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Introduction

In this thesis, we study the order of the reductions of points on algebraic groups defined
over number fields. It is a topic in between number theory and algebraic geometry.

Let G be an algebraic group defined over a number field K. We reduce G modulo
the prime ideals of the ring of integers of K (which we also call the primes of K). For
all but finitely many primes p of K the reduction of G modulo p is an algebraic group
defined over the residue field kp.

Let R be a K-point on G. Then the reduction (R mod p) is well-defined for all
but finitely many primes p of K: it is a kp-point on the reduction of G modulo p. In
particular, for all but finitely many primes p of K, (R mod p) is an element of a finite
group.

On the order of the reductions of points

Let G be the product of an abelian variety and a torus defined over a number field K.
Let R be a K-point on G. We are interested in describing the values taken by (R mod p),
where p varies in the primes of K.

If R is a torsion point of order n then the order of (R mod p) equals n for all but
finitely many primes p of K. So assume that R has infinite order.

Which is the greatest integer which divides the order of (R mod p) for all but finitely
many primes p of K? We prove that it is the number of connected components of the
smallest K-algebraic subgroup of G containing R. We also prove that it is the greatest
integer n such that the following holds: there exist a product of an abelian variety and
a torus H defined over K̄ and a point in H(K̄) of order n which is the image of R under
an element of HomK̄(G,H).

Do there exist infinitely many primes p of K with the property that the order of
(R mod p) is coprime to a given integer m? . . . or divisible by m? . . . do there exist
infinitely many primes p of K with the property that the `-adic valuation of the order of
(R mod p) equals v`(m) for every ` in a given finite set of rational primes? Call nR the
number of connected components of the smallest K-algebraic subgroup of G containing
R. Let m > 0 be a multiple of nR and let S be a finite set of rational primes. We prove
that there exists a positive Dirichlet density of primes p of K such that for every ` in S
the `-adic valuation of the order of (R mod p) equals v`(m).

7



8 INTRODUCTION

We prove the above results in Chapter 4. We base our work on a method by Khare
and Prasad, which combines Kummer theory and the study of the `-adic representation.

We have made several improvements with respect to the results in the literature
([KP04], [Pin04], [BGK05], [Bar06]): we let G be the product of an abelian variety and
a torus (rather than the multiplicative group or an abelian variety); we let m be any
integer m > 0 (not only a prime power) and we consider finitely many valuations (rather
than one valuation); we let R be any point of infinite order (not only a point such that
the smallest K-algebraic subgroup of G containing it is the whole G).

For a general semi-abelian variety we prove that the greatest positive integer which
divides the order of (R mod p) for all but finitely many primes p of K is a multiple of
nR. Also we prove that for any given m > 0 there exists a positive Dirichlet density of
primes p of K such that the order of (R mod p) is a multiple of m. See Chapter 4.

For the multiplicative group and elliptic curves, stronger results are known. For the
multiplicative group, Schinzel in [Sch74] proved that for all but finitely manym > 0 there
exists a prime p of K such that the order of (R mod p) is exactly m, provided of course
that R is not a torsion point. Silverman, Cheon and Hahn extended Schinzel’s result to
elliptic curves by using the theory of heights. See [Sil88] and [CH99]. In general, the
question to be asked is if all but finitely many multiples of nR are the order of (R mod p)
for some prime p of K.

Jones and Rouse in [JR07] studied arboreal Galois representations for commutative
algebraic groups (which are supposed to be smooth, separated, reduced). With this
approach, they showed that the set of primes p of K for which the order of (R mod p)
is coprime to a given prime number ` has a Dirichlet density and computed this density
in several cases.

For abelian varieties, Pink in [Pin04] compared the order of (R mod p) with the
prime p which is the characteristic of the residue field O/p. Fix a prime number ` and a
polynomial f(x) which is the product of cyclotomic polynomials and a power of x. Pink
showed that for a positive Dirichlet density of primes p of K the order of (R mod p)
is divisible by ` and it is not a divisor of f(p). The method by Pink is still based on
Kummer theory and the study of the `-adic representations.

The support problem

Let G be the product of an abelian variety and a torus defined over a number field K.
Let P and Q be K-points on G. Suppose that the following condition is satisfied:

(SP) The order of (Q mod p) divides the order of (P mod p) for all but finitely many
primes p of K.

How are P and Q related?

The support problem was first studied for the multiplicative group and for elliptic
curves by Corrales-Rodrigáñez and Schoof ([CRS97]). In the first case Q is a multiple
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of P , in the second case Q = φ(P ) for some K-endomorphism φ. Notice that condition
(SP) is satisfied whenever Q is the image of P via a K-endomorphism.

For abelian varieties, partial results were obtained by Khare and Prasad in [KP02]
and by Banaszak, Gajda and Krasoń in [BGK03]. Larsen in [Lar03] solved the support
problem for abelian varieties. He showed that there exist a K-endomorphism φ and a
non-zero integer c such that φ(P ) = cQ ([Lar03, Theorem 1]). In general one can not
take c = 1, even if both P and Q have infinite order ([Lar03, Proposition 2]). Wittenberg
in [Wit03] gave an alternative proof of [Lar03, Theorem 1] based on [LS04].

We study two variants of the support problem, which we call respectively `-adic
support problem and radical support problem. We require weaker conditions on the
points:

(LSP) Let ` be a prime number. Suppose that the `-adic valuation of the order of
(Q mod p) is less than or equal to the `-adic valuation of the order of (P mod p)
for all but finitely many primes p of K.

(RSP) Let S be an infinite family of prime numbers. Suppose that for all but finitely
many primes p of K the following holds: for every ` in S the order of (Q mod p)
is coprime to ` whenever the order of (P mod p) is coprime to `.

Let P and Q satisfy condition (LSP) or condition (RSP). We prove that there exist a
K-endomorphism φ and a non-zero integer c such that φ(P ) = cQ. See Theorems 6.1.1
and 7.1.1. These results strengthen and generalize Larsen’s result on the support prob-
lem.

For abelian varieties, our results have alternative proofs: the proof by Larsen of
[Lar03, Theorem 1] only requires condition (RSP); the proof by Wittenberg of [Lar03,
Theorem 1] which is in [Wit03] only requires condition (LSP); for simple abelian varieties,
Theorem 6.1.1 is equivalent to a result by Barańczuk ([Bar06, Theorem 8.2]).

Let G be the product of an abelian variety and a torus defined over a number field
K and let P and Q satisfy one of the three conditions above. Let c be the least positive
integer such that cQ belongs to the left EndK G-submodule of G(K) generated by P .

Assuming condition (SP), c divides an integer m which depends only on G and K.
For abelian varieties, this result has an alternative proof by Larsen, see [LS04].

Assuming condition (LSP), the `-adic valuation of c is less than or equal to the `-
adic valuation of an integer m which depends only on G and K (notice that m does not
depend on `).

Assuming condition (RSP), there exist two integers n and m depending only on G
and K such that the following holds: for every ` in S coprime to n the `-adic valuation
of c is less than or equal to the `-adic valuation of m.

See sections 5.3, 6.1 and 7.1 for more results concerning c under conditions (SP),
(LSP) and (RSP) respectively.

In Chapter 8 we discuss the multilinear support problem, which is a variant of the
support problem introduced by Barańczuk in [Bar06]. The points P and Q are replaced
by n-tuples of points and the following condition is required:
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(MSP) Suppose that for all but finitely many primes p of K the following holds: for all
integers m1, . . . ,mn the point (m1Q1 + . . . + mnQn mod p) is zero whenever the
point (m1P1 + . . .+mnPn mod p) is zero.

Condition (MSP) is stronger than requiring condition (SP) on each pair of points
(Pi, Qi) so we know that there exist K-endomorphisms φi and an integer c such that
φi(Pi) = cQi. One would like to prove that there exists a K-endomorphism φ such that
φ(Pi) = cQi for every i. This is true if the endomorphism ring is Z (see [Bar06]) but in
general it is false (see Chapter 8).

The problem of detecting linear dependence

Let G be the product of an abelian variety and a torus defined over a number field K.
Let R be a point in G(K) and let Λ be a finitely generated subgroup of G(K). Suppose
that (R mod p) belongs to (Λ mod p) for all but finitely many primes p of K. Does R
belong to Λ?

The problem of detecting linear dependence is still unsolved. Schinzel in [Sch75,
Theorem 2] solved it for the multiplicative group. Partial results for abelian varieties
were obtained by Banaszak, Gajda, Górnisiewicz, Kowalski, Krasoń, Weston in the
papers [Wes03], [Kow03], [BGK05], [GG07], [Ban07]. See section 9.1.

The strongest result is due to Weston: for abelian varieties with commutative endo-
morphism ring there exists a torsion point T such that R + T belongs to Λ ([Wes03]).

We study the problem of detecting linear dependence as an application of the other
results of our thesis. We prove three results on the problem of detecting linear depen-
dence for the product of an abelian variety and a torus, see Theorems 9.2.1, 9.3.1 and
9.4.1.

First we prove that there exists a non-zero multiple of R which belongs to the left
EndK G-submodule of G(K) generated by Λ.

Second, we solve the problem of detecting linear dependence in the case where Λ is
a free left EndK G-submodule of G(K) or if Λ has a set of generators (as a group) which
is also a basis of a free left EndK G-submodule of G(K). This result strengthens [GG07,
Theorem B] and [Ban07, Theorem 1]: in both cases we remove the assumption on the
point R and generalize the statement to products of abelian varieties and tori.

Third, we solve the problem of detecting linear dependence in the case where Λ is
cyclic. This third result was known so far only for elliptic curves and the multiplicative
group, see [Kow03, Theorem 3.3] by Kowalski.

The results in Chapter 4 will appear in the Journal of Number Theory ([Per09]). The
other results are submitted for publication.
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Chapter 1

Reductions of algebraic groups

1.1 The model of an algebraic group

A projective system of schemes

Let K be a number field, let O be the ring of integers of K. Following EGA, we adopt
the following notations: A = K; A0 = O; S = SpecK; S0 = SpecO.

Let L be the set consisting of the following elements: the finite subsets of the support
of S0 not containing {0}. Then L with the inclusion relation is a partially ordered
directed set.

For every λ in L we define Aλ as follows: Aλ is obtained from A by inverting the
prime ideals corresponding to the element λ. If λ is a singleton corresponding to a prime
ideal p, let a be the generator of some power of p (the class group of K is finite hence
there exists a power of p which is a principal ideal). Then Aλ is is obtained by localizing
A0 to the multiplicative set generated by a. Now let λ correspond to some prime ideals
p1, . . . , pn and let a1, . . . , an be defined analogously to a. Then Aλ is is obtained by
localizing A0 to the multiplicative set generated by the element a1 · · · an. Notice that
the prime spectrum of Aλ consists of the complement of λ in SpecO.

Let λ and µ be in L. There are inclusion maps from Aλ to Aµ whenever µ > λ. Define
Sλ = SpecAλ. Correspondingly, there are scheme morphisms from Sµ to Sλ whenever
µ > λ. We have an inductive limit of algebras and the corresponding projective limit of
their spectra:

A = lim
−→

Aλ S = lim
←−

Sλ.

Existence of a model

Definition 1.1.1. Let X be a K-scheme. Let Z be a scheme such that SpecK is a
Z-scheme. Then a Z-scheme X is a Z-model for X if the generic fiber of X is X i.e.

X = X ×Z SpecK.

13
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In our setting, [Gro66, Théorème 8.8.2 (ii)] says the following:

Theorem 1.1.2. Let X be an algebraic group defined over a number field K. Let O be
the ring of integers of K. Then there exists a non-empty open subscheme Aλ of SpecO
and a model Xλ over Aλ for X which is of finite type over Aλ.

Lift of a morphism

Definition 1.1.3. Let X and Y be K-schemes. Let Z be a scheme such that SpecK is a
Z-scheme. Let X and Y be Z-models of X and Y respectively. Let φ be a K-morphism
from X to Y . Call π1,π2 the projections of a fibered product of schemes. Then a Z-
morphism Φ from X to Y is said to be a lift of φ if the following relation holds:

φ = (Φ ◦ π1)×Z π2.

In our setting, [Gro66, Théorème 8.8.2 (i)] says the following:

Theorem 1.1.4. Let X and Y be algebraic groups defined over a number field K. Call
O the ring of integers of K and let Aα be a non-empty open subscheme of SpecO such
that there exists a model Xα (respectively Yα) for X (respectively Y ) over Aα of finite
type over Aα. Then for every K-morphism f from X to Y there exists a non-empty
open subscheme SpecB of SpecO such that B ⊇ Aα and such that the following holds:
there exists a unique B-morphism f̃ from Xα ×Aα B to Yα ×Aα B which induces f on
the generic fibers.

Lemma 1.1.5. The lift of the composition of two morphisms is the composition of their
lifts.

Proof. This is an immediate consequence of the unicity of the lift in Theorem 1.1.4.

Properties of the lift of a morphism

It is remarkable that some properties of the K-morphisms are preserved by the lift
on a sufficiently small non-empty open subscheme of SpecO. In our setting, [Gro66,
Théorème 8.10.5] says the following:

Theorem 1.1.6. Consider the property of being: (i) an isomorphism; (ibis) a monomor-
phism; (ii) an immersion; (iii) an open immersion; (iv) a closed immersion; (v) ‘séparé’;
(vi) surjective; (vii) ‘radiciel’; (viii) ‘affine’; (ix) ‘quasi-affine’; (x) ‘fini’; (xi) ‘quasi-fini’;
(xii) ‘propre’; (xiii) ‘projectif ’; (xiv) ‘quasi-projectif ’. Let P be one of the previous prop-
erties. With the notations of Theorem 1.1.4, let f be a K-morphism between X and Y
and let fB be a lift to f to the models of X and Y over B. Then f has the property P
if and only if fB has the property P for every sufficiently small SpecB.

In the previous theorem, by ‘sufficiently small SpecB’ we mean the following: there
exists α in S such that for every λ ≥ α the property P holds for the model over Sλ.
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On the unicity of the model

The following result is a consequence of [Gro66, Corollaire 8.8.2.5]. We prove it for the
convenience of the reader.

Theorem 1.1.7. Let X be an algebraic group defined over a number field K. Call O
the ring of integers and let SpecAα be a non-empty open subscheme of SpecO such that
there exist two models Xα, Yα for X over Aα and of finite type over Aα. Then there
exists a non-empty open subscheme SpecB of SpecO such that B ⊇ Aα and such that the
following holds: there exists a B-isomorphism from XB = Xα ×Aα B to YB = Yα ×Aα B
which induces the identity on the generic fibers.

Proof. Apply Theorem 1.1.4 with X = Y and f = idXY . We can then lift f and f−1

and their composition, which is idX . We can lift these morphisms to morphisms on the
models XB and YB (where the choice of B clearly depends on Aα, f and f−1). The
identity on XB induces the identity on X hence (by unicity) it is the lift of idX . Then by
Lemma 1.1.5 the composition of the lift of f and f−1 is the identity on XB. Analogously
the composition of the lift of f−1 and f is the identity on YB. Then the lift of f is a
B-isomorphism from XB to YB which induces the identity on the generic fibers.

Clearly if two models are isomorphic so are their generic fibers.

Group scheme structure of the model of an algebraic group

Let G be a group scheme over K. Then the group scheme structure on G is defined by
a triple m, i, e of K-morphisms where m : G×G → G is the multiplication, i : G → G
is the inverse and e : SpecK → G is the identity. The morphisms m, i, e should satisfy
the following relations:

m ◦ (m× idG) = m ◦ (idG×m)

m ◦ (e× idG) = π2

m ◦ (idG× e) = π1

where

π2 : SpecK ×K G→ G ; π1 : G×K SpecK → G

are the projections of the fiber products. The group scheme is said to be commutative
if m = m ◦ s, where s is the map switching the two factors of G×G.

Let G be an algebraic group defined over a field K. We can find a non-empty open
subscheme SpecB of SpecO such that there is a model G for G and there are lifts of
the maps m, i, e, j1, j2. The lifts of the maps m, i, e are the candidates for a B-group
scheme structure on G. We only have to check that these maps satisfy the relations as
above. This is an immediate consequence of the unicity of the lift and the fact that the
lift of the composition is the composition of the lifts (see Lemma 1.1.5). Analogously,
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one proves that for a commutative algebraic group one can find a model which is a
commutative group scheme.

The group structure on G induces a group scheme structure on every fiber. For the
generic fiber G we find (as expected) the K-group scheme structure given by m, i, e.
For the special fiber Gp over the residue field kp (where p is a non-zero prime ideal in
the support of SpecB) we find a kp-group scheme structure.

Let p be a non-zero prime ideal in the support of SpecB. Call Op the localization
of O to p and consider the extension G ×B Op. Then G ×B Op has a Op-group scheme
structure induced by G.

We showed that we can lift morphisms in an essentially unique way. Restricting the
lift of a morphism to a special fiber gives the reduction of the morphism modulo the
corresponding prime ideal.

Lemma 1.1.8. A morphism of group schemes reduces to a morphism of group schemes
for all but finitely many fibers.

Proof. A morphism of group schemes X and Y defined over K is a morphism f of K-
schemes such that f ◦mX = mY ◦ (f × f), where mX and mY are the multiplication
morphisms on X and Y respectively. Let X and Y be models for X and Y which
are group-schemes. By Lemma 1.1.5 and by the unicity of the lift we can prove the
analogous formula for the lift of f to the models (provided that the base scheme is
sufficiently small). This implies the desired formula for all but finitely many fibers of
the model.

Proposition 1.1.9. Let G be an algebraic group defined over K. Then there exist a
non-empty open subscheme B of SpecO and a model for G on B which is a B-group
scheme and whose fibers are algebraic groups.

Proof. Since the model is of finite type, its fibers are also of finite type. In this section
we have shown that the model of an algebraic group is a group scheme (provided that
the base scheme is sufficiently small). Then the fibers of such a model are algebraic
groups over the residue field.

Model for an algebraic subgroup

Let X be an algebraic group defined over a number field K. A K-algebraic subgroup Y
of X is in particular a K-scheme which admits a closed immersion to X. The K-group
scheme structure of Y is obtained by restricting the K-morphisms m, i, e which define
the K-group scheme structure on X.

Lemma 1.1.10. Let X be an algebraic group defined over a number field K. Let Y be a
K-algebraic subgroup of X. Then there exists a model for Y which is a closed subgroup
scheme of a model for X.

Proof. Call f the closed immersion from Y to X. By considering a sufficiently small
non-empty open subscheme SpecB of SpecO (where O is the ring of integers of K) we
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can find a B-model for X and for Y and we can lift f to the models. Provided that
SpecB is sufficiently small the lift of f is a closed immersion from the model of Y to
the model of X (see Theorem 1.1.6). Also, provided that SpecB is sufficiently small the
two models of X and Y are B-group schemes. Then it suffices to show that the closed
immersion of the model of Y into the model of B is a morphism of B-group schemes.
This is true for sufficiently small SpecB (see Lemma 1.1.8).

Model for products and for affine algebraic groups

The product of group schemes behaves well with respect to the model.

Lemma 1.1.11. A model for the product is the product of the models.

Proof. This is a straight-foreward check: the product of two group schemes of finite
type over a base S is still of finite type over S and its generic fiber is the product of the
generic fibers.

The following remark follows immediately from the definitions:

Remark 1.1.12. An affine algebraic group admits an affine model and its special fibers
are affine schemes.

Extending the base field

Let K be a number field and call O the ring of integers of K. Let F be a finite extension
of K and call OF the ring of integers of F . Let λ be a finite subset of non-zero prime
ideals of O and let λF be the set of prime ideals of OF which are over the primes of
λ. Call SpecB the open subscheme of SpecO associated to λ and SpecBF the open
subscheme of SpecOF associated to λF . Remark that there is an inclusion of B into
BF which makes SpecBF a scheme over SpecB. Then one can extend a B-scheme to a
BF -scheme. For models of K-algebraic groups one has the following:

Lemma 1.1.13. The extension of the model is a model for the extension.

Proof. The proof is a straightforward check: we consider the extension of the model
and verify that it is still of finite type (immediate from the definition) and that its
generic fiber is the extension of the given algebraic group. For this, it suffices to apply
the following property about fibered products of schemes (see [Gro60, Corollary 3.3.10])
where S is a scheme and X, Y , S′ are S-schemes:

(X ×S S
′)×S′ (Y ×S S

′) ' (X ×S Y )×S S
′.
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1.2 Reductions of points

Let G be an algebraic group defined over a number field K and let R be a K-point on G.
By definition, R is a morphism from SpecK to G. The point R induces also a morphism
from SpecB to G, where SpecB is some non-empty open subscheme of SpecO. This
can be easily proven by considering an affine open subscheme of G to which R belongs.
By taking SpecB sufficiently small we may assume that there is a model G for G over
B which is a B-group scheme. Let p be a non-zero prime ideal in the support of SpecB.

We now define the reduction modulo p for R. Call Op the localization of O to p and
consider the extension G ×B Op. The point R also induces a morphism from SpecOp to
G. The reduction of R modulo p is a morphism from Spec kp (where kp is the residue
field) to the special fiber Gp = G ×B kp obtained in the following way:

1)extend R as a map from SpecOp to G;

2)compose with the inclusion of G in G ×B Op (call this point R̃);

3)compose with the morphism from Spec kp to SpecOp induced by the quotient map
from Op to kp;

4)restrict the image to Gp.

For 4) we just have to exclude that the image of the point G×BOp lies on the generic
fiber of G ×B Op. This can be proven by comparing the characteristics: the elements
in the support of the generic fiber have residue field of characteristic zero (since any
affine open subscheme of the generic fiber has for ring of sections a K-algebra) while a
kp-point of a scheme (see [Har77, Chapter II, Exercise 2.7]) has for image an element in
the support of the scheme whose residue field is kp.

The following diagram illustrates the above procedure:

SpecK //

R

��=
==

==
==

==
==

==
==

=
SpecOp

R̃

��>
>>

>>
>>

>>
>>

>>
>>

>

��

Spec kpoo

����
��
��
��
��
��
��
��

(R mod p)

��7
77

77
77

77
77

77
7

G // G ×B Op Gpoo

We call (R mod p) the reduction of the point R modulo p. Notice that on a point of
G(K) the reduction maps are defined for all but finitely many primes of K. In general,
unless the algebraic group is projective the set of excluded primes depends on the point.
This is because we have to exclude the prime ideals containing some denominators of
the coordinates of the point. Nevertheless, we can define all but finitely many reduction
maps on a finitely generated subgroup of G(K).

In what follows we may assume that Gp is an algebraic group over kp since this holds
for all but finitely many primes p of K.

Lemma 1.2.1. The reduction map modulo p induces a group homomorphism from the
K-points of G which have a lift to SpecOp to the points in Gp(kp).
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Proof. Let R1 and R2 be two K-points on G which can be lifted to morphisms from
SpecOp to G. Extend their image and call R̃1 and R̃2 the lifts of R1 and R2 as morphisms
from SpecOp to G ×B Op. Call m the multiplication of G and m̃ the multiplication of
G ×B Op. By the unicity of the lifts and by Lemma 1.1.5, the point m(R1, R2) lifts to
m̃(R̃1, R̃2). Call mp the multiplication in the special fiber. Since mp is induced by m̃,
we deduce that

(m(R1, R2) mod p) = mp((R1 mod p), (R2 mod p)).

We draw a diagram to illustrate the situation:

SpecK
(R1,R2) //

��

G×G
m //

��

G

��
SpecOp

(R̃1,R̃2) // (G ×B Op)× (G ×B Op)
m̃ // G ×B Op

Spec kp
( (R1 mod p),(R2 mod p) ) //

OO

Gp ×Gp

OO

mp // Gp

OO

We assume that Gp is a kp-algebraic group since this property holds for all but finitely
many primes p of K. Then in particular Gp(kp) is a group. By the previous lemma, the
identity of G(K) goes to the identity of Gp(kp) for all but finitely many primes p of K.

Lemma 1.2.2. The group Gp(kp) is finite. For every K-point R on G the reduction
(R mod p) has finite order.

Proof. Since the point (R mod p) belongs to Gp(kp), the second assertion follows from
the first. The scheme Gp is of finite type over kp. Then to prove the first assertion it
suffices to show that X(kp) is a finite set for every affine scheme X of finite type over
kp. The set X(kp) is obviously a finite set since kp is a finite field.

Extending the base field

Let L be a finite extension of K. Then we can identify the K-points on G with a
subgroup of the L-points on G ×K L. Let p be a non-zero prime ideal of the ring of
integers of K and let q be a non-zero prime ideal of the ring of integers of L lying over
p. Since we can choose for G ×K L a model which is the extension of the model of G
(on a sufficiently small non-empty open subscheme of SpecO), the reduction modulo p
is encoded in the reduction modulo q. Then for all but finitely many primes p of K the
reduction of G(L) modulo q extends the reduction of G(K) modulo p. The following
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diagram is commutative

G(L) ⊇ G(OL,q)
mod q // Gq(kq)

G(K) ⊇ G(OK,p)

OO

mod p // Gp(kp).

OO

where the horizontal maps are the reduction maps and the vertical maps are the inclu-
sions. Notice that the maps in the diagram are group homomorphisms.

Lemma 1.2.3. Let K be a number field and let G be an algebraic group over K. Let L
be a finite extension of K. Let R be a K-point of G. For all but finitely many primes
p of K the following holds: for any prime q of L lying over p the order of (R mod q)
equals the order of (R mod p).

Proof. The assertion is an easy consequence of the following fact: we can define the
reductions of G and of G×K L by using two models such that one is obtained from the
other by a base change. �

1.3 Reductions of morphisms

Let G be an be algebraic group defined over a number field K. In the last section we
showed that for all but finitely many primes p of K the multiplication by n commutes
with the reduction modulo p (see Lemma 1.2.1). The endomorphism [n] induces for all
but finitely many primes p of K the endomorphism [n] on the fiber Gp and it lifts to
the endomorphism [n] on the model G (provided that the base scheme of the model is
sufficiently small). More generally the following holds:

Proposition 1.3.1. Let G1 and G2 be algebraic groups defined over a number field K
and let φ be a K-morphism from G1 to G2. Then φ induces a kp-morphism φp from G1p

to G2p for all but finitely many primes p of K.

Proof. In section 1.1 we showed that φ lifts to a B-morphism φB between the models,
where B is an open subscheme of the spectrum of the ring of integers of K. Then the
specialization of φB to the special fiber corresponding to a prime p provides the requested
morphism φp.

By excluding finitely many primes p of K we may assume that the models G1 and G2

of G1 and G2 (and hence the fibers G1p and G2p) are group schemes. Suppose that the
reduction modulo p is defined on every K-point of G1 and G2 (for example this happens
if G1 and G2 are abelian varieties). Then the following diagram of abelian groups is
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commutative:

G1(K)
mod p//

φ

��

G1,p(kp)

φp

��
G2(K)

mod p
// G2,p(kp).

In general we have to restrict to suitable subgroups of G1 and G2. See section 1.2. We
illustrate the situation with the following diagram:

SpecK //

R

��=
==

==
==

==
==

==
==

=
SpecOp

R̃

��?
??

??
??

??
??

??
??

?

��

Spec kpoo

����
��
��
��
��
��
��
��

(R mod p)

��9
99

99
99

99
99

99
9

G1
//

φ

��

G1 ×B Op

φB×B id

��

G1,poo

φp

��
G2

// G2 ×B Op G2,poo

Corollary 1.3.2. Let G1 and G2 be algebraic groups defined over a number field K. Let
φ be a K-morphism from G1 to G2. Let R be in G1(K). Then for all but finitely many
primes p of K the order of (φ(R) mod p) divides the order of (R mod p).

Proof. The statement is an elementary property of finite groups because Proposition 1.3.1
implies the following: for all but finitely many primes p of K the point (φ(R) mod p) is
the image of (R mod p) via a group homomorphism.

Corollary 1.3.3. Let G1 and G2 be algebraic groups defined over a number field K. Let
φ be an invertible K-morphism from G1 to G2. Let R be in G1(K). Then for all but
finitely many primes p of K the order of (R mod p) equals the order of (φ(R) mod p).

Proof. It suffices to apply the previous corollary to φ and φ−1.

Lemma 1.3.4. Let A and B be smooth, separated, reduced algebraic groups defined over
a number field K. Let α be a K-isogeny from A to B. Let R be in A(K). Let d be the
exponent of the kernel of α (notice that d divides the degree of α). Then there exists α̂
in HomK(B,A) such that α̂ ◦ α = [d].

Proof. We use the equivalence between K-group schemes and the functors from K-
schemes to groups. See [vdGM, Proposition 3.6]. Let Z be a K-scheme. Then α and
[d] induce group homomorphisms αZ and [d]Z from A(Z) to B(Z). The exponent of the
kernel of αZ divides d hence there exists a unique group homomorphism α̂Z such that
α̂Z ◦ αZ = [d]Z . It is easy to check that the group homomorphisms α̂Z are functorial in
Z. Then they determine a unique morphism α̂ from B to A satisfying α̂ ◦ α = [d]. A
priori, α̂ is defined over a finite extension L of K (which we may suppose to be Galois).
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For every σ ∈ Gal(L/K) we have α̂σ ◦α = [d]. By unicity, we conclude that α̂ is defined
over K.

Lemma 1.3.5. Let A and B be smooth, separated, reduced algebraic groups defined over
a number field K. Let α be an isogeny in HomK(A,B) and let d be the exponent of
the kernel of α. Let R be a K-point of A. For all but finitely many primes p of K the
following holds: the order of (dR mod p) divides the order of (α(R) mod p).

Proof. Corollary 1.3.2 says that for every ψ in HomK(B,A) and for every point W in
B(K) the following holds: the order of (ψ(W ) mod p) divides the order of (W mod p)
for all but finitely many primes p of K. Then it suffices to take ψ = α̂ and W = α(R)
where α̂ is the isogeny in HomK(B,A) such that α̂ ◦ α = [d] (see Lemma 1.3.4).



Chapter 2

Reductions of abelian varieties
and tori

2.1 Algebraic subgroups of a semi-abelian variety

Let G be a semi-abelian variety defined over a number field K. In this section we prove
that the group G(K̄) is divisible (see Lemma 2.1.4) and that every connectedK-algebraic
subgroup of G is a semi-abelian variety (see Proposition 2.1.3).

Lemma 2.1.1. Let A and T be respectively an abelian variety and a torus defined over
a number field K. Then HomK̄(A, T ) = {0} and HomK̄(T,A) = {0}.

Proof. We may obviously assume that A and T are non-zero. Since A is a complete
variety and T is affine, there are no non-trivial morphisms from A to T . For the second
equality to hold, it suffices to prove that every K̄-morphism from Gm to A is zero. Let
φ be in HomK̄(Gm, A). Since φ is a continuous map, the image of Gm is connected.
Since φ(Gm) is a connected algebraic subgroup of A×K K̄, it is an abelian subvariety of
A×K K̄. The dimension of φ(Gm) is less than or equal to the dimension of Gm hence it
can only be zero or one. If it is zero then φ is zero. Now suppose that the image of φ has
dimension one, which is to say that φ(Gm) is an elliptic curve. Then the kernel of φ is an
algebraic subgroup of Gm of dimension zero and φ is an isogeny (see the proof of [vdGM,
Proposition 5.2]). We conclude because the multiplicative group is not isogenous to an
elliptic curve (by the Hurwitz formula in [Sil86, Chapter II Theorem 5.9]).

It is well-known that a connected algebraic subgroup of a torus is a torus and that a
connected algebraic subgroup of an abelian variety is an abelian variety. We now prove
that connected algebraic groups of the product of an abelian variety and a torus are
again products of abelian varieties and tori.

Proposition 2.1.2. Let K be a number field. Let G = A × T be the product of an
abelian variety and a torus defined over K. Then a connected algebraic K-subgroup of
G is the product of a K-abelian subvariety of A and a K-subtorus of T .

23
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Proof. Let V be an algebraic subgroup of G. Call πA and πT the projections of V on A
and T respectively. Remark that πA(V ) is a connected K-subgroup of A therefore it is
an abelian subvariety of A. Similarly πT (V ) is a connected K-subgroup of T therefore it
is a subtorus of T . By replacing G with πA(V )×πT (V ), we may assume that πA(V ) = A
and πT (V ) = T .

Write NT = πT (V ∩ ({0} × T )) and NA = πA(V ∩ (A × {0})). Remark that NA

and NT are K-algebraic subgroups of A and T respectively. It suffices to show that
NA = A and NT = T because in that case V = A × T and we are done. To prove the
assertion, we make a base change to K̄. Since the category of commutative algebraic
K̄-schemes is abelian ([Gro70, Theorem p. 315 §5.4 Expose V IA ]) it suffices to see that
the quotients Â = A/NA and T̂ = T/NT are zero. The quotient A/N0

A is an abelian
variety (see [Pol03, §9.5]) and then the quotient of A/N0

A by the image of NA in A/N0
A

is an abelian variety (see [Mum70, Theorem 4 p.72]). Hence Â is an abelian variety.
Because of [Bor91, Corollary §8.5] the algebraic group T/N0

T is a torus. The quotient
of T/N0

T by the image of NT in T/N0
T is an affine algebraic group (see [Bor91, Theorem

§6.8]). Hence T̂ is an affine algebraic group.
Call α the composition of πA and the quotient map from A to Â. Similarly call β

the composition of πT and the quotient map from T to T̂ . The product map α × β is
a map from V to Â × T̂ . Now we show that the projection πÂ from α × β(V ) to Â
is an isomorphism. Clearly πÂ is an epimorphism. Since we are working in an abelian
category, it suffices to show that πÂ is a monomorphism. Because the map α × β from
V to α × β(V ) is an epimorphism, it suffices to check that the maps πÂ ◦ (α × β) and
α× β have the same kernel. The kernel of the first map is V ∩ (NA × T ). The kernel of
the second map is V ∩ (NA×T )∩ (A×NT ). We show that these two group schemes are
isomorphic because they have the same groups of Z-points for every K̄-scheme Z. The
Z-points of the first kernel are the pairs (a, b) in V (Z) such that a lies in NA(Z). Since
(a, 0) belongs to V (Z) we deduce that (0, b) lies in V (Z) and so b belongs to NT (Z).
Then the two kernels have the same Z-points. The proof that α×β(V ) is isomorphic to
T̂ is analogous. We deduce that Â and T̂ are isomorphic. Since Â is a complete variety
while T̂ is affine the only possible morphism from Â to T̂ is zero. Then Â and T̂ are
zero. �

Now we prove that the connected algebraic subgroups of a semi-abelian variety are
semi-abelian varieties.

Proposition 2.1.3. Let G be a semi-abelian variety defined over a number field K. Let
H be a connected subgroup of G. Then H is a semi-abelian variety.

Proof. Let G be defined by the following sequence:

0 −→ T
f−→ G

g−→ A −→ 0.

We prove that H is a semi-abelian variety by showing that the following sequence is
exact, that (T ∩H) is a torus and that g(H) is an abelian variety:

0 −→ (T ∩H)
f−→ G

g−→ g(H) −→ 0.
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The maps f and g are here the restrictions of the maps defining G. It is evident that the
kernel of the restriction of g to H is T ∩H. By definition, H is mapped to g(H). Since
we are working with smooth, separated and reduced algebraic groups, this is sufficient
to prove that the sequence is exact. It is left to show that g(H) is an abelian variety and
H ∩ T is a torus. Since H is connected, g(H) is connected. Then g(H) is a connected
algebraic subgroup of the abelian variety A hence it is an abelian variety. Since H and
T are connected, the intersection H ∩ T is a connected algebraic subgroup of T . Then
H ∩ T it is a torus. This concludes the proof.

Let G be a semi-abelian variety defined over a number field K. We now prove that
G(K̄) is a divisible group.

Lemma 2.1.4. Let G be a semi-abelian variety defined over a number field K. Then
G(K̄) is a divisible group.

Proof. The statement is obvious for Gm hence it is true for tori. Also the statement is
well known for abelian varieties. Let G be defined by the following sequence:

0 −→ T
f−→ G

g−→ A −→ 0.

We then have

0 −→ T (K̄)
f−→ G(K̄)

g−→ A(K̄) −→ 0.

Let R be a point in G(K̄). Call P a point in A(K̄) such that nP = g(R). Let Q be a
point in g−1(P ). Then nQ − R is in the kernel of g therefore it belongs to T (K̄). Call
Z a point in T (K̄) such that nZ = nQ − R. Then the point Q − Z is in G(K̄) and
n(Q− Z) = nQ− (nQ−R) = R.

2.2 Models of abelian varieties and tori

Models for tori

Let K be a number field, let O be the ring of integers of K. If p is a non-zero prime
ideal of O, call kp the residue field.

Lemma 2.2.1. The multiplicative group Gm,K admits a model G over O such that for
every prime p of O the special fiber of G over p is the multiplicative group Gm,kp.

Proof. The proof is immediate.

Proposition 2.2.2. Let G be the product Gn
m,K of copies of the multiplicative group.

Then G admits a model G over O such that for every prime p of O the special fiber of G
over p is the algebraic group Gn

m,kp
.

Proof. By Lemma 1.1.11, the statement is a consequence of Lemma 2.2.1.
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Proposition 2.2.3. Let G be a torus of dimension n ≥ 1. Then G admits a model G
over an open subscheme U of Spec(O) such that for every prime p of U the special fiber
of G over p is a torus of dimension n.

Proof. Let L be a finite extension of K where G splits. Then a model for G ×K L is
isomorphic to the model of Gn

m,L (on a non-empty open subscheme of the spectrum of
the ring of integers of L). We deduce that for all but finitely many primes q of L the fiber
of the model of G×K L is a split torus of dimension n (this fiber being kq-isomorphic to
the fiber Gn

m,kq
of the model of Gn

m,L). Call G a model for G. Since the extension of G
is a model for G ×K L, by Theorem 1.1.7 we deduce that the extension of the fiber Gp

is a split torus of dimension n for all but finitely many primes p of K. Then the fiber
Gp is a torus of dimension n for all but finitely many primes p of K.

Néron models for abelian varieties

Abelian varieties admit a special model, called the (global) Néron model. It is a model
over the ring of integers O uniquely defined by an universal property. It makes sense to
use the Néron model whenever we want to make reductions of an abelian variety. In any
case, by Lemma 1.1.7 some of the properties of the Néron model extend to properties of
any model. A peculiarity of the Néron model is that with this model we can reduce A
modulo p for every prime ideal p of O.

The Néron model is a general construction in scheme theory. We refer to the book of
Bosh, Lütkebohmert Raynaud [SBR90], which is the standard reference for the subject.

Let A be an abelian variety defined over a number field K. Call O the ring of integers
of K.

Definition 2.2.4 (Néron model). The Néron model of A over SpecO is an O-model of
A which is smooth, separated, of finite type over O and such that it satisfies the so-called
Néron mapping property: for any smooth O-scheme Y and for any K-morphism from
the generic fiber of Y to A there exists unique an O-morphism from Y to A extending
it.

The O-Néron model A of A exists and it is unique up to canonical isomorphism. The
uniqueness follows from the fact that the Néron mapping property is a universal property.
Notice that the Néron model of a product of abelian varieties is the product of their Néron
models.

The Néron model A is an O-group scheme hence it induces a group scheme structure
on each fiber. The K-group scheme structure on A coincides with the group scheme
structure induced by the O-Néron model. Because of the universal property, there exists
a group isomorphism between A(K) and A(O).

Call Op the localization of O to the complement of p. A prime p of O is said to be
of good reduction for A if the Op-scheme A⊗O Op is proper. This implies that for the
residue field kp the kp-group scheme Akp = A⊗O Spec kp is an abelian variety over kp of
the same dimension of A. All but finitely many primes of O are of good reduction (see
[SBR90, Theorem 3 p. 19]). As a consequence of Lemma 1.1.7 we have the following:
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Remark 2.2.5. Let A be an abelian variety defined over a number field K. Call O the
ring of integers of K. Fix a model A for A on a non-empty open subscheme of SpecO.
Then for almost all primes p of O the fiber Ap is an an abelian variety defined over the
residue field kp and it has the same dimension of A.

Now we describe how we can use equations to define the reduction maps for an
abelian variety. There is a non-empty open subscheme SpecB of SpecO such that the
extension of the Néron model to SpecB is projective. Thanks to the projectivity, one
can write down equations for this model. These equations also describe A while the
reduction modulo p of these equations describe the fiber Ap. Let R be an element of
A(K) and consider projective coordinates of R such that the p-adic valuation is zero for
at least one coordinate. Then one obtaines coordinates for the reduction of R modulo p
simply by reducing each coordinate modulo p.

Model for the product of an abelian variety and a torus

Proposition 2.2.6. Let G = A × T be the product of an abelian variety of dimension
n and a torus of dimension m defined over a number field K. Then G admits a model
G over an open subscheme U of Spec(O) such that for every prime p of U the fiber of G
over p is the product of an abelian variety of dimension n and a torus of dimension m.

Proof. By Lemma 1.1.11, the statement is an immediate consequence of Proposition 2.2.3
and of Remark 2.2.5 (where the statement is proven for a torus and for an abelian variety
respectively).

2.3 The reductions of torsion points

We first prove a very simple but useful property of the reduction maps: a non-zero point
is in the kernel of only finitely many reduction maps.

Proposition 2.3.1. Let G be a semi-abelian variety defined over a number field K.
Let R be a K-point on G. There are only finitely many prime ideals p of K such that
(R mod p) is zero.

Proof. Let G be the extension of an abelian variety A by a torus T :

0 −→ T −→ G
π−→ A −→ 0.

First we show that it suffices to prove the assertion for A and for T respectively. Suppose
that there are infinitely many primes p such that (R mod p) is zero. By Corollary 1.3.2
we deduce that there are infinitely many primes p such that (π(R) mod p) is zero. If the
assertion is true for A we deduce that π(R) is zero. Then R is a K-point on T and it
suffices to apply the statement for T .

Now we prove the statement for T . Since T is an affine scheme its reduction can be
described by equations (see section 1.1). Then we can consider the coordinates of R and
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of the zero-point. By a translation we may assume that the coordinates of the zero point
are all zero. We conclude because of the well-known statement about number fields that
a non-zero element of the ring of integers belongs only to finitely many prime ideals of
the ring of integers.

Now we prove the statement for A. Since A is a projective scheme, there exists an
affine open subscheme containing R and the zero point (see [Liu02, Proposition 3.36
(b)]). Now we can analogously use the equations to conclude. �

Corollary 2.3.2. Let G be a semi-abelian variety defined over a number field K. If R1

and R2 are distinct points of G(K) then there are only finitely many prime ideals p of
K such that (R1 mod p) equals (R2 mod p).

Proof. By excluding finitely many primes p of K, we may assume the following: the
reduction modulo p is defined on R1, R2, R1 − R2 and on the identity of G(K); the
points R1 and R2 belong to G(Op). Since G is a group scheme then the reduction map
modulo p gives a group homomorphism from G(Op) to Gp(kp) for all but finitely many
primes p of K (see Lemma 1.2.1). In particular the reduction modulo p of the identity
of G(K) is the identity of Gp(kp). Then we may assume that R2 = 0 (by replacing R1

by R1 −R2) and we can apply the previous proposition. �

Corollary 2.3.3. Let G be a semi-abelian variety defined over a number field K. Let
R be a point in G(K) of infinite order. Then the order of (R mod p) cannot assume the
same value for infinitely many primes p of K.

Proof. Suppose that the order of (R mod p) equals some integer n > 0 for infinitely
many primes p of K. From the proposition we deduce that nR = 0. Since R has infinite
order, we have a contradiction.

Corollary 2.3.4. Let G be a semi-abelian variety defined over a number field K. For
all but finitely many primes p of K the reduction modulo p restricted to the torsion of
G(K) is injective. In particular, let R be a torsion point in G(K). Then the order of
(R mod p) equals the order of R for all but finitely many primes p of K.

Proof. The torsion subgroup of G(K) is a finite group. Then to prove the first assertion
it suffices to apply Corollary 2.3.2 to every pair of points in the torsion subgroup of
G(K).

Call n the order of R. The point (nR mod p) is zero for almost all primes p of K
because of Lemma 1.2.1. Suppose that there exist infinitely many primes such that the
order of (R mod p) is not the order of R. We deduce that there exists an integer d
dividing n and different from n such that (dR mod p) is zero for infinitely many primes
p of K. By Proposition 2.3.1 we deduce that dR = 0, a contradiction.

Lemma 2.3.5. Let A be an abelian variety defined over a number field K. Let m be a
non-zero integer such that A[m] is defined over K. Then for all but finitely many primes
p of K the reduction modulo p induces an isomorphism from A[m] to Ap[m] (where Ap

is the reduction of A modulo p).
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Proof. For all but finitely many primes p of K, m is coprime to the characteristic of kp
and Ap is an abelian variety of the same dimension of K. Then A[m] and Ap[m] have
the same cardinality. For all but finitely many primes p of K the reduction modulo p is a
group homomorphism (see Lemma 1.2.1) hence it maps A[m] to Ap[m]. By the previous
corollary, for all but finitely many primes p of K the reduction modulo p restricted to the
torsion of A(K) is injective. An injective map between finite sets of the same cardinality
is a bijection hence the statement follows. �

Lemma 2.3.6. Let T be a torus defined over a number field K. Let m be a non-zero
integer such that T [m] is defined over K. Then for all but finitely many primes p of
K the reduction modulo p induces an isomorphism from T [m] to Tp[m] (where Tp is the
reduction of T modulo p).

Proof. By Lemma 1.2.1, the reduction modulo p induces a group homomorphism from
T (K) to Tp(kp) and hence from T [m] to Tp[m]. By Corollary 2.3.4, the reduction mod-
ulo p is injective on T [m] for all but finitely many primes p. It suffices to prove the
surjectivity. We do this by showing that the finite groups T [m] and Tp[m] have the
same cardinality for all but finitely many primes p of K. We may assume that T is split
therefore by Lemma 1.1.11 it suffices to prove the statement for Gm. The statement for
Gm is immediate. �

Proposition 2.3.7. Let G be a semi-abelian variety defined over a number field K. Let
m be a non-zero integer such that G[m] is defined over K. Then for all but finitely many
primes p of K the reduction modulo p induces an isomorphism from G[m] to Gp[m]
(where Gp is the reduction of G modulo p).

Proof. This result is proven in [Kow03, Lemma 4.4]. �

Let G be a semi-abelian variety defined over a number field K. In general the
reduction map modulo p does not give a surjection from G(K) to Gp(kp), as the following
example shows.

Example 2.3.8. Let E be an elliptic curve defined over Q and suppose that E(K) is a
finite group. By varying p into the rational primes we know by the Hasse-Weil bound
that the cardinality of Ep(kp) is not bounded. Then for sufficiently large primes p the
reduction map from E(K) to Ep(kp) is not surjective.
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Chapter 3

Independent points on
semi-abelian varieties

3.1 The algebraic subgroup generated by a point

Let G be a connected, smooth, separated, reduced algebraic group defined over a number
field K. Let Λ be a subgroup of G(K). We now describe the Zariski closure of Λ in G.

Fix an algebraic closure K̄ of K and call GK̄ the extension of G to K̄. Define HK̄

as the smallest closed subscheme of GK̄ (with reduced structure) whose set of K̄-points
contains Λ. Notice that HK̄ is the intersection of all closed subschemes of GK̄ whose
set of K̄-points contains Λ. We say that HK̄ is the Zariski closure of Λ in GK̄ since Λ
is Zariski-dense in HK̄(K̄) and HK̄ is the smallest closed subscheme of GK̄ with this
property.

Since Λ is a set of K-points, HK̄(K̄) contains a dense subset consisting of K-points.
Therefore HK̄ is defined over K. We write HK̄ as HK when we consider it as a K-
scheme. We call HK the Zariski closure of Λ in G. Notice that HK is the smallest closed
subscheme of G whose set of K-points contains Λ.

Let L be an algebraic extension of K and let GL denote the extension of G to L. We
can see Λ as a subgroup of GL and analogously define HL as the the Zariski closure of Λ
in GL. It is then obvious that HL is the extension of HK obtained by changing the base
from K to L. In this sense we say that the Zariski closure of Λ in G does not depend
on the base field. The following remark shows that HK is the algebraic subgroup of G
generated by Λ (i.e. the smallest algebraic subgroup of G that contains the points in Λ).

Remark 3.1.1. HK is a K-algebraic subgroup of G.

Proof. It suffices to prove that the K-morphisms e, i and m which define the group
structure of GK̄ can be restricted to HK̄ .

Because Λ is a subgroup then HK̄(K̄) contains the identity of G. We now prove that
the inverse map i of G maps HK̄ to HK̄ . Equivalently we can show that that f ◦ i = 0
on HK̄ for every f defining HK̄ . Because the base field is algebraically closed and the
scheme HK̄ is reduced it suffices to check that f ◦ i is zero on HK̄(K̄). Thus it suffices to
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show that i maps HK̄(K̄) to HK̄(K̄). This fact follows immediately by continuity since
Λ is stable by inversion (recall that Λ is Zariski-dense in HK̄(K̄)).

We are left to prove that m carries HK̄ × HK̄ into HK̄ . Because the base field
is algebraically closed and the scheme HK̄ × HK̄ is reduced (since HK̄ is reduced) it
suffices to check that f ◦m is zero on HK̄ × HK̄(K̄). Thus it suffices to show that m
maps HK̄ ×HK̄(K̄) to HK̄(K̄).

For every R in Λ the set Λ×{R} is carried bym into HK̄(K̄). Since Λ is Zariski-dense
in HK̄(K̄), by continuity of the multiplication the set HK̄(K̄) × {R} is also carried by
m into HK̄(K̄). So for every P ∈ HK̄(K̄) the set {P}×Λ is mapped by m into HK̄(K̄).
Again by continuity of m, the set {P}×HK̄(K̄) is carried into HK̄(K̄). This proves the
assertion.

From the previous remark it follows that HL is the smallest algebraic subgroup of
GL whose set of K-points contains Λ, for every algebraic extension L of K.

Let G be a connected, smooth, separated, reduced algebraic group defined over a
number field K. Let R be a K-point on G. The algebraic subgroup of G generated by
R (the smallest algebraic subgroup of G that contains the points R) is also the algebraic
subgroup of G generated by the group ZR. Thus it is the Zariski closure of ZR in
G ×K K̄. We call it GR. For every algebraic extension L of K we have that GR is the
smallest algebraic L-subgroup of G such that R is an L-point. Write GR for the algebraic
subgroup of G generated by R and G0

R for the connected component of the identity of
GR. In particular, G0

R is an algebraic K-subgroup of G defined over K. Write nR for
the number of connected components of GR. The number nR does not get affected
by a change of ground field: since ZR is Zariski-dense in GR(K̄) then every connected
component of GR is a translate of G0

R by a K-point therefore it is also defined over K.

Lemma 3.1.2. For every integer d 6= 0 we have G0
dR = G0

R. In particular the dimension
of GdR equals the dimension of GR.

Proof. Since GR contains dR we have by definition GdR ⊆ GR. Therefore G0
dR ⊆ G0

R.
Since these algebraic groups are connected, it suffices to prove that they have the same
dimension. Clearly the dimension of G0

dR is less or equal than the dimension of G0
R. To

prove the other inequality it suffices to show that the multiplication by [d] (which is an
isogeny) maps GR into GdR. It suffices to prove that the preimage [d]−1GdR contains
GR. This is true because this preimage is an algebraic subgroup of G which contains
the point R. �

Remark 3.1.3. Let G and G′ be connected, smooth, separated, reduced algebraic groups
defined over a number field K. Let R be in G(K) and let α be in HomK(G,G′). Then
Gα(R) ⊆ α(GR). If α is an isogeny then Gα(R) and α(GR) have the same dimension.

Proof. Since α(GR) is an algebraic group containing α(R), by definition we have Gα(R) ⊆
α(GR). Then clearly the dimension of Gα(R) is less than or equal to the dimension of
α(GR). Now suppose that α is an isogeny. Then the dimension of α(GR) equals the
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dimension of GR. So it suffices to prove that the dimension of GR is less than or equal
to the dimension of α(GR). Let α̂ be the isogeny in HomK(G′, G) such that α̂ ◦ α = [d]
where d 6= 0 is the degree of α, see Lemma 1.3.4. Then we have GdR = Gα̂◦α(R) ⊆
Gα(R) ⊆ α(GR). By Lemma 3.1.2, the dimension of GR equals the dimension of GdR

and we conclude. �

Lemma 3.1.4. Let G be a connected, smooth, separated, reduced algebraic group defined
over a number field K. Let R be a K-point on G such that G0

R(K̄) is divisible (e.g. if G
is a semi-abelian variety, see Lemma 2.1.4). Then GnRR = G0

R. Furthermore, let H be
a connected component of GR. Then there exists a torsion point X in GR(K̄) such that
H = X +G0

R.

Proof. Clearly G0
R contains GnRR. In particular G0

R contains G0
nRR. By Lemma 3.1.2

the last two algebraic groups have the same dimension. Since they are connected and
one is contained in the other they are equal. It follows that G0

R is contained in GnRR.
So we have GnRR = G0

R.
Let P be any point in H(K̄). Then P + G0

R = H. The point nRP is in G0
R(K̄).

Since G0
R(K̄) is divisible, there exists a point Q in G0

R(K̄) such that nRQ = nRP . Set
X = P −Q, thus X is a torsion point in GR(K̄). Then we have:

H = P +G0
R = P −Q+G0

R = X +G0
R.

�

The following lemma shows in particular that the group of components G/G0
R is

cyclic of order nR.

Lemma 3.1.5. Let G be a connected, smooth, separated, reduced algebraic group defined
over a number field K. Let R be a K-point on G. CallW the connected component of GR

containing R and let X be a torsion point in G(K̄) such that W = X+G0
R. Then nRX is

the least positive multiple of X belonging to G0
R. Furthermore the connected components

of GR are the translated of G0
R of the form Wd = dX +G0

R where 1 ≤ d ≤ nR.

Proof. By definition of nR, nRW = G0
R hence nRX belongs to G0

R. Thus the first
assertion is a consequence of the second assertion, which we now prove. Since X does
not belong to G0

R we have Wd 6=W ′d whenever d 6= d′. Then the set of the Wd’s has the
same cardinality of the set of the connected components of GR. So it suffices to show
that any connected component of GR is of the form Wd for some d in {1, . . . , nR}. Let
C be a connected component of GR. Consider the intersection C ∩Wd for some fixed
d in {1, . . . , nR}. Then C ∩Wd is either empty or it has the dimension of G0

R because
C is a translate of G0

R by Lemma 3.1.4. Suppose that C 6= Wd is not empty. Since C
(respectively Wd) is connected, it follows that C ∩Wd coincides with C (respectively
Wd). This concludes the proof.

Lemma 3.1.6. Let G be a connected, smooth, separated, reduced algebraic group defined
over a number field K. Let R be a K-point on G. Call W the connected component of
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GR containing R and let X be a torsion point in G(K̄) such that W = X +G0
R. Let L

be a finite extension of K where X is defined. Then for all but finitely many primes q of
L the point (nRX mod q) is the least multiple of (X mod q) belonging to (G0

R mod q).

Proof. Call x the order of X. To prove the statement, we may assume that the points
in GR[x] are defined over L. Suppose that the statement is not true and let d be
an integer not divisible by nR such that for infinitely many primes q of L the point
(dX mod p) belongs to (G0

R mod q). Up to excluding finitely many primes q, we may
assume that the reduction modulo q maps injectively GR[x] to (GR mod q)[x] and that
it maps surjectively G0

R[x] onto (G0
R mod q)[x]. See [Kow03, Lemma 4.4]. We deduce

that dR belongs to G0
R[x]. We have a contradiction since by Lemma 3.1.5 nRX is the

least positive multiple of X which belongs to G0
R(K̄).

3.2 A bound on the number of connected components

Let G be the product of an abelian variety and a torus defined over a number field
K. Let R be a K-point on G. In the following proposition we bound the number of
connected components of the algebraic subgroup of G generated by R with a constant
depending only on G and K. We apply this proposition in Chapters 6 and 7. To prove
it, we use the results of Chapter 4.

Lemma 3.2.1. Let A be an abelian variety defined over a number field K. There exists
a non-zero integer t such that the following holds: for every K-point R on A there exists
an abelian subvariety Z of A defined over K such that G0

R + Z = A and G0
R ∩ Z has

finite order dividing t.

Proof. This Lemma is proven in [Ber87, Appendix, Proposition 2]. Its proof can also be
found in [RU07, Appendix, Proposition 5.1]. �

Proposition 3.2.2. Let G be the product of an abelian variety and a torus defined over
a number field K. Let R be a K-point on G. Then nR divides a constant which depends
only on G and K.

Proof. Write G = A × T and R = (RA, RT ). Since GR ⊆ GRA
× GRT

we have G0
R ⊆

(GRA
× GRT

)0 = G0
RA

× G0
RT

. The algebraic group G0
R is the product of an abelian

subvariety A′ of G0
RA

and a subtorus T ′ of G0
RT

by Proposition 2.1.2. We have A′ = G0
RA

because A′ is connected and contains a non-zero multiple of RA. Analogously T
′ = G0

RT

because T ′ is connected and contains a non-zero multiple of RT . So G
0
R = (GRA

×GRT
)0.

Then nR divides nRA
·nRT

, which is the number of connected components of GRA
×GRT

.
Consequently, it suffices to prove the statement for A and for T respectively.

For A the statement is proven in [McQ95, Lemma 2.2.4]. Now we prove the state-
ment for T : we reduce at once to the case T = Gn

m since for any R in T (K) the number
nR is not affected by an algebraic extension of the ground field. Write R = (R1, . . . , Rn)
and let e be the exponent of Gm(K)tors. Since nR divides e times neR, we reduce at
once to the case where for every i the point Ri is either zero or has infinite order. It
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suffices to prove that in this case for every rational prime ` one has v`(nR) = 0. Fix a
rational prime `. Remark that R1, . . . , Rn generate a torsion-free subgroup of Gm(K)
and that EndK Gm = Z. Then an elementary argument on abelian groups shows that
there exists a set J = {j1, . . . , js} and points Pj1 , . . . , Pjs in Gm(K) such that the point
R′ = (Pj1 , . . . , Pjs) is independent in Gs

m(K) and the order of (R mod p) equals the
order of (R′ mod p) for all but finitely many primes p of K. By Theorem 4.2.1 there
exist infinitely many primes p of K such that v`[ord(R

′ mod p)] = 0. Then for infinitely
many primes p of K we have v`[ord(R mod p)] = 0. By Theorem 4.1.1 it follows that
v`(nR) = 0. �

Notice that the above proof shows that if G is a torus then nR is bounded by the
exponent of Gm(L) (where L is any extension of K where G splits).

3.3 Equivalent definitions of independent point

Let G be a semi-abelian variety defined over a number field K. Let R be a K-point on G
of infinite order. The point R is independent if the algebraic subgroup generated by R
in G (i.e. the smallest algebraic subgroup of G containing R) is G itself.

Definition 3.3.1. Let G be a semi-abelian variety defined over a number field K. Let
R be a non-zero K-point on G. We say that R is independent if GR = G.

Notice that by this definition an independent point has infinite order. Also notice
that this definition does not depend on the choice of the number field K such that R
belongs to G(K).

For the convenience of the reader we prove the following remark. It shows (in the
case of the product of an abelian variety and a torus) that our definition of independent
point is equivalent to the one used in [Rib79], [BGK05] and [Bar06]. By proving this
equivalence, we show in particular that the hypothesis considered by Pink in [Pin04,
Theorem 4.1] is the same hypothesis of independence considered in [BGK05] and [Bar06].
In particular, some of the results in [BGK05] and [Bar06] are consequences of the results
in [Pin04].

Remark 3.3.2. Let G = A× T be the product of an abelian variety and a torus defined
over a number field K. Then a non-zero K-point R on G is independent if and only if
the left EndK G-submodule of G(K) generated by R is free.

Proof. The ‘only if’ part is straightforward: if φ is a non-zero element of EndK G such
that φ(R) = 0 then ker(φ) is an algebraic subgroup of G different from G and containing
R hence containing GR. Now we prove the ‘if’ part. Suppose that R is not independent.
Because of [Rib79, Proposition 1.5] (see Lemma 3.3.3) the left EndK G-submodule of
G(K) generated by R is free if and only if the left EndK̄ G-submodule of G(K̄) generated
by R is free. Then to conclude we construct a non-zero element of EndK̄ G whose kernel
contains the point R.
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Clearly we may assume that R has infinite order. So G0
R is non-zero and since R is

not independent we have G0
R 6= G. By Proposition 2.1.2, G0

R is the product of an abelian
subvariety A′ of A and a subtorus T ′ of T . Then either A′ or T ′ are non-zero and either
A 6= A′ or T 6= T ′. If A′ is zero set φA = idA, if A

′ = A set φA = 0. Otherwise by the
Poincaré Reducibility Theorem there exists a non-zero abelian subvariety B of A such
that A′ and B have finite intersection and such that the map

α : A′ ×B → A α(x, y) = x+ y

is an isogeny. Call d the degree of α and remark that d is the order of A′ ∩ B. Call α̂
the isogeny from A to A′ × B such that α ◦ α̂ = [d]. Call π the projection from A′ × B
to {0} × B. Set φA = α ◦ [d] ◦ π ◦ α̂. Remark that if α(x, y) is a point on A′ then both
x and y are points on A′. Then it is immediate to see that φA is a non-zero element of
EndK̄ A and that its kernel contains A′.

If T ′ is zero set φT = idT , if T
′ = T set φT = 0. Otherwise, because a subtorus is a

direct factor there exists a non-zero φT in EndK̄ T such that T ′ is contained in ker(φT ).
Then by construction (φA × φT ) ◦ [nR] is a non-zero element of EndK̄ G whose kernel
contains GR. �

For the convenience of the reader we quote the result by Ribet ([Rib79, Proposition
1.5]) which we used to prove the previous remark.

Lemma 3.3.3. Let G be the product of an abelian variety and a torus defined on a
number field K. Let R be a K-point on G. Then the left EndK G-submodule of G(K)
generated by R is free if and only if the left EndK̄ G-submodule of G(K̄) generated by R
is free.

Proof. Since EndK̄ G equals EndLG for some finite extension L of K, it suffices to prove
the following: we suppose that R is such that the left EndK G-submodule of G(K)
generated by R is free and deduce that the left EndLG-submodule of G(K) generated
by R is free. We may assume that L is sufficiently large so that T splits and that L/K
is a Galois extension. Let d be the degree of the extension L/K.

Suppose that φ(R) = 0 for some φ in EndLG and that R generates a free left
EndK G-submodule of G(K). Let α be an element of EndLG. Consider the trace

τ(α ◦ φ) =
∑

σ∈Gal(L/K)

σ(α ◦ φ).

This is an element of EndK G. Since α ◦ φ(R) = 0 and both R and 0 are K-points we
have:

τ(α ◦ φ)(R) =
∑

σ∈Gal(L/K)

σ(α ◦ φ)(R) = [d] ◦ α ◦ φ(R) = 0.

Since the left EndK-module generated by R is free, it follows that τ(α ◦ φ) = 0. Then
we conclude by proving that the trace τ is non-degenerate: τ(α ◦ φ) = 0 for every α in
EndLG implies φ = 0.
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Let G = A × T where A is an abelian variety and T is a torus. By Lemma 2.1.1,
EndLG = EndLA × EndL T and it suffices to prove that the trace τ is non-degenerate
on A and T respectively.

Let Tr be the trace associated to the `-adic representation of A (notice that this
trace does not depend on `). The fact that the trace Tr is non-degenerate on A follows
from the positivity of the Rosati involution attached to a polarization of A, see [Mum70,
Theorem 1 p.192]. Then τ is non-degenerate since for every α in EndLA we have
Tr(τ(α)) = dTr(α).

Let n be the dimension of T . Since T is split over L and EndLGm = Z, we can write
the elements of EndL T as n×n matrices with integer entries. Let Tr be the usual trace
of matrices. For every α in EndL T we have Tr(τ(α)) = dTr(α). Then the fact that
the trace τ is non-degenerate on T follows from the well-known fact that the trace Tr of
matrices with integer entries is non-degenerate.

In the previous remark we proved that if G is the product of an abelian variety and
a torus then R is independent if and only if it is non-zero and the left EndK G-module
generated by R is free. Then the K-points of infinite order on the multiplicative group
or on a K-simple abelian variety are independent (since the non-zero endomorphisms
are isogenies and in particular have finite kernel). The following two examples are also
an easy consequence of Remark 3.3.2:

Example 3.3.4. Let A1 and A2 be abelian varieties defined on a number field K.
Suppose that HomK(A1, A2) = HomK(A1, A2) = {0} (this happens for example when
A1 and A2 are K-simple and not K-isogenous). Let S1 and S2 be points on A1 and A2

respectively. Then the point (S1, S2) is independent in A1 ×A2 if and only if S1 and S2
are independent on A1 and A2 respectively.

Example 3.3.5. Let A be an abelian variety defined on a number field K and K-simple.
Let S be a point in A(K), let T be a torsion point of A(K) and let φ be in EndK A.
The following points are not independent in A2: (S, 0); (S, φ(S)); (S, S + T ).

Let G be a semi-abelian variety defined over a number field K. If R is a point
in G(K) which is independent then in particular the smallest algebraic subgroup of G
containing R is connected. This means that nR = 1. However it is not true that if
nR = 1 then the point R is independent. Indeed, let H be a semi-abelian subvariety of
G different from G and suppose that R is a K-point on H. Then by Lemma 3.1.4 the
point nRR is such that GnRR is connected but GnRR is contained in H hence the point
nRR is not independent.

Some authors use the notion of independent points:

Definition 3.3.6. Let G be a semi-abelian variety defined over a number field K. For
every i = 1, . . . , n let Ri be a point in G(K). The points R1, . . . , Rn are independent if
they generate a non-zero free left EndK G-submodule of G(K).
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To avoid confusing ‘a set of points each of which is independent’ and ‘a set of in-
dependent points’ we only speak of one independent point at a time. This is possible
because of the following observation:

Remark 3.3.7. Let G be a semi-abelian variety defined over a number field K. For
every i = 1, . . . , n let Ri be a point in G(K). The points R1, . . . , Rn are independent if
and only if the point (R1, . . . , Rn) is independent in Gn.

3.4 Some properties of the independent points

In this section we prove some properties of the independent points.

Lemma 3.4.1. Let G be a semi-abelian variety defined over a number field K. Let
R be a K-point on G of infinite order. Then the point nRR is independent in G0

R.
Furthermore, let X be a torsion point in G(K) and suppose that R is independent in G.
Then R+X is independent in G.

Proof. By Lemma 3.1.4 we have GnRR = G0
R therefore nRR is independent in G0

R. For
the second assertion, we have to prove that GR+X = G. Call t the order of X. Clearly
GR+X ⊇ Gt(R+X) = GtR. Because GR = G it suffices to show that GtR = GR. Remark
that GR contains GtR and that GR is mapped to GtR by [t]. Because [t] has finite
kernel, GR and GtR have the same dimension. Because GR is connected it follows that
GtR = GR. �

The following lemma allows us to estimate the order of a point with the order of an
independent point.

Lemma 3.4.2. Let K be a number field and let I = {1, . . . , n}. Let G =
∏

i∈I Bi

where for every i Bi is either Gm or a K-simple abelian variety and for every i, j either
Bi = Bj or HomK(Bi, Bj) = {0}. Let P = (P1, . . . , Pn) be a point on G(K) of infinite
order. Then there exist a subset J = {j1, . . . , js} of I and a non-zero integer d such that
the point P ′ = (Pj1 , . . . , Pjs) is independent in G′ =

∏
j∈J Bj and such that the order of

(P mod p) divides d times the order of (P ′ mod p) for all but finitely many primes p of
K.

Proof. We prove the statement by induction on n. If n = 1, the point P1 is independent
in B1 so take J = {1}, d = 1. Now we prove the inductive step. Let P = (P1, . . . , Pn)
and set P̃ = (P1, . . . , Pn−1). If P̃ is a torsion point then Pn is independent in Bn and we
easily conclude. So assume that P̃ has infinite order and let J̃ = {j1, . . . , js̃} and d̃ be
as in the statement. If the point (Pj1 , . . . , Pjs̃ , Pn) is independent in

∏
j∈J̃∪{n}Bj take

J = J̃ ∪ {n} and d = d̃. Otherwise, by definition of J̃ and since HomK(Bn, Bj) is zero
whenever Bj 6= Bn we have

ψ(Pn) =
∑

j∈J̃
ψj(Pj)
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for some non-zero ψ in EndK Bn and for some ψj in HomK(Bj , Bn). Since ψ is an isogeny

there exist ψ̂ in EndK Bn and a non-zero integer r such that [r] = ψ̂ ◦ ψ. Consequently
r(Pn) =

∑
j∈J̃ ψ̂ ◦ ψj(Pj) and we can take J = J̃ , d = l. c.m.(d̃, r). �

Let G be a semi-abelian variety defined over a number field K. How many points
of G(K) are independent in G? It may occur that G(K) contains no independent
points, even if G(K) has non-zero rank, see Example 3.4.3. Since G is connected, by
Lemma 3.1.2 we immediately deduce the following: if a point is independent in G then
all its multiples are independent in G. Then if G(K) contains a point independent in G,
it contains infinitely many of such points.

Example 3.4.3. Let E be an elliptic curve defined over a number field K and such that
the rank of E(K) is n. Then the abelian variety En+1 is such that En+1(K) contains
no independent point.

Let G be a semi-abelian variety defined over a number fieldK. What is the maximum
n such that Gn(K) contains a point which is independent in Gn? Let r be the rank of
G(K). Then we clearly have n ≤ r.

Example 3.4.4. If G is an abelian variety, the maximum n such that Gn(K) contains an
independent point is finite (being at most the rank of G(K)). If G is the multiplicative
group, the maximum n such that Gn(K) contains an independent point is infinite: since
EndK Gm = Z and Gm(K) has infinite rank, the group Gn

m(K) contains an independent
point for every n > 0.

Because of the following proposition, to study independent points on abelian varieties
it suffices to consider the case of product of powers of simple abelian variety. Since the
definition of independent point does not depend on the base field, to study independent
points on tori it suffices to study independent points on Gn

m.

Proposition 3.4.5. Let G1 and G2 be semi-abelian varieties defined over a number field
K. Let α be an isogeny in HomK(G1, G2). Let R1 be a point in G1(K). Then R1 is
independent in G1 if and only if α(R1) is independent in G2.

Proof. Call R2 = α(R1). We have to show that GR1 = G1 if and only if GR2 = G2.
Since G1 and G2 are connected, it suffices to show that the dimensions of GR1 and G1

are equal if and only if the dimensions of GR2 and G2 are equal. Because α is an isogeny,
G1 and G2 have the same dimension so it suffices to show that GR1 and GR2 have the
same dimension. Then we have Gα(R1) ⊆ α(GR1) so in particular the dimension of GR2

is less than or equal to the dimension of GR1 . By Lemma 1.3.4, there exists an isogeny
α̂ in HomK(G2, G1) such that α̂ ◦ α = [d] for some non-zero integer d. We clearly have
Gα̂(R2) ⊆ α̂(GR2) so the dimension of GdR1 is less than or equal to the dimension of GR2 .
Since by Lemma 3.1.2 the dimension of GdR1 equals the dimension of GR1 , we deduce
that GR1 and GR2 have the same dimension. �



40 CHAPTER 3. INDEPENDENT POINTS ON SEMI-ABELIAN VARIETIES



Chapter 4

On the order of the reductions of
points

4.1 Introduction

First consider the additive group and the multiplicative group defined over Q. The
restriction of their reduction maps give the well-known reductions for the integers:

Let p be a prime number. For every integer a, the order of (a mod p) in Z/pZ is 1 if p
divides a and it is p otherwise. If a is coprime to p then (a mod p) lies in (Z/pZ)∗, which
is the multiplicative group of the finite field Z/pZ. The order of (a mod p) in (Z/pZ)∗ is
a divisor of p− 1. Suppose that a ≥ 2. The values of (a mod p) in (Z/pZ)∗ by varying p
are all the positive integers unless a = 2 (1 and 6 are excluded) or a = 2h − 1 for h ≥ 2
(2 is excluded). This was proven by Bang in 1886 ([Ban86]).

Now consider the additive group and the multiplicative group defined over a number
field. Their reduction maps give the well-known reductions of number fields:

Let K be a number field and let O be the ring of integers of K. Let p be a prime of
K, i.e. a prime ideal of O. The reduction of O modulo p is the quotient map onto the
residue field O/p.

Let a be an element of K. Then a = x
y for some x, y in O, y 6= 0. We can reduce x

and y modulo p and y is contained only in finitely many primes p. Then we can define
(a mod p) for all but finitely many p as the fraction (x mod p)/(y mod p). If a 6= 0
then also x is contained only in finitely many primes p. Hence (a mod p) belongs to the
multiplicative group (O/p)∗ for all but finitely many primes p.

Let pn be the cardinality of the finite field O/p. The order of (a mod p) in O/p is
either 1 or p. The order of (a mod p) in (O/p)∗ is a divisor of pn− 1. Schinzel in [Sch74]
proved that if a is not zero or a root of unity then the order of (a mod p) in (O/p)∗ takes
all but finitely many values of N by varying p in the primes of K.

Let G be a semi-abelian variety defined over a number field K. It is easy to see
that if R is non-zero then for all but finitely many primes p of K the point (R mod p)
is non-zero. A first consequence is that if R is a torsion point of order n then for all
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but finitely many primes p of K the order of (R mod p) is n. A second consequence is
that if R has infinite order then the order of (R mod p) cannot take the same value for
infinitely many primes p of K.

The main result of this chapter is the following:

Theorem 4.1.1. Let G be the product of an abelian variety and a torus defined over
a number field K. Let R be a K-point on G of infinite order. Call nR the number of
connected components of the smallest K-algebraic subgroup of G containing R. Then nR
is the greatest positive integer which divides the order of (R mod p) for all but finitely
many primes p of K. Furthermore, let m > 0 be a multiple of nR and let S be a finite
set of rational primes. Then there exists a positive Dirichlet density of primes p of K
such that for every ` in S the `-adic valuation of the order of (R mod p) equals v`(m).

We base our work on a method by Khare and Prasad, which combines Kummer
theory and the study of the `-adic representation.

For semi-abelian varieties, we prove that for every integer m > 0 there exists a
positive Dirichlet density of primes p of K such that the order of (R mod p) is a multiple
of m (see Corollary 4.4.2). Also for all but finitely many primes p the order of (R mod p)
is a multiple of nR (see Proposition 4.3.1).

Theorem 4.1.1 and the results in section 4.3 and section 4.4 (Proposition 4.3.2, Propo-
sition 4.3.3 and Corollary 4.4.2) strengthen results which are in the literature: [KP04,
Lemma 5]; [Pin04, Theorem 4.1 and Theorem 4.4]; [BGK05, Theorem 3.1] and [Bar06,
Theorem 5.1] (in the case of abelian varieties).

4.2 The method by Khare and Prasad

In this section we prove the following result, which will be used in section 4.3 to prove
the Theorem 4.1.1. To prove this result we generalize a method by Khare and Prasad
(see [KP04, Lemma 5]).

Theorem 4.2.1. Let G be the product of an abelian variety and a torus defined over a
number field K. Let F be a finite extension of K. Let R be an F -point on G such that
GR is connected. Fix a non-zero integer m. There exists a positive Dirichlet density of
primes p of K such that the following holds: there exists a prime q of F over p such that
the order of (R mod q) is coprime to m.

Remark that if F = K the theorem simply says that there exists a positive Dirichlet
density of primes p of K such that the order of (R mod p) is coprime to m.

Let G be a semi-abelian variety defined over a number field K. For n in N call K`n

the smallest extension of K over which every point of G[`n] is defined. Let R be in
G(K). Then for n in N call K( 1

`nR) the smallest extension of K`n over which the `n-th
roots of R are defined. Clearly the extensions K`n+1/K`n and K( 1

`nR)/K`n are Galois.

Lemma 4.2.2. Let G be a semi-abelian variety defined over a number field K. Let ` be
a rational prime and let n be a positive integer. Suppose that G(K) contains G[`]. Then
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the degree [K`n : K] is a power of ` and for every R in G(K) the degree [K( 1
`nR) : K] is

a power of `.

Proof. Since the points of G[`] are defined over K, we can embed Gal(K`n/K) into the
group of the endomorphisms of G[`n] fixing G[`]. The order of this group is a power of
` since G[`n] is a finite abelian group whose order is a power of `. Now we only have to
prove that the degree [K( 1

`nR) : K`n ] is a power of `. We can map the Galois group of
the extension K( 1

`nR)/K`n into G[`n], whose order is a power of `. This is accomplished
via the Kummer map

φn : Gal(K(
1

`n
R)/K`n) → G[`n]; φn(σ)(R) = σ(

1

`n
R)− (

1

`n
R),

where 1
`nR is an `n-th root of R. Since two such `n-th roots differ by a torsion point of

order dividing `n, it does not matter which root we take. This also implies that φn is
injective. This proves the assertion. �

Lemma 4.2.3. Let G be the product of an abelian variety and a torus defined over a
number field K. Let R be a K-point of G which is independent. Then for all sufficiently
large n we have:

K(
1

`n
R) ∩K`n+1 = K`n .

Proof. Consider the map

αn : Gal(K(
1

`n+1
R)/K`n+1) → Gal(K(

1

`n
R)/K`n)

given by the restriction to K( 1
`nR). To prove this lemma, it suffices to show that αn is

surjective for sufficiently large n.

It is not difficult to check that the following diagram is well-defined and commutative
(φn is the Kummer map defined in the proof of Lemma 4.2.2 and βn is induced by the
diagram):

0 // Gal(K( 1
`n+1R)/K`n+1)

φn+1 //

αn

��

G[`n+1] //

[`]

��

cokerφn+1
//

βn

����

0

0 // Gal(K( 1
`nR)/K`n)

φn // G[`n] // cokerφn // 0

If βn is injective then αn is surjective. Since βn is surjective, it suffices to prove that
cokerφn+1 and cokerφn have the same order for sufficiently large n. Since the order of
cokerφn increases with n, it is equivalent to show that the order of cokerφn is bounded
by a constant which does not depend on n. Since we assumed that GR = G, this asser-
tion is a special case of a result by Bertrand ([Ber88, Theorem 1]). �
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Lemma 4.2.4. Let K be a number field. Let G = A × T be the product of an abelian
variety defined over K and a torus split over K. Fix a rational prime `. If T = 0 or if
A = 0 or if ` is odd then for every sufficiently large n > 0 there exists an element h` in
Gal(K̄/K) which acts on G[`∞] via an automorphism whose set of fixed points is G[`n].
If A and T are non-zero and ` = 2 then for every sufficiently large n > 0 there exists an
element h2 in Gal(K̄/K) which acts on G[2∞] via an automorphism whose set of fixed
points is A[2n]× T [2n+1].

Proof. If T = 0 then the assertion is a consequence of a result by Bogomolov ([Bog80,
Corollaire 1]). If A = 0, because T is split over K then it suffices to remark the following
fact: for every sufficiently large n > 0 the field obtained by adjoining to K the `(n+1)-th
roots of unity is a non-trivial extension of the field obtained by adjoining to K the `n-th
roots of unity. Now assume that A and T are non-zero. Call Â the dual abelian variety
of A. By applying a result of Bogomolov ([Bog80, Corollaire 1]) to A × Â we know
that if n > 0 is sufficiently large, there exists an element h` in Gal(K̄/K) which acts
on A× Â[`∞] as a homothety with factor h in Z∗` such that h ≡ 1 (mod `n) and h 6≡ 1
(mod `n+1). For every n the Weil paring

e`n : A[`n]× Â[`n] → µ`n

is bilinear, non-degenerate and Galois invariant. Since e`n is bilinear and non-degenerate
its image contains a root of unity ζ of order `n. Choose X1 ∈ A[`n], X2 ∈ Â[`n] such
that e`n(X1, X2) = ζ. By Galois invariance and bilinearity we have:

σ(ζ) = σ
(
e`n(X1, X2)

)
= e`n(σ(X1), σ(X2)) = e`n(h ·X1, h ·X2) = ζh

2
.

Because ζ generates µ`n then σ acts on µ`n as a homothety with factor h2 (mod `n).
Clearly h2 ≡ 1 (mod `n) and h2 6≡ 1 (mod `n+1) if ` is odd. If ` = 2 and n > 1 then
h2 ≡ 1 (mod 2n+1) and h2 6≡ 1 (mod 2n+2). Because T is split over K we deduce the
following: if ` is odd the set of fixed points for the automorphism of G[`∞] induced by
h` is G[`

n]; if ` = 2 the set of fixed points for the automorphism of G[2∞] induced by h2
is A[2n]× T [2n+1]. �

Proof of Theorem 4.2.1. By Proposition 2.1.2, GR is the product of an abelian variety A
and a torus T defined over F . Let R′ be a point in GR(F̄ ) such that 2R′ = R. Since R
is independent in GR, the point R

′ is independent in GR. Call S the the set of the prime
divisors of m. Let K ′ be a finite extension of F over which R′ is defined, over which T
is split and over which GR[`] is split for every ` in S. Apply Lemma 4.2.3 to the point
R′, the algebraic group GR and with base field K ′. Then for all sufficiently large n and
for every ` in S the intersection of K ′( 1

`nR
′) and K ′`n+1 is K ′`n . Apply Lemma 4.2.4 to

GR with base field K ′: we can choose n > 0 such that the previous assertion holds and
such that for every ` in S there exists h` as in Lemma 4.2.4. Call L the compositum of
the fields K ′( 1

`nR
′) and the fields K ′`n+1 where ` varies in S. By Lemma 4.2.2, the fields

K ′( 1
`nR

′) ·K ′`n+1 where ` varies in S are linearly disjoint over K ′. Then we can construct
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σ in Gal(L/K) such that for every ` in S the restriction of σ to K ′( 1
`nR

′) is the identity
and such that the restriction to K ′`n+1 of σ and of h` coincide.

Let p be a prime of K which does not ramify in L and such that there exists a prime
w of L which is over p and such that FrobL/K w = σ. By Chebotarev’s Density Theorem
there exists a positive Dirichlet density of prime ideals p of K which satisfy the above
conditions. Let q be the prime of F lying under w. Fix a prime ` in S and suppose that
the order of (R mod q) is a multiple of `. Up to discarding finitely many primes p the
order of (R mod w) is a multiple of `. Let Z be an element of GR(L) such that `nZ = R′.
Then the order of (Z mod w) is a multiple of `n+1 (respectively of `n+2 if ` = 2). Let
a ≥ 1 be such that the order of (aZ mod w) is exactly `n+1 (respectively `n+2 if ` = 2).
Up to discarding finitely many primes p there exists a torsion point X in GR(L) of order
`n+1 (respectively `n+2 if ` = 2) and such that (aZ mod w) = (X mod w). See [Kow03,
Lemma 4.4].

Up to excluding finitely many primes p, the action of the Frobenius FrobL/K w com-
mutes with the reduction modulo w of G hence we deduce the following: the point
(Z mod w) is fixed by the Frobenius of w while (X mod w) is not fixed. Then the point
(aZ mod w) is fixed by the Frobenius of w and we get a contradiction. �

4.3 Prescribing valuations of the order of points

In this section we prove Theorem 4.1.1 and other applications of Theorem 4.2.1.

Proposition 4.3.1. Let G be a semi-abelian variety defined over a number field K. Let
R be a K-point on G. Then nR divides the order of (R mod p) for all but finitely many
primes p of K.

Proof. Because of Lemma 3.1.4 there exists a torsion point X in GR(K̄) and a point P in
G0

R(K̄) such that R = P+X. Then clearly nRX is the least multiple of X which belongs
to G0

R(K̄). Call t the order of X. Let F be a finite extension of K where P is defined
and GR[t] is split. Fix a prime p of K and let q be a prime of F over p. Call m the order
of (R mod p). Up to excluding finitely many primes p of K, we may assume that the
order of (R mod q) is also m. The equality (mX mod q) = (−mP mod q) implies that
(mX mod q) belongs to (G0

R(F ) mod q). Then (mX mod q) belongs to (G0
R mod q)[t].

Up to excluding finitely many primes p of K, we may assume that the reduction
modulo q maps injectively GR[t] to (GR mod q)[t] and that it maps surjectively G0

R[t]
onto (G0

R mod q)[t]. See [Kow03, Lemma 4.4]. We deduce that mX belongs to G0
R[t].

Then m is a multiple of nR. This shows that for all but finitely many primes p the order
of (R mod p) is a multiple of nR. �

Proposition 4.3.2. Let K be a number field. For every i = 1, . . . , n let Gi be the
product of an abelian variety and a torus defined over K and let Ri be a point in Gi(K)
of infinite order. Suppose that the point R = (R1, . . . , Rn) in G = G1 × . . .×Gn is such
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that GR is connected. Fix a non-zero integer m. For every i = 1, . . . , n fix a torsion
point Xi in Gi(K̄) such that the point X = (X1, . . . , Xn) is in GR(K̄). Let F be a finite
extension of K over which X is defined. Then there exists a positive Dirichlet density
of primes p of K such that the following holds: there exists a prime q of F over p such
that for every i = 1, . . . , n the order of (Ri −Xi mod q) is coprime to m.

Proof. By Lemma 3.4.1 the point R is independent in GR and the point R′ = R−X is
independent in GR. Since GR′ = GR, by Proposition 2.1.2 the algebraic group GR′ is
the product of an abelian variety and a torus defined over K. Apply Theorem 4.2.1 to
R′ and find a positive Dirichlet density of primes p of K such that the following holds:
there exists a prime q of F over p such that the order of (R′ mod q) is coprime to m.
This clearly implies the statement. �

Proposition 4.3.3. Let K be a number field. For every i = 1, . . . , n let Gi be the
product of an abelian variety and a torus defined over K and let Ri be a point in Gi(K)
of infinite order. Suppose that the point R = (R1, . . . , Rn) in G = G1 × . . . × Gn is
independent. Fix a finite set S of rational primes. For every i = 1, . . . , n fix a non-zero
integer mi. Then there exists a positive Dirichlet density of primes p of K such that for
every i = 1, . . . , n and for every ` in S the `-adic valuation of the order of (Ri mod p)
is v`(mi).

Proof. For every i = 1, . . . , n choose a torsion point Xi in Gi(K̄) of order mi and call
X = (X1, . . . , Xn). Let F be a finite extension of K over which X is defined. Call m the
product of the primes in S. Apply Proposition 4.3.2 to R and find a positive Dirichlet
density of primes p of K such that the following holds: there exists a prime q of F over p
such that the order of (R−X mod q) is coprime to m. Fix p as above. Up to discarding
finitely many primes p, for every i = 1, . . . , n the order of (Xi mod q) equals mi. This
implies that for every i = 1, . . . , n and for every ` in S the `-adic valuation of the order
of (Ri mod q) equals v`(mi). Then up to discarding finitely many primes p, the `-adic
valuation of the order of (Ri mod p) equals v`(mi) for every i = 1, . . . , n and for every `
in S. �

Proof of Theorem 4.1.1. Call n the largest positive integer which divides the order of
(R mod p) for all but finitely many primes p of K. By Proposition 4.3.1 we know that
nR divides n. Now we prove that n divides nR. By Lemma 3.4.1, GnRR is connected
hence by Proposition 2.1.2 it is the product of an abelian variety and a torus defined
over K. Let ` be a rational prime. Apply Theorem 4.2.1 to nRR and find infinitely many
primes p of K such that the `-adic valuation of the order of (nRR mod p) is 0. Thus
there exist infinitely many primes p of K such that the `-adic valuation of the order of
(R mod p) is less than or equal to v`(nR). This shows that n divides nR. Now we prove
the second assertion.

Apply Proposition 4.3.3 to nRR in GnRR and find a positive density of primes p of
K such that for every ` in S the `-adic valuation of the order of (nRR mod p) is v`(

m
nR

).
Because of the first assertion, we may assume that nR divides the order of (R mod p).
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Then for every ` in S the `-adic valuation of the order of (R mod p) is v`(m). �

By adapting this proof straightforwardly we may remark that nR is also the largest
positive integer which divides the order of (R mod p) for a set of primes p of K of
Dirichlet density 1.

4.4 A divisibility result for semi-abelian varieties

Lemma 4.4.1. Let K be a number field. For every i = 1, . . . , n let Gi be the product
of an abelian variety and a torus defined over K. Let H be an algebraic subgroup of
G1× . . .×Gn such that the projection πi from H to Gi is non-zero for every i = 1, . . . , n.
Let ` be a rational prime. Then there exists X in H[`∞] such that πi(X) is non-zero for
every i = 1, . . . , n.

Proof. By Proposition 2.1.2, up to replacing H with H0 we may assume that H is the
product of an abelian variety and a torus. For every i = 1, . . . , n since the projection πi
is non-zero, it is easy to see that there exists Yi in H[`∞] such that πi(Yi) is non-zero.
The assertion is immediate for abelian varieties and tori and to combine the two cases it
suffices to remark that there are no non-zero homomorphisms between abelian varieties
and tori. The point Y1 is not in the kernel of π1. So if n = 1 we conclude. Otherwise let
1 < r ≤ n and suppose that

∑r−1
j=1 Yj is not in the kernel of πi for every i = 1, . . . , r− 1.

Up to replacing Yr with an element in 1
`∞Yr, we may assume that for every i = 1, . . . , r

either πi(Yr) is zero or the order of πi(Yr) is greater than the order of πi(
∑r−1

j=1 Yj). Then∑r
j=1 Yj is not in the kernel of πi for every i = 1, . . . , r. We conclude by iterating the

procedure up to r = n.

Corollary 4.4.2. Let K be a number field. For every i = 1, . . . , n let Gi be a semi-
abelian variety defined over K and let Ri be a point on Gi(K) of infinite order. Then
for every integer m > 0 there exists a positive Dirichlet density of primes p of K such
that for every i = 1, . . . , n the order of (Ri mod p) is a multiple of m.

Proof. First we prove the case where Gi is the product of an abelian variety Ai and
a torus Ti for every i = 1, . . . , n. Call S the set of prime divisors of m. Consider
the point R = (R1, . . . , Rn) in G = G1 × . . . × Gn. We may assume that nR = 1 by
replacing Ri with nRRi and we may assume that m is square-free by replacing Ri with
(m/

∏
`∈S `)Ri for every i = 1, . . . , n. Since GR contains R, the projection from GR to

Gi is non-zero for every i = 1, . . . , n so we can apply Lemma 4.4.1. Then for every `
in S there exists X` in GR[`

∞] such that all the coordinates of X` are non-zero. Write
Y =

∑
`∈S X`. By construction Y belongs to GR(K̄)tors and for every ` ∈ S the order

of every coordinate of Y is a multiple of `. Let F be a finite extension of K where Y
is defined. By Proposition 4.3.2, there exists a positive Dirichlet density of primes p of
K such that the following holds: there exists a prime q of F over p such that the order
of (R − Y mod q) is coprime to m. Then up to discarding finitely many primes p the
order of (Ri mod p) is a multiple of ` for every ` in S and for every i = 1, . . . , n. This
concludes the proof for this case.
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For every i = 1, . . . , n let Gi be an extension of an abelian variety Ai by a torus Ti
and call πi the quotient map from Gi to Ai. If πi(Ri) does not have infinite order let
R′i be a non-zero multiple of Ri which belongs to Ti(K). If πi(R) has infinite order then
let R′i = 0. Then (πiRi, R

′
i) is a K-point of Ai × Ti of infinite order. Clearly for all but

finitely many primes p of K the following holds: the order of (Ri mod p) is a multiple
of m whenever the order of ((πiRi, R

′
i) mod p) is a multiple of m. Then we reduced to

the previous case. �

4.5 Remarks

Let G be an algebraic group defined over a number field K. Let R be a K-point on G.
Let n be the greatest integer which divides the order of (R mod p) for all but finitely
many primes p of K. We proved in Theorem 4.1.1 that n is the number of connected
components of the algebraic subgroup of G generated by R. We now give another
characterization of n.

Proposition 4.5.1. Let G be the product of an abelian variety and a torus defined over
a number field K. The greatest integer which divides the order of (R mod p) for all but
finitely many primes p of K is the greatest integer n such that there exists a product of
an abelian variety and a torus H defined over K̄ and a torsion point X in H[n] such
that X belongs to HomK̄(G,H) ·R.

Proof. Let H be a product of an abelian variety and a torus H defined over K̄. From
Corollary 1.3.2 and Lemma 1.2.3 we deduce the following: if a point X on H of order n
is such that X belongs to HomK̄(G,H) ·R then n divides the order of (R mod p) for all
but finitely many primes p of K.

In view of Theorem 4.1.1, it suffices to prove that there exist H and X as in the
statement where X has order nR.

Let G be the product of an abelian variety A and a torus T . Let H be the quotient
of G by G0

R. By Theorem 2.1.2, G0
R is the product A′ × T ′ of an abelian subvariety of

A and a subtorus of T . As we showed in the proof of Theorem 2.1.2, the quotient A/A′

is an abelian variety defined over K̄ and the quotient T/T ′ is a torus defined over K̄.
Hence H equals A/A′ × T/T ′ and in particular it is the product of an abelian variety
and a torus defined over K̄.

Call W the connected component of GR containing the point R. By Lemma 3.1.5,
there exists a torsion point Y in G(K̄) such that W = Y + G0

R and nRY is the least
positive multiple of Y contained in G0

R. Let X be the image of Y in H. Since nRY
belongs to G0

R, we have nRX = nR[Y ] = [nRY ] = 0. Then the order of X is some divisor
d of nR. Suppose that d 6= nR. Then dX = [dY ] = 0 hence dY belongs to G0

R. We have
a contradiction.

In [Kow03] Kowalski gives the definition of fairly well spread point:
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Definition 4.5.2. Let G be a semi-abelian variety defined over a number field K. Let R
be a K-point on G. Then R is fairly well-spread if the following conditions are satisfied:
R has infinite order; for all prime number ` and for all n ≥ 1 there exists a prime p of
K such that `n divides the order of (R mod p); the greatest common divisor of the order
of (R mod p) where p ranges over any family containing almost all primes of K is 1.

Proposition 4.4.2 implies that if R is a point of infinite order then R satisfies the
first two conditions of the above definition. Proposition 4.3.1 implies that if the third
condition is satisfied then the algebraic subgroup of G generated by R is connected.

If G is the product of an abelian variety and a torus, Theorem 4.1.1 implies that
the fairly well spread points are the points of infinite order which generate a connected
algebraic subgroup of G. In particular, independent points are fairly well-spread.

Let G be the product of an abelian variety and a torus defined over a number field
K. In Proposition 4.3.2 and in Proposition 4.3.3 it is important to know which torsion
points of G(K̄) are contained in GR. It is easy to see that the point R is independent
in G if and only if every torsion point of G(K̄) is contained in GR.

We now give an application of Proposition 4.3.3.

Corollary 4.5.3. Let E be an elliptic curve defined over a number field K and without
complex multiplication. Let P and Q be points in E(K) which generate a subgroup H of
E(K) of rank 2. Let n be a positive integer. Then there exist infinitely many primes p
of K such that (H mod p) contains a subgroup isomorphic to Z/nZ× Z/nZ.

Proof. We may assume that E[n] is contained in E(K). Let T1 and T2 be points in
E[n] without a non-zero common multiple. By Proposition 4.3.3 there exist infinitely
many primes p of K such that the order of (P − T1 mod p) and the order of (Q −
T2 mod p) are coprime to n. Up to excluding finitely many primes p, we may assume that
(E[n] mod p) = (E mod p)[n] and that this group is isomorphic to Z/nZ×Z/nZ. Let p
be a prime of K as above. The group (H mod p) contains (T1 mod p) and (T2 mod p)
hence it contains (E[n] mod p). This proves the statement.
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Part II

Local-global principles
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Chapter 5

The support problem

5.1 A question by Erdős

Pál Erdős in 1988 asked the following question:

Question. Let a and b be positive integers with the property that for every n > 0 the
set of prime numbers dividing an−1 is equal to the set of prime numbers dividing bn−1.
Is then a = b?

The support of an integer m is the set of primes dividing m. So Erdős’s condition
can be rephrased as follows: the support of an−1 and of bn−1 coincide for every n > 0.
For this reason, the above question was called ‘the support problem’.

In 1997 Corrales-Rodrigáñez and Schoof answered affirmatively to Erdős’s question.
They proved a stronger statement:

Proposition 5.1.1. Let a and b be positive integers with the property that for every
n > 0 the support of an−1 is contained in the support of bn−1. Then a is a power of b.

Erdős’s condition can be also rephrased as follows: for every prime number p and for
every n > 0

an ≡ 1(modp) if and only if bn ≡ 1(modp).

Corrales-Rodrigáñez and Schoof generalized the above condition to number fields. For
the reductions of number fields, see section 4.1. The support problem for number fields
is solved by the following result:

Theorem 5.1.2 (Theorem 1, [CRS97]). Let K be a number field and let a, b ∈ K∗. If
for almost all primes p of K and for all n > 0 one has

an ≡ 1(modp) whenever bn ≡ 1(modp)

then a is a power of b.
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Another rephrasing of Erdős condition is the following: for almost all prime numbers
p the order of (b mod p) in (Z/pZ)∗ divides the order of (a mod p) in (Z/pZ)∗. It is with
this last formulation that the support problem has been generalized to algebraic groups,
see section 5.3.

In 1975, Andrej Schinzel answered to Erdős’s question!

Theorem 5.1.3 ([Sch75, Theorem 2]). Let K be a number field. Let a be a non-zero
element of K and let B be a subgroup of K∗. Suppose that for almost all prime ideals p
of K (a mod p) belongs to (B mod p). Then a belongs to B.

We now show why Schinzel’s result answers to Erdős’s question for the integers.
Consider the group generated by b. Since the multiplicative group of a finite field is
cyclic, the following conditions are equivalent for a prime p of K: the order of (a mod p)
divides the order of (b mod p); the point (a mod p) lies in the subgroup generated by
(b mod p). Furthermore, to prove that a lies in the subgroup of K∗ generated by b is to
prove that a is a power of b.

5.2 The support problem for the integers and the abc-
conjecture

A refinement of the support problem for the integers is the following:

Conjecture 5.2.1. Let a and b be positive integers with the property that for infinitely
many positive integers n the set of prime numbers dividing an− 1 is contained in the set
of prime numbers dividing bn − 1. Then b is a power of a.

The radical of an integer number is the product of the primes in its support.

Conjecture (abc-conjecture). Let ε be a real number such that ε > 0. There exists
a real number Cε > 0 such that for every abc-triple (i.e. positive integers (a, b, c) such
that a+ b = c and (a, b) = 1)

c ≤ Cε(rad(abc))
1+ε.

We prove Conjecture 5.2.1 by assuming the abc-conjecture: we refine an unpublished
proof by Corrales-Rodrigáñez and Schoof (in which they answer to Erdős’s question by
assuming the abc-conjecture). We apply the following result by Bugeaud, Corvaja and
Zannier:

Theorem 5.2.2. [Theorem, [BCZ03]] Let a,b be multiplicatively independent integers
≥ 2 and let ε > 0. Then provided n is sufficiently large we have

gcd(an − 1, bn − 1) < exp(εn).

Corollary 5.2.3. [Remark(1), [BCZ03]] Let a,b be integers ≥ 2. If b is not a power of
a then for sufficiently large n we have gcd(an − 1, bn − 1) < a(n/2).
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Proof of Conjecture 5.2.1 by assuming the abc-conjecture. Let S be the infinite set of
natural numbers such that the condition in the statement holds. Let n be in S. If a = 1
then the support of an − 1 is the set of all primes. This clearly forces b = 1 so the
assertion holds. If b = 1 then b is trivially a power of a. Now assume that a, b > 2.

Fix ε < 1 and consider the following abc-triples: (an − 1, 1, an) where n varies in S.
By assuming the abc-conjecture, we find:

an ≤ Cε(rad((a
n − 1)an))1+ε = Cε(rad((a

n − 1)a))1+ε.

Since (an−1) and a are coprime, rad((an−1)a) is the product of rad(an−1) and rad(a).
Then

(rad(an − 1))1+ε ≥ C ′εa
n (5.1)

where C ′ε = C−1ε rad(a)−(1+ε).
Suppose that b is not a power of a and let n be in S. From Corollary 5.2.3 we

know that gcd(an − 1, bn − 1) < a(n/2) for every sufficiently large n. Because n is in S,
rad(an − 1) divides rad(bn − 1) hence

rad(an − 1) | gcd(an − 1, bn − 1).

Then
(rad(an − 1))1+ε ≤ (gcd(an − 1, bn − 1))1+ε ≤ a(n/2)(1+ε). (5.2)

Let ν = (n/2)(1 + ε). By combining (5.1) and (5.2) we have that for every n in S
sufficiently large

aν ≥ C ′εa
n.

This formula only holds for finitely many n since a > 1, ν < n and C ′ε is a positive
constant not depending on n. We find a contradiction. �

5.3 State of the art of the support problem

The support problem

Let G be the product of an abelian variety and a torus defined over a number field K.
Let R be a K-point on G and let φ be a K-endomorphism of G. Then the order of
(φ(R) mod p) divides the order of (R mod p) for all but finitely many primes p of K.
The support problem is concerned with the converse:

Let G be the product of an abelian variety and a torus defined over a number field K.
Let P and Q be K-points on G. Suppose that the following condition is satisfied:

(SP) The order of (Q mod p) divides the order of (P mod p) for all but finitely many
primes p of K.

How are P and Q related?
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Results on the support problem

The support problem was first studied for the multiplicative group and for elliptic curves
by Corrales-Rodrigáñez and Schoof ([CRS97]). In the both cases they proved that Q is
the image of P via a K-endomorphism. For the multiplicative group this means that Q
is a power of P .

For abelian varieties, partial results were obtained by Khare and Prasad in [KP02]
and by Banaszak, Gajda and Krasoń in [BGK03].

Larsen in [Lar03] solved the support problem for abelian varieties. He showed that
there exist a K-endomorphism φ and a non-zero integer c such that φ(P ) = cQ ([Lar03,
Theorem 1]). His result is optimal since in general one can not take c = 1, even if both
P and Q have infinite order ([Lar03, Proposition 2]).

We extend Larsen’s result to products of abelian varieties and tori, see Theorems 6.1.1
and 7.1.1.

The integer c of the support problem

Let G be the product of an abelian variety and a torus defined over a number field K.
Let P and Q be K-points on G satisfying condition (SP). Call c the minimal positive
integer c such that cQ belongs to EndK G · P . Recall that c in general is not 1, even if
both P and Q have infinite order ([Lar03, Proposition 2]).

Khare and Prasad proved that for a simple abelian variety c = 1 if the point P has
infinite order, see [KP04, Theorem 1]. We generalize their result to the product of an
abelian variety and a torus, under the assumption that P is independent. This is a
consequence of Proposition 6.3.1.

Larsen in [LS04] proved that for abelian varieties c divides a constant which depends
only on G and K. We generalize this last result to the product of an abelian variety and
a torus by using a different method, see Theorem 6.1.2.

Larsen in [LS04] proved something more precise: in every K-isogeny class of abelian
varieties there is an abelian variety such that c divides the exponent of the Mordell-Weil
group, see [LS04, Corollary 4.4 and Theorem 5.2].

The refined support problem

Larsen and Schoof investigated whether it is true for abelian varieties that assuming
condition (SP) there exist a K-endomorphism φ and a K-point T of finite order such
that φ(P ) = Q+ T . They called this question refined support problem.

They asked a meaningful question because what they looked for is weaker than
requiring φ(P ) = Q (which is in general false) and it is stronger than requiring φ(P ) = cQ
for some non-zero integer c (which is known to be true).

Larsen and Schoof in [LS06] constructed an example of an abelian variety for which
the question of the refined support problem has a negative answer. Nevertheless, there
are abelian varieties for which the answer is positive. Indeed, there is one such variety
in every K-isogeny class ([LS04, Corollary 4.4 and Theorem 5.2]). More precisely, the
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answer is positive for every abelian variety such that T`G is integrally semisimple ([LS04,
Definition 4.1]) for every rational prime ` and in everyK-isogeny class of abelian varieties
there is an abelian variety with this property, see [LS04, Theorem 5.2 and Corollary 4.4].

Unpublished references

In her master thesis with advisor Bart de Smit, Ana Lukić analyzed which are the hy-
potheses really used in the proof by Corrales-Rodrigáñez and Schoof of [CRS97, Theorem
1]. She made some original remarks. See [Luk03].

In her master thesis with advisors David McKinnon and Eva Bayer Fluckiger, Anna
Devic analyzed the paper by Corrales-Rodrigáñez and Schoof [CRS97]. She gave more
details for the proof of [CRS97, Theorem 2] in the case of complex multiplication and
explicitly wrote Larsen’s proof of [Lar03, Theorem 1] in the case of elliptic curves. See
[Dev07].

In a manuscript, Olivier Wittenberg presented the history of the support problem.
He also gave an alternative proof of Larsen’s theorem ([Lar03, Theorem 1]) inspired by
a work of Larsen and Schoof ([LS04]). See [Wit03].
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Chapter 6

The `-adic support problem

6.1 Introduction

In this chapter we study a variant of the support problem which we call the `-adic
support problem. Let G be the product of an abelian variety and a torus defined over a
number field K. Let P and Q be K-points on G. We require the following condition on
the points P and Q:

(LSP) Let ` be a prime number. Suppose that the `-adic valuation of the order of
(Q mod p) is less than or equal to the `-adic valuation of the order of (P mod p)
for all but finitely many primes p of K.

We strengthen Larsen’s result on the support problem by proving the following:

Theorem 6.1.1. Let G be the product of an abelian variety and a torus defined over a
number field K. Let P and Q be K-points of G satisfying condition (LSP). Then there
exist a K-endomorphism φ of G and a non-zero integer c such that φ(P ) = cQ.

For the multiplicative group, the above result was proven by Khare in [Kha03, Propo-
sition 3] by applying a method by Corrales-Rodrigañez and Schoof [CRS97]. For simple
abelian varieties, an equivalent result was proven by Baranczuk in [Bar06, Theorem 8.2].
For abelian varieties, our result has an alternative proof by Wittenberg, see [Wit03,
proof of Theorem 1.3].

Theorem 6.1.2. Under the assumptions of Theorem 6.1.1, one can take c such that
v`(c) ≤ v`(m) where m is a non-zero integer depending only on G and K (in particular
not depending on `).

In Theorem 6.1.1, one cannot take c coprime to ` even if P and Q have infinite order
(the counterexample in [Lar03, Proposition 2] works for ` = 2 but it can be generalized
straight-forwardly to any `). One can take c coprime to ` if the smallest algebraic
subgroup of G containing P is G itself, see Proposition 6.3.1. This happens in particular
if G is a simple abelian variety and P is a point of infinite order.
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If G is a one-dimensional torus or a split torus, one can take c coprime to `. For a
general torus, one can take c such that v`(c) ≤ v`([L : K]) where L is a finite Galois
extension of K where the torus splits, see Remark 6.3.2. I do not know whether one can
take c coprime to ` also for non-split tori.

6.2 The proof of Theorem 6.1.1

Lemma 6.2.1. Let G be the product of an abelian variety and a torus defined over a
number field K. Let L be a finite Galois extension of K of degree d. Let P and Q be
K-points of G. If Q belongs to EndLG · P then dQ belongs to EndK G · P .

Proof. Let ψ be in EndLG and such that ψ(P ) = Q. Set φ =
∑

σ∈Gal(L/K) ψ
σ. Then φ

is in EndK G and we have:

φ(P ) =
∑

σ∈Gal(L/K)

ψσ(P ) =
∑

σ∈Gal(L/K)

ψ(P )σ =
∑

σ∈Gal(L/K)

Qσ = dQ.

�

Lemma 6.2.2. Let A and B be products of an abelian variety and a torus defined over
a number field K and K-isogenous. If Theorem 6.1.1 is true for B, then it is true for
A.

Proof. Suppose that Theorem 6.1.1 holds for B. Let α be a K-isogeny from A to B, call
d the degree of α and call α̂ the isogeny in HomK(B,A) satisfying α̂ ◦ α = [d]. Take P ,
Q in A(K) satisfying the condition of Theorem 6.1.1. Because of Lemma 1.3.5 and the
hypotheses on P and Q, for all but finitely many primes p of K we have

v`[ord(α(P ) mod p)] ≥ v`[ord(dP mod p)] ≥ v`[ord(dQ mod p)] ≥ v`[ord(α(dQ) mod p)]

therefore α(P ) and α(dQ) satisfy the condition of Theorem 6.1.1. Thus

ψ
(
α(P )

)
= r

(
α(dQ)

)

where ψ is in EndK B and r is a non-zero integer. Set φ = α̂ ◦ψ ◦α, c = rd2. Then φ is
in EndK A, c is a non-zero integer and we have:

φ
(
P
)
= α̂ ◦ ψ ◦ α

(
P
)
= α̂ ◦ [r] ◦ α

(
dQ

)
= rd2Q = cQ.

�

Proof of Theorem 6.1.1. First step. We reduce to the case G =
∏

i∈I Bi where for every
i ∈ I the factor Bi is either Gm or a K-simple abelian variety and for any two indices
i, j either Bi = Bj or HomK(Bi, Bj) = {0}. By the Poincaré Reducibility Theorem, any
abelian variety is K-isogenous to a product of K-simple abelian varieties which are in
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pairs either equal or non-isogenous. Also there are no non-zero homomorphisms between
abelian varieties and tori. Then it suffices to combine two things: the statement holds
for G if it holds for α(G) where α is a K-isogeny (see Lemma 6.2.2); the statement holds
for G if it holds for G×K L, where L is a finite Galois extension of K (see Lemma 6.2.1).

Second step. Now let I = {1, . . . , n} and write P = (P1, . . . , Pn), Q = (Q1, . . . , Qn).
Call πi the projection from G to Bi. It suffices to show that for every i ∈ I there exist
ψi in HomK(G,Bi) and a non-zero integer c such that ψi(P ) = c · πi(Q). Without loss
of generality we prove this for i = 1. Then we may clearly replace Q by (Q1, 0, . . . , 0).

Now we reduce to the case where both P and Q have infinite order. We may assume
that Q has infinite order (otherwise take φ = 0 and c = ordQ). We may assume that
for every i ∈ I the point Pi is either zero or has infinite order (replace P and Q by dP
and dQ for a suitable non-zero integer d). Then it suffices to remark that P is non-zero:
since Q has infinite order, by Corollary 4.4.2 there exist infinitely many primes p of K
such that v`[ord(Q mod p)] > 0 so if P = 0 we have a contradiction with the hypotheses
of Theorem 6.1.1.

Third step. Apply Lemma 3.4.2 to P and let J , d, P ′, G′ be as in Lemma 3.4.2.
Since P ′ is a projection of P , it suffices to prove that there exist ψ in HomK(G′, B1) and
a non-zero integer c such that ψ(P ′) = cQ1.

The point (P ′, Q1) is not independent in G′ × B1. Otherwise, by Proposition 4.3.3
there exist infinitely many primes p of K such that v`[ord(Q1 mod p)] = v`(d) + 1 and
v`[ord(P

′ mod p)] = 0. We find a contradiction since by definition of d we may assume
that v`[ord(P mod p)] ≤ v`(d) + v`[ord(P

′ mod p)].

Since (P ′, Q1) is not independent in G
′ × B1, we have F (P ′, Q1) = 0 for some non-

zero F in EndK(G′ × B1). Recall that G′ is the product of some Bi’s such that either
Bi = B1 or HomK(B1, Bi) = {0}. Then since P ′ is independent in G′ we deduce that
f(P ′) = g(Q1) for some f in HomK(G′, B1) and some non-zero g in EndK B1. Since g
is an isogeny, g factors a non-zero integer in EndK B1 and we easily conclude. �

The following corollary is the analogue to [Lar03, Corollary 6].

Corollary 6.2.3. Let G1 and G2 be products of an abelian variety and a torus defined
over a number field K. Let P and Q be K-points on G1 and G2 respectively. Fix
a rational prime `. Suppose that for all but finitely many primes p of K the `-adic
valuation of the order of (P mod p) is greater than or equal to the `-adic valuation of
the order of (Q mod p). Then there exist φ in HomK(G1, G2) and a non-zero integer c
such that φ(P ) = cQ.

Proof. Apply Theorem 6.1.1 to G1 ×G2 and its K-points (P, 0) and (0, Q). �

6.3 On the integer c of the `-adic support problem

The following proposition is the generalization of a result by Khare and Prasad ([KP04,
Theorem 1]).
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Proposition 6.3.1. Under the assumptions of Corollary 6.2.3, one can take c coprime
to ` if P is independent in G1.

Proof. We have φP = cQ for some φ in HomK(G1, G2) and some non-zero integer c. By
iteration, it suffices to prove that if c is divisible by ` there exists ψ in HomK(G1, G2)
such that ψP = c

`Q. Suppose that c is divisible by `.
First we prove that φ = [`] ◦ ψ for some ψ in HomK(G1, G2). Suppose that this is

false, thus let T be a point in G1[`]\ ker(φ). Write L for a finite extension ofK over which
G1[`] is split. Since P is independent in G1, by Proposition 4.3.2 there exist infinitely
many primes q of L such that v`[ord(P − T mod q)] = 0. Fix such a prime q. We may
assume that the order of (T mod q) is `. We deduce that v`[ord(P mod q)] = 1. Since
T is not in the kernel of φ, the order of (φ(T ) mod q) is `. Since cQ−φ(T ) = φ(P − T ),
we have v`[ord(cQ− φ(T ) mod q)] = 0. Then v`[ord(cQ mod q)] = 1. Because ` divides
c, it follows that v`[ord(Q mod q)] is at least 2. Then there are infinitely many primes
p of K such that v`[ord(P mod q)] is 1 while v`[ord(Q mod q)] is at least 2 so we have a
contradiction.

Write φ as [`] ◦ ψ for some ψ in HomK(G1, G2). Then we have ψ(P ) = c
`Q+ T ′ for

some T ′ in G1[`]. It suffices to prove that T ′ = 0. Suppose not. By Theorem 4.2.1, there
exist infinitely many primes q of L such that v`[ord(P mod q)] = 0. We may assume
that v`[ord(T

′ mod q)] = 1 so we deduce that v`[ord(
c
`Q mod q)] = 1. Consequently, for

infinitely many primes q of L we have v`[ord(P mod q)] = 0 while v`[ord(Q mod q)] is
at least 1. We have a contradiction. �

Proof of Theorem 6.1.2. We first reduce to the case G = A×Gn
m where A is an abelian

variety. To accomplish this, it suffices to combine two things: the statement holds for G
if it holds for α(G) where α is a K-isomorphism; the statement holds for G if it holds
for G×K L where L is a finite Galois extension of K. The first of the two assertions is
trivial. The second assertion can be deduced from the proof of Lemma 6.2.1: if m′ is
such that v`(c) ≤ v`(m

′) for G×K L then one can take m = [L : K]m′.
We reduce at once to the case where GP is connected: replace P and Q by dP and

dQ (where nP divides d and d depends only on G and K, see Proposition 3.2.2). Now
assume that GP is connected. By Proposition 2.1.2 we have GP = A′ × T ′ where A′ is
an abelian subvariety of A and T ′ is a sub-torus (hence a direct factor) of Gn

m. If P is
zero then Q is a torsion point coprime to ` by Corollary 4.4.2 and the statement clearly
holds. So assume that P has infinite order and hence that P is independent in GP . By
Proposition 6.3.1 there exist ψ in HomK(GP , G) and an integer c` coprime to ` such that
ψ(P ) = c`Q.

Write P = (PA, PT ) and remark that A′ = GPA
(see the proof of Proposition 3.2.2).

Apply Lemma 3.2.1 to PA. Let Z and t be as in Lemma 3.2.1. The map

j : A′ × Z → A ; (x, y) 7→ x+ y.

is aK-isogeny in HomK(A′×Z,A) of degree dividing t. Call ĵ the isogeny in HomK(A,A′×
Z) satisfying ĵ ◦ j = [t]. We have:

ĵ
(
PA

)
= ĵ ◦ j

(
(PA, 0)

)
= (tPA, 0).
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Since T ′ is a direct factor of Gn
m, we can then construct Π in HomK(G,GP ) such that

Π(P ) = tP . The map φ = ψ◦Π is in EndK A and we have φ(P ) = tc`Q. Since t depends
only on G and K and c` is coprime to `, this concludes the proof. �

In Theorem 6.1.1, one can take c such that v`(c) ≤ v`(m) where m depends only on
G and K, see Theorem 6.1.2. Unless G(K) is finite, one clearly cannot bound vp(c) for
any rational prime p different from `.

Remark 6.3.2. In Theorem 6.1.1, let G be a torus. If G is split or 1-dimensional then
one can take c coprime to `. In general one can take c such that v`(c) ≤ v`([L : K])
where L is any finite Galois extension of K where G splits.

Proof. We may assume that G = Gn
m: see the proof of Lemma 6.2.1 and notice that if

G is 1-dimensional every K̄-endomorphism is already defined over K.
Thus assume that G = Gn

m and recall that Gm[a] ' Z/aZ for every a ≥ 1. Without
loss of generality we may assume that Q = (Q1, 0, . . . , 0). If P is a torsion point then
(since φ(P ) = cQ) Q1 is also a torsion point and the statement easily follows from
condition (LSP). Now assume that P has infinite order. Since EndK Gm ' Z, we may
assume that P is of the following form:

P = (R1, . . . , Rh, T, 0, . . . , 0)

where the point (R1, . . . , Rh) is independent in Gh
m, h ≥ 1 and T is a torsion point. Call

t the `-adic valuation of the order of T . We have

aT +

h∑

i=1

aiRi = cQ1 (6.1)

for some a, a1, . . . , ah in Z and for some non-zero integer c. Suppose that c is divisible
by `. It suffices to find an expression analogous to (6.1) where c is replaced by c

` and we
conclude by iteration.

Now we prove that a is divisible by `. Suppose not. We may clearly assume that
t 6= 0, otherwise we can multiply every coefficient of (6.1) by an integer coprime to `
and replace a by zero. By Proposition 4.3.3 there exist infinitely many primes p of K
such that v`[ord(Ri mod p)] = 0 for every i. We may assume that v`[ord(T mod p)] = t.
We deduce that v`[ord(Q mod p)] ≥ t + 1 and that v`[ord(P mod p)] = t so we find a
contradiction.

Without loss of generality we prove that ah is divisible by `. Suppose not. The
point (R1, . . . , ahRh + aT ) is independent in Gh

m. Thus by Proposition 4.3.3 there exist
infinitely many primes p of K such that v`[ord(Ri mod p)] = 0 for every i 6= h and
v`[ord(ahRh + aT mod p)] = t+ 1. We easily deduce that v`[ord(Q mod p)] ≥ t+ 2 and
that v`[ord(P mod p)] = t+ 1, contradiction.

Now we can write
a

`
T +

m∑

i=1

ai
`
Ri =

c

`
Q1 +W
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where W is in Gm[`].
If t ≥ 1 then W is a multiple of T and we conclude. If W = 0 we also conclude. Now

suppose that t = 0 and W 6= 0. By Proposition 4.3.3 there exist infinitely many primes
p of K such that v`[ord(Ri mod p)] = 0 for every i. We may assume that the order
of (W mod p) is `. We deduce that v`[ord(P mod p)] = 0 and v`[ord(Q mod p)] ≥ 1, a
contradiction. �

Condition (LSP) is trivially satisfied for any P in G(K) if and only if Q is a torsion
point of order coprime to ` (see Corollary 4.4.2). If Q is not a torsion point of order
coprime to `, it is possible to choose φ non-zero: this is obvious if Q has infinite order
(since cQ 6= 0); if Q is a torsion point then it suffices to show that P is not independent,
which is an immediate consequence of Theorem 4.2.1.

From the equality φ(P ) = cQ we deduce that if P is a torsion point, then Q is also
a torsion point. In general Q can be a torsion point and P a point of infinite order.
Indeed, the left EndK G-module generated by a K-point of infinite order may contain
torsion points.

Notice that condition (LSP) is equivalent to the following: the order of (`nQ mod p)
is coprime to ` whenever the order of (`nP mod p) is coprime to ` for all n ∈ N and for
all but finitely many primes p of K.

Remark 6.3.3. In Theorem 6.1.1, it suffices to require that there exists an integer d ≥ 0
such that for all but finitely many primes p of K one has

v`[ord(P mod p)] ≥ v`[ord(Q mod p)]− d.

Proof. It suffices to show that P and `dQ satisfy the hypotheses of Theorem 6.1.1.
Obviously v`[ord(P mod p)] ≥ v`[ord(`

dQ mod p)] whenever the right hand side of this
inequality is zero. Otherwise for almost all primes p we have:

v`[ord(P mod p)] ≥ v`[ord(Q mod p)]− d = v`[ord(`
dQ mod p)].

�

Notice that in Theorem 6.1.1 (respectively in the other results of this chapter) it
suffices to require the condition for ‘all primes of K outside a set of Dirichlet density
zero’ rather then ‘for all but finitely many primes of K’.

Remark 6.3.4. Under the assumptions of Corollary 6.2.3, one can take c such that
v`(c) ≤ v`(m) where m is a non-zero integer depending only on G1, G2 and K.

Proof. Apply Theorem 6.1.2 to G1 × G2 and its K-points P ′ = (P, 0) and Q′ = (0, Q).
Then there exist aK-endomorphism ψ of G1×G2 and an integer c such that ψ(P ′) = cQ′

and one can take c such that v`(c) ≤ v`(m) where m is a non-zero integer depending
only on G1 × G2 and K. Consequently, there exists a K-homomorphism φ from G1 to
G2 such that φ(P ) = cQ. Notice that c is a non-zero integer such that v`(c) ≤ v`(m)
where m is a non-zero integer depending only on G1, G2 and K. �



Chapter 7

The radical support problem

7.1 Introduction

In this chapter we study a variant of the support problem which we call radical support
problem. Let G be the product of an abelian variety and a torus defined over a number
field K. Let P and Q be K-points on G. We require the following condition on P and
Q:

(RSP) Let S be an infinite family of prime numbers. Suppose that for all but finitely
many primes p of K the following holds: for every ` in S the order of (Q mod p)
is coprime to ` whenever the order of (P mod p) is coprime to `.

This condition is in particular satisfied if the radical of the order of (Q mod p) divides
the radical of the order of (P mod p) for all but finitely many primes p of K.

Theorem 7.1.1. Let G be the product of an abelian variety and a torus defined over a
number field K. Let P and Q be K-points of G satisfying condition (RSP). Then there
exist a K-endomorphism φ of G and a non-zero integer c such that φ(P ) = cQ.

For abelian varieties, the previous result has an alternative proof by Larsen (see
[Lar03, proof of Theorem 1]). If the set S is finite then the statement is no longer true,
see Example 7.3.4.

Theorem 7.1.2. Under the assumptions of Theorem 7.1.1, there exist two integers n
and m depending only on G and K such that the following holds: one can take c such
that v`(c) ≤ v`(m) for every ` in S coprime to n.

If P is independent (for example if P is a point of infinite order on the multiplicative
group or on a simple abelian variety) one can take n = 1, see Proposition 7.3.1.

In general for a split torus or for an abelian variety one cannot take n = 1, even if P
and Q have both infinite order, see Example 7.3.2. A reason for this is the following: if
the order of (P mod p) is divisible by some prime ` in S for all but finitely many primes
p of K then the condition of Theorem 7.1.1 is trivial for the prime `.

Finally notice that whenever G(K) is infinite one cannot bound v`(c) for any prime
` which is not in S, see Example 7.3.3.
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7.2 The proof of Theorem 7.1.1

Proof of Theorem 7.1.1. First step. We reduce to prove Theorem 7.1.1 for G =
∏

i∈I Bi

where for every i the factor Bi is either Gm or a K-simple abelian variety and for every
i, j either Bi = Bj or HomK(Bi, Bj) = {0}. To accomplish this, it suffices to combine
two things: the statement holds for G if it holds for α(G) where α is a K-isogeny; the
statement holds for G if it holds for G×K L, where L is a finite Galois extension of K.
The second assertion is a consequence of Lemma 6.2.1. For the first assertion, let G′

be the product of an abelian variety and a torus defined over K which is K-isogenous
to G. We suppose that Theorem 7.1.1 holds for G′ and prove it for G. Let α be a
K-isogeny of degree a from G to G′ and call α̂ the K-isogeny from α(G) to G satisfying
α̂ ◦ α = [a]. Call S′ the complement in S of the divisors of a. Then by Corollary 1.3.2
and Lemma 1.3.5 the points α(P ) and α(Q) satisfy the condition of Theorem 7.1.1 (the
set of primes now being S′). We deduce that

ψ
(
α(P )

)
= r

(
α(aQ)

)

where ψ is in EndK G′ and r is a non-zero integer. We conclude because α̂ ◦ ψ ◦ α is in
EndK G and we have

α̂ ◦ ψ ◦ α
(
P
)
= α̂ ◦ [r] ◦ α

(
aQ

)
= ra2Q.

Second step. Let G =
∏

i∈I Bi where for every i ∈ I the factor Bi is either Gm or
a K-simple abelian variety and for every i, j either Bi = Bj or HomK(Bi, Bj) = {0}.
Write P = (P1, . . . , Pn), Q = (Q1, . . . , Qn). Without loss of generality we may replace
Q by (Q1, 0, . . . , 0). We may assume that Q has infinite order (otherwise take φ = 0 and
c = ordQ). Then we may assume that also P has infinite order. Otherwise let ` be a
prime of S coprime to the order of P . We find a contradiction by Corollary 4.4.2 (there
exist infinitely many primes p of K such that v`[ord(Q mod p)] > 0).

Apply Lemma 3.4.2 to P and let J , d, P ′, G′ be as in Lemma 3.4.2. Since P ′ is a
projection of P , it suffices to prove that there exist ψ in HomK(G′, B1) and a non-zero
integer c such that ψ(P ′) = cQ1.

The point (P ′, Q1) is not independent in G′ × B1. Indeed, let ` be a prime in S
coprime to d and apply Proposition 4.3.3. There exist infinitely many primes p of K
such that v`[ord(P

′ mod p)] = 0 and v`[ord(Q1 mod p)] = 1. We find a contradiction
since by definition of d we have v`[ord(P mod p)] ≤ v`(d) + v`[ord(P

′ mod p)] = 0.
Third step. Since (P ′, Q1) is not independent, we have f(P ′) = g(Q1) for some f

and g in EndK(G′ ×B1) such that not both f and g are zero.
Recall that G′ is the product of some Bi’s such that for every i, j either Bi = Bj or

HomK(Bi, Bj) = {0}. Then since P ′ is independent in G′ we deduce that f̃(P ′) = g̃(Q1)
for some f̃ in HomK(G′, B1) and some g̃ in EndK B1, where not both f̃ and g̃ are zero.
Since P ′ is independent in G′ and B1 is a factor of G′, if g̃ = 0 then f̃ = 0. We deduce
that g̃ is non-zero. Since B1 is either Gm or a K-simple abelian variety, g̃ is an isogeny
and therefore it factors a non-zero integer in EndK B1. This concludes the proof. �
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Corollary 7.2.1. Let G1 and G2 be products of an abelian variety and a torus defined
over a number field K. Let P and Q be K-points on G1 and G2 respectively. Let S be an
infinite family of rational primes. Suppose that for all but finitely many primes p of K
the following holds: for every ` in S the order of (Q mod p) is coprime to ` whenever the
order of (P mod p) is coprime to `. Then there exist φ in HomK(G1, G2) and a non-zero
integer c such that φ(P ) = cQ.

Proof. Apply Theorem 7.1.1 to G1 ×G2 and its K-points (P, 0) and (0, Q). �

7.3 On the integer c of the radical support problem

The following result is the generalization of a result by Khare and Prasad ([KP04, Lemma
5]).

Proposition 7.3.1. Under the assumptions of Corollary 7.2.1, if P is independent in
G1 then one can take c coprime to ` for every ` in S.

Proof. We have φP = cQ for some φ in HomK(G1, G2) and some non-zero integer c.
By iteration, it suffices to prove that if c is divisible by ` for some ` in S there exists
ψ in HomK(G1, G2) such that ψP = c

`Q. So suppose that c is divisible by ` for some
fixed prime ` in S. Let P ′ be a point in G1(K̄) such that `P ′ = P . We then have
φ(P ′) = c

lQ + Z for some Z in G1[`]. Write L for a finite extension of K over which
G1[`] is split and where P ′ is defined. Notice that P ′ is also independent in G1. The
condition of Corollary 7.2.1 clearly implies that for all but finitely many primes q of L
the order of (Q mod q) is coprime to ` whenever the order of (P mod q) is coprime to `.

First we prove that φ = [`] ◦ ψ for some ψ in HomK(G1, G2). Suppose not and then
let T be a point in G1[`]\ ker(φ).

Suppose that φ(T ) 6= Z. By Proposition 4.3.2 there exist infinitely many primes q of
L such that v`[ord(P

′ − T mod q)] = 0. We deduce that v`[ord(P mod q)] = 0 and that
the point (φ(P ′)− φ(T ) mod q) has order coprime to `. Then

rqφ(T ) = rqφ(P
′) = rq(

c

l
Q+ Z) (modq)

for some integer rq coprime to `. Therefore

rq
c

l
Q = rq(φ(T )− Z) (modq).

By discarding finitely many primes q we may assume that the order of (φ(T )−Z mod q)
is `. We deduce that v`[ord(Q mod q)] > 0 and we find a contradiction.

Now suppose that φ(T ) = Z. Then φ(P ′) = c
lQ+ φ(T ). By Proposition 4.3.2 there

exist infinitely many primes q of L such that v`[ord(P
′ mod q)] = 0. Then v`[ord(P mod

q)] = 0. By discarding finitely many primes q we may assume that the order of (φ(T ) mod
q) is `. We deduce that v`[ord(Q mod q)] > 0 and we find a contradiction.
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So we can factor φ as [`] ◦ ψ for some ψ in HomK(G1, G2). Then ψ(P ) = c
`Q + T ′

for some T ′ in G1[`]. It suffices to prove that T ′ = 0. By Theorem 4.2.1, there exist
infinitely many primes q of L such that v`[ord(P mod q)] = 0.

If T ′ 6= 0 then by discarding finitely many primes q we may assume that the order
of (T ′ mod q) is `. We deduce that v`[ord(Q mod q)] > 0 and we have a contradiction. �

We are now able to prove Theorem 7.1.2.

Proof of Theorem 7.1.2. We first reduce to the case G = A × T where A is an abelian
variety and T is a split torus. For this, it suffices to show that the statement holds for G
if it holds for G×K L where L is a finite Galois extension of K. This is a consequence of
Lemma 6.2.1 since we can ignore the primes in S which divide the degree of the extension
L/K.

We may replace P by nPP : by Proposition 3.2.2, we can ignore the primes of S
which divide nP . In this way we reduce to the case where GP is connected.

If P is zero then by Corollary 4.4.2 we immediately deduce that Q is a torsion point.
Then the order of Q is coprime to every prime ` in S and the statement holds since we
can take c = ordQ.

Now we may assume that GP is connected and non-zero. Then P is independent in
GP so by Proposition 7.3.1 there exist ψ` in HomK(GP , G) and an integer r coprime to
every ` in S such that ψ`(P ) = rQ.

By Proposition 2.1.2, GP = A′ × T ′ where A′ is an abelian subvariety of A and T ′

is a sub-torus of T . Write P = (PA′ , PT ′) and apply Lemma 3.2.1 to PA′ . Notice that
A′ is the algebraic subgroup of A generated by PA′ . Let Z and t be as in Lemma 3.2.1.
Then the map

j : A′ × Z → A ; (x, y) 7→ x+ y.

is aK-isogeny in HomK(A′×Z,A) of degree dividing t. Call ̂ the isogeny in HomK(A,A′×
Z) satisfying ̂ ◦ j = [t]. We have

̂
(
PA′

)
= ̂ ◦ j

(
(PA′ , 0)

)
= (tPA′ , 0).

Then there is an element πA in HomK(A,A′) mapping PA′ to tPA′ . Since T ′ is a direct
factor of T , there exists πT in HomK(T, T ′) such that πT (PT ′) = tPT ′ . Let Π be πA×πT .
Then Π is in HomK(G,GP ) and Π(P ) = tP . The map φ = ψ ◦ Π is in EndK G and we
have φ(P ) = rtQ. Consequently in this case one can take m = t, n = 1. This concludes
the proof. �

Example 7.3.2. Let ` be a rational prime. Let E be an elliptic curve defined over a
number field K such that E(K) contains a point R of infinite order and a torsion point
T of order `. Consider the points P = (`nR, T ) and Q = (R, 0) on E2, for some n in N.
Then the points P and Q satisfy the condition of Theorem 7.1.1 where S is the set of
all primes but one has to take c such that v`(c) ≥ n. By varying n, we see at once that
that one cannot bound v`(c) with a constant depending only on E and K.
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Example 7.3.3. Let G be the product of an abelian variety and a torus defined over
a number field K and such that G(K) is infinite. Let R be a point in G(K) of infinite
order and let ` be a rational prime. The points P = `nR and Q = R satisfy the condition
of Theorem 7.1.1 where S is the set of primes different from `. By varying n, we see at
once that one cannot bound v`(c) for the prime ` with a constant depending only on G
and K.

Example 7.3.4. Let S be a finite family of prime numbers and let m be the product
of the primes in S. Let G be the product of an abelian variety and a torus defined on
a number field K such that the following holds: G(K) contains a torsion point T of
order m; G(K) contains two points R, W of infinite order such that the point (R,W ) is
independent in G2. Consider the points P = (R, T ), Q = (W, 0) in G2. Then the order
of P is a multiple of m for almost all prime p of K hence the points P and Q satisfy the
condition of Theorem 7.1.1 for the set S. Nevertheless, since (R,W ) is independent in
G2 no non-zero multiple of Q lies in the left EndK G2-submodule of G2(K) generated
by P .
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Chapter 8

The multilinear support problem

8.1 Introduction

In this chapter we discuss the multilinear support problem, introduced by Barańczuk in
[Bar06]. This variant of the support problem concerns several points. The points P and
Q are replaced by n-tuples P1, . . . , Pn and Q1, . . . , Qn.
Let G be the product of an abelian variety and a torus defined over a number field K.

(MSP) Suppose that for all but finitely many primes p of K the following holds: for all
integers m1, . . . ,mn the point (m1Q1 + . . . + mnQn mod p) is zero whenever the
point (m1P1 + . . .+mnPn mod p) is zero.

This condition is strong: if n > 1 it is stronger than the condition of the support
problem on each pair of points (Pi, Qi).

Assuming condition (MSP), we know that there exist K-endomorphisms φi and an
integer c such that φi(Pi) = cQi. One would like to prove that φi and φj are related for
i 6= j. This is true if the endomorphism ring is Z. In this case φi = φj for every i, j.
See [Bar06, Theorem 7.3]. The same proof holds for the multiplicative group, hence for
1-dimensional tori. In general φi and φj are not related for i 6= j, see Example 8.2.2.

One can also consider the `-adic analogous of condition (MSP), which is stronger
than the condition of the `-adic support problem on each pair of points (Pi, Qi).

(LMSP) Suppose that for all but finitely many primes p of K the following holds: for
all integers m1, . . . ,mn the order of (m1Q1 + . . . +mnQn mod p) is coprime to `
whenever the order of (m1P1 + . . .+mnPn mod p) is coprime to `.

Assuming condition (LMSP), we know that there exist K-endomorphisms φi and an
integer c such that φi(Pi) = cQi. One would like to prove that φi and φj are related if
i 6= j. This is true if the endomorphism ring is Z. In this case φi and φj are two integers
with the same `-adic valuation, see [Bar06, proof of Theorem 7.3]. The same proof holds
for the multiplicative group, hence for 1-dimensional tori. We show in Example 8.2.3
that φi and φj are in general not related, not even for elliptic curves.
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We can also weaken condition (MSP) by imposing that m1 = 1. Then one would like
to prove that for every i there exist K-endomorphisms φi and an integer ci such that
φi(Pi) = ciQi. Without loss of generality, it suffices to consider two pairs of points:

(WMSP) Suppose that for all but finitely many primes p of K and for all integers m
the point (Q1 +mQ2 mod p) is zero whenever the point (P1 +mP2 mod p) is zero.

If G is a simple abelian variety, under condition (WMPS) Barańczuk proved that
for i = 1, 2 there exist a K-endomorphism φi and an integer ci such that φi(Pi) = ciQi,
see [Bar06, Theorem 8.1]. The same proof holds for the multiplicative group hence for
1-dimensional tori. This result is in general false for a non-simple abelian variety or for
a torus of dimension > 1, see Example 8.2.4.

8.2 The counterexamples

We first show that condition (MSP) is stronger than the condition of the support problem
on every pair of points, even if one requires m1, . . . ,mn to be positive (as in [Bar06]).

Remark 8.2.1. Assuming condition (MSP) where m1, . . . ,mn are positive, the following
holds: for every i = 1, . . . , n the order of (Qi mod p) divides the order of (Pi mod p) for
all but finitely many primes p of K.

Proof. Without loss of generality it suffices to prove the claim for P1 and Q1. Let p be
a prime ideal of K such that condition (MSP) holds. For every i 6= 1 take mi such that
(miPi mod p) = 0 and (miQi mod p) = 0. Then for every positive integer m1 we have
(m1Q1 mod p) = 0 whenever (m1P1 mod p) = 0. Consequently, the order of (Q1 mod p)
divides the order of (P1 mod p).

By reasoning as we did for the previous remark, it is immediate to see that [Bar06,
Theorem 8.2] is equivalent to Theorem 6.1.1 for simple abelian varieties.

Example 8.2.2. Let E be an elliptic curve defined over a number field K. Let R1,
R2 be points in E(K) and let ψ1,ψ2 be in EndK E. The following points in E × E(K)
satisfy condition (MSP):

P1 = (R1, 0) ; P2 = (0, R2) ; Q1 = (ψ1(R1), 0) ; Q2 = (0, ψ2(R2)).

Example 8.2.3. Let E be an elliptic curve defined over a number field K such that
EndK E = Z[i ]. Let φ1 and φ2 be in EndK E and let P1 be in E(K). The following
points satisfy condition (LMSP) for ` = 3:

P1 ; P2 = i(P1) ; Q1 = φ1(P1) ; Q2 = φ2(P2).

Indeed, let p be a prime ofK of good reduction for E not over 3 and suppose that (m1P1+
m2P2 mod p) has order coprime to 3. It is sufficient to show that both (m1P1 mod p)
and (m2P2 mod p) have order coprime to 3. By multiplying P1 and P2 by an integer
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coprime to 3, we may assume that (P1 mod p) = (R mod p) for a point R in E[3∞]. Let
L be a finite extension of K where R is defined and let q be a prime of L over p. Then
we have (m1R +m2i(R) mod q) = 0 and by the injectivity of the reduction modulo q
on E[3∞] we deduce that m1R + m2i(R) = 0. We have to show that m1R = 0. Let
3h be the order of R. Then the annihilator of R is an ideal of Z[i] containing 3h but
not 3h−1. Since 3 is prime in Z[i], the annihilator of R is (3h). Since m1 +m2i belongs
to (3h), we can write (m1 + m2i) = 3h(a1 + a2i) for some integers a1, a2. Therefore
m1R = 3ha1R = 0.

Example 8.2.4. Let G be either an elliptic curve without complex multiplication or
the multiplicative group defined over a number field K. Suppose that the rank of G(K)
is greater than 1. Then let (R,W ) be a K-point on G2 which is independent. Consider
the following points in G2(K):

P1 = Q1 = Q2 = (R, 0) ;P2 = (0,W ).

These points satisfy condition (WMSP) but there does not exist a K-endomorphism φ
of G2 and a non-zero integer c such that φ(P2) = cQ2.



74 CHAPTER 8. THE MULTILINEAR SUPPORT PROBLEM



Chapter 9

The problem of detecting linear
dependence

9.1 State of the art of the problem of detecting linear de-
pendence

The problem of detecting linear dependence investigates whether the property for a point
to belong to a group is a local-global principle.

Problem. Let G be the product of an abelian variety and a torus defined over a number
field K. Let R be a K-point on G and let Λ be a finitely generated subgroup of G(K).
Suppose that for all but finitely many primes p of K the point (R mod p) belongs to
(Λ mod p). Does R belong to Λ?

The problem of detecting linear dependence was first formulated by Gajda in 2002
in a letter to Ken Ribet.

We first concentrate on the case of abelian varieties, for two reasons: the problem
has mainly been studied for abelian varieties; the problem is still unsolved for abelian
varieties.

• The strongest result is by Weston in [Wes03]: if G is such that EndK G is com-
mutative then there exists a K-point T of finite order such that R+ T belongs to
Λ. Since the torsion of the Mordell-Weil group is finite, Weston basically solved
the problem for abelian varieties with commutative endomorphism ring. It is not
known how to get rid of this torsion point, unless EndK G is Z.

• If the endomorphism ring of the abelian variety is not commutative, we are able to
prove the following: there exists a non-zero integer m (depending only on G and
K) such that mR belongs to the left EndK G-submodule of G(K) generated by Λ.
See Theorem 9.2.1 and Remark 9.2.2.

• We solve the problem of detecting linear dependence in the case where Λ is a free
EndK G-submodule of G(K) or it has a set of generators (as a group) which is also
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a basis of a free left EndK G-submodule of G(K). With an extra assumption on the
point R (that R generates a free EndK G-submodule of G(K)), these two results
are respectively proven by Gajda and Górnisiewicz in [GG07, Theorem B] and by
Banaszak in [Ban07, Theorem 1.1]. We remove the assumption on the point R in
Theorem 9.2.1 and in Theorem 9.3.1 respectively.

• If Λ is cyclic, we solve the problem of detecting linear dependence. This result was
known only for elliptic curves, see [Kow03, Theorem 3.3] by Kowalski.

• Gajda and Górnisiewicz in [GG07] use the theory of integrally-semisimple Galois
modules to study the problem of detecting linear dependence. This theory was
completely developed by Larsen in [LS04]. Gajda and Górnisiewicz prove the
following result ([GG07, Theorem A]):

Let ` be a prime such that T`(G) is integrally semisimple. Let Λ̂ be a free EndK G⊗
Z`-submodule of G(K)⊗Z` and let R̂ in G(K)⊗Z` generate a free EndK G⊗Z`-
submodule of G(K) ⊗ Z`. Then R̂ belongs to Λ̂ if and only if (R̂ mod p) belongs
to (Λ̂ mod p) for all but finitely many primes p of K. If EndK G⊗Z` is a maximal
order in EndK G ⊗ Q`, the condition on Λ̂ can be replaced by the following: Λ̂ is
torsion-free over EndK G⊗ Z`.

Now we list further results on the problem of detecting linear dependence for algebraic
groups. Schinzel in [Sch75, Theorem 2] solved the problem of detecting linear dependence
for the multiplicative group. A generalization of Schinzel’s result (Theorem 9.3.4 for
the multiplicative group with no conditions on Λ) was proven by Khare in [Kha03,
Proposition 3] by applying a method by Corrales-Rodrigáñez and Schoof (see [CRS97]).

Our results on the problem of detecting linear dependence (Theorems 9.2.1, 9.3.1
and 9.4.1) hold for the product of an abelian variety and a torus.

Kowalski in [Kow03] investigated for which algebraic groups the property for a point
to belong to a group is a local-global principle. In particular he proved that the answer
is negative whenever the additive group is embedded in G ([Kow03, Proposition 3.2]).

Papers and preprints concerning the problem of detecting linear dependence are:
[Sch75], [Kha03], [Wes03], [Kow03], [BGK05], [Ban07], [Bar08].

9.2 A general result

We prove the following theorem as an application of our results on the support problem:

Theorem 9.2.1. Let G be the product of an abelian variety and a torus defined over a
number field K. Let R be a K-point on G and let Λ be a finitely generated subgroup of
G(K). Suppose that for all but finitely many primes p of K the point (R mod p) belongs
to (Λ mod p). Then there exists a non-zero integer m (depending only on G, K and the
rank of Λ) such that mR belongs to the left EndK G-submodule of G(K) generated by Λ.
If Λ is a free left EndK G-submodule of G(K) then R belongs to Λ.
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Remark 9.2.2. If G is an abelian variety, the integer m in Theorem 9.2.1 depends only
on G and K.

Proof. IfG is an abelian variety, the rank of Λ is bounded by the rank of the Mordell-Weil
group therefore m depends only on G and K.

Lemma 9.2.3. Let K be a number field. Let G be the product of an abelian variety and a
torus defined over K. Let R be a K-point on G and let Λ be a finitely generated subgroup
of G(K). Fix a rational prime `. Suppose that for all but finitely many primes p of K
there exists an integer cp coprime to ` such that (cpR mod p) belongs to (Λ mod p). Then
there exists a non-zero integer c such that cR belongs to EndK G · Λ and v`(c) ≤ v`(m)
where m depends only on G, K and the rank of Λ. If Λ is a free left EndK G-submodule
of G(K), one can take m = 1.

Proof. We may clearly assume that Λ is non-zero. Let P1, . . . , Ps generate Λ as a
Z-module. Consider Gs and its K-points P = (P1, . . . , Ps) and Q = (R, 0, . . . , 0).
The points P and Q satisfy the hypotheses of Theorem 6.1.1. Then there exist a K-
endomorphism φ of Gs and a non-zero integer c such that φ(P ) = cQ and v`(c) ≤ v`(m)
(where m depends only on Gs and K). In particular cR belongs to EndK G ·Λ. Since s
depends only on G, K and the rank of Λ, the first assertion is proven. For the second
assertion, let P1, . . . , Ps be a basis of Λ as a left EndK G-module. Since P is independent,
by Proposition 6.3.1 one can take c coprime to `. Consequently, one can take m = 1. �

Proof of Theorem 9.2.1. We apply Lemma 9.2.3 for every rational prime `. Then for
every ` there exists an integer c` such that c`R belongs to EndK G ·Λ and v`(c`) ≤ v`(m),
where m is a non-zero integer depending only on G, K and the rank of Λ. Since m is
in the ideal of Z generated by the c`’s, we deduce that mR belongs to EndK G · Λ. If Λ
is a free left EndK G-submodule of G(K), one can take m = 1 in Lemma 9.2.3 hence R
belongs to Λ. �

9.3 On a result by Banaszak

In this section we extend the result by Banaszak on the problem of detecting linear
dependence ([Ban07, Theorem 1.1]) from abelian varieties to products of abelian varieties
and tori. Furthermore, by adapting the proof by Banaszak we are able to remove his
assumption on the point R (that R generates a free left EndK G-submodule of G(K)).

Theorem 9.3.1. Let G be the product of an abelian variety and a torus defined over a
number field K. Let Λ be a finitely generated subgroup of G(K) such that it has a set of
generators (as a group) which is also a basis of a free left EndK G-submodule of G(K).
Let R be a point of G(K). Suppose that for all but finitely many primes p of K the point
(R mod p) belongs to (Λ mod p). Then R belongs to Λ.

Lemma 9.3.2. Let R be a commutative ring with 1. Let F be a free R-module. Suppose
that s is an R-endomorphism of F sending every element to a multiple of itself. Then s
is a scalar.
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Proof. It suffices to prove the statement if F has rank 2. Let e1, e2 be a basis of F .
Then s(e1) = λ1e1 and s(e2) = λ2e2 and s(e1+ e2) = µ(e1+ e2) for some λ1, λ2, µ in R.
We deduce that λ1 = µ = λ2 therefore s is the multiplication by µ on F . �

The following proposition in the case of abelian varieties is proven in [Ban07, Step 2
of the proof of Theorem 1.1].

Proposition 9.3.3. Let G be the product of an abelian variety and a torus defined over
a number field K. Let α be a K̄-endomorphism of G. Suppose that there exists a prime
number ` such that the following holds: for every n > 0 and for every torsion point X
of G of order `n the point α(X) is a multiple of X. Then α is a scalar.

Proof. Apply the previous lemma to R = Z/`nZ, F = G[`n] and taking for s the image
of α in EndZG[`n]. We deduce that α acts as a scalar on G[`n]. So for every n there
exists an integer cn such that α acts as the multiplication by cn(mod `n) on G[`n]. Since
α commutes with the multiplication by ` we deduce that cn+1(mod`n) ≡ cn(mod`n)
for every n. This means that there exists c in Z` such that c(mod`n) ≡ cn(mod`n) for
every n. Then α acts on T`G as the multiplication by c.

Write G = A×T where A is an abelian variety and T is a torus. Since by Lemma 2.1.1
there are no non-zero morphisms between abelian varieties and tori, α is the product
αA × αT of an endomorphism of A and an endomorphism of T . We prove that αA and
αT are each the multiplication by an integer. Since it is then obvious that they are the
multiplication by the same integer, we conclude. Notice that if A (respectively T ) is
zero then the requested property holds for αA (respectively αT ).

Suppose that A is non-zero. We know that αA acts on T`A as the multiplication by
c. By [Mum70, Theorem 3 p.176], αA is the multiplication by an integer. Consequently,
c is an integer and αA is the multiplication by c.

Suppose that T is non-zero. Let n be the dimension of T and let L be a finite
extension of K such that T is L-isomorphic to Gn

m. Call γ this isomorphism. Then αT

is the multiplication by an integer if and only if γ ◦ αT ◦ γ−1 is the multiplication by an
integer. Thus we may assume that T is Gn

m. We know that αGn
m

acts on T`Gn
m as the

multiplication by c.

The endomorphism ring of Gm is Z hence we can identify the endomorphism ring of
Gn

m with the ring of n × n-matrices with integer coefficients. Since αGn
m

acts on T`Gn
m

as the multiplication by c, we deduce that αGn
m

is a scalar matrix. Hence c is an integer
and αGn

m
is the multiplication by c.

Theorem 9.3.4. Let G be the product of an abelian variety and a torus defined over a
number field K. Let Λ be a finitely generated subgroup of G(K) such that it has a set of
generators (as a group) which is also a basis of a free left EndK G-submodule of G(K).
Let R be a point of G(K). Fix a prime number `. Suppose that for all but finitely many
primes p of K there exists an integer cp coprime to ` such that the point (cpR mod p)
belongs to (Λ mod p). Then there exists an integer c coprime to ` such that cR belongs
to Λ.
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Proof. We may clearly assume that Λ is non-zero. Let {P1, ..Pn} be a set of generators
for Λ (as a group) which is a basis for a free left EndK G-submodule of G(K). Notice
that this left-module is EndK G · Λ. By Lemma 9.2.3 there exists an integer c coprime
to ` such that cR belongs to EndK G · Λ. So write

cR =

n∑

i=1

φiPi

for some φi in EndK A. Without loss of generality it suffices to prove that φ1 is the
multiplication by an integer.

Suppose that φ1 is not the multiplication by an integer and apply Proposition 9.3.3
to φ1. Then there exists a torsion point T in G(K̄) such that φ1(T ) is not a multiple of
T . Let L be a finite extension of K where T is defined. The point (P1 − T, P2, . . . , Pn)
is independent in Gn by Lemma 3.4.1. Then by Proposition 4.3.3 there are infinitely
many primes q of L such that the following holds: (Pi mod q) has order coprime to `
for every i 6= 1 and (P1 − T mod q) has order coprime to `. By discarding finitely many
primes q, we may assume the following: the order of (T mod q) equals the order of T ;
the point (φ1(T ) mod q) is not a multiple of (T mod q) and in particular it is non-zero;
(cqR mod q) belongs to (Λ mod q) for some integer cq coprime to `.

Fix q as above. We know that there exists an integer m coprime to ` such that
(mPi mod q) = 0 for every i 6= 1 and (m(P1 − T ) mod q) = 0. Then we have:

(mcqcR mod q) = (mcqφ1(P1) mod q) = (mcqφ1(T ) mod q).

Since v`(mcq) = 0, we deduce that the point (mcqcR mod q) has order a power of
` and it is not a multiple of (T mod q). Then (mcqcR mod q) does not belong to∑r

i=1 Z(Pi mod q). Consequently, (cqR mod q) does not belong to (Λ mod q) and we
have a contradiction.

Proof of Theorem 9.3.1. For every prime number ` we can apply Theorem 9.3.4. Then
for every ` there exists an integer c` coprime to ` such that c`R belongs to Λ. Since the
ideal of Z generated by the c`’s contains 1, we deduce that R belongs to Λ.

9.4 On a problem by Kowalski

The problem of detecting linear dependence in the case where Λ is cyclic was studied
by Kowalski in [Kow03]. Kowalski solved this problem for the multiplicative group and
for elliptic curves ([Kow03, Theorem 3.3]). The following result solves the problem of
detecting linear dependence in the case where Λ is cyclic for products of abelian varieties
and tori.

Theorem 9.4.1. Let G be the product of an abelian variety and a torus defined over a
number field K. Let Λ be a cyclic subgroup of G(K). Let R be a K-point on G. Suppose
that for all but finitely many primes p of K the point (R mod p) belongs to (Λ mod p).
Then R belongs to Λ.
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Lemma 9.4.2. Let G be the product of an abelian variety and a torus defined over a
number field K. Let Λ be a cyclic subgroup of G(K) of infinite order. Let T be a K-
point on G of finite order. Suppose that for all but finitely many primes p of K the point
(T mod p) belongs to (Λ mod p). Then T is zero.

Proof. Suppose that T is non-zero. Then T can be uniquely written as a sum of torsion
points whose orders are prime powers. These torsion points are multiples of T . Con-
sequently, we reduce at once to the case where the order of T is the power of a prime
number `.

Let Λ = ZP for a point P of infinite order. The algebraic subgroupGP ofG generated
by P has dimension at least 1. Call nP the number of connected components of GP and
call G0

P the connected component of the identity of GP . Thus G0
P is non-zero and by

Proposition 2.1.2 it is the product of an abelian variety and a torus defined over K. By
Lemma 3.1.4, GP is the translation of G0

P by a torsion point X in G(K̄). So we have
P = X + Z for some point Z in G0

P (K̄). The point Z is independent in G0
P : this easily

follows from Remark 3.1.3 since P and Z have a common multiple.
By Lemma 3.1.5, the point nPX is the least multiple of X which belongs to G0

P .
Let c be the `-adic valuation of the order of X. Let L be a finite extension of K

where X, Z, G[`2c] are defined and such that nPX has nP -roots in G
0
P (L). Notice that

for all but finitely many primes q of L the point (T mod q) belongs to (ZP mod q).
By Theorem 4.2.1, there exist infinitely many primes q of L such that the order of

(Z mod q) is coprime to `. Then for infinitely many primes q the point (T mod q) lies
in the finite group generated by (X mod q). We deduce that T = aX for some non-zero
integer a.

Let T0 be a point in G0
P of order `2c. By Theorem 4.2.1, there exist infinitely many

primes q of L such that the order of (Z − T0 mod q) is coprime to `. We deduce that
for infinitely many primes q the point (T mod q) lies in the finite group generated by
(T0 +X mod q). Then T = b(T0 +X) for some non-zero integer b.

Since aX = b(T0 +X) and because the order of T0 is `2c we deduce that v`(b) ≥ c.
Consequently, T is the sum of bT0 and a torsion point of order coprime to `. Then T is
a multiple of T0 and in particular it belongs to G0

P .
Let T1 be a point in G0

P (L) such that nPT1 = −nPX. By Theorem 4.2.1, there exist
infinitely many primes q of L such that the order of (Z−T1 mod q) is coprime to `. Up to
discarding finitely many primes q, we may assume that (T mod q) belongs to (ZP mod q)
and that the order of (T mod q) equals the order of T . Up to discarding finitely many
primes q, by Lemma 3.1.6 we may assume that (nPX mod q) is the least multiple of
(X mod q) belonging to (G0

P mod q). Consequently, the intersection of (G0
P mod q) and

(ZP mod q) is (ZnPP mod q).
Fix a prime q as above and call r the order of (Z − T1 mod q). We have

(rnPP mod q) = (rnPZ + rnPX mod q) = (rnPT1 + rnPX mod q) = (0 mod q).

Since r is coprime to `, it follows that (T mod q) cannot belong to the group generated by
(nPP mod q). But (T mod q) belongs to the intersection of (G0

P mod q) and of (ZP mod
q). We have a contradiction.
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Proof of Theorem 9.4.1. If Λ is finite then there exists a point P ′ in Λ such that for
infinitely many primes p of K it is (R mod p) = (P ′ mod p). Hence R = P ′ and the
statement is proven. We may then assume that Λ = ZP for a point P of infinite order.

We first prove that the statement holds in the case where the algebraic group GP

generated by P is connected. In this case, P is independent in GP by Lemma 3.4.1. By
Lemma [Kow03, Lemma 4.2], we may assume that GP = G. So we may assume that P
is independent in G. We conclude by applying Theorem 9.3.1.

For the general case, call nP the number of connected components of GP . Notice
that the points nPP and nPR still satisfy the hypotheses of the theorem and that
GnPP is connected by Lemma 3.1.4. Therefore we know (by the special case above)
that nPR = gnPP for some integer g. Since R and P are K-points, we deduce that
R = gP + T for some K-point T of finite order. Since R + T belongs to Λ, for all but
finitely many primes p of K the point (T mod p) belongs to (Λ mod p). By applying
Lemma 9.4.2 we deduce that T = 0 hence R belongs to Λ.
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