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SALVATORE RIONERO

L2-STABILITY OF THE SOLUTIONS TO A NONLINEAR BINARY
REACTION-DIFFUSION SYSTEM OF P.D.ES.

To Guido Zappa on the occasion of bis 90 birthday

AsstrRACT. — The L2-stability (instability) of a binary nonlinear reaction diffusion system of P.D.Es. - either
under Dirichlet or Neumann boundary data - is considered. Conditions allowing the reduction to a stability
(instability) problem for a linear binary system of O.D.Es. are furnished. A peculiar Liapunov functional V
linked (together with the time derivative along the solutions) by direct simple relations to the eigenvalues, is used.

, Key worps: Nonlinear Stability; Liapunov Direct Method; Reaction - Diffusion Systems.

1. INTRODUCTION

Let Q C %> be a bounded smooth domain. The nonlinear stability analysis of an
equilibrium state in Q of two «substances» diffusing in Q can be traced back to the

nonlinear stability analysis of the zero solution of a dimensionless binary system of
P.D.Es. like

U = ayu + arv + yy du + f (u, v, Vu, Vo)
2 v; = a3t + agv + v, v + g(u, v, Vu, Vo)
with f and g nonlinear and
a; = const.( = 1,2,3,4)
y; = const. > 0(/ = 1,2)

(2) Slu=v=0=>f=g=0

u:lx,2) € QxR — ulae,t) € R

v:i(x,) € QX R - vix, ) eR
under Dirichlet boundary conditions

3) u=v=0 ondQxR"
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or Neumann boundary conditions (n being the unit outward normal to 99)

du dv "
(4) %—%—OOHBQX%
with the additional conditions
5) /ua’Q:/de:O,Vte%J“,
Q Q2

in the case (4). The stability problems (1)-(5) are encountered in many models of real
world phenomena like fluid motion in porous media, heat conduction, spatial ecology
(see [1-8] and references quoted therein).

Denoting by

(-,-) the scalar product in [*(Q);

||| the L?(2)-norm;

H{(2) the Sobolev space such that

g € Hi(Q) — {(/;2 + (Vo€ L), = 0 on ag};

H!(Q) the Sobolev space such that
¢ € HY(Q) — {(pz + (Vp)e L(Q),% =0on BQ,/(pd.Q = 0};
Q

the [?-stability of (x, =, =0) with respect to the perturbation (#,7) belonging,
Ve R, to [Hé(.Q)]z in the case (3) and to [H,}(Q)]z in the case (4)-(5), has been
studied in [7, 8] under the assumptions

LA+ Nell = o [l + f121)2]
(6) b1=d1—671<0
b4 =a4— 0y, < 0
@ being the positive constant appearing in the Poincaré - Wirtinger inequality (*)

7) IVoll*> alle?

holding both in the spaces H}(€2), H.(£2). As it is well known, @ = a(€2) > 0 is the lowest
eigenvalues 4 of

Ap+ ¢ =0

(*) When Q is a «cell of periodicity» in three dimensions like
. 1
Q:ix=0xy20eR=>0<x<40<y<blg 55

with # and » periodic in x and y directions of period z and 4 respectively, then (3) (4) are required only on |z| = %
([4, p. 237] and [5, pp. 387-388]).
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respectively in H}(2) and H.(Q) (i.e. the principal eigenvalue of —4). In the present
paper we reconsider the problem requiring (6); and only 41 + 54 < 0. Our aim is to show
that the stability (instability) of the critical point (#, = v, = 0) of (1) is implied by the
stability (instability) of the critical point &, =#, =0 of the linear binary system of
O.D.Es.

—é =bié+an
® @
77 =a3& + by,

without requiring 4, = 43, 7.e. the symmetry of the linear operator acting in (1) [see 7) of
Section 5].
The plan of the paper is as follows. In Section 2 we introduce a suitable rescaling

: v
transformation for # and v and a basic Liapunov functional V' such that the sign of v

dt
along the solutions of (1) is linked directly to the eigenvalues of (8). Section 3 is dedicated

to the stability, while the instability is considered in Section 4. The paper ends with some
final remarks (Section 5).

2. PRELIMINARIES

Denoting by a and f two rescaling constants to be chosen suitably later, and
setting

9) u=au, v=Po, f*=y,(du+au), g = y,(4v+av),
in view of (1), we obtain
(10) {a,:blﬁ+bzﬂ+7* +7
0, =bu+bo+7 +32
with
1 1,
f==f , & =24 , bh="=a
@ y=am) B" lo=pw a
(11)
—x 1 1 a
f :_f* ) E* —_g* ) b3 —a3 .
@ ymam B” lw=po B

In the sequel we will use essentially the following peculiar Liapunov functional

(12) V(@ 2) = [AQal? + 171°) + |7 — bl + 1625 — b,

1
2
with

(13) A =biby — bybs = biby — azas, I = by + by.
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By virtue of
%‘;: (A+B3+B3) @, ) + (A+ 5+ B3)(0,5,) — (b1bs + babs) (@, %) + (0, %)) -

taking into account that along the solutions of (10) one immediately obtains

(@) = by (3,7) + by (@) + @] +7)

(14)

(@.2:) = b5(@,2) + ba(9,9) + (2,2 +2)
(15)

@,%) = b1(#,9) + b(5,9) + (5,F +F)

(@,0:) = bs(a,9;) + ba(a,0) + (7,8° + ),

by straightforward calculations it turns out that along the solution of (10)

16) & — a1l + o) + ¥ +
with
Y = (a7 — a;B,?) + (a0 — a3%,2")
¥ = (0,7 — a3, f) + (@25 — a37%, )
(17)

s =A+b2+ b5, 0y =A+F + b

\ d3 = b1b3 + bzb4.

Remark 1. We observe that
i) the eigenvalues of (8) are given by

IvVI?2 — 44
(18) A= —
hence
I=0h+A
(19) A=MhA

Al = (4 + 1) 4;.
Therefore
(20) I<0

imply the asymptotic exponential stability of the null solution of (8), while either

(21) I>0
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or

(22) A<O0,

imply the instability. In fact let (22) hold. Then the eigenvalues of (8) ate real positive
numbers. Analogously when (21) hold with A > 0, at least one of the eigenvalues of (8) is
a real positive number (case I > 4A), or has positive real part (case I < 4A4).

7)) The rescaling {# = a#%,v = v} does not influence A and I.

3. [2(Q)-sTABILITY

Lemma 1. Let

="
(23)
A>0.
Then
(24) ¥ <0.

Proor. In view of (17) and (22), it follows that
(25) ;>0 i=1,2.

(26) ¥ (@=pa1 [ VA7 [+1,02 I VoIl | +0192)a (Y7, V) -a(7, ).
For y; =y, =y, it follows that
~ay[|val + |99 - a(jial’ + J717?)]

(27) V@ = —[IVEiE+ b)) -l + bl +

1[IV (B2 + b43) | = @l + b

Let y, # ¥, and assume, for the sake of concreteness, 7; < y,. Then the following Lemmas

hold.

Lemma 2. Let

<7
(28)
A>0.

If exists a constant u such that choosing

(29) B =H
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it turns out that

(30) |as]| <2 V72 :
N Y1172

then (24) holds.

Proor. (30) implies either

(31) (yy + y2)as = £2/y17,a102
or

(32) (y1 + 7das = £24/y,7a1a,
with

_ n+ 72)2‘15
33 <y=——"-"""=<
(33) nsv 4y,a102
Then in view of (31) one obtains

(34) P = — [“V(,/alyl AT ,/azyzv)ﬂz—au,/alylﬁ ¥ ay /azyﬁuz] <0.
Analogously — in the case (32) - setting

E=79, =7
it follows that

(5) ¥ =—eax|IVal* ~allol’| - [IV(vana ¥ V) I ¥ allyamaray/am|’]|<o.

Lemma 3. Let (28) and
(36) brarazby < 0
hold. Then choosing
arby }

(37) A=5 hay

B

(24) holds.
Proor. In fact (37) implies a3 = 0 and (24) is immediately implied by (26).

Lemma 4. Let (28) and either

(38) y\l/—%_yyfw <2/A+#
or
(39) y—l;—tyl;w <2/a+ ¥

hold. Then (24) holds.
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Proor. (30) - in view of (29) - can be written

2./
(40) |bla3,u2 + ab4| < yTyl;)Z \/(A + 12383+ B2) 12 (A + B2) + 43).
1+ 7

Therefore (38) implies that (40) is verified strictly as inequality for u = 0, hence exists
a y such that x4 < u, implies that (40) is verified. Analogously (39) implies that (40) is
verified strictly as inequality in the limit 4 — oo. Therefore exists a p, such that for
U > iy Lemma 2 holds.

THEOREM 1. Let (6)1 and (24) hold. Then

I<0
(41) {
A>0

imply the (local) L?-asymptotic exponential stability of the null solution of (1).

Proor. In view of (16), it follows that

av 2 w2
(42) < —al(jal’ + o7) +¥.
By virtue of (41),, V is positive definite, further from (12) it easily follows that V is a

measure equivalent to the L?(2)-norm. In fact (12) implies

() (112 + 1817) < v < & (1171 + 1917
with
1
kl = EA
(44) A 4 5
ko =35+ 21: 5.

On the other hand - by virtue of (6) - it follows that exist two positive constant £ and J
such that

_ 3 2\ &+
(45) 71+ izl < (Il + 17117
hence

- k
(@7 - a57,7) < s + s (117 + 517)
(46) (07— 0,7,2) < laz + las) (171 + 517)

1+k
v <6 (|l + 1)
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with
(47)
Therefore (42)-(47) imply

(48)

with

(49)

It follows that
(50)

implies

(51)

with

(52)

and hence
(53)

S. RIONERO

01 = dmax (a; + |a3|,a2 + |a3|).

av < —dV + d, Vitk
dt

_Al
-

by =Sy

d Ie}+/e

n=d<1—%V§>

V < Voe ™.

4. INSTABILITY

We consider now the linear instability of the null solution of (1). Precisely, let
{@u, 0,}, (n=1,2,..;a = a;) be the sequence of the eigenvalues (with the associated
eigenfunctions in H}(Q) and H!(Q) according to (3) and (4)-(5), respectively) of (1). We
study the instability of the null solution of

(54)

{ Uy = a1u + axv + ylAu

vy =ast+ agw + 4

with respect to the perturbations

u= Zuﬂ , v= Zz}n
n=1 n=1
(55) Up = Xn(t)%z y Uy = Yn(t)¢n
X, € Ct(RT), Y, € C*(RY).
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Then, by virtue of the linearity and

(56) 49, = —a, ¢,
(8) gives
X,
az = blan + ﬂZYﬂ
7)
dy,
dr = d;X” + b4nYn
with
b1, = a1 — y,a,
(58) { monTa
ban = ag — Y20y
Setting
Ay = bi,bsy — 1243
(59)
In = bln + b4n

it follows that (for y, > y;, 7, =y, + &)

A, = A1+ [Yia, — @) + &@ny, — a1) — y 1@, — a)

(60)
Li=1 —(y +9)@, —a).

TureorReM 2. The linear instability of the null solution of (1) is implied by each n such
that either

(61) I,>0
or
(62) A, <0.

Proor. See 7) of Remark 1.

Remark 2.
7) Generally the coefficients ¢; depend on some dimensionless parameters char-

acteristic of the phenomenon at hands. Assuming that the parameters are only two and
denoted by R and C, (61)-(62) can be written:

(63) I(n,R,C) = b1, + b4y, > O
(64) A(n,R,C) = b1,bsy, — azas <0
respectively. Let (63)-(64) imply respectively

(65) R < F(n,C)

(66) R < G(n,C)
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and set

RW = inf F(n, C)
N+

(67) .
R? = inf G(,C)

Then the critical value R of R guaranteeing that R > R¢ implies instability is given by
(68) R© — inf(R?), R(cZ))' '
#7) Byvirtue of (60);, I, is a decreasing function of @, — a. Hence exists an 7 such that
0<I;, Iiy1 <0,
which implies
RY = inf F(n, C).

Analogously, in view of (60)1, it follows that exists a #»* such that
Ay <0, Api1 20
which imply
R® = ﬂugf G(n,C).

) Inthe case y, # y, the destabilizing effect of diffusion can appear. We refer to [7-
8] for the details.

5. FINAL REMARKS

i) The I?-asymptotic stability implies the analogous stability with respect to the es-
sential sup, in the weak sense of the asymptotic (Lebesgue) measure stability. In fact de-
noting by Q(e, |p(x, 2)|) the largest subdomain of 2 on each point of which, at time ¢, |¢| is
bigger than & > 0 and by Ji(z, |p(x, #)|) the Lebesgue measure of @, for p > 1, the following
inequality holds [9]

~ 7 #
(©) (ot O ote, 1) < ot 7,2 > 0
In particular for p = 2, it follows that
(70) (llote, 215, lotw, 1) < llot, A1
and hence
(71) Ve>0, lim|pl,nl =0 = limie oG, 2)]) =0.

%) If¥ <0, then Theorem 1 guarantees global L?-asymptotic exponential stability.
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i77)  The stability-instability theorems 1-2 continue to hold for the more general system

w=au+av+e -Vu+ydu+f
(72) { ’ :

vi=autaw+hb -Vo+yp,40+¢
withe and b divergéhce free vectors, at least when either a; = 0 ore = b in the case (3). In

fact the contribution of e - Vu,e - Vv to —is

dt

- Aayu — asv,e - Vu) + (aqv — azu,b - Vo) =

[(ar,e - Vi2) + (u,b - Vo)] =

1
)
= —as3{v,(e —b) - Vu).
In the case (4), the additional conditions e -#n = b -n = 0 on 9 are needed.
iv) By virtue of theorems 1-2 it turns out that either when Lemma 1 or Lemma 3 hold,
the coincidence between the condition of linear and nonlinear stability is reached without

restriction on y;, y,. This coincidence - without restriction on y;, 7, - can be obtained also
in the case ‘

(73) v, araz >0

by choosing as Liapunov functional E = % (17> + [|2]]°] with a suitable choice of ’%. In
fact (1), in view of (9)1, (9), can be written
with
a1 +y 4 éaz
(75) c=| é
Bd; a4+ y,4

f 0 7
7 Nz( ) ()

In the case (73) the linear operator £ can be symmetrized by choosing

This choice allows to obtain the coincidence between linear and nonlinear stability in the
L2(Q)-norm (we refer to [4, pp. 80-82] for the proof). Further from
1d

(78) 2dt

|| =< Lii, 5 >+ < N, i >,
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it follows that if

(79) < Nii,ii >< 0
then one obtains the global stability. This happens for instance in the case
(80) f=e-Va, g=e-Vi

with e divergence free vector depending on (%, #), under the additional condition
e -n =0 on 0Q when (4) hold. In fact it follows that

(81) <Nu,u >:%<e, V(@ + ) >=0.
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