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Fisica matematica. — Invariant line integrals in the theory of defective crystals. Nota di
Garern P. Parry € Mirostav SiLHavy, presentata (*) dal Socio G. Capriz.

AsstrACT. — In a continuum theory of crystals with defects, invariant line integrals measure the line
defects of the lattice structure. It is shown that the integrands of invariant line integrals can always be taken
to have the transformation properties of covariant vector-valued functions.

Key worps: Invariant; Integral; Defect.

Ruassunto. — Invarianti integrali di linea in una teoria dei cristalli difettivi. In una teoria che modellizza
i cristalli con difetti come mezzi continui, gli invarianti integrali di linea quantificano proprio i difetti di linea
nella struttura cristallina. Si mostra in questo lavoro che le integrande di tali invarianti integrali possono
sempre essere scelte in modo da avere la proprieta di transformazione di un vettore covariante.

1. InTRODUCTION

The Biirgers’ integrals B', B?, B® of the theory of defects are
(1) B":]{d”-dx, a=1,2,3,

where d', d?, d® are vector fields defined in a region ) C R’ and ¢ C Q is a cir-
cuit. These three integrals have the following invariance property: if u: Q — Qis a
C* diffeomorphism, and the fields are covariant in the sense that transformed fields

HI ) Hz ) HS are defined in € via
) d’ux) = [Vux)] "d‘®), a=1,2,3,

%Hﬂ'di:]{d“-dx, a=1,2,3,

A partial converse of this invariance property is proved in Davini [1]. The result
states that if P is a vector-valued function of d', d*, d® (written as P({d“})), such that
$.P({d“}) - dx is an invariant line integral in the sense that

j{ P((d'}) - dx = f P({d'}) - dx

c c

where X = u(x), then

where ¢ = u(c).

whenever (2) holds, with X = u(x),c=u(c), for all c c Q, then

P=cd +w,

(*) Nella seduta del 25 febbraio 2000.
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where ¢, , ¢,, ¢; and w are constants. It follows that

]{P({d”}) Cdx = cﬂfid” - dx,

so that all invariant line integrals of the specified form may be taken as constant linear
combinations of the Biirgers’ integrals. In particular notice that the integrand of any
invariant line integral of this type can always be taken to have the transformation
property (2) (specifically ¢,d* satisfies (2)).

Here we characterize invariant line integrals where the integrands have a general func-
tional form, and so provide a broad generalization of Davini’s result. Let 1=(1;,1,,1;)
be three linearly independent vector fields defined over  and let d = (d', d*, d”) be
dual to 1. Let A" consist of the vectors 1 together with all their spatial gradients up

to order 7;

A =q,v1,...,V'1},

and let N be defined analogously via the equivalent of relation (2) for the duals of
the fields d. Suppose now that P = P(A”) and consider invariant line integrals which,
by definition, have the property

3) %P(K“’) d% = fP(A(’)) - dx

for all ¢ € ©, whenever (2) holds. Note that the transformation properties of the quan-
tities V¥1, 0 < £ < 7, obtained from the analogue of (2) by successive differentiation,
generally involve nonlinear functions of the gradients V/u, 1 < p < £+ 1. The central
result of the paper is that if P satisfies (3), then there exists a covariant vector field

P=PAY), satisfying

— B A

P(A" (%) = [Vu®)] "P(A" (%)),
and a scalar valued function ¢ = ¢(A""Y), such that

P=P + Vo.
It follows that
f P(AY) . dx = % P(AY) . dx,

so that the integrand of an invariant line integral can always be taken to have the
transformation property (2).

The result does not imply that the functional dependence of P on A" is particularly
simple, for one can construct covariant vector fields which depend nonlinearly upon
V7’1, for arbitrary 1 < p < r. However, the result is sufficiently powerful to give an
explicit representation theorem for all invariant line integrals of this type. By combining
Proposition 3.3 with Theorem 6.1, it follows that any invariant line integrand may be
taken as

7{ T (EM)d - dx,

c
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where E” is a set of suitably symmetrized covariant derivatives of the quantities
(VAd*-d"/det{d"}), and 7, are arbitrary functions.

We believe that the result has an intrinsic interest, but the motivation for the
problem comes from a model of defective crystals [1-7, 11-15], where the state of the
crystal is specified by three independent lattice vectors 1 = (1,,1,,1;) defined over a
region () occupied by the crystal. Invariant integrals

(4) ]{ P(A"). / G(A") - ndSx / WA dV (x),

where P, G and / are vector- and scalar-valued functions of the lattice vectors and
their spatial gradients up to order », ¢ is a circuit, S C Q is a closed surface with outer
normal n and V is a region in 2, play an important role in the theory. These integrals
are said to be elastic invariants if they remain invariant under elastic changes of state,
to be defined in Section 2; for the line integrals, invariance under elastic changes of
state amounts precisely to condition (3) above. Cataloguing the invariant integrals is
necessary, in this theory, because of the interpretation of the integrals as measures of the
«defectiveness» of the crystal. The reader is referred to the above references for more
detailed motivation.

2. BASIC NOTIONS OF THE THEORY OF DEFECTIVE CRYSTALS

We start with a review of the basic notions of the theory of defective crystals [1-5].
Also some results of Parry and SilhaV}'f [15] are adapted.

2.1. Statesand transformation rules. A state of a defective crystal is ¥ = {11 L1, Q}

where Q € R? is an open simply connected region and 1, 2=1,2,3, are C* func-
tions on  with values in R® such that for each x € Q, 1 ,(x) are linearly indepen-
dent. We denote by d* the dual basis and write 1 = {1,,1,,1}, d = {d',d*, d’},
¥ = {1,Q}. With this notation, we write 1 = 1 or d = 1 where 1 is the identity
matrix to express the fact that 1, = e“ or d* = e where €“ is the canonical basis in
R’. Two states {1, Q} and {1, Q} are said to be elastically related if there exists a C*
diffeomorphism u: Q — Q such that

) 1,(u(x)) = Vu®)l,(x)

for each x € Q and 2 € {1, 2, 3}; hence

(©) d'(u(x) = [Vu@)] " d"(x).

The number of cells per unit volume 7 and the Burgers’ vectors b”, given by

) n=(d"xd) &, b =culd’,

transform according to the rules

(8) Bﬂ(u(x)) = [det Vu®)] ' Vu®)b*(x), 7)) = [det Vux)] ' n(x).
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Throughout, » denotes a nonnegative integer. For each state ¥ = {1, Q} and each
x € ) we denote

) AY(x) = AV (x) = {Ix), VIx), ..., VIx)}

the collection of gradients of the lattice vectors up to order 7. We denote by D the
set of all possible values of A”, which is the set of all » + 1 tuples {1V, ...,17}
respecting the symmetry of partial derivatives. Thus the components of 1) = V*1 are
J®

iy iyipy

respect to the corresponding components of x. The summation convention is used for

where the indices following the comma denote the partial differentiation with

repeated indices, including the indices enumerating the lattice vectors. We use the
multiindex notation to abbreviate collections of indices; thus a multiindex 7 of order r
is an ordered 7 tuple

(10) I=Giooonsi)s dyensi=1,2,3.

r

We denote by M” the set of all muldindices of order » If 7 is as in (10) and
ie{l,2,3} we write /Ui=(4,...,i,i,iUl=(i,4,...,i) and often ab-
breviate /U7 = i, iU [ = iI. The muldplicity m(7, I) of 7 in I is the number of
occurrences of 7 among 7, , ..., 7; if m(i, I) > 0 we define 7\ 7 to be the multindex
of order » — 1 obtained from 7 by deleting the last occurrence of 7 among 7, ..., 7.
The minimal multiplicity M(/) of 7 is the minimum of m(1, 1), m(2, 1), m(3, I).
The summation convention is extended for twice repeated multiindices; however, if the
formula contains the symbol (i, I) then no summation is executed over 7 and / unless

explicitly indicated; cf., e.g., (35) and (36).

2.2. Differential functions, elastic scalars and elastic vectors. A function f : DV — M
with values in any set is said to be a differential function of order r. (We borrow this
terminology from Olver [9]). A differential function f of order 7 is said to be a
homogeneous differential function of order r if it depends exclusively on V'd,

FAY) = F(v'a).

If £ is a differential function of order 7 and AU™" € D"V is a fixed element then the
freeze -, of f at AUV is a homogeneous differential function of order » given by

fiau-0)(AY) = fFATY, V')

for each A" of the form (9). Our considerations will often involve the analysis of the
highest order terms in the equations. To simplify the statements and notation in these
situations, we say that two differendal functions f, g are r-equivalent if both /" and ¢
are differential functions of order » with values in some vector space and there exists
a differential function 4 of order » — 1 such that f — ¢ = 4; we denote this fact by
writing

(11 2
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A real-valued differential function f of order r is said to be an elastic scalar invariant

(briefly, a scalar, or an invariant) of order r if for any two elastically related states
{1,9} and {1, Q} and any x € © we have

FA" ) = FAY )
where A" is given by
(12) A=Ay ={,v1,.... V'],

V denotes the differentiation with respect to y = u(x) € Q, and u is the deformation
mapping {1, 2} to {1, Q}. An R’-valued differential function Q of order 7 is said to

be an elastic contravariant vector of order r if

(13) QA" ) = Vux)QA” )

and an R’-valued differential function P of order 7 is said to be an elastic covariant
vector of order 7 if

(14) PA" ) = [Vu®)] "PA" (x)

where A? and A" are as above and (13), (14) hold for any two elastically related
states. An R’-valued differential function M of order 7 is said to be a weighted elastic
contravariant vector of order r if M/n is an elastic contravariant vector. All differential
funcions are assumed to be inifinitely differentiable with respect to the components of
AV This assumption is consistent: all the differential functions derived below from
given ones by various operations will be infinitely differentiable, too. If /" is any smooth
differential function with values in some finite-dimensional vector space we denote by

Vf the full gradient of f calculated by formally applying the chain rule, i.e.,

k
(15) Vf(A(r-H)) — Zawlf(A(r))VPHl» ACD ¢ D)
=0
which is a differential function of order » + 1. Similarly, if M is an R>-valued differential

function of order » then its full curl and full div are the differential functions of order

7+ 1 defined by

(curlM). = ¢

i z’j/e%,/e , divM =AM, ;

where M. , is the k-th component of the full gradient VA, of M;. (For conventional
reasons we use an unusual sign in the definition of curl). If £ is a scalar, M a weighted
elastic contravariant vector and P an elastic covariant vector then

\J2 is an elastic covariant vector,
divM/7  is a scalar, and

curl P is a weighted elastic contravariant vector.

2.3. Integral invariants. Consider the integrals (4) where P, G are R3-valued differ-
ential functions of order », 4 is a real-valued function of order », ¢ is a closed curve in
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2, § is a boundary of a Lipschitz region in Q and V' is a Lipschitz region in €. The
function P is said to be an elastic invariant line integrand if for each pair {1, Q} and
{1, Q} of elastically related states with the elastic change u we have

16) /P(A(’))» dx:/ PA") . dy
c ()]

where A" Z(r) are given by (9) and (12), respectively, and (16) holds for each closed

curve in €. The function G is said to be an elastic invariant surface integrand if
17) / GAY) . dx= | e@")- dy,
s ues)

for each boundary § of a Lipschitz region in s 4 is said to give an elastic invariant
volume integrand if

(18) / HAYY . dx = A" dy
Vv u(v)

for each open subset V' of €. In this situation, we also say that (4) are elastic invariant
integrals. The functions P and G are not uniquely determined by the values of the
integrals (4); ,. Namely, the passages P +— P*, G — G" where

(19) PP=P+VF, G =G+ curlW,

where F is any real-valued differential function and W = WA Y)Y is any R3-valued
differential function, leaves the values of (4), , unchanged. We say that P and P* (G
and G") are equivalent if (19), holds for some £ ((19), holds for some W).

Provosirion 2.4. The integrals (4), , 5 are elastic invariants if and only if

curl P is a weighted elastic contravariant vector ,
divG/n isa scalar, and

h/n is a scalar, respectively.

Proor. Apply the Stokes and Gauss theorems to convert the line and surface integrals
in (16) and (17) into the surface and volume integrals, then apply the change of variable
formulas for the surface and volume integrals to eliminate the images of the surfaces
and volumes under u and use the arbitrariness of the surfaces and volumes. O

3. PRELIMINARIES

3.1. It is convenient to divide the gradient of lattice vectors

d(r)a — vrda _ {dgr)a

D osedpyy 17

i =1,2,3),

into a symmetric part of the gradient of lattice vectors s and a skew part of the gradient of
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lattice vectors g where
(Ma __ g (ra L . -
s = {Jrl.lnl.r+1 Sh, ..., 4, =1,2,3},
(r)u — [ . .
={g" +4,...i,=1,2,3},
are defined by
(r)a (r)a o (Ma
(r)a _ d’ g diz’i1i3~-iy+1 + + di,_,_l iy i
(20) it r+ 1 )
(ra _ (r)a
gl1 g - Z]jle Jokiydpy

It is noted that ¢ is symmetric in i ,..., 2 and for r> 2, (4 s traceless in the
gzl i Yy 2 r
sense

@21 e =- We  =0.

G = G ==
Generally, we say that a system f = {f;, 7 € M"} is traceless (with respect to [) if
ﬁnmi3...i, = Jmiymig.iy = 77 :fr‘nizi},,z'r,lm =0
and that " is symmetric in the last indices if f is symmetric in the last 7—1 indices. Note
gV =b” = curld” and g”* = V'""'b" for r> 1.
Define s = d. We also use the notation

d” ={d"" a4 i, ..., i,y =1,2,3}, and similarly for s”, g™,

ey
We have
A= 1 (9 (M (Ma (M
(22) gy r+ 1{ 11125&13 dpy te 1113:g51214 g +..t 6111r+15g512 zr} +s 11 gy
(ra (r+Da 1 (r+1)a (r+1a (r+1)a
(23) 511 z+1 N Sil,“ir+li (r+1)(r+2){ tz]:gszz z+] + zzzsg:zlz_o, ,7+1 + . + 1z,+1:g:11 iy }

(r)a (r)a

and these two collections can
be chosen independently and arbitrarily subject to the above restrictions. However,
the roles of g

Moreover, V'd” can be reconstructed from g”’“ and s
and s"* are entirely different from the point of view of the elastic
invariance: It is shown in Parry and Silhavy [15, Remark 3.3] that at a given point, §
1 <a < r, can be made vanishing by an appropriate elastic change of state from the

(a)a

original one, while there is no way to annihilate the Burgers’ vector b* and its gradients
g(o‘)” by an elastic change of state. Moreover, there exists a fully invariant version of
the lattice components of g%, namely the components of the scalar invariants W

to be now introduced.

3.2. Buasic scalar invariants. Let ¥ = {1, Q} and x € {2 be given and for each » > 1
define inductively the objects Z”, ¥, W at x as follows. For »r =1, Z is a
collection

Z0W=qzW 4 b=1,2,3},
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and YV, W are similarly defined collections of Y%, W | respectively, where
(24) Z(l)ab — Y l)ab W(I)ab — ba . db/}’l
For each 7> 1 let further Z” be the collection

Z0={Z Labiq, ... 6 =1,2,3},

€]l

and Y7, W similarly defined collections of Y (17)”[ o wne respectively, where

Cr—1
(r)ab i . (r—1)ab
Go1 lfr—] ZﬁmfPZ ?
(r)ab _ : . . (r)ab
Y. = the symmetrization with respect to ¢, ..., ¢, of Z"7

and

1
‘V;(T)ﬂb R Y(r)aé (5571 Y(r)am 4ot 517 Y(r)am ).

1 ey r+1 mey...cp_ | [ R /7 PO )

The last is the traceless part of ¥ ir)“f : in the sense
oty

(25) WO = =W =0,

mey...co_ 1 CloCp_pmm
We also denote
EO=wW, ., w”) if r>1and E¥ =9

and write Eg)(x) to emphasize that this object is associated with the state ¥ and the
point x. It is also possible to interpret Z”, ..., E” as differential functions of order
7 and if necessary, we write

w — wo (A(r)) , EN — g (A('))

to emphasize that W, E¥ are the values associated with A", Let W' be the space of

all collections W = {W(r)“b sa,b,¢,...,¢_,=1,2,3}, symmetric with respect

ClenCp]

to ¢ ...c,_, and traceless in the sense (25), and let EY be the space of all EY | which

;
is
EN =W 5 W@ o W,

(r) (r

Each component of Z ) and W is a scalar and, in the notation (11),

ge ¥ AW L edte . 0d,
(26)

R SOl NPPS T
where

(r)a (ra
g [lfl T ’lfr—l] = Ly 115111"" ,Zr—lir—l,

see Parry and éilhav;’r [15, Remark 3.5 and Lemma 3.6]. Furthermore, W® , 1<a<r,
and s, 0 < o < r, can be chosen independently and they determine uniquely all the
gradients V*d* for all 0 < o < 7. For each £ € £ there exists a unique A” € D

such that the objects d, s'

27) d=1, s“=0, a=1,...,7, and £V = EV.

,a=1,...,7, and E” corresponding to A" satisfy
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If D”(E") denotes this unique A", then the components of D (E"”) are polynomials
in the components of Eo(r) [15, Remark 3.7].

Prorosrtion 3.3.
(@) Differential functions f, P, Q are an elastic scalar, elastic covariant vector, and elastic
contravariant vector, respectively, if and only if

(28) fA) =FED), PAY)=7,(ENA", QAY) =w, (EM)],,

respectively, where [, T, and w , are suitable functions ;

(b) if f is a polynomial in the components of AV then f is a polynomial in the components
of E “, if [ depends affinely (quadratically) on V'd with the coefficients depending on
A"V then f depends affinely (quadratically) on W with the coefficients depending on
E"V. The same appliesto P, Q.

Proor. Everything except the statements about the affine (quadratic) dependencies
is a restatement of Parry and Silhavy [15, Theorems 4.1 and 4.2]. Let us prove the
assertion on the affine dependence. Thus let /" be of the form

(29) FAY) = GAYD V] + HAY),

Here and in the sequel we write a(A""Y)[B] to indicate that the expression depends

linearly on 3 with the coefficients depending on A“~" where § is any quantity. By

(20) and (22) there is a linear correspondence between V'd and the pairs s, g").

By (26), for each fixed A" there is a linear correspondence between W and g".
Thus for each fixed A"~" there is a linear correspondence between V’d and the pairs
", W), Hence by (29),

A =Gg(A" )] + G (AW + HAY),
On the other hand, by the representation theorem (28), we have
(30) Gg(A" N + G (AW + HAYY) = FEY).

Using that s and W) may be chosen independently we see that the first term on
the left-hand side of (30) must vanish identically and

G (AW + HA) = F(EY).

Hence j_[(E ™) is affine in W. The assertion about the quadratic dependence is proved
similarly. ]
Remark 3.4. For each r > 1 there exists a function F ) such that
(31) 1 - VW[(’)M — W[(Li-l)pq + F,(;)M(E(V));
moreover, F") is a polynomial in the components of E O that for r>2 depends affinely on W,
For example, for » =1 we have

(32) 1, VW = W Lste, ety
(see [15]).
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Prook. Prove first that for each » > 1 we have
(33) W(r)pq Z(r)/?q 4 h(r)pq(E(r 1))

where lﬂy)/’ ? is a polynomial in E =1 that for » > 3 depends affinely on WU, We
use that by Parry and éilhaV}'r [15, Lemma 3.6, eq. (31)],

(34) W(r)ab _ Z(r)aé + Iu(r Yab (A(r—l)).

eCr—1 LeeCr—1 r—1
where 1" is a polynomial in the components of A"~V that for » > 3 depends affinely

on V"~'d. Observe that since W/Impq and Z](r)‘pq are elastic scalars, so also is M(IV)M. By
the representation theorem (28)

M([V)Pq(A(V*I)) _ /JY)M(E(PD)

and the last is a polynomial in E“~" that for » > 3 depends affinely on W"~"
since 4" is a polynomial in A""" that for » > 3 depends affinely on V'~'d and
the polynomiality and affine dependence are preserved by Proposition 3.3. Let us now
prove (31). For » = 1 this is (32). Assume that the assertion is true for all orders

< r — 1. Differentiating (33) in the direction 1, we obtain
L VW = 7 Mo wY)

and eliminating Zr+ e by (33) for r=r+1

1Ua

1, VW = w0 OMEDY 11 v w L, D),

w A TUPED)Y s a polynomial in £ that for » > 2 depends affinely on W as

Tua
part of the assertion (33). Furthermore, expanding

T:=1.vhrwh, ., wr)
we obtain a polynomial in the variables
w, o, wrY and L -vw? 1 v w Y
which is affine in the last set of variables. By the induction hypothesis,
L-vw® =GcYED), .., L.vwi = GUEY)

where GV, ..., G"V denote the whole right-hand side of (31) for r=1,...,7—1,
respectively. From that we see in particular that G"~V(E") depends on W affinely
while GV, ..., G""? are independent of W, Hence also 7 is a polynomial in E"”
that depends on W affinely. O

4. AUXILIARY RESULTS

This section is devoted to deriving some results whose proofs would inappropriately
break the considerations in the subsequent sections, or which are used more than once
in different situations. Thus the reader may skip this section at a first reading, leaving
it for reference as needed.
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After introducing some notation, the first part of the section provides remarks on the
algebra of systems with unequal number of indices. The notion of multiplicity is central
here. Then, using these remarks, some simple assertions are proved for homogeneous
R’-valued differential functions with vanishing curl-type expressions. The basic moral
here is that such homogeneous functions have a potential which is again a homogeneous
function. Hence the spatial potential, whose existence is immediate from the elementary
vector analysis, is again given by a constitutive equation (in the jargon of continuum
mechanics), and it is exactly this fact that is crucial for our considerations. Assertions of
this type might also be derived by specializing, to this situation, the homotopy formula
for differential forms with coefficients which are differential functions, as treated by
Olver [8, 9, Chapter 5].

We denote by C” the set of all collections C ={C,: 7€ M’}, by S the subset of
C’ consisting of all collections C' symmetric in the indices of 7, i.e.,

Con=6

™

for each permutation 7(/) of 7, by C| the subset of C" consisting of all C' which are
symmetric in the last » — 1 indices and by CCI'L the subset of C|r_ whose elements are

traceless.
Remark 4.1.
(a) Ler C € S™ and define the collection Cec™! by
~ m(i, L)
(35) Cyp= 1 o
Then C € Clr_le and
~ 1 .
(36) CoiSiii=Cusp = P Z m(i, [)Cy ;s;
LM
Jfor each s € S
(b) Let S ¢ CC‘I and define §° € c! by
o m(a, ]) ,
Sy=Sy— 55 D a=1.2.3, JeM,

where T € 8" is the trace defined by T, = S

i K € M1 Then §° € ' and
S} F, = S, F, for each F € Cfﬁi

If m(i, L) = 0 then L\ 7/ and hence CL\;‘ in (36) are undefined; however, we
consistently interpret the product m(i, L)Cj,; as 0 throughout the paper. Recall also
the convention that no summation is executed over i and L in (35) since the formula
contains m(7, L).

Prook. (2): We write

s, .. =C. .0. s ..
Bl Ay iyl Ity il gy il
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in view of the symmetry of s we can symmetrize the coefficient in front of s, i1
i,

which gives the symmetrized coefficient

~ 1
C, .. = {C. 6, +C 8,4+ C L6, }
18 lplp g r 1 Ly 1ty dp 1] Loy 10730 1) 0ty Gl

Let L= (4,...,4,i.,,). Then the first term in the curly brackets is nonzero only if

i =i and then (i ,4,...7) is a permutation of L\ 7 In view of the symmetry of
C we have
hgpyiyerdy CL\i'

Similarly for the terms that follow. Since there are exactly m(7, L) indices in L which
are equal to 7, we obtain (36). (4): Clearly, S° has the desired symmetry. Let us check
that S° is traceless. We have

3
o __ 1 _ TK _
Sk =S~ r_’_Z;(m(a,K)—i— DT =T = —50r=143)=0
where we have used
3
Zm(a,]{):rfl.
a=1

The equality S} F, = S, F, follows from F € Cfﬁl O
Remark 4.2.
Let r>1and Ce CH,

(@) If Ce C'I_Jrl and

(37) Cz'lsluj = Cj]‘]ui’ i,j=1,2,3,
for each s € S then there existsa D € "™ such that
m(z,
(38) Cr = ¥D1\13
in other words,
(39) C”tf - Djl--'jr—lt}l"'jr—li

foreach t€S’.
(6) If r>2,4f C issymmetric in the last r — 1 indices and (37) holds for each s € CVL+1

then there existsa D € C’I:1 such that

m(i, I)
(40) Cor = =7 Dirs

r—1
and (39) holds for each t € C| .
Proor. (@): By Remark 4.1(a), (37) may be rewritten as

Z m(j, I)Cz'u(f\j)jf = Z mii, [)CjU(f\i)Sf‘

feM™*! feM™!
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The arbitrariness of s implies

(41) m(j, [)Cu(lv) = m(i, [)Cu(l\»
Setting I = U, where 7 € M", gives
(42) (m(G, D) + 1) C,p = (m(i, ) + 6,) C -
Define

Dy = ﬁrzcﬂuj’ JeM,

and sum (42) over j =1,2,3 to obtain

Y

r+2
(43) (r+3)C,; = Z OO\ 1) + Gy = T m(i, [)Dl\z + Gy
j=1
where we have used
3
Z m(j, I) = r.
Jj=1

123

Equation (43) gives (38). Remark 4.1(a) shows that (39) is a consequence. (4): The

analogue of equation (37) may be written as

(44) Ci/eMSIeuMuj = C}IeljleuMui
and by Remark 4.1(2) we have
m(j, M)
Cz‘kMS/euMuj = Z V-1 Qk(MV)SkM;
MeM’
hence (44) reads

m(j, M) Cﬂe(/@\/) Spir = mli, M) Cj/ed/m) Semt

and the arbitrariness of s gives

m(j, M)CMM\/) = m(i, M)C/e(zvm)

Thus for each £ fixed, we have an equation of the same structure as (41). This in

particular gives that for each £ there exists a collection D, such that (40) holds. The

rest of the proof is identical. O

Remark 4.3.
(@) Let M € Cr+1 If for some i, € {1,2, 3} we have

(45) =0

ity onip &y .y Vo
forall g € CY then
(46) M ;=0

i)l
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(6) Let C={C;,;, I €M, ] €M} beasystem that is symmetric in the indices of I, traceless
in | and symmetric in the last s — 1 indices of ]. If
C];ﬁ]uigjuj = (, J1ui&ui
foreach i,j, each s € S and each g < CH'L then

(47) G, ;=0
identically.

Proor. (a): Using Remark 4.1(a) to the last » indices of M one gets
S.g
_ Vi
Mil...i,giil,..z’,uio T F1
where
Sy = mliy, DMy i,)5

S] is symmetric in the indices of /. Then (45) reads

1,

(48) Sl]giuj =0.

Next, since g is traceless, we take the traceless part of § y by using Remark 4.1(4). The
trace of S is

m(i,, iU L)M

LT iU((UD\is) —

M-

Il
—

|
NE

(m(i,, L)+ 6, )M,

ot U((ZUL)\IO)
1

Il
Mw

m(iy s DM i) + M soonnio = Mo
1

z

Thus the traceless part S of §; is given by

o , m(i, ])
(49) Sy =mlis, DMyugiy = =73 Miugno-

By Remark 4.1(4), l]glu ;= Sf}gl.u J and hence by (48),
78y =0
for all g € C’+2 Since S° € Cr T this implies §° =0, ie., (see (49))

. m(i, J)
m(lo ’])MUU\Z'O) - 7 + 3 ioU(J\7)

Writing K = ]\ 7, then

=0.

mli, K) + 6,

r+ 3 o uikuiony = O

(m(i, , K) + DM, ;o —
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For i = i, this provides M, ; = 0 for arbitrary X" which in turn implies that the second
term vanishes, giving (46) generally. (4): By Remark 4.1(2) this may be rewritten as

Z m(i, [~) Cf\i;]"fg]uj = Z m(j, [)Ci\]';/-‘fg]ui

7 7
which implies

m(i, ) Ci\i;/g]uj =m(j, I) Ci\/;jgjui

and hence

(50) (ni, 1)+ 1 Cp g = (s D) + 6, oG

If the minimal muldiplicity of 7 is O then m(j, I) = 0 for some j and (50) gives
1) Cr 8o =0

for all g and this particular j. Item (2) then gives that (47) holds for such 7 If the
minimal multiplicity of / is 1 then (/U )\ j has the minimal multiplicity 0 for some
7,7 and (50) gives that (51) holds for this particular . Item (a)then gives (47). Thus
the assertion is proved for all / with minimal multiplicity 1 and proceeding inductively
one obtains (47) generally. O

The following three lemmas deal essentially with homogeneous differential functions,
i.e., with differential functions depending only on the highest-order derivatives of the
lattice vectors (see Subsection 2.2). In Section 5, they will be applied, without further
notice, to the freezes of differential functions (Subsection 2.2), Ze., to the differential
functions obtained by freezing all lower-order derivatives and considering the dependence
on the highest-order derivatives. Thus, e.g., what appears as a constant in this section
will be typically a function of the lower order derivatives of the lattice vectors in
Section 5.

Lemma 4.4.
(@) Let P =P(s") be an R*-valued homogeneous function of order r that depends only on
()
s If

(52) € 8P] X(H—l)a -0
ik A a Sluk T
7 Os;

for each stDe c 942 s —1,2,3, then Pis of the form
P, = 0?553? + B;

1

where o7, B, are constants, with of symmetric in the indices of 1.

(b) Let P =P(d") be an R*-valued homogeneous function of order r. If

(53) curlP =0
identically then P is of the form

(54) P, =07d) + B,

Tui
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where 07, B, are constants, with 07 symmetric in the last indices of I.
(¢c) Let P = P(g(r)) be an R®-valued homogeneous function of order r that depends only on

g(r)‘ ]f
or

(55) €, J_ rtDa _ 0
ijk ag](\;‘)ﬂ ENuk

for each gV e Cfl'—H ,a=1,2,3, then P is of the form
P=const 4 r=1
and

(56) Pz‘:’Y;/gz(\;)udi"'ﬁi if r=2

where vy , B, are constants, with ~yy, symmetric in the last r—1 indices of N and moreover
traceless if r > 3.

Proor. (4): To simplify the notation, write S} = 55’)”; furthermore, let us fix 2 which

therefore appears as a ‘parameter.” The condition (52) reads

6]);‘ S(V—H)ﬂ _ aP] 5(’+.1)ﬂ
65; 1uj 85;1 1ui
and thus by Remark 4.2(#) the partial derivative is of the form
or, m(i’[)a‘l
asy oy IV

from which

5‘2Pi ~ omli, D) aa?\i

S;0S; rooas)
The symmetry of the second partial derivatives then provide
oo, . o’ .
mii, 1) =5 = mli, ) 5 -
asj / aS;

For / = K U this gives

R

57 = — T
(57) 85}5 m(i, K) + 1 08,

Let j # 7 be arbitrary and write (57) with the choices 7 = j, K = J\ i,/ = KU},
a= b, b= a to obtain

do.; _ o, K) 00,
OSg;  mG.))+1 08,
Equations (57) and (58) give

(59) doy _ m(i, [ymij, K) 9o kui
o5 (mli, K) +D)0n(. )) + 1) 9S,,

(58)

(no summation on 7).
\i)Uj
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If the minimal multiplicity M(K) of K satisfies M(K) = 0 then M(j, K) = 0 for
some j € {1,2,3} and the above equation gives
(60) Wi _

851

for each 4,6,/ If M(K) =1 then M(K Ui\ ) = 0 for some 7 # j and (60)
proved for all K with M(K) = 0 combined with (59) gives that (60) holds for all X
with M(K) = 1. The induction gives that (60) holds generally. Thus ¢ are constants
and the integration gives (54). (b): To simplify the notation, write D}, = dlg)“. The
condition (53) reads

api (r+Da __ aPJ d(fﬂ)ﬂ
a 194811 - a kUi
oDy, v oDy, "

and thus by Remark 4.2(4) the partial derivative is of the form
api m(l > ] ) a

“ _ J\i
8D]] r—1 4

from which
P, mi,]) 9
oDyODy. 7= 1 0Dy

The symmetry of the second partial derivatives leads, in the same way as in the proof
of (a), to the following identity:

61) Wy _  we, Omn, ) Wjgun
oDk (m(i, )+ Dmln, &)+ 1) 9D 00

which must hold for arbitrary j, £, /, K, 7, n, i # n. Fixing j, k € {1,2, 3}, we sce
that (61) has the same structure as (59) and thus (61) implies that 89;} / aDZK =0. The

rest of the proof is identical. (c): Let P be as in (¢) and define P =Pd"”) to be a

homogeneous differential function given by
Pd"”) = P(g").

The application of (4) gives that

6 P& = 0340+ 5,
with 07, 3, constants. Since P, depends on d” only through g, one sees that
(63) e =0

for each s completely symmetric. For » = 1 this gives immediately that 67 vanish,
leading to the assertion of (¢) in the case » = 1. If » > 2, (63) shows that the complete
symmetrization of 67 with respect to the indices of / vanishes and this knowledge
enables one to rewrite (62) in the form (56); the details are left to the reader. O
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Lemma 4.5.
(@) Let E = {E/”,f ta,b=1,2,3,], K € M"} be asystem symmetric under the permutations
of the indices in | and under the permutations of the indices in K. If

ab a b
Ei//eEijjujSKu/e =0
Jor all systems s = {s] :a=1,2,3, L e M"} symmetric in the indices of L then
ab ba
B = B,
(b) Let F = {F/‘;([’ ca,b=1,2,3,],K € MY be a system symmetric under the

permutations of the last r indices in | and under the permutations of the last r indices in
Kif

ab a b -
(64) Ezj‘kF}KE]ujeKuk =0

forall systems e = {ef :a=1,2,3, L € M} symmerric in the last r indices of L then
ab ba
Fix = Fg-

d(7+1)

In the applications, e will be the gradient of order r + 1 of the lattice vectors.

Proor. (a): Set
W = E% _ E% and B,[s, t] = ¢, E%s" .+~
1.k = L — Ly and BIS, UV = €, LSy il

for all systems s, t = {#/ :a=1,2,3, L€ M} symmetric in the indices of L. The
hypothesis says B,[s,s] = 0 and the polarization identity

B/ s+t,s+t]=B,[s,s] +B,[t,t] + B.[s,t] + B,[t, s]
implies that B, is skew: B [s, t] + B,[t,s] = 0. This reads
GijkE;zllés}lujt[b(uk + Gg‘kbﬁ?”;uﬁéu/e =0
which can be rewritten as (changing the names of the muldindices)
Vy]ﬂ;b](s]ﬂujtlb(u/e = V@fﬁ(‘}zu/eff(uf

By Remark 4.1(a) this means

i Tl VWS s = 32 e ot ROV s

J.K J.K

and from this

(65) (i, Dmlk, YW, o = mk, [ym(G, YWY, o
For ] =JUj, K=KUkand k# j, this gives
(66) Wﬂb _ m(k’ ])Wl(j, K) ab

K (m(7, J) + D(m(k, K) + 1) JUPNE; (KURNG*
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This equation has the same structure as (59). Thus if the minimal multiplicity M (/)
of / is 0, then choosing k such that m(£, /) =0, (66) gives

&) W —o

for all /, a, b. Proceeding inductively as in the proof of Lemma 4.4 we finally obtain
that (67) holds generally. (4): We introduce W, B as before, and the polarization gives
that B, is skew: B [e,f] + B,[f,e] = 0 for e, f collections having the symmetry as
stated for e in (4). Let us write / = aUJ, K = BUK and let us choose e, f in the
special form

a . a a a . a ,a M
ey =057 fouxk = N5t (no summation on ).

Then (64) gives
ab a b a b . ab a b a b
Z Wau];,@ufganﬁsjuj O Z Wau];ﬁufganﬁsjule > t?uj'
a,b,], K a,b,], K

Thus for fixed £, n the last identity has the same form as (65), and starting from this
point the proof becomes identical to that of (). o

Lemma 4.6. Let nf = n}’(d(rfl)) be a system of homogeneous differential functions of order
r—1with ] € M" and with n}z symmetric in the last r — 1 indices of J. If

ony

] (r—1)a (r—1b __ o

(68) €t pEyer 507 “Seor. =0 for r=1
K

onf
] (r—1)a Jr—1)b _
(69) el'jk S aI]U] ﬂd](uk =0 ]FOV r> 2
Ody;
foreach sV € S8, a=1,2,3,0r d"V" € Cl.a=1,2,3, then there exists a
homogeneous R-valued function f = f @YY such that
‘ of

77] = 8dj(r—l)a :

Proor. The system E]”]ﬁ = 8777/8&’1((771» is symmetric by Lemma 4.5. m

5. THE REDUCTION OF ORDER

Throughout the section we assume that P is an elastic invariant line integrand of
order 7 > 1. The main result (Proposition 5.7, below) says that it is possible to subtract
from P a covariant vector Q of order r such that P — Q is equivalent to an elastic
invariant line integrand of order » — 1.

From the definition, curl P is a weighted contravariant vector; moreover, it depends
affinely on V’*'d. By Proposition 3.3 there exist functions Wiyar Woyar @=1,2,3,
such that

(70) curl P = 1, {u) (E)W ) 4w (B }
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where w(l)ﬂ(E(y))[-] is a linear form. We may also write the right-hand side of (70) in
the form (see the proof of Proposition 3.3)
71) curl P = G(E;d)[g"] + H(AY).

The first lemma shows that P, can be written as a sum of the term 0}1557;1)”, whose

curl depends only on A”, and a term A, that depends on the highest gradient d"”’
only through g”.

Lemma 5.1. We have
(72) P=oisy V" + 4,

z

where O'Zmiy is completely symmetric in i, , ... , i and

(73) of L, =on AT, A=Al "),

idy iy
As o is symmetric, we can also write
P=oid V" + A,
Proor. From (71) we find
oP, or

(r+1) RGY Jj (Ma | £D () (r+1)
(curlP), "="€, + s = G(E7;d)[g""]
iik 6&(\;)4 8N,k &Y)ﬂ Ik

where we use the notation (11). As the derivatives of order » + 1 are contained linearly,

OP. OP.
J_ (Na J Na _ (). (r+1)
(74) eij,e{ ag](\;)’l et asy” Sp } = G(EV;d)[g"""].

Taking d+he completely symmetric reduces the last equation to (52) of Lemma 4.4(a)
and that lemma gives

P, =os))t + B, where of = of(A" ", g7), B, =BA"V,g"),

1

and o7 symmetric in the indices of 7 Then

a 86
(1) ) 907 (D (i1 J (Db
(curl P), "= ik {Uifmfk + PGL Slu;gNuk + PAGL Evuk (-
&N &N

Next we eliminate s%j , via (23) to obtain

(curl P) vEh e

Jdo? 0B,
a (r+1)a a (r+1)a I (na _(r+1)b 7 (r+1)b
i ik {Ulslujuk +07Cu&r S1u;& + &

(r)b "IUjSNUk (r)b SNUE
gy gy

where the constant matrix elements C,, are determined by the form of (23). A com-
parison with (71) provides

80’ﬂ b
75) it rlg Sz(rgt‘zgz(\;)/e =0
7 agl(v ) ]
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(r+1) ()

since in (71) the coefficient in front of g is independent of s, in particular. By

Remark 4.3(4), equation (75) provides dof /gy 6 — 0; hence we have (73),. Finally,

(ra (r 1)a

we use (23) to eliminate s;)7 in terms of s and g(r) to obtain

ie (-
g T B =0 A

where

LI ”
A /8 + r+1 11 gy nlsg;‘zZ Jdp” o

Next we show that by subtracting an appropriate term from A in (72) one obtains
a term A that is a covariant vector. That covariant vector A has a curl that differs from
curl of A only by a lower order term by Lemma 5.3. Moreover, by Lemma 5.3, the
difference B := P — A is linear in d” and the dependence on d"” is such that curl B
depends only on A", Let us now turn to the details of this step of the proof.

We write

A=7d", 7,=71,A0", g")

and since by (26) there is one-to-one correspondence between g” and W' at fixed
A"V we may also write

(AT g”) = F (AT W),
Let furthermore A be a differential function defined by
AAY) =T (EY, w)a
where
(76) Tﬂ(E(r—l) , W(V)) _ Fﬂ(D(rfl)(E(r—l)) , W(f))

with D""V(E""Y) defined after (27). Then A is a covariant vector, implying that
curl A is a weighted contravariant vector.

Lemma 5.2. We have

| OB W) i

(r4+1) (r+1) ~« D)
(77) curl P '="curl A"="curl A"="ne , 1 oW MUb
M

>

and

o7 (ATD W) W+e

(78) €abe aWA(/[y)Pq Mub

— w(l)[(E(Fl)(A(V—I)) , W(V))[w(ﬂ—l)]_

Proor. One finds that
871

(r+1) a yy7(npq
A). = €. 4 ‘
79) (curl A), €t 8WA(;)M d] Wi
and
a (r)pq_ a 7b (r)pq(r+1) b (r+1)pq(r+1) (r+1)pq
(80) 6;///[ ijd a1, - VW, @ xa”),w,, " ="ne, LW, ,
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where we have used Remark 3.4. Combining (79) with (80) gives one equality in (77).

Since the curl of the term 0}’;}?1)“ in (72) depends only on A",
, r or .
(81) curl P2 curl A "2 e 1 T (r+1pg

abc™c 8WA(;)M Mub

Comparing with (70),

or (4 1)pg (

pg 1) () (r+1)

wele = WP il o (EO) (WD)
oW

ne

and since W'* is contained linearly, this gives (78). Finally, one finds that

= (r=1) ¢ (r—1) (r)
— (1) or, (D" V(ET), W) i ypg 0D N [ 1t 1) D)
curl A"="ne 1 —* AL W0 =" mw g (E7) W] =" curl A
M

by (78) and (81). O
Lemma 5.3. If
82) B—P-A
then
53) B—oif 4 G if =1
and
(84) B=ofs g+ G i 22
with o as in Lemma 5.1 and
(85) 7 =@, G =G,
Moreover, cutl B is a weighted contravariant vector.

Proor. From (77) one finds that if

(86) M:=A—-A,
then
(87) curl M = F(AY),

By the definition, M = M(A(r)); it is also easy to see that M actually depends on V'd

only through g,

(88) M = M(A"D gy,

Using (87) and (88), one finds that for each fixed A"V the function g<’) »—>M(A(”12g('))
satisfies the hypothesis of Lemma 4.4(c) and hence

(89) M=C if r=1
with C, as in (85) and
(90) M, =~; g](j;”ﬂ +C if r>2

7
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with 'y;, C; as in (85). Thus collecting (72), (82), (86), and (90), we obtain (84).

Moreover, we have

curl B = curl P — curl A

and the last two terms are weighted contravariant vectors. O

The next lemma uses the fact that curl B depends only on A” to show that by
subtracting and appropriate full gradient from B one obtains an expression that depends

on A” only through g”.

Lemma 5.4. If B is as in Lemma 5.3 then

1) B=VF+N, i r=1

and

©2) B =V, F+ mﬁxfg/(v;,_il)ﬂ + N, i r>2
where

F=FA"Y),  wmh =l (A" ,¢" D), N =N@A"D).
Prook. If we introduce 07 via

r—1 r =1
Ordy; = ot ngny;  where 07 =607(AY)

1Ui

and where the term containing 7 is omitted if » =1 then

80ﬂ (r—1)a (r l)b
ad(r )b d[] d ad(r 1)4

93)  (curlB), =¢, { Ay “ﬂ} + o, (AY),

From this expression we learn that curl B is independent of V'*'d and that it depends
on V'd at most quadratically. Since curl B is a weighted contravariant vector of order
7 we find, combining Proposition 3.3 with the quadratic form established above, that

2)a

curl B = l, {u (B )W, W) 4 ) (B W) + g (B |

where the forms Wy Lo -] and W ,L-1 are quadratic and linear, respectively. This in
turn may be rewritten as (see (26))

curl B=HE"Y, d)[g”, g”] + K(E" Y, d)[g”] + L(E"Y, d).

Comparing with (93), we are led to

007
(94) l],e 86[(’ Py d[(’j 1)ad<r Db _ [_[i(E(r—l)’d)[g(r))g(r)])
a¢; (r—1) (r—1) (r) (r—1) (r—1)
g = B A oA = @)

If =1 then taking Vd* symmetric in (94) gives

804 (r 1a (r N6 _ =0
€k 8d(7 06 *Li .k



134 G.P. PARRY - M. SILHAVY

and Lemma 4.6 leads to the conclusion (91). Let now r > 2. Differentiating (94) with
(r—1)c

respect to s ° gives
007
I d(rfl)ﬂa’ll(’rkfl)b —=0.

95) € W 1,

Fixing ¢, K and denoting
. 007
ny = 85%,1)[
we see that (95) may be rewritten as (69) and by Lemma 4.6 then for each ¢, K there
exists a function fy :]}f(A<r_l)) such that

6" of:
(96) a (rfll)c = 8d(71§1)ﬂ :
Sk i

From now on until the end of the proof we use the notation S = 7", G% = gy~

Equation (96) reads
doy _ Ofc  On _ Of

67 XTI A T

From that
PFot S Py PSS
dscast  astast T 8s.ast,  9GLasy,

and the symmetry of the second partial derivatives of o7, 7}, with respect to S, SZ@
gives
c d c d
Ofi _ & Iy _ I
asfosy, 9508y~ oGLosy,  9GyOSk

ie.,

a(@f; %1)0 9 (aﬁé afAZ)O,

os; \ ast, 98 oGy \ asy 08y
The integration provides
8](1‘([ afﬂj _ gy
o9 osi, ~ os
where
L, = LG, (A"™) and L, = — L.

The integration of (98) implies that there exists a function f = f (AY"YY such that

a 6]F 1 yab cb
ﬁ - 8—57 +EL[/S]
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and (97) give
O (w OFN_ w0 (. O\
g (a5 ) =4 5 (b agg) 0

a 6f — 1 yab cb a af —a
0'12875}14‘0'[*511[]5], ’YNZGGX] +'YN

from which

where
—w — 2 “)y = — ) —1
7 = AT ) T =T A g0 )
are the initial conditions. Thus

0 _ _ _
= O TS TGy LSS,
7

and (94) reads

8_7 a b 877V a a 1 yaboa b (r—1) (r) (r)
Eij/e{ 86]@ S],jGN,/e + m GN,/eGM,/e — ELU SI,jS],k - [—IZ(E > d)[g > 8 ]

We eliminate Vs”V via (23) and learn from the structure of the resulting equation
that
9G] (a i

_ ab (ra (b __
ye S1uj Gy,=0, el‘jkl’lj S10j5 10k = 0.
N

99)

Combining (99), with Lemma 4.5(2) we learn that the skew part of L;’]b vanishes, and

as this object itself is skew, we have finally ijb = 0. Combining (99), with Remark

4.3(b) we learn 35‘;/36’1@ =0, ie, o) = E‘;(A(Fz)) and if we define F by
F=f+aiA"2)s;

then

”—8_}7 ”—8_F+_ﬂ
71T st W pgn TV

Equation (84) takes the form

OF (r—1)a a a —a a OF (r—=2)
B, = ad](r—l)ﬂ ' Gy C =V F+ TGy + G — PG AT
This gives (92) with
PR N
My = Vo Nz‘:CifaA(,_z)A,i :

Let us assume, till the statement of Proposition 5.7, that » > 2. If we define V by

V= myan !+ N,
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then
(100) B=V+VF

and

curl V.= curl B
and by the proof of Lemma 5.4 we have
(101)  curl V= {a (B W, WO g (B W] + g (B},
By (26) we may also write
V,=dUyf W/&EZ +N,

where

Ul = Ufj( A2, w), N, =N,A"7).
Define U, U by

U= U, U=

where

U =T EY) = Ul DB, wir).

Then U is a covariant vector of order 7.
The following lemma shows that H := V — U has a curl of a special form and

Lemma 5.6 shows that such differential functions themselves are of a special form.
Lemma 5.5. If

(102) H:=V-TU

then cutlH is a weighted contravariant vector of order r that depends on V'd affinely.

Proor. Recall that » > 2. In the following calculation we use Remark 3.4 twice,
once in the form

lb . VWI\(/;EZ _ W(r+1)pq +f(r)Pq (E(r—l))[W(r)] + g[(vrl)pq E(r_l))

Muaub Muaub Ualb
where

(r)pq E(r—l))[w(r)] + g[(\;)pq E(r—l))

Muaub UalUb

stands for the function F;;Egub(E(r)) occurring in (31) and where the fact that

F;/;)SZU b(E“)) is affine in W has been used. The second time we use Remark 3.4

in the form
(r=Dmn __ () (r) (r—1)
1, - VW= = Wyl + EyG, (E70).
Also, the symmetry properties of W are used at an appropriate stage, and the abbre-
viation

— @ 1pd vy e
1= ey Upd Wila
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is introduced. Then

iz
(curlU), = ., d" Uy W= Dmnyprpg + Ul{;{WA(/I?ka} + 7T, =

i ik { aw(rfl)mn N,k MUa
N

aUPq

a b r—1)mn yy7(7) (r)

6iJ'/edj d/e{ Wﬁ)m 1, VWZSI ! WMQDZ + Uglb ) VWMJ)Z} + 7, =
N

aU[]\;j (r)ymn (r—1)mn (r—1) (rpq
= neabclri aW(r_l)mn (WNUb + FN& (E )) WMua +
N
+ U (Wit A B W) +g§;’jzw<E“-“>)} + 7=
aU]‘\Zq (rymn (npq 8U}‘\Zq (r—1)mn (r—1) (npq
ﬂbcla'{ aW]s/r—l)mn WNub WMUa + 8W]§/r—l)mn FNb (E )WMLM +
Ut (npq E(Pl) W(r) )24 E(rfl) T
+ MfMuaub( )[ ] + Muaub( ) + i
Thus
curl U = #ne

1 U ymgom o w4 o T
abc™c (r—1)mn Nub Mua w(l)c + W(O)c +
oWy

where the partial derivatives of U}/ are calculated at (AY2 W=Dy and

w(l)[[W(r)] _ w(l)[(A(r—Z) , W(r—l))[W(r)] ,

= = (AU-D gD
Wy = w(o)[(A , W)

are the terms determined by the form of the last three terms in the expression for curl U
given above. Comparing with (101), using that curl N depends affinely on V’d, and
equating the quadratic terms, one finds that

Uy (A", w)
€ abe aW]&;_l)mn

(Npq yyy(mn __ (r—1) (r) (r)
WMub Wylor = w(2)a(E W, w7,
Furthermore, a similar calculation provides

_ our? ; _ _ _
(103) curlU = e , 1 { My WA(,[EZ + @(1)[[W(V)] + w(o)[} +T

abee (r—1)mn
oWy
H At 19 (r=2) ( (r—2) (r—1)
where the partial derivatives of U}/ are calculated at (DY 7(£V"7), W ),

5(1)[[W(r)] _ w(l)[(D(rfl)(E(r—Z)) , W(r—l))[W(r)] i

77(0): =w 7(0)6(D(7 )(E(V )) R ‘V(V )) R
and

- aT7P9 vy (1) pgq
T, = el'j/edj/e Ut Watia-

By (103) the quadratic terms in the expressions for curl U and curlU agree and thus
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curl U — curl U depends at most linearly on V’d. Since also curl N depends at most
linearly on V'd, we have the assertion. O

Lemma 5.6. Ler H be a differential function of order v such that curlH is a differential
function of order r that depends on NV'd affinely. Then

(104) H=VG+K
where
(105) G=GA" YY), K=KA"Y).

Prookt. One finds

OH.
(r41) 7 (e (r+D)
(curl H), '="€,, d =0
i z (ra "1,k
* 0!

where the last equality follows from the hypothesis of the lemma. Then Lemma 4.4(4)

says that
= 014+ €,
where
07 =0/, =67,
From that

89 (na j(rb 85 N6 ()
(curl ), 2, 5 A4 g a0} 2o,

This gives, among other things,

a
997 a oo _
z]/e ad(r N6 “Tuj “Juk T

and Lemma 4.6 gives that

. oG
01 = ad[(rfl)a
where G is as in (105),. Thus
8G (7)ﬂ _ aG (772)
Hz‘ 8d(r 1a dlw + 51‘ - viG + 51‘ - 8A(r72) A%
Thus (104). O

Prorosition 5.7. If P is an invariant line integrand of order r then
(106) P=Q+R+Vf

where Q is a covariant vector of order r, R is an invariant line integrand of order r — 1 and

[ is a differential function of order r — 1.
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Proor. If 7 =1 then from (82) and (91) we see that (106) holds with
Q=A, R=N, f=F
while if 7 > 2 then from (82), (100), (102), and (104) we find that (106) holds with
Q=A+U, R=K, f=F+G 0O

6. THE MAIN RESULT

Before the formulation of the theorem, recall that it is assumed that all differential
functions are assumed to depend in an inifinitely differentiable way on the components
of gradients of lattice vectors. However, using a mollification, one could extend the
result to differential functions with lower degree of smoothness.

Treorem 6.1. Let P be an elastic invariant line integrand of order r. Then there exists an
elastic covariant vector P* of order r which is equivalent to P.

Proor. By induction. For » = 0 Davini [1] proves that if P is an elastic invariant
line integrand of order 0 then P must be of the form

P(d) = cd* + w,
where ¢,,2=1,2,3, are constants and w, € R, Thus if
P*(d) = ¢, d”

then P is a contravariant vector equivalent to P. Let the assertion of the theorem be
true for all orders < 7. Let P be an elastic invariant line integrand of order » + 1. By
Proposition 5.7 P is equivalent to a differential function P of the form

P=Q+R

where Q is a covariant vector of order » + 1 and R is an invariant line integrand of
order 7. By the induction hypothesis, R is equivalent to a covariant vector R* of order
r. Hence P is equivalent to

P*:Q‘i‘R*

and this is a covariant vector of order r + 1. O
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