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Chapter 1

Introduction

This thesis deals with infinitely extended classical systems, and in this wide context
we study two particular problems, both aimed to give a microscopic description of
macroscopic phenomena which pertain to Statistical Physics.

The first problem, treated in Chapter 2, arises in the rigorous study of Non Equi-
librium Statistical Mechanics, and it consists in giving a precise sense to the time evo-
lution of states of infinitely many particles. We consider a physical system composed
by infinitely many particles mutually interacting in three dimensions via a bounded
superstable long-range potential. We want to establish existence and uniqueness of the
time evolution of the system governed by the Newton Equations (1.1), which means
essentially to show that a quasi-local observable evolves remaining quasi-local. This is
not trivial because we can exhibit situations with an initial bounded density that after
a finite time produce infinitely many particles in a bounded region. Consider in fact a
one-dimensional system of point-like, non-interacting particles with initial positions and
velocities ¢; = 1, v; = —1, 1 € Z. At time t = 1 we have a configuration with all particles
at the origin. So we need a careful choice of the initial conditions in order to exclude
these bad data, but at the same time to take into account all the relevant states in Non
Equilibrium Statistical Mechanics. The results depend in a very sensitive way on the
dimension of the space in which the particles move and on the nature of the mutual
interaction. The first pioneer results have been obtained by Lanford ([23], [24]) many
years ago, in one dimension for bounded and finite range interactions, then the cases
in one dimension with singular interactions ([18], [28]) and Coulomb force ([29]) have
been solved. In two dimensions Fritz and Dobrushin solved the problem for finite range



potentials ([20]), whereas Fritz ([19]) extended the previous results in two dimensions for
superstable, singular, finite range potentials. The extension of this result for long-range
potentials is due to Bahn et al. ([2]). The three dimensional case has been recently
solved by Caglioti, Marchioro, and Pulvirenti for positive, bounded interactions ([10]).
In this thesis we extend the results obtained in [10] to bounded superstable long-range
potentials. As it was claimed in [10], the extension to superstable potentials seems quite
natural and the problems of such a generalization are essentially of technical nature.
With the generalizations introduced in the present work the more important potentials
which are not yet included in this kind of analysis are those singular at the origin; they,
although interesting from a physical point of view, seem to be out of a possible approach
with the present techniques in three dimensions. An interaction which is singular at the
origin in fact could produce a too fast growth of the maximal velocity assumed by the
particles, which could diverge in a finite time. To confirm the difficulties that appear
in three dimensions, J. Fritz and R. L. Dobrushin ([20]) have exhibited an example of
a system of infinite particles with a hard-core potential, which preserves energy in the
collisions but it’s not hamiltonian, and it produces a collapse in three dimensions but
not in two.

The above quoted papers exhibit explicits sets of initial conditions. Indeed there are
other works regarding the Equilibrium (or Stationary) Dynamics, in which the existence
of the dynamics can be proved in any dimension, without considering the existence for
any single particle trajectory, but using the invariance properties of the equilibrium
measure. The initial data have full-measure with respect to the Gibbs (or Stationary
Non Equilibrium) measure, but they are not costructively specified ([1], [25], [27], [31],
[35], [36], [37]). We recall also some papers dealing with the time evolution of special
states ([7], [11], [32]).

Let us briefly describe the contents of Chapter 2, which are also contained in [16].
We are going to consider the motion of a countable collection of identical particles of
unit mass in the 3-dimensional Euclidean space R®. A configuration of the system is rep-
resented as an infinite sequence {g;, v; };en of the positions and velocities of the particles,
and its time evolution is characterized by the solutions of the Newton equations:

G(t)= > Flat)—q(t), ieN, (1.1)
JEN, j#i

where F(z) = —V¢(x). We assume that ¢ is a symmetric pair potential, superstable,



bounded, and with infinite range, with a power-like decreasing rate (see Chapter 2 for
the details). We establish existence and uniqueness of the solutions of Equations (1.1),
complemented by the initial conditions {g;(0), v;(0) };en, chosen in order to exclude data
giving rise to a collapse of the system (i.e. infinitely many particles in a bounded region),
but taking into account all the relevant states from a thermodynamical point of view.

A natural step forward would be to investigate in more detail the long time behavior
of the dynamics. Unfortunately, in this kind of approaches the bounds one gets on
the local density and energy are generally bad-behaving in time, so that it is difficult
to say something about the time asymptotics of the system. On the other hand it is
in this regime that many physical laws can be reproduced. Recently some results in
this direction have been obtained in [4], [5], [6], [7], and [9], for some particular one-
dimensional systems. In particular, in [5] and [6] authors aim at a microscopic rigorous
derivation of Ohm’s law. In these papers it is considered, in the framework of fully
Hamiltonian models, a charged particle moving in a constant electric field and interacting
with a medium composed by infinitely many neutral particles. In [5], for particles moving
in an unbounded tube and for large electric field, and in [6], for a strict one-dimensional
system and for electric field of any intensity, it has been rigorously proved that if the
particle/medium interaction is bounded, positive, and short-range, the particle escapes
in the direction of the electric field with a quasi-uniformly accelerated motion (runaway
particle effect). Ohm’s law, predicting a proportionality between the electric field and
the mean velocity of the charge carriers, is in this case violated. This effect has been
widely studied in kinetic theory to explain the so-called “runaway electrons” observed in
plasma physics ([Landau]). The conditions under which this effect takes place are related
to a fast decrease in the scattering cross-section of the particle/medium interaction.
Heuristic arguments suggest that the results obtained in [5] and [6] can be extended to
singular interactions provided the singularity is integrable (the most important example
being Coulomb interaction), see Section 5 of [5]. However, in general, a rigorous analysis
on what conditions on the particle/medium interaction assure this runaway particle
effect, in case of systems of infinitely many particles, seems too difficult, but a conjecture
can be formulated (see [15]). If the charged particle interacts with the particles of the
medium via a potential behaving as gr~* (g > 0) for r small, and if the initial velocity
of the charged particle is large enough, then:

Conjecture 1.1. If a < 2 the runaway particle effect happens;
if > 2 the effect does not happen;



if a = 2 there exists a positive constant g*, depending on the intensity of the electric
field and the state of the medium, such that for g < g* the effect happens, while for
g > g* the effect does not happen.

In [8] the conjecture has been proved for a@ < 2, when the medium is composed by
infinitely many particles in the mean field approximation (i.e. moving via the Vlasov
equation), the interaction between two particles of the medium is bounded, the motion
of the charged particle does not affect the motion of the background, and finally the
system has initially a one-dimensional symmetry. In [15] the conjecture is proved in case
of a schematic model which keeps however the main features of the physical problem.
It has been investigated the existence of a stationary state for the system [charged
particle]+[medium| moving in a three-dimensional space, in the reference frame in which
the charged particle is at rest and the background is composed by infinitely many free
particles in the mean field approximation, coming from infinity with a velocity parallel
to the electric field and constant flux. The problem is then reduced to a scattering
one. It has been studied in detail the threshold case o = 2, the solutions of the other
cases following by the observation that they correspond to an increment (o > 2) or a
decrement (« < 2) of the repulsive interaction.

Conjecture 1.1 has an immediate consequence on Ohm’s law. In fact, in order to
have a finite asymptotic velocity for the charged particle for any intensity of the electric
field, the runaway particle effect has not to happen, hence a necessary condition for the
validity of Ohm’s law is that a > 2.

When the charged particle interacts with the background via a hard-core interaction
(i.e. the potential is infinite for r < rq, otherwise it is zero) it has been proved the
existence of a stationary motion for any intensity of the electric field. Moreover, for the
initial velocity sufficiently close to the stationary one, the approach to the stationary
velocity satisfies a power (in time) law (see [13], [12], [14]). We treat in Chapter 3 a
problem of this kind, also studied in [12]. Let us introduce the model, describing the
physical scenery and motivation of our analysis.

We consider a solid body moving along the z-axis under the action of an exter-
nal horizontal force F, immersed in a homogeneous fluid. The macroscopic evolution
equation is the following:

X)) =-GX@) + E(X(t)), (1.2)

where X (¢) is the position of the body, whose mass is assumed to be equal to one and G,

5



the friction term, is the resultant of all interactions between the body and the medium.
We assume the fluid to be a gas of free particles elastically interacting with the body, in
the mean-field limit, that is, we let the mass of any particle go to zero, as the number of
particles per unit volume goes to infinity, in such a way that the mass density remains
finite. The reason for this assumption is related to possible difficulties which one meets
when dealing with not averaged quantities, due to velocity fluctuations. Such a limit
is well known for interacting particle systems in case of finite total mass ([3], [17], [30],
[38]) and for one-dimensional particle systems with unbounded mass ([4]). We remark
that the physical model here presented has been previously introduced in connection
with the so called piston problem (see [21] and [26] with references quoted therein).

The friction term G, usually determined from phenomenological considerations, is
mostly assumed to be positive and linear in V(¢) :== X (¢). In particular, in the simple
case of E positive and constant, if G(V') has non-vanishing derivative, the solution V()
of Eq. (1.1) converges exponentially to the limiting velocity V., which satisfies

G(Vs) = E. (1.3)

In [13] it is shown that this trend to equilibrium is not the right one, since it is proved
that the asymptotic time behavior of the body velocity to V., is power like. More
precisely, if E > 0 is constant, assuming the initial velocity V4 such that V — V; is
positive and small, it is proved that for large ¢

V() = Vool = (1.4)

1d+2
where d = 1,2, 3 is the dimension of the physical space and C is a constant, depending
on the medium and on the shape of the obstacle. This trend, surprising for not being
exponential, is due to the recollisions between gas particles and body (in fact, neglecting
recollisions, we obtain the exponential decay). As it is already stressed in [13], the
problem we are concerned with is a long memory one, since effects of very early collisions
are retained for long time.

In the present analysis we go forward with respect to [13]. In Sections 3.1 and 3.2
we consider the more complex problem in which £ = 0 and prove the same asymptotic
behavior as in [13]. In this case additional difficulties come from the fact that the body
changes its velocity sign, from positive to negative (if Vj > 0), and this complicates the
estimates on the effect of recollisions. The same techniques can be employed to study



the case E > 0 with V > V,, which is the completion to the case treated in [13], but not
its symmetric. A comment on this is made in Section 3.4, where some generalizations
are discussed.

In Section 3.3 we approach a model in which a non constant force is acting on the
body. It is evident that in general its motion could be very complicated, nevertheless
we believe that, if we perturb slightly the body from its equilibrium position, then the
power law approach to the equilibrium should still be valid, a part some exceptional
cases. We are not able to prove this statement in general, thus we restrict ourselves to
study a particular but significant problem, in which the external force is assumed to be
harmonic, the initial data are chosen in a suitable way, and the friction force is large
with respect to the external one. Even in this simple case, the problem is pretty hard
to be handled. We are no more able, as in the previous cases, to predict the sign of the
velocity, which could in principle go to zero oscillating from positive to negative values.
Nevertheless we prove the asymptotic time behavior X (t) ~ —C¢~%2, for ¢ large, for
sufficiently small X, and V4.

This result can be immediately applied to a physical pendulum, that is a stick with a
fixed point moving in a vertical plane under the action of its own weight and immersed
in a viscous medium. Actually, it is usually expected that it reaches its rest point
exponentially fast in time, while our results show that, at least for a suitable choice of
the medium, the approach takes place with a power law.

We remark that our results are given for a simple shaped body, that is a disk, but
this is not essential, since it can be changed into a more general one, as we discuss briefly
in Section 3.4 (see also [14]).

Some comments on the result. As we already pointed out, the time behavior we
prove is due to the recollisions between the gas particles and the obstacle, which create
a long memory effect. On the other hand, it is reasonable to argue that this feature
becomes negligible if the background is not constituted by a free gas but by a real gas
with ergodic (mixing) properties. In this case we can say that our result remains valid,
not as a strict asymptotic behavior, but as a transient long time behavior.

We can ask whether it is probable that a gas particle hits twice the obstacle: it
depends on the data of the physical system, taking into account that a typical particle
of the gas in thermodynamical equilibrium has a speed of the order of the sound velocity.

We conclude by recalling the works performed during these years of Ph.D., [7], [12],
[14], [15], and [16], two of which contained in the present thesis ([12] and [16]).
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Chapter 2

Non Equilibrium Dynamics of
infinite particle systems

2.1 Notations, Definitions and Main Results

In this chapter we show existence and uniqueness for the solutions to the Newton equa-
tions relative to a system of infinitely many particles moving in the three-dimensional
space and mutually interacting via a bounded superstable long-range potential.

Let X = {¢;, v; }ien be the infinite sequence of positions and velocities of the particles.
We assume that X is a locally finite configuration, that is in any compact set A C R3
the number of the particles in the region A:

na =Y x(g €M) (2.1)
i€N

is finite. We denote by x(A) the characteristic function of the set A, and by B(u, R)
the open ball centered in p and of radius R. The integer part of the real number z is
here denoted by [z].
For simplicity in the sequel we will denote by D;, E;, L;, ﬁi, Ei, z, any positive constant,
possibly depending on the interaction ¢ and on the initial configuration X of the system.
Let us now define the class of superstable interactions, which we are going to consider.
Given a symmetric pair potential ¢(z) = &(|z|), z € R®, continuous with its first and
second derivatives, we give the following definition:



Definition 2.1 (Superstability). Let us divide the space R® into cubes A, of side 1
and centered in o € Z3. Let na, be the number of particles in A,.

We say that the potential ¢ is superstable if there exist constants A > 0, B > 0 for
which Vn and Vqi, ..., q, we have:

Ulg, .- qn) > —Bn+ A ni_, (2.2)

with

1
Ular,---an) = 5 > b(lg — g5l)
i#]

A superstable potential can be decomposed into the sum of a stable potential plus a
potential not negative, strictly positive at the origin ([33], [34]). In spite of the presence
of an attractive part, superstability avoids large concentrations of particles in small
regions of space.

Here we consider the interaction due to a superstable, bounded, long-range potential,
with a power-like decreasing rate, for which there exist positive constants v, G, G,
Gs, 19, such that, for |z| > rq:

[#(z) | < Pk (2.3)
Vo(z)| < ‘xc";il, (2.4)
and a
Vé(z) — V 2 T — 1yl .
IVo(z) — Vo(y)| < (1+min(|x\,\y\))7+2‘ Y (2.5)

In the sequel we assume v > 7. This technical assumption will be discussed at the end
of this Section.

In order to consider configurations which are typical from a thermodynamical point
of view, we must allow initial data with logarithmic divergences in the velocities and in
the local densities.

More precisely, we define, using the short-hand notation ¢, ; = ¢(|g; — g;/),

2
Qs B) = 3 xllai —ul < B) (% + Z Gi;+b), b>B,  (26)

€N
aj eB(u R)
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and

Q) =sup sup CELT) 27)
b RR>Ye(|ul)
where
Ve(z) = {log(max(z,e))}*, =€ R, (2.8)

For each £ > 1/3, the set of all configurations for which Q¢(X) < oo constitutes a full
measure set for all Gibbs states associated to the particle system (see [18], [20]).

If the initial configuration X = {¢;(0),v;(0)} € X, with X = {X : Q¢(X) < oo},
we will make sense of the infinite set of Newton equations:

Gi(t) = F(X(1) =) F,(), (2.9)
J#

where F; ; = —V¢(|¢; — g;|) is the force exerted by the particle j on the particle i.
The solutions to the Newton equations will be constructed by means of a limiting pro-
cedure. Neglecting all the particles outside B(0,n), we consider, for an integer n:

G t) = F'@),

4q; (0) =4 , U:L(O) =v; 1€ In: (210)
where
I, = {iEN'qiEB(O n)},
Fr(t) = Y F(qt) - ¢} (),
J#,
J€In
and

X (t) = {g’ (), v’ () }iern

is the time evolved finite configuration.

Even if we consider here the more general case of long-range potentials, it is useful to
underline the differences that occur considering short-range and long-range potentials
(in both cases of a superstable, bounded type). For short-range potentials the following
Theorem holds:
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Theorem 2.1. If X € X, there exists a unique flow t — X (t), with
X(2) = {a(8), a(8) b € X,
satisfying:

Q)= F(X(®)  X(0)=X. (2.11)
Moreover, Vt > 0 and Vi € N,

lim ¢'(t) = ¢(t), Lm o' (t) = v;(?). (2.12)

n—-+0o0o n—-+00

For long-range potentials the existence of the dynamics is defined starting from condi-
tions for which £ is not too large: £ < 4/9 (this restriction for £ will be clear in Section
5 where it will be used to make the iterative method work). In order to include states of
physical interest we then take £ € [1/3,4/9). The Theorem in this case is the following:

Theorem 2.2. If X € X, there exists a unique flow t — X (t), with

X () = {qi(t),vi(t) }ien € A,

satisfying:
Gi(t) = (X)) X(0) =X, (2.13)
where
Xe = X3 N X, (2.14)
and
Xe = {gi,vi Vi €N |v;| < C¢§/2(|Qi\)}a (2.15)
with C' > 0.

Moreover, Yt > 0 and Vi € N,

lim ¢'(t) = ¢i(t), Lm o' () = v;(?). (2.16)

n—-+0o0o n—-+00

12



Theorems 2.1 and 2.2 are the main results and their proofs occupy the rest of the
chapter. The proofs are based on several steps: we introduce a mollified version of the
local energy and we study its evolution in time under the partial dynamics. The energy
conservation allows to prove that the local energy grows in time at most as the cube
of the maximal velocity of the particles. On the other hand a suitable time average
allows to control the maximal velocity via the local energy in a good way. The result is
achieved by letting n — oo. The philosophy of the proof is similar to that of reference
[10]. Actually in that paper the authors use many times the positivity and the finite
range of the interaction, while here the interaction can be negative and with long-range
behavior. This fact requires a new mollifier and other cumbersome technical tools.

In the sequel we will need to split the potential into two terms: a short-range one, (!
and a long-range one, ¢
To do so, let us take, for r > max (19, v/3):

o(z) = ¢W(z)+¢®(a)

(@) = o) x(z|<r)
@) = o) s (2.17)
6@ (2)| < W

The following Proposition holds:

Proposition 2.1. Let ¢ as in (2.17). Then 37 > 0 such that, Vr > T, oW is super-
stable.

Proof
From the superstability of ¢ we have

%Z 3 = Z Z ¢ + o) > -Bn+AY i, =

i=1 j=1,j#1i i=1 j=1,5%#i i€Z3
T XD DL P
=1 j=1,j#i EY 1€Z3

13



where ) ; ; is the sum restricted to particles at distance greater than r.
Let us cons1der the first term on the right:

* o 1
Z|q—q G1ZZX(]{;T<‘QZ'_QJ'|S(I€+1)T).7‘|,Y
i = 4l

k=1 i#j 4 — 4

IA
«
||M
- =

) Zx(kr <lgi—qj| < (k+1)r)
1£]

[M]8
]

x(kr — V3 < |l —m| < (k+1)7°+\/§)?1)7nm na,,

k=1 1ez3, (

A
3
Dl\?
=9

e

1€Z3 k=1
x Card{Z® N (B(0, (k + 1)r +v/3) \ B(0, kr — v/3))}
D 1 ) D, )
S ST 2 AS s D s
k=1 €23 €23

when v > 3.
Inserting (2.19) in (2.18), we obtain:

_Z Z ¢(7.7—< 2T723+A>Zn2Ai_Bna

i=1 j=1,5#1i

then for

we obtain the thesis:

D IRTIEE V) prey .

=1 j=1,j#i i€Z3

(2.19)

(2.20)

(2.21)

(2.22)

For a configuration X with finite cardinality, let us define a mollified version of the

energy (plus b times the number of particles, with b > B) for the particles contained

14



into the ball B(u, R), by means of a suitable weight-function:
2
. _ wr(Vi 1 .
W R) = 3 (54 5 D0 dus b)), (2.23)
€N JijFi
with a weight-function

A

R _ o — g — 1=yl 1
[ = fla /L,R)_/Rse< 7 >(1+a|y|) dy, (2.24)

where 6 : Rt — (0, 1], is continuously differentiable and it is such that

1. 0(z) = (1+az)™, forz>2,

2. §(z) is concave for z < 2,

3. 0(z) =0(2) — 30 (2), for z <1
Notice that
0(z) < (1+azx) (2.25)
and
6 (2)| < Aa(1 + az)” (2.26)

with A > 3 and « € (0,1]. In the sequel we shall assume A € (4,7 — 3) and « small
enough (for details see Appendix A).
Following [2], let us show the main properties of the weight-function:

Proposition 2.2. There exist positive constants Cy, Cy, depending only on « and ),
such that, for any R > 1, the following properties hold

1. f(z,R) < Ci(1 +alz|/R)™,

2. f(z,R) > Co(1+alz|/R) %,

3. f(z,R) < (1+alz —y) f(y, R).

15



Proof
1. Let us prove the first property. Multiplying f(z, R) by (1+ «|z|/R)*, using the
triangular inequality we obtain:

2\ / (R+0z|yl+ozlﬂﬁ—y|)A 1
14+ a— z, R) < d
( R) f(z, R) RS Y R+ alz — vy (1+ aly)*
1 A —y|)* 1
<o [ gy Upel) (e =) A
RS (R+ alz - yl) (1+aly))

considering that Va,b € Rt it holds (a + b)* < 2* (a* + b*). Then

Ed g A/ 1 A/ 1
14+a— z,R) <2 dy ———— +2 dy
( R>f( ) wo (1+aly)) w o (R+aly— =)’

1
< 2“1/ dy———— <Gy
R (1+alyl)

for R > 1.
2. Notice first that:
0 (|x ‘) > 0(2) ! =, (2.27)
R 1+ alz —yl/R)
being 6(2) = min f(x). So for the weight-function we have

|z|<2

1 1
x, >0 d 5 S
) 200 [
Multiplying f(z, R) by (1 + a|z|/R)", we obtain:
[\ 0(2) 1 (L +az|/R)*
(1+a ) f(z,R) > /dey(

2* 1+04|y|)A (1 +alyl/R)*+(1 + alzl/R)’

> / L
(1+a 1+aly|/R
)1 4 (Feui)
> 2 / L
2 +a|y| 1+ (1+aly|/R)
1
2 (—/ b\ 2 C?a
22 1+a|y| 1+ (1+aly|)

16



for R > 1.
3. For the third relation let us write the function f in the following way, putting

f(z, R) :/RB 9 (%) (m)/\dz.

1 <1+a|x—y|
l+alz—z2 — 1+aly—2z|

rT—y =2z

Since

the thesis follows (last inequality becomes evident multiplying both sides by (1 + «|x —
z|)(1 + a|y — z|) and using the triangular inequality). W

The choice of such a weight-function will be evident later, in the proof of Lemma 2.1.
This function, unlike the mollifier function used in [10], allows also to give some super-
stability estimates for the energy of a bounded region of the space, essential in the proof
of Lemma 2.2.
Notice that, if the interaction has finite range, we could use an explicit weight-function,
i.e. f(z) = 1/cosh(z). In general an exponential decay for the weight-function is too
fast for taking into account potentials with a power-law decay.

We give now a short explanation for the technical assumption on the power-law decay
(v > 7) of the interaction. The weight-function must decay slower than the interaction
(7 > 3+ ) to handle the border terms of the mollified energy (see (A.12)); moreover the
weight-function must decay fast enough (A > 4, see (C.9)) to obtain the boundedness
of the mollified density energy W¢(X) defined in (2.31).

2.2 Properties of the mollified energy

We present here a lemma, whose proof is shown in Appendix A, that gives a supersta-
bility property of the mollified energy.

Lemma 2.1. There exist C3 > 0 and a € (0,1), not depending on R, such that Vo €
0,@):
WX R) > Co Y f(lk =l R)nd, (228)

keZ3
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We actually prove a stronger condition:

1
WX R) = S0 dig+0)
1€EN JijFe
> Cy Y f(k—ul,R)nd, 20, (2.29)
kezs

which implies that the interaction energy is non-negative. In the sequel the parameter
« appearing in Lemma 2.1 will be considered fixed.
From the previous lemma we can derive the following corollaries:

Corollary 2.1. There exist C3,Cy > 0, not depending on R, such that:

kezZ3 keZ3

2
H,R Ui 2
Y (2.30)

1€EN

The first inequality reproduces Lemma 2.1, while the proof of the second inequality will
be given in Appendix B.

The function W is a technical tool. The following Corollary (whose proof is given in
Appendix C) shows the relation with the initial data. Defining

W(X;u, R
We(X) =sup sup w, (2.31)
worsve(lu) B
then it holds:
Corollary 2.2. 3 C5, Cg > 0, not depending on R, such that:
Cs Qe(X) < We(X) < Cs Qe(X). (2.32)

We can give now an estimate for the mollified energy, useful for the proof of the
existence of the dynamics.

18



Lemma 2.2. For X € X, there exists a positive constant C7 such that

sup W(X™(t); u, R(n,t)) < CrR*(n,t), (2.33)
I
where .
R(n, 1) = o(n) + / ds V™ (s), (2.34)
0
with
p(n) = ¢ (n)
and
Vi(s) = max{ sup \v{‘(7)|} .
1€ln 0<7<s
Proof

For 0 < s <t < T let us define
R(n,t,s) = R(n,t) + /t V™ (r)dr. (2.35)
Notice that
R(n,t,s) = g—]j (n,t,s) ==V"(s) <0,

moreover

R(n,t,t) = R(n,t), R(n,t,0) <2R(n,t).

Let us derive with respect to s the quantity:

WX () Bl t,5) = 307000 (%4 L5 )

€N i,
JEN
=y, (2.36)
ieN
with
_v 1
Jij#i
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We have:

oW . .
ﬁ — I/V1 + W2’ (238)
where
1 Vers(¢; —y —p) -v;  R(n,t,s)
X 1 - ’
(1+ aly) ( Rimts)  RE(ns) % Y
. . 1
W, = Z fiu,R( it )(Uz‘ - Fyj — EFZ] (v — Uj))_ (2.39)
i#]

We have denoted by Vers (z) the versor of the vector x € R®. Let us consider now the
first term W;. Thanks to (2.26) and to the definition of V", we have:

. R 1
Wil < A5l a w; / dy
Wl < M| Zi:| | ko (1+alg—p—yl/RM
1 \%—y—M)
x —— (14 LY
1+ aly)® ( R(n,t,5)
R 1 1
<y & |wi|/ dy
R 2 e~ h R (G ol

R n,t,s
< Dalpl D0 ) (2.40)

where in the last inequality we have applied (2.27). From the positivity of the mollified
energy and from estimates analogous to those used to obtain (B.1) we have:

. R
Wil < Ds| 7| (W(X; R+ ma f(li -, R)) , (2.41)

i€Z3

and from Lemma 2.1 we obtain:

. B
W < DG\R\ W (x; . R). (2.42)

For the second term W, we are going to give also an estimate of the form:

. R
Wy < Dyy E‘ W(X;pu, R). (2.43)

20



Let us evaluate

. s 1
Wy = Z flom )(Ui - Fij — §Fi,j (v — Uj))
i£]
1 n,t,s
=5 > RO E (v ). (2.44)
i#j
Since Fj; = —F};, it results:

1 1 ,R(n,t,s
W2:§Zfiu( 'Fij - (vi +v))

i#]
1 nt.s 1 n,t,s
= Zfiu,R( it )Fi,j -3 Zf]l_t,R( it )Fi,j -
i#j 7
1 ,R(n,t,s ,R(n,t,s
= -3 Z(flu (nstys) _ f]u ( ))V(bi,j - ;(s). (2.45)
]

Let us estimate now the addends of the sum one by one. From the properties of (z)
(2.26), (2.27) and of the potential we have:

,R(n,t,s ,R(n,t,s ‘Qi - Q'| ,R(n,t,s ,R(n,t,s
RO — PR < Do S (PR RO (2.46)
Being
Vo(la; — ai)| < Ds(1+ lai = g;) 7", (2.47)

then, using an estimate analogous to (B.1):

: R R(n,t,s) R(n,t,s) 1
|W2| SDQ‘_‘ (leia sty +f“7 sby )
RIZ 2 A v
i#]
< Dy ‘ S f (i - ul, R) A, (2.48)
1€Z3

Using Lemma 2.1 we close the estimate with the function W:

%‘ W(X"(s); u, R(n, 1, 5)). (2.49)

21
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We have so proved that

OW (X™(s); uy R(n,t,s))
0s

R(n,t,s)
R(n,t,s)

‘SDD

Integrating we have:

W(X"(s); , R(n, t,5)) < W(X"(O)'u, R(n t,0))

+ D12/ Bin,t,7) ‘ W(X"(7); i, R(n,t,7)).

RntT)

Let us use now the Gronwall’s lemma to handle the previous inequality:

W(X"(s); p, R(n, 1, 5)) < W(X"™(0); p, R(n,1,0)) <R(n, t,s)

from which, being % < 2, we obtain

W (X"™(s); u, R(n, t,5)) < 2P2 W (X™(0); u, R(n, t,0)),

and since R(n,t,t) = R(n,t), taking the supremum over p, we have

sup W(Xn(t)’ K, R(’ﬂ, t)) S D13 sSup W(Xn(O), K, R(n’ t’ 0))

p p
From Corollary 2.2 and by the hypothesis on the initial data, being
R(n,t,0) > 1¢(n), we get:

sup W (X™(0); 1, R(n, t,0)) < CeQe(X)R?(n,t,0),

©
thus
sSup W(Xn(t)a Hs R(na t)) < D14R3(TL, t) u
©

W(X"(s); us R(n, 1, s)).

R(n,t,0) ) D2

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

In the next lemma we present some relations that will be used in the sequel. The proof

is in Appendix D.

Lemma 2.3. Let X be a configuration with finite cardinality. Then, for any R > 1

there exist positive constants Cg, Cg, C1g, C11 such that
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i)if neN, n>1

W(X; u,nR) < Csn* W(X; u, R); (2.55)
i) if neN n>1
W (X; pu, R) < CoW (X; i, nR); (2.56)
iii)
N(X, 1, R) =Y x(lgi — pl < R) < CooR¥*W (X; 1, R)/?; (2.57)

iiii) for 0 <p<R

> x(lgi — ¢l < p)x(lgi — ul < R)x(lg; — pl < R) < Cou * W(X;,R).  (2.58)
1#]

We will need an estimate for the force F; that at time ¢ acts on the particle i:
Fi(X™(1) = =) Vé(la(t) — ¢;(t)]). (2.59)
J€In

We can make the following decomposition:

|B(X™ ()| < BV + 2,

(1)

where F; " represents a bound for the absolute value of the force acting on the particle

i, due to the particles j contained in B(g;(t),r), with r not less than 7, defined in
Proposition 2.1, and Fi(z) is a bound for the absolute value of the force acting on the
particle i, due to the particles j contained in B¢(g;(t), 7).

Using the third property of Lemma 2.3, the first term is bounded by:

F < [Pl N(X™(2), 4i(2), 7) < [[F oo Cuo W (X" (2); qs(t), )2
< Pl Dis 7%/ sup W (X™(8); 1, R(n, £))"* < Dy R2(n, 1),
m

where, for sufficiently large n, we have used Lemma 2.2.
Let us give now a bound for the second term; for R = R(n,t) > r we have

1
FP <Gy Y] g

Haigyl>r 19~ G
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[R/7]+1

1

< Gy E E x(kr <|g —q| < (k+ 1)7“)7(]67,)%1
k=1

1

+ GQZZx(kR <lg — gl < (k+ DR)W

k=1 j
[R/7]+1
<Gy Y N(X,q (k+1)r)

k=1

+ G2 Z N(X, g, (k+1)R))
k=1
[R/7]+1

< Diy Z ((k + 1)r)?/? Wl/Q(X,qz-,(kJrl)r)(H:T

. 1
+ Dir Y ((k+ )R W'?(X, ¢, (k +1)R)
k=1

= 1
< Dsg (R3/2 + R sup WA (X, p, R) Z kA2 )
m

k+1-3/2
k=1
+00 1
3/2 3—y—1
<oy (e S ),
k=1

o
(kR)H-l

(BRI

where in the penultimate line we have used the first property of Lemma 2.3.
Since v > 3 + A we obtain:

F® < DyR*?(n,1).

[Fi(X™(1)] < Doy B?(n, ).

particles j at distance larger than R(n, t)l/ * from the particle 4:

_ 1
Bl <Gy ) o[

jilai—a;|>RM* 9 = 4;

+00
1
<Gy Y (R < g =il < (k+ DRV
2.2 (kRY4)
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(2.60)

(2.61)

(2.62)

In the proof of Proposition 2.3 we will need an estimate for the force, |F;|, due to the



- 1
E 4y . =
S X QZ: k+ )R )) (kR1/4)'y+1
- 1
1/4 3/2 yi71/2
<D § j DR W i (6 + DR) s
- 1
< D23 R3/8 (r+1)/ Sup WI/Q(X My R) E k/\/QW
k=1
—+00 1
3/8+3/2—(v+1)/4
< Doy R3/8+3/2=(r+1)/ E A
=1

2.3 Dynamical estimates

(2.63)

The following two propositions give bounds on the maximal velocity of a particle and

on the work done by the system over a single particle.

In this section we shall omit any explicit notational dependence on n for R(n,t) and

{q?(t), v} (t)} for simplicity, since, from now on, n will be fixed.

Proposition 2.3. For any positive T < 400, there exists a positive constant Cio such

that, fort <T,
V™ (t) < Ci2 R(2),

where

and

Proposition 2.4. For 0 < s <t <T and any ¢ € [1/2,1], we set:

A =CR(t) "
Suppose that, for some i € I, and some suitable constant A > 1:

inf |vi(7)| = AR(Y).

TE[s—A,s]
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Then there exists a constant Ci5 independent of A such that:

/SAdT;Uj'E,j

< Ci3AR(t)? (2.69)

Using Proposition 2.4 we are able to prove Proposition 2.3.

Proof of Proposition 2.3

The proof will be achieved by contradiction. We first notice that, by the initial condi-
tions, V"(0) < Qg(X)l/QqJ(n) = Qé(X)l/QR(O) and then (2.64) is verified for ¢t = 0.
Suppose that, for some ¢* € [0,t] and i € I,, we have:

V(t*) = |ui(t*)| = A R(t) (2.70)

for a suitable constant A to be fixed later and satisfying A > Q(Q,g(X)l/2 +1). We also
fix ¢, € [0,t*), such that

wi(t)| = (Qe(X)™? + DR(); (2.71)
inf[o,(r)] > (Qe(X)"2 + ) R(1) (2.72)

TE(t1,t*)

and [t* —t;| = HA for some integer H > 1 and a suitable choice of ¢. This can be done
because by

t*
v (t*) = vi(t1) +/ Fy(X"(1))dr (2.73)
t1
and by (2.62), we find
AR(t) < (Qe(X)Y? + 1)R(t) + Doy (t* — 1) R(t)*” (2.74)
and hence
(t* = 1) > By R(t)™* > R(t)™/S, (2.75)
therefore, for a suitable choice of ¢ € [1/2,1], w is integer.
Furthermore, defining the set
Y, ={j€L:|g(r)—q¢(r)| < RE®)* for some T € [ty, ]}, (2.76)
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we have
1 2 (4% 1 2 4
5“1 (t*) — 5%‘ (t1) = " dszj: v+ Fi

= L1+ Lo, (2.77)

where " o
El = / ds Z U; - z] and ‘CQ = / ds Z Vg E,j' (278)
t1 ]EYC t ]EYn
For £, we have:

*

L)) < max (Z\F,J )/ ds |vi(s)| < BoR(t) 5T (2.79)

SE[t1,8*]

where the time integral is bounded by R(t) (see (2.34)), and for the sum of the force we
have used (2.63). Eq. (2.79) clearly gives |£,| < E5 R(t).
Let us consider the second term Lo:

t* t1+hA
[,2=/ dsZ(-—vJ F,J-i—Z/ dsZU] iy
t1 jEVn t1+(h—1)A JETn
= - Z QZ t* - Q] t* + Z ¢ qi tl) - QJ(tl))
je Y, JEY,
H  rti+hA
+ Z/ ds Z vj- Fi; (2.80)
h=1 Yt1i+(h—1)A jev

and, following a similar method to that used to obtain (2.62), we get

Y da(t) — a;(t)| < ExR(1)*. (2.81)

JEY,

The same bound holds for 3 ; ¢((gi(t1) — g;(t1)). Thus, using Proposition 2.4 to control
the last term of (2.80), we have:

%vf(t*)g(Qg(X)+1+E3)R() OB RO + CuRE [ —t,  (2.82)
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hence
A?R(t)* < 2(Q¢(X) + 1+ F3 +2E, + Cy3T) R(t)*. (2.83)

The above inequality can’t be satisfied for any A2 larger than 2(Qe(X)+1+Es+2E, +
Cy3T). This clearly contradicts (2.70) (for this choice of A), therefore the proposition is
proved. H

Proof of Proposition 2.4
Let us set
J=[s—A,s], (2.84)

Yo=Aj€l,:|qar)—qg(r) < R(t)"* for some T € J}. (2.85)

The particles belonging to Y, can be easily handled: as shown in (2.79) we have

/ dr 3" v Fy | <EBR()® T < EsR(1)*A, (2.86)
s—A

Jeyy

being v > 7. Hence from now on we consider only the particles j € Y. Let us split the
set Y,, according to the following partition:

ar ={j € Yn : 2"V R()Y® < sup |v;(1)| < 2" R)Y® k=1,.. kmaa}, (2.87)

TeJ

where k4, is the maximum integer for which

1
9Fmas < 5R(zt)2/6, (2.88)
a0 = {j € Yo s sup Jo;(7)] < R(t)*°}, (2.89)
TE
kmam
i=J a, (2.90)
k=1
a="Y,\ (aUa). (2.91)

Therefore

~—~

2.92)

/C_A dr j{: Uj'}%J

JEYn

/iA dT{Z—{—Z—f—Z}Uj-E,j

jE€a jEaG  j€ao
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and we give below a bound for each term of the previous equality.
First of all we give an upper bound for the cardinality of a. If j € a

. 1
v; (t")] = max lv; ()] > 1 R(t), (2.93)
then by (2.62),
R(t) — Dy R(t)*/® >

vy (7)] > % R(t) — DuAR(H)Y? > R(b), (2.94)

| =
o =

for n (and so for R(t)) large enough.

By definition R(¢) is larger than the maximal displacement that a particle can undergo
during the time interval [0, ¢], then all the particles with indices in ¥;, must be contained
into the ball B(g;(0),3R(t)). Thus it follows from (C.1), (2.55) and (2.33) that

Z UJQ-(T) < 2Q(X™(7);4i(0),3R(t)) < 2L W(X™(7);¢(0),3R(t))

j€a
< 2053 LW(X™(7);i(0), R(t)) < 2Cs 3*L C1R(t)°, (2.95)
then, by (2.94):
1
6—4\@\1%(15)2 < EgR(t)?, (2.96)
which implies
@ < 64 Eg R(t). (2.97)

As a consequence, we have

/S_A dTZUj'E,j

JjE€a

s 1/2
<N Floo / . dr (Z |Uj|2) ‘a|l/2

jE€a

< E;R(t)*? R(t)'*A = E;R(t)* A. (2.98)

Let us consider now the contribution of the set a. Let [ € N with 1 <[ < [,,,, and
Imaz = [R(t)"*]. In this way, using the decreasing property (2.4), we get:

!

4 !
[ S um| smmare S{S L[ it
s—A j€ay jea _1 S—A

+W /SA dTX(|Qi(7') — Qj(T)| > [R(t)1/4])}
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lmam

e S (54 [ ot

J€Eayg =1
s

+m /A dr x(lgi(7) — g;(7)| > [R(t)1/4])}, (2.99)

where

X(T) = x(lai(r) — ¢;(r)] < 1)

Now we want to study the time integral f:_ NCG Xﬁlj (1), with 1 <1 < l0p-

In order to estimate this integral, we notice that for n sufficiently large:

[0i(7) = v;(7)| 2 inf jui(7)[ — sup [v;(7)]
T TEJ

> R(t) — 2Fme= R()Y® > 2 R(¢). (2.100)
Suppose that |g;(to) — ¢;(to)| = [ at time t, € [s — A, 5], with outgoing velocities (i.e.
(vi(to) — vj(t0)) - (gi(to) — ¢;i(to)) > 0). Then we are going to prove that the pair (z, j),
once reached a relative distance larger than [, it will never reach a distance smaller than
I. Let t; € (s — A, s) denote the time in which (g;(7) — ¢;(7))” reaches its maximum
value, say r7 (for this reason (v;(t1) — v;(t1)) - (g;(t1) — g;(t1)) = 0).

By the identity

L @)~ 40 = () - ()’

and using (2.100), (2.62) we get:

(¢:(7) — q;(1))* > 72 + (r—t)" (Rglt)Z — Dy, rlR(t)?’/?) , (2.101)

for 7 > t;. By the definition of r; it follows that r; > R(t)l/Q/(4 Dy1), otherwise
(:(7) — ¢;(1))* > 2. In this case
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(r— 151)2
2

C2

32 _ A? 3/2
T1 R(t) < 7 T1 R(t) < B

T1 R(t)l/G S E9T14/3. (2102)

Therefore

(4:(7) — q;(7))* > 12 — Egry*® > 12, (2.103)
then the pair (7, ) will keep a relative distance larger than [ in the time interval (¢o, s)
(note that the last inequality clearly holds because lnas = [R(t)"*] < R(t)"?).
Now we repeat this argument when r; is the minimum distance between particles 7 and
j; we again denote by ¢; the time in which this distance is reached. Supposing r; < [,
we want to establish the exit time of the particle j from the ball B(g;(7),1); this time
can be derived from the equation (g;(7) — ¢;(7))* = 2, hence (2.101) implies

(r—t)* R(t)*

l2 Z T'% + El()

2 4 7
rop <o) o 8E < Bul
= EwR(t)? T EpR(t)’ ~ R(t)
Thus
s Eiol
Oy < 2227 2.104
JAREGES (2:104)

In order to estimate the cardinality of ax, we use again an upper bound of the energy
as we have done for the set a. Let be 7; € J such that |v;(7;)| = max |vj(7)|. Thus
TE

Jak| 2257V RS <N oy (m) P <) fui(s — A)?

JEag JEag

+ /_A dr Z |v;(7)] Z |F (7). (2.105)

JjEay

Multiplying (2.105) by 2% and summing over k, we have

1
S Sl 26D R < 37 2k 3 (s — A)
k k

JjE€ay

+ Ey3 RYS / X dr > |7, (2.106)

j€a& p
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The latter term can be bounded as follows:

1
D (D) < B Y0 0w xp(0). (2.107)
p p I=1

By means of (2.58) and (2.33), taking the supremum over y, we can state:

> Z () < Eis P R(t), (2.108)

JjE€a
and by (2.95) it follows that

Z 2753 " Juj(s — AP < Eys R(1), (2.109)

Jj€ay

hence, combining these two relations and using the definition (2.67) of A, we get

> lal2" < By R()™° A (2.110)
k
It follows from (2.99), (2.104) and (2.110) that

Z/s dTZvJ i

k JjEag

< EgR(t)’ A (2.111)

since the sum over k of the second term of (2.99) can be easily bounded by:

1Yo sz Z[R T / dr < B R(O)Y® RS A2 R(t) V/*

J€Eag

< FigA R(t). (2.112)

It remains to estimate the last contribution, namely that associated to the set of
indices ag. We have

S H-1 5h+1 kmam
4 6
/ dr Y - Fy| < Bx Y R(t)Y / dr )" o7 N® (1), (2.113)
j€ag h=0 h k=1
with
X |‘Iz - QJ )| < k?‘)
Jj€ao
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and where J = [s — A, s] has been decomposed into H identical intervals:

J = U [Sh» Sh+1], (2.114)
with sy =8, so=s— A, and |sp11 — sp| =0 € [m, Afll(t)]'
Moreover k.. 1S such that
kmax = [R(t)1/4/7"i| + 1’ (2115)

(such a choice for the maximum value of k£ will be clear later).
Since |v;(7)| < R(t)*®, the maximal displacement of a particle belonging to the set aq
is less than 1, in the time interval J. Moreover, defining

NP =0 inf | lal(7) = gi(s0)] < kr +1), (2.116)

. TESh»Sh+1
J€ao it

for 7 € (sp, Sp41), we get N®) (1) < N,Sk).
Then for (2.113) we have:

k H-1
) o 10 5 1 (k)
[_Ade%L;)UJ Fj| < ExR ;(Mv;]\f
Emaa 1 1/2
< Ep RO VHS Z ( ,5 ) . (2.117)
k=1 =0
Let us define
TE={yeR: inf |g(r)—y|<kr+1} (2.118)
TE(ShSh+1)
and
=" dlalso) — gj(s0)) + bN(X"(s0), ), (2.119)
I<j

where the sum is restricted to the pairs of particles in 7;¥ and E is a positive quantity
because b > B. Let us note that N(X"(so), 7,F) < N¥.
We want to estimate now the sum in (2.117):

X

~ (N,E’“))2. (2.120)

0

>
I
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If the sets T;* were all disjoint, then, defining
= U T,
h

by superstability we would simply have

1 (N
"

i€Z3NTk zEZsﬂTk

(2.121)

(2.122)

We anticipate two results that will be proved afterwards: the first regarding |7*|:

‘ﬁk‘ < Eypk®,

(2.123)

the other dealing with the fact that a set 7,¥ has a non empty intersection with no more

than (8 + 4rk) other sets (we consider k fixed).
In this way (2.122) becomes

Putting the previous relation into (2.117), we can write:

/s dTZUJ i

J€ao

kmaac

By the bound on the maximal velocity of the i-th partlcle

_ 3 _
[vi(r)] < AR(t) + DuR(H)** A < AR(),

we get

T C B(g;(7),2 + kr + R(t)"/®),

with 7 belonging to the interval [s — A, s] (for the proof see below).
Therefore
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(2.124)

(2.125)

(2.126)
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E(T") < Z [é(a(s0) — ai(s0))| + b N(X"(s0), T*)

< 3 il +ON(B) < Ess sup Y (Y Iy
B j

1<j:
q,9;€B

< E26 sup W(Xn(S()), M, R(So)) < E27R(t)3, (2128)

I

+0b)

where in the fourth inequality we have used an estimate like the one given in (B.1)
and Lemma 2.1, while in the last inequality we have used Lemma 2.2. Putting the last
relation into (2.125) we get:

S
/ dr > ;- Fy
s—A j€ao
since vVH = (A/8)"/? < \/2CAR/S.
It remains to prove that a fixed set 7,* has a non empty intersection with no more
than (8 + 4rk) other sets, that |7,F| < Fy k3, and (2.127) (we will see that these three
statements are consequences of the inclusion (2.132)).

< ExAR(t)?, (2.129)

For a given h, let e = ‘ZZEZZE% and £(7) = (¢i(7) — ¢i(sn+1)) - e
Then:

(1) = |vi(sha1)| (7 — spy1) + /T do (T — o) Fi(0) - e, (2.130)

Sh+1
hence

2
T—S
)] > Juslsnn)| (7 = sna) — L2011 b pyyar2

2
> |r — sni1| (AR(t) — D R(1)**R(t) %)
AR(t
> |7 — spad 2( ), (2.131)
for n large enough. On the other hand from (2.126) it follows that
3
TE C B(gi(shi); §AR(t)5 + kr) C B(qgi(shy1);2 + kr).- (2.132)
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Let us choose |7 — spy1| > (8 +4rk)d, with (8 +47k)d < A (such a condition guarantees
us to remain in [s — A, s]), that is k < kmae < R(t)"?; from this last condition, the
choice (2.115) previously done of taking k,q; ~ R(t)l/4 is clear. Now, from (2.131),
we have that [£(7)| > 2 + kr, and for this reason, after the time 7, ¢; will not enter
anymore into the ball B(g;(sp41);2+ kr), in such a way that 7,¥ will have a non empty
intersection with no more than (8 4 4rk) other different 7,"’s.

The bound on |7;¥| and the inclusion (2.127) are straightforward consequences of (2.132).
|

We have now all the results necessary to prove the main theorem of this work.

2.4 Proof of Theorem 2.2

Let us define the quantity

bi(n,1) = |2 (1) — 4@ ()] (2.133)

From the equations of motion in integral form we have:

() = 0:(0) + u(0) ¢ / ds(t— ) 3" F (¢(s) = () . (2.134)

Jij#i
From (2.133) and (2.134) it follows that, for any i € I,,_,

5n1) < (st = )| 3 {V0lars) — (6D - Vol )~ 60} | (2199)

Jij#

and, because of the long-range of the interaction, it is useful to split up the last sum in
the following way. Let

min {|g} 7 (s) — ¢ (s)|, |a(s) — ¢} (s)|} = mi(s) (2.136)

and, fixing a particle ¢, consider the following sets of indices:

A”sk ={j#i:(k—Dp(n) <mf(s) < ke(n)},
={j#i:m ()>kmaxso( )}
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where o(n) = 1¢(n)*? (¢ has been defined in (2.8)), k = 1,2, ..., kmax and kmax =
[n3*/(n)] . We can write, using the property (2.5) of the interaction:

STVl (s) = 4 (s) — Volar ™ (s) — 47 (5))}

Jig#
<L Z (0i(n, s) +d;(n,s))
JEAR(s,1)
Emax 1
+ Ly (5z(na 5) +5(’I’L, S))
2 - Dot 2 ”
+ Ll(k ( N > lar(s) = (s) — q M (s) + a4 (s)]- (2.137)
max P\ jeAP(s)
Defining
d,(t) = sup sup ¢} (s) — ¢;(0)|, (2.138)
s€[0,t] i€,
from the bound
V() < Lap(n) (2.139)

(it is a consequence of (2.64), (2.65) and of Gronwall’s lemma) we get, for ¢t < T
d,(t) < Lzp(n), where Ly = LyT.
Hence, putting

p#) (n,t) = kp(n) + Lzp(n), (2.140)

the number of particles contained in A?(s, k) is bounded by the number of particles
that, at the initial time, were in a ball of radius p®*) (n,t), and therefore, according to
the definition (2.7), it is bounded by the quantity:

3

9D n,1) = Qe(X) (P (n.1))° < Lakg(n)". (2141)
For the same reason, the number of particles belonging to A?(s) is bounded by LsQ¢ (X )n?,
so the last term in (2.137) is bounded by

7. Qe(X) n’

3/ (2.142)
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We define

ug(n,t) = sup 6;(n, t) (2.143)

i€y,

and we fix an integer ky < n. Putting

ky = [ko + p*==)(n,1)] (2.144)
we can bound the r.h.s. of (2.137) in the following way (using (2.140), (2.141), (2.142)):

(2.137) < L, (LW + Z L4 k3 (n )W) u(n,5) + 2o

k>2

Hence by (2.135), (2.145), we get:

t
L
Uk (n, t) S Lsgp(n)?’/ ds (t — S) Uk, (n, S) + WZ—W (2146)
0 n
We iterate now (2.146) m times, where m is
n — ko :|

m=|—-——-=|- 2.147
s 240

Since u,(n,t) < Lyp(n), we have

uia(,1) < (L)t Loy r g (el )8

(2m)! ~ nB/97-5/2 L (2h)!
3m+1 t2m L7 3/2

By the choice (2.147), using Stirling formula, since (n)3/2 < Lq(log n)1¢, where £ < 4/9,
and since y > 7, it follows that ug,(n,t) converges summably to zero as n — occ.

For what concernes the velocities we have:

0 -0 < [ 5| S F (@) - ) - a0 - )| 219

Jij#i
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and we can bound the r.h.s. of (2.149) by the same estimates used to bound (2.137). In
this way recalling (2.146) we obtain, for any i € Ij,:

t
n n— L7
of (1) — o1 ()] < LW(”)?’/O ds uk, (n,s) + G52 (2.150)
where for ug, (n, s) it holds (2.148) replacing m with m — 1:
N < (Leofm)y3m-t41__ 7Y Ly 3/2 2.151
ukl(na ) = ( 8@(”)) (2(m _ 1))' + n(3/4),y_5/2 exp(cp(n) ) ( : )

Substituting (2.151) into (2.150) we have

7(8) ~ o7 (0)] < Logo(n)’
t 2(m—1) I
3(m—1)+1 S 7 3/2
 [Las ((Rapl o0 T i (o))
L
n(3/4)y=5/2

n (2.152)

from which it follows that |v?(t) - vf‘l(t)| converges summably to zero as n — oc.

To prove that the limit solution belongs to (2.15) for any time 0 < t < T, with T
arbitrary but a priori fixed, let us fix i € N and choose kg such that kg — 1 < |g;| < ko.
We choose n* of the form

n* = [kJ + Lig), (2.153)

in such a way that we have a uniform convergence of ) . . uk,(n,t) with respect to kg
(as it appears evident from (2.147)). Now we have:

[0i(8) = v (B)] < Y ol () — 0P M)y (2.154)

n>n*
hence by (2.152) and by the choice made for n*, the r.h.s. of (2.154) is bounded by a
constant indipendent from kg:

li(t)] < [ (£)] + Ly;. (2.155)
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Thus from (2.139) it follows

[0 ()] < Laa(log(e +n"))?¢ < Liz(log(e + ko))?*
< Lu(log(e + |ail))** = Liavf (|ai]), (2.156)

so that, from (2.156) and (2.155), it follows

l0i(t)| < Listd™ (|ail)- (2.157)

We want to prove now that, if X € X, then X (¢) € Xz,
Given p € R® and R > (log(e + |,u\))%£ let

no = | Lg exp (2 R%)] . (2.158)
Clearly (log(e + no))%6 > R so that, by Lemma 2.2 and from the relation
Q(X; i, R) < LW(X;p, R),

(see (C.1)), we have

QIX™(t);pu, R) < ZW(Xno(t);M, 2R(ng,t)) < L17R*(ng, t)
9 2 9%
< Lig(log(e + no))2* < Lyg (R%)” < Ly R®. (2.159)

On the other hand

QIX(t);pm R) < Q(X"™(t); 1, R)
+ > QX1 1 R) — QX" (#); p, R))| (2.160)

n>no

and the sum on the r.h.s. of (2.160), by the choice (2.158) of ng (which in partic-
ular implies that ny > |u|), converges uniformly with respect to p € R® and R >
(log(e + \,u|))%€, so it is bounded by a constant independent from p and R.

Notice that the following inequalities hold:
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(log(e + no))?¢ > R > (log(e + |u)) ¢ (2.161)

in order that, combining (2.159) and (2.160), taking the supremum over p € R® and
over R > (log(e + |,u|))%5, we obtain that X (¢) € X,

We want to underline that we cannot say that the solution surely exits from X¢, we have
only proved that the maximal set of existence for X () is X 3¢ O e

For what concerns the uniqueness of the solution, let us assume that there is a solution
{q},v}} different from the one obtained as the limit of the partial dynamics and deduce
a contradiction. In the space defined by (2.14) and (2.15) it can be easily proved that
the difference |¢!" — g}| converges to zero as n — oo by an iterative method identical to
the one just used, in particular we need the restriction over the velocities provided by
(2.15) in order to make the iterative method work. This last condition on the velocities
is imposed by the long-range character of the interaction, which gives origin to a term
like the last present in (2.148).

We want to point out that the restriction (2.15) is a requirement imposed to prove the
uniqueness of the solution. In particular we need a velocity bound (better than the
one following by energy conservation) for the non-limit (hypothetical) solution {g}, v}},
necessary to make the iterative method work. Nevertheless we remark that we have
proved that the limit solution, lim, . {¢?, v!'}, belongs directly to (2.15). W

The proof of Theorem 2.1, dealing with the short-range interaction, is analogous to
Theorem 2.2’s, with obvious simplifications.
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Chapter 3

A Microscopic Model of Viscous
Friction

In this chapter we discuss some features of a simple (but not trivial) microscopic model
of viscous friction. In particular we want to show that a careful mathematical analysis
of the long time asymptotics allows to outline some unexpected behaviors. We consider
a body moving along the z-axis under the action of an external force £ and immersed in
an infinitely extended perfect gas. We assume the gas to be described by the mean-field
approximation and interacting elastically with the body. In this set up, we discuss the
following statement: “Let 1} be the initial velocity of the body and V, its asymptotic
velocity, then for [V — V.| small enough it results |V (t) — V| ~ Ct~%2 for t large,
where V (t) is the velocity of the body at time ¢, d the dimension of the space and C' is
a positive constant depending on the medium and on the shape of the body”.

The reason for the power law approach to the stationary state instead of the exponential
one (usually assumed in viscous friction problems), is due to the long memory of the
dynamical system.

In a recent paper by Caprino, Marchioro and Pulvirenti ([13]), it has been discussed the
case of F constant and positive, with 0 < V) < V., for a disk orthogonal to the x-axis.
Here we complete the analysis in the cases £ > 0 with V; > V, and E = 0. We also
approach the problem of an z-dependent external force, by choosing E of harmonic type.
In this case we obtain the power-like asymptotic time behavior for the body position
X (t). The investigation is done in detail for a disk orthogonal to the z-axis and then,
by a sketched proof, extended to a body with a general convex shape.
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3.1 Model and Results for £ =0

Here we consider the case with null external force. The body is a disk of radius R in
dimension d = 3, a stick of lenght 2R for d = 2 and a point particle on the line for d = 1.
We assume, for simplicity, its mass to be unitary. The disk has its center placed on the
x-axis and it is assumed orthogonal to the same axis. We remark that the assumption
that the center moves along the x-axis becomes redundant if we initially place the disk
orthogonal to the z-axis, property which is conserved during the motion by symmetry.
The thickness of the disk is assumed to be negligible, even if this is not essential and it
is useful just for notational simplicity. Moreover the disk is immersed in a perfect gas
in equilibrium at inverse temperature proportional to S and with constant density p.

We give the body an initial small velocity and we investigate how its velocity vanishes
in time.

We assume the perfect gas in the mean-field approximation. The motion of the
disk modifies the equilibrium of the gas, which evolves according to the free transport
equation. Let f(z,v;t), (z,v) € R¢ x R be the mass density in the phase space of the
gas particles, then its evolution equation is:

(O +v-Vy)f(z,v;t) =0, for x ¢ D(t), (3.1)

where:

D(t) ={y e T"(X(t)) : [y - X ()]* < R?}, (3-2)
X (t) is the position of the center of the disk at time ¢ and II+(X (¢)) the plane orthogonal
to the x-axis at the point X (¢).

Now we give the boundary conditions, which express the continuity of f along the
trajectories with elastic reflection on D(t). According to the elastic reflection law,
denoting by v’ the outgoing velocity of a gas particle with incoming velocity v, after a
collision with the body, we have:

ve =2V (t) — v, V| =wy, (3.3)

where V() = X (t) is the velocity of the disk and v,, v, , the velocity components of the
gas particles on the x-axis and the orthogonal plane respectively. We set

fo(z,v'5t) = f_(x,v;1), for z € D(t) (3.4)
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where
fe(z,v;t) = lim f(x £ev,v;t+e), for x € D(t). (3.5)

e—0t

Eq. (3.4) gives the boundary conditions and it describes both the continuity along the
collisions from the right (V' (¢) > v,) and from the left (V(¢) < v,).
Coupled to Eq. (3.1) we consider the evolution equation for the disk:

X)) =V(t), V(t)=—F(t), (3.6)

where

Ft) = 2 /D K /Mm) dv (V(2) = 0)2 (2, 0:2)
-2 dx dv (V(t) — vg)*f_(z, v; 3.7
/ ) / IO (3.7

is the action of the gas on the disk.
As initial state for the gas distribution we assume the thermal equilibrium, namely

/2
f—l—(xa U3 0) =p (g) 6_502’ (38)
for g > 0.
The choice of such initial datum is not binding, since the results of the present paper
hold for any initial function of the form pg(v?), with g integrably decreasing.
A solution to the viscous friction problem is a pair (f, V') such that V=V () solves,
for almost all ¢ € R", Eq.ns (3.6), (3.7) and f satisfies

d
%f(a: +vt,v;t) =0 a.e. (z,v), (3.9)
together with boundary conditions (3.4) and initial condition (3.8).

Eq. (3.6) can be derived in a heuristic way from the balance of momentum. In fact,
formally, the quantity

/RS dx /R3 dvvg f_(z,v;t) + V() (3.10)
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is conserved along the motion and its time derivative yields the equation of motion (for
a short proof of this fact, see Appendix E). An equivalent heuristic derivation is given
in [13].

Notice that, were the time evolution of the disk given, we could solve Eq. (3.1) by
means of characteristics, that is by following back in time the trajectory of a gas particle
which has position = and velocity v at time t. Any such particle has a free backward
evolution up to the last time 7 < ¢ in which it hits the disk. At this instant we use
condition (2.3) and then we continue on the backward trajectory in this way, up to time
t = 0. Setting z(s,t;z,v), v(s,t;z,v) to denote position and velocity at time s < ¢ of a
gas particle whose position and velocity at time ¢ are x, v, at the end we obtain:

d/2
F(t) =2p (é> [/ d:v/ dv (V(t) _ vw)2e—ﬂ’v2(0,t;w,v)
d D(t) Ve <V(t)
_/ dac/ dv (V(t) _ %)267,31;2(0,::;:&1))]. (3.11)
D(t) v >V (t)

Note that, if z € D(t), then v has to be interpreted as a precollisional velocity, that is
v =lim, ,; v(s, t;x,0).

Unfortunately, to compute F(t) we need to know v(0,¢;x,v) and hence to know all
the previous history {X (s), V(s), s < t}. However, if a light particle goes back without
undergoing any collision, then

v(0,t;z,v) = v.

If this is the case, where no recollisions take place, the friction term becomes:
3 /2 ,
Fy(V)=2p (—) o [/ dv (V —v,)%e P
™ Ve <V
— / dv (V — vw)ze_’gvz] : (3.12)
v >V

being o4 the area of the disk.

It can be seen (see Lemma 3.1) that Fj is an increasing odd function, positive and
convex in the interval (0, 4+00). This properties enable us to solve our problem, with Fj
in place of F, in a quite easy way.

Indeed Eq. (3.6) becomes:

X(t) =V (), V(t) = —R(V(t) = —K0)V (1), (3.13)



where
(= B

We take, without loss of generality, V; > 0 (the case Vj < 0 is the symmetrical one).
Since Fy is an odd function, it results, for V' € [0, V5],

(3.14)

Cy < K(t) < C (3.15)

where

0< FN(0) =Cy < Cy = Fi(Vp),. (3.16)

By estimate (2.15) we can deduce that V' is decreasing in time and moreover it
satisfies:
Voe O <V () < Voye @ (3.17)

Equation ((2.9) can finally be solved by characteristics.

In the full problem, where we include recollisions, the long memory effect makes the
problem much more difficult.

Let us rewrite the full friction term F' as:

Fit)=FV®)+rt@) +r (t) (3.18)
where r*(t) and r~(t) are:
Fin @)m _ 2(,~ BV (O tiz) _ —Bv
(1) = 2p (W /D K /Uz<v(t)dv(vm V()2 (e P (3.19)
and
_ B\ 20 —fv2 _ —Bu(0,t;z,)
_oy(” d dv (v, -V v _ POty (399
ro=2(2) [ e Ve - ) (3.20)

The quantities p, 8, R and v =V}, are the data of the problem.
We are now in the position to state the following
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Theorem 3.1. There exists vo = Yo(p, 5, R) > 0 sufficiently small such that, for any
initial velocity Vo = v € (0,7) there exists at least one solution (V (t), f(t)) to problem
(8.1)-(3.9). Moreover there exist two positive constants Ay, Ay independent of vy, such
that any solution (V (t), f(t)) satisfies the following properties:

(i) for any t > 0 it is:

A
V(t)>ye Gt — 3 3.21
() >e (T (3.21)
(i) there ezists a sufficiently large t, depending on vy, such that for any t > 0:
_ A
V(t) <ve @~ VStd—fo({t > t}) (3.22)

where x({...}) is the characteristic function of the set {...}.

Note that (3.22) establishes the power law approach to the equilibrium state.

Estimates (2.21) and (2.22) show that in this model the disk slows down its velocity
in an unexpected way, in spite of what intuition suggests. The velocity V (¢) goes from
positive to negative values, crossing the zero value in a finite time. Then, it tends
asymptotically to zero from negative values. The fact that V (¢) changes sign is due to
the memory of the recollisions, whose effect is contained in the terms r*(¢) and ().

For the sake of concreteness we will prove Theorem 3.1 for the three-dimensional case.
The remaining cases d = 1, 2 follow by the same arguments with obvious modifications.
We discuss now some properties of Fj.

Lemma 3.1. Fy is an increasing odd function, positive and convez in (0, +00).

Proof
By (3.12) it is, for a constant C' > 0:

v
Fy(V) = C’/de e Pl [/ dv, (V — vg)%e P
+o0 - 5
- / dvg (V — vm)Qe_ﬁ”w] : (3.23)
v
By the simple change of variables v, — —v, we obtain, for V > 0,

v v
F(V) = C[/ dvg (V — Uw)267,3'0% _/ dv, (V + Uw)zefﬂv?c

—0o0 o0
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v

-V
C/ dug[(V = vg)? = (V + vg)? e 7%
- 2
= —4CV/ dvg ve P > 0, (3.24)
moreover Fy(0) = 0. From the previous expression we can also see that Fy(—V) =
—Fy(V).

Furthermore, for V' > 0,

v 2 -V 2
Fy(V) = 20[/ dvg (V — vg)e P — / dv, (V + fuw)e_ﬂ“m]

—v
> —4C / dvg vge P > 0. (3.25)
Finally, for V' > 0,
1% , v )
FJ(V) = 20[/ dv, e P —/ dv, e’ﬂ”w] >0. H (3.26)

3.2 Proof of Theorem 3.1

In the sequel of the paper C' will denote positive constants, possibly depending on 3, p,
R, but not on 7, which is our small parameter.

For any v € (0, o) with 7 suitably small, we introduce an a.e. differentiable function
with bounded derivative, ¢ — W (t), such that W(0) = Vj, limy,o W(t) = 0, and
satisfying the following properties:

(i) W is decreasing in any time interval in which W (¢) > 0.
(17) There exist two positive constants A;, As such that, for any ¢ > 0, it is:

A

W(t) > ye Ot — 73(1 el A(D) (3.27)
and 4
W(t) <ye® =y Ex({t > 1)) = f(0). (3.28)
where 1
t= I_(log; (3.29)



with the constant K satisfying K > 4/Cs. The two constants A; and A, independent
of each other and also of v and 7, will be fixed later on.

The strategy of the proof of Theorem 3.1 is the following. We assign the disk a
velocity W (t) with the properties just stated and we consider the free transport equation
(3.9) outside the disk, with boundary conditions (3.4). We can compute the terms ry,
and ry;, defined below in (3.31) and (3.32), since the light particles velocities v(s, ¢; z, v)
for s < t are known, once the motion of the body is given. At this point, we solve Eq.
(3.6) for the disk with assigned ry}, and ry;, finding a new velocity, call it Vi-. The
solution to our problem is the fixed point of the map W — Vjy. To this aim, we have
to prove that Vi enjoys the same properties established above for W, with the same

constants.

Let X(t) = fot W (7)d7 be the position of the disk at time ¢. Consider the modified

problem:

Vir(t) = =K (t) Vi (t) — 13 (t) — rp: (1), (3.30)
where K (t) is the function introduced in (3.14) with W (t) in place of V (¢).
We define

3
ri (8) = Qp(é)z dz dv (v, — W (L))2 (e~ PV Otimv) _g=Bv"y  (3.31)
n D(t vy <W )
and

ro (¢ —2p / dz / — W) (e P — e POk (3.32)
D(¢) v >W (¢

We notice that as long as W is decreasing i (t) = 0, so that this term appears only for
negative velocities and moreover, by the collision law (3.3), it is negative. The analysis
of the sign of 73, (¢) is more involved, since there are positive and negative contributions.
We will show, in any way, that the sum 7}, + ry;, is positive.

We may ask whether Eq. (3.30) is well posed. The following Proposition, proved
in Ref. [13], shows that this dynamical system is well defined for almost all initial
data and almost all ¢ € R*. More precisely we can neglect in the sequel all the initial
configurations giving rise to infinitely many or tangential collisions, namely those for
which there exists a time s < t such that x € D(t), z(s,t;z,v) € D(s) and v,(s, t;z,v) =
W (s).
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Proposition 3.1. Consider the dynamics of the disk with given velocity W = W (t) and
the fluid trajectories x(s,t;x,v), v(s,t;x,v) computed according to the evolution of the
disk and the law of the elastic reflection (3.3). Assume W differentiable for almost all
t and such that

ess sup,cr+ (W (8)| + |W(t)|) =L < +o0. (3.33)

Then the set of allt € RY, x € D(t), v € R® for which x(s,t;z,v), v(s, t;2,v),0 < s < t,
delivers infinitely many backward collisions, or has a tangential collision, has vanishing
Lebesgque measure.

Now we start the analysis of the two terms 7}, (¢) and 7y, (). Let us set, for 0 < s < ¢

(W), = / W(r (3.34)

t—s
and
W)og = (Wh. (3.35)

We have a recollision (from the right or from the left) if € D(t), v(0,¢;z,v) # v and
it exists a time s < ¢ such that

vt — 5) = X(t) — X(s) = /t W(r) dr (3.36)
that is v, = (W), for some s € (0,¢) and
|z, —v (t—s)| < 2R. (3.37)
Thus, necessary condition for a recollision to happen is that:
vy = (W), forsome s € (0,¢) and |v1] < tQ_RS. (3.39)
Let us start by estimating 7y}, (¢), proving the following Lemma:
Lemma 3.2. For any t > 0 and v sufficiently small,
0< —rfy(t) <C (LAt) x({t > to}) (3.39)
where 1
to = Ko log; (3.40)

and Ky is a constant satisfying 1/C1 < Ko < 2/C.
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Proof
As already pointed out, 7}, (t) = 0 as far as W is decreasing (i.e. as far as W (¢) > 0).
Now we give an upper and lower bound for the first time ¢* for which W (¢*) = 0. For

t =ty it results
Ay

(1+ Kylog %)5

fi(to) = o0 — 4P > 0, (3.41)

the last inequality being satisfied by taking 7 sufficiently small. By the properties ()
and (i7) of the function W this implies that, for 0 < ¢ < ¢y, W(t) > W(to) > fi(to) > 0.
Moreover by (3.29):
_ AJHKCo 5 A;

f(t) =7 -7 m <0 (3.42)
for ~ sufficiently small. Then W(t) < 0 for ¢ > ¢, and so the first time ¢* for which
W (t*) = 0 satisfies t* € (ty, t); moreover W (t) < 0 for t* <t < 1.

It is also evident from the law of elastic reflection (3.3) that r},(¢) < 0, since it
appears for negative velocities. Let us establish an upper bound for |}, (¢)|. Recalling
the necessary condition (3.36) to have a recollision, we have by (3.27):

L e

t—s (I1+7)°
3

1 ¢ A vy
> — L _dr>-CA 4
_t—s/s< 7 (1+7’)5> T2 -CAT (3:43)

if s < t/2. Since by (3.3) v, (0,t;z,v) = vy, from (3.31), (3.38) and (3.43) it follows, for
v, such that s < /2 and ¢t > t*, that a first contribution to the estimate of |r}}, (¢)] is:

CA1’Y

c/cmc — ))(& < v, <W(1)})

< [ vt tx({lo < t?—R})
¢ /de (v, — W(t))? X({_le:if <y, <W(1)})
CA;y%\3 A?’Yg

)50u+m

+1)2
C

(3.44)

since W(t) < 0.
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If s > ¢/2 and t > t* we have by (3.27):

vy = W)y > ! /t(—’ys A )dT

t—s (1+7)5
Al’)/g
> -
> Ui

(3.45)

hence the second contribution to the estimate of |y}, (¢)] is:

3

c / o (02 = W(O) x({=C7; 1‘4;705 < v < WO} / dvy e P

< C<(1Aft3)5)3' (3.46)

Collecting estimates (3.44) and (3.46) we finally achieve the proof of Lemma 3.2. W

For ry;,(t) we have an upper bound expressed by the following Lemma:

Lemma 3.3. For any t > 0 and v sufficiently small,

- (v +A417%)°
rw(t) <C (1+¢)° (347)
Proof
By (3.36) and (3.28) we obtain:
I A
— < —Cor 5_2
v = W)es < 7= [ [re o =2 Zxltr 2 ) ar
1 t
< L / yeOrrdr, (3.48)
then we have
v . ¢
e < C—— f — .
v _Cl—l-t if s <3 (3.49)
vy < CryeC2t/2 if s> % (3.50)
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Hence by (3.32) we get a first contribution to the estimate of ry;,(¢), in case s < t/2,
recalling (3.27) and condition (3.38) on v, :

Cy
C 15t C C 3
— e — W(t))? dv, < — Wit
(1+t)2/w(t)(v (®)"dv _(1+t)2<1—|—t ()>
C Cry —Cit s A s
< _ 1
_(1+t)2<1+t e +7(1+t)5)
(v + A1y?)?
O 51
sC (1+1¢)5 (3:51)

If s > t/2, using (3.50), we have by (3.27) the second contribution to the estimate of
rw (1):

C | dvy (v, — W) x({W(t) < vy < Cye=®4})

Ay’ +7>3

S 0(076_02% - W(t))3 S C( (1 + t)5

(3.52)

therefore, collecting (3.51) and (3.52), we obtain the thesis. W

By the collision law (3.3) it follows that ry, () > 0 for any ¢ < ¢* (as long as
W(t) > 0). Actually the positivity of r,;,(t) for any ¢ > 0 is not obvious, since for
negative velocities of the disk, r};,(¢) could change sign. We can prove that this is not
the case. Moreover we will show that the sum (r{},(¢) + r3;(¢)) is not negative for any
t > 0, which is a key ingredient in the proof of Theorem 3.1.

Lemma 3.4. Suppose v sufficiently small. Then, for t > ty we have:

75
r(t) > O (3.53)

Proof

The only reason for r;,(t) to become negative at some instant ¢ is that the absolute
value of the particles’ velocities has been increased by the collisions with the body. By
the law (2.3), this can happen only for those particles who are to collide at time ¢ with
W (t) < 0, while their last but one collision was at some time s < ¢ with W(s) < 0.
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Moreover, any such particle has negative x-component of its pre-collisional velocity at
time ¢, being
vy = 2W(s) —vl, < 2W(s) — W(s) < 0, (3.54)

for some v, > W (s). Denoting by 7, (t) the restriction of 73, (¢) to such configurations,

we give an upper bound for |F;V( )]
From Definition (3.32) of ry,( ) and using (3.27) we obtain, by (3.28):

()] < C Vdv, < C(=W(t))?
wlt
A 3
< o C1it 1
—C( e +7(1+t)5>
9 A3
v’ Ay
C( 5 1) (3.55)

where W (t) < 0, since t > s and W (s) < 0 (see the comment on the sign of W in the
proof of Lemma 3.2). Up to now we could obviously write

r(t) = =[Fy (1)) (3.56)

To improve this lower bound, let us denote by #};,(¢) a term which contains some “good”
contribution to ry,(t), namely the one due to particles colliding at time ¢ and coming
from a single collision in the past, at some instant s < ¢ for which W(s) > 0. Hence we
have

rw (t) 2 Py (8) — [Ty (1)] (3.57)
and the difficulty now shifts to get a lower bound for 7,(¢). To this end we restrict
our analysis to a subset of the set of “good” contributions. Therefore let us introduce
So > 0 defined as:

50 = min {s € (0,4): W(s) < W} . (3.58)
Such sy does exist by continuity, since we have at time 0:
W) =V, > Yot Wos §W>°’t — % > @ (3.59)
which holds because it is W (t) < V V¢ > 0; at time s = ¢ we have
wit) < 2 W Vot WE) _ WEH) Vo (3.60)

2 o 2 2 2"
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First of all, we show that I' is a non-empty set. Indeed for s < sq, by definition (3.58),
it follows:

Define the set I' = {(z,v) : & € D(t), (W)sor < vg < (W)or = (W)}

W)= (W)= W) < (W)= V) <0 (361

ds
Hence, for s < sg, (W)sor < (W)sr < (W)y.
Moreover, any particle belonging to I' had at most one collision with the disk in the
past. In fact, consider a light particle which is to collide at « with velocity v, = (W)s,,
being s € (0, so] the time of its last collision with the disk. Then, denoting by v,(s7)
the z— component of the precollisional velocity, for s < sy by (3.58) we have:

t—s

Vz(87) = =0, +2W (s) = —(W)s¢ + 2W (s) > W. (3.62)
Before s the light particle cannot undergo another recollision, since it should be:

W < Um(si) = <W>Ts (3'63)

)

for some 7 € (0, s), and (W), >V} is absurd.
Hence, for s < s,
vz(0, 852, 0) = 2W(s) — vy. (3.64)

The time sy can be bounded from above and from below, independently of 7, in the

following way:
1 3 1
—log = < 59 < —log4 3.65
c, Ba==g, % (3.65)
provided that ¢ is sufficiently large independently of ~.

We have that sq is the minimal solution of the equation:

‘/0 + <W>50,t

Moreover, by (3.28),
W)s 7
g—%— < 2> o — W (sg) < ye C2%, (3.67)
and since, by (3.27),
1 t Al’)/3
ot > — dr > —A;+? .
<W> 0,t — t—SO /;0 (1—+—T)5 T 2 17 (3 68)



we have, for A;v? < 1/2,

A3
oo T 2T 5T 3.69
=T Ty Ty (3.69)
so we have proved the right bound in (3.65).
To prove the left bound, we have, by (3.27):
Y <W>80 t —Cis 3 Ay
—+—=W > 190 — Ao — 3.70
By (3.28) and the upper bound just proved for sy, we have for large ¢
t
1
W)sot < / ve~2Tdr < —~C. (3.71)
t— 50 Jsg i

Hence, for ¢ large independently of vy and for A;v? < 1/12,

C A3 2
~Ciso 1 XV MY 2 3.72
76 - 2 t (1 + 80)5 - 3’7 ( )

proving also the left bound in (3.65).
Now we consider the restriction of 7y, (¢) to the set I, setting

<W>t 2 2
() = / iz / dv, / dvy (vs — W(H)2[e P — ¢ P70 (373)
D(t) lvil<$ { y

Wsg

By definition of 7y, (t) and (3.64), it results that 7, (¢) is non-negative, since [e™#** —
e~ PV (020)] > (). Moreover it is
o (t) > CI(t). (3.74)

This is due to the fact, which now we prove, that for ¢t > s,
W () < (W) oy (3.75)

We have, by (3.27) and (3.28), for ¢ large enough,

W(O) = (Whaoa = WO — —— [ dsW()

S0

1 t A
< —Cat _ —C1s 3 1
< e +—t—50/50d8[ e +7 (1—}—5)5]
—C1s¢9 __ ,—Cit 1
<qylet S TC L —oa?]. 3.76
<7le Cili—s) 1 7] (3.76)
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For v small enough, so that ¢, is sufficiently large and A;~? is small, we obtain that the
r.h.s. of (3.76) is negative for ¢ > . For so <t <ty W (t) is decreasing, so that (3.75)

holds for any ¢ > s.

Let us go back to the investigation of I(t). For s < so by (3.64) and (3.58) we get:

v2(0,t;m,v) —v2 = (
> 2W (s)(Vo — (W),

and for s < sy < (log4)/Cy and for A;7% < C it is

log4
>
Wi(s)>W ( e

2

)207.

We want to show also that
Vb - <W>s,t Z 07-

In fact (W), is decreasing with respect to s, for s < sq, then by (3.28)
1 t
Vo= (Whaa = Vo= W= V- 7 [ Wir)ar
0
t

1 A
> 7+ —/ (—vec” +7°—x({r > ﬂ)) dr
0

N t

27—7702 >

for ¢ sufficiently large independently of . Therefore, for ¢ sufficiently large:

2W (5)(Vo — (W) > C°.

By these considerations, we have:
=[ [
D(t) vy |<$
<W)t 2 2 2
X / d’Uw (/Uz - W(t))2 6_ﬂv [1 — eﬂ(vz _vm(oat;wav))]
<W>30,t

and since, by (3.77),

v2(0,t; 3, v) — v2 < 4Vo(Vo + Vo) = 872,

o7

2W(s) — v5)* — v = AW (s) (W (s) — (W)s1)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)



it results, using also (3.81),
—87 < v —v2(0,t;z,v) <0, (3.83)
and in this interval we can write, since v is small,
1 — efa—u0tz0) > —CB(W2 — v2(0,t;2,v)). (3.84)

Therefore, by (3.77), (3.81) and ¢ large independently of ~,

ool )
D(¢) |’U_1_‘<—

y / dv, (vs — WD) e PP [02(0, £; 2, v) — 02
w

)SO ,t

(W)t
> 072/ dvg (v, — W(t))2 e P / dv, e P71
(

W)sg,t |'UL|<%
> S = WP~ (W)~ WO
> S LW = W) (W)= W], (3.85)

We now estimate both differences appearing in (3.85), showing that they are both O(3).

W — (W) = / W(r)dr = / Wir
_ (t )/ W(r d¢+t_180/s°W(T)dT
= 2 [51_0/0 W(r) dT—g/O W(r) df}

= 7 (W) = W), (3.86)

and it is, by (3.78) and (3.28),




for ~ sufficiently small and ¢ large independently of . Thus by (3.86) and (3.65) we

arrive at:
(W)t = (W)as 2 O (3.89)

Let us now estimate the remaining term in (3.85). Proceeding as in (3.76) we have:

1—e Gt 1

(W) =W (t) > —y|e @ — cr ;CAWQ , (3.89)

therefore, for y sufficiently small (so that A;7? is small enough) and ¢ large independently

of v,
(W, — W (t) > C%. (3.90)

Inserting estimates (3.88) and (3.90) in (3.85), by (3.74) we conclude that, for v suffi-
ciently small and ¢ sufficiently large, independently of ~,

Py (t) > C—. (3.91)

Recalling (3.57), choosing t > ¢, (see (3.40)) and ~ sufficiently small, by (3.91) and
(3.55),

- . - 04 A
rl0) 2 ) = 0] 2 0% — AL (3.92)
so that, for 72 A3 small enough,
_ P
() >k . (3.93)

We remark that, from (3.39) and (3.53) it follows immediatly, for v small and any ¢,

Ty () + 1y (t) > 0. (3.94)

Now we prove that the function Vi (¢) satisfying Eq. (3.30) enjoys, for v suitably
small, the same properties as the function W, with the same constants A;, As. After
this the proof of Theorem 3.1 will follow easily.
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Proposition 3.2. Suppose v > 0 sufficiently small. Then:

(i) t = Viy(t) is an a.e. differentiable function with bounded derivative, decreasing in
any time interval in which Viy (t) > 0.

(ii) For anyt >0 :

Vip(t) > ye 1t — 43 a ‘ft)S. (3.95)
(11i) For anyt >0 :
Vinlt) <76 P 2x({t 2 1), (3.96)
Proof
(7) From Eq. (3.30) and the Duhamel formula we have:
Viv(t) = ye Jo K@dr _ /0 Cdse Je K@ (1 (5) 4 1 (s)), (3.97)

and since ry},(¢) and 7, (t) are bounded, by (3.97) and (3.30) Viy is a.e. differentiable
with bounded derivative. The fact that Viy (¢) is decreasing in any time interval in which
Viv (t) > 0 is obvious by Eq. (3.30) and (3.94).

(#7) By (3.97), (3.39), and (3.47) it follows:

Vir(t) > ve™ A — C(y + A1y?)3 /Ot ds 6_02(’5_3)(1_;78)5. (3.98)
Let us evaluate the integral:
t eCas : t
/0 dsm :/0 (-)ds—i—/% (1) ds
eCob 1 95 pOat _ oCak
=76 Teryr o
Thus
b pOat-s)  o—Cab _ ,—Oat 2B ] — Ot
/0 Qrsp = G @+ip G
5
< C% (e—@% n (2-2”)5) <q ft)5. (3.99)



To conclude, there exists a constant C' such that:

1t o 1

Vip(t) > ve ' — C(y + A1y?)3 3.100
and hence, to achieve the thesis, it is sufficient that
Cly+ A1) < A1y, (3.101)

which is satisfied, for instance, by choosing A; = 2C (this fixes A;) and y consequently
small (also to satisfy the previous constraints on A;).

(174) First, by (3.94) and (3.97), we have that, for any ¢ > 0,
Viv (t) < ye™ @2, (3.102)

By (3.97), (3.39), and (3.53), for  suitably small and ¢ > ¢ > 2¢y, where ¢ is defined in
(3.29) and ¢, in (3.40), it follows:

t 9 5
—Cst —f: K(r)dr v _ 1
Viv (t) < e +/0 dse (C(l o 035> x({s > to})
t
¢ 1
< ye 92t — 075/ ds e~ Js K(D)dr p x({s > to}). (3.103)
0

We have that

t
/ dse Je Knir k= x({s>1t}) > / dse @79 — !
0 S

55
1— *C1(t to)
> —
= o5
1 — e~ Crto 1
> > 3.104
- Cith T 205 ( )
since t >t > 2ty.
Then, by (3.103) and (3.104),
Cat 7P
Viv (t) < ye=“% — Ct—5. (3.105)

Last inequality enables us to choose As, in such a way that (3.96) is satisfied for any
t > 0. This can be done in a consistent manner, since the constant C' appearing in
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(3.105) does not depend of A,. Actually it depends on A;, nevertheless A, can be
chosen independently of A; for v sufficiently small. B

Using Proposition 3.2 we easily prove Theorem 3.1. We only give a sketch of the
proof and, for a better explanation of it, we address to [13]. We construct a sequence
{Va}22, defined by

Vo =WV,_ys n>2 (3.106)

setting Vi = W, being W any function with the properties established at the beginning of
this Section. By Proposition 3.2 such properties hold for the whole sequence (for suitable
values of A;, A,, t independent of n). By compactness (the sequence is equibounded
and equicontinuous), we can extract a subsequence V,y converging to a limit point V =
V (t). Moreover, for any n > 1 we can solve the free transport equation, with reflecting
boundary conditions on the disk moving according to the velocity V,,(¢), by means of the
characteristics which are a.e. defined. The convergence of V,,; implies the convergence of
almost all characteristics to a family of characteristics satisfying the reflecting boundary
conditions on the disk moving with velocity V'(¢). This yields a solution to the Vlasov
equation (3.1) producing the friction term (3.7). Therefore we have obtained a solution
to the problem (3.1)-(3.9).

Moreover, any solution to this problem satisfies bounds (3.21) and (3.22). Consider
in fact any solution (V, f) of the problem. By continuity of V' there exists a time interval
in which inequalities (3.21)-(3.22) hold strictly. Let T be the first time for which our
strict inequalities are violated. The same arguments used in Proposition 3.2 (replacing
W by V) show that (3.21)-(3.22) hold strictly in the interval (0, 7], since in this interval
V enjoys the same properties as W. Then T must be infinite. This concludes the proof
of Theorem 3.1.

3.3 The case with elastic force

We consider here the case in which an elastic force acts on the disk. We consider the
same model introduced in Section 3.1, the only difference consisting in the evolution
equation for the disk (see 3.6), which becomes:

X(t)=V(t), V(t)=—F(t)— SX(t), (3.107)
X(0) =X, <0, V(0)=1V, >0,
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where F(t) is defined in (3.7) and S > 0 is the elastic constant.
We analyse first a simplified case in which recollisions are neglected and only the first
term of the Taylor expansion, centered in V' = 0, of Fy(V (¢)) is retained. We obtain:

X(t)=V(), V(t)=—F)0)V(t) — S X(2), (3.108)

X(0) = X, <0, V(0) =V, >0,
It is useful to put (3.108) into the form (recalling that Cy = F{(0)):

(7)) =2 (30 (3109
A= <_s _02) : (3.110)

g) = et (iﬁ;’) : (3.111)

_ /02 — 4

A\ = o+ 202 S, (3.112)
— — /2 —

U B VAS Skt (3.113)

2
We want to restrict ourselves to study the case in which the body position goes to zero

without oscillations, hence we have to choose the friction force large with respect to the

where

Therefore we have

The eigenvalues of A are

elastic one, and the initial data in a suitable way. We assume

C2 — 48 > 0, (3.114)
so that it results Ay < A; < 0. Decomposing the initial datum into the eigenvectors of
A, we have:

Xo\ _ 1 1
()-w()en(l)
finding
Vo — A X AXo — Vo
— = 3.116
ay /\1 — )\2 ) a2 )\1 — )\2 ( )
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Hence from (3.111) we obtain:

X(t) = areMt + age, (3.117)
V(t) = al)\le’\lt —+ az)\ge/\ﬁ. (3118)

Now we assume
MXo < Vo < A Xo. (3119)

This condition, together with (3.114), ensures, by (3.117) and (3.118), that both X (¢)
and V (t) decay exponentially to zero, being X (¢) < 0 and V' (t) > 0 for all ¢ > 0.

Let us examine now the full problem (3.107), including recollisions. In this case the
sign of V() is no more evident, nevertheless we can state for X (¢) a result analogous to
the one in Theorem 3.1.

We make assumption (3.114) on the quantities p, 8, R, S, which are the data of the
problem. Moreover, we put

Y=V, |Xo| = Cn (3.120)

with the constant C, independent of v, chosen in such a way that (3.119) is satisfied.
Let us define:

2
Cs = ;max{|a1|; lag|}, (3.121)
T .
Cy = —min {|a4|; |as|}, (3.122)
Y
2
05 = ;max{|a1)\1|; |6L2)\2|} . (3123)

Note that, with the choice (3.120), the constants Cs, Cy, and C5 are independent of ~.

Theorem 3.2. There exists vo = Yo(p, 5, R, S) > 0 sufficiently small such that, for any
v € (0,70) and for any choice of initial conditions Xy, Vi satisfying (3.120), there exists
at least one pair (X, f), where X = X (t) solves, for almost all t € R*, Eq. (3.107)
and f solves Eq.s (3.9), (3.4), and (3.8). Moreover there exist three positive constants
B, By, and Bs, independent of vy, such that any solution (X, f) satisfies the following
properties:

(i) for any t > 0, we have:

B,

X X < A1t 3
(0<0, X< Cye™ +9 e

(3.124)
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(1) there exists a sufficiently large t, depending on vy, such that for any t > 0:
B
[ X(t)| > Caye + Vstd—fQX({t > t}), (3.125)

(i) for any t > 0:
B;

T (3.126)

X (1) < Csye +77°

We notice that in this case the power-law decay is stated on the position of the
disk, while in Theorem 3.1 it was stated on its velocity. This is due to the fact that in
Theorem 3.1 the equation governing the evolution of the disk was a first order differential
equation involving only V'(¢), while in the present case we have a second order differential
equation involving X ().

Also in this case, as we did in the previous Section, we give the proof of the Theorem
for the three-dimensional case.

Proof of Theorem 3.2

In the same way as in Section 3.2, for any v € (0, ) (with 7, sufficiently small) we
introduce an a.e. differentiable function with bounded derivative, ¢t — W (t), such that
W(0) = Vg, limy,o W(t) = 0, and satisfying the following properties:

(i) W is positive and decreasing for ¢ € [0,%], where

t=—log—. 3.127
o, e (3.127)
(73) There exists a positive constant Bs, such that, for any ¢ > 0, it is:
W (t)] < CgyeMt + 43 Bs (3.128)
- (1+1)> '

The constant Bs, independent of v and 7y, will be fixed later on.

Let us consider the modified problem:

Xw(t) = Vir(t)
Viv(t) = —F3(0) Vip(t) — S Xw (t) — [Fo(W (t)) — F3(0) W (2))] (3.129)
~ryy () — i (t)
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with initial conditions Xy, Vj, satisfying (3.107), (3.119), and 7}, ry;,, defined in (3.31),

(3.32). The fixed point of the map W — Vj (if any), defined by (3.129), solves Eq.
(3.107).

The solution, by the Duhamel formula, is:

() = (e) = [ e (Lo rio)

Lo Cnwen mowe) 69

where A is defined in (3.110). We decompose the last two vectors in (3.130) into the
eigenvectors of A:

(-TJV(S)O— Ty (5) ) " ( —Fy(W (s)) 9r F5(0) W(s) >
= b (s) </\11> + 58 (s) (;2) , (3.131)

b0 (s) = —ryy (8) — 1w (s) —/\Fo_(KV(S)) + F5(0) W(S), b2 (s) = —bD(s).  (3.132)

The r.h.s. of (3.130) can be written then in the form (recalling (3.115)):

At 1 Aot 1
ae <A1> +age ()\2) (3.133)
Lo 1 (D)) A 1
+ [ ds by (s) ehi(t=9) — by (s)e 2(t=s)
0 /\1 AZ

and the solution in (3.130) is, recalling (3.111), (3.117), and (3.118):
Xw(t) = a eAlt + a9 6)\2t

t
+ / ds b1 (s) [eMH) - ew*s)} , (3.134)
0

Vw(t) = a1)\1 e’\lt + ag)\g 6)‘2t

t
+ / ds by (s) [Alemt—s) —AQeM(t—s)}. (3.135)
0
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In order to establish the properties of Xy, (t), Viv(t), and to infer that Vjy satisfies
the same properties of W, we proceed to analyse the recollision terms, 7, (¢) and 7y, (¢),
and the function b(v‘l,) (t).

Let us start by estimating 73, (¢).

Lemma 3.5. For any t > 0 and v sufficiently small,

,YQB?»
(1+12)°

Iy < C

x({t > 1}). (3.136)

Proof
First of all let us notice that 7;},(¢) = 0 as far as W is decreasing (i.e. for ¢ € [0,]). For
t >t we have, by (3.127) and (3.128),

B
W(t)] < Cyyetzels + 97 2 < gy s 4432
|()‘— gYy€E 2¢€ 2+7(1+t)5_ 8’762+’Y(1+t)5
CB
3 3
3.137
<Ta o (3.137)

therefore, recalling (3.38), we have for s < ¢/2:

3
v
= > — . .
vy = (W st_t /( 5>d7-_ CB31 ; (3.138)

Then recalling that, by (3.3), v, (0,¢;2,v) = v, from (3.31), (3.38), (3.137) and (3.138)
it follows, for v, such that s < ¢/2 and ¢ > ¢, that a first contribution to the estimate of

[ ()] is:

CB?,’Y

c/md%— W) x({-=20 < < W)

2R
< [ v (sl < )

t

C 9
< m/dvz (Uz - W(t)) X( <, < W(t)})
C CBsy®\3 B3fy
= m(W(t) T ) = 0(1 +1)5 (3.139)
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If s> t/2 and t > ¢, we have by (3.137):

1 t CB;
= (W)., > NG
ve = (W)si 2 t—s/s ( 7 (1+7’)5>dT

3373
- (1+1t)>’

hence the second contribution to the estimate of |y}, (¢)] is:

C/dvm (v — W (1)) x({—C(fﬂ; <w, <W(t)})

= C((fiﬁﬁ)g'

Collecting estimates (3.139) and (3.141) we obtain (3.136). H

For ry;,(t) we have an upper bound expressed by the following Lemma:

Lemma 3.6. For any t > 0 and v sufficiently small,

(v +B57°)°

rw(t) <€ 1+t

Proof
By (3.36) and (3.128) we obtain:

1 t B
— < - )\17' 3 3 d
vy = (W) < t—s/s |:Cg’}/€ + 7 177 T,

then we have

v+ B33 . t
<(O—— f —
v, < C T1¢ i 5<2
v+ Bsyvy3 ) t

< = fs>—.
vy < C DL if s 5

(3.140)

(3.141)

(3.142)

(3.143)

(3.144)

(3.145)

Hence, again by (3.38) and (3.128), a first contribution to the estimate of ry,(¢) is, in

the case s < t/2:

C

1+

[ o e = WX @) < v < 0Ty
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< _C (07+B373_W(t))3

~ (1+1)? 1+t
c v+ Bsy? ae 3 Bs o \?
< C '
= T+ A Txe T Oe +7(1+t)5)
(v + Bsy?)?
oL =L 14
- (1+1) (3.146)

If s > t/2, by (3.145) we analogously get the second contribution to the estimate of
rw (1):
c/de (vs — W) x({W () < v, < c%})
<cC (LB?”V?') , (3.147)
(1+1t)
therefore, collecting (3.147) and (3.146), we obtain the thesis. W

The lower bound for ry;,(¢) is given in the following Lemma:

Lemma 3.7. Suppose v sufficiently small. Then, for t >t we have:
- Y
rw(t) > C—. (3.148)

Proof

Following the same argument as in Lemma 3.4, we notice that the “bad” contributions
to r,;,(t), which tend to turn it into a negative quantity, are uniquely due to particles
whose last collision time s < ¢ is such that W (s) < 0. By the definition of W, it has
to be necessarily s > £. We denote by 7w (t) such “bad” contributions, and we give an
upper bound for |7, (¢)]. It is for s € (%,t), by (3.38) and (3.137),

CB;
W)ss < —— T, 3.149
- s [ R (3.149)
and it results
133’)/3 14
< f — 1
”$—01+t if s <3, (3.150)
Bg’}/?’ t
< fs>-—. 151
v$_0(1+t)5 ifs >3 (3.151)



Hence a first contribution to the estimate of |7}, ()| is, in the case s < t/2, by (3.137)
and (3.38):

e [ e = WP < 0 < 00)
C Bsr? 3 C By By \3
< (1+1)2 (C1+t _W(t)) S TR (Cl-|—t +C(1+t)5>
SCJ?%& (3.152)

If s > t/2, using (3.151) and (3.137), we have the second contribution to the estimate
of |7y ()]

Byy?
(141¢)°

c / 0, (05 — WE2 (W () <0 < C )

9133
7" Bs
<C—=
- (140
therefore, collecting (3.152) and (3.153), we obtain that V¢ > ¢

(3.153)

7’ Bj
(1+1t)>

()] < C (3.154)
Let us now look for some positive contribution to r,, call it 7}, which turns out to
contrast 7,,. As in Lemma 3.4, we consider a set of particles coming from a single
collision in the past, happening for some s < ¢ such that W (s) > 0. The analysis is
now pretty much the same as the one made before (the only change being the small
difference in the definition of W), and the lower bound obtained for 7, (¢) is the same:

75
i (t) = Oz, (3.155)

for v small enough and ¢ large. Then we have, by (3.154) and (3.155), for ¢t > £ and v
sufficiently small,

5 93

_ . o Y 7" B
> - >0l -

r () > P () — [Ty ()] > Ct5 0(1 )5

(3.156)

so that, for v*B3 small enough, we obtain (3.148). [ |
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As an immediate consequence of Lemmas 3.5 and 3.7 we have, for v sufficiently small
and Vt > 0,
i () + - (t) > 0. (3.157)

The following Lemma concerns the function b%,) (t), introduced in (3.132):

Lemma 3.8. Suppose v sufficiently small. Then for any t > 0 it is b%,) (t) < 0. More-
over, for any t > 0, it results:

5 3\3
. < o+ Bs7)

E (3.158)

Proof
For t <t it is W (t) > 0, then the quantity [Fy(W (t)) — F;(0) W (¢)] is positive, by the
properties of the function Fj (see Lemma 3.1). Hence, by the definition of b%,) (t) (3.132),
and by (3.157), we have that b\})(t) < 0 for ¢ < Z. For ¢t > { and 7 sufficiently small, by
(3.137) we have that
/ v’ Bs

F t)) — F, ) < (C——"— 1

[Fo(W(t) — Fo(0) W(t)] < 0(1 ) (3.159)
since, by the properties of Fy, the L.h.s. of (3.159) is O(W?) for W small. Hence by
Lemma 3.5, Lemma 3.7, (3.159), and (3.132), we have that

9 R3 5 9 R3
(1) 7" Bj g 7" Bj
I i A (I
5

Y
< _Ct_5’ (3.160)
for v* B3 small enough, so that the negativity of b%,) (t) is proved for any time.
In the same way it can be proved the lower bound for \b%,) (t)|, while the upper bound
is achieved by using Lemma 3.6. |

We show now that the function Xy (¢) (satisfying Eq. (3.129)) enjoys, for v suffi-
ciently small, properties (3.124) and (3.125) stated for X (¢) in Theorem 3.2, while the
function Vjy (t) satisfies the same properties as W (t) (3.127)-(3.128).
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Proposition 3.3. Suppose v > 0 sufficiently small. Then, for any t > 0, the following
properties hold:

(1) 5
Xw(t) <0, X (t)] < Coy et +° a +1t)5. (3.161)
(i1) There ezists a sufficiently large t, depending on vy, such that:
B
| Xw ()] > Cry et + ’y5t—52x({t > 7}). (3.162)

(i1i) t — Vi (t) is an a.e. differentiable function with bounded derivative, positive and
decreasing for t € [0,1].
(iv)

B
Vir ()] < CgyeMt + 73(1 +3t)5. (3.163)

Proof
(1) The negativity of Xy, (t) is obvious from (3.134), as it follows from assumptions
(3.114), (3.119), and by the negativity of b%,) (s), proved in Lemma 3.8.

Moreover, by (3.134) and Lemma 3.8,

t
[ Xw (t)] < 2max{|a1|;|a2\}e“+/ ds |6 (s)| M19)
0

t ( 3)\3
7+ Bsv’) s
S 067 e)‘lt + /(; ds CW e’\l(t ) (3164)

By the same calculations as those made in (3.99) we have

t e)q(tfs) C
/ ds < , (3.165)
0 (1+s5)5 = (1+1¢)°

so that (3.161) is obtained, by choosing the constant B; independently of Bs, for 7y
suitably small.

(17) We have, for any ¢ > 0:

t
|XW(t)| = |a1| e)\lt + |CL2‘ 6/\2?5 +/ ds |b%,)(8)‘ [e)\l(t—s) - 6,\2(t_5):|
0

> Cyyet, (3.166)
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Moreover, choosing ¢ = 2¢ (where ¢ is defined in (3.127)), by Lemma 3.8 we have, for
t >t

¢ t 5
/ ds \b%,)(s)| [eM(79) — ghlt=o)] > C’/ ds % [eM(t79) — ghalt=o)] | (3.167)
0 i

Let us evaluate the integral:

b pM(t=s) _ pha(t—s) 1 [1 2 ent-b 1 _ grat=h
/ ds = >
i S

=Rl S W

1[1—eMi 1 C
> = L 3.168
o S W (3.168)

This implies that (3.162) is verified, for some constant By, with ¢ = 2f.

(14i) Since b%,) () is bounded, by (3.134), (3.135), and (3.129) Vjy is a.e. differentiable
with bounded derivative. We have also

t
Vi (t) > a1 Ay eM? 4 aghg e — / ds |b%,) (s)| |)\16)‘1(t_3) + )\ze’\2(t_3)| : (3.169)
0
By Lemma 3.8 and (3.165),

' t Ban3)3
/ ds |b%,)(5)‘ ‘)\16)\1@78) + /\Qe’\Q(t*S)| < C’/ ds M M (t—s)
0 0

(1+4s)°
< CH3, (3.170)
therefore in the time interval [0, 7],
Vir(t) > CyeMt — 0P = C’y’y%/l\l - Cy* >0, (3.171)
for v sufficiently small, since by (3.112) and (3.16)
0< _éf‘l < %012 < 2. (3.172)

By taking the derivative with respect to time in (3.135), it can be seen similarly that
Vir(t) < 0 for t € [0,%]. Indeed, from Lemma 3.8 it follows:

Viv (t) = a1 \? et 4 ap A\ 2t

t
+—/f ds by (5) (A2 e — 22 X(=9] 1 (A — )by (1)
0

t ~
< aM2eMt 4 C/ ds |b%,) (5)] < —CryeM' +Cy2 <0, (3.173)

0
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for v sufficiently small.
(1v) The result is achieved following the same reasoning as in (7). W

Theorem 3.2 can finally be proved, through the same steps as in the proof of Theorem
3.1.

3.4 Comments

We want to discuss briefly some possible generalizations of the present investigation.

Our techniques employed in Section 3.2 work as well in case of a constant field
E > 0 directed along the z-direction, with the choice Vj > V. Putting V5 — V, = v as
small parameter, Theorem 3.1 can be slightly modified, to obtain the power-like time
asymptotics. This case £ > 0, Vj > V., is even easier than the one we faced in Section
3.2, with E =0 and V; > 0. Indeed we are no more troubled with the signes of r* and
r~: they are always positive since the velocity of the disk never changes sign. Hence we
have the same power-law approach to the limiting velocity V,,, and we can prove that
V (t) initially decreases monotonically, crosses its limiting value V,, in a finite time and
then reaches it from below.

Another improvement of the model consists in the generalization of the shape of the
obstacle. We have considered the simplified shape of a disk, but the same results remain
valid in case of a general convex body. A detailed analysis of this case is performed in
[14], and we give here a short sketch of such a generalization.

Let us consider the same physical problem of Section 3.1 in which the disk is replaced
by a convex solid 2 in R®, taken for simplicity with unitary mass and constant density.
Let R be the diameter of Q (i.e. the maximum distance between two points on its
boundary 0f2) and X (¢) the position of its center of mass at time ¢. We impose that the
center of mass is constrained to move along the xz-axis, and that the solid cannot undergo
any kind of rotation (if the solid has a rotational symmetry around the z-axis, these
constraints are superfluous). The outward normal to 952 is denoted by 7. Moreover we
denote by 007" the right face of the solid, on which 72 - % > 0 (being Z the unit vector of
the z-axis) and by 092~ the left face of the solid, on which 71 - & < 0. We require that n
is continuously varying a.e. on 0f2 and that there are two disjoint subsets of 02, having
positive measure, on which - % > 0 and n - £ < 0 respectively.
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A necessary condition for which a gas particle with velocity v hits the solid at time
t is that, at the collision point P € 0, it results

vn < Valt), (3.174)

denoting by
Vp =V - 1, Vo) =V (t)n -z, (3.175)

where V (t) = X (¢) and # is calculated at P.
The gas particles hitting the body are reflected according to the usual collision law:

vy =2V, () —vn, v, =Un,, (3.176)

denoting by v,, =v —v,n.
Ignoring recollisions, the viscous friction term is

2

AV =k [ o intaeae

+k/ da/ dv (V,, —wp)? -2 e P
oN- UV <Vn

where k = 2p(3/7)%? and do is the surface element on 9. The scalar product 7 - &

2

(3.177)

in the integral is due to the fact that we have to consider the projection of the force
along the z-axis. It is also convenient to separate the whole integral on 02 in the two
integrals (on 0Q" and 0€)~) appearing in (3.177), since the first one is positive (-2 > 0
on 902") and the second one is negative (2-& < 0 on Q7). It can be easily seen that the
function Fy(V') defined in (3.177) is an increasing odd function (not necessarily convex
for V > 0).

Taking into account recollisions the full friction term is

Fit)=FV®)+rt@) +r (t)

where
(t) = k / do / dv (Vo) — va)2 0 - & [ P08 _ ¢=B*]  (3178)
o0+ Jun<va(t)
and

r(t) = —k / do / dv (Vo () — )22 - 3 [ P¥" — A0zl (3.179)
o0~ v <Vn(t)
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Define a function W (¢) with the same properties stated in Section 3.2, and corre-
spondingly compute the terms

T%(t):k/an+d"/ o B0 =P P08 ) (3150

— —k / do / Wi(t) = vn)271 - & [P — P00 (3.181)
on- vn<Wn(t

where W, (t) =

Let s < t be the ﬁrst backward recollision time, and let us denote by P € 0f) the
collision point at time ¢, and by @ € 0f2 the collision point at time s. The condition to
have two subsequent collisions is the following:

Va(t = 8) = QP - i+ (Wy)su(t — 8) > (Wi)sa(t — 5) (3.182)

where 7 is calculated at P and m& is the vector joining the points () and P at time
s. In fact v,(t — s) is the space along the 7 direction covered by the gas particle in
the time interval [s,t], (W,)s+(t — s) is the space along the n direction covered by the
body in the time interval [s, ], and QP -7 is the distance along the 7 direction between
the two points Q and P at time s, which, by the convex shape of the body, is always
non-negative.

Hence a first necessary condition to have a recollision is

Un 2 <Wn>s,t- (3183)
Another necessary condition is the following:
on, | (t = 8) S2R+[(W)yu] (t = 5). (3.184)

In fact the r.h.s. of (3.184) represents the maximum displacement that a particle can
undergo along the z-direction, and along any direction orthogonal to the z-axis, to have
a recollision with the body. Then from (3.184) we obtain
C

t—

Summarizing, conditions (3.183) and (3.185) replace conditions (3.38). In this way we
can obtain estimates analogous to those of Lemma 3.2, Lemma 3.3 and Lemma 3.4,
hence we are able to prove for V(¢) the same time-decay as that contained in Theorem

(3.185)

|Uru|

3.1, in case of an obstacle with a general convex shape.
As a final comment, we remark that, even if we have explicitly treated the case of
elastic force, the same techniques work also in case that anharmonic terms are added.
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Appendix A

Proof of Lemma 2.1

We make a partition of the physical space with large cubes of side mr and we divide
the interaction into a short-range and a long-range one. The last one can be handled
using Proposition 2.1. Concerning the short-range interaction we choose the parameter
« in the definition of the weight-function f (see (2.24)) so small in such a way that,
in a cube, f is constant, and then, neglecting the interaction with the other cubes, W
is superstable. Of course the interaction between different cubes exists, but it gives a
surface effect, and it becomes negligible with respect to a volume effect, as m is very
large.

Let us define the set T (r) in the following way:

T (r) = {z € R : u® +19mr < 20 < u® + (1D + 1)mr,
ueR; meN, Il eZ,

where 7 is the parameter appearing in Proposition 2.1.
From this definition, it follows that |z — y| < v/3mr, Va,y € T'(r), then, by the
properties of the weight-function:

Py =l R) < [}z — . B) (1 + av/Brr) (A1)

We define also the following quantities:

R — e FoR (A.2)

l .
“ ieN,g; €T,
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Pi(r)={(i,j) EN®N:i>j, ¢ €T, ¢ €T g — gl <7}, (A.3)

T.(r) = |J Pi(r), (A.4)
M = sup p(z)], (A.5)
V(r) ={(,j) e N®ON:i>j, [¢—qj| <1} (A.6)

As it follows from its definition, V'(r) is the set of all the pairs of particles with relative
distance smaller than r, while in 7, there are no pairs with particles in two adjoining

rt
Let € be a real positive number such that:

e > V3amr, (A.7)

then for each z and y in I}, we have:

fly=pl,R) < 1+ f(lz — ul, R). (A-8)

Since the potential can be decomposed into ¢ = ¢ + ¢ (see (2.17)), the mollified
energy becomes

W (X; p, R) = W (X; 4, R) + W (X; 1, R), (A.9)
where
WO (X5, R) = 3 o8 ( 53 o +0) (A.10)
€N ] HES)
1
WOXuR) =Y 75 6. (A.11)
€N YR E:D

Let us estimate now the second term W®). For r large enough we have:

W <Dy (1+v30)" S f(|i — ul, R)na,
i€Z3

x(|i —j| >r—2)
X nAa. - -
D i L
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<D2Z Z f(li M|RnAnA| 1-|7

1€Z3  jezs:
li—jl>r—2

_ . 1
<Ds> > flli—plR) (nii'*‘”ij)m
ieZ3|'jﬁzi ) J
i—j|>r—

1
<D4{Z > f(i—plR)n W

I€EZ3  jez3:

li—j|>r—2
1
+ > fi—ul Ry, = (L i - )Y
s i =)
i,jEL
li—j|>r—2
< D5 3 flli— pl, R)nd,
i€Z3
1+k4+1)>
X ZZ (k<15 <( k+1))(k—7)
k=r jeZ3
<DGZf|z—,u| R) nZ, Zm Y
1€Z3
< D7 r Zf |7‘_M|7R) nAi: (A12)
1€Z3

with D;(r) such that:

rli)gloo Do(r) =0, (A.13)
as
Y>3+ A (A.14)

Therefore 371 > 0: Vr > r; = Dy(r) < 1A, hence

) > ——AZf — ul, R)n,, (A.15)

YA
for any r > ry.
Now it remains to examine the first term WO,
If we define the quantity:

E(X Iy = 3 fRel), (A.16)

(4,5)EP,
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by the superstability of ¢ we have:

B(X;pm )= > (7= el + Fif S ol

(i,4)€P, (i ,J)EP’

M+ =1) 0 Pt BRI na, + ] 24P 7Y ma,

(i,5)EPL kEZ3 kEZ3
and from the following definition
73 =7°NT},

we get:

E(X;p,TL) > =B > na, + Awa«: ul, R) n,

kEZ3 ) kEZ3

(1+e)*—1) Z (f15 ).

(4,9)€P]

| S

(A.17)

(A.18)

Choosing z = u, where z € T NrZ3, we have U Fi = R®, and to each z it is associated

lez3
a partition P, of the space.

For a fixed partition, considering the definition (2.23), summing (A.16) over the sets
I'Y € P, and taking into account all the contributions of the pairs not belonging to a
set of the partition, we finally obtain a lower bound for the mollified energy. Indeed

choosing b > B, we have:

WO (X5, R) > Y B(X; T 45> fiifna,

YA leZ3

M
-5 2 P

(Z,])¢Tz
> (|k— p|,R)nk — M R R
_4(1+ )Akng\ pl, R)yni, — MY (fF + f1oF)
EZ (7])¢Tz

M

- 3((1+6)A—1) Z (f1F + fiofy
(4,4)€ET
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3A

> FUlk = pl, Rynk, — MY (fF + o8
4(1 + 6)/\ /;ZS s (i%ﬂ !
— S 1) DT e, (4.19)
(3,§)€V

If we sum over z, the term in the left hand side is clearly independent of z. On the
contrary, given a pair of particles (i, j), the number of z such that (i,j) € T, is larger
than (m —2)3, thus the number of pairs of particles with a relative distance smaller than
7, but such that they do not belong to T}, is less than m? — (m — 2)° < 14m?.

In this way we obtain

WO B) > A Skl Ry,
4(1 + 6) kez3
— 14M m? Z (2" + ny,R)
(5,5)eV
Mm3
— (M=) DT (A20)

(4,4)EV
Let us estimate now the last two terms of the sum:
SO <Y S+ (g - gl <)
(3,5)eV 1<j

<D > > > flli—pLR)

i€z3 LEN:  jezd: gENgg€A;
QEA; |i—jl<r42

:582 Z f(|i_lu|’R)nAinAj'

I€EZ3  jez:
li—jl<r42

Obviously for a fixed j
Card{i € Z* : |i — j| < r +2} < Dyr?,

then, for r large enough:

Z (fF 4 f];_;,R) < Dygri+ Zfﬂl — ul,R)nk.. (A.21)

(1,4)€V VA
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In conclusion the term W is bounded by

WO (X; 1, R) > D(e,m,r) Y f(|li — pl, R) A, (A.22)
iEZ3

where

3A 14ﬁ10M 347 M ~ 3+ A
— r°T — — Dyor 1+e¢)”—=1)]. A.23
i s Dot N+ -1 (a2

D(e,m,r) = (

Let 7 be such that r > max{7,r;}, and m such that:

112D, Mr3+
m>m= —1?4 r , (A.24)
and let e satisfy the following bound:
1 A >
e<min<¢ (3/2)* - 1,(————+1) —1,, (A.25)
4MD107’3+)‘
so that we have
1
D(e,m,r) > ZA. (A.26)

Finally we fix o in such a way that amrv/3 < ¢, so the thesis immediately follows with
C3 = 1/4A.

Summing up, first we choose r so large that the tail term W is small enough. Then,
for a fixed r, m can be chosen in such a way that (A.24) holds, and € small enough to
satisfy (A.25). Finally, as we have fixed r, m, ¢, from (A.7) the bound on « follows. H
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Appendix B

Proof of Corollary 2.1

The only part which remains to prove is:

Let us define

where

SRS b D) < €0 Y F(k =l R)n,

1€EN JEN: keZ3
J#i

1
SSEGY b0 =W WO,

i€EN JEN:
J#i

WO = 36 ),

1€EN JEN:
J#i
1 R 2
w® = 5} RS e,
ieN jle#&
JF

(B.1)

Using the third property of Proposition 2.2, the first term can be easily bounded by

WO < (1+av3) B Y f(l— pl, R) na,

€72

4 19700 A x(lg — gl < 7).
2 1’#‘7 2 Jl =
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Thus
W < By Y f(l—pl, Rynk, + Es > [ x(lg; — 5l < 7). (B-6)
lez3 1#]

Let us give an upper bound for the second term that we denote with W

W= (g — gl < 7)

i#]
<3 Y (A0 (An) (L + avB) F(IE - ul, R) x(|l — m| < +V3)
1,meZ3 i#j
<ED DS (= pl, Ry nana, x(l —m| < v +V3)
lEZ3 meZ3
E
<52 > Fl= pl R) (n}, + i, )x(l = m| <7+ V3)
lEZ3 meZ3
B
< S 2 fE=pl, Rynd, Y x(l=m| <1 +v3)
lez3 mezZ3
ELL 2 A
+55 D0 Flm=pl, Ryn, D (L+alr+v3) x(ll—m| < v+ V3)
meZ3 lez3
< E; ot Zf(“ — pf, R) nZA, < Eg Zf(” — ul, R) nQAla

lez3 lez3

where we denote with x;(4,;) the characteristic function of the set {i € N : ¢; € A;}
and with n,, the number of particles in the unit cube A; with its center in . Moreover
we have used the fact that, for a fixed I, >, s x(|l —m| < r +1/3) is bounded by the
cardinality of the set Z* N B(0,r + v/3).

Thus for W@ we have:

) < By > (= ul, Ry}, (B.7)

lezZ3

Let us give a similar estimate for W®).
From the forth property of (2.17) we have:
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thus

we) <E82f“’ ZX|QJ—%|_ )W
J

€N JEN

_ESZZf“’ (kr <lg —gj| < (k+1)r)

|7
k=1 4, q|

|(Jz' -

| /\

DIPIpECY

I,me 1]6

B
1+ av3) f(l = pl, R) x(kr — V3 < [l—m| < (k+ 1)r +V3)
1
— (kr)”
FUE=pl, R) nana, x(kr — V3 < |l —m| < (k+1)r +V3)

X

—~~

l,me
73

w‘gjk

<

> o o (=l o,

k=1 l,me
73

+ f(im = pl, R)(1 + ot — m|)*n, )
x x(kr — V3 < [l—m| < (k+1)r++/3)

> k23
< EIOZWZ](.(” — pl, R) A,

s By S ROl D e VB 5~ e

k=1 (kT) mEeZ3
< Fio Zf(‘l — pl, R) ”QA,
leZ3

(B.8)

where in the last inequality the convergence of the series follows from the bound on 7.

Thus we have:

SRS G D) <Y Al R,

1N JEN: lez3
J#i
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and then the proof easily follows. B
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Appendix C

Proof of Corollary 2.2

For the first inequality we prove a stronger bound: there exists a positive constant L

such that:
Q(X;u, R) < LW(X; i, R).

From definition (2.6) we can write:

2
QX;mR) =D x(lgi — pul < R);’
€N
1
+ Y x(la — pl < R) ( 5
1eN
qJGB(u R)
1
+ 52 x(g—n < R) Z 6%
€N
EB(# R)
=T7+U00 4+U®,
where
V2
T => x(lgi—pl < R)~
€N
1 1
vO=3 x(la—u < R)(b+5 D &)
€N VESH
q; €B(u,R)
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= %ZXH%‘—M <R) Z 6

€N
qJEB(M R)

Because of the boundness of the weight-function fi“’R and from the positivity of the
interaction energy (2.29), we have

_ 2 _
T <Ly f < LW (X, R), (C.3)
i€EN

The second term can be easily bounded by

_ 1
UW < LY e+ 5 > x(ai — ul < R)x(lg; — u| < R) |61)]

€N 1#£]
AN
< (U +av3) L) f(ll—pl, R) na,
lezs
16| oo . s
+ 5D Xla = pl < R)x(lai — gl <), (C.4)
1#£]

where for the first addendum we have used the third property of Proposition 2.2.
Thus

U <Ly Y f(ll—pl, R)nA, +Ls Y f"x(lg; — il < 7). (C.5)

leZ3 1£j

Let us give an upper bound for the second term that we denote with U:

=) (g — gl <)

i
<Z ZXZ (1+oz\/_) (|l_ﬂ|aR)X(\l—m\§r+\/§)
I,mEZ3 i#£j
S Z4Z Z f(|l —,U|,R) nAlnAmx(” _ m| S r 4 \/g)
1€Z3 meZ3

<SS FU = B) (R, + (= m] < 7+ V)

1€EZ3 meZ3
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IN

DS (= Byn, Y x(t—m] < v+ V)

1lez3 meZ3

+ % > f(|m—u|,R)anZ(1+a(r+\/§))*x(u_m| <r+3)

mez3 lez3

§~ 3+)\Zf /'['|Rn2A <L62f|l_,u'| R)”Ala

lez3 lez3

where we denote with x;(4,;) the characteristic function of the set {i € N : ¢; € A}
and with n, the number of particles in the unit cube A; with its center in /. Moreover
we have used the fact that, for a fixed I, >, 75 x(|l — m| < r +1/3) is bounded by the

cardinality of the set Z* N B(0,r + v/3).
Thus for UM we have:

UM <L f(l—pl, R)n,.

lez3
Let us give a similar estimate for U,
From the forth property of (2.17) we have:

P <Gy Y xllag—ul < R)x(la; — a4l > )

iEN jeN

P e Y (T P

€N jEN

1
|Qi — %\7

‘qZ ‘

kma:c 1

<Ly > Sk < la— il < (k+1)r)

k=1 1,5

where k.. = [4/3 7 R3/r] + 1, then:

4 — g

kmaw

LSZ ZZX’ (Ar)x;(A

lme 'L]E

x (1—|—a\/_) f(l—pl, R) x(kr — V3 < |l =m| < (k+1)r +V3)

kmaw

QZ kr
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x > (L= pl,R)nana, x(kr = V3 < |l —m| < (k+1)r +V3)

lyme
73
Z kmaz 1
9
5 D ey (FUl =l Rni +f(Im = ul, R)(1+ all = m))*n}, )
k=1 l,me

x x(kr —V3 < |l—=m| < (k+1)r +3)

Llozkr Zf /,L|RTLAI

lez3
~ o k2 k
k=1 mEZ3
< Lip Y f(ll—pl, R)n, (C.7)
1ez3

where in the last inequality the convergence of the series follows from the bound on 7.
Thus, from Lemma 2.1 we have:

QX;p, R) < T+UW +UD < LisW(X;p, R),

and then the proof of the first inequality of the Corollary follows.
Let us consider the second one.
From the definition of Q(X; 1, R) and from the superstability of the potential we have:

QX;pmR)>A > ni, >Lu Y f(lk—pl,R)n,, (C.8)
kez3: kezZ3:
[k—p|<R |k—p|<R

and from Corollary 2.1:

2
. Ui
W(X;mR) < Co ) flli—pl, R)nk,+ ) 1<

1EZ3: 1EN
<Oy Z f(i = pl, R)n,
k>0

i€ B(u, <k+1)R)\B<u,kR>

+ ZZX(kRS lg; — p| < (k+ 1)R) fiu,R”_z'Z

, 2
k>0 ieN
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<D o >

k>1 icz3:
i€B(u,(k+1)R)

~ 1
Ll X7 ’
+ 6§(1+k))\Q( p; (k+ 1) R)

= i 1 QXp (k+1)R)
SLil ) s (k+1)R)®

Dividing by R3

W(X;u,R) _ ~ 1 Q(X;p (k+1)R
o < L 2 A3 “ ((ku+(1);)13) s

-~ 1 -
sup sup < Lig Q¢ 5 < L9 Qg
poBsu(l) A ;“ ’ ‘

being A>4. N
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Appendix D

Proof of Lemma 2.3

i) Since
1 n*

= v \*
(1+a%)
then, from the first two properties of Proposition 2.2, 3 Lo > 0 such that

R _ 7 R
R < Loy n? f197

lyl \A
(1—}—04%)

By Corollary 2.1 it follows that

2

n Uz'

W(X;punR) <y I+ Co Y f(lk—pl,nR)nd,
2EN kezZ3

< Z?O n* W(X;u, R)
+ CyLoon* Y f(|k — pl, R)nk, < Csn* W (X;p, R).

keZ3

ii) From the definition of the weight-function we have f(z, Ry) < f(z, Rz), if R; < R».
Using again Corollary 2.1 we get

2
Vi
W(X;pu,R) < Cy Z f(k—pl,R) n2Ak + ZfluRE

keZ3 ieN
< C Y f(k—pl,nR)n}, + W (X;u,nR)
keZ3

< CoW(X;p,nR).
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iii) We use the superstability of the interaction and the bound (C.1):

W(X;p, R) > %Q(X;M,R)

1
> =2 X(ai = ul < B)x(lg; — ul < B) i
1,3

1
> ___'PJ2()(alLa}%)'_'lg Ejjjv()(,#w]%)

Since the interaction energy is positive:

N*(X, pt, R) < Lyp R* (N(X, 1, R) + W(X; 1, R) ) < Lys R*W (X; s, R).

iiii) Let us cover the ball B(u, R) by a collection of disjoint cubes {A, },ecz3 of side one.
Therefore

> x(lai — a5l < p)x(lai — ul < R)x(lgj — ul < R) <Y nayna, + Y ni,, (D)
i#] (a,8) a

where (o, 8) means the sum restricted to all pairs of different cubes at distance not
larger than p. Thus we have the bound:

> x(la — ¢ < p)x(lgi — ul < R)x(lg; — 1| < R)
(]

1 ~
<Y ho+y X (ho+d,) <L Y,
o (a,8) o

< Lysp* > f(li— pl, R)n, < Los p* W(X; 1, R). W (D.2)

i€Z3
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Appendix E

Derivation of the viscous friction
force

We give a derivation of the equation of motion (3.6)-(3.7) in the one-dimensional case,
the d-dimensional case following by using theorems on multiple integrals. We will obtain
the equation of motion from the time derivative of the total momentum of the system
gas+disk, which is conserved along the motion:

%/dm/ dvvf(z,v;t)+ V(t) = 0. (E.1)
R JR
Let us denote by
fHX@, o) = lim f050), (E.2)
fAX @, vty = lim  f(e,0;0). (E.3)

Let us calculate the first term in (E.1). Using (3.1) and the fact that

T——00 T

d X(t) +o00
— / da:/dvvf(x,v;t)—i—/ dx/dvvf(x,v;t)
dt | J_o R X(t) R

— /Rduqu(X(t),v;t)V(t)—/dvaR(X(t)aU;t)V(t)

R

3 1/2 _
lim f(:v,v;t)=wgrfoof(x,v;t):p< ) e 7, (E.4)

we have:
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X(t) +00
+ /Rdv/_oo dxv(—vazf(:c,v;t))+/Rdv/x(t) dx v(—v0, f(z,v;t))
= /RdvUV(t)fL(X(t),v;t)—/Rdva(t)fR(X(t),v;t)
_ /RdUUQfL(X(t),U;t)+/RdUUQfR(X(t),v;t)
_ /Rdvv(V(t)—v)fL(X(t),v;t)—/dvv(V(t)—v)fR(X(t),v;t).

R
(E.5)
We consider first the integral involving f¥, taking into account the fact that
FEX (@), 03t) = FEX @), v:8) x({v > V(1)})
HFE(X (@), v58) x({v < V(O))), (E.6)

with the definition of fi given in (3.5), since for v > V/(¢) the velocity v is necessarily
a pre-collisional velocity (we are on the left side of the obstacle), while for v < V'(¢) the
velocity v is a post-collisional velocity.

Hence
/Rdv v(V(t) —v) fE(X(t),v;t)
V(t) +o00
= / dv' ' (V(t) — o) FL(X(8),0';t) + /V(t) dvv(V(t) —v) fE(X(t),v;t). (E.T)

Performing the change of variable v’ = 2V (t) — v in the first integral in the r.h.s. of
(E.7), we have

V(t)
(E.7) = —/ dv 2V (t) — v)(=V (t) +v) (X (t), 2V (t) — v; 1)

—+o0

+ / T do(V(E) — ) FEX(8), 0:8), (E.8)

v(t)
and for the continuity of f* along the collisions, by (3.4) it is

FLX (), 2V(8) = vit) = fE(X (), v3), (E.9)
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therefore

(E.8) = /V:o dv (V(t) —v)(v — 2V (t) +v) fE(X(2), v; 1)
~ 9 / o (V1) — 02 fEX (), 1) (E.10)
V(1)

In the same way it can be handled the integral with f® in (E.5), arriving at:

V()
(B.5) = 2 /_ dv (V (1) — v)2fH(X (1), v; )

oo

9 / o (V) — ) FEX (), 03 1), (B.11)

V(t)

which is the friction term (3.7) in the one-dimensional case.
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