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Introduction

It is a remarkable fact that evolution equations with different algebraic structures have
solutions with similar behaviors; throughout the standard classification of Partial Differential
Equations in hyperbolic, parabolic and elliptic, the class off dispersive equations is an inter-
esting family, which presents some typical and characterizing phenomena.

Among the others, dispersive equations include the following ones:

e the Schrodinger equation

(0.1) {iut(t7$) + Agu(t,z) =0 in R x R”

w(0,z) = f(x);
e the wave equation

up(t, x) — Agu(t,x) =0 in R x R”
(0.2) u(0,z) = f(x)

ug(0,2) = g(x);
e the Klein-Gordon equation
u(t, ) — Agu(t,z) + u(t,z) =0 in R x R"

(0.3) u(0,z) = f(x)
u(0,z) = g(z);

e the Dirac equation

. B ' ;
(0.4) {lut(t,x) +Hu(t,z) =0 in R xR

u(0,z) = f().
For the Schrodinger equation, the unknown u : R'*™ — C is a complex-valued function; for the

wave and Klein-Gordon equations u : R — R is real-valued. Finally, for the Dirac equation,
the unknown u : R'*3 — C* is a spinor-valued function. The Dirac operator H is defined by

3
(0.5) H=—i) a;0;+p,
j=1

where the coefficients o, 5 € Myx4(C) are the standard Hermitian 4 x 4 Dirac matrices, which
are explicitly defined by

0 0 01 0 0 0 —i 0 0 1 0
(0.6) a = 0 010 g = 0 0‘ ¢t 0 s = 0 0 0 -1

010 0}" 0O — 0 0]’ 10 0 0 |”

1000 t 0 0 O 0 -1 0 0
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10 0 0
01 0 O
(07) Qg 1= B = 00 —1 0
00 0 -1

We also recall that oy, 3, for j = 1,2, 3, satisfy the well known anti-commutation rules
ajoy + agog = 20411y, 5 k=1,...,4

(see e.g. [108] for more details on the derivation of the equation). We will usually denote by D
the massless Dirac operator defined by

3
D=—1 Z aj(‘)j.
7j=1

In the above mentioned Cauchy problems, the unknown w has the physical meaning of a
quantum wavefunction. The Schrodinger equation describes the free motion of a non-relativistic
particle; the wave and Klein-Gordon equations describe the free motion of a relativistic par-
ticle with spin-0, while the Dirac equation describes the motion of Spin—% particles (electrons,
neutrinos).

From a strictly algebraic point of view, the Schréodinger equation (0.1) is different from (0.2),
(0.3) and (0.4): actually wave, Klein-Gordon and Dirac equations are hyperbolic, hence they
have finite speed of propagation, while the Schrédinger equation has infinite speed of propagation
(hence it is not hyperbolic). On the other hand, the solutions of all these equations present some
peculiar and common behaviors, which are summarized in the terminology of dispersion.

Let us also observe that all the above examples can be written in the form

w +ih(D)u=0,  h(D)=F " (h()F),

where F is the Fourier transform with respect to x; as a consequence, the solutions can be defined

by u = D) f once we impose the initial conditions. Hence it is not unnatural to think that
these equations show some common properties, which have to be related to the structure of the
propagators eith(D)

In order to introduce dispersion from a physical point of view, let us consider the wave
equation (0.2); in space dimension n = 3, when the initial datum f is null, it is well known that
the solution of

Uy — Au =0

u(0,2) =0

u (0, ) = g(z)
can be uniquely expressed via the Kirchhoff formula

(0.8) ult, z) = ng( ) a5w)

for t > 0, where B(x,t) denotes the ball in R? of center  and radius ¢, dB(z,t) its boundary
and dS the two-dimensional surface-measure on dB(x,t). By the Stokes Theorem, we can pass
to a volume integral in (0.8) and immediately obtain the following estimate

C
09 sup [u(t,2)] < <[Vl 11
z€R3
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for some C' > 0 and for all times ¢ > 0. Estimate (0.9) is interesting for large times, in fact it
says that the L*°-norm of u decays to 0 when ¢ — 4o00. This is a very well known phenomenon,
and it has a physical explanation. The energy

1
B(u,t) = / (juel? + V) da
2 Jrs
is conserved under the wave flow, namely the identity
E(u,t) = E(u,0)

holds for all times ¢t € R, on each solution u € H' of the equation. On the other hand, due to the
finite speed of propagation, if we start with a compactly supported initial datum, at each time
t the solution is compactly supported (in space) in a bounded region whose diameter increases
as t. As a consequence, the solution tends to spread over this increasing region, and the energy
conservation forces the intensity necessarily to decay.

This fact seems to be strictly related to the finite speed of propagation, but it is in fact (from
a mathematical point of view) a consequence of the functional properties of the propagator of
the equation.

For example, also the Schrodinger equation (0.1), which has infinite speed of propagation,
has this property. The solution of (0.1) is uniquely determined by the propagator S(t) = e,
which is a unitary group of operators on L2, hence it conserves the mass (spacial L?-norm). It
can be directly represented by its explicit convolution kernel, or by Fourier transforming with
respect to the space variable, we obtain the representation

(0.10) ult, z) = / U0 F(e) de

for the solution of (0.1). The right hand side in (0.10) is an oscillatory integral (of the 1% kind),
and by standard stationary phase methods (see e.g. [100]) it is possible to prove the dispersive
estimate

C
(0.11) sup [u(t, )| < 5 [ fl L
reR™ tn

(which is also immediate if we look at the kernel of e®*2). The last estimate is very similar to
(0.9); in dimension n = 3 the Schrodinger solution decays faster than the wave one, with no
loss of regularity with respect to the data. It is a fact that, if the initial datum is compactly
supported, the solution of the Schrédinger equation looses istantaneously this property, due to
the infinite speed of propagation; on the other hand, we can observe that most of the mass stays
localized in a finite region, with increasing diameter. This, together with the L2-conservation,
causes the same physical phenomenon which has been shown for the wave equation, and which
is described by estimate (0.11).

In both cases of wave and Schrédinger equation, for more general initial data, we can de-
compose them into elementary wavepackets and observe that, during the evolution, the single
packets travel independently with different speeds, but the same dispersive phenomena occur

for the total L*-norm of the solution.
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In the last 30 years, dispersion has rapidly become one of the crucial tools in evolution
equations. This kind of physical phenomena can be summarized in a hierarchy of linear a priori
estimates for the solutions of the equations.

In this PhD thesis, we are interested in the above equations; we will focus our attention on
the following family of linear estimates:

e decay estimates
e Strichartz estimates
e Kato-smoothing estimates.

We give some examples, using the Schrodinger equation as a model.

0.1. Decay Estimates. Let us consider a solution u of (0.1); as we previously said, u satis-
fies the L' — L> decay estimate (0.11). By interpolation between (0.1) and the L2-conservation,
we immediately obtain the whole family of decay estimates for the Schrédinger equation

_nyn 1 1
(0.12) [u@®ller <Ct 272 | fllpw, P22, R L.
Similar estimates hold for the wave, Klein-Gordon and Dirac equations, with a loss of derivatives
on the initial data (see Chapter 1).

These estimates are well known and very interesting from a physical point of view. Their
interest was historically motivated by the phenomenon itself; in the last years, once it was
discovered that decay estimates are basic to prove Strichartz estimates, they also became a
mathematical topic.

0.2. Strichartz Estimates. Strichartz estimates were introduced by R. Strichartz in [101],
as a consequence of Fourier restriction theorems. In the fundamental papers [45], [47] by J.
Ginibre and G. Velo, using the so called TT™* they proved Strichartz estimates as a consequence
of decay estimates. In the paper [66] by M. Keel and T. Tao the program was completed with
the proofs of the endpoint estimates.

The natural norms which are considered in this family of estimates are of mixed type, namely
we deal with L} Lf-spaces. If u is the unique solution of the Schrodinger equation (0.1), then
the following estimates

(0.13) lulzzzs = €% Fllzpss < ClLFlpe
hold for any couple (p, q) satisfying the Schrédinger admissibility condition
2 _

n
p 2
p>2 ifn>3
p>2 if n =2.

n
q

For the wave, Klein-Gordon and Dirac equation, similar estimates hold, with different admissi-
bility conditions and different initial spaces (see the Appendix of Chapter 2).

Strichartz estimates represent the crucial instrument to perform fixed point arguments in
the study of nonlinear problems. One of the first examples of nonlinear application of Strichartz
estimates was given in [46] for the nonlinear Schrédinger equation. Later, also for the nonlinear
wave equation some critical problems were solved by this technique (see e.g. [52], [94]).
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0.3. Kato-smoothing and local smoothing estimates. The last family of estimates
we introduce are commonly referred to as smoothing effects. It is frequent for equations with
infinite speed of propagation that the solution is more regular then the initial data. The gain
of derivatives, which is in fact related to the algebraic structure of the equations, is a very
interesting fact, and is often a crucial improvement for nonlinear techniques.

The smoothing effect was discovered by T. Kato for the Kortweg-de Vries equation; for the
Schrodinger equation, Kato and Yajima in [65] proved the well known inequality

_1_ 1
(0.14) I(z)"27 D[z fll 1212 < ClIfll 23

a stronger local version of the previous inequality (see the standard references [23], [109], [110])
is the following;:

1 [ :
(0.15) sup / / \V(e’mf)‘2 dedt < C||f]| .1
Re(0400) 1 /o0 /B, e
Here |D|% = F (¢ \%}"), F is the standard Fourier transform, Bp is the ball of radius R

centered in 0, and H 3 is the usual homogeneous Sobolev space with the norm

1
111 = D= fll 2

Both estimates (0.14) and (0.15) show that the unique solution of the free Schrédinger equation
with initial datum f gains half derivative in L? with respect to f, if we look to a weighted L?L?2
norm.

For the wave, Klein-Gordon and Dirac equations, we cannot expect a gain of derivatives on
the solutions, because of the finite speed of propagation; on the other hand, estimates which
are analogous to the previous ones for Schrodinger hold also for these equations, with the same
regularity for all times (see Chapter 2).

An example of application of Kato-smoothing-type estimates is given in Chapter 2, where
they are a tool to prove Strichartz estimates.

0.4. Aim of the thesis and plan of the work. The aim of this PhD work was to study
dispersive phenomena for some perturbations of the above mentioned equations. In particular,
we are interested in:

e electromagnetic and electrostatic potentials (linear perturbations)
e nonlinear perturbations.

When we deal with physical models in which particles interact with some external source, it
is a fundamental problem to compare the asymptotic behavior of free and perturbed solutions.
This is a physical motivation to investigate on dispersive estimates for equations with external
potentials of electromagnetic type, which are usually represented by lower order terms in the
equations.

From a mathematical point of view, it is clear that dispersive-type estimates have to be
considered as a tool, more than a goal: they turn out to be crucial to prove existence and
uniqueness results. In particular, the well-posedness problem for some nonlinear equations can
be easily solved by standard fixed point arguments in which Strichartz estimates are involved. In
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a sense, Strichartz estimates play the role which have the Sobolev embeddings in the nonlinear
elliptic theory.

The first part of this thesis (Chapters 1,2,3) is devoted to linear equations with potentials.
In Chapter 1 we prove some decay estimates for the wave and massless Dirac equations with
magnetic potentials (see also [31]), using functional techniques based on the Spectral Theorem
and resolvent estimates. In Chapter 2, with similar techniques, we study Strichartz and Kato-
smoothing estimates for Schrodinger, wave, Klein-Gordon, massless and massive Dirac equations
with magnetic potentials (see also [32]). Chapter 3 concludes the linear part of the work;
here we present a different and indirect technique to prove linear dispersive estimates for 1D
Schrodinger, wave and Klein-Gordon equations with an electric potential. It is based on the
mapping properties of the wave operators, which are at the core of Scattering Theory (see
[30]). Chapter 4 completes the work, with two nonlinear applications. The first is a nonlinear
Schrodinger equation with time dependent coefficients, possibly vanishing; we are interested in
existence and uniqueness results, and some Lorentz spaces version of Strichartz estimates are
also proved (see [38]). The second example is a system of two coupled nonlinear Schrodinger
equations; here we prove existence, uniqueness and blow-up results, and we explicitly estimate
a blow-up threshold for the the initial data (see also [40]).

RINGRAZIAMENTI E DEDICHE. Il mio primo ringraziamento va a Piero D’Ancona, per tutto
il tempo che mi ha dedicato, per la serieta e la portata del suo insegnamento e per essere stato
una guida costante durante i quattro anni del mio dottorato.

Ringrazio tutti gli amici del Castelnuovo, per essermi stati, ognuno a modo suo, sempre
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Ringrazio la citt4 di Roma che mi ha ospitato; e chi, in modo gratuito e con il sorriso in
volto me I’ha insegnata e me ’ha fatta amare.

Un grazie speciale a mio padre, mia madre e mia sorella, che da lontano ed in silenzio, ma
sempre presenti, hanno saputo rendere la mia vita piu semplice e pia bella.

Dedico questo lavoro al ricordo di Giulio Minervini. Fu il mio primo incontro in aula
dottorandi; di lui non dimenticherd la risata contagiosa, 'umorismo caustico e 'insegnamento
dell’ottimismo.



CHAPTER 1
Decay estimates for the magnetic Dirac and wave equations

1. Introduction

The first part of this thesis is devoted to the study of dispersive a priori estimates for solutions
of the perturbed equations. A very natural problem consists in extending the known estimates
for the free equations to some typical perturbative equations coming out from physical models.
In particular, we are interested to the case of electrostatic or electromagnetostatic potentials,
for which some examples are given here and in the following chapters. In the present chapter
we treat Dirac and wave equations with electromagnetic potentials, and we prove some decay
estimates for both the equations; the proofs of the main Theorem were given in [31].

Dispersive properties of evolution equations play a crucial role in the study of nonlinear
problems, and for this reason they have attracted a great deal of attention in recent years.
In particular, for the Schrodinger and the wave equation a well established theory exists, see
[47] and [66]. On the other hand, in the variable coefficient case the theory is very far from
complete. The simplest situtation is a perturbation with a term of order zero; this is already
very interesting from the physical point of view (electrostatic potential). Several results are
available for the equations

i0u — Au+ V(z)u =0, Ou+ V(z)u =0.

We cite among the others [17], [50], [49], [60], [84] [90] and the recent survey [92] for Schro-
dinger; and [11], [12], [24], [33], [44] for the wave equation. We must also mention the wave
operator approach of Kato and Yajima (see [62], [5], [115], [116], [117]) which permits to
deal with the above equations in a unified way, although under nonoptimal assumptions on the
potential in dimensions 1 and 3.

The next step in generality is a perturbation with a first order differential operator a(x) - V;
from the physical point of view this corresponds to a magnetic potential. In this case only a
handful of results are available: Strichartz estimates for the 3D wave equation [25], provided the
coefficients are small and in the Schwartz class; and smoothing estimates for the 3D Schrodinger
and wave operators [106]. The most general case of variable coefficients has been studied in
[53], [88] and [97], where local Strichartz estimates have been proved, in various degrees of
complexity; see also [13].

In the present chapter, our main focus will be on the three dimensional wave equation with
an electromagnetic potential

(1.1) ug — (V +iA(z))?u+ B(z)u = 0, u:RxR3— C,

9
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and the closely related massless Dirac system with a potential:
(1.2) iug — Du+ V(x)u =0, u: R x R3 — C%

Here A:R3 - R3, B:R?® - R, V(z) = V*(2) is a 4x4 complex matrix on R3, and the symbol
D denotes the constant coefficient, elliptic, L? selfadjoint operator

3
1
D=-3 a4
i =~ QLOE,

where the Dirac matrices oy, as, as have the following structure:

0 001 0 0 0 —3 0 0 1 0
(1.3) a = 0010 g = 0 0 ¢ O s = 0 0 0 -1
010 0]}’ 0 — 0 0| 1 0 0 O
1 0 00 t 0 0 O 0 -1 0 O

We neglect the physical constants (i.e., we set ¢ = h = 1), and we consider the zero mass case
exclusively; the case of a positive mass, whose second order counterpart is the Klein-Gordon
equation, has an additional term a4u with

10 0 0
01 0 0
(1.4) “=1o 0 -1 o0
00 0 -1

The relation between massless Dirac and wave equation is readily explained: indeed, the Dirac
matrices satisfy the commutation rules

apay + apoyp = 205114
which imply immediately
D? = —Aly,
where I, is the 4x4 identity matrix. Thus we have the fundamental relation

(i0; — D)(i0; + D) = (A — 9714,

which can be intepreted as follows: squaring the Dirac system produces a diagonal system of
wave equations (or, conversely: taking the square root of a wave equation produces a Dirac
system. According to the folklore, this was the route that led Dirac to his equation). When a
potential is present in the Dirac system, the above reduction produces an electromagnetic wave
equation in a natural way. A discussion of this can be found e.g. in [67] (Volume 4, Chapter 4);
see also section 6 below.

Our goal here is to establish the decay rate of the spatial L norm of the solution, with
minimal assumptions on the potentials. The expected decay rate is t~!, both for the wave
equation and the Dirac system. Indeed, known results for hyperbolic systems (for constant
coefficients see e.g. [70], [73], and for C§° perturbations thereof see [61]) suggest a = decay
rate in n space dimensions.

Before stating our first result we introduce some basic notations. Under the assumptions of
Theorem 1.1 below, the perturbed laplacian

(1.5) H:=—(V +iA(z))? + B(z),



1. INTRODUCTION 11

where A(x) = (A1(z), A2(z), A3(z)) : R? — R3 and B(z) : R? — R, is a selfadjoint unbounded
operator on R?; the explicit standard construction is recalled in Section 2. Spectral calculus
allows us to define the operators 1)(H) for any well behaved function 9 (s).

In particular, consider a (non-homogeneous) Paley-Littlewood partition of unity on R3, de-
fined as follows: fix a radial nonnegative function ¢(r) € C§° with ¢(r) =1 for r < 1, ¥(r) =0
for r > 2, define ¢;(r) = (279%%r) — (277 Tr) for all j > 1, and ¢p = . Then 1 = 3", ¢;
is the required partition of unity on R3. The operators qu(\/ﬁ ) will be used in the following to
define suitable norms associated to the operator H. We shall also use the notations

(@)= 1+ (DY f=(1-A)yPf=F (€]

Our first result concerns the Cauchy problem for the wave equation perturbed with a small
rough electromagnetic potential

(1.6) ug(t, x) — (V 4+ iA(z))*u + B(z)u = 0, (t,z) € R x R3,
(1.7) u(0,2) =0, w(0,2) = g(x).
We can prove:

THEOREM 1.1. Assume the potentials A :R3 — R3, B:R3 — R satisfy

& 23:!8~A-|+\B!< Co
(z)(|log ||| + 1)’ = 7 = |z|?(|log |x|| + 1)’

Ls)  l4l<
=T

for some constant Cy > 0 sufficiently small and some B > 1. Then any solution of the Cauchy
problem (1.6), (1.7) satisfies the decay estimate

C ; 1/2
(L9) futt,2)| < = 3~ 2 (@ywy o) (Vg 2,
Jj=0
where wg(x) = |z|(|log |z|| + 1). If in addition we assume that, for some € > 0,
(1.10) (D)4, € L™, (DYB € L™

then u satisfies for any & > 0 the estimate
C
(1.11) u(t, z)| < ?”<x>3/2+69HH2+5-

REMARK 1.1. Under out assumptions, the potentials A, B are close to the scale invariant
case A ~ |z|7!, B ~ |z|~2, both from the point of view of singularity and decay at infinity. This
is the main source of difficulty in the proof of Theorem 1.1, and requires the use of nonstandard
Lorentz space techniques in conjuction with the classical spectral methods.

REMARK 1.2. The norm appearing in (1.9) can be regarded as a distorted analogue of a
standard Besov norm, generated by the operator H. Similar norms already appeared in [25] for
magnetic potentials with coefficients in the Schwartz class; in that case, however, it was possible
to prove the equivalence with standard Besov norms (see also [33], [44] for the analogous norms
generated by —A + V(z), which are also equivalent to the nondistorted norms). Under the
slightly stronger assumptions (1.10) on the coefficients, it is possible to prove an estimate like
(1.11) expressed in terms of standard weighted Sobolev norms.
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Moreover, we remark that in our estimate we lose 2 derivatives; we do not know if this is
optimal. Recall that in the corresponding dispersive estimate for the free wave equation on R3,
the derivative loss is exactly 1.

REMARK 1.3. As an essential step in the proof of Theorem 1.1, we need to establish the
limiting absorption principle (LAP) for the operator H. This is obtained in Section 3 through
several steps: starting from the “weak” LAP of [6] for the free resolvent, we first prove a strong
version of the LAP for the free operator in the weighted spaces

L (wg(2)dx),  wg(w) = |z|(|log || + 1)7

and then we get the LAP for the perturbed operator. For the precise statements see Proposition
1.4. See also [106] for related results.

REMARK 1.4. When the initial data are of the form

u(O,x) = f7 ut(oax) =0,

Theorem 1.1 implies, by standard arguments the estimate

(1.12) u(t, z)] < — Z23JH wy %, (VH) f 2

]>0
with an additional loss of one derivatives as expected. If in addition we assume that for some
e>0

(1.13) (D)**€A; € L™, (DY *B € L™
then also the simpler estimate

(114) ult,2)] < )4 f s
holds for all § > 0.

Our second result concerns the perturbed Dirac system
(1.15) iug — Du+ V(x)u =0, (t,z) € R x R3,
(1.16) u(0,z) = f(z).
By exploiting the above mentioned relation between the magnetic wave equation and the Dirac
system, we can prove the following Theorem as a direct consequence of Theorem 1.1:

THEOREM 1.2. Assume the 4x/ complex valued matriz V (x) = V*(x) satisfies

Co C’0
1.17 Viz)l < , DV(z)| < ,
tan VOl g e PV g 17
for some Cy > 0 small enough and some B > 1. Then the solution of the Cauchy problem (1.15),
(1.16) satisfies the decay estimate

(1.18) < Z23JII wy%0;(D+ V) fll2,

]>0

where wg(x) = |z|(|log |z|| + 1)°. If in addition we assume that, for some e > 0,
(1.19) (D)**V € L™,
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then u satisfies for any 6 > 0 the estimate
C
(1.20) u(t, z)| < ?||<x>3/2+5f||H3+6-

We remark that for the unperturbed Dirac system, with vanishing mass, the loss of deriva-
tives is exactly 2 (see Proposition 1.7).

Since Theorem 1.2 is proved essentially by “squaring” the perturbed Dirac operator, a con-
dition on the derivative DV is essential in order to apply Theorem 1.1 to the resulting wave
equation. On the other hand, we can study the Cauchy problem (1.15), (1.16) by a direct appli-
cation of the spectral calculus for the selfadjoint operator D + V' (z); this alternative approach
allows us to consider much rougher potentials V' (x) (see (1.21)). The price to pay is an additional
loss of one derivative, so that the total loss is 4 derivatives in our last result:

THEOREM 1.3. Assume the 4x4 complex valued matriz V(z) = V*(x) satisfies

Co
1.21 Vv <
(1.21) V@l < LR (g ol + )PP

for some Cy > 0 small enough and some B > 1. Then the solution of the Cauchy problem (1.15),

(1.16) satisfies for any € > 0 the decay estimate

(122 u(t,2)] < & 32y oy (D + V) 2.
Jj=>0
REMARK 1.5. As a byproduct of our method of proof, we obtain the limiting absorption
principle for the perturbed Dirac operator under assumption (1.21) (see Section 3.2). The LAP
had been proved earlier for the free Dirac equation by Yamada [119], and for the Dirac equation
with potential (and with mass) in [82] under quite stronger assumptions.

2. The self-adjointness of the perturbed operators

In this section we check the selfadjointness of the perturbed operators Ay, and Dy under
quite general assumptions on the potentials A, B,V , which in particular are implied by the
assumptions of Theorems 1.1, 1.2 and 1.3. Most of the material here is standard; however we
decided to include a sketch of the proof for the sake of completeness. Moreover, the use of Lorentz
spaces techniques (see the Appendix for a short review) makes the proofs quite straightforward.

It will be useful sometimes to express the magnetic laplacian both in the covariant form

(1.23) H = —(V +iA(zx))* + B(z)

and in the expanded form
3

(1.24) H=-A+W(z,D), W(x,D)=) a;(z)d;+b(x)
j=1
where
3
(1.25) aj(z) = —2iAj(x),  b(z)=—i Y 0jA;(z) +|A(x)*+ B(z), A;,BER.
j=1

Then we have the following:
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PRrROPOSITION 1.1. Consider the operator on C3°(R™)
(1.26) H = —(V +iA(z))* + B(z),

where A(z) : R — R"™ and B(x) : R" — R are measurable functions. Assume that the Lorentz
(weak Lebesgue) norms of the coefficients

(1.27) [AllLnee < Co,  |[Bllgn/200 < Co
are bounded by some constant Cy > 0 small enough. Then H has a (unique) self-adjoint exten-

sion to H*(R™).

PROOF. Our proof is based on the standard results on quadratic forms, see e.g. the standard
reference [86]. First of all we notice that by (1.27) we have immediately

|A(ﬂ$)|2 e Ln/2,oo
with a small norm. Now, the quadratic form ¢(¢, ) given by

(e, ) = (V +1id)p, (V +iA)) 12 + (B, )2

is well defined on the form domain H' under assumptions (1.27). Indeed, consider the identity

(1.28) q(,¥) = IVY|32 + ((JA]® + B)Y, ¥) 12 + 2S(AVY, ¥) 125

using the embedding H! ¢ L?*/("=2):2 the Holder inequality in Lorentz spaces (see the Appendix
at the end of the paper for a quick synopsis of the relevant results), and recalling assumption
(1.27), we have easily

la(, ¥)| IV T2 + ClIAP + Bl puszco [09]] | 22y 0 + CllAlLnee V49| 2y
<IVYlIZ2 + CCOlN? an, o + COOlIVElIL22 ], 28,0 < CIVHZ2.
It is clear that the form is symmetric, since A and B are real valued. Now, recalling Theorem

VIII.15 in [86], in order to prove that ¢ is the form associated to a (uniquely defined) self-adjoint
operator, it will be sufficient to show that it is closed, i.e., its domain H'(R") is complete under

the norm

(1.29) I¥I? = q(v, %) + Cllyl|7»
for some C' > 0, and that it is semibounded, i.e.,

(1.30) q(v, ) > =Cllp|13-

for some C' > 0. Both properties follow from the identity (1.28); indeed, by estimating as above

we obtain easily
q(, %) > Vo2 — CCol V3.

In particular this implies that the norm (1.29) is equivalent to the H'(R™) norm, provided Cj
is small enough, so that the form is closed; and this implies also that (1.30) is satisfied with
C=0. [l

For the perturbed Dirac operator we have a similar result:



3. THE LIMITING ABSORPTION PRINCIPLE 15

PROPOSITION 1.2. Let V(x) = V*(x) be a 4x4 complex valued matriz on R3. Assume that
(1.31) [V[[£3.0c < Co,
for some Cy > 0 sufficiently small. Then the perturbed Dirac operator Dy = D+V is self-adjoint
on HY(R3,C*).

PRrROOF. The proof is analogous to the proof of Theorem 1.1. We define the quadratic form
q: HY2 x HY/? — C associated to the operator Dy as

q(p,¥) == (Dp,¥) + (V,9).

First we prove that the domain of ¢ is H'/2. With the same arguments of the previous theorem

we estimate

lg(e,0)l < llellFse + ClVIiLaee lo? | Lasm-1a
2

< H‘PHHl/z + CHVHL&OOH‘PHmn/(nfl),z
< A+ CVgzee) el gz

(where we used the embedding H 12 - p2n/ (”*1)’2). From this point on, the proof proceeds
exactly as in Proposition 1.1 O

3. The limiting absorption principle

The essential tool in our proof will be the spectral theorem in the following version: given
a selfadjoint (unbounded) operator A on L? and a continuous bounded function f()\) on R, the
operator f(A) can be defined as the L? limit

(1.32) f(A ¢——— hm/f R(X + i€)pdA

T €l

for any ¢ € L?. Here R(z) = (A—z)~! denotes the resolvent operator of A (see e.g. [107]). Under
suitable assumptions on H, the limit operators R(A & i0) = lim,jo R(\ & i€) are well defined as
bounded operators in weighted L? spaces; this is usually called the limiting absorption principle
(see below for details). Thus we have also the simpler representation

(1.33) Ap=—= /f R(A + i0)pdA.

Recalling the definition (1.25), consider now the operators
H=—A+W(z,D) ——A+Za3 )0; + b(x)

and
DV =D+ V(a:)

In Section 2 we proved that, under assumptions (1.27) on a;j,b and V(z), both H and Dy are
selfadjoint operators on L2. In particular, the spectral formula (1.32) holds for both. We shall
use the following notations: the free resolvents will be written as

Ro(z) = (—z — A)7L, Rp(z) = (—zI4 + D)1
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while we shall use the notation R(z) for both perturbed resolvents:
R(z)=(-z—A+W)™',  R(z)=(—2+D+V)""

From the context the meaning of R(z) will always be clear. Note that Ry(z) is defined for
all z € RT while Rp(z) is defined for z ¢ R, and the same properties hold for the perturbed
resolvents.

Our first task will be to show that the stronger representation (1.33), i.e., the limiting
absorption principle, holds also for the perturbed operators. For A = —A this is a classical
result (see e.g. Agmon [2]); here we shall use a very precise version of the principle, due to
Barcelo, Ruiz and Vega [6]. On the other hand, for the Dirac operator only a few results are
available, which concern the case with a nonzero mass term (see [82], [119]).

The classical results on Ry (see [2]) state that the limits

(1.34) lim Ro(A = ie) = Ro(A  i0)
exist in the norm of bounded operators from L?((x)*dz) to H?((z)~*dx) for any s > 1; the

convergence is uniform for A belonging to any compact subset of ]0,+oc[, and the following
estimate holds

_ . _ C(s 1
(139 o) *Roln £ 0)(a) e < S flie WA> 05> 5.
In n = 3 dimensions, the operators Ro(A £ i0) have the explicit representation
1 e:tiﬁ|mfy|
(1.36) RO i0)g(e) = o [ Sy, Az
47 |z —y|
Recall also that for A < 0 we have the similar formula
1.37 Ro(A Lo eV a<0
. =— | —/—— < 0.
(137 oWle) = 3= [ ety A<
These results were extended in [6] to more general weights. Introduce the norm
o h(r)r
(1.38) la(z)| = sup/ 2(7)21/2&' where h(r) = sup |a(z)].
p>0Jy  (r?—p?) | =r

For any measurable function on R™ such that supp f C supp a, we can consider the (semi-)norm

£ 1|22 (a(e)dn) = llal@) 2 f]l 2 < o0

and we can define a Hilbert space L?(a(z)dx) as the closure in this norm of the subspace of C§°
functions with support contained in suppa. Then we can summarize Theorems 1 and 2 in [6]
as follows:

THEOREM 1.4 ([6]). Let a(x) be a nonnegative function on R™ with |la] < oo, and denote by
Ro(\ £10) the limit operators (1.34). Then the operators Ro(z) for z ¢ Rt and Ry(\ £ i0) can
be extended to bounded operators from L?(a(z)~1dx) to L*(a(x)dx), and the following estimates
hold:

C

(139) ”RO()‘ + ZO)JC”L2(a(ac)d:L‘) < \/W”’am ’ HfHLz(a(:L’)*ld:c%

A% 0
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(here of course Ry(A £1i0) = Ro(A) for A <0)

(1.40) IV Ro(A £i0) fl| 2 (a)dz) < Cllall - | £l 22 (a(e) -1 da)-
Moreover, the limiting absorption principle holds in the weak form: for all f, g € L?(a(z) 'dx)
(1.41) lim(Ro(A €),9) = (Ro(A+0)5, 9)

REMARK 1.6. It is not difficult to extend the estimates (1.39) and (1.40) to the whole complex
plane. Indeed, fix two functions f,g € C§° with support contained in suppa and consider on
the half plane

S={z:3z>0}
the holomorphic function
(1.42) F(z) = 2'*(Ro(2) . 9)-

It is clear that F(z) is continuous on S up to the boundary, moreover it satisfies the estimate

(143) ’F(x)‘ < Cmam ’ Hf||L2(a(ac)*1d;v)”g”L2(a(a:)*1da:)

on the boundary §z = 0, and finally it has a polynomial growth for |z| — +00, as it easily follows
from the explicit expression of Ry(z) as a convolution operator (see [6]). By the Phragmén-
Lindelof Theorem (see e.g. [100]) on the half plane we immediately obtain that estimate (1.43)
holds on all of S. A similar argument can be applied in the lower half plane 3z < 0. In

conclusion we obtain
C
<

(1.44) 1Ro(2) fll2(a(2)dz) < llall - 1 £1 2 (a(z) -1 de)

2|
for all f € L?(a(x)~'dz) (see also part (ii) in Theorem 1, [6]). Notice that this estimate holds
on the whole complex plane, in the sense that we apply it to Ro(\ & i0) when z € RT .

If we apply the same argument to the function

G(z) = (VRo(2)f,9)

we obtain in an analogous way the estimate
(1.45) IVRo(2) fll L2 (a(w)de) < C llall - [ fll2(a(z)-1da), 2 € C.

We now specialize the theorem to a particular choice of weights. Precisely, consider the
family of functions

(1.46) wg(x) = |z|(|log |z]| +1)7,  B>1.
As it is proved in [6] (see Proposition 1), the norms
lwztll < +o0

are finite for all 8 > 1, hence we can apply 1.4 with the choice

alx) = (wglx -1 1 .
(@) = (wsl@) ™ = FTog 2T+ 1)?

In this case it is possible to improve the above result and to obtain a stronger version of the

limiting absorption principle. To this end, we need the following Lemma, which is inspired by
[2]:
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LEMMA 1.1. Let H be a Hilbert space, H' its dual, and Hy a second Hilbert space compactly
embedded in H'. Let T;,T (j =1,2,...) be bounded operators in L(H, H') such that

(i) T3, T are symmetric for the pairing (-,-)m'xH, i.e.,

Tf,9)uxo =Ty, flwxu  Vfg€H;
(ii) T3,T € L(H, Hy) and, for some constant C' independent of j,

1Tl 2r,m0) < C-
Assume that
(1.47) T;f =~ Tf weakly in H' for all f € H.
Then T; — T in the operator norm of L(H,H').

PROOF. Fix an f € H; the sequence T} f converges weakly to T'f in H’, and is bounded in
Hy by (ii), hence it admits a subsequence which converges in the norm of H’, and the limit must
be the same i.e. T'f. By applying the same argument to any subsequence of T} f, we conclude
that the entire sequence 7} f converges to T'f in the norm of H.

Now, let f; be any sequence which converges to f weakly in /. Then we have for all g € H

(T3 f5.9) = (Tjg, f5) = (Tf.9)

since Tjg — T'g strongly in H' and f; — f weakly in H. In other words, for any f; — f weakly
in H we have that Tjf; — Tf weakly in H'. But, as in the first step, we can remark that the
sequence T f; is bounded in Hy and by compact embedding we obtain that the convergence is
strong: T;f; — T f in the norm of H'.

By the same argument we obtain that, for any f; — f weakly in H, the sequence T'f;
converges to T f in the norm of H'.

Finally, assume by contradiction that 7; does not converge to 7" in the operator norm of
L(H,H'). This means that we can find a sequence f; € H with norm || f;||g = 1 such that

IT5f; — Tfillar >e€>0

for some € independent of j. By extracting a subsequence we can assume that f; — f weakly
in H, and by the above steps we immediately obtain a contradiction. O

Then we can prove:

PROPOSITION 1.3. Let wg(z), © € R™ be one of the radial weights (1.46) for some fized
B > 1. Then, for all A # 0, the limits

(1.48) lim Ro(A = ie) = Ro(A % 0)
exist in the norm of bounded operators from L?(wg(x)dz) to H*(ws(z)~'dx) and satisfy the
estimates
‘ C(b)
(1.49) IRo(\ 10 gy < 0 Wity A0

(1.50) 190X+ 70) 1l =y < CO) I 2200
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PrROOF. We apply Lemma 1.1 with the choices: H = L*(wg(z)dz), and hence H' =
L*(wg(x)~tdr) with the standard L? pairing; Hy = H'(wg,(z) 'dx) for some arbitrary By
with 8 > By > 1; the norm of Hy of course is

—1/2 —1/2
1F 13, = llwg, 2 Fl22 + lwz >V £]122.

Finally, as operators T; we shall take (any subsequence of) the resolvent operators Ro(\ =+ ie)
as € | 0, while T = Ry(\ £40), for some fixed A € R.

We now check the assumptions of the lemma. The compact embedding of Hy into H' is
clear. Also the symmetry of the operators in the sense of (i) is evident. The uniform bounds on
T;,T as bounded operators from H to H' are simply the estimates (1.44), (1.45) applied with

1

the choice a(z) = wg(xz)™ . But it is clear that the estimate (1.44) implies also the following

estimate

(s
(151) IRo I otustan S o oy, V2 0,

V2l
which is only apparently stronger, in view of the trivial embedding
L*(wpdz) C L*(wg,d).
In a similar way we have

(1.52) I Ro(2) g2ty < COB0) 2

These inequalities show that assumption (i) of the Lemma is satisfied. Finally, assumption
(1.47) is nothing but the weak limiting absorption principle of Barcelo, Ruiz, Vega (see (1.41)).

In conclusion, Lemma 1.1 implies that the limit (1.48) exists in the norm of bounded oper-
ators from L?(wgdz) to LQ(w/glda:). Moreover, by the identity

ARy(z) = —I — zRy(2)

we obtain that the limit exists also in the norm of bounded operators from L?(wgdzx) to
H? (wgldx). The estimates (1.49) and (1.50) follow from the corresponding estimates for general
z. O

3.1. The limiting absorption principle for the magnetic laplacian. In what follows,
we shall focus on the case n = 3 exclusively. We follow the standard approach, based on the
resolvent identity

R(2) = (=2 = A+ W(z, D))~ = Ro(2)(I + WRy(2))™".

Thus the main step of the proof will consist in inverting the operator I + W Ry in suitable
weighted spaces. We shall assume that the coefficients a;(x) and b(z) in W (z, D), defined as in
(1.25), satisfy the assumptions
Co Co
, |b(z)| <
@l + 07 O g e+ 17

for some s € [0,1], 8 > 1 and some constant Cp small enough.

(1.53) )| < 1

Our result is the following:
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PROPOSITION 1.4. Assume the coefficients of W (z, D) =3 a;j(x)0; +b(x) satisfy (1.53) for
some Cy small enough, some s € [0,1] and some 3 > 1.

Then the operator I + W Ry is invertible on the weighted space L*(wg(z){z)**dx), and the
inverse operators (I + W Ry(2))™! are uniformly bounded for all z € C. Moreover, the strong
limiting absorption principle holds for R(z), in the following sense:

(i) the boundary values

(1.54) lim R\ & i€) = R\ +10)

exist in the norm of bounded operators from L?*(wg(x)dz) to HQ(wﬁ_l(@dx);
(ii) the following estimate

(1.55) 1R(2) 22 (s (w)da) <

holds for all z € C, z # 0.

Q

(8

2]

NN 22w (2)-1de)

REMARK 1.7. In the case s = 0 we recover exactly the strong limiting absorption principle
proved in Proposition 1.3 above for the free operator Ry. The additional weight (x)® was
considered in view of the estimates that will be needed in the following section.

Proor. Consider the operator
W (xz, D)Ro(2)f =Y _ a;(2)d;Ro(2)f + b(z)Ro(2) f;

we estimate the two terms separately.
First of all we have

lwy*(@)*a; ()8 Ro fl 12 < llws(x)®asl|p~llwy />0 Rof |l z2 < Collwy/* £l 2
by estimate (1.52), and this implies trivially
(1.56) lwy/?(@)*a;(x)8;Ro fll 12 < Collwg*(x)* fl .

In order to estimate the electric term, we recall that, from the explicit expression of the free

resolvent, we can write

Ra(a)s1 < 4 | <.

Then we have

1
(150 W) < oy b2 | Aa(o) < o)l € | 21

Lo

Recalling Young and Holder inequalities in Lorentz spaces (see Theorems 1.5, 1.6), we have

H il

—-1/2 1/2 —1/2 1/2
< Clfllgsran = Clhwg Puw fllsmn < Cllwg || psellwy? £l -

Since wﬁ > € 152 for any B > 1 (Proposition 1.8), (1.57) gives

1/2 1/2 1/2
lwg ?b()Ro(2) fl| 2 < Cllwy*b(x) | 2 - [y £l 2.
Now, by assumption (1.53) on b(z) we have easily
g *b(@)]|2 < CCo



3. THE LIMITING ABSORPTION PRINCIPLE 21
and we conclude that
1/2 1/2
(1.58) lwy*b(x) Ro(2) £l 12 < CCo - 1wy £ 2.

In a similar way we have

1
(59)  u @bRale) 1o < @bl Rl < ool €| 211

L3

and

1 _ _
Hm*‘f’ < Ol fll =Clhwy "y w2z

LS
<Cllwz (@)Y 2wy (@) £1] 2

As above, we notice that wg 1/2<:L'>*1 € L? for any 3 > 1, hence we have from (1.59)
1/2 1/2 1/2
g (@)bRo(2) 122 < Clluwy (@)l o - g (@) ]| 2.
Assumption (1.53) guarantees that
1/2
g (@)b(a) s < CCh
and, in conclusion,
1/2 1/2
(1.60) I @)wy*b(@) Ro(2) 112 < CCo - llwywy* fll
If we interpolate between (1.58) and (1.60), we obtain the estimate
(1.61) (@) wg*b(@) Ro(2) 2 < CC - (@) w2
Summing up, from estimates (1.56) and (1.61) we get for all z € C
s, 1/2 s, 1/2
(1.62) ) ws "W Ro(2)llz2 < OCo- [[{w)*wy | 12

Then it is clear that we can invert the operator I + W Ry by a Neumann series on the space
L%({x)**wgdz). Hence, the standard representation

(1.63) R(2) = Ro(2)(I + WRy(z))™*

is valid. To conclude the proof of the Proposition, it is now sufficient to remark that, from
property (1.48) of Proposition 1.3 and the uniform bounds on the norm of (I + W Ry(z2))~! we
have just obtained (for s = 0), the limits in (1.54) exist in a weak sense. Proceeding as in the
proof of Proposition 1.3, using Lemma 1.1, we deduce (i). Finally, (ii) is a consequence of (1.63)

and the corresponding estimate (1.51) for Ry. O

REMARK 1.8. Note that the assumptions of the preceding proposition can be expressed in
terms of the original coefficients A, B as follows:

Co
()*(|log ||| + 1)5”

for some § > 1 and a constant Cpy > 0 small enough.

< Co
< P(Tog le] + 1)°

(1.64) [A(z)] < 2] [VA(z)| + [B(z)
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3.2. The limiting absorption principle for the Dirac operator and its pertur-
bation. In this section we will study the limiting absorption principle for the massless Dirac
operator D; this property was studied by Yamada in [119] for the operator with mass. Moreover,
as in the case of the magnetic Laplacian, we will extend this result to the perturbed operator
Dy =D + V(z), under a suitable assumption on the potential V.

It is well known that the spectrum of the free operator D is the whole real line. Due to the
relation D? = —Aly, we immediately obtain the representation

(1.65) Rp(z) = Ro(2*)(D + z1),

for all z € C with ®z = 0. Using this formula and the Proposition 1.3, we easily prove the
following;:

PROPOSITION 1.5. Let wg(z), © € R? be defined as in (1.46), for some fized 3 > 1. Then,
for all A € R, the limits

(1.66) lifg Rp(\ +ie) = Rp(\+140) := Ro(A\? £i0)(D + A\Iy)
exist in the morm of bounded operators from L*(wg(z)dx) to H'(wg(z)~tdz) and satisfy the
estimate
(1.67) 1R (2) fll L2 (ws (@)-1de) < I fIL2(wp(2)da)
for all z € C. Moreover, we have the explicit representation
‘ Z'|>\| el z—yl
= = d
RD( lO)f An RS ‘I‘ — y‘ Zaj |$ — (y) Yy

1 il |z—yl —y;
(1.68) 477/Rslx—y]22 J‘x_ Tf()

PROOF. The strong convergence of Rp(A + i€) to Rp(A £ i0) in the space of bounded
operators from L%(wg(x)dz) to H'(wg(z)~dz) is obtained by interpolation using the property
(1.48) and the representation (1.65); estimate (1.67) immediately follows from (1.65) and the
estimates (1.49), (1.50), (1.51), (1.52). In conclusion, recalling the explicit representation (1.36)
for Ry(A +40), after an integration by parts we get the formula (1.68) and this concludes the
proof. O

At this point, we will proceed in a similar way to the case of the perturbed Laplacian and
we will prove that it is possible to extend the above result to small electric perturbations of the
free Dirac operator. As for the magnetic coefficients of W (x, D), we need to assume that the
potential V satisfies

Co
(1.69) V()] < ;
2l()([Tog [2]] + 1)7

for some s € [0,1], 8 > 1 and some constant Cp small enough. We prove the following result:

PROPOSITION 1.6. Assume the potential V' satisfies (1.69) for some Cy sufficiently small,
some s € [0,1] and some > 1.
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Then the operator I +V Rp is invertible on the weighted space L*(wg(x){z)**dx), and the

inverse operators (I + VRp(2))~! are uniformly bounded for all = € C. Moreover, the strong

limiting absorption principle holds for R(z), in the following sense:
(i) the limits

(1.70) lim R(A = i) = R(A  i0)

exist in the norm of bounded operators from L?(wg(x)dz) to Hl(wgl(x)dx),'
(ii) the following estimate

(171) HR(Z)fHLZ(wg(a:)*ldm) < C(B) ’ HfHL2(w5(:L’)dz)
holds for all z € C, z # 0.

PROOF. The argument is the same of the proof of Proposition 1.4 for the magnetic part of
W. First we observe that, by hypothesis (1.69), we have

lwy*(@)*V (@) Rpfllr2 < llwsla) V(@) |p<llw; >R fllre < Co- lwy /£l L2.
Hence we obtain the estimate
1/2 s 1/2 s
lw*(@)*V (2)Rp(2) f I 12 < llwy/ (@) Fll 12,

uniformly in z € C; thus we can invert the operator I +V Rp by a Neumann series on the space
L*(wgdz). Again, we can exploit the representation

(1.72) R(z) = Rp(2)(I + VRp(2))" .

By property (1.66) of Proposition 1.5 and the uniform bounds of (I + V Rp)~!, it follows that
the limits in (1.70) exist in a weak sense. Then we can procede as in the previous cases, using
Lemma 1.1 and obtain (i). In conclusion, the estimate (ii) is an immediate consequence of (1.72)
and the inequality (1.67). This concludes the proof. O

In the following we shall also need a weaker version of the last result: we shall require that
V' satisfies

Co
1.73 \% <
(1.73) V@I < B Tog el + D2

for some s > %, B > 1 and some constant Cy small enough. Then we have

COROLLARY 1.1. Assume the potential V' satisfies (1.53) for some Cy sufficiently small,
5> % and B > 1.

Then the operators I+V Rp are invertible on the space L*((x)?*dx), and the inverse operators
(I +VRp(2))~t are uniformly bounded for all z € C. Moreover, the strong limiting absorption
principle holds for R(z), in the following sense:

(i) the limits
(1.74) lim R(A = ie) = R(\  i0)

exist in the norm of bounded operators from L*((x)*dz) to H'((x)~2*dx);
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(i) the following estimate

(1.75) IR(2) fll 22 (@) -25d0) < C - 1| 22 ()25 dm)
holds for all z € C, z # 0.

PROOF. The proof is analogous to the proof of Proposition 1.6. Indeed, from estimate (1.67)
and assumption (1.73) we have immediately

S s 1/2 —1/2 1/2
1()*V Ro|| 2 < () wg V|1 |y "* R fll2 < Collwy* Iz
and by the trivial inequality
1/2 s
w,g/ < Cs<x> ;
valid for all s > 1/2, we conclude that
[(x)*V Rp|l 12 < Coll{x)* f| 2

Thus we can again invert (I + V Rp) with a Neumann series, and proceeding exactly as before
we obtain the proof of the Corollary. O

4. Resolvent Estimates

In this section we prepare the crucial resolvent estimates that will be used in the proof of the
main results. In order to use the spectral formula, we need estimates on the perturbed resolvent
operators and their derivatives with respect to A as bounded operators from suitable weighted
LP spaces to L. We shall use the Holder and Young inequalities in Lorentz spaces extensively;
for the convenience of the reader, we give a sketch of the main useful results in the Appendix.

We consider first the resolvent of the magnetic laplacian. We recall that, by Proposition 1.4,
the operators R(A & i0) = Ro(\ £ i0)(I + W (z, D)Ro(\ £40))~! are well defined as bounded
operators from L?(wg(z)dx) to H?*(wg(z) 'dx); moreover, we have the explicit representation
(1.36). Our first result is the following:

LEMMA 1.2. Let R(A%i0) = Ro(A%40)(I+W (x, D)Ro(A£i0))~! be the resolvent of —A+W
and assume the coefficients of W(x, D) =Y a;(x)0; + b(x) satisfy (1.53). Then, for all A > 0,
the following estimates hold:

(1.76) IR\ £i0)f[[ 1= < Cllwy>fl 12,
(1.77) |O5RO\ +10) 1 < C (1 " %) ) fll e

PROOF. The estimate (1.76) is the easiest one. In fact, by formula (1.63) and the explicit
representation (1.36) for Ry, we obtain
. 1 _
[R(A £ i0) fllze < C- IIH # (1 + WRo) ™ fll[=;
using Young inequality in Lorentz spaces, we get
IRA£30)fllzoe < [[(1 + W Ro)™ fll 321
lws ()~ 2w (@) 2 (L + W Ro) ™" fll 3720

lws ()™ o l[ws (@) 2(L + W Ro) ™ |2

A

IN
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The uniform bound for the operators (I+W Ry)~! proved in Proposition 1.4 and the observation
that wgl/ 2 e L52 for all B > 1 (see Proposition 1.8) are sufficient now to conclude the proof of
estimate (1.76).

In order to proceed with the proof of (1.77) we observe that from (1.36) we immediately
obtain the following explicit representations, for all A > 0:

(1.78) O Ro(A£i0)f = R2(\+i0)f = 187:\5 /0 = VA=l f () dy
(1.79) O, R2(A£i0)f = i87r /0 EiV eyl Z yﬂ 2L

At this point, differentiating in (1.63) we get

(1.80) HR(N+i0) = A+ B

where

A=R:N+i0)(I + WRo(\+i0))!
and
B = Ro(A£i0)(I + WRo(\ £i0)) "W R3(X\ £i0)(I + W Ro(\ £i0))~*
We treat separately the two terms. By (1.78), we estimate

IAfl~ < %H(IJFWRO)_lfHLl
< %||<m>—1w5<m>—1/2up|<x>wﬁ<x>1/2<f+WRorlfan.

We observe (Proposition 1.8) that (x)'wgs(z)~'/2 € L? for all 8 > 1 and, by the uniform bound
for the norms of (I + W Ry)™! in the space of bounded operators onto L*({(z)wg(z)dz) for (see
Proposition 1.4), we conclude that, for some C > 0

C
(1.81) [AfllL < 7!\<$>wﬁ(w)l/2f||m-

For the estimate of the term B, we start with some computation on the operator WR(Q). Using
the representation (1.79), we obtain

1/2 1/2 1/2
lwy*a;0;R3f |12 < llwy?a;ll 2|0 R3f |z < C - [lwh a2l £ 11
By the above observation that
1/2
£l < Iahwy (@) fll 2,

it turns out that, if wéﬂaj € L?, then

(1.82) lws(2)2a;(2)0;R3f||z2 < C - [[{x)wy (@) fl| 2
In a similar way, using (1.78), we have

H 1/2 1/2

C
bR3 S| < [lwh*b(@)|| 2| B3 ]| e < fllw Ol 2| fll 21
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If we assume that wé/ b e L?, we conclude that

(1.83) s (@) 2b(@) R Il < % | e)ewog™ @)l e
Inequalities (1.82) and (1.83) can be unified now, to show that, under the assumptions
(1.84) wy?a; e L%, wi’beL?
the estimate
(1.85) ws(2) /2 2 , < RS 1/2
- (@) W, DIRGA £ 1012 < C (14— ) lahws ()2 1

holds, for some C' > 0. Observe that assumptions (1.84) are weaker than (1.53), so that they
are obviously satisfied by the hypothesis of the Lemma.

Now we are ready for the estimate of the term B. First, we use the representation (1.36) for
Ry to obtain

I1Bfl Lo~

IN

H (I +WRo) "WR3(I +WRg) ' f|

Loo
(I +WRo)"WREI +WRo) ™ fllpsrzn = | TS|l 13/2.1-

IN

As before, we use the properties of the weights wg(z) to observe that

1/2

lgll /20 < lwp ()™ g] L.

Then, the last series of inequalities gives
IBf o= < llwg(x) 2T || 2.
Now we use the uniform bounds for the inverse operators (I + W Rg)~! (see Proposition 1.4) to
proceed with
I1Bfllee < llws ()" 2WRG(T + W Ro)™ fl| 23
finally, by inequality (1.85) and the above mentioned estimates on the norms of (I + W Rp)™*
in the space of bounded operators onto L?({z)wgs(z)'/2dx), we obtain the estimate

1
(150 e e Y L R
In conclusion, estimates (1.81), (1.86) and the representation (1.80) conclude the proof of (1.77)
and the Lemma. O

REMARK 1.9. The limiting absorption principle allows us to rewrite the spectral formula in
the following way: for any (smooth, compactly supported) function ¢(A) on R, and any test

function f,

—+00

(1.87) H(—A+W)f = ; A(AN)SR(A +140) fdA.

where the integral is restricted to the positive real axis since of course SR(A) = 0 for negative
A

The resolvent estimates just proved imply that we can integrate by parts in the above
formula, i.e., if
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then
“+o00

(1.88) (A +W)f = ; Y (N)SR(A 4+ 40) fdA
400

==/ PN)OASR(A +i0) fdA

The problems arising from the singularity at A = 0 are easily overcome. To prove this, consider
a cutoff function x(\) supported in [—L, L], and write
+o00

S-A+W)f = Tim [ 61~ x(AL)IR( + i0) i)
whence
1/L
d(—A+W)f =— Llirf L ¢(A)x’()\L)C\‘sR(>\ +10) fdA
—+00 0
— lim +OO(1 — X(AL))WY(N)OASR(A +i0) fdA.

=ur, + vy.

The last term vy converges to (1.88) uniformly, thanks to estimate (1.77) (and Lebesgue’s
dominated convergence theorem), hence it is clear that ur, = ¢(—A + W) f — vy, also converges
uniformly, and it will be sufficient to show that its limit is 0, e.g., in distribution sense. To

estimate the integral
1/L
L =—L YA X (AL)SR(X + i0) fd\
0
we can use the identity

(1.89) SR(A+1i0) = (I + Ro(A — i0)W)"ISRo(\ + i0)(I + W Ro(\ + i0))
Consider then the L? product
(SR(\ +1i0)f,9) = (SRo(A +90)(I + W Ro(A +140)) "' f, (I + W Ro(\ +1i0)) ' g).
From the explicit formula
sin(vA |z — b,
|z =y

SRo(\ +i0)h = c/ h(y)dy

we have

SRo(A+i0)h] < CVA / Ih(y)|dy

which implies
ISRo(A + i0)h| e < CVAlIR] 11 < CVA|l(z)wy * Al 2

for any B > 1. Recalling now the uniform bound for (I + W Ry(\ +40))~! in Proposition 1.4 in

1/2

the weighted L? norms with weight (z)wg ”, we obtain easily

(SR +1i0)f, 9)| < CVAINz)ws fll 2|l (z)w} gl 2.

From this estimate it is easy to prove that
1/L

(ur,g) = —L ; Y)Y AL)(SR(A+i0) f, g)dX — 0
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as L — 400, which concludes the argument.

We will prove now an analogue of Lemma 1.2 for the Dirac operator. In what follows,
R(z) = (=214 + D+ V)~! denotes the resolvent of the perturbed Dirac operator. Our approach
here will be slightly different: we shall use the formula

(1.90) R(z) = Rp(2) + Rp(2)V(2)Rp(2)(I + V(z)Rp(2)) 71,

valid for all z € C (to be interpreted of course, for z = A € R, as the extended resolvents
R(\) := R()\ £i0) on the weighted L? spaces, as given by Proposition 1.6 and Corollary 1.1).
When inserted in the spectral formula, the first term Rp at the right hand side reproduces the
solution to the free Dirac equation, and the main part of our proof will be the estimate of second
term

(1.91) Q := RpVRp(I + VRp)™!

To this end, we shall need an explicit representation for Rp(\ £ i0), which is easily obtained
from the formula

(1.92) Rp(A+i0) = Ro(A\? £i0)(D + \IL).
Recalling (1.36), after an integration by parts we obtain
i +iX|z—y| S xi—y
Rp(A+i0)f = / | LF ) a7 | f(y)dy
( ) A Jgs |z —y] ; M=yl | W
1 etiAz—y| y
1. 2 f(y)dy.
199 @n@su—yPEZ-wx—f@)y
JFrom here we derive immediately an analogous representation for
0
RH(N) = —~Rp(\);

indeed, differentiating (1.93) with respect to A, we get

: A iXz— ~Yi
RA(N+i0)f = 47T/RS eFM Tyl ¢I4+Za] - | fy)dy

Ix— |

i :tz)\|z yl — vy
(1.94) 47r/R3 Py Z ]’x_ j|f()

We collect all the necessary estimates in the followmg lemma (we write for simplicity Rp(\)
instead of Rp(A 4 i0) since the estimates are the same):

LEMMA 1.3. Suppose that
Co
|[1/2(z)* (| log |=|| + 1)5/2’
for some s > %, B8 >1, Cy > 0. Then the following estimates hold for all ¢ > 0 small enough
and all A € R:

(1.96) @) 2PV REN) flle < Ce (A - ()2 f 2,

(1.95) |V(z)] <
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(1.97) IRo NV Rp(A)f[ree < Ce- (N)? - [[(2) /27 f| 2
(1.98) IRE NV Rp(A) f e + [Ro(MVRH(N) fllze < Ce- (A - [[(@)*H || 2
for some C = C. independent of \.

PRrROOF. In the following we shall use the shorthand notation, for s € R,

(1.99) 1fllzz = (1) £l 2
From the explicit representations (1.93) and (1.94) we have the simple pointwise estimates
(1.100) [RoSI < CA- e+ 272« f, (R F] < CA+ [z ) = f.

Since |z|~! € L3>, by the Young inequality in Lorentz spaces (see the Appendix) we get
VRSN fllzz < IVIIzz - AL 1T Fllzes + [V Iz 27 * fllpe
< VIlzz (A IF e + 1 F s ) -
By the obvious inequalities valid for all € > 0

(1.101) £l < GOl fllzz

3/2+4¢’

£l 20 < ClOI 2

T/24¢’

we arrive at the first estimate
(1.102) IVERN 2 < C@IV Iz (W lz -
Since HVHL% < oo by assumption (1.95) as soon as vy = 1/2+¢€ < s— 1, we see that (1.96) follows
provided e is suitably small.
In a similar way, in order to prove (1.97) we use again (1.100) and we write (recall that
‘x’fQ c L3/2,oo)
IRV Rp(A) fllzee < C(IA] - |27 % VRpfllze + [[[2] 7> % VRp f 1)
< C(Al-IVRp(A) fllgar2a + [[VRD(A) fl 15.0) -
For the first term we can write, recalling again (1.100),
(1.103) IVRD(A) fllparzn < IV Il parza ALl ™0 s fllzee + [V z2lllz] 72 * £l o2
< WVllgsrzal AL 1 f L sz + IV 2]l £l 22
< VIl zarza AT+ IV L) [ £1] 2

3/2+€

(see (1.101)), while for the second term we have

(1.104) IVRp(N)fllzsa < [IVIIzaalAl 27 % fllzee + (VI zsllla] ™ £l o
<AV llgsa AL [ fl paren + 1V Il o2 1 f ]l 2
< (Vs A+ IVl o) 1 £ 2

3/2+e¢
where we have used (1.101) and the trivial inequality || f|72 < ||f||L%, Vv > 0. Summing up, we
get

(1.105) IR (AVRp(N) fllre < C-C(VYN?|I 12

3/2+e€

where the quantity
(1.106) CV) = Vllgsza + IVIlzas + IVIlgsz + [V 12 < oo
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is finite by assumption (1.95) (see also the Appendix 8).
The proof of (1.98) is similar: by (1.100) we get

IRE NV Rp(M)fllree < C (Al 1% VRpfllze + [[l2] ™ * VRpf| L)
< C(A- VRN fllpr + IVEDA) fllp3/20) -
We have already estimated the second term in (1.103), and for the first one we have
(1.107) IVRDN) fllzr < (Vs ALl ™ % flls + IV ILslllz] ™ 5 £l o2
< (VI gar2 AL+ IV I ze) 1F 1 2o
< (VI[gar[ AL+ IVl zo) 1/ 22

3/2+e
and hence

(1.108) IBV R e < O VNI,
where the quantity

(1.109) C'(V) = Vllgsr2 + 1IVligsrza + IVIlzs + IVl 2 < o0

is finite again by assumption (1.95).
Finally, the last estimate can be obtained as follows:
IRpMVREN) fllzee < C(IA] - |27 # VRBflre + [[[2] ™ % VR f 1)
< C(Al-IVRp(A) fllgar2a + [[VRD(A) fll12.0) -

Proceeding as above, we estimate

(1.110) IVRBN) fll a2 < VI arza Al (115 fllzee + [V g/ [l ™t * fllre
<V llgsrzad(A) (1f11Lr + [1f | gsr20)
< [[VIIgaraa N fl 22

3/2+¢
and
(L.111) VRN fllpsr < IVIIzsalAl- 11 fllzoe + VI zsallla] ™ * fllz
<AV lzs &) ALl + [1f 1 zor2a)
<Vt fllzz ..
whence
(1.112) |BoNV R (W) fllz= < C-C" VNI fllz
where the quantity
(1.113) C"(V) = IVlgsen + IVl g1 < o0
is finite by assumption (1.95). O

REMARK 1.10. The same remark concerning the simpler version of the spectral formula
(1.87) and the integration by parts formula (1.88) applies also to the Dirac resolvent, with
obvious modifications in the proof.
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5. Proof of Theorem 1.1

Let (¢;) j=01,.. be a standard Paley-Littlewood partition of the unity, with the properties
(1.114) 0i(A) =wo(279X), o+ > ¢i=1,
Jj=1
for a suitable g € C5°. We consider the Cauchy problem

{ up(t, x) — Au(t,z) + W(z,D)u=0
uw(0,2) =0, u(0,2) = ¢;(V—-A+W)g(z),

The solution can be represented using the spectral formula as follows:

1 [ sin(tv/))
oy /0 %(ﬁ)TR()\)QdN

and after an integration by parts (see Remark 1.9) this gives

(1.115)
(1.116) u(t,z) =

C [t
(1.117) u(t,w) = — /O cos(tV/X) [awj(ﬁ)R(A)g + goj(ﬁ)aAR(A)g] d.
Thus, recalling estimates (1.76) and (1.77), we have
C +oo 1
el < Sl ot [ (1osesVml+ (14 55 ) stV )

and a change of variables A = 2%/, in the integral gives immediately
c .
(1.118) fu(t, @)| < — 2% ()uwy gl 2

with some constant C' independent of j and g.
If we now define as usual

Pj = i1+ ¢;+ @i+, ¢-1=0,
so that ¢; = ¢;p;, we see that the Cauchy problem (1.115) can be written equivalently

(1.119) { un(t,x) — Au(t,z) + W(z,D)u =0
' w(0,2) =0, w(0,2) =¢;(V-Aw)g;(V-Aw)g(z),
hence our estimate (1.118) implies also the estimate
C o -
(1.120) fu(t, 2)| < 22| (@)wy "G (V= Dw)gl 2.

Finally, consider the original Cauchy problem (1.6), and decompose g as a sum

9= ei(v/=Aw)g(x).

Jj=0

By estimate (1.120) we obtain easily estimate (1.9).

C ; 1/2
(1.121) futt, 2)| < > 2¥l{whwy*o; (V= Aw)gll .

j=0
The computations in the case of initial data of the form
u(0,x) = f, u(0,2) =0

are completely analogous, and we thus obtain estimate (1.12).
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REMARK 1.11. In view of the application to the Dirac system, the following remark will be
useful. If the initial datum g has the form

(1.122) 9= (—Aw)°h

for some s > 0, a direct application of estimate (1.121) would give only

(1123) u(t,2)| < &3 2 a2y (v D) (- Al
j>0

Actually, if we go back to the spectral formula (1.117), we see that the solution can be written

(1.124) u(t, ) = % / o 272 cos(tV/\) [awj(ﬁ)R(A)h + ©; (VN R(A)R| d.

0
with an additional factor \%/2. Thus proceeding as above, we arrive at the simpler estimate

(1.125) u(t,2)] < & 37 22 ) s (VB bl o

j>0

We now prove estimate (1.11) under the stronger assumption (1.10) on the potential W (x, D).
Consider first the case of initial data of the form

u(0,2) =0, u (0, 2) = g.
We can write g as follows:
=(1-A+W) (1 - A+W)Tey

for some fixed € > 0. Then the solution u can be represented as

Foo sin
u(t,z) = 217”/0 w(ﬁ)%ﬂ)}w)hw

where
h=(1-A+W)"Tg, (VX)) =(1+N)"

Proceeding as above, after an integration by parts we arrive at
¢ 1/2 ee —1—€ —2—¢
u(t, 2)| < —l{z)wy "hllL2 ; (L) + (1 +2)77)dA
and hence
c 1/2 14e c 3/2+€ I+e
(1126)  Ju(t )| < S)wh (= A+ W) gl < )Y - A+ W) o
To conclude the proof of the Theorem, it remains to show that
(1.127) ()21 = A+ W) gl 2 < [[(@)Y g oo
We start from the inequality
1{@)*(1 = A+ W) fllr2 < [[{x)° fll g2

which is obviously valid for any s > 0. By a standard complex interpolation argument, interpo-
lating with the trivial inequality

[{z)® fllz2 < I{2)” fll 2
we obtain that
[(z)*(1 = A+ W) fllLe < [[{@)° | g2
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for all 0 < e <1 and all s > 0. This implies
(1.128) [[{z)*(1 = A+ W) fllpe < [{2)°(1 = A+ W) fllee < () Fllgzrze + [{2) W F ] rze.
The last term is of the form
(1.129) [{x)*W (2, D) fll g2e < [[¢2)*al@) D fll e + [1(2)°0(2) f 1| 2e;
in order to estimate it, we recall the Kato-Ponce inequality (see [64])
(1.130) [KD) (vw)|[Lr < C(D)]| Lor [w] ez + Cllv]| Lrs [|(D) w]| Loa
V=pl+pyt = p3' +p;'. With the choices v(z) = a(z),
w(zx) = (x)’Df(x), ¢ = 2¢, p1 = p3 = 00 and pa = py = 2, we obtain
I(D)*(z)*a(z) Dflz2 < CI(D)*al| o || (@) Df | 2 + Cllallz=[{D)* ({2)* D)l 2.

which is valid for all ¢ > 0, p~

Now it is clear that
(DY ((2)* D)l 2 < Cll{@) f || e
(use again complex interpolation between the cases € = 0 and € = 1) and in conclusion we obtain
(D)*(z)*a(x) Df 2 < Cl{D)*all g |{x)* f|| prr+ac.
Here we have used the simple fact that
lallze < Cl{D)*a|pex.
The corresponding estimate for the electric term is analogous (actually simpler):
I(D)?(2)*b() fll 22 < CI{D)*l Lo [[{x)° f || pr2e-

Recalling now (1.128) and (1.129) we conclude the proof of estimate (1.11).
On the other hand, when the data are of the form

u(0,2) = f, u(0,2) =0

the computations are completely analogous and we obtain estimate (1.14) under the stronger
assumptions (1.13) on the coefficients.

6. Proof of Theorem 1.2

REMARK 1.12. We notice that Theorem 1.1 (and Remark 1.4) can be trivially extended to
a system of wave equations of the form

(1.131) ug — (V +iA(2))?u+ B(x)u =0

where u(t, z) is a CV valued function and Aj(z), A2(z), A3(z), B(z) are CV*N matrices whose
coefficients satisfy the assumptions of the Theorem. The resulting dispersive estimates have
exactly the same form as in the scalar case.

Consider now the Cauchy problem

{ iug — Du — V(x)u =0

(1.132) u(0,z) = f(x).
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If we apply to the pertubed Dirac system the operator ¢0; + D + V we obtain that u is also a
solution of a 4x4 system of perturbed wave equations of the form (1.131) with

(1.133) Aj(w) = — 503V (@) + V(w)ay),

(1.134) B(z) =DV(x)+ V(x)® + AT + A3 + A3 +i ) _0;A;
and initial data

(1.135) u(0,2) = f,  w(0,2) =i 1 (D+V)f.

Note that the perturbed operator

(1.136) ~Aw = —(V +iA(z))? + B(z)

is exactly the square of the operator D + V:

(1.137) ~Aw = (D+V)?

and hence the initial data for (1.131) can be written

(1.138) w(0,2) = f,  w(0,2) =i H(=Aw)2f.

We are in position to apply to the solution w the estimates already proved in Theorem 1.1;
keeping Remark 1.11 into account, we arrive easily at the estimate

(1.139) ult, z)] < — 223311 )ywy*0; (D + V) fll2,
]>0

provided the coefficients a;(x) and b(z) satisfy the assumptions (1.8). Recalling the explicit
form (1.133) of the coefficients in terms of V(x), we see that V' must satisfy the conditions

Co
V@l < L Tog ol + 1)

from the magnetic term, and

Co
V(z)?| + |DV(z)| < ,
VeI IPVNS G logal + 17

from the electric term, for some § > 1 and some small constant Cy. Summing up, we obtain
that (1.139) holds under assumption (1.17).

The estimate in terms of the Sobolev norm can be obtained in exactly the same way as for
the perturbed wave equation. Indeed, proceeding as in (1.126) we arrive at the estimate

C € €
(1.140) lu(t, z)| < ;II(JC)B/2+ (=AW )* 2| 2.
The same arguments used at the end of Section 5 give here
C
(1.141) u(t, z)| < ?||<$>3/2+€f||H3+26
provided

<D>1+2€Aj c LOO, <D>1+26B c LOO,
which is implied by
(D)Y*T2€y e L,
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7. Proof of Theorem 1.3

By exploiting the connection between the massless Dirac and the wave equation, it is easy
to obtain an optimal dispersive estimate in the unperturbed case. In order to state it, we recall
the definition of the homogeneous Besov space Bf ;. The Besov norm is given by

.= IS b () —
ol = 3265V Byolls,
JEZ
where ¢; is a homogeneous Paley-Littlewood sequence, i.e., fixed a test function ¢(r) € Cg°
such that ¢(r) = 1 for r < 1, ¢(r) = 0 for 7 > 2, we have ¢;(r) = ¥(2772r) — (279" 1r) for all
jeZ.
Now, let u(t,z) be a smooth solution of the free massless Dirac equation
(1.142) iu(t,x) = Du(t, x)
with initial data
(1.143) u(0,z) = f(z).

Then we have:

PROPOSITION 1.7. The solution u(t,z) of problem (1.142),(1.143) satisfies the dispersive
estimate

C
(1.144) ju(t, ) < 11 fll g
PROOF. Recall the identity

(i0h +D)(i0; — D) = (A — B2) Lu;
if we apply the operator i0; + D to the system (1.142) we see that u solves the Cauchy problem
for the wave equation

Ut — AU =0

with initial data

u(0,2) = f,  w(0,z) =i"'Df.
Then, as a consequence of the well known decay estimates for solutions to the free wave equation
(see e.g. [95]), we obtain

C
jutt, ) < = (Ifllg2, + 1Dl )
whence (1.144) follows immediately. O

The proof of Theorem 1.3 follows the same lines as the proof of Theorem 1.1. Consider the
Cauchy problem with frequency truncated data
iu(t,x) = Dyul(t, z)
1.145
(A) Lin S o
where (¢;(A));=0,1,.. is the standard Paley-Littlewood partition of the unity defined in (1.114).
By means of spectral formula, we can represent the solution of (1.145) as

1 oo .
(1.146) ult2) = 5 / 25 (NENMT[Ry (V] f dA.

—00
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Using the identity
(1.147) Ry(\) = Rp — RpVRp(I + VRp) ™},

which is valid thanks to Corollary 1.1, we can split the integrals in (1.146) into two terms, the
first one containing the contribution of the free resolvent Rp and the second one containing the
contribution of the operator RpV Rp(I + V Rp)~'. The first term

e L ey

A

was estimated above (see (1.144)); it remains to estimate the term
1 Foo ,

(1.148) B=—— i (VNS [QN)] fdA,

—0o0

where

Q(\) := Rp(MVRp(\)(I + VRp(\) ™.

After an integration by parts, we obtain

400 . +oo .
o) B=—gn | [ e Sz@onsat [ gnerTionls g

2t —0o0

an explicit computation shows that

Q

N RV Rp(I+VRp)™ + RpVRA(I4 + VRp) ™!

+RpVRp(I4+ VRp) 'WRA(I, + VRp)™?

Now we can apply Lemma 1.3: under assumption (1.21), estimates (1.96), (1.97) and (1.98) are
satisfied, and the Lemma gives

(1.150) QN £l < CON2 (@) * < || 2,

(L.151) H < COP )24 f 1o,

for some C' > 0. Using (1.150) and (1.151) in (1.149) we arrive at the estimate

+oo
B1< Sflaz,, [ [ (@Rl + 20D 0]

—00

Recalling that ¢;(A) = ¢o(277X), after a change of variables 277\ = p we easily obtain
C ajy /o \3/24¢
(1.152) 1Bl < S 27[[{a)™ " f 2

From this point on, we can proceed as in the proof of Theorem 1.1 and complete the proof of
Theorem 1.3.
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8. An appendix on Lorentz spaces

For the convenience of the reader, we recall here the definitions and the main properties of
the Lorentz spaces LP9, in view of the applications needed in the proof of our results.

For any measurable function f : R™ — C and any s > 0 we define the upper-level E! as the
set

Bl = {a:|f(@)] > s).
The non-increasing rearrangement of f is then the function
fH(t) =1inf{s > 0: |E/| <t}, te(0,+00).

It is also useful to consider the average of f* defined by

=7 [ ren
0
The standard definition of the Lorentz spaces is the following:

DEFINITION 1.1. For any 1 < p < o0 and 1 < g < oo we define the quasinorm || f||z».a as
follows:

/e ()M 1 < g <
(1.153) [fllna = § Lo @ P O] <g<oo
sup;so 07 f*(1), q = oo.
When p # 1, if we replace f* with f** in the above definitions we obtain an equivalent quasinorm
which is actually a norm (see [10], [19]). The Lorentz space LP? is defined by

(1.154) LPY = {f:||fllrra < 00}
Moreover we define

Ll,l = Ll L0900 — [,°.
The spaces L for 1 < ¢ < oo are usually left undefined (although L°*! is defined in [19] as
the closure of L™ compactly supported functions in the L> norm).

With the above definitions, one obtains the elementary properties
LPP = LP, 1 <p < oo;
P C P92, I<p<oo, 1<q1<g <@

(with continuous embedding). When the second index is oo we obtain the weak Lebesgue spaces
(Marcinkiewicz spaces):

Lree = b 1<p<oo.
Moreover, the Lorentz spaces can be obtained by an equivalent construction using real interpo-
lation:
LPO = (LP, LP)gq,  p'=(1—=0)py" +0p;
provided

Po < Pp1, po < g < 00, 0<6<1.

An alternative characterization of the Lorentz norm can be given using the so-called atomic
decomposition:
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LEMMA 1.4. Let f : R™ — C be a measurable function and let 1 < p < oo, 1 < q < o005
then f € LP4 if and only if there exist a sequnce of sets (Ej)jez and a sequence of numbers
a = (aj)jez such that |E;| = O(27), a € 19 and the following estimate

(1.155) f(@)] < CY a;27/Pxg, (x)

JEZL
holds, for some C > 0.

It is possible to see that the best constant C' in (1.155) is equivalent to the Lorentz norm of
the function f.

The most useful properties of Lorentz spaces are the Holder and Young inequalities, which
extend the classical ones for Lebesgue spaces. These were originally proved by O’Neil in [80].
We collect them in the following theorems:

THEOREM 1.5 (Holder inequality). Let f € LP2% g € LP2»%. The following estimates hold:
e if p1,p2,p €]1,00(, q1, 42,9 € [1,00], then
(1156)  [|fglers < Clflemamllgllirece, — 1>p' +py" =p7" @' +at > q7h
e if p1,p2 € [1,00], q1,q2 € [1,00], then
(1.157) 1£gllr < Cllflporanllgllieesz, Py +p' =1, ' +g' > 1.

We remark that the above statement does not cover the trivial inequality

(1.158) 1fgllzra < 1f ]|z~ llgllzra

which is evidently true whenever LP? is defined.

THEOREM 1.6 (Young inequality). Let f € LPv% g € LP2%. Then the following estimates
hold:

e if p1,p2,p €]1,00], q1,92,q € [1,00], then

(1159)  |If *glwps < Cllflpovarlglpeens,  pr +py' =14p7 @' +a3' 2 a7
e if p1,p2 €]1,0], q1,q2 € [1,00], then

(1.160) If * gl < Clfllzrra llglirzez,  prt+pat=1, ¢ '+aq'>1.

As before, we remark that the above statement does not cover the inequality

(1.161) 1 * gllzea < C|fllz1llgllrra

which is easily seen to be true in all cases when LP? is defined (e.g., by real interpolation).

We conclude this section by studying the weight functions wg(x) = |z|(|log|z|| + 1), with
£ > 1 which plays a crucial role in our results; in the following proposition we determine precisely
to which Lorentz the powers w/gs belong.

PROPOSITION 1.8. For any s > 0, ¢ € [1, 00] we have wﬁ_s € L%, provided 8 > 1/sq.
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PRrROOF. We will use the equivalent Lorentz norm (1.155). For any j € Z consider the ball
BJ := Byj/n = {x: |x| < 2//"} and the rings E; := B/™'\ BJ; it is clear that |F;| = C,,27, where
C', depends only on the dimension n. Then, for all z € R™ we have the estimate

1 .
=5 (0)| = (z) < i1log 2 4+ 1)P59778/My 1 ().

The proof is concluded by the remark that the sequence a; = (|j]log2 + 1)7%¢ is in (7 if and
only if 8 > 1/sq. O






CHAPTER 2
Strichartz estimates and Kato-smoothing effect

1. Introduction

Following the previous chapter, we continue the investigation on equations with electromag-
netic potentials; here we point our attention to the other dispersive-type estimates we presented
in the Introduction, namely Strichartz and Kato-smoothing estimates. In this chapter we present
some results in this direction, concerning Schrédinger, Wave, Klein-Gordon and Dirac equations.
The reference for the results in the present chapter is [32].

Strichartz estimates have become a standard tool in the study of linear and nonlinear evo-
lution equations. They are available for a large class of constant coefficient equations, by the
methods of [47] and [66]. In a sense, they represent the modern energy estimates, and are
especially effective for problems of low regularity and global existence for nonlinear equations.

Using the notations LPL? = LP(Ry; LY(RY)), [l < llgll to mean [|f]| < Cllgl|, and H; and
H q to denote the spaces with norms

1Az = KDY Ffllas M llgg = PP Fla-

where (D) = (1 — A)Y/2, |D| = (=A)'/2, the Strichartz estimates for the Schrédinger equation
take the following form: for n > 2,

€2 fllzora < 11 £l
provided the couple (p, q) is Schrodinger admissible:
2 2
(2.1) 7+ﬁ:ﬁ7 2 <p< oo, LZ(]ZZ q # 0.
P q 2 n—2
The couple (p,q) = (2,2n/n — 2) is called the endpoint and is allowed when n > 2.
For the wave equation the estimates can be written as follows: for n > 3,

it| D| <
le fHLqu%f%% S zes

provided the couple (p, q) is wave admissible:
2 n—-1 n-1 2(n—1)

2.2 - = 2<p< = 7

@2) 4TS agpse,  2ES

The wave equation endpoint is (p,q) = (2,2(n — 1)/(n — 3)) and is allowed in dimension n > 3.

>q=2,  q#F oo

Finally for the Klein-Gordon equation we have: for n > 2,
e PV f - aay Sl
LPH, 2

provided (p, ¢) is Schrodinger admissible (see Section 4 for a proof of the last estimate, for which
a reference is not immediately available).

41
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We shall also be interested in the decay properties of the Dirac equation, which has been
already introduced in the previous chapters. We recall that this is a 4 x 4 constant coefficient
system of the form

iug +Du =0
in the massless case, and
iug +Du+ Pu=0

in the massive case. Here u : Ry x RS — C*, the operator D is defined as
13
D=- a0

and o, B are the 4 x 4 Dirac matrices. Then the solution u(t,z) = €P f of the massless Dirac
system with initial value u(0,z) = f(x) satisfies the Strichartz estimate:

1e"Prl 1a s SAFflle, n=3,
LPHY 2

1
p
for all wave admissible (p, q), while in the massive case we have

[ PHOf) iy Sl n=3,
LPH

for all Schrédinger admissible (p, ) (see Section 4 for more details).

In view of the applications, it is an important problem to extend Strichartz estimates to
more general equations with variable coefficients, possibly of low regularity in order to retain
the advantages over classical energy methods. Indeed, in recent years a large number of works
have investigated this kind of problem. In the case of potential perturbations like

iug — Au+ V(z)u =0, Ou+ V(z)u =0,

Strichartz estimates are now fairly well understood. We mention among the many works [18],
[49], [50], [90], [93] and the survey [92] for the Schrédinger equation, and [24], [44], [33] for
the wave equation. We also mention the wave operator approach of Yajima ([115], [116], [117],
[5]), which was recently optimized in dimension 1 in [30].

Results are much less complete in the case of first order perturbations i.e. magnetic potentials

s+ Au+a-Vu+bu =0, Uu+a-Vu+bu=0.

Concerning Strichartz estimates for the Schrodinger equation with small potentials a, b we recall
at least the papers [98], [43]; in 3D the recent work [37] handles for the first time the case of large
magnetic potentials. For the wave equation with small magnetic potentials, partial Strichartz
estimates were obtained in 3D in [25] in the case of smooth, rapidly decaying coefficients. The
dispersive estimate in 3D was proved in [31] for the magnetic wave equation with small singular
potentials and for the massless Dirac system with a small singular matrix potential. We must
also mention the papers [97], [88], [42] containig some local estimates in the fully variable
coefficient case. Only in the one dimensional case the optimal dispersive estimates for the case
of fully variable singular coefficients have been proved in [30].

A method of proof which is very efficient in the case of electric potentials was introduced in
[90] and further developed in [18], [17]. The main idea is to combine Strichartz estimates for
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the free equation with Kato smoothing estimates for the perturbed equation. The same method
is used in [37] for the 3D Schrédinger equation with a large magnetic potential.

Our goal here is to apply a suitable modification of this method in a systematic way to several
equations perturbed with magnetic potentials: Schrodinger, wave and Klein-Gordon equations,
and the Dirac system with and without mass.

Thus consider a magnetic Schrodinger operator

(2.3) H = —(V +iA(x))* 4+ B(x),

which is selfadjoint under the following assumptions: A; and B are real valued, and, denoting
by B_ (resp. By) the negative (resp. positive) part of B,

(2.4) 1Bllpnme <00 IB-llgnzee <8 [ Allnoo <8

for some ¢ sufficiently small (see Lemma 2.1 below). Here LP:*° = L%, denotes the Lorentz or
weak Lebesgue space. However, in order to state our results, it is more convenient to represent
the operator in the form

(2.5) H=-A+W(x,D)=-A+a(x) -V +b(x)

and to make the abstract assumption that H is selfadjoint. In view of (2.4), the following explicit
conditions on a, b are sufficient (but not necessary) for the selfadjointness of H:

(2.6) a(x) is pure imaginary, b= —iV -a
and
(27) HvaHLn/Zoo + ”bHLn/Q,oo < o0, H§Rb_HLn/27oo < 5, Ha”Ln,OO < (5

for a small enough 6.

In what follows, we shall always assume that the coefficients a, b are measurable functions;
the assumptions on their decay at infinity and singularity at the origin are specified in each
single statement of our main results.

Our first result concerns smoothing estimates of Kato-Yajima type for the scalar Schrodinger,
wave and Klein-Gordon equations. Besides being a necessary tool to prove the Strichartz es-
timates, they have also an independent interest (see e.g. [8], [62], [65]). Notice in particular
that we allow a singularity at 0 in the coefficient, and that the electric potential can be large,
while the magnetic term must satisfy a smallness condition. We shall use the following weight
functions:

{mé—e o ifn >3,
Te(x) = 1 .
|z|27¢ + [z]1 ¢ ifn=2
and
we(z) = |z|(1 4 |log |z|])7, o> 1.

Then we have:

PROPOSITION 2.1 (Smoothing estimates for scalar equations). Let n > 2. Assume the

operator

—A+W(x,D)=—-A+a(z) -V +bi(z) + ba(x)
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is selfadjoint with

0 1)
. < —F < — < <
(2 8) ]a(aﬁ)] — 1/27 |b1({£)| = T627 0 = b?(x) =

TeWo

"‘\]w‘ Q

for some 8,¢ > 0 sufficiently small and some o > 1, C' > 0. Moreover assume that 0 is not a
resonance for —A + bs.
Then the following smoothing estimates hold: for the Schrédinger equation

Ire e AW f 2 e 4 7D AT fl| 2 pa S e

while for the wave and Klein-Gordon equations

7t e ™A f e 4+ lr VAW El oo S 1l

The assumption that 0 is not a resonance for —A + by(x) here means: if (—A +bo)f =0
and (z)~1f € L? then f = 0.

We can then prove Strichartz estimates for the perturbed scalar equations as a consequence
of the above smoothing properties. Notice that we must require some additional regularity on
the magnetic coefficient a(x). Moreover, the use of the Christ-Kiselev lemma (see Section 3 for
details) prevents us from reaching the endpoint.

THEOREM 2.1 (Strichartz for Schrodinger). Let n > 2, —A + W be as in Proposition 2.1
and assume in addition that

(2.9) (z)3x (2)a;(x) € Cate for some function x > wl/?.

Then, for any non-endpoint Schrodinger admissible couple (p,q), the following Strichartz esti-
mate holds:

(2.10) 1" AW fll e S 1 f ] 2.

THEOREM 2.2 (Strichartz for wave). Let n >3, —A+W be as in Proposition 2.1 and assume
in addition that

(2.11) la(z)] < =,  |b1+by—V-a| <

"‘\]to‘ Q

2|7
Then, for any non-endpoint wave admissible couple (p, q) the following Strichartz estimate holds:

(2.12) TR gy Sl

1_1_
74 P
Hy

THEOREM 2.3 (Strichartz for Klein-Gordon). Let n > 2, —A + W be as in Proposition 2.1
and assume in addition that

C C
2.13 < — bi+by—V-a| < .
(213) o@)| < . b= Veal <
Then, for any non-endpoint Schrodinger admissible couple (p,q), the following Strichartz esti-
mate holds:
(2.14) |V TEFET < e
LPHI P2

q

Our final results concern the Dirac system:
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THEOREM 2.4 (Massless Dirac). Let n =3, and let V(z) = V(z)* be a 4x4 complex valued
matriz such that

4]
2.1 <
(2.15) V@) < o
for some & sufficiently small and some o > 1. Then the following smoothing estimate holds:
(2.16) lwy 2 P f| 22 S (1 £l 2

and, for any non-endpoint wave admissible couple (p,q), the following Strichartz estimate holds:

(2.17) e P+ g

Lot Sl
THEOREM 2.5 (Massive Dirac). Let n = 3, and let V(x) = V(xz)* be a 4x4 complex valued

matriz such that

4]
2.1 <
(218) V@)l <
for some 8,¢ > 0 sufficiently small. Then the following smoothing estimate holds:
(2.19) 7 e PO f| o S 1 f 22

and, for any non-endpoint Schrédinger admissible couple (p, q), the following Strichartz estimate
holds:

(2.20) e PHEIEa g Sl

The paper is organized as follows: in Section 2 we prove resolvent estimates for the perturbed
operator, which are equivalent to smoothing estimates for the corresponding flow via Kato theory,
while Section 3 is devoted to the proof of the main theorems. A short Appendix collects the
estimates for the free Klein-Gordon and Dirac equations; these can be obtained by a standard
application of the Ginibre-Velo and Keel-Tao methods, and we decided to include a sketch of
the proof for the sake of completeness.

2. Resolvent Estimates

In this section we shall prove the basic resolvent estimates for the perturbed operators,
which are the crucial step in the proof. As an immediate consequence we shall obtain smoothing
estimates for the corresponding evolution operators, by a standard application of the well-known
result of Kato (see [87]):

THEOREM 2.6 (Kato smoothing Theorem, [62]). Let X,Y be Hilbert spaces, let H : X — X
be a self-adjoint operator whose resolvent we denote by R(\) = (H —\)™1, and let A: X —Y
be a closed, densely defined operator, which may be unbounded. Assume that

(2.21) [AR(AN)A%glly < Mllglly Vg€ D(AY), A¢R.
Then the operator A is H-smooth, i.c., € f € D(A) for all f € X and a.e. t, and

(o) i 2
(222) | i g de < a2 f e e X,
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2.1. The magnetic Schrédinger operator. The following lemma gives sufficient condi-
tions for the magnetic Schrodinger operator H = —(V + iA(x))? + B(x) to be selfadjoint. We
sketch a proof since the assumptions on the coefficients are not completely standard:

LEMMA 2.1. Let Aj(z), A= (A1,...,Ay) and B(x) be real valued functions satisfying
(2.23) | By || pn/2.00 < C, | B [n/2.00 <6, | Al|pnoe <6
for some C,§ > 0. Then, if 6 is sufficiently small, the operator
(2.24) H = —(V +iA(x))*+ B(z)

can be uniquely defined as a selfadjoint nonnegative operator in L?, with form domain H!(R™).
Moreover we have

(2.25) I g]| 22 =~ |l gll 1
PrROOF. The quadratic form

9(9,9) = ((V +iA(2)0, (V +iA(2))¢) 2 + (B(x)d, ¢) 2
is well defined on H' x H! under assumptions (2.23). Indeed, using the embedding H'
L27/("=2).2 'Hglder’s inequality in Lorentz spaces [80] and assumptions (2.23), we have
la(e, @) <IVelz2 + 20 AllLnee Ve - Bl oo + WA + 1Bl 5 oo 107 7250
SIVellZe.
The form ¢ is symmetric since A and B are real valued. By standard results (see e.g. [87],

Theorem VIII.15), ¢ is the form associated to a unique defined self-adjoint operator provided
the form is closed, i.e. its domain H'(R") is complete under the norm

(2.26) lel* = ale, ) + Clielzs,
for some C' > 0, and it is semibounded, i.e.
(2.27) q(¢, %) = =Cllell 72,

for some C' > 0. To prove this we estimate the form from below as follows

a(, ) = [[Vel32 + 2S(A- Vi, 0) 12 + (|A]” + By)w, )12 — (B_p, 9) 2
> || Vpl|2 +23(A - Vo, )12 — (B_p, ¢) 2.

Proceeding as for the upper bound we obtain

(2.28) a(p,9) 2 IVoll7z — ColIVelz 2 VollZ:
for 0 small enough. This proves the semiboundedness of the form and (2.25), which implies that
the norm (2.26) is equivalent to the norm of H' and hence the form is closed. O

We now investigate in some detail the properties of the resolvent operators
(2.29) R(z) = (-A+W —2)™!
Ro(z) = (—A — 2)71, Ry, (2) = (—A + by(z) — 2)7 L
The following weight functions will appear in our resolvent estimates (¢ > 0,0 > 1):

(2.30) (1) = (L+ |22, welw) = [a|(1+ |logz]))7,
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and
z|3~¢ + |z if n > 3,
(2.31) () = {;x:é—ﬁ + :x:Hf if n = 2.
Notice that )
7| S 7e(x),  ws(z) < CO7e(),
and
Te(x) < C{x), for n > 3, Te(x) < C(x>1+5, forn=2

for some constant C' = C(e, o).
In order to estimate the resolvent R we shall use the formal identity

(2.32) R = Ro(I +byRo) "(I+ (a-V +b1)Ry,) "

Our first goal will be to prove that the operators (I + baRo)™! and (I + (a-V +by)Rp,) ! are
well defined and uniformly bounded in suitable weighted L? spaces. In the following lemma, the
assumption that 0 is not a resonance of —A + b(x) means that the only distribution solution f
of the equation —Af + bf = 0 belonging to L?((z)~2dx) is f = 0.

LEMMA 2.2. Let b(x) be real valued and such that, for some €,6 > 0 small enough (recall
(2.31)),
(233) ||T52b+HL°° < 00, ||T52b—HL°° < 0.

Assume that 0 is not a resonance for —A+b(x). Then I +bR(z) is invertible with a uniformly
bounded inverse on L*(t2dx):

(2.34) 17e(Z +bRo(2)) ™" fll 2 < Cll7efll2-

PROOF. We recall the following estimates for the free resolvent Ry: fix any ¢ > 1, then for
all z € C

1 C 1
(2.35) lws > Ro(2) fll 12 < WHWUQ fllz2,
1 1
(2.36) |lwe *VRo(2) fll 12 < Cllws fl| 2,
(2.37) [ 1z| " Rofllrz < C|l || f]l 2, n>3
(2.38) 2|~ DI*Ro fl 2 < C|l z|' | DI~ £l 2 n=2 (0<e<1/2)

(see [6], [31] for (2.35), (2.36), and [65] for (2.37)-(2.38)). As usual, for A € R the resolvent
Ry(z) must be replaced with the limit operators Ro(\ &+ i0). By the elementary inequalities

1
|z| < 7e(x), wé(z) < C7e(x), we can condense the estimates (2.35) and (2.37) in the following
(weaker) one for n > 3:

(2.39) |77 Ro(2) f|| 12 < for all z € C.

C
\/T7>||Tef”L27

In dimension n = 2 we deduce by duality from (2.38) the following
DIz~ Rofll 2 < Il DI~ x|~ f 2,
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which implies, via Sobolev embedding and Hélder inequality,
(z) =7l ™ Rofll2 < Cll(@)|z' = fll 2, o>

and hence (2.39) follows also for n = 2 (recall (2.31))
Now, using assumption (2.33), we have

(2.40) ITebRo(2) fllz2 < I72bl|zooll7 " Ro(2) fll 2 <

C
1720]| oo e 1l 22,
V{z)

with C' as in (2.39); hence, if z is sufficiently large, namely so large that
(z) > C?|[720]| T e

we can invert the operator I + bRy by a Neumann series in the weighted space L?(72dx), with
a uniform bound on the norm of the inverse.
In the low frequency case

(2.41) (z) < CP|I72blI7e,

the family of operators (I +bRy(z)) is uniformly bounded in L?(72dx) by (2.40). We also notice
that bRy is a compact operator on L?(72dz); indeed, Ry is a compact operator from L?(72dz) to
L?(t72dx) (see (2.35)-(2.36)), while multiplication by b is bounded from L?(72dx) to L?(t2dzx).
Thus by standard analytic Fredholm theory we can invert I + bRy(z) uniformly in z, provided
I + bRy(2) is injective on L?(72dx) for each fixed z. This is obvious for z outside RT, since by
our assumptions the operator —A + b is nonnegative and selfadjoint, and is true by assumption
for z = 0, hence we need only check the case z = \ > 0.

Thus let A > 0 and f € L?(r2dx) such that f+b(z)Ro(A+i0)f = 0 (the —i0 case is identical).
We notice that estimate (2.36) implies that Ro(z)f € H,., and hence in particular Ry(z)f is
in L?*/("=2) Jocally. Since |b| < 7.2 which is locally in L™, we conclude that f = —bRo(\)f
is locally in L?. Recalling that f € L?(72dx) this implies f € L?((z)?dx). Thus we are in the
framework of the standard Agmon theory and we deduce that A is an eigenvalue of —A + b(z);
but this is excluded under our assumptions on b, for instance by the results of [58] (Theorem
2.1).

In conclusion, we can invert (I +bRg(z)) in L?(r2dz), for z # 0, with an uniform bound for
the inverse (I +bRp)~ !, and this completes the proof. O

The preceding lemma allows us to construct the resolvent operator
(2.42) Ry(2) = Ro(2)(I +bRo(2)) !,

which, in view of (2.34) and (2.39), is a bounded operator from L?(72dx) to L?(7.2dx) for all
z e C.
We have next:

LEMMA 2.3. Consider the operator —A + a(x) - V + bi(z) + ba(x) under the following as-
sumptions: the operator is selfadjoint, by is real valued and nonnegative, and for some §,¢ > 0
small enough, o > 1,

1
(2.43) |rewé al| Lo + [|7201] e < 6, 172b2]| e < o0.
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Moreover assume that 0 is not a resonance for —A+by(x). Then I+ (a-V +b1)Ry, is invertible
with a bounded inverse on L?(t2dx):

(2.44) I7e( +(a -V +b1)Ryy) " fll 2 < Oll7ef ]| 2
PROOF. Using assumptions (2.43), Holder inequality and estimate (2.36), we can write
|I7ea- VR, fll2 < lmea- VRo(I +baRo) ™" fl| 2
Irewd all e s 2V Ro(I + baRo) ™ ]

<

1
< 6 lwd (I +baRo) ™ fl 12
< 6 |lme(I + baRo) " f 22

and Lemma 2.2 gives finally
ITea - V Ry, fllz2 S 0 - [[7ef ]l z2-
On the other hand, by (2.43) and estimate (2.39)
I7ebr R, f 2 < |[7201]| oo |75 Ro(1 + baRo) ™ £l 2
S 6 [Ime(I + baRo) ™" £ 2
and again by Lemma 2.2 we have
[7ebr Ry, fllzz S 0 - |l7efll 2

Thus, if ¢ is sufficiently small, we can invert I + (a -V + b1)Ryp, via a Neumann series, and we
obtain (2.44). O

We collect and complete the above estimates in the following

PROPOSITION 2.2. Consider the operator —A + W(x,D) = —=A + a(z) - V + bi(x) + ba(x)
under the assumptions: the operator is selfadjoint, bs is real valued and nonnegative, and for
some d,€ > 0 small enough, o > 1,

1
(2.45) |rewé al| e + ||T€2b1”Loo < 4, HTEszLoo < 0.

Moreover assume that 0 is not a resonance for —A+by(x). Then the resolvent operator R(z) =
(—A +W — 2)7! satisfies the following estimates for all z € C:

C
-1 )
(2.46) |7 " R(2) fll 2 < T@H%J‘"IIL ;
(2.47) 7' VR(2) fll 2 < Cll7ef|lz2-
and
(2.48) 1) R fll < CIa) fllges n> 3

replace the weights (z)~%, (z) by (z)717¢, (x)11€ respectively in dimension 2. As a consequence,
the Schridinger flow e =2tW) f has the smoothing property

(2.49) 7t AW £l o + |77 DV 2 M AT fll 2o < || 2



50 2. STRICHARTZ ESTIMATES AND KATO-SMOOTHING EFFECT

REMARK 2.1. For the following applications it will be convenient to rewrite the (second)
smoothing estimate above in the equivalent form

(2.50) I DI 2 AT f e < C1f | g2

This follows immediately from the fact that 9;|D|~'/? = iR;|D|'/2, where R; = i~'0;|D|~! is
the j-th Riesz operator, and on the other hand 7! is an Ay weight, as proved in Lemma 2.4
below.

PRrROOF. Estimates (2.46) and (2.47) are immediate consequences of (2.32), (2.36) and of

Lemmas 2.2, 2.3. Moreover, (2.46) implies in particular
I7 R(2) flle < Clief 2,

and the Kato smoothing theorem with the choices A = 77!, X =Y = L? gives the first estimate
in (2.49).

To prove (2.48), write

K2) T Rl < I2) T RS llz2 + [[(2) RS |2 + [[(2) T VRS 12
S @) T RS 2 + @) T VRS2

The first term at the right hand side can be estimated by (2.46)

(2.51) z) " Rfllz2 < Cllrs 'Rl 2 < Cll7efllze < Cll{) f 2,
while the third term is bounded using (2.47):
(2.52) 2) "'V Rf|l 2 < I7 VRS |12 < Clirefll 2 < Cll{@) £l 2

and this proves (2.48).
Now write (2.48) in the equivalent forms

(D) (@) "' R(2){x) " fll2 < Ol fl 2
and, by duality,
I(z) " R(z)(2) " (D) fll 2 < C|| || 2
The last two estimates state that the operator () 'R(z)(x)~! is bounded, uniformly in z € C,
from L? to H' and from H ' to L?. By complex interpolation this implies that it is also bounded
from H~1/2 to HY?, i.e.,
(D) (@)~ R(=2) ()" (D)? [l 2 < C| fI| 2

Then by Kato smoothing we obtain also the second estimate in (2.49).
The proof for the case n = 2 is completely analogous. O

2.2. The wave and Klein-Gordon generators. We consider now the operator v—A + W,
where as usual
W=W(z,D)=a-V+b, b=0b1+ by
which generates the flow e®V=2FW of the perturbed wave equation. The free operator |D| :=
V/—A is self-adjoint and nonnegative on L?, and can be handled as follows. If we denote its
resolvent by R|p(z) = (|D| — z)~!, we have

(2.53) Rip|(2) = (ID| + 2)Ro(2%).
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This simple identity allows us to estimate R|p| using some standard techniques from harmonic
analysis. We need a lemma:

LEMMA 2.4. Let n > 2. For any o > 1, the weight w, = |z|(1 + |log |x||)? is an Ay weight,
i.e., there exist a constant A such that, for any ball B = B(xo, R),

(2.54) A(xo, R) = L;/Bwadao} : L;/Bw;ldx} < A< oo

Obviously, we have also w;' € As. The same property holds for the weights 7., 7. defined in
(2.31).

PRrROOF. The bound for the function A(xo, R) is trivial if R < |z¢|/2, indeed it is sufficient
to write

A(zg, R) < C’mgxwg . mgxw;l <

since the ball B is at a distance greater than |zg|/2 from the origin.

If, on the other hand, R > |z¢|/2, it is easy to check that A(xo, R) is bounded by a constant
(depending only on the space dimension n) times A(0,3R). Thus we are reduced to the case of
balls B(0, R) centered in 0.

For small R < 10 the function A(0, R) is bounded. Indeed, Hopital’s theorem gives

) /E r"2dr (1+ |loge|)? 1
lim . =
o Jo (1+ |logr|)® en—l n—1
which implies for small R
R n—2d Rn—l
(2.55) / T
o (L+[logr))7  (1+ [logR[)”

and similarly
R
/ (1 + |logr|)?dr ~ R""1(1 + |log R|)”
0
whence we get A(0, R) < C.
For large R > 10 we rescale and obtain

=27

1 1
A0, R) = . "1+ |logR+1 %d
O8) = | g iogrly J, 7+ s sl

The second integral is clearly bounded by C(log R)?. The first integral can be split into

n—1

/WE T 2dr /Wﬁ T 2dr R "7
o (I+[logR+logr)7 = Jo  (1+[log7)7  (1+jlogR)

N[

<R~

where we used again (2.55), and
1 n—2 1 n—2
/ T Tdr < / 7'1—dr < C(logR)™°.
1vE (L +|log R+1log7])? = Ji/y& (1+ 5log R)°

Putting everything together, we obtain the required bound also for large R, and this concludes

the proof of the Lemma.
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The proof for 7 is much simpler. We reduce as above to the case of spheres B(0, R) centered

1/2—¢

in the origin. For R < 1 we can use the equivalence 7, ~ |z| and the bound follows from

1/2—€

the well-known fact that |z| is an Ay weight. For R > 1 we use the estimate

1 1 dx
A0, R) < /(1 Flede - = [ 2
1B| /5 1B| Jp ||
(replace |z| with |z|'T¢ for n = 2) whence the bound follows easily. O

Knowing that w, ! € A, we see that the Riesz operators

are bounded on the space L?(w, 'dx) by standard results (see e.g. the Corollary to Theorem 2,
§V.4.2 of [99]). Writing |D| =4i~'Y" R;0;, we have

lwy 2 Dlgllze < ) llwg R0 12 < Cllwy Vg 2.
i

Thus estimate (2.53) implies

_1 _1 _1
(2.56) lwo > Rypy(2)fllr2 < Cllwe > VRo(2*)fllz2 + Clzl - lws > Ro(2%) f| 2.

Then, inequalities (2.35) and (2.36) yield immediately the following estimate for the free resol-
vent: for any fixed o > 1,

_1 1
(2.57) lwe * Rypy(2) fllz2 < Cllws fllz2,

uniformly in z € C.
We are ready to prove a corresponding estimate for the resolvent of the perturbed operator

R(z)=(V-A+W —2)71, W =a(z) -V +b(z),
following the same approach as in the preceding cases.

LEMMA 2.5. Consider the operator —A+W (x,D) = —A+a(x)-V +bi(x)+ba(z) under the
assumptions: the operator is selfadjoint, by is real valued and nonnegative, and for some §,e > 0
small enough, o > 1,

1
(2.58) |rewé al| Lo + ||7—€2b1||Loo < 4, ||be2||Loo < 0.

Moreover assume that 0 is not a resonance for —A +by(x). Then the resolvent operator R(z) =

(V=A+W — 2)7! satisfies
(2.59) 17 R(2) fll 2 < Cll7ef 2

for all z € C. As a consequence, the perturbed wave flow e™VAtW satisfies the smoothing
estimate

(2.60) 7V TETW fll o e < O]l e

PROOF. We write for brevity

|Dw| = /—A+ W(z, D).
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By the (Phragmén-Lindel6f) maximum principle, it is sufficient to prove estimate (2.59) for real
z = A. We notice that by the same arguments used in the proof of Lemma 2.1, we have
I1Dwlgllrz > [lgl 15

thus for A < 0 we can write

I(IDw| = Ngliz2 = I1DwlglZz + A2lgllFz — 2A(|1Dwlg, 9) 2 Z lgll
by the nonnegativity of |Dy/|. This implies for all A <0

RNl g < Hlgll ez,
whence by duality we have also
IBN)gllzz S gl
and interpolating we obtain
RNl g2 SNl jg-12o A0

Now, using the Hardy’s inequalities
)72 fllge Sl or equivalently || f]l 172 S Il £ 12
we obtain the estimate
(2.61) 2] R(Ngllz2 S N2l ?gllz2, A<0
which implies (2.59) for z = —\ < 0 (and is actually stronger).
Consider now R(A), A > 0; we use the identity
R(A) = (IDw] =N = 2ARw (\?) + (| Dw| + X))~

where Ry (\) = (—A + W — A)~!. The second term at the right hand side has already been
estimated, while the first one can be estimated using (2.46), and this concludes the proof of
(2.59). The last inequality (2.60) is an application of Kato’s theorem as usual. O

We conclude this section with a study of the operator v—A + 1+ W associated with the
perturbed Klein-Gordon flow e®V—2F1HW —In the free case W = 0 the operator reduces to
(D) = (1 — A)'/? and its resolvent

can be handled in a similar way as Rp).
We start from estimates (2.36) and (2.39) which imply

()2l Ro(2) fll2 + lwg PV Ro(2) fll 2 S e fll 2.
As above, using the fact that w, ! is an As weight, we can replace V with |D| in the left hand
1

side and hence (recalling that wZ < 7.) we arrive at

~

(2.62) ()27 Ro(2) fll 2 + 7 (D) Ro(2) fll 22 S ll7ef N 2-
Then using the identity
Rip)(2) = (D) +2) - Ro(1 — 2%)

we obtain from (2.62) the estimate

(2.63) HTe_lR(D>(z)fHL2 S e fll e
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For the perturbed operator we have:

LEMMA 2.6. Consider the operator —A+W (x, D) = —A+a(z)-V+bi(x)+ba(x) under the
assumptions: the operator is selfadjoint, by is real valued and nonnegative, and for some d,¢ > 0
small enough, o > 1,

1
(264) HTEU)gaHLoo + HTgblHLoo < 5, HTEbQ”Loo < Q.

Moreover assume that 0 is not a resonance for —A +ba(x). Then the resolvent operator R(z) =

(VI —A+W — 2)7! satisfies
(2.65) I ' R(2) fll g2 < Cllref | 2
As a consequence, the perturbed Klein-Gordon flow VATIFW satisfies the smoothing estimate
(2.66) 7 e AW A o e < O fl 2
Proor. Writing

|Dw| = /A + W(z, D), (Dw) =+/1— A+ W(z,D)

we notice that
Dw) fllpz = N fllzz + [1Dw fllze = [ fll

by the same arguments used in the proof of Lemma 2.1 and the identity

{Dw) fll7> = (1= A+W)f, f).

Proceeding as in the proof of Lemma 2.5, we arrive at
IR e S92, A0

for the resolvent R = ((Dw) — z)~!, and by Hardy inequality as before we obtain half of (2.66).
For positive A we write

R(A) = ((Dw) = A) " =2 Rw (X = 1) + ((Dw) + A) !

where Ry (2) = (~A+W —2)~!, and by (2.46) and the first part of the proof we obtain (2.65).
Kato’s theorem gives (2.66) as usual. O

2.3. The magnetic Dirac operators. We now consider the resolvent of a perturbed Dirac
operator D + V(z). The proofs here will be short since we shall rely on a few results proved in
[31]; in particular, we recall that if V = V* has a sufficiently small L3 norm, hence under the
assumptions of Theorem 2.4, the operator D+ V is self-adjoint on L?(R3,C*), with form domain
H'(R3,C*) and spectrum R. The same holds for the operator with nonzero mass D + 3+ V,
but the spectrum is R\] — 1, 1].

Let us consider the massless case first. We shall use the notations

(2.67) Rp(z) = (=D —zL)"', R(z)=(-D+V —zL)!

where I, denotes the identity 4 x 4-matrix. The following result is contained in Proposition 3.6
of [31], apart from the smoothing estimate which is a standard consequence of Kato’s theorem
as above:
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PROPOSITION 2.3. Assume that the 4 x 4 matriz V(x) = V*(z) satisfies
(2.68) |we V]| Lee < 9,

for some & sufficiently small and some o > 0. Then D + V satisfies the limiting absorption
principle, i.e., the limit operators R(\ £ i0) exist in the topology of bounded operators from
L2(wc1,/2d:c) to Hl(w},ﬂdx). Moreover the resolvent operator R = (=D +V — zI,) ™! satisfies the
estimate

(2.69) lws 2 R(2)fll2 < Cllwy*fllz2, 2z €C.
As a consequence, the Dirac flow satisfies the smoothing estimate
(2.70) lwy 2 PV £l pape < C| £l 12
We consider now the operators with mass D+ 3 and D+ 8+ V. We shall use the notations
Rs(z)=(D+B—=2I1)"", R(z)=D+B+V -zl "
From the identities
D?=-AL, (D+B)*=(1-A)L,
we obtain the following representations in terms of Ry(z) = (—=A — 2)~!
Rp(z) = Ro(z*)(D+ 211),  Rp(z) = Ro(z* — 1)(D + B + zL4);
and hence we can write
(2.71) Rg(2) = Ro(2* — 1)D + Ro(2* — 1)(B + 2z14).
Then a straightforward application of estimate (2.62) gives
(2.72) I Ra(2) fll2 < Clleflle.

uniformly in z € C.
In the perturbed case we can prove

PROPOSITION 2.4. Assume that the 4 x 4 matriz V(z) = V*(x) satisfies
(2.73) 172V || 1o < 6,

for some & sufficiently small and € > 0. Then the perturbed resolvent operator R(z) = (D + 8+
V — zI4)~! satisfies

(2.74) 17 R(2) fll 2 < Cll7ef || 2
As a consequence, the flow e®PB+V) satisfies the smoothing estimate
(2.75) I e P F 22 < O 2
PROOF. The operator V Rg(z) is bounded on L?(72dx) with norm bounded by C4 since
17V Rs(2) 12 < 172V ||z l|70 Rp(2) 12 < Col7ef | 2

by (2.73) and (2.72). Thus for § small a Neumann expansion shows that (I +V Rg(z))~! is well
defined and uniformly bounded on L?(72dx). Hence the usual representation

R(z) = Rg(2)(I + VRg(2)) ™
together with (2.72) gives (2.74), and (2.75) follows. O
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3. Proof of the Strichartz Estimates

The method we shall follow is inspired by [90], [17] and consists in mixing Strichartz and
smoothing estimates for the free operator with smoothing estimates for the perturbed operator.
The main tool will be the well-known Christ-Kiselev lemma [22], which can be stated as follows:
given two Banach spaces X,Y and a bounded integral operator T f = fR K(t,s)f(s)ds from
LP(R, X) to LP(R,Y), then its truncated version Sf = fot K(t,s)f(s)ds is also bounded on the
same spaces, provided p < p (the Hilbert transform being a trivial counterexample for p = p).
Thus to prove an estimate of the form

t
| [ emreas| <1l
0 LPLY e

it is sufficient to prove the untruncated estimate
| [ IRl
R Pl e

but only if p < p, which in particular excludes endpoint-endpoint estimates where p = p = 2.

3.1. Schriédinger equation: proof of Theorem 2.1. Notice that u(t,z) = et(—A+W) ¢
satisfies the equation iu; — Au = —Wwu, hence we can write

t
eit(Afw)f — A / ei(H)AW(m, D)uds=1—11—-1III
0

with . .

I=¢"Af, I :/ e =38 (z)u ds, 111 :/ et=98(z) - Vuds.
The first term I can be estimatgd directly with standard Stricl?artz estimates:
(2.76) 1" fllzpra < ClIfIlz2

for any admissible couple (p,q). In order to estimate the second term we resort to the Christ-
Kiselev lemma and we are reduced to estimate the untruncated integral

11 = eitA/e_iSAb(x)u ds.

To this end we apply first the Strichartz estimates for the free group, then the dual of the
smoothing estimate from Proposition 2.2 in the special case W = 0, i.e.,

/ e A (s)ds

/ e~ 5B by ds
L2

Then by assumption (2.45) and again the smoothing estimate (2.49) we conclude
(2.77) 1] ere S 11f 122

< ||TeFHL2L2
L2

obtaining

TeATDTES \ < frebaull oz < (1726l e 7ol oo

~

for any non-endpoint admissible couple (p, q).
The last term 111 is more delicate. We reduce it as above to the untruncated form

11 = eitA/eiSAa -Vuds
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and we apply to it the free Strichartz estimate and then the following dual smoothing estimate:

(2.78) H / e A F(s)ds

1/2.

SNDI™Y2xF | 21,
LQ

valid for any function x(z) 2 w,(z) Estimate (2.78) is proved as follows: from (2.36) we

deduce, using the fact that w, is an Ao weight, the equivalent property

lws 2D Ro(2) f|| 2 < Cllwg/*[ DI £ 2
which implies, via Kato smoothing,

lwy 2| D22 fl| 2o < I f| 2
Since x 2 wclr/ % this gives also
DIV fllpzrz < |1 £l 72
and by duality we get (2.78). Thus we arrive at
(2.79) IHIL | zope S 1IIDI?xa(e) - Vul 212
Now assume we can prove the inequality
(2.80) 1D ?xa(@) - V|2 S |7 ' VID[" 2] 2
then from (2.79) and the smoothing estimate (2.50) we finally obtain
(2.81) 1T re S 7 VDI 2ull e S I1F| 22
which, together with (2.76) and (2.77), concludes the proof of the Theorem.
It remains to check inequality (2.80). We rewrite it in the equivalent form
1D~ 2xa(@)| DI ?7eh| 12 < |1hl 2,

i.e., we need to prove that the operator
(2.82) T = |D|""?xa(x)|D|"/*1,

is bounded on L2. We shall use the following lemma, where we shall make use of several
properties of Lorentz spaces LP? (see [80]).

LEMMA 2.7. Let a(x), B(x) be measurable functions on R™ such that for some 0 < § < 1/2,
some p € [0,n/2 — [, and a radial function vy(|z|), with v(s) decreasing, we have

(i) lo(x) — a()] S |z =y (W(|z]) + (1)) and y € LT775

(ii) af € L, 2| #B(z) € L and |x[Py(|z]) € LT3
Then the operator T = |D|~'/2a(z)|D|/?8(z) is bounded on L?.

The same result holds in the range p € [0,n/2 + ¢[ if we replace (i) with

(i) lo(x) — a()] < (& —y) 2|z — y[Y>(y(|2]) + ¥(|y])) and y € L7205,

PROOF. Since af is bounded, we can equivalently prove that the modified operator
T=T-af=D|""* [a,|DI'"?]- 5

is bounded on L?. Moreover, by the Sobolev embedding in Lorentz spaces (proved e.g. by real
interpolation)

DI~ gllz2 < llgll, zn, »
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it is sufficient to prove that the following reduced operator S satisfies
S =la,|D|V?]. §: Lutr? 5 [2,
Now we observe that the commutator [, |D|'/?] admits an explicit representation of the form
D111 = el [ S )y
for a constant ¢(n) depending only on the space dimension. Indeed, by standard Fourier trans-
form techniques we see that

a(r) — a
0Pl = o) [ S8 g
and this formula is valid for 2z < 0 under quite general assumptions on «; moreover our
assumptions show that the right hand side is a well defined and analytic function of z for
Rz < 1/2 4+ 6 (as proved below), hence by analytic continuation the representation is valid also
in this larger region and in particular for z = 1/2.
In order to estimate S we split it as S = 51 + 52 with
S W= LT

yI>2ef [T =

Sof = c/ W By)f(y)dy
y

|<2la] |2 —
In the region |y| > 2|z| we deduce by assumption (i) that

() — aly)] < 2l —y|/*(|2])

since 7y is decreasing; moreover we have |z — y| ~ |y|, hence

a(z) —a(y) 1Bl 1f W)l £ ()l
) T PG < _ WAL
O B 0| S el e s S (el
using (ii). Thus, by Holder inequality in Lorentz spaces we get

P P | =L

(provided p < n/2 —9) and by (i) and Young inequality we arrive at

- 0
1S1FN 2o ST g e I f 22

which concludes. the estimate of the first piece S.
In the region |y| < 2|z|, on the other hand, we can write

a(z) — afy) B( )f(y)' < 1B yl”(yl/2) W)l - lyl” 1 (yl/2) f ()]

|z — y|nt1/2 lyl lz—yln0 Yz -y

so that by Young inequality

1S2f 1l 20 » S / P (yl/2)f ()]

Lt |.’L’— ‘né

o—
17 T 777

L+

and by Holder inequality we get

1521, 2002 S WY1, 25 o122

and this concludes the proof under assumptions (i)-(ii).
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The case of assumptions (i’)-(ii) is almost identical. No change is necessary in the estimate
of Sy f, while for Sy f it is sufficient to write

1/ (y

1S1fI 2e 5 S 1Vl m

Ln+1 L1+2

L n— 2p+26

which is true if p < n/2 + 0, and then proceed as above. O

Notice that if we restrict to the special choice 8 = |z|?, v(z) = (z)™*, a(x) = x(z)a(z), the
following conditions imply that (i), (ii), (i’) are all satisfied:

1 1
(2.83) 0<5<3, 0§p<g+(5, AZ S +p+d
and
(2.84) (z) y(z)a(z) € CV/2H0

(vecall that [[fllow = [ fllz= + sup,y e — vl #[f(2) = F(y)]). All conditions in (i), (i), (7)
are trivial to check apart from Holder continuity; actually we shall now see that the following
stronger inequality holds:

(2.85) (@) = aly)] S min{1, [z —y 20 ((2) 7 + (1) 7).

Indeed, when |z —y| > 1 condition (2.85) follows from (x)*x(x)a(z) € L™ which is contained
n (2.84). When |z — y| < 1, we write

la(z) —a(y)| < A+ B,
where
A = x(@)a(z) (@) (z) ™ = ()7,
and
B = (y) (=) x(x)a(z) = (y)*x(y)a(y)].
Then we have directly from (2.84)

B < () Mo — V0 < () + () M) — g2
while for A we use the elementary inequality

(@) = () S sup V() PMaze - o =y S (@) + (1) )|z — g /2T
£€(z,y]
together with the bound (z)*y(z)a(z) € L.

We can finally apply the lemma to the operator (2.82); since 7. = |z|'/?~¢ + || for n > 3
and 7, = |z|'/27¢ + |z|t¢ for n = 2, by the above computation it is sufficient to check conditions
(2.83), (2.84) for p =1/2 —cand p =1 (p = 1/2 —€ and p = 1 + € in dimension 2). We
see that the choices 6 = 2¢ and A\ = 1 4 3¢ work in all cases, thus it is sufficient to assume
(x)1 3y (z)a(z) € CV/?12¢ ie. assumption (2.9). The proof is concluded.
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3.2. Wave and Klein-Gordon equations: proof of Theorems 2.2, 2.3. Since u(t,z) =
etV =A+W £ solves the Cauchy problem

uy — Au = —Wu
(2.86) u(0,z) = f(z)
ug(0,2) =1 (\/—A + W) f(x),

we have the alternative representation
: in(t|D tsin((t — s)|D
2.87) VAW — cos(t|D|) f + iSln|(D||D\/—A TWf - / WWuds.
0
The first two terms satisfy the standard Strichartz estimates for the free wave equation (see
(2.2) in the Introduction, and recall also (2.25)). For the third term we apply as usual the

Christ-Kiselev lemma and we are reduced to the untruncated integral

/quds —T+11

where, writing ¢(z) = =V - a + by + by,

1_/ B - (alau)ds, [I/ B elwuds.

Consider I; clearly, it is sufficient and actually stronger to estimate the integral
I, = |D|7tetP /e—ilev (a(x)u)ds = |D|7'V - €P /e_isma(:r)uds.
To this end we recall the standard Strichartz estimate

(2.88) e PIA oy Sl
LPH 2

valid for any wave admissible couple (p, q). Moreover, the smoothing estimate (2.60) holds also
in the free case W =0

(2.89) It e Pl fll 22 S 1122

and by duality is equivalent to

(2.90) H/eilelF(s)ds < |[7eF || 22
L2

Applying (2.88) and (2.90) to I; we obtain, since the Riesz operators are bounded in all LP with
1 <p<oo,

Using again the smoothing estimate (2.60) and assumption (2.11), we conclude
<
HleLqu%f%f% SNl z2-

Consider now the second term I1, or more generally
11 = eiﬂD'/|D|_1e_iSDc(aj)uds.

Proceeding as in [18], we shall use the following estimate from [8] (see also [56])

2D e P fll e S 1l
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in the dual form:
(2.91) H / |D| e #IPIF(s)ds
Then, applying the Strichartz estimate for the wave equation (2.88) in the form

it| D| <
le™ =Ll S,

S MM Fll e
H1/2

1.1
Lquq p

followed by (2.91), we obtain

L) 11y S ele(@)ullpzre S llalree(@) | ol ull 22

Lquq p

Recalling assumption (2.11) and the smoothing estimate (2.60) we finally obtain
Ll xS Fee

which concludes the proof of Theorem 2.2.
The proof of Theorem 2.3 is completely analogous, using the Strichartz estimate for the free
equation

NPV f - aay Sl
LPH
which is valid for all Schrédinger admissible couple (p, q), and the following estimate from [8]:

1(2) "1™ D) fll o2 S| fllLe

H/e_”(mF(s)ds
S @) Flp2pe.

H/ -1 —zs(D ( )d
H1/2

This estimate replaces (2.91) in the above computation.

which implies by duality

S @) Fllp2r
L2

and hence also

3.3. Dirac equation: proof of Theorems 2.4, 2.5. As proved in the Appendix, the
Strichartz estimate for the free massless Dirac equation is the following:

(2.92) P £] 3 Sl

1_1
P qu P
for any wave admissible couple (p,q). On the other hand, as a special case of the smoothing
estimate (2.70), we have

1

(2.93) lwo 2™ fll 22 S £ 2

and by duality we obtain
(2.94) ”/e‘iSDF(s)ds

Consider now the perturbed Dirac flow u = e®(P+V) f. An alternative representation of u is

L S ”w Fllr2p2.

the following:

t
(2.95) u(t,z) = P f — eim/ e PV u(s)ds.
0
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The term P f satisfies the free Strichartz estimates (2.97); in order to estimate the Duhamel
term as usual we apply the Christ-Kiselev lemma and switch to the untruncated integral. Then,
using (2.20), (2.94) and Hélder inequality, we have

e’tD/eZSDVuds 1 1.1 S H/GZSDVuds
LPHS P2

L2
1 _1
(2.96) S MwsVaullpepe < flwoVilzee - [lwo *ull 212

~

Recalling the smoothing estimate (2.70) we obtain

P / e PV uds

and this completes the proof of 2.4.
The proof of Theorem 2.5 is completely analogous.

4. Strichartz estimates for the free flows: an Appendix

Strichartz estimates for the free Schrédinger and wave equations are well known, see the
Introduction for the precise statements. It is less easy to find in the literature optimal results
for Klein-Gordon and Dirac equations. Hence we devote this appendix to a quick proof of the
estimates in these cases.

The massless Dirac flow is trivial since it can be reduced to the wave equation:

PROPOSITION 2.5. Let n = 3. The following Strichartz estimates hold:

(2.97) le"PAIl 1ay SIFllEe

LqulI p 2

for any wave admissible couple (p,q).

ProOF. By the identity
(10¢ + D) (i0y — D) = -1y,
we obtain that u(t,z) = /P f satisfies the Cauchy problem
Uy — Alyu =0

(2.98) u(0,) = f(x)
ut(0,x) = iDf(x)

and hence each component of u satisfies the same Strichartz estimates as for the 3D wave

equation. ]

The Klein-Gordon and massive Dirac equations need some work. We begin by the free Klein-
Gordon flow u = e™P) f. We shall apply a precise stationary phase result due to Hérmander
[55]:

LEMMA 2.8. Assume that ¢ : R — R has a Fourier transform $ € C*® with the decay
property

(2.99) ’D%@(g)‘ <Oy (e)"3 71l e e R, a e N
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Then the following estimate holds: for some C' > 0,
(2.100) eit<D>¢‘ < O(|t] + |=)) 5.

Now, using an inhomogeneous dyadic decomposition {19, ¢;(D)};>1 with the usual proper-

ties: 1o (€) supported in B(0,1), vo(§) = ©0(£/2) — ¢o(§),
;i(€) = o(277¢), Yo + Zcpj =1

Jj>1
we can localize the estimate as follows:
LEMMA 2.9. The flow ¢'P) f satisfies the localized dispersive estimate
(2.101) [P (D) f| < Clt 227G HV|35(D) £l 1
foreacht € R, x € R", j > 0 and some C > 0; here ¢; denotes ¢;_1+@;+pjp1, with o_1 = 0.

PrRoOoOF. We can write

n

" Ploy(D)] = e PUD)EHD)E (D) = MPLF((€) 75 ) # oy (D)),
where F~! denotes the inverse Fourier transform. Then, applying Lemma 2.8 with ¢ =
Ft <<£>,%,1)’ we obtain

(2.102)

P, (D)f| < O3 (D)5 oy (D)1

Since

n

(D)E+g;(D)f = F7 (€37 6(9)) = .

Young inequality gives

(2.103) D) E (D)l < 17 (15 265(6)) a1

Notice that we can replace in this computation f with @;(D)f since ;(D)p;(D) = ¢;(D).
Thus to conclude the proof it is sufficient to get the following estimate:

(2104) 177 (05659 ) e < C2ETD,
Using the scaling operators Sx¢(x) = ¢(Az), we can write

FH0509) = F 03 S009)

= P, (270 4 ) (o)

and hence

177 (15 165(0)) o < PEDF (7% +162)E g0(0)) -
Moreover, multiplying and dividing by (z)?™ for some integer m, we obtain

177 (@7 416D E %0(@)) I < Cl@F = (274 + 163 00(8) ) s

(2:105) Cll =)™ (@7 + g3 00(9)) Iz,

provided
n

2.1
(2.106) m>
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We shall choose m as the smallest integer satisfying (2.106). We are interested in the growth
with respect to j of the quantity

Li= (1= A" (@72 + 6P E 0 (6)).
When n is even, (Z_Qj + € |2)g+1 is a polynomial, and hence we obtain

]2z < Cllwoll L2

with C independent of j. When n is odd, it is clear that almost all the terms in the expansion
of I are uniformly bounded in j, apart from the (possibly) worst one

IT=A™(27% 4 [g)2 .
We have the two possibilities
n=4k+3 or n =4k + 1,
with m = k+ 1. If n = 4k + 3, we have
11| =~ )D2k+2 ((2723' X ‘§|2)2k+g>’
which expands in a sum of bounded terms. If n = 4k + 1, we have
11] = [P+ (272 + |£|2)2’“+3)] < (27% +1¢%) 7% 1¢*2 + bounded terms,

and also in this case we have a uniform bound in j. In conclusion, we have proved that

10— 2y (@7 + g3 e0(©) 12 < C,

for some C' > 0, which implies (2.104), and the proof is complete. a
REMARK 2.2. By interpolation between estimate (2.101) and the localized L? conservation

(2.107) 1P 05 (D) fl 2 < I3 (D) £l 2,

we obtain the following LY — L7 decay estimates:

(2.108) [ P25(D) 1o < Clt|~ 3P EVOD ) 3(D) £l

for any ¢ > 2 with 1/¢+1/¢' = 1.

Starting from estimates (2.108) and using the standard techniques of [47], [66], in particular
the abstract Theorem 10.1 of [66], we obtain the full set of estimates including the endpoint

case:

THEOREM 2.7. The Klein-Gordon flow u = e'*P) f satisfies the Strichartz estimates

(2.109) ™DV a s Sl
Ll P2

Rigfm

for any Schrédinger admissible couple (p,q).
Finally, the Dirac equation with mass can be handled in a similar way to Proposition 2.5:

PROPOSITION 2.6. Let n = 3. The following Strichartz estimates hold:
(2.110) e PR F e S e
Lp

q p 2
Hy

for any Schriodinger admissible couple (p,q).
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PROOF. As in the proof of Proposition 2.5, by the identity
(10 + (D +p))(i0, — (D+p)) = (-0 —-1)I4

we obtain that each component of u solves a Klein-Gordon equation with initial data f and
(D + B)f. Thus estimate (2.110) follows immediately from the Strichartz estimates for the
Klein-Gordon equation in space dimension n = 3. O






CHAPTER 3
Dispersion via wave operators

1. Introduction

To conclude the investigation on linear a priori estimates, we present in this chapter a slightly
different approach to this kind of problems. It comes from the Mathematical Scattering
Theory, and it is based on the study of the functional properties of the main object of this
topics, which is called Wave Operator. As we see in the following, the boundedness of the
wave operators in suitable functional spaces can be used to obtain dispersive-type estimates for
perturbed equations as simple corollaries of the known estimates for the free equations. The
main result of this Chapter (Theorem 3.1) has been proved in [30].

Let Hy = —d?/dz? be the one-dimensional Laplace operator on the line, and consider the
perturbed operator H = Hy + V(x). For a potential V(z) € L!'(R), the operator H can be
realized uniquely as a selfadjoint operator on L?(R) with form domain H!(R). The absolutely
continuous spectrum of H is [0, +oo[, the singular continuous spectrum is absent, and the possible
eigenvalues are all strictly negative. Moreover, the wave operators

(3.1) Wif=1L?— lim eHe tsHoy

s—+oo

exist and are unitary from L?(R) to the absolutely continuous space L2.(R) of H. A very useful
feature of W is the intertwining property. If we denote by P,. the projection of L? onto L2, (R),
the property can be stated as follows: for any Borel function f,

(3.2) Wi f(Ho)Wi = f(H)Puc

(see e.g. [36], [22]).

Thanks to (3.2), one can reduce the study of an operator f(H), or more generally f(¢,H),
to the study of f(t, Hp) which has a much simpler structure. When applied to the operators
citH sin(tvH) sin(tv/H+1)

VH ' H+1
wave and Klein-Gordon equations

, this method can be used to prove decay estimates for the Schrédinger,

g — Au+ Vu =0, U — Au + Vu =0, U — Upe — Au+u+ Vu =0,

provided one has some control on the L? behaviour of Wy, Wi. Indeed, if the wave operators
are bounded on LP, the L? — L7 estimates valid for the free operators extend immediately to
the perturbed ones via the elementary argument

€™ Pacfllza = [[Wae W fl| o < Clle™ W fllze < CAWESl o < CE2IF |l

Such a program was developed systematically by K.Yajima in a series of papers [115], [116],
[117] where he obtained the LP boundedness for all p of Wi, under suitable assumptions on
the potential V', for space dimension n > 2. The analysis was completed in the one dimensional

67
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case in Artbazar-Yajma [5] and Weder [111]. We remark that in high dimension n > 4 the
decay estimates obtained by this method are the best available from the point of view of the
assumptions on the potential; only in low dimension n < 3 more precise results have been
proved (see [49], [50], [90], [112], [118] and [33]). We also mention [51] for an interesting class
of related counterexamples.

In order to explain the results in more detail we recall a few notions. The relevant potential
classes are the spaces

(3-3) Li(R) = {f: (1 +|z])"f € L'(R)}.

Moreover, given a potential V' (x), the Jost functions are the solutions fi (A, x) of the equation
—f"4+V f = A2 f satisfying the asymptotic conditions |f4 (), 2) —eF*| — 0 as  — +00. When
V(z) € L1, the solutions fi are uniquely defined ([36]). Now consider the Wronskian

(3'4) W()‘) = f—i—()‘? O)a:cf—()‘v 0) - aocf-i—()‘v O)f—(Av 0)

The function W () is always different from zero for A € R\ 0, and hence for real A it can only
vanish at A = 0. Then we say that 0 is a resonance for H when W (0) = 0, and that it is not a
resonance when W (0) # 0. The first one is also called the ezceptional case.

In [111] Weder proved that the wave operators are bounded on LP for all 1 < p < oo,
provided V € L; for v > 5/2 (see also the following remark). The assumption can be relaxed
to v > 3/2 provided 0 is not a resonance. It is natural to conjecture that these conditions may
be sharpened, also in view of the results Goldberg and Schlag [49] proved under the milder
assumption v = 2 in the general and v = 1 in the nonresonant case.

Indeed, the main result of the present chapter is the following:

THEOREM 3.1. Assume V € L} and 0 is not a resonance, or V € L} in the general case.
Then the wave operators Wi, Wi can be extended to bounded operators on LP for all1 < p < co.
Moreover, in the endpoint L case we have the estimate

(3.5) Wegllzee < Cligllze + CllHgllze,

for all g € L>* N LP for some p < co such that Hg € L, where H is the Hilbert transform on
R; the conjugate operators Wi satisfy the same estimate.

REMARK 3.1. The appearence of the Hilbert trasform (see the beginning of Section 4 for a
quick reminder) at the endpoint p = oo is not a surprise. Indeed, Weder proved that, under the
assumptions V € L}Y for v > 5/2 in the general case and v > 3/2 in the nonresonant case, the
wave operator involves explicitly the Hilbert transform. More precisely, let x(z) € C*°(R) be
such that y = 0 for x < 0 and x = 1 for x > 1, then formula (1.12) in [111] states that

Wi =Wy, £ x(2)f+(0,2)HY(D)(c1 + c2P) £ (1 — x(2)) f-(0,2)HY(D)(c3 + c4P)

where the operators Wy , are bounded on L' and L*®, Pf(x) = f(—z), ¥(£) € C° is a
suitable cutoff, and the constants ¢; can be expressed in terms of the transmission and reflection
coefficients. From this decomposition it is clear that the wave operator in general can not be
bounded on L°°, but only from L* to BMQO. Notice also that the Hilbert transform terms
vanish in the unperturbed case V = 0.
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At the opposite endpoint p = 1, we get an even weaker result by duality (see Remark 3.8).
Weder’s decomposition suggests that the stronger bound

(3.6) Wagllrr < Cligller + CliHgll

should be true (and is indeed true under his assumptions on the potential). Notice that (3.6)
is equivalent to say that W, are bounded operators from the Hardy space H; to L', and by
duality this would also imply that WL are bounded operators from L*° to BMO.

REMARK 3.2. Our proof is based on the improvement of some results of Deift and Trubowitz
[36], combined with the stationary approach of Yajima [115], [5], and some precise Fourier
analysis arguments. Quite inspirational have been the papers [49] and [113], both for showing
there was room for improvement in the assumptions on the potential, and for the very effective
harmonic analysis approach.

REMARK 3.3. In the proof of Theorem 3.1 we split as usual the wave operator into high
and low energy parts; the high energy part is known to be easier to handle since the resolvent
is only singular at frequency A = 0. Here we can prove that the high energy part is bounded on
L? for all p, including the cases p = 1 and p = oo, under the weaker assumption V € L'(R) (see
Section 2 and Lemma 3.1).

REMARK 3.4. An essential step in the low energy estimate is a study of the Fourier properties
of the Jost functions; this kind of analysis is classical (see [1]) and the fundamental estimates
were obtained by Deift and Trubowitz in [36]. In Section 3 we improve their results by showing
that the L' norms of the Fourier transforms of the Jost functions satisfy a linear bound as
|x| — 400 instead of an exponential one as in [36]. In the resonant case we can prove a
quadratic bound (see Lemmas 3.3, 3.4 and Corollary 3.1).

REMARK 3.5. It is possible to continue the analysis and prove that the wave operators are
bounded on Sobolev spaces W*P under the additional assumption V € W*! (see also [111]
where the boundedness from W*> to BMO}, is proved under stronger assumptions on the
potential), but we prefer not to pursue this question here.

Theorem 3.1 has several applications; here we shall focus on the dispersive estimates for the
one dimensional Schrodinger and Klein-Gordon equations with variable rough coefficients.
Consider first the initial value problem

(3.7) iUy — a(x)uge + b(z)ug + V(x)u =0, u(0,2) = f(x).

Then we obtain the following decay result, where the notation f € L? means (1 + |z|)f € L2
Notice that the following result can also be obtained as a consequence of the dispersive L> — L!
estimate proved in [49] (and in [112] under stronger assumptions on the potential).

PROPOSITION 3.1. Assume V € L}, a € W*Y(R) and b € WHL(R) with
(3.8) a(x) >co >0 a,be L} a'\v e L}

for some constant co. Then the solution of the initial value problem (3.7) satisfies
11 1 1
(3.9) Pactlt, e < O Hf g, 25q<o0, £+ =1
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The same result holds if a =1, b= 0 and V € L1, provided 0 is not a resonance for H.

PRrOOF. It is sufficient to perform the change of variables u(t,z) = o(z)w(t, c(x)) with
; —-1/2 1/4 * b(s)
(3.10) clx) = [ a(s)”/*ds, o(x) =a(x)/"exp ds
0 o 2a(s)

to reduce the problem to a Schrédinger equation with a potential perturbation 17(3/) defined by

1
16a(x)

(3.11) V(e(z)) = V(z) + (2b(z) + a”(2));

(2b(z) + d'(2))(2b(z) + 3d(z)) — i

notice that V satisfies the assumptions of Theorem 3.1 provided (3.8) hold. Hence the solution
of the transformed problem satisfies a dispersive estimate like (3.9), and coming back to the
original variables we conclude the proof. O

REMARK 3.6. The range of indices allowed in (3.9) is sufficient to deduce the full set of
Strichartz estimates, as it is well known. It is interesting to compare this with the result of Burq
and Planchon [16] who proved the Strichartz estimates for the variable coefficient equation

iur — Oz (a(x)0zu) =0

assuming only that a(x) is of BV class and bounded from below.

REMARK 3.7. In view of the next application, we recall the definition of nonhomogeneous
Besov spaces. Choose a Paley-Littlewood partition of unity, i.e., a sequence of smooth cutoffs
¢; € C§°(R) with 35,5 ¢;(A) = 1 and supp ¢; = [2/71, 27+ for j > 1, supp ¢ = [~2,2]. Then
the B, Besov norm is defined by

gl = 326y (VEo)gllse
Jj=>0
with obvious modification for r = co. It is then natural to define the perturbed Besov morm
corresponding to the selfadjoint operator H = Hy + V as

lallss ) = 271165 (VEDg .

Jj=0
Now, from the LP boundedness of the wave operators and the intertwining property in the form
¢j(VH)Wx = W¢;(\/Ho)

we obtain immediately the Besov space bounds

(3.12) IWefls, vy <Cliflss,,  IWifllsg, < Clfllss,v)

p,r =

(in the second one we used the inequality || Pacd(H) f||zr < C||¢(H)f||z» which is true since the
eigenfunctions belong to L' N L>).

We now consider the initial value problem for the one dimensional Klein-Gordon equation
(3.13) U — a(x)ugy + u + b(x)uy + V(z)u =0, u(0,2) =0, w(0,2) = g(z).

Our second application is the following, proved in an identical way as Proposition 3.1:
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PROPOSITION 3.2. Assumea=1,b=0andV € L%, or V € Li and 0 is not a resonance.
Then the solution of the initial value problem (3.13) satisfies

11 1
(3.14) |Pacu(t, e < Gt 3lgll s 2<q<oo, 4o =1
B4 1 qa (g
q,9
The same decay rate is true for general coefficients a,b,V satisfying the assumptions of Propo-

sition 3.1 (with the Besov norm replaced by a suitable norm of the initial data).

PROOF. In the unperturbed case, (3.14) can be obtained as usual by interpolating the dis-
persive L™ _B11 7/12 estimate with the conservation of the H' norm i.e. the energy. The perturbed
case is handled by the change of variables (3.10) and an application of Theorem 3.1 as in the
proof of Proposition 3.1. In the general case the Besov norm in (3.14) must be replaced by

Il 5 s _ with V asin (3.11) and h = (g/0)|,1(,- O
By (V) Y
q .9

The rest of the paper is devoted to the proof of Theorem 3.1. We first analyze the high
energy part, in Section 2; Section 3 contains a detailed study of the Fourier properties of the
Jost functions, necessary for the analysis of the low energy part studied in Section 4.

2. The high energy analysis

In the estimate of the high frequency part of the wave operator we shall use the standard
representation as a distorted Fourier transform; considering e.g. the operator W_, we have

1 “+oo +oo )
(3.15) Wegte) =5 [ ([ enaear) st an
where the generalized eigenfunction ¢(\, z) is defined as the solution to the Lippman-Schwinger
equation (see e.g. [5], [111])
(3.16) o\, z) = e — Ry(N2 4 i0)Vo(\, ).

Here Ry denotes the free resolvent Ry(z) = (—A — 2)~!; we recall that the limits

1 Ro(Ai0) — lim Ro(r e = L [ € v a
(3.17) oA 10) =l Ro(A £ ie) = o [ S p(w)

2
1/2+€
for any A €]0, 00 (see e.g. [2]). The strong singularity at A = 0 is the main source of difficulties

exist in the norm of bounded operators from the weighted L to the weighted L2_1 /2 SPaces,
in the study of the wave operator.
The perturbed resolvent Ry (z) = (—A +V — 2)~! is related to Ry by the identity

(3.18) Ry = Ro(I + VRy) ™%

We recall that under the assumption V' € L} the limiting absorption principle (3.17) holds also
for Ry (see [6], [31]).

By the representation (3.17) it is clear that for X > Ao = ||V||z1 the operator RyV is
bounded on L* with norm less than 1/2. In particular, for A large enough, I + Ro(\? +i0)V
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can be inverted by a Neumann series, the solution ¢(A, z) of (3.16) is well defined and it can be
represented by a uniformly convergent series

(3.19) (N z) =Y (=1)" (Ro(N\ +i0)V)" ™, [\ = A=V, zeR
n>0
Now take a smooth cutoff function ® € C*°(R™) such that
0<d<1,  BdMN)=0 for 0<A<)N, PN =1 for A>N+1

and consider the high energy part of the wave operator

+00 +00
W-@(Ho)g(x) = 5 / / o\, z)e” M g(y)D(A\?) dAdy.

We split this operator into positive and negative frequencies, i.e., writing

d(A\2) for A >0, ®(\2) for A <0,
X(A) = (%) Y(A) = X9
0 for A <0 0 for A >0

we define the operators

320
— o [ [eae Mg drdy. Bow) = - [ [ e Mo xdy,

In the followmg we shall study the positive part Ag; clearly the estimate of the negative piece
Byg is completely analogous. By (3.15) and (3.19), the integral kernel K (x,y) of the operator A
can be represented as

(3.21) K(x,y) = Z(—l) /{(Ro()\z + ZO)V)” i } (l’) e—i/\yX(/\) dA.
n>0
We shall estimate the terms of the series (3.21) separately. Notice that for n > 2 we can write

them explicitly as
(3.22)

Kn(x,y):< ) / / o z)\(\x | +Hyr—y2 |+ Hyn—1—yn|+yn— y)HV Z/] dyi ... dyn dX.

7j=1
On the other hand, for n = 0,1 we have the formal expressions

B:23) Kolwg) = [ ey Kiey) = 5 [ [ Aty agay

which can defined precisely by adding a cutoff on [0, L] and then sending L — 400 (see below).
Denoting by A,, the operator with kernel K, (z,y), we have

(3:24) Ag(w) = (2m)* (Aog(a) — Arg(a) + Y Aug(a)).
n>2

Then we have:

LEMMA 3.1. Assume V € LY(R) and let 0 < ® < 1 be a smooth function such that ®(\2) = 0
for X < |Vl and ®(A%) = 1 for X\ > ||V ;1 + 1. Then the high energy parts of the wave
operators Wi are bounded on LP for all 1 < p < oco:

(3.25) IWe®(Ho)gllLr < Cllgl|Lr-
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The same holds for the conjugate operators ®(Ho)Wi.

PRroOOF. By standard duality arguments, it will be sufficient to prove the estimates for p = oo;
since the proof is completely analogous for any of the four operators W, W3, we shall consider
only W_. By the discussion above, we see that it is sufficient to estimate the operator A defined

n (3.24).

We shall estimate each term A, in the series (3.24) separately. For the term Ap, we can

write by (3.23)

Augla) = [ ([ Ng) = [ 1= 1 -xlgw) = g(a) = (T *g)(o)

(recall the notations b = Fh for the Fourier transform of a function h) whence we obtain

(3.26) logliz < (1+ 1T = X)) lgllzes < Collglz.

Consider now the term A;, which by (3.23) can be written formally

(3.27) Arg(z) = % / ( / < / X()\)\)ew‘(szzy)V(z)g(y) dz> dA) dy.

More precisely, fixed a function () € C2° equal to 1 on [—1,1] and vanishing outside [—2, 2],
we define the truncated operators

328) Aag =g [ ([ (0@ d) D) dn ) = )

where ¢r,(A) = ¥(A/L). We claim that the operators A; j, are uniformly bounded on L*°, and
that for each g € L* the sequence A; rg converges to A;g uniformly as L — 4o00. To prove
this, we notice that by Fubini’s theorem (3.28) can be rewritten as

(3.20) Avrg(e / / (2 — 2 + 2 — )V (2)g(y) d= dy,

It is clear that the claim follows as soon as we can prove that 47 converges in L!(R) when
L — +o00: indeed, we have

1ALy — Av gl < VIl — oo llgllzoe-

To prove the claim, decompose vy, as follows:
A x(A
(330) W) = v 00, ) = W

-1 .
O T a1

1+ )2

We notice that 7(¢) € L'; indeed, the Fourier transform of the first term is proportional to
sgn(€) exp(—|€]), while the remaining terms are smooth and decay faster than [A|~3. Since i)y,
is a d-sequence, we conclude that 47, = 1& 1 %17 converges to 7 in L'(R). As a consequence, ALy
converge uniformly to

{ .
Ajg= 2//n(lfc =zl + 2 = y)V(2)g(y)dzdy
which is then a bounded operator on L*:

(3.31) [Argllzee < VI Lr 19l L1 llgll o
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To conclude the proof, it remains to estimate the operators A, for n > 2. By the explicit
formula (3.22) we obtain

Ang(z) 2n/¢” eMz—yil+lyr—yal++lYn—1=ynl+yn—y) HV yi)g(y) dys . .. dy, dX\dy,
7j=1
where ¥, (A) := x(A)/A™. By Fubini’s Theorem this can be written

n

"
Ang(w)z2n/%(!fﬂ-m|+|y1—y2|+'~+|yn1—yn|+yn— TV w)ey) dyr - . dyn dy,
7j=1

and then we immediately get the inequality

(3.32) 1Ang(@)llze < oIV I3 Il -

< o
To compute the norm of v, introduce the scaling operators ), defined as Shg(x) = g(hx); then

we can write

¢ﬂ(}\) — )\an . Sl/)\o <X0(/\)

An

> where  xo(A) :== x(A - Ao), Ao = [V 1.
and hence

Iall = AT"IF (xo/A™) Iz < CAGIEF (x0/A") |l e
X" (1= A) (xo/A") [lzx < Con®Ag™ = Con®([V 1

A

for some constant C independent of n and Ag This inequality together with (3.32) gives
(3.33) 1Ang (@) |1 < Con®27"|g|l Lex.

By the estimates (3.26), (3.31), (3.33) and by formula (3.24) we conclude the proof of the
Lemma. U

3. Fourier properties of the Jost Functions

Throughout this section we shall assume that V € L1(R) (at least).

The Jost functions fi(z x) are defined as the solutions of —fy(z,z) + V(z)fi(z,z) =
22 f1 (2, ) satisfying the asymptotic conditions }fi(z,x) — eiizx’ — 0 as x — too. It is well
known (see [36]) that fi(A, z) are well defined for all A,z € R. Using the Jost functions it
is possible to write the following explicit representation of the integral kernel of the perturbed
resolvent Ry (A2 £ i0):

1 £ (A (A D)
i W(£N)
and x and y reversed for x > y; here W (\) denotes the Wronskian of f, f_ defined in (3.4). It
is always true (see [36]) that W(\) # 0 for any real A\ # 0; thus the only possible real zero of

the Wronskian is at A = 0, and when W (0) = 0 we say that 0 is a resonance for —A + V.
+ilz

(3.34) Kyi(z,y) =

for z <y,

The modified Jost functions my are given by the relation fi(\, x) = e™""Fm (A, x); equiva-

lently, they can be characterized as the unique solutions of the equations m/[ (A, z)£2iAm/ (A, z) =



3. FOURIER PROPERTIES OF THE JOST FUNCTIONS 75

V(z)my (A, x) satisfying the asymptotic conditions m4 (A, z) — 1 for z — +oo. Moreover, we
can also obtain my (A, x) as the unique solutions of the Volterra integral equations
+o00 e2i)\r -1
(3.35) mi(\z)=1+ Dy(£(t — x))V(t)ma (A, t) dt, Dy (x) = o
)

x
The properties of the functions m4 (A, z) are well known, see e.g. [36]. Here we shall only need
a few basic facts: in particular, when V € L}, then m(\,x) € C(R?); and when V € L, then
m+ (A, x) € CH(R?) and ﬁ € C(R).
As customary we shall denote by B+ the Fourier transform w.r. to A of the functions m4 —1,
and precisely

(3.36) Bi(&,x) = /R e (my(\, x) — 1) dA.

(notice the factor 2 in the exponential). For each z € R the function By (&, ) is well defined,
real valued, belongs to L?(R) and actually vanishes for & < 0; this means that m(-,z) — 1
belongs to the Hardy space H** (see [36] for details). Analogously, B_ (¢, z) belongs to L?(R)
and vanishes for £ > 0, i.e., m_(-,x) — 1 € H*".

If we take the Fourier transform of equation (3.35), we obtain that B, (&, z) satisfies the
Marchenko equation

[e's) 13 00
(3.37) B.(62) = / RO /0 dz / VB

(B_(&, z) satisfies a symmetric equation).

The functions By (§,x) have many additional properties of boundedness and regularity;
however we shall only be concerned here with the properties of the L' norms ||BL(:,z) 1.
Writing

ww) = [ Ivld 2@ = [ e-ovod= [T [ v,
T T T Y
the well-known estimate of Deift and Trubowitz is the following:

LEMMA 3.2. Assume V € Li. Then, for all £, 2 € R, the solution B4 (£, x) to (3.37) is well
defined and satisfies the estimates

(338)  [Bi(&a)l < @Wn(Eta),  |0:Bi(E ) + V(e +E)| < W+ ).
In particular, B(-,x) is in L' N L™ for any x and

(3.39) 1B+( )l < @ @y(@),  110:B4 (@) < (@) + €7@ (a).

The function B_ has similar properties, with the behaviours at +oo reversed. Notice that
the behaviour of v(z) is the following:

(3.40) V(@) <[Vl forz=>0, (@) < |V + |zl [V for z <0.

In other words, the estimate shows that ||B4(-,z)|/;1 is bounded by a constant depending on
V]| Ll for x > 0, but it gives only an exponential bound for negative x. A similar estimate holds
for the function B_, exchanging the behaviours as * — 400 and  — —oo.
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A crucial tool in the study of the low energy case will be an essential improvement of the
(3.39): indeed, we can prove that the norm of By (resp. B_) has at most a linear growth as
x — —oo (resp. T — 400).

LEMMA 3.3. Assume V € L1; then the functions B+ (&, x) satisfy the estimates
(3.41) |1B+(-,z)||r < C  for £2 > 0, |BL(-,2)||pr < Clx) for £2 <0

for some constant C' depending on ||[V| 1.

ProOF. We prove the result for B, the proof for B_ is identical. The behaviour for positive
x is already contained in the Deift-Trubowitz estimate. Now, starting from the Marchenko
equation (3.37), we integrate with respect to £ from 0 to oo (recall that By vanish for £ < 0)
and we have immediately

1B () < V2(a) ||VHL}+/0°° clé/£ /w+£ VIO 1Bz 0l dr
Setting 2’ := £ — z and exchanging the order of integration we obtain
B4 Bl < VR VI [ VO 0 B
Now we remark that
[ VO 1B Ol < [TV 1B

which is obvious when x > 0 and is also evident for x < 0 since the integral from x to 0 is
negative. Using the Deift-Trubowitz estimate (3.39) we see that |[B4(-?)[| < Co = Co([[V|11)
for t > 0, and hence in conclusion

o
/ V@) - 1B+ (D)l prdt < Cr = Ci([|V]|p1)  for all 2 € R.
x
Thus inequality (3.42) gives

1B+ (- 2)ll 1 < V2(@) - (V1 + Co(IV 1) + \:UI/ [ [[1By (5 D)l di

which implies

| o B (D)l
(3.43) 1B+l < GVl + [ oo g,
@) i G
Applying Gronwall’s lemma for z < 0 we conclude the proof. O

In the resonant case W (0) = 0 it will be necessary to make the stronger assumption V € L3.
In this case, we know that the Jost functions are C' in both variables and we shall study the
behaviour of the functions

(3.44) Ci(é,x) = / e 2N omy (N, 2)dE = 2i€B4 (€, ).
R

As above, a direct application of the Deift-Trubowitz estimate gives an optimal bound only on
a half line. Indeed, if we multiply (3.38) by 2¢ and integrate in & we obtain

(345)  [Ch(no)lln < 260@ / ¢ / (0)|dtde = @ / (t — 22|V (0)|dt

T
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after exchanging the order of integration. Recalling (3.40) we obtain that ||Cy(-,z)||n <
c(v ry) for @ > 0, but we can only get an exponential growth for negative z (symmetric
result for C_).

We can improve this estimate by a different argument:

LEMMA 3.4. Assume V € Li; then the functions Cy(€,z) = 2i¢ B+ (€, x) satisfy
(3.46) ICL(c,2)||pr < C  for £x >0, |CL(-, )| < Clz)?  for £2 <0
for some constant C' depending on ||V 1.

Proor. We will consider only C.; the proof for C_ is identical. We have already proved
above the estimate of C on the positive half-line. To prove the estimate for x < 0 we start
again from Marchenko’s equation (3.37); if we multiply both sides by 2§ and integrate in & we
obtain

ICstl <2 [ / (0] -gdrag+2 [ - d&/ d"/x+ga Ol 1By (0,6)]- € dt

(347) =2 / (t— 0)?|Vdt + / VIt = 2)2| By ()| padt + /°°|V|<t—x>uc+<~7t>||ﬂdt

after a suitable rearrangement of the order of integration. Call the three integrals on the right
I, 11,111 respectively. For the first one we have obviously I < 4(z)2(|V|| 13- For the second one,
we remark that (t — z)? < 22 when x < t < 0, while (t — x)? < 2¢? 4+ 222 when t > 0, so that

< [ WO B2 [ AV O] 1Bl
0

recalling (3.41), this implies

0 00
(3.48) Héaf2/ |V(15)|<7f>d15-C(IIVIL})+2/0 (& +2?)VE) - CIVIL) < (@)?*CUIVIILy).

For the last term we proceed as follows: we write

oo

IU_/oot\V(t)\HC+(-,t)HL1dt—x/ VONCH(, )|t

and, as above, we remark that the first integral increases if we replace the lower integration limit
with 0:

/x TUVOIIC ()t < /0 TUVOIIC (8)lpadt < CIV]y)
where we have used the bound for x > 0 already proved. Thus we have
(3.49) T <C([VIIy) + (=) /:O@)Z!V(t)! () 2O (1)l dt.
In conclusion we have proved that
(3.50) (@) 2101 (2) | < CUIV I ) +/:o<t>2V(t)! () 2O 1)l dt.

Applying as before Gronwall’s lemma for z < 0, we conclude the proof of the Lemma. g
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A useful consequence of (3.46) is an estimate of the Fourier transform of the functions

m:l:(Aam) - mi(O,x)
A
which are clearly related to the derivatives dym; the usefulness of these quantities in the

(3.51) ni(A z) =

resonant case had already been remarked in [5].

COROLLARY 3.1. Assume V € Li; then the functions éi(ﬁ,x) = [pe 2 ny (N z)dX satisfy
(3.52) ICL(,x)||pr <C for +2>0,  ||Ci(-, )| < Cla)?  for 2 <0

for some constant C' depending on ||V 1.

PROOF. Since ny (A, z) = fol Oxmy (As, z)ds, we can write, using Fubini’s theorem and the
rescaling properties of the Fourier transform,

~ 1 1
C’i(f,x):/o Frse (Oama(As, x)) ds:/o sT1CL(€)s, ) ds.

The integral Minkowski inequality now gives

_ 1 1
162 (2| < / YO (-/5,2)||prds = / 1CL(2) | ads = [ Ca (-, 2) 1
and by (3.46) the proof is concluded. O

We conclude this section by studying the Fourier properties of the Wronskian W (\) defined
in (3.4), which can be equivalently written

W(A) = my (A, 0)0:m— (X, 0) — dpmg (X, 0)m—_(\,0) — 2idm4 (A, 0)m—_(A\,0).
Notice that the following result is also proved in [49] by partly different arguments.

LEMMA 3.5. Let x(\) € C°(R) be a smooth cutoff. If V€ Li(R) and W(0) # 0 then

(3.53) F <Y§/((AA))> e LY(R).
On the other hand, if V € Li(R) and W(0) = 0 then
(3.54) F (%) € L'(R).

PRrROOF. Let x1 € Cg°(R) be a second cutoff such that x; = 1 on the support of x. By the
Deift-Trubowitz estimates (see Lemma 3.2) we know that both m4(A,0) — 1 and d;m4+(A,0)
have Fourier transform in L'; then writing

XlW()\) = le_t,_()\, O)aIm— (>‘7 0) - Xlaccm-i—()‘v O)m—()‘a 0) - 2Z)‘X1m+(>‘7 O)m—()‘a 0)
we see that x1W can be written as a sum of products in which each factor has a Fourier
transform in L!, and we conclude that ;W has Fourier transform in L.
Recall now that by Wiener’s Lemma, if a function a(A) does not vanish on the support of
b(\) and both @,b € L', we have also F(b/a) € L'. This implies that
X(N) > ‘ ( x(A) )
F F
H o <W<A> T AR

< 00.
1
Le

1
L&
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Consider now the resonant case with V' € Li. Using the functions ny defined in (3.51) we
can rewrite W as follows:

W(A) = Ang (A, 0)0,m— (A, 0) + Am(0,0)0,n— (A, 0) +m4(0,0)0,m_(0,0)
— An_ (>‘7 0)8xm+()‘7 0) — Am_ (07 O)axn-i-()‘? O) - m—(07 O)amm-‘r(ov 0) - 2)‘m+(>‘7 O)m_()\, 0)7
from this formula and the assumption W(0) = 0 we see that the term m.(0,0)0,m_(0,0) —

m_(0,0)0,m4(0,0) must vanish, hence we obtain

Wi)\) =1 (A, 0)0;m— (A, 0) +m.(0,0)0;m (X, 0)—

(3.55) —n_(A,0)0;m4(A,0) —m_(0,0)0,n4(X,0) — 2m4 (A, 0)m—_(\,0).

We know already that the functions m4y (A, 0) — 1, 9,m+(A,0) and ny(A,0) have Fourier
transform in L'; this follows as above from the Deift-Trubowitz estimate and from our Corol-
lary 3.1 (see (3.52)). We can show that also d;n4(A,0) have the same property. Indeed,
write dyng (N, z) = fol 0:0xm4 (As, x)ds; by Fubini’s theorem and the rescaling properties of
the Fourier transform and the integral Minkowski inequality we have

1
171 Oons (0,00 1y = | [ 26710, Bs(e/5, 00

1
<2 [ s 0uBu(e/5,0) s
L% 0

whence

(3.56) [Fre (Bane (A, 0)) [lzp < (1602 B (&, 0)l -

Recalling now the Deift-Trubowitz estimate (3.38), we have immediately
€0:BL(&,0)| < ClEl- () + V©I] = [1§0:B(&, 0l < ClIVIy

and this proves that the Fourier transform of d,n (), 0) belongs to L!(R).

Now, coming back to (3.55), and choosing a cutoff x; as above, we see that x1(A\)W(X\)/A
can be written as a sum of products of functions with Fourier transform in L' and hence it
also has Fourier transform in L'; applying Wiener’s Lemma exactly as before we conclude the
proof. O

4. The low energy analysis

In this section we shall study the low energy part of the wave operator W, ; the estimate for
W_ is completely analogous. By the stationary representation formula (see e.g. [115]), given a
cutoff ®(\?) supported near zero, we can represent the low energy part of W, as follows:

2 [t
(3.57) W, ®(Hy)g = ®(Hy)g — / Ry (A2 —i0)V SRo(A? +i0)AD(A\?)g d.
T Jo
Thus it is sufficient to study the boundedness in LP of the operator
+oo
(3.58) Ag = Ry (A2 —i0)V SRo(A% 4 i0)Ax(N)g dA

0
for an even cutoff function x(\) = ®¢(\?) € C5°(R).
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As remarked in the Introduction, an L>° — L estimate will be impossible in general, owing
to the presence of a Hilbert transform term in the wave operator. We recall that the Hilbert
transform on R is the operator

1 g(s) 1 / i A~
H =—V.P | —+ds=— [ ¥ —g(N)d\.
o) = 2V [ D= oo [ 2o
We also recall that H2 = —1, and that H is a bounded operator on LP for all 1 < p < oo, but
not on L' and on L.

In order to state a simple but useful interpolation lemma we introduce the space Lg° of

bounded functions vanishing at infinity (i.e., g — 0 as |z| — o0), with the L* norm, and

(3.59) Ly ={geLl:Hge L'},  lglirz = llgllcr + [Hgllr.

Notice that the last definition is relevant only when p = 1 or p = oo, since we have otherwise
L’;{ ~ [P for 1 < p < co. Our interpolation lemma is then the following:

LEMMA 3.6. Let T be a bounded operator on L?, and assume that
(3.60) ITgllzoe + [|TgllL < Cllgllize + ClHgll~, Vg € G5
Then T and T can be extended to bounded operators on LP for all 1 < p < oco.

PRrROOF. The complex interpolate X = [LP, L5° N L37]y coincides with LP¢ as expected:

1 1-0
(3.61) X = [LP, Lg° N L§7lg = LP?, —=—, 0<f0<l 1<p<oo.

bo p
To prove this, first of all notice that the inclusions C§® C LP C LP and C§° C Lg° N L7 C L™
imply that C5° C X C L as sets. Moreover, the (bounded) injection operator i : LP — LP and
i Lg° N Lg — L™ is also bounded from X to LP? by complex interpolation with norm < 1,
e, [[fllzre < ||fllx. Finally, given any compact set K, denote by LP(K) the subspace of LP of

functions with support contained in K; if we consider the injection operator
i LP(K)NLEY, =LP(K)— LPNLY, =L and i:L*(K)NLy — L NL5Y

and we use again complex interpolation, we obtain that the injection ¢ : LP?(K) — X is bounded
with norm < 1. Summing up, we have proved that ||f||x = ||f|/zre for all functions f € LP¢
with compact support. Since X contains C§°, this proves the claim that X = LP¢ as Banach
spaces.

Now, by a density argument we see that (3.60) implies that T, 7™ can be extended to bounded
operators from Lg® N L5} to L, and on the other hand they are bounded on L? by assumption.
Using (3.61), by interpolation we obtain that T, T* are bounded on all L? for 2 < p < oo, and
by duality we conclude the proof. O

REMARK 3.8. In the endpoint case p = oo we can modestly improve (3.60) to
(3.62) [TgllLe < Cllgllze + ClHgllLe,  Vge L*NLFENL

for some p < oo; this follows immediately by a density argument. Moreover, in the opposite
endpoint p = 1, by duality, we obtain that ||Tg||L1+L11d < COllg||r where L' + L%_l is the Banach
space with norm [|g|| = inf{||gullzs + lg2llr1 }, 9 = 91+ 92, g1 € L', g2 € Ly,.
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We are now ready to prove our estimate of the low frequency part of the wave operator:

LEMMA 3.7. Assume V € L1 and the nonresonant condition W (0) # 0 is satisfied. Let
®(A\2) be a smooth compactly supported cutoff function. Then the low energy parts of the wave
operators Wi satisfy the estimates

(3.63) IW®(Ho)gllroe < C (lgllze + [Hgllz=)  Vge L'NL>NLE

and hence can be extended to bounded operatos on LP, for all 1 < p < co. The same properties

hold for the conjugate operators ®(Hy)Wi.

PROOF. The proof for the operators Wi and W is completely analogous, hence we shall
focus on the estimate for W,.. By Lemma 3.6, it is sufficient to prove that W, ®(H,) satisfies
(3.63); moreover, using the stationary representation formula (3.57), the problem is reduced to
estimating the operator A defined by (3.58).

By the explicit expression of the kernel of Ry in terms of the Jost functions (3.34), we can
split A as A = Ay + As where ( forgettlng constants)

3.64) Al / R / ()f )\() AT A (NS Ro(A2 + i0)g(y)

while A, is given by a symmetric formula. In the following we shall estimate the operator Aj;
the proof for As is completely analogous.
By the relations fi (), z) = e**m(\, z) and

m:l:(_A7$) - m:l:(Aam)7 W(_)‘) = W()‘>
(see. e.g. [36]), we have

(3.65)  Avg(x) / i / (A) M= T) 1N 3 (NS Ro (A2 + 10)g(y).

By Fubini’s Theorem we can exchange the order of integration and rewrite (3.65) as follows:
(3.66)

Arg(a / Fa (er()\’;/)g\L)()\’x)X()\)l(o,+oo)(>\)3Ro()\2+i0)9(y))

V(y)dy
§=x—y
where F denotes the standard Fourier transform from the A to the ¢ variable and 1(g 4 is the

characteristic function of the half line (0, +00).
Now choose a C§° cutoff function () such that ¢» = 1 on supp x ; then the function

me o y)m-(\, @)

G(A z,y) = WOy X(N)1(0,400) (N SR (A +i0)g(y)
can be written as a product
(367) G()\,l‘,y) = Fl()‘7y)F2()"‘T)FS()‘)FZL()"Z/)
where
e R
and

Fy(A,y) = X(A)1(0,100) (A)SRo(A* +i0)g(y).



82 3. DISPERSION VIA WAVE OPERATORS

We are interested in the Fourier transform of G with respect to A; this can be written as the
convolution of the transforms Fj, j = 1,2, 3,4.
By Lemma 3.5 (see (3.53)) we already know that

(3.68) IE5()llng = Co < oo,

Consider now F} (&,y), which can be written

Fi(&y) = F((ms (N y) — D1 + 1) = By (—€/2,y) * ¢ +
(the inessential factor 1/2 comes from the nonstandard Fourier transform used in Definition
(3.36), and the minus sign from the conjugation). Recalling Lemma 3.3, we get

C fory >0
Cly) fory <0

C for z <0

Fioo(. <
(TCEDIIFA —{ C(x) forxz>0

[F2( @) < {
for some C' depending on HV||L%. Recalling that in (3.66) we have z < y, we can write

Cy) forz <y<0
IFEE) |y < Gyl 20, 2)l0 < § C forz <0<y
C{x) <C(y) for0<z<y
and in conclusion

(3.69) IF(ELER) ||y < OV ) - (y)-

Coming back to G(\, z,y), if we put together (3.68) and (3.69) and we use Young’s inequality,
we have proved that, for x < y,

(3.70) 1GC 2, 9)le < CUVIL) - () - 1 FaC )

It remains to estimate
RASH TS sup | Frcse (XN L(0,100) MASRo (A +i0)g(y))| -
We have

F (0N L0100y (NASRON + i0)g(y) = /0 " M (N)SRo(A2 + 10)g(y)dA

= CeVy(\/Hy)g

by the spectral theorem. Now we remark that the function
U(&,y) = e“VHox(y/Hy)g
is a solution of the one dimensional wave equation
Uge + HoU = Uge — Uyy =0,
with initial data
U(0,y) = Uo(y) = x(v/Ho)g,  Ue(0,y) = Ur(y) = iv/Hox(v/Ho)g.-

By the explicit representation formula of the solution to the wave equation we have then

Ule.y) = DT + o€ —y) 1/:+y

5 5 Ui(o)do.

-y
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The first term is easy to bound:

Uo(§ +y) +Uo(§ —y)
2

(3.71) ] < Vol = In(v/Ho)gle < Cllglim

since x(v/Hp) is bounded on L as it is well known. On the other hand, we can write
U1(9) = iv/Fox(/o)a(w) = [ VAN = [ (=i 0aN
and this implies, apart from a constant,
&ty

Ui(y) = ;;x(\/ﬁo)%g = . Ui(o)do = x(v/Ho)Hg(€ +y) — x(v/Ho)Hg(€ — y).
-y

In conclusion
Et+y

- /5 Uil

and summing up we have proved that
(3.72) [Fillge, < CIULg, < C (llgllze + [[Hgllz) -
By (3.66), (3.70) and (3.72) we finally obtain

[Argllzee < C(IVIzr) - (lgllzee + [ Hgllze) -

The operator Ay can be estimated in a similar way, and this concludes the proof of the Lemma.
d

< [Ix(v Ho)HgllL~ < ClHgll L

We pass to the analysis of the resonant case W (0) = 0.

LEMMA 3.8. Assume V € L and we are in the resonant case W(0) = 0. Let ®(\?) be a
smooth compactly supported cutoff function. Then the following estimate holds:
(3.73) IW.@(Ho)gllroe < C (lgllz= + [Hgllz=) Vg e L' NL®NLE
where H is the Hilbert transform on R, and hence can be extended to bounded operators on LP,

for all 1 < p < co. The same estimate holds for the conjugate operators ®(Ho)WZ.

PROOF. As in the proof of Lemma 3.7, the problem is reduced to estimating the L norm
of Ag = A1g + Azg where Ajg are defined as above (see (3.65)). The new difficulty now is of
course the denominator W (\) which vanishes at A = 0. Thus we decompose Ag into several
terms:

Ag =h+L+ILH+IL+ 1L+ 111
where, recalling the notation (3.51).

+oo _ .
) = [ an [ et A m (<A 2P IV )W + 0)g(w)

+oo _ )
(3.75) IT = /0 dx / ) dyW(_/\)\)m+(07y)n(—/\,l‘)e“(y_“)V(y)Ax(/\)%Ro(/\Q+i0)g(y),

(3.76) 11 = /O i / . dym(oﬁff()z_)(o’x)V(y)e“(y‘””’kx(k)%Ro(AQ +i0)g(y)-
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while as usual, I, I'l; and I1]s have symmetric expressions with x and y interchanged. We
notice the expression for I11s which will be necessary in the following;:

3.77) I — /0 T / dmer(OI;If()in)\_)(o’y)V(y)eM(xy))\x(A)%Ro(A2+i0)g(y)
<y

Since W(0) = 0, we know that for A = 0 the Jost functions f(0,z) = m4(0,z) and
f=(0,2) = m_(0,x) are linearly dependent, i.e.,

(3.78) m_(0,z) = co - m4 (0, )

for some constant ¢y # 0. Moreover, by definition m4 (0,z) — 1 as +2 — oo, and together with
(3.78) this implies that m4 (0, x) are bounded on R:

(3.79) Im+(0,z)] < e, z € R.
Finally, when W (0) = 0 we have (see e.g. [5])

+o0
(3.50) | vmso.md=o

The terms of type I and I1 are handled in a way very similar to the proof of Lemma 3.7.
In order to estimate the term I, we write it as

I = Frase (G zy))leey, Vdy,  Ghx,y) = Fi(A y)Fa(A, 2) F3(A) Fa(A, ),
<y

where, choosing a C§°(R) cutoff function ¢ such that ¢» = 1 on supp ¥,

Fl()\a y) = 7’L+(—)\, y): F2()‘7 1’) = m*(_)‘ﬂn)@b()‘)? F3(>‘) =

and
Fi(Ay) = A(A)1(0,400) (NSRo (A +i0)g(y).

Then we have

sup [[G(+, 2, y)|[Lee < sup (HFl("y)HLl [ F2 (@) - (1 F3] - HF4('73/)||L°°)
<y <y

Using Lemma 3.5 we see that HﬁgHD = Cp < 00, and by Lemma 3.2 and Corollary 3.1 we obtain
as before (by considering the three cases z <y < 0, z <0<y and 0 < x < y)

IFL G )l - B ) < CIVIry) - (w)*  forz<y.
Thus we arrive at
IGC 29l < CUVILy) - @)% - 1Fa(9) | 1o

and the remaining term ||Fy(-,y)||r has already been estimated in (3.72). Summing up we
have proved that

(] < C(IVIIpy) - (lgllzes + [Hgllze<) -

The estimate of I is completely analogous; the estimate of the terms 117 and 15 is even easier,
keeping into account that the functions m4 (0, x) are bounded on R (see (3.79)).
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Consider now the more delicate terms I11y,I115. Since m_(0,x) = ¢o - m4(0,x) we can put

the two integrals back together as follows:

+oo 0 )
ITh+ 11 = oo / i\ / dym“ov’;’()m;)( )y ()N Ay (SR (A2 + i0)g ().
0 -

We decompose this integral in a different way:

I + I115 = coIVy + ¢l Vo

where

(381) IVi= / T [y OOm D) gy poial ) () SRy (A 4 i0)g(w)
0

W(=A)
and
too m m4 (0, ~
(3.82) IV, = /0 dx [ dy +(0"4/?<)_A+)(0’ LV () A (NS R + i0)g(y).

Using the identity

1
em|y—x|_em|x|_/ MeE=yH=9)le) g . ix - (Jz — y| — |2)
0

and Fubini’s theorem we can rewrite IV, as follows:

1 A .
0 W(=X) =sle—y|+(1—s)|a|

where

K = K(z,y) = im(0,y)m (0, 2)V(y) (lz — y| — [x]);

notice that

(3.83) [K (2, )| < Cly| - [V (y)]

by

|

(3.79). At this point, we can proceed as above using Lemma 3.5 and (3.72) to obtain

P (G MO L0420 (VSR + i0)5(1) )

< C(Vliry) - Ulgllze + Mgl o) -

Lg

whence the estimate of IV follows immediately.

To conclude the proof, it remains to estimate the term IV5. By property (3.80) we have

trivially

(3.84) /0 o / ay PO O.2) ey (3SR (A2 + i0)(0) = 0

W(=X)

(indeed, in the inner integral only V' (y) and m (0, y) depend on y). Thus we can subtract (3.84)

from IV5 and rewrite it in the form

Vs = /0 o / ay O m(02) iy (0 [SRo(A? +i0)g(y) — SRo(A2 +1i0)g(0)].

W(=N\)

We now use the elementary identity

SRo(A? +i0)g(y) — SRo(A* +i0)g(0) = /O ’ s (SRo(A\? +1i0)g(s)) ds
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and we obtain, after applying Fubini’s theorem,

y oo Av(A
85 1= [dy [ dsmi0.pmi0.0V0) [ eM'm'VVf(_j)as (SRo(\? + i0)g(s)) d
Since
. 1 > iA(x— —iA(x— 1 AT — AT
SRy (W +i0)g(x) = =5 [ (€M 4N )g(y)dy = — (PTG + 7 G(-)

we can write for A > 0

x(\ )\2 ; - _ ¢ - AT A —iAT )

and comparing the two identities and recalling the characterization of the Hilbert transform as
a Fourier multiplier, we arrive at the formula

xRy (A2 4 i0)g(z) = CASRo(N? + i0)Hg(x)

for a suitable constant C. Thus, by (3.85), we obtain (apart from a constant)

! +oo
1V, z/dy/o dsm+(0,y)m+(0,x)V(y)/0 €ZA|$|M/()\_)\)

and this can be estimated exactly as the other terms considered above.

AX(NSRo(A? +i0)Hg(s)dA

The proof is concluded. O



CHAPTER 4
Nonlinear Schrodinger equations

The final chapter of this thesis is devoted to some nonlinear applications of the dispersive-
type estimates we introduced in the previous part of the work. A lot of physical models are
usually described by nonlinear equations, and the first natural mathematical questions for these
equations are related to existence and unicity of the solutions. Here we give two examples of
nonlinear Schrodinger equations, and point out the attention on existence, unicity and blow-up
of the solutions. The reference for the details of this chapter are [38] and [40].

1. NLS with time dependent coefficients

The interest for nonlinear Schrédinger equations finds motivations in the great number of
physical models they describe. Here we consider the following problem:
{ iug(t, ) + a(t)Au(t, z) = £lu] " u(t, z)
u(O,:p) = f(x)v
where u : RxR" - C, f : R" - C, n>2,v>1and a(t) > 0 is a real valued function. In
analogy with the case a(t) = 1, we frequently refer to defocusing equation when we take the

(4.1)

positive sign at the right hand side of (4.1), otherwise we speak of focusing equation.

It is well known that the Cauchy problem (4.1), in the case a(t) = 1, is well posed in L? for
v< 14 % and in H' for v < 1+ %; in the critical cases, global well-posedness holds, provided
the initial data are small enough, while blow up phenomena can occur for the focusing equation
when the initial datum is not assumed to be small (see [20], [46], [63]). If a(t) > 0 is strictly
positive, the same techniques used for the constant case a(t) = 1 permit to obtain the same
classical results.

On the other hand, the literature for the case in which a(t) > 0 can vanish is very small; this
case can be regarded as a model for a nonrelativistic particle with variable speed of propagation
(or equivalently with variable mass), and we are interested in the treatment of the case in which
the speed can vanish (or equivalently the mass can explode). The motivation for our approach to
this kind of problem is strictly mathematical: the question is how the degeneration of operator
a(t)A can influence the critical exponents v for the well-posedness of the Cauchy problem (4.1).

The analogous situation for the semilinear wave equation was treated in [28] first, and
followed in [29], [34], [39], [72]: the main step is to reduce the problem to a wave equation with
a time-dependent potential of order zero, with a suitable change in the time variable, and then
find suitable a priori energy estimates for the solution. The algebraic structure of Schrodinger
equation permits to regard equation (4.1) as a standard nonlinear Schrodinger equation, as
it is shown in Section 3; this gives the possibility to use the linear technology for the free
Schrodinger equation (namely Strichartz estimates), with some refinement, and it represents a

87
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strong difference with the case of the wave equation, in which the resulting potential does not
allow to use classical linear estimates, because it is too singular.
In what follows, the coeflicient a will satisfy the following assumptions:

(4.2) a € C(R), a > 0;
(4.3) a vanish on a discrete set Z = {t,}n=0,1,... C R with maximum order A > 0;
(4.4) Je>0:d'(t) <0, ift;—e<t<t;, andd'(t) >0, ift; <t <t;+eiecN.

The small € in (4.4) is uniform with respect to i; assumption (4.4) avoids the possibility that a
could reach the zeroes with infinite oscillations. Moreover observe that the primitive function

(4.5) A(t):/o a(s)ds

is well defined at each t € R.
The simplest example is given by

(4.6) a(t) = [t — to|*

with A > 0.

The natural questions of well-posedness of the Cauchy problem (4.1) in L2 and H} are solved
in the main theorems of this paper. The sketch of the proofs is standard: a contraction argument
based on Strichartz-type estimates permits to prove local (in time) well-posedness in the natural
spaces, then the continuation to global solution is performed by means on the conservation laws
of equation (4.1), that are investigated in Section 4. The lack of energy conservation for this
equation (see Section 4) represent a strong difference with the case a(t) = 1 and hence the proof
of global well-posedness in C(R; H') requires a more direct investigation on the lifespan of the
local solutions (see Section 7).

In the special case when a is given by (4.6), the equation is invariant under the following

scaling
(4.7) ve(t, ) = “u(e’t, ex),
with
2 2
4.8 S — -
(48) =ornnon PTara
The mass is conserved by this scaling if
4

4.9 =14+ ———
(4.9) =1+ ZOT1)
while the H!-norm is conserved for
(4.10) S

‘ T T =)0

This suggests that (4.9) and (4.10) should be the critical powers for the L? and H' well-
posedness, respectively, and we can state our main results:
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THEOREM 4.1. Let n > 2, a satisfy assumptions (4.2), (4.3), (4.4) and let X > 0 be the
highest order of the zeroes of a. Assume that
4
1<y< 14 ———
=Y<L oD
then, for each initial datum f € L? there exists a unique global solution u € C(R;L?) of the
Cauchy problem (4.1).
In the critical case

4
14—
7 +n()\+1)7

we have global well-posedness in C(R; L?), provided ||f||2 < €0, for some ¢g > 0 sufficiently
small.

In the following Theorem we state the local H' well-posedness for equation (4.1):

THEOREM 4.2. Let n > 2, a satisfy assumptions (4.2), (4.3), (4.4) and let A > 0 be the
highest order of the zeroes of a. Assume that
1<y<l4d ———;

=7 (n—2)(A+1)
then, for each initial datum f € H' there exists a unique local solution u € C(I; H') of the
Cauchy problem (4.1), where I is the greatest interval including the origin in which a does not

vanish. In the critical case 4

(n—2)(A+1)
we have local well-posedness in C(I; H), provided || f||m < €0, for some eg > 0 sufficiently

y=1+

small.

REMARK 4.1. The result of previous theorem includes also the case in which a(0) = 0; in
that case the interval I contains the origin and does not contain any other zero point for the
funcion a. We also remark that the subcritical result in Theorem 4.2 is already known (see for
example Lemma 3.1 in [21]).

We conclude with the following global theorem (valid only in the sub-critical range):

THEOREM 4.3. Let n > 3 and let a satisfy assumptions (4.2), (4.3), (4.4) and let A > 0 be
the highest order of the zeroes of a. Assume that
4

(n—2)(A+1)
then, for each initial datum f € H' there ewists a unique global solution u € C(R; H') of the
defocusing Cauchy problem (4.1).

(4.11) 1<y<1+

In the case n = 2, the same result holds, under the more restrictive assumption

2(A+1
(4.12) 1§7§1+(’j).
Let n > 3 and let us impose the above assumptions, with the more restrictive condition

4

(4.13) 1§’Y<1+min{(n2)()\+1),1+i};
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then, for each initial datum f € H' there exists a unique global solution u € C(R; H') of the
focusing Cauchy problem (4.1).
In the case n = 2, the same result holds, under the more restrictive assumption

LRSI

4.14 1<~y <minq1l 14—
(1.14) <y <min {14 26D 14 2

REMARK 4.2. Observe that Theorems 4.1 and 4.3 (that are in fact valid also for A = 0) cover
the known results for a = 1, also in the case n = 2 (in fact the critical exponent there is 00).

The crucial role in the contraction argument for the local well-posedness is played by
Strichartz estimates. We recall here some well known facts, starting with the following Def-
inition:

DEFINITION 4.1. Let n > 2; a couple (p,q) is said to be Schridinger admissible if the
following conditions are satisfied:

(4.15) -

(4.16) p>2 ifn=2, p>2 ifn>3.

The Schrédinger propagator e®2 is unitary on L?(R") and satisfies the following Strichartz

estimates

(4.17) €2 Fll Lo (r,Lay < CI Iz,
t .

(4.18) | eI F ) as < CIFl o -
0 Lp(I;L9) ’

for all Schrodinger admissible couples (p,q), (p,q), with p' and ¢’ the Holder conjugates (see
[47], [66]).

In order to use a contraction argument, we need some refinement of estimates (4.17) and
(4.18). In the last years, several papers (see e.g. [3], [79]) treated the question of extending
Strichartz estimates to the more general setting of Lorentz spaces LP'", that are usually also
defined by real interpolation of L? spaces (see [10]). In particular, it has been recently proved
in [3] that, for any admissible pair (p,q), (p,q) and r with 2 < r < p, we have

t
/ A F(5)ds

0

< C|lF]

(4.19) ’
Lpr(I;L9)

- — 2n_ .
LF 2(ILT )NLA(I, L7+ 2 )

The advantage of this estimate is that it reaches the endpoint, but the space Lr'2 (I; L‘?) N
2n

L3(I; Lm’z) is too ”small” to be mapped in a generally bigger space and perform a contraction.

Hence we need to prove directly a slightly different family of estimates, as stated in the following

Theorem:

THEOREM 4.4. For any Schrodinger admissible pair (p, q), (p,q), with 2 < p,p < oo, and 1, s
satisfying

(4.20) p<s<r<p, r>2



2. STRICHARTZ ESTIMATES 91

the following estimates hold:

(4.21) €2 £l o (r;0my < CI |l i2s

¢
/ A (s, ) ds

0

(4.22)

< CHF”Lﬁ’,s’([;La’,s’)-

Lo (1457

REMARK 4.3. We find that estimates (4.21) and (4.22) are of independent interest. They
involve Lorentz spaces, both t and x variables, and the nontrivial fact is that these spaces are
not characterized as real interpolation of mixed LYL% spaces, except for some very particular
cases (see for example [10], [26]); our proof is based on direct dispersive methods. Moreover,
we remark that the space at the right hand side in (4.22) is bigger than the space at the right
hand side in (4.19), hence (4.22) is stronger in this sense. On the other hand, Theorem 4.4 does
not comprehend the endpoint estimate, that actually is not needed in the proof of the previous
well-posedness theorems.

The rest of the paper is organized as follows: Section 2 is devoted to the proof of Theorem
4.4; in Section 3, by algebraic computations, we transform equation (4.1) into a nonlinear
Schroedinger equation with constant coefficients for the linear part; in Section 4 we investigate
on the conservation laws of equation (4.1), and in the final part (Sections 5, 6 and 7) we prove
Theorems 4.1, 4.2 and 4.3.

2. Strichartz estimates

This section is devoted to the proof of the generalized Strichartz estimates in Theorem 4.4.
We prove (4.21) and (4.22) by a standard 77" method based on dispersive estimates (see [47]).
For simplicity of notations, we denote the Schrédinger group by U(t) = €2, Let us start by
the well known decay

(4.23) U@ fllea <72 a1 fll o,

for ¢ > 2, and 1/q + 1/¢" = 1. By interpolation of L9-dispersive estimates, we immediately
obtain their generalization to Lorentz spaces:

(4.24) U@ fllzar <t 2 0| fll oy

for all ¢, r such that
2 < q < oo, r > 1.

Hence we can estimate

/t Ut — 5)F(s, )ds
0

t
< [0t = )P (s, g ds
rer Jo

t
(1.25) < [l s )y d,
0 x
by (4.24). Then, for the mixed norm we have:

(4.26) /0 Ut — 5)F(s, )ds

”l &
q’,r

< [ PG, )
)

)
Lpr(I; L9 Lpr (1)
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by Young inequality in Lorentz spaces (see [80]), observing that
it~ e La™, a >0,
we obtain

(4.27) ‘ /0 t U(t — s)F(s,)ds

< HF||LP’«T(I;L¢Z/7T)7
Lpr(I;LaT)

under the admissibility conditions

2 n n

-—=—= -, 2<p<oo.

p 2 q
Observe that the space at the right hand side of (4.27) is not the dual of the space at the left
hand side, in fact

(LPry = LP

We claim that estimate (4.27) can be improved, substituting r with r at the right hand side.
To this aim, let us consider the operator

TF = / U(t)F(t,)dt,

ITE|3: = / (/ U(t)F(t, -)dt/U(—s)F(s,-)ds) de.

By Fubini’s Theorem we integrate with respect to s first and we use Holder inequality in Lorentz

and

spaces in t and = to obtain

(4.28) ITFIZ: < IF s gy || | U= )F (s, )ds ;
L (I;Lar)
applying (4.27) we get
(4.29) ”TFH%2 < HFHLP,W/(];L‘J/W/)HFHLP/vT(I;L‘Z,vT)'
Now, since r > 2 (i.e. v’ < r) by assumption (4.20), and since
LP" c LIP3, r<s,
by (4.29) we conclude
(4.30) ITFl 2 < \Fll oo (rypa)

for any Schrédinger admissible couple (p,¢q) with 2 < p < co and r > 2. Observe that U(t) is
the adjoint operator of T, hence the dual of estimate (4.30) reads

(4.31) IU@) fllperzzary < If L2,
and this proves (4.21). Mixing (4.21) and (4.30) we also obtain

(4.32) H/U (t — s)F(s, )ds

< HF”Lﬁ’,s’([;L&’,s’)v
Lpr(I;LaT)

where the admissible pairs (p, q), (p,q) and the Lorentz exponents r,s > 2 are unrelated. To
conclude the proof of (4.22) it is sufficient to apply Proposition 2.1 in [3], that is the Lorentz
generalization of the well known result by Christ and Kiselev in the LP setting (see [22]).
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3. Reduction to a nonlinear Schrodinger equation

As a first step we reduce equation (4.1) into a nonlinear Schrédinger equation with constant
coefficients, by a suitable change of variables. Let us consider the function A(t), defined in
(4.5); by the assumptions (4.2), (4.3), (4.4), A is strictly increasing, then the inverse function is
well-defined and continuous at each t € R; we will denote with ¢(¢) the inverse. Differentiating,
we notice that c solves the Cauchy problem

(4.33) { z’((g))az(cg)) =1

Then c is almost everywhere differentiable, except for the finite number of points whose images
via ¢ are the zeroes of a. In such points, the first derivative ¢’ is singular, and we can easily
estimate the order of the singularities, with the following Lemma, whose proof is an immediate
consequence of assumptions (4.2), (4.3), (4.4):

LEMMA 4.1. Let a satisfy assumptions (4.2), (4.3) and (4.4) and let X\ be the highest order
of the zeroes of a; let us consider the set

Z :={teR:a(c(t)) =0}.

Then, ¢ has a pole in each ty € Z, and the highest order of these singularities is \/(A+1). In
particular, for any real interval I, we have

(4.34) ¢ e L3 °(]).
Now, let u be a solution of (4.1), and let us define
(4.35) w(t, z) = ulc(t), z);

we easily check that w solves

iwg + Aw = +c () |w|" 1w

(4.36) { w(0,2) = f(z).

In what follows, we are going to look to solutions of (4.1) (or equivalently (4.36) of the integral

form
(4.37) u(t) = ADAf 1 / (A=A 1=y (s ) ds,
0
t
(4.38) w(t) = e f +i / A (s)|w] " w(s) ds.
0

4. Conservation laws

The aim of this section is to present the main conservation properties of equation (4.1), to
be applied in the passage from local to global well-posedness.

We start by the conservation of mass, i.e. the L2-norm of the solution. By a formal com-
putation, multiplying the equation in (4.1) by u, integrating and taking the imaginary parts of
the resulting identity we obtain

(4.39) Ju(®)ll L2 = l[u(0)[]2-
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Clearly, this computation makes sense if some regularity property is assumed for u: more pre-
cisely, if u is a, H' solution of (4.1), the above identity holds. In view to prove the well-posedness
of (4.1) in C(R; L?), we need to extend the a priori conservation (4.39) to a class of solutions
with less regularity. By the change of variables (4.35), it is sufficient to prove the property for
any solution w of (4.36): we prove the following Lemma.

LEMMA 4.2. Let U(t) = e, f € L? and let w be a solution of the integral equation

(4.40) w(t)=U@)f+ i/o U(t — s)(c(s)|w(s)]"  w(s))ds,

with w € LP"(I; LTT), for some Schrodinger admissible pair (p,q), and r > 2. Then the mass
of w is conserved, i.e. (4.39) holds.

PROOF. The argument is identical to the one introduced by Ozawa in [81], Proposition 1;
we write here the details for sake of completeness. Let us rewrite (4.40) as

(4.41) U(—t)w(t) = f :l:i/o U(=s)((s)|w(s)|"tw(s))ds.
Since U(t) is unitary on L? we have

lw®)lIZ2 = IU(~t)w(®)]Z.

=151 %23 (1. [ U utss)
2

(4.42) —1—‘/0 U(=s)c (s)|w(s)|" w(s)ds

Following [81], we exchange the order of the time integral and the scalar product in the middle
term at the right hand side of (4.42), that turns to be equal to

L2.

t
(4.43) :t2%/ (U(s)f, d(s)|w(s)|" T w(s)) ds;
0
this has to be interpreted as the duality coupling on
(L1 £2) N 2P (15 L7 x (DM 22) + 17 (1 L%’ﬂ)) :

with the choice
_4(q+1)
n(g—1)
Finally, a direct computation shows that the last term at the right hand side of (4.42) cancels

out the quantity (4.43) (see [81] for details), hence the proof is complete. O

In view to prove global H'-well-posedness for (4.1) we introduce the defocusing and focusing
energies Fq(t), E¢(t), defined by

(4.44) Eq(t)[u] = %a(t)llw(t)l\iz + ()77,

v+1

1

(4.45) By (t)[u] = Sa

1 1
®[[Vu(t)]F2 — ﬁllu(t)llﬁﬂ.
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As for the mass, a formal computation consisting in multiplying the equation (4.1) by @, inte-
grating by parts with respect to x and taking the resulting real parts, we see that

1
(4.46) Ey(t)[u] = o' ()] VullZz,
/ 1 / 2
(4.47) E(O)[u] = 5a ()| Vullze.
In terms of the solution w of (4.36), the energies are defined as
4.48 Ea®fw] = L1vo@Rs + D juwmn?
(4.48) a®)lw] =3IVl + =7 w5,
1 d(t) +1
(4.49) Ep()w] = 5 [Vw®)liz: po lw @715
where ¢ is defined by (4.33). The same formal computations as above lead to the identities
C//(t)
(4.50) Eg(t)[w] = oy 1||w|!'£ﬁ1,
d'(t
(4.51) By O] = 2wl

that are equivalent to (4.46) and (4.47). All these computations makes sense under the assump-
tion of H?2-regularity for u or equivalently w; as for the mass conservation we need to show that
identities (4.46), (4.47), (4.50), (4.51) are true for H'-solutions of (4.1) or equivalently (4.36):
hence we state the following Lemma:

LEMMA 4.3. Let f € H' and let w be a solution of the integral equation (4.40), with w €
LPr(I; W(},r), for some Schrédinger admissible pair p,q, and r > 2. Then (4.50) and (4.51)
hold.

We omit here the details of the proof, that follows the same lines of Proposition 2 in [81];
we only remark that the inverse change of (4.35) permits to obtain estimates (4.46) and (4.47)
for solutions u of (4.1) satisfying the same assumptions of the previous Lemma.

It is clear from the above estimates that both in the defocusing and in the focusing case the
energy is not conserved, and this is a difference with the case a(t) = 1. By (4.46), E/[u] has
the sign of @, hence it is clear that, by the assumptions on a, the energy cannot blow up in any
point ¢. This gives the following information about the gradient of u:

(4.52) a(t)|Vul32 < Ea(H)u] < C.

As a consequence, the only points in which ||Vu||z2 can blow up are the zeroes of a, and the left
hand side of (4.52) is bounded for all ¢.
The situation for the focusing equation is different: using the Gagliardo-Niremberg inequality

1 2+(y—1) 32 (v-1)2
(4.53) ul 735 < Cllull}s IVl 72,

we see by (4.47) that the energy is bounded from below by

1 C 24 (y—1)252 (y=1)2 -2
(4.54) Byo)l > 19l (5a(0) -~ wal V).
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Now, suppose by contradiction that |[Vu(t)||z2 blows up at some ¢ such that a(t) # 0. Then, if
v <1+ % (in other words (y — 1)§ — 2 < 0), as the mass is conserved, the right hand side in
(4.54) is positive and we have the estimate

(4.55) IVu(®)Z2 < CEf(t)ul,

for some C' > 0; hence also the energy blows up in t. By (4.47), (4.55) and the Gronwall’s
Lemma we see that E(t)[u] < oo, and this is a contradiction. As a consequence, the only points
at which the energy can blow up are the zeroes of a. On the other hand, suppose that a(t;) =0
and

IVu(@®)]| 2 = oo,

as t — t; , in such a way that

1 C 24 (y—1)2z2 (y-1)Z -2
(4.56) §a(t) - ﬁHUHLz SVl T >0,

if ¢ is very close to t; (in other words let us assume that the H'-norm blows up sufficiently fast).
Then, by (4.54) we get

(4.57) Ey(t)[u] = Ca(t)||Vul7s;

hence the energy is positive and, by (4.47), we have Ef(t;) < oo (because a’ is negative at the
left of ¢;). This means that (4.52) holds also in this case, i.e.

(4.58) a(t)|Vul32 < C,

for all t. We traduce (4.52) and (4.58) in terms of w, in fact by (4.35), (4.33) and (4.33) we
immediately obtain the following a priori estimate:

A

(4.59) Vw2, < C(t;i — c(t)) ™3,

for each ¢; such that a(t;) = 0 and ¢(t) close to t;. This estimate will be crucial in the proofs of
the global results.

5. L? global well-posedness

This Section is devoted to the proof of Theorem 4.1. Let us consider a solution w of (4.36)
and denote by g(w) = £/ (t)|w|'~ 1.
The solution of (4.36) is obtained as a fixed point of the map ¢ defined by:

(4.60) b(w)() = UM () — i /0 Ut — 8)g(w(s, )) ds,

where as usual we denote U(t) = e**. In what follows, we will prove that ¢ is a contraction in
suitable Banach spaces, by means of Strichartz estimates; we start with the critical case, that
is the simplest one.
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5.1. The critical case. Here we put our attention on the critical power

(4.61) vy=1+

n(A+1)
Let I = [-T,T] be a real interval, and let us denote
(4.62) X = X(p,q) = L®(I; L?) N LP?(I; L),

for any Schrodinger admissible couple (p,¢q), with 2 < p < oo; X is a Banach space with the

norm
1F|lx = |Fl|Loo(r;z2) + 1 Fll o2 (1;00.2)-
Applying estimates (4.21) and (4.22), with the choice s’ = 2 — ¢, for a small € > 0, we have

(163 o)l < C (192 + [0l o i)
By Holder inequality in Lorentz spaces (see [80]), and recalling (4.34), we have
(4.64) lo@)lix < € (112 + I el s 1))
where 77 is defined by
1 1 A
4.65 L A
( ) P A+1

combining (4.65) with the admissibility condition
2 ~
== ﬁ — Z, p > 2,
p 2 q
it turns out that 7 =7"/(7 — 1) satisfies
2 2 n o n
4.66 o
( ) r A+1 * 2 q

in the range

(4.67) max{2(A+1) 1} S Al

3y +17
By the definition of the Lorentz norms, we easily see that
A Lor ey = IRl Tperegemy
for any o > 0; hence, coming back to (4.64), we have proved that
(4.68) lo@)lix < C (1llzz + 1017 i gy )

Now, since the critical value of « is bigger than 1, we can choice € sufficiently small such as
s’y > 2; hence, by the embedding

LPT s LP® r <s,
we conclude that
(4.69) o) lx < € (I llz2 + 1010 g ) -
By simple algebraic computations, we see that the couple (pg, qo) defined by

(4.70) po =717, qo=4q7
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satisfies the admissibility condition

if and only if v is the critical value in (4.61).

REMARK 4.4. In Lemma 4.4, we will prove that the range condition pg > 2 can be satisfied,
by a suitable choice of 7 in the interval (4.67).

At this point, we come back to (4.69); with the choice (p, q) = (po, q0), we have the following
inequality:

(4.71) le(w)llx < C (Iflle2 + lwllx)

for some C' > 0. It is clear from estimate (4.71) that the map ¢ has a convex closed invariant
set, provided the initial datum f satisfies

[fllz> < eo,

for some ¢y > 0 sufficiently small; with similar computations, we prove that ¢ is a contraction
on X, then the local existence of a unique solution of (4.36). By the conservation of mass, we
conclude that the solution is global in time.

The proof will be complete after the following Lemma:

LEMMA 4.4. There exists a suitable choice of 7 in the range (4.67), such that the condition
po =71y > 2 is satisfied.

Proof. We distinguish the cases A > 1 and 0 < A < 1.
In the case A > 1, the condition (4.67) is

~ A+1
(4.72) 1<r< i;
A
the function
7=
r—1

is strictly decreasing with respect to 7, and the lowest endpoint ¥ = 1 obviously satisfies the
condition 2 < 7 < oo; hence we can choose 7 greatest as possible in the range (4.72), in order
to obtain the lowest value of pg > 2. We omit here the precise computations.

In the case 0 < A < 1 the condition (4.67) becomes

204+1) _ o _A+1
AT s AT
3A+1 A
as in the previous case, it is sufficient to prove that the lowest endpoint 7 = 2(A +1)/(3\ + 1)

(4.73)

largely satisfies the range condition 7y > 2. By a trivial computation we see that the inequality

2N +1) 2\ +1) 4],
BA+1 | 3a+1 n(A+ 1)

is satisfied, for A € (0,1), in any dimension n > 1, hence we conclude as in the previous case.
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5.2. The subcritical case. We pass to the study of the subcritical case
4

(4.74) 1§’y<1+m.
Let us consider the map ¢ defined in (4.60); the computations in the previous Section work until
estimate (4.68); to pass to (4.69) we need to exclude the case 7 = 1, for which we are not able
to choice € in such a way that s’y > 2. Anyway, the case v = 1 can be easily recovered by an
approximation argument that is identical to the one presented at the end of Section 6.2.

Once we have (4.69), we can apply Holder inequality in Lorentz spaces, and we get

(4.75) lo@)lix <€ (1l + 0l g T )
where
I v
4. R
(4.76) 5

and T = sup I. Now we impose the conditions

0>0, qdv=q,
that, in terms of 7 and p are the following:
(4.77) Ty<p,  dyv=4q.

Combining (4.77) with (4.66), (4.67) and the admissibility for the couple (p,q) we see that this
are compatible with the subcritical range (4.74). Moreover, with the same computations of
Lemma 4.4, we check that there always exists a choice of 7 such that 7~ > 2.

In conclusion, we obtained the following estimate

(4.78) lo@@)lx < € (Ifllz2 + Tlwlk )

it is clear that, if T is sufficiently small, ¢ has a closed convex invariant set, and with the same
computations we prove that ¢ is a contraction in X; finally, by the conservation of mass we
conclude that the solution is global in time.

6. H' local well-posedness

We pass to the proof of Theorem 4.2. At this level, the proof does not make any difference
between the defocusing and the focusing cases. As in the previous Section, we only have to show
the H'! local well-posedness for (4.36). Differentiating the equation (4.36) with respect to =, we
see that Vw solves the system
(479) { i (Vw), + A(Vw) = £/(t) (%“\wyvflw + %\www?w)

Vw(0,z) =V f(z),
at each component. Hence, writing
v+1
2

(4.80) Glw) =+ tvw + L= 5 \ww 3wV,

if w is a solution of (4.36) then Vw is a fixed point of the map

(4.81) d(w) =UB)Vf —i /O U(t — 5)(s)G(w(s, ) ds.
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Observe that we have the estimate
(4.82) |G (w)| < Clw] ™|Vl
where the constant C' > 0 depends on 7.

6.1. The critical case. We start with the critical case

As before, let us consider a real interval I = [-T,T] and the spaces X (p, ¢) introduced in (4.62).
Let w be a solution of (4.36); by Strichartz estimates (4.21) and (4.22) applied to (4.81), we
have

(4.84) lo()lx(pa) < CIV Fllze + C |l ™ V| 5w gy »

with the choice s’ = 2—¢, for some small € > 0. After recalling (4.34), we apply Holder inequality
in Lorentz spaces and we obtain

(4.85) 16(0)l|x(p.q)

where 77 is defined in (4.65). Moreover, the conjugate 7 satisfies the admissibility condition
(4.66) and the range condition (4.67).
We estimate the last term in inequality (4.85): by Holder inequalities in Lorentz and LP

(LT 9')

spaces, in both time and space variables, we have

—1
(486) H (I Las ) = H‘wl’y ‘ Lo (I;L91%) va”er (I;L92:2) »
under the following conditions:
1 1 1 1 1 1 1 1 1
(4.87) - =—+—, —=—+—, —+->-.
Ty T2 7 @ Q@ a 2

First, we impose the couple (r2,¢2) to be Schrédinger admissible, i.e.
2 n o n
4.88 _—_—=— — —, 742 > 2 :
(4.88) r2 2 @
this permits to treat the term of order one in inequality (4.86). For the nonlinear term in (4.86),

we need further conditions on the exponents rq, s, ¢;. If we impose that
(4.89) (y=1)r > 1, (v—=1q > 1, (v—1a>1,
we get the identity

(4.90) | w1

Lr1e(I,L1:e) wa (v—1)

r1,(v— 1>a([ L(v=1ay,(v— 1)&)

A crucial comment on the exponent a: by the third condition in (4.87), as s = 2 — ¢ and
€ is arbitrarily small, we can choose « arbitrarily big. In particular, let us take a such that
(v — 1)a > 2 (this is possible because the critical value of « is strictly bigger than 1); by (4.90)

and the Lorentz embeddings we can then estimate

(4.91) | w1

< Jlwlly

Lmo(I,L91:%) L(v 1ry, 2(I; L(v=1)aq, 2y

REMARK 4.5. In Lemma 4.5 we will prove that all the conditions we are imposing are
compatible, and hence we can choose the right exponents to have well-posedness in the suitable
spaces.
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Using (4.91), the inequality (4.86) gives
(4.92) |

S(LLA ") = HwHL(w Dr12(f,L (= Dars Q)HVUJHLW 2(I;L92:2)-

By Sobolev embeddings in Lorentz spaces (see e.g. [105]), we estimate

(493) HwHL('y 1)rq, 2(] L(v—1aq, 2) < vaHL('y 1)rq, 2([ LY 2)
where
(4.94) [

y  (r=Da
We are ready to impose the admissibility of the couple ((y — 1)r1,y), i.e.
2 n o n
(4.95) G =1n =5y (vy—=1)r; > 2.
A simple algebraic computation shows that (4.66), (4.87), (4.88), (4.94) and (4.95) are satisfied
if and only if ~ is the critical value in (4.83).
Finally, recollecting (4.85), (4.86) and (4.93), with the conditions (4.88) and (4.95), there

exist a Schrodinger admissible couple (p, ¢) such that

(4.96) 16(0) | x(pg) < CIVF Iz + ClIIVWl X0

for some C' > 0. The last estimate, together with Sobolev embeddings, proves that the map ¢ has
a closed convex invariant set in L% (I; H) N LPY(I; W9), provided ||V £||12 < € is sufficiently
small, for some Schrédinger admissible couple (p, ¢). With similar computations, we prove that
¢ is a contraction on the same space, then there exists a local solution of (4.36); finally, by the
energy arguments discussed in the Introduction, we conclude that the solution exists until the
first zero of a, in which the gradient can blow up.

The following Lemma concludes the proof, showing that all the conditions we imposed on
the exponents are compatible.

LEMMA 4.5. There exists a nonempty range for 7 in which the conditions (4.66), (4.87),
(4.88), (4.89) and (4.95) are compatible.

Proof. By (4.87), (4.89) and (4.95), we have
1ol g4t 11
re 7 2 @ q
then, summing the last two inequalities, we estimate
2 n 2 n
—+—>=+=—(1 1),
S B A CROICEE)
and using (4.88) and the admissibility condition (4.66) we obtain
2
A+1D(n+1)
The H'-critical value of 7 satisfies the last inequality, because

(n— )()\—i—l) A+1D(n+1)

(4.97) v>1+
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for each n, . The last effort we have to do is to control that the condition ro > 2 in (4.88) can
be satisfied. By (4.87), (4.89) and (4.95) we have

1 1 -1
4.98 >1—=——
(4.98) o T 2 ’
the condition (4.98) has to be consistent with ro > 2, then we observe that
1 -1 1
4. l—z—— 2— 2.
(4.99) = 2 <3® T(2—7) <

In the case v > 2, the condition (4.99) is obviously satisfied when 7 is in the range (4.67). On
the other hand, in the case 1 < v < 2, we easily verify that

3A+1° 2 —~’

hence, the new range condition for 7 is
2(A+1 ~ A+1 2
(4.100) max{?f)\l_l),l}<r<min{_;,2’y}.

Hence the proof is complete.
6.2. The subcritical case. We pass to the study of the subcritical nonlinearity

2 4
4.101 1+ — <<+ —.
(4.101) A+ Dn+2) = (n—2)(A+1)
The computations made for the H'-critical case in the previous Section work until estimate
(4.93), provided we exclude the case v = 1: then we have

(4.102) 60| x(p.g) < CIVFllz2 + CUVOIT G 2o V0l 21,022,
L (I;Lv:2)

for some C' > 0. The exponents 71,72,y, g2 satisfies conditions (4.66), (4.67), (4.87), (4.88),
(4.89) and (4.94); the consistence of these conditions will be studied in Lemma 4.6.

To treat the nonlinear term in (4.102), we apply Holder inequality for Lorentz spaces, with
respect to time, and we get

(4103) ||vaL('y 1)ry, 2([ Ly2 < T9||vaLP2 LU’2)7
where

1 -1
(4.104) R

r1 p

and T" = supI. Here the exponent p is fixed in the space X(p,q). We need to impose the
condition § € (0, 1], that means
p
( ) P+l (y—=Dri<p
the inequality on the left of (4.105) is weaker than the condition (4.89) for 71, that will be

discussed in Lemma 4.6. Hence, we impose the conditions

(4.106) (v-Dri<p, y=gq
that with a simple algebraic computation turn out to be true for the subcritical values
4
1<y<1+

(n—2)A+ 1)
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Finally, by (4.102) and (4.103), there exists a Schrodinger admissible couple (p, ¢) such that

(4.107) 16 x 0 < CIVSllze + CTOIVw ]}, )

Now let us denote by
(4.108) M =2C||V {2

and by Bjs the ball of radius M in the Banach space X (p,q); by (4.107) we see that ¢ maps
By into itself if

(4.109) T<OM 7.

With the same computation we see that ¢ is a contraction on X (p,q) provided (4.109) holds:
consequently, ¢ has a (unique) fixed point in X (p,q) and the local existence is proved. This
local solution can be uniquely extended in time until the first possible blow up point, by means
of the energy estimates in Section 4. Estimate (4.109) will be the crucial information to prove
global existence in the following Section.

To complete the local theory we need the following Lemma, analogous to Lemma 4.5:

LEMMA 4.6. There exists a nonempty range for T in which the conditions (4.66), (4.87),
(4.88) and (4.89) are compatible.

Proof. The proof is identical to Lemma 4.5; here we don’t have the condition (4.95). By
(4.87) and (4.89) we obtain
1 1 1

1
= > o+, > =~y + 1
. o7 7
summing the last inequalities we get
2 n 2 n
St o g -2

By (4.88) and the admissibility (4.66) the last inequality gives
2
A+ 1) (n+2)
as required in the assumptions. Finally, as in Lemma 4.5 we prove that the condition ry > 2

vy=>1+

can be satisfied, in a suitable range for 7. In fact, by (4.87) and (4.89) we have

1 1
S 22-so;
(] r
to be consistent with r9 > 2 we need that
1 1 1 3—2y
2——y< & => .
r 7 2 r 2
In the case v > %, the last condition is always satisfied in the range (4.67). On the other hand,

we easily see that

2(A+1) 2
— 1} <
max{ = < 3oy
forany A>0and 1 <y < % Hence, the required range for 7 is
2(A+1) - A+ 2
4.110 —1 < _
(4110) max{ 5 1} < F < min{2 o),
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and the proof is complete.

By means of Lemma 4.6 and the above computations, we have proved Theorem 4.2 in the
range
(4.111) 1+#§7<1+$.

A+ 1)(n+2) A+1)(n-2)
Now, with a simple approximation argument, we treat the lower powers
(4.112) 1<~< 1+m.
First, let us observe that
2 4

O+ T EDmy
for each A > 0, n > 2. Hence, by Theorem 4.1, for any initial datum f € H', there exists
a unique global solution w € C(R; L?) of (4.36), when ~ satisfies (4.112). Approximating the

1+

nonlinearity with a sequence of sufficiently regular functions, and applying the standard theory
(see e.g. [20]), we produce a sequence of approximated local solutions w, € C(I; H'), with the

uniform bound
(4.113) lwnller;my < C,

or some C' > 0. Moreover, the sequence w, converges to w strongly in C(I; L?), and by (4.113)
has a subsequence that converges weakly in C(I; H'). By the uniqueness of the limit we conclude
the proof.

7. Global H'! theory

This final Section is devoted to the proof of the global Theorem 4.3. As discussed in the
Section 4, the main difficulty is that the energy does not control the gradient of the solution,
hence we cannot say a priori that, starting from an initial datum in H', the solution remains in
H! for all times. Moreover, as it is clear from (4.109), the lifespan of the local solution goes to
0 as the initial norm goes to co: hence we are not a priori able to say that, iterating the local
existence, the series of the lifespans diverges, in such a way that the solution is global.

On the other hand, the energy investigation of Section 4 produced the information (4.59)
about the blow up rate of the gradient: by mixing (4.59) and (4.109) we show that our solution
is in fact global (under the assumptions of Theorem 4.3).

Let us denote by ¢y the first zero of a. Let € > 0 be small and ¢ be such that to — c(t) < ¢;
by the local theory we know that the solution w is in H' at the time ¢. Starting with the initial
datum in ¢, we iterate the proof of local solution: if we are able to cross the possible blow up
point we have done. By (4.109) and (4.59) we obtain the lower bound

_2A0=)
(4.114) T > C(ty — ct)) 2031,
where T is the new lifespan. We claim that the new solution cross the point ¢y, whose image
via ¢ is tg: this means that c(t) + T > to, i.e.

A(1—7)

(4.115) Oty — c(t)) 0D > tg — c(t).
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If € is sufficiently small, we can neglect the constants and (4.115) holds if

M=) g
2000 +1) —
or equivalently
Ay —1)
4.116 0> ——=.
( ) —2A+1)
The condition (4.116) has to be compatible with 6 € (0, 1], then we impose
Ay —1) 20 +1)
4.11 — <1 14 ———-".
(4.117) 0T D) S =7<1+ 3
It is easy to verify that, if n > 3, the critical exponent satisfies
4 2\ + 1)
4.118 14— <14 ——=
(4.118) RO TS W R W
for each A > 0; hence, by (4.116), we have a final condition on @ that is
Ay =1)
4.119 — 2 <0<
( ) 200+1) = —

The upper inequality in (4.119) was already discussed in Section 6. As for the lower condition,
by the definition (4.104) we have

(4.120) S 71)

We impose that

1 Ay —1) oA+1) 8
4.121 —— > —1 —
(4.121) o 200+1) ~ >0= 0 =Dn <= N1
for some small § > 0. If we assume that
2 1
(4.122) p> 20D,
inequality (4.121) is compatible with (4.89) and (4.106), and we have the final condition on r;:
oA+1) 4
4.123 1< (v—1 — .
(4.129 <r-pn< L

We recall that, by (4.87), it is necessary that r1 > 77; moreover the Holder conjugate 7 has to
live in the range (4.110). A simple computation shows that these conditions are compatible with
(4.123). Assumption (4.122) is not restrictive, in fact, once we performed a fixed point argument
for one choice of X (pg, qo), we can make the same, by interpolation, for all the choices p > py.
At this point, by (4.120) we get

2ri A+ 1) (y—1)
P=o DXy —1m
The right hand side of the last inequality is bounded by a great constant depending on §, that
is fixed. Hence there is a suitable choice of p (sufficiently large) such that (4.124) is satisfied.

(4.124)

In conclusion, all the above considerations hold in dimension n = 2, provided the more
restrictive assumption (4.117) is satisfied by 7. This completes the proof.
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8. Blow-up threshold for weakly coupled NLS

We can pass to another nonlinear example. Let us consider the following Cauchy problem
for two coupled nonlinear Schrodinger equations

ide + Ad + (|62 + Bly [P o) ¢ =0
(4.125) iy + A+ (|9 + Bl Pt) ¢ =0
$(0,2) = ¢o(z)  1(0,x) = vo(),

where ¢, 1 : R x R" — C, ¢g, %o : R — C, p > 0 and [ is a real positive constant.

This kind of problems arises as a model for propagation of polarized laser beams in bire-
fringent Kerr medium in nonlinear optics (see, for example, [76, 9, 41, 68] and the references
therein for a complete discussion of the physics of the problem). The two functions ¢ and
are the components of the slowly varying envelope of the electrical field, ¢ is the distance in the
direction of propagation, x are the orthogonal variables and A is the diffraction operator. The
case n = 1 corresponds to propagation in a planar geometry, n = 2 is the propagation in a bulk
medium and n = 3 is the propagation of pulses in a bulk medium with time dispersion (in this
case x includes also the time variable).

The focusing nonlinear terms in (4.125) describe the dependence of the refraction index of
the material on the electric field intensity and the birefringence effects. The parameter 5 > 0
has to be interpreted as the birefringence intensity and describes the coupling between the two
components of the electric field envelope. The case p =1 (i.e. cubic nonlinearities in (4.125)) is
known as Kerr nonlinearity in the physical literature.

We are interested in a slightly more general model, in order to cover the physical cases and
to discuss some results about Cauchy problem (4.125) from a more general point of view.

Our aim is to study the H' x H' well-posedness of problem (4.125), with respect to the
nonlinearity, in analogy with the case of the single focusing nonlinear Schrédinger equation

¥W+Aw+mWw=0

(4.126) ¥(0,2) = f(=),

for ¢ : R*" — C and f:R" — C.

The well known results for the single equation can be summarized as follows. By standard
scaling arguments it possible to claim that the critical exponent for the H' local well-posedness of
(4.126) is p = 2/(n—2) (see [20]). Indeed, contraction techniques based on Strichartz estimates
(see [47], [66]), permit to prove that (4.126) is locally well-posed in H! for p < 2/(n — 2) (see
46], [20)).

To pass from local to global well-posedness, it is natural to introduce the energy function
given by

1

2p+2

that is conserved along any solution ¢ of (4.126). For p < 2/n the unique local H! solution can

2 2
[ e

1
E(t) = §HV¢H§ - 2p+2°

be extended globally in time by a continuation argument. In the critical case p = 2/n, we can
also extend local solutions to global ones, provided the initial data are not too large in the L2.
Finally, for 2/n < p < 2/(n — 2) without restriction on the data, it is possible to prove that the
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L? norm of the gradient, in general, blows up in a finite time (see e.g. the original work [48] or
20]).

By a physical point of view it is very interesting to determine the threshold for the initial
mass of the wave packet, that is the L? norm of the initial datum, which separates global
existence and blow-up in the critical case. We recall that ¢ = e''u(z) € H' is a ground state
solution for (4.126) if u is a nonzero critical point of the action functional

Loz 1 2 2 1 2+4/n
Alu) = Bu) + 5llullz = 5 (IVullz + llulz) - WI\UIIQHW
having the smallest action level; clearly u solves
(4.127) —Au+u = |[u[*"u.

In [114], Weinstein proved that if the initial mass is smaller than a constant C,, depending only
on the space dimension n, than there exists a unique global H' solution; moreover C,, is the
L? norm of any ground state solutions of (4.126) and can be numerically estimated. Moreover
we want to point out that this kind of phenomena for the single equation present other kind
of universality properties related, for example, to the blow-up profile (see [9, 77, 78] and the
references therein).

Our main goal is to state the analogous result for the coupled system (4.125). The critical
exponent for the local H! x H! well-posedness has to be again p = 2/(n—2); so for p < 2/(n—2)
it is possible to prove that (4.125) possesses a unique local solution (see Remark 4.2.13 in [20]
and Section 9 below). The natural energy for (4.125) is the following:

@128) ) = (IV9l3+ IV61B) - 55 (101533 + 28wl + Iw13)

Also here it is possible to prove that E(t) is conserved (see Section 9); hence the same techniques
for the single equation can be applied to extend local solution to global ones. Now we can state
our first result.

THEOREM 4.5. Assume that p < 2/n. Then the Cauchy problem (4.125) is globally well
posed in H' x H', i.e. for any (¢o,v0) € H' x H' there exists a unique solution (¢p,1) €
C(R;H' x H').

Also here ground state solutions of (4.125) play a crucial role in the dynamics of the system.
In this case they are solutions of the form (¢,1) = €' (u(z),v(x)), where the functions u and v
have to be a least action solution of a elliptic system (see (4.136) below).

Since the birefringence tends to split a pulse into two pulses in two different polarization
directions, the properties of the ground state solutions of (4.125) depend strongly on the coupling
parameter. If 5 is sufficiently small, that is the interaction is weak, any ground state is a scalar
solution, i.e. one of the two components is zero. On the other hand when the birefringence is
strong, 5> 1, we have vector ground states, i.e. all the components are distinct from zero (see
[4, 74]). This suggest that the also the blow-up phenomena, in the critical case, should depend
on the parameter 5. It is natural to claim that in a weak interaction regime the behaviour has
to be exactly the same of the single equation. Otherwise if 8 > 1, we expect that the analogous
of the Weinstein threshold C), should depend on § also. These claims are proved in the following
main theorem.
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THEOREM 4.6. Assume that p = 2/n. Then there exists a constant C = Cy, g such that the
Cauchy problem (4.125) is globally well posed in H' x H' if

Igoll3 + ll2oll3 < C.

Moreover there exists a pair (¢o, o) such that ||¢ol|3 + ||1oll3 = Cnp and the corresponding
solution blows up in a finite time. The constant Cy, g has the following behaviour

Crp=Chy if B <221,
4.129
(12 Cup > D g,

where Cy, is the blow-up threshold of a single equation.

REMARK 4.6. In the supercritical case the solution of the Cauchy problem for (4.125) exists
locally in time, by the results in [20]. It is possible to prove that the solution exists globally in
time if the assumption ||¢o||?, ||¥0]|?> < 1 is satisfied (see Theorem 6.1.1 in [20]).

REMARK 4.7. As observed above, the Kerr nonlinearities (corresponding to p = 1) are
physically relevant; in this case the system (4.125) becomes

igr+ A+ (|6° + BlY[*) ¢ =0
ihe + Ay + (917 + Blf) ¥ = 0.
The above results (Theorems 4.5 and 4.6) can be summarized in the following way:

i) if n = 1 the Cauchy problem (4.130) is globally (in time) well posed in H' x H1,
ii) if n = 2 the cubic nonlinearity is critical, so the Cauchy problem (4.130) is globally

(4.130)

well posed for small data; moreover the blow-up threshold Cs g is constant for any
8 <1 and tends to infinity as § — +oo,

iii) if n > 3 a solution of the Cauchy problem (4.130) exists globally in time provided the
initial datum is sufficiently small in L% x L?.

The single equation with a Kerr nonlinearity has been studied also in bounded domains or
on compact manifolds (see, for example, [14, 15] and the references therein). The study of
coupled nonlinear Schrédinger equations in bounded domains or on compact manifolds should
be interesting in view to extend the results for a single equation.

The paper is organized in the following way: Section 9 is devoted to the proofs of the
existence results above, in Section 10 it is proved a Gagliardo-Nirenberg inequality (see (4.133))
which is the fundamental tool to obtain Theorems 4.5 and 4.6. Section 11 deals with a blow-up
result which shows the sharpness of constant C,, g, while in Section 12 the proof of Theorem 4.6
is completed.

9. Global existence results

The first part of this work is devoted to the proof of Theorem 4.5. The theory for the single
nonlinear Schrodinger equation (4.126) was developed in [46] and [63]; the proof of the local
well-posedness is a contraction argument based on Strichartz estimates, and the conservation of
both the mass and the energy allows to extend the local solution globally in time. The fixed
point technique also works in the case of a system, hence problem (4.125) is locally well-posed
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in H! for 0 < p < 2/(n —2). We omit here the straightforward computations, see for example
Remarks 4.2.13 and 4.3.4 in [20].

Let us now study the conservation laws for system (4.125). Multiplying the equations in
(4.125) by ¢ and v respectively, integrating in  and taking the resulting imaginary parts, we
see that

d 2 d 2 _
(1.13) isiz=0.  Lpyz=o

i.e. the conservation of the masses. Note that these computations make sense if ¢,1) are H'
solutions (it is possible to prove (4.131) also in the case of L? solutions, following for example
the techniques of [81]).

Now we consider the energy E(t) defined in (4.128). Let (¢,1) be a solution to (4.125);
multiplying the equations in (4.125) by ¢, and 1, respectively, integrating by parts in z and
taking the resulting real parts, we easily obtain the energy conservation

(4.132) E'(t) = 0.

This formal computation needs H? regularity for ¢,, but (4.132) makes sense (and can be
proved) also for H! solutions. To prove this, following exactly the same computations of Ozawa
n [81], Proposition 2; we omit here the details.

In order to obtain an a priori control on the gradient of the solutions, we introduce a
Gagliardo-Nirenberg inequality (see Section 10 below):
(4.133)

2p+2 +1 2p+2 +1-pZ n
(Iel323 + 2Bllwellf + 10l13553) < Cops (all3 + 013)" 7% (Iull3 + [ 90l3)7%

that gives the following bound from below:

1 C D, p+1-p% pl—1
(4.134) E(t) = §(IIV¢II§+ IV9]13) [1 - pnﬁ (ll3 + lIl3) 2 (IVol3 + IVolI3)"*
If p < 2/n, we easily see by (4.134) that the norms ||V¢||2, ||[V¢||2 cannot blow up in a finite
time, because of the conservation of both the mass and the energy; as a consequence, global
well-posedness in H' is proved in the subcritical range. The power p = 2/n is critical, in the
sense that this nonlinearity is sufficiently high to generate H' solutions blowing up in a finite
time. On the other hand, also in this case, the smallness assumption
pt+1
Chps

allows by (4.134) to obtain the same a priori control for the gradient in terms of the energy,

(4.135) (18113 + 11013)*™ <

hence the global existence in the Theorems 4.5 and 4.6 is proved. The last part of Theorem 4.6
is proved in Section 11.

10. Gagliardo-Nirenberg inequality

Our next step is to discuss, following the approach of [114], the behavior of the best constant
Chp,p in the Gagliardo-Nirenberg inequality (4.133); this will allow us to understand which is
the critical initial level defining the border line between global well-posedness and blow-up
phenomena. This involves the existence of minimal energy stationary solutions of (4.125) and
allows us to clarify the concept of ground state.
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Consider the functional

— 2 +1— 2
J, B(U v) (H CuH% + H Wf”%)pn/ (HUH% + HvH%)p pn/

D, )
(Hu”2p ;

p+1 2p+2 , wveH,
5+ 28lwel2E + IoI3E3)

the infimum of J,,, s on H' x H! is clearly the reciprocal of the best constant C,, , 5 in (4.133).
First of all we want to point out that, for any u,v € H' and for any p, A > 0, if we set
up A (z) = pu(Ax) and v, \(z) = po(Ax) it follows

lwunlls = WX ullz,  [|Vupalls = £ X" Vul3,
lopalls = 2A7" I3, (IVoualls = p? X7 Volf3,
2p+2 _ 2p+2 2p+2 _ 2p+2
||“u,/\||2£+2 = M2p+2)\ nHUH2§+2v ||UM,A ’2£+2 = M2p+2)\ n||UH2]€+2a

so that
Inp, (U, Vpn) = Jnp,s(u, 0).

Assume that the infimum of J, , g is achieved by (@, 0): since the value of the functional is
invariant with respect to the above scalings, we can assume that the best constant in (4.133) is
achieved by the pair (u, ) such that

(lali3 + 1213) = (Ivall + [Voli3) = 1.

Therefore (@,0) is a weak solution of the following system of two weakly coupled elliptic

equations
2 — 2 1
_@Aa_'_ ( n)p—i- o= (‘a|2p +6|a‘p71|6|p+1) @
2 2 Chp,s
2—n)p+2

1
~ 2p ~ p 1 ~ p 1 ~
= v|P + Bl m 0,

Now consider the pair (@, x,,,), corresponding to the choice of parameters

2 1/2p o 1/2
= A= :
: (Cn,p,ﬂ(Zp +2 - pn)> ((219 +2 - pn)>

this pair solves the following elliptic system

—Ady\ + Uy = (|au,k|2p + 5|au,>\|p_1|5u,/\|p+1) Uy \
_Aﬁu,)\ + f}u,)\ = (|ﬁu,>\|2p + ﬁ|1~’u,>\‘p_1|au,>\|p+1) @M,X

Note that the preceding system is variational in nature, so that any (weak) solution is a critical

[S4!

o,
——A
5 v+

(4.136)

point of the functional

1 1 2p+2 1 2p+2
hnpa,0) = 3 (17l + 101+l + Bol) = 52 (133 + Bl + 1igi3).

Recently the problem of existence of positive solutions for elliptic systems of this kind has
been studied by many authors (see, for example, [4, 7, 35, 71, 74, 96, 120]). In [74] particular
attention is given to the existence and some qualitative properties of the ground state solutions
of (4.136): a ground state solution is a nontrivial solution (i.e. distinct from the pair (0,0))
which has the least critical level. In particular it is possible to prove existence of ground state
solutions for system (4.136) solving the following minimization problem

(4.137) (u’ivr;év I p p(u,v),
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where N’ C H! x H' is the Nehari manifold, that is
2p+2 1y 12p+2
N = {(uﬂ)) #(0,0) : [[Vull3 + Vull3 + [lull3 + [[o]3 = [[ullzpis + 25““”“%1“””2@2} -

Since A is a smooth (of class C?) manifold containing all the nontrivial critical points of the
functional, that is all the weak solutions of (4.136), clearly a ground state solution has to realize
the minimum. We want to point out that I,, , g is bounded from below on N, so the minimization
problem (4.137) is well-posed, moreover it is possible to prove that any minimizing sequences is
compact (up to translations) and that the minimum is achieved.
Let
Mnp,s = ijr\1/f Inp,s = Inp,s(Tux, Upn)

be the level of any ground state solution of (4.136); we want to prove that there is a direct
relation between Cy, ;, 3 and m,, , 3. Recalling that any critical point of I, ,, 3 is a weak solution
of (4.136), multiplying (4.136) by (%,,x, U,,x) and integrating on R™ we obtain that

- - = 12p+2 - +1
IVt I3 + 113 = 15 42 + Bl a0l

(4.138)
1750113 + 12013 = 12013555 + Bl xuallp
Moreover in this case, Pohozaev identity reads
"2 1Vl + 1V
(4.139) 2 n
T op+2
Putting together the above identities we have that

PN (Va3 + 1Vol13) = (Vi

n ~ ~
)+ 5 (a3 + 15.13)

. 2p+2 - +1 ~ 2p+2
(113553 + 28131513 + 17013553

3+ IVTuAl3) = nmn .

e ~ i i 2
w2 (all3 + 19013) = (lauallz + 19ua013) = (2 —n+ p> M p, s

(11~ 112042 o ||PTE 4 |5) 2P T2
e (i3 + 2ol + o1g:3)

2p+2
~ 2p+2 - +1 ~ 2p+2 14
= (11355 + 260 x0T+ 19 353) = ==
All the above calculations imply that the following equalities hold
1 nP™2(2p + 2 — pn)Pti-rn/2
—_— 7 D pu— 7 D pu— p
Note that, in the critical case p = 2/n, (4.140) becomes
1 2 n 2/n n ~ 2 ~ 2\2/n
(4.141) m =2 /nmmm?/n,ﬁ =13 ([laull3 + 154 |2) .

The arguments above, in particular (4.140), show that a minimum point of .J,, ; 3, through
a suitable scaling, has to correspond to a ground state solution of (4.136) (or to a least energy
nontrivial critical point of I, , 3). Now, since in [74] it is proved the existence of ground state
solutions to (4.136), we have obtained the existence of a minimum point for the functional J,, , s
this shows that inequality (4.133) is sharp and that there exists at least a pair of functions for
which equality holds. More generally we have proved that the functionals J,, ;, 3 and I, , 3 possess
the same number of critical values.
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The validity of inequality (4.133) follows by the above arguments.

11. Blow-up results

In view to prove the sharpness of the constant C inthe statement of Theorem 4.6, we intro-
duce (following [48] and [89]) another physically relevant quantity, that plays a crucial role in
the analysis of blow-up phenomena: the variance V (t), which is defined by

(4.142) V(t) :/|x|2|¢(t,x)|2dx+/|x!2|¢(t,rc)|2d:r-

As in the case of a single Schrodinger equation, we will prove a relation between the time
behavior of V and that of the H'-norm of the solutions: as we will see in the following, the
precise calculation of the first and second derivatives of V' in terms of the solutions of (4.125) is
the main tool for the description of the blow-up (see for example [20] for a proof in the case of
a single equation).

More precisely, we prove the following Lemma:

LEMMA 4.7. Let (¢,) be a solution of system (4.125) on an interval I = (—t1,t1); then,
for each t € I, the variance satisfies the following identities:

(4143) V() =43 / (2 V) + (x- Vo)7] de,

dnp
(4144) V() =8 / (VP +1V9P) do— == [ (872 + 28l60"" + |u[*"*?) da.
Proof. We introduce the following notations:
z=(z...,2") eC™;

z~w:E PALTIA z,w € C™
i

_ Ou
N 81‘Z ’
Multiplying the equations in (4.125) by 2¢ and 2¢ respectively, and taking the resulting

u:R" = C.

Uj

imaginary parts, we obtain
0 — _
(4.145) 5110 == 23(9A¢) = —2V - (36V ),
0 — _
(4.146) 51 V17 == 23(PAY) = =2V - (IYVY).

Now, multiplying (4.145) and (4.146) by |z|?, and integrating by parts in x, we immediately
obtain (4.143).

In order to prove (4.144), let us multiply the equations in (4.125) by 2(z-V¢) and 2(z - V1))
respectively, let us integrate in x and sum the equations for the real parts, to get:

0 —2R / i@ VE)bula - V)] du + 2R / [(x- V&) Ab + (2 - VD) AY] da

2R [ [ VB (loP + 8lul o o+
@ V) ([P + Bl [y P~1)¢] da.
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We rewrite the last identity in the form
(4.147) I=1I+1II,

where

1=2% [ (@ Va)oula - V)] do
1= — 2R / (- VA + (z - V) AY] dr,

1= 28 | [(e- a1 + S+ oo
S TR + Bl ] do

For the first term, we have
1= R [0 (#9560 — 056, + 270,00 — 29057,) do
J
which can be written in the form

=% / i3 2 [(80): — (600); + W@y = (V0,);] de

—Z%/i [(x-V)p+ (x- Vip)ip] dx+n§re/i<¢q>t+¢wt)d:v-

Now we evaluate the last equality using the equations in (4.125), obtaining
(4.148) 1= jt%/ [(z-V¢)$+ (- Vip)i] dw—n/ (Vo> + V) da
+n / [0 + Bl P~ Do + (101 + Bl [P~ 0] da
= jt%/ (V)b + (z- V)] dm—n/ (IVe|* + |[VY|?) do
b [ (672 + 2800 + ) do.

A multiple integration by parts in II gives the Pohozaev identity

(4.149) = (2-n) / (IVol® + |[Vy|?) da.

As for the term III, we write it by components:

(1150) == Y7 [ {of (l6P7(2R50) + [0 (2R0,0)]
J

+Ba7 [|glPH P (2Re;0) + [Pl (2R;9)] } da.
Observe that

3 — 1
|61% (2R ;) + || (2R ;1) = el (,qj,]zpm . W\?”“) |

3 _ 2
(S P (29;6) + [P o (2000) = pfl (ol ) ;5

113
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hence, integrating by parts in (4.150) we have
n

T [ Q0P 4 wPr 1 2810p o) da.

Finally, recollecting (4.147), (4.148), (4.149), (4.151) and (4.143), we complete the proof of
(4.144). .

4.151 I =
(4.151) 5

REMARK 4.8. Note that (4.144) can be rewritten, recalling the definition of F, in the fol-
lowing equivalent form

s [ (6Pr ™+ 2300t 4 u+?) e

In the critical case p = 2/n the equation above reduces to

V"(t) = 16E(t);

(4.152) V'(t) = 16B(t) — 8

hence the variance V' of any solution of (4.125) with negative initial energy vanish in a finite

time. For each h : R®™ — C we can estimate
h

1Rl1Z2 = 1Rl 22 < [lalhll 2 ]

L2
by Cauchy-Schwartz inequality. As a consequence of the standard Hardy’s inequality we obtain

1122 < Nzl I VA 2

Applying the last inequality to any solution of of (4.125) with negative initial energy, since the
mass is conserved and the variance vanish in a finite time the L? norm of the gradient needs
necessarely to blow up in a finite time.

REMARK 4.9. Consider the following pair
z|?—4

e A(I-t) T -
U Vv
(1—t)”/2< <1—t>’ <1—t>>’
where (U,V) is a ground state solution of (4.136). This is an explicit example of a blow-up

solution, which shows that Theorem 4.6 is sharp. Indeed the pair solves (4.125) and has initial
value e~ {#*=0/4(U/ (), V(x)) which attains the critical blow-up threshold.

12. On the blow-up threshold

If p = 2/n, we have obtained the following characterization of the blow-up threshold
1 1

n
4.153 = =
( ) Cn,Z/n,B Cn,ﬁ n+ 2

where (U, V) is a ground state solution of (4.136). In order to prove Theorem 4.6 we have to

(012 + [VI3)*",

estimate the quantities involved in (4.153).

In [74] (see Theorem 2.5) it is proved that, if § < 22/ — 1, then any ground state of the
elliptic system (4.136) is a scalar function, that is one of the components of the ground state
solution is zero. So we can assume, without loss of generality, that the ground state is (z,0),
where z € H'! is the unique ground state solution (see [114]) of the equation

(4.154) —Az+z= \z|%z



12. ON THE BLOW-UP THRESHOLD 115

This implies that the constant (), 3 = C, depends only on n for any 3 < 22/7 _ 1, since
the coupling parameter S now does not play a role in the problem of selecting the ground
state solution. Moreover C), is exactly the blow-up threshold for a single nonlinear Schrédinger
equation, introduced and numerically computed in [114].

If g >22/n_1, (3 depends on n and 3 and its expression is unknown, but we can estimate
it using a suitable test-pair. Let Z be the unique positive ground state solution of

~Az4+2=(1+p8)2
it is easy to see that the pair (Z, £) is a positive solution of (4.136) for any 3; and the following

Sl

z,

inequality holds
1 n n

Cnp - n+ 2 n+ 2
Clearly we have an inequality since (Z, 2) could not be a ground state solution of (4.136).

(U1 + [VIR)*" < (2lI2[12) ™

Using the scaling as in Section 10 we can estimate C,, g with C),. Recalling that z is the
ground state solution of (4.154) and noticing that the L? norm of z is related to C,, (see (1.3)
in [114] and also (4.141)) we obtain that

2 ||Z”421/n _ n—+ 2
Il =355 = nas a0
Collecting the inequalities above we have

1+
Cn,ﬁ > (22/n> Cn7

so that the claim is proved. [

Now we give some concluding remarks.

REMARK 4.10. Note that it is possible to extend this argument to systems with more than
two nonlinear Schrodinger equations, using some results about the elliptic counterpart contained
in [4], Section 6.
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