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Introduction

In the last fifty years the deformations theory has played an impor-
tant role in algebraic and complex geometry.

The study of small deformations of the complex structures of com-
plex manifolds has begun with the works of K. Kodaira and D.C. Spencer
[17] and M. Kuranishi [19].

Then A. Grothendieck [12], M. Schlessinger [32] and M. Artin [1]
formalized this theory translating it into a functorial language. The
idea was that to an infinitesimal deformation of a geometric object we
can associate a deformation functor of Artin rings: that is a functor
from the category Art of local artinian C-algebras (with residue field

C) to the category Set of sets, that satisfies some extra conditions (see
Definition 1.1.10).

A modern approach to deformations theory is via differential graded
Lie algebras (DGLA for short).

The guiding principle is the idea due to P. Deligne, V. Drinfeld,
D. Quillen and M. Kontsevich (see [18]) that “in characteristic zero
every deformation problem is governed by a differential graded Lie
algebra”.

Inspired by this principle, the aim of this thesis is to follow the
modern approach to study the infinitesimal deformations of holomor-
phic maps of compact complex manifolds.

More precisely, a DGLA is a differential graded vector space with
a structure of graded Lie algebra, plus some compatibility conditions
between the differential and the bracket (of the Lie structure) (see
Definition 1.3.5).

Moreover, using the solutions of the Maurer-Cartan equation dx +

1
—[z,z] = 0 it is well known how we can associate to a DGLA L a

deformation functor Def;. Written in details:
Def;, : Art — Set

1
{re L' @ma | de + =[x, 2] = 0}
Defy (A) = 2

gauge
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where m 4 is the maximal ideal of A and the gauge equivalence is in-
duced by the gauge action x of exp(L® ® m,) on the set of solutions of
the Maurer-Cartan equation (see Definition 1.3.29).

Then the idea of the principle is that we can define a DGLA L (up
to quasi-isomorphism) from the geometrical data of the problem, such
that the deformation functor Def; is isomorphic to the deformation
functor associated to the geometric problem.

We note that it is easiest to study a deformation functor associated
to a DGLA but, in general, it is not an easy task to find the right
DGLA (up to quasi-isomorphism) associated to the problem.

A first example, in which the associated DGLA is well understood,
is the case of deformations of complex manifolds.

Let X be a compact complex manifold. Then X is obtained gluing
a finite number of polydisks in C". The fundamental idea of K. Kodaira
and D.C. Spencer is that “a deformation of X is considered to be the
gluing of the same polydisks via different identifications” (see [16, pag.
182)) .

Translating it into a functorial language we define, for each A €
Art, an infinitesimal deformation of X over Spec(A) as a commutative
diagram

X — =X,

| |

Spec(C) —= Spec(A)

where 7 is a proper and flat holomorphic map and X coincides with the
restriction of X4 over the closed point of Spec(A) (see Definition 1.2.4).
Moreover, we can give the notions of isomorphism and of trivial defor-
mation (X4 = X X Spec(A)).

Then we can define the functor associated to the infinitesimal de-
formations of X:

Defy : Art — Set

isomorphism classes of
Defx(A) = infinitesimal deformations
of X over Spec(A)

Therefore, following the idea of the principle, we are looking for a
DGLA L such that Def; = Defy.

Let ©x be the holomorphic tangent bundle of X and consider the
sheaf AY*(Ox) of the differentials form of (0, ¥)-type, with coefficients
in @X'

Then we define the Kodaira-Spencer algebra A%*(©x) of X as the
graded vector space of global sections of the sheaf A%*(@ X)-
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Considering the (opposite) Dolbeault differential and the bracket
of vector fields, it is possible to endow Ag;-*(G x) of a natural structure
of differential graded Lie algebra (see Definition 11.4.1).

The DGLA A%*(O©x) governs the problem of infinitesimal deforma-
tions of X (see Theorem I1.7.3):

THEOREM (A). Let X be a complex compact manifold and Ay (Ox)
its Kodaira-Spencer algebra. Then there exists an isomorphism of func-
tors

Dengé*(ex) — Defy .

In this case it is well clear the correspondence between the solutions
of the Maurer-Cartan equation and the infinitesimal deformations of
X, such that the gauge equivalence corresponds to the isomorphism of
deformations. In particular a solution of the Maurer-Cartan equation
is gauge equivalent to zero if and only if it induces a trivial deformation
of X.

The next natural problem is to investigate the embedded deforma-
tions of a submanifold in a fixed manifold.

Very recently, M. Manetti in [24] studies this problem using the
approach via DGLA.

In his work, more than to prove the existence of a DGLA that
governs this geometric problem, M. Manetti develops some algebraic
tools related to the DGLA.

More precisely, he describes a general construction to define a new
deformation functor associated to a morphism of DGLA.

Given a morphism of differential graded Lie algebras

h:L —M
he defines the functor

Def;, : Art — Set
Defh(A) =

{(l,m) € (L' @ma) x (M°®@mu)| dz+ i[z,2] =0 and ™ x h(l) = 0}

gauge ’
where this gauge equivalence is a generalization of the previous one
(see Remark II1.1.12). This new functor is an extension of the functor
associated to a single DGLA: choosing h = M = 0 Def; reduces to
DefL.

Moreover, using path objects (see Example 1.3.12) he shows that for
every choice of L, M and h there exists a DGLA H such that Defy =
Defh.

In particular this implies that if a deformation functor associated
to a geometric problem is isomorphic to Def},, for some h : L — M,
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then automatically we know the existence of a DGLA that governs the
problem and we have an explicit description of it.

This is what M. Manetti does in [24]: choosing opportunely L, M
and h he proves that there exists an isomorphism between the functor
Def;, and the functor associated to the infinitesimal deformations of a
submanifold in a fixed manifold. Actually, let X be a compact complex
manifold and Z a submanifold. The infinitesimal emebedded deforma-
tions of Z can be interpreted as the deformations of the inclusion map
1 : Z — X inducing the trivial deformation on X.

Consider the Kodaira-Spencer DGLA A%*(©x) of X and the differ-
ential graded Lie subalgebra A%* (O x(—log Z)) defined by the following
exact sequence

where Ny is the normal bundle of Z in X (see Section I1.5.1).

We have already observed that the DGLA A%*(0©x) governs the
infinitesimal deformations of X, while the DGLA A%*(©x(—log Z))
governs the infinitesimal deformations of the couple Z C X (each so-
lution of the Maurer-Cartan equation in AY*(©x(—log Z)) define a
deformation of Z and of X).

Fix M = AY(Ox), L = A% (©x(—log Z)) and h the inclusion:

h: A% (O©x(—log Z)) — AV (Ox).

Then it is clear how we can associate to each element (I,m) € Def,
a deformation of Z in X, with X fixed: the infinitesimal deforma-
tion of Z is the one corresponding to the Maurer-Cartan solution
l € AY"(©x(—log Z)) and it induces a trivial deformation of X, since
we are requiring that h(l) is gauge equivalent to zero in Ag;*(@ X)-

These new ideas developed by M. Manetti are of fundamental im-
portance for this thesis that, in some sense, can be considered a gen-
eralization of them. Actually, we extend these techniques to study not
only the deformations of an inclusion but, in general, the deformations
of holomorphic maps.

These deformations has been first studied from the classical point
of view (no DGLA) by E. Horikawa [14] and [15], M. Namba [27] and
by Z. Ran [28].

More precisely, let f : X — Y be an holomorphic map of compact
complex manifolds.

There are several aspects of deformations of f: we can deform just
the map f fixing both X and Y, we can allow to deform f and X or Y
or, more in general, we can deform everything: the map f, X and Y.

The infinitesimal deformations of f, with fixed domain and target,
can be interpreted as infinitesimal deformations of the graph of f in

the product X x Y, with X x Y fixed (see Section V.3). Therefore
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we are considering the infinitesimal deformation of a submanifold in
a fixed manifold and so the DGLA approach to this case is implicitly
included in M. Manetti’s work [24].

Then we turn our attention on the general case in which we deform
f, X and Y.

In a functorial language, for each A € Art, we define an infinitesi-
mal deformation of f over Spec(A) as a commutative diagram

F

A

where S = Spec(A), (Xa,m,S) and (Y, 7, S) are infinitesimal defor-
mations of X and Y respectively, and F' is a holomorphic map that
restricted to the fibers over the closed point of S coincides with f.
Also in this case we can give the notions of isomorphism and of
trivial deformation.
Then we can define the functor of infinitesimal deformations of a
holomorphic map f: X — Y:

Xa

Def(f) : Art — Set

isomorphism classes of
Def(f)(A) = infinitesimal deformations of
f over Spec(A)

Let I' be the graph of f in X x Y. An infinitesimal deformation of
the map f can be interpreted as an infinitesimal deformation of I in X x
Y, such that the induced deformation of the product X xY is a product
of deformations of X and Y. In general not all the deformations of a
product are product of deformations, as it was showed by K. Kodaira
and D.C Spencer (see Remark I1.7.5).

Consider the Kodaira-Spencer algebra Agé*xy(@ xxy) of the product

X xY and the differential graded Lie subalgebra A%, (O xxy(—logT))
defined by the following exact sequence

0 — AV (Oxxy(—logT)) — AYSy (Oxxy) — AV (Nrixxy) — 0,

where Npjxxy is the normal bundle of the graph I' in X x YV (see
Section I1.5.1).

As before, we know that A%, (Ox.y) governs the infinitesimal
deformations of X x Y and A%, (©xxy(—logT')) governs the infini-
tesimal deformations of the couple I' C X x Y (each solution of the

Maurer-Cartan equation in AY" (O xxy(—logT)) define a deformation
of I"and of X xY).
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Fix M = AY ,(Oxxy), L = A%y (Oxxy(—logT)) and h the in-

clusion:
h: Ay (Oxxy (—log 1)) = AYy (Oxxy).

In the general case, it is not enough to consider just the DGLA L or
the morphism h : L, — M, since they have no control on the induced
deformations on X x Y.

Therefore we need to define a new functor: the deformation functor
associated to a couple of morphisms.

Given morphisms of differential graded Lie algebras h : L — M
and g : N — M:
L
ih
9

N——M

we define the functor

Def(mg) : Art — Set
Def(hg)(A) = {(x,y, ep) € (Ll X mA) X (Nl X mA) X exp(MD & mA)|

1 1
dx + 5[56,96] =0, dy+ Q[y, y] =0, g(y) = €’ x h(z)}/gauge,

where this gauge equivalence is an extension of the previous ones (see
Definition I11.1.11).

This functor is a generalization of the previous ones: choosing N =
0 and g = 0 then Def(;, 5 reduces to Def},; choosing N = M = 0 and
h = g = 0 then Def, 4 reduces to Defy.

Consider the DGLA A%*(©x) x AY*(Oy) and the morphism g =
(p*,q*) + AY(Ox) x AV (Oy) — AYy(Oxxy), where p and q are
the natural projections of the product X xY on X and Y respectively:
p: XXY —Xandg: X xY —Y.

We note that the solutions n = (ny, ny) of the Maurer-Cartan equa-
tion in N = A% (O©x) x Ay*(Oy) are in correspondences with the in-
finitesimal deformations of X (induced by n;) and of Y (induced by
ns). Moreover the image g(n) satisfies the Maurer-Cartan equation in
M = Aﬂ;’;y(@xw) and so it is associated to an infinitesimal defor-
mation of X x Y, that is exactly the one obtained as product of the
deformations of X (induced by ny) and of Y (induced by ns).

Therefore this g gives exactly the “control” on the deformations of
the product that we are looking for.

Let M = AY ,(Oxxy), L = AV y(Oxxy(~logD)), h: L — M
the inclusion, N = A%*(©x) x A¥*(Oy) and g = (p*,¢*) : N — M.
Then we are in the following situation:
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Agé*xy(@XxY(_log )

h

AY(Ox) x AV (©y) AV (Oxxy)

In conclusion, each deformation of the map f corresponds to a Maurer-
Cartan solution I € A%y (Oxxy(—logl)), such that h(l) induces a
deformation of X x Y isomorphic to a deformation induced by g(n),
for some Maurer-Cartan solution n € AY*(Ox) x AY*(0y) (that is h(l)
and g(n) are gauge equivalent in A%, (O xxy)).

Therefore Def, 4y encodes all the geometric data of the problem
and the following theorem is clear (see Theorem IV.2.5).

g=(p*,q*)

THEOREM (B). Let f : X — Y be an holomorphic map of com-
pact complex manifold. Then, in the notation above, there exists an
isomorphism of functors

Def(hyg) = Def(f) .

This theorem holds for the general case of infinitesimal deformations
of f, the other cases are obtained as specializations of it.

For example, the deformations of f with fixed domain or fixed
target, are obtained considering respectively N = Ag}*(@y) or N =
AY (0x).

In particular, using path objects, for each choice of h : L — M
and g : N — M, we are able to find a differential graded Lie algebra
Hp,g) such that Defy, =~ = Defg) (see Theorem III1.2.36).

Therefore we give an explicit description (more than the existence)
of a DGLA that governs the deformations of holomorphic maps (The-
orem 1V.2.6).

Finally we apply these techniques to study the obstructions to de-
form holomorphic maps.

The idea is the following: if we have an infinitesimal deformation
of a geometric object, then we want to know if it is possible to extend
it.

More precisely, let F': Art — Set be a deformation functor. A
(complete) obstruction space for F' is a vector space V', such that for
each surjection B — A in Art and each element x € F(A), there
exists an obstruction element v, € V', associated to x, that is zero if
and only if  can be lifted to F'(B) (for full details see Section 1.1.1).

Therefore we would like to control this obstruction space and know
when the associate obstruction element is zero.

In general, we just know a vector space that contains these ele-
ments but we have no explicitly description of which elements are ef-
fectively obstructions. Among other things if W is another vector space
that contains V', then also W is an obstruction space for F'. Then, in
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some sense we are looking for the “smallest” obstruction space (see
Remark 1.1.26).

For example, the obstructions of the functor associated to a DGLA
L are naturally contained in H?(L) (see Section 1.3.5), but we don’t
know which classes in H?(L) are really obstructions.

In the case of a complex compact manifold X, an obstruction space
for the deformation functor Defyx is the second cohomology vector
space H*(X,Ox) of the holomorphic tangent bundle ©x of X (Theo-
rem 1.2.9).

If X is also Kéhler, then A. Beauville, H. Clemens [5] and Z. Ran
[29] [30] proved that the obstructions are contained in a subspace of
H?(X,0Ox) defined as the kernel of a well defined map. This is the so-
called “Kodaira’s principle” (see for example [5, Theorem 10.1], [22,
Corollary 3.4] or [7, Corollary 12.6], [29, Theorem 0] or [30, Corollary
3.5]).

In the case of embedded deformations of a submanifold Z in a fixed
manifold X, then the obstructions are naturally contained in the first
choomology H'(Z, Ny x) of the normal bundle Ny x of Z in X. Also in
this case, if X is Kéhler, it is possible to define a map on H'(Z, Ny x),
called “semiregularity map”, that contains the obstructions in the ker-
nel. The idea of this map is due to S. Bloch [3] and it is also studied,
using the DGLA approach, by M. Manetti [24, Theorem 0.1 and Sec-
tion 9.

In the case of deformations of a holomorphic map f : X — Y with
fixed target, it was proved by E. Horikawa in [14] (see Theorem IV.1.10)
that the obstructions are contained in the second hypercohomology

group H? (X, O(Ox) AN O(f*@y)>.

Using the approach via DGLA that we have explained, we can give
an easy proof of this theorem (Proposition V.1.1) but above all we can
improve it in the case of Kéhler manifolds (Corollary V.1.5).

Actually, let n = dimX, p = dimY — dimX and H be the space
of harmonic forms on Y of type (n + 1,n — 1). By Dolbeault theorem
and Serre duality we obtain the equalities HY = (H" (Y, Q%)) =
HPH(Y, Q7.

Using the contraction 1 of vector fields with differential forms (see
Sections I1.5 and V.1.2), for each w € H we can define the following
map

AY (F0y) =5 Ay

2w(0f*X) = ¢f (xaw) € ATV ofx € AF(f*Oy).
Choosing w such that f*w = 0, we get the following commutative
diagram (see Corollary V.1.5)



INTRODUCTION 11

AY () == Ay
f*T T
AY (Ox) 0
Then, for each w we get a morphism

H? (X, 0Ox) I (’)(f*@Y)) s HY(X, %),

that composed with the integration on X gives
o 1 (X,0(0x) L5 O(f0y)) — HrH(Y, o).
Using o we get the following theorem (see Corollary V.1.5).

THEOREM (C). Let f : X — Y be an holomorphic map of compact
Kahler manifolds. Let p = dimY — dimX. Then the obstruction space
to the infinitesimal deformations of f with fived Y s contained in the
kernel of the map

o : H2 (X, 0(Oy) L O(f*@y)> s HPY(Y, Y.

The structure of the work is the following.

Chapter I contains the basic material about deformation functors.
In Section I.1 we define the deformation functors of Artin rings, tangent
and obstruction spaces and some related properties.

Section 1.2 is devoted to study the deformation functor Def x of the
infinitesimal deformations of a compact complex manifold X.

In the last Section 1.3 we introduce the differential graded Lie alge-
bras (DGLA) and two associated functors: the Maurer-Cartan functor
MCp and the deformation functor Def;, (for each DGLA L).

In Chapter II we fix the notations about complex manifolds. We
recall the notions of differential forms (Section I1.1) of Cech and Dol-
beault cohomology (Section I1.3) and some properties of Kéahler man-
ifolds (Section I1.2). We also study the map f, and f* induced by an
holomorphic map f (Section I1.6). In particular in Section 1.4, we
define the Kodaira-Spencer differential graded Lie algebra A%*(©y)
associated to a complex manifold X.

Section II.7 contains the proof of theorem A (Theorem I1.7.3): we
prove the existence of an isomorphism Def A% (©x) = Defx and so the

Kodaira-Spencer algebra A&*(G x) governs the infinitesimal deforma-
tion of X.

Chapter III is the technical bulk of this thesis. In Section I11.1.2 we
define the Maurer-Cartan functor MC; ) and the deformation functor
Def 3, 4) associated to a couple of morphisms of DGLAs h : L — M
and g : N — M. Sections I11.1.3 and II1.1.4 are devoted to study some
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properties of these functors as for example tangent and obstruction
spaces.

In Section II1.2 we introduce the extended deformation functors to
prove the existence of a DGLA H, g4 such that Def, 5 = DefH(h,g)
(Theorem I11.2.36).

In Chapter IV we study the infinitesimal deformations of holomor-
phic maps.

Section IV.1 is devoted to define the deformation functor Def(f)
of infinitesimal deformations of a holomorphic map f : X — Y of
compact complex manifolds.

In Section IV.2; we prove theorem B, i.e. the existence of a couple
of morphisms of DGLA h : AV (Oxxy(~logD)) — AV (Oxxy)
and g = (p*,q%) : AL (Ox) x AV (Oy) — AY ,(Oxxy), such that
Def . 4y = Def(f) (see Theorem IV.2.5).

Chapter V contains examples and applications of the technique de-
scribed before. In Section V.1 we study the infinitesimal deformations
of holomorphic maps with fixed target and Section V.1.2 contains the
main result about the semiregularity map (Corollary V.1.5).

Then we study infinitesimal deformations of a holomorphic map
with fixed target and domain (Section V.3) and the infinitesimal de-
formations of an inclusion (Section V.4).
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CHAPTER 1

Functors of Artin rings

In this chapter we collect some definitions and main properties of
deformation functors.

In the first section, we introduce the notion of functor of Artin rings,
of deformation functors and we define the tangent and obstruction
spaces.

Section 1.2 is devoted to the study of the deformation functor Def x
of infinitesimal deformation of complex manifolds.

In Section 1.3 we introduce the fundamental notions of differential
graded Lie algebra (DGLA) L and of deformation functor associated
to a DGLA Defy,.

The main references of this chapter are [6], [20], [23], [31] and [32].

1.1. Generalities on functors of Artin rings

Let K be a fixed field of characteristic zero.
Consider the following categories:

e Set: the category of sets in a fixed universe with {*} a fixed
set of cardinality 1;

o Art = Artg : the category of local Artinian K-algebras with
residue field K (4/m4 = K);

o Art = &‘t\K . the category of complete local noetherian K-
algebras with residue field K (A/m4 = K).

For each S € Art we also consider:

e Artg : the category of local Artinian S-algebras with residue
field K (for a such element A, the structure morphism S — A
induces a trivial extension of residue field K);

° jﬂ't\s : the category of complete local noetherian S-algebras
with residue field K.

[.1.1. REMARK. We note that Artg C KE@ Moreover, for mor-
phisms in a category of local object we mean local morphisms and
we often use the notation A € C instead of A € 0bC), when C is a
category.

Ifp:B— Aand ¢ :(C — A are morphisms in Xrt\g (respec-
tively in Artg), then

BxaC={(bc) € BxClp(b)=1y(c)}
13
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is the fiber product of ¢ and ¢ and B x4 C € ﬁ't\g (respectively in
AI‘tS).

1.1.2. DEFINITION. A small extension in Artg (respectively in
Artg) is a short exact sequence

e: 0— J—DB -5 A—0,

where « is a morphism in @ (respectively in Artg) and the kernel
J is an ideal of B annihilated by the maximal ideal mg, mg - J = (0).
This implies that J is K-vector space.

A small extension is called principal if J is a one dimensional vector
space (J = K).

We will often say that a morphism « : B — A is a small extension,
meaning that 0 — ker(a) — B = A — 0 is a small extension.

[.1.3. REMARK. Every surjective morphism in Artg can be ex-
pressed as a finite composition of small extensions.
Actually, let B — A be a surjection with kernel J:

0—J —B—A—70.

Since B is a local artinian ring, its maximal ideal m is nilpotent: there
exist ng € N such that m™ = 0 for each n > ng; in particular m™J = 0.
Therefore it is sufficient to consider the sequence of small extensions

0 — m"J/m" ] — B/m"*'J — B/m"J — 0.

[.1.4. REMARK. In view of the previous Remark 1.1.3, it will be
enough to check the surjection for small extensions instead of verify
the surjection for any morphism in Artg.

[.1.5. DEFINITION. A functor of Artin rings is a covariant functor
F : Artgs — Set, such that F'(K) = {x} is the one point set.

The functors of Artin rings F' : Artg — Set and their natural
transformations set up a category denoted by Fung. A natural trans-

foration of functors v : F — G is an tsomorphism of functors if and
only if v(A) : F(A) — G(A) is bijective for each A € Artg.

[.1.6. EXAMPLE. The trivial functor F(A) = {x}, for every A €
AI‘ts.

I.1.7. EXAMPLE. Let R € Artg. We define

hg: Artg — Set
such that
hR(A> = Homs(R, A)

F' € Fung is called pro-representable if it is isomorphic to hg, for some
R € Artg.

If we can choose R € Artg then F' is called representable.
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Let K[e], with €2 = 0, be the ring of dual number over K. Kle] =
K& Ke is a K-vector space of dimension 2 and it has a trivial S-algebra
structure (induced by S — K — K][e]).

[.1.8. DEFINITION. The set tp := F(K[e]) is called the tangent
space of F' € Fung.

Let
be the map induced by the fiber product in Artg:
B XA C —— C
B A.

[.1.9. DEFINITION. A functor F' is called homogeneous if 7 is an
isomorphism whenever B — A is surjective.

[.1.10. DEFINITION. A functor F'is called a deformation functor if

i) 7 is surjective whenever B — A is surjective;
ii) n is an isomorphism whenever A = K.

[.1.11. REMARK. The deformation functors will play an important
role in this work.
In particular we will study the following four deformation functors:

1) the functor Defx of infinitesimal deformation of an algebraic
scheme, in Section 1.2;

2) the functor Def, associated to a differential graded Lie algebra
L, in Section 1.3;

3) the functor Def(, ) associated to a couple of morphisms of
differential graded Lie algebras h: L — M and g : N — M,
in Section III.1;

4) the functor Def; associated to the infinitesimal deformations
of a holomorphic map f, in Section IV.1.

[.1.12. EXaAMPLE. Let X be an algebraic scheme over K (separated
of finite type over K). Define the following functor

Defx : Artg — Set
where Defx(A) is the set of isomorphism classes of commutative dia-
gram:
X ——=X,
Spec(K) — Spec(A).

where i is a closed embedding and ps a flat morphism. Defyx is a
deformation functor (see [32, Section 3.7] or [31, Prop. II1.3.1]).
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[.1.13. PROPOSITION. Let F' be a deformation functor. Thent; has
a natural structure of K-vector space and every natural transformation
of deformation functors n : F' — G induces a linear map between
tangent spaces.

PRrROOF. Since F'(K) is just one point and 7 is an isomorphism for
A =K, we have F(K[e]) x F(K[e]) = F(K[e] xx K[¢]).
Consider the map
+ : Kle] xg K[e] — K[¢]
(a+be;a+be)—a+ (b+b)e.
Then using the previous isomorphism, the map + induces the sum on
F(Kle)):

F(K[] xx Klel) = F(K[e]) x F(K[) “5 PK).

Analogously for the multiplication by a scalar k € K we consider the
map:
k:Kle] — K[e]
a+be — a+ (kb)e.
O

[.1.14. REMARK. In the previous proposition we just used the fact
that F'(K) is one point and that 7 of (1) is an isomorphism for A = K
and C' = K]e]

[.1.15. DEFINITION. A morphism ¢ : FF — G in Fung is:
- unramified if ¢ : tp — tg is injective;
- smooth if the map
F(B) — G(B) X4 F(A)
induced by the diagram
F(B) — F(4)

‘| |+
G(B) —=G(4),

is surjective for every surjection B —> A in Artg;
- étale if ¢ is both smooth and unramified.

[.1.16. REMARK. If ¢ : ' — G is smooth then, taking A = K
in the previous definition, we conclude that ¢ : F(B) — G(B) is
surjective.

[.L1.17. REMARK. If ¢ : FF — G is an étale morphism, then it
induces an isomorphism ¢’ : tp — tg on tangent spaces. Actually ¢
is unramified and so ¢’ is injective. By hypothesis ¢ is also smooth and
so, applying the previous Remark 1.1.16 in the special case B = K]e],
@' is surjective.



[.1. GENERALITIES ON FUNCTORS OF ARTIN RINGS 17

[.1.18. DEFINITION. A functor F is smooth if for every surjection
B — A of S-algebras F(B) — F(A) is surjective (that is the mor-
phism F' — * is smooth).

[.1.19. PROPOSITION. Let ¢ : F — G be an étale morphism of
deformation functors. If G is homogeneous then ¢ is an isomorphism.

PROOF. Since ¢ is smooth, ¢ is surjective. Therefore it is sufficient
to prove the injectivity of ¢ using that G is homogeneous and ¢ is un-
ramified.
The proof of this fact is taken from [20, Lemma 2.10] for sake of com-
pleteness.
We prove it by induction on the length of A.

If A=K then F(K) = G(K) = {*} and so it is obvious.

Let

0 —Ke —B—A—0.

be a principal small extensions (¢-mp = 0). By induction ¢ : F(A) —
G(A) is injective.

Consider the following isomorphism of S-algebras:

¢:BxgKle] — B x4 B

(b,b+ Be) — (b, b+ Be).
Since F'is a deformation functor, then F/(y) : F(B)xtp — F(B) X p(a)
F(B) is surjective.

Since G is also homogeneous, then G(yp) : G(B)xtg — G(B)Xg(a)
G(B) is an isomorphism. We note that G(¢)(G(B) x {0}) = A diago-
nal.

Now, suppose that ¢(¢) = ¢(n) € G(B) for £ and n € F(B).

Since ¢ is injective on F'(A), then (§,7n) € F(B) xpa) F'(B).

Moreover, the surjectivity of F(¢) implies the existence of an ele-
ment h € tp such that F(p)(&,h) = (£,17). Then G(p)(o(&),d(h)) =
(0(€),0(n)) € A and so ¢(h) =0 (G is an isomorphism).

By hypothesis ¢ is unramified, therefore h = 0 and so £ = 7. O

[.1.20. REMARK. Let F' be a deformation functorand f : B — A a
surjection with ker f =2 K. Using the isomorphism B xgK[e] =2 B x4 B
of the previous Proposition 1.1.19, we obtain a commutative diagram

F(B) x tp == F(B)

| |

F(B) —~ F(A).

7 is the projection and 7 defines an action of ¢t on F'(B) which restricts
to a transitive action on each fiber of F'(f) (see [6, Lemma 2.12]).

[.1.21. COROLLARY. Let F' be a deformation functor, then F' = {x}
if and only if tp = (0).
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PROOF. One implication is obvious. Now, let F' be a deformation
functor such that tp = (0). We prove that F'(A) = {*} by induction
on dimg(A). If A = K then it is obvious (by definition of functor
of Artin rings). Now, let 7 : B — A be a small extensions and
suppose that F'(A) = {x}. By the previous Remark 1.1.20, tr = (0)
acts transitively on the unique fiber F(B) of the map F(w). This
implies F(B) = {x}. O

I1.1.1. Obstruction theory.

[.1.22. DEFINITION. Let F be a functor of Artin rings; an obstruc-
tion theory for F' is a couple (V,v,) such that:

e VV is a K-vector space, called obstruction space;
e for every small extension in Artg

e:0—J—B-"5A4A—0

ve » F(A) — V ®k J is an obstruction map, satisfying the
following properties:
— if £ € F(A) can be lifted to F/(B) then v.(£) = 0.

— For every morphism ¢ : e; — e of small extension, i.e.

(2) €1 : 0 Jl Bl Al 0
J{(ﬁ] l¢B lqﬁA
€2 : 0 JQ Bg A2 O

we have v,,(pa(a)) = (Idy ® ¢5)(ve,(a)), for every a €
F(A).

[.1.23. DEFINITION. An obstruction theory for a functor is complete
if the lifting exists if and only if the obstruction vanishes.

[.1.24. REMARK. If F has (0) as complete obstruction space then
F'is smooth. In Proposition 1.1.31 we will prove that the converse is
also true for a deformation functor.

[.1.25. REMARK. Let ¢ : F' — G be a natural transformation of
functors and (V, v.) an obstruction theory for G. Then (V,v] := v.01))
is an obstruction theory for F'.

Actually, consider the small extension in Art

e:0—J—3B -5 A—0

and the map
/. F(¢) Ve
v, : F(A) — G(A) =V @ J.

e

Let £ € F(A) and suppose that it can be lifted to £ € F(B). Therefore

¥(€) € G(A) can be lifted to ¥(§) € G(B) and so v.(§) = v.(¢(€)) = 0.
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Now, let ¢ : e, — ey be a morphism of small extension as in (2).
Then for each a € F(A;) we have

(Idy & ¢,)(v;, (a)) = (Idv @ ¢5)(ve, (¢(a))) =
Ve, (04(1(a))) = ve, (¥ (9a(a))) = v, (94((a)))-

Moreover, if the morphism 1) is also smooth and (V, v.) is complete
for G, then (V,v.) is complete for F'.

Actually suppose that € € F(A) is such that 0 = /(&) = v.(¥(£)).
Then there exists n € G(B) that lifts ¥(§) € G(A) ((V,v.) is complete
for G). Consider the following diagram

F(B) F(A)3¢
neGB)— G(A)> f(§).

Since f is smooth, the map F(B) — F(A) Xg) G(B) is surjective
and so there exists £ € F'(B) that lifts &.

[.1.26. REMARK. If V' is complete obstruction theory for a functor
F, using embedding of vector space we can construct infinitely many
complete obstruction theories. Therefore, the goal is to find a “small-
est” complete obstruction theory. The main results in this context is
the following Theorem 1.1.28. First of all we give a definition.

[.1.27. DEFINITION. A morphism of obstruction theories (V, v.) —
(W,w,) is a linear map (of vector space) § : V. — W such that
w, = Ov,, for every small extensions e.

An obstruction theory (Op, 0b,) for F'is called universal if for every
obstruction theory (V, v,) there exists a unique morphism (O, ob.) —

(V,ve).

[.1.28. THEOREM. (Fantechi, Manetti) Let F be a deformation
functor. Then there exists a universal obstruction theory (Op,ob.) for
F'. Moreover the universal obstruction theory is complete and every
element of the vector space O is of the form ob.(§) for some principal
extension

e: 0—Ke—B—A4A—0.
and some § € F(A).

PROOF. See [6, Th. 3.2 and Cor. 4.4] O

Let ¢ : F — G be a morphism of deformation functors and (V, v,),
(W, w,) obstructions theories for F' and G respectively. A linear map
¢ V. — W is compatible with ¢ if w.¢p = ¢'v. for every small
extensions e.
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[.1.29. THEOREM. Let ¢ : FF — G be a morphism of deforma-
tion functors and ¢ : (V,v.) — (W,w.) a compatible morphism of
obstruction theories. If (V,v.) is complete, ¢’ injective and tp — tg
surjective, then ¢ is smooth.

PROOF. See [20, Proposition 2.17]. We have to prove that the map
F(B) — G(B) Xga) F(A)
is surjective, for all small extensions
0 —Ke—B—A4—0.
Let (V,a) € G(B) Xg) F(A) and o' € G(A) their common image:
that is O € G(B) lifts o’ € G(A) and so w.(a’) = 0.

By hypothesis ¢ is injective and so v.(a) = 0 (0 = we(d') =
we(p(a)) = ¢'(ve(a))). Therefore there exists b € F'(B) that lifts a:

be F(B)——=F(A)>a

| |

W € G(B) —= G(A) > d.

In general b doesn’t lift ¥'. Let b’ = ¢(b) € G(B); then (V",V) €
G(B) XG(A) G(B)

As observed in the proof of Proposition 1.1.19, we have an isomor-
phism B xg K[e] &2 B x4 B; since G is a deformation functor, there
exists a surjective morphism

(07 G(B) X tg = G(B X A B) — G(B) XG(A) G(B)

Therefore, there exists h € tg such that (b”,0” + h) is a lifting of
(b”,b” +h= b/)

By hypothesis, tr — tg is surjective and so there exists a lifting
k € tp of h € tg. Taking k + b € F(B), we produce a lifting of a that
maps on b'.

i

[.1.30. REMARK. Let ¢ : FF — G be a morphism of deformation
functors and (Op,v.) and (Og,w,) their universal obstruction theo-
ries. Then (Og,w, o f) is an obstruction theory for F. Therefore, by
Theorem 1.1.28, there exists a morphism o(¢) : (Op, ve) — (Og, w,).

In conclusion every morphism of deformation functors induces a lin-
ear map both between tangent spaces and universal obstruction spaces.

Now we want to consider some useful properties between these mor-
phisms.

[.1.31. PROPOSITION. Let ¢ : F' — G be a morphism of deforma-
tion functors. Then ¢ is smooth if and only if tp — tg is surjective
and o(¢) : Op — Og is injective. In particular F is smooth if and
only if Op =0
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PROOF. If tp — tg is bijective and o(¢) : Op — Og is injective
then ¢ is smooth by Theorem I.1.29.

Viceversa, suppose that ¢ is smooth, then by Remark 1.1.16, tp =
F(K[e]) — G(K[e]) = t¢ is surjective. Let B — A be a small
extension and a an element of F'(A), with obstruction x € Op such
that o(¢)(z) = 0 € Og. By Theorem 1.1.28, O is complete and so
o(a) € G(A) can be lifted to b’ € G(B). Again, by Remark 1.1.16,
F(B) — G(B) is surjective and so there exists b € F'(B) that lifts a.
Therefore the obstruction of a is zero (z = 0) and this proves that o(¢)
is injective. U

[.1.32. COROLLARY. A morphism of deformation functors ¢ : F —
G is étale if and only if tr — tg is bijective and o(¢) : Op — Og 1is
mjective.

PRrROOF. If ¢ is étale, then by Remark 1.1.17 tp — ¢4 is bijective.
Since ¢ is also smooth o(¢) : Op — Og is injective.

Viceversa, by the Proposition [.1.31 ¢ is smooth; since by hypoth-
esis tp — tg is injective, ¢ is also unramified. O

[.1.33. COROLLARY. Let ¢ : ' — G be a morphism of defor-
mation functor with G homogeneous. If tp — tg is bijective and
o(¢) : Op — Og is injective then ¢ is an isomorphism.

Proor. Put together Corollary 1.1.32 and Proposition 1.1.19. [

[.1.34. REMARK. When G is not homogeneous, ¢ could be not an
injection and so we can just conclude the surjectivity of ¢. Therefore,
in these cases we prove the injectivity directly. This will happen in

Theorems 11.7.3 and IV.2.5.

[.1.35. COROLLARY. If ¢ : F' — G is smooth then o(¢) : Op —
Og 1is bijective.

PROOF. By Proposition 1.1.31, we have just to prove that o(¢) :
Or — Og is surjective. Let B —> A be a small extension and
y € Og¢ the obstruction to lift a’ € G(A) to v € G(B). Since ¢ is
smooth, there exists a € F(A), such that ¢(a) = ¢/, and b € F(B),
such that ¢(b) = t/. Therefore the obstruction x € O to lift a € F(A)
to b € F(B) is a lifting of y € Og.

U

I1.2. Deformation functor of complex manifolds

In this section we study the infinitesimal deformation functor as-
sociated to a compact complex manifold. Then we will work over the
complex number and so K = C and Art = Artc.

The main references are [16, Chapter 4], [32], [31, Chapter II].
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[.2.1. DEFINITION. Let X be a compact complex manifold and
A € Art. An infinitesimal deformation of X over Spec(A) is a com-
mutative diagram of complex spaces

X —— X,
S
Spec(C) —— Spec(A).

where 7 is proper and flat holomorphic map, a € Spec(A) is the closed
point, 7 is a closed immersion and X = X4 Xgpec(a) Spec(C).
If A=K][e] we call it a first order deformation of X.

Sometimes, for an infinitesimal deformation X4 over Spec(A), we
also use the short notation (X 4,7, Spec(A)).

1.2.2. REMARK. Let X4 be an infinitesimal deformation of X. We
note that, by definition it can be interpreted as a morphism of sheaves
of algebras O, — Ox such that O, is flat over A and 04 ®4 C — Ox
is an isomorphism.

Given another deformation Xy of X over Spec(A):

X - X

Spec(C) —*= Spec(A),

we say that X4 and X/, are isomorphic if there exists an isomorphism
¢ X4 — X/; over Spec(A) that induce the identity on X: that is
the following diagram is commutative

/\
\/

Spec(A

We note that for every X we can always define the infinitesimal
product deformation:

X X x Spec(A)

| |

Spec(C) —— Spec(A).

[.2.3. DEFINITION. An infinitesimal deformation of X over Spec(A)
is called trivial if it is isomorphic to the infinitesimal product deforma-
tion.
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X is called rigid if every infinitesimal deformation of X over Spec(A)
(for each A € Art) is trivial.

For every deformation X4 of X over Spec(A) and every morphism
A — B in Art (Spec(B) — Spec(A)), there exists an associated
deformation of X over Spec(B), called pull-back deformation, induced
by base change:

X XA ><Spec(A) SpeC(B)

| |

Spec(C) Spec(B).
[.2.4. DEFINITION. The infinitesimal deformation functor Defx of
a complex manifold X is defined as follows:
Defy : Art — Set

isomorphism classes of
A+— Defx(A) = infinitesimal deformations
of X over Spec(A)

[.2.5. PROPOSITION. Def x satisfies the conditions of Definition 1.1.10.
PROOF. See [32, Section 3.7] or [31, Prop. II1.3.1]. O

1.2.1. Tangent and obstruction spaces of Defyx. Let X be a
compact complex manifold and Oy its holomorphic tangent bundle.

In this section we prove that the tangent space of Defx is H'(X,©x)
and that the obstruction space is natural contained in H?(X, ©x). First
of all we recall an useful lemma.

[.2.6. LEMMA. Let By be a C-algebra and
0—J—B—A—70
a small extension in Art. Then there is a 1-1 correspondence

{ automorphisms of the trivial deformation By ¢ B

inducing the identity on By ®c A } ¢ Derc(Bo, Bo) @/

where the identity corresponds to the zero derivation, and the composi-
tion of automorphisms corresponds to the sum of derivations.

PROOF. See [31, Lemma II.1.5] O

1.2.7. REMARK. Let U be a Stein open subset of a complex manifold
X. Then the previous lemma is equivalent to say that the following
sequence is exact:

0 — D(U;,0x)®J — Aut(Ox (U;) @ B) — Aut(Ox(U)) @A) — 0

Moreover, we note that this is a central extension.
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[.2.8. THEOREM. Let X be a complex manifold. Then there is a
1-1 correspondence:

- {first ord.er deformation of X} (X, Oy)
1somorphism

called the Kodaira-Spencer correspondence, where © x = Hom(Qk, Ox) =

Derg(Ox, Ox), is the hololmorphic tangent bundle of X.

Moreover k(&) = 0 if and only if £ is the trivial deformation class.

PROOF. For completeness we take this proof from [31, Proposition
I1.1.6] where full details are available.
Let X, be a first order deformation of X:

X X

| |

Spec(C) — Spec(Cle]),

and U = {U,}ier be a Stein open cover of X such that U;; = U; N U;
and U,j, = U; N U; N Uy, are Stein for every 4, j and k € 1.

For each open U; the deformations X, |y, are trivial, then for each
1 € I there exist isomorphisms of deformations

0; - Us x Spec(Cle]) — X¢yu-
Therefore, for each ¢ and j € I, the composition
92‘]' = 0[10j : Uij X SpeC(C[E]) — Uij X SpeC(C[E])

is an automorphism of the trivial deformation U;; x Spec(Cle]) of the
Stein open subset U;;.

Applying Lemma 1.2.6, we conclude that there exists an element
d;; € I'(U;j,O©x) corresponding to 6;;, for each ¢ and j € I.

Moreover on each Ujj; the following equality holds

ijeik_lgz-;l = Qj_lekgk_leiei_lej = 1d|y,;, xSpec(K[e])
Therefore, applying again Lemma [.2.6, we have
djr, — di, + dij = 0
that is {d;;} ia a Cech 1-cocycle and so it define an element in H'(X, Ox).
It can be checked that this element doesn’t depend on the choice of the

open cover U.
Let X! be another first order deformation
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and ¢ an isomorphism of deformations: ¢ : X, — X_.
Then, for each 7 € I, there exists an induced automorphism

_ . P, =1
a; = 0, odyy,08; - UyxSpec(Cle)) N X, LN X, N U; xSpec(Cle])

and so a corresponding element a; € I'(U;, ©x).
Therefore we have 6ic; = ¢|,0; and

(9;0[2‘)_1(9;04]‘) = 0i_1¢|_Ut-j¢|Uij0j = Qi_lej.

This implies

Oéiilegj_lOéj = Gl-j
or equivalently

d;j + CLj — a; = d”LJ
In conclusion the Cech cocycle {d;;} and {d};} are cohomologous and
so they represent the same element in H'(X,Ox).

Conversely, let € H'(X,0x) and {d;;} € Z'(U,Ox) be a repre-

sentative of § with respect to an open Stein cover {{/}. By Lemma 1.2.6,
we can associate to each d;; an automorphism 6;; of the trivial defor-

mation U;; x Spec(Cle]). Since the element {d,;} satisfies the cocycle
condition, then 6;; also satisfy this condition:

Ot~ 055" = idju,y xspec(cle):
Using these automorphisms we can glue together the schemes U; x
Spec(Cle]) (see [13, pag. 69]) to obtain a scheme X, that is a first
order deformation of X.

At this point the last assertion is clear.
O

[.2.9. THEOREM. ﬁQ(X, Ox) is complete obstruction space for Def x .

PROOF. For completeness we take the proof from [31, Proposition
I1.1.8] where full details are available.

Let U = {U, }icr be an open Stein cover of X such that U;; and U,
are Stein for every 4, j and k € I and

0—J —B—A—70

be a small extension in Art.
Let X4 be an infinitesimal deformation of X over Spec(A). Then
we have isomorphisms

«91- : Uz X Spec(A) — XA|Ui

such that 6;; = 9[19]» are automorphisms of the trivial deformations
Uij X Spec(A) and ijﬁik_leij = id|Uijk><Spec(A)~

To define a deformation Xp that lifts the deformation X 4 is neces-
sary and sufficient to give automorphisms {5”} of the trivial deforma-
tion U;; x Spec(B) such that
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1) {éw} glues together: éjkéi_kléij = id|Uijk><Spec(B)a
11) {élj} lifts {91]} éij restricts to Hij on Uij X Sp@C(A)

Let us choose automorphisms {6;;} that satisfy condition éi). Then
the automorphisms

are automorphisms of the trivial deformation that restrict to the iden-
tity on Uy, x Spec(A). Applying Lemma 1.2.6, there exists {d;;x} €
I'(Uijk, ©x)®J that corresponds to ézjk An easy calculation show that
{dix} is a Cech cocylce and so {di,} € Z2(U,Ox) @ J.

Now, let {6} be different automorphisms of the trivial deforma-
tions U;; x Spec(B) that satisfy condition ii). As above, let d;jj, be the
derivations corresponding to gijk.

The automorphisms gijéigl of U;; x Spec(B) restrict to the identity
on U;; x Spec(A) for each Uj; and so, again by Lemma 1.2.6, they
correspond to some {d;;} € I'(U;;,0x) & J.

Therefore

dijk = dijk + dji — dig + dij.
This implies that the Cech cocycles {d;;r} and {d;} are cohomolo-
gous and so their cohomology classes coincide in a well defined element

v.(X4) in H*(X,0x) ® J:
ve(Xa) = {digp}] = [{dipn}] € H* (X, 0x) @ J.

Moreover the class v.(X 4) is zero if and only if the collection of auto-
morphisms also satisfies condition 7) and it is equivalent to the existence
of a lifting Xg of the deformation X 4.

O

1.3. Differential graded Lie algebras and deformation functor

In this section we study the deformation functor associated to a
differential graded Lie algebra (DGLA).

In particular, we give the fundamental definition of a DGLA (Def-
inition 1.3.5).

We also introduce the Maurer-Cartan functor MCy, (Definition 1.3.16)
and the deformation functor Def; associated to a DGLA L (Defini-
tion 1.3.29).

We start defining the differential graded vector spaces.

1.3.1. Differential graded vector spaces. Let K be a fixed field
of characteristic 0. Unless otherwise specified, all vector spaces, linear
maps, tensor products etc. are intended over K.

Every graded vector space is a Z-graded vector space (over K). If
V = @;V' is a graded vector space and a € V is a homogeneous
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element, then we denote by degy a the degree of a in V; we will also
use the notation deg a = a, when V' is clear by the context.

The morphisms of graded vector space are the degree preserving
linear maps.

Given two graded vector spaces V' and W, we define Homy (V, W)
as the vector space of K-linear maps f : V — W, such that f(V?) C
Witn for each i € Z.

Let V' be a graded vector space, then V[n] is the complex V' with
degrees shifted by n. More precisely, for K[n| we have

{K ifitn=0,

0 otherwise,

K[n]" =

and V[n] = K[n| ® V, that implies V[n]" = V™.
[.3.1. REMARK. We note that there exist isomorphisms
Hom} (V, W) = Hom{ (V[—n], W) = Hom% (V, W[n]).

A differential graded vector space is a pair (V,d) where V = @V" is
a graded vector space and d is a differential of degree 1 (d : V' — V*!
and dod = 0).

A morphism of differential graded vector spaces is a degree preserv-
ing linear map that commutes with the differentials.

For every differential graded vector space (V, d) we use the standard
notation Z*(V) = ker(d: V* — V), BY(V) =Im(d: V"' — V') and
H(V)=2"(V)/B"(V).

A morphism is a quasi-isomorphism if it induces isomorphisms in
cohomology.

[.3.2. EXAMPLE. Given (V,d), then for each ¢ € Z, the shifted
differential graded vector space (V'[i],d};) is defined as:

Vi = @ Vi = @ Vit and  dy = (—1)'d.

1.3.3. ExampLE. If (V,dy) and (W, dy ) are differential graded vec-
tor spaces, then we can define a new differential graded vector space

Hom"(V, W) = @5 Hom (V, W)
nez
with natural differential d’ given by
d(f) = dwf = (=1)*) f dy.

Moreover, for each i, there exist the following isomorphism s

H'(Hom*(V,W)) = Hom'(H*(V), H*(W)).
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[.3.4. EXAMPLE. Given (V,dy) and (W, dy ), we can also define the
following differential graded vector space

Htp(V, W) = Hom*(V[1], W) = @D Htp'(V, W),

with
Htp'(V, W) = Hom"(V[1], W) = Hom" ' (V, W)
and differential §:

§(f) =dw(f) — (=1)' fdyp = dwf+ (=1)'fdy V[ € Htp"(V,W).

We will use these differential graded vector spaces in the last chapter
(Section V.1.1).

I.3.2. Differential graded Lie algebras (DGLA).

[.3.5. DEFINITION. A differential graded Lie algebra (DGLA for
short) is a triple (L,[, ],d), where (L = @Li,d) is a differential
i€z
graded vector space and [, ]| : L x L — L is a bilinear map, called
bracket, satisfying the following conditions:

1. the bracket [, ] is homogeneous and graded skewsymmetric;
ie. [L', L] C L' and [a,b] + (—1)de@des®)[p q] = 0, for
every a and b homogeneous.

2. Every triple of homogeneous elements satisfies the graded Ja-
cobi identity

[, [b, c]] = [[a, 0], ] + (=1)?#@ O b, [a, c]].
3. d(LY) C L™ dod=0 and
dla,b] = [da, b] + (—1)%&@[q, db].

The last property is called Leibniz rule and in particular it implies
that the bracket induces a structure of differential graded Lie alge-
bra (with zero differential) on the cohomology H*(L) = @&;H'(L) of a
DGLA L.

[.3.6. REMARK. If the degree of a is even then [a,a] = 0; if the
degree is odd then [[a, a],a] = 0.

[.3.7. DEFINITION. A morphism of differential graded Lie algebras
¢ : L — M is a linear map that preserves degrees and commutes with
brackets and differentials; written in details we have

- (L") C M", for each i;
- (dra) = dp(p(a)), for each a € L;
- o[a,b]) = [pla), ¢(b)), for cach a,b € L.

A quasi-isomorphism of DGLA is a morphism that induces isomor-
phisms in cohomology. Two DGLA L and M are quasi isomorphic
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if they are equivalent under the equivalent relation ~ generated by:
L ~ M if there exists a quasi isomorphism ¢ : L — M.

A DGLA L is formal if it is quasi-isomorphic to its cohomology
H*(L).

[.3.8. REMARK. The following DGLA are isomorphic:

(L>[’ ]vd)g (L7_[’ ]7d)g (L>[’ ]v_d) = (L7_[7]7_d)‘
d

Actually, ¢ = —id gives an isomorphism between (L, [, |,d) and (L, —[, ],d),
while p(—) = (—=1)%*9-)id is an isomorphism between (L, [, ], d) and
(L> [7 ]7 _d)'

1.3.9. EXAMPLE. If L = ®L" is a DGLA, then L° is a Lie algebra
in the usual sense; vice-versa, every Lie algebra is a differential graded
Lie algebra concentrated in degree 0.

[.3.10. ExaMPLE. Let L be a DLGA and consider the vector space
decomposition L' = N' @ B(L). Then the graded vector space N =
GN* with

Ni=0 for i <0

Nt=N! fori=1

Ni=[} for ¢ > 2
is a sub-DGLA of L.

[.3.11. EXAMPLE. Given a DGLA (L = ®L', [, ],d) we can asso-
ciate a new DGLA (L' =@®L",[, ]',d") where

L'=1L for i # 1
'=L'oKd fori=1,

[v+ ad,w + bd] = [v,w] + ad(w) — (=1)%*°bd(v)
and
d(v+ad)=[d,v+ad = dv,
for each v,w € L and a,b € K.

[.3.12. EXAMPLE. Let M be a DGLA. Then M|t,dt] = M @ K|t, dt]
is a DGLA, where K]t, dt] is the differential graded algebra of polyno-
mial differential forms over the affine line. More exactly, K[t, dt] =
K[t] ® K[t]dt, where ¢ has degree 0 and dt ha degree 1. As vector space
MIt,dt] is generated by elements of the form mp(t) 4+ ng(t)dt, with
m,n € M and p(t),q(t) € K[t]. The differential and the bracket on
M]t, dt] are defined as follows:

d(mp(t) + nq(t)dt) = (dm)p(t) + (=1)*"™mp/ (t)dt + (dn)q(t)dt,

[mp(t),nq(t)] = [m,nlp(t)q(t), [mp(t), nq(t)dt] = [m,n]p(t)q(t)dt.
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For every a € K define the evaluation morphism in the following
way

€t MIt,dt] — M eq(d_mat' +nit'dt) = mya’.

The evaluation morphism is a morphism of DGLA which is a left inverse
of the inclusion and it is a surjective quasi-isomorphism for each a.

[.3.13. ExampLE. If L is a DGLA and B is a commutative K-
algebra then L ® B has a natural stucture of DGLA, given by

[l ®a,m®bl =[l,m|  ab;
dl®a) =dl ®a.

If B is also nilpotent (for example B = m 4 the maximal ideal of a
local artinian K-algebra A) then L® B is a nilpotent DGLA. Therefore,
for every a € L° ® B, we can define an automorphism of the DGLA
L®B:

elo] ;:Z[“’T] . L®B— L®B,

where B |
[a,—]: L& B—L®B
[a, =](b) := [a, 0]
is a nilpotent derivation of degree zero (since [a, —|([b, ]) = [[a, —](c), d]+
[, [a, =)(d)]).

[.3.14. DEFINITION. A linear map f : L — L is called a derivation
of degree n if f(L?) C L™ and it satisfies the graded Leibniz rule:

f([a. b)) = [f(a),b] + (=1)"[a, f(D)].

1.3.15. EXAMPLE. Let (L,d) be a DGLA and Der’(L, L) the space
of derivations of L of degree i. Then Der*(L, L) = €, Der’(L, L) is a
DGLA with bracket

[f.9l = fg—(=1) g,
and differential d’ given by
d(f)=1d, fl.
1.3.3. Maurer-Cartan functor associated to a DGLA.
[.3.16. DEFINITION. The Maurer-Cartan equation in a DGLA L is

1
dx+§[x,:z:]:O, z el

The solutions of this equation are called the Maurer-Cartan elements
of a differential graded Lie algebra L.
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[.3.17. REMARK. Let x € L! be an element of degree one in the
DGLA L and consider the operator of degree one

d(=)+[z,—]: L — L
(d(—=)+ [z,—])(a) =da+ [x,a] Vac€L.

If = satisfies the Maurer-Cartan equation then d(—) + [z, —] is a
differential ((d(—) + [z, —])* = 0).

[.3.18. REMARK. Let L’ be the DGLA of Example 1.3.11 (with
L'" = L' @ Kd) then
1
dr + §[x,x] =0 ifandonlyif [z+d,z+d] =0.

The previous definition led to the following definition of the Maurer-
Cartan functor.

1.3.19. DEFINITION. Let L be a DGLA; then the Maurer-Cartan
functor associated to L is

MC . Art — Set
1
MCL(A)={z € L' ®my | dz + i[x,x] =0}

[.3.20. REMARK. A morphism ¢ : L — M of DGLA preserves
bracket and differential, therefore it induces a morphism of functors
(]5 : MCL — MCM

[.3.21. REMARK. We note that MCy, is an homogeneous functor,
since MCL(B XA C) = MCL<B) XMCL(A) MCL(C>

[.3.22. REMARK. By definition the tangent space of MCy, is:
1
tume, = MCL(K[e]) = {z € L' ® Ke | dz + E[z,x] =0} =

{v € L'|dr =0} = Z*(L).
1.3.23. LEMMA. H?(L) is a complete obstruction space for MCy,.
PROOF. Let
e: 0—J—B-"—5A4-—0

be a small extension in Art and z € MC(A).
We want to define a map v, : MC(A) — H?(L) ® J.
Let 7 € L' ® mp be a lifting of z and define
1
h=di + 5[@,:&] € L*®mp.

In general  doesn’t satisfy the Maurer-Cartan equation and so A is in
general different from zero.
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1
It results that a(h) = d:c—l-é[x, z] =0andso h € L?®J. Moreover,

1 1
dh = d*% + §[d:i,:E] - 5[&,%] =*

_ (d#, 7] = [h, ] %[[@,5;],5;].

By definition [h,7] € [L? ® J, L' ® mg] = 0 (e is a small extension)
and, by Remark 1.3.6, [[Z, Z], Z] = 0.

In conclusion dh = 0 and so h € H*(L) ® J.

We note that this class doesn’t depend on the choice of the lifting
z. In fact, let y € L' ® mp be another lifting of z: a(y) = a(z) = =.
Then y = & +t for some t € L' ® J. Using [L' ® J, L' @ mp| = 0, we
have

1 1 1
h' :dy+§[y,y] :daz+dt+§[f+t,:i+t] :d:z+§[:?:,:i]+dt= h+dt

and so h and A’ represent the same class in H*(L) ® J.
Therefore, it is well defined the following obstruction map

Vet MC(A) — HA(L)® J

x — ve(x) = [h].

If [h] = 0 then h = dq for some ¢ € L' ® J. This implies that T = & — ¢
is a lifting of x that satisfies the Maurer-Cartan equation, i.e.

1 1 1
df+§[f,f] :di*—dq+§[§:—q,:i—q] :di;—dq+§[:i',§t] =h—dq=0

Therefore v, satisfies condition 1 of Definition 1.1.22 of obstruction
theory. The other property (change of base) is an easy calculation.
If x € MCL(A) can be lifted to 2’ € MC(B) then [h] = 0.
In conclusion (H?(L), v.) is a complete obstruction theory for MCyp.
O

[.3.24. REMARK. (About smoothness)
If H*(L) = 0 then MCy, is smooth.

If L is abelian then MCy, is smooth. Actually, in this case, MCp(A) =
ZY(L) ® ma. Moreover, if B — A then Z'(L) @ ma — Z*(L) @ mp.

1.3.4. Gauge action.

1.3.25. DEFINITION. Two elements  and y € L' ® m4 are said to
be gauge equivalent if there exists a € L ® my4 such that

y:e“*xzzm—i—Z%([a,m]—da)

a Lo .. _ 1 21 1~ A _1 .
We have —i[x,dx] = —5(—(—1) [dz,Z]) = i[dx,x}.
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The operator x is called the gauge action of the group exp(L°®@m )
on L®my, in fact e« el xx = e’ xx, where o’ is the Baker-Campbell-
Hausdorff product in the nilpotent DGLA L ® m 4.

[.3.26. REMARK. For a better understanding of the gauge action, it
is convenient to consider the DGLA L’ of Example 1.3.11 (with L'* =
L' ®Kd) and the affine embedding

¢: L' — L p(x)=x+d Vaxel

1
As already observed dz + é[x, z] = 0 if and only if [¢(z), ¢(x)] = 0.

As in Example 1.3.13, for each A € Art and a € L' @ myu, we
can consider the exponential of the adjoint action e/ : LI'' @ my —»
L' ®m. Using the embedding ¢ this action induce the gauge action of
L°®ma on L' @ my. Actually, for each a € L°®@my and x € L' @ my

¢*1<e[a&’¢<x>> (ot d) —d =

]/n+1

x—l—z ) x+d)—x+z[nT1)(x+d)

n>1 n>0

1:+Z n+1 [a,z] —da) = e xx

[.3.27. EXAMPLE. Let J be an ideal of A € Art (J C my) such
that J - my4 = 0 (for example J is the kernel of a small extension).
If x € L' ® J then, for each a € L° ® m4 we have

ea*x:x%—; %([a :B+Z (—da) = x+e*0.

or in general, if y € L' ® my4 then e® *(w+y):w+e * 1.
If a € L°® J then, for each z € L' ® my:

e“*¢=m+§%%([a,w]—da}:$—da.

or general, if b € L° ® m 4, then e’ x 2 = e’ x  — da.
We note that
(3) e"xx =z if and only if la,z] = da.
elv=l —id

Actually e® x x = x if and only if 0 = ([a,z] — da). Applying

elo=l —id
[a7 _] ’

the inverse of the operator we get e x x = x if and only if

la,z] — da = 0.

Lo a) +

aob—a+b+1[a b+ 12[ a.]) — |
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[.3.28. REMARK. The solutions of the Maurer-Cartan equation are
preserved under the gauge action.
Actually, we have

d(e® s« z) = d(elV (d+2) —d) = [d, el (d+ z) — d] = [d, eV (d + 2)]
and using Remark 1.3.18
e %z, e+ x] = [l (d+2) —d, eV (d+2) —d] =
[V (d + z), eV (d + 2)) = 2[d, eV (d + 2)] =
elV[d + 2, d + 2] — 2[d, eV (d + 2)] = —2[d, el (d + 2)]".
Therefore
d(e® * x) + %[e“ xx, e’ xx] = 0.

Finally, for each z € MC[(A), we define the irrelevant stabilizer of

Staba(z) = {1 h e L7V @my} C exp(L® ® A).

The name irrelevant stabilizer is due to the fact that etz

Actually

T = XT.

(dh + [2, ], 2] = [dh, ] + [z, h], 2] = d[h, 2] + [h, dz] + %[h, 2, 2]) =

dlh, z) + [h, dz + %[m, 2] = dlh, ] = d(dh + [z, h]).

Then dh + [z, h] satisfies condition (3).
Moreover, we observe that Staba(x) is a subgroup and that for each
ael’® A

e Staba(z)e™® = Staba(y) with y=e*u.

1.3.5. Deformation functor associated to a DGLA.

[.3.29. DEFINITION. The deformation functor associated to a dif-
ferential graded Lie algebra L is:

Def; : Art — Set

MCry,

Def(4) = exp (LY @ my)’

Also in this case a morphism of DGLA ¢ : L — M induces a
morphism of the associated functor ¢ : Def;, — Def),.

The name deformation functor is justified by the following propo-
sition.

[.3.30. PROPOSITION. Def, satisfies the conditions of Definition 1.1.10.
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Proor. If A =K, then it is clear that Def (B x C) = Def(B) x
Def,(C) and so condition i7) of Definition 1.1.10 is satisfied.

Now, let 5 : B — A and v : C' — A be morphisms in Art with /3
surjective. Let (I,m) € Defr,(B) Xpet, (4)Defr(C) and I € MCp(A) and

m € MCp(C) be lifting of [ and m respecively, such that (1) = v(m).

Therefore there exists a € L®®my4 such that e®* 3(1) = y(m). Let b €
L°®mp be a lifting of a. Replacing [ with its gauge equivalent element
I' = €® % [ we can suppose 3(I') = (1) in MCL(A). By Remark 1.3.21
MCp is homogeneous and so there exists n € MCp(B x4 C) that lifts
(I’,m). This implies that

DefL(B XA C) — DefL(B) X Defy,(A) DefL(C)

is surjective. Hence condition ¢) of Definition 1.1.10 also holds.

[.3.31. REMARK. By definition the tangent space of Def is:
{z € L' @ Ke|dx =0}
tpet, = Defr(Kle]) = o
Petr ef.(Kle) {dala € L° ® Ke}
H(L).
In general, if L ® m4 is abelian then Def(A) = H'(L) ® ma.

1.3.32. LEMMA. The projection m : MC, — Def; is a smooth
morphism of functors.

PROOF. Let a: B — A be a surjection in Art and prove that
MCL(B) — DefL(B) X Defr,(A) MCL<A>
induced by

MC, (B) —%~ MC,(A)

Wi iﬂ
Def [ (B) —— Def(A),

is surjective.

Let (b, a) € Defr(B) Xpet; (a4 MC(A) and b € MC(B) be a lifting
of b. Then a(b) and a have a common image in Def(A) and so a(b) =
e! x a, for some t € L° @ my.

Let s € L® @ mp be a lifting of ¢ and define ¥’ = e~* xb € MCL(B).

Then a(b) = e x a(b) = a and V' lifts b. O
Therefore by Corollary 1.1.35, 7 induces an isomorphism between
universal obstruction theory.

In conclusion, Lemma 1.3.23 implies that H%(L) is a complete ob-
struction space of Defr.
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1.3.33. THEOREM. Let ¢ : L — M be a morphism of DGLA and
denote by
H'(¢): H' (L) — H'(M)
the induced maps in cohomology.
i) If H'(¢) is surjective (resp. bijective) and H?*(p) injective.
Then the morphism Def, — Defy, is smooth (resp. étale).
ii) If in addition to i) H°(¢) is surjective. Then the morphism
Def;, — Defy; is an isomorphism.

PROOF. i) follows from Proposition 1.1.31 (resp. Corollary 1.1.32).
For a proof of ii) see [20, Theorem 3.1] (it also follows from the inverse
function Theorem I11.2.14 of the extended case). U

[.3.34. COROLLARY. Let L — M be a quasi-isomorphism of DGLA.
Then the induced morphism Def;, — Defy; is an isomorphism.

1.3.35. COROLLARY. If H°(L) = 0, then Defy, is homogenous.

ProOOF. Let N be the DGLA introduced in Example 1.3.10. Then
the natural inclusion N — L gives isomorphisms H*(N) — H'(L)
for each i > 1. Since H°(L) = 0, then H°(N) — H°(L) is surjec-
tive. Therefore Theorem 1.3.33 i) implies that Defy — Defy, is an

isomorphism, whit Defy = MCy homogeneous.
O

[.3.36. REMARK. Let F' : Art — Set be the functor of the in-
finitesimal deformations of some algebro-geometric object defined over
K.

Then the guiding principle of Kontsevich (see [18]) affirms the ex-
istence of a DGLA L such that F' = Def;. In spite of previous Corol-
lary 1.3.34, it is clear that this DGLA is defined only up to quasiiso-
morphism. In this case we say that L governs the deformation functor
F.

In Section I1.7 we will prove the existence of a DGLA that governs
the infinitesimal deformation of X (Theorem I1.7.3) and in Section IV.2
the existence of a DGLA that governs the infinitesimal deformations f
an holomorphic map f (Theorem IV.2.6).



CHAPTER 1II

Deformation of complex manifolds

In the first part of this chapter we fix notations and recall some
known facts about complex manifolds that will be useful in the sequel.

Therefore any book of complex varieties is a good reference for this
chapter (for example [11], [23], [33], etc.).

In particular we decide to recall the Cech cohomology and Leray’s
theorem (Section I1.3.1) and some properties of Kéhler manifolds (Sec-
tion I1.2). We also study the map f, and f* induced by an holomorphic
map f (Section II.6).

Moreover, we give the fundamental definition of the Kodaira-Spencer
differential graded Lie algebra K Sy associated to a compact complex
manifold X (Definition 11.4.1), of the contraction map % and of the
holomorphic Lie derivative I (Section I1.5 ).

In the second part (Section I1.7) we prove that the functors Def x
of the infinitesimal deformations of a compact complex manifold X
(see Definition 1.2.4) is isomorphic the deformation functor Def g,
associated the Kodaira-Spencer algebra K'Sx of X (Theorem I1.7.3).

THEOREM. Let X be a complex compact manifold and KSx its
Kodaira-Spencer algebra. Then there exists an isomorphism of functors

DefKSX — DefX .

Therefore in spite of Remark 1.3.36 we can say that the differential
graded Lie algebra of Kodaira-Spencer K Sx governs the infinitesimal
deformations of a complex compact manifold X.

This theorem is well known and a proof based on the theorem of
Newlander-Nirenberg can be found in [4], [10] or more recently in [23].
Here we are interested in a simpler proof that avoid the use of this
theorem.

Beware. In this chapter we will work over the complex number
and so K = C.

We also assume that every variety X is smooth (complex) compact
and connected.

37
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I1.1. Differential forms

Let X be a such manifold of dimension n and Ty ¢ = Ty" ® Ty
its complex tangent bundle, with T)l(’0 =: Ox the holomorphic tangent
bundle and T)O(’1 = T)lgo.

This decomposition induces a dual decomposition on the sheaf of
differentiable forms

AL = A @ A
with .A;lo the sheaf of complex differentiable forms of type (1,0). If
Z1,...,%n are local holomorphic coordinates on X, then A;O is gen-
erated by the dz;: each a € A;O has the form o = ), a;dz;, with
a; € A for each i.
In general a (p, ¢)-form « can be locally written as @ = > ;- ; ag sjdzg A

dzy with K = (1 < ky < ky < -+ <k, <n) a multi index of length p
and J = (1 < j; <jo <--- < j, <n)amulti index of length q.

Ifa=feAY then
“ Of " Of _
df =S “Ldn +3 2Ldz, = a5+ 3/,
! v 07 * i 0% wooreal

with 0f € Ay’ and 0f € A}

In general, for a = >, ;ak jdzi N dz; € ARY, we have

do =" dagy Adzg Adz; = 0o+ o,
K,J
with
Ja = ZaOéLJ A dZK VAN dZJ € Ap-‘rl,q
I,J

and
oo = Zaa]”] Ndzg NdzZy € Ap,q—‘rl‘
1,J

Obviously, since d> = 0 we have 9 2 = 0 2 =904+ 90 =0.
I1.1.1. PROPOSITION. Let o be a form of type (p,q), with ¢ > 0,

such that Oa = 0. _Then there exists, locally on X, a form B of type
(p,q — 1) such that 0f = «.

PROOF. See [33, Proposition 2.31]. O

I1.1.2. DEFINITION. (A%, A) is the sheaf of graded algebras of dif-

ferential forms of X, i.e. if Ag’;’q) is the sheaf of differentiable (p, q)-
forms then

Ay = @Ag( with Y= A

ptg=i
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We use the notation AY? = I'( X, A%?) for the vector space of global
sections of ARY.

I1.1.3. DEFINITION. Der*(.A) is the sheaf of C-linear derivation on
A5 more precisely if Der®?(A) are the derivations of be-degree (a, b)

then
Der*( @ @ Der®?

k a+b=k

We note that @ and 9 are global section of Der?(A) and Der®!(A)
respectively.

I1.1.4. REMARK. Der*(A) is a sheaf of differential graded Lie alge-
bras with bracket and differential given by the following formulas:

[f.g] i= fog— (—1)%aNdeata)g o f
and

d(f) == [0+, f] = 0f +9f — (D)™ (fo + f9).

In particular, fixing p = 0, (A(j;*, A) is a sheaf of graded algebras
and Der* (A" A**) = @Derp(AO’*,AO’*) is a sheaf of DGLAs (in

p

this case the differential reduces to d(f) = [0, f] = 0f — (—1)%9) £9).
I1.2. Kahler manifolds

This section is devoted to the compact Kahler manifolds. For defi-
nitions and properties of Kéhler manifolds see for examples [11], [23]
or [33].

We include this section just to prove an important application
(Lemma I1.2.2) of 99-Lemma (Lemma I1.2.1) that will be fundamental
in the obstruction calculus of the last chapter of this thesis (Theo-
rem V.1.4).

11.2.1. LEMMA (00-Lemma). Let X be a compact Kalher manifold
and consider the operators 0 and 0 on Ax. Then

Imdd =kerdNImd =kerdNIma.

PROOF. See for example [23, Theorem 6.37] and [33, Proposition
6.17).
U

Let f : X — Y be an holomorphic map of compact complex
manifolds. Let ' C X x Y be the graph of fandp: X xY — X
and ¢ : X XY — Y be the natural projections.

[1.2.2. LEMMA. If X and Y are compact Kahler, then the sub-
complexes Im(0) = 0Axxy, 0Ar, 0Axxy Nq* Ay and 0Axxy Np*Ax
are acyclic.
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PRrROOF. By hypothesis X x Y is Kihler. Then applying the 90-
Lemma I1.2.1 to Axyy we get
ker(9) N Im(9) = Im(09)

and so Hx(0(Axxy)) =0. I' C X x Y is also Kihler and so the same
conclusion holds for 0Ar: OAr is acyclic.

Analogously, since Y is Kahler Ay and ¢*0Ay are acyclic. There-
fore to prove that A x«y Ng* Ay is acyclic it is sufficient to prove that
¢ Ay NOAxxy = ¢*0Ay.

The inclusion D is obvious. Let p € ¢* Ay NOAx«y, then p = ¢*¢ =
0z with ¢ € Ay and z € Axyy. Therefore Op = ¢*0¢ = 00z = 0 and
so ¢ is O-closed (¢ € Hy(Ay)). Moreover ¢* : Hy(Ay) — Hy(Axxy)
is injective and ¢*[¢] = [0z] = 0. Then ¢ is J-exact, that is ¢ = Ot
with ¢t € Ay. This implies p = ¢*0t € ¢*0Ay.

The case 0Ax«y Np*Ax can be proved in the same way. O

I1.2.3. REMARK. In the previous lemma the Kéhler hypothesis on
X and Y can be substitute by the validity of the 00-lemma in Ax,Ay,
AXXY and AF.

11.3. Holomorphic fiber bundle and Dolbeault’s cohomology

Let E be an holomorphic fiber bundle on X. Then the 0 operator
can be extended to the Dolbeault operator
Op : AP(E) — APTTY(E).

If eq,...,e, is a local frame for E then

5E(z: ¢i€i) = 25(¢)€i-

Since E is an holomorphic fiber bundle this definition doesn’t de-
pend on the choice of the local frame. By definition, 0y satisfies the
property 5E2 = 0.

Let ARY(E) = T(X, AY(E)) be the vector space of global sections
of the sheaf AY?(F). Then we can consider, for each p > 0, the follow-
ing complex:

0 — AZO(E) 25 A () 25 ... 2B Aoy O

The cohomology of this complex is the Dolbeault’s cohomology HgZ(X ,E)
of E. We note that, for p = 0, ker(dg : A" (E) — A%'(E)) coincides
with the holomorphic sections of E and
_ ker(Dp : AY(E) — AYTTHE))

Im(9g : AR N(E) — ASY(E))

Also in the case of holomorphic bundle, we have an analogous of
the previous Proposition I1.1.1.

H} (X,E)= Hy"(X,E)
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I1.3.1. PROPOSITION. Let o be a differential form with coefficient
in E of type (0,q) with ¢ > 0. If Opa = 0, then there exists locally on
X a differential form 8 of type (0,q — 1), with coefficients in E, such
that 0 = «a.

PROOF. See [33, Proposition 2.36]. O

I1.3.1. Cech cohomology and Leray’s theorem. We follow
[23, Section 1.3].

Let E be an holomorphic bundle on the complex manifold X. Let
U = {U,}ier be a locally finite open covering of X and denote Uy,...;, =
Ui NN U

Define the Cech g-chains of E:

C*U, E) = {figir | fioip : Uigiy, — E is an holomorphic section}
and the Cech differential
0:C*U,E) — C*' (U, E)
k+1

(5f>io~-ik+1 = Z(—Dj fio--~{;~~~ik+1'

5=0
A simple calculation show that 62 = 0 and so we can define the C-vector
space of Cech cohomology

ker(d : C*(U, E) — C*'(U, E)
Ck

HYU, ) = (3 : C1(U, E) — C*U, E)

Now, define a morphism 0 : H*(U, E) — Hgf(X, E).
Let ¢; : X — C, with ¢ € I, be a partition of unity subordinate to
the cover U: that is supp(t;) C U;, >, t; =1 and ). 0t; = 0.
For each f € C*(U, E) and i € I we define
gbz(f) = Z fijr--jkgth VANRRRIVAY gt]‘k c F(U“AO’k(E))
JiJk
and then
o) = S tn(f) € (X, A(E)).

It is true that ¢ is a well defined morphism of complexes that induces a
morphism 6 in cohomology (for full details see [23, Proposition 1.22]).

I1.3.2. THEOREM. LetU = {U;}icr be a locally finite countable open
covering of a complex manifold X and E an holomorphic vector bundle.
If Hg;q(Ui E) =0 for every q < k and ig - - - iy, then the morphism
0 is an isomorphism

0:H"U,E) — Hj (X,E).

0ig)
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PROOF. See [23, Theorem 1.24] or [33, Theorem 4.41]. O

I1.3.3. REMARK. If the open U; of the cover U are biholomorphic to
open convex subset of C™ then U satisfy hypothesis of Theorem II.3.2.

I1.3.4. REMARK. It is convenient to give an explicit description of
the inverse map of 6, at least for k£ = 2:

07" H2 (X, E) — (U, B).

Let h € H%E (X, E). Applying Proposition 11.3.1 for each i € [
there exists 7; € T'(U;, A% (E)) such that hyy, = 97;.
Define 0;; = (1; — 7j),; € D'(Uy;, A% (E)). 0y; is d-closed; actually
9oij = (07 — O7))ws, = hyw, — hyw,, = 0.
Therefore for each Uy; there exists p;; € T'(Uy;, A% (E)), such that
dpij = 0ij.
We observe that (o, — o, + 045) v, = 0; indeed

(ojk — o + Uij)lUijk =

(5 =) — (1 — ) + (7i = 7)) v, = O
Define a;ji = (pjx — pix + Pij) ;0 € L(Uiji, A*°(E)). First of all we
have that 5aijk = 0; actually

Oavij, = (Opje — Opix + 0pij)v,y, = (Tjk — Oik + 03) e = 0

This implies that o, € T'(Uyji, E).
Moreover (0a);j = 0; in fact

(00)iji = (ujut — Qv + iy — Qi )|Ujus =

((or=pjitpie) = (pr—partpi) +(pj—putpis) = (it =pi+pis) vy = 0

This implies that o € H*(X, E).

a is independent of the choices. Actually, if we choose 7;, such that
by, = O7;; then 7; = 7; + Ot; and this change doesn’t affect the choice
of Qi -

If we choose p;; € I'(Uy;, A%0(E)) such that 0p;; = 0y;, then p;; =
Pij + Sijs with Sij € F(UZ’]’,AO’O(E)) such that ESU = 0. This 1mphes
that Sij c F(UZJ,E) Therefore {@Uk} = {aijk} + {5(81])} and so @ijk
and «;j;, represent the same class in cohomology.

In conclusion we have defined a map

0:H; (X, E) — H*U,E)

[h] — [al.

Finally it can be proved that this map ¢ is the inverse of  (for full
details see [23, Theorem 1.24] or [33, Theorem 4.41]).
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I1.4. The Kodaira-Spencer algebra K Sy

I1.4.1. DEFINITION. Let ©x be the holomorphic tangent bundle of
a complex manifold X. The Kodaira-Spencer (differential graded Lie)
algebra of X is

KSX_EBFXA @AOZ@X

In particular, KS% is the vector space of the global sections of the

sheaf of germs of the differential (0, 7)-forms with coefficients in © x.
The differential d on K Sy is the opposite of Dolbeault differential,

while the bracket is defined in local coordinates as the € -bilinear ex-

tension of the standard bracket on AY’(Ox) (Q = ker(d : AY —
AL is the sheaf of antiholomorphic differential forms).

Explicitly, if z, ..., 2, are local holomorphic coordinates on X, we
have
dfdz-L) = —a(f) ndz-2
IaZZ' a I@zi'
0 0 dg 0 of 0o
[f Adf[, —d?ﬂ = (f—g——g—f—) dZ[/\dZJ Vf,g 6«42&0.

(A%*(Tx) is a sheaf of DGLA).
We note that by Dolbeault theorem we have H'(A%*(©x)) = HY(X, Ox)
for every ¢ then

ker(a A¥(Ox) — AYT(Ox))
m( : AOq H(Ox) — AY(Ox))

In Theorem I1.7.3, we will prove that the DGLA K Sx governs the
infinitesimal deformations of X.

H*(KSx) =

I1.5. Contraction map and holomorphic Lie derivative

In general, for each vector space V' and linear functional a: V' —
C, we can define the contraction operator

k k—1
as \V— AV
k

as(i A Ao =D (=D T a(v) (o AL AB AL Aw),
=1

that is a derivation of degree —1 of the graded algebra (A" V; A).
Then considering the contraction . of the differential forms with
vector fields we can define two injective morphisms of sheaves:
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- the contraction map
i: AY(0x) — Der*(AY)[-1]
ar— i, with 4,(w) =asw
- the holomorphic Lie derivative
l: AY(Ox) — Der*(AYY)
a1, = [0,1,] with I(w) = 0(aiw) + (—1)%*Ya0w
for each a € A% (Ox) and w € AY"

IL.5.1. LEMMA. In the notation above, for every a,b € A% (©x) we
have

G = —10,3),  dan = [E6,[0,0]] = [[60,0) 4], [da,i] = 0.

PROOF. See [22, Lemma2.1]. Let 2, 29,..., 2, be local holomor-
0

821-

phic coordinates on X. By linearity, we can assume that a = fdz;

and b = gdz; i # 7), with f,gEAg(’—O.

5
All the expressions vanish on .,425* and AY" is generated as C-algebra
by AY @ A% @ A}’ Therefore it is sufficient to verify the equalities
on the dz, (that generate AY").
Moreover, we note that Odz, = Odz, = i44pdz, = tpiadz, = 0.
Therefore [i,,%,] = 0 and the other equalities follow from the easy
calculations below.

Let w = dz;, and d(a) = —0(f) A dz[@i-'

- 0 h # 1,
aaldzn) = dasdz, = {—E(f) ANdzZ i i.

Then

On the other side
—[5, o) (w) = (—gia +(=1)"" 3 )(dzh) —6za(dzh)

= h
—0(aadz,) = 0 — 7&
—0(fdz;) h=
Then the first equalities holds.
About iy, we have
dg 0 af 0
b] = dz; Ndz
2, 2] (fazi 823 (9z] 0z ) Az Nz,
and then
0 h#1,j,
dg .
i[a,b}(d'zh): a d_[/\dZJ h—],

_gﬁdZ[/\dZJ h =1.
82]-
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On the other side
[6a, [0, 3)] = [6a, Dip — (—1)""4,0] =
G001y — (—1)" 0,0 — (—1) @ 2(Biyiy — (—1)" 4,04,).
Then )
[ia, 10, 8]](dzn) = a0 (d2n) — (—1)™4080(d2y) =

0 h# 1,7,

A g . _ .

1,0%(dz;) = f@z»dzl AdzZ h=j,

—(=1)™4,04,(dz;) = —(—1)abg§—fdzj AdzZ; h=i.
2

The previous set of equalities is called Cartan formulas.

I1.5.2. DEFINITION. Let L and M be two differential graded Lie al-
gebras and let d’ be the differential on the graded vector space Hom* (L, M).
A linear map i € Hom (L, M) is called a Cartan homotopy if

i([a,b]) = [i(a),d'i(b)] and [i(a),i(b)) =0  Va,be L.
We recall that by definition (see Example 1.3.3) we have
d'i(a) = dy(i(a)) + i(dL(a)).

I1.5.3. COROLLARY. ¢ is a Cartan homotopy and the Lie derivative
l is a morphism of sheaves of DGLAs.

ProoOF. Using Cartan formulas we get d'(¢) = [d, ] + 15 = [0 +
0,4y — [0,4] = [0, 4p). Then 4oy = [4a, [0, %] = [4a,d (3p)]. Moreover,
by Lemma IL1.5.1 [2,,,] = 0 and so ¢ is a Cartan homotopy.

As regards I, we have

lcia = [87 iJa] = _[87 [87 ia]]‘
Moreover
—[0,[0,44)] = —[0, 0%y — (—1)%9%4,0] =
—00i, + (—1)%9% 94,0 — (—1)%9% 95,0 + 3,00.
Therefore
[d7 la] = [8 + 57 la] = [a’ la] + [5’ la] =
= [67 [aa ia]] + [57 [87 ’i’a]] = _[87 [57 ia]] = lJa'
Using [¢4, %] = 0 and a very boring calculation, we can also prove that
Loy = (Lo, Ib).

El
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In particular we have an injective morphism of sheaves

l: AE;*(@X) — Der*(.Agg*, A‘};*)

(4) a1, with I,(w) = (=1)%*“a_0w.
Explicitly, in local holomorphic coordinates z1, 29, ..., 2,, if a =
g dzy and w = fdz;, then

aZi

la(w) = (—1)d69a% gdZI AN dEJ.

Using I, for each (A,m4) € Art, we can define the following mor-
phism:
1: AV (Ox) ® A — Der*(AY @ A, AY" @ A).
In particular, for each solution of the Maurer-Cartan equation in K.Sx
we have the fundamental lemma below.

I1.5.4. LEMMA. x € MCks, (A) if and only if
O+l AT 04— Ay e A
s a differential of degree 1 on A(j;* ® A.

PROOF. Since [ is a morphism of DGLAs we have
- ~ 1
(0+1,)2 =0l, +1,0 +12=1[0,1,] + [lx,lgg] = U(dz + [w, a]).
O

Moreover using I, we can also define, for each (A,m,4) € Art and
a € AY(©x) @ mya, an automorphism e® of A%* ® A:

* * a - lZ
(5) e AV @A — AV ® A, e(f):§ﬁ(f>
n=0

I1.5.5. LEMMA. For every local Artinian C-algebra (A,my), a €
A%(Ox) @ my and x € MCrg, (A) we have

(6) e o@+l)oe =T+e"xl, + ALOA— AV @A

where * is the gauge action (and e* x 1, € AY(Ox) ® ma acts on
A% ® A as defined in (4)). In particular

ker(0+el, : AL ®A — AY' @A) = ¢ (ker(0+1, : AP RA — AY'®A)).

Proor. It follows from definition of gauge action. More precisely,
b

since e? o e® 0 e7® = el*](b), we have
— > la I =
S (O+H,) = O+, +Z

n.
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m+1

SRS GRS B s AR

— > a,]™ _ B .

i

I1.5.6. REMARK. Let ¢; be automorphism of the A-module A‘}g* ®A
whose specialization to the residue field C is the identity. Let ¢ =
S ¢ = id + n with € Hom"(AY", AY") ® m4. Since we are in
characteristic zero, we can take the logarithm so that ¢ = e* with
a € Hom®(AY", AY) ® ma

11.5.1. The DGLA of a submanifolds. Let X be a complex
manifold and 7 : X < Y be the inclusion of a submanifold X. Let
i* : AY — AY* be the restriction morphism (of sheaves of DGLAs).
Finally, denote by ©y the holomorphic tangent bundle of Y and by
Nx|y the normal bundle of X in Y. Define the sheaf £ = @, L" such
that

0— L — AV (Oy) — AV (Nxpy) — 0.
Let zq,..., 2z, be holomorphic coordinates on Y such that Y D X =

, n 0
{zy1 ="+ =2, =0}. Thenn € L" if and only if n = ij—, with
=1 ﬁzj
wj € A&i such that w; € ker¢* for j > ¢. In particular £’ 0 is the sheaf
of differentiable vector field on Y that are tangent to X.

I1.5.7. LEMMA. L' is a sheaf of differential graded Lie subalgebras of
AV*(©y) such that l,(keri*) C keri* if and only if a € L' C AV (Oy).

PROOF. See [24, Section 5]. It is an easy calculation in local holo-

morphic coordinates.
O

Moreover, consider the automorphism e® of A%* ® A defined in (5):
if o € £° ®my then e(ker(i*) @ A) = ker(i*) ® A.
Let L' be the DGLA of the global section of L'

0 — L' — A% (Oy) =5 A% (Nypy) —> 0.

In the literature, there also exists the notation L' = Ay*(Oy(—log X)).
In Section V.4 we will prove that L' governs the embedded defor-
mations of the inclusion i : X — Y (Corollary V.4.1).

I1.6. Induced map f, and f* by a holomorphic map f

This section is devoted to study the maps f, and f* induced by an
holomorphic map f. In particular we prove a property of these map
(Lemma I1.6.1) that will be used in the last chapter (Section V.1.2).
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Let f : X — Y be an holomorphic map of compact complex
manifolds.
Let U = {U;}icr and V = {V;};cr be finite Stein open covers of X

and Y, respectively, such that f(U;) C V; (U; is allowed to be empty).
Then f induces morphisms

[ CP(V,0y) — CP(U, f*Oy).
and

fo: CP(U,0x) — CP(U, f*Oy)
Explicitly, for each ¢ € I and local holomorphic coordinate systems
z = (2z1,29,...,2,) on U; and w = (wy,ws,...w,) on V; such that
f(zla 2y 7zn) = (fl(z)v s 7fm(z)>7 we have

[TV, @Y) — F(Ui>f*@Y)

Z 9;(w Z 9;(f 8wj

and
f : F(Uz, ®X> — F(Uz, f*@y)

0fi(z) 0

k.j

Moreover f, and f commute with the Cech differential and they
don’t depend on the choice of the cover. Therefore we get linear maps
in cohomology :

f*: HP(Y,0y) — HP(X, f*Oy).

and
f* : HP(X, ®X> — ]:Ip(Xu f*@Y)

Analogously f induces morphisms
[T AV (Oy) — AY(f*Oy)
and
fo t ARN(Ox) — AR Oy ).
Let U and V be Stein covers and z = (21, 29,...,2,) on U; and w =
(wy,ws, ... wy) on V; local holomorphic coordinate systems as above.

Let K = (1 <k <ky <--- <k, <n) be amulti index of length p
and J = (1 < j; < ja <--- < j, <n)amulti index of length g. Then

for APUU;, ©x) — ARY(Us, f7Oy)

Y\ _ _ 0fiz) 9
f <h(z)de Adz; 8%) = h(z)dzx NdZ; ) b B,

J

and
fr APYV;, Oy ) — ARY(U;, [ Oy)
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0 =, O
7 (stw)duse aw,) = (7)) ABfip

where
8fkl fkp
(9fK = Z azh d - A Z aZh th
and
af]l — fﬂq
Z azh d Z (9Zh d—h’

We note that f* and f, commutes with 8 and 0.
Moreover, for each k, there exists the following commutative dia-
grams

C1(V, Oy) AY(Oy)
lf* J/f*
CUt, f*Oy) = A (f*Oy)
and
(U, Ox) AY(Ox)

| |+

y ¢

CUU, frOy) —= AY(f*Oy),
where ¢ is the map defined in Section I1.3.1. Therefore f.¢ = ¢ f. and
ffo=of"

I1.6.1. LEMMA. Let f : X — Y be an holomorphic map of complex

manifolds. Let x € Ay*(Oy) and n € AV (Ox) such that f*x = fun €
A% (f*O©y). Then for each w € Ay

fr(xow) =nafw.

PrROOF. Let U = {U;}ier and V = {V;}ier be finite open Stein
covers of X and Y, respectively, as above. For each ¢ € I, let z be
local holomorphic coordinates system on U; and w on V; such that

f(z) = (fi(2), s fm(2))-

Let

0

0,r

—E hi(z)dz
.A (@X on 2 Z[aZi
and

0

0,r
AV (Oy) 3 x = E on(w deawh

h=1
withl =(1<ii<ig<---<i.<njand H=(1<h; <hy<:---<
h, < n) multi indexes of length r.
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Therefore
x Ofn 0 3fh _\ 0
fm—;h dzlz&zzﬁwh Z(;h dz >8wh
and

oy = Zsoh B

8wh

By hypothesis f*y = f.n € AO % (f*©y), then

™) )0y = Zh )y

Now, let

dzp Vh=1,...,m

qu( )Ba)—g( )dwK/\de
with K = (1 <k < ky <--- <k, <n) a multi index of length p and
J=(1<j; <j2<---<j,<n)amulti index of length ¢q. Then

frw=g(f(2)0fx NOfs.

and
0
X-IW—ZSOh w) dwg A (8wh_‘dwK) ANdwy =
P
Z Sokh (w) d@H N dwK_{kh} N dwj,
h=1
with dwg g,y = dwg, ... A dwkh AN dwy,.
Therefore
p j— p—
FrOow) =Y (=1)" on, (f(2)g(f(2) fur A Ofic—ry A Ofs
h=1
and using (7) we get
. afk =
f(xaw) = Z( (Zh hdzl) NOfrk—gr,y NOfr.
h=1

On the other and
nafiw=

Z hi( )) dz; ( aii

> ha(2)g(f(2)) dzr A <Z<—1>"‘18£f afK{kh}> NOfr=

=1 h=1

fr(xaw).

> NOfy =
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I1.7. Deformations of complex manifolds

In this section we prove that the infinitesimal deformations of a
complex compact manifold X are governed by

the differential graded Lie algebra of Kodaira-Spencer K.Sx: that
is DefKSX = Defx.

We start with some lemmas and we postpone the proof in subSec-
tion I1.7.1 where we also give an explicit description of the isomorphism
(see Theorem I1.7.3).

I1.7.1. LEMMA. Let A € Art andx € MCkg, (A), then there ezists
a cover U = {U;} of X, such that xy, ~ 0 for each i.

PROOF. By Proposition 11.3.1, there exists a cover U = {U;} such
that H'(U;, ©x) = 0 for each 7. Moreover, by Remark 1.3.31, H'(X, O x)
is the tangent space of the deformation functor Defrg,. Therefore by
Corollary 1.1.21, Defkg, is locally trivial and so each x € MCkg, (A)

is locally gauge equivalent to zero.
O

In Section I1.4 we have defined a morphism of sheaves
1: AV (Ox) @ A — Der*(AY @ A, AY" ® A)
ar— 1, with I,(w) = (—1)%q_0w.
Let © € MCks,(A). Explicitly, in local holomorphic coordinates
0
21,29, ..., 2 if = izjxijdéia—zj and w = fdz;, then

0
irj J

We also proved that for z € MCgkg, (A)
O+l AV @A — Ay 2 A

is a differential (Lemma I1.5.4).
Define O4(z) as the kernel of 9 +1, : A} ® A — A% ® A. Then
we have

0 — Oaz) — AP@A 2 A% @A ey Dty fOng 4 g,

In Section I1.4 we have also defined for each s € A?f(@ x) ® my an
automorphism e® of AY* ® A.

[1.7.2. LEMMA. Let F,G : Art — Set be the following functors
F(A) := {isomorphisms of complexes ¢* : (A} @A, 0+l,) — (AY @A, 0+l,)
with s € AY(Ox) @ ma that specialize to identity}
G(A) = {isomorphisms of sheaves of A-module 1) : O4(x) — Oa(y)
that specialize to identity}.
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Then the restriction morphism ¢ : F' — G is surjective.

PrROOF. We proceed by induction on d = dimcA.
If A=C, then G(C) = {identity} and so it can be lifted.
Assume that d > 2 and let

0—J—B-5A—0

be a small extension; by induction each element in G(A) can be lifted
to F(A).

Let 1 be an isomorphism between Op(x) and Op(y) (¢ € G(B)); we
want to lift it to an isomorphism e®.

a(x) and a(y) are in MCgg, (A) and 9 induces an isomorphism
of sheaves of A module ¥ : O4(a(z)) — Oa(aly)). Therefore, by
induction hypothesis we can lift ¢ to an isomorphism of complexes €*:
iec’ o (@+alz))oe® =0+ a(y) withs € AL (Ox) @ ma.

Then we can suppose that a(z) = a(y) € A»(Ox) ® ma and that
e® is the identity.

This implies the existence of an element p € Aggl(@x) ® J such
that x = y + p. Since x and y satisfy the Maurer-Cartan equation,
then dp = 0. In fact

1 1 1
0= dr+ Sle,o] = d(y+p) + 5ly +p.y+p] = dy +dp+ Sy, 4] = dp.

Therefore, by Proposition 11.3.1, there exists a Stein cover U = {U, }ie;

of X such that p is locally ?—exaet: i.e. for each ¢ € I there exists
t; € AE;O(G)X) ® J such that 9t; = pjy,. Then

Yo, = (.CL' - p)|Ui =T — ot; = e’ x Z\U; »
where we use the fact that J-mp = 0 as in Example .3.27. In particular
by Lemma IL5.5, et : (A% (U;) ® B,0 + 1) — (A" (U;) ® B,0 +
l,) is an isomorphism of complexes, that lifts the isomorphism e’ :
Op(x)(U;)) — Op(y)(U;). We note that e’ restricts to identity on
O4(x)(U;).

On the other side, by previous Lemma I1.7.1, the Maurer-Cartan
element z is locally gauge equivalent to zero. Then for each i € [
there exists a; € A*°(U;, ©x) ® mp such that e xx);, = 0. As before,
Lemma I1.5.5 implies that e® : (A%*(U;) ® B,d + 1) — (A”*(U;) ®
B,0) is an isomorphism of complexes, that lifts the isomorphism e® :
Op(x)(U;) — Ox(U;) ® B.

Now consider the following isomorphism

Pu; - OX(U1> ® B — Ox(Ul) ® B

defined as follows:

t a; .

o, =e*oe”

Ox(U)®B 5 Op(2)(U;) 2% 0p(y)(U:) 5 Op(2)(U;) <25 Ox (U@ B.

oy, 0e”
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Then ¢y, is an automorphism of Ox (U;) ® B that restricts to identity
on Ox(U;) ® A. Therefore Lemma 1.2.6 implies the existence of ¢; €
I'(U;, ©x)®J such that ¢y, = e%. In particular e oe " oty 0e™% =
e?; by Remark [.2.7, the automorphism e? commutes with the other
automorphisms and so

Y, = el
Let s; = t; + ¢ € A”°(U;,0x) @ J, then €% = 1y, and so we have
locally lifted the isomorphism 1.

Now, we prove that the automorphisms e* can be glued together
to obtain an automorphism e® of Agg* ® A that lifts ¢». Consider
the intersection U;;, then the isomorphisms coincide on Og(x)(U;; ),
i.e elslifi]- = Yy, = eréij 0 Op(x)(Ui;) — Op(y)(Ui;). Therefore the
isomorphism e*~% is the identity on Opg(z)(U;;). Since the action of
A% (Ox) @ mp on AY(U;) ® B is faithful on Ox (Uy;) ® B, it follows
that (Si — Sj)\Uij =0.

O

I1.7.1. KSx governs the infinitesimal deformations of X.
This section is devoted to prove that the Kodaira-Spencer algebra of a
complex manifold X governs the infinitesimal deformations of X.

[1.7.3. THEOREM. Let X be a complex compact manifold and KS'x
its Kodaira-Spencer algebra. Then there exists an isomorphism of func-
tors

v : Defgs, — Defx .

defined in the following way: given a local Artinian C-algebra (A, m4)
and a solution of the Maurer-Cartan equation x € A% (Ox) ® m4 we
set

Oa(x) = ker(A% @ A 2 A% @ A),
and the map O4(x) — Ox is induced by the projection AR @ A —
0,0 0,0
I1.7.4. REMARK. As observed in subSection 1.2.1, a deformation of
X can be interpreted as a morphism of sheaves of algebras O, — Ox
such that Q4 is flat over A and O4 ® 4 C — Ox is an isomorphism.

For this, the first part of the following proof consists of showing the
A-flatness of O4(x) and the isomorphism O4(z) ®4 C = Ox.

PROOF. For each (A,m4) € Art and x € MCkg, (A), we have
defined -
Ou(z) = ker(A%L @ 4 22 A% @ A).

First of all, we observe that the projection 7 on the residue field
A/my = C gives the following commutative diagram
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00— Ou(x) —>A%0®AL...JA%”®A*>0

Ouz) @4 C AP0 O o 0
iid iid
0 Ox ALY d d A% 0

Then 7 induces the morphism O4(x) — Oy.

Using Lemma I1.7.1, the Maurer-Cartan solution x is locally gauge
equivalent to zero, therefore there exist a cover U = {U;} and elements
a; € A%°(U;,©x) ® my such that e® x zy, = 0, for each i. Therefore,
by Lemma II.5.5, e* o (g—l—lxwi)oe*‘” = e%x (E—HWG) =0+e%xr =0
and so we have the following commutative diagram

O+, . O+l .
0 —— Oa(@)(U;) —= AL U) @ A— ' — A (U) @ A—0

l e \L e%i \L e

0—=Ox(U) ® A —= AQLU) ® A —2> - 2= A% (U;) ® A —0,
where the vertical arrow are isomorphisms.

This implies that the deformation O () is locally trivial, i.e. O4(x)(U;) =
Ox(U;) ® A. Since Ox(U;) ® A is flat over A, then O(x)(U;) is also
flat. Since flatness is a local property, O4(x) is A-flat.

Using the isomorphism Oy (z)(U;) = Ox(U;) ® A we can also con-
clude that O4(z)(U;) @4 C = Ox(U;) and so O4(z) @4 C — Ox is

an isomorphism.

Then it is well defined the following morphism of functors of Artin
rings
v : MCgg, — Defx
such that
v(A) : MCkg, (A) — Defx(A)

x+— Oy(x).

Now, we prove that the deformations O4(z) and O(y) are isomor-
phic if and only if z,y € MCgg, (A) are gauge equivalent.

Actually, if O4(x) = Oa(y), applying Proposition 11.7.2, we can lift
the isomorphism
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O+ls O+ly

QHOA(q;)HAgg)@AH HA%@@AHO
l i O+ly O+ly nl
QHOA(y)HAgg)@A*) *)Agé ®A—>0.

The commutativity of the diagram and Lemma I1.5.5 imply that 0+
ly=e0(0+1,;)0e’=0+¢e®x1,. Therefore e’ xz =y.

In conclusion, the map 7/, induced by v on Def ks, = M Cks, /gauge,
is a well defined injective morphism:

v : Defgg, < Defx .

To conclude that + is an isomorphism we prove that ~' is étale (and
so 7/ is surjective).

Using Corollary 1.1.32, we need to prove that:

1) 7/ induces a bijective map on the tangent spaces;

2) v/ induces an injective map on the obstruction spaces.

As regards Defkg, , by Remark 1.3.31 the tangent space is isomor-
phic to H%(X, ©x) and Lemma 1.3.23 implies that the obstructions are
naturally contained in H%(X ,Ox). As regards Defy, Theorems 1.2.8
and 1.2.9 show that the tangent space is isomorphic to H 1(X,0x) and
the obstructions are naturally contained in H?(X,0x).

Then we will prove that the maps induced by +' coincide with the
Leray isomorphisms (see Theorem I1.3.2 and Remark 11.3.4).

1) Tangent Spaces. Let us prove that the map 7. induced by 4" on
the tangent space

7L : Defg s, (Cle]) — Def x(Cle])

is the Leray isomorphism.

By Remark 1.3.31, we have Defgg, (Cle]) = H'(X,Ox). Proceed-
ing as in Remark I1.3.4, there exists a Stein cover U = {U;} so that
we can associate to each x € Defgg, (Cle]) an element [o] = [{0y; =
(a; —aj)w, ] € HY(X,Ox) ® Ce, with zy, = Ja;, that doesn’t depend
on the choice of a;.

Now, let y(z) = O¢jg(x) be the deformation associated to z, i.e.

0 — Ogpy(z) — AY ® C[e] LAL'N A @ Cle] — -+ - .

As before, the deformation Oc(x) is locally trivial; then there exists
b; € A%(U;,©x) ® Ce such that such that ebi x z)y, = 0 and so

]
o
o~

Oce)(2)(Us) Ox(U;) ® Cel.

IR
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Proceeding as in the proof of Theorem 1.2.8, for each ¢ and j
Yij = ebi=bi O)(<UU) X C[g] — Ox(Uw) ® C[E]

is an automorphism of the trivial deformation A%}’(U;;) ® Cle] that
restricts to the identity.

Applying Lemma 1.2.6, the class [{7;;}] = [{(b;—b;)jv;,}] € H'(X,0x)®
Ce is the Check 1-cocycle associated to the deformation +.(x).

Since e * zy, = 0, then ob; = Ty, = Oa; and so b; = a; + ¢; with
C; € F(Uz, @X) & Ce.

Therefore [7;;] = [{(bi —b;)jv,, }] = [o]. This shows that ~/ coincides
with the Leray isomorphism.

2) Obstruction
Let

0—J—B-5A—0

be a small extension.

First we consider the obstruction class [h] of x € Defkg, .

Let © € Defgg, (A), and T € KSx' @ mg be a lifting of . The
obstruction class associated to z is [h] € H*(KSx) ® J with

h:éﬁf+%[a§,fé]

and this class doesn’t depend on the choice of the lifting & as we show
in Lemma 1.3.23.
Proceeding as in Remark I1.3.4, there exists a Stein cover U = {U; }

such that the class [{aijr}] = [{pjx — pix +pi;}] € H*(X,O0x)® J is the
class associated to h by the Leray isomorphism, where Ay, = Or; and
Opi; = (7i—7;)|v,;- In particular we note that p;; € I'(Uy, A%(Ox))®J.

Since hjy, = Ot;, « can be locally lifted to a solution of the Maurer-
Cartan equation

fi = ilUl —T; € Ao’l(Ui, (")X) XK mpg.

In fact on U;, we have

= 1 . = 1 -
a(T) =a(z) =2 and 8?—1—5[%, T) = 8@—87’1»—1-5[9?,%] = hyy,—0r; = 0.
Moreover, e’ x Ty, = Tiju in fact (see Example 1.3.27) we have
P x Ty, = PRI 7)) v, = (0py+T—T),; = (T—T) v, = Tiv,,-

As above, x is locally equivalent to zero therefore for each i there
exists a; € A%(U;, Ox) ® ma, such that e® x zy, = 0.

Analogously, for each i, there exists b; € A*°(U;, ©x) @ mp that is
a lifting of a; such that

ebi * T; = 0.
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Now, let 7/(z) = Oa(z) be the deformation of X induced by .
As above the deformation is locally trivial and so there exist a cover
U = {U;} and a; € A*°(U;, Tx) @ m4 such that

Ou(z) () = Ox(Ui) ® A

Let ;; the following isomorphism

Spij : Ox(UU) & A Lj) OA($)(UZJ) ﬂ) O_)((UZ]) X A.

Now, proceeding as in the proof of Theorem 1.2.9, since b; € A*°(U;, Ox)®
mp are liftings of a;, then ;; = e bierie’ € Aut(Ox (U;;) ® B) defined
as

e b _ efij _ ebi

ij - Ox(Uyj) © B = Op(;)(Uy) = Op(:)(Uy;) — Ox(Uy) ® B,
is a lifting of ¢;;.

By remarkl.2.7 the automorphisms e, ef#* and ef* commutes
with the other automorphisms. Then ®;;;, = gp}kgpzk_lgpzj = ePik~PiktPij
is an automorphism of the trivial deformation that restricts to iden-
tity ((Dijk\OX(Uijk)@)A = id). Therefore by Lemma 1.2.6 the element

{eijr}] = {pie — pix + pij}] € H?*(U,Ox) ® J is the obstruction class
associated to 7/(x). In conclusion also in the obstruction case, the map

induced by 4 coincides with the Leray isomorphism.
O

11.7.2. Deformations of a product. As an application of the
previous Theorem I1.7.3 we study the deformation of a product of com-
pact complex manifolds X and Y. The following remark will be used
in Section IV.2.

I1.7.5. REMARK. In general not all the deformations of the product
X x Y are products of deformations of X and of Y.

The first example in this way was given by Kodaira and Spencer in
their work ([17, pag. 436]) when they showed one of the first example
of obstructed varieties. More precisely, they considered the product of
the projective line and the complex tori of dimension g > 2 P! x C1/G
and they proved that it is obstructed thought the two manifolds are
unobstructed.

A sufficient and necessary condition to have an isomorphism be-
tween products of deformations and deformations of the product is
given by the lemma below.

I1.7.6. LEMMA. The morphism
F DefKSX X DefKSY — DefKSny

is an isomorphism if and only if H'(Ox) ® H°(Oy) = HY(Oy) ®
H°(©x)=0.
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PROOF. Let p and ¢ the natural projections of the product X x Y
respectively on X and Y. Consider the morphism of DGLA

F KSX X KSY — KSXXy

(n1,n2) — p'n1 + ¢'ny
and denote by H*(F) the induced map on cohomology.

By Theorem 1.3.33 if H°(F) is surjective, H'(F) is bijective and
H?(F) is injective then F' induces an isomorphism of deformation func-
tors.

HY(KSxxy) = H°(©xxy) and so by the Kunneth formula H(K Sxxy) =
H°(Ox) ® H°(Oy) = H°(KSx x KSy). This implies that H°(F) is
surjective.

Again by Kunneth formula we get

H'(KSxxy) = H (Oxxy) =
o'(ex) e H'(Oy)® H'(Ox) @ H*(Oy) & H'(Oy) ® H°(Ox),
and
HY'(KSx x KSy) = H'(©x) ® H(6y).
Then the hypothesis imply that H'(F) is bijective.
Finally, reasoning as above we get that
H*(F): H*(©x) ® H*(©y) — H*(Oxyy)

is injective. This implies that F' induce an isomorphism of deformation
functors.

On the other hand if F' is an isomorphism of deformation functors,
then H'(F) is a bijection on the tangent spaces and so H'(Ox) ®
H°(©y) = H(Oy) ® H(©x) = 0. OJ



CHAPTER III

Deformation functor of a couple of morphisms of
DGLAs

In this chapter we give the key definition of deformation functor
associated to a couple of morphisms of differential graded Lie algebras.

In the first section we define the (non extended) functors of Artin
rings MCy, ) (Definition II1.1.7) and Def ;, 4) (Definition III.1.11) asso-
ciated to a couple h : L — M and g : N — M. These functor will
play an important role in the infinitesimal deformations of holomorphic
maps of next chapter.

Then Section II1.2 is devoted to introduce the extended deforma-
tion functors (Definition I11.2.4). In particular we define the functors

—

MC, 4) and Def(;, ) that are a generalization of the previous MCyy, 4
and Def(hm.

We introduce the extended functors, since using their properties, we
can show the existence of a DGLA H; 4y such that DefH(hyg) = Defp, )
(Theorem I11.2.36).

III.1. Functors MC 4 and Def, g

In this section we introduce the functors MC, 4) and Def;, 4 (Sec-
tion II1.1.2) associated to a couple h: L — M and g : N — M and
we study some properties (Section I11.1.3). First of all we recall the
definition of the mapping cone associate to morphisms of complexes.

Beware. In this section, we suppose that M is concentrated in non
negative degree. Since in the main application M will be the Kodaira-
Spencer algebra of a manifold, this extra hypothesis is not restrictive.
Anyway, in Section II1.2 we will remove this hypothesis.

II1.1.1. The mapping cone of a couple of morphisms. The
suspension of the mapping cone of a morphism of complexes h : (L,d) —
(M, d) is the differential graded vector space (C},0), where

Ch=L&M"™!
and the differential ¢ is
§(l,m) = (dl,—dm + h(l)) e L' " @ M*  V(I,m)e L' M.

Actually 6%(1,m) = §(dl, —dm+h(l)) = (d?l, d&*m—d(h(l))+h(d(l))) =
(0,0).
59
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III.1.1. REMARK. Consider the projection m : M — coker(h).
Then there exists a morphism of complexes

¢ (C},0) —> (coker(h)[—1],d][—1])
with ‘
o(l,m) = m(m) Y(l,m) € C}.
Actually

(1, m) ——"——m(m)

;e

(dl, —dm + h(1)) E— —dr (m).

If h is injective then (C;, d) and (coker(h)[—1], d[—1]) are quasi isomor-
phic.

Now suppose that h : (L,d) — (M,d) and g : (N,d) — (M, d)
are morphism of complexes:

L
lh
N —= M.

I11.1.2. DEFINITION. The suspension of the mapping cone of a
couple of morphisms (h,g) is the differential graded vector space
(Clpg)» D), where

i 7 i i—1
Chg=L ON oM
and the differential D is
L'aN@M™" 3 (I,n,m) - (dl, dn, —dm—g(n)+h(l)) € L' &N @M.
Actually, D?(I,n,m) = D(dl,dn, —dm — g(n)+h(l)) = (d*l, d*n,d*m+
dg(n) — dh(l) — g(dn) + h(dl)) = (0,0,0).

III.1.3. REMARK. By definition, (C{, ,y, D) coincides with the sus-
pended mapping cone associated to the morphism of complexes h — g :
L& N — M.

Moreover, the projection C'(h, g — L' @& N is a morphism of com-
plexes and so there exists the following exact sequence

0—= (M7 —d) —= (Clg D) —= (L@ N',d) —=0

that induces

(8) , , , .
cee— Hl(C'(h,g)) — H(L®N') — H' (M) — H”l(C'(h’g)) —_

III.1.4. REMARK. The complexes C, , and C(, ) are isomorphic.
Actually, let v: Cy, ,y —> C{, ) defined as

?h,g) ) (l,n,m) |L) (_l, —n,m) - ng,h) .
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Then

(lanam) ! (—l,—n,m)
Dl la
(dl, dn, —dm — g(n) + h(l)) —> (=dl, —dn, —dm — g(n) + h(1)).
and so 7 is a well defined morphism of complexes that is a quasi-
isomorphism (y? = id).
IM1.1.5. LEMMA. If h : L — M 1is injective: i.e. there exists the

exact sequence of complexes

0— LM " coker(h) — 0.

Then (Cy, 4, D) is quasi isomorphic to (C,, d).

mog)

PROOF. Let v: Cy, oy —> €, defined as

Z@g) > (I,n,m) — (=n,(m)) € C"

mog)

then

(I,n,m) (=n, m(m))

| E

(dl, dn, —dm — g(n) + h(l)) —— (=dn, —dr(m) — 7(g(n))).

Therefore v is a well defined morphism of complexes and we denote
by the same ~y the map induced in cohomology.

The fact that the induced morphism + is an isomorphism in coho-
mology is an easy calculation but we state it for completeness.

7 is injective. Suppose that v[(l,n,m)] = [(—n,m(m))] is zero in
H'(C;.,). Then dl = dn = —dm — g(n) +1 = 0 and there exists
(b,c) € N1 x coker(h)™2 such that —n = db and w(m) = —dc +
mo g(b). Let m" € M be a lifting of ¢, i.e. w(m') = ¢, n' = —b
and I" = m +dm’ + g(n’). Then I' € L, actually n(I') = n(m) +
m(dm') + mog(n') = —dc+ 7o g(b) + de — 7o g(b) = 0. Therefore
D(l',n',;m') = (dl',dn’, —dm’ — g(n’) + ') = (dm — g(db), —db, —dm’ +
g9(b) + (m +dm’ + g(n'))) = (I,n, m).

v is surjective. Let [(n,t)] € H'(C,,,); then dn = 0 and —dt +
mog(n) = 0. Let m € M*! be a lifting of ¢, i.e. 7(m) = t and
[ =—g(n)+dm e M. Thenl € L', in fact 7(I) = —m o g(n) + dt = 0.
Moreover (I, —n,m) € H'(Cy, ) (dl = dn =0 and —dm+g(n)+1 = 0)
and V[U’ -n, m)] = [n’ﬂ-<m)] = [(n’ t)] O

I11.1.6. REMARK. If L, M and N are DGLA and h : L — M
and g : N — M are morphisms of DGLA. Also in this case we can’t



62I11. DEFORMATION FUNCTOR OF A COUPLE OF MORPHISMS OF DGLAS

define a canonical DGLA structure on C{;, ;) such that the projection
Clng — L @ N is a morphism of DGLA.

II1.1.2. Definition of MC 4 and Def, ).

II1.1.7. DEFINITION. Let h : L — M and g : N — M be
morphisms of differential graded Lie algebras:

L
|
N —"> M.
For each (A,ma) € Art the Maurer-Cartan functor associated to the
couple (h,g) is defined as follows

MC(mg) : Art — Set
MC(hg)(A) = {(a:,y,ep) € (Ll & mA) X (Nl & mA) X eXp(MO & mA)\

1 1
dr + 5[96735] =0, dy + §[y,y] =0, g(y) =€’ x h(z)}.

II1.1.8. REMARK. In [24, Section 2],M. Manetti defined the functor
MC,, associated to a morphism h : L — M of DGLAs:

MC,, : Art — Set
MC,(A) =
1
{(z,e?) € (L' @ma) x exp(M° @ma)| d + 5[z, 2] =0, e"xh(z) = 0}.

Therefore if we take N = 0 and g = 0, the new functor MC, 4 reduce
to the old one MC,,.

Choosing N = 0 and h = g = 0, MC 4 reduces to the Maurer-
Cartan functor MC, associated to the DGLA L (Definition 1.3.16).

IT1.1.9. REMARK. As in the case of a differential graded Lie alge-
bra (see Remark 1.3.21), MC (h,g) is an homogeneous functor, since

MC(huq)(B X A C) = MC(h’g)(B) XMC(h’g)(A) MC(;LQ)(C).

As in the case of a differential graded Lie algebra (see Defini-
tion 1.3.25), we can define for each (A,m4) € Art a gauge action
over MCp, ¢)(A).

I11.1.10. DEFINITION. The gauge action of exp(L°®@m 4) x exp(N°®
ma) over MCy, 4)(A) is given by:

(e, €)% (z,y,eP) = (e %, e’ x 1y, 9P ePe ™),
This is well defined since
eI ePeh@) g pet 5 1) = e90eP 5 h(z) = 9 % g(y) = g(eb * y).
and so (%, e’) * (z,y,e”) € MCpq)(A).

In conclusion, it makes sense to consider the following functor.
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II1.1.11. DEFINITION. The deformation functor associated to a cou-
ple (h,g) of morphisms of differential graded Lie algebras is:
Def, 4 1 Art — Set
MCing)(A)
exp(Ld @ my) X exp(NO @ my)

[II1.1.12. REMARK. In [24, Section 2],M. Manetti defined the func-
tor Def}, associated to a morphism h : L — M of DGLAs:

Def;, : Art — Set
MCy(A)
exp(LY @ my) X exp(dM— @ my)’

with the gauge action of exp(L® ® ma) x exp(dM~! ® m,) given by
the formula

Def 4, 4)(A) =

Defh(A)

(e, ™) x(z, eP) = (ex,e?ePe™™D) Vo€ L'@ma,m e M '@my.

Therefore if we take N = 0 and g = 0, the new functor Def, 4
reduce to the old one Def;, (M is concentrated in non negative degree).

Choosing N = M = 0 and h = g = 0, Def(; 4 reduces to the
Maurer-Cartan functor Def}, associated to the DGLA L.

The name deformation functor is justified by the theorem below.
II1.1.13. THEOREM. Def;, ) satisfies the conditions of Definition 1.1.10.

Proor. If ¢ = K, then Def(, 4)(K) = {one element}; therefore
it) of Definition 1.1.10 holds, i.e. Def(, 4 (A x B) = Def,q)(A) x
Def(h,g)(B).

Let 5 : B — A and v : C — A be morphisms in Art and
(v,w) € Defy, g)(B) X Def 4 (A) Def (1, 4)(C). Then we are looking for a
lifting 2 € Def(;, 4)(B x4 C), whenever 3 : B — A is surjective.

Let (z,y,e?) € MC, 4 (B) and (s,t,e") € MCy, 4)(C) liftings for v
and w respectively.

By hypothesis 3(v) = y(w) € Def 4, 4)(A); therefore B(z,y,e?) and
v(s,t,e") are gauge equivalent in MCy, g)(A): i.e. there exist a € L’ @
m4 and b € N° ® m 4 such that

ExBz)=2(s)  PxBly) =) SOV — )
Let ¢ € L° ® mp such that 8(c) = a and d € N° ® mp such that
p(d) =b.
Up to substitute (x,y,eP) with the gauge equivalent element (e° x*
(

z, etxy, e9DePe=9) (they both lift v), we can assume that® 3(z, y, €?) =
*y(s,t,e ) € MCpg)(A).

a‘ﬁ(e *x e * Y, 69( )epe h(c)) — (eﬁ C)*B( ) eﬂ(d)*ﬁ( ) (d))epefh( (C))) =
(e x B(x), " x Bly), 9P PeMW) = y(s,¢, ")
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Since MC(hg)(B X A C) = MC(h,g)(B) XMC(;M])(A) MC(h,g)(O), it is
well defined a lifting z € MCy, (B x 4 C) and so it is sufficient to take
its class [z] € Def, g)(B x4 C).

U

III.1.14. REMARK. Consider the functor Def; 4). Then the projec-
tion o on the second factor:

o : Def, gy — Defy

Def 1,4)(A) 3 (2,y,€") == y € Defy(A)
is a morphism of deformation functors.

I11.1.15. REMARK. If the morphism h is injective, then for each
(A,ma) € Art the functor MC, 4 has the following form:

MCipg)(A) = {(z,€") € (N @ ma) X exp(M" @ ma)]

1
dx + g[x,x] =0, e ?xg(r) € L' @my}.
In this case the gauge equivalence ~ is given by
(z,eP) ~ (e * x, 9V ePet), with a € L° @ my and b € N° ® m4.

III.1.16. LEMMA. The projection m : MC, 4 — Def(,q) is a
smooth morphism of functors.

PROOF. Let o : B —> A be a surjection in Art and prove that
MC(hg)(B) — Def(h,g) (B) XDef(hyg)(A) MC(;%g) (A)

is surjective.

Let ((ZE, Ys ep)v (lv T, em)) S Def(h,g) (B) XDefw,g)(A) MC(fug) (A)7 that is
the class of (I,n,m) and a(z,y, €?) are the same element in Def(;, (A).

Then there exists (a,b) € exp(L’ @ ma) X exp(N° ® m4) such that
(l,n,e™) = (e ") x (af,y, e”)) = (" xa(x), e x aly), e’ erPe @),
Let ¢ € L° ® mp be a lifting of a and d € N° ® mp be a lifting of b.
Then

t=(exx, el xy, el DePe )

lies in MCy, ¢y(B) and it is a lifting of ((x,y,€?), (I,n,e™)).

Actually, ¢ is gauge equivalent to (z,y, e?) and

at) = (€29 % a(x), @ x a(y), 9@ goP) ~h(a(e)) _

(e% % a(x), e* % a(y), edePeh@))y — (] n em).
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III.1.3. Tangent and obstructions spaces of MC, ;) and Def;, ;).
By Definition II1.1.7, the tangent space of MCyy, 4) is
MC ) (Kle]) =
={(z,y,¢") € (L' ®Ke) x (N' @ Ke) x exp(M° @ Ke)|
dx = dy = 0,h(z) — g(y) — dp = 0}
= {(z,y,p) € L' x N' x M°| dz = dy = 0, 9(y) = h(z) — dp} =
ker(D : C%h,g) — C?h’g)).
By Definition III.1.11, the tangent space of Defy, gy is
Def(h7g)(K[5]) =
{(z,y,e?) € (L' @ Ke) x (N' @ Ke) x (exp M° @ Ke))|
dr =dy = 0,9(y) = h(x) —dp} /
{(=da, —db, g(b) — h(a))| a € (L ® K[e]),b € (N" @ K[e])}
= Hl(Ckh,g)>

IT1.1.17. REMARK. In the last equality we use the extra hypothesis
that M~ =0.

About the obstruction space of MCyy, 4y, we prove below that it is
naturally contained in H*(Cy, ). Since 7 : MCyq) — Def() is a
smooth, then Corollary 1.1.35 implies that the obstructions space of
Def ) is also contained in H?(Cy, ).

ITI.1.18. LEMMA. HQ(C'(h,g)) 15 a complete obstruction space for
MC(;Lg)

PROOF. Let
0—J—B-—5A4-—0
be a small extension and (z,y,e?) € MCy, g)(A).

Since « is surjective there exist 7 € L' ® mp that lifts z, § €
N'® mp that lifts y, and ¢ € M° ® mp that lifts p. Let

1
l:dj'—i—é[i',i’] €L2®m3

and .
k=dj+5[5.3] € N* @ mp.

As in Lemma 1.3.23, we can easily prove that a(l) = a(k) = dl = dk =
0; then [ € H*(L) ® J and k € H2(N) @ J.

Let r = —g(y) + €% % h(Z) € M' ® mp; in particular a(r) = 0 and
sor € M'® J.

Now we prove that (I,k,r) € Z*(Cy, ) ® J.

Since dl = dk = 0, it remains to prove that —dr — g(k) + h(l) = 0.
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By definition, h(Z) = e %x* (g(y) +r) = r + e 2% g(y) (in the last
equalities we use Example 1.3.27) and so

(D) = () + 5 h(E), B(E)] = dr-d(e ()4 5le 0(), e “xg(i)]

Let A=d(e 9xg(y)) and B = [e %% g(y),e 9 x g(7)]. Therefore it is
1
sufficient to prove A + §B = g(k).

We have
B =[e"xg(q),e "xg(7)] = [ (d+9(§)) —d, eV (d+g(7)) - d] =
[~V (d+g()), T (d+g (7)) +[el 0 (d+9( ), —d)'+[=d, =V (d+g (7)) =
T d + g(§),d + g(§)) — 2[d, eV (d + 9(9))) =
e (2dg(5)+19(9), 9(@)]) —2(d, eV (d+9(§))—d] = 2¢l74)(g(k))—2A.
By %s}?umfption g(k) € M?® J and so el=%!(g(k)) = g(k).

At 3B = A+ (29(k) ~24) = 6(h)

and so [(I,k,7)] € H*(Cy,,) © J.

This class doesn’t depend on the choice of the liftings.

Actually, let &’ € L' @ mp be another lifting of . Then &' = Z + j,,
for some j, € L' ® J and so

1
+ 5[:2:,3}] =1+ dj,.
Analogously, if ¢’ is another lifting of y then there exists j, € N' @ J
such that

1
I'=di' + 5[92’,5:/] =dr +dj,

K =k+dj,.
Moreover
r' = —g(§)+e"h(@) = —g(§)—g(y) +e"*h(Z)+h(j2) = r=g(jy)+(j)-
hereore (. 4,7 = -+ i k- )+ hG) = . o) &
H*(Cypp)) ® J.
In conclusion, [(I,k,r)] € H*(Cy, ) ® J is the obstruction class
associated to the element (z,y,e”) € MCy, g)(A).

If this class vanishes, then there exists (u, v, z) € C%h,g) ®.J such that
(du,dv,—dz — g(v) + h(u)) = (I, k,r). In this case, define T = T — u,
y = y — v and Z = ¢ — z. Then (7,7,e*) € MCy, 4 (B) and it lifts
(x,y,eP). Actually

dz + [7,7] =dT —du+[2,%) =l — du = 0,
dy+ 5,y =dy—dv+ (3,9 =k —dv =0
and
9(G) — € * (@) = g(§) — g(v) — "% * (W(Z) — h(u)) ="
PSee Example 1.3.27
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9(9) — g(v) — e h(Z) + h(u) =

(9(g) —e?*h(z)) —dz — g(v) + h(u) = —r+r =0.

I11.1.4. Properties.

II1.1.19. LEMMA. Leth : L — M and g : N — M be morphisms
of abelian DGLAs. Then the functor MCy, gy is smooth.

PrRoOOF. We have to prove that for every surjection ¢ : B — A €
Art the map

MC(MJ) (B) — MC(MJ) (A)

is surjective. By hypothesis we have

MC.g)(A) = {(z,y,€") € (L' @m4) x (N' @ m4) X exp(M° @ m,)|

de=dy=0  g(y) = e’ h(x) = h(x) — dp}.

This implies that the Maurer-Cartan equation reduces to the linear
equations dz = dy = 0,g9(y) + dp — h(xz) = 0; then MCy, 4 (A4) =
Zi(ci(hvg) ®@ma) = Z'(C)@ma and so the lifting exists (Z'(Cy, ,) ®@ma) —
7 (C(h,g) ®mB))

0

I11.1.20. REMARK. Every commutative diagram of morphisms of
DGLA

al
_—

L P
‘L
M—=Q
g
11 M
NLR

induces a morphism ¢ of complezes

Céh,g) > (ILn,m) = (/(1), " (n), a(m)) € Cén,u)
and a natural transformation F of the associated deformation functors:
F: Def(;w) — Def(mu) .

Then we obtain the following proposition that is a generalization of
(24, Prop. 2.3].

II1.1.21. PROPOSITION. Let
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L P
‘L
M—=Q
g
11 /J/
N2> R
be a commutative diagram of differential graded Lie algebras. If the

Junctor Def(, ,y is smooth, then the obstruction space of Def, 4y is
contained in the kernel of the map

H2(C'(hvg)) — HQ(C.(W»#))'

OCI
_—

Proor. The morphism F' : Def, sy — Def(, ,) induces a linear
map between obstruction spaces. If Def(, ) is smooth, then its ob-
struction space is zero (Proposition 1.1.31).

U

I11.1.22. THEOREM. If ¢ : C‘(hyg) — C.(nvu) 1S a quast 1somorphism
of complexes then F' : Def(, 5y — Def(, ) is an isomorphism of func-
tors.

The proof of this theorem is postponed at the end of Section I11.2.4.

Now, let
H——1L
: lh
N—">M
be a commutative diagram of morphism of DGLAs. Then it induces a
morphism of complexes

H5Chy  with  g(2) = (ala), B(x),0),
and a morphism of functors
Def; — Def ) with  F(z) = (a(2), B(z),0).

I11.1.23. THEOREM. [In the notation above, if ¢’ is a quast isomor-
phism then F' is an isomorphism of functors.

Also the proof of this theorem is postponed at the end of Sec-
tion II1.2.4.

I11.2. Extended Deformation Functors

In this section we study the extended deformation functors. In

particular we are interested in the functors 1\71\(/J(h7g) and ]/)\e/f(h,g) that
are a generalization of the functors MC, 5y and Def;, 4y introduced in
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Section III.1. Here, we remove the restrictive hypothesis of M concen-
trated in non negative degree.

The main references of this chapter are [21], [23, Sections 5.7 and
5.8] and [24, Sections 6 and 7].

I11.2.1. Notations. We denote by:

C the category of nilpotent (associative and commutative) differ-
ential graded algebras which are finite dimensional as K-vector spaces.

Cy the full subcategory of C of algebras with trivial multiplication.

[I1.2.1. EXAMPLE. Define the complex (2 = Q¢ @ €Q1,d), where
Qo =K, Q =K[-1] and d : Qy — 24 the canonical linear isomor-
phism d(1[0]) = 1[—1]. © € Cy and the projection p : Q@ — Qp = K
and the inclusion ; — ) are morphism in Ci,.

Moreover Q[n| = Kln| ® Q is an acyclic complex in Cy, for each
n € N.

II1.2.2. Definition of extended functors. Let A € C and J C
A a differential ideal; then J € C and the inclusion J — A is a
morphism of differential graded algebras.

I11.2.2. DEFINITION. A small extension in C is a short exact se-
quence
0—J—B-"3A4-—0
such that a is a morphism in C and J is an ideal of B such that BJ = 0;
in addition it is called acyclic if J is an acyclic complex, or equivalently
« is a quasi-isomorphism.

I11.2.3. DEFINITION. A covariant functor F' : C — Set is called
a predeformation functor if the following conditions are satisfied:

[11.2.3.1) F(0) = {x} is the one point set.
I11.2.3.2) For every A, B € C, the natural map

F(Ax B) — F(A) x F(B)
is bijective.
[11.2.3.3) For every surjective morphism a: A — C' in C, with C'
an acyclic complex in Gy, the natural morphism

F(ker(a)) = F(A x¢ 0) — F(A) xXp) F(0) = F(A)
is bijective.
I11.2.3.4) For every pair of morphisms f: B — Aandy: C — A
in C, with ( surjective, the natural map

F(B XAC)—>F(B) XF(A)F(C)

is surjective.
I11.2.3.5) For every small acyclic extension

0—J—B-—5A-—0
the induced map F(B) — F(A) is surjective.
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I11.2.4. DEFINITION. A covariant functor F' : C — Set is called
deformation functor if it is a predeformation functor and F'(J) = 0 for
every acyclic complex J € C,.

I11.2.2.1. Ezamples. Let L be a differential graded Lie algebra and
A € C. Then L® A has a natural structure of (nilpotent) DGLA given
by:

(L® A) @LJ@@AZ

JEL
dz®a) =dr®a+ (—1)"y @ da;
[z @ a,y © b = (=1)* W[z y] @ ab.

II1.2.5. DEFINITION. The eztended Maurer-Cartan functor associ-
ated to a DGLA L is

MCL(4) = {(z € (L® A)| dr + [,a] = 0}

I11.2.6. LEMMA. l\//f(/jL s a predeformation functor.

PROOF. See [21, Lemma 2.15]. We also give a proof in Section I11.2.4,
since it is a particular case of Theorem II1.2.20. U

I11.2.7. REMARK. We note that, for each C' € Cgy, we have:
MCL(C) ={z € (L®C)'|dx =0} = Z" (L& C).

[11.2.8. DEFINITION. The extended deformation functor associated
to a DGLA L is
{r € (Lo A) e+ Lfr,a] = 0)
gauge action of exp (L ® A)° ’

BEI/CL(A) -

where the gauge action of a € (L ® A)° is the analogous of the non
extended case: i.e.

— da)

e’ *

I11.2.9. LEMMA. ISEL s a deformation functor.

PROOF. See [21, Theorem 2.16]. We also give a proof in Sec-

tion III.2.4, since it is a particular case of Theorem II1.2.26.
O

111.2.10. REMARK. For each C € Cy we note that:

{z e (L®C) |dr =0}

Deti(C) = e Lo o

=H' (L®C).
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II1.2.3. Properties. Asin the not extended case, for every prede-
formation functor F' and every C' € C, there exists a natural structure
of vector space on F'(A) with:

- sum given by the map F(C x C) = F(C) x F(C) - F(C)
induced by C' x C SR C;

- scalar multiplication by s given by the map F(C) —> F(C)
induced by ¢ —= C.

[I1.2.11. REMARK. 1) For each morphism B — A in Cy, the
induced map F(B) — F(A) is C-linear.

2) For each natural transformation of predeformation functors ' —
G, the induced map F(C) — G(C) is C-linear for each C' € C,.

I11.2.12. DEFINITION. Let F' be a predeformation functor, the tan-
gent space of F' is the graded vector space T'F[1], where

TF =@ 1"F, T""'F =TF[]" = coker(F(Q[n]) - F(K[n))),n € Z

and p is the linear map induced by the projection Q[n] — Kn] (see
Example I11.2.1).

In particular, if F' is a deformation functor then F(Q2[n]) = 0 for
every n. Therefore T""'F = TF[1]" = F(Kle]), where ¢ is an indeter-
minate of degree —n € Z, such that % = 0.

I11.2.13. DEFINITION. A natural transformation of predeformation
functors F — G is called a quasi-isomorphism if it induces isomor-
phisms on tangent spaces: i.e. T"F =2 T"G.

[I1.2.14. THEOREM. (Inverse function theorem) A natural transfor-
mation of deformation functors is an isomorphism if and only if it is
a quasi-isomorphism.

PROOF. See [21, Corollary 3.2] or [23, Corollary 5.72]. O

I11.2.15. THEOREM. (Manetti) Let F be a predeformation functor,
then there exists a deformation functor F™ and a natural transforma-
tion v : F — F*, that is a quasi isomorphism, such that for every
deformation functor G and every natural transformation ¢ : FF — G
there exists a unique natural transformation v : F* — G such that

¢ =Yv.
PROOF. See [21, Th. 2.8]. O

I11.2.16. REMARK. Given a natural transformation of predeforma-
tion functors a : F — G, there is a natural transformation of asso-
ciated deformation functors at : F* — G*. Actually, let n : G —
G*. Then by composition we get 3 = noa : F — G* and so, by
previous Theorem II1.2.15, there exists a™ : F* — G™T.
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[11.2.17. THEOREM. (Manetti) Let S be a complex of vector spaces
and assume that the functor

CO — Set

C s ZH(S® O)

is the restriction of a predeformation functor F'. Then for every com-
plex C € Cqy holds the equality F*(C) = HY(S ® C); in particular
T'F+ = HY(S).

PROOF. See [21, Lemma 2.10]. O
[I1.2.18. COROLLARY. (Manetti) For every differential graded Lie

algebra L there exists a natural isomorphism 1\//162r =~ Def,.
Proor. By Remark II[.2.7 and Theorem III.2.17, we have that
T"MCI = H'(L). Therefore the natural projection MC; — Def,

N+ —~
induces (by Theorem II1.2.15) a natural transformation MC; — Def/,
which is an isomorphism on tangent spaces. O

111.2.4. Extended deformation functor of a couple of mor-
phisms. Let L, M, N be DGLA, and h: L — M and g: N — M
be morphisms of DGLA:

L
lh

I11.2.19. DEFINITION. The extended Maurer-Cartan functor asso-
ciated to the couple (h,g) is

1\7[\6@79) : Art — Set
MChg)(A) = {(z,y,€") € (L® A)' x (N ® A)' x exp(M @ A)°|

1 1
dr + 5[96756] =0, dy + §[y,y] =0, g(y) =€’ xh(x)}.

I11.2.20. THEOREM. h//f(/j(hvg) s a predeformation functor.

PROOF. MC(0) = 0 and so (I11.2.3.1) is satisfied.
For each pair of morphisms f: B — A and v: C — A in C, we
have

MCng)(B x4 O) = MCpg)(B) X555, . (a) MCng)(C)

and so hf/fé(h,g) satisfies properties (111.2.3.2),(I11.2.3.3) and (111.2.3.4).
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Let 0 — J — B - A — 0 be an acyclic small extension and
(x,y,€eP) € 1\71\6(;179)(14). We want to prove the existence of a lift-
ing (7,7,eP) € D?[\é(h,g)(B) so that the induced map 1\//[\6(,179)(3) —
1\//I\C/J(h7g) (A) is surjective.
Since « is surjective, there exists (r,s,e') € (L ® B)! x (N ® B)!
exp(M ® B)Y such that a(r) = z,a(s) = y and a(t) = p.

Let [ € (L® J)? and k € (N ® J)? defined as follows

1 1
l:dr+§[r,r] k:ds+§[s,s].

Then 1 1
dl = id[r, r] = [dr,r] = [l,r] — 5[[7”, 7], 7]

and the same holds for k, i.e.

dk = [k, 5] —%[[S,S],s].

Since BJ = 0, we have [I,r] = [k,s] = 0; moreover, using Jacobi
identity (see Remark 1.3.6), [[r,7],7] = [[s, s], s] = 0. ThlS implies that
dl = dk = 0.

By hypothesis, J is acyclic and so, by the Kiinneth formula, the
complexes L ® J and N ® J are acyclic. Therefore there exist w €
(L J)! and 2z € (N ® J)!, such that dw =1 and dz = k.

Let

T=r—wée (L®B) and y=s—2€ (N®B);
We have
a(z) = a(r)—a(w) = a(r) = z, a(y) = a(s)—a(z) = a(s) =y,
d§+%[f, 7] = dr—l—l—%[r, rl=0 and dy+%[y, y] = 0.
Therefore T and 7 lift, respectively, x and y and they satisfy the
Maurer-Cartan equation.

Let 2 = et W(T) — g(y) € (M ® B)!. Since a(z) = x h(a(T)) —
g((;(@)) = eP x h(z) — g(y) = 0, then z € (M @ J)'. Moreover dz = 0;
in fact
20z = 2d(e'  h(®)) — 2d(9(7)) = ~[e' * h(z). ¢+ h(z)] + [9(7). o(7) =
—[e"«h(@), ' h(@)] +[9(7). €' * h(@)] — [9(7), €' h(T)] + [g@) 9@l =

—[e"+ h(T) = 9(@), " * M(T)] = [9(7), €' * W(T) — 9(7)]
(z=¢€"*xh(T)—g(y) € (M ®J) and so [e' x h(T) — g(y),—] = 0.)
Since M ® J is acyclic, there exist v € (M ® J)° such that z = dv.
Therefore

e xh(T) =2+ 9@ =dv+gH) =e " *g(7)
and so

e'e’ x h(Z) = g(7).
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This implies that e? = ee’ lifts e”. -
Then the triple (7,7, eP) € MCy, q)(B) lifts (x,y,e?) € MC 4 (A)
and so (I11.2.3.5) holds.
U

Proor or LEMMA II1.2.6. It is sufficient to apply the previous
theorem with M = N = 0. U

[I1.2.21. REMARK. If the DGLA M is concentrated in non negative
degree, then for every (A,ma) € Art, MC, g)(ma) = MCp, g (A).

Applying Theorem IT1.2.15, we can conclude the existence of a de-
formation functor MC,, (h,g) associated to MC (hyg)-

I11.2.22. PROPOSITION. TiMC(hﬁg) > H'(Chyg))-

ProoOF. For each C' € Cy we have
MCh)(C) = {(I,n,e™) € (L ® C)! x (N @ C)' x exp(M @ C)°|
dl =dn =0, g(n) =€ xh(l) = h(l) — dm}.
and
ZMCng ®C) ={(l,n,m) € (LR C)' x (N®C)' x (M @ C)"|
dl = dn = —dm — g(n) + h(l) = 0}.

Therefore 1\7[\6(;179)(—)‘00 = Z'(Cn,g) ®—)|c,- Then we can apply The-
orem II1.2.17 to conclude the proof. U

Now, we consider on l\//f(/](hyg)(A) the following equivalence relation
(xla Y1, 6171) ~ ($27 Y2, 6p2)
if and only if there exist a € (LR A)?, be (N®A)andce (M@ A)™!
such that
Ty=etxa, = xy

and

P = 90l with T = de+ [g(y1), ] € Staba(g(y)).

I11.2.23. LEMMA. The relation = is an equivalence relation.

PROOF. The reflexivity is obvious. As regards the symmetry and
transitivity, we use the following property of the irrelevant stabilizers
Staba(—)(see Section 1.3.4): for each z € MCp(A), a € (M ® A)° and
T = dc+ [x,c] € Staba(x), there exist f € (M ® A)~! such that

!
el = el e®

where 7" = df + [y, f] € Staba(y) and y = e x .
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Symmetry. Let (x1,y1,eP) = (z3,y2,eP?). Therefore there exist
a€ (LA’ be (N®A)and c € (M ® A)~! such that
Ty=etx1y,  ya=exy
and
P = 90Tl with T =de+ [g(y1), d.
This implies the existence of f € (M ® A)~! such that
e = el edOePre@)  with T = df + [g(y), f].

Therefore, choosing a = —a € (L® A = —-be (N®A)" and
y=—fe(M®A) we get

vy =€t xmy, oy =€ xy

and
et = e IO T ep2ph(a) — 9B) T ep2o=h(@)  with T’ = dy+[g9(y1), 7.
Then (x9,ya, €P2) =~ (21,41, €P").

Transitivity. Suppose

(95173/176101) ~ (3327y2,€p2) and (x27y27€p2> ~ (x37y3aep3)'
Therefore there exist ay,as € (L ® A)° by,by € (N ® A)? and ¢y, ¢y €
(M @ A)~! such that
To = e % 17, Yy = e x eP? = 90 eTiep1p—h(ar)
and
r3 = e % 19, ys = €2 %y P = e9(02) T2 op2 p—h(az)

with T1 = dCl + [g(yl), Cl] and Tg = dCQ + [g(yg), CQ]. Then
ePs — €g(b2)€T2 eg(b1)6T1 eplefh(th)e*h(az) — eg(bQ)eg(bl)eTQ/eTl ep1e*h(a1)e*h(a2)
for some ¢ € (M ® A)™ and Ty = dd + [g(y1), ]

Since Staba(g(yy)) is a subgroup, there exists ¢ € (M ® A)~! such
that e’ e”t = €T with T = dc + [g(y1), d.

Let a = ayea; € (LA b=0byeb; € (N®A)andce (M®A)™!
as above. Then

xr3 = €% *x 1, ys = €’ % y3 ePs = 9T eP1ehla)

and so (z1,y1,eP?) =~ (x3,ys, eP?).

U

I11.2.24. REMARK. We note that this equivalence relation gener-
alizes the equivalence relation induced by the gauge action given in
Definition II1.1.10, when M is concentrated in non negative degree.

111.2.25. DEFINITION. Define the functor
I/)\e/f(hy) :C — Set
Def(hyg)(A) = MC(h,g) (A)/ ~ .
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I11.2.26. THEOREM. ]/D\é%(h,g) : C —> Set is a deformation functor
with T"Def(h,g) = Hi(O(h7g)).

ProoFr. We first prove that ]S\e/f(hhq) is a predeformation functor.

Since lag(h,g) is the quotient of the predeformation functor 1\//[\6(,%9),
then the conditions (II1.2.3.1) and (II1.2.3.5) are verified.

An easy calculation shows that Def;, ;) satisfies (I11.2.3.2).

Now we verify condition (I11.2.3.4). Let f§ : B — A and v :
C — A be morphisms in C, with 5 surjective. We prove that the
natural map Def, g (B x4 C) — Def(y, ) (B) x J(A) Def () (C) is
surjective. - -

Let (z1,y1,e") € MCg)(B) and (22,92, €”?) € MC, 4 (C), such

P

that B(z1,y1,e?*) and y(x2, y2, €7?) are the same element in Def(;, 4y(A).
Then, there exist a € (L® A)°, b€ (N® A and c € (M @ A)~!
such that

]5;%(’1,9

V() = B(x1),  Y(y2) =€ B(y)
and

e1P2) = 9®) T eBP) o=ha)  with T = de + [9(B(y1)), c].

Let @ € (L ® B)° be a lifting of a, b € (N ® B)° a lifting of b and
¢ € (M ® B)™! alifting of ¢, so that T' = d¢ + [g((B(v1)), ] lifts T.

Up to substitute (z1, 31, €P') with its equivalent (e%xx1, e?’*yl, e9®) T ept @),
we can suppose that® 5(x1,y1, €”) = y(x2, Y, €”2) € MCyy, 4 (A).

Then ((:El, U, ep1)7 (xQ, Y2, ep2)) € MC(h7g)(B) Xﬁé(h,g)(z‘l) MC(h,g)(O)

and so, since h//fé(h,g) is a predeformation functor, there exists a lifting

in D,/I(/](hhq)(B x4 C). Now, it is sufficient to take its equivalence class
in ]S\e/f(h,g).

Finally, we prove that condition (II1.2.3.3) is satisfied.

Let a: A — C be a surjection with C' € Gy an acyclic complex.
Let (z1,y1,€P') and (22,2, €"?) € Def(;, 4 (ker o) (in particular g(y;) =
ePrxh(xy) and g(y2) = eP?xh(x2)) be such that there exist a € (L®A)?,
be (N®A)P and c € (M ® A)~! with

To = e % 11 y2=€b*yl
e = I0eTePre=h@)  with T = de+ [g(yy), .

We are looking for @ € (L @ ker)’, b € (N @ kera)? and ¢ € (M ®
ker o)~ such that T' = dé + [g(y1), ] and

et % 1y = T eb % Y1 = Yo eI T ep1e=h(@) — op2

Ble® x wy,e x yy,edPelerreh@) = (@ % B(a1),eP®  «
Blun), 8 ODNAD S M) = (e 5 5(ay), e 5 Bla), HOET P ) =
(V(xQ)er(yQ)a eFY(pQ)) = ’7(3327927 ep2)
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Since L ® C' and N ® C are abelian DGLAs and a(z;) = a(y;) = 0, for
1= 1,2, we have

0= a(z;) = e xa(z;) = —da(a)

and
0=a(y) = ™) « a(y) = —da(y).

Moreover, L ® C' and N ® C' are acyclic; therefore there exist [ € (L ®
A)7land k € (N® A)~! such that da(l) = —a(a) and da(k) = —a(b).
This implies di + a € (L @ ker «)? and dk + b € (N ® ker a)°.

Set wy = dl + [x1,1] € Staba(xy), wy = dk+ [y1, k] € Staba(y:) and
definea =aew; and b= b e ws.

We claim that @ € (L ® kera)? and b € (N @ ker a)’. Actually

a=aew =a+w =a+dl (mod[L® A, L® Al]);

since A+ A C kera, we conclude a = a +dl =0 (mod L @ kera). An
analogous calculation implies that b € (N ® ker a)°.
Moreover, we note that

b

e+ = e x 1] = 29 and eb*ylzee‘”?*yl:yz.

As regard eP', since e*Staby(z)e™® = Staba(y) with y = e®*x, we have

e~ 9(w2) T op1 oh(wi) _ oS op1

for some S = df + [g(y1), f] with f € (M @ A)~L.
Therefore

eP2 — 90) T op1—h(a) _

9(0) g9 (w2) = 9(w2) T g1 Jo(wn) y—h(w1) y—hla) — 9(5) .S g1 ,—h(@)

This implies that e¥ = e~9®)eP2eh@e~P1 lies in the subgroup exp((M ®
ker a)?) or equivalently S = df + [g(y1), f] € (M ® ker a)°.

Since C' is acyclic, the inclusion M ® keraw — M ® A is a quasi
isomorphism and it remains a quasi isomorphism if we consider the
deformed differentials d(—) + [g(y1), —] on both M @ ker « and M @ A
(g(y1) satisfies the Maurer-Cartan equation and so by Remark 1.3.17
d(=) 4 [g(v1), —] is a differential).

Therefore, since the class of S is trivial in M ® A, it is also trivial
in M ® kera: i.e. there exist ¢ € (M ® kera)~! such that S =T =
d6+[g<y1)76]' o o

In conclusion e?? = e9®eleP1e=@ and so Def (h,g) is & predeforma-
tion functor.

Now, we prove that ]/)\e/f(h,g) is a deformation functor.

Actually, if C' € Cj then
1\71\6(;179)(0) ={(I,n,e™) € (LR C)' x (N®C)" x exp(M & C)°|
dl=dn =0, g(n) =e"*h(l) = h(l) — dm} = Z"(C(.9 ®C).
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and
(9) Def(1,4)(C) =

MCng)(C) /
{(—da,—db, dc+g(b)—h(a))|a € (L&C)°, b e (NRC)°, c € (MxC) '}
Therefore [/)\e,/f(h,g)(C) is isomorphic to the first cohomology group of
the suspended cone of the couple of morphism h : L® C — M ® C
andg: N@C —MxC. -
If C' is also acyclic, then Def(;, ,(C') = 0. This implies that Def(;,
satisfies the condition of Definition II1.2.4 and so it is a deformation

functor. _
Finally equation (9) implies also that T"Def(, 5 = Hi(C’mg)).

Proor or LEMMA II1.2.9. It is sufficient to apply the previous
theorem with M = N = 0. U

III.2.27. THEOREM. ]/D\e/f(h,g) = Méag).

PrRoOOF. The projection to the quotient 1\//[\6(;%9) — lf)\e/f(h,g) in-

duces, by Theorem II1.2.15, a map I\Iéz;,g) — I/)\e/f(h,g) that is a quasi
isomorphism by Proposition I11.2.22 and Theorem III.2.26. U

I11.2.28. COROLLARY. Let M be concentrated in non negative de-
gree. Then for every (A,my4) € Art we have Def(y, 5y (ma) = Def(y, 4 (A).
ProOF. Evident. Il

I11.2.29. REMARK. Every commutative diagram of differential graded
Lie algebras

OC/

L——P
‘L
M—=Q

v

N——R

induces a natural transformation F' of the associated deformation func-
tors: o -

F: Def(w) — Def(nvu)

Moreover the inverse function Theorem III.2.14 implies that Fis an
isomorphism if and only if the maps (¢, a;, @) induces a quasi isomor-
phism of complexes ¢ : G, ) — G, .

ProOF oF THEOREM III.1.22. It is sufficient to apply the previ-

ous remark and Corollary I11.2.28.
O
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Proor or THEOREM III.1.23. It is sufficient to apply the inverse
function Theorem I11.2.14 and Corollary I11.2.28.
O

II1.2.5. Fibred product. In Example 1.3.12, we have defined a
DGLA structure on M[t, dt] = M ® CJt, dt] and evaluation morphisms
€aq, for each a € C: i.e.

eq: M[t,dt] — M ea(z mgt' + nt'dt) = Zmiai.
Define K C L x N x M|[t,dt] x M|[s,ds| as follows
K= {(lvn7 ml(t7 dt)a m2(57 d8)>| h(l) = 61<m2(57 ds)),g(n) = eo(ml(t7 dt))}

K is a DGLA with bracket and differential § defined as the natural
ones on each component.
Define the following morphisms of DGLAs:

e: K — M (I,m, my(t,dt), ma(s,ds)) — eo(mq(t, dt))
and
er: K — M (I,m, mq(t,dt), ma(s,ds)) — e1(ma(s, ds)).

Then we can construct the following simplicial diagram of DGLA

(10)  LxN . K CLxNxM[tdt] x Mls,ds]
h g el eo
M i M
with:
(l,n) ———= (I,n,g(n), h(l))
g €0
h . el
g(n) “ g(n)
h(l) i h(l).

The diagram is commutative in a simplicial meaning and G is a quasi-
isomorphism.

I11.2.30. LEMMA. The complezes C(el_eo) and C’(h_g) are quasi-
1somorphic.

ProoOF. Consider the following commutative diagram of complexes
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0= (M~ ~d) — Cjp_py—— (L' ® N, d) —=0

R

0—— (M.717 _d) - C’(61760) - (K.7 5)

0,

with a(l,n,m) = (I,n,g(n),h(l),m), for (I,n,m) € Ciy_yy- Since id
and G are quasi-isomorphism, then « is a quasi-isomorphism. U

[I1.2.31. PROPOSITION. [ﬁ(h,g) = ﬁe/f(el,eo)-

PROOF. Since G is a morphism of DGLAs, using diagram (10), we
can define a morphism of Maurer-Cartan functors:

G: 1\7[6(;1,9) — 1\716(@1,@0)
(I,n,m)— (G(l,n),m), with G(l,n) = (I,n,g(n),h(l)).
It is well-defined since G(I, n) satisfies the Maurer-Cartan equation and
e"xe1(G(l,n)) = e™xer(h(l)) = e™xh(l) = g(n) = eo(g(n)) = eo(G(l,n)).

Therefore G induces a morphism between the deformation functors
Def;, 4y and Def (., .,y that is a quasi-isomorphism by Lemma III.2.30
(and so an isomorphism by Theorem I11.2.14). g

II1.2.5.1. Definition of H, gy, properties and barycenter subdivision.
Let H C K defined as follow

H ={(l,n,mq(t,dt),ms(s,ds)) € K| er(my(t,dt)) = eo(ma(s,ds))},
or written in more details
H = {(l,n,mq(t,dt),ms(s,ds)) € L x N x M[t,dt] x M|s,ds] |
h(l) = e1(ma(s,ds)), g(n) = eg(my(t,dt)), er(my(t,dt)) = eo(ma(s,ds))}.

Let k = (I,n,my(t,dt),ma(s,ds)) € K. Then the couple m;(t, dt)
and ma(s,ds) have fixed values in one of the extreme of the unit in-
terval. More precisely the value of m;(¢,dt) is fixed at the origin and
ma(s,ds) is fixed in 1: i.e.

eo(m1) = g(n) ex(mz) = h(l)
- my(t,dt) ma(s,ds)
0 t 1 0 S 1

If k also lies in H, then there are conditions on the other extremes: the
value of my(t,dt) in 1 has to coincide with the value of my(s,ds) in 0.
Let

(11) Hng) =
{(l,n,m(t,dt)) € LxNxM][t,dt] | h(l) = er(m(t,dt)), g(n) = eq(m(t,dt))}.
Since e; are morphisms of DGLA it is clear that H, gy is a DGLA.
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Moreover, considering the barycenter subdivision we get an injective
quasi isomorphism

H(h,g) — H.
1 1
(1l dt) — (n,m (5t d),m (2= ds))

II1.2.32. DEFINITION. H, g is the differential graded Lie algebra
associated to the couple (h,g).

II1.2.33. PROPOSITION. H, ) is a quasi isomorphic to the complex
Cll e

PROOF. It is sufficient to consider the following commutative dia-
gram of complexes

H——K
l e1—eqg
0—— M.
where e; — g is surjective. U

I11.2.34. PROPOSITION. Leth: L — M and g : N — M be mor-
phism of DGLAs. If the morphism g —h: N X L — M s surjective,
then Def v is 1somorphic to Def, 4.

ProOF. We recall that by definition
MCly, v (A) =

((n) e (L®A)1><(N®A)1|dl+%[l, =0, dn+%[n,n] — 0, h(l) = g(n)}.
and

MCng)(A) = {(Ln,m) € (L@ A)' x (N ® A) x (M ® A)°|
dl + %[z,z] — 0, dn+ %[n, =0, g(n) = e % h(I)}.

Moreover T"'f)\e/fLXMN = Hi(L Xy N) and Tiﬁg%(h,g) = Hi(cﬁh,g))'
Let - _
¥ : MCry,,n(A4) — MC,g)(A)
(I,n) — (I,n,0).

and ¢ : Defy,  ar — Def(; ) the induced map between the associated
extended deformation functors. Then ¢ is a quasi isomorphism.

For completeness we state all details, denoting by the same ¢ the
map induced on cohomology.

¢ is injective. Suppose that o([({,n)]) = [(I,n,0)] = 0in H'(Cy, )
Then [(I,n,0)] = (dr,ds, —dt — g(s)+ h(r)) withr € (L)', s € (N)"!
and t € (M)"2.
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Since g — h is surjective, there exists p € L' ?2®@ Aand ¢ € N 2® A
such that g(q) — h(p) = —t and so g(dq) — h(dp) = —dt. Let (I',n’) =
(r—dp, s—dq); then h(l') = h(r)—h(dp) = g(s)+dt—dt—g(dg) = g(n’).

Therefore (I',n') € L xp; N and d(I',n’) = (dr,ds) = (I,n) and so
[(1,n)] =0 € H(L xp N).

¢ is surjective. Let [(I,n,m)] € Hi(C(h’g)), ie. dl =dn =0 and
—dm — g(n) + h(l) = 0. Since the class [(I,n,m)] coincides with the
class [[+dr,n+ds,m—dt—g(s)+h(r)] € Hi(C’(‘hvg)), we are looking for
re L' se N~ landt € M2 such that (I+dr,n+ds) € H(LxyN)
and m — dt — g(s) + h(r) = 0 (thus [([,n,m)] € Im(p)).

Since g — h is surjective, there exists » € L' and s € N, such
that g(s) — h(r) = m — dt and so g(ds) — h(dr) = dm. Therefore
h(l+dr) = h(l) + g(ds) —dm = h(l) + g(ds) — h(l) + g(n) = g(n+ds),
that is (I4+dr,n+ds) € Lx N and o([(I+dr,n+ds)]) = [(I,n,m)]. O

I11.2.35. REMARK. Let ag, a1 : L —> M be morphisms of DGLAs
with ag — oy surjective and T'= {t € L| ap(t) = ay(t)} (T is called the
equalizer of oy and «1). In this particular case the previous proposition
implies Defr = Def (4, o).

In conclusion we have the following theorem.
I11.2.36. THEOREM. Defyy, = Def(, ).

PROOF. It is sufficient to apply Proposition II1.2.34 to eg,e; :
K — M (with ep—e; surjective) to conclude that Defy, = Def(c, )
and then Proposition I11.2.31. O



CHAPTER IV

Deformations of holomorphic maps

This chapter is devoted to the main topic of this thesis: infinitesimal
deformations of holomorphic maps of complex compact manifolds.

These deformations were first studied dring the 70s by E. Horikawa
in his works ([14] and [15]) and then by Namba [27] and Ran [28].

Our purpose is to study these deformations using a technique based
on differential graded Lie algebra.

Beware. Unless otherwise specified X and Y are compact complex
connected smooth varieties.

IV.1. Deformations functor Def(f) of holomorphic maps

The main references of this section are [14] and [27, Section 3.6].

IV.1.1. DEFINITION. Let f: X — Y be an holomorphic map and
A € Art. An infinitesimal deformation of f with fived domain and
target over Spec(A) is a commutative diagram

X xS > Y x S8

N

where S = Spec(A), the morphism to S are the projections, F is
a holomorphic map and f coincides with the restriction of F to the
fibers over the closed point of S.

If A =K[e] we have a first order deformation of f with fized domain
and target.

Two infinitesimal deformations of f with fixed domain and target

F F

X xS Y xS and X xS Y xS
S S

are equivalent if there exist automorphisms ¢ : X — X and ¢ : Y —
Y such that the following diagram is commutative:

83
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X xS Y xS
(¢,id) l l (3id)
X xS : Y x S.

IV.1.2. DEFINITION. The infinitesimal deformation functor Def(X AN
Y') of infinitesimal deformation of an holomorphic map f with fixed do-
main and target is defined as follows:

Def(X L5 Y) : Art —» Set

isomorphism classes of
infinitesimal deformations of f
with fixed domain and target
over Spec(A)

A Def(X -1 Y)(A) =

IV.1.3. REMARK. When the domain and target are fixed, an infin-
itesimal deformation of an holomorphic map f can be interpreted as

an infinitesimal deformation of the graph of the map f in the product
X xY, with X x Y fixed.

In the previous case, we were just deforming the map f. In general
we can also deform both the domain and the target.

IV.1.4. DEFINITION. Let f : X — Y be an holomorphic map
and A € Art. An infinitesimal deformation of f over Spec(A) is a
commutative diagram of complex spaces

X, F Y,
S

where S = Spec(A), (X4, 7, S) and (Y4, 7, S) are infinitesimal defor-
mations of X and Y respectively (Definition I.2.1), F is an holomorphic
map that restricted to the fibers over the closed point of S coincides
with f.

If A =XKle] we have a first order deformation of f.

IV.1.5. DEFINITION. Let

F F
X4

Ya and X l Y
S S

two infinitesimal deformations of f. They are equivalent if there exist
bi-holomorphic maps ¢ : X4 — X/, and ¢ : Y4 — Y} (that are
equivalence of infinitesimal deformations of X and Y respectively) such
that the following diagram is commutative:
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X4 —7 Y
¢i iw
X, — vy

IV.1.6. DEFINITION. The functor of infinitesimal deformations of
an holomorphic map f: X — Y is

Def(f) : Art — Set

isomorphism classes of
A+ Def(f)(A) = < infinitesimal deformations of
f over Spec(A)

IV.1.7. PROPOSITION. Def(f) satisfies the conditions of Defini-
tion 1.1.10.

Proor. It follows from the fact that the functors Def xy and Defy
of infinitesimal deformations of X and Y are deformation functors. [

IV.1.8. REMARK. In this general case, the infinitesimal deforma-

tions of f can be interpreted as infinitesimal deformations T of the
graph I' of the map f in the product X x Y, such that the induced de-

formations X x Y of X x Y are products of infinitesimal deformations
of X and of Y. Since not all the deformations of a product are product
of deformations (see Remark I1.7.5), we are not simply considering the
deformations of the graph in the product.

Moreover, with this interpretation, two infinitesimal deformations

~ ~ !/
Fc X xYand I" C X xY are equivalent if there exists an isomor-

/
phism ¢ : X XY — X XY of infinitesimal deformations of X x Y
such that ¢(I") =T".

IV.1.1. Tangent and obstruction spaces of Def(f). Let U =
{U;} and W = {W,} be Stein coves of X and Y respectively, such that
f(U;) C V; for each i. For any integer p > 0, let

CP(U,W,0x, 0Oy, [*Oy) = C*(U,Ox) ® CP(W,0y) & C* (U, [*Oy)
(C~(U, f*Oy) = 0). Define a linear map
D:CP(U,W,0Ox, Oy, f*Oy) — CPTH U, W,Ox, Oy, fOy)
(2,9,2) — (0w, y, 6z + (=1)"(fox = f*y)).
Using the equalities f,0 =df, and f*0 = 6 f*, we conclude that D is a

dvifferential (DoD = 0). Therefore the C-vector spaces of cohomology
HP(U,W,0Ox, Oy, [*Oy) are well defined.

IV.1.9. LEMMA. H (U, W, @X,@y,f’i@y) doesn’t depend on the
choice of the covers and so we denote it H (Ox, Oy, f*Oy).
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PRrROOF. The following linear maps are well defined:

HP(U,Ox) ® H(V,0y) — HP(U, f*Oy)

({nl}7 {nQ}) — {f*nl - f*n2}7
HP(U, f*Oy) — HP™ (U, W,Ox, Oy, f*Oy)

{a} —{(0,0,a)};
Hp(Z/I,W,@X, @y, f*@y) — ﬁp(Z/{, @X) & HPO/, @y)

{(n1,n2,a)} — ({1}, {n2}).

Then the sequence below is exact:

o — HP(U,0x) @ HP(V,0y) — HP(U, [*Oy) —
— H"™ U, W, O, Oy, fOy) —

— BN U, 0x) ® HPTH(V,0y) — HPTN (U, f*Oy) — - .

Moreover, H'(U,Ox), H (U,Ox) and H (U, f*Oy) doesn’t depend on
the choice of the Stein covers ¢ and V. Hence applying the five lemma
, H(U,W,Ox, 0y, f*Oy) doesn’t depend on the choice of the covers.

O

In [14] E. Horikawa used the vector spaces H (O, Oy, f*0y) to
describe the tangent and obstruction spaces of the deformation functor

Def(f).

IV.1.10. THEOREM. Fll(G)X,@y,f*@y) is in 1-1 correspondence
with the first order deformations of f: X — Y.
The obstructions space is naturally contained in H*(©x, Oy, f*Oy).

PROOF. See [27, Section 3.6]
U

IV.1.11. REMARK. Consider a first order deformation f. of f: in
particular we are considering a first order deformations X, and Y. of
X and of Y, respectively. Using Theorem [.2.8, we associate to X, a
class 2 € H'(X,Ox) and to Yz a class y € H'(Y, Oy).

Therefore the class in H'(Ox, Oy, f*Oy) associated to f. is [(z, y, )]
with 2 € CO(U, f*Oy) such that dz = f,x — f*y.

Analogously, let 0 — J — B — A — 0 be a small exten-
sion and f4 an infinitesimal deformation of f over Spec(A). If h €
H?*(X,0x) and k € H*(Y,Oy) are the obstruction class associated to
X 4 and Yy respectively, then the obstruction class in H 2(Ox, Oy, [*Oy)
associated to fa is [(h, k,7)], with r € CY(U, f*Oy) such that ér =
—(fex = [ry).
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IV.1.12. REMARK. We have defined the C-vector space H*(Ox, Oy, f*Oy)
using the Cech cohomology. For convenience we reinterpret it, using

the Dolbeault cohomology.
Let (B, Dg) be the complex below

B =AY (0x) ® AP (Oy) ® ARV (f70y)
and
Dy : B? — BPf! (z,y, 2) — (0x,0y, 0z + (=P (fox — f*y))
IV.1.13. LEMMA. The complezes (B', Dg) and (C"(U, W, Ox, Oy, f*Oy), D)

are quasi 1somorphic.

PRrOOF. Let U = {U;} and W = {W;} as above and denote by
¢1: C*(U,0x) — A% (Ox), ¢y : C*(V,0y) — AY*(Oy) and o5 :
C*(U, f*Ox) — AY(f*Ox) the quasi isomorphism of complexes of
Leray’s theorem, defined in Section II1.3.1. We recall that ¢;0 = J¢,
fei = ¢if. and f*¢; = ¢; f*, for each 1 = 1,2, 3.

Now, define the following morphism
7:(C'U,W,0x, 6y, [*Oy), D) — (B, Dy)
7(3:7 Y, Z) = ((bl(‘r)v ¢2(y>7 ¢3(Z>>
Then 7 is a morphism of complexes: for each (z,y, z) € CP(U, W, Ox, Oy, f*Oy)

(l’,y, Z) - (¢1($),¢2(y),¢3(2))

| lDa

(0z,0y, 02 + (—1)P(fix — fry)) ————— b

where b = (9¢1(z), 0¢2(y), 0g3(2) + (=1)P(fodi(z) — f*2(y))).

Moreover, we have the following commutative diagram

0—C U, f*Oy) —=C — C"(U,Ox) & C"(W, Oy) — 0
l% 5 l(¢1,¢2)
0—— ALV (f*0y) — B —= ALV (0y) & A% (0y) —0

where C stands for C"(U, W, Ox, Oy, f*Oy).
Since ¢3 and (¢q, ¢o) are quasi isomorphism, v is a quasi isomor-
phism.
O

IV.2. Infinitesimal deformations of holomorphic maps

Let f: X — Y be an holomorphic map and I'" its graph in 7 :=
X xY.
Let
F: X —TCZ=XxY
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z— (z, f(x)).
and p: Z — X and ¢ : Z — Y the natural projections
Then we have the following commutative diagram:

In particular, F* o p* = id and F* o ¢* = f*.
Since Oz = p*Ox ® ¢*Oy, it follows that F*(Oy) = Ox & f*Oy.
Define the morphism v: ©; — f *@y as the composition

Oy KN Ox & f* @y f Oy.
and let m be the following surjective morphism:
AP (07) = AY(f*Oy) — 0
m(wu) = F*(w)y(u) Vwe AY, uec0y.

Now, since each u € ©4 can be written as u = p*v; + ¢*vy, for some
v € Ox and w € Oy, we have also

m(wu) = F*(w)(fe(v1) — f*(v2)).

Since F*0 = OF*, 7 is a morphism of complexes.

For convenience we give an explicit description of the map 7.

Let U = {U;}icr and V = {V;};cr be finite Stein open covers of X
and Y, respectlvely, such that f(U;) C V; (U; is allowed to be empty).

Moreover let z = (21,29,...,2,) on U; and w = (wy,wy,...wy,) on
V; be local holomorphic coordinate systems for each i € I. Asin
Section II.6, if v; = Z% — and = Z¢h —_— then fivg =

n afh ) B m
;% Za_za_w and f*vy = hz_;wh(f(z))awh. Let K and J be

multi- 1ndexes of length respectively k and J, and fix w = ®(z,w)dzZg A
dz; € A%, Then

rlwu) = F*(@)(J(n) = f*(2)) =
(O 0
Dz, f(2))dzi DY (Z P50 - ¢h<f<z>>> T

h=1 \i=1
Let £ be the kernel of 7:

0— £ A% (04) = AY (f*0y) — 0

and A the inclusion.
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IV.2.1. LEMMA. L is a sheaf of differential graded subalgebra of
A%*(@Z) and h is a morphism of differential graded Lie algebras.

PROOF. There is a canonical isomorphism between the normal bun-
dle Npjz of I' in Z and the pull-back f*Ty .
Therefore there exists the following exact sequence

Then by Lemma I1.5.7, £ is a sheaf of differential graded subalge-
bras of KSj.
O

Let L be the differential graded Lie algebra of global section of L.

Let M be the Kodaira-Spencer algebra of the product X xY: M =
KSxyy = KSz and h: L — M be the inclusion.

Let N be the product of the Kodaira-Spencer algebra: N = KSx x
KSy and g : KSx x KSy — KSxyxy be given by g = p* + ¢* (for
n = (ny1,n3), we use both the notation g(n) and p*n; + ¢*ny).

Therefore we get a diagram

(12) L

|

M - KSXXY'

9=(p*,q")

N:KSXXKSY

IV.2.2. REMARK. Given the morphisms of DGLAs h : L —
KSx«yand g: KSx x KSy — KX x«y we can consider the complex
(Clpg)» D) with Céh,g) = L'® KSi @ KSi, @ KS;!, and differential
D(l,ny,n9,m) = (0L, Ony, Ong, —Om — p*ny — ¢*ny + h(l)).

Using the morphism 7 : KSxyy — Agg*(f*Gy) we can define a
morphism

/B : (C.(h,g)vD) — (B,Dg)
B(l,n1,n2,m) = (ny,n9, (=1)'7(m)) Y (I,n1,n9,m) € th7g).

IV.2.3. PROPOSITION. S8 : (C{;, y, D) — (B', D3) is a morphism
of complexes that is a quasi isomorphism.

PROOF. 8 commute with the differentials, i.e S o D = Dgzo 3, in
fact for each (I,nq,n9,m) € C(im 4 We have the following commutative
diagram

(1,11, 2, m) —2 (11, na, (—1)im(m))

Dl ﬁ in’

c b.




90 IV. DEFORMATIONS OF HOLOMORPHIC MAPS

where ¢ stands for (91, 0n,0ng, —0m — p*ny — ¢*ng + h(l)) and b =
B(c) = (Ony,0ny, (1)1 (Om(m) + finy — f*ng)).

Therefore § induces a map in cohomology that we again call 8 that
is a quasi isomorphism. The proof is standard but we state it.

B is injective. Let [(I,n1,n0,m)] € H(Cy, 1) be such that B([(1, n1, na, m)]) =
[(n1,n9, (=1)'n(m))] is zero in H'(B).

Then there exists (ay,as,b) € B! such that n; = day, ny = day,
and (—1)'r(m) = 0b+ (—1)""*(f.a1 — f*as), so that w(m) = (—1)'0b —
frar + [ras. . ' B

Let n} = a; € KS%' and n}, = ay € KSi'; then On|, = n; and
only = n.

Let z € KSxxy be a lifting of —b (i.e. 7(z) = —b) and ! =
m+ (—1)i0z + p*n} +¢*ny € KSxxy. Then I' € (L)', in fact 7(I') =
7(m)—(—=1)i0b+ f,a1 — f*ay = 0; moreover o' = Om+p*ny +q*ng = L.
Therefore [(1, 11,19, m)] = [O(I', 0}, 0}y, (—1)'2)] is zero in Iji(C@g)).

3 is surjective. Let [(ay,as,b)] € H(B). Then da; = day = 0 and
Ob + (—1)(fuar — f*ag) = 0. Let m € KS%), be a lift of (—1),
ie. m(m) = (=1)b. Let ny = a3 € KS% and ny = ay € KSy.
Finally let | = Om + p*a; + ¢*ay € KS%,y. Then | € L', in fact
7(l) = 7(0Om) + f.ay — fray = (=1)'0b + f.a; — f*ay = 0.

Since 0l = On; = Ony = 0 and —Om — p'ny — q¢'ng +1 = 0,
[(lanhn?v m)] € Hi(C(h,g)) and 5[@7”1’ nva)] = [(n17n27 (_l)zﬂ-(m))] =
[(a1,a2,b)] € H(B). O

IV.2.1. Def(; 4 is isomorphic to Def(f). Using the notation
above and diagram (12), consider the functor Def(; 4. Since h is injec-
tive, by Remark II1.1.15 for each (A,m4) € Art we have

Def 4 (A) = {(n,e™) € (N' @ m4) x exp(M° @ m)|

1
dn+ S[n.n] =0, e x g(n) € L' ® ma}/gauge.

IV.2.4. REMARK. Let (n,e™) € Def(;, 4. In particular n = (n,ns)
satisfies the Maurer-Cartan equation and so n; € KSx and ny € KSy.
Therefore, there are associated to n infinitesimals deformations X 4 of
X (induced by n;) and Y4 of Y (induced by ny). Moreover, since
g(n) satisfies Maurer-Cartan equation in M = K Syyy, it defines an
infinitesimal deformation (X x Y)4 of X x Y. By construction, the
deformation (X X Y)4 is the product of the deformations X4 and Yj.

Let i* : A% — AY* be the restriction morphism and let [ =
keri* N Oz be the holomorphic ideal sheaf of the graph I'of f in Z.

3n particular this implies that —9m — p*ni — ¢*ne +1=0
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Consider an infinitesimal deformation of the holomorphic map f
over Spec(A) as an infinitesimal deformation I' of I" over Spec(A) and
Z of Z over Spec(A), with Z product of deformations of X and of YV
over Spec(A).

Applying the previous Remark IV.2.4 and Theorem I1.7.3, the con-
dition on the deformation Z is equivalent to require Oz = Oa(g(n)),
for some Maurer-Cartan element n € KSx x KSy.

The deformation I' of the graph corresponds to an infinitesimal
deformation I, C Oy of the holomorphic ideal sheaf I over Spec(A),
that is I4 is a sheaf flat over A such that I, ®4 C = I.

In conclusion, to give an infinitesimal deformation of f over Spec(A)
(an element in Def(f)(A)) is sufficient to give an ideal sheaf I, C
Oa(g(n)) (for some n € MCkg, xks, ) with [, A-flat and [, ®,C = I.

IV.2.5. THEOREM. Let h,qg and i* be as above. Then there exists
an isomorphism of functors

v Def(w) — Def(f)

Given a local Artinian C-algebra A and an element (n,e™) € MC, )(A),
we define a deformation of f over Spec(A) as a deformation I4(n,e™)
of the holomorphic ideal sheaf of the graph in the following way

5 n
v(n,e™) = Ix(n,e™) = (ker(A%'®A hacl'e AV @A) Ne™ (keri* @A) =

= Oalg(n)) Ne™(keri* @ A),
where O4(g(n)) is the infinitesimal deformation of Z that corresponds
to g(n) € MCksy.,, (see Theorem I1.7.3).

PROOF. For each (n,e™) € MC 4 (A) we have defined
Ix(n,e™) = 0Oux(g(n)) Ne™(keri* @ A).

First of all we verify that this sheaf I4(n,e™) C O4(g(n)) define an in-
finitesimal deformation of f: therefore we need to prove that I4(n,e™)
is flat over A and I, ®4C = I. It is equivalent to verify these properties
for e 14 (n,e™).

Applying Lemma I1.5.5, we obtain

e™(Oa(g(n)) =ker(@+e ™ xg(n): AL @ A — AV @ A)
and also

e "Ia(n,e™) =e"(Oag(n))) N (keri* @ A) =

= ker(0+e¢ ™ g(n)) N (keri* @ A).
Since flatness is a local property, we can assume that Z is a Stein
manifold. Then H'(Z,0z) = 0 and H°(Z,0,) — H°(Z, Ny|z) is
surjective. Since the following sequence is exact

oo — HY(Z,07) — H°(Z,Npz) — HY(Z,L) — H'(Z,07) — - -,
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we conclude that H'(L) = 0 or equivalently that the tangent space of
the functor Def is trivial. Therefore, by Corollary 1.1.21, Def}, is the
trivial functor.

This implies the existence of v € LY @ m 4 such that e™™ x g(n) =
e” % 0 (by hypothesis e™™ x g(n) is a solution of Maurer-Cartan in L).
Moreover, we recall that if a € L°®m 4 then e®(keri*®@ A) = keri* ® A
(see Section I1.5.1).

Therefore

e ™I4(n,e™) = ker(0+e” x0)N (keri* ® A) = Oa(e” x0) N (keri* @ A)
=¢"(0400))Ne’(keri*®@ A) =e"(I ® A).
Then I4(n,e™) defines a deformation of f and so it is well defined the

morphism
v : MCp, gy — Def(f)

such that
Y(A) : MCng)(A) — Def(f)(A)
(n,e™) — y(n,e™) = Ia(n,e™)
Moreover 7 is also well defined on Def , )(A) = MCy, 4 (A)/gauge.
Actually, for each a € L° ® m4 and b € N° ® m 4, we have

v(eb s n, e?®eme?) = 04 (9 % g(n)) Ned®eme? (keri* @ A) =

IO, (g(n)) NesWe™(keri* @ A) = 9Oy (n, e™).
This implies that the deformations v(n, e™) and (e’ * n, e9®e™e?) are
isomorphic (see Remark IV.1.8).
In conclusion vy : Def ;4 — Def(f) is well defined.
In order to prove that v is an isomorphism of functors it is sufficient
to prove that
i) ~ is injective;
ii) v induces a bijective map on the tangent spaces;
iii) v induces an injective map on the obstruction spaces.
Actually by Corollary 1.1.32, conditions 47) and #i7) imply that ~ is
étale and so surjective.

i) v is injective. Suppose that v(n,e™) = ~(r,e®), i.e. the de-
formations induced respectively by (n,e™) and (r,e®) are isomorphic.
We want to conclude that (n,e™) is gauge equivalent to (r,e®): i.e
there exist a € LY ® m4 and b € N° ® m 4 such that e® * r = n and
eIleses = em,

By hypothesis v(n,e™) and v(r,e®) are isomorphic deformations,
then, in particular, the deformations induced on Z are isomorphic.
This implies that there exists b € N° ® m4 such that e’ xr = n and so
eI (O 4(g(r))) = Oa(g(n)). Up to substitute (r, e*) with its equivalent
(e’ x 7, e9®)e%) we can assume to be in the following situation

Oa(g(n)) Ne™(keri* ® A) = O4(g(n)) Ne™ (keri* @ A).
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Let e* = e~ ™, then
e*(e7™(Oalg(n))) N (keri* ® A)) = e (Oa(g(n))) N (keri” @ A).
In particular, e*(e ™ (O4(g(n))) N (keri* ® A)) C keri* @ A.

Now we prove by induction that a € L® ® m, (thus e™ = e™e® =
eI ese),

Let zq,..., 2, be holomorphic coordinates on Z such that Z D I' =
{z41 = - -+ = 2z, = 0}. Consider the projection on the residue field

e "(Oalg(n))) N (keri* ® A) — Oz Nkeri™.
Then z; € keri* N Oy, for i > t. Since e ™ (O4(g(n))) N (keri* ® A) is
flat over A we can lift z; to Z; = z;+¢; € e7™(O4(g(n))) N (keri* @ A).
By hypothesis
(13) e(%;) = e*(z;) + e*(g;) € keri* @ A.
By Lemma I1.5.7, to prove that a € L° ® m it is sufficient to verify
that e*(z;) € keri* ® A and so by (13) that e?(y;) € keri* ® A.

If A = Clg|, then ¢; € keri* ® Ce, a € A%O ® Ce, this implies
e(¢i) = pi € keri* ® Ce.

Now, let 0 — J — B = A — 0 be a small extension. By
hypothesis a(a) € L° @ my, that is a(a) = Y77, a2~ with @; €
ker ¢* ®m,4 for j > t.

Let a be liftings of @;. Then a} € keri* @ mp for j >t ,

a
Z? 1 gaz € L°®mp and e* (SOZ) € keri* ® mp. Since a(a) = o

a
then a = o'+ with j € M°®.J. This implies that e*(¢;) = e+ (p;) =
e (p;) keri* @ mp.

),

As regards, tangent and obstruction spaces, by Theorem IV.1.10
and Lemma IV.1.13, the tangent space of Def(f) is isomorphic to
H'(B’) and the obstruction space is naturally contained in H?*(B’),
where (B, D5) is the complex with BP = Agg’p)(@x) @ A$”’)(®y) @
Ag?’p_l)(f*@y) and Dz(z,y,2) = (0x,0y, 0z + (=1)P(f.x — f*y)), for
each (z,y, z) € BP. Asregard the functor Def(;, 4, in Section II1.1.3, we
have proved that the tangent space is H 1(C'(h7g)) and the obstruction
space is naturally contained in H 2(C'(h’g)), where C, ) is the suspended
come associated to the couple (h, g) (Section II1.1.1). Moreover, Propo-
sition IV.2.3 shows the existence of a quasi isomorphism S between the
previous complexes B and C'(hjg).

i1) v induces a bijection on the tangent spaces: we prove that 7
coincides with the isomorphism [ of Proposition 1V.2.3.

Let (n1,n2,m) € Def (4 (Cle]). Then dny = dny =0, Im + g(n) =
om + p*ni + ¢*ny € H'(L) and so (ni,ng,m) determines the class
[(g(n) + dm,ny,ng,m)] € H(Cpq)). Moreover, we note that d(m) +

fini — f*ny = 0 and B[(g(n) + Om, ny, ny, m)| = [(n1, ng, —m(m))].
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Now, consider the image v(ny,no,m) = Oa(g(n)) N e (keri* ®
A). Using Theorem IV.1.10 and Remark IV.1.11, we associate to
v(n1,na,m) the class ® [(n1,n9,a)] € HY(B’), such that da = f,n; —
f*ny. Then da = —0n(m) and so [(n1,ng,a)] = [(ny,ne, —m(m))] =
B([(g(n) + Im,ny, ne,m)]) € HY(B).

This implies that the map induced by v on the tangent spaces
coincides with the isomorphism £.

i7i) ' induces an injective map on the obstruction spaces. Also in
this case, we prove that the map induced by v on the obstruction space
coincides with 8 and so it is injective.

Actually, let

0—J—B-"5A4-—0

a small extension. The obstruction class associated to (ny,ns,m) €

Def (5, 4)(A) is the class [(k, hy, ho, )] € H*(C{y, ,))®J defined in IT1.1.18.
We note that Or +p*hy +q*hy € H?>(L)) and so ©(9r) = — f.hy + f*hs.
Now, again by Theorem IV.1.10 and Remark IV.1.11, the obstruc-
tion class associated to the image v(ny,ny, m) is [(hy, ho,a)] € H*(B)®
J with da = —(f.h1—f*hy) and as above [(h1, by, a)] = B([(k, h1, ha, 7)]).
U

In conclusion, choosing opportunely L, M, and h, g, Theorem IV.2.5
shows that the infinitesimal deformation functor Def(f) of an holomor-
phic map [ is isomorphic to the functor Def, ).

IV.2.6. THEOREM. Let f : X — Y be an holomorphic map. Then
the DGLA H, 4 associated to the above morphisms h : L — KSxy
and g = (p*,¢*) : KSx x KSy — KSxxy (see Definition I11.2.52)
governs the infinitesimal deformation of f:

Defy,, ,, = Def(f).

PRrROOF. It is sufficient to apply the previous Theorem IV.2.5, Corol-
lary I11.2.28 and Theorem I11.2.36. U

This theorem is very interesting from the point of view of “guiding
principle”, since it shows the existence of a DGLA that governs the
geometric problem of infinitesimal deformation of holomorphic maps.

Anyway, in Chapter V we will see that in the applications it is more
convenient to use the functor Def(; 4 than DefH(hm.

IV.2.7. REMARK. Consider the diagram

PBy Theorem 11.7.3 the class associated to the first order deformation of X
induced by nj is n; itself and the class associated to the first order deformation of
Y induced by ns is no itself.
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g

KSX X KSY

A (f*Ty).
Since h is injective, Lemma III.1.5 implies the existence of a quasi-
isomorphism of complexes (C;, ), D) and (C,,,, 5).
Therefore we get the following exact sequence
(14)

S HY(CL) S HY(X,0x) ® H\(Y,Oy) —s HY(X, [*Oy) —>

mog

s HY(Cy) -5 HA(X, Ox)®HA(Y, Oy) — HX(X, f*Oy) —» -+
where o' and ¢? are the projections on the first factors and are in-
duced by the projection morphism o : Defy, g5 — Defy (see Re-
mark I11.1.14).

In particular, o : Def(f) — Defkg, xxs, associates to an infin-
itesimal deformation of f the induced infinitesimal deformation of X
and of Y.

Then o! associates to a first order deformations of f the induced
first order deformations of X and Y and ¢? is a morphism of obstruc-
tion theory: the obstruction to deform f is mapped in the induced
obstruction to deform X and Y (see also Remark IV.2.4).

In [28], Z. Ran studied the infinitesimal deformations of holomor-
phic map f: X — Y of singular compact complex spaces. He intro-
duced some algebraic objects T%, i = 1, 2, that classify the deformations
of a map f, getting the following exact sequence
(15)

T} — EXt}QX(Qx, Ox) D EXt}QY (Qy, Oy) — EXt}QX (f*Qy, O)(> —

— T]% — EXt?)X (Qx, Ox) D EXT%)Y (Qy, Oy) — EXt?/)X (f*Qy, OX)

IV.2.8. LEMMA. If X and Y are compact complex manifold, then
the exact sequence (15) reduces to (14).

Proor. If X and Y are smooth, then Qx and {2y are locally free.
Then applying the spectral sequence associated to Ext (see [9, Lemme
7.4.1]) we get Extf, (Qx, Ox) = H(X, Ox), Exty, (Qy, Oy) = H'(Y, Oy)
and EXthX (f*Qy, O)() = HZ(X, f*@y)

O






CHAPTER V
Semiregularity maps

In the previous chapter we have studied the infinitesimal deforma-
tions of holomorphic maps.

More precisely, let f : X — Y be an holomorphic map of compact
complex manifolds and I' C X x Y its graph. Let M = KSxyxy,
N =KSx x KSy and g = (p*,q*) : KSx x KSy — KSxyy, where p
and ¢ are the projections of X x Y respectively on X and Y. Moreover,
let L = A%y (—logT') be the DGLA defined by the following exact
sequence (see Section IV.2):

Then we get the following diagram
(16) L

|

KSXXy.

(p*,q%)

KSX X KSY

Theorem 1V.2.5 of the previous chapter shows the existence of an
isomorphism between the functor Def(f) of infinitesimal deformations
of f and the functor Def;, ) associated to the couple of morphism
(h, 9):

Def(f) = Def (3 g (Theorem IV.2.5).

Moreover, Theorem IV.2.6 gives an explicit description of the DGLA
H gy (Definition I11.2.32) that governs the infinitesimal deformations
of f:

Def(f) = Def g n,g) (Theorem IV.2.6).

In particular, if 7 : X < Y is an inclusion, we can find an easy de-
scription of the DGLA associated to Def(7) (see Section V.4). Actually
let L' be the the DGLA L' introduced in Section I1.5.1 (see also [24,
Sect. 5])

Then L' governs the deformation of ¢ (Corollary V.4.1).

In general, without an easy description of Hy, 4 it is convenient to
use the deformations functor associated to the previous diagram (16).

97
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For example, if we want to study the infinitesimal deformations
of f with fixed domain or fixed target, it is sufficient to consider di-
agram (16) after erasing respectively KSx (Section V.2) and K Sy
(Section V.1).

Anyway, the main application of the techniques developed in the
previous chapters concerns the study of the obstructions to deforms an
holomorphic map f and the “semiregularity” maps.

In general, we can find a vector space V' (most of time a cohomology
vector space) that contains the obstruction space, but we don’t know
an explicit description of the elements that are obstructions.

Then the idea is to restrict the vector space V' as for example defin-
ing a map on V, the so called “semiregularity” map, that contains the
obstructions in the kernel.

In particular, let f: X — Y be an holomorphic mapand consider
the infinitesimal deformations of f with fixed target Y. Then in [14]
Horikawa proved the following theorem.

V.0.9. THEOREM. (Horikawa) Let f : X — Y be an holomorphic
map and consider the functor of infinitesimal deformations of f with
fixed target Y. Then the tangent space is isomorphic to the hypercoho-

mology vector space H* (X, O(Ox) AN (’)(f*@y)) and the obstruction
space is contained in H? (X, O(Ox) LN (’)(f*@y)).

Using the techniques introduced in the previous section, we can
improve this result in the case of Kahler manifolds, defining a map
that contains the obstruction space in the kernel.

THEOREM. Let f : X — Y be an holomorphic map of compact
Kahler manifolds. Let p = dimY — dimX. Then the obstruction space
of deformations of f (with fized Y ) is contained in the kernel of a map

o : H? <X, O(0x) I O(f*@)y)> s BT,

The previous map is the generalization of the semiregularity map
defined by Bloch (see [3] or [24, Sec. 9]) obtained when f is the
inclusion map X — Y, i.e.

o: H'(X, Nxy) — HPH(Y, Q0.

The proof of this theorem is postponed in the next Section V.1.2
(Corollary V.1.5), where we also give an explicit description of the map
o

V.1. Semiregularity for deformations with fixed target

This section is devoted to study infinitesimal deformations of a
holomorphic map f: X — Y, with fixed target Y.
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In this case the DGLA N reduces to KSx and so diagram (16)
reduces to

AO*(@X> A())(*xy(@X Y)

\\
AY (f*0y).
where f, is the composition 7 o p*.

Using this diagram and Theorem IV.2.5, we can easily prove the
Theorem V.0.9 of Horikawa.

V.1.1. PROPOSITION. The tangent space of the infinitesimal defor-
mation functor of holomorphic map f : X — Y, with Y fixed, is
H'(C},) and the obstruction space is naturally contained in H*(CY,).

PrOOF. Theorem IV.2.5 implies that the infinitesimal deformations
functor of f, with Y fixed, is isomorphic to Def(, ;). Therefore the
tangent space is H 1(C’(h7p*)) and the obstruction space is naturally con-
tained in H*(Cj, ,.)).

Since h is injective, Lemma II1.1.5 implies that, for each i, HZ’(Cih,p*))
H{(C  .)=H Z(Cf ). OJ

Top*

I

As we already announced in Section V.1.2 we improve this theorem
in the case of Kahler manifolds.
The next section is devoted to some preliminary lemmas.

V.1.1. Preliminaries. Let Z be a complex manifold.
Then KS; = A%*(04) is the Kodaira-Spencer algebra of Z and in
Section I1.5, we have defined the contraction map :

i: KS; — Hom"(Az, Az)
to(w) = auw
for each a € KSz and w € A"
Therefore (A% (©)) C @p, Hom® (A%, A1) € Hom? Y (Ay, Ay).

To interpret ¢ as a morphism of DGLAs, the key idea due to
M. Manetti [24, Section 8| is to substitute Hom"(Az, Az) with the

Ay A
graded vector space Htp (ker(é?) 94, ) @, Hom'™* (ker(@), 8TZ>
Z

Z ) the following

(see Example 1.3.4). Consider on Htp | ker(9), ——
0Ay

differential 6 and bracket { , }:
0(f) = —0f — (~1)* D fo,
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{f.9} = fog — (-1)*sagay.

A
V.1.2. PROPOSITION. Htp <ker(8), —Z> is a DGLA and the lin-

0Az

ear map

, . A
i: A% (T;) — Htp (ker(@), 0_AZZ)

1s a morphism of DGLA.
PROOF. See [24, Prop. 8.1]. An easy calculation show that the
A
graded vector space Htp (ker(@), 8TZ> is a DGLA.
Z

Moreover ¢ is a linear map that preserves degree and commutes
with differential and bracket. Actually, using Cartan fomulas *(see
Lemma I1.5.1), we get

ij, = —[0,4. = =08, + (—1)" 14,0
and by definition of §
§(14) = =084 — (—1)%40.

As regard the bracket, again by Cartan fomulas, we have

Ba) = [ia, [0, 8] = [30, Dy — (—1)""4p0) =

100, — (—1)" 40,0 — (— 1)@ (iyiy — (—1)" 4,04,) = P
G0y + (—1)® 14,04,
and by definition of { , }
{0, 0} = 1208 — (—1)*%%,04,.
O

Now, let f : X — Y be an holomorphic map, fix Z = X xY and I"
the graph of f in Z. Let It C Ay be the space of the differential forms
vanishing on I'and L. C KSz be the DGLA defined as in Lemma IV.2.1:

0— L — KS; — AY(f*0y) — 0.

We recall that
L C {ac A} (0y)| i,(Ir) C Ir}

and moreover
p*AY (Ox) C {a € A (02)| ia(q"Ay) = 0},

where p and ¢ are the projection of Z on X and Y respectively.
In conclusion, we can define the following commutative diagram of
morphisms of DGLA:

aija = _[65 ia]a i[a,b] = [iaa [87 7'5]] = Hia’ 8]v ib]v [imib] =0.
A

b5 4,0 and diyi, are zero in Htp | ker(9), Z
0Ay
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(17)

L K = {f € Htp <ker(8), aA_AZZ> | f(Ir Nker(0)) C ]FﬂI—FaAZ}

: [

A
0,* _Z
Ay (©2) Hep (ker<a>, : AZ)

p* JAM

A% (0x) s ={ 1 e tep (kex(@), 52 ) | flher(@)n g7 ar) =0}

where the horizontal morphisms are all given by 4.
Therefore diagram (17) induces a morphism of deformation func-
tors:
T: Def(hp*) — Def(nm .

V.1.3. LEMMA. If the differential graded vector spaces (0Az,0),

(0Ar,0) and (0Az N q*Ay,0) are acyclic, then the functor Def(, ) is
unobstructed. In particular the obstruction space of Def, ) is natu-
rally contained in the kernel of the map

2 . z 2 .
H(Clppry) = H(Cy)-
Proo¥r. This proof is an extension of the proof of 24, Lemma 8.2].

The projection ker(d) — ker(d)/0Az induces a commutative dia-
gram

(18) K o/ € K[f(0Az) = 0}

n’l
AZ ker(a) AZ
Hep (ker 9), (9AZ> 5 Hp ( DA, aAz>

d

-~ -
3

—_—
=

J —{f € J[f(0Az) =0}
Since 0A is acyclic, [ is a quasi isomorphism of DGLA. Since
o AZ ]F
coker(a) = {f € Htp (aAz, E) |f<]1" N aAz) C m},

there exists an exact sequence

oot (22 A z

) — coker(a) — Htp ([p NOAy, —) — 0.

IrNOAy 0Ay IrN0A,
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Moreover, the exact sequence

0—>IpﬁAz—>6AZ—>8AF—>O
0Az
IrN0Ay
0A A
ple 1.3.3, this implies that Htp (Ir ﬂ 8ZAZ’ 8AZZ
are acyclic and so the same holds for coker(a): i.e. a is a quasiisomor-
phism.
As regard 7, we have

implies that Ir N Az and = OQAr are acyclic. By Exam-

coker(y) =

Ay o 0A; Ay
(€t (042 712 ) | @Az Ay) = 0 = titp (- 282 22

By hypothesis 0Az N¢* Ay and Az are acyclic and so the same holds
Z

for S, N Ay

phism.

Therefore, Theorem I11.1.22 implies the existence of an isomorphism
of functors Def(, ) = Def(,y ).

We note that the elements of the three algebras of the second
column of (18) vanish on dAz. Then by definition of the bracket
{, }, these algebras are abelian. Therefore Lemma III.1.19 implies
that the functor Def(, , = Def , is smooth. Finally, Proposi-
tion III.1.21 guarantees that the obstruction space lies in the kernel

of HX(C:, .\) == HX(C,, ). O

(h,p*) (n,12)

. Then coker(7) is acyclic: i.e. 7 is also a quasiisomor-

V.1.2. Semiregularity map for deformations with fixed tar-
get. In the notation of the previous section we have the following the-
orem.

V.1.4. THEOREM. Let f : X — Y be an holomorphic map of com-
pact Kahler manifolds. Then the obstruction space to the infinitesimal
deformations of [ with fized target is contained in the kernel of the
following map

H*(C;) =5 H' (Htp(Ir Nker(9) Ng* Ay, Ar)).

PROOF. Lemma I1.2.2 implies that the complexes (0Az, 9), (0Ar, 0)
and (0Az N q¢* Ay, 0) are acyclic. Then we can apply Lemma V.1.3 to
conclude that the obstruction space lies in the kernel of the following
map

H*(Cly ) —— H(Ciy ).
Since h is injective, by Lemma III.1.5, HQ(C’WP*)) ~ H2(C
H?(C},). Then the obstructions lies in the kernel of Z : H*(C}) —

HQ(CG;,M))'

Ir

H I Ay, ————
)and tp(pﬂa Z’IpﬂaAz

)

)
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As regard H*(C(, ), consider

_ {f € Htp (ker(a) ;4 ) | f(Ir Nker(9)) C [rﬂj—gAz}

and the exact sequence

Ay
0 — K —L Htp (aAZ,

94, ) — coker(n) — 0,

with coker(n) = Htp <IF Nker(0), ;TF)
) =

Applying again Lemma II1.1.5, there exists an isomorphism H 2(0( )
H?*(C;,,,)- By Remark II1.1.1 there exists also amap Z" : H*(C,,,,,) —

H'(coker(m’ o p)).
Moreover, we note that

_ {f € Htp <ker(8) ;4 ) | f(ker(d) N ¢* Ay) :o},

A
' ou:J— Htp (Ip N ker(0), aTF)
r
and
Ar )
OAr”

Finally, since the complex 0Ar is acyclic, the projection

coker(n’ o pi) = Htp(Ir Nker(d) N ¢* Ay,

Ap
H'(Htp(Ir Nker(9) Ng* Ay, ——

) — H*(Htp(IrNker(9)Ng* Ay, Ar))
OAr

is an isomorphism.
Therefore, the obstruction space is contained in the kernel of Z7 :
H?*(C},) — H'(Htp(Ir Nker(9) N ¢* Ay, Ar)): ie

H2(C,

(n,1)

1" A
) —L> H*(C..,,) —2> H' [ Htp(Ir Nker(0) N ¢* Ay, ——)
g DAL
T’ l

@®; Hom(H*(Ir Nker(9) N q*Ay), H'(Ar))

14

g

V.1.5. COROLLARY. Let f : X — Y be an holomorphic map of
compact Kdhler manifolds. Let p = dimY — dimX. Then the ob-
struction space to the infinitesimal deformations of f with fized Y is
contained in the kernel of the map

o : H2 (X 0(Ox) L5 o(f* @Y)) s HPYY(Y, QP
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PROOF. Let n = dimX, p = dimY — dimX and H be the space
of harmonic forms on Y of type (n + 1,n — 1). By Dolbeault theorem
and Serre duality we obtain the equalities H* = (H" (Y, Q%)) =
HPH(Y, Q8.

Let w € H such that f*w = 0. Considering the contraction with w
we define a morphism of complexes

(AY'(f*0y),0) == (Ay"1,9)

Lw(gf*x) = of (xaw) € ARV gfrx € AL (fOy).

Actually, since dw = 0, then 9(¢ f*(xaw)) = (0¢) f*(xaw) = 1w(DPf*X).
In particular, since f*w = 0, using the identity of Lemma I1.6.1¢ we
have the following commutative diagram

A (frOy) = Ay

A T

AV (Ox) 0.

Then we get a morphism between the second cohomology group of the
cone associated to the morphisms f, and a:

H*(Cy,) — H?(C,,) = H™(X,Q%).
Composing the previous morphism with the integration on X we get

o : H2 (X, OOy L O(f*®y)> s HPYY(Y, Q5.

Since ¢*H is contained in Ir N kerd N ker @ N ¢* Ay, we conclude the
proof applying Theorem V.1.4.
O

V.1.6. REMARK. We recall that as already observed in Remark I1.2.3,

the Kahler hypothesis is just used to have the 90-lemma on Ay,Ay,
A XxY and AF.

V.2. Deformations of a map with fixed domain

In this section we study infinitesimal deformations of a holomorphic
map f: X — Y, with fixed domain X.

In this case the DGLA N reduces to KSy and so diagram (16)
reduces to

Cf*(xaw) = nafrw, for each w € AY*, x € AY*(Oy) and n € AY*(Ox) such
that f*x = fun.
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L

|
q*

A%*(@Y) > A())é*xY(@XXY)

\\
AL (foy).

where — f* is the composition 7 o ¢*.
Using this diagram and Theorem IV.2.5, analogously to the case of
fixed target we can prove the following proposition

V.2.1. PROPOSITION. The tangent space of the infinitesimal defor-
mation functor of holomorphic map f : X — Y, with X fixed, is
H'(C}.) and the obstruction space is naturally contained in H*(Cf.).

PRrROOF. Analogous of the proof of Proposition V.1.1. O

V.3. Semiregularity for deformations with fixed target and
domain

Let f : X — Y be an holomorphic map and consider the infin-
itesimal deformations of f with fixed target and domain (see Defini-
tion IV.1.1).

As we have already observed in Remark IV.1.3, these deformations
can be interpreted as infinitesimal deformations of the graph I"in X XY,
with X x Y fixed.

Therefore, in diagram (16), we don’t need to consider the DGLA
N = KSx x KSy and g. Then the functor Def, 4 reduces to Def,
with

h:L=AY y(~logT) — M = KSxy.
This implies that the previous Theorem IV.2.5 reduces to:

V.3.1. COROLLARY. Let f : X — Y be an holomorphic map.

Then the functor Def(X AN Y) of infinitesimal deformations of f
with fixed target and domain is isomorphic to Defy,:

Defy, = Def(X -1 V).
Proor. Apply Theorem IV.2.5 with N = ¢ = 0. U

V.3.2. REMARK. This corollary is equivalent to [24, Theorem 5.2].
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V.3.1. Semiregularity map. As regards the obstructions to de-
form a map f fixing both X and Y, Lemma V.1.3 has the form below.

V.3.3. LEMMA. If the differential graded vector spaces (0Az,0) and
(0Ar,0) are acyclic, then the functor Def, is unobstructed. In partic-
ular the obstruction space of Def), is naturally contained in the kernel

of the map

H(C;) = H*(C) = &; Hom <Hi([p N ker(9)), Hi((a%)) .

PROOF. See [24, Lemma 8.2]. It follows from Lemma V.1.3, with
N=J=0.
U

We have also an analogue of Theorem V.1.4 and then Corollary V.1.5
becomes:

V.3.4. COROLLARY. Let f : X — Y be an holomorphic map of
compact Kahler manifolds. Let p = dimY — dimX. Then the obstruc-
tion space to the infinitesimal deformations of f, with fited X and Y,
1s contained in the kernel of the map

o H'(X, f*Oy) — H"(Y, 7).
PROOF. See [24, Corollary 9.2]. It follows from previous Lemma V.3.3

and Corollary V.1.5.
O

V.4. Semiregularity for the inclusion map

In this section, we focus our attention on the infinitesimal deforma-
tions of an inclusion 7 : X — Y of compact complex manifolds. The
DGLA L, M, N and the morphisms ¢, h and 7 are as before.

Consider the DGLA L' introduced in Section I1.5.1 (see also [24,
Sect. 5))

0— L' — AV (Oy) == AY (Nxjy) — 0.
V.4.1. COROLLARY. L' governs the infinitesimal deformations of
the inclusion i : X — Y.

The proof is postponed at the end of this section after two prelim-
inary lemmas.

V.4.2. LEMMA. Ifi: X — Y is the inclusion, then the morphism
g—h:Lx N — M is surjective.

PROOF. We want to prove that for each ¢ € M = A"y (Oxxy)
there exist n; € A% (Ox) and ny € AV (Oy) such that g(ny,ny) — ¢ =
p*ny+q*ng — ¢ € L = kerm, that is m(¢) = i.ny —i*ny € Agé*(z'*@y) =
Ag{k(@m x). Then the proof immediately follows from the fact that the
restriction morphism * : AY*(Qy) — A()]é*(@y‘X) is surjective. O
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V.4.3. LEMMA. In the notation above, L Xy N = L.

PrOOF. By deﬁnition, LxyN = {(l,nl,ng) € LxKSxxKSy | h(l) =
p*n1 4+ ¢*na} and so 0 = wh(l) = i.ng — i*ns.

Define v : L X3y N — K Sy as the projection on K Sy.

Then ~ is an injective morphism of DGLA with L' as image.

Actually, suppose that v(I,n1,n2) = ny = 0; then i,n; = 0 and so
Ny =ng = [=0.

About the image, consider the following exact sequences

0 L AV (Oy) —= AY (Nxpy) —= 0

R

(2

* * B *
0—= AY(Ox) —> AV (Oy|x) —> AY" (Nxy) — 0.

Let v(I,n1,n9) = ng € KSy; then 5(i*ny) = B(iuny) = 0 and so
7'(ng) = 0. This implies that (I, ny,ne) € L. O

Proor oF COROLLARY V.4.1. By Theorem IV.2.5, the infinites-
imal deformation functor Def(¢) is isomorphic to the functor Def, ).
By Lemma V.4.2 and Proposition II1.2.34, Defr,,,ny = Def(, . Fi-
nally the previous Lemma V.4.3 implies that Def;, = Def(, 4. Then
Def(i) = Def,. O

V.4.1. Example. We can generalize the case of one inclusion i :
X — Y considering more subvarieties.

For example, let X be a manifold of dimension n and D+,...,D,,
smooth hypersurfaces, with 0 < m < n — 2. Moreover, assume that
Dy, ..., D,, intersect transversally in a smooth subvariety S.

Define

DefX.Dl Dy - Art — Set

as the functor of infinitesimal deformations of the holomorphic map

f:OD’i—>X7

where f|p, is the inclusion. Equivalently, for each A € Art, Defx,p,
is the data of an infinitesimal deformation X4 of X over Spec(A) and
of infinitesimal deformations D; C X4 of the D;.

Let ©x(—log D) C ©x be the subsheaf of vector fields that are
tangent to D;, for every 4, and Np,x be the normal bundle of D; in X.

Define L' := A%*(©x(—log D)) as in Section I11.5.1. Then L' is a
DGLA and we have the following exact sequence
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Denoting for convenience D° = UDZ-, we define M = KSpoxx,
N = KSpo x KSx and the morphism

g= (p*7q*) N = KSDO — M = KSD°><X7

where p and q are the projections of D° x X on D° and X respectively.
Finally, let L be the DGLA defined, as in Section IV.2, by the
following exact sequence:

0— L% M T A% (F70x) — 0.

V.4.4. COROLLARY. L' governs the functor Defx.p, . p,, . In par-
ticular, the tangent space of Defx.p, . p, is H(X,Ox(—log D)) and
the obstruction space is naturally contained in H*(X,Ox(—log D)).

PRrROOF. In the notation above, applying Theorem IV.2.5, there is
an isomorphism of functors Defx.p, . p, = Def(, 4. Then proceeding
as in the case of inclusion it is sufficient to prove the two steps below.

Step 1. The morphism g — h : N x L. — M is surjective (analogous
of Lemma V.4.2).
Step 2. L' =2 L xp; N (analogous of Lemma V.4.3).

Actually, Step 1 and Proposition I11.2.34 imply that Defy.p, . p, =
Def 4y = Def v Finally Step 2 implies Defx.p, . p,, = Defy.

.....

Proof of Step 1. We want to prove that for each ¢ € M = A%ixX(@DoxX)
there exist ny € KSpo = A%t(@[)o) and ny € Agg*(@x) such that
g(ni,ne) — ¢ = p*ny + q*ny — ¢ € L = kerm, or equivalently 7(¢) =
fani — fng € A%ﬁ(f*@x). Then we have to prove that (f*, —f.) :
A (Ox) x A% (Ope) — A%L(f*Ox) is surjective and it follows by
the hypothesis on D;.

Proof of Step 2. By definition, L Xy N = {(l,n1,n9) € L x KSpo X
KSx | h(l) = p*ny + ¢*n2} and so 0 = wh(l) = fing — f*no.

Define v : L x3y N — K Sx as the projection on KSx.

Then v is an injective morphism of DGLAs and its image is L' =
AY (©x(~log D)).

Actually, suppose that (I, n1,n2) = ny = 0; then f,n; = 0 and so
ny=ny=1=0.

About the image, consider the following exact sequences

0 I A% (Ox) —=> Ag(®:Np,1x) —> 0

o

0 —= A% (Ope) —= A% (f*Ox) — > Ag(@;Np,1x) — 0.
Let v(I,n1,n2) = ny € KSx, then B(f*ng) = B(fin1) = 0 and so
7'(ny) = 0. This implies that v(I,ny,ny) € L.
U
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V.4.2. Semiregularity map for the inclusion. Leti: X — Y
be the inclusion of a submanifold X in Y and L’ the DGLA (defined
in Section I1.5.1):

0 — L' — A% (Oy) =5 A% (Nypy) —> 0.

In Corollary V.4.1, we proved that L’ govern the infinitesimal deforma-
tions of the inclusion 7. In particular this implies that the obstructions
are naturally contained in H?(L').

Moreover as in Section V.1.1 we can consider the following mor-

phism of DGLAs
A I
ZL/—>KI: {fEHtp (ker(a),ﬁ) ’ f(IXﬂker(a)) C m}

Then we get the following corollary, whose proof is essentially con-
tained in Manetti [24, Corollary 9.2].

V.4.5. COROLLARY. Leti: X — Y be the inclusion of a subman-
ifold X in compact Kdahler manifold Y. Let p = dimY — dimX. Then
the obstruction space to the infinitesimal deformations of 1 is contained
in the kernel of the map

o: H* (L) — HPWPP2(Y Iy)
where Iy = keri* C Ay" is the subcomplex of differential forms van-
1shing on X.
PrOOF. It follows from previous Corollary V.3.4, reminding that
L' C {a € AY*(Oy)] ia(Ix) C Ix}.
O
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