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Analisi matematica. — Essential m-dissipativity of Kolmogorov operators corre-
sponding to periodic 2D-Navier Stokes equations. Nota (*) di VIOREL BARBU, GIUSEPPE

DA PRATO e ARNAUD DEBUSSCHE, presentata dal Socio G. Da Prato.

ABSTRACT. — We prove the essential m-dissipativity of the Kolmogorov operator associated with the
stochastic Navier-Stokes flow with periodic boundary conditions in a space L 2 (H , n) where n is an inva-
riant measure.

KEY WORDS: Stochastic Navier-Stokes equations; Kolmogorov operators; Invariant measures.

RIASSUNTO. — Essenziale m-dissipatività dell’operatore di Kolmogorov associato all’equazione di Na-
vier-Stokes stocastica. Si dimostra l’essenziale m-dissipatività dell’operatore di Kolmogorov associato al
flusso dell’equazione di Navier-Stokes stocastica con condizioni periodiche in uno spazio L 2 (H , n) dove
n è una misura invariante.

1. INTRODUCTION

We are here concerned with the following stochastic Navier-Stokes equation,

.
`
/
`
´

dX4 (n 0 DX1 (X Q˜) X) dt1˜pdt1kCdW in D3R1 ,

div X40 in D3R1 ,

X(t , Q) is periodic with period 2p , �
D

X(t , j) dj40

X(0 , j) 4x(j) in D ,

(1.1)

where D is the square [0 , 2p]2. The unknown X represents the velocity and p is the
pressure, C�L(H) is a linear operator and W is a cylindrical Wiener process in H as-
sociated with a stochastic basis (V , F, P , ]Ft(tF0 ). The Hilbert space H is defined
as

H4 {x� (L 2 (D) )2 : div x40 in D , �
D

x(j) dj40} .

Moreover we set

V4 (H 1
J

(D) )2OH ,

where the subscrit J means periodicity.
The operator C�L(H) is nonnegative, symmetric and of trace class and W is

H-valued.
Moreover, we introduce the Stokes operator

A4n 0 PD , D(A) 4VO (H
J

2 (D) )2 , V4 ]y� (H 1
J

(D) )2 : div y40(,

(*) Pervenuta in forma definitiva all’Accademia il 30 ottobre 2003.
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and set

(By , v) 4b(y , y , v), v�V ,

where

b(y , z , v) 4 !
i , j41

2

�
D

yi Di zj vj dj .

Then it is classical that problem (1.1) is equivalent to

.
/
´

dX(t) 4 (AX(t)1BX(t) ) dt1kCdW(t)

X(0) 4x .
(1.2)

We shall assume in all the paper that

HYPOTHESIS 1.1. Tr [C(2A) ] EQ.

It is well known, see e.g. [6] that (1.1) has a unique solution X4X(t , x). We shall
denote by Pt the associated transition semigroup

Pt W(x) 4E[W(X(t , x) ) ], tF0, x�H , W�Bb (H),(1.3)

where Bb (H) is the space of all Borel bounded mappings W : HKR and E means ex-
pectation. Under Hypothesis 1.1, there exists at least one invariant measure n for Pt .
Even if this fact is well known, we shall present a proof in §2 for the reader’s conve-
nience and also because we shall obtain, as a byproduct, an estimate needed later.
Moreover, under some mild non degeneracy conditions, this invariant measure is
unique [2, 6-9, 11]. We do not need any non degeneracy condition here and fix one
invariant measure n from now on. Therefore, Pt can be uniquely extended to a con-
traction Markov semigroup in L 2 (H , n), still denoted by Pt . We shall denote by N its
infinitesimal generator. The main result of this paper is that N is the closure in
L 2 (H , n) of the Kolmogorov operator N0

(1.4) N0 W(x) 4
1
2

Tr [QD 2 W(x) ]2 (Ax1B(x), DW(x) ), x�H , W� EA (H),

where EA (H) (the space of exponential functions) is the linear span of all functions
(more precisely all real and imaginary parts of all functions)

W h (x) 4e i(h , x) , x , h�D(A).

In other words, we show that N is an extension of N0 and that EA (H) is a core
for N .

This result generalizes a similar one, see [1] that was proved under the unpleasent
assumption that the viscosity n 0 is sufficiently large (notice, however, that the result in
[1] is valid also for Dirichlet boundary conditions). In the present paper the viscosity
n 0 will not play any role, it will be put equal to 1 in what follows.

This result of m-dissipativity allows to identify the abstract generator N with the
closure of a concrete differential operator. This has important consequences as the ex-
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istence of strong solutions in the sense of Friedrichs of the elliptic Kolmogorov
equation

lW2NW4 f .(1.5)

This means that for any lD0 and f�L 2 (H , n) there exists a sequence ]W n( % EA (H)
such that

lim
nKQ

W n4W , lim
nKQ

N0 W n4NW in L 2 (H , n).

Another consequence, see Theorem 4.2 below, is the following integration by parts
formula

�
H

NW Wdn42
1
2
�

H

NC 1/2 DWN2 dn ,(1.6)

valid for all W�D(N). Formula (1.6) is the starting point for studying the Sobolev
space W 1, 2 (H , n) and several properties of the measure n. This will be the object of a
future research.

Let us conclude this section with some technical remarks that will be used in what
follows. First we recall that

b(y , z , z) 40, b(y , z , v) 42b(y , v , z), y , v , z�V(1.7)

and, in view of the periodicity condition, we also have the basic identity

b(y , y , Ay) 40, y�D(A).(1.8)

We shall denote by N QN the norm in H , by (Q , Q) the inner product in H and by V QV the
norm in V. It is well known that

VxVFp 2 NxN .(1.9)

Finally, we recall the Sobolev embedding theorem

H a (D) %L
2

12a (D), a� (0 , 1 ),(1.10)

and the classical interpolatory estimate

VxVH b (D)GVxV

c2b
c2a

H a (D) VxV

b2a
c2a

H c (D) , 0 GaEbEc ,(1.11)

where VxVH b (D)4NxN .

2. EXISTENCE OF INVARIANT MEASURE

It is convenient to introduce the following approximating problems,

.
/
´

dXe (t) 4AXe (t) dt1Be (Xe (t) ) dt1kCdW(t)

Xe (0) 4x�H
(2.1)

where

Be (x) 4

.
/
´

B(x)

B(x)

e 2
VxV

2

if VxVG 1
e ,

if VxVD
1
e .

(2.2)
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Since, for eD0, Be is regular and bounded, problem (2.2) has a unique solution which
we denote by Xe (t , x). Moreover, it is well known that there exists an invariant mea-
sure n e for problem (2.1).

We shall denote by Ne the Kolmogorov operator,

Ne (x) 4LW(x)2 (Be (x), DW(x) ), x�H , W� EA (H),(2.3)

where L is the Ornstein-Uhlenbeck operator in Cb (H), the Banach space of all uni-
formly continuous and bounded real functions in H , and D(L) is its domain,

LW(x) 4
1
2

Tr [CD 2 W(x) ]2 (Ax , DW(x) ), x�H , W�D(L).(2.4)

We recall that D(L) can be defined troughout its resolvent as follows, see [3]; we con-
sider the Laplace transform of Pt ,

F(l) f (x) »4 �
0

1Q

e 2lt Pt f (x) dt , f�Cb (H), lD0, x�H .

Then, it is easy to see that F(l) is one-to-one and that fulfills the resolvent identity.
Consequently, there exists a unique closed operator L in Cb (H) such that F(l) 4

4 (l2L)21 for any lD0.
To prove the existence of an invariant measure n for Pt we need the following

lemma.

LEMMA 2.1. Let dEd 0 »4
1

VCV

. Then, there exists CD0 independent of d such
that

�
H

NAxN2 e dVxV

2
n e (dx) GC .(2.5)

PROOF. Let us compute Ne W for W(x) 4e dVxV

2
with dEd 0 . (Notice that W does not

belong to D(L), however it can easily approximated by functions of D(L)).
We have

DW(x) 422de dVxV

2
Ax , D 2 W(x) 44d 2 e dVxV

2
Ax7Ax22de dVxV

2
A .

It follows, in view of (1.8), that

Ne W4 (d Tr [ (2A) C]12d 2 NC 1/2 AxN222dNAxN2 ) e dVxV

2
G

G (d Tr [ (2A) C]12d 2
VCVNAxN222dNAxN2 ) e dVxV

2
.

Since s
H

Ne Wdn e40 due to the invariance of n e , we have

�
H

NAxN2 e dVxV

2
n e (dx) G

Tr [ (2A) C]
2(12dVCV)

�
H

e dVxV

2
n e (dx).(2.6)
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It follows that for any RD0 we have

�
H

e dVxV

2
n e (dx) 4 �

]VxVGR(

e dVxV

2
n e (dx)1 �

]VxVDR(

e dVxV

2
n e (dx) G

Ge dR 2
1

1
R 2

�
H

VxV

2 e dVxV

2
n e (dx) Ge dR 2

1
1

p 2 R 2
�

H

NAxN2 e dVxV

2
n e (dx).

Now, taking into account (2.6), it follows that

�
H

e dVxV

2
n e (dx) Ge dR 2

1
Tr [ (2A) C]

2(p 2 R 2 (12dVCV) )
�

H

e dVxV

2
n e (dx)

and choosing

R 24
Tr [ (2A) C]

2(p 2 (12dVCV) )
,

we see that

�
H

e dVxV

2
n e (dx) G2e

dTr [ (2A) C]

2(p2(12dVCV) ) .

Finally, the conclusion follows using again (2.6). o

Since the embedding D(A) %H is compact, we find by (2.5) that ]n e( is tight and
consequently it has a weak limit n. The following result is straightforward.

PROPOSITION 2.2. The measure n is invariant for Pt . Moreover for any dEd 0 »4

»4
1

VCV

we have

�
H

NAxN2 e dVxV

2
n(dx) E1Q .(2.7)

3. A PRIORI ESTIMATES

LEMMA 3.1. Assume that aG
1

VCV

. Then we have

Ege
as

0

t
NAX(s , x)N2 dshGe aVxV

2
e t Tr [ (2A) C] , x�H , tF0.(3.1)

PROOF. Fix aG
1

VCV

. Let us estimate, using the Itô formula,

Ege
aVX(t , x)V

21as
0

t
NAX(s , x)N2 dsh .

Set

V(t) 4VX(t)V

21�
0

t

NAX(s)N2 ds .
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We have, taking into account (1.3),

dVX(t)V

2422(AX(t), AX(t)1b(X(t) ) ) dt1Tr [ (2A) C]2 (AX(t), kCdW(t) ) 4

422NAX(t)N2 dt1Tr [ (2A) C]2 (AX(t), kCdW(t) ).

Consequently

dV(t) 42NAX(t)N2 dt1Tr [ (2A) C] dt2 (AX(t), kCdW(t) ).

Moreover

de aV(t)4ae aV(t) dV(t)1
1
2

a 2 e aV(t) NkCAX(t)N2 dt .

So,

de aV(t)4ae aV(t) (2NAX(t)N2 dt1Tr [ (2A) C] dt2 (AX(t), kCdW(t) ) )1

1
1
2

a 2 e aV(t) NkCAX(t)N2 dtG

G
1
2

ae aV(t) (aVCV21)NAX(t)N2 dt1Tr [ (2A) C] dt2 (AX(t), kCdW(t) ) ) G

GTr [ (2A) C] e aV(t) dt2 (AX(t), kCdW(t) ) ) e aV(t) ,

since aG
1

VCV

. Consequently, we have that

E(e aV(t) ) Ge aNxN2
1Tr [ (2A) C]�

0

t

E(e aV(s) ) ds

and the conclusion follows from the Gronwall lemma. o

We now set, for any h�H , h h (t , x) 4Dx X(t , x) Qh . It can be checked that
h h (t , x) is a solution of the following problem

.
/
´

d
dt

h h (t , x) 4Ah h (t , x)1X(t , x) Q˜h h (t , x)1h h (t , x) Q˜X(t , x)

h e
h (0 , s) 4h .

(3.2)

LEMMA 3.2. There exists kD0, q� (0 , 2 ) such that

Nh h (t , x)N2Ge
ks

0

t
NAX(s , x)Nq ds

NhN2 , x , h�H .(3.3)

PROOF. Multiplying both sides of (3.2) by h h (t , x) and taking into account (1.7)
yields, for pD2 and p 211q 2141,

(3.4) 1
2

d
dt

Nh h (t , x)N21Vh h (t , x)V

24b(h h (t , x), X(t , x), h h (t , x) ) G

GN˜X(t , x)NL p (D) N(h h (t , x) )2 NL q (D)4N˜X(t , x)NL p (D) Nh h (t , x)N2
L 2q (D) .

By the Sobolev embedding theorem (1.10) there exists cD0 such that

N˜X(t , x)NL p (D)GcNAX(t , x)N
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and

Nh h (t , x)NL 2q (D)GcNh h (t , x)N
12 1

q
.

Moreover, in view of (1.11),

Nh h (t , x)N
12 1

q
GcNh h (t , x)N

1
q

Vh h (t , x)V

12 1
q

and consequently

N˜X(t , x)NL p (D) N(h h (t , x) )2 NL q (D)GcNAX(t , x)NNh h (t , x)N
2
q

Vh h (t , x)V

2(12 1
q )

.

Since for any a , bF0 the following inequality holds

abG
1
q a q1 g12

1
q h b

q
q21 ,

there exists c 8D0 such that

N˜X(t , x)NL p (D) N(h h (t , x) )2 NL q (D)Gc 8 NAX(t , x)Nq Nh h (t , x)N21
1
2

Vh h (t , x)V

2 .

Then by (3.4) we obtain that

d
dt

Nh h (t , x)N2G2c 8 NAX(t , x)Nq Nh h (t , x)N2

and the conclusion follows. o

The following corollary is a straightforward consequence of Lemma 3.2.

COROLLARY 3.3. For any sD0 there exists k sD0 such that

Nh h (t , x)N2Ge
k s t1ss

0

t
NAX(s , x)N2 ds

NhN2 , x , h�H .(3.5)

By Corollary 3.3 and Lemma 3.1 we obtain immediately the following basic
estimate.

COROLLARY 3.4. For any aG
1

VCV

there exists v aD0 such that

EgNh h (t , x)N2hGe 2v a t e aVxV

2
NhN2 , tF0 x , h�H .(3.6)

4. m-DISSIPATIVITY

We now consider the transition semigroup Pt defined by (1.3) and a fixed invariant
measure n for Pt . It is well known that Pt can be uniquely extended to a strongly con-
tinuous semigroup of contractions in L 2 (H , n), still denoted by Pt. We shall denote by
N its infinitesimal generator. We first prove that N is an extension of N0 .

PROPOSITION 4.1. For any W� EA (H), we have W�D(N) and NW4N0 W .

PROOF. Let W� EA (H). Then by the Itô formula we have that

lim
hK0

1
h

(Ph W(x)2W(x) ) 4N0 W(x), x�H .
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Therefore, it is enough to show that

sup
h� (0 , 1]

1
h

VPh W2WVL 2 (H , n)E1Q .

We have in fact, again by the Itô formula,

NPh W(x)2W(x)NGVWV1�
0

h

E(NAX(s , x)N1NB(X(s , x) )N) ds .

It follows that, by the invariance of n , that

VPh W2WV

2
L 2 (H , n)Gh 2

VWV1
2�
H

(NAxN1NB(x)N)2 n(dx) E1Q ,

thanks to (2.7). o

Finally, we can prove the following result.

THEOREM 4.2. Assume that Tr [ (2A) C] EQ and that there exists an invariant
measure n for the transition semigroup Pt defined by (1.3). Let N be the infinitesimal
generator of Pt in L 2 (H , n). Then N is the closure of the Kolmogorov operator N0 de-
fined by (1.4).

Moreover, if W�D(N) then NC 1/2 DWN�L 2 (H , n) and

�
H

NW Wdn42
1
2

�
H

NC 1/2 DWN2 dn .(4.1)

PROOF. We have to prove that N0 4N . Let f�C 1
b (H) and lD0. Since Be is bound-

ed and regular, there exists a unique W e�D(L)OC 1
b (H) such that

lW e (x)2LW e (x)2 aBe (x), DW e (x)b 4 f (x), x�H .

Moreover, W e is given by

W e (x) 4�
0

Q

e 2lt E[ f (Xe (t , x) ) ] dt , x�H .

Fix a� (0 , VCV

21 ). Then, in view of Corollary 3.4, it follows that for any lDv a we
have

(DW e (x), h) 4E�
0

Q

e 2lt (Df (Xe (t , x) ), h h
e (t , x) ) dt , x , h�H

and

N(DW e (x), h)NG
1

l2v a
e

a
2

VxV

2

V f V1 NhN2 , h , x�H .

Thus, by the arbitrariness of h , we have that

NDW e (x)NG
1

l2v a
e

a
2

VxV

2

V f V1 , x�H .(4.2)

We now fix lDv a .
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Claim 1. We have W e�D(N0) and

lW e2N0 W e4 (Be (x)2B(x), DW e ) )1 f .

In fact, by [4, Proposition 2.6], there exists a multisequence ]c nK ( � EA (H) such
that

lim
nK KQ

c nK (x) 4W e (x), x�H ,

lim
nK KQ

Dc nK (x) 4DW e (x), x�H ,

lim
nK KQ

Lc nK (x) 4LW e (x), x�H .

By Lemma 2.1 and the dominated convergence theorem, it follows that

lim
nK KQ

N0 c nK (x) 4 N0 W e (x) 4LW e1 aBe (x), DW e b, x�H .

So, Claim 1 is proved.

Claim 2. We have

lim
eK0

(Be (x)2B(x), DW e ) ) 40 in L 2 (H , n).

Once Claim 2 is proved, we deduce that the closure of the range of l2N0 is dense
in L 2 (H , n) and so, in view of a theorem by Lumer and Phillips, that N0 4N as
claimed.

To prove Claim 2, we notice that, taking into account (4.2), that

�
H

N(Be (x)2B(x), DW e ) )N2 dn4 �
]VxVF1/e(

N(Be (x)2B(x), DW e ) )N2 dnG

G
1

(l2v a )2
V f V

2
1 �
]VxVF1/e(

NB(x)N2 eVxV

221

eVxV

2
e aNxN2

dnG

G
1

(l2v a )2
V f V

2
1 �
]VxVF1/e(

NB(x)N2 e aNxN2
dn .

Thus, it is enough to show that

�
H

NB(x)N2 e aNxN2
n(dx) E1Q .(4.3)

We have in fact

NB(x)N2G�
D

NxN2 N˜xN2 djGNAxN2
VxV

2 .

It follows that if a 8Ea

�
H

N(B(x), DW)N2 n(dx) G�
H

NAxN2
VxV

2 e a 8 NxN2
dnGc�

H

NAxN2 e aNxN2
dn ,

and the conclusion follows from (2.7). Finally, (4.1) follows integrating with respect to
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n the identity

N0 (W 2 ) 42WN0 W1NQ 1/2 DWN2 .

The proof is complete. o
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