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Introduction

Let A4 be an arrangement of hyperplanes in V' = C", all containing the origin.

For each H € A, let ag be a linear form whose kernel is H. Thend4 = [] aa
HeA
is a defining polynomial of A of degree k = |A|. Let Y4 =V \ |J H be the
HeA
open connected submanifold of V' determinated by .A. We may ask how various

topological properties of Y4 may be determined from 4. This line of investiga-
tion began with work of Arnold [1], Brieskorn [6], and Deligne [10].

In this work we study the cohomology ring H*(Y4,C) with an approach
of the D-modules theory. We begin given a description of H*(Y4,C). Let
wg = dapg /2miag be a holomorphic 1-form on Y associated to H € A. Let
[wr] denote the corresponding De Rham cohomology class. Let R = R(A) be
the graded C-algebra of holomorphic differential forms on Y4 generated by the
[wi] and the identity. Brieskorn [6] showed that R ~ H*(Y4,C) as graded
vector space. Orlik and Solomon [20] gave a description of the ring structure of
R. Let £ = £(A) be the exterior algebra of a vector space with basis consisting
of elements ey in one to one correspondence with the hyperplanes H € A. We

say that a subset S of A is independent if (| H has codimension |S|, and is
HeS
dependent otherwise. Thus S is independent when the hyperplanes of S are in

general position. Define a C-linear map 0: £ — £ by 81 =0, deg =1 and

p
6(€H1 . ..er) = Z(—l)J_leHl . e/H\J --€H, -

j=1

Let 7 be the ideal of £ generated by all elements O(en, ...en,) where
{Hi,...,H,} is dependent. It is proved in [20] that the map eg — [wg] de-
fines an isomorphism between the graded algebras £/Z and H*(Y4,C). Denote
the poset of intersections of elements of A by L = L(A) ordered by reversed
inclusion, and with a rank function defined by r(X) =codimX, X € L. Orlik-
Solomon [20] constructed £/Z using only L(.A).

Let D, = C{z1,...,%n,0/011,...,0/0x,) be the Weyl algebra of rank n

over C and let P = P(A) = (C[xl,...,xn,d;ll] be the algebra of rational
functions on Y4. In the present work we construct a sequence of P as D,-
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2 Introduction

modules, and obtain the direct sum decomposition of its D,-modules (Chap-
ter 4). Furthermore, using this decomposition, we compute, in the Chapter
5, the cohomology ring H*(Y,4). Finally, in Chapter 6, we get the Poincaré
series of P(A). All D,-modules mentioned here are left D,-modules. Let
r =1(A) = 7(Ngeq H) be the rank of the maximal element of L(.A), namely,
the cardinality of a maximal linearly independent subset of A* = {am | H € A}.
Then each element of P can be written as a finite sum of quotients of the
form f/ H?:1 aZ_” where 0 < h < r, {ai,...,q;, } is a linearly independent
subset of A*, m; € N, f € C[x] = Clz1,...,2,] and H2:1 a;:_” := 1. This
allow us to get the following sequence of holonomic D,-submodules of P :
0=P, C(C[X] =F CP, C...CP. =P, where

my1... My
P={ X e [0 <oh i e Cxl, mien).
...y

Foreach X € Ly, = {X € L(A) | r(X) = h} consider its dual subspace X* of
(C™)* of dimension h. Let Bx- be the set of all possible bases to X* constituted
with elements of A*. For each X*, and for each basis B = {a;,,...,q;, } € Bx+
we define the following holonomic D,,-submodule of Py, /Py_1

.ml.:.mh
VE = {Z (W mod Ph1> firteme € Cixl, mj € Z+} .

i %y

We show in Proposition 4.2.11 that for each basis B € Bx- the D,-module V&,
is isomorphic to each other, and after a linear change of coordinates in (C™)*
such that X* = (y1,...,ys), V& is isomorphic, as D,-module, to Mx. =
CYht1s -+ Un»Oyss---,0y,] where 8,, = 8/8y;. Now let VIO be the C-
subspace of P /P_1 generated by all [1 /Tlacn a], B € Bx+, then the holo-
nomic Dy-module Py, /Pp_1 has the following decomposition

Pyp/Ph_1 = @ Z Ve = @ Mx- Q¢ ymod,
XeLy, BEBx~ XeLy
It is possible to determine a basis to ymod applying the notion of not bro-
ken circuit (nbc) to Bx-. Let Vx« be the C-vector space generated by the set
{1/Tl,cp | B € Bx-+}, then {1/]],c5 | B € Bx- and B is anbc} is a ba-
sis to Vx+, cf. Lemma 4.2.16, and
Theorem 4.2.283 For 1 < h<r wehave P, = @ Mx- ®c Vx+. In partic-

X€eL(A)
r(X)<h

ular P = ®X€L(.A) Mxs ®@c Vx=.

Theorem 4.2.24 The natural map @XGLh Mx+ Q¢ Vx» 4 Py, /Py_1 is an iso-
morphism of D,-modules.

This allow us to decompose the De Rham complex for Y4 as a direct sum of
complexes with cohomology just in one degree and 1-dimensional: Define the
following cochain complex (L}, dz:) :
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i:‘[’z((yla"':yh)): { E fi1...is.y

1<i1<...<is<n 1---Yn

dyi, - .- dy;, }

with 6 : £} — L}, the usual differential, and fi,..i, € Clyps1,---,Yn, Oyys -+, 0y, |-

1
Thus, cf. Corollary 5.1.4, the groups of cohomology H*(L}) are C- ” dyy . ..dyn
1

in dimension h and 0 elsewhere. Then for each X € L;(A) we associate the
following complex

,Ch(X): @ Eh({aj17"'7ajh})

(ajyseeos ajy y=X*
(315---» jp) nbe

where Lp({e;,,...,q;,}) is the same complex £} but it is just defined for
{ajy,- .., ,}. Finally, associated to the D,,-module P}, the complex L, (Pp) =
@Dxer, £r(X) allows us to calculate the h-th cohomology of V4.

Theorem 5.2.8 For 1 < h < r there exists an isomorphism between H"(Y,)
and H"(L,(Pr)) :

1
th)R(YA) = Hh('ch(Ph)) = @ (OF %daﬁ A...A dajh

ymx* Qjy .o Oy

Let P(A,t) be the Poincaré polynomial of the arrangement 4, cf. Defini-
tion 1.6.1, we see in Theorem 6.1.14 that the Poincaré series Poin(P(A),t) of
the graded module P(A) is equal to (1 —t) " Poin(A,1).
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Chapter 1

Combinatorics of an
arrangement

In this chapter we collect some definitions, notations and results about the
combinatorics of an arrangement of hyperplanes that will be used in the rest of
this work.

1.1 Definition of an arrangement.

We let N = {0,1,2,3,...} the set of natural numbers and for k£ € N let [k] =
def

{1,2,...,k} be the set of the k first non-negative integers (where [0] = ¢)
Definition 1.1.1 A central arrangement of hyperplanes is a finite collection of
codimension one subspaces of a complex vector space V. Let us denote it by A
and call it simply an arrangement or n-arrangement if dimV = n.

The cardinality of A4 will be usually denoted by &, and very often we will fix an
arbitrary linear order on A, i.e., put A= {Hy,...,Hy}.

Sometimes, when it is convenient, we fix a linear basis {z1,...,2,} of V*
and identify V' with C" using the dual basis in V. Then in order to define a
hyperplane H; of A it suffices to fix a linear form «; € V* such that H; = ker(q;).
This linear form is uniquely defined up to multiplication by a nonzero element
of C. We denote by A* = {aq,...,ax} the set of those linear forms and by
ds= Hle a; the homogeneous polynomial of degree k that also defines A.

1.2 The intersection poset L(A).
In order to define the Orlik-Solomon algebra of A we do not need to know the

hyperplanes, it suffices to know the combinatorics of A, i.e., its intersection
poset L(A). We will explain in details on this fact in Chapter 2.

5



6 Combinatorics of an arrangement

Definition 1.2.1 Let A be an arrangement and let L = L(A) be the set of all
nonempty subspaces of V' that are intersections of some elements of A. Define
a partial order on L by

X<Y<<YCX
Note that

e V' as the intersection of the empty set of hyperplanes of A is the unique
minimal element of L.
e T(A) = Nk_, H; is the unique maximal element of L because we consider only
central arrangements.

Since each element of A* is homogeneous, T'(A) contains 0 .

Definition 1.2.2 Define a rank function on L by r(X) = codimX. Thus
r(V) =0 and r(H) = 1 for every H € A. Call such an H an atom of L.
Let X,Y € L. Define their meet by

XAY=n{ZeL|XUYCZ}.
If X NY # @, we define their join (the leats upper bound) by
XVvYy=XnY.
The poset L has the following properties:
Lemma 1.2.3 Let A be an arrangement and L = L(A). Then
1. L is atomic, i.e., every element of L\ {V'} is a join of some atoms.

2. L is ranked, i.e., for every X € L all mazimal linearly ordered subsets
V=Xo<X1<...< X, =X

have the same cardinality, namely the codimension of X. Thus L is a
geometric poset.

3. All joins exist, so L is a lattice. For all X,Y € L the rank function
satisfies
r(XAY)+r(XVY)<r(X)+r) .
Thus for a central arrangement, L is a geometric lattice.

Definition 1.2.4 The rank of A, r(A), is the rank of the mazimal element
of L(A): T(A) = nk_ H; . We will call the n-arrangement A essential if
r(A)=n.

Clearly r(A) < n and A is essential if an only if it contains n linearly independent
hyperplanes. For a central arrangement, this is equivalent to the condition

T(A) = {0}.
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Definition 1.2.5 Let L,(A) = {X € L | r(X) = p}. The Hasse diagram of
L has vertices labeled by the elements of L and arranged on levels L, for p > 0.

Suppose X € L, andY € Lp1. An edge in the Hasse diagram connects X with
YifX<Y.

1.3 Examples.

Example 1.3.1 Let By be the Boolean arrangement defined by
dBo =T1T2..-Tp

this is the arrangement of the coordinate hyperplanes in C"*.

x1=x2=x3=0 x1=x2=x4=0 x1=x3=x4=0 Xx2=x3=x4=0

Figure 1.1: The Hasse diagram of dp, = x1x2X3X4.

Example 1.3.2 Let Br be the Braid arrangement defined by
dgr = I (zi—=)

1<i<j<n
this is the arrangement such that Yz, <« cn \ U ker(z; — z;) define the
1<i<j<n
pure braid space contained in C".

Example 1.3.3 Let BT be the arrangement defined by

dg+ = I (zi+2x;)
1<i<j<n

The arrangements By and Bt are essential, Br is only central: T(Br) is the
line {(z1,...,2,) €C* |1 =22 =...=2p} .



8 Combinatorics of an arrangement

x1=x2=x3=x4

x1=x2= x1=x2= x1=x2 x1=x4 x1=x3 X1=x3= X2=x3=
=x3 =x4 x3=x4 X2=x3 X2=x4 =x4 =x4

A

Figure 1.2: The Hasse diagram of dg, = [] (% —xj).

x1=x2= x1=x2= -X1=x2= x1=x2= x1=x3= x1=-x2= x1=x2= X1=-x2= x1=-x2= X2=x3= x1=x2=
-X3=x4 =x3=0 =x3=x4 =-x3=-x4| =x4=0 =x3=-x4 =x4=0 =-x3=x4 =x3=x4 =x4=0 =x3=-x4
x1=-x3 x1=-x3 x1=-x4 x1=-x3 x1=-x2 x2=-x3 x1=-x2 x1=-x3 x1=-x4 x1=-x2 x1=-x4 Xx2=-x3 x1=-x2 x1=-x2 X2=-x4
x2=-x3 x1=-x4 x2=-x3 x3=-x4 x1=-x4 x3=-x4 x1=-x3 x2=-x4 x2=-x4 x2=-x3 x3=-x4 x2=-x4 x3=-x4 x2=-x4 x3=-x4
x1=-x3 x2=-X3 x1=-x4 x1=-x2 x3=-x4 x2=-x4
v
. .
Figure 1.3: The Hasse diagram of dg+ =[] (x1 +x;).
1<i<j<4

1.4 Subarrangements.

Definition 1.4.1 Let (A,V) be an arrangement. If M C A is a subset, then
(M, V) is called a subarrangement of A. For X € L(A) define a subarrange-
ment Ax of A by

Ax ={He A| X C H}
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Define an arrangement (AX, X) in X by
AX¥={XNH|HeA\ Ax and X N H # @}

Note that Ay = @ and if X # V, then Ax has center X in any arrangement.
We call AX the restriction of A to X. Note that AV = A.

The method of deletion and restriction is a basic construction in [20], [21] to
prove that the Orlik-Solomon algebra is isomorphic to the cohomology algebra
of Yy €'v \ UngeaH =V \ d;'(0), see Section 2.5. This method follows by
induction in the cardinality of A, and for this last one we give the following
definition:

Definition 1.4.2 Let A be a nonempty arrangement and let H € A. Let A' =
A\ {H} and let A" = A”. We call (A, A, A") a triple of arrangements and
H the distinguished hyperplane.

1.5 The Mobius Function.

Definition 1.5.1 Let A be an arrangement. Define the Mobius function
pa=p:LxL—Z as follows:

WX, X)=1 ifXelL,

> owX,Z2)=0 fX,Y,Ze€eLand X <Y,
x<z<y
wX,Y)=0 otherwise

Note that for fixed X € L the values of u(X,Y’) may be computed recursively.
There are useful reformulations of p(X,Y).

Lemma 1.5.2 (see [21]) Let A be an arrangement. For X, Y € L with X <Y,
let S(X,Y) the set of central subarrangements M C A such that Ax C M and
T(M)=Y. Then

XY= Y (A

MeS(X,Y)
Definition 1.5.3 Let A be an arrangement. Let ch(L) be the set of all chains
in L:

ch(L) = {(X1,...,Xp) | X1 <...< X,}
Let ch[X,Y] = {(X1,...,X}) €ch(L) | X1 = X, X, =Y}. Denote the cardi-
nality of ¢ € ch(L) by |c|.
Lemma 1.5.4 (see [21]) For all XY € L
pXY)= Y (-n°!
cEch[X,Y]

Theorem 1.5.5 (see [21]) If X <Y, then u(X,Y) # 0 and sign(X,Y) =
(=1)rX)—r(¥),



10 Combinatorics of an arrangement

1.5.1 The Function pu(X).
Definition 1.5.6 For X € L define u(X) = u(V, X) .

Clearly (V) =1, u(H) = =1, for all H € L and if r(X) = 2, then p(X) =
|[Ax| — 1. In general is not possible to give a formula for p(X).

Example 1.5.7 (see [21]) Consider the Boolean arrangement defined by dp,
Z1T2...Zn. Then for X € L: pu(X) = (_1)T(X)_

1.6 The Poincaré Polynomial.

Definition 1.6.1 Let A be an arrangement with intersection poset L and Mobius
function p. Let t be an indeterminate. Define the Poincaré polynomial of A by

Poin(A,t) = Y u(X) (=) .
XeL

The Poincaré polynomial is one of the most important combinatorial invari-
ants of an arrangement. It follows from Theorem 1.5.5 that Poinc(A,t) has
nonnegative coefficients.

Example 1.6.2 Let A be the 3-arrangement defined by d4 = z1z223(x1 + 22 —
z3). Then

Poin(A,t) =1 +4t +6t> +3t3 = (1 + t)(1 + 3t + 3t%) .

Example 1.6.3 The Poincaré polynomial of the Boolean arrangement dpy, =

Ty...%y 18
Poin(Bo,t) = Y (Z) th=(1+t)" .

k=0
Example 1.6.4 (see [21]) Let Br be the braid n-arrangement. Then
Poin(Br,t) = (1+t)(1+2t)...(1+ (n —1)t) .

Note that the factor (1 + ¢) divides the Poincaré polynomial of every cen-
tral arrangement (cf. [21, Proposition 2.54]), but more factors of the form
(14 bt) € Z[t] do not exist in general.

We recall the following well known results (see [21]):
Lemma 1.6.5 Let A be an arrangement. Then
Poin(A,t) = > (=1)M(=t)"M)
MCA
where the sum is over all central subarrangements M of A.

Theorem 1.6.6 (Deletion — Restriction) If (A, A', A") is a triple of arrange-
ments, then
Poin(A,t) = Poin(A',t) + tPoin(A",t) .



Chapter 2

The Orlik-Solomon algebra

In this chapter we associate to an arrangement A a graded anticommutative
algebra A(A) over C, which in the literature has become known as the Orlik-
Solomon algebra . The algebra A(A) was first defined in [20], where it was
used to prove that for a complex arrangement A, A(A) is isomorphic as a
graded algebra to the cohomology algebra of the complement Y 4. This algebra
is constructed using only L(A) .

2.1 Construction of the algebra A(A).

Definition 2.1.1 Let A be an arrangement over C . Let By = @ Cey and
HeA
let E = E(A) = A(Ey) be the exterior algebra of E; .

Note that E; has a C-basis consisting of elements efr, of degree 1, in one-to-one
correspondence with the hyperplanes H € A. If we write uv = u A v, then
€%, =0, egex = —egey for H K € A. The algebra E is graded via

EZ@‘EIH

where Ey = C, E; agrees with its earlier definition and E, = APE; as C-module
is free and has the distinguished basis consisting of monomials es = e;, ...e;,
where S = {i1,...,ip} is running through all the subsets of [k] of cardinality p,

i1 < iy < ...<'ip, and e;; correspond to H;, € A: e, def err,, - Throughout we
call this monomials standard and identify i; with H;; .

Definition 2.1.2 Define a C-linear map 0 =0g : E — E by 01 =0, eg =1
and for every S = {i1,...,ip} C [k] of cardinality p > 2

P
Oes = 8(6,‘1 e eip) = Z (—l)r_leil . E,\T €4, = E (—l)T_leST ,
r=1

11



12 The Orlik-Solomon algebra

where S, is the complement in S to its r-th element.

Thus the graded algebra E is a differential graded algebra with respect to
the differential 0 of degree -1.

Recall two familiar properties of the exterior algebra.
Lemma 2.1.3 The map 0 : E — E satisfies

1. 9*=0

2. ifu € Ep and v € E, then 0(uv) = (Ou)v + (—1)Pu(dv).

We see from 1) that (E, 0) is a chain complex. Part 2) says that 9 is a derivation
of the exterior algebra.

For every S C [k], we denote NS = ;g H;. Since A is central, NS € L for
all S. If p = 0, we agree that S is the empty set, es = 1 and NS = V. Since the
rank function on L is codimension, it is clear that r(NS) < |S].

Definition 2.1.4 We call S independent if 7(NS) = |S| and dependent if
r(NS) < |S].
Let S, denote the set of all orderly p-tuples (H;,,...,H;,) and let S = Up>0S,.

Then the tuple S is independent if the corresponding linear forms a;,, ..., a;,
are linearly independent. Equivalently, the hyperplanes of S are in general
position.

Definition 2.1.5 Let A be an arrangement. The Orlik-Solomon (0S) ideal of
A is the ideal I = I(A) of E generated by Oeg for every dependent S € S.

Clearly I(A) is a graded ideal because it is generated by homogeneous elements.
Let I,(A) = I(A) N E,. Since the elements of S; are independent, Iy = 0. The
only dependent elements of Sy are of the form (H, H), so es = €% = 0 and we
have I = 0. Then

I(A) = @ I(A)

p>2

Definition 2.1.6 Let A be an arrangement. The OS algebra of A is the graded
algebra A = A(A) = E/I. Let ¢ : E — A be the natural homomorphism and
let Ay =p(Ep). If H € A, let ag = p(en) and if S € S, let as = p(es).
Lemma 2.1.7 If S € S and H € S, then es = egleg.

Proof. If H € S, then eges = 0. Thus 0 = d(eges) = es — egles. [ |

In Definition 2.1.5, the set of generators can be made smaller.
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Definition 2.1.8 A p-tuple S = (i1,...,ip) C [k] is a circuit if it is minimally
dependent. Thus (H;,,. .., H;,) is dependent, but for 1 <1 < p the (p—1)-tuple
(Hiy,...,Hy,...,H;,) is independent.
Lemma 2.1.9 An OS ideal is generated by Oer for every circuit T € S
Proof. Let S be a dependent set and T' C S a circuit. Then es = *eres\r.
Using the Leibniz rule, Lemma 2.1.3(2), we have

Oes = +0eres\1 + erdes\r.

The result follows using Lemma 2.1.7 for the last term of the above sum. N

Note that, by Lemma 2.1.7, I contains eg for every dependent set S. This
implies that A is generated as a C-module by the images of the eg such
that S is independent.

Since Iy = 0 we have Ag = C. Moreover the elements ay are linearly in-
dependent over C because I; = 0. Hence 4; = HeA Cag. According to
Definition 2.1.4, if p > n, then every element of S, is dependent and it follows
from the last observation that A, = 0. Thus

A=Co® @ Can o @ 4,
HeA p=2

Example 2.1.10 (see [21]) Suppose n = 2 and A = {Hy,..., H,}. Write a; =
am;.- Then the OS algebra of A4 is

k k—1
A(A)=Co @ Cap, ® P Capay.
p=1 p=1
We have computed Ag, A; and we know that A, = 0 for p > 2. It remains to
compute Ay. Since dimV = 2, (H;, H;, H;) is dependent for all (4, j,1). Thus I,
contains the element
O(eiejer) = eje; — ejer + eej = eiej + ejer + ege;.
It follows that A, is spanned by a,a, subject to the relations
a;aj +aja; +aa; =0

for all (4, 7,1). This shows that A, is spanned by apay, for 1 < p < k. It remains
to show that the sum is direct. Suppose Z’;;i cpapay, = 0 with ¢, € C. Then

E’;;} cpeper € I. Recall that I, is spanned by the elements O(e;eje;). Since
00 = 0, we have 01, = 0 and hence

k=1 k-1
O( > cpeper) = - cpler —ep) = 0.
p=1 p=1
Since ey, ..., ey are linearly independent over C, we get that ¢, = 0 for all p.

Example 2.1.11 If A is the Boolean arrangement, then S = (Hy,...,Hp) is
independent if and only if Hy,..., H, are distint hyperplanes. Hence if S is
dependent, then eg = 0. Thus I =0 and A = E.
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2.2 A(A) is an acyclic complex.
Lemma 2.2.1 09I CI.

Proof. Since I is generated over C by elements of the form erdeg, where T, S €
S and S is dependent, using the Leibniz rule we have

6(6T365) = Qerdeg € I

whence [ is invariant with respect to 9. |

Now we can give the following

Definition 2.2.2 Since OgI C I, we may define 04 : A — A by Oap(u) =
©og(u) forue E

Thus A receives a piece of structure from E, 94 defines the structure of non-
commutative differential graded algebra on A. We have the following

Lemma 2.2.3 The map 04 : A — A satisfies
1. 03 =0,
2. ifa€ Ay and b € A, then 0a(ab) = (0aa)b + (—1)Pa(04b),
3. if A is not empty, then the chain complex (A,04) is acyclic.

Proof. Parts 1. and 2. follow from the corresponding facts for Og .

Since 94 is homogeneous of degree -1, (A,04) is a chain complex.

It follows from 1. that Imd4 C ker 94 . To prove that the complex is acyclic we
must show the reverse inclusion. Since 4 is not empty, we may choose H € A.
Let v = ey, b = p(v) and let a € A. Choose u € E with p(u) = a. Then
Og(vu) = (Ogv)u — v(Ogu) = u — v(0gu). Applying the C-algebra homomor-
phism ¢ to the first and last terms gives a = 94 (ba) +bdaa for all a € A . Thus
Imdy D kerdy . [ ]

2.3 The Structure of A(A).

We decompose the algebra E into a direct sum indexed by elements of L whence
we have a finest grading on E, the grading by the Boolean poset of all subsets
of [k].

Definition 2.3.1 For X e Llet Sx ={S€S: NS =X} and let

Ex= Y Ces.
SeSx

Lemma 2.3.2 Since S = UxerSx is a disjoint union, E = ©xecrEx is a
direct sum.
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Notice that this grading is in general incomparable with the standard grading
by rk(NS) .

The algebra A has an analogous direct sum decomposition:
Definition 2.3.3 If X € L, let Ax = ¢(Ex).
Theorem 2.3.4 Let A be an arrangement and let A = A(A). Then
A=@xer Ax

n
and this grading is finer than the standard grading A = @ A,
p=0

Proof. Clearly any eg is homogeneous. If T is a circuit in [k] and NT = X
then NT; = X for every ¢ € T. Thus der € Ex. Let Ix = I N Ex. Using
Lemma 2.1.9, this shows that I = ®xcrlx. Thus A = &xepAx.
The second statement follows from the fact that A is generated as C-module
by the images of es with S independent. For such an S we have rk(NS) = |S|.
This shows that

P Ax.

X€eL,

2.3.1 Filtration of A(A) by L(A).

The above grading of A by L induces a filtration of A that can also be de-
fined independently. Among subarrangements of an arrangement A there are
the ones corresponding to elements of L. Recall that all the subarrangements
Ax are central for every X € L. They can be completely characterized also by
the property of being closed. This means that with several hyperplanes they
contain all hyperplanes dependent of them.

We want to show that the graded algebras A(Ax) form a filtration of A(A).
First, if A is a subarrangement of A, then we view E(A) as a subalgebra of E(A)
generated by all the eg with H € A, and L(A) as a sublattice of L(A). Note
that S(A) C S(A) and an element S € S(A) is dependent viewed in S(A) if
and only if it is dependent in S(A). Notice that the map 6E( ) 1s the restriction

of Og(a) to E(A), and A(A) = E(A)/I(A). Clearly
(2.1) I(A) C I(A) N E(A)

Definition 2.3.5 Let A be a subarrangement of A. Since I(A) C I(A)NE(A),
the inclusion E(A) C E(A) induces a C-algebra homomorphism
t: A(A) — A(A) such that for He A
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e +I(A)) =em + I(A).
Note that ¢ is a monomorphism precisely when in (2.1) holds the equality.
Lemma 2.3.6 For every X € L(A) holds I(Ax) = I(A) N E(Ax).
The next result follows from Lemma 2.3.6.

Proposition 2.3.7 The map ¢ is a monomorphism for A= Ax.

Corollary 2.3.8 The correspondence X — A(Ax), X € L, defines a mono-
tone map of L to the poset of graded subalgebras of A ordered by inclusion, i.e.,
a filtration of A.

Proposition 2.3.9 The filtration {A(Ax)}xer is induced by the grading A =
®yer Ay (A). More precisely, Ay (Ax) = Ay(A) for every X,Y € L such that
Y < X, whence A(Ax) = EBYS)(Ay(.A).

Proof. Let ¢ : A(Ax) — A(A) be the monomorphism of Proposition 2.3.7.
The module Ay (A) = ¢(Ey (A)) is spanned over C by all elements es + I(A)
with S € Sy(A). Similarly Ay (Ax) is spanned over C by all elements eg +
I(Ax) with S € Sy(Ax). Since Sy (A) = Sy(Ax), we have 1(Ay (Ax)) =
Ay (A). Since ¢ is a monomorphism, this completes the proof. [ |

2.4 Grobner basis for OS ideals.

Recall that we fixed an arbitrary linear order on an arrangement 4. This order
induces the degree lexicografic order (deg-lex) < on the set of all standard
monomials eg of F :

IfS = (i1,-.-0p) , T = (J1,---,7q) € S where iy < ... <ipand j; < ... < Jg
then

p<gq
€g Rer <
or p=gq and eg <jez €T -

The basis of E consisting of standard monomials is multiplicative up to %, i.e.,
the product of two standard monomials is either 0 or a standard monomial per-
haps with the negative sign; and the deg-lex order is multiplicative, i.e., invariant
under multiplication by monomials in the same sense as above. Thus we can
apply theory of Grébner basis to the ideal I = I(A), and hence show that the
C-algebra A(A) is a free C-module by constructing a standard C-basis for A(A).

Before our principal statement we recall and give some definitions.

Definition 2.4.1 A standard p-tuple S € S is a broken circuit if there exists
H € A such that H < Hj for all j € S and (H,S) is a circuit.
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It is clear that every broken circuit is obtained by deleting the minimal element
in a standard circuit, and every broken circuit is independent.

Definition 2.4.2 A standard p-tuple S is called not broken circuit (nbc) if
it does mot contain any broken circuit. Define

Cp:={S €S, | S is standard and nbc}
Let C = Upzocp.
Note that if S is a nbc, then S is independent.

Definition 2.4.3 Let C = C(A) be the C-module defined as follows. Let Cy =
C, and for p > 1 let C, be the free C-module with basis {es € E | S € C,}. Let
C=C(A) = @ Cp,. Then C(A) is a free graded C-module.

p>0
By definition, C(.A) is a submodule of E(A) but in general C(A) is not closed
under multiplication in E(A), so C(A) is not a subalgebra.

Definition 2.4.4 Let Cx = Cx(A) = C N Ex. Then each Cx is a free C-
module for every X € L(A).

Notice that since C' is spanned by monomials it is naturally graduated by [k]
and L(A). Since if S € C,, S is independent, the latter grading is finer than the

former, i.e., Cp, = @ Cx for every 0 < p, and hence C = @ Cx.
X€Ly, XeL

Lemma 2.4.5 Let Hy be the minimal element of A and write e = er,. Then
e1C C C, so C is closed under multiplication by e;.

Proof. Since a broken circuit is obtained from a standard circuit by deleting
the minimal element, no broken circuit has the form (Hi,S). |

Lemma 2.4.6 Suppose A is not empty. Let Oc denote the restriction of the
map 0: E — E to C. Then 0¢(C) C C and (C,0¢) is an acyclic complez.

Proof. Deleting an element of a nbc p-tuple result a nbe (p — 1)-tuple. This
shows that 0c(C) C C. It is clear that ImOc C ker(d¢) because 82 = (9g|c)?.
Now, suppose ¢ € C and dcc = 0. By the Lemma 2.4.5 e;c € C and ¢ =
¢ —e1(0cc) = Oc(erc) € OcC. This shows that the complex is acyclic and if
XeL,:

ac(CX) C @ Cy .

Y<X
YEL, 1

Lemma 2.4.7 For every X € L(A)\ {C"} the restriction of O to Cx is injec-
tive.
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Proof. Let i be the minimal element of [k] x def {ielk]|3S€Sx and i€ S}
It follows from definition of C'x that ¢ € S for every es € Cx whence e;Cx = 0.
Thus e;0c = ¢ — O(e;c) = ¢ for every ¢ € Cx. This shows that O restrict to Cx
is injective. |

Theorem 2.4.8 Let B = {Oeg| S is a circuit}. Then B is a Grobner basis of
1.

Proof. Recall that the initial monomials of elements from B are their largest
monomials in the deg-lex order. Thus in(des) = es, where S1 = (iz,...,4p) if
S = (i1,12,...,ip), whence In(B) ef {in<(8eg) | Oes € B} correspond to the
broken circuits. Then the statement of our Theorem, by a known fact of the
Grobner basis theory, means that

(2.2) In(I) = (In(B))

Now, the natural linear complement to (In(B)) (In(I)) namenaly the free C
module spanned by all the monomials of E not divisible by any element of In(B)

(resp. no in In(I)) is C, the module of the Definition 2.4.3, (is denoted by C).
Clearly

E=IpC

(as C-modules) whence the restriction of ¢ (see Definition 2.1.6) to C is a linear
isomorphism C' — A. Since {In(B)) C In(I) it is always true that ¢(C) = A
and (2.2) is equivalent to

ker(p),) =0

i.e., nbc-monomials are independent in A.

Since ¢ is homogeneous with respect to the grading by L(.A) it is sufficient to
prove that ¢ restrict to C'x is injective for every X € L(A). We use induction
on r(X):

e If 7(X) =0, ie., X =V then Cx = C = Ax and ¢ restricted to Cx is
the identity map.
e Suppose r(X) = r > 0. Consider the commutative diagram

Bic,
Cx —— Cr1

l‘p‘cx J'(p‘cr—l

0a
Ax — A,

By the Lemma 2.4.7, 0 is injective on Cx. Also the restriction of ¢ is injective
on Cyr_; by the inductive hypothesis. Thus ¢ is injective on C'x, which com-
pletes the proof. [ |
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Corollary 2.4.9 The algebra A(A) is a free graded C-module. The C-modules
Ax(A) for X € L and Ap(A) for p > 0 are also free. Moreover the set

{es+ I | S is standard and nbc}
is a basis for A(A) as a graded C-module.

Proof. The CGmodules Cx (A) are free by definition. It follows from the The-
orem 2.4.8 that Cx(A) = Ax(A). Thus Ax(A) is a free C-module. Since

Ap = @ Ax, it is also free. The remaining assertions follow from the facts
X€EL,
that C = @ Cx, A= @ Ax and the Theorem 2.4.8. |
XeL X€EL

We closed this section with a Theorem that connect the Orlik-Solomon al-
gebras to a triple (A4, A’, A") .

Theorem 2.4.10 (see [21]) Let A be an arrangement. Let Hy € A and let
(A, A", A") be the corresponding triple. Let i : A(A') — A(A) be the natural
homomorphism and let j : A(A) — A(A") be the C-linear map defined by

j(aHil .- 'a’Hip) = 0,
j(aH1aH,'1 "'a/Hip) = aH1ﬂHil "'aHlﬁH,'p

for (H;, ...H;)) € S(A"), where 1 < i1 < ... < ip < k. Then the following
sequence is exact:

0 — A(A") -5 A(A) L A(A") — 0.

2.5 Differential Forms.

In this section we study the algebra R(A) of differential forms generated by 1
and the differential forms wg = dag/ag for H € A. This algebra was first
computed by Arnold [1] for the braid arrangement. Brieskorn [6] defined it for
all arrangements and showed that it is isomorphic to the cohomology algebra.
Its isomorphism with A(A) was established by Orlik-Solomon [20] for central

arrangements. Here we show the isomorphism A(A) = R(A) by induction by
means of the deletion and restriction method.

2.5.1 The de Rham Complex.

Let (A, V) be a central arrangement. Let S be the symmetric algebra of V* and
let F' be the quotient field of S. Recall that we have chosen a basis z1,...,2,
for V* so we get S = C[x] = C[z1,...,z,] and F =2 C(x) = C(z1,...,%,). We
view F' ®c V* as a vector space over F' by defining f(g ® @) = fg ® a where
f,9 € F and a € V*. There exists a unique Clinear map d : FF — F ® V*
such that d(fg) = f(dg) + g(df) for f,g € F and da € C for a € V*. In terms
of the above basis, the differential df is given by the usual formula
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) "9
dfzga—;:@xi:;aidxi
Note that F V* = Fdx1 & ... ® Fdx, .
Definition 2.5.1 Let Q(V') be the exterior algebra of the F-vector space FQV™*
graded by Q(V) = éo QP(V) where
=
Qp(V)= @ Fd.’Eil/\.../\d.’L'ip
1<ir <...<ip<n

We write wn = w A7 for w,n € Q(V), and identify Q° with F. The elements
of QP (V) are called rational differential p-forms on V. We list some well-known
properties of d.

Proposition 2.5.2 The map d: F — F @ V* may be extended in an unique
way to a C-linear map d : Q(V) — QUV') with the following properties :

1. & =0,

2. ifwe QP(V) and n € QV), then d(wn) = (dw)n + (=1)Pw(dn),

8. ifw=73 fi i, dx; ...dr;, where 1 <iy <...<ip,<nand f; ;, €F,
then

dw = i (6fi1...ip /amj)dxjd:c,l P d:cip

Jj=1

2.5.2 The Algebra R(A).

Definition 2.5.3 Let A be an arrangement. For H € A, let wg = dam/om €
OY(V). Let R = R(A) be the C-subalgebra of Q(V') generated by 1 and wy for
HeA

Let R, = RN QP(V). Since R is generated by 1 and the 1-forms wg, it is
n
naturally graded R= @ R, .
p=0

Example 2.5.4 (see Example 2.1.10) Let A = {Hy,...,H} be a central 2-
arrangement. Write w; = wg,. Then

k k—1
R(A)=Co® @ Cw; & P Cw;wy, .
i=1 i=1

We know that Ry = C and that R, = 0 for p > 2. By definition w,...,wy span
Ry over C. These 1-forms are linearly independent over C because the rational
functions 1/ay,...,1/ay are linearly independent over C. Since w? = 0 and
wiwj = —w;w;, the space Ry is spanned over C by the w;w; with ¢ < j. In order
to discover the remaining relations among these generators, let x,y be a basis
for V* and write o; = a;z+b;y with a;,b; € C. Then w; = (a;/a;)dz+ (b;/ai)dy
and we have
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dOé,'dOtj = (aib]‘ — bz-aj)d;t:dy
Thus for any i, j,l we have

a; a; ay
oqdaidoj + azdadoy + ajdada; =det | by b; b | dedy =0
a; a5 o

because the third row is a linear combination of the first two. If we multiply
this equation by 1/(aqaya;) we get

wiwj + wiwy + ww; =0

In particular, we have w;jw; = wjwr — wjwy if 1 <1 < j <k, so Ry is spanned
by the elements w;wy, for 1 < i < k. It remains to show that these elements
are linearly independent over C. Define an F-linear map 0 : Q?(V) — QY(V)

k=1
by 0(fdxdy) = fxdy — fydz. Then O(ww;) = wj —w;. If Y ciwwr = 0 with
i=1

k-1
¢; € C, then applying 0 gives > ¢;(w; — wi) = 0. Since wy,...,wy are linearly
i=1
independent over C, we get ¢; = ... = cx_1 = 0. This proves the assertion.

Lemma 2.5.5 (see [20], [21]) There exists a surjective homomorphism
v:A(A) — R(A) of graded C-algebras such that v(ag) = wn for oll H € A.

2.5.3 Deletion and Restriction.

Let A be a nonempty arrangement, let H; € A, and let (A, A, A") be the
inductive triple with respect to H;. Note that R(A') and R(A) are both sub-
algebras of Q(V) and that R(A") C R(A). We shall see that there is a short
exact sequence of CG-modules

0 — R(A") -5 R(A) -5 R(A") — 0.

We define the map j with the help of the Leray residue map on differential
forms. Let a; = apy, and let S(,,) be the localization of S at the prime ideal
(a1). By definition, S(4,) is the subring of F' consisting of all f/g such that
f,9 € S and g is prime to ay. Let p : V* — HJ be the restriction map and
let y; = p(x;). Let C(Hy) be the subfield of F' associated to Hy, then we may
extended p uniquely to a C-algebra homomorphism p : S(,,) — C(Hj). Both
existence and uniqueness follow from the formula

p(f19) = fi--- yn) /91, yn) -

Note that g(y1,...,yn) # 0 because g is prime to a;. Define a C-subalgebra Q;
of Q(V) by

Ql = EB @ S(al)d.’llil e d.Z'ip .

p=011<...<ip
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This subalgebra does not depend on the basis for V*.

Lemma 2.5.6 The map p: S(a,) — C(H1) may be extended in a unique way
to a C-linear map p : Q1 — Q(Hy) such that for w,n € Qi, f € S4,), and
B € V* we have

4. Ifw =73 fi,.i,dx;; ...dx;,, then

P(W) =3 firyoipWis-- -, Yn)dy;, - .. dy;, .

Lemma 2.5.7 Suppose § € V*\ {0}. If w € Q; and (dB)w = 0, then there
exists 1 € Q1 with w = (dB)y .

Proof. We can choose a basis z1,...,z, for V* such that § = z;. Assume that
wis a pform : w =} fi, .4, dz;, ...dr;, where f; ; € S, and the sum is
over all 1 <4y <...< i, <n. Then

0= (do1)w =3 fiy...ipdz1dz;, ... dz;,
where the sum is over all 2 <4; < ... <4, <n. Thus f;; ;, =0ifi; >2. N

Definition 2.5.8 Say that ¢ € Q(V) has at most a simple pole along H; if
0(1¢ €N .

Lemma 2.5.9 Suppose ¢ € Q(V') has at most a simple pole along Hy and that
d¢p = 0. Then there exists 1,0 € 1 such that

¢ = (dax/oa)p +6 .
The form p(¢) € Q(H;) is uniquely determined by ¢ .

Proof. Since d¢ = 0, it follows from Proposition 2.5.2(2) that

d(a1¢) = (don)¢ — ardd = (dou )¢

Since a1 ¢ € Q1 by hypothesis and d2y C 4, it follows from Lemma 2.5.7 that
there exists 6 € Q such that d(a1¢) = (day)d. Thus (dai)é = (day)6 , which
implies (dai)a;(¢—6) = 0. Since ay(¢—0) € Q4 , it follows from Lemma 2.5.7
that there exists ¢ € Qy such that a;(¢ — 0) = (day ). This proves the exis-
tence of # and 9 .

To prove the uniqueness of p(v), it suffices to show that if ¢,6 € Q; and
(dai/a1) + 6 = 0, then p(yp) = 0. First note that (da;)d = 0. It follows
from Lemma 2.5.7 that there exists ' € € such that 6 = (day)d’. Now
(dag) (v + a16’) (da1)y + @16 = 0. Since ¢ + a10 € Qi, we may apply
Lemma 2.5.7 again to conclude that there exists 0" € Q with z[) + b
(day)8” . Since p(ai) = 0, it follows from Lemma 2.5.6 that p(ai6) = 0 and
p((da)HH) = 0. Thus p(¢)) =0 . [ |
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Definition 2.5.10 The uniquely determined form p(y) is called the residue of
¢ along H,. We denote it res(¢) .

If H € A, then dwy =0, so d(wm;, ---wn,,) =0 for all H;,,...,H;, € A. Thus
d¢ =0 for all ¢ € R(A). Tt is clear from the definition that each ¢ € R(A) has
at most a simple pole along H;. Thus res(¢) is defined for all ¢ € R(A).

Lemma 2.5.11 (see [21]) Suppose H;,,...,H;, € A', where 1 < i3 < ... <
ip < k. Then

1. res(wp;, .. .wH;,) =0,

2. res(lewHil .. .wHip) = leﬂHil .. 'leﬂHip ,
3. resR(A) C R(A") .

Proof. Let ¢ = wg,, ...wh,,- We may choose ) = 0 and § = ¢ in Lemma 2.5.9.
This shows that res(¢) = 0 an proves 1. Now let ¢ = wmwn,, ... wH, -
We may choose 9 = WH;, - WH;, and 8 = 0 in Lemma 2.5.9. This shows
that res¢ = p(wn;, -..wn,, ). By Lemma 2.5.6(1), we have p(wn;, ... wn,,) =
p(wh,,) ---p(wh,,). It remains to show that p(wn,,) = wainm,,- If H € A,
then it follows from Lemma 2.5.6 that p(wy) = p(dag/ag) = dp(ag)/plaw).
Since p(ap) is a polynomial function on H; which defines the hyperplane
HiNnH e A", we have p(wg) = wm,nm- This proves 2. To prove 3., note
that since wf, = 0, it follows from the definition of R(A) and R(A’) that
R(A) = R(A") + wg, R(A"). Thus 3. follows from 1. and 2. |

2.5.4 The Isomorphism of R and A.

Theorem 2.5.12 Let A be an arrangement. The map v : A(A) — R(A),
apg — ag, induces an isomorphism of graded C-algebras.

Theorem 2.5.13 Let (A, A", A") be a triple of arrangement with respect to
Hy € A. Leti: R(A") — R(A) be the inclusion map and define j : R(A) —
R(A") by j(¢) = res(¢) for ¢ € R(A). Then there is an exact sequence:

0 — R(A") -5 R(A) -5 R(A") — 0.

Proof. We prove Theorems 2.5.12 and 2.5.13 simultaneously by induction on
|A]

It A =0, then A(A) = C = R(A) and the first result holds. The second
assumes that A is noempty.

IfA#£O:

o If |[A] =1, let A = {H}, then A’ = A" = 0 and R(A) = C + Cwgy,
R(A") = R(A") = C, so both statements are clear.

e If |[A] > 1, then we see from Lemma 2.5.11(3) that jR(A) C R(A") and
from Lemma 2.5.11(2) that j is surjective. It follows from Lemma 2.5.11(1)
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that 52 = 0, so Im(4) C ker(j). To prove that ker(j) C Im(i) we consider the
following diagram:

0 — A(A) —4 A(4) —22 AU") —— 0

I [ 158
0 —— RA) —— R(A) —2— R(A") —— 0

The diagram is commutative. This is clear for the left square by the definition
of iy and i. For the right square it follows from Lemma 2.5.11. The top row
is exact by Theorem 2.4.10. We may assume by the induction hypothesis in
Theorem 2.5.12 that 4’ and ~" are isomorphisms. A diagram chase shows that
ker(j) C Im(¢). This proves that second row of the diagram is exact. Thus The-
orem 2.5.13 hold for 4. It follows from Five Lemma that 7 is an isomorphism,
so Theorem 2.5.12 is also established for A. [ |



Chapter 3

Basics of algebraic
D-modules

3.1 Systems of linear partial differential equa-
tions.

Let U be a complex domain in the n-dimensional complex affine space C* and
D(U) the ring of partial differential operators on U with holomorphic coeffi-
cients. Let S denote the system of linear partial differential equations

S: Peu=...=P,eu=0
for P, e D(U) .

Let F be a suitable function space on U stable by the action of D(U), e.g.,

e O(U) the space of holomorphic functions,
e C°°(U) the space of C* functions, or
e SD(U) the space of Schwarz distributions.

If $ € F is a solution to the system S, P;e¢ = 0 (1 < i < m), then the
map
$:DU)—=F , Qr—Qed

is a left D(U)-linear by definition and Ker(¢) contains the P;’s , 1 < i < m.
Then the D(U)-homomorphism ¢ factorizes to the D(U)-homomorphism

6: DU —F , QmodI+— Qe¢

m
where Z = > D(U)PF; is the left ideal of the ring D(U) generated by the P;’s .
i=1

25
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Thus if we denote by M the left D(U)-module D(U)/Z, let Sol(S; F) denote
the space of solutions to the system S in F and let Hompy)(M,F) be the
space of left D(U)-module homomorphisms, we have the identification:

Sol(S, F) +— Hompan(M;F) , ¢+ ¢

There are several reasons why one can consider such algebraic objects, D-
modules. First of all, an interpretation of solution spaces as Homp( , ) prolongs
naturally to use of homological algebra, which benefits us much enough. Sec-
ondly, as will be noted later, one of the basic invariants, the characteristic variety
of a system can be correctly defined only when we consider the ideal generated
by the P;’s, i.e., a fixed set of generators is not enough for the definition.

3.2 Algebraic differential operators

Since all D-modules in this thesis are algebraic, we begin with basic notions on
algebraic differential operators.

Simplest but important examples are linear differential operators with poly-
nomial coefficients. The ring of differential operators with polynomial coeffi-
cients on the n-dimensional complex affine space C*, denoted by D(C"), is the
Weyl algebra. The Weyl algebra D(C™) is a C-algebra generated by

0

6$i ’

with Heisenberg commutator relations
[8;“,.’1:]'] 26,']‘ ']., [.TE,',.CE]'] 2[6;“,8%.] =0.

Even on general smooth algebraic varieties, the situation does not differ
much from the above. Let X be a smooth affine algebraic variety over C and let

C[X] be the algebra of regular functions on X: f(z) aef z(f) for f € C[X], z €
Homgc—q14 (C[X],C) «— X . The family of subsets X; = {z € X | f(z) # 0},
f € C[X], forms a basis of open sets in X, the Zariski topology of X. Note
that C[X ;] = C[X]; = C[X][f'] is the algebra of regular functions of an open
affine subvariety X; of X .

The correspondence
Xy — ClX;]
gives rise to the structure sheaf Ox of X as a local ringed space:
Ox(Xy) =T(Xy,0x) = C[X;] .

The stalk Ox,, of Ox at z € X is the localization of C[X] at the maximal ideal
m, € SpecmC[X]:
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Oxz = Oxm, = lim C[X;] .

zE€Xy

In general, a smooth algebraic variety is defined to be a local ringed space
(X, Ox) such that every z € X has an open neighborhood U such that (U, Ox|v)
is isomorphic to a smooth affine variety as local ringed spaces as above.

Linear differential operators are defined as follows in algebraic geometry.

Definition 3.2.1 A C-linear sheaf endomorphism P € Endc(Ox) is called a
linear differential operator of order not greater than m if

(adOx)™t1P =0.
More precisely, for every open U C X, P is a collection of C-linear maps
Py € Endc(Ox (U))
compatible with all sheaf restriction data Ox (U) — Ox(V), V C U, satisfying

[fOJ[flJ[J[anJPU]]]]ZO for every fO;flJ"'afmeoX(U) .

By definition, if X is affine, a linear differential operator P of order not greater
than m is seen to be a C-linear endomorphism P € Endc(C[X]) such that
(adC[X])™*T1P =0.

Denote by FPD(X) the set of all linear differential operators on X of order
not greater than m. Clearly

FPD(X) C F2,,D(X), m>0
and it is easily seen that F.D(X) FPD(X) C FE D(X). Thus the set of all
linear differential operators on X forms a C-algebra

o0

(3.1) D(X) = | FED(X)

with filtration FP. Note also that FPD(X) = Ox(X) by the correspondence
P —s P(1).

Definition 3.2.2 The sheaf Dx of algebras of linear differential operators on
X is defined by the functor

Dx : U — D(U) for every open UcX

with obvious restriction maps.

oo
Thus Dx(U) = D(U) = |J EED(U). The sheaf Dx also has the increasing
0

m=

filtration FP by orders
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(FRDx)(U) = FRDU), m >0

The following lemma guarantees calculation in the algebraic case similar to the
complex analytic case .

Lemma 3.2.3 (see [3, 7, 14]) In a smooth n-dimensional algebraic variety X,
every point p € X has an affine open neighborhood U with vector fields 0., and
functions x;, 1 <1i <n, on U such that

[miaxj] = [6%76%] =0, [6%'71']'] = (51']' -1

F.Dx(U)= @ Ox((U)o~
loe|<m
where o = (a1, ...,ay) is a multi-indez, |a| =3 a; and 0% = [] 05¢.
i=1 i=1

Remark. Let Xgn be the underlying complex manifold of a smooth alge-
braic variety X and i : Xan — X the natural morphism of local ringed
spaces: i 'Ox — Oxyp is the identification of regular functions on X with
holomorphic functions on Xan. Thus the sheaf Dx,,;, of linear differential op-
erators with holomorphic coefficients is regarded as Ox,p, ®i—10x Dx. For a
small open U in Xan (in the classical topology) the above choice of coordinates
{%i,0:, ;1 <i < n}is astandard one in Dxy, -

3.3 The Weyl algebra and its modules.

Recall C[x] = C[zy, ..., Z,] denote the ring of polynomials in n commuting vari-
ables over C and O¢(C") = C[x]. In this section we consider more close by the
Weyl algebra because it is the D-module that we shall use in the remainder of
this thesis.

3.3.1 The Weyl algebra.

Definition 3.3.1 The Weyl algebra D,,(C) of rank n over C is the algebra
of linear differential operators with coefficients in the polynomial algebra C[x]:

D,, = D,(C) =T(C", D¢n) = Oc(C*){0syy---,0z,) -
Thus D, (C) is the algebra over C with generators z1,...%,,0z,,---,0,, and
relations
[%i, 2] = [02:,05,] =0, [On;,25] =635 - 1
where d;; is the Kronecker delta symbol and 1 is the identity operator. Hence

this algebra is noncommutative.

As a C-vector space the Weyl algebra admits a canonical basis. If a =
(a1,.--,an), B=(B1,...,Bn) € N, then z*9° denotes z{* ...22"5 ... 90
Compare with Lemma 3.2.3 and (3.1) the following
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Proposition 3.3.2 The set B = {2%0% : o, € N} is a basis of D, as a
vector space over C.

If an element of D,, is written as a linear combination of this basis then we say
that it is in canonical form.

Definition 3.3.3 Let D € D,. The degree of D, denoted deg(D), is the
largest length of the multi-indices (o, B) € N* x N* for which z0” appears with
non-zero coefficient in the canonical form of D. We use the convention that the
zero polynomial has degree —oo.

If D,D' € D,, are written in canonical form, then so is D + D', and
(3.2) deg(D + D') < max{deg(D),deg(D")}.

The formula

(3.3) deg(DD'") = deg(D) + deg(D').

also holds. Similarly we have
(3.4) deg([D, D']) < deg(D) + deg(D") — 2.

As in the case of polynomial rings over a field, the formula (3.3), (3.4) above
may be used to prove the following.

Proposition 3.3.4 The algebra D, is a simple domain.

Because the kernel of an endomorphism of D,, is a two-sided ideal we have the
following;:

Corollary 3.3.5 FEvery endomorphism of D,, is injective.

Although D,, does not have any non-trivial two-sided ideals, it is not a division
ring. In fact, the only elements of D,, that have an inverse are the constants.
Thus every non-constant operator generates a non-trivial left ideal of D,,. How-
ever, every left ideal of D,, is generated by two elements. This a very important
result, due to J.T. Stafford (see [23] or [4]).

3.3.2 D,-modules.

Since 1/d 4 is defined as a regular function on the complement Y4 of the zero
set of da in C, we write C[x]a, = C[z1,...,2n,d,"] for the algebra generated
by C[x] and 1/d4 and called it the localization of the ring C[x] at d4. This is
the algebra of rational functions (with denominator some nonnegative power of
d4) defined in the open (quasi-)affine variety Y4.

The rings C[x] and C[x,d '] have an obvious structure of left D,-module.
Indeed, z; act by multiplication: z; @ F' = x;F, and 0,, act by differentiation

OF
with respect to x; : O;, ¢ F = EPee where 1 < i <n and F € C[x] or C[x,d}"].
i
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In fact Clx,d ;'] is a left D,-submodule of C(x), the field of rational functions
of C[x].
Now we recall some theory about modules over a ring.
Lemma 3.3.6 Let R be a ring and M an irreducible left R-module.
1. If0#u € M, then M =2 R/Anng(u).
2. If R is not a division ring, then M is a torsion module.
Let us apply these results to the D,-module C[x].
Proposition 3.3.7 The ring C[x] is an irreducible, torsion D, -module, and
Clx] 2 Dyn/ Y7 D0y, -

Another module that is closely related to C[x] is Dp/ Y [ Dn - z;. As a C
vector space it is isomorphic to C[0] = C[0,, , - - -, Oz, ], the set of polynomials in
Ozyy---,0z, . Using this isomorphism, we may identify the action of D,, directly
on C[0] : the J's act by multiplication, whereas x; acts on J,; giving —d;; - 1.
Apart from the obvious similarities, the modules C[x] and C[J] are related in a
deeper way that will be explained in brief.

Let R be a ring and M a left R-module. Suppose that ¢ is an automorphism
of R. We shall define a new left module M,, as follows. As an abelian group,
M, = M . The difference lies in the action of R on M,. Let a € R and u € M,
define aeu = o(a)u. A routine calculation shows that M, is a left R-module. It
is called the twisted module of M by o. M, inherits many of the properties
of M.

Proposition 3.3.8 Let R be a ring, M a left R-module and o an automorphism
of R. Then

1. M, is irreducible if and only if M is irreducible.
2. M, is a torsion module if and only if M is a torsion module.
3. If N is a submodule of M then (M/N),6 = My/N,.

4. Let J be a left ideal of R. Set o(J) ={o(j) : j € J}. Then o(J) is a left
ideal of R and (R/J), = R/o~"(J).

Let us apply this construction to D,. An important example is the Fourier
transform.

Definition 3.3.9 Let F be the automorphism of D,, defined by
f(.sz) = 65&«; ) ‘7:(65!11) = —&4-

Let M be a left module. The twisted module Mx is called the Fourier trans-
form of M. Clearly, F transform a differential operator with constant coeffi-
cients into a polynomial.
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Proposition 3.3.10 The Fourier transform of C[x] is C[0].

Proof. It follows from Proposition 3.3.7 that C[x] = D,,/J, where J = Y7 D, -
Oy;. Since F~1(J) = 3.7 Dy, - z; we may apply Proposition 3.3.8(4) to get the
desired result. [ ]

It follows from Propositions 3.3.8(1),(2) and 3.3.10 that C[J] is irreducible
and a torsion Dy-module. In fact, in this way, C[x], is irreducible for every
automorphism o of D,,.

Further applications of the Fourier transformations can be found in [7], [8],
[15], [17).

Definition 3.3.11 Let R be a C-algebra. We say that R is graded if there
exists C-vector subspaces R;, i € N, such that

1. Rz@ieNRi’
2. R;-R; CR;yj .

The R; are called the homogeneous components of R. The elements of R;
are the homogeneous elements of degree i. If R; = 0 when i < 0 then we
say that the grading is positive.

Note that we defined graded rings without assuming commutativity.

Now let S = €D, S; be another graded C-algebra.

Definition 3.3.12 A homomorphism of C-algebras ® : R — S is graded of
degree 0 if ®(R;) C S; -

Proposition 3.3.13 Let R and S be graded algebras over C .

1. The kernel of a graded homomorphism of C-algebras ® : R — S is a
graded two-sided ideal of R; i.e., ker(®) = ;5o (ker(®) N R;) .

2. If I is a graded two-sided ideal of R then R/I is a graded C-algebra.

A graded algebra admits a special kind of module.

Definition 3.3.14 Let R = @, R be a graded C-algebra. A left R-module
M is a graded module if there exists C-vector spaces M;, for i > 0, such that

1. M= ®i20 M;
2. Rz 'Mj - MH—j .
The M; are the homogeneous components of degree i of M.

Note that the definition of graded module depends on the graded structure
chosen for the algebra R.
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Definition 3.3.15 Let R be a graded C-algebra and M, M' be graded left R-
modules. A submodule N of M is a graded submodule if N = @, ,(NNM;).
An R-module homomorphism 6 : M — M' is graded of degree 0 if 6(M;) C M.

It follows that ker(6) is a graded submodule and that the quotient module M /N
is a graded R-module.

Definition 3.3.16 Let R be a C-algebra. A family F' = {F;}i>o of C-vector
spaces is o filtration of R if

1. R CFRCFC...CR,

2. R=U;>o Fi »

3. F;-F; C Fiyj .
If an algebra has a filtration it is called o filtered algebra. We use the con-
vention that F; = {0} if <0 .

Note that every graded algebra is filtered. On the other hand there are filtered
algebras which do not have a natural grading. This happens to the Weyl Al-
gebra; which, however, admits many different filtrations: the usual filtration
of Dcr by orders, given in Definition 3.2.2, defines one filtration on D,,. Here
we will discuss the Bernstein filtration of D,, defined using the degree of
operators in D,,. Denote by

By ={a € D,, | degree of a < k} .

These are vector subspaces of D,,. Clearly B = {By}ren is a filtration of D,,.
Notice that each By is a vector space of finite dimension. A basis for By is
determined by the monomials z*9® with |a| + |3| < k. In particular, By = C
and {1,21,...,%n,0p,,...,0z, } is a basis of By .

Suppose now that F' = {F; };cn is a filtration of R. We introduce the symbol
map of order k, which is the canonical projection of vector spaces

o : Fk — Fk/Fk,1 .
Consider the C-vector space
gr"R = ®i21 (Fi/Fi-1) -

A homogeneous element of grf' R is of the form o (a) for some a € Fj. Let
om(b) be another homogeneous element, and define their product by

or(a)om(b) = ogrm(ab).

and extend it by linearity. gr” R with this multiplication is a graded C-algebra,
with homogeneous components F;/F;_;. This is called the graded algebra
of R associated with the filtration F. Put S, = gr®D,,, because [P,Q] €
B;j_1 for P € B;, Q € By, it is easy to prove the following theorem:
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Theorem 3.3.17 The graded algebra S, is isomorphic to the polynomial ring
over C in 2n variables Clyi,...,yan], where, for i =1,...,n, y; = 01(z;) and
Yitn = 01(0;).

Like as graded modules, one may define filtered modules. For the sake of sim-

plicity we shall give the definitions only for the Weyl algebra with the Bernstein
filtration.

Definition 3.3.18 Let M be a left D,-module. A family T' = {T';};>0 of C-
vector spaces of M is o filtration of M if it satisfies

1.ToCIhC...C M,

2. UisoTi = M,

3. BiT; CTiy;.

4. T; is a C-vector space of finite dimension.

Note that 3., withi = 0, implies that each T'; is a C-vector space. The convention
that T'; = {0} if 7 < 0 remains in force.

Of course B is a filtration of D,, as an D,-module. A more interesting example
is the D,-module C[x]: the vector spaces I'; of all polynomials of degree < i
form a filtration of C[x] for the Bernstein filtration B.

Following the pattern above, we may define the graded module associated
with a filtered module. Let M be a left D,-module and let I" be a filtration of
M with respect to B. Define the symbol map of order k of the filtration I'
to be the canonical projection

pr Ty — T /Th_1.
Now put

gr'M = ®i21 (Ti/Ti-1).

We will define an action of S, on this vector space. If a € Fy, and u € T'; let

or(a) - pi(w) = prti(au)

Extending this formula by linearity we get an action of S,, on gr! M. The graded
S,-module gr! M is called the graded module associated to the filtration
T.

Let us return to a previous example. Let ' be the filtration of C[x] with
respect to B defined above. Then I';/T';_; is isomorphic to the vector space of
all homogeneous polynomials of degree i. Hence gr' C[x] is isomorphic to C[x]
as a vector space. Recall, by Theorem 3.3.17, that S, = Cly1,...,¥y2s]. We
could determine the action of the y's on a homogeneous polynomial f of degree
r, which is to be thought of as an element of ', /T, 1 :
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e For i =1,...,n we have that y; - f = x;f .

e Fori =n+1,...,2n we have y; - f = pr41(0;(f)) . But 9;(f) is homo-
geneous of degree < r — 1, hence y; - f = 0. In particular Anng, (gr' C[x]) is the
ideal generated by yn41,---,Y2n -

Let M be a left Dj,-module with a filtration I' with respect to B. Suppose
that N is a submodule of M. We may use I' to construct filtrations induced
for both N and M/N. To get a filtration for N put I = {N NT;}i>o . The
inclusion N C M allows us to get an injective homomorphism of S,,-modules:

L: ng’N —gr™M .

We write gr'’' N C gr' M, for short. Also, the surjective homomorphism _
M — M/N induces a surjective homomorphism of S,-modules:

7igrt M — ng”M/N .
where I = {7_(T;) }i>o -

Lemma 3.3.19 Let M be an D,,-module with o filtration T compatible with B.
The sequence of Sy,-modules

0— gr"' N gr"M 55 ™" M/N — 0
18 exact.

Example 3.3.20 Led d be an operator in D, of degree r and put M =
D,,/D,d. Take B to be the filtration of D,, as a left D,-module. The induced
filtration in D,d is B}, = By—_,d. Thus

Bi/Bj_y = Bi_yd/By—r—1d = (Bir/Bi—r—1)0+(d).
Since By /By—1 is the homogeneous component of degree k of S,,, then
gr® (Dy,d) = S,o,(d).
By the Lemma 3.3.19, there is an exact sequence,
0 — Spop(d) = S, —» grB M -0 .
Therefore, gr® M = S,,/Spo,(d) .

Theorem 3.3.21 Let M be a left D, -module with o filtration T with respect
to the Bernstein filtration B. If gr' M is a noetherian S,,-module, then M is
noetherian.

It is an easy consequence of Theorems 3.3.17 and 3.3.21 the following

Corollary 3.3.22 D, is a left noetherian ring. In particular every finitely
generated left D,,-module is noetherian.
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Now, let M be aleft D,,-module and I" a filtration of M with respect to the Bern-
stein filtration B. If gr' M is finitely generated, then it is noetherian because
Sn = gr8(D,,) is noetherian. Hence M is finitely generated, by Theorem 3.3.21.
However, it is not always true that if M is finitely generated over D,, then gr’ M
is finitely generated over S, .

Definition 3.3.23 Let M be a finitely generated left D,-module and T a fil-
tration of M with respect to the Bernstein filtration B. If gr' M is a finitely
generated S,-module we say that T’ is a good filtration of M.

It is nonetheless true that every finitely generated D,-module admits a good
filtration. Indeed, if M is generated by uq,...,us then the filtration I' of M
S

defined by T'y = " Bju; is good. The graded module gr' M is generated over
1
Sy, by the symbols of uy,...,us -

There exists an easy criterion to check whether a filtration is good.

Proposition 3.3.24 Let M be a left D,-module. A filtration T' of M with
respect to B is good if and only if there exists ko such that T, = BTy, for all
k>ko -

3.3.3 Invariants for D,-modules.

Using the filtering and grading methods it is possible to define a dimension for
D,-modules. This is a very useful invariant and it comes naturally associated
with another invariant: the multiplicity. To define this invariants we need a
result in commutative algebra

Theorem 3.3.25 Let M = @,~, M; be a finitely generated graded module over
the polynomial ring C[x]. There exists a numerical polynomial x(t) and a posi-
tive integer N such that

X(s) = édimaMi)

for every s > N .

The polynomial x(t) is known as the Hilbert polynomial of M. Recall that
a numerical polynomial is a polynomial p(t) of Q[¢] such that p(n) € Z for all
integers n > 0.

A central merit of the Bernstein filtration is that it admits use of the Hilbert
polynomials. Let M be a finitely generated left D,-module. Suppose that T’
is a good filtration of M with respect to the Bernstein filtration B. Denote by
x(t,T, M) the Hilbert polynomial of the graded module gr" M over the polyno-
mial ring S,,. By Theorem 3.3.25 we have, for ¢t > 0,

(3.5) x(t,T, M) =" dimc (T;/T;_1) = dimc(T) .
0
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Definition 3.3.26 The dimension d(M) of M is the degree of x(t,I', M).
Let agary be the leading coefficient of x(t,T', M). The multiplicity of M is
m(M) = d(M)!agary - If M # 0, then both numbers are non-negative integers.

The definitions of the dimension and multiplicity are independent of the choice
of the good filtration I' by which the Hilbert polynomial is calculated (see,
e.g., 4,9, 14]).

Example 3.3.27 Consider the following D,-modules

e D,, : The Bernstein filtration B is a good filtration of D,,. The monomials
2%0” with |a|+|8| < t form a basis of B; as a C-vector space. So we must count
the non-negative solutions of the equation ay +...4a,+f1+. ..+ 8, < t. There
are (12") such solutions. Hence x(t,B,D,) = (*12"). As a polynomial in ¢t it

has degree 2n and leading coefficient 1/(2n)!. Thus d(D,,) = 2n and m(D,) = 1.

o C[x] : We have defined a filtration I' of C[x] such that Iy = {f €
Clx] | deg(f) < t}. Since B; contains the polynomials in zy,...,z, of degree
i, we have that B;I'y = I';;4. Hence T is a good filtration and x(¢,T,C[x]) =
dimel = ("Zt) is a polynomial of degree n and leading coefficient 1/n!. Hence
d(C[x]) = n and m(C[x]) = 1.

A large class of examples is obtained by twisting a module by an automor-
phism. But this will lead us to a different definition for the dimension. We
begin with the Fourier transform of a module. In this case the automorphism F
of D,, preserves the Bernstein filtration, thus F(B;) = B; . This is convenient.

Proposition 3.3.28 Let M be a finitely generated left D,-module. Then M
and Mx have the same dimension and multiplicity.

Things are much more complicated if the automorphism does not preserve
the filtration. To get around the problem we must give a different definition for
the dimension. Start by choosing a finite number of elements which generate
D,, as a C-algebra and let V be the C-vector space generated by these elements
and by 1. Put Uy = C and Uy = V. This is a filtration of D,, which satisfies
dimc Uy < oo. Note that if V' = By, then Uy = By, is the Bernstein filtration of
D, .

Now let M be a finitely generated left D,,-module, with a good filtration
I' with respect to the Bernstein filtration. Without loss of generality we may
assume that I'y, = BiIg, for £ > 0. Put Q; = UpI'y and

0(M,V) =inf{v € N | dimcQ, < tv for t > 0} .

Proposition 3.3.29 (see [9]) Let V be a vector space whose basis is a finite set
of generators for D,. Then 6(M,V) =d(M) .

As a simple corollary of this Proposition we have
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Corollary 3.3.30 Let M be a finitely generated left D,-module and o an au-
tomorphism of Dy, then d(M,) = d(M) .

In ring theory 6(M, V) is called the Gelfand-Kirillov dimension of a module,
see, for example, [18].

The following additivity is easily proved (compare with Lemma 3.3.19).
Theorem 3.3.31 Let
0— My — My — M3 — 0

be an exact sequence of finitely generated left D,,-modules. Take a good filtration
T on My and T, = My NT;, T =ImI; respectively filtrations (good) for M, and
Ms. Then

0— gTF'Ml — grt My — ng”M3 —0

is exact and
1. x(t, T, M) = x(¢,T', My) + x(¢,T", Ms) ,
2. d(Msy) =max{d(My),d(M2)} ,
3. If d(My) = d(Ms), then m(Ms) = m(My) + m(Ms) .

This theorem is useful to know the dimension of some modules. For example,
the dimension and multiplicity of a free module of finite rank r are 2n and r,
respectively. This also follows from the following result:

Corollary 3.3.32 Let M,..., My be finitely generated left D, -modules, and
M=M®@...0 My .

1. d(M) = max{d(M,),...,d(My)} .
2. If d(M) = d(M;) for 1 < i <k, then m(M) = ¥ m(M;) .

We may also use the theorem to get an upper bound on the dimension of a
finitely generated D,,-module.

Corollary 3.3.33 Let M be a finitely generated D,,-module. Then d(M) < 2n.

Proof. Suppose that M is generated by r elements. Then there exists a sur-
jective homomorphism ® : D] — M. It follows from the Theorem 3.3.31 that
d(D!) = max{d(M), d(ker(®))}. Since d(D!) = 2n by Corollary 3.3.32, we con-
clude that d(M) < 2n. [ |

This upper bound may be sharpened if the module is a quotient of D,, by a
left ideal.

Corollary 3.3.34 Let I be a non-zero left ideal of D,,. Then d(D,,/I) < 2n—1.
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Next we establish a lower bound on the dimension of a finitely generated
D,,-module.

Theorem 3.3.35 If M is a non zero finitely generated left D,,-module, then
d(M) > n.

This inequality was first proved by I.N.Bernstein in [2], and is often called
the Bernstein inequality. We have already seen that both bounds for the
dimension are attained, for example d(D,) = 2n and d(C[X]) = n. In fact
there exists D,-modules of dimension k for every k in the interval n to 2n.

3.3.4 Holonomic D,-modules.

Definition 3.3.36 A finitely generated left D,,-module is holonomic if it is
zero, or if it has dimension n.

Notice that every holonomic left D,,-module is noetherian. We already know an
example of a holonomic D,-module, C[X], and that D,, itself is not a holonomic
module. The knowledge of some holonomic D,-modules enable us to get new
examples with the help of the next proposition

Proposition 3.3.37 Let n be a positive integer.
1. Submodules and quotients of holonomic D,,-modules are holonomic.

2. Finite sums of holonomic D,-modules are holonomic.
Proposition 3.3.38 Holonomic D, -modules are torsion modules.

Proof. Let M be a holonomic left D,-module. Pick 0 # u € M and consider
the map @ : D,, — M defined by ®(a) = au. Since Im® C M, it follows that
d(Im®) = n. Thus by Theorem 3.3.31

2n = d(D,,) = d(ker(®)).

In particular ker(®) # 0, and u is a torsion element of M. [ |

Many interesting properties of holonomic modules follow from the fact that
they are artinian.

Theorem 3.3.39 Holonomic modules are artinian.

Not all D,-modules are artinian. For example, D,, is not artinian as a
module over itself. Tt is easy to construct an infinite descending chain; take for
instance

D,xn O Dpz2 D Dpxd D ...

A ring R that is artinian as a left R-module is called a left artinian ring. The
argument above shows that D,, is not a left artinian ring.
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Theorem 3.3.40 Let R be a simple left noetherian ring and M a finitely gene-
rated left R-module. If M is artinian but R is not artinian (as a left R-module),
then M is a cyclic module.

Corollary 3.3.41 Holonomic modules are cyclic.

To finish this subsection we give a technical lemma which we must use for
show (in Chapter 4) that C[X,d ;'] is holonomic.

Lemma 3.3.42 (see, for instance, [4], [9], [14]) Let M be a left D,,-module with
a filtration T with respect to the Bernstein filtration of D,,. Suppose that there
exists constants cq,ce such that for j >0

dimcly < e1j/n!+eo(j + 1)1 .

Then M is a holonomic D,-module whose multiplicity cannot exceed ci. In
particular M is finitely generated.

3.3.5 Characteristic varieties for D,-modules.

Next we give a geometrical interpretation of the dimension of an D,-module.
Let M be a finitely generated left D,-module with a good filtration I'. Then
gr® M is a finitely generated module over the polynomial ring S,,. Let Ann(M,T")
stand for the annihilator of gr' M in S,,. Then Ann(M,T) is an ideal of S,. It
depends not only on M, but also on the choice of the good filtration I'. The
radical of Ann(M,T) however is independent of the filtration.

Lemma 3.3.43 Let Q be another good filtration of M. Then
rad(Ann(M,T")) = rad(Ann(M, Q2)).

Definition 3.3.44 The ideal Z(M) = rad(Ann(M,T)) is called the character-
istic ideal of M. The affine variety

Ch(M) = Z(Z(M)) C C2»
is called the characteristic variety of M.

It follows from Lemma 3.3.43 that Z(M) is independent of the good filtration
I" used to calculate it. In other words, it is an invariant of M, and so is
Ch(M). Actually, Ch(M) is the most important geometric invariant of a D,,-
module. Since Z(M) is a homogeneous ideal, the variety Ch(M) is conic along
the fibers C. Note that Ch(M) is a subvariety of C>" because S,, is a polynomial
ring in 2n variables.

Example 3.3.45 Let d € D,, be an element of degree r and put M = D,,/D,d.
If B’ is the filtration of M induced by the Bernstein filtration of D,, then, by
the Example 3.3.20, gr® M = S,,/Sno,(d). Therefore, Ann(M,B') = Sno,(d)
and so Ch(M) = Z(o(d)) is a hypersurface.
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The following Proposition is an easy consequence of Lemma 3.3.19.

Proposition 3.3.46 Let M be o finitely generated left D, -module and N a
submodule of M. Then

Ch(M) = Ch(N) U Ch(M/N) .

Let J be an ideal of S;, = Cly1,...,y2,] and put V = Z(J). If p is a point
of V then the Zariski tangent space of V at p is the linear subspace of C?"
defined by the equations

2n

Zlig_i )y =0

for all F € J. This subspace (of C*") is denoted by T,(V). The dimension of
V equals inf{dimcT,(V) | p € V}. Actually one does not need to look at every
point of V. If p is a non-singular point of V', then dim(V') = dim¢T, (V). This
is equivalent to the definition in terms of heights of prime ideals, see [13].

The following theorem is an immediate consequence of the fact that if N is a

graded module over S,, then the degree of its Hilbert polynomial is dimZ(Anng, N),

see [13].

Theorem 3.3.47 Let M be a finitely generated left module over D,. Then
dimCh(M) = d(M).

It is now very easy to show that if d # 0 is an operator in D,,, then D, /D,d
has dimension 2n — 1, compare with Example 3.3.45.



Chapter 4

The left D,-module P(A)

This chapter is dedicate to get and study some algebraic properties of the left
def

D,-module P = P(A) = Clx,d;'] = C[x,a7",...,a;"']. Some of these will
enable us to calculate the De Rham Cohomology of the variety Y4 and get the
fundamental Theorem 5.2.8.

Recall that if A = {Hy,...,Hy} is our arrangement, then we denote by A* =
{a1,...,ar} the set of linear forms that define A. The homogeneous polynomial

k
da4 = ][ o; also defines A. Note that degd4 = k = |AJ.
i=1

4.1 Holonomicity of P(A).

We began enunciating a well-known result about P, which will be useful in the
following section

Proposition 4.1.1 (see [9]) The left D,,-module C[x,d '] is holonomic with
multiplicity < (k + 1)".

Proof. Denote d4 by d and set

Ty = {f/d'| deg(f) < (k+ 1)t}

We check that T is a filtration for P. Let f/d' € P and assume that deg(f) = s.
Then f/d' = f-d®/d"*s. But deg(fd®) = s(k +1) < (k + 1)(s + t). Hence
f/d" € Tsyy. Tt follows that P = Ug>ol;.

Next suppose that f/d' € T;. Equivalently, deg(f) < (k + 1)t. Multiplica-
tion by z; increases the degree of f by 1, thus z;(f/d") = z;fd/d"*' € Tyy1.
Differentiating f/d’ with respect to x; we get

(do;(f) — tfoi(d))/d!*!

The numerator has degree < (k+1)t+(k—1), so that 8;(f/d") € T'y41. This may
be summed up as By -Ty C T'yy. Since B; = B we also have that B;-Ty C T'j;¢.

41
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Finally, the dimension of I'; cannot exceed the dimension of the vector space
of polynomials of degree < (k + 1)t. Hence each T'; is finite dimensional. This
concludes the proof that I' is a filtration of P, and shows that

dimeTy < ((FFDHm),
Since the two terms of highest degree in ¢ of this binomial number are
(k+1)™"/n! and (k + 1)1 (n + D)nt"=1/2(n!)
it follows that
dimcly < (k+ 1) /n! + (k+1)" '(n+ )n(t +1)" ! /n!

for every large values of t. By Lemma 3.3.42, P must be a holonomic module
of multiplicity < (k + 1)™, as required. [ |

More generally we have the following result:

Theorem 4.1.2 (see, for instance, [4], [9], [14]) If M is a holonomic D, -module
and p a no constant polynomial in C[x], then so is M[p™'] :== M ®qx Cx,p '],
the localization of M at p.

4.2 Structure of P(A) as D,-module

Recall that r(A) = r, the rank of A, denotes the cardinality of a maximal
linearly independent subset of 4*. The following lemma allows us to write in a
very convenient way every element of D,-module P. Next, with this in hand,
we will be able to get a series of decomposition for P, cf. (4.1).

Lemma 4.2.1 It is possible to write every element g of P as a finite sum of

quotients of the form where 0 < h <7, {aj,...,q; } is a linearly

h mj
J=1"";
independent subset of A*, my,...,mp €N, f € C[x] and H?:l ajh def g,

Proof. Note that if h = 0, then the element s belongs to C[x]. By induction on
the number of the different linear factors on the denominator of each summand,
we need only show the Lemma when g has the form

1

g= ma mMhp
aq ...Oth a

Mh41
h+1

where {aq,...,ap} is a linearly independent subset of A*, apy; is a C-linear
h

combination of them: apt1 = Y ciai , ¢; € C, and my,...,mp41 € ZT. Then
i=1
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h
1 D Citi
g= _ i=1
- ma mh , Mh+1 — mp  Mhrt1+1
of" .oyt o' ..oty
h
> .
- mi m;—1 mp mh+1+l °
ol o coeaptag

Now for each summand of the last sum above we repeat the initial process
done with ¢ until obtaining a zero exponent for some ¢; in the denominator.
In this way we get a new expression for g as a finite sum of quotients of the form

a; ) ~

- = ! e €C,i=1,...,h Ifthesets {aq,...,q,...,0n, 0pt1}
(11 ...ai ...Oéh Oth+1
are all linearly independent, for ¢ = 1,...,h, then we have obtained the expres-

sion wished for g, otherwise, by induction we get the expression wished for
the quotients that not yet verify the required condition, an thus the expression
wished for g.

|
This Lemma inspires the following definition.
Definition 4.2.2 For h=0,1,...,r, define the left D,-submodules of P :
TN yeeeyTNg
Py={ 3 St o<t <h, frim € O, ma,.mg €N
finite Hi:l As;
where {as,,...,0,,} varies between all the linearly independent subsets of A*

0
of cardinality t and [] of =N
=1

k2

Hence, by Lemma 4.2.1, we have the following finite ascending chain of left
D,,-submodules of P:

(41) 0=P_1§(C[x]=P0§P1gP2§P3§QPTZP
By Proposition 3.3.37 those D,,-modules are holonomics since P is.

Now we can consider the left D,-modules Py/Pn_1, h = 0,1,...,7. Again
by Proposition ?? these are holonomic.

Our next aim is to get a decomposition of Pp,/Py_1 as a direct sum of isotropy
component left D,-modules associated to each X € L (A). First we give some
notations and definitions to use in which it follows.

For each X € L(.A) consider the dual subspace X* of (C")* of dimension r(X),
namely, the necessary number of hyperplanes in general position to get X.

Definition 4.2.3 For each X in Ly(A), 1 < h < r, let Bx- be the set of all
possible bases to X* constituted with elements of A*.
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Definition 4.2.4 For each X in Ly(A), 1 < h < r, and for each basis B =
{@i,,---,;, } in Bx~ define the holonomic D, -submodule of Py/Pp_1:
fm17~~:’mh
Vg = Z (777?1’””127,% mod Ph_1) ‘ f;’?.’f;i;mh e (x|, m; € Z*

finite 3! th

Note that of VX definition follows that it is an irreducible left D,-module.
Then it is also cyclic (this is also a consequence of its holonomicity, cf. Corol-

lary 3.3.41). A generator for Vé(*, as a Dy-module, is the class of o o’
il PR ih

cf. Proposition 4.2.6.

Let X € Ly, and let B = {a;,,...,a;, } be a basis for X*. Then there exists

a basis {yl = Qe Yr 1 QG Yrtl - Jy’n} of ((Cn)*, where {yla s JyT‘}
is a maximal linearly independent subset of A4* such that {aj,,...,;,} C
{y1,...,yr}. After a linear change of the usual basis {z1,...,2,} to (C*)* by

in V}gl"“’yh} is annihi-

{y1,-.-,Yn}, we see clearly that the element [y "
1.--Yn
lated by the linear operators yi,...,Yn; Oy, 1,---,0y,, i.e. by the left D, -ideal

Ip = Dn(y1,---,Yh,Oypprs- - -5 Oy, )- Actually it is very easy to see that

Lemma 4.2.5 With the previous definitions we have

1
A, () =15
Yi---Yn

The ideal Ig plays an important role in which it follows. In the first place it
allows us to get a way simple to write the module V)g%fl"“’y’*} )

Proposition 4.2.6 Let us denote with Mp the left Dy-module D, /Ig. Then
we have the isomorphism of left D,-modules
1
" oo s, [ L]
Y1---Yn

Proof. The first isomorphism follows from Lemma 4.2.5 and Lemma 3.3.6. To

1
the second one use the exact sequence 0 — Ig — D,, = D,, e [ » ] . ]
Y1---Yn

Corollary 4.2.7 Consider two different elements X1,Xo in Ly, 1 < h < r.
Then V)Igi} n Vfg = {[0]} for each By in Bx: and for each Bs in Bx;.

Proposition 4.2.8 There exists an isomorphism of D,-modules between the
left Dp-module Mp and the ring of polynomials Clyny1,..-,Yn,Oyss -, 0y,
This last one is an irreducible, holonomic D,-module, and its characteristic
variety is the conormal space defined by the system of equations & = ... =&, =
bnihy1 = ...=Epn=0wherefori=1,...,h& =01(y;), and fori=1,...,n—
hy &nthti = 01(0y;) (01 is the symbol map of order 1, ¢f. Theorem 3.3.17) .
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Proof. Let 7 be the automorphism of D,, defined by

Ti) = 8%’ ) T(ayi) = Y for 1<i<h
Twi) = i ., T®,) = 8, for h+1<i<n

Proposition 3.3.7 affirms that Cly] = Cly1,...,yn] =2 Dy/J where J = > 7 D,, -
Oy, It is easy to see that

TYJ) =1 Dnyi+ Xh1 D 0i=1Ip .
Then we can apply Proposition 3.3.8(4):
MB = Dn/Til(J) = C[yla' - '7yn]T = (C[yh-i-la' "7yn76y17" - :ayh]

Thus, by the Proposition 3.3.8(1) and Corollary 3.3.30, Clyp+1,---,Yn, Oy,
..., 0y,] is an irreducible, holonomic left D,-module and isomorphic to Mp.

Recall that the graded algebra gr®D,, is isomorphic to the polynomial ring in
2n variables C[¢] = C[&1, ..., &n]- Let T be a good filtration for Clypi1, .-, Un,
Oyss - - -, Oy, | with respect to the Bernstein filtration B, for example the induced
one by B. By Lemma 3.3.19 the exact sequence of D,-modules 0 — Ip —>
D,, — Mp — 0 implies the following exact sequence of C[¢]-modules

0— ngIIB — grPD,, — gr' Mp — 0

where I" is the filtration induced by B on Ig. Then gr' Mp = g(%[fi] and
r'Ip
Ann((c[yh-i-l s Yno 61/1; cee 561/11]5 F) = Anl;l([:[ﬁ] (grrMB)
= gil'Ip

C[&](é-l, .- 7§h;€n+h+17 .. ;£2n) -

Since this last ideal is radical we have

Ch(C[yh+17"'3yn76y17"'76yh]) = Z(é.l;---7§h;§n+h+17---7§2n) -
|

As a consequence of the isomorphism in (4.2) and Proposition 4.2.8 we have
the following corollary:

Corollary 4.2.9 There ezists an isomorphism of irreducible left D, -modules
(4.3) Vit e Clypy s Yny By - O]

Next, in Proposition 4.2.12, we give a preliminary and important decomposi-
tion of Pj,/Pn—1. For this is clearly necessary to consider the D,-module V2,
associated to each B € Bx: when X € Ly(A). First we give the following
lemma:
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Lemma 4.2.10 Let R be a ring on a field K of characteristic 0, let M be a left
R-module and let {M;}5_, be a family of irreducible left R-submodules of M each
isomorphic to each other as left R-modules. Then the isotropy component
> M; is expressible as a direct sum of some of them, namely

s t
> Mi=DMm,
=1 a=1

where {M;, }—, C{M;};_, and t < s.

Proof. Since M; is an irreducible R-module it is cyclic, i.e., there exists an
element u; in M; such that M; = R - u;. Let Zle Ku; be the K-vector space
generates by U = {u;}:_,. From U we can extract a K-basis U = {u;,}._, to
371 Ku;. The corresponding R-modules M, to this basis are suitable to our
affirmation. In fact, since u € @'_, Ku;, C Y\_, M;, for every [ € [s] follows
that Y20, M; € 3! Mj,. So Y20, My = ! | Mj, . Tt remains to show that
Ezzl M;, is a direct sum. For this, since that ﬂzzl M;, C Mj, for everyl € [t],
then either each M, is contained in the others or ﬂi=1 Mj;, = 0. The first case
implies that all M;, are equal. Thus the sum 2221 M;, is direct. u

Proposition 4.2.11 For each X in Ly, 1 < h <, and each basis B in Bx~:
(1) The vector spaces V£. are isomorphic to each other as D,-modules.
(2) The ideal Ix+ := Ip is not dependent of B.

Proof. Fixed a basis B = {a;,,-..,q;, } of X*, there exists a basis {y1 :=
Qiyyee oy Yr 1= Qi Ypidy - - -, Yn ) OF (C*)*, where {y1,...,y,} is a maximal line-
arly independent subset of A* such that {a;,,...,,} C {y1,-..,yr}. After
a linear change of the usual basis {zi1,...,zn} of (C*)* by {y1,-..,Yn}, €ev-
ery other basis B' = {a;,,...,a;, } of X* satisfies B’ C Span{yi,...,ys} and
{¥1 =y, ¥ = Qs Yhyq 7= Yhtt,- -+, Yy = Yn} is a basis to (C*)*. Then
associate to each basis B’ in Bx~ we have an n x n invertible matrix with entries

in C

D 0 0
cE=10 1., O ,
o o I,

where D € GL(C) and I, is the unit matrix of rank s, such that
(44) t(yia LR 7y;wy;z+17 s ay;) = Cg’ t(yla sy YnsYht1, - - - Jy’n)

Thus the partial derivatives change linearly by means of

-1
(4.5) (858,050 ) = (CB) T HByus 30 Oy By

h+1,”
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Then we gt C[dy;, - OypoUhins U] = ClOyus-oo Byustnits oyl Tt

follows, by Corollary 4.2.9, that V£, and V)?*' are isomorphic as D,-modules.
Moreover, it follows from (4.4) and (4.5) that Ix« is not dependent of B. N

Proposition 4.2.12 For 1 < h < r the quotient of two consecutive D, -modules
of sequence (4.1) has the following decomposition

(4.6) P/Pha=EP Y vE=P | P V&

XeLy, BEBxx XeLy, BEEX*

where Bx~ is a convenient subset of Bx«.

Proof. By Lemma 4.2.10 we have that the isotropy component 5> V., asso-
BEBxx
ciated to X* is equal to €@ V&, for a convenient subset Bx« of Bx«. Thus
BeBx+
the last equality in 4.6 is done.

Now let us consider two different elements X5, Xy of Ly. It follows by Corol-
lary 4.2.7 that for the corresponding isotropy components we have > V)?f N
BEBxf
> nVE ={[0]}. Then @ > V& C Py/Py_1. Moreover, by Lemma 4.2.1,
BEBy; 2 X€Ly BEBx+

every f in Pp/Pp_1 can be written as a finite sum of elements of the form
fml,...,mh

am“l’i’“mh mod P, € V)Ef"l""’a"h} for some X € Ly and B = {a;,,...,04, }
oo
a basis in Bx«. Then P,/P, 1= @ . VE. [ ]

XeLy, BEBx+

Proposition 4.2.13 Let X in Ly, 1 < h <r, and let V)'(“Pd be the C-subspace
of Py/Py_1 annihilated by Ix-. Then VE°d is generated by

1
U?gd = W mod thl Be BX*
aEB
Proof. Consider two different elements X, X» in L. According to the defini-
tion of Ix., if B € Bx; and By =€ Bx;, then the corresponding annihilator
ideal I X; are such that

1
IX; ° —H o mod Pp,_,

a€EB;
is equal to {[0]} if ¢ = j and diverse of {[0]} if i # j.

1
This implies that Annp, | ————— mod Py,—1 | = Ix- if and only if B =
gy ooe Oy
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{aj,,-..,aj,} is a basis to X*. Then the C-subspace V4 of P,/P,_1 anni-
hilated by Ix- is into an unique isotropy component in the decomposition of
Py/Py_1 as in (4.6) and is generated by /229. [ |

By Proposition 4.2.11(2), for each X € L(A)\{C"} we associated a canonical

holonomic left D,,-module Mx« ef D,,/Ix~, and, by Proposition 4.2.8, Mx: =
V)Ig* for each B in Bx+. Then we have the following Proposition:

Proposition 4.2.14 According to the notations previous

(4.7) Pu/Po1= @ Mx- oc Ve
XeLn(A)

Proof. By Proposition 4.2.12 we need only show

> VE = My @ VR
BeBy+

This follows from the last remark above and the Proposition 4.2.13. |

Now our next aim is to choose a basis for V209, It is possible using the notion

of not broken circuit (nbc), cf. Definition 2.4.2, to the set Bx+, consequently to
Uped,

Definition 4.2.15 For every X € Ly(A), 1 < h <, define the left D,,-module

Rx- = Mx- ®c Vx- ,

1
where Vx~ is the C-vector space generated by Ux+ = ——— | B € Bx~

Il a

aEB
For C* in Lo(A), define Vicry- = C and Ricny» = C[x] = Clzy, ..., 25].

Lemma 4.2.16 Let X in Ly(A), h € [r], then the set
B = {{aj,,...,aj,} € Bx+ | (ji,..-,jn) is a nbc}
is such that the corresponding set UL is a basis to Vx-.

Proof. The set U° generate Vy:: For each basis {a;,,...,a;, } of X* there

exist two possibilities: If (iy,...,4s) is a nbc, then ————— € YRR, Other-
Qjy oo Oy
wise, there exists an m-subtuple (ji,...,j5m) of (i1,...,in), 1 < m < h, such
that (j1,...,jm) is a broken circuit. Thus there exists 1 < | < k, | < iy,
such that (I, j1,---,jm) is a circuit. Equivalently we have the following relation
aaj, + ...+ apa;, = aqp, for some ay,...,a, € C. It implies that
m
a 1
(4.8) — =

Qg .. QG L O

u=1
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Note that for each u in [m] the set {ay,aj,,...,@;,,-..,q;, } is linearly inde-
pendent and B, = ({aiy,---, i, } \ {@j. }) U{a} is another basis to X*. From
(4.8) we get

a A 1
(4.9) — +...+ Z = )
(7 1o PPN 7 IR 0 7 7 a0y - .- QG e Qg Qjq - .- Oy

If the corresponding h-tuple from each basis B,, is a nbc we get from (4.9) that

is in (U32°). Otherwise, there exists at least one h-tuple (I1,...,l;)
Ay - - Oy,
that is not a nbc. Then for each such (I1,...,l;) we can repeat the initial
process, in the similar case, done with (41, ...,4;). This procedure shall finish
after a finite number of steps because the cardinality of Ux« is finite. Finally

1
we get that ————— € (URR°).
Qi - - Oy,

The set L{;‘}l" is C-linearly independent: Suppose that
Cioin_ _
(i1,e.yin) €UzEE it - - - Qi

with ¢;,.. 4, € C. Let [x be the minimal among all the first entry of each h-tuple
in U%R°. Thus we can divide the last sum as

1 Cixia...i Ciy..i
_ E _oxreeth 4 E 1.--%h =0
07} (77N s 7] gy -« -0

X (U yigyeyin)EURE 2 B iy ipeughe h

i1#lx
Tx
Cl 3 ...' Cl z' ___i
or Z X12...7p + Otlx . TX — 0- SO E X 12 h — 0
(lx,i2,...,ih)€u;1‘ic Qiy oo Oy (lx,iz,...,ih)el,{;‘ic Qiy oo Oy

within ker(ay, ). Note that {a;,, ..., o, } is linearly independent modulo oy, ,
and (ig,...,ip) € UBRCS for some subspace Y* = (a,,...,q;,) of X* obtained

after remove q;, from every basis {a;,, @iy, - - ., a;, } in BRC. Thus we have

Z Clxiz...i
X2 h — 0 i
. . Qjy - - - Oy,

(lx,lQ,...,lh)Equ*

By induction on dimX* we shall prove ¢;,,..;, = 0 for all (Ix,is,...,%,) in
URS and Tx = 0. In fact, let

Zxs ={Y* C X* | Y* = (Qiy,---,,) if (Ix,da,...,41) € URLS
and fix one Y* in Zx.. Then we might divide the last sum to get
Cixlyis...in Clxiz...in Cixjz...3n
B, ¥ e § )
Z Qg - - - Ay, ¥ Z Qg - - - Oy, Z Qj, - - - Qg

(Ty si3,e . yin) EUSS® (i2,-vip )EUPRE (g yemsegy )=2%
ig#ly ZreZxx\{Y*}




50 The left D,-module P(A)

Then > Cxlyis-in _ () within ker(ay, ). By induction on dimX™*,
(Ly yigyennsin ) €UBRe Vg - - - Qi

since dimY™* < dimX*, ¢1y1y45...4, = O for all (Iy,is,...,ip) in UBRC such that

(Ix,ly,...,in) belongs to U%C, and Ty = 0. But this is true for every Y*

in Zx+. Thus ¢, 4, = 0 for all (Ix,é2,...,4,) in U%C. This implies that

Tx = 0. Thus oy, appear in all basis of X* in B¢ and URC is linearly inde-

pendent. [ |

The following Corollary follows from the proof of the last Lemma.

Corollary 4.2.17 Let X € Ly, 1 < h <r, and let [x be the minimal among all
the first entry of each h-tuple (i1,...,ip) such that {a;,,...,a;, } € Bx+. Then
B € B¢ if and only if a;, € B.

Lemma 4.2.18 Let X,Y be two elements in Ly, 1 < h <r. Then X #Y if
and only if Vx- N Vy+ = {0}.

Proof. Consider X* # Y*. From Lemma 4.2.16, a basis to Vx« and Vy« is
UBLE and UEBRC respectively. After a linear change of the basis {zy,...,z,} of
(C)* by {y1,---,yn} such that X* = (y1,...,yn), by Corollary 4.2.17 y; is in
each basis B in B32C but it is not in any basis B’ in B:¢. Suppose that there
exists a non-zero element v in Vx+ N Vy+. Then, by Proposition 4.2.14, [v] = v
mod P belongs to Mx: ® V&4 N My. ® Vi°d and [v] # [0]. Thus [v] can
be written as

0= % s

Be B}b*c

= Z [%] . ag, bp € C.

a€EB BeByy Lgepr
Clearly we get y; o [ a5 ] = [0] for each basis B in B3 but
HaEB «a
b 1) 2 0], 1 o conradic
. . It is a contradiction. |
" (B,g,;w he ) a0

An immediate consequence of Lemma, 4.2.18 is the following:

Corollary 4.2.19 Let X,Y be two elements in Ly, 1 < h<r. Then X #Y if
and only if Rx- N Ry~ = {0}.

The next two lemmas enable us to write the D,,-module P as a direct sum of
the Rx+. We start with the following technical Lemma.

Lemma 4.2.20 Fiz two standard tuple I = (i1,...,4p) and J = (j1,---,7Js)
such that h+s =n and IU J = [n]. Consider a polynomial f in Cly;, ..., Y.,
Oy »+-++0y;,]. Then

1
(a) If f is such that f @ ———— =0, then f =0.

Yjo - Yis
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(b) If f-Oy; o % =0, for some | in [s], then f = 0.

Gy - - - yjs
More generally, if the subset {ai,...,as} of Span{y,,,...,y;,} is linearly

1
independent, then (a) and (b) hold with ———— instead of ———
a1 ...0g Yji ---Yjs

Proof. We start to show (a) by induction on s: If f € Cly,...,yn] (s = 0),
then it is clear that f = 0. Now let s > 0. If there is not u € [s] such that
degayj f =m >0, then it is also clear that f = 0, otherwise f can be written
as

Quy +Qm 10,7+ ...+ Q10y,, + Qo

where Qp,..., Qo € (C[yil,...,yih,ayh,...,aj,;,...,ayjs] and Q. # 0. Thus

1
f e —— =0 is equivalent to
Yjr - - - Yjs
—1)™m! -1 1(m —1)! 1 1
( r3+1 Qm+( ) 7,(1 )Qm—1+---+_QO o——— =0
yju Ju y]u y]l b y.]u . 'yjs
or
1
(=D)™mlQm + (=)™ (m — 1)y, Qm-1 + ... + ¥} Qo) e ———=—— = 0.

Yjr - Yju - - Y
1
N Yir -+ Ygu - Yi
Note that f belongs to Cly, ,- - - Yi,,Yj.,Oys, -+ -1 Oy » - - -, Oy, ]- By induction
on s we have f = 0. Then @,, =0 and f = 0.

Denote by f~ the operator that acts on in the last equation.

In order to show (b) note that f-0,;, = 0y, - f. Again, by induction on s, if
s =0 then f =0. For s > 0, if there is not u € [s] such that degy, f=m>0,

1
then it is also clear that f-0,, e ———— = 0 implies f = 0, otherwise f -9,
yjl - yjs
can be written as

(Qmayjl )3;1 + (Qm—layjl )637;;1 +..+ (Qlayjl )ayju + (Qanjl)

where Quy---,Q0 € ClYirs -+ YinsOysys---10yyn -0y, ] and Qu # 0. If
| # u then again Q, = Qp0y,, € ClYi,---,Yir,0y;,+---,0y;,,---,0y;,] for

p=0,1,...,m, and the result follows from (a). Otherwise f-9y, .ﬁ =0
jl PR js
is equivalent to
1
((—1)m+1(m +D!IQm + (-1)"mly;, Qm—1+ ... — yﬁQo)of =0
Yjr - - Yju - - Y

and the result follows from (a) and induction on s.
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The general case follows by induction on s and from relations (4.4) and (4.5).
|

Definition 4.2.21 Let X in Ly, 1 < h < r. Define the natural map of D,-
modules ¢x : Rx+ = Mx+« Qc Vx — P asm®@uv —» mev, m € Mx-,
v E Vx=.

Lemma 4.2.22 Let X in Ly, 1 < h <r. The map ¢x is injective.

Proof. After a linear change of basis to (C")* such that X* = {y1,...,yn), by
Lemma 4.2.16, Rx~ can be written as Clyn+1,- -+, YnsOys, - - -, Oy, ] ®c (URS) =

1
D e Mx- ®c (Hi) Then ¢x injective is equivalent to show that
x* a€EB

¢ Mx. &c ( ) — P is injective for each B € BRE, ie, if Qo

HaeB a
1
(ﬁ) = 0, where Q € Clynt1,---,Yn, Oy ---,0y,] and B € BRRE, then
€B
Q =a0. It follows from Lemma 4.2.20. |

An immediate consequence of Lemma, 4.2.22, Corollary 4.2.19 and P, defi-
nition is our first main result:

Theorem 4.2.23 For 0 < h <r, we have the following decomposition

h
Po=h@ & Rx-.

J=0XeL;(A)

In particular, since P = P, we have P= @ Rx- .
XeL(A)

Now we are ready to give out the following theorem:

Theorem 4.2.24 For 0 < h <r, the natural map induced by ¢x,

v: @ Rx+ —> Pyn/Py_1 is an isomorphism of D,-modules.
XeLy(A)

Proof. According to Proposition 4.2.14 follows that ¢ is a D,,-morphism sur-
jective.

In order to see that % is injective it is sufficient to demonstrate that the re-
stricted map 9x : Rx+ — Py /P_1 is injective for each X € Lj. Recall that

Ax ={He A|HC X}. Letda, = ][] « be the homogeneous polynomial
aEAY

that defines the subarrangement Ax. Define the D,-submodule PX of P by
Clx, d;& ]. By Lemma 4.2.1 PX admits a finite ascending chain similar to one of
(4.1) to P. Thus ¢ x injective is equivalent to show that ¢ y : Rx- — P /PX |
is injective, i.e., Vx« N P,fi 1 = {0}. Let us suppose, by contradiction, that there
exists a non-zero element v in Vx+« N PX ;. Then after a linear change of the
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basis {z1,...,zn} of (C*)* by {y1,...,yn} such that X* = (y1,...,yn), we can

write v as
a]l Js
H ms )

BeBube aeB @ : Js

where the first sum belongs to Vx« and ¢g € C for all basis B in B;}bf, the
second to PX |, 0<s<h—1,a4.; €Clys,...,yn), {aj,,-..,a;} is a linear
independent subset of Span{yi,...,ys} N A% and my,...,ms; € N. It is clear
that 3 pepane (¢B/ [aep @) mod BX, # [0], instead Y (aj,..j, /et ... af*)
mod P;X , = [0]. It is a contradiction. [ |

From Proposition 4.2.14, Lemma 4.2.16 and Theorem 4.2.24 we obtain
Corollary 4.2.25 If X € Ly, 1 < h <, then the set of coset

1
{ﬁ mOdPh 1 | BEBan}
acB
is a C-basis to Viod.

Hence we have the completely decomposition of Py, /Pj,_1, for every 0 < h <
r, after that one of the isomorphism given in (4.7).

Definition 4.2.26 Let A be an arrangement in C" of rank r. Define the holo-
nomic Dy, -module P = P(A) = @}, _, Ph, associated to the arrangement A and
isomorphic to P(A), as follows. Let Py = Py = C[z1,...,z,], and for h in [r]

Pr=Py/Pp_1 = @ Rx- = @ Mx- ®c { U"b*c @ Ma(X*)

X€eLy XeLy XeLy

where a(X*) :=dimVy- is equal to U] (= |BRE|), the multiplicity of Mx-.

4.3 Examples.

In the following examples we compute the decomposition of the D,-module
P(A) for some arrangements 4. Consider the linear order on an arrangement

A
H; =ker(oy) < Hj =ker(ej) & i<j.

Recall, by Proposition 4.2.11, that the vector spaces VEZ., B € Bx-, that cor-
respond to a given space X* are isomorphic to each other as D,-modules and
isomorphic to Mx+, so we need compute only Mx«.

Example 4.3.1 Consider a 2-arrangement A* = {a;,...,ar}. A basisto (C?)*
with elements of A* is {y1 := ai1,y2 := a2}. Each element of A* can be
written as a liner combination of y;,y2. It is easy to see that there is not any
t-standard circuit for ¢ = 2 or ¢t > 4. The 3-standard circuit are (4, j, h) for all
1< i< j<h<k,then 2-broken circuit are (j,h), 2 < j < h < k. The C; are
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Co={1}, C=A{G) |i€k]}, C2={(1,5) [2<j <k}
So
Po(A) = Cly1,y2]
P1(A) = Cly2,0y,] ®c (1/y1) © 25}@ Cly1,0y.] ®c (1/as) ,

PQ(A) = @ (C[ay176’!l2] Qc <1/y17 az’)

2<i<k

Example 4.3.2 The homogeneous polynomial dg+ = [],<;c (i + @;) de-
fines a 4-arrangement. Put y; := 21 + 2, y2 := %2 + T3, Y3 := T3 + T4, Y4 :=
71 + 23, then {y1, Y2, y3, ya} is a basis to (C*)*. The remaining linear forms in
(BT)* have the following expression in this new basis: y5 := x1 +x4 = y1 —y2 +
Y3 , Y6 := T2 + T4 = y1 — Y4 + y3. Clearly there is not any t-standard circuit
for t = 3 or t > 5. The 4-standard circuit are (1,2,3,5), (1,3,4,6), (2,4,5,6),
then 3-broken circuit are (2,3,5), (3,4,6), (4,5,6). Then the C; are

Cr={(1),(2),(3),(4),(5),(6)} ,

C, ={(1,2),(1,3),(1,4),(1,5),(1,6),(2,3),(2,4), (2,5), (2,6), (3,4), (3,5), (3,6)
(4,5),(4,6),(5,6)},

Cs ={(1,2,3),(1,2,4),(1,2,5),(1,2,6),(1,3,4),(1,3,5),(1,3,6), (1,4, 5),
(1,4,6),(1,5,6),(2,3,4),(2,3,6),(2,4,5),(2,4,6),(2,5,6),(3,4,5),
(3,5,6)}

Cy = {(1,2,3,4),(1,2,3,6),(1,2,4,5), (1,2,4,6),(1,2,5,6), (1,3,4,5)
(1,3,5,6)}

So

PO(B+) = C[y17y27y37y4] )

PuBY) = (@ Clytseosis s 0] @ (1/3) ) @

1<i<4
©Cly1,Y3,Y1,04,] ® (1/y1 — y2 + y3)®
©Cly1,v2,¥3, 0y, ® (1/y1 — ya + y3)

For X7, = (y1,92) : Rx;, = Clys,ya, 0y, 0y.] @ (1/y1y2)
For X{; = (y1,¥3) : RX;,, = C[yz,y4,3y1,5y3] ® (1/y1y3)
For X7y = (y1,ya) : Rxy, = Cly2,ys3, 0y, 0y, ] ® (1/y1ya)
For X5 = (y1,y1 — y2 +y3) : Rx;, = Cly3,Y1,0y,,0y,] ® (1/y1(y1 — y2 +y3))
For X¥s = (y1,y1 — ya +y3) : Rx;, = Cly2,Y4,0y,,0y] ® (1/y1(y1 — ya +y3))
For XJ3 = (y2,y3) : Rxy, = Cly1,ys,0y,, 0ys] ® (1/y2y3)
For X3, = (y2,ya) : Rxz, = Cly1,ys3,0y,,0y,] ® (1/y2ya)
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For X35 = (y2,y1 — y2 +y3) : Rxy, = Clys, Y4, Oy, Oyo] ® (1/y2(y1 — y2 +y3))
For X3 = (y2,y1 — ya +y3) : Rxz, = Cly1,Y4, 0y, Oys] ® (1/y2(y1 — ya + y3))
For X3, = (y3,y4) : Rxz, = Cly1,Y2,0ys,0y,] ® (1/y3ya)

For X35 = (y3,y1 — y2 +y3) : Rxz, = Cly1,Y4, Oy, Oys] ® (1/y3(y1 — y2 +y3))
For X35 = (ys3,y1 — ya +y3) : Rxz, = Cly1,Y2, Oy, Oyl @ (1/y3(y1 — ya +y3))
For X5 = (ys,y1 — y2 +¥y3) : Rxz, = Cly1,y2,0y,,0y,] @ (1/ya(y1 — y2 +y3))
For Xjg = (ya,y1 — ya +y3) : Rxy, = Cly1, 92,0y, Oy ® (1/ya(yr — ya +y3))
For X3g = (y1 —y2 + ys, 41 —ys +y3) :

Rxz, = Cly1,y3,0ys,0y.] © (1/(y1 — y2 + y3) (Y1 — ya + y3))
For X{5; = (y1,92,Y3) = (Y1,92,Y5) = (Y1,Y3,Y5) = (Y2,3,Ys5) :
Rxz,, = Clya, 0y, Oyy, Oy ] ® (1/y19293, 1/y192(y1 — y2 + ¥3),
/y1ys(y1 — y2 +y3))

For X754 = (y1,¥2,ya) : Rxz,, = Clys,0y,,0y,,0y,] ® (1/y1y2y4)
For XTZG = <y17y27y1 —Ya + y3) :

Rx;,s = Clya; 0y, 0y, 0y, ] © (1/1192(y1 — ya + y3))
For X{34 = (y1,Y3,Y4) = (y1,Y3,Y6) = (y1,Y4,Y6) = (y3,Y4,Ys) :
Rxy,, = Cly2, 0y, 0y5,0y,] ® (1/y1y3ys, 1/y1ys(y1 — ya + ys),
1/y19a(yr — ya +y3))
For X{s5 = (y1,94,91 — Y2 + y3)
Rx;,. = Cly2,0y,, 0y, 04,] ® (1/y1y2(y1 — y2 + y3))
For X5 = (y1,91 — Y2 + ¥3,41 — Ya +y3) :
Rx;,, = Clys, Oy, , 0y, 0yl @ (1/y1(y1 — Y2 +y3) (1 — Y4 + y3))

For X334 = (y2,¥3,ya) : Bxz,, = Cly1,0y,,0y;,0y,] ® (1/y2y3y4)
For XJa6 = (y2,Y3,y1 — Ya + y3) :

RXz*ae = C[y1:6y278y3=6y4] ® (1/y2y3(y1 — ya + y3))
For X345 = (y2,Y4,Ys5) = (Y2,Y4,Y6) = (Y2,U5,Y6,) = (Y4, Y5, Ys)

RXéls =Cly, ayzv 63/378314] ® (1/y2ya(y1 — y2 +¥3), 1/y2ya(yr — ya + y3),
1/y2(yr — y2 +y3) (Y1 — ya +y3))

For X345 = (y3,Y4,91 — Y2 + ¥3) :
RX§45 = C[y1,8y2,6y3,6y4] ® (1/1133/4(3/1 —y2 + 1/3))
For X356 = (3,91 — Y2 + ¥3,41 — Ya +y3) :
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RX§56 = Cly1,0ys, Oy, 0y, ] ® (1/y3(y1 — y2 + y3)(y1 — ya + y3))

For X{y34 = (y1,92,¥3,y4) = (Y1,Y2,Y3,Y6) = (Y1,Y2, Y4, Y5) = (y1,Y2,Y4, Ye)
= (Y1,Y2,Y5,¥6) = (Y1,¥3,Y4,Y5) = (Y1,Y3,Y5,Y6) = (Y1, ¥4,Y5,Y6
(

)
= (y2,Y3,Y4,Y5) = (Y2, Y3, Y4, Y6) = (Y2,Y3,Y5,Y6) = (U3, Y4, Y5,Y6),
we get UL = {1/y192y3y1, 1/y192y3(y1 — ya +y3), 1/y19294(y1 — y2 +y3),
V/y1y2ya(yr — ya +y3), 1/y1y2(y1 —y2 + y3) (Y1 — ya + y3),
V/y1ysya(yr — v2 +y3), 1/v1ys(yr —y2 +y3)(y1 —ya +u3)}
and MXf234 C[6y1,6y2,8ys,8y4] - SO
Pa(BY) = Mx;,, ® (VR ) .

Example 4.3.3 The 4-braid arrangement is defined by dg, = [[; <i<i< J(zi —
x;). It is not possible to get a basis to (C*)* only with elements of Br*. If we
put y; := o1 — T2, y2 := Ty — I3, Y3 := L3 — T4, Yy := X1 we have a basis
{y1,92,93,y4} to (C*)*. Note that {y1,y2,y3} is a maximal linearly independent
subset of Br*, so r(A) = 3 and the remaining linear forms in Br* have the fol-
lowing expression y4 1= 21 —x3 = y1+Y2, Y5 := Ta—T4 = Y2+Ys3, Y6 := L1 —Tg =
y1 +y2 +y3. Thus the 3-standard circuit are (1,2,4), (1,5,6), (2,3,5), (3,4,6),
then 2-broken circuit are (2,4), (3,5), (4,6), (5,6). The 4-standard circuit
are (1,2,3,6), (1,3,4,5), (2,4,5,6), then 3-broken circuit are (2,3,6), (3,4,5),
(4,5,6). There isn’t any t-standard circuit for ¢ > 5. Then the basis for every
C; are

C1 ={(1),(2),(3),(4),(5),(6)},
C2 ={(1,2),(1,3),(1,4),(1,5),(1,6),(2,3),(2,5),(2,6), (3,4), (3,6), (4,5)}
Cs = {(152a3)a (17 55)7 (1;276)5 (1:3;4): (173;6): (174; 5)}

PO(BT) = (C[yl yY2,Y3, yzll] ’

PI(BT):< @ (C[ylaa:l?hy3:y4’156y1]®y1_1)®C[y2ay3ayi78y1]®yllTy2@

1<i<3

@C[ylay?}:yi:a!m]@ @C[y27y3ay476y1]®

yz+y3 m ’
For X7 = (y1,92) = (y1,94) = (y2,94) :
Rx; = Clys, Y4, 0y, 0yo] ® (1/y192, 1/y1(y1 + 2))
For X3 = (y1,95) = (y1,96) = (y5,Yse) :
Rx; = Clys, Y1, 0yy 5 Oyo] @ (L/y1(y2 +y3), 1/y1(y1 +y2 + y3))
For X3 = (y3,y4) = (y3,¥6) = (¥4,Ye) :

Rx; = Clyz2,y4, 0y, Oys] ® (1/y3(y1 +y2), 1/ys(y1 +y2 + y3))
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For Xj = (y2,y3) = (y2,¥ys5) = (y3,¥s) :

Rx; = Cly1, 91, 0ys, 0ys] ® (1/y2y3, 1/y2(y2 +ys))
For X3 = (y1,y3) : Rx; = Cly2, Y1, Oy, Oys] ® (1/y1y3)
For X¢ = (y2,96) : Rxz = C[ys, 44, 0y,,0y,] ® (1/92(y1 + y2 + y3))
® (1/(y1 +y2)(y2 + y3))

For X*

=
=

For X7 = (ya,ys5) : Rx; = C[ys, 4,0y, 0]
= (y1,Y2,Y3) = (Y1,¥2,Y5) = (Y1, Y2,Y6) = (y1,Y3, 1) = (¥1,Y3,Y6)
=

Y1,Y4,Ys) = (Y2, 93,Y6) = (U3,Y4,Ys5) = (Y4,Y5,Yse) :

P3(Br) = Clyy, 0y, 0y, Oys] ® (1/y1y2y3, 1/y192ys, 1/y1y296, 1/y1y3ya,
1/y1y3ys, 1/y1yays)
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Chapter 5

Complexes and cohomology
of Y4

5.1 Some Complexes.

We begin defining some useful cochain complexes £}, Gy, Hy, 0 < h <n. The
first complex Ly, , cf. (5.1), is associated to every basis B in Bx», X € Ly, and
then we get a complex £L(Pr) = Dxcp, @BEB}b*c L (B) associated to Pp. The
cohomology of L(P},) is the h-th De Rham cohomology of Y4, cf. Theorem 5.2.8.

Fixed h, 0 < h < n, we define the following cochain complexes (5.1), (5.2)
and (5.3):

0 1 n—1 n
Lh= Lo,y 0 L9251 % p2 L pnte pn % g
(5.1)
where
1
‘C(l)z:(C[yh+17"'7yn7ay17'"76’yh]. )
Y1 ---Yn

52:{ > fil...is'y dyil/\"'/\dyis}53215"'5n’

1<i1<...<is<n 1---Yn

firvis € ClYnt1s--+,Yns Oy, ..., 0y,]- If we denote by I = (i1,...,45) and
dyr = dyi, A ... Ady;,, then every element w in £j can be written as w =

> roy dyr. The differential 6, : L, — L}, is the usual differential defined
1.
as follows:
i) fw=/fe € L9, then
(i) f o S

n 1
50 = (a.( . ))d,-.
¥ zgl v\ Y1---Yn Y

59
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(i) Fw=Y fre

dy; € L, where s = card(I) = deg(w) > 0, then
Y1 ---Yn

1
St = 50< )d .
zw =20z fI.yl...yh Y1

It is clear that 6. o §, = 0. This is basically a consequence of the facts that
. is an antiderivation, i.e., 62 (7 Aw) = (027) Aw + (=1)%977 A §zw, and the
mixed partials are equal.

60 61 6’1—1 6h
(52) Gr:0—Gy 56, 56— ... —GtEgh 50
where
1
GO =C[B,,,...,0,,]® ,
h [y yh] Yr--.Un

1<i1<...<ir<h 1---Yn

g;:{ Z fi1...ir.y dyh/\"'/\dyir}JT=17"'7h7

fir.i € C[Dyy,-..,0y,], and the differential dg : G, — G, is the usual differen-
tial defined in the same way of Lp,.

Finally, consider the de Rham subcomplex on C*~" :

n—h—1

0 1 . Fy 6n—h
(53) HE: 0> HO B L B2 5 . S phtOh, ekt g
where
H?L = C[yh+17"'7yn] )
Ht={ > fil...itdyil/\.../\dyit},t=1,...,n—h,
ht1<ii<...<it<n

firiiv € ClYht1,--->Yn), and the differential dy : Hp — Hp, is the usual differ-
ential defined in the same way of Ly,

Lemma 5.1.1 The complex Gy, has cohomology

C -

N dyi A...Nd in dimension h ,
H*(Gn) = vin o

0 elsewhere .

Proof. For r = 0 : Let w = f o

€G) Hdw=3r (f-8,)e
Yi...Yn h gw Zz_l (f )

dy; = 0, then we have that 6gwA (dy; . .. dy; ... dyp) = (=1)1(f-8,,)e

Y1 ---Yn

dyy ...dyp, = 0 for all ¢ € [h]. It is possible if and only if (f-0,,) ®
Yi---Yn
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LI 0. By Lemma 4.2.20 (b) we have f = 0. Thus we have ker(63) = {0}
Y1---Yn

and H°(G,) = 0.
For0<r<h:Letw=3 ;o <icplfivi®

dy;, ...dy;, be an

Y1---Yn
. +1 i
element in Gy. If dgw = Zl§l1<...<lr<lr+1§h (2221(_1)] lfll...l;...lr_,_l 'ayj) *
dyi, . ..dyi,,., =0, where {I1,... ,l/;, -+, lp41}is equal to some {i1,...,3,},

Yi---Yn

then, in analogue way for the case r = 0, we have (E;ﬂ(—l)j_lfhml;mlr+1 - Oy, ) .
1

Yi---Yn

if and only if Z;g(—1)j_1fllml;mlr+1 -0y, = 0. The last equality above is true

if and only if f;,..;, =0forall 1 <i; < ... <4, < h. Thus we have again that

ker(é65) = {0} and H"(G,) =0 for 0 <7 < h.

dyi . ..dyn € G, then 6¢(w) = 0 for

=0foralll <3 <...<l. <lp41 < h. By Lemma 4.2.20 it is possible

Finally, for r = hlet w = f e

Yi---Yn
all w. Thus ker(6%) = Gp. Since

Im(ég_l) =

{(fl '61/1 - f2 '61/2 +...+ (_1)h_1fh 6yh) ® dyl dyh} )
Y1 ---Yn
1
we get that H*(G) = C - dy; .. .dyp . [ |
Y1---Yn

Lemma 5.1.2 The complex Hp, has cohomology

" | € in dimension 0,
H*(Hn) = { 0 elsewhere .
Proof. This is a consequence of the fact that H is the subcomplex of the de
Rham complex Qpg(C*~") on C*~F. [ |

Proposition 5.1.3 There exists the following relation between the complezres
ﬁh, Qh and Hh:

Ly = Gn®cHp -
Proof. We will prove, cf. [11], that:
1. L} =D, 14—, G, ©c M}, (= (Gn ®c Hp)®), and
2. 02 = 0gg ¢ (Gn @c Hn)® — (Gn ®c Ha)*H .

To prove 1. it is sufficient to see that every standard s-tuple (i,...,%s) is

decomposable in two standard tuples: an r-tuple (i1,...,4,), 1 < i1 < ... <

ir < h, and an (s — r)-tuple (ipy1,...,05), h+1 < dpp1 < ... < i5 < n,

for some 0 < r < h. So every monomial of fi, i, (Ynt1,---,Yn>Oysy---;0y,) ®
1

Yr---Yn

dyi, ...dy;, € L3, can be written as
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Jh+1

cj1~~~jnyh+1 v %"6{11 .. 6?'3:1 ° " .yhdyil e dyirdyir+1 .. 'dyis
where (ji,...,jn) € N* and ¢;,.. ;, € C. It is possible to write out as:

(8{& .. 6711’; . dyi, - - dyi,) ®c (le...jn Zli}rll YR Yy - -dyis)
where the first factor belong to G} and the second to H; ". So L} C €D, ti—s 91 ®C
’H}EL. The second inclusion is obvious.

In order to show 2. we will show that if s = r + ¢ for some 0 < r < h then

Yr---Yn

Sgemloremn = Ozlgrant -
By definition of dggy , 0z , dg , I3, we have
Sonlgren: = 05 ®Idy  +  (=1)Tdgr ® 5%
62‘,|gr ®Id[,|’Ht + (_I)TIdL|gr ®(5£|Ht
67 lgr om

Corollary 5.1.4 The complex L, = L ({y1,---,Yr)) has cohomology

1
. C- dy; ...d
H*(Ch(y1, -+, 9n)) = T TR
0 elsewhere .

in dimension h,

Proof. Thanks to Proposition 5.1.3 and by the algebraic Kiinneth formula for
the cohomology of a tensor product of a couple of complexes, we have that

Hs(ﬁh) = @r—f-t:s Hr(gh) Qc Ht(Hh) .

Hence the result follows from Lemmas 5.1.1 and 5.1.2 [ |

This preliminary result enables us to calculate the cohomology of Y, .

5.2 Cohomology of Y,.

Definition 5.2.1 Let H = ker(am) and let Yy = C* \ H. The map am :
C* — C restricts to ag : Yo —> C*. Choose the canonical generator of
H*(C*) as (1/27i)(dz/z). Define a rational 1-form

_ 1 dan

= 21 aH

on C*. Let (ny) be the cohomology class of ny in H'(Yy). Then

(n) = oy (iﬁ) € H'(Yxy)
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Denote the cohomology class of nu in H*(Y4) by [nu). Let i : Y4 — Yu be
the inclusion map. Then [nu] = i*(nm)

Recall the exact sequence of Theorem 2.5.13
Lemma 5.2.2 There is a commutative diagram of exact sequences whose ver-

tical maps 0 : Rp(A) — H* (Y1) are given by n(wy) = [wa] :

0 —— Rpp(A) —— Repi(A) —2— Ry(A") —— 0

5 [ [
S HMYY) — HML(Y,) —2 s HF(Var) —— ...
Theorem 5.2.3 (see [21]) Let A be a nonempty complex arrangement.
1. The map 1 : Ri(A) — H*(Y4) is an isomorphism for k >0 .
2. H¥(Y4) are free abelian groups.

3. For k > 0 there exist split short exact sequences

0 — H** (V) - HF(V) -5 HF(Var) — 0 .

Corollary 5.2.4 The integral cohomology ring H*(A) is generated by 1 and
the classes [nu] for H € A .

Theorem 5.2.5 The surjective map wg — [(1/278)wp] induces an isomor-
phism of graded algebras R(A) = H*(Y,) .

This result shows there are no relations in cohomology other than those imposed
by the algebraic relations. We showed in Theorem 2.5.12 that there is an iso-
morphism of algebras A(A) = R(A) which sends ay to wg. We may apply this
result when the coefficient ring is Z to obtain a structure theorem for H*(Y4;7Z)

in terms of generators and the relation ideal.

Theorem 5.2.6 Let A be a complex arrangement and A its OS algebra. The
map ag — [(1/271)ww] induces an isomorphism A — H*(Y4) of graded Z-
algebras.

Definition 5.2.7 For each subspace X in Ly, define the following complex:
['h(X*): @ 'Ch({ajl7'-'7ajh})
{ah s---aajh}EB?(bf

where Lp({ey,,-..,0;,}) is the same complex Ly(X) defined in (5.1) for the

~

set of generators {oy,,...,a;,} of X*. Associated to the Dy,-module P =
Dxcr, Bx+, define the complex

LPw) = P La(X) .

X€eLy

Finally define the complez L(P) = L(P(A)) = @},_o L(Ph) associated to P.
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Theorem 5.2.8 Fized 1 < h < r, there exists an isomorphism between H" (Y 4)
and H"(L(Py)) :

1
HMY ) 2 HMNL(PL) = @ (a5} C-———daj, A...ANday, .
XELn {aj, ez, yeB: X1 - Qg
Proof. Fix a subspace X € Ly (A). By Corollary 5.1.4 the associated complex
Lp(X*) has cohomology non-null only in dimension h. It is

1
Hh('ch(X*)): @ C-ia_dah/\.../\dajh .

{aj1a~~~7ajh}€BnXb*c ajl et

Therefore the complex L£(Pr) = @D x¢y, L£n(X*) has cohomology non-null only
in dimension h. Since the set {as | S = (j1,-..,Jn) is standard and nbc}
is a basis for the OS algebra Ap(A) defined in Chapter 2, the map as —
doj, N...ANda;
a]; " %n induces an isomorphism Ap(A) — H*(L(Pp)). Tt follows,
J1 v Qg
from Theorem 5.2.6, that H"(Y4) = H"(L(P4)). [ ]

Corollary 5.2.9 Let b,(Y4) = rankH"(Y4) be the Betti numbers of Y. Then
bh = Z a(X*) .

XeLly

Proof. It is a consequence of Theorem 5.2.8 that

rankH"(Y,) =dimH*(Y4) = Y. U= Y a(X*),
XeLy XeLy

where the last equality is by Definition 4.2.26. |



Chapter 6

The Poincaré series of P(A)

In this last chapter we compute the Poincaré series of the D,-module P(A).

Definition 6.1.10 If M = @ M; is a graded vector space with dim M; < +oo,
i>0
for alli >0, we let

Poin(M,t) = > _(dimM;)t’
=0

be its Poincaré series.
By Definition 4.2.15, for each X € L(A) \ {C"}, we have associated a C-

1
| Be BX*}. Follows, by
HaEB a

Lemma 4.2.18, that if X,Y € L\ {C"}, X #Y, then Vx- N Vy. = {0}. Thus
we can give out the following definition.

vector space Vx- generated by Ux« = {

Definition 6.1.11 Let A be an arrangement of hyperplanes. Define the finite
dimensional graded C-vector space

r

V(A) =P P Vx-

h=0 XE€L}

For X € L(A) let V(A)x» = Vx-~.

Recall, by Lemma 4.2.16, that U5%2¢ = {H | B € B}‘(bf} is a basis to
a€EB a
Vx+, when X € L(A)\ {C"}. Then we have the following Lemma:
Lemma 6.1.12 The set

r

{BulJ U we

h=1X€Ly
is a basis to V(A).

65
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We must express the dimension of Vx- (= [U%2°|) by using the function u(X)
defined in Chapter 1.

Theorem 6.1.13 For X € L we have dimVyx- = (=1)"u(X), and the
Poincaré series Poin(V(A),t) of the finite dimensional graded C-vector space
V(A) is equal to Poin(A,t).

Proof. It is clear that there exists an isomorphism of graded vector spaces bet-
ween A(A) and V(A) and A(A)x+ = Vx« for every X € L. Moreover, since
dim A(A)x+ = |ux+|, see [21]. Then the theorem follows. |

By Theorem 4.2.23, we have that P(A) is a graded D,-module, infinite
dimensional. Then its Poincareé series is a formal power series. The following
theorem give us a combinatorial formula for it.

Theorem 6.1.14 The Poincaré series Poin(P(A),t) of the graded D,-module
P(A) is equal to (1 —t) ™ Poin(A,t).

Proof. According to Theorem 4.2.23 we have

Poin(P4,t) = >, Poin(Rx«,t) = >, Poin(Mx~,t)Poin(Vx~,t)
XeL XeL
Since the C-algebra Mx« is isomorphic to the polynomial algebra with n vari-
ables, we have Poin(Mx+,t) = (1 —t)~". Moreover, by the Theorem 6.1.13, we
have Poin(Vx«,t) = dimVx.t"(X) = (=1)"(X) 4(X)t"X). Thus

Poin(Pa,t) = 3 (1 — )~ (=1)" ()

XeL
= (1—t)""Poin(A, )

It follows from Theorem 4.2.24 the Corollary

Corollary 6.1.15 The Poincaré series P(P(A),t) of P(A) =
h

Ph/Ph_1 1S

r
=0

equal to Poin(Py,1t).
An interesting type of arrangements are the free arrangements.
Definition 6.1.16 Let Derc(C[x]) be the C[x]-module of derivations:
Derc(Clx]) = {0 | 6 : C[x] — C[x] is a C — linear derivation}.

It is immediately to see that Derc(C[x]) is a free C[x]-module of rank n,
naturally isomorphic to C[x]®c C". The usual derivations 0y, , ..., 0, is a basis
for Derc(Clx]).

Definition 6.1.17 A nonzero element 8 € Derc(C[x]) is homogeneous of de-
gree d if 0(f) € C[x]q for all f € (C)*.
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Definition 6.1.18 Let A be an arrangement in C*. Define the module of A-
derivations by

Derc(A) = {0 € Derc(Cx]) | (a) € aC[x] for any a € A*}.

The arrangement A is called a free arrangement if Derc(A) is a free C[x]-
module.

Proposition 6.1.19 (see [21]) If A is a free n-arrangement, then D¢(A) has
a basis consisting of n homogeneous elements.

Definition 6.1.20 Let A be a free arrangement and let {6:,...,60,} be a ho-
mogeneous basis for Dc(A). The n nonnegative integers {degf, ..., degd,} are
called the exponents of A.

Notice that the exponents depend only on A.

Proposition 6.1.21 (see [21]) If A is a free arrangement when exponents
di,...,d,, then

Poin(A,t) = [ (1 + dit).

i=1

Corollary 6.1.22 Let A be a free arrangement with exponents dy,...,d,, then

Poin(P(A),t) = (1—¢t)~"

n
i=

(1+d;t).
1

Proof. It follows from Theorem 6.1.14 |
Note that this is the case when A is the set of reflecting hyperplanes of any

(real or complex) reflection group with exponents di, ..., d, because A is a free
arrangement.
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