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Equazioni a derivate parziali. — Smooth regularity for solutions of the Levi Monge-
Ampére equation. Nota di Francesca Lasciatrart e ANNamaria MoNTANARI, presentata (¥)

dal Socio F. Ricci.

AsstracT. — We present a smooth regularity result for strictly Levi convex solutions to the Levi Monge-
Ampere equation. It is a fully nonlinear PDE which is degenerate elliptic. Hence elliptic techniques fail
in this situation and we build a new theory in order to treat this new topic. Our technique is inspired
to those introduced in [3] and [8] for the study of degenerate elliptic quasilinear PDE’s related to the
Levi mean curvature equation. When the right hand side has the meaning of total curvature of a real

hypersurface in C™*', the Levi Monge-Ampere equation arises in the study of envelopes of holomorphy
and has important applications in the theory of holomorphic functions of several complex variables.

Key worbs: Levi Monge-Ampere equation; Fully nonlinear degenerate elliptic PDE; Non-linear vector
fields; Schauder-type estimate; Smooth regularity of strictly Levi convex solutions.

Russsunto. — Regolarita C™° delle soluzioni dell’equazione di Levi Monge-Ampére. In questa Nota
presentiamo un risultato di regolarita C™° delle soluzioni strettamente Levi convesse dell’equazione di Levi
Monge-Ampere. Si tratta di un’equazione alle derivate parziali totalmente non lineare e ellittico-degenere.
Per studiare questa equazione non si possono utilizzare le tecniche classiche delle equazioni ellittiche, pertanto
costruiamo una teoria della regolaritd ad hoc in spazi di funzioni hslderiane modellati sulla geometria del
problema. La nostra tecnica si ispira a quella introdotta in [3] e [8] per operatori quasilineari ellittico-
degeneri che intervengono nello studio dell’equazione con assegnata curvatura media di Levi. Quando il

secondo membro ha il significato di curvatura totale di un’ipersuperficie reale in C”*', Iequazione di Levi
Monge-Ampere contiene informazioni sui domini di olomorfia ed ha importanti applicazioni nella teoria
delle funzioni olomorfe di pit variabili complesse.

1. InTRODUCTION

The Levi Monge-Ampere equation naturally arises in the study of envelopes of holo-
morphy in the theory of holomorphic functions in C" (see [12]).

Let M = {p = 0} be a real hypersurface in C"*' and assume that M is locally
the graph of a C* function % : Q — R, with Q an open bounded subset in R***',
Let us denote by z = (z,...,z,.,) a point of C"*', with z, = x, + iy, for every
[=1,....n+1, and write M = {y, ., = ulx;,p,,....%,,9,,%,)} fz € M, we
denote by YZ)(C the complex tangent hyperplane to M at z,, by ={h,, [ =1,..., n}
a complex basis of it and by L(#) the Levi form of p = u —y, , restricted to TO(C
(see [14]). L(u) is a hermitian form in 7 variables whose coefficients

A[ﬁ(u) = ((Hessg p) 4, , /71)> , Vb, /op eu

are quasilinear partial differential operators and A;(#) are degenerate elliptic. Here we

(*) Nella seduta del 15 dicembre 2000.
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82 n+1
Hessq p = <az[%> .

2/ 1p=1

have denoted by

Precisely the real part and the imaginary part of A; are:

Re(Al (u) =(1 + (0, s u))(a u+3 u—%—aﬁ u+ao u+

X1%p XpXnt1 P X X1
2
" + b 5’ny " u+ Paﬂx u+ (ﬂ,ﬂl, + b/bp)ale )
Im(Alﬁ(u)) =(1+ (8xn+] u)z)((‘? e 0 . dpaym+1 u+ ﬂ,@y . +
+ bpaxlx U= blaxprl u+ (bpa/ ba )ch » o)
where
3u—8 ua L ; -0, u—a u@xHu
2 — X , — n
@ “= T W A ST R

Xn41 Xn+1

In the sequel we also use the following notation:
a=(a,...,a,), b="(b,...,0b).
We are now ready to define the Levi Monge-Ampére operator as

(3) LMA(u) = det(A[f(u)).

Moreover, we say that a function # € C*(Q) is Levi convex (strictly Levi convex) at §,
if L(x)(§,) > 0 (> 0) and Levi convex (strictly Levi convex) if L(#)(§) > 0 (> 0) for
every £ € Q).

In [12] Slodkowski and Tomassini generalized these definitions to continuous func-
tions and proved the existence of a viscosity solution # € Lip(Q) to the Dirichlet
problem

LMA(%) = k(-, w)(1 + | Dul*) in Q
(4) u=g on 0N

u is Levi convex
where Du is the euclidean gradient of # in R¥HL g€ C00), ke CxR) and £ > 0.
Here /4 represents a sort of «total Levi curvature» of M and it is the analogous of the
Gauss curvature for the classical Monge-Ampere equation (see [10]). Further regularity
of their Lipschitz continuous viscosity solution is an interesting open problem.

In this Note we give a first positive response to this question. Precisely we announce
the following result:

Treorem 1.1, If u € C**(Q) isa strictly Levi convex solution to the Levi Monge-Ampére
equation

(5) LMA(w) = g(-, u, Du)
in an open set ) C R*"! and ge C¥( xR x R¥H1 is positive, then u e C™ ().
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Here we have denoted by C™“ the ordinary Hélder space with respect to the
euclidean metric.

Let us remark that, even if # is strictly Levi convex, the Levi Monge-Ampere operator
LMA(#) is degenerate elliptic. Indeed, if we call D*u the euclidean Hessian matrix of
u, then by (1) there exists a function F, which is smooth with respect to its arguments,
such that

LMA(») = F(Du, D*u).

2n+1

Moreover, if ry = Diju, by computing the real matrix (gTF) , we recognize that
i) i j=1

oF

or..

g

(Du, D*u) > 0

with minimum eigenvalue identically zero. Hence we are forced to develop techniques
that are very different from the ones used to study the classical Monge-Ampere equation
and the complex Monge-Ampere equation, which are elliptic PDE’s if evaluated on
strictly convex functions and on strictly plurisubharmonic functions respectively (see
[10, 1, 2]).

Let us remark that in the case 7= 1 the operator LMA(#) defined in (3) coincides
with the Levi form L(#) and equation (5) is a quasilinear PDE (see, for instance,
[13]). Regularity properties of its solutions have been studied in [3-7, 9]. Moreover,
the analogous of the equation with prescribed mean curvature for a real hypersurface
in C""' has been studied in [8], where smooth regularity of classical solutions is proved.

In order to sketch the proof of our result we introduce some notations. Let u €
€ C*(Q) be a strictly Levi convex solution to (5) and define for every /=1,...,7n
the first order vector fields
(6) X, =0, + 40

Xp1 )/l = 8)/[ + blaxn_H 4

whose coefficients #, and &, are the smooth functions of the gradient of # given by (2).
Since the fixed solution # belongs to C*%(Q), then the coefficients a;, b, are

C"*(Q) functions. So we write the coefficients of the Levi form A[ﬁ in terms of the

vector fields in (6):

% Ayl = (L+ @, 0 Ou+ V),
(1+@, o)
Re(A () = 2= (X X+ X X+ VYV ¥, Yy,
1+ (3,%1%)2)2
Im(Alp(u)) = f()(l };,u + Y;)X/u - Y[X;)u - X})Ylu)

Since u is strictly Levi convex in €2, then by (7)

(8) Aﬂ>0, [=1,..., n
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For every /=1,..., n we put

© Z,=Y, 4, ,=X, Z=(4,Z

R

2, Zu=ZZu_,.

Then we prove that
LMA(%)

Tx 0, o0 = M

with H a smooth function of its arguments. We also prove that there exists a smooth
positive function K such that

(10) M—K(~,u,Zu,8x ).
a+o,, ) s

A smooth function K such that (10) holds always exists because, by (2) and (6)

8xi”:)(1” 0. w)Yu, 8u—Yu—|—( o u) Xu.

Xpt1 i

For example, if g = A(-, #)(1 + |Du|2)%2 as in (4), then

(11) K=k, w01+ |Zd)T0+0, 07"

Xpt1

Hence we write the fully nonlinear equation in (5) as

(12) H(Zu) =K, u, Zu, 0, ).

n+1

Since # is strictly Levi convex in (2, then there exists a positive constant A such that

Z (2, >M2n . Y=y, ,m,,) €RY,

ij= I ’ j=1
)i being the derivative with respect to Z.Z u.
(z,-]- i

Moreover, we recognize that (see also [3])

(13) (210 Zy) = 1%, Y] = =X u+ V] )0

Xn+1

, [=1,...,n
so that by (6)-(8) and (13) the vector fields
(14) Z .2y, 2, Z)

are linearly independent at every point and span R*"'.

Let us explicitly remark that, even if the coefficients of Z were smooth, H would
not satisfy Hormander’s condition of hypoellipticity since it is not a sum of squares of
first order vector fields. Moreover, to the best of our knowledge, no regularity result
has been published about fully nonlinear equation of the type (12) even in the case of
smooth vector fields Z.

The sketch of the proof of Theorem 1.1 is organized as follows. In Section 2, by
arguing as in [8, 9], we build a regularity theory, in some spaces of Hélder continuous
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functions, for the linear operator

2n
as) H=Yh22-30,

ij=1

1

with low regular coefficients and with

2n 2n
(16) D by =My, =G, ,m,) €RY
j=1

ij=1

for a positive constant M. The main result of this section is an interior Schauder-type
estimate for classical solutions of Hv = f, with /Jij, A, f € C%, and the coefficients

a, b of Z of class C'*®. Schauder estimates for sum of squares of smooth vector fields
satisfying Hérmander condition have been proved in [15], but that technique does
not seem to work in this situation because the coefficients «, & of Z are only C'**.
Moreover, under our assumption on the coefficients 4, there exists no change of
variables which transforms the linear operator A in (15) into the linear operator defined
in [8].

In Section 3 we prove Theorem 1.1 by using a non standard bootstrap method.

2. LINEAR THEORY AND SCHAUDER-TYPE ESTIMATE

In this section we first introduce some class C;”® of Hélder continuous functions
naturally arising from the geometry of the problem. We then build a regularity theory
for the linear operator H defined in (15) in these spaces.

For every /=1,..., 7 let us define the first order vector fields Z, as in (9) with coeffi-
cients a, be C'*(€2). Moreover, let us assume that the vector fields VA AN VAN A

w
are linearly independent at every point and span R*"*'.

If the coefficients of the vector fields were smooth, then the linear operator H
would satisfy Hérmander’s condition of hypoellipticity. In our context the coefficients
are only C"*(€). However, for every £, &, € §) there exists v : [0, 1] — R*+! integral
curve of the vector fields introduced in (14) which connects £, and £. Then there exists
a control distance (£, §)) naturally associated to the geometry of the problem (see for
example the distance g, defined in [11, p. 113]).

We now define the class of Hélder continuous functions in terms of &,: for 0 <
<a<l

C; () = {v : Q) — R s.t. there exists a constant ¢> 0 :

(17)
0(6) — vl€,)] < cdS (€, &) forall €, €, € Q}

and

C)={v:Q->R:3ZveCZ(Q) Vj=1,..,2n}.
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If the coefficients 4, b € CZ"’*l’D‘(Q) ,m>2, we define
Cro@Q)={ve Q) : Zve () Vj=1,...,2n}
Obviously (see [8])
Cme Q) C G @) c CPQ).
For every m > 0 we also define spaces of locally Hélder continuous functions:
Clio@)={v: Q=R :0ve Q) VQccO}

If ve C5 () we define

= 159101
£.,¢eQ Z 5
Let / =(4,...,i,) be a multi-index of length |/| = 7 and denote by
7=2,7,7,
If ve C77*(Q), with m=0,1,2,..., and 0 < a <1 we define the seminorm

[y]i,a;ﬂ = sup [Z]y]i;ﬂ ’

[I|=m
and the norms
m
z 9
|”|m;Q = E supsup|Z'y| | ,
j:0 m:f Q

Z

m,o;€)"

|V‘Z = |V|i;gz + [v]

moas =
We are now ready to state our interior Schauder-type estimate for solutions of Hv = f

with A as in (15).

Prorosirion 2.1. Let /71']‘ ,Ae C;(), a,b¢e CZI’D‘(Q) and v € Cé’o‘(Q) be a solution
of equation Hv = f € C;(Q). Then if Q' CC Q with d,(',00) > 6 > 0, there isa
positive constant ¢ such that for every B € (0, a)

(18) 8| Zvfg o + 62| 2005 + HP1Z%0)5 ) < c(sgp o + |F15 )
where ¢ depends only on the constant M in (16), on |;]ij|OZ,a;Q , |/\|§,Q:Q , |ﬂ|1Z)a;Q , \b|1Z,Q;Q
aswellason n,«a, 6, Q.

We next define the difference quotient of » at £ in the direction Z; as

v(exp(hZ))(§)) — v()
7 ,

AJu(€) =
where exp(hZ))(§) = ~v(h) denotes the solution of the following Cauchy problem

{¢=%v
7(0) =¢.
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We then apply Proposition 2.1 to Afv for every / = 1,...,2n to obtain, by an
iteration process:

'Z,loc 'Z,loc 7 loc
be a solution of equation Hv = f with f € C} I_OL'I(Q) Then the solution v belongs to
CL Q) for every B € (0, ).

Prorosrtion 2.2. Let bij, Ae Crbx( ) a, be CHN), m>2and ve CEE(Q)

3. THE BOOTSTRAP METHOD

In this section, by mean of a bootstrap argument, we sketch the proof of Theo-
rem 1.1. Let us fix a strictly Levi convex C**(9) solution # to equation (5), which we
write as in (12), and define the vector fields Z as in (9) with 2 = a(Dw) , b = b(Du) as
in (2). Since u is strictly Levi convex in € then by (13) the vector fields in (14) are lin-
carly independent. Let &, be the associated control distance and define the spaces C;"
in term of it as in Section 2. For all B and B in Q such that B ¢ B CcC  we de-
fine b, = d,(B',0B) > 0, and for every h € R such that 0 < |h? < hy we
define

be) —
w,,(g):u(H 2) (&)

Rszrl

with ¢ the unit coordinate vector in in the j direction, j =1,...,2n + 1.

Hence we recognize that w, is a solution of
H,w, = F,
with
2n
H = E a. 2.7,
u /]
ij=1
for suitable Holder-continuous coefficients a.

Since u is strictly Levi convex in ) then we recognize that there exists a positive
constant M such that

2n 2n
Yoamm =My 0, Y=, m,,) R

i,j=1 i=1

Moreover [F)|, .z 12y, 05 are bounded by a positive constant independent of 4.
Hence, by applying Proposition 2.1 to w),, we may assert that for all B” cC B’ there
exists a subsequence of Z.Zw, which uniformly converges in Cg (B") to Zl.Zleu for

every f < «, foral i,/ =1,...,2n, and j = 1,...,22 + 1. In particular we
get:

Prorosition 3.1. If u € C**(Q) is a strictly Levi convex solution to (5), then Du €
€ oS for every B € (0, ).
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Now let us define A in terms of « as in (15), with

_OH, »
b, = T(Z u),

9 zlj

0K 2
(19) A= n[@an u—+ au—(l + (3xn+l 14) ),

Xn+1

and K defined as in (10). As an immediate consequence of Proposition 3.1 the coeffi-
cients 2, b, A € Cé’lic(ﬂ) , while %(Zzu) S CZI’lﬁc(Q). Moreover, the function
. . .

(20) v="(v, ..., 0,,0,.)=u, ..., 2, u, actan ule)

is a Cé’{z .(£) solution to
(21) Ho=f(,u,v, Zv),

with f = (f,.... £, f,.1) a smooth function of its arguments. Since the right
hand side in (21) is of class CZI"lﬁc(Q), we apply Proposition 2.2 with m = 2 to get
v e Cg,’IZC(Q) for every v € (0, 3).

Then we conclude the proof by induction. Let us assume that the function v defined
in (20) belongs to C7';>(€2) and prove that » € sz?:lﬁ(ﬂ) for every 5 € (0, a). Indeed

loc

a,b,\e CJo (), g—; S CZm_l’“(Q) and v is a solution to (21) with right hand side

,loc

of class Cg’;a(ﬂ) Hence, by Proposition 2.2, v € CZ’”’E’E(Q) for every 5 € (0, o)
and Theorem 1.1 is proved.
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