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Introduction

We present here general limit theorems for sums of i.i.d. random variables under
the basic assumption that the logarithm of the characteristic function has the
form:

log p(t) = [t|” (—c+ A(t) + R(1))
(*) ORI DEP A

k>1,5>0
k+ja<lr

for t > 0, with ¢, )\Zj €C,0<a<2and R(t) =o(|t|") t = 0; for t < 0 with
have the same expression in term of coefficients A ;. The coefficients A;; and /\L.
are called the left and right quasicumulants of the characteristic function, and
they are extremely useful quantities when the usual cumulants or moments do
not exist. In the case @ = 1,2 (i.e. when the random variable is in the domain
of attraction of the Cauchy and Gaussian law respectively) the quasicumulants
correspond to the left and right derivative of log ¢(t) at the point ¢t = 0.

If (X)) is a sequence of i.i.d. random variables with characteristic function
satisfying (*) it is possible to derive in terms of the quasicumulants an asymp-
totic expansion in powers of n~*/¢~J for the probability p,(z) := P(S, = z),
Sp = X1+ -+ X, if X, are lattice random variables, or for the density p,(x)
of Sy, if X, have density. This expansion generalize the classical Chebyshev-
Edgeworth-Cramér expansion for for sums of i.i.d. random variables having
finite variance and a certain number of higher order moments. If we also as-
sume the differentiability C* of ¢(t) in all point except the origin (and 2k,
k € Z, for lattice random variables) we can improve the estimate in z of the
remainder term of the asymptotic expansion. Using this result it is easy to prove
in the cases 0 < a < 1 and a = 2 the global limit theorem, i.e. large deviation
holding uniformly on the whole real line.

The collection of all characteristic functions satisfying (*) is called A,; the
name was an idea of Petrov (see [7]) who noticed that such characteristic func-
tions, having a singularity at ¢ = 0, resemble a “A”.

The motivation of the assumption (*) came from the following problem. If
{(X,,Yn)} is a two dimensional random walk, let 7,, be the successive times
when Y,, = 0, and define X,, = X, : X, is the trace of the random walk
{(X,,Yn)} through the z-axis. In the continuous time case it was shown by
Molchanov [6] that the trace of a two dimensional Brownian motion on the
z-axis, parametrized by the local time on the axis, is a Cauchy process. In
analogy we proved in [7] that the random variable X; belongs to the domain of



attraction of the Cauchy law, and more the characteristic function satisfies:

log o(t) = {—ct + ;Z:{c;(itﬂ)k +RI(0) 120

ct+ Y scy (i)F+R(t) t<0
with ¢ > 0, and R and R~ are o(|t|"); so (1) € A;. We then wanted to see if
we could get example of (*) with general 0 < « < 2 using a procedure similar
to the trace process, i.e. by subordinating a random walk with finite variance
to a sequence of random times. The local times arising from the trace process
all belong to the stable law of exponent 1/2, so in order to construct random
times with different exponent we considered the return times to 0 of the Markov
chain on the natural numbers corresponding to the Jacobi polynomials: varying
one of the parameters in the definition of the Jacobi polynomials we can get all
the different exponents 0 < o’ < 1 for the random times, and all 0 < a < 2 in
(*). The equivalence between families of orthogonal polynomials and Markov
chains on the natural numbers can be found in [14], while for a discussion on
the subordinated processes in continuous time we suggest [6] or [11].

The idea of using some substitute of the moments in proving limit theorems
seems to rise to Linnik ([4], Ch. 14): he introduced the “pseudomoments”
defined as the left and right derivatives of the characteristic function at the
point ¢ = 0, and used them to in order to prove limit theorems holding on the
whole real line for the distributions of sums of i.i.d. random variables with finite
variance and regular-decaying density. Linnik assumptions are a particular case
of (*) with a = 2, and his result follows from the consideration in Chapter 4.

In Chapter 1 we introduce the trace process in a general setting and derive
the formula for the characteristic function. We prove that in the case of the two
dimensional random walk the characteristic function satisfies (*) with a = 1.

In Chapter 2 we introduce the analogy between Markov chains on the nat-
ural numbers and families of orthogonal polynomials, which we took from [14],
and we develop the particular case of the Jacobi polynomials, deducing the
asymptotic for the generating function of the return time to 0.

In Chapter 3 we study the asymptotic expansion of p,(z) assuming (*), and
we give non-uniform estimate on the remainder term when the differentiability
of the characteristic function outside ¢ = 0 is assumed.

In Chapter 4 we derive the global limit theorems for 0 < a < 1 and a = 2
as a corollary of the results of Chapter 3. The global limit theorem for o« = 2
incorporates the result of Linnik ([4], Ch. 14) but the method for the proof is
different.



Chapter 1

Trace process and Cauchy
law

1.1 Introduction

We begin our discussion on the limit theorems with an example of random walk
whose characteristic function can be analyzed in term of quantities which we will
later call quasicumulants. Consider a 2-dimensional random walk {(X,,,Y5)}n>0
where the random variables X,, and Y,, represent the position of a particle on the
x-axis and the y-axis respectively; assume Xo = Yy = 0. Let A = {(z,0): = € Z}
be the z-axis, we define 7,, as the successive times for which the particle is in
A; let X,, = X,,. We call the new random walk {X,},>0 the trace process, as
it is the trace that the particle leaves on the z-axis. In this chapter we study
the characteristic function of the trace process.

1.2 The general case

Let us start from the following general case: let {X,,} be a homogeneous Markov
chain on the countable state space S, with transition matrix P = (pg 4 )a.yes-
Let A C S be a proper subset, and assume that the random time 7 = min{n >
1: X,, € A} is finite with probability 1. Let {X,} be the process defined by the
trace that X,, leaves in its passages in A4, i.e. X,, = X, , where 7, is the time
when {X,,} returns to A for the nth time. We are going to derive an expression
for the transition matrix @ of the Markov chain {X,}; the entries of Q are
Goy = Po(X: =vy), z,y € A

Given a bounded function f on A, we define, for z € C and |z| < 1, the
linear operator

(U.f)(2) =B, [" f(X:)], z€S8

where 7' := min{n > 0: X,, € A}; it is well defined since the argument of the
expected value is bounded. It is well known from the discrete potential theory,
that the function u,(x) := (U, f)(z) satisfies the relation

u () = z(Puy)(z) ifz ¢ A,
(L {uz(r) = f(z) ifx e A



If we denote by [°°(S) and [*°(A) the spaces of bounded functions on S and A
respectively, which are Banach spaces with respect to the supremum norm, it
is clear that U,: [°°(A) — [°°(S) has ||U,|| < 1. For |z| < 1 we also define the
operator @, : I®(A) = [*(A)

(Q:f)(z) = E.[7 f(X;)], €A

This operator is a strongly continuous function of the parameter |z| < 1, this
means that @ := @7 = lim,_,; @, and, as easy to see @ is the transition operator
of the trace process on A.

In order to find an expression for @), will will investigate the relation between
Q. and U,. Namely

“+o0o
(Q:1)(2) = Ea[2" f(X)] = D P(r = n)Ee[2" f(Xo)|r = ]

“+oo
=Y p@yzfly)+ DY 2" Pu(Xy =y, 7 = n)Ey[f(X)]

ycA n=2yg¢ A
=z ple,n)fW) +2 ) playE[27 [(X)]
yEA yEA
= 2(RPU. f)(x)

where R: [*°(S) — [°°(A) is the restriction operator (Rf)(z) = f(z), z € A
(above we used the fact that if the initial point y is not in A then 7 = 7).
Therefore ), = zRPU.,.

What about U,? Introducing the extension operator Mg, : 1%°(A) — [*°(S)*
defined as
flz) ifzeA
0 ifed A
we can rewrite relation (1.1) in one line as

(U=£) (@) = 2(PU-f)(x) + (M5, (1 — Q) f)(x),

M5Af(x) = {

which means
(1-zP)U, = M;,(1-Q,)

If |2| < 1, then 1 — 2P is invertible, hence U, = (1 — 2P) "' M;,(1 — Q). So
Q.= 2zRP(1 —2P)"'M;,(1-Q.)
=2RP(1 — 2P) 'M;, — 2RP(1 — 2P) ' M;,Q.
from which
[1+2RP(1—2P)"'M;,]Q. = zRP(1 — zP)" " Mj;,
[1+2RP(1—2P) *M;,]Q. =1+ 2RP(1 —2P) "Ms, — 1
and finally
(1.2) Q.=1—[14+2RP(1 —2P)"'M;,]*

if |z| is small enough.

IThe notation for the extension operator comes from the fact that it “multiplies by the
function d4”.



1.3 The trace process

Now we specialize the formula in (1.2) to the case of an ordinary lattice random
walk, i.e. S =72, A={(z,y) € Z? x Z: y = 0} and the transition matrix P
is translation invariant, that is

Plaryn)y(zaye) = P(T2 — 21,92 —91),  @1,32 € Z% and y1,ys € Z.

As we mention above, the basic assumption is that the return time 7 of our
random walk {(X,,,Y;)} is finite with probability 1. Condition for this can be
found easily by looking at the projection of the random walk {(X,,,Y},)} on the
y-axis, which correspond to the random walk {Y,!} with transition probability

P =Y plz.y)

ez

The random time 7 is finite with probability 1 if and only if the projected
random walk {Y,'} is recurrent. {Y,} is a 1-dimensional random walk, and it
is proved in [12] that a 1-dimensional random walk with finite first moment is
recurrent if and only if the first moment is zero.

It is easy to see that the operators R, P and M;, can be regarded as oper-
ators on /2 rather then [*°, and they are still bounded. Hence we get from (1.2)
that also @, : [>(A4) — I2(A) is bounded if |2| is small enough.

Let F: [2(S) — L*(T%1) and F;: I?(A) — L*(T%) be Fourier transforms,
we want to find the operator Q. : L2(T%) — L?*(T%) such that Q.F = F Q..
Direct calculation shows that the operator M;, : L*(T%) — L2(T%+!) such that
My, Fi = FMs, is given by

(Mj, f)(s,t) = f(s), seT¢andteT,

and the operator R: L?(T4t1) — L2(T%) such that RF = Fi R is

(Rf)(s) = % _ﬂ f(s,t)dt, seT?andteT.

Therefore it follows from (1.2) that

(13) QF0) = 1= | F, s
where G, (s) is given by the expression

1 (7 dt
(1.4) G.(s) = Py [ﬂ =G0

Notice that the Fourier transform p'(t) of the transitions probability for the
projected random walk {Y,'} is given by p(0,¢), so the function G,(0) coincide
with the Green function of the {Y}}}, ie. > <,p™(0)2".

Theorem 1.3.1. Let {(X,,,Y,)} be a random walk on the state space Z¢ x 7,
with transition matriz P = (p(x2 — x1,y2 — y1)), x; € Z¢, y; € Z, i,j = 1,2.
If the first moment of the projected random walk {Y} is zero, then the irace
random walk {X,} on the hyperplane A = {(z,y) € Z¢ x Z: y = 0} is well



defined, and the function q(x), x € Z%, which define the transition matriz ) =
(q(x2 — x1)), has the Fourier transform

s e T?

(1.5) q(s) =1—

with G(s) = G1(s) as defined in (1.4).

Proof. We know that @ = lim,_y (., so passing to the limit in (1.3) gives us
the desired result. O

Remark 1.3.1. If {X,,} and {Y,} are independent, then p(s,t) = p1(s)p2(t)

and G(s) = 5= [ Pzﬁ(ClW' It is known (see, for example, [12]) that the

generating function of 7, F/(z) = E[2"] can be expressed as

F(z):l—GiZ

where G, = 53— [7 172‘?2(”. Therefore (1.5) reduces to §(s) = F(p1(s)).

Remark 1.3.2. For the projected random walk {Y,} the Fourier transform of
p(y) is p(t) = p(0,t), which means that G(0) = G;.

Example 1.3.1. Suppose {(X,,Y,)} is the usual nearest neighbors random
walk p(&1,41) = 1/4, then substituting its Fourier transform p(s, t) = %(cos s+
cost) into (1.5) and integrating we get

1 ..
(j(s):l—\/l—coss—4sinzs

Example 1.3.2. If {X,,} and {Y,,} are independent symmetric random walks
on Z, with the same transition probability p(£1) = 1/2, then F(z) = E[z"] =
1 —+/1 - 2? and, by Remark 1.3.1,

G(s)=1—+1—cos®s=1—|sins|.

1.4 Asymptotic of ¢(s)

For our consideration we further restrict to the case d = 1. We want to study
the behaviour of the c.f. §(s) and show that, under mild regularity condition on
the moments of the original random walk, it belongs to the domain of attraction
of the Cauchy law.

Consider the integral

(1.6) Gls) = %/j H‘;’és_t).

Of course, as p(s,t) is the characteristic function of an aperiodic random walk,
if s is away from 0 we have no trouble with integral (1.6), and G(s) has the
same regularity as p(s,t), which we assume C"*3. We will therefore study G(s)
for small value of s.



By the Morse Lemma (see Appendix A) there exist neighborhoods 0 € U C
T,0€V C T and a function u: U x V — R of class C"*' such that

(s, t) = —u(s, t)* + (s, a(s))

where «(s) is the maximum of p(s,t) as a function of ¢, for fixed s (it is the
maximum because we assume p'(s,t) positive definite). By the continuity of
u(s,t) we can find a smaller neighborhood 0 € U; C U such that for s € Uy,
u(s, V) D ]-46,0], for some fixed § independent on s. Hence for s € U; we define
A(s) = {t € V: u(s,t)?> < 6%} and we split the integral

dt
Ii(s :/ s
1®) As) L= D(s,1)

dt
Is:/ &
2(s) mA(s) 1 —D(s,1)

The integral I5(s) is C"*? because the integration variable ¢ is uniformly
bounded away from 0 when s € U;. As for I1(s), we can change variable and
write

_ T _ o f(S,U)
(1.7) L) =hi)= [ 57 5du
(1.8) & =E(s) = 1- p(s,als))

where f(s,u) is C" (notice that the integration variable u of I runs exactly
from —d to § by our assumption s € Uy).

Lemma 1.4.1. If f(s,z) is of class C?", then the integral

C fsa)

_s @2 + a2

I(a,8) =«

is of class C*" in the variable (c, s), and 1(0,s) # 0 if f(s,0) # 0.

Proof. Write the Taylor expansion
2r
f(s,z) = Z Qg (S)mk +6(s, l,)er
k=0
where 6(s,z) — 0 when 2 — 0. Hence

I{a,s) = 2a2k(s)k () + (@),
k=0

5 22k
4 = ——d y
7i(a) a/o a2+ a2

g 2k
Al 8) = a/ de

5 o2 + a2



First notice that the () are analytic. Indeed

§ p2,2k=2 4 (2,2k—2 L[S 22
ve(a) =« dr — « ———dx
0 0

o2 + 2 o? + 2
g . k . 4 . .
— a/ 2252y — OCQ’Yk_1(Oé) _ ZOCQJfl / 22620 gy 4 (—1)ka2k’y0(oc)
0 ; 0
j=1

and o (a) = arctan % is analytic. As for 4, (a, s), we repeat the same procedure:
5
irass) =a [ 0ls,0)a™ s - (a9
—3

r 5
= E a2j—1/ 0(s,x)x* " Hdx + (—1)"a* (e, 5)
j=1 -9

ggi@ dx — 0 when o — 0. Therefore I(«, s) is a sum of

a C*"function plus a remainder term a3y (c, s).
Moreover, since vo(0) # 0 and v (0) = 0 = 7,.(0, s) is k and r are # 0, then
I(0,s) #0 if f(s,0) #0. O

Considering equation (1.8), we notice that, since a(0) = 0 and $'(0,0) = 0,
€2(s) has a Taylor expansion

where g (a, s) = oafi;

r+2

e(s) = Z ars® + R(s)
k=2

and as > 0 by the non-degeneracy condition of the random walk. Therefore
e(s) = als|g(s), a>0

with g(s) of the class C" and ¢(0) = 1.
Now we have all the ingredients to prove the following

Theorem 1.4.2. Suppose the characteristic function p: T x T — R of the
random walk {(X,,Y,)} on Z2? with O first moment belongs to the class C"+3,
and p"(0,0) is positive definite. Then the characteristic function

of the trace random walk, with G(s) given by (1.6), admits the representation
(1.9) i(s) = 1 - als| F(s)

with a > 0, F(s) of the class C", F(0) =1 and F(s) #0 if s # 0.



Chapter 2

Subordinated random walks
and quasicumulants

2.1 Subordinated random walks

Before formulating and proving general limit theorems for sums of independent
random variables we want to show how such theorems are important by show-
ing how characteristic functions having quasicumulants appear naturally in the
theory of random walks. In the previous chapter we analyzed the case of the
trace of a r.w., which always belong to the domain of attraction of the Cauchy
law. In order to have other limiting laws we need to use the idea of subordinated
random walk.

Let (T5)n>1 be a sequence of i.i.d.r.v. with values in the positive integers
(random times). For z € C, |z| < 1, define the common generating function
of the T,,’s as F(z) = E[z"1]. The sum S, = Ty + --- + T,, So = 0, has
generating function F'(z)". Let (X,)n>0 be a homogeneous random walk with
transition function p(z), z € Z, and characteristic function p(¢). The random
walk (X,)n>0 defined as X,, = Xg, is called the r.w subordinated to X,; the
Markov chain S,, is called the subordinator, and X,, and X,, are the direct and
subordinated r.w. respectively. Elementary calculations show that the c.f. of
X, is given by ¢(t) = F(p(t)) (cfg. Remark 1.3.1).

In many cases F'(z) can be written as

(2.1) F(z)=1—-(1-2)%(z2)

where 0 < a < 1, and ¢(z) is of class C" in a neighborhood of the point z = 1,
and ¢(1) # 0.

Example 2.1.1. The function F'(z) = 1—¢(1—2)%, 0 < ¢ < 1 is the generating
function of the distribution

po=1-c
b1 =ac

ala —1)
=20 ()

10



Theorem 2.1.1. If the generating function satisfies (2.1) and the c.f. p(t) can
be expanded as
ma

2

At =1 24t ”:!" (it)" + o([t]")

with mo > 0, then we have
q(t) =1 -t g(t)
where g(t) is of class C™, m = min{r — 2,2n}, and g(0) = (m2/2)%c(1).

In the next section we will show that using the relationship between orthog-
onal polynomials (OP) and Markov chains on the half axis, interesting examples
of generating functions satisfying (2.1) can be produced.

2.2 Basics of orthogonal polynomials

Let © be a probability measure on the real line with compact support, and which
is not concentrated on a finite number of points. Then on the Hilbert space
L?(R, B, 1) we can apply the Graham-Schmidt orthogonalization process to the
family of monomials {1,z,z?,...} (for the moment we do not choose any par-
ticular normalization). The result is a family of polynomials { R, (z)}n>0 which
are orthogonal with respect to p, i.e. (R;|Ry) =01if j # k, and deg R,,(z) = n.
The smallest interval [a, b] which contains the support of y is called the interval
of orthogonality. The first important result in the theory of orthogonal poly-
nomials is there exist coefficients a,, b, and ¢, so that the following relation
holds

(2.2) 2Ry (2) = anRpy1(x) + by Ry(x) + cnRp_1(x).

The coefficients a, and ¢, depend on the particular choice of the normalization
while b,, do not, in fact

R R Ry|zR R,_1|zR
(2.3) ap = (Rntilz 271)7 b, = (Bnlz Qn)’ n = (Rn—1lz Qn)

[ Bngr | (| ]| ([ Rl
and apc,1q1 > 0 for n > 0. We can choose the normalization which sets the
leading coefficient equal to one, and denote the corresponding family of OP by
the symbol M,,(z). In this case we have a, = 1 and ¢,1 > 0. The following
theorem, due to Favard, provides the converse to what we showed so far.

Theorem 2.2.1. Let {My(z)}n>0 be a family of monic polynomials with degree
deg My (x) = k, which satisfies the recurrence relations
M1 (ZL’) =T — bo

2.4
(24) Myt1(z) = (& — b)) Mp(z) — cnMp—1 n>1

with ¢, > 0. Then there exists a probability distribution p such that (M;|My) =
0ifj#k.

The structure of the zeros of a family of OP is described by the next classical
result.

11



Theorem 2.2.2. If {R,(z)} is a family of OP with interval of orthogonality
[a,b], then:

(A) the roots of R,(x) are all real, simple and contained inside |a, b[;

(B) if 1y < -+ < z, are the roots of R,(x), then for every m > n in the
interval |xg, xp41[ (K =0,...,n, 2o = a, Tpt1 = b) there is at least one
root of Ry, (x).

For the proofs of the above Theorems and a more detailed discussion on
orthogonal polynomials see, for example, [13].

2.3 Orthogonal polynomials and Markov chains

Consider the Markov chain on (X,,),>¢ on the non-negative integers with tran-
sition probabilities P(Xg11 = n+ 1| X, = n) = pp, P(Xg+1 = n|Xy =n) =rp,
P(Xp41 =n|Xy =n+1) =gy, forn >0, and p, +r, + g, = 1 (g0 = 0).
We assume p,, > 0 and ¢,,11 > 0 for n > 0 so that the chain is irreducible. The
measure on N given by 7(n) = po - Pn-1/q1-"-qn if n > 1, and 7(0) = 1 is
invariant under the action of the transition matrix P.

On the Hilbert space H = L?(N, ) of all complex valued functions f(n)
s.t. Y |f(n)]? w(n) < oo, with the scalar product (flg) = 3= f(n)g(n)x(n), we
define the operator P as

(Pf)(n) =pnf(n+1) +raf(n) +anf(n—1).

This is the usual action of the transition matrix on L?; P is selfadjoint since the
chain is reversible, and [|P|| = 1, therefore the spectrum o(P) is contained in
the interval [—1,1]. Using the assumption that the chain is irreducible it can be
shown that the vector dy is cyclic for P, i.e. the linear span of the set {P"do}
is dense in H.

Now define the family of polynomials recursively as

Qo(x) =1

(25) ZL“Qn(l’) = ann+1 ('7;) + rnQn(m) + annfl(w) n > 1.

By Theorem 2.2.1 there exists a probability measure p on R such that the
Qn(z)’s are orthogonal to each other. In fact it can be shown (see [14]) that the
measure p coincide with the spectral measure of P relative to the vector dg, i.e.
Vz € C with Im z > 0 we can write

@ol(P = 1)7ta) = [ AL

)
1T —Z

(the function F(z) = [ % is called the Borel transform of p).

Let us notice the polynomials @, (z) satisfy the normalization @, (1) = 1.
Viceversa if p is a measure concentrated on [—1,1] (and not concentrated on a
finite set) we can construct the family of monic polynomials M, (x) orthogonal
w.r.t. p and by Theorem 2.2.2 we have M, (1) > 0. The new OP’s defined by
Qn(z) = M, (z)/M, (1) will satisfy the recurrence relations (2.5) with p, > 0,

Gnt1 > 0 (n > 0) and r,, = b,; moreover p, + 7, + ¢, = 1. Therefore the

12



measure p is the spectral measure of a Markov chain on the natural numbers in
all cases when the coefficients r,, (or b,) are non-negative.
By the functional calculus we have the formula for the probability of return-
ing to 0 after k steps
1
molh) = [ st (o)
-1

so the generating function for these probabilities is given by

(2.6) G@zfmﬁwzf“mﬁwml
k=0

1 1—zz

and G(z) is related to the Borel transform by the formula G(z) = —F(1/z)/z.
Let us introduce the probability measure on the interval [—1, 1]

Hap(d2) = nos(l - 2)°(1 + @) de

a, > —1 and n,g is the normalizing factor. The family {Péa’ﬁ) ()} of OP
generated by pop using the normalization

I'n+1+a)

27) P = nID(1 + «)

are called Jacobi polynomials. There are classical formulas for the coefficients
an, by, and ¢, (see for example [13])

2ln+1)(n+14+a+p)

T @ntiltatB@n+2+a+tp)
_ (8> —a?)
(28) bn = 2n+a+B)2n+24+a+p)
. 2(n +a)(n+ B3)

Cn+a+pB)2n+1+a+p8)
So, from (2.3) and (2.7),

2(n+1+a)(n+1+a+p)

Pn = 2n+1+a+B)2n+2+a+p)
_ (8% — o?)
(29) n = Cn+a+8)(2n+2+a+B)
B 2n(n + B)
"= ontatBn+ltatp)

As easy to see r, is non-negative iff one of the three happens:
(A) a =g (r, =0 for n > 0);

(B) B>0and -8 <a<f (r,>0forn>0);

(C) p>0and a=—-0 (ro=p and r, =0 for n > 1).

13



If o« =B # —1/2 it is customary to write the measure as p(dz) = (1 —
2277124y (v = o + 1/2); the family of OP {C\)(2)} generated by iy (d)
using the normalization Cy(ﬂ)(l) = I'(n 4+ 2v)/n!T'(2y) are called Gegenbauer
polynomials. The case @ = § = —1/2 give rise to the Chebyshev polynomials
{T,(x)} under the normalization T,(1) = 1; they correspond to the Markov
chain pp = 1 and p, = ¢, = 1/2 for n > 1. Another family of classical
OP is that of the Legendre polynomials {P,(z)} which have o = § = 1 and
normalization P, (1) = 1; they have transition probabilities p, = (n+1)/(2n+1)
and ¢, = n/(2n + 1).

2.4 Asymptotic of the generating function

The generating function (2.6) for the Jacobi Markov chain becomes

dx.

! — )% x)?
(2.10) O

The goal of this section is to study the asymptotic of this function in the variable
z for different values of the parameters o and .

An expression for (2.10) can be given using the hypergeometric series, which
is defined as

(2.11) 2 Fi(a,b;e;¢) = Z (az’c‘)(:)"f;

n=0

where the symbol (), := (x)(x+ 1) --- (x +n — 1) is called the rising factorial.
The series (2.11) is convergent for |{| < 1. The hypergeometric series has the
representation

Y — ING) L b=t (1 — w)e—b-1
o oo = F(b)F(c—b)/o 0 Cwye ™

when 0 < Reb < Rec. The LHS of (2.12) is called the Euler hypergeometric
integral (see [13]). It is easily seen that after the change of variable w = (z+1)/2
in (2.12), (2.10) can be written as

20HAHIP(B + 1) (a + 1)
1+ 2)T(a+8+2)

Gap(2) = nap

2z
oF1 [ 1 1; 2, ——
2 1<7ﬁ+ 7a+6+ 71-’-2’)

for |z| < 1. However this formula doesn’t give us information on the asymptotic
when z — 1; the case a > 0 is not interesting for us since the integral (2.10) is
finite for z = 1 (the Markov chain is transient).

Theorem 2.4.1. For o < 0 the integral (2.10) can be written, in a neighborhood
of z=1, as
1-2

Gasl(z) = ( )a h(z) +1(2)

where h(z) and I(z) are analytic and h(1) # 0, and the power « on the RHS is
the branch which gives real values for real arguments.

14



From this we can derive an expression for the generating function of the time
Ty of first return to 0, Fog(2) 1=, ~q fu2", fn :=P(T1 =n):

_ 1
Gap (2)

with ¢(z) analytic and ¢(1) # 0. For the particular case of the Chebyshev
polynomials (¢« = —1/2) we have ¢(z) = 1.

Fop(z)=1-— =1—(1-2)"%2)
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Chapter 3

Limit theorems using
quasicumulants

3.1 The class A,

Suppose ¢(t) is the c.f. corresponding to the probability distribution p. For
0 < a €2 let’s introduce the class A, of all c.f. satisfying the condition:

3.1 log p(t) = [t|” (=c() + A(t) + R(t))

in some neighborhood of ¢ = 0, where ¢(t) = ¢ € C, Rec > 0, for t > 0 and
c(ty =7¢for t <0, and

(3.2) A= D ALt
k>1,j>0
k+ja<lr

(3.3) A(—t) = A(t)

and R(—t) = R(t), R(t) = o(|t|") t = 0, and r € R. We call the coefficients A, ;
the normalized (right) quasicumulants of order (k,7) of the c.f. ©(t); for ¢t < 0
expansion (3.2) holds with A(¢) = Z/\,thk |t]’*, where Ay = (—1)’“)\72} and
Ak;’s are the normalized left quasicumulants. It follows from the definition that

if 1,2 € A, and have normalized quasicumulants )\,(:j)"_ and )\EfjH respectively,

then the c.f. @1 (t)2(t) belongs to A, with A}, = )\Ecle + )\gfjH.
Proposition 3.1.1. The following statements are true:

(a) if a1 # as then Ay, NA,, = 0;

(b) if p(t) is the strictly stable distribution of exponent o, then ¢(t) € Ay;

(c) if p(t) € Ay then p(t) belongs to the domain of attraction of the strictly sta-
ble distribution of exponent a and the complex number ¢ in (3.1) satisfies
—ra/2 <arge <ma/2if0 < a <1, and —7w(2—a)/2 < argc < 7(2—a)/2
fl<a<2.
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Example 3.1.1. Suppose ¢(t) satisfies:

2 + . .
(3.4) log p(t) = 0%+ Ty ()" + B 1420
—a2§ + Y s HEF+R7(t) ift<0

where both R*(t) and R=(¢) are o(|t|") and o € R. In view of o(—t) = p(t)

necessarily we have ¢, = ¢; and for t > 0 R~ (—t) = R*(t). The coefficients c;,
and ¢/ are called the (left and right) quasicumulants (of order k) of the c.f. and
they correspond to the left and right-sided derivatives of log¢(t) at the point

t = 0. If we define:
+ >
R(t) = R_(t) t>0
R (t) t<0

+
+ ok k2

Ao = =0 o

then ¢(t) € Ay; the definition of )\ZO in terms of the quasicumulants cyy2 jus-
tifies the definition of “normalized quasicumulant”. Notice that if ¢(¢) has the
cumulant ¢, then ¢; = c;r =c¢; € Rfor all j < k. Viceversa let ¢(t) satisty
(3.4) and let 7y be the first index such that ¢f # ¢, (eq. Im¢jf, # 0), then by
a classical result in probability theory (see for example [2]) the distribution cor-
responding to () has 2mg moments, where mg := max{n: 2n < ro}; therefore

if & <2myg, then cZ‘ = ¢;, = c; where ¢y, is the usual cumulant.

Example 3.1.2. Let o(t) satisfy:

—ct+ Y (i) +RY(t) >0

3.5 log p(t) =
(8:5) Bel) {ct+2;2ck(it)k+R(t) <0

with ¢ = a —ib, a > 0, and R* and R~ o([t|"). Then ¢(t) € A, with A, =
ik+1c;r+1/(k +1)l. As in Ex. 3.1.1 the coefficients ¢, and ¢ are called left and
right quasicumulants, since they coincide with the left and right derivatives of
log ¢(t) w.r.t the variable it.

3.2 Generalized Chebyshev-Edgeworth-Cramér
expansion

Consider a sequence (X,,)5%; of i.i.d. random variables with common charac-
teristic function (t) belonging to A,, and let S,, = X; + --- + X,,. We will
consider two cases simultaneously.

Case A: X, are lattice random variables, i.e. they take values in the set
a + hZ where h > 0 is called the span of the distribution of X,,. The span is
called mazimal if there is no other a; and hy > h such that X,, takes values
in a; + h1Z with probability 1. For lattice random variables we will always
assume, without lost of generality, that the maximal span is equal to 1, which
is equivalent to say that |¢(¢)| =1 iff ¢ = 2kn (iff p(t) = 1).

Case B: the common c.f. ¢(t) satisfies the condition [ |o(#)|” dt < oo for
some p > 1. Since |p(t)| < 1Vt, p € LY Vg > p; in particular " € L! for all
integers n > p. Therefore S,, has continuous and bounded density for all n > p.
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With an abuse of notation we will denote by p,(z) either the probability
P(S, =) x € Z, if we are in case A, or the density of the r.v. S,, n > p, if we
are in case B. By the Fourier Theory p,(z) has the integral expression

1 [* y
pale) = 5= [ oleyear

with L = 7 or oo depending whether we are in case A or B.
For an arbitrary § > 0 we can split the above integral as:

pn(z) = %(Il(n,x) +I2(n,x))

ILi(n,z) = / o(t) e~ dt
lt|<s

Ln,z) = / () e dt.
§<|t|<L

The asymptotic of Is(n,z) for large values of n is a consequence of the following
well known results.

Lemma 3.2.1. If ¢(t) is the c.f. of a lattice distribution with the mazimal span
h, then for every § > O there exists a positive number ¢ such that |o(t)] < e~ ¢
in the domain § < |t] < 2L — 6.

Lemma 3.2.2. If o(t) is a c.f. satisfying the Cramér condition
() tim sup [ ()] < 1,

[t]—o0

then for every § > 0 there exists a positive number ¢ such that |o(t)] < e ¢ for
> 5.

For the case A, using Lemma 3.2.1 and the hypothesis that the maximal
span is 1 we get:

o)< [ e < 2zme
s<t|<m

where the constant c is independent on = € Z. For the case B, let ng be the

smallest integer greater then p; since ¢™0(t) is the c.f. of the density p,,(x), it

satisfies the Cramér condition (C), therefore using Lemma 3.2.2 we have:

nng nng
[L2(n, )] S/| @™ (le®)]™) ™ dt < e o [l I, -
t[>0

This means that in both cases Io(n,z) = O(e~ ") as n — oo uniformly in x € Z
or z € R.
Using the hypothesis (3.2) we can rewrite the integral I; as:

Il(n,a:) :/ enlogcp(t)—itwdt
<5
_ / eI =it er 1o 14| A(8) + n 8| R(£)] dt
<5
6 .
=/ e mel" =82 e [ 1412 A(E) + n [¢]° R()] di
0
6 - . — —_—
+/ e e [n|t|a)\(t)+n|t|aR(t) dt
0
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The natural change of variable s = n!/®t leads to the expression:

(3.6) Lin,z) = 11/a [ (m,y) + I ()], y = n%

nt/es s
(3.7) Ifﬁuy)Z(A é””“‘“yemoﬂﬂak( o) I8l (5@@)]d8
(3-8) I (n,y) = I (n, y).

Let u == n~1/%, w(s,u) := s*(A(us) + R(us)) and z(s,u) := s*A(us). We have
the Taylor expansion

(3.9)

2. 2 =1

Z(s7 fry — —

SR I I
)\-‘r um—i—nasm—&-na)hmn

Z H ( mn hm’n!

=0 S B =l

= Z uktioghtion, ()

> <(hl )) [[O umnasmnayin.n

S b n=l m,n

Il
Mg T

CIDN

Q

£>0,j>0
1 k=0,j=0
(3.10) (s) 0 k=0,j21
. L i (8) =
T Zl 15 sha= T1 ()"“") otherwise
> mhm =k
S nhm,n=j

where the symbol (( hw{ n)) denotes the multinomial coefficients with all the inte-
gers hy, , on the second line, and all the products above and the sums “>" hy, 7
are extended over all pairs of integers m > 1 n > 0 with m + na < r. In fact
in place of (3.9) we consider e* = Y°/_ 2! /Il + * 2"t /(r + 1)! which gives the
formula

+1
k+jo k+ja . 2 (s,u) Z(S,U)T
Z u s Yk.j (S) +e (T‘ ¥ 1)'
£>0,j>0
kt+ja<lr’

with r <7/, and it follows from the calculations above that z(s,u)" ™! = o(u").
Let

n'/es
Tny)= [ e S ket () | ds
v k>0,5>0
k+ja<r
Ji (n,y) = Ji (n,y);
then
nt/es

(mn|ﬁmm—#mwa

e~ Recs [‘ew(s,u) _ ez(s,u)

2(s,u)"!
(r+1)!

. . /
+ § ukJr]ozskJr]a,yk’j(S) + e? (s,u)
r<k+ja<r!

ds.
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If 4 is a real number such that |w(s,u)| < 6 and |z(s,u)| < 6 then we have the
inequality |e? —e*| < e |w — z|. In the interval of integration in (3.11) € can

be chosen as as® where a > 0 is arbitrary small (if § is small enough). Also

41

we have |w — z| < es®(us)” and ezl(s’“)z((sr’ui)!‘ < Cef s+ (ys)™*1 for any

1)
€ > 0 and some C' > 0 if § is sufficiently small. Therefore

(3.12)
nt/g
|I1+(7’L7y> — Jf(n7y)| Se/ 6_(Re C—a)sasaursrds
0

nt/es

+ Z uk—i—ja / e~ Re csask—i-ja |'Yk7j (S)| ds
r<k+ja<r’ 0
nt/es
+ C/ ef(Re c—a)s® Sa(r+1)(us)r+1d8
0
<eMu"

which means I;t (n,y) = J;"(n,y) +o(n""/%), n = oo, uniformly in y. Obviously
the same estimate holds between I;” and J;, and going back to (3.6) we derive

nt/es n
1 —cs¥ —1
Lin,z) =) Ty [/ € ;i (s)ds +/
@ 0 0

+ o(n_r/a)

1/ag
(& Cls‘a ity L il S ds
qk,j

with gx ;(s) := s*=1H7%, 4 ;(s), and the sum is over all pair of integers k > 1,
Jj > 0with b+ ja <r+1.
We conclude our estimate by noticing that for any £ > 1 and j > 0

00 00 _Recpsa
—c\s|o‘—ity _Recls‘a € 2
e gr,j(s)ds| < em = ds =0 | ——7— |-
n nl/ag V22

1/ag
We therefore proved the following

Theorem 3.2.3. Let (X,,)°2, be a sequence of i.i.d.r.v. with common c.f. p(t)
belonging to A, and assume one of the following two cases:

(A) the r.v. X, have lattice distribution with mazimal span equal to 1;
(B) [Z lp®)|P dt < oo for some p > 1.
Then we have the asymptotic expansion

(3.13) pn(z) = Z ﬁm&?@) (nlw/a) +o (n_rai) , N — 0

k>1,j>0
k+ja<r+1

uniformly in x € Z in the case A, or in x € R in the case B. The functions
U on:
k.j (y) have the expression:

1 > —cs%—is
(3.14) U,g?;’c) (y) = - Re/o e Yy ;(s)ds
1 k=1,j=0
(315 dsls) = 0 k=1j>1

Z;:ll s(l"‘j)a'*‘k_lq,(gg otherwise
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with the numbers q,(gl)] depending only on the /\E’n withm < k—1n < j according

to the formula
+ Yhm,n
0 _ (/\m,n) ’
- T D

1<m<k—1 ;
0<n<j

where the above sum is taken over all possible arrays of non-negative integers
hmn 1 <m <k—10<n <j satisfying the relations > hpmpn =1, Y. Mhpmn =
k—1 and Y nhpn = j; in particular q,(gl]) = /\;:717]‘ and

(k—1) _ ! (A7)
gy =11 Byt
n=0 ’

From (3.14) and (3.15) we can see that once we know the coefficients q,(:’)j, the

calculation of the functions U,g?;’c) (y) reduces to the calculation of the integrals:
(316) 115(7);’6) (y) — / e*C|s\“7isysla+kd8
0

and UISO;.’C) (y) will be a linear combination with real coefficients of the functions

(3.17) Re(e 1L, ()

fori=1,...,k—1and 0 < 6 < 7. For I,(c?;’c) (y) we can write the generating
function

o0 (Dé,C)
1
(3.18) G @) (w, z) = E %l'(y)(iw)kzl
k,i=0 o

for w € R and 2z € R*, and if we consider
[e.0]
I(goa,c) (y) _ / =08 sy
’ 0
we find, summing up (3.18), that G(*) (w, z) = pa7c_zl/a)(y — w). Therefore

«,C . dk+l «.,C
L5 W) = (=) e T (0~ w)

w=0,2=0

Remark 3.2.1. Consider a c.f. p(t) satisfying the hypothesis of Ex. 3.1.1 or Ex.
3.1.2. If the quasicumulants are all real (i.e. ¢f = ¢, ) then the coefficients q,(i)j
are real if k£ is odd and imaginary if k is even. Therefore in expression (3.17) we
have 8 = 0 if k is odd and 8 = #/2 if k is even, and this allows us to consider,
instead of I((,i‘)’c) (y), the more convenient p(q ¢y (y) := 7 ' Re I((,i‘)’c) (y),a=1,2,
which is a strictly stable density.
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3.3 Non-uniform expansions

In the previous Section we derived the asymptotic expansion for p,(z) assuming
the regularity of the c.f. ¢(t) only near the origin. However if we further require
(t) to be sufficiently regular for all ¢, except ¢ = 0 (or ¢t = 2kw), we can get
a sharper estimate of the remainder term when x is large; additionally we can
get that the remainder term not ounly goes to zero when n — oo but when
n + |z| = oo. As in the previous Section we formulate our results for case A
and B simultaneously.

Theorem 3.3.1. Let (X,)52, be a sequence of i.i.d.r.v. with common c.f.

e(t) € Ay, and assume one of the following two cases:

(A) (1) the r.v.’s X, have lattice distribution with mazimal span equal to 1,
(2) (t) € C¥(10,2x]), v <7+ a;

(B) (1) [, o) dt < oo for somep> 1,

(2) p(t) € CY(R\{0}), v < r+a, and all derivatives are bounded outside
a small neighborhood of 0;

Then p,(z) has the expansion:

B 1 (@) x n(llf’l’fl)/a
619) @)= Y UG () e )

k>1,j>0

k+ja<r+1

holding for x € Z in the case A, or for x € R in the case B, and v(n,x) — 0 as
n+|z| = .

Remark 3.3.1. In the case of attraction to the Gaussian law (o = 2) if the r.v.’s
X, have r 4+ 2 moments and v < r + 2, then the boundedness of the derivatives
in B2 yields.

For the proof of this theorem we will relay on the following elementary result,
which provides a criterion to check whether a function f(n, ) goes to zero when
n+ |z| — oo.

Lemma 3.3.2. Given a function f: N xR — C, then f(n,z) — 0 when n +
|z] = oo if and only if the following two conditions are satisfied:

(A) sup, |f(n,x)] = 0 as n — oo;
(B) for all fized n, f(n,z) = 0 as |z| = oo.

Proof. The necessity is obvious. For the sufficiency, suppose that Je > 0 such
that there exists {n;} and {z;} such that ny + |zi| — oo and |f(ng, zi)| > €
Vk. We have one of the following two cases: either {n;} is unbounded or it is
bounded. If it is unbounded then we can extract a subsequence {ny,} which
tends to infinity and we contradict A. If {n;} is bounded then it has only a
finite set of values and there exists a subsequence k; such that |a7kj| — oo and
{nt, } is constant. Therefore we contradict B.
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Consider the formula p,(z) = iffL P (t)e~ " dt with L = 7 or oo de-
pending whether we are in case A or B. Let d; and J5 be arbitrary numbers
satisfying 0 < §; < 82 < L, and introduce the partition of the unity, i.e. a
function x(t) € C*°(R) such that 0 < x(¢) < 1Vt e R, x(¢) = 1if |t| < &
and x(t) = 0 if |t| > ds; for such function we introduce the complementary
x(t) := 1 — x(#)!. Using x(t) we can split the integral formula for p, () as:

(320) pn(m) = E(Il (TL,ZL’) + IQ(TL,ZL’))

(3.21) Li(n,x)= /_OO O (t)x(t)e e dt
v |

(3.22) L(n,z) = /_L O () x(t)e " dt.

The asymptotic for I>(n,x) is given by the following:

Lemma 3.3.3. There exist functions gi(n,z) and g2(n,z) which go to zero
when n + |z| — oo, such that

(A) Lin,z) =n~—tD/og (n x);

(B) Ixy(n,z) = ”(V_;i:l)/agg(n,x), if v £ 0.
v—r—1)/a

(
Therefore |Ir(n, z)| < ni,,g(n,x), where g(n,z) goes to zero when n +
vl + |z

|z] = oo.

Proof. Let us start with the case L = . For A it is enough to take ¢;(n,x) :=
n(+/ [, (n, z); then by Lemma 3.2.1 g;(n,z) — 0 as n — oo uniformly in
exponentially fast. Also for fixed n g;(n,z) — 0 as || — oo by the Riemann-
Lebesgue Lemma, hence g;(n,z) — 0 when n + || = oo by Lemma 3.3.2.

For B we integrate by parts:

Bina) = [ g oune
51§|t‘<ﬂ'
Z. t=m t—*&l
— 7@“@))2(15)67”96 + 7@”(15))2(15)67“‘/2

€ =6, Pa———
i d ‘

- — — ["(O)x(t)] e dt,
/5| " OO

and since o(—m) = () and x(d;) = 0 we have:
e =— [ Ll Ouee
= T J s, <jt)<n dt ‘

Therefore iterating the integration by parts:
1 d2 ~ —itx
Bina)=-— [ ol Ou0le =
6 <|t|l<nm

~UF [ Rl

v 1<[t<m dtv

IFor the construction of the partition of the unity see, for example, [5]
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d’ ;
The function gs(n,z) := n(’"H*V)/a(_Z’)V/ — [ ()X (t)] e dt goes
si<fel<r dt

to zero uniformly in x exponentially fast when n — oo since we can factor
v

out from the expression ] [©"(t)x(t)] a term of the shape " ¥(¢). Again

B follows from Lemma 3.3.2 and the fact that g2(n,z) — 0 for fixed n when
|z| = oo.

For the case L = oo we use the same method with the obvious adjustments.
For A we define g, (n, z) := n"t1/%[,(n, ), and use Lemma 3.2.2, the Riemann-
Lebesgue Lemma and the Lemma 3.3.2. For B we use successive integration by

s &
parts, plus the fact that pr [" (1) x ()] L = [™ () x ()] o =0 (k=
0,...,v—1) since they are the sum of terms of the form ™ "0 (¢) (which tends to

zero as |t| — oo) times some derivative of (t), which are bounded by condition
B2 of Theorem 3.3.1. So we get

(=3)”

12(77‘"7:) = TV

/t @R e e,

1>6, dt¥

As in the case L = &, the function g»(n,z) defined above proves B.
Define g(n,z) = 2max{|gi(n, z)|,|g2(n,x)|}. The inequalities

p—(rt1)/a pv—r=1/a

|IQ(H,$)| < 2 g(n,x), |Il(n’$)| < 2|ZL’|V

g9(n, )
hold, therefore

(v—r—1)/a
|I5(n, z)| < min {n—(m)/a’ n . } g(n, )

|z 2
and since
min { p~(rt1)/e nt—r-v/e = n (/e
N max{1, |z|" /n¥/*}
< o2 —(r+1)/c o lv—r=1)/a
= Lt fal” mrle /et (o)
the last statement of the Theorem is also proved. O

We now restrict our attention to the integral Iy (n,z). Asin (3.6) I1(n,z) =
n~YI (n,y) + I (n,y)], y = n~"/®xz. Using the notation of Section 3.2,
let p(s,u) = e¥W) — 3 psg im0 ubTIoskHioy, ((s) (u = n7Ve, s = nl/og).

k+ja<r
By condition A2 and B2, p(s,u), s > 0, is v-times differentiable with respect

to s; moreover, by the consideration in Section 3.2, p(s,u) = o(s"T%), hence
k
limg_,g %(s,u) =0Vk=0,...,v.
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Define the integrals:

u_152 . . .
I1(1)+(n,y) :/ e ¢ Y E ukﬂo‘sk“a'ykd(s) x(us)ds
0 k>0,7>0
k+ja<lr

1 (n,y) = IV (n,y)
u_152 .
E o) = [ e s us)ds
0

1P (n,y) = 12" (n, y)

and the identity Iy (n, z) = u[Il(l)+(n, y)+ I{l)_(n, ) +I1(2)+(n, y)+ Ifz)_(n, y)]
holds.

Lemma 3.3.4.

1
(3.23) ‘11(2)+(n, y)‘ < hin, x)

= prio 14y
where h(n,z) — 0 when n + |x| — 0.

Proof. Using the same inequalities as in (3.11) and (3.12) we see that the integral

11(2)+(n, y) = n~"/%hy(n, z) where h; (n,z) — 0 when n+|z| = co. On the other

hand, integrating by parts when y # 0, we get

s=u" '8,

i —cso‘ —1is
I (n,y) = p(s,u)x(us)e ™"

s=0
1/ g —Csap(s’u)X(US):I e—isyds
(3.24) y
5/ g _CSQP(SW)X(US)] e~ s = ...
- (y” /o ds” [e ° P(&U)X(us)] e”"*Vds.

In the above we used the fact that all off-integral terms vanish due to the identity
ok —r/a

SoF| =0 (=0, 0) and x(@) = 0. S0 [}V (ny) = = ha(n.)
S s=0

where ha(n,y) — 0 as n + |x| — oo. Therefore (3.23) follows by the same
argument as in Lemma 3.3.3. [

Trivially the estimate (3.23) holds also for 7'~ (n,y). In turn IV (n,y)
can be written as

>
325) 1ty = Y wbtn [ttt sy
£>0,7>0 0
k+ja<lr

- 2wt / oo i gh o, i (5) X (us)ds

k>0,j>0
k+ja<r
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and the estimate for the second integral is given by

(3.26)

& o . 1 1
et Ty ghtion, (v(us)ds| < —I(n,z
/. g (R us)ds| < i)

where I(n,2) — 0 as n + |z] — oo (the proof of (3.26) is a repetition of the
proofs of Lemma 3.3.3 and Lemma 3.3.4).

Proof. (Theorem 3.3.1) It follows from (3.20) and (3.25) and the estimates in
Lemma 3.3.3 and Lemma 3.3.4. O
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Chapter 4

Global limit theorems: the
Gaussian and Cauchy cases

4.1 Introduction

In this chapter we develop what we called global limit theorems as corollary
of the results in Chapter 3; these are a kind of large deviation result holding
uniformly on the full line. We got inspiration for this from Linnik [4], and we
developed for the first time in [7]. We will consider here only the case when
0 < a < 1, the case @ = 1 (Cauchy case) and a = 2 (Gaussian case) (see
examples 3.1.1 and 3.1.2). Notice that in the last two cases it is irrelevant to
consider the index j in the definition (3.2) of A(¢), so we will omit and write
simply /\z and A, . We also provide examples where these theorems apply. We
begin with the Gaussian case since it is the more interesting.

4.2 Gaussian case
Assume the c.f. (t) is as in Example 3.1.1 and satisfies the hypothesis of

Theorem 3.3.1. Define /\;r = )\;;0 and A’ = A ,. The asymptotic expansion
(3.19) can be rewritten as

r—1
1 _ =2 1 x plr—rt+1)/2
(4.1) pn(z) = \/ﬁae 307n 4 z_: i Uy, (nl/Q) + Y- v(n, )
2,02/2)

with Ug(y) := U/E,o (y). As in the previous chapter, the functions Uy k > 2
are defined as

k—1
1 2 42/
(42) Uly) = — > Re(g 2547 (4)
=1
with
k—1 h
() _ (AR)
(4.3) q = Z};{l -



where the above sum is taken over all possible choices of non negative integers
hi, ..., hy, satisfying the relations an:l = [ and Z 1 mhy, =k —1. If

ug) and v,(cl) are the real and imaginary part respectively of q,(c) then (4.2) can

be rewritten as:

k—1
1 + Y Y
(4.4) Uk(y) = k2l ( ()Al(c )1+zl (;) + UI(c)AI(c )1+2l ( ))
=1
1 +o0 2
(4.5) Agj) (x) = f/ e~ T t¥ costadt
T Jo
1 oo t2
(4.6) Agg)(x) = f/ e~ = t* sintxdt.
T Jo

The coetficients ql(k) are calculated in the same way as in the classical Chebyshev-

Edgeworth-Cramér expansion, however there is a difference in the asymptotic
of the functions U (z) if this functions arise from quasicumulants instead of
cumulants. If all c}l‘ are real for k < ro — 1 (i.e. they are cumulants), then
by (4.3) it follows that when k is even the u,(f)’s are 0 and when k is odd the

v,(:) s are 0, for all £ < rg — 2. Since for A,(j) and A,g_) we have the well known
expressions

-1 % 22
(4.7 A;:r) = (\/; hi(x)e =, for k even
T
k=1 ,
(4.8) Aé_) = &hk (x)e~ =, for k odd

where hy(z) is the kth Hermite polynomial, all U(x)’s have the exponential
decay e ~% when |z] = o0, for k < ro — 2. But if in the expansion (3.4) there
are some ck # ¢, , then we will have some non-zero coefficient for Agj), k odd,
or for AEJ), k even, and in such cases the following Proposition shows that the
asymptotic is only power-decay.

Proposition 4.2.1. Let h > 0 be an integer. Then for x # 0 and k = 2h + 1
we have:

+0o0 5 i

- 2§41

(4.9) / e~ Ttk costadt = (—1) 3 k+1 + § : ]+1 2;-1—2
’ :1: j=h+1 z

—1" too 2
(x2T)L D*"(e™ = t%) cos tadt,
0
while for x # 0 and k = 2h we have:
oo _t2 ko dzg
(4.10) /0 e~ 7 t¥sintadt = (-1 porm + Z .TZJ'H
j=h+1
1" +o0 .2
+ (wzg D> (e~ 7 t*) sin tadt,
0

. 2 +2
with dj = D7 (e= = t*)|1=0; moreover ¢ f+oo D2 (e~ 'z t*) cos tedt = o(x™2")

and =L" 0+°° DZH(e—étk) sin txdt = o(:z: ™) by Lebesgue Lemma.

z2n
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The following is the Global Limit Theorem for the Gaussian case.

Theorem 4.2.2. Let X1, X5,... be a sequence of i.i.d. random variables such
that the common characteristic function p(t) belongs to As, and condition (3.4)
is fulfilled with r > 1o+ 1 where rq is the first index such that ¢ o # Cp . Assume
one of the following two cases:

(A) (1) the r.v.’s X, take values in Z and have mazimal span equal to 1;
(2) o(t) € C’”O“(]O,??TD;
(B) (1) f_ [P dt < oo for some p > 1;

(2) o(t ) CTOJrl(]O,OO[) with bounded derivatives outside a small neigh-
borhood of 0.

Then we have the formula:

1 22 nImch
)= | ———¢e 2070 + 14+ €en,x
paa) ( — 7dvﬁm+1+wm+w>< (n,2))

where €(n,z) = 0 when n + |z| — 0.

Proof. The first Ug(z) with power decay at infinity is U,,_1(z), and by the
formulas (4.2)-(4.6),(4.9) and (4.10) we have

To'M

Uro-1(2) = — o + Wig—1(#)
v J DT ReqlL, ifro is odd
(-1)% Im qﬁi’,l if ro is even

with W,,—1(z) = O(z=™~2) and qf,ill = (rol)fl(i)’”ocjo. All other Ug(z)’s, k
even, have decay at infinity which is O(xz~"2).
For |z| > ¢ > 0 and y := n~/22 we split formula (4.1) as:

pu(z) = p(n,y) + T'(n,y),
1 1 r!M
) = o T gt
7’072
1 1
e 7_W —l(y)
k= \f NTEE
1
\/7

_2
2

1 1
Ul (o T o

and then divide both sides by p(n,y). By analyzing the orders of n and y which
appear in I'(n,y) and p(n,y) it is clear that I'(n, y)/p(n,y) — 0 as n+|z| — oo.
Therefore also e(n,x) := T'(n,n '/2z)/p(n,n"2x) = 0 as n + |z| — oco. Since

(4.9) and (4.10) are asymptotics for large =, we can safely replace ﬂzor!(f\f{l with
T’g!M

Ty and a slight modification of €(n, z) yields the result. O

n,v/ny),

We now show, with two examples, the wide range of applicability of the
global limit theorem stated above.
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4.2.1 Regular tails for lattice distributions.
Consider a symmetric random variable X with values in Z, satisfying the prop-
erty:

am 1
(411) P(X::L‘) ?—F*—F +£L’2m+0<$2m+1+6>’ T €L

when |z| — oo. Notice that X has 2sg moments, where sq is the smallest index
such that a5, 41 # 0. We will show that X satisfies the condition of Theorems
3.3.1 and 4.2.2.

The condition (A1) for the maximal span is automatically guaranteed by
(4.11). The characteristic function of X can be decomposed as:

o(t) = a2 fa(t) + a3 fo(t) + - + am fom(t) + R(?)

costx
Ja(t —22 ‘

2!

and R(t) is the Fourier transform corresponding to the remainder term in (4.11)
and belongs to C?™(R). For fy(t) we have the formula

fult) = (—1 Tl 3 ( ) (;) t e [0, 2]

where B; are the Bernoulli numbers (see [7] p.11 and [3]). Proceeding as in [7]
it can be shown that, although fo(t) is C* in ]0, 27|, the derivative of order
2] — 1 has a jump at 0 (or 27):

d2[—1 f2l _ d2l—1 le
di2-1 07) =- de2l-1

(07) > 0.

Therefore ¢(t) belongs to Ay and satisfies condition (A2) of Theorem 4.2.2 with
r=2m and g = 2s9 + 1.

4.2.2 Regular tails for distributions with density

Let p(x), z € R, be a symmetric bounded density satisfying

A, 1

when |z| — co. Asin the previous example, ro = 2s9+1 where sq is the smallest
index such that ag, 1 # 0. Let us prove that the c.f.

+oo
o(t) = / ¢ () dr

satisfies the hypothesis of Theorem 4.2.2 with r = 2m.
Condition (B1) is satisfied since p(x) is bounded. ¢(t) can be split as:

o(t) = azga(t) + azge(t) + - + amgam(t) + R(t)
+oo .
gu(t) = 2/ @dm
1

2!
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and R(t) corresponds to the remainder term in (4.12) and is 2m times differen-
tiable.
For t > 0 consider the identity

itz
el
o &7

where C’E is the contour in the complex plane defined by the semicircles I‘E =
{Re™:0< @ <m}and T] = {e: 0 <0 < 7} and the segments [—R, —1] and

[1,R]. Then
eit? eit? R costx
g Iy 1

Since the integral over FE in the above identity goes to 0 as R — oo for ¢t > 0,
passing to the liming when R — oo we get

eitz

(4.13) g2u(t) :/ —5rdz
rf %

which implies not only that go;(t) is C° on ]0,00[, but also that it has any
number of one-sided derivatives at 07. If instead of C’E we consider Cp = —C’E,
we obtain and expression for g-(t) when ¢ < 0, namely

eitz
(4.14) gu(t) = — /r* g dz

1

with T, = {e: — 7 < 8 <0}. From (4.13) and (4.14) we derive a formula for
the one-sided derivatives of go(t) at 0:

()" h+1 -
ggz)(oi) — £()" /i =2 g, {h_QH_ll[(l_-l) —1] ?f h#20-1
r? (1) lr ith=2-1
which shows that the derivative of order 2l — 1 at 0 has opposite sign from the
left an from the right: gé?l_l)(()*) = —gé?l_l)(()’).

The c.f. ¢(t) belongs to Ao and the first half of condition (B2) of Theorem
4.2.2 is satisfied. It remains to show that the derivative of ¢(¢) are bounded.
R(t) has 2m bounded derivatives since it is the Fourier transform of a function
O(x=2m=1=¢) We know from (4.13) that the derivatives of gy (¢) are continuous
on [0, oo[ and have finite limit at 07; let us prove they tend to 0 when ¢ — oco.
For t > 0 use the substitution y = tz:

[T cosy
(415) g?l(t) :tzl 1/t ka dy
Since go;(t) — 0 as t — oo, it follows that
“+o00
(4.16) / C;:kydy = o(t'%), t— 0.
t

The derivative g;?) (t) is a sum of terms of the shape

+oo
Du(t2l71)Dy (/ COQSkydy) , U4 = h
t Y

which go to 0 when t — oo because of (4.16).
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Remark 4.2.1. Linnik [4] obtained a result analogue to Theorem 4.2.2, for se-
quence of i.i.d. symmetric random variables assuming that they have bounded
density with the asymptotic (4.12).

4.3 Thecase0<a<1

If the c.f. satisfies the hypothesis of Theorem 3.3.1, we have the asymptotic
expansion

pn(®) :nl%p(a,c) (nfﬁ)

1 (@,0) T n(u—r—l)/a
+ Z —7—Up ( ) + ~v(n, z)
+ 5] 1
k550 nk/ati nl/a nv/a + v
k+ja<r+1

k-1
a,c 1 l a,c
Uli,j )(y) o ZRe(ql(c,)jII(cfl?lJrj(y))
=1

where p(q,c)(y) is the strictly stable density of parameters (a, c). The integrals
I,ii’c) (y) defined in (3.2) have the property

LY (—y) = 1% (y)

and if 0 < a < 1 using integration on the complex plane we can write them as
a convergent series of powers of 1/y, for y > 0:

o)

rf+n)a+k+1 n 1
_ Z (( ) ) (_C) (’L.y)(l+n)o‘+k+1

n!
n=0

(see, for example, Feller [2]). So when y — 00, p(a,o)(y) = 77" Re Ié%’c) (y) ~
Re 71:((2,1;)?22, and when (k,1) # (0,0) I,S’C) (y) ~ —% From the above it
is easy to notice that the function U,Ef;.’c) (y) has a power decay for y — oo faster

then U,g,af,) (y) if la+k >1l'a+ k. So the in this case the global limit theorem
is even easier than in the Gaussian case, as it doesn’t depend on the presence
of an actual quasicumulant (¢ # c;, ).

Theorem 4.3.1. Let X1, Xo,... be a sequence of i.i.d. random variables such
that the common characteristic function ¢(t) belongs to A, with 0 < a <1 and
satisfies (3.2) for some r > 2. Assume one of the following two cases:

(A) (1) the r.v.’s X, take values in Z and have mazimal span equal to 1;
(2) o(t) € C*(J0, 27);
(B) (1) [7, le) dt < oo for some p > 1;

(2) o(t) € C%(]0, 00]) with bounded derivatives outside a small neighbor-
hood of 0.

Then we have for all x the formula:

1 T
pul(z) = ~ijaPlae) (m) (1+¢e(n,z))
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where p(qa,c)(y) is the strictly stable density of parameters (a,c), and e(n,z) — 0
when n + |z| — 0.

Proof. The Theorem can be proved using the same argument as in the proof of
Theorem 4.2.2, and the considerations above on the function U,E?;’c) (y). O

4.4 The Cauchy case

If the c.f. satisfies the condition of the Example 3.1.2 and the hypothesis of
Theorem 3.3.1, the asymptotic expansion (3.13) can be rewritten as

1 na "1 T nv=r)
Pal®) = T (na)? + (x — b)? " kzzz ﬁUk (ﬁ) Ty xl/y(n,x)

k—1
1 ¢
Us(y) =~ Re(qy 1" ()
=1

with ¢ = a—ib and q,(cl) defined as in section 4.2. This times we have an explicit

expression for I,gai)l(y) coming from (3.16):

(L) (=D'(k+ 1!
Ik—u(y) = m

As in the case 0 < a < 1 each function Uy (y) has a power decay for y — oo and
Ui (y) decays faster than Uy (y) if k > k'. So also in the case o = 1 we have the
global limit theorem even in absence of actual quasicumulants.

Theorem 4.4.1. Let X1, Xo,... be a sequence of i.i.d. random variables such
that the common characteristic function o(t) belongs to Ay and satisfies (3.5)
for some integer r > 2. Assume one of the following two cases:

(A) (1) the r.v.’s X,, take values in Z and have mazimal span equal to 1;
(2) o(t) € C*(]0,2m);
(B) (1) ffooo lo(t)|” dt < oo for some p > 1;

(2) o(t) € C%(]0, 00]) with bounded derivatives outside a small neighbor-
hood of 0.

Then we have for all © the formula:

1 na
pn(x) = T’ + (2 —b)?

where €(n,z) — 0 when n + |z| — 0.

(1+ e(n,z))

We formulate now the same two example on the regular tails as the previous
section, and the proofs are just a repetition.

Example 4.4.1. Consider a symmetric random variable X with values in Z,
satisfying the property:

1
(4.17) P(X:x):+x+-'-+x.+0<x2m+l+e>’ r €L

when |z| = oo, with a; > 0. Then the c.f. of X belongs to C*™([0,2x]), and
the Theorem 4.4.1 applies.
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Example 4.4.2. Let p(z), z € R, be a symmetric bounded density satisfying

a1 as Am 1
when |z| — oo, with a; > 0. Then the c.f. of X belongs to C*™([0,27]) and
has bounded derivatives, and the Theorem 4.4.1 applies.

The following counterexample shows the importance of the differentiability
conditions A2 and B2.

Example 4.4.3. Let

o {1 for i <1
=0 for [t > 1.

This is the characteristic function of of a symmetric random variable with den-
sity
_1—cosz

p(.’L‘) - 7Tl‘2

The density p,(z) of the sum of i.i.d. random variables with the above density
cannot obey Theorem 4.4.1 because it will always have oscillatory behaviour.
Similar example can be formulated for the lattice case.
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Appendix A

The Morse-Palais Lemma
with parameters

In this appendix we will prove a generalized version of the well-known Morse-
Palais Lemma, where we have dependency of the function on parameters. The
scheme of the proof is taken from [5], and the generalization is quite straight
forward. Also the reader should refer to [5] for the notion of “CP-morphism”,
“CP-isomorphism”, and so on.

In what follows E, F, and G are Banach spaces, and U € E and V € F are
open neighborhoods of the points zg € E and yg € F respectively. The following
Lemma is a generalization of the Inverse Mapping Theorem with addition of an
extra parameter.

Lemma A.0.2. Let f: U x V = G be CP-morphism with p > 1, and assume
that D1 f(zo,y0): E — G is a linear isomorphism. Then there exists an open
neighborhood Uy x Vi CU x V of (xg,y0) such that

fey): Ui =G
is a CP-isomorphism on ils image for everyy € V7.

Proof. Since D f(zo,yo) is an isomorphism, we can assume that E = G. Fur-
ther, using an affine change of coordinates, we can assume without lost of gen-
erality that that zo =0, yo =0, f(20,y0) = 0 and D; f(zg,y0) = id.

If g(z,y) := 2 — f(z,y) + f(0,y), then ¢'(0,0) = 0, and by continuity there
exist 0 € U C U and 0 € V C V such that |[Dyg(x,y)| < 1/2 and | Dog(z,y)| < A
for z € U and y € V. Introduce the following letters for the closed balls in E:

B(5 = B(S(OvE) B&y = B(f(07y)7 65 E)

By the Mean Value Theorem it follows that [g(z,y)| < £ |z|if z € UandyeV,
therefore, if § is so small that Bs C U, g(-,y) maps B; into Bj».

We want to prove that, for fixed y € ‘7, if z € E satisfies |z — f(0.y)| < 6/2
(i.e. 2z € Bs/a,) then there exists a unique x € B; such that f(x,y) = 2.
Consider the map

g:(z,y) = 2 — f(0,y) + g(z,9);
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if 2z € Bsj2, then g.(-,y) maps Bs into itself, and we have the contraction
property

1
19:(x1,9) — 9z(22,9)| = |g(x1, ) — g(72,9)] < 3 |z1 — 22

by the Mean Value Theorem. Therefore we constructed a map ¢(z,y) that for

cachy € V and z € Bsya,, gives the unique fixed point of g.(-,y), but as easy
to see the fixed point of g.(-,y) is the one point = such that f(z,y) = z, hence
¢(+,y) is the inverse of f(-,y). ¢(z,y) is continuous on Bs/, , X V because

(A1) (a1, 41) — (22,92)] = 1920 (0(21,91),91) — g2 (0(22,92), 92
<lar = 22| +1£(0,91) — £(O,y2)] + |9(@(21,91),91) — 9(@(22,y2), ¥2)]
but
lg(e(21,91),91) — 9(@(22,92), ¥2)]
= |g(e(21,91),91) — g(p(22,42), 1) + g(w(22,92), 1) — g((22,92), y2)|

<

ADMM@mﬂﬂﬂ%w%w%wMMMMmm—ﬂme4

_|_

KADMW%w%w+ﬂm—wa—wW‘

lo(z1,y1) — @(z2,y2)| + Alyr — y2|

N |

<
which together with (A.1) implies

lo(z1,51) — @(22,52)| < 2[ 121 — 2| + £ (0,91) — F(O,52)| + Ay — w2l ]

We claim that the derivative of ¢(z,y) is given by

(A.2) (D1f(e(z,9),y) " —D1f((z,1),4) " Daf(0(2,9),))

In order to prove this consider the points x; = ¢(z1,y1) and z2 = ©(22,ys3)
belonging to Bs;(0; E), and write the following estimate

lo(21, 1) — @©(22,52) — D1f(@(22,52),42) (21 — 22)+
Dy f(p(z2,42),y2) " Daf (022, 42),52) (1 — y2)| < | D1 fle(22,92),92) 7" -
| D1 f(@(22,92),y2) (@1 — 22) — f(@1,91) + f(@2,92) + Daf(22,y2) (Y1 — y2)]

where |D1 flo(22,92), yg)’l| is bounded and the second factor of the product is
o(|(z1 — 22,11 — ¥2)|), i.e. o(|(z1 — 22,1 — y2)|) by the continuity of .
By (A.2), since Dy f and Dy f are CP~!, we deduce that ¢(z,y) is C?. O

As corollaries of Lemma A.0.2 we have the following well known results:

Corollary A.0.3. (Inverse Mapping Theorem) Let f: U — G be CP-
morphism with p > 1, such that f'(z¢): E — G is a linear isomorphism.
Then there exists an open neighborhood zo € U; C U such that f(-) is a
CP-isomorphism of U; on its image.

36



Corollary A.0.4. (Implicit Function Theorem) Let f: U x V — G be
C?-morphism with p > 1, such that f(zo,y0) = 0 and Dy f(zo,40): E = G is
a linear isomorphism. Then there exist open neighborhoods zy € Uy C U and
yo € V1 C V and a CP-map g: Vi — U; with g(yo) = xo, such that a point
(x,y) € Uy x V; satisfies

f(z,y) =0

if and only if z = g(y).
Proof. Consider ¢: U; x V1 — G as in the proof of Lemma A.0.2 and define

9(y) = »(0,y).
O

Lemma A.0.5. Let A: U xV — Sym(E) be a CP-map taking values into the
set of symmeltric invertible operators of E. Then there exists 0 € Uy C U and
0eVL CV, and a CP-map p: Uy x Vi — E of the form

(A.3) oz, y) = Clz,y)z with C: Uy x Vi — End(E)

such that o(-,y) is a CP-isomorphism of Uy onto its image for every y € Vi,
and

(@|Az,y)z) = (o(z,9)[A0,y)p(z,y)) = (C(z,y)z|A(0,y)C(z,y)z).
Proof. Let us construct a map C' such that
(A.4) C*(z,y)A0,y)C(x,y) = Az, y).

Put B(x,y) = A(0,y) 1 A(z,y): since B(0,y) = id there exists a neighborhood
U x V where the square root power series expansion of B(x,y) converges, there-
fore we can define C(z,y) = B(z,y)"/?. Let us check relation (A.4) for C(z,y)

when v € U and y € V.
Since A(x,y) is self adjoint, we have

B*(z,y) = A(x,y)A(0,y) "
and consequently
(A.5) B*(z,y)A(0,y) = A(0,y)B(z,y).

Since C(z,y) is a uniform limit of polynomials in B(z,y), and C*(z,y) is a
uniform limit of the same polynomials in B*(z,y), we get that relation (A.5)
holds also for C(z,y), i.e.

C*(z,y)A(0,y) = A(0,y)C(x,y)
which implies
C*(z,y)A(0,y)C(z,y) = A(0,y)C(z,y)C(z,y) = A(0,y)B(z,y) = A(z,y).

It remains to prove that (-, y) defined as in (A.3) is a CP-isomorphism of some

U, C U, for every y € V; C V. This is a consequence of Lemma A.0.2, as
D1¢(0,y) = C(0,y): E — E is an isomorphism. O
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Next is what we called the Morse-Palais Lemma with parameters:

Theorem A.0.6. Let f: U xV — R be a CP 2-map, withp > 1. Ifzg € U
is such that Dy f(xo,y0) = 0 and D? f(xo,yo) is a linear isomorphism for some
yo € V, then there exist neighborhoods xg € Uy C U andyg € V1 CV, and a
CP-map p: Uy x Vi — E such that ¢(-,y) is a CP-isomorphism of U, onto its
image for every y € V1, and

fla,y) = (ol ) Ay e(z,y))
ifx el andy € V7.
Proof. We first “normalize” f, i.e. find f such that
(A.6) £(0,y) =0 and D, f(0,y) =0

in some small neighborhood of yo. In order to do this, consider the equation
D f(x,y) = 0: since (zo,yo) satisfies the equation and D? f(x¢,yo) is a linear
isomorphism, by the Implicit Function Theorem there exists a C?Tl-map a(y)

such that Dy f(a(y),y) =0 for every y € V C V.
The map

(A7) v = (77 )

is a CP+lisomorphism for y € V and z € U, therefore the function f(z,y) =
f(@(x,y)) — fla(y),y) satisfies condition (A.6) in addition to the hypothesis of
our Theorem.

Applying the Mean Value Theorem to the first variable of f we get

1
faw) = [ Difttz e
0
and applying it again, this time to le, we get

1,1
JZ(%ZU):/O /0 (tD? f (stx, y)|z, z)dsdt.

Now the operator valued map

1,1
A(m,y):/o /0 tD? f(stx,y)dsdt

fulfills the hypothesis of Lemma A.0.5, therefore there exists a CP-map ¢(z,y)
such that

Flz,y) = (p(z.)| A0, y)o(x,y)).
Consider now 9(z,y) = (p o ®1)(z,y) and obtain
Fla,y) = @z, n)|A@0,9)0(x, ) + F(27 (aly),y))-
O

Remark A.0.1. If in Theorem A.0.6 f(x,y) is such that D7 f(zo, o) is positive
defined and invertible, then it is positive defined and invertible in a neighbor-
hood of (2¢,%0), so we can define o' (z,y) = A(®1(0,y))"/?¢(z,y), and get

Fa,y) =10 (2,9 + (@ (aly), ).
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