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Equazioni a derivate parziali. — On the G-convergence of Morrey operators. Nota (*)
di Maria Rosaria Formica e CARLO SBORDONE, presentata dal Socio E. Magenes.

AsstracT. — Following Morrey [14] we associate to any measurable symmetric 2 X 2 matrix valued
function A(x) such that

1€]”
K

QcR? and to any ue W"2(Q) another symmetric 2 X 2 matrix valued function @ = A(A, ») with
det @ =1 and satisfying

< (Ax) &, &) SK|E|? ae xeQ, VEeR?,

1€1°
K

The crucial property of @ is that AVu = AVu, if Vu #G 0. We study the properties of @ as a function
of A and( u. In particular, we show that, if A,—A, w,—u, Vu#0 and divA,Vu,=0 then
Ay, u) = AA, u)

<(Ax) &, E) SK|E|? ae xeR, VEeR?,

Key worps: Elliptic equations; G-convergence; Morrey matrices.

Ruassunto. — Sulla G-convergenza degli operatori di Morrey. Seguendo Morrey [14], ad ogni matrice
simmetrica A(x) a coefficienti misurabili, tale che

[&1°
K

< (A(x) €, E) SK|E|* per qo. xeQ, VEeRR?,

QcR? e ad ogni ue W2(Q) si pud associare un’altra matrice simmetrica @ = A(A, ) con det A =1 e
soddisfacente

1é1”
K

<(Alx) &, ) SK|E|* per qo. xeQ, VEeR2.

La principale proprieta di @ ¢ che AVu = AVu, se Vu # 0(.; Si studiano le proprieta di @ come funzione
di A e di( u. In particolare, si dimostra che, se A,—A, u,—u, Vu#0 e divA,Vu,=0, allora
A(A,, uy) = A(A, u).

1. INTRODUCTION

Let Q be a simply connected bounded open set in R? and K = 1 a fixed real num-
ber. Denote by &(K) the set of measurable symmetric matrix-valued functions

A:Q—>R**2
verifying the ellipticity bounds

|£1° 2
<(Ax) &, E) <K&

(1.1) i

for ae. xe R and VEeR2

(*) Pervenuta in forma definitiva all’Accademia il 15 luglio 2002.
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For Ae §(K), A= (a;) and ue W"?(Q) define a new matrix valued function
A=A, u)

A: 2—>R**?
whose entries (a ;) are given by

2 2
ug, + (ayu, +ayu,)

aq(x) = > >
ay ty, +2apu u,, + axuy,
(dll Mxl + ﬂlz uxz)(dlz ”xl + ﬂ22 uxz) - uxl ”Xz
(12) alz(x) =a21(x) = P P N
ayuy, +2au + ay uy,

X1 ”Xz

2 2
(a, Uyg T dx ”xz) +uy,

axnl(x) =
=) 242 +apul
ar Uy A1p Uy Uy, T dpp Uy,

if (AVu(x), Vu(x)) # 0 otherwise, let a3 =an=1, a,, =0 (see [14]).
It is interesting to note that (1 belongs to 8(K) and enjoys the special
property
detA=1.

A main relation between matrices A and A(A, ) is the following: if e W' ?(Q),
then

div (AVu) =0

if and only if

div (A, u) Vu) =0.
Actually

QA, u) Vu=AVu.
(See also [1, 10]). We will call div (A(A, u) V) the Morrey operator associated to A
and .

A similar device to construct, for a given function «, elliptic systems to which « is a

solution was adopted by De Giorgi [2] as clarified by J. Soucek [17], (see also [8, 11-
13]) and it revealed useful to give examples of irregular solutions.

In this work our purpose is to illustrate some properties of A(A, ) as a function
of A and u; in particular we prove the following

TaeoreMm 1. Let A,e 8(K) and assume AbgA. Let w,, ue W"2(Q) satisfy
Vu#0,
wy—u in WHA(Q)
and
div (A, Vu,) =0.
Then

AlAy, 1) > AA, u).
(For related results, see [4, 3, 17]).
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Let us recall [18] that, by the definition of G-convergence for a sequence of matrix
valued functions A, e §(K), if A, %A and upe Wh2(Q) verify

(1.3) div (A, Vu,) =0
and
(1.4) wy—u in WH2(Q)
then

div (AVu) =0.

Remark 1.1. It is well known [15, 20] that from (1.3), (1.4) it follows that
A/JVZ{;JAAVZJ iI’l LZ(.Q, Rz)

RemaRrk 1.2. Let us observe that in general the condition dez@d;, = 1 is not preser-
ved under weak convergence of A, to A in o(L*, L').

On the contrary G-convergence enjoys this property (see [7] e.g.) and so the class
of Morrey operators is G-closed.

2. SOME PRELIMINARY RESULTS

Let W be a 2 X 2 matrix
wy W
(w3 Wy

W“W]‘l
| detw

We have the following elementary result

2.1 W

with det W # 0 and set

(2.2)

LemMa 2.1. If W and Q are defined as above, then Q' = Q and
det A=1.

Proor. It is easy to check that @ has the following expression

a 1 ( wi+w} —(w1w2+w3w4))
—( ’

det W wy W, + ws wy) wi + wi

Then it is obvious that A= @ and

Jop 2 T wows)®
(det W)?

For ue W2 () and A € §(K), define @ = A(A, u) = (a ;) given by (1.2) if Vu # 0.

Otherwise we set A = (J ;).
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ProrositionN 2.1. If A= (a;) and QA = A(A, u) is defined as above, then A'= A
and det A = 1.

Proor. If we set
w) = Z’lx] > wy = ”xz

Wy = — E ﬂjz Z/lx/, Wy = E ﬂl]‘”x/
7 7

w, w
¥=(
then (AVu, Vu) # 0 if and only if det W # 0 and we have
ww |
[ ]

So, the result follows from Lemma 2.1.
We note the following useful lemmas

and

a

Lemma 2.2. Let A, Be 8(K). Assume that det A =detB >0 and
(2.3) det(A—B)=0.
Then
A=B.

-1
2

ProoOF. Set C=A "3 BA "1 where we have denoted with A

of the square root A% of matrix A. Then C is a symmetric matrix and obviously
det C = (detB)/(det A) = 1. Moreover we have

(2.4) A-B=A7(I-C)A
and so our assumptions imply

0 =det (A — B) = (det A)? det (I — C)(det A)? |
therefore we arrive at
(2.5) 0=det(I—C)=1—trC+detC=2—-1trC.

If we indicate the entries of C as

the inverse matrix

TN

ST

we obtain explicitely
(a+cP=trCP=4=4detC=4ac—4b?
and so
(a—c)P=—4b?
that is a =¢, 5 =0. Since by (2.5) #C =2 we deduce a=c=1.
For the sake of completeness we give also the following
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LemMma 2.3 [1]. Let E= (E,, E,), F= (F,, F,) be two vectors of R? such that
(E, F)>0. Then there exists a unique matrix A € §(K) with det A =1 such that

(2.6) aAE=F.

Proor. The definition of @ is suggested by (1.2) choose
= (a n @ 12)
A2 A2

- <E, F> > Ay = <E, F> > Aoy = <E, F> .
Then it is immediate to check that @ € §(K), det @ =1 and that (2.6) holds. Assume
that B € §(K) is another matrix satisfying det B =1 and

with

aqp

AQE=F=®RBE.
Then E is a non zero vector such that
(AQ-®B)E=0;

so det (A — B) =0 and by previous lemma we deduce A = $.

ProposiTiON 2.2. Let A€ 8(K) and ue W'2(Q), with Vu # 0, then the following
properties hold true.

(0) AA, u) =A if and only if detA=1.

(7)) A(A, u) € &K).

(zz1) AA, u) Vu=AVu a.e in L.

(7v) Be 8(K), detB=1, BVu=AVu = B= A(A, u).

_ =

Proor or (7). If Q(A,u)=A, Proposition 2.1 implies detA(x)=det A(x)=1.
Conversely, if det A(x) = 1, we have a;, 4, — af, = 1, so by replacing a,;a,, =1 +
+ af into the expression of a, 7,7=1, 2, it is easily seen that

Proor oF (7). This property shows that passing from A to A(A, «) the coercivity
and boundness constants are exactly preserved.
We use the fact that we already know by Proposition 2 that dez @ = 1. As a conse-

quence the eigenvalues of Q are A, =121, = % We want to prove that % <A<
1

<K and this is equivalent to 1, + % <K+ %
Recall that !

I _
/11+/1—1—tra



M.R. FORMICA - C. SBORDONE

38

and that by the definition (1.2)
2 2 2
up tug, + (ayu, +apu,)” + (apu, +apu,)

ird = (AVu, Vu)

By A e &§(K) we deduce (see [10] e.g.)
|§|2+|A§|2$(K+%)(A§,§) VEeR?,

Choosing & =Vu we obtain #r A <K + %

Proor oF (i7). We can assume (AVu, Vu) # 0, otherwise (:77) is obvious. So, we
have to prove that
Ayt tap, =ay i, +a,i,

{ Aty *apt, =0, + A,

By the definition of A = A(A, «), we have
2 22 2
Uy T apug +2ayapuu, +apnu,
U
(AVu, Vu) ’“
2 2
U Uy, T Ay AUy T Ay A Uy Uy, T A Uy Uy, Ay Aoy Uy
u,,

(AVu, Vu)

Oty T Opu, =

1 2 2
{anu, layul +2apu, 0, +apu,]+

~ (AVu, Va)

2 2 —
+ az ”xz |:dll Z'txl + 2d12 ”xl lez + dx uxz]} =dan uxl + ap ”xz

Slmllarly we have also
—au-l—aauz-i-aﬂuu—l—azuu-i-aauz
X 11 %12 #x; 11922 %x1 “x; 12 “x) “x, 12 922 #x,
Uy
1

(AVu, Vu)

Oty t Opt, =

2 2 2 2 2
Uy, *apuy +2apanu,u,+ axu;
U, =
2

(AVu, Vu)

_ 1 2 2
= m {apuylayul +2apu, u,+ apul]l+

2 271 —
tayu,, [ay U t 2ay, Uy Uy, T dp ”xz]} = apthy T oayt,,

Proor oF (). It is sufficient to note that according to Lemma 2.3 the equality

det B =1 uniquely defines B under the specified conditions.
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For later purpose it is worth recalling that, if € is simply connected and
ue WhH2(Q) is a weak solution to

divA(x) Vu=0

with A € 8(K), then there exists, and it is uniquely determined up to an additive con-
stant, a function ve WH2(Q) such that

2.7) { Uy = — (a1, Uy T ay “xz)

Uy, = dyyty +ap iy,
and we have

(A B
dzv(va) =0.

The following proposition is of particular relevance.

PROPOSITION 2.3. Let A = (a;) € 8(K), ue W" () and ve W"*(Q) verify (2.7);
then

(2.8) a(A,m:a(ﬁ,y).

Proor. Let us show, first of all, that if # and v satisfy (2.7) then their correspon-
ding energies coincide:

(2.9) (AVu, Vu) = <d:ﬁVv, V11>.

If R denotes the standard complex structure of R?:

k=3

and R’ its adjoint, system (2.7) takes the form

Vv =RAVu
and it is equivalent to
A
Vu=R' Vo.
“ der A

Now the proof of (2.9) follows by mean of the elementary equality

(E, R'F) = (F, RE)

valid for E, F arbitrary vectors of R’.
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. o _ A A )
For notational simplicity set now B = T A (b;) and (il( T A ) (B ;). By

the definition (1.2) §,; assume the following expressions

5 (14 b5) vl +bivl +2by by, 0
ne (BVo, Vo)

bll blZ sz, + (bn bzz + blzz -1) Uy Uy, + blz bzz szz
Bro=Pn= (BVo, Vo)

>

P (1+b) vle +2bybyv, v, + bzzzvxzz
2 (BVv, Vo)

By mean of (2.7), (2.9) we have

B ((det A + ady) vl + afyvl + 2ay ap v,
e (det A*(AVu, Vu)

[A a2 + 243 uy u + AGY ]

Sl=

where

= (det AY*(AVu, Vu)
AN = [(det A? + ap)al + alyaly — 242 al = (det A)? a}y
AGY = [(det AV + aby] ayyayy + afy ayyay — ayy agy (ady + ayy ay,) = (det AV ayyay;

AZ(ZH) = [(defA)z + ﬂlzz] 4122 + 61121 d222 - Zﬂ“ 611226122 = (detA)2(1 + 4122) .
Then
1
Bi= E(det/l)z[ﬂﬁ ule +2ayapugu,+ (1+ ﬂlzz)uxzz] =ay.

Similarly we have

2 2 2 2
ayap vyt (ay1ap + afy — (det A)?) Vg Uy, T drpap vy,

Pra=pa= (det AV(AVa, Vi)

[A( u;; +A<12ulux2+A2(212)uxzz}

o=
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where
AP = ayaylad — (a0 + ay — (det A) + ayyay,] = (det A ayy ay,
A1<212) =2ay 4122 ay — (ayax + ﬂlzz - (defA)z)(ﬂllﬂzz + 4122) + 261114122 dxpn =
= (del‘A)z (ﬂllﬂzz + dlzz - 1)
A2<212) =apaylayay — (ayax + ah — (det AY?) + afy] = (det AV ayya5,.
Then
1
Bin=PFxn= B(dEfA)Z [ayy a1, ”x21+ (a11a2+ap—1) Uy, ”xz"’ﬂnﬂzzuxzz] S0 =Ay -
Finally we also have

B (ady + (det A)?) vfl +2apapv, 0, + a3 zzxzz B
»n= =

(det A)*{AVu, Vu)

X2

1 22 2 2 22 22 2
i Al(] ) Z{xl A](2 ) Z/{xl Z/[x Az(z ) u
Where

AP = (ady + (det A?) aby — 24y, abyazy + afyady = (det A)? (ady + 1)
A = (aby + (det A?) ayyay — ayyap(ayy agy + ady) + ayy ayyay = (det AV ayyay
AP = (a? + (det A)?) ady — 2aba} + abal = (det A a,.

Then
Ba= %(d&‘fl)z[(dfz +1) %le +2ayy ay vy, Uy, a3 ux22] =Up.

The following proposition indicates in particular that every constant matrix with
determinant one can be obtained as the Morrey matrix of an isotropic matrix.

ProrosiTioN 2.4. For any A = A(x) € 8(K) such that detQ =1, if A(x) has an er-
genvector independent of x, then there exists A=A(x)e 8(K) of the isotropic
form

_f[a O
Alx) = (O d)

such that
AA, u) =@

with u=2Ax,+ Ayxy, for Ay and A, suitable.
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Proor. According to an observation in [1] a matrix A € §(K) has determinant one
if and only if there exist 2 = a(x) € L ® with al € §(K) and e = e(x) e L * (2; R?) with
le(x) |>=1 a.e. such that

(2.10) Alx) = alx) [+ (L - ﬂ(x)) e(x) @ elx),
alx)

On the other hand, choosing u(x;, x,) =A%, + 4,x,, a;;(x) = a(x) d ; in the defi-

nition (1.2) we obtain the entries a ;(x) of A(A, «) as

1

a; =alx) 0+ (1-9)
alx)
ap= (W)— L ) 9(1-0)
al(x)
U= — 0+ alx)(1—6)
a(x)
2
with 6 = 2/:_1/12 e [0, 1]. If we define ¢, =V/1— 6, ¢, =10 we obtain
1T 4%
A(A, u) = Alx).

Let us point out here that the result of Proposition 2.4 cannot be true for a general
matrix @ € 8(K) with der @ =1 and arbitrary .

ProrositioN 2.5. Let Q = {|x| <1} and Q € &(K) be the matrix (of Serrin)

-1 1) x o x
2.11) Alx) = KI+(K K) T ST

Let ue W}L2(Q) be any local solution to the equation
(2.12) div (A(x) Vu) =0
such that Vu #0 and
(2.13) J ux;ds 0.
|x| =1
Then no isotropic matrix A e 8(K), A(x) = a(x)I can satisfy the equality

(2.14) A(A, u) = Q.

Proor. Fix ue Wj.?(Q) verifying (2.12), (2.13). Assume, by contradiction, that
there exists an isotropic matrix A = a(x) I such that (2.14) holds for a certain «. Then,
by (i) of Proposition 2.2 we obtain

div(a(x) IVu) =0.
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By a theorem on the precise Holder continuity of solutions to planar elliptic equations
of isotropic type due to Piccinini and Spagnolo [16], «# should enjoy the regularity

ueCp(Q)
with a = %Am‘aml > % ]
On the contrary, by a result of [9] any such solution # belongs to C [2;7 but not to
C2.P for any B> % This concludes the proof.

We conclude the present section with the following

ProposiTION 2.6. Let A, Be 8(K) and ue WH2(Q) with Vu # 0. Then A(A, u) =
= A(B, u) if and only if det(A — B)=0.

Proor. It is an immediate consequence of (¢z) of Proposition 2.2.

3. Tue G-CONVERGENCE

Let us recall the definition of G-convergence. A sequence A, of elements of &(K)
G-converges to an element A of 8§(K) if for any fe H '(Q) the solutions #, of

—div (A, Vu,) = f
{ uye HU(Q)
converge weakly in H{ (L) to the solution # of
—div (AVu) = f
{ ueHU(Q).

Now we can pass to the proof of Theorem 1.

Proor or THEOREM 1. By a well known [19] compactness theorem with respect to
G-convergence we may assume that the sequence @, = (A, #,) G-converges to
A, € 8(K).

Let us first show that der A, = 1. This is a particular case of a result of [7] but we
present here a simple proof of it for the sake of completeness (see also [1]).

Let us define v, e W 2(£Q) as a solution to the system
(31) vazRA;,VubzR(ileu;}.

Then note that, by the condition der A, =1, (3.1) is equivalent to

(32) VZI;, = R’(il;] Vﬂb.

By Remark 1.1, using the G-convergence of A, to (1 and of A, to A we infer the weak
convergence in L?(Q2, R?):

(3.3) Ay, Vuy, = A Vu,— Ay Vu = AVu.
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Then by (3.1) and (3.3) we obtain Vu,— Vu where
(3.4) Vo =R, Vu

and Vo #0 a.e.
On the other hand (3.1) implies

(3.5) div A, Vo, =0
and by Remark 1.1 we deduce
(3.6) A, Vo,— A, Vo.

Passing to the limit in (3.2) we obtain

(3.7) Vu=R'Q,Vv.

We want to prove that (3.4) and (3.7) together imply det @, = 1.

Solving (3.4) with respect to Vu we obtain

o
3.8 Vu=R'———Vuv.
C-8) : det 4, v

By (3.7) and (3.8) we deduce

det (ao - dg(l‘j(()j ) =0
0

C. SBORDONE

and this forces A, to have determinant equal to one, as one can immediately verify. So
we have proved that det @, = 1. In conclusion, the two matrices A = A(A, «) and A,

have determinant one and satisfy

QyVu=AVu= AQVu.
This implies A, = @, since Vu« # 0 a.e., by Proposition 2.2.

4. CHANGE OF VARIABLE PROPERTIES OF MORREY OPERATORS

In this section we will prove some results which clarify the role of A(A, #) with re-

spect to change of variables.
Let u, v be a solution to the system

4.1)

Uy = — (a1, Uy T ay ”xz)
Uy, = dyty +ap iy,

and let (£, 1) be a solution to the system

{ 77)61 = _(a12§x1 + aZZéxz)

(4.2)
Ny,=ap&, tapé,

where (a;) = AA, u), A= (a).
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THeOREM 4.1. If (u, v) and (€, ) are defined as above and there exist U and V such
that

(4.3) U&(x, ), n(x, ) = ulx, y)
(4.4) V(&(x, ), n(x, ) = v(x, y),
then V and U are conjugate harmonic functions:

V§ = - U,]

Proor. Differentiating (4.3), (4.4), we get by () in Proposition 2.2
Ve +Vyn,, = —ap(U, +Um,)—axn(Ug,+U,n,,)
and
Vel + Vo, =ay(UsE, + U, ) +an (U, +Un,).

Solving with respect to Ve, V, we obtain
1
VE = - 7[(a12§x1 ’7)(2 + a22§xz77xz + allgaqnxl + alZ&xgnﬁq) UE +

@ N, tapnt,tanns +a,n,n.,) U,]

1
qu 7[(a11§i1+a12§x1§xz+alzgxlgxz"'azzézxz) U&"'
+(a11§x177x1 +a12§x177x2+a1277x1§x2+a22§x277x2) Un]

Where ]: gxlnxz - Exznxl'
In order to arrive at (4.5) we impose the restrictions
a12§x177x2 + a22§xz77x2 + a11§x177x1 + alZ&xznxl = 0
2 2 _
anny 200 0, +ann,=]

a11§i1+2a12§x1§x2+a22§§cz=]

which are easily checked by mean of (4.2).

The following theorem gives a sufficient condition under which the Morrey matri-
ces corresponding to two different matrices A, Be 8(K) agree on suitable func-
tions.

Tueorem 4.2. Let A, Be 8(K) and f= (u, v), g= (&, ) be solutions to the
systems

(4.6) Vv =RAVu
4.7) Vy = RBV§ .
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If there exists a conformal mapping H= (U, V) on g(Q) such that

(4.8) f=Hog
then
(4.9) A(A, u) = A(B, &)
and
A _ B

Proor. It is worth noting that

1 uxzz + vfz —(uy u,, +v,,0,,)
(4.11) AA, u) = =
I\ - (o4, 14y, + 0, V) ul + v
L+, —(E &L+ mum.,)
4.12) AB, &) = ~ e
]g _(§x1§x2+’7x177x2) x1+’7x1

where J;and ], denote the jacobian determinants of / and g respectively. By a straight-
forward calculation it turns out that

(4.13) Jy=detH-],.

Now let us prove that, if J;# 0

(4.14) bt  En i
]f ]g

In fact, we have
4.15)  ud+0d=(Ue&,+ U, P+ (V:E,+V,n,)P?=

= (U¢+V3) E,+2(U: U, + Ve V) &, + (U + V) 03,
Taking into account the assumption that H is a conformal mapping, z.e.

U2+ Vi=U?+V?=detH
(4.16) { 3 ¢ n 7

U:U, + V.V, =0

we deduce (4.14) by (4.13) and (4.15).
Let us now prove that

uxl sz + Z}xl UXZ _ legxz + 7796177962

4.17
(4.17) 7 T,
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Infact we have
(4.18)  wgu,tv v, = U+ V) E &+ (U + V) m,, +

+(U,;: U’? + ngr;)(gxlnxz + 77%1 g962)'
By (4.16) we obtain

Iy
Uty + v v, =detHE &+, n,) =7 5, +n,n,,)

J,
Z.e. (4.17). Similarly one can prove
Z/tle"_l}le _ il—i_nzgl
]f ]g ’

establishing (4.9). The equality (4.10) follows then by Proposition 2.3.

5. ExaMPLES

ExampLE 5.1. If

ap(x)  ax(x)

A= (411(x) 412(X))

then choosing the functions depending only on one variable, we obtain

ayy (x) ap(x)

(il(A, H(Xl)) = 1+ (ﬂ12(x))2
ap(x)  ———
ay; (x)

AA, o) = | an®) a12(%)
a (x) ay (x)
ExampLe 5.2. If the matrix A is isotropic, Ze.
e alx) 0
0 a(x)
and Vu # 0 then
alx) u? + Luf a(x) — 1 u, u,
] 1 d(X) 2 a(x) 1 %%
QA, u) = —
| Va| a(x) — 1 U, u Luz-i-nz(x)uz
a(x) X1 7x2 ﬂ(x) X1 X2
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ExampLe 5.3. If A= (a;) and 4, =0 then, assuming u, =0 for /=1, 2, the

matrix
aA=aA, u) = (ay)
verifies
a;,=0
if and only if
A=Q.

(5.1) A=

Under our assumptions, we deduce a;; 4] + aypul #0 and

(aj a— 1) Uy, Uy,

2 2
ay g+ axp iy,

Therefore, if a, =0, by (5.1) we deduce 4,14, —1 =0, ie. detA = 1. Using (i) in
Proposition 2.2 we get A = A.
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