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Introduction

We consider a commutative superring K = Ky + Ky, and for all Lie superalgebra g over K

we study the representations of g on its symmetric algebra S(g) which are by coderivations
and universal. We stress that many of our results are new also for ordinary Lie algebras over
a field of characteristic zero.

The symmetric algebra S(g) has a natural structure of coalgebra, so we have a notion
of coderivation of S(g). A representation p of g in S(g) is called by coderivations if p(a) is
a coderivation of S(g) for all a € g. We focus on representations p by coderivations which
are universal. This means informally that p is given by a formula independent of g. We will

explain in section 2.4 why it is natural to consider this kind of representations.

To each formal power series
QOZC()‘{'Clt—F"' GKo[[t]]

we associate a family ®(a) = ®* of coderivations of S(g) depending linearly of a € g.

We show that ® is a universal representation by coderivations if and only if

p(t +u) —p(u) p(t +u) — (1)
p() 2= o B D L ot u) = 0 (1
in Kol[t, u]].

The most interesting case is when the constant term c¢q is equal to 1, In this case, it is
a simple matter to solve the functional equation, because we show (lemma 2.2.2) that it is
equivalent to the functional equation for the exponential function. This last equation has a

non-trivial solution exactly when K contains Q. In this case the unique solution of (1) is

t
et — 1

90:

We think that it is an interesting fact that this famous function, the generation function for

Bernoulli numbers, occurs in such an elementary manner.



We explain the relation of our results with classical subjects like Poincaré-Birkhoff-Witt
theorem, Lie third theorem (chapter 3), Maurer-Cartan equation, etc. For example, let U(g)
be the enveloping algebra of g and assume that K O Q. We use the representation obtained

— to define a symbol map o : U(g) — S(g). We show that o is an

using the function
inverse for the symmetrization 5 : S(g) — U(g), which gives a natural and direct proof of
the fact that g is an isomorphism. This strong form of the Poincaré-Birkhoff-Witt theorem,
with no assumption on g as a K-module, is due to P.M. Cohn ([Coh]) in the case of Lie

algebras and to D. Quillen ([Qui]) in the case of super Lie algebras with K = K.

Let N > 2 be an integer. We consider a N-nilpotent Lie superalgebras g over K, and
a truncated power series p € K[[t]]/t¥. To ¢ is associated a family of coderivations ®¢
depending linearly of a € g. We show that ® is an universal representation by coderivations
if and only if ¢ verifies equation (1) in Ko[[t,u]]/Iy, where Iy is the ideal generated by
{tiuN=1710 <i < N — 1}. There exists a solution with p(0) = 1 exactly when

and in this case it is unique. As a consequence, we show that for a N-nilpotent Lie su-
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map o : U(g) — S(g) which is an isomorphism. When K D Q, o~ is (as seen above) the

peralgebra over a commutative superring containing there is a canonical symbol

symmetrization, but in general we do not know a formula for c=!. For N = 2 this is due to
M. El-Agawany and A. Micali ([EIM]). The case N > 3 is new.

The method used to get the universal representations by coderivations can be used to
study the Maurer-Cartan equations over g. For simplicity we consider only the case of Lie
algebras over a field K of characteristic zero. We show that each solution f € K[[t]] of

flutt) = f(t) | flutt) = f)

U t

= f(u)f()

provides a solution of Maurer-Cartan equation. This functional equation has an unique so-
lution with f(0) =1, it is f(t) = <.

Let (g,h,q), with g = h @ q and b a Lie K-subsuperalgebra, be a K-super symmetric
space. In this situation we get similar results. In particular, if K O Q, we get representations

IT:g— Hom(S(q),S(q)) which are universal and by coderivations. Our proof uses functional



equations of type

s 2 =) () @) o)

t U

where @, 1, h are formal power series with coefficients in Ky. In section 2.3 we classify all
triples verifying (2), when K is a field of characteristic zero.

As an application of the representations II, we study the image in U(g) of S(q) by the
symmetrization map 3. The super vector space 3(S5(q)) is stable under the so-called twisted

adjoint action ad’ of g. This induces an action of g on S(q) which is one of the representations
I1.

Let K be a field of characteristic zero. M. Gorelik proved in [Gor]| that if q a finite-
dimensional, odd, K-super vector space such that the trace of ad(a)|q : ¢ — q is zero for all

a € b, then 5(S(q)) has an unique line of ad’-invariant vectors. By solving

(t+u) Coth( HT" ) —t coth(%)
u

=0

tcoth (L) W (t+u) —
R (u) = h(—u)
we get, in proposition 4.3.1, an explicit formula for Gorelik ’s line. This formula is new and

it provides a new proof of Gorelik ’s result.

For each Lie superalgebra over K equipped with an invariant, even, symmetric bilinear
form (we do not suppose that it is not-degenerate), we consider in chapter 5.2 a variant of
the Classical Dynamical Yang-Baxter Equation (vCDYBE) with coupling constant ¢ € K.
We show that to each odd series f € Kg[[t]] verifying

f(t+uiff(u) + f(u+v1sz(v) + f(v+tz))*f(t) _ 5
f@) fu)+ f(u)f(v)+ f(t)f(v)+€e modu+t+w (3)

we can associate a solution of vCDYBE. Considering v = —t — u, from (3) we obtain a
functional equation in two variables which was independently found by L. Feher and B. G.
Pusztai in [FeP], for a quadratic Lie algebra over R or C.

The interesting case is when K 2 Q and ¢ = ;. In this case the unique solution of (3) is

f(z) =1 — % coth(Z), which gives the so-called universal solution of vCDYBE.

Let g be a quadratic Lie algebra (over C or R). It means that g is finite-dimensional,
provided with a not-degenerate invariant symmetric bilinear form. For each quadratic sub-

algebra b of g there is a Classical Dynamical Yang-Baxter Equation (CDYBE) (see [EtV]).
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A. Alekseev and E. Meinrenken considered the case h = g and in this case the CDYBE is
equivalent to the vCDYBE. They solve the vCDYBE in [AIM] for g a compact Lie algebra.
Our method of proof is much simpler, and it provides a solution of the vCDYBE for arbitrary
quadratic Lie superalgebras. This was in fact the origin of the present work. For other proofs
in the case of quadratic Lie algebras, see [FeP] and [AIM1].

A. Alekseev and E. Meinrenken used the solution of CDYBE to prove some properties of
their non-commutative Weil algebra. As the universal solution is valid also for any quadratic
Lie superalgebra, we can extend a result of Alekseev and Meinrenken to any quadratic Lie

superalgebra over a field of zero characteristic (see chapter 6).
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Chapter 1

Preliminaries

1.1 Lie superalgebras over a superring

In this section we recall the basic definitions and examples used in the text, they are from
super linear algebra ([Lei]).

We say that K is a superring if it is an unitary ring graded over Z/27. We note Ky and K;
the subgroups of elements with even and odd degree, for each non-zero homogeneous element
a € K we note p(a) its degree. We have 1 € K.

The superring K is called commutative if ab = (—1)P@P®)hg for all homogeneous and
not-zero a,b € K and a? = 0 for a € K;.

Convention 1.1.1. Each time we use the symbol p(a) for an element a of a graded group
occurring in a linear expression, it is implicitly assumed that it is not zero and homogeneous.
Moreover the expression is extended by linearity. For example, the expression above will be
written as ab = (—1)POPDba for any a,b € K.

From now to the end of this section, K will be a fixed commutative superring.
We denote by K C K the subgroup of invertible elements of K.

Definition. 1.1.1. A commutative group (M,+) graded over Z/2Z is a K-module if it is
equipped with a bilinear application M x K — M such that, for all a, 5 € K and m,n € M
we have

(ma) B = m(ap)
p(ma) = p(m) + p(a).

We note My and M, the Ky-submodules composed of even and odd elements.
If K is a field, M s also called a K-supervector space.

In a K-module M we use the notation am := ma(—1)P@?™ for any m € M and a € K. Let
N be another K-module. A map f: M — N is a morphism of K-modules if f(ma) = f(m)a
for any m € M and o € K.

Definition. 1.1.2. We say that A is a K-superalgebra if it a K-module equipped of a dis-
tributive application A x A — A such that

pla - b) = p(a) + p(b)
(a-b)a=a-(ba) = (=17 (qa) - b
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for all a,b € A and o € K.
We say that A is commutative if a - b= (—1)P@POb. g for a,b € A, and ¢ =0 for c € A;.

Let A and B be two K-superalgebras. A map f : A — B is said a morphism of K-
superalgebras if it is a morphism of K-modules such that

p(f(a)) =pla), fla-b)=f(a)- f(b)
for any a,b € A and a € K.

Notation 1.1.1. Let A be a K-superalgebra and a € A. We denote by a* : A — A the left
multiplication by a, and by a® : A — A the right multiplication: a’*(b) = (—=1)P@WP®)p . q, for
any b € A.

The following is our definition of Lie superalgebra.

Definition. 1.1.3. Let g be a K-superalgebra such that its product [-,-] : g X g — ¢ verifies
(X, Y] = —(=1PWy X], VXY €g (1.1)
(X, X]=0, VX € go (1.2)
[X,Y),2) = [X, [V, Z]) = (=L)"Y [X, 7)), VXY, Z € g (1.3)
Y, [Y.Y]]=0, VY €g. (1.4)

Such g is called a Lie K-superalgebra.

The product in a Lie superalgebra is called Lie product or Lie bracket, and (1.3) is the Jacobi
wdentity.

Remark 1.1.1. If 2 € K is invertible (1.2) follows from (1.1). If 3 € K is invertible (1.4)
follows from (1.1) and (1.3).

As explained in [BMP], if g; # {0} and 2 € K is not invertible, definition 1.1.3 is not
the right one, but it is sufficient for the purpose of this text.
We end this section with some useful examples.

Example 1.1.1. If A is a commutative superring, A[z]] denote the set formal series in s,
with coefficients in A. It inherits the graduation (A[[z]])o = Ao[[2]], (A[[z]])1 = Ai[[2]] and a

natural structure of commutative superring.

Example 1.1.2. Let M, N be two K-modules.

a) Hom(M,N) is the group of functions F : M — N which are morphisms of K-modules.
It is graded in the following way: F is even if F(My) C Ny and F(M;) C Ny, F is odd
if F(My) € Ny and F(M;) € No. More over, Hom(M, N) is a K-module by Fa : v —
(—1)POP@ F(v)a, for all a € K, v € M.

b) M @ N is the K-module generated by {v®@ w;v € M,w € N, } with relations

(1 +w)Quw=vQWw+v@w
VR (wy + we) = v @ wy; + v we
(v@w)a=v@wa=(—1P"PYyq @ w, YaekK

10



and graduation p(v ® w) = p(v) + p(w).

c¢) The tensor algebra of M is T(M) =K+ (M M)+ (MM & M)+ - - with product
(M ®v) (Vi1 ®-+-®Uy) =1 Q-+ vy, for all i,n € N. It is an associative
K-superalgebra.

Example 1.1.3. Let M a K-module, Hom(M, M) is a Lie K-superalgebra by [F,G| = F o
G — (—1)PIPOG o FVE,G € Hom(M, M).

1.2 Symmetric algebras

Let K be a commutative superring and M a K-module, we recall the definition of its sym-
metric algebra S(M).
The tensor algebra T'(M) contains the ideal I generated by

{v®w — (—1)p(”)p(w)w®v,u®u| v,w € M,u € Ml},

and we define S(M) :=T(M)/I. Tt is a commutative and associative K-superalgebra.
We have S(M) = K@~ , S*(M), where S™(M) is the K-module generated by products
of n elements of M.

1.2.1 Formal functions

We recall that S(M) has a natural structure of cocommutative Hopf superalgebra, and in
particular it is a coalgebra. This means that S(M) is equipped of three morphisms of
superalgebras A : S(M) — S(M) ® S(M), ¢ : S(M) — K, 6 : S(M) — S(M), such
that

(id®@ A)o A =(A®id)o A (1.5)
Mult o (id ® 0) o A = Mult o (§ ® id) 0o A = ¢ (1.6)
Mult o (id ® €) o A = Mult o (e ® id) o A = id (1.7)
A=0co0A (1.8)

where Mult : S(M) ® S(M) — S(M) is the multiplication of S(M) and o : S(M)® S(M) >
W®Z — (—=1)PWP2) 7@ W is the exchange operator. We call § an antipode, and each even
morphism of K-modules verifying (1.5) is called an associative comultiplication. We refer to

(1.8) saying that A is cocommutative.
For all X € M we have

AX)=X®1+10X, €X)=0, §X)=—X.

To give formulas for A we introduce the following notation. Let n € N and X, be the group
of permutations of n elements. For s € 3, and X1, .., X,, € M, let a( X1y, ..., X)) € {1, -1}
be the sign such that a(Xsay), ..., Xom) Xsq) -+ - Xom) = X1 -+ - X, in S(M).
It X € M
A(X") = (7?
o \J

j=

)Xﬂ‘ ® X" ¥n >0 (1.9)

11



and, if X;,... X, € M
AXy - X,) = Z Z a(_‘ﬁ)Xpl"'ij®X1"'X;"'j(p\j"'Xn

=0 1<p1<-<p;<n

where a(f(};) =Xy, e Xpy, X1, )/(;, ey )/(p\j, ey Xi).

We note S(M)* := Hom(S(M),K). Because of S(M) is a coalgebra, S(M)* is a commu-
tative superalgebra and it is called the algebra of formal power series over M. More generally,
if N is a K-module, Hom(S(M), N) is called the space of formal functions on M with values
in N.

Each X € N defines a "constant function" of Hom(S(M), N): it is the function such
that 1 — X and S™"(M) — {0} for n # 0. We have the following structure of S(M)*-
module: Fy := (F ® ¢) o A for ¢ € S(M)* and F € Hom(S(M),N). Let Y € M,
we define (Y) : Hom(S(M),N) — Hom(S(M),N) as f + (=1)PVPY)f o VL for any
f € Hom(S(M),N). Tt is called the derivative in the direction Y.

Remark 1.2.1. By definition, O(Y)(X) =0 for any X € N.

When N = M, Hom(S(M), M) is called the space of formal vectors field over M. The
identity of M extends to a morphism of K-modules z,; : S(M) — M by S™(M) — {0} for
n # 1. It is called the generic point of M, and it will be denoted by x when there is no risk
of confusion.

Remark 1.2.2. We have O(Y)(x) =Y for allY € M.

Let A be a K-superalgebra. In Hom(S(M), A) we have the following structure of S(M)*-
algebra: F'- G :=Multo (F® G)o A, for any F,G € Hom(S(M), A).
Remark 1.2.3. For allY € M, 0(Y) is a derivation of Hom(S(M), A).
We have seen that A C Hom(S(M), A), moreover A is a K-subsuperalgebra of Hom(S(M), A).
If A is associative Hom(S(M), A) is associative, because A verifies (1.5). If A is unitary
Hom(S(M), A) is unitary, with unit given by ¢ : S(M) 3 W — 1e¢(W) € A. If A is commu-
tative Hom(S(M), A) is commutative, because A is a cocommutative comultiplication.

In the particular case A = S(M) it is traditional to note * the product of Hom(S(M), S(M)).
In this case § € Hom(S(M), S(M)) and identities (1.6), (1.7) give

§xid=id*5=e. (1.10)
Lemma 1.2.1. If g is a Lie K-superalgebra, Hom(S(M), g) is a Lie S(M)*-superalgebra.

1.2.2 Coderivations of a symmetric algebra

Definition. 1.2.1. Let A be a K-module equipped of a comultiplication A. A coderivation
of A is a morphism of K-modules ® : A — A such that Ao ® = (® ® id + id @ ) o A.

To describe the coderivations of S(M), we introduce the K-module P(S(M) = {W €
S(M)|A(W) =1 W +W ® 1}. Its elements are called the primitive elements of S(M). By
definition of A, M C P(S(M)).

Let ¢ : S(M) — P(S(M)) be a morphism of K-modules, we define ® :=idxp : S(M) —
S(M).

12



Theorem 1.2.1. (JRad])
The map P is a coderivation of S(M) and 6 x & = .

PROOF. As a first step we show that ® is a coderivation. By definition

(1d® P) o A = (id @ Mult) o (id ® id @ ¢) o (id ® A) o A

(P ®id) o A= (Mult®id)o (id ® ¢ ®id) o (A ®id) o A

Aod = <(Mult®id) o (id ® ¢ ® id) o (id ® o) + (id ® Mult) o (id®id®<p)) o (A®id)o A
so identities (1.5) and (1.8) give that ® is a coderivation.

The second part of the theorem follows from identities (1.10). In fact we get ¢ = d*id*xp =
DR |

Remark 1.2.4. The previous theorem is wvalid if S(M) is replaced by any cocommutative
Hopf superalgebra.

1.3 Generic point of a Lie superalgebra

Let K be a commutative superring and (g, [-,-]) be a Lie K-superalgebra. For any X € g, we
note adX the application [X, ] : g — g.
Let t and u be two even commuting variables. For any r, ¢ € N we introduce the notation

(t"u? Y, Z]) = [(adX)"(Y), (adX)!(Z)], VX € g0, VY, Z € g. (1.11)
By linearity it is extended to all polynomials in K[t, u].
Lemma 1.3.1. For any polynomial ¢ € K[z], X € gy and Y, Z € g,

q(adX)([Y, Z]) = (q(t +u) - [Y, Z])x -

PROOF. It is sufficient to consider ¢(z) = 2* with k > 1. It means that it is sufficient to show
that .
k
x4 (,2) = 3 (1) (), a2 k> 1
p
p=0

This identity means that adX is an even derivation, which follows from the Jacobi identity. [

We introduce g, := Hom(S(g),g). Each X € g is identified to its image in g,. As seen
above (section 1.2.1), the comultiplication A of S(g) and the bracket for g allow to define
the bilinear application [F, G| := [-,]o (F®G) oA, for all F,G € g,. We have seen also that
g, is a Lie S(g)*-superalgebra and g C g, is a K-Lie subsuperalgebra. Let = be the generic
point of g.

Remark 1.3.1. Let n € N\ {0}, (adz)"™ : g, — g, is a S(g)*-morphism of g.. In particular,
if Y € g, (adx)™(Y) : S(g) — g is the map

: p#n
_1)P(Y)P(X1+"'+Xn) ZseEn Oé(Xs(l)> e Xs(n))adXs(l) 0---0 adXs(n)(Y), p=n

—~ o

Xi - X, o {
for anyp >0 and X1,...X, €g. Ifn=0, (adz)’(Y):=Y € g,.

13



Let ¢ = co+cit +cot? +--- € K[[t]] and Y € g. As a consequence of the last remark, we can
define

q(adz)(Y) := oY + c1(adz)(Y) + cp(adz)?(Y) + - - -
It is the morphism of K-modules from S(g) to g such that, for any n € N, its restriction to
S™(g) is cp(adz)™(Y).

Remark 1.3.2. In the Lie superalgebra g,., we consider the formula (1.11) with X = x. This
gives the formula of a morphism of K-modules from S(g) tog. Let Y,Z € g, for any n € N
and Xy, ..., X, € g, this morphism is given by

(t"ul [V, Z])e (X1 - X)) =
|0, n#r+gq
N { ZSEETL Oé(XS)[adXs(l) o---0 adXS(T)(Y),adXS(TH) o---0 adXs(n)(Z)], n=gq +7r

where the coefficients a(X) are given by

a(X,) = (_1)p(X1+~~~+Xn)p(Z)+p(Y) P(Xs(y++Xsm) (Xs(l)7 ---,Xs(r+q))-

As above this allows to define (p(t,u) : [Y, Z]), for any formal power series p € K|[¢, u]]. The
following theorem plays a basic role in this text.

Theorem 1.3.1. Let Y, Z € g and q(z) € K][[z]]. In g, we have

o) (a(ade)(2)) = (10007 (LB 1y, 7).

PROOF. We only need to consider the case ¢(z) = 2*, with k > 0. For k = 0 the statement
follows from remark 1.2.1. We recall that 0(Y") is a derivation. By induction over k and by
the Jacobi identity in g,, we get

O(Y)((ad2)**1(2)) = 0(Y)([z, adz)"(2)]) =
= [V, (ad2)*(Z)] + [z, 0(Y)((ad2)")(Z)]

= (Wf:[Y,Z])+ adx ((w Y, Z])z)

t
(u+t)k—uk‘

= (WY, 2], + ((t—l—u)

_ (mmj S Z]> |

xT
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Chapter 2

Universal representations by
coderivations

2.1 Functional equations associated to coderivations

Let K be a commutative superring and ¢(z) = 3, 2/¢; € K[[2]]. For any Lie K-superalgebra
g and a € g, we define ¢* := p(adx)(a) € g,. We recall from remark (1.3.1) that

gpa(Xl s Xn) = (—1)p(a)p(Xl+m+X") Z CnOz<Xg(1), ceey Xg(n))ang(l) ©:-+0 adXU(n)(a) (2.1)

O'EZn

for any n € N and Xy, ..., X, € g. In particular, if X € gy, we get

¢ (1) = coa (2.2)
" (X") = nle,(adX)(a), Vn > 1.

Remark 2.1.1. (Functorial property)

Let b be a Lie K-superalgebra and f : g — b be a morphism of Lie K-superalgebras. The
formula (2.1) shows that f o *(Xy -+ X,,) = T (f(X1) -+ f(X,)), for any n € N and
Xl; ,Xn cg.

Let p(t,u) = > .50 St ids o € K[[t,u]]. To a, b € g we associate the map
(p(t,u) : [a,b]); € g.. We recall that (remark 1.3.2) for X € gy and n € N we get
(p(t,u) = [a, b])o (X7) = nd 320y (0" dipi = [a, b)) .

Remark 2.1.2. By lemma 1.3.1 we have pl®% = (o(t + u) : [a,b]),.

By theorem 1.2.1, to the map ¢ we associate the coderivation ® := id * p* = Mult o (1 ®
©*) o A. We have

(XX =Y > a()?,ﬁ)Xpl---ij-gp‘I(Xl---)/(;---)/(p\j---Xn) (2.3)

J=0 1<p1<-<p;<n

where a()?,ﬁ) = (—1)p(“0a)p(x”1+"'+xpj)oz(Xpl, vy Xy X1, ...,)/(;, coiy Xpjy oy Xp). In particu-
lar, if X € go we get & (X") =377 (?)Xﬂ St (X7,

Let ¢ € K[[t]], b € g, and let ¥’ : S(g) — S(g) be the associated coderivation.
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Remark 2.1.3. By definition, for all Y € g we have id xY =Y.
Lemma 2.1.1. For any Y € g we have
i) @ oYL = id+ (@“*Y— (W“—)—W : [a,Y]) )

u

ii) @ 0 W id x (g — (— 1) (L) ; fa,0]) ).

PROOF. i) From the fact that A is, in particular, a morphism of algebras, and from remark
2.1.3 we have

Do Y = (id* ") o YE =idx {¢o" o VI 4 (—1)P"PMY 5 o7}
As x is commutative, this shows that
P oYl =idx {¢p oY} +idx " %Y.

By definition ¢® o Y = (—1)PMP)+2@)9(Y) (), so the theorem 1.3.1 gives the desired
formula.

i1) Let us consider the Lie superalgebra g, and its generic point y € Hom(S(g.), g.). By
definition and by remark 2.1.3 we have

g o Ug = By, o (id * ¢ (ady)(b)) [s@) = ,), © ¥(ady) (D) |s(q).

As ¢ (ady)(b) € (g)y, from case i we get

u

Tjo v - M*{wwwxw*¢wwxw—(¢“+“”‘“”:mw@mmwo }Mw

By definition (M : [a, @b(ady)(b)])
is finished. |
Theorem 2.1.1.

= (—1)pla)p(®) (M@/}(i&) : [a,b]) so the proof

Y Y

[‘I)a, lIIb] — id % (_1>p(z/;)p(a) (_ @(t + u) — (p(t) ¢(t + u) — w<u> . [a’ b]) )

U t

PROOF. Let w(t,u) := —2=e® ) — (¢ )w, we denote by Q% the coderiva-
tion corresponding to (—1)1’(1”) P@ (w(t,u) : [a,b]),. By theorem 1.2.1 we want to show that
(@2, Ub] = Q¥ From lemma 2.1.1 we get

(@, Wb] =
= e =y (A=A ) ) st 4

u

i <<_1)p<b>p(w)+p(q>a>p<Wb) <W +u) - Wt)@(u) b a]) (1)) ¢a)

_ _( 1)p(a)p Zd % <<_ )p(@)p(¢)¢(t + U) B w(U)QO(t) + gO(t + U) B @(t)w(u) : [a,b])
= dd* (=1)PWP@ (it u) : [a,b]), . 1
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To prove the next theorem we need some preliminaries, which we state in a form that will
be useful later.

Definition. 2.1.1. Let N > 1 be an integer. A Lie superalgebra g is said to be N -nilpotent
if we have
adXyo---oadXy =0, VXy,..., Xy €g.

Remark 2.1.4. For N = 1 we have a commutative Lie superalgebra, for N = 2 we have a
Lie superalgebra of Heisenberg type.

Lemma 2.1.2. For any N > 2, there exists a Lie K-superalgebra gn, N-nilpotent, equipped
of an infinite family of even elements {«, 5, X1, X, ...} such that

U {[adXZ(l) o---0 adXZ(T) (Oé), adXi(rH) ©---0 adX,(r+s)(ﬁ)], Z(l), ceey Z(T + S) S N}

0<r4+s<N-2
18 a free family.

PrROOF. We start by considering the free Lie algebras b over Z, with an infinite family of
generators «, 3, X1, Xs,... By properties of free Lie algebras ([Bou] prop. 10, page 26) we
know that

U {[adX;) 0 - - - 0 ad Xy (), ad Xigray © - - - © ad Xy (B)]38(1), .., i(r + 5) € N}

r,s>0

is contained in a basis of b.

Let Iy be the ideal of b generated by {adz; o - - - o adzy(Y)|x1,...,zn,Y € b}. The
quotient hy := b/Iy is a N-nilpotent Lie superalgebra over Z and the family fy :=
Uo<riscn—ot[2dXiay o 0ad Xy (a), adXigi1y 0 - - - 0 ad Xiry 0y (B)];4(1), ..., i(r + 5) € N} is
contained in a basis of hy.

We define gy := hy ®K, it is a N-nilpotent Lie superalgebra over K and b is a Lie subsuper-
algebra. As the tensor product of modules is distributive, gy inherits from by the property
that fx is contained in a basis of gy. 1l

Lemma 2.1.3. Let w(t,u) = 275, cit’w’ € K[[t,u]] and N > 2. If for any N-nilpotent Lie
K-superalgebra g
(w(t,u) : [a,b]): =0, Va,b e g,

then ci; = 0 for any 0 <i+j5 < N — 2.

PRrROOF. We consider the case g = gn, where gy is the N-nilpotent Lie superalgebra of lemma
2.1.2. Choosing a = o and b = 8 we get (w(t,u), [, f])z = Zﬁ;io ci it : [, B])a
Let 0 < p < N — 2, remark 1.3.2 gives

p
(wt,u), [0 Ba(XiX,) = cipmi D [adX,qy0--0ad Xy (@), , ad X1y 0+ -0ad Xy (8)].
=0

s€EX,

As (w(t,u), [a, 5])z(X7 - - - X,) is zero, lemma 2.1.2 gives that ¢;,_; = 0 for any ¢ =0, ..., p.
As 0 < p < N —2, the proof is finished. I

Let A € K][z]], we consider the coderivation A*: S(g) — S(g) for any a € g.
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Theorem 2.1.2. Let ¢, 9, \ € Ko[[t]]. For any Lie K-superalgebra g we have
(@2, ¥t =AY Ve beg (2.4)
if and only if ©, 1, \ verify
(_ p(t+u) — p(t)

u

P(u) = (1)

in Ko[[t, u]].

PROOF. Let w(t,u) := —Miﬂ(u) - @(t)w — A(t+wu). Using theorem 2.1.1 and
remark 2.1.2, we see that (2.4) is equivalent to

id * (w(t,u) : [a,b]), = 0,Va,b € g.
By theorem 1.2.1, this identity is equivalent to
(w(t,u) : [a,b]), =0,Va,beg.

We get immediately that the functional equation is sufficient. To show the converse, it is
sufficient to apply the lemma 2.1.3 to any N-nilpotent Lie superalgebra gy, with N > 2. We
get that in w(t,u) the coefficients of degree N — 2 are zero, for any N > 2. In particular
w(t,u)=0.1

Theorem 2.1.3. Let ¢ € K|[[t]]. For any Lie K-superalgebra g, we have
(@, %) =Y Ve beg (2.5)
if and only if ¢ has even coefficients (¢ € Ko[[t]]) and verifies

<_90(t + Ui — p(t) o(u) — o(t) o(t+ Ui — SO(U)> = ot +u). (2.6)

PROOF. As p(®%) = p(¢) + p(a), identity (2.5) needs p(¢) = 0. The theorem 2.1.3 follows
from theorem 2.1.2. |}

2.2 Universal representations

Let K be a commutative superring, () = >_; t'c; € Ko[[t]], g a Lie K-superalgebra. We
consider the map ® : g 3 a — ®* € Hom(S(g), S(g)) defined in section 2.1 by formulas (2.1)
and (2.3). From theorem 2.1.3 we know that ® is a representation for all Lie K-superalgebras
g, if and only if ¢ € Ko[[t]] verifies the functional equation (2.6). We look for solutions of
this functional equation.

Definition. 2.2.1. (universal representation)
Let M(g) be the symmetric algebra or the enveloping algebra of g. We call a representation
g — End(M(g)) universal, if for any a € g and any morphism of Lie K-superalgebras
f g — b the following diagram, with f the morphism of superalgebras induced by f, is
commutative: .
M(g) = M(g)
i i

Pf(a)

M(h) — M(b)

18



For any commutative superring K we introduce
po(t) := —t € Ko[t]]. (2.7)

For any ¢ € K{, if K D Q, we introduce also

All these series verify .(0) = c.

Lemma 2.2.1. Let Ky be a commutative field. The solutions of equation (2.6) which lie in
Ko[[t]] and such that (0) =0, are ¢ =0 and ¢ = py.

PROOF. If ¢(0) = 0, the limit lim,_,o applied to the equation (2.6) gives ¢(¢) (1 -+ @) =0,
so (t) is zero or p(t) = —t because Kol[[t]] is a domain. [

Lemma 2.2.2. i) Let ¢ € Ky[[t]] be a solution of equation (2.6). If the constant term

©(0) =: ¢ is invertible, f(t) := “Dg()t;rt satisfies

1 . (2.9)

ii) System (2.9) has solutions if and only if Ko contains Q. In this case the unique solution
is e € Ko[[t]]-

iii) Let K O Q and ¢ € Kj. The unique solution of (2.6) in Ko[[t] verifying ¢(0) = ¢ is
Pe(t).

PROOF. i) We recall that ¢ is invertible if and only if the series ¢ is invertible, so we write
the equation (2.6) as
)+t pu)+u plt+u)+t+u

plt)  plw)  plttu)
We have “Og();)rt =1+1t+---
ii) Let f =1+ %t + Yoo, fit®. The system (2.9) gives f'(t) = %f(t), S0 2fy = Ciz and
kfr = %fk,l for any k£ > 3. By induction we get that k is invertible and f; = ﬁ for any
k> 2.

iii) When f(t) = e<', we get o(t) = ¢o(t). |

We have shown the following theorems

Theorem 2.2.1. The map ®o : g — Hom(S(g), S(g)) associated to o is a representation
by coderivations.
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Remark 2.2.1. Let a € g. The map ®f is in the same time a derwation and a coderivation
of S(g) : for any Xy, ..., X,, € g we have

X, -+ X,) = Z(_1)p(a)p(xl+...+Xj71)X1 DY) - X
j=1
It is the only derivation of S(g) such that ®3(X) = [a, X] for X € g, so ®g is the adjoint
representation of g in S(g).

Theorem 2.2.2. Let K D Q. For any ¢ € K{, the series
tation by coderivations ®.: g — Hom(S(g), S(g))-

- € Ko[[2]] gives a represen-

Theorem 2.2.3. Let ¢ € Q[[t]]. For any commutative superring K O Q and any Lie K-
superalgebra g, the map ® : g — Hom(S(g), S(g)) is a representation by coderivations, if and
only if ¢ is zero, or p., ¢ € Q.

Remark 2.2.2. The Bernoulli numbers {by, € Q,k € N} are defined by the generating series

p1(2) = _1_Zbk_ k.

k>0

For example by = 1, by = —3, by = . Let ¢ € K, the fact that ¢.(t) € Ko[[t]] verifies the
identity (2.6) can be written in the following way:

k—1

l
klbbk+1p bkarlp
Vk>0, 0=05b [=0,.., k.
2o 0-ns 3 () S ()it o

p=0

2.2.1 The case of nilpotent Lie superalgebras

We are going to give an analogue of theorem 2.2.2 for K not necessarily containing Q.
Let N > 2, g a N-nilpotent Lie superalgebra over K, a and b € g.

Remark 2.2.3. i) The notation o(adz)(a) € g, is well-defined for p € K[t]/t" a truncated
polynomial with coefficients in K.

ii) The notation (p(t,u) : [a,b]), € 9. is well-defined if p(t,u) € K[t,u]/In, where Iy is the
ideal generated by {t'u?,i+j > N — 1}.

To a truncated polynomial ¢(z) € Ko[t]/t" we associate a family of coderivations still denoted
by ®*: S(g) — S(g), a € g. The direct part of the following theorem is a particular case of
theorem 2.1.2.

Theorem 2.2.4. For any g a N-nilpotent Lie superalgebra over K the map ® : g > a —
d* € Hom(S(g),S(g)) is a representation by coderivations, if and only if ¢ verifies

ot +u) = plu)

(21 = 20

- — ot + ) (2.10)

+ p(t)
in Kolt, u] /I
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PROOF. Let w(,u) := —@(U)M - gp(t)w — @(t + u). Proceeding as in the

proof of theorem 2.1.2 we get that equation (2.10) is equivalent to
(w(t,u) :[a,b]), =0, VYa,b e g.
Moreover, for a N-nilpotent Lie superalgebra, this reduces to
(w(t,u) mod Iy :[a,b]), =0, Ya,b e g.

We get immediately that the functional equation (2.10) is sufficient to get a representation.
The converse follows from lemma 2.1.3. |}

Example 2.2.1. Let Ky be a field.
a) Let N =2 and 3 € Ko. We look for ¢(t) = co + et mod t* solution of

2cpc1 = —¢p.

We have ¢(t) = 1t or ¢(t) = ¢y — 3t.

b) Let N =3 and 3,5 € Ko. We look for o(t) = co + c1t + cot? mod t* solution of
2coc1 + (3coca + &) (u+1) = —cg — 1 (t + u).

We get (t) = cat®, or @(t) = —t + cot?, or p(t) = co — 5t + ot with ¢ # 0.

Lemma 2.2.3. Let N > 2. The equation (2.10) has solutions in K[t]/t™ with ©(0) € K, if

and only if %, e % € K. In this case the unique solution such that p(0) =: c € K{ is

©.(t) mod tV.

PROOF. We look for ¢ € Ky[t]/t" such that 1 + ﬁ € Ko[t]/tV+! solves the system (2.9) in

K[t, u]/IN+2.
The system (2.9) has solutions in Ko[t, u]/Iy;2 exactly when 2, ..., N are invertible in K.
In this case the unique solution is ec! mod N +! with ¢ € K, it means that ¢(t) = ¢.(t). |

We have shown that
Theorem 2.2.5. Let K DO {3,....,+}. For any ¢ € K, the truncated polynomial ¢.(t) €
Ko[t]/t" gives a representation by coderivations ®.: g — Hom(S(g), S(g)).

Theorem 2.2.6. Let K be a field, p its characteristic, p € K[t]/tY. We assume that 2 <
N < p. For all N-nilpotent Lie K-superalgebra g the map ® : g — Hom(S(g),S(g)) is a
representation by coderivations, if and only if ¢ =0 or ¢ = ¢, mod tV, c € K.
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2.2.2 Some properties of the representations P,

This section applies to the cases K O Q and g any Lie K-superalgebra, and to the case
K> %, e % with V> 2 and g a N-nilpotent Lie K-superalgebra.

Remark 2.2.4. If ¢ € K[, the representation g > a — ¢ € Hom(S(g),S(g)) is faithful
because P(1) = c - a.

Remark 2.2.5. From theorem 2.1.2 we get [®2, ®Y] = ! for alla,b e g andc € K& u{0}.

Theorem 2.2.7. Each representation ®., ¢ € K, is equivalent to ;.

PROOF. Let ¢ € K. We consider the map f. : S(g) — S(g) such that f.(X;---X,) =
Xy X, forall Xi,...,X, €g. Wehave f;1o®%0 f.=®¢ Vacg. |

Let g and h be two Lie K-superalgebras, f : g — h be a morphism of Lie K-superalgebras.
It extends to a morphism of algebras f : S(g) — S(b).

Remark 2.2.6. (Functorial property)
By remark 2.1.1, for any a € g and ¢ € K§, the following diagram commutes

S(g) 5 S(g)
by by
@Z(a)

——

2.3 A more general equation

Let K be a field of characteristic zero, ¢ and u be two commutating variables. We classify
the triples of formal series (g, 1, p) such that ¢, v, p € K[[t]] and

W)w(t + uz — h(u) N o(t + ul)b — (t)

Y(u) = p(t + u). (2.11)

This is motivated by theorem 2.1.2, it is clear that equation (2.6) is a particular case of
equation (2.11). The classification is contained in theorems 2.3.2 et 2.3.3.

Remark 2.3.1. Applying the limit t — 0 we get

: p(u) = ¢(0)

p(0)) (u) + U(u) = p(u). (2.12)

This differential equation gives the existence of a € K such that ¢(0)(u) — 1(0)p(u) = au.
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As the series p is determined by (2.12), it is natural to ask if equation (2.11) can be reduced
to an equation for the couple (,). To get this equation we introduce p(t), ¢(t) € £ + K][[¢]]
such that

p(t) =tp(t), ¥(t)=tq(?).
Theorem 2.3.1. The pair (p(t),q(t)) gives a solution of (2.11) if and only if

q (W{p(t+u) —pt)} = p O){q(t +u) — q(u)}. (2.13)

PROOF. Equation (2.11) becomes

p(O{(t + w)q(t +u) —ug(u)} + g(w){(t +w)p(t +u) = tp(t)} = p(t + w).

We recall that a function f(¢,u) is a function of ¢ + u if and only if %f(t, u) — %f(t, u) = 0.
We apply this fact to f(t,u) := p(t){(t + u)q(t + uv) — ug(u)} + q(w){(t + w)p(t + u) — tp(t)}
and we get equation (2.13).

Formula (2.13) is very elegant. However, we will use it only trough the following remark.

Remark 2.3.3. If the pair (p, q) is a solution without poles of (2.13) then q (u)(p(u)—p(0)) =
0, so p or q is constant.

Theorem 2.3.2. All triples of series (@,v, p) verifying (2.11) and ¢(0)1(0) = 0, are given
by the following list

i) (p(8),9(1), p(t)) = (p(t), ct,co(t)),  ceK, peK[[]],

i) (o), ¥ (t), p(t)) = (ct,¥(t), cp(t), e €K, ¢ € K[]].

PROOF. It is sufficient to consider the case 1(0) = 0. From remark 2.3.2 we get ¢(0)¢(u) =
au, with a € K. Let ¢(0) # 0, we get ¢(u) = cu with ¢ € K. Equation (2.11) is verified with
cp(t) = p(t), so we have a triple of type i.

Let ¢(0) = ¢(0) = 0. From remark 2.3.3 we get ¢(u) or p(u) constant, that means we get a
triple of type i or ii. i

Now we treat the case ©(0) - (0) # 0.

Remark 2.3.4. Let a,b € K. If (p(t),¥(t), p(t)) verifies the functional equation (2.11), also
the triple (ap(t),bp(t),a - bp(t)) verifies (2.11).

It is sufficient to look for series such that 1(0) = ¢(0) = 1.

Remark 2.3.5. Let a,b € K. If (¢, v, p) verifies (2.11), the triple (p(t) + at, v + bt, p(t) —
a-bt —ap(t) — bp(t)) verifies it.

By this remark, we can restrict ourself to look for triples with ¢ = v and ¢(0) = 1, ¢’(0) = 0.

Remark 2.3.6. Let a € K. If (¢(t),¥(t), p(t)) verifies the functional equation (2.11), then
(p(at),(at),ap(at)) verifies (2.11).
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For any ¢ € K we introduce the notation

0.(t) = Vccoth(y/ct) =1+ §t2 — Z—;t‘* + - e K[[t]].

In particular 6y(t) = 1.

Lemma 2.3.1. Let ¢ € K. There exist exactly one triple (e, Ve, pe) such that ¥.(t) =
14 £t% + o(t*). Moreover ¥.(t) = v.(—t),

(Ve(t); pe(t)) = (Vet) coth(v/et), ct).

PROOF. We consider the left hand side of (2.11). As its derivatives by ¢t must be equal to its
derivative by u (see the proof of theorem 2.3.1), if ¢ = 1) we get

Pt +u) —9'1)

w/(t)zb(twi — ¥(u) +w(t>% (¢(t+u35 - ¢(u)> () )
)y B8y D (4 v
As (0) = 1 and ¢/(0) = 0, the limit ¢ — 0 gives
Ly = P ) — 1) — gy 2 214

2 U u?

Substituting ¢(t) = 14 £t% + 37 5 cxt” we get

k-1
—2 keic
Cry2 = Rk +3) ( 3 —l—Zcpck_erz(k—p—l—l)) , k>1

p=3

This formula gives c3 = 0. By induction, all coefficients cyj41, j > 2 are zero. The series
tcoth(t) = 14 3t* + - - - is a solution of equation (2.14). By remark 2.3.6 also ct coth(ct) =
1+ £t + - - is a solution of equation (2.14). i

Theorem 2.3.3. All solutions of (2.11) verifying ¥ (0)¢(0) # 0 are in the following list:

o(t) = ab.(ft)+ bft
P(t) = db.(ft) + eft
p(t) = f(ae + bd)b.(ft) + (adc + be) ft

with a,b,c,d,e, f € K and a-d # 0.

Remark 2.3.7. We have
04+ ©_q =y, VdeK (2.15)
(1) = - (1) =2V (w1 (8) — (1))

3ve 27e

and 0.(t) = +/c <gp
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2.4 Motivations

In this paragraph we consider the case of Lie algebras over a QQ-algebra. So we assume that
K = Kj is a commutative ring, and g a Lie K-algebra.

Let K O Q and g be a Lie K-algebra. In this chapter we have considered coderivations
associated to vector fields on g of type

¢* = p(adz)(a)

with a € g, ¢ € K][[t]], = € g, the generic point of g. We have seen in remarks 2.1.1 and 2.2.6
that ¢® and the corresponding coderivation ®“ satisfy a functorial property. We are going to
prove the converse.

We look for any morphism of K-modules Fy : S(g) ® g — g such that, for any morphism
of Lie K-algebras f : g — b the diagram

S(g)®g R
eI ¥, (2.16)

F,
Shy®h — b
where f: S(g) — S(b) is the algebra-morphism induced by f, commutes.

Theorem 2.4.1. For each n € N, there exists ¢, € K such that
Fy(Xy - X, ®a) = (cp(adz)"(a))(X; - - - Xp)
for any X1, ..., X,,a € g.

PROOF. We consider the free Lie K-algebra h with generators zi,...z,41. Let Y = Fy(zy -
C Ty @ Tpyr). Let t € Q. We fix i € {1,...,n + 1}. By the universal property of free Lie
algebras, the map
. X J# _
fri: X — { Xit, =i Vi=1,..,n+1

extends to a morphism of Lie K-algebras fii i b = b. As the diagram (2.16) associated to this
map commutes, we get Yt = f;;(Y). We write Y = > Y, ; where Y,,; is a bracket containing
n times x;, so fi;(Y)=>, Y, it". Toget Yt => Y, t", we need Zn#l Y, (t—t") =0 for
any t € Q. As the family {Y,,;|Y,; # 0,n > 0} is free (see [Bou], prop. 10, page 26), we get
that Y = 374! V;,. This is true for any i € {i,...,n + 1}, so Y is a linear combination of
brackets of n elements, exactly elements x1, ..., 2,11.

Using the Jacobi identity and the fact that the bracket of a Lie algebra is antisymmetric,
we show that Y is a linear combination of adzyiy o - - - 0 adwypm(¥ny1), with s € X, Let
Y =3 .5, csadrgq) o - - - 0 adwy(n)(Tng1), with ¢ € K. As a permutation u of {z1,...,7,}
extends to a morphism g, of Lie K-algebras, from the commutative diagrams (2.16) for g,
we get Zsezn(cs — Csou)ady(ry © - - - 0 adZs(n)(Tny1) = 0. By properties of free Lie algebras
(see [Bou], prop. 10 page 26) we get that the family {adz,q)o - oadzym)(zps1)|s € Xy} is
free. In particular c; — cso, = 0 for any s € ¥,,. As it is true for any permutation s, we get
cs = Ciq for any s € ¥,,. We note ¢;q as ¢,, so Y = ¢, ZjeEn adzjy o - - - 0 adwp) (Tni1)-
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Let f be a map {z1,...,2n, Tpi1} — ¢ in a Lie K-algebra. From the universal property
of free Lie algebras, f extends to a morphism of Lie K-superalgebras still noted f. Let
a:= f(zps1), f(x;) = X;. The commutative diagram for f gives

Fy(Xy-+ X, ®a) =c, Y adXjq)0---0adX;m(a). I

JEXA

Remark 2.4.1. The previous theorem is not valid for a Lie superalgebra g. For example, if
0y = 0 is the map such that 0|g, = id and 0lq, = —id then g > a — (adx)™(0(a)) has the
functorial property expressed in diagram (2.16).

2.5 The Poincaré-Birkhoff-Witt theorem

Let K be a commutative superring and g be a Lie K-superalgebra. We assume that % e K
or that K =K and g = go.

We recall that the enveloping algebra U(g) is defined as the quotient of the tensor algebra
T(g) by the ideal J generated by {a ® b — (=1)PW*®b & q — [a,b]|a,b € g}. The inclusion of
gin T(g) givesamap j: g — U(g). Let gr(U(g)) be the graded module of U(g) associated
to the filtration {U;};>0 with Uy = K and U; the K-module generated by {j(X1)---j(X;)|l <
i, X1, ..., X; € g}. The hypothesis give that it is a commutative superalgebra.

Remark 2.5.1. If our assumptions are not verified, gr(U(g)) is not commutative. For
example let us consider g = Ze with odd e and [e,e] = 0. As j(e)* & Ui(g), gr(U(g)) is not
commutative.

By the universal property of symmetric algebras, j extends to the algebra-morphism

j:S(g) — gr(U(g))
such that X --- X, — j(Xy) - - - j(X,,) mod U,_4, for any X, ..., X,,. This map is onto.

Definition. 2.5.1. We say that g verifies the weak Poincaré-Birkhoff-Witt theorem if j is
bijective.

Before giving the next definition we recall that a map f : g — g is said to be an automorphism
if it is an invertible morphism of Lie K-superalgebras. Such a map induces two isomorphisms
of algebras: f:S(g) — S(g) and f: U(g) — U(g).

Remark 2.5.2. A derivation g : g — g extends to derivations g1 : U(g) — U(g) and
g2 : S(g) = S(g). Moreover, go is also a coderivation.

Definition. 2.5.2. We say that g verify the strong Poincaré-Birkhoff- Witt theorem if it does
exist an isomorphism p € Hom(S(g),U(g)) such that

i) p(S™(g)) € Un(g) for anyn €N,
ii) the associated graded map gr(p) is j,
iii) p commutes with any derivation of g and any automorphism of g.
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Remark 2.5.3. Let n > 1. From i and ii we have p(S™(g)) ® U,_1 = U,. From ii we get
that p(S™(g)) is stable by any derivation or automorphism of g. In particular S(g) and U(g)
are isomorphic for the adjoint representation.

Now we suppose also that
Hypothesis 2.5.1. K2 Q or g is N-nilpotent with N > 2 and 2,...,N € K.

From theorems 2.2.3 and 2.2.5 we have a representation ®; : g — End(S(g)). By the universal
property of enveloping algebras, it extends to an algebra-morphism ¢ : U(g) — End(S(g))
such that ®; = ® o j. From ® we construct the map o : U(g) — S(g), called the symbol map
and defined by

o(u) :=®(u)(1), Yu € U(g).

For example, for all a1, as, a3 € g we have

o(l)=1
o(j(ar))
o(j(a1)j(az)) = a1 - as + %[ah as)
a(j(al)j(az)j(ag)) =ap-az-as+ % {&1 : [GQ, G3] + [al, 062] -asz + (—1)p(a1)p(a2)a2 : [al, as]} +
1 p(az)p(ar 1
+ — (=Pl qy fay, az)] + [[a1, az), as]} + Z[al,[(lg,ag]].

Lemma 2.5.1. Let K be any commutative superring and g any Lie K-superalgebra. If \ €
K[[2]] with A(0) =1, the coderivations corresponding to A have the property

Ao o A" (1) —a, - a1 € @?;&Sj(g), Yaq,...,a, € g.

PROOF. If n = 1 the theorem is evident. As A% o---0 A% (1) = A% (A1 o-..-0A"(1)),
by induction there exists p,, € EB?:_(?Sj (g) such that A*-1o-- 0 A" (1) = ap_1 - a1 + pn.

As for all p >0
C@S] ® SP(g),

we have A% (p,) C @;:11 Si(g), it is sufficient to show that A% (a, y---a;) —a,---a; €
@"5.57(g). This identity follows using A(an_1---a1) —ap_1---a1 ®1 € B¢ 5 (g)@.5" 1 (g),
using the definition of A, using (2.2). il

Theorem 2.5.1. Assume hypothesis 2.5.1. Then
i) the map o is invertible,

ii) g verifies the strong Poincaré-Birkhoff-Witt theorem with p = o~ !,

PROOF. i) By lemma 2.5.1 the graded map gr(o) : gr(U(g)) — S(g) is well-defined and onto:
for any n € N we have

gr(a)(al RN Un—l) = J(al) e O(an)a Vay, s an € 8.
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The inverse of gr(c)|v, /v, , 1S jlsn(g), S0 gr(c) is one-to-one.
ii) In 7 we have seen, in particular, that j=gr(c"). Let f: g — g be an automorphism of
g we want to show that o o f = f o . It follows from remark 2.2.6.

Let g be a derivation of g and a4, ...,a, € g. We want to show that g, o 0 = 0 0 g1, which
means

(g0 @™ o0---0®™) (1) = Z(_l)p(g)p(a1+~--+aj71) (<I>‘“ o ®9(4) q)an) (1), Va,...,an € g.

J=1

By induction, it is sufficient to show that [g, ®¢] = ®9( for any a € g. By definitions
g2 0] = ] 0 g+ gpg(“), it gives [g2, P} = 1@ ¢pfo (g2 @1+ 1® gy — Ao gy) + ®9(@) The
fact that g, is a coderivation ends the proof. |

Let 8 := 071

Remark 2.5.4. (Functorial property)
Let f: g — b be a morphism of Lie K-superalgebras. By remark 2.2.6 we get a commuting
diagram
B
S(g) — Ulg)
Vi 7
B
Sh) — U(b)
To get formulas for § we use the following lemma.
Lemma 2.5.2. For alln € N and a € go we have (®7)"(1) = a™.
PROOF. If n = 1 the statement is obvious. By induction
a\n — Ha a\n a(l n - n ] a/ n—j
@01 (1) = 8t (00" (1) = #1(a) = 3 (7)ol ()
5=0

From identity (1.2) we get ¢%(a’) = 0 for j > 1, so (®%)"+1(1) = a™ - (1) = a"*'. |

Corollary 2.5.1. i) For all a € go we have

ii) For eachn € N and ay, ...,a, € g

nlﬁ(al T an) - Z a(as(l)a ) as(n))ﬁ(@s(l)) e B(as(n))

Sezn

From now on (8 will be called the symmetrization map. If K contains Q, S is the usual
symmetrization map. If K does not contains Q, the previous corollary does not give an
explicit formula for the symmetrization map. However, we can compute 5(X; - -+ X,,) (as in
the following example) but we do not know a nice formula.
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Example 2.5.1. Let K = Z/3Z, it contains % Let g be a 2-nilpotent Lie superalgebra over
K. For each a € g, ®* = o* + 1ada. Let ay,as, a3 € g, we have

o(i(@)i(@2)) = a1 > + Lo, ]
o(j(ar)j(az)i(as)) = a1 - as - as + % {a1 - [az, a3] + [a1, az] - ag + (=1)"*"“ay - [ay, 3]} .

By inversion we get

Blar - a2) = jar)j(az) — 580, a2)) = o)) — i, )

2
Blar - az - az) = j(a1)j(az)j(as) — %5 (a1 - [az, as] + [a1, a2] - a5 + (— 1P “ay - [ay, as]) =
— o) (ian)itan) - gilen,aa)) = 5 (illorsaalifan) + (-0 (og)i . ).

Remark 2.5.5. (Historical note)

In the literature you can find proofs of the fact that B is an isomorphism of K-modules for
K=K, 2 Q, g a Lie K-algebra (|Coh], [Bou] ezercise 16, page 78) or a Lie superalgebra
(appendiz of |[Qui] ). All these proofs are reduced to the case of free Lie algebras.

The case of N-nilpotent Lie superalgebras was known only for N = 2. It was proved by M.
El-Agawany and A. Micali (see [EIM]).

Before [Coh] the theorem was known for some class of Lie algebras. For example P.
Cartier showed the Poincaré-Birkhoff-Witt theorem for a Lie algebra over a Dedeking ring
(see [Car]). In the same paper there is an example of Lie algebra not verifying weak Poincaré-
Birkhoff-Witt property. An older example is contained in [Sir].

Cohn uses that the theorem is true for g a free Lie algebra, to prove that (B is injective
if K is torsion-free and g a Lie K-algebra. He s the first to prove the strong Poincaré-
Birkhoff- Witt theorem with no assumption on g as a K-module. The same paper contains a
family of examples of Lie algebras over a ring of prime characteristic p, not verifying weak
Poincaré-Birkhoff- Witt theorem, one for each p prime.

In [Boul]) it is shown that B is one-to-one for a Lie algebra over Q. The proof is reduced
to the case of free Lie algebras.

In the appendiz of [Qui], to prove that [ is one-to-one, the proof is also reduced to the
case of free Lie superalgebras.

2.5.1 Universal representations over the enveloping algebra

We still assume hypothesis (H 2.5.1). By theorem 2.5.1 we can transport each coderivations
., c € Ki U {0}, on U(g).

We recall that U(g) is equipped of a natural comultiplication A’, such that for a € g we
have A'(j(a)) = 1 ® j(a) + j(a) ® 1.
Lemma 2.5.3. The symmetrization map verify A" o 8 = (8 ® ) o A. In particular for all
a€gandceKSU{0}, Bodo Bt is a coderivation of U(g).
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PROOF. We consider the map g — g x g such that X — (X, X). It induces the comultipli-
cation over S(g) and U(g), so remark (2.5.4) ends the proof. i

Let a € g. In U(g) we have adj(a) = j(a)X — j(a)".

Theorem 2.5.2. For all a € g we have
i) 5~ o adj(a) o f = B

ii) 5~ 0 j(a)" o 5 = B

iii) Bt o j(a)fo B =—P2,.

PROOF. i) The map g 5 X + [a, X] is a derivation of g, it extend to derivations adj(a) and
®f. The theorem 2.5.1 gives the identity <.

it) Let W € S(g), to show that o (j(a)-B(W)) = ®{(W) we only need to recall that by
definitions we have o (j(a) - S(W)) = @ oo (B(W)) = OF(WV).

iit) As adj(a) = j(a)’ — j(a)® in U(g), the previous cases give

B oj(a) o B = 0f — OF.
From (2.15), the coderivation ®¢ — ®¢ is equal to —®* . i

Remark 2.5.6. The map a — 30 ®* o 37! interpolates the regular left representation a —
j(a)* (c =1) and the regular right representation a — —j(a)® (c = —1).

Theorem 2.5.3. Let K = Ky be a field of characteristic zero and g = go. All universal repre-
sentations g — Hom(U(g),U(g)) by coderivations are equivalent to the zero representation,
or to the adjoint representation, or to the reqular left representation.

PROOF. Let F' : g — Hom(U(g),U(g)) be a representation by coderivations. We assume
that F is not the zero representation. By lemma 2.5.3, for any a € g, G(a) := 8710 F(a)o 8
is a coderivation of S(g). In particular G is a representation by coderivations of g in S(g).
Using that K is a field and using theorem 2.4.1, we get that G is one of the representations
given in theorems 2.2.1 and 2.2.2. From theorem 2.2.7 we get that G is equivalent to ®; or
®y. By theorem 2.5.2, g 3 a — G(a) is equivalent to g > a + adj(a) or g > a — j(a)". Il

Remark 2.5.7. Let K a field of characteristic zero. We note m : S(g) — @ the projection
over g and we put P = m o L. By theorem 1.2.1 the part i and i of theorem 2.5.2 is
equivalent to P oa® = pfo 71, Poa® = —p*, o 7. In [Sol] and [Hel] we can find a
formula for P.

Remark 2.5.8. In [Ber| and [Ras] we can find the formula for 37! o a® o B which is in
theorem 2.5.2.
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Chapter 3

Lie groups

3.1 Dual representations

In this section we suppose that K is a field of characteristic zero and that g is a Lie K-
superalgebra.

We recall that, if A is a K-algebra equipped with a comultiplication A, its dual A* :=
Hom(A,K) is a K-algebra.

Lemma 3.1.1. The dual map of a coderivation is a derivation.

PROOF. Let ® : A — A be a coderivation and let ® be its transposed map. By definitions
we have
" o Mult = Mult o (1 ® ®" + " ® 1).

In particular if a,b € A we have ®(a - b) = ®7(a) - b+ (—1)P®P@)q . dT(p). |

We note g* = Hom(g,KK) the dual supervector space of g. Let be X € g and let 9(X)
be the derivation of S(g*), with parity p(X) such that for f € g* we have 9(X)(f) =
F(X)(=1)PPX) - Between the superalgebras S(g) and S(g*) we have a natural pairing
noted < -,- > and defined by

<Xy Xy, f>=0(X1) 00 0(Xy)[o(f) (3.1)

for all Xy,..., X, € gand f € S(g").
Let ¢ € K. The map g 2 a — (®%)7 gives a representation of g in S(g)*, by derivations.
We note &, this representation, for all a € g we have £%: S(g)* — S(g)*.

Theorem 3.1.1. For all a € g and ¢ € K§, the restriction of £ to g* is —p.(adx)(a).

PROOF. Let f € g* and X, ..., X, € g. By definitions

—(—=1)PEeXnp(@) < XX EN(f) >= = < PUX - X)), f >
= —<UX1-X,), f>.

Remark 3.1.1. Let £%x : S(g)* — K be the evaluation of £* in X € go. For all X € gy, the
previous theorem gives £2|x = —p.(adX)(a).
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Remark 3.1.2. Let K = R or K = C. The vector fields {£,¢c € K{ }aeq are analytic.
As explained for instance in [DuK], the existence of such a family of analytic vector fields
can be used to show that g contains an open neighborhood U of the origin, equipped with an
associative map v : U X U — g. This is the theorem, due to Sophus Lie, which states that we
can choose U in such a way that u verifies also w(X,—X) =0 and u(X,0) = u(0,X) = X,
for any X € U.

3.2 Lie groups

Let be K = Ky = R, g = go a finite-dimensional Lie K-algebra, G a Lie group with Lie
algebra g.

For any ¢ € K, we consider the open set g. composed of X € g such that adX has
no eigenvalues in (2rci)Z \ {0} € C. For any a € g and X € g, the series ¢.(adX)(a) is
convergent, and £% is a vector field over g.. Moreover for any X € g., £%|x is the corresponding
tangent vector in the point g.

We note Cg° the sheaf of regular functions over g and Cg’ the sheaf of regular functions
over G. If exp : g — G the exponential map of G, it induces exp* : Cg — Cg°.

Let Vi C g be an open set such that exply, is a invertible, then exp* : Cg (expVp) — Cg°(Vo)
is invertible. In particular 7%¢ := (exp*)~! 0 £ o exp* is a vector field over exp(Vy N g?).

Remark 3.2.1. For any c € K, the map g 2 a — T*° is a representation of g.

Let g € G, we note T,G the tangent space in g, [, : G — G is the left multiplication by
ge G, dl,:g—T,G is its differential.

Theorem 3.2.1. Leta € g, c € K. For all X € VyNg? the tangent vector T:;;(X) € Teupx)G
18 given by

dlexp(X) <11:Z;21XX (a)> y C ?é 0
Teﬂép(X) -
dlewp(X) ((eiadX - 1)(0’)) , C= 0
PROOF. We have T77 +\ = (£ o exp”)|x = d(exp)x o &|x. It is well known (see for example

[Var]) that d(exp)x = dlespix) © 1’;—;&. i

Remark 3.2.2. We have
a,l —a a,—1
Tezp(X) = _dlexp(X) (6 dX<a)) ) Tezp(X) = dlewp(X) (CL)
s0 a+ T and a — T ! are respectively the right and left reqular representations.

Remark 3.2.3. The family {g > a — T}, interpolates the left and the right regular
representations.
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3.3 Differential forms over a module

Let K be a commutative superring and M a K-module. To introduce the notion of differential
form we need the following definition.

Definition. 3.3.1. We denote by IIM the K-module with graduation (IIM)y = M; and
(IIM ), = My. The identity over M gives an odd map m € Hom(M,IIM). The structure of
K-module for IIM is given by

(rm)a = w(ma),Ym € M,Va € K.
Let N be a K-superalgebra.
Definition. 3.3.2. The space of differential forms over M and with values in N is

A(M,N) := éHom(S”(HM) ® S(M),N).

n=0
Let n € N. A differential n-form is an element of A"(M,N) := Hom(S™(IIM) ® S(M), N).

As Hom(S(M), N) is S(M)*-superalgebra, we have a structure of S(M)*-superalgebra over
the space of differential forms.
Let V' be a K-module. For any ¢ € Hom(S(V),V)and F € Hom(S(V), N), we introduce

A(p)(F) = (=1)PLPEE o & € Hom(S(V), N)

where ® € Hom(S(V),S(V)) is the coderivation corresponding to ¢. Let a € A°(M, N) and
be M, db)(a)=(—1)POP@qobl (it is equal to the derivative in the direction b introduced
in section 1.2.1). Let « € A(M,N) and ¢ € Hom(S(M), M). We introduce

i(p)(a) = 9(m 0 p)(a) € A(M,N).

In particular, if « € A"(M, N), with n > 2, and ay, ..., a, € g, we have i(ay) - - - i(a,)(a) :=
(—1)pl@p(rart=tan) o (rq, - - - ra, ®id) € A°(M, N). We introduce the map § € Hom/(S(M @
IIM), M @& IIM) such that
d(mm) =m, Vme M
6(M) = {0}
O(S"(M e TIM)) = {0}, Vn#1.
The de Rham differential of « € A(M, N) is the differential form da := —0(0)(a). We
have the following commutation rules
[d,i(a)] = d(a), [i(a),d(b)] =0, [i(a),i(b)] =0, Va,be M.
Remark 3.3.1. Let oy € A°(M,K), oy € AY(M,K) and oy € A*(M,K). For any X,Y,Z €
M we have
i(X)(dag) = (=1)"9(X)(a)
i(X)i(Y)(dar) = =0(X)(i(Y)(an)) + (=D)PPPOIAY)(i(X) ()
(X)i(Y)i(Z)(daz) = O(X)(i(Y)i(Z)(az)) + (=1)FTPEIO(Z) (i(X)i(Y ) (a2)) +
+(=1)PEOPYED (YY) (i(2)i(X) (az)).-

~
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3.4 Maurer-Cartan equations

Let K be a commutative superring and g a Lie K-superalgebra. We call a left invariant
Maurer-Cartan form over g, each 1-differential form @ € Hom(Ilg ® S(g),g) such that,
i(a)(a) : S(g) 2 1 — a for any a € g, its de Rham differential d(@) verifies the Maurer-
Cartan equation

1
d@}:—ﬂma} (3.2)
In an analog way we have a notion of right invariant Maurer-Cartan form over g. We note
a such a 1-form. The difference with @ it that the differential da verifies another equation

of Maurer-Cartan:

mmzéﬁm. (3.3)

For any a € g, the contraction i(a)(@) belongs to Hom(S(g),g). We look for differential
forms @ and « described in the following way: i(a)(@) = f(adz)(a) where f € Ky[[t]] is a
formal series such that f(0) = 1.

Let 8 € {1, —1}, the two Maurer-Cartan equations (3.2) and (3.3) can written as

~0(a)(f(adz)(b)) + (=1)"PP0(b)(f(adz)(a)) = B[S (adz)(a), f(adz)(D)], Ya,b € g (3.4)
where § = 1 corresponds to @ and § = —1 corresponds to a.

Lemma 3.4.1. Equation (3.4) is equivalent to
<f(U+t) —fO) | flutt) = flu)

U t

+Bf(u)f(t) : [a,b]) =0, Va,b € g. (3.5)

PROOF. From theorem 1.3.1 we have

o) flade)0) = (L= )

so 9(b)(f (adz) (a)) = —(=1)er®) ({000 (g )

Theorem 3.4.1. 1) Let § € {1, —1}. The equation (3.5) is verified for all Lie K-superalgebras
if and only of

in Kol[t, u]].
i1) Let K D Q, the unique solution in Ko[[t]] with f(0) =1 is f(t) := f_ﬁ%.

PRrROOF. The first part follows from lemma 3.4.1. As seen in the proof of theorem 2.1.2, an
equation of type (3.5) is verified for any K-Lie superalgebra if and only if the functional
equation (3.6) is verified.

i1) The functional equation (3.6) gives f’(t) + M = —Bf(0)f(t). If we fix f(0) := ¢, this
equation has only one solution which is a formal series. For ¢ = 1 and we have the unique

solution f(t) = 67_6%. i
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Corollary 3.4.1. Let K O Q. FEach Maurer-Cartan equations has one analytic solution
independent of the Lie K-superalgebra:

_ 1— e—adz _ ade 1
o= ——- o =
adz

e
adx

Remark 3.4.1. Let K = R. An analytic solution of the Maurer-Cartan equation can be used
to prove the third Lie theorem on the existence of local Lie groups (see [Sha]).

Remark 3.4.2. For any a € g, there exist a, a analytic vector fields over g such that
i(a)(@) = i(a)(a) = a. More over @ = —p_1(adx)(a), a = p;i(adz)(a).

The vector field @ is called the left invariant vector field of a, a is the right invariant one.
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Chapter 4

Symmetric spaces

Let K be commutative superring. We recall the definition of a K-supersymmetric space.

Definition. 4.0.1. Let g be a Lie K-superalgebra, b and q two K-modules such that g = HBq.
We say that (b,q) is a supersymmetric space if

b,6]€h, [9,9] Sh, [h,g] Cq.

Example 4.0.1. Let g be a Lie K-superalgebra. As examples of symmetric spaces we have
i) g with b = go and q = g1, if g = go or 3 € K.
ii) The direct product of Lie superalgebras g x g becomes a symmetric space if by is the diagonal
and q = {(X,-X), X € g}, when ; € K.

Let g be a Lie K-superalgebra. We consider the family {®,.}. of representations introduced

in section 2.2. We start with some properties of ®. related to g x g.

Lemma 4.0.2. Assume K O Q. The couple (P, ®4), with ¢ and d in K§, is composed of
commuting representations for any Lie K-superalgebra g , if and only if ¢ = —d.

PROOF. Let us consider the couple ®. et ;. By theorem 2.1.2 and by formula (2.12) they

commute if J
0=d- () + il - 2120
If we derive and we set z =0 we get 0 = ¢ + d.
If c=d =0, we get &y, which commutes with itself only for g commutative. To end the
proof, we need to show that ¢ = —d # 0 is also a sufficient condition. This means that
el +y) — ¢e() p-c(z+y) —p-c(y)
() — ¢c(x)

C

Yy T

=0.

—C

pe(zty)—pe(z) (x) pe(—z—y)—pc(~y)

this equation is equivalent to @C(—y)# = —, who is true. il

Let p:gxg — Hom(S(g),S(g)) be a representation, it decomposes into the sum of two com-
muting representations pi, pa : g — Hom(S(g), S(g)) such that p(aq,az) = p1(a1) + pa(az)
for each (ay,as) € g X g. We write p = (p1, p2)-

In the following theorem we consider only Lie K-algebras g such that one of the following
hypothesis is verified:

0,1) K 2 Qa

ay) g is N-nilpotent and £, ..., € K.
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Theorem 4.0.2. Let N > 1, K =Ky be a field, g = go be a Lie K-algebra. A representations
by coderivations of g x g over S(g) is universal in the family of Lie algebras g verifying ay
if and only if it is the zero representation, or (., 0), or (0,P.) with c € K U {0}, (Pg, P_4)
with d € K; .

PRrROOF. If p is a representation by coderivations for any Lie algebra verifying ay, also p; and
p2 have the same property. Theorems 2.2.3, 2.2.5 and lemma 4.0.2 end the proof. il

Using the previous theorem, corollary 2.2.7, theorem 2.5.2 we get

Corollary 4.0.2. Let N > 1, K=K be a field, g = go be a Lie algebra. We have 5 classes
of equivalence for non-zero representations by coderivations of g x g — Hom(U(g),U(g))
which are universal in the family of Lie algebras g verifying ay:

g x g3 (ab)— aada+ (1 — «a)adb, ae{0,1}
ax g3 (a,b)— aa® — (1 —a)b?, a e {0,1}
axg>3 (a,b)—a" — bt

Let m(t) € K[[t]]. To any a € g we associate the coderivation M® : S(g) — S(g). By
theorem 2.1.2 we get

Lemma 4.0.3. Assume that % € K. For any Lie K-superalgebra g the identity
o b Lgladl
[M,M]:ZCI)O ,Va,b € g (4.1)

is verified, if and only if m € Ko[[t]] verifies

m(t + u) — m(t) N m(t)m(t +u) — m(u)
U t

m(u) = i(t + u). (4.2)

We consider the identity (4.1) because it occurs in the paper [AIM].

Theorem 4.0.3. i) Let K O Q. The identity (4.1) is verified for all K-Lie superalgebras g,
if m(t) = $po(t), or m(t) = —%gpo(t), or m(t) = it coth(ct) with ¢ € K.

it) Let N > 2 and K D {3,...,+}. The identity (4.1) is verified for all N-nilpotent Lie
superalgebra g, if m(t) = 3ot ), or m(t) = —3po(t), or m(t) = tcoth(ct) mod tV with
ceKy.

PROOF. i) By the previous lemma we are reduced to look for all triples (¢(t), p(t), 1t)
verifying equation 2.11. Theorem 2.3.2 gives ¢ = :I:%(po and theorem 2.3.3 gives ¢ =
:l:% <S0i — @;73)

ii) Let Iy be the ideal of Ko[[t,u]] generated by {t'v/|i + j > N — 1}. In analogy with
section 2.2.1, we want to solve equation (4.2) in Ko[[t, u]]/In. Any solution of (4.2) in Ko[[t]],
truncated to degree N, gives a solution of (4.2) in Ko[[t,u]]/Iy. Il
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4.1 The symmetrization map for super symmetric spaces

Let K O Q be a commutative superring. Let g = (b, q) be a supersymmetric space over K.
We consider d(t),p(t) € K[[t]] such that p(t) = p(—t), d(t) = —d(—t). To any a € g we
associate the coderivation 1% : S(q) — S(q) such that

o | idxp(adz)(a),a € q
1l _{ idx d(adz)(a),a € b ~

In particular
[1%(1) =0, Ya€h (4.3)
We note IT: g — Hom(S(q), S(q)) the map such that g 3 a — 1%

Theorem 4.1.1. The map I1 is a representation for all K-supersymmetric space, if (p(t),d(t)) =
(0,0) or (d(t),p(t)) = (—t,tcoth(ct)), c € K.

PROOF. By theorem 2.1.2 we solve the following system of equations
d(z +y) — d(x) d(x +y) —d(y)

d(y) y +d(z) ” = —d(x +v) (4.4)
pl) MDA g PEEDZIO ) (46)

Equation (4.4) give d(z) (@ + 1) = 0. We consider only d(z) = 0 and d(z) = —=x.
If d =0, equation (4.6) give p = 0 and equation (4.5) is verified.
Let be d(x) = —z, equation (4.6) is verified and equation (4.5) becomes

p(y)p(x + y; — p(x) N p(x)p(x + y; —p(y)

If we compare with equation (4.2) we get p(z) = 2m(z). As p(z) = p(—=z), we get p(t) =
tcoth(ct) with ¢ € K. |

=T +y.

For any ¢ € K we denote by II. : ¢ — Hom(S(q),S(q)) the representation correspond-
ing to the couple of series

(p,d) = (coth (f) 1),

C

In the case of a supersymmetric space, the symmetrization map (5 : S(g) — U(g) induces

Bls@ = S(a) — U(g)/U(g) - b.

Considering the case ¢ = 1 we have the representation II; : g — Hom(S(q),S5(q)). By
universal property of the enveloping algebras, it extends to a morphism of algebras II :
U(g) - Hom(S(q),S(q)). It gives a map U(g) > u — II*(1) € S(q). By (4.3), this map
induces a symbol map o:

o:U(g)/U(g) - b — S(q).
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Theorem 4.1.2. The map Blsq : S(q) = U(g)/U(g) - b is a module-isomorphism with
muverse map o.

PROOF. Let a € qo. By I1%(1) = a we get
oo f(a")=a", Yn € N. (4.7)

By looking at the generic point of ¢, this implies the assertion: in the following we give the
details.

We consider the Lie superalgebra g, := Hom(S(q), g) over S(q)*. It has a natural struc-
ture of symmetric space g, = q, ® b,, where h, = Hom(S(q),bh) and q, = Hom(S(q),q). We
denote by y € q, the generic point of q. From identity (4.7) we get

ag, © By, ls@)(¥") =y", Vn € N. (4.8)

Let Xi,...,X,, € q. By definitions we have y"(X; - -- X,,) = n!X; - - - X,,, and

(0, © By, (¥")) (X1 --- X)) = nloo B(X; - - X,).

In particular X;--- X, =00 f(X;---X,,) for any Xi,..., X,, € q,s0 0o =id. As 3 is onto,
this shows that ¢ is the inverse of 3. |

We denote by 6 : g — g the map such that 0|q = —id and 0|, = id. Let ad' : g x U(g) —
U(g) be defined as

ad'(a)(X) =a- X — (=1)P*X X . 9(a), VX € U(g).
We call ad’ the twisted adjoint action of g.
Theorem 4.1.3. For all a € g we have ad'(a) o f = o Il§.

PROOF. We remark that ad'(a)o 8 = aX o 8 —6(a)" o 8. If we note ¥, = L oalof—f 1o
0(a)" o B, from theorem 2.5.2 we get

. a 9((1) . (I)Sa a € b . a
T, = ¢ + _{ o s ot aeq =15
This means that 3~ o ad'(a) o 3 = T15. |}

Corollary 4.1.1. The set 3(S(q)) is invariant by the ad’-action of g.

4.2 Supertrace and Berezinian determinant

Let K be a commutative superring. The algebra of square matrices with coefficients in K
A B

C D
A, B,C, D have size n, (n,m), (m,n), m. We say that M is even if A, D have coefficients in

and size (n + m) has the following graduation: let M = ( ) be a matrix such that
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Ko and B, C have coefficients in K;. We say that M is odd if A, D have coefficients in K;
and B, C have coefficients in Kq. The supertrace of the graded matrix M is defined as

str(M) = tr(A) — (=1)P™¢r(D).

Let us consider an even matrix M with D an invertible matrix. The berezinian determi-
nant is defined as
Ber(M) :=det(A— B-D™'-C)det(D™") € K.

Proposition. 4.2.1. (|[Berl])

i) str(M - N) = (=1)PMp(N)gtr(N - M),

ii) When the Ber(M) and Ber(N) are defined, Ber(M - N) = Ber(M)Ber(N).
i) Let K 2 Q. When the exponential matriz eM is defined', Ber(eM) = estr(M),

Let consider a free K-module V of finite rang. Let {e;}; be a basis of V and {e], ...,e;,,,} C
V* be the dual basis. If f : V — V is a K-linear map, it is represented by the matrix
M;; :=el(f(e;)). We define str(f) := M and Ber(f) := Ber(M).

4.3 A formula for Gorelik ’s line

Let K be a field of zero characteristic.

In the paper [Gor], M. Gorelik assumes that q = q; is a finite-dimensional vector space
and strg(ada) = 0,Va € . She shows that U(g) contains a line of ad’-invariant vectors . By
theorem 4.1.3, this is equivalent to say that S(q) contains a line belonging to the kernel of
Hg.

In this section we give a formula for the Gorelik ’s line in S(q). Before giving the proof
we give a an example the formula when ¢ is of dimension two:

Lemma 4.3.1. Let (h,q) be a supersymmetric space over a field of characteristic zero, with
strq(ada) =0 for all a € b, q = q1, {v1,v2} a basis for q. Gorelik ’s line is generated by
1
vy - Uy + Estrq(advl o advs).

PROOF. Let p(t) = tcoth($) = py + pot® + - - - = 1 4 §t? + - - -. By definitions

I3 (v1 - vg) = pa(ada)?(vy - v2) + prvr - v - vy = pa(—[[va, v1], v1] + (=17 vy, [o1, v1]]).
Using the Jacobi identity we get

I3 (01 - 02) = 3pafon, for, eal] = glon, [on, o]

Let {v},v3} be the dual basis of {vy, v2}. As strg(ad]vy, v1]) = 0, identity (1.4) and the Jacobi
identity give v3([[v1,v1],v2]) = 0. In particular [vy, [v1,vs]] € span{v;} and
1

I (1 - vg) = %11’?([“17 [v1, v2]]) = anl(l)vf([vh [, va]]).

IFor instance if M is nilpotent matrix
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From the Jacobi identity we get [[v1, v1], va] = 2[v1, [v2, v1]]). In particular

strq(adv; o advy) = —v]([vy, [v2, v1]]) + 205 ([v2, [v2, v1]]).
We get that
strq(advy o advy) = 3v]([[ve, v1], v1]) + 2strg(ad[vy, ve]) = 3] ([[v2, v1], v1]) = =30} ([v1, [v1, va]])

1
15! (v - vg) = —EH;” (strq(advy o adus)).

In particular I15? (vl CUy — %strq(advg o advl)) = 0. In a similar way we show that I15? (v; - vy)+
SII5? (strg(aduv; o advy)) = 0. If @ € b we have T13(1) = 0 and

5 (vy - vg) = [a,v1] - v2 + 1 - [a, va] = —strg(ada)vy - vy

By hypotheses we get I1%(vy - v2) = 0. I

Let n := dim(q) be the dimension of q as K-vector space. If n > 3, it is not easy to
generalize the previous proof. We are going to reduce the research of a formula for the
Gorelik ’s line to the resolution of a functional equation.

By the natural pairing (3.1) each T" € S(q) gives the morphism of K-modules < T, - >:
S(g*) — K. Let vy,...,v, be a basis of ¢ = q1, to each f € S(q*) we can associate the
morphism of K-modules m; : S(q*) — K defined by

my(g) = (=1 < vy v, frg >, Vg eS(q).

We denote by 0y : S(q) — S(q) the derivation such that 0¢(v;) := f(v;). If g1,...,9n € S(q%)

we note Og,...q, = 0g, 0+ -+ 00y,.

Remark 4.3.1. We have < vy -+ v, f - g >= (=1)""D) < 9s(vy - - - v,), 9 >.

Let o) = vy -+ v, + - - - € S(q) be in the Gorelik ’s line, we can write v\ = d(vy - - - v,)
with f € S(q*) such that its component over K = S°(q*) is 1. We note this component with
f(0). In the following we find a formula for f.

Let {m% a € g} be the family of vector fields over q defined by the representation Ily. If
y is the generic point of q we have 1 = g%(ady)(a) with

g“(Z)Z{ o a€h

z-coth(3), a€q

Remark 4.3.2. By duality (—1)PP7) < T, 79(.) >=< NIY(T),- > for alla € g and T €

S(q").
By this remark, v(()") verifies < v((]"), () >=0 for any a € g.
Let x1,...,2, be the dual base of v;, in this section we note C% =0(v;). Asy=v;Q@x; €

q® S(q*), for a € g we note
= (=1 (g% (ady) (a) € S(q7), i =1,...,n

7

som® =" w- 8%1- €q®S(q").
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Lemma 4.3.2. For any f € S(q%)o and a € g, we have
< Op(v1 - v,), T (g) >=— <o, (7(f) + f - div() g >, Vg€ S(a7).

PROOF. By definitions we get

n

fom(g) = Z(—l)p@m’(“*”“i(f cwleg) —7(f) g — [ div(7) - g.

i=1 z;
As q; is finite-dimensional, for each ¢ we have < vy - - - vy, %(g) >=0.1

We have shown that

Theorem 4.3.1. For eachn > 1, U(()") =0f(vg---v,) =0 v, +---€5(q) is in Gorelik
s line if and only if the element f € S(q*) verifies

7(f)+ f-div(r®) =0, Vae
{ 0 =1 g (4.9)

To solve (4.9) we use a preliminary lemma, it uses the following notation. Let be p(2),¢q(z) €
K[z] and a € g,

(p(t)q(u) : ada), := [p(ady)(a), q(ady)(-)] € Hom(g, g)

which is extended by linearity to polynomial in K[t, u].

Lemma 4.3.3. Let be (h,q) a super symmetric space over a field K, such that q is finite-
dimensional. For each polynomial q(z) € K|z] such that q(z) = —q(—z) we have

strg ((q(u +t)t: ada)y) =0, Ya€eb,.

PROOF. It is sufficient to consider ¢(z) = qi(z) := z?*™! with k > 0. By definitions

2k+1

strg ((qk(u + 1)t : ada)y> = Z (Zk;_ 1) strq (ad ((ady)’ (a)) o (ady)** 7).

J=0
This supertrace is zero because bracket rules in a symmetric space give

[ad’y(h), ad™ >y (q)] C h® S(q7), Vj. |

Proposition. 4.3.1. Let (h,q) be a supersymmetric space over a field of characteristic zero,

with q is finite-dimensional and odd supervector space and strq(ada) = 0 for a € h. For all
sinh(%)

(h,q), f = Beryq ( iy ) € S(q*)o is a solution of (4.9).

2
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PROOF. Using definitions and theorem 1.3.1 we get
a a a
(6" wn)(0) = o 5o (ad)a) ) =
alt _La
~ (o, (L2 )
y

t

(P, ) )

Choosing f = e*ma(h@dv) with h(t) € Q[t] we have

5 5 Oh(ad Oad
&{Z _ f ) %(strq(h(ady») — f . strq ( ézzy)) — f . st?"q (h’(ady) gxly>

and by fundamentals properties of the supertrace we get

af
al'i N

0
L ay _ (_1yp)
div(m®) = (—1) pe

(—1)P) f - strq (B (ady) - adw) .

From lemma 1.3.1 we get g—i = (—1)PW) f . sty ((h’(t +u): adv,)y), so we have

7(f) = (_1)P(Ui)p(“)zi(ga(ady)(a))gxfi =

= f-strg ((h'(t +u) : adg“(ady)(a))y>
— [ strg ((h’(t +u)g(t) : ada)y> .

Equation (4.9) becomes

strg <<h’(t+u)g“(t) — M : ada> > =0,Ya € g
y

h(0) = 0
which means
strg ((—h’(t +u)t+1: ada)y> =0, a€h
strg ((t coth(£)N (t +u) — () COth(HTu)_tCOth(%) : ada) ) =0, ac€q- (4.10)
y

h(0) =0

Hypothesis over the supertrace can be written as strq((1 : ada),) = 0 for @ € h. By lemma

4.3.3 we put
h'(u) = =h'(—u)

tCOth(%)h/(t + ’LL) . (t+u)coth(t+?“)7tcoth(%) —0
h(0) =0
who can be reduced to
I(u) = }coth(%) — 1
h(0) =0
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Remark 4.3.3. In the previous proof we use the formal series Sin};(%). Its logarithmic deriva-

2
tive 1s equal to the series giving the universal solution of the cyclotomic equation in theorem
5.2.2.

Remark 4.3.4. By definition strq(adv; o adv; + adv; o adv;) = strq(ad[v;, v;]) for all i,j =
1,...,n, so
strq(adv; o adv;) = —strg(adv; o adv;).

For any permutation s € 3, we denote by |s| its signature.

Corollary 4.3.1.

1
062) = vy -vy+ Estrq(advl o advsg)
1
o = orvg st E (—1)|8‘E5trq(ad”s(l) © advs(z) JUs(3)

s€¥3,s(1)<s(2)

1
o) = vt > (=) Plstrg(adus) 0 advue o - v +
$€X4,5(1)<s(2)

1
378 Z (—1)¥lstrg(advsy 0 advg())strg(advye) o advyy) +
$€34,5(1)<s(2),s(3)<s(4)
1
~ 5880 (—1)|5|strq(adv5(1) 0 advy(z) 0 advy(s) © advg(s)).

SEXY
PROOF. Let M := ady, if dim(q) < 4 we have M° = 0 so

1 1, s
f = Berq (1+ﬁM2+ﬁM>:: Berq (1+aM? +bM*) =

estrqlg(l+aM2+bM4)

2
strq aM?4+bM*—% M4
e

2
= 1+ (b — %) strq(M*) + a - strq(M?) + % - strq(M?)?

1 1
= 1- 288Ostrq(M4) + ﬂstrq(MQ) +

If n = 2 we have M? = (—adwv; o advy + advy o adv;)x; - 75 SO

1
f=1- Estrq(advl o advg)xy - Tg

1
Op(vy - v2) = v1 - Vg + Estrq(advl o advy)0y, © Oy, (V9 - V1)

Ifn= 3, ]\42 = Zsezg(—advg(l) o) ad/Ug(Q) + advg(g) (@) advg(l))xg(l) * To(2) and

1
f =1- E E strq(advs(l) o advs(g))xs(l) : :L‘s(g)
s€¥3,s(1)<s(3)

1
Of(vy - vy - V3) = V1 - Vg - U3 — D Z (—1)|5|strq(advs(1) o advs(g))ﬁxa(l) 0 Oz, ) (Vs(1)Us(2)Vs(3) ) -

s€X3,5(1)<s(2)
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If n =4 we have M> =37, ., —(adv; o adv; — adv; o adv;); - z; and

M4 = Z (advs(l)oadvs(g)—advs(g)oadvs(l))(advs(g)oadvs(4)—advs(4)oadvs(3))xs(1)-:Us(g)-xs(g)-xs(4)
SEYY

SO

1
f=1+ 5 Z strq(advs(r) o advy(a))vs(2)  Vs(1) +

s€34,5(1)<s(2)
1
+— Z (—1)‘S‘strq(advs(1) o advy(g))strq(advgs) © advsy) ey - T - T3 - T4 +
5€34,5(1)<s(2),5(3)<s(4)
1
~ 5880 (—1)‘3|strq(advs(1) 0 advy(z) © adv(s) 0 advg))T1 - T2 - T3 - T4. |
SEYY

Example 4.3.1. ([ArB])
As a first example we consider the Lie superalgebra

0 a b
g=osp(l,2) = b ¢ d ca,b,c,d,e € K
a e —c
with q = g1 equipped of the basis
010 0 01
v=10001], w=|-1100
1 00 0 00
. . . 2 1
in this basis vy~ = vy - va + 5.
Example 4.3.2. [ArB]
As second example we have
0 o Wl
g =osp(l,4) = —w? C D v,weK?* D=D" E=FE"
v E -C7T

with C, D, E 2-dimensional matrices. As a basis for q; we take

01000 00100
000O0O 000O0O

vp=] 00000 ]|, vu=100000
10000 000O0O0
000O0O 10000

0 0010 0 0001

-1 0 0 0 0 0 00O0O

vz = 0 00 O0O0], y=| -1 0000

0 0 00O 0 0000

0 0 00O 0 0000
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In this basis

b} 3
vé4)=v1~v2'v3-v4—E(vz-v4+v1-v3)—ﬁ_

In [ArB] are given formulas for the image of the Gorelik ’s element in U(g), for all g =
osp(1,2n) with n > 1. From these formulas it is easy to get the corresponding formulas for
S(q). Forn =1 and n = 2 we have formulas which look slightly different because we use a
different basis.
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Chapter 5

A special classical dynamical
Yang-Baxter equation

Let K be a commutative superring.

5.1 Quadratic Lie superalgebras

Let M, N be two K-modules. A linear application o« : M ® M — N is called a bilinear
form and we write a(X,Y) = a(X ®Y) for any X, Y € M. We say that « is symmetric if
a(X,Y) = (—=1)PXPNq(Y, X) for any X,Y € g. We say that « it is not-degenerate when
o g2 X a(X,-) € g is one-to-one.

Let g be a Lie K-superalgebra, we say that o : g ® g — N is invariant if o(X,[Y,Z]) =
ao([X,Y],Z) for any X,Y,Z € g.

Lemma 5.1.1. Let g be equipped with an invariant bilinear form o : g ® g — K. For all
X egoandY,Z € g we have

a((adX)(Y), Z) = (1) a(Y, (adX)(Z)), Vj € N.

PROOF. The statement follows by induction over j. [}

We extend « to a bilinear form g, ® g, — S(g)* still noted «, in the following way:
a(F,G):=aoc(FRG)o A, VF,G € g,.
Remark 5.1.1. If o : g®g — K is invariant, the extension v : g, ® g, — S(g)* is invariant.

Definition. 5.1.1. Let K be a field, go and g, be finite-dimensional vector spaces. If «
is even, symmetric, invariant and non-degenerate, we say that (g, ) is a quadratic Lie K-
superalgebra.

5.2 A solution of vCDYBE

Let g be a Lie K-superalgebra equipped of an invariant, symmetric, even bilinear form - :
gg— K
Let f(t) € Ky[[t]]. For any Y € g we consider the map f¥ = f(adz)(Y) € Hom(S(g), g).
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Remark 5.2.1. Let be Y, Z € g. As v is invariant, v(f(adz)(Y), Z) = v(Y, f(—adz)(Z)).
As 7y is symmetric y(f(adz)(Y), Z) = (—=1)P@PE ) (Z, f(—adz)(Y)).

We suppose also that f(t) = —f(—t). The previous remark allows to introduce the differential
2-form w € Hom(S?(Ilg) ® S(g), K) such that

i(X)i(Y)(w) = (=1)PFy(fXY), VXY €g

As v is invariant, we introduce the 3-differential form o € Hom(S*(Ilg) ® S(g), K) such
that
i(X)i(Y)i(Z) () = (=1)(X, Y], 2), VXY Z€g.

If [, q, r are three power series with coefficients in Ky, we introduce the notation
((IWa(u)r(v) : a(X,Y, Z)),) = (1T (1%, ¢"],77) € S(g)*
for any X, Y, Z € g. This notation is extended to all formal power series in Kg[[t, u, v]].
Remark 5.2.2. For all X,Y,Z € g we have
(It u,) 1 (XY, 2)) ) = (=)PTPED) ((1u, t,0) - Y, X, Z)) )
((L(t,u,v) (XY, Z))z) = (—1)Pr2p(rY) ((U(t,v,u) : (X, Z, Y)):C) :

In particular, if [(t,v,u) = l(t,u,v) = l(u,v,t) we get a 3-differential form over g. In this
case we write (I(t,u,v) : a(X,Y, Z)), = «(X)i(Y)i(Z2)((I(t,u,v) : @)z).

Let € € Ky, by remark 5.2.2, the equation
(fO) )+ flw)f) + fO)f(u)+€:a), =dw) (5.1)

is well defined. This equation is (see below) a variant of the Classical Dynamical Yang-Baxter
Equation (vCDYBE). If equation (5.1) holds, we say that the formal series f(t) € K[[t]] is a
solution of (5.1).

Lemma 5.2.1. We have the identity
iy = (110 S0 =10 | Jora=10) )

t v U

PrOOF. Let XY, Z € g. From remark 3.3.1 we get

i(X)i(Y)i(Z)(dw) = (=1)"PAX)(y(f7, 2)) + (1) PRI Z) (4(F5, V) +
+(=1)PAHPEXRY A 9V ) (4 (1, X)).

From theorem 1.3.1 and from definitions we get
AX)(v(f", 2)) = v(0(X)(f"). 2)) =

-
Flt4 ) = J ) ).

t

= i) (
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In particular (Z2)(v(fX,Y)) = (=1)PXi(Z)i(X)i(Y) ((M : a) ) From remark
0.2.2 we get ‘

D) A(FX,Y)) = (—1)P 220X XY Z)i(Y) ((f(t +u) = f(t) a)z) _
(1) 05X )i (Y Yi( Z) ((f(t +v) = f(t) a) m) |

In the same way we get

8(Y)(7(tZ,X)) _ (_1)p(Z)+p(7rX)p(Y+Z)Z-(X)Z~(Y)i(Z) ((f(u + U) - f(U) : Oé) ) ' I

By this lemma, equation (5.1) is equivalent to the equation

<f(t tu) = f(W) | f@) = SO | f0+n) = f©) a)

t v U

= (JOf @)+ f)f(0) + F(O)f(u) +e:a),.

Theorem 5.2.1. The previous equation is verified for all Lie K-superalgebras equipped of an
wmwvariant bilinear form, if

flt+u) = fw) | fluto) = f)  fo+t) = fE)

t
= f(t)f(u)+ f(u)f(v)+ f(v)f(t)+€ modt+u+wv (5.2)

in Ko[t, u, v]].

PROOF. We only need to remark that the invariance of y(-,-) gives (t +u+ v : ), = 0 so, if

)
g(t,u,v) € Kol[t, u, v]] we have ((t +u +v)g(t,u,v) : @), = 0.
Ift +u+v=0(52) becomes

flt+w) = f) | flutt) =[O f@)+

t u = JOf ) = f)f(Etu) = flut ) f () +e

Lemma 5.2.2. Equation (5.2) has only one solution f € Q[[t]]. If e = } we get f(t) =

£)—1
—% + % coth (%) =14 —991(2 )

PROOF. We apply u — 0 to equation (5.3) and we get f'(t) = —2@ — f(t)* + e. This
equation has only one odd formal power series in Q[[¢]] as solution. ll

Theorem 5.2.2. Let K O Q be a commutative superring. For any Lie K-superalgebra
equipped of a invariant bilinear form, the odd series p(z) = —% + %coth (%) € Q[[z]] gives a
solution of equation (5.1) with e = 1.

The series p(z) is called the universal solution of the cyclotomic equation (5.1).
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Remark 5.2.3. (The classical dynamical Yang-Baxter equation)
Let K=R or K=C, g be a finite-dimensional Lie algebras, b a Lie subalgebra. We consider
amap 1 :h* = g®g analytic in an open set containing zero. For any 1 <i,7 < 3 with i # 7,
we use the standard notation 1 : h* - gR g g (for ezample rio =1 ®@ 1 and ros =1® 7).
Let

CYBE(r) := [ri2,713] + [r12,723) + [r13,723] € g @ g @ g.

For any X € g we use the standard notations X; = X®1®1, Xo =10 X®1, X5 =101 X.
Let {e;}; be a basis of h, we introduce (see [EtV])

or or or
CDYBE(’I“) = OYBE(?") + Z(ej)la—% — (ej)28_13 + (€j)3a—12 cg ® d ® gd.
p 6]' €j €j

We say that r verifies the classical dynamical Yang-Bazter equation if CDY BE(r) = 0.

Let us suppose that g is equipped of a bilinear form ~ such that (g,7) is a quadratic Lie
algebra. We identify g and its dual g*. The bilinear form ~ defines an element ¢ € g ® g.
By looking for solutions for which r — roy is a constant multiple of ¢, one obtains a modified
Classical Dynamical Yang-Bazxter Equation (vCDYBE) for the antisymmetric part of r. We
denote by {e'}; the basis for g such that vy(e',e;) = &;; for any i,j. Let ¢ € K and ¢ :=
el @k @ lejen] € g0 g®g. We consider b = g. The modified equation vCDYBE with
coupling constant € is the equation CDY BE(r) = ep, wherer : g — g®4g, is a function with
values in the antisymmetric part of g ® g.

Let f(t) € K[[]]. We consider ry = 3., v(ej, [ )ed @ €F. Using properties of v, we get
that the modified equation vCDYBE for rs is equivalent to

v ([F2 Y], %) +0(Z) (v(fY, X))+ (Y, X, F7) +
+O(Y) (v(f%,2)) + v (F5. 2, ) + 0(X) (v(f7,Y)) =
= y([X,Y], 2), VXY, Z € g.

This cyclotomic equation is equation (5.1) for g = go.

Remark 5.2.4. P. Etingof and A. Varchenko give in [EtV] a classification of solutions of
the classical dynamical Yang Baxter equation when g is a simple Lie algebra and § a Cartan
subalgebra.

A. Alekseev and E. Meinrenken in [AIM] consider the modified equation vCDYBE with

€ =1 and g a simple Lie algebra. They show that f(t) = —1 + % coth(3) gives a solution of

UCD4YBE (they deduce it using [EtV]). t

The functional equation (5.3) was found independently by L. Feher and B.G. Pusztai in
[FeP]. They give another direct proof of the fact that 5 is a solution of vCDYBE when
ft) = —% + %coth(%). Their proof uses the theory of holomorphic functional calculus of

linear operators.
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Chapter 6

A remarkable application

6.1 Some properties of quadratic Lie superalgebras

Let K = Kq be afield, g be a Lie finite-dimensional K-superalgebra equipped of a bilinear form
~ such that (g, ) is quadratic (see definition 5.1.1). We fix a basis {¢; }; and the corresponding
dual basis {e}}; C g*. We consider also the basis {e'}; for g such that y(e’, e;) = §; ; for any
0],
Remark 6.1.1. For any X € g we have X =Y, exy(e', X) =Y, ev(X, &;).
Corollary 6.1.1. For each X € gy we have

str((adX)***!) =0, Vk > 0.

PROOF. By definition str((adX)*) = 3°,(=1)P)y(ef, (adX)*(e;)). We have str((ad X)) =
S (=1)PEy(et ef)y((adX)*(e;), €;). As v is invariant and symmetric we get

Y((adX)*ei e5) = (=1)* (e, (adX)*ey) = (1) ((ad X) e, )
so str((adX)F) = (=1)kstr((adX)*). |

The bilinear form v : g ® g — K extends to a bilinear form v : g, ® g. — S(g*) (see section
5.1). This last one preserve properties such that the degree, the property of being symmetric.
Let x be the generic point of g. As g is finite-dimensional, z = )", e; ® ef € g ® S(g*). Let

sinh ( 2dz
J := Ber ( ha(di2 )> € S(g)* (it has been introduced in section 4.3).

Lemma 6.1.1. i) It does exists F(z) € K|[[t] such that F(2)* = Sinz(%), F(z) = F(—=2) and

F(0) = 1. ’
i) It does exist Jz € S(g)*, such that Jz -Jz = J and J%(ls(g)) = 1. More over Jz =
Ber (F (adx)).

We consider . . q
adr

and we introduce the matrix S with coefficients in S(g)* given by

Sij == —(=1)Pe)y (¢(eh), €') .
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Lemma 6.1.2. For any couple of index i,j we have S;; = (—1)Pmedp(mei) g .

PROOF. Let w be the differential form introduced in section 5.2, with f = p. The statement
follows from S;; = —i(e/)i(e’)(w).

6.2 The quantization map

The paper [AIM] contains an application of the universal solution p in theorem 5.2.2.

Let b be the Lie algebra of a compact Lie group H. Using the fact that the universal solu-
tion verifies the cyclotomic equation (5.1), A. Alekseev and E. Meinrenken get a quantization
map from the usual Weil algebra to their non-commutative Weil algebra.

Here we generalize this result of A. Alekseev and E. Meinrenken to any quadratic, finite-
dimensional Lie superalgebra over a field K = Ky of characteristic zero. From now on g will
be such a Lie superalgebra. We start with the following definition

Definition. 6.2.1. (H. Cartan)

Let A be a superalgebra over a ring. We say that A is a g-differential algebra if it is equipped
with derivations d, {L(a),a € g}, {i(a),a € g} such that d has degree 1, L(a) degree p(a),
i(a) degree p(a)+1 and

[i(a),i(0)] =0, [L(a),L(b)] = L([a,b]), dod=0
[d,i(a)] = L(a), [i(a), L(b)] = i([a,]), Va,b € g. (6.1)

Each element of Apws := {w € A; L(a)(w) = i(a)(w) = 0,Ya € g} is called a basic element.

We introduce the superalgebra S(g*) @ S(Ilg*) called the Weil algebra. It is equipped with
the following structure of g-differential algebra. Let {e;}; be an homogeneous basis of g and
{ef}; C g* its dual basis. For any a € g, we have

(@) () = p{a) L)) = —(=1PI( 0 ad)
i" (@)(1) =0, LY (a)(¢ > —(—1)P @)y o ada, e g

AV () = v+ 5 Y1 - L (e ()
V() = 3 ~(-1) e - LV (e (o).

)

Definition. 6.2.2. Let (B,d?,i%, L?) be a g-differential algebra. The equivariant cohomol-
ogy Hy(B) is the cohomology of ((S(g*) ® S(I1g*) ® B)pas, "V @ id + id ® id @ dP).

Example 6.2.1. Let B = K. It is equipped of the trivial structure of g-differential algebra.
The usual equivariant cohomology Hy(B) is the set of invariants of S(g*).

Let (g,7) be a quadratic Lie superalgebra. We introduce the bilinear form 4™ : rg®@rg —
K such that 7" (7X,7Y) = (—=1)?X)~(X,Y) for any X,Y € g. Let I be the ideal of T'(Ilg)
generated by {nX @ 7Y — (—=1)PMPENry @ 1 X — 4™ (7 X, 7Y)|X,Y € g}. We define the
Clifford algebra
Clif(llg, ") = T(lg)/I.
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A. Alekseev and E. Meinrenken have introduced a new equivariant cohomology. This one is
defined by a g-differential algebra structure over U(g) ® Clif(Ilg,+™) which A. Alekseev and
E. Meinrenken called the non-commutative Weil algebra. This g-differential structure is

M(a)(nZ) =~(Z,a), (a)(j(2)) =0
L¥(a)(nZ) = (-1)"9x[a, Z], L™(a)(5(2)) = j(la, Z]) (6-2)
¥ (rZ) = j(Z) + 5 (= 1)Pdme - LV (e:) (n Z)
A (j(2)) = i mei - j([¢', Z])

where a, X, Z € g and j is the inclusion of g in the enveloping algebra U(g).

Definition. 6.2.3. ([AIM]) A
Let (B,d* % L?) be a g-differential algebra. The new equivariant cohomology Hy(B) is the
cohomology of (U(g) @ Clif(Ilg,¥™) @ B)pgs, " ®id + id @ id @ dP).

Example 6.2.2. Let B = K be equipped of the trivial structure of g-differential algebra.
Then Hy(B) is the center of the enveloping algebra U(g).

As g is quadratic, we have the natural isomorphism g > X — (X, ) € g*. In particular
(dV,i" L) induces a structure of g-differential algebra over S(g) ® S(Ilg): for any a € g

i'(a)(nZ) = (2, a) i(a)(Z) =0
L(a)(nZ) = (=1)"“I7la, Z], L'(a)(Z) = [a, 2], VZ € g. (6.3)
d(r2) =2 — T3(=1)P C)rel . L'(e;)(nZ)
d(Z) ==, ¢ e, 7]

A. Alekseev and E. Meinrenken have introduced a map
Q:5(g) ® S(Ilg) = U(g) @ Clif(1lg,~")

exchanging differentials d and d@"V. Its explicit formula uses two supervector space isomor-
phisms.
One is

S(Ilg) (6.4)

o, Clif(Ilg,y™)
1 1.

_>
|_>

Let Xi,..., X, € g. We denote by s,(X;) the sum of the left multiplication (7X;)" and of
the derivation 3i'(X;). We define 0. (X; - -+ X,,) = 5,(X1) 0+ - 0 5,(X,)(1).

Notation 6.2.1. Let f € S(g)*. It defines the operator Oy : S(g) — S(g) such that

9r(1) = [f(1)
O (X - W) = Opoxr (W) + (=1)PIPE X . 9,(W), VX € g, YIV € S(g).

To get simpler notations, it will be denoted also by f.

23



Example 6.2.3. Let X,Y € g. We have
0(X) = JOX)+ F()X
(X -Y) = fX-Y)+ f(X)Y + (-1)PIPOX (V) + f()X Y
Remark 6.2.1. For any f,g € S(g)* we have 0., = Oy 0 0.

The other vector space isomorphism is Duf := o GJ% : S(g) — Ul(g) (J% was introduced
in lemma 6.1.1). It allowed M. Duflo to show ([Duf]), in the case of a Lie algebra, that the
center of U(g) is isomorph, as an algebra, to {W € S(g); L' (a)(W) = 0,Va € g}.

The formula of A. Alekseev and E. Meinrenken is

P N Y
Q= (Duf © o7 ) oe sl (o (@)
By lemma 6.1.2, the map @ is well-defined.
Remark 6.2.2. For any W € S(g), QW ® 1) = Duf(W) ® 1.

Theorem 6.2.1. For each a € g we have
Qoi(a) =)o@, QolL(a)=1"(a)oQ.
PROOF. See appendix A.

Theorem 6.2.2. The map Q intertwines the differentials d and dV if p(z) is solution of
the cyclotomic equation (5.1) with e = .

A. Alekseev and E. Meinrenken give two proofs of the fact that () exchanges differentials.
One is a direct calculation, we can find in appendix A its generalization to quadratic finite-
dimensional Lie superalgebras. This calculation uses commutation rules (6.1), the properties
of v(-,-). It shows that exchanging differentials is a consequence of the fact that p verify the
cyclotomic equation (5.1). The hypothesis on the topology of H and the results of [EtV],
allow A. Alekseev and E. Meinrenken to use this property of p.

Theorem 6.2.3. Application ) induces a one-to-one map in cohomology.

PROOF. As @ is a morphism of g-differentials algebras and Q(0) = 0, ) induces a map in
cohomology. The map @ is one-to-one because Duf and o, are one-to-one. In particular
also the map induced by Q in cohomology is one-to-one. [
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Appendix A

Intertwining property

Let K = Ky be a field of characteristic zero and g be a quadratic Lie K-superalgebra. This
appendix is devoted to show theorems 6.2.1 and 6.2.2.
Let {e;} be a basis of g and {z;} C g* its dual basis.

A.1 Preliminary properties

For any X € g we introduce d*(7X) := 5> . me’ - 7[5, X] € S(Tlg). In the following lemma
we give formulas for the structure of g-differential algebra over S(g) ® S(Ilg) introduced in
(6.3).

Lemma A.1.1. For any a € g we have
L'(a) = ©f + (-1 (x[a,e/])" o
J

4 =3 ()" +dMme)") o () + (-1 (med)" 0 0. (A2)

J

’

(€5) (A1)

PROOF. The formula (A.1) follows from definitions and from the remark 6.1.1. As d is a
derivation of S(g ® Ilg), it is sufficient to show that the formula is true over Ilg and g.
We remark that the formula (A.2) is verified over IIg. From d od = 0 we get d (X) =
Zj(—l)p(ef)ﬂej - [ej, X] for any X € g. In particular the formula (A.2) is verified over g. |

Remark A.1.1. For any a € g and f € S(g)* we have [a”,df] = —0a(a)(s)-
The identification between g and g* allows to extend L'(a) to End(g,).

Lemma A.1.2. For any a € g we have
i) L'(a)(adY) = ad[a, Y], VY € g
i) L' (a)(adx) = 0.

PROOF. i) We have adY = ) [Y, el-] @x; =Y ,;[Y,e;] @€, s0
)(adY") Z L'(a)([Y, e]) @ x; + (=1)PY XNy o] @ L' (a)(e?) =
= > [, Vel @a — (~1)POPONY e @ ef [k, ex])z

= adaoadY — (—=1)P7P@ady o ada.
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it) From i we get

)(adx) Z L a)(ade; ® x;) = Z adla, €;] ® x; — Z adla, ex] @ 7. 1
i k
The family {L'(a),a € g} induces the dual action over S(g)*. It is still noted L.

Lemma A.1.3. For any a € g and f € S(g)* we have [L'(a),d;] = 1 (a)(5)-

PROOF. We remark that [L'(a),ds] = [®¢,0;]. By definitions [L'(a),d7](1) = 0. Let b € g
and W € S(g). By notation 6.2.1 and by definition of ®; we get

@8, 056 W) =
= [®F, Ogapt ) (W) + (=1)PDHOROGE o [0F, 0} (W) — (=1) PO g, 41 (W),
We suppose by induction that [®F, 0y](-W) = 01/ (4, (W) for any g € S(g)*, so

(@5, O5l(b- W) =
— (aL,(a)(fobL) + (_1)(P(f)+p(a))P(b)bL o aL,(a ( 1)p(f afo[a b]L> (W)
- <_(_1)p<a>( PUHPODY e + (—1)PIPORORL 6, (— 1)p(f)p(a)afo[a7b]L> (W)
_ (_(_1)p(f)p(a)a rogapi + (=1 PO 6 5, ) (W)
- _(_1)p(f)p(a) (af agobt + (-1) p(f)+p(@)p) L afoq>g) (W)
= (=17 (9oqg) (b- W)
= Oy ip@- W) 1

Theorem A.1.1. For any a € g, L'(a)(J) = 0.

sinh(2dz)
2
str In —

’ ’ sinh(2dz
PROOF. We remark that J =e 2 so L(a)(J)=J-str (L (a) <ln };E,JQ )>) Let

2

G(z) :=In S20(3)  We have str (L'(a) (G(adx))) = str (G'(adz) - L' (a)(adz)), and by lemma
A.1.2 we get L (a)(adz) = 0. §

Lemma A.1.4. Let v: g® g — Ky be an invariant, even, bilinear form. For any a € g,
i) L'(a )&y (X tY))) = (e, [X e (V)] + [1(X), Y]),
i) 55 3L (a)(Siy) 0 i (ei) 0 (ej) = 32, ; Sij od (i) 0 ([ej, a)).

PROOF. ) From lemma A.1.2 part ii we get L' (a)(t) = 0. In particular
0 = Y Lla)le;®1;@w)) =
= D _lo te)] @z + (1) De; © L(a)(e5(ter)) ® 2 = Dt ex]) @
i k

Using that ~y is invariant we get

’

0=—7([a, '], t(Y)) = L (a)(v(t(¢),Y)) = ¥([a, t(e))].Y), V.
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In particular,
0= —y([a, X],(Y)) = L'(a)(y(¢(X), Y)) = 7([a, (X)],Y)
—(a, [X, t(Y)]) + L' (a) (v (X, £(Y))) = 7(a, [H(X), Y]).

i1) This part follows from part ¢, using the definition of S;; and the commutation rules for

i'(). i

A.1.1 Formulas for the non-commutative Weil algebra

In this section we give formulas for the structure of g-differential algebra over U(g) ®
Clif(Ilg, ™) introduced in (6.2). The most important formulas are given in theorem (A.1.3).

For any a € g we introduce 7* = 3> . mel - 7lej,a] = F(=1)P9 Y nwa, €] - me; €
Clif (ng,v").

Lemma A.1.5. Let v: g®g — Kqy be an invariant, even, not-degenerate bilinear form. For
any a,b € g we have

i) [tb,7%] = w[b,a], [y, wb] = (—1)PV7]a,b]

i) [v*,7"] =y

PROOF. i) For the first part we have

2(mb, %] “b§jvbeﬁ mlej, a] + (=1 ED 1ein (b, [e;, a]) = 2(b, a].

i1) From the first part we get

2[v%,7"] = (~1)"@ Zw mlej, b] — (=1 POrel - [le;, b], a] =
Zm [[a, ex], b] — (=1)P@PO) e, b], a])

so the Jacobi identity gives 2[y%,~"] = 2y1¢. |

From the previous lemma we get

Theorem A.1.2. Let v : g® g — Ky be an invariant, even, not-degenerate bilinear form.
For any a € g we have

L¥(a) = adj(a) + ady",  i"(a) = adma
; 1 .
W= adgﬂei -j(e’) + adzi: g(_1)13(61-)7T€z o~

We identify Clif(mwg,~v™) and S(Ilg) by o, (see (6.4)), so we get a structure of g-differential
algebra over U(g) ® S(Ilg). In theorem A.3 we give formulas for this structure, they will be
used in this section A.3.3. As a preliminary remark we have

{(LY o (ma)t oot = (ma)t + 3i'(a)

0,0 (ma)f oot = (ma)t — 3i'(a)

Va € g. (A.3)
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Lemma A.1.6. Let v: g®g — K be an even, symmetric, not-degenerate bilinear form. For
any a € g we have

710 () 007" = (1P Y Lafa ] omek — L (xla, e o (e + 1i([a,]) o (e
a\L -1 _ p(a) 1 i1L L 1 iN\L L st 1 -/ i -/
oy0(y") oot = (-1) Zéﬂ[a,e] o Te; +§(7T[a,e]) oz(ei)—l—éz([a,e])oz(ei).

PROOF. Using the formulas (A.3) we get

2(-1)"Y0, 0 () o0t =

_ zi:(_lywz)(m) ((m)L - %i’(ei)) o ((W[a, ¢ — %i’([a, ei]))

= Z(—l)p(m)p(”) (me;)t o (mla, €' — %str(ada) - %7‘([&, e'loi'(e;) +

1 , 1 ,
= 3T S e, 0. ([a, €]) 4+ L(— 1P (e) 0 #((a, €1)

= Y la, €T o mef — (ala, €] o ¢ (en) + 31 (la, ) 0 (cy)

%

In the same way we get

= 3 (el + g ) om0 + 5

= Z(W[a, '] - me;)t + %str(ada) + %(—1)p(”ei)p(m) (me;) 0 i ([a, €]) + %(W[a, e oid'(e;) +

+ Z iz"([a, e']) od'(e;)
= Sl ] me) + () 0 (e + (a0 (e B

Theorem A.1.3. The structure of g-differential algebra induced over U(g) ® S(Ilg) is

oy0i(a)ool! = i(a)
0,0 LY(a)oot = L'(a)
ORAVH W PRAY
srod¥ont = S d(re)oi(e) + (1 (me) o adj(e) + LI G 4
1 N N N k - (e,) i
g Do) oi(eg) o (ex)y([eh & (- 1)) )
1,5,k

for any a € g.
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PROOF. The formula for o, o i"(a) o 05! follows from formulas (A.3), the formula for
0,0 LM (a)o 07_1 follows from lemma A.1.6. From theorem A.1.2 we get 3d"|ciif(ngm) =:
3dW|cuip = D2;(—=1)P) ((wed)E o (v49)E — (v9)F o (we?)®).  Using formulas (A.3), lemma
A.1.6 and definitions, we get

12% -1
30',y od |Clif e} O',y =

- Z ;(ﬂ-[e]’, '] -me;)l ol () + %i’([ej, e']) oi'(e;) od'(e”) + Z %str(adei)i'(ei).

1]

By (A.3) we have

o, 0 ad (Z?T@i -j(ei)> oa;1 =
= 207 7761 ))L - (j(ez) ' ﬂ-ei)R) © O-';l
- Z 0. o (me;)* o lo j(e)r — o, 0 (me;) o 0;1 o j(eH)f

= Yo’ oadi(e) + 5 ()" + ()" 0 (e B

7

A.2 Proof of theorem 6.2.1

Let a € g. The first identity follows from from o' o i'(a) o0, = "Y(a) (theorem A.1.3) and
from that fact that [i'(a),4 (b)] = 0 for any a,b € g.
To show the second identity we use the following lemma. Let W =3, Sjj o i'(e;) 0 (e)).

Lemma A.2.1. For any a € g we have W o L'(a) = L'(a) o W.

PROOF. By commutation rules in a g-differential algebra we have

WoL() =3 8yeiteoite)o L -
= D (Sy+ (-1 )”(“’1) e S5i) o' (e) 0 (e, a]) — [L'(a), Sy] 0 (e3) 07 (e) +
1,J
+L/(CL> @) S"J @) il<€i) ©) ZI(GJ)
By lemmas 6.1.2 and A.1.3 we get
WoL'la)=3 (28500 (es) 0i (fesa]) ~ L
.3
so it is sufficient to show that 0=}, 25,01 (i) o ([ej,a]) — L' (a)(Sij) o (e;) o4 (e;). Tt
follows from lemma A.1.4, part z. |

/

(@)(Sy) 01 (e) o' (e5)) + L' (@) o W,

From the previous lemma we get Q o L'(a) = o lo L'(a) o0, 0Q. The theorem A.1.3
gives 0 o L'(a) o 0,, = L™ (a), so the proof is finished.
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A.3 Proof of theorem 6.2.2

Let W =3",, %800 (e;)) oi (ey), in this section we show theorem 6.2.2. It is equivalent to

show the identity BoJzoe Wod oeWo.J 2 = 0 odV oo, 0. If Ad denote the conjugation,
this identity becomes

Ad(J2) o Ad(e ™) (d) = B oo

v

1odwoawoﬁ. (A.4)

Lemma A.3.1.
A ) ) = d = 30 30 te) 07 () + (e 1(E) o ) 0 B +
5 3 (2 (07 (€6 + 517 (e ) ) o e o e o ),

The proof of this identity is a long calculation so we give it in a different paragraph.

A.3.1 Proof of lemma A.3.1

We have Ad(e=")(d) = e*™""W)(d') =d — [W,d] + $[W,[W,d]] + - - -. The proof of lemma
A.3.1 is the computation of the terms of this series.

Lemma A.3.2.

W] = 37 5 1) o (en e]) + (el 1(e)) o7 (e5) o B +

1,]
1 . . / ! ’
+5 D o) (=1)PE)y(el t(e')) o' (e:) o (e5) o i (e).
igil
PROOF. By commutation rules in a g-differential algebra (see (6.1)) we get

() =

!/

2(W,d] = Zsz'j oli'(e)oi(e;),d]—1d,Sy]oi(i)oi

= ) (=S 00 (e e5)) + (1P (S (—1)PTPED) 4 Gy 0 L(e;) 0 () +
1]
_ Z[d', Siiloid (e;) o (e).
1,
From (A.2) we have a formula for d'. We compute

[, Sy] =Y —[Sy, ()0

l

— Z[(GZ)L’ Sij] o i,(el)(—l)l)(ﬂez)p(eﬁ-ej) + (ﬂ'el)L o L,(el)(Sij)(—l)p(el).

/

(e (L7 1 (me!) o [L (), S (~1) =
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For any a € g we have L'(a) = ®¢ + L'(a)|s(g) (see formula A.1). From lemmas A.1.4 and
6.1.2 we get

S (1P (e o L e)(Sy) 0 (e) 0 (e) = 23 (=1 G50 L' e sig) 0 (e5):
1,7, 4,7,
The lemma 6.1.2 and the remark A.1.1 give
AW,d] = (—1)" S 04 ([er,¢]) + 2(=1)P PS5 0 B 0 () +

i?j

™ Z —9(e))(Si;) 0 (e;) 0 (e5) 0

i7j7l

(e)-
Lemma A.3.3. (W, [W,d]] =1 >0 — (=P (t(eh), [ef, t(e")]) o i'(e;)oi'(e;) 0 ().

PROOF. By the commutation rules in a g-differential algebra and by the fact that S(g)* is a
commutative superalgebra we get

AW, (W, d]) = (W23 (-1, o L (e) o (o)

We compute

W, Z(_Dp(ez)p(em)glm o L'(em) o z'/(el)] -
l,m

= Y (—1peren gy, o (L/(em)(sij) oi (&) 0 (e))0i (ej)+Syoli(e)oi(e),L

Z‘?j7l7m

= 3 () S0 (<L em)(Sy) 0 ei) 0 (e5) 0 i (e1) + Sy 01 () 0 (e e]) 0 (e1))

3,5,L,m

= 3 S o (< (en)(Sy) 0 (e o (e5) 0 (1))
3,5,L,m

= Y (DS, o (L (en)(Si) 0 (e) 01 () 0 (@)
3,5,L,m

The lemma A.1.4 and the remark 6.1.1 complete the proof.
Lemma A.3.4. [W,[W,[W,d]]] = 0.
PROOF. The proof follows from the commutation rules for i'(-) and from the fact that

97,9, = 0 for any f,g € S(a)". I

A.3.2 Some others properties

1

Theorem A.3.1. Let X € g. We have 2J= - 0(X)(J2) = S (=1)PCdy(el (e, X))
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PROOF. As seen in lemma 6.1.1, J2 = Ber(F(adz)) where the formal series F(z) is invertible.

We have 9(X)(J2) = Jz - str <Z((§§f)) : 8(X)(adx)> and 0(X)(adz) = ad X, so

str (?é:jj)) ~6(X)(adx)> = =Y (—1ypey <e i((:;lg (@,X])) .

%

(% (2 '(—z smh(
As F(z) = F(—=z) we have 21;((2)) = 1;((2)) - 1;((_2))' By F(z)F(—z) = —=2* (lemma 6.1.1) w

F = 552 = —p(2). In particular 20(X)(J2) - J 72 = zi(—1)p<ez>7 (e, t([es, X])). |

Corollary A.3.1.

Ad(Jz 0 e W) (d) = Ad(e Z'ye t(e”)) o' ([ej, e)) (A.5)

PROOF. The operators in the formula of Ad(e™")(d') (lemma A.3.1) not commuting with
J2 are L'(X), X© with X € g.
Let f € S(g)§ be invertible. From notation 6.2.1 and lemma A.1.3 we get

floXbof=X"+fod(X)(f)
L(X)of =L(X)(f)+ foL(X).
If L'(X)(f) =0 for any X € g, these formulas give

Ad(f~roe™)(d) = )+ Z foda(f™)oi(e).

To end the proof we only need to consider the case f = J_%, in fact

/ 1

L'(X)(J %) = —%J‘l LJ7r - L(X)(J)

which is zero by theorem A.1.1. The theorem A.3.1 and the remark 6.1.1 give

S Fou( ol (e) = 3 (e te) o (les.ei).

Let e(X,Y,Z) be an expression depending of three elements of g. We introduce the no-
tation

Cyel(e(X,Y, 2)) = e(X,Y, Z) + (= 1)PFPEe(Z, X, Y) + (-~ 1)PPH e (Y, 7, X).

Let
Ligg i= —=0(") (y(t(e' (=1)"'), €) + ([t(e"), €' (=1)"V), t(e)).

We have shown in corollary A.3.1 and lemma A.3.1 that

Ad(Jzoe W)(d)=d + Z v(et, t(eF)) o i (eg) 0 DL — é > Cycl(Ligx) o (er) oi (1) o i (ex).

ik
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A.3.3 The role of vCDYBE

We recall that Hom(S(g),S(g)) has the following structure of S(g)*-module: Ff = Mult o
(F® f)oA for any F € Hom(S(g),S(g)) and f € S(g)*.

Theorem A.3.2. Let f € S(g)*.
i) For any ¢ € Hom(S(g), ) we have id x (pf) = (id * ¢)f,
ii) for any derivation F : S(g) — S(g) we have 0f o F = fF.

PROOF. i) This part follows from definitions.

i1) We remark that 0y o F'(1) = f(1)F(1) = (fF)(1). Let X € g and W € S(g). We suppose
by induction that 0y o G(W) = (fG)(W) for any derivation G : S(g) — S(g). Using this
hypothesis, the definitions and the notation 6.2.1 we have

Do F(X - W) = 0p(F(X) - W + (=1)PPPIX . F(W)) =
= (fFX)N)W) + (=PI (o + (=1)PDPOXE 0 9p) 0 F(W)
= (fFX)")W) + (=1)PEPE ((f o XFVF + (—1)PPPE X E o (FF)) (W)
(FEX)") (W) 4 (=)PEPE) ((fo XVF + f(X" 0 F)) (W)
= (f(FoX")+ (=1)PPE(fo XE)F) (W)
= (fF)(x-w).l

We recall that j : g — U(g) is the inclusion of g in the enveloping algebra U(g).
Corollary A.3.2. Foralla € g, 7 o3(j(a)l+j(a)R)oB = al+>,(—1)P)y(t(a), e') o Df .

PROOF. By theorem 2.5.2 we know that 37 o(j(a)*+j(a)®)o = ®§—d*,. The coderivation
2(@“ ) — a” is associated to the formal series % (ezil — ﬁ) — 1 which is equal to
—zp(z). By definitions we get

adz o p(adr)(a) = adz o t(a) = adz(e;)y(e', t(a)) = — Z oiiv(e' t(a)) =
= = Z )iy ')y’

The part ¢ of theorem A.3.2 gives that the coderivation associated to —adz o p(adx)(a) is
(1P (t(a), e') 5. From the part ii of theorem A.3.2 we get that v(t(a),e))®f =
Y(t(a),e) o 2.

This corollary, theorems A.1.3 and 2.5.2, the formula (A.2) for d', give

/

Ay 0e”")(d) =

_ _% Z <Cy0l(Likl) 4 ify(el7 [(_1>P(ek)ek’ ez])> o z'/<€i) o i/(ek) o il(el) +

ikl

—i—,@’_loaw_lociwoavoﬁ.

63



In particular the identity (A.4) is equivalent to
1 ; / ’ !/
5= ((Coettzan + e (=10 ) o @) o e o fe) =0

ik,

Using the notations of chapter 5 we have
Cyel(Lia) = i(e')i((—1)" M eb)i(e") (—dw + (p(t)p(v) + p(u)p(v) + p(t)p(u) : @).).

By theorem 5.2.2 we get Cycl(Likl) - %'y(el, [(—1)Pler)ek ¢i]) = 0 for any i, k, [, so the proof
of identity (A.4) is finished.
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Errata Corrige

Title of paragraph 2.5.1: "Universal representations in the enveloping algebra"
PAGE 10, third line of example 1.1.2 part a: "Moreover"

PAGE 12, first line after remark 1.2.2: "S(M)*-superalgebra"

PAGE 21, third line of theorem 2.2.6: replace "if and only if" by "if"

PAGE 23, remark 2.3.5: the right formula is "(¢(t) + at, 1 (t) + bt, p(t) + abt + a(t) + bp(t))"
after remark 2.3.5: "By this remark and by remark 2.3.2"

PAGE 24, line 2: "0.(t) = \/ct coth(y/ct)"

lemma 2.3.1: "there exists" ... "(y/ct coth(y/ct), ct)."
proof of lemma 2.3.1: "as its derivative"

theorem 2.3.3: set f =1

PAGE 26, first line of remark 2.5.1: "gr(U(g)) might not be commutative"
first line of definition 2.5.2: "g verifies"

PAGE 28, second line after corollary 2.5.1: "if K does not contain Q"

PAGE 30, lemma 2.5.3: "The symmetrization map verifies"
theorem 2.5.3: "and g = go a Lie K-algebra."

PAGE 33, ninth line after definition 8.3.2: the right signe of i(ay)---i(a,)a is (—1)P(@)p(rart-+man)

PAGE 35, corollary 3.4.1: "Let K O Q. Any K-superalgebra has the Maurer-Cartan forms"
second line of remark 3.4.2: "Moreover"

PAGE 37, theorem 4.0.2: set N =1
end of corollary 4.0.2: replace "ada" by "adj(a)", "adb" by "adj(b)", "a®" by "j(a)E", "bE"
by Hj(b)RH

PAGE 39, proof of theorem 4.1.3: replace "a*" by "j(a)L", "0(a)®" by "j(0(a))E"
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end of the proof of theorem 4.1.3: the right text is

g, ach

9 _ Ha 0(a) _

This means that 37! o ad'(a) o B|s(q = I15."
corollary 4.1.1: replace "invariant" by stable

PAGE 41, fourth line after remark 4.3.1 : "formal vector field"
line 18: f e q*

PAGE 42, third line after theorem 4.5.1: "€ Hom(g, g,)"
PAGE 43, last line: replace "lg" by "In"

PAGE 44: the right formula of 084) is

1
U(()4) = V1-V2- V3-U4+ 6 Z (—1)\5‘5trq(advs(1) o advs(g))vs(?)) * Ug(a) +
SEXY
s(1)<s(2)
5(3)<s(4)
—1 |s]
+288 Z (—1)"Istrg(advsy o advg(a))strg(advgs) o advsy) +
SEX
5(1)E<s4(2)
s(3)<s(4)
1
~ 350 2 (1) stre(advy) 0 advy(z) 0 advy) 0 advyw)

SEXY

PAGE 47, third and fourth lines of section 5.1: replace "g*" by "Hom (M, N)", "g" by "M"

PAGE 48, second line of remark 5.2.1: replace " f(—adz)(Y)" by " f(adz)(Y)"
line 8 "i(X)i(Y)i(Z)(a) = (—1)PY)y(X,Y, Z)"

PAGE 49, after theorem 5.2.1: "if t + u + v = 0, equation (5.2) becomes"
lemma 5.2.2: this lemma assume that K O Q
proof of lemma 5.2.2: "We apply the limit v — 0"

PAGE 50, first line of remark 5.2.3: "g be a finite-dimensional Lie K-algebra"
eighteenth line of remark 5.2.3: "Using the properties of 7"

nineteenth line of remark 5.2.3: replace "rg" by "r,"

eighteenth line of remark 5.2.4: replace "coth(%)" by "coth()"

68



