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Analisi matematica. — Quasireverse Holder inequalities and a priori estimates for
strongly nonlinear systems. Nota (*) di AriNa A. ArRkHIPOVA, presentata dal Socio
O.A. Ladyzhenskaya.

AsstrACT. — It is proved that a function can be estimated in the norm with a higher degree of sum-
mability if it satisfies some integral relations similar to the reverse Holder inequalities (quasireverse Hol-
der inequalities). As an example, we apply this result to derive an a priori estimate of the Holder norm
for a solution of strongly nonlinear elliptic system.

Key worps: Boundary value problem; Reverse Hélder inequalities; Elliptic system.

RiassuntO. — Disuguaglianze di Holder quasi-inverse e stime a priori per sistemi fortemente non linea-
7i. Si prova che una funzione pud essere stimata nella norma con un grado piu alto di sommabilita se sod-
disfa alcune relazioni integrali simili alle disuguaglianze di Holder inverse (disuguaglianze di Hélder
quasi-inverse). Come esempio applichiamo questo risultato per desumere una stima a priori di una norma
di Holder per una soluzione di un sistema ellittico fortemente non lineare.

Nowadays, a variety of modifications of the Gehring lemma [1] are known. The
theorems of M. Giaquinta-G. Modica [2] and E. W. Stredulinsky [3] were generalized
in different directions (see [4-6] and references therein). Some integral relations simi-
lar to the reverse Holder inequalities were obtained by the author of the present paper
when studying solvability and regularity problems for strongly nonlinear elliptic sys-
tems. We call such relations «quasireverse Holder inequalities» (QRHI).

In the present paper, we prove that a function can be estimated in the norm with a
higher degree of summability if it satisfies the QRHI (§ 1, Theorem 1).

As an example, we apply Theorem 1 to obtain an a priori estimate of the Holder
norm for a solution of a strongly nonlinear elliptic system (§ 2, Theorem 2). In particu-
lar, to estimate the L,-norm, s > 2, of the gradient of the solution, we assume, that the
BMO-norm rather than L ,-norm of the solution is small. It turned out that the QRHI
are also very helpful in proving the solvability of boundary-value problems for differ-
ent classes of strongly nonlinear elliptic systems. Results of such type will be published
in other papers of the author.

1. A THEOREM ON QUASIREVERSE HOLDER INEQUALITIES

The following notation is used:
x=(xy,...,%x,)eR", n=2,

O,(x%) ={xeR"||x,;—x"| <r,i=1,..., n},
B, (x%) ={xeR"||x—x°| <r},

S.(x%) =8B, (x),

(*) Nella seduta del 14 febbraio 2003.
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|A| = meas, A is the Lebesgue measure of a set ACR”,

f(x) dx = ﬁ [f(x) dx,
A A

L, (A)> m e [1, oo)

lell,, 2 = llo

THEOREM 1. Let numbers g, [> 1, w > 0 and m > gl be fixed. Let for ge L,,(Qz (%))
the following inequalities hold:

g T
(1.1) ]qudecol( j:gdx) + b(1) w( ](gqldx) ], VB, c Qz (%),
B, B,

B,»

where ¢y and b are positive constants, and b may depend on |.
There exists a number py> g depending on g and c, only such that for a fixed
p e (g, min (p,, 7))

(1.2) ( j:g”dx)p < c\,.\.( fg‘/dx)7, VO, c Oz (%),
Q,

()

provided that [ e (1, %) and < % in (1.1) (K is a number dependent on p, q, [, and
C()).
In particular,

(1.3) Il 0@ < caellelly opw, 7 < R.

The constants c and ¢, depend on q, cy, p, [, b(]) and w, and the constant c.., de-
pends also on (R —r)~ L.

Remark 1.1. Inequalities (1.1) with @ =0 are reverse Holder inequalities for the
function g, and one can prove a higher integrability of g in the known way. Here
w # 0 and we assume a higher integrability of g. Theorem 1 yields only an L, estimate
of g in terms of the L, norm, p>g4.

RemaRrk 1.2. Theorem 1 holds if we add some other terms on the right-hand side in
inequalities (1.1). For example, we can add the expression

0 gldx, 0<1.

B,(x?)

Other terms known from different modifications are also allowed in (1.1) (see
[4-6]).

The proof of Theorem 1 is given in the following lemmas.

First we prove a modification of a well-known result on the Stiltjes integral (see [7,
Chapter V, Lemma 1.2]) in appropriate form.
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Lemma 1. Let numbers [, q, a > 1 and m > gl be fixed. Consider a non-increasing
function h:[1, ©)—[0, ©) such that

+ o
(1.4) lim A(z) =0, lim Em1dh(E) =0,
— + t— +
+ + o
15) = [ e tapn <alr b+ 0| - [w a1
t d t
b= b(l) = const > 0. For a number p e (q, min (m, qﬂajll )) the following inequality
holds:
+ o + o
(1.6) - jzpldb(:)sbo(— jﬂldb(x)),
1 1

provided that le (1, p/q) and 0 < K ../b in (1.5) (k. is a number dependent on q, p, [,
and a), the constant by depends on q, p, [, a, b(l) and 6.

Proor. Fix p e (g, m) and denote
+ o

I(t)=— | t*Ydh(r), s>1.
t
From the monotonicity of 4 it follows that
+ oo

rf’lb(r)s—fif’ldb(/l):lf(r), =1, s>1.

The second relation in (1.4) and the last inequality yield

(1.7) lim °'5(t) =0, s<wm.
T— +
Moreover,
(1.8) " ](7) <IP (1) =0, " "I"—0 as 71— + .

The following relations are valid:

P e + o0 (15),(1.8)
(1) = — frp-qdzq(r)=(p—q) f =11 [9(7) dr — 70114 (7) <
1 1 !
+ +
(1.5),(1.8) o B 0b .
S a(p—q) j.[p 7= 1 ¢4 1/9(7)4‘% - ng 1d/9(<§) dt+19(1) =
T
1 T

+ o + oo

—alp—q) J -2 b(1) dr + alp — q) Ob j TMH(— ng[“db(g) dr+19(1) =
1 T

1
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[ ATERY 7 ma\!
=alp—q) J(;_l) b(t)dr-i—a(p—q)@bj(;_;l) I19(t) de +19(1) =
1 1

alp—q) 0

ap—q)
21 fr dh(t) +

1

+°°_ alp—q) 0b

271 h(7)
1 p_q[

f Pl gh(r) +
1

+ o

+a(p—q)ebr
p—ql

N I‘](l)(m':(l's) alp —q) (1) — alp —q)
1 p— 1 p— 1
bO(p — bO(p —
+M1P(1) — Mlql(l) +19(1).
p—al p—al
Now we put #=1 in (1.5) and obtain the inequality

ab(1) =19(1) — abBI?(1).

p—quql(T)

Then,

(0=glal=1) _ 0 a1

alp—q) abl(p — q)
(p—1)p—ql p—1

p—1 p—ql

and we have the estimate

1?(1)[1—- ]-+I¢(1)abe

(1.9) Ip(l)[l_d(P—q)_abO(p—q)] g—1

<J9(1) —.

p—1 p—4ql p—1
Now we fix p < so that the following inequality is satisfied:
alp—q)

1 P 1

>0.

1 .
A , and henceforth we consider

‘-
a—1
-1
pe(q,min(qd , m))
a—1

Next we fix /e (1 , %) and choose 6 in such a way as to obtain a positive expres-

It means that p <

sion in the square brackets of (1.9):

0<

Ko alp—q)\ (p—ql)
ZUMR (1_ p—1 ) ap—q)°
With fixed parameters p, / and 0 we have an estimate
17(1) < by 17(1),

— — _ -1
where b, = £ ! (1 _drmq) bk q)) . O
p—1 p—1 p—ql

Remark 1.3. If 6 =0, then the second condition in (1.4) can be removed and we

claim by the classical result that estimate (1.6) is valid for p < qa-1
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Lemma 2. Let numbers q, [>1 and w >0 be fixed. Let geL,,(Q), where Q =
=5,(0)CR”, m > ql, satisfy the inequalities

(1.10) j:qucol( ](gdx)q—l—ﬁw( j:g‘ﬂa,’x)7 , VB,cQ,
B, B,

By

with positive constants ¢, and = ([).
There exists a number py = py(q, cy) > q such that for p € (g, min (py, m2))

L _
1D elf o0 < —2—{llell o+ x5 Nk gl of re[g,g),
q

X

provided that | e (1, %) and o < %, (kg 25 a number dependent on q, p, [, and c;),

the constant ¢, depends on the same parameters as Kk does.

Remark 1.4. Inequalities (1.10) with @ = 0 are known to ensure a higher integra-
bility of ge L,(Q) and estimate (1.11) with k,= 0. If @ # 0, then (1.11) does not im-
ply an L,-estimate of g but helps us to derive estimate (1.3) in the sequel.

Proor or LeEmmA 2. To save space here we make use of the notation accepted in
[7, Chapter V, Proposition 1.1]. Moreover, we explain in detail only new points in the
proof of this proposition.

First, following [7] we put

COZ {xeR” | |X,'| < 1/2, 1= 17 ceey b}’
Ci={xeQ1/2"<dist(x, Q) <1/2*"'},  keN.
Obviously, Q = k! C.
We define =0

(1.12) Glx) ===, M=|g, o+ Bo)|dl, o,

and write (1.10) in the form

(1.13) ](G"dx$co ][de ‘+ Bw ][Gﬂdx .
B.» B B
We also put
ap,=(0"2")"4  g=const>6Vnr, and
Gl(x)
Go(x) = & a—kXck(x),

where y 4(x) is the characteristic function of the set A.
We apply the well-known Calderon-Zygmund lemma [7, Chapter V, Lemma 1.3]
in appropriate form and claim that there exists a sequence of #-cubes Q{,,c Cy, /=1,
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£ =0, with disjoint interiors such that

(1.14) 10/ | < ( ) 27 < Ldist(Qly, 80),
(1.15) (ays) < ](G‘f(x) de<o’(aps), s=1,
Qly
(1.16) G(x) <ags ae. on C,\UQ{,.

7
Then
(1.17) 1< | Gdv<ors,
Ol
(1.18) Go(x) <s ae. on C,\UQ/,
7

From (1.18) it follows that |E(Gy, s)\_UkQ(/k) | =0, where
7>
={xeQ|h(x) >r1}.

Hence,

(1.19) [ Gitodxs ng ) dx < 0" sq§:|Q l.

7
E(G, 5) ol

As a consequence of (1.14), we have the inequalities

diam Q7 < \/_ dlSt (Qfy, Q).

Then
QlyCBr(x), VxeQl, R=diamQf < %dist(x, 30) = %du).
We derive from (1.15) that
(aps)'< T Gix)dx<aln) | Gds,  aln) =|B,|n"

Qlw Bg(x)

Inequality (1.13) allows us to estimate the right-hand side of the last inequality,
and we have

(1.20) (ags)<aln) col

g T
]( Gdy) +ﬂw( ]ﬁ Gqfdy) ] 2R < d(x).
Bor (%) By (x)

Note that from the defenition of G (see (1.12)) it follows that [|G], o<1 and
ﬁwHGqu 0=

If we put s=At, where =1 and A > 1 is a constant to be chosen, then (1.20) im
plies that

(121) |BZR| szfz(fo,o', 7’2)

2”%1
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Let
6'22”
(1.22) A= ,
| B1]
then from (1.21) we have r=2R < T, and the ball B,(x) can intersect at most

Ci_1, Cpand Cpyy.
Now from (1.20) with »=2R we obtain the inequality

g T
(1.23) (A;)qs@l( ](Gody +ﬁw( ](Gg/dy) ] r < d(x).
B,(x B, (x)
Hence,
L j 1-L
(1.24) At|B,| <¢ jGody+(ﬁw)" jcgﬂdy 1B,|' 7.
B, (x) B, (x)

We apply the Cauchy inequality to estimate the term J, with w in (1.24):

gl—1

[
(125  J=c(|B|)T fcqfdx \C4|B|;+c4 IG

Henceforth the ¢; may depend on ¢, ¢, and #n. We put
= {yeB,(x) |Gy(y) >t}
and derive from (1.24) and (1.25) the inequality

2B, <2+ (Bo))e|B,| + o f Godx+c4 f Gal dx.
E,(2) (2)

Let us assume that in this theorem (/) w < K, where kK, < 1, and the parameter 1
satisfies (in addition to (1.22)) the inequality

(1.26) A3zt
2
Then
/
(1.27) |B,|<C—; fcodm C(ﬁj”) fGOqldxz‘Bl.

E,(1) E, (1)
The family of such balls B,(x) covers the set T = U Q . We can assert that there

exists a numerable subfamily of disjoint B, such that
; |Ql| < en) 2|B|
7> z

(see [7, Chapter V, Lemma 1.1]).
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Now, from (1.19) and (1.27) it follows that

(1.28) J Gidx < cg|t?7! f Gydx + f Gdldx|, s=At.

E(Gy, 5) E(Go, 1) E(Go

Hence,

(1.29) f Gidx<c|t77! f Godx + ,1) f Gildx|, t=1.

E(Go, 1) E(Gy, t E(Gy, )
We put h(£) = § Golx) dx and note that
E(Gy, 1)
| Gydx=- j o ldb(z),  m>1.
E(Go, 1)

Now inequality (1.29) takes the form

+ / +
(1300 = [ v dbo) < et b + ol | [eraw)l, =1
t

! 12

The function 5 satisfies the assumptions of Lemma 1 with a =¢;> 1, b=/, ar/}d
1
6 =w' By Lemma 1, we fix le( , ;) for pe (q,mm( i 7_31 )) and @ < X% Ly
K, = K:‘:(q) P> Z; 68)~
In Theorem 1, we fix ko= min {1, x%’}. By Lemma 1, we have

+ +
(1.31) - jﬂ"l d/)(z‘)SbO(— ftq‘ldb(zf)),
1 1
whence
(1.32) j GPdx < b, j G§ dx,
E(Gy, 1) E(Gp, 1)

bO = bO(q> P, Z’ (g, ﬁ) (,l))
From (1.32) it follows that

(1.33) [Godr< (by+ 1) [Giae< b+ 1) [ G,
Q Q Q
Note that dist (Q,(0), 9Q) = % —r for re [%, %), and there exists a number
ky € N such that % —r= % and Q,(0) ¢ CO .U Cy,. From the definition of a, it
3

follows that af = 0”2 ie., > T —2-. Hence,
afy

JGOdeZ f Gé’dxzac—i f Gpdxacw(%—r)T J GPdx.
A

CoU...UCyy °0,(0) Q.(0)
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Now from (1.33) we deduce the inequality

‘1

[ Grace —_ [Grae
0,0) (% - r) o)

By (1.12), it guarantees the validity of estimate (1.11). O

Lemma 3. Let numbers [, q>1, ¢, w, and B=p()>0 be fixed Let
geL,,(Qr,(x%), m > gl, satisfy inequalities (1.10) in the balls B,c Qg (x°). If p, I, B,
w are fixed by Lemma 2, then the following inequalities hold:

P

q

(1.34) J[ ghdx < L_}, f gldx| +
0, (x0) R—e)7 Or(x%)

_a
1 P

» wL —1)
+ gl dx g?dx-R™ ,
Qr(x%) Or(x")

o€ [é, R), R <R,. The constant c\, depends on ¢, (from (1.10)), p, q, [, 8, and w.

Proor. Inequalities (1.34) are a consequence of estimate (1.11). Indeed, fix R <R,
3(X2_RXO) . As a result, y(Qr (x?)) = Q, (0) and
9(Qx (x?)) = Q, (0). From (1.10) for g(x) in the balls B,c Qg (x°), we find that 2(y) =
= g(}x(y)) satisfizes the inequalities

(1.35) ](zpdyScol( ](zdy)q-f—ﬁw( ]quldy)T
B, B,

Bo

and, changing the variables, put y(x) =

,  VB,cQ;(0).

By Lemma 2, there exists a number py = py(q, ¢y, #) > g such that for a fixed
le (1, %), where pe (¢, min (p,, 7)), and Bw <k, (kg=kK,(p, [, g, ) <1) in
(1.35), estimate (1.11) is valid for z(y) in Q= Q, (0):

(1.36) j 2dy < %[(qudy) +K§1(le’dy) fztidy],
0r(0) V) "\ o 0
which yields (1.34).

LemMA 4. If a function g satisfies inequalities (1.34) in Qg(xo) and Qg (x°) for any
R<Ryand g€ [%, R), then

: :
(1.37) ‘J( gl dx $cl3( ‘J( gq) ,  VR<=R,,
Qri2(x%) Or(x%)

cs=ci3(p, g, cia, 7).

X
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Proor. For a fixed R <R, consider the sequence 0r= R- 251 L Ek=0,1,...,
(Q0:§> Qk/’R)~
We put
2 »
(1.38) H=6‘12( f qux)[’, B=¢, f qux-ﬁn(7_l),
Or(x%) Qr(x%)

and from (1.34) with ¢ =0, and R=9,,, we derive the inequality

_a
1 P

(1.39) ][ grdvs — —[H+B ][ g dx
Qp(x%) (QkJrl _Qk) 7 Quis 1 (6
Now put
n
o= | g m="2, y-1-Zew,)
q p
Qop(x?)
Inequalities (1.39) take the form
(1.40) w0y < 1 (H+By’(0,.,), k=0,

(@rr1—0r)"
One of the two situations may occur.
a) There exists a number &y such that By (0, ) <H. By (1.38), we obtain

»

el 4 7

f qux-R(q Y J’ ghdx S( J qux) )
Qg (x%) Or(x¥)

Qo+ 1x7) 7 (x
Hence,
5t -1
]( gl dx S Rnél)( J g"dx)
Qo1 (") 0k (x?)
and
: :
(1.41) ‘f ghdx | <cu(p, c])( jf qux) )
Qg2 (x%) Qg (x%)
b) For any &= 0, the following inequalities hold:
H<By"(0r+1).
Then, by (1.40),
(1.42) Yo < M

(@rs1—0r)""
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After iterations, we have the relations

1 mi )y/
(143) (R)‘ (00) < <(ZB)H2’:0(2+M<( &
. p| 5] =vieo <. < (R)mmﬂ...m wio).
3

Note that >, (2 +/) y/ < + o, and yp(0,) = p(R), y*—0 as k—> + . Passing
=0
to the limit iri (1.43), we obtain

1 L

= BT 7

(1.44) 1/)(3) <& 7 = ci6 ]( gldx| ,
R

ci6=c16(p, 4, €12, 7). _
Inequalities (1.41) and (1.44) with any R <R, imply estimate (1.37). O

Proor oF THEOREM 1. The assumptions of the theorem ensure the validity of the
assumptions of Lemma 3. This means that inequalities (1.34) are valid in Qg(xo) and
Qg (x°) for the mentioned g and R. By Lemma 4, inequalities (1.37) are valid and they
coincide with inequalities (1.2). Theorem 1 is proved.

2. A PRIORI ESTIMATES FOR SOLUTIONS OF STRONGLY
NONLINEAR ELLIPTIC SYSTEMS
Let 2 be a bounded domain in R”, n=2 and let #: Q—RY, N>1, u=

= (u', ..., u"), be a solution of the system

(2.1) (AP (x, wul), +b(x, u,u,) =0, k<N, xeQ.

X/j )Xa

We assume that the matrix A = {A#}¢ /S is defined on the set I = @ xR and
satisfies the conditions

a)
2.2) (Alx, u) &, 8) = Z, AW (x, w) EXEL=v|E]?,  VEeR™,
ka,/l;KT
(2.3) sup||A(x, u)|| <u.
9

b) The A are uniformly continuous functions on IN. More precisely, there exists
a continuous, bounded and nonincreasing function w(s, #) such that

2.4) |A(x, u) — Aly, v)|| Sa)(|x—y|2, |u—v|2), x,y€ R, u,veRY,
w(s, t)—0 as s, t—0, w(s, ¢) is a function convex in .

¢) b={b*}*<Nis the Caratheodory function on 2 xRN x RN and
(2.5) |b(x,u,z)|$a|z|2+ﬂ, (x, u) e M, 2e R™N,

The positive constants v, i and 4 in ) and ¢) are arbitrarily fixed.
In general, the solvability of boundary-value problems for systems (2.1) under as-
sumptions (2.2), (2.3) and (2.5) has yet to be proved. In the two-dimentional case,



102 A.A. ARKHIPOVA

J. Frehse obtained the existence of a smooth solution of the Dirichlet problem for a
class of nonlinear elliptic systems with quadratic nonlinearity (2.5) in the gradient
[10].

The smoothness of bounded weak solutions of (2.1), # = 2, under conditions a),
b), ¢) was also studied [8,11]. In the local setting the following result was

proved.
If ue W) (2)NL,(R) is a solution of (2.1) and
(2.6) a oscu<v

Bg,
in a ball Bg,cc 2, then « is a Holder continuous function in Bg, \c and H, _,_.(0) =

= 0 for some & > 0 (H, (o) is the Hausdorff measure of dimensiozn sof aset 0). To obtain
this result in the context of the direct method of investigation, we need the «smallness
condition» (2.6) to prove only a higher integrability of the gradient #, and to estimate
locally an L, norm of #«,, p>2.

Here we apply Theorem 1 to derive an a priori estimate of the L, norm, p > 2, of a
solution of (2.1) under the smallness condition on the seminorm [«]; ,, 5, in the space
BMO(By,) instead of condition (2.6) on the smallness of [z, By, Moreover, we derive
an a priori estimate of the Hélder norm of a solution # smooth in a ball Bg cc Q if
””x”LZv”*Z(BRO) is small enough (no control of ||u||m,BR0 is implied).

THEOREM 2. Let assumptions a), b), ¢) hold and let u be a smooth solution of (2.1) in
a ball By ,cc Q. There exists a number 6 = 0(v, u) >0 such that if

(2.7) [u]z,ﬂ;BRO<9min{%, 1}
then
(28) ||”x||x,BR1 < Cv‘:( Z’lx||2,BR0 + 1)

for some s=s(v, u) >2 and Ry =R,(Ry) <Ry, co =cy (v, u, 6, Ry).
Moreover, there exists a number 0> 0 such that the inequality

(29) Hux||2,n—2;BRo<01min{%’ 1}

provides the estimate
(2.10) [

C*(Bg,) S Cfd<(||”||W21(BR0) D

for any a € (0, 1) with some R, < R,. The parameter 0 | depends on v, u and the func-
tion w from (2.4), the constant ¢y, depends also on Ry, 60, and a.

First we recall that

1

1 2

loll 2.3, = 500 =L [ ol
§E\BR(; ¢ Bo(y) N By

is a norm in the Morrey space L>”7?(Bg). A norm in the Campanato space
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£7"(Bg,) is given by

||U L7 (Bgg) = ||Z}||172,BR0 + [v]m,n; Bgg

with seminorm

1 "
P lv—v, ,|"dx| , v,,= ][ vdx.

o0<Ry @
yeBg, By (y) N Bg, By () N B,

Note that the spaces £7”(-) are isomorphic for different 7 =1, and, in
particular,

(2.11) [U]m,ﬂ;BROSC(M, ”)[U]Z,n;BRO’

(for the definitions and properties of the spaces see [9, Chapter IV] and [12,
Chapter I]).

Remark 2.1. By the known estimate
(2.12) [M]z,n;BRO S C(”)””xnz,n—z;BKO,

and (2.9) with some 6, inequality (2.7) follows with 6 = c(#)6,

Proor oF THeoreMm 2. Let condition (2.7) hold. We fix a ball B,(y°) C Bg, and
write the integral identity with a test-function 5 e C} (B,(y°)):

(2.13) J A (x, u uxﬁ/)f + b*(x, u, ux)bl"] dx =0
B,(y°)
From (2.13), where b = (u — u, ,0) &2, Uy 0= )( u(x) dx, and & is a cut-off func-
B,(»%)

tion for B,(y°), £=1in B, (y°), we derive the inequality
2

(2.14) f 2o 2 f =, 0| 2dsc+ 22 J|u|2|u ty o+ 2| B
vr

Br (%) B,y B,y

By the embedding theorem W' 5, (B,) = L,(B,), the estimate
J |t —u, 0|?dx < c(n) J |, 7 dx

B,(»°) B,(y%)

is valid, and from (2.14) we obtain

nt2
n

2 2
(2.15) f |, |? dx < J |o |72 dx +—]+ 'u|B,|.

Br (% B,(»")
2

c(v, u)
2

Now we estimate the integral [,= [ |u, |?|% = u, ,0|dx in (2.15) by the Holder
B,(»°)



104 A.A. ARKHIPOVA

inequality with an arbitrary /> 1:
1 It
!

! e
L<| o lwlds| [ f lu=u,o 77| B <|Bl#] L
-1

B,(y%) B,(»")

, 5 Bry

1 1

T ( 7

2.11) (2.7)
]t | P dx| < ol n) |B,|[uls, 5y, ]f | dx| <
B.(»%) B,(»%)

@7
< o/, n)|B,|0min{%,1} f ot |? dx

B,(9)

Then from (2.15) it follows that

@16) |ux|2dx$cl[ Tl de]  +1400o| | |uldx ]
B,

B2 (") " B,(y")
2n
e =c (v, u). For g(x) = |u,(x)|"*? +1 and g = ”:2 , inequality (2.16) implies the
inequality
1

q !

(2.17) :fqux <g(v, u) l( ](gdx) + ¢4 (]) 0( ‘fg"ldx) ] ,  VB,CBg,.
B B, B,

N~

By Theorem 1, there exists a number py = py(cs, g) > ¢ such that if /e (1 , %) for
p € (g, py), and

(218) C4(Z)9< Ko,

for some Kk, =Ky(p, g, /) >0 in (2.17), then

(2.19) ‘J( gpdecs](gqa’x, VQOrC By,
Q% Or

with a constant ¢; dependent on p, ¢, [, v, u and 6. Now we fix p = % and
[= 2% + % Then[=1lv, u, n) e (1, %) and the parameter s = 27‘0 > 2 depends only

on v, u and 7.
Estimate (2.19) yields

(2.20) ]( |, | dx scé( ‘f(|ux|2+1)dx), VB, (90) C By,
B,

B%(J/o) NAC)

The constant ¢, in (2.20) and all other constants c;, 7 = 6, may depend on v, u, 7,
and 0. The dependence of ¢; on other parameters will be shown additionally. In par-
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ticular, estimate (2.20) implies

2p Ry
(2.21) ””x”x,BRl S ¢ (R1)(||Ux||2,BR0 + 1), §= v >2, R, = e .
Henceforth, we assume that condition (2.9) holds with 6, = C(i) , where 0 was

fixed by (2.18) (see Remark 2.1).
It is obvious that estimates (2.20) and (2.21) are valid. We apply them to estimate

1 RO

2\n 4n "

For a fixed y°e By, and R <R, we consider the linear problem

the Holder norm of the solution # in the ball Bg,, R, =

A'g/ﬁ(yo, u XﬂX =0 in BR(yO)> u0:”R,y°>

(2.22)
v |SK(J’0> =u.

We use a well-known Campanato estimate of the solution » of problem
(2.22):

(223) f |vx|2declz(%)ﬂ f o,|?dx, Vo<R.
By(y?) Br(y")
The function w =u — v is a solution of the Dirichlet problem

A/;xﬁ(y()’MO) wag/;xa:(Fa/e(x))xa’ xEBR(yO)>

(2.24)
w|SR(yO) = 0’
where Ff =A% (y ux/}eL2 " =2 (Bg,)-

From regularlty theory in Morrey and Campanato spaces [9, 12] it follows that
the solution w e W (Bg) of (2.24) has derivatives w, e L>"?(Bz(y°)), a =1, ..., n,
and,

(225) ||wx||2,BK(y0) = CSHZ’tx”Z,BK(yOb
(n—2)
(2.26) ||wx||2,n—2;BR( \@{”U ”2 we2iy TR ||wx||2,BR(y°)}~

Estimates (2.25) and (2.26) imply
(v
(2.27) ||wx||2,n—2; Br(y®) = €10 ||Mx||2,n—2;BR0 < ¢min { 7 1} 0.
From the integral identities for # and v in Bg(y°), it follows the relation

[AZ (y°, wxﬁw + (A (x, u) — AP (°, ux[ﬁw +

(2.28)  Br(y"
+bF(x, u, u,) w*ldx=0
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With the help of assumptions (2.2)-(2.5), from (2.28) we deduce the inequality

f . |2 dx < clv, ) J 02 (|5 =012, Ju—u|2) |2 dx +
Br(y%) Br(y%)
2a 2M
24 J o, |2 Jao] dx + 21

Br(»%) Br(y%)

|w|dx,

where w(-, +) is a function from (2.4).
The right-hand side of (2.29) can be estimated by (2.20):

2 -2
5 L 5
[ wracse| o jara) | f ot TRY poatar) B+
Br(y®) R (0) R (90)
2 s=2
24 B s N (2.20)
+2e ]( | dx ]( lw| 77 dx|  |Be| + R <
(2 30) Br (70) R (%0)
(220) 2 2 012 2a
S oy T 1+ |u|?)de|wy|R?, |u—u®|dx +5
Bayar Br(y0)

s—2
s

]( w|T7dx|  +R?

Br (o)

Here w (¢, 7) is a continuous function nonincreasing in ¢, 7, and w (¢, 7) =0 as
t, T—0. X 2
Now we estimate the integral Pz = ( f |w|_2dx) . We have
Br (50)

s—2

s
Pr=< ][ |w_ WR,yo| 72 dx + |wR,y°| < [w]ﬁ,n:BR(}’o) +

Br (30)

2(2.11) n=2 (2.12)
+||wH2,BR(yO)'R2 S C(S: ﬂ)[wjz,n;BR(yo)—i_c(ﬂ)R ’ wa”2,BR(y0) S

(2.12) 2.27) v
S o5(s, ”l)wanz,n—z;BR(yo) = Clemm{;» 1} 0.

Hence,

Tl |2dx<
Br(yo)

(231)
<ecq|lwo|R2, cx(n) R-072 j i, |2dx |+ 6, +R? j (1+ |, |?) dx.
B,(y%) Boyir (%)

If we rename the number 2V/%R by R and put ®(r, y%) = [ (1+ |u,|?) dx,
B,(»")
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then from (2.23) and (2.31) it is easy to derive the inequality

¢<Q,y°>sqg[(ﬁ)”mo(zzz,c*w), 62)+0,+R?| &R, y°),

(2.32) R

By a well-known algebraic lemma (see, for example, [7, Chapter 3, Lemma 2.1]),
there exist a number ¢, =¢,(c;g, #) > 0 such that if

(2.33) wo(R?, c,(n) 67) + 60, +R*< ¢y,
then from (2.32) it follows that

n—

)
(2.34) qp(g,yO)scw(%) ®(R, %), VYo<R<R,,

for any 0 € (0, #), cjo = c19(ci5, 0) > 0.
Now we fix 7, and 7,> 0 in such a way as to have the inequality

(2.35) w1}, 73) < %
Let 6, satisfy the restriction
(2.36) 6, < min L)Q,L
cn) 3 cs (1)
and
(2.37) 7o < min {Rl, \/%]

Then inequality (2.33) holds for R < 7, and, consequently, estimate (2.34) is valid for
o< R=y.
Estimate (2.34) holds for any point y°e Bg,, and, therefore,
(2.38) letclls, s~ o B, < €008, 70) e [z, 5, + 1), WO >0.
This implies
(239) [”]2,n+2*5;BR2SCZI(67 70)(”%){”2,31(0—'_ 1)7 V6>0

R
By the isomorphism of the spaces £ 27 %(Bg ) and c'? (Bg,),
(2.40) ”””C'_%(B_Rz) S6,(0, 70)(””HW21(BR0) +1), V6>0.

Finally, we note that (2.36) describes the dependence of 6, on v, u, # and the

function @ from (2.4). The number 7, depends on the same parameters and R, (see
(2.37)). Hence, estimate (2.10) is obtained and Theorem 2 is proved. O
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