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Introduction

The L'-lower semicontinuity of the classical functional of the calculus of variations

(1) F(u,Q):/Qf(:U,u,Vu)dx

where ) is an open bounded subset of RY and v € WH(Q; RM) with M, N > 1, has been
deeply investigated in the last years, with the aim of providing the minimal assumptions on
the integrand f, that guarantee its L'-lower semicontinuity on W1(Q; RM), and of finding
an integral representation for its relaxed functional on the space BV (€; RM).

The starting point of the studies on this subject, in the scalar case (M = 1), is the
celebrated result due to Serrin. In [45] the author proves that the functional (1) is lower
semicontinuous with respect the L!'-topology by assuming that f is continuous in all its
variables, convex in the last variable and by assuming on the integrand one of the following
conditions: f is coercive; f is strictly convex in the gradient variable; the derivatives f,(z, s, &),
fe(x,8,8), fue(x,s,&) exist and are continuous (for further improvements see, among others,
also [18, 20, 23, 33, 36, 37])

A natural extension of the functional F' in (1) to the larger space BV (Q) is given by the



functional

F(u,Q) = /Qf(:p,u,Vu)da:qL/ﬂfoo(:p,ﬂ,u;z%)‘)d|Dcu|—l—/JmQ [/: foo(m,s,uu)ds}dHN_l

(for the precise definition of this functional see Section 1.4). Indeed, in [13] it is proved, by
assuming continuity and coerciveness on the integrand f, that F coincides with the relaxed
functional of F on BV (£2). Also for this functional there exist several L!-lower semicontinuity
results in the literature. Among others we recall [6, 17, 19, 29, 32] and the reference therein.
In particular, in [19], the authors prove an L'-lower semicontinuity result for the functional
F, by assuming, in the spirit of [36], a W!!-dependance of the integrand in the variable
x. Moreover, in that paper no continuity with respect to x is considered and this lack of
regularity is compensated by assuming, on the contrary, the continuity with respect to s.

In the first part of this thesis we are interested in a similar problem. Roughly speaking, in
the same hypothesis of W' dependance on x as in [19], we prove an L!'-lower semicontinuity
result for the functional F, by weakening the regularity assumptions with respect to s, but
assuming continuity with respect to x.

In this direction, after Serrin’s theorem, many authors extended his result by assuming
weaker conditions. We recall, for instance, a classical result due to De Giorgi, Buttazzo and
Dal Maso (see [23]), where they proved that for autonomous functionals the continuity of
s is not necessary in order to obtain the L!-lower semicontinuity of the functional F. A
similar result for the functional F was proven by De Cicco in [17]. In this last paper, the
lower semicontinuity is stated with respect to the weak* convergence of BV (), instead of
the L'-convergence. This result was then extended to non autonomous functionals in [16].

4



Here, we generalize both the results of De Giorgi, Buttazzo and Dal Maso and of De Cicco,
by proving the lower semicontinuity with respect to the L'-convergence of the functional F
on the space BV (Q2) (see Theorem 3.4). Since we admit also a dependance of the integrand
f on the spatial variable (see hypothesis (3.10)), our result can be compared also with the
lower semicontinuity theorem of Fonseca and Leoni (see [29]), where they assume a lower
semicontinuous dependance of the integrand f in (z,s) together with a strong uniformity
condition with respect to the other variables (see [33] for the consequence of this assumption).
Moreover, we generalize also the lower semicontinuity result of Fusco, Giannetti and Verde
(see [32]), where they assume the continuity of f in all its variables. Finally our result is an
extension of the lower semicontinuity theorem of De Cicco and Leoni (see [20]), since they
deal only with the space W' (Q).

The main tools for the proof of the lower semicontinuity theorem are a new chain rule
formula (see Theorem 3.1) and an approximation result for convex functions due to De Giorgi.

Moreover, as a consequence of the lower semicontinuity theorem we obtained also a re-
laxation formula; more precisely, if we denote by F the relaxed functional of F in BV (i.e.
the greatest lower semicontinuous functional not greater than F), we prove that F(u, ) =
F(u, Q) for every u € BV () (similar result were obtained, among others, in [4, 5, 6, 13, 29]).

This last result has been the key tool in order to prove a I'-convergence theorem for
a sequence of functionals whose integrals pointwise converge. It generalizes an analogous
theorem proven in [13], since here no continuity with respect to s and no coerciveness condition

are required.



In the second part of the thesis we focus our attention on the vectorial case (M > 1),
where the situation is much more delicate. In [29], when the integrand f does not depend on
s, Fonseca and Leoni, by assuming the continuity (uniform with respect to £) with respect to
x and the quasiconvexity with respect to the variable £ of the integrand f proved the following

relaxation formula

(2) F(u,Q) = /Qf(x,Vu)dx—l—/Qfoo(x, uﬁzzz)‘)dmcu\—l— 2, (ut —u)@u, ) dHN !

JuNQ

(for the precise definition of this functional see Section 1.4). When f depends also on s, the
integral representation formula on the jump set J,N€? is rather complicated. (see Theorem 1.10
of [29]). Therefore we have chosen to restrict ourselves to integrands of the form f = f(z,&).
In the same spirit of [4, 5], we assume that, with respect to x, f is an HV"!-a.e. approximately
continuous function, belonging to W11(Q) and it is convex with respect to the variable £.
Under these conditions we state our two L!'-lower semicontinuity results: the first one holds
in the space BV (2; RM) along sequences equibounded with respect to L°°- norm; the second
one holds along sequences equibounded with respect to L%-norm, but by assuming an extra
summability condition on the weak gradient of f (see hypothesis (4.25) of Theorem 3.2).
We remark that, even if the convexity assumption is not natural in the vectorial setting,
it could be the first step in order to attack the general case of the quasiconvex integrand or
at least the polyconvex case. Moreover the convexity permits to use again the techniques of
the scalar case. Indeed the main tools of the proof of the lower semicontinuity theorem still
are a chain rule formula due to De Cicco, Fusco and Verde (see Theorem 2.1 of [19]) and the

approximation result for convex functions due to De Giorgi.



The thesis is organized as follows: Chapter 1 is devoted to notations and preliminaries. In
Chapter 2 we present the main problems which will be discussed in the following of the thesis.
In Chapter 3 we consider the scalar case and state the lower semicontinuity theorem, the
relaxation formula and the I'-convergence result. Finally, in Chapter 4 we address L!-lower

semicontinuity and relaxation results in the vectorial case.
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discussions.



Notation

Throughout the thesis d, M, N > 1 are fixed integers. () will be an open bounded set of
RY. If z,y belong to the space R? we denote by (z,y)ra or simply (z,y) the canonical scalar
product between x and y, and by ||z||g« or |z| the norm of R?. The absolute value of a real
number r is denoted by |r|. If p > 0 and x € RY, we set B,(z) = {y € RN : ||y — 2|z~ < p},
and SV = {y € RN : |ly|lgx = 1}. For any set FF C RY, we indicate by x, its characteristic
function.

We denote by A(2) the family of all open bounded subsets A of Q2 and by B({2) the o-
algebra of all Borel subsets of Q. We denote by M(X;RY) the space of the all R¥-valued
finite Radon measures.

Let £V and HY~! be the Lebesgue and the Hausdorff measure of dimension (N — 1) on
RY, respectively.

If 1 < p < +oo, we denote by LP(Q; RM) the vectorial space of all M-tuples fi, ..., far of
real function in LP(Q). The space LP(£2; RM) becomes a Banach space if it is endowed with

the norm

1
l|lull, == (/ lu(z)|Pdz)?, when1<p < 400
Q



and

|u]|oo := esssupl|u(z)|, when p = +oo0.

Analogously, we say that u € WP(Q; RM) if u belongs to LP(Q; RM) together with its distri-
butional derivatives 27“;, 1<i<M,1<j5<N. The M x N matrix of these derivatives will
be denoted by Vu.

We indicate by C§(Q), k = 0, ..., 0o the space of all C*-functions with compact support in

Q. Finally we denote by D'(Q) the space of distributions defined on €.



Chapter 1

Preliminaries

This chapter is devoted to preliminary results which will be useful in the sequel.
1.1 Measure Theory

We start by classical definitions and theorems of measure theory. For a general survey on

measures we refer, among others, to [9].

Definition 1.1 Let (X, X) be a measure space and p : ¥ — [0,00). We say that p is a positive

measure if 1(0) = 0 and for any sequence {E,} of pairwise disjoints elements of %

o Bo) = 3 (B,

We say that 1 is finite if p(X) < 400 and that p is o-finite if X is the union of increasing

sequence of sets with finite measures.

Definition 1.2 Let (X,X) be a measure space and let N € N, N > 1.

(i) We say that p: ¥ — RY is a measure, if u(0) = 0 and for any sequence {E,} of pairwise

10



disjoints elements of the o-algebra %

n(J B =) u(En).

If N =1 we say that p is a real measure, if N > 1 we say that p is a vector measure.

(13) If p is a measure, we define its total variation |u| as follows

VE X |u|(E):= sup{z \w(Ey)| : E, € X pairwise disjoints, E = U E.}.
n=0

n=0

(1i1) We say that p is finite is |p|(X) < +o0.

It can be proven that the total variation |u| is a positive measure, more precisely, it is the
smallest positive measure such that |p|(E) > |u(E)| for every E € X. Clearly, if p is a

positive measure, then |pu| = pu.
We recall the well known definition of absolute continuous and singular measures.

Definition 1.3 (i) Let p be a positive measure and v be a vector measure on the measure
space (X, X). We say that v is absolutely continuous with respect to p, and write v << u,

if for every E € X the following implication holds

p(E) = 0= [v[(E) =0.

(13) If p, v are positive measures, we say that they are mutually singular measures and write
v, if there exist E, F such that p(E) =0, v(F) =0 and u(G) = p(GNF), v(G) =
v(GNE) for every G € ¥. If u and v are real or vector valued, we say that they are
mutually singular if |u| and |v| are so.

11



We recall the following classical on a decomposition of a measures.

Theorem 1.1 Let p be a positive o-finite measure and v an RN -valued measure (N > 1).
Then there exists a unique pair of vector measures v* and v® such that v* << p and v =
v® + v*. Moreover there exists a unique function f € LY(X;RY) such that v* = fu, i.e.
Vi (E) = fE fdu for every E € . The function f will be called the Radon-Nikodym derivative

of v with respect p and will be denoted by v
1

Remark 1.1 We note that, since each real or vector measure is absolutely continuous with

respect to its total variation, then from Theorem 1.1 it follows that there exists a unique

f e LYX;RY) such that |f| =1 and f = |ﬁ|
0

The next result can be found in [38].

Lemma 1.1 Let (X,X) be a measurable space. Let g, p1, and ps be a o-finite positive

measures on (X, %) such that
Mo << 1 and py << po.
Then

(1) po << fio;

d dus d i , S .
(u3 e _ Oz O o-a.e, where Bi Genotes the Radon-Nikodym derivative of p; with respect
dpo  dpn dpg 14

Hj

For later use we recall the classical Lusin’s Theorem.
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Lemma 1.2 Let p be a measure on a locally compact Hausdorff space X and A C X a p-
measurable set. Suppose f is a complex measurable function on X, u(A) < +oo, f(x) =0 if

x ¢ A, and e > 0. Then there exists a function g € Co(X) such that

p{z: f(z) # g(2)}) <e.

Furthermore, g can be chosen such that

sup |g(z)| < sup | f(x)].
reX zeX

An important class of measures is the class of Radon measures.

Definition 1.4 Let X be a locally compact and separable metric space and B(X) be the Borel

o-algebra of X. Consider the measure space (X,B(X)).
(1) A positive measure on (X,B(X)) is a Borel measure.

(11) A positive measure on each compact subset K of X will be called a positive Radon measure.
If p is an RN -valued measure defined on all the Borel subset of X s.t. |u| is a Radon
measure and |u|(X) < +oo, we say that u is an RN -valued finite Radon measure. We

denote by M(X;RYN) the space of the all RY -valued finite Radon measures.

Finally we recall the notion of weak* convergence and strict convergence for Radon mea-
sures. We denote by Cy(X) the completion, with respect of the usual norm |[|¢|le =
sup |¢(z)|, of the space C.(X) of real continuous functions with compact support defined

zeX
in X.
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Definition 1.5 Let ju and {y1,} be RY -valued finite Radon measures.

(i) We say that {u,} weakly* converges to u (and write pi, — p) if

lim @dun=zt/‘¢du
X X

n—oo

for every p € Cy(X);
(i1) We say that {u,} strictly converges to p if ju, — p and
|| (X) = |l (X).
We conclude this section by recalling the classical lower semicontinuity and continuity theo-
rems due to Reshetnyak (see [9] for a modern proof).

Theorem 1.2 Let f: Q x RN — [0,400) be a lower semicontinuous function, convexr and

positively 1-homogenous in the second variable. Then, for every sequence of measures {j,} C

M(Q; RY) weakly* converging to u € M(Q; RY) we have

imint [ fo 2 dl] > /f Lyl
n—oo Jq ] n\
Theorem 1.3 Let f : Q x RN — [0,+00) be a bounded continuous function, positively 1-

homogenous in the second variable. Then, for every sequence of measures {u,} C M(£2;RY)

strictly converging to i € M(S;RY) we have

lim f( ’Mnl d| | _/f d|ﬂ’

n—oo

14



1.2 BV-functions

In this section we recall some basic definitions and well known results on BV (£2).

Let © be an open bounded subset of RY and u € L'(Q2). We say that v € BV(Q) if its
distributional gradient Du is an R¥-valued Radon measure with bounded total variation
|Du| in Q. Let u € L*(;RM), M > 1; we say that u belongs to the space BV (€; RM) if its
components u; € BV (Q) for every i =1, ..., M.

The space BV (€; RM™) endowed with the following norm
[ull By (omary = [lully 4 [Dul (€2)

is a Banach space.

We recall the notion of weak* and strict convergence on BV ()

Definition 1.6 Letu € BV (;RM) and {u,} C BV (;RM). We say that the sequence {u,}
weakly* converges to u if {u,} converges to u in L'(Q;RM) and the sequence of measures

{Du,} weakly* converges to the measure Du.

Definition 1.7 Let v € BV(Q;RM) and {u,} C BV(Q;RM). We say that the sequence
{un} strictly converges to u if {u,} converges to u in L*(;RM) and the sequence of total

variations {|Du,|(2)} converges to | Du|(£2).

A compactness property holds on the space BV (£2; RM) as stated by the following theo-

rem.
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Theorem 1.4 Every sequence {u,} C BVioe(S;RM) such that unl| By amry < M for every
open A CC Q admits a subsequence {u,;} converging in L} (Q;RM) to u € BVi,.(;RM). If

Q has a Lipschitz boundary and ||u,| gy rvy < M, thenu € BV (€2; RM) and the subsequence

{uny} weakly* converges to u.

In order to present the canonical decomposition of a BV -function, we give the definition
of approximate continuity, approximate jump points and approximate differentiability.
Let u € LL.(;RM). We say that u has an approximate limit in x if there exists a(z) € RM

such that

lim lu(y) — a(x)|dy = 0.

r—0 B, (Q?)

The set C, of all points where u has an approximate limit is a Borel set.
The function @ : C, — R, called precise representative of u, is a Borel function. We say
that u is approximately continuous at z if x € C,, and @(x) = u(z).

We say that a point z ¢ C,, is an approximate jump point if there exist u*(z), u=(z) € RM

and v, (z) € SV~ such that

lim [u(y) —u* (2)ldy = 0, lim [u(y) —u (2)ldy =0,

"B @) "By (@)
where B (z;v,(z)) = {y € B.(x) : (y — z,v,(z)) > 0} and B, (z;v,(z)) = {y € B,.(x) :
(y — x,vy(x)) < 0}. Also the set J, of all approximate jump points of u is a Borel set and
the function (u™(z),u™(z), vu(z)) : J, = RM x RM x SV=1 is a Borel function.

Let x € C,. We say that u is approximately differentiable at z if there exists a matrix

16



P € RM*N guch that

The matrix P is called the approximate differential at = and it is denoted Vu(z). The set
D, of all points where u is approximately differentiable is a Borel set and the map Vu(x) :
D, — RM*N is a Borel map.

We recall that, if u € BV (Q;RM), we have HV~1(S,) = 0, where S, = Q\ (C, U J,) and we

can split the measure Du in the following way
Du = D% + D*u = D% + D+ D'u
where
(1.1) D = Vul™|D,, DU= Du|(C,\ Dy,), D’u= (ut —u") @ v, H | J,,

where Vu € LY(Q; RM*N) V=1 denotes the (N — 1)-dimensional Hausdorff measure in RY
and ® denotes the tensor product. (see [9] Proposition 3.92).
We recall that, if S C RY is countably H™~!-rectificable, then there exist for V! a.e.

x € S the approximate tangent plane to S at x, denoted by 75 and a unit vector orthogonal to

S

€T

7y, which is called an approximate normal to S vg(x) (see [9], Theorem 2.83). Furthermore
(see [9], Proposition 2.85), if S; C RY are HN lrectificable for every i = 1,..., M and

M
S = m S;, then

i=1

(1.2) =% HNlae i=1,..M.

Finally we remark that if S = J, for some function u € BV (Q; RM), then v/«(x) = v, (z).
This, together (1.2), yields the following result:

17



M
Lemma 1.3 Letu € BV(S;RM). Ifz € (1) J,, then
=1

vu(z) = 2, (1) HY ' ae i=1,...M.

In the last part of this section, we restrict our attention to the scalar case; i.e. M = 1.

For every u € BV (Q2) we can define the subgraph of u given by
(1.3) S(u) ={(z,s) e A xR:s<u"(x)}.

We recall that S(u) is a set with locally finite perimeter in @ xR, i.e. Xg(,) € BVioc(2xR) (see

[41] Theorem 3.2.23). We indicate by a(u) = (a;(u), .., apy1(u)) the distributional derivative

of X$(u)-

For later use we recall the following result.

Proposition 1.1 (see [9], Proposition 3.64) Let u : RY — R and {¢.} be a mollifying

sequence. Then, if u is approzimately continuous at v € RY,
(pe xu)(x) = u(x) fore—0.

Moreover, also the following useful result holds true

Proposition 1.2 (see Appendix of [15]) Letu € BV (). Let M C R such that L'(M) =

0 and let E = C, N (a)"*(M). Then |Du|(E) = 0.

For a general survey on BV -functions see, among others, [9, 26, 27, 34, 46].

18



1.3 Preliminary Lemmas

This brief subsection is devoted to state some technical lemmas which will be used often in

the following.

Lemma 1.4 (see [20], Proposition 2.5) Let E be an open subset of RN and G a Borel
subset of R%. Let g : E x G — R be a Borel function in LS.(E x G) such that for LN -almost
every x € E the function g(z,-) is continuous in G. Then there exists a set M C RY with

LN(M) = 0 such that for every t € G the function g(-,t) is approzimately continuous in

We recall the following localization lemma due to De Giorgi, Buttazzo and Dal Maso.

Lemma 1.5 (see [23], Lemma 6) Let u: B(X) — [0, 00] be a Radon measure defined on a

locally compact Haussdorf space X. Consider a sequence {¢r} of Borel measurable functions

such that for every k € N ¢ : X — [0,00]. Then

!
/ sup ¢; dp = sup { Z or dp A, C X open and pairwise disjomt}.
X leN ~ 777 J A,

In the same spirit we recall also this result due to De Cicco.

Lemma 1.6 (see[17], Lemma 7) Let u be a positive Radon measure on QxR and let {f.}

be a sequence of nonnegative functions of L' (Q x R;du). Set f :=sup f. > 0. Then for every
KEN

open subset A of 0 x R we have

/A fin = swp / Foi (2, 8)0r (2)u(8)dis

19



where D is the set of all families (k;, pi, ¥i)icr with I finite, k; € N, @; € C§°(Q), 1; € CP(R),

i >0, >0, > .., 0 @Y <1 and supp(p;) x supp(v;) C A.

1.4 Functionals and their properties

In this section we introduce the functionals, whose properties will be studied in the following.
Let us assume first that f is defined on scalar valued functions. Let f : Q x R x RY be
a Borel function such that the map & — f(x,s,€) is convex on RY for every (z,s) € 2 x R.

For every u € BV (Q2) and for every A € A(2), we consider the following functionals :

/f z,u, Vu)dr if u € WHH(Q)
+00 if u € BV(Q)\ WhH(Q);

(1.4) F(u, A)

Fu,A) = /fxuVu dx+/f°° ¥ ]DC )‘)d|Dcu|

(1.5) + / [/ (2, s,v,)ds|dHN
JuNA u-
where f*°(x,s,£) is the recession function, defined by

Fos6) = tim L) o [ ) — [(@,5,0)

t—+00 t >0 t

We note that the previous limit exists for every (z,s,£) € Q x R x RY | since the convexity of

f implies that the map t — —f(x’s’té)t_f(x’s’o)

is increasing. We recall that f> is Borel function
convex and positively homogenous of degree one with respect to &.

We define also

f(z,s, %)t t>0,

(1.6) flz,s,&,t) = {foo(x,s,f) o

20



It is easy to verify that f is a Borel function and that for each (z,s) € Q x R the map
(&,t) — f (x,s,€,t) is convex and positively homogeneous of degree one.
We assume, for any Borel function, the following convention:

b )= t)d a;«éb
(1.7) ]ih(t)dt / t .

We notice also that, taking into account (1.7), the functional (1.5) can be rewritten as

(1.8) F(u, A) /f z,u, Vu) d:c—l—/ f [o(x |§Z >|)ds d|D?ul.

Finally, let us recall the following lemma, due to Dal Maso, which states that functional F

can be written as an integral over the subgraph of its entry wu.

Lemma 1.7 ([13], Lemma 2.2) Let f: QxR xRY — [0,00) be a Borel function such that,

or each (x,s) € QU x R, the map & — f(x,s,€) is convex on RYN. Then
f 9 ) p )

F(u,Q) = f(z, s, o(u) Yd|a(w)|(z, 5).

QxR ]a(u)|

If f is defined on vector valued function, it does not depend on s, i.e. f: Qx RM*YN — [0, 00)

and is quasiconvex with respect to the second variable £ we consider the following functionals

/f z,Vu)dr if u € WHH(Q; RM),

(1.9) Flu, A)
+oo if u € BV(Q;RM)\ WhHi(Q;RM),
% ( Du ey
[ s v+ [ e 2o
(1.10) + / o>z, (uh —u™) @ v, )dHN T,
JunA

for every u € BV (Q; RM) and for every A € A(1).
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If f is quasiconvex f*°) is defined in slightly different way:

(&) = limsup 7551,
t——+o00 t

and it turns out to be quasiconvex and positively homogenous of degree one.

Finally the recession function satisfies this useful property.

Proposition 1.3 Let f: Q x RM*N — [0, 00] be a convex function. Then

f(z,t€)
t

(2,0

< P+

1.5 Approximation of convex functions

One of the main tool, used in the present thesis, in order to prove the lower semicontinuity
of the functional in (1.5) is an approximation result for convex functions due to De Giorgi.
This result states that any convex function f : R? — R can be approximated by mean of a

sequence of affine functions a, + (ba, &), where

(1.11) to = [ FEO(d+Da(e) +(Va(). ) ds
(1.12) e = = | FEOVa©d,

with v € C(R?) a nonnegative function such that [, a(£)d{ = 1. The main feature of this
approximation is that the coefficients a,, and b, explicitly depend on f. In particular, when f
depends also on z, s the explicit formulas (1.11) and (1.12) permit to deduce regularity prop-
erties of De Giorgi’s coefficients, from proper hypotheses satisfied by f. We recall therefore
the De Giorgi’s approximation theorem.
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Theorem 1.5 (see [22], Theorem 1) Let f : R? — R be a conver function and a,, b, be

defined as in (1.11) and (1.12). Then the following properties hold:
(1) f(&) > aa + (ba, &) for any & € RY;

(i) f(&) = %1612[%’ + (bg, &)] for € € RY,

where B := {3 : B(2) := kla(k(q — 2)),k € N,q € Q? z € RY};

(11d) f(&) = lim f;(€) for any & € R?, where f;(§) := sup{ag, + (b, &)} for any & € RY,

j—00

where (; is an ordering of the class B.
1.6 Relaxation and ['-convergence

Let F be the functional defined in (1.4). For every u € BV (Q; RM), we can define the relaxed

functional F of F, with respect to the L'-topology, given by

(1.13) F(u, Q) = inf{lim inf F(u,, Q) : u, € WH(Q;RM), u,, — w in L'(Q;RM)}.

n—o0

We recall that F is the greatest lower semicontinuous functional not greater than . Moreover
the following characterization holds:
for every u € BV (;RM) and every {u,} € WhH(Q;RM), such that u, — u strongly in

LY(Q;RM),

(1.14) F(u,Q) <liminf F(u,, ),

h—o00
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for every u € BV (Q;RM) there exists {u,} € WH(;RM), such that @, — u strongly in

LI(Q;RM),

(1.15) F(u,Q) = lim F(T,,Q).

h—o00

We recall also the definition of I'—convergence. We say that a sequence {F},} of the type
(1.4) T-converges to a functional F'' (and we write F'' := ' — lim F},) with respect to the
LY (Q)-topology, if the following two properties hold:
for every v € BV(Q;RM) and every {u,} € WH(Q;RM), such that u, — u strongly in

LY(Q;RM),

(1.16) FY(u, Q) < liminf F, (u,, Q),

n—oo

for every u € BV (Q;RM) there exists {u,} € WH(;RM), such that @, — u strongly in

LY(Q;RM),

(1.17) F'(u,Q) = lim F,(Ty,,9Q).

n—oo

We recall that FT, if it exists, is L'-lower semicontinuous on BV (Q;RM). Moreover, I'
convergent is compact, i.e. from every sequence of functionals, it is possible to find a I'-
convergent subsequence. Finally if F,, = F for every n € N, then F' = F.

For further properties of the relaxation and I'-convergence we refer to [11, 14, 24, 25].

24



Chapter 2

Classical and recent theory

This chapter is devoted to a brief history of classical and more recent theory of the L!-lower
semicontinuity and relaxation on BV (€;RM). In the following, Q will be an open bounded

subset of RN, M, N > 1.
2.1 The scalar case

The main problems we will be interested in was inspired by the study of the classical functional

of Calculus of Variations
(2.1) F(u,Q) = / flz,u, Vu)dz.  we W (Q).
Q

One of the basic question is to find a suitable extension of this functional which permits
to evaluate it also on singular functions, for instance, those having null gradient almost

everywhere but are being not constant. For example we can consider the functional

H(u,Q) = / 1+ [Vude,
Q
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that represents the area of the graph of a function v : @ — R. If we evaluate H on a
piecewise constant function u, we obtain that the area of its graph of u is equals £V (),
which contradicts the fact that u is not constant.

A further difficulty in this kind of problem is the failure of the Direct Methods of the
Calculus of Variations. Indeed, even if the functional (2.1) were lower semicontinuous with

respect to the Ll-topology, i.e. the following inequality holds

(2.2) F(u,Q) < liminf F(u,, Q) Yu,,u€ W"(Q), wu, — uin L'(Q),

n—oo

the lack of reflexivity of the space W(2) (which does not ensure anymore the compactness
of the minimizing sequence) does not permit to apply the Direct Methods of the Calculus of
Variations in order to find the minima of the functional in (2.1). Therefore it is necessary
to extend the functional F' to a proper larger space, in which we may have its meaningful
definition and the compactness of minimizing sequences. In this context the natural candidate
to play this role is the space BV (Q2) of the functions of bounded variation. Indeed, as already
seen in Theorem 1.4, from a bounded sequence in BV () it is possible to extract a subsequence
which converges, with respect to the L!-topology, to a function still belonging to BV (Q2). This

leads to extend the functional in (2.1) as in (1.4) so that

inf F(u,Q) = inf F(u,Q).
WL(Q) BV(Q)

Unfortunately, there is no hope that this new functional is L'-lower semicontinuous, since
Wh(Q) is dense in BV () with respect to the L'-topology.
In order to avoid this obstacle we can introduce the relaxed functional of (1.4), as defined
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in (1.13) with M = 1.
Firstly we would understand if this new functional is a ”good extension” of F', namely if

the following equality:
(2.3) F(u,Q) = F(u,Q) Yue Wh(Q)

holds.
The validity of (2.3) is equivalent to prove the L!-lower semicontinuity of the functional in
(2.1). Indeed, if it is lower semicontinuous, (2.3) follows immediately since, by recalling (1.15),
we get F' < F and the opposite inequality F > F holds for every u € W (Q).

The problem of providing sufficient conditions to ensure L'-lower semicontinuity of the
functional in (2.1) is known in the literature as the Serrin’s problem. We present here its

classical formulation.

Let f:Q xR xRN — [0,00) be such that

(2.4) {(z) f(z,s,-) is convex for all (x,s) € Q x R;
(i) feC' QxR xRY).
Even if it could seem reasonable that, under hypothesis (2.4), the functional F' were lower
semicontinuous with respect to the L'-topology, it is well known that, under hypothesis (2.4),
this is not true, as shown by a celebrated counterexample due to Aronszaj’'n ([44]).

Sufficient conditions so that (2.2) holds are provided by the following theorem due to

Serrin.
Theorem 2.1 (see [45], Theorem 12) Let f : QxRxRY — [0, 00) be a function satisfying
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2.4). Assume also at least one of the following conditions holds:
(2.4)
(1)  f(z,s,-) is strictly convez for all (x,s) € Q X R;
(i) lim f(z,s,§) = +o0;

|§]—o0

(i) the functions V. f,Vef,V Vef exists and are continuous in Q x R x RN

Then F is lower semicontinuous on W' (Q) with respect to the L'-topology.

However the problem of understanding if the relaxed functional admits on BV (£2) an integral
representation is left open by the previous Theorem. The first result in this direction is due

to Goffmann and Serrin .

Theorem 2.2 (see [35],Theorem 5) Let f: RY — [0,00) be a convex function then

(2.5) F(u,Q):/Qf(Vu)dan/Qfo"(|g:Z|)d|Dsu| Yu € BV(Q),

where, as usual, D*u stands for the singular part of the measure Du, while f*° is the recession
function of f given by f*(§) := tlgcr)lo @

Previous result states that in order to extend the functional F' to the space BV (Q), it is
necessary to take into account the vertical variations of u, represented by the singular part of
the measure Du. It is, in some sense, not surprising that this process happens by means of
the recession function f°°, which describes the behavior of f at oco.

Concerning the general case, in which the integrand f depends also on s and &, we may

conjecture that, under suitable hypotheses on f, we still have a representation formula of the

type (2.5). Precisely the expected formula is

(2.6) F(u,Q) = F(u,Q)  Vue BV(Q),
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where the functional F is defined in (1.5).

Clearly, the validity of (2.6) implies that F must be L'-lower semicontinuous on BV ().
On the contrary, if F is L'-lower semicontinuous on BV (), recalling that F is the greatest
L'-lower semicontinuous functional not greater than F, we get the inequality F < F.

A first result in this direction is due to Dal Maso (see [13]), who states the validity of this
formula (2.6) by means of two theorems. In the first one the author provides the inequality
F < F, by proving that the functional (1.5) is L'-lower semicontinuous on BV (£2). In the

second one, the opposite inequality F > F is obtained.

Theorem 2.3 (see [13], Theorem 3.1) Let f: Q x R x RY — [0,00) be a locally bounded
Borel function such that

(i)  f(z,s,-) is convex on RN for every (z,s) € Q x R;

(i)  there exists a Borel subset B C Q x R, with HN((2 x R) \ B) =0,

(2.7) such that f is lower semicontinuous on B x RN

(i13)  there exists a constant A > 0 such that
[z, 8,&) > M| for all (z,5,€) € 2 x R x RY.

Then the functional (1.5) is lower semicontinuous on BV () with respect to the L'-topology,

i.e.

(2.8) F(u,Q) < liminf F(u,,Q) Vu,u, € BV(Q) u, — u in L'().
n—oo

Proof.

We give a sketch of the proof. For more details we remaind the interested reader to the
original proof of Dal Maso.
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It is possible to show, by (ii) and the local boundeness of f, that f (defined in (1.6)) is lower

semicontinuous on B x  x RY. We want to prove (2.8), when

(2.9) lim inf F(u,, Q) < 400,

n—-+00

otherwise the conclusion is trivial. Suppose that {u,},en € BV(Q) and u — u in L'(Q).
Thanks to (2.9) and (éi7) one can show that the sequence {a(u,)} of the derivative mea-

sures of the characteristic functions of the graphs of S(u,) weakly* converges in the sense

measures to the derivative measure of the characteristic function a(u) of S(u). By (1.8) and

Lemma 1.7 we have

Flu,, ) f<m,s7%>d|a<un>|<x,s>,
OxR n
and
Fu,Q) = f(z, s, o(u) Ydla(u)|(z, 5).

xR ()]

Then, since f is lower semicontinuous, convex and positively 1-homogenous in the last vari-

able, the thesis follows by Theorem 1.2. [ |
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Theorem 2.4 (see [13], Theorem 3.2) Let f: Q x R x RY — [0,00) be a Borel function

such that
(i) f(x,s,-) is convez on RN for every (z,s) € Q x R;
(ii)  for HYN — a.e. (zg,50) and for every € > 0 there exists § > 0 such that
' for all (z,s) € Q x R with |x — x¢| + |s — so| < & and for all £ € RY;
(1ii)  there exists a constant A > 0 such that
{ flx,5,8) < X1+ |€]) for all (x,5,€) € 2 x R x RY,
Then
F(u, Q) > F(u, ) Vu € BV (Q).
Proof.

The proof is based on an application of Theorem 1.3. We give a sketch. Firstly, one assume
u € BV (Q)NL>(Q2). By astandard regularization argument one constructs a sequence {u, } C
Wh1(Q) N L>*(92) converging to u such that |[u,|e < ||t]|eo. Moreover, by standard measure
theory arguments the sequence {a(u,)} strictly converges on € x R to a(u). The continuity

requirement (i) implies the continuity on R x RY of the map (o, 5o, &, t) — f(xo, S0,&,t), SO

that by using Lemma 1.7 and Theorem 1.3, we get

(2.11) F(u) zligglfF(un,Q) = Y}Lrgof U, €2 /QXR n;’)d|a(un)\(:v7s)
= [ fos a9 = Fu.0),

for every u € BV(Q) N L>=(£2). Finally one obtain the inequality F > F on the whole space

BV (Q) by a standard truncation argument. W
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2.1.1 Lack of coercivity

It is worth while to notice that, in the Serrin’s Theorem, the coercivity assumption seems not
to be a necessary condition in order to obtain lower semicontinuity of the functional (2.1).
Therefore one of the main purpose of recent studies on lower semicontinuity and relaxation on
BV (Q) is to understand if, without coercivity assumption, the representation formula (2.6)
still holds. In this direction, very recent developments are due to Fonseca and Leoni. In
[29] they prove, by using a blow up method introduced by Fonseca and Muller (see [30, 31]),
that, if one removes the coercivity assumption, formula (2.6) continues to hold under suitable
uniform continuity (with respect to &) of the integrand f(-, -, €).

More precisely, in what follows f : @ x R x RY — [0, +00) is a Borel nonnegative function,
convex with respect to the last variable satisfying the further following condition: for every

(20, 80) € @ x R and € > 0 there exists § > 0 such that

(212) f(l'g,So,f)—f(l’,S,g) §€(1—i—f(m,3,§))

for every (x,s) € Q x R such that |x — zo| + |s — so| < d and for every £ € RY.
The goal is to get the lower bound F(u, Q) < F(u, ) for every u € BV (). To this end,

it is enough to show

(2.13)  F(u,Q) <liminf F(u,, Q) Y{u,} ¢ WH(Q), Yu € BV(Q) wu, — uin L'(Q).

n—oo

The validity of (2.13) is stated by the next theorem.

Theorem 2.5 (see [29], Theorem 1.1) Let f: Q x R x RY — [0,00) be as stated before.

Then (2.13) holds.
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To achieve the relaxation formula the next step is to state the upper bound: F(u, Q) < F(u, Q)

for all w € BV(2). This is proved in the next theorem still due to Fonseca and Leoni.

Theorem 2.6 (see [29], Theorem 1.3) Let f: Q) x R x RY — [0,00) be a Borel function

convex with respect to €. Let A > 0 be such that
(2.14) 0< f(x,88) <AL+|E]) V(z,5E) €QxRxRY
Then the following properties hold

(i) if f is Carathéodory or f(-,- &) is upper semicontinuous, then F(u,Q\ (C,UJ)) <
/f(x,u,Vu)dm;
Q

Dy

d| D¢

(id) if f<(-,-, &) is upper semicontinuous then F(u,C,) < / < (z,u
Q

(wi1) if f°°(-,s,€) is upper semicontinuous then

ut
F(u,J,) < / (/ (s, (uh — )y )ds)dHN
JuNQ u~
2.1.2 Lower semicontinuity and summability conditions

A different approach of the study of L!-lower semicontinuity without coerciveness is intro-
duced in the paper of Gori Maggi and Marcellini (see [36]). Roughly speaking, the authors
show that, in order to prove L!-lower semicontinuity of the functional F in (2.1), it is possible
to replace the classical continuity and coerciveness assumption with the weak differentiability
of f with respect to x (for further improvements see, among others, also [18, 20, 33]). The

result of Gori, Maggi and Marcellini suggests that a similar L!-lower semicontinuity result can
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be obtained also for the functional F in (1.5), which is the BV -counterpart of the functional
Fin (2.1). As we have seen before, the L'-lower semicontinuity of F implies the lower bound
F < F, which is a crucial step in order to prove the integral representation of F. A first
result in this spirit is due to Fusco, Giannetti and Verde (see [32]). They prove the L'-lower
semicontinuity of F, by assuming the continuity of the integrand f in all its variables and a

weak differentiability condition of Gori-Maggi-Marcellini’s type, i.e.

(

(1) f(, 58 e WHH(Q) V(s,€) € R x RY and

(2.15) \ (ii)  for every bounded set B C R x RY | there exists a constant L(B)
such that /|me(x,s,§)|dx < L(B) ¥(s,¢) € B.
Q

\

More precisely, Fusco, Giannetti and Verde state the following result.

Theorem 2.7 (see [32], Theorem 1.1) Let f : @ x R x RY — [0,4+00) be a continuous
function, convex with respect to the last variable and and satisfying (2.15). Then the functional

F is lower semicontinuous on BV () with respect to the L'-topology.
A crucial tool in the proof of the previous theorem is a chain rule formula.

Proposition 2.1 (see [19], Lemma 2.4) Letb: QxRY — R be a continuous function with

compact support satisfying the following properties:
(i) b(-,s) € WH(Q) for every s € R,
(13) there exists a constant L, such that for every s € R,
/ |V.b(z,s)|dx < L.
Q
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Then for every p € CY(Q)) and for every uw € BV () N L>®(Q) we have:

_ /Q ( /0 o b, 5)ds ) Vipd = /Q bz, w)pVudz

(2.16)

ut u(x)

+ /Q<]{L b(a:,s)ds)gostu—l—/S)( i be(aj,s)d8>gpdx.

The use of this chain rule in the proof of Theorem 2.7 suggests that in order to improve
Theorem 2.7 itself, an improvement of the chain rule is needed. This has been done by De
Cicco, Fusco and Verde. In [18, 19] they prove the chain rule formula (2.16) by removing the
continuity assumption with respect to x. This leads to obtain a better lower semicontinuity

result, in which the continuity of the integrand f with respect to z is not required.

Theorem 2.8 (see [19], Theorem 1.1) Let f: Q x R x RY — [0,00) be a locally bounded

Borel function. Assume that there exists a set Z C Q with LN(Z) = 0 such that
(i) f(z,s,-) is convexr in RN for every (x,s) € (Q\ Z) x R;

(i1) f(x,-, &) is continuous in R for every (z,&) € (Q\ Z) x RY;

(i) f(-,s,€) € WHL(Q) for every (s,&) € R x RN and the estimate (2.15) holds.

Then the functional F is lower semicontinuous on BV (Q) with respect to the L'-topology.
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2.2 The vectorial case

We now turn our attention to the vectorial case and consider the integrand f : Q x RM x

RM*N — [0, 00) and the corresponding integral functional
(2.17) F(u,Q) = / f(z,u, Vu)dz, u € WHH(Q; RM).
Q

One of the main differences of the vectorial case with respect to the scalar one, is that the
convexity assumption is not more the natural assumption in order to study the lower semi-
continuity of the functional F' defined in (2.17). It is well known (see [12] on this argument)
that the quasiconvexity introduced by Morrey (see [42, 43]) is the appropriate condition to
deal with functionals defined on vector valued functions. This last fact implies that many of
the techniques available in convex analysis for the scalar case, could not be easily extended
to the vectorial case.

An important contribution in the quasiconvex setting is due to Acerbi and Fusco. In [1]
the authors proved the lower semicontinuity, with respect to the Whl-weak topology, of the
functional defined in (2.17), by assuming that the integrand f is Carathéodory, quasiconvex
with respect to £ and growths at most linearly. Another crucial step in the history of the
vectorial case is due to Ambrosio and Dal Maso ([8]). In that paper it was proven that, if
the integrand f depends only on the variable &, is quasiconvex and growths at most linearly,

then the relaxed functional of F with respect to the L'-topology, is given by

F(U,Q):/Qf(Vu)dx—l—/Qfoo(’gjzy)aﬂDsu] Yu € BV (Q;RM),

according to the scalar case.
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A generalization of this result was provided by Amar and De Cicco, in [3], where they
have considered functionals depending on higher order derivatives. Another generalization
of the result of Ambrosio and Dal Maso was proved by Fonseca and Muller in [31], where
the authors considered integrands depending on the full set of variables. More precisely their

result, in the special case of integrand independent of s, is the following

Theorem 2.9 (see [31], Theorem 2.16) Let f : Qx RM*N — [0, 00) be a continuous func-

tion, quasiconvex in the last variable, satisfying the following hypotheses:

(1) there exist a constants \, A > 0 such that
AEl < flx, €) < AfE]
for all (x,&) € Q x RM*N;

(ii) for every compact K CC §Q there exists a continuous function w with w(0) = 0 such that

[f(2,8) = (2 ] < w(lz =21+ [€])

for all (z,€), (2/,€) € K x RM*N " In addition, for every xy and for all € > 0 there

exists 0 > 0 such that if |x — x| < 6§, then

f(I7§> - f($0,€> > —¢€
RMXN}.

for every € €

(7i1) there exist A', 0 < m <1 such that

|f(,€) = f(2,6)] < AL+ [g]'™™)
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for every (x,€) € Q x RM*N,
Then

F(u,Q) = /Qf(x,Vu)dij/Qfoo(x,uﬁ%ﬂ)cﬂDcm

(2.18) + oz, (ut —u™) @ v, ) dHN .

JuNQ2
More recently Fonseca and Leoni proved that formula (2.18) holds without coerciveness.
This is obtained by assuming a uniform (with respect to &), continuity condition of the

integrand f(-, &), as stated in the following theorem (see [29], Theorem 1.7 and 1.9).

Theorem 2.10 Let f : Q x RM*N — [0,00) be Borel function, quasiconvex in the second

variable, such that:

(1) there exists a constant A > 0 such that
0 < fa,8) < A(L+8);
(17) for all zo € 2 and € > 0 there exists a § > 0, such that
f(x0,8) = f(2,6) < e(l+ f(x,6))
for all x € Q with |z — xo| <6 and for all ¢ € RM*N;
(i11) f(-,€), f°(-, &) are upper semicontinuous functions in 0 for all ¢ € RM*N,

Then, for all u € BV (Q;RM),

F(u,Q) /f x, Vu)dx + / 1o |DC )d|DCu| - oz, (ut —u™) @ v, )dHN

JuNQ
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An important tool which widely used in all the these relaxation results is the blow-up method
introduced by Fonseca and Muller (see [30, 31]) and a result by Alberti (see [2]), showing that

the density of the cantor part of BV -vector valued function is a rank one matrix.
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Chapter 3

The scalar case

In this chapter! we prove a new L'-lower semicontinuity result for the functional F in (1.5),
by weakening the regularity assumptions with respect to s, but assuming the continuity with
respect to x.

As already pointed out in the introduction the main tools of the proof of the lower semi-
continuity theorem are a new chain rule formula (see Theorem 3.1) together with De Giorgi
approximation result (see Theorem 1.5).

As an application of this result, we obtain the relaxation formula (2.6) and a I'-convergence
theorem for a sequence of functionals whose integrals pointwise converge. In the following 2

will be an open bounded subset of RY, N > 1.

3.1 Chain rule

In this section we improve both the chain rule of [20] and of [32]. Indeed, with respect to [20]

we replace the Sobolev space W(Q) with the space BV (), while with respect to [32] we

LAll the results of this chapter are contained in [39]
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do not require any continuity assumption with respect to s.

Theorem 3.1 Letb : QxR — R be a bounded Borel function with compact support in Q2 xR,

satisfying the following properties
(i) b(-,s8) € WHH(Q) N C(Q) for almost every s € R,
(it) Vgbe LY x R).

Then for every o € CL(Q)) and for every u € BV (2) N L>®() we have:

— /Q(/OU(:E) b(x,s)ds)Vapdx:/Qb(x,u)goVudx

ut u(x)

+ /Q(][u b(x,s)ds)gpstu—i—/Q( i be(w,s)ds)sodw-

Proof.

Let {ts}s>0 be a mollifying sequence in R. Let us define bs(x,s) = [, ¥s(s — t)b(z, t)dt.
We claim that, for every 6 > 0, bs(x,s) is a continuous function in @ x R. In order to
prove this, we notice the following properties: for every § € R, the function ¥s(- — ¢)b(+, t)
is continuous in  for almost every ¢ € R thanks to the hypothesis (i) and to the regularity
properties of mollifiers. Furthermore, since b has compact support, there exist two compact
sets K C 2 and A C R such that the support of b is contained in K x A and the support
of the function b(z,-) is contained in A for every € K. Hence we have that, for almost
every s € R, |hs(s — t)b(x,t)| < ||bllsol[¥sllooxs(t) € L*(R). It follows, by the dominated
convergence theorem, that bs(z, s) is continuous in €2 x R. Let us show that, for every § > 0,
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bs(+, s) € WH(Q) for every s € R. Indeed using Tonelli’s theorem we get:

/Q|b5(x,s)|dx < /de/RW(;(s—t)b(z,tﬂdt:/Q R|1/}5(s—t)||b($,t)|dxdt
= /K Alwa(s—t)\lb(%t)|dfvdtSEN(K)IIblloo/lea(S_t)\dtSC,

so that bs(-,s) € L*(Q) for every s € R. Furthermore the following equality holds in the weak

sense for almost every x € €2 and for every s € R,

(3.2) Vo /R (s — Db(w, £)dt) = /R (s — D)V ab(a, 1),

In fact, let S be the set of ¢ € R such that b(-,t) ¢ WH(Q). By hypothesis (i), L}(S) =0
Multiplying by ¢ € C3(€;RY) the righthand side of (3.2), integrating over €2, and applying

Fubini’s theorem (taking into account hypothesis (ii)), we get

/Q odr /R (s — Vb, )dt = — /R RN / bz, £)div,

Q

= —/divxgpd:v/wg(s—t)b(x,t)dt
Q R

and (3.2) is proved.
It remains to show that YV, bs(-, s) € L'(Q2) uniformly with respect to s € R. From (3.2) and

hypothesis (ii) we have:

/Q]be(;(:c,s)\dx < /Qd:v/R\S|w5(s—t)|lvxb(x,t)]dt
= —t)d :cb y d >~ 0o
sls = )it [ (9.6 0lde < ol [

|V.b(x,t)|dxdt < C.
R\S OxR
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This implies that bs(z, s) satisfies all the hypotheses of Lemma 2.4 of [32] and so (3.1) holds

for bs(z, s), i.e.

u(x)
— /(/ bg(@“,S)dS)Vgpda::/bg(:v,u)goVud:B
o NJo Q

(3.3)

ut

+ /Q<]£ bg(x,s)ds)gostu—l—/S)( 0“(9«“) Vzba(%s)dé’)@dl’a

for every ¢ € C3(Q). Now we pass to the limit as § — 0.

Let us consider the first term in (3.3). We remark that bs(z, s) is continuous in © x R
and there exists M C R with £(M) = 0, such that by Lemma 1.4, b(x,-) is approximately
continuous in R\ M for every z € ). Then, by Proposition 1.1, bs(x, s) — b(z, s) for every

z € and every s € R\ M. It is not difficult to prove that

‘ /Q (/OU(I) b(;(a:,s)ds) Vpdxr — /Q </0“(w) b(ac,s)ds) Vgodx‘

< [ (] Xoueltstz.s) = ba.)lds) Vilds -,
Q NJR\M

since
(34) Xoulbs(x,s) — b(x, )[[Ve| < ([bs]loe + [1blloc) IV Xz < 2[Iblloc| Viplx s € L (2 X R),

for a proper compact set H C 2 x R and independent of .
Let us consider the second term of (3.3). As we have already remarked bs(x, s) — b(z, s)

for every x € Q and every s € R\ M. Moreover, reasoning as in (3.4), it follows

(3-5) [bs(x, 5) — b(z, s)l |l Vul < 2[blloclel|Vul € L),
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for every 6 > 0.

Hence by Proposition 1.2, we get

‘/b(g(as,u)QOVudx—/ b(:v,u)goVud:E‘ = )/ bg(as,u)@Vudx—/ b(z, u)pVudx|,
Q Q Q\(a)~ (M) Q\(a)~ (M)

and, letting 6 — 0,

‘/ bs(z, u)pVudx —/ b(:v,u)ngud:p) — 0,
Q\(a)~H(M) Q\(a)~H(M)

as a consequence of (3.5) and the dominated convergence theorem.
Let us consider the third term of (3.3). Thanks to (1.1) and (1.7), we can rewrite this

term as

ut

(3.6) /, - (]{L byl s)ds)godDj (u) + /C sl a(a)pd D

Clearly for every z € 2N J, we have

ut

][ |bs(x,s) — b(z, s)|ds — 0, as 6 — 0.

T
Furthermore, the function gs(x) = |<p(x)]][ |bs(x,s) — b(x, s)|ds satisfies the following esti-
mate

0 < g5(x) < 2|bllll¢lloe € L (Ju N Q[ D7ul)

so that, letting 6 — 0, we get

ut

‘ /um <][UU+55(3:, s)ds) wd D (u) — /1qu (]€ b(x, 3)d3> godDj(u)‘ 0.
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As far as the second term of (3.6), for every ¢t € R and for every x € C, N Q\ (@)~ (M), we

have
(3.7) [bs(x, 5) = b=, 5)l|l < 2/[bllocle] € L' (Cu N Q, [Deul),
so that, by the dominated convergence theorem and Lemma 1.2, we obtain

/ bs(x,u(x))pdDu — b(x, u(x))edDu,
aNCy QNCly

so that
/ <][ bg(iL‘,S)dS) wdD*u — / <][ b(x, s)ds> pdD*u.
Q u~ Q u~
Let us consider the last term of (3.3). Thanks to the hypothesis (i), we have that for

LN-almost every z € Q the function V,b(z,-) € L*(R). Therefore, from (3.2), it follows that

for £N-almost every x € €,
Vabs(x,-) = s * Vpb(x, ) — Vub(z,-) in L' (R),

as 0 — 0. This implies that, for £¥-almost every = € €, we obtain

u(x

)
lim |V.bs(x,s) — Vb, s)|ds = 0.

6—0 0

In order to conclude, we note that, thanks to the hypothesis (i),

()| / Vabs(z. )| < ol / s / Us(s — DV ab(a, £)|dt
/R|be(;1:,t)\dt/Rw5(s—t)ds:/R\be(:z:,tﬂdteLl(Q),

for a.e. x € Q2 and hence

/ </u($) Vzb(;(a:,s)ds> odx —>/ (/H(Z) be(x,s)ds)godx,
o MJo a MJo
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as 0 — 0. The proof is now complete. M

We prove a refinement of previous result, which will be useful in the next section.

Theorem 3.2 Let Q C RY be a bounded open set. Letb: Q2 x R — RY be a Borel function

with a compact support in 2 x R satisfying the following properties

(i) there exists g € L*(R) such that |b(x,s)| < g(s) for every x € Q and for every s € R;
(ii) b(-,s) € WEHQ;RN) N C(Q;RY) for almost every s € R,

(i11) V.be L'(Q x R).

Then for every u € BV (Q) N L>®(Q) such that

/(b(az‘,u), Vu)tdr < 4o0;
0

ut s

Diu )
/Q(][u— <b(l’,8), |Dsu|> dS)d|D u| < +o00.

and for every ¢ € C5(Q2) we have

ut

(b, u), Vuypde + [ (4 (bla,s), 5 )ds)ed| Dl
J J 0
(3.8)

= _/Q</0“(9E) b(x,s)ds,vwdx—/g(/oum div,b(z, s)ds)pdz.
Proof.

Let us define

bn(z,s) = b(x,5)x4,(s) where Ay = {s € R: g(s) < h}.
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Clearly b, € L*(Q2 x R) for every h € N and by(z,s) — b(x,s) for a.e. z € Q and for a.e

s € R Therefore (3.8) holds for b, i.e.

S

/Q(bh(a:,u),Vu>god.iE+/Q(][u (bp(x, S),%)ds)gpﬂ]}sﬂ

(3.9)
_ /Q ( /0 N (e, $)ds, Vi) d — /Q ( /0 " vt (e, 5)ds) o,

for every ¢ € Cj(€2) Moreover, divgbp(, s) = x 4, (s)div.b(z, s) — div,b(z, s) for a.e. (z,s) €
Q x R. Since |div,by(x, s)| < |V.b(x,s)| for a.e. (x,s) € Q x R, and, by (i), |V.b(x,-)| €

L'(R) for a.e. x € §, we get a.e.

u(z) u(z)
go(x)/ div,bp(x, s)ds — go(x)/ div,b(z, s)ds.
0 0

Using again (i4i), it follows

u(z)
‘gp/ divxbh(x,s)ds‘ < |gp]/ IV,b(z,s)|ds € L*(Q),
0 R

and hence

/ (/ divxbh(:c,s)ds)gpdx%/ </ divxb(x,s)ds>godx.
o “Jo o NJo

Let us consider the lefthand side of (3.9) Since (by(x,s), &)t and (by(x, s),&)~ are increasing
sequences which converge to (b(z,s),&)™ and (b(z,s),£)” respectively, from Beppo Levi’s

theorem and hypothesis (ii), we obtain that

lim [ (bp(z,u), Vu)pdr = /(b(az,u),Vu)<pdx.
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Analogously, using again hypothesis (i7), we get

S S

ut Dsu ut Dsu
lim ][ by(x,s), ——)ds stu:/][ b(x,s), ——)ds)pd|D?ul.
([t pds)ediDul = [ (- bla ), ptias)od D

h—4o00

Therefore passing to the limit, as h — +o00, in (3.9) we get (3.8). The thesis is achieved. W
3.2 Lower semicontinuity

By using Theorem 3.1, in the same spirit of [20] and [32], but on the space BV () and
without continuity with respect to the variable s, we obtain the lower semicontinuity result
with respect to the L'-topology, of the functional F in (1.5).

Let f: QxR xRY — [0,00) be a Borel function such that:

((z) f(x,s,-) is convex on RY for every (z,s) € Q x R;

(i1)  f(-,s,€) € C(Q)NWLHQ) for almost every s € R and for every & € RY;
(3.10)
(iii)  for every bounded set B C R x RY, there exists a costant L(B)
such that / |Vof(z,s,&)|de < L(B) for every (s,) € B.
Q

\

Theorem 3.3 Let f: Q x R x RY — [0,00) be a locally bounded Borel function, satisfying

(3.10) and that
(3.11) f(z,5,0)=0 V(z,s) € Q2 xR.
Then the functional (1.5) is lower semicontinuous on BV () with respect to the L'-topology.

Proof.

By Theorem 1.5 there exists a sequence {a,} C C§°(€2) with «a,, > 0 and fRN a,.dx = 1 such
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that for any (z,s,£) € Q x R x RY we have

f(x,5,8) = sup(ax(w, s) + (bu(z, ), £))"

keEN

and

f2(,s,6) = sup(bu(x, 5),€)™,

keEN

where, recalling (1.11) and (1.12),

ax(2,5) = RNf(%S,é“)((NﬂLl)%(f)+<V%(€),€>)d€

(3.12)

be(z,s) = — f(z,5,8)Va,(&)dE.

RN
Hencea if we set fli(x7 8)5) = (a:‘{(x7 S)+<bn($7 S)a §>)+7 we obtain ]E(xa S?&at) = sup f,{(.flf, 3757{;)'

Therefore, applying Lemma 1.6 with f, f, and u replaced by f, f, and |a(u)| respectively,

we obtain
Fu) = [ flas oot
= Y [l e @ el s)
(3.13) = supz /% (an, (@, u)

+ (be,( )Vu>) pi(z)dx

A s e Fds) )l Dl

where the first and the last equality are due to Lemma 1.7 and we used the notation in (1.8).



Let us define

Gi(u) = /le-(u)(a,{i (x,u) + (by, (x,u), Vu>)+gpi(:r:)daj
(3.14)
+ / (][ " 5) (e (22 9) ﬂwds) oi(x)d|D*ul.
o Mu- T Dy

We remark that, by (ii) of (3.10) and (3.12), a, (-, s) is continuous for almost every s € R. By
Scorza-Dragoni theorem it is possible to find an increasing sequence K of compact subsets of
R such that, if we set E := J,cy Kn, L'(R\ E) = 0, and for every x; € N a,, € C°(Q x K},).
We remark that, by hypothesis (3.11), we have a,, < 0, hence, by Proposition 1.2 it follows
that

Gi(u) = /Q X (i) (aw, (2, 0) + (b, (2,0), Va)) i () da

+
“ D*y

i / (]{ X ((5) b (. 5). {50 s )l D'

= sup { [ v, (00s0) (0 ,10) + b0, 90) (o)

heN

S

. /Q(iquXKh(S)wi(SMbM(x’S)’ |gsz,>*d5>*0i<x>d|l?su\}-

As £V and |D?u| are mutually singular measures,

Gilw = s sup { [ e, (Wis(w)la o, wn(e)ede)ds

heN 0<n<1

(3.15) [ X @b o0, Tun(a)a)ds
ut Dy s 1.
= [ o) @b ). s )@ Dl
where n € Cg°(2). Since a,, € C°(Q x K}) and a,, < 0, the function y ., (s)1i(s)ax, (,s) is

lower semicontinuous with respect to s € R. Therefore, as a consequence of Fatou’s lemma,
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the first term in (3.15) is lower semicontinuous with respect to the L!-topology. Now we prove
the lower semicontinuity with respect to the L'-topology of the last two terms of (3.15). Since
u, — u strongly in L'(€2), without loss of generality, we may assume that u, — u almost

everywhere in ). Let us define

H(u,) = Axmwmww%wamev%mumwwm

! /Q <]{U¢XKh(S)n(x)<wi(5)b“i (z,5), %WS) ©i(z)d|Duy)|.

We claim that the scalar function n(z)i;(s)b. (z, s) satisfies for 1 < j < n all the hypotheses
of Theorem 3.1. Indeed n(z)i;(s)bl (x,s) has compact support in  x R and it is bounded
in QO x R, since f € L2(Q x R x RY). Moreover, by (i) of (3.10) and the dominated
convergence theorem, it follows that 7(-)1;(s)bl, (-, s) is continuous for almost every s € R.
Finally by (i4) and (iii) of (3.10), we have that n(-);(s)bl. (-, s) belongs to Wh'(Q) with
Vo (n(z)vi(s)bl, (x,5)) € L x R). Furthermore, thanks to the presence of the character-
istic function xg, in the definition of the functional H (u,), we may assume, without loss of

generality, for every n € N u,, € L>(Q).

Therefore, by applying Theorem 3.1, we get

n—-+00 n—-+o0o

un(z)
liminf H(u,) = lim {_/Q(/O div, (b, (z, 8) X, (8)0i(s)n(x))ds) pida
un(z)

_ /Q</O bm(x,S)XKh(S>77($)wi(S)dS,V(pi>dg;}'

From (ii7) of (3.10) and from the absolute continuity of the integral it follows that as n — 400

un(z)

i [ diva 0 (o), ()t = [ diva b (), 5) s )t

n—-+o0o 0

o1



Moreover,

un(a:)
o) / div (b (2, )1, (5)s()m(2)) ds

(3.16)

< lloidle / divy (b (2, ) e, (3)8 (8)(2) ds € LH(Q),

so that

n—oo

un () u(x)
iin [ i) / Qv (b, (2, )1, (8)265(8)n(@))ds = i) / Qv (b (2, )z, (5)0()n(2))ds.

Analogously we get

Un () u(x)
iim_ [ ¢ / by (2, ), (3)71(2)u(5)ds, Vipi) e = / ( / by (. 8) i, (3)1(2) s (5) s, Vipi)

n—-+oo

Therefore letting n — +oo in (3.16) we obtain

liminf H(u,) = _/Q(/o div, (be, (2, $)x g, (8)0i(s)n(x))ds) pida

n—-+0o0o

(3.17)

[ b On@)is, Vi
Q JO

Hence, applying Theorem 3.1 to (3.17), we obtain the lower semicontinuity of the second and
the third term of (3.15). This implies that G;, being the supremum of lower semicontinuous
functions is lower semicontinuous itself, so that, by (3.13) and (3.14), F is lower semicontin-
uous too.

The thesis is then achieved. R
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Remark 3.1 [t is not very difficult to verify that Theorem 3.3 continues to hold under a

weaker assumption than (iit) of (3.10), which is the following

(3.18) Vof € L. (2 x R x R™).

Indeed in the proof of the previous theorem we only need to know that n(-);(s)b, (-, s) belongs
to WHH(Q) with V, (n(x)i(s)bl (x,5)) € L*(Q2xR), and it is guaranteed by hypothesis (5.18).

In the same spirit of the papers of De Giorgi Buttazzo and Dal Maso (see [23]) and Ambrosio
(see [7]) we give a further lower semicontinuity result, where assumption (3.11) is replaced by

a weaker one.

Theorem 3.4 Let f: O x R x RY — [0,00) be a locally bounded Borel function satisfying

(3.10) such that:

(a) f(z,-,0) is lower semicontinuous on R for LY a.e z € Q

(b) there exists a Borel function

A QxR —RY,

with Nz, s) € 0cf(x,s,0) for every (x,s) € Q x R, such that

(i) 9ls) = sup A (2 5)| € L (R)

(ii) A(-,5) € C(GRYN) for LY a.e s € R

(i53) A(-,s) € WEHQLRN) for £ a.e s € R with V )\ € LL (2 x R).

loc loc

Then the functional (1.5) is lower semicontinuous in BV (Q) with respect to the strong L'-
topology.
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Proof.
Without loss of generality, we may suppose that there exists a constant C' > 0 such that
f(x,8,6) =0 for every (z,s,£) € Q x R x RN, with |s| > C. Indeed, in the general case, we

can write

f($7 575) = sup f(xa Svg)X(fk,k)(‘S)‘

keN

Moreover since A(z,s) € d,f(x,s,0) and that f > 0, it follows that f(x,s,&) > (A(x,s),&)"
for every (z,s,£) € Q2 x R x RY. Hence we may assume that \(z,s) = 0 for every z € Q
and s € R, with |s| > C. Besides, since f is locally bounded, A is locally bounded, too. Let

g: QxR xRY — [0, +00] be defined by

g(ma 375) = f(ﬁ, 375) - f(JZ,S, O) - <)\($, 5)76)'

Then for every ¢ € C5°(2) and for every open set A CC 2 we have

(319) ‘/—:A(fvua 90) = ]:A(Q,U,SO> + GA(f: U, 90) + HA(/\7U7§0)a

where

fA(f,u,go)—/Af(a:,u,Vu)godx—i-/A [fuﬁ+fm(x,s,%)ds}¢d|psm,

GA(fv u, 90) = /Af(ilf,u,())@d.T

’LL+ S

HA()\,u,go):/<)\(x,u),Vu)gpd:v+/A b{ ()\(I,s),&—(z)’)ds]gpﬂDsuL

A

Let u, — u € BV(Q) strongly in L'(Q). Without loss of generality, we may suppose that

u, — u almost everywhere in €2 and that F'(u,) < M, for every n € N. Since the function gy

54



satisfies all the hypotheses of Theorem 3.3 we obtain that

(3.20) Falg,u, ) <liminf Fa(g, un, ).

—+00

Moreover, by hypothesis (a) and Fatou’s lemma it follows that

(3.21) Galf,u,p) < lim inf Galf, tn, p).

Since f(z,s,£) > (M(z,s),&)" we have, for every n € N,

(3.22) / @, 1), Van) Hde < F(uy) < M
A
and
(3.23) /A [][un Az, 5), \g:Z:|>+dS]dleu"’ < F(u,) < M.

n

We remark that, since A is locally bounded, we have

(3.24) /()\(:p,u),Vu>+dx <M
A
and
(3.25) /A[f <A(x,s),|g—:z|>+ds d|D*u| < M.

Furthermore, if we define

(3.26) Az, s) = {A(f’%s) (z,5) € suppp x [-C,CY,

0 (z,5) & suppp x [-C,C].
The function A satisfies all the hypotheses of Lemma 3.2. Then using, by (3.22) and (3.23),

Lemma 3.2, we get

liminf Hx(\, up,, ) = lim {—/(/ A(x,s)ds,Vgp)dm—/ (/ divm/\(x,s)ds)godx};
a Jo o Jo

n—-+00 n——+oo
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so that, by (3.24) and (3.25), using again Lemma 3.2

m Ha(\ up, ) = —/(/ )\(x,s)ds,Vgo)dx—/ (/ div,\(z, s)ds)pdx
o Jo o Jo

n—-4o00

(3.27)

= HA(>Vua 90)
Therefore from (3.19), (3.20), (3.21) and (3.27) we have
Falfyus9) < liminf Fa(f, un, @) < liminf Fo(f, un, ¢)-

Then, since A is arbitrary, the functional u — Fq(f,u,p) is lower semicontinuous. The

conclusion follows by
F(u, Q) = sup{Fa(fiu, ) :p € (5°(Q), 0<p <1} W

3.3 Applications

In this section, as a consequence of our lower semicontinuity results, we firstly give an integral
representation theorem for the relaxation functional of the functional in (1.13), then we prove

a -limit result for a sequence of functionals {F,} of the same type.

3.3.1 Relaxation

In this subsection, given F as in (1.4), we will show that the following representation holds
(3.28) F(u,Q) = F(u,Q) Yuc€ BV(Q)

where F' and F are defined in (1.13) and(1.5), respectively. In order to get (3.28), we use a

result due to Fonseca and Leoni. To this aim we assume that f: Q x R x RN — [0, +00) is a

56



Borel function such that

(3.29) 0< flo,s,8) <CA+|E]) forall (z,s,6) € QxR x RY.

Theorem 3.5 (see [29], Theorem 1.6) Let f: Q) x R x RY — [0,00) be a Borel function
convex with respect to & for every (x,s) € Q X R, and continuous with respect to x for every
(5,€) € R x RY. Assume that f satisfies (3.29), and f>(-,s,€) is upper semicontinuous in

for every (s,€) € R x RY. Then

F(u,Q) < F(u,Q).

Remark 3.2 Following the proof of Theorem 1.6 in [29], it is not difficult to see that the
Theorem 3.5 holds even if the hypothesis that f is continuous with respect to x for every

(5,6) € R x RN is replaced by

|f(SC,51,O> - f(l’, 8270)‘ < C:O(Sl - 52)7

for every x € Q and s1, so € R, where p is a modulus of continuity, i.e. a nonnegative,
increasing and continuous function p such that p(0) = 0, or by the assumption that for every
s € R exists N C Q such that HN"Y(N) = 0 and f(-,s,0) is approzrimately continuous in

Q\ N (these conditions are in particular implied by f(x,s,0) =0).

Theorem 3.6 Let f: Q) xR x RY — [0,00) be a Borel function, which satisfies hypotheses
(3.10),(3.29) and (a), (b) of Theorem 3.4. Assume that f<(-,s,&) is upper semicontinuous

in Q for every (s,€) € R x RN, Then F(u,Q) = F(u,Q).
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Proof.
Since F is the greatest lower semicontinuous functional not greater than F, F < F and, by

Theorem 3.4, F is L'-lower semicontinuous, it follows that
F(u, Q) < F(u, Q).
The opposite inequality is stated in Theorem 3.5. W

3.3.2 TI'-convergence

In this subsection, in the same spirit of [4, 13], we state a I'-convergence result for a sequence
of integral functionals of type (1.4), whose integrands f,, pointwise converge to an integrand

f, which is not necessarily continuous with respect to s nor coercive.
Theorem 3.7 Let f, : Q x R x RY — [0, +00) be a sequence of Borel functions such that
(3.30) 0 < fulz,s,6) <A1+ [E])  for every (z,5,€) € 2 x R x RY,

where 0 < A < 400 is a fived constant. For every u € BV (Q) we define

/ folz,u, Vu)dz if ue WhH(Q)
0
oo if u € BV(Q)\ Wh(Q).

(3.31) Fo(u,Q) =

Assume that {f,} converges pointwise to a locally bounded Borel function f: Q2 x R x RNV —
[0, +00) satisfying all the hypotheses of Theorem 3.6.

Finally, let {e,} be an infinitesimal sequence, such that

(3.32) (14 en)fulz,5,6) > f(x,5,8) —e,  for every (z,5,€) € A x R x RY ¥n € N.
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Then for every u € BV (Q2), we have
F'(u,Q) :=T —lim F,(u, Q) = F(u, Q).

Proof.

By the compactness of I'-convergence, we may assume that, up to a subsequence, there exists
[' — lim F,. Firstly, we will prove that I' — lim F,, > F. Given u € BV (Q), by (3.32), for
every n € N we obtain that F,(u, Q) > F(u, Q) —,[LN(Q) + F,(u, )], where F is defined in
(1.4). By (1.17), we have that for every u € BV (), there exists u, — u strongly in L'(2),
such that

(I' = lim F,)(u,Q) = lim F,(a,, ).

n—oo n—oo
We may assume that the previous limit is finite (otherwise the conclusion is trivial). Therefore,

taking into account Theorem 3.6, it follows

(T — lim, F,)(u,Q) = lim F,(T,,Q) > liminf F(TG,,Q) — lim €,[LY(Q) 4+ F,,(Ty, Q)]

n—oo n—oo n—oo n—o0

> F(u,) = F(u, Q).

In order to prove the opposite inequality, we note that, by dominated convergence theorem,

we have

lim F,(u,Q) = F(u, ) for every u € WhH(Q).

n—oo

Hence, by (1.16)

(I' = lim F,)(u,Q) < F(u,Q?) for every u € BV (2).

n—oo
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So that, by the lower semicontinuity of the I' — lim and Theorem 3.6, it follows

(T — lim F,)(u,Q) < F(u,Q) = F(u,Q) for every u € BV (Q).

n—oo

Since this independent from the subsequence, we obtain that the whole sequence F,, I'- con-

verges to F'. Then the thesis is achieved. W
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Chapter 4

Vectorial case

In this chapter we study L!-lower semicontinuity and relaxation properties of the following

functionals:
(4.1) F(u,Q) = / f(z, Vu)dz; u € WH(Q; RM).
Q

and its natural extension to the larger space BV (€2; RM) given by

F(u,Q) = /Qf(x, Vu)dx + /Q f(x, |£:Z)|)d|Dcu|
(4.2) + [z, (ut —u™) @ v, )dHN L.

JuNQ

Here, as in the previous chapter, € will be an open bounded subset of RV, N > 1

4.1 Mathematical tools

4.1.1 Euclidean structure of the matrix space RM*¥V

In the following we denote by RM*¥ matrices which is isomorphically equivalent to the vec-

torial space RMY (the space RMY of M N-dimensional vectors).
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Indeed, let A € RM*N M N > 1. We define the linear operator T : RM>*N — RMN pLy

(43) T(A) = a = (0,1, ...,CLMN) = (Al’j, ...,AM’j)jzl N-

-----

It is not difficult to see that T" is an isomorphism and that his inverse is given by

(4.4) T ' a) = A= (AY) 20N with AW = gl=INH,

]: 7777

By means the operator 7' we can define the scalar product and the norm on the space RM*¥,

Precisely given A, B € R®*Y we have

MN
<A, B>R]W><N = <T(A),T(B)>RMN = <a,b>RMN = Zakbk
k=1
M N M
(4.5) = ) ) AYBY = (A", B)gn;
i=1 j=1 i=1
and
MN 1 N 1
2 5.7 2
JAllasen = Ty = (3 la?)* = (3 D14 F)
k=1 i=1 j=1
where

Al = (A AYYY  and B = (B™', ..., B®Y).

We recall the definition of the tensor product. If a € RM, b € RY, then the tensor product
a®bisa M x N matrix defined by (¢ ® b)™ = a;b;. We remark that if A € RM*N ¢ e RM

and b € RY then, by (4.5), the following property holds

(4.6) (A, a® bypasn = (T(A),T(a ®b))pary = Y (A", aib)gs,

=1

where (-,-)x denotes the scalar product into the Euclidean space X.
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4.1.2 Chain rule

In this subsection, we state a generalization of the Leibniz rule for the derivation of a product
of two functions. This result can be obtained as a simplified version of the chain rule due to
De Cicco, Fusco and Verde (see [19]), in which the functions involved depend only the spatial

variable z.

Lemma 4.1 (see [19], Theorem 1.1) Letb: RY — RY be a bounded function with compact

support in RN such that
(i) b€ WH(RY;RY),
(ii) b is approzimately continuous HN 1-a.e. in RV,

Then for every u € BV(RY) N L=¥(RY) and for every ¢ € C3(RY), the following formula

holds

[ @) V@l uia)in = - [ aivt@)u@ipads — [ ), u@hs ol

RN

Du B + - N—1
- [ ) e @D ] = [ (@), 0 =) S ey pla)an

Remark 4.1 Note that hypothesis (ii) is needed in order to identify b with its precise repre-

sentative H¥'-a.e. in RN, otherwise the previous formula is false.
4.2 Lower Semicontinuity

The aim of this section is to obtain L!'-lower semicontinuity for the functional in (4.2), by

means of the chain rule formula, stated in Lemma 4.1, and De Giorgi’s approximation Theorem
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(see Theorem 1.5). This strategy seems to be new in the vectorial setting. However, for its
application, convexity of the integrand f with respect to ¢ is crucial, whereas it is well known
that this request is not optimal in the vectorial case (see, for instance, [12]). Nevertheless this
approach allows us to weaken regularity hypothesis on the integrand f. Thus no continuity
assumption with respect to the variable x is required. Furthermore our approach can be
regarded as a first step in order to attack the polyconvex case.

We prove the following theorem, which states the lower semicontinuity of the functional F
along equibounded sequences of vectorial BV -functions. The proof is based on an argument
introduced in [32].

Let f: Q x RM*N — [0,00) be a locally bounded Borel function which satisfies the

following conditions:

(1) F(€) € Wi (RY) for every € € RY<;

oc

(ii)  for every bounded set B C RM*Y  there exists a constant L(B) such that
/ |V, f(x,&)|dx < L(B) for every € € B;
Q

(i) 3G C Q with H¥~1(G) = 0 such that V¢ € RM*N

L f(-,&) is approximately continuous in Q \ G.

Theorem 4.1 Sia f : Q x RN — [0,00) be a locally bounded function, convez in the
second variable and satisfying (4.7). Then the functional (4.2) is lower semicontinuous on
BV (S RM) with respect to the L'-topology along sequences {u,} C BV (Q;RM) such that

[tn oo < C.

Proof.
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Let be Q' cc Q. There exists two compact sets K7, K» such that

(4.8) KicQnC, K,cQ)\C,.

By Hausdorff property we may find two disjoint open sets Qy, Q C Q' such that
(4.9) K, CcQ, Ky;CQ,.

So that, if {u,} C BV (;RM) is a sequence converging in L'(;RM) to u € BV ({;RM),

then

(4.10) lim inf F(u,, Q) > lim inf F(u,, 1) + lim inf F(u,, Q).

n—oo n—oo n—oo

Therefore we will treat separately the two terms of the righthand side of the last inequality.
Let us consider lim inf F(u,, ;).

n—o0

We define g : Q x RMN — [0, 00) and ¢ : Q x RMN — [0, 00) given by

9(z, &) = [z, T71(g)),

and

9= (@,8) = f*(x, T7(9)),
where T~ is the linear operator defined in (4.4), and f* is the recession function of f(z,-).
Since [ is convex with respect to £, g is convex with respect to {. Therefore by Theorem 1.5

there exists a sequence {a,} C C°(RMYN) with a,, > 0 and fRMN a.dr = 1 such that for any

(1,€) € Q x RMN we have

(4.11) 9(x,§) = sup(ax(z) + (bu(), Hrarv) ™,

reEN
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and

(4.12) 9> (x,8) = sup({be(x), Eraen) ™,

reEN

where recalling (1.11) and (1.12) with d = M N, a,, b, are defined by

(4.13) an(z) = /R g O((MN + 1)an(e) + (Vay(e), Qs )de,

(4.14) be(z) = —/RMN 9(x, §)Va(§)dE.

By the definition of g and the assumption made on f we easily get that ¢ is locally bounded

and satisfies the following conditions:

'(@) g(-,¢) € VVIIOCI(Q) for every & € RMY;

(i1)  for every bounded set B C RMYN | there exists a costant L(B) such that
(4.15) / Veg(z,§)|dz < L(B) for every £ € B.
Q

(111) 3G C Q with HY"!(G) = 0 such that V¢ € RMY
g(+,€) is approximately continuous in Q\ G.

\

By the definition of g and 7" and using (4.11) and (4.12), we obtain the following approximation

for the functions f and f°°:

(4.16)  f(2,8) = sup(au(@) + (b(@), T(§))mrun ) = sup(an(z) + (T~ (be(x)), Emarxn) ™,

(4.17) fo(@,8) = ilég((bn(ﬂﬁ), T(&))run )™ = i2§(<T*1(b,€(x)),5>RMW)+.

Let K be a finite set of index. Let Ay be a finite family of disjoint open sets with the closure
contained in Q and, for any k € K, n;; be a sequence in C}(Ay), with 0 < n;,; < 1 for all
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k,l. Finally let {¢,} be a sequence in C}(€;) with 0 < ¢, < 1 for all 7. By (4.16), and (4.17)

we have

liminf F(up, Q1) > liminf/ agnk(x)or(x)dx
1971

n—-+o0o n—-+o0o
K

n nmmf{ /Q (b (@)2(2), T(Van (@) poen or(2)da

b [ ) T oo (@) D

b [ @) T} () = i 0) 9 v, (@) ),
J.

Un

Now let us set By := T~'(by), so that, thanks to (4.5) and (4.6), we obtain

liminf F(u,, Q) > liminf/ apNes(x) o (z)dx
951

n—+oo n—+oo
keK

b 2 S tmint{ [ (Bl e ol

i=1 ke K
7 Dcu; c
+ | (Be(@)mea(2), 757 (@))ry @p(2)d]| DUy

971 |D Un|
(418) b [ Bi@mala) " = i, @y o (a)dH .

Jun
In order to apply Lemma 4.1 we notice that

Dc A |Dcuz |

Dyl = D] and |DU'| = "1 D uy|.

=
[ Deus | [ Deu,|
Therefore from Lemma 1.1 it follows that

Deul, Dl | Deu?

ol

4.19 = : D¢u,l-a.e. in €.
(4.19) Dol ~ 1Dt D] 1D
M
Furthermore, fixed i = 1, ..., M, since J,; is contained, up to the HN 1 negligible set U Sui \
i=1
Jyi , in the disjoint union of J,; \U Ju% and UUU% N Ju% ), we can choose v, = £1,; on every

JFi J#i
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set Jyi \ U J,i, and, thanks to Lemma 1.3, v, = %v,,; for HNlaex € U(JU?; N Jui;)' Let
i ' ' i
us assume v, = +1,; and (u))" = (u;,)" for i = 1,..., M, otherwise it is enough to change

the sign. From this fact and equality (4.19) we can rewrite (4.18) as

li f F(uy, d
%r_r}igo (u Z/Q aknkz (z)dz
keK

T Zzlﬂlﬂ}f{/ (@) (), Vg, () gy @p(2)d

=1 keK

b [ B o). e (e D

(4.20) + [ B, (@) = ) g ey g},

We claim that the function z — Bj(x)n,(z) satisfies, for all k € K and i = 1,..., M, the
hypotheses of Lemma 4.1. Indeed, since ¢ is locally bounded, it has compact support and
it is bounded in ©; . Moreover from (i) and (i) of hypothesis (4.15), it follows that Biny,
belongs to W11(Q). Finally from (4iz) of hypothesis (4.15) and Fubini’s Theorem it follows

that Biny, satisfies hypothesis (ii) of Lemma 4.1. Therefore, by applying Lemma 4.1, we get

Deul,

n—o0 Ql

[ Bl ()" = @) v @y )i

Un

= Jin { = [ (Bi@m@), T @)es v @)

n—0o0

421) — [ v @)}

Thus, letting n — 400, by using the dominated convergence theorem, the equiboundeness of
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sequence {u,} and Lemma 4.1 again, we have, summing with respect to i, k,

lim inf F(u,, Q1) > Z/ i (% d:v+z By () (), V' ()rn] or(z)dz

£ S [ Bete) D
(4.22) + ZZ/ (Bi(@)meu(x), (u)) = (') v (@) gpr(:(})d'HN—l}'

By Lemma 1.2 we may find a sequence o, € C3(Q;) with 0 < ¢, < 1 such that ¢,.(z) —

(x) for |Dul-a.e. z € ;. Hence, letting r — oo in (4.22), we get

Xcuneo,

lim inf F (u,, Q Z/ apN(x dx—i—z By (@) (z), Vu' (z))py]da
o

n—-+0oo
keK
Dcuz [}
LYY / Ok [y (e dLD |
keK =1
By using again the definition of the operator T', (4.5) and (4.19) we have
liminf}"(un,ﬂl) 2 Z/ aknkl ( )nk,l(l"),T(VU(QS)))RMN]dZE
n—-+o0o o
keK
+ Z/ )Nk (v ( Du (IK))>RMN d|D¢ul.
ek | Deul

Now for, any k € K, we take n,(z) converging to x,, (¥) + x,, (z) for [Dul-a.e. x € Ay,
where
={x € A, N D, : ar(z) + (br(z), T (Vu(z)))gu~x > 0},

Dt
| Deul

Cr = {a: € AN (Cu \ Du) : <bk($), T( (x))>RMN > O}
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So that, letting [ — oo, we get

liminf Flu,, @) > /A [+ (bu (), T(Va(o) ]

e keK
Du
3 [ (0@ P (@) ol
keK ¥k
Hence, by applying Lemma 1.5 with g = |Du| and
+ Dfu +
Oe(@) = lar + (b(x), T(Vu(z)))parn] X5, (2) + [<bk($),T(m($))>RMN] Xeo, (£);
we get from (4.16) and (4.17)
(4.23) liminf Flun, ) > | fo, Ve + | 2z, — Dyl
. im inf F(u,, > , ; :
n— 00 ! (o5 Q1 ’Dc(u)‘

Now let us consider lim Jirnf F(t, Q).

n—-—+0oo
As above we fix a finite family A, of disjoint open sets with the closure contained in 25. For
any k € K, let n; be a sequence in C}(Ay), with 0 < ng; <1 for all k,[. Finally let {¢,} be

a sequence in Cj () with 0 < ¢, <1 for all 7 € R. In this case we let () = X, o (2)

|Dul-a.e. in €y. Thus, by using again (4.5), (4.6) and the choice of the normal v, we arrive

to
lim inf F(u,, Q22) > Z/ (b (2) e (), T(u(2) — u™ (7)) @ vy())prundHY L.
+o0
Let S, be an increasing sequence of Borel sets such that U S = RY and HV 1 J,(Sm) <
m=1

400 for any m. We can use again Lemma 1.2 to find, for any £k € K and m € N, a sequence
Mt (T) F Xy, ns,, () for HYNlae. x € Q,, where
Ug={r e AN, : (bp(x), T((u"(x) —u (2) @ vy(x)))guy > 0}.
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Hence, letting k — +o00, we get
lim inf Fu,, ) > 3 / (be(2), T((u" (2) — u™ (2)) ® va())ygorn] ARV,
n—00 e AenSm
Thus, letting m — 400,
lim inf F(uy,, Q2) > Z / ut(z) —u(2)) @ vy (2)))gpaen | TdHY T,
n—oo
keK Y Ak

and then, by applying Lemma 1.5 with u = H~~!|.J,, we obtain

(4.24) lim inf F (u,, Q) > /J . 2z, (ut(z) —u (2)) @ vy (2))dHN .

n—oo

Hence, from (4.9), (4.10), (4.23), (4.24) we conclude that

liminf F(u,, Q) > F(u, K;)+ F(u, K»)

n—o0

DC
= Vu)d o0
- f(xa U) T+ Klf ( ’DC( )l

+ / oz, (ut —u™) @ v, ) dHN .
JuNKo

e Dl

Finally, taking into account (4.8), by letting K, 1 Q NC,, Ky 1 Q' \ C,, and then Q' 1 Q, we
get the result. W

In the next we prove the lower semicontinuity theorem of F along sequences {u,} C

BV (Q; RM) equibounded in L% 1 (; RM).

Theorem 4.2 Let f: QxRM*N — [0, 00) be a locally bounded function, convez in the second

variable and satisfying (i) and (iii) of (4.7). Suppose that, in addition:

(4.25) VB C RM™*Y bounded 3 L(B) such that / \Vof(x,&)[Nde < L(B) V¢ € B.
0
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Then the functional (4.2) is lower semicontinuous on BV (;RM) with respect to the L'-

topology along sequences {u,} C BV (Q; RM) such that HunHNL C.

Proof.

Firstly we notice that from (4.25) it follows that the function g = foT ! satisfies the following

property:

(4.26) VB c RMY 3 L(B) such that / Vag(z,§)|Nde < L(B) V¢ € B.
Q

Then we proceed as in the proof of Theorem 4.1 till the equality (4.21); i.e

im { [
+

+

(4.27) -

(B (), V(@) ()
| B, guﬂ ) ()l D |

l
7’l

/J | (Bi(x) (), ((u, <ui)7)yu%>RNS0r(Qf)dHN71}

2
n

im { [ (Bl@nate), Ve (x)avu, (s

n—oo

[ (Bl (@) (a)da ).
Q

We claim that for every i = 1,..., M the function divBi € LY (Q). Let ¢ € C3(Q):

/ div B} odx
Q

_ / (Vep, Bi)gwdz — — / (Voo (T (b)) Y
Q Q ‘
= — [ (T [ 90 0Ten©d)) Jerdo
. / Vo, / 92, 6) (T (Vean(€))) de g da
Q RMN
= — [ [ s OV @dgvs
_ /Q(p/RMN<Vzg(x,§),Vgiak(é))Rz\rdgdaI.
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Therefore we have the following representation formula for the distributional divergence of

Bi:
(4.28) divB; = /RMN(VIg(:E,é),Vgiak(é))Rwdé in D'(Q).

By applying Hélder’s inequality to the equation(4.28), we obtain

divBLN < (LMY (suppag)) V! / Vag(e, )V de

SUPpPAE

and and, by Tonelli’s Theorem, taking into account also (4.26), with B = suppay., we get

. 7 N %
|divBi| v < (ﬁMN(suppak))N—1< / d¢ / |Vzg(:c,§)lNda:)
suppa Q

< (LMY (suppay)) 5 LN (LMY (suppay)) ¥ (LN () ¥ < +oo.

Therefore, for every ¢ = 1,..., M the function divB;, € L"(Q). Furthermore, by the equi-
boundeness of {u,} in L%7 it follows that, up to a subsequence, u,, — u weakly in LT,

Hence passing to the limit in (4.27) and using again Lemma 4.1, we get

liminf F(u,, Q1) > Z/ arne (v dx-irz B () (x), Vu' (2))gn] o (x)d
ol

n——+0o
keK

+ ZZ / D). (@) (), D

+ ZZ/ (Bi(x)mia (@), ((u')T = (u') ") v (2))an gpr(x)deNfl}_

The thesis is achieved, by proceeding exactly as in the proof of Theorem 4.1. W
It is possible to remove the constraint ||Un”% < C, by dealing with an open bounded
set 2 with Lipschitz boundary and assuming the coercivity of the integrand f, as stated in

the next result.
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Corollary 4.1 Let Q C RY be an open bounded set with Lipschitz boundary. Let f : Q x
RM*N' — [0,00) be a locally bounded function, convex in the second variable, satisfying (i)

and (ii1) of (4.7)and (4.25). Suppose that there exists a constant A > 0 such that:
(4.29) flz, &) > N for all z € Q.

Then the functional (4.2) is lower semicontinuous on BV (;RM) with respect to the L!-

topology.

Proof.
Let {u,} C BV(:;RM) converging in L' to u € BV(£2; RM), with respect to the L'-
topology. Let us suppose that there exists a constant L such that lim Jinf Flu,, Q) < L
n——+0oo

otherwise the conclusion is trivial.

By the continuous imbedding of BV (£2;RM) in L%(Q;RM) and by (4.29) we get:

L > liminf F(u,, Q) > A\ Du,| > C’HunH% — M|unll1,

n—oo
so that, recalling that u, — u strongly in L*(€; RM), we have

fual g, < 22l

N =C
] C 1

where the constant C; does not depend on n. Hence the result follows from Theorem 4.2. W
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4.3 Relaxation

The aim of this section is to give an integral representation formula for the lower semicontin-

uous envelope of the functional

,Vu)de if uw € WH(Q; RM),
Flu,Q) — /Qf(x w)dxr if u ( )

(4.30)
+00 if u e BV (;RM)\ Whi(Q;RM),

defined by

(4.31) F(u, Q) = inf{lim inf F(u,, Q) : u, € WH(Q;RM) u,, — w in L*(Q;RM)}.
n—o0

More precisely, our purpose is to state the following equality:

(4.32) F(u,Q) = F(u,Q) for every u € BV (;RM);

where F is defined in (4.2).

We precise that this result will be obtained on the one hand by using the lower semicon-
tinuity Theorems proven in the previous section, on the other hand by adapting some known
techniques (see [5, 28, 29]).

The first step is the inequality: F < F. A first result in this direction is an immediate

consequence of Corollary 4.1.

Proposition 4.1 Let Q C RY be a bounded domain with Lipschitz boundary. Let f : Q x

RM*N [0, 00) be a locally bounded function convex in the second variable satisfying (i) and
(7it) of (4.7),(4.25) and (4.29). Then
Flu,Q) < F(u,Q)  for every u € BV (Q;RM).
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Proof.
By Corollary 4.1, F is lower semicontinuous and, by definition, F(u, ) < F(u,Q) for every
u € BV (Q;RM). Then the thesis follows by recalling that F is the greatest lower semicontin-
uous functional not greater than F. M

Actually, the inequality stated in Proposition 4.1 above can be obtained in BV (€; R™) N
L>®(Q; RM) | also without assuming (4.25). To this purpose, let f be a function satisfying the

following linear growth conditions:

(4.33) f(z, &) > N¢| for ae. 2 € Q and for all £ € RM*N,
with A > 0;

(4.34) flz, &) <AL +|E]) for ae. 2 € Q and for all £ € RM*N,
with A > 0.

To our purpose we define, in the spirit of [28], the following functional:

Foo(u,Q) =

(4.35) = inf{liminf F'(u,) : u, € WHH(Q;RM), u,, — w in L' (Q;RY), [|unle < C}.

n—oo

The following lemma holds. We adapt a truncation argument introduced in [28].

Lemma 4.2 Let Q C RN an open bounded set with Lipschitz boundary. Let f : Q x RM*N

[0,00) be a Borel function satisfying (4.33). Then

Foo(u,Q) = F(u, Q) VYu e BV(QRM) 0 L= RM).
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Proof.
It is enough to show F > F. for all u € BV (;RM) N Lo(Q;RM). If F(u,Q) = +oo the
result is obvious, thus there is no loss of generality in assuming F'(u, ) < L < 4o00. Then,

by the properties of relaxation (see 1.12), there exists {u,} C W1 (Q; RM) such that

(4.36) F(u,Q) = lim F(u,, ) < L < 4o0.

n—o0

Let i € N. Let us define a smooth truncation function o; € C¢(£; RM) given by:

z if 2] < €
(1.37) o) {0 s, (TR

Let us set w! := ¢;(u,). We have w, C WH1(Q; RM) and

(438) {nw;.noo <e
V! () = Vi(u,(z)) Vu,(z).

Since u € L>(Q; RM) it is possible to choose i large enough so that u = ;(u). Then by (4.37)

we have, for such any 7, that
(4.39) [y, = ully = li(un) = i(u)ll < Jlun —ullr.

By (4.34), (4.37) and (4.38) we have

/f(x, Vuw) S/ f(x,Vun)dx+A/ (1+ |Vun|)dz + ALY {Jun| > 1),
Q {lun|<e®} {ei<|un|<eit1}

By Chebyshev’s inequality we get

. A
/f(x,vw;> g/ f(a:,Vun)dx+A/ (14 [Veul)dz + 2.
Q {|un|<ei} {et<|un |<eit1} €
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Now let [ € N. By summing for ¢ = 1, 2..., [, we obtain

I AL
ZZ/fa:Vw dx</foun ;el 7;/{ (1+ |Vu,|)dz

et <lun|<ett1}
Notice that, if we define FE; := {e' < |u,| < "1}, then E; are disjoint set; therefore by (4.33)

and (4.36), we get

l
(4.40) Z/ (1 + |Vun|)dz = / (1+ |Vun|)dz < /(1 [ Vun|)dz < I < +oo.
i=1 Y Ei U Q

i

Then

!
. -
%izl/gf(x,Vwﬁ)dxg/Qf(xjvunMerK(l? );

‘1 K(n,1)
with K(n,l) := A<||un|\1 E —+ L) and lim lim T’ = 0.
e'l
i=1

l—00 n—00

Furthermore we may find some i, € {1,...,1} such that

(4.41) /Qf(x,wal")de/Qf(x,Vun)d +M.

Let us recall that by (4.39) wi — w in L'(; RM) and by (4.38) ||wi* |« < €'. Then by (4.36)

and (4.41)

— K K , —
F(u) + lim # > liminf F'(u,, 2) + lim y > liminf F(w") > Foo(u, Q).

n—oo n—o0 n—oo n—oo

The conclusion follows letting [ tend to +oco. M

As a consequence of the previous lemma we have the following theorem.

Theorem 4.3 Let Q C RY be an open bounded set with Lipschitz boundary. Let f : Q x

RM*N — [0,00) be a Borel function, convex in the second variable and satisfying (4.7) and

(4.33). Then
Fu,Q) < F(u,Q)  for every u € BV (;RM) N L>(Q; RM).
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Proof.
Let u € BV (; RM)NL>(; RM). By Theorem 4.1 for every sequence {u,} C W11(Q;RM)

such that u,, — u in L'(Q;RM) with |Ju,]|. < C, we get

F(u, Q) < liminf F(u,, Q) = liminf F(u,, Q),

n—oo n—o0

so that

F(u, Q) < Foolu,Q).

Hence the thesis follows by Lemma 4.2. W
The second step is the limsup inequality: F < F. In what follows A(£2) denotes the

family of all open subset of €2 and, in the spirit of [5], we will assume the following conditions:

3G C Q with HY71(G) = 0 such that V¢ € RM*N

(4.42) (-, &) is approximately continuous in 2\ G.

Theorem 4.4 Let f: Q x RM*N — [0, 00) be a Borel function convex in the second variable,
satisfying (4.33) and (4.34). Then F(u,-) is the trace of a finite Radon measure on A(Q) and

for every u € BV (S RM); we have

(4)
F(u,Q\ (C,U L)) /fou

(17) if (4.42) holds, then

F(u,C,) /f°°
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(zit) if f°°(-,€) is upper semicontinous, then

F(u,J,) < o, (ut —u”) @ v, )dHN

JuNQ
Proof.
It is known (see Theorem 4.1.2 of [10]) that F(u,-) is the restriction to A(f2) of a Radon

Measure and

0 < F(u,A) < C(LY(A) + |Dul(A)). VA€ AQ).

Therefore, following [29] (Theorem 1.3), it is enough to prove:

Flu. -
(4) dd(ﬁu]\,[ )(xo) < f(2o, Vu(zo)) for LN — almost every zo € Q,
. dF(u,- - Dcu .
(17) d|l()cu|) (z0) < £ (o, W(Q;o)) for |Du| — almost every xq € Q,

(141) (ig[(x’_l) (z0) < [ (zo, (uT (o) — u™ (20)) ® V() for HN ™' — almost every zy € J,.

The proof of (i) follows, with minor modifications, the proof of (i) in Theorem 1.3 of [29].
Consider the coercive functional associated to F defined by Fy(u, A) = F(u, A) + |Du|(A).

By Theorem 3.7 of [10] we have that

dFy(u,-) dF (u,-)

dﬁ—N(xo) = dE—N(xo) + |Vu(zo)| = fi(wo, Vu(xo)) for LY — almost every xq € €,

where
f1(zg, &) := lim Sélp ELN inf{F (v, Q(x0,¢)) : v € BV(Q(g,¢); RM), v = £(z—20) on Q(z0, )},

where Q(xg,¢) := xo+eQ with Q = (—%, %)N Thus, to complete the proof of (i) it is enough
to show that
fl(IO)é') S f(x()af) + |§|
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for LN a.e o € Q and for every ¢ € RM*V,

Since f is convex, then the function f(z,-) is continuous for LV a.e. z € Q. Therefore, by
applying Lemma 1.4 to the function g : Q x RMY — [0, 00) defined by g(z,8) = f(z, T71()),
we may find a £V-null set Ny independent of ¢ such that q(-, § ) is approximately continuous
in Q\ Ny. This implies that f(-,£) is approximately continuous in Q \ Ny uniformly with
respect to . Therefore we may assume that f(-,&) is approximately continuous in zg. By

choosing as a test function v = {(z — xg) we get

fi(w0,) — I¢] < limsup S F(E(e — 20), Qo)) < lmswp ¢ [ f,O)de = (a0, €).
e—0 €& e—0 €& Q(z0,€)

The proof of (ii) follows, with minor modifications, the proof of (i) in Theorem 1.3 of

[29]. By Lemma 3.9 of [10], for |D¢ul-a.e zy € §2 there exists a sequence {ték)} such that

(4.43) tH — o0, et 50" ase—0"
and
dFi(u,”), . dF(u,-)
d|DCu| ($0) - d|DC(u)| (1:0) + |CL‘
C b L P, QY (20,€)),v = t&a @ v(x — o) on QY (x0,€)}
o k—oo €_>0+p /{?N_létgk) 9
Dru (k) *® .
where Dl (z0) =a®v, a=ay(xg), v =rvu(0), Qv (70,€) 1= 7o +Qy~ With

k k 11
QY =R, ((=5. 57 x (=5:3));

where R, denotes a rotation such that R, ey = v. Take xq € 2\ G so that all the limit above
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exist and are finite. Choose as a test function v(z) = tPa @ v(x — x). Then

= = (K k
AP() o iyt sup T A @ v = 0), QU 0. )
d|De(u)| T kDo o+ kN—lgthk) ’
1
(4.44 < lim limsup—/ f(z,tWa ® v)de + |al.
) k=oo o o+ k:N—lethk) ,(,k)(mo,e) ( : ) ‘

Then by Proposition 1.3 and the right inequality of (4.33), we get

fatPawr) A

Hence, by (4.42), (4.44) and (4.43)

dF(u,-) . 1 A
< _— 0 — = o0
D (rg) < lim limsup [kN_lgN /QL’“)(xo,g) f(z,a @ v)dr + ) < (zg,a @v)

k—oo o0+ té

= foo(fﬁmul;—:z‘(xo));

(1) is proved in part (7iz) of the proof of Theorem 1.3 of [29].
By combining the previous theorem with Corollary 4.1 we obtain a relaxation result on

BV (€; RM) for discontinuous integrand.

Theorem 4.5 Let Q C RY be a bounded set with Lipschitz boundary. Let f : Q x RM*N
[0,00) be a Borel function convex in the second variable satisfying (i) and (iii) of (4.7),(4.25),

(4.33), (4.34), (4.42) and such that f>°(-,€) is upper semicontinous. Then
F(u,Q) = F(u,Q) for every u € BV (Q;RY).

While, by dealing with the space BV (Q;RM) N L>(Q;RM), we have, as a consequence of

Theorems 4.3 and 4.4, the following result.
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Theorem 4.6 Let Q C RY be a bounded set with Lipschitz Boundary. Let f : Q x RM>*N
[0,00) be a Borel function convez in the second variable satisfying (4.7), (4.33), (4-34),(4-42)

and such that f>°(-,€) is upper semicontinous. Then
F(u,Q) = F(u,Q)  for every u € BV(Q;RM) n L®(Q; RM).

Remark 4.2 Note that, even if only about the reqularity in the spatial variable x, Theorems
4.3 and 4.4 improve the relaxation result of [29], since no continuity assumptions with respect
to x are assumed. Furthermore, we emphasize that the convexity assumption, which is not
natural in the case M, N > 1, becomes realistic in the case N = 1, where we deal with
Q= (a,b) and u € BV((a, b); RM), even if M > 1, since in this special case convezity and

quasiconvezity are equivalent. This is also true if the function f has the following form:

f(z,&) = h(x, ||E]]) with h:Q x (0,+00) — (0,400) conver with respect to &.
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