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Equazioni a derivate parziali. — Blow-up of nonnegative solutions to quasilinear parabolic
inequalities. Nota di Stanistav I. Ponozaev e Auserto Teser, presentata (*) dal Socio A.
Tesei.

AsstracT. — We investigate critical exponents for blow-up of nonnegative solutions to a class of
parabolic inequalities. The proofs make use of a priori estimates of solutions combined with a simple
scaling argument.

Key worps: Critical exponent; Parabolic inequalities; Blow-up; Global existence.

Ruassunto. — Esplosione in tempo finito di soluzioni nonnegative di disequazioni paraboliche quasilineari.
Si studia l'esponente critico per 'esplosione in tempo finito di soluzioni nonnegative di una classe di
disequazioni paraboliche. Le dimostrazioni fanno uso di stime a priori delle soluzioni, combinate con un
semplice argomento di riscalamento.

1. INTRODUCTION

In this paper we investigate blow-up of nonnegative solutions to parabolic inequalities

of the following type:

WD ol 00,6 2 D00, a1, 0 f Vu DO, u| + el r ) ut
ij=1

in R” x (0, 00); here £#> 0, ¢> 1 and p, 4 [, ¢ are given functions (p, f, ¢ positive,
a; = a;; precise assumptions are made in Section 2). In particular, our results apply
to solutions of the Cauchy problem for parabolic equations of the form (1.1) with the
equality sign.

Our purpose is to investigate critical exponents for blow-up. To describe the type of
results we seek, consider the semilinear Cauchy parabolic problem:

(1.2) {atu:Au—i—uq in R” x (0, co0)
' u=u, in R" x {0} ,

where #, is nonnegative, continuous and bounded in IR”. As is well known, if
(1.3) 1< g<1+4+2/n

the only global solution to problem (1.2) is trivial; on the other hand, when ¢ > 1 +
+ 2/n global solutions exist if the initial data #, is suitably small (see [1]). The number
g.=¢q.(n):=142/nis called the critical exponent of problem (1.2).

The appearance of a critical exponent larger than one is a typical feature of blow-up
for space dependent evolution problems; in fact, it can be regarded as the effect of

(*) Nella seduta del 10 marzo 2000.



100 S.I. POHOZAEV - A. TESEI

competition between diffusion (and/or convection) effects on one side, and reaction on
the other. The existence of critical exponents has been widely investigated by different
methods, e.g. using comparison results, similarity solutions or particular functionals (see
[2, 5] and references therein). In general, these methods appear to rely on the specific
form of the problem under investigation.

In this paper we approach the problem from a general viewpoint, regarding blow-up
as nonexistence of global solutions to the evolution problem. We derive sufficient condi-
tions, which ensure nonexistence of global nonnegative solutions to parabolic inequality
(1.1) (see Theorem 3.1). In particular, this nonexistence result applies to solutions of
the Cauchy problem for the corresponding parabolic equation, thus giving conditions
which determine the critical exponent of the problem. When applied to concrete cases
dealt with in the literature, our procedure obtains the already known critical exponents
(see Theorems 3.2-3.4 below and [2]). On the other hand, it can be applied to a wide
class of problems, as apparent from (1.1).

Let us mention that similar methods have been used to prove nonexistence theorems
of Liouville type for elliptic inequalities (see [3]). The underlying ideas of the method
suggest a general approach to nonexistence problems, which leads to the concept of
nonlinear capacity (see [4]).

2. MATHEMATICAL BACKGROUND

Let S, denote the strip IR” x (0, 7] (7 € (0, 00]); set S = S _. The following
assumptions will be made throughout the paper:
(a) pe C(Sp), a; € C(S; x [0, 00)), ce C(S; x [0, 00)), f € C([0, x0));
(6) p>0, c>0, p(x, ) nondecreasing for any x € R";
(¢) there exist Ay = Aj(x, ¢, u), A, = A|(x, t, u) € C(S;x [0, 00)) such that 0 < A4 <
< A, and there holds:

AP <Y a6, | Y am|< A&

ij=1 ij=1
for any £, n € R”;
(d) f>0in [0, 00) and for any # > 0 there holds cither
() 0<f()<q, or (i) ot P<f(B) <!’
(>0, 0< ¢ <¢p, p>2).

The above assumptions will be collectively referred to as Assumption (H).
Concerning solutions to inequality (1.1) let us make the following definitions.

Dermvirion 2.1. By a strong solution to inequality (1.1) in Sy we mean any nonnegative
Sunction u € C(S;) such that (its distributional derivatives of the first order in time and up
to the second order in the space variables are defined almost everywhere in S, and ) inequality
(1.1) s satisfied almost everywhere in S.
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Dermirion 2.2, Ler o € (—k, 0). By a solution of class Pt (1.1) in S, we mean
any nonnegative function u € C(S;) such that for any test function > 0 with support in
ST there holds -

(1)
2.1 Af(Vul) [ Vu| u® [ Vip[<oo;
/Lppu J( Vu ul| u 00
(#)
la| a;0, ud u| f(| Vu ) u" + e <
(2.2) /S“PPM z; o ”]f o //SUPPucu

/[Wu 4,0, 40, 0| (| Vu|) k+w»[LWu 0

i,j=1

A solution of class P, ro (1.1) is said ro be global, if'it is such a solution in S, for any T > 0.

It is easy to prove that, due to Assumption (/), to condition (2.1) and to the
assumption « > —k, every integral in inequality (2.2) is finite. Hence Definition 2.2
is well posed.

Concerning the relationship between the above definitions, let us note the following
result.

Prorosirion 2.3. Let u be a strong solution to inequality (1.1) in Sy, such thar O,u €
lOC(ST) and the pointwise limir u(-, 0) := lim,_, u(- , t) is defined and continuous in R”.
Let condition (2.1) be satisfied. Then u is a solution of class P (o € (—k, 0)).

Proor. Multiplying (1.1) by #” 1) (where v < 0 and v > 0 is any test function with
support in §;,) and integrating by parts we obtain:

k k+o k k+o
k+amﬁ‘(”mwmm”+z:a/Lw/” 9.4 +

// p)uk+a¢< a// ag@xua u]f(|Vu\)u°‘71¢—|—
supp # suppu ij=1
/\/suppu

4,0, ud, w}fq Vu|)u® //WMWHW.

The first two integrals in the left-hand side of the above inequality are finite (since
u(-, 0) is locally bounded and « € (—£, 0)), while the third is is nonnegative by As-
sumption (H)-(6). As for the right-hand side, the second integral is finite by Assumption
(H)-(c) and condition (2.1), while the other two are nonpositive. Hence every integral
is finite, thus the claim follows. O

i,j=1
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3. ResuLts

In order to prove nonexistence of global solutions of class P to inequality (1.1) we
shall argue as follows: firstly we prove suitable a priori estimates for such a solution
(see Lemma 4.1); secondly, we combine the above estimates with a scaling argument to
prove a general nonexistence result (see Theorem 3.1). Let us introduce the following
quantities:

3.1) DzD(x,t,u):z( A4 )”,

p—1

A€71ET , cv

where
9+ta 9+«
2 = s =
(3.2) Iz T—p 1 v g—F
here p =2 if condition (7), respectively p > 2 if condition (i7) of Assumption (H)-(d)
holds.

Our main nonexistence result can be stated as follows.

(a<0);

Tueorem 3.1. Ler k> 0, p > 2, ¢ > max{p — 1, k} and Assumption (H) be satisfied.
Assume that for some o € (—min{p — 1, k}, 0) there exists X > 0 such that :

u>0

(3.3) Rrxm // [supD(Rf, RiT, u)} dédr —0 as R— oo ,
(1<6,<2)

(3.4) R // [supE(R{, R%T, u)} dédr — 0 as R— oo,
(1<e,<2)

u>0

where
(3.5) E ="+ 7™, n=max{l/\, 1} EeR",7>0A>0).
Then the only global solution of class P, to inequality (1.1) is trivial.

Let us mention some applications of the above result.

TreorEM 3.2. Let condition (1.3) be satisfied. Then there exists @ € (—1, 0) such that for
any o € (@, 0) the only global solution of class P, to the inequality :

(3.6) 0,u> Z [W 0 u| +u'

in S (0 >0) is trivial.
Tueorem 3.3. Let m > 1 and there hold :
2
(3.7) m<q<m+;.

Then there exists @ € (—1/m, 0) such that for any o € (@, 0) the only global solution of class
P to the inequality:

(3.8) 0,u>Au") + u!

in S is trivial.
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TreorEM 3.4. Let p > 2 and there hold :

(3.9) p—1<q<p—1+%.

Then there exists & € (=1, 0) such that for any o € (@, 0) the only global solution of class P,
to the inequality:

(3.10) 0,u> i@xi[ | Vu|™? (‘)xiu} + !

i=1
inS is trivial.

It can be observed that both conditions (3.7) and (3.9) reduce to the Fujita condition
(1.3) when m =1, respectively when p = 2. The same condition (1.3) determines the
critical exponent for inequality (3.6) for any 6 > 0.

Due to Proposition 2.3, Theorems 3.2-3.4 imply corresponding results for strong

solutions to the Cauchy problem for parabolic equations - in particular, for classical
positive solutions. We leave their formulation to the reader.

4. Proors

Let us first prove Theorem 3.1. For this purpose we need the following lemma

(where the quantities D, E, i, v are defined by (3.1)-(3.2)).

Lemma 4.1l Let k>0, p > 2, g > max{p— 1, k} and Assumption (H) be satisfied. Let u
be a solution of class P, to (1.1) in S, (o € (—min{p — 1, k}, 0)). Then there exist k; > 0,
ky, > 0 (depending on k, p, q, o, [) such that

1
LU aivar wtor - [ s
b4 supp u supp #

PH
S/q/ pIYOIT g, / E
supp # 1/} supp #

for any test function ) > 0 with support in S .

(4.1)

Proor. By inequality (2.2) in Definition 2.2 and Assumption (H)-(c) there holds:

| o | / Ay | Vul* £ Vul) “w+/ cultp <
supp #

supp u

s// A\vwf(\wnuawww—// putte 0] .
supp ! /€+Oé supp u

Concerning the first term in the right-hand side of the above inequality, by Young

(4.2)

inequality we have on supp :

o

AO\Vu|2 a— 11)/}_’_

LA e \VW}

AV FV Vel < FAvap] S el 4, v
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Integrating on supp # both members of the above inequality and inserting the resulting
inequality in (4.2) we obtain:

Q o— «
'2—‘ / Ay | Vul* £ Vu|)u 1w+// cultp <
supp % supp %

Vi | k k
) A o T ] o)
_2|a| \/suppu f(| w k+a suppupu |t¢|

(A) Suppose first that condition (7) of Assumption (H)-(d) is satisfied. In this case
there holds:

(4.3)

1 A | VY |? o A .l VO
LA Vu)u T < 0Tyl T <
Tal4, 0V v la] 4, ”

2
2p
p=1 i ( % )H | VY |
cu ’(/}JV_ 2|Oé| D’l/)Z,ufl

(where ¢, is the positive constant in condition (7)). Integrating again and inserting the
resulting inequality in (4.3) we obtain:

1
%/ Ay 1Vu £ T+ —// cuttey <
supp # supp #

\WJIZ“ // e
2|Oé /s/suppu 2H1 k+0( suppu |8¢|

The second integral in the right-hand side of (4.4) can be similarly estimated. In fact,
using again Young inequality we obtain:

k A v—1  ita p! kN L0
ﬁ A ch v+ v (k—‘—a)Eq/)”*l ’

IN

(4.4)

(4.5)

From (4.4)-(4.5) we obtain easily:

'0“/ A|Vu|f|Vu|"lw+—// culth <
supp # supp #

| vy [ “ | 0,9
2|a / b P! +5 v k+a E‘wt—
supp u# supp #

Then the conclusion follows in this case.

(B) Let condition (#7) of Assumption (H)-(4) be satisfied. In this case from inequal-
ity (4.2) we obtain:

la| ¢ // Ay | Vul ua71¢+// cult™p <
supp # supp #
< p—1 [e% /e+a
o[ arvert e ive gt [ g aw

(where ¢, and ¢, appear in condition (7). Using repeatedly the Young inequality we

(4.6)
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have on supp ¥:
QA | Vull™" w |V |<

| « | ralqg 1 ¢ 2 oy ae | VO |2
< Voull > ' + 2L gy 2t <
Ay | Vu | Tale 4, | Vu| ;
?
-1 2 AP »
Sl a1 vup ey y —2 A e [VOF
plale) A4 P
2
p—1 bty B e 1 G Ve
<lalc A | Vull u + B + _{ D ‘
| | 1 OI | w u ¢ I p(|a|€1)p71 d]lg#f}

By integrating and inserting the resulting inequality in (4.6) we obtain:

1
|Ck‘fl/ A0|vu|}7 ua—1w+_// Cuq"!‘awg
V4 supp u 2 supp #

2
1 & // plve™ . // o
- 1941
[P(| a | Cl P ' supp # Ww ! k ta supp u#

The second integral in the right-hand side of the above inequality can be dealt with as
in (A) above. Then the conclusion follows. |

Now we can prove Theorem 3.1.

Proor or Treorem 3.1. Let # be a global solution of class P2 to (1.1). We shall
prove the following claim:

For any A > 0 there exist K, > 0, K, > 0 (depending on A, g, p, k, «, f) such
that for any R> 0

Lel / Ay |Vl u* " dx dr + € // cul™dy dr <
P Bx.r v Bx.r

“7) sk i [ [appire, Rér ) de dr +
{1<¢x<2}

u>0

+ IQR’H'***' // {supE(Rf, RX7, u)} d¢ dr
{1<e,<2p Luz0
where &, is defined by (3.5) and B, , := suppu({(x,2) € S| | x |14 A< R
(A>0,R>0,n:=max{1/\, 1}).

From inequality (4.7) the conclusion easily follows. In fact, let Q C § be any
bounded subset; choose A > 0 such that conditions (3.3)-(3.4) are satisfied. Since the
family {B, .} is nondecreasmg in R and supp = Jp., B, j » there exists R > 0 such
that supp # (1 Q € B, ;. Moreover, due to assumptions (3.3)-(3.4), for any € > 0
there exists R, > 0 such that for any R> R;:

R"+%_P“// [supD(Rf, R%T,u)} dé dr <e,
{12652}

u>0

R'A™X // [supE(R{, R%T,u)} d€ dr <e.
{126, <2)

u>0
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Set R:=max{R, ,2R,}; from (4.7) we obtain:

1
m// AO\Vu|Pua71+f// cult™ <
4 supp #N Q 1224 supp #N Q
1
Sm// A0|Vu|1’u°‘_1+—// cuq+a<(K1+K2)e.
? Bz HYJ T, %

Due to the arbitrariness of Q and € the conclusion follows.
It remains to prove inequality (4.7). For this purpose, consider any smooth function
1, : [0, 00) = [0, 1] with the following properties:
(7)) Yy=11in [0, 1], ¥, =0 in [2, o), 9, nonincreasing;
(iz) there holds:

p O p LUO T
et Y3 () cena ¥y (©)
Define
2n An
+ ¢
g)\,R ::MT > ’(/JA,R(‘X" t) ::’(/}0(5)\’1?) ()\>0,R> O)
Since

SLIpplliA,R = {5,\,1? <2},

setting 1) = 1), , in inequality (4.1) we obtain:

e, o

By R
| o | ? u 1 1 +a
57 Ay | V| wARJ'_E cul ™y p <
supp #N {&x p<2} supp #N {&5 <2}
(4.8) .
. AN XN
— T -1 + 2 - -1 =
w}’# |
supp # 0 {1<€x p=<2} supp #N {1<€y p<2} A
‘7¢ PH v
// su;():D | XR‘ // su;O)E Vﬁf'
> >
f1éy k< e (16, x<2} Vg

It is easily seen that

| Vb & | = 20145 ()]

An—1

|95 5 = Ml (©)]
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Then from (4.8) we obtain:

M/ Ay | Vul zt(liri // cult™ <
P By R Hv By R

p" W’(I)(fx R [ @n-1)
ey LD o
9 Rz" (1<¢,, R<2} } b€y "

A // |7/’(/)(§A,R) | On—Dw
k, E| —2 % .
- (RZ") {1<€5 p<2} [Suig } Doy ) ’

Introducing the scaled variables
£:=x/R, 7=t/ R
there holds:
&=l EP+ T =€, 4 A>0,R>0).

Then inequality (4.9) reads:

1
M/ Ao\vuv’ua*w—// cul™ <
P By .k Hv By r

< ()™ b, sup | 1/’0(51) |pu u// {Sup D(RE, RiT, u)} d¢ dr +
gell,2] 77/1[7“ (5) {1<€x<2} S u>0
+ 20"k, WO@ " prei-% // [supE(Rg, Rir, u)] de dr .
5 (5) {1<er<2} Luz0
Then by a proper definition of K,K, the conclusion follows. O

Proving Theorems 3.2-3.4 amounts to show that the conditions of Theorem 3.1 are
satisfied.

Proor oF THeorem 3.2. In the present case k=1, p=c=1, a; = (5ij, fr) =0+
+ 7% Then Assumption (H) is satisfied; in particular, condition (7) in (H)-(d)
holds. It follows that D=E =1, p=2 and

. gq+ta
p=v= T —
Both conditions (3.3)-(3.4) are satisfied with A = 1 if
n+2— Z(q +0) <0.
q-1

Due to condition (1.3), the above inequality holds for ov = 0; hence the conclusion
follows. |

Proor oF Treorem 3.3. Setting £ :=1/m and v:= #'/*, inequality (3.8) reads

8Z(vk) > kAv + M,
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which is of the form (1.1) with p = ¢ =1, 4; = k5, ¢ = 1 and g replaced by #g.
Since condition (4) in (H)-(4) holds, we have p = 2. It is easily seen that D = k",
E=1 and
kgt kg ta
on = kq 1 > V= m .
Then conditions (3.3)- (3.4) are satisfied if
2 2kg+ )
Sy e

0

A
n_’_%_Z(/eq—i—a) <0

Ak(q—1) '
As in the proof of Theorem 3.4, we choose A such that the above inequalities reduce
to the same for & = 0. This gives
— kg —1
A=Ai=—"F—->0,
k(g —1)
since ¢ > m = 1/k by condition (3.7). Hence both inequalities above are satisfied at
a=0for \=Xif

2k(g—1) 2kg 2
nE kg —1 _/eq—liﬂ_q—m<0'
Then by condition (3.7) the conclusion follows. O

Proor oF THeorem 3.4. In the present case k=1, p=c=1, a; = 51’/) f(r) = 772,
Hence Assumption (/) is satisfied; in particular, condition (7)) in (H)-(4) holds. It is
easily seen that D= EF =1 and

_ q9ta _4q9ta
SRR
Then conditions (3.3)-(3.4) are satisfied if
2 plg+
TN T 1
2 2q+w
+ X — m <0.

As above, we determine A by requiring the left-hand sides of the above inequalities to
be equal for a = 0. This gives

~ 2q-p+1)

A=Ai=—"FF ——°->0.
rlg=1)
Hence both inequalities above are satisfied at & = 0 for A = X if
n-+ i P9 ’ <0.

I ET S R |

Then by condition (3.9) the conclusion follows. O



BLOW-UP OF NONNEGATIVE SOLUTIONS TO QUASILINEAR PARABOLIC INEQUALITIES 109

Work partially supported through TMR Programme NPE # FMRX-CT98-0201.

REFERENCES

(1] H. Fuyrra, On the Blowingup of Solutions of the Cauchy Problem for u, = Au + e, J. Fac. Sci. Univ.
Tokyo, 16A, 1966, 105-113.

[2] H. A. Leving, The Role of Critical Exponents in Blowup Theorems. SIAM Rev., 32, 1990, 262-288.

[3] E.Mrribieri - S. I. Ponozaey, The Absence of Global Positive Solutions to Quasilinear Elliptic Inequalities.
Dokl. Russ. Acad. Sci., 359, 1998, 456-460.

(4] S. 1. Ponozaev, The Essentially Nonlinear Capacities Induced by Differential Operators. Dokl. Russ.
Acad. Sci., 357, 1997, 592-594.

[5] A. A. Samarsku - V. A. Garakrionov - S. P. Kurbyumov - A. P. Mikuawov, Blow-up in Quasilinear
Parabolic Equations. GEM, 19, de Gruyter, Berlin 1995.

Pervenuta il 3 dicembre 1999,
in forma definitiva I'11 febbraio 2000.

S. I. Pohozaev:

Steklov Mathematical Institute

Russian Academy of Sciences

Gubkina, 8 - 117966 Moscow (Russia)
pohozaev@mi.ras.ru

A. Tesei:

Dipartimento di Matematica «G. Castelnuovo»
Universita degli Studi di Roma «La Sapienza»
Piazzale A. Moro, 5 - 00185 Roma
tesei@mat.uniromal.it



