinder Cjs ;(to) is given by
(2.4.5) BpCij(to) = ((ON3;(to) X (tg,T) ) U (Najlto) x {ts})-
Set
inf((asfﬁﬂ)x[o,ﬂ;])v iftozo

(2.4.60) m =

inf(sfx{gé})u((asfm)x[;é,zé]) v ift>0,

4 .
M= — maX{(l +mL) max F, ||¢]lco, m[[f(:,- 0)lloo, m (||l + 1)%|CI}-
m Cs,;(to) Cs,;(to)
First suppose ¢y = 0. Then for any (x,t) € (0S{ N H,) x [0,%s] and j > jo we have
(2.4.61) Juj(,t) = g1(to)| < _max_F +[|¢]lec < mM < Mu(z,1).

Cs,;(to
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On the other hand, in view of (2.4.52), for any (z,t) € 0,Csj(to) \ ((0S? N H;) x [0,%]) and
j7 > jo there holds
(2.4.62) luj(z,t) = g1(to)| = |p(x,t) — g1(to)| < 0.
Now suppose to > 0. Then inequality (2.4.61) holds for any (z,t) € 8,Cs ;(to)\ (0H; x (t5,1s))
and j > jo, while inequality (2.4.62) is satisfied for any (x,t) € (S{NOH;) x (t5,15) and j > jo.
By (2.4.58), (2.4.59), (2.4.61) and (2.4.62) we conclude that for any ¢ > 0 there exist
6 € (0,¢) and M > 0 such that
(2.4.63) luj(x,t) — g1(to)| < 0+ Mu(x,t)
for any (x,t) € 0,Cs ;(to) and j > jo.
Using inequality (2.4.63) it is easily seen that for such values of j, for any 0 < o0 < 1
E;:= —uj+ gi1(to) —o — Mv
is a subsolution, and
Fj = —uj+ g1(to) + 0 + Mv
a supersolution of problem (2.4.16) with Cs(xg,t9) and Ns(xo,tp) replaced by Cs ;(tp) and
N; ;(to), respectively. Then the conclusion follows as in Proposition 2.2.14. O
Proof of Proposition 2.2.22 Let (xg,tg) € ¥ x [0,T] and V as in Definition 2.2.19. It is easily
seen that the function
h(z,t) := Mlexp{le1[t}V (2) + Aao(|z — zo)® + (t — t0)?)]  ((x,t) € Cs((wo,t0))

is a local barrier at (zg,to), provided that A\; > 0 is big enough, A2 > 0 is small enough and
d € (0,¢). O

2.5. Examples

In the sequel we always suppose that assumption (Hj) is satisfied.

2.5.1. Uniqueness. (a) Consider the problem

3 3 _ :
um—i-yuyy—uy—gu—atU—f in Qr

(2.5.1) u=g in R x (0,7

u = ug in (QUR) x {0}

with @ = (0,1) x (0,1), R = 90\ ([0,1] x {0}), & = 0, So =S = [0,1] x {0}, f(,-,0) €
L>(Qr). Observe that the coefficient ¢ does not belong to L>(2).
The function

1
Z(ay) = —— —1
)
satisfies

Z<-1inQUR, LZ —cZ >0in Q, lir%Z(a:,y):—oo;
Yy—r

hence by Theorem 2.2.5 and Remark 2.2.9 uniqueness holds in the class of solutions which
diverge at a rate lower than |Z] as y — 07 (¢ € (0,T]). Moreover, observe that the function

1
F(z,y) = (x—§)2+3y—|—1 >1

is a supersolution of equation (2.2.16). Then, in view of Proposition 2.2.14 and the above
uniqueness result, problem (2.5.1) is well-posed in L>(Qr).
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It is worth observing that the function

V(o) i= Fley) 1= (e = 5 +3y

satisfies

ian:0<ian:1, LV =—-11in Q;
QUR R 4

however, Theorem 2.2.16 does not apply to prove non—uniqueness since the coefficient c is
unbounded.

(b) Consider the equation

(2.5.2) 22Uy + Uyy + 32Uy — Qpu = f in Qr .
In this case 2 = (0,00) x R, R =81 =0, S = S2 = {0} x IR. Consider the function
1 1
VA I — N —— Q).
(@9) = ~ .9 . ((z,y) € Q)

It is easily seen that
Z < —1in Q, LZ >0 in ), lim Z(x,y) = —o0.
z—0

In view of Theorem 2.2.5 and Remarks 2.2.6, 2.2.9 uniqueness holds in the class of solutions
that satisfy

lim sup u(x,y,t) =0,
|z|+ly|—o0 te(0,1]

and diverge at a rate lower than |Z| as z — 0% (¢ € (0,77).
(c) Consider the problem

ym%z(uﬂc + YPuyy) — Ou = f in Qr
(2.5.3) w=g in R x (0, 7]
u = ug in (QUR) x {0}.

Here we take © = (§, %) x (0,1), R = 9\ (5, %] x {0}), S = [, %] x {0}, f(--,0) €
L (Qr).
It is easily checked that the function

Z(x,y) = 2 + logy — m*

satisfies

Z <0 in Q, L7 = >0 in Q, lim Z(z,y) = —oc.
y—0

ysinx
Then by Theorem 2.2.5 and Remark 2.2.9 uniqueness holds in the class of solutions which
diverge at a rate lower than |Z| as y — 07 (¢t € (0,T1).
On the other hand, the function

F(z,y) :=ysinx+1>1

is a supersolution of equation (2.2.16). Moreover V(z,y) := F(z,y) — 1 = ysinz satisfies
Ve C(Q),

V>0 in QUR, V=0 onS§, LV =-1 in Q,
thus S is attracting (for £) (see Definition 2.2.19). By Theorem 2.2.20 there exists a solution
u € L>®(Qr) of the problem
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ysilnx(uxz + y2uyy) —Oww=f inQr
u=¢ in 092 x (0,7

u = up in Q x {0},
where ¢ € C([0,T7]), up = ¢(0) on 99Q.
In view of the above uniqueness result, this implies that there exists no solution u, €
L>(Qr) of the problem

ysiln:p(ul"m + y2uyy) —Ou=f inQr
u=g in 092 x (0,7

u =g in Q x {0},

with g € C(0Q x [0,T]), g = ¢ in R x (0,T], up = »(0) on R, if g(z,t) # ¢(t) at some point
(z,t) € S x (0,T).

(d) Consider the problem
Bz + Y2y + (log 2)uy + yuy — Opu = f in Q

(2.5.4) u=g in(RUSy) x (0,7]

U = Uug in(QURUSl)x{O}.

Here we take Q = (0,e) x (0,1), R = ({e} x (0,1]) U ((0,e) x {1}), S1 = {0} x (0,1], S2 =
[0,¢e] x {0}, f(-,-,0) € L®(Qr), g € C((RUS1) x [0,T7]), up € C(RUS1) and up(x) = g(z,0)
for any x € R U S;. Observe that in this problem the coefficient b; is unbounded at Sj.
However, as we see in the following, besides a supersolution F' of (2.2.16), we can exhibit
barrier functions h for all points of S; x [0, 7). Indeed the function

F(z,y,t) == exp{t} ((z,y,t) € (QUR) x [0,T])
is a bounded supersolution of equation
LF—0F=—-1 inQp

and F' > 1. Moreover, barriers can be constructed. In fact, take (zo,yo,%0) € S1 x [0,T].
Then xy = 0. Define

h(z,y,t) == ofz + (2> + (y — y0)* + (t — t0)*)]
((z,y,t) € Cs((0,yo0,t0)), where o, 7,d are positive constants to be chosen and
(2.5.5) Cs((0, 90, to)) := (B5((0,50)) x (to — 8,0 +)) N (Qr)-
Simple computations show that
Lh — 0h = ollogz + 27(y* + 5+ zlogz + y(y — yo) — (t — t0))] < —1 in C5((0, 9o, %0)),
if 7 > 0 and § > 0 are small enough and ¢ > 0 is big enough. Clearly

(2.5.6)  h € C*(Cs((wo,v0,t0))), h > 0 in Cs((xo, yo,t0)) \ {(x0,v0-t0)}, h(zo,y0,t0) = 0
for 29 = 0. Then by Remark 2.2.21 there exists a solution u € L*(Qr) of problem (2.5.4).
Moreover, the function
Z(z,y) :=logy — 1
satisfies
Z < —11in Q, LZ =0 in Q, lim Z(z,y) = —0.
y—0
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Then by Theorem 2.2.5 and the above existence result, problem (2.5.4) is well-posed in
L>(Qr).
(e) Consider the problem

—(log )z, + y2uyy +uy +yuy —Ou = f in Q
(2.5.7) u=g in(RUSi) x (0,7

u =y in(QURUS:) x {0}.

Here we take Q@ = (0,1) x (0,1), R = (0,1) x {1}, &1 = {0,1} x (0,1], S = [0,1] x
{0}, f(+-,-,0) € L™®(Qr), g € C((RUS1) x [0,T]), up € C(RUS1) and up(z) = g(z,0)
for any x € R U S;. Observe that in this problem the coefficient a1 is unbounded at S;.
However, as we see in the following, besides a supersolution F' of (2.2.16), we can exhibit
barrier functions h for all points of S; x [0, T]. In fact, the function

F(z,y,t) == exp{t} ((z,y,t) € (QUR) x [0,T])
is a bounded supersolution of equation
LF — 8tF =—1 in QT

and F' > 1. Moreover, barriers can be constructed. Take yo € (0, 1], thus (0,y0) € S1. For
8" > 0 small enough, let v € C?%([yo — 28, yo + 20]; IR) with

P(yo) = 1,¢9(y) =0 (y € (yo — 6,50 +0)) ,

0 < <1 otherwise.

For 7 > 0 set
Qé’ﬂ'((o?yO)) = {(Z’,y) € Q|0 <r< Tw(y)} .

Define
V(z,y) == exp{ar} —exp{a(ty(y) —2)}  ((z,y) € Qv +((0,30))),
where av > 0,7 > 0 are constants to be chosen. We easily obtain:

LV = exp{a(rv(y) — 2)} o logz — a1 (v))2y* — ard (y)y*+

+a —yar/(y)] < —1in Qs ~((0,%0)),
provided that we take, as we do in the following, 7 > 0 small enough and a > 0 big enough.
Let tg € [0,T)]. Define

h(l’,y,t) = )\1[V($,y) + )‘2(t - tO)Q}

((x,y,t) € Cs((0,y0,%0)), where Ay > 0, A2 > 0 are positive constants to be chosen, C5((0, yo, %))
is defined as in (2.5.5) and § > 0 is so small that Bs((0,10))NQ € Qs ~(0,y0). It is not difficult
to see that

Lh—8h < —1 in Cs((0,y0,t0)),

provided that Ay > 0 is big enough and A2 > 0 is small enough. Clearly the function h
satisfies (2.5.6) for zp = 0. Now take (1,yo,%p) € S1 x [0,T]. Define

h(z,y,t) =0l —z+7((x — 1)* + (y — 90)* + (t — t0)*)]

((x,y,t) € Cs((xo,yo0,t0)), where o, 7, are positive constants to be chosen. It is easily checked
that

Lh—0h =o[-1+27(—logz+ 3>+ (z — 1) +y(y — yo) — (t — t0))] < —1 in Cs((1, 90, t0)),

if 7 > 0 and 6 > 0 are small enough and o > 0 is big enough. Clearly h satisfies (2.5.6) for
ro — 1.
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Then by Remark 2.2.21 there exists a solution u € L (Qr) of problem (2.5.7). Uniqueness
follows by Theorem 2.2.5 since the function Z(x,y) :=logy — 1 satisfies

Z < -—11in Q, LZ=0in Q, lim Z(z,y) = —o0.
y—0

Then problem (2.5.7) is well-posed in L>=(Qr).

2.5.2. Nonuniqueness. According to the assumptions made in Subsection 2.2.2, only
degeneracy at the boundary is allowed in the examples of this subsection.

(a) Consider the problem

Ugg + yQUyy — Uy + %ua: — Ou = f in Qr
(2.5.8) u=g inR x (0,T]

u = up in(QUR) x {0},

where Q = (0,00) x (0,1), R = (0,00) x {1}, S = ((0,00) x {0}) U ({0} x [0,1]), f(-,-,0) €
L>*(Qr). The function V(z,y) := y satisfies

LV =—-1 in Q, inf V=0<infV=1.
QUR R
By Theorem 2.2.16 problem (2.5.8) has infinitely many solutions in L>(Qr).

(b) Take Q, R, S, f as in case (a) and consider the problem

( %m%m + yQuyy + 222w, — (222 + Duy —u— 0= f in Qr
u=g inR x (0,T]
(2.5.9) u = ug in(QUR) x {0}
T
i [ ey, t)di =1 (y € (0,1)),
xr—r00 0

where [ € IR, and g satisfies the condition

1 T
lim T/o g(z,y,t)dt =1.

T—r+00

The function V(z,y) := x + y — 1 satisfies
R S .{.f i ’ }:1 ).
LV in (%IulRV 0 < min ind Vv Jim. V(z,y) (y € (0,1))

Moreover, the function H(x,y) := — (z > 1) satisfies

8|

LH< -1 inQ\ By, lim H(x)=0.
T—00

In view of Theorem 2.2.18, problem (2.5.9) has infinitely many solutions in L*=°(Qr).






CHAPTER 3

Criteria for well-posedness of degenerate elliptic and parabolic
problems

3.1. Introduction

We study existence and uniqueness of solutions to linear degenerate elliptic equations of
the following form:
(3.1.1) Lu —cu =¢ in Q.

Here ©2 C IR™ is an open connected bounded set with boundary 02 and ¢, ¢ are given functions,
¢ > 0 in €; the operator L is formally defined as follows:

I DU R Pu_ Ou
L= ;MU— m [Z_:law(x)a%ax]-i-zbz(x)axj .

We assume p > 0 in 2,

n

> ai(@)&8 =0 forany x € Q, (&4,..,&) € R”.
ij=1
Precise assumptions on the coefficients of equation (3.1.1) are made below (see assumptions
(Az), (E1) and (Ej)).
Our methods also apply to companion parabolic equations of the form:
(3.1.2) Lu —cu—0w =f in Qx(0,T)=Qr
with T > 0, f = f(z,t) given; no sign condition on ¢ = ¢(x) is needed in this case (see Section
3.3). Quasilinear parabolic equations can be dealt with similarly (see [60], [59].

We always regard the boundary OS2 as the disjoint union of the regular boundary R and
the singular boundary S. The case 9§ # 02 is possible, thus S can be a manifold of dimension
less than n — 1 (while R C 99Q; see assumption (A;)). In general, the coefficients of £ and
the function ¢ can either vanish or diverge, or need not have a limit, when dist(z,S) — 0;
moreover, ellipticity is possibly lost in £ and/or when dist(z, S) — 0 (see (A2), (E1) and (E2)).
Then it is natural to prescribe the Dirichlet boundary condition on the regular boundary R;
this leads to the following problem for equation (3.1.1):

Lu—cu= ¢ in Q
(3.1.3)
u =y in R.

Similarly, for equation (3.1.2) we address the problem:
Lu—cu—dwu = f in Qr

(3.1.4) u=g in R x (0,7]

u = U in [QUR] x {0}.

Sufficient conditions for uniqueness or nonuniqueness of solutions to problems (3.1.3)-
(3.1.4) have been given in [60], [?], [59]. These conditions are implicit in character, for they
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depend on the existence of suitable sub- and supersolutions to related elliptic problems, like
the first exit time problem:

LU = —1 in Q
(3.1.5)
U=0 on R.

In this paper we address the actual construction of such sub- and supersolutions, aiming
to give explicit criteria for well-posedness of problems (3.1.3)-(3.1.4). Not surprisingly, the
feasibility of this program depends on geometrical properties of the singular boundary S (in
particular, on its dimension), as well as on the behaviour of the coefficients of the operator £
as the distance d(x,S) goes to zero.

3.1.1. Assumptions. Our assumptions concerning the set €2, the regular boundary R
and the singular boundary S are summarized as follows:

(1) § C IR"is open, bounded and connected;
(i) 02 =RUS,RNS =10, S#0;
(A1) (iii) R C OS2, € satisfies the outer sphere condition at R ;
(iv) S is a compact k — dimensional submanifold of IR™ of
class C3 (k=10,1,...,n—1)

(we say that dimS = 0, if S is a finite union of points). Further assumptions will be needed
below (see (As3)).

Cases where different connected components of S are submanifolds of different dimension
can also be considered; we omit the details.

It is natural to choose R as the largest subset of 02 where ellipticity of the operator £
holds (see assumptions (E7), (F2) — (ii) below); we do so in the following.

Denote by C*1(B) the space of functions defined in a subset B C Q, whose derivatives of
order < k (k = 0,1) are locally Lipschitz continuous in B. Concerning coefficients and data
of the elliptic problem (3.1.3), we make the following assumptions:

(i) peCYYQUR), p>0 in QUR;

(i) a;; = aj; € CLH{OQUR)NCUH(Q), b; € COLQUR)N
L>(Q) (i,j=1,...,n);

(7it) c e C(QUR), ¢ >0;

(iv) ¢ € C(Q);

(v) v € C(R)

(the assumption b; € L>°(2) will be omitted in Theorem 3.2.12).
Our nonuniqueness results for problem (3.1.3) require ellipticity of the operator £ in ;
therefore we assume:
n

(E1) Z a;j(z)&&; > 0 for anyx € QUR and (&1, ..,&,) #0.
ij=1

(A2)

On the other hand, the uniqueness results hold true even if ellipticity of £ in € is lost. In
this case we replace assumption (F7) by the following:

(1) > =1 aij(2)€&; > 0 for any x € Q and (&1, ..,6n) € R™,
0i; €CHQ) (i,j=1,...,n);
(Es) (1) 321 =1 ij(2)&€; > 0 for anyz € R and (&1, .., &) # 0
(iid) either ¢ > 0in QUR, or ¢ > 0 and ¢+ Y i 05 >0
in QUR for some j=1,...,n;
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)T.

)

here 0 = (0y;) denotes the square root of the matrix A = (a;;) (namely, A(z) = o(x)o(z
r € Q). Assumption (E;) (in particular, (Ey) — (4ii)) enables us to use comparison results
for wiscosity sub- and supersolutions to second order degenerate elliptic equations, via an
equivalence result proved in [?] (see [?]; for the parabolic case [59]).

3.1.2. Well-posedness conditions.  The following result was proved in [60] (see also
[65]).

THEOREM 3.1.1. Let assumptions (A1) — (Az2) and (E1) be satisfied; suppose ¢ € L*>().
Let there exist a supersolution V' of problem (3.1.5) such that

(3.1.6) inf V=0<infV.
QUR R

Then either no solutions, or infinitely many solutions of problem (3.1.3) ewist.

The proof of the above theorem shows that nonuniqueness depends on the possibility of
prescribing the value of the solution of problem (3.1.3) at some point of the singular boundary
S. Typically, to have a well-posed problem boundary conditions must be prescribed on some
subset & C S, while on the complementary subset So the singular character of the operator
does not allow to impose boundary data. Hence we make the following assumption:

(i) S=&US, SiNS,=0; -
(43) (17) S5 = Uijzlsjl? , where every Sj’? is connected and S]'f“' N SJL =
forany k,l =1,. k;, k#1, ifk; >2 (j=1,2).

Then we consider the problem:

Lu—cu= ¢ in Q
(3.1.7)
u =y in RUS;.

For the same reason we associate to the parabolic problem (3.1.4) the following:

Lu—cu—0wu = f in Qr
(3.1.8) u=g in [RUS] x (0,T]

u = ug in [QURUS ]| x {0}.

In the elliptic case, sufficient conditions for uniqueness of solutions to problem (3.1.7) have
been proved in [65] (analogous results hold for the parabolic case, see [59]). Such conditions
depend on the existence of subsolutions to the homogeneous problem:

LU =cU in Q
(3.1.9)
U=0 on R

and on their behaviour as the distance d(x,S2) goes to zero. Let us mention the following
result.

THEOREM 3.1.2. Let assumptions (A1) — (As), and either (Ey) or (E2) be satisfied. Sup-
pose Sy £ 0, v € C(RUS1). Let there exist a subsolution Z < H < 0 of problem (3.1.9).
Then there exists at most one solution w of problem (3.1.7) such that

im u(z) =
d(2,52)—0 Z(x)

(3.1.10)
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Clearly, if S; = () we recover uniqueness conditions for problem (3.1.3). If S; # (), existence
of solutions to problem (3.1.7) implies nonuniqueness for problem (3.1.3), since R N S = 0
by assumption and the boundary data on S; can be arbitrarily chosen. This remark will be
used below, e.g. in the proof of Theorems 3.2.20-3.2.21.

Let us mention for further purposes that problem (3.1.9) can be replaced by problem
(3.1.5) in the above statement, if ¢(x) > ¢y > 0 in .

3.1.3. Outline of results. As already pointed out, applying Theorems 3.1.1-3.1.2 to
concrete cases calls for the actual construction of the sub- and supersolutions V, Z; this is
the point we address below. Results analogous to Theorems 3.1.1-3.1.2 have been proved in
[59] for the parabolic problems (3.1.4), (3.1.8), relying on the existence of the same functions
V, Z as above. Therefore our criteria for well-posedness are conceptually the same both for
the elliptic and the parabolic case (see Sections 3.2-3.3).

Our main results for the elliptic case can be described as follows (for the parabolic case,
see Section 3.3).

(a) If n > 2, dimS < n — 2 and the orthogonal rank of the diffusion matrix A is at least 2
on S, there exists at most one bounded solution of problem (3.1.3) (actually, the uniqueness
class is larger; see Definition 3.2.11 and Theorem 3.2.12). This result extends Theorem 4.1,
Ch.11 in [31], which was proved under more restrictive assumptions by stochastic methods;
it also extends the results in [40], where A was uniformly elliptic.

We stress that the above uniqueness result holds without imposing any additional condition
at §. In the parlance of [31], conditions at S are unnecessary for uniqueness since S is ”too
thin”, hence non-attainable by trajectories of the Markov process generated by the operator

L.

(b) If dim S = n — 1, well-posedness crucially depends on the behaviour of the coefficients of
L near S. Roughly speaking, if ”diffusion near S is low” (see Theorem 3.2.16, in particular
condition (3.2.16) - (3.2.17)), no additional conditions at S are needed to ensure uniqueness
of problem (3.1.3), much as in the case n > 2, dimS < n — 2. The opposite holds when
”diffusion near § is high”: in this case boundary conditions on some part of S are necessary
to make the problem well posed (see Theorem 3.2.18 and condition (3.2.20) - (3.2.21)). An
interesting model case is when £ = %A: if p(z) ~ [d(z,S)]™ for some a > 2, Theorem 3.2.16

applies and no additional conditions at S are needed; the opposite holds, if p(z) ~ [d(z,S)]™®
with o < 2, so that Theorem 3.2.18 applies (see Example (c¢) in Section 6).

In the light of the previous results, dim & = n — 2 is critical for well-posedness of problem
(3.1.3) in the class of bounded solutions. This is not surprising, since n — 2 is the critical
dimension for studying sets of zero capacity with respect to uniformly elliptic second order
operators (see [73]). In such case the role of capacity to study uniqueness of the bounded
Cauchy problem is well understood (e.g., see [33]). We are not aware of similar results in the
present more general case (however, see Remark 3.2.15 below for the particular case £ = % A).

Also the role of the behaviour of p near the singular boundary when dim S = n — 1 is not
unexpected. In fact, the above condition p(x) ~ [d(z,S)]”® (o < 2) was considered in [72],
where the generation of semigroups in L>°(€)) by second order operators, with coefficients
possibly vanishing at 0€), was investigated.

Let us mention that results analogous to Theorems 3.1.1-3.1.2 also hold for unbounded
domains (see [65]). Accordingly, several results we state below can be extended to domains
of this kind; we leave their formulation to the reader.

The paper is organized as follows. In Section 2 first we introduce some definitions and
related results existing in the literature, then we state our main results concerning elliptic
problems. The same is done for parabolic problems in Section 3. Proofs are given in Sections 4
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and 5, depending on the assumption made on the dimension of the singular manifold. Finally,
a few examples are discussed in Section 6.

3.2. Elliptic problems

3.2.1. Mathematical framework and auxiliary results.
3.2.1.1. Sub- and supersolutions. Let us make precise the definition of solution to the
above mentioned elliptic problems. Denote by M* the formal adjoint of the operator M,
namely:
n n
0?(a;ju) d(bju)
My = —l .
u > om;

=1

DEFINITION 3.2.1. By a subsolution to equation (3.1.1) we mean any function u € C(2)
such that

(3.2.1) /Qu{/\/l*w—pcw}dm > /ngbibdx

for any ¢ € C3°(2), v > 0. Supersolutions of (3.1.1) are defined replacing > " by '<” in
(3.2.1). A function u is a solution of (3.1.1) if it is both a sub- and a supersolution.

DEFINITION 3.2.2. Let R C € C 09, v € C(E). By a subsolution to the problem

Lu—cu=¢ in
(3.2.2)
u =y on &

we mean any function u € C(QUE) such that:

(1) u is a subsolution of equation (3.1.1);

(ii) u <~y oné&.

Supersolutions and solutions of (3.2.2) are similarly defined.

3.2.1.2. Attracting boundaries and barriers. Let 3 C 0€); define
X i={x € Q] dist(z,X) < e} (e>0).
Also set
By(2°) == {z € R"||z — 2°| < 7} (€ R"),
B(y°) = B:(y")nS (3’ €S).
Let us introduce, for use in the sequel, the following definitions (see [?]).

DEFINITION 3.2.3. We say that ¥ C 00 is attracting, if there exist € > 0 and a superso-
lution V € C(X¢) of the equation
(3.2.3) Lu—cu=-1 1in X°
such that o
V>0 in Xe\X, V=0 onX.

DEFINITION 3.2.4. Let 2° € 0Q. A function h € C(Q N B,(x%)) is called a barrier at x°
if:
(1) h is a supersolution of
Lu—cu=—1 1inQNB,.(2°);
(i) there holds
h>0in QN B.(x9)\ {2}, A=) =0.

If ¥ is attracting, the function V' can be viewed as a barrier for the whole of X.

Let us state the following result, concerning existence of solutions to problem (3.1.7) (or
(3.1.3), if S; = 0; see [65])).
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THEOREM 3.2.5. Let 81 C 99 be attracting and assumptions (A1) —(As), (E1) be satisfied.
In addition, suppose:
(a) c € L*(S5) for some e > 0;
(1) 6 € 1°(Q);
(c) y € C(RUS).
Let there exist a positive supersolution F'' € C(QUR) N L>®(S]) of the equation

(3.2.4) Lu—cu=-1 1in Q.
Then there exists a solution of problem (3.1.7), provided that
(3.2.5) ~v = constant on 8.

Condition (3.2.5) is unnecessary, if a barrier exists at any point of Si.

REMARK 3.2.6. If ¢(z) > ¢o > 0 in 2, we can take F' = % in ) as a supersolution of
(3.2.4)

Under the assumptions of Theorem 3.2.5, since S is attracting, constant Dirichlet data
can be prescribed on it. Moreover, if a barrier exists at any point of S7 also general Dirichlet
data can be prescribed, but this need not be the case without this additional requirement
(e,9,, see [65] for an example). If the coefficients a;j, b; are bounded and p is bounded away
from zero in S for some € > 0, a barrier exists at any point of S; (see [?], [65]; see also the
proof of Proposition 3.2.7 below).

3.2.1.3. Reuwisiting classical results. The above remarks are deeply connected with the
approach developed in [26] to investigate uniqueness for problem (3.2.2). As in [26], let the
following assumptions be satisfied:

(i) € open, bounded and connected, 92 = 9Q ;

(it) 0Q = Jp—, Tp; each 'y, is a regular (n — 1) — dimensional
submanifold with boundary oT'y, (h =1,2,...,m);

(7it) Tp N T =0Ty NOTy for any h,k=1,...,m, h #k;

(F1)

(i) peC?*(Q), p>0inQ;
(F2) (’LZ) aij = (IjLE CQ(Q), b; € Cl(ﬁ),
(131) c € C(2), ¢ > 0;

n

(F3) Z a;j(x)&€; >0 for any x € Q and (&1, ..,&,) € R™.
ij=1

Define for any z € I', \ 0'y, (h =1,...,m):

n

ap(z) = Z aij(x)vi(x)v;(zx),

ij=1
- da;
. 7'3

B () = ;[ Z: Ox; } vi(z),
where v(z) = (v1(z),...,vn(z)) denotes the outer normal to Q at x € 'y, \ 9T'y,; then extend
the definition of ap, Br to 'y, by continuity. Observe that the extensions of ap, 8r to 91"y
for different values of h = 1,...,m need not agree on the intersection of the boundaries.

Set

(3.2.6) Y ={x € d|ar(z) =0,p0r(z) <0},

(3.2.7) Yo:={x €| apr(z)=0,Bpr(z) > 0},
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(3.2.8) S5 = {2 € 0| ap(z) > 0} = 0\ [£, U D,

Observe that X3 contains the regular boundary R, if (F7) holds. Moreover, the drift tra-
jectories (e.g., see [19]) do not point outwards at the points of X1, but they do at those of
3.

The following result will be proved (see Section 3.5).

PROPOSITION 3.2.7. Let assumptions (Fy) — (F3) be satisfied; let o;; € C1(35°) for some
e >0 (5 =1,...,n). Let ¥ be a smooth connected component of 02, such that ¥ C ¥,.
Then:
(1) X is attracting;
(ii) for any 2° € ¥ there exists a barrier.

The proof of claim (i) relies on the fact that some multiple of the distance d(-, ) is
a supersolution of equation (3.2.3) (see Definition 3.2.3); claim (ii) follows by a standard
argument from the attractivity of ¥ and the boundedness of the coefficients p, a;;, b;.

The proof of the following result is similar to that of Proposition 3.2.7, thus it will be
omitted. A related result can be found in Lemma 2.7.1 of [56].

PROPOSITION 3.2.8. Let assumptions (Fy)— (F3) be satisfied. Let ¥ be a smooth connected
component of 05, such that ¥ C X3. Then for any x° € X there exists a barrier.

If ¥ C ¥4, the distance d(-, ¥) can be used to construct a subsolution of problem (3.1.9).
This is the content of the following proposition, where x € C%(Q), 0 < x < 1 is any function
such that

1 if xexe/?
(3.2.9) x(x) =
0 if zeQ\X¢ (e >0).
Similar results can be found in Theorem 2.7.1 of [56] and in Chapter 9, Vol. I of [31].

PROPOSITION 3.2.9. Let assumptions (F1) — (F3) be satisfied; for some g9 > 0 let o;; €
ct (W) (i,j =1,...,n). Let ¥ be a smooth connected component of OS2, such that ¥ C ¥y;
suppose c(x) > co > 0 for any x € Q. Then for any a > 0 sufficiently small and H > 0 large
enough there exists € € (0,e9) such that the function

(3.2.10) Z(x) = —[d(z,2)] “x(x) — H (r e\ X)
(where x = xc satisfies (3.2.9)) is a subsolution of problem (3.1.9).

In view of Theorem 3.1.2, if S, C ¥ and the assumptions of Proposition 3.2.9 are satisfied,
we expect uniqueness of solutions to problem (3.1.7) such that

: u(z)
3.2.11 1 )
(3:2.11) d(2.52) -0 [d(w, S2)] @
(with a > 0 sufficiently small), thus in particular uniqueness of bounded solutions. In fact,
this is the content of Theorem 3.2.23 below. Observe that Proposition 3.2.9 is in agreement
with the following uniqueness result, which was proved in [26].

THEOREM 3.2.10. Let assumptions (F1) — (F3) be satisfied and ¢ > 0 in Q. Suppose that
the Gauss-Green identity applies in 2. Then problem (3.2.2) with € = 39 U X3 admits at
most one solution in the space Cr := {u € C1(Q) N C*(Q) | Lu € L=(N)}.
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3.2.2. Main results: Singular manifolds of low dimension. To state our results
we need some preliminary remarks. Set k = dim S; denote by M,, the linear space of
m X m matrices with real entries (m € IN). For any fixed y € S there exist orthonormal
vectors 1V (y),...,n"*)(y) € IR™, which are orthogonal to S at y. Consider the matrix
AL (y) = (am(y)) € My—k, where

n
l
am(y) = Y ay@n @™y  Gm=1...n—kiyes).
ij=1
Let us make the following definition (see [31]).

DEFINITION 3.2.11. Lety € S. The rank r(y) of the matriz A, (y) is called the orthogonal
rank of the diffusion matrix A at y.

The above definition is well posed, for r(y) is independent of the choice of the set
{(nW(y) |l =1,...,n—k}; observe that r(y) < n— k. In view of assumption (4;) — (iv), there
exist y!, ...,y € S such that:

S is the union of the graphs U; of C? functions, say

(3.2.12) 60 2 Br,(y, ... yh) C RF — R, 60 = (¢ ... oW)
(i=1,...,N), up to reorderings of the coordinates.

We shall use the following assumption:

(1)) n>2,dimS <n-—2;

(7i) r(y) > 2forany y € S;

(7i7) for any y € U; (i =1,..., N) there exist orthonormal vectors
M (y), ..., " *(y) € IR™, which are orthogonal to S at y,
nW() € C*(U;; R") (I=1,...,n— k), such that the matrix
A, (-) has unit eigenvectors of class C%(U;; R %) .

(here the notation in (3.2.12) has been used).

(Aq)

Now we can state the following

THEOREM 3.2.12. Let assumptions (A1) — (Ayq) be satisfied, with (Ag) — (ii) replaced by
the following:
Qij = Gj; € CQ(Q), b; € Co’l(Q U 'R);
(As) — (i)’ there exist By > 0 and g € [0,1) such that

By
b < G s

Moreover, let either (Eq) or (E2) hold; if (Eg) holds, let c(x) > 0 for any x € Q. Then:
(1) there exists at most one solution u of problem (3.1.3) such that

forany x€Q (i,j=1,...,n).

2.1 1 S St A
(3:2.13) d(x,fgio log[d(x,S)] 0

)

(13) if a:= ingr(y) — 2 > 1, there exists at most one solution u of problem (3.1.3) such that
ye
u(z)

1i — =(.
a(e.8) 0 [d(w, )|

(3.2.14)

In particular, problem (3.1.3) has at most one bounded solution.

A simple application of Theorem 3.2.12 is given in Section 3.6, Example (a). Example (b)
in the same Section shows that the limit value 5 =1 in assumption (As) — (i) above is not
allowed.
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Theorem 3.2.12 follows from Theorem 3.1.2 (with Sy = §), if we exhibit a subsolution
Z of problem (3.1.9) diverging like log[d(x,S)], or like [d(x,S)]™ if o = infgr(y) —2>1, as
Y€

d(xz,8) — 0; this is done in Section 3.4. Remarkably, the construction of Z does not require
any assumption on the behaviour of p near S (which instead plays a role when dim S = n—1;
see Subsection 3.2.3).

Let us also mention the following well-posedness result, which follows immediately from
Theorem 3.2.12, Theorem 3.2.5 (with & = @) and Remark 3.2.6.

THEOREM 3.2.13. Let assumptions (A1) — (Aa), with (A2) — (ii) replaced by (Ag) — (i)',
and (Eq) be satisfied; suppose ¢ € L=°(Q) and c(x) > co > 0 for any x € Q. Then there exists
a unique bounded solution of problem (3.1.3).

As an example, it is informative to discuss the above situation when A = (d;;). In this
case problem (3.1.3) reads:

% Au—cu= ¢ in
(3.2.15)

U =y in R.
Since r(y) =n—k (y € S), assumption (A4) reduces to (A4) — (7); then we have the following
refinement of Theorem 3.2.12.

COROLLARY 3.2.14. Let assumptions (A1) — (As) be satisfied, with (Az) — (ii) replaced by
(Ag2) — (it)'; suppose dimS < mn — 2. Then:
() there exists at most one solution u of problem (3.2.15) satisfying (3.2.13);
(73) if dimS = k < n — 3, there exists at most one solution u of problem (3.2.15) such that

lim u(z)
d(z,8)-0 [d(z, S)]2~ (k)
In particular, there exists at most one bounded solution of problem (3.2.15).

REMARK 3.2.15. Forn > 2, if dim § < n — 2, or if dim § = n — 2 and the Hausdorff
measure HV~2(S) is finite, the capacity capa S is zero and it is well known that

can S — 0 o there exists u € C2(Q UR) such that u > 0in QUR,
Pae= Au<0in QUR,u(x) - +oo asd(z,S) — 0.

Hence Z := —u — 1 is a subsolution of problem (3.1.9) which diverges as d(z,S) — 0, and by
Theorem 3.1.2 there exists at most one bounded solution of problem (3.2.15), in agreement
with the above corollary. Similar remarks hold for uniformly elliptic operators with sufficiently
smooth coefficients (e.g., see [73] and references therein).

=0.

3.2.3. Main results: Singular manifolds of high dimension. Let us now address
the case dimS = n — 1. We shall prove the following uniqueness result.

THEOREM 3.2.16. Let dimS = n — 1; let assumptions (A1) — (As), and either (Ey) or
(E9) be satisfied. Assume Sy # 0. In addition, suppose the following:
(a) there exist £ > 0 and a positive, continuous function p satisfying

13
(3.2.16) /0 np(n)dn = +o0,
such that
(3.2.17) p(z) > p(d(z,8S2)) for any z € S5 ;

(b) c(x) > co > 0 for any x € §;
(c)ye C(RUS).



64 3. CRITERIA FOR WELL-POSEDNESS

Then:
(i) the function

(3.2.18) PO = [[-Qotndn (€< 0.9)
diverges as ¢ — 0T ;
(7i) there exists at most one solution w of problem (3.1.7) such that

, u(z)
lim —_—
d(z,52)~0 P(d(z,S3))

In particular, problem (3.1.7) has at most one bounded solution.

(3.2.19) =0.

In view of Theorem 3.1.2, Theorem 3.2.16 follows by constructing a suitable subsolution Z
of problem (3.1.9) such that | Z(z)| diverges with the same order of P(d(z,S,)) as d(z,S3) — 0
(see Section 3.5).

REMARK 3.2.17. A natural choice in Theorem 3.2.16 is p(n) = n~?, 0 > 2. Then:

(1) if 0 = 2, there exists at most one solution u of problem (3.1.7) such that
1 —————=0;
d(e.52) -0 logld(z,&2)]

(1) if o > 2, there exists at most one solution u of problem (3.1.7) such that

1 — 7 =0.
d(.52) 0 [, S5)]P~7

3
In such cases the order of divergence of P(¢) as ¢ — 07 is the same as Q(() := / n p(n)dn,
¢ e

1
although in general it can be lower (e.g., take p(n) := €7 /n?).

In view of Theorem 3.2.16, no additional conditions at Sy are needed to ensure uniqueness
of bounded solutions to problem (3.1.7), if (3.2.16)-(3.2.17) hold. If &; = 0, the situation is
qualitatively the same as for dimS < n — 2 (see Theorem 3.2.12).

It is natural to investigate the complementary situation - namely, when conditions (3.2.20)-
(3.2.21) below are satisfied. As it can be expected, boundary conditions at S; are necessary
in this case to have a well posed problem. In other words, nonuniqueness holds for problem
(3.1.3), which lacks such conditions.

We address this situation strengthening assumption (E1), i.e. requiring it in  and not
only in Q UR. This is equivalent to assume that there exists a > 0 such that

n
(E3) > aij(2)&& > al¢f forany z € O and (&1,..,6,) # 0.
i,j=1
Then we have the following

THEOREM 3.2.18. Let dimS =n — 1. Let assumptions (A1) — (As) and (E3) be satisfied;
assume Sy = (). In addition, suppose the following:
(a) there exist € > 0 and a positive continuous function p satisfying

g
(3.2.20) / np(n)dn < +oo,
0
such that
(3.2.21) p(z) < p(d(z,81)) for any x € Sf;

(b) c € L=(Q).

Then either no solutions, or infinitely many solutions of problem (3.1.3) exist.
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REMARK 3.2.19. A natural choice in Theorem 3.2.18 is p(n) =n~7, 0 < 2.

Theorem 3.2.18 is proved by constructing a positive supersolution V' of problem (3.1.5)
with the properties assumed in Theorem 3.1.1. Clearly, V is also a supersolution of equation
(3.2.4) - namely, we can take F' = V in Theorem 3.2.5, which gives (with §; = )) sufficient
conditions for the existence of solutions to problem (3.1.3). Then from Theorem 3.2.18 we
immediately obtain the following nonuniqueness result.

THEOREM 3.2.20. Let the assumptions of Theorem 3.2.18 be satisfied. In addition, suppose
¢ € L*®(Q). Then infinitely many solutions of problem (3.1.3) exist.

Indeed in the proof of Theorem 3.2.18 we construct a supersolution V' which shows that
S C 9Q is attracting. This suggests a different approach, i.e., assuming S; C ¥ and using
Proposition 3.2.7 (with ¥ a connected component of S;) to prove its attractivity, instead of
assuming (E3) and "high diffusion near S;” as in (3.2.20)-(3.2.21). In this way we obtain the
following nonuniqueness result.

THEOREM 3.2.21. Let dimS =n—1, 8§ # 0 and 81 C Xo. Let assumptions (A1), (F1),
(F1) — (F») be satisfied and o;; € C1(8F) for some e > 0 (i,j = 1,...,n). In addition,
suppose:

(a) c(x) > co > 0 for any x € Q;
(b) 6 € L(9) ;
(c) v € C(R).
Then infinitely many solutions of problem (3.1.3) exist.

REMARK 3.2.22. The assumptions of Proposition 3.2.7 and hence of Theorem 3.2.21 can
be weakened assuming (Ag) — (As) instead of (F}) — (F3), and supposing in addition:
(a) Qij € 01’1<Q URU 81), b; € Co’l(Q URU 81);
(b) 0 < po < p(z) < p1 < +oo for any = € Sf;
(c) p e CH1(SE), c € L™=(S5) for some € > 0.

Theorem 3.2.21 establishes nonuniqueness for problem (3.1.3), if boundary data are not
prescribed on points of S where drift trajectories point outwards. On the other hand, there
is uniqueness of bounded solutions to (3.1.3), if drift trajectories do not point outwards at
any point of §; this is a particular consequence of the following theorem, which relies on
Proposition 3.2.9 and Remark 3.2.6.

THEOREM 3.2.23. Let dimS =n—1, 8o # 0 and So C X1. Let assumptions (A1), (F2),
(F1) — (F2) be satisfied and o;; € C*(S5) for some e >0 (i,j =1,...,n); moreover, suppose
c(x) > co >0 forany x € Q, v € C(RUS1). Then there exists at most one solution of
problem (3.1.7) satisfying condition (3.2.11) (o > 0 sufficiently small). In particular, there
exists at most one bounded solution of problem (3.1.7).

A comparison between the results of Theorems 3.2.16, 3.2.20 and those of Theorems
3.2.21, 3.2.23 is given in Section 3.6, Example (c).

3.3. Parabolic problems

Results analogous to those above hold for parabolic problems (3.1.4), (3.1.8); the present
section is devoted to the statement of the main of them.

We always assume the coefficients of the operator £ to be independent of time. Concerning
coefficients and data of the problems, let us state the counterpart of assumption (Asg) for the
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parabolic problem, namely

(i) pe CYYQUR), p>0 nQUR;
(I’L) Qi = Gj; € Cl’l(Q UR) N Co’l(ﬁ),
b; € COLQUR)NL®(Q) (1,5 =1,...,n);
(i) ¢ € C(QUR), ¢ > ¢1 > —00;
(iv) f € C(Qx[0,T));
(v) g € C(Rx[0,T]), up € C(QRUR);
(vi) g(x,0) = up(z) for any z € R ,

where (i), (i) and (ii7) coincide with those in (Asg), apart from the sign condition on ¢ which
is not needed anymore. Concerning ellipticity, we require the following weaker assumption
(which coincides with (Es) — (i), (i4)):

(1) Z” 1 aij(x)&& > 0 for any z € Q and (&1, ..,&,) € R",
(E4) Jij ECI(Q) (i,j:l,...,n);
(1) 327 =1 aij(2)&&; > 0 for anyz € R and (&1, ..,6,) # 0.

Let us make the following definitions.

DEFINITION 3.3.1. By a subsolution to equation (3.1.2) we mean any function u € C(€ x
(0,T]) such that

(3.3.1) / u{M* — pep + poyh} da dt > / pfdx dt
Qx(0,T)

Qx(0,T)

for any ¢ € Cg°(Q2 x (0,T)), ¥» > 0. Supersolutions of (3.1.2) are defined replacing 7> 7 by
'<7in (8.8.1). A function u is a solution of (3.1.2) if it is both a sub- and a supersolution.

DEFINITION 3.3.2. Let R CE C 99, g € C(Ex][0,T]), up € C(QUE), g(x,0) = up(x) (x €
£). By a subsolution to the problem

Lu—cu—0Owu=Ff in Qx (0,7)
(3.3.2) u=g in € x(0,T]

u = ug in (QUE) x {0}

we mean any function u € C((QUE) x [0,T]) such that:

(1) u is a subsolution of equation (3.1.2);

(1) u<gin&x(0,T], u<ugyin (QUE) x {0}.
Supersolutions and solutions of (3.5.2) are defined accordingly.

Our results rely on the following theorems, which are the parabolic counterpart of Theorem
3.1.1 and 3.1.2, respectively (see [59] for the proof).

THEOREM 3.3.3. Let assumptions (A1), (As), (As) and (E1) be satisfied. Suppose g €
L*(R x(0,T)), ug, c € L*(Q2). Let there ezist a supersolution V of problem (3.1.5) such that
(3.1.6) is satisfied. Then there exist infinitely many bounded solutions of problem (3.1.4).

THEOREM 3.3.4. Let assumptions (A1), (As), (As) and (E4) be satisfied. Suppose Sz # 0,
g€ C([RUS1] x[0,T)), up € C(RURUSL), g(x,0) = ug(x) for any x € RUS;. Let there
exist a subsolution Z < H < 0 of problem

Lu = pu n
(3.3.3)
u =0 on R,
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for some p > 0, or of problem (3.1.5). Then there exists at most one solution u of problem

(3.1.8) such that

(3.3.4) p o SUPer[u(@,b)]

=0.
dist(z,S2)—0 Z(.T)

If dimS < n — 2, from Theorem 3.3.4 we obtain the following analogous of Theorem
3.2.12.

THEOREM 3.3.5. Let assumptions (A1), (A3) — (As) and (E4) be satisfied, with (As) — (i)
replaced by (As) — (i1)'. Then:
(i) there exists at most one solution u of problem (3.1.4) such that
Supye (0,7 |u(z, 1)

3.3.5 I —0;
(3:35) deS)so  logld(z, S)] ’

(1) if a = ingr(y) — 2 > 1, there exists at most one solution u of problem (3.1.4) such that
Y€
supge (o,7) [u(2; 1))

=0.
deS)s0  Jd(z, S)@

(3.3.6)

In particular, problem (3.1.4) has at most one bounded solution.

If dim S = n — 1, the following results (to be compared with Theorems 3.2.16 and 3.2.20)
can be proved.

THEOREM 3.3.6. Let dimS = n—1; let assumptions (A1), (4s), (As) and (Ey) be satisfied.
Assume So #= 0, g € C([RU S| x [0,T]), up € C(QUR U S1), g(x,0) = ug(z) for any
r € RUS:. In addition, let there exist € > 0 and a positive, continuous function p satisfying
(3.2.16)-(3.2.17). Then there exists at most one solution u of problem (3.1.8) such that
SUPye (0,77 [u(2, 1)

li =
A8 —s0 P (d(z,82)) ’

(3.3.7)

with P defined in (3.2.18).

In particular, problem (3.1.8) has at most one bounded solution.

THEOREM 3.3.7. Let dimS = n — 1. Let assumptions (A1), (Asz), (As) and (Es3) be
satisfied. Assume So =0, g € L°(R x (0,T)), ug, ¢ € L>®(Q). In addition, let there exist
g > 0 and a positive continuous function p satisfying (3.2.20)-(3.2.21). Then infinitely many
bounded solutions of problem (3.1.4) exist.

Let us mention also the parabolic counterpart of Theorem 3.2.21 and 3.2.23, respectively.

THEOREM 3.3.8. Let dimS = n —1, &1 # 0 and S; C Y. Let assumptions (A1),
(As)(iv) — (vi), (Er), (F1)—(F2) be satisfied and o;; € C(8%) for somee >0 (i,j =1,...,n).
In addition, suppose c,ug € L (). Then infinitely many solutions of problem (8.1.4) exist.

THEOREM 3.3.9. Let dim S = n—1, So # ) and S2 C 3. Let assumptions (A1), (4s)(iv)—
(vi), (E4), (F1) — (F») be satisfied and o;; € C*(S5) for some e >0 (i,j =1,...,n); more-
over, suppose g € C([RUS1]x[0,T7]), up € C(QURUS), ug(x) = g(z,0) for any x € RUS;.
Then there exists at most one solution of problem (3.1.8) satisfying

Sup;e(o,7) [w(z,1)]

3.3.8 =
(3:3:5) sodio0 WS

for some a > 0. In particular, there exists at most one bounded solution of problem (3.1.8).
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REMARK 3.3.10. In Theorem 3.2.23 the parameter o > 0 must be sufficiently small, while
in Theorem it is arbitrary. This depends on the fact that to prove the former a subsolution
of problem (3.1.9) must be constructed, while for the latter a subsolution of problem (3.3.3)
for some p > 0 is needed.

The proofs of Theorems 3.3.5-3.3.9 are the same of those given below for the elliptic case,
with obvious changes.

3.4. Singular manifolds of low dimension: Proofs

This section is devoted to the proof of Theorem 3.2.12. As already said, this follows from
Theorem 3.1.2 if we exhibit a suitable subsolution Z of problem (3.1.9). The construction of
Z is rather technical and lengthy; it requires the following steps:

(a) first we construct a local subsolution of the equation Lu =0 - namely, for any § € S we
construct a subsolution zg in By () N €2, where By(y) is a ball of radius R > 0 sufficiently
small;

(b) using the compactness of S and (a) above, we construct a subsolution z of the same
equation in a neighbourhood §° (e > 0 sufficiently small);

(¢) finally, we extend the subsolution z in S° to a subsolution Z of problem (3.1.9) with the
desired properties.

3.4.1. Technical preliminaries. In view of the compactness and regularity of S as-
sumed in (A;) — (iv), the following holds (see [28] for the proof).

LEMMA 3.4.1. Let assumption (Ay) be satisfied. Then there exists o > 0 with the following
properties:
(i) for any x € 87 there exists a unique point x*(x) € S such that
d(z,S) = |z — 2" (x)[;
(ii) z*(-) € C*(8%;8), d(-,S) € C3(S8°) and
Vid(z,S))* = 2[z — 2*(2)] (x € 8%).

Let ¢ € S; let T, yw S and L,0S denote the tangent, respectively the orthogonal space to
S at 1°.

In view of the compactness of S, we can choose possibly smaller R; in the representation
(3.2.12), such that

ol (@) = ; ,
for some Cy > 0 (a = (a1, ..., ax) denoting a multiindex).

It is convenient to point out for further reference a few technical observations; this is the
content of the following remark.

REMARK 3.4.2. Let y € S. Then there exists ¢ € {1,..., N} such that

G= (1, T 0D @1y, 1)) -

Take the orthonormal vectors in (A4)—(#ii) and construct a complete basis of orthonormal vec-
tors nt(-),...,n"(-) € C*(Br(¥1,.--,9r)), where we may assume that, for ¢ € Br(¥1, .- -, Jk)
(for some R = R(i, ) > 0), n*(C), ..., n*(¢) form a basis in the tangential subspace and
n* (¢, ..., n™(¢) form a basis in the orthogonal subspace to S at (¢, ¢ (¢)). In the following

we use for simplicity the notation n'(y),y € S (I =1,...,n) as in (A4) — (i44).
The tangent space T S to S at § can be taken into the linear subspace {Y € IR" |Yj41 =
. =Y, = 0} by a transformation of coordinates Y := M (y) (y — g), where the rotation
matrix is given by M(y) = (n'(y)...n"(y))T € M,. This matrix valued function belongs
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to C? in some set Br(j) NS, i.e., its composition with the local representation of S is
C%(Bgr(#1, ..., Jk))- Let the C3 functions p = p(i¥) : U;) - R p=(ppst,-- o) (Y1, Y2)
give a local representation of § in the closure of a bounded neighbourhood of 0, say in
Ugi) C IR*. Then

(Yla SRR kapk—i-la s 7pn) = M(Z)((yla P yk?¢§g+1a R 7¢%) - g)a
Dk+1s- - - »Pn being evaluated at (Y1,..., Yx) and ( i:+17 ooy @8 at (yi1,..., yk). Moreover,
since we compose regular functions in compact sets, there exists C7 > 0 such that
alelp(i-o)

(3.4.2) < mUY (la|<3;i=1,...,N;§eS).

YT Y

In fact, by a change of § the tangent space T3 S, the Y — coordinates and functions plid)
also change; however, inequality (3.4.2) holds true with a suitable choice of the constant C
independent from 7, 7 and «a.

Let o > 0 as in Lemma 3.4.1 and 2° € S be fixed; then the projection z*(2°) € S is well
defined and there exists ¢ € {1,..., N} such that

J"*(xo) = (glv' . 'agkvd)(i)(gl) s 7??16))

With the notations of the above remark, let p(i’x*(’co)) be the local representation of S in the

neighbourhood Uy = Ua(:i)(xo) of 0 in IR*. As we make below, the new coordinate system X =

(X1,...,X,) can be chosen in IR" so that, if p : Uy — IR"~* denotes the local representation
of § with respect to this system, the following holds:

(i) X*(X°) =0;

(1) LoS = {XGJR”|X1 = X, = 0};
() (iii) X° = (0,...,0,XD), d(XO,S) =XY;
82 i1 .o
(ZU) 8X aX (0) *pn(sl] (Zvj - 17 . ‘7k)7

here X9, X*(X?) denote the new coordinates of the points 2°, z*(z"). In fact, equalities (i)
and (77) also hold in the Y — coordinates, whereas (iii) can be obtained up to a rotation in
the orthogonal space {Y € IR" |Y; = ... = Y}, = 0} and (#v) by a rotation in the tangent space
{Y € R"|Yy41 = ... =Y, = 0}. Hence we have the analogous of inequality (3.4.2) for some
constant Co > 0 independent of 2% € S?, namely

3Ia|ps
OX{h .. OX*

In the following we set

(3.4.3) <Cy inUy (lof <338 =k+1,...,n).

dop 82p
| = s lg — s
P =ox, 0 P = 0X,0X, (0,

and so on. Then the choice (C') implies
(3.4.5) ps(0)=0, p.=0 (s=k+1,....n;1=1,...,k).

(3.4.4)

The following lemma deals with derivatives of the projection map X*(-), respectively of
the distance d(-,S). Part of its proof was given in [54]; we reproduce it here for convenience
of the reader.

LEMMA 3.4.3. Let assumption (A1) be satisfied. There exists €g such that, if € € (0,60),
20 € 8¢ is fived and the choice (C) is made, the following holds:
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(1) foranyi=1,...,n

it .
—_— l=1,...,k
aX 1—X0 1l Zf ’ s vy
4. x° nPn
(340 ) =
0 if l=k+1,...,n;
(13) for any i,7=1,...,n
02X} SR 5 + 6ig6;
7}(0 = lq 0is9jq T Oig0js
ax.0x, ) XO { zk;lqzl X0

k
ijl Xg Zm,qzl 5im5jq }

3.4.7 + ;] ~ - if l=1,...k,
4D (-xta-xg)) 7
respectively
0?X; Sialin
(3.4.8) — L p] “a7J _ ifl=k+1,...,n.
200 Z = X0 (1~ X0p)
(1i1) for anyi=1,...,n
2d(X,S)
3.4.9 7‘ —
( ) 0X; X=X
(iv) there holds
_#%S)p;‘g% ifi,j=1,...,k,
0%d(X,S) Siv — 8 5
4.1 e e ={ % — Oindjn L
(3 0) aXlaXJ X=X0 d(X07S) Zf’L,j—k-f—l,...,n,
0 otherwise .

In the following by O(|X|), O(|X|?), ... we denote functions of X such that for some
constant D > 0

(3.4.11) 0(|X])| < D|X|, O(|X|*) < D|X% ... .

REMARK 3.4.4. Omitting assumptions (C) — (#i7) and (C) — (iv) in Lemma 3.4.3 amounts
to deal, for any 2° € S, with the Y — coordinates mentioned in Remark 3.4.2 with § = x* ().
Hence, if YO, Y, Y*(Y') respectively correspond to z°, x, z*(x) in the new coordinates, we have

Y=(0,...,0,Y%,,....Y,)), YY) =0,

rtn

(3.4.12) d(Y°,8) = [Y° — Y*(Y%)| = [Y°].

Therefore equalities (3.4.5) are still valid. From Lemma 3.4.3, going back from X — coordi-
nates to Y — coordinates, i.e. performing rotations in the tangential and orthogonal subspaces
to S at X0, gives:
oV -Y(V)|
aY; y=Y0
o OVYY)  [o(Y) if i U<k
— il oYy; | Ou if 1>k+1.

In the above equalities the constant D related to O(|Y?|) can be chosen independent from
0 €
z° €S-

(3.4.13)
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Let us introduce for further reference the following notation. For any 7,57 = 1,...,n set
[Z’j] = {7’71_{— 17"'7j - 17.]} g W)

1 i<i<y
Xiig) (1) = { 0 otherwise

(namely, xj; ;) is the characteristic function of the string [7, j]). Then (3.4.13) reads

(le IN)

oY —Y*(Y)) oY o 0 .
(3.4.14) 8—Yj vo = 0l T TE(Y ) = O(Y"Dxx (X181 () + SirX [ks1,0) (1) 5
where we also used (3.4.12). Likewise,
oY} (V) 0 . .
= By;;(Y (11—
. 3707 |y = P )X 00 = X g () +

FX et 1,m] (D X187 () X (1,1 (j)} ,
where the fuctions By;;(.) are uniformly bounded for Y9 corresponding to any 2° € S°.

Now we can prove Lemma 3.4.3.
Proof of Lemma 3.4.3. Let

(3.4.16) g0 := min{o, Qé’g}’

where o > 0 is given in Lemma 3.4.1 and C3 > 0 in (3.4.3). Suppose that 2° € S¢ (¢ € (0, &¢))
is fixed and the choice (C') has been made.

(i) Let e; be the unit vector of the i-th coordinate axis (i = 1,...,n). Since the map X*(+)
is continuous by Lemma 3.4.1-(ii), there exists n > 0 such that X*(X° + hie; + hje;) €
{(X,p(X))| X € Up} for any hi, hj € (—n,n) (i,j =1,...,n). This implies:

‘XO —+ hiei + hjej — X*(XO =+ hiei + hjej)‘z = )E%ilr]lo }XO + hiei + hjej — (X,p(X))‘Q ,
thus
0 2
3.4.17 % 1X0 4 hiei + hje; — (X, p(X ( )
(3:4.17) o, X+ it hies = (PO e (oamerthge

for any [ =1,...,k and 1, j, h;, hj as above.

Let us prove the following
Claim: For any i,j5 = 1,...,n there exist n € (0,min{n, Ry,}) and ¢ = (¢1,...,pk) €
C*((—n',n')% IRY), ¢ = @(hs, hj) such that
(3.4.18) X*(XO + hie; + hje;) = (p(hi, hy), ple(hi, b))
for any (hi, hj) € (=1, 7).

In fact, for any fixed 4,7 = 1,...,n define F = FJ : (—n,n)*xUy — R*, F = (Fy,..., F})
as follows:

)
Fy(hiyhj, X) = X, (X0 + hie; + hje;) — (X, p(X)]” =
n 8 <
= 2(hibu + hiSj — X1) =2 > (X0 4 hibis + hidjs — ps(X)) afc, (X).
s=k+1

An elementary calculation gives:

OF) [ 9ps o Ops
ax, (s X) = 2042 3 5 x, (X gz, ()= (X3 Hhidis+hidjs—ps(X))
s=k+1

*ps
0X,0X] (X) ’
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oF . dps
hi,hj, X) = =25 — 2 Ois—=—— (X
iy, X) = =260 =2 3 82 (X)
s=k+1
for any h,l=1,...,k,i=1,...,n. In particular,
OF,
(3.4.19) —1(0,0,0)=2(1 = X0p") 60 (B l=1,....k),
oXp
OF,
(3.4.20) ahl(ooo) 25y (=1,....ki=1,...,n)

(here use of (C') and (3.4.5) has been made).
By (3.4.16) and (3.4.3)

0<X0<e< — - < L
2Cy = 2’
hence from (3.4.3) and (3.4.19) we obtain
O(Fi.....Fy)
L7k H0,0,0) > 1
8(X17"-7Xk) ( )

Then by the Implicit Function Theorem there exists ' € (0,7n) and uniquely defined functions
©1,.. ., € C?((—1',n")?) such that ¢;(0,0) =0, (I =1,...,k) and

(3.4.21) F(hj,hj, p1(hi, hj), ..., eK(hi,hj)) =0,
for any (hi, hj) € (—=n/,n')?. Thus
X[ (XY + hie; + hjej) = ¢y(hi, hy)
for any s = 1,...,k, (h;, hj) € (—n',n)%. Hence equality (3.4.18) and the Claim follow.
Let i =1,...,n. From (3.4.18)-(3.4.20) we plainly have:

oX; 8X Oy il
4.22 —L L (X0 + hie; — 0.0) = it
if l=1,...,k, respectively:
k
oX; o O ac,om B

if l=k+1,...,n (here use of (3.4.5) has been made). Hence equality (3.4.6) follows.
(77) In view of (3.4.18), for any 7,7 =1,...,n, I =1,...,k, we have:

82
3.4.24 ———Fj(hi, hi, o(hy, hj =0.
( ) 8h18h] ( J ( ])) hi:hj:()
As a lengthy calculation shows, the above equality reads:
82901 1 6286](] + 5zq5]s
i Z Z X0
s=k+1 qg=1
X0 Simd;j k
(3.4.25) —pidl =1 Simdia Z 0 ,0)=0;

(1= X8 (1~ X%7)
hence by (C)—(iv) equality (3.4.7) follows.
In view of (3.4.18), for any ¢,j =1,...,n, l=k+1,...,n we have:

O*pi(p(hi, hj))
Oh;Oh;

XS

0
0X,;0X; (X0 =

_ Z pqr 5“15J7"
hi=hj=0 2~ (1 — X0pih (1 — X0prr)
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(here use of (3.4.5) has been made). Hence (3.4.8) follows by (C) — (iv).
(7ii) Observe preliminarly that for any X € S¢

P(X,8) =) [Xi - X[ (X)),
=1

the projection X*(X) € S being well defined by Lemma 3.4.1-(z).

Foranyi=1,...,n
X - XX ¢ s o oXy
(3.4.26) l; i = 2; (X, — X7 (X)) (511 5% (X)) .

By (C) there holds X} — X;(X°) = X368, (I =1,...,n), thus we get

0d(X, S)

(3.4.27) X ‘X:Xo

=2X26;, = 2d(X°,8)din ;

here use of (3.4.6) has been made. Hence equality (3.4.9) follows.

(iv) Tt is easily seen that

0%d 1 ( 0%d? 1 0d? 8d2)

(3.4.28) 0X,:0X; 2d\0X,0X; 2d&20X,0X,

for any X € 8¢, 4,5 =1,...,n, (here d = d(X,S) for simplicity). From (3.4.26) we get

(3.4.29) S 2 = X (0

=1 8X18X]

n * * 2 Yo
- 2; O Zf(lj (x)) (9 - ?9))2 (X)) = (X - X} (X)) aigég (X)| =281 — ).

For X = X using the choice (C), (3.4.6) and (3.4.8), we obtain easily:

(XOpiiy? -
m% ifi,j=1,....k,

Si

51']' if i,7=k+1,...,n,
0 otherwise ,
Xopy o
— R ifi,7=1,...,k,
g _ ) (T xpi2

0 otherwise .

Then from (3.4.27)-(3.4.29) equality (3.4.10) easily follows. This completes the proof. O

3.4.2. Proof of Theorem 3.2.12.
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3.4.2.1. Let us prove the following proposition, which corresponds to the first step of the
costruction of the subsolution Z.

PROPOSITION 3.4.5. Let the assumptions of Theorem 3.2.12 be satisfied; let § € S be fixed.
Then there exist R > 0 and zo € C?(B 2(1) N Q) such that zo is a subsolution of the equation

(3.4.30) Lu=0 in Ba(y)NN.

Moreover,
(i) sup 2z < +oo;
BR(Q)HQ
(17) zo(z) ~ logld(z,S)] as d(z,S) — 0 (x € Ba(y) N Q).

If a:= ingr(y) — 2> 1, the same conclusion holds with (ii) replaced by
ye
(191) zo(x) ~ —[d(x,8)]"* as d(z,S) = 0 (x € Bp(y) N Q).

To prove Proposition 3.4.5 we have to construct suitable matrix functions. Let g €
be ﬁxed take R < e, with € as in Lemma 3.4.3. Taking possibly smaller R we have
2(0) = Ba(@) NS CU; (i €{1,...,N}; see (3.2.12)). Moreover, by (A4) — (4) there exists

€ {2,...,n — k} such that 7 is a lower bound for the orthogonal rank of A in S.

For any y € Bp(9) set A = A(y) and, using the notation in Remark 3.4.2, M = M (y) =
M@ (y); then M(- ) € C?(Bx(9))- In the new coordinate system X := M (z — y) there holds
X

“(y) =0,

ﬁ>m(_'/)

J_OS:{XERn|X1:...:Xk:0}.

To obtain a convenient representation of the diffusion matrix A = (a;;) in the new system,

define
(3.4.31) A=MAMT,

let & € M,,_, denote the matrix with entries (A)gyi i (4,5 = 1,...,n—k). It is immediately
seen that the rank of the matrix & coincides with the orthogonal rank of the matrix A at y.
In fact, there holds:

(Apriprs = (Aengienys) = (AnH gk,
here (-, -) denotes the scalar product in IR", ej, the unit vector of the h-th coordinate axis and
) = MTep €l,S (i=1,...,n— k) by the choice of M. Thus & = A and the claim
clearly follows from Definition 3.2.11.

Let ¢+ ¢ C?(Bx(%)) denote the unit eigenvectors considered in (Ag) — (iii), Mgy the
corresponding eigenvalues of the matrix & (i = 1,...,n — k). Recall that & is symmetric and
a(-) € C2(Bp(9); My—k). Then Apy; = (@*F), ¢*0) (4 = 1,...,n — k) are C*(Bx(9)),
too. Set

ar = (& )=tk € Mooy

(where ¢ (k+9) denotes the i-th row of the matrix q1); clearly, the rank of the matrix ¢;& qip is
not less than 7 and there holds:

Since at least 7 eigenvalues of & are strictly positive and continuous, choosing possibly smaller

R we may assume that A\,_711,..., Ay, are strictly positive in BR(Q). Let 81 > 0 be a lower
bound for A, _#11,..., A, and B2 > 0 an upper bound for all the eigenvalues of & in B (7),
namely

(3432) 61 < )\n_f_|_1, cey )\n, and )\k+1, ce ,)\n < 52, in BR(Q) .
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Define the matrix g € M,,_j as follows:

1
— ifi=j=1,....n—k—7,
\/152
(g2)ij = if i=j=n—k—7+1,...,n—k,
Akti
0 elsewhere ;

set also qo := g2¢q1. Then we have:

)\ .
% if i=j=1,....n—k—7,
~ T
(3.4.33) (q()aqo)ij: 12 ifi=j=n—-k—7+1,....n—k,
0 elsewhere .

Finally, define the matrix Qg € M,, as follows:

Sij if 4,7=1,...,k,
(3.4.34) (QO)U =9 (q)i—k,j—k i i, j=k+1,...,n,
0 elsewhere .

Then by (3.4.33) we have:

by . . . 2

~ A fZ:]:k+1 e —T
3.4.35 AQhy. =1 & ! a1
( ) (QO QO)U { 0;j elsewhere for i,j =k+1,...,n;

~

moreover, the matrix function Qo belongs to C?(Bx(4); My).

Now we can prove Proposition 3.4.5.
Proof of Proposition 3.4.5 (i) Let us first prove the result assuming 5 = 0 in (A4y) — (1),
namely b; € L*(Q2) (i =1,...,n). Fix g € S; let R € (0,¢) be as required in the above
construction. For any y € By(y) set
E(y) = [M(y)]" Qoly) M(y),
Bp = Bp(9) and, for any x € By NQ,

(3.4.36) 20(z) = log |[E(a*(2)) [z — 2*(2)] |* + K | E(z*(2)) [& — 2*(2)]|,
with K > 0 to be chosen. Since E € C?(Bx(§ ) ») by the above remarks and z* € C?(S8%;S)
by Lemma 3.4.1-(ii), we have zg € C*(Bs N Q). Clearly, zy satisfies (i) — (ii) (observe that

d(z,S) = |x - m*(m)| and (3.4.32) - (3.4.34) hold). The conclusion will follow, if we prove
that

(3.4.37) (Mz)(z°) >0 for any 2° € BN Q.

To this purpose, for any 2° € B N2 a change of variables as in Remark 3.4.2 is expedient.
As above, denote by X = (Xi,...,X,) the new coordinate system, where

(3.4.38) X =M@ (z-9), 7:=z"".

Set M = M(3); then

(3.4.39) X0 =M@ —9)=(0,...,0,X01,..., X2, d(X°8)=|X".
Define also

Zo(X) := zo(x) (v € BNQ);
it is easily seen that
(3.4.40) Zp(X) =log |Q(X*(X)) (X — X*)|2 + K |Q(X*(X))(X — X,

for any = € By N (2, where
X*(X) = M(x*(x) - g) ,
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(3.4.41)  Q(X*(X)) := M E(z*(x)) MT = M[M («*(2)]" Qo (" (x)) M (z*()) M .

For simplicity we always write X* = X*(X), omitting the dependence on X; we also set

(3.4.42) Q(X™) = ((4;5)) (xe€ BN i, j=1,...,n),
In particular for z = 2%, by (3.4.41), we get
(3.4.43) Q(0) = Qo(y) -

Moreover, we set

W; = Wi(X) ::Zqij(xj -X;)  (i=1,...,n),

thus
* * . 2 1/2
(3.4.44) QX™)(X — X*)| = (ZW ) .
i=1
It is also easily seen that
(3.4.45) (Mz0)(2%) = (MZo)(X°) (2" € BN Q),

where by M we denote the formal differential operator

~ R 9%u LR ou
=1

i,j=1
(3.4.46) aij(X) = aj(X) = Z (M)zkam( )(M)]l (i,j=1,...,n),
k.l=1
bi(X) ==Y (M)ibj(z) (i=1,...,n).
j=1

Observe that, setting A= ((@i5))ij=1,....n b= (Ez)zzln, equality (3.4.46) reads:
A(X) == MA(z)MT, b(X) := Mb(x)
which coincides with (3.4.31) if x = y, X = 0. Now we prove that

(3.4.47) (MZg)(X%) >0 for any 2" e BpNnQ,
whence the conclusion will follow.
For h=1,---,n, we have
07 2 K (1)
(3.4.48) —(X) = + I,
2. {yQ(X*)(X—X*)\2 !Q(X*)(X—X*)\} "
where
- oW,
=1
n ﬁqm 8XJ*
(3-4.49) 8Xh ; [axh X5) + i (5 axh)} '
For h,l =1,--- ,n there holds
9?7 2 K (2)
3.4.50 —_— = + I+
(3.4.50) %05 ") {\Q(X*)(X—X*)\2 !Q(X*)(X—X*)\} &
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4 K (1) 7(1)
_ W
{’Q(X*)(X—X*)\4 ! |Q(X*)(X-X*)\3} b

where
@ OW; OW; W,
Iy i oo |
hi 8Xl Z X, 0X; +W. axhaxl]
92W; | 9%
4.51 — = I (X - X
(3.4.51) 8Xh8Xl g [axhaxl e
. OX* L o0X* 6.X*
a%] (51_ j)_'_a%j (5 _ J) Gij mo e
0Xy, X, X, Xy, aXhé?Xl

To prove (3.4.47) the above quantities must be calculated at X = X°, hence (3.4.43) and
(3.4.42) must be used.

In the following we use the notation O(|X°|), O(|X°[?), ... introduced above; the same
symbol O(-) will denote any function satisfying (3.4.11). The constant D, although not
explicitly given, will not depend on the specific choice of 2" € B 7 M Q. In fact, it will only
depend on the following quantities:

(c) the functions ¢;;(-) (hence on the eigenvalues and eigenvectors of the matrix a(-)) and
their first and second derivatives in By N ;

(B) the function p(-) which gives a local representation of S in By(7), and its first and second
derivatives;
(7) the lower and upper bounds /1, B2 of the eigenvalues of the orthogonal matrix.

Similar remarks hold for the positive constant H encountered below (see (3.4.60) and the
following formulas).

(a) In view of (3.4.41), (3.4.43) and (3.4.34), we have

n

(3.4.52) Wi(Xx% = Y ¢;(0X)  (i=1,...,n),
j=k+1

and

(3.4.53) QU(X - x| =Q(0)x°|

(b) From (3.4.49) and (3.4.13) we obtain

oW; o . - aq”z 0 O
ox, K= 2. ax, O +qu O(X7)

(3.4.54) J=h

+ Z Qz] jh = QZh(O)EX[k-i-l,n](h) + O(|X0|) .
j=k+1

Equalities (3.4.52) and (3.4.54), together with (3.4.42), (3.4.34) give:

=3 (32 0500t + OUXP) -
(3.4.55) =1 =kt

n

= Y 400XV (0) + O(X°P).
i,j=k+1

Concerning the above equality, observe that ¢;;,(0) =0 fori=1,...,k and h > k + 1.
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2TV
(¢) The formulas in Remark 3.4.4 and equality (3.4.51) imply that %(X ) is bounded
h l

independently from i, h,! and the choice of 2° € B N Q. Then (3.4.52) and (3.4.54) entail:

(3.4.56) L7(X% = 3" qin(0)ga(0) + O(1X°)).
i=k+1

From (3.4.55) we also obtain:

(1" 1) (x0) =
(3.4.57) (Y w0004 (0)X05(0)) + O1XP).
1,5,r,s=k+1

To prove (3.4.37) we need an estimate from below of the quantity

n %7, 0
(3.4.58) > ahl(o)m()( ),

(see (3.4.60)). To this aim, the following computations will be needed, where (3.4.33), (3.4.34)
and (3.4.42) are used:

Z Z an1(0)gin (0)gs (0 Z Z an1(0)gin(0)giu(0) =

hi=1i=k+1 i=hk+1 hl=k+1
n—k n—k n—k

= > > (@0)jsstre+r(0)(q0)je = Y (0 Gag )y =7
j=1s,t=1 j=1

here 7 is the lower bound for the orthogonal rank of A in S used in the construction of the
matrix Qo. It is similarly seen that (see (3.4.32)):

n n

doaw0) D ai(0)XPqn(0)g5(0) X q(0) =
hi=1 iG5,t—k+1

n n

- > Qij(O)onqSt(O)X?[ > 4in(0)an(0)gq(0)| =
.5 =kt 1 hl=kt1

n

- Z (Q0)X)i(Q(0)X")s(q00q )it s—k =

- 3 2QOX2+ S (QO)XO)2 < [QO)X2.
i=n—7r+1
Further observe that

(3.4.59) = <Q0)X°| <
In view of equalities (3.4.50), (3.4.53), (3.4.56), (3.4.57) and the above computations, since
7E > 2 by assumption (A4) — (i7), we obtain:
= *Zy o
3.4.60 an(0) s—5=
( ) ahl( )8Xh8Xl o

> |Q(0)1)(0|2 {Qf + O(|XOD + K|Q(0)X0|(7ﬁ B 1) 4 KO(|X0’2)} .
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1

= Q00|

Here H is a positive constant, independent on z° € B £ M€, such that

01X < H|Q(0)X"|

and K > 0 is the constant in the definition of zp to be chosen (see (3.4.36)). We also have
9*Z
0Xn0X 1Q(0 )X0|2
Since b; and g;; are uniformly bounded for 2° € BN Q, by (3.4.48), (3.4.55) we get

{ - H+K+K0(;X0\)}.

(3.4.61) 920 (x| < {H + KO(]X0|)} .

(3.4.62) \iéi(xo)a% (X0)] < {#+Kl01X)]}.

1
|Q(0)X°|
Inequalities (3.4.60)-(3.4.62) imply:

- n 2
(Aﬂ%xX%:ig;[@KX%—@m@ﬂaiégnﬁwn+
hyl=1 i=1
|Q( 1)X0] { - H+ K- K\O(\XOD\},

for the coefficients @y are of class C', thus locally Lipschitz continuous in B 7N Q. For a
sufficiently small R we have |O(|X9])| < %, then (see (3.4.59))

VB
2| X9|

(3.4.64) (MZy)(X°) > (K—-2H) >0,

choosing K > 2H.
Finally, instead of definition (3.4.36) set
1

(3.4.65) 20(w) = = |E(2(2)) (z — 2*(2))]

+ K log ‘E(l‘*($)) (z — 2*(2)) }2
if ?31612 r(y) > 3, respectively
1 K

[B(2*(2) (@ —2*(@)[" |BE(2*(@)) (2 — 2*(2)) |

if ingr(y) > 4. Arguing as in the case ingr(y) > 2, inequality (3.4.47) is seen to hold in this
ye ye

cases, too; we omit the details. The proof for the case § = 0 is complete.

(#1) Now we assume € (0,1) in (Ag) — (44)". In this case the definition (3.4.36) of zg is

replaced by

(3.4.66) 20(z) = —

(3.4.67) z0(z) :=log |E(2*(z)) (z — z*(x)) |2 + K|E(z*(2)) (z — 2*(2)) ‘l_ﬁ.
Then inequalities (3.4.60)-(3.4.63) are replaced by
n %7, 0
(3.4.68) > an0) 5o (X0 >
hi=1 h&l
1 K(1— 8 —1- ) -
> g LT g RO
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%7,
0X,0X Q0 )X0|2
Similarly, recalling also (Ag) — (it)" instead of (3.4.62) we get:

(3.4.69) 920 (x9| < {H + K0(|X0|1—ﬂ)} .

8Z 1
0 0 0 0|1-3
(3.4.70) |Zb (X 5% X < (orxors {H+K\0(;X | )|}.
Therefore we have in the present case
0 3 P?Zy o
(MZ)(XP) Z an (X ahz(O)]m(x )+
h,i=1
0%Z 0Z,
(3.4.71) 0 (o) 2o 0 .
+hlzl ul0 aXhaXl Zb X0 =
1
S _ 011-8
> (ST { H + K~ K|O(X° >\},

which corresponds to (3.4.63). Hence the conclusion follows as before, choosing R possibly
smaller and K sufficiently large.

Finally, if ing r(y) > 3, instead of definition (3.4.36) set:
ye

(3.4.72) z0(x) == — |E(z*(2)) (z — 2*(2))] |B(*(2)) (2 — 2*(2)) |

or respectively, if inf r(y) > 4 :
YyeS

G T @) e @ e @)@

Arguing as in the previous cases inequality (3.4.47) is seen to hold in this cases, too; we omit
the details. The proof is complete. O

3.4.2.2. The following proposition corresponds to the second step in the costruction of
the subsolution Z.

PROPOSITION 3.4.6. Let the assumptions of Theorem 3.2.12 be satisfied. Then there exist
e >0 and z € C%(S%) such that z is a subsolution of the equation

(3.4.74) Lu=0 1in S°.
Moreover,
(1) sup z < oo;

SE
(17) z(z) ~ logld(x,S)] as d(z,S) =0 (z € §°).

If a := 1227‘(1/) —2 > 1, the same conclusion holds with (ii) replaced by

y
(1i1) z(x) ~ —[d(z,S)]"* as d(x,S) = 0 (x € §9).
Proof. (i) Assume first 8 = 0 in assumption (A3) — (i7)". In view of the compactness of S and
of Proposition 3.4.5, there exist §° € S, H;, h;, R; > 0 and z; € C*(Bg,(9)NQ) (i=1,...,N,
for some N € IN) of the form
* * 2 * *
zi(x) := log ’EZ (z*(2)) [z — " (2)] | + K |EZ (z*(2)) [z — 2*(2)] },

with the following properties:

N
a) S €| Br,;

i=1
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(b) z (i =1,...,N) is a subsolution of the equation
Lu=0 1in Bg,NQ,
if K > H; (see (3.4.64); we set Bg, = Bpg,(¢") for simplicity). In fact, there holds:

(3.4.75) Mz > (K —H;) in Br,NQ.

d(x 5)

Observe that the matrix-valued functions E;, E; with ¢ # j may be different at the same
point, since they depend on the local representation of S and on the choice and ordering of
the nonzero eigenvalues.
N
Choose ¢ € (0,min{Ry,...,Ry}), so that 8¢ C U Bg, . Let {1;}}Y, be a partition of
i=1
unity subordinate to {Bg, }¥ ,, namely

(3.4.76) labelc3PUnitay; € C°(Q), supp; € Br,, 0<1; <1, Zwi =1in S°.
Define
N
= Pi(r)z(r) (xS,
i=1

where we define z; := 0 outside its domain B, NQ (i =1, ..., N). There holds:

N
=1

8xh 8%[ 8a:l 8xh
=1 h,l=1

The proof of Proposition 3.4.5, together with the boundedness in & of the functions p;, g;;, a;;, b;
and their first and second derivatives, easily give the following

Claim: There exist positive constants C7, Cy such that, taking € > 0 possibly smaller and
Cs := min{hy, ..., hg}, there holds

N
(3.4.78) > (Mu)z > Cilogld(,S)] in 8¢
=1
= a"/}z azz awz 8Z'L 02 . c
4. > .
(3.4.79) Z; hll“*”(axh oz " o am,) a8 e
(3.4.80) Zw (Mz) > Cs (K- Ky) in&°
— (A ’L - d( 8) Y

for any K > Ko := max{Hy,..., Hg}.

Inequality (3.4.78) follows from the very definition of z, while (3.4.79), (3.4.80) are a
consequence of (3.4.48) and (3.4.55), respectively of (3.4.75) and (77).

From (3.4.77)-(3.4.80) we obtain (z € §%)

1
d(z,S)

for any K sufficiently large, thus the result follows in this case. The same argument applies

when im‘fS r(y) > 3, whence the conclusion.
ye

(MZ)( ) (CgK CgKo — CQ — Cld(x S)| log[ (37,8)”) Z 0
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(#4) Now suppose 3 € (0,1) in assumption (Ay)—(ii)’. Following the proof of Proposition 3.4.5,
we have z; of the form (3.4.67); hence inequalities (3.4.78) and (3.4.80) become respectively

N
log[d(-, S)] : 13
al C
. ‘ 3 B e
(3.4.82) ;wl(./\/lz,) G (K — Ko) in S°.
Then the conclusion follows as in the previous case for sufficiently large K. The case in‘fS r(y) >
ye
3 can be dealt with similarly. This completes the proof. O

3.4.2.3. The third step in the outlined costruction of Z allows us to complete the proof
of Theorem 3.2.12.

Proof of Theorem 3.2.12. (i) Let us first address the case when (£;) holds. Let z be the
subsolution of equation (3.4.74) exhibited in Proposition 3.4.6. Consider the problem

Lw=0 in &/
(3.4.83)
w=—z in dS/?\S;

a solution w € C%(S8%/2) N CH(S%/2\ S) N L>®(S%/?) is easily constructed by standard com-
pactness arguments. Indeed, observe that any constant C' > |z| Lo0(855/2\8) is a supersolution

of (3.4.83), whereas —C is a subsolution. Then Z := z 4 w is a subsolution of the equation
Lu=0 in 8?2,
such that Z = 0 in 9S%/2\ S and
Z(z) ~logd(z,S) as d(x,S) = 0.

Then Z(z) < 0 by the maximum principle (applied in sets of the form S/2\ 8%, 5 € (0,6/2)
and such that Z(z) < 0 on 8% N S*/?).

Let W € C?(Q\ 8¢/2) N C1 (2 \ §¢/2) be the solution of the problem:

LW =0 in Q) 8¢/2
w =1 on R
W =0 on 88?2\ S,
hence 0 < W < 1in Q\SE/Q. Set
HZ -2 in &/?
Z = . 9
W -2 in (QUR)\ S

with H > 0 to be chosen. Then:
(a) Ze CQUR), Z< —1in QUTR,;
(b) it is easily seen that

/ ZM*pdr > / P Z aij(x)i(W— H Z)vj(z)dz,

Q oo Ox;

for any ¢ € C§°(2), ¥ > 0; here ' := 9(S/2 Nsupp 1) and v(z) = (v1(z), ..., vn(x)) denotes
the outer normal to S¥/? at & € dS/2\ S.
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In view of the strong maximum principle, since £ is uniformly elliptic in Q \ S¢/2 and
0Se/? \ S is compact, there exists a > 0 such that

Then choosing H := a/ { (szzl ‘aij‘Loo(Q)) |VZ|Lm(aSE/2\5)} we obtain

/ ZM*pdx > 0.
Q
Moreover, by Z < —1, p, ¥, ¢ > 0 there holds

/ZM*wdeOE/ch@Z)daz.
Q Q

Then Z is a subsolution of (3.1.9), hence the conclusion follows by Theorem 3.1.2.
(77) Now suppose that (E2) is satisfied and c¢(x) > 0 for any x € 2. Let z be the subsolution
of equation (3.4.74) exhibited in Proposition 3.4.6. Since z is defined in S¢, set Z := 0 in
Q\ 8¢, Consider as in (3.2.9) a function y € C?(), 0 < x < 1 such that

1 if ze&8/2
(3.4.84) x(x) =

0 if 2e€Q\S%;
then define Z(z) := x(x) z(z), x € Q. Clearly, there holds:

(3.4.85) L£LZ>0 inS&?,
(3.4.86) LZ =0 inQ\S°,
(3.4.87) LZ(z) > —K inS&°\ 89?2,
where K := max |L£Z]|. Since Z is bounded from above, it is not restrictive to assume
35\35/2
1
7 < ~ max{l, K} nQ,
Co
where ¢p:= min ¢ > 0 . Hence by inequalities (3.4.85)-(3.4.87) we conclude that Z is a
86\88/2
subsolution of problem (3.1.9). Then by Theorem 3.1.2 the conclusion follows. O

3.5. Singular manifolds of high dimension: Proofs

The present section is devoted to prove the results stated in Subsections 3.2.1, paragraph
3.2.1.3, and 3.2.3.

Proof of Theorem 3.2.16. To prove claim (i) observe that P(() is a decreasing positive
function of ¢ € (0,#), hence it has a limit as ¢ — 07. By contradiction, let this limit be finite.
Then for any o > 0 there exists 6 = d(o) such that for any (p, ¢ with 0 < (o < (<4

o> [ (n=cpmydn— [ (n—C)pm)dn =
(3.5.1) /CO /C

¢ g
- / (1= Co)p(m) dn +/ (C=Co)p(n)dn > 0.
¢o ¢
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In particular, for any (g, ¢ as above there holds:

0< /;(C —G)pmdn <o (C€(0,9)).
As ¢y — 07, the above inequality gives
(3.5.2) 0< C/:p(n) dn<o forany (€ (0,0).

Since o is arbitrary and § = d(0), we get
£

3.5.3 li dn=20,
(3.5.3) i, ¢ /c p(n)dn
whence by (3.2.16)

£ £
3.54 lim P(()= 1l dn — dn| =+F
(354 Jim Q)= i [ [ nptman ¢ [ oo n] = 200,

a contradiction. This proves the claim.
To prove (ii), set

2(0) =¥ - [0 Tpmdn (¢ € (0.9)

with positive constants C, 8 to be chosen. Plainly, |Z({)| diverges with the same order as
P(¢) for ¢ — 0. Hence we have:

Z'>0, ﬁZ”—CZ,:—B in (0,8);
Z(¢) = —0, Z'(¢) —» o, Z"(¢)—» —o00 as(—0.
Set Z(z) := Z(d(2,S2)) (z € S5). Let us show that
(3.5.5) LZ(z)>—-1 inS5

with a proper choice of C,  and for € € (0, &] possibly smaller then &.

To check (3.5.5) fix any x € 8§ (¢ € (0,£]). As in the proof of Theorem 3.2.12, take new
coordinates, still denoted by x, satisfying condition (C') in Subsection 3.4.1. In particular, we
have

(3.5.6) x=(0,...,0,z,), z"(x)=0, d(z,S2)=xz,,

(3.5.7) To So :{(1‘1,...,1‘“) GRn|l’n:0}.
By abuse of notation, denote again by a;;, b; the coefficients of M in the new coordinates.
We can choose C' and § such that
|ann| < B, Md(z,8)| < C inS5;

here use of (3.4.9)-(3.4.10) with £ = n — 1 has been made. Using (3.2.17), (3.4.9) and taking
e € (0,¢] so small that Z(¢), Z2”(¢) < 0 and Z'(¢) > 0 for any ¢ € (0,¢], we obtain:

MZ(z) = ann (2) 2" (d(2, 82)) + [Md(z,S2)] Z2'(d(,Ss2)) >

> BZ”(d(:E752)) - Czl(d($,82)) = —B(d(l’,Sg)) > —,0(1’)
for any « € S5; then inequality (3.5.5) follows.

In view of inequality (3.5.5), Z — H with suitable H is a subsolution in S5 of the differential
equation in (3.1.9). To complete the proof, we must extend its definition to (2 UR) \ S5 so
as to exhibit a subsolution of problem (3.1.9). This is easily done arguing as in part (i) of
the proof of Theorem 3.2.12; we leave the details to the reader. Hence the result follows. [
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Proof of Theorem 3.2.18. (i) Fix € € (0,€] so small that ¢ < o, with ¢ as in Lemma 3.4.1,
and S NR = . Fix any z € S \ Si; as in the proof of Theorem 3.2.16, it is not restrictive
to assume (3.5.6)-(3.5.7). In view of the assumptions about the coefficients a;;, b;, we can
choose C' > 0 such that

(3.5.8) IMd(z,851)|<C in Sif\Sl )
Then choose ¢; > 0 such that

1
(3.5.9) c1 < el eaTp(n)dn.

Define L e
V(Q=ae s == [ 5O —1lpmydn  (Ce(0.2),
¢

with C, ¢y as above, a > 0 being the ellipticity constant in (E3). It is easily seen that
aV'+CV' =—p in (0,¢),
V>0, V'<0 in(0,e/2)

(use of the choice (3.5.9) is made for the latter). Using assumption (3.2.20), it is also easily

checked that V is bounded from below in (0,£/2); moreover V is increasing, there, hence there
exists V(0) := lim._,o+ V(Q).

(i) Set V(z) := V(d(z,S1)) — V(0) (z € Sf/Q \ &1); let us prove that

(3.5.10) LV() < -1 in&\S,.
In fact, by (3.5.8) we have:
- - dd(z,Sy) dd(x, Sy)
MV (z) ZV”(d(x,Sl))i;aij(ﬂf) oz, oz, [(Md(z,81)] V' (d(z,81)) <

< aV'(d(z,8)) + CV'(d(z,81)) = —p(d(z,81)) < —p()

for any z € Sf/2 \ S1; here use of (3.2.21), assumption (E3) and the above properties of V has
been made. Then inequality (3.5.10) follows.

(797) Consider the solution W > 0 of the problem

LW=-1 inQ\8&/

(3.5.11) W=1 on R
€/2
W =0 on 057"\ S;.
Define ~
C(]V in Si/Qa
V= -
Wk o Q\S7,
where
1 n
co = max{l, W( Z \a¢j|Loo(Q))|VW|L00(,33§/2\31)}’

ij=1
k:=co(V(e/2) —V(0)) > 0.
We shall prove the following
Claim: The function V is a positive supersolution of problem (3.1.5) satisfying condition

(3.1.6).
In view of Theorem 3.1.1, from the above Claim the conclusion follows.
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To prove the Claim we must show the following:
(a) Ve CQUR);
(b) / VM*pdr < —/ py dz for any ¢ € C§°(2), ¢ > 0;

Q Q
(¢) condition (3.1.6) is satisfied.

To check (a), observe that the condition
cwV=W+k on 95/%\ 8
reads
co(V(e/2) = V(0)) =k,
thus it follows from the choice of k. The continuity of V' elsewhere is clear from its very

definition; hence (a) follows.
Concerning (b), an easy calculation gives:

/ VM*pde < —/ pdx — / szl a;j(z 8:& - W)vj(z) dx
for any ¢ € C§°(2), ¢ > 0; here I := 8Sf/2 Nsupp ¥ and v(x) = (v1(x),...,vn(z)) denotes
the outer normal to Sf/Q at T € 855/2 \ S1. Since
> aij(w) 5 —vj(z) = V'(¢/2) > aij(@)vi(@)v(z) > aV'(e/2) > 0
ij=1 ! ij=1
inequality (b) follows from the above choice of ¢g.
Finally, concerning (c) observe that

inf V=c¢p mf V—O<1+k—1nf(W—i—k) inf V';
QUR 552 R

hence (3.1.6) is satisfied. This completes the proof. O

Proof of Theorem 3.2.21. By Proposition 3.2.7-(i) S; is attracting. Then, in view of Theorem
3.2.5, there exists a solution of problem (3.1.7) satisfying (3.2.5). Since the constant in (3.2.5)

is arbitrary and R NSy = 0 (see assumption (A7) — (74)), the conclusion follows. O
Proof of Theorem 3.2.23. By Proposition 3.2.9 the function Z defined in (3.2.10) is a subso-
lution of problem (3.1.9). In view of Theorem 3.1.2, the conclusion follows. U

It remains to prove Propositions 3.2.7-3.2.9. To this purpose we need the following lemma
(see [31] for the proof).

LEMMA 3.5.1. Let assumptions (Fy) — (F3) be satisfied. Suppose that o;; € CY(X€) for
some e >0 (i,5,=1..., n), and let ¥ C X1 U X9y be a smooth connected component of Of).
Then:

(i) for any x € X there holds

(3.5.12) adg;,iz) = —vi(z),

(3.5.13) Zn: ay(x )8 dz, %) Z Gaij @) vi(x);

~ O0x;0x; 835]

2,J=1 ,j=1
(i) there exist € > 0, C > 0 such that, for any x € ¥°,

- 9d(z, %) 0d(z, %) 5
(3.5.14) > ai(z) oo, o, < Cld(z,%)]?;

ij=1
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moreover, if 3 C X1, there holds

(3.5.15) Md(z,X) > —-Cd(z,%).
Proof of Proposition 3.2.7. (i) Since X C g is compact, there holds
C := min Br () >0.
ey p(x)
Hence from (3.5.12)-(3.5.13) we obtain
1 daij(x Br(x)
Ld(z,Y) =——— it =— <-=C

%)== 5_: ) ; } o)
for any = € ¥. By continuity we get
(3.5.16) Ld(z,¥) < —-C in ¥°

with € > 0 suitably small. Choosing V := in Definition 3.2.3, the claim follows.

C
(ii) Let 2° € ¥; fix > 0 so small that Q N B,.(20) C ¥¢. Define

h(z) == A1 [d(z,Z) + A2 |z — 2°?] (x € QN By (29); A1, A2 > 0).
It is easily seen that
2X [
(3.5.17) Lh(r) = M Ld(z, ) + (;)[Z; (ai(e) + bi(@) (@i —2D) | }

for any x € QN B.(2°). In view of (3.5.16) and the boundedness of the coefficients, by a
proper choice of A1, Ao the conclusion follows. O

Proof of Proposition 3.2.9. Take e € (0,¢0) as in Lemma 3.5.1 - (i) and such that ¥ C QUY.
Then it is easily seen that for any z € /2

LZ(z) = w{a[d(w, o) Md(z, ) —

p(x)
(4 1)[d(z, )] 2 Z az‘j(a:)adéjz) ad((;n,‘z)} >
ij=1 v J
[d(l’, E)]_a —
> o) {—aC—a(a+1)C} > —Cyld(z,X)] 77,

where C1 = C1(a) := [(o + 2)C]/ min p; here use of (3.5.14)-(3.5.15) has been made. Then
Q

(3.5.18) LZ>C(Z+H)>C1Z in x%/?

with € > 0 suitably small (see (3.2.9)-(3.2.10)). On the other hand, there holds
(3.5.19) LZ=0 inQ\X=,

(3.5.20) LZ(x) > —Cy in X°\ X2

for some Cy > 0. Choosing H > C3/c¢p and a > 0 so small that C; < ¢p, from (3.5.18)-(3.5.20)
we obtain
LZ > cyZ in Q;

then the conclusion follows. O
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3.6. Examples

In this section we give a few applications of the above results, limiting ourselves to the
elliptic case. We always assume ¢ € C(Q2) N L*°(Q), v € C(R).

(a) An application of Theorem 3.2.12. Consider the problem

(22 4 d®)uge + 20YUgy + (y? + d2)uyy ‘U, —u=¢ in€)
(3.6.1)
u =7 on R,
where Q := By(0) \ {(z,4,0)| 2% +y* = 1} C R’, R = 9B(0), S = {(,4,0) |2* + y* = 1},
d= d((ﬂj’,y, Z)7 S)
Here dim S = n — 2; moreover, the diffusion matrix of the operator considered in (3.6.1)

is elliptic in Q2 U R, but has points of degeneracy on S.
It is easily seen that in this case

-y x 0 10
M(xayaz) = —-r Y 0 ) AL(%Z/» Z) = < 0 1 > ((ZC,y,Z) € S)
0 0 1

By Theorems 3.2.5 (with §; = 0, F = 1), 3.2.12 and Remark 3.4.2, problem (3.6.1) is well
posed in L*>(€2).

(b) The limiting value S = 1 in condition (A2) — (ii)’ of Theorem 3.2.12 is not allowed.
Consider the problem

Au—%ﬂﬂ(ﬂsux—f—yuy)—u:gé in Q
(3.6.2)
U =y on R,
where Q = B1(0) \ {0} C IR?>, R = 0B,(0), S = {0}.
The function V(z,y) := 22 + 52 is a supersolution of equation

LV =—-1 in Q;

moreover, it satisfies
0= inf V <infV = 1.
QUR R
By Theorem 3.1.1, problem (3.6.2) has infinitely many bounded solutions.

Observe that dimS = 0 = n — 2 and r(0) = 2, but Theorem 3.2.12 does not apply. In
fact, condition (Ag) — (i7)’ is not satisfied, since

4
b(z,y)| = ——
Similar remarks can be made when r(y) > 3 or r(y) > 4 for any y € S; we omit the
details.

(¢) A comparison between the results of Theorems 3.2.16, 3.2.20 and those of Theorems 3.2.21,
3.2.23. Consider the problem

((fc,y) € Q)

d*Au —u= ¢ in Q
(3.6.3)
u =y on R,

where a € IR, o # 0, Q = By(0) \ B1(0) C IR, R = 9B2(0), S = 9B1(0), d = d(z) =
d(z,S) (x € QUR). Depending on the values of the parameter o # 0 different situations
arise, as discussed below.

Nonuniqueness case: o < 2. Set p(x) := [d(z)]”* (x € QU R). By Theorem 3.2.20, problem
(3.6.3) admits infinitely many bounded solutions in L ().
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It is worth observing that Theorems 3.2.21 and 3.2.23 do not apply in this case, due to
the lack of regularity. In fact, problem (3.6.3) can be regarded as a particular case of problem
(3.1.7) with

8281, p:CEl, aij:daéij, biEO (i,j:1,2,3).

When o« < 1 condition (F») — (i) is not satisfied; hence the functions ap and S are not well
defined and Theorem 3.2.21 cannot be applied. However, its conclusion holds true, as seen
above.

When « = 1 conditions (F}) — (F3) are satisfied; moreover, it is easily seen that S; C 3.
However, Theorem 3.2.21 cannot be applied, since o;; = dv/ 251’]‘ ¢ C! (6?) (although its
conclusion holds true, as already remarked).

When « € (1,2) condition (F2) — (i7) is not satisfied, yet in this case the functions ar and
Br are well defined and S; C ¥1. Theorem 3.2.23 cannot be applied (observe that moreover
oij = de/ 26@- ¢ Cl (6?)), in fact, as already seen, its conclusion is false in this case.
Uniqueness case: o > 2. Set p(z) := [d(z)]”* (x € QUR). In view of Theorem 3.2.16, there
exists at most one bounded solution of problem (3.6.3).

Observe that problem (3.6.3) is a particular case of problem (3.1.7) with

8252, p:CEl, aij:daéij, biEO (i,j:1,2,3).
In this case conditions (F}) — (F3) are satisfied; moreover, it is easily seen that So C ;. By

Theorem 3.2.23 there exists at most one bounded solution of problem (3.6.3), in agreement
with the above conclusion obtained by Theorem 3.2.16.






CHAPTER 4

On the refined maximum principle for degenerate elliptic and
parabolic problems

4.1. Introduction

Consider an elliptic operator of the form £ — ¢, where

and c is a given function, in an open subset (2 C IR™ with boundary 09). In the following we
assume {2 to be bounded, although the case of unbounded domains can also be treated.

Concerning the coefficients of the operator £ and the function ¢, in [7] the following
assumption was made:

(i) aij=aji € C(Q), by, c € L*(Q) (i,j=1,...,n);
(Hyp) (i) there exist ¢o, Cp > 0 such that
Co’§|2 < EZj:l aij(x)fifj < C()‘§|2 for any r € Q and (fl, ,{n) c IR™.

Under assumption (Hp), the so-called refined mazimum principle for the operator £ — ¢
was proved. By standard argument, this implies uniqueness in L% () of solutions to the
corresponding Dirichlet problem, where boundary data need not be prescribed at any point
of the boundary 99 (see Section 4.2 for details).

In fact, uniqueness in L>°(€2) is ensured whenever Dirichlet boundary conditions are spec-
ified in the subset of 92 where the minimal positive solution Uy to the first exit time equation

(4.1.1) LU = -1 in Q

can be prolonged to zero in a suitable sense. Therefore, in view of the well-known probabilistic
interpretation of equation (4.1.1), boundary conditions are only needed at those points of 92
which can be attained by trajectories of a Markovian particle, starting at some xy € €2, with
generator L (see [31], [35]).

The purpose of the present paper is twofold:

A) We prove the refined maximum principle, and its analogue for the parabolic opera-
tor £L — ¢ — 0/0t, under more general assumptions on the coefficients a;;, b;, ¢ (see
assumption (H7) below). In fact, our assumptions (although slightly more demand-
ing as for regularity with respect to (Hp) — (7)) allow the coefficients of £ and the
function ¢ to vanish or diverge when dist(z,02) — 0. In addition, ellipticity of L is
possibly lost in €2 and/or when dist(z, 0§2) — 0.

B) Relying on A) above, we obtain uniqueness of solutions in L*°(Q2) for the corre-
sponding Dirichlet boundary value problem, and in L>(Q x (0,7) for the Dirichlet
initial-boundary value problem (see (4.2.11)). We also discuss the link between such
results and those obtained in the papers [60] - [65] by a different approach.

Further interesting information comes from considering existence of the Dirichlet boundary
value problem. For instance, existence of solutions to problem (4.2.11) cannot be ensured
without a particular choice of the boundary data (see Theorem 4.3.1 and condition(4.3.1)).
This reveals that the refined maximum principle is in general inaccurate, for it leads to

91
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prescribe boundary data on a larger subset than it is required to make the problem well-posed.
Not surprisingly, prescribing boundary data on a set ”too large” gives rise to nonexistence
(see Section 4.5)..

Let us finally observe that both the refined maximum principle and the approach to
uniqueness problems developed in [60]- [65] are deeply connected with classical results of the
wide literature concerning degenerate elliptic and parabolic problems (in particular, see [26],
[56] and references therein). We refer the reader to [65] for a discussion of this point.

4.2. The refined maximum principle

Concerning the coefficients of £ and the function ¢, in this section we assume the following;:
(Z) Qij = Qj; € Cl’l(Q), b; € CO’I(Q) (Z,j =1,... ,n) ;
(Hy) (#1) 327 =1 aij(2)&€; > 0 for any x € 2 and any nonzero ({1, ..,&,) € R ;
(1i1) c € C(2).
In the sequel we denote by L£* the formal adjoint of the operator L:

. . 82(aijv) & a(bﬂ))
L= D w2 0w

1,j=1

Moreover, notice that sub— supersolutions and solutions of the equation

(4.2.1) Lu—cu=¢ in 2,
respectively,
(4.2.2) Lu—cu—0w=f inQr

are meant in the sense of Definition 1.2.1, respectively Definition 2.2.1; here ¢ € C(R2), f €
C(Qr).

REMARK 4.2.1. (i) The above definitions of solution to equations (4.2.1) and (4.2.2) are
equivalent to those of viscosity solutions of the same equations (see [59]-[65]).
(13) If ¢ > 0, comparison principles hold true for equation (4.2.1) in any open ©; C Q
such that ;3 € QU R. The same statement holds for equation (4.2.2) in any open cylinder
1 x (0,7] € Qr, without assumptions about the sign of ¢ (see [59]-[65]).

Inspired by [7], we introduce the following notation. Let {x,} C Q and U € C(2); then

def { there exists xy € 0N
—

U
(4.2.3) Ty, — 00 such that z, — z¢, U(z,) — 0.

If FeC(Q),GeC(09),

(4.2.4) FZGon o0

et F(x,) = G(x9) for any zo € 00
such that =, — xo, U(z,) — 0.

Denote by Z C 99 the set of limiting points of sequences {x,} C Q such that =, LA 09,

namely

Z :={xg € 0| xy — xg, U(xy) — 0 for some {z,,} C Q}.
In this parlance,
(4.2.5) FZGon o0 = F(zy,) — G(xg) for any =y € Z,
whenever z,, — xo and U(z,) — 0. If U > 0 in , it is easily seen that
(4.2.6) Z ={xp € 00| liminf U(z) = 0}.

T—xQ
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REMARK 4.2.2. In [7] the following definition was made:

U def
Ty — O LN

Since 2 is bounded, this is equivalent to (4.2.3).

dist(xy,0Q) = 0, U(z,) - 0 as n — oo.

A similar notation can be used in the parabolic case. For any {(z,,t,)} C Q x [0,T] and
U e C(£2) we set

there exists (zo,t9) € 02 x [0,T]

U def
(4.2.7) (@, tn) = 02X (0,T] = { such that (zp,t,) — (zo,t0), U(zn) — 0,

and, if f € C(Qr), g € C(02 x [0,T7),

[/ def f(zp, tn) — g(xo, to) for any (zg,t9) € 00 x [0,T]
(4.2.8) f=gin 00 x[0,T] = { such that (z,,tn) — (20, t0), U(zn) — 0.

The following lemma will be needed.

LEMMA 4.2.3. Let assumption (Hi) be satisfied; moreover, let there exist a supersolution
F > 0 of equation (4.1.1). Then there exists a minimal positive solution Uy of (4.1.1) such
that 0 < Uy < Fin Q.

The proof is the same as in [7]; we sketch it for further reference. Consider for any j € IV
the elliptic problem:
LU; = —1 in Hj
(4.2.9)
U;j =0 on 0H;,

where {H;} is a sequence of bounded domains with smooth boundary 0H; such that
(4.2.10) H;CQ  H;CHj, [|JH=0.
j=1

By standard existence and comparison results, there exists a sequence of functions {U;} with
the following properties:

e U; is a classical solution of problem (4.2.9);

e 0<U; <Uj;1 < Fin Hj (]EW)
By compactness arguments there exists a subsequence of {U;} (also denoted by {U;}) which
converges uniformly in any compact subset of ). It is easily seen that its limit

Up:= lim U; in Q.
J—r+oo
has the properties stated in Lemma 4.2.3, thus the result follows.

In [7] the existence of a bounded supersolution F' > 0 of equation (4.1.1) was ensured by
the boundedness of the coefficients and the uniform ellipticity of £ (see assumption (Hp)).
Therefore the function Uy was also bounded, whereas in the present case both F' and Uy are
possibly unbounded (see Definition 1.2.1).

In the following we always assume the existence of the solution Uy considered in Lemma
4.2.3. Then we address the parabolic initial-boundary value problem

Lu —cu— 0w = f(x,t, u) in Qr
(4.2.11) uZyg in 9Q x (0,T]

u = U in Qx{0}.
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Observe that in the above problem boundary conditions are only prescribed on the set Z x
[0,T] (see (4.2.5)).The following assumption will be made:

(1) f € C(Qr x IR) Lipschitz continuous
with respect to u € IR, uniformly for (z,t) € Qp ;
(H>) (i) g € COQ x [0,T)), up € C(Q);

(i3i) ug 2 g(-,0) on 9.
Solutions to problem (4.2.11) are meant in the following sense.

DEFINITION 4.2.4. Let assumptions (H1) and (Hs) be satisfied. By a solution to problem
(4.2.11) we mean any function v € C(Q x [0,T]) such that:
(1) u is a solution of equation (4.2.2);
(i) u L g in 09 x [0,T] ;
(191) uw = ug in Q x {0} .
Subsolutions and supersolutions of (4.2.11) are similarly defined.

Now we can state the following parabolic refined mazimum principle.

THEOREM 4.2.5. Let assumptions (Hy) and (Hz) be satisfied; suppose ¢ > c¢1 for some
c1 € R. Let u be a subsolution of problem (4.2.11) with f = g = ug = 0 bounded from above.
Then u <0 in Q.

From Theorem 4.2.5 we deduce by usual arguments the following uniqueness result.

THEOREM 4.2.6. Let assumptions (Hy) and (Hs) be satisfied; suppose ¢ > ¢1 for some
c1 € R. Then there exists at most one bounded solution to problem (4.2.11).

Similar results hold for the elliptic problem
Lu—cu=f(x) inQ

(4.2.12)

u? vy in 092,
assuming (H;) and
(H3) fec®), veCO).

DEFINITION 4.2.7. Let assumptions (Hy) and (H3) be satisfied. By a solution to problem
(4.2.12) we mean any function v € C(2) such that:
(1) u is a solution of equation (4.2.1) with ¢ = f;
(17) u % v in ON.
Subsolutions and supersolutions of (4.2.12) are similarly defined.

THEOREM 4.2.8. Let assumptions (Hy) and (Hs) be satisfied; suppose ¢ > 0. Let u be a
subsolution of problem (4.2.11) with f =~ = 0 bounded from above. Then u < 0 in €.

THEOREM 4.2.9. Let assumptions (H1) and (H3) be satisfied; suppose ¢ > 0. Then there
exists at most one bounded solution to problem (4.2.12).
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4.3. Existence results
Concerning existence of solutions of problem (4.2.11) we shall prove the following result.

THEOREM 4.3.1. Let assumptions (Hy) and (Hz) be satisfied with g independent of x,
namely

(4.3.1) g(x,t) = g1(t) ((z,t) € 9Q x [0,T7])

for some g1 € C(]0,T]). Suppose f(-,-,0) € L*(Qr) and ¢, ug € L>°(Q). Then there exists a
bounded solution to problem (4.2.11).

In connection with the above theorem, let us mention that in [7] the existence of bounded
solutions to problem (4.2.12) was proven in the particular case v = 0. The proof extends
to the case 7 = constant, which is the counterpart of condition (4.3.1) in the elliptic case.
However, existence cannot be expected for problem (4.2.12) with any v € C(92), nor for
problem (4.2.11) if condition (4.3.1) is not satisfied (see Section 4.5).

A similar constraint on boundary conditions was already pointed out in [60], [59] in a
more general framework, whenever a subset X C 0f) is attracting in the sense of the following
definition. The reason for this is that the function V below can be regarded as a barrier for
the whole of 3.

DEFINITION 4.3.2. A subset 3 C 0 is attracting for the operator L if there exist € €
(0,e0) and a supersolution V € C(X?) of the equation:

(4.3.2) LV =-1 in¥x°

such that
V>0 in¥\X, V=0 onX.
Here
Y= {zx € Q|dist(z,X) < &} (e>0).
In the present case, Uy plays the role of the function V', and the whole of 9} can be

regarded as ”attracting in the sense of Uy”. In fact, the proof of Theorem 4.3.1 is very similar
to that of Theorem 2.32 in [59]; therefore it will be omitted.

In connection with the above remarks let us observe that, if 3 is attracting and the
coefficients a; j, b; are bounded in ¥° for some ¢ > 0, for any (zg,tg) € X x [0,T] a local
barrier can be constructed - namely, for any (zg,t9) € ¥ x [0,7] there exist 6 > 0 and a
supersolution h € C(Kj(xo,tp)) of the equation

Lh —ch — Gth =—1 in Kg(wo,t(]) s
such that
h>0 in Kg(l’o,to) \ {(l‘o,to)} and h(l‘o,to) =0
(here Ks(wo,t0) := (Bs(zo) x (to — 6,t0 + 6)) N Qr; e.g., see [30]). In fact, it is easily seen
that the function
h(z,t) := Mlexp{|c1[t}V (x) + Ao (|2 — 20| + (t — t0)?)]

has the above properties for A; > 0 big enough, A2 > 0 sufficiently small and § € (0, ).
As a consequence, general Dirichlet data g can be assigned on ¥ x [0,7]. This gives the
following theorem, whose standard proof is omitted.

THEOREM 4.3.3. Let assumptions (Hy) and (Hy) be satisfied; suppose agj, b, c,ug €
L>*(Q) (i,j = 1,...,n) and f(-,-,0) € L>®(Qr). Then there exists a bounded solution to
problem (4.2.11).
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An analogous result holds for the elliptic problem (4.2.12). In this connection, observe
that assumption (Hp) made in [7] implies a;j, b; € L*(2).

4.4. Proofs

The following lemma is an easy extension of Remark 1.2 in [7].

LEMMA 4.4.1. Let w: Q2 x [0,T] = R and U € C(Q), U >0 in Q. Let

(4.4.1) lim sup w(zy,ty) <0 whenever (zy,ty) Y o0 x [0,77.

n— oo
Then for any € > 0 there exists § > 0 such that:
(i) w(z,t) <e at any (z,t) € Q x [0,T] where U(z) < ;
(1) if moreover w < N in Q x [0,T] for some N > 0, there holds
N
(4.4.2) w(z,t) <e+ 5 U(z) for any (z,t) € Qx1[0,T].

Proof. (i) By contradiction, let there exist 9 > 0 such that for any n € IN there exists
(T, tn) € 2 x [0,T] such that

1
(4.4.3) 0<U(zy) < s W(Tp,tn) > €0 -

Since 2 is bounded, there exists a converging subsequence {(x, , tn, )} C
that its limit (x0,%p) belongs to 9Q x [0,T]. In fact, were (xq,ty) €
inequality in (4.4.3) we would have

lim U(zy,) =0=U(xg),

k—o0

since U € C(Q2). However, U(zg) > 0 since g € Q and U > 0 in © by assumption. The
contradiction proves the claim.
It follows that

(Tny s tny) Y o0 x [0,7] and w(zp,ty)>ep forany ke IN,

which contradicts assumption (4.4.1). Then claim (i) follows.
(17) Fix any (z,t) € Q x [0,T]. If U(x) < 6, then by (7) and the positivity of U in Q we get

{(zn,tn)}. We claim
x [0,T], by the first

N
w(z,t) <e <€+§U(l’).
Otherwise, we have

N N
w(x,t)gNggU(a:)<€+FU(a:).

This completes the proof. O
Proof of Theorem 4.2.5 By assumption there exists N > 0 such that

u(z,t) < N for any (x,t) € Q x [0,T].

Let U; (j € IN) and Uy be defined as in the proof of Lemma 4.2.3. Since Uy > 0 and u B
in 02 x [0, 7] (see assumption (Hs)), we can apply Lemma 4.4.1 with v = Uy, w = u. Then
for any € > 0 there exists § > 0 such that

(4.4.4) u(z,t) <e—+ % Uo(z) for any (z,t) € Qx[0,7].

We shall prove the following
Claim: For any € > 0 there exists § > 0 such that for any j € IN the function

(@, t) == {%[Ug(x) — Uj(2)] + g} exp(ealt) — u(z,t)  ((x,t) € Hy x [0,T))



4.4. PROOFS 97

is a supersolution of problem

Lu—cu—0wuw=0 in H;x(0,T)
(4.4.5) u=0 in 9H; x (0,7

u =20 n HJX{O}

Then for any € > 0 there exists § > 0 such that for any j € IN
N
(4.4.6) u@ng{ﬂ%@ywwmhfﬁmwm) (z,t) € H; x [0,T]).

Fix any (z,t) € Qr, and jo € IN such that (x,t) € H; x (0,T") for any j > jo. Letting first
j — o0, then € — 0 in (4.4.6) we obtain u(z,t) < 0; then the conclusion follows.

It remains to prove the Claim. By construction there holds Uy > Uj, thus v is positive in
Q2 x [0,T]. To prove that v is a supersolution of the differential equation in (4.4.5), fix ¢ > 0
arbitrarily and choose § > 0 such that (4.4.4) holds; then fix any j € IN. Since both U; and
Uy solve the equation

LU = -1 in Hj,
there holds

d

for any fixed t € [0, 7] and ¢ = ¥(-,t) € C§°(H; x (0,T)), ¥ > 0 (see Definition 1.2.1). Hence
multiplying by exp(|c1]t) and integrating in (0,7) gives

Ny —U,) +e| £vde =0
| Fw-u,

(4.4.7) / v L% dxdt = 0.
HjX(O,T)

On the other hand,

(4.4.8) / v O dadt = / le1] v dxdt.
HjX(O,T) HjX(O,T)

From (4.4.7)-(4.4.8) we obtain
(4.4.9) / (v—u){LY — )+ O} dxdt <O,
HjX(O,T)

since w is a subsolution of problem (4.2.11) with f = g = ug = 0. This completes the proof.(]

Proof of Theorem 4.2.6. Let u; and uy be two bounded solutions of problem (4.2.11). Set
U= ug — w1, M = max{||u1|/cc, ||u2]|cc }. Then for any ¢ € C§°(Qr), 1» > 0 there holds

Qr T

where L > 0 is the Lipschitz constant of the function f (x,t,-) in the set Qpx[—M, M], uniform
for (z,t) € Qr (see Definition 2.2.1 and assumption (Hz)). Therefore @ is a subsolution of
the problem

Lu—cu+ Llul—0u=0 in Qx(0,7)

(4.4.10) uLo in 99 x (0,T]

u =0 in Q x {0}
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(see Definition 4.2.4), and, in view of Remark 4.2.1, a viscosity subsolution to the differential
equation in (4.4.10). Clearly, the function 44 := max{a, 0} is a viscosity subsolution to the
same equation, thus a subsolution to the problem

Lu+(L—-—cu—0u=0 in Qx(0,1)

(4.4.11) u 2o in 9Q x (0,7

u =0 in Q x {0}
in the sense of Definition 4.2.4), again by Remark 4.2.1. By Theorem 4.2.5 we obtain 44 < 0,
thus uwo < wq. It is similarly proved that u; < us; hence the conclusion follows. O

4.5. Further remarks

In this section we show by an explicit example that solutions to problem (4.2.11) need
not exist, if condition (4.3.1) is not satisfied. To this purpose we make use of the approach to
uniqueness problems developed in [60] - [59] (see also [65] for corresponding elliptic results).
As a by-product of the following discussion, it appears that this approach is sharper than
that based on the refined maximum principle.

In the general setting we are dealing with, one cannot prescribe boundary data at any
point of 9Q x [0, 7] in the parabolic case, or of 9 for elliptic problems. Therefore it is
natural to think of 02 as the disjoint union of the regular boundary R and the singular
boundary S := 02\ R, assuming that the coefficients a;;, b;, ¢ are regular and the operator £
elliptic only in the set QU7R. Accordingly, one addresses the Dirichlet initial-boundary value
problem

Lu —cu— 0w = f(z,t, u) in Qr
(4.5.1) u=g in R x (0,7

u =g in (QUR) x {0}.

If uniqueness for problem (4.5.1) fails, it is natural to try and recover it by assigning
boundary data also on some subset S; x [0, 7], for some S; C S. This suggests to address the
problem

Lu —cu —ou= f(x,t,u) in Qr
(4.5.2) u=g in (RUSi1) x (0,7

u = up in (QURUS:) x {0}.
Our assumptions concerning the regular boundary R and the singular boundary S are sum-
marized as follows:
(i) =RUS, RNS=0,S#0;
(i1) R C 0 is open, ( satisfies the outer sphere condition at R ;
(Z’LZ) S=85US8, S§NS = (Z);
(iv) &1 and Sy have a finite number of connected components.

(Hs)

The counterpart of assumptions (Hy), (Hz) are
(1) a;; = aj; € Cl’l(Q UR), b; € Co’l(Q UR) (i,j=1,...,n);

(H7p) (41) szzl a;j()&¢&; > 0 for any € QU R and any nonzero (1, ..,&y) ;
(1i1) ¢ € C(QUR),
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respectively

(i) f € C(Qr x IR) Lipschitz continuous
with respect to u € IR, uniformly for (x,t) € Qp ;
(ii) g €e C(RUS1) x [0,T)), up € C(QURUS);
(4i1) up = g(-,0) on RUS; .
In the following we choose R as the largest subset of J€) where ellipticity of the operator £
holds (see assumption (H}) — (ii)).

(Hj)

Notice that solutions to the problem (4.5.2) are meant in the sense of Definition 2.2.2.

REMARK 4.5.1. In view of assumption (H}), there holds Uy € C(QUR) and Uy = 0 on
R; hence R C Z, where Z; denotes the set Z relative to the function Uy (see (4.2.6)). As
a consequence, a solution u to problem (4.2.11) belongs to C((Q2UR) x [0,7]) and satisfies
u=g¢gin R x (0,7], thus it is a solution of problem (4.5.1).

In the present approach, instead of considering the minimal positive solution Uy of equa-
tion (4.1.1) and prolonging it to zero at the boundary, we consider the problem

LU = -1 in Q
(4.5.3)
U=0 in R.

By a subsolution of problem (4.5.3) we mean any function U € C(QQUR), which is a subsolution
of equation (4.1.1) and is nonpositive on R. Then we have the following uniqueness result
(see [59]).

THEOREM 4.5.2. Let assumptions (Hs) and (H}) — (H}) be satisfied; suppose So # 0, ¢ >
c1 for some ¢y € IR. Let there exist a subsolution Z < H < 0 of problem (4.5.3) such that

4.5.4 li VA = —00.
(54 sy 0 T = 70

Then there exists at most one solution u € L>®(Qr) of problem (4.5.2).

Now we can discuss the example mentioned at the beginning of this section. Consider
problem (4.2.11) with
1

4.5.5 Lu = zz T 2 ’
( ) u (=12 + Ly)sinz [u Yty

Q:=(0,m) x (0, %), g € C(0Q x [0,T)), up € C(Q),ug = g in IQ x {0}, f(,-,0) € L=®(Qr).
We claim that the problem does not have a bounded solution for any g as above.

To prove the claim we need some preliminary remarks.
(7) It is immediately seen that in this case R = 0, thus & = 992. Choose S&; = ({0,7} X
[0,2]) U[0,7] x {3},82 = [0, 7] x {0}. The function Z(z,y) := 2% + logy — 72 satisfies

Z <0 in Q, LZ >0 in ), lim Z(z,y) = —oc.
y—0
Then by Theorem 4.5.2 the problem
m [UII + yQUyy] — atu =0 in QT
(4.5.6) u =g in Sy x (0,7
u =g in (QUS;) x {0}.

has at most one bounded solution.
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(41) In this case the function Uy belongs to C(Q2) and satisfies Uy = 0 on 91 - namely, Zy = 9.
In fact, the function

Viey) =y(y —9)sinz ((wy) €0)

is a positive supersolution of the problem

LU = -1 in Q
(4.5.7)
U=0 on of).

(i7i) Clearly, the function @ := Uy —t is a bounded solution of problem (4.5.6) with g(z,y,t) =
—t and ug = Uy, namely

1

2 B .
(—y2+1y)sinz [um +y uyy] —0u=0 in Qr

(4.5.8) w =t in S x (0,7]

u = Uy in(QUS;) x {0}.
(observe that condition (H}) — (¢i7) is satisfied, due to (i) above). In view of the above
remark (7), it is the unique bounded solution of (4.5.8). There holds

(4.5.9) lim u(z,y,t) = —to for any (zo,yo,t0) € S2 x [0,T].
(z,y,t) = (z0,90,t0)

Now we can prove the above claim. Consider problem (4.2.11) with £ given in (4.5.5),
f=c¢=0and uy = Uy. Choose g € C(992 x [0,T]) such that g(z,0) = 0 for any = € 99,
g(x, Y, t) = —tfor any (.Z', Y, t) € S1% [07 T]7 g(.%'(), Yo, tO) 7é —tp for some (l‘o, Yo, tO) € Sax [07 T] :
Then there holds

1 .
(—y2+1y)sinz [um + yQUyy] —Omu=0 in Qr
Uop .
“=9 in 09 x (0,7
u = Uo in Qx{0}.

Since Uy € C(Q) and Uy = 0 on 952, this simply reads

1

(—y2+Ly)sinz [tz + Y uyy] —Ou=0  in Qr

UZUO in QX{O}.

Any bounded solution of problem (4.5.10) is also a bounded solution of problem (4.5.8). As
already remarked, @ is the unique solution of (4.5.8); however, in view of equality (4.5.9) and of
the choice of g, it cannot satisfy the boundary condition at the point (xg, yo,%0) € S2 x [0,T7].
Therefore no solution of problem (4.5.10) exists, and the claim follows.

The above discussion also points out that Theorem 4.5.2 can be sharper than Theorem
4.2.5. In fact, in the above example the latter leads to assign boundary conditions on the
whole of 992 x [0, T'], whereas only boundary data on a proper subset are required to make the
problem well-posed. Not surprisingly, prescribing boundary data on a set "too large” gives
rise to nonexistence.

In this connection, let us mention that the above techniques can be combined with the
ideas underlying the refined maximum principle to prove sharper results. For instance, if the
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sets
F::{x068|liIginon(x):O}:SﬂZo, Ir“:=8\T
T—x0

satisfy suitable conditions, then we can prove existence of solutions to problem (4.2.11) with-
out requiring condition (4.3.1) to be fulfilled at the regular boundary R. This is the content
of the following theorem.

THEOREM 4.5.3. Let assumptions (H}) and (H) be satisfied; suppose ¢ € L*(I'¢) for
some e >0, f(-,-,0) € L®(Qr). In addition, let the following assumptions be satisfied:
o there exists ¢ € C((QURUT) x [0,T]) such that g = ¢ in (TUR) x [0,T],up = ¢

in ) X {0};
o there exists g € C([0,T]) such that
(4.5.11) g(z,t) = g(t) for any (z,t) €T x [0,T];
- up(z) = g1(0)  for any x € T';

e ' and I'* have a finite number of connected components ;
e there holds

(4.5.12) NI NorR =10.
Then there exists a bounded solution to problem (4.2.11).

To prove Theorem 4.5.3 we need some preliminary remarks.

Denote by Uy C IR™ a neighborhood of dI' N 9I'* and by Us C IR™ a neighborhood of
O NOR. If OT NOT* = 0, we take Uy = 0,Us D T'¢; if OT NOR = 0, we take Uy D I'S, Uy = (.

Observe that, if condition (4.5.12) holds true, then we can choose U; and Uy such that
Uy NUy = and
(4.5.13) [0 N (D)% C Uy, T AR C Uy, [0\ D2 UU] CQUR.

for some ¢ > 0.
Next proposition holds true.

PROPOSITION 4.5.4. Let assumptions of Theorem 4.5.3 be satisfied, €9 > 0 be given by
(4.5.13) and € € (0,e0). Then there exists a nonnegative supersolution H to equation

(4.5.14) LH=-1 inT®

with the following properties:
(i) H € C(I'*) N LSC(T¢) ; B
(79) inf 4 H > 0, where A® := {z € Q|dist(x,I") = ¢};
(1i1) H=0 in T.

Proof of Proposition 4.5.4. Consider x € C?(T¢) such that 0 < x <1, x = 1in AN, x =0
in /2 U U;. Notice that, in view of (4.5.13) and assumption (Hs), there exists a positive
constant a such that

(4.5.15) Lx <a inI°\[?uly].
Moreover,
(4.5.16) Lx =0 inD2uu.
Define
(a+1)Uy(z) + x(z) if zeTe\ o0
(4.5.17) H(z):=

(a+1)liminf, ,, Up(y) + x(z) if x € 0I*NON.
Since Uy is a solution of problem (4.5.3), from (4.5.15)-(4.5.16) we arrive to:
(4.5.18) LH < —(a+1)+a inT\(T20l),
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(4.5.19) LH < —a—1 inI?0l,

whence H is a supersolution to equation (4.5.14). It is easily seen that H is nonnegative and
fulfills conditions (i) and (#¢7). In addition, since x = 1 in A NUs and liminf, ,; Up(y) > 0
for any x € I'*, we have that property (i7) is satisfied, too. O

Proof of Theorem 4.5.8. In view of Proposition 4.5.4, we can repeat the proof of Theorem
2.22 in [59] (see also Chapter 4, Theorem 2.2.22) to obtain the result. O



CHAPTER 5

On the Cauchy problem for nonlinear parabolic equations
with variable density

5.1. Introduction

We provide sufficient conditions for uniqueness or nonuniqueness of bounded solutions to
the following Cauchy problem:

pOu=A[G(u)] in R"x (0,T] =: Sp
(5.1.1)
u = ug in R"™ x {0}.

Here n > 3, T > 0, the density p = p(z) is a positive function, ug is bounded, G is increasing
and sufficiently smooth; precise assumptions on p, ug and G will be made in Section 5.2.

Problem (5.1.1), which arises in situations of physical interest (see [45]), has been the
object of detailed investigation. In fact, it is well-known that it turns out to be well-posed in
the class of bounded solutions when n < 2 and p is sufficiently smooth, or when n > 3 and
p is constant (see [6], [37], [42]; see also [11]). Moreover, by results shown in [43] it follows
that problem (5.1.1) with p = p(r), up = uo(r) > 0, n > 1 (r = |z|) has a unique bounded
nonnegative radial solution also when

/Ooorp(r)drzoo.

On the contrary, when n > 3 and p — 0 sufficiently fast as » — oo, some conditions at infinity
are needed to restore well-posedness (see [21]-[23], [43], [45], [68]). Observe that conditions
at infinity considered in the mentioned literature are of Dirichlet type and homogeneous, for
they imply that the solution goes to zero as r — oo in a proper sense. However, in the
particular case G(u) = wu, in [44] conditions at infinity of different type were considered.
More precisely, existence and uniqueness of bounded classical solutions to problem (5.1.1)
with G(u) = u, which satisfy at infinity in a suitable sense either inhomogeneous conditions
of Dirichlet type, or conditions of Neumann type, were proved.

The aim of this paper is to prove the following:

(1) uniqueness of bounded solutions to problem (5.1.1), not satisfying any additional
condition at infinity, when p(z) — 0 slowly, or p does not go to zero, as r — oo (see Theorem
5.2.3);

(i) existence of bounded solutions to problem (5.1.1), satisfying at infinity possibly inho-
mogeneous conditions of Dirichlet type, when p(z) — 0 sufficiently fast as r — oo (see Theo-
rems 5.2.8, 5.2.11 and 5.2.15) . Observe that these results, in particular, imply nonuniqueness
of bounded solutions to problem (5.1.1).

The uniqueness result outlined in (7) above generalizes those given in [43] in the case with
radial symmetry (see Remark 5.2.5); furthermore, it extends to the nonlinear case uniqueness
results established in [37] for general linear parabolic equations (see also [20]) .

Besides, the results outlined in (i) generalize the existence results given in [23], [43] and
[44] (see Remarks 5.2.9 and 5.2.13).

103
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5.2. Mathematical background and results

In what follows we always assume:

() peC(RY), p>0;
(Ho) (ii) G € C'(IR), G(0) =0, G'(s) > 0 for any s € IR\ {0},
0 G’ decreasing in (—¢,0) and increasing in (0,9), if G'(0) =0 (6 > 0);
(13i) wp € L*°(IR") N C(R").

Solutions, sub- and supersolutions of problem (5.1.1) are always meant in the following
sense.

DEFINITION 5.2.1. By a solution of problem (5.1.1) we mean a function u € C(St) N
L*>(St) such that

/T/ {pudip + Gu) Ay} dudt = / p [u(z, )¢z, 7) — uo(z)y(z,0)] do+
(5.2.1) 70 7 l
+/0 - G(uw){(V, v)do dt

for any bounded open set 1 C IR"™ with smooth boundary 0Qy, T € (0,T), ¢ € C%1(Qy x
[0,7]),% > 0,¢ =0 in 0Q x [0, 7]; here v denotes the outer normal to Qy and (-, -) the scalar
product in IR™.

Supersolutions (subsolutions) of (5.1.1) are defined replacing” =7 by ” <7 (7 > 7,
respectively) in (5.2.1).

Observe that, according to Definition 5.2.1, solutions of problem (5.1.1) we deal with are
bounded in St .

5.2.1. No conditions at infinity. Let us mention the following result concerning ex-
istence of solutions of (5.1.1), which can be proved by standard methods (see e.g. [23], [43],
(60]).

THEOREM 5.2.2. Let assumption (Hy) be satisfied. Then there exists a solution of problem
(5.1.1).

Concerning uniqueness, the following result will be proved (here By := {z € R" | |z| <

R} (R>0)).
THEOREM 5.2.3. Let assumption (Hy) be satisfied. Moreover, suppose that

there exist R > 0 and pE C([R,0)) such that
(H1) (i) p(x) > p(Jx]) >0 for any x € IR" \ By, and
(i) [z np(n)dn = oco.

Then there exists at most one solution of problem (5.1.1).

A~

REMARK 5.2.4. A natural choice in Theorem 5.2.3 is p(n) := =% (n € [R,00)) for some
o€ (—00,2] and R >0.

REMARK 5.2.5. Let p = p(r), up = up(r) > 0 and assumptions of Theorem 5.2.3 be
satisfied. Then by Theorem 6.2 of [43] there exists at most one nonnegative solution u =
u(r, t) of problem (5.1.1). This is in agreement with Theorem 5.2.3.
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5.2.2. Dirichlet conditions at infinity. If p satisfies the condition
(Ho) I'sxpe L*®(R"),

where I' is the fundamental solution of the Laplace equation in IR", then any solution of
problem (5.1.1) has a trace at infinity in a suitable sense. This is the content of the following.

THEOREM 5.2.6. Let assumptions (Hy), (Hz2) be satisfied. Let u be any solution of problem
(5.1.1) and

t
(5.2.2) U(z,t) = / G(u(z,7))dr ((z,t) € S7).
0
Then there exists a function A € Lip([0,T]) with A(0) =0 such that

5.2.3 lim
( ) R—o0 |8BR| 8BRr

}U(az,t) —A(t)‘ do =0

uniformly with respect to t € [0,T].

REMARK 5.2.7. (¢) In [12] it was proved that condition (H3) is equivalent to the existence
of a bounded solution to the first exit time equation (see [35])
(5.2.4) AU = —p in IR".
(74) Clearly, assumption (H;) excludes (Hs2) to be satisfied.

For any given A € Lip([0,T]) equality (5.2.3) can be also regarded as an inhomogeneous
Dirichlet condition at infinity . Existence of solutions to problem (5.1.1) satisfying condition
(5.2.3) is dealt with by the following theorem.

THEOREM 5.2.8. Let assumptions (Hy), (Hz) be satisfied and A € Lip([0,T]) with A(0) =
0. Then there exists a solution u of problem (5.1.1) satisfying condition (5.2.3), with U defined
in (5.2.2) .

REMARK 5.2.9. (i) Theorems 5.2.6 and 5.2.8 with G(u) = u were proved in [44], Theorems
1.1-1.2.
(7i) Results corresponding to Theorem 5.2.8, concerning nonnegative solutions of problem
(5.1.1) with up > 0 were proved in [23] in the case A =0.
(747) It is known that there exists at most one solution u € L*(Qr) to problem (5.1.1)
satisfying condition (5.2.3) when G(u) = u (see [44]), or when u > 0, ug > 0 and A =0 (see
23]).

If assumption (Hj) is replaced by the stronger condition

there exist R > 0 and p € C([R,0)) such that
(H3) (1)  plz) <p(|z|) for any z € R"\ By, and

(i1) [z np(n)dn < oo,
the following refinements of Theorems 5.2.6 and 5.2.8 are obtained.

THEOREM 5.2.10. Let assumptions (Hy), (Hs) be satisfied; let u be any solution of problem
(5.1.1). Then there exists a function A € Lip([0,T]) with A(0) =0 such that
(5.2.5) ll‘im |U(z,t) — At)| = 0
T|—00

uniformly with respect to t € [0,T), with U defined in (5.2.2) .

THEOREM 5.2.11. Let assumptions (Hy), (H3) be satisfied and A € Lip([0,T]) with A(0) =
0. Then there exists a solution u of problem (5.1.1) satisfying condition (5.2.5), with U defined
in (5.2.2).
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REMARK 5.2.12. A natural choice in Theorems 5.2.10 is 5(n) := n~% (n € [R,00)) for
some « € (2,00] and R > 0.

REMARK 5.2.13. (i) Results analogous to Theorem 5.2.11, concerning nonnegative radial
solutions of problem (5.1.1) with p = p(r), ugp = uo(r) > 0 are proved in [43], Theorem 6.1
when A =0.

(17) Conditions similar to (H;) and (Hs) have been used in [58] to study uniqueness of
solutions to linear degenerate elliptic and parabolic equations in bounded domains.

If in Theorems 5.2.6 and 5.2.8 we replace assumption (Hz) by the weaker condition
(Hy) there exists xg € IR™ such that {T' % p}(z¢) < oo,
we obtain the following results.
THEOREM 5.2.14. Let assumptions (Hy), (Hy) be satisfied; let u be any solution of problem

(5.1.1). Then there exist a function A € Lip([0,T]) with A(0) = 0 and a sequence {x;,} C
R", |zy| — o0 as m — oo such that

(5.2.6) lim |U(zp,t) — A(t)] = 0

m—0o0

uniformly with respect to t € [0,T], with U defined in (5.2.2) .

THEOREM 5.2.15. Let assumptions (Hy), (Hy4) be satisfied and A € Lip([0,T]) with A(0) =
0. Then there exists a sequence {xy} C IR", x| — 00 asm — oo and a solution u of problem

(5.1.1) satisfying condition (5.2.6), with U defined in (5.2.2).

REMARK 5.2.16. If assumption (Hy) is satisfied, then {I" x p}(z) < oo for any z € IR"
(see [12]).

REMARK 5.2.17. Results similar to Theorem 5.2.15 are proved for more general parabolic
problems in [60], where also bounded domains are considered .

5.3. Proof of uniqueness result
The following lemma will play a key role in the proof of Theorem 5.2.3.

LEMMA 5.3.1. Let n > 3 and Ypr be the solution of the elliptic problem:

AU = —F in Bp
(5.3.1)
U=0 on O0BR,

where R > 1, F € Cg°(IR"), supp F' C By, F > 0,F # 0. Then there ezists a constant C > 0
(which depends only on n and on the function F') such that for any R > 1 the following holds:

(5.3.2) —CR'™ < (Vir,vg) < 0 on dBg;
here vg denotes the outer normal to Bg.

Let us recall that if n > 3, the solution of the problem (5.3.1) (with R > 1) is given by
(e.g., see [32]):

Yr(z) = — ; Gr(z,y) F(y)dy = — ; Gr(x,y) F(y)dy (z € Bg).

Here

r(lz - yl) - T (%

y—fj—;x‘) ifx,ye R",x #0
(5.3.3) Gr(z,y) :=
I(ly]) —T(R) ifzx,ye R",z=0
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is the Green’s function for Bp, with

1 2-n
— =" " oifr>0

I(r):=
— 0 ifr=0,

and w,, denotes the volume of the unit ball By of IR"™.

By the maximum principle we have ¥g > 0 in Bg for any R > 1. This implies that the
function ¥r, — ¥gr, (1 < R; < Ry) is a subsolution of problem

AU =0 in BR1
(5.3.4)
U=0 ondBg,,

thus again by the maximum principle

(5.3.5) Yr, < Y, in Br, (1< Ry <Ry).
It is also worth observing that by (5.3.5) and the monotone convergence theorem we have
(5.3.6) Rlim Yr(x) = Yoo(x) := —/ I(le—y|]) F(y)dy (x € R").
— 00 Bl

Proof of Lemma 5.3.1. Clearly, by the strong maximum principle there holds (Vir, vg) <0
on 0BpR for any R > 1.

Moreover, for any R > 1, x € 0Br, i =1...,n we have

) B ) o |z, R
e == [ {grrte v - gordEly - Coah )y,

0 1
IR — = s — Y — -n
22— yl) = (gl — ol
o /lz]| R 1y R? |-n R |2
0x; R \xPx nwn, ] Y \xPx 2y \xPx

—R? {yilw\Q + z;(R?* — 2(x, y>)]} (y € By).
The previous equalities imply

(Vig(z), vR(T)) =
(5.3.7) |

. /B o~y 2R — 2R N y) — RV — yPYF(y)dy
1

NWn,

for any R > 1, x € 0BpR.
Observe that for any R > 1,x € 0Bgr,y € B1 we have

(5.3.8) R-—Ry<|lr—y|<R+1,
with Ro € (0,1) such that supp F C Bg, ; moreover,
(5.3.9) |(z,y)| < R.

From (5.3.7)-(5.3.9) we obtain

2R+2+4+ R N(R+1)?
nwy, (R — Ro)™

for any R > 1, € dBpg and for some C > 0 which depends only on n and on the function
F'. The proof is complete. O

(Vor(a),va(@)) 2 | Py = —cri
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For any R > 0 consider the auxiliary problem
pur = A[G(u)] in Bgr x (0,T] =: Qr,r

(5.3.10) u = in 0Br x (0,T)

U = U in Bgr x {0},
where ¢ € L*°(0Bg x (0,T)).

DEFINITION 5.3.2. By a solution of problem (5.3.10) we mean a function v € C(Qprr) N
L>*(Qr,1) such that

/OT/ {pud + G(u)AY} dudt = / p [u(z, )¢(z, 7) — uo(z)y(z,0)] dz+

// W)V, v do—dt+// (©)(V, v)do dt
891\8BR anﬂaBR

for any bounded open set Q1 C Bgr with smooth boundary 09, 7 € (0,T], ¢ € C1(Q x
[0,7]),% > 0,1 =0 in 9Qy x [0,7]; here v denotes the outer normal to §y.
Subsolutions and supersolutions are defined accordingly.

It is well-known that existence, uniqueness and comparison results hold true for problem
(5.3.10) (e.g. see [23], [60]).

Now we can prove Theorem 5.2.3. The proof is modelled after that given in [43] for the
casen =1.

Proof of Theorem 5.2.3. Let u1, ug be any two solutions of problem (5.1.1); set
M = max{ |u1|oc, [u2lloo} -

For any R > 0 let ur be the unique solution of problem (5.3.10) with ¢ = —M. By comparison
results we have:

(5.3.11) —M <up<u; and —M <ur<uz in Qrr.

By usual compactness arguments there exists a subsequence {ug, } C {ug} which converges
uniformly in any compact subset of St. Set

w:= lim ug, in S7.

The function u is a solution of problem (5.1.1); moreover, from (5.3.11) we obtain
(5.3.12) ~-M<u<wu and —M<u<wuy in St.
The conclusion will follow, if we show that
(5.3.13) Ul = u = ug in Sp.
Set w = uj or w = uy for simplicity. In view of assumption (Hy) — (i3), to prove (5.3.13)
it is sufficient to show that
(5.3.14) /T - [G(w) — G(w)] Fdxdt = 0
for any F' € C3°(IR"), F > 0. It is not restrictive to assume supp F' C By, F' # 0, as we do
in the following.
From problem (5.1.1) we have

p (0w — Bu) = A[G(w) — G(u)] in Sr
(5.3.15)
w—u =0 in IR™ x {0}.
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Then from equality (5.2.1) with Q; = B (R > 1), we obtain
/ p(z)[w(z,7) — u(z,7)]¢Yr(z da:—i—/ / Gw)|F(z)dzdt =
(5.3.16) Br Br
/ {G }<V¢R,VR> do dt,
OBr

g denoting the solution of (5.3.1). Since F' > 0, ¢yp > 0, w > w and (H;) — (i¢) holds true,
equality (5.3.16) with 7 = T gives

T
/0 [G(w) — G(u)] F(z) dzdt <
(5.3.17)

"
< lim inf ’ /OT /63R {G(w) — G(w) }(VYr, vr) dadt’ .

R—o0

Hence (5.3.14) will follow, if we prove that

R—o0

T
(5.3.18) liminf‘/o /83 {G(w) — G(w) Y (Vibr, vr) dadt’ = 0.
Define .
o(R) ;_/0 [ {Gtw)~Gw}drdt (R>0).

We shall prove that
(5.3.19) liminf R"™"¢(R) = 0,

R—o00

whence the conclusion follows easily. In fact, by (5.3.19) there exists a sequence {R,,} C
(0,00), Ry, — 00 as m — oo such that

(5.3.20) lim R."p(R,,) = liminf R*™"p(R) = 0.

m—00 R—o0

Then

‘/T/aB {G(w) - GW) }(VYr,,, Vr,,) dodt| <

< CRL™ / / — G(u)}dodt = CR},"p(Ry) — 0
9Bg,,

as m — oo. This implies (5.3.18), whence (5.3.14) and the conclusion follow.
It remains to prove (5.3.19). To this purpose suppose by contradiction

liminf R'™"p(R) > v;
R—o0

for some v > 0; then there exists R > 1 such that

(5.3.21) R'"™p(R) > % for any R > R.

From (5.3.2) and (5.3.16) we have
(5.3.22)

/ /BR (z,7) = u(z, 7)|¢r(z) dedr <

= /o /0 /63R {G(w) - G(@)}‘W%%, VR>‘d0'dth <
§2A§“§>;MG<7~>|/OT/OT/83R

(Vig, VR>’dadth <29BIC_ max ()],
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for any R > 1.
Letting R — oo in (5.3.22), by (5.3.5)-(5.3.6) and the monotone convergence theorem we
have

T
(5.3.23) /0 / o) (e, ) = (7)Y ) dadr < ATOBIC o (G

On the other hand, we have

T
/o / n p(@) [w(z,7) = u(w, 7)o (2) dedr >
T
(5.3.24) > 2 /0 / @) [Glw) - Gw)] v (@) dadr >

1 T
> / /B oy, P2 [6(0) = 6] Yos(o) o

here R := max{R, R}, L := [m]z\ZXM} G'(s). Observe that for any « € IR" \ By and y € B;
se|—M,

(5.3.25) |z —y| < 2|z|.

By (Hi), (5.3.6), (5.3.21) and (5.3.25) we have

/ /RH\B (w) = G(w)] Yoo (@) dudr =

T
=i | [y PCE) @] [ Ty dydrar >

T
S Hn/o / "\Bj 2|2 [6(w) = Glw)] |z — y|> " F(y)dydxdr >

B
> o2, [ Fiy)dy / / ol gl Glw) ~ Gl dvar =
:227an . F(y)dy/R RZ n / /BBR )]dO'dT}dR
=22"H, | F(y )dy " g p(R)p(R)dR >
By

“+oo
>~2="m, | F(y)dy / Rp(R)dR = o,
B R -

where H,, := . The above inequalities and (5.3.24) yield

Ln(n 2)wn

/OT/ (@) [w(e, 7) = ul@, 7)] oo () dudr = oo,

in contrast with (5.3.23); hence (5.3.19) follows. This completes the proof. O
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5.4. Proof of nonuniqueness results

5.4.1. Proof of Theorems 5.2.6 and 5.2.8. In the sequel we deal with bounded solu-
tions to elliptic problems of the following type:

AU =—pf inQ
(5.4.1)
U=y in 02,

where 2 is an open subset of IR" with smooth boundary, f € C(2) and g € C(02).

Let us make precise the definition of solution of problem (5.4.1).

DEFINITION 5.4.1. By a solution of problem (5.4.1) we mean a function U € C(2)NL>® ()
such that

/Q U A de = / U( Vi, v) do +

891 \09

v do — d
+/89mmg< Y,v)do /lefw T

for any open set 1 C Q with smooth boundary 91, v € C%(Q1), > 0,4 = 0 on 9Qy; here
v denotes the outer normal to 1. Subsolutions and supersolutions are defined accordingly.

(5.4.2)

Moreover, we will consider the elliptic equation
(5.4.3) AU = —pf in R",
with f € C(IR").

DEFINITION 5.4.2. By a solution of equation (5.4.3) we mean a function u € C(IR™)
satisfying equality (5.4.2) with Q = IR™.

REMARK 5.4.3. (i) Let U € C(IR"). It is easily seen that U is a solution of equation
(5.4.3) if and only if it satisfies

(5.4.4) /nUAzp = —/]Rnpfwd:n

for any ¢ € C2(IR"™). Then U is a solution of equation (5.4.3) if and only if U is a viscosity
solution of the same equation (see [?]).
(7i) By (i) above and the standard theory of viscosity solution any bounded solution of
equation (5.4.3) with f = 0 is constant.

In the following lemma we recall the content of Lemma 2.1 in [44].

LEMMA 5.4.4. Let assumptions (Hp) — (i), (H2) be satisfied and f € C(IR™) N L*°(IR") .
Let U be a bounded solution of equation (5.4.3). Then there exists A € IR such that

(5.4.5) lim

—_— U—-Aldoc =0.
R—o0 |8BR| 8BR| |

REMARK 5.4.5. In connection with the above lemma, observe that in Lemma 2.1 in [44]
U is a classical bounded solution of equation (5.4.3). However, in view of Remark 5.4.3 it is
easily seen that the same proof also holds in the present situation.

The proofs of Theorems 5.2.6 and 5.2.8 follow by a standard adaptation of those of
Theorems 1.1, respectively 1.2 in [44]; we limit ourselves to give only their hint.
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Hint of the proof of Theorem 5.2.6. 1t is easily seen that the function U defined in (5.2.2) is
a solution of the equation
AU(-t) = —plug —u(-,t)] in R"
for any t € (0,7]. In fact, by Definition 5.2.1 we have
Ule.t) 8b(e)dz = [ pla)luet) — wi@)] v(o)de+ [ UG, 0(Vw,v)do
(951 (o1 o
for any €; and ¢ = ¢ (z) as in Definition 5.4.1.

Since assumptions (Hp), (H2) are satisfied and u € L*°(S7), we can apply Lemma 5.4.4;
hence there exists a function A : (0,7] — IR such that the equality (5.2.3) holds for any
€ (0,7]. By the same arguments used in the proof of Theorem 1.1 in [44], it is shown that

(1) A € Lip([0,T7),
(1) the convergence in (5.2.3) is uniform with respect to ¢ € [0, 7] .
This proves the result. U

Observe that for any A € Lip([0,T]) the derivative A’ exists almost everywhere in [0, 7]
and belongs to L*((0,T)).

Hint of the proof of Theorem 5.2.8. For any R > 0 let ur be the unique solution of the
problem

pOyu = A[G(u)] in Qrr

(5.4.6) u=G (A in B x (0,7)
u = U in Br x{0}.
By comparison results we have
(5.4.7) lur| < |Juollco + max |IG7Yr)| =M inQgrr.

—[[A Joo <r<[|A"|oo

By usual compactness arguments there exists a subsequence {ug,, } C {ur}, which converges
uniformly in any compact subset of St to a solution u of problem (5.1.1).
Define U as in (5.2.2) and

t
(5.4.8) Ugr(z,t) ::/ G(ug(z,7))dr ((:E,t) € QR,T) )
0
Observe that Ug,, — U in St as m — oo.
Let us show that for any ¢ € (0,7] the function Ug(-,t) satisfies the problem

AU = —plup —ugr(-,t)] in Bg
(5.4.9)
U= A(t) in 6BR .

In fact, by Definition 5.3.2

/ Ur(z,t)Ay(x / p(z) [ur(z,t) — uo(x)]¢(z) do+
931 931

+ [ Unn(© @wmw+/ A1) (V) do
891\833 00Q1NOBR
for any ¢t € (0,7, 1 and ¢ = ¢(x) as in Definition 5.4.1.

It is easily seen that the function

Vr(x,t) = : Gr(z,y)p(y)[uo — ur(y,t)]dy + Ar(t) ((z,t) € Qrr)

(5.4.10)
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solves problem (5.4.9) for any ¢ € (0,7"); here G is the Green’s function defined in (5.3.3).

By uniqueness results we obtain Ugr = Vg in Qgrr. Then, arguing as in the proof of
Theorem 1.2 in [44], it is shown that

Uz, t) = {T * [p(ug — u(-,1))] }(z) + A(t) ((z,t) € R" x (0,T)).

Since T * p, ug, u(-,t) € L=(IR"), equality (5.2.3) can be proved arguing as in the proof
of Lemma 2.1 in [44]. The proof is complete. O

5.4.2. Proof of Theorems 5.2.10-5.2.11. If in Lemma 5.3.1 we replace assumption
(H3) by (Hs), we obtain the following stronger result.

LEMMA 5.4.6. Let assumptions (Hp) — (i),(Hs) be satisfied. Suppose f € C(IR") N
L*(R"). Let U be a bounded solution of equation (5.4.3). Then there exists A € IR such
that

(5.4.1) lim U(z) = A.

|z|—o00
To prove Lemma 5.4.6 we need a preliminary result.

LEMMA 5.4.7. Let assumption (Hy) — (i) be satisfied; suppose f € C(IR") N L>®(IR"™) and
A € IR. Let there exist a positive supersolution V' of equation (5.2.4) satisfying

(5.4.2) lim V(z) = 0.

|x|—o00
Then there exists a solution U of equation (5.4.3) such that (5.4.1) is satisfied.

Lemma 5.4.7 can be proved by standard methods; we give its proof for further purposes.
Proof of Lemma 5.4.7. For any R > 0 denote by Ugr the unique solution of the problem

AU = —pf in Bp
(5.4.3)
U=A on 0BpR.

It is easily seen that the function ||f||ccV + A is a supersolution to problem (5.4.3). In
fact, fix any R > 0, 1 and ¢ as in Definition 5.4.1. Since

(5.4.4) (Vip,v) < 0 on 0Q,
by Definition 5.4.2 we have

[ A1V + 4y avds < [ {iflV 5 A} 00y do — [l pide <
[oN o0 91

é/ (Il + AY (V) ) dor +/ AV, v) do
90:1\0Bg

0Q1NOBR
here use of inequalities V' > 0 and (5.4.4) has been made. Then the claim follows (see
Definition 5.4.1) .
It is analogously checked that the function —||f|l.cV + A is a subsolution to the same
problem; thus by comparison principles we have

(5.4.5) —fllecV+A < Ugr < |fllV+A in Bg.

By usual compactness arguments (see [32]) there exists a subsequence {Ug,,} C {Ur},
which converges uniformly in any compact subset of IR™. Set

U:= lim Ug, in R".

m— 00

Clearly, U is a solution to equation (5.4.3); moreover, from (5.4.5) we obtain
(5.4.6) —[[fllV+A<U < |fllV+A in R".
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In view of (5.4.2) and (5.4.6) we get (5.4.1). This proves the result. O

Let us now prove Lemma 5.4.6.

Proof of Lemma 5.4.6. Define

Po = - )
Cp i [R+oo):
here )
C := —— max{maxp, p(R)} € (0,00).
p(R) Bp
Clearly, p, € C([0,00)); moreover, by assumption (Hsz) — (4)
(5.4.7) p(x) < po(|z]) for any x € IR".

Assumption (Hs3) again implies that

H:= rlgrgloniz[TQ‘”/o 0" Bo(n) dn—/o npo(n) dn] < 0.
Define
548 V@) =V0) =5 [ = [ o] - # @ e ).
We have that V € C?(IR™) and
(5.4.9) AV(z) = =po(r) < —plx) (z€R");
here use of inequality (5.4.7) has been made. In addition, as is easily seen,
(5.4.10) Tll)rrolo V(r) =0,
(5.4.11) V>0 in R".
By Lemma 5.4.7 there exist a solution U; to the equation
(5.4.12) AU = —pft in R"
such that
(5.4.13) lim Ui(x) =0
|z| =00
and a solution Us to the equation
(5.4.14) AU = —pf~ in R"
such that
(5.4.15) lim Us(z) = 0;
|z|—o00

here f* := max{+f, 0}. Observe that Uy, Us € L>(IR"). Then the function U — (U; — Uz)
is a bounded solution to the equation (5.4.3) with f = 0. Hence, in view of Remark 5.4.3,

(5.4.16) U=U;-Us;+A in R"

for some A € IR. From (5.4.13) and (5.4.15)-(5.4.16) the conclusion follows. O
Proof of Theorem 5.2.10. The result can be obtained arguing as in the proof of Theorem
5.2.6, applying Lemma 5.4.6 instead of Lemma 5.3.1. O

Proof of Theorem 5.2.11. We can repeat the proof of Theorem 5.2.8, using the same notation,
to construct the family {Ur} of solutions of problem (5.4.9) such that Ug,, — U in St .
Let V be defined as in (5.4.8); hence (5.4.9)-(5.4.11) hold true.
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We claim that
(5.4.17) —2MV (z) + A(t) < U(z,t) < 2MV(z)+ At)  ((z,t) € R" x (0,T));
here M is given by (5.4.7).

From (5.4.10) and (5.4.17) we obtain (5.2.5), hence the conclusion.

It remains to prove the claim. It is easily seen that for any fixed ¢ € (0,7] and R > 0
the function 2MV — Ugr + A is a supersolution, while the function —2MV — Ugr + A is a
subsolution of problem

AU =0 in Bg
(5.4.18)
U=0 on aBR .

In fact, fix any Q, ¥ as in Definition 5.4.1, R > 0 and ¢ € (0,7]. Then by (5.4.10) and
Definition 5.4.2 we have
(5.4.19)

/ @MV — Up + A) Avrde < / @MV + A)(Vb, 1) do+
(951 o

—/ Ur <V1/J,1/)da—/ A(VY,vydo — / (2M +urp —ug)ppder =
891\83R 0Q1NIBR (921

- / oMV (Vi, ) do + / (2MV — Ug + A)(Vi, v) do+
0Q1NIBR 891\833

—/ (2M 4+ ur —uo)ptp dx;
971

as before, here upr denotes the solution of the problem (5.4.6).
From (5.4.7) and (5.4.11) we have

(5420) 2M Z Uy — URr in Ql s
respectively
(5.4.21) 2MV >0 on 0Bg

for any R > 0. From (5.4.4), (5.4.19)-(5.4.21) we obtain

/ @MV — Up + A) At dz < / @MV — Un + A)(V, 1) do
o 991\0BR

for any R > 0. This shows that the function 2MV — Ugr + A is a supersolution to problem
(5.4.18) for any R > 0 (see Definition 5.4.1). It is similarly seen that —2MV —Ur + A is a
subsolution of the same problem for any R > 0.

By comparison results we obtain
—2MV (z) + A(t) < Ug(w,t) < 2MV(z) + A(t)  ((z,t) € Br x (0,7))

for any R > 0. This implies (5.4.17), thus the proof is complete. O
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5.4.3. Proof of Theorems 5.2.14-5.2.15. If in Lemma 5.4.6 we suppose that (Hy) is
satisfied instead of (H3), then we obtain the following weaker result.

LEMMA 5.4.8. Let assumptions (Hy) — (i),(Hy) be satisfied. Suppose f € C(IR") N
L>®(IR"™). Then there ezists a sequence {x,,} C IR",|xy| — 00 as m — oo with the fol-
lowing property: for any bounded solution U of equation (5.4.3) there exists A € IR such
that

lim U(zy,) = A.

m—0o0

In the proof of Lemma 5.4.8 we make use of the following auxiliary result (see [60], [65]
for similar results for more general parabolic, respectively elliptic problems).

LEMMA 5.4.9. Let assumption (Hy) — (i) be satisfied; suppose f € C(IR™)NL>®(IR") and
A € IR. Let there exist a supersolution V' of equation (5.2.4) satisfying

(5.4.1) infV =0.
B’VL

Then there exist a sequence {xy} C IR™,|Tm| — 00 as m — oo and a solution U of equation
(5.4.3) such that
lim U(zy,) = A.

m—o0

To prove Lemma 5.4.9 we need the following result, which is proved in [60], Lemma 2.6.

LEMMA 5.4.10. Let assumption (Ho) — (i) be satisfied, A € IR. Let there exist a su-
persolution V' of equation (5.2.4) satisfying condition (5.4.1). Then there exists a sequence
{xm} C R",|xym| — 00 as m — oo such that

(5.4.2) lim V(z,) = 0.

m—00

Proof of Lemma 5.4.9. By Lemma 5.4.10 there exists a sequence {x,,} C IR",|zy,| — oo as
m — oo such that (5.4.2) holds. Arguing as in the proof of Lemma 5.4.7 we obtain (5.4.6),
whence the conclusion follows. |

Proof of Lemma 5.4.8. In view of Remark 5.2.16 the function T * p is well-defined in R";
moreover it is positive and satisfies equation (5.2.4). Hence, by Lemma 5.4.9 applied with
V =T p—infgn (T *p), there exist a solution U; to the equation (5.4.12) such that

lim Uy(zm) = 0

m—r0o0
and a solution Us to the equation (5.4.14) such that

lim Us(zm) = 0

m—r0o0
for some sequence {z,} C IR", |x,,| — 0o as m — oo. Then the conclusion follows arguing
as in the proof of Lemma 5.4.6.

Proof of Theorem 5.2.14. The result can be obtained arguing as in the proof of Theorem
5.2.6, applying Lemma 5.4.8 instead of Lemma 5.3.1. 0

Proof of Theorem 5.2.15. Observe that V := I" % p — infn (F * p) is a supersolution to
equation (5.2.4) satisfying condition (5.4.1). In view of Lemma 5.4.10 there exists a sequence
{zm} C R", |zmy| — 0o as m — oo such that (5.4.2) is satisfied. Then by the same arguments
used in the proof of Theorem 5.2.11 we get the conclusion. g



CHAPTER 6

Uniqueness and nonuniqueness of bounded solutions to
singular nonlinear parabolic equations

6.1. Introduction

We address singular nonlinear parabolic equations of the following type:
(6.1.1) poru=A[Gw)] in Qx(0,T]=:Qr;

here (2 is a connected bounded open subset of IR", T' > 0, p is a positive function of the space
variables. A typical choice for the function G is G(u) = |u|™ tu, m > 1.

An extensive literature is concerned with equation (6.1.1), which arises in various areas
of science (e.g., see [45]). Particular attention has been devoted to the Cauchy problem
associated with equation (6.1.1)

pOu=A[G(u)] in R"x (0,T]=: Sr
(6.1.2)

u = ug in R" x {0};
here p € C(IR"), up € L>*(IR"). In fact, it is well-known that problem (6.1.2) is well-posed in
L*>°(St) when n < 2; moreover, it is well-posed also when n > 3 and p(x) — 0 "not too fast”
as |z| — oo (or does not vanish at all at infinity; see [43], [62]). On the contrary, if n > 3
and p(x) — 0 sufficiently fast as |x| — oo, some constraints at infinity are needed to restore
well-posedness (see [23], [43]-[44], [62]) .

In the case of a bounded domain, inspired by [47] where n = 1 is assumed, we allow the
density p either to vanish or to diverge, or not to have a limit as the distance d(x,S) goes to
zero, S being a subset of the boundary 02 referred to as the singular boundary. On the other
hand, p is supposed to be well-behaved both in © and on the regular boundary R := 02\ S.
More precisely, we always assume the following:

(i) RUS=090,RNS =10;
(Hyp) (1) R and S are (n — 1) — dimensional compact submanifolds
of IR"™ of class C? ;

(i) peCQUR),p>0in QUR;
(H1) (i) G € CY(IR), G(0) =0, G'(s) > 0 for any s € IR\ {0},
! G’ decreasing in (—4, 0) and increasing in (0,6), if G'(0) =0
(i4i) ug € L>®(Q).

In view of conditions (Hy) — (Hy), it is natural to study the following initial-boundary
value problem associated to equation (6.1.1):

pOu=A[G(u)] inQr
(6.1.3) u=0 in R x (0,7)

u = U in Q x {0}.

The question arises, whether problem (6.1.3) is well-posed in the class of bounded solutions
not satisfying any extra condition at . Formally, for problem (6.1.3), the singular boundary

117
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S plays the same role played by the point at infinity for the Cauchy problem. Thus, whereas
for problem (6.1.2) the well-posedness depends on the behaviour of p at infinity, for problem
(6.1.3) it depends on the behaviour of p as d(z,S) — 0. In fact, in [47] it is proved that when
n=1%Q=(0,R),S = {0},R = {R},up > 0, there exists a unique nonnegative bounded
solution to problem (6.1.3), if fOR rp(r)dr = oo. Instead, if fOR rp(r)dr < oo, to restore well-
posedness some extra constraints at S = {0} are needed. Moreover, the case G(u) = u, n > 1
is treated in a large number of papers, using both analytical and stochastic methods (see [26],
[31], [56], [58], [70]). In particular, in [58] uniqueness in L*°(Qr) is proven if p(z) — oo fast
enough as d(x,S) — 0, whereas nonuniqueness in L*°(Qr) holds otherwise. In probabilistic
parlance (e.g., see [31], [70]), uniqueness prevails if the singular boundary S is unattainable
by Markovian particles with generator %A, starting at xg € .

The aim of this paper is to prove the following:

(7) uniqueness of bounded solutions to problem (6.1.3), not satisfying any additional
condition at S, when p(x) — oo sufficiently fast as d(z,S) — 0 (see Theorem 6.2.2) ;

(77) existence of bounded solutions to problem (6.1.3), satisfying at S possibly inhomo-
geneous conditions of Dirichlet type, when p(z) — oo sufficiently slow as d(z,S) — 0, or p
does not diverge as d(z,S) — 0 (see Theorems 6.2.5 and 6.2.9) . Observe that these existence
results, in particular, imply nonuniqueness of bounded solutions to problem (6.1.3).

Moreover, we shall prove that prescribing Dirichlet conditions at S implies uniqueness,
when such conditions are homogeneous, or when G(u) = u (see Theorems 6.2.11-6.2.12 and
Remark 6.2.14).

The results outlined in the above (i) —(iz) generalize to the case of several space dimensions
those given in [47] in one space dimension (see Remark 6.2.4); moreover, they extend to
nonlinear parabolic problem analogous results stated in [58] for general singular linear elliptic
and parabolic problems (see Remarks 6.2.6-6.2.10, 6.2.14). Finally, they can be regarded as
the counterpart for initial-boundary value problems of uniqueness and nonuniqueness results
stated in [23], [43]-[44] and [62] for the Cauchy problem.

6.2. Uniqueness and nonuniqueness results

To begin with, observe that solutions, sub- and supersolutions of the problem (6.1.3) are
always meant in the sense of Definition 6.3.1 below, thus they are bounded in Qr .

6.2.1. No conditions at the singular boundary. Let us recall an existence result of
solutions to problem (6.1.3), which follows by Theorem 2.5 in [60].

THEOREM 6.2.1. Let assumptions (Ho) — (H1) be satisfied. Then there exists a solution
of problem (6.1.3).

Concerning uniqueness, the following result will be proved.
Set 8¢ := {z € Q] d(z,S) < &} (¢ > 0 small enough) .
THEOREM 6.2.2. Let assumptions (Hy) — (Hy) be satisfied and S # (). Moreover, suppose
that the following condition is satisfied:
there exist € > 0 and p € C((0,€]) such that

(Ho) (@) p(x) > p(d(z,S)) > 0 for any x € S¢, and
(i) fo np(n)dn = oo.
Then there exists at most one solution of problem (6.1.3).

REMARK 6.2.3. A natural choice in Theorem 6.2.2 is p(n) :=n~* (n € (0,£]) for some
a €[2,00) and € > 0.
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REMARK 6.2.4. (i) Let Q = (0, R), ug > 0 and assumptions of Theorem 6.2.2 be satisfied
with & = {0} and R = {R}. Then by Theorem 2.3 and Lemma 2.5 in [47] there exists
at most one nonnegative bounded solution of problem (6.1.3). This is in agreement with
Theorem 6.2.2.

(77) Results similar to Theorem 6.2.2 are proved in [58] for more general linear degenerate
elliptic and parabolic equations and in [62] for the Cauchy problem (see also [43] for the case
with radial symmetry).

6.2.2. Additional conditions at the singular boundary. Concerning existence of
solutions to problem (6.1.3) satisfying additional conditions at S we shall prove the following.

THEOREM 6.2.5. Let assumptions (Hp) — (H1) be satisfied, S # 0 and A € Lip(]0,T])
with A(0) = 0. Moreover, suppose that the following condition is satisfied:

there ezist € > 0 and p € C((0,€]) such that
() <z’> p(@) < pd(x,5)) for any © € 5%, and
(i1) fo np(n)dn < oo,
Then there exists a solution w of problem (6.1.3) such that

6.2.1 l U(x,t) At)] =0

uniformly with respect to t € [0,T]; here

(6.2.2) /G z,7))dr  ((z,t) € Qr).

REMARK 6.2.6. Let Q = (0, R), up > 0 and assumptions of Theorem 6.2.2 be satisfied
with § = {0} and R = {R}, A = 0. Then by Theorem 2.4 and Lemma 2.5 in [47] there
exists a nonnegative bounded solution of problem (6.1.3) satisfying the condition

lim U(z,T) =0
z—0
with U defined in (6.2.2). This is in agreement with Theorem 6.2.5.

Observe that when assumptions (Hj) — (i) and (Hs) are satisfied, it could exist a point
xg € S such that

lim p(xm) =0, lim p(ym) = oo;
m—00

m—0o0
here {z;,} € Q, {ym} C Q with z,, = 20, Ym — To as M — 0.
If we avoid that situations of this type occur (see conditions (6.2.4)-(6.2.5) below), then
we obtain the following refinement of Theorem 6.2.5.
For any 29 € IR" and R > 0 set Bg(zg) :={z € R" ||z — x| < R}.

THEOREM 6.2.7. Let assumptions (Ho) — (H1), (Hs) be satisfied, S # 0 and A € C(S° x
[0,7)), with A(z,0) =0 for any x € S. Let there exist a constant L > 0 such that

(6.2.3) |A(x,t) — A(x,s)| < L|t—s| forany x € 8% t,s€0,T].
In addition, suppose that for any xo € S there exists R > 0 such that

(6.2.4) Bé(lar:lof)mgp >0,

or

(6.2.5) p € L (Bpi(zo)NQ).

Then there exists a solution u of problem (6.1.3) such that for any xo € S
(6.2.6) gclgg |U(z,t) — A(zo,t)| = 0

uniformly with respect to t € [0,T], with U defined in (6.2.2) .
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REMARK 6.2.8. A natural choice in Theorem 6.2.5 is p(n) :=n~* (n € (0,€]) for some
a € (—00,2) and € > 0. Moreover, the same choice can be made in Theorem 6.2.7, if in
(H3) — (i) the equality sign holds true.

If in Theorem 6.2.5 instead of condition (H3), we assume that there exists a supersolution
V to the first exit time problem (see [35])

AU = —p inQ

(6.2.7)
U=0 on R,
satisfying the condition
(6.2.8) inf V=0<infV,
QUR R

we obtain the following weaker result.

THEOREM 6.2.9. Let assumptions (Ho)— (Hy) be satisfied, S # 0 and A € Lip([0,T)) with
A(0) = 0. Moreover, let there exist a supersolution V' to problem (6.2.7) such that condition
(6.2.8) is satisfied. Then there exist a sequence {zy} C Q, d(xm,S) — 0 as m — oo and a
solution u of problem (6.1.3) such that

(6.2.9) lim |U(zm,t) — A(t)| = 0

m— 00

uniformly with respect to t € [0,T], with U defined in (6.2.2) .

REMARK 6.2.10. Nonuniqueness results similar to Theorem 6.2.9 are proved in [58], [60]
and [62].
In the particular cases A = 0 or G(u) = u we can also prove that imposing condition

(6.2.1) at S implies uniqueness. In fact, we obtain the following.

THEOREM 6.2.11. Let assumptions (Hy) — (H1), (Hs) be satisfied, ug > 0 in Q and S # 0.
Then there exists at most one nonnegative solution u of problem (6.1.3) satisfying condition
(6.2.1), with A=0 and U defined in (6.2.2) .

THEOREM 6.2.12. Let assumptions (Ho)—(H1), (Hs) be satisfied, S # ) and A € Lip([0,T1])
with A(0) = 0. In addition, suppose G(u) = u. Then there exists at most one solution u of
problem (6.1.3) satisfying condition (6.2.1), with U defined in (6.2.2) .

REMARK 6.2.13. Clearly, since S in compact (see assumption (Hp) — (7)), if condition
(6.2.6) is satisfied, then (6.2.1) holds true. Hence Theorems 6.2.11-6.2.12 are valid, if we
replace condition (6.2.1) by (6.2.6).

REMARK 6.2.14. (i) Results corresponding to Theorem 6.2.11 are proved in [47] in the
case of one space dimension, and in [23] and [43] for the Cauchy problem.
(i7) A similar result to Theorem 6.2.12 is obtained in [44] for the Cauchy problem .

6.3. Mathematical background and proofs
Let us make the following definitions.

DEFINITION 6.3.1. By a solution of problem (6.1.3) we mean a function u € C((QUR) X
(0,77) N L*(Qr) such that

/T/ {pudip + Gu) Ay} dudt = / p [u(z, )¢z, 7) — uo(z)y(z,0)] de+
0 J Q

(6.3.1) -
+ /0 /a o G, vy
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for any open set Q1 C Q with smooth boundary 0, Q1 C QUR, 7 € (0,T], v € C*1(Qy x
[0,7]),% > 0,1 =0 in 0Q x [0, 7]; here v denotes the outer normal to Q1 and (-,-) the scalar
product in IR™.

Supersolutions (subsolutions) of (6.1.3) are defined replacing” =" by ” <7 (7 > 7,
respectively) in (6.3.1).

DEFINITION 6.3.2. By a supersolution to problem (6.2.7) we mean a function U € C(QU
R) such that

3. A —
(6.3.2) /QlU wd:v</891\RU<Vw,u>da /le¢dw

for any open set Q1 C Q with smooth boundary 0 , Q1 C QUR, ¥ € C?(Qq),¢ > 0,9 =0
in 021 ; here v denotes the outer normal to 2. Subsolutions and solutions of problem (6.2.7)
are defined accordingly.

6.3.1. Proof of Theorem 6.2.2. Later on, let g > 0 be given by Lemma 3.4.3; set
A ={z e Q|dx,8) =} (e€(0,e0)).
We prove the following

LEMMA 6.3.3. Let assumption (Hp) be satisfied. Let 1. be the solution of the elliptic
problem:

AU = —-F inQ\S&°
(6.3.3)
U=0 on RU A*,
where € € (0,g9), F € C®°(Q), F >0, supp F C Q\ S0 . Then the following statements hold
true:
(i) for any e1,e2 € (0,20), €1 > €2 we have
(79) there exists C' > 0 such that for any € € (0,e0/2) we have
(6.3.5) —C < (Vipe,ve) <0 on A%,
ve denoting the outer normal to Q\ S¢ at A®;
(iii) there exist £ € (0,9/2) and C > 0 such that

(6.3.6) Yo(z) > Cd(z,S) for any x € S°,
where
(6.3.7) o= lim to, in QUR

for some sequence {epn} C (0,60/2), €m — 0 as m — oo

Proof of Lemma 6.3.3. (i) By the strong maximum principle 1. > 0 in Q\S¢ for any ¢ € (0, £¢);
hence the function 9., — 1., (0 <e2 <e1 < gg) is a subsolution of problem

AU =0 inQ\ S
(6.3.8)
U=0 on RU A%t .

Then again by the maximum principle we get (6.3.4).
(ii) Clearly, by the strong maximum principle it follows that
(Vipe, ve) <0 on A°
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for any € € (0,£0/2).

We claim that there exists M > 0 such that
(6.3.9) 0<v¢.<M in Q\S&
for any ¢ € (0,0/2) .

In fact, since €2 is bounded, we can suppose that € lies in the slab

{z=(x1,...,2m) Ean‘0<£L'1 < d}
for some d > 0. Then it is easily seen that the function
V(@) = (expld} — explo )| Flie (v € Q\8),

is a supersolution to problem (6.3.3) for any ¢ € (0,£¢/2).
In fact, V" > 0 in R U A®; moreover,

AV(x) < —exp{z1}|Fllpeoq) < —F(x) forany € Q\S°.

By comparison principles we have for any e € (0,20/2)

(6.3.10) Ye <V <M :=exp{d}||F||pso() in Q)\S*.
From (6.3.4)-(6.3.10) it follows (6.3.9) .
Define
(6.3.11) Z(x) := Clexp{—pue} — exp{—pud(z)}] (z € S%;c <€ (0,£/2)),
where
(6.3.12) p=(n—-10Cy, C:= M d(z) = d(x,S).

exp{—peo/2} — exp{—peo}’
For any ¢ € (0,69/2) and 4,5 = 1,...,n we have

(6.3.13) agij) = C’uagﬂ(s) exp{—pd(z)};
?Z(x) - dd(x) dd(x)  0%d(x)
a.mal‘j - C'u exp{—,ud(:c)} [ —H 81‘1 8.7}]' 8%161‘3 '

By Lemma 3.4.3 we have
AZ(z) < pCexp{—pd(z)}[—p+ (n—1)Cy) =0 for any x € S°

for some Cp > 0 independent of x, since it is not restrictive to assume that condition (C') of
Chapter 3 is satisfied at any x € S°. Hence Z is a supersolution to the problem

AU =0 in &%\ &
(6.3.14) U=0 onA°

U=M on A%.

On the other hand, the function . (¢ € (0,e0/2)) is a subsolution to problem (6.3.14).
Then by comparison principles

Y < Z in SO\ S° (e €(0,60/2)) .
Observe that for any € € (0,e0/2), x € A® we have
(6.3.15) ve(z) = —Vde(z) = —Vd(z), |Vd(z)| = 1;
here d.(z) = dist(z, A%) (z € Q\ S§°).
Since 9. = Z on A®, from (6.3.13) and (6.3.15) we have
(Vipe,v2) > (VZ, 1) > —(Cpexp{—pe}Vd(z),Vd(z)) = —Cpexp{—puc} on A°
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for any € € (0,0/2) . Hence (6.3.5) follows with C' := uC.

(#4i) From (6.3.9) and usual compactness arguments (see [32]) there exists a subsequence
{¥e,,} C {1} which converges, with its first and second derivatives, uniformly in any compact
subset of Q UR. Let ¢y := lim 1., in QUR.

m—0o0

Clearly, 19 € C*(2UR) solves the problem

AU =0 inQ
(6.3.16)
U=0 onR.

Moreover, we claim that 1y € C?(Q) and ) =0 on S.
In fact, in view of assumption (Hy) — (ii), 2 has the outer sphere property at S; then (see

[32]) for any zo € S there exist R > 0 and a function h € C?(Ng(z0)) NC(Ng(x0)), h > 0 in
Nr(zo) \ {zo}, h(xzo) = 0 satisfying
(6.3.17) Ah(xz) < 0 for any = € Ng(xo) := Br(zg) NQ;
Set o
Nre(2o) := Nr(2o) N (2\ &°)

for any e € (0,€), where € := min{eo/2, R} .

Let

(6.3.18) m:= min h >0, C:= %
dBp(z0)N m

Observe that for any ¢ € (0, &) there holds
(6.3.19) ONR (o) = [0Br(zo) N (2\ S)] U [Nr(x0) N A%];
moreover, by (6.3.18) and h > 0 in Ng(xg) we have
(6.3.20) Ch—1.>M—1.>0 on dBgr(x)N(Q\S),
(6.3.21) Ch—1.>0 on Ng(zg)N.A°.

From (6.3.17), (6.3.19)-(6.3.21) we deduce that the function Ch — 1. (¢ € (0,£)) is a
supersolution to problem
AU =0 in Nge(zo)
(6.3.22)
U=20 on 8NR£(950) .

It is similarly seen that the function —Ch — 1. (¢ € (0,€)) is a subsolution to the same
problem. Then by comparison principles we obtain

~Ch < . < Ch in Npc(zo)
for any € € (0,€). Hence
(6.3.23) —Ch < 99 < Ch in Ng(xo).

Letting 2 — ¢ in (6.3.23) we deduce that 1p € C?(QUR)NC(Q) and 1y = 0 on S.
Moreover, by usual regularity results (see [32]) it follows that 1y € C?(2). Thus the claim
has been proved.

By the strong maximum principle and assumption (Hp) — (i7), there exists C' > 0 such
that

(6.3.24) (Vipo,v) < —2C on S,

v being the outer normal to (2 at S.
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Moreover,
(6.3.25) (V[Cd(2)],v(x)) = —C(Vd(z),Vd(z)) = —C forany x € S;
here use of equalities Vd(z) = —v(z) and !Vd ‘ =1 for any x € S has been made.

Since g(z) = Cd(x) = 0 for any x € S, from (6.3.24)-(6.3.25) it follows (6.3.6). This
concludes the proof. O

We shall prove the following.

LEMMA 6.3.4. Let assumptions of Theorem 6.2.2 be satisfied. Let vi,vy be any two solu-
tions of problem (6.1.3) such that vi > vy in Q. Then
e—0

T
(6.3.26) liminf/o . {G(v1) = G(v2) } dodt = 0.

Proof of Lemma 6.3.4. From problem (6.1.3) we have
p (Oyv1 — Opva) = A[G(vl) — G(’Ug)] in Qr

(6.3.27) v —vy =0 in R x (0,T)

V1 — V2 =0 in QX{O}.
Then equality (6.3.1) with Q1 = Q\ 8¢ (e € (0,50/2)), 7 € (0,T] yields

/Q\ssp(x) [Ul(mvT) - U2(I77)] V() dz + / /Q\ss [G(Ul) — G(Uz)}F(x) dxdt =
/ / {G(wn) v2) MV, ve) do dt

where 1. denotes the solution of (6.3.3)
Set

(6.3.28)

T
:/ [G(vr) — G(va) Y dodt  (c € (0,20/2)) .
0 Az

Suppose, by absurd, that
liminf ¢(e) =1 v > 0;

e—0
then there exists € € (0,e0/2) such that

(6.3.29) o(e) >

N2

for any ¢ € (0,¢).

Since F' > 0, v; > vg and (H;) — (4¢) holds true, from (6.3.5) and (6.3.28) we have

/ / )[vi(z, 7) = va(a, 7) [¢pe () dwdr <
Q\sa
(6.3.30) < /0 /O B {G(v1) — G(?)Q)}‘(V«(/}a’ V)

T T
<2 max |G(7‘)]/ / /
—M<r<M 0 0 €

for any e € (0,e9/2); here C' is a positive constant such that |A%| < C for any € € (0,0) .
Letting ¢ — 0 in (6.3.30), by (6.3.4), (6.3.7) and the monotone convergence theorem we
have

dodtdr <

<v¢£7 Va)

dodtdr <2 max |G(r)|T2CC
—M<r<M

(6.3.31) / / [v1 (2, 7) — va(w, 7) |10 (z) dadr < 2_1‘/%%>§M|G(7«)‘TQC’C.
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On the other hand, we have

/ / )[vi (2, 7) = va (@, )]0 (2) dwdr >

> 1 /O [ p@[G01) = Glea)] dol) do

here € := min{é,&,£}, L := G'(s).
ere ¢ := min{é, & &}, se{r{l}&\?’(M] (s)

By (H3), (6.3.6) and (6.3.29) we have

i/T/ p(x)[G(v1) =G (v2) o (@ dmd¢>/ / d(z,8))[G(v1)~G (va)]d(z, S) dwdr >

/ / / / vz)}dadsdr_/ Ve p(e) de >

p( Yede = o0

(6.3.32)

- 2L
The previous inequalities and (6.3.32) yield
/ / vl x,T) — vo(x, T)]l/)g( )dxdr = oo,
in contrast with (6.3.31). Hence (6.3.26) follows. The proof is complete. O

For any ¢ € (0,£9/2) consider the auxiliary problem

pur = A[G(u)] in [\ 8] x (0,T] =: Q1
w =0 in R x(0,T)
(6.3.33)
u=¢ in A°x(0,7T)
[ = in [Q\S¢] x {0},

where ¢ € L>®(A° x (0,7)).

DEFINITION 6.3.5. By a supersolution of problem (6.3.33) we mean a function u € C([Q\
8¢] x (0,T]) N L*(Qe,1) such that

/ / {pud + G(u) Ay} dzdt < / p [u(z, 7)Y (z, 7) — uo(2)(z,0)] do+

/ / (w)(V, v dadt+/ / »)(V, v)do dt
801\ (RUA) anAe

for any open set 1 C Q\ 8¢ with smooth boundary 9, T € (0,T], ¢ € C*1(Qy x[0,7]), >
0, =0 in 0 x [0,7]; here v denotes the outer normal to 1. Solutions and subsolutions
are defined accordingly.

It is well-known that existence, uniqueness and comparison results hold true for problem
(6.3.33) (e.g. see [60]; see also [23]).

Now we can prove Theorem 6.2.2. The proof is modelled after that given in [47] for the
case n =1 (see also [43] and [62] for the Cauchy problem) .

Proof of Theorem 6.2.2. Let uj, ug be any two solutions of problem (6.1.3); set

M := max{ ||u1||, ||u2||oc} -



126 6. SINGULAR NONLINEAR PARABOLIC EQUATIONS

For any ¢ € (0,g0/2) let u. be the unique solution of problem (6.3.33) with ¢ = —M. By
comparison results we have:
(6.3.34) —M <wu.<wu; and —M <wu.<wup in Q..

By usual compactness arguments there exists a subsequence {u.,,} C {u.} which converges
uniformly in any compact subset of [Q UR] x (0,T]. Set

u:= lim u., in[QUR]x (0,7].

- m—00

The function w is a solution of problem (6.1.3); moreover, from (6.3.34) we obtain

(6.3.35) ~M<u<wu and —M<u<uy in Qr.

Set w = u1 or w = wuo for simplicity. The conclusion will follow, if we show that

T
(6.3.36) /0 /Q (G(w) — G(u)] Fdedt = 0

for any F' € C§°(Q).
In fact, in view of assumption (H;) — (i¢) and the arbitrariness of F', (6.3.36) implies

(6.3.37) up =u = u inQr,
whence the conclusion.

_ Let us prove equality (6.3.36). Without loss of generality, we suppose supp F' C (€2 \
S%0), F >0, F £0.

In view of the inequality w > u (see (6.3.35)), arguing as in the proof of Lemma 6.3.4, we
obtain

/Q P 7) el o+ /0 ' /Q o [0~ 6] Py drdr =
(6.3.38)

__ /OT /A [G(w) — G(u) Y (Vibe, v2) do di

where 1), denotes the solution of (6.3.3), € € (0,£0/2), 7 € (0,T]. Since F > 0, 1. > 0, w > u
and (Hy) — (ii) holds true, equality (6.3.38) with 7 =T gives

T
/0 /g [G(w) = G(W)]F(z)dvdt <
(6.3.39)

< lim inf ‘ /OT » {G(w) — G(w) YV, v.) do dt‘ .

e—0

Hence, if we can prove that

(6.3.40) limnf | /0 ! / {Gw) ~ Gl NV, v2) dordt| = 0,

the conclusion follows.

Define .
o(e) = /0 B {G(w) - G(w)} dodt (g€ (0,60/2)).

By (6.3.26) with v; = w and vy = u we have

(6.3.41) liminf @¢(e) = 0.
e—0



6.3. MATHEMATICAL BACKGROUND AND PROOFS 127

From (6.3.41) we immediately deduce (6.3.40). In fact, by (6.3.41) there exists a sequence
{em} € (0,£0/2), €y, — 0 as m — oo such that

(6.3.42) lim P(em) = linl}(r)lfgb(e) = 0.
By (6.3.5) and (6.3.42) we obtain

‘/ /Agm G (W)} Ve, Ve,,) do dt| <

< 0/ (G(w) - G(w)}do dt = Cd(en) — 0
0 Jaem

as m — 0o, whence (6.3.40) and the conclusion follow. This proves the result. O

6.3.2. Proof of Theorems 6.2.5, 6.2.7 and 6.2.9. Observe that for any A € Lip([0,T])
the derivative A’ exists almost everywhere in [0, 7] and belongs to L>((0,7)).

For any ¢ € (0,£0/2) we will make use of the following auxiliary problems

pOou = A[G(U)] in Qa,T

uw=0 in R x (0,T)
(6.3.43)

u=G (A in A® x (0,T)

u = ug in [\ S¢] x {0}
and

AU =f inQ\S&

(6.3.44) U=0 iR

U=~ in A®,
where f € C(Q\ S¢) and v € C(A%).

DEFINITION 6.3.6. By a supersolution of problem (6.3.44) we mean a function U € C(Q\
SE) N L>(Q\ §°) such that

/ UAypdr < f¢dm +/ U (Vy, vydo +/ v (Vi v)do
Q1 001\ (RUAS®) IN1NAE
for any open set 2y C Q) \ S¢ with smooth boundary 021, ¥ € C?(Q1),v > 0, = 0 in OQy;

here v denotes the outer normal to £1. Solutions and subsolutions are defined accordingly.

Proof of Theorem 6.2.5. For any ¢ € (0,0/2) let u. be the unique solution to problem
(6.3.43); then by comparison results we have

6.3.45 < G — M i )
(6.3.45) el < wolloe + | e 1G] in Qur

By usual compactness arguments there exists a subsequence {ue,, } C {u.}, which converges
uniformly in any compact subset of [2 U R] x (0,7 to a solution u of problem (6.1.3).
Define U as in (6.2.2) and

(6.3.46) (z,t) / G(us(z,7))dr  ((z,t) € Qer) -

Observe that U.,, — U in [QUR] x (0,T] as m — oo.
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It is direct to show that for any t € (0,7 the function U.(-,t) satisfies the problem

AU = —plup — ue(-,t)] in 2\ S
(6.3.47) U=0 on R

U = A(t) on A°.
In fact, by Definition 6.3.5 we obtain

/Q Ue(z,t) Ap(z) dx :/Q p(z) [uc (2, t) — uo(z)]|¢(z) do+
(6.3.48) ! !

—I-/ Ue(z,t) (V(x),v) do + / A(t) (Vi(z),v(x)) do
801\ (RUA?) 901N A°

for any ; and ¢ = 9 (z) as in Definition 6.3.6 and ¢ € (0,77 .

Arguing as in  the proof of Theorem 2.18 in [58], we can construct a positive supersolution
V € C?(8%) N C(Q) to problem (6.2.7) satisfying conditions (6.2.8) and

(6.3.49) V=0 onS.

We shall prove that there exists a constant K > 0 such that

(6.3.50)  —KV(z)+A(t) < Ulx,t) < KV(@)+A{t)  ((2,1) € [\ 8] x (0,T]).

From (6.3.49) and (6.3.50) it follows (6.2.9), whence the conclusion.

It remains to prove (6.3.50). To this purpose, if R # 0, set
1
(6.3.51) m = i%fV > 0, K :=2max{— || A4]|cc, M };
m

otherwise, set
(6.3.52) K :=2M;
here M is given by (6.3.45).

Fix any (2; and a ¢ as in Definition 6.3.2. Let us approximate ¢ by a sequence of functions
{¥m} € C°°(Q2) such that supp ¥y, C Q1 (m € IN), by — 1 as m — oo in C(§) and in
C?(Q3) for any open subset Qy with Qy C Q. By Definition 6.3.2 we have for any m € IV

(6.3.53) / V Ay, dx < / V (Vi v) do —/ P U da .
971 o 951
As m — oo in (6.3.53) we obtain (see the proof of Lemma 2.6 in [60])
(6.3.54) / VAYde < / V(Vy,v)do —/ pYdr.
o o o

It is easily seen that for any fixed ¢ € (0,7] the function KV — U, + A is a supersolution,
while the function —KV — U, + A is a subsolution of problem

AU =0 inQ\S¢
(6.3.55) U=0 onR

U=0 onA
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for any ¢ € (0,£0/2). In fact, fix any 1, ¢ as in Definition 6.3.6 and ¢t € (0,7]. Then by
(6.3.48) and (6.3.54) we have
(6.3.56)

/ (KV —U: + A) AYpdr < / (KV —U. + A)(Vy,v)do+
91 001\ (RUA®)

KV(V@ZJ,I/)dU—/ (K 4+ us —ug)ppde =

KV + A{(V d
+/mm< 1A w,u>o+/a 5

for any € € (0,¢0) .
From (6.2.8), (6.3.51)-(6.3.52) we get

Q1NAsE

(6.3.57) KV >0 on A°,
(6.3.58) KV+A>0 onR
and

(6.3.59) K>uy—u: in

for any e € (0,£9). Moreover, it is easily checked that

(6.3.60) (Vip,v) <0 on 09 .

From (6.3.56)-(6.3.60) we obtain

(6.3.61) / (KV =U:+ A) Apdr < / (KV —=U:+ A)(VY,v)do
931 001\ (RUA®)

for any € € (0,e0). This shows that the function KV — U, + A is a supersolution to problem
(6.3.55) for any € € (0,g9) (see Definition 6.3.6). It is similarly seen that —K'V — U, + A is
a subsolution of the same problem for any ¢ € (0, ¢g).

By comparison principles we obtain
—KV(z)+ A(t) < U(z,t) < KV(z)+ A®)  ((z,t) € [\ S°] x (0,T7)
for any € € (0,ep). This implies (6.3.50), thus the proof is complete. O

To prove Theorem 6.2.7 we use arguments similar to those used to show Lemma 6.3.3-
(7i7). Observe that the same role played by problem (6.3.3) in the proof of Lemma 6.3.3
will be played by problem (6.3.47) in the proof of Theorem 6.2.7. However, we dealt with
classical solutions to problem (6.3.3), whereas solutions of (6.3.47) are meant in the sense of
Definition 6.3.6. This leads, as we will see later, to consider a companion problem to (6.3.22)
in a domain with regular boundary (see (6.3.65) and Definition 6.3.7 below). Observe that,
in general, ONg(x0) in (6.3.22) is not regular at [0Bgr(z¢) N Q) N A°.

More precisely, let g € S, R > 0 arbitrarily fixed. For any ¢ € (0, R) we construct the
domain Np . (z0) taking the set Ng - (z0) and making smooth dNg . (20) at [0Bg(20)NQN.A°.
We can suppose that the following properties are satisfied:

NR,e(fﬂo) C Nge(o) ,
6N37€(x0) is smooth ,
~ 3 . . .
(6.3.62) ONg.e(w0) = | Yhe(®0) , Yhe(zo) Nk (20) =0 (1,5 =1,2,3, i # ) ,
=1

(6.3.63) Vre(z0) C A%, Y o(20) C Br(20) NQ, Vi (20) C [(2\ %) N Na(xo)] \ [Ng(zo0)]
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for any € € (0, R) and for some R € (0, R) independent of ¢; moreover,

(6.3.64) U Npe(20) = Np(z).
e€(0,R)

We will use auxiliary problems of the following type:

AU = f in NR75($0)
(6.3.65) )
U=~ on ONg.(zo),

where € € (0, R), f € C(NR,E(JUO)), A= 0(712%,5(3”0) U 7%75(%)) N L™ (8]\73,8(330)) .

DEFINITION 6.3.7. By a supersolution of problem (6.3.65) we mean a function U €
C(NRva(:no)) U vﬁ’g(aco) U 'y%’s(:co)) N L>® (NR,g(xo)) such that

/ UAypdr < f¢dm~|—/ v {V, v)do
Q1

o ﬂaNR’E (QC())

for any open set Q1 C Ng (o) with smooth boundary 0Q, ¢ € C?(Q),1 > 0,7 = 0 in 0Q;
here v denotes the outer normal to 1. Solutions and subsolutions are defined accordingly.

Q

Observe that in the above definition v is well-defined, since AN R.e(z0) is smooth for any
e€(0,R).

Let us prove Theorem 6.2.7 . o
Proof of Theorem 6.2.7. Condition (6.2.3) implies that for any = € S the partial derivative
A(x,t)

57— exists almost everywhere in [0, T]; in addition, o € L>(22x (0,7)). Then we can

repeat the proof of Theorem 6.2.5, replacing in problem (6.3.43) G~1(A’) by G_l(%) . Hence
we construct the sequence {U.} (¢ € (0,min{eg,£})) of solutions of problem (6.3.47) with
A(t) repaced by A(z,t). Thus for any € € (0, min{eg,£}) by Definition 6.3.5 we have

/ Ue(z,t)AY(z) dx :/ p(z) [uc (2, t) — uo(z)]|¢(z) do+
2

Q1

(6.3.66)
+ / Ue(,t) (Vib(2), () do + / Al t) (Vi(a), v(x)) do
001\ (RUAS=) 001 NAE

for any € and ¢ = ¢ (z) as in Definition 6.3.6, ¢ € (0, min{eg,&}) and ¢t € (0,77 .

Equality (6.3.66) with 2,1 as in Definition 6.3.7 implies that the function U.(-,t) is a
solution to problem

AU = —p[uo — ug(‘,t)] in NR,g(a?o)
(6.3.67) U= A(-,1) on v (o)

U = U(+t) on 712%78(:60) U 75’%75(300)
for any e € (0, min{ep,&}) and t € (0,T7.
(1) Suppose that condition (6.2.4) is satisfied. Let xo € S arbitrarily fixed; hence from

(6.2§)ﬁwe have pg 1= infy_(z,) p > 0.
efine
0

(6.3.68) h(z) == 2[V(z) + %\x —20?] (x € Nal(ao));

here V is the function introduced in the proof of Theorem 6.2.5 and R € (0, min{R,&}).
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Clearly, h € C?(Ng(z0)) N C(Ng(zo)) and satisfies the following:
(6.3.69) Ah(z) < —p(z) for any x € Ng(zo),

(6.3.70) h>0 in NR(.%'()) \ {.%'0}, h(l’o) =0.
This implies that the function h is a supersolution to problem

AU = —p in Np.(z0)
(6.3.71) )
U=~nh on ONg (zo)

for any € € (0, min{eg,£}). In fact, since h € C*(Ng(z0)) N C(Ng(xo)), by (6.3.69) we get

(6.3.72) /QhA¢dx < /89 h<V¢,V>dJ—/ pdx

Q1
for any ©; and % as in Definition 6.3.7 and € € (0, min{eo,&}) .
We claim that there exists a constant K > 0 such that

(6.3.73) —Kh(x)+A(zo,t) <U(zx,t) < Kh(z)+A(zo,t) for any (x,t) € Nr(zo)x(0,T].
Sending x — z in (6.3.73) we deduce (6.2.6), whence the conclusion.

Let us prove (6.3.73). To this purpose fix any o > 0. Since A € C(S¢ x [0,7]), we can
find e = (o) € (0,€) such that

(6.3.74) |A(x,t) — A(xo,t)] < o for any (x,t) € 'y}%,g(acg) x [0,T] and € € (0,¢).
Observe that in view of (6.3.63) and (6.3.70), we have for any ¢ € (0, &)
inf h > inf h>0;

V.o (0)UYE - (20) Nr(z0)\Ng(20)
here £ := min{eg, e, R}). Set
2
(6.3.75) K = p- max{T _nax |G(r)|, | A]l Loo (s2 % (0,1)), MM } -

Let Q1,1 be arbitrarily fixed as in Definition 6.3.7. Since for any € € (0,&) and ¢ € (0,77,
as we have already observed, the function U,(-,t) is a solution to problem (6.3.67), while the
function h is a supersolution to problem (6.3.71) we arrive to:

/Q [Kh(z) + A(wo,t) + 0 — Us(,1)] Ap(x) dz <

< (Kh(z) + A(zo,t) + 0 — U.(2, ) (Vib(), () do+

(6.3.76) 9 \vg . (zo0)

4 / Kh(z) + Alwo, 1) + 0 — Al (V) v(a))do—
oM (20)

- /Q K + ue(e,1) — wo(2)]ple) (x) de

for any € € (0,€) and ¢ € (0,7]. From (6.3.70), (6.3.74)-(6.3.75) we get for any ¢ € (0, &)
(6.3.77) Kh(x)+ A(xo,t)+0—Us(x,t) > 0 for any (x,t)€ [712375(:%) U’y%,s(l‘o)] x (0,7],

(6.3.78) Kh(x) + A(zo,t) + 0 — A(x,t) > 0 for any (z,t) € 711275(1“0) x (0,T]
and

(6.3.79) K > ug(z) — us(z,t) for any (x,t) € Q1 x (0,7T].
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Moreover, it is easily checked that
(6.3.80) (Vip,v) <0 on 09 .
From (6.3.76)-(6.3.80) we obtain

/Q (Kh(z) + Az, 1) + 0 — Us(z, 1)) Ap(x) da <

(6.3.81)
<

/ ) (Kh(x) + A(z,t) + 0 — U, 1)) (Vp(x),v(x)) do
91 \ONR (z0)
for any € € (0,€) and ¢ € (0,7].
This shows that (see Definition 6.3.7) for any ¢ € (0,€) and ¢ € (0,7] the function
Kh+ A(zg,t) + 0 — Ue(+,t) is a supersolution to problem

AU =0 in NR@(.%())
(6.3.82) )
U =0 ondNpg.(xp).

It is analogously checked that the function —Kh + A(xg,t) — o — U(-,t) (¢ € (0,€)) is a
subsolution of the same problem for any ¢ € (0,¢) and t € (0, 7.

By comparison principles we obtain as o — 0
—Kh(z) + A(zo,t) < Us(2,t) < Kh(z) + A(wo, 1) ((2,t) € Npe(wo) x (0,77)

for any ¢ € (0,€). This combined with (6.3.64) implies, as € — 0, (6.3.73).

(73) Suppose that condition (6.2.5) is satisfied. As observed in the proof of Lemma 6.3.3,
() satisfies the outer sphere property at S. Hence we can find € IR" \ Q and R > 0 such
that Bp(2) NQ = {zo}.

Define

(6.3.83) h(x) := A\ exp{—=A2R?} — exp{—Xa|z — Z|2}] (x € Ng(x0))

with Ay > 0, Ao > 0, R € (0, R) to be chosen later,
Clearly, h € C?(Ng(z0)) NC(Ng(x)) and satisfies (6.3.70). Moreover, in view of (6.2.5)
we can choose A1 > 0, Ao > 0 big enough and R > 0 small enough such that

Ah(z) = 2X1 g exp{—Xo|z — Z|*} [n —2Xs|z — im < —p(z) for any = € Ng(xzg).

Then we arrive to the conclusion as well as we made in (i) above. The proof in complete. [J

To prove Theorem 6.2.9 we need a preliminary result, which follows by Lemma 2.6 in
[60] .

LEMMA 6.3.8. Let assumption (Hi) — (i) be satisfied. Let there exist a supersolution
to problem (6.2.7) such that (6.2.8) is satisfied. Then there exists a sequence {x;,,} C
Q, d(zm,S) — 0 as m — oo such that
lim V(z,) = 0.
m—r0o0
Proof of Theorem 6.2.9. By Lemma 6.3.8 there exists a sequence {z,,} C Q, d(z,,S) — 0

as m — oo such that V(z,,) — 0 as m — oo. Then the conclusion follows repeating the proof
of Theorem 6.2.5. O
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6.3.3. Proof of Theorems 6.2.11-6.2.12. For further purposes observe that, when
A = 0and ug > 0 the proof of Theorem 6.2.5 provides a solution u to problem (6.1.3) which
satisfies at S the constraint (6.2.1); in addition, it is minimal among all nonnegative solutions
to the same problem.

Proof of Theorem 6.2.11. Let w be any solution to problem (6.1.3) satisfying condition
(6.2.1) and u the minimal solution to the same problem satisfying (6.2.1).

To get the conclusion we use the scheme of the proof of Theorem 6.2.2. Then the result
will follow if we show that (6.3.40) holds true.

From (6.2.1) and (6.3.5) we obtain

T T
hminf(/ {G(w) - G(g)}(V@bE,yE}dadt‘ < Clim/ {G(w) - G(u)} dodr = 0,
0 Az 0 Az

e—0 e—0
whence (6.3.40); this completes the proof. O

Let us prove Theorem 6.2.12. We adapt to the present situation the proof of Theorem
1.3 in [44], concerning the Cauchy problem.

Proof of Theorem 6.2.12. Let uy, uz be any two solutions to problem (6.1.3) satisfying
condition (6.2.1); set w := uj; — uz. Then w is a solution to problem

p@tu = Au in QT
(6.3.84) u=0 in R x (0,T)
u=0 in Q x {0}.
Define
t
Ui, 1) = / iz, rydr ((e,1) € Qrii = 1,2)
0
and
t
W (x,t) ::/ w(z,7)dr = Uy(z,t) — Us(z,t) ((z,t) € Qr) .
0

Since condition (6.2.1) is satisfied, we have

lim |W(z,t)|do = lim \Ur(z,t) — Us(z,t)| do <
As e—0 Ae

e—0

< lim { . \Ul(a:,t)—A(t)\daJr/AE |Ua(z,t) — A(t)| do} = 0

e—0

(6.3.85)

uniformly with respect to t € [0,7].

The conclusion will follow if we prove that

T
(6.3.86) / /dexdt =0
0 Q

for any F' = F(z,t) € C§°(Qr). It is not restrictive, as we do in the sequel, to assume
supp F CQ\ 8%, F >0.

For any € € (0,e0/2) consider a sequence of positive functions {pm.c}menw € C®(Q\ S%)
such that

(6.3.87) pme — p in LHQ\SF) as m — oco.
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For any m € IN, e € (0,e0/2) let 1y, the classical solution to the backward problem
Pm.e 8tw + Alb =—F in Qs,T

(6.3.88) ¢ =0 in (RUA°) x (0,T)

P =0 in (Q\ 8°) x {T}.
Observe that the regularity of pp, . implies ¢ € C*(Q.7) (m € IN,e € (0,£0/2)) -
From (6.3.84) and (6.3.1) with Q3 = Q\ S¢, 7 = T we have

T
(6.3.89) / / wFdrdt = / W (p — Pmc)Opthm e dx dt — / / W(Vme, Ve) dodt,
O0\5F 0 Jae
where 1), . denotes the solution of problem (6.3.88), m € IN, € € (0,£0/2) .

We claim that
(1) for any € € (0,e0/2)

T
lim | / / w (p - pm,s)aﬂ/)m’e dx dt‘ =0;
m—=oo ! Jo  Jo\s®

(79) there exists a positive constant C' such that for any m € IN, e € (0,£0/2)

T T
‘/ / W (Ve ve) dor di| < c/ / W do dt .
0 o 0 €

Let us put-off the proof of claims (i) — (4i) and get the conclusion.
From (6.3.89) and claims (¢) — (i) we obtain for any € € (0,e0/2)

’// dexdt‘<C/ / W do, dt .
Q\Ss €

This comblined with (6.3.85) yield, as e — 0, (6.3.86) and the conclusion.

It remains to prove claims (i) — (#¢). To this purpose observe that for any m € IV, ¢ €
(0,€0/2) the function vy, . = 04thm  solves the backward problem

PmeO) + AYp = —OF in Qe

(6.3.90) P =0 in (RUA®) x (0,T)

P =0 in (Q\ &%) x {T}.
Let us show that there exists M > 0 such that for any m € IN, ¢ € (0,£0/2)
(6.3.91) [Umel < M in Qer.

In fact, since ) is bounded, we can suppose that € lies in the slab
{z=(21,...,20) E R"|0 <21 < d}
for some d > 0. Then it is easily seen that the function
v(z,t) == (exp{d} — exp{z1})|0:F |l (@) ((z,) € Qer)

is a supersolution to problem (6.3.90) for any ¢ € (0,£¢/2), while —v is a subsolution to the
same problem. By comparison principles we have for any ¢ € (0,£0/2)

(6.3.92) 0 < Ppe <v in Qer.
Hence (6.3.91) follows with M := exp{d}||0;F|| o (q,) -



6.3. MATHEMATICAL BACKGROUND AND PROOFS 135

Then for any € € (0,e0/2)

T ~
lim ‘/ / W (p — Pme)¥medrdt] < lim HwHooMT/ lp — pmeldz = 0;
O\Se m—>00 O\Se

m—ro0

here use of the limit (6.3.87) has been made. Thus claim (i) is shown.

To prove claim (é7) consider the function Z defined in (6.3.11)-(6.3.12) with M given by
(6.3.91). Hence Z is a supersolution, while ¢, (m € IN,e € (0,£0/2)) is a subsolution to
the problem

( Pme Op + AYp = 0 in (S \ 8%) x (0, 7]
v =M in A% x (0,7)
(6.3.93)
Y =0 in A° x (0,7)
| v =Z in (8% \ 8¢) x {T}.
Then arguing as in the proof of Lemma 6.3.3 we obtain for any m € IV, e € (0,£0/2)
(6.3.94) (Vi e, ve) > —C on A° x (0,T),

where C := uC with g and C given by (6.3.12). It is similarly seen that for any m € IV, e €
(0,€0/2)
(6.3.95) (Vihme,ve) < C on A°x (0,T).

Integrating by parts, since W = 0 in A® x {0} and (V0. v:) = 01in A x {T'} (m €
IN,e € (0,60/2)) we obtain

// (Vipm e, ve) do dt = //at (Ve ve)dodt = //WV¢mE,V€>dadt
IS5 AE 15

for any m € IN, e € (0,£9/2) . Hence by (6.3.94)-(6.3.95) it follows claim (i7). This completes
the proof. 0






CHAPTER 7

Phragmen-Lindelof principles for fully nonlinear elliptic
equations with unbounded coefficients

7.1. Introduction

We deal with viscosity solutions of fully nonlinear elliptic equations of the following form:
(7.1.1) F(z,u,Du,D?*u) =0 inQ;

here €2 C IR" is a connected open, possibly unbounded set with boundary 0€), F' is a real-
valued continuous function defined in 2 x IR x IR™ x X", ™ being the linear space of n x n
symmetric matrices with real entries; precise assumptions will be made in Section 7.2.

We always express the boundary 02 as the disjoint union of the reqular boundary R and
the singular boundary S, for the nonlinear operator F' is well-behaved in QUR; on the contrary,
it can become hill-behaved, when dist(x,S) — 0, or when |z| — oo, if © is unbounded (see
assumptions (F;)— (Fy) in Section 7.2). Then it is natural to prescribe the Dirichlet boundary
condition on R; this leads to the following problem:

F(z,u,Du,D*u) =0 in Q
(7.1.2)
U =g in R.

When F' is a linear operator with bounded coefficients, uniqueness results for problem
(7.1.2), in the class of bounded solutions, have been proved both by analytical (e.g., see [7],
[26], [56]) and probabilistic methods (e.g., see [31]). Such results are generalized in several
respects in [58], [65](see also [59],[60], for parabolic problems), where linear degenerate oper-
ators whose coefficients can become unbounded at S are dealt with; moreover, uniqueness is
obtained in the class of solutions satisfying a suitable growth condition at S, as a consequence
of Phragmen-Lindel6f type results (e.g., see [61], for classical Phragmen-Lindel6f principles).

For fully nonlinear operators, fulfilling natural structural conditions, Phragmen-Lindel6f
principles have been proved in [15]-[16], when € is unbounded, R = 9 and (2 satisfies specific
geometric conditions; roughly speaking, it is necessary that there is "enough boundary” near
any point of . Following the arguments of [13], in [15]-[16] at first a boundary weak
Harnack inequality is shown, then Alexandrov-Bakelman-Pucci estimates and Phragmen-
Lindelof principles are obtained.

On the other hand, in case of a bounded domain, in [2] comparison principles for problem
(7.1.2) are given, if S is a sufficiently smooth (n — 1)—dimensional submanifold of R", F' €
C( x IR x IR" x ¥") and F fulfills suitable conditions at S, which extend to the nonlinear
case those introduced in [26].

Our purpose is to establish Phragmen-Lindel6f principles for problem (7.1.2), when F' can
diverge or need not to have a limit when dist(x,S) — 0. Beside problem (7.1.2), we shall
consider also the problems:

F(x,u,Du,D?*u) =0 in Q
(7.1.3)

137
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and

F(x,u,Du, D?*u) =0 in Q
(7.1.4) u=g in RUS;

since, if Phragmen-Lindel6f principle fails for problem (7.1.2), it is natural to try and recover
it by prescribing a sign condition on some subset S; of the singular boundary S, and/or a
condition at infinity, if € is unbounded. Indeed, under certain hypotheses, we shall prove that
any subsolution to problem (7.1.3) with g = 0, which is nonpositive on R US; and satisfies a
suitable growth condition at Sz := S\ S; is necessarily nonpositive in Q (see Theorem 7.3.1).
In other words, the sign of u at R U S; propagates in the whole €2, even if we do not require
a sign condition of u on the portion Sy of the singular boundary S. Moreover, observe that
no regularity conditions on F' at S are imposed (see (Fy) — (F») in Section 7.2).

The Phragmen-Lindel6f principle we state relies on the existence of suitable supersolu-
tions to a companion problem of problem (7.1.2) and on their behaviour as dist(z,S2) — 0
(see Subsection 7.3.1). In Subsection 7.3.2 we address the actual construction of such super-
solutions, aiming to give explicit conditions for the Phragmen-Lindelo6f principle, for special
classes of equations, such as semilinear degenerate equations (see Theorem 7.3.4), fully nonlin-
ear equations related to extremal Pucci operators (see Theorem 7.3.6). Regarding this aspect,
a central role will be played by geometrical properties of So, in particular by its dimension.
In Subsection 7.3.3 we state some comparison results for problem (7.1.2), under suitable as-
sumptions on F' and the singular boundary S. Furthermore, in Subsection 7.3.4 we discuss
some generalizations of previous results to singular fully nonlinear operators, which can not
to be defined where the gradient vanishes. These general results are used in Section 7.5 to
discuss a few of examples, where nonlinear operators which are unbounded at the singular
boundary S are employed.

Finally, let us point out that the methods we use in the sequel are quite similar to those
of [58] and [65], where the linear case is addressed.

7.2. Mathematical framework and auxiliary results

In what follows, concerning the regular boundary R and the singular boundary S, we
always assume:

(i) 0Q=RUS RNS =0, S#0;
(HL) (i) R C 99, R open and smooth enough ;
1 (Z’Ll) S=85 UGS, Slﬂ82:®;

(7v) &1 and Sz have a finite number of connected components.
The following assumption concerning F' will be made:
(1) FeC(QUR)xRxIR"xX"IR);
(13) F(x,r,p,X)— F(z,s,p,X)> 0forany z € Q,r,s,€ R,r >s,pe R", X € ¥";

(131) F'is (degenerate) elliptic, that is F(z,r,p,X)— F(z,r,p, X +Y) >0
foranyx € QUR,pe R", X, Y ¢ X" Y >0;

(F1)

We say that F' is proper if it satisfies (F1) — (i7), (i4i) .

Let Q; C Q. We denote by USC(Q1) and, respectively, by LSC(€) the sets of upper and,
respectively, lower semicontinuous functions in §2;. Let us make the following definitions.
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DEFINITION 7.2.1. (i) A function v € USC(Q) is a viscosity subsolution of equation
(7.1.1), provided that the following condition holds:

zo € Q0 € C*(Q) and u— 1 has a local mazimum at o implies

F(zo, u(o), D(x0), D*¢(0)) < 0.
(17) A function uw € LSC(Q) is a viscosity supersolution of equation (7.1.1), provided that
the following condition holds:

zo € 0,9 € C*(Q) and uw—1) has a local minimum at xq implies
F(wo,u(x0), Dip(x0), D*(x0)) > 0.
(7i1) A function u € C(Q) is a viscosity solution of equation (7.1.1), if u is both a sub-
and a supersolution of equation (7.1.1).

Later on, we only consider viscosity sub-, supersolutions to equation (7.1.1).

DEFINITION 7.2.2. Let £ C 00 and g € C(£). A function uw € USC(QUE) is a subsolution
of problem
F(x,u, Du, D*u) =0 in
(7.2.1)
U =g in &,
provided that

(1) w is a subsolution of equation (7.1.1),
(i) u<goné.
Supersolutions and solutions of problem (7.2.1) are defined accordingly.

Let 4 be a subset of Q such that Q; C QU R. We say that comparison principle holds

for F'in Q U R, if for any subsolution u € USC(£21) to equation
(7.2.2) F(z,u, Du,D*u) =0 in Q,

and for any supersolution w € LSC(£21) to the same equation such that u < @ on 0Q; we
have
u<wu in .
Sufficient conditions for such a comparison principle are well-known (e.g., see [5], [18],[39]).
We always assume the following;:
there exists a function £ € C((QUR) x IR x IR" x ¥"; IR) such that:
(i) F(x,r,p,X)> E(z,r,p,X) forany x € QUR,r > 0,p € R", X € X",
(Fy) (i) E is proper;
(#47) comparison principle holds for £ in QUR;
(iv) E(2,0,0,0) <0 for any = € Q2.

In the sequel we exhibit a large class of operators F satisfying assumptions (F7) — (F»).
To this aim, consider the Pucci extremal operators:

(723)  Pya(X):= MEiIAlAfM{—Tr(MX)}, PiAX) = S {~-Tr(MX)} (X € ¥");

here 0 < A < A, Myp:={M € S" |\ < M < AI}.

Let us recall, in the following lemma, some properties of the operators Pf A (e.g., see [14],
[49]). As usual, we will say that F' is uniformly elliptic (with ellipticity constants A < A), if

Mr(Y) < F(z,r,p, X) — F(z,r,p, X +Y) < Atr(Y),
forany z € QUR,re R,pe R", X, Y €¢ X" Y > 0.
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LEMMA 7.2.3. Let 0 < A < A. For any X,Y € 3" we have:
(i) PyA(X) = ATr(X7) = ATr(XT), PYA(X) = ATr(X™) = ATr(XT), where X >
0,X~>0,X=X"— X", XtX =0;
(44) 73/\[\( ) are uniformly elliptic operators with ellipticity constants X\ and A;
(i) Py A(X) = =Py A (=X);
(1v) PfA(aX) = aP/\A( ) for any a > 0;
(v) P
)

(vi

,\A is conver i X, Py A is concave 1 X;

PiAX) +Pa(Y) SPLA(X+Y) <
<PAX) +PL(Y) S PIU(X +Y) <PTL(X) +PYL(Y).

Observe that F' is uniformly elliptic (with ellipticity constants A < A), if and only if the
following condition, involving the Pucci operators, holds true:

(7.2.4) PaY) < Fa,r,p, X +Y) — F(z,r,p, X) < Py, (Y),
forany r €e QUR,re€ R,pec R", X,Y € ¥".
We have the following

LEMMA 7.2.4. Let assumptions (Hy) and (Fy) be satisfied. Moreover, let the following
condition hold true:
7 there exist 5,7 € C(QUR;[0,00)) such that
(F3) F(z,r,p,X) > P;A(X) — B(z)|p| + v(x)r for any € QUR,r >0,pe R", X € X".

Then assumption (Fy) is satisfied.
Proof of Lemma 7.2.4 . 1t suffices to take
(7.2.5)  E(z,7,p,X) =Py o(X) = B(@)|p| +~v(z)r (r € QUR,r >0,pe R", X € X").

0
Moreover, next lemma holds true.

LEMMA 7.2.5. Let assumptions (A1) and (F1)— (i) be satisfied. Moreover, let the following
condition hold true:

( (i) F is uniformly elliptic with ellipticity constants A < A;
(i7) there exists a function € C(QUR;[0,00)) such that
F(.’L’,O,p, 0) > _5(1')‘])’7 fOT anyr € Q UR7p € Rna
(131) there exists a functiony € C(QUR;[0,00)) such that
F(z,r,p, X) — F(x,s,p, X) > v(x)(r — s),
foranyxr € QUR,r,se R,r>s,pe R", X € X"

(F4)

Then assumption (F3) is satisfied.
Proof of Lemma 7.2.5. By (Fy) and (7.2.4) it follows that
F(.’,U,’I”,p,X) Z P):A(X) + F($7T7p7 O) 2

> PyA(X) + F(2,0,p,0) + mi(z)r > E(z,7,p, X)

for any xt € QUR,r > 0,p € R", X € X", where E is the function defined in (7.2.5). Hence
the conclusion follows by Lemma 7.2.4. O

Set uy :=sup{u,0} and u_ := sup{—wu, 0}. The following standard result holds true.
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LEMMA 7.2.6. Let assumptions (A1), (F1) — (Fy) be satisfied. Let uw € USC(Q) be a
subsolution of equation (7.1.1). Then the function uy is a subsolution of equation
(7.2.6) E(z,u, Du, D*u) =0 in Q.

Proof of Lemma 7.2.6. Clearly u, € USC(), since u € USC(Q). Take ¢ € C?(2),z¢ € Q
such that uy(xg) = ¥(xp) and

ui(z) — () < uy (o) —Yp(x0) for anyz € Bs(z)
for some § > 0. If uy(z9) = 0, then ¢(xp) = 0 and
Y(z) > ug(x) >0 for anyz € Bs(xo),

hence ¢ has a relative minimum at xg. Therefore Di)(zo) = 0, D?(20) > 0. Then by
(Hs) — (i1), (v) we deduce

(7.2.7) E(z0, uy (20), DY (20), D*1(x0)) = E(z0, 0,0, D*)(z0)) < E(x0,0,0,0) < 0.
Now consider the case u(zg) > 0; then u(zg) = us(z9) = ¥(x0),
u(z) <uy(z) <¢Y(x) for anyx € Bs(wo);

hence the function u — v has a relative maximum in zy. By (H3) — (i) and the fact that w is
a subsolution of equation (7.1.1), we have

E(xo, ut(z0), Dy (o), D*(w0)) < F(xo, u(xo), D(x0), D*h (o)) < 0.
This inequality combined with (7.2.7) gives the conclusion. O

7.3. Results
7.3.1. Phragmen-Lindel6f principle. We shall prove next
THEOREM 7.3.1. Let assumptions (Hy), (F1) — (F3) be satisfied; suppose So # 0. Let there
exist a supersolution W > H > 0 of problem

E(x,u, Du, D*u) =0 in
(7.3.1)
u =0 on R

such that, for any o € (0,ap), aW is a supersolution of the same problem (o > 0). If Q is
bounded, then any subsolution u € USC(QUR U Sy) of problem (7.1.3) with g = 0 such that

: u(z)
7.3.2 lim sup
( ) dist(x,S2)—0 W(x)

<0

satisfies u < 0 in €.
If Q) is unbounded the same conclusion holds true under the additional condition

(7.3.3) lim sup <0.

In the above Theorem, the sign condition on the portion Sy of the singular boundary,
where the subsolution u need not to be defined, is replaced by a growth rate condition with
respect to a suitable supersolution to problem (7.3.1). Observe that condition (7.3.2) reduces
to a sign condition for u at Sz, whenever W is bounded in a neighbourhood of Ss.

REMARK 7.3.2. Theorem 7.3.1 holds true also in the following cases:
() if condition (7.3.3) is replaced by the sign condition

(7.3.4) limsup u(z) < 0;

|z| =00
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(49) if condition (7.3.2), respectively (7.3.3), is replaced by the weaker assumption

U
(7.3.5) liminf{ sup —} <0,
e—0 {Ag\82 W}
respectively
(7.3.6) liminf {  sup <0.

=0 " [QURINOB,
1>

In the above inequalities and hereafter we set B, (z) := {|zr — z| <r} (z € R"),B.(0) = B,
and

Si={r € Q|dist(x,8) = ¢}
for any € € (0,g¢), (with g9 > 0 suitably small).

7.3.2. Special classes of operators. The Phragmen-Lindel6f principle stated in Sub-
section 7.3.1 is implicit in character, for it relies on the actual construction of the supersolution
W of problem (7.3.1). In this Subsection, for special classes of nonlinear operators F', we es-
tablish sufficient conditions for the construction of such supersolution W, aiming to give
explicit criteria for the validity of Phragmen-Lindel6f principle for problem (7.1.3).

Concerning the regular boundary and the singular boundary, beside (H;) the following
assumption will be made:
(i) RNS =0,85NS = 0;
(H?) (ii) Sy is a compact k — dimensional submanifold of IR" of class C?
with k=0,1,...,n— 1.

7.3.2.1. Semilinear degenerate equations. Consider semilinear degenerate problems of the
following type:

—tr(A(z)D?*u) + H(z,u, Du) =0 in Q

(7.3.7)
u =g irl R U 81 y
where
( (i) ai; = aj;i € COYQ), 0;; € COHQUR), A(z) = o(z)o(z)T (x € QUR);
(i1) szzl a;j(x)&€& > 0 for any z € Q and (&1,..,&,) € R";
(i) He C(QUR) x R x IR");
(F) (iv) there exists 8 € C(QUR;[0,00)) such that

H(x,0,p) > —p(x)|p| for any z € QUR,p € R";
(v) there exists v € (QUR;[0,00)) such that
H(z,r,p) — H(z,s,p) > y(x)(r —s)

| (vi) ’y—i—zyzlajzi>OinQURf0rsomej: 1,...,n.

To state our result we need some preliminary remarks. For any fixed y € S there exist
orthonormal vectors nM(y),...,n" ¥ (y) € IR™, which are orthogonal to Sy at y. Consider
the matrix A (y) = (aun(y)) € "%, where

n

() = Y awn W™ @)  Gm=1,...n—kiyesS).
ij=1

Let us make the following definition (see [31]).

DEFINITION 7.3.3. Lety € So. The rank r(y) of the matriz A (y) is called the orthogonal
rank of the diffusion matrix A at y.
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The above definition is well posed, for r(y) is independent of the choice of the set
O (y)|l = 1,...,n — k}; observe that r(y) < n — k. In view of assumption (Hy) — (i),
there exist y',...,y" € Sy such that:

Sy is the union of the graphs U; of C? functions, say

(7.3.8) ¢ : Br,(y, ... yh) C R* — RF,60) = (61 ... V)
(i=1,...,N), up to reorderings of the coordinates.

We shall use the following assumption:

(i) n>2,dimS; <n-—2;
(79) r(y) > 2 for any y € Sa;
(tit) for any y € U; (i =1,..., N) there exist orthonormal vectors
(Fo) nW(y), ..., n™F(y) € IR™, which are orthogonal to S, at ,
nW() e C*(U;; R") (I=1,...,n— k), such that the matrix
L A (-) has unit eigenvectors of class C%(U;; R %) .

(here the notation in (7.3.8) has been used).
Now we can state the following

THEOREM 7.3.4. Let Q be bounded, assumptions (H1)— (Hz2) and (F5) — (Fg) be satisfied,
S # 0; suppose v >0 in Q, or S = 0. Let there exist By > 0 and 7 € [0,1) such that

By

(7.3.9) Bx) < W

for any x € Q.

Let wu e USC(QURUS) be a subsolution of problem (7.3.7) with g = 0.
() If

7.3.10 lim sup : <0,
( ) dist(z,S2)—0 ‘ log dZSt(J:) 82)|

then u < 0 in €.

(i) Let av:= inf r(y) —2>1. If
YES2

, u(z)
(7.3.11) limsup ————5—— <0,
dist(x,S2)—0 [dZSt(J;?S?)] @

then u < 0 in Q.

REMARK 7.3.5. For linear degenerate equations, Theorem 7.3.4 is proved in [58] using
similar methods.

7.3.2.2. Fully nonlinear equations related to Pucci operators. We shall prove the following
results.

THEOREM 7.3.6. Let Q be bounded, assumptions (H;)— (H:

2), (F1), (F3) be satisfied, Sa #
0; suppose v >0 in Q or S = 0. In addition, let n —1 — % >0,

A
(7.3.12) k<n-1-<

and condition (7.3.9) be satisfied. Let w € USC(QU R U Si) be a subsolution of problem
(7.1.3) with g =0 such that (7.3.10) is verified, then u < 0 in .
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7.3.3. Comparison results. Let us make next assumption:
(i) FeCOQxRxR"x%"R);
(ii) F(x,7,p,X)— F(z,s,p,X) > 0forany x € Q,7,5,€ R,r >s,pc R", X € ¥";
(73t) F is uniformly elliptic with ellipticity constants A, A ;
(1v) for any R > 0 there exists L > 0 such that
|F(x,r,p, X) — F(x,7,¢,X)| < Llp — q|
for anyxz € Q,r € [-R,R],p,q, € R", X € ¥™;
| (v) comparison principle holds for F in Q.

(F7)

We can prove the following

PROPOSITION 7.3.7. Let 2 be bounded, assumptions (Hy1) — (H2) and (F7) be satisfied;

suppose S = Sy # (). Let condition (7.3.12) be satisfied. Then problem (7.1.2) admits at most
one bounded solution.

Concerning semilinear degenerate equations, we have next

PROPOSITION 7.3.8. Let §) be bounded, assumptions (Hy)—(Hz) and (F5)—(Fg) be satisfied
with H € C( x R x R™), 8,7 € C(Q;[0,00)); suppose S = Sa # 0. Then problem (7.3.7)

admits at most one bounded solution.

7.3.4. Generalizations of previous results to singular operators. Let us assume
the following:

(Z) F(m,r,p,X) = F(xava) + ’p|6<b($)’p> - f(T‘) (ﬁ > _1)
forany x e QUR,r € R,p € R"\ {0}, X € ¥";

(ii) FeC((QUR)x R x (R"\ {0}) x & IR) ;

(Fy) (7it) F is proper A

(iv) there exist A >0, A > 0 with A < Asuch that F(z,p, X) > |p|’P;y 4 (X)
forany x € QUR,p € R™\ {0}, X € X"; 7

(v) beCH(QUR; R™);

(vi) feC(R;IR), f(0)=0, f is strictly increasing in IR .

Operators F' satisfying assumption (Fg) are singular, in the sense that they may not be
defined at p = 0. Some examples of such singular operators are given in the following (see

[8]):

(i) F(p,X) = [pl"Py\(X) (8> —1);

(i1) F(p,X) = —tr(X) + 5 (see [24]);

(iii) F(p, X) := =Dy = —|p|™2tr(X)+(2—m)|p|™*(Xp,p) (m > 1), i.e. the opposite
of the m— Laplacian ;

here p € R"\ {0}, X € ¥".

When F satisfies (Fg), the notion of viscosity solution of equation (7.1.1) will not be
meant in the usual sense; following [8]-[9], [24] and [41] we do not take test function whose
gradient is zero at the test point, where the operator F' may not be defined (see (Fg) — (i)).
To be specific, let us make next

DEFINITION 7.3.9. A function uw € C(2) is a viscosity subsolution of equation (7.1.1)
provided that, for any xg € €1, either
- w=c in Bs(xg) C Q, for some § >0, c € R, and f(c) <0,
or

- for any ¢ € C%(Q) such that u—1 has a local mazimum in xo and D (xg) # 0 there
holds

F(wo, u(wo), D (20), D*(w0)) < 0.
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A function uw € C(Q) is a viscosity supersolution of equation (7.1.1) provided that, for any
xg € S, either
- u =c in Bs(zg) CQ, for some § >0, c € R, and f(c) >0,
or

- for any ¢ € C?(Y) such that u—1) has a local minimum in xo and D (zo) # 0 there
holds

F(z0,u(xo), DY (z0), D*(z0)) > 0.
A function u € C(Q) is a viscosity solution of equation (7.1.1), if u is both a sub- and a
supersolution of equation (7.1.1).

We shall prove the following

THEOREM 7.3.10. Let Q be bounded, assumptions (H1) — (Hz), (F3) be satisfied and S =
Sa # 0. Moreover, suppose that conditions (7.3.9) and (7.3.12) are verified. Let u € C(QUR)
be a subsolution of problem (7.1.2) such that condition (7.3.10) is satisfied. Then u <0 in .

REMARK 7.3.11. (i) If F = —A,, (2 <m < n), then condition (7.3.12) reads k <n—m.
In this case, Theorem 7.3.10 is in agreement with the nonlinear potential theory (see e.g.
[36]).
() If F(p,X) = —trX + % (p € R"\ {0},X € X¥"), then condition (7.3.12) reads
k<n-—3.

7.4. Proofs

7.4.1. Proof of Theorem 7.3.1. We adapt to the present situation proofs given in [65],
for linear problems. We keep the same notations of Section 1.4.

Proof of Theorem 7.3.1. (a) Let 2 be bounded. We give the proof when condition (7.3.2) is
replaced by the weaker assumption (7.3.5) (see Remark 7.3.2).

(1) In view of inequality (7.3.5), there exists a sequence {e;} C (0,e9), e — 0 as k — oo,
such that

(7.4.1) lim { sup “i} <0.

Then for any a € (0, ap) there exists k = k(a) € IN such that for any k > k there holds

(7.4.2) “W* <a in AF\S.

(#1) Define, for any « € (0, ap),

(7.4.3) Va(x) == aW (z) (x e QUR).
Observe that
(7.4.4) aH <V, in QUR.

In view of (1.4.1)-(??), (7.4.4) the following claim is easily seen to hold.
Claim 1: For any a € (0,0), € € (0,0), 6 € (0, 5) the function V,, defined in (7.4.3) is a
supersolution of the problem

E(z,u,Du,D*u) =0  in Q\Z&0
(7.4.5) u=>0 on RO

u =V, on F&9 .

(7i7) We shall prove the following
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Claim 2: For any a € (0, ag) there exists k = k(a) € IN with the following property: for any

k > k there exists 05 € (0, ) such that the function uy is a subsolution of problem (7.4.5)
with € = e, 0 = J, where {e} is the infinitesimal sequence of inequality (7.4.2).

From Claims 1 and 2 the conclusion follows immediately. In fact, by assumption (Fy)—(774)
we obtain for any a € (0,a9), k > k

U4 < Va in \Iek76k .
Letting o — 0 in the latter inequality we obtain v < 0 in any compact subset of {2 (observe
that & — oo, thus € — 0 as o — 0); hence the result follows.
To prove Claim 2 we use the following facts:
e for any a € (0,a0), € € (0,e0) there exists 6 € (0,5) such that for any § € (0,0)
there holds
(7.4.6) up < o in .7:16’6;

e for any a € (0, ap) there exists k = k(a) € IV such that for any k& > k and for any
6 € (0, %) the function V,, satisfies

(7.4.7) uy < Vo o in FgRO.

Let us put off the proof of (7.4.6)-(7.4.7) and complete the proof of Claim 2. Plainly, from
(7.4.4) and (7.4.6)-(7.4.7) we obtain

(7.4.8) uy <V,  in FeEO

for any o € (0,aq), k > k and some & € (0, <:). On the other hand, by Lemma 7.2.6, the
function w4 is a subsolution of the problem

E(x,u, Du, D*u) = 0 in
(7.4.9)
u =0 on RUGS,

thus in particular v < 0 on RerO% C R. Hence Claim 2 follows.

It remains to prove inequalities (7.4.6)-(7.4.7). Concerning (7.4.6), observe that uy <0
on Sj, thus in particular v < 0 on Si¢, and uy € USC(QUR U S;). As a consequence, for
any T € S1 and any o > 0 there exists § = §(Z, o) > 0 such that

uy(z) <o for any z € [QUR|N Bs(T).

It is immediately seen that Si . is closed, thus compact. Hence from the covering {B5(7) }zes, .
we can extract a finite covering {B;, (Zr,) }n=1,..n (7 € IN), namely

8175 C Uzle(gn (i‘n) =: Bs,a .

Set
€

§ := min{éy,..., s, g},

then
{r € QUR |dist(x,S1.) <6} C[QURINB.,,
thus in particular
FP CIQUR|NB., for any § € (0,0).
This shows that for any o > 0, ¢ € (0,£¢) and ¢ € (0,0) there holds

Uy <o in .7-"18’5;

choosing o = aH we obtain (7.4.6).
Inequality (7.4.7) follows immediately from (7.4.2), since ]-'25’“’(S C A5\ S for any § €
(0, 5). This completes the proof for bounded .
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(b) Let Q be unbounded. We shall use the family Q%8 of subsets of 2, introduced in
Section 1.4. We give the proof when condition (7.3.3) is replaced by the weaker assumption
(7.3.4) (see Remark 7.3.2). (i) In view of inequalities (7.3.6), there exists two sequences
{er} € (0,e0), ex — 0 as k — oo and {fx} C (0,00), Br — 0 as k — oo, such that

(7.4.10) lim { sup “—*} <0, lim { sup “—*} >0.
k

Then for any o € (0, aq) there exists k = k(a) € IN such that for any k > k

(7.4.11) ”W*<a in A\ S, “W*ga on [QUR]NOB, .

(73) As in (a), it is easily seen that the function V, := aW is a supersolution of the problem

( E(z,u,Du,D?*u) =0 in Q%8
_ SR,
u =V, on {fg’éﬂBi%}U[Q\ﬁﬂaB%

for any o € (0, ap), € € (0,£0), 0 € (0,5),5 > 0.

Arguing as in (a) the conclusion follows from the following
Claim: For any a € (0,aq) there exists k = k(a) € IN with the following property: for

any k > k there exists d; € (0,%) such that the function u, is a subsolution of problem

(7.4.12) with ¢ = ey, 0 = Ok, 8 = Pk, where {ex} and {Bx} are the infinitesimal sequences of
inequalities (7.4.11).

To prove the Claim, it suffices to prove that
(7.4.13) usy < Vo on [ffk’ék N B[%} U [Q \T% 3 0B 1
k k

with a, k, g, O, B) as above. Notice that (7.4.4) and (7.4.7) are still valid. Moreover, in view
of the compactness of S - N B% (e € (0,e9), B > 0), arguing as in the proof of (7.4.6), we get

that
e for any a € (0,a0), € € (0,0), B > 0 there exists 6 € (0,5) such that for any
§ € (0,6) there holds

(7.4.14) u, < aH in F°NB;.

@|

Then by (7.4.4), (7.4.7), (7.4.14), the inequality

(7.4.15) uy <Vy in FoROEN B 1
k

follows. Concerning the inequality

(7.4.16) up <Vo o in Q\T%HN0B,
k

it follows immediately from (7.4.11) since Q \ Z5+% C QU R for any § € (0, %) (see (1.4.1)).

Then inequality (7.4.13) and the conclusion follow. O

Proof of Remark 7.3.2. Case (i) holds, since (7.3.4) implies (7.3.3). Case (i) has been dealt
with already in the proof of Theorem 7.3.1. U
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7.4.2. Proof of Theorem 7.3.4. Arguing as in the proof of Theorem 2.12 in [58] we
obtain the following

PropOSITION 7.4.1. Let assumptions of Theorem 7.3.4 be satisfied. Then there exists a
supersolution W > H > 0 to problem

—tr(A(x)D?*u) — B(x)|Du| +yu =0 inQ

(7.4.17)
u =0 in R
such that
{ W(z) ~ —log[dist(x,S2)] as dist(x,S2) = 0, if a:= érelgr(y) —-2>0;
W(z) ~ [dist(z,52)]"% as dist(x,S2) — 0, if a>1.

Now we can prove Theorem 7.3.4.
Proof of Theorem 7.8.4. Define

F(z,r,p,X) = —tr(A(x)X)+ H(z,r,p) (z€QUR,re RpeR" X eX").

In view of assumptions (F5) — (Fg) and comparison principles stated in [5], we deduce that
(F1) — (Fy) are satisfied, if we choose

E(z,r,p, X):= —tr(A(z)X) — B(z)|p| +~(x)r (m EQUR,r>0,pe R", X € E”) .
Applying Theorem 7.3.1 and Proposition 7.4.1 the conclusion follows. O

Using Lemma 3.4.3 we can prove next

PROPOSITION 7.4.2. Let assumptions of Theorem 7.3.6 be satisfied. Then there exists a
supersolution W > H > 0 to problem

Pya(D?u) = B(x)|Dul +yu =0 inQ
(7.4.18)
u =0 in R

such that
W(z) ~ —logldist(z,S2)| as dist(x,S2) — 0.
Proof of Proposition 7.4.2. Let g9 be given by Lemma 3.4.3. Define
(7.4.19) W(z) := —logld(z)] - Ci[d()]' ™ (z € &5°);
here d(z) = dist(x,S2) (x € QUR) and C is a positive constant to be fixed in the sequel.
Clearly W € C?(S5). We claim that, for some € € (0, p), the function W satisfies
(7.4.20) Pia(D*W () — B(z)| DW (z)| + v(z)W () > 0 for any z € S5.

In fact, let € € (0,¢0) and x € S5 arbitrarily fixed. In order to prove inequality (7.4.20),
it is not restrictive to assume, as we will do in the following, that condition (C') of Lemma
3.4.3 is satisfied. Then, from Lemma 3.4.3, we have

(7.4.21) 82;1 = ~{ld@) ™ + i1 - T)[d(x)]_T}ag:(cf) -
= —{[d(x)]* +C1(1 = 7)[d(z)] "7 }oin
for any ¢ = 1,...,n. Moreover, there holds:
aW( T _7_ —7' 1 )
(7.4.22) Oxi0; = {ld)™ + omlt } 3% ox;
9d(x)

@) + OO =@ g
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forany i,7=1,...,n.

By Lemma 3.4.3, (7.4.21)-(7.4.22), we deduce that
(7.4.23) D*W(z) < P(z) = (pij(z)) (i,j=1,...,n),
where
Co{ld(@)] '+ Ci(1 —7)[d(x)]" 7} ifi=j=1,...,k
(7.424)  pij(x) =< —[d@)]2-Ci(1—7)d(x)] "t ifi=j=k+1,...,n—1

[d(z)] 2+ C1r(1 = 7)[d(2)]""t  ifi=j=n.
It is easily seen that
(7.4.25) P(z) = P*(z) — P (x), PT(x) >0, P (x) >0, P (z)P (z) = 0,
if we set

Pt (z) = (pjj(@)), P~ (z) = (p(=)) (i,5=1,...,n),

Co{ld@) '+ C1(1 = 7)d(z)] 7} ifi=j=1,....k
(7.4.26) pi(x) =9 [d@)] 2+ Cir(1 = 7)[d(x)) 7 ifi=j=n.
0 otherwise ;
[d(x)]2+C1(1—7)d(x)] ™" ifi=j=k+1,....n—1

(7.4.27) p;(x) = {
0 otherwise .
From (i) and (i¢) in Lemma 7.2.3, we obtain
(7.4.28) P/;A(DQW(x)) > Pya(P(z)) = Atr(P™(2)) — Atr(P*(z)).
By (7.3.9), (7.3.12) and (7.4.25)-(7.4.28), we have

Py (D*W (x)) — BIDW ()| >
> [d()] 7 {A(n — k= 1) = A — AkCod(z) — Bold(x)]' "+

+C1 (1 = 7)[AMn — k= 1)[d()]' 7 = 7A[d(2)]' T — ACokld(z)]* T — Bo[d(x)]Q(l’T)}} >

> [d(x)]_l_T{Cl(l —7)[A(n — k — 1) — TA — AkCyd(z) — Bo[d(z)]" 7]+

—AkCold(@))" = Bo} >0,

provided that £ > 0 is small enough and C; > 0 is large enough; here use of the inequality
AN —k —1) —7A > 0 has been made.

Notice that v(x)W (z) > 0, if € > 0 is small enough. This fact combined with the previous
inequality gives the Claim. It remains to extend W in the whole Q U R.

(i) Suppose v > 0 in Q. Let us consider a function y € C%(Q) such that 0 < y <1, x =1
in 85/2, x =0in Q\ S5. Define
W(z) := W(x)x(z) +Cy (ze€QUR),

(5 being a positive constant to be chosen later.
Clearly, we have that

(7.4.29) Pya(DW) = BIDW|+~W >0 in S5/* U[Q\ S3).
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Moreover, for some constant C3 > 0, there holds
(7.4.30) Pra(D*W) = BIDW|+ AW > —~C3+7C2 >0 in S5\ S5/,

taking Co > %, where 79 := min v > 0.

s5\85"°

Observe that W > 0 on R, if we choose C5 > 0 big enough, hence W is the supersolution we
had to exhibit.

(7i) Suppose S; = (). Let us consider the solution W of the problem

Pia(D*W) = B |[DW| =0 inQ\S&°

(7.4.31) W =0 in A®
W =-1 in R;
here By := min §. By the strong maximum principle, since A® is compact, there exists a > 0
such that n
(7.4.32) (DW (z),v(z)) < —a (z€ A%);

here v denotes the outer normal at S¢. Define

W+ loge + Cie!"™ +2 in S&°
(7.4.33) W=
HW +2 in (QUR)\ S°,
with H > 0 to be chosen.
We claim that if H > 0 is sufficiently large, then for any zg € A% no test functions 1 as
in Definition 7.2.1 exist, or equivalently (see [49]),
JPW (z0) == {(p, X) € R" x &" |

W) > W (o) + {p, 2 — 20) + 5 (X(z — 20), = — 20) + ol|& — 20} =0.

In fact, by absurd, suppose that (p, X) € J>~W (xq). Then it follows that

W (x4 dv(w0)) — W(20)
)

> (p,v(20)) + 0(0)

for any § > 0 small enough. Letting § — 0T in the previous inequality, we obtain
(7.4.34) (p,v(x0)) < H(DW,v(z0)) < —aH .

Arguing with similarly we get

(7.4.35) (p,v(xo)) > (DW,v(x0)) > —Cs,

for some positive constant Cy independent on zg (see (7.4.19)). From (7.4.34) and (7.4.35),
when H > % we obtain a contradiction. Hence the Claim follows and we can conclude that
W is the desired supersolution. The proof is complete. O

Proof of Theorem 7.3.6. Lemmas 7.2.3-(iv), 7.2.4 and Proposition 7.4.2 yield the result. O
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7.4.3. Proof of Propositions 7.3.7-7.3.8 . We make use of the following
DEFINITION 7.4.3. Let Q; C €.

(i) A function u € USC(Q) is a viscosity subsolution of equation
(7.4.36) F(x,u, Du, D*u) = 0 in Qy,

provided that the following condition holds:
zg € Q1,v C? in a neighbourhood of Q1 and u — 1 has a local mazimum (relative to Q1) at
xg implies that

F(x0,u(z0), DY(x0), D*1(x0)) < 0.

(ii) A function uw € LSC(Q) is a viscosity supersolution of equation (7.4.36), provided
that the following condition holds:
xg € Q,% C? in a neighbourhood of Q1 and u — ) has a local minimum (relative to Q) at
xo implies that
F(x0,u(z0), D (x0), D*(x0)) > 0.

The proof of Theorem 7.3.7 is based on next

PROPOSITION 7.4.4. Let assumptions of Proposition 7.3.7 be satisfied. Then the following
statements hold true:

(i) Ifu € USC(Q) is a subsolution to equation (7.1.1), then u is a subsolution of equation
(7.4.37) F(z,u,Du,D?u) = 0 in QUS;

(i) If u € LSC(Q) is a supersolution to equation (7.1.1), then u is a supersolution of
equation (7.4.37) .

Proof of Proposition 7.4.4 . We adapt to the present situation the idea of the proof of Lemma
4.4 in [2]. Take z € S and ¢ € C?(QUS) such that z is a point of local maximum for u — ).
Without loss of generality, we can assume that z is a point of strict local maximum for u — 1),
that is

(7.4.38) u(z) —(z) > u(x) —(x) for any z € Bs(z) N[QUS]
for some § € (0,0); here o is defined as in Lemma 3.4.1. Define
Z(z) := logld(x)] + Cd(z) (z€Q),

bule) 1= u(a) — b(a) + £2(2) (2 € Q)
here d(x) = dist(x,S) (x € Q), C; > 0 is a constant to be fixed in the sequel and £ > 0. Let
ze € (e > 0) be a point of local maximum of 1. (relative to Bs(z) N ); we have

(7.4.39) Te = 2, Ye(xe) > u(z) —9P(z) as e—0.

Take £ > 0 such that z. € §7 for any € € (0,&). From Lemma 3.4.3, assumptions (F7) —
(7i1), (iv) and condition (7.2.4) we deduce for any ¢ € (0, &)

F(ze,u(xe), DY(x2), D*(x0)) + Py y(—eD*(Z(x2))) — Le| DZ (x| <
< F(Jfavu(xa)v D¢($a) - 5DZ($5)’ DQW«’UE) - 5D2Z($€)) <0.

Inequality (7.4.40) and Lemma 7.2.3-(4i7) yield for any ¢ € (0, )

(7.4.41) F(az,u(z:), DY(x.), D*)(x:)) < Le|DZ(x.)| + Py (eD*(Z(x2))) .

The same computations made in proof of Proposition 7.4.2 give, for C; > 0 big enough and
€ > 0 small enough,

(7.4.42) Le|DZ(x.)| + Py (eD?*(Z(x2))) < 0.
Sending ¢ — 0 in (7.4.42), using (7.4.39), (7.4.41)-(7.4.42), we arrive to
F(z,u(z), Dy (), D*§(2)) < 0,

(7.4.40)
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thus (7) has been shown. Analogously (i7) can be deduced. O

Proof of Proposition 7.3.7 Suppose, by contradiction, that there exist two bounded solutions
u1,u2 to problem (7.1.2). Let us prolong uj,us on S setting
up(x) :=limsupuq(y), we(x) :=liminfus(y) (x€S).
y—x y—w

Proposition 7.4.4 implies that u; € USC() is a subsolution to equation (7.4.36) with Q; =
QUS, while uy € LSC(Q) is a supersolution to the same equation; in addition, u1 = us = g
on R. By standard comparison principles (e.g., see [18]) we get u; < wug; analogously we
have uy > usg, thus the result follows. O

The proof of Proposition 7.3.8 goes along the same line of the previous one; thus we omit
it.

7.4.4. Proof of Theorem 7.3.10. As a particular case of results given in [8], the
following comparison principle is valid.

LEMMA 7.4.5. Let assumption (Hy) be satisfied, R be of class C', X\ > 0,A>0,A<A
and B > —1. Let Q1 an open bounded set with smooth boundary 02 such that Q1 CQUTR ;
moreover, let g € C(0Q1). If u is a subsolution and u is a supersolution of problem

|DulPP5 y (D?u) + [Dul?(b, Du) = f(u) in
(7.4.43)

uw=g on 0,
then u <uw in 7 .

Using Lemma 7.4.5, by minor changes in the proof of Theorem 7.3.1 we obtain next

PROPOSITION 7.4.6. Let Q2 be bounded and assumptions (Hy)— (Hz) and (Fg) be satisfied,
S =8y #0. Let there exist a supersolution W > H > 0 of problem

P A(D*u) + (b,Du) =0 inQ
(7.4.44)
u =0 on R.

Let u e C(QUR) be a subsolution of problem (7.1.2) such that

u
7.4.45 lim inf — 1 <0.
( ) imin {S}‘llep W} <

e—0
Then uw <0 in .

Proof of Theorem 7.3.10. Arguing as in the proof of Proposition 7.4.2 we can construct a
supersolution W to problem (7.4.44). Thus the conclusion follows applying Proposition 7.4.6 .
O

7.5. Examples

Throughout this Section we always assume the following:

(i) FeC(QUR)xRxR"xX™R) (melN);
(ii) F is proper and uniformly elliptic with ellipticity constants A < A;
(F7) (797) there exist 8,7 € C(2UR;[0,00)) such that

F(z,r,p, X) =2 Py \(X) = B(2)|p| +~(2)r,
foranyz € QUR,r >0,pe R™, X € ¥™.
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EXAMPLE 7.5.1. Application of Theorem 7.3.1. Consider the problem

F(z,y,u,0" Du,c"D?*uo) =0 in (1,00) x (0,1)
(7.5.1)
u =20 on 00,

where )

z¢ 0
U(xay) - ( 0 1 ) (($7y) € Q)
Suppose that 8 in (F7) is given by

Bz,y) = Az ((:c,y) € Q)
Clearly,
F(z,y,u, Du, D*u) := F(x,y,u,aTu, UTD2u0) >
> BE(x,y,u, Du, D*u) := P):A(JTDQUJ) — BloT Du| ((z,y) € Q);
notice that (F}) — (Fy) are satisfied (see [5]). The function W (z,y) = logx + 1 satisfies
P (6TD*Wo) — Blo"DW|+ W > A(z? —z) >0 in Q.
Moreover

w>1, le W(z,y) =00 (y€(0,1)).

Hence, if u € USC(2) N L*°(£) is a subsolution of problem (7.5.2), then v < 0 in Q, by
Theorem 7.3.1.

EXAMPLE 7.5.2. Application of Theorem 7.3.1. Consider the problem

F(z,y,u,0” D>uc) 4 (b(x,y),0"Du) =0 in Q= (0,1) x (0,1)
(7.5.2)
u =0 on RUGS,

where
ota) = (YT ) b = -4/ () <)
R = ((0,1] x {1}) U ({1} x (0,1)), S = {0} x (0,1], Sy = [0, 1] x {0}. Clearly,
F(x,y,u, Du, D*u) := F(z,y,u,0 u,0T D%u o) + (b(z,y), 0’ Du) >
> E(z,y,u, Du, D*u) := P/;A(UTDQuU) + (b(z,y), 0l Du) ((z,y) € Q);
notice that (Fy) — (Fz) are satisfied (see [5]). The function W (z,y) = —logy + 1 solves

A
Paalo" D*Wo) + (b(z,y), 0" DW) + W > —A + SZ0 mo;

moreover,

W >1, lim W(z,y) = +oo.
y—0t

Hence, if u € USC(QURUS;)NL>(Q) is a subsolution of problem (7.5.1), then v < 0 in £,
by Theorem 7.3.1.

EXAMPLE 7.5.3. Application of Theorem 7.3.1. Consider the problem
—Asou — suy+u=0 in Q=(0,1)x(0,1)
(7.5.3)
u =0 on R =00\ ([0,1] x {0});

here Asou = (D?uDu, Du) is the infinity Laplacian, S := [0,1] x {0} . For any a € (0, 1] the
function Wy (z,y) := —alogy + 1 satisfies

1 oW,
E(l.:yv WOUDWOMDQWOC) = _AOOWO‘ - 38;/I; + Wa Z 0 ((l’,y) & Q),
Yy
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moreover,
Wi >1, lim Wi(z,y) =o00.
y—0

Hence, if u € USC(QUR) N L>®(Q) is a subsolution of problem (7.5.3), then v < 0 in Q, by
Theorem 7.3.1.

EXAMPLE 7.5.4. Optimality of condition (7.3.9) in Theorems 7.3.4 and 7.3.6. Consider
the linear problem

—-Au +@(4xugg+4yuy)+u: f in Q

(7.5.4)
u =g on R,

where Q = By \ {0} € R*, R = 0B, S = {0}, f € COYQUR)NL®(Q) and g € C(R).
Observe that if Theorems 7.3.4, 7.3.6 apply, then problem (7.5.4) has at most one bounded
solution. This is not the case, because in [58] it is shown that problem (7.5.4) has infinitely
many bounded solutions. This is due to the fact that the condition (7.3.9) is not satisfied,
since 4

1B(z,y)| = \/TTZP

((:E,y) € Q)
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