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Rend. Mat. Acc. Lincei
5. 9, 0. 13:107-120 (2002)

Equazioni a derivate parziali. — Three cylinder inequalities and unique continuation
properties for parabolic equations. Nota di Sercio VEsseLia, presentata (*) dal Socio M.
Primicerio.

AsstracT. — We prove the following unique continuation property. Let # be a solution of a second
order linear parabolic equation and S a segment parallel to the #-axis. If « has a zero of order faster than any
non constant and time independent polynomial at each point of S then # vanishes in each point, (x, #'),
such that the plane # = #' has a non empty intersection with S.

Key worps: Continuation of solutions; Stability estimates; Ill-posed Problem.

Ruassunrto. — Disuguaglianze dei tre cilindri e propriesi di continuazione unica per equazioni paraboliche.
Dimostriamo la seguente proprietd di continuazione unica. Sia # una soluzione di un’equazione parabolica
lineare del secondo ordine e S un segmento parallelo all’asse 7. Se # ha uno zero di ordine maggiore di
qualsiasi polinomio non costante e indipendente dal tempo allora # si annulla in ogni punto, (x, #), tale
che il piano # = ¢’ intersechi S.

1. InTRODUCTION

Let 7 be a positive number and D a domain in R”, n > 2. Let A(x,?) =
= {d'(x, #)}; =, be a non analytic matrix valued function. Assume A is symmetric and
satisfies an uniformly ellipticity condition in Dx (=7, T'). Let us consider the parabolic
operator

. 0-
(1.1) L(-) = div(A(x, ©)V-) — e
Let # be a weak solution to the equation
(1.2) L(w) + b(x,t) - Vu+clx,t)u=0, in Dx (-7, 7T),

where 4 is a bounded vector valued function in D x (=7, 7) and ¢ is a bounded
function in D x (=7, T). Denote by B, the n-dimensional ball of radius 7 centered
in 0. We are interested in two types of unique continuation properties.

(@) Unique continuation in the interior. Let D = B,. We will prove, under suitable
assumptions on A, that

T
(1.3) / / W dxds = O(+"), as r — 0, for every v € N, implies # = 0.
—7.J3,

(b) Unique continuation at the boundary. Let ¢ be a sufficiently smooth function in R”™
satisfying ©(0) = 0. Let D = {x = (v, x,) € B,|p(x") < x,}. Set I' =graph(yp) N B,.

(*) Nella seduta dell’8 febbraio 2002.
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Assume either u=0on I'x (=7, T) or AVu-n=0 on I'x (=7, T) (here n denotes
the outer unit normal to graph(y)). We will prove, under suitable assumptions on A
that,

T
(1.4) / / W dxdt = O(r"), as r — 0, for every v € N, implies # = 0.
-T N D

If A does not dependent on time and is Lipschitz continuous, stronger versions of
the properties (2) and (4) are known. In this case, Lin in [9], has proved that if
fo W (x, 0)dx = O(r"), for every v € N, then #(-,0) = 0. Similar results, concerning
the continuation at the boundary have been proved in [1, 3, 4]. In [3, 4] three cylin-
der inequalities, with optimal exponent, are proved and applied to find sharp stability
estimates for inverse problems with unknown boundaries.

On the other side, in the case of A time dependent, weaker forms than prop-
erty (@) are known. If A4 € C*? then Lees and Protter in [8] have proved that if
fiTT fBr Pdxdt = O(e™” ), for every v € N, then # = 0. In [6] a three cylinder
inequality is proved assuming that 4 € C*''. The three cylinder inequality proved in
[6] is a not simple consequence of the Carleman estimate proved in [5] with the same
hypothesis on A. Because of the not uniformity in # of the above mentioned three
cylinder inequality, the best we can get is: if ij fb‘, s = o(e= "% | where C
is a positive constant, then # = 0. A similar three cylinder inequality, in the hypothesis
Ae C*', for semilinear parabolic equations has been proved in [10].

This paper is organized as follows: in Section 2 we prove property (a) for L =
= A — g,2. This is the prototype for more general results; namely the properties (a)
and () (in the case # =10 on I' x (=7, 7)) with the hypotheses 4 € c*', peClte,
where @ € (0, 1]. The exact statement of this results are given in Section 3 (Theorems
3 and 4) and proved in details in [11]. A crucial step in our proofs has been the
application of the transformation used by Hérmander, [7, Section 3] to prove strong
unique continuation for second order elliptic equations.

2. THEcasE L = A — %%

For any > 0 and #, > 0 denote by Q” the cylinder B, x (—¢,, ¢,). Theorems 1
and 2, below, are based on the following notations and hypotheses. Given the positive
numbers A, A, R, 7, with A > 1 and let ¢, be a given function on Qgﬂ, assume that

(2.1) A< gyl ) S (x, 1) € Qp,
8q0 . T
(2.2) R|\Vg| + T o <A, ae in Qp.

By L we denote the following parabolic operator

(Lu)(x, 1) = Aulx, 1) — g, (x, t)%(x, t), if (x,1) € Qgﬂ
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For any x € R”\ {0} we denote by (p,w) € (0, + o0) x S (st being the unity
sphere of R”) the polar coordinates of x, with p = x|, w = 5. By 8%,, ie{l,..,n}
we denote the operator of derivation on the sphere, that is (8%@5)(&1) = é%((]ﬁ(ﬁ))‘xzw,
where w € §"7" and ¢ is a function differentiable on S"~'. We denote by A the
Laplace-Beltrami operator in the unit sphere, A = >"7 82 We denote by 0 and
V > respectively, the vector operators @1 5 0, ) and (ap L P (()L U p_lawn).

P,
Moreover, we denote by £ the operator L expressed in polar coordmates, namely

Q.4) LA p,w, ) = Lu)pw, 1) = <@+ no 100 1A -7 %> (0, w, )

' e D=\Gp T o B Tt e )0
for (p,w, t) € (O,RO)XS“]X(—T, T), where %(p,w, 1) = u(pw, t) and §,(p, w, 1) =
= g,(pw, £). We shall fix the space dimension 7 > 2 throughout the paper, therefore
we shall omit the dependence of various quantities on 7. We denote by the letter C
the positive constants. The value of the constants may change from line to line, but
we specify their dependence everywhere they appear. Sometimes, for any variable s,
we shall write # instead of 2 and #_ instead of %.

Treorem 1. Let (2.1), (2.2) be satisfied. Let k(y) =y + ¢’ and X(p):/e_l(log %)
There exist positive constants 0, 0 <1, C and C,, 0 depends on \ and A\ only, C is an absolute
constant, C, depends on \, N and R, T~" only, such that

)
/ |9, L ey e <
Sn—1

Ry
<C / / / (L) e ™) g3 dwdpdt,
-7Jo sn—1

Jor every u € COOO(QQT& \{0} x (=T, 7)) and T > C,.

(2.5)

Proor. Let # be a function in G \ {0} x (=T, 7)). Introducing z = log—
as a new coordinates instead of p, by (2 4) we have

N . e [ 01, 01,
(Eu)(&e,w,t):(E <§21+(n_2)8—+A i, qla (z,w, 1),
for (z,w,?) € (—00,0) x S ' x (=7, T), where % (2w, 1) = 4Ry, w, t) and
gz, w, 1) =G (R, w, 1),

Now we introduce the transformation (see [7, Section 3]) z = k(y), where k(y) =
=y + ¢’. Setting

e’

‘l(}’) =n-2)(1+¢)— m,

(2.6) g, w, 1) = RV + )2g, k() w, 1),
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and, defining the operator P, P = %22 + zz(y)% + (14 )°A, — g, we get

o~ 2H0)
BT o7
for (y,w, ) € (—o0,y,) x SV x (=T, T), where Jo is such that 4(y,) = 0 and

ﬁz(}/’ w, t) = iz] (k(_)/) , W, t).
Set %, = ¢”v, P(v) = ¢ 7 P(e”0),

(LA (R, w, 1) = (P#)(y,w, 1),

2.7) B, = ™+ a(y)T, B, =217+ a(y),
v
Pil)(zz) =Bv+ — +(1+ fy)zAwl/,
dy
Ov Ov
@Q(y_ p o OV
=87 -5

we have P _(v) = PS)(U) + Piz)(zz).
Denoting by f() the integral fiTT ffooo fS,,fl(.)dwdpdt we have

(2.8) / (P () =2 / PY()PA () + / (PY(0)? + / (P (o).
Examine the integrals at the right hand side of (2.8).
We have
z/PS)(u)PS)(y) = 2/(1 +¢')’B A, v, 72/(1 + e qA v, +
2.9)

+ /(BOBl(vz)y — Boq(vz)t + Bl(vyz)y - 2(7”¢”y)y + q(yj)Z + 2%’67@)'

By the symmetry of the operator A and the anti-symmetry of the operator 3% we

obtain
2/(1 + e'}')zBlvavy = 7/((1 + ey)zBl)yvva,
therefore
2 2 2 2 . 3
2/(1 + ¢%) Blszwy = /((1 + ¢%) Bl)y|3wv| > 27‘/\6wf/| e, ifr> >

Moreover, this inequality and integrations by parts in the second and third integral at

the right hand side of (2.9) give

z/pj”(y)pj”(y) > 27’/|6wv\2€y + /(1 + e)*2(0,9- 9, v)v, —|0,v|*q,) +

\SIRON]

+ /((_(B()Bl)y + (Byg) )0 — (d (9) + z]z)(vy)2 +2q0,0), ifT>
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This inequality and (2.8) give

/(J>T(y))2 z%/\@wyﬁeﬂ— C1A1202/|8wy||vt|e37— C2/|8uv\2e27+

+ /(Pil)(y))Z _ Csz/yze}' + /H(vy, V;),T) s

where C, is an absolute constant, C, depends on A and R 7" only and H(¢, m3y, 7)
is the following quadratic form in the variables £ and 7

(2.11) H(E, m3y,m) = 24,80 — CIE + (BE—qu)’,

(2.10)

where C depends on A and R} 7" only.

Now, we prove that

4y
(2.12) H(f,n;ym)z;Eerfiz W, if (€, eR?, y<—C and 7> C,,
T

where C, depends on A and A only and C, depends on A, A and RéT_1 only. First
observe that (2.6) gives

(2.13) 5,

< (4 +2eXN)e?,  if y <y,

The second of (2.7), (2.11) and (2.13) give

=2 1D 2 e AW
H(g)T],_y,T)— B <2 Bl q>77 C€§ +<BI§ <q B] T/ Z

1

(2.14)

Rye”
> - G if € ERY y<-Cand T2 G,
.

where C depends on A and Ré 7! only, C, depends on A and A only and C, depends
on A, A and R; 7" only. Similarly we get

(2.15) HE, gy, 7)>218, if €, eR’, y<-C and 7> C,,

where C, depends on A and A only and C, depends on A, A and R 7' only.
Summing (2.14) and (2.15) we obtain (2.12). (2.12) yields

4
(2.10) /H(f/y> U39, T) > %/vj + ngr /7/?64}/, if ve G¥(Og) and 7> G,

here and in the sequel, for any positive number 4, we use the notation
O, =(~00, —b) xS ' x (-T,T),

C, and C, are constants, C; depends on A and A only, C, depends on A, A and Rg 7!
only.
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Now, we examine the integral f (Pil)(v))z. Let 0 be a positive number that we shall
choose later. We obtain

/(P(l) /(P(D(v) Stve’ + dTve’)* > 267/(1)(1)( v) — 6Tve’)ve! =

—257/(( B, —éte’? Jr;)v —v —(1+ )]0, v|)

By the last inequality, (2.10) and (2.16) we obtain

/(PT(v))ZZT / (2—26<1+H> Gie )|8 o’ + 2ng / Ve +

(2.17) + /(257’(30 —28re?) — Crh)vte? + T/ <1 — 25ey> vjf

2
—CAR;/\@WU||vt\e3}', if ve COOO(OCZ) and 7 > C,,

where C is an absolute constant, C; depends on A and R; 7" only, C, depends on A
and A only and C, depends on A\, A and R, 7" only. Observe that in the right hand
side of (2.17) the coefficient of #* is of order three in 7. Now, by the inequality

10_v[*e?

w

4 2\2 A2
CAR}(D,vl|v,le” < ;\e'—gfv,zﬁ + %AT

, we have by (2.17)

choosing 0 = é

(2.18) /|PT(1/)|2 > /( |0, o> + —v + gv ) e, ifve COM(OCI) and 7> C,,

where C, depends on A and A only and C, depends on A, A and RgT_1 only.
Changing the variables and setting 6 = H) (2.18) easily gives (2.5). O

TreorEM 2. Let M be a nonnegative number. Let uw € H 2’I(Q}fo) satisfy
—1 -2 . T
(2.19) |Lu| < M(R;"[Vu| + R"[u]) in Qp.
The following propositions hold true.

, @), 7 such that 0 < 1, < r < OR, and t, € (0, T) we have

n/2 oo 1-5
0
||u|Lz<Q;to><C<(%) |u|Lz<Q;,O>> (zag,) "+

n/2
n (&) (COOR/D=x(0)|

o

a) For every 1y , 1, € (0

(2.20)

””LZ(QZT,O) ’

where X is defined in Theorem 1, 0, C, C, are positive constants, 0, 0 < 1, depends on X and
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A only, C depends on N\, A, M, Rg T~ and Tt(;l only and 5r0 is given by

X(0R,/2) — x(r)

(2.21) — —X(QRO/Z) X0

b) If u satisfies the inequality (2.19) and
HuHLZ(QrT) = O(s") ass— 0, forevery v €N,
then u = 0.

Proor. Denote by R, =0R,,, where 6 is defined in Theorem 1. Let (€ C2(Q£ \{0} x
x(=T, T)). Let {(;} be a sequence in (i (QR \{0} x (=7, T)) that converges to ( in

C?. Let {u;} be a sequence in C°°(Q x (—=T, T)) that converges to # in H*"'( QR,0 .
Applying the inequality (2.5) to the functions u,G; and passing to the limit we obtain

/ (Tp2|v uo‘ + 73 o Ye (— 27’+1)X(P)p < C/ ”0)2 727'x(p) 3
(2.22) Q,T% QRo
ifr>¢C,

where C is an absolute constant and C, depends on A, A and Ré 7! only.

The main effort of this proof consists in the construction of a cut-off function ¢
that allows us to deduce from (2.19) and (2.22) the inequality (2.20). We choose
((x, 1) of the type f(|x])¢ (), where f € C2 (0, 3R 1)) is equal to 1 in [2

R

2
ry €0, ) and f is equal to 0 in [0, 7,]U[F —R] Moreover |f'| < &, |f"| < % in

Ty s 1; ], where
iy
(7 %VO] and |f'] < % L < R—Clz in [% s %RI], where C is an absolute constant. For
a fixed #, € (0, 7)), the function ¢ € COZ((f T7,7))is equal to 1in [-7 + 4, T — 1]
and is equal to 0 in [-7, -7 + %"]U [T — %", T]. ¢ shall be choosen later in
(_T+ %O)_T"F tO]U[T_to) T_%)

Now, denote by

K = {(x, ) e R*™! ér

R t
20§|x|§—1, tE[—T—l— 9,

2

Ny
|
~
_|_
S
—

K' = {(x t)eR"+1iro<|x|<%,te[T—ro,T—%}},
IQ{(x,t)eRul VOSMS%’O’ tE{—TJr%,T—%}},
I(Sz{(x,t)e]R"‘H%SHS%RI e[—T+%,T—%]},
IQ:{(x,t)gRﬂH;’ < x| < % E[T+tO,Tt0]},
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1" 4
Further, set K, = K/ UK, . With ng\UK and K, i = 1,2,3,4, we have

partitioned the cylinder QRO in five regions. Observe that in QRO\ U K. we have

(u=0 and, in K, we have (u = . Splitting the integrals of the mequallty (2.22) on
the partition defined above we get

/ (Tp2|Vp,w(’ﬁ)|2 + 7_3(%)2)6(72T+1)X(P)p*1 <
K
(2.23) )
<) +)+ CM°R? / (1V, L@ + R *#)e >0 if 7> C,

where

h== / P’V @O + @) 2N € [ (L — gl @ e,
K K

h=C [ i@pse e,
KUK,

where C is an absolute constant and C, depends on A, A and Ré 7! only. Observe
that

(2.24) log % < x(p) < log % ,if pe (0, Ry).

If 7 is sufficiently large then the integral on the left hand side of (2.23) dominates the
last integral on the right hand side. So we get

(2.25) 5 Ro T, @+ 7@ P <+ ], ifr>C,
Ky

where C depends on A\, A, M and R T~
Now we examine /,. Using (2.19) and, setting

, 2
(2.26) U(p, t;7) = R % () <CM2R03p3 + CN? ((p(tt))) R0’ 7'361) ,

we get

2
A g/ \If(p,r;r)ﬁze*mjt/ <CM2—T) Y, L@ L,

where C is an absolute constant. By the last inequality we have
(2.27) Ji < / U(p, ;7)ite X0 if 7> C,
&

C depends on M only.
Denote by 7, and 7, , respectively, the numbers 7; = 77— %, 7, = T — ;. Denote

by v a positive number that we pick later, let us choose ¢ as an even function such
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that
(T, + '
(T, + &)(T, - T,)*

(2.28) <p(t):exp—< > , ifre (=T, -T,].

We have in K

~ 1 CH+ DT Ry ,
(2.29) Up, 7)< 73(1\’06) lgoz(t) <_§ + (ITj—F 7D R;)_é) , ifT>C,

where C, depends on A only and C depends on M only.
Denote by

, 1 Cly+ 1T Rp
K.=qenek|-3 D RO? =0,
(T, + 1) T

where C) is the same constant appearing in the right hand side of (2.29). Setting

_ 4 .
m. = max s 21V 11297 (2 29) gives
T se0,1]
C,(1 +v)’m, T
/ U(p, sr)ate ™ < 222 / pWp’ut e if 1> C,
~y+1)
K Ly K .

where C depends on M only and C, depends on A only.

1
T 2 1 2 3 2(v+D
1 + ¢ < ( Cl(’}/“‘ ) R()p ) . in [(1/’7—.

T — 7_3 TZ
Therefore, by (2.24) and (2.28), we obtain

(p(t)ps e—ZTX(P) <

(230) pn_l ,7_3 T2 2(v+1D) ROE
<l ep- (T ) t@ra-—Hlogl), in K.
(eR,)" 2C(y + 1) Ryp P '

Arguing in the same way for the region 1(1” and picking v =3 we get
(2.31) 5 < %/ p it if > C,
R Ik
where C depends on A, Ré 77! and Tto_lonly and C, depends on A, RéT_l and Tto_l

only.
By (2.19) we have

Ce 2 2 N2 =2y n—]
Lhs——0— | &IV, @ +a)p" +
0 K,
(2.32) 2k /2 i o
g [ R @

where C depends on A, M, Ré 77! and Tto_1 only.
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Let 7 € (37, %) and denote by K the region {(x, #) € K||x| < r.}. By (2.25),
(2.31) and (2.32) we get

T3€_27—X(r)/ fﬁzpn—l §7_3/ »iZZE—fo(p)pn—l <
£ &

(2.33) < C(HTW (ﬁ) / RV, @ +#)p"" + / 'ﬁ%”‘) +
To K K

—+@4wmm/fﬁwwgwf+#m“2wrzq,
K3

where C depends on A\, M, R;T"" and 7% ' only and C, depends on A\, A, M,
Rg 77" and TtO_I only. Now, let us estimate from above the right hand side of (2.33)
using the following standard estimate

/ |Vp,w(ﬁ)|2pn_I <C 70_2/ ﬁzp”—l + R0—2/ ﬁzpn_l )
KUk o

gro le\Q£1/2

where C depends on A, A, M and Rozto_l. By (2.33) we have

/ W dxdt <
Q0

< c [ Zroxo e (&) /
7 Q

where C depends on A\, A, M, R'T~" and 7% ' only, C, depends on A\, A, M and
RT

Denote by

(2.34) .
Podds + gzr(xmfx(%))/

QR

fwm>,ﬁ7>q,

T
2ry

. (Ryrg V" [or o dicdr
T, = 7 log 22'0

R’

If 7, > C; then, choosing in (2.35) 7 = 7,, we obtain

0

RO n/2 or
1-6,,
235) |”|L2<Q3fo><c<(7> '”'L%Qi&) (g, ) ™"

where

_ X(R/2) — x(n)
" x(R/2) = x(r)
and C depends on A, A, M, R*T"" and Tz ' only and C, depends on A\, A, M,
Ry T " and Tz 'only. If 7, < C, then (2.34) gives trivially

n/2
< LG /D—xt) (Ko
Hu” e HuHLZ(QT )2
7 2

2(Q) ")
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where C, depends on A\, A, M , RR7T"" and 7% 'only. By the last inequality and
(2.35) we obtain (2.20).

Now, let us prove the proposition ) by contradiction. Assume that

(2.36) H””B(Qf) = O(s"), as s — 0, for every v € N.

If u were not identically equal to zero in QRT we can normalize it, hence we assume
1

Let us fix 7€ (0, &) and 4 € (0, 7), by (2.20) and (2.36) we obtain

[

VoINS GO B -x() p3 v r
20" t0)<C(E5 2)% 4+ Ce R}s 1f5€( '3 and v € N,

where £ is a sequence, C and C| are constants. Passing to the limit as s — 0, the last

inequality gives

ol , r- oy < < Ce W DOR/D=XOD | o every v € N,

2(Q,

passing to the limit as ¥ — 0o, we obtain # =0 in Q] ®. By iteration we get % = 0
. T .. .
in Qp contradicting the hypothesis. o

3. The case L() = div(A(x, HV-) — %

Now we state the results proved in [11]. A sketch of the proofs is contained in
Remark 1. Denote by

of 8f

c ‘(QRO)—{fGCO(QRO)‘ eC(Qh), i=1, }

21 1,1 82f 0/ AT\ :
C*(Qh) = {feC (Q&)‘alw o C(QRO),z,]—l,...,n}.

Assume that ¢ ECl’l(Q—RTO) and let A4 be a 7 x n symmetric matrix whose entries are
in CZ’I(QIYQ;)). Further, assume that \™' < Golx, 1) < A if (x, 1) € Q,fo and \7'|¢)F <

<A@, D€ €< AEP, if R and (v, 1) € Q. Let £ € (0, 1), set £.(y) =y + ¢
and x_(p) = k;l(log %).

Treorem 3. Ler L be the following operator
. Ou . T
(Lu)(x, t) = <d1v(AVu) — qo@t) (x, 0), if (x, 1) € Qx, >

The following propositions hold true.

a) If A0, t) = I then there exist two positive constants 0 € (0, 1) and 7, depending on A,
R T, the C" norm of q, and the C**' norm of A such that if u € Cooo(QeTRa \ {0} x
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x(=T,T)) and T > T, then

/ (r|x|[Vaul* + 72| ) || e TF XD gy < C/ | L[ * =" 27D dhddy,
T T
QR,,

Qx,

where C depends on € and \ only.
b) Let M be a nonnegative number. If u is a function in H 2’I(QRZ) satisfying
—1 -2 . T
|Lu| < M(Ry " |Vul + R"ul) in Qp
and
H”HB(Q]) = O(") ass— 0, forevery v €N,
— 0T
then u=0 in Qg

In the next theorem we use the following notation and hypotheses. Denote by B;eo
the (7 — 1)—_dimensional ball_of radius R, centered in 0. For a number o € (0, 1] let
pE C1+Q(B;eo)’ ie. € CI(B’RO) such that

Vo(x) — Vel
sup ‘ SO(x,) /ZO()’” < oo,
% ,}I’EB;?O,X’#}/ |.X‘ __)/|

assume that ¢(0)=0. Set D;O: {(x,t) € Qg} lo(x) <x,} and F;O: {(x,1) € Qgﬂ\cp(x') =x}.

TreorEM 4. Let L be the following operator

(Lu)(x, 1) = (div(AVu) - %%> (x,2), if (x,0)€Dy.

Lete € (0, ) , the following propositions hold true.

a) If A0, t) = I then there exist two positive constants 0 € (0, 1) and 7, depending on
e, N RT, the C"" norm of gy, the C**' norm of A and the C'** norm of ¢ such that:

ifuec C"'(Dy) N C*!(Dy), u=00nTy, (€ G} (Qup \ {0} x (=T, 1)) and T > 7,
then

/ (7]]|V () [* 4 72|x| () ) || "2 XD ey <
D}’g;

<C / | L(uC) ]2ty
DI

Ry

where C depends on € and X only.
b) Let M be a nonnegative number. If u is a function in ch! (D_Ig;) N CZ’I(D;;) satisfying
u=0, on FTH s

—1 —2 . T
|Lu| < MRy |Vul + Ry “|u]), anRO
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and
2 pry = OG”) ass— 0, forevery v €N,
— 0 DT
then u=0in Dy .

Remark 1. To prove Theorems 3 and 4 we preliminary write the elliptic part of the
operator L in the Laplace-Beltrami form. Namely

9 if 0- / i( >
3xl((Xt)5x’> W&( 8o 8"t D5 )

where (if 7> 3)
e, £) = (et A(x, 0)> 5 di(x, 2), i,j€{l,..., n}

and g(x,7) =det({g;(x,?)}; ,_,), the matrix {g;(x,)}; _, is the inverse of {g?(x, DY -
Then we transform the operator L in polar coordmates To this aim we have adapted

to a time dependent metric tensor the strategy of Aronszajn eral. [2]. Then we prove a
Carleman estimate and a three cylinder inequality with optimal exponent, thus we get
the property of unique continuation in the interior. The above mentioned transformation
turns out to be a particular useful tool in the proof of the property of unique continuation
at the boundary. To prove the just mentioned property we preliminarly transform the
graph(¢) by means of the transformation found in [1, Section 2]. Setting & the trans-
formed graph, in a second step we observe that the set {x| x, > @(x")} is starshaped in
the geometry induced by a distance conformal to ‘gly.(x, t)dx'dx’ | for every te (=1, 7).
The above mentioned transformations allow us to prove a Carleman estimate, a three
cylinder inequality with optimal exponent and the property of unique continuation at
the boundary.

This work was partially supported by MURST, grant number MMO01111258.
This paper is dedicated to the memory of my friend Fabio Bardelli.
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