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Introduction

In modelling a large variety of physical phenomena it happens to deal with families of variational
problems involving small parameters. The notion of I'-convergence [29, 31, 14] is very well
suited to the variational setting and, starting by those microscopic models, is widely used to
derive limiting “macro” theories not depending on any small parameter. Specifically, this notion
is nearly identical to that of convergence of minimum problems. More precisely, if € > 0 and

(F:) is a given family of microscopic energies, from
J RNy (O

we deduce that

(i) me :=min F, — m© := min FO as e — 0.
Not only: if the I'-convergence is coupled with some equi-coerciviness condition on the family
(F:) then

(ii) if for any fixed ¢ > 0, v. minimizes F;; i.e., F.(v.) = m. then, up to an extraction,

v: v as e — 0 and FO(v) = my.

The (ii) property can be sketched as
{limits of minimizers} C argmin(F©), (0.1)

where argmin(F©) := {u: FO(u) = m®} and the inclusion may well be proper, as it can be
seen by very simple and natural examples. Hence, in general, the description given by F(© can
be too coarse and the (zero order) I'-limit may fail to completely characterize the asymptotic
behavior of the family (F.). Then, the idea is that the computation of the I-limit F©) is only
the first step in the description of the asymptotic behavior of (F.), as it can be necessary to
refine the above limit procedure to select those minimizers of F(©) which are actually limits of
sequences (veg).

The most intuitive refinement procedure of the standard I'-convergence is the iteration of the
successive I'-limits [9]. Indeed, once the next meaningful scale A (g) (AW (g) > 0, AD(e) = 0
as € — 0) is conjectured, we may look at the I'-limit of the scaled family of energies

F.(u) —m©
N AD () 7

and if it exists, we denote it with F(!). Notice that the domain of F() is by definition a subset
of the set of minimum points of FO e,

dom(F™M) C argmin(F©).
5
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6 INTRODUCTION
If FU) is not trivial, then the iterated application of (i) leads to a better development of the
minimum values

me =m© + XV (@)m® + oAV (), ase -0

with m®) := min F),

It is also clear that the minimizers for FE(1

)

deduce that v not only minimizes F(©) but also F(!). Loosely speaking, we have

are exactly those for Fy, then in view of (ii) we

{limits of minimizers} C argmin(F") C argmin(F©)),

thus we have actually made a selection among minimum points of F(©).
Finally, the combined computation of the zero and of the first order I'-limit as above is
formally written as the I'-development

F.=FO 4 X0 () FM 4 o(AD (),

with o(A(!) (¢)) meaning that the next interesting scale is of order less than A (¢), as ¢ — 0.

If necessary, this procedure can be iterated obtaining other scales A2 (g), \®)(¢),... and
consequently other terms in the development. This may provide a considerable improvement of
(0.1) and, in some cases, may give a complete characterization of the asymptotic behavior of
(F.).

Notice that moreover, since in the applications one would like to construct theories operative
at small but finite €, a development by I'-convergence can be also viewed as the simplest way to
bring a small scale back into the problem.

A well-know example of a I'-development is that of the gradient theory of phase transition
40, 39].
Consider the family of minimum problems

m. = min {Fa(u) s u e WH(0,1), /01 udr = d} . F(u):= /01 (W (u) + e*(u')?) da,

with |d| < 1 and W a double-well potential with wells at +1 (e.g., W (u) = min{(u — 1)?, (u +
1)2}). Then the I'-limit of (F.) computed with respect to the weak L2-convergence is simply

1
Kk . 1
FO) () — /0 W*(u)dz if uwe L*(0,1) and [, uds =d

400 otherwise,

where W** is the convex envelope of W.

By Jensen’s Inequality min F(O) = W**(d), moreover W**(s) = 0 = W**(d) for every s
such that |s| < 1. Then the zero order I'-limit only provides the information that sequences of
minimizers (v.) may develop oscillations and their weak limit can be any function v € L?(0,1)
such that |v| < 1 a.e. and satisfying the volume constraint fol vdxr =d.
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INTRODUCTION 7

A simple scaling argument (see [3, 14]) shows that the next meaningful scale is A1) (g) = e.
The first-order I'-limit is given by

Cw#S(u) if we BV((0,1);{£1}) and fol udr =d

400 otherwise,

FW(u) =

where S(u) denotes the set of discontinuity points of w and Cy = 2 fil VW (s) (Modica-
Mortola’s Theorem).

Now, the minimizers of F(!) are only the two functions =sign(z — %d) and we deduce the
convergence of (v:) to one of this two functions. In this case, the Modica-Mortola Theorem also
improves the convergence to strong L?-convergence.

As the development of minimum values is concerned, we get
me =eCw +o0(e), as € —0.

On this example, it is also possible to compute the next meaningful scaling that is A2 (e) =
ee1/2 and thus we may further write

me :ECW+€€_1/2€5W+0(€6_1/26), as € — 0.

However, the minimizers being essentially uniquely characterized by the analysis at order ¢, this

last information only provides a better approximation of the minimum values m..

In a general framework one does not encounter problems containing a single parameter but
rather energies depending on different small parameters. In fact a physical model with a varia-
tional structure may well contain, for instance, small parameters of various nature (e.g., consti-
tutive, geometrical).

In this first chapter of this dissertation we investigate the combined effect of small-scale het-
erogeneities (fine microstructures) and singular gradient perturbations on the asymptotic devel-
opment described above. Specifically, we focus on a prototype that is a special, one-dimensional
variant of Modica-Mortola (or van der Waals-Cahn-Hillard) energy as we are mainly interested

in a careful description of the different meaningful scales involved in the I'-development.
The model we analyze is the following: let k& be a real number such that 0 < k& < 1; for all

g,0 > 0 consider the functional ng((go) : L2(0,1) — (0, 4+oc] defined by

J

400 otherwise,

/O1 (W’“ (fu) + 62(u’)2) dr if w e W2(0,1)

FEO (u) = (0.2)

where W* : R x R — [0, +00) is such that

. sin 27y
W¥(y, s) == W(s — kug(y)) with ug(y) := [sin 27y

and W is the double-well potential given by
W(t) = min{(t — 1) (t +1)*}.
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8 INTRODUCTION

F1GURE 1. The double-well potential W.

Then we may interpret this situation as modelling the presence of spatial heterogeneities at a
scale ¢, which locally determine the zero set of the potential W*. Moreover, a simple dimensional
analysis shows that the pre-factor €2 multiplying the gradient term, introduces € as a length scale
to the problem. Finally the (fixed) parameter k, which will play an essential role in the creation
of the scales occurring in the development, simply gives the width of the translation of the
potential W* with respect to W, on each period. Notice that in particular for k =0, W* =W
and (0.2) reduces to

1
R = [ W+ ) de

For the vectorial analogous of the investigated problem, we refer the reader to [34] where, among
other, a complete and very general analysis of the zero order I'-limit is given.

A similar, though in some aspects more complex, model was recently proposed in [32]. The
authors consider a perturbation of Modica-Mortola energy by a rapidly oscillating field with
zero average. More precisely they consider the functionals

W (u) s 1 sz
/Q <T + e|Vul” + gg(g) u> dx,

where ¢ is a 1-periodic function and W a general double-well potential. Then when v > 0 both
the amplitude and the frequency of g become large (for € small) and the infimum of the energy
can even tend to —oo as € — 0. Hence, to fit in the framework of I'-convergence, the introduction
of an additive renormalization is needed. So if on one hand in our model we do not encounter
the difficulty arising from this renormalization (and in particular from the related fact that the
functionals have nonconstant global minimizers whose energy is not uniformly bounded from
below), on the other hand, our particular choice permits to detail an asymptotic expansion that

is not pursued in [32].
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INTRODUCTION 9

(w\ wer) x {0}

FIGURE 2. The domain Q7 .

For an ever increasing variety of applications, another interesting (multi-scale) problem to be
explored is to model the debonding of a thin film from a substrate.

If we consider a stretched film bonded to an infinite rigid substrate, the elastic energy of this
film scales as its thickness. If the film debonds from the substrate, on one hand its elastic energy
tends to zero, while on the other hand this creates a new surface and then an interfacial energy
independent of the thickness.

In [11] Bhattacharya, Fonseca and Francfort examine, among other, the asymptotic behavior
of a bilayer thin film allowing for the possibility of a debonding at the interface, but penalizing
it postulating an interfacial energy which scales as the overall thickness of the film to some
exponent. Thus the energy they consider consists of the elastic energy of the two layers and the
interfacial energy with penalized debonding.

The second chapter of this dissertation deals with thin films connected by a hyperplane (sieve
plane) through a periodically distributed contact zone. Thus we see the debonding as the effect
of the weak interaction of the two thin films through this contact zone and we recover the
interfacial energy term by a limit procedure.

Since we are mainly interested in describing the interaction phenomenon due to the presence
of the sieve, we make a simplification choosing two thin films having the same elastic properties
(for a generalization to the case of two different materials interacting, we refer the reader to [5]).

Consider a nonlinear elastic n-dimensional bilayer thin film of thickness 26 with layers con-
nected through (n—1)-dimensional balls B?~1(z%) centered in 25 := ig, i € Z"~! and with radius
r > 0. Thus the investigated elastic body occupies the reference configuration parametrized as

Q‘;r =wUwlU (we,r x {0})

where w is a bounded open subset of R*™!, w0 := w x (0,6), w™® := w x (=4§,0) and Wep 1=
Usezn-1 B 1(a5) Nw (see Figure 1).
In the nonlinear membrane theory setting the (scaled) elastic energy associated to the material

modelled by ng is given by
1
= W(Du) dx, (0.3)
0 Jaz,

where w : Qg’r — R™ is the deformation field and W is the stored energy density.
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10 INTRODUCTION

The I'-convergence approach has been used successfully in recent years to rigorously obtain
limit models for various dimensional reductional problems (see for example [12, 18, 19, 38, 47]).

We study the multiscale asymptotic behavior of (0.3) via I'-convergence, as €, 6 and r tend
to zero, assuming that 0 = d(g), r = r(g,d) and with W : R™*" — [0, +00), Borel function
satisfying a growth condition of order p, with 1 <p <n — 1.

The case p = n — 1 requires a further appropriate analysis and it cannot be easily derived
from p < n—1 by slight changes. Unfortunately, three dimensional linearized elasticity falls into

this framework.
4

E,7)

Since the sieve (w \ wer) x {0} is not a part of the domain 2., for any fixed ¢,4,r > 0
we have no information on the admissible deformation across part of the mid-section w x {0}.
This possible lack of regularity might produce, in the limit, the above mentioned debonding and
correspondingly an interfacial energy depending on the jump of the limit deformation. Moreover,
we expect that this interfacial energy will depend on the scaling of the radius of the connecting

zones with respect to the period of their distribution and the thickness of the thin film.

The cases 6 = 1 and § = ¢ have been studied by Ansini [5] who proved that, to recover a
non trivial limit model; i.e., to obtain a limit model remembering the presence of the sieve, the
meaningful radius (or critical size) of the contact zones must be of order (~1/("=P) and gn/(n=p)
respectively. In fact a different choice should lead in the limit to two decoupled problems (if
r tends to zero faster than the critical size) or to the same result that is obtained without the
presence of connecting zones in the mid-section (if r tends to zero more slowly than the critical
size).

The proofs of the I'-convergence results in [5] (see Theorems 3.2 and 8.2 therein) are based
on a technical lemma ([5], Lemma 3.4) that allows to modify a sequence of deformations u.
with equi-bounded energy, on a suitable n-dimensional spherical annuli surrounding the balls
Bﬁfl(xf ) without essentially changing their energies, and to study the behavior of the energies
along the new modified sequence. Both in the case § = 1 and § = ¢ the ['-limits consist of
three terms. The first two terms represent the contribution of the new sequence far from the
balls B"~!(z5); more precisely, they are the I'-limits of two problems defined separately on the
upper and lower part (with respect to the ‘sieve plane’) of the considered domain. The third
term describes the contribution near the balls B"~!(x%) through a nonlinear capacitary-type
formula that is the same for both 6 = 1 and § = . The equality of the two formulas is due to
the fact that the radii of the annuli suitably chosen to separate the two contributions are less
than ce, with ¢ an arbitrary small positive constant. In fact as a consequence, all constructions
can be performed in the interior of the domain, and the same procedure yielding the nonlinear
capacitary-type formula, applies for § = 1 and for § = ¢ as well. The cases € ~ § and € < § can
be treated in the same way.

This approach follows the method introduced by Ansini-Braides in [7, 8] where the asymptotic
behavior of periodically perforated nonlinear domains has been studied; in particular, Lemma
3.4 in [5] is a suitable variant, for the sieve problem, of Lemma 3.1 in [7].
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INTRODUCTION 11

For other problems related to this subject, we refer the reader to Attouch-Damlamian-Murat-
Picard [28], [41], [42], Attouch-Picard [10], Conca [23, 24, 25], Del Vecchio [30] and Sanchez-
Palencia [45, 44, 46], among others.

We focus our attention on the case § = d(¢) < €. As in [5], we expect the existence of a
meaningful radius r = r(e,0) < ¢ for which the limit model is nontrivial but now we expect
also to find different limit regimes depending on the mutual vanishing rate of r and §. Moreover
Lemma 3.4 in [5] cannot be directly applied to our setting since the spherical annuli surrounding
the connecting zones B !(x%) as above, are well contained in a strip of thickness ce but not
in ng (0 < €). However, we are able to modify Lemma 3.4 in [5] by considering, instead of
spherical annuli, suitable cylindrical annuli of thickness of order ¢ (see Lemma 4.2 and Lemma
4.3).

As a consequence, also in this case the asymptotic analysis of (0.3) as €, § and r tend to zero
can be carried on studying separately the energy contributions far from and close to Bﬁfl(xf );
we get three terms in the limit. The first two terms still describe the contribution ‘far’ from the
connecting zones; i.e., they are the I'-limits of the two dimensional reduction problems defined
by

1 1
= W(Du) dx , —/ W(Du) dx;
0 J+s 0 Jo-o6
while the third term, arising in the limit from the energy contribution close to the connecting
zones, represents the asymptotic memory of the sieve: it is the above mentioned interfacial

energy.

The main results of this paper are stated in Theorem 3.3 and Theorem 3.6. In Theorem
3.3 we prove a I'-convergence result for the sequence of functionals (0.3) while in Theorem
3.6 we give an explicit characterization of the interfacial energy term occurring in the I'-limit.
More precisely, for every sequence (g;) converging to zero, we set 6; := d(¢j), rj := r(gj,0;),

5.
Q= Q r, and
1
6_/ W(Du)dz if u € WHP(Q;; R™)
- Ja.
Fiwy=q

+00 otherwise .

Up to subsequence we can define

= 1 r—] = 1 p 71
€.—j£rfoo ; and g(F): jgrfoorj QW (r; F).

where Q, W is the n-quasiconvexification of W.
If ¢ € (0,400] and

n-1-p
0<RY .= lim 0 < 400,
j—rtoo 5?

then (F;) I'-converges to

FO@r u) = / QAW (Dout) dzg + / QW (Dgu~) dzg + RO / OO (ut —u7) dg

w

Preliminary version — October 30, 2006 — 12:04



12 INTRODUCTION

on WIP(w;R™) x WIP(w;R™) with respect to the convergence introduced in Definition 3.1,
where W (F) = inf{W(F|z) : 2 € R™}, Q, 1W is the (n — 1)-quasiconvexification of W and
©® : R™ — [0,400) is a locally Lipschitz continuous function for any ¢ € [0, +00]. Similarly, if

¢ =0 and
r.
Jj—r+oo (5]' €

then we still have I'-convergence, as above, to
FO (ut,u™) = / Qn AW (Dou™) dx, —|—/ Qn AW (Dou™) dzo + RO / 4,0(0) (ut —u7) dzg

on WIP(w;R™) x WP(w;R™).
For any ¢ € [0, 00|, gp(g) is described by the following nonlinear capacitary-type formulas:
(1) if £ = 400, then

) (2) = inf{/w_1 (Qn—1 G(DaCh) + Qn—lg(DaC_)> dzo: (* € WEP@R™,R™),,
CHo ¢ B0, Duct € DRI RTO-D),
(¢t —2),( € LP*(R”—l;Rm)}
where again, g(F) := inf{g(F|z) : z € R"} and Q, 17 is the (n — 1)-quasiconvexification of g,
(2) if £ =0, then

pO(z) = inf{ / g(D¢) dx : ¢ € WiP(R™\ C1 00 R™), DC € LP(R™\ Cy o0; R™™),
R?\C1,00

¢ — 2z € LP(0,400; LP (R" 1 R™)) and ¢ € LP(—00,0; LP (R"l;Rm))} :

(3) if £ € (0, +00), then
p(z) = inf { / 9(DaCltDn) da : ¢ € WP (R™! x (=1,1)) \ C1 00, R™),
R*=1x(-1,1)
D¢ e LP(R™ ! x (=1,1;R™), ¢ —z€ LP((0,1); LY (R} R™))
¢ € LP((—1,0); L7 (R"lsRm))} ,
where C o = {(24,0) € R" : 1 < |z4]}.

Before giving a brief heuristic description of each regime, we want to point out that whatever
the value of £ is, the interfacial energy density gp(g) corresponds to a cohesive interface where

the surface energy increases continuously from zero with the jump in the deformation across the

interface.
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INTRODUCTION 13

(1) The case £ = +oo corresponds to §; < r; < ¢;, thus we expect r; to depend only on
€j. In this case we have a separation of scales effect. We first consider r; and ¢; as ‘fixed’” and
let §; tend to zero as if we were dealing with two pure dimensional reduction problems stated
separately on the upper and lower part (with respect to the sieve plane) of ;. Then this first
limit procedure yields two functionals being both a copy of the functional in [38]. Since the two
corresponding limit deformations «* and v~ must match inside each connecting zone, the above
two terms are not completely decoupled. We are then in a situation quite similar to that of
[7, 8], except that here both periodically ‘perforated’ (n — 1)-dimensional bodies are linked each
other through the ‘perforations’; i.e., through the holes of the sieve and not through the sieve
itself. Thus it is coherent to find a critical size of order e(®~1/("=1-P)  Moreover this strong
separation between the phenomena of dimension reduction and ‘perforation’ leads to anisotropy
as it can be seen, for instance, also by an inspection of the proof of Lemma 6.2 which shows
that the extra interfacial energy term appears thanks to suitable dilatations having a different
scaling in the in-plane and transverse variables. Finally we note that the formula for gp(oo) is
given in terms of a ‘Le Dret-Raoult type’ functional involving the limit of the right capacitary
scaling (that is, involving the function g).

(2) The case £ = 0 corresponds to r; < §; < €;. In this case we expect that the critical size
rj depends on both J; and ¢;. Indeed, as already pointed out, r; is of order 5;/ (n=p )5§"71)/ (n=p)
Note that for §; = ; we recover ¢/ ("~P) that is the critical size obtained in [5]; moreover ()
turns out to coincide with the function ¢ in [5] (see Remark 7.3). Contrary to the previous case,
now the isotropy is preserved in fact here the dimensional reduction and ‘perforation’ processes
are not completely decoupled: the reduction parameter J; is forced between both parameters 7;
and €;. This can be seen also by noticing that now the scaling leading to the interfacial energy is
the same in every direction (see for instance the proof of the I'-limsup inequality). Moreover now
in go(o) the reduction procedure is not explicit but only witnessed by the boundary conditions
expressed only on the lateral part of the boundary of the considered domain.

(3) The case £ € (0,400) corresponds to 7; ~ §; < €;. In this case the separation of scales
effect does not take place and the two previous scalings turn out to be equivalent (R(O) =/ R(Oo)).
Moreover we find that the interfacial energy is continuous with respect to £ in the extreme
regimes; i.e., RO¢O(2) — R()p(®)(2) as £ — 400 and ROp®) (2) = RO (2) as £ — 0.
Finally, as in the previous case, the lateral boundary conditions are the only mean describing
the dimensional reduction phenomenon in the procedure leading to gp(g).
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CHAPTER 1

A model for the interaction between oscillations and surface

energy

1. Zero order I'-limit

As already observed, our energy is a particular, one-dimensional version of a more general,
multidimensional energy introduced in [34]. Thus, with in mind the idea of a I'-development
for (0.2), in this section we adapt to our setting the I'-convergence results of Theorem 2.1 and

Theorem 2.3 in [34].
These two results are summarized in the following theorem.

THEOREM 1.1. Let 6 = d(¢) be such that § — 0 as € — 0 and set
d(e)

£:= lim —=.
e—=0 €
Then the family of functionals Fakm) = F:;((S(()i) defined as in (0.2), T'-converges with respect to

the weak L?-convergence to the homogeneous functional defined on L?(0,1) by

FrO ) = /01 Wk (u) dz . (1.1)

Moreover the integrand Wf depends on £ in the following way:
(1) if £ = 400, then

Wk (s) = inf{/o1 Wk(z,v)dz : v e L*0,1), /Olvd:c = 5} ; (1.2)

(2) if £ € (0,400), then
W§(s) = inf inf {][n(Wk(x,v) + iz(v')Q) dz : ve Wh2(0,n), ][nvdx = s} ;
neN 0 14 0
(3) if £ =0, then
W(s) = (W)™ (s)
where

1
Wk(s):/o Wk(y, s) dy. (1.3)

REMARK 1.2. From the definition of W¥*, a priori we only know that the family (Fsk(o)) is
equi-coercive with respect to the weak L?-convergence (for any choice of § = §(¢)), for this
reason in Theorem 1.1 above, the I'-limit is computed, in each regime, with respect to that

convergence.

15
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16 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

We only give a brief heuristic description of the result stated above while we refer the reader

o [34], for a rigorous proof.

(1)

1.1.

The case £ = +o0 corresponds to € < §; i.e., to the case in which the scale of oscillation
0 is much larger than the scale of the transition layer €. The result is that we have
a separation of scales effect, indeed we may first regard § as fixed and let ¢ — 0 and
subsequently let § — 0. In this way, we first obtain an inhomogeneous functional which
can be explicitly computed as

! T
/0 (Why= (g,u) dx

where the convexification of W* is with respect to the second argument. Then the limit
as 0 — 0 falls within the framework of homogenization leading to an integral functional
whose density is the convex, homogenized potential given by the cell formula (1.2).
Hence, we have that in this case the presence of the singular perturbation does not
affect the homogenization process.

The case ¢ € (0,400) corresponds to € ~ d; i.e., is the case in which ¢ and § are
comparable. Now the two effects cannot be separated and the presence of the singular
perturbation contributes to the definition of Wf.

The case £ = 0 corresponds to € > §. In this case we again find a separation of scales
phenomenon: the total effect is that the singular perturbation forces the homogenized
energy to be (the convex envelope of) the average of the microscopic energy over the
period.

The effective potential Wf. Since we are interested in describing how the two

different parameters € and ¢ interacts in the coming up of the various scales of the I"-development,

from now on we focus only on the two regimes § > ¢ and § < ¢, the regime § ~ ¢ being, somehow,

less interesting than the extreme ones.

The starting point of our analysis consists in a complete characterization of the zero order

I-limit.

Then, recalling the definition of our given WP, in this section we want to find the

explicit expression of the effective potential Wf for £ = 400 and £ = 0.

If £ = +00, Theorem 1.1 asserts that W is given in terms of the cell formula (1.2), that is

equivalent to

W (5) = min{/ol(Wk)**(x,v) do v e L2(0,1), /Olvdx _ s} ,

thus by using Jensen’s inequality it is easy to check that

1 1
WE (s) = min {§W**(51 —k)+ §W**(82 +k): s1+ 5= 25} .

Finally, a straightforward calculation gives

0 if [s| <1

(Js| —1)2 if |s| > 1. (1.4)

Wh (s) = W™ (s) = {
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2. OPTIMAL SCALINGS 17

If ¢ = 0, then trivially

-k

W"(s) = %(Wk(s_k)+Wk(s+k)) _ 82+ (1 —k)? it |s| <k

82 —2ls| + k2 +1 if |s| >k

hence by a direct computation we get

k> if |s| <1
Wh(s) = ol
s2—2s| + K2 +1 if [s|>1
for k < %,While
s2+ (1 - Fk)? if [s| <k-—3
3
We(s) = (2k = 1)ls| =k + 5 if k—3<|s|<k+i
s —2s|+k*+1  if |s|>k+3
fork>%.
A
W
5k
N /ﬁ\W
/ \\ /0
/ ~d.7 \
L/ CETORAN
—i 0 i s

F1GURE 1. The effective potential Wé‘; for k < % and k > %

2. Optimal scalings

In the previous section we show that the effective potential Wf admits “many” minimizers for
both £ = +oo and £ =0, k < %; more precisely, W/ (s) = min W} for every s such that |s| < 1.
As a consequence, every function u € L?(0,1) satisfying |u| < 1 a.e., is a minimum point for
the zero order I'-limit Ff ©, Hence, if for any fixed ¢ > 0, v. minimizes Ff © (notice that the
existence of a minimizer for Fak(o) over L2(0,1) can be proved via standard lower semicontinuity

(0)

and compactness results) then the fact that every limit point v of (v.) minimizes F, Zk actually

gives few information about v.
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18 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

As v, minimizes also

k(0) (0)

o7 —my
SIS (2.1)
for every A(V(g) > 0, with m@o) = min ng(o)’ information about the limit points of (v.) can

be recovered also by the I'-limit of the scaled functionals (2.1), which may be less trivial for
a suitable choice of )\(1)(6). So now the problem arises of finding the optimal scaling; i.e., the
AD () such that the I-limit of (2.1) gives the largest amount of information. Once A1) (¢) is
determined, the I-limit of the scaled family of functionals (2.1) will be the first order term of
the I'-development.

At this point some scale analysis must be performed for both £ = 400 and £ = 0, k < %, to
understand what the relevant scaling A(")(¢) is. Moreover, we remark that we expect AV (g) to
depend also on the regime /; to make the dependance explicit, in the sequel we denote this scale
by A (e).

If needed, in the following we iterate this analysis to obtain more scales in the development
and consequently a more accurate description of the limit points of (v.).

Finally, referring to the remaining case £ = 0, k > %, we want to point out that the non strict
convexity of Wé“ (see Figure 2) allows us to determine an asymptotic development for Ff © i
this case too, as we detail in Section...

3. d > e: oscillations on a larger scale than the transition layer

In this section we treat the case when the scale of oscillation ¢ is much larger than the scale of
the transition layer ¢; i.e., the case £ = 400.

In order to guess what the first meaningful scale )\g,) () is, we start by performing a prelim-
inary qualitative scale analysis.

Using the same argument proposed to examine Modica-Mortola’s Model [40, 39] we want to
estimate the order of m’§<0) := min ng(o), as € — 0.

To this aim, we focus our attention on a single d-interval: say the interval (0,0). Then, when
we come to minimize Ff (0), on one hand the term f05 Wk(ﬁ, u) dx favorites those configurations
which takes values “close” to the (varying) zero set of W*; i.e., close to (at least) two different
constant values one chosen in {1 + k,—1 + k} when z € (0, %), while the other chosen in
{1 —k,—1—k} when z € (%, 5). In other words, the potential term in the energy favorites a
phenomenon of phase separation. On the other hand, the gradient term &2 foa(u’ )2 dx penalizes
spatial inhomogeneities thus inducing a phase transition phenomenon as well. When ¢ is small
the first term prevails, and the minimum of

’ z 20, 1\2
/0 (W’“(S,u) +e7(u') ) dx

is attained at a function which takes “mainly” values close to the set {1+ k,—1 + k} in (0, %)

and close to {1—k,—1—k} in (%, 5), but which also makes a transition on a “thin” layer. Then
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3. § > e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 19

a well-known scaling argument (see e.g. [3] and [14], Chapter 6) proves that the transition
between two different zeroes chosen as above, actually occurs in a layer of thickness of order ¢
(recall that 6 > ¢) and gives an energy contribution of order ¢ too.

Clearly the previous heuristics can be repeated on each period § thus leading to a total energy

contribution of order §. Finally what we claim is that

€
)‘g)) (6) = 57
and the proof of this claim will be made rigorous with Theorem 3.2.
3.1. Estimate for the phase transition energy. We now move the first step towards a
rigorous justification of the qualitative argument discussed in the previous section.

In what follows, we make use of some well-known facts related to the so-called optimal
profile problem in Modica-Mortola model. For a detailed and exhaustive treatment of the one
dimensional case, we refer the reader to [3], Section 3a or to [14], Remark 6.1.

We want to find an explicit formula for the phase transition energy; to this purpose we set

WEs) :=W(s—k) WE(s):=W(s+k),

and for any fixed € > 0, we let 1,22 € R be such that x1 < x2, x0 — 21 < g and g € (z1,z2).
We start by giving an estimate on the contribution of the integration on (x1,x2) in Fek © (u) in

terms of z; := u(x1) and 23 := u(xq).

We have
/:2 (Wk (%,u) + 62(u’)2> dx

1

_ . ( / 6 (éWf(u)—i—s(u’)Q) do + /s " <§W2’€(u) +5(u')2) dx)

r2

~ . ( /5 (Wf(v)+(v')2) d + /; (ng(v)ﬂv')?) dm), (3.1)

where v is defined as

v(z) := u(ex).

By the change of variable y = x — 2%, (3.1) becomes
0 Ty
([ ot [+ Ehay),
-7 0
with 52 %y — § 5
P — xl — x2 — P _
Ty = 5o Ty = and z(y) := v(y—i— 25>'

Hence we find that a lower bound for the energy of a transition between the values z1, 23 is given
by

0 T
5T1%12f>oinf { /—Tl(Wlk(Z) +(2)2) dy _|_/0 (Wh(z)+ () dy -

e WY2(—T0, T, 2(~T)) = =1, 2(Ty) = zz}. (3.2)

Preliminary version — October 30, 2006 — 12:04



20 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

Now let Zf be the set of the zeroes of Wik fori=1,2; i.e.,
Z¥ ={-14k14k} Z§={-1—k —-1+k},
if 2; € ZF (i = 1,2) we know that

0
inf inf{/ (WER)+ () dy : z€ WHH(=T1,0), 2(=T}) = 21, 2(0) = zo}

Ty >0 -Ty

0
:inf{/ (WE2) + (")) dy = z € W22 (—00,0), z(—oo):zl,z(O):zo} (3.3)

—00

and

Ts
inf inf{/o (W) + () dy - 2 € WH(0,Ty), 2(0) = 2, 2(Th) = Z2}

To>0

+oo
— inf { /O (WE2) + (")) dy = 2 € W,22(0, +00), 2(0) = 20, 2(+00) = 22} (3.4)

where z(—o00) and z(+00) are understood as the existence of the corresponding limits. Then, it
is easy to check that (3.2) can be rewritten in terms of the two optimal profile problems (3.3)

and (3.4), as

einf {inf { /O (WE2) + () dy : z € ‘/Vli’f(—oo,O), z(—00) = 21, 2(0) = Zo}

20 oo

+inf { /OJFOO(WQ]“(,Z) + () dy: z € VVIIOCQ(O, +00), 2(0) = zg, 2(4+00) = 29, }}

and finally as

€ mf { WE(s)| +2 Wi (s } (3.5)
Hence, if for every (1,(s € R, we set
G =nfe| [ ko) +2| [ kel (36)
we have 2
/ml (Wk (%u) + 52(2/)2) dz > & Cypr (21, 22). (3.7)

At the end, recalling the definition of the potential W, in order to explicitly compute Cyy (21, 22)
we have to distinguish three cases.

Case 1:
=14k 2=1-

1+k
Cti=Cuyr(l+k1—k) = 1nf{2/ Wk(s 2/
1 w( ) \/ 1
1+k
_ / JWEGs) + 2

= 2k2.

. \/Wk(s)}
1 \V W3 ()

1-k
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3. § > e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 21

A
1+k
eCF
1-k |
eCh eC§
) 3
0 g 5 35 20 35 z
—1+k |
eCf
1k L

F1cure 2. Different types of transitions with their (minimal) energy contribu-

tion, for k < %

Moreover, it is immediate to prove that Cyx(—1+k,—1 — k) = CF.

Case 2:

Case 3:

2’1:1—1—]6; z9=—1—k
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22 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

Chi=Cyx(1+k,~1—k) = ig}f{Q/ZkH\/Wf(s)—i—?/zlok\/WQk(s)}
- 2/1k+1\/Wf(s)+2/1kl\/Wf(s)

= 2(1+ k).

REMARK 3.1. The constant C§ is greater than both of CF,C§ for every k € (0,1); i.e., the
transition between the two extreme zeroes 1+ k and —1 — k is always energetically unfavorable.
While

1
Cr<Cf —= k< 5 (3.8)

or in other words, the transition from 1+ k to 1 — k (or equivalently from —1+ k to —1 — k) is
more convenient than the one from —1 4+ k to 1 — k if and only if k£ < %

3.2. First order I'-limit. We are now ready to state the I'-convergence result for the
family of scaled functionals

1/s . |
k(1) () = w _ / (—Wk (5u> + eé(u’)2> dz if u e WH2(0,1)

Fe (u) R (1) = 0 g

)\E : +o0 otherwise.

(M

(3.9)

Notice that to not overburden notation, in ng we omit its explicit dependence on £.

THEOREM 3.2. The family of functionals Fakm defined as in (3.9), I'-converges with respect
to the weak L?-convergence to the integral functional defined on L*(0,1) by

1
FHO () = /0 YP(u)de if uwe L2(0,1) and |u| <1 a.e.
+o00 otherwise,

where
207 ifk <

¥H(s) = k k E oo

N[—= N[

REMARK 3.3. A first difference between our model and the Modica-Mortola one is that now
the first order I'-limit is again a bulk energy (i.e. an integral functional).

)

Before proving the I'-convergence result for the functionals Fek M e need some preliminary
results.
In the following proposition, 7 is the “small” positive parameter that we let go to zero in the

I'-limit procedure.

PROPOSITION 3.4. i) The family of functionals ij defined on L2(—%, %) by

I /1 / |
Gf;(u) = / 1 (;Wk(x,u) + n(u )2> dr ’Lf = ng(_%, i)

400 otherwise
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3. § > e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 23

I'-converges with respect to the strong L?-convergence to the functional defined on L2(—%, %) by

Cw (#(S(w)) — 1) + Cyye (w(0"), u(07))
G*(u) = ifue BV ((—1,3):2FuZE) : WF(z,u) =0 a.e.

400 otherwise,

where u(0), u(07) are the values taken a.e. by uw on (0,r) and (—r,0), respectively, for r >0
small enough.
i1) (Compatibility with integral constraint). Let s € R and let Gf;’s be defined on L? (—%, %)
by
1
Gﬁ’s(u) _ Gﬁ(u) ifue Wh2 (—1,1) and fji udr = s
+00 otherwise.

Then the family of functionals Gf;’s defined as above, I'-converges with respect to the strong

L?-convergence to the functional defined on L? (—i, %) by
1

GF(u) ifue L?(=1,1) and 7, udz = s
Gk,s(u) _ ( ) f ( 4 4) f_i

+00 otherwise.

PRrROOF. The proofs of i) and ii) exactly follows the line of those of Theorem 6.4 and Theorem

6.6 in [14], with the only difference that now the set of the zeroes of the potential W* varies with
¥
energy to an additional transition in an n-neighborhood of = 0. O

x, being equal to Zf‘ in (0 ) and to Zé“ in (— %, O), thus forcing sequences with equi-bounded

COROLLARY 3.5 (convergence of minimum problems). For any fized n > 0 and for every
s €R, let @f] be the function defined as

ok(s) = mm{/_ (%Wk(x,u) +77(u')2> do:u € W2 (-i i) ][_ wda = s} . (3.10)

1
1

'y

Then for every s € R

where

Ck if s=0
) =4
Ck if 0<|s|<l, k<i Ch+Cw if O0<|s|<l, k>1

+oo if |s| > 1.
Proor. We preliminary observe that

CY+Cw =05 ifk<

min GF* = CF, minGF0 = C%,  min GF* =
Cég + Cw if k>

for 0<|s| <1,

NI—= D=
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24 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

while the set of functions u : ( — %, %) — R such that

ueBV((O,Z);Zl), ueBV((—Z,O);Z2> and u=s, with [s]>1

1
1

is empty. Then, since Gf;’s IR G**_ the desired convergence result immediately follows from

the general property of convergence of minimum values. O

REMARK 3.6. By Remark 3.1 and since C§ + Cy > CF, we have that 2 ()™ (s) = ¥*(s),
for any s such that |s| <1, and for every k € (0, 1).

. 10 : Ck - Cw
Ct (¢*)™

- I
-1 0 s

FIGURE 3. The functions ¢* and (¢*)™* for k < § and k > 1.

PROPOSITION 3.7. Let @ﬁ be the function defined as in (3.10); then
1. gpg(s) < C¥ for every s such that |s| < 1;
2. if |s| < 1 and vy is a test function for goﬁ(s), then there exists a constant M > 0
(independent of 1) such that ||vy |l < M.

1
PROOF. 1. For every s with [s| < 1, we exhibit function v; such that {4, vy dx = s and
4

whose energy is less then C’é“.
Let us start by s = 0; then as vg we take the function defined by

0,— .
D) = oy (z) if —1<a<o0
! vg’Jr(x) if 0<az<i,
where vg’_, vg’+ respectively solve
0 1 i1
min / (—(v —14+k)?2+ 77(1/)2) dx, min / (—(v +1-k)?2+ n(v')Q) dx;
vewl2(—1,00/ -1 A7} vewl2(0,1)Jo N7
v(0)=0 v(0)=0
or equivalently, the associated Cauchy problems
1 1
v —v+1-k=0 in (——,0) v —v—1+k=0 in (0,—)
4 and 4
1 1
0(0) = 0; v’(—1>:0 v(0) = 0; ”/(Z):O‘
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A
1k
o
-- | | -
1 1
-1 0 1 xT
~1+k

FIGURE 4. The function vg.

Hence, by directly solving the above equations we get

1—k+%—Daﬂ%%)+%—U$ﬂ%%ymm($) it —l<z<o

—1+k—@—1n%heﬁ+wk—nﬁm%%)mm(£) if 0<z<!

4
0 _
/lvndm—().

4

thus immediately

=

Moreover, a straightforward calculation gives

[T — |
a2

and finally
1

If s = 1, we proceed as above now taking as a test function for gof;(l), 11}7 defined by

vy (z) if —l<az<o

opt(z) if 0<a<

S
—
~
8
SN—
I
s [ =

9

=
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26 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

1,— 1 . .
where v, vn’Jr are respectively solutions to

min /O1 (l(v —14+k)?2+ 77(1)/)2) dx, min /0411 (l(v —1—k)>+n)?

vewl2(— 1,0/ 1 \1T] vew2(0,) Y
v(0)=1 v(0)=1
or to
1
' —v+1-k=0 in (——,O) v —v+14+k=0
1 4 and 1
v(0) = 1; v’( - Z) = v(0) = 1; UI(Z) =0.
A
1+k 1

|
N
S
= =
8

FI1GURE 5. The function U717'

Hence, we find

1— k + kcosh (%) + ksinh (%)tanh (%) it —l<az<o

1
14k — keosh (£ ) + ksinh (£ ) tanh (=) if 0<@ <],
U U 4n

][ v}]dle.

(R0l + o) ) o = CF tanh (1) <

and we check that

N[

N

Then, a direct computation gives

(1) < / :

1
1
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3. § > e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 27

Notice that if s = —1, we simply take v;l = v}] — 2.

We now turn to the case 0 < |s| < 1. Let us start by dealing with s > 0. We show that
in this case a test function v; can be obtained by suitably modifying and combining 0717 and an
“optimal” transition between the two zeroes of Wlk , 1+kand -1+ k.

2. Let [s| <1 and let vy € Wh2(—1, 1) be a test function for (pg(s).
We argue by contradiction supposing the existence of a point 2’ € (—%, %) such that, for
instance

vp(x') > M > 3(1 + k). (3.13)

To fix the ideas, and without loss of generality, we may additionally assume that 2’ € (0, i)

Now, appealing to 1. we have

1
4 1 S S
Ao = [ W) +)?) do < 0
T4

and from it we deduce that (the restriction of) v; converges in measure to Z¥ in (0, %), asn — 0.

In fact, for any fixed o > 0
1 (s .
Hx € (O, Z) : d1st(vn(:c),Zf) > O'}‘ min{W(r): ||| =1 >n} <C§n =0 as n—0.
Then, for sufficiently small n > 0 there exists 2 € (0, 1) such that
min{]vf;(x") — (1+ k), ]vf;(x”) — (=14 k)\} <o.
Let us suppose that |v; (z") — (1 + k)| < o, hence in particular
vp(z") < 2(1+ k), (3.14)

having also chosen o0 =1 + k.
Finally, using the so-called “Modica-Mortola trick” together with (3.13) and (3.14), we get

1 S /
1,1 vs (")
oh(s) > /0 <5Wf(v;;)+77(v;;’)2)dx22/ \/ Wk
Un

S(ﬂ?”)
M
> / (s—1—k)=M>—2MQ1+Fk)>3(1+k)>>CF
2(1+k)

and thus the contradiction.
Notice that if v; converges in measure to the constant —1 + k, then since —1 +k < 1+ k,

exactly the same argument can be again applied to get the thesis. O

In all that follows, the letter C' will stand for a generic strictly-positive constant which may

vary from line to line and expression to expression within the same formula.

Proof of Theorem 3.2. Step 1: I'-liminf inequality
We have to prove that if u. — u in L?(0,1), then F¥)(y) < liminf._,q FEk(l)(uE).

Preliminary version — October 30, 2006 — 12:04



28 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

By virtue of the nonnegative character of W*, we have

Lrs x
FFO ) = /O(ng<g,u5>+56(u;)2> dx

[%7%] (2‘+1)§
’ 4 é k(% 72
> Z /(Qi_l)i (5W (6,U5> +5(5(U5) ) dea

i=1
then, by the change of variable

)

and setting

we get
) 34 i
k(1 > Ok o € ivn2
FFO (u,) Z; 5/1( W <t+2,vs> +=((v2)) ) dt
_ 25/ Ok (t,0f) + S((iy)? ) dt
ieven 7& € e 0 :
1[0 k ) € 1\/\2
+ Z(S[ (gW (tvwa) +5((wa)) ) dt,
iodd 1
where

We now remark that

mm{/}l1 (ng(t,v) +§(v’)2> dt : ][i vdt :5}

1
4
as a consequence we find

:mm{/j (gwk(t,v)+§(v')2> dt : ]{%vdt:s},
3-1)

FFO(u) > 3 smin{ / (gwk (t,v) +%(v')2> dt - ][_

N

ENT

(2i+1)%
vdt :][ Ue dt}. (3.15)
i=1 - (

1 : s
1 2i—1)§

Hence, by using the notation introduced in Corollary 3.5, (3.15) becomes

) (2i+1)8
U (@) = ; ]{2i1)5 ue dt X((%*U%v(?”l)%)(x)’
=1 4
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3. § > e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 29

we finally have

1
limianEk(l)(uE) > QIiminf/ SOIE (Te) dz,
e—0 0

e—0
where in the last inequality, we have used the definition of @, and the fact that go’% (0) — C%, as
e — 0.
Notice that moreover, @i.—u in L2(0,1).
Now our goal is to give an estimate from below on the function ¢%. To this effect we first

B
consider the case |s| > 1. On one hand (see also (1.4)), for every s € R we have that

1
gol%(s) > inf{é 4Wk(t,v)dt:][ vdtzs}

S 1
4

N

N

) 1 1
= = min {ZW**(Sl +k)+ ZW**(SQ —k): s14+s2= 28}
e 2
so in particular
—1)2
ok (s) > %% Vst |s| > L. (3.16)

On the other hand, for any fixed 1 > 0 there exist o,g9 > 0 such that
(p%(s) >CF—n? Vse(1,1+0), Ve<e (3.17)

and the above inequality can be proved by means of the following contradiction argument. If
(3.17) does not hold true we can find two sequences s, — 1,&, — 0 for which

‘P% (sn) < Cf - ?7c2) (3.18)
for every n € N and for some 79 > 0. Appealing to Corollary 3.5 we can also deduce

Of = (1) < liminf "=, (s,),

n—+400 = 4(en)
and combining it with (3.18) we find the contradiction. Note that, by symmetry, (3.17) also
stands for every s € (=1 — o, —1).
Hence, gathering (3.16) and (3.17) we deduce that for every n > 0 and for any sufficiently
small £ > 0,

sl —1)2
(s) > (CF—=n?) v (g%) Vst |s| > 1. (3.19)

Now it remains to give an estimate on % for |s| < 1. To this purpose, for any fixed 7 > 0, let
B

¥

Sl T

us consider the set
11 : s k
Ay = {t € <_Z’ Z) o dist(vi(¢), Z%(t)) > 77},

where v? is a test function for (p’% (s) and Z¥(t) is defined by

Zk it te (=10
Zk(t)::{ . = (72.0)
zy it te(0,7).
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30 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

Then, arguing as in the proof of Proposition 3.7-2., we deduce that the measure of A7 tends to
zero as € — 0. In fact, we have

A5 | min{ W (r) : ||r] — 1] > 5} < %cg 0, ase 0.

As a consequence, for any sufficiently small € > 0 we can find ¢~ € (—i, 0), tT € (0, i) such that
dist(v:(tF), ZF(tF)) < n.
Let us suppose for a moment that one of the following inequalities holds true

2(t7) = (=1 =k)[ <n, [u(t")—(1+Ek) <n, (3.20)

assuming for instance the first, we deduce

1[4 €
¥E(s) = / (ng(t,vg) + 5@;")2) dt > Cyu(=1 =k +n,—14+k —n),
with Cyp(-,-) as in (3.6); finally
go% (s) > CF —Cn?. (3.21)
Now our plan is to prove that whenever 4n < |s| < 1 at least one of the inequalities in (3.20)

is fulfilled. Arguing by contradiction we can find a number 7y > 0 and a sequence &, — 0 such
that for every n € N

w2 (8) = (=1 = k)| > no WEH’O)’ e () = (L4 k)] > o Vte(o,i). (3.22)

If we set

ko _1
250 = 1—k if te(—1,0)
~1+k if te(0,1),

in view of (3.22), Ajr can be rewritten as

ay = fre (17) ¢ amton, 0,250 >

and again, for the complement of A7» we have

(A%)" = By~ v BT (3.23)
where
_ 1
B;gv = {t c <—Z,O> : ”Usn(t) — (1 — k)’ < no} ,
) (3.24)
Bymt = {t € (0, Z) sl ()= (-14k)| < ?70}
and
| B~ | — | Byt =0, as n— +o0. (3.25)

Without loss of generality, we can suppose s > 0, therefore

1
1
2o < / v: dt = / vi dt + / vZ dt.
- A (Ang)e

1 En
4 10
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3. 6> e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 31
Now by (3.23), (3.24) and appealing to Proposition 3.7-2., we deduce
2np < / ve dt —|—/ ve dt +/ ve dt
Asig By~ Bag*
< MIAG |+ (no + (1= k)| By ™| + (o + (=1 + k)| By ™|
n "o ny— ns
< MJAR|+ 5 + (=R (B[ = 1By,
moreover by (3.25), for any sufficiently large n, we have
A > —
Az > ™
and from it, the contradiction.
Then, for |s| < 4n it is easy to check that
(s = C5 — O (326)
Finally, combining (3.19), (3.21) and (3.26) we get
ck —on? if |s|<n
Pk (s) > ¢k (s) =4 CF —Cn? i p<|s| <1
4
(Ck—Cn?) v (g <‘S';1>2) it |s] > 1
for every s € R and for every 0 < n < 1; hence
lim inf £ (u.) > lim 1nf2/ ¢
e—0
Ve e
5 (s+1)? 5 (s—1)2 5 (s+1)? 5 (s—1)2
e 2 c Cn < e 2 ck — cp? H
[ ! T 1
Lot L on? ‘ ! ck L con? ”
Y — 1 | ——
-1 -n 0 7 1 ° ~1 —n o7 5

FIGURE 6. The function ¢r]§,e for k < % and k > %

To conclude the proof, we note that (1#7’;75) is increasing for € — 0, so in particular
Upe(s) 2 Uhe,(s), VseR, Ve<e.

Then

Y

1
k(1) da lim inf / Wb (i

e—0 0 e e—0

vV

e—0
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32 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

in the last inequality using the fact that . — uin L?(0,1) and the L?-weak lower semicontinuity
of u:— fo (1/)77 50)** (u) dz. Moreover, by the Monotone Convergence Theorem

1 1
lim (@bnao)**(u) dx:/o lim (@bnao)**(u) dx:/o (@bﬁ)(u)dm

g0—0 0 g0—0

where
ck—cn? ifls|<1 1
?,ZJ;I;(S): 1 n |s| < i k<=
i 2
+00 otherwise
or
Cy — Cn? if [s] < n
k k k k
k cr—-C cr - C. . . 1
n(s): %H Cé“—ﬁn—(%f ifn<|s| <1 if k>§.
+o00 otherwise

Collecting these inequalities we find that

e—0

1
- lim inf FFM (4) > 2/0 ¢§(U) dx
and by the arbitrariness of n

I'-liminf Ff(l ) > QSup/ ¢k

Hence, again applying the Monotone Convergence Theorem we obtain the desired result for both
k<iandk> 1.

Step 2: T'-limsup inequality
To check the limsup inequality for the I'-limit, it will suffice to deal with the case of a constant
target function u = ¢ (=1 < ¢ < 1), sice by repeating that construction we can easily deal with
the case u piecewise constant and then the general case follows by density.

We start approximating ¢ = 1. Fix n > 0; by (3.2), (3.5) there exist 71,75 > 0 and
vy € Wh2(—T1,T3) such that v1(=T1) = 1+ k, v1(T3) = 1 — k and

[ (it + @) aos [ (e + 0)7) dr < ot + 2

_’I‘1
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3. § > e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 33

Note that it is not restrictive to suppose T3 = 15 =: T. Then, for instance, as a recovery

sequence, we can take

;

1+k if 0<z<?

ue(z) = Qi (z) if (4i—3)5<z<@i+1)% for i=1,...,[3—13]

1+k if (4[3-3+1)s<a<1
where
(1+k if (4i—3)2<x<(2i—1)3—eT
—(2i —1)8
m(w) if (2i—1)8 —eT <2< (2i—1)3+eT
. 3
ver() =4 1-k if (2018 +el <a<id—el ieN  (3.27)
s
v1<z x) if i6— el <z <id+el
3
1+k if 64T <x<(4i+1)3.

In fact, recalling that € < § it is easy to check that u. — 1 in L?(0,1), while

[5—1] “it+D§ /s r A
limsup F*M(u.) = limsup Z / (—Wk (—,Ué 1) + 0((ve 1)/)2> dx
e—0 e—0 =1 J(4i-3) % 39 1) ’ ’

IN

lim [% — ﬂ 5(20F +m) =2CF +n, V>0

e—0

permits to conclude that

lim sup FFO (u,) < FEO(1),
e—0
Replacing 1 4+ k with —1 £ k and v; with its analogous v_1, a similar construction yields vé’_l
and consequently the I'-limsup for ¢ = —1.
If —1 < ¢ < 1, it is necessary to make a distinction between the cases k < %, k > %
Let k£ < %; writing ¢ as a convex combination of 1 and —1, we have
c+1 1-c

Cc = .

2 2

Now let (nY), (n%) be two sequences of positive integers such that
1 2 q

c+1
1—¢’

ny,ny — +oo and n—i — as v — 0. (3.28)
Ny
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34 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

With fixed v > 0, we choose ¢ > 0 such that (n} +n4 + 1)d < 1. With this choice we consider
the (n¥ + n4 + 1)d-periodic function UY, on R™, which on (%, (4(n¥ +n¥) + 5)%) is defined as:

viy(x) if @ e ((4i-3)5,(4i+1)9) fori=1,...,n¥

we(z) if ze ((4ny+1)3, (4n¥ +5)3)

vl _i(z) if xe ((4i—3)3, (4i+1)3) fori=mn{+2,...,n} +n}

&,

(@e(z)  if z € ((4(n] +nf) + 1)%, (4(n} +nk) +5)9)

) . . ) . . . .
where v, ; is as in (3.27) and v, _; is its analogous. Moreover w, is given by

Uﬁ“(%’) if (dny+1)8 <z <(2n¥ +1)8 +eT

-k if 20+ 1) +eT <z < (nf+1)§—eT”
we(r) = vo (w) if (nY +1)0 —eT’ <z < (n} +1)6 + T

—1+k ) if (ny+1)0+eT" <z < (4n} +5)3

with 7" > 0 and vy € WH2(=T",T") such that vo(=T") =1 — k, vo(T") = —1 + k and

/OT/ (Wf(vo) + (116)2) dx + /OT' (Wzk(vo) + (v6)2> dw < Ok + g’

while 0, is defined as

—1+k it (4(nf +n8) + 1§ <z < 2} +nf) +1)§ —eT"
() = vo(w) if (2(nf +nf) +1)§ — T’ < < (2(nf +nf) +1)§ +T"
1-k it (2nY +ny) + 1) +eT’ <z < (0¥ +n¥+1)5 —eT
o () (0t 08+ 1)6— T <o < (A(n¥ +n) + 5)°.
Taking u? := UY |(,1), we have
fmsup FEO() < limy((20F + ) + )5+ (20F +2)9) | o]
e—0 e=0 (nf +n3 +1)6
= Q)+ QO )y =
Moreover,

lim a®" = 2CF + 7

v—0
then a diagonalization argument (cf. [?], Corollary 1.18) permits to find a positive decreasing

(as € decrease) function v = v(e) such that v(¢) — 0 as ¢ — 0, for which

lim sup FFO) (02 < 20F + 1.

e—0

Finally, using (3.28) and the fact that £ < ¢ it is easy to check that we also have

u’®) —~ ¢ in L*0,1)
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3. § > e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 35

and hence, the I'-limsup for —1 < ¢ < 1 and k < %

Let k& > %; now to approximate a constant ¢, on one hand, it is no more “optimal” to oscillate
between 1+ k, 1 — k and —1 + k, —1 — k, because in this case the most convenient transition
is the one from 1 — k to —1 + k (see Remark 3.1). While on the other hand, using convenient
transitions (following the construction made for ¢ = 1) only permits to approximate ¢ = 0.
Then, for instance, to obtain a recovery sequence for 0 < ¢ < 1 it is necessary to mix, in the
right proportion, oscillation between 1+ k, 1 — k with those between 1 — k, —1 + k. In this way,
following a procedure which is similar to that of the previous case, but now with

ny &

as v —0,
ny 1-c

it is possible to construct a sequence u. — ¢ in L?(0,1) such that

1
(" + 14 +1)5
= (207 +n)+ (1 —¢)(2CK +n) =2(CF - CH) e+ 205 + 1.

timsup F¥O(u) < Tim (CF +m)(0f© +1)6 + 265 + mny )

li
e—0 =0

And this concludes the proof of the I'-limsup inequality. O

3.3. Second order I'-limit. In the spirit of studying the asymptotic behavior of the family

of functionals (ng(o)), Theorem 3.2 suggests that the characterization of the limit points of

k

<, can be improved

sequences of minimizers, as well as the development for the minimum values m
for k < %

In fact, for k < 3, FF1) = 2C% 5o that we are again in the condition that the (first order)
I'-limit only provides the information that the weak limit of sequences of minimizers can be any
function v € L?(0,1) such that |v| <1 a.e..

For k& > %, the functional F¥(1) admits the unique minimizer u = 0. Nonetheless, as we show
in Section 3.3.2, the non strict convexity of 1/* allows as to consider a further scaling and thus

another term in the I'-development, in this case too.

Since each of the two cases k < %, k> % needs a peculiar investigation, we discuss the second

k(O))

order asymptotic analysis for (F: in two different sections. The first one, Section 3.3.1, is

devoted to the case k < %, which is also addressed to as the case of small perturbations; while
the second one, Section 3.3.2, deals with k > %, the case of large perturbations.

331 k< % small perturbations. In terms of the asymptotic development for the minimum
value mF, the combined computation of the zero order and the first order T-limit gives
€ €
B B

Then to further improve the above development, we need to quantify the “small” error 0(%), and

hence to identify the next meaningful scaling that we denote by Ag)) (¢) (not to make confusion

mk = QCf-f-O( ), as € — 0.

with the scaling for & > 3 that we in the sequel denote by Xg)) ().
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36 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

Once Ag)) () is conjectured, we study the I'-limit of the scaled functionals
k) _ €4 Ak
Y —=2C
FMO) 2—61
A (e)
So the next step is trying to guess, by means of a heuristics, what the second meaningful scale
A2 (e) is.

To this aim, we first observe that in order to keep Fk(o)

£2C} bounded, a minimizing
sequence must oscillate (except possibly on a finite number of d-intervals) between 1+ k, 1 — k
or between —1 + k, —1 — k.

Then, we focus on a g—intelrval7 for instance (g, % 9) and we estimate the contribution of

+O) _ $2CF over this interval. We have

o
- e -t

1 3
z 0 £ 1,8 c
= ([ Ewtw+SwR)dor [F(Ewhw+ S W) do-ct). 29
4 2
Then a direct minimization of (3.29) yields
o 5
r — ) - = 2
et () 1) ~o(er £). w20

and it is easy to check that the above minimum value is attained, for instance, by the function

=

(Wk<§, u) + 62(u’)2> dx —eCY

Y]

0717 (defined by (3.11), Proposition 3.7) with n = £. Thus, by repeating the previous argument
over each %—ir;terval (except possibly a finite number of them) we get a first energy contribution
of order 5 e 2.

The energy (3.29) is minimized also by vz?

(i.e. by a transition with average —1), hence
the total energy of a minimizing sequence may well be the result of a finite number of passages
from oscillations with average 1 to oscillations with average —1 and viceversa. Since each of
these passages gives an additional contribution of order e, the total energy contribution of a
minimizing sequence turns out to be of order
€ _4

5 e 2 +e.
If we have

€ _s _5
5e25>>s <~ e 2 >,

then Ag)) (e) = %6_26_5. Loosely speaking, with this choice for the scaling we decide to pay the
error that we make “cutting the tails” of the unbounded number of infinite transitions that we
are gluing one each other. Thus, in this case we expect to find again a constant I'-limit which
now is given by

lim
e—0

2CY(tanh (%) -1)
5
2

e 2

= —4CF,.
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3. § > e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 37

If we have
e <9,
then Ag,) (¢) = € and this choice penalizes the passages from the oscillations around 1 to those
around —1 and viceversa. Therefore, if A2 () = € we expect that (FfC (2)) I'-converges to a
surface energy which penalizes the jumps of the limit configuration, between 1 and —1.
As we are concerned not only with a better development for m! but also with an improvement
in the characterization of the asymptotic behavior of sequences of minimizers, we decide to focus

on the case e~ 2 < 0 and hence, on the case
2Q(e) =e.
Then, we look at the scaled functionals

£
FFO () — <201

FE () -
1 k
1 k(T 2 _ & : 1,2
B /0 (sw (6,u)+5(u)>d:c sootuewoy
400 otherwise.

We now come to a rigorous justification of what has been only heuristically conjectured.
First we want to prove that the uniform boundedness of Fek @ (ue) implies in the limit (¢ — 0)
both the constraint v € {£1} and that u is piecewise constant.

LEMMA 3.8. If sup, Fak@)(ue) < 400 then, up to an extraction, (u:) converges to some
function u € BV ((0,1); {&1}) with respect to the weak L?*-convergence.

PROOF. Let u~,u™ be the 1-periodic functions on R*, which on (0,1) are defined as

—1+k if te (0,3 1+k if te (0,3

u (t) = (1 ) ut(t) = (1 2) (3.31)
—1-k if te(31) 1—Fk if te(31).

With fixed e > 0, we partition [0,1] into subintervals If, i=1,..., [%] of length § (except

possibly the last of length less than ). Let u. be such that sup, FEk(z) (ue) < 400 and set

ugt(:c) = ut (%) The first step of the proof consists in showing that for any fixed n > 0, if Ig

is the set of all the indices ¢ in {1, e [%}} such that

( 9 |u5 —ug‘ dw) A (J{f ‘ua —u(ﬂ dx) <n, (3.32)

lim SH(T)) = 1. (3.33)

then

In other words, we are saying that for every n > 0, (3.32) is satisfied on a “large” number of
intervals I? (provided that e is sufficiently small). In order to prove (3.33), we give an estimate
on the cardinality of the family of indices i for which

(]{? luz — uj | d:c> A (]{5 e — | dm) -

K3
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38 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

Let us call ‘77;5 such a family. Before starting, we point out that the following statement
there exists M > 0 such that |u.(z)] < M, Yz € I? (3.34)

holds true, with the same constant M (e.g. M = 2), except for at most a bounded number of
indices i. In fact, arguing as in the proof of Proposition 3.7-2., the above statement can be easily
deduced by the uniform boundedness of F; (2 )( ¢). So from now on, we focus our attention only
on intervals I? in which (3.34) is satisfied.

Ifi e Jf we have that

n < 7[|u5—u;‘dx
I?

= — U dl‘
5 {J?EI [ue —ud |<g} ‘ 6 |
1

+ = ‘ — Uy | dx
0 {mEI?:|u5—u;|>g}

+%Hx€[f: ‘u —u5‘> H

IN

1
2

hence
er[f: ‘u —u6‘> H>C(5.

Notice that the same conclusion also stands replacing u; 5 with us. As a consequence
x
/ wk <g,u€) dx > C6, for every i€ JT‘]S
I

and this implies
FFO(u) > #(729)Cs. (3.35)
By hypothesis Fak@) (ue) < C, therefore
FFO(u,) <eC + % 20k = 0 (%) as & — 0 (3.36)
then, gathering (3.35) and (3.36) we get
5#(&?) —0 ase—0

and hence the desired result.

Let N¢ be the overall number of transitions of u. between 1+ k+nand —1—k+n; 1+k+n
and —1+k+nml—k+npand -1 —k+n, 1—k+nand —1+ k£ 7. From now on we refer to
these transitions as the “expensive” transitions. To conclude the proof we notice that the most
convenient of such transitions is the one from —1+k+n to 1 — k —n and, in terms of FEk(O) (ue),
it costs at least 6(?’)5 — Cn?). Then, recalling that C§ > C¥, (for n small) from the uniform
k(2

(

boundedness of F:'~(u.) we can deduce that N. < N, for some N € N. As a consequence, (up
to an extraction) u. makes a number of “expensive” transitions which is actually independent

of e; we call such a number N.
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3. § > e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 39

Let S = {t],...,t5y_1} (with 5, <7, n=1,..., N —2) be a set of points dividing (0, 1)
into N subintervals each containing only one expensive transition for u.. Up to eventual, further

extractions we can suppose that
t; —t, as €¢—0, forn=1,...,N—1.
Then, for fixed o > 0, if we consider the N intervals
JP = (tn +0,tny1 —0), n=0,....,N—1 (withty=0,txy=1)
we have that
JrNS. =g, (3.37)

for sufficiently small ¢ and for every n =10,..., N — 1.
By virtue of (3.37), applying to J' the result established in the first part of the proof, we

have that, for instance,

lim sup/ ‘ua - uﬂ dx < Cn. (3.38)
Jp

e—0

On the other hand, by weak compactness we have u, — w in L*(J?), while from (3.31) uf — 1

in L2(J?); thus by the weak lower semicontinuity of the L!-norm we deduce

/ lu — 1] dx < liminf/ |ue — uf| de,
Jg—l e—0 Jg—l

and combining it with (3.38) we find

/ lu—1|de <Cn Vn,0>0.
Iz

Finally by the arbitrariness of  and o it follows that w = 1 on J™ = (¢,,t,+1). Thus by repeating
the above argument on all intervals of J” (n = 0,..., N — 1), which determine a partition of
[0,1], we get the thesis. O

We have the following I'-convergence result.

THEOREM 3.9. Let & be such that & > e~ and % € N. The family of functionals Ff@)
defined in (3.30) T-converges with respect to the weak L*-convergence to the functional defined
on L?(0,1) by where

(C3 = CT)#(S(w) = CF  if u € BV((0,1); {£1})

FF) (y) =
+o00 otherwise.

PRrROOF. Step 1: I'-liminf inequality
We have to prove that if u. — wu in L?(0,1) and sup, Fsk(z)(ug) < +o0, then FFP(u) <
liminf,_, Ff@) (ue).

By Lemma 3.8 we already know that u € BV((0,1);{£1}); let us set N := #(S(u)).
For fixed ¢ > 0, we consider the partition of the interval [g,l - g] into subintervals If =

Preliminary version — October 30, 2006 — 12:04



40 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

[(2i —1)8, (2 +1)8] with i =1,...,2 — 1 and we rewrite F*® (u.) as

2
8 i
/1 1
i=1

i /113 GWQ]{(UE) + 8(u;)2> de

where
. 5
(2i4+1)§

Fak(o)(us;]f) ::/ (Wk (%,us) —i—sZ(u;)Q) dzx.

(2i-1)%

By a straightforward calculation we find that

, 1 d _s
vel/{/rigl(lf) (gFf(O)(U;I?) — Cf) = Cf(tanh (@) — 1) =0(e2c) as ¢ —0,

for every i =1,..., % — 1 and the minimum is attained at

v1<z — f) if 4 is odd

| 29 2
ug () = i=1,..., 5 1, (3.39)
vl<E — 1) if 4 is even
“\o 2
where v! is as in (3.12) with n = ¢.
If N =0, since
21
1

FEO) > 3 (L0 1) - o) - of (3.40)

i=1
we then obtain the thesis simply taking the minimum of each term on the right hand side of
(3.40) and recalling that by hypothesis

e 2

=0.

lim =

If N >0, let N. be as in Lemma 3.8, then, as already observed, N. is bounded and moreover

liminf N. > N. (3.41)

e—0
To get the liminf inequality for the I'-limit we need a lower bound for the energy of the expensive
transitions. Then we first give an estimate on the measure of the set where a transition between
two of the zeroes of W* may occur. Let n be a positive number and set

J? = {t el’: dist(uE,ZZ-k"S(t)) > 77} ,

where
ZF ifte ((2i—1)2,49)

Z80(t) = if i is odd,
zk ifte (i3, (2i+1)9)
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while

zk ifte ((2i—1)2,49)

Zl-k"s(t) = if 7 is even.

zt ifte (i3, (2i +1)%)

We have
kO) (. 18y > L k() . 7 2|7
F, (u571)>gFa (u€§Ji)>C77 c

and from sup, FFe (u:) < +oo we deduce that, for every i, |J?| = O(e) as ¢ tends to zero.

Hence we can conclude that an expensive transition may only be of two different types.

Type 1: the transition entirely occurs in an interval Ii‘so for some 7g; in this case we have
1
- FFO(u s I0) > Cpe(1 — k —n, 1+ k +n) > C§ — Cn. (3.42)

Type 2: the transition occurs between two adjacent intervals If

O,IfOH for some ig; in this

case we have

1 1
- Fsk(o) (ue; Ig)) + - Fsk(o) (ue; 11504’1)

v

Cryp(L+ k=0, —1+k+1) (= Cyp(1 =k =, =1 =k + 7))
> 2-Cn’. (3.43)

So if we call NZ (4 = 1,2) the number of the expensive transitions of type j, then N, = N} + N2,
By combining (3.42) and (3.43) we find that (at least)

(% ~1-N!- 2N3) cf(tanh (%) - 1)

+ N2(C3 —Cf = On*) + N2(2 = 207 — Cn?) = Cf

Fekm) (us)

Y

> %Cf(tanh (%) . 1) + N.(CE — Ct — o) — CF

in the last inequality using the fact that 2 > CF 4+ C5. Finally, passing to the liminf, in view of
(3.41) we get

liminf F*® (u.) > N(Ck —CF —Cn?) - CF, Yn>0

e—0

and thus letting 1 go to zero, the I'-liminf inequality.

Step 2: I'-limsup inequality
Let zg € (0,1), to check the limsup inequality for the I'-limit, it will suffice to deal with the case

-1 if z <z

u(z) =
1 if o > ZQ-
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Let uéyl be as in (3.39) and set uéy_l = ué’l —2fori=1,..., % — 1. As a recovery sequence we
can take

) it @ e (0,9)
ul | (z) if z€ ((20—1)%,(20+1)2) for i=1,...,2[2] -2
us(z) =  we(x) if ze ((4[%] —3)%,(4 [Z0] +3)%)

ul () if we((2i—1)2,(2i+1)2) for i=2[%]+2,...,

SO\

with

5,;1 if (4[%] +1)§+e<x<(4 (2] +3)g

0 ,1

where v/, v, are as in (3.11) and (3.12) respectively and [. is the linear function defined by

P

UO
le(x) := : (

A )i e )

2e 1) 4 o 4
In fact it is easy to check that u. — u in L?(0,1) while

liren_%lp FF(u,) = lir;lj(t)lp </%1% (éW’€ (%,ug) + e(u;)2> dx — 2%?)

< limsup ((% — 4) CF tanh (%) + 2C* tanh (%) + C¥ tanh ( 0 ) — ﬁ)

£—0 3 4de

= (C§-cf)—of = FF(u)

and this completes the proof. O
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1+k ——

FIGURE 7. The joining transition w.

The I'-convergence results stated in Theorem 1.1, Theorem 3.2 and Theorem 3.9 are (formally)
summarized by the I'-development

e

1
FRO)(y) = /0 W (u) do+ <20 +&((C5 - Ch#S (u) - CF) - ge—% ACk +o(§e—§—s). (3.44)
3.32. k> % large perturbations. For k > % Theorem 3.2 asserts that ng(l) Ly RO with

1
FFRO = / VF () dz
0
where ¥¥(s) = 2(CF — CF)|s| + 2C%, for every |s| < 1. Then

min ¢* (s) = ¢*(0) = 2C3

s|<1
and F*) admits the unique minimizer v = 0. Nevertheless, as we will show, the nonstrict
convexity of ¥* allows as to consider a further scaling and consequently to recover some more

)

information on sequences minimizing Ff © also in the case of large perturbations (i.e. for k > %)

Let us suppose that we want to study the limit behavior only of those minimizing sequences
satisfying

/01 ve =d (3.45)

with d # 0, for instance let us fix d € (0,1).

REMARK 3.10. The I'-convergence result stated in Theorem 3.2 preserves the integral con-
straint (3.45).

Moreover if we consider the family of integral functionals given by

FFD (y) .= FFO (4) + / 1Z(U) dx (3.46)
0

Preliminary version — October 30, 2006 — 12:04



44 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

where [ is a linear function, by virtue of the stability of I'-convergence under continuous pertur-
bations, we have that (3.46) I'-converges to

FrO(w) = FFO (4) 4 /1 l(u) dz
0

for any u € L?(0,1) such that |u| < 1 a.e. and satisfying the integral constraint (3.45). But
)

actually .7-"€k D differs from Fek ® by a constant so information on minimizing sequence of Fek a

ey

(satisfying (3.45)) can be recovered from information on those minimizing F2U  Now because

of the nonstrict convexity of ¥, it is possible to choose the function ! in a way such that
UH(s) +1U(s)
attains its minimum at more than one point. Then for instance, if we set
I(s) = —rk(s) == —=2(CF — CH)s +20%
we have that
YR (s) —rF(s) >0 V|s| <1 and oF(s)—rF(s)=0 Vo<s<1

and this means that ff & I’-converges to a functional having many minimizers so now it becomes

natural to look for a meaningful scaling for (3.46).

A
wk _ T‘k

k
¥ L 20F

20%

FIGURE 8. The functions ¢* and ¢* — r*.

LEMMA 3.11. Let L >0, u € WH2(0, L) and set C. := fOL(u2 + &2(u')?) dx, then

C. C;
<A/ —= 4+ —.
oo < 3/ 72+ =

lu(z)] < 4/ % for some z € (0,L). (3.47)

Proor. We start noticing that
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3. 6> ¢: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 45
In fact if |u(x)| > y/S= for every z € (0, L), from
L y ) b
L C
CEZ/ wde>—<L=C.
0 L

we find a contradiction. If moreover |u(z)| < % for any x € (0, L), then ||u||s < % and
by the positivity of C./e we get the thesis.

Then to complete the proof, we now assume that |u(z)| > /S= for some z € (0,L). This
combined with (3.47) and in view of the continuity of u, implies the existence of a point 2’ € (0, L)

for which
e
/ _ €

Starting by the existence of such a point we want to prove the thesis.

We argue by contradiction supposing that [[u||os > /S + % Then for instance, we suppose
that there exists z” € (0, L) such that

u(z") >4/ % + %

Hence a direct application of the Modica-Mortola trick gives

/:r (u® + 2(u)?) da

’

u(z’) Ce  Ce

L €
> 6/ 2|s| > 6/ 2|s]
EVE EVE

c. C. C.
> = - _ = —
€ ( + - > C.

C.: >

and thus the contradiction.

It is immediate to check that the case u(z”) < —4/ % + % can be treated exactly as above.
O

To determine the next meaningful scale we write

1

FFD (y,) = ng(O)(Ua) —/ r*(ue) da
0
[

>l

=

; [
(2i+1)§

It (2i+1)2
a1 x
—WF (2, ue) + ed(ul 2> dx—/ r*(ue) dz
/(2i1)j (5 (5 E) (ue) (2i-1)8 (te)

v

—
>IN
o=
iy

: o
(2i+1)§

s (@it 1 .
_2 /('21‘_1)% (€W (5’u5) +5(U€) ) XL (22._1)% r (UE) X

i=1

then arguing as in Theorem 3.2 Step 1 we find

FO) 2 Y0 2 (20 ) - (i)
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46 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY
where ¢% and @, are defined as before. So now we want to estimate from below the function
&
k .k k
o (5) = 2 (5) — r¥().

LEMMA 3.12. Let @ﬁ be defined as in Corollary 3.5; then

(s +1)? k 1 :
— <
2277 + CY tanh <477> if |s+1]<c¢yn
k S k 1 .
={ 2 —_ < 3.48
@n(S) o + C5 tanh (477) if |s| <eym ( )
(s —1)?

1
T + CF tanh <E> if |s—=1]<c¢yn

for some positive constant c.

PRrROOF. We prove the equality (3.48) only for |s| < ¢/ (with c suitably chosen) the proof
of the other two cases being analogous.

Let |s| < ¢y/n, with ¢ > 0 to be determined. We start giving an estimate on above on ‘sz'
By definition, we trivially have

1 1
1 (1 11 1

goﬁ(s) < min{/4 (— Wk(x,u) +77(u’)2> dr:ue Wh? <_Z’ Z) ,][4 udr = s, ||ul|eo < k}
_1\n _1

_ min{/_ (%Wk(x,u)—i—n(u')?) dx:uewm(—i&),fludx:s}, (3.49)

[ Ll
ST

4

IS

where

—14k)?2 if -1
Wk(x,u) = (u k)T 4

<z
(u+1—k)? if 0<z<

0 (3.50)

FNTSEVAN

Following the Lagrange Multipliers Method we explicitly determine the minimum value (3.49)
by means of the auxiliary minimum problem

A@Qy:mm{l

with A € R.

Also taking into account the definition of W¥ (3.50), it is easy to check that M/f (M) can be
equivalently expressed as

N

4’4

(% WF(z, u) +n(u')* + )\u> de :u € Wh? (—1 1) } ; (3.51)

1
1

0 /1
MF(X) = min min / <—w—1+kﬂ+mwﬂ+Au>¢u
uo 1,2 (_1 ) -1\"n
ueW 4,0 4

u(0)=uo

. 101 2 "2
+  min —(u+1—-k)+nu) +Au) do
wewl,2 (0771;) 0 n
u(0)=ug
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3. § > e: OSCILLATIONS ON A LARGER SCALE THAN THE TRANSITION LAYER 47

Then by a straightforward computation we find that the minimum (3.51) is attained at

A 1+4 1\\! 1
1—k—777—|—(k—1)cosh( an)<cosh<5>) if —Z§x§0
u;;(:c) =
L k=2 -1y h<x>+(k 1)si h(x)t h<1> it 0<z<-
- — — —(k—1)cosh (— — 1)sinh { — ) tanh ( —) i x < —.
2 1 7 4n -4
(3.52)
Moreover, in (3.52) the dependence on A can be rephrased in terms of s by imposing the integral
constraint
1
1 Az _ S
/_1 up (v) dx = 3
4
which gives A = —25.

n

Finally, evaluating the energy in (3.49) at u, " , by a direct computation we get

2
k s k 1
Pp(s) < by + C5 tanh <E> (3.53)
Now we want to prove that (3.53) is actually an equality. We show that in particular if v} is a
test function for (pﬁ(s), then [[vp[loo < k. To this effect, we additionally assume that s > 0 (the
case s < 0 being symmetric).
To start we claim that supposing vf](O) = k, yields to a contradiction. In fact, on one hand
we have

gpg(s) > min{/O (l(u—1+k)2+77(u’)2> dx : uEWl’z(—i,O),u(O): }

L A\"

+ min {/(;11 (% (u+1—k)? —|—77(u’)2> de: wu€ W1’2<0, i), u(0) = k}

— tanh (%) + (2k — 1)? tanh (%)
= 14 (26— 12+ (1 + (2k — 1)2) (1 ~ tanh (%)) (3.54)
= 2%+ Cl+0(1), as n—0. (3.55)

While on the other hand, from (3.53) and since 0 < s < ¢,/7, we also find
Ph(s) < g +Ch 4 o(1). (3.56)

As a consequence if we choose ¢ < 4k?, gathering (3.55) and (3.56) we get the contradiction and
thus the claim.

s
n

one among those for which the function v; does not satisfy |[vj|| < k. So in particular this

Then it is easy to check that the case v3(0) = k is actually the most energetically convenient

permits to exclude the existence of a point z,, € (— %, 1) such that vp(Ty) > k.
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48 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

Moreover, we notice that the additional hypothesis s > 0 combined with the previous argu-
ment also excludes the possibility v,(z,) < —k for some x, € ( — i, i) which would clearly be
even more unfavorable. This concludes the proof of the lemma for s > 0. O

THEOREM 3.13. Let § be such that 6 < €% and % € N. The family of functionals .7-"€k<2)

I'-converges with respect to the weak L?-convergence to the functional defined on L*(0,1) by

FRO) () = —(CF—CH)? if ue L?(0,1), 0<u<1ae., and fol u=d

+00 otherwise.

On one hand, a straightforward calculation gives

) )
(p% (s) = 2—582 + Ch tanh (4—5) for s <0

and
o (s) = i(s — 1) 4 Cf tanh 9 for s > 1;
5 2e ! 4e -
on the other hand from Corollary 3.5 we have

4,0]% — C¥ uniformly in (0,1).

Then we have that for any sufficiently small &

g s —2(CF — CK)s + 2% (tanh (%) - 1> if <0
gE(s) > fE(s) ==} 2(Ck — CF) if 0<s<1
g (s —1)2=2(CF - CH)(s —1) +20C%F (tanh (4%) - 1) if s> 1.

Recalling Remark 3.1 we notice that Cg‘ — Cf > 0, while it is immediate to check that the two
parabolas defining f* for s < 0 and s > 1 have their vertexes respectively in

15 £ 5
<S(Cf - Chy; —S(Cf — k2 420k <tanh <£> - 1))
and
Sk — k) +1; —S(Ck — )2 + 20% ( tanh R
6 1 2 ) 5 1 2 1 48 .

Then, for instance, from
_E(Ck _ ok)2 490k I _1Y_o(c 2\ _o(f
=(CF - C§)? + 204 (tanh(4€> 1>_0(5)+0(e 2)_0(5), for &0

€
we deduce that the next meaningful scaling is 5
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4. § < e: OSCILLATIONS ON A FINER SCALE THAN THE TRANSITION LAYER 49

4. ) < e: oscillations on a finer scale than the transition layer

THEOREM 4.1. Let k < % and let 6 be such that

i )

Then the functionals I defined on L?(0,1) by
1/q .
_ Wk? e . ]C2 N2 d . W1’2 O )
I (u) = /0 (6< (5“) )+5(U)) x if u€ (0,1)
oo otherwise

I'-converge with respect to the strong L?-convergence to the functional

I*(u) = <2 /_11 \/m> #(S(u)) if uwe BV((0,1);{£1})
+00

otherwise

with W" as in (1.3).

PrOOF. Step 1: T'-liminf inequality
Let ue — u in L?(0,1) be such that sup, I*(u.) < +oo; with fixed € > 0 let us define the set I°
and, on I, the function v, respectively as
3] o
I = U((i —1)é,16) ve(z) = ZUZEX((z‘—l)a,w) ()
i=1

i=1

) i 1
ué::][ U dt forz':l,...,[—].
(i-1)8 0

By using Jensen’s Inequality it is immediate to check that

with

[vell 210y < [luell 219y (4.2)
while from the Poincaré Inequality and its scaling properties we have
e = vell 215y < Ol|ull|L2(r5)- (4.3)

A first estimate gives

I (ug) > /15 (é (Wk (%,us) - k2) +5(u;)2) dx —%2 6[1 | dx

1
it 74 > migt [ (2 (W (5,00) = 1) + 2 )
1% 0

e—0 e—0 £

hence

What we want to prove now is that the quantity

(0 G -7 e0) @

3
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50 1. A MODEL FOR THE INTERACTION BETWEEN OSCILLATIONS AND SURFACE ENERGY

tends to 0 as € — 0. To this purpose we first ramark that W (y,-) satisfies the following local

Lipschitz property

Wk (y, s1) = W*(y, s2)| < a(l + |s1] + |s2])|s1 — s2| for ae. y €R, ¥Vsp,850 €R (4.5)

for some positive a. A simple averaging over (0,1) demonstrates that (4.5) is satisfied also by

W". Moreover by the definition of v. and the 1-periodicity of W¥(-,s) the following string of

equalities holds true

[ (e o

(5]
ST () = / W (0.) da.

i=1

Then by adding and subtracting é J7s W¥ (%,v;) dz in (4.4) and by virtue of (4.5) and the local

Lipschitz continuity of W" we have

W (ue) — W (ve)| dx

1
dm—f——/
e Jrs

2L o) = ) o
)t )
< 1/ 201 + [ug| + [v)ue — v.| da

e Jps
<

1)
< CgHu;HLQ(O,l)

1
z C(1+ [|uellz2(roy + |Jvell L2y ) ue — vellp2 (19

(4.6)

in the last inequality having used (4.2) and (4.3).

Recalling that sup, I¥;(u.) < +oo, in particular implies

by combining (4.6), (4.7) and invoking hypothesis (4.

we find that

lim inf I¥ (u.) > lim inf

e—0 e—0

[ugllr20,1) <

, (4.7)

=l

) we obtain the desired result. At the end

1

1

g (-(W’“(ug) — )+ g(u;)2> dz

€
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4. § < e: OSCILLATIONS ON A FINER SCALE THAN THE TRANSITION LAYER 51

and invoking the Modica-Mortola Theorem

a/q]
liminf I*(u.) > liminf/ <—(Wk(u5) — k%) +5(u;)2> dx
0

e—0 e—0

> (2f 11 VITh(6) - ) (500 7 (0.0)

for any fixed a € (0,1). Then, passing to the sup on a € (0,1) in (4.8), we get the I'-liminf
inequality.

Finally, notice that by sup, I, f (us) < 400 and the I-liminf inequality, we immediately deduce
that uw € BV((0,1); {£1}).

Step 2: I'-limsup inequality
We have to construct a recovery sequence for v € PC(0,1) with u € {£1} a.e.; it will suffice to

approximate
-1 if z<zx
u(z) = 0 (4.8)
1 if x> xo,

with xo € (0,1).
We want to show that the limsup inequality can be easily obtained acting as if we were

studying the convergence of the functionals

/0 1 (1(W’“(u) _ )+ 5(1/)2) da. (4.9)

To this effect, arguing as in Modica-Mortola construction, for any fixed n > 0 we can find a
number 7' > 0 and a function v € W2(—T,T) such that v(-=T) = —1, v(T) = 1 and
T 5k L 5k
/ (T (0) = 2 + (o)) dar < 2/ I (s) = k2 41 (4.10)
-T -1
then, for instance, a recovery sequence for (4.8)-(4.9) is given by
-1 if < xg —eT
_ 0
us(x) = v(%) if xg—eTgx ng—i—aT
1 if ©>af+el
with xg = [%0] 6. We next claim that wu. is a recovery sequence also for [ f s In order to prove

it, testing Ifa on u., we find

a:5+eT
k _ 0 | e—— 2 2
IZ(us) = /mg_aT (6 (W (5,u5> k ) + e(ug) > dx

= /i (Wk (%x,v) k24 (v’)2> dz.

Then the next step consists in proving that

T c T__,
lim wk (—x,v) dx :/ W (v) de. (4.11)
e—0 -T (5 -T
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Setting

Wg(x) =Wk (%x,v) for a.e. z € (-T,T),

we have
0<WE<BA+ ) ae in (=T,T) for some positive 3,
and from it we deduce:
i) 3C > 0 such that ||W§||L1(,T7T) <C;
i) (W¥) is equi-integrable on (=7, T);

then by af)plying Dunford-Pettis criterion, upon passing to a subsequence (not relabelled)

WE—~f inL'-T,7). (4.12)
and by Lebesgue Theorem
T+r
f(z) = lim fly)dy forae. ze (=T,7T).
r—=0t Sy

Moreover from (4.12) we have that in particular, for z € (=7, T) and for sufficiently small » > 0,

T+r " T+r
i f W dy=f  fw)ay
e—0 T—r € r—Tr
and consequently
T+r
lim lim W) dy = f(z) for ae. xe (=T,T).
r—0te—=0/, . B

On the other hand, from

F T wiwa= 7w G = f 0 (i)

+ ]{i—:r wk (%y,v(w)) dy (4.13)

with
£ o) = Goeo@)) | < af @@+ bl - oty
and T+r e s L
my W (Gov(@) du = W @) dy =W (vo(@)).

Passing to the limit in (4.13) first letting e, then r go to zero, we obtain
fz) =W"(v(z)) forae. € (~T,T)

hence, from (4.12), (4.11). Finally by combining (4.11) and (4.10) we get

1
limsup I (u.) < 2/ \/Wk(s)—kQ—i-n
-1

e—0
= I*(u)+n

and by the arbitrariness of 7, the thesis. O
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REMARK 4.2. Since as for the Modica-Mortola functionals, the equi-coercivity at scale e
improves to strong-L? equi-coercivity, then we may (a posteriori) compute also the zero order

I'-limit with respect to the strong L?-convergence, obtaining
~ 1 —_
FEO () = / 7 () da.
0

(0)

Thus, for § < €, k > % we have that a I'-development for FEk with respect to the weak

L?-convergence is given by

FMO) () = /O ' W () de + ¢ (2 / 11 VIV (s) — k2> #(S(u)) + o(e), (4.14)

while a I'-development with respect to the strong L2—convergence is
1 1
FFO (y) = / W (u)dz + ¢ (2 / VIV (s) — k2> #(S(u)) + ofe). (4.15)
0 -1

P (s) = (2k — 1)s — k + Z

THEOREM 4.3. Let k > % and choose § satisfying (4.1). Then the functionals ¥ defined on
L*(0,1) by

IF(u) = /01 (é (Wk (%l,,) - Tk(u)) +g(u/)2> de if we Wh2(0,1)

+00 otherwise

Set

I'-converge with respect to the strong L*-convergence to the functional

A~
Th(u) = (2/}9 1 Wk(8)> #(S(u) if ue PC((0,1);{k+3})

2

400 otherwise

where Wk(s) = Wk(s) — 7 (s).
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CHAPTER 2

The Neumann sieve problem and dimensional reduction

1. Plan of the chapter

This chapter is organized as follows: after recalling some useful notation in Section 2, we state
the main results, Theorem 3.3 and Theorem 3.6, in Section 3. Then, in Section 4 we list some
auxiliary results as rescaled Poincaré type inequalities and joining lemmas. Section 5 is devoted
to give a preliminary definition of the interfacial energy density which is in terms of limit of
minimum problems. In Section 6 we prove the I'-convergence result (Theorem 3.3). It is only
in Section 7 that we compute the explicit expression of the interfacial energy density of each
regime (Theorem 3.6).

2. Notation
Given =z € R", we set © = (x4, %,) where x, := (z1,...,2,—1) is the in-plane variable and
D, = (8%1, cee 8@,271) (resp. D,,) the derivative with respect to z, (resp. z,).

The notation R™*™ stands for the set of m X n real matrices. Given a matrix F' € R"*",
we write F' = (F|F,) where F = (Fy,..., F,_1) and F; denotes the i-th column of F, 1 <i<n
and F € R™*(n=1),

The Lebesgue measure in R"™ will be denoted by £™ and the Hausdorff (n — 1)-dimensional
measure by H" 1. Let A be an open subset of R? (d =n —1,d =n). If s € [1,+00], we use
standard notation for Lebesgue and Sobolev spaces L*(A4;R™) and W1*(A4;R™).

Let w be a bounded open subset of R*~! and I = (—1,1), we define Q := w x I. In the sequel,
we will identify L*(w;R™) (resp. Wh*(w; R™)) with the space of functions v € L*(£;R™) (resp.
Whs(Q; R™)) such that D,v = 0 in the sense of distribution.

For every (a,b) C R with a < b and q1,q2 > 1, L%(a,b; L (R™~D;R™)) is the space of
measurable m-vectorial functions ¢ such that

a a1
/ (/ ¢ (@as 2n)| ™ dma) N dx, < 4o0.
b Rn—1

Let a € R" ! and p > 0, we denote by Bg_l(a) the open ball of R"~! of center a and radius p
and by ngl(a) the open cube of R”~! with center a and length side p. We write B;“l instead
of B~1(0) not to overburden notation. Let a5 = ie with i € Z"!, we set ngl = Qr1(xf).
We define UT® := U x (0,a) and U~® := U x (—a,0) with U C R""! and a > 0, while if
a=1,then Ut =Ut and U~ =U"1.
We set C1 o := {(24,0) € R" : 1 < |24} and Cy n := {(24,0) € R" : 1 < |z,] < N} for every
N > 1.

55
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Let p > 1, we denote by Capp(B?fl; A) the p-capacity of B! with respect to A C R%:

Cap, (B~ '; A) = inf {/A |DY|P da = o € WyP(A) and ¢ = 1 on B{‘_l} .

The letter ¢ will stand for a generic strictly-positive constant which may vary from line to line

and expression to expression within the same formula.

3. Statements of the main results

Since we are going to work with varying domains, we have to precise the meaning of ‘converging

sequences’.

DEFINITION 3.1. Let Q; = w™Uw™%U(wy, o, x{0}). Given a sequence (u;) C WHP(€; R™),
we define Uj(Ta,Tn) = uj(Zq,0;x,). We say that (uj) converges (resp. converges weakly) to
(ut,u™) € WHP(w; R™) x WHP(w; R™) if we have

@j‘ = Aylyr = uTin LP(WTR™)  (resp. weakly in WP (wt; R™)),

a; = djl,- = u in LP(wT;R™) (resp. weakly in WP (w™; R™)).

Similarly if we replace € by w0,
We say that the sequence (|Du;|P/8;) is equi-integrable on w*% if (‘(Daﬂﬂ%Dnﬂj)‘p) is

equi-integrable on w*.

REMARK 3.2. By virtue of Definition 3.1, a sequence (uj) C W1P(Q;;R™) converges to
(ut,u™) € WHP(w; R™) x WHP(w; R™) if and only if

1 .
lim 5_]-/wﬂj iy — ut [P de = 0, (3.1)

Jj—+oo
NI .
<Dauj —Dnuj)
9;

while (3.1) and

P
dr < 400 (3.2)

)
sup — | Du|P dx :sup/
jeN 0 Jooi jeN Jut
imply the weak convergence.

Note that Remark 3.2 is still valid if we consider the domain w®% Uw™% in place of ;.
The main results of this chapter are the following:

THEOREM 3.3 (I-convergence). Let 1 <p <n — 1. Let w be a bounded open subset of R"~1
satisfying H" 1 (0w) = 0 and W : R™*"™ — [0, 4+00) be a Borel function such that W(0) = 0 and

satisfying a growth condition of order p : there exists a constant 8 > 0 such that
|FIP—1<W(F)<B(FI|P+1), forevery F € R™*". (3.3)
Let (¢5), (6;) and (r;) be sequences of strictly positive numbers converging to zero such that
Ji

lim — =0
J—=too €j
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and set
f:= lim Q.
Jj—+oo 6]'
If
n—1—p
(e (0,+00], and 0<RY:= lim — < +00
j—=4oo gl
or
riP
£=0, and 0<R?:= lim J T < +oo,
j—+00 §; e’:‘?_

then, up to an extraction, the sequence of functionals Fj : LP(2;;R™) — [0, 4+00] defined by

(%/ W(Du)dz if u € WHP(Q;;R™),
Filw)={ 77"

+00 otherwise

T'-converges to

FO (ut,u™) = / Qn AW (Dou™) dzq —i—/ Qn AW (Dou™ ) dzs + R® / <p(£) (ut —u7) dz,

w w

on WIP(w;R™) x WHP(w; R™) with respect to the convergence introduced in Definition 3.1,
where W (F) = inf{W (F|z) : z € R™}, Q,_1W s the (n — 1)-quasiconvezification of W and
@O R™ — [0, +00) is a locally Lipschitz continuous function for any £ € [0, 400].

REMARK 3.4. Note that if ¢ € (0,4o00] the only meaningful scaling for r; is that of order
Egn_l)/(n_l_p) - i.e., for both R® =0 and R®) = 400 we loose the asymptotic memory of the
sieve. In fact, if R®®) = 0, we obtain two uncoupled problems in the limit, while if RO = 400,
limit deformations (u™,u ™) with finite energy are continuous across the mid-section (u™ = u~

in w) as in Le Dret-Raoult [38]. Similarly, for ¢ = 0.

REMARK 3.5. If ¢ € (0,400) then

n—1—p n-p
0<R®= lim 2— <+4oo ifandonly if 0<R®= lim — < +00;
i E j—>+o0 5]- 5?

hence, in this case the two meaningful scalings are equivalent.

The following result provides a characterization of the interfacial energy density o for each
¢ € [0, +0o0].

THEOREM 3.6 (Representation formulas). Let p* = (n—1)p/(n—1—p) be the Sobolev exponent
in dimension (n — 1). Then, upon extracting a subsequence, there exists the limit

g(F):= lim T?QRW(T]-_IF),

j—+o0
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58 2. THE NEUMANN SIEVE PROBLEM AND DIMENSIONAL REDUCTION

for all F € R™*™  where Q,W denotes the n-quasiconvezification of W, so that:
if £ € (0,+00),

¢W@::im{/ 9(Dual|¢DyC) d : ¢ € WEP(R™ ™ X )\ O o0; R™),
(Rn—1 xI)\C1,00
D¢ e LP(R™E X I)\ Cloo; R™™), ¢ — 2z € LP(0,1; L (R*L;,R™))

¢ € LP(—1,0;L"" (R"I;Rm))};

e (z) = inf{/ 71<Qn_1§(DaC+)+ Qn_lg(Dag—)) dog : (Fe Wﬁ,’f(R”_lsRm),
(F=C in By, Dot e IPRMLR™OD),

(CT=2),¢ € L”*(Rnl;Rm)} ;

where g(F) := inf{g(F|z) : 2 € R™} and Q,,_17 is the (n — 1)-quasiconvezification of g;
if =0

eV(z) = inf{/ » g(D¢)dx: (€ Wé’g’(Rn\CLOO;RM)’ D¢ € LP(R™\ Oy o0; R™*™),
R™ 1,00

¢~z € IP(0,+00; LY (R R™)), ¢ € LP(~oc,0; L7 <R”1;RM>>} ,

for all z € R™.

REMARK 3.7. Without loss of generality we may assume that W is quasiconvex (upon first
relaxing the energy); hence, by (3.3), W satisfies the following p-Lipschitz condition (see e.g.
[26]):

W(F) = W(F)| <c(+|F[P +|BP Y F - F, forall Fj, F, € R™*™, (3.4)

4. Preliminary results

4.1. Some rescaled Poincaré Inequalities. Since we deal with varying domains, depend-
ing on different parameters, it is useful to note how the constant in Poincaré type inequalities
rescale with respect to such parameters.

LEMMA 4.1. Let A be an open bounded and connected subset of R~ with Lipschitz boundary
and let A, := pA for p > 0.
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(i) There exists a constant ¢ > 0 (depending only on (A,n,p)) such that for every p,d >0
TP P sP P
/Af,[‘s lu ’U,Ag:a’ dx < C/A;t“ (pP|Doul? + 6P| Dyul?) dx,

for every u € Wl’p(A;)t‘S; R™) where T 5 = f 445 udz.
p p
(ii) If B is an open and connected subset of A with Lipschitz boundary and B, := pB
then there exists a constant ¢ > 0 (depending only on (A, B,n,p)) such that for every
p,6 >0

/Ai6 lu — Upts |Pdx < C/A:té (PP| Doul? + 0P| Dpul?) dx,
P P

for every u € lep(Af‘s; R™) where Upts = JCB;“ udx.

Proof.  Let us define v(za,x,) = u(prqa,dr,) then v € WHP(A*;R™). By a change of

variable, we get that u ,+s = v4+. Moreover, by the Poincaré Inequality, there exists a constant
p

¢ =c(A,n,p) > 0 such that

_ a7 D — n—1 _ a5 . |P
/Aﬂ|u uA§5| dx dp /Ai|v v+ P dy

P

IN

cép"l/ | Dul|P dy
AT

= c/ (pP|DoulP + 0P| DyulP) dx
e

P

and it completes the proof of (i). Now, if B, C A,, we get that

TP
/Aié |u ’U,B;_]l:6| dx

p

< = p n—1lg/m—1 — = p)
< C</A§5 lu uAg[a| dx +6p" " H (A)|UA3E5 UB?,E5|
an—l(A)
< T aslP RAS i) T aslP T as|P
< C/A;t‘s |u ’U,Api5| dx—'_cq_[nfl(B) /Bj“s |u ’U,Api5| d:v—i—/Bgus |u UB3:§| dx
<

c/ (PP |DaulP + 0P| DyulP) de.
e

P

4.2. A joining lemma on varying domains. If not otherwise specified, in all that follows

the convergence of a sequence of functions has to be intended in the sense of Definition 3.1.

The following lemma, is the key tool in the proof of Theorem 3.3. It is a technical result
which allows to modify sequences of functions ‘near’ the sets Bﬁ?fl)(xfj ). It is very close in spirit
to Lemma 3.4 in [5] although now the geometry of the problem yields a different construction

involving suitable cylindrical (instead of spherical) annuli to surround the connecting zones.
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LEMMA 4.2. Let (g5), (0;) be sequences of strictly positive numbers converging to 0 and
such that 6; < e;. Let (u;) C WIP(wr% Uw™%;R™) be a sequence converging to (u™,u~) €
WP (w; R™) x WP(w; R™) satisfying sup; Fj(uj) < +o00; let k € N. Set p; = ~e; with v < 1/2
and

Zj={iez" " dist(z;,R" 1\ w) > ¢;}.
For every i € Zj, there exists k; € {0,...,k — 1} such that having set

Cji» = {xa cw: 27y <oy — 27| < 2"“/)]-},

u'E ::][ u; dx (4.1)
J (C;)ﬂ:éj J
and
S S
p;. = 12 kzpj,
there exists a sequence (w;) C WHP(wt% Uw™%;R™) weakly converging to (u™,u™) such that
N\ £
w; = u; in (w\ U C’;) g (4.2)
’iEZj
wj :u;»i on (83:% 1(33?)) J (4.3)

and satisfying

. 1 c
lim sup — /i(;, |W(ij) — W(Duj)| dz < T (4.4)
J—+too Y3 Jwu=%
Proof. For every j € N, i € Zj, k€ Nand h € {0,...,k — 1}, we define
C’;’h = {xa Ew: 27h71pj <|za — 7| < 27h,0j} ,
i,h\+
w; = w; dx
( J ) ]{Cj,h)iaj J
and
ih B
py = 72 "o, (4.5)

Let ¢ = qbé-’h € CS"(C’;’}L; [0,1]) be a cut-off function such that ¢ =1 on 8Bgi;1(:cfj) and |Dy¢| <
i J

C/p;’h. In (C;’h)i5j, we set

wi" (@) 1= ¢(aa) (") + (1= é(wa)us,

then

IN

ih (N E ,
/(Cz',h)iéj | D[ de C/(C?,h)iéj (’Da¢’p‘u] (ug ™) + | Duy ’p> de

J J

i,h
c/ g — ()P + |Du,j|P | da
e\ oy n)

J

IN
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FIGURE 1. The (n — 1)-dimensional annuli CJZ: .

Applying Lemma 4.1 (i), with p = pj.’h and A, = C;’h, we have that

h
/(Cih)ﬂv |Dw; P dz
L J

J

5.
< ¢ |Dou;|P + (=2 p|Dnu-|p dx + ¢ | Du|P dx
S ; J t,h J i hy£6 ; J
(CymyF0 p; (c;"y*
< mj(k,’y)c/ . | Du;|P dx, (4.6)
(C;,h)iéj

where by (4.5)

k+1\p N\ D
mj(k,vy) = max{1,<23—’y) (g—j) }

and since §; < ¢, m;(k,v) = 1 as j = +oo. As

-1

D

k
/@,h)% 1+ 1Du )i < [ (1+ D )?
h=0 J

—1, Ej\£5;
;Lj (xi]) 7

there exists k; € {0,...,k — 1} such that, having set Cj = C;’k", we get

1
(14 |DuP)de < - (1+ | Du,|?) da. (4.7)
(Ci)*% kJs

—1,, 55 \t6;
by (w?)T
Hence, if we define the sequence

ik; - NS . )
w;™ in (CF)=% for i € Z;
wj =

uj otherwise,
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62 2. THE NEUMANN SIEVE PROBLEM AND DIMENSIONAL REDUCTION

by the p-growth condition (3.3), (4.6), (4.7) and Remark 3.2 we have

%/ﬂj W (Duy) ~ W(Duy)|de = 3 = /Zﬂ W(Du) — W(Duy)| do

1€Z;
< Emh T [ 0 D)
1€Z; B
< Stk (14 sup |Du,|P d
—m;(k, up — w; [P dz
- kY 7 jeII\I)(Sj wr% ’
c

which concludes the proof of (4.4). Note that, by construction, (w;) satisfies (4.2) and (4.3) and
it converges weakly to (u*,u™). In fact,

5/ w; — uFPdr = _ZZ/Zi6 ¢ult + (1= d)u; —u™[P d
[4S]

wu; — uT|P dx
J

+5_ /ié' i\E£d
J Jw ]\UiGZ-(C')

+ it
6 / j—ur|Pde+ — Z/Z uj —ug [P de,

zEZ

IN

while by Lemma 4.1 (i) applied with p = pJ and since §; < ¢j, pJ < ¢j, we get

1
5/ —ui|pdx<§ —ui|pd:c+csj(5 j|Duj|pdx. (4.8)
Moreover by (4.6) we have
! Duw, P do < Du,[Pd 4.9
5 [ oera<s [ pupan (49)

Hence (4.8), (4.9), the convergence of (u;) towards (u™,u™), sup, + [ x8; [ DulP dz < +o0 to-
J

gether with Remark 3.2 imply the weak convergence of (w;) towards (u*,u™). O

REMARK 4.1. Note that to prove Lemma 4.2 we essentially use that p; < €;/2 (but not
necessarily equal to ve;) and lim;_,4(d;/p;) = 0. Hence, Lemma 4.2 is still true if we replace
the assumptions 0; < €; and p; = ve; by p; < €;/2 and lim;j_(d;/p;) = 0.

Since we will apply Lemma 4.2 when p; = ve; (v < 1/2) and §; < €, we prefer to prove it
directly under these assumptions.

If the sequence (|Du,;|P/§;) is equi-integrable on w®% (see Definition 3.1), then we do not
have to choose for every i € Z; a suitable annulus C; but we may consider the same radius
independently of i as the following lemma shows.
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LEMMA 4.3. Let (u;), (g5), (6;), (p;) and Z; be as in Lemma 4.2 and suppose that (|Du;|P/6;)

is equi-integrable on w*%. Set

‘ 2 4 "
Cj = {xa Ew: 3Pi <l|zq —z’| < gpj} and  ui = ]{ci)ﬂj uj dx
J

for every i € Z;. Then, there exists a sequence (w;) C WP (Wt Uw™%: R™) weakly converging
to (u™,u™) such that

wj = uj in (w\ U Cj)ﬂj, (4.10)

1€Z;
gk n—1/, €\
w; = uj on (8Bp], (z;7)) (4.11)
and
1
lim sup —/ |W(Dw]~) - W(Duj)‘ dr <o(l) as ~v—0". (4.12)
jotoo 0 Jutds

Moreover, the sequence (|Dw;[P/d;) is equi-integrable on w0 .

Proof. Let ¢ = gb;- € CSO(C;; [0,1]) be a cut-off function such that ¢ = 1 on 8B;Lj*1(x§j) and
|Dag| < ¢/pj. In (C]i-)i‘si, we define

wj = p(aa)uf + (1 - $za))u;.

Then, reasoning as in the proof of Lemma 4.2, we have that
/@;)ﬂj W(Duw') di < c/(c;:)ﬂj(l + | Duy P da.
Hence, if we define
wh in (CH*5 for i € Z;,
wj =
uj otherwise,

wj satisfies (4.10) and (4.11). Moreover,

1 1 i
5 /wiaj WDuw;) - Wbl de < ) 5—],/( s, W (D)) = W(Du)| do
1 7 J

3|

. 1 €j
icz; 7 (Bij/3(xi )Nw)

IN

1P
j[6]'(1 + |Duy|?) dx.

Since #(Z;) < c/e?_l, we get that

H( U ) 0 w>> < oyt

iEZj
and by the equi-integrability of (|Du;[P/d;) we obtain (4.12). Finally, the weak convergence
of (w;) can be proved as in Lemma 4.2 while the equi-integrability of (|Dw;[P/d;) is just a

consequence of the definition of (w;). O
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64 2. THE NEUMANN SIEVE PROBLEM AND DIMENSIONAL REDUCTION

5. A preliminary analysis of the energy contribution ‘close’ to the connecting

zones

For later references, in the following section we study the asymptotic behavior of a sequence
of functions which will turn out to represent the energy contribution ‘close’ to the connecting
zones. The results listed in this section will be applied in Section 6 to prove the I'-convergence

of (F;) as well as in Section 7 to compute the explicit formula for ).

Before starting, let us recall that we consider the domain €); = wtdi Uw™di U (wr].,ej X {0})

where wr; o = Ujezn— B,?jfl(xfj ) Nw. Our I'-convergence analysis deals with the case where
the thickness ¢; of €; is much smaller than the period of distribution of the connecting zones
€53 1.€. s
5.
lim 2 =0.
J—=too €j

Moreover, we can exclude that r; > €;/2 otherwise the zones may overlap. More precisely, we

assume that r; < ¢;; i.e.,

lim 2 =o. (5.1)
J—+0oo &j

This choice will be justify a posteriori since (5.1) will be the only admissible assumption to get

a non trivial I'-convergence result (see Remark 3.4).

Finally, it remains to fix the behavior of r; with respect to ;. Let us define
P
¢:= lim 2.
j—+o0 5j

This yields to consider all the possible scenario, namely to distinguish between the cases: /¢

finite, infinite or zero.

For any fixed ¢ € [0,+o00], we consider the sequence of functions (go%) defined in (5.2) and

(5.13). Propositions 5.1 and 5.2 establish the existence of the function ¢) as the (locally
%) as j — +oo and v — 07 while Proposition 5.3 will allow us to prove

that o is actually the interfacial energy density in F© (see e.g. Proposition 6.2).

uniform) limit of (¢

5.1. The case ¢ € (0,+00]. Setting N; = ¢;/r;, we define the space

X] () = {C e WHP((BIR! X )\ Cramyi R™) : ¢ = 2 on (9BIRNT, ¢ =0 on (0B},

where I = (—1,1) and we consider the following minimum problem

1 J
::Nj XI)\CI,'YN]'

go(fz(z) := inf /(B r? W (r]lDaQé;anC) dv: (€ X;.Y(z) ) (5.2)

In the next proposition we study the behavior of (go%-) as j — +oo and v — 0F.
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FIGURE 2. The domain (B{x~") x I)\ C1 .,

PROPOSITION 5.1. Let £ € (0,400]. If
Pl
0<R®:= lim L < +oo (5.3)

j—+o0 5?7

then,

(1) there exists a constant ¢ > 0 (independent of j and ) such that
l _
0< e el +9"7)
for all z € R™, j € N and v > 0;
(ii) there exists a constant ¢ > 0 (independent of j and vy) such that

¢ ¢ n—1)(p— _ _ _
0 (2) — o (w)] < €|z —w| (PDEDP g7l =t g ety (5.4)

for every z,w € R™, j € N and v > 0;
)

V,J

Q)

11) for every fized v > 0, up to subsequences, converges locally uniformly on R™ to
Y Y P q ¥ ) Y Y Py

as j — +oo and
o (2) = ()] < elz — w] (YOTDETIP L 2P ) (5.5)
for every z,w € R™ ;
(iv) up to subsequences, (pgf) converges locally uniformly on R™, as v — 0%, to a continuous
function O : R™ — [0, +00) satisfying
0<¢®(z) <2, 09 (2) — O ()| < elz = w|(|2P7! + [w]P™) (5.6)

for every z,w € R™.

Proof. Fix v > 0, then vN; > 2 for j large enough.
(i) According to the p-growth condition (3.3),

gn—l
0<¢l(z) < B (%(z) FHLBI L (5.7)

(b.c
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Since C, ;(z) is invariant by rotations, reasoning as in [5] Section 4.1, we can consider the
minimization problem with respect to a particular class of scalar test functions as follows

Cri(2) — inf / <Doﬂ/)‘QDn¢>
|2|P (BIy ! x D\C1o, d;

Y =1on (aBg];jlﬁ and ¢ = 0 on (aBg];jl)}

p
dr = € WH((By! x 1)\ Ciyn;),

< inf {/ (\Doﬂﬂﬂp + yDazp—yp) de: (Wt —1),¢9 € WolvP(ng,.l)
B! !

YN

and " =4 in B?—l}. (5.8)

Let ¢F be the unique minimizer of the strictly convex minimization problem (5.8). It turns
out that in := 1 — 97 is also a minimizer. Thus by uniqueness, wf = in and in particular,
YE =1/2 in B!, Hence,

C%j(z) S ‘Z’p inf { /Bn_l (’Daw-i_‘p + ‘Daw_‘p) dxa : (¢+ - 1)7 ¢_ S W()LP(B'T;]?[]-I)’

TN

1
and T =¢~ = 5 0 B?—l}

1
— P P . Lprpn-1 _ T n—1
= 2|z|Pinf { /3"1 |Datp|P dae : o € Wy (BVN],) and ¢ = 5 i Bj }

YN

J
p
= |Z|71 inf /
2p B

|2[P -1 —1
= o1 Cap, (BiI ; B'Tlej ) (5.9)

Doy dze Y ngp(Bg];jl) and ¢ = 1 in B?l}

YN

Since

lim Capp(B?_l;B;l;,jl) = Capp(B{‘_l;R”_l) < +00;

Jj—+oo

hence, by (5.3), (5.7) and (5.9) we conclude the proof of (i).
(ii) For every n > 0, there exists ¢, ; € X](z) such that

V5J

/ W (r;lDaC%jM;anC%j) dz < o (2) + 1. (5.10)
(B, XD\C1a;

(0)
7:J
we just have to modify ¢, ; on a neighborhood of (8B§1§j1)+ to change the boundary condition

We want to modify ¢, ; in order to get an admissible test function for ¢. . (w). More precisely,

z into w. To this aim we introduce a cut-off function 6 € C°(R"~!;0,1]), independent of z,,
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such that

1 if z,€ B
0(xy) = and |D,0] < c.
0 if x,¢ Byt

Hence, we define (, ; € X (w) as follows

i Gri+ (1= 0@a))(w —2) in (Bjy)*
Crj =
Cyj in (Bl U (BrT < {0}).

By (5.10), since ¢, ; = ¢, in (B;L;,jl)*, we have that

o w) = o (2)

D
Ty

IN

/ - (W(Tj_lDag%j‘éj_ang%j) - W(Tj_lDocC%j“sj_anC%j)) dr +n
(BWN]. XI)\Cl,n,N]-

= 17 /(Bn_l)+ (W(?“]._IDQQ:%]-M]-_ID”E%]-) — W(rj—lpagw\aj—angw)> dz +n.
YN

By (3.4) and Hoélder’s Inequality, we obtain that

Y4 4
P (w) = 9 (z) — 1

_ T
c/ G 1+'<Da<w(5—],DnCw,j>
(BN, )" J
~ ’," ~
(DaC%j - DaC%j‘é_j,(DnC%j - DnC%j))' dx
j

C/ ) (r;’_l +2 ' (DQC%J"%DnC%])
(B:;zj)Jr J

c[z—w]p/ ]Daelpdxa—i—crf_l\z—w]/ |Do0| dzo
Bt By
J

YN

p—1 )
Ty

+ ' <Da5'y,j ‘ 5_an5'y,j>

IN

)

+ DO fw — z|p1> |Do0| |w — z| dx

X

p—1

IN

IN

p—1

+2¢|z — w HDaHHLp(ngﬁ;R"‘l)
J

.
‘ <DaC7,j ‘ K;Dngw,])

L (B} +iRmn)
Since yN; > 2 and Supp(f) C By~ !, we obtain that

l YA
P (w) — o(2)

),

p—1

i > +n. (5.11)
Lp((B;lI;;)ﬁRmxn)

ons)

< dfs—ul <|z ot H (Dacy,j
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T y///\ BQ’}V;” x I

el s Cl,ij

FIGURE 3. The domain (B ") x I;)\ C1 v, .

By the p-growth condition (3.3), (5.10) and (i), we have that

/(BZN]?V

p
dx

<Da<'y,j‘g_an<'y,j>

< / . ""f W (""J'_IDaC%j"Sj_anC%j) dx + Tf Hnil(B:J?/jl)
(B
gl
< @@ +n+ey Tnil,p
j -
< eflzP +4"h) +77+C'Y"*1rn]_1_p- (5.12)

Hence, by (5.11), (5.12) and (5.3) we have that

[ [ — - - n—1)(np— _
@) = @5(2) < cle = w| ([P 4 ol T 4 oE Tty (ORI g )

and (5.4) follows by the arbitrariness of 7.

By (ii) and Ascoli-Arzela’s Theorem we have that, up to subsequences, gp(o converges uni-

V.J
formly on compact sets of R™ to #’ as j — +oo. Moreover, passing to the limit in (5.4) as

j — 400 we get
4 () = ()] < ez = w] (Ja7~" + fuwlP~! 44 DE=DP).

Hence, we can apply again Ascoli-Arzela’s Theorem to conclude that, up to subsequences, (ng)

converges uniformly on compact sets of R™ to () as v — 0F. In particular, o) : R™ — [0, +00)

is a continuous function and
0<¢¥(2) < 2P, 0O (2) — D (w)] < e (2P + JwP~) |z — w]

for every z,w € R™. O

Preliminary version — October 30, 2006 — 12:04



5. A PRELIMINARY ANALYSIS OF THE ENERGY CONTRIBUTION ‘CLOSE’ TO THE CONNECTING ZONHE®

5.2. The case £ = 0. In this case we expect that the energy contribution due to the presence

(0))

of the sieve is obtained studying the behavior, as j — +o0o and v — 0T, of the sequence (907 i

defined as follows

P W (r]leaq(sj—ang) de: ¢eX)(2)

0 .
@iO;(z) = Linf !

Wl
7“] (B:/LN] XI)\CI,'YN]'

= inf / rPW(r;'D¢)dx . ¢ eY](2) (5.13)
(B XI)\Ci

where I; := (—=d;/rj,d;/r;) and

Y)(z) = {g € WIP((BIy! % 1)\ CransR™) + ¢ =z on (0BG,

¢(=0on (6B$]§j1)7(5j/”)}.

Note that in this case we are interested in the limit behavior of a sequence that is obtained from
the one corresponding to ¢ € (0,4o0] multiplying it by d;/r; (see (5.13) and recall (5.2)). Let
us try to motivate this choice.
Let ¢ € (0,+00), then starting from (5.2) by a change of variable it is immediate to check
that
gp%(z) = %inf / » 1“? W(r;lDC) dr: (€ Yj”(z) . (5.14)
j (BIR XI)\C1

Now assuming that lim;, 100 75 7/(9; 5?*1) < 400 (or equivalently that lim;_, 4 o r?fl*p/syfl <

0)
VsJ
uniformly in R™, as j — 400 and v — 07 (Proposition 5.1). Then if £ € (0,+00), studying

the limit behavior of (5.13) is perfectly equivalent to study the limit behavior of (5.2). While
if £ =limj ,4o7;/0; = 0, (5.14) suggests that, to recover nontrivial information in the limit,

+00; see Remark 3.5) we know that the sequence (¢! ) converges to £ (9, for some @), locally

we have to study the asymptotic behavior of the sequence obtained from (5.14) dividing it by
rj/0;, that is to study the asymptotic behavior of the sequence given by (5.13).

Following the line of the proof of Proposition 5.1, we want to establish an analogous result
(0)‘)

o~

for the sequence (¢

PROPOSITION 5.2. Let ¢ = 0. If
riP
0< RO = lim -2+ < +oo (5.15)
j=too gl

then,

(i) there exists a constant ¢ > 0 (independent of j and 7y) such that
0 _
0< ) e (P 977

for all z € R™, j € N and ~v > 0;
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70 2. THE NEUMANN SIEVE PROBLEM AND DIMENSIONAL REDUCTION

(1) there exists a constant ¢ > 0 (independent of j and ) such that

0 0 1) (p— e _ _
’@i;(z) — @i;(w)! <clz—wl (fy< De=1/p 4 T D fzfPt + |l (5.16)

for every z,w € R™, j € N and v > 0;

converges locally uniformly in R™ to wgo)

(0)

(iii) for every fized v > 0, up to subsequences, ©.

as j — 400, and
99 (2) = o0 (w)] < ez = w] (" TDETDE L | ) (5.17)

for every z,w € R™;

(iv) up to subsequences, wgo) converges locally uniformly in R™, as v — 0T, to a continuous

function @ : R™ — [0,400) satisfying
0 <¢O(z) <27, 0@ (2) = O (w)] < clz —w| (|2~ + [w]™) (5.18)
for every z,w € R™.

Proof. Fix v > 0, then yN; > 2 and §;/r; > 2 for j large enough.
(i) According to the p-growth condition (3.3),

§;en !
0< @Efj-(z) <B (Cw-(z) + o (B 4 e > , (5.19)
where
C,,;(z) =inf / |D(Pdx . (€Y (z)
(BYN < I)\C1yn,

Arguing similarly than in the proof of Proposition 5.1, we can rewrite

Cyi(2)

|2|P

~ il | D de : ¢ € WY((BIE x 1)\ 1w, ),
(BIN ) X ID\C1an; !
Y =1on (aB;lJ;jl)+(5f/rf> , 1 =0on (aBgle)—(@/rf)}. (5.20)

Let 11 be the unique minimizer of the strictly convex minimization problem (5.20). It turns out
that ¥2(za, xn) = 1 — 1(x4, —xy) is also a minimizer. Thus by uniqueness, 1); = 15 and in
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5. A PRELIMINARY ANALYSIS OF THE ENERGY CONTRIBUTION ‘CLOSE’ TO THE CONNECTING ZONEHAL

particular, 11 = ¢9 = 1/2 on B?il x {0}. Thus
, _ P [ Lp((gpn=1\+(3;/r;)
Cy,i(2) 2|z| mf{/(BnI;l)Héj/rj) |DyPde: eW ((BWNJ-) i/T3)),
TN

1
¥ =0on (BT and ¢ = 5 on Bt x {o}}

2P

— P - Lp((gn=1y+(5;/rj)
= { /(B"N1)+(5j/7‘j) [Dyfde: ¢ € WH((Byy, ) ™),
7N

¥ =0on (BT and ¢ = 1 on B~ x {o}}

|2[P —1 —1
< 2—pcapp(3? i By, x 1) - (5.21)
Since

lim Capp(B{“l;B:;[jl X Ij) = Capp(B{hl;]R”) < 4003

j—+4o0

hence, by (5.15), (5.19) and (5.21) we conclude the proof of (i).

(ii) We can proceed as in the proof of Proposition 5.1 (ii) using a different cut-off function
also depending on z,,. Namely, let 6 € C2°(R™;[0,1]) be such that

1 if (2a,7n) € B! x (—1,1),
O(za, ) = and |DO| <ec.
0 if (xomxn) ¢ Bg_l X (_272)
(0)

g We define

Hence, if ¢y ; € Y]W(z) is a sequence which ‘almost attains’ the infimum value ¢
= Y (w) as follows

G+ (L= (@) (w—2) n (BIgh) /),
E%J' =
Gy in ((Byy))~%/m)) U (By ! x {0}).
By (5.15) we conclude the proof of (ii) reasoning as in the proof of Proposition 5.1 (ii).
The proof of (iii) and (iv) follows the line of the proof of (iii) and (iv) in Proposition 5.1. O

Now we are able to describe the energy contribution close to the connecting zones as j — 400
and v — 0T,

PROPOSITION 5.3 (Discrete approximation of the interfacial energy). Let (u;) C WhP(Q;;R™)N
L>®(9;;R™) be a sequence converging to (u™,u”™) € WhP(w;R™) x WHP(w;R™) such that
sup; Fj(uj) < +oo and satisfying supe ||ujll Lo @, rm) < +00. Let (uzi) be as in (4.1). If

PP
0e(0,+00] and 0<R® = lim L < +4oo
Jj—+o0 8]-
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72 2. THE NEUMANN SIEVE PROBLEM AND DIMENSIONAL REDUCTION

or
rﬂfp

(=0 and 0<R®= lim —L

< 400
j—Foo 5jsj

then

lim limsu /‘ O (it — Yy omr — 0Ot — dz, =0,
3 > et =l arr = ¢ )

—0t
Y Jj—+oo i€Z;

for every £ € [0, +0o0].

Proof.  Since supjey [|uj]| Lo (q,rm) < +00 by Propositions 5.1 or 5.2 we have that

. Y4 i i— —
lim sup/‘ E gp(%}(uf —uj )XQ?E_-I — Ot —u )‘ dzx,,
w ()

jortoo ’iEZj
< lim sup/ Z ‘gp(fz(ufr - uzf) — ¥ (uz ‘XQn 1dxg
J=Foe Jw iEZj
+ lim sup/ ‘ Z o®) (u;Jr - uéf)xQn_l — Ot — u_)‘ dzx,,
jﬁ—’—m 4 . Z,Ej
< ) + lim sup/ Z ¢ - u;-*)Xan — Ot — uf)‘ dz,,
Jrtoo 1€Z; e

as v — 07. By (5.6) or (5.18) and Holder’s Inequality we have that

lim sup/ Z o) (uz+ - ué-_)xanl — O (ut - u*)‘ dx
Jotoo Jw 1€Z; R

— tmswp Y [ O =) - o0t - )] da,
J—rtoo 1€EZ; Qza

IN

. . 1/p
¢ hmsup<z Z.+ —u't|P + luy” —u” P dwa> .

j—+oo

Hence, it remains to prove that

lim sup Z / lut — u§i|p dre, = 0.
J=rtoo 1€Z; anj1

(5.22)

(5.23)

By Lemma 4.1 (ii) applied with p =¢;, B, = C'JZ: and A, = ?;]1 and since §; < ¢;, we have

C

)
p
C
8 J@uztys - JephE

for all ¢+ € Z;; hence, summing up on 7 € Z;, we find

<3

1€4;
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£ _ it < _( T i >
/QT’1 [u™ —u P dr, < 5; /(in)iéj luj —u™| dx—i—/(Qﬁl)ﬂj luj —ui|P dx
i,e 1,65 1,65

it |p + €&
E j—us [P dza § — j—us|Pde + —= | Du|P da
n 1 (5 wﬂ:éj

L ce’
< luj — u*|Pde + —L / | Du;|P dx, (5.24)
6] ( n—1 :I:é
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then passing to the limit as j — +o0 by the convergence of (u;) towards (u*,u™) and sup; Fj(u;) <
+oo we get (5.23) and then (5.22). O

6. I'-convergence result

6.1. The liminf inequality. Let (u;) C WhP(Q;; R™) N L>=(£;;R™) be a sequence con-
verging to (ut,u”) € WHP(w,R™) x W1P(w,R™) such that sup, Wil poo(, mmy < 400 and
jeN 1) (Q5;R™)

liminf F; (u; .
lim inf Fi(uj) < 400

By Lemma 4.2, for every fixed k € N, there exists a sequence (w;) C WIP(;; R™)NL>(£;; R™)
weakly converging to (u™,u~) satisfying (4.2), (4.3) and such that

hmmf— (/ W (Duy;) dx —|—/ W ( Du])dx>
]~>+oo i

> hmmf—(/ W (Duwj) dw—i—/ WDw])dx>_£
]~>+OO i k
1
> liminf — / W (Dwj) dx —|—/ W (Dwj) dx
7+e0 05 \ Je\E;) % (A\E) ™
P c
—|—1J1§J£.10f—] ( E;.Hsj W (Dw;) dx + . 5 W(Dw])dx> ~ (6.1)

where E; := UZ-GZ], B%fl(x?j).

7

We first consider the energy contribution ‘far’ from the connecting zones. In this case, we suit-

ably modify the sequence (w;) in order to get a constant inside each half cylinder B (" 1) (mfj )E93,

Then, we apply the classical result of dimensional reduction proved in [38] to w+51 and w™%,
separately.

PROPOSITION 6.1. We have

lim inf 1 / W (Dw;) dx + / W (Dwyj) dx
J—r+oo 5] (W\Ej)Jﬂsj (W\E]')iéj
> / (Qur W (Da™) + Qs TV (Dat™)) dite

Proof. We define

Cfwom @By o2
j = i+ . — £j S oep - .
J ui in BZ; Yy M5 if i € Z;.
Then (v;) € WHP(Q;;R™) converges weakly to (u™,u™). In fact,
1 1
sup — [, | Dv;|P dx < sup 5 | e, | Du; P dax < +o0. (6.3)

JjeN Uj JjeEN Y5 Jw

Moreover, since p] < pj < €;/2, then B" Y(2) € QI hence,

za’

v — uE [P da < / |w —uF|Pdx + / lut — uiE P da
(Lﬂf (\By)*? 2; Q1 H* ’
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74 2. THE NEUMANN SIEVE PROBLEM AND DIMENSIONAL REDUCTION

and, by (5.24), we obtain that

1
/ lvj —uFPde < —/ lwj — uF [P da + C/ uj — uF|P dx
LES 5; d;

+eel sup5 / | Du;|P da. (6.4)
jEN

h<>)|._.
<

Passing to the limit as j — +o00 in (6.4), by (6.3) and Remark 3.2 we get that (v;) converges
weakly to (u™,u™).
Since W(0) = 0, by (6.2) and [38] Theorem 2, we have

lim 1nf — W (Dwyj) dx + / W (Dw;) dx
j=rtoo 0 w\E (W\B;) ™%

= lim mf — W (Dwv;) dx + / W (Dwvj) dx
j—+oo § w\E (W\E;) "%

= hmmf— ( W (Dwjy) dx—i—/ W (Dwvj) dx >
]~>+<>o

Y

[ Qu WD) da+ [ QW (Do) d
OJ

Now let us deal with the contribution ‘near’ the connecting zones. We always work under

the assumption

T(‘nflfp)
le(0,+00] and 0<RY = lim “<——— < 400,
J—+o0 e’;‘j
or
PP
(=0 and 0<RO= lim J— < +oc.
j—+oo 5j€?

In the following proposition we suitably modify (w;) in each surrounding cylinder in order to
get an admissible test function for the minimum problem (5.2) or (5.13).

PROPOSITION 6.2. Let ¢ € [0,+00]. Then

1
lim inf — ( W (Dwj;) dx +/ W (Dwj;) dx > > R / Ot —u™)dzg + o(1),
J—+o00 (5]' E ] w

asy — 0.
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6. '-CONVERGENCE RESULT 75

Proof. Let £ € (0,+00], the case £ = 0 can be treated similarly. Let ¢ € Z; and N; = i—j Since

p§ < 7gj, we can define

; i 1
wj(acz-] + 75 Yo, 5j Yn) — u; (B;L i fr; I) \ Cl,p;-/T’]'
: i+ i— : n—1 n—1\t
CJZ» = (Uj — Uy ) m (ByNj Bp;'_/r].)
. n—1 n—1\—
0 mn (B’yNj Bpé./rj) ’

where N; = ¢;/r;. Then CZ € WhP((B ]T[] x I)\ C1yn;; R™), CZ = (u} i u;_) on (8B$§]1)+
and C]Z: =0 on (83;‘];],1)7. Since W (0) = 0, changing variable, by (5.2) we get

1

= W(Dw;)d W(Dw;)d

5] /;ni_l(mfj)Jréj ( wj) v +/;ni_l($fj)6j ( wj) v
5 ol

S VP T L R G L

P5IT; P3IT;

n—1 -1 i|s—1 i
J /(\BnN}XI)\Cl,A/N]- ( J VAN J)
n—1— 4 ] i—
> O it ). (6.5)

Summing up in (6.5), for i € Z;, we get that

1
—( W (Dwj) dx—i—/ W (Dwj;) dx >
5] E J

2V
= — W(Dw; dx—i—/ W (Dw;) dx
ZEZZ] (5] Bni—l(xjj)Jréj ( ]) Bni—l(xjj)—éj ( ])

j ?j
rnflfp
—-1- 4 i i— j 1 (¢ i -
> Y e ) = e Y e e ). (6.6)
i€Z; S ez

Passing to the limit as j — +o00 we get, by (5.3) and Proposition 5.3, that

|
ljlgﬁgjg( E+7 W (Dwyj) dx + . 5 W (Dwyj) dx >
> R@)/ap(@(zﬁ—u_)dxa
© (it — i Yot — o O — ™
+R Elgig[J(ZSO u; )XQ'L,E; e (uT —u )) dzx,,

= RWY / O (ut —u)dzg + o(1),
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as v — 07, which completes the proof. O

We now prove the liminf inequality for any arbitrary converging sequence.

LEMMA 6.3. Let £ € [0,+00]. For every sequence (u;) converging to (u™,u™) we have

liminf Fj(u;) > /QH1W(DQU+)d:ca+/Qn1W(Dau)d:ca

j—+o0

+R® / oO(ut —u) dag .

Proof.  Let (uj) — (u™,u”) be such that liminf; ,| . Fj(uj) < +oo. Reasoning as in [5]
Proposition 5.2, by [17] Lemma 3.5, upon passing to a subsequence, for every M > 0 and
n > 0, we have the existence of Ry; > M and of a Lipschitz function ®,; € C!(R™;R™) with
Lip(®ps) = 1 such that

z if |z| < Ry,

Pu(z) =
and
N, - |
lim inf 7 (u;) > Lim inf 7;(®ar(u;)) = n (6.7)

Note that (®as(us)) € WHP(Q5;R™) N L®(Q;R™), supjey [ @ar(uy)|| Lo (;mm) < Rar and it
converges to (®pr(ut), ®pr(u™)) as j — +o0. Hence, if we apply (6.1), Propositions 6.1 and 6.2
to (®ar(uy)) in place of (uj), letting v — 0 and k — +o00, we get that

glgﬁ&f}—J@M(uj)) Z /an_1W(Da‘I’M(u+))d.%'a—|—/an_1W(Da(I)M(U_))d$a
+RO / (@1 () — D (u”)) da. (6.8)

Moreover @ (u®) — u® weakly in W1P(w; R™) as M — +oo; hence, by (6.7), (6.8), the lower
semicontinuity of [ Qn_1W (Dyu) dx,, with respect to the weak W1P(w; R™)-convergence, and
(5.6) we have that

lim inf F; (u;
lim inf 7 (u;)
> / anlw(Daqu) dre + / anIW(Daui) dxe + R(Z) / SO(Z) (qu - ui) dre —n (69)
and by the arbitrariness of 7, the thesis. 0

6.2. The limsup inequality. For every (u,u~) € WHP(w,R™) x WP (w, R™) the limsup
inequality is obtained by suitably modifying the recovery sequences (ujc) for the I'-limits of

1 1
—/ W(Du)dzr and —/ W(Du) dzx.
8; St 05 Jw0
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LEMMA 6.4. Let{ € [0, +oc] and let w be an open bounded subset of R" 1 such that H" ! (0w) =
0. Then, for all (ut,u™) € WHP(w,R™) x WLP(w,R™) and for alln > 0 there exists a sequence
(j) C WHP(Q4;R™) converging to (u,u™) such that

limsup Fj(a;) < /Qn_1W(Dau+)dxa+/Qn_1W(Dau_)dxa

Jj—+oo

+R® / P (ut —u”)dzg + RO (w).

Proof. The proof of the limsup is divided into three steps. We first construct a sequence
(a;) € WHP(Q;;R™) that we expect to be a recovery sequence. In the second step we prove
that (@;) converges to (u*,u™). Finally, we prove that it satisfies the limsup inequality. We
first deal with the case ¢ € (0, +o00].

Step 1: Definition of a recovery sequence. Let u™ € WP (w; R™)NL>®(w; R™). Accord-
ing to [38] Theorem 2 and [13] Theorem 1.1, there exist two sequences (ujc) C WP (w9 ; R™)

such that u;t — u*, the sequences of gradients (]Du;IE P/8;) are equi-integrable on w*% respec-
tively, and
lim / W( Du )dx = / Q1 W (Dout) dzq, . (6.10)
j%—l—oo j

Moreover, using a truncation argument (as in [7] Lemma 6.1, Step 2) we may assume without

loss of generality that

SUD 45 e 5 ey < +00-
Jj€

J;R™)

Let u; := u+x +5; T Uj X5 € WP (w9 Uw=%;R™) and let (w;) be the sequence obtained

from (u;) as in Lemma 4.3, then sup;¢y Hw]HLOo +5; < +o0.

JR™)

We first define (u;) ‘far’ from the connecting zones; i.e.,
+6;
i = w; in( Vv Bl ) 7 (6.11)
iezn—1

Then we pass to define (#;) on each B;}j_l(:cfj)ﬂj making a distinction between the indices
i€Zjand i€ Z"\ Z;.

If i € Z;, by (5.2), for every n > 0 there exists Cl € X”( u;_) such that
P “1p ¢t 157D, ¢t 0 (it i
/(\Bn IXI)\CI YN Tj W (Tj DQC’Y7J|6] DTLC/%]) dl‘ S So,yvj (uj u] ) + 77 (612)

Then, we define
. TH — x?j x .
;= (O‘T 5—”> +ul in By, i€ Z;. (6.13)
J J

In particular, u; = u}i = wj on (8ng Na)) ™.
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Let us now deal with the contact zones not well contained in wj; i.e., with the indices i € Z;.
For fixed v > 0 and j large enough we have that yN; > 2. Let v € WhP(By~1;[0,1]) be such
that ¢y =1 on 8B§_1 and ¥ =0 in B{‘_l and define

0 in (B;L];jl)—
(@) =4 Plze) in (By Y
1 in (Biy\ By )t

n— n—1\+ n—1\—
Then % j € WHP((BIN! x D)\ Cryn;:[0,1]), 45 = Lon (9B)y1)" and ¢ ; = 0 on (9B])

Let w = wj X, +s;, we extend both of them to the whole w x (=4;,d;) by reflection; i.e., we
define wji(xa,xn) = wj.[(xa, —z,) for x € w5 and u?jt(x) = wjt(x) for x € w®%. Hence, we
define

€j Ej
_ Lo —Z;" Tn -t Lo — ;7 Tp o
Uj =1y ( 3 > + < Vyj ( v o ) )wy (6.14)

; (ng_l(:cfj) x (—=0;,8;)) N and for i € Z"~'\ Z;. In particular, we have that @; = w; on
(0B 1 (x;7) x (=65, 65)) N Qs thus (7;) C WHP(Q;R™).

Step 2: The sequence (u;) weakly converges to (u,u™). Let us check (3.1) and (3.2).
We will only treat the upper cylinder wt%, the lower part being analogous. First

1
—/ |ij —ut|P dx

= \w —ut|P dx
5 /W\Uzem By )
Z ; To — "I,'[-:j x + P
_|_ / <u ") + u —u dx
zEZ bj 1( ] J "i 6J

Ta = 27 Tn TP
+— Z mB" " 15 Vyj T (wj —wj)+wj —u dx
T iezn— N\Z; w J J
_ P it |p
< 5/ lw; u|d:c—|—cZZ/Bn1 —ui P dzg
1€ z
p
c To — T, Tp T
+— / . ¢ ( L ,—>—(ul —u!)| dx
5j ZGZZ] ng'_l(ﬂ?i])+6j B r 5]
° +p oo |P +|p
e /<me o) (\wj\ @7 P+ [ut|P) de. (6.15)
iezn—1\z; ©p; i

Since lim;_, oo H" ! (w NUiezr-1\z B;}j_l(x?j)> = 0 and supjey ||w ||Loo w8 gmy < 00, we
have that

, (|wj+|p iy P+ |u+|p) dz = 0. (6.16)

li
]—11}-100 (5 /wﬂU Bn 1 )) +5]

iezn—I\z;
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Moreover, reasoning as in the proof of Proposition 5.3 (see inequality (5.24)), we have that
lim Y / Cut —uit P de, =0, (6.17)
Jj—+oo iEZj B;Lfl(x.j) J

and, by the convergence w; — (u*,u™), it remains only to prove that

&
i [ Ta "L Tn it i
= ) — (U —
+6; C'y,]( Tj ’5] ( J J )

In fact, changing variable, we get that

p
dz =0. (6.18)

T o P
- a % ’_n _(uz—l—_uz) dx
ZEZZ/B" LT+ ’J( r 5]-) !
, p
_ e 12/ o) = i =) de,
1€EZ;

and by, Poincaré’s Inequality

/ —1
B!

for a.e. x, € (0,1). Hence, by the p-growth condition (3.3) and (6.12) if we integrate with

i i i— [P i
ny,j(xowxn) - (Uj+ U )‘ dze < c(yN;)P /]3"1 |Da<y,j($aaxn)|p dzq

TN

respect to x,, and sum up in 7 € Z;, we get that

1 (x —x > P
1 Y I A
% ezZ: /Bﬁfl( oy TN g T
S Y [ Pl
1€Z;
P
< erpTt prZ/ < acz,]‘ ]Dncz ) dx
1€4;
< e Ny Y (sow — ) HB)
1€4;
P 1-p A A nfl
< enPel j Zs” 1<p(f] —u;_)—i- (n—i-C’y"l = p) H" N (w) | . (6.19)
] 1€EZ; J

By Proposition 5.3 and (5.3), passing to the limit as j — +o0 in (6.19), we get (6.18).
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It remains to prove that (3.2) holds. In fact,

1 _
5—/ g |Du;|P dx

5 /w\uzezn By )

+5; |Dwi|p dx

€j €j P
. THn — L. . T, — T
T e e e Ce ) [
J UiEZj B:,L; (x¢])+ Tj J Ty J
1
+—/ , | Du;|P dx . (6.20)
(Sj (Uieznfl\zj B;zj—l(xjj)mw)-‘réj J
It can be easily shown that
€j €j p
! (B (2
/ Usez, BE; (T] 2o\ T I e\ TR ’
e 1-p n—1—p
< (Zgn Ll (i — i) + ) (L 0 (6.21)
1€EZ; J
while
1
= .. s ‘Daj’ dx
9 (UzEZ”_l\Zj By () >+
< ¢ Z L/ Dot (M ﬂ)‘p (lwF [P + w7 [P) da
T e, \T0 Jm e TN g 7 7
S/ J
4o (|Dwt P + | Dy |P) da
0j J(By @ yrwy ’
1
< ¢ ri l_p/ |Do)|P do, + — |Dwl P da
z‘eZ;\Z (J Byt Y By @)yt
1 _
+— |Dw; [P dx
0 J(Bp; i )nw)
PP 1
< ¢ L HNQII) + — |Dw> P da
— —1 €5 . € )
Z-ez;\zj< & R R a T R
1
— |Dw; [P dx | . (6.22)
0 JBy @) 7

Note that the previous sum can be computed over all i € Z"~!\ Z; such that Q ﬂw # (. Let

/. n—1
Wy = U 1,65 7

i€Zn—1\Z;, Q;f;jlmwyé@
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then

2. H N QIS = H T (W) = HT (Ow) = 0. (6:23)
i€2n=1\Z;, Q7 WD

Moreover, by Lemma 4.3 we have that sup; 6%_ fwiéj |Dw]j-[|p dxr < +o00; hence, by Proposition
5.3, (5.3), (6.20), (6.21) and (6.22) we get (3.2).

Step 3: The sequence (4,) is a recovery sequence. We now prove the limsup inequality.

limsup/ S W (Duj;) dx

Jj—+oo J

) 1
= limsup —

jotoo 0j </(W\Uiezn—l B,?;l(mjj))iaj

W (Du;)dx | . 6.24
+/< nfl(;j))iaj (D) ) ( )

meieZ”—l\Z]- By " (z;

W(Dﬂj) dx + / W(Dﬂj) dx

—1 E]' +6.
UiEZngj (z,7)="

We deal with the first term in (6.24). The definition of @; (6.11), Lemma 4.3 and (6.10), yield

1
li'msupg/ ks W (Duy;) dx
j—+oo 0j (‘”\Uiezn—l BZ].* (xﬁ))

W (Dwj) dx

= limsup

2|
jotoo 0f (W\Uiezn_l ngfl(xjj)>i6a'

1
< limsup(s—/jus W(Du;.t)dx—i—o(l)
J JwTd

Jj—+oo

— / QAW (DouF) dao + o(1), (6.25)

as v — 0. For every i € Z;, by (6.13) and (6.12) we get that

1 / ) ]
5 W(Du; dx-|-/ W (Du;) dx
5_7' ( ngfl(xjj)-kéj ( ]) B:};l(z?j)—‘sj ( ]) )

7

= ! w (Tlea@,leDn@,j) dz

Ly
(B:;N] XI)\CI,'YN]'

—1— YA ; —
P (0 i) )

IN
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hence, by (5.3) and Proposition 5.3 we get

1
lim sup — (/ _ W (Duyj) dx + / N W (D) dm)
j—+oo 5j Uier Bg]-_l(xi])Jréj UiEZj ng_l(xi])iéj
< R / POt —u”) dzo + RO H 1 (w)n
+hmsup/‘z gow — ué.*)XQn_l — SO(E)(qu — u_)‘ dxqo
j—4oo Jw i€Z; ’ ©€j
~ RO / POt —u7)deg + ROH™ (w)n +o(1), (6.26)

as v — 0T. Finally, for ¢ ¢ Z;, by the p-growth condition (3.3) and (6.22), we obtain

1

— . W (Du;) dw)
9 </(Uiezn—l\zj By (e’ )rm) 0 !

< ﬁ(/ i} <1+rDajrp>dx>
ezt z, 0 \ B @
< c?—l”_1< U ng_l(xfj)ﬂw)
ZAEanl\Zj
e Y ( L@ 1/ [Dw P da
iezn—1\z; & R D A

1
+—/ . [Dw; |Pdx | .
0; (B (@7 )nw) %

lim ”H”_1< U ng—l(xjf)mw):o,

j—+oo )
ZEZ"fl\Zj

by (5.3), the equi-integrability of (|ij-[ P/6;) on w% and (6.23), we deduce

Since

lim sup — / . 1. W(Duj)dz = 0. (6.27)
j+e0 03 S (wnUseon-1yz, BE @)
Gathering (6.24)-(6.27) and passing to the limit as v — 07 we get the limsup inequality for
every ut € WP (w;R™) N L®(w; R™).

We remove the boundedness assumption simply noting that any arbitrary W1»(w; R™) func-
tion can approximated by a sequence of functions belonging to W1 (w; R™) N L™ (w; R™), with
respect to the strong W1P(w; R™)-convergence. Then, by the lower semicontinuity of the I'-
limsup and the continuity of

(vt v7) = / Qn 1W(Dyv) day +/ Qn AW (Dav™) dag + RO / gp(é) (vt —v7) dz,
w w w

with respect to the strong WP (w; R™)-convergence we get the thesis for £ € (0, +o00].
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If £ = 0, we can follow the line of the previous case with slight changes. Let us start by
dealing with Step 1. First, we have to notice that for the definition of (%;) in B;}j_l(:cfj )*93 , for
i € Zj, we have to consider, for any n > 0, a function ¢, ; € Yﬁ(z) such that

_ 0
/ . W (rj 1D§%j) dx < gpgi(z) +n;
(BIn; *Ii)\Cian;
hence,
€j
_ T Lo —2;" T i— . —1/ Ej\ES; .
Uj(Za,Tn) == ¢} (TZ’ r_:> +ui in By (x,7)™%, for i€ Z;.

While for the definition of (#;) in ng_l(:cfj)i‘sf, for i € Z"~1\ Z;, we have to introduce a suitable
function v ; different from the one used in (6.14). In fact, for a fixed v > 0 and j large enough
we can always assume that yN; > 2 and §;/r; > 2. Let 1» € W'P(By ™! x (0,2); [0, 1]) such that
Y =0o0n B! x {0} and 1) = 1 on 9By ! x (0,2). We then define

0 in (33&;)—@-/@,
by (@)= ¢(z) in  (By )T
Lo i (BT (BT

VNG
The functions v, ; belong to Wl’p((B;L;,jl xI;)\C1,n;;[0,1]) and satisfy ¢, ; = 1 on (8B§1§j1)+(5j/r7')

and 1, ; = 0 in (B;L;[jl)_(‘sj /i), Hence, we define

€j €j
B To— 27 Tn\ 4 To — ;) Xp _
U=y | 0+ (L= () @
. , J , . J
Tj T T Tj

in (B;}j_l(:cfj) x (—6;,6;)) NQ; and for i € Z"~'\ Z;. In particular, we have that @; = w; on
(0B H(x7") x (—=65,65)) N K.
Taking into account the definition of (%;) we can proceed as in Steps 2 and 3 also for £ = 0. O

7. Representation formula for the interfacial energy density

This section is devoted to describe explicitly the interfacial energy density ¢ for ¢ € [0, +00].
As in [5], we expect to find a capacitary type formula for each regime ¢ € (0,400), £ = +00 and
£=0.

We recall that o) is the pointwise limit of the sequence (¢
where for £ € (0, 4+00]

4 . _
(pg’)](z) = inf / ) ?"f w (7“]- ! (DaC
(BIn,; XD\C19n;

while for £ = 0,

O

S)s s j — 400 and v — 0F

g—anQ) de: CeX)(z)p,

P (2) = inf / rPW(rs'D¢)dz ¢ €Y](2)
(B%; XIj)\C1 4N,
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(see Section 5). The main difficulty occurring in the description of ©® is due to the fact that
the above minimum problems are stated on (increasingly) varying domains. This do not permit,
for example, to deal with a direct I'-convergence approach in order to apply the classical result
on the convergence of associated minimum problems. Thus the proof of the representation
formula will be performed in three main steps: we first prove an auxiliary I'-convergence result
for a suitable sequence of energies stated on a fixed domain, then we describe the functional
space occurring in the limit capacitary formula, finally, we prove that 90@) is described by a
representation formula of capacitary-type.

We introduce some convenient notation for the sequel. Let g; : R™*™ — [0,+00) be the
sequence of functions given by

gj(F) := 1“? W(T;lF)
for every F' € R™*™. By (3.3) and (3.4) it follows that
|FIP — 7% < g;(F) < B(rf +|F|P), for all F € R™*" (7.1)
and the following p-Lipschitz condition holds:
19;(F1) — g;(Fo)] < c(r? ™" + [P+ [RPH|F — By, forall Fy, Fy € R™™.

Then, according to Ascoli-Arzela’s Theorem, up to subsequences, g; converges locally uniformly

in R™*" to a function ¢ satisfying:
|FIP < g(F) < B|F]P, forall FeR™" (7.2)

and

l9(F1) — g(F)| < c(|FA P~ + [P Fy — Fy|,  for all Fy, F, € R™". (7.3)
7.1. The case /{ € (0,+00). We define
Xy(z) = {g e WM ((BY ! x )\ CLvsR™) : ¢ =z on (OB )
and ( =0 on (831@_1)7}
for N > 1 and I = (—1,1). We recall the following I'-convergence result.
PROPOSITION 7.1. Let

T
¢= lim L e (0, ,
]~1>r<|1:100 (5]' ( +OO)

then the sequence of functionals G§g) CLP((BY X 1)\ Cinv; R™) — [0, +00], defined by

gj (DaC

/ ﬁmg) dr  if €€ Xn(2)
GO ()= | BRI\ 0;
J T

400 otherwise ,
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T'-converges, with respect to the LP-convergence, to

/.. 9(DallDyC)dz if ¢ € Xn(2)

G(E)(C) - (Bjrtli XI)\CLN
400 otherwise .

Proof. Since ¢ = lim;_, ~(7;/0;) € (0,400), by the locally uniform convergence of g; to g we
have that the sequence of quasiconvex functions F + g;(F|(r;/;)F,) pointwise converges to
F + g(F|¢F,). Hence the conclusion comes from [16] Propositions 12.8 and 11.7. O

REMARK 7.1. We denote by p* the Sobolev exponent in dimension (n — 1) i.e.

P S —
n—1-p

We recall that if (a,b) C R, the space LP(a, b; LP" (R"~1; R™)) is a reflexive and separable Banach
space (see e.g. [4] or [49]). Hence, by the Banach-Alaoglu-Bourbaki Theorem, any bounded
sequence admits a weakly converging subsequence.

PROPOSITION 7.2 (Limit space). Let

n—1-p
. r.
(= lim 2 e(0,4+0), 0<RO= lim L —— <+oo (7.4)
J—+o0 5j J—+o0 5?
and let ((y,5) € X](z) such that, for every fized v > 0,

r
sup/ ) gj (DO,C%J"(S—]‘DHC%J') dr <c. (7.5)

jEN (BZ;,] XI)\CL’YN]' J

Then, there exists a sequence Ej e WIP(R1 x 1)\ C1,00; R™) such that

loc

G =G, in (Bzﬂfjl x I)\ C1nN;

and such that, up to subsequences, it converges weakly to ¢ in Wi’f((R"fl X I)\ C100;R™).
Moreover, the function ( satisfies the following properties

D¢ € LP((RP1 x I)\ O} o; R™™Y,

¢ —z€ LP(0,1; L7 (R*1;R™)), (7.6)

¢ € LP(—1,0; LP" (R"" L, R™)) .
Proof. By (7.1), (7.4) and (7.5) we deduce that, for every fixed v > 0,

sup

T5 p
, / | (Dot 2 uys )| dw <cc. (7.7)
JEN J(BIG XINC1 v j
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We define
z in (R*h\ B;L;;J.I)Jr,
Gi=1 Gy i (Biy x D\ Ciyw,,
) _ —1\—.
L 0 m (Rn 1\-B,TYLN'J) )
hence,
Ci(ywy) — 2 € WHP(RPLR™)  for ae. z, € (0,1)
and

éj("xn) e WHP(R" L, R™)  for ae. z, € (—1,0).
Moreover by (7.7) we get that

| T ~\ |P T P
/ |(Dads|5-0a6)) dx:/ . (Dot 2nGs) | dw <. (78)
(Rr=1xI)\C1,00 J (BA,N]. XI)\CL"/Nj J

Since p < n — 1, according to the Sobolev Inequality (see e.g. [4]), there exists a constant
¢ =c(n,p) > 0 (independent of x,,) such that

_ . p/p* B
(/ ¢ (20, n) — 2|P dxa) <c / |DaCj(xa,2n)[? dxo (7.9)
Rnfl Rnfl

for a.e. x, € (0,1), and

~ X p/p* ~
( [ el dxa) <o [ IDay(eamnl dra (7.10)
Rnfl ]Rnfl

for a.e. x, € (—1,0). If we integrate (7.9) and (7.10) with respect to z,, by (7.8) and Remark
7.1, we get that there exist ¢; € LP(0,1; LP" (R*~ 1 R™)) and ¢ € LP(—1,0; LP" (R"~1;R™)) such
that, up to subsequences,

(j—2z—¢ in LP(0,1; L7 (R™;R™)),

G—¢  in IP(=1,0;L" (R";R™)),

ngADCI in Lp((Rnfl)Jr;Rmxn)’
D{; = D¢ in LP((R"1)=;R™*M),

In particular, we have that

§—G+z in WEP(R™HTR™),

& — G in Wol(RP1) "5 R™).

C

Then, since (1 +z = (2 on B?_l in the sense of traces, we can define

¢i= (1+2z in (Rnfl)Jr
T G in (R"H~u (By x {0}),

and it satisfies (7.6). O
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Now we are able to describe the interfacial energy density ¢(©) as the following nonlinear

capacitary formula.

PROPOSITION 7.3 (Representation formula). We have

o (z) = inf { / 9(Dul|¢DyC) d = ¢ € WEP(R™E x I)\ Oy o; R™),
(R*=1XxI)\C1,00
D¢ € LP((R™ x )\ Cy oo; R™™), ¢ — 2z € LP(0,1; L7 (R"; R™))

and ¢ € LP(—1,0; LF (R"l;Rm))}

for every z € R™.

Proof. We define

YO(z) = inf { / 9(DaCltDyC) dx - ¢ € WP (R 5 I) \ Cy oo R™),
(R 1xI)\C1,00

D¢ € IP((R™ x )\ Cy oo; R™™), ¢ — 2z € LP(0,1; LY (R"; R™))

and ¢ € LP(—1,0; L* (R”—l;Rm))},

we want to prove that ¢ (z) = ¢ (z2) for every z € R™. For every fixed 7 > 0, by definition

of @ggz(z) (see (5.2)), there exists (. ; € X](z) such that
r; 7

/ 9 (Daij((;—J,DnCm) dz < @) (2) + 7.

(B’YNj XI)\Cl,'yNj J

By Proposition 5.1(i) we have that (7.5) is fulfilled, then by Propositions 7.2 and 7.1 we get

lim o(z)+n > hminf/ 9j (Daf"ﬁDTﬁ) da
LSl 4o S men, N 10
~ | Ts ~
> liminf/ g'<DaC-‘—]DnC') dz
Jor+oo (By ' xD\C1, N ! ’ 6J' !
> / 1 9(DatlfDyC) da
(BN "xD\C1i,n

with ¢ € VVli’p((R”_l X I)\ Cf,00; R™) satisfying (7.6). Note that for every fixed v > 0 and j

C
large enough we can always assume that yIN; > N for some fixed N > 2. Hence, passing to the

limit as N — +o00 and v — 0T, we obtain

oO(2) 4> / 9(DalltDa) da > O (2) (7.11)
(]R"_lxl)\CLoo

and by the arbitrariness of 7 we get the first inequality.
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We now prove the converse inequality. For every fixed n > 0 there exists ¢ € W, L (R x
I\ C1,00;R™) satisfying (7.6) such that

/ 9(DaCltDn¢) da < 9O (2) + 1. (7.12)
(R7=1xT)\C1.00

Let N > 2, for every fixed v > 0 and j large enough we have that yN; > N. We consider a
cut-off function Oy € C°(B% ';[0,1]) such that 6y =1 in BN/2, |DoOn| < ¢/N and we define

On(2a)C+ (1= On(2a))z in (By )T,
(N =
On (za)C in (By )~ u(BF! x {0})

so that {(y € Xn(z). By Proposition 7.1, there exists a sequence (C]N) C Xn(z) strongly
converging to (y in LP((B% ' x I)\ O y;R™) such that

/ 9(DaCy|DuCx) dx = lim ( acN\”DncN) (7.13)
(BR~'xD\C1, N J=Hee J(BrT xI)\Ch, v
Let us define ¢, ; € X/ (z) as
: B?’L—l Bn—l +
z in YN \ By )T

Crji =19 ¢V in (B 'xI)\Ciy,

0 in (Biy \By ')

Consequently, ¢, ; is an admissible test function for (5.2) and since g;(0) = 0 we get that

Y/ T
90%(2) < / _— 9J< aC%J‘(S "C%J)
(B,yNj XI)\CL"/Nj

.
_ gi (D ‘—JDngﬂ da.
/<B?V1x1)\cl,N ]( N16; N>

Passing to the limit as j — 400, using (7.13) and the p-growth condition (7.2) satisfied by g,
we obtain

lim ¢%(z) < / 9(DalCN|¢DpCy) da
(BY ' xI\Ci,v

j——Foo T
< / 9(DalDnC) di + ¢ / DCy P da
(B X I\Crya (BB
+e / \DCx|P da . (7.14)
(By\BLT)-
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Let us examine the contribution of the gradient in (7.14),

/< NBR7 |DCN|pdx+/< T
BY W\BY; BY W\BY,

N/2 N/2

<e / (IDabNPIC — 27 + |DCJP) da
By \By b+

te / (Db PICP + | DCP) de
(B By )~

n—1
N/2
<c (/ |DC|pdx+/ |DC|pdx>
(Rn=1\BR )+ (R=1\BR73)~

4o / \g—z\de/ \g\pm) . (7.15)
NP ( (B By b+ (By \By )

Since p* > p we can apply Holder Inequality with ¢ = p*/p obtaining

- (/ e—spars [ mp)
(By~ 1\31\7/2) (Bx~ \BN/Q)
1 *
<c / (/ ¢ — 2" dma)p/p dz,,

0 B};*l\B;@;

0 *
+c / (/ IC P dma)p/p dx,,

-1\ By 1\BN/2

1 « / *
<c / (/ 1 dxa)p : dxy,
0 “Rn—1\B7 1

N/2
0 . /p*
—|—c/ (/ I[P dxa)pp dzn.  (7.16)
-1 R"*l\B]’\‘JQl

Hence by (7.6), (7.15) and (7.16) we have that, for every fixed v > 0,

N/2

lim |D¢N|P dx =0
N—+o0 (B" 1\BN/2)
which thanks to (7.12) and (7.14) implies that

: ) 0)
lm e (2) < 0O (2) + .

Then we get the converse inequality by letting v — 0% and by the arbitrariness of 7. U

7.2. The case { = +oo. In this case the study leading to the representation formula for
©(®) involves a dimensional reduction problem stated on a varying domain. As before, we
start proving some I'-convergence results (see Propositions 7.4 and 7.5) for suitable sequences of
functionals stated on fixed domains. This will allow as to apply some well-known I'-convergence
and integral representation theorems due to Le Dret-Raoult [38] and Braides-Fonseca-Francfort
[19] respectively.
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Let G : LP((BR )% R™) — [0, +00] be defined by

. 1,p n—1\+.pm
/ 9 (DaC T—JDnc) dr i § € €WIUBY )R
GH(O) = (B )+ 0; (==zon (0BY )
J :
400 otherwise
and
. l,p n—1 —. m
/ 4 <Da§ T—JDn§> dr it | CEW BN )TRY)
Go(¢) = TBT J ¢=0on OBy )
J
+00 otherwise.

PROPOSITION 7.4. Let

P
/= lim - =+oc0,
j—+o0 (5]'
then, the sequences of functionals (G]i) I'-converge, with respect to the LP-convergence, to

J

Qu19(DaQ)dwa if ¢~z € WP (B R™)

GH(Q) =4
+00 otherwise
and
| QuagDaQ)dza if e WoH (B R
Q=9
400 otherwise ,

respectively, where g(F) = inf{g(F|F,) : F, € R™} for every F € R (1)

Proof. We prove the I'-convergence result only for (Gj), the other one being analogous. Ac-
cording to [19] Theorem 2.5 and Lemma 2.6 there exists a continuous function § : R™*(»=1) —
[0,4+00) such that, up to subsequence, (G;r) I'-converges to

/ ) d(Do)dxy if(—2z€ Wol’p(BR,_I;Rm)
B~
GT(C) = N

+00 otherwise.

Hence, it remains to show that § = Q,,_1 7. By [19] Lemma 2.6, it is enough to consider W1P-
functions without boundary condition; hence, it will suffice to deal with affine functions. Let
((q) := F - 24, by [19] Theorem 2.5, there exists a sequence ({;) C WHP((By%1)*;R™) (the
so-called recovery sequence) converging to ¢ in LP((By1)T;R™), such that

g(F) CN = G+(<) = lim : gj (DCMC]‘;_]DTLC]> dx (717)
+ J

Jj—+oo (B]ri’—l
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where cy = H" '(B%'). Moreover, by [13] Theorem 1.1, we can assume, without loss of

generality, that the sequence (‘(DaCj|%Dan)|p ) is equi-integrable. By (7.17) and (7.1), we
J

have that

sup/ (DaCj QDTL(]-) ‘p dr < c;
JENJ(BRH+ 0;
hence, for every fixed M > 0, if we define
e r;
A= {xe (By *: ‘( oGz \ ]Dncj ))‘ SM} ,

we get that £7((Bry 1)+ \ Aéw ) < ¢/MP for some constant ¢ > 0 independent of j and M. Fix
M >0, by (7.17), we have

G(F)en > limsup/ gj (Dagj‘ﬁDn@) dx. (7.18)
AN 0;

Jj—+oo

Moreover, for all z € Aé‘/f ,

5 (D606 ) =5 (Pt @) 0:60)) | < sup 1a,(F) = a(F)

|F|<M
s s

/ 9gj (DCMC]"(S_]'DTLC]'> -9 (DQCj 5_]DTLC]> dx
AM J J

< ¢y sup |gi(F) —g(F)|.
|FI<M

and then,

Hence, by the local uniform convergence of g; to g, we have that

- (Duc |, - 1ip ) de =
LN (g] (Dacj( 5an<]> g(Dacj( 5ancj)> dz = 0.

By (7.18), we get
G(F)cn > lim sup/ g (Dagj‘ﬁDnC]) dz. (7.19)
AM J

j—+oo
Note that, since £™((By ')+ \A;VI) — 0 as M — +o0, by the p-growth condition (7.2) and the
equi-integrability assumption, we find

limsup/ g <Da<j‘ﬁDn<j> dx =0(1), as M — +oo. (7.20)
oo J(BYT)H\AM 0j
Consequently, (7.19) and (7.20) imply that
g(F) cy > lim sup/ g (DaCj
(B H+

j——+o0o

QDan) dz. (7.21)
J
Finally, from [38] Theorem 2, we know that

lim inf /(Bn_l)+ g (Dagj‘g—anCj> dx > Q,_1 E(F) CN ;

J—+o0

hence, by (7.21) we obtain that §(F) > Q,,_1g(F).
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We now prove the converse inequality. By [38] Theorem 2, there exists a sequence ((j)
belonging to W1P((B31)T;R™) and converging to ¢ in LP((B% 1)*;R™) such that

Q,_1(F)eny = lim g <Dagj‘%Dngj) dz . (7.22)
J

j=too J(Brt+

Without loss of generality, we can still assume that the sequence (| (DaCj|g—anCj) ‘p ) is equi-
integrable. Thus arguing as above, from (7.22) we deduce

0,1 5(F) en > limsup / 9 (Dagj(%Dngj> dz | (7.23)
(B Ht i

j—+o0

Now, by [19] Theorem 2.5, we have that

T5 —
lim inf -Da-(—JDn-d>AF ;
jlg-i{go /(B]nv_l)Jr g]( G 5 J> z>g(F)en

hence, Q,,_1G(F) > §(F), which concludes the proof. O

REMARK 7.2. By [38] Theorem 2, for every ¢ € Wl’p(BR,_I;Rm) the recovery sequence is
given by (;j(zq,xn) = ((za) + (§;/1;) Tnbj(z4) for a suitable sequence of functions (b;) C
Cx (B]T\Lfl;Rm). Note that by definition ((;) keeps the boundary conditions of (. Reasoning as
in the proof of Proposition 7.4 we can observed that (¢;) is also a recovery sequence for (Gj)
(see e.g. (7.23)). The same remark holds for (G).

PROPOSITION 7.5. Let

then the sequence of functionals G;Oo) L LP(BY < I)\ CLnv; R™) — [0, 4+00] defined by

[ a(pa
(By  xD\C1,n

+00 otherwise

%Dnc) de if ¢ € Xn(2)
J

I'-converges, with respect to the LP-convergence, to

/ 1 On-19(DaC)dx  if ¢ € Xn(2) and D¢ =0
G (¢) = (By™ " xD\Cin

+00 otherwise .

Proof. The liminf inequality is a straightforward consequence of Proposition 7.4.
Dealing with the limsup inequality, let us consider {( € Xy(z) with D, = 0. We denote
by ¢t € W'P(BY1(0);R™) the restriction of ¢ to (B ')* and (B% ')~, respectively. By
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Proposition 7.4 and Remark 7.2, there exist two sequences (Cji) c Whr((BY%H*;R™) such
that

¢F— ¢t in (B D)R™), =z on (0BT

(7.24)
(; — ¢ in LP((BY ) 5R™), ¢ =0o0n (9By ')~
and
lim 9 (Dagj(ﬁan) dv = / Qn-19(DaCh) dzq
j=to0 J(prt)+ 0; Bl
lim gj (DGCJ?‘QDTZCJ,_) dr = / Qn-19(DaC™) dag - (7.25)
J=teo J(Byt)- 0; B

Moreover, since ¢ € W'P((B% ! x I)\ C1 n;R™), by Remark 7.2, (C;r) and ((; ) have the same
trace on B! x {0}; hence, C;r =(; =(on B! x {0}. Then we can define

¢ in (By HT,
(=4 ¢ on By 'x{0},
¢ in (B,

with {; € WhP((By ! x I) \ C1,n;R™). In particular, by (7.24) we have that {; € Xy(z) and
(j — Cin LP((B% ! x I)\ C1,n;R™). Finally, by (7.25) , we have

lim GC) = lim '(Da_"ﬁDn_'> dx
ARG = B e aanenn @\ D015
= [ QB0 e+ [ Qua§(DaC) da
Byt Byt
- Q-1 9(DaC) de
(BRtxD\C1, N
which completes the proof of the limsup inequality. O

PROPOSITION 7.6 (Limit space). Let

n—1—p
(= lim 2 =400, 0<R™ = lim % —— < +o0
j—+oo 5j Jj—+oo 5?
and let ¢, ; € X](z) such that, for every fized v > 0,
.
sup/ ) gj (DaC%j‘é—j'DnC%j) dr <c. (7.26)
JEN (B XIN\C1 j

Then, there exists a sequence Ej € VVll’p((R”_l x I)\ C1,00;R™) such that

ocC

G =G in (Bl x 1)\ Ciyy,
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and such that, up to subsequences, it converges weakly to ¢ in Wﬁif((R"*1)+;Rm) and to ¢~
in ‘/Vli’f((R”_l)_;Rm). Moreover, the functions C* satisfy the following properties

(¢ e WZRMDRT),
(tF=¢ in BYT,

Daci c Lp(Rn—l; Rmx(n—l))’

l (¢t —2) and ¢~ € LP"(R"1;R™).

Proof. We can reason as in Proposition 7.2 using the fact that, by (7.26),

. 5
| pgpar ()
(Rn—1)+ Ty
hence, in the limit we have that D,¢ = 0 a.e. in (R*~1)*, O

PROPOSITION 7.7 (Representation formula). We have

0™ (z) = inf{ /R B (90 1T(DaCt) + On 1 G(Dal™)) dag = CF € WEP(RTLR™),
CH=¢in Byl Dact e PR RMX0D)
(<+ - Z) and (T € ) (Rn—l;Rm)}

for every z € R™.

Proof. Reasoning as in the proof of Proposition 7.3, by Propositions 7.5 and 7.6 we get the
representation formula for ¢(°). 0

7.3. The case ¢ = 0. We first recall the following I'-convergence result.

PROPOSITION 7.8. The sequence of functionals G§0) D LP((BY !t x (=N,N)) \ C1 n;R™) —
[0, 4+00], defined by

/ (DO daif ¢ € WIP((BY x (=N, N))\ Cp; R™),
)/ . (By 'x(=N,N)\C1,n
GO(¢) =

400 otherwise ,

I'-converges, with respect to the LP-convergence, to

/. o(DC) ds i € WIP((BY™ x (N, N))\ CrxiR™),
GO(¢) = (BN "X (=N,N)\C1,n

+00 otherwise .
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Proof. The result is an immediate consequence of the pointwise convergence of the sequence of
quasiconvex functions g; towards g together with Proposition 12.8 in [16]. O

PROPOSITION 7.9 (Limit space). Let

. PP
(= lim 2 =0, 0<R®= lim -2 — < +oo (7.27)
j—+o0 0 j=too €570,
and let ¢, ; € Y].V(z) such that, for every fized v > 0,
sup 9 (D¢y,5)dx < c. (7.28)

JEN /(B:N]l le)\cl,fy]\]j

Then, there exists a sequence Ej e WLP(R™\ Cl,00; R™) such that

loc

G =Gy i (Bl xIj)\ Ciyn,

and such that, up to subsequences, it converges weakly to ¢ in VVé’f(R” \ C1,00; R™). Moreover,

the function  satisfies the following properties

([ D¢ € LP(R™\ Cf oo R™¥M),

¢ —z € LP(0, +oo; LP" (R" 1, R™)), (7.29)

¢ € LP(—00,0; LP" (R*1;R™)).
Proof. By (7.28), (7.1) and (7.27), we deduce that, for every fixed v > 0,

sup

‘ / . |D¢y, P dx < c. (7.30)
JEN (B’YNj XIJ')\CL’YN]'

Let us first extend ¢, ; by reflection

( C’YJ' (3704’2% — .Tn> if x4 € B,T;ijl and x,, € (5j/’l“j,25j/7‘j),

Crj(@) =4 Gy(@) it @€ (Bl x 1)\ Cian;, (7.31)

Gy (:ca, —9% _ CCn) if z, € B;L]le and x, € (=26;/r;,—0;/7;)

Ty
and then, we extend it by (2d;/7;)-periodicity in the x,, direction. The resulting sequence, still
denoted by 6%]-, is defined in (Bf;g,jl X ]R) \ C1,4n,. Hence, we define on R" \ C o,

z in (R"! \B;L;[jl) x (0, 400),
(@) :=19 Gy@) i (BIy! xR)\ Cion;, (7.32)
0 in (R"\ BIyt) x (—00,0).
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Let us now introduce the cut-off functions ¢; € C2°((—20;/r;,25;/7;); [0,1]) such that ¢;(z,) =1
if |z,| < 65/r5, ¢j(xn) = 01if |x,| > 20;/r; and |Dy¢j| < c(rj/0;). Then, we introduce our last

sequence,

ij(zvn)gj(xa’xn) + (1 - gb](xn))z if  (Ta,Tn) € R x (0, +00),

Cj (‘Tou xn) = -
i (n)C(za, n) if  (7q,2n) € R x (—00,0).
Note that
G =Gy i (Big xI)\Cian, - (7.33)
Moreover, by (7.30)-(7.33) we have that
sup/ |Dafj|p dr <c, (7.34)
JEN JR™\C1, 0

while, for every (a,b) C R, with a < b, we have

|D,¢;|P dx < c, (7.35)

/(]R"—l x(a,6))\C1,00

for j large enough and c¢ independent of (a,b). Reasoning as in Proposition 7.2, with (0, 4+00)
and (—o00,0) in place of (0,1) and (—1,0), respectively, we can conclude that there exist (; €
LP(0, +o0; LP" (R™ 5 R™)) and (3 € LP(—o0,0; LP (R R™)) such that, up to subsequences,

(G—z—G in LP(0,+o0; LF" (R™H;R™))
and
G =G in LP(=00,0; LV (R"";R™)).
Moreover, by (7.34) and (7.35), we have that, up to subsequences, C}- converges weakly to ¢ in
WEP(R™\ O 00; R™) where

¢ = Gi+z in R x (0, +0c0)
] G in (R"! x (—00,0)) U (B! x {0}).

In particular, for any compact set K C R™ \ C o, we have that
/ |DC|Pdx < liminf/ |D;[P da < e
K Jotee JK
for some constant ¢ independent of K; hence, we get that D¢ € LP(R™ \ C o0; R™*™) which
concludes the description of the limit function (. O
PROPOSITION 7.10 (Representation formula). We have
pO(z) = inf { / g(D¢)da : ¢ € WEP(R™\ €1 o; R™), D¢ € LP(R™\ Clo; R™M),
R”\C1,00
¢ — 2z € LP(0,400; LP" (R™ L R™)) and ¢ € LP(—o0,0; L7 (R”—l;Rm))}

for every z € R™.
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Proof. We define

O (z) = inf { / g(D¢)dx : ¢ € WEP(R™\ C)00; R™), DC € LP(R™\ O} o0; R™™),
R"\C1,00

¢ — 2z € LP(0,400; LP" (R""1:R™)) and ¢ € LP(—00,0; LV (Rnl;Rm))}

and let us prove that ¢(©(z) = O (2) for every z € R™.

By definition of @ioj. (see (5.13)), for every fixed n > 0, there exists (,; € Y]W(z) such that

/.. 6(DGy) dz < 9O (2) +n; (7.36)
(B’TYLN]‘ XIj)\CL,yN].

hence, by Proposition 5.2 (i), (7.28) is satisfied. Then by Propositions 7.8 and 7.9 we get that

lim wgo)»(z)+n > liminf

| i 9;(D¢;) da
j—+oo J—+o0 /(B:N;le)\CLyN]- ! ’

> liminf/ g;(Dé;) da:
J=+00 J(BR U x (= N,N))\Co v i(DG)

> / 9(D¢) dx (7.37)
(B x(—N,N))\C1,n

for some fixed N > 1, where ( satisfies (7.29). Thus, passing to the limit in (7.37) as N — +o0
and v — 0T, it follows that

$O(2) > / o(DC) da > O (2)
R™"\C1,00

Let us prove the converse inequality. For any fixed n > 0, let ¢ € VVlif (R™\ C1,00; R™) be as in
(7.29) and satisfying

/ g(D¢) dx < O (2) + 1. (7.38)
R"\Clyoo

For every j € N and v > 0, we consider a cut-off function 6, ; € C,?O(BSJ;J_I; [0,1]) such that

6,;=1in B?ijlj)/Q’ | Do ;| < ¢/yN; and we define ¢, ; € Yﬂ(z) by

ri(@a)C + (L= 0, 5(aa))z in (BIRHTO/m)
Crj =

0 (20)C i (Bly)” /U (BT < {0}).

Consequently, ¢, ; is an admissible test function for (5.13) and we get that
O < (D¢, ) d
S%,j(z) > . 9i(D¢y ;) d.
(B:Nj XI]’)\CL’YNJ'

The same kind of computations as those already employed in the proof of Lemma 7.3 now with
gj in place of g and with other obvious replacements (see (7.14)-(7.16)) gives

lim <p(0;.(z) < limsup

. ¥ / g (D¢)dx + o(1), as vy — 0",
j—too oo J(BINIXI\CLyw;
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On the other hand, Fatou’s Lemma and (7.1) imply

sDOdr< [ gDdr+o), as y 0t
R"\Clyoo

limsup/
J—rFoo (ng;jxlj)\cl,wj

Hence by (7.38), passing to the limit as v — 07, we get that
pO(2) <O (2) +n

and by the arbitrariness of 7, the thesis. O

REMARK 7.3. As already recalled, in [5] it is proved that if §; = 1 or J; = ¢; then the
(n—1)/(n—p) /(n—p)
J
the interfacial energy density is described by the following formula

e(z) = imf{/]R » g(D¢)dz: ¢ € VVllo’Cp(R”\CLOO;]Rm)
n 1,00

oy . . . n .
critical size 7; of the contact zones is of order e or g; , respectively; moreover,

¢—ze WWRYR™), ¢ € Wl’p(R’l;Rm)}

where R = R""! x (0,+00), R” = R"™! x (—00,0) (see [5] Section 7, the case p = ¢, with
pe, =15, Wy=Uy =W, W, =0, =g and R _UB}1(0) =R"\ C o).
We want to point out that from the analysis we carried on in the case £ = 0 and in particular

from
ri P
0< RO = lim

Jj—+oo 5j5

n—l
J
we recovered both the critical sizes founded in [5] and correspondent to the two cases J; = 1
and 6]' == 8j.

Moreover we want to show that ¢ = ¢(©). We have to check only the inequality ¢ < ¢, the
other one being obvious.

For any fixedn > 0Olet ¢ € VV&)’?(R”\CLOO; R™) be such that (—z € LP(0, +oo; LP" (R~ 1; R™)),
¢ € LP(—00,0; LP" (R"1;R™)), D¢ € LP(R™ \ O o0; R™*™) and

/ g(D¢)dx < 0 (2) + 1. (7.39)
R"\Clyoo

For every N > 2 we denote by By the n-dimensional ball of radius N centered in zero and
by B]i{, the set of the points x € By such that +z,, > 0; we consider a cut-off function 0y €
C°(Bn;[0,1]) such that O =1 1in Byys, |[DOn| < ¢/N and we define

OnN(C—2)+2z in By,

9N
I

On¢ in By U (B! x {0})
so that ¢ € WYP(By \ C1,n;R™), ( = z on 0B, and ( = 0 on §Bj. Hence,

[ awoa= [ s(DG)do+ [ 9(DO) dar
BNn\C1,n Bn/2\C1,n/2 (BN\Bn/2)\C1,Nn
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in particular, by (7.2), we have

/ oDde < B[ IDonPIc-adek [ ponlIgP ds
(BN\Bn/2)\C1,N B}C\B}C/g BN\By /o
+ / |DCJP dw)
(BN\Bn2)\C1,~
c
< — C—zpdx—}—/ CIP dx

N/2

+/ |D¢|P dz .
(R™\Bpn/2)\C1,00

Since ¢ — z € LP(0,+o0; LP"(R™ 1, R™)), ¢ € LP(—o00,0; L' (R*1;R™)) and D¢ € LP(R™ \
C1,00; R™*™), we can easily conclude that
lim g(D¢)dr =0. (7.40)
N=+00 J(BN\Bny2)\C1,n
Hence, by (7.40), we deduce

)ty > / 9(D¢) dz > / 9(DC) da
R™\C1,00 Bn/2\C1,n/2

_ / g(DE) dz + o(1)
Bn\C1,N

> inf{/ g(D¢)dzx : ¢ € Wl’p(BN \ C1,n;R™)
BN\C1,N

(=zondByY, (=0on 6BK,} +o(1)

as N — 4oo. Finally, passing to the limit as N — 400, by the arbitrariness of n, we get
0@ > .

Note that the proof of the explicit formula for ¢ in [5] relies on the fact that §; is of order
gj or bigger than it, while in Proposition 7.9 and Proposition 7.12 we have to take into account
that §; < ;. This is the reason why our proof is different from the one of [5] even if, at the

end, the two representation formulas turn out to coincide.

Preliminary version — October 30, 2006 — 12:04



Preliminary version — October 30, 2006 — 12:04



APPENDIX A

Equi-integrability in dimension reduction problems

1. A brief overview

A very handy tool in the study of the asymptotic behavior of variational problems defined on
Sobolev spaces is Fonseca, Miiller and Pedregal’s equi-integrability Lemma [33] (see Theorem
2.1 below; see also earlier work by Acerbi and Fusco [2] and by Kristensen [36]), which allows
to substitute a sequence (w;) with (Vw;) bounded in LP by a sequence (z;) with (|Vz;[P) equi-
integrable, such that the two sequences are equal except on a set of vanishing measure. In this
way the asymptotic behavior of integral energies of p-growth involving Vw; can be computed
using Vz; and thus avoiding to consider concentration effects. This method is very helpful for
example in the computation of lower bounds for I'-limits (see, e.g., [14]).

In the framework of dimensional reduction, we encounter sequences of functions (w.) defined
on cylindrical sets with some ‘thin dimension’ €; e.g., in the physical three-dimensional case
either thin films defined on some set of the type w x (0,¢) (see, e.g., [38, 19]), or thin wires
defined on ew x (0,1) (see, e.g., [1, 37]), where w is some two-dimensional bounded open set.
In order to carry on some asymptotic analysis such functions are usually rescaled to an e-
independent reference configuration 2 (see Fig. 1), so that a new sequence (u.) is constructed,
satisfying some ‘degenerate’ bounds of the form

1
/Q(|Vau€|p + E—p|V3u5|p)d:C <C <40 (1.1)

whenever the sequence of the gradients (Vw.) satisfied some corresponding LP bound on the
unscaled domain. Here, V, represents the gradient with respect to the unscaled coordinates
(denoted by x,) and Vg represents the gradient with respect to the ‘thin’ coordinate directions
(denoted by ). In the case described above of thin films x5 = x3; for thin wires, x5 = (z1, 22).

Q=wx(0,1) ew x (0,1) w % (0,¢)

FIGURE 1. Scaled domain, a wire and a thin film.
101
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A theorem by Bocea and Fonseca [13] states that an analog of Fonseca, Miiller and Pedregal’s
result still holds in this framework, and an ‘equivalent sequence’ v. can be constructed such that
the sequence (|Vqve[P + &|Vg0:|P) is equi-integrable on €. In their result they deal specifically
with the case of thin films; i.e., when the space of the x5 is one-dimensional in the notation
above. An earlier mention of the equi-integrability result in this form can be found without
proof in a paper by Shu [47], where it is suggested that the same argument of [33] could be
followed. This path is not pursued by Bocea and Fonseca’s as it would necessitate re-proving a
number of fine results for maximal functions in a periodic context; their proof instead relies on
a direct argument.

This appendix provides an alternative proof to that of Bocea and Fonseca, that we think
worth pointing out since its method could be applied to other types of problems involving
thin structures and extends to a general nD-to-(n — k)D dimensional-reduction framework. Its
argument is essentially the following: we consider the unscaled functions w. defined on some €2,
(e.g., w x (0,¢e)) on which we have an LP bound of the gradient and extend them to 2e-periodic
functions in the 25 directions. These extended functions still satisfy an L” bound, now on each
fixed Q (e.g., a cube), so that we may apply Fonseca, Miiller and Pedregal’s result to find z. with
the equi-integrability property. This property is quantified by de la Vallée Poussin’s Criterion,
which ensures the existence of a positive Borel function ¢ with superlinear growth such that
Jo¢(|Vze|P) dz < C' < 400. By this remark and a simple but careful counting argument we can
choose a set differing from the original €2, by a 2e-periodic translation in the zz directions (and
hence it is not restrictive to suppose that this set is precisely €2.) such that

1

= o(|VzP)dx < C < 400, (1.2)

(k denotes the dimension of the space of the x3) and still z. equals w, except for a set with
relative measure tending to zero in .. By scaling such z. we conclude the proof since (1.2)
exactly states the desired equi-integrability property.

Since our method does not rely on space dimensions, we state and proof our result in a
general n-dimensional setting. In particular it also comprises the physical case of thin wires
not covered in [13]. Thin wires are generally dealt with by more direct arguments exploiting
their one-dimensional limit nature, but our general equi-integrability result may nevertheless be
useful in the case of thin wires with an unprescribed heterogeneous nature, in order to obtain

general compactness results as for thin films (see [19]).

2. Preliminaries

In this section we recall two results which will be the key tools in the proof of Theorem 3.1. The
first one is Fonseca-Miiller-Pedregal’s decomposition Theorem for ‘unscaled gradients’ while the
second is a classical equi-integrability criterion.

In what follows m,n will be two positive integers, €2 a bounded open subset of R"™ and p a
real number such that 1 < p < +oc.

Preliminary version — October 30, 2006 — 12:04



3. STATEMENT AND PROOF OF THE MAIN RESULT 103

THEOREM 2.1 ([33] Lemma 1.2). Let (w;) be a bounded sequence in WIP(Q;R™). Then there
exists a subsequence of (w;) (not relabelled) and a sequence (z;) in WHP(Q;R™) such that

En({Zj #* U}j} U {VZ]' # ij}) — 0,

as j — 400, and (|Vz;P) is equi-integrable on Q. If Q is Lipschitz, then each zj can be chosen
to be a Lipschitz function.

PROPOSITION 2.2 (de la Vallée Poussin’s Criterion). Let (w;) be in L' (Q;R™); then (wj) is
equi-integrable on Q if and only if there exists a positive Borel function ¢ : [0,4+00) — [0,400]
such that
lim 20) = 400 and sup/ o(|wj|) dx < 4o0.
t—+oo T i Ja J

A proof of de la Vallée Poussin’s Criterion can be found in Dellacherie-Meyer [31].

3. Statement and proof of the main result

Let k be a positive integer such that & < n. Given z € R", we set z = (z4,23) where
ZTo = (21,...,2Zn—k) and 3 = (Tp_k+1,- - - , Tp) is the ‘thin variable’; then V, = (8,01, e ,8%7,6)

is the gradient with respect to z, and Vg = (8 . ,8%) the gradient with respect to xg.

Tn—k+17 "

THEOREM 3.1. Let w, C R"7F, wg C R* be open bounded sets and assume that wg s
connected and with Lipschitz boundary. Let (¢;) be a sequence of positive real numbers converging
to zero and let (uj) be a bounded sequence in WhP(wq x wg; R™) satisfying

1
sup/ (\Vauj]p + —p]V[guj\p) dr < +00. (3.1)
7 Wa Xwg 8]‘
Then there exists a subsequence of (uj) (not relabelled) and a sequence (v;) in WP (wq X wg; R™)
such that
L"({v; # uj}y U{Vv; # Vu;}) =0, (32)
as j — +oo, and (|Vavj|p + 6%|V3vj |p> is equi-integrable on wo X wg. If we is Lipschitz then
J
each vj can be chosen to be a Lipschitz function.

PROOF. Let (uj) be a bounded sequence in W'P(w, x wg; R™) satisfying (3.1). Since wg
is connected and with Lipschitz boundary, by applying a standard extension technique (see for
instance Adams [4], Theorems 4.26 and 4.28, and Section 4.29 for details) we may assume to
deal with a W1P(w, x QF; R™)-sequence, for Q% C R¥ open cube containing wg, still preserving
the same boundedness properties of (u;). Moreover, up to possible scalings and translations, we
can always suppose that Q¥ = (0,1)F.

Set 4;(x) = uj(xq, i—f); then (4;) C WHP(w, x (0,£5)%;R™) and by hypothesis

1
j 5]‘ waX(O,ej)’“ ] Wax(ovl)k
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while
1 . -
swp [ (Ve (Vi) do
j 5]' wa X (0,65)*
1
—sup / (IVats P + /950517 ) dz < 400, (3.4
J Jwax(0,1)F €
and from (3.4) in particular
1
sup _k/ |V, P de < +o0. (3.5)
j 5]' wa X (0,65)*
We extend 4; to we X (—¢5, Ej)k by reflection in the k variables z,_j11,...,2, by defining
() = W (Tas [Tntrtly - |Tn]) 0 wa X (—gj,65)F

Note that (i;) C WhP(we x (—€j,€;)F;R™) and (24, ) has the same trace on the opposite
faces of (—¢;,¢;) for a.e. T4 € w,. Thus @, can be extended by (—¢;,;)*-periodicity in 4, to
the whole w, x R¥ obtaining the T/Vllo’f(wa x R¥; R™)-sequence defined as follows

j(x) == Uj(Ta,rg —2¢51) In we X (26504 (—Ej,é‘j)k), for i = (i1,... i) € Z".

We want to prove that (@;) is bounded in WP(w, x (0,1)*;R™). By the periodicity and
symmetry properties of 4;, denoting by [t] the integer part of ¢t € R, we have

[1/2¢)+1
/ P de <Y / | [
wax (0,1)F i1,ein=0 Y Wa X (25 i+ (—gj,65)")
- ¥/ pa=2 Y [
ity WX (—e.85)" ivooip, Y wax(0,5)F
1 k
= 2’“([—}%) / i1, [P daz
25j wa X (0,e5)%
2k
< L[ P 5:0)
6]’ waX(O,Ej)k

for j sufficiently large.
Gathering (3.6) and (3.3) we deduce

sup/ |u; [P do < 4o0;
J Jwax(0,1)k
an analogous argument combined with (3.5) yields
sup/ |V, P de < +o0.
i Jwax(0,1)F
By these estimates (u;) fulfills the hypothesis of Theorem 2.1, which ensures (up to an extraction)

the existence of a sequence (z;) C WhP(w, x (0,1)F; R™) satisfying

LM({z # 4} U{Vz # Vi;}) N (wa x (0,1)%)) = 0, as j— 400
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and such that (|Vz;[P) (or equivalently (|V42;|P +|Vz;[P)) is equi-integrable on wy, x (0,1)%. As
a consequence, in view of Proposition 2.2, there exists a positive Borel function ¢ : [0, +00) —
[0, 4+00] such that

p(t)
ti}inoo = =400 and sgp/ o ©(IVaziP + |Vaz|P) do < +o0.

Hence, (0, [1/¢;]e;)* C (0,1)* and the nonnegative character of ¢ yield
/ PVazil! + Vpzl)do < [ o(Vazl +[VamP)de  (3)
wa % (0,[1/e;]e;) wa X(0,1)k

while the monotonicity of the Lebesgue measure implies

L"(({z # 1;} U{Vz; # Vi;}) N (wa x (0,[1/55]e;)"))
< LM({z # 1y YU{Vz # Vi}) N (wae x (0,1)%)). (3.8)

To shorten notation, set
Myi= [ (Va4 VpsP) da
wa X (0,1)k

mj = L"({z # 15 } U {Vz # Vi;}) N (wa x (0,1)7))
and recall that
(i) supM; < +o0, (i) mj; —0. (3.10)
J
From (3.9) and (0, [1/£;];)* UE{E’% o(€5i4(0,£5)%), (3.7)-(3.8) can be rewritten respectively

as
[1/e5]-1

2 /  (IVazsl” +[Vp2l") do < Mj, (3.11)
i1 i =0V wa X(5i+(0,e5)%)
and
(1/e5]—
Z L£™(( {Z] Uj} U {VZJ' #* Vﬂj}) N (wa X (53' i+ (0,5j)k))) <m,. (312)
Zk 0

For fixed j, we now consider only those cubes ¢;i + (0,¢;)* with i = 2h for h in Z; := {h €
ZF: 0<hy,...,hy < 3([1/gj] — 1)}. Note that for h € T, U lus x 26 h-(0,e,)k cOincide with the
2¢ jh-translation of 4, in the xg variable.

By (3.11) and (3.12) we have that in particular

¢ (IVazjP 4+ |Vpz;|P) do < M; (3.13)

heT; /C;a ><(26jh+(0,6j)k)

> LM ({7 # a5} U{Vzj # Vi) N (wa x (25 b+ (0,65)F))) < my. (3.14)
hez;

Then from (3.13), for at least half of the indices h € Z; (i.e., for [1/2#(Z;)] indices) we must

have

/ o (Vazs? + [VazP)de < (#(T;) - [1/24(Z)] + DM, (3.15)
(2e;h+(0,5)%)
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In fact, let otherwise Ij/ :={h €Z;: (3.15) does not hold} be such that

#(L)) > 4(T;) — [1/24K(T;)] + 1 (3.16)

then

}:L/ o (Vaz;l? + [V 52P) da

hte a><(26jh+(0,€j)k)

> © (IVazjl? +|VziF) da

hte/ /wa X (2€jh+(0,6j)k)

> #T)FHT) - [1/2#T)] + 1) M

and combining it with (3.16), by (3.13) we find a contradiction.
Since #(Z;) = ([3 ([1/g;] — 1)] + 1) it can be easily checked that, for j large enough

1
#(Z;) — [1/24#(T)] + 1> QoI
j

therefore from (3.15) we get that for at least [1/2#(Z;)] indices h € Z;

/ 0 (IVaz;|? +|Vpz|?) < 22*F1ekar;, (3.17)
wa X (2e;h+(0,e5)F)

for any sufficiently large j. Moreover, in view of (3.14) we can again use an averaging procedure
to find among those [1/2#(Z;)] indices h satisfying (3.17), an index such that

L™(({z # 0;} U{Vzj # Vi;}) N (wa x (26 h+ (0,£5)7)))

< [/2#(T)] 'y < 2 ek my, (3.18)

for j large enough.

Finally, we have selected an index in Z; for which both (3.17) and (3.18) (definitively) hold
true. Let us call this index h*. Then by the (—¢j, Ej)k-periodicity of 4; in the xg variable, up to at
most k translations in the z, 11, .., z,-directions, we can always suppose that h* = (0, ...,0).

Abusing notation we denote by z; the restriction of z; to w, X (0,£;)¥; we show that our (v;)
can be obtained from (z;) just by unscaling. In fact, having set

v;(®) = 2j(Tas €57p),

then (vj) C WHP(w, x (0,1);R™) and by (3.17) with h = h* = (0,...,0) we have that

1
/ ¢<|Vavj|p + —p|V51)j|p> d:C
wa X (0,1)k €5

/ O(|VaziP + |V 2;|P) de < 221 M.
w,

1
-k
gj aX(Ov‘Ej)k
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Thus, by virtue of (3.10)(i), again applying de la Vallée Poussin’s Criterion we get that (]Vavj\p +
E%|V5vj [P) is equi-integrable on w, x (0,1)F. Moreover by (3.18) we deduce
j

L"({vj # uj} U{Vv; # Vu;})

1 27 —
= 7 L”(({Zj # uj} U {sz % Vuj}) N (wq X (0’€j)k)) < 23k;+1mj
j
and by (3.10)(ii) we find (3.2). Clearly these two conditions can be restricted to wq x wg if such

was the domain of the starting sequence.

Finally, note that if w, is Lipschitz, by appealing to Theorem 2.1 we can choose any z; to be
a Lipschitz function, then for every x,y € wy x (0,1)F

vj(@) —vi(W)| = |zj(2a, gj28) — 2j(Ya, €jyp)| < Lip,, |z — yl,

thus v; is still a Lipschitz function and Lip,, < Lip,_. O
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