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Epoarpo VESENTINI

ON A CLASS OF INNER MAPS

To Guido Zappa on the occasion of bis 90 birthday

AsstrACT. — Let f be a continuous map of the closure 4 of the open unit disc 4 of C into a unital associative
Banach algebra A, whose restriction to 4 is holomorphic, and which satisfies the condition whetreby
0 ¢ a(f(2)) C 4 for all z € 4 and o(f(2)) C 84 whenever z € 94 (whete a(x) is the spectrum of any x € A).
One of the basic results of the present paper is that f is spectrally constant, that is to say, o(f(2)) is then a compact
subset of A4 that does not depend on z for all z € 4. This fact will be applied to holomorphic self-maps of the
open unit ball of some J*-algebra and in particular of any unital C*-algebra, investigating some cases in which not
only the spectra but the maps themselves are necessarily constant.

Kev worps: Associative Banach algebra; Holomorphic map; Spectrum; Spectral radius.

An inner function on the open unit disc 4 of C defines a holomorphic map of 4 into
itself such that the radial limits of f(re”) as » T 1 exist and have modulus one almost
everywhere on the unit circle &4. The inner function £ is injective if and only if it is a
holomorphic automorphism of 4; hence, it has a (unique) continuous extension to A,
which is a homeomorphism of this latter set onto itself. At the other extreme, if the inner
function f is the restriction to 4 of a continuous complex-valued function on 4 — which
will be denoted by the same symbol f — and if (4) # 4, then, by the maximum modulus
theorem, £ is constant: £(4) is a point in J4.

The situation changes radically if 4 is replaced by the open unit ball B of C” (for
some # > 1) endowed with the euclidean norm. In which case, a non-constant inner
function # on B (whose existence was established by A. B. Aleksandrov in 1983; see [8]
also for historical and bibliographical references) has quite an irregular behaviour on
OB. For example, if f extends continuously to one point of 9B, then # is constant (see,
e.g, [7, 8]). On the other hand, if B is the open unit polydisc in C” (for some # > 1),
non-constant holomorphic maps B — 4 having continuous extensions of modulus one
at each point of the distinguished boundary of B, do exist, for which the validity of a
similar conclusion to the one stated at the beginning in the case in which B = 4 can then
be investigated.

A possible explanation of these different behaviours may be found in the fact that the
polydisc C” is the unit ball of an algebra, whereas the unit euclidean ball is not when
n > 1. In the present paper we shall test this explanation by replacing B by the unit ball of
a Banach algebra M and # by a holomorphic function on B, satisfying suitable boundary
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conditions on OB, with values in a unital Banach algebra .A. These latter conditions can be
weakened in the case in which M is any unital C*-algebra (or, more in general, any J*-
algebra, [3], for which the set of extreme points of B is not empty).

One of the main results is expressed by the following theorem.

THEOREM. Let B be the open unit ball of a unital C*-algebra M. Let f be a holomorphic
map of B into a complex unital Banach algebra A, which bas a continuous extension to the
set I' of all extreme points of B.

If. for every x € B, the spectrum o(f(x)) of f(x) is contained in A and if

(1) o(fx) cd4 Vxerl

then, either f(x) is not invertible in A at some point x € B or o(f(x)) does not depend on x.
Iff maps B into the open unit ball of A, if (1) holds and if there is xy € B for which f(xq)

is invertible in A and
) [I£(x0) '] =1,

then, either f(x) is not invertible in A at some x € B or f(x) does not depend on x.

Assuming in patticular A = M = L(H) for some Hilbert space H, #f || #(x)|| < 1 for
all x € B, if f(x0) is invertible and (2) holds for some xo € B, then either f(x) is not
invertible for some x € B or there is a linear isometric automorphism y of H such that
f(x) =y for all x € B.

The basic ideas in the proofs, which are already present in the case B = 4 that will be
discussed in Section 2, rely heavily on maximum theorems for spectra and on properties
of holomorphic families of linear automorphisms.

The results of Section 2 are instrumental in investigating the general case in which the
role of 4 is played by the open unit ball of a J*-algebra, leading in particular to the
theorem stated above for unital C*-algebras and to a similar result holding in the case of
E. Cartan’s spin factors.

1. INNER SPECTRAL RADIUS

Let A be an associative unital Banach algebra (}). For # € A, 6(«) or 6 4(x) and p(x) or
p 4(u) will indicate respectively the spectrum and the spectral radius of #. Let A™" be the
set of all invertible elements of .A.

We will denote by k(x) or k. 4(u), and call inner spectral radius of u, the non-negative
real number

k(u) = inf{|{| : { € o(w)}.
Thus, k() = 0 if « is not invertible, or (by the spectral mapping theorem)
1

plut)

fue Al

(!) Throughout this article, all Banach algebras will be tacitly assumed to be associative.
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Assume now that A is not unital, and recall that # € A is a quasi-regular element of A
if there is » € A (which is unique and is called sometimes the quasi-inverse of #) for which
(3) w—u—v=0u0=uvu.

Let A = A @ C be the Banach algebra obtained by adjoining an identity (denoted by
1 or 1) to A, equipped with the norm

lloe + CLgll g = Nl g + 1] (€ A, L€ C).

As is well known, if A is non-unital, for any # € A, 0 € g 4(w) = 0 ;(u), and therefore
k() =0forallu € A )

On the other hand, by (3) # € A is quasi-regular if, and only if, # — 1 is invertible in .4
(in which case

(u—lf{rl =v—1%),
so that # is quasi-regular if, and only if, 1 € g.4(«). Thus, in the case of a non-unital
Banach algebra A, some of the roles of the inner spectral radius and of the spectral radius
are played by two numerical indicators f(z) and y(«), where:

B(u) is the distance, in C, of 1 from o 4(#), i.e.,

Blu) = inf{|{ — 1] : L € a.4(@)},

and y(«) is the supremum of tile distances, in C, from 1 to the points of o 4(«): |
o) = sup{|¢ — 1] : { € )}

Hence,

B) < y(w),
and, by the spectral mapping theorem,
) =sup{|{ — 1] : { € o.4(w)} = sup{|{| : { € 0 4(w) — 1}
<plw) +1.

2. ONE COMPLEX VARIABLE

Let 4 be the open unit disc in C, let A be a unital Banach algebra and let g be a
holomorphic map of 4 into A.

Tueorem 1. If g satisfies ?be following conditions (*):
) plglz) <1Vze 4

(*) Note added in proofs. In a forthcoming article (Inner maps and Banach algebras), condition 77i) has been
replaced by the weaker hypotheses:
there exist £ > 0 and 7y € (0,1) such that

1> |2] > n=xlg2) > &;
there exist a measurable set H C [0,2n], with Lebesgue measure 27, such that
1,1%? K(g(re®)) =1
forall 6 € H.
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il) g(z) is invertible, ie. k(g(z)) >0V z € 4;
iii) for every € € (0,1) there is some & € (0,1) such that

(4) 1>7 >1-0=k(gh) >1—¢,

then p(g(z)) = x(g(z)) = 1 at all z € A and 6(g(2)) is a compact subset of A that does not
depend on z.

ProoF. The function b : 43 z+— g(z)™' € A is holomorphic;

B 1
plh(2) = (g2 1) " k(@)

If p(h(z)) < 1 at some point z € 4, there is some T € 4, T # 0, such that 7 € o(h(2)).
Since

>0Vzed

% € o(g(2),

then p(g(z)) > 1, contradicting 7) and showing thereby that
®) ph(2) > 1Vz € 4.

For any ¢ € (0, 1) there is § € (0, 1) satisfying (4).
The function u : 4 — R, defined by

() = ph(z)) ifze4
He= 1 if z€04,

is upper-semicontinuous on 4, and therefore it reaches a maximum at some point of 4. By
(5) and the maximum theorem for the spectral radius, [11, 12], p(h(z)) = 1 for all z € 4
and the peripheral spectrum of 5(z) (ze. the set 94N a(h(2))) is a compact subset of 94
which does not depend on z. :

By (4), the entire spectrum of 5(z) is a compact subset of 4 which does not depend on
z. The same conclusion holds for a(g(z)). a

CoroLLARY .1."Let g be a continuous map of A into A such that g4 is holomorphic.
If g satisfies conditions 1) and ii), and is such that

v) klglz)) =1V z € 4,
then k(g(2)) =1 at all 7 € A and o(g(2)) is a compact subset of OA that does not depend
on 2.

Remark. If A = C, in Corollary 1 — where g is a (scalar valued) inner function, and
therefore a(g(z)) = g(2), p(g(z)) = k(g(z)) = |g(2)| — then ) and 77) are expressed by:

v) 0<|gx)| <1Vze4,
and 77) reads:
vi) for every ¢ € (0,1) there is some 6 € (0,1) such that

1>z >1-0=|gl@)|>1-—=
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The conclusion of Theorem 1, whereby g is now equal to a constant of modulus one on
A4, can be reached through a direct application of the maximum modulus principle for
scalar-valued holomorphic functions.

Following [4] we will come to the same conclusion showing, by a different argument,
that if an inner function g does not vanish on 4 and satisfies condition v7), then it is
constant.

The first hypothesis implies that g is a singular function, ze., up to the product by a
complex number of modulus one, g is represented by the integral

m e
gz) =exp| — / —f—i?-du(e)),

el —z
0

where y is a singular positive measure on 4. The holomorphic function 5 on 4 expressed
by
2z 0 +
e’ + 2
h(z) = / wdﬂ(e),
0
is such that

g = e ™9 v zea

If {z,} is a sequence in 4, converging non tangentially to any pre-assigned point of 94,
then, by condition vz), Rh(z,) — 0, i.e. the non-tangential limits of R4 vanish at all points
of d4. That implies that the derivative dy/d6 vanishes identically on the unit citcle, .
proving thereby that g is constant. 2 »

The representation of an inner function as the product of a singular function and of a
Blaschke product yields then

LeEMMA 1. A#n inner function g is the restriction to A of a continuous function on A if,
and only if, it satisfies condition vi) and vanishes on a finite set of points of A.

If the unital Banach algebra A is commutative, for any character y of A the function
x © g is a scalar-valued holomorphic function which satisfies all the hypotheses stated
above for g, and therefore is a constant of modulus one on 4. That yields a different proof
of Theorem 1, in the case of commutative unital Banach algebras.

ExampLE. If A is the uniform algebra C(T) of all continuous functions on a compact
Hausdorff space T, for every x € C(T) o(x) is the image x(T) of T by x. Thus, by Theorem
1, if the holomorphic map g : 4 — C(T) is such that

0¢gg)(T) C AV z € 4,
and if, for every ¢ € (0, 1) there is 6 € (0, 1) for which
l-d<<l=1-e<|gld@®)| <1V2¢eT,

then there is a function y € C(T) with y(T) C 94, such that g(z)(T) = y(T) for all z € 4.
We shall come back to this example in Proposition 6.
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Remark. When A = C, the conclusion of Theorem 1 involves the values of the
function g and not only some gauges of those values, as in the general case. This gap can
be overcome by appealing to the theory of holomorphic set-valued functions developed
by K. Oka ([6], see also [1]), z.e. to functions % defined on 4, such that, for any z € 4, the
set £(z) C C is compact,

{@,0 :z€ 4, r¢k(z)}CA><C

is a domain of holomorphy and the compact set- valued functlon £ is upper semi-
continuos.
Accordmg to a theorem of Z. Slodkowski ([10], Theorem IV, 365, 378-386), if

(6) ! = sup{max{|t| : 7 € k(2)} : z € 4} < o0,
there is a separable complex Hilbert space H and a holomorphic map F : 4 — L(H) such

that £(z) = o(F(z)) for all z € 4.
Hence, Theorem 1 yields

ProroSITION 1. Let k be an Oka-analytic set-valued function defined on A and sa-
tisfying (6) with [ < 1. If, for every ¢ € (0,1) there is some J € (0,1) such that, whenever
1-96<|z| <1, &(2) is contained in the annulus {{ € C: 1 —e < { < 1}, then k() is a
compact subset of A which does not depend on z, for all 2 € 4.

Suppose now that A is a closed unital subalgebra of the algebra £(€), of all bounded
linear operators on a complex Banach space €.

Let 20 € Aand let g(zo) be a linear isometry of £. Since 6(g(zy)) = 4 or a(g(z)) C 04 if
g(zo) is respectively non-surjective or surjective, then the peripheral spectrum of g(z)
covers the entire unit circle if g(z) is not surjective and coincides with o(g(zo)) if g(zo) is
sutjective. The maximum principles for the spectral radius and for the peripheral
spectrum, [11, 12], yield

Lemma 2. Ifthe holomorphicmap g : A — Ais suc/y that p(g(2)) < 1 forallz € Aand if
g(z0) 75 a linear zsometry for some 2y € 4, then p(g(z)) =1 for all 2 E 4, and the peripheral
spectrum of g(2) is a compact subset of 04 which does not depend on 2.

We will now investigate under which conditions the function g itself is constant.

First of all, if g satisfies 7), 7z) and #7), the conclusions of Theorem 1 hold also for the
map z +— g_(z)‘1 (and the constant compact subsets o(g(z) ™) is the image of a(g(2)) by the
map { + ().

If /) is replaced by the stronger condition

) gl <1V z € 4,
Theorem 1 implies that, if g satisfies 7), #) and 77), then

g =1 Vzea

As for g(z)™", one can only say that ||g(z) || > 1 at all z € 4.
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Assume now that there is zg € 4 at which

(7) lgtzo) ™) = 1.
Since, for any vector £ € E\{0},

1€l = ||gtz0) " glzo) €]| < llgzo) €]l < NI,

then ||g(z0)¢|| = ||€]| for all ¢ € €, ie. the holomorphic family of linear contractions
2+ g(2) of € contains the automorphism g(zo). Hence, [2, Proposition V.1.10], g(z) is
independent of z, and the following theorem holds.

TureorEM 2. Let g: 4 — A C L(E) be a holomorphic function mapping A into the
open unit ball B of A. If g(z) is invertible in A for all z € 4, if, for every ¢ € (0,1) there is
some & € (0,1) such that, whenever 1 — & < |z| < 1, o(g(2)) is contained in the annulus
{{ e C:1—¢e< || <1} and if moreover, (T) holds at some point 2y € 4, then g(2) is (the
restriction to B of) a linear isometric automorphism of € which does not depend on z.

Remark. A similar statement to Theorem 1 in the case in which the Banach algebra .A
is not unital can be established substituting invertible elements with quasi-regular
elements and replacing the hypotheses 7), 7z), #7) by the following two conditions: vz)
o4(g(x) € A(1,1)\{1} Vz € 4 (where 4(1,1) is the open disc in C with center 1 and
radius 1); vizz) for every ¢ € (0,1) the is some ¢ € (0, 1) such that

(8) 1>z >1-0=04(g@R) C {{: € a1, D\{1},|{ - 1| <e}.
Theorem 1 yields then

ProrosiTioN 2. If g satisfies both conditions vii) and viil), then o 4(g(2)) is a compact
subset of OA(1, 1) which does not depend on z € A. /

3, BANACH ALGEBRAS

Here and in the following o, p and x will stand for the spectrum, the spectral radius
and the inner spectral radius in A.

Let D be a bounded, convex, circular domain in a complex Banach algebra B and let f
be a holomorphic map of D into A such that

) p(f(x) <1Vx €D

and that, given any ¢ € (0,1) there exists in B an open set U, D 8D satisfying the
conditions:

(10) x€UND=x(flx) >1—¢
The intersection of D with the complex affine line in B defined by any two distinct points

x1 and x; in D is a bounded convex domain D(x;,x;) which is biholomorphically
equivalent to 4. By Theorem 1 applied to the holomorphic function g = /|p, x,), either
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0 € o(f(x)) for some x € D(x1, x2) or there is a compact set K C 84 such that 6(f(x)) = K
for all x € D(x1, x2). Letting x, vary in D, we obtain the following proposition.

Prorosition 3. If (9) and (10) are satisfied, either f(x) is not invertible in A for some
x'€ D or there is a compact set K C 84 such that o(f(x)) = K for all x € D.

Assume now, as in Section 2, A to be a closed unital subalgebra of the Banach algebra
L(E), where £ is, as before, a complex Banach space. Replacing D by the open unit ball B
of B, a similar argument to the one leading to Proposition 3, based now on Theorem 2,
yields

PROPOSITION 4. If (9) and (10) hold for all x € B, if f maps B into the closed unit ball of
A and if there is xo € B for which f(xo) is invertible in A, and
(11) | Fx0) 7| =1,

then either f(x) is not invertible at some x € B or f(x) is a linear isometric automorphism of
& which does not depend on x.

" 4. J*-ALGEBRAS

In the case in which the role of B is played by a class of J*-algebras, some of the
foregoing results can be improved by weakening the hypotheses on the boundary

behaviour of £.

Let M be a J*-algebra, [3], let B be its open unit ball and let I" be the set of the
extreme points of B, which will be always assumed to be non-empty. Let A be a closed
unital subalgebra of the algebra L(€), where £ is a complex Banach space, and let
f : B— A be a holomorphic map; as before, 7, p and x will stand for the spectrum, the
spectral radius and the inner spectral radius in A.

TueoreM 3. If
(12) p(fx) <1VxeB

(equz'valéntly, ifo(f(x)) € AV x € B) and if,
ix) for every & € (0,1), there is an open set U, D I such that
(13) x €U NB=k(f(x) >1—¢ -

then either f(x) € A™! (ie. 0 € a(f(x))) for some x € B or, for all x € B, o(f(x)) is a
compact subset of 04 which does not depend on x.

Proor. Suppose that 0 € o(f(x)) for all x € B. -
a) For any we I let g: 4 — A be defined by g:z+— f(zw). By Theorem 1;
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a(g(z)) = o(f(zw)) is a compact subset K C 94 which does not depend on z € 4. Since
6(g(0)) = o(#(0)), K is the same for all w € I'.

b) For any x € B, let M be a Moebius transformation of B mapping 0 to x. Denoting by
the same symbol M the continuous extension of M to BU I', and letting v € M~!(w), for
any w € I', the map

43z w
is the unique complex geodesic for the Carathéodory metric of B whose support S is such
that 0 € S and v € S ([13], see also [5]).

The image by M of the disc {zv : z € 4} is the only complex geodesic in B the closure
of whose support contains x and w. More exactly, if 4 is the support of a complex
geodesic A : 4 — B such that x € 4 and w € 4, then A = M(S) and there is a Moebius
transformation ¢ of 4 onto 4 such that

M(p()v) = A2) Vz€ 4.
Setting
g:43 2 foMw),

a) yields the conclusion. O
As a consequence of Lemma 2 the following proposition holds. v

ProrostTioN 5. If (12) is satisfied and if f (xo) is a linear isometry for some xo € B, then
either f(x) & A" for some x € B or p(f(x)) = 1 for all x € B, and the peripheral spectrum
of f(x) is a compact subset of A which does not depend on x.

The peripheral spectrum of f(x) covers the entire unit circle if /(xo) is not surjective
and coincides with o(#(x)) = a(f(xo)) if f(xo) is surjective. A similar argument replacing
Theorem 1 by Theorem 2 yields

TueoreM 4. Let f be a holomorphic map of the open unit ball B of M into the open
unit ball of A C L(E). If, condztzon ix) s satisfied, if there is xy € B for which f (x0) 75
invertible in A and

(14) e =1,

then either f(x) is not invertible at some x € B or f(x) is (the restriction to B of) a linear
isometric automorphism of £ which does not depend on x.

If A is not unital, Proposition 2 and a similar argument to the proof of Theorem 3
leads to the following Theorem.

Tueorem 5. If the holomorphic map f : B — A is such that:
oa(f(x) C 4(1,1) Vx € B,
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for every & € (0, 1), there is an open set U, D I such that
x € U,NB=0(f(x)) C{{:{€4(1,1),|{-1]| <e},

then either f(x) is not quasi-regular for some x € B or, for all x € B, o(f(x)) is a compact
subset of the circle A(1,1) which does not depend on x.

Relevant examples of J*-algebras to which Theorems 3 and 4 apply are unital C*-
algebras. Given such an algebra M, which will be identified with one of its *-isomorphic
images as a uniformly closed, unital, self-adjoint subalgebra of £(H) on some complex
Hilbert space H (see, e.g., [9]), we will now assume M = A in Theorems 3 and 4.
Theorem 4 implies then

CoroLLARY 2. Iff : B — B is a holomorphic map satisfying condition ix) and if there
is some xq € B for which f(xq) is invertible in the unital C*-algebra M and (14) is satisfied,
then either f(x) is not invertible at some x € B or f(x) is (the restriction to B of) an isometric
automorphism of M which does not depend on x.

If the unital C* algebra M is commutative, by the Gelfand Theorem M is
isometrically *-isomorphic to the function algebra C(T) of all complex-valued continuous
functions on a compact Hausdorff space T, endowed with the uniform norm ||x|| =
= max{|x(#)| : t € T}.

Since in this case ||x|| = p(x) for all x € C(T), the following proposition holds.

PROPOSITION 6. Let B be the open unit ball of C(T), and let f : B — C(T) be a con-
tinuous map whose restriction to B is holomorphic. If

x| =1Vte T=|fx)®)|=1VereT,

then either f(x)(t) =0 for some x € B and some t € T or there is y € C(T) with
y®| =1Vt e T, such that f(x) =y for all x € B.

5. SPIN FACTORS

As examples of J*-algebras stricto sensu we will now consider spin factors. A spin
factor — or Cartan factor of type four (%) — is a closed, self-adjoint linear subspace M of
L(K) (where K is a complex Hilbert space) such that, if # € M, 22 is a scalar multiple of
the identity operator I in L(K):

(15) #* =al for somea € C.

The space M is endowed with two norms, with respect to which it is complete:
the operator norm || || in £(K) and the Hilbert-space norm || || associated to the inner
product in M defined on u,» € M by

2(u|v)] = w* + vy,

() See [3, 14] for definitions and basic results.
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where #* is the adjoint of v (%).
The two norms are equivalent and are related by the formula

Nl = lal® + A/ lall* + LGafaet) .

Therefore the open unit ball B= {# € M : |u|| < 1} is defined also by

1 )2
B:{ueM:nunQL‘%‘ﬁiq}.

It turns out that the set I” of all extreme points of B, [14], is given by
r={%:0ecRue Mu=ui=1I}.

It follows from (15) that o(x) is contained in the set {—4'/2,4'/?}, and therefore
plu) = |a|1/ 2. Furthermore, the spectrum of # coincides with the point-spectrum po(z),
[14]; moreover, if 2 # 0, if 4/ € po(u) and if IT,, is the spectral projector associated to
and {4'/?}, then

u=a"?(20, -1I).

If 6(u) = {a'/?}, then IT, = I and u = 4"/?I, whilst, if 2 = 0, i.e. o(u) = {0}, then u = 0.
Theorems 3 and 4 imply

TueoreM 6. Let f be a holomorphic map of the open unit ball B of M into L(K) with
p(F(x)) <1 for all x € B. If, for every ¢ € (0, 1), there is an open set Uy D I such that

x€ U NB=p(f(x)) >1—g¢g,
then, either f(x) = O for some x € B or there exists v € M with
beal) C{b,—b}
for some b € 04, such that, for all x € B,
I, O
—bQI,~I)=b ,
£t = b2, ~ 1) ( . —b)

for all x € B, where I1, is the spectral projector associated to b and to v.

Proor. By Theorem 3 there is b € 94 such that
I, 0
(16) F6) = b2y ~1) =b| | ,
0 -L

where: 11, is the spectral projector associated to & and f(x); I; and I, are the identity
operators on Ky = Ran Iy, and K; = Ker ITy,).

() Since
(u+v*) = + W) + w* + v*u,
uv* + v*u is a scalar multiple of I.
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Since
K=K &K,
setting, for & € K, & = &, & = & — II4(,¢, then, by (16),
IF@elle = I&ilIk, + &I, = 11k
for all £ € K. Theorem 4 yields the conclusion. O
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