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5. 9, v. 14:279-295 (2003)

Calcolo delle variazioni. — Sets of finite perimeter associated with vector fields and
polybedral approximation. Nota (*) di FRANCESCOPAOLO MONTEFALCONE, presentata
dal Socio F. Ricci.

AsstracT. — Let X = (X, ..., X,,) be a family of bounded Lipschitz continuous vector fields on R”.
In this paper we prove that if E is a set of finite X-perimeter then his X-perimeter is the limit of the X-pe-
rimeters of a sequence of euclidean polyhedra approximating E in L'-norm. This extends to Carnot-Ca-
rathéodory geometry a classical theorem of E. De Giorgi.

Key worps: Carnot-Carathéodory metric; Perimeter; Polyhedra.

RiassuNTo. — Insiemi di perimetro finito rispetto ad una famiglia di campi vettoriali e approssimazione
poliedrale. Sia data in R” una m-upla X = (X, ..., X,,) di campi vettoriali lipschitziani e limitati. In que-
sto lavoro dimostriamo che se E & un insieme di X-perimetro finito allora I'’X-perimetro di E ¢ il limite
degli X-perimetri di una successione di poliedrali euclidee approssimanti E in norma L'. Questo risultato
estende alle geometrie di tipo Carnot-Carathéodory un classico teorema di E. De Giorgi.

1. INTRODUCTION

In the last few years, a Geometric Measure Theory in metric spaces of very general
type has been developed. This project, already hidden in Federer’s book [13], has
been explicitly formulated and carried on by several authors. We only mention some
of them: De Giorgi [11, 12], Gromov [20], Preiss and Tisér [23], David and Semmes
[9], Cheeger [8], Ambrosio and Kirchheim [3, 4], Garofalo and Nhieu [18] and
Franchi, Serapioni and Serra Cassano [16, 17]. In particular, in some papers the
progress in this direction is somehow connected with the development of the theory of
anisotropic Sobolev spaces and that of degenerated elliptic operators of the form sum
of squares (see, for instance, [5, 7, 14, 15, 18]). In connection with this project has
been introduced the notion of function of bounded variation with respect to a family
of vector fields and that related of perimeter (see [16, 18]). To give a notion of func-
tion of bounded variation with respect to a family of vector fields, there are several ap-
proaches, all reminding of the euclidean case, which actually turn out to be equivalent
as proved in [16]. More precisely, let X = (X4, ..., X,,) be a family of Lipschitz con-
tinuous vector fields in R”. We naturally identify these vector fields with first order

differential operators, ze. X;(x) = (¢;;(x), ..., ¢,;(x)) = Z ¢ (x)9;, j=1,...,m,

where ¢;;(x) are Lipschitz continuous functions. If € is an Bpen set of R”, the space
BVy(2) can be defined equivalently in several ways. If #eL'(Q2) we say that
ue BVy(8) if one of the following holds (see [5, 16, 18, 21]):

(D) the distributional gradient Xu is an R"-valued Radon measure;

(*) Pervenuta in forma definitiva all’Accademia il 4 luglio 2003.
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(@) | Xu|(Q) < o where the total variation |Xu|(RQ) is defined to be

| Xu|(Q) = sup[ [adivy(y) de:pecl@, &), 1yl <1],
0
where divy(p) = — 2 X*y,; and X} is the operator formally adjoint to X; in
LZ(Rn); j=1

(Ds) u belongs to the domain of finiteness of the L'-relaxed of the functional

f\/E(X,y)de FoeC(Q)NLY(Q),
Fw):=94 V7

+ o otherwise.

Consequently we may define the X-perimeter in £ of a measurable set E as the total X-
variation in Q of the characteristic function of E.

We stress that the last assertion ((D;) is a particular case of a general definition
given in [21] (see also [1] for the case of Alfhors regular metric measure
spaces).

Moreover let us mention that in this framework has been recently proved in [22] a
variational approximation of the perimeter associated with a family of Carnot-
Carathéodory vector fields.

We should remind that some of the most useful results of the euclidean case as the
Anzelotti-Giaquinta Theorem and the coarea formula of Fleming-Rischel, can be nat-
urally extended (see Section 1.1) to BV with no further restriction on the nature of
vector fields [16, 18].

With reference to the «further restriction» mentioned above we should make a
short comment. Indeed we know that if the family of vector fields X = (X, ..., X,,)
satisfies suitable geometric properties as for instance the Hormander condition (Z.e.
the rank of the Lie algebra generated by X;, ..., X,,e C*(R”, R”) equals # at any
point of R”), we can canonically associate with X a metric dy, called Carnot-
Carathéodory metric, defined as the minimum time necessary to connect two points of
the space by curves everywhere tangent to the linear space spanned by the vector fields.
Carnot-Carathéodory metrics arise naturally in studying isoperimetric inequalities or
those of Sobolev-Poincaré type, because the intrinsec dimension of the geometry asso-
ciated with a family X of vector fields is given by the asymptotic behavior of the mea-
sure of spheres in the metric dyx. Now, instead of a general philosophy which suggests
to adapt the classical tools for the Carnot-Carathéodory geometries, the density theo-
rem and the coarea formula are independent of the geometry itself, since totally de-
generated situations are possible.

In this paper we want to show that, preserving in this context the classical defini-
tion of polyhedron (see Definition 2.1 below), a satisfying notion of polyhedral ap-
proximation can be given. The result obtained extends a well known theorem of E. De
Giorgi which states (see [10]): the perimeter of a set E is the lower limit of the perime-

ters of the polybedra approximating E in L*-norm. Indeed we show that the following
holds
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TueoreM [Polyhedral Approximation Theorem]. Let Q2 be an open subset of R”
and denote by P the class of n-dimensional polybedra of R”. Let X = (X4, ..., X,,) be a
family of bounded Lipschitz continuous vector fields in R”. Finally let EC R” be a set of
finite X-perimeter in Q such that 1pe L*(R"). Then there exists a sequence
{2 }ienC P such that

(1) lin; ||12, —1gl @ =0,

@) lim |X1s,|(Q) = [ X1¢](2),

We point out that the boundedness assumptions on the family of vector fields can
be dropped if the Carnot-Carathéodory distance associated with X, ..., X,, is finite,
namely every two points of R” are accessible from one another, as in the case of Hor-
mander vector fields. We point out also that the assumption 1ze L'(R”) can be
dropped in many situations. Indeed, if for instance the vector fields satisfy the Hor-
mander condition and the open set £ is suitably regular, then by the relative isoperi-
metric inequality (see [18]) we can obtain that either 1z or 1z belong to
L'(R").

In accordance with the definition of perimeter associated with a family of vector
fields we may also give the notion of partial X perimeter, j=1, ..., m. More precisely
we say that E has finite X-perimeter in € if |X;15|(£2) < o where

|X/.IE|(Q)=sup[ [1:x7 ) de:peci@, [yl <1].
Q

This definition allows us to give immediately a further characterization of sets of finite
X-perimeter which generalizes the first one given by Caccioppoli [6, 10].

CoroLLARY. Let X = (X4, ..., X,,) be a family of bounded Lipschitz continuous vec-
tor fields in R” and let QCR” be open. Let ECR” be a meammb_le set such that
1,eLYQ). If for any j=1,...,m, there exists a sequence {Z’};cnCP" such
that

(1) ,liﬂgo”lz;— el =0,

(2) there exists C;e Ry such that sup | X1 [(2) <G,

then E has finite X-perimeter in Q and there exists a sequence {Z;};enC P such
that
(3) lim 15, = 15 [lL1) = 05

() lim |X;15,](2) = | X, 1] (€2)

This results are analogous to the corresponding theorems of the euclidean
setting. Nevertheless we should notice that this is not a priori obvious. Indeed
one could imagine to have to handle with an intrinsec notion of polyhedra,
shaped to the vector fields but actually, what is obtained agrees with the role
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played in this context by the classical Friedrichs’ mollifiers, which turn out to
be independent of the geometry of the vector fields [16, 18].

1.1. Functions with bounded X-variation and sets of finite X-perimeter.

Throughout this paper 2 cR” is an open set. If x, y e R”, we denote by |x|, and
(x, y) the euclidean norm and the scalar product, respectively. B,(x) denotes the open
euclidean ball of radius » centered at x. If AcR”, 1, denotes the characteristic func-
tion of A, |A], its #-dimensional Lebesgue measure and 3" ~'(A) its (» — 1)-dimen-
sional Hausdorff measure. We denote by C*(2, R”) the space of R”-valued func-
tions & times continuously differentiable, by Lip (£, R”) the space of R”-valued Lip-
schitz continuous functions and by C§ (2, R”) that of R”-valued functions 4 times
continuously differentiable with compact support contained in 2. We will use spheri-

cally symmetric mollifiers ], defined by J,(x) =& ~"] ( % ), where Je Cy* (R”), ] =0,
sptJcB;(0) and [J(x)dx=1.
lRYl

From now on we assume that X, ..., X,, are locally Lipschitz continuous vector
fields on R”, where X;= (¢;;,...,¢,;), /=1..., m. We shall identify these vector

fields with first order differential operators, ze. X:(x) = (¢ ;(x), ..., ¢, (x)) =
= X ¢;(x) 8,,/=1, ..., m, where ¢;;(x) are Lipschitz continuous functions and we set
i=1 :

C=row[X,,..., X, 1.
Given Y eLip,.(R”, R”) we denote by Y* the operator formally adjoint in
L?(R"), ie. the operator which for all ¢, ¥ e C;” (R”) satisfies

fq)Yl/;dxz JwY*(pdx.
R” R”

Moreover we define the X-divergence of ¢ € Cy” (R”, R”) as follows
divx(q)) e .El }(]_7': @,
=

Finally we introduce the following test functions

F(Q,R") :={peCi(Q2,R"): |¢|,<1}.

DerNiTION 1.1, We say that ue Lt (Q) has bounded X-variation in Q if

|Xu|(2):= sup  [udiv(e) dx< =,
peFQ,R") 5

and we put

BVx(2) = {ueL (Q): | Xu|(Q) < w}.

Remark 1.2. The space BVx(R) can be equivalently defined as the set of all
ue LY (Q) such that there exists an m-vector valued Radon measure u= (u., ..., u,,)
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on Q such that for all e Cq (2, R™)

fudivx((ﬂ) dx = — j(q), du)

Q

where <(p, du) = z @ jdu ;. Notice that by Riesz Theorem it follows that |Xu|(R) =
= |ul(2 !

Remark 1.3 [16]. Let u and Xu be in LY (Q) and set Xu= X u, ..., X, u). Then
we have

| Xu | (L J|Xu|mdx

DeriniTION 1.4, We say that a measurable subset E of R” has finite X-perimeter in
Q if | Xu|(Q) is finite and we call X-perimeter of E in Q the quantity

If E is a set of finite X-perimeter in £ then by Remark 1.2 it follows that the distri-
butional derivative u XIE is a m-vector valued Radon measure and |u|(U) =
= | Xy, |(U) = |9E|x(U), for any open U € £. Moreover, by the polar decomposmon
theorem (see 21 there exists a |u|-measurable function v p: 2 —R” such that u =
=vy|u| and also that |vg| =1 |u]|-a.e.; we call v ; the X-generalized inner normal of E.

Remark 1.5 [7]. Suppose that the boundary of ECR” is an (n — 1)-dimensional C*-
manifold in Q, then

|6E|x(Q) = j |C(x) v(x) |, d9C" (),

QNJE

where v denotes the inner unit normal of JE. In this case we have that the X-general-
ized inner normal of E is

C(x) v(x)
Vp= —
EC) vx |,
whenever Clx)v(x) #0, and 0 otherwise, for |0E|x-a.e. xeQ. Now if X=
= (04, ...,0,), then the above identity reduces to the well known formula

|6E[(2) = 9"~ (2 N 8E),

where the left-hand side is the classical perimeter of E in Q (see [19] for the euclidean
case).

Now let us remind some properties of bounded X-variation functions that we will
used later on (see also [16, 18, 21]).
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ProposiTioN 16 [Lower semicontinuity]. Let u, u,e L' (), heN, such that
up—u in Lt (). Then
| Xu|(R2) < li}{n inf | Xu, |(2).

As in classical case smooth functions are dense in BVy in the following weak
sense

Tueorem 1.7 [Density for BVy functions]. Let X = (X, ..., X,,) as above and let
QCcR” be open. If ueBVx(R) there exists a sequence {up}ynCC”(R2) N BVy(RQ)
such that

blirn ety — ll 1) =0 and blirn J | Xuty |, dx = | Xu| ().
)
Finally we can prove the following generalized coarea formula.

Treorem 1.8 [Coarea formula for BV functions]. Let X = (X4, ..., X,,) as above
and let QCR” be open. Let ue BVx(Q) and set E,= {xe Q: u(x) >t}. Then

(1) E, has finite X-perimeter for almost every teR;
+ oo
(2) | Xu|(Q) z_f |0, | x () dt.
+

Conversely, if uelL () and [ |OE,|x(R) dt < o, then ueBVx(Q) and (2)
holds. o

2. POLYHEDRAL APPROXIMATION

DeriniTiON 2.1. Let denote by H” the family of all affine hyperplanes of R”. We say
that X is a n-dimensional polybedron of R” if there exists mse N and {H,}/> c H” such
that

ms

3xc U H,.
i=1
By &P" we denote the family of n-dimensional polybedra of R”.
We state now the main result of this paper and some first consequences.

TraeoreM 2.2. Let X = (X, ..., X,,) be a family of bounded Lipschitz continuous
vector fields in R” and let Q CR” be open. Let EC R” be a set of finite X-perimeter in Q
such that 1z LY (R”). Then there exists a sequence {X;};cnC P" such that

(1) llingo 1z, = 1[0y =0,

@) lim |35, ]x(2) = |5E|x().

The proof of this theorem will be given in Section 2.2. We stress that the bounded-
ness assumptions on the family of vector fields are not necessary if the Carnot-
Carathéodory distance associated with X, ..., X,, is finite, 7.e. every two points of R”
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are accessible from one another, as for instance in the case of Hormander vector fields
(see also Remark 2.11 below).

Remark 2.3. If X is a n-dimensional polybedron, then by definition we have
my
ox= Uz,
h=1
where {Z4~ ' h=1, ..., ms} is a finite set of n — 1-dimensional polybedra of R" with
mutually disjoint relative interiors and from Remark 1.5 we get

my

|62[x(Q) = 2 f|C(x)vb|md3{7”_1(x),
“lonae

where v, is the inner unit normal vector of X%, which turns out to be con-

stant.

From Theorem 2.2 this formula yields a concrete expression for a numerical ap-
proximation of the X-perimeter of any subset of R”. Together with the definition of
X-perimeter we may give that of partial perimeter along a vector field.

DeriNtTioN 2.4, Let X = (X4, ..., X,,) be a family of bounded Lipschitz continuous
vector fields in R” and let Q CR" be open. We say that E has finite X-perimeter in Q if
1;e LY(R2) and |X;15|(R) < o, where

|Xf15|(9)=sup[ [1:x5 @) dx:peci@), [p]<1].
Q

In this case we call partial X-perimeter of E in Q2 the quantity
|E]1(2) = | X1, (2).
This definition agrees with Definition 1.3 and it is the same if the family
X=(Xy,...,X,) reduces to a unique vector field. Therefore the partial perimeter

along a vector field enjoys the same properties of the X-perimeter established in Sec-
tion 1.1.

ReMARK 2.5. Let Q be open and let ECR” such that 1z L' (). Then
|9E|x (L) < 21 |OE | x,(22).
j=

This easily follows by definitions. Indeed if ¢ = (¢, ..., ¢,,) e F(Q2, R”) we
get

j divy () dx =

QNE

- | ixw,)dxsflsup[ [ xrw)deiyseci@, y,l <.
7 J=

enE ’” QNE
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Therefore, taking the supremum with respect to ¢ € F(2, R”), we get

|OE|x(2) < 2 sup J X () dx e CHR), |w;| <1 = 2 |9E|x(2).
/=1 QAE /=1
From what proven we can easily deduce the following simple characterization for sets
of finite X-perimeter (see also [6, 9]).

CorROLLARY 2.6. Let X = (X4, ..., X,,) be a family of bounded Lipschitz continuous
vector fields in R” and let Q CR" be open. Let E be a measurable subset of R” such that
1,e LY(Q). If for any je{1,...,m} there exists {Z'};cnC P” such that

(1) Zlg{}o ||lzj, - 1E||£1(Q) =0;

(2) there exists C;> 0 such that sup |8Z/;|X](Q) <C;

ieN ’
then E has finite X-perimeter in Q and there exists {2, };enC P" such that
3) lg{}o ||121 — 1g o1 @) =05

(4) lim |03,x(2) = |GE|x(@).

Proor. The first part of the statement follows from the above remark observing
that

|E|x(2) < 3 |8E|x,(2) < X lim inf |85 () < 2 ;< o,
=1 j=1 i—>® =1
whereas the second part is just a reformulation of Theorem 2.2. O

2.1. An approximation lemma.

Let us fix now some notations. Let A,(R) denote the affine group of R” 7.e. the
group of trasformations of R” onto itself, represented by the equations &(x) = Ax + b,
det A # 0, where A and b are # X n and # X 1 matrices, respectively. By O, (R) we de-
note the orthogonal group, Ze. the group of all # X # real matrices A such that AAT =
= [, where I denotes the 7 X # unit matrix. Let us denote by M,,(R) the group of the mo-
tions of R”, 7.e. the subgroup of the affine group, defined by the equations &(x) =
=Ax+ b, A0,(R). Let conv(A) denote the convex hull of ACR”. If v, weR”,
[v, w] denotes the close line segment joining them. If e R and 7€ R”, we denote by
0, the dilation with center the origin and ratio » and by 7, the translation defined by ¢.

We set Q := {(x,...,x,) e R": max |x;| <1} that is the unit #-cube of R” and if
a>0 we put Qs :=0,Q ={(x, ..., x,) e R":max |x;| <a}.
If aeR% ={(x,....,x,)eR":x,>0,i=1,...,n}, we set
n X )
Gl = 4(xy, ..., x,) e R”: 27$1,xi20,z=1,...,n ,
i=1 %

and we call standard n-tetrabedron of R” relative to the vector a any subset of R” iso-
metric to ). Finally we denote by V the set of vertices of G, thatis V, = {0} U {o; =
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=ae;:1=1,...,n}, whereey, ..., e, is the standard basis of R”. Clearly one has G} =
= conv (V,). The following elementary lemma will be used in the proof of Lemma 2.8
and it shows that the unit #-cube of R” can be covered by means of a fixed number of
isometric standard 7-tetrahedra.

Lemma 2.7. Let us fix n =2 and set I, = {1,...,2" " n!}. Then there exist a e R",
and a family of motions I'={y;};c; cM,(R) satisfying

) Q= Uyi(e));

(2) int)/i(ﬁ%) Ninty ;(G,) =0 for all 7, jel,, i #J;

() conv(y (V) Ny (V) =y (G Ny, C) for all i,;el,, i#].
Explicitly y ;(x) = A, x + b;, xe R”, where A;€ O,(R) and b;e R”, for iel,.

Proor. The proof is straightforward when 7 = 2. In this case we simply triangulate
the unit square by tracing its diagonals. Then we can use an inductive argument to
find such triangulations in the following way: after triangulating the faces of the unit
n-cube we get the required #-tetrahedra by connecting the center of the #-cube to all
the vertices of the (7 — 1)-tethraedra forming the triangulation of the faces. Now if we
choose a tetrahedron, then all the others can be obtained by means of a motion of this
one. ]

We state now one of the main ingredients in the proof of our Polyhedral Approxi-
mation Theorem.

LemMmA 2.8. Let X = (X, ..., X,,) be a family of Lipschitz continous vector fields
in R”. Fix a>0 and let Q) be as above. Let p e C*(Q), ¢ = 0. Then for any ¢4,
€y, €35>0 there exists a piecewise linear function P :QL—R, =0, yp=
=yY(@, a, €1, €,, £3), satisfying

(1) 0<ylx) —@lx) <e, for all xeQl;

@) |y - 90||L’(cz,z> <&y

() Q{lelmdx sq[ X, dx+e5.

ReEMARK 2.9. By setting
Y= {(xl, ey X1 1) EQEXR 0=, S Plx), x= (xq, ... ,xﬂ)},
we have that We "1, ie. W is a polybedral set of R"*1.

Proor or Lemma 2.8. Choose a positive £ N and set

Sz :={teR”:t=%z,zeZ”} and A:={te%Z“:ltthoéa/k(L‘K)=Q’;].

Let I'= {y,};c;,cM,(R) the family of motions of Lemma 2.7, where y;(x) = A,x +
+ b;. Now we define a family of functions &, ; ,: R”— R dependingoniel,, # > 0and
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ted, by setting

Ez',/e,t(y) = %Aiy+ %bz'+ t: yERﬂ'

Clearly &, . ,eA,(R) and we have

Qi=U Ug, . (8),

ted iel,

where G is defined in Lemma 2.7. Let V, = {0} U {v;: =1, ..., n} be the set of the
vertices of B7. From now on we set v, =0 and thus we have

0 ifi=0,
v = o
ae; ifi=1,... n.
Moreover we set A= {/I,EL(R”, R):A;(v;))=6;,;7,7=0,1,..., n}, where
L(R”, R) denotes the space of linear functionals on R”. Then

Aop)=1—=2 a7y, and A,=a 'y, i=1,...,%.
=1

From these expressions it follows that VA,= (—a; ', ..., —a, ') and VA, =4, "¢,
for any /=1, ..., 7. Fix now k and let us define the function y; ,: R"—=R, as
follows

Yi (%) 1= ;i:o((ﬁofz,k, o)Ay ot )x), xeR”.

The graph of this function is an affine hyperplane of R”*! which interpolates the
points of the graph of ¢ representing the images of the #-tetrahedron &, ;. ,(G)).
Starting from the family of functions {1, ,}; , where 71, and #e€ A, we can construct
a unique map ¥ : Q22— R, continuous and piecewise linear, 3 = (£, a, @), such
that

P le, omn = Wi len, -

Step 1. There exists a constant C >0, C = C(g, a), such that

(1) | X9 |, < |X@|,+k'C for ae. xeQr.

Proor oF STeP 1. Let us observe that the function 1, by Rademacher’s theorem, is
differentiable for a.e. x € Q/ and that X4 = CV 4, where C = row [X, ..., X,,] is the
matrix of the coefficients of the vector fields. Thus we can proceed directly, looking
for a local expression of V. Then by definition we have

Dx) = éowog,,k,t)(yh)uh ETL () for xeinté, o ().
Now since

k
Ca

2y o8k )60 = (VAsErh )
‘xv

7

A7) G=1,m
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if xeint&;  ,(B)) we get

VR = A D (@0 a)0) V24 ()

Q| A~

Ai((QDOgi,»’e,t)(UO)(_all7 _ﬂ271r cee _aﬂil) + b214b71(§0051',k,z‘)(vh) eh) =

=§ Zdblgagzkzvly §0§zkzvo))

By Taylor's formula, for Ahe{l,...,n} there exists ze [z bi+t,
a

&
@o&ip (vp) =@k, (1) =¢(%Aivb+ %bz-+z‘)—¢7(%bi+t) =

b+ t+ %Aivb] cinté; ; ,(B}) such that

o a a?
= <V¢(zb,+ t) , zA,-vb> + ﬁwﬁp(zb) Ay, Ajvp).
Since vy =a,e,(h=1,...,n) we get
~ k N al, - a a’ o
Vl/)(x) = aAl-hglab 1(ﬂb Z<Al 1V¢(zbl+ t), €b> + %Qﬂ(q}(zb) Al'vb) AZU})>) e,.
Therefore

Vi/;(X) = V§0 (%b; + t) + % b21<:}c¢ (Z/y) Az'v/w Az'eb>Az'€h'

Applying Taylor’s formula again, we have

go(%b,-+t) Vol(x 2 <3C (z3) €3, x %bl-—t> e,
where 7, € [%b,—f— t, x], for h=1,...,n. Setting y =&, } ,(x) and substituting we
find
Vl;(x) = % 2_: { ; <DC¢(Zh) Al'l);], Az'€b>Az'€b - <3{’(p(2}1) €h> Alj)> eh} .

Therefore by definition of X-gradient it follows that for any xeint&, ; ,(G;)

X = Xgl) + 2 SC0((00, (=) Ay, Aies) e, = 20, e, A es)).
For 7el,, ted, we set

Tk o) = & ZHCW(O0, (@) Aoy, Ajer) ey = 2096, 6) e, A) )]
and also

F(x) := F; 4 ,(x) for xeint&; ;. ,(B).
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Then

Xy(x) = Xep(x) + %?(x) for ae. xeQr,
and we have

max | F(x) |, < %mz}>§||C(x)||||3C¢(x)||b§::1(|A,~v;, |, |Asen| +2]Asp],) <

xeQg x€Qq

< 2na max |a;| max ||C(x)]| (‘)Cm(x)H =C=Cp,a) < x,
; oy

and (1) of Step 1 follows. O

Let now ¢ =min{e,, €, |Q], '} and & >0 be such that 2 € <&. Then by the
uniform continuity of ¢ on Q. and since diam(ttoéa/k(Q’)) =2 %\/Z, we may
choose £ = k(¢, a, ¢) e N such that, if £> £, then

max osc((p; T, oéa/k(Qf)> <e.

By taking &= max {%, e;'ClQu|.}, £eXN, and setting

P(x) == px) + &,
we find that v satisfies (1), (2) and (3). Indeed if xe &, ; ,(T), remembering that
>, A,=1, we have
K=0 ~
|p(x) —p(x) | < max osc(@; 7,00, Q) <E,

and thus 9 —@ =&+ 19 —¢ >0 and we get (1), whereas (2) follows by observing
that

by = @lloien <elQil, <e.
Finally, since £=¢5'C|Q%|,, we get (3) by integrating on Q, both sides of the in-
equality (1) of Step 1. O

Remark 2.10. Let Q CR” be open. We stress that the previous proof of Lemma 2.8
show how, with the same choice of Y, one also has

j | Xy, dx < j | X |, dx +¢5.
2NQy QNQy
2.2. Proof of Theorem 2.2.
This proof will be divided in some steps. We begin with the following

Step 1. There exists a sequence {@,;};enCC”(R2) N BVy(RQ) such that
(1.1)  for all € >0 there exists i,e N such that if i=1i, then

o, =1l s €
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(1.2) for all y e]O, %[ there exists i,€ N such that if i =i, then
J|X§0,-(x) |de < [BE[ () + S0
0

(1.3) for all ieN there exists a constant R;>0 such that @;(x)=0 i
|x],> R,.

Proor or Step 1. Since 1z € BV () from Theorem 1.7 we immediately get that
there exists a sequence {@;};enCC”(R) N BVy(R) satisfying (1.1) and (1.2) with
%77 replaced by %77. Actually to prove (1.3) it is enough to show that there exists a se-
quence {9, },enCCy” (R”) such that for 7e N we have
) Jim 1@ = @l =0,

and that there exists b, , € N such that if »=5; , then
6) [1%@ w0 o< [ X0, 1+ 10
Q Q

Indeed if (3) holds, then to prove (1.2) it will be enough to put ¢ ;= @;9, . Let now
¥, be a smooth function, ©#,:[0, «[— [0, 1], such that ¥, =10n [0, })]; ¥,=0o0n
[h+1, o, |9),|<2 and put y,(x) =,(|x]|,). Clearly (2) follows by dominate
convergence theorem. On the other hand

[1X@ w0 e < [95|X5,]dx + [ 1§:1Xws |, dv <
Q Q Q

< [1X@sldx + [ Ve, <non) |31 1 X5 0dx,
Q Q

and (3) follows since Xy ,—0 as h— o, for any x € R” (remember that 1, =1 on
B,(0), @€ L' () and the supremum of | Xy ,(x) |, is finite since the vector fields
have bounded coefficients). O

Remark 2.11. The boundedness assumptions on the family of vector fields are not
needed if the Carnot-Carathéodory distance associated with X is finite. Indeed in this
case we can replace 9 ,(|x|,) by a smooth approximation of ¥ ,(dx(x, 0)) of the form
J. # ¢, (dx(x, 0)), where dy denotes the Carnot-Carathéodory distance.

By setting

D, ,= [XE.Q c@ix) =7, 776]0, %[, z'eN},

and applying (1.3) of Step 1 it follows that @, , is bounded for any 5 e]O, %[ and
ieN. Since 1eL'(2) and by the boundedness of @, , we get that if ¢>0,
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h
(4) f lpdx<e and @, |p\q:<7.
(R'\ Q)N Q

[ and /e N there exists a positive constant a = a(e, 57, 7) such that

A=

SteP 2. Let € >0, ne]O, %[ and ie N. Let a = ale, n, i) be such that (4) holds.
Then there exists a piecewise linear function v : QL—R, v =0, y=yle, n, 7, @),
satisfying
(2.1) wrtl= {(xl, ey X1 ) EQEXR 0=, S Plxy, ... ,x,,)} e Pl

(22) 0<ylx)—@,(x) < %77 for all xe QL;

23) |ly- ¢z'||.£1(QZ) <&
@4 S |\ Xy|,de< [ [Xg,|,de+ 2.
QNe 2

QuNe

s

Observing that ¢ ; |q» € C”*(Q7) and ¢, = 0, this is just the content of Lemma 2.8
combined with Remark 2.9 and Remark 2.10. Moreover from (1.2) of Step 1 and (2.4)
of Step 4 the following statement holds:

StEP 3. Let i E]O, %[ and i, be as in (1.2) of Step 1 and i€ N, i = . Let a, y be as
in Step 2. Then we have
[ 1Xw],.dx < |8E|x (@) + 7.
QN
Furthermore from (4) and (2.2) of Step 2 we get that

5) Yx) <2n for all xedQ.

Let {H,},.x be the family of affine hyperplanes of R” *! that are parallel to the sub-
space spanned by the first # vectors ey, ..., e, of the standard basis of R” !, /.e. for
telR,

H,= {(x],...,xnﬂ)eR””: an:t}.
Let us denote ¥, = {xeint Q) yplx) > t}. If we choose €127, 1[, then by (5) we
get ¥, cint Q. Indeed whenever xe ¥, we have
P(x) Bt>2n>r§1a3{w.

st

If ¢ it is not a local maximum for v, then
(6) Zt::ﬂn+1(Htmwﬂ+l):Wt7

where 7, , ; denotes the orthogonal projection on the hyperplane H,. Notice that the
number of local maxima of 1 is finite. Denote by I, this set.

Step 4. For any tel2n, 11\I, we have
[0%,|x(Q) = |92, | x(int (Q1) N Q) = | Y, |x(int (Qr) N Q).
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The first equality above follows by observing that > ,cint (Q7%) whereas the second
one follows from the definition of X', by observing that |¥', A ¥,|, =0 (see [19] for
the classical case and [21] for the generalized statement).

SteEp 5. Let € >0, i e]O, %[ and i, be as in Step 1. Let i€ N, i = i, Finally let

a>0 be as in Step 2. Then there exists t €129, 1 —ql, t = i(e, n, i), such that
() (1-3n)|0%2;|x(2) < |0E|x(2)+7.

Proor or Step 5. By applying Theorem 1.8 and the above Step 4 we get
+ o
[ xwlade= [ oW, @2 N Q) de>
(@) N e —®
I-n

j |alp |x(int (Q2) N Q) dt = j |62, |x(Q

By virtue of Step 3, being 7= 7,, we obtain
1-79
[ 162 1x() dr < [E|x(2) + 7.
2n
Then, let us show that there exists €127, 1 — 5[ such that (7) holds. To this end it is
enough to show that

j |@2| Q) dt=|8E|x(Q) +7.

Suppose by contradiction there is an ne]O, %[ such that, whenever sel27,
1 —l,

L=n

[ 162 1x(@) dr< (1 -3p) |83, x(2

27
By integrating both sides of this equation for se€]2#n, 1 — 5[ we get a contradic-
tion. O

STEP 6. Let € >0, n € ]O and i Z max {7, i, }, where i, and i, are determined

-lk|)~
r—‘|—|

as in Step 1. Let tel2n, 1 —nl, f = i(e, n, 7), be as in Step 5. Then

(8) |(EDQ)AZ;|ﬂ<e(1+%).

Proor oF Step 6. By definition of X, it follows that for any rel2n, 1 — 5[
Yix)=t, xeX,,
Plx) <z, xeQa\Z,.
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Hence
Plx) — 1g(x) = 7 > 279, xeZ;\(ENQXNZ;),
Ip(x) —px)=1—-2>n, xe(ENQNQLH\EN2NZ;).
From (1.1) of Step 1 and (2.3) of Step 2 we have [y — 15,10 < 2¢. Therefore
P(ENQNQOUI)INEN2NE) |, <y — 1l <2¢.

Finally, by the first statement of (4) the claim follows. O

At this point we may achieve the proof as follows. Let {¢,};cn be a vanishing se-
quence and let {#,};cn be the sequence obtained from the previous one by setting
7,=Ve, From what was proven above, for any /eN there exists a sequence
{t;}ienc]2m;, 1 —n,;[ which defines, according to (6), a sequence of polyhedra
{2 }ienc &”, where we have set X, =%, | satistying (1) and (2) of Theorem 2.2. In
fact for (1) it is enough to observe that (8) implies

lim (ENQ) A S, |, = lim |15, — 1,10 =0.

Finally from Step 5 it follows that
lim sup [0, |x(Q) < |9E|x(2),

which together with Proposition 1.6 proves (2). O
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