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Introduction

Deformation theory is closely related to moduli problem, that is the problem of classi-
fying geometric objects. Let M be a class of geometric objects, for example, let

M = {isomorphism classes of complex manifolds},

the moduli problem for this class is that of describing M, investigating if M has some
kind of algebro-geometric structure, for example if it is a scheme, a quasi-projective or
a projective variety and so on. Fixed the class of objects, the space M is called the
moduli space of the classification problem.

The existence of an algebro-geometric structure on the space M and its local struc-
ture are linked to the notions of family and infinitesimal deformations. The concepts of
family and deformation are very different for every different class M.

In the example in which M is the class of complex manifolds, a family is the data of a
morphism

X

!

where S is an analytic space, X is a manifold, 7 is a flat morphism also required to be
smooth or proper. Two of such families X and X’ over the same analytic space S are
isomorphic if there exists an isomorphism f : X — X’ which commutes with the maps
7w and 7’ to S.

If the space S is connected, the family is called a deformation of 7~!(sq), for any so € S.
An infinitesimal deformation is a deformation in which the base space S is the spectrum
of a local Artinian C-algebra with residue field isomorphic to C.

The problem of classifying complex manifold is obviously one of the first example
classically studied. Globally there are a lot of results about moduli spaces of complex
manifolds of a fixed dimension and with given numerical characters. For example about
closed subschemes of a projective space with a given Hilbert polynomial, curves of a fixed
genus and so on. From a local point of view, Kodaira and Spencer studied deformations
of compact complex manifolds, giving rise to the modern deformation theory ([15]).

A fundamental property of the notions of family and deformation is their functorial-
ity. In the above example, if 7 : X — S is a family of complex manifolds and f: T — S
is a morphism of analitic spaces, it is induced a family over T" by pulling back the family
X via f, it is given by f*X =T xgX. The functoriality leads naturally to the definition

of a contravariant functor
F: An — Set

S = F(9),
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where F'(S) = {isomorphism classes of families of complex manifolds over S}.

The same can be done for every class of objects, once defined the notion of family and
of isomorphism of families, leading to the definition of the contravariant functor of the
isomorphism classes of families of the objects considered.

This approach to deformation theory, started by Grothendieck about fifty years ago ([11])
and developed by Artin ([2]) and Schlessinger ([33]), allows to formalize deformation
theory translating it in functorial language.

Following this point of view it could be important to understand whether the functor
F associated to a classification problem, is represented by an analytic space M, i.e.
whether there exists an isomorphism of functors:

Hom(—, M) — F.

If such M exists, it is called the fine moduli space for the class M. Schlessinger studied
conditions under which such M exists and conditions under which weaker properties,
linked to representability, held for the functor F'.

The classes M for which the functor F' associated is representable are very rare. In
order to understand the role of infinitesimal deformations in classification problem, let’s
suppose there exists an analitic space M that represents the class M choosen, i.e. such
that the functors Hom(—, M) and F' are isomorphic.

Let X be an object in the class M. The isomorphism classes of infinitesimal deformations
of X over the spectrum of a local Artinian C-algebra A are in one to one correspondence
with the morphisms of Spec A to M that send the closed point to X:

{infinitesimal deformations of X over Spec A}/ ~ <+— Homx (Spec A, M),

then infinitesimal deformations give informations on the infinitesimal structure of the
moduli space M in a neighbourhood of X. In particular, if A = Cle] = C[z]/(2?)
is the ring of the dual numbers, the deformations over Spec A are called first order
deformations and there is the following one to one correspondence:

{first order deformations of X}/ ~ <— Homx(SpecCle], M) <+— T x.

These facts explain some of the links of deformation theory with the moduli theory.

Let now concentrate our attention on deformation theory. Following Grothendieck’s
approach, to study infinitesimal deformations of a geometric object x, it is natural to
define a deformation functor from the category of local Artinian C-algebras with residue
field isomorphic to C to the category of sets:

Def, : Artc — Set
A +— Def,(A) = ({infinitesimal deformations of x over Spec A}/ ~,

it is called the functor of deformations of y. As briefly explained, the study of this functor
has a strong geometric meaning, in particular it is interesting to study its tangent space
and its obstructions.

In the example of deformations of a complex manifold X, the functor Defy : Artc —
Set associates to every local Artinian C-algebra A the set of isomorphism classes of
deformations of X over Spec A.
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The classical approach, developed by Kodaira and Spencer, tackles the study of the
functor of deformations of a geometric object in the following way. In several cases it
associates a sheaf of Lie algebras on a topological space to every deformation problem:

Deformation problem of the object x ~- Sheaf of Lie algebras L,
that controls the deformations via the Cech functor ﬁl(exp L):
i (exp L) : Artc — Set,

H' (exp £)(A) = H' (exp(£ @ ma)),

This means that, if the sheaf is appropriately choosen, there is an isomorphism of func-
tors: .
H (exp £) = Def,, .

In their studies of deformations of a compact complex manifold X, Kodaira and Spencer
identified the holomorphic tangent sheaf Tx of X to control deformations.

Since thirty years a new approach to deformation theory has been developed. It is
based on the principle, due to Deligne, Drinfeld, Kontsevich and Quillen ([16], [17]), for
which, in characteristic zero, every deformation problem is governed by a differential
graded Lie algebra. A differential graded Lie algebra (DGLA) is simply a graded vector
space, with a differential and a Lie bracket, which satisfy some compatibility relations.
This approach associates a differential graded Lie algebra to every deformation problem:

Deformation problem of the object x ~» DGLA L.

For every DGLA it is defined a deformation functor associated to it, as the quotient of
the Maurer-Cartan functor with the gauge action:

DefL : AI't(c — Set,

1
Defr(A) = {x cL'@my | dx + i[w,x] = 0} / ~gauge -

The philosophy underlying this approach is that, if the DGLA L individuated by the
problem of deformations of the object x is appropriately choosen, the deformation func-
tor associated to L is isomorphic to the functor of the deformations of y, i.e.

Defr, = Def,, .

The DGLA associated to the problem of deformations of a complex manifold X is the
space Agg* (Tx) of the (0, x)-forms on X with values in the tangent sheaf of X.

The importance of this approach is that the study of a deformation functor associated
to a DGLA is quite easy and some classical results, like the calculation of the tangent
space and of obstructions, are simply consequences of the definitions. On the other
hand, given a problem of deformation, in general, it is not an easy task to find a DGLA
which governs it.

Although the theory of deformations via DGLA is very useful on its own, in many
situations it is unavoidable to recognize that the category of DGLA is too rigid for a
good theory. The appropriate way of extending this category is the introduction of
Loo-algebras, which are graded vector spaces V with a sequence of linear maps ¢ :
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@k V' — V which satisfy some compatibility conditions. Every DGLA is a L.-algebra.
A deformation functor is associated to every L.-algebra; it is given by the quotient of
the generalized Maurer-Cartan functor with the homotopy relation:

Defy : Arte — Set

U@k
Defv(A) = {.’L’ € Vl ®my | z:kq]];()} / ~homotopy

this functor is a generalization of the deformation functor associated to a DGLA.

All these approaches can be applied in many different cases: in the above example of
deformations of a complex manifold and also for deformations of a locally free sheaf, of
a pair (manifold, sheaf), of a submanifold in a fixed manifold, of holomorphic maps and
so on. In the first part of this work we study different deformation problems linked to
the classical problems of deforming a locally free sheaf on a complex manifold and of
deforming a pair (complex manifold, locally free sheaf), and we determine the different
DGLASs that control these problems.

An infinitesimal deformation the pair (X, £)=(complex manifold, locally free sheaf)
over a local Artinian C-algebra A is the data of a deformation X4 of the manifold X
over A, i.e. a cartesian diagram of morphisms of schemes

X XA
Spec C —— Spec A,

where 7 is flat; and a locally free sheaf £4 of Oy,-modules on X4, with a morphism
A €4 — E,such that my : E4®4C — £ is an isomorphism. If the deformation (X4, E4)
of the pair (X, &) is such that X4 = X x Spec A, then it is simply a deformation of the
sheaf £ over A.

The classical approach to deformation theory associates to the problem of deformations
of £ the sheaf End £ of endomorphism of £ and to the problem of deformations of the
pair (X, &) the sheaf D'(&) of the first order differential operators on sections of &
with scalar principal symbol. While the DGLAs approach associates to these problems
the DGLA Agé*(End &) of the (0, x)-forms on X with values in the sheaf End £ and the
DGLA Agé* (DY(€)) of the (0, *)-forms on X with values in the sheaf D!(&), respectively.
These algebraic objects govern the deformations in the sense explained above.

In the first part of this work, we consider the pair (X, £)=(complex manifold, locally
free sheaf) for which a subspace V' of global sections of £ is fixed and we study defor-
mations of the pair (X, E) such that the subspace V can be lifted to the deformed pair.
As a generalization of this case we study deformations of the pair (X, &) such that some
fixed subspaces V* of the cohomology spaces H(X,E) can be lifted to the deformed
pair. In both cases we determine the DGLA which controls the deformations (Sections
4.1 and 4.2).

Moreover we study the deformations of a locally free sheaf £ on a complex manifold
X which preserve the dimensions of the cohomology spaces. Translating these geometric
problem using DGLAs approach, we determine the type of singularity of the strata of
the Brill-Noether stratification of the moduli space of stable and flat locally free sheaves
on a compact complex Kéhler manifold (Section 4.3 and [27]).



Recall that, if X is a compact complex Kéhler manifold, the moduli space M of stable
and flat locally free sheaves of Ox-modules on X exists, it is a coarse moduli space and
it is a complex analytic space ([31]), or, if X is a projective algebraic variety, it is a
quasi-projective variety ([20]). However very little is known about the finer structure of
this moduli space except in a few special cases, for example the case in which X is a
curve or a projective space. In the Eighties, Nadel ([29]), Goldman and Millson ([9]), in
independent works, proved that this moduli space has quadratic algebraic singularities,
that is, it is locally defined by finitely many quadratic polynomials.

In the same spirit of this result, we study the Brill-Noether stratification of the moduli
space M. The strata of the Brill-Noether stratification are defined in the following way:
fixed integers h; € N, for all i = 0...n = dim X, the stratum N (hg...h,) C M is the
subspace of stable and flat locally free sheaves of Ox-modules on X, with cohomology
spaces dimension fixed, given by dim H? = h;, for all i =0...n.

Obviously the local structure of one of these strata A(hg...h,) in a neighbourhood of
one of its point £ is linked to the infinitesimal deformations of the sheaf £ which preserve
the dimensions of cohomology spaces and to the functor Defg of these deformations.
The study of the functor Def? using DGLA’s tecniques allow us to construct a chain of
functors with hulls linked by smooth morphisms which starts from Defg and ends with a
functor F for which it is very simple to prove that it is represented by an analytic space
with quadratic algebraic singularities. A priori this is not sufficient to have the same
result for the functor Def?. Thanks to a deeper study of the property of having the
same type of singularities and in particular of having quadratic algebraic singularities
(Sections 1.1 and 1.2), we obtain that these properties are, in some sense, preserved
by smooth morphisms (Theorem 1.1.17 and Proposition 1.2.26). Then we prove the
following (Theorem 4.3.8):

Main Theorem. The strata of the Brill-Noether stratification of the moduli space M
have quadratic algebraic singularities.

The second part of this work is devoted to the study of deformation theory via L.o-
algebras and semicosimplicial DGLAs. All the results of this part are obtained in a joint
work with D. Fiorenza and M. Manetti ([7]). To explain our studies and their geometric
motivations, we have to introduce some technical tools.

As said before, an L-algebra is a graded vector space V' with a sequence of linear
maps qi : @k V' — V which satisfy some compatibility conditions and to every Lgo-
algebra V is associated a deformation functor Defy,. A semicosimplicial DGLA g® is a
diagram:

g% Go—= @ —F0—=-

where g; are DGLAs and the arrows Op; : gi—1 — @; are DGLAs morphisms that
satisfy some relations. Then the space gi = @Z j gg has a differential graded bicomplex
structure, the ‘vertical’ differentials are the ones of the DGLAs g; and the ‘orizzontal’
ones are given by 9; = 9y; — 01 + - -+ + (—1)'9;;. The total complex (Tot(gA), 0) has
no natural DGLA structure, but, using the homotopical transfer of structure theorem
(Theorem 5.1.14), it can be endowed with a canonical L.-algebra structure, indicated
with Tz)/t(gA). To this Loc-algebra is associated the deformation functor Defz ()" Our
first aim is to describe explicitly this functor.

Before stating the results, let’s explain the motivations for this study. The first
motivation is linked to some works by M. Manetti ([25]), D. Fiorenza and M. Manetti
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([6]) and D. Iacono ([14]), in which they studied some problems of deformations, as de-
formations of a submanifold in a fixed manifold or deformations of holomorphic maps,
using DGLAs and L..-algebras tecniques. To tackle these deformation problems, they

introduced deformation functors, which are exactly the functor Defﬁ(gA) with semi-

cosimplicial DGLA g~ different from zero only in the first two DGLAs. Then the
explicit description of the functor Defﬂ(gA) could be seen as a generalization of these
previous results.

Another motivation is linked to the attempt of finding an algebraic way to control
deformations of a geometric object which is independent from the C*°-structure of the
object itself.

Let’s analyse an example. As said before, the DGLAs approach to deformation theory
proves that infinitesimal deformations of a locally free sheaf £ on a complex manifold
X, are governed by the DGLA Agé*(End E) of the (0, *)-forms on X with values in the
sheaf of the endomorphisms of &; obviously this DGLA depends on the C*°-structure
of X. The same happens to the new examples of infinitesimal deformations studied in
Sections 4.1 and 4.2, in fact the DGLAs individuated involve the differential forms on
the complex manifold.

Our aim of finding out algebraic objects independent from the C*°-structure of X which
control these deformations is linked to the study of semicosimplicial DGLASs, because
we expect that these algebraic objects are the L,-algebras of the total complexes of
semicosimplicial DGLAs appropriately choosen.

For example, for deformations of the sheaf £, the semicosimplicial Lie algebra naturally
considered is End £(U), with U open covering of X. It is given by:

[LEndE(U;) —= HKJ. End E(Uy;) —= Hi<j<k End &(Uijz) —=...,

where the morphisms 0, Hiou_ik_1 End E(Uiy..i,_,) — Hm% End £(Uj,..4,,) are given
by (0jk(%))i..iy = ®, =~ ., forall j =0,...,k The total complex Tot(End&(U))

io..‘lj...ik .
associated to this semicosimplicial Lie algebra is the Cech complex of the sheaf End &,
relative to the covering U, which obviously is independent from the C°°-structure of X.

We expect that the functor Defﬁ;t(En dEW)) is linked to the deformations of £.

Our first result in this direction is the following (Theorem 5.3.6):

Main Theorem (Fiorenza, Manetti, - ). Let g™ be a semicosimplicial Lie algebra. Then
the two deformation functors Def/ﬁ;t(gA) and HL (exp g®) are isomorphic.

If g” is a semicosimplicial Lie algebra, the functor HL (exp g®) : Artc — Set is defined,
for all A € Artc, by:

H_ (exp(g™ ®ma)) = Z&(exp(g® @my))/ ~,

where ZL(exp(g® @my)) = {z € g, @my | 2@ e=012(@)022(2) — 11 and two of its
elements z,y are equivalent under the relation ‘~’ if and only if there exists [ € gy ®@m4
such that e~ 9.1 eredo1 () = ey

In the example of the semicosimplicial Lie algebra End £(U), this functor has a clear
geometric meaning. Infact Z1 (exp(End £(U) ® my4)) is the set of the closed 1-Cech

cochain of the sheaf exp(End £ ® my), while the relation ‘~’ is the condition to differ
by the differential of a O-cochain. Then the functor H1 (exp(End £(U)) associates, to
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every A € Artc, the first Cech cohomology space for the covering U with coefficients
in the sheaf of groups exp(End £ ® my4). Since the sheaf End £ is the one associated by
the classical approach to deformations of £, the functor obtained describes these defor-
mations. Then the theorem allows to individuate the algebraic object Tot(End E(U))
independent from the C*°-structure of X to control deformations of £.

Observe that our above result gives an explicit description of the functor Defﬂ(gA)

in the case g2 is a semicosimplicial Lie algebra, but it could be of some interest to
describe it also in the general case g* is a semicosimplicial DGLA.

This not only would be the natural generalization of our result, but would allow to
find an algebraic object independent from the C*°-structure also for other kind of defor-
mations. For example for the deformations of the triple (X, &, V)=(complex manifold,
sheaf, subspace of sections) or of (X,&,V?) =(complex manifold, sheaf, subspaces of
cohomology), for which the semicosimplicial object naturally associated is a semicosim-
plicial DGLA and not simply a semicosimplicial Lie algebra.

The study of this general case is a work in progress with D. Iacono.

In the last part of our work, we investigate in a deeper way the functor Defﬁ(c(u)),
where C is a sheaf of Lie algebras or of DGLAs over a topological space X and U/ is an
open covering of X, and we define augmented semicosimplicial DGLAs. We prove that
the functor Defﬁ(c(u)) is naturally isomorphic to the deformation functor associated
to the DGLA of global sections of an acyclic resolution of C (Theorem 5.4.8):

Main Theorem (D. Fiorenza, M. Manetti, - ). Let X be a paracompact Hausdorff
topological space. Let C be a sheaf of differential graded Lie algebras on X and let
p: C — F be an acyclic resolution of C'. Let F* = F'(X) be the DGLA of global
sections of F'. Then, if U is an open covering of X which is acyclic with respect to both
C and F°, then there is an isomorphism of functors:

Defﬂ(c-(u)) ~ Defp.

The constructions analysed and results obtained in this part have strong geometric
meaning, in fact they link the two major different approaches to deformation theory -
the classical approach and the DGLASs one - in a concrete and rigorous way. As said
before, the classical approach to deformation theory in several cases identifies a sheaf
of Lie algebras £ on a topological space X, which controls deformations via the Cech
functor H'(X,exp £). On the other hand, the theory of deformation via DGLAs is based
on the principle that, in characteristic zero, every deformation problem is governed by
a differential graded Lie algebra, via the deformation functor associated to it. These
two approaches suggest that there should exists a canonical isomorphism between the
Cech functor of the sheaf of Lie algebras identified by the problem and the deformation
functor associated to the DGLA that governs it.

We obtain this isomorphism as a consequence of our previous results (Corollary 5.4.10):

Main Theorem (D. Fiorenza, M. Manetti, - ). Let X be a paracompact Hausdorff
topological space. Let L be a sheaf of Lie algebras on X and ¢: L — F an acyclic
resolution of L. Let F be the DGLA of global sections of F. If open coverings of X
which are acyclic for both L and F are cofinal in the directed family of open coverings
of X, then there is a natural isomorphism of deformation functors

HY(X;exp L) ~ Defp.
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Let’s see that this theorem gives the expected isomorphism in the example of deforma-
tions of a sheaf £ on a complex manifold X. Consider the sheaf of Lie algeras £ = End £
and as its acyclic resolution take the Dolbeault’s one ¢ : End & — Agg* (End €), then the
DGLA F is Agg*(End €). As we want, the Theorem states that:

-1
H (X;exp(End€)) ~ Deng(’*(EndS) .

This thesis is organized as follows.

In Chapter 1 we collect some abstract tools for the study of formal deformation
theory. At first (Section 1.1) we study analytic algebras and germs of analytic spaces,
concentrating particular attention to the notion of smoothness. Then (Section 1.2), we
recall functor of Artin rings theory: we define tangent space, obstruction theory, the
notion of smoothness and we explain the well-known Schlessinger’s conditions. In this
chapter we define and study equivalence relations between analytic algebras, between
germs of analytic spaces and between functors, under which two of these objects are
said to have the same type of singularities. We prove that these relations for analitic
algebras and for germs of anlaytic spaces are formal, i.e. can be controlled at the level
of functors, and that the set of germs with quadratic algebraic singularities is closed
under this relation.

In Chapter 2 we recall some known facts about infinitesimal deformations of geo-
metric objects, like schemes (Section 2.1), locally free sheaves (Section 2.2) and pairs
(scheme, sheaf) (Section 2.3). We define geometrically what a deformation of these
objects is, we construct the associated functors of deformations, we analyse conditions
under which these functors have hulls or they are prorepresentable and we calculate
their tangent spaces and their obstructions.

In Chapter 3 we introduce the basic tools of deformation theory via differential graded
Lie algebras. We define DGLAs (Section 3.1), the deformation functor associated to a
DGLA (Section 3.2) and the deformation functor associated to a morphism of DGLAs
(Section 3.3). For these functors, we calculate the tangent and an obstruction spaces, we
discuss the Schlessinger’s conditions and we collect important properties that are usefull
in the following. All this study is supported by the translation in DGLAs language of
the geometric examples studied in the previous chapter and by the analysis of other
classical examples.

In Chapter 4 we analyse, using DGLAs approach, some new examples of deforma-
tions of geometric objects. In Section 4.1, we study deformations of the pair (complex
manifold, locally free sheaf) with a fixed subspace of global sections of the sheaf that is
required to be deformed, determining the DGLA that controls these deformations. In
Section 4.2, as a generalization of this case, we study deformations of the pair (complex
manifold, locally free sheaf) with fixed subspaces of the cohomology spaces of the sheaf
that are required to be deformed, determining the DGLA that controls these deforma-
tions. In Section 4.3, we analyse deformations of a locally free sheaf that preserve the
dimensions of the cohomology spaces and, using DGLAs tecniques, we prove that the
strata of the Brill-Noether stratification of the moduli space of stable and flat locally free
sheaves on a compact complex Kahler manifold have quadratic algebraic singularities.

In Chapter 5 we study deformation theory via L,-algebras and semicosimplicial
DGLAs. Section 5.1 is an introduction of the basic notions of Ls.-theory: we define
what an L,-algebra is, we explain how to associate to a L,-algebra a deformation
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functor and we state the fundamental homotopical transfert of structure theorem. In
Section 5.2, we define semicosimplicial DGLAs, we construct a canonical L.-structure
on the total complex of a semicosimplicial DGLA, obtained by homotopical transfer
from the Thom-Whitney DGLA, and we define deformation functors associated to these
objects. Section 5.3 is dedicated to the case of semicosimplicial Lie algebras: we ob-
tain an explicit descripition of the deformation functor associated to the total complex
of a semicosimplicial Lie algebra. In Section 5.4 we introduce and study augmented
semicosimplicial DGLAs. Using them, we prove the existence of a natural isomorphism
between the functor associated to the total complex of the semicosimplicial DGLA of a
sheaf of DGLAs and the deformation functor associated to the DGLA of global sections
of an acyclic resolution of the sheaf. This allows us to find a link between the classical
approach and the DGLAs approach to deformation theory.
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Chapter 1

Formal deformation theory

This Chapter deals with the abstract tools for the study of formal deformation theory.
In the first section we study analytic algebras and germs of analytic spaces. We introduce
the notion of smoothness, recalling the main results related to it, and we define and study
an equivalence relation, linked to smoothness, under which two of these objects are said
to have the same type of singularities.

In the second section we collect basic facts about the functors of Artin rings: we define
tangent space, obstruction theory, the notion of smoothness and we explain the well-
known Schlessinger’s Theorem.

1.1 Analytic algebras and germs of analytic spaces

We begin fixing the set up and some notations. We always work on a fixed field K of
characteristic zero. We indicate with Set the category of sets, with a fixed one point
set. We indicate with Artg the category of local Artinian K-algebras with residue field
K, whose arrows are local morphisms. While Artg indicates the category of complete
Noetherian local K-algebras with residue field K, arrows are local morphisms.

Remark 1.1.1. The categories Artg and ZHZK are closed under fibered products. Infact,
let 3: B — A and v: C — A be morphisms in Artg, or in Artk, then the fibered

product
BxaC={(be) € BxC]|Bb) =)}

is an object in Artg, or in _KH:K, respectively.

Definition 1.1.2. A small extension in Artk is a short exact sequence:
e: 0—J—B-5A—0,

where a is a morphism in Artg and e is such that the kernel J of « is annihilated by
the maximal ideal mp of B, i.e. J-mpg = 0.
A small extension is called principal, if J = K.

Remark 1.1.3. Let f : B — A be surjective morphism in Artg, then it can be expressed
as a composition of a finite number of small extensions. Infact, since B is local Artinian,
its maximal ideal mp is nilpotent, i.e. there exists n € N such that m% # 0 and m’z =0
for all m > n. Let J = ker f and consider the following exact sequences:

0—J/mpJ —>B/mpJ—>B/J=ZA—=0...

1
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0—mytJ/myJ— B/myJ— B/wlytJ—=0,
0—-miJ —>B— B/mygJ—0,

which are all small extensions and which give the decomposition of f.

The notion of formal smoothness plays an important role in deformation theory. After
having introduce it in complete generality for homomorphisms of rings, we concentrate
our attention at first on the category of analytic algebras and then on the category of
germs of analytic spaces.

Definition 1.1.4. A homomorphism of rings ¥ : R — S is called formally smooth if,
for every small extension of local Artinian R-algebras: 0 — J — B — A — 0, the
induced map Hompg(S, B) — Homp(S, A) is surjective.

Proposition 1.1.5. Let ¢v : R — S be a local homomorphism of local Noetherian
K-algebras conteining a field isomorphic to their residue field K. Then the following
conditions are equivalent:

- Y s formally smooth,
- S s isomorphic to a formal power series ring over ]:2,
- the homomorphism 1[) ‘R — 5', induced by 1, is formally smooth.
Proof. See [34], Proposition C.50. O

Now we restrict our study to analytic algebras. We recall that an analytic algebra is
a K-algebra which can be written in the form K{x; ...z,}/I and a morphism of analytic
algebras is a local homomorphism of K-algebras. Let Ang be the category of analytic
algebras and let Ang be the category of complete analytic algebras.

Remark 1.1.6. Every analytic algebra is a local Noetherian K-algebras. Every local
Artinian K-algebra with residue field K is an analytic algebra.

We recall two Artin’s important results (see [3], Theorem 1.5a and Corollary 1.6):

Theorem 1.1.7. Let R and S be analytic algebras and let R and S be their comple-
tions. Let ¢ : R — S be a morphism of analytic algebras, then, for all n € N, there
exists a morphism of analytic algebras v, : R — S, such that the following diagram is

commutative:

RV g T S/

Id Id

R——>§ "> S/mp.
Corollary 1.1.8. With the notation of Theorem 1.1.7, if in addition Y induces an
isomorphims 1 : R— 5', then 1y, is an isomorphism, provided n > 2.

Using these results, we can prove the following

Proposition 1.1.9. Let R and S be analytic algebras and let R and S be their com-
pletions. Let ¢ : R — S be a smooth morphism, then there exists a smooth morphism
R—S.
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Proof. By Thereom 1.1.5, there exists an isomorphism ¢ : R[[z]] — S, Corollary 1.1.8
implies that there exists an isomorphism ¢ : R{z} — S, which is obviously smooth by
Theorem 1.1.5. Thus the morphism ¢ oi: R — R{z} — S is smooth. O

To complete our study of analytic algebras, we prove the following
Proposition 1.1.10. Let R and S be analytic algebras, such that
- dimg mp/m% = dimg mg/m% and
- R{z1,...,2n} =2 S{z1,...,2m}, for some N and M,
then R and S are isomorphic.

Proof. The first hypothesis implies that, in the isomorphism R{z1,...,2nx} = S{z1,...,2m},
N = M. Moreover, proving the proposition by induction on N, the first hypothesis
makes the inductive step trivial. Thus it is sufficient to prove the proposition for N = 1.
Let R = K{z1,...,2,}/I and S = K{y1,...,ym}/J be analytic algebras, with
I C (z1,...,2z,)%> and J C (y1,...,ym)? Let ¢ : K{z}{z}/I — K{y}{z}/J be an
isomorphism and let v its inverse. Let ¢(z) = az + B(y) + v(y, 2) and let ¢(z) =
az + b(z) + ¢(z, z), where a,a € K are costant, 3, , b and ¢ are polynomial, v and ¢
do not contain degree one terms and, with a linear change of variables, we can suppose
that ¢ and i do not contain constant term.
If at least one between a and a is different from zero, then the thesis follows easely. For
example, if a # 0, the image ¢(z) satisfies the hypothesis of Weierstrass Preparation
Theorem and so it can be written as ¢(z) = (z + h(y)) - u(y, z), where u is a unit and
h(y) is a polynomial. Then ¢ is well defined and induces an isomorphism on quotients:
b1 K{z}/T > K{ygHz}/J - (= + hly)) = K{y}/J.
Let’s now analyse the case « = a = 0. Let v : K{z}{z}/I — K{z}{z}/I be a homomor-
phism defined by v(z;) = z;, for all i, and v(z) = z+b(z). It is obviously an isomorphims
and the composition ¢ o v is an isomorphims from K{z}{z}/I to K{y}{z}/J, such that
¢ ov(z) contains a linear term in z, thus, passing to the quotient, it induces an isomor-

phism K{z}/I = K{y}/J. O

Related to the notion of formal smoothness, there is the following relation between
analytic algebras:

RxS iff 3 R— S formally smooth morphism,

let ~ be the equivalence relation between analytic algebras generated by «. We define
another equivalence relation:

R~S iff R{xy...z,} = S{y1...ym} are isomorphic, for some n and m.

Remark 1.1.11. The relation = is the same as the relation ~. Infact, if R ~ S, there
exists a chain of formally smooth morphisms R — 11 < 1o — ... = T, + S, that, by
Theorem 1.1.5 and Corollary 1.1.8, gives an isomorphism R{z} = S{y}, then R ~ S.
Viceversa, if R &~ S, there exists an isomorphism R{z} = S{y} which is formally smooth,
thus we have the chain of formally smooth morphisms R — R{z} — S{z} + S and
R~S.
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We consider the following relation between complete analytic algebras:
RxS if 3 R—S formally smooth morphism,

let ~ be the equivalence relation between analytic algebras generated by . We define
an other equivalence relation:

I

R=S iff R[z1...2,]]=S[[x1...2m]] are isomorphic, for some n and m.

Remark 1.1.12. As before, the relation = is the same as the relation ~.

Furthermore, the equivalence relation ~ on completions of analytic algebras coincides
with the relation ~ between the analytic algebras themselves, because obviously the two
relations = and ~ are the same.

The opposite category of the category of analytic algebras Ang is called the category
of germs of analytic spaces. We indicate it with Germyg. The geometric meaning of
this definition is that a germ A° can be represented by (X, z, ), where X is a complex
space with a distinguished point = and « is a fixed isomorphism of K-algebras Ox , = A.
Two triples, (X, z,«) and (Y,y, 3), are equivalent if there exists an isomorphism from
a neighborhood of z in X to a neighborhood of y in Y which sends x in y and which
induces an isomorphism Oy , = Oy,,.

Let (X,z) and (Y,y) be germs of analytic spaces, given by the analytic algebras S
and R respectively, let ¥ : (X,z) — (Y,y) be a morphism of germs of analytic spaces
and let ¥ : R — S be the corresponding morphism of analytic algebras.

Definition 1.1.13. The morphism ¥ : (X, x) — (Y, y) is called smooth if the morphism
¥ : R — S is formally smooth.

We consider the following relation between germs of analytic spaces:

(X,z) x (Yyy) if I (X,z) — (Y,y) smooth morphism
and we define ~ to be the equivalence relation between germs of analytic spaces gener-
ated by the relation .

Remark 1.1.14. It is obvious that the relation ~ defined between germs of analytic spaces
is the same as the relation ~ defined between their corresponding analytic algebras.

As in [37], we give the following

Definition 1.1.15. The analytic spaces (X,x) and (Y,y) are said to have the same
type of singularities if they are equivalent under the relation ~.

Definition 1.1.16. Let X be a complex affine scheme, it is said to have quadratic al-
gebraic singularities if it is defined by finitely many quadratic homogeneous polynomials.
Let X be an analytic space, it is said to have quadratic algebraic singularities if it is
locally isomorphic to complex affine schemes with quadratic algebraic singularities.

For germs of analytic spaces we want to prove the following

Theorem 1.1.17. Let (X,0) and (Y,0) be two germs of analytic spaces and let ¢ :
(X,0) — (Y,0) be a smooth morphism. Then (X,0) has quadratic algebraic singulari-
ties if and only if (Y,0) has quadratic algebraic singularities.
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We need the following

Lemma 1.1.18. Let (X,0) and (Y,0) be two germs of analytic spaces and let ¢ :
(X,0) — (Y,0) be a smooth morphism. Let X C KY and let H = {z € K | h(z) =0}
be an hypersurface of KV, such that:

- dh(0) #0
- TH 2 T¢™(0),
then: ¢lxnm : (X N H,0) — (Y,0) is a smooth morphism.

Proof. Let (X,0) and (Y,0) be defined by K{z1,...,z,}/I and K{yi,...,ym}/J re-
spectively. Since ¢ is smooth, Ox is a power series ring over Oy, i.e. Oxo =
Oyo{t1,...,ts}, for some s.

Let X' = X N H be the intersection, then Ox/ o = Oxo/(h). If g corresponds to h by
the isomorphism Ox g = Oy}o{tl, ...,ts}, then OX/70 = Oy}o{tl, o tst/ (9).

The hypothesis dh(0) # 0 becomes dg(0) # 0, that implies that there exists an indeter-
minate between y; and ¢;, such that the partial derivative of g with respect to this inde-
terminate calculated in zero does not vanish. Moreover, the hypothesis TH 2 T¢~1(0)
implies that this indeterminate must be one of the ¢;, for example ¢;.

Thus, using the Implicit Function Theorem, we obtain Ox g = Oyo{ti,...,ts}/(g) =
Oyofti,... ,t:f., ..., ts} and ¢|x/ is a smooth morphism. O

Now we can prove Theorem 1.1.17:

Proof. We start by assuming that (Y,0) has quadratic algebraic singularities, so (Y,0)
is defined by the analytic algebra K{yi,...,ym}/J, where J is an ideal generated
by quadratic polynomials. Since ¢ is smooth, we have Oxo = Oyo{t1,...,ts} =
K{y1,...,ym}H{t1,-..,ts}/J, for some s, and X has quadratic algebraic singularities.
Now we prove the other implication. Let K{z1,...,2,}/I and K{y1,...,ym}/J be
the analytic algebras, that define the germs (X, 0) and (Y, 0) respectively, where I is an
ideal generated by quadratic polynomials. We can assume that ¢ is not an isomorphism,

otherwise the theorem is trivial. Since ¢ is smooth, Ox o = Oy{ti,...,ts}, for some
s> 0.
Now we can intersect X C KX with hyperplanes hi,...,hs of KY, which correspond,

by the isomorphism Oxo = Oy,o{t1,...,ts}, to the hyperplanes of equations t; =
0,...,ts = 0 of K;";rs and we call the intersection X’. Then (X’,0) has quadratic al-
gebraic singularities. Moreover, by lemma 1.1.18, ¢ restricted to (X', 0) is a smooth mor-
phism and it is bijective because Ox’ o = Ox o/ (h1, ..., hs) = Oyo{ti, ..., ts}/(t1,. .., ts)
Oy,. Thus (Y,0) has quadratic algebraic singularities. O

Remark 1.1.19. This theorem assures that the set of germs of analytic spaces with
quadratic algebraic singularities is closed under the relation ~ and so it is a union of
equivalent classes under this relation.

Our aim is to prove that the property that two germs of analytic spaces have the same
type of singularities is formal, that is that it can be controlled at the level of functors.

1
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1.2 Functors of Artin rings

In this section we collect some definitions and properties of functors of Artin rings which
are used in the following. We mainly follow [5], [21] and [33].

Definition 1.2.1. A functor of Artin rings is a covariant functor F : Artg — Set
from the category of local Artinian K-algebras with residue field K to the category of
sets, such that F(K) = fized one point set.

Example 1.2.2. We start with some examples of functors of Artin rings that often appear
in the following.

- Let R e @:K be a complete Noetherian local K-algebra with residue field K and

let Hom(R, —)A: Artg — Set be the functor which associates, to every A € Artg,
the set Hom(R, A) of local homomorphisms of K-algebras.

- Let X be a geometric object, the functor of infinitesimal deformations of X is
the functor Defy : Artg — Set which associates to every A € Artg the set of
isomorphism classes of deformations of X over Spec A. We analyse precisely some
examples of infinitesimal deformations of geometric objects in Chapter 2.

- Let L be a DGLA, there exists a deformation functor Defy, : Artg — Set associ-
ated to L; we define it in Section 3.2. Let x : L — M be a morphism of DGLAsS,
there exists a deformation functor Def, : Artg — Set associated to x; we define
it in Section 3.3.

As seen also in our examples, the main interest to functors of Artin rings comes from
deformation theory and moduli problems. From this point of view, the following notions
of functor with hull and of prorepresentable functor are two of the most important in
the study of functors of Artin rings.

Let F be a functor of Artin rings, a couple for F is a pair (A, £), where A € Artg and
&€ F(A). A couple (A, &) for F induces an obvious morphism of functors, Hom(A4, —) —
F, which associates, to every B € Artg and ¢ € Hom(A, B), the element ¢(§) € F(B).
We can extend the functor F to the category @:K of local Noetherian complete K-
algebras with residue field K by the formula F (A) = 1i<£n F(A/m™). A procouple for F

is a pair (A,§), where A € Xr\tK and £ € F (A). Tt induces an obvious morphism of
functors: Hom(4, —) — F.

Definition 1.2.3. Let F be a functor of Artin rings. A procouple (A, &) for F is called a
prorepresentable hull of F, or just a hull of F, if the induced morphism Hom(A, —) — F
is smooth and it is bijective on Kle], i.e. Hom(A, K[e]) — F(Kle]) is bijective.

A functor F is called prorepresentable by the procouple (A, &) if the induced morphism
Hom(A, —) — F is an isomorphism of functors.

Remark 1.2.4. Note that, if (A, ) prorepresents F, then (A4, &) is a hull of 7. Moreover
a couple which prorepresents a functor is unique up to canonical isomorphism, while in
general two hulls of a functor are isomorphic in a noncanonical way.

The existence for a functor of Artin rings F of a procouple which is a hull of it or
which prorepresents it is regulated by the well-known following Schlessinger’s Theorem.
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Let 7 : Artg — Set be a functor of Artin rings. Let B — A and C — A be
morphisms in Artg and let

n:F(BxaC)— F(B) Xz F(C)
be the induced morphism. The Schlessinger conditions are the following;:
(Hp) n is surjective, if C' — A is a small extension,
(Hz) n is bijective, if C' = K[e] and A =K,
(H3) dimgtr < +oo0,
(Hy) m is bijective, if B =C — A is a small extension.

Remark 1.2.5. Since every surjective morphism in Artg can be expressed as a finite
composition of small extensions (see Remark 1.1.3), conditions (H;) and (H4) above
can be replaced by the following:

(Hy)" n is surjective, if C'— A is surjective,
(Hy)" n is bijective, if B = C — A is surjective.

Infact, if C' — A is a surjection and there exist small extensions: 0 — Jg — C — Dy — 0,
0—>J1—>Dy— Dy —0,...,0— Jyy1 — D, = A— 0, we have successive fibered
products:

CxpaB——DyxsB—DyxyB——>—>D,x4B——B

| | | L

C Dy D1 E D, A

and successive morphisms of functors:
F(Dp xa B) = F(Dp) x4y F(B)... (1.1)
F(DoxaB) = F(Do)xrpy)F(D1xaB) and F(CxaB) — F(C)X rpy)F(DoxaB),
which give a morphism of functors
F(C xa B) = F(C) xxa) F(B). (1.2)

Thus, if condition (Hp) or (Hy4) holds, the morphisms (1.1) are surjective or bijective
and the same is true for the morphism (1.2), then the correspondent condition (Hy)' or
(H4)/ holds.

Remark 1.2.6. The condition (Hs) is equivalent to require that
(H3) n is bijective, if C'— A is a small extension and A = K.

Infact, let 0 - J — C' — K — 0 be a small extension, where C' is necessarly of the
form Kle; ... €], with € - ¢; = 0 for all 4, j = 0,...n; if condition (H3) holds, prove by
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induction on n that (Hz)" holds. For n = 1, condition (Hs)" concides with (Hs). Now
suppose that condition (Hz)" holds for n — 1 and prove it for n. The cartesian diagram:

B xg Kley...ep—1] —=Kleg ... €5—1]

R

B

)

by inductive hypothesis, gives the bijective map F(B xk Kle; ... en-1]) = F(B) X rk)
F(Kleg ... €n—1]), and the cartesian diagram

B xg Kley ... en) —— Kley]

| |

B XK K[61 - en—l] E—— K,

by (Hz), gives the bijective map F(B xg Kle1 ... €,]) — F(B xg Kler ... €4-1]) X Fk)
F(K[en]). Moreover, by condition (Hz) the map F(Klei ... €n]) = F(Kler ... €n—1]) X 7k
F(Klep]) is bijective. Thus also the map

n: .F(B X K[El .. Gn]) — .F(B) X.F(K) F(K[El .. En])
is bijective and this proves condition (H2)'.

Theorem 1.2.7 (Schlessinger’s Theorem). Let F : Artx — Set be a functor of Artin
rings. Let B — A and C — A be morphisms in Artg and let

n: f(B X A C) — .F(B) XJ:(A) .F(C)
be the induced morphism.
- The functor F has a hull if and only if it satisfies conditions (Hy), (H2) and (H3).

- The functor F is prorepresentable if and only if it satisfies conditions (Hy), (H2),
(H3) and (Hy).

Proof. See [33], Theorem 2.11. O

Definition 1.2.8. Let F be a functor of Artin rings. F is a functor with a good
deformation theory if conditions (Hy) and (Hs) hold. F is homogeneous, if n) is bijective,
whenever C' — A is surjective.

Remark 1.2.9. Obviously an homogeneous functor is also a functor with a good defor-
mation theory, but the converse is not true.

The following notions of tangent space and obstruction theory for a functor are linked
to the ones defined for a moduli space and for a deformation problem.

Definition 1.2.10. Let F be a functor of Artin rings. The tangent space to F is
the set tr = F(Kle]), where Kle] is the local Artinian K-algebra of dual numbers, i.e.
Kle] = K[z]/(2?) .



1.2. FUNCTORS OF ARTIN RINGS 9

Proposition 1.2.11. Let F be a functor of Artin rings. The set tr has a structure
of K-vector space. Let ¢ : F — G be a morphism of functors of Artin rings, then the
induced map ¢ : tr — tg is a linear map.

Proof. The scalar multiplication by an element o € K on tx is given by the morphism
of sets obtained applying F to the morphism in Artg:

Kle] — Kl
a+eb — a-+eab.

The sum on tx is given by the morphism of sets obtained applying F to the morphism
in Artyg:
Kle] xx Kle] — K¢
(a+eba+et) — (a+e(b+c)),

noting that tr x tr = F(Kle] xg Kle]). By this definition of the structure of K-vector
space on tr, the last assertion follows. ]

Definition 1.2.12. Let F be a functor of Artin rings. An obstruction theory (V,ve)
for F is the data of a K-vector space V', called obstruction space, and, for every small
extension in Artg:

e:0—J—B—A—0,

a map ve : F(A) — V @k J called obstruction map. The data (V,v.) have to satisfy the
following conditions:

- if £ € F(A) can be lifted to F(B), then v.(§) =0,

- (base change) for every morphism f : e — es of small extensions, i.e. for every
commutative diagram

€1 - 0 J1 By Aq 0 (1.3)
if] if}s lfA
e : 0 Jo By A 0

then ve,(fa(€)) = (Idy ®@f)(ve, (£)), for every & € F(Ay).

An obstruction theory (V,v.) for F is called complete if the converse of the first item
above holds, i.e. the lifting of & € F(A) to F(B) exists if and only if the obstruction

ve (&) vanishes.

Definition 1.2.13. Let F and G be two functors of Artin rings with obstruction theories
(V,ve) and (W,w,.) respectively and let ¢ : F — G be a morphism of functors. A linear
morphism ¢ : V. — W is compatible with ¢, if we¢p = (¢ ® Id)ve, for every small
extension e.

Now we define relative obstruction theory for a morphism of functors of Artin rings
¢ : F — G. The minimal assumption is that G is a functor with a good deformation
theory, in fact a different definition of relative obstructions can be given also without
this hypothesis, but this general notion seems to be of little interest.
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Definition 1.2.14. Let ¢ : F — G be a morphism of functors of Artin rings, where G
is a functor with a good deformation theory. A relative obstruction theory (V,v.) for ¢
1s the data of a K-vector space V, called relative obstruction space, and, for every small
extension in Artg:

e:0—J—B—A—0,

a map ve : G(B) xga) F(A) = V @k J called relative obstruction map. The data (V,ve)
have to satisfy the following conditions:

- if (n,€) € G(B) xga) F(A) can be lifted to F(B), then ve(n,§) =0,

- (base change) for every morphism f : ey — ea of small extensions, as in (1.3), then
Ve, ((fB X fa)(n,§)) = (Idv @) (vey (1, €)), for every (n,§) € G(B1) Xg(a,) F(A1).

A relative obstruction theory (V,ve) for ¢ is called complete if the converse of the first
item above holds, i.e. the lifting of (n,€) € G(B) Xga) F(A) to F(B) exists if and only

if the obstruction ve(n, &) vanishes.

Definition 1.2.15. Let
]
Fi—=G

v
Fo £>QQ

be a commutative diagram of morphism of functors of Artin rings, where Fo and Go are
functors with a good deformation theory. Let (V,ve) and (W, we) be relative obstruction
theories for n and v respectively. A linear morphism ¢’ : V. — W is compatible with ¢
and @2, if we(Pa X ¢1) = (¢ @ Id)ve, for every small extension e.

Remark 1.2.16. In Definition 1.2.14, if we replace the functor G with the costant functor
K, which associates to every local Artinian K-algebras the same fixed one point set, and
the morphism ¢ with the obvious one F — K, we obtain Definition 1.2.12.

Related to obstruction theory for a functor of Artin rings and to relative obstruction
theory for a morphism of functors, there is the notion of smoothness, which also linked
to the notion of formal smoothness given in section 1.1.

Definition 1.2.17. Let F be a functor of Artin rings, it is smooth, if for every surjec-
tion B — A in Artg the induced map F(B) — F(A) is surjective.

Definition 1.2.18. Let ¢ : F — G be a morphism of functors of Artin rings, it is
smooth if, for every surjective morphism B — A in Artg, the induced map F(B) —
G(B) xg(ay F(A) is surjective.

Remark 1.2.19. It is clear that a smooth morphism of functors ¢ : F — G is surjective,
i.e. for all A € Artg the morphism F(A) — G(A) is surjective. Infact it is sufficient to
apply definition of smoothness to the projection onto the residue field A — K.

Remark 1.2.20. The definition of smooth functor can be rephrased in terms of smooth
morphisms of functors, in the following way. A functor of Artin rings F is smooth, if
the morphism ¢ : F — K is smooth, where K is the costant functor.
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Remark 1.2.21. By the above definitions it is clear that a functor of Artin rings F, or a
morphism of functors ¢ : F — G, where G is a funtor with a good deformation theory,
is smooth if and only if the trivial obstruction theory, or respectively the trivial relative
obstruction theory, is complete.

With the above notions, we can state the following Standard Smoothness Criterion (for
the proof, see [21], Proposition 2.17):

Theorem 1.2.22. Let ¢ : F — G be a morphism of functors of Artin rings and let G
be a functor with a good deformation theory. Let (V,v.) and (W,w) be two obstruction
theories for F and G respectively. If:

- (V,ve) is a complete obstruction theory,

- ¢ 1is injective between obstructions,

- ¢ is surjective between tangent spaces,
then ¢ is smooth.

For morphisms between Hom functors the following proposition holds (for the proof, see
[33], Proposition 2.5):

Proposition 1.2.23. Let zﬂ : R — S be a local homomorphism of local Noetherian
complete K-algebras, let ¢ Hom(S’,—) — Hom(f%, —) be the morphism of functors
induced by 1& Then qZ; 18 smooth if and only ifg is isomorphic to a formal power series
Ting over R.

Having in mind the equivalent relations ~ defined in section 1.1 between analytic
algebras and between gems of analytic spaces, we consider the following relation between
functors:

Fx@G iff 3 F— G smooth morphism

and we define ~ to be the equivalence relation generated by .

Definition 1.2.24. The functors F and G are said to have the same type of singularity
if they are equivalent under the relation ~.

Now we want to link Definitions 1.1.15 and 1.2.24 in the case the functors considered
have hulls.

Remark 1.2.25. If two functors with hulls are such that their hulls are equivalent under
the relation ~, then the functors themselves are equivalent under the relation ~.
Infact, let F and G be two functors with hulls, given by the germs of analytic spaces
(X,z) and (Y,y), defined by the analytic algebras S and R respectively. If (X,x) ~
(Y,y), or equivalently, if R ~ S, there exists a chain of smooth morphisms of analytic
algebras S <~ 177 — T» < ... — R that induces a chain of smooth morphisms of functors
F « Hom(S,—) — Hom(Ty,—) + Hom(Ty,—)...Hom(R,—) — G, by Propositions
1.1.5 and 1.2.23 and by Definition of hull, thus F ~ G.

For the other implication we need the following
Proposition 1.2.26. Let F and G be two functors with hulls given by the germs of

analytic spaces (X, x) and (Y,y) respectively and let ¢ : F — G be a smooth morphism.
Then there exists a smooth morphism between the two germs (X, z) and (Y,y).
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Proof. Let S and R be the analytic algebras that define the germ (X,z = 0) and
(Y,y = 0) respectively. By hypothesis, we have the following diagram:

¢

F g
Tk
Hom(S, —) - - > Hom(R, —)

where, by definition of hull, @ and 8 are smooth morphism and they are bijective on tan-
gent spaces. Then, by smoothness, there exists a morphism b Hom(g ,—) — Hom(f%, =)
that makes the diagram commutative. By hypothesis on «, § and ¢, it is surjective on
tangent spaces and it is injective on obstruction spaces. Thus gZ) is a smooth morphism,
by the Standard Smoothness Criterion (Theorem 1.2.22).

The morphism qg determines uniquely an homomorphism 1& ‘R — S , which is formally
smooth, by Propositions 1.1.5 and 1.2.23. Now, by Proposition 1.1.9, there exists a
formally smooth morphism % : R — S and so a smooth morphism between the germs
(X,z) and (Y,y). O

Remark 1.2.27. If two functors with hulls are equivalent under the relation ~, then their
hulls are equivalent under the relation ~.

Infact, if F ~ G, there exists a chain of smooth morphisms of functors F + H; —
Ho < ... — G. Then H; necessary have hulls, we indicate with T; the complete analytic
algebra that is an hull for H;. By Proposition 1.2.26, the chain of smooth morphisms
of functors gives a chain of smooth morphisms of complete analytic algebras S — T}
Ty — ...« R, thus S = R, so, as we have observed, S ~ R and (X,z) ~ (Y,y).

Remark 1.2.28. The Remarks 1.2.25 and 1.2.27 state that the relation ~ between germs
of analytic space (or analytic algebras), i.e. the property that two germs of analytic
spaces have the same type of singularities, is formal, that is it can be controlled at the
level of functors.

Thus is natural to introduce the following definition for functors:
Definition 1.2.29. Let F be a functor with hull the germ of analytic space (X, x). It

is said to have quadratic algebraic singularities if (X, z) has quadratic algebraic singu-
larities.

Remark 1.2.30. This definition is independent by the choice of the germ of analytic space
which is a hull of F, because the isomorphism class of a hull is uniquely determined.



Chapter 2

Geometric deformations

In this Chapter we recall some well-known facts about infinitesimal deformations of
geometric objects, like schemes, locally free sheaves and pairs (scheme, sheaf). We define
geometrically what a deformation of these objects is and we construct the associated
functors of deformations. The study of these functors proceeds analizing conditions
under which they have hulls or they are prorepresentable and calculating their tangent
spaces and their obstructions.

In all this analysis we mainly follow [2], [33] and [34].

Let’s start with some algebraic properties usefull for our purposes.

Lemma 2.0.31. Let A be a ring, J a nilpotent ideal of A and v : M — N a homomor-
phism of A-modules, with N flat over A. If u : M/JM — N/JN is an isomorphism,

then u is an isomorphism.
Proof. See [33], Lemma 3.3. O

Lemma 2.0.32. Consider the following commutative diagram

/1

NPHM”

A/

of rings and modules homomorphisms, where B = A’ x4 A” and N = M' xyr M", M’
is a flat A'-module and M" is a flat A”-module. Suppose that:

- AT =5 Ads an isomorphism, where J is a nilpotent ideal of A”,
- o and v induce isomorphisms M'® 41 A — M and M"® gn A — M respectively.

Then N s flat over B, p' induces an isomorphism N @p A’ = M and p" induces an
isomorphism N @pg A" — M".

Proof. See [33], Lemma 3.4. O
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Corollary 2.0.33. Using the notation above, let L be a B = A’ x4 A”-module that
makes the following diagram commutative

!

LqHM/

lq// lu’
1

M" ——

and such that ¢’ induces an isomorphism ¢ Qg A’ : Log A’ = M. Then the morphism
qd xq":L— N=M xy M" is an isomorphism.

Proof. Apply Lemma 2.0.31 to the morphism u = ¢’ x ¢”. O

2.1 Deformations of a scheme

Definition 2.1.1. Let X be an algebraic scheme over K. An infinitesimal deformation
of X over A € Artgk is a cartesian diagram of morphisms of schemes:

X Xa
Spec K —— Spec A,

where T is flat.

Definition 2.1.2. Let X be an algebraic scheme and let X4 and X'y be two infinitesimal
deformations of X over A € Artg. An isomorphism of these two deformations is an
isomorphism ¢ : X4 — X! that makes the following diagram commutative

SN\
N

Spec A.

(2.1)

Xa

Example 2.1.3. For every algebraic scheme X and for every A € Artg, there exists at
least one deformation of X over A, called the product deformation, given by

X —> X x SpecA

| |

SpecK Spec A.

A deformation of X over A € Arty is called trivial, if it is isomorphic to the product
deformation.

Definition 2.1.4. Let X be an algebraic scheme. An infinitesimal deformation Xa of
X over A € Artg is locally trivial, if every point x € X has a neighborhood U, C X,
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such that
Uz XA|Um
Spec K —— Spec A

18 a trivial deformation of U,.
For an affine scheme the following hold

Proposition 2.1.5. Let X be an affine algebraic scheme. FEvery infinitesimal deforma-
tion of X is affine.

Proof. See [2], Remark 1.1. O

Proposition 2.1.6. Fvery affine non singular algebraic scheme is rigid, i.e. all its
infinitesimal deformations are trivial.

Proof. See [34], Theorem 1.2.4. O

Remark 2.1.7. Let X4 and Xy be two infinitesimal deformations of an algebraic scheme
X over A € Artg and let ¢ : X4 — X’j be a morphism that makes commutative diagram
(2.1), then it is an isomorphism.

Infact, applying Proposition 2.1.5 to an affine covering of X, we can reduce to the affine
case. Then we have a morphism ¢ : Spec R — Spec R’ of infinitesimal deformations
of Spec S over A, that defines a morphism of A-modules ¢ : R’ — R, which induces
the identity ' ® A/mgq =2 R/my R = S. Thus applying Lemma 2.0.31, we obtain the
result.

Definition 2.1.8. Let X be an algebraic scheme. The functor of infinitesimal deforma-
tions of X is the functor of Artin rings:

Defx : Artg — Set

which associates, to every local Artinian K-algebra A, the set of isomorphism classes of
infinitesimal deformations of X over A.
The functor of locally trivial infinitesimal deformations of X is the functor of Artin
TINgs:

Def’y : Artg — Set

which associates, to every local Artinian K-algebra A, the set of isomorphism classes of
locally trivial infinitesimal deformations of X over A.

Remark 2.1.9. Propositions 2.1.5 and 2.1.6 state that, if X is a non singular algebraic
scheme, all its infinitesimal deformations are locally trivial and then Defy = Def’y.
Infact, it is sufficient to take an affine covering of X to obtain trivializations.

Theorem 2.1.10. Let X be an algebraic scheme, then the functors Def x and Def’y are
functors with a good deformation theory.
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Proof. Let start verifing condition (H;). Let B — A and C — A be morphisms in
Artg, with C — A surjective, and prove that

n: Defx(B X A C) — Defx(B) X Def x (A) Defx(C)

is surjective. Let (Xp, Xc) € Defx(B) Xpegy(4) Defx(C) and let X4 € Defx(A) be the
deformation, such that Xp Xgpec B Spec A = Xy = Xo Xgpec ¢ Spec A.

Define X to be the scheme with X as underlying topological space and with O3 =
Oxp X0x, Oxc as structure sheaf.

To prove that X € Defx (B x4 C) and 1(X) = (Xp, Xc), taking an affine covering of X
and using Proposition 2.1.5, reduce to the affine case. Let (X5, X¢) = (Spec B, Spec C")
and X4 = Spec A’. Then there is a commutative diagram

B/ XA’ Cl N Cl

AN <P
B’ A

BXAC%C
N AN

B

A

in which, B’ is a flat B-module and C” is a flat C-module, B'® gA = A’ and C'®cA = A’,
since X'p and X¢ are deformation of X over B and C respectively and their restrictions
on Spec A are isomorphic to X4. Since C — A is surjective, with kernel J, we have
C/J = A, where J C m¢ is nilpotent. Then, by Lemma 2.0.31, B’ x4 C’ is a flat
B X A C—module, (B, X A’ C/) ®B><AC B = B and (B/ X A’ C,) ®B><AC c=C.
This proves condition (Hy) for Defx. If the deformations X4, Xp and X are locally
trivial, the same is true for X and therefore (H;) holds also for Def’.

Now verify condition (Hs). Let B — A and C' — A be morphisms in Artg, with
C — A small extension and A = K, prove that

n: Defx(B X A C) — Defx(B) XDefX(A) Defx(C)

is bijective. Let (Xp,Xc) € Defx(B) Xpefy(a) Defx(C). In this case, any X' e
Defx (B x4 C) inducing the pair (X, X¢), is such that fits in the commutative dia-

gram
X
Xp Xo
X
By the universal property of fibered sum of scheme, there exists a morphism X - X

such that
X

X’
NS
ec(B x4 C),

Sp

X

)
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where X is the deformation of X over B x 4 C defined before. Then, by Remark 2.1.7,
this morphism is an isomorphism and the fibres of 1 contains only one element.
This proves condition (Hz) for Defx. The same arguments hold also for Def’y. O

Now we recall, without proof, the most important results about tangent spaces and
obstructions for the functors Def x and Def'y.

Theorem 2.1.11. There are canonical identifications
- For an algebraic scheme X, tpep, = HY(X,Tx), where Tx is the tangent sheaf.

- For an algebraic scheme X, tpef, = Exg(X,Ox), where Exg(X,Ox) is the K-
vector space of extensions of X with kernel Ox.

- If X is non singular, Defx = Def’y and then tpery, = tpery, = HY(X, Tx).

- If X = SpecR is affine, tpefy = Exg(R,R) = T}%, where Exg (R, R) = T}{ 15 the
K-vector space of extensions of R with R, called the first cotangent module.

- If X is reduced, then tpef, = Ext}QX(Qﬁ(,OX).
Proof. See [34], Theorem 2.4.1. O

Theorem 2.1.12. Let X be an algebraic scheme, then H*(X,Tx) is an obstruction
space for the functor Def'y.

If X is a non singular algebraic scheme, then Def'y = Defyx and H*(X,Tx) is an
obstruction space also for the functor Defx.

If X is a reduced local complete intersection algebraic scheme, then Ext%x(ﬂ}(, Ox) is
an obstruction space for the functor Def x .

Proof. See [34], Proposition 1.2.12 and Proposition 2.4.8. O
Knowing the tangent space for the functor Def x, one can prove the following

Corollary 2.1.13. If X is a projective scheme or an affine scheme with at most isolated
singularities, then the functor Defx has a hull.

Proof. If X = Spec R is affine with isolated singularities, then Tz{z is a finite dimensional
vector space (see [34], Corollary 3.1.2.).

If X is projective, the vector spaces H' (X, Tx) and H°(X,Ty) are finite dimensional,
and from the exact sequence

0— HYX,Tx) = Exg(X,0x) = HY(X,T%) — H*(X,Tx)

we obtain that also Exg (X, Ox) is finite dimensional.
Thus the Schlessinger’s condition (Hs3) holds in both cases. O

The stronger property of being prorepresentable is not satisfied in general by Defx.
Analizing the automorphisms of the algebraic scheme X, one can prove the following

Proposition 2.1.14. If X is a projective scheme such that H(X,Tx) = 0, then the
functor Def x is prorepresentable.

Proof. See [34], Corollary 2.6.4. O
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The problem for the functor Def x to be prorepresentable, to have a hull or to satisfy
some weaker similar properties, is linked to the existence of a universal, semiuniversal
or versal deformation of X (see [19]). These problems were analysed for example in [4]
and [32].

2.2 Deformations of a sheaf

Definition 2.2.1. Let X be an algebraic scheme and let £ be a locally free sheaf of
Ox-modules on X. An infinitesimal deformation of & over A € Artg is a locally free
sheaf of Ox ® A-module E4 on X x Spec A with a morphism of sheaves ma : E4 — &,
such that w4 : E4 @ K — £ is an isomorphism.

Definition 2.2.2. Let X be an algebraic scheme and let € be a locally free sheaf of
Ox-modules on X. Two infinitesimal deformations of £ over A € Artg, €4 and &),
are isomorphic, if there exists an isomorphism of sheaves ¢ : E4 — 4 that commutes
with the maps mq : E4 — &€ and 7'y : €Yy — &, i.e. 7y o =m4.

Definition 2.2.3. Let X be an algebraic scheme and let £ be a locally free sheaf of Ox -
modules on X. The functor of infinitesimal deformations of & is the functor of Artin
TiNgs:

Defg : Artg — Set

which associates to every local Artinian K-algebra A, the set of isomorphism classes of
infinitesimal deformations of £ over A.

Theorem 2.2.4. Let X be an algebraic scheme and let £ be a locally free sheaf of
Ox-modules on X. Then the functor Defg is a functor with a good deformation theory.

Proof. Start verifing condition (H;). Let B — A and C — A be morphisms in Artg,
with C' — A surjective, and prove that

n: Defg(B XA C) — Defg(B) X Defg (A) Defg(C)

is surjective. Let (€p,Ec) € Defg(B) Xpey(a) Defe(C) and let £4 € Defg(A) be the
deformation, such that g @ A =2 E4 = Ec ¢ A.
For simplicity, denote with Xz = X x Spec R, for every R € Artg. Define £ to be the
sheaf £ x¢, Ec. A priori € is a sheaf of Oxy X0x, Ox,-module on X xx, Xc.
Note that Xpx ,c and Xp X x, X are both homeomorphic to X as topological space.
Prove that Ox,; X0y, Oxe = Ouxy, - Let analyse these sheaves on every open
set U C X. By universality of fibered product, there is a map ¢ : OXBxAc(U ) —
Ox,(U) X0, (U) Ox, (U); since C — A is surjective, it induces an isomorphism cZ@BXAC
C: Oxy, ,o(U) ®px 40 C — Ox.(U) and, by Corollary 2.0.33, we get that ¢ is an iso-
morphism.
Then € is a sheaf of Oxp, ,oc-modules on Xpx ,c-
By Lemma 2.0.32, £(U) ®@px ,c B = Ep(U) and E(U) @px ,c C = Ec(U), for every U.
This leads to the surjectivity of the map 7.

Let now verify condition (Hs). Let B — A and C — A be morphisms in Artg, with
C — A small extension and A = K, prove that

n: Defg(B XA C) — Defg(B) X Defg (A) Defg(C)
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is bijective. Let (&g, &c) € Defe(B) X peg, (a) Defe(C). In this case, any Ee Defe(B x 4
(') inducing the pair (€p,Ec), is such that fits in the commutative diagram

/\
\/

and, by Corollary 2.0.33, this implies that £ 2 &, where £ is the deformation of £ over
B x4 C defined before. Then the fibres of 7 contains only one element. O

(2.2)

Theorem 2.2.5. Let X be an algebraic scheme and let £ be a locally free sheaf of Ox -
modules on X. Let End & be the sheaf of endomorphisms of £. The tangent space to the
functor Defe is isomorphic to H'(X,End &) and H?(X,End &) is an obstruction space
for it.

Proof. Let U = {U,} be an affine open covering of X, such that the sheaf £ is defined
with respect to it by the system of transition function {f.s}, fag € I'(Uag, Glx ), where
Glx is the sheaf of matrices of functions in Ox that are invertible as matrices of costants
at every point x € X.

Let € be a locally free sheaf of Ox ® K[e]-modules on X x SpecK[e] that gives a de-
formation of £ over K[e]. The deformation & is defined, in the same covering U of
X x SpecK]e], by transition functions

fa,ﬁ € F(Uaﬁa ngXSpecK[e})'

Since Glxxspeckl = Ylx +€ Mx, where Mx is the sheaf of matrices of functions in
Ox, and since the faﬂ have restrictions modulo € equal to f,g, they can be written as

faﬁ = faﬁ(l + Egozﬁ)a with 9ap € F(Uaﬁa MX) (2'3)

Moreover the transition functions fag satisfy conditions fa[g fﬁv fom that, using (2.3),
give
faﬁfﬁ'y = fom/ and 9ap + 948~y = Gary-

The first relations are the cocicle conditions for the transition functions { fo3}, while the
second ones state that the system {gap} is a Cech 1-cocicle of the sheaf Mx = End &
and it defines an element of ' (X, Mx) = (X End¢).

Conversely, let {gos} € Z'(X,Mx) = Z'(X,End€), the transition functions in
(2.3) define a deformation £ of € over K[e].

If we modify the system {g,s5} by the coboundary of an element {a,} € I'(Uy, Mx),
we have

hapg = Gap + ag — aq € ZH(X, Mx),

the correspondent transition functions are
faﬂ = fap(1 + €hap) = fap(l + €(gap + ap — aa)) =

= fap(1+ €gap) (1 + €ag)(1 — €an) = fap(1l+ eag)(1+ ean) ™,
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that define a sheaf £ which is obviously a deformation of the sheaf & over Kle] and

which is isomorphic to £, because their transition functions differ by multiplication by

an invertible term. Thus there is an isomorphism tper, & HY(X, Mx) = H'(X,End £).
Now analyse obstructions for Defg. Given a principal extension in Artg

0—tK— B-%A4—0,

we have the exact sequence

X Id
0 — t Mx 2B GlxyspecB = Glx +mp Mx Suiy Glxxspeca = Glx +mag Mx — 0,

that induces a long exact sequence in cohomology

Hl(X X SpeCByngXSpecB) — Hl(X X SpeCAyngXSpecA) i> Hz(XaMX)-

A deformation of the sheaf € over A defines an element 4 € H! (X xSpec A, Glx xSpec A)s
it can be lifted to a deformation of € over B if and only if §(£4) = 0. Then H?*(X, Mx) &
H?(X,End¢&) is an ostruction space for Defg. O

The following theorem state conditions for the existence of a hull for Defg and for
prorepresentability.

Theorem 2.2.6. Let X be an algebraic scheme and let £ be a locally free sheaf of Ox -
modules on X. If dimg H'(X,End€) < oo, the functor Defe has a hull. If moreover
HO(X,End &) =K then the functor Defg is prorepresentable.

Proof. By Theorem 2.2.4, the functor Defg verifies conditions (H;) and (Hz). By The-
orem 2.2.5, the first hypothesis corrsponds to condition (Hs) and, by Schlessinger’s
Theorem, Defe has a hull. We prove the last assertion using differential graded Lie
algebras tecniques (see Example 3.2.15). O

Remark 2.2.7. Let X be an algebraic scheme. We recall that the Picard group Pic(X)
is the group of the isomorphism classes of invertible sheaves of Ox-modules on X.
Classically the Picard functor is defined:

Pic: Artg — Group
A — Pic(X x Spec A4),

note that the functoriality is given by the pullback of sheaves. Consider now an invertible
sheaf £ of Ox-modules X with isomorphism class [£] € Pic(X). The classical local
Picard functor associated to [£] is given by:

PiC[E}: AI‘t]K — Set
A —  Picz)(X x Spec 4),

where Piciz)(X x Spec A) = {[F] € Pic(X x SpecA) | [F ®a K] = [£]}. Then Picy
coincides with Def ..
Applying Theorem 2.2.5 and Theorem 2.2.6 to an invertible sheaf £ of Ox-modules on

an algebraic scheme X, we obtain the following result

Theorem 2.2.8. Let X be an algebraic scheme and let £ be an invertible sheaf of Ox -
modules on X . If the following conditions are satisfied:
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- HY9(X,0x) =K,
- dimg HY(X,0x) < oo,

then the functor Defz is prorepresentable. Its tangent space is tpef, = H? (X,0x) and
H?(X,0Ox) is an obstruction space for it.

Proof. For a direct proof, see [33], Proposition 3.2, or [34], Theorem 3.3.1. O
In more generality, if £ is an analytic coherent sheaf on a complex space X with

compact support, it was proved that there exists a versal deformation for £ (see [36]).

2.3 Deformations of the pair (scheme, sheaf)

Definition 2.3.1. Let X be an algebraic scheme and let £ be a locally free sheaf of

Ox-modules on X. An infinitesimal deformation of the pair (X,E)=(scheme, sheaf)

over A € Artg is the data of:

- a deformation X4 of the scheme X over A, i.e. a cartesian diagram of morphisms

of schemes
X Xa
Spec K —— Spec A,

where w is flat;

- a locally free sheaf €4 of Ox,-modules on X4, with a morphism g : E4 — &, such
that my : E4 @4 K — £ is an isomorphism.

Definition 2.3.2. Let X be an algebraic scheme and let £ be a locally free sheaf of
Ox-modules on X. Two infinitesimal deformations, (Xa,E4) and (X, EY), of the pair
(X,€) over A € Artg are isomorphic, if

-3 ¢ X4 — XY isomorphism of deformations of the scheme X, i.e. ¢ is an
isomorphism that makes the following diagram commutative:

AN
N

Spec A

XA X

-3 E4 — &4y isomorphism of sheaves of Ox,-modules, where the structure of
sheaf of Ox,-module on &'y is the one induce by ¢, such that g = 7'y 0 1).

Remark 2.3.3. Observe that, if the deformation (X4,&4) of the pair (X,€) over A €
Artg is such that X4 is trivial, then it defines a deformation of the sheaf £ over A.
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Definition 2.3.4. Let X be an algebraic scheme and let £ be a locally free sheaf of
Ox-modules on X. The functor of infinitesimal deformations of the pair (X, &) is the
functor of Artin rings:

Def(X#g) : Artg — Set

which associates to every local Artinian K-algebra A, the set of isomorphism classes of
infinitesimal deformations of the pair (X,E) over A.

Theorem 2.3.5. Let X be an algebraic scheme and let £ be a locally free sheaf of
Ox-modules on X . The functor Def(x ) is a functor with a good deformation theory.

Proof. Let start verifying condition (H;). Let B — A and C' — A be morphisms in
Artg, with C — A surjective, and prove that

1 : Def(x g)(B x4 C) = Def x £)(B) Xpef y ¢ (4) Def(x,£)(C)
is surjective. Let
((XB,&B), (Xc, Ec)) € Def (x £)(B) Xpet x ¢, (a) Def(x.6)(C)
and let (Xa,E4) € Def x ¢)(A) be the deformation, such that
XB Xspec B Spec A = Xy = Ao Xgpecc Spec A and

EBRBpA=ZELNZEEc R A

As in proof of Theorem 2.1.10, define X to be the scheme with X as underlying topo-
logical space and with O = Ox, X0x, Oy, as structure sheaf. As before, it is a
deformation of X over B x4 C and it induces (Xp, Xo) € Def x(B) Xpey (4) Defx (C).
As in proof of Theorem 2.2.4, define € to be the sheaf &g xg, Ec. It is a sheaf of
Oxp X0x, Ox,-modules on the topological space Xp xx, Xc = X and it induces
(€, Ec) € Defg(B) Xpef,(a) Defe(C).
This proves the surjectivity of the map 7.

Now verify condition (Hz). Let B — A and C' — A be morphisms in Artg, with
C — A small extension and A = K, prove that

1 : Def(x g)(B x4 C) = Defx £)(B) Xpef y ¢ (4) Def(x,£)(C)

is bijective. Let
((XB,EB), (Xo, E)) € Def (x £)(B) XDet x ¢, (4) Def(x,6)(C).

By Theorem 2.1.10, the deformation X, defined before, is the unique element in Def x (B X 4
C') that induces (Xp, Xc) € Def x(B) X pefy (4) Defx (C).

Moreover, as in Theorem 2.2.4, the sheaf &, defined before, fits into the diagram (2.2),
and so it is the unique element that induces (€p,Ec) € Defg(B) Xpet, (4) Defe(C).

This proves the bijectivity of the map 7. O

Now let X be a non singular projective algebraic scheme of dimension n and let Tx
be its tangent sheaf. Let £ be a locally free sheaf of Ox-modules on X and let End £
be the sheaf of endomorphisms of £.
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Let D'(&) be the locally free sheaf of first order differential operators with scalar prin-
cipal symbol on the sections of the sheaf &.

Recall that, if i = {U,} is an open covering of X and {zj o} are local coordinates of
X on U,, a first order differential operator P : I'(X, &) — T'(X, £) can be written locally
on U, as

Ne’

- d
P‘Ua = (gij)oz + Z(hij)k,aﬁ = 0ot dou
k=1

n
0
where go = (gij)a € Mx(Uy) is a matrix of functions in Ox (U,) and do = Z(hij)k:aai
Lk,
k=1 ’
is a matrix with coefficients in Tx (Uy).
The principal symbol of the first order differential operator P is the section o of the
sheaf End £ ® Tx given, in the open set U,, by:
- 0
o(x) =Y (hij)ka(@)

k=1

87, for x € Ua-
Tk,

The principal symbol is called scalar if the endomorphisms (h;;)i o of £ are scalar, i.e.
(hij)ka = hia - I, where hy o € Ox(Uy) and I is the identity matrix. If P has scalar
principal symbol, d, can be consider as an element in Tx (U,).

The symbol defines an exact sequence of sheaves:

0 — End& — D'(&) 5 Tx — 0,

called Atiyah extension.
As before, let U = {U,} be an open covering of X and let P € D'(&), consider the
local expressions of P on the open sets U, and Ug of U:

P’Ua :ga—i—da and P|Uﬁ Zgﬁ—l—d/j,

where g, € Mx(Uy) and do € Tx (Ua), g3 € Mx(Ug) and dg € Tx (Up). Let explicitate
the glueing rules.

Let {€;,a}a belocal frames of £ on the open sets U, and { fog}apg be a system of transition
functions of the sheaf & with respect to the open covering . Let s € T'(X, £) be a section
of £, written locally on U, as s|y, = > _; hia€ia and on Ug as sy, = >, higeip.
Using matrices notation, on the intersection U, N Ug we have

P|Uﬁ (hﬁEg) = gﬁhgeg + dﬁ(hﬁ)@g and

Py, (hges) = Plu, (hgfapea) = gahsfapfages + da(hp) fapfoges + hada(fap) o5 es;

then balancing the above expressions, we have

dafa,B
af

98 = Ga + and dg = d,.

Now we are ready to define the Cech differential on the Cech complex C*(U, D*(&)).
By the above calculation:
§: CO(U,DY€) — C°U,DL(&))
da fo
{9 da)te — {(95 — 9o — %522, ds — da)}ap.
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By similiar calculations on the triple intersection U, N Ug N U,:

5: CYU,DYE)) — CXU,D'(E))

do
{9 das) Yo — {(G8y = Gy + Gag + 2, dgy — day + dap) Yagy-

and on the intersection U, N Ug N U, N Us:
§: CXU,DY(€)) — C3(U, DY (€))

{(90py, dapy)}apy —> {(9845 — Yors + ass — Gapy +
dﬁﬁ/é - dowé + da55 - daﬁ’y)}aﬁ’y&

daﬁ'yf’yé

v5

Theorem 2.3.6. Let X be a non singular projective algebraic variety and let £ be a
locally free sheaf of Ox-modules on X. The tangent space to the functor Def x g is
isomorphic to HY(X, DY(E)) and H*(X, D'(E)) is an obstruction space for it.

Proof. Let U = {U,} be an affine open covering of X and let {f.5}, with fos €
I'(Uap, Glx), be a system of transition functions for the sheaf £ with respect to this
covering.

Let (X,€) be a deformation of (X, &) over Spec K[e]. Since U is an affine covering, the
deformation X, restricted to every open set of it, is trivial. The composition of the
trivializations over the intersections of open sets gives automorphisms

0 _ 1
0ap : Uap x SpecK]e] 2 XU, 23N Uap x SpecK]e].

A~s in Theorem 2.1.11, the element in H'(X, Ty) which corresponds to the deformation
X is the class of the cocicle {d,s} € Z*(U, Tx) associated to the automorphisms 6,5 by

Qag =14 Edalg. (2.4)

Let the sheaf £ be defined in the same open covering U by transition functions Fop €

I'(Uag, Gl ). Since the deformation X is trivial on every Uaps I'(Uap, Gl5) = T(Uag, Glx xspeck[e]) =
I'(Uap, Glx) + €I'(Uap, Mx ). The transition functions Fy,g reduces to the f,s modulo

€, then they can be written as

Fopg = faﬁ(l + 69045). (2.5)

Using the automorphisms 6,3, the cocicle conditions satisfied by the transition functions
are

Fapbap(Fiy) = Fay,
that, using the above equality (2.4) and (2.5), become

fap(L+ €9ap)[f3+(1 + €9py) + €dap [y (1 + €93y)] = fay(1 + €gay),

that give
dag(f /37)
fer
Then the system {(gas,dag)} is a Cech l-cocicle of the sheaf D'(€) and it defines an
element in I:II(X, DY(&)).
Conversely, let {(gag, dag)} € ZYU,D(£)), the automorphisms 6,5 in (2.4) define
a deformation X' of X over K[e] and the transition functions in (2.5) define a locally free

faplpy = Jory and  gap + 9sy — gay + =0.
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sheaf £ of O z-modules on X, such that the pair (X,&) is a deformation of (X, ) over

K[e]. It can be verified that this deformation do not depend on the cicle that represents

the class in F(X, D'(£)). Thus there is an isomorphism tDef x ) = HY'(X,DY(&)).
Now analyse the obstruction of Def(x ¢). Let

0=-tK—-B—=A—=0

be a principal extension in Artg and let (X4, £4) be a deformation of the pair (X, £) over
A. Let U = {U,} be the affine open covering of X considered before. The deformation
X4 is trivial when restricted to the affine open sets of U, let

0 —1
0o : Uap x Spec A LN Xalv.s ba Uap *x Spec A

be the automorphisms given by the composition of its trivializations. Let the sheaf £4

o~

be defined in the same open covering U by transition functions F,g € F(Uaﬁ, Gly,) &
I'(Uag, Glx xSpec 4), such that

Fopbap(Fpy) = Fory.

To construct a deformation of the pair (X, £) over B which is a lifting of the deformation
(Xa,€4), consider the system
{(xap, Gap)}- (2.6)

The elements x,g are automorphisms of U,g x Spec B, which restrict to 0,3 on U,g X
Spec A, thus they satisfy

XXy Xy = 1d+tdagy,
where {d,s,} € Z%(X, Tx) is the Cech 2-cocicle which represents the obstruction to lift
X4 to a deformation of X over B, as in Theorem 2.1.12.

The G,p are elements in I'(Uyg, Glx xspec B), Which restrict to F,z on U,g x Spec A,
thus they satisfy

GapXap(Gpy)Goy = 1d +tgagp,,
where gagy € I'(Uagy, Mx).
Therefore we have

[XaB(Gor X3y (Grs) Gy )N [GarXary (Grs) G g ) [GapXap(Gas) GaglGapXas(Gpy) Gyl ™ =

= 1d +t(gpy5 — Gars + JaBs — Gasy),

the left side can be written also as

_ da f §
XapX51(Gr8)[Xar (Grs)] TH = Id +tdag, = 1d +tﬂ}(57)’
Y
then G (o)
« 9
9B~v6 — Gars + 9aBs — GaBy = M
f’yd

This shows that the system {(gags-,dag,)} is a Cech 2-cocicle of the sheaf D(€) and it

defines a class in H2(X, D(&)).

It can be proved that this cohomology class does not dependent on the choice of the
system (2.6). Moreover it is clear that the deformation (X4,€4) can be lifted to a
deformation over B if and only if the system {(gag,dagy)} is zero, for a choice of a pair
{(Xap,Gap)}. Thus H?*(X, D'(£)) is an obstruction space for Def y ¢). O



26 CHAPTER 2. GEOMETRIC DEFORMATIONS

Theorem 2.3.7. Let X be a non singular projective algebraic variety and let £ be a
locally free sheaf of Ox-modules on X. If dimg H*(X, D*(£)) < oo, the functor Def x ¢
has a hull. If moreover HO(X, D'(£)) = K, the functor Def x ¢y is prorepresentable.

Proof. By Theorem 2.3.5, the functor Def x ¢y verifies conditions (H;) and (Hz). By
Theorem 2.3.6, the first hypothesis corrsponds to condition (H3) and, by Schlessinger’s
Theorem, Def(y ¢y has a hull. We prove the last assertion using differential graded Lie

algebras tecniques (see Example 3.2.16).
O

The problem of finding conditions under which the functor Def x ¢ is prorepre-
sentable, has a hull or satisfies some weaker properties linked to these, was tackled also
without the use of Schlessinger’s conditions, by the direct construction of deformations
of (X, &). We recall that Siu and Trautmann (see [36]), using results about the existence
of versal deformations for a complex space X and for a coherent analytic sheaf £, find
out explicitly a versal deformation for the pair (X, £) in the case X is a compact analytic
space and £ is a coherent analytic sheaf.



Chapter 3

Deformation theory via
differential graded Lie algebras

In this Chapter we introduce the basic tools for the study of deformations via differential
graded Lie algebras. The philosophy underlying this approach is that, in characteristic
0, every deformation problem individuates a differential graded Lie algebra that controls
the problem via a deformation functor canonically associated to the DGLA:

Deformation problem ~~» DGLA ~» Deformation functor.

For a good choice of the DGLA, this last deformation functor is isomorphic to the one
associated to the problem in the classical way. This approach allows to preserve a lot
of information on the deformation problem which is lost with the classical method,
moreover some well-known results of the classical theory are easy consequences of the
definitions and of the formal constructions.

To understand this method, in Sections 3.1 and 3.2 we give definitions and recall
some basic facts about DGLAs and deformation functors associated to them.
The techniques of the study of deformations via DGLAs encrease with the introduction
of the deformation functor associated to a morphism of DGLAs, that we analyse in
Section 3.3. The motivation of the introduction of this tool is the study of particular
deformations, called semitrivialized deformations, whose most important example is the
case of embedded deformations of a submanifold.

3.1 Differential graded Lie algebras

Definition 3.1.1. A differential graded Lie algebra, DGLA, is the data (L,d,[ , ]),
where L = @,, L; is a Z-graded vector space over a field K, d : L; — Liy1 is a linear

map, such thatdod =0, and |, | : L; x Lj = Liyj is a bilinear map, such that:
1. [, ] is graded skewsymmetric, i.e. [a,b] = —(—1)de(@)dee®)p o] for every a,b
homogeneous;

2. Fvery triple a, b, ¢ of homogeneous elements verifies the graded Jacoby identity, i.e.
[a, [b, ] = [[a, b], ¢] + (—1)dee(®) 48O p, [q, ]];

3. [, ]| and d verify the graded Leibniz’s rule, i.e. dla,b] = [da,b] + (—1)%8(®)[a, db),
for every a,b homogeneous.

27
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Definition 3.1.2. Let (L,dr,[, |r) and (M,dn, [, |a) be two DGLAs, a morphism
¢ : L — M of DGLASs is a linear morphism which preserves graduation and commutes
with the brackets and the differentials.

We indicate with DGLA the category of differential graded Lie algebras, whose objects
are DGLAs and whose arrows are morphisms of DGLAs.

Remark 3.1.3. Since a DGLA L is a differential graded vector space, it make sense to
calculate its cohomology spaces H*(L). The Leibniz’s rule implies that the bracket of a
DGLA L induces a structure of graded Lie algebra on its cohomology H*(L).
Moreover a morphism of DGLAs ¢ : L — M induces a morphism of graded Lie algebras
between the cohomology spaces ¢ : H*(L) — H*(M). The morphism ¢ is called a quasi-
isomorphism of DGLAs, if the induced ¢ is an isomorphism, and two differential graded
Lie algebras are called quasi-isomorphic, if there exists a quasi-isomorphism between
them.

Example 3.1.4. Let (V = @,y Vi, d) be a differential Z-graded K-vector space. Con-
sider the Z-graded K-vector space

Hom(V,V) = @ Hom'(V, V)

1E€EL
where Hom*(V, V) = {f : V — V linear | f(V") C f(V"*?) for every n}. The bracket
[fog] = fog— (-1)eldBIgo f

and the differential
df =[d, fl=dof—(-1)%/fod
make Hom(V, V) a differential graded Lie algebra.

Ezxample 3.1.5. Given a differential graded Lie algebra L and a commutative K-algebra
m, there exists a natural structure of DGLA in the tensor product L ®m with differential
and bracket given by:

dz@r)=dr®@r and [z®nry®s] =[x,y Qrs.

If m is nilpotent (for example, if m is the maximal ideal of a local Artinian K-algebra),
then the DGLA L ® m is nilpotent.

Ezxample 3.1.6. Let X be a compact connected complex manifold, let 7x be the holo-
morphic tangent bundle of X, let ALY be the sheaf of differentiable (p, ¢)-forms of X
and let ARY(Tx) = AR? @0, Tx be the sheaf of (p, ¢)-forms of X with values on the
tangent bundle. The Kodaira-Spencer algebra is

KSx = PT(X, AY (Tx)) = P AY (Tx)

€N 1€N

the graded vector space of the global sections of the sheaf of the (0,4)-forms of X with
values on the tangent bundle Tx. A DGLA structure can be defined on KSx. The
differential on KSx is the Dolbeault differential and the bracket is defined in local coor-
dinates extending the standard bracket on Ag&O(Tx) bilinearly with respect to the sheaf
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of the antiholomorphic differential forms. In local coordinates zi,..., z,, the explicit
expressions for the differential and the bracket are:

R I

(3

9 a9, 990 ofd. . .
[fdzlazi’gdz"azj]_( 92, 07, gazj azi)dzl/\dZJa

0,0
for every f,g € Ay .

Ezxample 3.1.7. Let X be a compact connected complex manifold and let £ be a locally

free sheaf of Ox-modules on X. Let ARY(End &) be the sheaf of differentiable (p, ¢)-
forms of X with values on the sheaf of the endomorphisms of £ and let AY?(End &) be
the space of its global sections. A DGLA structure on the graded vector space:

AY (End &) = P AY (End€)
1eN

is defined using as differential the Dolbeault differential on forms and as bracket the
wedge product on forms and the composition of endomorphism. In local coordinates
Z1,...,2n, the explicit expressions for the differential and the bracket are:

Ifdzr® ¢)=0f Ndzr ® ¢

[fdzr ® ¢, gdz; @ 9] = fgdzr Adzy @ (¢ op — (1)1l 0 ),
for all f,g € A% and ¢, € End €.

Ezample 3.1.8. Let X be a compact connected complex manifold and let £ be a locally
free sheaf of Ox-modules on X. Let D!(£) be the space of the first order differential
operator on &, with scalar principal symbol. Let ARI(D1(£)) be sheaf of differentiable
(p, q¢)-forms of X with values on the sheaf of the differential operators on £ with scalar
symbol and let ARY(D'(E)) be the space of its global sections. A DGLA structure on
the graded vector space:

A (DY) = P AV (D'(£))

1€EN

is defined using as differential the Dolbeault differential on forms and as bracket the
wedge product on forms and the composition of differential operators. In local coordi-
nates z1, ..., z,, the explicit expressions for the differential and the bracket are:

O(fdzy ® P) =0f Ndz; ® P

[fdz; © P,gdz; ® Q] = fgdzr Adz; © (Po @ — (—=1)M1Q o P),

for all f,g € Agéo and P,Q € End €.
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3.2 Deformation functor associated to a DGLA

In this section we explain how to associate to differential graded Lie algebra some func-
tors of Artin rings, following mainly [21].

Definition 3.2.1. Let L be a differential graded Lie algebra, the Maurer-Cartan functor
associated to L is the functor:

MCy, : Artg — Set

defined, for all (A,m4) € Artg, by:
1
MCL(A) = {:c cL'®myu | de+ 5[3:,3:] = 0}.

The equation dx + %[aﬁ, x] = 0 is called the Maurer-Cartan equation.

Definition 3.2.2. Two elements x,y € L' ®my4 are said to be gauge equivalent if there
exists a € LY @ my such that

+oo
oa (la, ="
y=e *x—x+7§(n+l)!([a,x]—da).

Remark 3.2.3. The above gauge relation is defined by the action * of the exponential
group exp(L° ® m4) on the set L' ® m4. It is an action because:

e« (Pxx)=e" sz, foralla,be L°®@my and z € L' @ my,

where o is the Baker-Camper-Hausdorff product (see [10]).

Remark 3.2.4. The solutions of the Maurer-Cartan equation are preserved under the
gauge action.

It is useful to consider the following construction. Given a DGLA (L,[, |,d) we can
construct a new DGLA (L, [, ', d), by setting:

L'=1L" forall i#1 and L'=L'®Cd
with differential and bracket given by
d(z+vd) =dz and [z +vd,y +wd] = [z,y] +vdy — (—1)%E%wdz

The natural inclusion L C L is a morphism of DGLA; while the map ¢ : L — L given
by ¢(z) = x + d is only a linear morphism and, for every z € L, we have:

1 1 ,
dx + 5[1‘,1’] = i[gb(a;),qﬁ(x)] )
We observe that:
@ 7 () — el I _ 5 (e =) _ = (a1 _
d Voa) = e V(@ +d) =y 5= (a +d) x+d+z(n+1), ([a,  + d])
n=0 ’ n=0

+00 n
=x+ Z:O [g’_i__]l)!([a,x] —da)+d=¢(e" xx).

(
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Let’s calculate:
d(e® x z) = d(el* Vp(x) — d) = [d, el Vp(2) — d] = [d, el* V' p(2)]
and

[e@ sz, e« a] = [el® V() —d, el ' p(x) — d] =
= [el* T'(z), el V'g(2)]) = 2[d, el V()] = ! V[p(x), o)) — 2[d, el Vg )]

Now let z € L' @ m4 be a solution of the Maurer-Cartan equation and let a € L° @ my,
by the above calculations, we have:

d(e" <)+ et el = d. % To@] 45 (e o) o) — 2t FotwlY) =0,

as we said.

Definition 3.2.5. Let L be a differential graded Lie algebra, the deformation functor
associated to L is the functor:

Defy, : Artg — Set
defined, for all (A,m4) € Artg, by:

DefL(A) = M

~gauge

We are now ready to compute tangent space and obstructions for the above functors.
The tangent space for MCy, is the space

tnio, = MCL(K[d]) = {z € L' @ Ke | dz + %[:c,a:] — dz = 0} = Z\(L) ® Ke.

The functor MCy, has a natural obstruction theory (H2(L),v.). Let
e: 0=J—-B—=-A-0

be a small extension in Artg and let z € L' ® m4 be a solution of the Maurer-Cartan
equation; we define an obstruction v.(x) € H*(L® J) = H*(L)®J in the following way.
Take a lifting # € L' ® mp of 2 and consider

h:d@+%[:ﬁ,@] € L*®B.
First observe that h € L?® J, because x satisfies the Maurer-Cartan equation, moreover
dh = &2 + [d#, 7] = [h, ] — %[[5:,3%],53] —0
because J-mp = 0 and because of the Jacoby identity. Define v.(x) = [h] € H*(L) ® J.
The first thing to prove is that v.(z) is independent from the choice of the lifting Z. Let

y € L' ® mp be an other lifting of z, it is of the form y = & + z, with z € L' ® J, then

1 1
k:dy—i—i[y,y] :d£+d2+§[§:,i]+[§:,z] =h+dz,



32CHAPTER 3. DEFORMATION THEORY VIA DIFFERENTIAL GRADED LIE ALGEBRAS

because J - mp = 0, and thus h and k£ have the same cohomology class. Moreover it is
obvious that the class ve(x) is zero if and only if there exists a lifiting of z in L' ® mp
which satisfies the Maurer-Cartan equation, then (H2(L),v.) is a complete obstruction
theory for MCy,.

The tangent space for Def;, is the space

_ MCL(K[e]) _ ZY L) ® Ke

tpef, = Defr(K|e = = HY(L) ® Ke,
DefL L( [ ]) Ngauge Bl(L) ® KE ( )
because the gauge action of L ® Ke on L! ® K[e] is given by:
+oo N\n
e“*x:x+§w([a,x] —da) =z — da.

Lemma 3.2.6. The projection w : MCp, — Def, is a smooth morphism of functors.

Proof. Let a« : B — A be a surjection in Artg and prove that the induced map
MCr(B) — MCL(A) Xpes, (a) Defr(B) is surjective. Let (a’,b) € MCr(A) Xpef, (4)
Defr(B) and b € MC(B) a lifting of b, then a(b) and o’ have the same image in
Defy,(A), i.e. there exists t € L° ® my such that o = e! * a(b). Let s € L’ @ mp
be a lifting of ¢ and define ' = e* x b € MCp(B), then a(b) = e x a(b) = ' and
(V) = n(b) = b. O

The functor Defy, has a natural obstruction theory (H?(L),w.), defined as follow.
Let
e: 0>J—>B—>A—-0

be a small extension in Artg, let = € Defy,(A) and let 2/ € MCL(A) be a lifting of x,
we define an obstruction w,(x) = ve(2’) € H?*(L) ® J. Since the morphism 7 is smooth,
(H?(L),w.) is a complete obstruction theory for Def;.

Lemma 3.2.7. The functor MCp, is homogeneous.

Proof. For every f: B — A and v : C — A morphisms in Artg, we have MCL(B x4
C) gMCL(B) XMCL(A) MCL(C) O

Lemma 3.2.8. The functor Def, is a functor with a good deformation theory. Thus, if
HY(L) has finite dimension, Defy, has a hull, but in general it is not prorepresentable.

Proof. We have to verify that Schlessinger’s conditions (H1) and (H2) of are satisfied.

Let 6: B— A and v : C — A be morphisms in Artg, with 7 surjective, we have to
prove that the induced map 7 : Def,(BxAC) — Def(B) Xpet, (4) Def(C) is surjective.
Let (b,c) € Defp(B) Xpet, (4) Def(C), let ' € MCp(B) and ¢’ € MC(C) liftings of
b and c respectively. Since B(V'),v(c') € MCp(A) have the same image in Defy(A),
modifying o' and ¢ via gauge action, we can suppose that 3(b') = v(¢/) € MCr(A).
Since MCp, is a homogeneous functor, for (0,c’) € MCr(B) Xy, a) MCL(C), there
exists x € MCL(B x 4 C) lifting of (¥/,¢’). Then n(w(x)) = (b, ¢).

Let now A = K, then DefL(B X A C) = DefL(B X C) = DefL(B) X Defy (A) DefL(C) =
DefL(B) X DefL(C)

The last assertion of the Theorem follows from Theorem 1.2.7. U

Now we prove the following property that we use in the following
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Lemma 3.2.9. Let L be a DGLA such that H°(L) = K, then Defy, is homogeneous.

Proof. Consider the vector space decomposition L' = dL° @ N' and define a subDGLA
of L as follows

Ni=0 fori<0, NY =K, N'  as above, Ni =L fori>2,

with the same differential and bracket as in L. The inclusion N < L gives isomorphisms
HY(N) — HY(L), for i = 0,1,2, thus Defy = Defy. Moreover, since the gauge action
via elements in K is trivial, Def y = MCp is homogeneous. L]

The utility of define the deformation functor associated to a DGLA relies on the
following result, sometimes called basic theorem of deformation theory (see [21], Theorem
3.1).

Proposition 3.2.10. Let f : L — M be a morphism of DGLAs and let f : Def; —
Defys be the induced morphism of functors. If

- f: H°(L) — H°(M) is surjective,
- f: HYL) - HY(M) is bijective,
- f: H?(L) — H?(M) is injective,
then f is an isomorphism between the deformation functors Def; and Def ;.

Corollary 3.2.11. Let L and M be quasi-isomorphic DGLAs, then the deformation
functors Defr, and Defy; are isomorphic.

As we have already explained, the motivation for the introduction of differential
graded Lie algebras in deformation theory, and for the consequent definition of the
deformation functor associated to a DGLA, is the principle for which in characteristic 0
every deformation problem is governed by a differential graded Lie algebra. To be more
precise:

Definition 3.2.12. If the functor of deformations of a geometric object X is isomorphic
to the deformation functor associated to a DGLA L, then we say that L governs the
deformations of X.

There are some well-known examples of deformations of geometric objects in which this
principle is applied. We start with a trivial example.

Ezample 3.2.13. Let (V = @, V*,d) be a differential graded vector space, or, that is
the same, a complex of vector spaces. To define a deformation of it, let start with the
simpler case of a vector space.

An infinitesimal deformation of a K-vector space V over A € Artg is the data of a flat
A-module V4, such that the projection onto the residue field induces an isomorphism
Vi®aK=V. It is easy to see that every infinitesimal deformation of a vector space V'
over A is trivial, i.e. it is isomorphic to V' ® A.

Thus to deform a complex of vector spaces it is sufficient to deform the differential. An
infinitesimal deformation of a complex of vector spaces (V = P, V?,d) over A € Artg
is a complex of A-modules of the form (V®A = @, Vi®A,da), such that the projection
onto the residue field induces an isomorphism between (V ® A,d4) and (V,d).
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Let Hom(V, V) be the DGLA of the homomorphism of the complex (V,d), defined in
Example 3.1.4.

It is easy to proved (see [24], pages 3-4) that the deformation functor Defom v,y is iso-
morphic to the functor of deformations of the complex (V, d), Def (v,d)- The isomorphism
is given, for all A € Artg, by

Defyomvvy(4) — Defyq)(A)
f — (Ve®Ad+f).

Now we consider some geometric examples.

Ezample 3.2.14. Let X be a compact and connected complex manifold and let KSx
be the Kodaira-Spencer DGLA, defined in Example 3.1.6. It can be proved (see [24])
that the deformation functor Defks, is isomorphic to the functor of deformations of the
manifold X, Defx. The isomorphism is given, for all A € Artc, by

DefKSX(A) — Defx(A)
r — ker(d+ 1),

The symbol [, indicates the holomorphic Lie derivative
[ AY (Tx) = Der* (A%, AYY)
which associates, to every x € Agé* (Tx), the derivation [, given by
(W) = O(zaw) 4+ (—1)%8% (2 L0w),

for all w € .Agg*, where _ is the contraction of the differential forms with vector fields.
Knowing that the DGLA KSx governs the deformations of X, from calculation of Section
3.2, we recover the isomorphism tper, = H'(X,Tx) and the fact that H?(X, 7x) is an
obstruction space for Def x, stated in Theorems 2.1.11 and 2.1.12.

Ezample 3.2.15. Let X be a compact and connected complex manifold and let £ be a
locally free sheaf of Ox-modules on X. Let Agé* (End €) be the DGLA of the differen-
tiable (0, *)-forms of X with values in the sheaf of the endomorphisms of the sheaf &,
defined in Example 3.1.7. It can be proved (see [8], Theorem 1.1.1) that the deformation

functor Def AC) (Bnd &) is isomorphic to the functor of deformations of the sheaf &£, Defg.
X

The isomorphism is given, for all A € Artc, by

(A) —» Defe(A)

DefA(O,*)
X —
x — ker(0+ x).

(End &)

Knowing that the DGLA End £ governs the deformations of £, from calculation of Sec-
tion 3.2, we recover the isomorphism tpef, = H'(X, End £) and the fact that H?(X,End £)
is an obstruction space for Def¢, proved in Theorem 2.2.5.

Moreover, if H°(X,End &) = C, the functor Defg is homogeneous, for Lemma 3.2.9,
and this conclude the proof of Theorem 2.2.6.

Ezample 3.2.16. Let X be a compact and connected complex manifold and let £ be a
locally free sheaf of Ox-modules on X. Let Agé*(Dl(E)) be the DGLA of the differen-
tiable (0, *)-forms of X with values in the sheaf of the first order differential operator on
& with scalar symbol, defined in Example 3.1.8. It can be proved that the deformation
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functor Def 0.« (DL(E)) is isomorphic to the functor of deformations of the pair (X, &),
X
Def(x ). The isomorphism is given, for all A € Artc, by

DefA(o,*) A) — Def(x7g) (A)
X

z — (ker(d+ ly(y)), ker(d + ).

(Dl(S))(

Knowing that the DGLA D!(€) governs the deformations of (X, &), from calculation
of Section 3.2, we recover the isomorphism ¢pef y ., = HY(X,D'(€)) and the fact that

H?(X,DY(€)) is an obstruction space for Defg, proved in Theorem 2.3.6.
Moreover, if HO(X, D'(€)) = C, the functor Defx ¢ is homogeneous, for Lemma
3.2.9, and this conclude the proof of Theorem 2.3.7

3.3 Deformation functor associated to a morphism of DGLAs

In this section we explain how to associate to a morphism of DGLAs some functors of
Artin rings, following mainly [25].

Definition 3.3.1. Let L and M be two DGLAs and let x : L — M be a morphism of
DGLAs. The Maurer-Cartan functor associated to x is the functor:

MC, : Artg — Set

defined, for all (A,m4) € Artg, by:
1
MC, (A4) = {(:r,e“) € (L' ®@my) x exp(M°@my) | do + 5[36,3:] =0,e%x x(x) = 0} :

Definition 3.3.2. Two elements (x,e®) and (y,e®) in (L' @ my) x exp(M® @ my) are
said to be gauge equivalent if there exists (€', e9™) € exp(L° @ my) x exp(dM ' @my),
such that:

(y,€%) = (e}, e™™) x (x,€?) = (¢! % x, emete™XW),

Remark 3.3.3. The above gauge relation is defined by the action * of the exponential
group G = exp(L°®@my) x exp(dM 1 ®@m4) on the set S = (L' ®@my) x exp(M°@my).
It is an action because, for all (!, e¥™), (e}, e™) € G and (z,e%) € S:

(!, eT™)x((e}, e™)x(x, ) = (e, eT™)x (e s, eMele XN = (el*Axq, M) gt =X(SN)),

where o is the Baker-Camper-Hausdorff product (see [10]).

Remark 3.3.4. The gauge action is well defined on MC, (A).
Let (z,e%) € MCy(A), let (€!,e9™) € exp(L® ® my) x exp(dM~t @ my) and let

(e, e « (z,e%) = (e %z, e™ee X1,
As proved in Remark 3.2.4, ! x x satisfied the Maurer-Cartan equation, moreover
6dmeaef)((l) % X(el % .T) — edmeaefx(l) % ex(l) % X(m) — edmeax($) — edm 0=0,

as we want.
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Definition 3.3.5. Let L and M be two DGLAs and let x : L — M be a morphism of
DGLAs. The deformation functor associated to x is the functor:

Def, : Artg — Set
defined, for all (A,m4) € Artg, by:

Def, (A) = w

~ gauge

Let x : L — M be a morphism of DGLAs, the suspension of the mapping cone of x
is defined to be the differential graded vector space (Cy,d), where C)i( =L'® M~ and
the differential is given by:

d(l,m) = (dpl, x(I) — dprm).

The projection €, — L is a morphism of differential graded vector spaces. In general
does not exist any bracket on this cone, making it a DGLA and the projection a mor-
phism of DGLAs.

Moreover, associated to the morphism of DGLAs Y, there exists a long exact sequence:

.= HY(Cy) = H (L) — H'(M) = HY(Cy) — ...

We also observe that every commutative diagram of differential graded Lie algebras

L—q (3.1)
Pl

induces a morphism between the cones Cy — C, and a morphism of functors Def, —
Def,, for which the following Inverse Function Theorem (see [25], Theorem 2.1) holds:

Theorem 3.3.6. If the diagram (3.1) induces a quasi isomorphism between the cones
C, — Cy, then the induced morphism of functor Def, — Def, is an isomorphim.

We are now ready to compute tangent space and the obstructions for the functors
MC, and Def,.
The tangent space for MC, is the space tyc, = MC, (K[e]) given by

{(z,e%) € (L' ® Ke) x exp(M° ® Ke) | dz = 0,¢e® x x(z) = x(z) — da = 0}
>~ {(z,a) € L' x M° | dz =0, x(z) — da = 0} = ker(d : C}( — Cf()
The functor MC, has a natural obstruction theory (H?(C),v.). Let

e: 0=J—=B—=A—=0

be a small extension in Artg and let (z,e*) € MC,(A); we define an ostruction
ve(7,e%) € H?(Cy) ® J in the following way. Take a lifting (y,e’) € (L' ® mp) x
exp(M° ® mp) and consider

1
h:dy+§[y,y] ceLl’omp, r=e xx(y) eM @mg.
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First observe that h € L? ® J and r € M' ® J, because (z,e%) € MC,(A). Moreover
d(h,r) = (dh,x(h) — dr) =0, in fact

dh = d*y + [dy,y] = [h,y] — é[[y,y],y] =0,

by J-mp = 0 and by Jacoby identity, and

1 1
x(h) = x(y+ 3y 9l = x(y) + 5Ix(¥) xw)] =
1 1
= e_b*r—i—i[e_b*r,e_b |=d(r+e *O)+§[r—|—€_b*0,r—|—6_b*0]:
1
= dr+d(e‘b*0)+i[e_b*O,e_b*O] =dr,

since e~ % 0 satifies the Maurer-Cartan equation. Define v,(z,e?) = [(h,r)] € H*(Cy) ®
J. The first thing to prove is that v.(x, e®) is independent from the choice of the lifting
of (z,e%). Let (z,e°) € (L' @mp) x exp(M® @ mp) be an other lifting of (x,e?), it is of
the form (z = y 4+ w, e = ™), with w € L' ® J and v € M° ® J, then

1
k:dz+§[z7z]:h+dw

s = ec*x(z)zebﬂ*x(ﬁw)*
b+, —
= +Z ([b+7 x(y +w)] —d(b+7)) =
o n+1
b+’v,
= +Z ([b, x(y)] — db —dv) =

= x(y) +x(w) + [b,x(v)] —

([b, x(y)] — d(b)) =

= e’ xx(y) +x(y) —dy

where it is used repeatedly the fact that J-mp = 0. Thus (h,7)—(k, s) = (dw, x(w)—d~)

and (h,r) and (k, s) have the same class in H%(Cy) ® J.

Moreover it is obvious that the class ve(z,e®) is zero if and only if there exists a lfting

of (z,e%) in MCy(B), then (H%(Cy),ve) is a complete obstruction theory for MC,,.
The tangent space for Def, is the space

MC, (K[e]) _ Z'(Cy) ® Ke

tDefX = DefX(K[e]) - ~ - Bl(C ) ® Ke - Hl(CX) ® KE?
gauge X

because the gauge action of (€/,e™) € exp(L° ® Ke) x exp(dM ' @ Ke) on (z,e?) €
(L' @ K[e]) x exp(M° @ Kle]) is given by:

(e, e x (z,e%) = (' x z, e™™ee X)) = (z — dI, e~ X(D=dm)),

Lemma 3.3.7. The projection m : MC, — Def, is a smooth morphism of functors.
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Proof. Let o« : B — A be a surjection in Artx and prove that the induced map
MCy (B) = MCy(A) X pet, (a)Defy (B) is surjective. Let ((2/, e“/), (y,eb)) € MCy, (A) X pef, (4)
Def, (B) and (g, e?’) € MC,(B) a lifting of (y,e®). Then (7, ei’) and (2/,e”) have the
same image in Def, (A), i.e. there exists (e!,e?™) € exp(L® @ m4) x exp(dM !t @ m,)
such that (z/,e”) = (', e¥™) % a(y, ei)). Let s € L ® mp be a lifting of ¢ and
n € M~ ® mp a lifting of m, define (y/,e) = (e*,e™) x (3, ei’) € MC,(B), then

ay,e) = (¢t et x a(f, ) = (2, e?') and w(y/, e) = 7(7, ) = (y, ). O

The functor Def, has a natural obstruction theory (H?(Cy),we), defined as follow.
Let
e: 0=J—=B—=A—=0

be a small extension in Artg, let (z,e%) € Def,(A) and let (/,e%) € MC,(A) be a
lifting of (,e®), we define an obstruction we(z,e?) = ve(z/,e®) € H*(Cy) ® J. Since
the morphism 7 is smooth, (H?(C)),w.) is a complete obstruction theory for Def,.

Lemma 3.3.8. The functor MC,, is homogeneous.

Proof. For every 8 : B — A and v : C' — A morphisms in Artg, we have MC, (B x4
C) = MCX(B) XMCX(A) MCX(C) ]

Lemma 3.3.9. The functor Def, is a functor with a good deformation theory. Thus, if
HI(CX) has finite dimension, Def, has a hull, but in general it is not prorepresentable.

Proof. We have to verify that Schlessinger’s conditions (H1) and (H2) of are satisfied.

Let : B— A and v : C — A be morphisms in Artg, with « surjective, we have to
prove that the induced map 7 : Defy (B x4 C) — Def, (B) Xpet, (4) Defy (C) is surjective.
Let ((y,eb), (z,¢e%)) € Def, (B) X Def (A) Def, (C), let (y’,ebl) € MC,(B) and (z’,ecl) €
MC, (C) liftings of (y,e®) and (z,e°) respectively. Since B(y/,e?),v(2'e¢’) € MC,(A)
have the same image in Def, (A), modifying (y/,e”) and (2/,e) via gauge action, we
can suppose that B(y’ ) =~(7,e) € MC (A) Since MC,, is a homogeneous functor,
for ((y/,€"), (¢,e%)) € MC,(B) X MCy ( Cy(C), there ex1sts (xz,e*) € MCy (B x4 (),
such that 7(z, e )— (), (/7). Then n(n(z,e")) = ((y,€"), (z,€)).

Let now A = K, then Def, (B x 4 C') = Def, (B x C) = Defy (B) Xpef, (4) Defy (C) =
Def, (B) x Def, (C).

The last assertion of the Theorem follows from Theorem 1.2.7. O

As we have already explained, the motivation for the introduction of the deformation
functor associated to a morphism of DGLAs is the study of semitrivialized deformations.
Here we recall the most classical example of embedded deformations of a submanifold
and the example of deformations of a complex that preserve the i-th cohomology space.

Ezample 3.3.10. Let X be a compact and connected complex manifold and let Z be an
analytic subvariety of X defined by the sheaf of ideals Z C Ox.

An embedded deformation of Z in X over A € Artc is the data of a sheaf of ideals 74 C

Ox ®c A, flat over A and such that 74 ® 4 C = Z. We denote with Hilbi : Arte — Set

the Hilbert functor which is the functor of these deformations.

Let KSy = @, cn A%¥(Tx) be the Kodaira-Spencer DGLA of X and let Dicn AY (Tx)(~log Z)
be its subalgebra defined by:

AR (Tx)(~log Z) = { € AV (Tx) | a(keri") C keri"},
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where i : Z — X is the inclusion of closed smooth complex submanifold and i* : Ag&i —
A%Z: is the morphism given by the restriction of forms on Z. Let x : Ag&i(TX )(=logZ) —
Ag&l(TX) be the natural inclusion of DGLAs and let Def, be the deformation functor
associated to it.

It can be proved that Def, and Hilb% are isomorphic (see [25], Theorem 5.2) and the
isomorphism is given, for all A € Artc, by:

Def, (A) — Hilb%(A)
(r,e?) — (Ox @ A)Ne*(keri* @ A).
Ezample 3.3.11. Let
V=@Pvida: .- Lyt Ly Lyt g
JEZ

be a complex of vector spaces and let Hom(V, V') be the DGLA of the homomorphism
of the complex, that governs deformations of it (see Example 3.2.13).
Let analyse deformations of this complex that preserves the i-th cohomology space. To
be precise, if (V ® A,d + z) is a deformation of (V,d) over A € Artg, we say that it
preserves the i-th cohomology space, if H(V ® A,d + x) = H'(V,d) ® A. We indicate
with Def’(ﬁ d) the functor of these deformations.
Let

(TV,d): Vitt 4y yi 4 pitl

be the truncated complex, let Hom(T*V,T*V) be the DGLA of the homomorphism of
it and let 7% : Hom(TV,T*V) — Hom(V, V) be the natural morphism of DGLAs. Let
Defr: be the deformation functors associated to T° and let Defp: — Defyom(v,vy the
forgetful morphism of functors.

It can be proved (see [25], Proposition 3.5) that the functor Deféw 4) 1s isomorphic to
the image of the morphism Defr: — Defpomv,v)-

Moreover observe that a deformation of the complex (V,d) preserve all the cohomology
spaces if and only if it is trivial.
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Chapter 4

New examples of deformations

In this Chapter we analyse some other examples of deformations of geometric objects:
firstly the deformations of the pair (manifold, sheaf) with a fixed subspace of global
sections of the sheaf that is required to be deformed, secondly, as a generalization of
this case, the deformations of the pair (manifold, sheaf) with fixed subspaces of the
cohomology spaces of the sheaf that are required to be deformed. In Sections 4.1 and
4.2, we define these deformations precisely and determine the differential graded Lie
algebras that govern these problems.

In Section 4.3 we concentrate our interests on deformations of a locally free sheaf that
preserve the dimensions of the cohomology spaces and we define the stratification of
the coarse moduli space of stable and flat locally free sheaves on a compact complex
Kahler manifold that corresponds to these deformations. Using the DGLAs approach
to this problem, we prove that the strata of this stratification have quadratic algebraic
singularities.

4.1 Deformations of (manifold, sheaf, subspace of sections)

Let X be a compact and connected complex manifold, let £ be a locally free sheaf of
Ox-modules on X and let V € H°(X, E) be a subspace of its global sections.

This section is devoted to study infinitesimal deformations of the triple (X, £, V')=(manifold,
sheaf, subspace of sections) and to define a DGLA which governs these deformations.
Let’s define these deformations geometrically.

Definition 4.1.1. An infinitesimal deformation of the triple (X, £, V')=(manifold, sheaf,
subspace of sections) over A € Artc is the data of:

- a deformation X4 of the manifold X over A, i.e. a cartesian diagram of complex

spaces
X X4
Spec C —— Spec A

where w is flat;

- a locally free sheaf £4 of Ox,-modules on X4 with a morphism w4 : E4 — & such
that ma : E4 R4 C — £ is an isomorphism;

41
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-amapig:V®A— HY(XA,E4), such that the following diagram is commutative:

Vo A—2s HO(X, E) (4.1)
iﬂ' J/WA
vV —— HO(X,E).

Definition 4.1.2. Two infinitesimal deformations (Xa,€a,14) and (X, Ey,4'y) of the
triple (X,E,V) over A € Artc are isomorphic if:

- 3¢ Xy — X isomorphism of deformations of the manifold X over A, i.e. ¢ is
an isomorphism that makes the following diagram commutative:

AN
\

Spec A;

Xa

)

-3 €4 — &y isomorphism of sheaves of Ox,-modules, where the structure of
sheaf of Ox,-module on &'y is the one induced by ¢, that commutes with the maps
ma:€a—Eandny &y = E, e Tyop=my;

-3¢ VA — VRA isomorphism, such that the following diagram is commutative:

V®Ai>5A (4.2)
A
Ved_togl

this last condition is equivalent to the condition that 1 : io(V ® A) — i/4(V ® A)
1 an tsomorphism.

Definition 4.1.3. The functor of infinitesimal deformations of the triple (X,&,V) is
the functor of Artin rings:
Def(x ¢, : Artc — Set

which, to every A € Artc, associates the set of the isomorphism classes of deformations
of the triple (X,E,V) over A.

Let Agé* (€) be the complex of sheaves:
0,0 d . 401 d. 402
where 0 is the Dolbeault differential, let @ be the complex of sheaves:

00—V 1 A%0E) -2 A% (E) -2 A%2(E) — ..
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where i is the natural inclusion, and let Hom*(Q, Q) be the DGLA of the homomor-
phisms of this complex, in which the differential and the bracket are the ones defined in
Example 3.1.4. We define the DGLA L as

1" = {r € Hom'(Q, Q) | & yoiie) € A% (DY(E))},

in which the structure of DGLA is the one inherited by Hom*(Q, Q). We indicate an
element of L as © = (z_1,x;), where z_; = z|y and z; = x!Ao,i(g) for i > 0.
X

Let write explicitly the action of the elements in Agé*(Dl(E )) as homomorphisms of
the complex .Agé*(é’). Let x € Ag{(Dl(é’)), written locally in an open set U C X as
r=w®P, and let z € .Agé](é’)(U), written as z = ® s, then

2(2) = (WRP)(n®s) =wAn® P(s) +wAd(P)(n) ®s.
To explicitate the differential of the DGLA L, let x = (z_1,2;) € L
-ifz € L% then dr = (iox_1 — x2904,0 02; — ;11 00),
- if x € LJ with § > 0, then dz = (Dox_1 —xg0i,00x; — (—1) 441 00).

We note that for the restriction of an element x € L to the complex Agé*(é’), two
differentials are defined:

- the differential of x as restriction of an element of L: d o x; — (—1)7z;,1 00,

- the differential of x as element in Agé*(Dl(E)): dx]Agéi(g);

these two differentials coincide. Infact, making a local computation on an open set

UcCX,ifa| g =woPe AY (DY EN|y and 2z = n@ s € AY (E)(U), we have:

dz(z) = (0w @ P)(n®s) = 0w An® P(s) +0wAa(P)(n) @ s

and on the other hand we have:

dox(z) — (—1)'200(2) =d(wAn® P(s) +wAa(P)(n) ®s) — (—1)(w® P)(On®s) =

= (Bw) An@ P(s) 4+ (=1)'w A (9n) @ P(s) + (dw) Ao (P) (1) @ s+ (—1)'w A da(P)(n) @ s+
—(=1)'wA I @ P(s) — (~1)'wAc(P)(0n) @ s =0wAn® P(s) + 0w A d(P)(n) @ s.
The bracket of the DGLA L is simply defined by:

degx degy

[z,y] =z oy —(-1) yoxz, forall zyeclL

and obviously the bracket of the restrictions of two elements x,y € L to the complex
.Agé* (€) is the same as their bracket as elements in the DGLA Ag(’-*(Dl(S)).

Definition 4.1.4. Let
Def, : Arte — Set

be the deformation functor associated to the DGLA L.
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Our aim is to prove that the functors Def;, and Def|x ¢y are isomorphic. We start
by defining a morphism of functors:

&, : MCp — Def(X“g’V);

for all A € Artc and for all elements x = (x_1,2;) € MCp(A), ®1(z) is defined to
be the isomorphism class of the deformation of the triple (X,&,V) over A given by
(Xa,€4,14), where:

- Xa =ker(9 + ly(y,) : Ag&o ®A— Ag&l ® A), where [ is the Lie derivative,
- Ea=ker(d+z: AP (E) @A — AV (E) ® A),
—da=i+a1:VO®A— H'(X4,EA).

Lemma 4.1.5. The above morphism @, : MC, — Def (x ¢ v is well defined.

Proof. Let x = (x_1,z;) € MCL(A). First of all, the restriction to the Agé*(g) com-
plex of the Maurer-Cartan equation for x gives the Maurer-Cartan equation for x; €
Ag&l (D'(&)) and, taking the principal symbol, it gives the Maurer-Cartan equation for
o(z;) € KS% = Ag;l(TX). Thus o(z;) € MCrggy (A) and X4 = ker(d + ly(y,)) is a
deformation of the manifold X over A (see Example 3.2.14).

Secondly, £4 = ker(é + x0) is a locally free sheaf of Oy,-modules and the morphism
ma : E4 — £ is the obvious projection to the residue field.

Let y € €4 and g € Ox,, then g -y € Ea, in fact (0 + 20)(g - y) = I(9)y + go(y) +
o) (9)y + 970(y) = (O + ly())g + (0 + o)y = 0. This verifies that 4 is a sheaf of
Ox ,-modules.

To verify that it is locally free do the following. Since z; € MC A% (D1 (8))(/1), it is
locally gauge equivalent to zero, i.e. there exist an open covering U = {U,}, of X and
elements a,, € Ag&o (DY(€))|y, ®ma such that e xz;|y, = 0. As we will explain in (4.5),
from these equations we obtain isomorphisms e® : ker(0 +z¢)|y, — ker 0|y, . Moreover
o(z;) satisfies e7(%) x g (z;)|y, = 0, so we have isomorphisms e? (@) : ker(9+ly(z,))lva —
ker 0|y, . Thus we obtain isomorphisms e~?(%) o e : ker(d + )|y, — ker(d+ lo(a:) U
that make £4 a locally free sheaf.

Moreover the map 74 : Ag{k E)®A — Agg* (€) induced by the projection onto the
residue field commutes with the differentials 0 + 2; and 9, so it is well defined from €4
to £ and induces an isomorphism £4 ®4 C = €.

Lastly, the morphisms i4 and 74 make the diagram (4.1) commutative, because
ia=i+a_q, withe VoA ARL(E)@ma; and ia(V e A) = (i+2_1)(V©A)is
a subset of H%(X,&E4) = ker(0 + x¢), because on V ® A we have (0 + zg)o (i + x_1) =
Qoi+dox_1+wgoit+zgor_1 =0+ (dox_1+x00i)+T00T_1 = (dx)_1+%[:c,x]_1 =0,
since V' C ker 0 and x satisfies the Maurer-Cartan equation. O

Lemma 4.1.6. The above morphism @ induces a morphism between the deformation
Junctors @y, : Deff, — Def(x ¢ v).

Proof. Let x = (z_1, ;) and y = (y—1,y;) be gauge equivalent elements in MCf,(A) and
let (Xa,€4,14) and (X, EY,7'4) be their images via ®,. By definition of gauge relation,
it exists an element a = (a_1,a;) € L° ® m 4, such that:

y:ea*x:x—i—zmqa,x]—da) (4.3)

n=0
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This gauge relation restricted to the .Agé*(é' ) complex becomes

[a;, .
Yi = x4 + Z nz—i— ) az,xi] —da;) = e * x; (4.4)

taking the principal symbol, it becomes:

ai, —

n+1 [az‘,ﬂ%] —da;)| =

o(y)) = o(e" *xx;) = oy _|_Z [

“+oo
o (0@ D" e
= o(wz)+n§:O ) ola) o] do(a;)) = ") x (),

then o(z;) and o(y;) are gauge equivalent via o(a;) in the DGLA KSx and so the de-
formations Xy = ker(0 + ly(z,)) and X} = ker(d + l,(y,)) are isomorphic via e?(%) (see
Example 3.2.14).

Making calculation on the gauge relation (4.4), obtain:

.  (lai, =])"
yi = el*xi::m—i—;)M([ai,xi]—dai): (4.5)
< ([ai, =])"
= xi“rgm([ai,lﬁ]ﬁ- al, xﬁ—z 8+$Z)—
= (ai, —])
= > T (04 wi) =0 =10 + ;) — 9,
n=0

where it is used that, since the DGLA structure on Agé* (D1(&)) is the same as the one
on Hom*(Q, Q), da; = —[a;,d]. Therefore & +y; = el (04 x;) = e% 0 (8 + x;) 0 e™%,
i.e. e% commutes with the derivations, thus e is an isomorphism between the two
shaves £4 = ker(0 + z¢) e £y = ker(d + yo)-

Moreover e% is an isomorphism of sheaves of Ox,-modules, where the structure of sheaf
of Ox,-modules on &'y is the one induced by the isomorphism (@) Need to verify that,
for all n®s € ker(0+) and for all g € ker(d+1,(,,)), € (g-(n®s)) = () (g)-e% (n®s).
Let a; =h® P € AgéO(Dl(E)) ® my, prove by induction on n € N that:

e Py e =3 (1) heoP)ie): o Py taes. 40
k=0
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For n = 0,1 it is clear. Suppose it is true for n — 1 and prove it for n:

(h®P)"(g-(n®s)) = (he P)((heP)" g -n®s) =

3w
ol M:
—_ =

(]

T T
|
= O

(]

(
(") et e Py e s -
(

) (h®@a(P)(g) (h@P)""'(n®s)+ (h@a(P)"(9) + (h® P)"(n®s)
1

(%) teoryie)-tePrines).
0

7=

.

This calculation prove formula (4.6). Now, e* is a morphisms of sheaves of Oy,-

modules, in fact:

+o0o n —+o00 n

o mos) = Y g-mas) =3 " e =
n=0 n=0
+oo n

-y ( ) (0P ) (e P ) =

n()ko'

ZZZ (h@a(P))(g)-(h®@ P)(n®s) =

ilal
2.
n= 02-‘1—] n ‘7

.
—L(n®s)=e"%)(g) e (n® s).

n=01i+j=n

Lastly, consider the gauge relation (4.3) when the elements in the DGLA L are

restricted to V:

y-1 = € xr_1=2x_1 1—(dz)_1) = (4.7)
400 n
— x)—1 4+ [z,4]- )—x_1+z([z’7‘]) (i4+z_1)
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where the equality (dz)_; = i02_1 —zp01i = —[z,i]—1 is used, which is true for the
restriction of the elements of L to homomorphisms from V. Therefore:

Tty 1= el#] (i+z_1)=e®o(i+z_1)0e 1,

thus e* is an isomorphism, it commutes with ¢ + z_; and 7 + y_1, i.e. it makes the
diagram (4.2) commutative and it is obvious that it commutes with the projections in
the residue field because z € LY @ my.

Therefore, if = and y are gauge equivalent elements in MCp(A), the associated
deformations @ (z) and @7 (y) are isomorphic thus @, is well defined on deformation
functors. O]

Remark 4.1.7. The above calculations can be used also in a simpler case.

Let X be a compact and connected complex manifold, let £ be a locally free sheaf of
Ox-modules on X and let V C HY(X, &) be a subspace of its global sections.

Consider infinitesimal deformations of the pair (€,V)=(sheaf, subspace of sections)
over A € Artc. They are defined as in Definition 4.1.1, with trivial deformation of
the manifold X, i.e. X4 = X x Spec A. Two of such deformations are isomorphic if
they satisfy conditions of Definition 4.1.2, where the isomorphism between the trivial
deformations of the manifold X is the identity. Let

Def(g,v) : AI‘t(c — Set
be the functor of deformations of the pair (£, V).
Let M be the DGLA M* = {z € Hom™(Q, Q) | | (¢ € A%*(End(£))}, in which
the structure of DGLA is the one inherited by Hom*(Q, @), it is a subDGLA of L. Let

Defys : Arte — Set

be the deformation functor associated to M.
Let
(I)M : DefM — Def(g’v)

be the morphism which associates, to every A € Artc and to every element x = (z_1 =
xly,z; = [E‘Ag{,i(é‘)) € MCy(A), the isomorphism class of the deformation of the pair
(E,V) over A given by (E4,i4), where:

- Ea=ker(@+xo: AL(E) @ A — AY(E) ® A),

dia=itr 1 :VR®A— HY(X, E).
The above calculations assure that ®,; is a well defined morphism of deformation func-
tors.

Theorem 4.1.8. The morphism @y, : Deff, — Def (x ¢ v is injective.

Proof. Let © = (z_1,x;) and y = (y_1,y;) in MCp(A) such that the two deformations
O (z) = (Xa,€4,14) and Op(y) = (X, E4,7y), defined as above, are isomorphic. Then
there exist isomorphisms ¢, 1 and ( as in Definition 4.1.2.

Consider the following diagram

Def; — % Def(x ¢ v (4.8)

lp lﬂ
(}Ag(’* (D1

E.
Ay (D (E) T Def (x.¢),

Def
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where the morphism p is given, for all + = (z_1,7;) € L' ® ma, by p(z) = z;, the
morphism 7 is given by 7(X4,E4,i4) = (X4, E4), for all deformations, and the morphism
d A% (D1 (€)) is defined in Example 3.2.16. These maps are well defined on deformation
functors and make the diagram commutative.

The deformations (I)Agg*(Dl(S))(xi) = (X4,E4) and (I)Agé*(Dl(S))(yi) = (X, &) of the pair
(X, &) over A are isomorphic. Since ¢ A% (DY(£)) is an isomorphism (see Example 3.2.16),

the elements z; and y; are gauge equivalent in the DGLA Agé*(Dl(E )), i.e. there exists
a € Ag(’—o(Dl(S)) ®@my such that e**z; = y;. Then the isomorphism v : £4 — &'y can be
lifted to an isomorphism of complexes e® : (Agg* (E)®A,0+x;) — (Agg* (&)@ A, 0+ ).
Moreover ¢ can be written as e, with b € Hom(V, V) ® my, because it is the identity
on the residue field A/ my = C.

Therefore it exists an element ¢ = (b, a) € L°®my, such that e is an isomorphism which
makes commutative diagram (4.2). As verified in (4.7), this commutativity property is
equivalent to the relation y = e x x.

Then x =y € Def(A) and the morphism @, is injective. O]

Corollary 4.1.9. The morphism @y : Defyr — Def (g v is injective.

Proof. The proof is the same as the previous one, where now the deformations X4 and
X!y are trivial. O

Theorem 4.1.10. The morphism @, : Def, — Def x ¢ v is smooth.

Proof. The morphism ®;, is smooth if and only if, given a small extension in Artc,
0—J— B3 A0, an element z € Def(A) and its image ®r(z) = (Xa,E4,i4) €
Def (x e v)(A), (Xa,E4,14) has a lifting (Xp,Ep,ip) € Def x ¢y (B) if and only if =
has a lifting & € Def,(B).

It is clear that if © € Def,(A) has a lifting & € Defr,(B), then &1 (z) lifts & (x). Thus
it is sufficient to prove the other implication.
Consider the diagram

53

Defy, Def (x ¢ v)

lp lﬂ-
CDA(;(’*(Dl(

£
Def y0. (i (e)) * = Def(x ),

defined as in (4.8), let x = (z_1,7;) € MCL(A), ®1(z) = (Xa,Ea,ia) € Def(x ¢ 1 (A),
p(x) =z, € MCA%*(Dl(f,‘))(A) and @A%*(Dl(g))(p(a:)) =m(@L(7)) = (Xa,Ea) € Def x g)(A).
Suppose that it exists a lifting (X5, €p, ip) € Def x ¢ v)(B) of (Xa,E4,14), thus (X, Ep) €
Def x ¢)(B) is a lifting of (X4,E4). Since (I)Ag(’*(Dl(g)) is an isomorphism (see Example
3.2.16), it is smooth and it exists a lifting z; € MCASQ*(DI(g))(B) of z;.

To obtain a lifting of  in MCr(B), consider the homomorphism z =ip —i: V ® B —
.Aggo(c‘:) ® B and define = (z,%;) € Hom(Q, Q) @ mp. The image of z via « is given by

az)(veb) =alip—i)(veb) =aip(v®b) —ai(lv®b) =is(v®a(b)) —i(v) ® a(b) =

=(i+z_1)(v®@al)—ilv)@alb) =z2z_1(v®@«ad)) for vbeV ® B,

then z is a lifting of z_;.
Moreover Z satisfies the Maurer-Cartan equation in the DGLA L®mpg. Infact, since &; €
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MC 4o,« (D1 (5))(3), it is sufficient to verify the Maurer-Cartan equation for z restricted
X
to V ® B, for all v € V ® B the following holds:

da?—i—%[i:,a?](v) = 0z(v) +F;0i(v) +F;02(v) = (O+T;) 0 (i+2)(v) = (0+F;) oip(v) =0,
since ip : V ® B — H°(Xp,Ep). Then & € MCp(B) is a lifting of x. O

This Theorem can be proven also using relative obstruction theory.

It could be of some interests the analisis of it. Let 0 — J — B % A — 0 be a small
extension in Artc and consider the commutative diagram (4.8).

Analyse obstructions for the functor Deff, and relative obstructions for the morphism
p. Given an element € MCp(A), if 7 is a generic lifting of z, i.e. Z € L' ®mp such that
(%) = z, then the obstruction of z is H(z) = d2+1[%, %] € H*(L)®J. Given an element
x = (z_1,2;) € MCL(A), now suppose that a lifting z; € MCA?;*(DI(g))(B) of x; exists,
then take a generic lifting h of z_1 and consider the lifting & = (h, %;) € L' ® mp of x.
In this case the relative obstruction of (%;,z) is H(z) = dZ+ 3[%,%] = (0+d;)o(i+h) €
Hom(V, .A()]él (£)) ® J, and, to eliminate the dipendence on the choice of the lifting,
consider its class in Hom(V, H(€)) @ J.

Now analyze relative obstructions for the morphism 7. Given an element (X4,€4,i4) €
Def(x ¢,1)(A), suppose that a lifting (Xp,Ep) € Def(x ¢)(B) of (Xa,E4) exists. Then
there is the short exact sequence of sheaves: 0 — & — &g — &4 — 0 and the long
exact sequence of cohomology: ... — H%(Eg) — HO(E4) LN HY(E) — ..., thus a sec-
tion s € HY(E,) is lifted by a section 5§ € H(Ep) if and only if §(s) = 0. Define the
relative obstruction of ((Xg,ER), (Xa,€4,i4)) as 6(ia(—)) € Hom(V, ﬁl(E)) ® J, which
associates to a section v € V' the element 6(ia(v)) € ﬁl(é’) ® J.

Lemma 4.1.11. The map Hom(V, Hé(g)) — Hom(V, Hl(S)) given by the isomorphism
between Dolbeault and Cech cohomology is a linear isomorphism between the relative
obstruction theories for p : Defy — Deng(,*(Dl(g)) and 7 : Def (x ¢ vy — Def(x gy com-
patible with the morphisms ®r, and (PA()J(’*(Dl(g))'

Proof. Let

(Zi,x) € DefA(;(,*(Dl(g))(B) X Def .. () Def,(A) and

% (Dl

(P40 (p1(e)) (Ti), @L(®)) = ((XB, EB), (Xa,€a,14)) € Def (x,£)(B) XDef . ¢ (4)Def (x,2,1)(A),

as in the previous analysis.

To find the element which corresponds to H(x) in the Cech cohomology, proceed in
the following way. Since H(x) € Hom(V, H(%(E)) ® J, for all v € V, H(x)(v) is closed
and so locally exact. Thus there exist an open covering U = {U,} of X and elements
a(v) € A (E)|y, ® J, such that dr,(v) = H(x)(v)|y,. Define ou(v) = a(v) — 7(v),
then Jog(v) = O74(v) — Om(v) = H(x)(v)|y, — H(z)(v)|y, = 0 and {60(v)}ape =
Obe(V) = 0ac (V) +0ap(v) = T (V) = 7o (V) = 74 (V) + T (V) + 74 (v) — T (v) = 0, thus {oe(v) Fap
is a 1-Cech cocicle and we can consider its class [{o4(v)}ap] € i () ® J. The element
which corresponds to H(z) in Cech coomology is the morphism which associates to all

v € V the class [{o4(v)}ap) € Hl(g) ® J.
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Now calculate the relative obstruction of ((Xp,Ep),(Xa,€4,i4)). It is given by
0(ia(—)) € Hom(V,I:Il(g)) ® J, ie. forallv eV by §(ia(v)) € Hl(é‘) ® J, and so it is
usefull to analyze the following diagram:

00— COE) —= CO(Ep) —= CO(E4) — 0

L

0—= CHE) —= CY(Ep) —= CY(E4) —= 0

Let v € V and ia(v) = (i +2_1)(v) € CY(&4), consider (i + h)(v)|y, — 7a(v), where h
and 7, are the above ones. Then a((i + h)(v)|v, — Ta(v)) = (i + z-1)(v)|v, , because h
is a lifting of x_1 and 7,(v) € A%O(S)\Ua ® J; and (0 + ;) o ((i + h)(v)|y, — Ta(v)) =
O+ ;)0 (i +h)(v)|u, — 07a(v) — Ti7a(v) = H(z)(v)|y, — O1a(v) = 0, for the definitions
of H(x)(v) and 7,(v) and because J -mp = 0. Thus {(i + h)(v)|y, — 7a(v)}4 is a lifting
of i4(v) in CO(SB).

Calculating the Cech differential of this element, obtain {§((i + h)(v)|ly — 7(v))}ap =
(Id+h)(v)|v, —mp(v)—(Id +h) (v) |, +7a(v) = 0ap(v). The cohomology class [{o45(v) }ap] €
fIl(E) is the obstruction d(ia(v)). O

Now we can prove Theorem 4.1.10, using relative obstructions.

Proof. Let 0 — J — B % A — 0 be a small extension in Artc, let « € Defr(A) and its
image ®p(v) = (Xa,&a,ia) € Def(x g,y)(A), it is sufficient to prove that, if (Xa,E4,74)
has a lifting (X, Ep,ip) € Def(x ¢ 1) (B), then = has a lifting # € Def,(B).

Having in mind the diagram (4.8), let x = (z_1,x;) € Def(A), ®r(z) = (Xa,E4,i4) €
Def(X,é’,V)(A)v plr) = = € Deng(,*(Dl(g))(A) and CI)Ag(,*(Dl(g))(p(a?)) = m(®r(x)) =
(/YA, SA) € Def(Xf) (A)

Suppose that it exists a lifting (X5, €p, ip) € Def x ¢ v)(B) of (Xa,E4,14), thus (X, Ep) €
Def x ¢)(B) is a lifting of (X4,E4). For smoothness of (I)Ag;*(Dl(S))’ it exists a lift-
ing 7; € Dengé*(Dl(g))(B) of z; and the relative obstruction of (Z;,z) is H(x) €
Hom(V, Hé(é’)) ® J. Its image (@A%*(Dl(g))(i'i),q)L(x)) = ((XB,€B),(Xa,€4,14)) has
a lifting (Xp,Ep,ip) € Def x ¢ v)(B), so its relative obstruction is §(ia(—)) = 0 €
Hom(V, ' (£)) ® J. Since the relative obstructions are isomorphic, also H(x) must be
zero, moreover, since the obstruction of a deformation functor associated to a DGLA is
complete, a lifting & € Def(B) of x must exist. O

Corollary 4.1.12. The morphism @) : Defpr — Def ¢ v is smooth.

Proof. Arguments are the same as in the previous case. Instead of diagram (4.8), con-
sider the following;:
bpr

DefM

lb
P 0,x%

iw
A% (Bnd £)
Deng(’*(End &) — Defe¢.

Def(&v)

Let z = (z-1,2;) € MCp(A), Pry(w) = (Ea,ia) € Def (g 1y (A), b(z) = 2; € MC
and @A%*(Endg)(b(x)) =m(Pp(x)) = Ea € Defe(A).
Suppose that it exists a lifting (£p,ip) € Def(g y)(B) of (£a,ia), thus €p € Defe(B) is a

A%*(End &) (4)
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lifting of £4 and, for smoothness of ® ,o0,- it exists a lifting Z; € MC (B)
X

(End &) AL*(End €)

of €Ty

Consider the homomorphism z = ig — i and define = (z,%;) € Hom(Q,Q) ® B. As

before 7 satisfies the Maurer-Cartan equation in the DGLA M ® mp and (%) = =.
Also relative obstruction theory can be done in this case. As before analyze relative

obstructions for b : Defy; — Deng(,*(Endg) and 7 : Def ¢ y) — Defg.

The relative obstruction of an element = = (x_1,z;) € MCp(A), such that x; has a
lifting z; € MCAE(’*(End 8)(3)’ is H(z) € Hom(V, H(%(é’)) ® J. The relative obstruction
of an element (€4,i4) € Def(¢1)(A), such that €4 has a lifting &g € Defe(B), is
5(ia(=)) € Hom(V,H (£)) ® J.

Lemma 4.1.11 is still true for the morphisms ®;; and (IDAg{,*(End £)" Since (I)Ag;*(Ends) is
an isomorphims (see Example 3.2.15), it is smooth and the assertion is proved. O

Putting together Theorem 4.1.8 and Theorem 4.1.10 and remembering that smooth-
ness implies surjectivity, the following holds

Theorem 4.1.13 (Main Theorem). The morphism ®, : Def;, — Def x ¢y is an
isomorphism of deformation functors, thus the DGLA L governs the deformations of

the triple (X,E,V).
Putting together Corollary 4.1.9 and Corollary 4.1.12; the following holds

Corollary 4.1.14. The morphism @ : Defpr — Def ¢ vy s an isomorphism of defor-
mation functors, thus the DGLA M governs the deformations of the pair (£,V).

4.2 Deformations of (manifold, sheaf, subspaces of coho-
mology)

Let X be a compact and connected complex manifold of dimension n, let £ be a locally
free sheaf of Ox-module on X and, for all i = 1...n, let ¢ : V¢ — HY(X, ) be linear
morphisms from fixed finite dimensional vector spaces V* to the cohomology spaces of
X with coefficients in the sheaf £.

In the following we indicate all these data, the manifold X, the sheaf £ and the subspaces
of the cohomology of X with coefficients in £ seattled by the morphisms ¢*, simply with
(X, E,V?) forgetting the morphisms ', if there is no ambiguity.

This section is devoted to study infinitesimal deformations of the data (X, &, V%) and to
define a DGLA which governs these deformations.

Definition 4.2.1. An infinitesimal deformation of (X,&,V?), i.e. an infinitesimal de-
formation of the manifold X and of the sheaf £ with the subspaces of the cohomology
seattled by the morphisms ' : Vi — HY(X,E), over A € Artc is the data of:

- a deformation X4 of the manifold X over A;

- a locally free sheaf E4 of Ox,-modules on X4, with a morphism of sheaves w4 :
Eqa— & such that my : E4 @ C — £ is an isomorphism;
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- foralli=1...n, a morphism @Y : V'@ A — H"(Xa,E4), such that the following
diagram is commutative:

Vi ®A*>¢A H (Xq,E4) (4.9)
lﬂ iﬂA
T -
Vi H'(X,E).

Definition 4.2.2. Two infinitesimal deformations (Xa,Ea,¢%) and (X}, &4, ¢"Y) of
(X,E,V?) over A € Artc are called isomorphic if:

- 3 ¢ Xq — X isomorphism of deformations of the manifold X over A;

-3 E4 — &y isomorphism of sheaves of Ox,-modules, where the structure of
sheaf of Ox,-module on & is the one induced by ¢, such that 7'y o) = mx;

-foralli=1...n,3:Vi®A— Vi® A isomorphism which makes the following
diagram commutative:

Vi ®A£>Hi(XA75A) (4.10)

o b

Vie A—2= Hi(X,, ).

Definition 4.2.3. The functor of infinitesimal deformations of (X, &, V?) is the functor
of Artin rings:

Def(X7g7vi) : AI‘t(c — Set
which, to every A € Artc, associates the set of the isomorphism classes of infinitesimal
deformations of (X,&,V?) over A.

Let C be the complex of sheaves:

oyl P2 (D:¢")

0
c: 00—V =AY () e A &) e v? (4.11)

e A ) @ Vi L Qe v e

where 0 is the Dolbeault differential and ¢ are liftings of the above morphisms ¢' :
Vi HY(X,E) to Agg(é’). Let Hom(C,C) be the DGLA of the homomorphisms of this
complex, in which the differential and the bracket are defined as in Example 3.1.4. We
define the DGLA F as

= {z € Hom(C,C) | 2| o) € AY(DY(E)) and x|y~ : V= V),

= {z € Hom‘(C,C) | x|Ao* AOZ( DY (&) and x|y« : V* — Ax(E)* T} ifi > 1,

in which the structure of DGLA is the one inherited by Hom*(C,C). We indicate an
element of F' as © = (z_1,2;), where z_1 = z|y0 and z; = .%"Ag(,i(g)@vi+1, for i > 0.

Remembering definitions of Section 4.1, note that, if ©° : VO — HY(X, &) is the inclu-
sion of a subspace of global sections of £, the restriction of an element x € F to the
subcomplex @ C C is an element of the DGLA L : z|g = (m,l,xiuo,i(g)) € L.

X
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Definition 4.2.4. Let
Defr : Artc — Set

be the deformation functor associated to the DGLA F.

Remark 4.2.5. The complex C is defined using some liftings of the morphisms ¢*, indi-
cated above again with ¢’. We prove that, if ¢%, ¢ : VI — Z¢(X, &) are two different
liftings of the morphism ' : Vi — HY(X, &), the complexes Cy and Cy, defined as in
(4.11) with the liftings ¢* and ¢° respectively, are isomorphic and the DGLAs F,; and
Fy, defined as above using the complexes Cy4 and Cy, respectively, are isomorphic.

Let A : Cy — Cy be the morphism given by

Alyo=1Id and A(z,v) = (z+ zy,v), forall (z,v) € Ag&i(é') oVitli>o,

where z, is an element in AY'(€), such that d(z,) = (¢ — "*1)(v), that exists
because ¢t and ¢! are liftings of the same morphism ¢'*!. It is easy to verify that
A commutes with the differentials of the complexes. Moreover it has an inverse © defined

by
Olyo =Id and O(z,v) = (x — z,,v) forall (z,v) € .Aggi(é’) VT i>o0.

Now let A : Hom(Cy,Cp) — Hom(Cy,Cy) be the morphism of DGLAs given by A(f) =
Ao fo A~ It is easy to verify that A is well defined as morphism from Fy to Fy.
Moreover A has an inverse © = © o f 0 ©~ !, which is well defined from Fy to Fy, so it
is an isomorphism between the two DGLAs Fy and F.

This assures that the deformation functor Defr do not depend, unless isomorphism, on
the choice of the liftings of the morphisms ¢’ with which we construct the complex C
and the DGLA F, in what follows we indicate these liftings again with ¢*.

Our aim is to prove that the functors Defp and Def x ¢y are isomorphic. We start
by defining a morphism of functors:

@F : MCF — Def(X@Vi);

for all A € Artc and for all elements © = (z_1,2;) € MCp(A), ®r(z) is defined to be
the isomorphism class of the deformation of (X,&,V?) over A given by (Xa,&a,pY),
where:

- Xy = ker(d + Ly (g, NE Aggo A — Ag&l ® A), where [ is the Lie derivative,

lA&i(g
- Ea = ker(9 + o oo g : AP (E) @ A — AY(E) @ A),
- = iy VI® A — HY(X4,E4).

Lemma 4.2.6. The above morphism @ : MCp — Def x ¢ vy is well defined.

Proof. Let © = (z_1,2;) € MCp(A) and let z = z|g = (x,l,xiuo,i(g)) € L be its
X

restriction to the complex (). Note that z satisfies the Maurer-Cartan equation in the

DGLA L, in fact

1 1
0= <da:+ 2[3:,:6}) lo =dz + §[Z’Z]'
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Thus Lemma 4.1.5 assures that the above X4 is a deformation of X over A and the above
€4 is alocally free shaef of Ox,-modules on X4, such that the obvious map 74 : £4 — €,
given by the projection onto the residue field, gives an isomorphism 74 : £4 ® C — &.
Now analyse the above maps Lpf4. Their images are contained in Z¢(X,E4), in fact, for
all v € V¥, we have:

0+ Til 409 g)) © (" +2i1)(v) = 09" (v) + Owi—1(v) + wipi(v) + wiwi1 (v),

&)
on the other hand, the Maurer-Cartan equation satisfied by x, gives:

0=dz+ %[CE, z](v) = o (0,¢i)(v)+ (0,pi+1) o xi—1(v) +zi0xi1(v) =
= x,(cpz(v)) + 5(96,-_1(1))) +x;0 xi_l(v),

thus (0 + x| ¢' + x;_1) = 0 and so the morphisms ¢* : VI ® A — H(X,E4)

400 (g)) © (
x (€) ,
are well defined. Lastly, the maps 74 and ¢’ make the diagram (4.9) commutative,

because ¢y = ¢’ + x;_1 |y, with z;_1]y : VI @ A — A4 (€) ® mg. O

Lemma 4.2.7. The above morphism ®p induces a morphism between the deformation
functors @ : Defp — Def x ¢ viy.

Proof. Let v = (z_1,2;) and y = (y_1,y;) be gauge equivalent elements in MCr(A)
and let (Xa,E4,¢") and (X', &Y, %) be their images via ®p. By definition of gauge
relation, it exists an element a = (a_1,a;) € FY ® my4, such that:

= xp = ++Zw([a’_])n([ | - da) (4.12)
y=e'*xr =z nzo(n+1)! a,T a). .

This gauge relation restricted to the complex () becomes

ylo = (e x z) g = €2 x 2|,

that is the gauge relation for the element z|g and z|g in MCg(A). Thus, for Lemma
4.1.6, the deformations X4 and X4 of X over A are isomorphic and there exists an
isomorphism of sheaves of Ox,-modules between £4 and &.

Now analyse the maps % and ¢{. The restriction of the gauge relation (4.12) to
the subcomplex V* C C, gives:

W) = ) =) + 3 T (o 2]w) - da(w)) = (4.13)

n=0 (7’L + 1)'
= a0+ 3 (D () — (0 (o) - @ pn)) =
n=0
= )+ 32 gy (el (7 a0) v (v) =
_ - ([av_])n _ - ([ ) ])n +1
n(0)+ 3 I (o) + ol = o) + 3 U (o) + 971 0)
n=0 ’ n=1
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for all v € VL. Thus ¢! +y; = el (! 4+ 2;), that is @5 = e%+1 0 Pt 0 e,
Then e% are isomorphisms of V1 ® A in its self, which make commutative the diagram
(4.10).

Therefore, if z and y are gauge equivalent elements in MCg(A), the associated
deformations ®p(x) and ®p(y) are isomorphic and @ is well defined on deformation
functors. O

Remark 4.2.8. The above calculations can be used also in a simpler case.

Let X be a compact and connected complex manifold of dimension n, let £ be a locally
free sheaf of Ox-module on X and, for all i = 1...n, let ¢ : Vi — HY(X, &) be linear
morphisms from fixed finite dimensional vector spaces V* to the cohomology spaces of
X with coefficients in the sheaf £.

Consider infinitesimal deformations of (€,V?), i.e. infinitesimal deformations of the
sheaf £ with the subspaces of cohomology seattled by the morphisms ¢*, over A € Artc.
They are defined as in Definition 4.2.1, with trivial deformation of the manifold X, i.e.
X4 = X x Spec A. Two of such deformations are isomorphic if they satisfy conditions of
Definition 4.2.2, where the isomorphism between the trivial deformations of the manifold
X is the identity. Let

Def ¢ viy : Artc — Set

be the functor of deformations of (£, V?).
Let N be the DGLA defined as

N° = {2 € Hom°(C,C) € AR(End€) and  z|y-: V¥ — V*},

249 o)

N' = {z € Hom'(C,() € AY(End€) and x|y~ : V* — Ax(E)* 71} if i > 1,

| 2lag ey

in which the structure of DGLA is the one inherited by Hom*(C,C). Let
Defy : Arte — Set

be the deformation functor associated to N.
Let
(I)N : DefN — Def(&vi)

be the morphism which associates, to every A € Artc and to every element z = (z_; =
zlyo, ; = x| 40igyi11) € MCN(A), the isomorphism class of the deformation of the data
X

(E,V?") over A given by (€4, ¢"), where:
-Ep = ker(g + x()’A())(,o(g) : _Agéo(g> RA— _Agf(g) ® A),
- g0f4 = gOi +xi_1"/i Vi A — Hi(XA,EA).

The above calculations assure that @y is a well defined morphism of deformation func-
tors.

Theorem 4.2.9. The morphism ®p : Defp — Def x ¢ v4) is injective.

Proof. Let © = (x_1,x;) and y = (y—1,¥;) in MCp(A) such that the two deformations
Pp(z) = (Xa,Ea,¢%) and @p(y) = (X)), &Y, ¢'4), defined as above, are isomorphic.
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Then there exist isomorphisms ¢, ¥ and ¢’ as in Definition 4.2.2.
Consider the following diagram

Defp or Def (x ¢ vi) (4.14)
l q)AO’*(Dl(S l
Def 40+ (p1(e)) *— Def(xe),

where the morphism r is given, for all x = (z_1,7;) € F'®my, by r(x) = .’17i|A0,i(5), T is
. X

given by m(Xa, 4, ¢%) = (Xa,Ea), for all deformations, and the morphism (bAO’*(Dl(g))

X

is defined in Example 3.2.16. These maps are well defined on deformation functors and

make the above diagram commutative.

The deformations @A())(,*(Dl(g))(xi‘A())éi(S)) = (X4,€4) and @Agé*(Dl(g))(yi\Ag(,i(g)) = (X)), &)

of the pair (X, &) over A are isomorphic. Since ® A%*(D(£)) is an isomorphism (see Ex-

X
ample 3.2.16), the elements .'L'Z"AO,'L(E) and yi|,40”'(5) are gauge equivalent in the DGLA
0%/ 1 - . T 00, /ey o a

A (DY(E)), ie. there exists a € Ay (D*(£)) ® my such that e *(L'Z“A(;(,i(g) = yi|A§;"(5)'

Then the isomorphism 1 : €4 — &/ can be lifted to an isomorphism of complexes

AT () @A) > (A (E) 2 AD+w). | -

Moreover all the isomorphisms ¢? can be written as e, with o' € Hom(V%, V) @ my,

because they are the identity on the residue field A/ my = C.

Let ¢ the element in F* ® my given by c’AO**(s) = a and c|y: = b%, then €¢ is an iso-

X

morphism which makes commutative the diagram (4.10). As verified in (4.13), the fact

that € and e* make commutative the diagram (4.10), is equivalent to the fact that

ylyi = €€ x x|y

Then z = y € Defp(A) and the morphism ®r is injective. O

Corollary 4.2.10. The morphism @y : Defn — Def g v4) is injective.

Proof. The proof is the same as the previous one, where now the deformations X4 and
X!, are trivial. O

Theorem 4.2.11. The morphism ®p : Defp — Def x ¢ v+ is smooth.

Proof. The morphism ®r is smooth if and only if, given a small extension in Artc,
0—J— B3 A—0,an element z € Def-(A) and its image ®p(z) = (Xa,E4,Y) €
Def (y ¢ viy(A), (Xa,Ea,¢Yy) has a lifting (Xp,Ep, ¢lz) € Def(x ¢ i) (B) if and only if z
has a lifting & € Def(B).

It is clear that if « € Defp(A) has a lifting & € Defp(B), then ®p(z) lifts ®p(x). Thus
it is sufficient to prove the other implication.

Consider the diagram

DefF *r Def(Xfl‘yvi)
l QAO’*(Dl(S l
Def o (p1(gy) = Def (x.e),

defined as in (4.14), let z = (z_1,2;) € MCp(A), ®p(z) = (Xa,Ea,¢") € Def (x ¢,viy(A),
r(x) = xi|A§gi(5) € MCAg(’*(Dl(g))(A) and @A%*(Dl(g))(r(m)) = 71(Pp(x)) = (X4,E4) €
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Def(ng)(A). ) .

Suppose that it exists a lifting (Xp, &g, ¢) € Def(x ¢ vi)(B) of (Xa,&a,py), thus

(XB,Ep) € Def (x )(B) is a lifting of (X4,E4). Since (I)Agé*(Dl(S)) is an isomorphism (see

Example 3.2.16), it is smooth and it exists a lifting y € MCAg(‘*(Dl(S))(B) of fL'Z‘A‘Ag(,i(S)‘.

To obtain a lifting Z € MCp(B) of x, consider homomorphisms z;_1 = ¢z — ¢* :

Vio B — Agg(g) ® B and define & € Hom(C,C) ® mp to be given by j|A0**($) =y and

X

:f‘vi = Zi—1-

For all 7, the image of z;_1 via « is given by

a(zi-1)(v®b) = a(pp—¢")(V8D) = app(v&b)—ap' (V&D) = Pl (VBA(b))—¢' (v)@a(b) =
= (" + zi1|yi) (v @ a(d) — ¢ (v) @ a(d) = zi_1|yi(v @ (b)) for vRbEV ® B,

then z;_; is a lifting of z;_1]y-.

Moreover T satisfies the Maurer-Cartan equation in the DGLA F®mp. Infact, since y €

MC A% (D (S))(B), it is sufficient to verify the Maurer-Cartan equation for z restricted

to Vi® B, for all v € V! ® B the following holds:

N oo 5 i 5 i i
di+5[2, 2)(v) = 9zi-1(v)+yop' (v)+yozi-1(v) = (O+y)o(¢'+2i-1)(v) = (O+y)owp(v) = 0,
since ¢l : Vi@ B — H'(X,Ep). Then 7 is a lifting of z. O

It could be of some interests the analisis of relative obstruction theory.

Let 0 » J — B % A — 0 be a small extension in Artc and consider the commutative
diagram (4.14).

Analyze obstructions for the functor Def p and relative obstructions for the morphism
r. Given an element x € MCp(A), if 7 is a generic lifting of z, i.e. # € F! ® mp such
that a(#) = =, then the obstruction of z is H(z) = d% + 3[#,%] € H*(F) ® J. Given
an element x = (z_1,2;) € MCp(A), now suppose that a lifting y € MCA?;*(DI(S))(B)
of xi‘Ag(,i(g) exists, then take generic liftings 2,1 : VI ® B — Ag;i(é’) ® B of zi_1ly:
and consider the lifting & € F' @ mp of z, given by “%|A§g*(5) =y and Z|yi = z—1. In
this case the relative obstruction of (y,z) is H(z) = d + 3[#,%] € Hom?(C,C) ® J,
it is non zero only on the sets V* and it given by H(x)|y: = (0 +y) o (¢* + zi—1) €
Hom(Vi,AgélJrl(S)) ® J, for all i. Then the relative obstruction of (y,z) is H(x) €
D, Hom(Vi,AggiJr1 (€£)) and, to eliminate the dipendence on the choice of the lifting,
consider its class in @, Hom(V?, H(%H(E)) ®J.

Now analyze relative obstructions for the morphism 7. Given an element (X4, 4, g0f4) €
Def x ¢ vi)(A), suppose that a lifting (Xp,Ep) € Def(x ¢)(B) of (Xa,Ea) exists. Then
there is the short exact sequence of sheaves: 0 - & — € — £4 — 0 and the long exact
sequence of cohomology:

o HOER) — HY(E4) B HY(E) - HY(ER) — HY(E4) B H2(E) — ...

o HU(E) — HI(EA) S HTY(E) > ..,
thus an element s € H'(E,) is lifted by an element § € H*(Eg) if and only if 6;(s) =
0. The relative obstruction of ((Xp,&g), (Xa,Ea,¢Y)) is defined to be (8;(p%(—))): €
@, Hom(Vi, H (&) ® J.
As in Section 4.1 , one can prove the following lemma, which links these two relative
obstruction theories. Using it one can reprove smoothness of the morphism ®p.
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Lemma 4.2.12. The maps Hom(V",HgH(S)) — Hom(Vi,I:IiH(E)) given by the iso-

morphism between Dolbeault and Cech cohomology induce a linear isomorphism between

the relative obstruction theories for r : Defp — Deon,*(Dl(g)) and 7 : Def(x ¢ yiy —
X b b

Def (x gy compatible with the morphisms ®p and (I)Ag(’*(Dl(E))'
Corollary 4.2.13. The morphism @y : Defy — Def g vy is smooth.
Proof. Arguments are the same as in the previous case. Instead of diagram (4.14),

consider the following:

SN

DefN Def(g/"‘/i)
| iﬂ
P 0,*
Ay (End €)
DefA&*(End £ — Def¢ .

Let = (z_1,7;) € MCy(A), ®n(z) = (Ea,¢"y) € Def (¢ viy(A), s(z) = .Ii’Ag(,i €
MCAg(’*(EndS)(A) and (I)Ag(’*(EndS)(S(‘TL‘)) = 71'(‘1)]\7(56)) =&y € Defg(A).

Suppose that it exists a lifting (€, ¢5) € Def (g viy(B) of (€4, ¢Yy), thus Ep € Defe(B) is
a lifting of £4 and, for smoothness of ® A% it exists a lifting y € MC B)

(€)

(End &) AY*(End €) (
of .%i’Ag(,i(g).

Consider homomorphisms z;_1 = % — ¢ and define # € Hom(C,C) ® B to be given by
@Agg*(s) =y and Z|y = zj—1. As before Z satisfies the Maurer-Cartan equation in the

DGLA N ® B and a(z) = x. O

Also relative obstruction theory can be done in this case. As before analyze relative
obstructions for s : Def y — Deon,*(Endg) and 7 : Def(g viy — Defs.
X b

The relative obstruction of an element x = (z_1,x;) € MCx(A), such that :Ui|Ao,¢(g) has
X

a lifting y € MCjo. 1, ¢)(B), is H(z) € B; Hom(V', HiH(€)) ® J. The relative ob-

struction of an element (€4, ¢"y) € Def ¢ y)(A), such that £4 has a lifting £ € Defg(B),
is given by (5;(¢%,(—))); € @, Hom(V{, H (€)@ J.

Lemma 4.2.12 is still true for the morphisms ®y and ® A% ( and it allows to prove
X

Endé¢)
smoothness of @ using relative obstructions.

Putting together Theorem 4.2.9 and Theorem 4.2.11 and remembering that smooth-
ness implies surjectivity, the following holds

Theorem 4.2.14 (Main Theorem). The morphism ®p : Defp — Def x ¢ v+ is an
isomorphism of deformation functors, thus the DGLA F governs the deformations of

(X,&,V9).
Putting together Corollary 4.2.10 and Corollary 4.2.13, the following holds

Corollary 4.2.15. The morphism ®y : Defn — Def ¢ v+ is an isomorphism of defor-
mation functors, thus the DGLA N governs the deformations of (£,V?).
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4.3 Local structure of the Brill-Noether stratification of
the moduli space of vector bundles

Let X be a compact and connected complex Kéahler manifold of dimension n. In this
section we consider complex vector bundles on X, or equivalently locally free sheaves of
Ox-modules on X, which are stable and flat. We recall the following

Definition 4.3.1. Let E be a complex vector bundle on X, a flat structure in E is given
by an open covering {U;}; of X with a local frame {s;}; of E, such that the corresponding
transition functions g;; are all constant matrices in GL(rank E, C). A vector bundle with
a flat structure is said to be flat.

The same definition can be given in terms of connection. A connection D in the complex
a vector bundle E is said to be flat if its curvature R vanishes. A wvector bundle with a
flat connection is said to be flat.

Definition 4.3.2. Let E be a locally free sheaf of Ox-modules on X. The slope of E is

deg B
FE) = .
HE) rank F/
The sheaf E is called semistable if for every non-zero coherent subsheaf E' of E, we
have u(E'") < pu(E). The sheaf E is called stable if it is semistable and has no non-zero
subsheaf of slope equal to p(E) other than itself.

It is known that, if X is a compact and connected complex Kahler manifold, a coarse
moduli space of locally free sheaves of Ox-modules on a X, which are stable and flat,
can be constructed. Let M be this moduli space. It has a natural structure of Hausdorff
complex analytic space (see [31]) or, if X is a projective algebraic variety, it is a quasi-
projective variety (see [20]). Moreover Nadel, Goldman and Millson prove the following
result in order to determine the type of singularities of this moduli space (see Definitions
1.1.16 and 1.1.15):

Theorem 4.3.3. The moduli space M has quadratic algebraic singularities.

For an analytic space, to have quadratic algebraic singularities it is a local property.

The local analysis of the moduli space M at a point £, which is a stable and flat locally
free sheaf of Ox-modules on X, corresponds to the local study of the base space of a
Kuranishi family of deformations of the sheaf £ or, equivalently, it corresponds to the
study of a germ of analytic space which prorepresents the functor of infinitesimal defor-
mations of the sheaf £.
In his article [29], Nadel constructs explicitly the Kuranishi family of deformations of
a flat and stable locally free sheaf of Ox-modules £ on X and he proves that the base
space of this family has quadratic algebraic singularities. Whereas the proof given by
Goldman and Millson in [9] is based on the study of a germ of analytic space which
prorepresents the functor of infinitesimal deformations of a sheaf £. They find out this
analytic germ and prove that it has quadratic algebraic singularities.

Now we are interested in the local study of the strata of the Brill-Noether stratifi-
cation of the moduli space M and in particular, in the same spirit as Theorem 4.3.3, in
the determination of their type of singularities.

Let define this stratification. The subspaces of the moduli space M involved in this
stratification are defined globally as sets in the as follows:
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Definition 4.3.4. Let h; € N be fized integers, for allt=0...n, we define:
N(ho...hy) ={E € M| dim H(X,E) = h;}.

It is obvious that, for a generic choice of the integers h; € N, the subspace N (hg ... hy)
is empty, from now on we fix our attention on non empty ones.

Let £ € M be one fixed stable and flat locally free sheaf of Ox-modules on X
and let h; = dim HY(X,€). Let U — M x X be the universal Kuranishi family of
deformations of £, parametrized by the germ of analytic space M, which is isomorphic
to a neighbourhood of € in M (see [29] for the construction). Let v : M x X — M be
projection, thus, for all £ € M, we have v~ (') = X and U|,-1(gr) = Ulgr = &'

Now let’s define the germ of the strata N'(hg...h,) at its point £. Since, for all
i = 0...n, the function & € M — dim H(X,&’) € N is upper semicontinuos, for
Semicontinuity Theorem (see [12], Theorem 12.8, ch.III), the set U; = {& € M |
dim H (X, €') < h;} and the intersection U = (,_, ,, Ui = {£' € M | dim H{(X,€') <
hi, for i = 0...n} are open subsets of M.

Foralli=0...n,let N;(£) = V(Fp,—1(Rivild)) = {£' € M | dim Rivid ®p,, k(E') >
hi — 1} be the closed subschemes of M defined by the sheaf of ideals Fhi,l(RiV*Ll),
which is the sheaf of (h; — 1)-th Fitting ideals of the sheaf of Oy/-modules Riv,U. Let
N(E) = Nizo_n Ni(E) be the closed subscheme of M given by the intersection of the
previous ones.

Definition 4.3.5. The germ of the strata N'(hg ... hy) at its point € is given by:
UNNE) ={& e M |dmH (X&) <h;, Vi=0...n}0 () V(Fp-1(Rld)).

i=0...n
Remark 4.3.6. We observe that the support of the germ of the strata N(hg...h,) at
&, defined in Definition 4.3.5, coincide with a neighbourhood of £ in the set given
in Definition 4.3.4. Infact, for the Theorem of Cohomology and Base Change (see [12],
Theorem 12.11, ch.III), we have R"vURp,, k(E') = H™(X,E"), then the condition which
defines N, (&) becomes dim H"(X, ') > h,, and the ones which define the intersection
U N N, (€) become dim H*(X, ') = hy, and dim HY(X,&") < h;, forall i =0...n — 1.
Applying iteratively the Theorem of Cohomology and Base Change, we obtain U N
N(&)={& € M |dim H(X,E') = h;, for i =0...n} as we want.

Now we prove the following:

Proposition 4.3.7. The germ of the strata N'(hg...hy) at £ is the base space of a
Kuranishi family of deformations of £ which preserve the dimensions of cohomology
spaces.

Proof. Let F be a locally free sheaf of Oy x-module on T" x X which is a deformation
of the sheaf £ over the analytic space T that preserve the dimensions of cohomology
spaces. If the morphism ¢ : 7' — M such that (¢ x Idx)*U = F, whose existence is
assured by the universality of i, can be factorized as in the following diagram:

F = (g% 1dy)U U
Tx X — 20 M x X
hxIdx™ ~ _ N TiXIdX

(N(hohn)ﬂM)XX,
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then F = (g x Idx)*U = (h x Idx)*(i x Idx )*"U = (h < Idx ) U|(Ar(he...hn)nr)x x and the
restriction of U to (N'(hg...h,) N M) x X satisfies the universal property.

Let’s analyse the pullback via the map g of the sheaf of ideals Fy(R'vU), for i =
0...n, which defines locally N'(hg...h,) N M. Since Fitting ideals commute with base
change, for all i and k& we have g*(Fj(R'vild)) = Fy(g*Rivild). Let’s consider the

F = (g x Idx)*U

diagram:
U
. |

#ImngCMXX

Tx X %

iu |-

T Img C M,

using the Theorem of Cohomology and Base Change, since for all ¢ = 0. ..n the functions
& €Img C M — hY(X,&') € N are costant, we have Fi(g* Rivild) = Fj.(R'ps(g x
Idx)*U) = Fp(R'uF), and since F is a deformation which preserves the dimensions
of cohomology spaces, the sheaves R‘u,F are locally free and so the Fitting ideals
Fy (R F) are equal to zero. Then g* Fj,(R'v,U) is equal to zero, as we want. O

Our aim is to determine the local structure of these strata N'(hg...hy), obtaining
the following

Theorem 4.3.8 (Main Theorem). The Brill-Noether strata N'(hg . .. hy,) have quadratic
algebraic singularities.

To prove this theorem we study deformations of a stable and flat locally free sheaf of
Ox-modules on X that preserve the dimensions of its cohomology spaces and we define
the deformation functor associated to this problem.

Let £ be a deformation of the sheaf £ on the manifold X over the analytic space S
with a fixed point sg, i.e. £ is a locally free sheaf of (Oxxg)-modules on X x S with a
morphism £ — £ inducing an isomorphism between &'|x x5, and £.

Let m : X x § — S be the projection, then, for all s € S, &'|-1(5) = E'|xxs = & is
a locally free sheaf on X and so it makes sense to calculate the cohomology spaces of
these sheaves, H'(EL).

By the Theorem of Cohomology and Base Change, the condition that, for all i € N,
dim H*(£!) is costant when s varies in S, is equivalent to the condition that, for all
i € N, the direct image R'm,£’ is a locally free sheaf on S, and in this case we have that
the fibre Rim.&' ® k(s) is isomorphic to H*(£").

Now let £4 be a deformation of £ over A € Artc, i.e. £4 is a locally free sheaf of
(Ox ® A)-modules on X x Spec A with a morphism £4 — £ inducing an isomorphism
EaaCEE.
In the case of infinitesimal deformation, we can replace the condition that the dimensions
of the cohomology spaces are costant along the fibres of the projection m : X x Spec A —
Spec A, with the condition that the direct images R'm,E4 are locally free sheaves, and
in this case we have isomorphisms Rim,£4 ® C = H*(E£). We observe also that H*(£4) =
Rim,E4(Spec A).

The functor associated to this kind of deformations is defined by:



62 CHAPTER 4. NEW EXAMPLES OF DEFORMATIONS

Definition 4.3.9. Let Defg : Artc — Set be the covariant functor defined, for all
A € Arte, by:

Def2(A) = {5A

€4 is a deformation of the sheaf & over A /
Rim,.E4 is a locally free sheaf on Spec A for all i € N

If £4 is an infinitesimal deformation of £ over A, it belongs to Def2(A), as defined in
Definition 4.3.9, if and only if it is such that H*(£4) are free A-modules, that is the same
as flat A-modules since A is local Artinian, and H*(£4) ®4 C = H*(£). Thus, remem-
bering the definition of a deformation of a vector space and that all these deformations
are trivial (see Example 3.2.13), we have the two following equivalent definitions for the
functor Def}:

Definition 4.3.10. The functor Defg is defined, for all A € Artc, by:

Defg(A) _ {5A Ea 1s a deformation of the sheaf € over A } /.

H'(£4) is a deformation of H'(E) over A for alli € N

or equivalently by:

(4.15)

Defg(A) _ {5,4 E4 is a deformation of the sheaf £ over A } /

HY(E4) is isomorphic to H'() ® A for all i € N

Now we link this functor of deformations with the theory of deformations via DGLAs.
We recall that the DGLA Ag{k (End &) governs the deformation of the sheaf & (see

Example 3.2.15) and that the DGLA Hom*(Agé*(S), A%*(S )) governs the deformation
of the complex (Agé*(é’), d) (see Example 3.2.13). Let

X: A()]é*(End &) — Hom*(Agé*(g), A())f*(g))

be the natural inclusion of DGLAs, let analyse the deformation functor Def, associated
to x. Let (z,e*) € MC,/(A), for A € Artc. Since x € Agél(EndS) ® my satisfies the
Maurer-Cartan equation, it gives a deformation £4 = ker(0 + x) of £ over A. While
e® € exp(Hom®(AY*(E), AY*(E)) ® ma) gives a gauge equivalence between x(x) =
and zero in the DGLA Hom*(A%*(£), AY*(£)). Thus e® is an isomorphism between
the two correspondent deformations of the complex (A()]g*(é' ),0) or equivalently e® is an
isomorphism between the cohomology spaces H*(£4) and H*(E)® A, for all i € N. Thus:

Def, (4) = {(sA, £i)

E4 is a deformation of the sheaf £ over A
f% is the isomorphism f% : H(£4) = H(§)@ Aforalli e N [~

Now let @ be the morphism of functors given, for all A € Artc, by:

®: Def, (A) — Def
(x,e?) — =z

A% (End €) (4)

With the above geometric interpretations of the functors Def, and Def A% (End &) (A), the

morphism @ is the one which associates to every pair (€4, f4) € Def, (A) the element
Ea € Def 4o (End £) (A). Thus we have the following characterization of Def? using
X

DGLAS point of view (see [25], Lemma 4.1).
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Proposition 4.3.11. The functor Defg 18 isomorphic to the image of the morphism
® : Def, — DefA%*(Endg)'

Remark 4.3.12. We note that, by Proposition 4.3.7, the functor Defg is prorepresented

Now we are ready to prove the Main Theorem of this section.

Proof. The local study of the strata N'(hg...h,) at one of its point &, is the same as
the study of a germ of analytic space which prorepresents the functor Def%. Our proof
is divided into four steps in which we find out a chain of functors, linked each other
by smooth morphisms, from the functor Defg to a deformation functor for which it is
known that the germ of analytic space that prorepresents it has quadratic algebraic
singularities.

First Step. We prove that the morphism & : Def, — Defg is smooth. Then, given a
principal extension in Artc, 0 — J — B = A — 0, and an element (€4, %) € Def, (A),
we have to prove that, if its image £4 € Def2(A) has a lifting £ € Def2(B), it has a
lifting in Def, (B).

Since £4 € Def2(A) and £ € Def2(B), their cohomology spaces are deformations of
H(&) over A and B respectively and so H'(£4) = H(§)® A and H'(£p) = H(£) @ B.
Thus H'(Ep) is a lifting of H'(E4) and it is a polynomial algebra over B. It follows that
in the diagram

. . 1 .
Hi(Ep) — Hi(E4) —> HI(E) ® A
T S~ 1 T
=~ B=1d ®a

~
EN

B Hi(E)® B

there exists a homomorphism f4 : H (€g) — H'(€) ® B, which lifts f. Then also the
following diagram commutes:

H'(€)

N\

Hi(Ep) 2> H(E)® B

B
and so f4 is an isomorphism, for all i € N.

Second Step. Since X is a Kahler manifold and £ is a hermitian sheaf, the operators 5}5,
adjoint of Jg, and the Laplacian g = 0gd; + 0:0¢ can be defined between forms on
X with values in the sheaf £. Let ’Hgé*(é') = ker g be the complex of (0, *)-harmonic
forms on X with values in £ and let Hom*(H%"(£), HY"(€)) be the formal DGLA of the
homomorphisms of this complex.

Also for the sheaf End £ the operator 5I~*3nd ¢» adjoint of Ornde, and the Laplacian
Onde = Opnde0hnqe + OfnacOmnds can be defined. Let Hgé*(End &) = kerOgpqe be
the complex of the (0, *)-harmonic forms on X with values in End €.
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Siu proved (see [35]) that, for a flat holomorphic vector bundle £ on a K&hler mani-
fold X, the two Laplacian operators [z and (. coincide. Then a (0, x)-form on X with
values in £ is harmonic if and only if it anhilates 0, which is well defined because L is
flat.

Since End £ is flat, these facts imply that the complex Hgé*(End €) is a DGLA with
bracket given by the wedge product on forms and the composition of endomorphisms.

Moreover, we can define a morphism Q : HY*(End €) — Hom*(HY (E), HY (E)).
Every element = € Ag(’—*(End &) gives naturally an homomorphism Q(z) from Agé* &)
in itself, defined locally to be the wedge product between forms and the action of the
endomorphism on the elements of £. If we defined it on an open covering of X on which
both the sheaves £ and End £ have costant transition functions, when x € Hgé* (End &)
and Q(x) is restricted to the harmonic forms Hg{k (&), it gives as a result an harmonic
form. Let © : HY*(End&) — Hom*(HY*(£), HY*(€)) be the DGLAs morphism just
defined and let Def be the deformation functor associated to it.

We want to prove that the two functors Defq and Def, are isomorphic. Then we
consider the following commutative diagram:

A% (End €) =<—*—— HY* (End £) ——— HY (End £)
P : Jo
Hom* (A% (€), A%*(€)) ~———— M* —— Hom* (K" (£), H¥*(€))

where M* = {cp € Hom*(Agé*(S),Agé*(S)) | 4,0(7-[25*(5)) - Hgé*(f)}
The morphism £ is a quasi-isomorphism, in fact it is injective and coker 5 = Hom* (Agé* (&), Ag{k (€)M
=~ Hom* (Agé* (&), Ag{k &)/ Hgé* (€)) is an acyclic complex. Then « and f induce a quasi-
isomorphism between the cones C; — C, and so, by the Inverse Function Theorem
(Theorem 3.3.6), an isomorphism between the functors Def, — Def,.
Also the morphism ¢ is a quasi-isomorphism, in fact it is surjective and its kernel is
kerd = {cp € Hom* (Agg* (5),Agé* )| go(?-[gé*(é')) = O} that isomorphic to the acyclic

complex Hom*(Agé*(E ) /’Hgg*(é’ ),Agé*(é’ )). Then v and ¢ induce a quasi-isomorphism
between the cones C;, — Cq and so an isomorphism between the functors Def,, — Defq.

Third Step. Let Hx(End€&) be the DGLA equal to zero in zero degree and equal
to Hgg*(End €) in positive degrees, with zero differential and bracket given by wedge
product on forms and composition of endomorphisms.

Let Q : HY (End €) — Hom*(HY*(E), HY*(€)) be the DGLAs morphism defined as in
the previous step and let Defg be the deformation functor associated to it.

The inclusion Hy(End&) — Hx(End&) and the identity on Hom(?—[gé*(é'),’}—lg(’*(g))
induce a morphism of functors ¥ : Defg — Defq.

We note that the morphism induced by ¥ between the cohomology spaces of cones of (2
and () respectively is bijective in degree greater equal than 2 and it is surjective in degree
1. Thus, using the Standard Smootheness Criterion (Theorem 1.2.22), we conclude that
U is smooth.

Fourth Step. Let’s write explicitly Defs. The functor MCg, for all A € Artc, is given
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by:
1 5
MCgx(A) = {(m,ea) € (L' @my) x exp(M° @ my) | do + i[x,x] =0,e"xQx) = 0}

where L* = ﬂgé*(End €) and M* = Hom*(Hgé*(é'),Hgé*(E)). Since the differential in
the DGLA 7:[()](’*(End &) is zero and since the equation e®  Q(x) = 0 can be written as
Q(x) =e %% 0 =0, we obtain, for all A € Artc:

MCq(A) = {x ckerQ@my | [z, 2] = O} X exp(HomO(Hgé*(E),’Hgg*(E)) ®my).

Moreover exp(?jlgéO(End E) ®@my) x exp(dHom_l(’Hg(’—*(é'),7—[25*(5)) ® my) is equal to
zero, thus there isn’t gauge action. Thus, for all A € Artc, we have:

Defg(A) = {x ckerQ®@my | [z, 2] = 0} X exp(HomO(Hgé*(g),Hgé*(E)) ®Rmy).

Since Q is a DGLAs morphism, kerQ is a DGLA and it is defined the deformation
functor Def, & associated to it. Now, for all A € Artc, we obtain:

Defg(A) = Def,,.5(A) x exp(Hom (HY*(€), HY(£)) ® m4).

The DGLA ker Q) has zero differential, so the functor Def, g is prorepresented by the
germ in zero of the quadratic cone (see [10], Theorem 5.3):

X ={z €ker' Q| [z,z] =0},

that has quadratic algebraic singularities. Then also the functor Defg, is prorepresented
by a germ of analytic space with quadratic algebraic singularities.

Conclusion. Since now we have constructed smooth morphisms between the functor
Def? and the functor Defg:

Defg % Defx DefQ smooth DefQ .

isomorphism

By Proposition 1.2.26, there exists a smooth morphism between the germs of analytic
spaces which are hulls of the two functors Defg and Defg. Moreover, by Theorem 1.1.17,
since the germ which is a hull of Def has quadratic algebraic singularities, the same is
true for the hull of Defg. O
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Chapter 5

L~o-algebras and semicosimplicial
dglas in deformation theory

This Chapter is devoted to the study of deformation theory via L..-algebras. These ob-
jects were introduced in deformation theory as an extension of the category of DGLAs,
that in many situation is not sufficient to understand the deformation problems com-
pletely. The approach consists to associate an L,-algebra to a deformation problem
and a deformation functor canonically to an L.-algebra:

Deformation problem ~~ L-algebra ~» Deformation functor.

If the L.-algebra is appropriately choosen, the deformation functor obtained is isomor-
phic to the one associated to the problem in the classical way.

In this Chapter, at first we introduce the basic notions of L..-theory, Section 5.1,
then we concentrate our attention to the L., constructions linked to semicosimplicial
differential graded Lie algebras, proving some results in this direction, Sections 5.2 and
5.3. These constructions have strong geometric motivations, in fact they allow to state
a concrete and rigorous link between the classical approach to deformation theory and
the theory of deformation via DGLAs, as explained in Section 5.4.

5.1 L.-algebras

In this section we collect some basic preliminaries and definitions of L,-algebras theory.
We state the homotopical transfer of structure Theorem and explain how to associate a
deformation functor to an Ly.-algebra.

Definition 5.1.1. A graded coalgebra is a graded vector space C' = @,c, C; with a
morphism of graded vector spaces A : C — C ® C called coproduct.

The graded coalgebra (C,A) is coassociative if (A @ 1d) @ A = (Id®A) ® A and it is
cocommutative if A = TA, where T is given by T(v ® w) = (—1)d8vdeewy; @y,

Let (C,A¢) and (D, Ap) be two graded coalgebras, a linear morphism f : C — D is a
morphism of coalgebras if (f ® f)Ac = Apf.

Definition 5.1.2. Let (C,A) be a graded coalgebra. A coderivation of degree n of it is
a linear map of degree n, d € Hom" (C, C'), that satisfies the coLeibnitz rule

Ad = (d ®Id +1d ®d)A.

67
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More generally, let 6 : (C,Ac) — (D,Ap) be a morphism of graded coalgebras, a
coderivation of degree n with respect to 0 is a linear map of degree n, d € Hom"(C, D),
such that

Apd=(d®0+0®d)Ac.

A coderivation d is called a codifferential if d*> = dod = 0.
Ezample 5.1.3. Let V be a Z-graded vector space over K.
The tensor coalgebra generated by V is defined to be the graded vector space

+o0o n

T(V) =P RV
n=0

endowed with the associative coproduct

n—1
a(vl®...®vn):Z(vl®...®vk)®(vk+1®...®vn).
k=1

The reduced tensor coalgebra generated by V is the sub-coalgebra of T'(V) given by

+o0o n
TV) =P RV
n=1

Let I be the homogeneous ideal of T'(V') generated by <U @w — (—1)de8vdeswyy @ 4V v, w € V>.
The symmetric coalgebra generated by V is defined as the quotient

+o0o n n ®nv
SV) =@V, with @Vzij_m@,lv,
n=0

endowed with the associative coproduct

n—1
A(vl ©...0 ’Un) = Z Z 6(0) (Ua(l) ©...0 vo(k’)) ® (va(k’-i-l) ©...0 Ua(n))?
k=1 oSk

where o € S¥ is a permutation of n elements, such that o (i) < (i 4 1) for all 4 # k and

€(0) = %1 is the sign determined by the relation in Q" V: v1 © ... © vy = €(0) v,1) ©

o O Vg(ny. The reduced symmetric coalgebra generated by V' is the sub-coalgebra of
+oo n

S(V') given by S(V) = @ @ V. Let m: T(V) — S(V) be the projection.
n=1

Proposition 5.1.4. Let V' be a graded vector space and let (C,A) be a locally nilpotent
cocommutative graded coalgebra. The composition with the projection p : S(V) — V
defines a bijective map:

Hom(C, S(V)) £ Hom(C, V)

with inverse given by

+o0
fHM(f):Z(fQ...@f)oﬂ'

n=1

AL (5.1)

Proof. See [26], Proposition 8.4. O
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Proposition 5.1.5. Let V be a graded vector space, let (C,A) be a locally nilpotent
cocommutative graded coalgebra and let 6 : C' — S(V') be a morphism of coalgebras. The
composition with the projection p : S(V) — V defines a bijective map:

Coder™(C, S(V),0) % Hom™(C,V)
with inverse given by
q»—)Qzﬂ'gil(q@@@")oA”. (5.2)
Proof. See [26] Corollary 8.7. O
Remark 5.1.6. In the following definitions, we apply the above Propositions with C' =

S(V) and 6 = Id. In particular formula (5.2) gives for all ¢ = >, ¢ € Hom"(S(V),V)
and for all v; ©...© v, € S(V)

Qi ®...0uv,) = Z Z E(O’)qk(vg(l) ©...0 ’Ug(k)) OVg(k+1) © -+ - O Vg(p)- (5.3)

Definition 5.1.7. Let V be a graded vector space, an Lo -structure on V' is a sequence
of linear maps of degree 1

k
a: (DVA] = V],  for k=1,

such that the coderivation Q) induced on the reduced symmetric coalgebra S(V[1]) by the
homomorphism q =), qx, as in formula (5.3), is a codifferential.

An Ly-algebra is indicated with (V,q1,q2,qs,...) and the morphisms q; are called the
brackets of the Lso-algebra.

Remark 5.1.8. The condition @ o ) implies that ¢; o g1 = 0, then a L.,-algebra is a
differential complex.

Remark 5.1.9. A DGLA L has a natural structure of L..-algebra. Infact L is a graded
vector space and it can be verified that the brackets:

q(r) = —dz,  @oy)=(-1)""zy] and ¢ =0 forall k>3
satisfy condition ) o Q = 0.
Definition 5.1.10. Let (V, q;) and (W, ;) be two Ls-algebras, a morphism f : (V,q;) —
(W, q1) of Lo-algebras is a sequence of linear maps of degree 0
k
foo OV W], for k>1,

such that the morphism of coalgebras induced on the reduced symmetric coalgebras by
[ =>4 fr, as in formula (5.1), commutes with the codifferentials induced by the two
Lo structures of V- and W.
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Remark 5.1.11. If f, is an Lo, morphism between (V,¢;) and (W, §;), then its linear
part f1: V[1] — W][1] satisfies the equation f; o ¢ = ¢1 o f1, i.e. f1 is a morphism of
differential complexes (V[1],q1) — (W]1],q1).

Thus it makes sense to call a Lo,-morphism fo, a quasi-isomorphism of Lo-algebras, if
its linear part f; is a quasi-isomorphism of differential complexes.

Remark 5.1.12. An L,,-morphism f is called linear if f,, = 0 for every n > 2.

A linear map fi: V[1] — W][1] is a linear Loo-morphism if and only if ¢, (fi(vi) ®--- ®
fi(vn)) = filgn(vi © -+~ ©vy)), for all n > 1.

Remark 5.1.13. Let L and M be two DGLAs and let f : L. — M be a DGLAs morphism.
Then f., given by f1 = f and fr = 0 for all k > 2, is a Ly.-morphism between the L,
algebras L and M defined from the DGLAs structures of L and M.

So the category of differential graded Lie algebras is a (non full) subcategory of the
category of L,-algebras.

Let Lo, be the category of L..,-algebras, whose objects are L..-algebras and whose
arrows are morphisms of L.,-algebras.

A major result in the theory of L..-algebras is the following homotopical transfer of
structure theorem.

Theorem 5.1.14. Let (V,qy,42,4s,-..) be an Loo-algebra and (C,5) be a differential
complex. If there exist two morphisms of differential complexes

o (ClAL o) = (VI ) and 7 (V[1],q1) = (C[1],07)

such that the composition v is homotopic to the identity, then there exist an Loo-algebra
structure (C, ()1, ()a,...) on C extending its differential complex structure and an Loo-
morphism 1., extending 1.

Remark 5.1.15. Note that, if ¢ is a quasi-isomorphism of complexes, by Remark 5.1.11,
its extension 1, is a quasi-isomorphism of L..-algebras.

It has been remarked by Kontsevich and Soibelman (see [18]) that the Loo-morphism
100 and the brackets (),, can be explicitly written as summations over rooted trees.

Let h € Hom™*(V[1], V[1]) be an homotopy between 7 and Idyy), ie., gth + hqr =
i — Idypq;. Denote by Tj, the groupoid whose objects are rooted trees with internal
vertices of valence at least two and exactly n tail edges. Trees in 7y, ,, are decorated as
follows: each tail edge of a tree in 7}, is decorated by the operator 2, each internal edge
is decorated by the operator h and also the root edge is decorated by the operator h;
every internal vertex v carries the operation g, where r is the number of edges having v
as endpoint. Isomorphisms between objects in 7}, are isomorphisms of the underlying
trees. Denote by T}, ,, the set of isomorphism classes of objects of Tj, .

Similarly, let 7, be the groupoid whose objects are rooted trees with the same
decoration as 7Ty, except for the root edge, which is decorated by the operator 7 instead
of h. The set of isomorphism classes of objects of Ty ,, is denoted T ,,.

Via the usual operadic rules, each decorated tree I' € T}, ,, gives a linear map

ZF(Za T, ha ql) : C[l]Qn - V[l}a
similarly, each decorated tree I' € T ,, gives a degree one linear map

Zr(1,m, hyqi): C[1O™ — C[1).
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We recall that the operadic rules associate to the following tree I' € T,

\Z
®) \Q2
e g PN
’ o/\o /l >q2\
o/ \o‘>o > ~ ' h\q‘ziﬂ'H
e 7
© pd

the operator

ZF(Za T, h?Qi)(xl (ORRERO) xn) =

= % Y e(0)m (o) © hga(e(2g@) © - © hg2(UTo(n-1)) © UZo(m))) - +))-
gESy

Having introduced these notations, we can write Kontsevich-Soibelman’s formulas as
follows.

Proposition 5.1.16. In the above set-up the brackets (),,, and the Loo morphism 1o
can be expressed as sums over decorated rooted trees via the formulas

Zr (1,7, h, q;) Zr(v,m, h,q;)
= e\ T 1 8 - e T G >0,
m= ) | AutT On= 2. | AutT) for m
TETh rel, .

Two functors are canonically associated to an Ly.-algebra, to define them let specify the
Loo-structures on graded vector spaces that are involved in the definitions.

Ezample 5.1.17. Given an Leo-algebra (V,¢;) and a commutative K-algebra m, there
exists a natural Lo-structure on the tensor product V ® m with brackets given by:

G(21Q0711) 0 ...0 @R @) = (1O ... O Ty) @11 ...« Ty

If m is nilpotent (for example, if m is the maximal ideal of a local Artinian K-algebra),
then the L.-algebra V ® m is nilpotent.

Ezample 5.1.18. Let K]t, dt] be the DGLA of polynomial differential forms over the affine
line, the differential and the bracket are given by:

d(p(t)+rt)dt) = p'(t)dt, [p(t)+r(t)dt,m(t)+n(t)dt] = p(t)m(t)+p(t)n(t)dt-+m(t)r(t)dt.

Let (V,q;) be an Ly-algebra. Then there is an Loo-structure on V[t,dt] = V @ K[t, dt],
which brackets are given by:

Gn(V1p1(t) © ... O Vppn(t)) = ¢u(v1 © ... O vy) - p1(t) ... pu(t) and

gn(1p1(1)©. . .OUp_1Pp—1 () Qwpry (B)dE) = gn(V1O. . .OVR_1OWy)-P1(t) . .. Pu—1(t)n(t)dt.

We are now ready to define two functors associated to a Loo-algebra.
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Definition 5.1.19. Let (V,q;) be an Lo -algebra, the Maurer-Cartan functor associated
to it is the functor
MCV : AI‘tK — Set

defined, for all (A,m4) € Artg, by:

MCy(A) ={z e V[1]°®my an(s'@n) =0

n>1

)

on
The sum Z % has a finite number of nonzero terms, because my s nilpotent.
n!
n>1
This equation is called the generalized Maurer-Cartan equation.

Definition 5.1.20. Two elements x,y € MCy (A) are said to be homotopy equivalent,
if there exists z(t,dt) € MCy, g (A), such that z2(0) = x and 2(1) = y.

Remark 5.1.21. Obviously the set of the Maurer-Cartan solutions MCy (A) in closed
under homotopy relation, because the homotopy z(t,dt) is an element in MCy; 41 (4),
then z(k) € MCy (A) for every k € K.

Moreover the homotopy relation is an equivalence relation, a proof of this fact can be
found in [23], Chapter 9.

Definition 5.1.22. Let (V,q;) be an Loo-algebra, the deformation functor associated to
it is the functor
Defy : Artg — Set

defined, for all (A,m4) € Artg, by:

Defy (4) = MCv(4)

“~homotopy .

Remark 5.1.23. Let L be a DGLA, as observed in Remark 5.1.9, it has a L.-structure.
Note that the generalized Maurer-Cartan equation for the L.o.-algebra L is exactly the
Maurer-Cartan equation for the DGLA L, since ¢, = 0 for n > 3. Moreover, for
a DGLA the homotopy equivalence coincide with the gauge equivalence, this fact is
proved in [6], Corollary 7.6. Then the deformation functors associated to L as DGLA
and as Ly,-algebra coincide.

The correct setting to study the functors MCy, and Defy associated to an Lo.-algebra
V is that of extended deformation functors (see [22] and [23]). An extended functor
F' is a set valued functor defined on a category containing Artyk as a full subcategory,
for example on the category of Z-graded associative and commutative nilpotent finite
dimensional K-algebras. Such a functor is called a predeformation or a deformation
functor, if it satisfies some extended Schlessinger’s conditions (see Definition 2.1 in
[22]). Moreover this theory associates to every predeformation functor F' a deformation
functor F't, defined as the quotient of F' with an equivalent relation (see Theorem 2.8
n [22]). In the case of the functors associate to an Loo-algebra V', the following results
hold:

Lemma 5.1.24. The functor MCy is a predeformation functor.

Proof. See Proposition 5.9 in [23]. O
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Proposition 5.1.25. The functor Defy is a deformation functor.

Proof. 1t is sufficient to see that the deformation functor MC‘J; associated to the pre-
deformation functor MCy, is exacly the functor Defy , this helds because the equivalent
relation ~ that defines MCT/ is exactly the homotopy relation. O

For a predeformation functor F, the tangent spaces T"F' are defined (see Definition
V.63 in [23]); in the case F is a deformation functor, the tangent spaces are given by
T"F = F(Ke), where € is an indeterminate of degree —n + 1, such that €2 = 0. The
spaces T'F and T?F are also is called the tangent space and an obstruction space for F.
In the case of the functors associated to an L..-algebra V', the following result helds:

Proposition 5.1.26. The tangent spaces for the functors MCy and Defy are T* MCy =
T Defy = H{(V,q1).

Proof. Let’s compute directly the tangent space T (Defy ) = Defy (K[e]). We have:

MCy(Kld) ={z e VI oKe | Y @) @) =0 = Z1(V) e Ke.

n!
n>1

If z,y € MCy(K[e]) are hotomopy equivalent, there exists z(t,dt) € MCy qq(K[e]),
such that 2(0) = x and 2(1) = y; since 2(¢,dt) = p(t) + n(t)dt € MCyy g (Kle]), it
satisfies
p(t) =aq(n(t)) and q(u(t)) =0
1
the element w = / n(t)dt € VO is such that  — y = ¢y (w). Viceversa, if for z,y €

0
MCy (K[e]) there exists w € V? such that z —y = q1(w), define 2(¢, dt) = (z + q1 (w)t) +

wdt; it is obviously the homotopy we are looking for. Then

_ MCy(K[g) _ Z'(V) ®Ke

T (Defy) = Defy (Kle]) = HYV) ® Ke.

~~homotopy Bl(V) ® Ke N
For the other tangent spaces see Proposition IX.14 and Theorem IX.19 in [23]. O

Asin the DGLASs case, the deformation functor associated to an Ly,-algebra is defined up
to quasi-isomorphism, i.e. quasi-isomorphic L,.-algebras have isomorphic deformation
functors. Infact:

Proposition 5.1.27. Let f : (V,q;)) — (W, §;) be a morphism of Lo-algebras and let
[ : Dety — Defw the induced morphism of functors. If f is a quasi-isomorphism, then
f is an isomorphism.

Proof. See [23], Corollary IX.22. O

5.2 Semicosimplicial dglas

In this section we define semicosimplicial DGLAs and construct a canonical L.-structure
on the total complex of a semicosimplicial DGLA, obtained by homotopical transfer
from the Thom-Whitney DGLA. Then we define deformation functors associated to
these objects.
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Definition 5.2.1. A semicosimplicial differential graded Lie algebra is a covariant func-
tor g2 : Amon — DGLA, from the category Amon, whose objects are finite ordinal sets
and whose arrows are order-preserving injective maps between them, to the category of
DGLAs.

Equivalently, a semicosimplicial DGLA g® is a diagram

S —_—
Jo—=01 —=fr—< -

where each g; is a DGLA, and for each i > 0 there are i + 1 morphisms of DGLAs
ak‘,i:g’i—lﬁgiv fOT k:O,...,i7
such that Ok+1,+101; = O1,i+10k,:, for any k > 1.

Remark 5.2.2. For future use, we write explicitly the relations Oy41,+101; = 01,410k,
for k > [, for the maps 0y 1,01,1: g9 — g1 and 0o 2,01,2,022: g — go. These morphisms
satisfy

012001 = 002001, 022001 = 00201,1, 022011 = O1,2011.

The maps )
0; = 0o — O + -+ (—1)" 04

endow the vector space €, g; with the structure of a differential complex. Moreover,
being a DGLA, each g; is in particular a differential complex and, since the maps 0y ;
are morphisms of DGLAs, the space

=P
4,J

has a natural bicomplex structure. The associated total complex (Tot(g®),d) has no
natural DGLA structure, but it can be endowed with a canonical structure on L.o-
algebra.

Ezample 5.2.3. Let X be a topological space and let &/ = {U;} be an open covering
of X. Let £ be a sheaf of Lie algebras on X and let £(/) be the associated Cech
semicosimplicial Lie algebra:

_

LU):  1LLU) —= Hi<j L(Uij) == Hz‘<j<lg L(Uijk) i

where the morphisms d, ; : Hio...ij,1 L(Uig..i;_,) = Hio...ij L(Ui...i;) are given by (0 (2))io...i; =
T i forallk =0,...,j. The total complex Tot(L(U)) associated to this semicosim-
...... ;

plicial Lie algebra is given by:

i i<j i<j<k
with the Cech differential (a] (m))io...ij = 80,j(x)i0mij —81’j (x)io...ij +.. .—|—(—1)j8j,j (x)io._.ij
= Tiy..ij — Tigig..ij + ...+ (—1)]‘331'0.”1'].71 = (5(33))10% Thus TOt(,C(Z/{)) is the Cech
complex of the sheaf L.
In the same way, taking a sheaf of differential graded Lie algebras C', one can define
the associated Cech semicosimplicial DGLA C'(U) and the total complex Tot(C (U)).
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Ezample 5.2.4. Following the above example, let X be a complex manifold and let
U = {U;} be an open covering of X.

Taking £ to be the tangent sheaf Tx of X, the associated Cech semicosimplicial Lie
algebra Tx (U) has as total complex Tot(7x (¢)) the Cech complex of the sheaf Ty.
Let £ be a locally free sheaf of Ox-modules on X, taking £ to be End £ the sheaf of the
endomorphisms of £ or D!(&) the sheaf of the first order differential operators on &, the
associated Cech semicosimplicial Lie algebras have as total complexes Tot(End £(U))
and Tot(D(£)(U)), given by the Cech complexes of the sheaves End & and D'(&) re-
spectively.

To a semicosimplicial DGLA g? can be associated the Thom-Whitney DGLA, let’s de-
fine it.

For every n > 0, we denote by €2, the differential graded commutative algebra of poly-
nomial differential forms on the standard n-simplex A™:

Klto, ..., tn, dto, . .., dty]
n n
O ti—1,> dty)
i=0 i=0
For every semicosimplicial DGLA g2, the space

PHa. g,

is a DGLA. Its degree k component is @p gk @D, O ® gi, the differential is given by
d((wn ® ’Yn)n) = (dwn @ Vn +wn ® dgn’yn)n and the bracket is given by [(wn ® 'Vn)na (nn ®
An)n] = (Wn A1 ® [, )‘n]gn)n-

Definition 5.2.5. The Thom-Whitney DGLA associated to the semicosimplicial DGLA

g® is

Q, =

TOtTW(gA) = {(l‘n)n € @Qn ® gn | 5k7nxn = 8k:,nxnfl VO<k< n},

where, for k=0,...,n, §*": Q, — Q,_1 are the face maps and Okm: Op_1 — 8, are
the maps of the semicosimplicial DGLA g® . Its differential and bracket are defined as
above. We indicate by Cl,(g2) = Totrw (g°) N (D, 0 @ gi).

Remark 5.2.6. For future use, we write explicitly the equations 6*"z,, = Ok nTn—1 that
define the Thom-Whitney DGLA, for n = 1,2 and 0 < k < n.
Under the identifications Q; ~ K[t, dt] via (to,t1) <> (¢t,1—t), and Qg ~ K]sg, s1, dso, ds1]
via (to,t1,t2) <> (s0,51,1 — so — s1), the face maps read
8Osy (¢, dt) = 1y (0), bty (8, dt) =y (1),
692 my(s0, 51; dso, ds1) — 15(0, ¢, dt), 612 my(s0, 51, dso, ds1) — 19(t, 0, dt),
6222 ny(s0, 51, dsg, dsy) — mo(t, 1 —t,dt).

The Thom-Whitney DGLA Totry (g2) is then the subalgebra of g, @(g; ®Q1)P(gy @Q2)P
... consisting of elements (I, m(t, dt), n(so, $1,dso, ds1), . . .) satisfying the face conditions
m(0) = do.1(1), m(1) = 01.1(1),

n(0,t,dt) = Op2(m(t,dt)), n(t,0,dt) =01 2(m(t,dt)), n(t,1—t,dt)= Daa(m(t,dt))
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For the total complex Tot(g?) and the Thom-Whitney DGLA Totry (g2) the following
holds:

Theorem 5.2.7. There exist E: Tot(g®) — Totrw (g°) and I: Totrw (g°) — Tot(g?)
morphisms of complexes and there exists h : Totpy (g°) — Totrw (g°)[—1] homotopy,
such that I1E = Idpgay and EI —Idyg,,, (ga) = [ drw].

This theorem allow us to apply the homotopical transfer of structure theorem, Theorem
5.1.14. Then, by homotopical transfer from the Thom-Whitney DGLA Totzyy (g2), the
total complex Tot(g”) can be endowed with a canonical La-structure that extends its
differential complex structure and there exixts a Loo-morphism Fo, that extends E. We
indicate with Tot(g®) this Ls.-algebra.
Remark 5.2.8. Since E is a quasi-isomorphism of complexes, the morphism E gives a
quasi-isomorphism between the L-algebras Totpy (g®) and Tot(g?).

Moreover, Dupont has described explicitly the morphisms I, E and h (see [30]). The
morphism of complexes I : Totry (g®) — Tot(g?) is simply given by the integration
map

/ ®Id: Q, ® gn — gn-

The morphism of complexes E : Tot(g”) — Totrw (¢°) is defined in the following way.

If v € g/, the element E(7y) = (E(7),) € Cply(g2) is given by:
E(y)n =0 i o<,
E(y), =1 Z wr @y if n >,

Iel(in)

where I(i,n) is the set of all multiindices I = (ag,a1,...,a;) € Z*!, such that 0 <
ap < a1 < ...a; < nand, if I € I(i,n), I is the complementary multiindex. If I =
(ap,ai,...,a;) € I(i,n), we indicate with w; the differential form:
i
wi =Y (=1)°ta,dbay Adta, A... Ndta, A ... Ndtq, € Q.
s=0

If I = (by,ba,...,b,_;) is the complementary multiindex of I, and vy € gg, we indicate

with &'+ the element
817 = 8bn7i7n ©...0 abz,iJr? o 8bl,i+17 € ggy

The homotopy h : Totrw (g°) — Totrw (g°)[—1] is defined in the following way. If
2 = (2n) = (11n ® ) € Cily (9), the image h(z) = (h(x)n) € Cig? (g2) is given by:

h@hn =Y > rlwr Ahr(nm) @,
0<r<iIel(rn)

where I(r,n) and w; are as before, and, if I = (ag,...,a,) € I(r,n), then the map hy is
given by the composition h; = hg, © ... 0 hg,, where the maps hy = 7o %: QF — QF !
are the compositions of the integration over the first factor

m: Q°([0,1] x Ap) = Q°(A,) = Q)

n(u, tq,du,dty) — n(u, tq,du, dt,)
u€[0,1]
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and the pull-back by the dilation maps:

e 1 [0,1] X A, = A,
(s tor ) > (L= wos s (1 — Wt + s (1 — w)tn).

More explicitly, the map h, : QF — Q71 is given by:
ha(n(to, ... tn,dto, ..., dt,)) = / o n((1—u)to,...,(1—u)ta+u,...(1—u)ty, du, dt,).
0,1

Using formulas of Proposition 5.1.16 and the above descriptions of the morphisms I,
E and h, it is possible to explicitate the L.o-structure defined on Tot (gA) by homotopical
transfert writing its brackets.

These constructions lead to the definition of two deformation functors associated to a
semicosimplicial DGLA. Let

gA; 90:591—3 go—<= -
be a semicosimplicial DGLA. Let Totrw (g°) be its Thom-Whitney DGLA, then there is
a deformation functor Defr, .. (4a) associated to it as DGLA and this functor coincide
with the functor associated to it as Loo-algebra (see Remark 5.1.23).

Let ﬁ)/t( 2) be the total complex of g® endowed with the Loo-structure constructed
above, then there is a deformation functor Defr~ St(gd) associated to it as Lo-algebra.

Since the Lo-algebras Totzy (g2) and Tot(g2) are quasi-isomorphic (see Remark 5.2.8),
the associated deformation functors are canonically isomorphic Def- (gd) = Defro . (g2)-

5.3 The semicosimplicial Lie algebras case

In this section we restrict our study to semicosimplicial Lie algebras and we find an
explicit and more significant way to rewrite functors MCq Tot(gd) and Def TSt All the

results of this Section are obtained in a joint work with D Fiorneza and M. Manetti
(see [7]).

Let

A S —_—
g 904>91H3924>"'7

be a semicosimplicial Lie algebra, where g; are Lie algebras. As before we define the
total complex Tot(g?), the Thom-Whitney DGLA Totzy (g°), from which we transfert
the Loo-structure to Tot(g”) and the functors MCq; Tot(gA)? MCrotyy (ga) and Defa

DefTotTW (gA) .

g2 Tot(g2)”

We introduce two other functors associated to a semicosimplicial Lie algebra:

Definition 5.3.1. Let g® be a semicosimplicial Lie algebra, the functor

Z1 (expg®) : Artg — Set
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is defined, for all (A,my) € Artg, by:
Zic(exp(a® @ma)) = {x € gy @my | 2@ R2(t)ehel®) — 1y,
This functor can be rewritten in terms of the Baker-Camper-Hausdorff product as:
Zyo(exp(g® @ma)) = {z € gy @ma | Dyo(z) @ Dp2(z) = Dro(x)},  (A,ma) € Artg.

Definition 5.3.2. Let x,y € ZL(exp(g™ ®my)), they are said to be equivalent under
the relation ‘~’ iff
dl e go ®my, 6_61’1(063:@80’1(” — oY

This equivalent relation can be rewritten in terms of the Baker-Camper-Hausdorff prod-
uct as:
v~y iff 3lego®my,  (=011(1) ez edpa(l) =y.

Remark 5.3.3. Note that the set ZL(exp(g® ®my4)) is closed under the relation ‘~’,
ie., if 2 € ZL(exp(g® ®m4)), vy € gy@my and x ~ y via | € gy@ma, then y €
ZL (exp(g® ®my)). Infact

90,2(Y) o =01,2(y) o 02,2(y) —

— ¢=9,201,1(1) £0,2(%) ;80,200,1(1) , =01,200,1 (1)  =01,2(x) ;01,201,1 (1) p =2,201,1(1) £ 02,2(2) ,D2,280,1 (1)

— ¢ 902011(1) | 1. 022801(1) — 1,

where we used Remark 5.2.2 and the equation that define ZL (exp(g® ®@ma4)).
Note that the relation ~ is an equivalent relation, in fact if

g~y ie e 1Weredil) =¥ and y~z ie. e I1Megedon(m) — o2

then
o7 — 6—81,1(m)ey€8071(m) _ 6—81’1(lom)eu'z:e&)’l(lom)7

as we want.

Definition 5.3.4. Let g® be a semicosimplicial Lie algebra, the functor
HL (expg®): Artg — Set
is defined, for all (A,my) € Artg, by:
H(exp(g® @ma)) = Zy.(exp(g® ©@ma))/ ~ .

Thus to a semicosimplicial Lie algebra g2 are associated now the two functors ZL (exp gA)
and HL (exp g?) defined above. The geometric meaning of them is evident in the fol-
lowing example.

Ezample 5.3.5. Let X be a topological space and let 4 = {U;} be an open covering
of X. Let £ be a sheaf of Lie algebras on X and let £(U) be the associated Cech
semicosimplicial Lie algebra (see Example 5.2.3). The functor HL (exp L(U)) is given,
for all (A, m4) € Artg, by:

A — HY U, exp(L@my));

it associates, to every (A,m4) € Artg, the first Cech cohomology space for the covering
U with coefficients in the sheaf of groups exp(£ ® m4). Taking the direct limit over the
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open coverings of X, we obtain the functor H'(X;exp L), given, for all (4,m4) € Artg,
by:

A = lim Hy (exp(L{U) ® ma)) = lim H' (U, exp(£ @ my)) = H' (X;exp(£ © ma));
u u

it associates, to every (A,my) € Artg, the first Cech cohomology space of X with

coefficients in the sheaf of groups exp(L ® my).

Our aim is to prove the following:

Theorem 5.3.6 (Main Theorem). Let g® be a semicosimplicial Lie algebra. Then the

two deformation functors Defﬂ(gA) and HL (exp g®) are isomorphic.

First Step. At first we note that the up to isomorphism the functors MCﬁ(QA) and

Defﬁ(gA)
Let m; € N and my € NU{oo} with m; < mgy, we denote by gA[mlvmﬂ the truncated

between levels m1 and mo semicosimplicial Lie algebra defined by (g (m1mal), =g, for

are defined by a truncation of the semicosimplicial Lie algebra g*.

mi1 <n < msg and (gA[mlwmQ]) = 0 otherwise, with the obvious maps B[ml’mQ] O, for

my1 < 1 < mg and gimamal

that 7; < m,, the map Id;

= 0 otherwise. For any positive integers m1, mo,r1, 72, such

i) 2 @Immal = gBinal given by

B Idg  ifmy <n<r
(g mi ”"2])n

Id
[ 0 otherwise.

mi,ra]

is a morphism of semicosimplicial Lie algebras, and so it induces a linear morphism of
Loo-algebras Tot(g2tmimal) — Tot(g2irr2l).

Proposition 5.3.7. Let g® be a semicosimplicial Lie algebra. Then the morphism
Id(, ry) induces natural isomorphisms

Mcﬁ(gA[mlﬁmQ] ) — MC

Defﬂ(gA[oymﬂ) — DefT LR 0raly for 2 <rg < ma.

Toi(g2 12l for mi <1 and 2 <19 < mo;

Proof. We have /Ta(g m1.mal )i = Tot(g [r1.ma] )t = = gy, for my <4 < ry. In particular the
linear Loo morphism Id,, ., Tot(g (m1.mal) — Tot(g [r1r2]) is the identity on degree

one and degree two elements. Thus MC~ A =MC—, a .
Tot(g~ [™1-m2]) Tot(g~ ["1-72])
The same argument says that MCT (g 0mal e g — MCﬁ(gA[Oﬂg])[&d&], thus the
homotopy relation between elements in Mcﬁ (2 0ma)) is the same as the homotopy

relation between elements in MC O

Tot(g"10:72])"
Remark 5.3.8. In what follows we use the above proposition only for m; = 0 and ro = 2,
obtaining the isomorphisms

MC— — MC and Def—— — Def

Tot (g [0:2]) Tot(g2) Tot (g [0,21) *
Second Step. To prove the Main Theorem we pass through the Thom-Whitney DGLA,
remembering that it is quasi-isomorphic to the L..-algebra Tot(g ) (see Remark 5.2.8).
For this we need an explicit description of the solutions of the Maurer-Cartan equation
in the DGLA Totpy (g10-21).

We recall the following result (see [6], Proposition 7.2):

Tot(g2)
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Lemma 5.3.9. Let (L,d,|[, ]) be a differential graded Lie algebra such that:
1. L=M & C & D as graded vector spaces.
2. M is a differential graded subalgebra of L.
3. d: C — DI1] is an isomorphism of graded vector spaces.

Then, for every A € Art there exists a bijection
a: MCp(A) x (CY@my) S MCp(A), (z,¢) — € x .

Corollary 5.3.10. Let g be a DGLA concentrated in nonnegative degrees, and & a point
in the n-simplex A,,. Then every Maurer-Cartan element in g® €, is of the form eP xz,
for a unique polynomial p(¢) € g° @ QO with p(&) = 0 and a unique Maurer-Cartan
element x for g. In particular, if g is a Lie algebra, then every Maurer-Cartan element
in g ®Qy, is of the form eP x 0, for a unique polynomial p(¢) € g° ® QO with p(&) = 0.

Proof. The evaluation at g is a quasi-isomorphism of differential complexes eve,: g®@Q" —
g. Let H = ker(evg, ), and let H = C'®ker d‘ ; be a graded vector spaces decomposition of

H; since H is an acyclic complex, dC' = ker d | ;- Then we have a decomposition g @)™ =
gDC ®dC as in Lemma 5.3.9. Moreover C° = H° = {p € ¢°[s1,...,s,] | p(&) =0}. O

Corollary 5.3.11. Let g® be a semicosimplicial Lie algebra, and let

g s g —= 01 =—F 0 —=0
be its truncation at level three. Then the Maurer-Cartan functor associated to the Thom-
Whitney DGLA of the semicosimplicial Lie algebra g™0-2 is given by

CTotTW(gA[O,z])(A) = {(0, ep(t) %0, eQ(So,Sl) % O)}

with uniquely determined polynomials p € g,[t] and q € g5[so, s1] such that
p(0) =0,  q(0,t) =0o2p(t),  q(t,0)=012p(t),  q(t,1—t) = 22p(t)e0do2p(1).

Proof. Since Totry (g202) is a sub-DGLA of gy @ g1 [t] ® ga[s0, s1], by Lemma 5.3.10,
the solutions of the Maurer-Cartan equation on Totry (g°02) have the form (0,eP®) x
0, e4(50:51) % 0)) with uniquely determined polynomials p € g;[t] and ¢ € go[so, 51]. The
statement then follows by the face conditions and uniqueness. O

Third Step. Now we construct two morphisms between the two functors Def A
Totrw (g [0:2)

and HL (exp g®) and we prove that are inverse to each other.

Proposition 5.3.12. Let g be a semicosimplicial Lie algebra. The map

o : MC A) — g, @my,

Totpw (g-10:2]) (

given by (0, eP®) (), eq(SO’sl)*O) — p(1) induces a morphism of functors MCTotT —

ZL.(expg®).

w (g 10:2])
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Proof. The polynomial ¢(sg,s1) ® (—q(s0,0)) ® (—g(0, s1)) vanishes on the lines sy = 0
and s; = 0, so it is divisible by sps;. Let

q(s0,51) ® (—q(s0,0)) ® (—q(0, 51))
S0S1 .

p(s0,51) =

Then €Q(t717t) — et(]‘*t)p(tvlft)eq(orlft)eq(tro)7 that iS 682,2p(t).60,2p(1) — et(lft)p(tvlft) .
¢%.2p(1=t) 012P(t) " Evaluating at t = 1 we find

90,2p(1) o =01,2p(1) ,O2,2p(1) _ 1

O

Proposition 5.3.13. The map ®: MC

of functors DefTotT

1 AN - )
TOtTW(gA[OvQ]) - Zsc(expg ) induces a morphzsm

W(gA[O,Q] ) — Hslc (eXp gA)

Proof. We have to show that, if two elements x = (O,epo(t) % 0, e10(50:51) 4 0) and y =
(0,eP1®) 501, e91(50:51) () in MCrpo,y (g2)(A) are homotopy equivalent, then there exists
A € go®my such that ®(y) = —011(\) @ D(z) @ Jp1(N). Let z(€,dE) be a homotopy
between z an y. It is a Maurer-Cartan element in gy[¢] & g4[t; €] @ @[50, 515 €], with
2(0) = z, then

2(&,dE) = (eHo(E) %0, M1 (B€) 4 opo(D) o 0, eH2(s0,513€)  a0(s0,51) 4 0),

with Ho(0) = H1(t;0) = Ha(so,s1;0) = 0. The face conditions for z(&, d¢) and unique-
ness give us

H1(0;€) = 001 (Ho(§)) and  Hi(1;8) = 01,1(Ho(§)).
Moreover z(1) = y so, by uniqueness, we get
pi(t) = Hi(t;1) e po(t) ® (—H1(0;1)),
and that, evaluating at ¢ = 1 and using the face conditions, give
pi(1) = 01,1(Ho(1)) @ po(1) ® (—0o,1(Ho(1))-
Hence the thesis, with A = —H(1). O

Lemma 5.3.14. For x € Z. (exp(g® ®@may)), let

(s(yex))e(—sz)e(—sy)
s(1—s) '

O(x,y,s) =

and
R(l‘; S50, 81) = (80819(—80’2(1‘), 3172(1‘), 50)) [ ] (508172(1:)) [ ] (516072({[:)).
Then we have

R(x;0,t) = t0p2(x); R(x;t,0) = t01 2(x); R(xz;t,1 —t) =t(022(x)) ® 0p2(x).

Proof. The only nontrivial identity is the last one, which uses the fact that x is an
element of ZL (exp(g® @my)). O
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Proposition 5.3.15. The map ¥ : ZL (exp(g® @my)) — Totry (g202) @ my given by
x> (0,e" %0, eF(@is0,51) 4 0),

induces a morphism between the functors ZL.(exp g®) — MC,, . (g0l -
r :

Proof. The element ¥(x) clearly satisfies the Maurer-Cartan equation and the face con-
ditions. ]

Proposition 5.3.16. The map V: ZL (exp g®) — MC induces a morphism

of functors HL (exp g®) — DefTotT

Totrw (g”0:2)

w(g>0:21)”

Proof. We have to show that if two elements x and y in ZL (exp(g® ®m,)) are equivalent,
i.e., there exists A € gy ®m4 such that y = (—01,1(\)) e 2 @ 0y 1 (), then ¥(z) and V(y)
are homotopy equivalent. Let x(§) = (—01,1(§N)) @ x @ 0p1(&N); then, () ~ x, and
so x(¢) € ZL(exp(g® ®my)) for any £&. We define the element z(&,d€) in gol€, d¢] @
01[t, dt; &, d€] @ goso, s1,dso, ds1; €, d€] by

2(€,dE) = (e %0, et #O*(=D01(EN) g R((E)is0.51)0(~00.200,1(EN) 4 ).

The element z(&, d€) obviously satisfies the Maurer-Cartan equation in MCTotTW (g202]) €, d¢];

moreover, it satisfies the face conditions as a a consequence of the identities 0y 2001 =
01,200,1 and 0p201,1 = 02200,1. Moreover the element z(¢, d§) gives a homotopy between
U(z) and ¥(y), since x(0) = z and x(1) = y. O

We now show that the natural transformations ® and ¥ induce isomorphisms at the
level of deformation functors. First, we need the following simple lemma.

Lemma 5.3.17. If (0, e’ 0, e (051)%0) and (0, ePt) %0, e (50:5V)%0) are Maurer-Cartan
elements in Totpy (g20:2), then (0, eP® % 0, e90(50:51) 5 0) ~ (0, eP®) % 0, e91(50:51) 5 ().

Proof. The element (0, eP®) x 0, e691(50:51)+(1=8)a0(50.51) 4 () is a Maurer-Cartan element
satisfying the face conditions and providing the desired homotopy. O

Proposition 5.3.18. The two morphisms ®: Def — Hl(expg?®) and

U: Hl (expg?) — DefTotT

Totrw (5°10:2])

w(gl0.2]yr aTe inverse to each other.

Proof. The composition ® o ¥ is clearly the identity, even at the Maurer-Cartan level.
Now we prove that the composition

[ 1 Ay U
Totu g0y Zac(XP87) = MCopp (302

is homotopic to the identity, i.e. that
(0, (M) 5 0, FP(D55051) 4 0) ~ (0, eP®) 5 0, £205051) 4 0)...

Let p(t;€) be the convex combination p(t;&) = &tp(1) + (1 — &)p(¢t). Since p(0;€) = 0
and p(1;¢€) = p(1) € ZL(exp(g™ ®m4)), the polynomial

O2,2p(t;€) @ g 2p(1) @ (—0o2p(1 — t;€)) @ (—012p(t;€))



5.3. THE SEMICOSIMPLICIAL LIE ALGEBRAS CASE 83

vanishes at ¢t = 0 and at ¢t = 1. Let o(¢;£) be the polynomial

Do,2p(t;€) ® Do 2p(1) @ (—0p2p(1 — t5€)) @ (—D1,2p(t; €))
1—+¢ ’

ot;€) =

and let

S(s0,51:€) = 510(s0;€) @ D12p(s0;§) ® Do,2p(s51;€)-
Then we have S(0,t;€) = 9o.2p(£;€), S(t,0;€) = 91.2p(t; ), and S(t, 1=1;§) = Da2p(t; )
0o2p(1). Let qy(so,s1) = S(s0,51;0) and ¢ (so, s1) = S(s0, s1;1). Then the element

2(€,d€) = (0,ePHE) « 0, e5(0518) 4 ).
is a Maurer-Cartan element in Totry (g°02))[€, d€], and provides a homotopy
(0,ePD 5 0, e%(5051) 4 0) ~ (0, PV 5 0, 01(50:51) & ().

Since, by Lemma 5.3.17 we have homotopies

(0,eP® %0, 965051) 4 0) ~ (0, eP®) % 0, e(50:51) 4 ()
and

(0, (1) 4 0, e (50:51) 4 0) ~ (0, P 4 0, FP(1)is0,51) 0),

the two Maurer-Cartan elements (0, eP(*) x0, e2(5051) x0) and (0, e'?(V) %0, fi(P(Dis0:51) 4 0)
are homotopy equivalent. O

Now we are ready to prove the Main Theorem 5.3.6:

Proof. By Propositions 5.3.7 and 5.3.18 and by Remark 5.2.8, we have the following
composition of isomorphisms:

Eoo P
Def Def —= Def Apay HL (exp g?).

Tot(g?) — — Tot(g"[0:2)) Totrw (g
O
Remark 5.3.19. The Main Theorem 5.3.6 also assures that HL (exp g®) is a deformation
functor.
The Main Theorem 5.3.6 gives an explicit and significant expression for the functor

Defﬁ(gA) associated to a semicosimplicial Lie algebras g2, moreover it allows to obtain

an explicit description for the functor MCﬂ(gA):

Corollary 5.3.20. For any local artinian C-algebra A, we have
MG oy (A) = Zqc(exp(g™ @my)),
as subsets of g; @m4.

Proof. By definition of Z1 and of HL, we have Z (exp(g® @my)) = ZL (exp(g™1-2 @my)) =
HL (exp(g™12 @m)) and by propositon 5.3.7 we have MCNt( 21y (A) = MCTOt( A (A)

By Theorem 5.3.6, the composition ® o Eos : Def= Toi(g L. 2])(A) — HL (exp(g™012 @my))

is an isomorphism.
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Now we show that Defﬁ(ga[l’Q])(A) = MCﬂ(gA[L?])(A), i.e., that the homotopy
(gA[l’Q])(A) is trivial. Indeed, since (Tot(g2(2)[¢,d€])! = gq[¢]

and (Tot(g2021)[€, d€])? = g,[€]dE @ go[€], the Maurer-Cartan equation for an element
z(§) € g1[¢] ® my splits into the equations:

equivalence on MCﬁ

02(¢) _
¢ on
e+ Y O™
n>2

which tell us that z(§) = 2(0) € MC
MC

Tor(g1:2))" Moreover, by Proposition 5.3.7, we have

i) — MO 20y = MOggyga)-

To conclude, we prove that the composition ® o F, is the identity on elements in
MCﬂ(gA[LQ]). Let x € MCﬂ(gA[LQ]), by definition, ® reads only the (21 ®g;)-component
of Ex(x). We have Ey(z) = E(z) = (todt1 — t1 dtp)z, which, under the isomorphism
0 ~ CJt,dt] reads Ey(z) = —xdt. If n > 2, the formulas for E,(z®") involve the
operation ¢2(E @ E) on g; ® g;. Since we have:

E:g > N0ao%keg, ¢ (eegeleg)” -0,

the element E,(z™) has no (1 ® g;)-component, for n > 2. Then ®E(z) = PE;(z) =
O(—xdt) = ®(e® % 0) = . O

The geometric meaning of the Main Theorem 5.3.6 is more clear if we reanalyse
Example 5.3.5.

Let X be a topological space and let £ be a sheaf of Lie algebras on X. For every
open covering U of X, the Cech semicosimplicial Lie algebra L(U) and the functor
Defﬁ( cy) are defined.

Let V > U be a refinement of open coverings of X, and let 7 be a refinement function, i.e.,
the choice, for every open set V € V of an open set U € U with V' C U. The refinement
function 7 induces a natural morphism of semicosimplicial Lie algebras £(U) — L(V)
and so a natural morphism of deformation functors Defﬁ( cuy Defﬁ( L) Note
that a priori these morphisms depends on the refinement map choosen, so it does not

make sense to take the direct limit over the refinement of the functors Def,fv .
ot(L(U))

On the other hand in Example 5.3.5, we observed that the functor HZ (exp £L(U))
is given, for all (A,m,) € Artg, by the first Cech cohomology space for the covering
U with coefficients in the sheaf of groups exp(L£ ® m4) and that it makes sense to take
the direct limit over the refinement of the functors HL (exp £L(U)), obtaining the functor
H'(X;exp L), that associates to every (4, my) € Artg, the first Cech cohomology space
of X with coefficients in the sheaf of groups exp(£L ® my4).

Now, using the isomorphism Defﬁ;t( ) = HL (exp(L(U))), we obtain the following
Theorem.

Theorem 5.3.21. Let X be a paracompact Hausdorff topological space, and let L be a
sheaf of Lie algebras on X. The direct limit

Def[[;] = l%n Defﬂ(ﬁ(

u))
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1s well defined and there is a natural isomorphism of functors
HY(X;exp L) ~ Def g .

Moreover, if acyclic open coverings for L are cofinal in the directed family of all open
coverings of X, there are isomorphisms

H'(X;expL) ~ H'UsexpL)  and  Defy = Defr )

for every L-acyclic open covering U of X.

Proof. Let V > U be a refinement of open coverings of X, and let 7 be a refinement
function, that induces a natural morphism of semicosimplicial Lie algebras L£(U) —
L(V). There is a commutative diagram of morphism of functors:

Defsi ey — HL(exp LU)) == H' U, exp L)
Defgsi vy —> HL(exp L(V)) == H'(V,exp L)

in which, by Theorem 5.3.6, the horizontal arrows are isomorphisms and the rightmost
vertical arrow is independent of the refinement function 7, see, e.g., [13]. Hence, also
the leftmost morphism Defﬁ( cauy Defﬁ( £O) is independent of 7. Then, the direct
limit

Defm = llz/r{_r)l Defﬂ(ﬁ(

u))

is well defined and we have a natural isomorphism Def(;) ~ H Y X;exp L).

Assume now that acyclic open coverings for £ are cofinal in the family of all open cov-
erings of X, this implies that we can use acyclic open coverings to make direct limits.
For any refinement V > U of acyclic open coverings, by Leray’s Theorem, the cohomol-
ogy spaces H'(U, L) and H'(V, L) are isomorphic to H(X, L), then the L.,-morphism
Tot(L(U ) — Tot(£(V)) is a quasi-isomorphism and the morphism Def~— —

Tot(LU))
Defﬁ( L) is an isomorphism of functors. Therefore, by Theorem 5.3.6, we have a
commutative diagram of isomorphisms

Defii oy —— HL(exp LU)) —— H' U, exp L)
T
Defirsi vy — = Hk (exp L(V)) == H'(V,exp L)

Taking the direct limit over L-acyclic coverings, we obtain that H'(X;exp £) ~ H'(U;exp L)
and Def [z ~ Defﬁ( L)’ for any U L-acyclic open covering of X. O

Remark 5.3.22. Note that, if U is an open covering of X acyclic with respect to £, in
general it is not true that it is also acyclic with respect to exp £. Then the isomorphism
H'(U,exp L) = H' (X, exp L) is a consequece of our construction.
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5.4 Augmentations and deformations

In this section we introduce augmented semicosimplicial DGLAs and we use them to
describe an isomorphism between the functor Def|z), associated to a sheaf of Lie algebras
L as in the previous sections, and the functor Def g, associated to the DGLA of global
sections of an acyclic resolution F of £. These constructions have a strong geometric
motivation in deformation theory, as we discuss at the end of this section. These results
are obtained in a joint work with D. Fiorenza and M. Manetti (see [7]).

Definition 5.4.1. Let A = be the category obtained by adding the empty set () to the

category Amon of finite ordinal sets with order-preserving injective maps.
An augmented semicosimplicial differential graded Lie algebra is a covariant functor
gA+ : AL — DGLA, from the category AL . to the category of DGLAs.

mon mon T
Equivalently, an augmented semicosimplicial DGLA g®" is a diagram

-1 —=00—=8 —= 0 —=-
where the truncated diagram g®
90:>>91§QQ§>>"'
is a semicosimplicial DGLA and
o,0: 9-1 — 9o
is a DGLA morphism, such that 0p1000 = 01,100,0-

Remark 5.4.2. Given an augmented semicosimplicial DGLA gA+, the composition of Jp o
with the natural inclusion i : gy — Tot(g®) is a morphism of complexes g_; — Tot(g?).
Infact, for all z € g_;, we have (i 0 Ooo(x)) = 0100,0(x) + dg,(0o,0(x)) = Do,100,0(x) —
91,190,0() + dg, (8o,0(2)) = dg, (Do,0(x)) = i 0 Bo,0(dg_, ())-

We recall that the DGLA g_; and the complex Tot(g”) have natural structures of

Lo-algebras. We consider the morphisms

an g 1[1]®...©g_4[1] = Tot(g™)[1], where a1 = oo and oy, = 0 for all n > 2.

~~
n

We want to prove the following
Theorem 5.4.3. The natural map
a: g_; — Tot(g?)

defined by the ay, above is a linear Loo-morphism.

Proof. Because of definition of v and of Remark 5.1.12, it suffices to prove the following
condition:

dn(a(z1) ©...0a(zn)) = agng_, (1 ©...Oxy)) Vz;€g_y and VneN, (5.4)

where ¢, are the brackets on ﬂ(gA) and gy,g_, are the brackets on g_;.
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For n = 1, condition (5.4) becomes ¢i(a(x)) = a(q1,q_,(x)), i.e. —0(doo(x)) =
0o,0(—dg_, (x)), that is verified, because 9y is a morphism of complexes, as noticed in
Remark 5.4.2.

For n = 2, condition (5.4) becomes ¢z (a(z)®a(y)) = a(qe,q_, (x®y)), i.e. ¢2(0o,0(x)®
90,0(y)) = Bo,0((—1)4°8 [z, y], ) and, since Jp o is a DGLAs morphism, it is g2(9o,0(2) ®
80,0(y)) = (=1)%*[80,0(x), Do,0(y)] gy - -
To verify this equality holds, we have to write explicitly the bracket g, defined on Tot(g
by the formula go(z,y) = Iga(E(x) ® E(y)). If z € g and y € g}, then E(z) € C;&,
and E(y) € CIhi, are given by:

)

0 n <k, 0 n <p,
E(x)n = q k! Z wr @8z n>k, E(y)n = p! Z wr @'z n>p,
Iel(kn) Iel(p,n)
then
0 n < max(p, k),
(@(E@)® E@)n = { (CDFPEP > wiAw; @ [072,07y] n > max(p, k),
1ei(k,n)
Jel(p,n)

and the explicit expression for the second bracket is

G2(x ©y) = Ig2(E(z) © E(y)) = (—1)""klp! Z / wr Awy ® [0'2,07y] € QZIZ-
1€1(k,n) VA5
Jel(p,n)
Now let = € g", and y € g%, then dyo(x) € gh and dyp(y) € gf, thus, applying the
above formula of ¢ for k = p = 0, we have 2(00,0(z)®00,0(y)) = (—1)4&%[p o (z), Do.0(y)]
as we want.
For n > 3, condition (5.4) becomes G, (a(21)®. ..0a(z,)) = a(gn,g_, (210...0x,)) =
0, because the superior brackets g g , of the Lo, structure of g_; are equal to zero.

The formulas of the brackets ¢, defined on ﬂ(gA) involve the evaluation over the
rooted trees with n tails in each of those every tail edge is decorated by the operator
FE, every internal edge is decorated by the operator h, every rooted edge is decorated by
the operator I and every internal vertex carries the operator g,, where r is the arity of
the vertex.

Since g, = 0 for all n > 3, no rooted trees with an internal vertex with arity grater
than 2 give a non zero contribution. Thus only trees with internal vertices of arity 2 are
involved. For n > 3 they have more than one internal tail and so they all contain the

subgraph
o ~

\ E

AN
*—o > @2—h—>
e

e 5

o ~
We note that hga(E(dp o) © E(0op)) = 0, because

. h h ) 0,j
o0 921 = 80> E: gy = Criy
g COh @ O — ol p ot o

Then, for n > 3, all rooted trees involved in the formula for §, give zero contribution
and Gy (0o,0(x1) ® -+ ® doo(xyn)) = 0, as we want. O
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Recall two basic definitions in homological algebra (see, e.g. [38]):

Definition 5.4.4. Let C' be a complex of sheaves of Lie algebras on a topological space
X. An acyclic resolution of C* is the data of:

- F' a complex of sheaves of Lie algebras, with F* acyclic sheaf, for all k € Z,

- @ :C — F a morphism of complexes of sheaves of Lie algebras, such that it is a
quasi-isomorphism of complezes and ©* : C* — F¥ is injective, for all k € Z.

Definition 5.4.5. Let C be a complex of sheaves of Lie algebras on a topological space
X. The k-th hypercohomology space of C* on X is

H*(X,C) = RFT(C)

the k-th derived functor of the functor I' of global sections. It is defined as follows: let
@ : C — F be an acyclic resolution of C', then R*T'(C') = H*(T(F)), this space is
determined up to isomorphism by the choice of an acyclic resolution.

Erample 5.4.6. Let X be a tolopogical space, let C° be a complex of sheaves of Lie
algebras on X and let & be an open covering of X acyclic with respect to C. Let
analyse a basic example of acyclic resolution of C'.

For all i € Z, consider the Cech sheaf resolution of the sheaf C' relative to the
covering U, i.e. the exact sequence of sheaves:

0—=C —=C'U,c)—=CtWu,chH — ...

and obtain the double complex of sheaves of Lie algebras {C’/(U,C?)};;. The spectral
sequence of this bicomplex has first sheet made up by the cohomology of the rows:

0— COWU,C%) — CU,C) — C*(U,C) — ...,
then it is given by:

\J 2
EY=ct EM=0 E?=0
\J 3

E’=c* EY'=0

and it has second sheet made up by the cohomology spaces H*(C') of the complex C'.
This spectral sequence obviously abutts at degree 2 to H*(C'); on the other hand it
abutts to the cohomology of the total complex of the double complex {C7 (U, C%)}ij, then
these cohomologies coincide.

Consider the morphism of complex sheaves

¢ :C — Tot (C?(U,C"));

the sheaves C7 (U, C?) are acyclic, because the covering U is C-acyclic, the morphism ¢
is a quasi-isomorphism of complexes, by the above discussion, and, for all k € Z, ¢* :
Ck — CO(U,C*) C Tot®(C7(U,C")) is injective, because of definition of sheaf. Then ¢ is an
acyclic resolution of the complex of sheaves of Lie algebras C' and the hypercohomology
of C' on X can be calculated using this resolution.
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Remark 5.4.7. Obviously a complex of sheaves of Lie algebras can be considered also as
a sheaf of differential graded Lie algebras.

Theorem 5.4.8. Let X be a paracompact Hausdorff topological space and let C be a
sheaf of differential graded Lie algebras on X. Let ¢: C — F° be an acyclic resolution
and let F* = F'(X) be the DGLA of global sections of F. Then, if U is an open

covering of X which is acyclic with respect to both C' and F', the Loo-algebra ﬂ(C'(U))
18 naturally quasi-isomorphic to the DGLA F".

Proof. The morphism of sheaves ¢: C° — F  induces a morphism of semicosimplicial
DGLAs
p: C(U) = FU),

and so, by functoriality, it induces a linear morphism of L..-algebras
1 Tot(C'(U)) — Tot(F (U)).

The cohomology of the total complex Tot(C (i)) is equal to the hypercohomology of C’
on X:
H*(Tot(C(U))) ~ H*(X;C),

in fact, by Example 5.4.6, H*(X,C") = H*(D(Tot(C/ (U, C%)))) = H*(Tot(C (U))) and in
the same way the cohomology of the total complex Tot(F (U)) is equal to the hyperco-
homology of F* on X:

H*(Tot(F (U))) ~ H (X, F).

Moreover the hypercohomologies of C* and F* coincide, because ¢ : C° — F is an acyclic
resolution. Then

p: Tot(C(U)) — Tot(F(U))

is a quasi-isomorphism of L.-algebras.

The natural inclusion F* — F'(U) gives an augmented semicosimplicial DGLA, and
so, by Theorem 5.4.3, it induces a morphism F" — ﬂ(]-"(bl)) of Lo.-algebras. To
calculate the cohomology of the total complex Tot(F (U)), let analyse of the spectral
sequence associated to the double complex F'(U). Its first sheet is made up by the
cohomology of the rows:

0—Co%U, F) = CYU,F)) = C*(U, F) — ...,
then, since F? are acyclic sheaves, it is given by:

EYY =HOU,F)  E}Y'=0 EY=0

\ i +
B’ =HWUF') EPt=0 E*=0
\ S +

EY°=H'WU,F?) E}' =0

where HO(U, F) = H°(X, F') = F", since the covering U is F -acyclic, then its second
sheet is made up by the cohomology of the DGLA F'. This spectral sequence obviously
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abutts at degree 2 to H*(F"), on the other hand it abutts to the cohomology of the total
complex Tot(F (U)), then H*(Tot(F (U))) = H*(F") and

F' = Tot(F (U))

is a quasi-isomorphism of L.,-algebra.
We therefore have the chain of quasi-isomorphisms of L..-algebras

Tot(C' (U)) = Tot(F (U)) & F.
O

Corollary 5.4.9. Under the same hypothesis of Theorem 5.4.8, there is an isomorphism
of functors:

Proof. Apply Theorem 5.4.8, remembering that quasi-isomorphic Ly.-algebras have iso-
morphic deformation functors and that the deformation functor associated to F' as
DGLA coincide with the deformation functor associated to F' as Lo-algebra. O

= Defp.

Corollary 5.4.10. Let L be a sheaf of Lie algebras over a paracompact Hausdorff topo-
logical space X, ¢: L — F  a morphism of sheaves of DGLAs which is an acyclic
resolution, and F the DGLA of global sections of F. If acyclic open coverings for both L
and F~ are cofinal in the directed family of open coverings of X, then there is a natural
isomorphism of deformation functors

HY(X;exp L) ~ Defp.
Proof. Applying Corollary 5.4.9, we have

Def7;, & Defp,

(L)
for U acyclic open covering with respect to both £ and F. Moreover, under these
hypothesis we can apply Theorem 5.3.21 to obtain

~ 77l ¥
Defﬂ(ﬁ(u)) = Defj;) = H (X;exp L).

O]

These constructions and results have strong geometric motivations, in fact they allow
us to find a concrete and rigorous links between the two major different approach to
deformation theory.

The classical approach to deformation theory in several cases identifies a sheaf of Lie
algebras £ on a topological space X, which controls deformations via the Cech functor
H'(X,expL). On the other hand, the theory of deformation via DGLAs is based on
the principle that in characteristic zero, every deformation problem is governed by a
differential graded Lie algebra, via the deformation functor associated to it.

These two approaches to deformations suggest that there should exists a canonical
isomorphism between the Cech functor of the sheaf of Lie algebras identified by the
problem and the deformation functor associated to the DGLA that governs it. Corollary
5.4.10 gives this isomorphism, let apply it to some well-known geometric cases.
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Ezample 5.4.11. Let X be a complex manifold and let £ be a locally free sheaf of Ox-
Lie algebras. Let F = A%*(L) = A% ®p, L be the sheaf of the (0, x)-forms with
values in the sheaf £ and let Agg* (L) =T(X, A% (L)) be the space of its global sections.
The natural inclusion £ < F is a fine resolution and therefore Corollary 5.4.10 gives a
natural isomorphism

HY(X;expL) ~ Deng(,*(ﬁ) .
Ezxample 5.4.12. Let X be a complex manifold and let Tx the holomorphic tangent
sheaf. Then we have the Kodaira identification

Defy ~ H'(X;exp Tx)
and so Corollary 5.4.10 gives a natural isomorphism

Def x ~ Dengg'(TX)’
recovering the well-known statement that the infinitesimal deformations of X are gov-
erned by the Kodaira-Spencer DGLA Ag&' (Tx) (see Example 3.2.14).

Ezxample 5.4.13. Let X be a complex manifold, let £ be a locally free sheaf of Ox-
modules and let End(£) and D!(€) be the sheaves of endomorphisms of £ and of first
order differential operators on £ with scalar principal symbol. Then we recover the
natural isomorphisms (see Examples 3.2.15 and 3.2.16)

Defe ~ H'(X;expEnd(€)) ~ Deng(,*(End(g))
and

Def(yg) = H'(X;exp D'(€)) = Def yo. ey, -
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