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Introduction

In this thesis we give a rigorous construction of a (Rayleigh) model for the dynamics of a
quantum mechanical test particle interacting with condensed matter via point interactions.
From the very beginning point interactions have been widely used in solid state physics: the
model of Kronig and Penney, see [1], described the motion of an electron in a one dimensional
crystal; the crystal was represented by a periodic array of point interactions.

In this work we have considered a different situation: condensed matter have been represented
by N quantum harmonic oscillators with the same mass and proper frequency. It’s clear that
this model is much more difficult since we are dealing with a many-body problem.

At a formal level, the model was introduced in physics by Fermi in his seminal paper [F] for
the analysis of the scattering of slow neutrons from the nuclei of a target of condensed matter.
Since the interaction between the neutron and the nuclei of the target is strong and very short
range with respect to the wavelength of the neutron, Fermi introduced a formal hamiltonian
where the interaction is modelized by the singular delta-potential, also called point interaction.
Then he analyzed the three cases of fixed, free and harmonically bounded nuclei, computing in
each case the scattering cross section in the Born approximation.

Later, these kind of models have been extensively used in nuclear physics to describe the low-
energy dynamics of neutrons and then to investigate the structure of crystals and in general of
condensed matter ([LA],[D],[LO], [DO]).

Indeed point interactions provide non trivial models indexed by a minimal set of parameters:
the strengths and the positions of the interaction centers. It is then natural, in these cases,
to find very simple representations for studied objects, such as the resolvent and the unitary
group.

This remains true even for more complicate models, that is if one considers time dependent
parameters or non linear forces, see [Fi] for a survey on these generalizations.

It should be noted that in all the applications one can find in the physical literature the
computation of the relevant quantities, are only given in the Born approximation in dimension
two and three. This is due to the fact that the second order term diverges if one formally
applies perturbation theory to these cases.

From the mathematical point of view this means that point interactions cannot be considered
as small perturbation of the free laplacian, even in the sense of quadratic forms.

Then it naturally arises the problem to give (if possible) a rigorous meaning to the formal
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hamiltonian as a self adjoint and bounded below operator in the appropriate Hilbert space. In
particular this would open the possibility to have a well defined perturbation theory and then
to compute the relevant quantities at any order of approximation.

This program started in the sixties when Berezin and Faddeev gave the first rigorous definition
([BF]) for the hamiltonian of a particle undergoing the influence of a single delta interaction
and it has been successfully completed (see e.g. [AGH-KH]) for the case of one particle subject
to point interactions placed at fixed positions.

The case of a system of N particles interacting via a two-body local point interaction is more
difficult. In the case of three particles it was shown in ([MF1],[MF2]) that the most natural
self adjoint realization of the hamiltonian is in fact unbounded from below and then physically
unreasonable.

Surprisely enough, the same collapse phenomenon occurs in the case of one particle interacting
via a point interaction with a system of /N non interacting particles, if N is sufficiently large
(IDFT], [Mi)).

This means that a satisfactory model for the dynamics of a neutron interacting with free nuclei
is still lacking.

Here we approach the last case treated in [F], i.e. the case of a test particle (neutron) interacting
via point interaction with a system of N particles (nuclei) harmonically bounded around their
equilibrium positions. The corresponding formal hamiltonian can be written as

12 N 12 1, . N
= omt (g gt =) TR

EH0+ozZ5(x—yi) (1)

=1

In (1) we have denoted by x the coordinate of the test particle and by M its mass, by y; the
coordinates of the oscillators, by m their mass, by w their frequency and by 3? their equilibrium
positions.

The hamiltonian H, refers to the free system, i.e. the system of the test particle and the
oscillators without point interactions.

The parameter a € R plays the role of the strength of the point interaction but in (1) it should
be understood only at a formal level since, as we have pointed out, point interactions cannot
be treated as an additive interaction.

In chapter one we have studied hamiltonian (1) in dimension one using the theory of quadratic
forms and we have constructed integral representations for the resolvent and for the unitary
group. Since we are dealing with point interactions with codimension one, the definition of the
hamiltonian is straightforward.

In chapter two we have studied hamiltonian (1) in dimension three; the model is much more
singular due to the higher codimension of the support of the interaction and a renormalization



of the quadratic form is required in order to define a meaningful quadratic form. The operator
and a representation for the resolvent have been constructed when N = 1.

In chapter three we have studied hamiltonian (1) in dimension two; a renormalization is still
required but the model is less singular than the three dimensional case, indeed the hamiltonian
(1) has been constructed for every N and a representation for the resolvent has been given.

In chapter four we have considered an application of this model. We have considered in one
dimension, a light test particle interacting with one heavy harmonic oscillator placed at the
origin and we have derived an asymptotic formula for the evolution in the limit of small mass
ratio.

In such a scaling of physical parameters, an adiabatic decoupling of the degrees of freedom of
the test particle and of the harmonic oscillator is expected. We have considered a superposition
of two spatially separated wave packets as the initial state for the heavy particle and we have
studied how the interaction with the light particle produces (partial) decoherence on the heavy
one.

Decoherence induced by interaction with the environment is a key argument for understanding
the classical behaviour of macro objects, see [KJ] and ref.cit. In our simple model the light
particle represents the environment, while the heavy one is the “macroscopic” system. It worths
noticing that in this model decoherence emerges as purely quantum effect, due to a scattering
process and that no assumptions on the environment are required. This model should be
the first step tosards a more realistic model where the environment is represented by N light
particles.

A similar model has been considered in [DuFiT], where the “macroscopic” system has been
represented by a similar state of a free particle. Notice that in [DuFiT] the decohence process
can happen only once because of the free motion of the unpertubed system; in our model
the periodic motion of the system can lead, in principle, to the iteration of the decoherence
phenomenon.
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Chapter 1

The One Dimensional Case

In this chapter we give a rigorous definition of the hamiltonian (1) as a self-adjoint and semi-
bounded operator in dimension one and we give representations for the resolvent and for the
unitary group.

By means of the theory of quadratic forms, the construction of the operator is quite straightfor-
ward: by Sobolev trace theorems we are concerned with an infinitesimal perturbation in Kato
sense of the free quadratic form. Using standard perturbative arguments we prove closure and
semiboundedness of the quadratic form in theorem (1.1.1).

Next, in theorems (1.2.1) and (1.2.2), we construct the operator and the resolvent, proving the
decomposition of the elements of the domain in a regular and a singular part which must fulfill
a suitable boundary condition, see (1.15).

In theorem (1.3.1) we give an integral representation of the unitary group by means of a system
of N coupled integral equations.

It is easy to see that if one puts a = 0 in (1.2.1), (1.2.2), (1.3.1) one recovers the unperturbed
operator, resolvent and propagator: as already pointed out, even if the interaction is singular,
i.e. it is supported by a set of zero measure, we could construct perturbative expansions in «
which is the true coupling constant of the system. As we shall see in the next chapters, this is
no longer true in two and three dimensional case where the role of « is different.

1.1 The Quadratic Form

In this section we introduce the quadratic form F,, associated to (1) in dimension one and we
prove that it’s closed and bounded from below.
Let’s consider the quadratic form Fj associated to Hy:

12 N2
Rl = [ § g0+ 3 (10,0
=1
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Chapter 1. The One Dimensional Case 1.2. The Operator and the Resolvent

2(Fy) = {u(z,y1,...,yn) € LA (RN st Fylu] < +o0}
It is well known that Fj is a closed positive quadratic form and that:
2(Fy) = {ue PR )stue H'RY™), yue LR i=1...N}

We shall often use y without under script to indicate (y1, . .., yn), and we shall omit summations
over the index ¢ to make formulas less heavy. We shall deserve the square modulus only to
complex quantities; y? stands for y? + ... + y%. For instance, with these conventions, (1.1) is
written as:

h? h? 1
Folul — e 2, 2 Lo N2 12 19
il = [ dod { g 10na 4 50 + Gy — Pl (12)

We can now introduce the quadratic form F,:

h’ s B 2 1 5 0\2], 12 - 2
Falil = [ g { 10l + 510, + Gy — Pl + o3 [l )
(1.3)
= F()[U] + CYFmt[U}
D(F,) = {u(z,y1,...,yn) € LRV s.t.F,[u] < +oo}
The main properties of F,, are proved in the following theorem:

Theorem 1.1.1 The quadratic form (F,, 2(F,)) is closed and bounded from below on Z(F,) =
D(Fy).

Proof
By KLMN theorem, see [RSII], it is sufficient to show that Fj,, is infinitesimal with respect to
Fy in Kato sense. By Sobolev trace theorems we have:

1
Fielu] < cllul? , < cellullin +Cg||U||%2

Since ||ul|3: < cFplu] the theorem holds. O

1.2 The Operator and the Resolvent

In this section we construct the operator H, corresponding to the quadratic formula of the
resolvent (H, + )1

Let’s introduce some more notation. Let G*(z,y;2’,9') be the integral kernel of the Green’s
function of the free system; an integral representation for it have been derived in appendix (A).
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Chapter 1. The One Dimensional Case 1.2. The Operator and the Resolvent

For given functions ¢ = (¢1...qn), ¢; : 7 — C i = 1... N, which we call charges, we shall
consider the potential produced by ¢; in RV*!

(G*a:) (z,) = / &y Gz, g3 9i, 9 )ai(y')
and also its restriction on 7}, i # j

(Grai) ) = (Gai) (w5, w / &' Gy, v; v v ) (Y)

Now we can state the main theorem of this section.

Theorem 1.2.1 The resolvent (H,+\)~! has the following representation: there exists Ag > 0
s.t.for X\ > Xo and for any f € L*(RN*Y) there are N charges (qu,...,qn) solutions of the
following system

—l—a(ZG’\qJ )+ G* (yi,y)> =0 i=1...N (1.4)

and the following representation holds
(Ho + N7 f =G f + G'q (1.5)

Proof
If u=(Hy+\)"1f and v € C°(RN*1) by the first representation theorem of quadratic forms,
one has

Fulu, o] + Aw,0) = (f,v)
It’s natural to start from the ansatz
Rf = G f 4+ G?q

which is the typical structure of the resolvent when point interactions are involved, and to look
for conditions on ¢ in order to satisfy

Fu[Rf,0] + ARf.v) = (f,0) (L6)

Equation (1.6) can be explicitly written as

/@dy {—6 G f 0, v+—3 G’\fav—i—;mw (y — y)G’\fv—i—/\G/\fv}—l—

_ B2 1 _ _
+ /@c@ [W@CG/\Q 0,v + %@/G/\q Oyv + §mw2(y — ") G qv 4+ A\GAq v} +

+0z§:/a@ (ka(yz-,y) +qu(yi,y)) v(Yisy /drdjyfv (1.7)



Chapter 1. The One Dimensional Case 1.2. The Operator and the Resolvent

Since G* f € 9(H,), we can integrate by parts the first piece of (1.7) and we obtain

1 _
/c&c@ {—a G*q 0, v—f—h—(? G Oyv + 5w 2y —1°) G’\qv—i-/\G’\qv} +

+a2/dy(G*f(yi,y)—l—GAq(yi,y)) v(yi,y) =0

Using the regularity of v we can integrate by parts again obtaining:

Z/dy (qi(y) +aG* f(yi, y) + aGrq(y;, y)) v(yi,y) =0 (1.8)

In order to satisfy (1.8) for any v, each term of the sum must be zero, then we get (1.4).
Now we prove that the domain of R is L*(RN*1), that is for every f, exists Ay such that for

A > )\ (1.4) admits a solution ¢ such that G*q; € L2(RN*1) Vi.
If we prove

sup/dyGA oy YLy ) <a Sup/ddeGA(rﬂ,y;yé,y’) < ¢ (1.9)
yl

Schur’s test, see [HS], implies

HG)\qHLQ(RNJrl) < Veaea |lgll vy (1.10)

It is straightforward to see that (1.9) holds if we take:

1 1 1 [Mw\? [} i3
= dvvie"2 Co = - v 1.11
h”/o i \/27rhw( h ) /0 (In 1) (1.11)

By (1.10), it is then sufficient to show that (1.4) admits a square integrable solution.
Using again Schur’s test it is easy to see that for Vi, 7 = 1,... N one has:

/dy|GAqi(yj,y)}2 < (\/127% (Aéw)Q/ ’?21) /dy|qz (1.12)

System (1.4) can be written in a more compact form as a fixed point equation in the Hilbert
space @ | L(m;): if we put (sz\q)i (y) = G (yi,y) + 32, G (i, y) system (1.4) is equivalent
to the equation

q+aTpqg=0 (1.13)

By estimate (1.12), Tf\ becomes a contraction as A — 400, then exists \g > 0 s.t. for A > Ay
(1.13) has a solution.

10



Chapter 1. The One Dimensional Case 1.3. The Unitary Group

Now we prove that the operator R is symmetric: the condition (Rf, g) = (f, Rg) is equivalent
to (G*¢’, g) = (f, G*¢?) which can be written as

Z/dyqz )G9 (yi,y Z/dyGV vi )4} (y) (1.14)

If we solve (1.4) with respect to G* f(y;,y) and to G*g(y;,y) and we substitute into (1.14) we
immediately obtain an identity.

Since we have proved that R is everywhere defined and symmetric, it is a bounded self adjoint
operator operator by Hellinger-Toeplitz theorem, see [RSI].

The last step to conclude the proof of the theorem is showing that R has empty kernel, which is
equivalent to saying that H,, is densely defined. If we suppose Rf = 0 then we have Rf(y;,y) =
0V:i=1...N. Notice that the range of R is contained in H'(R) and then we are allowed to
take the traces of Rf over ;. System (1.4) immediately implies ¢ = 0 and then G* f = 0 which
means f = 0. O

The knowledge of the resolvent is equivalent to the knowledge of the operator itself; next
theorem is just a different rephrasing of the previous one.

Theorem 1.2.2 The domain and the action of H, are the following:

P(H,) ={ue L’RV ) st.u=¢*+Gq, p* € D(Hp), ¢+ oTrpu=0vi=1...N}

(1.15)
(Ho + Nu = (Hy + ) (1.16)

Proof
The key observation is that u € 2(H,) if and only u = (H, + \)~1f. If we put ©* = G*f,
(1.15) and (1.16) follow immediately from the previous theorem. O

1.3 The Unitary Group

In this section we give an integral representation for the unitary group e~inHo,

The free propagator is simply the product between the free propagator and the Mehler kernel:

ol

1

. § mw mw

6_’%H0($7y§$/7y/) = M ciang (w—a')? e 4 e Zihtan(wd) (y2+y,2)eiﬁsin<wt)yyl
2mihit Th(l — e~2t)
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Chapter 1. The One Dimensional Case 1.3. The Unitary Group

In order to formulate the main theorem of this section we introduce the operators W, which

e it
are the restrictions of e~*##° over the planes m;, .
N
2

1
M 2 i M o 2 mw __mw 2,12 __mw ’
tk(y v)= (2m‘ht) e (170 (W) e~ Ttan@n YY) o sin(on Y

Theorem 1.3.1 Let ¢y € P(H,) a regular initial datum, then 1(t) has the following repre-
sentation: there are N charges q;(t) depending on time such that

Uty x,y) = (6‘%}’0%) (z,y / dSZ/@e FE 2,y y ) (s; ) (1.17)

The charges q;(t) are solution of the following system:

qj(t) +aTry, (e ( hHOgbo + —Z/ Wi q(s) =0 Vj=1. (1.18)

Proof
We start from the ansatz (1.17); if we diagonalize the free evolution with a Fourier transform
and a projection on the basis of the harmonic oscillator we obtain:

‘ 9 . t N
Ut k,n) = 6_1<%+m'w>two k,n) + 2 dse 2M"l+|nlw (=) (s;k,n) 1.19
h
0 :
~ 1 / —iki; / /
qj(t;k,n) = i)} dy' e en(y)q;(tY) (1.20)
In the previous formula we have used standard notation on multi-indexes: n = (ng,...,ny)

and |n| = ny +...+ny; we have denoted the n-th eigenvector of the one dimensional harmonic
oscillator with e,, while e, (y) stands for e,, (y1)en, (y2) - . - €ny (Yn)-
With an integration by parts we obtain:

. _ \n|w)t A 1 +\n|w (t—s)
Ot k,n) = (2Mﬁ+ k,n) — 2Mh E q (sik,n
( ) #o(k. ) +|n|hw+)\ P J n)+
i— i /t dse_i(sz‘j”+mlw)(t_s) E 7;(s:k,n) + . EN 7i(s;:k,n)
TRE o+ |nfhw + X Hq] e TP A
(1.21)
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Chapter 1. The One Dimensional Case 1.3. The Unitary Group

If g are regular functions the first three terms on the r.h.s. belong to Z(H,) while the last
one is G*q(t) which doesn’t belong to Z(Hy) ; we impose the boundary condition contained in
(1.15) such that ¢ (t) € Z(H,), then we obtain (1.20). It is now straightforward to verify that
(1.17) satisfies the time dependent Schroedinger equation: using respectively (1.17) and (1.21)
we have

d@b kQ MR T IRwW -
e t0) = (g7 + e ) = G -k

k? 2Mﬁ+|”“*’ .
+h(2M—|—|n|hw>/0dse z:: (s;k,n)+ (1.22)

2

k —i( ko)t
Haﬂ}(t, kaﬂ) = m + ’ﬂlh’w € -7 %o (k‘,ﬂ) -
i (s + )

/tdse_i(ﬁiffrlnlw)(t—s)i 5 (s1k,n)+—A\ /tds (QMf—Hn\w t—s i (51, )
0 = h £+ |nhw + X Jo =

N
A
1i(s;k,n) (1.23
s OO CLEIED

a7 + lnlhw
£+ |nfhw + A

The r.h.s. of (1.22) and (1.23) are equal and then v (t) is the solution of the time dependent
Schroedinger equation. The last step to conclude the proof of the theorem is proving that

(1.18) has a global solution. System (1.18) can be written in a more compact form as a linear
equation in C(0,T;®N | L*(1;)).

q(t) + %a /0 dsW*'*q(s) + a¥(t) =0 (1.24)
We have put
N
(T(t); = Tra e 50y (W'q(s)), = > Wira(s) (1.25)
k=1

In order to prove the local existence of ¢(t) it sufficient to prove the following estimate:

Wil < 07 (1.26)

If (1.26) holds then exists Ty s.t. for T < Tj fo dsW'5q(s) becomes a contraction and (1.24)
has a solution. The solution can be extended for any 7" by iteration. Estimate (1.26) is trivial
if j = k, otherwise it follows from standard results on Fourier Integral Operators, see [Fu]. [
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Chapter 2

The Three Dimensional Case

In this chapter we introduce the quadratic form F, in dimension three. Even if we are still
concerned by a perturbation of the free quadratic form Fy supported by a null set, i.e. the
planes 7;, the situation is very different from the one previous case. The perturbation has now
support on a set of codimension three and this gives much stronger singularities.

It is then necessary a renormalization procedure to construct a well-posed quadratic form. We
adapt to our case the techniques developed in [T] and [DFT] which lead to definition (2.1.1).
As a matter of fact, the domain of the quadratic form consists of functions in Z(Fp) plus the
potentials G*q. It is then clear that we are no longer concerned with a bounded perturbation of
Fy; indeed one can see that if one puts o = 0 the unperturbed quadratic form is not recovered,
that is « is no longer the coupling constant of the system.

In section one we introduce the quadratic form; it is required some technical work, see propo-
sitions (2.1.2), (2.1.3), (2.1.4), (2.1.5), to prove that F, is well defined.

Closure and semiboundedness of the quadratic form are proved in the case N = 1, see (2.1.7)
and (2.1.8).

In section two, theorem (2.2.1) characterizes the domain and the action of the operator.

2.1 The Quadratic Form

In this section we introduce the quadratic form F;,, we show that it is well defined and we prove
it is closed and positive if N = 1. The quadratic form F, is defined as follows.

Definition 2.1.1
D(Fo) = {u e PR ) s.t.3g € 2(9)), ¢* =u—Gg € 2(Fy)}
Folu] = FANu) + ®3[u]
Pl = [ dedy {190+ S 9,7 4 AP = NP+ Sy — 1
U= op Y EP D T Y e? 7 dm ey

14



2.1. The Quadratic Form

Chapter 2. The Three Dimensional Case
qn), ¢ € L*(m;) s.t. q))‘[q] < +oo}

B =ad [dla@)F - 2mY
3 [a@wlawP + 5 Y [ /G v )lat) - a)F

In the p

9@3) = {(Q1> .-
2_opy / B ) (G5 )+

3(N—1)
2

revious definition we have introduced the functions a(y) given by:
)

3 1
_ 13w;i5( ml )2{1+/ @;3[1_,/%?—1( :
(2m)2 h: \m+M 2 o (1—v)2 1+v
3
m+ M i 11—1v2mw N
B 0(2
— exp | —sr——5—5 D _lvi — 4l
T ) B W
JFi
1 1—v 1
me2+1+_u21n1mM| op2 (2.1)
exp | —— ” = Yi — Y, ]} .
h %%WH'Q;%M

In order to give a heuristic motivation for this definition one can proceed as follows

The naive quadratic form associated to H, is:
Blul = Rful + 3 [ dedjfus(a - vy
J

which can be written as
u— G| + A/drdyyu - A/cbc@|u|2 + ((Ho + N Gq, u)+
+ (u, (Ho + N Gq) = (Ho+ NG, G q) + ) 7 / dedy|ul?0(z —y;) (2:2)
j

—7 ul,., and denote ¢©* = u — G*q. Then we

Folu] = Fy|

for any A > 0 and any charge ¢q. Now we fix ¢;
use the fact the (Hy + A\)G*q = ¢ and we finally obtain
Foful + A/dr@\up — Rl + A/dr@w? +8.0q)
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

3 s [ s fammarn

1<)

It’s clear that the form ®.[g] on the charges is ill defined due to the presence of the first term
of the r.h.s. of (2.3) (diagonal terms) since the potential G*¢; is divergent on ;. Its singularity
around y € m; is only due to the value of ¢; in y, i.e. it has the same singularity of the potential
generated by the uniform charge distribution ¢;(y) on Uy, a small neighborhood of y. Then we
can write

Crai(z,y) = a:(y) G (@) + 74, (2,9)
where (1. is the divergent part of G*1. and 7, (x,y) remains finite in the limit z — y;; we have
denoted the characteristic function of U, with 1.. Moreover we define G3\.,¢:(y) = lim 7,,(z, y).
' TY;

The idea is to separate the divergent part and the finite part of the quadratic form and the
to compensate the divergence through a renormalization of the coupling constant v. We only
outline here the procedure.

Define 70 = {(z,y) s.t. \/ii|x — ;| < 6} and consider a charge distribution ¢ on 7 such that
¢ — q; and G 0 — GAq; for 6 — 0. Moreover G*¢?(x,y) = ¢°(y)¢(x,y) + Tji(a:,y) where
¢® — (. and Tli, — 1, for 6 — 0. Introducing a new coupling constant v = 7°(z,y) the ill
defined diagonal term can now be replaced by

— {_ ¢ (z,y)

lim [ ¢(z,y) —GAQ?(fB,y)} =

00 Y (x,y)
li _5( ) _qf(:v,y) . 6( ) 6( )| - ( )T 92 4
51_{1(1) ,raqi  ,y m g (z,y)¢°(z,y W.QZIy ql(x Y) (2.4)
In order to get a finite limit in (2.4) it is sufficient to define
1
- =z, y) + o, aecR
Py Y

so that the diagonal term reduces to

o [ 1l = [ TG00 25)

We shall now rewrite the renormalized potential G? in a more convenient form

7 7"enqZ

GirenQi(Zg) = lim [GAQi(xa y) - QZ(y)Cls (%, y)} = lim |:/ dy/%’(y/)G)\(xv Y; yia y/) +

T=Yi T=Yi Y —y|>e

+ /| &' G,y 93, 9) (6(y') — aily)) +

Y —yl<e

val) ([ a@ i) - )]

Y —yl<e
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

Then the second term of (2.5) becomes:

/dyqz )G entti(y ):_/y/ . dydy':(v) @i (V' )G (Wi, v v, )+
[ W) )@ i)
—/dy!qi(y)!Qm(yi,y)
— [ 4d/aWaw) - )G wi i)+

1‘2— iY) — /G/\i,;;/
+/c@!q(y)! ( 7. (i, y) /y yl>€dy (Yi, y;y y))

dydy'|4i(y) — a:(y) PG (yi, v ¥, v dy ;) (y)1gi(y
5/ +f

Where we have denoted

a}(y) = — lim (7'15<x7y) +/ @’GA(fv,y;yé,y’O
ly'—y|>e

T—Y;

and 7y, is the finite part of the potential generated by 1..

It remains to analyze a(y). To be concrete we fix i = 1, put y° = 0 and introduce the
coordinates ¢ and 7 defined in the following way.

1

E@—yl)
1

&=

With this choice 7 is defined by & = 0. We have to study the behavior for small & of
(G/\la) (57777y27"'ayN) :/ @l@édyg\f G)\(57777y27'"7yN;O777,7yéa'-->y§V) (26)
Ue

The shape of U. doesn’t matter, indeed a doesn’t depend on &; we choose

Us={ln"—nl<elyy—y2l <e,....lyxn —uyn| <&}
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

From (A.1) one has that, with simple manipulations, (2.6) can be written as:

A +3N

1 37 Mw Ve 1
lea y 1y Y2y oo oy = 3 ( ) / dv 3N 3
( )(f Y2 yN) (27r)5 e ( A 1+V En (l—y)T(log%)i

e 7
N §
_mwl-v, 2 mw:ll“[‘]/ 2
H ﬁl+uyl
h21—12

1=2

1

o [ MW 2(1*1/2) 2 1—v
L dy; el yi( g <1+”2>> v
mw (1+V )j v

|y1‘<8 R 2(1-12)

_3
e %iﬁ_zmw( _,,75) £2<%ﬁ%+ﬁMTw) 11—1/2mw 1 Mw 2
41+v2 h 4In+ h

! 1 Mw 1 v 11 mw
P 2 [(mng—h 2107 >§+z—+ T"]
pdyfe”™ exp
|7I,|<€<1717V2M 7i,M> (11 V2 mw
14

1 Mw)?
41402 +41n§ h)

With the changes of variable v = 1 — v/ and /€2 = /" we recover a coulombian singularity for
the potential:

11 mM 1

GAlE s 1y 3ty = S T T T A el
( ) (&, y2 yN) 0 T M

This expression can be written in a more useful way as

N|=
N|w

1 M
(G)\ls) (£7n7y27' - 7yN) =e—0 _%w_ ( = >

w1l mM 2
d/_e_ﬁim-HM §
m + M

njot

We separate this integral into two pieces with v going from 0 to 1 and from 1 to +oo; this
latter term is finite when £ — 0 and will give the one half in brace brackets in (2.1), while the
former is subtracted from (2.7). Adding to it fly’—y\>6 dy' Gy, y; i, y') we finally obtain (2.1).

Now we show that definition (2.1.1) is well posed. First we prove that the decomposition
u = p* + G*q is well defined and unique; the proof is divided into propositions (2.1.2), (2.1.3)
and (2.1.4).

Proposition 2.1.2 If ¢; € L?*(R?*Y) then G q; € L*(R3N+3).

18



Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

Proof
Let’s fix i = 1.
1 11 /mw\3N [ Mw)®
e (%)
/ dy' ql(m y)| )3 (hw) 7T3N h h
/dvdy/dqu / d prsts ol ! 3N ! 36_?261#)(9 + )6_%2“1%&%1'2
(1 — V2>T (1 ;)5
1
e_n}f 1Vl,2y_2|2/6b/-)q1(w>/ C&LM%+%*1 ! 3N 1 367@{“ 2(11:Lu)(y +w?)
o
g™

mw M |2
e h 17I»L2 |y w|

- G (i) (M“)g / o i (2)aa ()

A 3N _ g +38 1 1
/ dv viw T2 v 3 / du Iuﬁw o 3
(1—V2 2 1n 2 (1—#2)2 <lnl>2
“w

mw vV _Mw 1 — 2 w v
/C&dyehﬁyzlze T o~ a7

Mo w2 _
h 21111| wll e %1_";2‘y_w|2€7%2(11+i)(y2+w2)

It’s then sufficient to show that

! N 1 1 ! A L8N 1 1
T(Zaw):/ d vt 3N 3/ du pra™2 " 3N 3
0 (=) ()P o eyt (1nl)§

w

7 2
6 R 1—pn2 ly—w]

is the integral kernel of a bounded operator in L?(R3").
This kernel can be pointwise estimated in the following way:

3

Mw\ "2 fmw\—% svis 7 v I -5 A L3Ny
o (50) () T b +
0 _




Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

Using the Schur’s test, see [HS], and (2.8) we have

3
MwY\ 2 1 1 1
17 < sup/dzT z,w) < ( w) 7T3N+§/ abcmy%—m%—l i
0 2

h
v 1 a
(1—V2+1—u2)

and this concludes the proof. 0

[N

< (Mw) 27T3N+g/ i Ve e 1 < too
0 [ 2

h v lnu 2 12
o 1o uln +1+u1 ulnlz:|

Proposition 2.1.3 If ¢; € 2(®)) then G q¢; ¢ 2(Fy).

Proof

Fix ¢ = 1 and put y° = 0. Since G*¢; is divergent near m;, we shall consider a regularized
version of Fj restricting the integration to the whole space minus a small cylinder around 7
and, with integrations by parts, we shall show that it diverges when the small cylinder shrinks
to 1.

Let’s show that the following identity holds:

1
/ dndy{ v, G’\q1|2+—]V Pal? + (§mw2y2+)\) |G’\q1|2} -
R3N+3\ 76
]_ ’ / 1 " aGA
=5 [ @10 - alF [ @ ) G sk

(97r1

A
+/ dECﬁJ(G)‘l—Q) \(h / dfdyCl—aG (|(11’) (2.9)
87r1

Formula (2.9) is equivalent to:

1
/ dtay{ V.G a1 |* + —|v G qi)? + (émw2y2 + /\) |qu1|2} —
R3N+3\ﬂ'

1 / / " !/ ! 7 aG)‘ 7 /" / /
=3 [ e - a)? (/ WA 0) k) +
o n
1 /ol i /" / / aGA " 1/ A aG}‘
WG ) @ ) |+ . dedy P1—— (|ar ") (2.10)
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

If we further simplify (2.10), we obtain

hQ A 2 h2 by 2 1 9 9 A 2
/]1§3N+3\7ri§ dli@ {m’le Q1‘ + %!VyG Q1| + (imw Y —|—)\> ’G q1’ } —

oG*
= drdy GAQl 8—(Q1) (2-11)
87T

which is true by Stoke’s theorem and because we have removed 7¢ from the domain of integra-
tion.

In order to prove that Fy|G*q;] = +0o we shall consider the r.h.s. of (2.9) and we shall prove the
following steps: the sum of first and the second term converge, up to a multiplicative constant,
to ®X[q] as & — 0 while the third term diverges; since by proposition (2.1.2), the Lh.s. of (2.9)
differs from Fy[G*q;] only by a bounded term it’s clear that Fy[G*qi] = +o0.

Now we show that

. oG 4 mM
%1_{% - dedy (G — (1) (ﬁ,y)%(%y;yiay') = —ﬁm—Mﬁl?(y/)
T
oG* 4 mM
1- dL’// //G)\ I/ "o, N — G)\ o /
lim s ' G (2" Yy y) 5 (2 Y v Y W (1, v 91, ')
Notice that in this case a% = —%, so the integral kernel of % can be easily obtained

from (A.1).

A 3N
oG* L 1 1 1 /mw Mw ! vie Tz 1
a (é.a,"/ay%"wyn)yl’y): 3N 3 h d 3N 3
n 0 (1—v2)> (ln%)2
_1l—vmw l 2 2 2 /2 — w (| L n_eY_qof |2 —yl |2 —y|? -t M\L(Wrﬁ)*ylp
e 21+v h 2 (n=&)*+y5+...yx+y ]6 1.2 & (|\/§(77 O—vil*+ly2—yal*+.. +lyn—yy | ) 2l B V2 1

L vag (G| st + e v (G ‘y)lf%}

(2.12)

v m
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Chapter 2. The Three Dimensional Case

2.1. The Quadratic Form

The potential G*1 and its divergent part ¢; have the following expressions

1 1 2 3(N—-1)
w?2 A 4 3N 2
G (.1, 92, .- Yn) = — / piatz =1
(1) € myeno0m) Wghg(m—i—M) el I
-3 L2 1-p 1
Dbt g g\ 11— p Z wi™ F My
m ex exp | —— -
2 1-p 2 Plmor e h Yi | P N 2!
oy
1 Mwlld+p mw
41H5Tz—1_ﬁf2? , L (me)?
exp | —4— m+11+g2m5 AP T m+11+g2w”5
4ln% h 41—p2 h 4ln% h 41—p2 h
1 3 400
Q:igw_j mM 2/ C@ige i
72 hs \m+ M 0 p2
It is useful to write G*1 — (; in the following way:
3
1 w2 mM \? +oo 1 1w mm e 1 1
(G/\l—ﬁ) (5777,y2---yN):—3—5< M) / d‘l—ge i mars + du 3
(27‘()2 h2 \m—+ 1 42 0 (1—/1,)2
3(N-1) N
2
A 3N 2 2 1 11— p*mw 9
hw 2 e R E—
H (]-—I—Mz) N ol . % XPp 21_’_”2 h ]Z2y]
( 2# 1—2 +TuM)
1,2 | 1-p 1 1 Mwll+p? mw
w1 T My P AT o
exXp B 1 1p2 1 S EXP | T e | 11 mw
h 51—Z2m+2lnlM 2 41H%T+Zl—z2T
1lopme 1Mo ] u
2T4p h 2L K m W,
. — —_— — 2.13
gl ey f) oo () | e

Equation (2.13) shows that a}(y) = —22 (G* = ¢1) (0,7, 2. .. yn); the numerical factor 25
has been absorbed in (2.1) by a change of variable.
The integral kernel aa_c;‘; has the following property:

A 4 mM

oG
Clsl_f)f(l) dedy f(,y) ﬁm—Mjc(yia y) (2.14)

col ) —
371- ’ 8n (xayayhy)
If we prove (2.14) when f is (G* —

C1)(z,y) or GMx,y;y),y") we conclude the first step of the
proof; if we interchange the integral over the parameter y with the limit over § and the integral
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

over (x,y) we can restrict ourselves to prove (2.14) when f is a gaussian. Now it’s only a matter

of long calculations to prove that:

(?GA

lim [ ddpdyy ... dyyen @O TR AR 5 Em 2y Y)

6—0 aﬂ.
4 mM e

e h
ﬁ2m+M

Using (2.12) and integrating over 7, ys, . .., yn, we have to study

A 3N

I 1 1 1 (mw)?’év Mw g/tb/ V%JrT_l lw 11+V2m+d T2
im — inhad ~Z =
6=0 (27)% hw %5 \ A h 0 (1—y2) (ln )§ Th\21— 2

™
11402, :
w( n )21Vm+m 11+02 mw+ 1 Mwwb
exp | ——(y - -
B2 Ny, 1 41-v> h  4lnl h h
1402 114v° mw 1 Mw w 114vimw _ 1 Mw w )2
52 1u21n +2% b(21u2 T oI h>+2hc(21u2fz 2In 1 h>+(hc)
Py 1lp?mw 4 1 Mw | gw
21-v2 h 21n% h h
1 (mw 2 1 Mwll-vmw w 11402 Mw 1 Mw
P 4( h) +2h’1% h 214+v h +2hb<21—y2 R +21n% h
eXpy —Y% 11+u2mw+ 1 Mw_'_2c_ub
21-1v2 h 2lnd K h
l-vmw_ 1 Muw w 1 w v mw w 1 Mw v mw
\/5 ;|1 VTZ]H% i +2Fib<21n1 h 1—v2 h)+hb<2ln% h +1—1/2 h)
CEGXP gyl 11+V2mw+ 1 MW—FQQb
|€|=0 21— A " 2ml h h
11+2mw 1 Mw w 11407 mw 1 Mw w 1 Mw v mw
|§‘421 v2 h 2Ind h +2hb<2171/2 h +2ln% h>+ hc<21n% h 1-v2 h) n
ll—f—llZM 1 Mw w
21-v2 h +2ln% h +2hb
l-vmw 1 w L wp 1 Mw v mw
&  ,1+v h 2l h o\ 2l h 1-v2 h
—V2= 1 s . (2.15)
‘é" 11+v m 1 Mw+2£b
21-v? h QIn% R R

Making the change of variables v = v/ and v/ = §?2” when 6 — 0 only the most singular terms
of (2.15) survives, in particular the surface integral becomes trivial; then we obtain

+o00
d}/ie T e 28T o B A AYR) 4 mM e 27 o= i d(ys + oy
0 1/2 h2m+M

A | o
i\r\l| %\w
g—\
e
<

SN——

Since on 7, 1 = v/2y; we have proved (2.14).
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

The third term on the r.h.s. of (2.9) is equal to:

11 mM 1 oG*
Th2m+ Mo ars On

——(la*) (2.16)

because (; is a function of £ only. Equation (2.14), considering constant as a particular case of
gaussian functions, also implies that

OG> 1 mM
tim [ S P) = gy [ AP <+

which shows that (2.16) dlverges when § — 0. The proof of the proposition is concluded.
O

Notice that we have showed that ®[q] can be looked as a renormalized energy of the potential
Gq.
Proposition 2.1.4 The decomposition u = ¢* + G*q is well defined and unique.

Proof

By proposition (2.1.2) G*q € L?*(R*V*3) so that the decomposition is meaningful in the Hilbert
space; uniqueness easily follows from proposition (2.1.3). If by absurd u = ¢* +G*q = ¢* +G*§
then 0 = p*—@* = G*(G—q); but then G—q = 0 because the operator G* has empty kernel. [

In definition (2.1.1) it is understood that one must fix A > 0; the role of this parameter is only
to regularize the behavior of the potential at infinity in such a way that it belongs to L2(R3V+3).

Proposition 2.1.5 The quadratic form (F,, 2(F,)) doesn’t depend on .

Proof
First we note that Z(F,) doesn’t depend on A. If u = gp + G’\q then also u = " + G ¢ holds
because G*q — G¥q € Z(F,) and then we can put ¢ = ¢* + G*q — G q. Now we show that

Fu] — FN [u] = &N [u] — ®[u] (2.17)
FMNu)=F [u] ctmﬂd<2M (u—G*q) -V, (u—G*q) +%vy(u—(yq)-vy (u—G*q)) +
/d:cdy ( w—GVq)-V, <u - GXq) + %vy w—GYq)- Vv, (u - G*’q>) +
x [ ddlu= G- o) - [ el G - 6
+/ dvdy %mwaz(u - G’\q)(u—G’\q)—/dxdy %mwaQ(u — GV q)(u—GYq) /dwy\u]Q
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

The first part of the r.h.s. of (2.18) can be written as:

/drdy ( u—G)‘ q) - Vx(u—G’\q)—i—%Vy(u—G)‘q) -Vy(u—GAq)> +

I A - ,
— —_ —G¥g) - el - —G¥g) - - G*
[ ey (3 ¥el0 = G Tl = 6+ 5 T GV V- 6

hQ — , 77,2— /
= 57 — G*q) - Ng—GA - ). N
/dxdy (2MV$(U Grq) - V(G g = Gg) + -V (u = GAq) - V(G g = G q)) n

B2 / , B2 , ,
+ / dvdy (mvx(GA q—G*q) - Va(u—GYq) + 5,7 Vo(@a— Grq) - Vy(u - G* q))

R , | ,
- _ ANV N oA v N oA
/dtc@ (2]\/[(“ Grq) A (G q— G q) + 2m(u G ')Ay (G q—G q)) +

hz / hz /
- [ (5 BT G 60+ BTG G- 6V (2.19)

The integration by parts in (2.19) is allowed since G q — G¥q € 2(H,).
Using the identity

h2 Y A hQ Y A . 1 2 0\2 N A A 1 AN
—WAZ(G q—G Q)—%Ay(G ¢g—G q)——§mw (y—y") (G q— G+ Gq—NG"q
and (2.19), (2.18) becomes
f%d—fﬂ@—«X—A{/w@EWG&z

Now we analyze the r.h.s. of (2.17). Let’s first concentrate on diagonal terms.

5 [ @ (6 twsslor)) = Gt la)-a )P+ [ (aF ) = @20) o) =
—/dya@ (" w3 vt) = G svld)) aWasly)+
t | (@0 -a) 0+ [l (6 st - wistos) |t =
~ [y (6 (wsslo)) - Plonwinfo))) a0y (2:20
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

In (2.20) we have used (a} (y) —a}()) + [ d/ (G¥ (yi, v vl v/') — GMyi, vy, y')) = 0; this
identity can be seen from (2. ) and ( 13). So we can write

PMu) — OV [u Z/dydy’ (G” Ui Y Ui y') — Gy, s y,,y)>q(y)qi(y’)+

=1
-3 [aawiE - @ @)
3,7=1
The first resolvent identity applied to (2.1) and (2.21) proves (2.17). O

Proposition (2.1.3) shows that G*¢; are the most singular part of u; the converse is also true:
from the singularities of u around 7; it is possible to recover ¢;. More precisely we have:

Proposition 2.1.6 The following limit holds in L?(m;).

RPm+ M1
lim dru = g 2.22
6—0 2 mM 5/|z yil=6 “ ¢ ( )

Proof
First, using Sobolev embedding theorems we prove that
.1 1 A\
lim = dru = lim = drG"q; (2.23)
6-09 lz—y;|=6 =0 le—y:|=6
and then it’s enough to show that
2 mM
| G = — i 2.24
55]%5/36%5 Wm+ MY (2.24)

Since *(-,y) € H' for a.e. y, its trace over Bs = {x s.t.|v — y;| = d} belongs to Hz: due to

the embedding Hz (Bs) < L*(Bjs) we can write the following chain of inequalities

3 3

< ezl ) e
(2.25)

If we take the L? norm of the first and the last term in (2.25) we see that the regular part of

u gives no contribute to the limit in (2.22). Since G*¢; is a regular function on m; apart from
the intersection with 7;, which has zero measure, then (2.23) holds.

/| P Sl D gy < g
T—Yi|=
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

Now we introduce the following two integral operators:

Ts(y;y) = L (mw> <@ 1/ dv/dfw & — E ! 3
0 Jiz—yil=s (I-v2)2 (In1)®

=t
N————
wlw

(277)%71607‘(% h
b me 24y Tl —yﬂze—"%“’l (2.26)
1 1 1 /mon® /Mw\?1 I e 1 1
Ts(y;y') = — < ) <—> —/ dz‘/ d vtz
' (2m)3 hw > \h W) 0 Jimyies Jo (1-22)% (In1)?

_Mw 2 _mw

"R 9mn 1\93 y1 e h 1o U2|y Y2 (2‘27)

e

Notice that Ts(y;y') < Ti(y;y') and that, with a straightforward integration, [ dy/T;(y;y’) <

%Tﬁ%, then {75} and {T}} are two equibounded family of bounded operators.

In order to prove (2.24), since 5 f|xfy'\=5 deGrq; = [ d/Ts(y; 9y )1 ('), it is sufficient to prove
that 77 is an approximation of the unity, see [R], and that

2 M
/ dy Ts(y;y') — = m+ i uniformly on compact sets (2.28)
m

Indeed, if these two statements holds, consider ¢ € C§°; (2.24) follow from

2

lim =0 (2.29)

hm/dy ‘/dy’ T5(y: ') (a(y) — a(y))

which is true since

2

<ty [ {/@T(s(yynq( ) —a@)l| =0
(2.30)

hm/a@ ‘/dy’ Ts(y;y') (a(y) — q(y’))

§—0

The second limit in (2.30) is 0 because we can interchange the limit and the integral over y by
dominate convergence theorem, and because Ty is an approximation of the unity.

Now we prove that T§(y;y’) is an approximation of the identity; first with a change of variable
we see that 7§ is a convolution operator.

1 1 mw Mw 2 1 A | 3N 1 1
Ts(y;y') = — < ) —/ dc/ d vrate 7t :
5(ys ') (27)3 hw 7% < h ) B 0 Jiw|=s (1_,/2)% (m%)%

Mw 1
7k 21n%(z+y1_y1) o Ty

e (2.31)
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

We have already noticed that the L' norm of the kernel has an upper bound uniform with
respect to d. With further changes of variable we see that Tj(y;y’) can be written in the
following way which resembles the usual expression for an approximation of the identity.

P S B N Mw 1 (1_52 )mﬁrﬂ—l
Ta(yvy)_< E <h> <ﬁ> 53N/:c|1dxo d/() (2—62) %

3
2 2
52 ? *Léw n 8 (z+y1—y)?  mw 1—52111( —y)?
R B =l DA Y )

In 1-62%v

The integral kernel Tj(y — y') is pointwise positive and its integral is a constant; using (2.31)
it is straighfroward to verify that the integral outside a compact containing the origin goes to
zero as delta goes to zero In order to conclude the proof, we have only to prove (2.28); using
the same change of variable of (2.32) we obtain:

/dypTa(y;y’)z (271)3%7;2 ( - )év <@) /x| 1d7c/6@ / a}/ 37 2)_'\11:];;

3
2
52 _mw 1 52 2y~ h n l I yl) _mw 1— 52 v1,/2
( oS () e e (2.33)

1
In =,
If we exchange the limit and the integrals by dominate convergence theorem and we compute

the obtained integrals, we prove (2.28) O

Now we turn our attention to the most important issue of this section: the study of the
closure and of the boundedness from below of the quadratic form F,. The real object to study
is @2 the part of F, containing most of the information about the interaction. Once we have
proved that @ is closed and positive it is quite straightforward proving that F, is closed and
bounded from below as we show in the next theorem.

Theorem 2.1.7 Let ® be closed and positive, then F, is closed and bounded from below.

Proof

It is sufficient to prove that F}[u] = F,[u] + A||u||? is positive and closed. Positivity of F2[u] is
trivial, let’s discuss closure.

If {u, = @) + G*q,} C P(F,) is a sequence converging to u in L*(R3*NT3) s.t. lim,, ,, F2[u, —
U] = 0, one has

lim (Fy + A)[gn — ¢p] =0 lim  ®3[gn — gm] = 0

n,Mm—00 n,Mm—00
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Chapter 2. The Three Dimensional Case 2.1. The Quadratic Form

Since (Fy + A)[p] > All¢||? and [|G*q||* > cl||¢|* these conditions, toegheter with w,, o

imply ¢ L—2> ©* and ¢, L—2> q.
By the closure of Fy and of @2, it follows that ¢* € Z2(F), ¢ € 2(®)) and

lim (Fo + Men — ¢ =0 lim &g, —q] =0
n—o0 n—oo
It is clear then that u € 2(F,) and Fu, — u] — 0. O

Now we prove the positivity and the closure of ®) when N = 1.
Lemma 2.1.8 Let N =1, if A > \g then @) is closed and positive.

Proof
If N =1, ®) reduces to:

Pl =a [P+ [P+ [ b6yl - o)

If a is non negative then ®) is positive since a*(y) > 0; if « is negative it sufficient to observe
that limy_, ;o inf, a*(y) = +oo: if we take A such that inf, a* + a > ¢ then ®X[q] > c||q||*.

In order to prove the closure of ®) we can mimic the Fischer-Riesz proof of the completeness
of L?. Given a Cauchy sequence {g,} C 2(®)) we can pick a subsequence, still denoted by
{gn}, such that ®}[g, — ¢.1] < 27" and prove the convergence of such a subsequence.

Let’s consider Qu (y) = i, |¢i(y) — i1 (y)] and Q(y) = 332, |¢i(y) = gi41(y)]; by the monotone
convergence theorem we have @ € L*(R?) and Q < +ooa.c..

In order to prove that Q € 2(®)) we notice that ®}[Qy] is uniformly bounded with respect to

N, indeed one has:
N

Vei[Qn] < Z VO2llgi — gital] < c

i=1
By the Fatou lemma we get Q € Z(®)).

Then q; 4+ ,;(gi+1 —q:) is absolutely convergent to a sum ¢ with |¢—q;| < @ so that ¢ € 2(P).
It is straightforward to show that ®)[q — ¢,] — 0. O

We state the main result of this section which follows from (2.1.7) and (2.1.8) for completeness.

Theorem 2.1.9 For A > \g and N = 1 the quadratic form F, s closed and bounded from
below.

If N > 2 the positivity and the closure of ®} are not obvious: we can divide ®) into

. A : A
diagonal terms @ ;.. and non diagonal terms @7, ...

q)A ) []: - / ) 2 - A ) 2 1 a /GA T ARTAY P (a2
odiagld] = @ E dylg;(y)| +§ dy a;' (y)|q:(y)| +3 § dydy' G (ys, v 5, v s () —as (y)|
=1 =1 =1
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B il = 2R [ 4TG0
i<j

It’s clear, by the same argument used in the previous lemma, that for A > )y diagonal terms
are closed and positive; non diagonal terms don’t have a definite sign.
In order to prove that ®) is positive one should prove that the diagonal terms dominate, in
some sense to be precised, the non diagonal terms.
There are physical models with zero range interactions, in which this vague condition is not
satisfies. It is well known, see [Mi] [DFT] [MF1] [MF2|, that the three body problem with
delta potentials has an unbounded from below hamiltonian; that is if one consider the local
and self-adjoint extension of Hy defined by

.@(Ho) = {'LL € Cgo(Rg \ Z), Y= Ui<j0ij7 Oij = {(1’1,1’2,1’3) < ]Rg Stl‘l = .CL’J}}

2 2 2
A= (——n, - A, A Y
2my 2my 2mg

they are all unbounded from below.

In [DFT] [M], it has been proved that also a system composed of a test particle interacting
with N free particles with delta potentials has an unbounded from below hamiltonian if NV is
large enough.

It’s clear that in these models diagonal terms don’t dominate the non diagonal terms otherwise
we would obtain a semibounded operator.

Nevertheless we think that @) is positive for any N, at least for suitable values of the physical
parameters. We give only some remarks in this direction: in [DFT], a sequence of states
{u, = G*q,} such that E[GAqn] — —oo for n — 400, has been constructed for the three body
problem, ﬁ; is the quadratic form corresponding to F,. Such a sequence is not admissible for
DA ie. q, ¢ 2(P)): this is due to the slow decay at infinity of g,. The functions a} diverge at
infinity with a power law:

a; (y) —Yy—>00 (271')%}137% m Vi

Njw

+o0 1 y
( cﬂ/—3<1—e-z>)w|y|
0

V2

Then a necessary condition for ¢ € 2(®}) is |y|2¢(y) € L. This condition is not satisfied for
the sequence {g,}.

The divergence at infinity of a} is due to presence of the harmonic potential: in the three body
problem no such a condition on the behavior of the charges at infinity is required.

We expect that, in a regime where the harmonic potential gives a large contribute to the energy
of the state, i.e. large frequency limit or large separation of the equilibrium position limit, the
quadratic form @2 should be positive: we expect the non diagonal terms to become small in
Kato sense with respect to diagonal ones; the taking big enough \, ® should become positive.
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Chapter 2. The Three Dimensional Case 2.2. The Operator and the Resolvent

2.2 The Operator and the Resolvent

In this section we construct, in the case N = 1, the operator H, and the resolvent (H, + \)~*
Let’s call '} the positive self adjoint operator associated to ®2.

Theorem 2.2.1 The domain and the action of H, are the following:
P(Hy) = {u€ L*(R®) s.t.u= ¢+ G*q, ¢* € D(Hp),q € Z2(T')),Tiag = Trr}
(Hy + Nu = (Hy + N
The resolvent has the following representation:
(Hy + N7 f =G+ Gq q solution of TNq = Tr .G f

Proof
A function u belongs to Z(H,) if and only if it exists w € L?, which is by definition H,u, such
that

F,lu,v] = (w,v) Yv € 9(F,) (2.34)

In particular for v € C§°, which means ¢, = 0, (2.34) reduces to:

2

h2 h 1 o o —
/dt@ |:2 mQOua vt o — 2m, ay@ua v+ —mw (y - y0)2S01>;U + >\901)1\,,U:| = /(h@(Ha + >\)UU

2
(2.35)
Equation (2.35) implies

o) € D(Hy) (Ho 4+ Nu = (Ho+ g} (2.36)

If we now take a generic element of the form domain as test function we obtain:
1 _
/drc@ {— 2 pa0py + —%so ypy + (Gmw’ly —¢")* + A)wés@i} +
+ O [Gus 0] = / dvdy(Heo + N)uv

Using (2.36), we obtain
Bl ) = [ dd{H N7 G
which is equivalent to
O [gu, 0] = /df@mqv
The previous equation says

Gu € .@(Fg) I’)‘qu = Trwgou (2.37)
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Equation (2.37) is a boundary condition, which must be satisfied by the elements of the domain.
The boundary condition can be written also as ¢, = (Fg)_l Tr.¢); the advantage of this
reformulation is that (Fg)_l is a bounded operator and then it’s clear that for any ¢}, g, is
well defined and continuously depends on ¢;. This statement follows from lemma (2.1.8) when

we observed that for A > X\ one has ®X[q] > ¢[|q||?
U
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Chapter 3

The Two Dimensional Case

In this chapter we introduce the quadratic form in dimension two. The situation is similar to
the three dimensional case: a renormalization of the quadratic form is still required in order to
achieve a meaningful quadratic form since we are not concerned with a bounded perturbation
of Fy.

In section we introduce F,; propositions (3.1.2) (3.1.3) (3.1.4) and (3.1.5) proves that definition
(3.1.1) is well put. Closure and semiboundednes of the quadratic form are proved for any N
since in the two dimensional case we can give an L? estimate of non diagonal term of ®), see
lemma (3.1.7). In section two, theorem (3.2.1) characterizes the domain and the action of the
operator.

3.1 The Quadratic Form

In this section we introduce the quadratic form F, in two dimension and we prove that it
is closed and bounded from below for any N. The definition of F, is similar to the three
dimanional case.

Definition 3.1.1
P(Fo) = {ue RN ?)st.3g€ (D), ¢* =u— Gq e 2(Fy)}
Folu] = FMu] + ) [u]

h? h? 1
Pl = [ e {19+ 5V 4 AP = AP+ gy = PP
2(9)) = {((h’ o qN), € € LP(m) st ®h[q] < —|—oo}
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Bl =ad [dla@)P - 2R [ dablC)w-

1<J

+Z /@a () + /@@Gw,yyz, Naily) — )

In the two dimensional case the functions a}(y) have the following expression:

1 1 mM 1 1 2 \WY
Ay = — N[ 2
@i (y) (27T)h2m+M{C+/O a}/(l—u) e 1+ 02

m + M — v mw 9
e p—
L2lng oy Ly P 21+V2 h Z|yj vi
2 1-v 2 #Z
1 1—-v
wam’ 1+1/21n1mM| op2 (3.1)
CXP 7 112 1 Y=Y ]} :
R 51*1/2m+21n%M

C——(/ab “ew / ab—ln eu)

The heuristic argument at the basis of definition (3.1.1) is the same of the three dimensional
case: the potential generated by a charge dlstrlbutlon is still divergent near the planes m; and
then a renormalization of the quadratic form is required. Nevertheless the singularity of the
potential is of logarithmic type, much weaker than the coulombian type of the previous case;
as we shall see later this fact makes easier the study of the closure of the quadratic form.

The analysis of a?(y) follows the same line of the three dimensional case. To be concrete we
fix i = 1, put y° = 0 and introduce the coordinates & and 7.

1

E(x—yl)
_ 1
n= \/5( + 1)

&=

With this choice 7 is defined by & = 0. We have to study the behavior for small £ of
(G/\]-&) <§7nay27"'7yN) - CWC[JJQCMV G)\(§777ay27---ayN§O,77,7yéa--->y§v) (32)
UE

The shape of U, doesn’t matter, indeed a; doesn’t depend on &; we choose
Ue=A{ln"—nl <elys— w2l <e,....lun —yn| <e}
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Chapter 3. The Two Dimensional Case 3.1. The Quadratic Form

From (A.1) one has that, with simple manipulations, (3.2) can be written as:

1 1 1 /mw\N [/ Mw L ppstN-1 1
M, ) =raew (50) () | @
(G )(fﬂ],yza JYN) 27rhw7rN( A > 3 0 (1+V>N(1_V)N(1Og%)

1

il 2\ !  mw20=02)\ 21—

| | ”;7“ }+Zy12 (%11 +v ) / @/ e—y yi’yz'( h(1402) 1+v
— 12 L2\ 3

—9 h 21 1% |y§\< (mw (A+4v<) )

h 2(1—02)

-1
ot (R TR ) (1l | 1 Mu
414+v2 h 4111% h

/ 1 Mw 11—v2 mw 11—vmw
2n [(41n%_h 11507 n>f+z—1+,,?77]

(3.3)

With the changes of variable v = 1 — v/ and /2 = v/ we recover a logarithmic singularity for
the potential:

11 li(zme>

A
1. ST, Y2y s ~ —— —
(G )(5 Y2 yN) =0 hm M

— i
7rh2m+Mn (3-4)

If we subtract (3.3) from (3.4) and we add f|y,_y|>s dy'G*(yi, y; yi, '), we obtain (3.1).

The proof that (2.1.1) is well defined is divided into several propositions; the proofs differ from
the three dimensional case only by minor modifications.
First we prove that the decomposition u = ¢* + G*q is well defined and unique.

Proposition 3.1.2 If ¢; € L*(R*) then G*q; € L*(R*V+2),

Proof
Let'sfix i =1.

/dz:c@lGAm(l‘ )" = (271T) (hiy WiN (ﬂ;;))m (%)2

S 1 1 Cmw 1—v 2, .2y —Mw |z— 212
dr dz dv v s TN-1 e h 20+v) (y*+= )6 h 21n 1
/ dy/ (= / (1-— yQ)N (ln l)

A ]. 1 mw 1—p 2 2
+N-1 T sy (W w?)
- /dwa / du pre Y e R 24
— p?) (ln —)
w
 Mw 1 2
h 2ln%‘m wl e_’";]wl W

7 ly— w|2
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~ oy (i) (Mw)Q /dzm<z>ql<w>

1 1
abth—&-Nl /du/LA—FNl
/ (1—v2)" —p2)" (1n l)
m

Mw |,1: z1‘2 mw _1—v

/dr@e—n}iwﬁy—zpe 2 21111 e*Tm(y +22)

Mo 1 jp—wi? _mw u 2 mw l-p 2, 2
A2l e h ,H2\y*w| _Tm(y +w?)

It’s then sufficient to show that

1 1
T(z,w) / ds prstN- 1<1_V2 / du i — )N <1ni)

— Mo ‘CE—'LUl | _ mw

1
mw Tr—2z _anl2
/Ch'@e R o1— u2|y Zl h 21n 1‘ 1| e h an% e R o1— N2|y ’LU|

is the integral kernel of a bounded operator in L?(IR?"). This kernel can be pointwise estimated
in the following way:

Mw\ " fmwy-N ! v I D
T(z, D hed (_) N+1/ a A4N-1
(zw)_(h) . T i du 1_y2+1_“2 U

. =22
1 1 A N_1 1 1 4(1—V2 17“2)
hw (& v s 35
= WD " T () &
Using the Schur’s test, and (3.5) we have
Mw\ ™" Ny [P A, 1 1
T < sup/dwT(z,w) < (—) s +1/ dvdu e e —
w h 0 (ln 5) <ln l%)
-1 —1 1
M 1
(1 Vy2 1 - 2) < (%) 7TN+1/ dvdu v~y . < 400
_ _ L i
a 0 [H_Vlul +ﬁ1 ulnl_/]
and this concludes the proof. 0

Proposition 3.1.3 If ¢; € 2(®)) then G*q; ¢ 2(Fy).
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Proof

Fix ¢ = 1 and put y° = 0. Since G*¢; is divergent near m;, we shall consider a regularized
version of Fj restricting the integration to the whole space minus a small cylinder around 7
and, with integrations by parts, we shall show that it diverges when the small cylinder shrinks
to m.

Let’s show that the following identity holds:

1
/ dx@{ V.G 1| + —yv Gri* + (§mw2y2 +)\) |qu1|2} —
R2N+2\ﬂ.
OG>

1
:>5/@@M@—mWWAMWw@V>y%ﬂ) @y )+

A
—|—/ dxa@(G)‘l—Cl) \Ch / dUdyCl—aG (|611’) (3.6)
87r1

Formula (3.6) is equivalent to:

1
/ dz;dy{ V.G |? + —|v G qi)? + (émwng + /\) |qu1|2} _
R2N+2\7T

1 / / " 1/ aGA i /" / /
z—Z/@Mm@—m@W< A G, ) S ) +
on$ n
" 11 A " 1 / / aGA " /" A aGA
G YY) @y ) )+ . dedy 1= = (|an[?) (3.7

If we further simplify (3.7), we obtain

1
/ drdy { V.G 1] + —|v Grqu|? + (émw2y2 +>\> yGAql\Q} —
R2N+2\7T
A

oG
= Agy ——
» drdy G o (q1) (3.8)

which is true by Stoke’s theorem and because we have removed 7¢ from the domain of integra-
tion.
In order to prove that Fy[G*q;] = +00 we shall consider the r.h.s. of (3.6) and we shall prove the
following steps: the sum of first and the second term converge, up to multiplicative constant,
to —%nﬁ—%(ﬁ;\é[ ] as 0 — 0 while the third term diverges; since by proposition (3.1.2), the L.h.s.
of (3.6) differs from Fy[G*q] only by a bounded term it’s clear that Fy[G*q] = +o0.
Now we show that

oG 4 mM

. A i o oy e /
lim . dedy (G = G1) (2, y) o ULy h2m+Ma1(y)
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OGN 4 mM
P8 Jons "y Gy sy y) 5= (YY) = e GO )
1

In this case a% = 8‘&, then the integral kernel of 25~ 5.- can be easily obtained from (A.1).

0G)‘(§ L y) = 111 (mw)N Mw /lcb i
nyg,...7yn7y17y —27Thw7TN h h 0 (1—1/2)N (hl%)
o317 B E O it iy i (15— —vi 12 +Hyz— b PP+ +yn —yiy|?) 672;%%‘%(”%)7%'2
1 11+02 mw 1 , 1 Mw
1 -y )| — 291 (39
v (o) | ariee e e (G- )| ms o) 09

The potential G*1 and its divergent part ¢; have the following expressions:

1 1 mwMw [* 1 s 9 N-1
(GA]') (fvnay% s 7yn) - ____/ du lj,hw+ -1 <—)
ek kM0 e ()

2) 14 p?

-1 1?2 u
Lt p lrlim%—l—i_'uM ex il Z ex —84 +1+M21n1mM12
2 1-p 2 PlTor 2 h Yi | Ty NET 2"

"
1 Mwll+p? mw
Tl h A b, L (me)?
exp [ =4 Mo  114p2 ng AP T er;_u_H?w” $
4ln% h 41—p2 h 4ln% h 41—p2 h

It is useful to write G*1 — (; in the following way:

11 mM ! 1 ) 2\
Mo yy) = / A
(G Cl) (& 92 yn) Th2m—+ M {C+ 0 e 1 3 [,u ( )

1,2 4 1=p 1
1 11—# mw ) wam +1+,u21n%mM1 9
exp E yi | eXp | —— 3 57N
1 21+ 142 B J h 1ltp? 1 2
T2 Iy Itp K =2 1=, 2m+ T
( 5 1=, T 3 M a 2
1 Mwl14p? mw 1l-pmw 1 Mw
A dmI h 412 R, 21+p h 2Int K 1 mM w ,
XP | T w_|_11+u el e B M_{_llﬂﬂwn & —ex 1—,um—i—M%f
4In L 1-p?2 h 4lnt h 41-p2 h
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Equation (3.10) shows that a}(y) = —2(G*1 —¢1) (0,7, ¥2...yn), the numerical factor 2 is
absorbed in (3.1) by a change of variable.
The integral kernel 88—GnA has the following property:

oG 4 mM ,

1. el Lo / _ / 11
61—I>I(1) aﬂf ch‘dyf(:n,y) an (mayaylay) h2m+Mf(y1’y) <3 )

If we prove (3.11) when f is (G* — (;)(z,y) or Gz, y;y},y") we conclude the first step of the
proof; if we interchange the integral over the parameter p with the limit over § and the integral
over (x,y) we can restrict ourselves to prove (3.11) when f is a gaussian. Now it’s only a matter
of long calculations to prove that:

w w oGH
I; o — 2 (a&2+bn*+en-€) ,—Ld(ys+..+yR) T Ui Y
61_{%/67‘—(1; i.ch@Z dyNe € on (5777ay27 Y 7y17y)
_ A mM ey _wagpe
R2m+ M

Using (3.9) and integrating over 7,4, . .., yn, we have to study

111 ymonNN Mw\ [ yrstN-1 lw (11402 —(N-1)
tim ——— (T (22 [ @ - S d
s»0mhw N \ A hi)Jo (1—v2)" (Inl) l7h 21 — 2
11402 1.9 3
ol 1o amd + gm 1142 mw 1 Mww \?
exp <_ﬁ(y;+"'yﬁ)2111+y2 4 ) ( b)

IT-2 " 4wl hh

1402 1 wp (11402 mw 1 Mw w11+ mw 1 Mw w )2
17V21n%+2hb<217112 ottt oh ) T2RC e 2l h + (%0)

1
2 v
exp 25 11+V2M+ 1 MW—I—QEb
21-12 & 2Ini K 3
1 (mw 2 1 wll—vmw w 11412 Mw 1 Mw
4( h) +21ni h 214+v h +2hb 21-12 h +21nl h
ex _ 12 v v
p N 11+u2@+ 1 w | 9wp
21-v2 h 21n% h h
l-vmw 1 Mw w 1 Mw vV mw w 1 Mw vV mw
NI, 4+v h 2lnil K +2ﬁ,b<21n% h -2 h>+hb<zln% BT T n)
&exp 5 yl 11+V2M+ 1 Mw—|—2('—ub
|€|=0 212 h T 2l h h
ll-‘rV?M 1 Mw w ll—l—uQM 1 Mw w 1 Mw v mw
|§|421—y2 h 2lnl h +2hb<21—y2 3 Jr2111% n ) T Re 2Ini A 12 h n
11402 mw 1 Mw w
21-12 h +21n% h +2hb
l-vmw 1 Mw_’_u_)b 1 Mw v nmw
\/55 , v h 21n% h h 21n% h 1-v2 h 312
o E % ll-i—uzw_’_ 1 Mw +29p ( ’ )
21-v2 h 2111% h h



Chapter 3. The Two Dimensional Case 3.1. The Quadratic Form

Making the change of variables v = v/ and v/ = §?2” when § — 0 only the most singular terms
of (3.12) survives, in particular the surface integral becomes trivial; then we obtain

2 ptoo
2
4 (w2 (_mM by 2R R R)
hw \h m + M V2

0

4 mM

ﬁ —2%by2 e —Ld(yR+.. 4y
m+ M

Since on m; = v/2y; we have proved (3.11).
The third term on the r.h.s. of (2.9) is equal to:

11 mM 1 Am+ M oG
;ﬁquMln (5%0 mM ) s on ——(ail*) (3.13)

because (; is a function of £ only. Equation (3.11), considering constant as a particular case of
gaussian functions, also implies that

oG

: 1 mM 9
tim [ S P) = gy [ Wl < o

which shows that (3.13) diverges when 6 — 0. The proof of the proposition is concluded. [

Proposition 3.1.4 The decomposition u = ©* + G*q is well defined and unique.

Proof
By proposition (3.1.2) G*q € L*(R?Y*2) so that the decomposition is meaningful; uniqueness
follows from proposition (3.1.3). If by absurd u = ¢* + G q = @* + G*§ then 0 = * — ¢* =

G*G — q); but then G — ¢ = 0 because the operator G* has empty kernel. O

Proposition 3.1.5 The quadratic form (Fy, Z(Fy)) doesn’t depend on .

Proof
The proof is identical to the three dimensional case since in (2.1.5) we have used only identities
independent from the dimension. OJ
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Proposition 3.1.6 The following limit holds in L*(7;).

. om—+M 1 -
(lsl—r}(l)h mM 51n5i2/|r_yi|:5dxu_qz (3:14)

Proof
First, using Sobolev embedding theorems we prove that

1 1
li dvu = li drq; 3.15
550 d1n 5% /|x_yi|5 4T 0ln 5L2 /x—yilé ! (319

and then it’s enough to show that

. om+M 1 o
s /| = (3.16)

Since @*(-,y) € H* for a.e. y, its trace over By = {z s.t.|x — y;| = 6} belongs to Hz; due to
the embedding H2(Bs) < L*(Bs) we can write the following chain of inequalities

/ | el )l < el ol U@ < el (o)l g0 < D10 o)l @)
T—yi|=

(3.17)
If we take the L2 norm of the first and the last term in (3.17) Then the regular part of u gives
no contribute to the limit in (3.14). Since G*¢; is a regular function on 7; apart from the
intersection with 7;, which has zero measure, then (3.15) holds.
Now we introduce the following two integral operators:

1 1 1 /mw\N/Mw 1 ! A 1 1
T N (_) el _/ dE/ dv —w—i-N—l .
() 2rhw N \ R < h ) S5 Jiuyi=s  Jo v (1—12) (Ind)

B _Mw_ 1 2 \2 2
i PR T R L AR T

e

1 1 1 /mw\N [/ Mw 1 1 A 1 1
Tiy; ) = ——— [ — — dv | d pratN-T .
) = 57 () ( h )51116%/95_%:5 /0 S TR A

_ Mw 1 AV
BT T e e ()

(3.19)

Notice that Ts(y;y') < Ti(y;y') and that, with a straightforward integration, [ dy/T;(y;y’) <
L_mM_. then {T5} and {T}} are two equibounded family of bounded operators.

A2 m+M?
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In order to prove (2.24), since @ fu_yi':& &G q; = [ dy'T5(y; ¥ )1 (y'), it is sufficient to prove
that 77 is an approximation of the unity, see [R], and that

1 mM
/T A _
/@ 5(y,y)—>h2m+M

uniformly on compact sets (3.20)

Indeed, if these two statements holds, consider ¢ € C§°; (2.24) follows from

2

iy [ d ‘ [ Tt atw) — 0| =0 (3.21)

6—0

which is true since

2 < (lsgr(l)/dy U@’Té(y;y/) la(y) — a(y)] g 0
(3.22)

(lslg(l]/dy ‘/@’Ta(y;y’) (a(y) —a(y))

The second limit in (3.22) is 0 because we can interchange the limit and the integral over y by
dominate convergence theorem, and because Ty is an approximation of the unity.

Now we prove that T5(y;y’) is an approximation of the identity; first with a change of variable
we see that 7§ is a convolution operator.

1 1 1 /mw\N/Mw 1 1 A 1 1
T/ oy = — — — (= ahed e dv Fo+N-1 .
s(v:y) 27rh(,u7rN( h ) ( h >6ln5i2/gc|:5 /0 v (1_y2)N (ln%)

Mo L (pty;—y))? _mw v

T TRV (3.9

We have already noticed that the L! norm of the kernel has an upper bound uniform with respect
to 0. With futher change of variable we see that T§(y;y’) can be written in the following way
which resembles the usual expression for an approximation of the identity.

1 11 /mw\ [(Mw 1
Twy) = 5=~ () do
W) = S hor \h ( h )52N1néi2 -

1 AL N— Mw 52 12
52 1 — §2p)retN-1 52 R @) e 182w 1,2
/ d ( ) 1 e 1620 e 2_521,,,(34 y') (324)
0 n

N (2 = 620)" =

We have already noticed that T§(y —y') is positive and its integral is a constant; using (3.23) it
is easy to see that the integral of T outside every compact containing the origin goes to zero.
In order to conclude the proof, we have only to prove (3.20); with the same change of variable
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Chapter 3. The Two Dimensional Case 3.1. The Quadratic Form

of (3.24) we see that

[T = 5= (55) (%) /m 1@/@

1 py 2
1 2 2 4L N-—1 2 _ Mw ) ( _ /)2 2
52 — A 1 5 T =Y 1-6%v 1,2
/ g L0V < 0 ) o (o) T e WY
0 In

(" 2= 62)" \In =5

(3.25)

If we exchange the limit and the integrals by dominate convergence theorem and we compute
the obtained integrals, we prove (2.28) O

Now we study the closure and semiboundedness of F,,. Theorem (2.1.7) holds also in
dimension two: its proof is based only on the form of F, since no information about the
dimension has been used. Then we are still concerned with the study of ®).

Lemma 3.1.7 If A > \g then ®), is closed and positive on
D (0

adzag) = {q S L2<R2N) s.l. q)é\z dzag[ ] < _'_OO}

Proof
Let’s define C% = a + inf, a}(y); for A > \g @2
and positive since

o.diag 15 closed, see the argument used in (2.1.8)

(I)gdzag > C(/\HC.IH2
and limy_, 1o, C2 = +00

It is sufficient to prove the L? boundedness of non diagonal terms. Indeed if we prove

‘/ &y GG g

C(N -1
|<I>2,ndiag[q]’ < %q)g,diag[d

«

< Cllgillllgsl (3.26)

then we have

If we define \¢ such that CN < 1, by KLMN theorem we have that ®} is closed and positive
on '@( « dzag)

Now we prove (3.26); take i = 1 j = 2 to be concrete. Since

1 1 1 /mw\NMw [! pistN-1 v m S Mug 2
e (ylay yz:?/) Q_E—N <T) T/; me s e (y—y')? e 2l B 1—Y5

(3.27)
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Chapter 3. The Two Dimensional Case 3.1. The Quadratic Form

it is sufficient to prove that the r.h.s. of (3.27) is a bounded operator. Making a Fourier
transform, we are concerned with the estimate of the following term.

2]\775 -
" /cﬂﬁcﬂfgcﬂfécﬂ% codingr (R, o k) qo(ky 4 ko — Kb Ky ks, o k) -

9
/ Lo b L (ko ky)? 152 (k3 (ke hy)?)

2N75
i /Cﬂf(ﬂfﬂ%(/ﬁ,kz‘f‘ké?ksw--; )||Q2(k71+k2,k27k37--~7 /Cﬁ/V’W

152 i Tk2+ (ko k) )2+ (ki +h2)? (3.28)

[ 2

In the previous formula we have introduced m* = max{m, M}. With the following change of
variables

ki = —2p1 + po
ko = p1 —p2 —ps3
ky = —2p1 + ps

equation (3.28) becomes

92N 5

/@1@2@3(%3 den|qi (—2p1+pa2, —p1—p2, ks, - - . kn)||g2(—p1—ps, —2p1+ps, ks, ... kN

/ dvis Lo~ 5" mis 303 +203+2p3+2p2-ps]

2N 5
< /@916&?2@36063 C”fN|Q1(p1,p2,k?3>-- kN)||Q2(p1,p3,k3,--- kN)’

/ dvis— )

We have put qi(—2p1 +p2, —p1 —p2, k3, ..., kn) = Gi(p1,p2, ks, .., kn) and ga(—p1 —p3, —2p1 +
ps, ks, ... kn = Go(p1,p3, ks, ..., kn). Now by the Cauchy-Schwartz inequality, in order to
conclude the proof, it is sufficient to prove that

1
S(pg;pg):/ dyvis !
0
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Chapter 3. The Two Dimensional Case 3.2. The Operator and the Resolvent

is a bounded operator from L?(R?) to L*(R?). Using Schur’s test we have

1
1
51| < sup [ps? / n / 1ot emn] L
b2 0 p3|2
1 1 A 1-v h [.2,.2 1
S Sup |p2’§ /@3/ djl}ﬁile_ 2 m*w I:p2+p3}—1
b2 0 [Z1E
i 3 P i 3 1
m*w 2 2NN m*w
= 2 I'- d—(1 — S)me e < 2 INCIING
(752) s [ o e < (452) Tl
and this concludes the proof. 0

We state for completeness the theorem following from the previous lemma and (2.1.7).
Theorem 3.1.8 The quadratic form F, is closed and bounded from below for A > .

The main difference between the two dimensional case and the three dimensional case, as
regards closure and semiboundedness of F,,, is the L? boundedness of CDé,ndiag which is due to
the much weaker typical singularity of the potential.

3.2 The Operator and the Resolvent

In this section we construct, the operator H, and the resolvent (H, + A)~!. Let’s call T’} the
positive self adjoint operator associated to ®. Unless we specify more informations on I'A and
on its properties the construction is the same of the three dimensional case.

Theorem 3.2.1 The domain and the action of H, are the following:
P(H,) ={ue L*(R*" ) st.u= ¢+ Gq, p* € D(Hy),q € 2(I),Tag = Tr-p*}

(Hy + Nu = (Hy + N

The resolvent has the following representation:

(Hy + N7 f =G+ Gq q solution of TXq = Tr .G f

Proof
A function u belongs to Z(H,,) if and only if it exists w € L?, which is by definition H,u, such
that

F,lu,v] = (w,v) Yo € 9(F,) (3.29)
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Chapter 3. The Two Dimensional Case 3.2. The Operator and the Resolvent

In particular for v € C§°, which means ¢, = 0, (3.29) reduces to:

R R 1 - .
/drc@u [W op0a0 + 5= Oypidyv + smw(y — 4" plv + M)ﬁv] = /drdy(Ha +Nuw
(3.30)
Equation (3.30) implies

) € P(Hy) (Ho + Nu = (Hy + N (3.31)

If we now take a generic element of the form domain as test function we obtain:

h? —— h? —— 1 —
/ drdy {W 202060y + 5= OyPu0yey + (Gme (v — o) + A)%s@i} +
+ N[ qu, ¢o) = / dvdy(Hoy + Nuv

Using (3.31), we obtain

B a) = [ dd{H+ N7 G
which is equivalent to

(I)()J:[qlwa)] = /dx@ Ty G

The previous equation says

qu € .@(Fg) FQQu = TTW%/) (332>

Equation (3.32) is a boundary condition, written as integral equation, which must be satisfied
by the elements of the domain. Even in the two dimensional case the boundary condition can
be written in a more convenient form as ¢, = (Fg)_l Trre) since (Fé) ~!is a bounded operator.

g
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Chapter 4

Approximate Dynamics for Small Mass
Ratio

In this chapter we study an application of our model: we consider a one dimensional light
particle incident over an heavy harmonic oscillator and we show that the interaction produces
a partial decoherence between different components of the wave function of the heavy particle.
In section one we derive an asymptotic formula for the evolution in the limit of small mass
ratio, see theorem (4.1.1); as it is expected, we find an adiabatic decoupling between the light
particle and the heavy particle. This formula has been used to obtain a representation form
for the reduced density matrix of the harmonic oscillator.

In section two, with additional assumptions on the physical parameters of the system, we find
a more precise form for the reduced density matrix, see theorem (4.1.1); formula (4.69) shows
the decoherence effect on the heavy particle.

4.1 Approximated Evolution

In this section we study the one dimensional time dependent Schroedinger equation:

WGy (t) = Hy(1)

H = —%AI — %Ay + %mwzyQ + ad(z —y) (4.1)

Y(0;2,y) = ¥(x,y) = g(x) f(y)

We take as initial state the product of two functions belonging to Schwartz class and we derive
an approximate solution of (4.1) in the limit of small mass ratio ¢ = % In such an asymptotic
regime it is expected an adiabatic decoupling between the fast degrees of freedom of the system
(i.e. the incident particle) and the slow ones, a situation very similar to the Born-Oppenheimer
approximation; the main difference lies on the absence of bound states for the light particle.
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Chapter 4. Approximate Dynamics for Small Mass Ratio 4.1. Approximated Evolution

We introduce some notation in order to formulate the main result of this section. Let p and v
be the reduced and the total mass of the system. It will be useful to use baricentral coordinates.

Ty =T —Y
_ Mazx+my
T2 = m~+M

Let UI™™(t;x,2') be the integral kernel of the propagator of —%A + v0(- — xp); in [S] it is
proved that

my

400 ey
(U7(0)0) (@) = [ U™ to—aole 0= [ e [ @Um s tlal el Dot

(4.2)
In (4.2) we have denoted the kernel of the free propagator with U™(t; z).

1
2 _ . m .2
) e 2intd

m . _ m
Un(t o) = <2m'ht

We shall omit xq as superscript for U7»™ (t;z,2") whenever is 0. We define also the integral
operator

Y>T0 _ 1 T e*ikm efixokei|k||xfxo|
(VE™R) 09 = / deh(z) (e + 2 () ) (4.3)
_ Y
A=

The integral kernel of (4.3) is the generalized eigenfunction of —$A + (- — x0) and %, (k) is
the reflection coefficient; see [AGH-KH]. Let Q1™ be the corresponding wave operator.

(@) (@) = [(W2) " 7] (2)

Let V™¥(t; xz, x’) be the Mehler kernel for the unitary propagator of the harmonic oscillator:

1
mw 2 mw 2?42?  mw !
_ e h 2itan(wt) @ h isin(wt)
7Th(]_ _ e—2zwt)

Vet o) = l

We put w = \/f? With the above notation we are ready to formulate the main theorem of

this section.

Theorem 4.1.1 Fiz t such that \/et < 1, then for every 0 < § < % the following estimate
holds:

(1) = a(®)]| < Ce27°

- M 2 mx

1
. M 2 155 % / m,w (4. / aQ,y
ws(tx,y)(%) e'2n /dyV (ty,y) WE g<m>

48



Chapter 4. Approximate Dynamics for Small Mass Ratio 4.1. Approximated Evolution

The proof of the theorem will be divided into three lemmas.
Lemma 4.1.2 Fizt such that \/et < 1, then for every 0 < § < % the following estimate holds:

() — ¢ (B)]| < Cez™?
Uity y) = /dy © ,Mﬂmy,’ /dvU“tfc—y, Ng(z' + )

Where C' is explicitly given as a function of t, M, «, g, f.

Proof
The proof of this lemma will be divided into two steps: let 1[11 and 17 be the solution of the

following time-dependent Schroedinger equations:

(@'ﬁ%( ) = Hit (t) ]

S Hy = %Awl +ab(xy) + sped® (15) 21 — LA, + §v0%13
(V105 21, 29) = 1 (21, 22) = g(21 + T2) f(2)

(ih%%(t) = Hyr (1) 2

H, = —g—MAm + ad(z1) — ZA,, + tvi?ad

L V1(0; 21, 22) = 1 (21, 22) = g(x1 + 22) f(22)

In order to prove (4.1.2) it is sufficient to estimate || (t) — @@(t)H and |11 (t) — 1 (t)|| separately.
It is useful to write (4.1) using (x1, z3) as coordinates.

ih; (1) = Hi(t) 2
H = —%Am +ad(zr) — LA, + Lve? [ — 275 1y + (75) m%]
Y(0; 71, 22) = (1, 72) = g(1+8$1 + ) f (22 — Hgl'l)

We proceed as follows:

~ _i _.i 3 ~
(&) = n ()] = lle™n " — e e |
< flem g — e |+ e Ty — e |
= [ = dull + fle™ 79y — e ey |
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Chapter 4. Approximate Dynamics for Small Mass Ratio 4.1. Approximated Evolution

The estimate of ||¢) — ;| can be obtained in the following way:

g (1 i —ot :c2) f (xQ ~3 i le) — g(z1 + x2) f(22)

1 2 € 2
SQ/dYC1dT€2 9(1+8$1+$2) f(332—1+€371>—f(332) +
] 2

+2 [ doades |7 \g (0
ottt (1512 o) s

1 €
2 [ & e —
v2 [l [an o (fn i) - o)
The action of translations and dilatations on regular functions can be estimated as follows:
[ lhtas ) @ < el af (WP + [ W@l ) + PP (@)

Using (4.5) in (4.4) we prove that ||1/) ¢1H <Ce.
Let’s turn our attention to |e™% o)y — ein Hl1,/11|| Using Duhamel’s formula for the represen-
tation of the unitary group

2

[ = dulf? = / drydr

131 + .TQ) — g(fL’l + JIQ)

2
+

2

(4.4)

R
L7 L ) . (t—s) ~ s A
el P — i M = __h/ dse H(H — Hl)e_zﬁﬂlwl

0
it is sufficient to show that the following inequality holds:

/dlfldfg T1X2 <€7i%H1'&1) (331,372)

Indeed, if (4.6) holds, we can immediately complete the proof of step one in the following way.

: <c (4.6)

togr oA R 1 s fy. o~
Jemtby = e < 3 [l T — Bt

1 . P
=3 [ = e
0
t oo
_Cl—l—gﬁ w

(4.7)

In order to prove (4.6) we introduce V> (¢), the unitary group generated by —%A:p—i-%mexQ—i—
ad(z). In appendix (B) it is proved that the following representation holds for V™ (¢):

{(V;n%)(t; v) = (Vmeg) (t;2) + & [Tds Vme(t — s;2,0)q(s)

q(t) + a (V™¢) (t;0) —|—2th Vme(t —5;0,0)q(s) =0 (4.8)
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Chapter 4. Approximate Dynamics for Small Mass Ratio 4.1. Approximated Evolution

Estimate (4.6) can be proved in this way:

/drld:cg

SQ/dz:ldzfg

2
<

T1T2 <671%F111$1> (21, 22)

2
+

xlxz/dré VY (t; a9, ) f(2h) /dJc'1 V“’\/E@(t;xl,:c’l)g(x’l + 15)

2

¢
%mxg/dxé V”":’(t;xg,xé)f(xg)/ dSV“"E‘:’(t — s;11,0)q-(s;25)

0

+2/dr1d1;2

(4.9)

We have added a dependence on 7, to ¢.(t) because it solves the following integral equation.

1
€W 2 L uVED
%(f) e [Wﬁ(l Ai\é_—zi\/g@t)] /dr,l6 Bh (Ve g (2 + x5)+

NI

il fiy/Ew
h & € = 4.1
tio [ @[] w0 @

The “initial datum” of (4.10) has a parametric dependence on %, and the same is true for the
solution of the equation.
Now we introduce two identities which will be used several times in the following:

[ vt 16 = [ v (costny ) - L sinen Q) ) (4

o [ vz = [ vt (coston s ) - T sy 7)) (112

In order to prove (4.11) and (4.12) it is sufficient to carefully integrate by parts.
We shall estimate the two terms on the r.h.s. of (4.9) separately: the first one can be handled
using (4.11)

xlxg/dré VY (s ag, 2h) f (2h) /dt'l V“’\E‘:’(t;xl, ) g(x] + b)) =
ihsin(p~/ewt) ik sin(vat)
pr/EQ V@

)mmm+%vma—ymmﬂ@ﬂ%0+

/ i del, VIVER (b g, ) ) VIO (b g, 1))

VW v pr/EQ
2ihtan(ot) 2 \ 2ih tan(y/a0t
/W :

oS+ a4)) + ol + ) ) + 5+ ) + o 0]+ ) a3

Since f and g belong to Schwartz class each term in the square bracket has bounded L? norm
then by unitarity we have proved the first half (4.6).

o1



Chapter 4. Approximate Dynamics for Small Mass Ratio 4.1. Approximated Evolution

Now, we estimate the norm of

¢
xl/ dsVHVES (t — 511, 0) {xQ/dréV”"D(t;xg,x;)f(a:g)qa(s;xg) (4.13)
0
In [AT] it is proved that:

q(t) € L=(0,T) = /tdSU“(t —s;7)q(s) € L*(R) (4.14)

q(t) € Hi(O,T) = x/tdsU“(t —s5;2,0)q(s) € L*(R) (4.15)

These two propositions can be extended in order to be used in our case, in particular, due to
the the expression of (4.13), we need a vector valued version of (4.14) and (4.15). We shall use
these two simple generalizations:

q(t) € L=(0,T; L*(R)) = /tdsV“""(t — s;1)q(s) € L*(R?) (4.16)

q(t) € Hi(0,T: L*(R)) = x/t dsvw%@(t —s5;7,0)q(s) € L*(R; L*(R)) = L*(R?)
Then we need a regularity conditionoon g- to ensure:
o [ dV S tiaa, ) f a5 5) € HL0.T3 (R)) (217
Using again (4.11), it is sufficient to show
¢-(s;7h) € Hi(0,T; W'(R)) (4.18)
Indeed if (4.18) holds one has:

~ ~ R
o [ VS aCsia) = [ v e, a T,

rw

7
lmx’zﬂxé)qw; wy) = ['(@5)q(s; 25) — f(x5)q (s; 25)
All the terms in square bracket belong to H4(0,T; L2(R)) and then by unitarity (4.17) holds.
It remains to prove (4.18) to conclude step one of the lemma. The initial datum of (4.10) is a
regular function of both time and space variables; in particular it belongs to C(0,7; L>(R)).
Using a simple fixed point argument it is possible to show that ¢.(¢; z,) € L*(0,T; L>(R)) for
small enough T’; then the solution con be extended for any T by iteration.
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Exploiting the Abel-like regularization properties of the kernel in (4.10), see [GV], we find
¢ (t;xy) € Hi(0,T; L=(R)). If we derive both sides of (4.10) with respect to @, we see that
¢. satisfies the same equation with ¢’ as new initial datum. Then we can repeat the previous

argument to prove ¢.(t,z) € Hi(0,T; L®(R)).
Now we estimate |le~"n ey — e~ gy ||,

Using (4.8) and the corresponding representation for U2
(Ur) (t;x) = (U™9) (t;2) + 4 Jy ds U™ (t — 52,0)q(s)
q(t) + o (U™¢) (1;0) +i2 [ ds U™ (t — 5;0,0)q(s) = 0

we can write:

ey — ity =/ dr' dry (V“’m(t; v — @) =U(E; thv’l)) V¥t g, ) g (2 + @) f(2h)+

L[/ ;
+ = / ds(V“"/g“’(t—s;xl,O)—U“(t—s;x1,0)> :
h Lo

/ drgv"%;xz,xg>f<x;>qs<s;x’2>] n

i / BUM(t — 5:12,,0) / ALV (1 e, ) () (e (51 25) — (51 23)
(4.19)

We will separately estimate the three terms on the r.h.s. of (4.19). Now we consider the first
term on r.h.s. of (4.19): in order to prove that it is of order £? it is sufficient to show that

sup / drq
)

Using Duhamel’s formula as in (4.7), the estimate reduces to proving [ dry |27 Utg(t; z1+22)|* <
C. Usin (4.11) twice we obtain:

2
< COg?

[ (vt - Un,at)) o + a3

it
iU g(t; 21 + 79) = /cﬁv’lU“(t; 1, 2)) (x’fg(l”l + x5) + 2%1:’19’(1”1 + 25)+

Zt / / /Lt 1 / /
+m9( |+ ) + mg (z] +x3)

Each term in brackets has finite norm bounded by a constant non depending on .

Now we consider the second term of (4.19). We denote [ dehV"(t; xq, 25) f(24)q-(s; 25) with
-(s) in order to make following formulas more compact. With a Fourier transform, we have to
evaluate the norm of

1
| s 1 [t [(2tan(yE@s)\ a2 ey
dS’e_Zzur,,SA t—g) — / & [ 222V RS e B v ‘s 490
(27T7:L)% /O QE( ) (271‘71)% 0 ( 1— 6*21\/50.:3 ) QE( ) ( )

23



Chapter 4. Approximate Dynamics for Small Mass Ratio 4.1. Approximated Evolution

1 N
Since (%) ! = <%) * this quantity differs from one by a term of order /2 uni-

formly in s. Then we can simply estimate

2tan(\fws)
/dge gt — 5) /dge B (= ) (4.21)

It is useful to make the following change of variable in the second term of (4.21)

tan(y/z@s)

t an @s) T Jeo . ~
/ & e—i%t (e Gt — ) = / Ve 6712%5@5 . arctan(l/gws) 1 _
0 0 VED 1+ es?

an(y/eds
el ;2 arctan(,/ews) 1
e "2ntq. [t — = s — 1)+
0 Vew 1+es
) arctan(,/ews)
[ e ()
0 Vew
tanf}/%&zs) k2
+ / eI (t—5) (4.22)
0

The L? norm of the first term on the r.h.s. of (4.22) can be estimated with cst?(|¢.||s by
(4.16). In order to estimate the second term notice that, fully exploiting the regularizing
properties of (4.10), one has ¢. € H*7%(0,T) for every positive §, and then ¢. € C%_‘S(O,T)
due to Sobolev embeddings theorems, see [A]. Then the norm of this term can be estimated
by /|- <t — m) — Go(t = )|lso < c(et?)279. Then we have only to estimate

Vew
tan(\/ews) 2 _
o) 2 ~ ~ /
/dl{; / Ve e 2k;m (] (t — S) = 2R ] dsds’ QE(S)QE<S> <
t t<s’<s<m“£[# s— s
R 1 R 3
<2al [ b ——— < cljq.|% (c82)}
t<s! <8<tan(fws) — S

Vew

Let’s now estimate the last term of (4.19). Let’s introduce (¢, z45) = q.(t, 2%) — q(t, z4). If we
prove

supljg(t:-) | < C

the proof of the lemma is completed by (4.16). Notice that the integral equation satisfied by
q has the same properties of (4.10), any argument made about ¢. can be repeated for ¢; in
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particular both functions belong to C'(0,T; L*(R)) and so ¢. The equation satisfied by ¢ is

1
- N N 1 ,
i) +a [ {[ l_ﬁjw)] e 12_<2W/%it>ze‘ﬁm$12}g(xﬁ+x§)+

a [ pV/ED : PR
o[ e N
+Zﬁnl (Wﬁﬂ;—e—%¢iﬁ—$)> <2whut_s)) q(s;3) =0

t
=aTg(t;zy) +1i (:_L/ K (t—s)q(s;x) =0
0

Since [|K(+)||oo < Ce and sup,||Tg(t, -)||oc < Ce we obtain sup,||§(t,-)|le < Ce. O

Since a small value of M in the interacting unitary group UX(t) is equivalent to a large
value of time, in the next lemma we use a typical scattering estimate to approximate U/ (t).

Lemma 4.1.3 The following estimate holds:

|11 (t) — a(t)]] < Ce
3 iu 2 , o e~ thelzallzh]
Vo(t; 21, 29) = < b ) e'2rt 1 /@2 2 VO (t; x, 2 /drlg T+ xh) (e iy &0

2mhit 1-— z—\xll

and C' is explicitly given as a function of t,m, M, «a, g.

Proof

Using the isometric character of V¥ (t) and the explicit expression of U¥(t), see (4.2), we have:

1 2
d} —|— l/ :u 2 2_, /
x2 / 19 xl $2 < M(tWUl :Ell) - (2 ?Z't) S kit ht$1z1>‘

(6% & _pa,,
(a2) [ gl + ) (*,;—/ du eSO U o]+ [2]) +
0

_( P )2 1 ignai—iftiaal)
2rhit/) 1 —il|z|

95

e (t) — ol ||2<2/ch; s | f

+2/dxldr2

2

(4.23)
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The first term of (4.23) can be easily estimated in the following way:

Q/dEIdEZ f(x2)/dxl19(x,1 + 1) (U“(t;$1 — ) — <27T/;_Lit>§ el i Zﬁtx””,l)

2
= /dUZ’f T2 |2/dl’1 /dclg w1+x2 (eiﬁ‘rl12 — 1) ifrTiT)
/ ool f(aa) [ ot + )

L+s%%?/wﬂfx2 /‘Ch/'gxﬁm)%4

Concerning the second term, we introduce oy = S and the change of variables

2

IN

i b 02
etz — 1‘

v = uau Y1 = Ll
n? T
and use the identity
> vari%v _ ]'
/0 dv e i = —1 Al
at

It can be estimated in the following way:

2 [ dnde,
1
—< a )2 1 ezzmgﬁ% izl |
27Thlt 1 — Z—|x1|
/ - m’if)éwv2+lht |x1|,U
— /Ch2|f fL‘Z | /6@1 /Ciplg w1+x2 Z‘ylllxll €Z2ht / ije—v-f—l ’U 2hta +
it 2
/ de
/dtc2|f L2 | /@1 /drlg )+ 19) Z‘yln"”l'e'm
[ e ()
; 1
i | g + el (oot 1)

/ 21t ﬂt/@l/‘lg ’ 1— ity

o6

f(rz>/fh’19(x’1+x2) (%/ due” MU+ |+ [2h]) +
0

2

/2

| /\

2
+

(4.24)
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To estimate the first term of (4.24) we proceed as follows:

(H_E)‘yll <1+E)M 2+l M ‘361|v
/@2|f T2 |/dy1 /drlg T+ xo)e Z‘7Jl||$1|@12m1’1 / de o 2htod 1
1 2
Syl e /d@\fﬂfﬂ /dy1 </d€/ \g:c1+x2)|)
2 ht 1+ 1+€

2
e“may
§21+5352t2/@2|f$2 (/ch:'x |gx1+372)|)

It is convenient to integrate the second term of (4.24) by parts.
1

/dl?g’f 2 | /@1 /dclg 371 —I—.% z\ylllxl\ <ezgntx1 _ 1) - 1+5|y |
/dr2|f o) |? /dy1
1+ 1+€ |y |2

<1+s>\y1| <1+€>MU2+ZL|1 lv(l+e 1+¢
/ e o (1+e)p ey
hta/o

1+€ —v
WthQ /dr2|fx2|2/dy1+2</dv'\g:c1+x2|/ dve (a
2e2m? +e€

o s ([t (S )}

Notice that one must assume that « is of order e, that is oy = am, in order to have an effect
of finite order on the wave function.

2

,L-H 12

/dx 2+ m)elnliztl it

2

2
v+\xar))

O

Lemma 4.1.4 The following estimate holds:

[4ha(t) — da(B)]| < CVeE (4.25)

Proof
The two wave functions have the following expressions:

1
. = L)i i (z—y)? / INT SV ‘my+Mx n.
valti o) (27rhit < Y IV E oY)

Gt e/ le=y]
/dz:’ o) (et - T
I—1 t‘l’ - y‘
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M \:? , Ma|jo/|
Vo(t;x,y) = eﬁ?‘/1@ fWHV™(t g,y e “x{/¢y (a'+y) [ e hie= -iii————
2mwhit 1- l aot |I|

If we make the change of variable

we arrive at

1
. % 2 z'i(z—‘/gw)2 / 1 1,0 1
t7 , = < - ) 2ht 1+e V t
Ualtiz ) = (55) e /@fgﬁ> (6w + V=)
[t (B
dr'g(z' + —=y') [ e T VTR —
Vv 1—il|z - I—‘J/iw|

1
2 5 NG
) e [ H Ve

N
&' g( N el lI2]
‘r + - tiﬂZ -
/ ) 1—il|z]

We shall estimate estimate separately the difference between the scattered and the free part of
the wave functions. Let’s consider the free parts. First we prove that the free part of 1), is near
to

Pliz) = () e [ j o) [ae e

In order to prove this statement it is sufficient to estimate these two norms:
/&@;1 /@v(iwovm(-l w+Jky)
N N 1+e¢
3 € 1 / \/g . 1 . ’
|:612;Lt(zl‘+f5w)2 /dl'/g (ZL’, + ﬁy,) e zix (z—1ow) _ ezﬁﬁ /dL'/g (ZL’, + ﬁy,) e—zgz z:|

faspe 01 (o) v (o)
~Jar () v wun|ed [ag (v L) et

o8

%@%MZ(A4

2mhit

2

(4.27)
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Using (4.5) with (4.11) and (4.12), it is straightforward to see that (4.26) and (4.27) are of
order £. In the same way it can be proved that the difference between ¢* and v* is order /2
with

i

8 2 1 1,0 f2ht Y / 1 N _—i
sz = (gp) €7 [ & oy R Gy )e TR [ gty

Coming back to (z,y) variables we have

27rhzt

vt y) <27rmt) %12/d!/f(y')V”’“(t;y,y’)eiﬁzy'/dx’g(m’w’)ei;i‘tw’:v _
1 M \? 1
Y it Ake mw o mw (22
B <1+62W7m) e (ﬁ : “) [ ) VI
ems'ﬁ“(wt)yy/\/IJrE/dE/g(SEl 1J1rs%x’x

Using (4.5) with (4.11) and (4.12), one proves that ¥ is near to 1.

¢u(t7x,y) — (QJZ_[;) ei%z2 ( h( mw _2 - ) /dy f 6 21ht111(wt)(y +v/ )ezhsm(wt)yy
mTh T i

/) MmQ
/dz:’ Je TR = <27r7m> ¢'2ni /dy fly (—T%;y,y) /dr’g(x’ e

This term is near order ¢ to the free part of ¥, by Stone’s theorem.
Now we turn our attention to the scattered part of 1), first we prove that it is near order € to

N

woN: [ 1 : 1\ e
(27rhit> /dyf( )V (tw,y) /dr <I+\/_y>1—zawlzl

In order to prove this statement it is sufficient to estimate these two differences:

N [ (L e / P 2l
(27rhz't> /@f(ﬁy>v (t’w’y)[1—zaﬂ|z|/dr <x+ )6 i

- /dz;’ <:c +— )ef —ifeullel | (4.28)
1—i- t\z — 1+6w\

(27:;1#)% [/dy/f <\}—y) vie (t %W—F\/_Z y) /dl/f(%y') Ve (t;w,y’)}
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Now we introduce an auxiliary function Fy(w,z’).

Fo(w, ") = /6@’ f (%y’) g (x’ + %y’) Ve (t; %Jrgw + \/Ez,y’>

The following estimate holds:

2

dzcw 3 1 1
() Y
pv | Namhi 1 —z—|z— Tow| Za\/ﬁtM

(4.30)
Using the estimate

1+e

<h)2 <’z—m| ||> <<h)2 02
) () @ w) )
in order to prove (4.30) it is sufficient to prove

‘ /ﬁ’e ht \lew’lpo(w )

S C1 (431)

‘ /dlc/eZ e l2 11 Fy(w, 2')| < e (4.32)

Indeed, if (4.31) and (4.32) hold, then (4.30) is less or equal than

6(71)2 1 dzdw(h>2 1 e,
at\/u) 2rht | Juv \ at /i 1+<t,\%)222(1+|w|)2
aty/p

Now we prove (4.31): using (4.5) with (4.11) and (4.12) it is straightforward to see that

<v [alg@] [ dly o)+ " [alg@] [alrwls
+ 2 [agto) [ alr)

2

JE ,
‘w/dtc’e’ i l#2 By (w2

Using (4.11) twice, it is possible to prove (4.32).
Now we prove that

1
) |1 NG |/dr’ (e Rt — el ) By, of)| < ce?
MV Tt 1 — Z— Z— W
1+e

(4.33)
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Using the inequality

el | _ i e wlle| \/_ \/_|w||x'|
n (4.33), we arrive at
y% Hu dzdw 1 / / / ’
c de’ |wa' Fy(w, 2')| (4.34)
2rht (ht)? ) /1w 2 (/
1+ <atf> &

In order to prove that (4.34) is order £? it is then sufficient to prove

/ch:'elf| A’ By (w, )| < es (4.35)
2,1 1 iE || /
wx /dx‘e z Fo(w,2")| < ¢4 (4.36)

The proof of (4.35) and (4.36) is similar to the proof of (4.31) and (4.32). From (4.30) and
(4.33) it follows that (4.28) is order e.
In order to estimate (4.29) it is sufficient to estimate

2

B (o) — | [ T B+ B - Bl

2
1+ (aft> 22

It is convenient to divide the domain of integration of the z variable in two regions and use

2
<

[ o ] [ (b oz ) ~ o)
z2/dw (/dx:’ o

’/dr/el e [l (Fo(w + Vez,2') — Fy(w, "))

Fo(w+ ez, 2') — Fy(w, 2) > if Velz] <1 (4.38)

2
<

Q/dw (/dr’ |Fo(w + ez, 2') — Fo(w,x’)‘)2if Velz| <1 (4.39)

In order to prove that the quantities appearing at the r.h.s of (4.38) and (4.39) are finite, one
must proceed as in the estimate of (4.30) It is now straightforward to prove that the integral
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over z is order ¢ and conclude the estimate of (4.29). Now we introduce a second auxiliary
function

1 1 NG . 1
F.(w,z1") = /C@/f (ﬁy/) g (33'/ + ﬁ!/) eitEe Y 2y LE <t; T72Y + \/52,3/>

Using (4.5) with (4.11) and (4.12), it is straightforward to prove that:

2

dzdw 1 I
N/ (2:711&) /@/ezgznz (Fe(w, z,2") = Fy(w, )| <ece (4.40)

2

h 2
1+ (a \/ﬁt> z
Coming back to (x,y) variables, so far we have proved that the scattered part of 1 is near to

citslalla|

UAGERIE <27r/;iit>2 e%wz/a@’f(y’)V”’@(t;yjy’)e‘i"‘i”'/dr’g(m’+y’)

ik
1 —ils |zl

Repeating the arguments used at the end of the estimate of the free part, we prove that v° is
near order € to the free part of ¢, and this concludes the proof. O

Proof of theorem 4.1.1
It is an obvious consequence of lemmas 4.1.2, 4.1.3, 4.1.4.

The result of theorem 4.1.1 can be more conveniently rephrased in terms of reduced density
matrix for the heavy particle, which is defined by the integral operator p(t) in L?(R) given by
the kernel

pltsy,y) = /dw Utz y) ot 2, y) (4.41)

We also introduce the integral operator p,(t) defined by

pa(t;9,9) Z/dwa(t;x,y)%(t;x,y’)
= /dzf(z)Vm’w(t;y, z)/dz’f(z')W(t;y’,z’)I(z,z’) (4.42)

where

T = [ dbOVE g RV g0 (k) = ((0207) g (0207) 1g5) (443
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Notice that, from (4.42),(4.43) one has

pa(t) = V™2 (8)p" (0)V™4 (=) (4.44)

where pf is defined by the integral kernel

p°(0;2,2") = f(2)f(2)L(z,2) (4.45)

It is easily seen that Z(z, ') = Z(2, 2), |Z(z, 2')| < 1 and the equality holds only if z = 2.
Then p,(0) is a self-adjoint and trace-class operator, with 7'r(p,(0)) = 1; it is also positive since

(h, pa(O)) /@m /&h 17>/Mmmwmmwwmw

dk ‘ / dzh(2) f (y) (Woo )(k)

(4.46)

Moreover we have

Tr((pa(0))%) = /dde’lf(Z)lzlfa(z’)l2|I(Z, I <1 (4.47)

We conclude that p,(0) and its harmonic evolution p,(t) are density matrices describing mixture
states and, by theorem (4.1.1),

Tr(|p(t) — pa(t)]) < Ces (4.48)

This means that in our asymptotic regime the motion of the heavy particle is a free evolution.
On the other hand the presence of the light particle has a relevant effect, since it produces a
transition of the initial state of the heavy particle from po(z, ) = f(2)f(2') to pa(0; 2, 2').

We shall see in the next section that this is the origin of the decoherence effect on the heavy
particle.

4.2 Decoherence Effect

Here we discuss an application of formula (4.42),(4.43) to a concrete example of quantum
evolution and we give an explicit computation of the decoherence effect.
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We shall make further assumptions on the initial state: take hy, he € C5°(—1,+1) such that

I £l = llgll = 1; for later use it is convenient to choose hy even. We put
1 _ ytuy ko
=Wl = () e (4.49)
o o
1 . a
g(x) = %fm (x 6%) et (4.50)

The heavy particle is assumed to be in a typical superposition state of two spatially separated
wave packets, one localized in y = yo with mean value of the momentum py and the other
localized in y = —yy with mean value of the momentum —pj.

The parameters o, 6 denote the spreading in position at time zero for the heavy and the light
particle respectively.

We define 8 = agd and 6 = (Fyo — 0, &yo + 7).

We shall make the following assumptions on the physical parameters of the system.

) o
Ro— |0l <1, 5 <1 (4.51)
i.e. we consider the light particle localized in the region between the two wave packets describing
the heavy particle and well separated from each wave packet. Moreover the spreading in position
of the wave packets is much smaller than the spreading of the light particle. Notice that (4.51)
obviously imply m <1

Using assumptions (4.51) we can give an estimate of the basic object Z(z,2') for z € A* and
2 € A* and then we can find a more suitable expression for the reduced density matrix of the
heavy particle.

To € (-RQ, Ro),

Lemma 4.2.1 Assume (4.51). Then

o 1)
sup |Z(z,2) 1<, (2 + —2 4.52
s (7)1 4(5 RO—|r0|) (452)
_ 1)
sup  |Z(z,2) —Al=  sup |Z(z,2) — A| < C5 (4.53)
ZzEAT 2/ EA~ 2EAT Z/EAT RU - |T0|
where
A= [ aklga(h) P Tog () = [ dblak ~ 1od) Pk (4.54)
q0

oo — B0 4.
0= (4.55)
T(h) = - =0 (4.56)
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and Cy > 0,C5 > 0 are explicitly given as functions of 5,g.

Proof
First we note that for z € A~

1 0,2 k =0 £~
NG (W% s) (5> = " F0BF Gk — ko) + Rg(k)e!Fort DT =D 5 (|| 4 o)
(4.57)
and for z € AT
1 Q0,2 k i(koS—k)Z0 ~ i(kod—|k|) 20 —i(k—|k|)Z ~
7 (Wg5) (5 ) = ¢ » Gk — kod) + Ry (k)e'l ‘ 5g(|k[ — ko)
(4.58)
where we have used the fact that
G5 (k) = V6G(kd — kod)e ik—ko)ro (4.59)
Then for z, 2’ € A~ we have
T(a, ) = L+ [ dHlgl(K] + kod)PR(k) e 0
i / dkg(k — kod)(|k] + kod)Rs(k)e -+ =5
+ / ARG (|K| + kod)ii(k — ko) () e 0 KD 05
—1 +/ dk|g(k + kod) [R5 (k)2 (a?ikzz’ . 1)
0
n / dk(k — kod)g(k + ko) R g(k)e2* ™5
0
+ / dkG(k + ko) g(k — kod)Rg(k)e 2+ 5
0
=1+4+a;+ax+as (4.60)

where we have used the identity Rz + Rps + 2|Rs|? = 0 and the fact that § is even.
Using (4.51) we easily estimate a;
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|CL1| S 2

|2 = | / dk|g(k + kod) K| R (k) [* < 4%/ dk|g(k + kod) k| R s(k) |
0 0

o
< 28]lg|*% (461)

For the estimate of ay it is convenient to integrate by parts

alk — d ..oz
/ dkg(k — kod)g(k + koé)Rﬁ(k)_dk 2k 5=
0

— TO—Y

s | i @0 = R0k + ka8 Ro(R) e (00

< RO—LW [% (/dr]g(r)|>2 +%/OOO I [k — kod)i(k + kod)|

+ /Oo dk |§'(k — ko0)g(k + kob)| + /OO dk |§(k — kod)g (k + koa)\]

<0 [i ( / dr|g<r>|) T %ng " 2||g'||ugu] (4.62)

The term ag is analyzed exactly in the same way and then we get the estimate (4.52) for
2,2 € A7. Since in the case z,2’ € AT the computation is similar we conclude that (4.52)
holds.

In order to prove (4.53) we consider the case z € AT and 2’ € A~ (the case z € A~ and 2’ € A™T
can be treated exactly in the same way) and we obtain
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) = 1+/d’fg(|k| + koB)3(k] — kod) [Rg (k)[2e 23 HK-D 5l 5

+/dk§ (k — ko0)g(|k| — kod)Rg(k)e "IF=F)
</

Toz

7‘02

dkG(|k| + kod)G(k — kob) Ry (k)e (K
=1+ dk (|g(k — ko) *Rs(k) + |g(k + kod) "R (k))

+/ dkg(k + kod)g(k — kod)|Rs(k)|*e 2* fope
0

+ / dkG(k + ko) (k — kod)Rg(k)e 2F 5
0

+/ kg(k + kod)g(k — kod)|Rg (k)25
0

+ / dkG(k + ko) G(k — kod)Rg(k)e 2+ 5 (4.63)
0

The estimate of the last four terms of (4.63) proceeds exactly as the estimate of ay in (4.62).
On the other hand

Vo [ i (3G = hod) PRah) + I + Kod)PR3(0)

- /dk|§(k — ko) ? (5__“;1{) (4.64)

and this concludes the proof of the proposition. 0

Proposition (4.2.1) allows us to find a further approximate form for the reduced density matrix.
Theorem 4.2.2 Under the assumptions (4.51) and for any t > 0 we have

[Tr ((ﬁ“(t) _ (@)2)] Ee) <% + ﬁ) (4.65)

where
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Pty = Ve () Ve (—t) (4.66)
_ _ A _
P ) = S FHETFE + 21 T () + S ET () + 51 T ) (467
and Cg > 0 s explicitely given as function of B3,g.
Proof
e (0 - ' 0)°) = v (35 - 6) )
= [ @ [P AT EEE ) - 1 + @) - 1)
AT (T ) = A) + 1T T ) - B
< sup |Z(z,2) =1+ sup |Z(z,2)—1)?
z,2/ €At z,2' €A~
+  sup  |Z(z,Z) = AP+ sup  |Z(z,2) —A)? (4.68)
zEAT /e A~ 2z€A~ 2/eAT
Using lemma (4.2.1) we conclude the proof. O

From theorems (4.2.2) and (4.1.1) we conclude that the reduced density matrix for the heavy
particle in the position representation can be approximated by the density matrix

Pty 0') = SO )V (DT + 5 (V™0 ) (V™ (T )(R)
PRV ) V) + SOV T (469

with an explicit control of the error.

If the interaction with the light particle is switched off, i.e. for ay = 0, we have A = 1 and
then (4.69) reduces to the pure state corresponding to the coherent superposition of the free
evolution of the two wave packets f*.

On the other hand, if ap > 0 one easily sees that 0 < |A| < 1 and then (4.69) is a mixed state for
which the interference terms are reduced by the factor A and this is the typical manifestation
of the (partial) decoherence effect induced by the light particle on the heavy one.

The relevant parameter A (see (4.56)) is defined in terms of the probability distribution of the
momentum of the light particle at time zero |gs(k)|* and of the transmission coefficient Ty, (k)
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associated to the hamiltonian H,, o defined by the laplacian perturbed by a point interaction
of strength o placed at the origin,(see e.g. [AGH-KH]).

Then the decoherence effect is emphasized if the fraction of transmitted wave for the light
particle is small.

In fact for ky > ag the light particle is completely transmitted and A — 1, i.e. there is no
decoherence effect.

On the other hand, for ko < g the decoherence effect is present since A — [ dk|g(k)|?|Ta(k)|?.
In such case one can say that the decoherence effect is proportional to the reflection probability
for a particle described by the hamiltonian Hzy which at time zero is in the state g.
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Appendix A

The Green’s function of the free system

Here we derive the expression of the integral kernel of the resolvent of Hy used in the paper;
let d =1,2,3 be the dimension of the space

1 1 1 mw\ % [ Mw 2
A A AN —1 ol N .
G(l’,y7$7y)—(H0—|—>\) (x7y7xy>_(2ﬂ_)%hwﬂ.% < h) ( h)

1 _ _Mw 1 —z')?2 mw v
J e e A M L T %)
0 (I1-22)2 (Ind)2

Starting from the Mehler kernel and performing the Laplace transform with respect to time
one finds the Green’s function for the harmonic oscillator in R™.

n

N , . , +o00 e—%t mw 2w 22 o yy! o
Gosc(y7 Yy ) = (HOSC + >\) (ya Y ) == /(; da A (Wh(l — 62wt)) € 7 2tanh(wt) " h sinh(wt)g 2

With the change of variable v = ¢! one obtains:

Gose, ) = (Hose + M) (1, 4/) = (T> f e R

1 ’ 1 mew 2vy-y' —v? (192+y'2)

e’ ) (A.2)

Note that formula A.2 can be also derived using Hermite functions (see e.g. [BC]). To compute
(Ho + \)71, we solve the following equation with respect to f for a given g.

= It ety +0) 1| @) = gl
2M x 2m Y 2mwy flj,y —gl‘,y
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We have put 3° = 0 for simplicity. Taking the Fourier transform with respect to the x variable
we find

72 k2

Folk,y) = [ dfGok ™ (y, o) Ff(k,v/)

n2k2

d/@@m”%pM@yVWwﬂ

and then

k-(z—z )(;2;2’2AJ ( )

Substituting (A.2) in this equation we ﬁnally get (A.1).
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Appendix B

Unitary Group for the Harmonic
Oscillator perturbed by a Point
Interaction

In this appendix we give an integral representation for the unitary group of the one dimensional
hamiltonian

h? d? 1
L Sy + ad(y)

Ha = H() + Oéd(y) = _%dyz 5

In [FI] it was proved that

(Ho +X) (5, 9) =GNy, y') — GMy,0)GMy', 0) (B.1)

L 4+G*0,0)

In the previous formula G*(y, 3/') is the integral kernel of (Hy+\)~!. Equation (B.1) is equivalent
to:
P(H,) = {u € L*(R) s.t.u = ¢ + G*q, 9" € Z(Hy), au(0) = —q}

(Hy + Nu = (Hy + N

The domain of H, can be written also in the equivalent way:

P(H,) = {u € L*(R) s.t.2*u € L*(R), u € H*(RY) N H*(R™) N H'(R),
h2

5, (W(07) = '(07)) = au(0)}  (B.2)

Now we shall prove that, for a regular initial datum ¢y € Z(H,),
-
—_;t (4 _jl=s
wltiy) = () (9) + 5 [ dse T 0,000 (B3
0
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is the solution of the time dependent Schrodinger equation.
The function ¢(t) is solution of

i [ mw 2 tH
- —tx Ho _
q(t) + ah/o ds Lh(l — e_%w(t_s))} q(s) + « (e 0 wo) (0)=0 (B.4)
If we project equation (B.3) on the harmonic oscillator eigenvalue basis we obtain
. t—s
wltin) = () [ e () (B.5)
0
Integrating by parts we get
w(t n) — e*m‘“tgo)‘(n) + 1 A /t dsefinw(tfs)q<8) o 1 /t dsefinw(tfs) & (S)+
’ 0 hnhw+ X J, nhw + A J,

1

+ m(J@) (B.6)

If vy is a regular function then the first three terms on the r.h.s.of (B.6) belong to Z(H,) and
then they have continuous first derivative; the only discontuities of the first derivative of 1 (¢; y)
come from the last term of (B.6) which is proportional to G*(y,0).

It is easy to show that d%G’\(y, 0) ~ —#5sgm(y) near the origin. Then using (B.2), ¢ (t) belongs
to Z(H,) if and only if (B.4) holds. Taking the time derivative of (B.3), and using (B.6) one
shows that ih% (t) = Ha(t) holds.
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