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Introduction

The problem of constructing a compactification for the Picard scheme (or generalized Jacobian) of
a singular algebraic curve has been studied by several authors. More generally, the same problem
can be considered for families of curves.

Several constructions have been carried out since Igusa’s pioneering work [I], which gave a con-
struction for nodal and irreducible curves. Constructions are known for families of geometrically
integral curves, by Altman and Kleiman [AK], and geometrically connected, possibly reducible,
nodal curves, by Oda and Seshadri [OS].

A common approach to the problem is the use of the Geometric Invariant Theory (GIT). We
recall in particular Caporaso’s [C1] and Pandharipande’s [P] modular compactifications of the
universal Picard variety over the moduli space of Deligne-Mumford stable curves.

A different method was employed by Esteves [Es] to produce a compactification (admitting
also a universal object after an étale base change) for a family of geometrically reduced and
connected curves.

On the other hand one may be interested in distinguished subschemes of the Picard scheme.

In [Co] Cornalba constructed a geometrically meaningful compactification S, of the moduli
space of theta characteristics of smooth curves of genus g. S_g is well-known as moduli space of
stable spin curves and is endowed with a natural finite morphism ¢ : 57g — E onto the moduli
space of Deligne-Mumford stable curves.

As one can expect, the degree of ¢ is 229 and S_g is a disjoint union of two irreducible com-
ponents, § and § whose restrictions over M, parametrize respectively even and odd theta
characteristics on smooth curves. In particular the degree of the restriction of ¢ to § is
Ny :=2971(29 —1).

The fibers of ¢ over singular curves parameterize “generalized theta-characteristics” or stable
spin curves. [CC] provides an explicit combinatorial description of the boundary, parametrizing
certain line bundles on quasistable curves having degree 1 on exceptional components (that is
rational components intersecting the rest of the curve in exactly 2 points).

More recently, in [CCC] the authors generalize the construction compactifying in the same
spirit the moduli space of pairs (C, L), C' a smooth curve and L a r-th root of a fixed line bundle
N € PicC.

In this thesis we deal with families of line bundles, sometimes under the following set of assumptions

(1) we consider one-parameter projective families of local complete intersection (l.c.i.) canon-
ical curves which are connected, Gorenstein and reduced

(2) we require that a singular curve is irreducible with at most nodal, cuspidal and tacnodal
singularities

(3) we consider compactifications of families of odd theta characteristics on the smooth fibers
of a family as in (1).
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The above assumptions allow us to find rather explicit results. In particular we are able to give a
geometric description of degenerations of odd theta characteristics.
Our method is very close in spirit to the well-known Stable Reduction Theorem for curves
and gives the possibility to reduce ourselves to results on Deligne-Mumford stable curves.
Loosely speaking this approach can be viewed as a “Stable Reduction for polarized curves”.

Let us give more details.

We say that a one-parameter family f : W — B with B a smooth curve is a smoothing of a
curve W if its general fiber is smooth and the fiber over a special point 0 € B is W.

Let f : W — B be a smoothing of a singular curve W. Assume that f satisfies (1). Set
B* := B — 0 and consider the restricted family W* — B*. It is well-known that there exists a
curve S;; finite over B* whose points parametrize odd theta characteristics of the smooth fibers
of W— B.

Some natural questions arise

(i) how can one get a compactification of S;; (over B) reflecting the geometry of W?
(ii) are the corresponding boundary points independent of the chosen family f: W — B?
(iii) if the answers to (i) and (i¢) is positive, can we give a geometric description of the
boundary points?

It is well-known that a smooth curve C of genus ¢ has exactly N, odd theta characteristics (see the
above definition of Ny). If C' is general, any such line bundle L satisfies h°(C, L) = 1 and hence
the canonical model of C' admits exactly one hyperplane Hj, cutting the double of the effective
divisor associated to the non-zero section of L. In this case we say that C is theta generic and
that Hy, is a theta hyperplane of C. Therefore if we collect the theta hyperplanes of a theta generic
curve C, we get a configuration §(C) which is a point of Sym™s(P9=1)V.

Let H, be the irreducible component of the Hilbert scheme Hilb?® [P9=1] of curves in P9~
having Hilbert polynomial p(z) = (29 — 2)z — g + 1 and containing smooth canonical curves. In
this way we get a rational map

0:Hy,— — > Sym™s(PI~1)V

defined at least over the set of smooth theta generic canonical curves. If the smooth fibers of
f W — B are theta generic, the family of theta hyperplanes associated to W* — B* is isomorphic
to S;; and its projective closure provides a natural compactification, answering (i).

In this way we can also consider “limit theta hyperplanes” on singular canonical curves arising
from smoothings to theta generic curves. We say that a singular curve is theta generic if it admits
a finite number of theta hyperplanes.

Theorem 1 answers question (i) positively for some theta generic canonical curves or l.c.i. curves.
THEOREM 1.

o Let W be a theta generic canonical curve parameterized by a smooth point of Hy. There
exists a unique natural configuration of theta hyperplanes 6(W) such that, when W is
smooth, O(W) is the ordinary configuration of theta hyperplanes.

e Let W be a canonical l.c.i. curve parametrized by h € Hy. Then Hy is smooth at h.

o Fix non negative integers T,7,d. If W is a general irreducible canonical l.c.i. curve with
T tacnodes, vy cusps and § nodes, then it is theta generic.

See Lemma 3.2, Proposition 3.3 and Theorem 3.9.
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We are able to give an explicit description of (W) as follows.

If W is an irreducible canonical l.c.i. curve with tacnodes, cusps and nodes, we denote by tfk h
for j < ¢, the number (when it is finite) of theta hyperplanes of W containing ¢ tacnodes and j
tacnodal tangents of these ¢ tacnodes, k cusps and h nodes. We call such a hyperplane a theta
hyperplane of type (i,7,k, h).

We get the following Theorem, extending known results from [C2].

THEOREM 2. Let g be a positive integer with g > 3. Let W be an irreducible theta generic
canonical l.c.i. curve with T tacnodes, vy cusps and § nodes. Let g be the genus of W and g be the
genus of its normalization.

Ifj<iorh#4
4 , N /5
tgkh — 9T—j+d—h-1 (:) (;) (h) (Z) (]\75r + Ng).

27—1'(2) (Z)N; if T—ity—k=1(2)

()@ vrsereseom

Ifi=jandh=5§

i _
tiks =

See Theorem 3.9.

Notice that if W is singular, then 8(W) contains multiple hyperplanes. We are able to find the
multiplicity of a limit theta hyperplane as a multiplicative function of the singularities of W as
stated in the following

THEOREM 3. Let W be an irreducible theta generic canonical l.c.i. curve of genus g > 3 with
tacnodes and cusps. The multiplicity of a theta hyperplane of type (i,7,k) is 47 67 3k,

See Theorem 3.15, Theorem 3.16 and Theorem 3.17.

The techniques used to prove Theorem 3 also lead to answer question (iii) above.

We explain the main idea, starting with an example.

Consider a projective irreducible canonical curve W having exactly one cusp. Consider a
general projective smoothing W — B of W. Modulo a base change we can assume that it admits
a stable reduction over B which we denote by f : C — B. The central fiber C of C is reducible.
There exists a morphism from C to W given by N' = wy(D), a twist of the relative dualizing
sheaf wy by a non-trivial Cartier divisor D of C supported on irreducible components of C. This
morphism encodes the stable reduction of the polarized curve (W, Ow (1)).

This suggests a geometrically meaningful connection between limit theta characteristics on W
and square roots of the restriction of A to the central fiber.

A natural setup is provided by Caporaso’s modular compactification P,_1 , of

P,_1,4={(X,L): X smooth genus g curve, L line bundle on X of degree g — 1}/iso.

Recall that P,_; 4 was constructed via GIT as a quotient of a suitable Hilbert scheme H,_;.
In [F], Fontanari showed that there exists a natural morphism

X : S_g — Pg—l,g~
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The Hilbert points of H,_; parametrizing stable spin curves have a closed orbit (in the set of
GIT-semistable points) and this yields the set-theoretic description of .

Call S, the image of x. In [CCC] the authors show that S, parametrizes not only stable
spin curves (i.e. limit square roots of the dualizing sheaf of a stable curve) but also “extra line
bundles,” which we shall call twisted spin curves. The twisted spin curves are square roots of
suitable twists of the dualizing sheaf of quasistable curves (see Definition 2.18).

Recall that P;_; 4 is not a geometric quotient. The Hilbert point of H,_; parametrizing a

twisted spin curves is identified in S'g with some stable spin curve.

Our key technical part is the comparison of curves of stable spin curves within S’_g, curves of
twisted spin curves within 5'9 and curves of theta hyperplanes, allowing us to give the following
geometric interpretation of our compactification.

e Let W be as in Theorem 3 and fix a general projective smoothing of W. Then the
hyperplanes of §(W) correspond to suitable twisted spin curves of the curve which is the
stable reduction of the fixed general smoothing of W.

See Theorem 3.22.
Below we discuss two applications of our techniques.

Consider a family f : C — B, with smooth total space and with B C M,, which is a smoothing of
a stable curve without non-trivial automorphisms. Consider S, := B XES_Q and its restriction
Sw;; over B* = B —0.

PROPOSITION. Sw; admits an étale completion over B if and only if the dual graph of C is
etale (see Definition 4.5). In particular the existence of such completion does not depend on the
chosen family but only on the dual graph of C.

See Proposition 4.6.

The second application involves the Geometric Invariant Theory. We find an approach to the
stable reduction of curves based on the GIT-stability of configurations of theta hyperplanes.

We say that a canonical curve W of P9~! is theta-stable if it has a well-defined configuration
(W) of theta hyperplanes which does not depend on smoothings to theta generic curves and
6(W) is GIT-stable (with respect to the natural action of SL(g)). Nevertheless if f : W — Bis a
smoothing of W to theta generic curves, we can always consider the configuration 6 (W) obtained
by taking the projective closure.

An easy argument of Geometric Invariant Theory gives the following Lemma.

LEMMA. Let W be a theta-stable canonical curve and W — B be a projective smoothing of W
to theta generic curves. Let C be a stable curve and f : C — B be a smoothing of C' to theta generic
curves. If 6;(C) is GIT-stable and not conjugate to O(W), then C is not the stable reduction of
W.

See Lemma 4.14.

In order to apply this criterion we study configurations of theta hyperplanes of canonical stable
curves. This is rather explicit for curves with at most two irreducible components (see Theorem
4.3). In Theorem 4.16 we give examples of theta-stable curves, as the well-known “split curves”
and in Corollary 4.18 we show the typical result one can get from the above Lemma.
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The thesis is organized as follows.

In Chapter 1 we shall recall some results about the theory of algebraic curves.

In Chapter 2 we shall recall basic facts from [CCC] and the construction of Caporaso’s
compactification Py, of the universal Picard variety. Moreover we shall prove Theorem 2.24,
which will be an important tool in the proof of the above Theorem 3.

In Chapter 3 we shall describe our compactification, proving the above Theorem 1, Theorem 2
and Theorem 3 and giving the geometric interpretation of theta hyperplanes on non-stable curves.

In Chapter 4 we shall give two applications of our techniques, proving the above Proposition
and Lemma.

Let us conclude pointing out an interesting open problem.
It is well-known that the above morphism

X:Sg—>,§g.

is a bijection. Then S, and Sg are the same topological space. A natural question arises: is x an
isomorphism?

There exists a more general setup dealing with r-spin curves and generalizing the above
construction (which is the case r = 2). For r > 2 the corresponding spaces are not isomorphic,
because they are not even the same topological space (see [CCC]).

There is evidence that x itself is not an isomorphism because, as stressed also in this thesis,
S'g parameterizes line bundles (twisted spin curves) which does not appear in 579. In the future we
hope to use our techniques to prove the following

CONJECTURE. X is not an isomorphism.
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CHAPTER 1

Preliminary tools and basic results

Notation and Terminology 1.

(1) We work over the field of complex numbers. By a curve we will always mean a connected
projective curve which is Gorenstein and reduced. If W is a curve, we shall denote by
ww its dualizing sheaf. The (arithmetic) genus of a curve is gy = h%(W, wy).

(2) Let W be a curve. We shall denote by W*™ the set of smooth points of W and by
W*9 the set of its singular points. If Z C W is a subcurve, we shall denote by Z¢ the
complementary curve Z¢:=W — Z.

(3) A family of curves is a proper and flat morphism f : W — B whose fibers are curves.
By a projective family of curves we will mean a family B x P" D W EN B, where f is the
first projection. The fiber of a family f : W — B over the point b € B will be denoted by
Wy. A smoothing of a curve W is a family f : W — B where B is a smooth, connected,
affine curve of finite type with a distinguished point 0 € B such that the fiber over 0
is isomorphic to W and smooth general fiber over b € B — 0. A general smoothing is a
smoothing with smooth total space.

(4) The dual graph T'x of a nodal curve X is the graph having the irreducible components
of X as vertices and where an edge connects two vertices if and only if the corresponding
components meet in a node.

(5) A stable curve C is a nodal curve such that every smooth rational component of C' meets
the rest of the curve in at least three points. A semistable curve is a nodal curve such
that every smooth rational component meets the rest of the curve in at least two points.
Every smooth rational component of a semistable curve meeting its complementary curve
in exactly two points is called destabilizing.

(6) Let CN have coordinates z1,...,7x and let f be a polynomial in the ;. We shall denote
by v(f) C CV the set of the zeroes of f.

1.1. Background in the theory of algebraic curves

We shall recall some basic facts about the theory of algebraic curves.
Throughout the other chapters we shall widely use both the language and the results of this
section, in particular a smoothness criterion for the Hilbert scheme.

1.1.1. Geometric Invariant Theory (GIT).
The Geometric Invariant Theory gives an answer to the problem of constructing quotients in
algebraic-geometry and provides the cornerstone of the construction of the moduli space of stable
curves. The main properties are included in the so-called Fundamental Theorem of the Geometric
Invariant Theory (see below). References for what follows will be [MFK] and [N].
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Let P be a projective scheme over C embedded in a projective space P(V'). Assume that P = ProjR,
where R is a graded ring finitely generated over C. Consider a reductive algebraic group G acting
on P. A prototype of such a group is SL(NV + 1).

An interesting case is when the action of G lifts to a linear action on V. In this case one says
that G acts linearly on P embedded in P(V). It follows that G acts also on R and hence one can
consider the subring R“ of R of the elements which are invariant under the action of G.

For every point p € P, one denotes by Og(p) C P the orbit of p under the action of G.

e A point p € P is said to be GIT-semistable if there exists a homogeneous non constant
f € RY such that f(p) # 0.

e A GIT-semistable point p € P is said to be GIT-stable if Og(p) is closed in the set of
the GIT-semistable points and has maximal dimension among the dimensions of all the
orbits in the set of GIT-semistable points

e A point of P which is not GIT-semistable is called unstable.

One sets
P* :={p € P: pis GIT-semistable}

P :={pe P: pis GIT-stable}.

It is well-known that if G is reductive, then R® is a graded algebra, finitely generated over C. It
follows that the natural rational map

7 : P =ProjR --» Q := ProjR®

induced by the inclusion RY C R is regular on P**. In general the fibers of 7 are not equal to the
orbits of G, and this happens whenever there are non-closed orbits.

One can view @ as an algebraic-geometric quotient of P*®. It is called the GIT-quotient of P
under the action of G and is usually denoted by by @Q = P/G.

The most important properties of the quotient () are contained in the following Theorem, well-
known as Fundamental Theorem of GIT.

THEOREM 1.1. Let P be a projective scheme endowed with a linear action of a reductive group
G. The scheme Q = ProjRC is a projective scheme such that the natural morphism
w:P%% —Q
satisfies

(i) for every p,q € P** we have

m(p) = 7(q) & Oc(p) N Oc(q) N P* # 10

(ii) For every pair (Q',7'), where Q' is a scheme and ' : P** — Q' is a G—invariant
morphism, there exists a unique morphism o : Q — Q' such that 7’ = aomw
(iii) for every p,q € P*® we have

m(p) = 7(q) © Oc(p) = Oc(q).

When all the GIT-semistable points are GIT-stable, one says that the GIT-quotient is a geometric
quotient.
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1.1.2. The Hilbert scheme.
We recall a smoothness criterion for the Hilbert scheme of curves at a point parametrizing a local
complete intersection.

A detailed construction of the Hilbert scheme can be found in [ACGHZ2] and [S].

We shall restrict to the case of the Hilbert scheme of projective curves.
Consider the projective space PV and the polynomial p(z) = dz—g+1, where d > 0 and g > 3.
The Hilbert scheme Hilb%m) parametrizes closed one-dimensional subschemes of PV having p(x)

as Hilbert polynomial. For a given point h € Hilbi;x), one denotes by X}, the curves parametrized
by h.

A set-theoretic description of Hilb’;v(z) is as follows. Let X C PN be a projective curve hav-

ing p(z) as Hilbert polynomial. Set Ox (1) := Opn(1) ® Ox and denote by Zx the ideal sheaf
of X. It is well-known that by a theorem of Serre there exists an integer n >> 0 and an exact
sequence

0 — HY(PN Zx(n)) — H°(PY,O0pn(n)) — H(X,0x(n)) — 0.

One can choose an integer ng such that for every n > ng and for all the curves X of PV having p(z)
as Hilbert polynomial, the sequence is exact. Moreover the space H°(P", Zx(n)) characterizes X.

One associates to X the corresponding point in the Grassmannian of p(n)—dimensional quo-
tients of HO(PN, Opn (n)). Hilb%z) is a closed subset of this Grassmannian.

The Hilbert scheme Hilb’;\;w) finely represents the contravariant functor
Hilb}"™) : SCH — SETS

associating to a scheme B the set ’Hilbf\;gc) (B) of the projective families over B of curves of PV
having p(x) as Hilbert polynomial.

Recall that a scheme H finely represents a functor H if

o H coarsely represents H, that is there exists a transformation of functors

®:H — Hom(—, H)
such that
(1) for every field k such that k = k, then

®(Speck) : H(Speck) — Hom(Speck, H)

is an isomorphism;
(2) for every scheme H' and transformation of functors

@ :H — Hom(—,H')
there is a unique morphism x : H — H' such that ®' = y - ®.

e The transformation of functors ® is an isomorphism.

Consider the case of the Hilbert scheme of curves. It is easy to see that these conditions imply
the existence of a universal family 2 — Hilb%™.
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Now we shall recall a smoothness criterion for the Hilbert scheme at a point parametrizing a
local complete intersection.
For every point h € Hilbﬁ;x), the tangent space to Hilb%gp) at h is given by

T, (HIbA™) = HO (X, N, ex)

where N, pv := Hom(ZIx, /1%, , Ox,).
Moreover it is well-known (see [ACGHZ2, pag. 28]) that a lower bound for the dimension of
Hilbf\;g’) at a point h parametrizing a local complete intersection is

b (X, Nx, jpn) — h'(Xn, Nx, e ).
Thus we get the following

Smoothness criterion for the Hilbert scheme: if h € Hilb%x) parametrizes a local complete in-
tersection and

A (Xn, Nx, pnv) =0
then Hilb};\;z) is smooth at h.

1.1.3. The moduli space of the stable curves.
A classical application of the Geometric Invariant Theory and of the Hilbert scheme is the con-

struction of the moduli space of the stable curves.
References for what follows will be [G1], [G2] and [Mu].

Let ¢ > 3 and d = m(2g — 2) for m >> 0. Consider the Hilbert scheme Hilb%z)7 where
p(z) = dez—g+1 and N = d—g. Consider the reductive algebraic group G = SL(N+1). Forn >> 0

we have an embedding (depending on n) of Hilb%m) in the Grassmannian of p(n)—quotients of
HO(PY, Opn(n)) and hence also in

P(APT HO (BN, Opx (n)))

on which G acts. This induces a linearization of the action of G on Hilb%m).

Now consider the following subset of <Hilb€’\§£)>
K={he Hilb%w) : h is GIT-semistable and X}, is connected with Ox, (1) = w?;;” }.

One can show that K is a G—invariant closed subscheme of (Hilb%z)) such that K° = K*%.

Moreover K is not empty, because if X;, C PV is a smooth, connected, nondegenerate curve
of genus g and degree d, then h is GIT-stable (this is the so-called Mumford-Gieseker Theorem,
see [G2] and [Mu]).

The points of K parametrize stable curve. In fact if A € Hilblj\;x) is GIT-stable, then the
connected components of X, are semistable curves (this is so-called Gieseker Theorem, see [G2])
and if X} is semistable, then |w§3}:”\ is base point free and contracts exactly the destabilizing
components of Xj,.

Conversely one can show that for any stable curve X; C PV such that Ox, (1) = w?};”, then
h is GIT-semistable.
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The moduli space of the stable curve is given by taking the GIT-quotient

M, := K/G.

1.1.4. The stable reduction of algebraic curves.

As a consequence of the existence of the moduli space of stable curves as a projective space we
find that limits of one-parameter families of stable curves are again stable curves (up to birational
transformations of the total space of the family).

This result is well-known as Theorem of stable reduction of algebraic curves. Its first proof
was given in [DM], before the Gieseker construction of M, via GIT and in this way the authors
showed the properness of the moduli space of stable curves a-priori. Other good references are [B]
and [HM].

THEOREM 1.2. Let B be a smooth curve, 0 a point of B and set B* := B — 0. Let X — B~
be a family of stable curves of genus g > 2. Then there exists a branched cover B’ — B totally
ramified over 0 € B and a family X' — B’ of stable curves extending the fiber product X x g« B’.
Moreover the central fiber of X' is uniquely determined in the sense that any two such extensions
are dominated by a third and in particular their special fibers are isomorphic.

1.2. Canonical desingularization of double covers
In this section we will follows [BPV]. All the complex surfaces will be reduced and connected.

Let W and Z be complex surfaces with W normal and Z smooth. Assume that W — Z is a
double cover ramified along a curve B C Z. If b is a singular point in B®*9, then p, will be its
multiplicity.

The following procedure of canonical desingularization produces a desingularization of W
which is minimal if the singularities of W are A-D-E.

Consider the blow-up of 7 : Z; — Z over the points b € B*9. Let B; be the strict transform
of B and E}, be the exceptional component corresponding to b € B*Y. Consider the curve

B,:= U E,UB,.
py odd

Define inductively Zj1 and Byy1 for k > 1 respectively as the blow-up mp41 : Zxy1 — 2 over
the singular points of By, and, if By is the strict transform of By, 1, the multiplicity of b € B;?
and FEj the corresponding exceptional component,

Bii1:= U EyUBgy.
k+1 benze b k+1
b odd
It is well-known that there exists ko such that Bjy,—; has only nodal singularities and since its

singular points have even multiplicities. Then By, is smooth.
The fiber product

Wcan =W Xz Zko

is the double cover of W, ramified along the smooth curve By and hence it is smooth. We call
Wee the canonical desingularization of W.
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1.2.1. Elliptic normal singularities.
Let v be an isolated normal singularity of a complex surface W. If 7 : W — W is a desingular-
ization of (W), v) one defines the arithmetic genus p,(v) as

Pa(v) :=sup gz

where Z runs over the set of the subcurves Z in 7=!(v). One can show that p,(v) does not depend
on the chosen desingularization (see [W, Proposition 1.9]).

DEFINITION 1.3. The singularity is said to be elliptic if p,(v) = 1.

The classification of the elliptic normal singularities is contained in [L] and [W]. We recall the
following result.

LEMMA 1.4. Let v be an isolated normal elliptic singularity of a complex surface W and let
7 W' = W be the minimal desingularization of (W,v).

(1) The curve =1 (v) is a reduced elliptic curve F with F? = —1 if and only if W locally is
given by v(y* — g(x,t)) C C3 , where g = 2® + cat" + 1% for ¢,d € C.

(2) The curve 7= 1(v) is a reduced elliptic curve F with F? = —2 if and only if W locally
is given by v(y? — g(z,t))) C Ci%“ where g is a homogeneous polynomial in x and t of
degree 4 with 4 distinct roots.

PROOF. See [W, 6.2 and Corollary pag. 449]. O

Below we shall consider two special cases of elliptic singularities..

EXAMPLE 1.5. y2 — 2% +15 =0
Let W be the complex surface given by v(y? — 23 + t%) C Ai,y,t which has a normal elliptic
singularity in the origin. Notice that W is the double cover of Z := Ai’t ramified along the plane
curve B = v(a® — %) C Ai’t which has a singular point of multiplicity 3. We can apply the
canonical desingularization. We have to blow-up twice as said before and as shown below.

B N pEz
B B B_—1 —
- B T b=
Eq
Z Z Zy

We have By = BUFE; C Z1 and Bo = BU F; C 25 and By is smooth. The canonical desingular-
ization W™ is the double cover of Z5 ramified along Bs. There are two curves over the elliptic
singularity of W : an elliptic curve F' which is the double cover of E5 ramified over the 4 points
E;N(BUE,) and a (—1)—curve E] over Ej.

Notice that in this case the canonical desingularization is not minimal.

EXAMPLE 1.6. y? —a2* +t1 =0

Let W be the complex surface given by v(y*? — z* +t*) € A3, which has a normal elliptic
singularity in the origin. It is the double cover of Z := A%t ramified along the plane curve

B :=v(z* —t*) C Ait which has a singular point of multiplicity 4. We can apply the canonical
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desingularization. We have to blow-up once as said before and as shown below.

We have By = B C Z; which is smooth. The canonical desingularization W™ is the double cover
of Z; ramified along B;. Over the elliptic singularity of W there is an elliptic curve F' which is
the double cover of E ramified over the 4 points £ N By. F' is an elliptic curve as in Lemma 1.4.






CHAPTER 2

Square roots of line bundles on curves

In this chapter we shall recall known fact from [Ha2], [Co] and [CCC]. Moreover we shall find
results which will be used in Chapter 3 and Chapter 4.

In Section 2.1 we shall recall how to get semicanonical line bundles on singular curves.

In Section 2.2 we shall recall basic facts of the construction of moduli spaces of square roots of

line bundles on nodal curves and in 2.2.1 we shall prove a property of one-dimensional subvarieties

of Cornalba’s moduli space of stable spin curves.

In Section 2.3 we shall recall Caporaso’s compactification of the universal Picard variety and
we will introduce the notion of twisted spin curve of a quasistable curve.

In Section 2.4 we shall prove an interesting property of equivalence classes of line bundle,
which will be used in Chapter 3.

Notation and Terminology 2.

(1)

By a l.c.i. curve we will mean a curve which is a local complete intersection. By a curve
with cusps or tacnodes we will always mean a curve on a smooth surface and whose
singularities are double singularities of curves of type Ay or As.

Notice that a curve with cusps and tacnodes is l.c.i..

We say that a nodal curve X is obtained from C by blowing-up a subset A of the set
of the nodes of C' if there exists a morphism 7 : X — C such that for every n; € A,
77 (n;) = E; ~P' and 7 : X — U;E; — C — A is an isomorphism. For every n; € A we
call E; an exceptional component and E; N X — E; exceptional nodes of X. A quasistable
curve is a semistable curve obtained by blowing-up a stable curve. A family of nodal
curves X — B is said to be a blow-up of a family C — B if there exists a B—morphism
m: X — C such that for every b € B the restriction 7|x, : X — C} is a blow-up of C}.

If 0 is a distinguished point of a 1—dimensional scheme B, we shall denote by B* := B—0.
In this case if f : C — B is a family of stable curves over B, we shall denote by C* the
restriction of C over B*. Similarly if N' € PicC we denote by N* := N

C*-

If X is a quasistable curve, we set X := X — UE where E runs over the set of the excep-
tional components of X. We denote by ¥ x the graph having the connected components
of X as vertices and the exceptional components of X as edges.

Let X = Uj<i<yX; be the decomposition of a semistable curve into its irreducible com-
ponents. If Z is any subcurve of X, we denote by gz its arithmetic genus and by
kz = |Z N Z°|. Moreover if L € Pic(X) is a line bundle, we denote by deg L the
multidegree of L, which is the string of integers o

deg L = (degx, L,...,degx L).

17



18 2. SQUARE ROOTS OF LINE BUNDLES ON CURVES

(6) For any graph I' and commutative group G, we denote by C°(I',G) and C*(T',G) the
groups of formal linear combinations respectively of vertices and edges of I' with coef-
ficients in G. When we fix an orientation for I', then C°(T',G) — C(I', G) denotes the
usual coboundary operator. We denote by pe = {1,—1} the multiplicative group of
square roots of 1.

2.1. The spin gluing data

In [Ha2] one can find a description of line bundles which are square roots of the dualizing sheaf
of a curve, well-known also as semicanonical line bundles (recall that a curve is always Gorenstein
and reduced). At the end of this Section we shall recall some results from [Ha2] for semicanonical
line bundles of a tacnodal and cuspidal curve.

Let W be a curves with double points. Consider its normalization v : W* — W and the standard
exact sequence
0— Oy = Oy = F =0

where F is a torsion sheaf supported on the singularities of W. Passing in cohomology we get for
a suitable positive integer by (W)

0 — HO(F)/Im(H(v, 0}y ) — Pic(W) % Pic(W") — 0.

Let W = Ui<;<yW; be the decomposition of W into irreducible components. We shall denote a
line bundle on W" by a string of  line bundles on the normalizations W} of the W;.

e We say that a line bundle NV € PicW is divisible by 2 or even if the degree of v*N is
even on each connected component of W".

Fix N € Pic W divisible by 2 and set

S(N):={L € PicW : L®?> = N}.
Assume that W has nodal singularities. In this case we have H°(F)/Im(H°(v,O5;,.)) =~ (C*)?+(W)
where b; = by (I'w) and Ty is the dual graph of W. By the hypothesis on the divisibility there
exists L = (L1,...,Ly) € PicWW" such that L®? = v*N. Pick any lifting L of L, that is v*L = L.
Thus there is ¢ = (c1, ..., ¢, (w)) € (C*)2*W) such that

c®L®* =N

and if we set ¢/ 1= (\/c1,...,/C(w)), then ¢ ® L € S(N).
We see that the kernel of S(N) — Pic(W") is the pus—module

D(W) := (ug)"*™) c (C*)"(™)
of the square roots of unity which we shall call the module of the spin gluing data of W.
This subgroup is described in [Ha2]. We shall describe it in a slightly different way.

From now on L will be a fixed line bundle in S(N) (in particular we are fixing its pull-back
v*L. Let s1,...,sy be the singular points of W such that v=1(s;) = {pr,qr}. The given v*L
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yields identifications ¢, : C ~ (v*L),, — (v*L)4, ~ C. All the line bundles in S(N) whose pull-

back is v*L are obtained by choosing for each s; either the identification 1, or the identification

—1)y,. Consider the free jp—module p3! generated by ds, = (1,...,—1,...,1) for k = 1,..., M.
k

We get an exact sequence

(2.1) 0 —s KerB — i 25 D(W) — 0.

where for every d = (ey,...,en) € ud!, B(d) is the gluing datum of D(W) corresponding to the
line bundle L, obtained from v*L using the identification ey at si.

e CLAIM: there exists a geometric description of (2.1) describing Kerf3 ~ (u)Y~*.
Notice that the claim implies the well-know result that by (W) = by (T'w) (W is nodal).

Let us show the claim. First of all observe that d € Kerf if and only if one can construct an
isomorphism L ~ L.

For every subcurve Z C W we shall denote by dz := [ ds.
sezZnze
We can construct an isomorphism

L =5 Ly,

by fiber multiplication in L|z by —1 and hence dz € Kerg for every subcurve Z C W.

Conversely let 7 : L ~ Lg4. Since for every component W; we have 7|w, : Llw, = Lalw,
and L%y, = N|w, = L$?|w,, then T|%Z = id and hence 7|y, is either the identity or the fiber
multiplication by —1. Hence the elements of ker3 are only of type dz for Z running over the
subcurves of W.

We want to show that Kerf is generated by the v elements dy,, 1 < i < « (recall that
Wi, ..., W, are the irreducible components of W). In fact for every subcurve Z C W (obviously
d? =1 for every s € {s1,...,sm})

dz= ]] d5—< 1T ds> IT =11l II 4= I] dw.-

s€ZNZe s€ZnZe SEW,NWECZ i\ sew; W.cZ
sgZnZe w;Cz
We show that a minimal set of generators of kerf3 is given by dw,,...,dw,_,. In fact

dw, = [I d|=| T[ d|=]]dw.-

sEW,NWE SEW,NWE ity
7y
Moreover for every {i1,...,ir} C {1,...,7—1} it is easy to see that if dw, = dw,, ---dw,, then

Wi, U---UW;, is a connected component of W yielding a contradiction.

In the last part of this Section we shall recall some results on S(N), when N = wy. In this
case a natural partition of this set is given by

S™(W)={L € PicW : L®? = wy ; L odd, that is h°(L) = 1 mod (2)}

STW) ={L € PicW : L®? = wy ; L even, that is h°(L) = 0 mod (2)}.
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It is well-known that if W is smooth of genus g, then S=(W) and S*(W) have respectively
cardinality Ny = 297"(29 — 1) and N~ = 297"(29 + 1). In the singular case we have

PROPOSITION 2.1. Let W be an irreducible curve with T tacnodes, v cusps and 6 nodes. Let
g be the genus of its normalization.
o If6#0, then
|S™(W)| =27 P71 (N + Np).

o If§ =0, then
QTN; T+ =1 mod(2)
1S=(W)| =
2"Ny  if T +v=0 mod(2).
PROOF. See [Ha2, Corollary 2.7, Corollary 2.8]. O

Recall that if ¢ is a tacnode (respectively c is a cusp) of a curve W and if W is the normalization
of W at t (respectively at ¢) with v=1(t) = {p,q} (respectively v1(c) = {p}), then v*(wc) =
wwv (2p + 2q) (respectively v* (ww) = wwv(2p)).

PROPOSITION 2.2. Let W be an irreducible curve with tacnodes ti,...,ts (respectively cusps
C1,--.,Cs). Consider the normalization v: WY — W of W at t1,...,ts (respectively at cq,...,cs)
and set v=1(t;) = {pi, q;} (respectively v=(c;) = {pi})).

(i) The map S(W) — S(W") sending L € S(W) to v*L(—3 ;<. (i +a)) (respectively to
V*L(— Y cic.pi)) is a 2°-to one map (respectively one to one).
(i) Let L € S(W) and M := v*L(— Y oi<i<s(Pi +ai)) (respectively M = v*L(—=> ;<. Di))-
Then o o
RO(L) = h°(M) + s mod(2).

PROOF. See the proof of [Ha2, Theorem 2.22]. O

2.2. Moduli of roots of line bundles of curves

In the recent paper [CCC] the authors focused on the compactification of the moduli space of
roots of line bundles on smooth curves. In particular for any fixed family of nodal curves and a
line bundle A/ on the total space of the family, a moduli space compactifying the isomorphism
classes of fiberwise r-th roots of N was constructed in the spirit of the paper [Co], where one can
find a compactification S, of the moduli space of theta characteristics of smooth curves.

We want to recall known facts about this construction in the case of square roots.

Let C be a nodal curve and N € Pic(C) be a line bundle on C divisible by 2.

DEFINITION 2.3. Consider a triple (X, L, «) where 7 : X — C'is a blow-up of the nodal curve
C, L is a line bundle on X and « is a homomorphism « : L®? — 7*(N). The triple is said to be
a limit square root of (C, N) if the following properties are satisfied

e the restriction of L to every exceptional component of X has degree 1;
e the map « is an isomorphism at the points of X not belonging to an exceptional com-
ponent;
e for every exceptional component E; of X such that E; N Ef = {p;, ¢} the orders of
vanishing of « at p; and ¢; add up to 2.
If C is stable and N = w¢, a triple (X, L, &) as above is said to be a stable spin curve.
Notice that a pair (C, L) where C' is a smooth curve and L a theta characteristic of C' is a
stable spin curve.
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A similar definition works for families C — B of nodal curves.

If A € PicC is a line bundle of even relative degree, a limit square root (X,L,a) of (C,N)
is the datum of a blow-up 7 : X — C of C, a line bundle £ € PicX and a homomorphism
a: L8 — 7*(N) such that for every b € B, (X,, Ly, ap) is a limit square root of (Cy, Np).

DEFINITION 2.4. An isomorphism of limit square roots of (C,N') between (X — B, L, «) and
(X' — B,L',d) is the datum of
e an isomorphism o : X — X’ over C
e an isomorphism 7 : 0*£’ — L that makes the following diagram commute

ot (L) T L2

a*(o/)l la

(') (N) —— TN

Given a limit square root (X — B, L, a) of (C,N) we denote by Aut(X — B, L, a) the group of
its automorphisms. Moreover we denote by Aut¢(X) the group of automorphisms of X' over C,
the so-called inessential automorphisms. Notice that Aut(X, £, o) maps to Aute(X).

When no confusion may arise we shall abuse notation denoting by £ = (X, L, a) both a limit
square root and its isomorphism class.

Recall the definition of the graph ¥ x in Not.Ter. 2 (4). The description of the isomorphisms of a
limit square root is given by the following Lemma.

LEMMA 2.5. Let £ = (X, L,a) be a limit square root of (C,N) and fix an orientation of the
graph X x. Then
(i) There are natural identifications Autc(X) ~CH(Sx,C*) and Aut(€) ~ C%(Sx, pa).
(ii) The natural homomorphism Aut(§) — Autc(X) corresponds to the composition of the cobound-
ary map

CO(EXMU'Q) — Cl(EXnU'Q)

with the inclusion C'(Xx, pa) < C1(Sx, C*).

(i) Let & = (X, L,a), & = (X, L', a’) be two limit square roots of (N,C). If the restrictions of L
and L' to X are equal, then & and &' are isomorphic.

The first isomorphism is clear. In fact let F4,..., E,, be the exceptional components of X
and set E; N Ef = {0,00}. Then any inessential automorphism in Autc(X) acts on each E; as
multiplication by a non-zero constant and conversely any m—tuple of non-zero constants yields
an inessential automorphism in Aute(X).

For the other statements see [CCC, Lemma 2.3.2.] and [Co, Lemma 2.1].

There exists a moduli space parametrizing isomorphism classes of limit square roots of a line
bundle on the total space of a given family of nodal curves. Let us recall the related moduli
problem.

In the sequel f : C — B will be a fixed family of nodal curves and N € Pic(C) a line bundle of
even relative degree. For a given B—scheme P consider the fiber product

o —Lspc

Ly

P——2B
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and the contravariant functor

S;(N) : {B-schemes} — {sets}

associating to a B—scheme P the set S¢(N)(P) of all limit square roots of p* A/ modulo isomor-
phisms of limit square roots.

THEOREM 2.6. Let f : C — B be a family of nodal curves over a quasi-projective scheme B.
Let N be a line bundle on C of even relative degree. The functor gf (N) is coarsely represented by
a quasi-projective scheme S¢(N'), finite over B. If B is projective, then S¢(N') is projective.

Below we shall recall the local structure of S #(N), where f is a family of stable curves. We shall
widely use this construction in the sequel. We refer to [CCC, Theorem 2.4.1.] for details and
proofs.

Fix a stable fiber C of f : C — B and a limit square root £ = (X, L, ) of (C,N'|¢). Let E1,..., E,,
be the exceptional components of X and nq,...,n,, the corresponding nodes of C.

First of all the base of the universal deformation U of £ is obtained as follows. Let D¢ be
the base of the universal deformation of C, where D¢ is the unit polydisc in C3973. We can write
D¢ = Dy x Dy, where Dy is the unit polydisc with coordinates ¢1,...,t,, such that {¢t; = 0} is the
locus where the node n; persists and D; corresponds to the remaining coordinates tp,41,. .., t39—3.
Consider a copy D¢ of D¢ and write De = D, x DY, where D, has coordinates s1, ..., Sy, and D,
has coordinates sp,41,...,53g—3.

Consider the morphism
D¢ > D ( ) B (2 o’ )
P ¢ C S1.--SmySm+41,---53g—3 S15+++38mr»Sm+1,---,539-3

sending Ds to D, and (up to restrict B) the modular morphism B — D¢ induced by the family
f. The base Ug of the universal deformation of ¢ is the fiber product

U§—>B

|,

D¢ —"> De

In order to complete the local description of S ;(N') we recall how Aut(€) acts on Ug. This is given
by the following Lemma. If W — Z is a morphism of schemes, then Autz(W) denotes the group
of automorphism of W over Z.

LEMMA 2.7. There is a natural isomorphism Autp,De¢ ~ C'(Xx, p2). Moreover the action of
Autp, D¢ on D¢ lifts to a natural action Autp, D¢ — Autp(Ug).

In fact observe that the automorphisms of D¢ over D¢ are the automorphisms of Dy over
D; and hence they are generated by Bp : (S1,...,8n,.-s8m) = (S1,.-+,—Sh,...,Sm) for every
h =1,...,m. Thus Autp, D¢ ~ p3'. Indeed one can show that there exists a homomorphism
Autp. D¢ — Aute(X) inducing an isomorphism Autp,De ~ C'(Zx,p2) (see [CCC, Lemma
3.3.1.]). The universal property of the fiber product implies the second statement of the Lemma.



2.2. MODULI OF ROOTS OF LINE BUNDLES OF CURVES 23

It follows from Lemma 2.5 and Lemma 2.7 that we can write the coboundary operator as
Aut(§) ~ CO(Sx, p2) — C'(Sx, p2) ~ Autp, Dg

and Aut(§) acts on Ug via this homomorphism. The local picture of S¢(N) at ¢ is given by an
injective map

(2.2) Ug/Aut(f) ‘—>§f(./\/)

Let B’ be any B—scheme. Set f': C’ = C xg B — B’ and consider the pull-back N’ of N to C'.
Then

?f/(./\/,/) = gf(./\/') X B B.

In the sequel we shall denote by Sc (V) the zero dimensional scheme S, (N), where fo : C — {pt}
is the trivial family. Obviously the fiber of S;(N) — B over b € B is given by S¢, (N|c,).

Below we recall the structure of the zero dimensional scheme S¢(N), where C is a stable curve
and N € Pic(C) is a fixed line bundle of even degree.

Let m: X — C be a blow-up of C.

DEFINITION 2.8. The graph Ax associated to X is the subgraph of the dual graph I'c of C
corresponding to the set of nodes of C' which are blown-up by 7.

A necessary and sufficient condition for a subgraph A of I'c to be the graph associated to a
blow-up of C' which is the support of some limit square root of (C, N) is

(A) For every irreducible component C; of C, consider the vertex v; of I'c corresponding to C;.
Then the number of edges of A containing v; is congruent to degc, (V) modulo 2.

We shall call admissible a subgraph of I'c satisfying (A). One can see that there are 201(T'e)
admissible subgraphs of I'c.
For example if N = w¢, then I'¢ is always admissible.

Let Ax be an admissible subgraph of I'c. Denote by E, ..., E,, the exceptional components of X
and by E; N ES = {pi,¢;}. Recall that X := X — Uj<;<,, B;. Consider the restriction 7 : X — C.
The dual graph of XisTo—Ax. If g¥ is the genus of the normalization C” of C, then there are
929" +01(P'c=Ax) Jine bundles L € Pic(X) such that

L2 =7 (N) | = Y (ni+a)

1<i<m

In fact we have 229” choices for the pull-back of L to C¥ and 201('c=4x) oluings at nodes of C.
If we glue L to O, (1) for i =1,...,m (regardless of the gluing data, producing isomorphic limit
square roots as explained in Lemma 2.5), we get a limit square root of (C, N).

e Fact: the geometric multiplicity of the point £ = (X, G, a) of the zero dimensional scheme
Sc(N) is 201(Ex) = 201(To)=bi(Te—=Ax)
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In fact the order of ramification of D¢ /Aut(£) — D¢ over the origin is obtained as follows. If X has
7 connected components and X has m exceptional components, this order is 2™ /2771 = 201(3x)
(notice that the image of the coboundary C°(Xx, u2) — C*(Xx, pi2) has cardinality 27~1). Since
the graph Y x is obtained from I'c by contracting the edges in I'c — Ax, then b1 (Xx) = b1 (C¢) —
(e — Ax).

Notice that a limit square root supported on a quasistable curve X has geometric multiplicity
1 if and only if b1(Xx) = 0. In particular this is true if X is either a stable curve or of compact
type (i.e. its dual graph is a tree).

Notice that

lengthgc(N) — 2b1(Fc) 22gu+b1(r‘cfo) 2b1(Fc)7b1(Fcfo) — 22gu+2b1(rc) — 22g'

We shall widely use the following examples in Chapter 3.
EXAMPLE 2.9. Consider a curve C of genus g whose dual graph I'¢ is shown below.

Gy

Cs

Let us describe S¢(we ® T) where T = O¢(D) ® O¢ € Pic(C) for a smoothing C of C and a
Cartier divisor D of C supported on C.

Since b1 (T'¢) = 0, there is only one blow-up X — C of C such that Ay is admissible. More
precisely the edge of I'c: connecting Co to C; appears in Ax if and only if deg¢, (we ®T) =1 (2).
Let C4,...,C4 be the components satisfying the last condition. Set n; := Cy N C;. Then a limit
square root of we ® T is given by gluing a square root of we @ T ® O¢, (— Zlgjgd n;), a square
root of we ®T' ® Oc; (—n;) for j =1,...,d, asquare root of wc ®T ®@O¢, for j =d+1,..., N and
Og(1) for every exceptional component E of X (note that there is just one gluing datum because
X is of compact type). Since X is of compact type, then Sc(N) is reduced.

ExampPLE 2.10. Consider a curve C' of genus g whose dual graph I'¢ is as shown below.

Co

Ox <%?q

Cs

Let us describe Sc(we ® T) where T = O¢(D) ® O¢ € Pic(C) for a general smoothing C of C and
a Cartier divisor D of C supported on C.

Let X — C be a blow-up of C. It is easy to see that Ax is admissible if and only if for
j =1,...,N either both the edges connecting Cy to C; appear in Ax or none of these edges
appears. Notice that b;(I'c) = N, hence there are 2V admissible subgraphs of I'c.

Pick an admissible subgraph Ax of I'c and set {nj1,n;2} := Co N C;. Assume that n;i, n;o
for j =1,...,d are the nodes which are blown-up to get X.

Glue a square root of we ® T'® Oc, (— 31 <j<a(nj1 +1n;2)) and a square root of we @ T'® O,
for j =d+1,...,N. There are 201(F'c=4x) = 9N—d possible gluings. A limit square root of we @ T
is given by gluing a line bundle of Cy U Cy1 ---U Cy obtained as just explained, a square root of
wec ®T @ O¢,;(—nj1 —njo) for j =1,...,d and Op(1) for every exceptional component E of X
(regardless of the gluing data, see Lemma 2.5 (iii)).

Since by (Xx) = d, then a limit square root of wc ® T supported on X has multiplicity 2¢.
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2.2.1. The moduli space of stable spin curves.

Consider Cornalba’s compactification S_g of the moduli space of theta characteristics on smooth
curves. S_g parametrizes isomorphism classes of stable spin curves. The main difference with the
previously recalled moduli spaces is the notion of isomorphisms, yielding a coarser equivalence
relation (see Def. 2.11).

In Proposition 2.12 we shall see a typical unexpected phenomenon of one-dimensional subva-
rieties of S_g which will be behind the discussion of Chapter 3.

DEFINITION 2.11. Let £ = (X, G,a) and ¢ = (X',G’,a’) be stable spin curves respectively
of the stable curves C' and C’. An isomorphism between £ and £’ is the datum of
e an isomorphism ¢ : C — C’
e an isomorphism of limit square roots of (C,w¢) between £ and *&.

Sy is well-known as moduli space of stable spin curves.

If C is a stable curve without non-trivial automorphisms, then the fiber of ¢ over the point of E
parametrizing the isomorphism class of C is exactly Sc(wc).

If C is a stable curve without non-trivial automorphisms, then the local description of 5’79 at
a stable spin curve of C is given by (2.2) below Lemma 2.7 where we put B = D¢. Then if C has
two irreducible components and £ = (X, G, «) is a stable spin curve of C' such that X is connected,
it is easy to see that Aut(£) acts trivially on Ug and hence ¢ is a smooth point of S, (see also the
proof of the following Proposition).

It follows that the general curve of 5’79 passing through £ is smooth at £&. We show that this is
no longer true for subcurves of S_g obtained by pulling-back (via ¢ : S_g — ﬁg) general curves of
M, through ¢(€).

PROPOSITION 2.12. Let C be a stable curve without non-trivial automorphisms and with two
smooth irreducible components. Let x be the point ofﬁg parametrizing the isomorphism class of
C. Consider the morphism ¢ : Sy — M, and a general curve B of M, containing x.

Then the curve ¢~ (B) of S, is singular at a point £ = (X, G, a) of ¢~ (x) such that X is
the blow-up of C at least at two nodes and X is connected.

PROOF. The problem is local, hence we may assume that B C D¢ (recall that D¢ is the base
of the universal deformation of C'). Let ¢1,...,t34—3 be the coordinates of D¢. If nq,...,n;s are
the nodes of C, assume that {¢; = 0} is the locus where the node n; persists for ¢ = 1,..., . Since
B is general, the implicit function theorem allows us to describe B as

(tl,tlhg(tl), A ,tlhgg_g(tl))

where h; are analytic functions such that h;(0) € C*.
Let £ = (X, G, ) be a stable spin curve of C such that X — C' is the blow-up of C at the
nodes nq,..., Ny, of C with 1 < m < 4. If we consider (see the discussion below Th. 2.6)

p:D¢:=Dyx D, — D¢ (812 SmySma1---) = (82...8%  Smi1-..)
the base of the universal deformation of £ is U = p~*(B) and is given by
Ue = v(s5 — sTha(s?), . 50, = 51 hn(s1), Smi1 — S1hm1(s1), . - 53g-3 — s1hag-3(s1)).

Let I'c be the dual graph of C. We find how Aut(§) acts on Ue.
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Since 1 < m < 6, then Ax has exactly one vertex and the image of the coboundary operator
CO(Sx, p2) — CY(Ex, p2) is trivial. Hence Aut(€) acts trivially on Ug and the local picture of
©~1(B) at £ is given by Ug (see (2.2) below Lemma 2.7) which is singular at the origin. O

In the hypotesis of the previous Proposition, it is easy to see that if X is the blow-up at most at
one node or C, then p~!(A) is smooth at &, while if X is the blow-up at the whole set of nodes of
C, then £ is a singular point.

2.3. The universal Picard variety

In [C2] L. Caporaso, using Geometric Invariant Theory, constructed a modular compactification
Py, over M, of the so-called universal Picard variety Picq, over M, whose set-theoretic descrip-
tion is given by

Picgq ={(C,L): C smooth curve of genus g, L line bundle of C' of degree d}/iso.

In this Section we recall some basic facts about the geometry of Py 4, stressing some properties
which we shall use in the sequel.

The boundary points of m correspond to certain line bundles on quasistable curves having
degree 1 on exceptional components and this is the main analogy between ﬁ,g and the notion of
limit square roots of the previous Section.

Fix a large d and consider the Hilbert scheme Hilbg , of connected curves of degree d and genus
g in P*, where s = d — g. The group SL(s + 1) naturally acts on Hilbg 4. Fix a linearization
for this action from now on. If we denote by Hy C Hilby 4 the subset of GIT-semistable points
representing connected curves, then Py, is the GIT-quotient (see [C1, Theorem 2.1])

q:Hd —)m:Hd/SL(S+1)

P4 4 is a modular compactification of the universal Picard variety Picq g, that is its points have a
geometrically meaningful description, which we shall briefly recall below.

DEFINITION 2.13. Let X be a quasistable curve and L € Pic(X) be a line bundle of degree d.
We say that the multidegree deg L is balanced if
e degp L =1 for every exce_ptional component E of X
o the multidegree degL satisfies the Basic Inequality, that is for every subcurve Z of X

k
(BI) |deg, L — (deg, wx)| < ?Z

d
29 — 2

The notion of twisters of a nodal curve is introduced in order to control the non-separatedness of
the Picard functor.

DEFINITION 2.14. Let X be a nodal curve and fix a smoothing f : X — B of X. A line bundle
T € Pic(X) is said to be a f—twister of X or simply a twister of X if

T ~ Ox(D) ® Ox,

where D is a Cartier divisor of X supported on irreducible components of X. We shall denote by
Twy(X) the set of all the f—twisters of X. When no confusion may arise we shall use also the
suggestive notation O;(D) for an f—twister of X.
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DEFINITION 2.15. Consider two balanced line bundles L’ € Pic X’ and L” € Pic X", where X’
and X" are quasistable curves. We say that L’ and L” are equivalent if there exists a semistable
curve X obtained by a finite sequence of blow-ups both of X’ and of X", and a twister T of X
such that, denoting by L’y and L’ the pull-backs of L' and L” to X, we have

Ly ~L5xT.

The modular property of P, , follows from the following Theorem (see [C2, Proposition 3.1,
Proposition 6.1 and Lemma 5.2] and [CCC, Theorem 5.1.6] for the proof).

THEOREM 2.16. Let X C P® be a connected curve of genus g. Then
(i) The Hilbert point of X is GIT-semistable if and only if X is quasistable and Ox (1) is balanced.
(ii) Assume that the Hilbert point of X and X' are GIT-semistable. Then they are GIT-equivalent
if and only if Ox (1) and Ox/ (1) are equivalent.

Therefore m parametrizes equivalence classes of balanced line bundles of degree d on quasistable
curves of genus g.

Moreover if L' and L are two balanced and equivalent line bundles on quasistable curves of
genus g, then their corresponding Hilbert points in Hy are identified in Py 4.

There exists a natural injective morphism (see [CCC, Lemma-Definition 5.2.1.])

(2.3) X:Sg =Py 14

Let us denote by Sg the closure of the image of S, in P;_; 4. We can view x as a natural birational
map between S, and S,.

The modular property of §g is explicit and is given by the following

THEOREM 2.17. The points of Sg are in bijection with equivalence classes of balanced line
bundles L € Pic(X) where X is a quasistable curve of genus g such that there exists a twister T
of X satisfying

L ~wux @T.
PROOF. (See [CCC, Theorem 5.2.2]). O

DEFINITION 2.18. Let T' € Pic(X) be a twister of a quasistable curve X. We say that T is an
admissible twister of X if the multidegree 1deg (wx ® T) is balanced. In this case if

T ~ O4(D) € Pic(X)

for a smoothing X of X and a Cartier divisor D of X, we say that D is an admissible divisor of
X.

DEFINITION 2.19. Let L € Pic(X) be a line bundle such that a : L®? ~ wx ® T, where
T = Ox(D) ® Ox is an admissible twister of X. We say that (X, L) is a D-twisted spin curve.

Notice that (X, L, «) is a limit square root of (X,wx ® T). In the sequel, when we shall see
a twisted spin curve as limit square root, we omit the given isomorphism « if no confusion may
arise. A stable spin curve supported on a stable curve is a 0—twisted spin curve.
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2.4. The equivalence class of a line bundle

In [F] Fontanari showed that the morphism y of (2.3) extends to a natural morphism
X: 8y — 8.

Its set-theoretic description is as follows.

One can show that a stable spin curve ¢ is represented in H,_; by a GIT-semistable point
whose orbit is closed (in Hy—1). x(&) is the image via the quotient morphism ¢ : Hy_1 — Py_1 4
of the closed orbit of the Hilbert point in H,_; representing .

Moreover x is a bijective morphism.

It is well-known that (d — g + 1,29 — 1) = 1 if and only if Py, is a geometric quotient, that
is Hy has only GIT-stable points (see [C1, Proposition 6.2, Propostion 8.1]). In particular there
are GIT-strictly semistable points in H,_;.

Consider ¢ : Hy_1 — m. From the previous discussion, we argue that a twisted spin curve

(X, L) which is not a stable spin curve is represented in H,_; by a GIT-strictly semistable point

such that ¢(X, L) € S, (Th. 2.17). This means that if (X, L) = x(£) € S, for a stable spin curve

&, the orbit of the Hilbert point representing (X, L) is non-closed (in Hy—1) and its closure contains

the (closed) orbits of the Hilbert point of £ (see the Fundamental Theorem of GIT, Theorem 1.1).
In this case L and G are equivalent line bundle according to Def. 2.15.

A natural question is
QUESTION 2.20. Let (X, L) be a twisted spin curve. Describe a stable spin curve £ = (X',G, )

such that L and G are equivalent.

In the sequel we will answer to the posed question for twisted spin curves arising from general
smoothings. Notice that when the stable model of X in Question 2.20 has no nontrivial automor-
phisms, the stable spin curve £ containing a line bundle equivalent to L is unique.

Let X be a quasistable curve. From now on we will fix its decomposition X = U;<;<,X; into
irreducible components. Set

Xi N ch - {pilv cee 7pihi}'

Let T € Tw(X) be a twister of X. For every X; C X we have

T®Ox, ~O0x, | Y mupin | min€Z

1<h<hs

(2.4) Mip, = =My if pin =pjp € Xy N X

(2.5) mip > 0= my >0 if pip,pin € X3 N X, i # j
(26) Mi hy <0,mi2h2 §0...miN71hN71 §0:>miNhN >0

ifpilhl € Xi1 ﬂXiQ y Pishy € XiQ ﬁXi3 ... Diyhy € XN ﬁXil.
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It follows from (2.4) that T naturally defines a 1—chain v7 € C'(T'x, Z) whose coefficient on the
half edges! of the dual graph I'y are the my,.

DEFINITION 2.21. ~p is said to be the 1-chain of T.

In the sequel we shall denote by
suppT|x, := {pin s.t. min # 0.}

The geometry of the admissible twister of a quasistable curve is given by the following

LEMMA 2.22. Let X be a quasistable curve and letT be a twister of X. The following properties
are equivalent.
(i) T is admissible.
(ii) The coefficients of the 1—chain v € C*(T'x,Z) of T run over the set {—1,0,1}.
If T is induced by a general smoothing we have also
(iii) There exists a partition of X into subcurves Zi,...,Zq, such that
(a) for every h=1,...,dr, we have Z, # 0.
(b) for h # h' we have Zp N\ Zp # O if and only if |h —h'| <1
(c) if we set ZoNZy =0 and Zq, N Zgpi11 = O, then for every h=1,...,dr and X; C Z,

T ® Ogz, =~ Oy, > -9 suppT'|x, C Zn N Zj.
PEZNZh11
q€EZnNZp-1

PrOOF. First of all it is easy to see that for any subcurve Z C X
1 1 kz . .
(2.7) |deg, T| < kz < (BI) 5 deg,(wx ®T) — 5 deg wx| < 5 © T is admissible

For each component X; of X, we denote by vy, the corresponding vertex in I'x.
Assume by contradiction that there exists p1; € X3 such that my; < —2. Consider the set of
vertices V' of I'x such that v is in V if and only if

o there exists a chain of edges of I'x connecting v and vy,

e the coefficients of yr on each half edge of the chain run over {0,1, -1}

e if we consider an edge e of the chain, then the coefficient of v of the half edge of e closer to
v is either 0 or —1.

V' is a proper subset of vertices of I'x, because combining (2.5) and (2.6) with the condition
mip, < —2, it is easy to see that the vertex of the component of X intersecting X; and containing
p1p is not in V.

Pick the proper subcurve Zy of X corresponding to V. Since T is admissible, it follows from
(2.7) that |deg,,, T'| < kz, . Hence by construction there exists a component X» # X; of X such
that X, ¢ Zy and Zy N X5 # () and such that there is po, € Xo with mg;, < —2.

Iterating this argument and applying (2.6), one finds an infinite number of distinct compo-
nents of X, yielding a contradiction.

ILet X¥ be the normalization of X. The set of half edges of I'x corresponds to the points of C¥ mapping to
a node of C.
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Pick any subcurve Z. From the given hypothesis on v, each point pz of Z N Z¢ contributes of
an integer in {—1,0, 1} to deg,; T\, then | deg, T'| < kz and it follows from (2.7) that T is admissible.

Let f : X — B be a general smoothing such that 7" = Oy (D) for a Cartier divisor D of X
supported on irreducible components of X. Write

1<i<y
Modulo tensoring by the trivial twister Oy (nX) (n >> 0) of X we may assume that the minimum

of the a; is 1 and the maximum is a positive integer dr. Set for 1 < h < dr

Zp:= U X; CX.

a; =

In this way we have Z1 # 0 and for every X; C Z;

suppT|x, C Z1 N Z5.

T® Oz ~ Oy Z mpp 0<my,cZ

PEZINZE

Since T is admissible, using (2.7) we get |degy, T'| < kz, and hence

(2.8) kz, <) my=|degy, T| < kg
PEZINZS

which implies m, =1, Vp € Z; N Z§.
If Z; = X then the twister is trivial and there is nothing to prove. Otherwise Zy # () because
from (#4) all the irreducible components of X intersecting Z; are in Zs. For every X; C Zy

suppT|x, C Zs N Z3.

T®0z >0z > mp— Y q| 0<myei
pGZzﬂZ§ qEZ1NZ>
PEZ2NZy

Arguing as for (2.8) for the subcurve Z; U Z; we get my, =1, Vp € (ZaNZ§) — Z.
TIterating we get a partition satisfying (a) and (¢) and it follows from (i¢) that it satisfies also

(b)-

(#91) = (i1) Obvious form (c). O



2.4. THE EQUIVALENCE CLASS OF A LINE BUNDLE 31

DEFINITION 2.23. Let T be an admissible twister of a quasistable curve X and let vy be its
1—chain. A node of X is said to be T-twisted if the half edges of I'x corresponding to it appear
with non trivial coefficient in 47 (and hence either 1 or —1, see Lemma 2.22 (ii)).

e The refined partition of a quasistable curve

Let X be a quasistable curve and 7" an admissible twister of X induced by a general smoothing of
X. Let Z1,...,Zq, be the partition of X induced by T (see Lemma 2.22(iii)). Let &1,...,&q4, be
respectively the union of the exceptional components of X contained in Z1, ..., Z4, and consider
the partition of X given by

21— &1 Zay —Car s E1ve s Ea.

Abusing notation denote by Zi, ..., Z4, the first dr subcurves.
e Wecall Zy,...,Z4,,&1,...,Ea, the refined partition of X induced by T.

By definition degp(wx ® T') = 2 for every exceptional component of X. Therefore, if ENE¢ =
{p,q}, we have T ® E ~ Og(p + ¢q) and every exceptional node of X is T—twisted.

In particular the subcurve Z, for h > 2 in a refined partition is non-empty, otherwise the
properties of Lemma 2.22 (iii) cannot hold for the original partition. Obviously if Z; = () then
& # 0 (see Lemma 2.22 (iii)(a)).

Now we can answer Question 2.20 for general smoothings.

THEOREM 2.24. Let X be a quasistable curve, f : X — B be a general smoothing of X and
T = O¢(D) be an admissible twister of X. Let Z,...,Zq., €1, ..., ay be the refined partition of
X induced by T and (X, L) be a D—twisted spin curve.
A stable spin curve £ = (X1, G, «) of X which is equivalent to (X, L) is given by the following
data
(i) X is obtained by blowing-up X at each non-exceptional T—twisted node
(i) if we set Zgp N Zgpt1 := 0, then the line bundle G, € Pic(Xy) is given by gluing

Liz,®0z, | = Y. »

PEZNZh41

for every h =1,...,dr such that Zy, # 0 and Og(1) for every exceptional curve E of X,

ProoF. It follows from Lemma 2.22 (iii) (c) that for every h = 1,...,dr such that Z, #
there are line bundles Rj, € Pic(Z;,) with

22 .,
Rh =Wz,

such that

L®0z ~Ry20z [ > p

PEZLNZh41

Obviously for every exceptional component E of X we have L ® Og = Og(1).
Let 7w : X1, — X be the blow-up of X at each non-exceptional T—twisted node. Let £(w) be
the set of exceptional components of X contracted by m. Consider the following diagram
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X X
b b
B B

where b is a base change of order two totally ramified over 0 € B and X1, — B’ is the smoothing
of X, obtained by suitably blowing-up the fiber product X := X x;, B’. Notice that X}, is smooth
at each exceptional node of an exceptional component of £(7) and has an A;—singularity at the
remaining nodes. We set &y := 0 (the zero divisor) and for h =2,...,dr

Enan=Y E VEE€E&(m) st. ENZy 1 #0, ENZy #0.
Consider the Cartier divisor of X,

Dpi=— Y (hZn+h&nan+h&)
1<h<dr
and denote by Ty, the twister of X, given by Ty, := Oy, (D) ® Ox, . Consider the line bundle
GL of XL

(29) G = L ® Ty, € Pic (XL)

By construction the pair (X, Gr) satisfies (i) and (i7) of the Theorem. Since (2.9) says that G,
and L are equivalent, in order to conclude it suffices to show that (X, G}) yields a stable spin
curve.

Let us check the last statement. By construction for every h = 1,...,dr such that Z, # 0
and for every exceptional curve E of X; we have

GrL®0z, =Ry GrL® O =0g(1).

We have to define an homomorphism « : (G1)®? — 7*(w¢) satisfying the property of limit square
root. Since X is the disjoint union of the Zj, for every h we have a natural map

an (G ®02,)%? ~ RY? ~ wy, ~ 1% (we) ® O, | — Z p| = 7" (we) ®Og,
PEZRNZ}

and the desired « is defined to agree with «p on each Z; and to be zero on the exceptional
components of X. O

REMARK 2.25. The previous Theorem has also the following important interpretation.

Let f: X — B be a general smoothing of X and T'= O;(D) be an admissible twister of X.
Let (X, L) be a D—twisted spin curve and £ be the stable spin curve constructed in Th. 2.24 which
is equivalent to (X, L). It follows from the proof of Th. 2.24 that there exists a representative
(X1,Gpr,a) of € such that L and G, are limits of the same family of line bundles on a base change
of order two of the family X — B totally ramified over 0 (see also below [CCC, Def. 5.1.4]).

ExamMpPLE 2.26. Let C' = C; U C5y be a stable curve of genus g where Cy,(Cs are smooth
curves such that Cy N Cy = {ny,ne}. If v : C¥ — C is the normalization, denote by {p,q} :=
v~Hny,ny} N Cy. Notice that C belongs to the set of curves of Example 2.10.
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Pick a general smoothing f : C — B of C. Consider the admissible divisor D := C5 of C. The
partition of X induced by D is given by Z; = Cy and Zy = C5. The nodes ni,ny are D—twisted.
In fact notice that

we(D)® Oc, =we, (2p+29)  we(D) ® Oc, = we, .

Pick line bundles R; € Pic(C;) and Ry € Pic(Cy) such that R¥? = we, and let (C, L), (C, L') be
the two possible D—twisted spin curves (for L, L' € Pic(C')) obtained by gluing Ry (p+ ¢) and R»
(in the two possible ways) so that

L|Cl :L/|C'1 :Rl(p+q) L‘CQ :LI|C2 = Rs.

Obviously (C, L) and (C, L") are not stable spin curves.

The stable spin curve which is equivalent both to L and to L’ and described in Proposition
2.24 is obtained by taking the blow-up X — C of C' at the D—twisted nodes ni,ns and gluing Ry
and Rs to Og(1) for every exceptional curve E of X.






CHAPTER 3

Spin curves over non stable curves

In this chapter we shall study spin curves on non-stable curves using degenerations of theta
hyperplanes.

In Section 1 we will see how to get a well-defined configuration of theta hyperplanes on a
singular curve. In Section 2 and 3 we shall give enumerative results of configurations on tacnodal,
cuspidal and nodal curves. In particular we shall describe the zero dimensional scheme associated
to these configurations. In Section 4 we shall give a modular interpretation of degenerations of
odd theta characteristics for smoothing of tacnodal or cuspidal curves.

Notation and Terminology 3.

(1) We will denote by H,, the irreducible component of the Hilbert scheme Hilb?®) [P9-1] of curves
in P9~! having Hilbert polynomial p(x) = (29 — 2)x — g + 1 and containing smooth canonical
curves. We denote by u : Y — H, the universal family over H, and for a given h € H, we
write W, for the projective curve u~!(h) represented by h.

(2) We set Ny :=2971(29 — 1) and N, := 2971(29 + 1), respectively the numbers of odd and
even theta characteristics of a smooth curve of genus g (recall that odd and even refers to
the parity of the number of sections of the line bundle).

(3) The projective setup of theta hyperplanes

Let C be a canonical smooth curve of genus g. It is well-known that if C' is general, then a theta
characteristic L of C' has h°(L) < 1 and N, of these are odd. Thus a general smooth canonical
curve admits exactly N, hyperplanes cutting the double of a semicanonical divisor. In this case
we say that C' is theta generic and we can collect these hyperplanes (called theta hyperplanes) in
a configuration 6(C) which is a point of

Py, := Sym™Ne(P9=1)Y.

In [CS1][C2] and [CS2] one can find many interesting properties of these objects. In particular
the authors focused on the problem of recovering a smooth canonical theta generic curve from
the datum of its theta hyperplanes. The main ingredient employed was the degeneration to the
so-called split curves, that is stable curves which are the union of two rational smooth curves. In
[C2] one can find a definition and an explicit description of configurations of theta hyperplanes of
split curves.

Let W C P97! be a projective Gorenstein curve of arithmetic genus g. We shall say that W
is canonical if Oy (1) ~ wwy. One can define configurations of theta hyperplanes for (possibly
singular) canonical curves.

Let g > 3. Let V C H, be the open set parametrizing smooth theta generic canonical curves.
Consider the morphism

6:V — Py,

35
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such that 0(h) is the configuration 6(W}) of theta hyperplanes of W,.
Now let W be a canonical curve. Pick a projective smoothing f : W — B of W whose general
fiber is theta generic. Consider the associated morphism

’yf:B*—>Hg

of the restricted family W* — B*. The image of vy lies in V. As B is smooth and Py, projective,
the composed morphism
forys: B* — Py,

extends to all of B and we get a configuration of hyperplanes 6¢(WW). We can see it also as a (not
necessarily reduced) hypersurface of degree N, whose irreducible components are hyperplanes.
Moreover we can consider the B—curve

Jw—>B

which is the closure of the incidence correspondence
{t,H): HCO(Wy), t#£0} C B x (Ip)g—l)\/.

We shall denote by J(W) its fiber over 0.

DEFINITION 3.1. We call 8;(W) the configuration of theta hyperplanes of W and Jy(W) the
zero dimensional scheme of theta hyperplanes of W whose elements are theta hyperplanes of W.
We say that W is theta generic if it has a finite number of theta hyperplanes.

(4) The sections of a stable spin curve

Let C be a stable curve and let £ = (X, G, @) be a stable spin curve of C' supported on a blow-up
m: X — Cof C. Let £(X) be the set of the exceptional components of X. Recall that the subcurve
X of X is defined as

X=X UEG&'(X)E~

The line bundle G is obtained by gluing theta characteristics on the connected components of X
to Og(1) for every E € £(X).

Let Zy,---,Z4, be the connected components of X to which G restricts to an odd theta
characteristic. We call them the odd connected components of X. The even connected components
of X are the ones to which G restricts to an even theta characteristic.

Let Z be any connected component of X. Since for every E € £(X) we have |[E N E¢| = 2
and G|g = Og(1), then a non-trivial section of G|z uniquely extends to a section of G vanishing
on the other connected components of X. Among these, take the sections of G restricting to
independent sections of G|z. It is easy to see that all these sections (for Z running over the
connected components of X) form a basis for H(X, G) and therefore

H°(X,G)= & HZG|z).
ZCX

Z connected

Notice that G is odd if and only if dg =1 (2).
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(5) Smoothing line bundles and sections

Let W be a curve with nodes, cusps and tacnodes and let f : WW — B be a smoothing of W.

(a) Since the fibers of f are local complete intersection, there exists a relative dualizing sheaf on
W, which we shall denote by wy (for details see [DM] and [Ht2]). If W is smooth, then one
can always define wy = Kyy ® f*(w);) where Kyy is the canonical line bundle of W.

(b) Consider a Cartier divisor D of W whose support is contained in W and the line bundle

wr(D) € Pic(W). The following fact is a topological property and its proof appeared in an
early version of [CCC].
Let L € Pic(W) be a line bundle with an isomorphism ¢y : L®? — wf(D) @ Ow. Then
up to shrinking B there exists a line bundle £ € PicW extending L and an isomorphism
t: L% — wg(D) extending to. Moreover if (£,i') is another extension of (L, ), then there
exists an isomorphism y : £ — L' restricting to the identity and with ¢ = ¢/ o Y®2.

(c) Consider a line bundle £ € Pic(W). Assume that for every b € B* one has h°(W,, L|w,) =
d > 1. This is equivalent to the datum of the locally free sheaf V* := ¢g.L* over B*. Consider
the subbundle V C g.L extending V*. The space of the f—smoothable sections of L|w is given
by the d—dimensional subspace Vo C H°(W, L|w ), the fiber of V over 0 € B.

3.1. The case of a local complete intersection

We shall analyze configurations of theta hyperplanes of non-stable curves. We will find a suffi-
cient condition for a curve to have a configuration of theta hyperplanes which does not depend
on smoothing to theta generic curves. Then we write down explicit formulas for the reduced zero
dimensional scheme of theta hyperplanes for nodal, cuspidal and tacnodal canonical curves.

LEMMA 3.2. Let W be a theta generic canonical curve parameterized by a smooth point of Hy.
There exists a unique natural configuration of theta hyperplanes 0(W) such that when W is smooth
O(W) is the image of the point of H, representing W wia the rational map 6 : Hy — — > Py, .

Proor. Let U C H, be the open set corresponding to theta generic curves on which H, is
smooth and U’ C U the open set of U corresponding to smooth curves. Let hy be the point of U
parametrizing W. Consider the incidence variety

Ty = {(h,e(Wh)) che U/} cUx PNQ-
Let I'y be the closure of 'y in U x Py, and p be the projection
p:T'y — U

We observe that, since for every h € U the curve W}, is theta generic, the morphism p has always
finite fibers. The morphism p is bijective on I'yy/, so it is a birational projective morphism. As U
is smooth and T'y is irreducible (since U’ and hence Ty are irreducible) we can apply the Zariski
Main Theorem obtaining that p is bijective everywhere.

We can uniquely define (W) := p~1(ho). O

We show that Lemma 3.2 works for theta generic l.c.i. canonical curves.
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PROPOSITION 3.3. Let W be a canonical l.c.i. curve parametrized by h € Hy. Then Hgy is
smooth at h. In particular if W is also theta generic, there exists a natural configuration of theta
hyperplanes 6(W).

PROOF. Let us show the first statement. Since W is Lc.i., if h'(Ny pe-1) = 0 then Hy is
smooth at h (see the smoothness criterion for the Hilbert scheme of Section 1.1.2).
Consider the exact sequence

0= Tw /Ziy — o1y, — Q= 0,

with the exactness on the left because Wis al.c.i. curve (see [B, 4.1.3.i]). By taking Homo,, (—, Ow)
we have

0 = Homo,, (y, Ow) = Tea-1lw — Ny ypo—r = Exty,, (Qy, Ow) — 0.
Let Ny, be the kernel of « and split the sequence into
0 — Homoy, (U, Ow) = Tpo—1|w — Ny — 0
0 = My = Ny ypa—1 — Exty (Qy, Ow) — 0.
By the long exact sequences in cohomology we get the two maps
HY(W, Tps-1y,,) — H' (W, Nyy) — 0
HY(W,Nyy) = H' (W, Ny po-1) = 0.

Hence if h* (W, Tps-1},,,) = 0 it follows that h* (W, N;,) = 0 and also h' (W, Ny ps-1) = 0.
From the Euler sequence of P9~! restricted to W we have

HY (W, 0w) — HY (W, 0w (1)) @ H* (W, Ow (1)) — HY (W, Tps—1|w) — 0
Since Ow (1) ~ wy, dualizing we get
0 = H\(W, Tous|w)" — HO(W,Ow) @ HO(W,ww) 5 HO(W,ww).

Since 3 is injective, then h'(W, Tpe—1|w) = 0.
The second part follows from Lemma 3.2. O

We give a sufficient condition for a curve of H, to be canonical.

PROPOSITION 3.4. Any irreducible curve parameterized by a point of Hy is canonical.

PROOF. Let u : U — H, be the universal family over H, and denote by ¢ : U — P9~! the
projection. Let Oy (—1) be the dual of the pull-back of Ops—1(1) via .

We have h®((wy ® Oy(—1))|y~1(n)) = 1 over the open set of smooth canonical curves hence
by semicontinuity h°(ww ® Ow(—1)) > 1. Thus if W is integral, the degree-zero line bundle
ww ® Ow (—1) is trivial and hence W is canonical. O
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3.2. Enumerative results

In this section we shall deal with enumerative problems on theta hyperplanes. In particular we
shall write down formulas for the number of theta hyperplanes of curves with nodes, cusps and
tacnodes. In [C2, Prop.1, Prop.2] one can find formulas for nodes and cusps. We generalize these
results including also tacnodal curves.

As in [C2] we shall use the projection of a canonical integral curve from a singular point. Each
theta hyperplane containing the singular point projects to a theta hyperplane of the projected
curve. If one projects from a tacnode, the tacnode projects to a node. If H is a theta hyperplane
containing the tacnode, the projected theta hyperplane contains the node if and only if H contains
the tacnodal tangent.

DEFINITION 3.5. We say that a curve is semi-theta-generic (s.t.g.) if it is obtained by iden-
tifying general point of its normalization and the connected components of its normalization are
theta-generic curves.

REMARK 3.6. We will see in Theorem 3.9 that an irreducible s.t.g. canonical curve with nodes,
cusps and tacnodes is theta generic.

NOTATION 3.7. Let g > 3. In the sequel we shall denote by wa an irreducible s.t.g. canonical
curve with 7 tacnodes, v cusps and J nodes of genus g and by g the genus of its normalization.
Observe that a theta hyperplane contains no nodal and no cuspidal tangents (recall that a s.t.g.
curve is obtained by identifying general points of its normalization).

We denote by t{kh the number (when it is finite) of theta hyperplanes containing i tacnodes,
j tacnodal tangents of these i tacnodes, k cusps and h nodes. We call such a hyperplane a
theta hyperplanes of type (i, J, k,h). We call a theta hyperplane of type (0,0,0,0) simply a theta
hyperplane of type 0. We denote by Go(va 5) the set of the theta hyperplanes of type 0 and by to
their number (when it is finite).

LEMMA 3.8. Let g > 3 and wa be as in Notation 3.7.
(i) If R is an odd theta characteristic of WZ_ s, then hO(R) = 1.

T

(ii) There exists a set bijection (recall the definition of S~(—) of Section 2.1)

00(ny6) :> S (Wf'yé)

In particular wa; has a finite number of theta hyperplanes of type 0.

PROOF. (i) See Lemma 4.2 of Chapter 4.

(ii) Set W := Wf,y s- If H is a theta hyperplane of type zero of W, consider the effective divisor
Dy given by the reduction modulo 2 of the divisor cut on W by H.

Since H is limit of theta hyperplanes of smooth curves and the parity of a semicanonical line
bundle is stable under deformation, it follows that Ow (Dy) is an odd theta characteristic of .
From (i) it follows that any odd theta characteristic of W has exactly one section. Hence we have
a set injection

0o (W) — S~ (W).

If R is an odd theta characteristic of W, let D be the only effective divisor of |R| and H be the
theta hyperplane cutting 2D on W.

Assume that W has no tacnodes. Since a node or a cusp of W are not Cartier divisor, it
follows that H is of type 0 and the injection is also a surjection.



40 3. SPIN CURVES OVER NON STABLE CURVES

Assume that W has a tacnode. We show that H contains no tacnodes of W. The only thing
to check is that H does not contain a tacnodal tangent (in fact if H contains a tacnode without
tangent, it cuts a divisor not divisible by 2 as Cartier divisor).

Assume that H contains a tacnodal tangent. The equation of the tacnode in an analytic
coordinate system (z,y) of a smooth surface containing W is 2 — 2* = 0. The local equation of
the divisor cut by H is given by y. If there exists f such that f2 = y then f* = 2* and hence
f = cx for a constant c¢. Thus y = c?2? which cannot hold along the tacnodal singularity. (]

THEOREM 3.9. Let g > 3 and wa be as in Notation 3.7.

Ifj<iorh#94
. ) AWA)
ten = 9T—j+é—h—1 C’) (;) (h) (Z) (Ng‘F + Nj).

QT—lC:)(Z)N; if T—i+y—k=1(2)
27i<2)<Z)N~ if T—i+y—k=0(2)

In particular wa is theta generic.

Ifi=jandh=5§

2 —
liks =

PROOF. The proof is by induction on g. The formulas hold in genus 3 (see [CS1, 3.2]).

First of all consider the case (4, j, k, h) # (0,0, 0,0). We project the curve from a singular point
(since g > 4 we can project at least one time). The number tjkh is obtained by multiplying the
number of theta hyperplanes containing a fixed set of ¢ tacnodes, j tacnodal tangents, k cusps and
h nodes and the number af(i, j, k, k) := (7) (;) () (2) of all possible fixed sets.

If j < 7, we project from a tacnode contained in the theta hyperplane and whose tacnodal
tangent is not contained in the hyperplane. The projected curve W7~ 1 o1 has genus g — 1 and

we can apply the induction. A theta hyperplane of type (4,7, k, h) of W¥ s projects to a theta
hyperplane of type (i — 1, j,k, h) of W? _117 541 then

j -1
g tg—l,k,h(Wf—l,'y,é—&-l)
ikh Oé(i-l,j,k‘,h)

T'\/[S) = a(Z?]7k?h)

Since d+1 # h and § is the genus of the normalization of both ng 541 and W2 ¢ by induction

TY0?

b lkh(Wf 11,v6+1) T—1—j+6+1—h—1/ 7+ T—j+5—h—1/nr+
WY I = (N +N;) =27 (NF + Ny).
s Js

The cases ¢ = j and § # h are similar (projection from a tacnode if ¢ # 0, from a node if ¢« = 0
and h # 0 and from a cusp if i = h = 0).

Ifi=j# 0and § = h, we project from a tacnode contained in the theta hyperplane, which
contains its tacnodal tangent because i = 5. We have

z 1 g—1
th, (W9 ) = ali,i, k,0) bzt kh—H(W Ly, 1)
ikhA T Y8 U ali =10 — 1L,k h+ 1)

Being 6 + 1 = h 4 1 and observing that the parity of 7 — i 4+ v — k is preserved, by induction
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i—1 -1
tifl,k,h+1(Wffl,'y,6+1)
a(i —1,i—1,k,h+1)

_ 27—1—i+1N§+ = 2T_iN§+ if T—ity—-k=1(2)

i—1 g—1
ti—l,k,h—i—l(WT—l,v,é—‘rl)

=T IHING — 9T IN. i T iy —k=0(2
ali—1L,i—1,kh+1) 9 g MTorhy @)

The cases i = j = 0 and § = h are similar (projection from a node if § # 0 and from a cusp

if § = 0).
It follows from Lemma 3.8 that the number of theta hyperplane of type 0 is |S™(W)| and
hence we are done by Proposition 2.1. O

3.3. The multiplicity of a theta hyperplane

We complete the description of the zero dimensional scheme of theta hyperplanes of irreducible
theta generic canonical curves with cusps and tacnodes computing the multiplicities of its points.
We solve the problem using twisted spin curves of the stable reduction of a general smoothing
of these curves.
LEMMA 3.10. Let W be a curve and denote by WY its normalization. Let W — B be a general
smoothing of W whose stable reduction C has central fiber C.
(i) Assume that W is an irreducible curve whose singularities are exactly v cusps. Consider the
base change b : B — B of order 6 totally ramified over 0 € B. Then C is a smooth B’'—surface
and the dual graph of C is

where Fy, ..., F, are elliptic curves.

(ii) Assume that W is an irreducible curve whose singularities are exactly T tacnodes. Consider
the base change b : B’ — B of order 4 totally ramified over 0 € B. Then C is a smooth
B’ —surface and the dual graph of C is

W
FT<%§>F1

Iy
where Iy, ..., Fr are elliptic curves.

(iil) Let W and W be as in (i) or (it) and let f : C — B’ be the stable reduction of W. Let F
be the Cartier divisor of C which is the sum of the elliptic components F; with coefficients 1.
Consider the fiber product h : W =W xg B’ — B’. Then C is endowed with a B'—morphism
©:C—= W such that

(PB) ¢"(wn) = wy(F).

PRrROOF. We follow [BPV, Theorem III-10.1] and [HM, Example pag.122]. Since W is general,
it is a smooth surface.

(i) Let W be the surface obtained by blowing-up W three times in correspondence of each cusp
so that the reduced special fiber has normal crossings. Take a base change b, : By — B of
order 2 totally ramified over 0 € B and the normalization W, of the fiber product Wxy, B. As
explained in [HM], W is the double cover of W branched along the irreducible components
of the special fiber of W appearing with odd multiplicities and it is a smooth surface because
this branch divisor is smooth. Take the base change by : B’ — Bj of order 3 totally ramified
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over 0 € B; and the normalization C’ of the fiber product Wy x;, B’. As before C’ is the
triple cover of Wi ramified along the irreducible components of the special fiber appearing
with multiplicities not divisible by 3. Then C’ is a smooth surface because the branch divisor
is smooth. The irreducible components of the special fiber of C’ are ~y elliptic curves, W and
some (—1)-curves. The surface f : C — B’ is obtained by contracting all the (—1)-curves
contained in the special fiber.

(ii) The tacnodal case is similar combining two base changes b, : By — B and by : B’ — By of
order 2 totally ramified over 0.

(iii) Let C’ be as in (7). By the universal property of the fiber products we have a B’—morphism
from C’ to W' factorizing trough the B’—relative minimal model C of C’.
We get the diagram

C—=>W —>W

Nk

B ——2B

Since ¢ is a birational morphism which is an isomorphism away from the special fibers, we
have that wy and ¢*(wp) are isomorphic away from the special fiber C' of C and hence differ
by a divisor of C supported on components of C. If v : W¥ — W is the normalization, then

0" (wn) ® Owv ~ v (ww) ~ wwv (2 Y (F N FY))

i
and hence the divisor of C is exactly F' and the relation (PB) follows.

O

DEFINITION 3.11. The dual graphs of the previous Lemma are said to be respectively a cuspidal
and tacnodal graph centered at W¥. The elliptic curves F' are said to be elliptic tails.

e Elliptic normal singularities

Fix the notation of the previous Lemma. We describe the singularities of W'.

By the description of the first order deformation of a cusp and a tacnode (see [HM, 3-b (7)]), we
can write W around a cusp (respectively a tacnode) as v(y* —z® +thy (z,t)) C C}
v(y? — a* + thy(z,t) € C3 ;) where hy and hy are analytic functions in = and ¢ such that
h1(0,0), h2(0,0) # 0 (recall that W is a smooth surface) and the fibration is over ¢.

Since W' lives on a base change of order 6 (respectively 4), then locally it is given by v(y? — 3+
tOh (x,1%)) (respectively v(y? — 2* + t*ho(x,t*)). We see that these singularities are analytically
equivalent to the elliptic normal singularities described in the Examples of Chapter 1.1.

The surface C is obtained by contracting all the (—1)-curves of (W')*™ contained in the
special fiber. We saw that, in the tacnodal case, (W’')“*" is B’—minimal and hence the two
surfaces coincide.

(respectively

e Curves of twisted spin curves

Let W — B be a general smoothing of a curve W as in Lemma 3.10 and pick its stable
reduction f : C — B’. For every admissible divisor D of C (see Definition 2.17), consider the
moduli space of Theorem 2.6

Snp = S¢(Np) — B’ Np = ws(D).
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Consider the variety g; (w}) C Snp, parametrizing odd theta characteristics of the fibers of the
family C* — (B’)*. We shall denote by Sy, the closure of S, (w?) in Sarp -

Notice that the curves Sy, are all birational as D varies, since they contain §; (w}) as open
subscheme. Then they have the same normalization, which we shall denote by

vp : S; — Snp-
For every admissible D we have a rational B’—map
(3.10) KD Sy, — — > I

which is an isomorphism away from the central fiber. Obviously up is defined at smooth points
of the central fiber. Since S¥ is smooth we get a natural morphism

(3.11) b S — T,

With this setup, we are ready to compute the multiplicities of the theta hyperplanes. Let us start
with some examples.

EXAMPLE 3.12. (The “characteristic numbers” of theta hyperplanes)

We shall see that the multiplicities of a theta hyperplane containing exactly one cusp is 3, con-
taining exactly one tacnode without the tacnodal tangent is 4 and containing a tacnodal tangent
is 6. Below we give a motivation for these “characteristic numbers”.

Let W be a curve whose singularities are cusps (respectively tacnodes). Consider a general
smoothing W — B of W to theta generic curves and its stable reduction f : C — B’ over a base
change B’ of order 6 (respectively 4) totally ramified over 0 € B (see Lemma 3.10). If C is the
central fiber of C, we know that there exists a morphism ¢ : C'— W contracting the elliptic tails
of C (see Lemma 3.10 (3)).

The multiplicities of the theta hyperplenes of W will be determined by the description of the
above morphism (3.11) 9 : S¥ — Jy» (recall that W =W xp B).

(a) W has exactly 1 cusp

C is a curve of compact type with two components, F' elliptic and W of genus g — 1. The stable
spin curves of C' are supported on the blow-up of C' at its node (see Example 2.9).

e If we glue an even theta characteristic of W* and the odd theta characteristic of F' to
Og(1) (F is the exceptional component), we will find a hyperplane (via v) of type zero of
multiplicity is 1.

e If we glue an odd theta characteristic of W* and a fixed even theta characteristic of F' to
Og(1), we will find a hyperlane containing the cusp. The morphism ¢ : C' — W contracts
F and the hyperplane does not change if we vary the 3 even theta characteristics of F' and
3 is its multiplicity.

(b) W has exactly 1 tacnode

C' is a curve with two components, F' of genus 1 and W" of genus g — 2 and F N W" are two
nodes. We shall denote by S the zero dimensional scheme which is the fiber of S;; — B’ over 0.
We distinguish three types of stable spin curves of C (see Example 2.10).
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e If the odd stable spin curve £ is supported on the blow-up of C' at the two nodes and is given
by gluing any even theta characteristic of F' and an odd theta characteristic of W to Og(1)
(for E running over the set of exceptional components), we will find (via ) a hyperplane
containing the tacnodal tangent. Again ¢ : C' — W contracts F. Since F' has 3 even theta
characteristics and £ has multiplicity 2 in S, the hyperplane has multiplicity 6.

e If the odd stable spin curve £ is supported on the blow-up of C at the two nodes and is
given by gluing an odd theta characteristic of F' and an even theta characteristic of W" to
Og(1), £ is a double point of S (it has multiplicity 2 in Sg, see the below Lemma 3.14)
and hence there are two points in S} over {. We will find (via ¢) two different hyperplanes
of type zero having multiplicity 1.

e If the odd stable spin curve £ is supported on C, we will find a hyperlane containing the
tacnode without the tacnodal tangent. Call {p,q} := F N F°. The hyperplane does not
change if we change 4 restrictions of £ to F. The multiplicity of the hyperplane is 4.

ExAMPLE 3.13. (Idea of proof of Theorem 3.15)

Let W be a irreducible theta generic curve of genus g with exactly 3 tacnodes t1,t2,t3 and WY be
its normalization. Let YW — B be a general smoothing of W to theta generic smooth curves and
C — B’ be its stable reduction (see Lemma 3.10). We know that the special fiber C' of C has 3
elliptic tails Fy, F», F3 and a tacnodal dual graph centered at W". Call {ns1, npe} = F, N Fy.

We find the multiplicity of a theta hyperplane of type (2, 1) containing ¢1, to and the tacnodal
tangent of ¢;.

FIRST STEP: from stable spin curves to twisted spin curves

Consider the rational maps (3.10) up : Sy, — — > Jwr extending to the morphism (3.11) ¢ :
S% = Jwr. Let £ = (X, G, a) be a stable spin curve in S, where X is the blow-up of C at all
of its nodes except Fp N Fi. Assume that G € Pic(X) restricts to an even theta characteristic Ry
of Fy, to Op, and to the theta characteristic R of W¥ U F5. The graph ¥x (obtained from the
dual graph of C by contracting the edges representing nodes which are not blown-up) is as shown
below.

WV
S BCOCOR

One proves (see Lemma 3.14) that £ is a singular point of S;f with 201(3x) = 22 = 4 branches.
Let vp : 7 — S be the normalization.

Consider the admissible divisor D = Fy + I3 of C and Sy, . Using Proposition 2.24 it follows
that there is a set of 4 smooth points (C, L1), ..., (C, Lq) of Sy, (and hence of S%) which is exactly
the set v ' (X, G, a).

In order to find the images of the points of this set via 1, it suffices to find the images of the
4 smooth points (C, L) of Spr, via pup.

SECOND STEP: the behaviour of the smoothable sections of L1, L, L3, Ly
Set ¢ : L®? ~ w;(D) and pick the unique £; extending (L;,¢) such that £&? = ws(D) and
L; ® Oc = L; (see Not.Ter. 3 (5)). Each one of Lj,...,Ls has exactly one f—smoothable
section because, by the assumption on W, the curves approaching C' are theta generic and hence
h%(Li|lc,) = 1 for 0 # b € B’. We will see that these f—smoothable sections

e identically vanish on Fy

e vanish on a point of Fy
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e are non-zero constants on Fj
e vanish on g — 4 smooth points of C' on W” (the number depend by the chosen blow-up X
of C).
The theta hyperlanes associated to Lq, Lo, L3, L4 contain the tacnodal tangent of t;, the tac-
node t, without its tacnodal tangent and do not contain ts.

THIRD STEP: the partition of Ly, Lo, L3, L4 induced by the smoothable sections
Using Theorem 2.24 we see that the line bundles L € Pic C are obtained by gluing (with 4 suitable

gluings)
R(n11 + nig + na1 + na2) € Pic(W" U Fy)
Rl EPiCFl OF3 EPiCFg
It is convenient to display the 4 line bundles L in a table as follows.
Consider My, My € Pic(W¥ U F; U Fy) obtained by gluing (with the same gluing data of the
line bundles L at the corresponding nodes)
R(n11 + n12 + n31 + n32) € Pic(W” U Fy) Ry € Pic Fy.
and similarly K7, Ko € Pic(W" U F» U F3) by gluing

R(n11 + n12 + n31 + n32) € Pic(WY U Fy)  Op, € Pic F;.

Display all the line bundles in a table

| My M,
Ki | Lii Lo
Ky | Lyy Ly

following the rule that each L is obtained by gluing the K of the corresponding row (resp. the M
of the corresponding column) at the nodes Fy N FY (resp. at the nodes F3 N F¥).

One proves that there are exactly 2 distinct sections each one of which is the smoothable
section of the line bundles L of a row of the table. Thus the images of Ly, Lo, L3, Ly via up are
exactly 2 distinct theta hyperplanes, one for each row of the table and we get a contribution of 2
to the multiplicity.

FOURTH STEP: the calculation of the multiplicity

If we change £ by changing the even theta characteristics of F; (among the 3 possible ones) and 4
restrictions of € to Fs, we don’t change the theta hyperplanes. We get a multiplicity 2-3-4 =6-4
(see Theorem 3.15).

LEMMA 3.14. Let C — B be a general smoothing of a stable curve C with a tacnodal dual
graph. Consider the variety S of odd stable spin curves of the fibers of C. Let § = (X, G, ) be a
stable spin curve of C with X # C viewed as point of S;f. Then £ is a singular point of S;f with
201(3x) branches.

PROOF. Assume that C' has 27 nodes and let Fi,...F; be the elliptic curves of C' (see the
notation of Lemma 3.10). Assume that the nodes Fj, N F for 1 < h < m are blown-up in X — C.
Notice that m = b1(Xx). Denote by top, tan—1 the coordinates of D¢ (recall that D¢ is the base
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of the universal deformation of C) such that {t2p, = 0} and {t2n,—1 = 0} are the loci preserving
the nodes in Fj, N Fy. Let D; be the space of the coordinates top, top—1 for 1 < h < m and write
D¢ = Dy x DL

Consider the arc A in D¢ corresponding (up to restrict B) to the smoothing C — B. We
proceed as in the proof of [M, Th. 2.6]. The implicit function theorem allows us to describe A,
for some 1 < i< 3g— 3, as

(tlhl(tl)7 “ee 7t1;, “ee 7t1h3973(t2))

where, h; are analytic functions such that h;(0) € C* for j =1,...,2m (C is smooth).
Consider as usual

DgZ:DSXDIS DC:DtXDg

(81 ... 82m, 32m+1; ey 83973) _— (8%, ey nga 82m+1, e 83973)
The local picture of S at ¢ is given by Ug/Aut(£) where Ug = D¢ xp A (see (2.2) below Th.
2.7). Tt suffices to show that p=1(A)/Aut(¢) has 2™ branches. p~1(A) is given by

V(S% — s?hl(s?), ey, s%m — s?hgm(s2), ., 83g-3 — sfhg,g,g(s?)) if i <2m

7
V(S% — Sihl(si), ceey ng — Sihgm(si), ey %, T sih3g_3(si)) if 7 > 2m.

We find how Aut(§) acts on Deg. It is easy to see that the image of the coboundary map

Aut(€) ~ CO(Sx, po) = pyH —— p3™ ~ CH(Xx, p2) =~ Autp. De
is generated by the automorphisms bi,..., b, where b, (for h = 1,...,m) acts on D¢ in the
following way

br(S1s- - 82h—1,52h, -+ 83g—3) = (815, —S2h—1, —S2h;- - -, 83g-3)-

Set wop_1 1= s%hfl, Wap, 1= s%h, Zp = SopSop—1 for h=1,...,m and wy, = s for h =2m,...,3g—
3. Then p~1(A)/Aut(€) is given by

2 2
v(wy — wihy(wg), ..., w3g—3 — wihzg_3(w;), 27 — wW1Wa, ..., 25, — W2m—1W2m)
which is a singular point with 2™ branches. O

THEOREM 3.15. Let W be an irreducible theta generic canonical curve of genus g whose
singular points are only tacnodes. Then the multiplicity of a theta hyperplane of type (i,7) is
407 67,

PROOF. Let tq,...,t, be the tacnodes of W. Let W — B be a projective general smoothing
of W to theta generic smooth curves and let f : C — B’ be its stable reduction.

In the sequel we shall maintain the notations of Lemma 3.10. We know that the special fiber
C of C has a tacnodal dual graph centered at W". Denote by {np1,nn2} := Fp N FY.
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FIRST STEP: the reduction to twisted spin curves

For every admissible divisor D of C, consider the diagram (over B’)

8 —=Sx

D

lx
Yo ;lJD
v

— Ho
Swf > Jyyr

where vp is the normalization maps so that up o vp = ¢ (where up is defined). For every D
the base of the universal deformation of a D—twisted spin curve (C, L) is B’ and Aut(C, L) acts
trivially on B’. Hence S),  is smooth at the point (C, L) (hence pp is defined there). Using this
setup we will describe the map 1 and the scheme structure of the fiber of Jy over 0 € B’.

Let £ €S, ; be a stable odd spin curve supported on the blow-up X of C' and pick a representative
(X, G, a) of £. Assume that the nodes which are blown-up to get X (for ¢, j such that 1 < j <i < 7)
are {np1,npo} for h =1,...,j and h =i+ 1,...,7 (see Example 2.10). Let Ax be the graph
associated to X (obtained from I'c by contracting the edges corresponding to the nodes which are
not blown-up to get X). Then Ax = ¥x and is as shown below (there are loops from F; to Fj
and from F;q to F;).

In the first three Steps, { will be fixed. Assume that Ri,...,R; are even theta characteristics
respectively of F,...,F; and R is a theta characteristic of W" U Fj11 --- U F} so that G has the
following restrictions to the non-exceptional components of X

Glp, =Ry (1<h<j) Glp,=0F (i<h<7) Glwrur,, vk =R
RY? = Op,  R® =wweir,,,. UF,-

In order to describe the map ¥ we choose another representative in the equivalence class of £ as
follows. Define the Cartier divisor of C (which is a smooth surface, see Lemma 3.10)

D:i= Y F,+ Y Fu
1<h<j i<h<t

It is an admissible divisor of C (see Lemma 2.22). Then G is equivalent to a line bundle L € Pic(C)
of a D—twisted spin curve (C, L) if L is obtained by gluing line bundles (with suitable gluings) in
such a way that (see Theorem 2.24 and the notation of Definition 2.14)

Llp, =R, 1<h<j) Llp =0p (i<h<T)

Liwvoru.m =R D (i +nn2) + D (nu1 + nas)
1<h<j i<h<r

L®? = we ® Of(D)
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We have b (Xx) = 7 —i+j and then 27~/ gluings giving rise to 27+ different line bundles L.
If L is one of such line bundles, then it follows from Th. 2.24 and Remark 2.25 that there exists
a representative (X, G, «) of € such that L and G are limits of the same family of line bundles on
a base change of order two of f : C — B’ totally ramified over 0. Hence £ and (C, L) are the same
point in S%, that is vo(vp' (C, L)) = €.

It follows from Lemma 3.14 that the point § of S, has 27~+7 branches and then v (v (C, L)) =
¢ if and only if L runs over the set of the above 27~%tJ line bundles and

VX' #£C (X' L)€ Sy, = vp (X, L)nwg (&) =0.

In order to find the image of the points of S¥ over ¢ (with representative (X, G, «)), it suffices
to find the images via the morphism pp of the above D—twisted spin curves (C, L) (recall that
(C, L) is a smooth point of S}, because it is supported on C).

SECOND STEP: the behaviour of the smoothable sections of the line bundles L

Let (C,L) be a D—twisted spin curve which is equivalent to £ = (X, G, ). Set ¢ : L®? ~ w¢(D)
and pick the line bundle £ smoothing (L, ¢) (see Not.Ter. 3 (5)). Since f : C — B’ is a smoothing
to theta generic curves, there exists a unique f—smoothable section of L|c = L. We want to
characterize its behavior on the irreducible components of C.

Recall that ¢ : C — W' is the canonical desingularization of W' = W x g B’. Consider the
canonical desingularization hy : Wy — B’ of W' at t1,...,t; so that there exists a birational
morphism 7 : C — W), which is an isomorphism away from the special fiber. Let W7 C W, be the
central fiber. Thus 7 : C — W) is the contraction of Fj;1,..., F; to tacnodes of W7 and W; has
Fy, ..., F; as elliptic components.

We shall denote by W5 := m (W3 has Fjiq,. .., F; as elliptic components).

e CLAIM: one can construct 27 %7 line bundles P;, P» - - - in Pic(Wy) such that 1 = h%(P;) =
hO(Py) = --- and such that {7* Py, 7*P;---} is exactly the set of line bundles L.

Let us prove the claim. Consider the theta characteristic R of W" U Fjyq --- U F; (see STEP
I). Since the starting stable spin curve £ = (X, G, «) is odd and the restrictions of G are even on
Fi,...,F;and odd on Fiyq,..., F;, it follows that R is odd (respectively even) if and only if 7 —
is even (respectively odd) (see Not.Ter.3 (4)). It follows from Prop.2.2 that R(3", ), <, (nn1+7n42))
induces 27~% odd theta characteristics P{, Py --- on W5 and by the theta genericity_assumption

1= WO(P)) = KO(Py) = --- .

Let P’ be one of these line bundles. Consider the Cartier divisor D’ := 7, o, Fi of the total
space Wi of the family hy : W) — B’. We construct the 27+7~% line bundles P;, P, --- by gluing

P > (nna+mnpe) | €Pic(Wa) Ry € Pic(F,) 1<h<j.
1<h<j

with suitable gluing data so that wy, (D') ® Oy, = PP? = PY? = ... . Since Ry, is non effective,
we have that if P comes from P’, then h°(W;, P) = h®(Wa, P') = 1. Pick one P and the unique
line bundle P € Pic(W;) such that P®2 = wy,, (D’) and Plw, = P. Recall that 7 : C — W is
birational. Arguing as for the relation (PB) of Lemma 3.10
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(7" P)®? = 7" (wn, (D")) = wy (D).

It follows that 7* P is one of the line bundles L. Assume by contradiction that two distinct Py, P
satisfy 7* Py ~ 7* P,. Then

(W*Pl)‘c ~ (71'*7)2)|C = W*P1 ~ 71'*7)2.

Since 7 is a birational morphism which is an isomorphism away from the special fiber and the
degree of the restrictions of P; and P to the irreducible components of W; are equal, we would
have the contradiction

(P1)* >~ (m*P1)* =~ (*Pa)* =~ (Pa)* = P, ~ P».
Thus {7* P, 7* Pa,--- } is exactly the set of line bundles L and the claim is done.
For each P we have h°(P) = 1, then the unique section sp of P is h;—smoothable (recall that hy

is the family hy : Wy — B’). The f—smoothable section of 7* P is given by 7*sp.
The behavior of 7*sp is given by looking at sp and hence by construction

o 7m*sp identically vanishes on Fy, ..., F}

e m*sp has a zero on each curve Fjq,..., F;

e T*sp is a non-zero constant on each curve F; 11, ... F, (the section of each theta characteristic
P’ of W5 does not vanish on the tacnodes t;11,...,t,

o m*sp has zeroes {l1,...,l4j—i—j_1}p on smooth points of C' on W" (which are zeroes of the

section of the theta characteristic P’ of Wy corresponding to P).
The theta hyperplane pp(C,7*P) contains the tacnodal tangent of ¢i,...,¢;, the tacnodes

tj+1,...,t; without tacnodal tangents and cut the smooth points {l1,...,l4—i—j—1}p of W.

THIRD STEP: the partition induced by the smoothable sections

It is convenient to enumerate and display in a table the set of 2777~% line bundles L as follows.
Consider the line bundles My, ..., My; € Pic(W" U F; ---UF;) obtained by gluing (with the same
gluing data of the L at the corresponding nodes) the following line bundles

R Z (np1 + np2) + Z (np1 +np2) | € Pic(WY UFjqq... F)

1<h<j i<h<r

Ry € Pic(F,) 1<h<j

Consider the line bundles K1,..., Kyr—i € Pic(W” U Fj11,...,F;) obtained by gluing (with the
same gluing data of the L) the following line bundles

R Z (np1 + np2) + Z (np1 +np2) | € Pic(WY U Fjqq ... F)
1<h<j i<h<r

Op, € Pic(F) i< h<rT.

Display the 27**7 line bundles L in the table
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M1 M2 . . . M2j
K, Ly Ly -+« Lyo;
Ky Loy Loy -+ Loog;
K2-r—z‘ LQT—iJ L27-,1-72 . . . Lgr—i72j
TABLE 1

following the rule that each line bundle L is obtained by gluing the line bundle K (respectively M)
of the corresponding row (respectively column) at the nodes np1,npo for 1 < h < j (respectively
for ¢ < h < 7). Notice that the line bundles of each row (respectively column) have the same
gluing data at np1, npa for i < h < 7 (respectively for 1 < h < j).

Consider the set {sp,, sp, ...} of the 277 smoothable sections of the line bundles P. Notice
that if Plw, = P'(3_,<),<;(nn1 +np2)) then the section of HO(W1y, P) is the one restricting to the
section of H°(Ws, Ply,) vanishing on njy,npe for 1 < h < j and vanishing on F, for 1 < h < j.
Therefore there are exactly 27 distinct sections of type sp, each one of which appears 27 times.
Call s1,...,89-—: the distinct sections. Their pull-backs induce a partition of the set of the line
bundles L and hence a partition of the TABLE 1.

e CLAIM: the induced partition of TABLE 1 is by row.

Pick one of the sections si, ..., Sy-—: : assume without loss of generality that it is s;. Denote
by s} the restriction of 7*s; to W” U Fj41 --- U F; which is a section of

R[> (w1 +mm2)+ Y (nan +nn2)

1<h<j i<h<r

vanishing on the first 25 nodes. The line bundles M (previously constructed and appearing in
TABLE 1) are not effective on Fi, ..., F}, then s| descends to a section of each M.

Recall that the line bundles L on the same row of TABLE 1 have the same gluing data at
np1,npo for ¢ < h < 7. Thus in order to conclude this step it suffices to show that s} respects one
and only one gluing datum at these 7 — ¢ nodes (descending to a section of each line bundle of a
row of Table 1).

Let D(C) be the group of the spin gluing data of C. Since we are gluing fixed line bundles on
the irreducible components of C, we can use the description of D(C) given in Section 2.1. Consider
generators di,...,d,; of D(C), where dj, := d,,,. Let d,d’ € D(C) be two spin gluing data such
that, for a fixed index h with ¢ < h < 7, the generator d;, appear in d and not in d’. Assume
that s} respects d (descending to a section s; of some L). We have seen that s; is a non zero
constant on Fy, (recall that L|p, = Op,) and hence it can’ t respect d’ (which gives the opposite
identification of d at the node nj; and the same identification at np2). We conclude that 7*s; is
a smoothable section for each line bundle of one row of TABLE 1.

FOURTH STEP: the calculation of the multiplicities

In the FIRST STEP we produced 27~ line bundles L from a fixed stable spin & and each
(C, L) is a D—twisted spin curve having multiplicity 1 in the fiber of S¥ — B’ over 0.

It follows from the conclusion of SECOND STEP that if P is the unique line bundle of Wy
such that 7*P = L, then the theta hyperplane pup(C, L) is given by the span of the tacnodal
tangents of ¢1,...,t;, the tacnodes ¢;41,...,t; and the smooth points {l1,...,lg—;—;—1}p.
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The THIRD STEP implies that up(C, L) = up(C, L") if L and L’ belong to the same row of
TABLE 1 and we get 27 of such twisted spin curves.

If we vary (C, L) by gluing any one of the 3 even theta characteristics of Fj, for 1 < h < j we
don’t change the corresponding theta hyperplanes and we get 37 of such twisted spin curves.

Moreover we shall see in Proposition 3.21 that any elliptic component Fj, of C' admits an
automorphism fixing Fy’ and exchanging any two of the four square roots of Op, (nn1 + np2) for
j < h < 14. Using this it is easy too see that there is a partition of the D—twisted spin curves in
sets of 4177 elements identifying via up.

We conclude that each theta hyperplane of type (i,7) has multiplicity 27374°=7 = 674'=7. [

Below we shall deal with the easier case of cuspidal singularities.

THEOREM 3.16. Let W be an irreducible theta generic canonical curve of genus g whose
singular points are only cusps. Then the multiplicity of a theta hyperplane of type k is 3*.

PROOF. Let cy,...,c, be the cusps of W. Let W — B be a general projective smoothing of
W to theta generic smooth curves and f : C — B’ be its stable reduction with central fiber C. In
the sequel we shall maintain the notations of Lemma 3.10. Denote by ny := Fj, N Fy
Fix the admissible divisor of C
D= j{: F,

1<h<y

and the smooth curve Sj;, , all of whose points are supported on C. Consider the diagram

such that up ovp = 1. Recall that vy : S}’ — S;f denotes the normalization

Fix a stable odd spin curve (X, G, ) € S, of C. It is supported on the blow-up X of C at all
of its nodes (see Example 2.9). Assume that Ry,..., Ry are even theta characteristics respectively
of F1 ..., F) and R is a theta characteristic of W" so that G has the following restrictions to the
irreducible non-exceptional components of X

Glp, =R, 1<h<k) Glp,=0p (k<h<y) Glw»=R

It follows from Proposition 2.24 that G is equivalent to L € Pic(C) for a D—twisted spin curve
(C,L) if L is obtained by gluing the following restrictions to the irreducible components of C
(notice that there is only one gluing since C' is of compact type)

L|Wu =R Z np

1<h<~y

Llp, =Rp (1<h<k) Llp, = Op, (k<h<n).

As in the tacnodal case this means that vy ' (¢) = v;'(C, L) which is a point of S% (notice that,
since C' is of compact type, then S P B’ is étale everywhere and therefore the points of S, ;
over 0 € B’ have one branch). In order to describe the morphism %) : S% = Jwr it suffices to find
the images of the D—twisted spin curves via the morphism pp : Sy, — Jwr.
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Arguing exactly as in Theorem 3.15 one can show that the f—smoothable section of a
D—twisted spin curve

e identically vanish on Fi,..., F}

e is a non-zero constant on each curve Fyyq,...,F,

e has g — k — 1 zeroes on smooth points of C on W* and two different sections have different
sets of zeroes.

Since the morphism ¢ : C — W' contracts the elliptic curves Fy,, the theta hyperplane pp(C, L)

contains the cusps ci,...,c; and does not contain the cusps cpy1,...,cy.

Each L has multiplicity 1 in the central fiber of Sy~ (see Example 2.9). If we change the 3k
even theta characteristics of Fi,..., F}, to which L restricts, then pup(C, L) does not change.

We conclude that each theta hyperplane of type k has multiplicity 3*. O

Arguing exactly as for the previous two theorems we have

THEOREM 3.17. Let W be an irreducible theta generic canonical curve of genus g whose
singular points are tacnodes and cusps. Then the multiplicity of a theta hyperplane of type (i, 7, k)
is 4179673".

3.4. Twisted spin curves and the compactification

In this section we shall sum-up all the results of the previous sections in Theorem 3.22. In order to
obtain a clear statement, we shall consider the case of curves whose singularities are only tacnodes
or cusps, even if it will be evident how to proceed in the mixed case.

First of all we describe the elliptic tails arising from the stable reduction of a general smooth-
ing of a cuspidal and tacnodal projective curve.

e The elliptic curve F of the elliptic surface singularity y* — 2% +t° = 0 (resp. y*> —2*+t* = 0)
has j—invariant j(F) = 0 (resp. j(F) = 1728).

In fact it is easy to check that F is the double cover v : F — P! branched over 0, 1, 00, —w, where
w3 =1 (resp. branched over 0,1, 00, —1).

Let W be a tacnodal curve as in Lemma 3.10 and let F' be an elliptic component of the stable
reduction C' of a general smoothing of W. It is easy to see that F' admits a non-trivial involution
1 fixing the ramifications points over 0, co and exchanging the ones over 1, —1 and that the points
F N F€ lie over 0,00. Thus if 7 is the involution of F' exchanging the sheets we have

(3.12) Auty C D<), 7 > il

DEFINITION 3.18. Let W be an irreducible curve with cusps and tacnodes. Fix a general
projective smoothing W of W. Let s be a cusp (resp. a tacnode) of W. The cuspidal (resp.
tacnodal) blow-up of W at s with respect to VW is the curve C' which is the central fiber of the
stable reduction of W at s. The elliptic tails of C are said to be elliptic exceptional components.

e The prototype of a tacnodal blow-up

One can find the explicit equation of a tacnodal blow-up by applying the canonical desingulariza-
tion of the elliptic surface singularity y? — 2* +t* = 0. A similar construction works also for the
cuspidal blow-up.
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Consider the blow-up Z c CZ, x ]P’[l(%,sl] of Ci,t at the origin. Set s := so9/s1 and consider
v(t —sz) C Z.
The canonical desingularization p : W™ — W of the surface singularity W = v(y? — 2% + t) is
given by

Corsy DVt —sz,y? +s'—1) =W — v(t —sz)C 2
which is the double cover of Z ramified over v(s* — 1). The restriction of p over the set of points
with ¢ = 0 gives a tacnodal blow-up of y? — z* = 0.

More explictly this blow-up is given by

v(isz,y* +s* —1) =v(z,y* +s* —1Uv(s,y* +s*' —1)=FuUC

which is the union of two smooth curves.
F is an elliptic curve, because it is the double cover of v(x) C C2, ramified over four points
(w,t,8,) = (0,0,i") € v(x) for h=1,...,4. It is easy to check that j(F) = 1728.

DEFINITION 3.19. Let W be an irreducible projective curve whose singularities are only cusps.
Fix a general projective smoothing W of W.
A cuspidal spin curve on W with respect to W is a triple (C,T, L), where

e (' is the cuspidal blow-up of W at all of its cusps with respect to W

o if f is the stable reduction of W, then T is the twister T € Tw;(C) induced by the (admis-
sible) divisor which is the sum with coefficient 1 of all the exceptional elliptic components

e [ is a square root of we ® T

DEFINITION 3.20. Let W be an irreducible projective curve whose singularities are only tac-
nodes. Fix a general projective smoothing W of W.
A tacnodal spin curve on W with respect to W is a triple (C, T, L), where

e (' is the tacnodal blow-up of W at all of its tacnodes with respect to W

o if f is the stable reduction of W, then T is a twister T' € Tw(C') induced by an (admissible)
divisor which is the sum with coefficient 1 of some exceptional elliptic components

e [ is a square root of we ® T.

Notice that if (C, T, L) is a tacnodal spin curve and F is an elliptic exceptional component not
contained in the divisor inducing T with {p, ¢} := F N F¢, then L|p is a square root of Op(p+ q).

PROPOSITION 3.21. Let W be an irreducible curve with a tacnode t. Let C be a tacnodal blow-
up of W at t with exceptional elliptic component F. Set F N F° = {p,q}. If G1 and G5 are square
roots of Op(p + q), there exists o in Auty C such that 0*Gq ~ Gs.

ProoF. We know from (3.12) that Auty C D< @, 7 >, where 1 is an involution fixing only
FNF°and 7 is the involution of F' exchanging the sheets. Since the four square roots of Op(p+q)
are effective, we can pick the effective divisors D1, ..., D4 in their linear series such that 2D; = p+q.
Since 2(7*(D;)) = 7*(2D;) = 7*(p + q) = p + ¢, we have (up to reorder the indices) Dy = 7*(D1)
and D3 = 7*(Dy). Moreover 2(¢*(D;)) = ¢¥*(2D;) = ¥*(p + q) = p + ¢ and hence (up to reorded
the indices) D1 = ¢*(D3) and Dy = ¢*(Dy). O

We collect the main differences among spin curves in a table.
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SPIN CURVES STABLE CUSPIDAL TACNODAL

typical base change | t — t2 t— 6 t—t

surface singularity |32 —a22 =12 2 —23 =10 o2 -2t =144
rational elliptic elliptic

exceptional curve FE rational F elliptic F elliptic
E? = — F2=_1 F2=_2

J(F)=0 §(F) = 1728

TABLE 2

We sum-up all the obtained results in the following Theorem. Recall the definition of Jyy, in
Not.Ter. 3 (3).

THEOREM 3.22. Let W be an irreducible theta generic canonical curve of genus g whose
singular points are either only cusps or only tacnodes. Let f : W — B be a projective smoothing
of W to theta generic curves.

Then Jyw is a compactification of Jy» =~ S;; whose boundary points do not depend on the
chosen family.

The boundary points of Jy correspond to spin curves of W with respect to a fized general
projective smoothing of W. Denote by (C, T, L) such a spin curve of W.

Let W be cuspidal and W", Fi,. .., F, be the irreducible components of C. Then (C,T, L) and
(C,T,L") are identified in Jyy if and only if

° L‘WV = L/‘Wu,'

e for h=1...,, either L|p, = L'|p, = O, or L|g,,L|F, are even theta characteristics of
Fy,.

Let W be tacnodal and WY Fy, ... F; be the irreducible components of C. Then (C,T,L) and

(C,T', L") are identified in Jy if and only if

e I'=T';

o if F}, is in the support of the divisor inducing T, then either L|p, = L'|p, = O, or L|p,, L|r,
are even theta characteristics of Fp;

e if Fy is the union of the elliptic exceptional components of C to which L,L’ restrict to the
trivial bundle and F5 is the union of the elliptic exceptional components of C not contained in
the support of the divisor inducing T, then there is an automorphism o € Auty C N Aut(F»)
such that L' |wvirur = (0*L)lwvur,uF,-

3.4.1. A quartic with an ordinary triple point.

It is possible to generalize the techniques to more complicate type of singularities. In the sequel
we consider the case of an irreducible curve of genus 3 with an ordinary triple point.

Let W be a irreducible plane quartic with an ordinary triple point. There are 4 theta lines of type
zero and 3 theta lines containing the singular point (the 3 lines of the tangent cone).

Let W — B be the general projective smoothing of W such that W locally is given by the
equation y? — 2% +t = 0. It is easy to see that its stable reduction C — B’ is given by

C—>W —=Ww

N

B ——B
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where b is a base change of order 3 totally ramified over 0 € B. A local equation for W' is
y> — 23 —t3 = 0. The central fiber of C is given by C' = W¥ U F where W is the normalization of
W and F is an elliptic curve with j(F) = 0 and F? = —3. The dual graph of C is as shown below.

Let us denote by p,q,r the 3 nodes of C. Consider the birational curves S ; and Spn where
N :=w;(F) and their common normalization S% yielding a natural morphism ¢ : S¥ — J.

Arguing as in the cuspidal and tacnodal case it is easy to see that the theta lines of type zero
are given by the four smooth points (C, L) of Sy (supported on C) with multiplicity 1 in the
central fiber. Each one of these line bundles is equivalent to the unique odd spin curve supported
on the blow-up of C' at the whole set of its nodes.

The theta line [, of W containing the triple point and tangent to the branch corresponding
to p is given by taking the odd spin curves supported on the blow-up of C at p. Since there are 4
such odd spin curves of multiplicity 2, then [, has multiplicity 8.

Arguing similarly, the multiplicity of the other two theta lines containing the triple point is 8.






CHAPTER 4

Theta hyperplanes and stable reduction of curves

In this chapter we shall describe theta hyperplanes of canonical stable curves, giving an application
to the stable reduction of curves.

In Section 1 we will see how to control degenerations of theta hyperplanes to canonical stable
curves.

In Section 2 we will discuss etale completions of curves of theta characteristics.

In Sections 3 and 4 we will recall some known results about the stable reduction of curves
and we will use the results of Section 1 and the Geometric Invariant Theory to give a general
computational approach to the stable reduction.

Notation and Terminology 4.

(1) Let W be a canonical curve with nodes, cusps and tacnodes. A theta hyperplane of type 0 of
W is a hyperplane cutting a divisor D divisible by 2 as Cartier divisor and not intersecting
the singular locus of W.

In particular notice that the square root of D yields a theta characteristic of W.

(2) The valence of a vertex of a graph is the number of the edges containing the vertex. A graph
is said to be Fulerian if the valence of each vertex is even. Notice that a stable curve admits
a semicanonical line bundle if and only if its dual graph is Eulerian. A graph is said to be
bipartite if there exists a partition of the set of vertices into two classes such that every edge
has its ends in different classes (see also [D, 1.6]).

4.1. Theta hyperplanes of stable curves

We describe configurations of theta hyperplanes of canonical stable curves. In [CS2, Lemma 2.4.1]
one can find a description of theta hyperplanes of canonical stable curves all of whose components
are non degenerate, that is either irreducible or with two rational components (i.e. the so-called
split curves). In general, when the curve has degenerate components, the typical phenomenon is
the existence of theta hyperplanes containing subcurves.

We start with the theta hyperplane of type 0 of a s.t.g. canonical stable curve. We shall restrict
our analysis to curves with at most two irreducible components, which is what we will need in
Section 4.4, even if one can get similar results also in the general case.

LEMMA 4.1. Let W be a s.t.g. curve with nodes, cusps and tacnodes with at most two irre-
ducible components. LetY C W be an irreducible component of W and p1, . .., pan general points of
Y wheren > 1. Assume that every semicanonical line bundle of W has at most one section. If R is
a semicanonical line bundle of W and M is a line bundle of W such that M®? = Ow (p1+- - -+pan),
then h°(R® M~1) = 0.

PROOF. Fix a semicanonical line bundle R of W and set Y% := Y™ N W™, Consider

57
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U= (M/(q,....q2)) : M®?* =0w Z g C Pic"W x Sym*"Y*

1<i<2n

and the projection onto its second factor
¢ :U — Sym*"Y*®

whose finite fibers are isomorphic to the group Picy [2] C Pic’W of 2—torsion points. Moreover
consider

Vi={(M,(q1,...,q2)) : "®(R® M~') > 1} C Pic"W x Sym*"Y*.

It suffices to show that every irreducible component of U has a point outside V. In particular it
suffices to show the existence of a fiber of ¢ with empty intersection with V.
Let ¢ be a general point of Y and consider 2ng € Sym®"Y*. It follows that

0 1 (2nq) = {(Ow(nq) ® F', 2nq) : F € Picw[2]} C U.

Since R’ := R® F~! € Pic(W) is semicanonical for every F' € Picy/[2] (hence with at most one
section by hypothesis) and since ¢ is general and n > 1, we get

h(R® (Ow(—nq) ® F~')) = h°(R' ® Ow(—nq)) = 0.
It follows that ¢ ~1(2ng) NV = () and we are done. O

LEMMA 4.2. Let W be as in Lemma 4.1 and satisfying one of the following conditions
(i) W is irreducible
(ii) W is general, stable and with two irreducible components.
If R is an odd theta characteristic of W, then h°(R) = 1. If W is stable and R is an even theta
characteristic of W, then h°(R) = 0. In particular if W is stable and canonical, then it has a finite
number of theta hyperplanes of type zero.

PROOF. The proof is by induction on the (arithmetic) genus g of W, since if W has genus at
most 1, any theta chacteristic has at most one section.

(i) If W has a node n, pick the normalization 7 : W’ — W of W at n. Let p,q be the points
of W’ over n. Consider the line bundle R; := 7* R satisfying the relation R?z = ww (p+q). We
get Ry = F ® B, where F®? = wy and B®2 = Oy (p + q). Notice that wy» @ R;' = F @ B~ L.
By induction every semicanonical line bundle of W’ has at most one section and since W is s.t.g.,
the points p and ¢ of W’ are general. Hence we can apply Lemma 4.1 and then R; is non special.
It follows that h°(R;) = 1 (Riemann-Roch). From

0O—-R—mam R—F,—0

where F,, is a torsion sheaf supported on n, we get h’(R) < h°(Ry) = 1.

If W has a cusp ¢, consider the normalization 7 : W’ — W at c. Set p = 7~ !(c). Recall that the
genus of W is g — 1.

We show by induction that if R is a theta characteristic of W, then h°(R) < 1. In fact if R
is even, consider 7*(R) € Pic(W”’). It follows from Proposition 2.2 that 7*(R) = L(p) for an odd
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theta characteristic L of W’ and by induction h°(L) = 1. Since (7*R)®? = 7*(ww) = ww(2p)
and deg R = g — 1, we have

hY(n*R) = deg R — g(W') + 1 + h®(ww ® (7*R)™') = 1 + h°(L(—p)).

W is s.t.g. then p is general. Therefore h°(L(—p)) = 0 and h°(R) < h(7*(R)) = 1. Hence
h%(R) = 0 (R is even).

If R is an odd theta characteristic of W, then it follows from Proposition 2.2 that 7*R = L(p)
for an even theta characteristic L of W’ and hence h°(L) = 0. Arguing as before we have h°(R) <
hO(m*R) =1+ h°(L(—p)) = 1 and hence h°(R) =1 (R is odd).

If W has a tacnode ¢, consider the normalization m : W’ — W at t. Set {p, ¢} = 7~ 1(¢). Recall
that the arithmetic genus of W’ is g — 2.

We show by induction that if R is a theta characteristic of W, then h°(R) < 2. In fact if R
is even, consider 7*R € Pic(W”’). It follows from Proposition 2.2 that 7*R = L(p + ¢) for an odd
theta characteristic L of W’. By induction h°(L) = 1. Since (7*R)®? = 7*(ww) = ww (2p + 29q)
we have

R(m*R) = deg R — g(W') + 1+ h®(wp @ (m*R)™") = 2+ h°(L(—p — q)).

W is s.t.g. then p,q are general. Therefore h®(L(—p — q)) = 0 and h°(R) < h°(7*R) = 2.

Now if R is an odd theta characteristic of W, then it follows from Proposition 2.2 that 7*(R) =
L(p + q) for an even theta characteristic L of W’. By induction h°(L) < 2. Arguing as before we
have h(7*R) = 2+ h°(L(—p — q)) and p, q are general points, hence h?(7*R) = 2. It follows that
RO(R) < h%(7*R) = 2 and then h°(R) =1 (R is odd).

(#) If an irreducible component of W has a node n, we can argue as in (i) (applying Lemma
4.1 to a curve with two components).

If W has two rational smooth components (i.e. W is a split curve) the statement follows from
[C2, Proposition 2].

If W has a smooth component of genus at least 1, pick a degeneration of W to a curve W
having a nodal component. Then R specializes to a stable spin curve of Wj.

If the stable spin curve is supported on Wy, we are done by the first part of the proof and the
semicontinuity. If the stable spin curve is supported on a proper blow-up Xy of Wy, then we can
apply the induction to X, and we are done by semicontinuity. O

In the sequel if f : C — B is a smoothing of a canonical stable curve C, we denote by S the fiber
of 5, — B over 0 € B. Recall that in this hypothesis J¢(C) is the central fiber of the family of
theta hyperplanes Je (see Not.Ter. 3 (3)).

THEOREM 4.3. Let C' be a canonical general stable curve with at most two components. Let
f : C — B be a projective smoothing of C to theta generic curves. There exists a morphism of
zero dimensional schemes

p:Se — Jp(C)
which does not depend on f. Moreover if £ = (X, G, «) is an odd stable spin curve of C, then

(a) w(&) contains all the nodes which are blown-up to get X.
(b) u(§) contains the components of X to which G restricts to an even theta characteristic.

Proor. Consider the normalization v : 5% — S; . Since S, and Je¢ are isomorphic away
from the central fiber and S} is smooth, we get a morphism u'f 257 = Je (which a priori depends
on f.) We want to prove that x; is constant along fibers of v.
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Fix £ € S, supported on the blow-up X of C. Since S ; coarsely represents the functor of
odd spin curves, a point in v~1(£) is in the isomorphism class of £. This means that any two point
in v71(¢&) are representatives (X,G1,a1), (X, Ga, ) of € and there is 0 € Auto(X) such that
G2 ~ O'*Gl.

We can describe p'f as follows. Consider the commutative diagram

P

NN

B'—B

where b is a base change of order 2 totally ramified over 0 and ¢’ is a suitable blow-up of the fiber
product C’ := C X3, B’ so that fx : X — B’ is a smoothing of X. Pick a representative (X, G, «)
of £. Let € be the effective Cartier divisor of X supported on exceptional components of X so
that we have an isomorphism ¢ : G®? 5 wy, (=€) ® Ox. Let G € Pic X be the unique line bundle
smoothing (G, ) (see Not.Ter. 2 (3) (b)). Since C is a smoothing to theta generic curves, then for
t € (B")* we have h°(Xy,G|x,) = 1. The image of (X, G, «) via p'y is given by the vanishing locus
of the fx—smoothable section of G.

Let (X,G1,a1) and (X, Ga,az) be in v 1(§) with Go = 0*G; for 0 € AuteX. Notice that
since C' is general with at most two components, then G; has exactly one section (see Lemma 4.2).
Thus if s is the fx smoothable section of G, then o*s is the fx smoothable section of G5. The
two smoothable sections have the same behavior away from the exceptional components of X and
vanish on a point of each exceptional component. Since the composition ¢ o ¢’ : X — C contracts
the exceptional components, p’f is constant along the fibers of v. We get a map py : S — Jp(C).

Let (X,G,a) be a representative of £ and E C X exceptional. The fx—smoothable section
of G vanishes at one point of E and this implies (a). Let Z be a component to which G restricts
to an even theta characteristic. Not.Ter. 3 and Lemma 4.2 imply that G is non effective on Z
yielding (b).

We prove that uy does not depend on f.

Let C have one irreducible component. ps(€) is independent of f, because it is given by the
linear span of the nodes of C' which are blown-up to get X and of the (smooth) points of the
effective divisor of the odd theta characteristic G| .

Let C have two irreducible components.

Assume that X has only one (odd) connected component. Notice that h%(G|z) = 1 (see
Lemma 4.2). Using Lemma 4.1 it is easy to see that the section of G|; does not vanish on
components of X. Hence pr(€) is given by the linear span of the nodes which are blown-up to get
X and of the (smooth) points of the effective divisor of G|¢. ps(€) is independent of f.

Assume that X has two connected components, X; odd and X5 even. Thus py(€) contains
X> by the above (b). Since X is non-degenerate, p7(£) doesn’t contain X4, hence pf(€) is given
by the span of the linear space containing X5 and the (smooth) points of the effective divisor of
the odd theta characteristic G|x,. pus(€) is independent of f. O

4.1.1. The multiplicities of J(C') when C has at most two components.

In the sequel we show how to use Theorem 4.3 to compute the multiplicities of the theta hyper-
planes. If C' has at most two components, J(C) will denote the zero dimensional scheme of theta
hyperplane.

Let C be a general stable projective curve of genus g with § nodes. Let f be a projective smoothing
of C' to theta generic curves and p as in Th.4.3.
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Assume that C' = C U Cy with g(C;) = g;. Write S, = S1 U Sz, where a point is in S; if and
only if it represents an odd stable spin curve £ = (X, G, «) of C with X connected.

It follows from the proof of Th. 4.3 that u(S1) N u(S2) = 0 and that p is injective over Sj.
Thus if ¢ = (X, G, a) € Sy, then p(€) has the same multiplicity of ¢ in Sy that is 201(¥x),

Let X be the blow-up of C at all of its nodes. Let & = (X, G1, 1) and £ = (X, Ga, a3) be in
Sa. Then p(&1) = (&) if and only if & and & have the same odd connected component C; and
Gile, ~ Gale,. Thus if € = (X, G, a) € Sy and C; is the odd connected component of X, then the
multiplicity of p(€) is 2”1(EX)N;;H, where Ngt,,i is the number of even theta characteristics of the
component C3_; of X.

(SP) In particular if C' is a split curve of genus g, (i.e. a stable curve which is the union of two
rational normal curves intersecting at g+ 1 points), then p is always injective because there
are no odd stable spin curves supported on the blow-up of C' at all of its nodes. In this case
p induces an isomorphism of zero dimensional schemes S, ~ J(C').

If C is irreducible, then p is an isomorphism of zero dimensional scheme. Then a theta hyperplane
containing h nodes has multiplicity 2".

EXAMPLE 4.4. The genus 3 case is special because any odd spin curve of a stable plane quartic
has exactly one section, i.e. it is theta generic. This yields a bijection between odd theta spin
curves and theta lines of a plane quartic, which we shall describe below.

If C has at most two components, the description is the above one. For example let C' be
the union of a line and a (possibly nodal) cubic whose dual graph is one of the two graphs shown

' oS oo

Consider an odd stable spin curve (X, G, «) with X non connected. It is easy to see that there is
just one such odd stable spin curve. Its corresponding theta line is the linear component of C.
Let C be the union of two lines and a conic (possibly reducible) whose dual graph is one of

the two graphs shown below.

In the left hand side case there are two types of odd stable spin curves supported on a blow-up
X of C' with X connected, depending if the node n on the two lines is blown-up or not. If n is
blown-up, there are 2 odd stable spin curves supported on the same curve, whose corresponding
theta lines are the two tangents to the conic from n. If n is not blown-up, there are 4 odd stable
spin curves whose corresponding theta lines are the linear span of the 4 pairs of nodes where in
each pair the first node is on the conic and on one line and the second node is on the conic and
on the other line. Moreover there are exactly 2 odd stable spin curves supported on two blow-ups
X of C with X not connected (the blow-ups respectively of the 3 nodes of a linear component of
(') and the corresponding theta lines are the 2 linear components of C.

In the right hand side case, there are 3 odd spin curves supported on blow-ups X of C' with
X connected and the corresponding theta lines are the linear span of the two nodes which are
blown-up. They are 3 distinct lines. Moreover there are 4 odd spin curves supported on a blow-up
X of C' with X non connected (they are the blow-up of the three nodes on a component of C).
The corresponding theta lines are the 4 linear components of C.
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4.2. Etale completions of curves of theta characteristics

Let f : C — B be a smoothing of a stable curve C. Consider the restricted family C* — B*. The
modular curve Sw; — B* of theta characteristics of the fibers of C* is étale over B*. Obviously a
flat completion of Sw;, over B is S,,.

We want to characterize the families f : C — B such that Sw; admits an étale completion over
B. We will see that this property depends only on the dual graph of the special fiber C.

DEFINITION 4.5. Let I be a graph. We say that I is étale if any graph obtained by contracting
the edges of an Eulerian subgraph of I is bipartite.

Notice that an étale graph is bipartite.

PROPOSITION 4.6. Let C' be a stable curve without non-trivial automorphisms. Let f : C — B
be a smoothing of C with B C My and C smooth. The modular curve Sw; — B* admits an étale
completion over B if and only if the dual graph T'c is étale.

PROOF. Let S’]{ be the normalization of S, ,. If Sw; — B* admits an étale completion over
B, then it is 5% — B. We will show that the 5% — B is ¢tale if and only if I'c is étale.

Pick a stable spin curve { = (X, L, «) in the special fiber of S,,,;. Assume that X — C' is the
blow-up of C' at the nodes n1,...,n,, of C.

The problem is local, then we can assume B C D¢ (recall that D¢ is the base of the universal
deformation of C). For j =1,...,m let t; be the coordinate of D¢ so that {t; = 0} is the locus
where n; persists. Using the fact that C is smooth and the implicit function theorem, we can
describe B without loss of generality as

where h; is an analytic function and h;(0) € C* for j =1...,m.
If we consider the usual base change D¢ := Dy x D, 2 Do = Dy x D; given by

(51 SmySmtly -+ 839-3) —= (83,000, 8%), Smil,- - - 539-3)
then
Ue = v(s3 — s7ha(s3),. .., 82 — 82hm(53), Sme1 — SThimi1 (1), ..., 83g-3 — sThag_3(s?)).

The tangent cone of Ug is given by

T(Ue) = V(85— 81,000y 50 — 81, Smt1y ... ) = (cooy8+ €815, 84, ..

) 2<j<m
m<i<3g—3

U v
Eje{lvfl}

and hence Ug has 2™~ distinct branches. Notice that p is a 2™ —fold cover. The restriction of p
to each branch is a double cover of B (hence ramified over the origin). In fact the involution 6 of
D¢ over D¢

0
(817 <o Smy Smtl, - - '7839*3) — (_817 sy T8my Smtl, .- '7839*3)

acts on Ug over B preserving the components of T'(Ug) and hence the branches of Ue. Denote by
v S}’ — S, the normalization.
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e CLAIM: S} — B is unramified at the points of the fiber v1(&) of v: S¢ — S, if and only
if the above involution 0 : D¢ — Dy is contained in the image of the coboundary operator
6 : Aut(f) o~ CO(Zx,,uQ) — Cl(zx,pQ) ~ AU-tDcDg-

In fact S} — B is unramified at the points contained in v=1(€) if and only if the restriction of
p: Ug/Aut(§) — B to each branch is bijective. If 6 is contained in 6(C°(Xx, p12)), then it acts on
each branch of U exchanging the sheets and hence the restriction of u to the image of each branch
of Ug in Ug/Aut(§) is bijective. Conversely assume that the restriction of p : Ug/Aut(§) — B to
each branch is bijective. Then for every branch of Ue there exists 0y, € 0(C°(Xx, p2)) restricting
to the involution induced by 6. If 0y, # 0, then either Oy, (s1,...,8h,-..) = (=81, 8p,...) Or
Ove(s1,...,8k,...) = (81,...,—5k,...) for some h,k < m. In both cases all the components of
T(U) are not fixed, yielding a contradiction. Thus 0y, = 0 € 6(C°(Xx, p2))

Notice that 6 is represented by the chain of C'(Xx, uu2) having —1 over all the edges. It is
easy to see that it is contained in §(C%(Xx, u2)) if and only if Xy is a bipartite graph.

We are done, because if we take the subgraph Ay of I'c associated to X (obtained by taking
the edges corresponding to the nodes of C' which are blown-up to get X), then Xx is obtained by
contracting the edges of the Eulerian subgraph I'c — Ax of I'c.

U

EXAMPLE 4.7. The trees and the tacnodal graphs are étale, while the dual graph of an
irreducible stable curve is not étale.

ExaMPLE 4.8. Consider a stable curve C' whose dual graph is shown below. I'¢ is not étale
because it is not bipartite.

Let Dy C D¢ be the polydisc with coordinate t1, ¢, t3 so that {¢; = 0} is the locus preserving n;.
Consider the arc B =v(ta —t1, t3 —t1) C Dy. Let £ = (X, L, ) be a spin curve supported on the
blow-up of C' at ni,ns,n3. If we consider Dy with coordinate si, s, s3, we have

Ug = V(82 + S1, 83 +81) UV(SQ + 81,83 — 81) UV(82 — 81,83 +81) UV(SQ — 81,83 — 81) = U T;.

where each T; has a double cover onto B. The image of 6 : CO(Xx, u2) — C1(Ex, uz) is given by
{01,04,03,id} ~ u3, where

01(s1,52,53) = (51, —82,—53) 02(s1,52,53) = (—51,52,—s3) 03(s1,52,53) = (=51, —52,53)

T <9—1> T, T <9—2> T3 T <9—3> TS
61 62 03

Notice that (s, s2,83) — (—s1, —S2, —s3) is not contained in Im(9).
Ti,...,Ty are identified in Ug/Aut(§) which is smooth and endowed with a double cover of B
having ¢ as a ramification point.
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4.3. The stable reduction of curves

In [Hsl] and [Hs2], B. Hassett obtained results on the stable reduction of curves using the Mini-
mal Model Program. We generalize some of these results using the canonical desingularization of
surfaces. Moreover we shall see that the Geometric Invariant Theory yields a general approach to
the stable reduction, which is purely computational.

By an isolated plane curve singularity we will mean an analytic neighborhood of one singular
point of a reduced curve on a smooth surface.

Let W be an isolated plane curve singularities. Let A be the complex 1—dimensional disc. A
smoothing of W will be a surjective proper holomorphic map f : W — A, where W is a complex
surface and the fibers of f are isolated plane curve singularities with f=1(0) = W and f~1(¢)
smooth for every t € A — 0. We say that a smoothing of W is general if VW is a smooth surface.

Let W be an isolated plane curve singularity.

Let W — A be a smoothing of W and C be its stable reduction. Hence C' = W¥ U Wy, where
W is the normalization of W and Wy := C — W¥. Moreover W* N Wr = {p1,...,pp}, where b
is the number of branches of W. The pointed curve (W, p1,...,pp) is said to be the tail of the
stable reduction (see [Hsl, Section 3] for details).

ProprosSITION 4.9. Let W be an isolated plane curve singularity with b branches and genus
g. Let g be the genus of the normalization of W. Let Ty be the set of the tails obtained from
all the smoothings of W. Then these tails are pointed stable curves and Ty is a connected closed
subvariety of the moduli space m, where y=9g—g—b+ 1.

PROOF. See [Hsl, Proposition 3.2]. O

PROPOSITION 4.10. Let W be an isolated curve singularity of analytic type y¢ = xP where p, q
are integers with p > q > 1 and set b = gcd(p, q). There exist infinitely many curves which are
stable reductions of smoothings of W whose tails (W, p1,...,pp) satisfy the following properties

(1) p1+p2---+pp is a subcanonical divisor of W, that is
i 1) (p1+p2+-+p) = Kwy

(2) Wr is q—gonal, with gy = |$(p1 +p2 + - -+ pp)|.
(3) If p=q+1=3 (that is W is a cuspidal singularity), then Ty = M ;.

PROOF. See [Hsl, Theorem 6.2 and Theorem 6.3] and [Hs2, Proposition 4.1]. O

We show that Proposition 4.10 (1) holds for all the tails arising from a general smoothing of
a singularity of analytic type y™ = 2™.

PrOPOSITION 4.11. Let W be an isolated curve singularity curve of analytic type y™ = x™,
m > 4. Let (Wp,p1,...,pm) be the pointed curve which is the tail of a general smoothing of W.
Then the divisor p1 + - - - + P is subcanonical for Wrp.

PROOF. It is easy to see that the tail Wy is a m—fold cover 9 : Wy — P! totally ramified in
m points and R(v)) := (m — 1)(>_,<,;<,, Pi) is the ramification divisor of .
Hence for every point p of P! we have

R(Y) +¢*(=2p) = Kw,.
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It follows that

_ 2 m(m—1) , B _9 ‘ | -
Kw, o o— [ 5 ¥ (—2p)] + R(y) = mm =1 1S;Sm(m(pz +p)| +R() =
= WQ_D mm—1) > pi| +RW)=-2 Y pi+RW)=(m=3) > pi

1<i<m 1<i<m 1<i<m

Now we consider elliptic tails arising from smoothings of a tacnodal singularity.

PROPOSITION 4.12. Let W be a singularity of analytic type y*> = x*. The set of the elliptic
curves appearing as tail of smoothings of W is the whole M.

ProoOF. Consider the smoothings W, of the tacnodal singularity W given by the surfaces

A3 gt D Wa = v(y? — 2t + QLxSt + 2%t? — %xti;) — Ay aeC\{1,-1,2}
v —a -a

where ¢ is the coordinate of the disc A;. Notice that W, — A2 ; is a double cover ramified along

the plane curve V := v(z! — 5% 23t — 2t* + 5% xt) C A2 ;. If a is general, then Z is an ordinary

quadruple point and in this case the surface W, has a normal elliptic singularity in the origin
(see Section 1.2). The canonical desingularization of W, is the double cover of the blow-up A2 , ;
of Aiyy,t as shown below, where B denotes the curves of the branch locus and E the exceptional

curve (which is not contained in the branch locus).
B B B

1% B>‘< — B

—

2 A2
Ax,y,t A

x.y.t

=

The special fiber of the canonical desingularization is the stable reduction of W, and contains
an elliptic tail, which is the double cover of E ramified over E N E°. It is easy to see that, up
to a projectivity, E N E° = {[0,1],[1,1],[1,0], [, 1]}. Hence the general complex number is the
j—invariants of an elliptic tail arising from a suitable smoothing of W. Since the set of the tails
arising from smoothings of W is a closed set (see Proposition 4.9), we are done. O

Using the same technique, one can find similar results for other types of singularities

4.4. A GIT-computational approach to the stable reduction

The group SL(g) naturally acts over the space Py, of configurations of N, hyperplanes of P91,
We shall describe a computational method to give negative results on the stable reduction of
curves using the GIT-stability of configuration of theta hyperplanes. Since these configurations
are completely known for many curves (see Th.4.3, Th.3.9, Th.3.16, Th.3.15), the following sta-
bility criterion from [MFK, Prop. 4.3] is explicit and computable.

GIT stability criterion. For any Q € Sym~(P9=1)" and for h = 1,...,9 — 1 let pup_1()
be the maximum multiplicity of an (h — 1)—dimensional linear space of P9~1 as a subscheme of
Q, viewed as a degree N hypersurface of P9~ 1.

Then Q is GIT semistable (respectively GIT stable) if and only if for every h =1,...,9 — 1
we have pp_1(Q) < Mjy_1 (respectively pp—1 < Mp_1) where My_q := N%.
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DEFINITION 4.13. A canonical curve is said to be theta-stable if

(i) it has a configuration of theta hyperplanes which does not depend on the smoothings to theta
generic curves;
(ii) the configuration of (i) is GIT-stable.

LEMMA 4.14. Let W be a theta-stable canonical curve and W — B be a smoothing of W to
theta generic curves. Let C be a stable curve and f : C — B be a smoothing of C to theta generic
curves. If 6;(C) is GIT-stable and not conjugate to O(W), then C is not the stable reduction of
W.

PROOF. Assume the converse, that is (modulo a base change) C — B is the stable reduction
of W — B. Consider the canonical model of C* — B* :

p:C* — P(Ho(f*wf)v).

The families X := I'm(p) and W* are B*—conjugate, i.e. there exists a morphism p : B* — SL(g)
such that for every ¢t € B* we have X; = th(t). Then 0(X,) = 6(W;)?"). Tt follows that the
configurations 6;(C) and 6(W) are GIT-stable limits of conjugate families and thus they are
conjugate yielding a contradiction. O

REMARK 4.15. It may be useful to notice that the morphism ¢ of the proof of the previous
Theorem extends to all of C if and only if C' does not have a separating node (see [Ct]).

In the sequel we shall consider examples of theta-stable curves (cuspidal and tacnodal curves
and some stable curves), computing the GIT-stability of configurations of theta hyperplanes.

THEOREM 4.16. The following curves are theta-stable.

(i) A general irreducible theta generic canonical curve of genus g whose singular points are only
nodes or only cusps.
(ii) A general irreducible theta generic canonical curve of genus g with g > 26 whose singular
points are only tacnodes.
(iii) A general canonical stable curve of genus g with two irreducible smooth components of the
same genus.

PROOF. Let W be as in (i). It follows from Prop. 3.3, Th. 3.9 and Section 4.1.1 that W has
a configuration §(W) of theta hyperplans independent of smoothings to theta generic curves.

Let us show the GIT-stability of §(W). Since the locus of GIT-unstable points is closed, it
suffices to show the GIT-stability in the case of a rational curve with g cusps.

Let W be rational. Since W is general, if {c1,...,cy} is a fixed subset of h cusps of W, we
have pp—1 := pip—1(0(W)) = length Ry, where

Ry={HeJW):{c1,...,cp} C H}.

Then by Theorem 3.9 and Theorem 3.16 (notice that Nz = Ny = 0 and Ng =Ny =1)

_ 2: g—"h\, Z 9=\ qign _
h<i<g—1 0<i<g—1—h
g—i=1(2) g—i=h+1(2)
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7

0<i<g—h
g—i—h=1(2)

The inequalities required by the GIT criterion are

—h
pno1 = 3" 297h"l(297h )y < My, =297 (29 - 1) QT V1<h<g-1.

If we set r:= g — h with 1 <r < g — 1, these are

2r-l(2r —1 29129 — 1
(-1 _27@ -1

4.13
( ) r 3" g 39

1<r<g-1

Consider the function F'(z) := w It is easy to check that it is strictly increasing for z > 3
x 3 Y y g

and that F'(1) = F(2) < F(3). Thus F(g) > F(r) for g >3 and 1 <r < g — 1, which is (4.13).

Now we consider the tacnodal case (ii). First of all we need a combinatorial lemma. If R is
a zero dimensional scheme and r € R a point, we shall denote by mult(r) its multiplicity.

LEMMA 4.17. Let R be a zero dimensional scheme of length N. Let Eq, ..., E,, be subschemes
of R. Let M be a subset of indices M C {1,...,m}. If we denote by N(M) = length (N;cp F)
and N* = > N(M) fors=1,...,m, then we have
|IM|=s

length (R— U™, B;) =N - N' 4+ N? — ... 4 (=1)™" N™.

PrOOF. Consider the right side term. Each r € R— U, E; contributes of mult(r) to it while
each r which is in h of the E; contributes of

mult(r) [1 - (T) + (g) e (=R (Z)] = mult(r) [(1 - 1)]" = 0.

Arguing as in the cuspidal case, it suffices to show the GIT-stability of the configuration of a
tacnodal curve W with a maximal set of tacnodes, that is § tacnodes for g even and g—gl tacnodes
for g odd. We denote by 7 the number of the tacnodes of W.

Let {t1,...,ta,tat1,---,tats} be a fixed subset of tacnodes and {l,41,.-.,l.+s} be the set of
tacnodal tangents of ¢4 1,...,t.1s. We denote by pqp := length R, ;, where

O

Ropy={HeJW):{t1,...,ta} T H{la41,. . lasp} C H}.
Since W is general, we have that pp_1 := pp—1(0(W)) is given by
Hh—1 = mMaT [l Vi<h<g-1
Consider
E,={HeJW):t;¢H} V1<i<a
and
E,={HeJW):l;¢ HY Ya+1<i<a-+b.

Then Ryp = J(W) — 1<.g +bEl
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Let M be a subset of indices {1,...,a+b} D M = {i1,...,is} = {i1,.. i} U{irg1, - rge)s
where {i1,...,4,} C {1,...,a}, {irg1,.--sirtt} C{a+1,...,a+ b} and r + ¢t = s. Maintaining
the notations of Lemma 4.17, we get N (M) = length (N;enr E;), where

_eﬂMEi:{HEJ(W):tij¢H V1<j<r,l;¢H Vr4+1<j<r+t}

The number N (M) depends only on r and ¢ and we denote it by fi, ;. It follows from Lemma 4.17
that

fap =length Rop =Ny + > (=1 (D> fira) =Ng+ Y (;‘f) (?)(—1)T+mr,t.

1<s<a+b r+t=s 0<r<a
0<t<b
(r,t)#(0,0)

Split fi,; into three terms (see Theorem 3.9 and Theorem 3.15)

D iieriig (T—S\(T—T—]
ZE DD 1( j )( i ><N§+N§+);

j<i<t—r
0<j<t—s
_ igr—i (TS +.
rp= Yy 62 ( . ) N7
0<i<T—s
T—i=1(2)
oy = Z Gi o (T ; s> N,
0<i<tT—s
T—i=0(2)
We have '
T 1 T—8\[(T—7"—=73\ ,; s
> | G I
3 T . .
Ng + Né 0<i<T—r—7j J !
0<j<t—s
_ (T —5 T—7—7\ .
=271 37 48 —1) =
() x (i)
0<j<7T—s 0<i<T—r—j
. (T — 8 .
— 971 Z 37 ( . ) (57’—8—] 5T _ 1) — 971 (5s—r 7S _ 47——3).
0<j<r—s J
Moreover

T2 T— 38 .
=97 Z ( ) 3%
+ .
N§ 0<i<7—s5 ¢
Toi=1(2)
Applying the formula
T—s _ T—=8\ i pgr—s—i T—=8\ i pgr—s—i
(atpy—= 3 <i>a5 . <i>aﬁ |
T—5—1=0(2) T—s—1=1(2)
we obtain
27T H2TTE 1) i s=0(2)
27T 1) i s=1(2)
It follows that
Ty = 227'7371 (2775 _ (_1)5) Ng—
Similarly we get
, T—35
— 3’L 27’ N- = 227‘7871 27’75 -1 s N-.
e ¥ w0, (27 + (1) Ny

0<i<T—s5
T—i=0(2)
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We collect the three terms into
ﬁr,t _ (247—33—1 gS—T _ 237—25—1 + 237’—23—1) (Ng + N;) =+ (_1)3 227’—5—1 (Ngr _ Ng) —
— 22g747' (24773571 5sfr) o (71)5 29T 227‘7871 —_ 22973571 BT _ (71)5 297571.
So we can compute g p
a a\ (b
=N —~1)" o 1yt
por =Nyt 3 = (Dot X (1) () 0t
t=0 0<r<a
1<r<a 1<t<b

The first two terms are (in this case s = r)

Nt X (o= X () ina -

0#7r even rodd
a a
=N, 2g—3r—1 _ 9g—r—1y _ 2g—3r—1 g—r—1y _
bt (D@ owe o T (1) ety
0#7 even r odd
_ 2g—3a—1 a 30—3 a1 o)
= Ny +2%07%1 3" (T)(—l)’“Q“ r_g9=a Zzar(r)_
1<r<a 1<r<a
- N 2g—3a—1 a 1\ Qa—Tr _ Qay\ _ og—r—1 a—r[ @ _9ay _
.+ 2 (> N ICR 89) — 2 () 2 2 =29
0<r<a 0<r<a

— 29—1 29 _ 1) + 22g—3a—1 (7(1 _ 8(1) _ 2g—a—1 (3(1 _ 2a) = 7@ 22g—3a—1 _ 3@ 2g—a—1.

The last term in g (vecall that t = s —1r) is

> (8) 2 () e et o e -

0<r<a " 1<t<b
_ Z (—1)" (i) 929—3r—3b—1 Z (—1)t (i) 5t gb—t_ Z (_1)25 (i) 9g—r—b—1 Z (i) ob—t _
0<r<a 1<t<b 0<r<a 1<t<b
_ Z (_l)r <a>2293r3b1( Z (_1)75 (b> 5t 8b7t_8b)_ Z <a> 2977"71771( Z (b> 2b7t_2b) _
0<r<a " 0<t<b t 0<r<a " 0<t<b t
_ r [ @\ o2g—3r—3b—1/9b b A\ 5g—r—b—1 (qb by _
= 3 (- 3 (e @2 =
0<r<a 0<r<a
_ 229—3b—3a—1(3b _ 8b) Z (_1)7 <a’) {a—T _ 2g—b—a—1 (gb _ 2b) Z <a’) Q0—T —
0<r<a " 0<r<a "
=70 22g—3a—3b—1 (Sb _ 8b) 30 2g—b—a—1 (3b _ 2b).
Thus we obtain
fap = 7(1 3b 225]73(1731)71 _ 3(1 3b 2g7b7a71'
The stability condition is (for all a,b such that a +2b=hand 1 <h <g-—1)

ap = 7a 3b 229—3<L—3b—1 _ 3¢ 3b 2g—b—a—1 < (229—1 _ 2g—1)g —a— 2b
g
Since
30t g —a—2b

>
92a+b g

it suffices to show that
7%3% g—a—2b

8a 8k g
or also (recall that a +2b = h)
7a+2b 7h
gw+a+2b:gg—h+h<g.
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If weset r=g—hfor 1 <r <g-—1, the last inequality is

8" 89
<— V1i<r<g-1.
P g ="=9
By the given hypothesis g > 26. Consider the function F' := mg;z . It is strictly increasing for z > 8,

hence F(g) > F(r) for 8 < r < g — 1. Being F'(26) > F(1) and F' decreasing for x < 7, we get
F(g) > F(26) > F(1) > F(r) for 1 <r <7.

We check by inspection the result for g < 25. Below we sum-up the maximal number of tacn-
odes that a curve with a GIT-stable configuration may have.

(&7) h (ab) (&7) h (ab)

(3,1) 1 (1,0) unstable (15,7) 13 (13,0) unstable
(4,1) 1 (1,0) unstable (16,8) 14 (14,0) unstable
(5,1) 1 (1,0) unstable (17,8) 15 (15,0) unstable
(6,1) 1 (1,0) unstable (18,9) 16 (16,0) unstable
(7,1) 1 (1,0) unstable (19,9) - - stable
(8,2) 2 (2,0) wunstable (20,10) 19 (19,0) unstable
(9,3) 4 (4,0) wunstable (21,10) - - stable
(10,3) 5 (5,00 wunstable (22,11) 21 (10,0) unstable
(11,4) 7 (7,00 unstable (23,11) - - stable
(12,5) 8 (8,0) unstable (24,12) 23 (23,0) unstable
(13,6) 10 (10,0) unstable  (25,12) - - stable
(14,6) 11 (11,0) unstable (g>26,7) - - stable

Let C be a curve as in (iii). As a consequence of Theorem 4.3 we have seen that a general
stable projective C curve with two components (of the same genus) has a configuration of theta
hypeperplanes #(C') which does not depend on smoothings to theta generic curves. Below we shall
check its GIT-stability. Using the same techniques we can see that the GIT-stability holds also
when the components are nodal with the same genus.

Let g1 be the genus of the irreducible components of C' and § be the number of its nodes so
that ¢ = 291 + 6 — 1. If A is a linear space, we shall denote by p, the length of the scheme of
theta hyperplanes of C' containing A.

First of all assume C not to be split (that is g; # 0). In this case a maximal sets of nodes of
C in general position is given by any set of § — 1 nodes.

Since C' is general it is not restrictive to check the GIT-stability criterion only for the linear
spaces spanned either by the irreducible components of C or by sets of nodes of C.

Let A; be the linear space spanned by an irreducible component C; of C' (recall that we are
in the case g1 # 0). The theta hyperplanes containing A; correspond to the odd stable spin
curves supported on the blow-up of C' at all of its nodes and obtained by gluing an even theta
characteristic on C7. Thus it is easy to compute pa, by looking at this subscheme of S5 and we
have to check

pay =207 INg N = 2972(2%90 — 1) < My, 452 = 297129 — 1)ou /g,

which is true since the function F' := (2% — 1)/« is strictly increasing for z > 1.

Let Ap_1 be spanned by h nodes for 1 < h < § — 2. Then p,—1 = pa,_, which is given by
h—1 = 20A, + i, where p is the length of the subscheme of theta hyperplanes containing A, and
missing the linear spans of the components of C.
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Let us compute . Let L be the union of the edges of the dual graph I'¢ of C' corresponding to
the nodes spanning Ajy,. Then p is the length of the subscheme of S of the odd stable spin curves
(X,@G) such that ¥x = L U X%, where ¥’ is a subgraph of T'c — L and Sx # I'c. Notice that
there are 201Te—L) _1 subgraphs 'y of T — L such that 3, UL is equal to X x for an odd stable
spin curve (X, G) of C and for each one of these there are 201'@)=1 odd stable spin curves (with
multiplicity). Since b1(Tc — L) =6 —h — 1 and b;(T'¢) = § — 1, we have p = 2072(20-h=1 1)
and hence we have to check

—h
fino1 = 2un, + = 25(2290 — 1)+ 20-2(25 1 1) < pp, =29 1(29 — 1)L
g

If 2g1 > 0 — h — 1, it suffices to check that
59(229 — 1) < 22 (29 — 1)(g — )

which is true since 5g < (g — h)(29 — 1).
If 291 < 0 — h — 1, it suffices to check that

59(2°7" 1 — 1) < 2291(29 — 1)(g — h).

Since 5(2°7"1 — 1) < 4(297" — 1) and 2g; > 2, it suffices g(29~" — 1) < (g — h)(29 — 1) which is
given using the function F.
Let A3 be spanned by the whole set of nodes of C. We have to check the inequality

pas = 2, = 29712290 — 1) < Ms_o = 297129 — 1)2¢1 /9,

which is given again using the function F.
Now assume that C is a split curve. It follows from [C2, Proposition 2, Lemma 3] that for
h=1,...,9—1

9+1—h —i— i _ g+1_h _ _
Hh—1 = Z ( i—h )2g Loi _ 99-1 Z ( ; —1| =929 1(29 h_l)

h<i<g—1 0<i<g+1—h
g—i=1 (2) g—i—h=1 (2)

and we have to check

—h
fino1 = 2912970 1) < M, = 29129 — 1)L "
9

which is given using the function F’ O

Combining Lemma 4.14 and Theorem 4.16 we show the typical result one can obtain. Similar
results can be found analyzing the GIT-stability of configurations of theta hyperplanes of curves
with other types of singularities.

COROLLARY 4.18. Let W be a general irreducible theta gemeric canonical curve of genus g
whose singular point are either only tacnodes (for g > 26) or only cusps.

Then a general canonical stable curve C either irreducible or with two irreducible smooth
components of the same genus does mot appear as central fiber of the stable reduction of any
smoothing of W to theta generic curves.

PROOF. We have only to check that the configurations of theta hyperplanes of W and of the
stable curve are not conjugate.
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If W is cuspidal, then 3% appears as multiplicity of a theta hyperplane of type k for some
k > 1. If W is tacnodal, then for 1 < ¢ < 2, there exists a theta hyperplane of type (i,7) appearing
with multiplicity 6 (see Th. 3.9 and Th. 3.15).

If C is irreducible the multiplicity of a theta hyperplane of C' is 2° for a non negative integer
b. This multiplicity is never equal to 3*,6, 36.

Let C be reducible. Notice that C' has at least 3 nodes because such curve, being projective,
has a very ample dualizing sheaf (see [Ct]). Therefore Section 4.1.1 implies that the multiplicity
of a theta hyperplane of C is either 2° for a non negative integer b or is 2bNg"; for b > 2, where
N, gt is the number of the even theta characteristics of a component of C of genus ¢g;. It is easy to
see that this multiplicity is never equal to 3%, 6, 36. O
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