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Chapter 1

Introduction

The main topic of this work is the study of the cohomology of Artin groups,
with emphasis on a particular class of infinite type groups known as affine
Artin groups.

Let (W, S) be a Coxeter system of rank n = |S|. Loosely speaking, the
Artin group Gy associated to (W, S) is the group obtained by dropping the
relations s2 = 1 (s € S) in the standard presentation for W. We say that
an Artin group Gy is of finite type when W is finite.

Finite type Artin groups have special features which in general do not
have an analogue for infinite type groups. The most important difference for
our purposes is the lack of an appropriate classifying space for infinite type
Artin groups, whereas the question for finite type Artin groups was settled
by Deligne [Del72].

Recall indeed that a finite Coxeter group W may be geometrically repre-
sented as a (orthogonal) linear reflection group in R™. Let AR be the real
arrangement of hyperplanes given by the mirrors of the reflections in W
and let A its complexification. Note that W acts freely on the complement
Y(W) :=C"\Upeq H and let X (W) := Y (W)/W. It is known that X (W)
has the Artin group Gy as fundamental group [Bri7la] and, by a result of
Deligne, X (W) is as well a k(7, 1) space.

For the infinite type, we can no more represent the Coxeter group as a group
of orthogonal reflections; however it is possible to regard it as the group of
linear (not-orthogonal) reflections w.r.t. the walls of a polyhedral cone C
of maximal dimension in V' = R" [Vin71]. It can be shown that the union
U = Uypew wC of W-translates of C' is a convex cone and that W acts prop-
erly on the interior U° of U. We may now rephrase the construction used in
the finite case as follows. Let A the complexified arrangement of the mir-
rors of the reflections in W and consider I := {v € V ® C|R(v) € U°}.
Then W acts on Y (W) = I\ UgcyH and we can form the quotient
X(W) :=Y(W)/W. It was first shown in [vdL83] that Gy is indeed the
fundamental group of X, but in general it is only conjectured that the space
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6 CHAPTER 1. INTRODUCTION

X(W)isak(m, 1). This conjecture is known to be true for 1) Artin group of
large type [Hen85], 2) Artin group satisfying the FC condition [CD95] and
3) for the affine Artin group of type A,,C, [Oko79].

For what regards cohomology of Artin groups, the available literature is
mainly focused in finite type Artin groups.
Starting with the classical braid groups (i.e. Artin groups of type 4,,), the
cohomology with trivial coefficients was computed in the seventies by F. Co-
hen [Coh76], and independently by A. Veinstein ([Vai78], see also [Arn68],
[Bri7la], [BS72], [Fuk70]). For Artin groups of type Cy,, D,, it was computed
in [Gor78], while for exceptional cases in [Sal94] it was given as an abelian
module, while the ring structure was computed in [Lan00].
Other cohomologies with twisted coefficients were later considered: an inter-
esting case is over the module of Laurent polynomials Q[¢™!], which gives
the Q-cohomology of the Milnor fibre of the naturally associated bundle.
The theory of hypergeometric functions (as described in [Gel86]; see also
[OTO01][Var95]) provides further motivation to the study of twisted coeffi-
cients cohomology for Artin groups.
Again for the case of classical braids, many authors provided computations,
independently and using different methods ([Fre88], [Mar96], [DPS01]), while
for cases Cy, D, see [DPSS99] (here the authors use the resolution coming
from topological considerations discovered in [Sal94],[DS96]; an equivalent
resolution was independently discovered by using purely algebraic methods
in [Squ94]). Over the integral Laurent polynomials Z[¢*'] not many compu-
tations exist: see [CS04] for the exceptional cases and recently [Cal05a] for
the case of braid groups, and [DSS97] for the top cohomologies in all cases.
By contrast, as regards Artin groups of non-finite type, some computations
were provided in [SS97][CD95].

The main goal of this work is to start an analysis of the cohomology
of Artin groups associated to Coxeter groups of affine type (also known as
affine Weyl groups for their connection with Lie algebras).

Preliminarily, we studied the ‘toric’ version of an affine reflection arrange-
ment. For affine Artin groups of type A, By, C,, these arrangements (or a
quotient of them) may be straightened to ordinary finite hyperplane arrange-
ments.

Analyzing the straightened picture, we obtain embeddings of the affine Artin
groups G g , G into the finite type Artin group Gp,,, . We obtain as im-
mediate corollary the results by Okonek [Oko79] and we extend a conjecture
by Charney and Davis [CD95] remarking that G5 has trivial center.

We found out that a similar analysis has been presented in [All02] and so
these results are at least implicit in this paper.

As regards to the Artin group of type B, we are instead able to solve the
k(m, 1)-problem for it; this seems to be new.



Then, for cohomological computations we used as a main tool the so-
called Salvetti complex (as described in [Sal94]; see also chapter 3); the
algebraic generalization of this complex by DeConcini-Salvetti [DS96] pro-
vides an effective way to determine the cohomology of the orbit space X (W)
with values in an arbitrary Gy-module. When X (W) is a k(m, 1) space, of
course, we get the cohomology of the group Gy .

Consider the G ; -module consisting of Laurent polynomials Q[g*],
where the action of the standard generators of GG 5 is by (—¢)-multiplication.
The inclusion G4 | < G, turns out to be very useful to completely deter-
mine the cohomology of G ; ~over this twisted system. Indeed, by Shapiro’s
lemma and a degree shift result, we may reduce to the equivalent compu-
tation of the cohomology of Gp, over the module Q[g*!, t*1], where the
action is (—¢)—multiplication for the standard generators associated to the
first n — 1 nodes of the Dynkin diagram, while is (—¢)—multiplication for
the generator associated to the last node.

To compute these latter cohomology groups, we use techniques similar to
[DPSO01]: a natural filtration of the Salvetti complex and the associated
spectral sequence.

As a corollary we derive the trivial Q—cohomology of G A,y
We remark that using another well-known inclusion (e.g. implicit in [Bri71b])
of Gp, into the classical braid group Bry4+1 := G4,, we also find an iso-
morphism with the cohomology of Br,;; over a certain representation,
namely the irreducible (n + 1)—dimensional representation of Br,; found
in [TYM96], twisted by an abelian representation.

We also describe the cohomology of the braid group over the irreducible
representation in [TYM96].

Having shown that the orbit space X(Bn) is a k(m, 1) space, we con-

sider finally the cohomology of G5 over the module Q[q*!, t*1], where the
action is (—t)-multiplication for the node in the leave of weight 4 and (—q)-
multiplication for the remaining ones.
In this case the Salvetti complex exhibits a natural involution and we may
compute separately the cohomology of the invariant and anti-invariant sub-
complexes. The invariant part turns out to have the cohomology of G g, over
the double-weighted module described before, while for the anti-invariant
part we resort to the spectral sequence of a natural filtration. We remark
that the columns in the Fq-term of the spectral sequence correspond to
the cohomology of the anti-invariant part for the Artin group of type Dy
(1 < k < n), which has been completely computed in [DPSS99]. However,
in order to cope with the higher order boundary maps in the spectral se-
quence, we need some cohomology generators that are not easily deduced
from the argument in [DPSS99]; thus we preferred to reprove everything
from scratch.
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As additional topics, that justify the wider-range title of this thesis, we
provide further applications of the more general theory exposed in [DS00].
For any Coxeter group W, in particular, a free resolution of the trivial Z[W]-
module Z is provided, that allows the computation of the cohomology of W
in an arbitrary coefficients module. As first application, we are then able to
determine the cohomology of the Artin group and Coxeter group associated
to the complete graph having all edges of weight 3. Actually, with some
more effort one can generalize computations to the case where the weight of
each edge is some fixed natural number p (> 2) (we are going to write this
more general result in future). For the Artin group we considered coeffi-
cients in the module Z[qil], where the standard generators of the group act
by (—¢)-multiplication, while the trivial and sign representations are used
as coefficients module when dealing with the Coxeter group. The result for
Artin groups was already exposed in [SS97]|, whereas the treatment of the
Coxeter group is new.

Then we present an approach (see [Sal05]), based on the analysis of sheaves
over posets, to homology computations for affine Artin groups with coeffi-
cient in a particular rank 1 system. With this method we are able to de-
termine the top and top—1 homology of the affine Artin group of type A,,.
Although we have already obtained using a different strategy the complete
list of cohomology groups for Gz , we believe that the presented method
retains its interest in view of its combinatorial treatment.

Finally we discuss the genus problem for affine Artin groups. By contrast
with the finite type case (treated in [DS00], [DPS04], [Aro05]), here the
answer is relatively simple.

In more detail, the material is organized as follows.

In chapter 2 we collect some basic definitions and results regarding Cox-
eter groups and Artin groups.
In chapter 3 we review the theory developed in [Sal94][DS96][DS00], stating
the results for arbitrary (not necessarily finite type) Coxeter groups. We
present as applications of the theory the determination of the cohomology
of the Artin and Coxeter group associated to the complete graph (section
3.3), an approach (based on the analysis of sheaves over posets) to homology
computations for affine Artin groups (section 3.4) and the genus problem
for affine Artin groups (section 3.5).
Chapter 4 is devoted to topological constructions that allow to establish
inclusions of the affine Artin groups of type A, and C,, into the finite type
Artin group of type Bjy1 (sections 4.2-4.3). In section 4.4 we solve instead
the k(m, 1)-problem for the Artin group of type B,,. We then switch to rep-
resentation theory for Artin group, analyzing representation induced by the
previously found inclusions (section 4.5).
In chapter 5 we determine the cohomology of the Artin group Gp, with
coefficients in the double weight local system R,; = Qg™ t*1], where the



action is by (—¢)-multiplication for the standard generators associated to
the first n — 1 nodes of the Coxeter diagram and (—t)-multiplication for the
last one. We obtain as main corollary the cohomology of the affine Artin
group Gz  with coefficients in the module Q[¢™!'], where the action of its
standard generators is given by (—g)-multiplication (section 5.3.2). We also
determine the cohomology of the braid group with coefficients in the Tong-
Yang-Ma representation (section 5.3.3).

In chapter 6 we determine the cohomology of G over the double-weighted
module R,; = Q[gT!, ¢+t

The results of chapter 5 were announced in [CMSb] and have been sub-
mitted as a joint paper with Filippo Callegaro and Mario Salvetti [CMSa].

The results of chapter 6 (also in collaboration with the same authors)
will be submitted shortly. Other results, like the computation of the coho-
mology for the complete graph, the cohomology of sheaves over posets with
application to computation of the Schwartz genus are almost ready to be
submitted.

Acknowledgement

This work has been prepared in strict collaboration with prof. Mario Salvetti.
The results in chapters 5 — 6 are obtained in collaboration also with Filippo
Callegaro.

L At the time of submitting this preliminary version, chapter 6 is still under preparation.
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Chapter 2

Coxeter and Artin groups

In this chapter we recall briefly some basic facts about Coxeter groups and
Artin groups with the two-fold aim of fixing notation and having at hand
facts that will be used frequently throughout the remaining chapters. Al-
most every cited results for Coxeter groups may be found in standard text-
books such as [Bou68] and [Hum90], to which we refer for details if not
otherwise stated.

The only exception is represented by the more specialistic section 2.4.3, in
which we determine the expression for a double-weight analogue of ordi-
nary Poincaré series for the Coxeter group of type B,. This result may be
found in [Rei93], but, for convenience, an elementary enumerative proof is
provided.

2.1 Definition of Coxeter groups and first proper-
ties

A Cozxeter graph is a finite undirected graph, whose edges are labelled with
integers > 3 or with the symbol co.

Let S be the vertex set of a Coxeter graph. For every pair of vertices
s,t €S (s #t) joined by an edge, define m(s,t) to be the label of the edge
joining them. If s, ¢ are not joined by an edge, set by convention m(s,t) = 2.
Let also m(s,s) = 1.

Associated to a Coxeter graph, we have a Coxeter system (W, .S), con-
sisting of a group W and a set of generators S C W, such that W has
presentation:

W = (s eS| (st)™! =1Vs,t €S such that m(s,t) # oc)
We will say that (W,S) is irreducible iff its Coxeter graph is connected.
Further, the rank of (W, S) is defined as the cardinality |S| of the generating
set S.

11



12 CHAPTER 2. COXETER AND ARTIN GROUPS

2.1.1 Length function and parabolic subgroups

Note that every element w € W may be written as a product w = s152 - - - sg
for some s; € S (not necessarily distinct). We define the length ¢(w) of w as
the minimal length of an expression of w in term of the generators s € S.
An expression for w of minimal length will be called reduced. Note that
l(w) = 0 iff w =1 and, in general, for s € S, we have {(ws) = {(w) £ 1.

Given a subset I C 5, let W} be the subgroup of W generated by the
s € I. Such a group will be called a parabolic subgroup of W.

Proposition 2.1.1 Let (W, S) be a Cozxeter system and I C S. Then:
1. (Wr,1I) is a Cozeter system on its own.
2. The length functions with respect W and Wi agree on Wr.

3. Let Wl = {w € W |l(ws) > l(w)Vs € I}. Then for every w € W
there exist unique w!, wy such that w = w! - wy. Moreover f(w) =

f(w!) + L(wy).
|

In the following, the elemts of W' will be called minimal length coset
representatives.

2.1.2 Matsumoto’s theorem

Let (M,-) a monoid. For s,t € M, we define

Prod(s,t;m) = ststs. .,

m—terms

Let now (W, S) be a Coxeter system. Note that, given the relations s? = 1
(for s € S), a relation of type (s,t)"(*) may be restated as:

Prod(s,t;m(s,t)) = Prod(t, s;m(s,t))
We have the following theorem (see e.g. [GP00], section 1.2):

Theorem 2.1.2 Let (W, S) be a Coxeter system and (M, -) a monoid. Sup-
pose given a map f:S — M such that:

Prod(f(s), f(t);m(s,t)) = Prod(f(t), f(s); m(s, 1))

Then there exists a unique extension f W — M of f, such that f(w) =

f(s1) -+ f(sk) whenever w = sy -+ sy is a reduced expression.
O

Roughly speaking, Matsumoto theorem states that f (w), as defined in the
theorem, does not depend on the choice of a reduced expression for w.
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2.2 Geometric representation of W

Any Coxeter system can be represented as a concrete group generated by
(not necessary orthogonal) reflections. This concrete representation is im-
portant for analyzing the structure of W and it will turn out to be essential
for further topological constructions.

Consider the real vector space V' generated by the vectors {as|s € S}
and define a symmetric bilinear for B on V:

Bl(as,ay) = — cos (m(;i s’))

with the convention that B(as,ay) = —1 in case m(s,s’) = co. Let Hy be
the orthogonal hyperplane to as w.r.t. B.
For each s € S define the reflection p; of V' as:

ps(ay) = g — 2B(as, ay)as
Note that ps(as) = —as and ps fixes Hg pointwise.

Theorem 2.2.1 The homomorphism p : W > s — ps € GL(V) defines
a faithful representation of W. Moreover p(W') preserves the bilinear form
B. O

In the following, for A € V, w € W, we will write wA in place of p(w)A when
no confusion is possible.

2.2.1 Positive roots and interpretation of length function

The root system of W is defined as the orbit of the canonical basis vectors
of V under the action of W, i.e.:

O = {w(as)|Vs €S, YVwe W}

Note that this set consists entirely of unit vectors w.r.t. B, since the form
B is W-invariant and B(as, o) = 1. Of course, a root o may be written as
a real linear combination o = > cgars. We will say that « is positive (resp.
negative) if ¢s > 0 (resp. < 0) for all s € S. Let ® (resp.®~) be the set of
positive (resp. negative) roots.

The set A = {as|s € S} will be called the set of simple roots. We also
define the following partial order on ®: for «, 5 € ®, say

a>p iff @« — 8 is a non-negative combination of A

Theorem 2.2.2 Let w € W and s € S. Then:

1. If L(ws) > L(w), then w(ag) € PT.
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2. If l(ws) < l(w), then w(as) € ™.

In particular ® = & U .
Moreover, for any w € W, ¢(w) equals the number of positive roots sent to
negative by w, i.e.:

l(w) = [w(@") N~ |

2.2.2 Fundamental domain for W and Tits cone

To get more insight in the geometric representation, it is convenient to switch
to the contragredient representation W — GL(V*). For f € V*, a € V,
let (f,a) be the natural pairing between V* and V. Then for w € W the
contragredient representation is defined by:

(w(f), ) = (f,w™ (o))

For each s € S, consider the hyperplane:

Zs={f e V" |(f,as) = 0}

and the two half-spaces:

As ={f e V[ (f,a5) > 0}
Ay ={f € V7| {f,a5) < 0} = s(A,)

Clearly, s fixes Zs pointwise.

Let C be the intersection of all the A4 for s € S. Note that C' is open and
its closure K =: C' = (.4 A is a convex cone.

We can partition D according to the action of the parabolic subgroups Wr

(I'c S). Let
Cr=(()%)n([)As) (2.1)

sel’ s¢I’

Note that Wr fixes Cr pointwise. It will be a consequence of theorem 2.2.3
below that Wt is precisely the stabilizer of any point x € Cr.

Further, the Tits cone of W is defined as U := | J,,cy K. This is a W-stable
subset of V* and it will be showed to be also convex.

Theorem 2.2.3 ([Vin71]; see also [Bou68]) With the previous notation,
we have:

1. Let w e W and T,IV ¢ S. If w(Cr) N Cr # 0, then T = T" and
w € Wp. In particular, W is exactly the stabilizer of every point
z € Cr and C ={w(Cr)|T' C S, w e W} is a partition of U.

2. K is a fundamental domain for the action of W on U

3. U is a convex cone. Moreover, the segment joining two points of U s
covered by a finite number of elements of the family C



2.3. SPECIAL CASES 15

4. The interior U of U is W -stable and W acts properly on it.

5. Let K/ := {x € K||stab(z)| < oo} = Ur.wij<oo Cr- - Then Kl =
KnU°
O

2.3 Special cases

2.3.1 Finite Coxeter groups

Let (W, S) be a Coxeter system as before and consider its geometric repre-
sentation defined on V. In particular let B the associated bilinear form and
U C V* the Tits cone.

Theorem 2.3.1 The following conditions are equivalent:
1. W is finite.
2. The Tils cone is the whole space, i.e. U = V™.
3. The form B is positive definite.

4. W is a finite (orthogonal) reflection group.
O
In particular, the usual classification result for finite reflection groups
applies:

Theorem 2.3.2 Let (W, S) be a finite irreducible Coxeter system. Then its
Cozeter graph is isomorphic to precisely one of the graph shown in table 2.1.
O
We will be mainly concerned with the infinite series of type A, B = C, D.
For completeness, we briefly realize the associated root system and discuss
some features that will be relevant further on. In particular, for future use,
we describe root systems of type B and C' separately, although they give
rise to the same Coxeter group. Let ey, ..., e, be the standard basis of R™.
e A,(n>1)
Let V = {z = (21,...,7n41) € R"™| > 2; = 0}. Define ® = {¢; —
ej|1 <i# j<n+1} and take A to be given by:

Q] =€ —€2, g =€ —€3,...,0p = € — Ep41
The positive roots are then given by:
Pt ={e;—e;[1<i<j<n+1}

Therefore |®F] = ("31).
Note that the root & = e; — e, satisfies @ > « for every a € ® and it is
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called the highest root.
As it is well-known W is the symmetric group S,,;10n n + 1 letters.
e B, (n>2)

Let V = R" and define

O ={te;|1<i<n}U{fe;te;|l1<i#j<n}

So ® consists of the 2n? vector of length 1 and v/2 in the standard lattice.
The simple roots of A are given by:

Q1 = €1 —€2, X2 =€2—€3,...,Qp—1 = €p—1 — €, QAp = €p
and the highest root is now given by a = e; + es.
W is the group of signed permutations on n letters and, as such, it has a
semidirect decomposition W = §,, x (Z/2)".
e Cp(n>2)

In this case ® may be defined as the inverse root system of type B,.
More precisely, define

O ={£2¢ |1 <i<n}U{fe;te;|1<i#j<n}

So ® consists of the 2n? vector of length 2 and v/2 in the standard lattice.
The simple roots of A are given by:

Qp=e; —ez, g =€ —€3,...,0p_1 = €n_1 — €, On = 2ey
and the highest root is now given by a = 2e;.

e D, (n>4)
Let V = R"™ and define

O ={xe; £e;[1<i#j<n}

So ® consists of the 2n(n — 1) vector of length v/2 in the standard lattice.
The simple roots of A are given by:

Q] =e] —€2, A =€2 —€3,...,0p_1 =€p_1 —€En, Qp =€Ep_1+ €y

and the highest root is now given by @ = e; + es.

W is the group of signed permutations on n letters that involve an even
number of sign changes. As such, it has a semidirect decomposition W =
Sn X (Z/2)" L.
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2.3.2 Affine Coxeter groups

We will now describe a class of infinite Coxeter groups which arise as affine
reflection groups in the Euclidean space. First, we will realize these groups
as a semidirect product of a Weyl group and a lattice of translations (the
coroot lattice); in such a way they are naturally groups of affine reflections.
Then we will consider the associated abstract Coxeter group and establish a
connection between the two concrete realizations: the affine realization and
the geometric representation given by the Tits cone.

Weyl groups Let (W, S) be a finite Coxeter system and p: W — GL(V)
its geometric representation. Let also (-,-) be the scalar product on V in-
duced by the positive definite form B. We say that W is crystallographic
reflection group if W stabilizes a (maximal rank) lattice in V.

Proposition 2.3.3 W is crystallographic iff each integer m(i,j) (i,j € S,
i#7)is2,3,4 or6.

O
This proposition can be used together with theorem 2.3.2 to find a list of
crystallographic groups. Indeed, the propositions rules out Hs, Hy and all
dihedral groups Iy(m) for m # 3,4,6. Let ® be the root system associated
to (W, S). We say that ® is crystallographic if:

2(e, B)

(@, @)

CaB = S/ Ya, 5 € &

We say in this case that W is a Weyl group and call the ¢, g the Cartan
integers.
Note that the crystallographic condition implies that s,/ is obtained by [
adding an integral multiple of . This readily implies that W is crystallo-
graphic.

From the classification theorem of crystallographic root systems [Bou68],
it follows that Weyl groups are precisely the crystallographic reflection groups.
Notice, however, that there are two distinct root systems (those of type B,
C},), which give rise to the same Coxeter group, as previously observed.

Let ® a crystallographic root system. For a € @, define oV = 2/ (v, @)
to be a coroot and let ® the set of all coroots. ®V is a crystallographic root
system in its own right and it is called the inverse root system of ®. Note
that B, and C,, are inverse of each other.

Various lattices in V' are associated to ®. We have the root lattice L(®)
defined as the Z-span of @, the coroot lattice L(®"), the weight lattice

L®) ={veV]|(a")eZVaecd}
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and the coweight lattice
L®Y)={veV]|(va)cZVacd}

Note that L(®) C L(®) as a subgroup of finite index f, where f is given
by the determinant of the Cartan integers matrix. Similarly for the coroots
and coweight lattices.

Affine Weyl groups Let W an irreducible Weyl group acting on V' as
before and be @ its root system.
For o € ® and k € Z, we define the affine hyperplane:

Hopo = {v € V| (v,0) = k}

This is the translate of the linear hyperplane orthogonal to « by the trans-
lation ¢(£a"). We henceforth define the affine reflection w.r.t H, , as:

Sak(®) =v— ((v,a) — k)a"
Indeed, this transformation fixes H, j pointwise and sends 0 — ka¥.

We define the affine Weyl group W, to be the subgroup of Aff(V) gen-
erated by the s, for a € ®, k € Z.

Proposition 2.3.4 W, is the semidirect product of W with the translation
group corresponding to the coroot lattice, i.e.

W, =W x L(®")

Indeed W normalizes the translations by a vector in L(®") and, thus,
we can then form their semidirect product. The equation s, = t(ka")sq
shows that W, is included in this semidirect product. Viceversa, by the
same equation, L(®"Y) is included in W,. Since trivially W is contained in
W,, the affine group W, coincides with W x L(®V).

Note that W also normalize the coweight lattice ﬁ(@v), and we can form
the extended affine group W, = Wi f)(@v) which contains W, as a subgroup
of finite index; indeed W, /W, = L(®Y)/L(®").

Consider the hyperplane arrangement A = {H, ; |« € ®, k € Z} and its
complement M(A) =V \ Ugc4 H. Let C be the set of connected compo-
nents of M(.A). Each element of C is called an alcove. A particular instance
of an alcove is given by:

Co={veV|0< (v,a)<1Vac ot}

Indeed this set is contained in M(A), is convex (and so connected)and,
further, any element outside Cj is separated by at least one hyperplane of
type Hao or Hy 1.
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Lemma 2.3.5 Let A be simple roots and & the highest root of ®, then
Co={veV|0< (v,a)Va e A, (v,a&) <1}

Thus Cj is a simplex having as walls the hyperplanes H, (o € A) and Hg 1

Theorem 2.3.6 1. W, permutes C transitively.

2. The closure of Cy is a fundamental domain for the action of W, on

V.
3. W, is generated by the set of reflections S, w.r.t. the walls of Cy.

4. (Wa,Sq) is a Coxeter system.
O
It is easy to find the Coxeter graph of an affine weyl group W,. Just start
with the corresponding graph for W and add a node corresponding to the
further reflection sg5. Connect this node to the node for s, by an edge having
weight the order of s,s4. In this way we recover the graphs shown in table
2.2, where, as customary, & has been replaced by ag.

The graphs of table 2.2 are precisely the Coxeter graph for which the
associated bilinear form B is positive semidefinite but not definite.

We may represent the abstract Coxeter group corresponding to an ir-
reducible affine Weyl group W, by means of the geometric representation
discussed in section 2.2. Let V' be the real vector space with base as,
(s €S,), and o : W, — GL(V’) be the geometric representation, with asso-
ciated bilinear form B. Let A be the matrix of this bilinear form w.r.t. the
basis {as}. Since W, is irreducible, the matrix A is indecomposable (i.e. it
can not be written in block diagonal form after a permutation of the basis).

Lemma 2.3.7 Let A be a real symmetric matriz of dimension n which is
positive semidefinite and indecomposable, satisfying:

ai; <0 Vi#j
Then:
1. ker A = {z € R"|z' Az = 0} and it has dimension < 1.

2. The smallest eigenvalue of A has multiplicity 1 and the relative eigen-
vector has all strictly positive entries. O

Then, if A is positive semidefinite but not definite, it has a one dimensional
kernel spanned by a vector A with strictly positive entries. Further \ spans
the radical (V’)*. Let H’ be the orthogonal complement of s with respect
B. Note that (V')* = (| H. and therefore is fixed pointwise by W,. It
follows that the hyperplane Z = {f € (V')*| (f, A\) = 0} in the dual space is
left fixed by the contragredient action.
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Table 2.2: Coxeter diagrams of affine Weyl groups
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Since B is positive definite on the quotient V’/(V’)% and since Z is dual
to V' /(V')1, the hyperplane Z inherits an Euclidean space structure. Note
that W stabilizes as well the affine hyperplane E = {f € (V')*|(f,\) = 1}
and the Euclidean structure of Z transfers to F.

Consider the hyperplans

Zs = {f € (V/)* ‘ <f7a5> = 0}

Since A, being a strictly positive combination of the basis vector, is in par-
ticular non proportional to any «g, we have that Fs = F'N Z is an affine
hyperplane in E. The associated action of s turns out to be an orthogo-
nal transformation of E fixing Es and having order 2. In conclusion W, is
realized as a group of affine reflection in F.

This realization coincides with the previously described one. Indeed
the order of ss’ characterizes the angle between Es and Ey and, thus, the
configuration of the hyperplanes E (s € S) coincides with the configuration
of the walls of the alcove Cy. We further remark a consequence of this
discussion:

Corollary 2.3.8 Let W, be an affine Weyl group, o : W, — GL(V') its
geometric representation and \ a positive vector that spans (V’)l. Then the
Tits cone U of W, is the half space

U={feV) (£ =0}

2.4 Poincaré series

In this section, after defining some notation regarding ¢- and (g, t)-analogue
of natural numbers, we describe basic results on standard Poincaré series.
Finally we discuss a (q,t)-analogue of Poincaré series for B, that will be
useful for future computations in cohomology.

2.4.1 Notation

We recall some notations. We define the g-analog of the number m by the

polynomial

m_1
[m], =14 qt-gn =1

qg—1"
It is easy to see that [m] = [[;,, ©i(q), where ¢;i(q) is the i-th cyclotomic

polynomial in the variable g. Moreover we define the g-factorial [m],! as the
product

[m]g! = HMq (2.2)
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and the g-analog of the binomial (T) as the polynomial

(] el -

i [i]q![m —i]4!
We can also define the (g,t)-analog of an even number
[2m] g := [m]y(1 +tg™ ) (2.4)

and of the double factorial

m m—1
2m]g ! = [ [12ilg = [mlg! [T (1 +td") (2.5)
1=1 i=0
and the polynomial
[ m } [2m] ! { m ] m‘l(l i 26)
. = 2 " = . + t .
i), Riladm—il,! i ] e

2.4.2 Standard Poincaré series
Let (W, S) be a Coxeter system. For every subset X C W, we define:
X(g) =) ¢
zeX

Note that this is well defined, since for every positive integer s, there is only
a finite number of elements having length s.
When X = W, we obtain, by definition, the Poincaré series W(q) of W.

It follows from proposition 2.1.1, that, for every subset I C S, the series
Wi(q) is the Poincaré series of Wi and moreover:

W(q) = Wi(q)W'(q) (2.7)

For finite Coxeter groups, Poincaré series (actually polynomial) are well-
known and extensively studied. Here we just mention some basics results
that will be useful later.

Proposition 2.4.1 Let W be a finite Coxeter group of rank n. Then its
Poincaré polynomial factors as:

where d1,...,d, are called the characteristic degrees of W
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Group | Degrees
A, 12,3,...,n+1
By 2,4,6,...,2n
D, |2,4,6,....2n—2,n
Eg 2,5,6,8,9,12
Er |2,6,810,12,14,18
Eg 2,8,12,14,18, 20,24, 30

Fy | 2,6,812

Hy |2,6,10

Ey | 2,12,20,30
IQ(T)’L) 2,m

Table 2.3: Characteristic degrees of finite Coxeter groups

O

The characteristic degrees of W are best studied in relation with the

algebra of polynomial invariants of the grouup and they are completely
known (see table 2.3). In particular we have:

Au(g) =[n + 1]
Ba(g) =[2n],!

2.4.3 Double weighted Poincaré polynomial for B,

For future use in cohomology computations, we are interested in a (q,t)-
analogue of the usual Poincaré series for B,. This result and similar ones
are studied in [Rei93].

Consider the Coxeter group W of type B, with its standard generating
reflections s1, 89, ..., Sp.
For w € W, let n(w) be the number of times s, appears in a reduced
expression for w.

Lemma 2.4.2 The number n(w) is well defined, i.e. it does not depend on
the choice of a reduced expression for w.

Proof. Consider the monoid of natural numbers (N, +) and define f : S —
N by s; — 0 for 1 <i < n and s, — 1. Since m(s;, s,) is an even number
for i # n, we have

Prod(f(si), f(sn); m(si; sn)) = Prod(f(sn), f(si); m(si; sn))

Thus we may apply Matsumoto’s theorem (theorem 2.1.2) to get the desired
result.
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For X C W, define the two-variate series
= Z gt (w)—n(w)yn(w) (2.8)
weX

For X = W, this series is called the (q,t)-weighted Poincaré series of W.
Note that specializing to ¢t = g, we recover ordinary Poincaré series.
Since n(wiwsy) = n(wy) + n(wsz) whenever (wiwsy) = £(wy) + £(ws), we
have in particular:
W(CI7 t) = Wl(qv t)WI(Q7 t)
for any I C S.

Proposition 2.4.3 ([Rei93])
Wig,t) = [Qn]q,t”

Proof. Consider the parabolic subgroup W; associated to the subset of re-
flections I = {s1,...,8,—1}. Notice that W7 is isomorphic to the symmetric
group on n letters A, _1 and that it has index 2" in B,. Then, by equation

2.8:
Z q (w)=n(w)n(w)
weW
:( T e nwym ) ( S gl (e >) (2.9)
wew! w"EW;

Clearly, for elements w” € Wy, we have n(w”) = 0; so the second factor in
2.9 reduces to ordinary Poincaré series for A, _1:

Z qﬁ(w”)—n(w”)tn(w”) _ [n]q'
w"eWr

To deal with the first factor, instead, we explicitly enumerate the elements
of WI. Fori=1,...,n let:

Di 1= 8iSit1" " Sn (2.10)
We have the following lemma:
Lemma 2.4.4 1. p; = 8iSix1 - Sp 1S a reduced expression.

2. Forig <ig <+ <ip_1 < i, we have

T

U(pi, iy DinDin) = D _ L(pi;)
j=1

Thus a reduced expression for p; pi,._, - DiyDi; 1S obtained by concate-
nation of reduced expressions for the p;s.
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3. W= {pi,pi,_y - pigpiy |11 < g < -+ <ldpo1 <dp}

Assuming lemma 2.4.4 and noting that

n(pirpir,l o plzpll) =T

T T

U(Pi,Dip_y -+ PinPiy) = Z“Pij) = Z(” +1—1y)

j=1 j=1

we may rewrite the first factor in formula 2.9 as:

n—1
Z qé(w )7n(w’)tn(w’) _ H(l +tqz)
w' eWwl! 1=0
Finally,
n—1
Wigt) = (T +1ta)) gt = [2n]y.0"
1=0

Lemma 2.4.4 will be proved elementarily in section 2.4.4 below.

2.4.4 Proof of lemma 2.4.4

Before proving lemma 2.4.4, we will digress a little bit on the study of the
length function for the group B,. In particular we will present a simple
method to count the length of an arbitrary element of B,,.

Length of elements of B,, as signed permutations

It is well known that, for the symmetric group, the length of an element
w.r.t. standard generator is given by the number of inversions, i.e. given

we Ap_1,:
< 1 2 3 4 ... n >
11 12 13 g4 ... Ip

the length of w is given by the number of couples i; > i,, with | < m.
Indeed, this is of course equivalent to the number of positive roots sent to
negative ones and we may thus apply theorem 2.2.2. Representing elements
of B,, as signed permutations, we may count the length of an element in a
similar fashion. Let be given w € By,

w— 1 2 3 4 ... n
o *1i1 *Q’L'Q *3i3 *4i4 e *nZn
where each occurrence of *; should be replaced by +1.

Consider ®; = {ex} U{er £ e;|j >k} and let £, = [w(®) NP~
The following lemma is straightforward:
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Lemma 2.4.5 The length of an element w € B, can be decomposed as
l(w) =1, lp(w). Further:

1. If 3, = 1, than {; equals the number of inversions of type i > i;
(disregarding the sign ;) with j > k.

2. If xj, = —1, then {}, equals the number of non-inversions of type iy, < i;
(with j > k) incremented by n+ 1 — k.
O

For example the length of the element
wo = ( 12 3 4 ... n )
-1 -2 -3 -4 ... —n
can be computed as
lwo)=(2n—1)+(2n—3) +---+1=n?
Therefore wy is the element of maximal length in B,, (recall that the number

of positive roots is n?).
Now, the element p; = s;5;41 - - - s, of formula 2.10 corresponds to the signed

permutation:
Y A S | 1 ... n—1 n
Piminr -1 i1 0 om =i
and thus its length is

¢(p;) = (n — 1) (inversions) + 1(sign change in the last position) =n +1—1i

Therefore the expression we used to define p; is reduced.

Proof of lemma 2.4.4

We start showing that p; € W!. For this is enough to show that /(p;s) >
{(p;) for every s € I. Looking to the action of p; on the root space, we have:

ek k<i
piler) =14 epr1 1 <k<n-1
—e; k=n

Therefore p;(ey —egy1) > 0 for 1 < k < n. Thus we get p; € W' by theorem
2.2.2.
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In the same way, explicit computation shows that for i1 < is < ... < iy
we have:

(e k <11
€h+1 i1 <k<io—1
[S570)) 19— 1<k<iz—2
PisPie_y " PigPiy (k) = €l ip—14+1<k<ig—(I+1)+1
€k-+s is—s+1<k<n-—s+1
—€ipi, N—s+t1<k<n

It follows readily that p; pi, , - - pi,pi, (€x — ex+1) > 0 and so, again by the-
orem 2.2.2, p; pi,_, - Di,Pi, is a minimal coset representative for I. Further
the expression for = = p;_p;,_, - pi,pi; obtained by concatenation of the
expressions for the p;s is reduced. Indeed computing its length according to
lemma 2.4.5, we have:

S S S

la) = (n—s+1l—dq+1-1)+> 1= (n+1—i)=>» €p;)
=1

=1 =1 =1

Finally varying s and ¢; < ... < i5, we obtain 2" distinct coset representa-
tives (no duplicate arises: this is clear, for example, from the explicit action
on the roots). So lemma 2.4.4 is completely proved. O

2.5 Artin groups and the k(m, 1) problem

2.5.1 Definition of Artin groups and first properties

Let (W, S) be an arbitrary Coxeter system.

Definition 2.5.1 [BS72] The Artin group Gy is the group given by the
following presentation:

(gs|s € S, Prod(gs, gt, m(s,t)) = Prod(gs, gs, m(s,t)) for s #t, m(s,t) # o)

Loosely speaking, Gy is the group obtained from the presentation for W
omitting the relations s? =1 (s € S).

There is indeed a canonical projection 7 : Gy — W defined by 7(gs) = s.
We may fit 7 in the exact sequence:

1— = PGy —=Gw =W 1

By definition PGy is the pure Artin group. By Matsumoto’s theorem 2.1.2,
we have a set-theoretic section :

1——= PGy —= Gy =W 1 (2.11)
~_
v
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defined by ¢(w) = gs, - - - g5, Whenever w = sq - - - s, is a reduced expression.
An Artin group Gy is said to be of finite type if the associated Coxeter
group W is finite.

2.5.2 Reflection arrangements and the k(w, 1) problem
Finite type Artin groups

Recall that for type A,, the group G4, may be identified with the braid
group Br(n + 1) in n + 1 strings, which we briefly describe (see e.g. [Bir74]
or [PS97]). Consider n + 1 distinct points pi,...,pp+1 in C. We may then
represent an element of Br(n 4 1) as a collection of n + 1 non-intersecting
simple paths in C x [0, 1] joining the points in {(p;,1)|1 < i < n + 1}
to the points in {(p;,0)|1 < i < n+ 1}. Two such braids represent the
same element of the group if they are homotopic. Modulo this identification,
braids form a group, where composition is given by path gluing. The inverse
of an element is obtained by mirror reflection w.r.t the plane C x {1/2}.

From this description it is clear that the group G4, is the fundamental
group of the space X (A,) of unordered (n + 1) — tuples of distinct points
in C. Of course this space is obtained taking the complement Y (A,) of
the hyperplanes x; = x; in C"*! and quotienting it by the action of the
symmetric group A,. In particular note that the involved hyperplanes are
precisely the (complexified) mirrors of the reflections in A4,,. Further observe
that the pure group PG4, is the fundamental group of Y (A,).

This construction can be repeated verbatim for any Artin group of finite
type. Let W be a finite Coxeter group of rank n and consider its geometric
representation. Let A the real hyperplane arrangement in R™ consisting in
the mirrors of reflections in W. For an hyperplane H € A, consider its
complexification He := H ® C. Define

Y(W):=C"\ |J Hec

HeA

Note that we have an induced free and properly discontinuous action of
W on Y(W). The quotient space X(W) := Y (W)/W has the following
remarkable property:

Theorem 2.5.2 ([Bri71a]) The Artin group Gy is the fundamental group
of X(W). O

In the case A, it is easy to show by induction on n that Y (A4,) is a k(m, 1)
space and, thus, X (A,) is a classifying space for the group G 4,. Indeed the
projection on the first n coordinates is a fibration [FN62], the fiber being C
with n points removed; we may thus apply the long exact sequence of the
fibration.
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Similar fibration techniques (not always based on linear projections)
work for the cases B,,, Ia(m), Dy, Fy [Bri71b].

The question in general was settled by Deligne [Del72], who showed that
X(W) is a k(m, 1) space for any finite Coxeter group. Indeed he proved
the following stronger result. Recall that a real arrangement A is said to be
stmplicial if any of its chambers is a simplicial cone (i.e. after a suitable basis
change, the chamber consists precisely of the points with all coordinates
positive).

Theorem 2.5.3 ([Del72]) Let A be a finite real central arrangement and
let Y(A) be the complement of its complexification. If A is simplicial, then
Y (A) is a k(m,1) space. O

Since reflection arrangements are known to be simplicial [Bou68|:
Theorem 2.5.4 Y(W) and hence X (W) are k(m,1) spaces. O

Therefore for a finite type Artin group Gy, we can exhibit an explicit
finite dimensional classifying space X (). In the following chapter we will
see how to construct a finite dimensional cell complex homotopic to X (W)
that will be useful for the computation of cohomology of Artin groups.

Infinite type Artin groups

The previous topological construction may be repeated with minor changes
for infinite type Artin groups. Nevertheless, in general, we have no more a
result analogous to theorem 2.5.4.

Let (W,S) be a Coxeter system of rank n and consider the geometric
representation given by the Tits cone U. Consider the interior U° of U and
define the complexified cone as:

I:={veC"|Rw)cU"

Let A be the hyperplane arrangement consisting of the mirrors of reflections
in W. Then W acts freely and properly discontinuously on

Y(W):=1I\ | J He (2.12)
HeA
Let
X(W):=Y(W)/W (2.13)

be the orbit space. The following is an extension of theorem 2.5.2:

Theorem 2.5.5 ([vdL83]) The Artin group Gy is the fundamental group
of X(W). O
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Remark. In the following chapter, an explicit cellular complex & homo-
topic to X (W) will be described [Sal94]. Analyzing the 2-skeleton of S, it
is possible to recover theorem 2.5.5.

As announced, however, it is not known wether X (W) is a classifying
space for Gyy. This has been verified for some classes of Artin groups,
namely

e Artin group of large type [Hen85]. This result is based on an extension
of the notion of simplicial arrangement.

e Artin group satisfying the FC condition [CD95].

e The affine Artin groups of type A,,C, [OkoT9] (rediscovered for A,
in [CPO3)).

We refer to the original papers for definitions; here we just mention that
FC condition does not hold for Artin groups whose Coxeter graph has a
subgraph of affine type.

We will discuss somewhat extensively the k(m, 1) problem for affine Artin
groups in chapter 4.
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Chapter 3

Cohomology of Coxeter and
Artin groups: General
theory and applications

In this chapter we will introduce a family of complexes (C’id), 0) (d € NUoo)
associated to a general Coxeter system (W,S); in particular the complex
(C’ioo), J) provides a free resolution of the trivial Z[W] module Z, thus al-
lowing, in principle, computations of the cohomology H*(W; M) in any
coefficient system. The complex (Cil), 0) describes instead the cohomology
of the orbit space X (W) defined in 2.13. When X (W) is a k(m, 1), the com-
plex is an effective way to determine the cohomology of Gy. We present
as well three applications of this theory. First we determine the cohomol-
ogy of the Coxeter and Artin groups associated to the complete graph, then
we present an approach to homology computations for affine Artin groups
based on sheaves over posets and finally we discuss the genus problem for
Coxeter groups.

3.1 M-Complexification of hyperplane arrangements
in real cones

Here and in next section we state results from [Sal94][DS00] (see also [Sal87],
[DS96]), extending them to general type Coxeter group. As stated in the
original papers, the proofs work with minor changes and will be omitted.

3.1.1 Basic definitions

Let M be a real vector space of dimension d+1 and let by, ...,b441 be a basis
of M. An element X € M" = R"® M will be then written as X = > X;®;
or, formally, as X = X + ...+ Xgq1.

33
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Let I be an open cone in R™ and consider its M-complexification:
1Y) — (X e M™| X, € I}

Let A be a central hyperplane arrangement in R™ such that every hyperplane
H € A cuts I. Consider the M-complexification Hy; := H ® M of an
hyperplane in R™ and define:

Y(d+1) — Y(d+1)( I(d+1 U HM
HeA

Note that for d = 1, when [ is the open Tits cone of a Coxeter group, this
space coincides with the ‘complexification’ described in 2.5.2.

The decomposition of R™ into facets operated by A induces a stratifica-
tion ® (resp. ®) of R (resp. I). Facets are partially ordered according to
reverse inclusion of their closures:

F<G < FDOG

In this way, ® becomes a ranked poset, where rk(F') = codim(F); note that
P can be identified with an order ideal of ®.

Given a facet F' € @, let Ap = {H € A| A D F'} be the subarrangement
of hyperplanes containing F' and consider the induced stratifications ®g
of R™. We have a projection map ¢p : ® — ®p, which sends a stratum
in ® in the unique stratum of &g containing it. Note that ¢ admits a
left inverse: for G € ®p, among the elements of ¢'(G) there exists a
unique F’ := wF( ) € ® satisfying F' < F. Further if F' € ®, clearly

Im(y"¢p) C @

3.1.2 Stratifications for M-complexified cones
With these notions at hand, we can now describe a stratification for 7(¢+1)
induced by the subspace arrangement {Hy | H € A}.
Consider the set of descending chains of length d + 1 in ®:
Y —(F—(F,...,Fy ) |Fie® Fi=...= Fi1}
A subset F C I(@+1) ig associated to any of such chains:

F={Xel"V X, cF, Xy€¢p_, (F) for2<k<d+1}

It can be shown that each Fis homeomorphic to an open ball and that
{F|F e @D} is a stratification of 1(4+1. Further, let

By = {F € 3 | 1k(Fypy) = 0}
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be the subset of ®(@t1) consisting of descending chains that ends up with
a chamber. It is then easily seen that Y41 is the union of the strata

corresponding to @(()dﬂ), ie.:
Y(d+1) _ U ﬁ
Fed{tth
Since the elements of ®(@+1) are associated with a stratification, we may turn

®@+1) into a poset by reverse inclusion of closures; in a more combinatorial
fashion, the partial order may be described as:

Fy <Gy

Fi6 « { ¢r,_(Fy) 205, (Gy) for2<k<d+1 (3.1)

3.1.3 Associated cellular complexes

We will now build a finite cellular complex homotopic to Y (@+1).

We first select a point inside each stratum of ®(@+1) . Start choosing one point
v(F) inside each facet F' € ®. Given F = (F} < ... Fyy1) € ®HD et F), be
the first facet in F being equal to Fyi1; then v(F) 1= v(Fi)bi+... v(Fj)by, €
F.

The abstract simplicial complex of strictly ascending chains in Pld+1)
may then be concretely realized inside I“*1: for a chain ¢ = (Fo =
... = F.), we may indeed consider the affine r-simplex s(C) having ver-
tex v(Fo)y ..., V(Fr).

For F € ®@+1) Jet

CF

the union being over all chains bounded by F from above. Then e(F) is a
triangulated cell dual to F whose boundary is given by:

o) = |J )

FI<F

Let:

and note that P is a regular subcomplex of Q; for if F ends up with a
chamber, so does any F' < F by eq. 3.1.
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Further, consider the projection 7 : [ (d+1) s 1(d) onto the first d coor-
dinates. This induces a morphism of posets

Hld+D) u $(

F = (F, Fap)i F

and of cellular complexes

Q(dJrl)

Q)
e(F) = e((]—'/,FdH)) } e(F')

which restricts to a surjective map 7 : P@ — Q(d),
The following theorem may be proved as in [DS00] using essentially the same
retractions exhibited in [Sal87]:

Theorem 3.1.1 (Theorem 1.4.7 in [DS00]) 1. P is a deformation
retract of Yt1,

2. The map meF F,,,) i an homeomorphism between e((]-",Fd+1)) -
P and e(F') € QWD. Thus, the number of cells of P over e(F')
equals the number of chambers K such that K < F.

3. For F' € ®9 and K a chamber in ® such that K < F}, we have
d
dime((F', K)) = codim @ F' = > rk(F}) O
i=1
3.1.4 The limit space P>

Note that the natural inclusion ig : I — 1@+ induces an injective poset
homomorphism ig : ®(@ — ®@+1) defined by:

(Fr,...,Fg1,Fq) = (F1,...,Fq_1,Fy, Fy)
and in turn inclusions:
Qld) y gld+1)
pld=1) .y pld)
It is then easy to prove:

Proposition 3.1.2 1. P9D s obtained from P~ attaching cells of di-
mension > d

2. The limit space P :=limg_,oo P is contractible.

3. P is (d — 1)-connected. O
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3.2 Reflection arrangements

We may now apply these constructions to a general Coxeter group (W, .S).
Let I be the open Tits cone in a geometric realization and A be the arrange-
ment of mirrors of reflections in W.

The diagonal action of W on I(@1) induces actions on the stratification

v (F e Fa) = (0 (B -y (Fag)) forye W

and (choosing suitable points v(F) for F € ®) on the cellular complex
Q(d—i—l):

v-e(F) =e(rF) forye W

By theorem 2.2.3, the W-action is free on Y(@1) and P(@ . Since the retrac-
tions used in theorem 3.1.1 can be chosen W-equivariant, we have:

Corollary 3.2.1 The orbit space S\9) = ’P(d)/W is a deformation retract
of X+ .= y(d+1) /yy7 O

Let C be the fundamental chamber of W and, for I' C S, let Cr be as
in formula 2.1.

By theorem 2.2.3, we know that the facets in the stratification ® are
precisely the W-translates of faces Cr having finite stabilizer (i.e. satisfying
[Wr| < 00). Then, clearly each facet F € ®(#*+1) is uniquely determined by
a couple (T',~) where:

=T 2T22...2T¢41)

is a flag of subset of S satisfying |Wr,| < oo and v € W'ld+1 is a minimal
coset representative for the parabolic subgroup Wr,, ;. Conversely, any such
couple (T',~) determine a facet of ®(@+1)  Hereinafter, if F corresponds to
(T',~), we will write e(T',v) for the cell e(F) € QU+,

The theory now proceeds exactly as in [DS00] [DS96], provided we con-
sider only flags I' = (I'1 D T’y D ...T441) satisfying |[Wp,| < co. Thus the
exposition will be even more sketchy.

The combinatorial characterization of facets is suitable for the analysis
of the W-action on P41 Indeed one can prove:

Proposition 3.2.2 The orbit space 89 can be described as the quotient of
QD under the equivalence relation that identifies two cells e(T',~), e(T,~/)
using the homeomorphism of I'D induced by ~' - v 1. |

After giving an orientation to the cells in Q@) it is possible to determine

the boundary maps. Consider the complex (Cid), 0) where each C’,gd) is the
free Z[W]-module

d
C’,g )= @ Z[We(T)
r:Y4 =k
‘WFI‘ < o0
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Note that the generators of C, as a Z-module are in one to one correspon-
dence with the cells of P(4). The expression of the boundary is the following:

de()y= > > > (—1)* @) ge(T)

1<i<d 7€l B e whiM}
[Tif > [T B8 é i\ {7}

where
F/ — (Fla ey ]-_‘i—lv FZ \ {T}u 5_11—‘1’-"—1/85 ey ﬁ_lrdﬂ)

and (—1)*T478) is an incidence index. To get a precise expression for
(T, i,7,3), fix a linear order on S and let

=ljelst. j<7|
=|(a,b) €T xT'j s.t. i < j and B(i) > B(J)]

p’(rla T
U(ﬁv F]
in other words, p(I';,7) is the number of reflections in I'; less or equal to

7 and o(f,T;) is the number of inversions operated by 8 on I';. Then we
define:

) :
) :

1—1 d
a(T,i,r,B) =il(B) + > [Tyl +ui7)+ Y o(BT)
j=1 j=i+1

where ¢ is the length function in the Coxeter group.

Theorem 3.2.3 (Theorem 3.1.6 in [DS00] ) The complex (Cy,Z) com-
putes the integer homology of PP, i.e:

H.(C\",8) = H, (P9, 7) O

Let Oy =: limy_,oo Cid). Since P is contractible, we also have:

Theorem 3.2.4 (Theorem 3.1.7 in [DS00] ) The complex (Cy,0) pro-
vides a free resolution of the trivial Z|W]-module Z, i.e.:

0 7 Cy 1 Oy
15 exact. O

Note that this is the algebraic counterpart of the fact that S°°) :=
limg_oe S@ 22 P() /W is a k(r, 1)-space for W.

In view of theorem 3.2.4, the complex (Cy,d) allows in principle ho-
mology and cohomology computations in any coefficient module. In ho-
mology, for example, letting M be any Z[W]-module, the chain complex
(Ci ®zw) M, 0 ® 1d) has homology:

H*(C* ®Z[W] M) = H*(W; M)
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3.2.1 Cohomology of the orbit space X (W)

Recall that for d = 1, the orbit space X (@1 = y(d+1D) /|1 is precisely the
space X (W) defined in 2.13 and, as such, it has Gy as fundamental group.
Using similar ideas, it is possible to exhibit a chain complex (Dy,d) for
the homology of the universal cover X (W) of X(W). Let Dy be the free
Z|Gyw]-module
Dp= @B Z[Gwle) (3.2)
r:T=k
|[Wr| < oo

and consider as boundary maps:

deM) =3 > (=*ETIyE)er) (3-3)

Tel B c WE\{T}

where I'" = T"\ {7}, the function ¢ : W — Gy is the set-theoretic section
of formula 2.11, and the incidence index is defined by

a(l',,8) = £(B) + (', 7)
We have the following:

Theorem 3.2.5 ([DS96] ) The chain complex (D, d) computes the inte-
ger homology of Xw . a

Remark. Note that we obtain a more combinatorial formulation of the
k(m,1) problem for general Coxeter groups. Indeed the orbit space X (W)
is a k(m,1) if and only if (Dy,0) is acyclic. In this case, similarly to theo-
rem 3.2.4, we have a finite dimensional free resolution of the trivial Z[Gw]-
module Z. In particular, for any Gy -module, we get an explicit cochain
complex for the cohomology H*(Gw; M).

3.3 Example: The complete graph

As an example of the theory just presented, we compute the cohomology of
the Coxeter and braid group associated to the complete graph with values
in various coefficients systems. Let = = =, be the complete graph on n
vertices, with all edges having weight 3. and let W = W(E) the associated
Coxeter group, that is the group having {s; |1 < i < n} as generators and
relations:

57 =1
5i5j8; =5;5;5;] for i # j
Note that a parabolic subgroup Wr of W is finite iff |T'| < 2.

Let also Gy be the associated Artin group. By a result of Hendriks [Hen85]
(see also [SS97]), we have:
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Theorem 3.3.1 The orbit space X (W) is a k(Gw,1) space, so its coho-
mology coincides with that of the Artin group Gy .
|

3.3.1 Cohomology of Gy =,

Let as usual R = Z[¢g™!] and consider the local coefficient system R, on
X (W), defined by sending the standard generators of Gy to (-q)-multiplication.
By the theory exposed in 3.2, we have the following 2-dimensional complex
computing the H*(Gw; Ry).

C°=R-z

dz=(—q—1) sz‘
i=1
dvy, :(q2 +q+ 1)( Z €kj — Z ei,k:)

7>k i<k

It is not difficult to compute the cohomology of this complex.

Theorem 3.3.2 ([SS97]) The cohomology of the Artin group Gy (=, ) with
values in Ry is given by:

0 1=10
HZ(GW(ER);RQ) — R/[Q} B 7 =
®*(2) @ (R/E)FY i=2
where, as usual, we denote with [n] = [n], = % the g-analogue of the

integer n.

Proof. Note that the 1-cocycles Z! are given by Z! = R v;. Indeed, let
=) . ¢ € Z1. Given a couple i < j, note that v;, v; are incident to e; ;
with opposite signs and there are no further incidences with e; ;. Therefore
we must have ¢; = ¢; for all couples ¢ < j and thus ¢; = ... = ¢,.



3.3. EXAMPLE: THE COMPLETE GRAPH 41

To analyze the 2-coboundaries B2, it is convenient to choose a new basis for
2 . .
C*. Let g, = ijpk €k — i<k €ik and consider

n—1

Ct =P Ryx
k=1

022: @ Rei,j
1<i<j<n

and note that C? = C? @& C3. Then, it clear that B? = [3]C%. The claimed
result follows now easily. O

By the same token used in the proof of 3.3.2, and substituting ¢ = +1
in the coboundary formulas, one can obtain the cohomology with values
respectively in the sign and trivial representations Z[F1].

Corollary 3.3.3 We have:

Z 1=20
HZ(GW(En),Z[l]) = / . =1
(z)®("2) =2
0 1=0
2)2("2) @ (z/3)2(=D =2 0

3.3.2 Cohomology of W(Z,) with coefficients in the trivial
and sign representation

Let I,, := {1,2,...,n} and consider the flags of subset in I,, inducing finite
parabolic subgroups: I' = (T'1 DTy D - DT 20| || <2, T; C I,). A
complex for the homology of the associated Coxeter group is given by:

Ck: = @ Cr, s

r+s==%k
r>s

where
Crs=R<e)1 292 DI, 2T 21, 20>

is the complex of flags of length r with exactly s elements of cardinality 2.
We will denote a generator of C s as

er,s((i07i1)7ik) = 6({i0,’i1} :_) {io,’il} :_) Ce :_) {io,il} ; {’Lk} :_) . {Zk})

S
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with ig < iy and £ = 0,1. When r = s or s = 0, obvious identifications are
understood. For example, for r = s we have e, 5((i0,%1), %) = ers((%0,%1),71)
and thus the last index is redundant.

It is not difficult to compute the boundary maps. We restrict ourself to
coefficients in the trivial and sign representations, i.e. we let R = Z[+1].
We write compactly the two boundary maps letting ¢ be the action of a
basic reflection on the ring (thus ¢ = +1). The boundary map 0 may be
decomposed into 0 = 0y + 02, where 01 : C, s — Cr_15 and O : Crs —
Crs—1, and

07 = 02 = 0100 + 020, =0

In such a way we have a double complex structure on {C; s}, 5. The explicit
expression of the first boundary 0 — 1 is given by:

drers((io, i1),ir) = (=1)* 1t + (=1)")er—1.4((d0, 1), i)
For r > s, the second boundary 05 is defined by:

0aers((i0,%1), 1) = €rs—1((i0,1), %) — €rs—1((i0,1),%1)

Note in particular that e, s((Z0,%1),%0) and e, s((i0,%1),%1) have the same
image under 0s.
For r = s, we have instead:

Oaer((i0,41),ik) = (L + (=1)"t + ) (err—1((d0, 1), 70) — €rr—1((i0,%1), 1))

For the computation of the associated coboundary maps d; and do, let
fr’s((io,il),’ik) be the dual to er,s((i07i1)7ik)-
Then for r > s we have

drf"* (o, 1), i) = (=1)*FH(t + (=1 ) f((io, i), ir) (3-4)
For r = s > 0, omitting the redundant index for the element in the singleton:

duf" (o i1), ) = (=1)*TH(t+(=1)" ) (0 (o, i1), i)+ (o, i), 1))
(3.5)
Finally, for r = s = 0:

dif(,) ) = D0 =), 0) (3.6)

1<j<n

This concludes formulas for dj.
Formulas for ds are exhibited distinguishing among 4 cases.
a)r—s>1,s>0

Qo [ ((i0, ), ik) = (=D (7 (o, in) o) + /7 (o, in)oin))  (37)
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b) (r,s) = (s+1,5),5>0

dof™*((i0, in), i) = (~D*@+ (D)) ((lo,in). ) (3.8)
c) (rys) =(r,0),r>1

daf™0((-),0) = D (F7M(G ) 8) + 71 9),4)) +

jig>i

N (U N) R (X))

l: 1<

(3.9)

d) (r,s) = (1,0)
d2f170(('7 )71) - (2 - t)( Z fr71((i7j)7 ) - Z fryl((lﬂ.)a )) (310)
Jig>1 l:1<i
Using these coboundary formulas, we now determine separately the co-
homology of W (Z,,) with values in the trivial and sign representation.

Trivial representation (¢ = 1)

To start with, we analyze the structure of the double complex.
For r > s, we let D™* be the module generated by the elements f"*(ig, 1) :=

7% ((io,11),70) + f7*((i0,41),71). Let also E™ := (f((ig,i1),%0)) in such a
way that C™*% = D™ @ E™%.

Lemma 3.3.4 For2 <s<r—1, we have:
D" = ker(dy®) = da(C™571)

In particular the r-th column C™ of the double complex is exact in dimension
sfor2<s<r-—1.

Proof. Formula follows readily from eq. 3.7.

The following decomposition of D™! will be useful. Let:
D= (gl = do(frO( ), 0) [1 < i <)
Dyt = (flio,i1) |1 <ig <i1<mn)
Note that D{’l is an (n — 1) dimensional free module and that
D™ = Dy* @ Dy*
Lemma 3.3.5 Let 2" := Y 1", f"9((,-),i) € C™0. We have:
ker(dy”) = (=)
DYt = dy(C™)
H,(C™) = Dy
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We further define some maps between the modules in the double com-
plex. Let S™~17 : O™ 1" — C™" be defined by

£ Gy i) i) = (1) F7 (G0, i), i)

Note that S™~17 is surjective and its kernel is exactly D™"~!. Moreover,
substituting £ = 1 in the coboundary formula 3.8, we have d;’ril = gr—br
for odd r odd, while dg’r_l = 357"L" otherwise.

Let P™" . C™" — D'tLr < O™ 17 be the symmetrization operator
defined by fT’T((iQ, ’il), ) — fr+1’r(i0, il).
It follows from equation 3.5 that d}" = 2P™* for r odd and zero otherwise.
In the same way, for r > s, let Q"* : C™* — C"T1* be the isomorphism
defined by f™*((ig,i1),4%) — f"1*((i0,41),4%). From equation 3.4, it is
then clear that dy® = 2Q"™* for r odd and zero otherwise.

We can summarize the setting in the following diagram, where arrows
not shown are understood to be zero.

09792%
1
088 (98%-
3
07,7 i Cl,? 02,729.
T
06,6 07,6 = 08,6 09,6 T
R U T
C5,5 = C6’5 C7,5 = CS,5 C9’5 .
R T N
04,4 05,4 = 06,4 07,4 = 08,4 09,4 .
I T R S S
03,3 = 04,3 05,3 = 06,3 C7,3 = 08,3 09,3 T
S R S S U B W
02,2 03,2 = 04,2 05,2 = 06,2 07,2 = 08,2 09,2 >
I S T B S N T
0571 = 06,1 07,1 = 08,1 09,1 >
T e R U T S S
CO’O CI,O = C2,0 03,0 = C4,0 C5,0 = CG,O C?,O = CS,O CQ,O T

Theorem 3.3.6 The cohomology of the Coxeter group W (Z,,) with trivial
coefficients is given by:

Z ifi=0
0 ifi=1
I @2 ifi=3
H(W (=), Z) = 0 ifi=2s+1,s>1
Z)2 fi=4s—2,5>0
| 220 (2/3)2G)  ifi=4s,5>0
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Proof. Although the proof can be based on a spectral sequence argument,
we prefer to present a direct argument, based on diagram chasing. Let in
the following W = W(E,,).

We start computing low dimensional cohomology groups.

a) Since d°° = 0, we have HO(W;Z) = Z.

b) HY(W;Z) = 0.
Indeed d%’o is injective.

c) H2(W;Z) = 7)2.
Let ¢ = cbl 420 € CH1 @ 0?0 be a cocycle. Since do(C?Y) = Df’o, we must
have dy(cb!) € D%’O. But then c¢b! = dyc!! and, modulo coboundaries, we
can assume that ¢ = 0. Now, as in lemma 3.3.5, we know that ker dg’o is
generated by z2. Since ker d%’o is as well generated by z! and d;(z!) = 222,
the claimed result follows.

d) H3(W;zZ) = (2/2)°("2 ).
We are interested in the following portion of the double complex:

02,2
3

ol A eo21] 81

2.0 040

Let ¢ = ¢®! + ¢3Y be a cocycle. Since di”o is injective, ¢** = 0. Further,

we must have ¢! € D> Now dj(CM) + dp(C20) = 2D%1 4+ DI =

D' @ 2D3". Therefore, H3(W;Z) = D*'/(D>' @ 2D3") =~ D3'/(2D31).
) HYW;7Z) = Z/2 @ (2/3)°(2).

We are interested in the following portion of the double complex:

02,2 03,2
3

o2l 2 o4l
3o

Clearly the computation split into two parts, since the diagram exhibits
two blocks with no arrow between them. The block on the left gives the
summand (Z/ 3)@(3), while the second gives Z/2 by an argument similar to
point c).

We are now ready to compute higher cohomology groups. Note that,
when considering the cohomology in degree ¢, the computation splits in
many parts, since the portion of the double complex we are interested in
exhibits various block. Upper left block can be of four types, according to
the remainder i mod(4).

If ¢ = 4k — 1, the block is:
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C2k,2k

(2k—1,2k—1 2
2k, 2k—2
and, since dg is exact there, the contribution of the block to cohomology is

Zero.
If ¢ = 4k + 1, the block is:

C2k+1,2k+1 (3.11)

CO2k+1.2k 2 O2k+2,2k
CO2k+1.2k—1 A] ~2k+2,2k—1

O2k+2,2k—2

Let ¢ = ¢2FH1.2k 4 2642261 he 3 cocycle. Then we must have dgc?#+1:2k =
0. Since ds is exact in that point, it follows that ¢2Ft1h2k = dyc2h+1.2k—1
and, modulo cobundaries, we can assume ¢?**12% = 0. In turn, we must
have doc?#T2:2k=1 — (. But since dy is exact in dimension (2k + 2,2k — 1),
c?F+2.2k=1 s a coboundary as well and the block does not contribute any
summand to cohomology.

If ¢+ = 4k, the upper block is:

3
2k, 2k—1

and contribute with the summand (Z/3)®(g).
Finally, if i = 4k + 2, the upper block is:

O2k+126+1 | A (2k+2,2k+1
1

2%k+1,2k 2 2k+2,2k
C C

C2k+2,2k—1

which is easily seen to provide no contribution to cohomology.
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Middle blocks are all of the form:

and provide no contribution to cohomology as is seen by the same argument
used for diagram 3.11.

Lower blocks are of two types according to the remainder i mod(2).
If i = 2k — 1, the lower block is:

C2k—1,1

O2k—1,0 2 2k,0

and gives no contribution to cohomology since d%k_l’o is injective.
If + = 2k, the lower block is:

C2k—1,2

BT oo

0210 2 ~2k,0

and this gives a Z/2 summand by an argument similar to the computation
of H>(W;Z) (case c).
Grouping the summands relative to dimension ¢, one gets the claimed result.

|
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Sign representation (¢t = —1)
Substituting ¢ = —1 in the coboundary formulas, the double complex now
looks like:
09,9
2 3
88 = 09,8
T
07,7 08,7 = 09,7
R R
C6’6 = C7,6 08,6 = C9’6
T N
C5’5 06,5 = 07,5 08,5 = 09,5
I e S
C4,4 = 05,4 06,4 = C7,4 0874 = 09,4
33 11\132 ls @32 13 lsQ 23
CH3 o =C0s OV =TS 083 =Y
3/ ! ! ! ! ! !
22232 2ies2 622072 822 02
1} ! ! ! f } ! !
oLl 21 2 031 oAl 2 o5l (6.1 2 ol o8l 2 091
3 | f ! | f i |
0.0 2 cLo0 20 2 030 40 2 c50 (6.0 2 o 80 2 9,0

The following is the analogue of theorem 3.3.7 for the sign representation
and it can be proved by similar methods.

Theorem 3.3.7 The cohomology of the Coxeter group W(Z,,) with coeffi-
cients in the sign representation is given by:

0 if i=4s,8>0
Lo 7)2 ifi=25s—1,5>0
H' (W (E,);Z[-1]) = (Z)@("gl) ® (Z/3)@(n71) if i=2
(z/3)2() if i=4s+2, >0

|

Remark. In particular for n = 2, one recovers the known results for the
cohomology of the Coxeter group Ay (see [DS00], Thm. 5.1).

3.4 Rank 1 local systems on affine Artin groups

In this section we restrict our analysis to the the homology of the orbit space
X (W) with coefficients in a simple rank 1 local coefficient system R,. In
this situation, the complex for the homology of X (W), introduced in section
3.2.1, takes a particular pleasant form. Further, when W is an affine group,
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we are able relate the homology H.(X(W); R,) with the cohomology of a
weighted sheaf over a lattice. As an example of this relation, we determine
the top and top—1)homology of the orbit space X (A,). We conclude with
a brief cohomological reformulation of the presented constructions.

The material of this section was presented by Prof. Salvetti in a talk

delivered at the University of Tokyo (see also [Sal05]).

3.4.1 Preliminaries

Let (W,S) be a Coxeter system and Gy be the associated Artin group.
Fix a commutative ring A with 1 (usually A = Z, Q)and let R := A[g*!]
be the ring of Laurent polynomial over A. We can consider the following
representation of Gyy:

p: Gw — R* < Aut(R)
gs — —4q

obtained sending the standard generators of Gy into (—q)-multiplication
(the only reason of the minus sign is to simplify subsequent formulas). De-
note with R, the the ring R with the prescribed structure of Gy/-module.
From formula 3.2 and theorem 3.2.5, a chain complex for the homology
H,.(X(W); R,) is given by:

DyW):= € R-es (3.12)

Let v : W — G be the canonical set theoretic function and notice that for
an element f € W we have clearly:

p(¥B) = (-9
Thus we may rewrite the boundary map in equation 3.3 as follows:

dej= S ()T () e =

IcJg I
J=TIU{r} pew;

- Y S (g g =

1cJ B€W§

J=TU{r}

_ - Wilq)

= I;J [I.J]Wl(q).ef (3.13)
|| =11+ 1

where Wi(q) denotes the Poincaré series of the parabolic subgroup Wy (see
section 2.4) and [I : J] := (=1)*//\) is an incidence index.
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To motivate our next construction, note that we can formally rewrite
the boundary map in 3.13 as:

1 1
a(mej) = [EC:J IE J]W cer (3.14)
] =11 +1

In particular note that the fractions Wil(q) behave like the cells of a simplicial

scheme.
We may therefore consider the complex

Dyw)y= & R-€§
JCS
|| =k
Wyl < o0

with boundary:

Py = > [I:J] (3.15)
1] I:C|fi]+ 1

It is then clear by the previous discussion that the diagonal map:
A: D (W) — DYW)
ey~ Wilq)ey

is an injective complex homomorphism. Then there is an exact sequence of
complexes:

0 D,(W)—2 = DO(W) —" = L (W)——=0  (3.16)
where
Li(W) = @ R/Wy(q)-es
JCS
1T = k
Wyl < oo

is the quotient complex.

Remark. Recall that for an affine Coxeter system (W, S) of rank n + 1, a
parabolic subgroup W7 is finite if and only if I is a proper subset of S. In
particular the poset of finite parabolic subgroups is isomorphic to the poset
of proper subsets of I,;1 = {1,...,n+ 1} (that is the boolean lattice minus
its maximum).

Assume hereinafter that (W, .5) is an affine Coxeter system of rank n+ 1.
Then, by the remark, the homology of DY(W) is the reduced homology of a
n — 1-sphere modulo a degree shift:

0 ifk#n

He(De(W)) & Hiea (577 ) = { R ifk=n
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Using the long exact sequence associated to the short exact sequence of
complexes 3.16:

T ) A* T ) A*
—>= Hyy1(Ls) — Hy(Dy) —>= Hy, (DY) —= Hy(Ly) == Hy-1(Dy) —=

(3.17)

we have then isomorphisms for 0 < k <n — 2:

Hy(D«(W)) = H1 (L (W)
whereas the top and top—1 homology groups of D, (W) fit into:
0 —> Hy(Du(W)) —> R —> Hy(L(W)) =" Hyo1(Do(W)) —> 0

(3.18)

Therefore we may attempt to determine H, (X (W); R,) by analyzing first
the homology H.(L.(W)), which is in turn a special case of the homology
of a sheaf over a poset as described below.

3.4.2 Weighted Sheaves over posets
Let (P, <) be a poset.
Definition 3.4.1 (see also [Bac75][Yuz87]). Define a sheaf of rings over P

as a collection
{A;, = € P}

of commutative rings and a collection of ring homomorphisms
{pry: Ay = Asy 2y}
satisfying
Px,x = idAz ;

z =X Yy =z = Px,z = Pxy Py,z
Let Cp be the small category associated to P, with
Ovb(Cp) =P

and
Hom(z,y) = {(z,y)} ifz=y
= 0 otherwise

So, a sheaf of rings is a contravariant functor from Cp to the category of
rings. As such it can be equivalently called a diagram of rings.

We will use a particular class of sheaves. From now on, we fix R = Q[qil]
to be the ring Laurent polynomial over the rational numbers, although all
that will be said generalizes to the class of principal ideal domains. Note
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that the divisibility relation is an ordering in R, which becomes a poset. In
particular any poset homomorphism

Y (P<) = (R,]) : 2 —¢Y(x)=p, € R
defines a sheaf over P by the collections

{ R/(ps) , © € P}
and
{iay: R/(py) — R/(pz) }

where i, , is the map induced by the identity of R.

We call the triple (P, R,v) a weighted sheaf over P and the coefficients
p. the weights of the sheaf.

Any simplicial scheme K over a finite set

In+1 = {1, ey N + 1}
is a poset with partial ordering
o0<T <0 CT.

It is convenient to denote by C?(K) the algebraic complex for the
reduced simplicial R—homology of K, shifted in dimension by one, so that
in dimension k£ one has

CUE) = @B R e
ceK
ol =k
where €0 is a generator associated to a given orientation of o (C§(K) = Z 68);

the boundary is given by

|T|=k—1

where [7 : o] denotes the incidence number holding 1 if 7 < ¢ and vanishing
otherwise.

We want to define a modified complex for the homology of weighted
sheaves.

Definition 3.4.2 The weighted complex associated to the weighted sheaf
(K, R,%) is the algebraic complex

L, = L.(K)
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defined by

and boundary

induced by 0
dNag e5) = > [1:0]irglas) &

T<0

Remark. Let (W, S) be a Coxeter system and consider the simplicial scheme
K associated to finite parabolic subgroup of W. Then clearly the complexes
DY(W), L.(W) introduced in the previous section 3.4.1 arise respectively as
the complex D?(K) and as the weighted complex L. (K) associated to the
homomorphism ¢ : K 5 I — W;(q) € R.

Decomposition and filtration of L,(K)

Let as before L := L, (K) the algebraic complex associated to (K, R, ). It is
natural to consider the decomposition of L, into its ¢4-primary components
Lﬁd), where as usual we denote with ¢4 the d-th cyclotomic polynomial.
More precisely, for o € K, let p, = ¥ (o) be the weight of the cell and
let:
m(d, o) := max power of 4 dividing p,

Then the @g4-primary component Lfkd) is defined as:

(d) _ R
Ly = EB md,o), €@
lo|=k (g )

Of course, we may define an increasing filtration for L(® by the involved

powers of @g:
R
s d . =
F (L( )) T @ m(d,o) €o
m(d,0)<s ((pd )

In the same manner, we may define an increasing filtration of the simplicial
complex K by:
K@Y = {0 e K|m(d,o) < s}

s

In the following proposition we summarize what we get by standard
results in homological algebra.

Proposition 3.4.3 For a weighted sheaf (K, R,1) there exists a spectral
sequence
E), = H.(LY)
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that abuts to the homology of the pq-primary component of the associated
algebraic complex L.
Moreover the E'-term:

N d
E;,q = Hp-i-q(Fp/Fp 1) = Hp,q(K;(;d); K;,)ﬁ R/QOZ)

is 1somorphic to the relative homology with trivial coefficients of the simpli-

cial complezes pair (K,gd), Kl(i)l). O

3.4.3 Top and Top—1 homology of G;

As an example of these ideas, we determine the homology groups Hy (G A Ry)
for Kk =n — 1,n, i.e. in dimension top and top—1.

Let S =: I,4+1. For any subset J C S, let I' be the subgraph of the
Coxeter diagram for A,, spanned by the vertices in J. Let also 'y, ..., T be
the connected components of I' and set a; := |I';| + 1. Since every connected
component I'; gives rise to a Coxeter graph of type Ap,|, the Poincaré series

for the parabolic subgroup (A4,); is ¥(J) := [a1]![a2]!- - - [ax]!.

Let K be the simplicial scheme of finite parabolic subgroup of A,, and
consider the weighted sheaf (K, R,v). We start analyzing the associated
algebraic complex L.

Let d > 1 be an integer and consider the ¢g-primary component of L.

Lemma 3.4.4

R
(d) —
L™= @ la1/d]+...+ax/d]
JCInt1 (¢4 )

where |-] is the floor function.

Proof. It is enough to observe that the maximal power of d dividing a! is

la/d). 0

We may now determine the homology Hy(G ; ; Ry) for k =n—1,n. Indeed
we have:

Theorem 3.4.5

Hy(G; ;Ry) =R

R\ 41
HoalGaim)= @ (5)
dln+1 d
d>2
Proof. Recall that we have an exact sequence:
A*
00— H”(Gfln’ Rq) — Hn(DS) — Hn(L*) $ "—I(G;ln; Rq) —0
(3.19)
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and observe that H,(D?) = R is generated by 2z* = Z?:ll(—l)ie%\{i}. From
the exact sequence and the description of the diagonal map A, it is then
clear that H,(G 3 ; Ry) = R with generator z = Z?:ll(—l)ieg\{i}. Since
the image of z in H,(D?) is A.(z) = [n + 1]!2°, we are left to analyze the
sequence:

00— ﬁ — H,(Ly) 2 nfl(GAn;Rq) —=0

We determine H,,(L,) first using the decomposition in primary components
and the related filtration. Fix thus an integer d > 2 and let m =: [n+1/d].

By lemma 3.4.4, F"L' = L{? while F7—1L = 0.
Similarly F m=2r(d) 0, whereas:

n—1
d)
F"L, "7, R _
1 @ @ < m> €s\{i.j}
Fooipid e (%)
(=g <(n+1)qg

_ d

Fm IL( )1

n— R B

4 @ ((de)ml> €5\{i,j}
n-1 1<i<j<n+1

(F—1)a>{n+1)a

where we denote with (a)g the remainder class of a modulo d with values in
0,1,...,d—1.
Looking at the incidence relations between cells, it is easy to see that:

" FmLSfl) N ((Soi)m)f for d{n%—l
! pm-1(@ @f{:l <(@f)m) -zy ford|n+1

where z and z) are defined by:

n+1 A
z=) (—ies\y
1

|
S ~

>
I

(DM eg rsiay

[e=]

1=
Note in particular that for a divisor d | n + 1, we have z =), 2.
Exploiting the short exact sequence:

0—>Fm-1l—=Fm—=Fm/Fm1 —

we may identify H,(F™) with the kernel of the connecting homomorphism
H,(F™/F™ 1Y — H,_1(F™1). When d { n+1, the generator z is obviously
in the kernel. When d | n + 1 we should check whether the boundary of a
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linear combination _ ayz) is zero modulo gozl”_l. By simple calculations, it
turns out that the kernel is generated by Z = ), Z\ and by the multiples
(pa)™Lzy for A =1,...,d—1. Since H,(F™) = H,(L\"), the stated result
follows now easily from the exact sequence 3.19. O

Remark. Using this strategy, we computed the complete list of homology
groups of GG 4, up to n =6, however I was unable to generalize the result.
The complete determination (for cohomology) has been obtained in chapter
5 using an inclusion of Artin groups presented in chapter 4. It is likely,
however, that a more careful combinatorial study of the filtered simplicial
complex K could give more insight in the proposed solution and may also
convey a method generalizable to other affine Artin groups.

3.4.4 Cohomological version

The constructions carried out so far for homology have of course a cohomo-
logical counterpart, obtained using the dual of the diagonal map A. We are
not going into the details but we just mention a result that can be easily
proved with these methods and that will be useful later.

Proposition 3.4.6 Let W be an affine weyl group of rank n + 1 and let
M = Z[g*Y] or M = Z|-1]. Then H"(Gw; M) has rank 1 has M-module.

Proof. Note that the entries of the diagonal map A are non-zero in M.
Then both results follow straightforwardly from suitable analogue of the
exact sequence in equation 3.18. O

3.5 The genus problem for general Coxeter group

As another application, we discuss the genus problem for general Coxeter
groups.

3.5.1 Schwarz and homological genera

We start recalling the definition of Schwarz genus and discussing briefly some
of its properties (we refer to [Vas92] for details; the original exposition is in
[Sch61]).

Definition 3.5.1 For a locally trivial fibration f 'Y — X, the Schwarz
genus g(f) is the minimal cardinality of an open cover U of X such that f
admits a section over each set U € U.

Remark. The Schwarz genus is the extension to fibrations of the Lusternik-
Schnirelmann category of a topological space; indeed the category of a path
connected topological space coincides with the Schwarz genus of its Serre
fibration.
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When X has the homotopy type of a finite dimensional CW complex,
we have an upper bound for the genus of whatever fibration:

Theorem 3.5.2 ([Sch61]) If X has the homotopy type of a CW complex
of dimension N, then g(f) < N + 1.
O

Let now f : Y — X be a regular G-covering. Consider the classifying
space BG for G and the universal G-bundle EG — BG (see e.g. [Stebl]).
Then there is a unique (up to homotopy) classifying map a : X — BG
such that the covering f is induced as pull-back of the universal G-bundle
EG — BG.
Let M be an arbitrary G-module and a*M be the local system on X induced
by the map a.

Definition 3.5.3 The homological M-genus of f : Y — X is the smallest
integer hpr(f) such that the induced map in cohomology:

a* . H(BG; M) — H/(X;a*M)

is zero in degree j for j > har(f).
The homological genus is defined as the maximum h(f) = maxys has(f) of
the homological M -genera.

Homological genus provides a lower bound for Schwarz genus:

Theorem 3.5.4 ([Sch61]) For any regular covering f : Y — X, we have
9(f) = h(f). 0

3.5.2 The genus problem and Coxeter groups

Let W be a Coxeter group and consider the regular covering fi : Y (W) —
X(W). We are interested in the genus g(fw) of fi.
When W = A,,, this number has an interesting interpretation. Recall that
in this case, X (W) is the space of monic polynomials of degree n + 1 with
distinct roots and Y (W) is the space of such roots. Suppose that f admits a
section s on an open set U C X (W). The section s may be then understood
as a function that “computes” the roots of a polynomial P € U. The Schwarz
genus corresponds then to the minimal number of such functions needed to
compute the roots of any polynomial in X (W).
Smale [Sma87] links this problem to the topological complexity 7(n,€) of an
algorithm that computes the roots of a polynomial of degree n + 1 with a
given precision €. In particular for small €, one has 7(n,e) > g(fa,) — 1.
Further it is known that the previous inequality becomes an equality when
n + 1 is a prime power.

For a finite Coxeter group W of rank n, it was shown in [DS00] that the
Schwarz genus reaches the upper bound in theorem 3.5.2 (i.e. g(fw) = n+1),
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except when W = A, and n + 1 is not a prime power. In this case, the
exact determination of the genus is still open; for the first non prime power
n+1 =6, it is known that g(fa,) =5 (and so the genus does not reach the
upper bound of theorem 3.5.2) [DPS04]. Recently, Arone [Aro05] showed by
different methods that g(fa,) < n + 1 when n + 1 # p*, 2p* for p prime.

Recall that we have an inclusion i : X (W) < X () (W) and that X (W)
may be identified with the subcomplex of X () (W) consisting of cells of
type'=(T120202...).

Let M be a W-module and M’ the local coefficient system on Xy in-
duced by M via 7. The associated map of cochains

L O (W M) — C* (X (W); M)

may then be easily described as the restriction of ¢ € C*(W; M) to the
chains for X(W). Let n be the maximal cardinality of a subset I C S s.t.
|Wr| < co. Then in degree n we have:

Cn=Y(W; M) C™(W; M) CrHY (W M) —
—= "N (X(W); M) —= C™(X(W); M) £

(3.20)
The following proposition is useful in the computation of the homological
genus.

Proposition 3.5.5 Let M = Z[—1] be the sign representation. Then the
map i* : H*"(W; M) — H"(X(W); M') is an epimorphism.

Proof. Let ¢ € C"(W, M) satisfying ¢(I') =0 forall ' = (I'1 2Ty D ...)
having |T'z| > 0. By diagram 3.20,it is enough to show that every such c is a
cocycle. Notice that de(I'y D'y D ...) =01if [T > 1 or |I'3| > 0, so we are
left to analyze the behavior on the I' = (I'y 2 T'y D () satisfying |[['s| = 1,
for which we just compute. Let I'y = {i1 <2 < ... < in}, I's = {ix} for
some k (1 <k <n). We have:

de(T) =c(dT) = > (=1)™(T,2,ix, B)p(B)c(T1) =

BEWT,
=(=1)""*(1 + p(s4,))e(T)
=0 O

Let now W, be an affine Weyl group. From proposition 3.4.6, we know
that the top-cohomology of X (W,) with coefficients in the sign representa-
tion does not vanish. Using proposition 3.5.5, the homological genus A( fiy,)
is greater than n 4 1. Since X (WW,) has dimension n, using theorems 3.5.4
and 3.5.2, we get:
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Corollary 3.5.6 Let W, be an affine Weyl group of rank n+ 1. Then the
Schwarz genus of the fibration Y (W,) — X (W) is precisely n + 1. a

Remark. It should be observed that in the previous corollary the ma-

chinery of proposition 3.4.6 is only needed to deal with the affine Weyl
group of type A,,, while in the other cases the result follows readily from
the finite type case. Indeed any affine group W, # A, has a finite par-
abolic subgroup H of rank n of type # A,. Since H"(X(W,);Z[-1]) is
onto H"(X(H);Z]—1]), the latter being non trivial (see [DS00]), the top
cohomology H™(Xyy,;Z[—1]) is non-trivial as well.
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Chapter 4

Inclusions of Artin groups
and induced representations

In this chapter we will study several inclusions of Artin groups, which arise
from topological constructions. We will start with a well known result (see
e.g [Cri99]), which states that the group Gp, can be regarded as the group of
braids on the annulus. Then, using this suggestion, we work out using Tietze
moves a new presentation of G, that exhibits the group as the semidirect
product Z x Gz . Thus we have an inclusion G ; < Gp,. This results
appears in [KP02], but we give a different proof. Finally, we give some

topological motivation for this inclusion, showing that the space X (A,_1)
is homotopic to a cover of X (B,). This implies in particular that X (A4, _;)
is a K(m,1). Further we study an analogous inclusion of Gg,  inGp,. We
exploit this inclusion to observe that G has trivial center (prop. 4.3.4),
answering partially to a conjecture of Charney and Peifer. Indeed in [CP03]
it is conjectured that affine Artin groups have trivial center. This is already
known for G5 [JAS85]. By contrast, finite type Artin groups are known to
have infinite cyclic center.

Finally we discuss the case of G , showing that X (B,) is a K(m,1)
space. Up to our knowledge, this seems to be new.

The ubiquitous strategy (suggested by Prof. Salvetti) when dealing with
an affine Artin groups W, is to transform by exponentiation Y (W,) into a
toric arrangement and then try to straighten it to a new simpler hyperplane
arrangement.

We found out that this kind of analysis as been performed, although with
different goals, by Allcock; in particular the treatment of A, and C, is
essentially the same of [All02].

We then exploit these inclusions, to find out interesting induced represen-
tations. In particular consider the representation of Gz on Z[q*'] defined
sending the standard generators to (—¢)-multiplication. Then this induces
a representation of G'g, on Z[¢*!,t*!] where all generators acts again by

61
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1 2 3 4 5 6 /3/_\
205
1

Figure 4.1: A braid in Br$ represented as an annular braid on 5 strands.

(—q)-multiplication except the last one which acts by (—¢)-multiplication. In
turn, this representation induces a G 4, representation which is isomorphic
to the Tong-Yang-Ma representation [TYM96] tensored by a one dimen-
sional representation. Similar considerations are applied to the inclusion
Génfl <G By~

These assertions will be useful in chapter 5, where they will allow to relate
several cohomology groups by means of Shapiro’s lemma.

4.1 Gp, as the annular braid group

Let Bry4; = G4, be the braid group on n + 1-strands and BerlL < Brp+1
be the subgroup of braids fixing the (n + 1)-th strand. The group Brﬁﬂ
is called the annular braid group, since it can be regarded as the group of
braids on n strands on the annulus (see figure 4.1). Indeed, pictorially, we
can just thick the (n+41)-th strand and use it as the axis of a hollow cylinder.

Let €1,..., €n—1,€, be the standard generators of Gp, and o1,...,0,
those of Bry, 41 (see table 4.1).
The annular braid group is isomorphic to the Artin braid group Gp,, of

type By, (see e.g. [Cri99][Lam94]; it has been noted that this is also implicit
in [Bri71b]). Indeed:
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A, 01— 02— 03— 04— - - - 0p—2 —0p—1—0pn

4 _
B, €] — €2 — €3 — €4 — — - —€p—2—€p—1 — €y

Table 4.1: Graphs of type A,, By; each node is labelled with the corre-
sponding generator in the braid group

Theorem 4.1.1 ([Cri99]) The map

Gp, — BrZﬁ < Brpi1
e —o; forl<i<n-—1
€n 0721
s an isomorphism. O

Proof. We use the fact that the orbit space of the complex hyperplane
complement under the action of the associated Coxeter group has the braid
group as fundamental group. Using the same notation of chapter 3, let thus:

Y (A,) = {zx € C"" | z; # x; Vi # j; sz =0}
X(AN) = Y(An)/Sn—f—l

Y (By) ={z € C"|x; # +x; Vi # j; x1, # 0VEk}
X(Bn) =Y(Bn)/Bn

Since B, = S, X (Z/2Z)", we may consider the intermediate covering
Y(Ba)/(Z/2Z)" of X(By).

Note that the covering v : Y (B,) — Y(B,)/(Z/2Z)" may be explicitly
realized as follows. Let:

Y'(By) :={y € C"|y; #y; Vi # j; yx # 0 Vk} (4.1)

and define v : Y/(B,) — Y'(B,) as v(x1,...,2,) = (z%,...,22).

The symmetric group S, acts on Y’'(B,) by simply permuting coordi-
nates. Consider as well the S,, action on Y (A,,) given by permutation of the
first n coordinates. The map:

7:Y'(B,) = Y(A)
(X1, eoyxn) = (x1+ M, ...y +1,1)

(T1 — Tpt1ye oy Tn — Tpt1) < (T1, -+ o, Tpg1)

where
n

-1
n:n—l—lzxi

=1
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is easily seen to be an S,-equivariant isomorphism. Therefore:
X(B,) 2Y'(B,)/S, =Y (A,)/Sn

and Gp, is the fundamental group of any of these spaces.

Since [Sp+1 @ Sn) = n+ 1, it follows that Gp, is a subgroup of index n + 1
in Bry41. This group consists of those closed paths in X (A4,) that lift to
closed paths in Y (A,,)/Sy. In terms of braids, this means that the endpoint
of the n + 1 strands coincides with its starting point, so Gp, is identified
with Brﬁﬂ, as required.

Now we determine an expression of this map in terms of the generators
of Gp,. Recall that the standard simple roots of B,, are given by a; =
T1—X2,...,Qp—1 = Tp_1 — Tn, Oy = T, and that we can take as generators
of the Artin Gp, groups small twists around these hyperplanes. To be more
precise, fix p=(—n,—n+1,...,—1) € Y(B,) as base point. For 1 <i <n
consider the path ¢ : [0,1] — Y (B,,) defined by:

gDt = (p1,- -, pic1, (i 4 Pic1 — € /2, (Di + Dit1 + €™) /2, Div2s -, Pn)

and finally:
g™ (t) = (p1.p2s - Pn1, —€™)

These paths become closed in X (B,,) and their images are indeed the stan-
dard generators €1,..., €,-1,€, of Gp, . Let ¢ = (q1,...,qn+1) := my(p) be
the base point of Y (4,). Note that for 1 < i < n, the image of ¢ via
the equivariant homomorphism, is a similar path in Y (A) interchanging ¢;
and ¢;11, while other points are left unbraided. In the quotient Y (A,)/A,,
this is homotopic to the generator o; € Bry 1. The last path g™ is instead
sent to a full twist of ¢, around g,41, while other points are left unbraided.
In the quotient, this is homotopic to the square o2 of last generator o, of
Bry 1.

O

4.2 G;  as asubgroup of Gp,

Using the suggestion given by the identification with the annular braid
group, a new interesting presentation for Gp, can be worked out.

Let 7 = €,6n_1 - €261. As annular braid, 7 may be represented as in
figure 4.2. It is easy to verify that:

7'7167;7' =€41 forl<i<n-—1
i.e. conjugation by 7 shifts forward the first n — 2 standard generators. By

analogy, let €, = 77 1¢,_17.
We have the following:
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Figure 4.2: As an annular braid, the element 7 is obtained turning the
bottom annulus by a rotation of 27 /n.

Theorem 4.2.1 ([KPO02](see also [tom98])) The group Gp, has presen-
tation (G|R) where

G ={r,€e1,€2,...,€6,}
R ={eic; = €j¢; fori#j—1,5+1}U
{ei€iv1€i = €ir1€i€41 }U
{r e = €iy1}
where are all indexes have to be taken modulo n. O

The proof of theorem 4.2.1 presented in the original paper is algebraic
and based on Tietze transformations. We present a somewhat shorter proof
based as well on Tietze transformations.

Let < G|R > be a group presentation where G is the generating set and
R, a set of words in GG, represents relations among generators. Recall the
four Tietze transformations (see e.g. [MKS66]):

T1 If wis a relation in G, that can be derived from relations in R, then add
wto R

T2 If w is a relation in R that can be derived from the other relations in
R, then remove w from R

T3 If x is any word in the generators G and ¢ is a symbol not in G, then
add ¢ to G and tz~! to R.

T4 If a relation has the form tz~! where ¢ is a symbol in G, then remove ¢
from G and replace any occurrence of ¢ in R by x
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Theorem 4.2.2 (Tietze) Two finite presentations represent the same group
iff there is a finite sequence of transformations T1-T4, that transform the
first presentation in the second.
O
Proof of Theorem 4.2.1
Recall that G'p, has presentation:

Generators €; 1<i<n
€n
Relations | A | €€; = €j¢; |7 —i] >2
B | €i€ir16; = € 116i€i41 1<i<n-—-1
C | €€, = €nei 1<i<n-—1
D | €n16n€n—16n = En€p_1€n€n—1

We will make several applications of the following basic identity:
Lemma 4.2.3 Let §,,—1 = €p—1€n—2 - - €261 € Gp,, then we have:
57:i161'(5n_1 = €j4+1 1<i<n—-1

Further, this relation follows from the relations of type A,B in the previous
table. O

Note that 7 = €,0,,—1 where §,,_1 is defined in lemma 4.2.3.
We operate a Tietze move T3, adding 7 to the generating set. Then we use
T4 to get rid of generator €,, substituting each occurrence with €, = T(S;il.
Relations are thus given by (for C” we use lemma 4.2.3):

A €€ = €€ ‘]*2’22

B | €i€it16; = €iq1€i€i41 1<i<n-—-1

C' | 77T = €441 1<i<n-1
/ -1 -1 -1 —1

D" | €,-170, 16,170, 1 = 70, _1€n—1T0, _1€n—1

Let, by analogy with relations C’, €, = 77!

using transformation T3.
Note that the relation:

én—17. Add €, to generating set

€n€n—1€n = En—1€n€n—1
may be deduced from relations already in the presentation. Indeed:

enen16n =(T Len_17)en_1 (T ten_17) =
= en_1(ten 17 Ven_1)T =
=7V ep_1€n_2€p_1)T =
=7 ep_s€n_16p_2)T =

—€n—1€n€n—1
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Therefore we can add this relation (T1 move).

Now relation D’ may be written as
6"57:—117_6”57:—11 = 57:_117_€n5;_115n—1 (42)

Note that from relation C’, it follows that 5;_117 = 7'61(5,;_1167:1. So the
relation in eq. 4.2is equivalent to:

-1 -1 -1 -1
€nT€10,, 10, 1 = T€10, 10, " 1€n—1
which is turn equivalent to:

Tl ent = €1 (6,216, 1en—1)0n—1) Sn1ey "

Applying lemma 4.2.3to the expression underbraced this is equivalent to:
e, = 61(615;_11)(5»,1_161_1
In summary D’ is equivalent to
e =€
Finally use T1 to introduce relation
€1€n€1 = €En€l€n
that is easily seen to hold. O

Letting &1, 9, ..., 0, be the standard generator of the Artin braid group
of type A,,_1, we have the following immediate corollary of theorem 4.2.1:

Corollary 4.2.4 ([KP02]) The map
Gi, 20— €6 €lp,

gives an isomorphism between G i, , and the subgroup of Gg, generated by

~

€1,...,€n. Moreover, we have a semidirect product decomposition Gp, =

GATH X <7‘>

O

1

~ We have thus a ‘curious’ inclusion of the Artin group of infinite type
A,_1 into the Artin group of finite type B,.
4.2.1 A topological proof of inclusion

Consider the complex hyperplane arrangement of type A, _; and let Y (A, _1)
be its complement:

Y(Ap1) ={z € C"w; —x; ¢ ZVi # j; Zl‘izo} (4.3)
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The group A,_; acts on this space in the following way. In the standard
basis {a; = e; — e;+1} for the root system A,_i, recall that the highest
positive root is given by & = e; —e,,. From the general theory of affine Weyl
groups, the group is generated by the reflections s; with respect to (central)
hyperplane H,. = {z; — z;;+1 = 0}, plus one extra reflection sy w.r.t. the
affine hyperplane H_5 1 = {(z, —&) = 1} = {—z1 + x, = 1}. Reflection s;
(1 <i<mn—1) switches as usual the 7,7 + 1-th coordinates, whereas

so(x1y.. o ) = (xn — Lo, ... 21,21 + 1)

Recall also that jln_l = L x A, _1 where L is the coroot lattice. In the
present situation, L is the intersection of the standard lattice Z" C C" with
the hyperplane {>_ x; = 0}.

Recall also that the orbit space X(fln,l) = Y(An,l)/fin,l has Gﬁnq
as fundamental group.

Theorem 4.2.5 The space X (A, —_1) is homotopic to an infinite cyclic cov-
ering X (By).

From this theorem, we may recover as a straightforward corollary the fol-
lowing result:

Corollary 4.2.6 The space X(A,—1) is a k(m, 1) space for the group Gi, -
Proof. Since B,, is finite, X (B,,) is a k(m, 1) space by Deligne result (theo-
rem 2.5.4). From theorem 4.2.5, it follows that X (A4,,_1) is a k(m, 1) space
as well. O

The k(m, 1)-property for X(A,_1) was already shown in [Oko79] and redis-
covered by different methods in [CP03]. However the proof presented here
is very elementary.

Proof of theorem 4.2.5 We first consider the intermediate covering
™ : Y(A,_1) — Y(A,_1)/L. This covering can explicitly described as
follows. Consider the map C" 3 (x1,...1,) + (e2™o1 . e2miZn) ¢ (C*)".
Note that this map induces the desired covering:

T Y(Apr) = Y/ (Apor) == {y € Cys # 0y —y; # 05 [Jwi =1}

Note also that Y’ (A,—1) = Y'(Bn) {1, vi = 1} where Y'(B,) =Y (B,)/(Z/2Z)"
is defined in eq. 4.1.
We have now an infinite cyclic covering:
n:Y'(A,_1) x C— Y'(By)
((yl, e Un),s )\) — (eQWiAyl, . ,e%i)‘yn)
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71i72773774** **771—27’771—14*’7”

Table 4.2: Graph of type C,,_1; each node is labelled with the corresponding
generator in the Artin group

The map 7 is clearly equivariant for the action of the symmetric group S,

on both spaces. Since X (A,-1) = Y'(An-1)/Sy and X(B,) = Y'(By)/Sh,
we have therefore a covering:
X(An-1) x C — X(By)
({y1, ceUnt )\) — {,5,27ri>\y17 o 7ezwp\yn}

d

Remark. One can show that the homomorphism of fundamental groups
induced by the covering in theorem 4.2.5 takes the form prescribed in corol-
lary 4.2.4.

4.3 ¢, as a subgroup of Gp,

Consider the complex hyperplane arrangement of type Cp,_1 and let Y (Cp,_1)
be its complement:

Y(Cpo1) ={z € C" ;£ a; ¢ Z Vi # j;22; ¢ ZVi} (4.4)

Recalling that Cp,_1 = L(i)) X By,_1, the action of C\,_; on this space may be
described in the following way: B, _1 acts as groups of signed permutations
on the coordinates, while L(ti)) acts as translations of integer vectors.

The orbit space X(CN’n,l) = Y(CN'n,l)/CN'n,l has Génq as fundamental
group. We label the standard generators of this group as in table 4.2.

Theorem 4.3.1 We have:

1. The space X(Cp_1) is homotopic to a covering of X (By,).
2. The map
Gé’n—l — GBn
Y1 > 6%
Yirr e for2<i<n-—1
Tn > €n

1S 1njective. O
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As in the previous section, we recover the following result by Okonek [Oko79]:

Corollary 4.3.2 The space X(Cy_1) is a k(m, 1) space for the group Ge -
O
Proof of theorem 4.2.5
1_6277{1

Consider the function f : C\ %Z ST = 2= T € C. Applying f

componentwise to Y (Cp,_1) we obtain a covering:

7 Y(Cro1) = Y (Crt) = {2 €C" Y 2 £0; 2+ 2 #0; 2 # +1}

Note that Y'(C,,_1) = Y (C,,_1)/L(®). We may further quotient out for
the subgroup (Z/27)"~! of sign changes in B,,_1 = (Z/27)" % S,_1. This
is done applying componentwise the function y = z?. We thus get:

V"(Cre) =Y (Coe1) /(Z/22)" " = {y € C" My # 0; yi—y; # 05 y; # +1}

Let Y'(Bn) = {y = (Yo,---,yn—1) € C" |y; # y; Vi # j; yi # 0 Vi}. Apart

from a shifting of the indices, this is the same space defined in eq. 4.1 and so

Y'(B,) =2 Y (B,)/(Z/2)". Now notice that Y”(C,,_1) = Y'(B,) N {yo = 1}.
We have now an infinite cyclic covering;:

n:Y"(Cn1) x C—Y'(By)

((yb . yn_1)7 /\) — (627ri/\’ 627Ti/\y1, e e27ri)\yn_1)

Let the symmetric group S,,—1 acts on Y/(B,,) by permuting the last (n —1)
coordinates. Note that 7 is equivariant for the action of the symmetric

group S,—1 on these spaces. Since X (Cj—1) = Y"(Cy-1)/Sn—1, we have
a covering X(Cp_1) x C — Y'(B,)/Sn_1. Composing with the covering
Y'(B,)/Sn-1— Y'(Byn)/Sn = X(B,), we have the desired covering map.
The second statement follows from the first and an explicit description of the
covering map at the level of fundamental groups, similar to that presented
in the proof of theorem 4.1.1; so the proof will be rather sketchy.

Fix p = (p1,...,pn_1) as base point of Y (C,_;) where each p; is real and
satisfies:

1/2>p1>pa>...>pp1 >0

and take 0 as base point of C. Actually, the presented covering map does not
induce directly the stated homomorphism of fundamental groups. Indeed,
for the computation of the image of 4, (resp. 7,,) we may consider the path
g1 (resp. gn) in Y(Cp_1) which is constant in all components except the
first (resp. the last). In the distinguished component they are respectively
semicircle around 1/2 and 0 (see figure 4.3). The path around 0 is sent
via f(z)? to a full turn around 0, while the other is sent to a full turn
around the point co to infinity. The image of g, in Y'(B,) correspond

readily to the generator €,, while the image in Y'(B,,) of g1 winds around
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1/2 T~ TN

Figure 4.3: Having fixed p = (p1,...,pn—1) as basis point for Y (C),), the
generator 7; corresponds to a path in Y(C),) constant in all the coordinates
but the first, in which it is the small semicircle around 1/2 depicted in the
figure. Similarly, the generator 4, may be represented by a path whose
projection on the last coordinate is a small semicircle with center 0. The
remaining generators exchange instead couples of adjacent coordinates.

all the remaining coordinates (see plots (a)-(c) in figure 4.4). To correct

this situation, we may consider the function y — h(y) = nyl This map

fixes 0 and takes co to 1. Applying this function componentwise, we get

an automorphism of Y (Chu—1)(see plot (d) in figure 4.4). Identifying again
h(Y"(Cp-1)) =2 Y'(B,) N{yo = 1} and proceeding as before, we get the
desired homomorphism of fundamental groups. O

Remark. From the identification Y"(Cy—1) = Y'(By) N {yo = 1}, we can
equivalently conclude that Y (C,_1) is a k(m, 1) in the following way. Note
that the map Y'(B,,) — C* given by the projection on the first coordinate is

a locally trivial fibration and that Y”(C,_1) is the fiber over 1. Then apply
the homotopy long exact sequence of the fibration.

Using the interpretation of Gp, as annular braid group, we can identify
also G as a subgroup of the braid group.

Consider the subgroup Brsll_ﬂﬂ) < Bryy41 of (1,n 4 1)-pure braids, i.e.

the subgroup of braids for which the start- and end-point of the first and
last strands coincide. Note that Brgjﬁﬂ) is a subgroup of index n of BrZﬂ.
Let P, =2 7Z be the group of pure braids on 2 strands. We have a forgetting
(Lntl) P, obtained deleting the strands from 2 to

n+1
n in a braid belonging to Brsll_ﬂﬂ). Let Q,—1 := ker f; pictorially @Q,,_1is the

subgroup of braids for which the first and last strands may be straightened.
Equivalently, Q,,—1 can be regarded as the braid group in n — 1 strands on
the surface C\ {0,1}. We may also split the exact sequence

homomorphism f : Br

1—=Qn1— BI“SJFTFI) P ¥7Z——1

-

n

defining s(1) = 7", where as usual 7 is the element of BrZﬁ represented
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Figure 4.4: The plots in the figure represent step by step how the paths in
figure 4.3 are modified by the effect of the functions used in the proof. Plot
(a) is obtained form figure 4.3 applying the exponential map; (b) is obtained
from (a) applying z + 1 —2/1+z; (c) is obtained from (b) applying z + 2.
In summary plot (c) represent the effect of the map f(x)? used in the text.
Finally plot (d) shows the behavior of the corrective function z — z/z — 1.
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n+1

" is in the center of Br)T;, we have a direct product

in figure 4.2. Since T
decomposition BrSjran) = Qn_1 X Z.

Let Y'(By,) be the space defined in eq. 4.1 and consider the action of
Sn—1 given by permutation of the last n — 1 coordinates. As in the proof of

theorem 4.1.1, one can show that m1(Y'(By,)/Sn-1) = Brgﬁﬂ).

As a corollary of the proof of theorem 4.3.1, we then have:

Corollary 4.3.3 The group Gén—l s isomorphic to Qn_1.
In particular, we have a direct product decomposition:

Br7" =G X2

Proof. Consider the infinite cyclic covering X (Cp,_1) x C = Y'(B,)/Sn_1
given in the proof of theorem 4.3.1 and note that a path (fo(¢), {f1(t), ..., fa—1(t)})
in Y'(B,,)/Sn-1 lifts to a closed path in X(C’n_l) x C if and only if the wind-
ing number of fy(+) around 0 is null. Via the identification 71 (Y (B,)/Sn—1) =
Brgjﬁﬂ), this means exactly that the first strand does not wind around the
(n+ 1)-th one.
O
It is known that the group G 5  has trivial center [JA85]. Mimicking

the proof of this fact given in [CP03|(prop. 1.3), we can show:

Proposition 4.3.4 The group Génfl has trivial center.

Proof. Recall that for a finite type Artin group of rank n, the maximal
rank of an abelian subgroup is precisely n. Let r be the maximal rank of an
abelian subgroup of G AL Since Gp, , < G@n_l as a parabolic subgroup,
we have r > n — 1. Note that if H be an abelian subgroup of Gén—l having
rank r, then H x (7") is a rank r + 1 abelian subgroup of Gp,. Thus we
have also r 4+ 1 < n, which forces r =n — 1.
Now let 2 € Z = Z(Gg_ ) be a non-trivial central element. Consider for
1 =1,...,n the parabolic subgroups Gén_l (i), generated by words that do
not contain the i-th generator. We claim that there exists ip s.t. (z) N
Gén—l(io) = 1. Suppose that this does not hold. Then for every i, we have
2% € G (i) for some integer a;. Let a =[] a;. Then 2% € Gg (i) =
1. Since Gp, is torsion-free (just as any other finite type Artin groups), we
conclude that z = 1, which is absurd, since z is assumed to be non trivial.
Thus, we can assume that for some 4o we have () N Gg (i) = 1.

Since G(Z‘n,l(iO) is a rank n — 1 finite type Artin group, it admits an
abelian subgroup G of rank n — 1. But then G x (z) is a rank n abelian

subgroup of Gén—l’ which is absurd.
O
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4.4 Gp and the k(m, 1) problem
This section is devoted to prove that X (B,) is a k(m,1) space. Up to the
best of our knowledge, this result seems to be new. The proof is based
on an “exponentiation” argument with Deligne’s theorem 2.5.3 as further
ingredient.

Recall that the complement of the complexified affine reflection arrange-
ment of type B, is given by:

Y :=Y(B,) ={x€C"|z; £ x; ¢ Z for all i # j, x}, ¢ Z for all k}

The Coxeter group B,, is the semidirect product of the Coxeter group B,
and the coroot lattice L, consisting of integer vectors whose coordinates add
up to an even number. The group B, acts freely on Y: B, is identified
with the group of signed permutations of the coordinates of Y, while L acts
simply by translations.

On Y we have as well a free action by translations of the coweight lattice
L, identified with the standard lattice Z" c C™.

Theorem 4.4.1 Y (B,,) and, hence, X (B,,) are k(m,1) spaces.

Proof. We first explicitly describe the covering ¥ — Y/i} applying the
exponential map y = exp(27ix) componentwise to Y:

Y ——Y/L={yeC" |y #y;", y #0,1}

(21, ..., 2y) —— (exp (2mizy), ..., exp (2miz,))

Note now that the function

C\{0.1} 3y~ gly) = T2 €T\ {1}

1
satisfies g(y~') = —g(y). Further g is invertible, its inverse being given by

Z jjr} Therefore applying g componentwise to Y/ L, we have:

Y/L2={z€C" |z #+z, 2 # *1}

Consider now the arrangement AR in R™*! consisting of the hyperplanes
z; = txjforl <i<j<n+landz,y; =0andlet Y(A)bethe complement
of its complexification.

We have an homeomorphism

n:Y/LxC* = Y(A)

defined by
77((21, ... ,zn),)\) = (Az1,...,Azn, A)
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To show that Y/L is a k(m, 1), it is then sufficient to show that Y (A)
is a k(m,1). We will show in lemma 4.4.2 below that AR is simplicial, and
therefore the result follows from Deligne’s theorem 2.5.3. O

Lemma 4.4.2 Let A be the real arrangement in R™! consisting of the
hyperplanes x; = +x; for 1 < i < j <n+1 and x,41 = 0. Then A is
simplicial.

Proof. Note that A is the union of the reflection arrangement A(D),41) of
type D,+1 and the hyperplane x,11 = 0. Hence we study how the chambers
of A(D,1) are cut by the hyperplane x,, 11 = 0. Since the Coxeter group
D, 41 acts transitively on the collection of chambers, it is enough to consider
how the fundamental chamber Cy of A(D,,+1) is cut by the D, 1-translates
of the hyperplane x,.; = 0. Since D, acts on R""! as the group of
signed permutations of the coordinates involving an even number of sign
changes, the D, -translates of the hyperplane z,1 = 0 are the coordinate

hyperplanes z;, = 0, for k =1,2,...,n+1. Let ey, ..., e,+1 be the canonical
basis of R"*! and fix a simple system A for D,,;| consisting of the roots
] =€1 —€2, g =€3 —€3, ..., Oy = €y — €n41, QAnt1 = € + €511. Let also

= {.75 e Rt! | (33, Oti) > 0}

Then, the fundamental chamber is given by Cy = ﬂ;:rll Z; and it is of course
a simplicial cone, since ar,...,a,;1 form a basis of R""!'. Note that the
coordinates of a point z € Cy satisfy z1 > xo > ... > x, > Tpy1 > —Tp.
In particular x; > 0 for i = 1,2,...,n, and thus Cj all lies on one side of
the hyperplane x; = 0, for ¢ = 1,2,...,n. It remains to consider how
cuts Cy. We start noting that aq, ..., an, €,.1 is a basis of R"*! and that
its positive span contains the root a;,,41. It follows that Co N {z,41 > 0} =
Nt Zi 0 {zpa > 0} =N, Zi N {zny1 > 0} is a simplicial cone.
Similarly, ag, ..., @n—1, Qpy1, —€n41 is a basis of R"*! and its positive span
contains the root a,. So Co N {—xz,41 > 0} = ﬂ?jll ZiN{—zpt1 >0} =
ﬂ?;ll Zi "V Zpt1 N{xpy1 > 0} is a simplicial cone as well. O

4.5 Representations of Artin groups

The previous inclusions of Artin groups studied in sections 4.1-4.3 allow
to construct interesting representations of Artin groups starting with very
simple ones by the method of induction/restriction. We will study some in-
stances of this construction that will be useful in relating various cohomology
group by means of Shapiro’s lemma. Further we recover a representation of
the braid group (known as the Tong-Yang-Ma representation) that, despite
its simplicity, seems to have been discovered only in 1996 (see [Sys01]).
Since it is not very-well known, we start recalling Tong-Yang-Ma represen-
tation.
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4.5.1 Tong-Yang-Ma representation

Let R be a ring and Vg = @' Rlu*']e; be an (n + 1)-dimensional free
R[u*!] module.

Definition 4.5.1 The Tong-Yang-Ma representation [TYMI6] is the rep-
resentation
PR Ga, — Glgp+1(Vr)

defined w.r.t. the basis ey, ..., eny1 by:
I
01
pR(Uz) = u 0
Infi
where I denote the j-dimensional identity matriz and all other entries are
Z€ero.

Note that, specializing to ©u = 1, pr induces a representation of the
symmetric group Sy,41 whose direct summands are one copy of the standard
representation and one copy of the trivial one.

We briefly discuss the relevance of Tong-Yang-Ma representation.

Let pc(XA) the specialization of the complex Tong-Yang-Ma representa-
tion, obtained setting u = \ € C*.

Proposition 4.5.2 The complex representation pc(N) is irreducible for X #
1.
O

Let n : G4, — Gl(C) be a complex representation. Then the corank of n
is defined as rk(n(o;) — I), where I is the identity of Gl,(C).
Since the standard generators o; (1 < ¢ < n) are all conjugate, the corank
is well defined.

Note that the Tong-Yang-Ma representation has corank 2. The following
theorem says that it is indeed an ‘universal’ example:

Theorem 4.5.3 ([Sys01]) For n > 6, every irreducible complex represen-
tation of G 4, of corank 2 is equivalent to pc(X\) for some A € C*\ {1}.

Corank two representations are of key importance in the classification of
irreducible complex representations of braid groups. Indeed we have:

Theorem 4.5.4 ([Sys01]) For n > 8, every n + 1l-dimensional complex
irreducible representation of the braid group G 4, is equivalent to a tensor
product of a one-dimensional representation and an n + 1-dimensional rep-
resentation of corank 2.

For small n the question is settled in [FLSV03], where a full classification of
complex G 4, -representation of dimension < n + 1 is provided.
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4.5.2 The standard representation of G,

Motivated by the Tong-Yang-Ma representation, we define a new represen-
tation for the Artin group Gp, .

Definition 4.5.5 The standard representation of the Artin group Gp, is
the representation

=g :Gp, = Gly(Rlu™,v*")
defined w.r.t. the standard generators ei,...,€, of Gp, by:

I

S O
o =

n(e) =

In—i—l

e = (1)

where I; denote the j-dimensional identity matriz and all other entries are
zero.

for 1 <i < n while

Note that the restriction to G'p, of the Tong-Yang-Ma representation
for G 4,, splits into a one dimensional representation and an n dimensional
representation which is equivalent to the standard representation specialized
to v =u.

Let nc (A, p) the specialization of the complex standard representation,
obtained setting u = A € C*, v = p € C*. We have:

Proposition 4.5.6 The complex representation pc(A, 1) is irreducible ex-
cept when A =p = 1.
O
Thus the standard representation parameterizes a family of complex ir-
reducible representations of Gp,. It would be interesting to see wether (at
least for large m) these are the only representations satisfying some con-
straint on the corank (note that here we should define the corank of the
representation as the couple (rk(n(e;) — Id), rk(n(€,) — Id)) , since the last
generator is not conjugate to the first ones).

4.5.3 Induced representations

Let M := Q[¢g*!]. We indicate by M, the G, _,-module where the action
of the standard generators is (—¢)-multiplication.
Consider also the inclusion G35 < Gp, given in section 4.2.
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Proposition 4.5.7 We have

IndGB" (M,) = M[tF1,,

Ap—1

CoIndGB" (M) = M[[tﬂ“qi

Ap—1

where the action of G, on M[t*'],; (and on M[[t*']] ) is given by (—q)-
multiplication for the generators €1, ..., €e,—1 and (—t)-multiplication for the
last generator €.

Proof. We start with the induced representation. By corollary 4.2.4, any
element of Ind Bn M, :=Z|Gp,] ®ez | M, can be represented as a sum

Ap_1

of elements of the form 7% ® ¢". Now, we have an isomorphism of Z[Gp, |-
modules

Z[Gp,|®a, Mg — M[t™]g,

defined by sending 7@ ® ¢™ — (—1)"t%¢"~D2*t™  Since T = €61 - - - €1,
the result follows.
As for the coinduced representation, we have by definition:

CoIndGB" (M,) = Homg;  (ZGp,, M,)

Ap—1

Let f € Homg ; _I(ZGBn,Mq) and Qo = f(7%) € M,. We may define the

following isomorphism of Z[Gp, ]-modules

Home, (ZGp,, Mg) = Mt ]]4-1,

obtained sending f ~ 3 Qa(—1)*(—¢)~ "D, The result follows renam-
ing ¢ — ¢ L. O

It is interesting to note what happens inducing again via the inclusion
G B, < G Ap-
Let p = pg : Ga, — GI(V) be the rational Tong-Yang-Ma representation
for G4,,.

Proposition 4.5.8 The induced module Ind A”M[til]qt is equivalent to
the Tong-Tang-Ma representation V' tensored wzth a one dimensional repre-
sentation. More precisely, we have:

IndGAnM[tﬂ]qt =M@V

where the action of G4, on My is defined sending the standard generators
to (—q)-multiplication.
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Proof. We first describe the cosets G4, /Gp, = Brn+1/BrZii. For1<i<
n+ 1, let:

P; = {x € Bry4+1 | the endpoint of the i-th strand is the n + 1-st base point}

These sets are obviously disjoint and cover Br,,.1. Also for x € P;, we have
xBrZﬁ = P;. Thus the P;s are the cosets Brn+1/BrZﬂ. We now choose as
coset representatives the elements a; = (07011 - 0p—1)0n(0i0i41 -+ Op1)
for1 <i<n-—1, ap = 0oy, py1 = €.
By definition of induced representation, IndggzM [t = @I M+ e;
with the following action. For an element x € Gg,, write zay = apa’
with 2’ € Gp,. Then z acts on an element r - e, € @?:Jrll M[tH)e; as
x(r-ep) = (2'r) - ep.

We thus figure out the action of Br,i; on the cosets. Note that for
every index i we have a? € Brﬁﬂ. The following lemma then characterizes

completely this action.

Lemma 4.5.9 For1 <i<n—1, we have:

00 = Q0 j#Eii+1
2 _—1
g;0; = ai+1aiai

Oittip1 = Q0;
while for the last generator o, the action is given by:

OnQy; = ai(ai_H cee O'n_1)710'¢(0'i+1 s Un—l) 7 75 n,n+1
OpnQy = Oén_l,_lO'g

OnQnit1 = Qp
O
Lemma 4.5.9 is best proven ‘pictorially’. However it is not difficult (but
lengthy) to prove these formulas by induction using just the braid relations.
Using lemma 4.5.9 and the definitions, one can write the induced repre-
sentation in the following matrix form:

—ql; 1

_qIn—i

for 1 <i <n — 1, whereas
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Conjugating by U = Diag(1,1,...,1,—¢ '), one can bring the last 2 x 2
block for the o,-action in the same form of the 2 x 2 blocks of the other
generators:

_qIn—l ‘ _qIn—l ‘
U 0 1 Ul = 0 —¢q
—t 0 gt 0
Finally, setting u = —q_Qt, one obtains the desired result. O

We have a similar result for the inclusion G < Gp,. In this case the
standard representation of Gp, (definition 4.5.5) arises as induced represen-

tation of a one dimensional representation of G .

Let N := Q[s™1, ¢!, ¢*!]. We indicate by Ns, the one-dimensional
G Cynil-module where the action of the standard generators 41,72, . .., Yn—1, ¥n
is as follows: 71 acts by (—s)-multiplication, 7,, acts by (—t)-multiplication
and all other generators act by (—g)-multiplication. Consider as well the
one dimensional G5, module P,; = Q[¢*!, t*1], where the action is defined
sending the first standard generators to (—¢)-multiplication and the last to
(—t)-multiplication.

Let also n = ng : Gp, — Gl(U) be the rational standard representation
for Gp,.

Proposition 4.5.10 We have
G ~
IDng;L—l Ns,q,t = Pq,t X U

(1,n+1)

Proof. We induce in two steps using Br, /1" " as pivot.
. 1n+1) ~
Since qu(H”? ) = Ga, < ("),
(L,n+1)
Brn 1 ~ +1

where the action of 7" is given by (—r)-multiplication.

Now, we may choose as coset representatives for Gp, / BrSjﬁH) the el-
ements 79,771, ..., 77" Using the definition of induced representation

and noting that

1/ 2 —1p.(1,n+1)
€1 =T (€n€n_1---€267) €T Br, 7,

— — - — 1 1
n+1(7_n 1 n1> cr n+1Br( n+1)

€n =T €y € il
it is easy to write the representation in matrix form:

—ql; 1

0 (=) (=)~
st(—q)"” 0
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for 1 <i <n — 1, whereas

En > < | )
" (=) (s () R)

Set A = (—t)"1(—¢q) "1, Conjugating by u = diag(1,\,A%,..., A" 1), the
matrix form for €, is unchanged, while

—ql;

€;

_qIn—i

The result then follows setting u = —q 25, v = —(—r) " ls "1t (—¢)~(n=2(n=1),
O

4.5.4 Linearity of affine Artin groups

We conclude with a remark connected to representation theory of Artin
groups.

Recall that a group is said to be linear if it can be faithfully represented
as a group of linear transformation of a vector space.

Krammer [Kra00] and Bigelow [Big01] have shown by different methods
that a certain representation (called Lawrence-Krammer representation) of
the braid group Br, is faithful. Subsequently, this result has been extended
to all Artin group of finite type [CWO02]. Since a subgroup of a linear group
is itself linear, as a corollary of theorems 4.2.5 and 4.3.1, we have:

Corollary 4.5.11 The affine Artin groups G 5 and G¢, —are linear.
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Chapter 5

Cohomology of Gp and
applications

In this chapter we determine the cohomology of the Artin group Gp, with
values in two local systems, namely the double-weight local system R,; =
Q[gT!, T (section 5.1), in which the action is by (—¢)-multiplication for
the standard generators in the first n — 1 nodes of the Dynkin diagram and
(—t)-multiplication for the last, and in the local system obtained from R,
specializing ¢ to —1 (section 5.2). Finally we use a degree shift result to
replace in the previuos cohomology group Laurent polynomials in ¢ with
Laurent series; using Shapiro lemma and the inclusion of chapter 4, we
explore the cohomology of G 4, and derive the cohomology of G4, with
coefficients in the Tong-Yang-Ma representation (section 5.3).

5.1 Cohomology of Gz, with a double-weight local
system

Let R,; be the local system for G'g, over the ring of Laurent polynomias
R = Q[g*!, t*!] where the action is (—¢)—multiplication for the standard
generators associated to the first n — 1 nodes of the Dynkin diagram, while
is (—t)—multiplication for the generator associated to the last node.

We write ¢,,(g) for the m-th cyclotomic polynomial in the variable q.
In order to state our result we need to define the R-modules

{m}i = R/(em(q),q't +1)

For m = 1 we set: '
{1} =R/(¢'t +1).

Note that the modules {m}; and {m’}; are isomorphic as Q[g*!]-modules
if and only if 7 = m/ and are isomorphic as Q[t*!]-modules if and only if
m =m' and (m,i) = (m,).

83
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Our main result is the following

Theorem 5.1.1

Dapno<i<a—oidtr ®{lln1  ifi=n
H' (G, Ryy) = @dm,ogkgd—z,dg]%{d}k ifi=mn—2j
@d*n,dgj%{d}nfl ifi=n—25—1

|

To perform our computation we will use the Salvetti complex and the
spectral sequence induced by a natural filtration.

Recall that the complex that compute the cohomology of G, over R,
is given as follows (see also chapter 3):

Cr=@RT (5.1)

rcir,

where I, denotes the set {1,...,n} and the graduation is given by |I'|.

The set I,, correspond to the set of nodes of the Dynkin diagram of B,
and in particular the last element, n, correspond to the last node.

It is convenient to consider also the complex 6:; for the cohomology
of G4, over the local system R,;. In this case the action associated to a
standard generator is always the (—¢)-multiplication and thus the complex
C,, and its cohomology are free as t-modules. The complex 6; is isomorphic
to C} as a module.

In both complexes the coboundary map is

_ e Wrog (@t e
d(q,t)(I) jgﬂ:\r( )7 Wrela. D (TU{j}) (5.2)

where o(j,T') is the number of elements of I' that are less than j. In
the case A,, the polynomial Wr(q,t) is the Poincaré series of the parabolic
subgroup Wr C A,, generated by the elements in the set ', with weight ¢ for
each standard generator, while in the case B, it is the Poincaré polynomial
of the parabolic subgroup Wr C B, generated by the elements in the set I,
with weight ¢ for the first n — 1 generators and t for the last generator.

Using Proposition 2.4.3 we can give an explicit computation of the co-

efficients %(t?t)‘ We will use as well the notation introduced in section

2.4.1.
Recall that if I' correspond to a connected component of the Dynkin
diagram of B,, without the last element, then

Wr(g, t) = [m+ 1]},
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where m =| T |. If T" correspond to a connected component containing the
last element, then

Wr(q,t) = [m]%t”v

where m =| I"|.
If T" is the union of several connected components of the Dynkin diagram,
'=T1U---UTlg, then Wr(q,t) is the product

k

H WFi(q7 t)

i=1

of the factors corresponding to the different components.

If j ¢ T we can write I'(j) for the connected component of I' U {j}
containing j. Suppose that m =| I'(j) | and ¢ is the number of element in
['(j) greater than j. Then, if n € T'(j) we have

Wrugii(g,t) _ [ m }/
q,t

WF(Qv t) i
and
Wrugy (g, t) _[m+1
otherwise.

We can represent a generator I' by a binary string A of n elements,
namely we set the i-th element to be 1 if ¢ belongs to I' and 0 otherwise. For
example the set I' = {2,3,5,7,8} C Ig is associated to the string 01101011.

We introduce a decreasing filtration F' on the complex (C,J); by def-
inition F*C,, is the subcomplex generated by the strings of type A1°. We
have thus the chain of inclusions

C,=F'C, > F'C, > - D F"C,=R1" > F""'C, =0.
Note that we have the following isomorphism of complexes:
(FSC,/F*1C,) =2 Cps_1]s] (5.3)

where C,,_s_1 is the complex for G4, . , and, as customary, for a complex
D*, we denote with D*[s] := D*~*® the complex with graduation shifted by
s. By means of the filtration F' we can construct a spectral sequence F, to
compute the cohomology of the complex (Cj,d). The equality 5.3 tells us
how the columns of the Ey term of the spectral sequence looks like. In fact
for 0 < s <n — 2 we have

g = L oyt

_ Alstr) _ )
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So the s-th column computes the cohomology of G4, . ;.
For s = n—1 and s = n the only non trivial elements in the spectral sequence
are
-1,0 0
Ey =E;" =R. (5.5)

It is then clear that the E; term of the spectral sequence is given for 0 <
s<n-—2by

Ei’r = HT(GAn7571 ? Rq,t) = HT(GAn7571 ? Q[qil]q>[ti1] (56)

since the t-action is trivial. For s = n — 1 and s = n the only non trivial
elements instead are
By = B = R. (5.7)

In order to prove Theorem 5.1.1 we need to state the following lemmas.

/
Lemma 5.1.2 Let I(n, k) be the ideal generated by the polynomials { . ﬁ d ]

q,t
ford|n andd <k. If k| n the map

ang : R/ (er(q)) = R/I(n, k — 1)
n /
induced by the multiplication by [ I } s well defined and is injective.
q,t

Remark. The fact that this map is well defined will follow automatically
from the general theory of spectral sequences, as it is clear from the proof
of Theorem 5.1.1. However, below we prove it by other means.

Proof. Let d,k be positive integers such that d | n and k | n. We can

observe that ¢4(q) | [ Z ] = [ " ﬁ i ] if and only if d 1 k. Moreover each
q q

factor ¢4 appears in { Z ] at most with exponent 1.
q

Let J(n,k) be the ideal generated by the polynomials [ " ﬁ d ] for
q

d|n and d < k. It is easy to see that we have the following inclusion:
n—1 '
[T +tg")J(n, k) C I(n, k).
i=n—*k

Moreover J(n, k) is a principal ideal and is generated by the product

pople) = [ ale)-

dln,k<d
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!/

It follows that [ nik Lgpk(q) € J(n,k—1) and so [ nik ] vi(q) €

q’t
I(n,k —1). This proves that the map a,, j is well defined.

Now we can note that the factor ¢ (q) divides each generator of I(n,k—
/

1), but does not divide [ " i 1 } . This imply that «,,  is not the zero
q’t

map and that every polynomial in the kernel of «a;, ;; must be a multiple of

©k(q), hence the map must be injective. O

/

Lemma 5.1.3 Let I(n) be the ideal generated by the polynomials [ " T_l d }
. @t
for d|n. Then I(n) is the direct product of the ideals I; g = (v4(q),q't + 1)

ford|n and 0 <i <d—2 and of the ideal I,,_1 = (¢" 't + 1). Moreover
the ideals I; 4 and I,_1 are pairwise coprime.

Proof: Note that the polynomial (1+t¢"!) divides each generator of the
ideal I(n), so we can write

I(n) = (1+1tq"")I(n)

where I(n) is the ideal generated by the polynomials

[nﬁd];tzz[n’jdl’t/uﬂqn—l)

Let n =d; > --- > dp = 1 be the list of all the divisors of n in decreasing
order. If we set

P :=pq,(q) and
d;

Q= [[ (+tg"7)

Jj=di+1+1

we can rewrite our ideal as

=g n mn n
I(n):q n—d, }7 [n—dh—1 }Qh—l, [n—dh_z } Qn—2Qn—1, - -

..,[nfdQ]Qz“'Qh—1,Q1“'Qh—1>
(5.8)

We claim that we can reduce to the following set of generators:

In)=(Pr- Pp1, Pr - Pr2Qn_1, P+ Pr3Qn_2Qn_1 ...

(5.9)
o PIQa - Qpo, Que- - Quo)
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The first generator is the same in both equations and the j-th generator
in equation (5.9) divides the corresponding generator in equation (5.8).

Now suppose that a factor ¢,,(q) divides [ ] but does not divide

n
n — Clj
Py --- Pj_1. We may distinguish two cases:

n
n — dj
with an opportune combination with the polynomial P; --- P_1.

i) Suppose that m t n. Then we can get rid of the factor ¢, (¢) in [

ii) Suppose m | n. Then m = d; for some [ > j and we can get rid of ¢,,(q)
using a suitable combination with the polynomial P; - -+ P,_1Q; -+ - Qp_1.

We may now proceed inductively. Supposing we have already reduced the
first j — 1 terms, we can reduce the j-th term of the ideal in equation (5.8)
to the corresponding term in equation (5.9).

Now we observe that if J, I, Iy are ideals and I} + Ia = (1), then
(J,1112) = (J,11)(J, I2). Since the polynomials P; are all coprime, we can
apply A — 2 times this elementary fact to the ideal I (n). At the i-th step
we set Iy = (P;), Io = (Pig1- - Po1, Piy1 - Ph2Qpe1, ..., Qiy1- - Qn-1),

J=(Q1--Qnr_1). So we can factor I(n) as
(P, Q1 Qn-1)(Po  Poo1, P+ Ph2Qp-1,Q2 - Qn-1) = -+

o= (PLQ1 - Qre1)(P2, Q2 Q1) -+ (Pro1, Qn1)-
Finally we can split (Ps, Qs - Qnr—1) as the product

(P, 1+ tq”_ds) < (Ps, 1+ tq"_dh_l).

So we have reduced the ideal I(n) in the product stated in the Lemma and
it is easy to check that all the ideals of the splitting are coprime. O

Proof of Theorem 5.1.1 We can now prove our Theorem using the spec-
tral sequence described in the equations 5.6 and 5.7. The E; term is com-
pletely known (see [DPS01}); we introduce the following notation for the
generators of the spectral sequence, as in the original paper:

w, = 017720
2z = 17104 (=1)ho1h !
b, = 01"2
cp, = 1h71
2p(i) = (1) w] zpwy, 77!
§=0
vp(i) = (—l)hjw%zhw;_]_2bh+(—l)h(l_l)wﬁflch

<.
Il
=)
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We write {m}[t*!] for the module R/(¢m(q)). The Ej-term of the spec-
tral sequence has a module {m}[t*!] in position (s,r) if and only if one of
the following condition is satisfied:

a) m|n—s—1andr:nf5f2n—Ts—1;

b) m|n—sandr=n—s+1—2(%2).

m

Moreover we have modules R in position (n — 1,0) and (n,0).
For example in case n = 6 the F; term is given by:

{6}t+"]
{53 {5HEH
(8} {4 {43
0 0 {33 {3}

{20 {25 2 20 {2

0 0 0 0 0 R R

We now look at the map dy : E " — EPY. Recall that E7"° is

generated by the string 01"~ and E} 0 i generated by the string 1™ and so
the map
A S il

/
is given by the multiplication by { . ﬁ 1 ] = [n]y(1 +tg"!) and is injec-
q;t

tive. It turns out that Egil’o =0 and Eg’o = R/([n]4(1+tg"1)). Moreover

all the following terms EJT.L’O are quotient of £y 0,

Note that every map between modules of kind {m}[t*1] and {m/}[t*!]
must be zero if m # m’. So we can study our spectral sequence considering
only maps between the same kind of modules.

First let us consider an integer m that does not divide n. We may
suppose that m | n + ¢ with 1 < ¢ < m and set i = 2t

<. The modules of
type {m}[t*!] are:

Am—c—1 —A(m—2)—2i+1 . —e—
Elm cmlnte-A(m=2)-2i+ generated by: Zm(Z*)\)Ol)‘m el

Am— —A(m—2)—2i+1 . —
Elm ente=A(m=2)—2i+ generated by: Um(l—)\)()l)\m ¢

for A=1,...,i—1.
Here is a picture for this case (h = {m}[t*!]):
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d
h—h

hﬁhx

R/I

The map

dy : Ei\mfcfl,n+cf)\(m72)72i+1 N

Ef\mfc,n+cf)\(mf2) —2i+1
Am —c

/
_ _ Am—c—1
A — e — 1 } t = [Am—c]y(1+tq ).

is given by the multiplication by [

)

Since ¢m(q) 1 [Am — ¢]4 the map is injective and in the Ea-term we have:

Eg\mfcfl,n+cf)\(mf2)72i+1 0

Am— —\ —2)—21+1
E2m ente—A(m—2)—2i+ :{m})\mfcfl = {m}m—c—l

for A=1,...,i— 1.
The other map we have to consider is

n—m,m—1 ., rm—m,m—1 n,0
dy, BT — B

The module B ™™ " = {m}y,_c_1 is generated by 1™~101"~™ and so
!/
n

the map is the multiplication by [

} . Since (1 + t¢g™ 1) divides
n—m |,

)

/
the coefficient [ n iL } , the image of the map must be contained in
q;t

(1 + tg" HERE that is a quotient of R/([n]q), but (¢m(q),[nlq) = (1) and
so the map is null.

As a consequence the Fs part described before collapses to Eo, and we
have a copy of {m};,—.—1 as a direct summand of H""2/=Y(C,,) for j =
0,...,7— 2, that is for m < ]%

Now we consider an integer m that divides n and let ¢ = .. The modules
of type {m}[t*!] are:

Ef\m—l,n—)\(m—Z)—Qi—H generated by: Zm(Z — )\)Olkm_l for 1 < A <i—1
E)\m,an(me)sz#l

1 generated by: ’Um(’i — )\)Olkm for 0 < A <i1-—1

The situation is shown in the next diagram (h = {m}[t*!]):
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h m
h->h o
U
&
h->h
The map
dy : Ef\m—l,n—k(m—Q)—Qi—H _ Ef\m,n—)\(m—Z)—%—f—l
. . e 9. . Am ! Am—1 .
is given by the multiplication by A\ — 1 = [Am]y(1+tg™ "), but in
t

this case the coefficient is zero in the module {m}[t*!] because p;,(q) | [Am],
and so we have that £1 = --- = E,,_1. So we have to consider the map

d?\nni,?—/\(m—Q)—%—i-l :szlnz,ln—/\(m—Q)—%-i-l . E£A+1)m—1,n—()\+1)(m—2)—2i+1

for A=0,...,i—2.
This map corresponds to the multiplication by

A+1)m—
A+Dm—117" Ot ym—1 ] ! i
N = N [T a+w™.
q,t 4 j=Am+1
It is easy to see that the polynomial [ (A +)1\3771n -1 ] is prime with the
Am,n—A(m—2)—2i+1 !

torsion ¢, (¢) and so the map d is injective and the cokernel

is isomorphic to

m—1

(AM+1)m—1 .
R/(em(a), ] Q+td™))= @ {(mh.
J=Am41 0<k<m—2

As a consequence we have that

E;\nm_l’"_)‘(m_z)_%ﬂ _ @ {m}y for 1 <A<i—1
0<k<m—2
Ermin—Am=2)=2i+1 _ for 0 <A <i-—2.

and all these modules collapse to E. This means that we can find ¢, (q)-
torsion only in H"~%/(C,,) and for j > 1 the summand is given by

B {mh

0<k<m—2
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for d < ]%
We still have to consider all the terms Ej5 ™" = {m}[t*1] for m | n.
Here the maps we have to look at are the following:

n—m,m—1 ., rm—m,m—1 n,0
dy, B — B

!
These maps correspond to the multiplication by the polynomials [ n fm ] .
q;t

n

Moreover recall that EIL’O =R/( [ n—1

/
] ). We can now use Lemma 5.1.2
q;t

to say that all the maps a1 are injective and Lemma 5.1.3 to say that

B =E= P {mho {1}

m|n,0<k<d—2

Since B’ = H™(C,,), this complete the proof of the Theorem. O

5.2 Cohomology of Gp, with a single-weight local

system

The cohomology of G, over the module Q[t*!], where the action is trivial
for generators corresponding to the first n — 1 nodes in the Dynkin diagram
and (—t)—multiplication for the last one, may be easily deduced by similar
methods. Indeed it is computed by the complex C) of section 5.1 where
we specialize ¢ to —1. We employ the analogous filtration and associated
spectral sequence. Since the Q-cohomology of the braid group is of rank 1
in dimension < 1 and vanishes elsewhere, the setting now is much simpler.
Using a formula analog to (5.6) we get

By = Q[t*t] if 0<s<mn,r=0 or 0<s<n—-2,r=1

= 0 otherwise
(5.10)
Next from formula (5.2) it follows

dy" = {[s+1]y 1+ ¢t} g=—13, 7=0,1

Therefore di" = 0 for s odd while di"" = 1+t for s even. It follows that in
FE5 the odd columns are obtained from the same columns of F; quotiented
by 14t. The even columns vanish everywhere for n odd. If n is even, instead
we have non-trivial modules only in position (n —2,1) and (n,0); these two
non vanishing modules are given by:

By = By = Q]
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It is easily seen that the only possible non vanishing boundaries are of the
form:
s,1 s,1 s+2,0
dy” : By — E,

and these corresponds to multiplication by

[ s+2 ]/
5 [qul]vt

Up to an invertible, the latter holds (1 +¢)(1 —¢). Then dy vanishes except
for d;fll in case n even. Collecting these remarks, we have:

Theorem 5.2.1

H*Gp,; Q")) = Q*']/(1+1) l1<k<n-—1
H™(Gp,; Q) = QI*1/(1+1) for odd n
H™(Gp,;QF]) = Q[t*')/(1—?) for even n

5.3 Shapiro’s Lemma, degree shift and consequences

The previous inclusions of Artin groups allow to relate the homology of the
involved groups by means of Shapiro’s lemma (see for instance [Bro82]), of
which we explore some consequences.

5.3.1 Shapiro’s lemma

Shapiro’s lemma allows to relate the homology of a subgroup H < G with
some coefficient module M to that of G with coefficients in the induced
module Ind% (M) := Z[G] ®z(x) M; more precisely:

H,(H; M) = H,(G;Ind%(M))
In cohomology an analogous statement holds, indeed:
H*(H; M) = H*(G; Colnd$ (M))
where Colnd% (M) := Homg, ) (Z[G], M) denotes the coinduced representa-
tion.

Recall that the induced and coinduced representations are equivalent
whenever H is a finite index subgroup of G.
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5.3.2 Cohomology of G/LH

We have now the ingredients to determine the cohomology of G5 = over
the local system M, := Q[¢T!], where the action of the standard generators
is (—¢)-multiplication.

Considering the inclusion G i, < G, and applying proposition 4.5.7,
we have by Shapiro’s lemma:

Proposition 5.3.1

H*(G 5, s Mg) = H* (G, M[[t]]q.) O

n—1’
Notice that, in the previous section, we have determined H* (G, ; M[t*1],+),
i.e. we have considered (for computational convenience), coefficient in the
ring of Laurent polynomials in ¢; to determine H*(G Ay M,) we now need
instead coefficient in the Laurent series in ¢. The following proposition is
useful in the present situation:

Proposition 5.3.2 (Degree shift)
H* (G, M[[t]q0) = H (G, M),

Proof. Consider the following decreasing filtration G on the complex (C, d)
described in eq. 5.1; by definition G*C,, is the subcomplex generated by the
strings of type 1°A (thus this is the ‘left’ version of the filtration F used in the
proof of theorem 5.1.1). We will prove by induction on n that the complex
(Cr,9) is well filtered with respect G in the sense of [Cal05b], Definition 1.2.
Let, consistently with the previous sections, R = M[t*1] = Q[¢™!, t*1].

The basis of the induction n = 0 is trivially verified. So let n > 0. We
check one by one the conditions i)-iv) of [Cal05b]:

i) Clearly, the filtration is compatible with the boundary maps and GC,, =
Cx, GMtic, = 0.

ii) G"C,, = (G"C,)" = G 1C,/G"C,, = (G"1C,/G"C,,)" = R. This
is straightforward too.

iii) Identify, through the isomorphisms in point ii), the induced differential
di : G"'C,/G"C,, — G"C,,/G™LC,, with a multiplication map R >
r—p-xeR Writep=>"__. c;it', where ¢; € M and a, b are some
integer numbers. Then it is required that ¢, ¢, are invertible of M. In
the present situation, we have by formula 5.2 that p = H?:_OI(l + q't)
and so the condition clearly holds.

iv) Finally we should check that for k # n — 1,n, the induced complex
G*C,, /G*1 0, is also well filtered. But now note that G*C,,/G*1C,,
is just the complex C*_, _,[k], where C* _, | is the complex for Gp, , ,.
By induction, this is well filtered.
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Since (C}, ) is well filtered, we may then apply theorem 1 in [Cal05b] to
get the desired result. O

Collecting theorem 5.1.1, proposition 5.3.1 and 5.3.2, we have:

Theorem 5.3.3

+ _
Bans1 (LD Vo Qlg*) ifi=n

®d
' Qlg*!]y (d-1) L ‘
HZ(GAqu) = @d|n+1, d<nh %d ) ifi=n—2j
Qle*! e .

@d}mH, d<ntl [g,d ] ifi=n—25—1

|

We may rephrase the same considerations for the trivial representation
of G 7 . Note how proposition 5.3.1 translates in this setting:

Proposition 5.3.4 We have

H.(Gj Q)= H.(Gg,, Q[t*"))

H* (G, :Q) = H*(Gp,, Q™)

where the action of Gg, on Q[t*'] (and on R[[t*']]) is trivial for the gen-
erators €1, . . .,en—1 and t-multiplication for the last generator &,. O

Further degree shift continues to hold true:

H*(Gp,; Q") = H(Gp,; QtF)
Indeed, after having specialized q to —1, we may repeat word by word the
proof of proposition 5.3.2.

Using now theorem 5.2.1, we have:

Corollary 5.3.5 (Rational cohomology of G An)

HYG;:Q) = Q 1<k<n-—1
Hn(GAn§@[ti1}) = Q for even n
Hn(GA,L;@[tﬂD = Q? for odd n
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5.3.3 Cohomology of G4, with coefficient in the Tong-Yang-
Ma representation

Recall that Gp, may be identified with a subgroup of G4, of index n + 1.
By the use of Shapiro’s lemma we may thus relate cohomology of the two
groups. Here we just mention the following fact. Provide Q[t*!] with a G, -
module structure, where as usual the standard generators corresponding to
the first n — 1 nodes in the Dynkin diagram act trivially whereas the last
acts by (—t)-multiplication.

Proposition 5.3.6 We have the following isomorphism of cohomology groups:
H*(Gp,; QIt*")) = H (G4, V)

where V' is the Tong-Yang-M representation of G4, defined in 4.5.1. In
particular the cohomology
H*(Ga,; V)

s given as in theorem 5.2.1.
Proof. The proposition follows from proposition 4.5.8 and the fact that

coinduced representation is equivalent to the induced one for finite index
subgroup. O
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