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Analisi matematica. — Multidimensional Opial inequalities for functions vani-
shing at an interior point. Nota (*) di GEORGE A. ANASTASSIOU, GISÈLE RUIZ GOLD-
STEIN e JEROME A. GOLDSTEIN, presentata dal Socio G. Da Prato.

ABSTRACT. — In this paper we generalize Opial inequalities in the multidimensional case over balls.
The inequalities carry weights and are proved to be sharp. The functions under consideration vanish at
the center of the ball.

KEY WORDS: Integral inequalities; Opial-type multidimensional inequality; Sharp inequality.

RIASSUNTO. — Disuguaglianze di Opial multidimensionali per funzioni che si annullano in un punto in-
terno. In questo lavoro si generalizzano alcune disuguaglianze di Opial su palle al caso multidimensiona-
le. Si dimostra che tali disuguaglianze, che contengono pesi, sono ottimali. Le funzioni considerate si an-
nullano al centro della palla.

1. INTRODUCTION

Opial [7] and Olech [6] in 1960 proved the following famous inequality.

THEOREM A. Let cD0, and y(x) be real, continuously differentiable on [0 , c], with
y(0) 4y(c) 40. Then

�
0

c

Ny(x) y 8 (x)NdxG
c
4
�

0

c

(y 8 (x) )2 dx .

Equality holds for the function y(x) 4x on k0, c
2 l , and y(x) 4c2x on k c

2
, cl.

In 1962 Beesack [2] gave the following improvement.

THEOREM B. Let bD0. If y(x) is real, continuously differentiable on [0 , b], and
y(0) 40, then

�
0

b

Ny(x) y 8 (x)NdxG
b
2
�

0

b

(y 8 (x) )2 dx .

Equality holds only for y(x) 4mx , where m is a constant.

Since then many people here worked on this type of inequalities in many direc-
tions; for an account see the important monograph of 1995 by Agarwal and Pang [1].
One inspiration for this paper is the interesting article of Troy [8] of 2001. His rele-
vant result follows.

(*) Pervenuta in forma definitiva all’Accademia il 1 settembre 2003.
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THEOREM C. Let pD21. Let a , b�R with 0 GaEb. If y(x) is continuously differ-
entiable on [a , b], and y(a) 40, then

�
a

b

t p Ny(t) y 8 (t)NdtG
1

2 kp11
�

a

b

(b p112at p )(y 8 (t) )2 dt .

Let N QN denote the Euclidean norm in RN, NF1. Let B(0 , R) :4
»4 ]x�RN : NxNER( be the open ball of radius R with center 0 in RN. Let S N21 :4
»4 ]x�RN : NxN41( be the unit sphere in RN, centered at zero. Let v N4

4
NpN/2

(N/2) G(N/2)
(see [3, p. 220]) be its surface area.

In this article we estimate the integral

I4 �
B(0 , R)

NxNp Nu(x)NN˜u(x)Ndx ,

for p�R and u�C 1 (B(0 , R)). Using polar coordinates we get

I4 �
S N21

u �
0

R

r p Nu(rv)NN˜u(rv)Nr N21 drv dv ,

where x4 rv with r»4NxN and v»4
x
r . For radial (spherically symmetric) functions

u, this reduces to

I4v N�
0

R

r p1N21 Nu(r)NN ¯u
¯r

(r) Ndr ,

where here N˜uN4 N ¯u
¯r N, with

¯u(x)
¯r

4˜u(x) Q x
NxN

the radial derivative of

u. Spherically symmetric function means that

u(x) 4u(rv) 4u(r).

In general one has

N ¯u(x)
¯r N GN˜u(x)N , for any u�C 1 (B(0 , R)).

We shall prove that

�
B(0 , R)

NxNp Nu(x)NN˜u(x)NdxGC �
B(0 , R)

NxNp N˜u(x)N2 dx

for some constant C and functions vanishing at the origin. The idea is to use

�
B(0 , R)

F(x) dx4 �
S N21

u �
0

R

F(rv) r N21 drv dv ,

and to do first a one-dimensional analysis on the inner integral with v fixed.
The interior constraint (u(0) 40) becomes a boundary condition (F(0) 40). In
a later paper we shall deal with the boundary condition F(R) 40, which corresponds
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to the Dirichlet boundary condition u(x) 40 for NxN4R, i.e., u40 on
¯B(0 , R).

2. RESULTS

We present our first basic result.

THEOREM 1. Let RD0, NF1, B(0 , R) the ball centered at 0 of radius R in RN. Let
p�R such that p1N� (0 , 2 ). Consider u�C 1 (B(0 , R)) such that u(0) 40. Then one
has

�
B(0 , R)

NxNp Nu(x)NN˜u(x)NdxG u R

2k22p2N
v u �

B(0 , R)

NxNp N˜u(x)N2 dxv ,(1)

where ˜ is the gradient operator.

REMARK 1. Inequality (1) is sharp, more precisely it is attained by u(x) 4NxN , for all
x� B(0 , R), when p1N41.

PROOF. Call r»4NxN, 0 G rGR. Clearly u(0) 40. Notice that

¯u
¯r

41 and N˜u(x)N41 .

We observe that

L.H.S.(1) 4v N
R p1N11

p1N11
,

and

R.H.S.(1) 4v N
R p1N11

2(p1N) k22 (p1N)
.

Thus

L.H.S.(1) 4R.H.S.(1) iff

(p1N)11 42(p1N) k22 (p1N) iff

(calling y»4p1N, y� (0 , 2 ))

y11 42yk22y iff

g(y) »44y 327y 212y11 40, y� (0 , 2 ).

See that g(1) 40, g(0) 41, g(2) 49, and

g 8 (y) 412(y21) gy2
1
6
h .

Thus g has critical numbers 1, 1
6

with local maximum g g 1
6
h41.1574078, and mini-

mum g(1) 40. So y4p1N41 is the only optimal value making inequality (1)
attained. o
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PROOF OF THEOREM 1. The integral in the R.H.S. (1) is finite since 2 Dp1ND0.
We can rewrite inequality (1) by the use of polar coordinates as follows, cf. [3, p.
217]:

(2) �
S N21

u �
0

R

r p Nu(rv)NN˜u(rv)Nr N21 drv dvG

G
R

2 k22p2N
u �

S N21

u �
0

R

r p N˜u(rv)N2 r N21 drv dvv .

Here 0 cx� B(0 , R) is written as x»4 rv with r»4NxN, 0 E rGR, and v4

4
x

NxN
�S N21. So it is enough to prove that

(3) �
0

R

r p1N21 Nu(rv)NN˜u(rv)NdrG u R

2 k22p2N
v u �

0

R

r p1N21 N˜u(rv)N2 drv .

We call

z(r) »4�
0

r

s p1N21 N˜u(sv)N2 ds , 0 G rGR .

Here z(r) F0 and z(0) 40. Thus

z 8 (r) 4 r p1N21 N˜u(rv)N2F0, 0 E rGR .

Whence

r
p1N21

2 N˜u(rv)N4 (z 8 (r) )1/2 , 0 E rGR .(4)

By the fundamental theorem of calculus we have

u(rv) 4�
0

r
¯u(sv)

¯s
ds .

Then

Nu(rv)NG�
0

r

N ¯u
¯s

(sv) Nds4�
0

r

s
2g p1N21

2
h
s
g p1N21

2
hN ¯u

¯s
(sv) NdsG

( by the Cauchy-Schwarz inequality)

G u �
0

r

s 2(p1N21) dsv1/2u �
0

r

s (p1N21)N ¯u
¯s

(sv) N
2
dsv1/2

G

G g r 22p2N

22p2N
h1/2u �

0

r

s (p1N21) N˜u(sv)N2 dsv1/2

4 g r 22p2N

22p2N
h1/2

(z(r) )1/2 .
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So we have proved that

Nu(rv)NG g r 22p2N

22p2N
h1/2

(z(r) )1/2 , all 0 G rGR .

And

r
g p1N21

2
h
Nu(rv)NG

kr

k22p2N
(z(r) )1/2 , all 0 G rGR .(5)

Consequently by (4) and (5) we obtain

(6) r (p1N21) Nu(rv)NN˜u(rv)NG
kr

k22p2N
(z(r) )1/2 (z 8 (r) )1/2 , all 0 E rGR .

Next we integrate (6) and use the Cauchy-Schwarz inequality to get

�
0

R

r p1N21 Nu(rv)NN˜u(rv)NdrG
1

k22p2N
�

0

R

kr(z(r) )1/2 (z 8 (r) )1/2 drG

G
R

k2k22p2N
u �

0

R

z(r) dz(r)v1/2

4

4
R

2k22p2N
z(R) 4

R

2k22p2N
u �

0

R

r p1N21 N˜u(rv)N2 drv ,

establishing (3). o

A similar result follows.

THEOREM 2. Let RD0, NF1, B(0 , R) the ball centered at 0 of radius R in RN. Let
p�R such that p1ND0. Consider u�C 1 (B(0 , R)) such that u(0) 40. Then one
has

�
B(0 , R)

NxNp Nu(x)NN˜u(x)NdxG
R p1N

2kp1N
�

B(0 , R)

NxN12N N˜u(x)N2 dx .(7)

REMARK 2. Inequality (7) is sharp, namely it is attained by u(x) 4NxN , for all
x� B(0 , R), when p1N41.

PROOF. Call r»4NxN, 0 G rGR. Clearly u(0) 40. Note that ¯u
¯r

41 and
N˜u(x)N41. We have that

L.H.S.(7) 4v N
R p1N11

p1N11
,
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and

R.H.S.(7) 4v N
R p1N11

2kp1N
.

Thus

L.H.S.(7)

(p1N)11

y11

y

4R.H.S.(7) iff

42 kp1N iff

42 ky , where y»4p1ND0, iff

41. o

PROOF OF THEOREM 2. Clearly the R.H.S.(7) is finite. As in the proof of Theorem 1
it is enough to prove

�
0

R

r p Nu(rv)NN˜u(rv)Nr N21 drG
R p1N

2 kp1N
u �

0

R

N˜u(rv)N2 drv.(8)

Therefore we begin with

�
0

R

r p Nu(rv)NN˜u(rv)Nr N21 dr4�
0

R

r p1N21 Nu(rv)NN˜u(rv)Ndr4

4�
0

R

gr
g p1N

2
h
N˜u(rv)Nhgr

g p1N22
2

h
Nu(rv)NdrhG

( by the Cauchy-Schwarz inequality)

G u �
0

R

r p1N N˜u(rv)N2 drv1/2u �
0

R

r (p1N21) r 21 (u(rv) )2 drv1/2

4: (̃ ).

We have again

u(rv) 4�
0

r

¯u
¯s

(sv) ds , 0 G rGR .

Therefore

Nu(rv)NG�
0

r

1 QN ¯u
¯s

(sv) NdsG

( by the Cauchy-Schwarz inequality)

Gkr u �
0

r

N ¯u
¯s

(sv) N
2
dsv1/2

Gkr u �
0

r

N˜u(sv)N2 dsv1/2

.
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That is

(u(rv) )2G r�
0

r

N˜u(sv)N2 ds .(9)

Hence by (9) we get

(̃ ) G u �
0

R

r p1N N˜u(rv)N2 drv1/2

Q u �
0

R

r (p1N21)u �
0

r

N˜u(sv)N2 dsv drv1/2

4

4 u �
0

R

r p1N N˜u(rv)N2 drv1/2

Q

Q y R p1N

p1N
u �

0

R

N˜u(rv)N2 drv2
1

p1N
�

0

R

r p1N N˜u(rv)N2 drz1/2

4: (̃ )̃.

If AF0, BF0 and eD0 we have

(AB)1/2G
e
2

A1
1

2e
B .(10)

Hence

(̃ ˜) G
e
2
u �

0

R

r p1N N˜u(rv)N2 drv1

1
1

2e
y R p1N

p1N
u �

0

R

N˜u(rv)N2 drv2
1

p1N
u �

0

R

r p1N N˜u(rv)N2 drvz4

4
1
2 ge2

1
e(p1N) h u �

0

R

r p1N N˜u(rv)N2 drv1
R p1N

2e(p1N)
u �

0

R

N˜u(rv)N2 drv4

uchoosing e4
1

kp1N
v

4
R p1N

2kp1N
u �

0

R

N˜u(rv)N2 drv .

We have established (8). o

Finally we present a generalization and extension of Theorem 1.

THEOREM 3. Let RD0, NF1, rD1, a , bD0, rFa1b and p�R such that
0 Ep1NEr.
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Consider u�C 1 (B(0 , R)) such that u(0) 40. Then one has

(11) �
B(0 , R)

NxN
k(p1N21) g a1b

r h1 (12N)l
Nu(x)Nb N˜u(x)Na dxG

GLv N
g r2a2b

r hu �
B(0 , R)

NxNp N˜u(x)Nr dxvg a1b
r h

,

where

L»4 g r21
r2p2N hb g r21

r h g r2a
b(r21)1 (r2a) h

g r2a
r h g a

a1b h a
r

R
g b(r21)1 (r2a)

r
h
.(12)

REMARK 3. Inequality (11) is sharp, namely it is attained by u(x) 4NxN, for all

x� B(0 , R), when p1N41, r4a1b and a g a
a1b h4 a1b

11b
.

PROOF. Call r»4NxN, 0 G rGR. Clearly u(0) 40. Note that ¯u
¯r

41 and
N˜u(x)N41. We have

L.H.S.(11) 4v N
R b11

b11
,

and

R.H.S.(11) 4v N
aa/r

r R b11 .

It is obvious now that (11) holds as equality. o

PROOF OF THEOREM 3. The integral in the R.H.S.(11) is finite by p1ND0. Here

for 0 cx� B(0 , R) we set v»4
x

NxN
4

x
r , where r»4NxN, 0 E rGR. That is x4 rv.

By the fundamental theorem of calculus we have

u(rv) 4�
0

r

¯u
¯s

(sv) ds , 0 G rGR .

We observe that

Nu(rv)NG�
0

r

N ¯u
¯s

(sv) Nds4�
0

r

s
2g p1N21

r h
s
g p1N21

r hN ¯u
¯s

(sv) NdsG

gusing Hölder’ s inequality with indices r and
r

r21 h
G u �

0

r

s
2

(p1N21)

r21 dsvg r21
r hu �

0

r

s (p1N21)N ¯u
¯s

(sv) N
r

dsv1/r

G

G g r21
r2p2N hg r21

r h
r

(r2p2N)
r u �

0

r

s (p1N21) N˜u(sv)Nr dsv1/r

.
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I.e.

Nu(rv)NG g r21
r2p2N hg r21

r h
r
g r2p2N

r h
z(r)1/r , 0 G rGR .

Here

1QDz(r) »4�
0

r

s (p1N21) N˜u(sv)Nr dsF0,

with z(0) 40. We have

z 8 (r) 4 r p1N21 N˜u(rv)NrF0, 0 E rGR ,

and

r
g p1N21

r ha
N˜u(rv)Na4 (z 8 (r) )a/r , 0 E rGR .(13)

We see that

Nu(rv)NbG g r21
r2p2N hbg r21

r h
r

b
(r2p2N)

r (z(r) )b/r ,

and

r
g p1N21

r hb
Nu(rv)NbG g r21

r2p2N hbg r21
r h

Q r
bg r21

r h
z(r)b/r , 0 G rGR .(14)

By multiplying (13) and (14) we set

(15) r
(p1N21)g a1b

r h
Nu(rv)Nb N˜u(rv)NaG

G g r21
r2p2N hbg r21

r h
r

bg r21
r h

(z(r) )b/r (z 8 (r) )a/r , 0 E rGR .

Integrate (15) and use Hölder’s inequality with indices
r
a ,

r
r2a to find

�
0

R

r
(p1N21)g a1b

r h
Nu(rv)Nb N˜u(rv)Na drG

G g r21
r2p2N hbg r21

r h
�

0

R

r
bg r21

r h
(z(r) )b/r (z 8 (r) )a/r drG

G g r21
r2p2N hbg r21

r hu �
0

R

r
bg r21

r2a h
drvg r2a

r h
Q u �

0

R

(z(r) )b/a z 8 (r) drva/r

4
(12)

4
(12)

L Qz(R)
a1b

r 4L u �
0

R

r p1N21 N˜u(rv)Nr drvg a1b
r h

.
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We have established that

(16) u �
0

R

r
k(p1N21) g a1b

r h1 (12N)l
Nu(rv)Nb N˜u(rv)Na r N21 drvG

GL u �
0

R

r p N˜u(rv)Nr r N21 drvg a1b
r h

.

Integrating (16) over s N21 we obtain

(17) �
S N21

u �
0

R

r
k(p1N21) g a1b

r h1 (12N)l
Nu(rv)Nb N˜u(rv)Na r N21 drv dvG

GL Q �
S N21

u �
0

R

r p N˜u(rv)Nr r N21 drvg a1b
r h

dv4: (˜̃ ˜) .

If rDa1b then apply again Hölder’s inequality with indices g r
r2a2b h and

g r
a1b h to find

(18) (˜̃ ˜) GL u �
S N21

1
r

r2a2b dvvg r2a2b
r h

Q u �
S N21

u �
0

R

r p N˜u(rv)Nr r N21 drv dvvg a1b
r h

4

4Lv N
g r2a2b

r h
Q u �

S N21

u �
0

R

r p N˜u(rv)Nr r N21 drv dvvg a1b
r h

.

From (17) and (18) we conclude (11). o

The work of Nečaev [5] in 1973 is related to our work; see also [1, p. 275].

THEOREM [5]. Let u�C 1 (B(0 , R)) be such that u(0) 40, and N1pE2, NF1.
Then one has

�
B(0 , R)

NxN12N Nu(x)NN˜u(x)NdxG
R 22N2p

2(22N2p)
�

B(0 , R)

NxNp N˜u(x)N2 dx ,

with equality holding when

u(x) 4cNxN22N2p

for a real constant c.

This result can be compared to our Theorem 2 if and only if p412N, in which
case the conclusions are identical, with the common constant being R/2.



MULTIDIMENSIONAL OPIAL INEQUALITIES FOR FUNCTIONS VANISHING ... 15

REFERENCES

[1] R.P. AGARWAL - P.Y.H. PANG, Opial inequalities with applications in differential and difference equa-
tions. Kluwer Academic Publishers, Dordrecht-Boston-London 1995.

[2] P.R. BEESACK, On an integral inequality of Z. Opial. Trans. Amer. Math. Soc., 104, 1962,
479-475.

[3] W. FLEMING, Functions of Several Variables. Undergraduate texts in mathematics, 2nd ed., Springer-
Verlag, New York 1977.

[4] N. LEVINSON, On an inequality of Opial and Beesack. Proc. Amer. Math. Soc., 15, 1964,
565-566.
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