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Equazioni a derivate parziali. — Effective saturation for composite porous media.
Nota (*) di Mico. AMAR e RoBerTO GIANNI, presentata dal Socio M. Primicerio.

AsstraCT. — This paper is devoted to the study of the homogenization of a porous medium, compo-
sed of different materials arranged in a periodic structure. This provides the profile of the saturation fun-
ction for the limit material.

Key worps: Homogenization; Parabolic equations; Filtration; Porous media.

RIASSUNTO. — Saturazione effettiva per mezzi porosi compositi. Questo lavoro & dedicato allo studio
dell’omogeneizzazione di un mezzo poroso, costituito da materiali diversi disposti in struttura periodica.
Questo fornisce il profilo della funzione di saturazione del materiale limite.

1. INTRODUCTION

It is well known that, in absence of gravity, the flow of an incompressible liquid in
a partially saturated porous media is ruled by the equation

(1.1) o' (x,u) — =Au in Qr,

where 0 is a bounded function, non decreasing and Lipschitz-continuous with respect
to the second entry. Moreover, for physical reasons, we assume the strict monotonicity
of o(x, ) for s<0.

Equation (1.1) is a simple consequence of the mass balance equation and of the
Darcy’s law. Here, the unknown # is related to the liquid pressure in the porous me-
dium, while ¢ is the saturation profile, giving the volume fraction occupied by the
liquid as a function of z. Moreover, the spatial dependence of ¢ corresponds to the
fact that the properties of the material are changing with the position.

In particular, we can think of a composite porous medium, made of finely mixed
materials, each of them with a different saturation profile. In this case, o(x, s) =
= 20,(s) x5 (x), where each E; represents the ;”-material. Assuming a microscopic
periodic structure of width ¢, it appears a small parameter in the problem. We investi-
gate the homogenization limit for e — 0, proving that the pressure inside the resulting
material satisfies an equation similar to (1.1), where ¢ is replaced by the effective satu-
ration 0(s) = 20,(s) |E;|. For a general survey on the homogenization in porous
media, we refer to [6], and for more details on this topic, see, e.g. [4, 8].

It has been discussed for a long time if it makes sense to assume that the
limit for s—0~ of the derivative of the saturation profile is strictly positive
(see, e.g., [3, 71). From the mathematical point of view, this is a relevant question,
since it guarantees the strict parabolicity of the equation (1.1) in the unsaturated
region (see, e.g., [5, 71). Our result seems to indicate that, at least for finely
mixed materials, this should be the case, since it suffices that this property

(*) Pervenuta in forma definitiva all’Accademia il 23 giugno 2003.
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holds for at least one of the components of the medium, in order to have
that it is satisfied by the homogenized composite.

The paper is organized as follows: Section 2 is devoted to some preliminary esti-
mates for the solution of (1.1), which are crucial for the homogenization result. In Sec-
tion 3 we find the homogenized problem in the case where the saturation has the gen-
eral form o(e "'x, s5), with o(-, s) periodic.

2. PRELIMINARIES

Throughout this paper, C will denote a positive constant which may vary each
time. We denote by Lip; (R) the set of those functions which are Lipschitz-continuous
on R, with Lipschitz constant given by L. Set Y = (0, 1)”; we say that a function de-
fined on R” is Y-periodic if it is periodic of period 1 with respect to each
variable.

Let QcR”, =1, be an open bounded set with Lipschitz boundary and T be a
fixed positive number. We set 2 = Q X (0, T). We denote by L?(0, T; H'(£)) the
Sobolev space of all L*functions g, such that g(-, ) e H'(Q) for ae. £ (0, T),
equipped with the natural norm

T 1/2 T

1
lellz2co0. 7 1) = J [ j |V.g(x, t) |2dx] dr| + f [ J | g(x, #) |24X] dt
o o

0 0

/2

Let 6: R—R be a non-decreasing function belonging to Lip; (R), such that
o(s) <1, for every seR, d(s) =1, for every s =0, and G is strictly increasing for
s<0. Let 0: R””XR—R be a measurable function satisfying the following
conditions:

H1l) o(x, ) elip,(R)  for ae. xeR";

H2) olx,s)=1 Vs=0, for ae. xeR”;
2.1) H3)  olx,s) < 3(s) VseR, for ac. xeR’;
H4) 0'(s) < %O(x, s) VseR, for a.e. xeR”.
Note that previous assumptions imply also
H5) ol(x,s) <1 VseR, for a.e. xeR”;
02 HO 0S50S Lol )<L VseR for ac veR';

H7) &' (s) >0, aio(x,s)>0 Vs <0, for ae. xeR".
s
For the sake of simplicity, in the sequel we will write V instead of V, and ¢’ (x, s) in-
stead of i(I(X, 5).
Os

Let pe H'(Q)NL*(R) and @ e H*(Q2) NL* (2 ) be such that A® =0 in
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Q 1; consider the problem
, e .
[0 (x,u)?i:Au in Qr;

(23) u(x, 0) = p(x) on Q;
u(x, t) = D(x, t) on A2 x (0, 7).
Note that the first equation in (2.3) can be written also in the form

@(x, u)=Au in Qr,

ot

which is more convenient in order to state the weak formulation of (2.3). Indeed, we
will say that a function #e L?(0, T; H'(£)) is a solution of (2.3), if

(2.4) f(;(x, %) %—’/lf (x, 1) dedr + jo<x, $()) plx, 0) dx = fvuvwdxdf
Q7 Q Q7
for every 1 € C1 (R 1), such that y(x, T) =0 on 2 and y(x, #) =0 on 3R, and u = @
on 92 X (0, T) in the sense of traces.
By (2.4) it follows that the second equation in (2.3) stands for

(2.5) olx, u(x, 0)) = olx, ¢(x)) on 2,
which implies that # and ¢ have the same sign. Then, (2.5) is always satisfied on the set
where # and ¢ are nonnegative, since in such a case 0 =1, while it reduces to
u(x, 0) = ¢(x) on the set where # and ¢ are strictly negative, since there o(x, *) is
strictly increasing and then invertible.

We recall that problem (2.3) has always a unique solution z € L(0, T; H'(£)), in
the sense of (2.4), whose trace equals @ on 9Q x (0, T) (see, e.g., [1, 2]).

If we set v=u— @, (2.3) can be equivalently written in the form

[G’(x,u)%=4|v—a’(x,u)aa;f in Qr;
2.6) ux, 0) = plx) — Dlx, 0) on Q;
vix, ) =0 on 92 x (0, T).

Multiplying by v, the first equation in (2.6) and integrating by parts over Q X (0, #),
we obtain

27) 0= f o' (x,u) vidxdr+ J VoV, dx dr+ J o' (x,u) D ,vdxdr=

Qx(0,2) 2x(0,2) 2x(0,1)

= J 0’(x,u)vt2dxdr+% J %|VU|2a’xd‘r+ J o' (x, u) D,v,dxdr=

Qx (0, 1) Qx (0, 1) Qx (0, 1)

= J 0’(x,u)v,zdxdr+%J|Vu|2(x,z‘)dx—

Qx (0, 1)

o)
—%I|V¢(x)—V®(x,O)|2dx+ J o' (x, u) ®,v,dxdr.
Q

Q2 x(0, 1)
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Recalling that ¢’ =0 and using Young inequality, this implies
2.8) 2o, 7; 1100 < lellezco, 7. migion + 1Pl 0 ) < Clllpllr @) + [ i0))

where C depends only on the dimension 7, £ and T. Moreover, taking into account
H6) and H7) of (2.2), by (2.7) it follows

29 [(Z o) dedi= [(5rw) upavar <
sc[ f(awm)zyfdde J(a'w))zq)gdxd;]sC(||¢||H1(Q>+|q>||H1(QT))
Qr Q7

where C depends only on L, #, 2 and T. Finally,
(2.10) f|v5~(u)|24xd;= J(&'(M))Z|Vu|2dxdt$C(||¢||H1(Q)+”@HHl(QT))

Qr foys

where, again, C depends only on L, #, 2 and T. Note that estimates (2.8), (2.9) and
(2.10) actually hold for ¢ < 0 on 2, but they can be achieved by approximation and
semicontinuity also for general ¢.

3. HOMOGENIZATION

The aim of this paper is to study an hogenization problem related to (2.3). To this
purpose, let Y= (0, 1)” be the unit cell in R”. A function #, defined on R”, is said to
be Y-periodic if it is periodic of period 1 with respect to each variable x,, with 1 </ <
< 7. Assume that 0 : R” X R—R is a measurable function satisfying the previous as-
sumptions H1)-H4) in (2.1), which is also Y-periodic with respect to the variable
xeR”. Let £>0, define o,(x,s) =0o(e 'x,s) and consider the family of prob-
lems

)
o' (x, u,) % = Au, in Qs
G.1) u,(x,0) = ¢p(x) on 92 ;

u(x, t) =D(x, t) on AR x (0, 7).
By (2.8), which is clearly independent of &, we obtain that there exists a function
ueL?(0, T; H} (2)) such that, up to a subsequence,
(3.2) u,—u weakly in L?*(0, T; H'(2)), when e—0",
and #=® on 32 x (0, T) in the sense of traces.

Moreover, by (2.9) and (2.10) it follows that ||G(#,) [|;s1(@,) < C, where C depends
on L, ¢ and @, but not on &. Hence, there exists a function » € H' (L 1) such that, up
to a subsequence,

(3.3) o(u,) —>v strongly in L*(21), when e—>0%.

Note that v <1 almost everywhere in Q7.
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ProposiTiON. 3.1. Let ve HY(Q 1) and ue L*(0, T; H (2)) be the functions de-
fined in (3.2) and (3.3), respectively. Then

=o(u).

Proor. Since 0(u,) —v strongly in L?(2 1), when e =07, for every 6 >0 we
may found a set Nyc Q, with |Ny| <9, in such a way that 6(«,) — v uniformly in
Q% :=Q;\Ny. Let us fix >0 and define

QTn {x,)eR%:v<1-n},

QT’,,]= {(x,)eR%:v=1-2n}.
Clearly, Q‘}; U Q‘,}’)Zn = Q% and their intersection is in general non empty.
By the uniform convergence, it follows that there exists ¢ sufficiently small and
depending on 6 and 7, such that, for every e < &, 3(x,) <1 —75/2in Q% ,7 This im-
plies that

(2) u, < —C,(n) almost everywhere in QT ] for a proper value C;(n) > 0;
(@) u, = 5 " (6(u,)) =& ' (v) uniformly in Q9 T ,7,
(z‘z‘z') since #,— u weakly in L?(0, T; H (£2)), we have that, almost everywhere in
QT 0 o) =u; ‘e,
(3.4) v=0(u) ae. in .Q’}ln
Moreover, by (i) and (i), it follows
(3.5) u,—>u  uniformly in QaTl,]
In Q9 T ,], still using the uniform convergence of G(z«,) — v, we have that there exists ¢,
sufficiently small and depending on ¢ and #, such that, for every e < ¢, 6(z,) =1 —
=37 in 9‘}’)2,7. This implies that
(&v) u,= —C,(n) almost everywhere in QT ,» for a proper value Cz( ) >0;
(v) by the weak convergence, # = —C,(#n) almost everywhere in QT o
(v7) by the continuity of 7, it follows that, for a proper C;(5) >0, o(u) =1 —
— Cs(n), which gives
16(2e) = G ||~ (@32) <30 + Cs ().
This implies that, for every 0 >0, every >0 and every ¢ < ¢,
f|0 —v|dxdz‘—j|o —v|dxdt+j|0u)—v|dxdt<
Qb
< [ 180 ol dvdt+ [ 5) o] dde+ [ |5(w) — 0] dxdr <

9,1
QT;

0,2 N,
N QT o

<O+ [ |8 = 5(u) | dxde+ [ |3u) | dude+ [ |5) 0] dxdr <
2 2 N

<Bn+ G2+ [ [8n) —v| dede+ [ |3) | dxdr,
Q
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where we used (3.4). Using 3.3 and letting first e—=0", then 7—=0" and finally
60— 0", we obtain that 6(«) = v almost everywhere in £ 1, and this concludes the
proof. O

For every se R, assume that o(-, 5) is Y-periodic and define

0,(s) = jO(y,s) dy ;

Y

i.e., the mean value of o(:, s5), with respect to the first variable, when s is fixed.

Remark 3.2. Clearly, 0 e Lip; (R). It is well known that, due to the periodicity of
the function o(, s), for every se R, o(e "'x, 5s) —0y(s) *-weakly in L *(R), when
£—0". Moreover, taking into account the Lipschitz continuity of o(e ~'x, ) and
0,(+) and recalling that every L2-function can be strongly approximated by step func-
tions, it is possible to prove that, for every ze L?(Q ),

-1

ole 'x, u) —ay(u) * -weakly in L*(Q 1)

when ¢ —=0".
In order to prove the homogenization result (see Theorem (3.4) below), we need
the following lemma.

LeMMA 3.3. Assume that 0 : R” X R—R is a measurable function satisfying all the
hypotheses in (2.1) and such that o(-, s) is Y-periodic. For every € >0, set 0,(x, s) =
=o(e 'x, u,) and let u,e L*(0, T; H) (Q)) be the solution of (3.1). Then, for every
e—0"%, we have

0.(x, u,) —=0y(u) *-weakly in L*(Q ).

Proor. We have that ||| = (@,) <M, with M in dependent of &, which is a conse-
quence of the maximum principle. This implies that there exists M >0, such that
o (xy ) |1 @) < M, for every ¢ > 0. Hence, up to a subsequence, it follows that
there exists we L (2 1) such that

(3.6) 0.(x, u) —=w *-weakly in L*(Q ).

In order to prove that w = 0, («), we proceed in a similar way as in Proposition 3.1.
For every 0 > 0 and every > 0 let Q‘,}’ﬁ?, Q"}’YZ,] and Nj be the sets constructed in the
proof of Proposition 3.1, using the strong convergence of the sequence {G(z,)}. By
(zv) and (v) of Proposition 3.1 we have that, for ¢ small enough, «, u, = —C,(n), in
Q‘ST’)Z,/. By the continuity of o(x, -), uniformly with respect to x, this implies that

o.(x,u,)=1—-C4(n) and 0,(x, u) =1 — C,(n), for a suitable C,(n) > 0. Hence,
(3.7) |o.(x, u,) — 0. (x, u)| <Cu(n).
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Then, using H1), (3.7) and (2.8), it follows

J[w—ao(u)] wdxdt‘ < ‘ f[as(x, u,) — wl] wdxdt‘ +
Qr Qr

+

[ 0,6x 1) — 0] wdxdt| <
Qr

J’[Og(x, u,) — w] wdxdt‘ +
Qr

+||1/)||L°°[ J |o(x, u) —0.(x, u)|dxdt + f lo.(x, u,) —0.(x, u) | dedt+
QO 9,2

), 1 )
T.n ‘QTJ/

+ j |0, (x, 1) — 0, (x, u)|dxdt]+ j[os(x, ) — o) wdxdt| <
Ny Qr

<

J[Us(X, u,) —w) lpdxdt| +
Qr

+||w||Lw[Lf |HS—M|CZXCZZ‘+C4(77)|QT|+Lf|us—u|dxdt]+

o1 :
Q%) Ns

+

J[Og(x, u)—oo(u)l wdxdt‘ < J[Og(x, u,) —w] wdxdt‘ +
Qr Qr

+C||zp||Lw[ J |t — u| ddt + C,(n7) + |N6|] +
Q(S,l

T,y

j lo,.(x, u) —0y(u)] ydxdt |
Qr

for every test function 1 € C°(Qy), such that y(x, T) =0 on  and y(x, £) =0 on
992 x (0, T). Taking into account (3.6), (3.5) and Remark 3.2, and letting e =07,
7n— 0" and finally 0 — 0", we obtain that the right hand side in the previous inequal-
ity converges to 0. This implies that 2 = 0 («) and that the whole sequence (not only
a subsequence) converges. So the required result is achieved. O

THEOREM 3.4. Assume that 0: R’ X R—R is a measurable function satisfying
all the hypotheses in (2.1) and such that o(-, s) is Y-periodic. Let ¢p e H* (2) N L~ (L)
and ©@eH*(Q)NL*(Qy), with AD=0 in Q. For every £>0, let
u,e L2(0, T; Hy (Q)) be the solution of (3.1). Then, the sequence {u,}, converges
weakly in L*(0, T; H (R)) to the solution ue L?(0, T; H'(Q)) of the problem

og(u) % = Au in Qr;
(3.8) u(x, 0) = ¢p(x) on Q;

ulx,t) =D(x,t) on Q% (0, 7).
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Proor. Taking into account the weak formulation of (3.1), we have that, for every
e>0,

(3.9) Jos(x, ué.)%(x,t) dxdt+Jog(x,¢(x))1/)(x,0)dx= JVungdxdt
Q Qr

Qr
for every test function 1 e C' (2 1), such that y(x, T) =0 on  and ¥(x, £) =0 on
9Q x (0, T), with #, = @ on 92 X (0, T) in the sense of traces. Taking into account
Lemma 3.3, (3.2) and passing to the limit in (3.9) for e—0", we obtain

f olu) %—f (x, #) dudt + fao((p(x))z/)(x, 0)dy= [ VuVydeds
Qr Q Qr

which implies that « is a weak solution of (3.8). Hence, the whole sequence converges
and the thesis is accomplished. O

Remark 3.5. In the framework of physical applications, the model we have in mind
is given by

N
olx, s) = _;1 0,(s) x g (x)

where, for every /=1,..., N, 0,eLip;(R), 0,(s) <1 for every se R, 0,(s) =1 for
every s =0, 0} is strictly positive for s <0, E;cY, UE;=Y, NE;=0 and yf, is the
characteristic function of the set E;, extended by periodicity to the whole space R”. It
follows that o satisfies all the required assumptions in (2.1), with ¢ defined by the rela-
tion ¢' (s) = min o (s). Hence, by Theorem 3.4, we obtain the homogenization result,
where now the function o, in (3.8) is given by o,(s) = 2 o.(s)|E;|.

RemaRrk 3.6. Clearly, Theorem 3.4 continues to hold, if we assume that, for every
e>0, 0,.(x, s) satisfies all the hypotheses in (2.1) and there exists o(x, s) such that,
for every seRR,

0.(-,5) —o0o(-,s) #*-weakly in L*(Q)

when e— 07" . Note that, in this more general setting, the limit saturation can depend
on the position.

As an example, we can think of a microstructure of concentric sperical layers of
two different alternating materials; note that, also in this case, the effective saturation
does not depend on x.
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