ATTI ACCADEMIA NAZIONALE LINCEI CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI LINCEI
MATEMATICA E APPLICAZIONI

LUCIANO CARBONE, RICCARDO DE ARCANGELIS

On the unique extension problem for functionals
of the calculus of variations

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti Lincei. Matematica e
Applicazioni, Serie 9, Vol. 12 (2001), n.2, p. 85-106.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLIN_2001_9_12_2_85_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per mo-
tivi di ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali.
Tutte le copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLIN_2001_9_12_2_85_0
http://www.bdim.eu/

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti Lincei. Matematica e Applicazioni, Accademia Nazionale dei
Lincei, 2001.



Rend. Mat. Acc. Lincei
5. 9, v 12:85-106 (2001)

Calcolo delle variazioni. — On the unique extension problem for functionals of the calculus
of variations. Nota di Luciano CarsonE e Riccarpo DE Arcanceus, presentata (*) dal
Socio M. Miranda.

AsstracT. — By drawing inspiration from the treatment of the non parametric area problem, an abstract
functional is considered, defined for every open set in a given class of open subsets of R” and every function
in C*°(R"), and verifying suitable assumptions of measure theoretic type, of invariance, convexity, and
lower semicontinuity. The problem is discussed of the possibility of extending it, and of the uniqueness
of such extension, to a functional verifying analogous properties, but defined in wider families of open sets
and less smooth functions. A suitable extension is constructed, and minimal sufficient conditions for its
uniqueness are proposed. The results are applied to some examples in Calculus of Variations.

Key worps: Extension of functionals; Uniqueness; Lower semicontinuous envelopes; Inner regular
envelopes.

Ruassunto. — Sul problema dell estensione unica per funzionali del Calcolo delle variazioni. Traendo
ispirazione dalla trattazione del problema dell’area non parametrica, si considera un funzionale astratto,
definito per ogni aperto in un assegnato insieme di sottoinsiemi aperti di R” ed ogni funzione in C*°(R”),
verificante opportune ipotesi di tipo mensurale, di invarianza, convessitd e semicontinuitd inferiore, e si
discute il problema della sua estendibilita, e dell’unicitd di tale estensione, ad un funzionale verificante
proprieta analoghe, ma definito su famiglie pitt ampie di aperti e di funzioni meno regolari. Si costruisce
un’opportuna estensione e si forniscono condizioni sufficienti minimali per la sua unicitd. I risultati sono
applicati a diversi esempi in Calcolo delle variazioni.

1. INTRODUCTION AND PRESENTATION OF THE MAIN RESULTS

Starting from the well celebrated example of H.A. Schwarz (in 1880) and G. Peano
(in 1882), the problem of the definition of the concept of area of a surface and of the
study of its properties, both in the parametric and non-parametric cases, and possibly
also in the non continuous framework, interested many important mathematicians.

The researches developed produced a great amount of fruitful ideas and techniques.
We refer to the book of Cesari (cf. [8]) for a survey and a bibliography up to 1956,
and to [14, 17, 19, 20, 26, 29, and the references quoted therein], even if it must be
pointed out that researches on the subject are still in progress.

To analyse the problem, various kinds of approaches were proposed, among which
also some of axiomatic type in which conditions on an abstract functional, defined on
sets of «generalized surfaces» and furnishing the value of the area on the smooth ones,
were proposed in order to identify it as unique extension to non smooth surfaces. These
last approaches were essentially based on the topological (e.g. lower semicontinuity) and
the measure theoretic properties of the area functional.

(*) Nella seduta del 12 gennaio 2001.
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The success of Caccioppoli and De Giorgi definition (cf. [4, 11, 12]), and the equiv-
alence established between this and the Lebesgue one for continuous surfaces (cf. [27]
for the equivalence result, see also [28] and [13] for a historical sketch), induced math-
ematicians to partially shelve the problem of area definition.

About this question it is useful to report an old Caccioppoli’s idea on the intrin-
sic uniqueness of the different definitions (cf. [3]): «Per un’altra ragione ancora ho
rinunziato ad analizzare qui i rapporti fra la mia definizione e quelle di Lebesgue e
Rado: perché ritengo che lidentitd che affermo non sia casuale, come potrebbe far
credere una faticosa verifica diretta, ma dipenda da circostanze semplici ed assoluta-
mente generali. Per una curva non vha che una definizione ammissibile di lunghezza:
ciot il funzionale /unghezza ammette, a partire del campo delle poligonali, un unico
prolungamento per semicontinuita inferiore. Un risultato analogo deve potersi stabilire
per le superficie, previa opportuna definizione della proprieta additiva del funzionale
area.

«Lo scetticismo che desta spesso la molteplicita delle definizioni di area sarebbe pero
infondato: per l'area interna, dotata cio¢ della semicontinuitd inferiore, proprietd che
ci si accorda oggi tutti a ritenere fondamentale, vi sarebbe un’unica determinazione
ammissibile, cui condurrebbe ogni definizione che avesse un minimo di verosimiglianza
geometrica, conferitole dalla proprietd additivan.

In this Note, we want to make some remarks in order to obtain uniqueness of the
extension for classes of functionals, including the area one, in an axiomatic context. So,
having in mind the non-parametric area case, and by studying in depth some remarks
in [5], we enlarge the classical point of view by keeping into account also a vectorial
property of the area functional: the convexity.

Then, we consider an abstract functional, say F, given on a collection of elementary
smooth functions and open sets, and propose sets of conditions fulfilled by F that
select classes of functionals, defined on spaces of less smooth functions and open sets,
in which F possesses a unique extension. This (unique) extension turns out to be
strongly linked to the relaxed functional of F in the L'-topology introduced, in the
case of integral functionals, in [31] and [32], and represented in [22] (for an exposition
on relaxation theory see also [2, 16, 29]). We point out that the idea of relaxation
seems to have been introduced by Lebesgue for the non-parametric area functional in the
framework of uniform convergence, by Fréchet in an abstract context, and essentially by
Caccioppoli again in the surface area context but in the framework of L' convergence
(for this case see also [21]).

To present the results precisely, we need to give some definitions.

Let us denote by A, the set of the bounded open subsets of R”.

For every A, B€ A, we write ACC B if A is a compact subset of B.

For every O C A, every set U, ®: O x U — [0, 4+ oo], and € C O, we introduce
the E-inner regular envelope @, of ® as the function defined by

0 if{AcE:Acc Q=10
@S_:(Q,M)EAOXUH{ )
sup{®A, u): AcE,AcCCcQ} f{AeE:ACCQ}#0,
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and say that ® is E-inner regular, or simply inner regular when £ = O, if
O(Q, u) =D, (2, w) for every (2, u) € O x U.
For every function # on R”, x; € R” we set
Tlxlu: x € R” = ulx + x,).

If O is such that x; + Q € O whenever x;, € R", Q € O, and U is a set of
functions on R” such that

(1.1) T'[x))u € U whenever ue U, x,€R”,
we say that @ is translation invariant if
D — x,, T'xJu) = P(Q, u) for every Qe O, x,eR", ue U

For every topological vector space U, we say that @ is convex if for every 2 € O,
®(2, ) is convex, and say that ® is U-lower semicontinuous if for every Q2 € O,
(2, ) is U-lower semicontinuous.

We observe that the above notions are classical in the framework of area definition.
Indeed the notion of inner regular envelope is of measure theoretic nature, the one of
translation invariance is of geometric type (cf. [18, 24, 23]), and the one of lower
semicontinuity is classical and well recognized when dealing with extension procedures
(cf. [18]). We also point out that the notion of convexity is linked to energy and statis-
tics type considerations: in fact the convexity property that we will exploit is essentially
the feature of a functional to take values on averages of configurations smaller than the
corresponding average of the ones on the single configurations (Jensen inequality).

Finally, we denote again by lqloc(R”) and C™(R”) the usual topologies of LIIOC(R”)
and C*(R”) that make them Fréchet spaces, ie. metrizable complete locally convex
topological vector spaces, and, for every £, C A, and ®: £ x C™(R") — [0, + oc], we
denote by @ the relaxed functional of ® in the LILC(R”)—topology defined by
O (Q,u) € Egx I} (R") 1nf{1hig+i?of<1>(9,uh) {uw,} C C*R"), u, — u in z;oc(R")},

i.e. the greatest lqloc(]R")—lower semicontinuous functional on LIIOC(IR") less than or equal
to ®(2, ) on C(R").

We recall that, given ® as above, D is LlloC

For every D, O C A, we say that D is dense with respect to O if for every A, Be O
with A CC B there exists D € D such that Acc D cc B.

The extension uniqueness result is then the following.

Let £, C A, be dense with respect to A, and satisfying

(R")-lower semicontinuous.

(1.2) %, + Q€ &, whenever x, e R*, Q €&,

and let F: & x C*(R") — [0, + oo] be inner regular, translation invariant, convex,
and C™(R")-lower semicontinuous. Then, for every £ C A, satisfying

(1.3) x, + Q € € whenever x, e R", Qe€&,
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such that &, C &, and for every Hausdorft locally convex topological vector space U
satisfying (1.1), and

(1.4) C=®R" C U C IR,
(1.5) C*(R”)is finer than the topology of U, the topology of U is finer than Llloc(R”),

(1.6) for every u€ U, y€ R" — T[ylu e U is continuous,

the restriction of (Fgr) 4, 0 &€ x U is the only inner regular, translation invariant,

convex, U-lower semicontinuous functional from £ x U to [0, + oo] that agrees with F
on & x C*(R") (cf. Theorem 4.6).

We point out that the above result can be no more true if the convexity assumption
is dropped, as already observed in [1] and [5].

Roughly speaking, we can say that convexity gives the necessary uniformity to en-
sure essentially that the relaxed functional of F in the [fOC(]R”)—topology is the unique
semicontinuous extension of F.

As corollary, we deduce a unique extension result for the integral functional

F: (Q,u) €& x Cm(R")»—)/f(u,Vu,Vzu,,.. V) dy,
Q

where £ €N, f: R x R” x R” x ... xR" = [0, 4+ oo] is convex and lower semicon-
tinuous, and V¥ is the 4-th partial derivatives operator (cf. Proposition 6.1).

We also give a result on the uniqueness and the representation of the extension of
the integral functional

F:(Q,u)e&x CR") — /f(Vu)dx,
Q

where f: R” — [0, 4 oo] is convex and lower semicontinuous. Indeed, we prove that
the functional

~ " w [ dD'u B
F:(Q,u)e Ay x BV, R") — [ f(Vwdx+ | f~ | 57— | dD'u
. Q Q d|D’ul

is the only inner regular, translation invariant, convex, I, (R")-lower semicontinuous

extension of F to A, x BV (R"), where BV, (R"), />, and the other symbols are

defined in section 2.2 (cf. Proposition 6.2).
Eventually, we deduce that the functional

&= / 1+ |Vl de + |D’ul(Q) if ue BV()
— Q
+ o0

if ue I (R")\ BV(Q)

A: (Q,u)GAOXLl

loc

is the only inner regular, translation invariant, convex, [qloc(R”)-lower semicontinuous
functional on A, x ZqIOC(R”) equal to the non-parametric area functional on elementary
open sets and functions (cf. Corollary 6.3).
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We point out that the above results are still valid if we replace the inner regularity
assumption with the requirement that for every » € C*(R”), F(-, u) is the restriction
of a Borel measure. In this case the extension is unique in the smaller class of the
functionals that, for every u € U, are restrictions of Borel measures.

For close results, but from a different point of view, and with different aims, cf.
also [10, Chapter 23].

2. PRELIMINARIES
2.1.  Some remarks on the definition of a functional on functions and on their equivalence classes.

In the following we will consider functions and equivalence classes of functions that
we will need to compare. To do this it is necessary to make some simple considerations.

First of all we recall that lqloc(]R”) is a space of equivalence classes of functions
defined on R”, being two such functions equivalent if they agree everywhere on R”
except possibly for a set of Lebesgue zero measure, and that, as usual, its elements
are thought as functions defined almost everywhere in R”. Thus, when considering a
subspace W of Llloc(R”), we will regard its elements as equivalence classes of summable
functions on R”, or to functions defined almost everywhere in R”.

In particular this holds when W = C*(R").

On the other side, C*(R"), especially if endowed with the C*(R”)-topology, is
naturally a space of functions defined everywhere in R”, therefore a way to identify its
elements with their equivalence classes, and to introduce the corresponding topology on
this set, is needed.

To do this, let us denote, for the moment and for sake of clearness, by C7(R") the
set of the C*-functions on R”, and by C7(R”) the one of the equivalence classes of
(R™) there exists a

o0
cls

the elements of C7(R”). Then it is obvious that for every u
unique Ju € CZ(R”) such that Ju € u.

fet

By virtue of this, the map J:u e CJ(R") — Ju e G (R") turns out to be well
defined, linear, and one to one. Consequently {7 '(A) : A open set in C*(R")} turns
out to be a topology on C7’(R”) that makes it a Fréchet space, and J an isomorphism
between topological vector spaces.

Then, given F: 7 (R") — [0, + o], we identify it with the functional £ = FoJ
defined on CJ7(R") preserving its vectorial and topological properties, and keep to
denote F, by F.

So, given u € CX(R"), we allow F to act directly on all the functions in 7 '#, by
defining F(v) = F(u) for every v € J 'u. In this sense, we can say that if # € CZ7(R")
and v € [qloc(R”) is such that v = # a.e. in R”, then F(v) = F(u).

Obviously, now CF(R") and CJ7(R") can be identified and denoted by C*(R").
This standard identification procedure is fundamental: it allows to translate problems
defined on regular classes of functions into «regular» Lebesgue equivalence classes.
We also point out that in some situations such identification procedure is impracti-

cable. For example, the classical total variation functional can produce different values
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when evaluated on two functions, one of which possibly smooth, differing just in one
point.

2.2.  Notations and recalls.

Let €2 be an open subset of R”. By BV(2) we denote the set of the functions
in L'(Q) having distributional partial derivatives that are Borel measures with bounded
total variations in €.

For every u € BV (Q), we denote the R”-valued measure gradient of # by Du, and the
total variation of Du by | Du|. Moreover, according to Lebesgue decomposition theorem,
we have Du(E) = fEVudx + D'u(E) for every Borel subset E of 2, where Vu is the
density of the absolutely continuous part of Du, and D'u is the singular part of Du,
both with respect to Lebesgue measure. We also denote by % the Radon-Nikodym
derivative of D'u with respect to its total variation |D'#|.

By BV (R") we denote the set of the functions in [qloc(R") that are in BV(Q) for
every Q) € A,.

We refer, for example, to [20] and [34] for a survey on BV spaces, here we only
recall that BV (R") is a Fréchet space.

It is well known that, for every f: R” — [0, + oo] convex and g, € R” such that
f(z) <+ oo, the limit lim, , [tt=-/t)
the recession function of f by

exists for every z € R”, therefore we define

fT:zeR"— lim f(zo—|—tz)ff(zo).

t—+oo r

We recall that the definition of /> does not depend on z, when it varies in the set
where £ is finite.

2.3. Integral of functions with values in locally convex topological vector spaces.

For any subset £ of R” we denote by |E| the Lebesgue measure of E.
In the sequel we will make use of the notion of integral of a function with values
in a topological vector space (cf. [30]).

Let W be a Hausdorff locally convex topological vector space, and {p, be a

Yoer
family of seminorms defining the topology of W. )

Dernirion 2.1, Let E be a Lebesgue measurable subset of R”, and f + E — W. We say
that  is W-integrable on E if for every Lebesgue measurable subset S of E, u(S) € W can be
found such that for every 0 € T and 1 > 0 there exists a subdivision {Bg , , .}. .\ of E into
measurable, pairwise disjoint sets whose union is E, and ], s0.m C N finite such that, whenever
J € Nis finite and contains [ , ., it results

sup 4 p, Zf()’j)mes,e,n,ﬂ_”(S) :)/].EBS)Q’n)jforeverE] <n.
j€s

The vector u(S) is the value of the integral of f on S, and is denoted by (W) |, s fO)dy.
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Remark 2.2, It is clear that, if V' is another Hausdorff locally convex topological
vector space containing W and having a topology less fine than the one of W, if E is
a Lebesgue measurable subset of R”, and if /: £ — W is W-integrable on E, then f
turns out to be also V-integrable on E, and

% / FO)dy = (W) / FO)dy
E E

The following result is proved in [30, Corollary 5.2].

Treorem 2.3. Let W be a Hausdorff locally convex topological vector space, E be Lebesgue
measurable, f: E — W be W-integrable on E, and L € W'. Then (L, f) is Lebesgue

summable on E, and
[iesons=(L.an roa).
E E

We now recall the definition of regularization of a function in LIIOC(R”).

Let B, = {x € R" : |x| < 1}, p € C™(R") be such that p > 0, spt(p) C B,
and [,, p(y)dy = 1. For every u € L} (R"), and £ > 0 we define the regularization #_
of u as

_ w1 Xy
(2.1) u:x €R"— ?/,,p(T) u(y)dy.

It is well known that »_ € C™(R"), whenever « € Llloc(R”), and € > 0.
We now study the convergence properties of the regularizations of a function with
values in a locally convex topological vector subspace W of LIIOC(R”).

Prorosrrion 2.4. Ler W be a Hausdorff locally convex topological vector space satisfying
(1.1), (1.4)-(1.6) with U = W. Let p be the function appearing in (2.1), then, for every
ue Wande >0, p(-) T le-]u is W-integrable on R”, and

<(W) P T'[ey] udy) (x) = u_(x) for a.e. xinR",
R~z
u_ being defined in (2.1).

Proor. Let us denote by W the completion of W, then Wis a complete Hausdorff
locally convex topological vector space such that, by the right-hand side of (1.4) and
the right-hand side of (1.5) with U = W, W C L} (R").

Let u€ W, € > 0, then (cf. [9, Proposition 3.1]) p() T'[e-]u is Lfoc(R”)-integrable
on R”, and

(2.2) ((LILC(R”))/ p() T'[ey] udy) (x) = u_(x) for a.e. xin R”.
R7

Moreover, we also recall that (cf. for example [9, Proposition 2.4]), being W a
sequentially complete Hausdorff locally convex topological vector space, and, by (1.6)
with U = W, p(-) T[e-]u continuous with compact support, p(-) I'[e]u turns out to be
/W—integrable on R”.
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On the other side, by the right-hand side of (1.4) and the right-hand side of (1.5)
with U = W, and by Remark 2.2, we have that

2.3) (v%/ p) Tleyludy = (I, (R"))/ o) Tleyludy,

n

from which, together with (2.2), we deduce that (/V?) fRn P T'leyludy € C(R").
By virtue of this, and by the left-hand side of (1.4) with U = W, we get that
p()T'[e-]u is actually W-integrable on R”, and that

(W) /R o) Tleyludy = (W) /]R o) Tley] udy,

from which, together with (2.3) and (2.2), the thesis follows. O

Prorosrrion 2.5. Let W be a Hausdorff locally convex ropological vector space satisfy-
ing (1.1), (1.4)-(1.6) with U = W. For every u € W and e > 0 let u_ be defined by (2.1),
then for every u € W, {u_}__, converges to u in W as € tends to 0.

Proor. Let u € W, then Proposition 2.4 yields that for every € > 0, p(-) T[e-]u is
W-integrable on R”.

Let {p,},. be a family of seminorms defining the topology of W, 0 € T, n > 0,
and let € > 0. Then, since (W) fRﬂ p(») T'leyludy belongs to the closure in W of the
convex hull of {7T[eylu:y e B/} (cf. [9, Proposition 3.2]), we can find \;,... , A €
€ [0, 1] with ij:1 /\]. =1,and y,... ,y, € B, such that

(2.4) ((W)/ Tley)udy — Z/\ Tleylu ) g

j=1

Moreover, by (1.6) with U = W, there exists gy >0 such that
(2.5) sup{p,(Tleylu—u): y€ B/} < g for every € €]0, 56"7[.

Therefore, by (2.4) and (2.5), we conclude that

Po ((W)/Rn P T'leyludy — u> <

(W)/ P T leyludy — Z)\ T'ley]u )—i—pe (Z)\ T'ley] uZ)\]u) <
=1 =1

Jj=1

< = +Z 6}/]u7u)<77forevery€€]0 69n[

that is the convergence in W of {(W)fR,, p() T leyludy} ., to u as € goes to 0.
By virtue of this, and by Proposition 2.4, the thesis follows. O
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Eventually, we prove the following Jensen type inequality in the framework of locally
convex topological vector spaces.

As usual, for every f: R” — [0, 4+ oc], the symbol f*Rnf(y)dy denotes the lower
integral of /" on R”.

Tueorem 2.6. Let W be a Hausdorff locally convex topological vector space, ®: W —
— [0, + oo be W-lower semicontinuous, and p: R* — [0, + ool be Lebesgue measurable
and such that fRn pdy = 1. Then ® is convex if and only if for every w: R" — W such that
pw is W-integrable on R” it results

(2.6) P ((W) / W(y)p(y)dy) < / D (w()p(y)dy.

Proor. Let us assume first that @ is convex. In this case the proof is based on well
known separation arguments, and follows, for example, the outlines of the proof of [10,
Lemma 23.2].

Let w: R” — W be such that pw is W-integrable on R”. By the convexity and the
W-lower semicontinuity of ®, and by separation arguments in locally convex topological
vector spaces (cf. for example [33, Chapter 18; 16, Proposition 3.1: p. 14]), it follows
that for every < ®(( W)fRn w(y)p(y)dy) there exists L € W' and ¢ € R such that

2.7) < <L, (W)/ w(y)p(y)dy> +c, (L,v)+ c<P(v) for every ve W.

Consequently, by the right-hand side of (2.7) we deduce that
(L, w(p) + ¢ < D(w(y) for every y € R”,

from which, once observed that the W-integrability of pw and Theorem 2.3 imply the
summability of (L, w(-)p(:)), we have

2.8) / (L, w())p)dy + ¢ < / B(w(1)p()db.
R~ *

n

In conclusion, by the left-hand side of (2.7), Theorem 2.3, and (2.8), it turns out
that

r< <L, (W)/]R w(y)p(y)dy> + ¢ :/R (L, w(y)p(dy + ¢ < /]R Q(w(y)p()dy,

from which (2.6) follows.

Let us assume now that (2.6) holds for every w: R” — W such that pw is W-
integrable on R”. Let w,, w, € W, # € [0, 1], £ C R” be Lebesgue measurable and
such that [, p(y)dy = ¢, and let w = x,w, + X £ o> then pw turns out to be
W-integrable on R”, ®(w(-))p(-) Lebesgue measurable, and, by (2.6),

@ (w4 (1 —Owy) = ((W) w(y)p(y)dy) < [ SOOIy — ) + (1=,
R~ R~

that is the convexity of ®. O
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3. SOME MEASURE THEORETIC RESULTS

Let O C A,.

Given P C A, we say that P is perfect with respect to O if for every Q e P, A€ O
with A CC Q there exists P € P such that A cc P cc (.

It is clear that if D is dense with respect to O, and D C O, then D is also perfect
with respect to O.

Let now a: O — [0, + o0].

We say that « is increasing if

a()) < a(Q,) for every Q,, Q, € O such that Q, C €.

For every £ C O, we define the £-inner regular envelope o, of « as the function

defined by
0 if {AcE:AccQ} =10
a, 1 QeA — )
sup{a(A): A€ &, AccQ} if{Ae&:AccQ}#0,
and say that «v is E-inner regular, or simply inner regular when £ = O, if
a(Q) = a, () for every Q € O.
It is clear that, given £ C O, o is increasing.

Prorosirion 3.1. Let O C Ay, anda: O — [0, 4 o). Then
a) if P C A, is perfect with respect to O,

(aof)p_ Q) =a, () forevery Qe P,
b) if « is increasing, D C O, and D is dense with respect to O,
a, () =oa, () forevery Q€ O.

Proor. Let us prove a).
Being v, increasing, it is clear that

(3.1) (aoi)P_ () <a, () for every Q € A,.

On the other side, let Q € P, and A€ O with A CC Q, then, being P perfect with
respect to O, there exists B € P such that A cC B cC Q. Therefore we have

ald) <a, (B) < (aoi)P_ (Q) for every Q e P,

from which, together with (3.1), condition ) follows.
Let us prove b).
Since D is dense with respect to O, and « is increasing, it is easy to deduce that

a(A) < o, (Q) for every @, Ae O with Acc Q,
from which it follows that

(3.2) a, () < a, (Q) for every Q € O.
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By (3.2), being D C O and consequently
an () <a, () for every Qe A,
condition &) follows. O

Let O C A,.

We introduce the following condition
(3.3) Q\ A €O for every Q, A€ O such that A cc Q.

Moreover, given {4 } C O, and 2 € O such that A C 2 for every n € N, we say
that {4,} is well increasing to 2 if A, CC A, for every n€ N, and U2, 4, = Q. We
say that {4 } is well decreasing to the empty set with respect to § if {2\ A } is well
increasing to 2.

Let now a: O — [0, 4+ oo]. We recall the notions of superadditivity and sub-
additivity (cf. [15]), and introduce some variants of them that will be useful in the
sequel.

We say that « is superadditive if

a(2) + a(2,) < () for every 2, Q,, Q, € O with Q,UQ, CQ and Q,NQ, =0,
subadditive if
a(Q) < o) + a(Q,) for every Q, Q,, Q, € O such that QC Q, UQ,,
boundary superadditive if
a(A) + a2\ B) <a() for every Q, A, Be€ O such that Acc Bcc Q,
boundary subadditive if
a() < a(B) + a(Q\ A) for every Q, A, B€ O such that Acc Bcc Q.

Provosition 3.2, Let O C A, satisfy (3.3), and o: O — [0, + oo). Assume that o is

inner regular, and boundary superadditive. Then

i) for every Q2 € O for which a(§)) <+ oo, av is vanishing along the sequences in O that are
well decreasing to the empty set with respect to €,

i) for every Q € O for which () =+ oo, v is diverging along the sequences in O that are
well increasing to Q.

Conversely, assume that O is perfect with respect to A, that o is increasing, boundary
subadditive, and that i) and ii) hold. Then o is inner regular.

Proor. We prove the first part of the thesis.

Let © € O be such that a(Q) <+ oo, and let {4} be a sequence in O well decreasing
to the empty set with respect to €2, then by (3.3), and the boundary superadditivity of
« it follows that

oA, ) <al@) —a@\4),

from which, together with the inner regularity of «, 7) follows.
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Moreover, the inner regularity of o implies condition i7), and the thesis.
Let us now prove the second part of the thesis.

Since « is increasing, it follows that
(3.4) a, () < a(f2) for every Q € O.

Let now § € O, and assume for the moment that a(Q2) <+ occ. Let K € A, with
K cC Q, then, being O perfect with respect to A, there exists A, B € O such that
KccAccBcc.

By virtue of this, (3.3), the boundary subadditivity of ¢, and being « increasing,
we conclude that

a(@) <a(B) +a@\ 4) <a, Q) +a@)\ 4),

from which, together with assumption 7), the opposite inequality to (3.4) and the inner
regularity of o at Q when a(Q2) <+ oo follow.

In conclusion, being by assumption i) « inner regular at £ also when () =+ o,
the inner regularity of « follows. O

Eventually, we prove a variant of the De Giorgi-Letta extension result in our setting.

Tueorem 3.3, Let O C A, be dense with respect to Ay, and a: O — [0, + o0] be
increasing. Then v is the restriction to O of a Borel measure if and only if o is inner regular,
superadditive, and subadditive.

Proor. It is clear that if « is the restriction to O of a Borel measure, then it is inner
regular, superadditive, and subadditive.

Conversely, it is easy to verify that o, is inner regular, and that the density of O
with respect to A, and the assumptions on « imply that o, is superadditive and
subadditive.

If a,, (@) # 0, then, by using the superadditivity and subadditivity properties
of v, , it must necessarily result o, (0) =+ 00, and « turns out to be the restriction
to O of the Borel measure that is identically equal to + oc.

If a, (0) =0, the De Giorgi-Letta extension theorem (cf. [15, Théoreme 5.6])
applied to «, vyields that o, is the restriction to A of a Borel measure from which,
together with the inner regularity of «, the thesis follows. O

4. THe UNIQUE EXTENSION RESULT FOR INNER REGULAR FUNCTIONALS

In the present section we prove the main results of this paper on the existence and
the uniqueness of the extension of a given functional defined on elementary functions
and open sets, under inner regularity assumptions.
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4.1.  An approximation result.

In this subsection we prove a general approximation in energy result by smooth
functions. This will be done by using a regularization via convolution argument, an
idea already exploited in [32] and, in more general contexts, e.g. in [16, 25, 7, 10, 5].

Tueorem 4.1. Ler O C A be such that x, + Q2 € O whenever x, € R”, Q € O, W be
a Hausdorff locally convex ropological vector space satisfying (1.1), (1.4)-(1.6) with U = W,

and ®: O x W — [0, + oo] be translation invariant, convex, and W -lower semicontinuous.

Then
(A, u) <P, (Q,u) foreveryQ e A, Ac O with ACC Q, €€]0, dist(4, ON[, ue W.

Proor. Let €, A, €, u be as above, and p as in (2.1), then by Proposition 2.4 we
get that (W)fRn p() Tleyludy exists in W.

By Theorem 2.6 applied to ®(4,-), once observed that (1.6) and the U-lower
semicontinuity of ® imply the lower semicontinuity and, consequently, the measurability
of ®(A, T'[e-]u), we deduce that

(41 @(A«W)/ p(y)T[Ey]udy) < [ o, i)
R7 R~

On the other side, being @ translation invariant, by (4.1) it follows that

P (A, (W)/ p(y)ﬂsy]udy) < / P (A+ey, u) py)dy <
R~ spt(p)

< [ @0 @, 0pt)dy =20, ),
By

from which, together with Proposition 2.4, the thesis follows. O

4.2, The uniqueness result.
In the present subsection we prove the results about the uniqueness of the extension.

Prorosirion 4.2. Ler &) C A, satisfy (1.2), U be a Hausdor(f locally convex topological
vector space satisfying (1.1), (1.4)-(1.6), and G, H: £, x U — [0, + ool. Assume that H
is translation invariant, convex, that G and H are U-lower semicontinuous, and that

(4.2) G, u) < HEQQ, u) for every (2, u) € E; x C(R”).
Then
G£07(Q, u) < H507(Q, u) for every (2, w) € Ay x U.

Proor. The thesis is clearly true if {A€ &, : Acc Q} =0.
Otherwise, let (2, #) € A, x U, then by (4.2), and Theorem 4.1 applied with
0=¢&, W=U, &= H, we get

GA, u)<HA, us)gng(Q, u) for every Ac&, with A CC Q,e€]0, dist(4, IV,
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from which, together with the U-lower semicontinuity of G, and Proposition 2.5, the
thesis follows. O

Tueorem 4.3. Let £ C Ay, & C & be dense with respect to £, and satisfying (1.2).
Let U be a Hausdorf locally convex topological vector space satisfying (1.1), (1.4)-(1.6), and
G, H: Ex U — [0, + oo]. Assume that G and H are inner regular, that their restrictions
to Ey x U are translation invariant, convex, U-lower semicontinuous, and that

G, u) = HEQY, uw) forevery (2, u) € E x C(R").
Then
G, uw) = H(Y, u) forevery (0, u) €& x Ul

Proor. By a double application of Proposition 4.2 to the restrictions of G and H
to £, x U, we infer that

(4.3) Ggo,(Q ,u) = ng(ﬂ , u) for every (Q, u) € Ay x U.
On the other hand, by 4) of Proposition 3.1 we immediately deduce that
G. Q,u= G&r(Q’ w, H. (Q,u) = ng(Q, u) for every (2, u) €Ex U,

E— E—

from which, together with the inner regularity of G and H, and (4.3), the thesis
follows. O

4.3.  The existence and uniqueness result.

We now deal with the existence of the extension.

Lemma 4.4, Let & C A, satisfy (1.2), and F: E x CZ(R") — [0, + oo] be trans-
(R™)-lower

lation invariant, convex, and C°(R”)-lower semicontinuous. Then Ffo— is Llloc

Semicontinuous.

Proor. Let 2 € Ay, e C™(R"), {u,} € C*(R") be such that », - u in [110C(R”).
It is clear that, if {Ae &, : AcCC Q} =0, then

FSWQ, w=0= lgin.&?ngO*(Q’ ).

Otherwise, for every # € N, € > 0, let u, _ be the regularization of u,.
Let A € &, be such that A cC Q, and ¢ €]0, dist(4, 0Q)[, then u, . — «_in
C*(R"). By Theorem 4.1 applied with O = &;,, W = C*(R"), & = F, and by the

C>(R")-lower semicontinuity of F, we get

(4.4) F(A, u) <liminf F(A, u, ) < IminfF, _(Q, u).

— 400

By (4.4), and again the C*(R")-lower semicontinuity of F, once observed that
u_— u in C(R"), we conclude that

F(A, u < limgilfF(A, u) < lgmiangO_(Q, u,) for every A€ &, with AcCc 1,
e—> —+o00

from which the thesis follows. O
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Prorosition 4.5. Ler &, C A, satisfy (1.2), and F: £, x C(R") — [0, + oo]. Assume
that F is inner regular, translation invariant, convex, and C=(R")-lower semicontinuous.

Then (Ffo—) Ao—
for every locally convex topological vector space U satisfying (1.1), (1.4)-(1.6), its restriction to
Ay x U is U-lower semicontinuous, and, for every € C A, perfect with respect to A, its
restriction to € X LIIOC(R”) is inner regular.

is translation invariant, convex, and agrees with F on &; x C™(R"),

Proor. It is easy to verify that (Fso—) is translation invariant and convex.

Ag—
Moreover, by Lemma 4.4, we have that

F. (Q,un= FSO_(Q, u) for every (2, u) € A, x C*(R"),

S0
from which, together with the remark that A; is perfect with respect to &;, a) of
Proposition 3.1, and the inner regularity of F, we deduce the identity of (Fgr)
with F on £ x C*(R").

Let now U be as above, then, by using also the right-hand side of (1.5), it is easy
to deduce that the restriction of (?0_)

Ag—

4, 1O A, x U is U-lower semicontinuous.

Finally, given &£ as above, a) of Proposition 3.1 yields

0—

((@)AO) @0 = (K)A (Q, u) for every (Q, u) € £ x L (R"),

to €& x L}

loc (R”)

from which the inner regularity of the restriction of (Fgo_)
follows. O

Ag—

We can now prove the existence and uniqueness result.

Tueorem 4.6. Ler &, C A satisfy (1.2), and F: E; x C*(R") = [0, + oo]. Assume
that F is inner regular, translation invariant, convex, and C>(R")-lower semicontinuous.
Then, for every € C A, perfect with respect to A, having &, as a dense subset, and satisfying
(1.3), and for every locally convex topological vector space U satisfying (1.1), (1.4)-(1.6), the

restriction of (Fgr) 4 10 E x U is the only inner regular, translation invariant, convex, U-
lower semicontinuous functional from € x U to [0, 4 c0] that agrees with F on Eyx C™(R”").

Proor. Follows from Proposition 4.5, and Theorem 4.3. O

5. THE UNIQUE EXTENSION RESULT FOR MEASURE LIKE FUNCTIONALS

In Theorem 4.6 a central role is played by inner regularity assumptions. In the
theorems below we propose some results in the same order of ideas of Theorem 4.6,
but under groups of assumptions implying inner regularity conditions, and determining
again closed classes of functionals in which carry out the extension processes.

For every O C A, every set U, and ®: O x U — [0, + 0], we say that &
is increasing, boundary superadditive, boundary subadditive if so is ®(-, #) for every
u € U. We also say that ® is a Borel measure if for every u € U, ®(-, u) is the
restriction to O of a Borel measure.
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Prorosirion 5.1. Let &) C A satisfy (1.2), (3.3) with O = &, and F: E;x C*(R") —
— [0, + ool. Assume that F is increasing, translation invariant, convex, C>(R")-lower
semicontinuous, boundary superadditive, boundary subadditive, and satisfying the following
conditions
i) for every (2, u) € £ x CTR") such that F(), u) <+ oo, F is vanishing along the
sequences in &, that are well decreasing to the empty set with respect to €,
ii) for every (Q, u) € & x CZ(R") such thar F(, u) =+ oo, F is diverging along the

sequences in E that are well increasing ro ().

Then, for every £ C A, perfect with respect to A, having &, as a dense subset, and
satisfying (1.3) and (3.3) with O = &, and for every locally convex topological vector space U
satisfying (1.1), (1.4)-(1.6), the restriction of (?07) 4 10 EX U is the only functional from
Ex U0, + o] that
a) isequal to F on €, x C(R"),

b) is increasing, translation invariant, convex, U-lower semicontinuous, boundary superaddi-
tive, boundary subadditive,
¢) vanishes along the sequences in £ that are well decreasing ro the empty set with respect to €,

Jor every (2, w) € € x U in which it is finite,

d) diverges along the sequences in € that are well increasing to Q, for every (2, u) € € x U in
which it is not finite.

Proor. Let £, U be as above.

It is clear that &, too is perfect with respect to A, therefore by Proposition 3.2,
the inner regularity of F follows.

By virtue of this, and of the assumptions on F, Theorem 4.6 applies and we conclude
that the restriction of (?07) 4o
convex, U-lower semicontinuous functional from € x U to [0, + oo] that is equal to F
on & x C*(R").

We now prove some additional properties of (F&r) Ag—

_ to Ex U is the only inner regular, translation invariant,

Obviously (Fgo_) Ag— is increasing.
Let us prove that the restriction of (Fso—) 4 O & x U is boundary superadditive.

Let Q, A, B e &, with A cC B ccC Q, u € U, and, by using the properties
of £ and &, let Q', B € &, be such that B cc B cc Q' cc Q. Then by a)
of Proposition 3.1, Theorem 4.1 applied with O = &, W = U, and ® = (£, )

0—"Ao—
restricted to £x U, by the properties of (Fgr) A2 the inner regularity and the boundary
superadditivity of F, and by (3.3) with O = &, we get that

(7, 0= (7)., ) 0=(7), @ =@

Ag— Ag—
5.1 _ _
G- =F(Qu_)>F(4, ug)—&—F(Q'\B',us)zFgr(A,u6)+F807(Q'\B',u6)

for every € > 0 sufficiently small.
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By (5.1), and Proposition 2.5 we conclude that

(7)), @w=(R), o+ (F) @\B.a
for every Q', B €&, with Bcc B cc Q' ccQ,
from which, together with the density of & with respect to &, the boundary superad-
ditivity of (Fg()i) 4o
Let us prove now that the restriction of (Fgof) 4, fO & x U is boundary subadditive.
Let Q, A, Be &, with Acc Bcc Q, u e U, and, by the density of & with

respect to &, let @', A, B' € &, be such that A cc A cc B cc Bcc Q' cc Q.
Then, by the same arguments used above, we get that

_ follows as € increases to 2 and B’ decreases to B.

(5.2) (Fgof)Ar (B,u)= ((Fgo)Ao)g (B,u)> (FSW)AW (B, u)=F(B,u)
for every € > 0 sufficiently small.
Analogously, by (3.3) with O = & we also deduce that

(5.3) (K)A (Q\A, u) > F( \Z, u_) for every € > 0 sufficiently small.

.
Therefore by (5.2), (5.3), and the boundary subadditivity of F we conclude that
FO,u) < F(B ,u)+ FQ\A,u) < (Fgr)Ar (B, u) + (Fgr)Ar Q\4, u)
for every Q' € £, with Q' cC Q, ¢ > 0 sufficiently small,

from which, together with Proposition 2.5, we obtain as ¢ decreases to 0 that

(5'4> (FgO,)A07 (Q ’ u) S (F807>A0* (B) u) + <F507>A07 (Q \A) u)
for every ' € £, with Q' cc Q.
By (5.4), and the density of &, with respect to € the boundary subadditivity

(Fgr) Ag— follows as ' increases to €.

Finally, by Proposition 3.2, the vanishing of (Ffr) Ao along the sequences in &

that are well decreasing to the empty set with respect to € for every (2, #) € Ex U for
which (F507)A07(Q , #) <+ o0, and the diverging of (FSOf)Ao* along the sequences in £
that are well increasing to €2 for every (2, ) € €x U for which (Ffo—) O, u) =+ oo

too follow.

il
In conclusion, since by Proposition 3.2 every functional satisfying 2)-d) is inner
regular, also the uniqueness part of the thesis follows. o
By Proposition 5.1 we deduce the following result.

Prorosition 5.2. Let & C A, be dense respect to A, and satisfy (1.2), (3.3) with
O =¢&, and let F: Ex CZ(R") — [0, + ocl. Assume thar F is translation invariant,
convex, C=(R")-lower semicontinuous, and a Borel measure. Then, for every € C A with
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&y C & and satisfying (1.3) and (3.3) with O = &, and for e‘very locally convex topological
vector space U satisfying (1.1), (1.4)-(1.6), the restriction of (F Ao to € x U is the only
translation invariant, convex, U -lower semicontinuous functzonﬂl from € x U to [0, + 0]
that is equal to F on &) x C™(R"), and is a Borel measure.

Proor. The thesis follows from Proposition 5.1, once we prove that (7) Ao- is
a Borel measure, since every translation invariant, convex, U-lower semicontinuous
functional from € x U to [0, + o] equal to F on & x C*(R"), and that is a Borel
measure, actually fulfills also conditions 4)-4) of Proposition 5.1.

We prove that the conditions of Theorem 3.3 with O = & are fulfilled.

Let us start with the superadditivity condition.

Let uc U, Q, Q, Q, €& with Q UQ, CQand Q,NQ, =0, and let O}, Q) €&,
be such that Q] cc Q, Q) cC Q,. By using the properties of &, and &, let Q' € &,
satisfying Q" cC Q, Q) cc Q' NQ,, and Q) cc @' NQ,. Then by Theorem 4.1
applied with O =¢&, W = U, and @ = (?C'_)A0 50_)A0_
the properties of (K) A the measure theoretic properties of F, and (3.3) we get
that

, the inner regularity of (F,

(5.5) (?O—)AO,(Q W > (F ) Ou)=FQ, u)> FOy,u) + F,u) >

F QL u)+ FSO_(QIZ,uE) for every € >0 sufficiently small.

By (5.5), and Proposition 2.5 we conclude that

(_FsoJAof @, u) > (Fgof)Ar Q)+ (Fgr)AOi Y, )
for every ), Q) €&, with Q) ccQ,, @, ccQ,,

from which, using again the properties of & and &, and Proposition 3.1, it follows that

(Fgof)Ar @) > (Fgof)Ar (@, ) + (FSO*)AW (@, )
for every Q, Q, Q, €& with QUQ,CQand O, NQ, =0, uec U

We now prove the subadditivity condition.

Let we U, Q, Q, Q, €& with QC Q UQ, and let Q' € &, be such that
Y cc Q. By the properties of £, and &, let ], Q) € £ with Q] cc Q,, Q, cc Q,,
and Q' C QUQ,. Then by Theorem 4.1 applied with O = &, W = U, and

b = (Ffr) Ap—> the inner regularity of (Fgr) Ap— the properties of (£, the

measure theoretic properties of F, and (3.3) we get that

(FSW)AW(Q1 )+ (Fsof)Ar(Qz, u) > (Fgof)Ar(Ql, w)+ (Fsof)Ar(Qz Ju) =
(5.6) = F@,u) + F(, u) > FQ,u) >
> Fgr(Ql , 1)
for every € > 0 sufficiently small.

Fo )



ON THE UNIQUE EXTENSION PROBLEM FOR FUNCTIONALS ... 103

By (5.6), and Proposition 2.5 we conclude that
(Fgof)A ©Q,, u) + (Fgof)Ar Q,, ) > (FS_O*)AV @ 0

for every Q' € &, with Q' cc Q,
from which it follows that

(), 0= (5 ), 00+ () 0,
for every 2,€,,0, € & with QCQUQ,, ue U

0—

By the above conditions, and the inner regularity of (£

) Ag— the thesis follows by

using Theorem 3.3. O

6. SOME APPLICATIONS

In the present section we apply the results of the previous ones to some integral
functionals of the Calculus of Variations.

Prorosition 6.1. Ler &, C A, satisfy (1.2), k€N, f: R xR"x R” x ... x R" —
— [0, 4+ o0] be convex, lower semicontinuous, and F: (Q,un) € & x CTR") —
— fo(u, Vou,Vu, ..., Vudc. Then, Jor every € C A, perfect with respect to A,
having £, as a dense subset, and satisfying (1.3), and for every locally convex ropological vecror
space U satisfying (1.1), (1.4)-(1.6), the restriction of (?O_)AO_ to & x U is the only inner
regular (respectively measure, provided (3.3) with O = &, and O = & are fulfilled ), trans-
lation invariant, convex, U-lower semicontinuous functional from & x U to [0, + oo] that
agrees with F on &) x C(R").

Proor. Follows trivially from Theorem 4.6 (respectively by Proposition 5.2). O

Prorosition 6.2. Ler & C A, satisfy (1.2), f: R" — [0, 4 oc] be convex, lower
semicontinuous, and let F: (2, u) € E; x C*(R”) — fo(Vu)dx. Then, for every € C A,
perfect with respect to A, having E, as a dense subset, and satisfying (1.3), the functional

~ 'D
F:(Q,u)e&xBV( H/fVudx+/f°°<dstu>d|D’u|
is the only inner regular (respectively measure, provided (3.3) with O = & and O = &
are fulfilled ), translation invariant, convex, Llloc(R”)—lower semicontinuous functional from
Ex BV, (R") to [0, + oc] equalto F on &, x C*(R").
If, in addition, [ satisfies

(6.1) |z] < f(2) forevery z € R”,

then, for every € C A, perfect with respect to A, having &, as a dense subset, and satisfy-
ing (1.3), the functional

w [ dD’u . )
f(Vwdx+ | f — | d|D'u| if uec BV(Q)
=< Ja Q d|D’ul

F: (Qu)e&xL) (R")
+ oo ifuc L (R")\ BV ()
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is the only inner regular (respectively measure, provided (3.3) with O = &, and O = &
are fulfilled ), translation invariant, convex, Llloc(R")—lower semicontinuous functional from
E x [qloc(R”) to [0, + ool equal to F on E; x C*(R").

Proor. We prove only the part of the thesis relative to F, and under inner regularity
assumptions, the other ones being analogous.
In this case the thesis follows from Theorem 4.6, once we prove that

6.2) (?O_)A Q, ) = F(Q, u) for every (0, u) € £ x BV, (R").

o

To do this let us first prove that Fis LIIOC(R”)—lower semicontinuous.

Let (Q,u) € € x Llloc(]R"), {u,} C Llloc(R”) be such that #, — » in lqloc(]R"), and
let us assume that the limit lim, F(, u,) exists and is finite. By virtue of this
we infer that », € BV(2) for every h € N and, by using (6.1) and the sequential
weak*-compactness of the bounded subsets of BV(€), that # € BV (Q).

The proof of the QZC(R”)—lower semicontinuity of F is thus reduced to the one of
the LIIOC(R”)—lower semicontinuity of its restriction to & x BV((2), and this holds for
example by [6, Proposition 1.7].

The Llloc(R")-lower semicontinuity of F implies that

FA, ) <F. _(B,u)< (F—) ©Q, u)
0 0 A

o
for every Q, Be A,, A€ with AcCBccQ, ue L, (R"),

from which, being &, dense with respect to &, we conclude that

Eo—

(6.3) /F(Q, u) = /15507(9 ,u) < (F_>A B (2, u) for every (2, u) € € x Llloc(R”).

Conversely, by Theorem 4.1 applied with O = &,, W = BV, _(R”), and ® equal to

~

F we get that
FQ,w)>F, (Q,u)>FA u)=FA,u)=F, (4 u)
for every Q € £, A€ & with Acc Q, ¢ €]0, dist(4, 0Q[, u € L, (R"),
from which it follows that

64) FQ,0)>TF, (A, ) forevery Qe &, A& with AcCQ, ue I (R

loc

By (6.4), and &) of Proposition 3.1 we get that

= o (7 1 fmon
F(Q, u> (Fgr)gr Q,un = (Ffr)& (2, u) for every (2, u) € € x L (R"),
from which, being £ perfect with respect to A, we conclude that
6.5) FQ, u) > (—Fgr) (Q, u) for every (0, u) € £ x L._(R").

Ayg—

By (6.3) and (6.5), equality (6.2) and the thesis follow. O
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Cororrary 6.3. Ler & C A, satisfy (1.2), and A: (Q,u) € § x C*(R") —

= fo /14 \Nul>dx. Then, for every € C A, perfect with respect to Ay, having &, as a
dense subset, and satisfying (1.3) the functional

N \/ 1+ |Vu|~dx + |D'ul(Q) ifuec BV(Q
A: (Q,u) € Ex L, (R") / vl |57 f

ifue I, (R")\ BV(Q)

is the only inner regular (rey)ectz'vely measure, provided (3.3) with O = & and O = &
are fulfilled ), translation invariant, convex, LIIOC(R”)—[ower semicontinuous functional from
Ex L (R™ to [0, + oo] equal to Aon £ x C(R").

loc

Proor. Follows from Proposition 6.2. O
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